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Abstract

This cumulative thesis summarizes experimen-
tal and theoretical results on cooling of ion
beams using single-frequency, single-mode table-
top laser systems. It consists of two parts.
One deals with experiments on laser-cooling of
ion beams at relativistic energies, the other
with simulations of stopping and sympathetic
cooling of ions for precision in-trap experi-
ments.

In the first part, experimental results are pre-
sented on laser-cooling of relativistic C3+ ion
beams at a beam energy of 122 MeV/u, performed
at the Experimental Storage Ring (ESR) at
GSI. Two continuous-wave, frequency-stabilized,
frequency-doubled argon ion laser systems are
used to cool ion beams to longitudinal momen-
tum spreads ∆p‖/p‖ ≈ 10−7 at ion beam currents
below 10 µA. Both ion beam and laser beam are
brought in overlap in a section of the ring with the

laser beam counter-propagating to the ion beam. With moderate bunching of
the beam at a bunching voltage of a few volts, the bucket force counteracting
the laser force provides a velocity-dependent friction force.
Central to this cooling scheme is the relativistic Doppler-shift of the laboratory
laser frequency to the rest frame of the ions. By changing the beam energy,
the wavelength of the photons in the ion rest frame can be tuned to match the
2S1/2 → 2P1/2 and 2S1/2 → 2P3/2 transition wavelengths of 155.0705(39)(3) nm
and 154.8127(39)(2) nm, respectively, selected for cooling the ions. This match-
ing will be essential for laser-cooling at future storage rings, since it allows to
address a multitude of ion species with a single laser system by selecting the
proper ion charge state and ion beam energy.
The main results presented in this thesis include the first attainment of longitu-
dinally space-charge dominated relativistic ion beams using pure laser-cooling.
The momentum spreads observed are smaller than those of pure electron cooled
beams by at least one order of magnitude. This reduction in momentum spread
makes it possible to reach the regime of strong coupling of the ions at beam tem-
peratures of a few kelvin. Furthermore, by increasing the coupling between the
longitudinal and transverse degree of ion motion in the bucket, three-dimensional
cold beams have been realized. Finally, precision measurements of the absolute
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frequencies of the 2S1/2 → 2P1/2 and 2S1/2 → 2P3/2 transition have been per-
formed, which challenge current theoretical estimates.
The results obtained in two measurement campaigns in 2004 and 2006 will serve
as a valuable input for future laser-cooling experiments at higher beam energies
at the future FAIR facility. With the beam energies accessible at FAIR, laser-
cooling up to 238U89+ and precision X-ray laser spectroscopy will be in reach by
exploiting the relativistic Doppler-shift.

The second part lists theoretical results on stopping and sympathetic cooling
of ions in a laser-cooled one-component plasma of singly charged 24Mg ions,
which are confined in a three-dimensional harmonic trap potential. This new
cooling scheme will allow for in-trap preparation of unstable nuclei for preci-
sion experiments. The two main advantages of this scheme compared to other
in-trap cooling schemes, especially for highly charged ions, are: First, the high
charge state of the ions of interest can be maintained over the measuring time,
since the expected rates for charge exchange processes are orders of magnitude
smaller than the decay rate of the ions. Second, a very low final temperature of
a few mK is in reach using sympathetic cooling, which allows for ultra-precise
measurements.
The main focus lies on absolute mass-measurements to a relative precision of
∆m/m ≈ 10−10 in the MLLTRAP Penning trap system using highly charged
ions. Nevertheless, the cooling scheme can deliver ions of mK temperatures for
a multitude of in-trap precision measurements, including experiments on the
variation of the fine structure constant, tests of QED and laser-spectroscopy
of nuclear transitions. One example for such a measurement is the first direct
laser-spectroscopy of a nuclear transition in 229Th3+ from the ground state to
an isomeric state with a transition energy of about 7.6 eV.
Extensive parallel simulations computing the complete interaction of N = 105

ions in a realistic trap scenario have been performed using a newly developed
simulation code, which intrinsically includes all effects of strong coupling be-
tween ions.
The energy loss of low-velocity ions in a macroscopic ensemble of laser-cooled
ions is extracted from the simulation. At low ion energies of a few hundred meV
the cooling force is found to be very efficient and cooling times on the order of
ten to a hundred µs are realized. Furthermore, the complete evolution of the
ion dynamics during the stopping process can be studied, showing that ion loss
due to hard binary collisions can be neglected. Besides energy loss due to very
few binary collisions, the energy lost by the ion during the passage through the
laser-cooled ions is distributed over the complete plasma bulk. This important
result implies that the plasma stays stable during the whole cooling process and
no Coulomb explosion due to local disturbances of the plasma is observed in the
simulation. It also shows that fast and efficient recooling is possible after the
stopping process, using a single laser system at a fixed laser frequency.
Thus, the proposed cooling scheme will be feasible for cooling of rare highly
charged ions with lifetimes below 100 ms.



Zusammenfassung

Diese kumulative Doktorarbeit ist eine Zusammenfassung experimenteller wie
theoretischer Ergebnisse zum Kühlen von Ionenstrahlen mit Lasern. Die Ar-
beit umfasst zwei Teile, wovon der eine Laserkühlexperimente mit Ionenstrahlen
relativistischer Energie behandelt, während der andere auf die Simulation von
Stoppprozessen und sympathetischem Kühlen mit Ionen in Bezug auf Hochpräzi-
sionsexperimente in Fallen eingeht.

Der erste Teil beinhaltet experimentelle Ergebnisse zum Laserkühlen von C3+

Ionenstrahlen mit einer relativistischen Strahlenergie von 122 MeV/u am Ex-
perimentellen Speicherring (ESR) an der GSI. Zur Ionenstrahlkühlung werden
zwei frequenzstabilisierte, frequenzverdoppelte Dauerstrich-Argon-Ionen-Laser
verwendet, um bei niedrigen Ionenströmen unterhalb von 10 µA die longitudinale
Impulsbreite der Ionenstrahlen auf ∆p‖/p‖ ≈ 10−7 zu reduzieren. Der Laser-
strahl wird mit dem Ionenstrahl in einer Sektion des Rings überlappt, wobei der
Laserstrahl gegenläufig zum Ionenstrahl ist. Eine geringe longitudinale Dichte-
modulation des Strahls, allgemein als Bunching bezeichnet, erzeugt bei einer
Bunchspannung von wenigen Volt eine der Laserkühlkraft entgegenwirkende,
geschwindigkeitsabhängige Reibungskraft, die so genannte Bucketkraft.
Ein wesentlicher Aspekt des vorgestellten Kühlschemas ist die relativistische
Dopplerverschiebung der im Labor gemessenen Laserfrequenz bei Transforma-
tion in das Ruhesystem des Ionenstrahls. Mit Hilfe einer genauen Einstel-
lung der Strahlenergie kann die Wellenlänge der Photonen im Ruhesystem der
Ionen mit der Wellenlänge der 2S1/2 → 2P1/2 und 2S1/2 → 2P3/2 Übergänge von
155.0705(39)(3) nm beziehungsweise 154.8127(39)(2) nm in Übereinstimmung
gebracht werden. Diese Übereinstimmung ist unabdingbar, um das Laserkühlen
einer Vielzahl verschiedener Ionenspezies mit nur einem Lasersystem an zukünfti-
gen Speicherringen zu ermöglichen. Hierzu ist eine geeignete Wahl des Ladungszu-
stands der Ionen und der Ionenstrahlenergie ausreichend.
Als erstes der im Folgenden aufgeführten Hauptergebnisse der Doktorarbeit
sei die Erzeugung longitudinal raumladungsdominierter, relativistischer Ionen-
strahlen mit Hilfe der Laserkühlung angeführt. Die gemessenen Impulsbreiten
sind hierbei um mindestens eine Grössenordnung kleiner als im Fall reiner Elek-
tronenkühlung. Durch diese Impulsbreitenreduktion wird das Regime starker
Kopplung bei Strahltemperaturen von wenigen Kelvin erreicht. Dreidimen-
sional kalte Strahlen werden erzeugt, indem man die Kopplung der transversalen
Bewegungsfreiheitsgrade mit dem longitudinalen Bewegungsfreiheitsgrad inner-
halb des Bucket erhöht. Im Rahmen der Experimente wurde schliesslich eine
Präzisionsbestimmung der 2S1/2 → 2P1/2 und 2S1/2 → 2P3/2 Übergängswellen-
längen vorgenommen, die eine Herausforderung an die Vorhersagegenauigkeit
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derzeitiger theoretischer Modelle darstellt.
Die Ergebnisse, die während zweier Strahlzeiten in den Jahren 2004 und 2006
gesammelt wurden, liefern einen wertvollen Beitrag für zukünftige Laserkühlex-
perimente bei höheren Strahlenergien, wie sie an der Forschungsanlage FAIR zur
Verfügung stehen werden. Mit den bei FAIR erreichbaren Strahlenergien wird
es aufgrund der relativistischen Dopplerverschiebung der Laserfrequenz möglich
sein, Laser im sichtbaren Wellenlängenbereich zur Kühlung von 238U89+ Ionen
und zur Spektroskopie im Röntgenbereich zu verwenden.

Der zweite Teil der Doktorarbeit besteht aus einer Auflistung theoretischer Ergeb-
nisse zum Stoppen und sympathetischen Kühlen von Ionen in lasergekühlten
Einkomponentenplasmen aus einfach geladenen 24Mg+ Ionen, die in einer drei-
dimensionalen harmonischen Falle eingesperrt werden. Dies neue Kühlschema
erlaubt es, instabile Kerne für Präzisionsexperimente innerhalb von Fallen zur
Verfügung zu stellen. Im Vergleich zu anderen Kühlschemata hat das hier
vorgestellte Schema zwei entscheidende Vorteile, insbesondere im Hinblick auf
hochgeladene Ionen: Zum Ersten kann der hohe Ladungszustand des Ions während
der Messzeit erhalten werden, da die für Umladungsprozesse erwarteten Raten
um Grössenordnungen geringer sind als die typischerweise zu erwartenden Zer-
fallsraten der Kerne. Zum Zweiten können mit Hilfe des sympathetischen Küh-
lens sehr niedrige Temperaturen von wenigen mK erreicht werden, die dann
ultrapräzise Messungen erlauben.
Im Wesentlichen wird in dieser Doktorarbeit Bezug genommen auf die absolute
Bestimmung der Massen hochgeladener Ionen mit Hilfe des MLLTRAP Penning-
fallensystems mit einer relativen Präzision besser als ∆m/m ≈ 10−10. Darüber-
hinaus wird es mit Hilfe des vorgestellten Kühlschemas möglich sein, Ionen mit
einer Temperatur von wenigen mK für eine Vielzahl von Präzisionsmessungen in
Fallen zur Verfügung zu stellen, wie zum Beispiel der Bestimmung der zeitlichen
Veränderung der Feinstrukturkonstante, Tests der Quantenelektrodynamik oder
der Laserspektroskopie eines Kernübergangs von 229mTh3+ vom Grundzustand
in ein Isomer mit einer Übergangsenergie von 7.6 eV.
In umfangreichen parallelen Simulationen wurde die vollständige Wechselwirkung
von N = 105 Ionen in einer realistischen Fallenumgebung berechnet. Die Simula-
tion basiert auf einem neuentwickelten Programm, das sämtliche physikalischen
Effekte der starken Kopplung zwischen Ionen intrinsisch berücksichtigt.
Der Energieverlust von Ionen geringer Geschwindigkeit in einem makroskopi-
schen Ensemble lasergekühlter Ionen konnte mit Hilfe der Simulation bestimmt
werden. Bei niedrigen Ionenenergien von wenigen hundert meV wird die Kühl-
kraft effizient genug, um Kühlzeiten von wenigen hundert µs zu erreichen. Weiter-
hin ist es möglich, die vollständige Entwicklung der Ionendynamik während des
Stoppvorgangs zu studieren. Hierbei wurde herausgefunden, dass der Teilchen-
verlust aufgrund weniger harter Zweikörperstösse vernachlässigt werden kann.
Sieht man von dem Energieverlust durch diese geringe Zahl harter Zweikör-
perstösse ab, so wird die Energie, die das Ion während seines Flugs durch
das lasergekühlte Plasma verliert, über einen Grossteil des gesamten Plasmas



verteilt. Aufgrund dieses wichtigen Ergebnisses kann gezeigt werden, dass das
Plasma während des gesamten Stoppvorgangs stabil bleibt und keine raum-
ladungsbedingte schnelle Expansion zu erwarten ist. Ebenso belegt dieses Ergeb-
nis, dass erneutes schnelles und effizientes Kühlen nach dem Stoppen des Ions
mit einem einzigen Lasersystem fester Frequenz möglich ist.
Die Ergebnisse zeigen, dass das hier vorgestellte Kühlschema es erlauben wird,
seltene hochgeladene Ionen mit einer Lebensdauer unter 100 ms zu kühlen.





1. Introduction

This chapter briefly summarizes the main results of the present cumulative thesis
on ion beam cooling and stopping using Doppler-free laser-cooling. Recently, ion
beam cooling experiments at the model storage ring PALLAS ([2],[MB0302]),
a circular Paul trap, have made possible the first experimental realization of
Coulomb-crystallization of an ion beam [3, 4]. The scope of these experiments
spans the vast range from trap-based physics, using ion ensembles or even sin-
gle ions at rest confined in a table-top trap apparatus, to storage-ring-physics,
using relativistic ion beams confined in a ring of several ten to hundred meters
circumference.
The present thesis on the one hand extends the methods used at the PALLAS
storage ring to storage rings typically found at accelerator labs1, proving the fea-
sibility of laser-cooling of relativistic ion beams. On the other hand, it opens new
perspectives for stopping and cooling beams of ions and preparing the stopped
ions for ultra-precise trap-based mass measurements and experiments on funda-
mental physics.
In this introduction, specific details are omitted to give a concise overview of
the main results, preceded by a short introduction into the main concepts of
laser-cooling of ions in traps and storage rings. The introduction closes with an
orientation section that describes the outline of the thesis.

1.1 Strong Coupling and Coulomb Crystallization

With Doppler-free laser-cooling [5, 6] the final ion temperature T is limited by
the minute photon recoil momentum ([5, 6],[MB0301]) to a few millikelvin [7, 8].
In the following, form, structure and dynamics of large ensembles of cold ions
are discussed, with emphasis on the similarities between ion confinement in traps
and storage rings.
Ensembles of like-sign ions are usually confined by electro-magnetic fields com-
pensating the mutual repulsion due to the Coulomb force. The confinement is
typically chosen to be harmonic in both the axial and radial direction, where
the axial confining force is weaker than the radial and even zero if coasting ion
beams in storage rings are considered. Such a situation can be found in Paul
traps [9, 10], Penning traps [11–13] and, in the case of ion beams [14–17], in a
storage ring.
If the inter-ion Coulomb energy ECoulomb overcomes the thermal kinetic energy

1In particular, the Experimental Storage Ring, ESR, at the Gesellschaft für Schwerionen-
forschung, GSI.
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Eth of the ions, the plasma parameter [18, 19]

Γp =
ECoulomb

Eth
≡ 1

4πε0

Q2e2

aWS kBT
(1.1)

exceeds unity and the coupling between the ions becomes strong [20–24]. In the
case of only one ionic species in one charge state the form of the harmonically
confined one-component plasma [25, 26] resembles an ellipsoid [27, 28]. Both
form and structure are completely determined by the charge Qe and mass m of
the ions and the confining fields ([28, 29],[MB0303, MB0304, MB0401]). The
one-component plasma of volume density n can undergo a phase transition to a
Coulomb crystal [24, 30], an ordered state with an equal inter-ion spacing given
by the Wigner-Seitz radius [9, 31–35]

aWS =
(

3
4π n

)1/3

. (1.2)

Not only form and structure, but also the description of the dynamics of harmon-
ically confined, strongly coupled ions is similar in both traps and storage rings
[2, 18, 36–41]. In addition to the oscillation frequencies ω⊥ and ω‖ associated to
the radial and axial harmonic potentials [28, 42], the plasma frequency [19]

ωp =
2π

τp
=

√
Q2e2n

ε0m
, (1.3)

defines the dominant time scale τp on which the plasma reacts to an outer dis-
turbance, the so called plasma period.
In the regime of weak coupling at a plasma parameter below unity, the motion of
the ions is determined by the ion temperature and the confining forces, while the
inter-ionic forces can be neglected. If strong coupling is considered, long range
correlations between the ions dominate the ion motion, resulting in nonlinear
ion dynamics [23, 27, 43–48].

1.2 Laser-Cooling and Precision Spectroscopy of Rel-
ativistic Ion Beams

Laser-cooling of ion beams2 has been demonstrated at the TSR in Heidelberg,
at ASTRID in Aarhus, at the PALLAS storage ring in Munich and at the ESR
in Darmstadt – and laser-cooling experiments are foreseen at the future FAIR
facility [50] and at the S-LSR [51].

2The review [18] and the references found therein give a comprehensive overview of the
present theoretical and experimental status. See also reference [49] for an overview on beam
cooling techniques.



Experimental mile-stones of recent research include

• laser-cooling of bunched ion beams [52, 53],

• broadband [54] and ”white-light” [55, 56] laser-cooling of ion beams,

• transverse laser-cooling of ion beams [57–59],

• extending laser-cooling to higher beam energies [60],

• the observation of ion ordering in the beam [61, 62],

• and the attainment of three-dimensional crystalline ion beams [3, 4].

Furthermore, electron cooling3 experiments have provided valuable insight into
space-charge and beam ordering effects at low momentum spread and low ion cur-
rents [65–70]. These experiments were motivated by the observation of anoma-
lous Schottky beam noise signals made at the NAP-M storage ring in Novosibirsk
[71].
At relativistic energies, the strength of the laser-cooling force increases [MB0402]
compared to typical laser-cooling experiments performed in the laboratory on
ions at rest. This increase stems both from the relativistic Doppler-shift of the
photon frequency from the laboratory frame to the rest frame of the ions and
back, and the intrinsic properties of the Li-like and Na-like cooling transitions of
the heavy ions subject to the laser force [MB0402]. At future storage rings, the
Doppler-shift will allow for saturating the cooling transitions of heavy highly-
charged ions up to 238U89+ using a single laser system ([18],[MB0402]).
During two measurement campaigns in 2004 and 2006 at the ESR in Darmstadt,

• laser-cooling of relativistic bunched C3+ beams at 122 MeV/u could be
demonstrated [MB0501],

• a longitudinal beam momentum spread at least one order of magnitude
smaller than achievable by electron cooling could be attained [MB0601],

• the regime of space-charge dominated beams has been reached [MB0601],

• using moderate electron-cooling allowed to obtain three-dimensional cold
beams [MB0601],

• strong coupling of ions in the bucket was observed [MB0501, MB0601],

• momentum-spread dependent changes in the longitudinal dynamics of cold
bunched beams were compared to computer simulations [MB0704],

• precision VUV spectroscopy of the 2S1/2 → 2P1/2 and the 2S1/2 → 2P3/2

transition has been performed [MB0501] and

3For standard electron cooling theory see reference [63]. A more recent review with some
remarks on ordering effects is available in reference [64].



• the momentum acceptance of the laser force was increased by using an
additional scanning laser offset-locked to the frequency-locked cooling laser
system [MB0704, MB0705].

A detailed discussion of these results can be found in part 2.

1.3 Stopping and Cooling Beams of Highly Charged
Ions

Precision physics with cold trapped ions [72–78] requires the isolation, total posi-
tioning control over and manipulation of single ions, thus demanding a versatile
cooling scheme. Unlike in storage rings, where many ion species can be ad-
dressed by laser-cooling at relativistic beam energies, only a few can be directly
laser-cooled in traps, because at present the number of laser systems which can
address the desired cooling frequencies is small.
Nevertheless, the Coulomb interaction between the directly laser-cooled ions
and the ions of interest can provide for sympathetic cooling [79–88] of nearly
any charged particle, ion or molecule, which can be trapped together with the
laser-cooled ions [36–38, 89].
Sympathetic cooling of ions and molecules in traps forms the basis for a vari-
ety of experiments dedicated to fundamental physics. To name but one, laser
spectroscopy of the 229mTh3+ nuclear transition from the Jπ = 5

2+ ground state
to the Jπ = 3

2+ isomeric state, will be discussed in appendix A. In spite of the
multi-faceted physics of strongly coupled multi-species Coulomb crystals, in the
following the focus will be on in-trap preparation of cooled highly charged ions,
especially for ultra-precise mass measurements and fundamental physics. Cur-
rently, several trap systems dedicated to precision experiments with single ions4

are successfully operating, including SHIPTRAP [90], CPT [91], SMILETRAP
[92], ISOLTRAP [93], JYFLTRAP [94], LEBIT [95] and UW-PTMS [96]. Fur-
thermore, new trap systems are currently being built, namely TITAN [97], HI-
TRAP [98] and MLLTRAP [MB0703]. The relative precision ∆mHCI/mHCI

of in-trap mass measurements is determined by the measurement time τm, the
magnetic field B and the number Nm of measurements with individual ions [73–
75, 99]:

∆mHCI

mHCI
∝ mHCI

τmBN
1/2
m

× 1
QHCI

. (1.4)

If short-lived ions are considered, the most promising way to increase the preci-
sion is by increasing the charge state QHCI. For these ions, a relative precision
of ∆mHCI/mHCI ≈ 10−8 − 10−9 can be envisaged for τm < 100 ms, while for
stable ions the accuracy can be significantly extended – currently to a value of
about 10−11 – using longer measurement times.

4This list only includes Penning traps dedicated to single-ion precision experiments. Thus,
projects like ATRAP, ATHENA/ALPHA, ASACUSA, LPCTRAP and many others are not
included in the list.



After charge breeding, typically performed in an Electron Beam Ion Source
(EBIS ) [100, 101] or via laser ionization [102, 103], the duration of the total
process of ion transport, ion cooling, extraction into the precision trap and the
mass measurement itself, must be of the same order of magnitude as the ion
lifetime to achieve a reasonable number of consecutive measurements Nm. Fol-
lowing the extraction from the EBIS, the high charge state of the ions must
be preserved until the end of the mass measurement. Furthermore, with the
low rates expected for rare ions, the cooling scheme employed to match the ion
beam momentum spread to the momentum acceptance of the precision trap sys-
tem must be efficient enough to minimize losses of highly charged ions. Finally,
it must also provide means of accumulation and controlled ejection of the ions
into the measurement trap region.
Up to now, several cooling schemes have been successfully applied in preci-
sion mass measurement experiments. At low charge states, buffer gas cooling
[8, 83, 104, 105] can be applied. At high charge states, however, it suffers from
intolerable losses of highly charged ions due to charge exchange with the buffer
gas. Resistive cooling [8, 83, 106, 107] on the other hand increases in efficiency
for higher charge states, but requires a cold trap system and is essentially tem-
perature limited to 4 K, which for ultra-precise measurements imposes a severe
limitation. Most future trap systems currently favor in-trap electron cooling
[19, 97, 98, 108, 109].
In this thesis, an alternative scheme of sympathetic cooling using laser-cooled
ions instead of electrons is proposed. The advantages of this scheme are three-
fold:

• First, ultra-low temperatures of the highly charged ions in the mK regime
can be reached.

• Second, optical detection and manipulation of the ions by the combined
force of the confining fields and the laser force gives precise position control
over the ions.

• Third, even for high charge states virtually no loss of highly charged ions
due to charge exchange is expected.

The results summarized in this thesis show that the proposed cooling scheme
is efficient, fast and reliable enough to prepare highly charged ions for precision
in-trap experiments.

1.4 Outline of the Thesis

This outline of the thesis aims to guide the reader through the thesis, briefly
listing the content of each of the following five parts of the text.
The first is dedicated to direct laser-cooling of ion beams and to the discussion of
future prospects of laser-cooling at ultra-relativistic energies. The second part is
dedicated to the realistic simulation of in-trap preparation of highly charged ions



for precision experiments with regard to the MLLTRAP Penning-trap system.
The third part is dedicated to collective effects in strongly coupled one-component
plasmas.
The first two parts are subdivided in three sections. The first section lists the
objectives of the experimental and theoretical investigations. It serves as a guide
to the following sections. The second section includes all the relevant informa-
tion on the experimental and theoretical background needed to understand the
final third section. This third section discusses the main results of the thesis.
The discussion of yet unpublished data found in the third part revisits subjects
already mentioned in the previous two parts and thus this part is restricted to
an analysis of the relevant results.
Each of these parts must be understood as a brief summary of the detailed analy-
sis found in the corresponding publications. They are intended to provide the
reader with an overview of the most important aspects of the thesis and should
thus be only read in combination with the publications enclosed.
The thesis is concluded by a short summary and outlook part and an appendix
on experiments currently being built, which are related to the work presented
here.



2. Laser-Cooling and
Precision Spectroscopy of
Relativistic Ion Beams

2.1 Applying Laser-Cooling to Ion Beams at Rela-
tivistic Energies

With the first experimental realization of crystalline ion beams at the table-top
storage ring PALLAS [2–4, 17], searching for ordering effects in ion beams at
large-scale storage rings is the next natural step. Only if the regime of strong
coupling [23, 24] can be reached, long-range ordering of ions can occur. This
requires low ion beam temperatures at moderate to high ion beam densities.
Former large-scale storage ring experiments searching for beam ordering were fi-
nally limited by the ion density at which a sudden drop in the beam momentum
spread was observed [65–71].
In contrast to these experiments, with direct laser-cooling of moderately bunched
beams, longitudinally space-charge dominated beams can be attained at usually
ten times higher ion beam currents [MB0601]. At these currents, the density of
the ions confined in the center of the bucket pseudo-potential is high enough to
enter the strong coupling regime at a momentum spread of about ∆p‖/p‖ < 10−7

[MB0501, MB0601].
Following this part is a short overview of the experimental setup used for laser-
cooling at the Experimental Storage Ring located at GSI, concluded by a sum-
mary of the results.

2.2 Experimental Setup at the ESR at GSI

2.2.1 The Experimental Storage Ring at GSI

The ESR storage ring (see Fig. 2.1) has a circumference of about 108 m and
a twofold periodicity (see Tab. 2.1). The periodicity is the total number of
individual focusing cells constituting the storage ring. In comparison to the
ESR, the periodicity of the PALLAS storage ring is about 900, resulting in a
very smooth storage ring lattice. A small periodicity imposes a severe limitation
for observing a crystallization of the beam [18, 32] due to increased heating rates.
In the experiments at ESR, multiply charged C3+ ions are used instead of the
singly charged 24Mg+ ions stored in PALLAS.
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Energy 1.47 GeV
Relativistic β,γ 0.47, 1.13
Revolution freq. 1.295 MHz
Lifetime 450 s, 270 s

Ion

Species C3+

2S1/2 → 2P1/2 155.07 nm
2S1/2 → 2P3/2 154.81 nm
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Laser source cw Ar+
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Wave length 257.34 nm
Power 40-100 mW
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Left: Figure 2.1: Schematic view of the Experimental Storage Ring at GSI.
The ions enter the ring revolving clockwise, while the laser beam enters the
ring, counter-propagating to the ion beam, after about 60 m of transport in
air. The overlap region is about 25 m long, the photomultiplier is placed in the
drift tube region outside the vacuum. Also marked are the position of the beam
profile monitor (BPM), the electron cooler and the pickup electrode (Schottky).
Right: Table 2.1: Experimental parameters of the ion beam, laser system and
cooling transition for the ESR measurement campaigns in 2004 and 2006.

For ions with multiple charge state the inter-ion Coulomb force increases quadratic
with the charge state number, thus with the triply-charged C3+ ions used for
laser-cooling, the ion interaction strength can be increased ninefold compared to
PALLAS. The beam energy of the ions is chosen to be 122 MeV per nucleon,
resulting in a relativistic γ-factor of 1.13, with the ions circulating the ring at
47 % of the speed of light at a revolution frequency of 1.295 MHz.
Moderate bunching of a few volts is applied to counteract the laser force. The
bunching frequency fb is set to a harmonic h of the revolution frequency frev.
Bunching is performed at the 5th, 10th and 20th harmonic of the revolution
frequency, providing a longitudinal density modulation of the ion beam. Its ef-
fect can be described by introducing a harmonic pseudo-potential, the bucket,
in which the ions perform synchrotron oscillations, a periodic variation of the
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Figure 2.2: Schematic view of the laser system used in the second measurement
campaign in 2006. Two argon ion laser systems are connected via a frequency-
offset lock. Their relative detuning is measured by the beat signal of the merged
laser beams. Both beams are merged into one and transported over a distance of
about sixty meters in air, where the laser beam enters the ring. The fluorescence
light of the ions is detected by a photomultiplier placed outside the vacuum. A
fast voltage ramp of -5 kV to 5 kV can be applied to the drift tube section to
realize an all-optical measurement of the longitudinal momentum distribution of
the ion beam.

individual ion velocity along the beam axis. This variation is recorded by the
Schottky pickup electrode.
In the first measurement campaign in 2004, excellent vacuum conditions were
provided, resulting in a beam lifetime of 450 s to 470 s. In the second campaign
in 2006, almost the same conditions could be provided and beam lifetimes of
about 250 s were attained.

2.2.2 The Argon Ion Laser System

A continuous-wave argon ion laser system1, frequency-stabilized using the ab-
sorption signal measured in an iodine vapor cell [111, 112], is frequency-doubled
in an actively stabilized double-Z resonator2 of the Hänsch-Couillaud type [114]
with a quality factor of about 50 to 100. Second-harmonic generation of type

1Coherent Innova 200, single-mode, single frequency operational mode [110]
250 mm resonator focal length, coating provided by Laseroptik [113]



II in a beta-barium borate (BBO) crystal3 [117] produces laser light at a wave-
length of about 257 nm at a power of up to 100 mW and a laser beam waist
between 20 µm to 30 µm.
In the second measurement campaign in 2006, this laser system was comple-
mented by a second argon ion laser system and a second resonator for frequency-
doubling (the complete setup is found in Fig. 2.2). The second laser-system is
modified in such a way that a tilt can be applied to the in-resonator etalon. This
tilt both shifts the frequency of the laser light and reduces the light intensity.
To compensate for the intensity reduction, the length of the laser resonator is
actively adapted using a fast piezo-stack fixed to the mirror which couples out
the laser light. By applying a voltage to the piezo-stack, the resonator length
can be controlled, ultimately keeping the light intensity constant.
By using an offset-frequency locking scheme [111, 118], the frequency of the
second laser beam can be actively detuned relatively to the first laser system.
This detuning is determined measuring the beat signal of the two lasers with a
20 GHz photo-frequency counter4. The total gain range of an argon ion laser
is about 8 GHz, but only a limited part of this range can be scanned with-
out experiencing mode-hopping. If the etalon is tilted too far from its original
position, the TEM00 mode required for efficient frequency-doubling is replaced
by a higher-order mode which better matches the resonating conditions, thus
disabling the locking scheme. Still, a free scanning range of up to 1 GHz can
be attained5. This scanning range is equivalent to about five to ten percent of
the initial momentum spread of the ion beam and means about two orders of
magnitude increase in the acceptance of the laser force.
With this setup, the small momentum acceptance of the laser force can be ex-
panded to better match the initial longitudinal momentum spread of the ion
beam. For this to happen, both laser beams are merged and transported over a
distance of about 60 m, entering the ring counter-propagating to the ion beam.
Both laser beam and ion beam are brought in overlap in a straight ring section
of about 25 m length. For this, the laser beam is shadowed by the edges of the
horizontal and vertical ion beam scrapers, which determine the ion beam posi-
tion. Then, the intensity of the photomultiplier signal is optimized, measuring
the fluorescence signal about 10 m away from the laser entrance window. This
process is repeated several times until the beam overlap is optimized.

2.2.3 Measuring the Relevant Beam Parameters

Several detection systems exist at the ESR to measure all relevant beam param-
eters. The ion beam current monitor can be used to measure the lifetime of the
beam without any cooling applied. This lifetime is mainly limited by the amount
of residual gas in the ring. Fortunately, rest gas pressures down to 10−13 mbar
were reached in 2004 and 2006, allowing for long beam lifetimes between 270 s

3Döhrer Elektrooptik [115], Crystals of Siberia [116], 8 mm and 10 mm length, respectively
4New Focus NFI-1437-M 25 GHz photo detector [119]
5in the UV after frequency-doubling



and 450 s. After injection, the typical ion current is around 100 µA. The current
monitor works reliable for ion currents above 20 µA. By measuring the beam
lifetime precisely, an extrapolation to low ion currents of a few µA is possible,
as described in reference [MB0501] reprinted on page 93.
The width of the beam can be determined using a beam profile monitor. The
ESR beam profile monitor is limited to beam currents above about 2 µA. For
bunched beams, the pickup monitor, which measures the charge induced by the
ions revolving in the ring, is used to determine the length of the bunch. Here,
the resolution is limited by the length of the pickup electrode to about 0.35 m.
Finally, the Schottky noise signal [120] induced on the pickup electrode can be
recorded. A fast Fourier transformation of the temporal variation of the pickup
signal gives a frequency spectrum SSchottky(∆fb) of the ion synchrotron oscilla-
tions [41, 121] in the bucket. With this information, the longitudinal momentum
spread

∆p‖

p‖
=

1
η

|∆fb|
fb

(2.1)

of the ions – related to the width of the frequency spectrum via the slip factor η
[18] – can be measured to a precision of about 2× 10−6 (for details on the exact
derivation of the momentum spread see [18] and [MB0704]).
In addition to these detection systems an optical detection of the fluorescence
signal via a photomultiplier tube, placed outside the vacuum, is installed in
the drift tube section of the ring. With this photomultiplier a small part of
the fluorescence photons can be detected, while the signal strength is mainly
limited by the small solid angle visible to the photo cathode. By applying an
additional fast voltage scan to the drift tube, thus probing the fluorescence light
intensity for different velocity classes of ions [18, 54], an upper limit to the
longitudinal momentum spread can be determined to ∆p‖/p‖ < 10−7 [MB0501,
MB0601], thereby increasing the resolution of the momentum measurement at
least tenfold.

2.3 Results

2.3.1 Laser-Cooling of Relativistic Ion Beams

The Lorentz-transformation of the laser wavelength λl,lab/2 = 257.34 nm from
the laboratory frame to the rest frame of the ions is

λl,rest =
λl,lab/2
γ(1 + β)

≈ 257.34 nm
1.13× (1 + 0.47)

≈ 155 nm, (2.2)

where total overlap of the ion beam with the laser beam is assumed. By care-
fully tuning the ion energy, both the 2S1/2 → 2P1/2 and 2S1/2 → 2P3/2 can be
saturated for laser-cooling [MB0501], proving the feasibility of laser-cooling at
truly relativistic beam energies.
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Figure 2.3: Upper part: Bunch length measured by the pickup electrode.
Lower part: Longitudinal momentum spread extracted from the Schottky noise
spectrum. Filled symbols mark data obtained for pure electron cooling at vari-
ous electron currents. Open symbols indicate purely laser-cooled ion beams at
various detuning of the laser frequency relative to the transition frequency of
ions resting in the bucket. Dotted symbols stand for purely laser-cooled beams
with a fast voltage ramp applied to the drift tube section. Blue stars mark those
measurements where moderate electron cooling at an electron current of 1 mA
was switched on for a few seconds at the beginning of the measurement, followed
by a long period of pure laser-cooling. The dashed lines indicate the N1/6 scaling
of the bunch length expected for intra-beam scattering dominated beams, where
N denotes the number of particles in the beam. The solid lines indicate the N1/3

scaling expected for space-charge dominated beams. The corresponding scaling
of the momentum spread is also indicated. See text for more details.



2.3.2 Attaining a Small Ion Beam Momentum Spread

Fig. 2.3 shows values for momentum spread and bunch length of purely laser-
cooled moderately bunched ion beams measured at a fixed laser frequency, which
are compared to the values obtained for pure electron cooling. The filled black
symbols refer to purely electron-cooled beams at an electron current of 50 mA
and 250 mA , respectively. No dependence of both bunch length and momentum
spread on the electron current is observed. The open red symbols refer to purely
laser-cooled ion beams. The crossed out rhombic symbols in the lower part of
Fig. 2.3 mark those beams for which the momentum spread is extracted from the
Schottky noise spectrum as explained in Fig. 2.6. These values for the momen-
tum spread have to be compared to the values deduced from the fluorescence
signal of the beam as described in part 2.2.3. The fluorescence measurement
provides a momentum resolution which is at least ten times better than that of
the Schottky signal. Following this comparison, it is evident that the longitu-
dinal momentum spread of the laser-cooled ion beams is smaller than the value
derived from the resolution-limited Schottky noise measurement.
With pure laser-cooling, longitudinal momentum spreads on the order of ∆p‖/p‖ <
10−6 at ion currents below 10 µA are observed, while for electron cooled beams
only momentum spreads larger by about one order of magnitude can be at-
tained. For the latter case, the electron cooling current is usually set to 50 mA
or 250 mA, respectively, while for those beams which are cooled by combined
laser- and electron cooling as described below, the electron current is set to 1 mA.
In order to distinguish purely space-charge dominated beams from intra-beam
scattering dominated beams, the lines in the upper part of Fig. 2.3 indicate the
different scaling of the bunch length with the number N of ions in the beam
expected for the two scenarios [18, 122]. At moderate to low ion currents, the
bunch length of the laser-cooled ion beams clearly follows the space-charge scal-
ing [MB0303, MB0304], while for ion currents above 10 µA – meaning higher
ion densities – the laser force can no longer compensate the heating due to close
encounters of the ions and the scaling follows the trend expected for intra-beam
scattering [122].

2.3.3 Longitudinally Space-Charge Dominated Beams

The results of the last section already indicate that space-charge dominated
beams have been attained by pure laser-cooling. More evidence for this is pre-
sented in this section. When the ion beam reaches the space-charge dominated
regime, the length of the ion bunch in the bucket is solely determined by the
mutual Coulomb repulsion of the ions and the strength of the confining three-
dimensional potential6.

6See [MB0303, MB0304] for a detailed discussion on the bunch length of very elongated,
bunched crystalline ion beams. These publications address yet unexplained discrepancies found
between theoretical estimates of the bunch length of space-charge dominated beams [27, 123–
125] and bunch length measurements performed at the storage ring PALLAS, which are smaller
than the theoretical predictions by a factor of two.
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Figure 2.4: Upper part: Momentum spread of an ion beam at a constant ion
current of 8 µA versus the detuning of the laser frequency.
Lower part: Corresponding bunch length. At a detuning of about -125 Hz,
marked by the green dashed line, the resolution of the Schottky noise spectrum
is reached and only an upper limit to the momentum spread can be deduced.
At the same detuning frequency, the bunch length stays constant if the absolute
detuning is further reduced, as indicated by the shaded area underlying the
data points. The red circle data point depicts the bunch length calculated from
the corresponding momentum spread, as indicated by the red arrow. The green
arrows mark consecutive times at which a detailed analysis of the Schottky noise
spectrum has been performed (see page 22 and Fig. 2.6 for details).
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Figure 2.5: Beam widths of purely electron-cooled ion beams, purely laser-cooled
ion beams and laser-cooled ion beams with additional moderate electron cooling
applied. The symbol classification follows that of Fig. 2.3. The dashed line
indicates the scaling of the beam width for intra-beam scattering dominated
beams with the ion number N . The legend lists data points by the corresponding
synchrotron frequency and electron cooler current. The blue stars refer to two
beams also found in Fig. 2.3, which are examples of three-dimensional cold
beams.

This means that, for a given ion current, the axial ion density stays constant and
becomes (almost) independent of the momentum spread of the beam. If no ions
are lost from the bucket, the bunch length thus stays constant for decreasing
momentum spread.
In order to reduce the total momentum spread of the ion bunch, the initial broad
momentum spread of the ions was matched to the small momentum acceptance
of the laser force by continuously changing the bunching frequency. Thereby,
the difference between the laser frequency and the transition frequency of the
ions resting in the bucket center is continuously reduced, as discussed in detail
in [MB0704] and parts 2.3.5 and 4.2.2.
With this cooling scheme the momentum spread of all ions confined in the bucket
can be reduced to values reaching the resolution of the Schottky noise measure-
ment. This is shown in Fig. 2.4. Here, momentum spread and bunch length



are measured for decreasing absolute detuning of the laser frequency. The fig-
ure clearly shows the constancy of the bunch length expected for a space-charge
dominated bunched beam.

2.3.4 Three-Dimensional Cold Beams

As already indicated by the blue stars in Fig. 2.3, some beams were moderately
electron cooled at an electron current of 1 mA in addition to the laser-cooling.
The electron cooler was switched on for a few seconds, while for the rest of the
beam lifetime only laser-cooling was applied.
The additional electron beam brought in overlap with the ion beam increases
the charge density in the overlap region, thereby increasing the coupling between
all charged particles. Thus, the coupling of the transverse ion motion to the
longitudinal ion motion is enhanced due to the Coulomb interaction between
the charged particles in the overlap region. Once both degrees of motion are
coupled, the electron cooler can be switched off and only laser-cooling must be
applied.
For two beams marked in Fig. 2.3 by blue stars, the corresponding beam width
is found in 2.5. The measured beam width is equal to the values reached by
continuous electron cooling with two orders of magnitude higher electron current.

2.3.5 Ion Dynamics in the Bucket

One open question raised by the experimental results summarized in this thesis
is: How do the (longitudinal) ion dynamics in the bucket change when the beam
becomes space-charge dominated? While the fluorescence detection increases the
precision of the momentum spread measurement tenfold, this detection scheme
could be used only in few cases due to insufficient photon counting rates7. Thus,
most of the information on ion dynamics must be deduced from the Schottky
noise spectra, which are limited in resolution.
Complementary to the experimental enhancements discussed in the outlook, part
5, a first attempt to simulate the ion dynamics has been made [MB0704]. The
results are presented in Fig. 2.6. The black curves present measured Schottky
noise spectra for various values of the detuning ∆fb, while the green curves
present the corresponding simulation data. Both data sets exhibit pronounced
peaks of incoherent sidebands distributed symmetrically around the central car-
rier signal peak. The momentum spread of the bunch is determined by the
spread of these incoherent sidebands [MB0601], which can be deduced from the
width of the sideband envelope as shown in the bottom-most part of Fig. 2.6.
With decreasing detuning ∆fb, the momentum spread of the bunch is reduced
and the sidebands vanish.
The simulation treats the ions in the bucket as non-interacting individual par-
ticles performing synchrotron oscillations in the bucket pseudo-potential. This
simple model assumption is valid only for emittance-dominated beams. In this

7These rates will hopefully increase in future experiments. See part 5 for details.



Figure 2.6: Schottky noise spectra (black curves) measured at various detuning
values as indicated in the plots. These spectra correspond to the data points
marked by green arrows in Fig. 2.4. The data was taken at the 20th harmonic
of the revolution frequency. In the bottom-most plot the red Gaussian curve
indicates the fitted momentum spread as shown in the upper part of Fig. 2.4,
while the green curves show the simulation data.



case, heating due to intra-beam scattering and laser cooling are in equilibrium
and the beam can be described by an ensemble of weakly coupled ions of con-
stant temperature.
Typically, it is assumed that the barycenter of the ion bunch rests in the mini-
mum of the bucket potential, resulting in a carrier signal amplitude proportional
to the number of ions in the bunch [121, 126]. However, the experimental data
suggests a reduction of the carrier peak amplitude compared to the amplitude
of the incoherent sidebands, which is not caused by ion loss [MB0601, MB0704].
The simulation data plotted in green is obtained adding a collective oscillation
of the ion bunch in the bucket potential to the individual ion motion. In the
simulation, the longitudinal momentum spread of the ions is set to the experi-
mental value deduced from the width of the sideband envelope and each ion is
given a certain kinetic energy, assuming a Maxwellian distribution of the ion
momenta. Similarly, the amplitude of the collective bunch oscillation is found to
be solely determined by the detuning ∆fb of the laser frequency, which sets an
upper bound to the beam momentum spread as discussed in [MB0704]. Super-
imposing the thermal motion of the ions with the collective bunch oscillation, the
reduction of the carrier signal predicted by theory [120, 121, 126] and deduced
from the simulation is in good agreement with the experimental data, as seen
in Fig. 2.6. The collective oscillation is attributed to the stepwise change of the
bunching frequency necessary for the cooling scheme employed [MB0704], which
introduces a displacement of the bucket center in momentum space relative to
the mean ion bunch momentum, causing the ions to oscillate in phase.
Compared to the experimental data, the continuous background of the simula-
tion data is higher. It can be reduced by increasing the number of particles in
the simulation, which is orders of magnitude smaller than for the experimental
data8. The background is caused by the Fast-Fourier-Transform algorithm which
computes the Schottky noise spectra from the individual ion motion. At low par-
ticle number, the algorithm produces randomly distributed spectral values which
emerge as a Gaussian-distributed background of numerical noise. Since the con-
tribution of these numerical artifacts is at least one to two orders smaller than
the Schottky signal itself, no attempt was made to further reduce the background
by increasing the simulated particle number.
While the two lower spectra in Fig. 2.6 relate to the intra-beam scattering
regime, the two upper spectra relate to the space-charge dominated regime, as
indicated by the green arrows in Fig. 2.4. No model has yet been able to fully
explain the Schottky noise spectra observed for space-charge dominated beams.
The simple model presented here clearly fails at the transition to this regime. It
predicts a raise in the carrier signal strength [MB0704], while a reduction of the
total Schottky signal strength by orders of magnitude is observed9.
A raise in the carrier signal intensity is expected for weakly coupled, non-

8Due to limited computation time, the number of simulated particles was kept small to only
resemble the main characteristics of the spectra.

9Please note that no ions are lost from bucket. All ions instead reside in the bucket center.



interacting particles, because the reduction of the absolute frequency detuning
damps the oscillation amplitude of the collective bunch oscillation as explained
in part 4.2.1. Instead, the vanishing carrier signal clearly hints to ion dynamics
beyond the simple approach outlined above. The reduction of the carrier signal
intensity is attributed to the influence of the mutual interaction of the ions which
can no longer be neglected for space-charge dominated beams. Unfortunately, no
conclusive results from the fluorescence signal measurement could be obtained
due to unexpected low rates, and thus no direct measurement of the true beam
momentum spread or ion-ion correlations could be observed.
An experimental investigation of the beam dynamics at very low momentum
spread is therefore foreseen for the next beam time at the ESR10, which will be
accompanied by time-consuming simulations of the ion dynamics in the bucket,
this time taking into account the complete ion-ion interaction11.

2.3.6 Precision VUV-Spectroscopy

The reduction of the beam momentum spread allows to saturate the cooling
transition of a large number of ions with a single laser system. The small mo-
mentum acceptance of the laser force, which is limited by the natural line width
Γtrans ≈ 2π×6.7 MHz of the cooling transition, becomes important if laser spec-
troscopy of ion beams is considered.
The bandwidth of the laser line of about 1.2 GHz determines the relative energy
spread of those ions which emit fluorescence light observable in the laboratory
frame.
In the experiment, the beam energy has been determined indirectly using the
well-known acceleration voltage of the ESR electron cooler. This voltage is cali-
brated to an absolute accuracy of the order of one volt, which results in a relative
accuracy of 10−4. Since the laser wavelength

λl,lab/2 = 514.6734664 nm/2 (2.3)

is known to a relative accuracy of better than 10−9 [112], the accuracy of the
transition frequency ω0 measurement solely depends on the accurate determina-
tion of the relativistic gamma factor γ as

∆ω0

ω0
=

1
β

∆γ

γ
. (2.4)

Different to the experiments mentioned so far, in this measurement a coasting
ion beam is used. Both the laser frequency and the mean energy of the elec-
tron cooled ion beam are brought in overlap observing the online Schottky noise
spectrum of the ion beam12, as described in reference [MB0501] reprinted on

10probably taking place in 2008
11A newly developed parallel simulation code capable of performing this computational in-

tensive task is introduced in part 3.2 of this thesis.
12In this special case the relative resolution of the Schottky spectrum is limited by the

digitizing resolution of the online analysis, which is about 10−5.



λ0(2S1/2 → 2P1/2) [nm] λ0(2S1/2 → 2P3/2) [nm]

Edlén (1983) [127] 155.077 154.820
Kim et al. (1991) [128] 155.060 154.804
Johnson et al. (1996) [129] 155.078 154.819
Tupitsyn et al. (2003) 155.0739(26) 154.8173(53)

priv. comm. [2004]
Schramm et al. (2005) 155.0705(39)(3) 154.8127(39)(2)

[MB0501]

Table 2.2: Absolute wavelengths for the 2S1/2 → 2P1/2 and 2S1/2 → 2P3/2 tran-
sition in C3+ published by other groups as compared to the measurements per-
formed at ESR presented in this thesis.

page 93. In order to compensate for the shift of the ion beam energy induced
by the space-charge of the electron cooler beam, the overlap is restored by ad-
justing the electron cooler voltage at every time the electron cooler current is
reduced. The final value of the electron cooler voltage is then determined by
extrapolating to zero electron current. The final results listed in Tab. 2.2 ob-
tained for the 2S1/2 → 2P1/2 and 2S1/2 → 2P3/2 transition in C3+ agree well
within one standard deviation with previous theoretical calculations [127–129]
and measurements [127].
In the experiment presented here, a direct measurement of the wavelength of
the fluorescence photons, which lies in the deep VUV regime, has not been un-
dertaken due to the lack of a suitable, precise detector. In future storage rings
at highly relativistic beam energies, the emitted fluorescence photons will be
visible as a strongly forward-boosted X-ray emission13. A direct measurement
of the fluorescence light frequency in the laboratory frame will then allow to
precisely determine the beam energy from the fixed laser frequency as discussed
in reference [MB0402].

2.3.7 Increasing the Acceptance of the Laser Force

In order to replace the stepwise detuning of the bunching frequency by a directly
detunable laser system, a second laser system complementing the fixed-frequency
cooling laser was introduced in the 2006 beam time to better match the laser
force acceptance to the ion beam momentum spread, see Fig. 2.2 on page 15.

13see [130] for an overview of X-ray spectroscopy using laser-cooled ion beams at the future
FAIR facility



Figure 2.7: Upper Part: Four sets of bunch length measurements at various
detuning values ∆fb of the bunching frequency relative to the laser frequency.
These measurements were performed using a single, fixed-frequency laser system.
Lower Part: In addition to the fixed-frequency laser system, a second scanning
laser is introduced (2∆fl,lab = 400 MHz) to increase the acceptance of the laser
force as explained in the text. The black lines indicate the scaling of the bunch
length with the ion current expected for space-charge (dashed) and, respectively,
intra-beam scattering (solid) dominated beams, similar to Fig. 2.3 and are solely
meant to guide the eye.



As discussed in part 2.2.2, an argon ion laser system is modified to address a scan
range of maximum 2∆fl,lab = 1 GHz in the UV, giving a momentum acceptance
of the laser force of

∆paccept,l

paccept,l
= 2γ

2∆fl,lab

2fl,lab
= 2γ

λl,lab ∆fl,lab

c
≈ 2× 10−6, (2.5)

which is about a tenth of the total bucket momentum acceptance and of the
same size as the momentum resolution of the Schottky noise measurement. This
simple way to calculate the acceptance is only valid for a frequency scan fast
enough to counteract intra-beam scattering. Unfortunately, the typical scan-
ning time which allowed for stable scanning was on the order of some hundred
milliseconds, and thus much longer than the plasma period τp of the ion beam.
Even with a smaller detuning range of about 2∆fl,lab = 400 MHz in the UV,
heating of the beam due to intra-beam scattering can be reduced. For this de-
tuning range, Fig. 2.7 shows a comparison of two bunch length measurements.
The color-coded data point sets refer to measurements of the bunch length at
various detuning values ∆fb of the bucket frequency relative to the fixed fre-
quency of the first laser. In the upper part of Fig. 2.7 one finds measurements
for which only one laser at a fixed frequency was used for cooling. In the lower
part, those measurements including a second, scanning laser system are shown.
The dashed and solid lines, which indicate the scaling of the bunch length with
the ion current for space-charge dominated (dashed) and intra-beam scattering
dominated beams (solid), respectively, are meant to guide the eye. The position
of the transition between the two regimes was set to the approximate ion current
value at which the transition was observed in Fig. 2.3.
While for the first set of data points the bunch length measurements scatter over
a large range and by a factor of almost ten, in the second set using an additional
scanning laser reduces the deviations of the data points from the expected scal-
ing. Such bunch length fluctuations can be induced by intra-beam scattering,
which heats up a part of the beam. Hot ions can escape the acceptance of the
fixed-frequency laser and are no longer cooled by its laser force. When this hap-
pens, the equilibrium of laser cooling and heating due to intra-beam scattering
is no longer maintained and the beam consists of a hot and a cold part. The
beam becomes unstable, resulting in fluctuations of the bunch length.
The laser force of the scanning laser counteracts these fluctuations and the bunch
length at low ion currents smoothly follows the scaling for space-charge domi-
nated beams. This becomes most evident at large detuning ∆fb, for which the
single laser system is not sufficient to reach the space-charge dominated regime
at all and the bunch length is drastically increased, as indicated by the red sym-
bols in the upper part of Fig. 2.7.
It has to be pointed out that the second laser does not increase the overall
strength of the laser force, but only its acceptance range, since the detuning be-
tween the two laser frequencies is usually so large that different velocity classes
of ions are cooled by the two laser forces, and the cooling transition is already
saturated when only one laser is used. Thus, the transition from the intra-beam



scattering to the space-charge dominated regime is assumed to occur at almost
the same ion current, regardless of the number of laser systems.
At high currents, an increase in the bunch length is observed when using the
combination of a fixed-frequency laser and a scanning laser at small detuning
∆fb. This increase can be attributed to the influence of the scanning laser, which
at small detuning accidentally leads to a heating of the ions due to the increase in
the photon scattering rate. Such an additional heating effect becomes important
if the laser frequency is close to the cooling transition frequency [MB0301] in the
ion rest frame. While the frequency of the first laser is fixed by the detuning
∆fb, the frequency of the scanning laser can fall below this value, increasing the
photon scattering rate. At large ion currents – meaning large ion densities – this
small additional heating can lead to a sudden increase of the intra-beam scatter-
ing rate and thus of the the bunch length, which can no longer be compensated
by the combined laser forces.





3. Stopping and Cooling
Beams of Highly Charged
Ions

3.1 In-trap Preparation of Highly Charged Ions for
Precision Physics

Delivering cold highly-charged ions for precision in-trap measurements is cur-
rently investigated by several groups in the world ([92, 95, 97, 98],[MB0703]). It
is a vital prerequisite to increase the precision of current mass measurements.
Typically, charge breeding in an EBIS or direct laser ionization deliver ions in
a high charge state. While charge breeding in an EBIS is currently the choice
for very high charge states, laser ionization allows for the production of pure
beams of ions of only a single charge state. The typical energy spread of an ion
beam after charge breeding of some hundred eV [131] does not match the energy
acceptance of a few eV to meV of the precision Penning trap system in which
the ion mass is measured. Thus, additional cooling is required, especially for
precision experiments investigating fundamental physical effects.
To test the feasibility of the cooling scheme proposed in this thesis, extensive
computer simulations of the complete interaction dynamics of N = 105 ions in a
three-dimensional harmonic potential have been performed. For this, a massive-
parallel code has been developed, which can compute the complete stopping
dynamics of the ion assuming realistic experimental conditions.
The results of such a realistic simulation can be directly applied to plan the
experimental setup necessary for stopping and sympathetic cooling of highly
charged ions, which is foreseen for the MLLTRAP system [MB0703, MB0706].
The subject is introduced by summarizing the numerical methods which have
entered in the simulation, succeeded by a summary of the simulation results.

3.2 Numerical Methods

In the following two sections the numerical methods used in the simulation code
are summarized. A more elaborate summary of these methods can be found in
[MB0604].
First, the choice of simulation parameters is discussed, with emphasis on the
choice for the initial kinetic energy of the ion of interest. Next, the equation of
motion is introduced, followed by a section on the numerical aspects relevant for
the integration of the equation of motions.
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Confining Potential Properties

integration time ∆τstep [s] 10−9

lower plasma density higher plasma density
Φ⊥ [V/m2] 2.5× 105 3.5× 105

Φ‖ [V/m2] 2.5× 103 3.5× 103

One-component Plasma Properties

Number N of Mg+ ions 105

AMg, QMg 24, 1
TMg [K] 10−3

Highly Charged Ion Properties

Number of highly charged ions 1
AHCI 100
QHCI 10, 20, 30, 40
Ekin,HCI [meV] 100, 200, 300, 400

Table 3.1: Complete list of simulation input parameters.

3.2.1 Simulation Parameters

The stopping dynamics for a single, highly charged ion are computed for sev-
eral initial kinetic energies and charge states of the ion of interest, using a
newly-developed, massive-parallel, object-oriented molecular dynamics simula-
tion code. The initial temperature of the laser-cooled one-component plasma
of N = 105 24Mg+ ions1 is set to 1 mK. At this temperature, the 24Mg+ ions
are strongly coupled, exhibiting a long-range order [24, 33, 35]. In the three-
dimensional harmonic potential in which the ions are confined their shape re-
sembles that of a prolate ellipsoid [28, 42].
This ellipsoid displays a characteristic structure of concentric shells [33] as can
be seen in Fig. 3.2 on page 37. At the beginning of each simulation, the highly
charged ion is placed on the trap axis near the brim of the ellipsoid with its
direction of flight along the ellipsoid’s axis. Two scenarios differing in plasma
density, nMg = 3.02 × 1013 m−3 and nMg = 4.23 × 1013 m−3, respectively, are
computed. All simulation input parameters are listed in Tab. 3.1.
The choice for the low initial kinetic energy of the highly charged ions is moti-
vated by the fact that the energy loss dEkin,HCI per path length ds increases if
the relative velocity between the highly charged ion and the constituent ions of

1The reader should be aware of the fact that, up to now, typical molecular dynamics codes,
which compute the complete particle-particle interaction without using any approximation in
the computation of the interaction, cannot deal with more than 103 to 104 particles. Previously,
such high particle numbers could only be achieved by approximating the Coulomb interaction,
e.g. by Ewald summation [132–136], Particle-Mesh methods [133, 134, 137] or tree-based
Multipole methods [133, 134, 138].



the one-component plasma decreases [19]. At higher ion energies – the typical
ion energy spread after charge breeding is about 100 eV [131] – the stopping
power decreases as 1/Ekin,HCI. For the MLLTRAP setup [MB0703, MB0706]
it is foreseen to match the energy spread by building a linear segmented radio-
frequency quadrupole trap, in which the highly charged ions are stored in one
part of the trap and then leak into the cooling section where the laser-cooled
ions are stored (for details see [MB0602]).
In contrast to the final experimental setup, where laser-cooling will be applied
continuously, the laser-cooling force is deliberately set to zero in the simula-
tion. Without the influence of the laser force, the stopping dynamics can be
directly studied. Such a study has the advantage that the heating dynamics
caused by the energy loss of the highly charged ion can be separated from the
cooling dynamics observed for an arbitrarily chosen laser force strength. With
the knowledge gained by restricting the simulation to the stopping dynamics,
the best cooling parameters for efficient and fast recooling of the one-component
plasma can be chosen afterwards [MB0701].

3.2.2 Equation of Motion

Central to the simulation is an efficient integration of the equation of motion

mi
d2~ri
d2t

= ~Fion−ion + ~Ftrap + ~Fcool

=

(
N+1∑
j 6=i

qiqj

4πε0|~ri−~rj |3 (~ri − ~rj)

)
− qi

~Φtrap(t)~ri + ~Fcool

(
d~ri
dt , t

)
.

(3.1)
As already pointed out, the laser force, ~Fcool, has been deliberately set to zero.
The typically time-dependent trapping potential is approximated by its pseudo-
potential description, thus neglecting possible heating due to the fast-changing
radio-frequency Paul trap field [18]. Essentially, a simple three-dimensional har-
monic potential is chosen, where the axial confinement strength Φ‖ is two or-
ders of magnitude weaker than the radial confinement strength Φ⊥. Instead of
restricting the potential to include certain mass-dependencies of the confining
potential which depend on the trap geometry [18, 36, 38], the trapping force is
simply chosen as

~Ftrap = −qi
~Φtrap(t)~ri = −qi

(
Φ⊥,Φ⊥,Φ‖

) xi

yi

zi

 . (3.2)

Here, ~ri = (xi, yi, zi) marks the position of particle i, while qi denotes its charge.
For a given radio-frequency Paul trap setup, the strength of the trapping poten-
tial is proportional to the charge over mass ratio of the trapped ion. Trapping
of two ion species in a single trap is only possible if the stability criterion

0 ≤ qRFQ � 1, qRFQ ∝
Q e

m
(3.3)



is fulfilled for both ions species, where the dimensionless stability-parameter
qRFQ [18] is essentially given by the ratio of the full potential energy to the full
kinetic energy of the particle motion in the Paul trap potential. The highly
charged ions are thus more strongly confined than the singly charged 24Mg+

ions. This difference in confinement strength, however, only plays a role if the
final equilibrium positions of all ions are considered, but can be neglected if only
the stopping process is investigated.

3.2.3 Simulation Methods

Two issues are important for the numerical integration of the equation of mo-
tion. First, the integration algorithm should conserve energy over the complete
simulation period, without the need to couple the ion ensemble to an artificial
temperature bath2. Second, a large number of force calculations in one integra-
tion step should be avoided by the algorithm. This stems from the fact, that the
computational effort for calculating the inter-ion force, ~Fion−ion, scales quadrat-
ically with the number N of ions.
Several integration algorithms have been tested on both criteria. These in-
clude the common Runge-Kutta algorithms (implicit and explicit), Predictor-
Corrector algorithms and Verlet algorithms [139, 140, 142–145]. Usually, each of
these algorithms chooses a compromise between integration precision and num-
ber of force computations. For a given integration time step ∆τstep, increasing
the precision helps to better fulfill energy conservation, while an increase in force
calculations lengthens the computation time of one integration step.
After testing the different algorithms, the simple, yet effective Velocity-Verlet al-
gorithm [142] was chosen. This simple algorithm is time-reversal, which results
in good energy conservation3. It only needs two calculations of the force in one
time step, yet the precision of the algorithm scales to the fourth power of the
integration step size compared to the simple Euler one-step algorithm, for which
the precision scales only linearly in step size.
The choice of the proper time step determines the overall precision of the sim-
ulation4. The time step must be decreased for increasing interaction strength
and thus for increasing charge state of the ions. Furthermore, it must be de-
creased if the kinetic energy of the ion or the volume density of the plasma
are increased. Even for the most unfavorable combination of these parameters
(Ekin,HCI = 400 meV, QHCI = 40, nMg = 4.23 × 1013 m−3), the smallest time
step required for energy conservation [137] is 4 ns [MB0604] and thus bigger than
the chosen time step by a factor of four.
Parallelizing the integration algorithm is vital for achieving meaningful results in

2This commonly used technique resets the total energy of the ensemble to its initial value
after a certain number of integration steps to ’simulate’ energy conservation [139–141].

3Remember that energy conservation stems from the temporal symmetry of the equation of
motion [146]. Many higher-order algorithms, especially the often favored Predictor-Corrector
schemes, are not symmetric under time reversal.

4An elaborate discussion on choosing the right integration time step can be found in reference
[137] (see also [MB0604])
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a) b)

Figure 3.1: a) Stopping times versus ion charge state derived from the energy
loss due to collective plasma response for various initial kinetic energies of the
highly charged ion. Plasma density nMg = 3.02× 1013 m−3

b) Like a), nMg = 4.23× 1013 m−3

a reasonable amount of time. Again, several parallel patterns where implemented
[147, 148]. For each computer system, a parallel pattern must be chosen which
balances the communication of the computation nodes and the time for node-
based computations. For the Leibniz Rechenzentrum cluster, the best choice is
the simple checker-board algorithm [148], which was used for all the simulation
runs presented in this thesis.

3.3 Results

3.3.1 Stopping Power and Stopping Times

Before presenting the simulation results on stopping times, the extraction of the
stopping power from the simulation must be discussed. In a molecular dynamics
simulation, the statistics on rare events during the stopping is sparse, especially
if a variety of parameter-combinations has to be considered. The small number
of rare close binary encounters observed during one simulation run (typically a
few ten events) dominates the statistical uncertainty estimated for the stopping
power. Nevertheless, by dividing the stopping power into two parts as

dEkin,HCI

ds
=

dEkin,HCI

ds

∣∣∣∣
binary collisions

+
dEkin,HCI

ds

∣∣∣∣
collective response

, (3.4)

one can deduce a lower bound to the stopping power by neglecting the energy
loss due to hard binary collisions of the highly charged ion with a single 24Mg+

ion, taking only the energy loss due to collective response of the laser-cooled
one-component plasma into account5.

5The extraction of stopping times from the simulation is covered in [MB0602].



The stopping times presented in Fig. 3.1 thus present an upper bound to the
stopping time expected in the real experiment6. Nonetheless, from the few data
on close binary collisions available, one can estimate that the energy loss due to
these collisions is of the same order of magnitude as the energy loss due to the
collective response of the laser-cooled ions [MB0602].
This estimate agrees with the prediction derived from linear stopping theory
[19], which is valid at large velocities of the highly charged ion relative to the
24Mg+ ions7, an assumption well founded during almost the complete stopping
process.
As pointed out in part 3.2.1, the initial kinetic energies chosen for the highly
charged ion in the simulation are smaller than those expected in the experiment
and thus the stopping power must be either scaled to higher energies8, or the
initial kinetic energy must be better matched for efficient cooling using a suitable
trap system as explained in [MB0602]. Such a match should finally allow to
reduce the stopping times for efficient cooling of unstable ions.

3.3.2 Plasma Response and Plasma Stability

Linear stopping theory can predict the order of magnitude of the stopping times
expected for the presented cooling scheme. Furthermore, it can provide infor-
mation on the final temperature of the plasma after equilibration.
However, it cannot describe the complete dynamics of the stopping process. Such
a description must include issues such as loss of laser-cooled ions due to hard
binary collisions, heating of the plasma during the stopping process and efficient
recooling conditions. To cover the complete dynamics of the stopping theory,
recently several attempts have been made to derive a realistic dielectric response
function of the strongly-coupled one-component plasma [19, 27, 43–45, 150–153].
However, such an ansatz neglects simple effects such as close binary encounters,
because it concentrates on the collective plasma response instead.
Here, realistic simulations can be of great importance, since they naturally in-
clude all possible dynamic effects, which altogether originate from the simple
Coulomb interaction of all particles involved.
Fig. 3.2 shows four views of the same stopping process. In part a), the spatial
image depicts the laser cooled plasma by displaying a slice through the center
of the ellipsoid9. The path of the highly charged ion (black circle) is marked by

6The scaling of the stopping power with the charge state is weaker than expected from linear
stopping theory. Similar effects have been observed for electron-cooled ion beams in storage
rings [149] and are attributed to an enhanced screening of the ion charge [19, 149] in strongly
coupled one-component plasmas.

7To be more precise, it is valid if the classical collision parameter is small compared to the
adiabatic screening length [19].

8The standard 1/Ekin,HCI scaling can be applied since at high initial energies the stopping
power is well described by linear stopping theory. See also [MB0602] for a comparison of the
stopping power derived from simulation with the stopping power derived from linear response
theory.

9The coordinate system defines X and Y as the radial coordinates and Z as the axial coor-
dinate.
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Figure 3.2: a) Real space image of the Coulomb crystal and the trajectory (black
line) of the highly charged ion (black circle, Ekin,HCI = 400 meV, QHCI = 20)
after 18 µs flight time. Only a vertical slice through the Coulomb crystal is
displayed to reveal the shell structure. The red circles mark those 24Mg+ ions
knocked out of the lattice, thereby acquiring a kinetic energy of more than 1 meV.
b) Histogram plot of the kinetic energy of all 24Mg+ ions (nMg = 3.02 ×
1013 m−3). The kinetic energy is color-coded and displayed logarithmically.
The values are integrated in the Y-direction.
c) Like b), taking only those ions into account which did not take part in close
binary collisions and thus never acquired a kinetic energy greater 1 meV. This
histogram shows the collective plasma response to the ion stopping.
d) Like b), taking only those ions into account which did take part in close bi-
nary collisions and thus have reached a kinetic energy of 1 meV or greater during
the stopping (marked by red circles in a)).



the black line. The same path can be found in parts b) to d). Part b) shows
a logarithmic, color-coded distribution of the kinetic energy of all 24Mg+ ions,
integrated in the Y-direction, while part c) shows only those ions that never
acquire a kinetic energy greater 1 meV during the stopping process. Opposite
to c), part d) shows only those ions which at least once acquire a kinetic energy
greater 1 meV during the stopping process. The former ions are those which take
part in the collective response of the plasma, while the latter originate from the
very few hard binary collisions with the highly charged ion10. Those ions which
are kicked out of the crystalline lattice are either lost from the cooling region or
are subsequently recooled by sympathetic cooling in the Coulomb crystal. One
can find three such cases in Fig. 3.2 d), indicated by those three histogram
bins which are colored green and light blue, respectively. These bins mark ions
which have been subject to a close binary collision but have lost energy due to
sympathetic cooling afterwards.
Looking at Fig. 3.2 c), it becomes obvious that much of the kinetic energy lost
by the highly charged ion is distributed over the whole plasma bulk.
As discussed in this and the previous part, the response of the plasma to the
impact of the highly charged ion is collective in the way, that about half of
the energy lost during the stopping is transferred to nearly all laser-cooled ions
and that ion loss due to few close binary encounters is negligible ([MB0602] and
[MB0604].).
This result is of great importance for the experimental realization of the cooling
scheme. It implies that the one-component plasma stays stable during the stop-
ping process and that no reloading of 24Mg+ is necessary after stopping, thus
providing a reusable stopping medium.

3.3.3 Energy Loss and Charge Exchange

Experimental data on charge exchange processes at small relative velocities is
sparse. This is mainly caused by the need to confine and cool the ions of in-
terest together in a trap. Therefore, the charge exchange rate expected for the
presented stopping scheme can only be estimated from theoretical models.
The simulation itself does not yet include charge exchange processes. Moreover,
all interaction processes other than Coulomb collisions, for example excitation
and collisional ionization [154, 155], are not taken into account. While most
of these processes add to the overall energy loss, two- and three-body charge
exchange can significantly decrease the efficiency of the stopping scheme.
The theoretical estimates on the charge exchange rate have to be compared to
experimental data published by other groups on either charge exchange of highly
charged ions with neutral gas atoms at eV center-of-mass collision energies [155–
160], or charge exchange between multiply charged ions at keV center-of-mass
collision energies [161–163]. This experimental data and a simple estimate of
the two-body charge exchange rate [164] already show that the expected rates

10The choice for the correct energy cutoff value is discussed in [MB0602].
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Figure 3.3: Number Ncool of ions in the acceptance range of the laser force over
the total ion number N versus the detuning δ in units of the natural line width
Γtrans of the cooling transition. The two lines indicate the detuning value at
which 95.4 % of the ions are in the acceptance range.

for these processes are orders of magnitude lower than the typical cooling rate
[MB0602, MB0701]. Thus, a reduction in efficiency due to charge exchange
processes is not expected in the experiment.

3.3.4 Recooling Conditions

Besides the plasma stability, the recooling conditions are of great importance for
the realization of the cooling scheme. The momentum acceptance of the laser
force

~Fl(~vMg) =
S (Γtrans/2)3

(δ − ~vMg · ~kl)2 + (Γtrans/2)2(1 + S)
~~kl (3.5)

is, for a given saturation parameter S, limited by the natural line width Γtrans

of the cooling transition, which for 24Mg+ ions amounts to 2π × 42.7 MHz [18].
Mainly those ions with velocities

|~vMg| <
δ

|~kl|
(3.6)

are addressed by the laser force. Here, δ denotes the detuning of the laser relative
to the transition frequency, while |~kl| = 2π/λl denotes the wave vector. In the
case of 24Mg+, the transition wavelength λl is approximately 280 nm.
To saturate the cooling transition of a single ion (S ≡ 1), the laser intensity
must reach [6]

IS =
πhc

3
× Γtrans

λ3
l

≈ 2.54
kW
m2

, (3.7)



which for a 100 µm focal diameter requires a laser power of 25 µW. At satura-
tion, the maximum laser force is then [6]

Fl,max =
h

4
× Γtrans

λl
≈ 1

meV
mm

(3.8)

If the laser frequency has to be scanned (see part 2.3) to cool the 24Mg+ ions
after stopping in order to address all ions, the time for recooling all ions to mK
temperature would exceed the typical lifetime of unstable nuclei.
Fortunately, as Fig. 3.3 [MB0701] shows, nearly all ions can be continuously
cooled by the laser force without the need for altering the laser frequency. The
detuning necessary to recool the ions is found to be small enough to reach the
crystalline state of the plasma, considering typical heating rates expected for the
trap setup [165, 166]. Following from this, one can estimate the recooling times
for the 24Mg+ to be of the same order than the stopping times11 listed in part
3.3.1.

11An accurate estimate of the recooling time must take into account the total heating rate
due to the confining fields and residual gas in the final trap system [165, 166]. Their values
strongly depend on the details of the experimental realization. Thus a robust value cannot be
stated here.



4. Collective Effects in
Strongly Coupled OCPs

4.1 Collective Response, Correlations and Strong Cou-
pling

This part of the thesis complements the results on ion beam cooling discussed
in the two previous chapters. Here, yet unpublished results are presented which
relate to collective effects of strongly coupled ions. As pointed out in the intro-
duction, the ion dynamics in a Paul trap and a storage ring can be described
in a similar way. The dynamics of a bunch of ions revolving in a storage ring,
observed in the rest frame of the ions, resembles the ion dynamics in the three-
dimensional harmonic confining potential of a Paul trap.
Thus, in the following, two aspects of collective ion motion are discussed, one
related to laser cooling of relativistic bunched ion beams, the other related to
stopping and sympathetic cooling of highly charged ions in a harmonically con-
fined laser-cooled one-component plasma. First, Schottky spectra of bunched ion
beams are revisited and second, the collective plasma response to the passage of
the highly charged ion is analyzed in detail.

4.2 Schottky Noise Spectra at Small Momentum
Spread

In part 2.3.5 of this thesis the influence of space-charge on the synchrotron os-
cillations of the ions in the bucket is addressed by analyzing various Schottky
noise spectra. In this part, these Schottky spectra are discussed with regard to
correlated ion dynamics at small momentum spread.

4.2.1 Schottky Noise Spectra for Bunched Beams with Negligi-
ble Ion-Ion Interaction

In a bunched, emittance-dominated beam, ions perform longitudinal oscillations
at the synchrotron frequency

fsyn =

√
Qe h η Ub

2πγ m C2
≈ 114 Hz, (4.1)
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Figure 4.1: Color-coded Schottky noise spectrum measured for a C3+ ion beam
at a beam energy of 1.47 GeV. The beam is bunched at the 20th harmonic of
the revolution frequency. The ion current is 16 µA. The bunch length varies
between 1.01 m and 0.78 m, depending on the detuning. The bunch width is
5.26 mm. The intensity of the Schottky power signal is plotted logarithmically.
The position of the laser frequency is indicated by the dashed white line. The
bunching frequency fb is scanned relatively to the fixed laser frequency, the Y-
axis indicating the scanning time. The detuning is reduced during the scan, until
the Schottky signal vanishes.

where C ≈ 108.36 m is the storage ring circumference, η ≈ 0.607 the slip factor
[18], Ub ≈ 7.4 V the bunching voltage, h = 20, γ ≈ 1.13, Q = +3 and m = 12 u
for 12C3+. The charge of each individual ion j in a beam of N ions induces a
periodic signal Sj(t) on the pickup electrode. The total signal S(t) at a given
time t can be written in its spectral representation [120] as

S(t) =
N∑

j=1

Sj(t) =
N∑

j=1

+∞∑
h=−∞

+∞∑
m=−∞

Aj,h,me−iΩj,h,mteiΦj,h,m (4.2)



separated in amplitudes Aj,h,m, frequencies Ωj,h,m and phases Φj,h,m given by

Aj,h,m =
q

2π
Jm(h aj), (4.3)

Ωj,h,m = 2π (hfrev + mfsyn) , (4.4)

Φj,h,m = −hφj + mθP . (4.5)

The phase depends on both the single-particle phase φj and the common local-
ized azimuth angle θP , while the frequency depends on the harmonic h of the
revolution frequency and the synchrotron frequency. Finally, the amplitude can
be calculated from the single-particle oscillation amplitude aj , which is weighed
by the ordinary Bessel function of integer order m. The final spectrum is a
symmetric distribution of incoherent sidebands around the carrier signal. The
carrier signal is found at hfrev, while the sidebands are located at each side of
the carrier at harmonics m of the synchrotron frequency.

4.2.2 Schottky Noise Power at Small Momentum Spread

As shown in Fig. 4.1, the Schottky noise signal at each point t in time is given
by a spectrum of lines with a spacing determined by the synchrotron frequency,
distributed symmetrically around the carrier signal found at a harmonic of the
revolution frequency, in accordance to Eq. 4.4.
In Fig. 4.1 the bunching frequency is scanned relatively to the laser frequency,
as described in part 2.3.5. During the scan the detuning ∆fb between the bunch-
ing frequency and the laser frequency is gradually reduced while recording the
Schottky noise signal [MB0705]. The momentum spread decreases, the side-
bands vanish and the overall Schottky signal power drops rapidly. Finally, near
the end of the scan, the Schottky signal vanishes entirely. As for the data set
presented in Fig. 2.6, all the ions reside in the bucket center and no ion loss
occurs. Nevertheless, the power of the signal induced by the ions on the pickup
electrode is reduced by four to five orders of magnitude until it finally reaches
the level of the background noise.
A multitude of Schottky spectra recorded during the ESR measurement cam-
paigns in 2004 and 2006 exhibit similar characteristics. For some of these, the
total Schottky power summed over all spectral lines at a given detuning is de-
picted in Fig 4.2, together with the longitudinal momentum spread deduced from
the Schottky noise spectrum [MB0705].
Similar observations have been made for electron-cooled coasting ion beams at
orders of magnitude lower ion currents [67–70], but until now, a Schottky signal
reduction to this degree has not been published. This reduction still lacks a con-
clusive interpretation, although for coasting beams theoretical models attribute
the vanishing Schottky signal to one-dimensional beam ordering [18, 68–70, 167–
170]. An ordered beam induces a periodic signal on the pickup electrode, in



contrast to the purely random signal induced by a hot, intra-beam scattering
dominated beam.

49 mA

3 mA

25 mA
8 mA

Figure 4.2: Upper part: Total
Schottky signal power versus detun-
ing of the bunching frequency. The
Schottky power is summed over all
frequency bands for a given value
of the detuning ∆fb. A drop in
the signal is seen at a certain de-
tuning value, marked by the gray
line, which is independent of the
ion current. At this value, the
Schottky measurement of the longi-
tudinal momentum reaches its reso-
lution limit. This reflects the transi-
tion shown in Fig. 4.1, where most
of the incoherent sidebands vanish
and only two sidebands and the car-
rier signal are visible.
Lower Part: Longitudinal momen-
tum spread versus detuning of the
bunching frequency. Again, a dras-
tic reduction independent of the ion
current is observed. The gray shad-
ing indicates the resolution limit of
the Schottky momentum measure-
ment.

The periodicity of this signal is determined by the mean ion distance in the
ordered beam and would, for a coasting beam, ultimately lead to a dramatic
decrease of the Schottky power signal [67].
For a bunched beam, however, both the coherent modulation of the beam charge
density due to bunching and due to possible microscopic ordering in the beam
must be taken into account [120]. The Schottky spectrum induced by bunches
of uncorrelated ions, Eq. 4.2, cannot explain the drop in the Schottky power
signal. Thus, future experiments are foreseen to look for correlations between
the ions which can lead to coherent ion motion.
As can be clearly seen from Fig. 4.2, possible correlations cannot be resolved in
the Schottky noise signal. An upgrade of the experimental setup will hopefully
allow to increase the measurement precision by at least a factor of ten and to
detect periodic variations in the fluorescence signal of the beam caused by beam
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Figure 4.3: Upper part: Same data set as in Fig. 3.2. Velocity of the 24Mg+

ions in X-direction. Negative velocity values are shown in red, positive values in
blue. A clear transverse oscillation pattern following the ion trajectory is visible.
Lower Part: Velocity of the 24Mg+ ions in Z-direction, color-coding similar to
the upper part. A complex oscillation pattern behind the ion emerges, while the
heating of the plasma in front of the ion gradually decreases with distance from
the ion.

ordering. Further details will be discussed in the outlook of this thesis.

4.3 Collective Plasma Response during Ion Stopping

In part 3.3.2 of this thesis, the collective response of a strongly coupled one-
component plasma to the passage of a single highly charged ion is discussed.
One central result of this discussion, the distribution of the energy lost by the
ion over the whole plasma bulk, is shown in Fig. 3.2. In this part, the dynamics
of the energy transfer from the highly charged ion, in the following also called
the projectile, to the laser-cooled ions are analyzed. For this analysis, the data
set from Fig. 3.2 is presented focusing on the collective plasma dynamics rather
than on the stopping itself. Thus, in Fig. 4.3, the (signed) velocity of the ions
instead of the kinetic energy is depicted.
While a clear transverse oscillation pattern can be seen in the upper part of
Fig. 4.3, the lower part shows a more complex longitudinal oscillation pattern.
In the following, the analysis of these oscillation patterns will be preceded by a
short discussion on characteristic plasma lengths and the applicability of linear
response theory.



4.3.1 Characteristic Lengths and Linear Response Theory

When the highly charged ion passes through the one-component plasma of 24Mg+

ions at a velocity vrel relative to the plasma ions, the Coulomb repulsion between
the projectile and the plasma ions can be treated as a local disturbance of the
electric field. The influence of the highly charged ion on the plasma can only
reach as far as the adiabatic screening length [19]

λad =
vrel

ωp

vrel→vth−→ λD =

√
ε0kbT

Q2
Mge

2nMg
, (4.6)

which for the relative velocity approaching the thermal velocity vth becomes
equal to the well-known Debye shielding length. A local polarization of the
plasma ions shields the Coulomb field of the projectile ion on a scale defined
by λad. Thus, those ions at distances larger than the adiabatic screening length
do not react directly to the Coulomb force of the highly charged ion. A second
important parameter is the minimum impact parameter [19]

bmin =
Q1 Q2 e2

4πε0 µredv
2
rel

=
QMg QHCI e2

4πε0 µredv
2
rel

, (4.7)

which defines the impact parameter of two particles of charge states Q1 and Q2

and reduced mass µred at a scattering angle of ninety degrees.
The applicability of linear response theory to the coupled system of the single
highly charged ion and the laser cooled ions can be determined by the ratio
bmin/λad. If this ratio exceeds unity, the coupling between the ion of interest
and the plasma ions becomes strong and the plasma response non-linear [19].
The dependence of the adiabatic screening length and the minimum impact pa-
rameter on the kinetic energy of the projectile are shown in Fig. 4.4 a) for all
combinations of the simulation parameters. For comparison, the mean inter-ion
spacing given by the Wigner-Seitz radius is also plotted.
At large projectile energies the adiabatic screening length is on the order of a
millimeter, about the radial diameter of the plasma ellipsoid. At smaller pro-
jectile energies, all characteristic lengths become comparable in size, and linear
response theory can no longer describe the ion dynamics. When the minimum
impact parameter exceeds the inter-ion spacing, hard binary collisions are no
longer observed and the energy loss is determined solely by collective plasma
response [MB0602].

4.3.2 Collective Plasma Oscillations

The dominant oscillation frequency related to the oscillation patterns depicted
in Fig. 4.3 is the plasma frequency [42, 150, 171], see Fig. 4.4 b)-c). In this
figure, the average radial and axial velocity of an ensemble of ions versus sim-
ulation time is plotted. The ion ensemble is defined as the set of those ions
which are confined in a cube of 50 µm side length positioned close to the ion’s
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Figure 4.4: a) Characteristic lengths versus kinetic energy of the projectile.
Linear response theory is no longer applicable if the characteristic lengths become
comparable in size, see text for details.
b) Temporal evolution of the average radial velocity in X-direction of a small
ensemble of 24Mg+ plasma ions. The ensemble is located near the entrance
point of the projectile into the plasma ellipsoid. The simulation data (black) is
compared to a fit curve (blue) . The plasma frequency ωp is derived from the
plasma charge density, see Eq. 1.3.
c) As in b), but for the axial velocity component in Z-direction. An initial
delta-pulse-like shock induced by the supersonic projectile is followed by an ion
oscillation at ωp.



path of flight. By selecting the center position of the cube, every part of the
plasma can be probed. For the two data sets presented in Fig. 4.4 b)-c), the
center position was set to (x, y, z) = (+0.05 mm,+0.05 mm,−7.5 mm) and
(+0.05 mm,+0.05 mm,−5 mm), respectively.
The local disturbance of the electric field induced by the highly charged ion
causes the ions to oscillate in phase around their equilibrium position in the
crystalline lattice [MB0602]. The amplitude of this oscillation is small, about
one tenth of the inter-ion spacing, due to the small ion velocity and the short
relaxation time τp. Thus, the oscillation patterns observed in Fig. 4.3 do not
cause large density fluctuations of the plasma and the plasma response to the
projectile can be treated as an elastic relaxation of the Coulomb crystal lattice1.
Looking closely at Fig. 4.4 b)-c), a 10 % difference between the oscillation fre-
quency obtained by the data fit and the value obtained from Eq. 1.3 is observed.
If the plasma frequency is derived from the external confining forces [18]

ω†p =

√
2Φ⊥

QMge

mMg
, (4.8)

instead of using Eq. 1.3, a comparison with the fit values ωfit,⊥ and ωfit,‖ yields

ωp = 2π × 0.236 MHz ω†p = 2π × 0.226 MHz (4.9)

ωfit,⊥ = 0.96 ωp ω†fit,‖ = 1.00 ω†p (4.10)

ωfit,⊥ = 0.87 ωp ω†fit,‖ = 0.91 ω†p. (4.11)

The observed 10 % difference can thus be attributed to a poor determination of
the ion density and other numerical errors.

Transverse Oscillations

During its passage through the Coulomb crystal, the plasma ions are pushed
aside by the passing projectile ion. The transverse oscillation follows the path
of the highly charged ion, forming a transverse wave. If linear response theory
is applicable, the wavelength is given by

λ⊥(z) =
vrel(z)

ωp
= λad. (4.12)

One half of the wavelength is equal to the axial extent of that set of ions which are
accelerated in a common direction during one half period of a plasma oscillation.
This axial extent is equal to the maximum path length vrel τp/2 traveled by the
projectile ion during this half period, after which the plasma relaxes, and the
plasma ions reverse their direction of motion.

1This assumption of course neglects hard binary collisions, in which plasma ions are kicked
out of the Coulomb crystal lattice.
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Figure 4.5: a) Sum of radial plasma ion velocities in X-direction (see text)
versus the axial plasma ion position (black curve) 18 µs after simulation start.
The blue curve follows a sinusoidal fit using the wavelength given by Eq. 4.12.
The free fit parameters are amplitude, phase and vertical displacement, while the
wavelength is derived from the projectile velocities vrel and the plasma frequency
as described in the text. The vertical red line marks the position of the projectile
ion.
b) Similar to a), but showing the sum of all axial plasma ion velocities. The
green curve follows the exponential trend of adiabatic screening (Eq. 4.14), while
the blue curve shows a wavelength fit based on Eq. 4.15.

This can be seen in Fig. 4.5 a), which shows the sum of the radial velocities of
all ions located below the path of the projectile ion 18 µs after it has entered
the plasma. This sum velocity can also be obtained from the upper part of Fig.
4.3 by projecting all velocity values for those data points below the projectile
trajectory onto the Z-axis. This summation yields a clear wave pattern along
the Z-axis. Using Eq. 4.12, a sinusoidal fit curve (blue)

Vfit,⊥(z) = V0 sin
(

z + z0

λ⊥(z)

)
+ Voff (4.13)

is plotted on top of the data (black). In this fit, the amplitude V0, longitudinal,
z0, and vertical displacement, Voff , have been matched to fit the data curve,
while the plasma frequency was taken from Fig. 4.4 b).



The adiabatic screening length itself was calculated for each Z-position in Fig.
4.5 a) by recording the local velocity vrel of the projectile ion for each individual
Z-position during the 18 µs simulation time. The position of the projectile ion
corresponding to the current simulation time of 18 µs is marked by the red
vertical line. Both the fitting curve and the data curve are found to be in good
agreement.

Longitudinal Oscillations

The longitudinal oscillation essentially stems from the same mechanism, but in
this case, the plasma dynamics are more complex. This complex pattern emerges,
because the ion travels at a supersonic velocity in the one-component plasma,
where the axial velocity of the projectile ion is greater than the longitudinal
acoustic speed [171–173], which for all cases studied in this thesis is on the order
of a few ten meters per second. Those plasma ions in front of the projectile ion
are accelerated in Z-direction, until the highly charged ion overtakes the 24Mg+

ions. As in the case of the transverse waves, after the projectile ion has passed,
the plasma relaxes, performing longitudinal oscillations at the plasma frequency.
Following standard plasma theory, the axial extent of the ensemble of those ions
accelerated collectively by the Coulomb force of the highly charged ion is given
by the adiabatic screening length. This can be seen in Fig. 4.5 b), in which the
sum of all axial velocities 15 µs after simulation start is plotted. As before, this
sum velocity can also be obtained by projecting the axial velocity values found
in the lower part of Fig. 4.3 onto the Z-Axis. The green fit curve in the right
part of Fig. 4.5 b) follows the exponential trend

Vfit,ad(z) = V0,ad e
− z−zHCI

λad , (4.14)

where zHCI indicates the position of the highly charged ion, again marked by the
red vertical line. In this fit, the only free parameter is the factor V0,ad, which is
set to the peak velocity value found at the intersection of the red line and the
black data curve. As in the previous part, the adiabatic screening length was
calculated using the plasma frequency value from Fig. 4.4 c) and the projectile
ion velocity at the simulation time of 15 µs.
Computing the adiabatic screening length for all projectile ion velocities, the
wavelength corresponding to each projectile ion position along the Z-axis is sim-
ply given by

λ‖(z) = λad(z). (4.15)

The blue curve in Fig. 4.4 c) shows a sinusoidal fit, using Eq. 4.13 and replac-
ing λ⊥ by λ‖. Again, amplitude, phase and vertical displacement are chosen to
match the black data curve, showing good agreement between the fit curve and
the data curve.
In the field of complex (dusty) plasmas, there already exist a number of ex-
perimental and theoretical results on related phenomena [171, 173–180], which



exhibit similar behavior. For ionic one-component plasmas however, the litera-
ture is sparse, owing to the fact that there are few experimental results on the
stopping dynamics, yet. As an interesting consequence of the results presented
here, it might be possible to observe the stopping dynamics by measuring the
intensity of the fluorescence light emitted by the 24Mg+ ions, which depends on
their velocity.





5. Conclusion and Outlook

The results presented in this thesis found the basis for unique experimental pos-
sibilities in the field of ultra-cold physics.
For the first time, laser-cooling of truly relativistic ion beams has been experi-
mentally realized. It is shown that the broad momentum spread of the ion beam
can be matched to the small momentum acceptance of the laser force. This
matching triggered the attainment of space-charge dominated bunched beams
using pure laser-cooling at high ion densities in the bucket. With additional
moderate electron cooling, shortly applied at the beginning of the measurement,
thereby increasing the coupling between the longitudinal and transverse motion
of the ions, three-dimensional cold beams have been realized.
First applications of these ultra-cold beams include precision UV-spectroscopy of
the cooling transitions. In the experiments performed at the ESR, the precision
is mainly limited by the precise determination of the ion beam energy.
At future storage rings, namely NESR, SIS100 and SIS300 at the future FAIR
facility, a vast range of ion species will become accessible for direct-laser cooling
[50]. Using X-ray spectrometers to determine the Doppler-shifted energy of the
fluorescence photons emitted by the ions at relativistic beam energies, a precise
knowledge of the beam energy is no longer necessary. Instead, measuring the
frequency of the laser beam and the fluorescence photons in the laboratory will
determine the cooling transition frequency. The resolution of the measurement
will then be mainly limited by the precision of the X-ray spectrometer [130].
In the near future, new measurement campaigns at the ESR are foreseen. New
developments for these upcoming experiments will see an upgrade of the fluores-
cence detection, which will provide an increase in resolution for measuring the
longitudinal momentum spread of the beam by orders of magnitude.
Here, two photomultipliers instead of one will be used to provide more control of
the overlap of the laser beam with the ion beam. The photomultipliers will be
put in vacuum near to the ion beam to minimize losses in fluorescence light by
increasing the solid angle visible by the photomultiplier and reducing the photon
loss due to absorption in air. This will increase the detection efficiency and will
hopefully allow to study the fluorescence signal in detail. Studying the tempo-
ral distribution of the fluorescence photons might reveal correlations of the ions
expected in the regime of strong coupling.
These advances in detection efficiency will be accompanied by using a pulsed
laser system with pulse lengths in the ns domain at high repetition rate in com-
bination with a single-mode, frequency locked continuous-wave laser system.
With this combination of two laser systems, one can simultaneously cool both
the initial broad momentum distribution of the ions and confine ions at low mo-
mentum spread, thereby significantly increasing the momentum acceptance of
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the bucket force. With such a system, experiments on tapered cooling [181] and
on increasing the coupling between the longitudinal and transverse degree of ion
motion in the bucket are foreseen.

In the theoretical part of this thesis, a new cooling scheme for cooling highly
charged ions sympathetically by laser-cooled ions in a linear radio-frequency
quadrupole trap has been analyzed. The analysis shows that the proposed
scheme is fast, very efficient and allows for unprecedented control over the highly-
charged ions at mK temperatures. Compared to other cooling schemes such as
buffer gas cooling, resistive cooling and electron cooling, no loss of ions due to
charge exchange processes is expected. Furthermore, direct optical detection
and manipulation of single ions allows to gain total control of the ions. This
control will allow to separate and position single ions for precision in-trap mea-
surements.
One open question concerns the extraction of the highly charged ions after cool-
ing. During the cooling process, the ions of interest accumulate in the same
trap region as the laser-cooled ions. At the point at which they are stopped in
the plasma, they are strongly coupled with the laser-cooled ions. This strong
coupling must be overcome to extract the ions from the cooling region. There
are several possible ways to extract the ions, which rely on a combination of
electrostatic forces and the laser force, which is only seen by the laser-cooled
ions. Thus, an electrostatic extraction gradient could be counteracted by the
laser force, keeping the laser-cooled ions in the trap region while extracting the
ions of interest. Unfortunately, such an extraction scheme is not fast enough for
rare ions. Nevertheless, several groups1, which focus on sympathetic cooling of
particles in traps, are investigating extraction schemes and the joint effort will
hopefully see fast advances in this matter.
The highly charged ions delivered by the cooling RFQ will be extracted to the
precision Penning-trap system MLLTRAP [MB0703, MB0706] where masses of
both stable and unstable nuclei can be measured with unprecedented precision.
In addition, direct measurements of the ion properties in the linear RFQ trap
are possible.
While the experimental realization of the cooling scheme will be accompanied by
measurements at the table-top storage ring PALLAS using a new, all-solid-state
laser cooling system [182], new ideas of in-trap optical spectroscopy are currently
studied.
One interesting experiment, which can be done using the planned trap setup,
is the direct optical spectroscopy of the energy splitting of the 229Th nuclear
ground state doublet. For the first time, one would be able to directly pump a
nuclear transition by purely optical means. Further details on this experiment
are found in appendix A. Currently, precursory experiments enhancing the pre-

1These include the group of Thomas Udem in Munich, the group of Tobias Schätz also in
Munich, the group of Stephan Schiller in Düsseldorf, the group of Dieter Leibfried in Boulder
and the group of Ferdinand Schmidt-Kahler in Ulm.



cision in frequency given by earlier measurements [183] are under way at our
institute. The outcome of these experiments will serve as a valuable input to
future laser-spectroscopy experiments which will be part of the MAP Cluster of
Excellence initiative at our institute.





A. An Optical Nuclear
Clock Transition for
Fundamental Experiments

A.1 Recent Experiments on the Isomeric First Ex-
cited State of 229Th

Recently, the excitation energy of the isomeric first excited state of 229Th has
been measured to 7.6(±0.5) eV [183] using cryogenic microcalorimeters. In units
more common to laser physicists, the excitation energy can be transformed into a
transition wavelength of λ229mTh = 163

(
+11
−10

)
nm, a wavelength in the deep ultra-

violet (UV). Both measurements [184] and theoretical estimates [183, 185, 186]
suggest a half-life t1/2 for the isomeric state of 3 to 5 hours, resulting in a natural
line width of

Γ229mTh =
1

ln(2)t1/2
≈ 2π × 13 µHz · · · 2π × 21 µHz, (A.1)

leading to a minimum relative line width of

∆ω229mTh

ω229mTh
=

Γ229mTh λ229mTh

2π c
≈ 13 µHz · 163 nm

299792458 ms−1
≈ 7× 10−21 (A.2)

which is five to six orders of magnitude smaller than typical relative atomic line
widths measured in experiments with single laser-cooled ions [187, 188].
Optical frequency and time standards allow for laboratory tests of fundamental
physics [189, 190]. Compared to other time standards, an optical clock based on
a nuclear transition has unique properties. First, the nuclear transition frequency
is mainly determined by the strong interaction, while most other clock transition
frequencies are determined by the electromagnetic interaction. This difference
can be exploited in the search for variations of the fundamental coupling con-
stants, especially of the fine structure constant and the coupling constant of the
strong interaction [191]. Here, the precision to which the temporal variations
can be detected might be greatly enhanced [192].
Second, the hyperfine interaction provides coupling of the atomic electron shell
configuration and the nuclear electric and magnetic moments. This is of inter-
est both when considering a single trapped 229mTh3+ ion (see section A.3) or
a crystalline solid like ThO2 or ThF4. In the latter case, the transparent solid
would allow for controlled experiments on the interplay between the crystalline
lattice and the nuclear state [193].
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Figure A.1: Ions exit the ion guide (seen from right to left) and are deflected
by a thin metal plate onto the tip of a small needle which is based on a large
flat-top socket [194]. The voltages assigned to the different parts are given with
respect to a common ground. The distance from the exit of the ion guide to the
needle tip is 10 mm.

Third, unlike in most electronic transitions, the effect of external electric or mag-
netic fields on the nuclear transition is expected to be small [193]. This would
allow for unprecedented possibilities when trapping single 229mTh ions for preci-
sion spectroscopy using electromagnetic trapping fields. In the following, a new
experiment is proposed which, if successful, would serve as a major step towards
laser excitation of the Jπ = 5

2+ → Jπ = 3
2+ nuclear ground state transition.

A.2 A Brilliant 229mTh Decay Photon Source

In the deep ultra-violet range of the electromagnetic spectrum optics made from
MgF2 or CaF2 are at hand with good imaging quality and transmission charac-
teristics1, see for example [195] and Fig. A.2 a). Furthermore, standard dielectric
coating techniques are available for producing mirrors and filters in this region
[113]. Finally, light detectors such as multi-channel plates and photomultipli-
ers [196] exist which are sensitive in the desired wavelength range. With this
at hand, it is currently planned at our institute to measure the aforementioned

1This is mainly due to the demand imposed by the miniaturization in chip production,
for which microlithography fluorine excimer lasers are used, which operate at a wavelength of
157 nm.



transition wavelength in an all-optical experiment, in which in contrast to pre-
vious experiments [183, 184, 197–199], 229Th ions in the Jπ = 3

2+ isomeric first
excited state, which originate from the alpha-decay of a 233UF4 source with a
branching ratio of about 2 % [184], are collected in a gas stopping cell [105] and
transported into a separate measurement chamber using a radio-frequency ion
guide [200].
The 233UF4 source is located about 60 mm from the entrance to the ion guide.
The buffer-gas cell itself is filled with 4He gas at a pressure of 40 mbar, which
at T = 25◦ C results in a density of nHe = 6.544 gm−3. Due to high electronic
conversion2 [202] and subsequent Auger electron cascades, the 229mTh isomer
is dominantly produced in high charge states. Charge exchange with buffer-
gas atoms leads to a reduction of the high charge states to mainly singly- and
doubly-charged 229mTh, although under ideal experimental conditions it might
be possible to extract triply-charged 229mTh.
The 229mTh ions pass through the radio-frequency ion guide and are extracted
into a dedicated measurement vacuum chamber, where they are electrostatically
guided to the tip of a needle, see Fig. A.1. The ions are collected on the tip of
the needle, forming a micrometer-sized point-like source. Changes in the decay
photon energy due to the trapping of the ions on the steel needle tip are expected
to be negligible, providing a brilliant source of 229mTh decay photons. The total
time for extracting, guiding and depositing the ions on the needle tip is estimated
to about 1 to 2 ms [194]. Fortunately, most of the 233U decay products have
half-lives shorter or comparable to the extraction time, while all of the decay
products are short-lived compared to the 229mTh first excited isomeric ground
state.
To summarize, the setup described above provides a brilliant source of 229mTh
decay photons located inside a dedicated measurement vacuum chamber at a
residual gas pressure on the order of 10−6 mbar to 10−7 mbar, well separated
from other unwanted unstable nuclei produced in the decay of the 233U. With
this setup, almost all sources of background to the expected signal can be elimi-
nated, especially photons originating from unwanted 233U decay products, chem-
ical target impurities and from the interaction of decay products with residual
gas molecules [203–205].

A.3 All-Optical Detection of the Decay of the Iso-
meric First Excited State of 229Th

The maximum activity of the 233UF4 source of 4 kBq allowed under the current
laboratory conditions limits the expected decay photon counting rate to a few
Hz. These photons must be efficiently detected, requiring a detection scheme
which

2For example, for the 29.192 keV energy level, which decays via a M1 transition to the
Jπ = 3

2
+ first excited ground state with a probability of 1.8 %, one finds conversion coefficients

α(L) = 112.7 and α(M) = 27.1 [201].
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Figure A.2: a) Transmission in percent versus wavelength in nm for a two-surface
optical element made of UV-grade CaF2 (courtesy of Korth Kristalle GmbH
[195]). The transmission of an optical element mainly depends on surface losses
rather than transmission losses inside the material.
b) A lens of diameter D, radius R, lens thickness d and total thickness ∆ is
placed at a distance equal to its focal length f from the source S.

• allows to collect a large amount of the decay photons emitted by the source,

• can image these photons on a detector without intolerable intensity loss,

• can detect single photons at a low dark count rate.

The source emits photons homogeneously in all directions. To collect most of the
emitted photons either the detector itself or an optical element which focuses the
photons on the detector must cover a large solid angle around the source. While
the first option can be ruled out because of the high cost of deep-UV detectors,
the second option is more promising.

A.3.1 Lens System

The most efficient way to collect the decay photons would be to place the source
in the focus of a parabolic mirror which is highly reflective in the deep UV. In
the current setup, several reasons can be named which speak against using a
parabolic mirror:

• Although dielectric high-reflectivity coatings exist for the desired wave-
length range, they are typically limited in bandwidth to about 10 nm.

• For a strongly-focusing parabolic mirror, maintaining a desired surface
roughness of the coated mirror of λ/10 or smaller is currently challenging
for optics manufacturers.

• The substrate itself would be placed close to the exit of the ion guide,
possibly affecting the guiding fields due to electrostatic charging of the
mirror substrate.
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Figure A.3: Schematic setup for the optical detection of the decay photons
emitted by the 229mTh source S. The first lens, L1, is placed at a distance
equal to its focal length f from the source. The light emitted by the source is
parallelized. The spatial filter matches the source size to the effective diameter
of the bandpass filter F, which is rotated between zero and 45 degrees to scan a
wavelength range of about 10 nm. The second lens, L2, focuses the light on the
detector D.

Thus, for the current setup it is foreseen to use a converging lens to focus a part
of the decay photons on the detector. The lens parameters are the focal length
f , the curvature radius R, the lens thickness d, the lens diameter D and the
refractive index n which are connected by the lensmaker’s equation [206]

1
f

= (n− 1)
(

2
R

+
(n− 1) d

nR2

)
, D ≤ 2R, (A.3)

while the total lens thickness is ∆ = d + 2R−
√

4R2 −D2, see Fig. A.2 b).
In order to collect a maximum number of photons, the distance between the
source and the focal plane is set to the focal length. The fraction of photons
collected by the lens is given by

g =
1
2
− f√

4f2 + D2
. (A.4)

By increasing the lens diameter, this fraction can be increased, reaching a max-
imum independent of the focal length for D ≡ 2R. An increase in lens diameter
leads to an increase in lens thickness. Fortunately, transmission loss is mainly
caused by surface effects, especially by layers of dust and moisture, while trans-
mission loss inside the crystalline lens material can be neglected. The surface-loss
for a two-surface optical element is shown in Fig. A.2 a). Combining Eq. A.3 and
A.4 and assuming d � R, D ≡ 2R and n ≈ 1.54 for CaF2 at λ229mTh = 163 nm,
one finds g ≈ 0.16 as the maximum fraction of all photons emitted by the source



which can be collected by a spherical lens. Although this result is independent
of the focal length, it is nevertheless desirable to choose a shorter focal length,
since this reduces both the lens thickness and the maximum lens diameter. The
complete optical setup can be seen in Fig. A.3. It will be described in the
following.

A.3.2 Spectral Bandpass Filter

The first lens, L1, is placed at a distance equal to its focal length from the source.
After passing through the lens, the light emitted by the source is parallel. The
key element to determine the wavelength is the bandpass filter F, see Fig. A.3
and A.4. It is transparent to light above a certain cutoff wavelength, while it
blocks all light at smaller wavelengths. This cutoff wavelength can be altered by
rotating the filter. A rotation of 45 degrees translates into a shift of the cutoff
wavelength by about 10 nm to smaller wavelengths3.
Two filter sets are available [113], see Fig. A.4, for which the transmission spec-
trum has been calibrated at the Laserzentrum Hannover to sub-nm accuracy
using the 160 nm deuterium spectral line. Since the natural line width of the
source spectral line is expected to be small, the convolution of the source spec-
tral line with the transmission spectrum of the filter can be recorded for various
rotation angles, effectively scanning the transmission curve with the source spec-
tral line. Such a scan would allow to determine the wavelength of the source
spectral line to at least the width of the step-like change in the transmission as
shown in Fig. A.4. By prolonging the measurement time, the resolution of the
wavelength determination can, in principle, be increased to match the resolution
of the transmission curve.

A.3.3 Detector

The light transmitted through the filter is focused by the lens L2 onto a low dark-
count rate optical detector D sensitive in the deep UV. A low dark count rate is
essential to maximize the signal-to-noise ratio for the low photon counting rates
expected. For a first test a photomultiplier sensitive in the wavelength region
between 110 nm and 230 nm [207] will be used to detect decay photons. Its dark
count rate was measured by the manufacturer [196] to 2 counts/s at an optimum
operating voltage of 3.5 kV. For further studies, a setup combining a Cs-coated
multi-channel plate detector with a low-noise CCD-camera can provide much
lower dark count rates. With this setup, it is foreseen to decrease the relative
error on the wavelength to sub-nm accuracy.

3As can be seen in Fig. A.4, the slope of the transmission curve near the cutoff wavelength
becomes flatter for larger angles of incident. In this case probing the transmission curve as
described in the text can help to enhance the resolution.



Figure A.4: Transmission spectra for two different sets of transmission band
gap filters. Below a certain wavelength, the transmission T becomes negligible,
while above this cutoff wavelength the transmission exceeds 80 %. The cutoff
wavelength can be shifted to smaller wavelength values by changing the angle of
incidence of the light emitted by the source. This requires the light emitted by
the source to be parallel (courtesy of Laseroptik [113]).



Trap parameters Value required for trapping 229mTh3+

aperture radius r0 400 µm
trapping voltage amplitude URF 850 V
trap radio frequency ΩRF 2π × 29 MHz

Confinement parameters Value derived from trap parameters

secular trap frequency ωtrap 2π × 4.1 MHz
stability parameter q 0.41

Table A.1: Typical trap parameters for a linear Paul trap well-suited for direct
laser cooling and spectroscopy of 229mTh3+ [208].

A.4 Laser Spectroscopy of Trapped 229mTh3+ Ions

The resonance cross-section for the optical excitation of the 229mTh ground state
transition by a light source with a line width ∆ωL scales like [209]

σ229mTh ∝ λ2
229mTh

Γ229mTh

∆ωL
, (A.5)

which is dominated by the ratio of the line width of the transition to the line
width of the light source. Naively calculating the saturation intensity, Eq. 3.7
yields IS ≈ 4 nWm−2, which for a 100 µm focal diameter requires a laser power
of only 123 aW . Today, coherent light sources exist with line widths close to
the ideal millihertz regime determined by the phase diffusion of spontaneously
emitted photons [210]. Following Eq. A.5, even with such a light source only
about a fraction of 10−3 of the overall laser power will be used to saturate the
transition. From this it is obvious that exciting the transition using a broad-
band light source would require very high total light intensity. Instead, using a
narrow-band laser source requires much less intensity but a precise knowledge of
the transition wavelength.
In this outlook an approach for laser spectroscopy of the 229mTh ground state
transition is discussed, which is based on trapped triply-charged 229mTh ions.
Recently, it was shown that 229mTh3+ ions exhibit optical electronic transitions
which allow for direct laser cooling [193, 211]. The atomic pumping scheme pro-
posed in [193], see Fig. A.5, provides an indirect optical detection of the nuclear
transition, because a change of the nuclear spin by ~ changes the hyperfine split-
ting of the electronic transitions, causing a detectable detuning between the laser
frequency and the cooling transition frequency. Using suitable laser systems, the
nuclear ground state transition from the Jπ = 5

2+ to the Jπ = 3
2+ state can be

detected by observing the fluorescence light of the electronic transitions, similar
to the optical shelving technique [193, 212].
With laser cooling, one can control the temperature T of the 229mTh3+ ions,
thereby controlling the Doppler broadening [111] of the ground state transition
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Figure A.5: Schematic view of the lowest electronic energy levels in 229mTh3+

which are suitable for laser cooling. To avoid systematic shifts due to external
fields, either the total electronic angular momentum J or the total atomic angu-
lar momentum F must be smaller than 1, while F has to be an integer. These
requirements lead to two possible cooling schemes, either using a closed three-
level Λ-system marked by the green lines or a closed two-level system marked by
the orange line. The latter does not fulfill J < 1, but a metastable 7s2S1/2 state
is also available for cooling, marked by the dotted line, which is electric-dipole
forbidden and has a lifetime on the order of one second. The laser wavelengths
needed for cooling are given in nm. A change in nuclear spin by ~ translates for
a 7s electronic state to a change in hyperfine splitting of several GHz, as indi-
cated for the two-level scheme, which can be easily detected via the fluorescence
intensity. For further details please refer to Ref. [193].

spectral line

∆ωDoppler

ω229mTh
=

√
8kBT ln(2)
m229mThc2

. (A.6)

This broadening of the spectral line can help to better match the small linewidth
of the nuclear ground state transition to the laser line width4.

For measurements aiming for ultimate accuracy, cooling the 229mTh3+ ions
to their motional ground state is essential. This can hopefully be done either

4Please note that Doppler broadening is a statistical effect. It is based on the Doppler-effect
which induces a velocity-dependent detuning of the transition frequency for a single ion. If the
laser frequency and the Doppler-shifted transition frequency coincide, the transition is excited.
For a large ensemble of ions at temperature T , such a coincidence becomes more likely.



directly by using a sideband cooling scheme [213, 214] or indirectly by sympa-
thetic cooling [81]. In both cases, a steep linear Paul trap is required to reach the
Lamb-Dicke regime, in which the spatial displacement of the ion due to the ab-
sorption of a single photon is small compared to the wavelength of the absorbed
photon (this is equivalent to ηLD � 1, see Eq. A.7). In this case, the photon
recoil momentum imposed on the laser-cooled ion does not excite an oscillation
of the ion in the harmonic trap potential at the trap frequency ωtrap, but instead
is taken up by the trap itself. Sideband cooling also requires the line width of
the cooling transition to be much smaller than the secular frequency of the ion
in the trap5.
When considering spectroscopy, the photon recoil momentum due to the excita-
tion of the nuclear transition must also be taken into account. The Lamb-Dicke
parameter [215] then amounts to

ηLD ≡
2π

λ229mTh

√
~

2m229mTh ωtrap
≈ 0.09 � 1 (A.7)

for suitable trap parameters as listed in Tab. A.1, chosen in such a way that the
excitation of the nuclear ground transition does not cause the ion to oscillate in
the trap6.
Yet, no laser source at the desired wavelength exists. One limiting factor is the
transmission properties of nonlinear crystals necessary for reaching very small
wavelengths, for example by second-harmonic generation. The most promising
nonlinear crystal material is LiB3O5, normally referred to as LBO, which is
transparent down to 160 nm [216]. Based on this nonlinear crystal, it is foreseen
to build a laser source in the wavelength region of interest [217] at the Max-
Planck-Institute for Quantum Optics (MPQ)7. With such a laser source, direct
optical pumping of the transition is in reach.
In conclusion, trapping, cooling and laser spectroscopy of 229mTh3+ is possible
using known experimental techniques available at our institute and the Max-
Planck-Institute for Quantum Optics. With these techniques at hand, an ultra-
precise clock based on a nuclear ground state transition can be built which would
serve as a tool for fundamental tests on the constancy of the fine structure
constant and other aspects of fundamental physics [192].

5Up until now, there is no data available on the radiative lifetimes of the cooling transitions
and thus sympathetic cooling using a well-known ion like 24Mg+ might be more promising.

6Unfortunately, Doppler-free two-photon spectroscopy of the ground state transition is im-
possible due to the very small cross section for this process. Thus, one is left with using a
strongly-confining trap potential.

7Recently, a frequency comb in the extreme UV has been realized at the MPQ operating at
a repetition rate of 100 MHz [218]. At such a high repetition rate the mode-spacing is small
enough to serve as a source for high-resolution spectroscopy in the extreme UV. Compared to
a normal laser mode, the modes of a frequency comb have a much smaller line width, allowing
to reach much higher accuracy in the proposed experiment.
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C., Rosenband T. and Wineland D.J. Sympathetic cooling of 9Be+ and
24Mg+ for quantum logic. Physical Review A 68(4) (2003) 042302.
http://dx.doi.org/10.1103/PhysRevA.68.042302

[82] Drewsen M., Mortensen A., Martinussen R., Staanum P. and Sorensen
J.L. Nondestructive Identification of Cold and Extremely Localized Single
Molecular Ions. Physical Review Letters 93(24) 243201.
http://dx.doi.org/10.1103/PhysRevLett.93.243201

[83] Major F., Gheorge V. and Werth G. Charged Particle Traps (Springer Berlin
Heidelberg New York, 2005)

[84] Roth B., Frohlich U. and Schiller S. Sympathetic Cooling of 4He+ Ions
in a Radio-Frequency Trap. Physical Review Letters 94(5) 053001.
http://dx.doi.org/10.1103/PhysRevLett.94.053001

[85] Toleikis S., Maruyama R., Church D., Schneider D., Freedman S., Ko-
minis I. and Vetter P. RETrap - a cryogenic Penning ion trap system.
Nuclear Instruments and Methods in Physics Research Section B 235(1-4) (2005)

http://dx.doi.org/10.1088/0953-4075/36/5/313
http://dx.doi.org/10.1103/RevModPhys.75.1021
http://dx.doi.org/10.1016/j.physrep.2005.10.011
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.006
http://dx.doi.org/10.1007/s10751-007-9531-6
http://dx.doi.org/10.1103/PhysRevLett.98.180801
http://dx.doi.org/10.1103/PhysRevLett.57.70
http://dx.doi.org/10.1103/PhysRevLett.82.2071
http://dx.doi.org/10.1103/PhysRevA.68.042302
http://dx.doi.org/10.1103/PhysRevLett.93.243201
http://dx.doi.org/10.1103/PhysRevLett.94.053001


479–481.
http://dx.doi.org/10.1016/j.nimb.2005.03.228

[86] Ostendorf A., Zhang C.B., Wilson M.A., Offenberg D., Roth B. and
Schiller S. Sympathetic Cooling of Complex Molecular Ions to Mil-
likelvin Temperatures. Physical Review Letters 97(24) 243005.
http://dx.doi.org/10.1103/PhysRevLett.97.243005

[87] Roth B., Blythe P. and Schiller S. Motional resonance coupling in cold
multispecies Coulomb crystals. Physical Review A 75(2) 023402.
http://dx.doi.org/10.1103/PhysRevA.75.023402
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Schürmann C., Szerypo J., Sewtz M. and Thirolf P. MLLTRAP:
Penning trap facility for high precision measurements. Nuclear
Instruments and Methods in Physics Research Section B 266(19-20) (2008)
4547–4550.
http://dx.doi.org/10.1016/j.nimb.2008.05.100

[MB0704] Bussmann M., Schramm U., Habs D., Steck M., Kühl T., Beck-
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Abstract. We report on the first laser cooling of a bunched beam of multiply charged C3þ ions

performed at the ESR (GSI) at a beam energy of E ¼ 1:47 GeV. Moderate bunching provided a

force counteracting the decelerating laser force of one counterpropagating laser beam. This

versatile type of laser cooling lead to longitudinally space-charge dominated beams with an

unprecedented momentum spread of �p=p � 10�7. Concerning the beam energy and charge state

of the ion, the experiment depicts an important intermediate step from the established field of laser

cooling of ion beams at low energies toward the unique laser cooling scheme proposed for

relativistic beams of highly charged heavy ions at SIS 300 (FAIR).

Key Words: crystalline ion beams, laser cooling, Li-like heavy ions, storage rings.

1. Introduction

The cooling of stored heavy ion beams to high phase space densities is of general

importance when low momentum spread is required for precision spectroscopy

or high luminosity for collision experiments. Ultimately, cooling the thermal

energy far below the mutual Coulomb energy of the ions leads to a phase

transition – a crystallization of the ion beam [1] – into a regime where almost no

further heating occurs and maximum brilliance is reached [2].

In the low energy regime this phase transition could recently be observed with

laser-cooled 24Mgþ ion beams [3–5]. However, as laser cooling relies on the

repeated resonant scattering of photons, only a very limited number of ions can

be accessed by this powerful cooling technique at existing storage rings,

benchmarking and present activities being summarized in [2].

j Funded by the German BMBF under contract number 06ML183.
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At heavy ion storage rings like ESR (GSI), electron cooling has developed

into a versatile tool for the cooling of highly charged ions independent from their

internal atomic properties [6]. As the cooling force increases with the square of

the ion charge, beam ordering effects of highly charged ions were observable

with electron cooling at very low beam currents [7, 8], where competing heating

mechanisms are reduced.

In the relativistic regime, that will be accessible at the future FAIR facility,

the situation might be reversed. Electron cooling as the established tool in heavy

ion storage rings cannot be readily applied any more. Yet, laser cooling, up to

now only applied to beams of singly charged ions, seems promising. Due to the

fast transition rates in highly charged ions and the relativistically increased

momentum transfer in the photon scattering, the cooling force is predicted to

Figure 1. Left graph: Wavelength of the nS1=2 � nP1=2 (black lines) and nS1=2 � nP3=2 (grey lines)

ground state transitions in the ion rest frame as a function of the nuclear charge [11]. The solid

lines (rhombs, n ¼ 2) refer to Li-like ions, the dashed lines (circles, n ¼ 3) to Na-like and the

dotted lines (squares, n ¼ 4) to Cu-like ions. Right graph: Corresponding magnetic rigidity

required for the storage of the ions at an energy Doppler shifting the transition wavelength to a

laser wavelength of �uv ¼ 257 nm. The horizontal lines denote the maximum rigidity of the FAIR

storage rings.
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principally increase with the third power of the ion energy [2, 9]. Moreover,

ground-state transitions of all Li- and most Na-like heavy ions can be reached at

FAIR when counterpropagating laser and ion beams are used as demonstrated in

Figure 1 [10].

As an intermediate step between the laser cooling of highly relativistic heavy

ion beams, anticipated at FAIR [10], and the known field of low energy beams

[2], a test experiment was performed with a C3þ ion beam at a velocity of

� ¼ 0:47 at the ESR (GSI), of which first results will be presented.

2. Laser cooling of Li-like carbon ions

At the heavy ion storage ring ESR (GSI) laser cooling of Li-like C3þ ions

becomes possible at a beam energy of 122 MeV/u (� ¼ 0:47, � ¼ 1:13). At this

energy the closed 2S1=2 � 2P3=2 transition (�0 ¼ 154:82 nm, � ¼ 3:8 ns [11]) is

Doppler-shifted into resonance with the frequency doubled line of the Ar-ion

laser (�laser=2 ¼ 257:34 nm) when counterpropagating laser and ion beams are

used. The decelerating laser force is counteracted by the restoring force of a the

bucket when the beam is bunched. This technique provides the momentum

dependent friction force required for cooling [2] without the need of a coprop-

agating laser beam.

In order not to challenge the laser force in this first experiment moderate

bunching voltages of only few volts were applied at the 10th as well as at the

20th harmonic of the revolution frequency frev ¼ 1:295 MHz. The bucket depth

was determined by the measurement of the synchrotron frequency fsync � 100 Hz

(h ¼ 10) and fsync � 170 Hz (h ¼ 20) and corresponds to a momentum

acceptance of the order of �p=p � 2� 10�5 (h ¼ 10). For an electron pre-

cooled beam this momentum spread is reached for a total ion number of few 107

(few 10 �A) limited by heating due to intra-beam scattering [2].

Bunched beam laser cooling relies on the damping of the single particle

synchrotron motion by the strong but narrow-band resonant laser force. For a

typical single-mode laser the width of the force is determined by the line-width

of the transition of the ion used for the cooling and not by the width of the laser.

It corresponds to �p=p � 5� 10�8. The width of the force is thus extremely

mismatched to the initial momentum distribution, yet it principally allows

cooling to similarly low momentum spreads. Two schemes are reported so far to

resonantly interact with the full ion momentum distribution (see [2, 12]). For the

first, invented at ASTRID (Aarhus) [13], the bunching frequency is continuously

tuned from a starting frequency where the laser is resonant with ions just at the

edge of the bucket to a final frequency close to the center of the bucket. This

scheme is illustrated in Figure 2 and described in the caption. The final tuning

has to be done carefully as crossing the center of the bucket leads to an equally

strong driving of the synchrotron motion, visible in the lower half of Figure 2.

The second scheme, invented at TSR [14, 15], relies on the repeated interaction
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of the ions circulating in the bucket with the laser tuned to optimum cooling

close to the center of the bucket. Both schemes have been systematically studied

at the ESR and detailed results will be published elsewhere.

In Figure 3a a complementary view of the first scheme is given. For

decreasing detuning �fb and thus for increasing cooling strength for ions around

the bucket center, the spatial width of the bunches, measured using capacitive

pick-up devices, is shown. Following a continuous reduction of the bunch length,

the length remains constant for �fb < 100 Hz. At the same detuning of about

100 Hz (corresponding to �p=p ¼ 6� 10�6 for h ¼ 20) the side bands in a

Schottky noise spectrum similar to the one presented in Figure 2 abruptly vanish,

interpreted above as the transition to a space-charge dominated regime. In this

regime the length of the bucket does not depend on the momentum spread any

more, being exactly the signature observed in the bunch length measurement

depicted in Figure 3a. No ions are lost at this point although the Schottky-signal

appears to be considerably weaker, as the integrated pick-up signal (not shown)

remains constant. Furthermore, the measured bunch length can be reproduced

under the assumption of space charge dominated bunches within 10% [16].

In the space-charge dominated regime, the momentum spread cannot be

derived from the spatial distribution. However, laser cooling itself provides a

Figure 2. Schottky noise analysis (at the 47th harmonic) of a laser cooled bunched beam of C3þ

ions with rising bunching frequency fb (diagonal dashed line). The decelerating laser beam is

operated at fixed frequency and resonant with ions of the same momentum class flr (vertical dashed

line). The bunching frequency fb ¼ hfrev ¼ 10� 1:295 MHz is increased in steps of 10 Hz every

10 s. Starting at a low bunching frequency where ions close to the separatrix of the bucket come

into resonance with the cooling laser beam, the ion beam is cooled into the bucket (a). Within the

harmonic range, the number of synchrotron side bands increases (b and upper sketch) interpreted as

a laser cooled bunched beam where individual ions perform synchrotron oscillations with

fsync � 100 Hz. From the synchrotron frequency (the side band spacing) a momentum acceptance

of about �p=p � 2� 10�5 can be deduced that corresponds to the observed momentum spread

(roughly the number of side bands). Closer to resonance ( fb ! flr) the side bands suddenly vanish

(c) when the beam enters the space-charge dominated regime. When the laser beam comes into

resonance with ions at the bucket center (d) the synchrotron motion is driven instead of damped.

Ions are decelerated (e) out of the bucket until the cycle restarts (f ).
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unique diagnostic. Tuning the laser frequency over the Doppler-broadened line,

the momentum distribution can be directly measured. In practice, the ion

momentum is locally tuned by ramping a drift-tube. The result is depicted in

Figure 3b. For a frequency detuning of only 5 Hz (corresponding to �p=p ¼
6� 10�7 at h ¼ 10) a momentum spread of �p=p ¼ 4� 10�7 is measured for

a cold fraction of the beam. It is likely that part of the beam is about one

order of magnitude hotter due to intra-beam scattering and subsequent re-

circulating in the bucket, yet this beam represents the coldest measured in the

ESR. For an ion number of about 1:5� 106 it corresponds to a plasma param-

eter of �| 1.

Figure 3. (a) Bunch length of a laser-cooled beam as a function of the detuning �fb of the bucket

center with respect to the laser resonance. At the detuning for which the side band structure

vanishes in the corresponding Schottky spectrum (�fb � 100 Hz, here h ¼ 20) the width of the

bunch remains constant, indicating the space-charge dominated regime. (b) Momentum distribution

of the laser cooled bunched beam (h ¼ 10) close to minimum detuning. The momentum

distribution is measured via the Doppler effect making use of a local change of the ion momentum

inside a drift tube where the fluorescence is recorded, when the tube voltage is ramped.
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Summarizing the complete experiment on laser cooling of Li-like carbon ions

at 1.47 GeV, the full momentum acceptance of the test-bucket could be laser

cooled without prior electron cooling. Yet, the transverse cooling of the injected

beam only worked reasonably well after few seconds of electron pre-cooling.

Otherwise, the motion in the different degrees of freedom seemed to have

decoupled and the beam remained transversally hot. When cooled, the transverse

profile was comparable to that of an electron cooled beam. Though, in principle,

the laser cooling force exceeds the electron cooling force, electron cooling

overrode laser cooling. This observation can be attributed to the extremely

narrow bandwidth of the force and (in this special case) also to the insufficient

laser intensity, as the transition could only be saturated by � 10%.

For efficient laser cooling of the whole ion bunch, the width of the laser force

has to be adapted at least to the momentum range that is given by intra-beam

scattering, a problem well known from lower energy experiments [17, 18]. This

is planned to be realized either by a second scanning laser system or by the use of

a pulsed laser systems with pulse length of the order of few 100 ps to 1 ns in the

near future.

3. Laser spectroscopy of Li-like carbon ions

As laser cooling of Li-like heavy ions relies on the resonant excitation of the

2S1=2 � 2P1=2 or the 2S1=2 � 2P3=2 transitions, the experiment incorporates the

spectroscopy of these transitions. The Ar-ion laser can – in principle – be locked

to a calibrated iodine line (�a3 ¼ 514:6734664 nm) with a relative precision of

better than 10�9 [19]. However, due to the huge Doppler-effect !0 ¼ �ð1þ
�Þ!uv � 1:66!uv that enables the excitation of transitions in the deep UV or even

X-ray range with near UV laser beams, the knowledge of the ion energy deter-

mines the accuracy of the spectroscopy in the rest-frame �!0=!0 ¼ ð1�
�2Þ�1�� ¼ ��1��=� and thus a reliable method for the determination of the ion

energy has to be found.

From the Schottky-noise spectra, like the one presented in Figure 2, the

revolution frequency of a sufficiently cold ion beam can be deduced with

comparative precision. However, as the length of the closed orbit depends on the

individual setting of the storage ring lattice (usually known to 3� 10�4 for the

design orbit), this measurement does not translate into a beam energy of

equivalent precision. At the ESR, where the beam can be electron-cooled, the

determination of the acceleration voltage of the electron beam (Ue � 67 kV),

calibrated with a relative precision of 10�4 and showing much less jitter,

currently represents the method of choice. The spectroscopy measurement was

performed in a way that, first, the position of the laser resonance was marked in

the Schottky-spectrum for a coasting uncooled beam with a relative accuracy of

� 10�7. The laser wavelength was stabilized to the low-wavelength side of the
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Doppler-broadened iodine-line at �laser ¼ 514:6729ð3Þ nm, the relative jitter was

reduced to � 5� 10�9. Then, electron cooling was activated and tuned to match

the original position of the laser-resonance in the Schottky-spectrum to � 10�5

(digitizing resolution). As the electron energy in the center of the beam, where

the ion beam is positioned, is reduced by about 0.1% due to the space charge of

the electron beam, the best way of eliminating this correction is to perform the

above procedure for different electron currents and to extrapolate to zero current

(Figure 4).

Figure 4. Acceleration voltage of the electron cooler required to match the laser resonance as a

function of the electron current.

�ð2S1=2 � 2P1=2Þ [nm] �ð2S1=2 � 2P3=2Þ [nm]

Kim et al. 1991 [20] 155.060 154.804

Johnson et al. 1996 [11] 155.078 154.819

Tupitsyn and Shabaev 2003, private

communication [2004]

155.0739(26) 154.8173(53)

This work 155.0705(39)(3) 154.8127(39)(2)

Edlen et al. 1983 [21] 155.077 154.820
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From these electron energies eU0, matching the ion energies where the ions

are in resonance with the laser light, the following transition wavelengths can be

deduced, where the first error denotes the calibration accuracy of the power

supply and the second the statistical error.

The present experimental results reach the same accuracy that is set by the

actual theoretical work (Tupitsyn and Shabaev 2003, private communication

[2004]) and are consistent within one standard deviation. Yet, for both lines the

experiment yields slightly lower values and it seems likely that this is due to the

absolute calibration of the acceleration voltage and thus a systematic effect.

Summarizing, already for this test experiment the same accuracy was reached

that can be set by theory. With an improvement of the voltage calibration or

measurements at different ion energies and laser wavelength on the same

transition, theory could be readily challenged. At the ESR the method could be

extended up to O5þ ions, while at FAIR, every element can be reached.
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Abstract. We report on first laser cooling studies of bunched beams of triply charged carbon ions
stored at an energy of 1.46 GeV at the ESR (GSI). Despite for the high beam energy and charge
state laser cooling provided a reduction of the momentum spread of one order of magnitude in space-
charge dominated bunches as compared to electron cooling. For ion currents exceeding 10µA intra-
beam-scattering losses could not be compensated by the narrow band laser system presently in use.
Yet, no unexpected problems occurred encouraging the envisaged extension of the laser cooling to
highly relativistic beams. At ESR, especially the combination with modest electron cooling provided
three-dimensionally cold beams in the plasma parameter range of unity, where ordering effects can
be expected and a still unexplained signal reduction of the Schottky signal is observed.

Keywords: laser cooling, heavy ion beam cooling, storage rings, Coulomb ordering
PACS: 29.20.Dh, 41.75.-i, 42.50.Vk, 52.27.Gr

LASER COOLING OF STORED ION BEAMS

At heavy ion storage rings electron cooling represents the prominent technique for the
reduction of the momentum spread as well as of the transverse emittance of stored
ion beams until equilibrium with competing processes like intra-beam-scattering (IBS)
is reached. Heating due to IBS increases with the phase space density of the beam
implying that the equilibrium momentum spread for rf-bunched harmonically confined
ion ensembles scales with the number of stored particlesN as N1/6. Thus, a further
reduction of the momentum spread of an electron-cooled beam can be achieved by a
reduction of the ion beam current or by the application of an additional cooling method
increasing the cooling rate. Concerning the momentum spread, such an increase can be
provided by laser cooling, relying on the resonant momentum transfer originating from
the repeated scattering of photons out of a laser beam merged with the ion beam. Yet, the
extremely steep momentum gradient of the laser force comes at the expense of a narrow
momentum acceptance range, predominantly collinear action, and, at present machines,
the limited number of ions with suitable optical transitions.

A strong motivation for the development of the laser cooling technique at the storage
rings TSR in Heidelberg [1] and ASTRID in Aarhus [2] was the principle capability
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of the method to reach ion beam temperatures, describing the energy spread in the
co-moving frame, far below the mutual Coulomb energy of neighboring ions. In this
regime a phase transition into a Coulomb-ordered or crystalline beam is expected [3].
Such a state is characterized by an almost complete vanishing of collision dominated
heating mechanisms like IBS. Unfortunately, it turned out that this suppression of
collisional heating also meant a reduction of the vital coupling between the transverse
ion motion, experiencing little yet too much stochastic heating due to the randomness of
the scattering process, and the longitudinal ion motion, directly laser cooled [4]. Thus,
though techniques were developed that provide direct transverse laser cooling making
use of storage ring dispersion[5], no stable crystalline beams could be observed in these
two machines [4, 6], benchmarking and present activities being summarized in [7].

In the very low energy regime this phase transition could recently be demonstrated
with laser-cooled24Mg+ ion beams in the rf quadrupole (RFQ) storage ring PALLAS
[8] for coasting as well as for bunched beams [9]. The strong IBS heating of the cold
beam could be overcome by first reducing the tune of the RFQ storage ring, which leads
to a well-defined increase of the transverse beam size and thus to a reduced IBS rate, and
increasing it again after the beam is longitudinally sufficiently cold. Here, the advantage
of the RFQ is the adjustable tune whereas in conventional machines transverse heating
might help [10]. In the crystalline regime transverse laser heating, as discussed for TSR
and ASTRID was directly observed [11]. Yet, the online tuning capability of the focusing
strength was sufficient for the compensation of the loss of indirect cooling by stronger
transverse confinement, as again reviewed in [7].

At the heavy ion storage ring ESR (GSI) electron cooling of highly charged heavy ions
has developed into a routine tool for the cooling of highly charged ions independent
from their internal atomic properties [12]. As the cooling force (as well as the inter-
ion coupling) roughly increases with the square of the ion charge, one dimensional
beam ordering effects of highly charged ions were observable with electron cooling
at extremely low beam currents [13, 14], where density dependent heating mechanisms
become negligible.

Combining the experience from ESR, TSR and PALLAS the idea for the experiment
presented in this paper is the demonstration of combined laser and electron cooling of
C3+ ion beams. Laser cooling then should provide lowest momentum spread, electron
cooling the transverse cooling and a larger momentum acceptance, and the relatively
high charge state increases the ion-ion coupling.

BUNCHED BEAM (PURE) LASER COOLING AT THE ESR

At the ESR combined electron and laser cooling ofC3+ ion beams can be performed
at an energy of 122 MeV/u (β = 0.47, γ = 1.13). At this energy the closed optical
2S1/2−2P3/2 transition (λ0 = 154.82nm,τ = 3.8ns [15]) of the Li-like carbon ions is
Doppler-shifted into resonance with the UV-laser line atλlaser/2= 257.34nm [16] when
counterpropagating laser and ion beams are used. The decelerating laser force is coun-
teracted by the restoring force of a bucket when the beam is bunched. This established
technique [17, 9, 7], sketched in the cartoons in Fig. 1, provides the momentum depen-
dent friction force required for cooling without the need of a copropagating laser beam.
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FIGURE 1. Schottky noise spectrum (47th harmonic, log. intensity coding) of a laser-cooled bunched
C3+ beam recorded at scanning bunching frequencyf b (diagonal dashed line). The decelerating laser force
is always resonant with ions atf lr (vertical dashed line). For illustrationfb = h frev = 10×1.295MHz is
increased in steps of 10 Hz every 10 s. Starting at a low bunching frequency ions close to the separatrix
of the bucket come into resonance with the laser beam and are cooled into the bucket (a, and upper
cartoon). Synchrotron sidebands appear (b), indicating a longitudinally laser-cooled bunch where the ions
perform ‘incoherent’ synchrotron oscillations withf sync∼ 100Hz. The initial envelope corresponds to the
rms momentum acceptance of the bucket∆p/p∼ 2× 10−5 and the cooling can be followed. Closer to
resonance most sidebands vanish and the signal intensity decreases (c) when the beam enters the ‘space-
charge dominated’ regime. Crossing the resonance (d) the synchrotron motion is driven instead of damped.
Ions are decelerated (e) out of the bucket until the cycle restarts.

Moderate voltages for bunching of only few volts were applied at the 10th as well as at
the 20th harmonic of the revolution frequencyfrev = 1.295 MHz. The bucket depth was
determined by the measurement of the synchrotron frequencyfsync∼ 100 Hz (h = 10)
and fsync∼ 170 Hz (h = 20) and corresponds to a momentum acceptance of the order
of ∆p/p ∼ 2× 10−5. For a purely electron-cooled beam this equilibrium momentum
spread is reached for a total ion number of few 107 (few 10µA) [7]. The storage-time
of the beam, electron pre-cooled for few seconds after injection, amounted toτ ∼ 450 s,
avoiding recombination losses in the electron cooler.

Bunched beam laser cooling, invented at ASTRID [17] now means damping of the
synchrotron motion by the strong but narrow-band resonant laser force. For the cw-
lasers used in the experiment [16], the band-width of the force is determined by the
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FIGURE 2. Left: Schottky-noise spectra corresponding to the detuning positions indicated in the upper
right image with decreasing detuning from a) to d). The envelope in a) represents the Gaussian distribution
used for the estimation of the momentum spread. Middle right: Momentum spread e) deduced from the
width of the envelope of the ’incoherent’ Schottky side-band spectrum as a function of the detuning∆ f b
(h = 20). Arrows indicate the position of the spectra displayed in a)-d). Bottom right f): Bunch length
(pick-up measurement) limited by the equilibrium length for constant ion density. The curved arrow
indicates the correspondence between momentum spread and bunch length in the emittance (or IBS)
dominated regime.

line-width of the transition corresponding to a momentum spread of∆p/p≈ 5×10−8.
Two schemes exist to overcome this tremendous mismatch of the width of the cooling
force and the initial momentum distribution besides the non-straightforward increase
of the band-width of the force and, possibly, the additional application of momentum-
matched electron cooling. In the first, the laser– or equally well the bunching–frequency
is continuously tuned from a value where the laser is resonant with ions at the edge of
the bucket to a final frequency close to its center [17]. Thereby, all ions are subsequently
decelerated to the center of the bucket in momentum space and slightly shifted out of
center in real space for the compensation of the decelerating laser force. However, note,
that binary collisions may kick ions out of the narrow momentum acceptance range and
a second broader distribution may form in the bucket. This scheme is illustrated in Fig. 1.

The development of the momentum distribution with continuously increasing cooling
strength is depicted in Fig. 2e) as a function of the detuning∆ fb of the bucket center
with respect to the laser resonance. The tuning rate is slow compared to the longitudinal
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cooling rate so that the situation can be regarded as equilibrated. For large detuning
the momentum spread can be deduced from the envelope of the ‘incoherent’ side-band
spectrum [19] as indicated in Fig. 2a). The development of the spatial distribution,
independently measured for a similar ion current using capacitive pick-up devices, is
shown in Fig. 2f). Starting at large detuning, the momentum spread as well as the bunch
length both decrease with increasing cooling strength or momentum compression of the
bunch. For less detuning than−100Hz, corresponding to∆p/p = 6×10−6, the bunch
length remains constant and can be reproduced under the assumption of longitudinally
‘space-charge dominated’ bunches [20] of constant linear density (gray area in the
graph). Note, that the integrated pick-up signal and the beam current monitor do not
show any unexpected ion losses at and beyond this point.

In the left Fig. 2 individual Schottky spectra that represent the different situations dis-
cussed above are shown in detail. The initial distributions (a,b) show a symmetric distri-
bution of ‘incoherent’ synchrotron sidebands with reduced signal strength at the carrier.
This reduction does not correspond to the Bessel-function description of the modulated
spectrum for the given momentum spread [19] and might be attributed to prior laser
heating. Close to the point where space-charge becomes dominant (c), presently unex-
plained satellites become observable on one side of the even side-bands at a frequency
separation of∼ 40Hz. Well in the ‘space-charge dominated’ regime (d), identified by
the behavior of the spatial distribution, most sidebands as well as the satellites have
vanished, and the integrated signal intensity is unexpectedly reduced, leaving only the
carrier and two distinct sidebands at the unaltered spacing offsync= 188 Hz. Again,
note, that the number of ions in the bunch remains constant.

In this regime the momentum spread cannot be derived from the envelope of the
Schottky signal any more. However, laser cooling itself provides a unique diagnostic.
Tuning the laser frequency across the Doppler-broadened transition, the momentum
distribution can be directly observed via the laser fluorescence signal as described in
[21].

COMBINED LASER AND ELECTRON COOLING

The second scheme for bunched beam laser cooling relies on the repeated interaction of
the ions oscillating in the bucket with the laser beam tuned to optimum cooling slightly
above to the center of the bucket. The advantage of this scheme, first used at TSR [18, 9],
is that all momentum classes frequently interact with the laser beam, and that it is sta-
tionary so that electron and laser cooling can be easily synchronized. Systematic studies
were performed at the ESR simultaneously recording the Schottky-spectra, the momen-
tum dependent fluorescence signal [21], and the longitudinal and the transverse spatial
profiles, for the latter using a residual gas ionization beam profile monitor close to its
spatial resolution and at integration times of about a minute. For comparison continu-
ous electron cooling was applied at different electron currents. Results are displayed in
Figs. 3 and 4, filled symbols representing electron cooling and open ones laser cooling
at fixed detuning for all the following graphs.

For continuous electron cooling of the C3+ beam, momentum matched to the center
of the bucket, the momentum spread as well as the longitudinal and transverse spatial
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FIGURE 3. Upper graph: Spatial bunch length as a function of the ion current, measured with a current
transformer. Filled symbols stand for electron cooling with different electron current, open ones for laser
cooling at given detuning and stars for combined cooling, details consistently given in the legend of
the following three graphs. The dashed lines indicate theN1/6 scaling expected from IBS, the solid
the equilibrium length for space charge dominated bunches (∝ N 1/3). Lower graph: Momentum spread
deduced from the Schottky spectra for the electron-cooled case and only giving upper limits for the laser
cooled one and deduced from the fluorescence scan (marked HV).

FIGURE 4. Transverse beam size as a function of the ion current for the beams presented in Fig. 3. A
size of 0.4 mm corresponds to an rms emittance ofε = 4×10−3π mm mrad.
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profiles are well in agreement with standard IBS theory (∝ N1/6) and existing ESR data
[12] and will serve as a reference for the laser cooling measurements. No dependence
in equilibrium beam properties was observable on the electron beam current, varied be-
tween 10, 50 and 250 mA, however, for 10 mA transverse cooling became less effective
at higher ion currents.

Regarding first the spatial bunch length for ion currents below 10µA, laser cooling
almost at resonance (∆ fb = 15 Hz corresponds to∆p/p∼ 10−6 at h = 10) leads to a
reduction of the length of a factor of two as compared to electron cooling. The solid line
in the upper Fig. 3 depicts the absolute value for the equilibrium length for space-charge
dominated bunches of corresponding ion number (∝ N1/3) indicating that all ions in the
bunch are efficiently laser-cooled. This seems to be different for higher ion currents.
Starting from higher currents after injection, the decrease almost proportional toN1/6

suggests that, as not enough phase space is available in the region defined by the laser
detuning, a hot IBS dominated fraction of the beam exists that could not be resolved due
to large noise-dominated base-line fluctuations in the pick-up measurement. Increasing
the detuning in this situation and thereby opening momentum space for laser-cooled
ions around the center of the bucket leads to an increase in the bunch length and in the
integrated pick-up signal, corresponding to a larger number of laser-cooled ions. The
same general behavior is observed when different rf voltages are applied (not shown).

Related to the bunch length, the momentum spread is shown in the lower Fig. 3.
For the electron-cooled beams it is derived from the Schottky spectra. The solid line
is meant to guide the eye indicating at which momentum spread space charge becomes
relevant in the upper graph. Evidently, the true momentum spread measured via the laser
fluorescence method decreases far beyond this limit into the few times 10−7 range, while
the bunch length remains constant.

Regarding the little data recorded for the transverse beam profiles the laser-cooled
beams above 10µA do not show any sign of transverse cooling, while for low currents,
an onset might be visible. This completely changes when simultaneously electron cool-
ing at an electron current of only 1 mA is applied (stars in the graphs). Though the
momentum spread is slightly increased, the beam becomes transversally as cold as for
strong electron cooling. Given the low momentum spread and the low emittance, the
plasma parameter of these beams is of the order of unity.

SUMMARY AND FUTURE PERSPECTIVES

Summarizing the latter, this first combination of laser and electron cooling provided
three-dimensionally cold beams of unprecedented momentum spread for ion currents
below 10µA. In the longitudinal degree-of-freedom, laser cooling lead to a reduction
of a factor of two in the bunch length and of one order of magnitude in momentum
spread as compared to the purely electron-cooled beam. Although only an upper limit
of the transverse beam temperature can be given as for the case of electron cooling,
stating a plasma parameter of aboutΓ � 1 seems justified. As the interesting beam
currents correspond to linear densities where one-dimensional ordering is possible, one
might speculate about such effects being involved in the observation of the unexpected
intensity drop of the Schottky signal, shown in Fig. 2d), yet, further experimental as well
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FIGURE 5. Magnetic rigidity required for the storage of ions at an energy where the transition wave-
length of the ground state transitions of Li-like (solid lines, rhombs,n= 2) and Na-like ions (dashed lines,
circles,n = 3) are Doppler-shifted into resonance with a counterpropagating laser beam of wavelength
λuv = 257 nm.

as theoretical studies are mandatory.
Longitudinal cooling times were of the order of seconds and strongly dependent on the

cooling scheme, especially when scanning is involved. Consequently, the introduction
of an additional broad-band laser system should improve the cooling time. Besides the
direct addressing of the whole initial momentum distribution, a broad-band system also
has the advantage of efficiently recycling those ions into the cooling process that are
lost out of resonance in an IBS event and thus also the control of higher currents should
become possible. Ideally, the broad-band laser system can be realized by conventional
pulsed laser systems with pulse length in the ns-range. At present, an additional scanning
laser system is prepared for first tests instead of a true broad-band system.

The prominent drawback for the practical use of laser cooling as a general cooling
method is the lack of suitable optical transitions in most ions of interest. This drawback,
however, can be overcome in future heavy ion synchrotrons like the SIS 300 envisaged
within FAIR, as the high magnetic rigidity of such machines allows for beam energies
Doppler-shifting the ground state excitation of all Li-like heavy ions into an accessible
laser frequency range [23], as shown in Fig. 4. Moreover, in this highly relativistic
regime, where electron cooling cannot be readily applied any more, the laser force
principally increases with the third power of the ion energy [7, 22]. On the one hand,
this gain in efficiency is due to the relativistic Doppler-shift, increasing the momentum
transfer while, on the other hand, optical transitions in the highly charged ions of interest
become faster with the nuclear charge of the ion, for details see [7, 22]. Assuming that
broad-band laser systems can be used, cooling times of the order of only few seconds
seem possible at energies ofγ ∼ 30 for Li-like uranium ions, clearly warranting the
further investigation of the method while, for an estimation of equilibrium temperatures,
a profound analysis of the competing mechanisms is required.
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Beckert3, P Beller3, B Franzke3, W Nörtershäuser3,6, C Geppert3,6, C
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Abstract. We discuss the axial dynamics of laser-cooled relativistic C3+ ion beams at
moderate bunching voltages. Schottky noise spectra measured at a beam energy of 122 MeV/u
are compared to simulations of the axial beam dynamics. Ions confined in the bucket are
addressed by the narrow-band force of a laser beam counter-propagating to the ion beam, while
the laser frequency is detuned relatively to the cooling transition frequency in the rest frame of
the bucket.
At large detuning comparable to the momentum acceptance of the bucket, the axial dynamics
can be well explained by the secular motion of individual non-interacting ions. At small
detuning, corresponding to a small axial momentum spread ∆paxial/paxial < 10−6 of the ions, the
measured Schottky noise spectra can no longer be explained using an approach which neglects
the ion-ion interaction. Instead, the model fails when the ion bunch enters the space-charge
dominated regime, at which the mutual Coulomb-energy of the ions becomes comparable to the
kinetic energy of the ions.

1. Introduction
Laser-cooling of bunched ion beams, as first demonstrated in the ASTRID storage ring [1],
utilises the restoring force of the bucket to counteract the laser force. This cooling scheme
does not require a laser beam co-propagating with the ion beam. Instead, only one laser beam
counter-propagating to the ion beam is needed to provide a momentum-dependent friction force
which damps the synchrotron oscillation of the ions in the bucket. While the ions oscillate in
the bucket, those ions in resonance with the laser light are cooled by the combined forces of the
bucket and the laser.
Before laser-cooling is applied, the momentum distribution of the bucket resembles the
momentum acceptance of the bucket, which is approximately ∆pacc,b/pacc,b ≈ 2 × 10−5

in the experiment discussed here. The momentum acceptance of the laser force of about
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Laser

C3+ Ions

Photomultiplier

BPMBPM

C3+ Ions

ESR Parameters

Circumference 108,36 m
Betatron tune 2.3
Slip factor 0.607

Ion Species C3+

Beam Energy 1.47 GeV
relativistic β,γ 0.47, 1.13
revolution frequency 1.295 MHz
lifetime 450 s

Laser Parameters

Laser Source Ar+ ion laser
Operational Mode cw, single mode,

single frequency
Wave Length 257.34 nm (SHG)
Power 40-100 mW

Cooling Transitions [2]

2S1/2 → 2P1/2 155.07 nm
2S1/2 → 2P3/2 155.81 nm

Figure 1. Left: (color online) Schematic view of the Experimental Storage Ring ESR at GSI
in Darmstadt. The C3+ ions circulate clockwise in the ring. The ion beam is overlapped with
the counter-propagating laser beam in a straight section of the ring. The laser beam focus is
placed at the position of the photomultiplier to maximize the fluorescence light intensity.
Right: List of experimental parameters.

∆pacc,l/pacc,l ≈ 5 × 10−8 does not match the initial momentum distribution of the hot ions.
Two cooling schemes exist to overcome this mismatch, which both rely on detuning the laser
frequency relative to the frequency of the cooling transition for ions at rest in the bucket center.
This can be done either by scanning the laser frequency directly or by changing the bunching
frequency and keeping the laser frequency fixed. The latter scheme provides a wider detuning
range as is accessible with the laser system which was used in the experiment and will thus be
the focus of this work. In the following, the experimental conditions will be briefly summarized,
before the dynamics of the ions in the bucket and the corresponding beam characteristics will
be discussed in detail.

2. Experimental Setup
Laser-cooling is provided using a continuous-wave, single mode, single frequency argon ion laser
system. After doubling the laser frequency to λl,lab/2 = 257.34 nm, the laser beam is overlapped
with the C3+ ion beam – see Fig. 1 for a schematic overview of the storage ring including a list
of the most important experimental parameters. With the ion beam energy set to 1.47 GeV,
the relativistic Doppler shift of the laser wave length from the laboratory frame to the ion rest
frame [3] amounts to

λl,rest =
λl,lab/2
γ(1 + β)

≈ 257.34 nm
1.13× (1 + 0.47)

≈ 155 nm, (1)
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Figure 2. (color online) a) Schottky noise signal versus scanning time. The intensity is
colour-coded. The white box encloses the part of the spectrum discussed in Fig. 3. The yellow
line marks the (fixed) position of the laser frequency relative to the bunching frequency.
b)–d) Schematic view of the ion bunch (ellipse) at three distinct values of the absolute detuning.
The absolute detuning of the bunching frequency relative to the laser frequency decreases from
Fig. b) to d) as indicated by the black dotted line. The position of the laser is marked by the
solid blue line.
b) The laser is close to the separatrix. A number of sidebands can be seen which indicate the
momentum spread of the beam.
c) The absolute detuning has been reduced, the ion bunch is now space-charge dominated.
d) The absolute detuning has almost reached its minimum value. No blowup of the beam due
to intra beam scattering is observed.

assuming the orientation of the ion beam and the laser beam to be anti-parallel.
Compared to bunched beams typically provided in storage rings, the moderate bunching voltages
of only a few volts resulted in weak axial confinement of the ions and thus in bunch lengths of
about 1 m at ion currents on the order of 10 µA. Measurements of the beam parameters were
performed for various bunching frequencies fb = h × frev subsequently set to the 5th, 10th and
20th harmonic h of the revolution frequency frev. Given a betatron tune of Q = 2.3 [4], the
betatron frequency fbeta = Q × frev ≈ 2.9785 MHz is orders of magnitude larger than the
synchrotron frequency of fsync ≈ 188 Hz measured for the 20th harmonic at a bunching voltage
of about Ub ≈ 7 V . The bunch form thus resembles an ellipsoid elongated in the axial direction.

3. Detuning the bunching frequency relatively to the laser frequency
In the following we focus on a single series of Schottky signals recorded at a bunching frequency
of fb,0 ≈ 20 × frev ≈ 25.894750 MHz, previously discussed in [5]. The sign of the bunching
frequency detuning ∆fb = fb − fb,0 indicates whether the bucket force and the laser force are
opposed to each other (negative ∆fb), thus providing a net cooling force, or if both point in
the same direction (positive sign). When both the bucket force and the laser force point in the
same direction, the ions are driven out of the bucket by the combined bunching and laser force.
The change from negative to positive detuning ∆fb thus easily marks the bunching frequency
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Figure 3. (color online) a) Schottky noise signal versus scanning time. This is a detailed view
of the region marked by the white box in Fig. 2. The intensity is colour-coded. The white boxes
indicate the slices shown in Part b)–e) of this figure. Again, the yellow line marks the (fixed)
position of the laser frequency relative to the bunching frequency. b)–e) Slices selected from the
time evolution of the Schottky signal. The absolute detuning of the bunching frequency relative
to the laser frequency decreases from Fig. b) to e). The amplitudes of the curves are normalized
with respect to the time for which the slice is integrated.

fb,0 at which those ions at rest in the bucket are in resonance with the laser frequency. The
bunching frequency is detuned at a rate of 10 Hz per second, meaning that every second the
bunching frequency is increased by 10 Hz in a single step. During the scan the laser frequency
is kept at a fixed value. The scan of the bucket frequency starts with the laser frequency being
near the brim of the separatrix, meaning that the relative detuning of the bucket frequency is
of the same order as the relative momentum acceptance

∆pacc,b

pacc,b
≈ 2× 10−5 ≈ 1

η

|∆fb|
fb

(2)

of the bucket. Both are related by the slip factor η [4]. When the absolute detuning is reduced,
subsequently ions with lower relative momentum come in resonance with the laser force and
are thus cooled. The total axial momentum spread is therefore reduced during the scan of the
bucket frequency. This cooling scheme relies on the cooling time being much faster than the time
for the frequency scan (for an estimate of the cooling time see [3]). Furthermore, intra-beam
scattering (IBS) can cause fast heating of the ions, which can lead to a sudden increase of the
axial momentum that cannot be counteracted by a single, narrow-band laser. A schematic view
of the cooling scheme is shown in Fig. 2. The total axial momentum spread of the beam is
determined by the position of the laser frequency in momentum space, so that

∆paxial

paxial
/

1
η

|∆fb|
fb

, (3)

as long as no strong heating due to IBS occurs.

4. A detailed discussion of Schottky noise spectra
Fig. 3 a) shows a colour-coded plot of the Schottky noise spectrum. The intensity of the
Schottky signal is scaled logarithmically, the Y-axis shows the scanning time and the X-axis
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Figure 4. (color online) Slices taken from the
Schottky noise spectrum as shown in Fig. 3 b) (lower
part) and c) (upper part).
The black curves show the measured data while the
green curves depict the simulation result. Spacing,
total position and relative intensity of the carrier to
the sidebands are well matched by the simulation.
The increased pedestal can be attributed to the
number of ions used in the simulation, which was
about a factor 1000 smaller than in the measurement.
The simulation data was scaled in intensity to match
the measured curves.

the bunch frequency. The yellow line illustrates the fixed position of the laser frequency. Four
slices marked b), c), d) and e) are selected from the time evolution of the Schottky spectrum as
indicated by four white boxes.
With decreasing absolute detuning the momentum spread, corresponding to the number of side
bands visible in the spectrum, decreases. In Fig. 3 b) the laser frequency is located near the brim
of the separatrix, while in part c) the momentum spread is already significantly reduced. Part
d) of Fig. 3 marks the transition from an axially emittance dominated beam to a space-charge
dominated [6] beam. A detailed analysis of this transition is given in [5], indicating that the
linear density of the bunch remains constant for smaller absolute detuning [7], while the axial
momentum spread of the beam becomes smaller than the resolution of the Schottky pickup
measurement. Finally, part e) of Fig. 3 shows a Schottky spectrum at small absolute detuning.
In the following we will focus on two features of the time evolution of the spectra. First, the
reduced intensity of the carrier signal compared to the intensity of the side bands. Second, the
overall reduction of the intensity of the Schottky noise signal, which finally leads to an almost
vanishing signal at small absolute detuning.

5. Axial dynamics of the laser-cooled ions in the bucket
In a simple, yet far reaching simulation of the axial dynamics of the laser-cooled ions in the
bucket, we assume that the ions do not interact with each other, but instead can oscillate
independently in a harmonic bucket potential. The detuning of the laser force is set according
to the measured spectra shown in Fig. 3 b) and c). The axial momentum spread of the ions is
precisely reproduced by setting ∆paxial/paxial ≡ |∆fb|/(η fb).
The reduction of the carrier intensity can be simulated by a collective axial oscillation of the
ions in the bunch. The amplitude of this oscillation is bounded by the position of the laser
force in the bucket well, meaning that the amplitude can be derived by equating the maximum
potential energy of the ions with the energy difference given by the absolute detuning of the
laser frequency relative to the bucket center.
The collective oscillation itself can be understood by looking closer at the experimental
realization of the cooling scheme. Instead of continuously changing the bunching frequency,
it has been changed stepwise, thus altering the position of the bucket in momentum space
abruptly. We attribute the collective oscillation of the ions in the bucket to this abrupt change
in the position of the bucket minimum. The only force counteracting the oscillation is the
laser force, which rapidly damps all oscillation amplitudes exceeding the barrier defined by the
position of the laser frequency relative to the bucket center.
Thus, assuming both the amplitude of the collective oscillation and the momentum spread of
the ions are bounded by the absolute detuning, the Schottky noise spectra depicted in Fig. 3 b)
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and c) are reproduced by the simulation, as can be seen in Fig. 4.
Besides the physical characteristics of the Schottky spectra, numerical artefacts due to the
underlying Fast-Fourier-Transformation (FFT) algorithm are found both in simulation and
experimental data. Namely, the amplitude of the satellite side bands, which appear in 3 d)
next to the two regular first order side bands, could be both increased and decreased to zero
depending on the number of revolutions of the beam used as an input for the FFT. They could
thus be identified to have no physical significance.

6. Schottky noise spectra of space-charge dominated beams
This situation changes when |∆fb| is further reduced. While in the simulation the carrier signal
increases drastically, the measurement shows an almost vanishing carrier signal and a further
reduction of the first side bands.
In the simulation, the increase of the carrier signal is caused by the reduction of the collective
oscillation amplitude. The simulated Schottky noise signal therefore becomes equal to the signal
of a stationary ensemble of non-interacting ions resting in the bucket, for which the intensity of
the carrier signal is proportional to the number of particles confined in the bucket [8].
The simulation can no longer be brought in accordance with the experimental data when the
beam becomes space-charge dominated in the axial direction. In particular, it does not reproduce
the decreasing signal strength of the Schottky signal. In the emittance-dominated regime, which
is well described by the simulation, the ion dynamics can be modeled neglecting the Coulomb
interaction of the ions, since the kinetic energy of the ions is much larger than the mutual
Coulomb energy. However, in the space-charge dominated regime, the kinetic energy of the ions
is reduced to values where it becomes comparable to the the mutual Coulomb energy [6]. The
simulation model therefore has to fail.

7. Conclusion and Outlook
We have shown that a simple model of non-interacting, laser-cooled ions confined in a bucket
can reproduce the Schottky noise spectra of emittance-dominated bunched ion beams. At the
transition from the emittance-dominated regime to the space-charge dominated regime, the
model fails. Currently, no convincing explanation for the observed evolution of the spectra in
the space-charge dominated regime exists.
We are currently modifying the experimental setup to overcome the diagnostic limitation of the
Schottky measurement and extend the precision of the momentum spread determination based
on measuring the fluorescence intensity of the ions in the direct vicinity of the beam . These
experimental modifications will be accompanied by a complete, realistic simulation of the ion
dynamics in the bucket, which includes the Coulomb-interaction of the ions.
This work was supported by the German BMBF (06ML183).
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Abstract

In-trap preparation of highly charged ions (HCIs) for precision mass measurements by cooling in a strongly coupled plasma of laser-cooled
24Mg

+
ions is investigated by molecular dynamics simulations. For HCIs electrostatically decelerated below 1 eV the simulation suggests stopping

times of a few 10 �s for high charge states (QHCI = 40, AHCI = 100). The deposited energy is found to be distributed almost over the entire

crystalline plasma of N = 105 24Mg
+

ions due to collective target response. Almost all 24Mg
+

ions stay within the acceptance range of the laser

cooling force, thus allowing for the maintenance of the plasma conditions and efficient continuous cooling. Energy loss due to collective effects

and hard binary collisions can be clearly distinguished, and can be of the same magnitude for the highest projectile charge states. While the former

one can be described by the action of an effective stopping power, the latter is governed by large statistical fluctuations.

© 2006 Elsevier B.V. All rights reserved.

PACS: 21.10.Dr; 24.30.Gd; 25.85.Ge; 27.90.+b

Keywords: Simulation; Laser cooling; Penning trap; HCI; Radio frequency quadrupole

1. Introduction

At present buffer gas cooling [1,2], resistive cooling [3], or

electron cooling [4] are standard techniques for the cooling of

hot ions to the ambient temperature, which in principle can be

applied to any ion species of interest. Laser cooling of ions in

traps (see [5] and references therein) in comparison is limited to

a small number of ion species, while mK temperatures can be

reached in shorter cooling times. We discuss a cooling scheme

that can reach temperatures almost as low as those reached

by laser cooling, while not being restricted to a particular ion

species using a cold plasma of laser-cooled ions, into which an

ion of another species is injected and cooled. This scheme is

known as sympathetic cooling.

Cooling of one ion species by another has been studied ex-

tensively in traps [6–9]. Here we focus on a method which aims

for delivering cold, highly charged ions for precision nuclear

mass measurements. A more precise determination of the fine

∗ Corresponding author.

E-mail address: michael.bussmann@physik.uni-muenchen.de

(M. Bussmann).

structure constant α for example, or a microscopic definition

of the mass unit demand uncertainties of �m/m ≈ 10−10 in

the mass measurement of stable nuclei, while weak interaction

studies (the unitarity of CKM matrix or a test of the CVC hy-

pothesis) must be supplied with data on nuclei far from the re-

gion of stability measured with a relative precision better than

�m/m ≈ 10−8. In the latter case the typical lifetime of the un-

stable nuclei determines the maximum duration of the cooling

process and the measurement. In combination with low pro-

duction rates lifetimes below 100 ms demand fast and efficient

cooling techniques.

For heavy nuclear masses the most precise measurements

have been performed in Penning trap systems [10,11] and be-

sides the now operating systems [12–16] there exists a variety

of plans for future systems [17–20].

The measurement accuracy in a Penning trap can be ex-

pressed by

�m

m
∝

m

tRFBN
1/2
counts

×
1

QHCI
(1)

where tRF is the measurement time, B the magnetic field, and

Ncounts is the number of measurements with individual ions.

1387-3806/$ – see front matter © 2006 Elsevier B.V. All rights reserved.
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Fig. 1. Trajectory of the HCI through the crystalline plasma in side view (left), the ion having entered from the left, and front view (right). Plasma density:

nMg = 4.23 × 1013 m−3, initial energy: Ekin,HCI = 300 meV, charge state: QHCI = 30, time: t = 11.4 �s. Only a slice through the symmetry plane of the crystal is

displayed to reveal the crystalline structure.

While increasing the magnetic field is costly and limited in

gain, and a significant increase of tRF or Ncounts might be im-

possible for radioactive nuclei, breeding ions to higher charge

states QHCI can be readily applied and gives a considerable in-

crease in precision. With highly charged ions relative accuracies

of �m/m ≈ 10−8 − 10−9 can be envisaged for tRF < 100 ms.

So far the most advanced trap systems in the field, ISOLTRAP

at CERN, working with singly charged radioactive ions, and

SMILETRAP working with highly charged stable ions, have

reached a residual systematic uncertainty of 8 × 10−9 [10] and

10−9–10−10 [11], respectively.

In this work we propose a new way of cooling highly charged

radioactive ions after charge breeding, typically performed in

an electron beam ion source (EBIS), using a combination of

electrostatic deceleration of the HCIs and sympathetic cooling

in a laser-cooled plasma.

The need for cooling the ions arises from both the ion trans-

port as well as from the accuracy required for precision mass

measurements, because the ion bunch suffers from an energy

spread of some 10–100 eV, which does not fit the energy accep-

tance of a precision Penning trap.

Traditional buffer gas cooling in a radio frequency

quadrupole (RFQ) cannot be applied to highly charged ions,

since charge exchange between the buffer gas atoms and the

highly charged ions at a gas pressure of the order of 10−1 mbar

would result in recombination losses of the high charge states.

Resistive cooling requires a cold trap environment and suffers

from cooling times longer than the lifetime of short-lived nu-

clei. Electron or positron cooling is currently investigated (see

for example [21]) and also seems promising for in-trap cooling

of highly charged ions. The most prominent difference between

the ion cooling scheme introduced here and electron cooling

schemes is the use of a laser-cooled plasma of ions as a stopping

medium instead of electrons cooled by synchrotron radiation.

The HCI is injected into the cold one component plasma (OCP)

stored in a harmonic potential (see Fig. 1 and the last section for

details). The plasma provides a dense, low temperature cooling

medium of heavy, charged particles, complementary to standard

electron cooling. Demonstrating the feasibility of the stopping

of highly charged ions in a laser-cooled OCP of ions requires

two demands to be fulfilled:

(1) The HCI should be efficiently stopped in and later extracted

from the plasma in a time short enough to allow for fast

transport to a precision trap.

(2) The energy deposited in the plasma should not destroy the

cold plasma but should instead be distributed over the whole

plasma to be quickly cooled by laser cooling.

2. Molecular dynamics simulation of the stopping

process

In the following we will use the terms projectile, labeling

those particles with a high initial energy, usually the HCI, and

target, labeling the particles of the cooling medium, to distin-

guish between these two species. Generally the target temper-

ature is kept at an almost constant value via an efficient cool-

ing technique like laser cooling. The cooling rates depend on

the strength of the mutual Coulomb-interaction and therefore

increase with the square of the charge state of the projectile.

Furthermore, the energy transfer is not limited to a finite range

of relative projectile–target velocities, and a proper choice of

target properties can maximize the heat transfer rate.

Our study focuses on the energy transfer from highly charged

ions of some 100 meV initial kinetic energy to a crystalline en-

semble of N = 105 24Mg
+

ions confined in a three-dimensional

harmonic potential (for a comprehensive list of the parame-

ter region covered please refer to Table 1). The radial confine-

ment �radial is strong compared to the longitudinal confinement

�long. In this configuration, normally found in Paul traps or

Penning traps the shape of the plasma resembles a prolate el-

lipsoid of width Lradial and length Llong = αLradial. When the

mutual Coulomb-energy of the ions exceeds the kinetic energy

at low temperatures, the plasma is strongly coupled, charac-

terized by a plasma parameter Ŵ = Q2
t e

2/(4πǫ0aWSkBTt) ≥ 1.

For larger values of Ŵ coupling increases, and the plasma can

undergo a phase transition to a crystalline state. In the Coulomb-

crystal the ions are ordered in a regular pattern and can interact

over a long range. The inter-ion spacing at a plasma density
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Table 1

Parameters for the molecular dynamics simulation

Integration time

�τstep (s) 10−9

Lower plasma density Higher plasma density

Common input parameters

�radial (V/m2) 2.5 × 105 3.5 × 105

�long (V/m2) 2.5 × 103 3.5 × 103

Plasma input parameters

Number of Mg+ ions 105

AMg, QMg 24, 1

TMg (K) 10−3

Input parameters for the highly charged ion (HCI)

Number of highly charged ions 1

AHCI 100

QHCI 10, 20, 30, 40

Ekin,HCI (meV) 100, 200, 300, 400

Plasma properties derived from the simulation

Lradial (m) 632 × 10−6 565 × 10−6

Llong (m) 15.8 × 10−3 14.1 × 10−3

α 25 25

nMg (m−3) 3.02 × 1013 4.23 × 1013

aWS(nMg) (m) 19.9 × 10−6 17.8 × 10−6

ωp (2π × MHz) 1.482 1.754

ŴMg 814 911

nt is given by the Wigner-Seitz radius aWS = (4πnt/3)−1/3 =
(3Qte/(8πǫ0�radial))

1/3, thus defining a typical length scale of

the system. In a strongly coupled plasma the response of the tar-

get to the projectile changes significantly compared to the case of

a weakly coupled plasma [22], because long-range correlations

between the ions are dominant.

In our discussion we frequently use the term collective re-

sponse. It denotes the response of the plasma to the projectile if

a major part of all target particles is involved, as, for example,

in a plasma wake. In this sense a plasma response due to strong

coupling of the target is a collective effect, but collective plasma

response does not require strong coupling.

2.1. The simulation model

The creation of the crystalline plasma in a controlled manner

is the prerequisite for the simulation. At the start, the N = 105

ion are placed randomly in the infinite simulation volume and

are allowed to propagate freely in the harmonic potential while

interacting with each other. Periods of free propagation alter-

nate with periods of strong cooling, until the crystal structure is

formed and the individual ion velocities are almost zero. At this

point the ion velocities are reset according to the desired tem-

perature, and the plasma is given enough time for equilibration

(see Fig. 1 for an impression of the dimensions of the crystalline

plasma).

The starting point of the simulation is defined by placing

the highly charged ion near the brim of the plasma ellipsoid on

the longitudinal symmetry axis of the crystal. The HCI is given

an initial kinetic energy with only a velocity component along

the longitudinal crystal axis. After a short period the projectile

enters the plasma, experiencing subsequent deflections in its

binary encounters with the target ions. Fig. 1 shows a typical case

of the projectile path through the crystalline plasma, while the

vertical and longitudinal dimensions are not to scale to resolve

the crystal order.

No laser cooling is included in the simulation, allowing for

direct observation of the energy dissipation in the plasma and

the development of the velocity distribution of the 24Mg
+

ions.

Laser cooling can be safely omitted as long as the relative ve-

locity vrel can be replaced by the projectile velocity vp. However

if vp approaches the thermal velocity vth this approximation be-

comes invalid since the motion of the 24Mg
+

ions is strongly

influenced by the laser.

In the simulation we concentrate on the energy loss due

to the Coulomb-interaction of the projectile with the target

ions and do not consider other means of energy loss like ex-

citation, ionization and charge exchange [23–25]. Particularly,

the ionization time in the two body charge exchange process
24Mg

1+
+ 100X

40+
→ 24Mg

2+
+ 100X

39+
can be estimated to

several thousand seconds [26]. During the passage of the pro-

jectile the Coulomb-interaction of all particles with all particles

is computed at each time step, thus including the interaction of

target ions with both the projectile and other target ions. This

imposes a huge amount of computing power, demanding a par-

allelization of the simulation.

2.2. Simulation techniques

Systems with a large number of charged particles N are

usually treated in simulations using Ewald-summation, multi-

pole expansion or related techniques [27]. These techniques ap-

proximate the mutual Coulomb-interaction by computing the

Coulomb-force for only a subset of particles, describing the in-

teraction with the remaining particles by a mean field approx-

imation. The approximations are either based on a given sym-

metry of the system or neglect long-range interactions and are

not suitable to simulate a particle traversing through a strongly

coupled plasma ellipsoid. It is therefore necessary to explicitly

compute the mutual Coulomb-interaction for all N particles in

the system.

One can choose to simulate stopping via Coulomb-interaction

using either molecular dynamics or Monte Carlo techniques.

In the latter case only a small section of the entire stopping

volume is regarded, and the total stopping power is calculated

by statistically summing up the stopping power due to different

particle configurations in this volume. The result gained from

this summation generally gives a statistically well-defined mean

value for the stopping power. However, this approach fails if

the regarded volume and thus the computation time becomes

too large, as it is the case here. Long-range interactions of the

projectile with the target and correlations of the target ions due to

strong coupling suggest to simulate the complete system rather

than only a small volume.

Thus a molecular dynamics simulation of the stopping which

computes the full N × N Coulomb-force terms for all particles

was chosen in the studied case. Since the computational effort

of this task grows by N2, efficient parallel algorithms [27,28]

are used to simulate our model system of NMg = 105 24Mg
+
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particles. Still it remains mandatory to minimize the number of

force calculations when integrating the equation of motion

mi

d2�ri

d2t
=





N
∑

j �=i

qiqj

4πǫ0|�ri − �rj|3
(�ri − �rj)





− qi(�radial xi, �radial yi, �long zi) (2)

where mi, qi and �ri = (xi, yi, zi) are the mass, charge and co-

ordinate vector of the ith particle. This equation of motion is

only valid for small relative velocities and is essentially non-

relativistic.

To find the optimum balance between accuracy and computa-

tion time, we have tested several numerical integrating schemes,

including single-step Runge-Kutta and multi-step predictor-

corrector methods [27,29]. Most of these integrating schemes

are not time reversible and therefore do not preserve energy,

which is a vital constraint when simulating sympathetic cool-

ing. The simple, yet effective, Velocity-Verlet [27] algorithm

finally chosen requires only two force computations at an accu-

racy of (�τstep)4 for an integration time step �τstep = 1 ns and

is energy conserving. The chosen time step satisfies the crite-

rion �τstep ≤ �τstable ≡ (16π3ǫ0µb3
min/(QtQpe

2))1/2 [30] for

stable integration of collision kinematics at the minimum im-

pact parameter bmin and for the simulation parameters discussed

here we find at minimum �τstable ≈ 4 ns. Thorough checks of

the energy conservation in the system reveal that the simulation

is numerically stable for the long simulation period of several

thousand time steps, again proving that the integration time cho-

sen is sufficiently small.

An important demand on simulating the mutual interaction

of huge numbers of particles is parallelization of the computing

algorithm. In this study each time step requires 2N2 = 2 × 1010

computations of the Coulomb-interaction – two for each particle

pair, one at time t0 and one at t0 + �τstep. To finish the simu-

lation in a reasonable amount of time while gaining enough

information on both the scaling behavior for important param-

eters as well as systematic errors, it was mandatory to use high

end computing power. Fortunately, with the combined compu-

tational power of more than three teraflops of two computing

clusters housed at our institute and the Leibniz Rechenzentrum,

computational time could be lowered to several weeks. To ac-

quire a realistic picture of the stopping dynamics, all particle

positions and velocities at each time step were stored on disk

for later analysis, and thus several terabyte of data storage were

required.

2.3. Modeling the stopping process

Within the linear response model [22] two approaches mod-

eling the target response to the projectile are considered, the

binary collision model and the dielectric response model.

In the binary collision model, short-range projectile–target

interactions are described by successive binary collisions be-

tween the projectile and a target ion. In the dielectric response

model, long-range projectile–target interactions are described

by the polarization of the plasma induced by the projectile. The

impact parameter b can be used to distinguish between these

approaches. At small impact parameters the energy loss can be

approximated by pure binary collisions, at large impact param-

eters it can be restricted to collective target response. A simple

way of combining both approaches is by writing the energy loss

dEp per length ds as the sum of the contributions due to binary

collisions and to collective effects as

dEp

ds
=

∫ btrans

bmin

d2Ebinary

dsdb
db +

∫ bmax

btrans

dEcollective

dsdb
db, (3)

choosing appropriate impact parameters bmin, bmax and btrans.

This choice strongly depends on the properties of projectile and

target [22,32], as will be discussed later. The minimum impact

parameter is determined by the maximum momentum transfer

bmin = QpQte
2/(4πǫ0µv2

rel). Here Qp and Qt are the projectile,

and target particle charge numbers and µ is their reduced mass.

A common choice for the maximum impact parameter is the

adiabatic screening length bmax = λad = vrel/ωp. Here vrel is

the mean relative velocity of projectile and target particles and

ωp is the plasma frequency of the target plasma [22]. In our

case this length can be as long as several hundred micrometers

and screening lengths of this size can be directly observed in the

simulation. For a target plasma of temperature Tt and constituent

mass mt the relative velocity vrel = (v2
th + v2

p)1/2 is defined by

the thermal velocity of the target vth = (3kBTt/mt)
1/2 and the

projectile velocity vp.

If both the target–projectile and target–target coupling are

weak, the energy loss can be written for vp ≫ vth as [22]

dEp

ds
= −

Q2
pe

2

4πǫ0

ω2
p

v2
p

∫ bmax

bmin

db

b
=

Q2
pe

2

4πǫ0

ω2
p

v2
p


C(Ep) ∝

C

Ep
,

(4)

introducing the Coulomb-logarithm 
C ≡
∫ bmax

bmin

db
b

= ln(bmax/

bmin) which depends on the kinetic energy of the projectile. The

time scale for the response of a target plasma of density nt to the

projectile particle is given by the inverse τp ≡ ω−1
p of the plasma

frequency ωp = (Q2
t e

2nt/(ǫ0mt))
1/2. On shorter time scales the

target response to the projectile is less pronounced and screening

due to target particles is suppressed.

At large projectile velocities compared to the thermal veloc-

ity of the target particles the energy loss shows the typical scal-

ing dEp/ds ∝ Q2
p/Ep. As the projectile approaches the thermal

velocity the energy loss increases drastically, reaching its max-

imum for vp = vth. If compared to typical values for electron

cooling – Tt,e ≈ 103 K, vth,e ≈ 104 m/s, nt,e ≈ 3 × 1013 m−3

[33] – the maximum energy loss in a laser-cooled one component

plasma of 24Mg
+

ions (vth,Mg ≈ 1 m/s, see Table 1) is roughly

(dEMg/ds)/(dEe/ds) = mev
2
th,e/(mMgv

2
th,Mg) ≈ 103, assuming

similar Coulomb-logarithms and target densities.

In two ways the linear response model is challenged in the

studied case. First, it is unable to describe the target response

adequately, because it neglects long-range correlations between

the constituents of the target. Second, it cannot fully describe

the projectile’s motion through the plasma, especially at small

projectile velocities, since this is affected by the internal target
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Fig. 2. Kinetic energy of a highly charged ion (AHCI = 100, QHCI = 10) during

the passage through the 24Mg
+

plasma (ŴMg = 814). The insert shows a hard

collision with energy loss �E in detail and points A, B, C and D indicate

successive hard collisions. In addition those times at which the highly charged

ion is found outside of the plasma are indicated.

configuration. For a correct analysis of the stopping dynamics

it is thus vital to use a molecular dynamics simulation which

includes these effects.

Fig. 2 shows a typical example of the change in kinetic en-

ergy a highly charged ion experiences when passing through

the 24Mg
+

crystal. While energy loss due to collective effects

leads to a steady decrease in kinetic energy defining the slope

of the energy curve, hard binary collisions are characterized by

a rapid short-time decrease in the kinetic energy, followed by

an equally fast acceleration phase. In the following we will try

to analyze both energy loss processes. Due to the low statistics

imposed by the huge simulation effort we focus on the energy

loss due to collective response, for which we will present results

on stopping times.

3. Results

3.1. Energy loss via hard binary collisions

Binary collisions are accurately resolved by the simulation,

as seen, for example, at the points labeled A, B, C and D in

Fig. 2. The time intervals are well explained by successive col-

lisions of the projectile with velocity vHCI ≈ 420 m/s with tar-

get ions for an average spacing of aWS ≈ 20 �m. For a single

collision the energy loss, denoted �E in Fig. 2, will be ana-

lyzed in the following. In a pure binary collision the total en-

ergy Esum = Ekin,HCI + Ekin,Mg + Epot is conserved. When the

highly charged ion approaches the resting 24Mg
+

the potential

energy Epot and the kinetic energy Ekin,Mg of the 24Mg
+

in-

crease. The potential energy and the acceleration of the 24Mg
+

reach their maxima at the point of closest approach, indicated

by the vertical black line in Fig. 3. The fraction of the po-

tential energy that is not converted into kinetic energy of the

Fig. 3. The upper figure shows three stages of the binary collision denoted by

the energy loss �E in Fig. 2. The three positions of the ions corresponding to the

three stages of the collision are plotted together. Red dots: position of the highly

charged ion at (from left to right) the beginning of the collision where the 24Mg
+

ion is still at rest, the moment of closest approach and the end of the collision,

blue dots: position of its 24Mg
+

collision partner, black dots: 24Mg
+

ions in

their vicinity. The arrows indicate the direction of flight as well as the velocity.

The ion positions are shown in projection, thereby losing the depth information.

Below: development of the total energy during the collision as described in the

text. (For interpretation of the references to color in this figure legend, the reader

is referred to the web version of the article.)

24Mg
+

ion is regained by the passing highly charged ion after the

impact.

In Fig. 3 the change in Esum denoted by �Esum is plotted from

the onset of the collision to its end together with the changes in

the kinetic energy of the highly charged ion and the 24Mg
+

ion, �Ekin,HCI and �Ekin,Mg. Additionally the change �Epot in

potential energy and in the total energy of the highly charged

ion, �Esum,HCI = �Ekin,HCI + �Epot, are depicted.

Unlike in a free binary collision one finds �Esum > 0 dur-

ing the collision. The positive excess can be identified with the

binding energy of the 24Mg
+

ion in the crystal lattice. This exam-

ple shows that the simulation, unlike a simple binary collision

approach, is capable of providing insight in the full collision

kinematics.

Since the mass of the highly charged ion mHCI is comparable

to the 24Mg
+

mass mMg and fluctuations in the projectile veloc-

ity are proportional to (mMg/mHCI)
1/2 [31], the energy loss in

a single, close binary collision can become significantly large

compared to the overall energy loss. Thus the summed stopping

power of few such encounters can be substantial, although only

a small number of 24Mg
+

ions experiences hard collisions with

the HCI.

These results show that a correct treatment of the energy

loss due to hard binary collisions demands a thorough statis-

tical analysis of the fluctuations in the target velocity. With

the data yet available, it is not possible to give a well based
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Fig. 4. Left: energy curve (QHCI = 40, nMg = 3.02 × 1013 m−3) overlaid with a dashed line of slope −2f . Right: the slope f of the energy curve determined by

the energy loss in collective scatterings is presented for various initial energies. The solid symbols correspond to nMg = 4.23 × 1013 m−3, the open symbols to

nMg = 3.02 × 1013 m−3. The solid curve indicates the scaling flinear ∝ Q2
HCI predicted by linear response theory.

result for d2Ebinary/dsdb. Fortunately, with the computational

power available at the Leibniz Rechenzentrum, the statistics

will be increased in the future. For increasing charge states

the simulations suggest an increase in the contribution of hard

binary collisions to the total energy loss, amounting to more

than half of the energy loss due to collective response, see

Fig. 8.

3.2. Energy loss via collective effects: stopping powers and

cooling times

Collective effects can be distinguished from hard binary col-

lisions by setting an upper limit to the kinetic energy carried

away by a single 24Mg
+

ion, equivalent to a threshold impact

parameter btrans above which binary collisions are neglected (see

[32] and Eq. (3)). Note, that not only those interactions included

in the dielectric response model, but also long-range interactions

due to correlations contribute to the energy loss.

Following Eq. (4) one finds dEp/ds = −f/Ep, where f is

the stopping power multiplied by the projectile energy. This

simple approach neglects the weak energy dependence of the

Coulomb-logarithm. In the linear response model the factor f

can be expressed as

flinear =
Q2

pe
2mpω

2
p

8πǫ0
× 
C

vp≫vrel
−→

mp≫mt

Q2
pe

2mpω
2
p

8πǫ0

× ln

(

1281/2πǫ0

QpQte2m
1/2
p ωp

E3/2
p

)

. (5)

Integration yields E2
p = −2fs. In the left part of Fig. 4 E2

kin,HCI
is plotted versus the path length s denoting the distance the pro-

jectile has traveled through the target plasma. If only the overall

slope of the energy curve is considered, neglecting the influence

of the hard binary collisions, one can deduce an estimate for f as

demonstrated by the dotted line. Hard binary collisions lead to

steps in the energy curve, but do not alter the continuous slope

significantly. This slope is determined by the continuous loss due

to simultaneous interactions of the projectile with a large num-

ber of target ions, each taking away only a very small fraction of

the energy. By fitting a straight line following this general slope,

neglecting the large steps caused by hard binary collisions, one

can estimate the energy loss due to collective effects. Due to

low statistics and systematic errors in fitting a combined error

of about 20% is assumed.

These values are plotted in the right part of Fig. 4 versus

the projectile charge state. For the special case of Ekin,HCI =
100 meV and nMg = 4.23 × 1013 m−3, corresponding to the

solid square data points, the curve 0.35 × flinear is plotted as

a fit to the data points. This suggests that the stopping power

due to collective response amounts to about one third of the

total stopping power predicted by linear response theory.

The scaling of the data with QHCI and Ekin,HCI is compared

to the scaling predicted by linear response theory. In Fig. 5 all

data points are divided by the corresponding value for flinear.

Although the statistical basis of single runs in the simulation is

weak, a trend can be observed: the scaling of the energy loss

with the charge state of the highly charged ion is weaker than

expected. We attribute this to enhanced screening as known from

the case of electron cooling. No significant change in the energy

dependence of the stopping power is found for vp ≫ vth.

If the maximum impact parameter is chosen to be bmax = λad,

one can calculate a value for btrans. Introducing the Coulomb-

logarithm 
r ≡ ln(bmax/btrans) and the ratio r ≡ f/flinear one
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Fig. 5. Scaling of f with charge state (left) and initial kinetic energy (right). The solid symbols correspond to nMg = 4.23 × 1013 m−3, the open symbols to

nMg = 3.02 × 1013 m−3. The values correspond to the data points found in Fig. 4.

finds btrans ≡ (bmax/bmin)1−r × bmin. With this we approximate

f by (Q2
pe

2mpω
2
p/(8πǫ0)) × 
r. For the case of Ekin,HCI =

100 meV, nMg = 4.23 × 1013 m−3 and QHCI = 40 we find

btrans = 0.64 × aWS with r = 0.35. Following Eq. (3) this would

suggest that energy loss due to collective response can be found

for impact parameters as low as 0.64 × aWS. The energy transfer

in a collision with impact parameter 0.64 × aWS would amount

to �E = 2Q2
t Q

2
pe

4/((4πǫ0)2mtb
2
transv

2
rel) ≈ 1 meV [32]. This

indicates that linear response theory might be insufficient to

give a full description of the stopping dynamics in the studied

case.

Plotted in Fig. 6 is the stopping time τstop = (2mpE
3
p)1/2/f

[31], which again only serves as an upper limit to the expected

value. Stopping times of a few 10 �s are observed for the high

charge states of interest.

A thorough theoretical treatment of the stopping due to col-

lective target response must include further analysis of screening

lengths, plasma oscillations and the influence of coupling. This

can be achieved by a detailed analysis of the energy deposition

in the plasma (see Fig. 7). Though such an analysis goes beyond

the scope of this paper, some features of the projectile’s pas-

sage through the crystal which are related to screening will be

Fig. 6. Stopping times for various initial energies. The solid symbols correspond to nMg = 4.23 × 1013 m−3, the open symbols to nMg = 3.02 × 1013 m−3. The

values correspond to the data points found in Fig. 4.
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Fig. 7. Spatial distribution of the energy deposited by the HCI after passing

through the 24Mg
+

plasma. The color encoded energy values result from a

projection of the kinetic energy of the 24Mg
+

ions along the y-axis and are

presented in a logarithmic scale. The trajectory of the HCI is shown in red. The

corresponding simulation parameters are the same as in Fig. 1. (For interpretation

of the references to color in this figure legend, the reader is referred to the web

version of the article.)

discussed. From the spatial distribution of the deposited energy

one can deduce an upper limit to the interaction radius which

has to be taken into account when determining 
C. The energy

deposition of the projectile in the plasma ranges as far as several

hundred micrometers, proving the existence of long-range inter-

actions of the projectile ion with the target ions. The propagation

of the deposited energy is determined by the projectile velocity

and at early stages of the projectile’s passage through the target

plasma one finds that the flow of energy in the plasma is slow

compared to the projectile velocity. We attribute this to the long

time τp it takes the plasma to react to the projectile.

3.3. Plasma stability and laser cooling

In all simulated cases the crystalline plasma does not show

signs of Coulomb-explosion. Although the energy deposition by

the projectile is considerable, the crystalline structure is only lo-

cally disturbed. Even in the case of high initial projectile energy

and charge state the structural damage remains local, because

much of the projectile energy is deposited over the whole plasma

volume. The energy loss due to collective effects thus counter-

acts the local destruction of the crystalline structure due to hard

binary collisions and prevents a Coulomb-explosion of the target

plasma.

Fast and efficient laser cooling of the target plasma demands

that most of the target ions remain within the acceptance of the

laser force

FL(�vMg) = (�/8) × |�kL|SŴ3
L/((δ − �vMg · �kL)2

+ (ŴL/2)2(1 + S)) (6)

of typically only few 10 m/s (some 100 �eV). Typically two

counterpropagating laser beams with direction �kL are applied

for cooling, both at negative detuning δ as sketched in Fig. 8.

The strength of the resulting laser force is determined by the

saturation parameter S. Since a detuning of few ŴL is needed to

maintain a low plasma temperature, the velocity acceptance of

the laser force is limited if the laser frequency is not scanned,

a procedure that takes considerable time and should thus be

avoided. The selection of an appropriate detuning value therefore

depends on the velocity distribution of the target plasma after

the projectile has deposited its initial energy in the plasma.

Fig. 8. Upper left: velocity distribution of the 24Mg
+

after the HCI has stopped (nMg = 3.02 × 1013 m−3). Upper middle: ratio of the total kinetic energy Ehigh of

all 24Mg
+

with Ekin,Mg > 1 meV and the total kinetic energy Elow of all 24Mg
+

with Ekin,Mg < 1 meV. Upper right: number of ions with Ekin,Mg > 1 meV. The

hatched area corresponds to QHCI = 40, Ekin,HCI = 400 meV, the other to QHCI = 10, Ekin,HCI = 100 meV. Lower part: combined force of two counterpropagating

laser beams as given in Eq. (6) (δ = 6.5 × ŴL, S = 3, transition wavelength λL = 2π/|�kL| = 280 nm, natural linewidth ŴL = 2π × 42.7 MHz). The dashed lines at

v = ±90 m/s correspond to an ion energy of Ekin,Mg = 1 meV.
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The upper left part of Fig. 8 shows two examples of the

final velocity distribution of the plasma ions. For a detun-

ing of δ = 6.5 × ŴL all 24Mg
+

ions with Ekin,Mg < 1 meV or

vMg = 90 m/s are in the acceptance of the laser force. In the

middle part the total kinetic energy of all 24Mg
+

ions with

Ekin,Mg > 1 meV is set in relation to the total kinetic energy

of those 24Mg
+

ions with Ekin,Mg < 1 meV. The total number

of the ions with Ekin,Mg > 1 meV is negligibly small as can

be seen in the upper right part of the figure. Nevertheless the

amount of the total kinetic energy carried away by these hot

ions is considerable. Further studies must show whether these

ions are sympathetically cooled by the cold ions or if a sort of

evaporative cooling can be applied.

4. Experimental realization of the cooling scheme

Inside an Electron Beam Ion Source (EBIS) atoms of interest

for precision mass measurements undergo an ionization cascade

in collisions with energetic electrons until the desired charge

state is reached after few 10 ms. The resulting ion beam consists

of an ensemble of ions of varying charge state and energy and

can be characterized by an extraction time τEBIS after which

90% of the ions are extracted. To adjust the kinetic energy of

the HCIs exiting the EBIS with an energy spread of some 10–

100 eV to the level where ion cooling as described above is

most efficient, we propose the use of a segmented linear radio

frequency quadrupole (RFQ) system. In such a linear Paul trap

ions are radially confined by a radio frequency quadrupole field

of frequency �RF if 0 < q ≪ 0.9. The stability parameter q ≈
1
�

√

8Qe
m

�radial depends on the particle’s charge to mass ratio

Qe/m. By adjusting the strength and frequency of the radial

confinement field, ions of different species and charge state can

be trapped and cooled together [5].

A pulsed beam of HCIs coming from the EBIS is transferred

into the RFQ. The pulse duration, the energy spread �EEBIS and

the desired efficiency determine the length LRFQ of the RFQ.

Assuming a rectangular pulse shape one can introduce an

injection efficiency pinj determining the fraction of ions that

are trapped in the RFQ and its length is then given by LRFQ =

τEBIS pinj (QHCI e �EEBIS/(2mHCI))
1/2. For the proposed cool-

ing scheme shortening the RFQ results in shorter cooling times

for the sacrifice of a decrease in injection efficiency. This de-

crease can be compensated if shorter pulses are achieved – for

example by using fast extraction schemes [34]. Optimizing the

overall duration and efficiency of both charge breeding and cool-

ing for a specific ion of interest requires careful tuning of the

EBIS ion beam parameters to the acceptance of the RFQ cooler.

During the cooling the ions in the RFQ are trapped in a poten-

tial well URFQ(z) along the beam direction z by applying differ-

ent voltages to the electrode segments (see Fig. 9). Opposite to

the injection region of the RFQ the 24Mg
+

ions are laser-cooled

in a potential well separated from the trapping region, while the

HCI oscillate in the trapping region. When the trapping poten-

tial is raised those highly charged ions with sufficient energy

to overcome the barrier separating the trapping region from the

cooling region enter the laser-cooled 24Mg
+

plasma, which can

be detected by a change in the fluorescence of the 24Mg
+

ions.

By constantly rising the trapping potential, all highly charged

ions can be successively cooled, stored and detected in the cool-

ing region. For efficient cooling the difference in kinetic energy

between the HCI and 24Mg
+

ions should be kept as small as

possible (see Eq. (4)).

The overall storage period for all HCIs trapped depends on the

length LRFQ of the RFQ and the energy spread of the HCI beam.

While the length of the RFQ determines the maximum time it

requires for a highly charged ion to reach the cooling region,

the energy spread determines the overall raise of the trapping

potential with respect to the cooling region. The system can be

optimized for either high efficiency or fast cooling, depending

on the ion of interest. For rare short-lived ions, detected in the

cooling region, the cycle could even be stopped for immediate

transfer to the measurement trap. In this operation mode the time

for the electrostatic deceleration can be kept small compared to

the time needed for cooling and ejection of the HCI.

Those highly charged ions stopped in the plasma of laser-

cooled 24Mg
+

reside in the cooling region and must be extracted

to be transferred to the precision Penning trap. One method of

extraction is to lower the potential at the RFQ exit leading to the

precision Penning trap while holding back the 24Mg
+

ions by

Fig. 9. Left: sketch of the longitudinal potential gradient during the cooling. The trap is divided in a long trapping section and a small cooling section where the
24Mg

+
ions are located. During the cooling the base line of the storing section potential is continuously raised. Right: potential configuration for the extraction of

the HCIs. The laser force keeps the 24Mg
+

ions inside the trap while the HCIs are ejected.
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the laser force. If the HCIs are positioned close to the edge of

the plasma they travel along the potential gradient towards the

RFQ exit while the counteracting laser force prevents the loss of

the 24Mg
+

ions. The advantages of this extraction scheme are

two-fold. First, no reloading of 24Mg
+

ions is necessary after the

extraction of the cooled highly charged ions. Second, reheating

of the cool ensemble of highly charged ions during extraction

can be minimized by adjusting the potential gradient. Since the

laser has to counteract the potential gradient to avoid a loss of

plasma ions the potential gradient Eextract cannot be greater than

some meV per mm. Fortunately the corresponding acceleration

force Fextract = QHCI e Eextract grows with the charge state. Still,

extraction times of the ions might be constrained by shielding

effects in the cold plasma and the small potential gradient. In

the future we plan to simulate this extraction scheme.

5. Conclusion and outlook

We have shown that efficient stopping of low energy highly

charged ions in a one component plasma of laser-cooled 24Mg
+

is possible, providing cooling times of a few 10 �s once the ion

is prepared at sub-eV energies. Many important properties of the

stopping process can be modeled using classical linear response

theory. Nevertheless, the determination of absolute values for

the stopping power requires a well-justified definition of the

correct range of projectile–target interactions. This definition

demands a separate treatment of energy loss due to hard colli-

sions and collective effects. While the latter can be described by

an effective energy loss the former can only be treated defining

an average stopping power deduced from statistically summing

the results of consecutive measurements. Fully understanding

the complexities of the stopping process remains an open task

which we plan to address in the future. This includes studies

of the collective response of the crystalline plasma and a com-

parison with electron and positron cooling. Furthermore, recent

results not included here suggest only a weak dependence of the

stopping power on the strength of the target coupling, promising

similar stopping power for moderately laser-cooled plasmas. To

conclude, we believe that ion cooling can become an important

tool in future precision mass experiments.
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Abstract. We present a new cooling scheme for the preparation of highly charged ions for future in-
trap precision experiments. A plasma of laser cooled 24Mg+ ions trapped in a 3D harmonic confinement
potential is used as a stopping medium for the highly charged ions. We focus on the dynamic evolution of
the plasma, determining suitable cooling conditions for fast recooling of the 24Mg+ ions. The results of a
realistic parallel simulation of the complete stopping process presented here indicate that a small, constant
detuning of the laser frequency is sufficient for subsequent recooling of the plasma, thus maintaining the
stability of the plasma.

PACS. 02.70.Ns Molecular dynamics and particle methods – 32.80.Pj Optical cooling of atoms; trapping
– 34.50.Bw Energy loss and stopping power – 52.27.Gr Strongly-coupled plasmas

1 Introduction

The preparation of cold highly charged ions is a vital pre-
requisite for future in-trap precision experiments [1–4].
High charge states allow to gain precision for example
in determining nuclear masses or measuring QED effects
with tightly bound electrons.

2 Using a laser cooled plasma as a stopping
medium

We present a new scheme for in-trap preparation of ultra
cold highly charged ions using a laser cooled one compo-
nent plasma of 24Mg+ ions as a stopping medium. In the
following we focus on the cooling conditions necessary to
maintain a stable 24Mg+ plasma and investigate possible
charge exchange processes which could reduce the high
charge state of the ion of interest.

Laser cooling is a common tool to create ultra cold
atomic or ionic ensembles in a very short time [5]. Here
we concentrate on in-trap laser cooling of ions, which at
present can provide large ensembles of 105 to 106 ions
at temperatures of only a few mK. Laser cooling exploits
the strong force a laser beams exerts on the ion when the
laser frequency is in resonance with the cooling transition
of interest. Only a few ion species provide a closed ground
transition suitable for cooling and thus the majority of ion
species cannot be directly laser cooled. This limitation can
be overcome when considering the Coulomb interaction of
the ion of interest with laser cooled ions.

a e-mail: michael.bussmann@physik.uni-muenchen.de

In a laser cooled plasma the mutual Coulomb inter-
action transfers energy from the hot, highly charged ion
which is not laser cooled to the laser cooled ions. If the
velocity of the laser cooled ions is kept in the acceptance
range of the laser force during this heating process, fast
recooling is possible — thus maintaining the plasma char-
acteristics during the cooling.

It is important to note that the transfer of energy
per interaction increases linearly with the charge state
of the ion of interest. Thus the cooling rate increases
with the ion charge state. In modern trap setups such
as Penning or Paul traps an ensemble of laser cooled
ions of charge state Q can undergo a phase transition
into a crystalline state [5–7]. In this state the ion posi-
tions are frozen out, because the mutual Coulomb repul-
sion has overcome the kinetic energy of the ions by orders
of magnitude. The plasma of density n and temperature
T is strongly coupled, meaning that the plasma parameter
Γ = (Q2e2)/(4πε0kBTaWS) exceeds unity.

External confinement forces counteract the mutual re-
pulsion of the ions, thereby determining the form and
structure of the Coulomb crystal. In a harmonic trap
potential the ion crystal resembles a prolate ellipsoid of
length Laxial and width Lradial while the ions are ordered
at an equal spacing of aWS = (3/4πnMg)1/3, the Wigner-
Seitz radius. In the simulation presented a single highly
charged ion is placed near the brim of the ellipsoid, its
velocity vector pointing towards the plasma’s center, see
Figure 1. The axial confinement Ψaxial is much weaker
than the radial confinement Ψradial. In such a configura-
tion the density of the plasma is mainly determined by
the radial confinement, while the large axial extent of
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Fig. 1. Three different views of a 24Mg+ plasma ellipsoid of
density nMg = 4.23× 1013 m−3, 11.1 µs after a highly charged
ion with an initial energy Ekin,HCI = 400 meV and charge state
QHCI = 40 has entered the plasma. At this point in time all
the kinetic energy of the heavy ion has been deposited in the
plasma. The upper part shows a real space image of a vertical
slice through the center of the plasma ellipsoid, including the
path of the heavy ion and its current position marked by a
circle. The two lower parts show an intensity-coded distribu-
tion of the kinetic energies of the 24Mg+ ions, integrated in
y-direction.

the plasma allows for many subsequent interactions of the
highly charged ion with the plasma ions.

3 Characterizing the stopping process.
A realistic molecular dynamics simulation
of the plasma-plasma and plasma-HCI
interaction

Although standard stopping theory [8] can provide an es-
timate of the overall stopping power for a highly charged
ion of given charge state QHCI and initial energy Ekin,HCI,
it does not provide insight into the dynamics of the stop-
ping process.

In the special case of the strongly coupled plasma stud-
ied here, the response of the ions when interacting with
the highly charged ion cannot be treated assuming a sim-
ple binary collision model. Instead, the evolution of the
plasma during the stopping process must include a realis-
tic description of the coupling between the ions.

We introduce a newly developed simulation which
completely integrates strong coupling into the stopping
process by computing the Coulomb interaction between
all particles involved. This ansatz requires efficient parallel
algorithms since the computation effort essentially scales
with the square of the number N of interacting particles
considered.

The equation of motion

mi
d2ri

d2t
=

⎛
⎝

N+1∑
j �=i

qiqj

4πε0|ri − rj |3 (ri − rj)

⎞
⎠

− qi (Ψradial, Ψradial, Ψaxial)

⎛
⎝

xi

yi

zi

⎞
⎠ + Flaser

(
dri

dt

)

(1)

is solved for each particle i of the N +1 simulated particles
at position ri = (xi, yi, zi).

With this high number of particles a realistic model of
the real stopping process can be studied without relying on
quasi-particle models. In the equation of motion the laser
force can be approximated by an effective force depending
only on the ion velocity vi:

Flaser(vi) =
�

8
SΓ 3

laserklaser

(δ − vi · klaser)2 + (Γtrans/2)2(1 + S)
(2)

where the laser beam is characterized by the saturation pa-
rameter S and the wave vector klaser = (0, 0,±2π/λlaser).
Cooling 24Mg+ ions requires a laser wavelength of λlaser =
280 nm.

In a typical cooling setup two laser beams are ap-
plied from opposite directions along the axial direction
at a small detuning δ of the laser frequency relative to the
frequency of the cooling transition. In such as set-up the
momentum acceptance of the laser force is on the order of
the transition line width Γtrans (Γtrans = 2π × 42.7 MHz
for 24Mg+). Fast recooling is only possible if the majority
of the ions can be addressed by the laser force choosing a
fixed detuning δ.

In the study presented here the laser force is deliber-
ately set to Flaser ≡ 0 in order to study the unperturbed
evolution of the velocity distribution of the plasma during
the passage of the HCI through the plasma. The simu-
lation thus allows to study the plasma dynamics of the
precooled crystalline ensemble of ions during the stopping
process in order to optimize the final laser parameters for
efficient recooling of the laser ions.

In the special case considered, N = 105 laser cooled
24Mg+ ions are introduced as a stopping medium for one
highly charged ion (HCI) of mass mHCI = 100 a.m.u. The
initial kinetic energy Ekin,HCI and the charge state QHCI of
the HCI as well as the density nMg of the plasma have been
varied to study their influence on the stopping process. All
the relevant simulation parameters are found in Table 1.

4 Binary collisions vs. collective plasma
response

The interaction of the HCI and the plasma ions can be
separated in two parts: at small impact parameters b the
interaction is governed by close binary collisions, while at
large impact parameters the energy is transferred into a
collective response of a major part of the plasma, each
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Table 1. Parameters for the simulation.

Simulation input parameters

integration time ∆τstep [s] 10−9

Ψradial [V/m2] 2.5× 105 3.5× 105

Ψaxial [V/m2] 2.5× 103 3.5× 103

Plasma input parameters

Number of Mg+ ions 105

AMg, QMg 24, 1
TMg [K] 10−3

HCI input parameters
Number of highly charged ions 1
AHCI 100
QHCI 10, 20, 30, 40
Ekin,HCI [meV] 100, 200, 300, 400

Plasma properties derived from the simulation
ΓMg 814 911
aWS(nMg) [m] 19.9× 10−6 17.8 × 10−6

Lradial [m] 632× 10−6 565× 10−6

Laxial [m] 15.8× 10−3 14.1 × 10−3

nMg [m−3] 3.02× 1013 4.23× 1013

of the plasma ions carrying only a small fraction of the
energy.

Following the argument given in [9] one can es-
timate that those 24Mg+ ions with a kinetic energy
Ekin,Mg > 1 meV took part in a close binary collision with
the HCI. Figure 1 shows three views of the HCI’s trajec-
tory inside the plasma to illustrate this differentiation. At
the start of the simulation the HCI is placed on axis near
the brim of the plasma ellipsoid and is then given its initial
kinetic energy, its velocity vector pointing to the center of
the plasma ellipsoid.

The upper part of Figure 1 shows a slice through the
center of the 24Mg+ ensemble revealing the crystalline
shell structure with the solid line following the trajectory
of the HCI and the filled circle marking its position. For
the same set of simulation parameters the middle part
and lower part show the spatial distribution of the ki-
netic energy of the 24Mg+ ions, again including the HCI
trajectory and position. The middle part shows the dis-
tribution of the kinetic energy for all 24Mg+ ions with
Ekin,Mg < 1 meV while in the lower part only those few
ions with Ekin,Mg > 1 meV enter the plotted distribution.
The logarithmic scale chosen for the intensity-encoded ki-
netic energy reveals the large extent of the plasma re-
gion affected by the passage of the HCI. The correspond-
ing simulation parameters are nMg = 4.23 × 1013 m−3,
Ekin,HCI = 400 meV and QHCI = 40.

5 Charge exchange, plasma stability and fast
recooling

As can be deduced from Figure 1 the number of 24Mg+

ions carrying a large kinetic energy after a close collision
with the HCI is minute compared to the total number of
ions in the plasma. Furthermore, the crystalline structure
is not destroyed by the HCI. Nevertheless, the amount
of energy carried away by those few ions is of the same

Fig. 2. Left: ratio of the number Nz,cool of ions with vz,Mg ≤ vδ

and the total number Ntot = 105 of 24Mg+ ions versus the laser
detuning in units of transition line width Γtrans/2. The vertical
lines mark the detuning value at which 95.4% of the ions are
within the acceptance of the laser force. Right: sum Ehigh of the
kinetic energy for all ions with Ekin,Mg > 1 meV over the sum
Elow of the kinetic energy for all ions with Ekin,Mg < 1 meV.
The hollow box corresponds to the same data set as the solid
line in the left part, the hatched box to the dashed line.

order as the energy deposited in the bulk of the plasma,
as shown in the right part of Figure 2, where the total
kinetic energy Ehigh of all ions with Ekin,Mg > 1 meV is
compared to the total kinetic energy Elow of all ions with
Ekin,Mg < 1 meV.

Following equation (2) one can choose a fixed detun-
ing δ matched to the range of 24Mg+ ion velocities in order
to recool almost all 24Mg+ ions without scanning the laser
frequency. The choice for δ also depends on the individ-
ual trap characteristics which manifest in a heating rate
intrinsic to the trap system which must be counteracted
by the cooling laser force [10]. This heating rate becomes
more important for large crystals which ultimately limits
the value of the detuning δ to a few times the natural
transition line width.

Fortunately, the simulation results show that this con-
straint can be met without significant ion loss. Depending
on the desired percentage of ions which should be directly
addressed by the laser force one can reduce the detun-
ing, thus increasing the cooling rate for the majority of
the 24Mg+ ions. This is illustrated in Figure 2 where the
percentage of ions with vz,Mg ≤ vδ is plotted versus the
detuning δ = vδ · klaser. Here, two different scenarios are
compared, one in which the total energy deposited in the
plasma and the energy loss dEkin,HCI/ds are small (solid
line) and one case for which both values are higher in com-
parison (dashed line). For both curves the majority of the
ions can be easily cooled using only a small laser detuning.
Thus we conclude that small detuning values are feasible
for recooling. It is therefore not necessary to constantly
detune the laser frequency, which must be performed on
the order of seconds to efficiently reduce a large momen-
tum spread of the ion ensemble. Instead, a laser beam
with a moderate saturation parameter S on the order of
unity and a fixed laser frequency are sufficient to recool
the ensemble on a time scale of few ms [5] comparable
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Fig. 3. Average time τ1+→2+ for the charge exchange process
100XQ+ + 24Mg1+ → 100X(Q−1)+ + 24Mg2+ for a HCI X with
energy Ekin,HCI = 400 eV at a plasma density of nMg = 4.23×
1013 m−3.

to the total stopping time [9], reaching repetition rates
of kHz.

Charge exchange becomes important especially for the
high charge states demanded by future precision experi-
ments. Experimental data [11,12] still is rare for charge
exchange processes with highly charged ions at small rela-
tive velocities. Thus one has to rely on theoretical models
of charge exchange [13] to give an estimate on the cross
sections and exchange rates expected in a typical cooling
setup as shown in Figure 3. The figure shows an estimate
for an initial kinetic energy of Ekin,HCI = 400 eV, a fac-
tor 1000 higher than the energies used in the simulation,
thereby clearly showing that charge exchange can be ne-
glected in the cooling scheme proposed here.

6 Summary

We have introduced a new cooling scheme using laser
cooled ions to efficiently cool highly charged ions. Ion
losses due to charge exchange are negligible while fast re-
cooling is possible. Highly charged ions can be cooled to
mK temperatures, either for later extraction or integra-
tion into the Coulomb crystal lattice after recooling. After
the stopping of the highly charged ion the plasma can be
recooled fast, without detuning of the laser frequency or
reloading of ions to the trap.
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1 Introduction

Future in-trap precision measurements of nuclear masses mHCI [1–5] will exploit the
increase in resolution �mHCI provided by ions with high charge state QHCI:

�mHCI

mHCI
∝ mHCI

tRF BN1/2
counts

× 1

QHCI
(1)

where tRF is the measurement time, B the magnetic field, and Ncounts the number of
measurements with individual ions.

These high charge states are typically produced by charge breeding (see [6] and
references therein) which provides bunched ion beams with a momentum spread
larger than the acceptance of the precision traps with which the masses are measured.
Several cooling schemes exist [7–10] which match the momentum spread of the highly
charged ions to the trap acceptance. These schemes will be challenged by the increase
in both precision and the range of nuclear masses measured, while some of them are
canceled out due to fast degeneration of high charge states during the cooling.

The nuclei of interest in future experiments include rare, unstable nuclei with a
lifetime below 100 ms. Measuring their masses precisely requires a fast, efficient
cooling method. In particular losses due to charge exchange must be minimized if
only low production rates are expected. Furthermore, in-trap precision measure-
ments such as optical spectroscopy or tests of fundamental theories (see [11] and
references therein) require ultra-cold ions.

2 Using laser-cooled ions as a stopping medium

Laser-cooled ions provide a unique stopping medium for which charge exchange with
the HCI is negligible [12–14] while temperatures TMg in the mK range are accessible
[15–17]. In our simulation we study both the stopping power at low HCI velocities as
well as the plasma dynamics during the stopping. For decreasing HCI velocities vHCI

the energy loss dEHCI per length ds increases as can be derived from linear response
stopping theory (see [18] and references therein):

dEkin,HCI

ds
= − Q2

HCIe
2

4πε0

ω2
p

v2
HCI

bmax∫

bmin

db
b

= Q2
HCIe

2

4πε0

ω2
p

v2
HCI

�C(Ekin,HCI), (2)

where vHCI > vth, the thermal velocity of the 24Mg+ ions of mass mMg, defined by
vth = (3kBTMg/mmg)

1/2.
The Coulomb-logarithm �C ≡ ∫ bmax

bmin
db/b = ln(bmax/bmin) depends on the ratio

of the minimum impact parameter bmin = QHCI QMge2/(4πε0μ v2
HCI), where μ is the

reduced mass of the HCI and the 24Mg+ ion, to the maximum impact parameter
b max = vHCI/ωp, the ratio of the HCI’s velocity to the plasma frequency ωp =
((Q2

Mge2nMg)(ε0mMg))
1/2. In this approach no strong coupling between the plasma

ions of charge state QMg and only a linear coupling between the HCI and the plasma
ions is assumed [18]. Moreover, it is not possible to deduce the spatial distribution of
the energy deposited in the plasma or the velocity distribution of the plasma ions as
long as no equilibrium state is reached.
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Table 1 Plasma parameters
derived from the simulation Properties of the 24Mg+ plasma

Lradial [m] 632 × 10−6 565 × 10−6

Laxial [m] 15.8 × 10−3 14.1 × 10−3

α 25 25
nMg [m−3] 3.02 × 1013 4.23 × 1013

aWS(nMg) [m] 19.9 × 10−6 17.8 × 10−6

ωp [2π × MHz] 1.482 1.754
�Mg 814 911

Fig. 1 HCI trajectory through the crystalline 24Mg+ plasma in side view (left) and front view (right).
The ion path points from left to right while only some 24Mg+ ions are displayed to reveal the
crystalline structure. Plasma density: nMg = 4.23 × 1013 m−3, initial energy: Ekin,HCI = 300 meV,
charge state: QHCI = 30

3 Simulating the stopping dynamics

We use a complete molecular dynamics simulation [12] of the stopping dynamics
including the mutual Coulomb interaction of NMg = 105 ions and the interaction
with the HCI to study energy deposition and plasma reaction to the HCI. Both the
HCI and the plasma ions are confined in a three dimensional harmonic potential, for
which the radial confinement 	radial is greater than the axial confinement 	axial. This
confinement is typical of Penning or Paul traps.

In a laser-cooled plasma of density nMg the coupling increases with decreas-
ing temperature until the mutual Coulomb interaction overcomes the kinetic en-
ergy of the ions. At this point the plasma parameter which is given by � =
(Q2

Mge2)/(4πε0kBTMgaWS) is of the order of unity and the coupling between the
ions becomes strong. The motion of the strongly coupled ions is then governed by
the mutual Coulomb repulsion and the external confining fields. The plasma forms
a prolate ellipsoid of length Laxial and width Lradial (see Table 1) while a clear
crystalline structure with a spacing of aWS = (3/4πnMg)

1/3, the Wigner–Seitz radius,
becomes visible (see [19] and references therein). In the simulation the HCI is placed
on axis near the brim of this plasma ellipsoid describing a complicated path through
the plasma as seen in Fig. 1.

A realistic simulation of the stopping dynamics which describes the full plasma
dynamics must include the long range correlations between the ions of the strongly
coupled plasma. In molecular dynamics simulations this requires the computation
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Table 2 Input parameters to the molecular dynamics simulation

Common input parameters
Integration time �τstep [s] 10−9

Lower plasma density Higher plasma density
	radial [V/m2] 2.5 × 105 3.5 × 105

	axial [V/m2] 2.5 × 103 3.5 × 103

Plasma input parameters
Number N of Mg+ ions 105

AMg, QMg l24, 1
TMg [K] 10−3

Input parameters for the highly charged ion (HCI)
Number of highly charged ions 1
AHCI 100
QHCI 10, 20, 30, 40
Ekin,HCI [meV] 100, 200, 300, 400

of the mutual interaction of all particles at each time step. For large numbers of
ions this requires a large amount of computational power only available in a parallel
computing environment.

We use a newly developed, parallel molecular dynamics simulation [20, 21] which
solves the equation of motion

mi
d2ri

d2t
= FCoulomb + Ftrap

=
⎛
⎝

NMg+1∑
j�=i

qiq j

4πε0|ri − rj|3 (ri − rj)

⎞
⎠ − qi	

T(t)ri (3)

for each of the NMg = 105 ions of charge qi at positions ri and one HCI for
various confinement strengths 	T = (	radial, 	radial, 	axial), HCI charge qi and initial
energies. The parameters used in the simulation can be found in Table 2.

Note that we do not introduce a cooling force, since we want to follow the
undisturbed phase space evolution of the plasma to identify the constraints on the
external cooling force necessary to maintain plasma stability and low temperature.

4 Results

4.1 Stopping times

The stopping times given in Fig. 2 serve as an upper limit to the stopping
times expected for this cooling scheme. They only include those contributions
to the energy loss given by collective plasma response, therefore neglecting
all hard binary hits which carry away more kinetic energy than �Ekin,trans =
2Q2

Mg Q2
HCIe

4/((4πε0)
2mMgb2

transv
2
rel). This energy loss corresponds to a certain impact

parameter btrans which marks the transition between the regime at which hard binary
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Fig. 2 Stopping times vs. HCI charge state. The solid symbols correspond to nMg = 4.23 × 1013m−3,
the open symbols to nMg = 3.02 × 1013m−3

collisions dominate the energy loss to the regime where collective plasma response is
dominant (see [12] for details):

dEkin,HCI

ds
= dEkin,HCI

ds

∣∣∣∣
bin.

+ dEkin,HCI

ds

∣∣∣∣
coll.

=
btrans∫

bmin

dEkin,HCI

dsdb
db +

bmax∫

btrans

dEkin,HCI

dsdb
db .

For the case of Ekin,HCI = 100 meV, nMg = 4.23 × 1013 m−3 and QHCI = 40 one finds
btrans = 0.64 × aWS and �Ekin,trans ≈ 1 meV.

Though the transition impact parameter depends on the properties of the HCI
and the plasma, the figures listed here give a good estimate of its magnitude which
is comparable to the inter-ion spacing. This suggests that for any interaction at a
distance longer than aWS several plasma ions carry away the HCI energy, which is
finally dissipated over the whole plasma as shown in Fig. 3.

The energy loss due to hard binary collisions can only be estimated if improved
statistics are available. Simulation results suggest that it can contribute as much to
the total energy loss as collective plasma response (see Fig. 4).

4.2 Plasma stability and fast recooling

Two key aspects studied in the simulation are the stability of the plasma during
the stopping process and the prospects for fast recooling. While Fig. 3 shows that
a great amount of the energy deposited in the plasma by the HCI is distributed over
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Fig. 3 Upper part: Energy deposition by the HCI during its passage through the 24Mg+ plasma.
The energy values (intensity encoded) result from a projection of the kinetic energy of the 24Mg+
ions along the y-axis. The trajectory of the HCI (black circle) is drawn in white. Lower Part: Real
space view of the HCI and the plasma ions. The medium sized black circles represent those 24Mg+
ions which reached Ekin,Mg > 1 meV during the simulation. Simulation parameters: nMg = 3.02 ×
1013m−3, Ekin,HCI = 400 meV, QHCI = 20

the whole plasma bulk, Fig. 4 shows that the velocity distribution of the majority
of the 24Mg+ scarcely changes due to the stopping: In the upper left part of Fig. 4
the two non-hatched histograms show the velocity distribution of the 24Mg+ ions
before and after the stopping of a HCI with QHCI = 10, Ekin,HCI = 100 meV, while
the hatched histogram shows the velocity distribution after stopping a HCI with
QHCI = 40, Ekin,HCI = 400 meV.

We conclude that most of the ions remain at their lattice positions and only a
minute number of ions gain enough energy to freely propagate through the plasma.
These ions either hit the trap wall or are finally recooled by their interaction with
the other ions. Ion loss therefore is negligible. Moreover, the velocities of the
majority of the ions lie well in the acceptance range of the laser force FL(vMg) =
(�/8) × |kL|S�3

L/((δ − vMg · kL)2 + (�L/2)2(1 + S)) of two counterpropagating laser
beams with saturation parameter S and detuning δ. The plasma can thus be recooled
fast without changing the laser frequency – see the lower part of Fig. 4 for an example
of a set of laser parameters suitable for cooling all 24Mg+ ions with Ekin,Mg < 1 meV.

5 Summary and Outlook

We have shown that it is feasible to stop highly charged ions in a plasma of laser-
cooled 24Mg+ ions. Compared to other stopping schemes there is virtually no loss of
HCI due to charge exchange. The 24Mg+ plasma stays stable and recooling is fast and
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Fig. 4 Upper left: Velocity distribution of the 24Mg+ before and after the HCI has stopped (nMg =
3.02 × 1013 m−3, see text for details). Upper middle: Ratio of the total kinetic energy Ehigh of all
24Mg+ with Ekin,Mg > 1 meV and the total kinetic energy Elow of all 24Mg+ with Ekin,Mg < 1 meV.
Upper right: Number of ions with Ekin,Mg > 1 meV. The hatched area corresponds to QHCI = 40,
Ekin,HCI = 400 meV, the other to QHCI = 10, Ekin,HCI = 100 meV. Lower part: Combined force
of two counterpropagating laser beams (δ = 6.5 × �L, S = 3, transition wavelength λL = 2π/|kL| =
280 nm, natural line width �L = 2π × 42.7 MHz). The dashed lines at v = ±90 m/s correspond to an
ion energy of Ekin,Mg = 1 meV

efficient. Stopping times for the HCI at low initial energies are found to be as low as
few ten μs.

We are currently investigating efficient extraction schemes while gathering more
statistics to finally give results on the total stopping power. The simulation code used
in this work can be easily adopted to simulate various extraction methods as well as to
investigate other problems involving the dynamics of strongly coupled many-particle
systems.
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einen Blick in eine Schatzkiste an physikalischem Wissen, wissenschaftlicher In-
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