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Abstract

In this thesis we prove some results on symplectic structures on 4-dimensional manifolds and contact
structures on 5-dimensional manifolds. We begin by discussing the relation between holomorphic and
symplectic minimality for K̈ahler surfaces and the irreducibility of minimal simply-connected symplec-
tic 4-manifolds under connected sum. We also prove a result on the conformal systoles of symplectic
4-manifolds. For the generalized fibre sum construction of 4-manifolds we calculate the integral homol-
ogy groups if the summation is along embedded surfaces with trivial normal bundle. In the symplectic
case we derive a formula for the canonical class of the generalized fibre sum and give several appli-
cations, in particular to the geography of simply-connected symplectic 4-manifolds whose canonical
class is divisible by a given integer. We also use branched coverings of complex surfaces of general
type to construct simply-connected algebraic surfaces with divisible canonical class. In the second
part of the thesis we show that these geography results together with the Boothby-Wang construction
of contact structures on circle bundles over symplectic manifolds imply that certain simply-connected
5-manifolds admit inequivalent contact structures in the same (non-trivial) homotopy class of almost
contact structures.

Zusammenfassung

In dieser Arbeit beweisen wir einige Aussagenüber symplektische Strukturen auf 4-dimensionalen
Mannigfaltigkeiten und Kontaktstrukturen auf 5-dimensionalen Mannigfaltigkeiten. Wir untersuchen
zun̈achst den Zusammenhang zwischen dem symplektischen und dem holomorphen Minimalitätsbegriff
für Kählerfl̈achen. Außerdem beweisen wir ein Ergebnisüber die Irreduzibiliẗat minimaler, einfach-
zusammenḧangender symplektischer 4- Mannigfaltigkeiten unter zusammenhängender Summe und ei-
ne Aussagëuber die konformen Systolen symplektischer 4-Mannigfaltigkeiten. Als nächstes betrachten
wir die Konstruktion von differenzierbaren 4-dimensionalen Mannigfaltigkeiten durch die verallgemei-
nerte Fasersumme. Für den Fall, dass die Summation entlang eingebetteter Flächen mit trivialem Nor-
malenb̈undel erfolgt, berechnen wir die ganzzahligen Homologiegruppen und im symplektischen Fall
auch die kanonische Klasse der Fasersumme. Wir betrachten verschiedene Anwendungen, insbeson-
dere hinsichtlich der Geographie einfach-zusammenhängender symplektischer 4-Mannigfaltigkeiten
deren kanonische Klasse durch eine vorgegebene natürliche Zahl teilbar ist. Wir zeigen auch, dass man
mit geeigneten verzweigten̈Uberlagerungen von komplexen Flächen vom allgemeinen Typ einfach-
zusammenḧangende algebraische Flächen konstruieren kann, deren kanonische Klasse eine vorgege-
bene Teilbarkeit besitzt. Im zweiten Teil der Arbeit betrachten wir die Boothby-Wang Konstruktion
von Kontaktstrukturen auf Kreisbündelnüber symplektischen Mannigfaltigkeiten. Zusammen mit den
Resultaten̈uber Geographie aus dem ersten Teil der Arbeit zeigen wir, dass es auf bestimmten einfach-
zusammenḧangenden 5-Mannigfaltigkeiten Kontaktstrukturen gibt, die nichtäquivalent sind, aber die
in derselben (nicht-trivialen) Homotopieklasse von Fast-Kontaktstrukturen liegen.
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Chapter I

Intr oduction

In this thesis we are interested in symplectic structures on closed 4-dimensional manifolds and contact
structures on closed 5-dimensional manifolds. A particularly interesting case is when the manifolds are
simply-connected, because simply-connected 4-manifolds can be classified up tohomeomorphismby a
theorem of M. H. Freedman [45] and simply-connected 5-manifolds can be classified up todiffeomor-
phismby a theorem of D. Barden [6]. It follows from Barden’s classification theorem that two simply-
connected smooth closed 5-manifolds are diffeomorphic if and only if they are homeomorphic. This
does not hold for simply-connected 4-manifolds because of the existence of many “exotic” 4-manifolds
and explains to some extent why a corresponding classification for simply-connected 4-manifolds up to
diffeomorphismis not known. We now briefly describe the background and then summarize the content
of each chapter.

It is a basic question in the theory of 4-manifolds to determine whether a given differentiable
4-manifold admits a symplectic structure or not. Historically, the first examples of symplectic 4-
manifolds were K̈ahler surfaces, because the Kähler form is always a symplectic form. In particular, all
complex algebraic surfaces have a symplectic structure. The first example of a symplectic 4-manifold
which cannot be K̈ahler is due to K. Kodaira and W. P. Thurston [137]. This manifold is a torus bundle
over the torus and has first Betti number equal to 3. It admits a symplectic structure by an explicit
construction. However, since the first Betti number of Kähler surfaces is always even by Hodge theory,
it follows that the manifold cannot be K̈ahler.

In addition to the construction for surface bundles by Thurston, there are several ways to construct
new symplectic 4-manifolds. A very useful construction is thegeneralized fibre sumdue to R. E. Gompf
[52] and J. D. McCarthy and J. G. Wolfson [91]. This construction works in arbitrary even dimensions.
In particular, it can be applied to symplectic 4-manifolds which contain symplectic surfaces with trivial
normal bundle: Given two symplectic 4-manifoldsM andN and embedded symplectic surfacesΣM

andΣN of the same genus and with self-intersection zero, there exists a new symplectic 4-manifold
X = M#ΣM=ΣNN obtained by “summing”M andN along the embedded surfaces. This construction
also works for differentiable 4-manifolds and embedded surfaces without symplectic structures and in
this way yields new differentiable and often exotic 4-manifolds.

Another construction, related to the generalized fibre sum, is calledknot surgeryand is due to
R. Fintushel and R. J. Stern [38]. Given a 4-manifoldX which contains an embedded torusT of self-
intersection zero and an arbitrary knotK in S3, a new 4-manifoldXK can be constructed with the
following properties: If the manifoldX and the complement of the torus inX are simply-connected,
then the knot surgery manifoldXK is again simply-connected and homeomorphic toX for every knot
K. Moreover, if the manifoldX is symplectic, the torusT symplectically embedded and the knotK
fibred, then the manifoldXK also admits a symplectic structure.
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With these and several other constructions (in particular, the rational blow-down construction [37]
andLuttinger surgery [2]) it is possible to construct many new simply-connected symplectic and non-
symplectic 4-manifolds. To mention some examples, one can find symplectic 4-manifolds which are
simply-connected and cannot be Kähler, generalizing the result of Thurston to simply-connected mani-
folds. In some cases the manifolds cannot be homeomorphic to a Kähler surface because of the Kodaira-
Enriques classification of complex algebraic surfaces, in particular the existence of the Noether inequal-
ity c2

1 ≥ 2χh − 6 for minimal surfaces of general type. In other cases the symplectic 4-manifolds are
homeomorphic to K̈ahler surfaces but still do not admit a Kähler structure. There are also construc-
tions of simply-connected 4-manifolds which cannot admit a symplectic structure at all, even though
there exists a 4-manifold homeomorphic to it which does admit a symplectic structure. This shows
that the existence of symplectic structures on 4-manifolds depends in a subtle way on the differentiable
structure of the 4-manifold.

To distinguish symplectic 4-manifolds from Kähler surfaces and from non-symplectic 4-manifolds
often requires the invariants derived from the theories of S. K. Donaldson [30, 31] and N. Seiberg
and E. Witten [145], which have their origin in theoretical physics. In particular, there are several
theorems of C. H. Taubes on the Seiberg-Witten invariants of symplectic 4-manifolds [131, 132, 133,
134] and extensions by T.-J. Li and A.-K. Liu to the exceptional case ofb+2 = 1 [86, 87, 88, 90].
The Seiberg-Witten invariants for the constructions mentioned above can be calculated by theorems of
several authors [38, 103, 104, 109, 136].

It is also possible to give (at least partial) answers to the so-calledgeography questionfor sym-
plectic manifolds: Suppose a lattice point(x, y) in Z × Z is given. Then the geography question asks
whether there exists a simply-connected symplectic 4-manifoldM such that the Euler characteristic
e(M) is equal tox and the signatureσ(M) is equal toy. In other words, which coordinate points in
the plane can be realized by the topological invariants of simply-connected symplectic 4-manifolds? A
similar question can be asked for simply-connected complex surfaces of general type. There are several
parts and sectors of the plane that have been filled for both geography questions, in some cases under
the additional assumption that the manifolds are spin.

Another interesting question, sometimes calledbotany, tries to determine whether a given lattice
point can be realized by several different 4-manifolds. For example, the constructions above imply that
many lattice points can be realized by infinitely many homeomorphic but pairwise non-diffeomorphic
simply-connected symplectic 4-manifolds. One can also consider the botany question for symplectic
structures on a given differentiable 4-manifold, i.e. whether a fixed differentiable simply-connected 4-
manifold admits several inequivalent symplectic structures. Some results for this question in the case of
homotopy elliptic surfaces can be found in articles by C. T. McMullen and C. H. Taubes [97], I. Smith
[126] and S. Vidussi [140]. A (non-exhaustive) list of references for the geography results and the
constructions of symplectic 4-manifolds mentioned above, in addition to the references already cited,
is [26, 35, 39, 41, 44, 60, 81, 85, 106, 107, 108, 110, 111, 112, 113, 114, 115, 116, 128, 130, 141].

The second part of this thesis concerns contact structures on 5-manifolds. By a construction of
W. M. Boothby and H. C. Wang [13], it is possible to associate to every symplectic manifold a contact
structure on a certain circle bundle over this manifold. In particular, one can associate to every simply-
connected symplectic 4-manifoldM a simply-connected 5-manifoldX which is a circle bundle over
M and admits a contact structure related to the symplectic structure onM . This is the connection
between the manifolds of dimension 4 and 5 in our thesis.

The existence question for contact structures on simply-connected 5-manifolds in general (which
is the analogue of the geography question for simply-connected contact 5-manifolds) has been solved
by H. Geiges [51]: A simply-connected 5-manifoldX admits a contact structure if and only if the
third integral Stiefel-Whitney classW3(X) ∈ H3(X;Z) vanishes. The proof of this theorem relies on
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the fact that simply-connected 5-manifolds can be classified up to diffeomorphism by the theorem of
D. Barden mentioned above.

However, there still remains the question concerning uniqueness or non-uniqueness of contact
structures on simply-connected 5-manifolds (corresponding to the botany question). There are sev-
eral ways in which contact structures on the same manifold can be “equivalent”: contact structures can
be deformed into each other through contact structures or there could exist a self-diffeomorphism of the
manifold which maps one contact structure to the other contact structure. By a theorem of J. W. Gray
[57] the first case is actually contained in the second. In any of these cases, we call the contact struc-
turesequivalent. One can also consider a different form of deformation between contact structures,
where one does not assume that the deformation is through contact structures but only the symplectic
structure on the contact distribution, given by the definition of contact structures, is carried along in the
deformation. In this case the contact structures are deformed through so-called almost contact struc-
tures. One can similarly define anequivalence of almost contact structuresby allowing combinations
of deformations and arbitrary self-diffeomorphisms of the manifold.

If two contact structures are equivalent then they are also equivalent as almost contact structures, but
the converse is not always true. The existence theorem of Geiges mentioned above provides a contact
structure in every equivalence class of almost contact structures on simply-connected 5-manifolds. One
can think of contact structures in different equivalence classes of almost contact structures as being
“trivially” different for topological reasons. The interesting question is then to find contact structures
which are equivalent as almost contact structures butnot as contact structures.

To distinguish such inequivalent contact structures there exists a theory calledcontact homology,
invented by Y. Eliashberg, A. Givental and H. Hofer [33]. Using invariants derived from this theory
inequivalent contact structures which are equivalent as almost contact structures have been found on
several 5-manifolds: on the sphereS5 by I. Ustilovsky [139], onT 2 × S3 andT 5 by F. Bourgeois [15]
and on many simply-connected 5-manifolds by O. van Koert [74]. The constructions in these cases yield
infinitely many inequivalent contact structures in the same homotopy class of almost contact structures.
However, the examples are all in the trivial homotopy class whose first Chern class is zero. As far as
we know, inequivalent contact structures on 5-manifolds have only been found in this homotopy class.
In Chapter X we construct some examples of inequivalent contact structures in homotopy classes with
non-vanishing Chern class.

We now describe the content of each chapter separately.Chapter II collects some basic prelimi-
naries on 4-manifolds, in particular on the intersection form and on complex algebraic surfaces.

Chapter III was published together with D. Kotschick under the same title inInt. Math. Res. No-
tices 2006, Art. ID 35032, 1-13. We only made some very minor adaptations for inclusion in this thesis.
The first part of the chapter concerns the difference between two notions of minimality for Kähler sur-
faces,symplecticandholomorphic minimality, where the first one is defined by the non-existence of
a symplectic embedded(−1)-sphere and the second one by the non-existence of a holomorphic em-
bedded(−1)-sphere. It is not clear that both notions agree. We will prove that they are identical for
all Kähler surfaces except the non-spin Hirzebruch surfacesXn for n > 1 odd, cf. Theorem 3.2. The
second part of Chapter 3 concerns the irreducibility of symplectic 4-manifolds. The main theorem
3.3 was proved by D. Kotschick for the caseb+2 ≥ 2 in [79], cf. also [80]. It is extended here to the
caseb+2 = 1 which is exceptional because the Seiberg-Witten invariants are not completely indepen-
dent on the choice of parameters but depend on certain chambers. The theorem implies that minimal
simply-connected symplectic 4-manifoldsX are irreducible, meaning that in any connected sum de-
compositionX = X1#X2 one summand has to be homeomorphic toS4.

Chapter IV has been published under the same title inManuscripta math.121, 417-424 (2006).I
have only made minor modifications for inclusion here. The main result, Corollary 4.4, is an extension
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of a theorem of M. Katz [70] on the so-calledconformalsystolesfor blow-ups of the projective plane
to a larger class of manifolds. The proof uses some results derived from the Seiberg-Witten theory for
symplectic 4-manifolds.

Chapter V on the generalized fibre sum is a cornerstone of this thesis, because many constructions
in Chapter VI use fibre sums. In the first part of the chapter we calculate the integral homology of the
generalized fibre sumX = M#ΣM=ΣNN of two differentiable 4-manifoldsM,N (without symplec-
tic structures) along embedded surfacesΣM ,ΣN with trivial normal bundles. The first homology is
determined in Theorem 5.11, the first cohomology in Proposition 5.15 and an exact sequence for the
second homology in Theorem 5.36. If the cohomology ofM,N andX is torsion free and the classes
represented by the surfacesΣM andΣN are indivisible, a formula for the intersection form ofX is
determined in Theorem 5.37. Such formulas are known in many special cases and are often derived
in applications using the generalized fibre sumad hoc. However, as far as we know, they have not
appeared in complete generality. The second part of Chapter V concerns the canonical class of the
symplectic generalized fibre sumX of two symplectic 4-manifolds along symplectic surfaces. In The-
orem 5.55 a formula for the canonical class ofX is derived under the assumptions of Theorem 5.37
describing the intersection form. This is also one of the reasons why we calculated the cohomology of
X in detail, because this is necessary to identify the terms giving a contribution to the canonical class.
A formula for the canonical class is known in the case that the generalized fibre sum is along tori (there
is also a more general formula by E.-N. Ionel and T. H. Parker [69]). However, also for the case of tori
we did not find a complete proof in the literature, in particular taking care of the existence of rim tori.1

We compare the formula in Theorem 5.55 with some of the formulas used in the literature and give
some applications: In Section V.6.1 we consider the generalized fibre sum of elliptic surfacesE(n)
andE(m) which are not glued together by a fibre preserving diffeomorphism but with a “twisting”
and determine the rim tori contribution to the canonical class in this case. In Section V.6.2 a variation
of an idea of I. Smith [126] is described for the construction of inequivalent symplectic forms on the
same 4-manifold if a symplectic 4-manifold admits certain Lagrangian tori of self-intersection zero.
The construction uses that, given a Lagrangian torus which represents an essential homology class in a
symplectic 4-manifoldM , one can deform the symplectic structure on the manifold such that it induces
either a negative volume form, the zero form or a positive volume form on the torus while the canonical
class remains unchanged.

Chapter VI concerns the geography of simply-connected symplectic 4-manifolds whose canonical
class is divisible by a given integerd > 1. This version of the geography question has not been
considered before, as far as we know, except for the cased = 2 which corresponds to spin manifolds.
The examples which are constructed can be used in Chapter X to find inequivalent contact structures
on certain simply-connected 5-manifolds. Following some general remarks in Section VI.1, we apply
in Section VI.2 the calculations in Chapter V on the generalized fibre sum. First we consider the case
that the simply-connected 4-manifold hasc2

1 = 0 (hence is a homotopy elliptic surface) and later the
casec2

1 > 0. The casec2
1 < 0 is very simple if one uses the results of C. H. Taubes [134] and A. K. Liu

[90].
The main existence result for symplectic structures with divisible canonical class in the case of

homotopy elliptic surfaces is Theorem 6.11. The idea of the construction is to first raise the divisibility
of the canonical class of an elliptic surface by doing a knot surgery along the fibre and then “break-
ing” the divisibility to the appropriate divisor by doing a further knot surgery on a rim torus. Using
a refinement of this construction and the results from Section V.6.2, we show that one can also real-
ize on thesamehomotopy elliptic surface several symplectic structures whose canonical classes have

1Thereis however an indirect proof using the calculation of the Seiberg-Witten invariants for gluing alongT 3, cf. [109]
and [136].
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different divisibilities by breaking the divisibility in several different ways, cf. Proposition 6.14, The-
orem6.16 and Corollary 6.18. Hence these symplectic structures are inequivalent, which generalizes
the work of McMullen-Taubes [97], Smith [126] and Vidussi [140] mentioned above, who also found
inequivalent symplectic structures on homotopy elliptic surfaces. The construction uses the existence
of several independent triples of Lagrangian tori (as rim tori) in elliptic surfaces, which are needed for
the construction from Section V.6.2.

In the next subsection some of these results are generalized to the case wherec2
1 > 0. The construc-

tion uses a form of “generalized knot surgery” along surfaces of higher genus [41]. In this way one
can increasec2

1 while keeping the signature of the manifold and the divisibility of the canonical class
fixed. The symplectic surfaces of higher genus which we use arise from the knot surgery construction.
In particular, Theorem 6.20 solves the existence question for simply-connected symplectic manifolds
with c2

1 > 0 and negative signature whose canonical class is divisible by a given even integerd ≥ 2.
We also have some results for odd divisibility, cf. Theorem 6.27 and Proposition 6.32. However, we do
not have as complete an answer as for the case of even divisibility, because in the even case the signa-
ture is constrained by Rochlin’s theorem which does not hold in the odd case. Using the construction
from the previous subsection it is possible to find inequivalent symplectic structures on some of these
manifolds, cf. Theorem 6.22 and Theorem 6.29 (explicit examples of this type on simply-connected
closed 4-manifolds withc2

1 > 0 do not appear in the literature, though their existence is implicitly clear
by [126]).

In the following sections of Chapter VI a second, independent way is described to construct simply-
connected symplectic 4-manifolds with divisible canonical class. This construction uses branched cov-
erings over pluricanonical divisors on algebraic surfaces of general type. Hence the examples will again
be surfaces of general type. In Section VI.3 we define branched coverings and give a criterion when a
branched covering over a simply-connected complex surface is again simply-connected, cf. Theorem
6.45 and Corollary 6.47. The proof uses a theorem of M. V. Nori [105] on the fundamental group
of the complement of a complex curve in a complex surface. Section VI.4 contains a description of
some results on the geography of simply-connected surfaces of general type, in particular those due to
U. Persson, C. Peters and G. Xiao [115, 116]. In the following section these geography results and the
existence of base point free pluricanonical divisors (summarized in Section II.3.7) are used to construct
the branched coverings with divisible canonical class.

In Chapter VII we summarize the classification of simply-connected 5-manifolds by D. Barden [6]
and S. Smale [125], including the topological invariants of simply-connected 5-manifoldsX used for
the classification, in particular the linking form on the torsion subgroup ofH2(X;Z) which gives rise
to the so-calledi-invariant. Also some details for the construction of the irreducible building blocks of
simply-connected 5-manifolds are given in Section VII.5 and a proof for the theorem on the connected
sum decomposition in Section VII.6.

Chapter VIII recalls some basic facts about contact structures and we define the notion of equiva-
lence of contact structures in Definition 8.10. In Theorem 8.18 we show that two almost contact struc-
tures on a 5-manifoldX whoseH2(X;Z) does not contain 2-torsion are homotopic as almost contact
structures if and only if they have the same first Chern class. This extends a theorem of H. Geiges [51]
who proved the same result under the assumption thatX is simply-connected. In Theorem 8.20 and
Corollary 8.22 this result is combined with the classification theorem for simply-connected 5-manifolds
to deduce that two almost contact structures on a simply-connected 5-manifoldX are equivalent if and
only if their first Chern classes have the same divisibility as elements inH2(X;Z). The proof uses that
certain automorphisms ofH2(X;Z) can be realized by orientation preserving self-diffeomorphisms of
X. We call the divisibility of the first Chern class of an almost contact structureξ onX its level. It
follows that two almost contact structures onX are equivalent if and only if they lie on the same level.
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In Chapter IX we collect and prove some results on the topology of circle bundles. In particular,
Lemma 9.8 shows that the total space of a circle bundle is simply-connected if and only if the base man-
ifold M is simply-connected and the Euler class is indivisible as an element inH2(M ;Z). In the case
whereM is a simply-connected 4-manifold and the Euler classe is indivisible Barden’s classification
theorem of simply-connected 5-manifolds from Chapter VII can be used to determine the total space
X up to diffeomorphism. It turns out thatX is diffeomorphic to a connected sum of several copies of
S2 × S3 if X is spin. IfX is not spin there is one additional summand given by the non-trivialS3-
bundle overS2. The total number of summands in both cases is equal tob2(M)− 1, cf. Theorem 9.12
(this has also been proved in [32]). These manifolds are, up to diffeomorphism, precisely the simply-
connected 5-manifoldsX with torsion freeH2(X;Z). In Section IX.3 we describe the Boothby-Wang
construction of contact structures on circle bundles. Together with the diffeomorphism classification
above, it follows that one can realize the same abstract simply-connected 5-manifoldX with torsion
freeH2(X;Z) as a Boothby-Wang total space over different simply-connected symplectic 4-manifold
with the same second Betti number. In this way one can construct numerous contact structures on a
given simply-connected 5-manifold with torsion free second homology.

In Chapter X we show that some of these contact structures are inequivalent using a version of
contact homology for the Morse-Bott case [15, 33]. Letξ1 and ξ2 be two contact structures on an
abstract simply-connected 5-manifoldX with torsion freeH2(X;Z) which are on the same level (hence
both are equivalent as almost contact structures). Suppose that both contact structures can be realized
as Boothby-Wang contact structures over two different simply-connected symplectic 4-manifoldsM1

andM2:
X

π1

zzvvvvvvvvv
π2

$$HHHHHHHHH

(M1, ω1) (M2, ω2)

We prove essentially that if the divisibilities of the canonical classes of the symplectic structuresω1, ω2

onM1 andM2 are different, then the contact structures onX are inequivalent, cf. Corollary 10.18. In
this way the existence of inequivalent contact structures on simply-connected 5-manifolds with torsion
freeH2(X;Z) is related to the geography of symplectic 4-manifolds with divisible canonical class as
in Chapter VI. In the second part of the chapter some explicit examples will be given, in particular on
non-zero levels corresponding to non-vanishing first Chern class.

The Appendix finally contains some calculations for the complement of a submanifoldF of di-
mensionn − 2 in a manifoldM of dimensionn which are used in several places in Chapters V and
VI.
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In this chapter we collect some results and formulas on differentiable 4-manifolds which will be
usedthroughout the thesis. We give some references at the beginning of each section where the proofs
for the statements can be found (or in the references therein).The manifolds we consider in this thesis
are all smoothly differentiable.

II.1 Differentiable 4-manifolds

General references for this section are the books by Freedman-Quinn [46] and Gompf-Stipsicz [56].

II.1.1 The intersection form

LetM be a closed, oriented 4-manifold. By Poincaré duality and the Universal Coefficient Theorem,
the torsion subgroups of all homology and cohomology groups are determined by TorH1(M ;Z):

TorH1(M ;Z) ∼= TorH2(M ;Z)
∼= TorH2(M ;Z)
∼= TorH3(M ;Z).
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All other torsion groups vanish. Theintersection form,

QM : H2(M ;Z)×H2(M ;Z) −→ Z,

is defined byQM (α, β) = 〈α∪ β, [M ]〉, where[M ] ∈ H4(M ;Z) denotes the fundamental class given
by the orientation. Via Poincaré duality we get an equivalent form onH2(M ;Z), which we also denote
byQM . One often writes

a · b = QM (PD(a), PD(b)).

The intersection formQM is a symmetric and bilinear form. Ifα is a torsion element ofH2(M ;Z),
thenQM (α, x) = 0 for all x ∈ H2(M ;Z). Hence the intersection form induces a symmetric and
bilinear form onH2(M ;Z)/Tor. By Poincaŕe duality

QM (α, β) = 〈α, PD(β)〉,

and the Universal Coefficient Theorem

H2(M ;Z)/Tor∼= Hom(H2(M ;Z),Z).

It follows that the intersection form onH2(M ;Z)/Tor is non-degenerate. A homotopy equivalence
between closed, oriented 4-manifolds induces an isomorphism of intersection forms.

QM is calledevenif QM (α, α) ≡ 0 mod2 for all α ∈ H2(X;Z) andoddotherwise. This is called
thetypeof QM . A characteristic elementfor QM is an elementβ ∈ H2(M ;Z) such that

QM (β, α) ≡ QM (α, α) mod2, for all α ∈ H2(M ;Z).

There also exists a corresponding intersection form onH2(M ;R). We can choose a basis of the
vector spaceH2(M ;R) such that this form is represented by a diagonal matrix of type

diag(+1,+1, . . . ,+1,−1,−1, . . . ,−1).

In other words,QM is always diagonalizable overR. The number of+1 and−1 entries are denoted
by b+2 (M) andb−2 (M). These numbers do not depend on the choice of basis forH2(M ;R) and are
homotopy invariants ofM . The intersection formQM is called

positive definiteif b−2 (M) = 0,

negative definiteif b+2 (M) = 0,

definitein either case andindefiniteif both b±2 (M) ≥ 1.

Thesignatureσ(M) is defined as

σ(M) = b+2 (M)− b−2 (M).

One can show that
QM (x, x) ≡ σ(M) mod8 (2.1)

for every characteristic elementx of H2(M ;Z), cf. [56, Lemma 1.2.20]. Note that0 is a characteristic
element ifQM is even. Hence in this case the signatureσ(M) is divisible by8.

We consider in particular the non-degenerate, symmetric, bilinear formsQ, determined by the
following matrices:
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Q = (1) onZ, withQ(e, e) = 1 on the basis element.

Q = (−1) onZ, withQ(e, e) = −1 on the basis element.

Q = H onZ2, given by (
0 1
1 0

)
.

Q = E8 onZ8, given by 

2 1 0 0 0 0 0 0
1 2 1 0 0 0 0 0
0 1 2 1 0 0 0 0
0 0 1 2 1 0 0 0
0 0 0 1 2 1 0 1
0 0 0 0 1 2 1 0
0 0 0 0 0 1 2 0
0 0 0 0 1 0 0 2


.

The forms(1) and(−1) are odd and the formsH (indefinite of signature0) andE8 (positive definite
of signature8) are even.

Indefinite, non-degenerate, symmetric, bilinear formsQ of rankb and signatureσ can be classified
as follows (up to isomorphism) [99]:

• If Q is odd, thenQ is isomorphic to

b+2 (1)⊕ b−2 (−1).

• If Q is even, thenQ is isomorphic to

σ
8E8 ⊕ b−|σ|

2 H.

Definite forms are not classified in general. However, byDonaldson’s theorem[29, 31], if Q is the
intersection formQM of a smooth, closed, oriented 4-manifoldM andQM is definite, thenQM is
isomorphic to

QM = b2(1) = (1)⊕ . . .⊕ (1) if QM is positive definite.

QM = b2(−1) = (−1)⊕ . . .⊕ (−1) if QM is negative definite.

Hence in this caseQM is diagonalizable overZ. The classification of indefinite forms above, together
with Donaldson’s theorem for the definite case, imply that the intersection formQM of a smooth,
closed, oriented 4-manifold is determined byb2(M), σ(M) and the type.

II.1.2 The second Stiefel-Whitney class

LetM be a closed, oriented 4-manifold andw2(M) ∈ H2(M ;Z2) the second Stiefel-Whitney class of
M . The 4-manifoldM is spin if and only ifw2(M) = 0. By theWu formula

〈w2(M), a〉 ≡ QM (a, a) mod2, for all a ∈ H2(M ;Z).
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Hence ifc ∈ H2(M ;Z) is a class with

c ≡ w2(M) mod2,

thenc is a characteristic element forQM . Since every closed, oriented 4-manifold isSpinc, such classes
always exist.

Suppose thatM is spin. It follows that

QM (a, a) ≡ 0 mod2, for all a ∈ H2(M ;Z),

henceQM is an even form. By equation (2.1) this implies thatσ(M) is divisible by8. Note that this
holds already for topological 4-manifolds. If a closed spin 4-manifoldM is smooth,Rochlin’s theorem
[119] implies that the signatureσ(M) is in fact divisible by 16.

Conversely, suppose thatQM is even. Then

〈w2(M), a〉 ≡ 0 mod2

for all a ∈ H2(M ;Z). By the following exact sequence, coming from the Universal Coefficient Theo-
rem,

0→ Ext(H1(M ;Z),Z2) i−→ H2(M ;Z2) −→ Hom(H2(M ;Z),Z2)→ 0,

the classw2(M) is in the image of the homomorphismi. The group Ext(H1(M ;Z),Z2) vanishes for
example ifM is simply-connected. Hence ifM is a simply-connected, closed, oriented 4-manifold,
thenM is spin if and only ifQM is even (the other direction follows from the previous paragraph). The
following theorem is due to Freedman [45, 46].

Theorem 2.1. LetM,N be simply-connected, closed, smooth 4-manifolds. Supposeθ : H2(M ;Z)→
H2(N ;Z) is an isomorphism preserving intersection forms. Then there exists a homeomorphism
f : M → N , unique up to isotopy, such thatf∗ = θ.

We denote the Euler characteristic of closed, oriented 4-manifoldsM by e(M). SupposeM is
simply-connected. Then

e(M) = 2 + b2(M).

Hencee(M) determinesb2(M) and vice versa. IfM is simply-connected then the invariantse(M),
σ(M) and whetherM is spin or not spin determine the intersection formQM by Section II.1.1 up to
isomorphism and by Freedman’s theorem the 4-manifoldM up to homeomorphism.

II.2 Symplectic manifolds

General references for this section are the books by Gompf-Stipsicz [56] and McDuff-Salamon [96].

II.2.1 Almost complex structures

LetM be a smooth manifold andE → M a smoothR-vector bundle of rank2n. A complex structure
on the vector bundleE is a smooth bundle isomorphismJ : E → E (fibrewise linear and covering the
identity ofM ) such thatJ2 = −IdE . Given such an endomorphismJ , the vector bundleE becomes a
C-vector bundle of rankn with multiplication

C× E → E, (a+ ib) · v = av + bJ(v) (a, b ∈ R).
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In particular, the Chern classesci(E, J) of E, for i ≥ 0, are well-defined.
An almost complex structureon a smooth manifoldM of even dimensions2n is a complex structure

on the vector bundleTM . LetM be a closed, oriented 4-manifold with an almost complex structure
J . Then the following always holds, cf. [56, Theorem 1.4.15]:

c1(M,J) ≡ w2(M) mod2

c2
1(M,J) = 2e(M) + 3σ(M)

c2(M,J) = e(M) ∈ H4(M ;Z).

Note in particular that the mod2 reduction ofc1(M,J) and the integersc2
1(M,J) andc2(M,J) are

purely topological invariants ofM which do not depend on the almost complex structureJ . The
existence question for almost complex structures on oriented 4-manifolds is solved byWu’s theorem
[146, 64]: suppose thatM is a closed, oriented 4-manifold andc ∈ H2(X;Z) a class with

c ≡ w2(M) mod2, c2 = 2e(M) + 3σ(M).

Then there exists an almost complex structureJ onM such thatc1(M,J) = c.

Definition 2.2. LetM be an arbitrary closed, oriented 4-manifold. We define the integers

c2
1(M) = 2e(M) + 3σ(M)
c2(M) = e(M).

Hence ifM admits an almost complex structureJ then c2
1(M,J) = c2

1(M) and c2(M,J) =
c2(M).

II.2.2 Symplectic structures

A symplectic structureon a real vector spaceV is by definition a non-degenerate, bilinear skew-
symmetric formω : V × V → R. Non-degeneracy here means that for every non-zero vectorv ∈ V
there exists a vectorw ∈ V with ω(v, w) 6= 0. A symplectic form exists on a vector spaceV if and only
if the dimension ofV is even. A symplectic structure on a real vector bundleE → M is by definition
a family of symplectic structures on each fibreEp which varies smoothly with the base pointp. If M
is an even-dimensional manifold, one can consider symplectic structures in this sense on the tangent
bundleTM . They correspond to non-degenerate 2-forms onM . A symplectic structureon a manifold,
however, is a non-degenerate 2-formω onM which satisfies in additiondω = 0.

SupposeE → M is a vector bundle with a symplectic structureσ. A complex structureJ onE
is calledcompatiblewith σ if σ(v, Jv) > 0 for all non-zerov in E andσ(Jv, Jw) = σ(v, w) for all
v, w ∈ V . This implies thatg(v, w) := σ(v, Jw) defines a metric onE (an inner product) such that
J becomes skew-adjoint. Every symplectic vector bundle admits a compatible complex structures and
the space of such structures for fixedσ is contractible. Hence the Chern classes of symplectic vector
bundles are well-defined, independent of the choice of compatible complex structure. In particular,
every symplectic manifold(M,ω) admits a compatible almost complex structure. Thecanonical class
K of ω is by definition−c1(TX, J), whereJ is an almost complex structure compatible withω.

II.3 Complex manifolds

Some general references for this section are the books by Barth-Peters-Van de Ven [8], Friedman [47],
Gompf-Stipsicz [56], Griffiths-Harris [58], Harris [61] and Hartshorne [62].
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II.3.1 Divisors

LetM bea smooth compact complex manifold of dimensionn. A divisorD onM is by definition a
locally finite linear combination (overZ) of irreducible complex hypersurfaces,

D =
∑

aiVi.

The divisorD is called effective if allai ≥ 0 and not allai vanish. Every divisorD defines a holomor-
phic line bundle denoted byO(D)→M . The Chern class ofO(D) is given by

c1(O(D)) =
∑

aiPD[Vi] ∈ H2(M ;Z).

Two divisors are called linearly equivalent if they define isomorphic holomorphic line bundles. The
linear system|D| defined by a divisorD is the set of all effective divisors linearly equivalent toD and
the zero divisor. LetL→M be a holomorphic line bundle. Then the following holds:

• If L has a global non-trivial meromorphic sections, then the locus of singularities and zeroes of
s defines a divisorD = (s) with O(D) ∼= L.

• If D is any divisor such thatO(D) ∼= L, then there exists a meromorphic sections of L with
(s) = D. HenceL is isomorphic toO(D) for some divisorD if and only if L has a global
non-trivial meromorphic section andL is isomorphic toO(D) for someeffectivedivisorD if
and only ifL has a global non-trivial holomorphic section.

• The linear system|D| defined byD consists of the zero loci of all holomorphic sections ofO(D)
and there is an identification|D| ∼= PH0(M,O(D)).

• Finally, if M is algebraic, then every holomorphic line bundleL → M has a non-trivial mero-
morphic section.

II.3.2 Representing line bundles by non-singular curves

If Mn is a smooth (real) manifold then every class inHn−2(M ;Z) can be represented by a smooth
submanifoldFn−2 ⊂ M of codimension 2 and each class inH2(M ;Z) can be represented as the first
Chern classc1(L) of a complex line bundleL. The relation between the two is that the zero set of a
smooth section ofL, which is transverse to the zero section, is a smooth codimension 2 submanifold in
M which represents the Poincaré dual ofc1(L).

We want to do a similar construction for complex manifolds. LetM be a smooth complex algebraic
manifold andL→M a holomorphic line bundle. We would like to represent the Poincaré dual ofc1(L)
by a smooth complex hypersurface.

By definition, abase pointof L (or the linear system|L|) is a pointp ∈ M where all holomorphic
sections ofL vanish. Equivalently, the point is contained in each element of|L|. SupposeL has no
base points. In particular,L has non-trivial holomorphic sections. Then we can define a holomorphic
map

fL : M → CPN , N = h0(M,O(L))− 1,

in the following way: lets0, ..., sN be a basis of the finite dimensional complex vector spaceH0(M,O(L))
of holomorphic sections ofL. ThenfL is given by

fL(p) = [s0(p) : . . . : sN (p)].
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In this situation, the zero set of holomorphic sections ofL areprecisely the preimages of hyperplanes
H ∼= CPN−1 ⊂ CPN . By Bertini’s Theorem (cf. [61, Theorem 17.16]), the preimage is a smooth
hypersurface for a generic hyperplaneH. HenceL has a holomorphic section with zero setD, which
is a smooth hypersurface withc1(L) = PD([D]).

A line bundleL without base points is calledampleif there exists ann ≥ 1 such that the mapfL⊗n
defined by the line bundleL⊗n is an embedding. By theNakai-Moishezon Criterion(cf. [62, Chapter
V, Theorem 1.10]) a line bundleL on a complex algebraic surfaceM is ample if and only ifL2 > 0
andL · C > 0 for all irreducible curvesC onM .

II.3.3 Invariants of complex surfaces

Let M be a compact complex surface, i.e. a smooth compact complex manifold of dimension2. The
canonical line bundleK of M is the bundle of holomorphic 2-forms onM . Thecanonical classis the
first Chern class of the canonical bundle, also denoted byK. It is related to the first Chern class of the
tangent bundle byc1(M) = c1(TM, J) = −K. We denote the trivial line bundle onM by O. The
following invariants are defined forM :

The irregularity
q(M) = h0,1(M) = dimH1(M,O).

Thegeometric genus
pg(M) = h0,2(M) = dimH2(M,O).

Theplurigenera
Pm(M) = dimH0(M,O(mK)).

Theholomorphic Euler characteristic

χh(M) = χ(O) = 1− q(M) + pg(M).

Some of them can be related to topological invariants of the closed, oriented 4-manifoldM :

• By theNoether formula, which is the Riemann-Roch formula for the holomorphic tangent bundle
of M :

χh(M) = 1
12(c2

1(M) + c2(M))

= 1
8(c2

1(M)− σ(M))
= 1

4(e(M) + σ(M)).

• For complex surfaces in general we haveb1(M) = h1,0(M) + q(M).

• If b1(M) is even, which is always the case for Kähler surfaces,b1(M) = 2q(M) andb+2 (M) =
2pg(M) + 1.

Definition 2.3. LetM be an arbitrary closed, oriented 4-manifold. We define the number

χh(M) = 1
4(e(M) + σ(M)).
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If M admitsthe structure of a compact complex surface, thenχh(M) is equal to the holomorphic Euler
characteristic by the Noether formula. In the general case of an arbitrary closed oriented 4-manifold
we can calculateχh(M) as

χh(M) = 1
2(1− b1(M) + b+2 (M)).

Henceχh(M) is an integer if and only ifb+2 (M)−b1(M) is odd. On compact complex surfaces,χh(M)
is by definition an integer. One can prove that the numberχh(M) is also an integer ifM admits an
almost complex structure: Sincec1(M,J) ≡ w2(M) mod2, the classc1(M,J) is characteristic. This
implies thatc2

1 ≡ σ(M) mod8 by equation (2.1), hencee(M) + σ(M) ≡ 0 mod4.
If M is a closed,spin4-manifold, then

c2
1(M) ≡ 8χh(M) mod16.

This follows becauseσ(M) = c2
1(M)− 8χh(M) andσ(M) ≡ 0 mod16 by Rochlin’s theorem. IfM

is a closed,spin4-manifold which admits in addition analmost complex structure, then

c2
1(M) ≡ 0 mod8.

This follows becauseχh(M) is in this case an integer.

II.3.4 Kodaira-Enriques classification

LetM be a compact complex surface. TheKodaira dimensionκ(M) of M can be defined as follows
(see [47, 56]):

κ(M) = min{k ∈ Z | Pn(M)/nk is a bounded function ofn ≥ 1},

wherePn(M) denote the plurigenera ofM . This implies:

κ(M) = −∞ if Pn(M) = 0 for all n.

κ(M) = 0 if somePn(M) is non-zero and{Pn(M)} is a bounded sequence.

κ(M) = 1 if {Pn(M)} is unbounded but{Pn(M)/n} is bounded.

κ(M) = 2 if {Pn(M)/n} is unbounded.

By definition, a surface ofgeneral typeis a complex surfaceM with κ(M) = 2. In the remaining
cases the following is known by the Kodaira-Enriques classification:

• If M is a minimal complex surface withκ(M) = −∞ thenM is eitherCP 2, geometrically ruled
or of Class VII. A geometrically ruled surface is by definition a holomorphicCP 1-bundle over a
Riemann surface and a surface of Class VII is by definition a complex surface withκ(M) = −∞
andb1(M) = 1.

• If M is a simply-connected minimal complex surface withκ(M) = 0 thenM is aK3-surface. A
K3-surface is by definition a complex surfaceM with trivial canonical bundle andb1(M) = 0.
EveryK3-surface is simply-connected and Kähler. Any twoK3-surfaces are diffeomorphic.

• If M is a minimal surface withκ(M) = 1 thenM is anelliptic surface. An elliptic surface is
by definition a complex surfaceM with a holomorphic projectionπ : M → C onto a compact
complex curve, such that the generic fibres ofπ are elliptic curves. Note that there are elliptic
surfaces withκ(M) = −∞ or 0 (e.g.CP 2#9CP 2 orK3-surfaces).
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II.3.5 Elliptic surfaces

Additional references for this section are [48, 53]. LetM be an elliptic surface with elliptic fibration
π : M → C. We will only consider the case whereM is smooth and usuallyC = CP 1. In particular,
an elliptic fibrationπ : M → S2 is a singularT 2-fibration. A relatively minimal elliptic surfaceis an
elliptic surface, which is not the blow-up of another elliptic surface. One can give a complete list of
relatively minimal simply-connected elliptic surfaces:

• There exist simply-connected elliptic surfaces without multiple fibres, denoted byE(n) for n ≥
1, with invariants

b2(E(n)) = 12n− 2, b+2 (E(n)) = 2n− 1, pg(E(n)) = n− 1.

e(E(n)) = 12n, σ(E(n)) = −8n, c2
1(E(n)) = 0, χh(E(n)) = n.

In particular,E(1) ∼= CP 2#9CP 2 andE(2) is aK3-surface. The elliptic surfaceE(n) is spin
if and only if n is even. The canonical class ofE(n) is given by

K = (n− 2)F

whereF denotes the class of a general fibre.

• There exist simply-connected elliptic surfaces with multiple fibres, denoted byE(n)p,q with
n ≥ 1 andp, q coprime. The surfacesE(n)p,q have the same Betti numbers and Chern invariants
asE(n) above andE(n)1,1 = E(n). If n is odd, then allE(n)p,q are non-spin. Ifn is even,
thenE(n)p,q is spin if and only ifpq is odd. The class of a general fibreF is divisible bypq. Let
f denote the homology class1pqF . Thenf is indivisible in homology and the canonical class of
E(n)p,q is given by

K = (npq − p− q)f.

These surfaces can be classified up to diffeomorphism as follows, cf. [56, Section 3.3]: Ifn is≥ 2
thenE(n)p,q andE(n)p′,q′ are diffeomorphic if and only if{p, q} = {p′, q′} as unordered pairs. The
surfacesE(1)p,q are calledDolgachev surfaces. Forp ≥ 1, the surfacesE(1)1,p are all diffeomorphic
toE(1). If p, q, p′, q′ are≥ 2 thenE(1)p,q is diffeomorphic toE(1)p′,q′ if and only if {p, q} = {p′, q′}.
These surfaces are never diffeomorphic toE(1).

II.3.6 Surfaces of general type

LetM be a smooth minimal surface of general type. Every complex surface of general type is algebraic.
There are a number of important inequalities, which the invariants ofM have to satisfy:

c2
1(M) > 0 andc2(M) = e(M) > 0

c2
1(M) ≥ 2pg(M)− 4 (Noether’s inequality)

c2
1(M) ≤ 3c2(M) (Bogomolov-Miyaoka-Yau inequality)

If M is a minimal surface of general type andC an irreducible complex curve onM , thenKMC ≥
0 with equality if and only ifC is a smooth rational curve of self-intersection−2. Hence by the Nakai-
Moishezon Criterion (cf. Section II.3.2) the canonical bundleKM is ample if and only ifM does not
contain rational(−2)-curves.
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II.3.7 Pluricanonical divisors

Let M be a minimal smooth complex algebraic surface of general type. We consider the multiples
L = nK = K⊗n of the canonical line bundle ofM . By a theorem of Bombieri ([12], [8]), all
divisors in the linear system|nK| are connected. If|nK| is base point free, then we can find a non-
singular divisor representingnK by subsection II.3.2. The question of existence of base points in
pluricanonical systems of the form|nK| has been studied in great detail. We summarize what is known
in the following theorem.

Theorem 2.4. LetM be a minimal smooth complex algebraic surface of general type. Then the pluri-
canonical system|nK| has no base points in the following cases:

• n ≥ 4

• n = 3 andK2 ≥ 2

• n = 2 andK2 ≥ 5 or pg ≥ 1.

For the proofs and references see [11, 12, 23, 73, 98, 118]. The casen ≥ 4 has been proved by
Kodaira who also proved the casen = 3,K2 ≥ 2 for pg > 1; in this case the claim forpg = 0, 1
has been proved by Bombieri. Reider reproved these results and the casen = 2,K2 ≥ 5. The case
n = 2,K2 ≤ 4, pg ≥ 1 has been proved more recently.

Remaining cases:We describe what is known in the cases withn ≥ 2 not covered by Theorem
2.4. Supposen = 3,K2 = 1: By Noether’s inequalityK2 = 1 impliespq ≤ 2. We discuss each case
pg = 0, 1, 2 separately.

(1.) A numerical Godeaux surfaceis by definition a minimal surfaceM of general type withK2 =
1, pg = 0. The numberb of base points of|3K| on such a surface is determined by TorH2(M ;Z) ∼=
H1(M ;Z) in the following way (see [101]):

b = 1
2 |{t ∈ H1(M ;Z) | t 6= −t}| .

For numerical Godeaux surfacesH1(M ;Z) can only be a cyclic group of order≤ 5. All these
cases occur [117]. In particular,|3K| is base point free ifH1(M ;Z) = 0 or Z2, e.g. ifM is
simply-connected.

(2.) On surfaces withK2 = 1, pg = 1, the linear system|3K| is always base point free [19].

(3.) If K2 = 1, pg = 2, then|3K| always has a base point [11].

Supposen = 2,pg = 0 and1 ≤ K2 ≤ 4:

(1.) If M is a numerical Godeaux surfaces (K2 = 1) then|2K| always has base points.

(2.) No example is known of a surface withpg = 0 and2 ≤ K2 ≤ 4 such that|2K| has base points
[98]. This includesnumerical Campedelli surfaces, i.e. minimal surfaces of general type with
K2 = 2, pg = 0. ForK2 = 4 it is known that|2K| is base point free under certain assumptions
on the fundamental group ofM , in particular ifπ1(M) is cyclic or of odd order [23, 77].



Chapter III

Minimality and irreducibility of
symplectic 4-manifolds

Contents

III.1 Introduction and statement of results . . . . . . . . . . . . . . . . . . . . . . . 19

III.1.1 Minimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

III.1.2 Irreducibility . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

III.2 Notions of minimality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

III.3 Connected sum decompositions of minimal symplectic4-manifolds . . . . . . 24

We prove that all minimal symplectic four-manifolds are essentially irreducible. We also clarify
the relationship between holomorphic and symplectic minimality of Kähler surfaces. This leads to a
new proof of the deformation-invariance of holomorphic minimality for complex surfaces with even
first Betti number which are not Hirzebruch surfaces.1

III.1 Introduction and statement of results

In this chapter we discuss certain geometric and topological properties of symplectic four-manifolds.
Our main concern is the notion of minimality and its topological consequences. We shall extend to
manifolds withb+2 = 1 the irreducibility result proved in [79, 80] for the case thatb+2 > 1. We also
show that holomorphic and symplectic minimality are equivalent precisely for those Kähler surfaces
which are not Hirzebruch surfaces. Together with work of Buchdahl [17], this yields a new proof of the
deformation-invariance of holomorphic minimality for complex surfaces with even first Betti number,
again with the exception of Hirzebruch surfaces.

III.1.1 Minimality

A complex surface is said to be minimal if it contains no holomorphic sphere of selfintersection−1, see
for example [8]. A symplectic four-manifold is usually considered to be minimal if it contains no sym-
plectically embedded sphere of selfintersection−1, see for example [92, 52]. In the case of a Kähler
surface both notions of minimality can be considered, but it is not at all obvious whether they agree. In

1This chapter has been published under the same title with D. Kotschick inInt. Math. Res. Notices 2006, Art. ID 35032,
1-13.
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the recent literature on symplectic four-manifolds there are frequent references to (symplectic) mini-
mality, and often K̈ahler surfaces are considered as examples, but we have found no explicit discussion
of the relationship between the two definitions in print, compare e. g. [92, 93, 94, 122, 52, 80, 54].

An embedded holomorphic curve in a Kähler manifold is a symplectic submanifold. Therefore, for
Kähler surfaces symplectic minimality implies holomorphic minimality. The following counterexam-
ple to the converse should be well known:

Example 3.1. LetXn = P(O ⊕O(n)) be thenth Hirzebruch surface. Ifn is odd andn > 1, thenXn

is holomorphically minimal but not symplectically minimal.

In Section III.2 below we explain this example in detail, and then we prove that there are no other
counterexamples:

Theorem 3.2. A Kähler surface that is not a Hirzebruch surfaceXn with n odd andn > 1 is holo-
morphically minimal if and only if it is symplectically minimal.

A proof can be given using the known calculations of Seiberg–Witten invariants of Kähler surfaces.
Using Seiberg–Witten theory, it turns out that for non-ruled Kähler surfaces symplectic and holomor-
phic minimality coincide because they are both equivalent to smooth minimality, that is, the absence of
smoothly embedded(−1)-spheres. The case of irrational ruled surfaces is elementary.

Such a proof is not satisfying conceptually, because the basic notions of symplectic topology should
be well-defined without appeal to results in gauge theory. Therefore, in Section III.2 we give a proof of
Theorem 3.2 within the framework of symplectic topology, using Gromov’s theory ofJ-holomorphic
curves. We shall use results of McDuff [92] for which Gromov’s compactness theorem is crucial.
Essentially the same argument can be used to show that symplectic minimality is a deformation-
invariant property, see Theorem 3.6. This natural result is lurking under the surface of McDuff’s
papers [92, 93, 94], and is made explicit in [98], compare also [121, 122]. Of course this result is
also a corollary of Taubes’s deep work in [132, 134, 135, 80], where he showed, among other things,
that if there is a smoothly embedded(−1)-sphere, then there is also a symplectically embedded one.

In Section III.2 we shall also prove that for compact complex surfaces with even first Betti number
which are not Hirzebruch surfaces holomorphic minimality is preserved under deformations of the
complex structure. This result is known, and is traditionally proved using the Kodaira classification,
cf. [8]. The proof we give is intrinsic and independent of the classification. Instead, we combine the
result of Buchdahl [17] with the deformation invariance of symplectic minimality and Theorem 3.2.

III.1.2 Irreducibility

Recall that an embedded(−1)-sphere in a four-manifold gives rise to a connected sum decomposition
where one of the summands is a copy ofCP 2. For symplectic manifolds no other non-trivial decom-
positions are known. Gompf [52] conjectured that minimal symplectic four-manifolds are irreducible,
meaning that in any smooth connected sum decomposition one of the summands has to be a homotopy
sphere. In Section III.3 below we shall prove the following result in this direction:

Theorem 3.3. Let X be a minimal symplectic4-manifold withb+2 = 1. If X splits as a smooth
connected sumX = X1#X2, then one of theXi is an integral homology sphere whose fundamental
group has no non-trivial finite quotient.

For manifolds withb+2 > 1 the corresponding result was first proved in [79] and published in [80].
As an immediate consequence of these results we verify Gompf’s irreducibility conjecture in many
cases:
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Corollary 3.4. Minimal symplectic4-manifolds with residually finite fundamental groups are irre-
ducible.

To prove Theorem 3.3 we shall follow the strategy of the proof forb+2 > 1 in [79, 80]. In particular
we shall use the deep work of Taubes [132, 134, 135], which produces symplectic submanifolds from
information about Seiberg–Witten invariants. What is different in the caseb+2 = 1, is that the Seiberg–
Witten invariants depend on chambers, and one has to keep track of the chambers one is working in.

In addition to conjecturing the irreducibility of minimal symplectic four-manifolds, Gompf [52]
also raised the question whether minimal non-ruled symplectic four-manifolds satisfyK2 ≥ 0, where
K is the canonical class. For manifolds withb+2 > 1 this was proved by Taubes [132, 134], compare
also [80, 135]. The caseb+2 = 1 was then treated by Liu [90], who refers to this question as “Gompf’s
conjecture”. Liu [90] also proved that minimal symplectic four-manifolds which are not rational or
ruled satisfyK · ω ≥ 0. We shall use Liu’s inequalities to keep track of the chambers in our argument.
Although the results of Liu [90], and also those of Li–Liu [88, 89], are related to Theorem 3.3, this
theorem does not appear there, or anywhere else in the literature that we are aware of.

III.2 Notions of minimality

First we discuss the Hirzebruch surfacesXn = P(O ⊕O(n)), with n odd and> 1, in order to justify
the assertions made in Example 3.1 in the Introduction.

If n = 2k + 1, consider the union of a holomorphic sectionS of Xn of selfintersection−n and
of k disjoint parallel copies of the fibreF . This reducible holomorphic curve can be turned into a
symplectically embedded sphereE by replacing each of the transverse intersections ofS andF by a
symplectically embedded annulus. Then

E · E = (S + kF )2 = S · S + 2k S · F = −n+ 2k = −1 .

This shows thatXn is not symplectically minimal. To see that it is holomorphically minimal, note that
a homology classE containing a smooth holomorphic(−1)-sphere would satisfyE2 = K · E = −1,
and would therefore beS + kF , as above. However, this class has intersection number

E · S = (S + kF ) · S = −n+ k = −k − 1 < 0

with the smooth irreducible holomorphic curveS. Therefore,E can only contain a smooth irreducible
holomorphic curve ifE = S, in which casek = 0 andn = 1.

Next we prove that for all other K̈ahler surfaces symplectic and holomorphic minimality are equiv-
alent.

Proof of Theorem 3.2.In view of the discussion in III.1.1 above, we only have to prove that if(X,ω)
is a Kähler surface which is not a Hirzebruch surfaceXn with n odd andn > 1, then holomorphic
minimality implies symplectic minimality.

We start by assuming that(X,ω) is not symplectically minimal, so that it contains a smoothly
embedded(−1)-sphereE ⊂ X with ω|E 6= 0. OrientE so thatω|E > 0, and denote by[E] ∈
H2(X;Z) the corresponding homology class. The almost complex structuresJ compatible withω are
all homotopic to the given integrableJ∞; in particular their canonical classes agree with the canonical
classK of the Kähler structure. It is elementary to find a compatibleJ for which the sphereE with the
chosen orientation isJ-holomorphic. ThereforeE satisfies the adjunction formula

g(E) = 1 + 1
2(E2 +K · E) .
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We conclude thatK · E = −1. (Note that the orientation ofE is essential here.) This implies in
particular that the expected dimension of the moduli space ofJ-holomorphic curves in the homology
class[E] vanishes.

Let J be the completion – with respect to a suitable Sobolov norm – of the space ofC∞ almost
complex structures compatible withω, cf. [95]. McDuff has proved that, for almost complex structures
J from an everywhere dense subset inJ , there is a unique smoothJ-holomorphic sphereC in the
homology class[E], see Lemma 3.1 in [92].

The uniqueness implies that the curveC varies smoothly withJ . One then uses Gromov’s com-
pactness theorem for a family of almost complex structures to conclude that for allJ , not necessarily
generic, there is a uniqueJ-holomorphic representative of the homology class[E] which, if it is not a
smooth curve, is a reducible curveC =

∑
iCi such that eachCi is a smoothJ-holomorphic sphere.

Compare again Lemma 3.1 in [92] and [95]. (In these references reducibleJ-holomorphic curves are
called cusp curves.)

Let Jj be a sequence of generic almost complex structures inJ which converges to the integrable
J∞ as j → ∞. For eachJj there is a smoothJj-holomorphic sphereEj in the homology class
[E]. As j → ∞, theEj converge weakly to a possibly reducibleJ∞-holomorphic curveE∞. If
E∞ is irreducible, then it is a holomorphic(−1)-sphere, showing that(X, J∞) is not holomorphically
minimal. If E∞ is reducible, let

E∞ =
k∑
i=1

miCi

be the decomposition into irreducible components. The multiplicitiesmi are positive integers. EachCi
is an embedded sphere, and therefore the adjunction formula implies

C2
i +K · Ci = −2 .

Multiplying by mi and summing overi we obtain

k∑
i=1

miC
2
i +K ·

k∑
i=1

miCi = −2
k∑
i=1

mi .

Now the second term on the left hand side equalsK · E = −1, so that we have

k∑
i=1

miC
2
i = 1− 2

k∑
i=1

mi .

It follows that there is an indexi such thatC2
i ≥ −1. If C2

i = −1 for somei, then we again conclude
that (X, J∞) is not holomorphically minimal. IfC2

i ≥ 0 for somei, then(X, J∞) is birationally
ruled or is rational, cf. Proposition 4.3 in Chapter V of [8]. Thus, if it is holomorphically minimal, it
is either a minimal ruled surface orCP 2, but the latter is excluded by our assumption that(X, J∞) is
not symplectically minimal. If(X, J∞) were ruled over a surface of positive genus,X

π−→ B, then
the embedding of the(−1)-sphereE would be homotopic to a map with image in a fibre, because
π|E : E → B would be homotopic to a constant. But this would contradict the fact thatE has non-zero
selfintersection.

Thus we finally reach the conclusion that(X, J∞) is ruled overCP 1. If it is holomorphically
minimal, then it is a Hirzebruch surfaceXn with n odd andn > 1, becauseX1 is not holomorphically
minimal, andX2k has even intersection form and is therefore symplectically minimal.

This concludes the proof of Theorem 3.2.
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Remark 3.5. We have used that the existence of a rational holomorphic curve of non-negative selfin-
tersection in a complex surface implies that the surface is rational or ruled. Such a statement also holds
in the symplectic category, cf. [92], but we do not need that here.

The exposition of the proof of Theorem 3.2 can be shortened considerably if one simply uses
McDuff’s Lemma 3.1 from [92] as a black box. We have chosen to include some of the details so that
the reader can see that the degeneration of theJj-holomorphic curvesEj asj →∞ is the exact inverse
of the regeneration used in the discussion of Example 3.1.

The following theorem, Proposition 2.3.A in [98], can be proved by essentially the same argument,
allowing the symplectic form to vary smoothly, compare also [92, 122]:

Theorem 3.6 ([98]). Symplectic minimality is a deformation-invariant property of compact symplectic
four-manifolds.

Note that holomorphic minimality of complex surfaces is not invariant under deformations of the
complex structure. In the K̈ahler case the Hirzebruch surfacesXn with n odd are all deformation-
equivalent, but are non-minimal forn = 1 and minimal forn > 1. In the non-K̈ahler case there are
other examples among the so-called Class VII surfaces.

For complex surfaces of non-negative Kodaira dimension it is true that holomorphic minimality is
deformation-invariant, but the traditional proofs for this are exceedingly cumbersome, see for exam-
ple [8], section 7 of Chapter VI, where it is deduced from the Kodaira classification and a whole array
of additional results. For the case of even first Betti number we now give a direct proof, which does not
use the classification.

Theorem 3.7. Let X be a holomorphically minimal compact complex surface with even first Betti
number, which is not a Hirzebruch surfaceXn with n odd. Then any surface deformation equivalent
toX is also holomorphically minimal.

Proof. Let Xt with t ∈ [0, 1] be a smoothly varying family of complex surfaces such thatX0 = X.
Buchdahl [17] has proved that every compact complex surface with even first Betti number is Kählerian,
without appealing to any classification results. Thus, eachXt is Kählerian, and we would like to
choose K̈ahler formsω0 andω1 onX0 andX1 respectively, which can be joined by a smooth family of
symplectic formsωt. There are two ways to see that this is possible.

On the one hand, Buchdahl [17] characterizes the Kähler classes, and one can check that one can
choose a smoothly varying family of K̈ahler classes forXt, which can then be realized by a smoothly
varying family of Kähler metrics. On the other hand, we could just apply Buchdahl’s result for each
value of the parametert separately, without worrying about smooth variation of the Kähler form with
the parameter, and then construct a smooth familyωt of symplectic not necessarily K̈ahler forms from
this, cf. [122] Proposition 2.1. In detail, start with arbitrary Kähler formsωt onXt. As the complex
structure depends smoothly ont, there is an open neighbourhood of eacht0 ∈ [0, 1] such thatωt0 is a
compatible symplectic form for allXs with s in this neighbourhood oft0. By compactness of[0, 1],
we only need finitely many such open sets to cover[0, 1]. On the overlaps we can deform these forms
by linear interpolation, because the space of compatible symplectic forms is convex. In this way we
obtain a smoothly varying family of symplectic forms.

Now X = X0 was assumed to be holomorphically minimal and not a Hirzebruch surfaceXn

with oddn. Therefore, Theorem 3.2 shows thatX0 is symplectically minimal, and Theorem 3.6 then
implies thatX1 is also symplectically minimal. The easy direction of Theorem 3.2 shows thatX1 is
holomorphically minimal.
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Let us stress once more that this result is not new, but its proof is. The above proof does not use the
Kodaira classification. The only result we have used from the traditional theory of complex surfaces
is that a surface containing a holomorphic sphere of positive square is rational, which entered in the
proof of Theorem 3.2. We have not used the generalization of this result to symplectic manifolds, and
we have not used any Seiberg–Witten theory either. Our proof does depend in an essential way on the
work of Buchdahl [17]. Until that work, the proof that complex surfaces with even first Betti numbers
are K̈ahlerian depended on the Kodaira classification.

III.3 Connected sum decompositions of minimal symplectic4-manifolds

In this section we prove restrictions on the possible connected sum decompositions of a minimal sym-
plectic four-manifold withb+2 = 1, leading to a proof of Theorem 3.3. To do this we have to leave the
realm of symplectic topology and use Seiberg–Witten gauge theory.

LetX be a closed oriented smooth4-manifold withb+2 (X) = 1. We fix aSpinc structures and a
metricg onX and consider the Seiberg–Witten equations for a positive spinorφ and aSpinc connection
A:

D+
Aφ = 0
F+

Â
= σ(φ, φ) + η ,

where the parameterη is an imaginary-valuedg-self-dual2-form. HereÂ denotes theU(1)-connection
on the determinant line bundle induced fromA, so thatFÂ is an imaginary-valued2-form. A reducible
solution of the Seiberg–Witten equations is a solution withφ = 0.

For every Riemannian metricg there exists ag-self-dual harmonic2-form ωg with [ωg]2 = 1.
Becauseb+2 (X) = 1, this2-form is determined byg up to a sign. We choose a forward cone, i. e. one
of the two connected components of{α ∈ H2(X;R) | α2 > 0}. Then we fixωg by taking the form
whose cohomology class lies in the forward cone.

LetL be the determinant line bundle of theSpinc structures. The curvatureFA represents2πi c1(L)
in cohomology, and every form which represents this class can be realized as the curvature ofÂ for a
Spinc connectionA. For given(g, η) there exists a reducible solution of the Seiberg–Witten equations
if and only if there is aSpinc connectionA such thatF+

Â
= η, equivalently(c1(L) − i

2πη) · ωg = 0.
Define the discriminant of the parameters(g, η) by

∆L(g, η) = (c1(L)− i
2πη) · ωg .

One divides the space of parameters(g, η) for which there are no reducible solutions into the plus
and minus chambers according to the sign of the discriminant. Two pairs of parameters(g1, η1) and
(g2, η2) can be connected by a path avoiding reducible solutions if and only if their discriminants have
the same sign, i. e. if and only if they lie in the same chamber. A cobordism argument then shows that
the Seiberg–Witten invariant is the same for all parameters in the same chamber. In this way we get the
invariantsSW+(X, s), SW−(X, s) which are constant on the corresponding chambers.

Suppose now thatX has a symplectic structureω. Thenω determines an orientation ofX and
a forward cone inH2(X;R). We will take the chambers with respect to this choice. Moreover,ω
determines a canonical classK and aSpinc structuresK−1 with determinantK−1. One can obtain
every otherSpinc structure by twistingsK−1 with a line bundleE, to obtainsK−1 ⊗ E. This Spinc

structure has determinantK−1 ⊗ E2.
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TheTaubes chamberis the chamber determined by parameters(g, η) with g chosen such that it is
almost K̈ahler withωg = ω and

η = F+
A0
− i

4rω with r � 0 ,

whereA0 is a canonical connection onK−1. We have the following:

Lemma 3.8. The Taubes chamber is the minus chamber, for the choice of forward cone as above.

Proof. We have

(c1(−K)− i
2πη) · ωg = ( i

2πFÂ0
− i

2πF
+

Â0
− 1

8π rω) · ω

= ( i
2πF

−
Â0
− 1

8π rω) · ω

= − 1
8π rω

2 < 0 ,

because the wedge product of a self-dual and an anti-self-dual two-form vanishes.

The following theorem is due to Taubes [131, 132, 134], compare [88, 89] for the caseb+2 = 1.

Theorem 3.9. The Seiberg–Witten invariant in the minus chamber for the canonicalSpinc structure is
non-zero. More precisely,SW−(X, sK−1) = ±1. Moreover, ifSW−(X, sK−1 ⊗ E) is non-zero and
E 6= 0, then for a genericω-compatible almost complex structureJ , the Poincaŕe dual of the Chern
class ofE can be represented by a smoothJ-holomorphic curveΣ ⊂ X.

We have the following more precise version of the second part of Theorem 3.9, which is also due
to Taubes.

Proposition 3.10. SupposeSW−(X, sK−1 ⊗ E) is non-zero, andE 6= 0. Then for a generic almost
complex structureJ compatible withω there exist disjoint embeddedJ-holomorphic curvesCi in X
such that

PD(c1(E)) =
n∑
i=1

mi[Ci],

where eachCi satisfiesK · Ci ≤ Ci · Ci and each multiplicitymi is equal to1, except possibly for
thosei for whichCi is a torus with self-intersection zero.

This depends on a transversality result forJ-holomorphic curves, see Proposition 7.1 in [134] and
also [135, 80]. Proposition 3.10 immediately implies the following:

Corollary 3.11. If SW−(X, sK−1 ⊗ E) 6= 0 with E2 < 0 thenX contains an embedded symplectic
(−1)-sphereΣ.

Proof. Choose a generic compatible almost complex structureJ as in Proposition 3.10, and consider
E =

∑
imiCi. ThenE2 =

∑
im

2
iC

2
i because theCi are disjoint, henceC2

j < 0 for somej. We can
compute the genus ofCj from the adjunction formula:

g(Cj) = 1 + 1
2(Cj · Cj +K · Cj) ≤ 1 + Cj · Cj ≤ 0.

HenceΣ = Cj is a sphere with self-intersection number−1.

After these preparations we can now prove Theorem 3.3.
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Proof of Theorem 3.3.Let (X,ω) be a closed symplectic4-manifold with b+2 = 1. We denote byK
both the first Chern class of any compatible almost complex structure, and the complex line bundle
with this Chern class.

First, suppose that(X,ω) is symplectically minimal and rational or ruled. Then, by the classifi-
cation of ruled symplectic four-manifolds,X is diffeomorphic either toCP 2, to an even Hirzebruch
surface, or to a geometrically ruled Kähler surface over a complex curve of positive genus, compare
e. g. [95]. These manifolds are all irreducible for purely topological reasons. This is clear forCP 2 and
for the even Hirzebruch surfaces, because the latter are diffeomorphic toS2 × S2. For the irrational
ruled surfaces note that the fundamental group is indecomposable as a free product. Therefore, in any
connected sum decomposition one of the summands is simply connected. If this summand were not
a homotopy sphere, then the other summand would be a smooth four-manifold with the same funda-
mental group but with strictly smaller Euler characteristic than the ruled surface. This is impossible,
because the irrational ruled surfaces realize the smallest possible Euler characteristic for their funda-
mental groups, compare [78].

Thus, we may assume that(X,ω) is not only symplectically minimal, but also not rational or ruled.
Then Liu’s results in [90] tell us thatK2 ≥ 0 andK · ω ≥ 0.

If X decomposes as a connected sumX = M#N then one of the summands, sayN , has negative
definite intersection form. Moreover, the fundamental group ofN has no non-trivial finite quotients,
by Proposition 1 of [81]. In particularH1(N ;Z) = 0, and hence the homology and cohomology ofN
are torsion-free. IfN is an integral homology sphere, then there is nothing more to prove.

SupposeN is not an integral homology sphere. By Donaldson’s theorem [31], the intersection form
of N is diagonalizable overZ. Thus there is a basise1, ..., en of H2(N ;Z) consisting of elements with
square−1 which are pairwise orthogonal. Write

K = KM +
n∑
i=1

aiei ,

with KM ∈ H2(M ;Z). The ai ∈ Z are odd, becauseK is a characteristic vector. This shows
in particular thatK is not a torsion class. Its orthogonal complementK⊥ in H2(X;R) is then a
hyperplane. AsK2 ≥ 0 andb+2 (X) = 1, the hyperplaneK⊥ does not meet the positive cone. Thus
Liu’s inequalityK · ω ≥ 0 must be strict:K · ω > 0.

Now we knowSW−(X, sK−1) = ±1 from Taubes’s result, wheresK−1 is theSpinc structure with
determinantK−1 induced by the symplectic formω. The inequality(−K) · ω < 0 shows that a pair
(g, 0) is in the negative, i. e. the Taubes chamber, wheneverg is almost K̈ahler with fundamental two-
form ω. As K⊥ does not meet the positive cone, all pairs(g, 0) are in the negative chamber, for all
Riemannian metricsg. We choose a family of Riemannian metricsgr onX which pinches the neck
connectingM andN down to a point asr → ∞. For r large we may assume thatgr converges to
metrics on the (punctured)M andN , which we denote bygM andgN .

Lemma 3.12. If we choose the forward cone forM to be such that it induces onX the forward cone
determined by the symplectic structure, then for every Riemannian metricg′ onM , the point(g′, 0) is
in the negative chamber ofM with respect to theSpinc structuresM onM obtained by restriction of
sK−1 .

Proof. The chamber is determined by the sign ofc1(s) · ωg. We have

0 > (−K) · ωgr = c1(sK−1) · ωgr = c1(sM ) · ωgr + c1(sN ) · ωgr
−→ c1(sM ) · ωgM + c1(sN ) · ωgN , asr →∞ .
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We know thatωgN is self-dual harmonic with respect togN , and hence vanishes becauseb+2 (N) = 0.
This implies thatc1(sK−1) · ωgr converges toc1(sM ) · ωgM for r →∞. Thus

c1(sM ) · ωgM ≤ 0 .

However, we havec1(sM ) = K−1
M , and

K2
M = K2 +

n∑
i=1

a2
i ≥ K2 + n ≥ n ≥ 1 ,

showing thatK⊥M does not meet the positive cone ofM . Thusc1(sM ) · ωgM < 0. Again becauseK⊥M
does not meet the positive cone ofM , this inequality holds for all metricsg′ onM .

The degeneration of thegr asr goesto infinity takes place in the negative chamber forsK−1 , where
the Seiberg–Witten invariant is±1, and by the LemmagM is in the negative chamber forsM . It follows
thatSW−(M, sM ) = ±1.

We now reverse the metric degeneration, but use a differentSpinc structure onN . Instead of
usingsN with c1(sN ) = −

∑n
i=1 aiei, we use the uniqueSpinc structures′N with c1(s′N ) = a1e1 −∑n

i=2 aiei. For every metric onN there is a unique reducible solution of the Seiberg–Witten equations
for this Spinc structure withη = 0. Gluing this solution to the solutions onM given by the invariant
SW−(M, sM ), we findSW−(X, s′) = ±1, wheres′ is theSpinc structure onX obtained fromsM and
s′N , compare Proposition 2 of [81]. We haves′ = sK−1 ⊗ E, with E = a1e1. ThereforeE2 = −a2

1 ≤
−1, and Corollary 3.11 shows thatX is not minimal. This completes the proof of Theorem 3.3.
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We extend a result of M. Katz on the conformal systoles for blow-ups of the projective plane to all
four-manifolds withb+2 = 1 and odd intersection form of type(+1) ⊕ n(−1). The same result holds
for all four-manifolds withb+2 = 1 with even intersection form of type−nE8⊕H for n ≥ 0 and which
are symplectic or satisfy the so-called5

4 -conjecture.1

IV.1 Introduction

There are several notions of systolic invariants for Riemannian manifolds, which were introduced by
M. Berger and M. Gromov (see [59] and [9, 28] for an overview). The most basic concept is thek-
systole sysk(X, g) of a Riemannian manifoldX, defined as the infimum over the volumes of all cycles
representing non-zero classes inHk(X;Z). In this note we discuss a different systole, namely the
conformal systole, which depends only on the conformal class of the Riemannian metric. We briefly
review its definition (see Section IV.2 for details).

Let (X2n, g) be a closed oriented even dimensional Riemannian manifold. The Riemannian metric
defines anL2-norm on the space of harmonicn-forms onX and hence induces a norm on the middle-
dimensional cohomologyHn(X;R). Theconformaln-systoleconfsysn(X, g) is the smallest norm of
a non-zero element in the integer latticeHn(X;Z)R inHn(X;R). It is known that for a fixed manifold
X the conformaln-systoles are bounded from above asg varies over all Riemannian metrics. Hence
the supremumCS(X) = supg confsysn(X, g) of the conformal systoles over all metricsg is a finite
number, which isa priori a diffeomorphism invariant ofX.

The interest in the literature has been to find bounds forCS(X) that depend only on the topology
of X, e.g. the Euler characteristic ofX, whereX runs over some class of manifolds. In [18] P. Buser

1Thischapter has been published under the same title inManuscripta math.121, 417-424 (2006).
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and P. Sarnak proved the following inequalities for the closed orientable surfacesΣs of genuss: there
exists a constantC > 0 independent ofs such that

C−1 log s < CS(Σs)2 < C log s, ∀s ≥ 2. (4.1)

In dimension 4, M. Katz [70] proved a similar inequality for the conformal 2-systole of blow-ups
of the complex projective planeCP 2: there exists a constantC > 0 independent ofn such that

C−1√n < CS(CP 2#nCP 2)2 < Cn, ∀n > 0. (4.2)

In his proof, M. Katz used a conjecture on theperiod mapof 4-manifoldsX with b+2 = 1. The period
map is defined as the map taking a Riemannian metricg to the point in the projectivization of the
positive cone inH2(X;R) given by theg-selfdual direction (see Section IV.2). The conjecture, which
is still open, claims that this map is surjective. However, an inspection of the proof of M. Katz shows
that this surjectivity conjecture in full strength is not needed and that in fact his theorem holds in much
greater generality.

In Section IV.3, we first remark that the following proposition holds as a consequence of recent
work of D. T. Gay and R. Kirby [50].

Proposition 4.1. The period map for all closed 4-manifolds withb+2 = 1 has dense image.

Using the argument of M. Katz, this implies the following theorem.

Theorem 4.2. There exists a universal constantC independent ofX andn = b2(X) such that

C−1√n < CS(X)2 < Cn, (4.3)

for all closed 4-manifoldsX with b+2 = 1 which have odd intersection form.

Another consequence of Proposition 4.1 is the following theorem.

Theorem 4.3.LetX,X ′ be closed 4-manifolds withb+2 = 1 which have isomorphic intersection forms.
ThenCS(X) = CS(X ′).

This shows that in dimension 4 the invariantCS is much coarser than a diffeomorphism invariant.
Theorem 4.3 can be compared to a result of I. K. Babenko ([5], Theorem 8.1.), who showed that a
certain 1-dimensional systolic invariant for manifolds of arbitrary dimension is a homotopy-invariant.

Theorem 4.3 enables us to deal with even intersection forms. SupposeX is a closed 4-manifold
with b+2 = 1 and even intersection form. By the classification of indefinite even quadratic forms, the
intersection form ofX is isomorphic toH ⊕ (−k)E8 for somek ≥ 0. In particular, for eachr ∈ N
there are only finitely many possible even intersection forms of rank less or equal thanr. Hence by
Theorem 4.3, the invariantCS takes only finitely many values on all 4-manifolds with even intersection
form, b+2 = 1 andb2 ≤ r. We will show thatsymplectic4-manifoldsX with b+2 (X) = 1 and even
intersection form necessarily haveb2(X) ≤ 10 (see Section IV.4). The same bound holds ifX satisfies
the so-called5

4 -conjecture (see Section IV.5). Hence together with Theorem 4.2, we get the following
corollary, which possibly covers all 4-manifolds withb+2 = 1.

Corollary 4.4. There exists a universal constantC independent ofX andn = b2(X) such that

C−1√n < CS(X)2 < Cn, (4.4)

for all closed 4-manifoldsX with b+2 = 1 which are symplectic or have odd intersection formQ or
satisfy the5

4 -conjecture ifQ is even.
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IV.2 Definitions

Let (X2n, g) be a closed oriented Riemannian manifold. We denote the space ofg-harmonicn-forms
onX byHn(X). The Riemannian metric defines anL2-norm onHn(X) by

|α|2L2 =
∫
X
α ∧ ∗α, α ∈ Hn(X), (4.5)

where∗ is the Hodge operator.
Given the unique representation of cohomology classes by harmonic forms, we obtain an induced

norm| · |g, which we call theg-norm, on the middle-dimensional cohomologyHn(X;R). The confor-
maln-systole is defined by

confsysn(X, g) = min{|α|g | α ∈ Hn(X;Z)R \ {0}}, (4.6)

whereHn(X;Z)R denotes the integer lattice inHn(X;R). More generally, ifL is any lattice with a
norm| · |, we define

λ1(L, | · |) = min{|v| | v ∈ L \ {0}}, (4.7)

hence confsysn(X, g) = λ1(Hn(X;Z)R, | · |g). The conformal systole depends only on the conformal
class ofg since the Hodge star operator in the middle dimension is invariant under conformal changes
of the metric.

The conformal systoles satisfy the following universal bound (see [70] equation (4.3)):

confsysn(X, g)2 <
2
3
bn(X), for bn(X) ≥ 2. (4.8)

Clearly, there is also a bound forbn(X) = 1, since the Hodge operator on harmonic forms is up to a
sign the identity in this case, hence confsysn(X, g) = 1. Therefore, the supremum

CS(X) = sup
g

confsysn(X, g) (4.9)

is well-defined for all closed orientable manifoldsX2n.
We now consider the case of 4-manifolds,n = 2. In this case theg-norm onH2(X;R) is related

to the intersection formQ by the following formula:

|α|2g = Q(α+, α+)−Q(α−, α−), (4.10)

whereα = α+ + α− is the decomposition given by the splittingH2(X;R) = H+ ⊕ H− into the
subspaces represented byg-selfdual and anti-selfdual harmonic forms. We abbreviate this formula to

| · |2g = SR(Q,H−), (4.11)

whereSR denotes sign-reversal. SinceH+ is theQ-orthogonal complement ofH−, we conclude that
the norm| · |g is completely determined by the intersection form and theg-anti-selfdual subspaceH−.

In particular, letX be a closed oriented 4-manifold withb+2 = dimH+ = 1. The map which takes
a Riemannian metric to the selfdual lineH+ in the coneP of elements of positive square inH2(X;R)
(or to the point in the projectivizationP(P) of this cone) is called the period map. In the proof of his
theorem, M. Katz used the following conjecture, which is still open, in the case of blow-ups ofCP 2.

Conjecture 1. The period map is surjective for all closed oriented 4-manifolds withb+2 = 1.
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If X is a 4-manifold withb+2 = 1, we switch the orientation (this does not change theg-norm on
H2(X;R)) to obtainb−2 = 1. Then theg-norm is completely determined by the intersection form and
the selfdual line, which in the new orientation isH−.

Lemma 4.5. Let X̄ be a 4-manifold withb−2 = 1 and intersection formQ̄ and letL be the integer
lattice inH2(X̄;R). Thenλ1(L, SR(Q̄, V )1/2) depends continuously on the anti-selfdual lineV .

This follows because the vector space normSR(Q̄, V )1/2 depends continuously onV and the
minimum inλ1 cannot jump (cf. Remark 9.1. in [70]).

IV.3 Proofs of the theorems on conformal systoles

The following theorem is a corollary to [50, Theorem 1] of D. T. Gay and R. Kirby (compare also [3]).

Theorem 4.6. If X is a closed oriented 4-manifold andα ∈ H2(X;Z)R a class of positive square,
then there exists a Riemannian metric onX such that the harmonic representative ofα is selfdual.

In fact, in the cited theorem it is shown that there exists a closed 2-formω (with certain properties)
representingα and a Riemannian metricg such thatω is g-selfdual and hence harmonic. Theorem
4.6 implies Proposition 4.1, because the set of points given by the lines through integral classes in
H2(X;R) form a dense subset ofP(P). We can now prove Theorem 4.3.

Proof. Let X̄ beX with the opposite orientation,L be the integer lattice inH2(X̄;R) andQ̄ = −Q.
We have

CS(X) ≤ sup
V
λ1(L, SR(Q̄, V )1/2), (4.12)

where the supremum extends over all negative definite linesV in H2(X̄;R). This inequality is an
equality because the image of the period map is dense and because of Lemma 4.5. The right-hand side
depends only on the intersection form.

We now prove Theorem 4.2.

Proof. LetX be a closed 4-manifold with intersection formQ ∼= (1) ⊕ n(−1) for somen > 0. It is
enough to prove inequalities of the formA

√
n < CS(X)2 < Bn for some constantsA,B > 0, since

we can then takeC = max{A−1, B}. The inequality on the right-hand side follows from equation
(4.8). We are going to prove the inequality on the left, following the proof of M. Katz.

Lemma 4.7. There exists a constantk(n) > 0 (which depends only onn and is asymptotic ton/2πe
for largen) such that

CS(X) ≥ k(n)1/4. (4.13)

Proof. It is more convenient to work with̄X, which isX with the opposite orientation. We identify
H2(X̄;R) = R

n,1 = R
n+1 with quadratic formqn,1 given byqn,1(x) = x2

1 + ... + x2
n − x2

n+1. If g
is a metric onX̄ then theg-norm is given by| · |2g = SR(qn,1, v) where∗v = −v andSR means sign
reversal in the direction ofv.

Let L = In,1 = Z
n,1 ⊂ Rn,1 be the integer lattice. According to Conway-Thompson (see [99],

Ch. II, Theorem 9.5), there exists a positive definite odd integer latticeCTn of rankn with

min
x∈CTn\{0}

x · x ≥ k(n), (4.14)
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wherek(n) is asymptotic ton/2πe for n → ∞. By the classification of odd indefinite unimodular
forms,CTn⊕I0,1

∼= In,1, hence there exists a vectorv ∈ Zn,1 with qn,1(v) = −1 such thatv⊥ ∼= CTn.
According to M. Katz, there exists an isometryA of (Rn,1, qn,1) such that

λ1(L, SR(qn,1, Av)1/2) ≥ k(n)1/4. (4.15)

By Proposition 4.1, there exists a sequence of Riemannian metricsgi onX whose selfdual lines con-
verge to the line throughAv. Lemma 4.5 implies

confsysn(X, gi)
i→∞−→ λ1(L, SR(qn,1, Av)1/2). (4.16)

HenceCS(X) ≥ k(n)1/4.

Lemma 4.7 finishes the proof of Theorem 4.2.

IV.4 Symplectic manifolds

We now show that symplectic 4-manifolds withb+2 = 1 necessarily haveb2 ≤ 10, as stated in the
introduction (note that we always assume symplectic forms to be compatible with the orientation, i.e. of
positive square).

Lemma 4.8. LetX be a closed symplectic 4-manifold withb+2 = 1 and even intersection formQ. Then
Q ∼= H or Q ∼= H ⊕ (−E8).

HereH denotes the bilinear form given byH =
(

0 1
1 0

)
andE8 is a positive-definite, even form

of rank 8 associated to the Dynkin diagram of the Lie groupE8 (see [56]).

Proof. If b−2 = 0 thenQ = (1). If b−2 > 0 thenQ is indefinite and hence of the formQ = H⊕(−k)E8,
sinceQ is even. It follows thatX is minimal because the intersection form does not split off a(−1). If
K2 < 0 then according to a theorem of A.-K. Liu [90],X is an irrational ruled surface and hence has
intersection formQ = H (orQ = (1)⊕ (−1), which is odd). IfK2 = 2χ+ 3σ ≥ 0 then4b1 + b−2 ≤ 9
andb1 = 0 or b1 = 2, because1 − b1(X) + b+2 (X) is an even number for every almost complex
4-manifoldX. If b1 = 0 thenb−2 ≤ 9, henceQ = H or H ⊕ (−E8). If b1 = 2 thenb−2 ≤ 1, hence
Q = H.

Remark 4.9. It is possible to give a different proof of Proposition 4.1 for symplectic manifolds, which
relies on a theorem of T.-J. Li and A.-K. Liu ([89], Theorem 4). This theorem implies that on a
closed 4-manifoldX with b+2 = 1 which admits a symplectic structure, the set of classes inH2(X;R)
represented by symplectic forms is dense in the positive cone, because it is the complement of at most
countably many hyperplanes. If a closed symplectic 4-manifold withb+2 = 1 is minimal(i.e. there are
no symplectic(−1)-spheres), then the period map is in fact surjective.

IV.5 The 5
4-conjecture and some examples

The 5
4 -conjectureis a (weak) analogue of the11

8 -conjecturewhich relates the signature and second Betti
number of spin 4-manifolds. The main result in this direction is a theorem of M. Furuta [49] that all
closed oriented spin 4-manifoldsX with b2(X) > 0 satisfy the inequality

5
4 |σ(X)|+ 2 ≤ b2(X), (4.17)
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whereσ(X) denotesthe signature. This generalizes work of S. K. Donaldson [30, 31]. C. Bohr [10]
then proved a (slightly weaker) inequality5

4 |σ(X)| ≤ b2(X) for all 4-manifolds with even intersection
form and certain fundamental groups, including all finite and all abelian groups. These are special
instances of the following general5

4 -conjecture.

Conjecture 2. If X is a closed oriented even 4-manifold, then

5
4 |σ(X)| ≤ b2(X), (4.18)

whereσ(X) denotes the signature.

Here we call a 4-manifoldeven, if it has even intersection form.2

Lemma 4.10. If X is an even 4-manifold withb+2 = 1, then the5
4 -conjecture holds forX if and only if

Q ∼= H or Q ∼= H ⊕ (−E8).

Proof. If X is an even 4-manifold withb+2 = 1, thenQ ∼= H ⊕ (−k)E8 for somek ≥ 0. The
5
4 -conjectureis equivalent tok ≤ 1.

In particular, by Lemma 4.8, the54 -conjectureholds for all even symplectic 4-manifolds which
satisfyb+2 = 1.

There are many examples of 4-manifolds withb+2 = 1 where Theorem 4.3 applies, e.g. the infinite
family of simply-connected pairwise non-diffeomorphic Dolgachev surfaces which are all homeomor-
phic toCP 2#9CP 2 (see[56]). These 4-manifolds are K̈ahler, hence symplectic. There are also re-
cent constructions of infinite families of non-symplectic and pairwise non-diffeomorphic 4-manifolds
homeomorphic toCP 2#nCP 2 for n ≥ 5 (see[43, 114]). If we take multiple blow-ups of these man-
ifolds, the blow-up formula for the Seiberg-Witten invariants [36] shows that the resulting manifolds
stay pairwise non-diffeomorphic. Hence we obtain infinite families of symplectic and non-symplectic
4-manifoldsX with n = b2(X)→∞, where Theorem 4.2 applies.

2J.-H.Kim [71] has proposed a proof of the5
4
-conjecture.However, some doubts have been raised about the validity of

the proof. Hence we have chosen to state the result still as a conjecture.
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In this chapter we describe a construction of 4-manifolds known as thegeneralized fibre sumwhich
is due to R. E. Gompf [52] and J. D. McCarthy and J. G. Wolfson [91]. This construction can be applied
to find new 4-manifolds. It can also be done symplectically and yields new examples of symplectic 4-
manifolds.

In Section V.1 we define the generalized fibre sum for the case of two closed oriented 4-manifolds
M andN which contain closed embedded surfacesΣM ,ΣN of the same genusg. We only consider
the case when both surfaces have trivial normal bundle, i.e. their self-intersection numbersΣ2

M and
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Σ2
N vanish. LetΣ denote some fixed surface of genusg. We consider the surfacesΣM andΣN as

coming from embeddingsiM : Σ → M and iN : Σ → N and also choose a trivialization for the
normal bundle of both surfaces, i.e. aframing. We then delete an open tubular neighbourhood of each
surface in the corresponding 4-manifold and glue the manifolds together along their boundaries, which
are diffeomorphic toΣ× S1. The gluing diffeomorphismφ is chosen such that it preserves the natural
S1-fibration on the boundaries of the tubular neighbourhoods, given by themeridiansto the surfaces.
The resulting 4-manifold is denoted byX = M#ΣM=ΣNN and can depend on the choice of gluing
diffeomorphismφ.

In Sections V.2 and V.3 we calculate the homology groups ofX using the Mayer-Vietoris sequence
and give some applications in V.4, in particular we review some constructions using the generalized
fibre sum. In Section V.5 we consider the symplectic version of this construction and derive a formula
for the canonical classKX of a symplectic generalized fibre sumX = M#ΣM=ΣNN . We will give
some applications in Section V.6 and compare the formula to some other formulas which can be found
in the literature on this subject. In the final subsection we derive a theorem, following an idea of
I. Smith [126], which shows how one can find inequivalent symplectic structures on a simply-connected
4-manifold if there exists a simply-connected symplectic 4-manifold which contains a certain triple of
Lagrangian tori. The formula for the canonical class and the construction of inequivalent symplectic
structures will be applied in Chapter VI.

V.1 Definition of the generalized fibre sum

Let M andN be closed, oriented, connected 4-manifolds. Suppose thatΣM and ΣN are closed,
oriented, connected embedded surfaces inM andN of the same genusg. Let νΣM andνΣN denote
the normal bundles ofΣM andΣN . The normal bundle of the surfaceΣM is trivial if and only if
the self-intersection numberΣ2

M is zero. This follows because the Euler class of the normal bundle
is given bye(νΣM ) = i∗PD[ΣM ], wherei : ΣM → M denotes the inclusion and the evaluation of
PD[ΣM ] on [ΣM ] is given byΣM · ΣM . From now on we will assume thatΣM andΣN have zero
self-intersection.

For the construction of the generalized fibre sum we choose a closed oriented surfaceΣ of genusg
and smooth embeddings

iM : Σ −→M

iN : Σ −→ N,

with imagesΣM andΣN . We assume that the orientation induced by the embeddings onΣM andΣN

is the given one.
Since the normal bundles ofΣM andΣN are trivial, there existD2-bundlesνΣM andνΣN em-

bedded inM andN which form tubular neighbourhoods forΣM andΣN . We fix once and for all
embeddings

τM : Σ× S1 −→M

τN : Σ× S1 −→ N,

with images∂νΣM and∂νΣN , which commute with the embeddingsiM andiN above and the natural
projectionsΣ×S1 → Σ, ∂νΣM → ΣM and∂νΣN → ΣN . The mapsτM andτN form fixed reference
trivialisations which we callframingsfor the normal bundles of the embedded surfacesΣM andΣN .
We can think of the framingsτM and τN as giving sections of theS1-bundles∂νΣM and∂νΣN .
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They correspond to “push-offs” ofΣM andΣN into the boundary of the tubular neighbourhoods. In
fact, since trivializations of vector bundles are linear, the framings are completely determined by such
push-offs.

Definition 5.1. Let ΣM andΣN denote push-offs ofΣM andΣN into ∂νΣM and∂νΣN given by the
framingsτM andτN .

We setM ′ = M \ int νΣM andN ′ = N \ int νΣN , which are compact, oriented 4-manifolds with
boundary. We choose the orientations as follows: OnΣ×D2 choose the orientation ofΣ followed by
the standard orientation ofD2 given bydx ∧ dy. We can assume that the framingsτM andτN induce
orientation preserving embeddings ofΣ × D2 into M andN as tubular neighbourhoods. We define
the orientation onΣ×S1 to be the orientation ofΣ followed by the orientation ofS1. This determines
orientations on∂M ′ and∂N ′. Both conventions together imply that the orientation on∂M ′ followed
by the orientation of the normal direction pointingout ofM ′ is the orientation onM . Similarly forN .

We want to glueM ′ andN ′ together using diffeomorphisms between the boundaries which preserve
the fibres of theS1-bundles∂νΣM and∂νΣN . Note thatDiff+(S1) retracts ontoSO(2). Hence by
an isotopy we can assume that the gluing diffeomorphism is linear on the fibres ofνΣM andνΣN .
The gluing diffeomorphism then corresponds to a bundle isomorphism covering the diffeomorphism
iN ◦ i−1

M . The “trivial” diffeomorphism will correspond to the diffeomorphism which identifies the
push-offs ofΣM andΣN in the boundary of the normal bundles.

SupposeE = Σ×R2 is a trivialized, orientedR2-vector bundle overΣ. Every bundle isomorphism
E → E covering the identity ofΣ and preserving the orientation on the fibres is given by a map of the
form

F : Σ× R2 → Σ× R2

(x, v) 7→ (x,A(x) · v)

whereA is a smooth mapA : Σ→ GL+(2,R) with values in the2× 2-matrices with positive determi-
nant. We can isotop this bundle isomorphism to a new one such thatA maps toSO(2). If we restrict
to the unit circle bundle inE, the map is of the form

F : Σ× S1 → Σ× S1,

(x, α) 7→ (x,C(x) · α),
(5.1)

whereC : Σ → S1 is a map and multiplication is in the groupS1. Every smooth mapC of this
kind defines an orientation preserving bundle isomorphism. Letr denote the orientation reversing
diffeomorphism

r : Σ× S1 → Σ× S1, (x, α) 7→ (x, α),

whereS1 ⊂ C is embedded in the standard way andα denotescomplex conjugation. Then the diffeo-
morphism

ρ = F ◦ r : Σ× S1 → Σ× S1,

(x, α) 7→ (x,C(x)α)

is orientation reversing. We define

φ = φ(C) = τN ◦ ρ ◦ τ−1
M . (5.2)

Thenφ is an orientation reversing diffeomorphismφ : ∂νΣM → ∂νΣN , preserving fibres. IfC is a
constant map thenφ is a diffeomorphism which identifies the push-offs ofΣM andΣN .
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Definition 5.2. Let M andN be closed, oriented, connected 4-manifoldsM andN with embedded
oriented surfacesΣM andΣN of genusg and self-intersection0. Thegeneralized fibre sumof M and
N alongΣM andΣN , determined by the diffeomorphismφ, is given by

X(φ) = M ′ ∪φ N ′.

X(φ) is again a differentiable, closed, oriented, connected 4-manifold.

See [52] and [91] for the original construction. The generalized fibre sum is often denoted by
M#ΣM=ΣNN or M#ΣN and is also called the Gompf sum or the normal connected sum. By a
construction of Gompf (cf. Section V.5) the generalized fibre sumM#ΣM=ΣNN admits a symplectic
structure if(M,ωM ) and(N,ωN ) are symplectic 4-manifolds andΣM ,ΣN symplectically embedded
surfaces.

In the general case, the differentiable structure onX is defined in the following way: We identify
the interior of slightly larger tubular neighbourhoodsνΣ′M andνΣ′N via the framingsτM andτN with
Σ×D whereD is an open disk of radius1. We think of∂M ′ and∂N ′ to beΣ×S, whereS denotes the
circle of radius1/

√
2. Hence the tubular neighbourhoodsνΣM andνΣN above have in this convention

radius1/
√

2. We also choose polar coordinatesr, θ onD. The manifoldsM \ ΣM andN \ ΣN are
glued together along intνΣ′M \ ΣM and intνΣ′N \ ΣN by the diffeomorphism

Φ: Σ× (D \ {0})→ Σ× (D \ {0})

(x, r, θ) 7→ (x,
√

1− r2, C(x)− θ).
(5.3)

This diffeomorphism is orientationpreservingbecause it reverses on the disk the orientation on the
boundary circle and the inside-outside direction. It is also fibre preserving and identifies∂M ′ and∂N ′

via φ. It is literally an extension ofρ and hence should be denoted byR. We nevertheless denote it by
Φ since we will only use this diffeomorphism if the trivializationsτM , τN are fixed, hence its meaning
is unambiguous.

Definition 5.3. Let ΣX denote the genusg surface inX given by the image of the push-offΣM under
the inclusionM ′ → X. Similarly, letΣ′X denote the genusg surface inX given by the image of the
push-offΣN under the inclusionN ′ → X.

In general (depending on the diffeomorphismφ and the homology ofX) the surfacesΣX andΣ′X
do not represent the same homology class inX.

V.1.1 Basic notations and definitions

We now collect some additional basic definitions and notations which will be used in the following
sections. Their meaning and interpretation will be given later at the appropriate place.

Let M andN be again two closed, oriented 4-manifolds with embedded closed oriented surfaces
ΣM and ΣN of genusg andX = M#ΣM=ΣNN the generalized fibre sum. In general, we often
denote homology classes of degree2 onM , N andX and their Poincaré duals by the same symbol.
The symbolsH∗(Y ) andH∗(Y ) denote the homology and cohomology groups withZ-coefficients of
a topological spaceY . If a definition involves an indexM there will be a corresponding definition for
N .

(1.) EmbeddingsWe fix the following notation for some embeddings of manifolds into other mani-
folds. We denote the maps induced by them on homology by the same symbol:
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iM : Σ→M

ρM : M ′ →M

ηM : M ′ → X

µM : ∂νΣM →M ′

There is also a projection

p : Σ× S1 → S1

and induced projections

pM : ∂νΣM → Σ, pN : ∂νΣN → Σ

defined via the framingsτM andτN .

(2.) Basis for homologyWe define bases for the homology of the boundary ofM ′ andN ′ in the
following way: Any given basis ofH1(Σ) can be represented by oriented embedded loops
γ1, . . . , γ2g in Σ.

(a) Denote the loopsγi×{∗} in Σ×S1 also byγi for all i = 1, . . . , 2g. Letσ denote the loop
{∗} × S1 in Σ× S1. Then the loops

γ1, . . . , γ2g, σ,

represent homology classes (denoted by the same symbols) which determine a basis for
H1(Σ× S1) ∼= Z

2g+1. The bases forH1(∂νΣM ) andH1(∂νΣN ) are chosen as follows:

γMi = τM ∗γi, σM = τM ∗σ

γNi = τN ∗γi, σN = τN ∗σ.

The classesσM , σN represented by the circle fibres in the boundary of the tubular neigh-
bourhoods are called themeridiansto the surfacesΣM andΣN in M ′, N ′.

(b) Let γ∗1 , . . . , γ
∗
2g, σ

∗ ∈ H1(Σ × S1) = Hom(H1(Σ × S1),Z) denote the dual basis. By
Poincaŕe duality this determines a basis

Γi = PD(γ∗i ), i = 1, . . . , 2g,
Σ = PD(σ∗)

for H2(Σ× S1). The bases forH2(∂νΣM ) andH2(∂νΣN ) are chosen as follows:

ΓMi = τM ∗Γi, ΣM = τM ∗Σ

ΓNi = τN ∗Γi, ΣN = τN ∗Σ.

The surfaces representingΣM andΣN are the push-offs ofΣM andΣN given by the fram-
ingsτM andτN .

(3.) Cohomology classC The mapC : Σ→ S1 in equation (5.1) which was used to define the gluing
diffeomorphismφ determines a cohomology class in the following way:

(a) Let [C] ∈ H1(Σ;Z) denote the cohomology class given by pulling back the standard gen-
erator ofH1(S1;Z). We sometimes denote[C] byC if a confusion is not possible.
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(b) We also define the following integers: Fori = 1, . . . , 2g, let ai be the integer

ai = deg(C◦ γi : S1 → S1)
= 〈[C], γi〉 = 〈C, γi〉 ∈ Z.

The integersai together determine the cohomology class[C]. Since the mapC can be
chosen arbitrarily, the integersai can (independently) take any possible value.

(4.) Divisibilities kM,kN We define integerskM , kN as follows:

(a) We denote the homology and cohomology classes defined byΣM andΣN in M andN by
the same symbol.

(b) The image of the homomorphism

H2(M ;Z) −→ Z,

α 7→ 〈PD(ΣM ), α〉

is a subgroup of the formkMZ with kM ≥ 0. We definekN ≥ 0 for ΣN similarly and
denote the greatest common divisor ofkM andkN by nMN .

(5.) Homology classesAM,AN and BM,BN We make two additional assumptions:

(a) We assume thatΣM andΣN are non-torsion homology classes. ThenkM , kN > 0.

(b) We also assume that there exist classesAM ∈ H2(M ;Z) andAN ∈ H2(N ;Z) such that
ΣM = kMAM andΣN = kNAN .

We then choose classesBM ∈ H2(M) andBN ∈ H2(N) which have intersection numbers
BM · AM = 1 andBN · AN = 1. These classes exist becauseAM , AN are non-torsion and
indivisible.

(6.) Perpendicular classesThe group of perpendicular classes is defined as follows:

(a) LetP (M) = (ZAM ⊕ ZBM )⊥ be the orthogonal complement of the subgroupZAM ⊕
ZBM in H2(M) with respect to the intersection formQM . We callP (M) the group of
perpendicular classes. It contains in particular all torsion elements inH2(M) and has rank
b2(M)− 2. Similarly forN .

(b) There is a splittingH2(M) = ZAM ⊕ ZBM ⊕ P (M). Under this splitting, an element
α ∈ H2(M) decomposes as

α = (α ·BM −B2
M (α ·AM ))AM + (α ·AM )BM + α,

whereα = α− (α ·AM )BM − (α ·BM −B2
M (α ·AM ))AM ∈ P (M).

(7.) Homomorphisms iM ⊕ iN and i∗M + i∗N The following homomorphisms will occur several
times:

iM ⊕ iN : H1(Σ;Z) −→ H1(M ;Z)⊕H1(N ;Z)
λ 7→ (iM (λ), iN (λ)),

and

i∗M + i∗N : H1(M ;Z)⊕H1(N ;Z) −→ H1(Σ;Z)
(α, β) 7→ i∗Mα+ i∗Nβ.
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(8.) Rim tori The groupsR(M ′), R(N ′) andR(X) of rim tori in M ′, N ′ andX are defined as the
image ofH1(Σ;Z) under the homomorphisms

µM ◦ PD ◦ p∗M : H1(Σ;Z)→ H2(M ′;Z)

µN ◦ PD ◦ p∗N : H1(Σ;Z)→ H2(N ′;Z)

ηM ◦ µM ◦ PD ◦ p∗M : H1(Σ;Z)→ H2(X;Z).

By Proposition 5.25 there are isomorphisms

Cokeri∗M
∼=−→ R(M ′)

Cokeri∗N
∼=−→ R(N ′)

Coker(i∗M + i∗N )
∼=−→ R(X).

(9.) Split classesThe groupS(X) of split classes(or vanishing classes) ofX is defined asS(X) =
kerf , where

f : ZBM ⊕ ZBN ⊕ ker(iM ⊕ iN ) −→ Z

(xMBM , xNBN , α) 7→ xMkM + xNkN − 〈C,α〉.

(10.) Dimensiond We also consider the homomorphismsiM ⊕ iN andi∗M + i∗N for homology and
cohomology withR-coefficients.

(a) We denote byd the dimension of the kernel of the linear map

iM ⊕ iN : H1(Σ;R) −→ H1(M ;R)⊕H1(N ;R)
λ 7→ (iMλ, iNλ).

(b) In Lemma 5.8 we show that

dim Ker(i∗M + i∗N ) = b1(M) + b1(N)− 2g + d = dim Coker(iM ⊕ iN )
dim Coker(i∗M + i∗N ) = d = dim Ker(iM ⊕ iN ),

This implies that the rank ofR(X) is equal tod and the rank ofS(X) equal tod+ 1.

(11.) Special surfaces inX We define the following elements in the homology ofX:

(a) The surfaces inX determined by the push-offs ofΣM ,ΣN under inclusion:

ΣX = ηM ◦ µMΣM , Σ′X = ηN ◦ µNΣN ∈ H2(X).

(b) A class inX sewed together from the classeskNnMN
BM and kM

nMN
BN which bound inM ′

andN ′ the kMkN
nMN

-fold multiple of the meridiansσM andσN :

BX = 1
nMN

(kNBM − kMBM ) ∈ S(X).
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(c) A rim torus inX determinedby the diffeomorphismφ:

RC = ηM ◦ µM (−
2g∑
i=1

aiΓMi ) ∈ R(X),

where the coefficientsai = 〈C, γi〉 are defined as above. By Lemma 5.6 we have

Σ′X − ΣX = RC , and

RC = ηN ◦ µN (
2g∑
i=1

aiΓNi ).

(12.) Mayer-Vietoris sequencesWe use the following Mayer-Vietoris sequences forX,M andN :

(a) ForM = M ′ ∪ νΣM :

. . .→ Hk(∂M ′)→ Hk(M ′)⊕Hk(Σ)→ Hk(M)→ Hk−1(∂M ′)→ . . .

with homomorphisms

Hk(∂M ′)→ Hk(M ′)⊕Hk(Σ), α 7→ (µMαM , pMα)
Hk(M ′)⊕Hk(Σ)→ Hk(M), (x, y) 7→ ρMx− iMy.

(b) ForN = N ′ ∪ νΣN :

. . .→ Hk(∂N ′)→ Hk(N ′)⊕Hk(Σ)→ Hk(N)→ Hk−1(∂N ′)→ . . .

with homomorphisms

Hk(∂N ′)→ Hk(N ′)⊕Hk(Σ), α 7→ (µNαN , pNα)
Hk(N ′)⊕Hk(Σ)→ Hk(N), (x, y) 7→ ρNx− iNy.

(c) ForX = M ′ ∪N ′:

. . .→ Hk(∂M ′)
ψk→ Hk(M ′)⊕Hk(N ′)→ Hk(X)→ Hk−1(∂M ′)→ . . .

with homomorphisms

ψk : Hk(∂M ′)→ Hk(M ′)⊕Hk(N ′), α 7→ (µMα, µNφ∗α)
Hk(M ′)⊕Hk(N ′)→ Hk(X), (x, y) 7→ ηMx− ηNy.

We will also consider the Mayer-Vietoris sequences for cohomology.

V.1.2 Action of the gluing diffeomorphism on the basis for homology

Recall that the generalized fibre sum is defined asX = X(φ) = M ′ ∪φN ′ whereφ : ∂νΣM → ∂νΣN

is a diffeomorphism preserving the meridians and covering the diffeomorphismiN ◦ i−1
M . In general,

different choices of diffeomorphismsφ can give non-diffeomorphic manifoldsX(φ). However, ifφ
andφ′ are isotopic, thenX(φ) andX(φ′) are diffeomorphic. We want to determine how many different
isotopy classes of diffeomorphismsφ of the form above exist: Suppose that

C ′ : Σ→ S1,

is any other smooth map. ThenC ′ determines a self-diffeomorphismρ′ of Σ×S1 and a diffeomorphism
φ′ : ∂νΣM → ∂νΣN as before.
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Proposition 5.4. Thediffeomorphismsφ, φ′ : ∂νΣM −→ ∂νΣN are smoothly isotopic if and only if
[C] = [C ′] ∈ H1(Σ). In particular, if [C] = [C ′], then the generalized fibre sumsX(φ) andX(φ′) are
diffeomorphic.

Proof. Suppose thatφ andφ′ are isotopic. Since

ρ = τ−1
N ◦ φ ◦ τM ,

this implies that the diffeomorphismsρ, ρ′ are isotopic, hence homotopic. The mapsC,C ′ can be
written as

C = pr ◦ ρ ◦ ι, C ′ = pr ◦ ρ′ ◦ ι,

whereι : Σ→ Σ× S1 denotes the inclusionx 7→ (x, 1) andpr denotes the projection onto the second
factor inΣ × S1. This implies thatC andC ′ are homotopic, hence the cohomology classes[C] and
[C ′] coincide.

Conversely, if[C] = [C ′] thenC andC ′ are homotopic maps. We can choose a smooth homotopy

∆: Σ× [0, 1] −→ S1,

(x, t) 7→ ∆(x, t)

with ∆0 = C and∆1 = C ′. Define the map

R : (Σ× S1)× [0, 1] −→ Σ× S1,

(x, α, t) 7→ Rt(x, α),

where
Rt(x, α) = (x,∆(x, t) · α).

ThenR is a homotopy betweenρ andρ′. Note that the mapsRt : Σ×S1 → Σ×S1 are diffeomorphisms
with inverse

(y, β) 7→ (y,∆(y, t)−1 · β),

where∆(y, t)−1 denotes the inverse as a group element inS1. HenceR is an isotopy betweenρ andρ′

which defines via the trivializationsτM , τN an isotopy betweenφ, φ′.

We now determine the action of the gluing diffeomorphismφ : ∂M ′ → ∂N ′ for a generalized fibre
sumX = X(φ) on the homology of the boundaries∂M ′ and∂N ′. We use the given framings to de-
scribe this action in bases for the homology groups chosen above. This calculation will be needed later
because the induced mapφ∗ on homology appears in the Mayer-Vietoris sequences for the calculation
of the homology groups ofX.

Lemma 5.5. The mapφ∗ : H1(∂νΣM )→ H1(∂νΣN ) is given by

φ∗γ
M
i = γNi + aiσ

N , i = 1, . . . , 2g

φ∗σ
M = −σN .

Proof. We have
ρ(γi(t), ∗) = (γi(t), (C ◦ γi)(t) · ∗),

which impliesρ∗γi = γi + aiσ for all i = 1, . . . , 2g. Similarly,

ρ(∗, t) = (∗, C(∗) · t),

which impliesρ∗σ = −σ. The claim follows from these equations and equation (5.2).
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Note thatρ∗ is given in the basisγ1, . . . , γ2g, σ by the following matrix inGL(2g + 1,Z) with
determinant equal to−1: 

1 0 . . . 0 0
0 1 0 0
...

...
...

0 0 1 0
a1 a2 . . . a2g −1


Lemma 5.6. The mapφ∗ : H2(∂νΣM )→ H2(∂νΣN ) is given by

φ∗ΓMi = −ΓNi , i = 1, . . . , 2g

φ∗ΣM = −

(
2g∑
i=1

aiΓNi

)
+ ΣN .

Proof. We first compute the action ofρ on the first cohomology ofΣ × S1. By the proof of Lemma
5.5,

(ρ−1)∗γi = γi + aiσ, i = 1, . . . , 2g

(ρ−1)∗σ = −σ.

We claim that

(ρ−1)∗(γ∗i ) = γ∗i , i = 1, . . . , 2g,

(ρ−1)∗(σ∗) =

(
2g∑
i=1

aiγ
∗
i

)
− σ∗.

This is easy to check by evaluating both sides on the given basis ofH1(Σ×S1) and using〈(ρ−1)∗µ, v〉 =
〈µ, (ρ−1)∗v〉. By the formula

λ∗(λ∗α ∩ β) = α ∩ λ∗β, (5.4)

for continuous mapsλ between topological spaces, homology classesβ and cohomology classesα (see
[16], Chapter VI. Theorem 5.2.), we get for allµ ∈ H∗(Σ× S1),

ρ∗PD(ρ∗µ) = ρ∗(ρ∗µ ∩ [Σ× S1])

= µ ∩ ρ∗[Σ× S1]

= −µ ∩ [Σ× S1]
= −PD(µ).

(5.5)

sinceρ is orientation reversing. This impliesρ∗PD(µ) = −PD((ρ−1)∗µ) and hence

ρ∗Γi = −Γi, i = 1, . . . , 2g,

ρ∗Σ = −

(
2g∑
i=1

aiΓi

)
+ Σ.

The claim follows from this.

Proposition 5.7. Thediffeomorphismφ is determined up to isotopy by the difference of the homology
classesφ∗ΣM andΣN in ∂νΣN .

This follows because by the formula in Lemma 5.6 above, the difference determines the coefficients
ai. Hence it determines the class[C] and by Proposition 5.4 the diffeomorphismφ up to isotopy. An
interpretation of the differenceφ∗ΣM − ΣN = −

∑2g
i=1 aiΓ

N
i will be given in Section V.3.1.
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V.1.3 Calculation of the dimensiond

Recallthat we defined homomorphisms

iM ⊕ iN : H1(Σ;Z) −→ H1(M ;Z)⊕H1(N ;Z)
λ 7→ (iM (λ), iN (λ)),

and

i∗M + i∗N : H1(M ;Z)⊕H1(N ;Z) −→ H1(Σ;Z)
(α, β) 7→ i∗Mα+ i∗Nβ.

The kernels ofiM ⊕ iN andi∗M + i∗N are free abelian groups, but the cokernels can have torsion. We
can also consider both homomorphisms for homology and cohomology withR-coefficients.

Lemma 5.8. Consider the homomorphismsiM ⊕ iN andi∗M + i∗N for homology and cohomology with
R-coefficients. Letd = dim Ker(iM ⊕ iN ). Then

dim Ker(i∗M + i∗N ) = b1(M) + b1(N)− 2g + d = dim Coker(iM ⊕ iN )
dim Coker(i∗M + i∗N ) = d = dim Ker(iM ⊕ iN ),

whereg denotes the genus of the surfaceΣ.

Proof. By general linear algebra,i∗M+i∗N is the dual homomorphism toiM⊕iN under the identification
of cohomology with the dual vector space of homology withR-coefficients. Moreover,

dim Coker(iM ⊕ iN ) = b1(M) + b1(N)− dim Im(iM ⊕ iN )
= b1(M) + b1(N)− (2g − dim Ker(iM ⊕ iN ))
= b1(M) + b1(N)− 2g + d.

This implies

dim Ker(i∗M + i∗N ) = dim Coker(iM ⊕ iN ) = b1(M) + b1(N)− 2g + d

dim Coker(i∗M + i∗N ) = dim Ker(iM ⊕ iN ) = d.

V.1.4 Choice of framings

In this subsection, we define certain specific reference trivializationsτM , τN , which are adapted to the
splitting ofH1(M ′) into H1(M) and the torsion group determined by the meridian ofΣM in ∂M ′.
This is a slightly “technical” issue which will make the calculations much easier. We use the results
from the Appendix.

By subsection A.4 there exist certain classes

AM ∈ H1(M ′;ZkM ), AN ∈ H1(N ′;ZkN )

which determine splittings

sAM : H1(M ′;Z) −→ H1(M ;Z)⊕ ZkM
α 7→ (ρMα, 〈AM , α〉),
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and similarly forN . We want the framingsτM andτN to be compatible with these splittings in the
following way: The exact sequence

H1(∂M ′)→ H1(M ′)⊕H1(Σ)→ H1(M),

coming from the Mayer-Vietoris sequence forM , maps

γMi 7→ (µMγMi , γi) 7→ ρMµMγ
M
i − iMγi

σM 7→ (µMσM , 0) 7→ ρMµMσ
M .

By exactness,ρMµMγMi = iMγi andρMµMσM = 0, whereγMi is determined byγi via the trivial-
izationτM . Let

sAM : H1(M ′)→ H1(M)⊕ ZkM
be the splitting map above. This maps

µMγ
M
i 7→ (ρMµMγMi , 〈AM , µMγMi )〉 = (iMγi, 〈AM , µMγMi 〉)

µMσ
M 7→ (0, 1).

Let [cMi ] = 〈AM , µMγMi ) ∈ ZkM . It follows that the composition

H1(∂M ′)
µM→ H1(M ′)

sAM→ H1(M)⊕ ZkM (5.6)

is given on generators by

γMi 7→ (iMγi, [cMi ])

σM 7→ (0, 1).

We can change the reference trivializationτM to a new trivializationτ ′M such thatγMi changes to

γMi
′
= γMi − cMi σM ,

for all i = 1, . . . , 2g andσM stays the same. This follows as in Lemma 5.5. The composition in
equation (5.6) is now given by

γMi
′ 7→ (iMγi, 0)

σM 7→ (0, 1).

Lemma 5.9. There exists a trivializationτM of the normal bundle ofΣM in M , such that the compo-
sition

H1(∂M ′)
µM→ H1(M ′)

sAM→ H1(M)⊕ ZkM
is given by

γMi 7→ (iMγi, 0), i = 1, . . . , 2g

σM 7→ (0, 1).

There exists a similar trivializationτN for the normal bundle ofΣN .

Definition 5.10. We call such framings for the normal bundles ofΣM andΣN allowed. They depend
on the choice ofAM andAN .

From now on we only work with a fixed, allowed framing for the normal bundles of bothΣM and
ΣN .
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V.2 Calculation of the first integral homology

V.2.1 Calculation ofH1(X;Z)

In the case that the greatest common divisornMN of kM , kN is not equal to1, the formula forH1(X;Z)
will involve a certain torsion term. Letr denote the homomorphism defined by

r : H1(Σ;Z) −→ ZnMN ,

λ 7→ 〈C, λ〉 mod nMN .

We then have the following formula forH1(X;Z):

Theorem 5.11.Consider the homomorphism

H1(Σ;Z) iM⊕iN⊕r−→ H1(M ;Z)⊕H1(N ;Z)⊕ ZnMN ,

λ 7→ (iMλ, iNλ, r(λ)).

ThenH1(X;Z) ∼= Coker(iM ⊕ iN ⊕ r).
In the proof we use a small algebraic lemma which can be formulated as follows. LetH andG be

abelian groups andf : H → G andh : H → Z homomorphisms. LetkM , kN be positive integers with
greatest common divisornMN . Consider the (well-defined) map

p : ZkM ⊕ ZkN → ZnMN ,

([x], [y]) 7→ [x+ y].

Lemma 5.12. The homomorphisms

ψ : H ⊕ Z→ G⊕ ZkM ⊕ ZkN
(x, a) 7→ (f(x), a modkM , h(x)− a modkN ),

and

ψ′ : H → G⊕ ZnMN

x 7→ (f(x), h(x) modnMN )

have isomorphic cokernels. The isomorphism is induced byId⊕ p.
Proof. The mapId⊕ p is a surjection, hence it induces a surjection

P : G⊕ ZkM ⊕ ZkN → Cokerψ′.

We compute the kernel ofP and show that it is equal to the image ofψ. This will prove the lemma.
Suppose an element is in the image ofψ. Then it is of the form(f(x), a modkM , h(x)− a modkN ).
The image underP of this element is(f(x), h(x) modnMN ), hence in the image ofψ′. Conversely,
let (g, u modkM , v modkN ) be an element in the kernel ofP . The element maps underId ⊕ p to
(g, u+ v modnMN ), hence there exists an elementx ∈ H such thatg = f(x) andu+ v ≡ h(x) mod
nMN . We can choose integersc, d, e such that the following equations hold:

u+ v − h(x) = cnMN = dkM + ekN .

Define an integera = u− dkM . Then:

u ≡ a modkM
v ≡ h(x)− a+ ekN = h(x)− a modkN .

Hence(g, u modkM , v modkN ) = ψ(x, a) and the element is in the image ofψ.
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We now prove Theorem 5.11.

Proof. Since∂M ′,M ′ andN ′ are connected, the Mayer-Vietoris sequence forX shows that

H1(X) ∼= Coker(ψ: H1(∂M ′)→ H1(M ′)⊕H1(N ′)).

The homomorphismψ1 is given on the standard basis by

γMi 7→ (µMγMi , µNγ
N
i + aiµNσ

N )

σM 7→ (µMσM ,−µNσN ).

We want to replaceH1(M ′) by H1(M) ⊕ ZkM andH1(N ′) by H1(N) ⊕ ZkN , as in Proposition
A.2. We choose splittings as in subsection V.1.4. Since we are working with an allowed framing, the
composition

H1(∂M ′)
µM→ H1(M ′)

sAM→ H1(M)⊕ ZkM (5.7)

is given on generators by

γMi 7→ (iMγi, 0)

σM 7→ (0, 1),

as before. Similarly, the composition

H1(∂N ′)
µN→ H1(N ′)

sAN→ H1(N)⊕ ZkN (5.8)

is given by

γNi 7→ (iNγi, 0)

σN 7→ (0, 1).

If we add these maps together, we can replaceψ1 by

H1(∂M ′)→ H1(M)⊕ ZkM ⊕H1(N)⊕ ZkN ,
γMi 7→ (iMγi, 0, iNγi, ai)

σM 7→ (0, 1, 0,−1).

Using the isomorphismH1(Σ× S1) ∼= H1(Σ)⊕ Z→ H1(∂M ′) given byτM , we get the map

H1(Σ)⊕ Z→ H1(M)⊕ ZkM ⊕H1(N)⊕ ZkN ,
(λ, α) 7→ (iMλ, α modkM , iNλ, 〈C, λ〉 − α modkN ),

(5.9)

which we call againψ1. To finish the proof, we have to show that this map has the same cokernel as
the map

iM ⊕ iN ⊕ r : H1(Σ)→ H1(M)⊕H1(N)⊕ ZnMN ,

λ 7→ (iMλ, iNλ, 〈C, λ〉 modnMN ).

This follows from Lemma 5.12.

An immediate corollary is the following.

Corollary 5.13. If the greatest common divisor ofkM and kN is equal to1, thenH1(X;Z) ∼=
Coker(iM ⊕ iN ). In particular,H1(X;Z) does not depend on[C] in this case (up to isomorphism).
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V.2.2 Calculation of the Betti numbers ofX

As a corollary to Theorem 5.11 we can compute the Betti numbers ofX.

Corollary 5.14. The Betti numbers of a generalized fibre sumX = M#ΣM=ΣNN along surfacesΣM

andΣN of genusg and self-intersection0 are given by

b0(X) = b4(X) = 1
b1(X) = b3(X) = b1(M) + b1(N)− 2g + d

b2(X) = b2(M) + b2(N)− 2 + 2d
b+2 (X) = b+2 (M) + b+2 (N)− 1 + d

b−2 (X) = b−2 (M) + b−2 (N)− 1 + d,

whered is the integer from Lemma 5.8.

Proof. The formula forb1(X) follows from Theorem 5.11 and Lemma 5.8, since we can leave away
all torsion terms to calculateb1(X). To determine the formula forb2(X), we use the formula for the
Euler characteristic of a space decomposed into two piecesA,B:

e(A ∪B) = e(A) + e(B)− e(A ∩B),

ForM = M ′ ∪ νΣM , withM ′ ∩ νΣM
∼= Σ× S1, we get

e(M) = e(M ′) + e(νΣM )− e(Σ× S1)
= e(M ′) + 2− 2g,

sinceνΣM is homotopy equivalent toΣM andΣ×S1 is a 3-manifold, hence has zero Euler character-
istic. This implies

e(M ′) = e(M) + 2g − 2, and similarly e(N ′) = e(N) + 2g − 2.

ForX = M ′ ∪N ′, withM ′ ∩N ′ ∼= Σ× S1, we then get

e(X) = e(M ′) + e(N ′)
= e(M) + e(N) + 4g − 4.

Together with the formula forb1(X) = b3(X) above, this implies

b2(X) = −2 + 2(b1(M) + b1(N)− 2g + d) + 2− 2b1(M) + b2(M)
+ 2− 2b1(N) + b2(N) + 4g − 4

= b2(M) + b2(N)− 2 + 2d.

It remains to prove the formulas forb±2 (X). By Novikov additivity for the signature [56, Remark 9.1.7],

σ(X) = σ(M) + σ(N),

we get by addingb2(X) on both sides,

2b+2 (X) = 2b+2 (M) + 2b+2 (N)− 2 + 2d,

henceb+2 (X) = b+2 (M) + b+2 (N)− 1 + d. This also implies the formula forb−2 (X).

A direct computation ofb2(X) asthe rank ofH2(X;Z) will be given in Section V.3.4.
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V.2.3 Calculation ofH1(X;Z)

SinceH1(X;Z) is torsion free it is determined up to isomorphism completely by its rank, given by the
first Betti numberb1(X) from Corollary 5.14. We nevertheless give an explicit calculation ofH1(X;Z)
because this will be useful later on.

Consider the following part of the Mayer-Vietoris sequence in cohomology:

0→ H1(X)
η∗M	η

∗
N−→ H1(M ′)⊕H1(N ′)

ψ∗1−→ H1(∂M ′).

Sinceη∗M − η∗N is injective,H1(X) is isomorphic to the kernel ofψ∗1 = µ∗M + φ∗µ∗N . We want to
calculate this kernel. Consider the map

µ∗M : H1(M ′)→ H1(∂M ′).

By the proof of Proposition A.2, the mapρ∗M : H1(M)→ H1(M ′) is an isomorphism. Via the framing
τM we can identify

H1(∂M ′) ∼= H1(Σ)⊕ ZPD(ΣM ).

Note thatσM
∗ = PD(ΣM ) in ∂M ′.

We want to calculate the composition

H1(M) ∼= H1(M ′)
µ∗M−→ H1(∂M ′) ∼= H1(Σ)⊕ ZPD(ΣM ).

Let α ∈ H1(M). Then

〈µ∗Mρ∗Mα, γMi 〉 = 〈α, ρMµMγMi 〉
= 〈α, iMγi〉
= 〈i∗Mα, γi〉,

and

〈µ∗Mρ∗Mα, σMi 〉 = 〈α, ρMµMσM 〉
= 0.

Hence the compositionH1(M)→ H1(Σ)⊕ZPD(ΣM ) is given byi∗M⊕0. Similarly, the composition
H1(N)→ H1(Σ)⊕ ZPD(ΣN ) is given byi∗N ⊕ 0. We now consider the composition

H1(M)⊕H1(N) ∼= H1(M ′)⊕H1(N ′)
ψ∗1−→ H1(∂M ′) ∼= H1(Σ)⊕ ZPD(ΣM ).

The mapψ∗1 is given byµ∗M + φ∗µ∗N . Sinceφ∗γNi
∗ = γMi

∗
for all i = 1, . . . , 2g, we see that this

composition is given by

(i∗M + i∗N )⊕ 0: H1(M)⊕H1(N)→ H1(Σ)⊕ ZPD(ΣM ). (5.10)

In particular, we get:

Proposition 5.15. The first cohomologyH1(X;Z) is isomorphic to the kernel of

i∗M + i∗N : H1(M ;Z)⊕H1(N ;Z)→ H1(Σ;Z).
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V.3 Calculation of the second integral cohomology

We consider the following part of the Mayer-Vietoris sequence:

H1(M ′)⊕H1(N ′)
ψ∗1−→ H1(∂M ′) −→ H2(X)

η∗M	η
∗
N−→ H2(M ′)⊕H2(N ′)

ψ∗2−→ H2(∂M ′).

This implies a short exact sequence

0 −→ Cokerψ∗1 −→ H2(X) −→ Kerψ∗2 −→ 0. (5.11)

By equation (5.10),
Cokerψ∗1 ∼= Coker(i∗M + i∗N )⊕ ZPD(ΣM ). (5.12)

We calculate Coker(i∗M + i∗N ) in the next section, which is related to the notion ofrim tori.

V.3.1 Rim tori in H2(X;Z)

We consider the following part of the Mayer-Vietoris sequence forM :

H2(∂M ′)
µM⊕pM−→ H2(M ′)⊕H2(Σ)

ρM−iM−→ H2(M) ∂−→ H1(∂M ′). (5.13)

The subgroup kerpM in H2(∂M ′) is generated by the classesΓMi , for i = 1, . . . , 2g.

Lemma 5.16. The kernel ofρM : H2(M ′) → H2(M) is equal to the image of kerpM under the
homomorphismµM .

Proof. Supposeα is an element in kerpM . ThenρMµMα = iMpMα = 0. Conversely, suppose
β is an element inH2(M ′) with ρMβ = 0. Then0 = ρMβ − iM (0), hence by exactness of the
Mayer-Vietoris sequence there exists anα ∈ H2(∂M ′) with β = µMα, 0 = pMα. This implies that
ImµM = kerρM .

Note that there exists an isomorphismPD ◦ p∗M : H1(Σ;Z)→ kerpM , where

p∗M : H1(Σ)→ H1(∂M ′)

and
PD : H1(∂M ′)→ H2(∂M ′)

is Poincaŕe duality. In our standard basis, this isomorphism is given by

H1(Σ;Z)→ kerpM∑
ciγ
∗
i 7→

∑
ciΓMi .

(5.14)

Lemma 5.17. Every element in the kernel ofρM can be represented by a smoothly embedded torus in
the interior ofM ′.

Proof. Note that the classesΓMi ⊂ H2(∂M ′) are of the formχMi × σM whereχMi is a curve onΣM .
Hence every elementT ∈ kerpM is represented by a surface of the formcM × σM , wherecM is a
closed, oriented curve onΣM with transverse self-intersections. A collar of∂M ′ = ∂νΣM in M ′ is
of the formΣM × S1 × I. We can eliminate the self-intersection points of the curvecM in ΣM × I,
without changing the homology class. If we then cross withσM , we see thatµM (T ) = cM × σM can
be represented by a smoothly embedded torus inM ′.
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We have the following definition, see e.g. [34, 42, 68].

Definition 5.18. We callµM (T ) ∈ H2(M ′) for an elementT ∈ kerpM therim torus in M ′ associated
to T . Equivalently, we can consider rim tori as being associated to elements inα ∈ H1(Σ;Z) via
µM ◦PD ◦p∗M (α). We denote byR(M ′) the group of all rim tori, i.e. the image of the homomorphism

µM ◦ PD ◦ p∗M : H1(Σ)→ H2(M ′).

Rim tori are already “virtually” in the manifoldM as embedded null-homologous tori. Some of
them can become non-zero homology classes if the tubular neighbourhoodνΣM is deleted. There is
an analogous construction forN .

We want to discuss orientations and intersection numbers of rim tori and related surfaces: Note that
by definitionΓi = PD(γ∗i ). This implies

〈PD(Γi), γj〉 = δij ,

hence the surfacesΓi have intersectionδij with the curvesγj . Similarly, suppose that a torusT is
associated to an element

∑2g
i=1 ciγ

∗
i . ThenPD(T ) =

∑2g
i=1 ciΓi and

T · γj = cj .

Suppose thatT is given bya×σ wherea is an oriented curve onΣ. GiveT the orientation determined
by the orientation ofa followed by the orientation ofσ. Then

T · γj = −(a · γj),

because the orientation ofΣ × S1 is the orientation ofΣ followed by the orientation ofS1. These
relations also hold on∂M ′ and∂N ′. Finally, suppose thate is another oriented curve onΣ. We
view e as a curve on the push-offΣM in M ′. The curvee defines a small annulusEM in a collar of
∂M ′ = Σ× S1 × I given byEM = e× I whereI is an interval pointing radially outwards along the
D2 factor inνΣM = Σ ×D2. GiveEM the orientation ofe followed by the orientation ofI pointing
intoM ′. Denote byTM the rim torus inM ′ associated toT = a× σ. We then have

TM · EM = (a× σ) · (e× I)
= a · e,

because the orientation of a collarΣ×S1×I is given by the orientation ofΣ followed by the orientation
of S1 and followed by the orientation ofI pointingout ofM ′, cf. Section V.1.

Lemma 5.19. With our orientation conventions, the algebraic intersection number of a rim torusTM
and an annulusEM as above is given byTM · EM = a · e.

We can map every rim torus inM ′ under the inclusionηM : M ′ → X to a homology class inX.

Definition 5.20. We callηM ◦ µM (α) the rim torus inX associated to the elementα ∈ H1(Σ). The
group of rim tori inX is defined as the image of the homomorphism

ηM ◦ µM ◦ PD ◦ p∗M : H1(Σ)→ H2(X).

We can also map every rim torus inN ′ via the inclusionηN : N ′ → X to an embedded torus inX.
This torus is related to the rim torus coming viaM ′ in the following way:
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Lemma 5.21.Letα bea class inH1(Σ). ThenηM ◦µM ◦PD◦p∗Mα = −ηN ◦µN ◦PD◦p∗Nα. Hence
for the same elementα ∈ H1(Σ) the rim torus inX coming viaN ′ is minus the rim torus coming via
M ′.

Proof. The action of the gluing diffeomorphismφ on second homology is given byφ∗ΓMi = −ΓNi .
Let α ∈ H1(Σ) be a fixed class,

α =
2g∑
i=1

ciγ
∗
i .

The rim tori inM ′ andN ′ associated toα are given by

aM =
2g∑
i=1

ciµMΓMi , aN =
2g∑
i=1

ciµNΓNi = −
2g∑
i=1

ciµNφ∗ΓMi .

In X we get

ηMaM + ηNaN =
2g∑
i=1

ci(ηMµM − ηNµNφ∗)ΓMi

= 0,

by the Mayer-Vietoris sequence forX. Hence ifaM andaN are rim tori inM ′ andN ′ associated to
the same elementα ∈ H1(Σ;Z) thenηMaM = −ηNaN .

Definition 5.22. LetRC denotethe rim torus inX determined by the class−
∑2g

i=1 aiΓ
M
i ∈ H2(∂M ′)

under the inclusion of∂M ′ in X as in Definition 5.18. This class is equal to the image of the class∑2g
i=1 aiΓ

N
i ∈ H2(∂N ′) under the inclusion of∂N ′ in X.

Recall thatΣX is the class inX which is the image of the push-offΣM under the inclusionM ′ →
X. Similarly, Σ′X is the image of the push-offΣN under the inclusionN ′ → X.

Lemma 5.23. The classesΣ′X andΣX in X differ by

Σ′X − ΣX = RC .

This follows since by Lemma 5.6,

φ∗ΣM = −

(
2g∑
i=1

aiΓNi

)
+ ΣN .

The difference is due to the fact that the diffeomorphismφ does not necessarily match the classesΣM

andΣN .
Recall that the embeddingiM : Σ→M defines a homomorphism

i∗M : H1(M)→ H1(Σ).

We now determine the set of elements inH1(Σ) which map to null-homologous rim tori inM ′.

Proposition 5.24. The kernel of the mapµM ◦ PD ◦ p∗M is equal to the image ofi∗M .
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Proof. Considerthe following sequence coming from the long exact sequence for the pair(M ′, ∂M ′):

H3(M ′, ∂M ′) ∂−→ H2(∂M ′)
µM−→ H2(M ′).

Under Poincaŕe duality

H3(M ′, ∂M ′) ∂−−−−→ H2(∂M ′)

∼=
y ∼=

y
H1(M ′)

µ∗M−−−−→ H1(∂M ′)

(5.15)

This shows that the kernel ofµM ◦ PD ◦ p∗M is equal to the set of all elementsc ∈ H1(Σ) such
that p∗Mc is in the image ofµ∗M . Note that the embeddingρM : M ′ → M induces an isomorphism
ρ∗M : H1(M) → H1(M ′) by the proof of Proposition A.2. Hence the image ofµ∗M is equal to the
image ofµ∗Mρ

∗
M .

Supposec ∈ H1(Σ) is an element such thatp∗Mc is in the image ofµ∗Mρ
∗
M . Hence we can write

p∗Mc = µ∗Mρ
∗
Mβ,

for someβ ∈ H1(M). We havep∗Mc =
∑2g

j=1 cjγ
∗
j for certain coefficientscj . The coefficients can be

determined as follows:

ci = 〈p∗Mc, γi〉
= 〈µ∗Mρ∗Mβ, γi〉
= 〈β, iMγi〉
= 〈i∗Mβ, γi〉.

In the third step we have used the Mayer-Vietors sequence (5.13). We have also denoted classesγi on
Σ andΣ× S1, which correspond under the projectionp, by the same symbol. This implies

p∗Mc =
2g∑
i=1

〈i∗Mβ, γi〉γ∗i

= p∗M i
∗
Mβ.

Sincep∗M is injective it follows thatc = i∗Mβ. Hencec is in the image ofi∗M .
Conversely, the same calculation backwards shows that every class in the image ofi∗M : H1(M)→

H1(Σ) gives underp∗M a class inH1(∂M ′) in the image ofµ∗Mρ
∗
M .

We can now prove the main theorem in this subsection.

Theorem 5.25.Let i∗M , i
∗
N denote the homomorphisms

i∗M : H1(M ;Z)→ H1(Σ;Z), and i∗N : H1(N ;Z)→ H1(Σ;Z).

Then the defining maps in Definitions 5.18 and 5.20 for the groups of rim tori inM ′,N ′ andX ′ induce
isomorphisms

Cokeri∗M
∼=−→ R(M ′)

Cokeri∗N
∼=−→ R(N ′)

Coker(i∗M + i∗N )
∼=−→ R(X).
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Proof. Thestatement aboutR(M ′) andR(N ′) follows immediately from Lemma 5.24. It remains to
prove the statement aboutR(X). Consider the following diagram:

H3(X,M ′) ∂−−−−→ H2(∂M ′)
ηM−−−−→ H2(X)

∼=
x µMφ

−1
∗

x ηN

x
H3(N ′, ∂N ′) ∂−−−−→ H2(∂N ′) −−−−→ H2(N ′)

The horizontal parts come from the long exact sequences of pairs, the vertical parts come from in-
clusion. The isomorphism on the left is by excision. Hence the kernel ofηM is given by the image
of

µM ◦ φ−1
∗ ◦ ∂ : H3(N ′, ∂N ′)→ H2(M ′).

We claim that this is equal to the image of

µM ◦ PD ◦ p∗M ◦ i∗N : H1(N)→ H2(M ′).

This follows in three steps: First, by equation (5.15) and the remark following it, the image of∂ is
equal to the image ofPD ◦ µ∗N ◦ ρ∗N . By the Mayer-Vietoris sequence forN

H1(N)
ρ∗N	i

∗
N−→ H1(N ′)⊕H1(Σ)

µ∗N+p∗N−→ H1(∂N ′)

we haveµ∗N ◦ ρ∗N = p∗N ◦ i∗N . Finally, we use the identity

φ−1
∗ ◦ PD ◦ p∗N = −PD ◦ p∗M ,

which is equivalent to the known identityφ∗ΓMi = −ΓNi , for all i = 1, . . . , 2g.
Suppose thatα ∈ H1(Σ) is in the kernel ofηM ◦ µM ◦ PD ◦ p∗M . This happens if and only if

µM ◦ PD ◦ p∗Mα is in the kernel ofηM . By the argument above this is equivalent to the existence of a
classβN ∈ H1(N) with

µM ◦ PD ◦ p∗Mα = µM ◦ PD ◦ p∗M ◦ i∗NβN .

By Lemma 5.24, this is equivalent to the existence of a classβM ∈ H1(M) with

α = i∗MβM + i∗NβN .

This shows that the kernel ofηM ◦ µM ◦ PD ◦ p∗M is equal to the image ofi∗M + i∗N and proves the
claim.

Corollary 5.26. Therank of the abelian subgroupR(X) of rim tori inH2(X;Z) is equal to the integer
d, defined in Lemma 5.8.

V.3.2 Perpendicular classes

For the calculation ofH2(X;Z) it remains to calculate the kernel of

ψ∗2 : H2(M ′)⊕H2(N ′)→ H2(∂M ′),

whereψ∗2 = µ∗M + φ∗µ∗N , as in equation (5.11). Consider the homomorphism

µ∗M : H2(M ′)→ H2(∂M ′).
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By Lemma A.1 there exists a short exact sequence

0 −→ H2(M)
ZΣM

ρ∗M−→ H2(M ′) ∂−→ keriM −→ 0, (5.16)

where keriM is the kernel ofiM : H1(Σ) → H1(M). This sequence splits because keriM is free
abelian and we can write

H2(M ′) ∼=
H2(M)
ZΣM

⊕ keriM . (5.17)

A splitting can be defined as follows: The images of loops representing the classes in keriM under
the embeddingiM : Σ → M bound surfaces inM . Using the trivializationτM we can think of these
loops to be on the push-offΣM and the surfaces they bound inM ′. In this way the elements in keriM
determine classes inH2(M ′) ∼= H2(M ′, ∂M ′).

We also use the trivializationτM to identify

H2(∂M ′) ∼= H1(Σ× S1) ∼= Z⊕H1(Σ),

where theZ summand is spanned byPD(σM ). We can then consider the composition

H2(M)
ZΣM

⊕ keriM ∼= H2(M ′)
µ∗M→ H2(∂M ′) ∼= Z⊕H1(Σ).

Proposition 5.27. The composition

µ∗M :
H2(M)
ZΣM

⊕ ker iM → Z⊕H1(Σ) (5.18)

is given by
([A], α) 7→ (A · ΣM , α).

Note that this map is well-defined in the first variable sinceΣ2
M = 0. The map in the second

variable is inclusion.

Proof. The proof is in two steps. To show thatµ∗M is the identity on the second summand note that by
Poincaŕe duality

H2(M ′, ∂M ′) ∂−−−−→ H1(∂M ′)

∼=
y ∼=

y
H2(M ′)

µ∗M−−−−→ H2(∂M ′)

as in equation (5.15). This implies the claim by our choice of splitting. It remains to prove that

µ∗Mρ
∗
M [A] = (A · ΣM )PD(σM )

Note thatµ∗Mρ
∗
MA = p∗M i

∗
MA by the Mayer-Vietoris sequence forM = M ′ ∪ νΣM . Since

〈i∗MA,Σ〉 = 〈A,ΣM 〉 = A · ΣM

the classi∗MA is equal to(A ·ΣM )1, where1 denotes the generator ofH2(Σ), Poincaŕe dual to a point.
Sincep∗M (1) is the Poincaŕe dual of a fibre in∂M ′ = ∂νΣM the claim follows.
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Note that the map

µ∗Mρ
∗
M :

H2(M)
ZΣM

→ Z

is given by intersection withΣM . Hence it can take values only inkMZ becauseΣM is divisible by
kM .

Definition 5.28. We choose a classBM ∈ H2(M ;Z) with BM ·AM = 1. Such a class exists because
AM is indivisible. We denote the image of this class inH2(M ′) ∼= H2(M ′, ∂M ′) byB′M .

Then the equationBM ·ΣM = kM implies that the map given by intersection withΣM is surjective
ontokMZ.

Lemma 5.29. The classB′M ∈ H2(M ′, ∂M ′) bounds thekM -fold multiple of the meridian in∂M ′.

Proof. Under Poincaŕe duality the sequence

H2(M)
ρ∗M−→ H2(M ′)

µ∗M−→ H2(∂M ′)

corresponds to

H2(M) −→ H2(M ′, ∂M ′) ∂−→ H1(∂M ′),

where the first map isH2(M)→ H2(M,ΣM ) ∼= H2(M ′, ∂M ′). Hence the classB′M ∈ H2(M ′, ∂M ′)
maps tokMσM .

Consider the subgroup inH2(M ;Z) generatedby the classesBM andAM .1 SinceA2
M = 0 and

AM ·BM = 1, the intersection form on these (indivisible) elements looks like(
B2
M 1
1 0

)
.

Definition 5.30. Let P (M) = (ZBM ⊕ ZAM )⊥ denote the orthogonal complement inH2(M) with
respect to the intersection form. The elements inP (M) are calledperpendicular classes.

Since the restriction of the intersection form to(ZBM ⊕ZAM ) is unimodular (it is equivalent toH
if B2

M is even and to(+1)⊕ (−1) if B2
M is odd) it follows that there exists a direct sum decomposition

H2(M) = ZBM ⊕ ZAM ⊕ P (M). (5.19)

The restriction of the intersection form toP (M)/Tor is again unimodular (see [56, Lemma 1.2.12]).
This implies also that the rank ofP (M) is b2(M)− 2.

Lemma 5.31. For every elementα ∈ H2(M) there exists a decomposition of the form

α = (α ·AM )BM + (α ·BM −B2
M (α ·AM ))AM + α, (5.20)

where
α = α− (α ·AM )BM − (α ·BM −B2

M (α ·AM ))AM

is an element inP (M), hence orthogonal to bothAM andBM .
1This subgroup corresponds to the Gompf nucleus in elliptic surfaces defined as a regular neighbourhood of a cusp fibre

and a section, cf. [53], [56, Section 3.1].
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This follows by writingp(α) = α + aAM + bBM . The equationsp(α) · AM = 0 = p(α) · BM
determine the coefficientsa, b.

SinceΣM = kMAM , we can now write

H2(M)
ZΣM

∼= ZkMAM ⊕ ZBM ⊕ P (M).

Definition 5.32. We defineP (M)AM = ZkMAM ⊕ P (M).

Note that all constructions and definitions in this section can be done for the manifoldN as well.

V.3.3 Split classes inH2(X;Z)

In this section we calculate the kernel of the homomorphism

ψ∗2 : H2(M ′)⊕H2(N ′)→ H2(∂M ′).

Consider the following map:

f : ZBM ⊕ ZBN ⊕ ker(iM ⊕ iN ) −→ Z

(xMBM , xNBN , α) 7→ xMkM + xNkN − 〈C,α〉.

HereBM , BN are just formal terms which could be left away.

Definition 5.33. Let kerf = S(X). We callS(X) the group ofsplit classesof X. It is a free abelian
group of rankd+ 1 since ker(iM ⊕ iN ) has rankd by Lemma 5.8.

The elements inS(X) have the following interpretation:

Lemma 5.34. The elements(xMBM , xNBN , α) in S(X) are precisely those elements inZBM ⊕
ZBN ⊕ ker(iM ⊕ iN ) such thatαM + xMkMσ

M bounds inM ′, αN + xNkNσ
N bounds inN ′, and

both elements get identified under the gluing diffeomorphismφ.

Proof. Suppose that an element

αM + rσM = τMα+ rσM ∈ H1(∂M ′),

with α ∈ H1(Σ), is null-homologous inM ′. By the proof of Theorem 5.11 this happens if and only
if iMα = 0 ∈ H1(M) andr is divisible bykM , hencer = xMkM for somexM ∈ Z. In this case it
bounds a surface inM ′. The classαM + rσM maps underφ to the class

αN + 〈C,α〉σN − rσN .

This class is null-homologous inN ′ if and only if iNα = 0 and〈C,α〉 − r = 〈C,α〉 − xMkM is
divisible bykN , hence

〈C,α〉 − xMkM = xNkN .

We can now prove:

Theorem 5.35.The kernel of the homomorphism

ψ∗2 : H2(M ′)⊕H2(N ′)→ H2(∂M ′)

is isomorphic toS(X)⊕ P (M)AM ⊕ P (N)AN .
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Proof. By equation 5.18, the mapµ∗M is given by

P (M)AM ⊕ ZBM ⊕ keriM −→ kMZPD(σM )⊕H1(Σ)
(cM , xM , αM ) 7→ (xMkM , αM ).

We can replaceµ∗N by a similar map

P (N)AN ⊕ ZBN ⊕ keriN −→ kNZPD(σN )⊕H1(Σ)
(cN , xN , αN ) 7→ (xNkN , αN ).

Under the identifications

H2(∂M ′) ∼= H1(∂M ′) ∼= Z⊕H1(Σ), and

H2(∂N ′) ∼= H1(∂N ′) ∼= Z⊕H1(Σ)

given by the framingsτM , τN , we can calculate the map

φ∗ : H2(∂N ′)→ H2(∂M ′)

as follows: By equation (5.5), we have

φ∗2PD(σN ) = −(φ−1)∗σN = σM

φ∗2PD(γNi ) = −(φ−1)∗γNi = −γMi − aiσM .

Henceφ∗ is given by

Z⊕H1(Σ) −→ Z⊕H1(Σ)
(x, y) 7→ (x− 〈C, y〉,−y).

Therefore, we can replace the mapψ∗2 = µ∗M + φ∗µ∗N by the following homomorphism:

P (M)AM ⊕ P (N)AN ⊕ ZBM ⊕ ZBN ⊕ keriM ⊕ keriN −→ Z⊕H1(Σ)

given by
(cM , cN , xM , xN , αM , αN ) 7→ (xMkM + xNkN − 〈C,αN 〉, αM − αN ).

Elements in the kernel must satisfyαM = αN . In particular, both elements are in keriM ∩ keriN =
ker(iM ⊕ iN ). Hence the kernel of the replacedψ∗2 is given by

S(X)⊕ P (M)AM ⊕ P (N)AN .

V.3.4 Calculation ofH2(X;Z)

We can now write the short exact sequence (5.11) in the following form, using the calculations in
equation (5.12), Theorem 5.25 and Theorem 5.35:

Theorem 5.36.There exists a short exact sequence

0→ R(X)⊕ ZΣX → H2(X;Z)→ S(X)⊕ P (M)AM ⊕ P (N)AN → 0. (5.21)
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Note thatΣX is the class (or its Poincaré dual) coming from the push-offΣM under the inclusion
M ′ → X. We can check the second Betti number given by the exact sequence forH2(X;Z) in
Theorem 5.36: together with our previous calculation of the ranks for the corresponding groups we get

b2(X) = d+ 1 + (d+ 1) + (b2(M)− 2) + (b2(N)− 2)
= b2(M) + b2(N)− 2 + 2d.

This is the same number as in Corollary 5.14.

V.3.5 The intersection form ofX

The group of split classesS(X) always contains the element

BX = 1
nMN

(kNBM − kMBN ).

In particular, if ΣM and ΣN represent indivisible classes we haveBX = BM − BN . Suppose in
addition that the cohomologies ofM , N andX are torsion free. This is equivalent toH2 orH1 being
torsion free. To check whetherH1(X) is torsion free one can use Theorem 5.11 and Corollary 5.13. We
want to prove that we can choosed elementsS1, . . . , Sd in S(X), which form a basis forS(X) together
with the clasBX , and a basisR1, . . . , Rd for the group of rim toriR(X) such that the following holds:

Theorem 5.37. LetX = M#ΣM=ΣNN be a generalized fibre sum of closed oriented 4-manifolds
M andN along embedded surfacesΣM ,ΣN of genusg which represent indivisible homology classes.
Suppose that the cohomology ofM ,N andX is torsion free. Then there exists a splitting

H2(X;Z) = P (M)⊕ P (N)⊕ (S′(X)⊕R(X))⊕ (ZBX ⊕ ZΣX),

where
(S′(X)⊕R(X)) = (ZS1 ⊕ ZR1)⊕ . . .⊕ (ZSd ⊕ ZRd).

The direct sums are all orthogonal, except the direct sums inside the brackets. In this direct sum, the
restriction of the intersection formQX to P (M) andP (N) is equal to the intersection form induced
fromM andN and has the structure (

B2
M +B2

N 1
1 0

)
onZBX ⊕ ZΣX and the structure (

S2
i 1

1 0

)
on each summandZSi ⊕ ZRi.

The construction of the surfaces representingS1, . . . , Sd is rather lengthy and will be done step by
step.

Choose a basisα1, . . . , αd for the subgroup of ker(iM ⊕ iN ) of those elementsα such that〈C,α〉
is divisible bynMN . We then get a basis ofS(X) consisting of the element

BX = 1
nMN

(kNBM − kMBN )

andd further elements of the form

Si = xM (αi)BM + xN (αi)BN + αi, 1 ≤ i ≤ d,
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wherexM (αi), xN (αi) are coefficients with

xM (αi)kM + xN (αi)kN = 〈C,αi〉.

The classBX is sewed together from surfaces inM ′ andN ′ which represent the classeskNnMN
B′M and

kM
nMN

B′N that bound thekMkNnMN
-fold multiple of the meridiansσM andσN in ∂M ′ and∂N ′.

The (immersed) surfaces representingSi are constructed as follows (see Lemma 5.34): The images
of the loopsαi on Σ under the embeddingsiM , iN bound inM andN surfacesDM

i andDN
i . We can

consider the images of theαi to be curvesαMi andαNi on the push-offsΣM andΣN on the boundary
of tubular neighbourhoodsνΣ′M and νΣ′N . The surfacesDM

i andDN
i can be taken disjoint from

the interior of the tubular neighbourhoods and can be considered as elements inH2(M ′, ∂M ′) and
H2(N ′, ∂N ′). On the boundary ofνΣ′M andνΣ′N we considerxM (αi)kM andxN (αi)kN parallel
copies of the fibreσM andσN which are disjoint from the curvesαMi andαNi . They bound surfaces
in M ′ andN ′ homologous toxM (αi)B′M andxN (αi)B′N . We can connect the disjoint union of these
curves on the boundaries ofνΣ′M andνΣ′N by homologiesQMi andQNi to connected curvescMi and
cNi on the boundary of tubular neighbourhoodsνΣM andνΣN of slightly smaller radius where we
think the gluing ofM ′ andN ′ viaφ to take place. We can achieve thatφ◦ cMi = cNi . Then the surfaces

SMi = DM
i ∪ xM (αi)B′M ∪QMi

SNi = DN
i ∪ xN (αi)B′N ∪QNi

sew together to give the split classesSi in X.
We have to choose the orientations carefully to get oriented surfacesBX andSi: The surfacesΣM

andΣN are oriented by the embeddingsiM , iN from a fixed oriented surfaceΣ. The surfacesBM
andBN are oriented such thatΣMBM = +kM andΣNBN = +kN . The extensionΦ of the gluing
diffeomorphismφ (see equation (5.3)) inverts onD the inside-outside direction and the direction along
the boundary∂D. Hence with the orientation induced fromBM andBN , the punctured surfaces
representing kNnMN

B′M and kM
nMN

B′N sew together to give an oriented surfaceBX in X.

We orient the surfacesSMi andSNi in the following way: The curvescMi andcNi are oriented so
that they represent the classesαMi + xM (αi)kMσM andαNi + xN (αi)kNσN . The surfacesSMi and
SNi are in a collarΣ × S1 × I of ∂M ′ and∂N ′ of the formcMi × I andcNi × I. We can choose the
surfacesSMi andSNi connected. We define the orientation onSMi to be induced from the orientation
of cMi followed by the orientation ofI pointing intoM ′. Exactly in the same way the orientation of
SNi is induced from the orientation ofcNi followed by the orientation ofI pointing intoN ′.

In this case the orientation ofI is inverted byΦ but φ∗cMi = cNi . This implies that the surface
SMi with its given orientation and the surfaceSNi with theoppositeorientation sew together to give an
oriented surfaceSi in X.

Lemma 5.38. With this choice of orientations we have

BX · ΣX = (kMkN )/nMN

Si · ΣX = xM (αi)kM = 〈C,αi〉 − xN (αi)kN .

Proof. We can calculate the intersection numbers either on theM side or theN side and check that the
results are the same. Note that by Lemma 5.23

ΣX = Σ′X −RC .

SinceBM · ΣM = kM we get on theM side

BX · ΣX = (kN/nMN )BM · ΣM = (kNkM )/nMN .
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On theN sidewe have

BX · ΣX = (kM/nMN )BN · (ΣN −
d∑
j=1

ajΓNj ) = (kMkN )/nMN ,

since we can assume that the surfaceBN is disjoint from the rim tori induced byΓNj in N . Similarly
we get forSi · ΣX on theM side

Si · ΣX = xM (αi)BM · ΣM = xM (αi)kM .

On theN side we have with our orientation convention

Si · ΣX = −xN (αi)BN · ΣN −DN
i · (−

d∑
j=1

ajΓNj ) = −xN (αi)kN + 〈C,αi〉.

We can also calculate the intersection of certains classes with rim tori: LetRMT bea rim torus in
M ′ induced from an elementT ∈ H1(Σ). ThenRMT is the image of

2g∑
j=1

〈T, γj〉ΓMj

under the inclusion of∂M ′ inM ′. The rim torusRMT induces under the inclusionM ′ → X a rim torus
in X which we denote byRT . The classT ∈ H1(Σ) also induces a rim torusRNT in N ′ which is the
image of

∑2g
j=1〈T, γj〉ΓNj inN ′. Under the inclusionN ′ → X the classRNT maps to−RT , cf. Lemma

5.21.

Lemma 5.39. The rim toriRMT andRNT do not intersect withΣM andΣN . They also do not intersect
with themselves or other rim tori. We can also assume that they do not intersect withBM , BN . Hence

RT · ΣX = 0, RT ·BX = 0, RT ·RT ′ = 0.

This follows because the rim tori can be moved away from all of the surfaces mentioned in the
lemma. We want to calculate the intersection of rim tori with the split classesSi: We can assume that
RMT intersectsSMi only in DM

i . Let αMi denote the curves on the push-offΣM determined by the
curvesαi ∈ ker(iM ⊕ iN ) above. We expandαMi =

∑2g
k=1 αikγ

M
k . Then by Lemma 5.19

RMT · SMi = RMT ·DM
i

=
2g∑
j=1

〈T, γj〉αij

= 〈T, αi〉.

Similarly we get
RNT · SNi = 〈T, αi〉.

Lemma 5.40. LetRT denote the rim torus inX which is the image ofRMT under the inclusionM ′ →
X. ThenRT · Si = 〈T, αi〉.
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Proof. Thiscan be calculated again on theM side or theN side: On theM side we have

RT · Si = RMT · SMi = 〈T, αi〉.

On theN side we have
RT · Si = (−RNT ) · (−SNi ) = 〈T, αi〉,

because we know thatRNT induces via the inclusionN ′ → X the rim torus−RT and we have to change
the orientation onSNi by the argument above.

We now assume that the divisibilitieskM , kN are equal to1 and the cohomologies ofM ,N andX
torsion free. For the following arguments it is useful to choose a basis forP (M) consisting of pairwise
transverse surfacesP1, . . . , Pn embedded inM . The surfacesP1, . . . , Pn can be chosen disjoint from
ΣM . We choose similar surfaces inN which give a basis forP (N).

We simplify the surfacesSi as follows: We can connect the surfaceDM
i to any other closed surface

in M in the complement ofνΣ′M to get a new surface which still bounds the same loopαMi . We
can consider the surfaceD = DM

i to be transverse to the surfacesP1, . . . , Pn and disjoint from their
intersections. Letδj be the algebraic intersection number of the surfaceD with the surfacePj . We want
to add closed surfaces toD to make the intersection numbersδj for all j = 1, . . . , n zero. The new
surfaceD′ then does not intersect algebraically the surfaces giving a basis for the free part ofP (M).

Let β denote the matrix with entriesβkj = Pk · Pj for k, j = 1, . . . , n, determined by the intersec-
tion form ofM . This matrix is invertible overZ since the restriction of the intersection form toP (M)
is unimodular. Hence there exists a unique vectorr ∈ Zn such that

n∑
k=1

rkβkj = −δj .

LetD′ = D +
∑n

k=1 rkPk. Then

D′ · Pj = δj +
n∑
k=1

rkβkj = 0.

We can also add some copies ofΣM to xM (αi)BM to get a surface which has zero intersection with
BM . This can be done for each indexi = 1, . . . , d to change the surfacesSMi to new surfaces inM
(denoted by the same symbol) which still boundcMi in ∂M ′ and do not intersect (algebraically) with
the surfaces inP (M) and the surfaceBM .

A similar construction can be done forN to get new surfacesSNi which do not intersect with
surfaces defining a basis for the free part ofP (N) and the surfaceBN . Since their boundaries get
identified under the diffeomorphismφ they sew together pairwise to give new split classesSi in X
which form a basis forS(X) together with the classBX . Thus we have proved:

Lemma 5.41. There exists a basisBX , S1, . . . , Sd of S(X), where the split surfacesS1, . . . , Sd are
sewed together from surfacesSMi ∈ H2(M ′, ∂M ′) andSNi ∈ H2(N ′, ∂N ′) which do not intersect
algebraically with the surfacesBM andBN and the surfaces giving a basis forP (M) andP (N).

By our assumptionkM = kN = 1 we haveBX = BM −BN and we can add suitable multiples of
BX to the elementsSi to get new basis elements of the formSi = xN (αi)BN + αi where

xN (αi) = 〈C,αi〉,
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The surfaceSi is now sewed together from surfaces

SMi = DM
i

SNi = DN
i ∪QNi ∪ UNi

′
.

The surfaceUNi
′
is a punctured surface constructed from the surface

UNi = xN (αi)BN ∪ −xN (αi)B2
NΣN

by smoothing double points and deleting the part inνΣN . This surface represents the classxN (αi)(BN−
B2
NΣN ) in N . We have added−xN (αi)B2

N parallel copies ofΣN outside ofνΣN to make the inter-
section number ofSNi with BN zero.

By the calculation in Lemma 5.38 above, the elementsSi have zero intersection withΣX while
BXΣX = 1. Moreover,B2

X = B2
M + B2

N . Let S′(X) be the subgroup generated by the elements
S1, . . . , Sd such thatS(X) = ZBX ⊕ S′(X). By our assumptionkM = kN = 1, the sequence (5.21)
simplifies to

0→ ZΣX ⊕R(X)→ H2(X)→ S(X)⊕ P (M)⊕ P (N)→ 0.

SinceS(X) is free abelian, we can lift this group to a direct summand ofH2(X;Z). Since we also
assumed that the cohomology ofM , N andX is torsion free, the whole sequence splits and we can
write

H2(X) = P (M)⊕ P (N)⊕ S(X)⊕R(X)⊕ ZΣX .

Different splittings of this form are possible: We can add elements inR(X)⊕ ZΣX to the lift of basis
elements ofP (M) andP (N) to get a new lift. However, we can specify a lift by declaring that the
elements in the liftedP (M) andP (N) are orthogonal to the classes inS(X).

Lemma 5.42. There exists a splitting

H2(X) = P (M)⊕ P (N)⊕ (S′(X)⊕R(X))⊕ (ZBX ⊕ ZΣX),

where the direct sums are all orthogonal, except the two direct sums inside the brackets. In this direct
sum, the restriction of the intersection formQX to P (M) andP (N) is the intersection form induced
fromM andN , it vanishes onR(X) and has the structure(

B2
M +B2

N 1
1 0

)
onZBX ⊕ ZΣX .

We now simplify the intersection form onS′(X)⊕R(X). This will complete the proof of Theorem
5.37. Note that for every non-zero element inR(X) there has to exist an element inS′(X) such that
both have non-zero intersection because the intersection formQX is non-degenerate.

Lemma 5.43. The subgroup ker(iM ⊕ iN ) is a direct summand ofH1(Σ).

Proof. Suppose thatα ∈ ker(iM ⊕ iN ) is divisible by an integerc > 1 so thatα = cα′ with α′ ∈
H1(Σ). Then ciMα′ = 0 = ciNα

′. SinceH1(M) andH1(N) are torsion free this implies that
α′ ∈ ker(iM ⊕ iN ). Hence ker(iM ⊕ iN ) is a direct summand.
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By this lemma we can complete the basisα1, . . . , αd for ker(iM⊕iN ) by elementsβd+1, . . . , β2g ∈
H1(Σ) to a basis ofH1(Σ). Since the basis elements are indivisible, we can represent them by closed,
embedded, oriented, connected curves inΣ. In particular, the surfacesSMi andSNi can be chosen as
embedded surfaces.

Let α∗1, . . . , α
∗
d, β
∗
d+1, . . . , β

∗
2g denote the dual basis ofH1(Σ) andR1, . . . , R2g the corresponding

rim tori in H2(X). Then

Si ·Rj = δij , for 1 ≤ j ≤ d
Si ·Rj = 0, for d+ 1 ≤ j ≤ 2g.

This implies thatR1, . . . , Rd are a basis ofR(X) andRd+1, . . . , R2g vanish. We simplify the surfaces
Si as follows: Letrij = Si · Sj for i, j = 1, . . . , d denote the intersection matrix for the chosen basis
of S′(X). Let

S′i = Si −
∑
k>i

rikRk.

The surfacesS′i are tubed together from the surfacesSi and certain rim tori. They can still be consid-
ered as split classes sewed together from surfaces inM ′ andN ′ bounding the loopsαi and still have
intersectionS′i · Rj = δij . However, the intersection numbersS′i · S′j for i 6= j simplify to (where
w.l.o.g.j > i)

S′i · S′j = (Si −
∑
k>i

rikRk) · (Sj −
∑
l>j

rjlRl)

= Si · Sj − rij
= 0.

Denote these new split classes again byS1, . . . , Sd and the subgroup spanned by them inS′(X)⊕R(X)
again byS′(X). The intersection form onS′(X) ⊕ R(X) now has the form as in Theorem 5.37 and
completes the proof.

Remark 5.44. Note that we can choose the basisγ1, . . . , γ2g ofH1(Σ) we started with in Section V.1.1
as

γi = αi, for 1 ≤ i ≤ d
γi = βi, for d+ 1 ≤ i ≤ 2g.

This choice does not depend on the choice ofC sinceα1, . . . , αd are merely a basis for ker(iM ⊕ iN ).
Then the rim toriR1, . . . , Rd are given by the image of the classesΓM1 , . . . ,ΓMd under the inclusion
∂M ′ → M ′ → X and the rim tori determined byΓMd+1, . . . ,Γ

M
2g are null-homologous inX. In this

basis the rim torusRC in X is given by

RC = −
d∑
i=1

aiRi.

The split classesSi are sewed together from certain surfacesSMi , S
N
i bounding loopscMi in ∂M ′ and

cNi in ∂N ′ which represent the classes

γMi in ∂M ′

γNi + aiσ
N in ∂N ′,
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and get identified under the diffeomorphismφ, wherei = 1, . . . , d. The surfacesSMi andSNi are of
the form

SMi = DM
i

SNi = DN
i ∪QNi ∪ UNi

′
,

whereUNi
′
is a punctured surface constructed from a surfaceUNi representingai(BN −B2

NΣN ) inN .
In particular, under our assumptionsH2(X;Z) does not depend as an abelian group on the choice

of C. However, the self-intersection numbersS2
i and hence the intersection formQX might depend on

the choice ofC.

Remark 5.45. Under the assumptions in Theorem 5.37 there exists a group monomorphismH2(M ;Z)→
H2(X;Z) given by

ΣM 7→ ΣX

BM 7→ BX

Id : P (M)→ P (M).

Here we have used the decomposition ofH2(M) given by equation (5.19). A classα ∈ H2(M) maps
under this homomorphism to

α+ (αΣM )BX + (αBM −B2
M (αΣM ))ΣX ∈ H2(X)

by equation (5.20), whereα ∈ P (M). In this way, the free abelian groupH2(M) can be realized as a
direct summand ofH2(X). There exists a similar monomorphismH2(N ;Z)→ H2(X;Z) given by

ΣN 7→ Σ′X = ΣX +RC

BN 7→ BX

Id : P (N)→ P (N).

For the first line cf. Lemma 5.23. HenceH2(N) can also be realized as a direct summand ofH2(X).
Note that in general the embeddings donot preserve the intersection form, the images of both embed-
dings have non-trivial intersection and in general do not spanH2(X).

V.4 Applications

The formula in Theorem 5.37 is well-known in the case of a fibre sum of elliptic surfaces, see e.g. [56,
Section 3.1]: We begin with the fibre sum of two copies of the elliptic surfaceE(1) along a regular
fibre, giving theK3-surfaceE(2). The elliptic fibration onM = E(1) → S2 determines a normal
bundle of a regular fibreΣM = F by taking the preimage of a small disk inS2. This also determines
a canonical push-off given by a nearby fibre and hence a trivialization of the normal bundle. A section
of the elliptic fibration is a sphereBM of self-intersection−1. SinceE(1) = CP 2#9CP 2 thegroup
P (M) is free abelian of rank8. In [56] it is shown that the intersection formQM restricted toP (M)
is isomorphic to−E8.

Take a second copyN ofE(1) and a regular fibreΣN . LetC be an arbitrary class inH1(T 2) andφ
a corresponding gluing diffeomorphism. We form the generalized fibre sumX(φ) = E(1)#F=FE(1).
In this case the resulting manifoldX does not depend up to diffeomorphism on the choice ofC since
every orientation preserving self-diffeomorphism of∂νF extends overE(1) \ int νF [56, Theorem
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8.3.11]. Hence we can chooseφ asthe identity. Thenφ identifies the fibres in the boundary of the
normal bundles and we get an elliptic fibration ofX = E(2) = K3 overS2.

The spheresBM andBN sew together to a sphereBX in X of self-intersection−2. SinceE(1)
is simply-connected, Ker(iM ⊕ iN ) = H1(T 2;Z), henced = 2. This implies thatS(X) is a free
abelian group of rank3 andR(X) ∼= H1(T 2;Z) is free abelian of rank 2. SinceE(1) admits an
elliptic fibration with a cusp fibre, one can show that there exists an identification of the fibreF with
T 2 = S1 × S1 such that the simple closed loops given byS1 × 1 and1 × S1 bound inE(1) \ int νF
disksD1 andD2 of self-intersection−1 ([56]). Take copies of these disksDM

1 , DM
2 andDN

1 , D
N
2 in

M andN . Sinceφ is the identity, these disks sew together to give split classesS1 andS2 in X which
are spheres of self-intersection−2.

By Theorem 5.37 we have

H2(E(2);Z) = −E8 ⊕−E8 ⊕
(
−2 1
1 0

)
⊕
(
−2 1
1 0

)
⊕
(
−2 1
1 0

)
.

The last term is the intersection form onZBX ⊕ ZΣX . Since(
−2 1
1 0

)
∼=
(

0 1
1 0

)
= H

as quadratic forms overZ, we get for the intersection form ofK3 the well-known formula−2E8⊕3H.
This can be extended inductively to the elliptic surfacesE(n) = E(1)#F=FE(n − 1). ForE(3)

we have

H2(E(3);Z) = P (E(1))⊕ P (E(2))⊕
(
−2 1
1 0

)
⊕
(
−2 1
1 0

)
⊕
(
−3 1
1 0

)
.

The fibre sum has been done along the fibreΣX in X = E(2) and used the surfaceBX constructed
above which sews together with the section ofE(1) to give a sphere inE(3) of self-intersection−3.
This accounts for the last summand. We have again two split classesS1 andS2 represented by spheres
of self-intersection−2. We can read offP (E(2)) from the calculation above and get

H2(E(3);Z) = −3E8 ⊕ 4
(
−2 1
1 0

)
⊕
(
−3 1
1 0

)
.

Since (
−3 1
1 0

)
∼= (+1)⊕ (−1)

as integral quadratic forms, the intersection form ofE(3) is isomorphic to5(+1)⊕ 29(−1). ForE(4)
we get

H2(E(4);Z) = P (E(1))⊕ P (E(3))⊕
(
−2 1
1 0

)
⊕
(
−2 1
1 0

)
⊕
(
−4 1
1 0

)
.

SinceP (E(3)) is isomorphic to−3E8 ⊕ 4H we see that the intersection form ofE(4) is isomorphic
to−4E8 ⊕ 7H, and so on.
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V.4.1 Knot surgery

Thefollowing construction is due to Fintushel and Stern [38]. LetK be a knot inS3. Denote a tubular
neighbourhood ofK by νK ∼= S1 × D2. Letm be a fibre of the circle bundle∂νK → K and use
an oriented Seifert surface forK to define a sectionl : K → ∂νK. The circlesm andl are called the
meridianand thelongitudeof K. LetMK be the closed 3-manifold obtained by0-Dehn surgery onK.
MK is constructed in the following way: ConsiderS3 \ int ν(K) and let

f : ∂(S1 ×D2)→ ∂(S3 \ int ν(K))

be a diffeomorphism which maps in homology the circle∂D2 ontol. Then one defines

MK = (S3 \ int ν(K)) ∪f (S1 ×D2).

The manifoldMK is determined by this construction uniquely up to diffeomorphism. One can show
that it has the same integral homology asS2 × S1. The meridianm, which bounds the fibre in the
normal bundle toK in S3, becomes non-zero in the homology ofMK and defines a generator in
H1(MK ;Z). The longitudel is null-homotopic inMK since it bounds one of theD2-fibres glued in.
This copy ofD2 determines together with the Seifert surface ofK a closed, oriented surface inMK

which intersectsm once and generatesH2(MK ;Z).
Consider the closed, oriented 4-manifoldMK × S1. It contains a torusTM = m × S1 of self-

intersection0. LetX be an arbitrary closed, oriented 4-manifold, which contains an embedded torus
TX of self-intersection0 representing an indivisible homology class. Then the result ofknot surgery
onX is given by the generalized fibre sum

XK = X#TX=TM (MK × S1).

The 4-manifoldXK may depend on the choice of gluing diffeomorphism, which is not specified. The
4-manifoldMK has the same integral homology asS2 × T 2. The surface constructed from the Seifert
surface forK intersectsTM precisely once. We can use this surface asBM . We also choose a class
BX intersectingTX once. The embeddingiM of the torusTM in MK × S1 is an isomorphism on first
homology and we can write

iM ⊕ iX : Z2 → Z
2 ⊕H1(X;Z)

a 7→ (a, iXa).

In particular, the map

Z
2 ⊕H1(X;Z)→ H1(X;Z)

(x, y) 7→ y − iXx,

determines an isomorphism betweenH1(XK ;Z) = Coker(iM ⊕ iX) andH1(X;Z). Moreover,
ker(iM ⊕ iX) = 0 and the group of split classesS(XK) ∼= Z is generated byBXK = BM −BX . Since
i∗M is an isomorphism, there are no non-zero rim tori inXK . The groupP (MK × S1) is also zero and
we get a short exact sequence

0→ ZTXK → H2(XK ;Z)→ ZBXK ⊕ P (X)→ 0.

SinceBXK · TXK = 1, the classesTXK andBXK define indivisible elements inH2(XK) and the
sequence splits, so we can write

H2(XK ;Z) ∼= ZTXK ⊕ ZBXK ⊕ P (X). (5.22)
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(Note that we do not have to assume that the cohomology ofX is torsion free as in Theorem 5.37.)
There is a similar splitting

H2(X;Z) ∼= ZTX ⊕ ZBX ⊕ P (X).

Hence we can define an isomorphism

H2(X;Z) ∼= H2(XK ;Z) (5.23)

of abelian groups, given by

TX 7→ TXK
BX 7→ BXK

Id : P (X)→ P (X),
(5.24)

cf. Remark 5.45. The classTXK has zero intersection with the classes inP (X) since they can be moved
away from the boundary. The classBXK also has zero intersection with the elements inP (X) since
this holds forBX . The self-intersection number ofBXK is equal to the self-intersection number of
BX , because the classBM has zero self-intersection (it can be moved away in theS1 direction). Hence
the isomorphismH2(XK ;Z) ∼= H2(X;Z) also holds on the level of intersection forms.

Assume in addition thatX andX ′ = X \ TX are simply-connected. ThenXK is again simply-
connected and by Freedman’s theorem [45],X andXK are homeomorphic. However, one can show
with Seiberg-Witten theory thatX andXK are in many cases not diffeomorphic [38].

Suppose thatK is afibred knot, i.e. there exists a fibration

S3 \ int ν(K) ←−−−− Σ′hy
S1

over the circle, whereΣ′h are punctured surfaces of genush, forming Seifert surfaces forK. ThenMK

is fibred by closed surfacesBM of genush. This induces a fibre bundle

MK × S1 ←−−−− Σhy
T 2

and the torusTM = m × S1 is a section of this bundle. By a theorem of Thurston [137],MK × S1

admits a symplectic form such thatTM and the fibres are symplectic. This construction can be used
to do symplectic generalized fibre sums alongTM , cf. Section V.5. The canonical class ofMK × S1

can be calculated by the adjunction inequality, because the fibresBM and the torusTM are symplectic
surfaces and form a basis ofH2(MK × S1;Z). We get:

KMK×S1 = (2h− 2)TM . (5.25)



70 The generalized fibre sum of 4-manifolds

V.4.2 Lefschetz fibrations

For the following discussion see [1], [4], [56, Chapter 8] and [84]. Let(M,ω) be a closed, symplectic
4-manifold. For every pointp ∈M we can choose smooth coordinate charts

ψ = (z1, z2) : U → C
2 ∼= R

4,

defined on an open neighbourhoodU ⊂M of p such thatψ(p) = 0. We call a coordinate chart of this
kind adaptedto the symplectic structure if the complex lines in the local coordinates are symplectic
with respect toω.

Definition 5.46. A symplectic Lefschetz pencil on(M,ω) consists of the following data:

(1.) A non-empty set of pointsB ⊂M , called the set ofbase points.

(2.) A smooth, surjective mapπ : M \B → CP 1.

(3.) A finite set of points∆ ⊂M \B, called the set ofcritical points, away from which the mapπ is
a submersion.

In addition, the data have to satisfy the following local models:

(1.) For every pointp ∈ B there exists an adapted chart(z1, z2) such thatπ(z1, z2) = z2/z1.

(2.) For every pointp ∈ ∆ there exists an adapted chart(z1, z2) in whichπ(z1, z2) = z2
1 + z2

2 + c for
some constantc ∈ CP 1.

For x ∈ CP 1 thefibreFx of the pencil is defined asπ−1(x) ∪ B ⊂ M . Let n = |B| denote the
number of base points. The local model around the base points implies that one can blow up the setB
to get a symplectic 4-manifoldN = M#nCP 2 anda smooth, surjective map

πN : N → CP 1,

which is a submersion away from the set of critical points∆ ⊂ N and still has the local form
πN (z1, z2) = z2

1 + z2
2 + c at everyp ∈ ∆. In particular,πN : N → CP 1 is a singular fibration

with symplectic fibresΣx which are the proper transforms ofFx for everyx ∈ CP 1. The fibration
N → CP 1 is called asymplectic Lefschetz fibration. By a perturbation one can assume that each fibre
contains at most one critical point.

The classical construction of these fibrations for complex algebraic surfaces, due to Lefschetz, is
as follows: LetM ⊂ CPD be an algebraic surface, embedded in some projective space of dimension
D. LetA ∼= CPD−2 be a generic linear subspace ofCPD of codimension2 which intersectsM in a
number of pointsB. Consider the set of all hyperplanesHx

∼= CPD−1 of CPD which containA. This
set is called apenciland is parametrized byx ∈ CP 1. Every point inM \ B is contained in a unique
hyperplaneHx. This defines a holomorphic mapπ : M \ B → CP 1. One can show thatπ satisfies
the local model of a symplectic Lefschetz pencil as above with fibresFx = π−1(x) ∪ B given by the
hyperplane sectionsM ∩Hx.

The hyperplane sectionsM ∩Hx intersect pairwise precisely inB. They are all homologous and
have self-intersectionn, wheren = |B|. The proper transformsΣx in N = M#nCP 2 arecomplex
curves of genusg (hence symplectic surfaces with respect to the Kähler form) of self-intersection0, all
but finitely many of which are smooth.

By the Lefschetz Hyperplane theorem, the homomorphism

iN : H1(ΣN ;Z)→ H1(N ;Z),
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induced by inclusion is a surjection and the kernel is generated by the set ofvanishingcycles. The
vanishing cycles bound disks inN , calledLefschetz thimblesor vanishing disks, which intersectΣN

only in the vanishing cycle and contain precisely one critical pointp ∈ ∆. For each critical point there
is a corresponding vanishing cycle and a thimble. One can construct the thimbles in such a way that
they are Lagrangian disks [4]: By our assumption on Lefschetz fibrations, a singular fibre contains only
one critical point. Letx denote the parameter index inCP 1 of the smooth fibreΣN and letx1 be the
parameter index of a singular fibreΣx1 . Connectx andx1 by a pathγ in CP 1, which avoids all other
critical values. The symplectic K̈ahler form induces a natural horizontal distribution onN \∆, given by
the symplectic complement to the tangent space along the fibres. The parallel transport of a vanishing
cycle inΣN along the curveγ then converges to the critical point in the fibre abovex1 and defines the
Lagrangian vanishing disk.

We can assume that all critical values ofπN are contained in a small neighbourhood ofx in CP 1.
This implies that we can assume that the Lefschetz thimbles are disjoint from the surfaces representing
the classes inP (N), which can be moved away fromΣN . Similarly, by using a homotopy, we can
assume that the point where the exceptional sphereBN intersects the fibreΣN does not lie on any of
the vanishing cycles. This implies that the thimbles can be made disjoint fromBN as well.

Suppose thatN has torsion free cohomology and consider the generalized fibre sum

X = N#ΣN=ΣNN.

The Lefschetz fibrationN → CP 1 defines a natural tubular neighbourhood ofΣN with a canonical
trivialization given by a push-off into a nearby fibre. If we take the gluing diffeomorphismφ which is
the identity with respect to this trivialization, it follows thatX also admits a Lefschetz fibration in genus
g curves overCP 1. Suppose that the group of vanishing cycles inH1(ΣN ;Z) has rankd and choose a
basisδ1, . . . , δd. Then the corresponding Lefschetz thimbles for both copies ofN sew together to give
basis elementsS1, . . . , Sd for the group of split classes, represented by 2-spheres of self-intersection
−2. Since the thimbles are Lagrangian disks, we can assume that these two spheres are Lagrangian if
the fibre sum is done symplectically as in Section V.5. Two copies of the exceptional sphereBN give a
(symplectic) sphereBX of self-intersection−2 in X. The second cohomology ofX can be calculated
by Theorem 5.37:

H2(X;Z) = 2P (N)⊕ (d+ 1)
(
−2 1
1 0

)
.

This generalizes the formula for the fibre sumE(1)#F=FE(1) = E(2) above. We can also add further
copies ofN , cf. Section VI.2.4.

V.5 A formula for the canonical class

In this section we recall the definition of the symplectic generalized fibre sum by the construction of
Gompf [52]. Let(M,ωM ) and(N,ωN ) be closed, symplectic 4-manifolds andΣM ,ΣN embedded
symplectic surfaces of genusg. Denote the symplectic generalized fibre sum byX = M#ΣM=ΣNN .
We want to determine a formula for the canonical classKX in terms ofM andN .

The symplectic generalized fibre sum is constructed using the following lemma. Recall that we
have a fixed trivialization of tubular neighbourhoodsνΣM andνΣN by τM andτN . Hence we can
identify them withΣ×D, whereD denotes the open disk of radius1 in R2.

Lemma 5.47. The symplectic structuresωM andωN can be deformed by rescaling and isotopies such
that both restrict on the tubular neighbourhoodsνΣM andνΣN to the same symplectic form

ω = ωΣ + ωD,
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whereωD is the standard symplectic structureωD = dx ∧ dy on the open unit diskD andωΣ is a
symplectic form onΣ.

Proof. We follow the proof in [52]. Choose an arbitrary symplectic formω on Σ and rescaleωM and
ωN such that ∫

ΣM

ωM =
∫

ΣN

ωM =
∫

Σ
ω.

We can then isotop the embeddingsiM : Σ→ M andiN : Σ→ N without changing the images, such
that both become symplectomorphisms ontoΣM andΣN . The isotopies can be realized by taking fixed
embeddingsiM , iN and composing them with isotopies of self-diffeomorphisms ofM andN (because
M andN are closed manifolds). Hence we can consider the embeddings to be fixed and instead change
the symplectic formsωM andωN by pulling them back under isotopies of self-diffeomorphisms.

The embeddingsτM : Σ×D →M andτN : Σ×D → N are symplectic on the submanifoldΣ×0.
We can isotop both embeddings to new embeddings which are symplectic on small neighbourhoods of
Σ× 0 with respect to the symplectic formω + ωD onΣ×D. SinceΣ is compact, we can assume that
both are symplectic onΣ ×Dε whereDε denotes the disk with radiusε < 1. Again the isotopies can
be achieved by consideringτM andτN unchanged and pulling back the symplectic forms onM andN
under isotopies of self-diffeomorphisms.

It is easier to work with disks of radius1: We rescale the symplectic formsωM , ωN andω+ωD by
the factor1/ε2. Then we compose the symplectic embeddingsτM andτN on(Σ×Dε, (1/ε2)(ω+ωD))
with the symplectomorphism

Σ×D → Σ×Dε

(p, (x, y)) 7→ (p, (εx, εy),

whereΣ×D has the symplectic form(1/ε2)ω+ωD. We then defineωΣ = (1/ε2)ω to get the statement
we want to prove.

It is useful to choose polar coordinates(r, θ) onD such that

dx = dr cos θ − r sin θdθ
dy = dr sin θ + r cos θdθ.

ThenωD = rdr ∧ dθ. The manifoldsM \ ΣM andN \ ΣN are glued together along intνΣM \ ΣM

and intνΣN \ ΣN by the orientation preserving and fibre preserving diffeomorphism

Φ: (D \ {0})× Σ→ (D \ {0})× Σ

(r, θ, x) 7→ (
√

1− r2, C(x)− θ, x).
(5.26)

The action ofΦ on the 1-formsdr anddθ is given by

Φ∗dr = d(r ◦ Φ) = d
√

1− r2 =
−r√
1− r2

dr

Φ∗dθ = d(θ ◦ Φ) = dC − dθ.

This implies thatΦ∗ωD = ωD − rdr ∧ dC. We can think of the gluing ofM ′ andN ′ along their
boundaries to take place alongS × Σ, whereS denotes the circle of radius1√

2
. Let Ann denote the

annulus inD between radius1/
√

2 and1. On theN side we take the standard symplectic structureωD
onAnn × Σ which extends over the rest ofN . On the boundary∂N ′ given byS × Σ this form pulls
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back to the formΦ∗ωD = ωD−rdr∧dC on∂M ′. TheS1-valued functionC has the same differential
as a certain functionf : Σ→ R. Letρ be a smooth cut-off function onAnn which is identical to1 near
r = 1/

√
2, identical to0 nearr = 1 and depends only on the radiusr. Consider the following closed

2-form onΣ×Ann:

ωD − rdr ∧ d(ρf) = ωD − rdr ∧ (fdρ+ ρdC)
= ωD − ρrdr ∧ dC.

Since this form is non-degenerate at every point over the annulus it follows that we can deform the
symplectic structure at radius1/

√
2 througha symplectic structure onAnn × Σ on theM side such

that it coincides with the standard formωD at r = 1. From here it can be extended over the rest ofM .
In this way we define a symplectic structureωX onX.

Remark 5.48. Note that the Gompf construction for the symplectic generalized fibre sum can only be
done if (after a rescaling) the symplectic structuresωM andωN have the same volume onΣM andΣN :∫

ΣM

ωM =
∫

ΣN

ωN .

To calculate this number bothΣM andΣN have to be oriented, which we have assumeda priori. It
is not necessary that this number is positive, the construction also works with negative volume. In the
first case the orientation induced by the symplectic forms coincides with the given orientation onΣM

andΣN and is the opposite orientation in the second case.

We will also need compatible almost complex structures: We choose the standard almost complex
structureJD onD which mapsdx ◦ JD = −dy anddy ◦ JD = dx. In polar coordinates

dr ◦ JD = −rdθ
rdθ ◦ JD = dr.

We also choose a compatible almost complex structure onΣ. The almost complex structureJD + JΣ

extends to compatible almost complex structures onM andN .
Recall that the smooth sections of the canonical bundleKM are 2-forms onM which are “holo-

morphic”, i.e. complex linear. We choose the holomorphic 1-formΩD = dx + idy onD, which is in
polar coordinates

ΩD = (dr + irdθ)eiθ. (5.27)

This form satisfiesΩD ◦ JD = iΩD. We also choose a holomorphic 1-formΩΣ on Σ. We can choose
this form such that it has precisely2g − 2 different zeroesp1, . . . , p2g−2 of index+1. We can assume
that all zeroes are contained in a small diskDΣ around a pointq disjoint from the zeroes. The form
ΩD ∧ ΩΣ is then a holomorphic 2-form onD × Σ which has transverse zero set consisting of2g − 2
parallel copies ofD. This 2-form can be extended to holomorphic 2-forms onM andN as sections of
the canonical bundles.

Note thatJD andΩD are not invariant underΦ, even ifC = 0: OnS × Σ we have

Φ∗dr = −dr
Φ∗dθ = dC − dθ.

Hence

Φ∗ΩD = −(dr + ir(dθ − dC))e−iθ+iC

dr ◦ Φ∗JD = −r(dθ − dC)
r(dθ − dC)Φ∗JD = dr,
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at r = 1/
√

2. By a similar argument as above, we can deformΦ∗JD through an almost complex
structure onAnn × Σ on theM side such that it coincides with the standardJD at r = 1. We can
do this in such a way that the almost complex structure is compatible with the symplectic structure on
Ann× Σ above. We can also deformΦ∗ΩD onAnn× Σ through a nowhere vanishing 1-form which
is holomorphic for this almost complex structure such that it becomes atr = 1 equal to

Φ∗ΩD = −(dr + irdθ)e−iθ+iC .

Then
Φ∗(ΩD ∧ ΩΣ) = −ΩDe

−2iθ ∧ ΩΣe
iC .

We now construct a sectionΩX of KX in the following way: Choose a holomorphic 2-form on the
tubular neighbourhoodνΣM of radius1 of the formΩM

D ∧ ΩΣ where

ΩM
D = (dr + irdθ)eiθ,

as in equation (5.27). Also choose a holomorphic 2-formΩN on the normal bundleνΣN of radius1 of
the formΩN

D ∧ ΩΣ where
ΩN
D = −(dr + irdθ)eiθ.

We think ofM ′ andN ′ as being glued together alongS × Σ whereS is the circle of radius1/
√

2. On
theN side we have onS × Σ the holomorphic 2-form

−ΩN
D ∧ ΩΣ.

It pulls back underΦ to a holomorphic 2-form onS × Σ on theM side. By the argument above it can
be deformed onAnn to the holomorphic 2-form

ΩM
D e
−2iθ ∧ ΩΣe

iC

at r = 1. The almost complex structure coming fromN underΦ can be deformed similarly such that
it becomes the standardJD at r = 1. LetAnn′ denote the annulus between radius1 and2. We now
want to change the formΩM

D e
−2iθ ∧ ΩΣe

iC overAnn′ × Σ through holomorphic 2-forms to the form
ΩM
D ∧ ΩΣ at r = 2. We will always extend the almost complex structure by the standard one if we

extend over annuli.
The change will be done by changing the functione−2iθ+iC atr = 1 overAnn′×Σ to the constant

function with value1 at r = 2. This is not possible if we consider the functions as having image in
S1, because they represent different cohomology classes onS1 × Σ. Hence we considerS1 ⊂ C and
the change will involve crossings of zero. We choose a smooth functionf : Ann′ × Σ → C which is
transverse to0 and satisfiesf1 = e−2iθ+iC andf2 ≡ 1. The Poincaŕe dual of the zero set off is then
the cohomology class ofS1 × Σ determined by theS1-valued functione2iθ−iC .

Let γM1
∗
, . . . , γM2g

∗
, σM

∗
be a basis ofH1(S1×ΣM ;Z) as in Section V.1.2. Then the cohomology

class determined bye2iθ−iC is equal to−
∑2g

i=1 aiγ
M
i
∗ + 2σM ∗. The Poincaŕe dual of this class is

−
2g∑
i=1

aiΓMi + 2ΣM .

Proposition 5.49. There exists a 2-formΩ′ onAnn′ × ΣM which is holomorphic forJD + JΣ and
satisfies:

• Ω′ = ΩM
D e
−2iθ ∧ ΩΣe

iC at r = 1 andΩ′ = ΩM
D ∧ ΩΣ at r = 2.
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• Thezeroes of the formΩ′ are all transverse and the zero set represents the class−
∑2g

i=1 aiΓ
M
i +

2ΣM in the interior ofAnn′ × ΣM and2g − 2 parallel copies ofAnn′.

The appearance of the zero set−
∑2g

i=1 aiΓ
M
i + 2ΣM can be seen as the obstruction to extending

theS1-valued function on the boundary ofAnn′ × Σ given byf1 at r = 1 andf2 at r = 2 into the
interior (cf. Section VIII.3). Under inclusion inX, this class becomesRC + 2ΣX , cf. Definition 5.22.
We get the following corollary:

Corollary 5.50. There exists a symplectic formωX with compatible almost complex structureJX and
holomorphic 2-formΩX onX such that:

• On the boundary∂νΣN of the tubular neighbourhood ofΣN inN of radius2 the symplectic form
and the almost complex structure areωX = ωD+ωΣ andJX = JD+JΣ whileΩX = −ΩD∧ΩΣ.

• On the boundary∂νΣM of the tubular neighbourhood ofΣM in M of radius2 the symplectic
form and the almost complex structure areωX = ωD + ωΣ andJX = JD + JΣ while ΩX =
ΩD ∧ ΩΣ.

• On the subset ofνΣN between radius1/
√

2 and2, which is an annulus timesΣN , the zero set of
ΩX consists of2g − 2 parallel copies of the annulus.

• On the subset ofνΣM between radius1/
√

2 and2, which is an annulus timesΣM , the zero set
of ΩX consists of2g− 2 parallel copies of the annulus and a surface in the interior representing
−
∑2g

i=1 aiΓ
M
i + 2ΣM .

We now assume thatkM = kN = 1 and that the cohomology groups ofM , N andX are torsion
free, so that we can use Theorem 5.37. Split the canonical classKX as

KX = pM + pN +
d∑
i=1

siSi +
d∑
i=1

riRi + bXBX + σXΣX ,

wherepM ∈ P (M) andpN ∈ P (N).2 The coefficients can be determined by using intersections:

KX · Sj = sjS
2
j + rj

KX ·Rj = sj

KX ·BX = bX(B2
M +B2

N ) + σX

KX · ΣX = bX .

Similarly, the coefficientspM andpN can be determined by intersectingKX with classes inP (M) and
P (N). We assume thatΣM andΣN are oriented by the symplectic formsωM andωN . ThenΣX is a
symplectic surface inX of genusg and self-intersection0, oriented by the symplectic formωX . This
implies by the adjunction formula

bX = KX · ΣX = 2g − 2,

hence
σX = KX ·BX − (2g − 2)(B2

M +B2
N ).

2In the proof of [39, Theorem 3.2.] a similar formula is used to compute the SW-basic classes for a certain generalized
fibre sum.
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Similarly, note that every rim torusRj is of the form cj × σM in ∂M ′ ⊂ X for some closed ori-
ented curvecj on ΣM . By writing cj as a linear combination of closed curves onΣM without self-
intersections and placing the corresponding rim tori into different layersΣM × S1 × ti in a collar
ΣM × S1 × I of ∂M ′, we see thatRj is a linear combination of embedded Lagrangian tori of self-
intersection0 in X. Since the adjunction formula holds for each one of them,

sj = 0, for all j = 1, . . . , d

hence also
rj = KX · Sj .

It remains to determinepM , pN ,KX ·BX andKX · Sj . To determinepM note thatη∗MKX = KM ′ =
ρ∗MKM . This implies that the intersection of a class inP (M) with KX is equal to its intersection with
KM . Recall that we have by equation (5.19) a decomposition

H2(M ;Z) = P (M)⊕ ZΣM ⊕ ZBM . (5.28)

By our choice of orientation forΣM , the adjunction formula holds and we haveKMΣM = 2g− 2. By
equation 5.20 we can decomposeKM in the direct sum (5.28) as

KM = KM + (KMBM − (2g − 2)B2
M )ΣM + (2g − 2)BM , (5.29)

where we have set

KM = KM − (2g − 2)BM − (KMBM − (2g − 2)B2
M )ΣM ∈ P (M).

It is then clear that
pM = KM .

Similarly,
KN = KN + (KNBN − (2g − 2)B2

N )ΣN + (2g − 2)BN

with
KN = KN − (2g − 2)BN − (KNBN − (2g − 2)B2

N )ΣN ∈ P (N)

andwe have
pN = KN .

We now calculateKX · BX . Our choice of orientation forΣM andΣN and the fact thatΣMBM =
+1 = ΣNBN determines an orientation ofBM andBN and hence an orientation forBX .

Lemma 5.51. With this choice of orientation, we haveKXBX = KMBM +KNBN + 2.

Proof. We extend the holomorphic 2-formΩD ∧ΩΣ on the boundary∂νΣM of the tubular neighbour-
hood ofΣM in M of radius2 to the holomorphic 2-form onνΣM given by the same formula and then
to a holomorphic 2-form onM \νΣM . The zero set of the resulting holomorphic 2-formΩM restricted
to νΣM = DM × ΣM consists of2g − 2 parallel copies ofDM . We can choose the surfaceBM
such that it is parallel but disjoint from these copies ofDM insideνΣM and intersects the zero set of
ΩM outside transverse. The zero set onBM then consists of a set of points which count algebraically
asKMBM . We can do a similar construction forN . We think of the surfaceBX as being glued to-
gether from the surfacesBM andBN by deleting in each a disk of radius1/

√
2 inDM andDN around

0. On theM side we get two additional positive zeroes coming from the intersection with the class
−
∑2g

i=1 aiΓ
M
i + 2ΣM in Corollary 5.50 over the annulus inDM between radius1/

√
2 and2. Adding

these terms proves the claim.
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It remains to determine the intersectionsKX ·Si whichgive the rim tori contribution to the canonical
class. This is not possible in general and depends on the situation. We make the following definition.

Definition 5.52. Let ΩΣ be a given 1-form onΣ with 2g − 2 transverse zeroes, holomorphic with
respect to a given almost complex structureJD. Under the embeddingiM and the trivializationτM
of the normal bundle equip the tubular neighbourhoodνΣM of radius2 with the almost complex
structureJD + JΣ and the holomorphic 2-formΩD ∧ ΩΣ. Let SM be a closed oriented surface in
M ′ = M \ νΣM which bounds a closed curveαM on ∂νΣM which is disjoint from the zeroes of
ΩD ∧ΩΣ on the boundary. ThenKMS

M denotes the obstruction to extend the given section ofKM on
αM over the whole surfaceSM . This is the number of zeroes one encounters when trying to extend the
non-vanishing section ofKM on∂SM over all ofSM . There is an exactly analogous definition forN
with almost complex structureJD+JΣ and holomorphic 2-formΩD∧ΩΣ on the tubular neighbourhood
νΣN of radius2.

In particular, there are numbersKMS
M
i andKNS

N
i for the surfaces bounding loopscMi in ∂M ′

andcNi in ∂N ′ which represent the classes

γMi in ∂M ′

γNi + aiσ
N in ∂N ′,

and get identified under the diffeomorphismφ. We choose the basis forH1(Σ), the rim toriRi, the
curvescMi , c

N
i and the surfacesSMi , S

N
i as described in Section V.3.4 and Remark 5.44.

Lemma 5.53.With the choice of orientation as in Section V.3.4, we haveKXSi = KMS
M
i −KNS

N
i −

ai.

Proof. The proof is the similar to the proof for Lemma 5.51. The minus sign in front ofKNS
N
i comes

in because we have to change the orientation onSNi if we want to sew it toSMi to get the surfaceSi
in X. This time the non-zero intersections over the annulus inDM between radius1/

√
2 and2 come

from the intersection of the annulus
γMi × [1/

√
2, 2]

andthe class

−
2g∑
i=1

aiΓMi + 2ΣM = −
d∑
i=1

aiRi + 2ΣM ,

giving−ai.

We can evaluate this term further because we have chosen

SMi = DM
i

SNi = QNi ∪DN
i ∪ UNi

′
,

whereUNi
′

is constructed from a surfaceUNi representingai(BN − B2
NΣN ) by deleting the part in

νΣN . There are additional rim tori terms in the definition of theSi used to separateSi andSj for
i 6= j which we can ignore here because the canonical class evaluates to zero on them. We think of
the surfaceQNi as being constructed in the annulus between radius2 and3 timesΣN . We extend the
almost complex structure and the holomorphic 2-form over this annulus without change. Hence there
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are no zeroes ofΩN onQNi . The surfaceDN
i contributesKND

N
i to the numberKNS

N
i and the surface

UNi
′
contributes

KNU
N
i
′
= aiKN (BN − (B2

N )ΣN )

= ai(KNBN − (2g − 2)B2
N ).

Hence we get:

Lemma 5.54. With our choice of the surfacesSMi andSNi , we have

KXSi = KMD
M
i −KND

N
i − ai(KNBN − (2g − 2)B2

N + 1).

This formula has the advantage that the first two terms are independent of the choice of the diffeo-
morphismφ. By collecting our calculations we get:

Theorem 5.55. Let X = M#ΣM=ΣNN be a symplectic generalized fibre sum of closed oriented
symplectic 4-manifoldsM andN along embedded symplectic surfacesΣM ,ΣN of genusg which
represent indivisible homology classes and are oriented by the symplectic forms. Suppose that the
cohomology ofM , N andX is torsion free. Choose a basis forH2(X;Z) as in Theorem 5.37, where
the split classes are constructed from surfacesSMi , S

N
i as in Section V.3.4 and Remark 5.44. Then the

canonical class ofX is given by

KX = KM +KN +
d∑
i=1

riRi + bXBX + σXΣX ,

where

KM = KM − (2g − 2)BM − (KMBM − (2g − 2)B2
M )ΣM ∈ P (M)

KN = KN − (2g − 2)BN − (KNBN − (2g − 2)B2
N )ΣN ∈ P (N)

ri = KXSi = KMD
M
i −KND

N
i − ai(KNBN − (2g − 2)B2

N + 1)
bX = 2g − 2

σX = KMBM +KNBN + 2− (2g − 2)(B2
M +B2

N ).

Note thatKX depends in this formula on the diffeomorphismφ through the term

−ai(KNBN − (2g − 2)B2
N + 1)

which gives the contribution

(KNBN − (2g − 2)B2
N + 1)RC = −

d∑
i=1

ai(KNBN − (2g − 2)B2
N + 1)Ri

to the canonical class.

Remark 5.56. The apparent asymmetry betweenM andN in the rim tori contribution toKX is
related to the asymmetry in definingΣX to come fromΣM and not fromΣN . To write the formula in
a symmetric way note that−

∑d
i=1 aiRi is precisely the rim torusRC in X determined by the gluing
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diffeomorphismφ, cf. Definition 5.22 and Remark 5.44. By Lemma 5.23 we haveRC = Σ′X − ΣX .
Hence we can write

KX = KM +KN +
d∑
i=1

tiRi + bXBX + ηXΣX + η′XΣ′X ,

where

KM = KM − (2g − 2)BM − (KMBM − (2g − 2)B2
M )ΣM ∈ P (M)

KN = KN − (2g − 2)BN − (KNBN − (2g − 2)B2
N )ΣN ∈ P (N)

ti = KMD
M
i −KND

N
i

bX = 2g − 2

ηX = KMBM + 1− (2g − 2)B2
M

η′X = KNBN + 1− (2g − 2)B2
N .

Note that under the embeddings ofH2(M) andH2(N) into H2(X) given by Remark 5.45, the
canonical classes ofM andN map to

KM 7→ KM + (2g − 2)BX + (KMBM − (2g − 2)B2
M )ΣX

KN 7→ KN + (2g − 2)BX + (KNBN − (2g − 2)B2
N )Σ′X .

This implies with Remark 5.56:

Corollary 5.57. Under the assumptions in Theorem 5.55 and the embeddings ofH2(M) andH2(N)
intoH2(X) given by Remark 5.45, the canonical class ofX = M#ΣM=ΣNN is given by

KX = KM +KN + ΣX + Σ′X − (2g − 2)BX +
d∑
i=1

tiRi,

whereti = KMD
M
i −KND

N
i .

For example, suppose thatg = 1, the coefficientst1, . . . td vanish andΣX = Σ′X . Then we get the
classical formula for the generalized fibre sum along tori

KX = KM +KN + 2ΣX ,

which can be found in the literatur, e.g. [126]. See Section V.6.1 for more applications in the torus case.

V.6 Examples and applications

To check the formula for the canonical class given by Theorem 5.55 we calculate the squareK2
X =

QX(KX ,KX) and compare it with the classical formula

c1(X)2 = c1(M)2 + c2
1(N) + (8g − 8), (5.30)
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which can be derived independently using the formulas for the Euler characteristic and the signature of
a generalized fibre sum (see the proof of Corollary 5.14) and the formulac2

1 = 2e + 3σ. We do this
step by step. We have (cf. Theorem 5.37):

QX(KM ,KM ) = QM (KM ,KM )

= QM (KM ,KM )

= K2
M − (2g − 2)KMBM − (2g − 2)(KMBM − (2g − 2)B2

M )

= K2
M − (4g − 4)KMBM + (2g − 2)2B2

M .

The second step in this calculation follows since by definitionKM is orthogonal toBM and ΣM .
Similarly

QX(KN ,KN ) = K2
N − (4g − 4)KNBN + (2g − 2)2B2

N .

The rim torus term
∑d

i=1 riRi has zero intersection with itself and all other terms inKX . We have

QX(bXBX , bXBX) = (2g − 2)2(B2
M +B2

N ),

and

2QX(bXBX , σXΣX) = 2(2g − 2)(KMBM +KNBN + 2− (2g − 2)(B2
M +B2

N )).

The self-intersection ofΣX is zero. Adding these terms together, we get

K2
X = K2

M − (4g − 4)KMBM + (2g − 2)2B2
M +K2

N − (4g − 4)KNBN + (2g − 2)2B2
N

+ (2g − 2)2(B2
M +B2

N ) + 2(2g − 2)(KMBM +KNBN + 2− (2g − 2)(B2
M +B2

N ))

= K2
M +K2

N + (2g − 2)2(B2
M +B2

M ) + (2g − 2)2(B2
M +B2

N )

− 2(2g − 2)2(B2
M +B2

N ) + (8g − 8)

= K2
M +K2

N + (8g − 8).

This is the expected result in equation (5.30).
As another check we compare the formula forKX in Theorem 5.55 with a formula of Ionel and

Parker which determines the intersection ofKX with certain homology classes for symplectic general-
ized fibre sums in arbitrary dimension and without the assumption of trivial normal bundles ofΣM and
ΣN (see [69, Lemma 2.4] and an application in [138]). For dimension4 with surfaces of genusg and
self-intersection zero the formula can be written (in our notation for the cohomology ofX):

KXC = KMC for C ∈ P (M)
KXC = KNC for C ∈ P (N)

KXΣX = KMΣM = KNΣN

= 2g − 2 (by the adjunction formula)

KXR = 0 for all elements inR(X)
KXBX = KMBM +KNBN + 2(BMΣM = BNΣN )

= KMBM +KNBN + 2.

There is no statement about the intersection with classes inS′(X) that have a non-zero component in
ker(iM ⊕ iN ). We calculate the corresponding intersections with the formula forKX in Theorem 5.55.
ForC ∈ P (M) we have

KX · C = KM · C
= KM · C,
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where the second line follows because the terms in the formula forKM involving BM andΣM have
zero intersection withC, being a perpendicular element. A similar equation holds forN . The intersec-
tion with ΣX is given by

KX · ΣX = (2g − 2)BX · ΣX

= 2g − 2.

The intersection with rim tori is zero and

KX ·BX = bXB
2
X + σX

= (2g − 2)(B2
M +B2

N ) +KMBM +KNBN + 2− (2g − 2)(B2
M +B2

N )
= KMBM +KNBN + 2,

which also follows by Lemma 5.51. Hence with the formula in Theorem 5.55 we get the same result as
with the formula of Ionel and Parker.

The following corollary gives a criterion when the canonical classKX is divisible by d as an
element inH2(X;Z).

Corollary 5.58. LetX be a symplectic generalized fibre sumM#ΣM=ΣNN as in Theorem 5.55. If
KX is divisible by an integerd ≥ 0 then

• the integers2g − 2 andKMBM +KNBN + 2 are divisible byd, and

• the cohomology classesKM−(KMBM )ΣM inH2(M ;Z) andKN−(KNBN )ΣN inH2(N ;Z)
are divisible byd.

Conversely, if allri vanish, then these conditions are also sufficient forKX being divisible byd.

The proof is immediate by the formula for the canonical classKX sinceBX andΣX are indivisible.
The following proposition gives a criterion which excludes the existence of non-zero rim tori in the
cohomology ofX.

Proposition 5.59. Let M,N be closed 4-manifolds with embedded surfacesΣM and ΣN of genus
g. Suppose that the first homology ofM andN is torsion free and the mapiM ⊕ iN : H1(Σ;Z) →
H1(M ;Z)⊕H1(N ;Z) is injective with torsion free cokernel. Then the cohomology of the generalized
fibre sumX = M#ΣM=ΣNN does not contain non-zero rim tori. This holds, in particular, if one of
the mapsiM , iN is injective with torsion free cokernel.

Proof. Under the assumptions, there is a splittingH1(M) ⊕H1(N) = Im (iM ⊕ iN ) ⊕ Coker(iM ⊕
iN ). We can find a basise1, . . . , e2g of H1(Σ;Z) consisting of elements whose images(vi, wi) =
(iMei, iNei) for i = 1, . . . , 2g can be completed to a basis ofH1(M)⊕H1(N) by elements

(v2g+1, w2g+1), . . . , (vN , wN ).

Take the dual basis(αi, βi). Thenαi ∈ H1(M) andβi ∈ H1(N). We have

〈i∗Mαi + i∗Nβi, ej〉 = 〈αi, vj〉+ 〈βi, wj〉
= δij .

Hence the images{i∗Mαi + i∗Nβi}, with i = 1, . . . , 2g, form a dual basis to{ei} for H1(Σ). In
particular,i∗M + i∗N is surjective andR(X) = 0. If one of the mapsiM , iN satisfies the condition, then
clearlyiM ⊕ iN is injective. A torsion element in the cokernel is also a torsion element in the cokernel
of both mapsiM andiN . This proves the claim.
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Consider, for example, the manifoldM = MK × S1 usedin the knot surgery construction from
Section V.4.1. The first homology ofM is generated by the image of the torusTM = m× S1. Hence
iM : T 2 → M induces an isomorphism onH1 and the knot surgery manifoldsXK do not contain rim
tori, for arbitrary closed 4-manifoldsX.

We can calculate the canonical class in the following way: Recall thatMK × S1 fibres overT 2

with fibre a surfaceΣh of genush. The generalized fibre sum is done along a sectionTM and the
canonical class ofMK × S1 is (2h − 2)TM . We will use the fibreΣh asBM . We haveB2

M = 0 and
BMKM = 2h− 2. This implies thatKM = 0.

Corollary 5.60. LetX be a closed, symplectic 4-manifold with torsion free cohomology. Suppose that
X contains a symplectic torus of self-intersection0 oriented by the symplectic form. LetK be a fibred
knot andXK the result of knot surgery alongTX . Then the canonical class ofXK is given by

KXK = KX + (2h+KXBX)TXK ,

whereKX = KX − (KXBX)TX .

Theproof is immediate by the formula for the canonical class in Theorem 5.55. We want to compare
this formula to the formula given by Fintushel and Stern in [38, Corollary 1.7]:

KXK = KX + 2hTX . (5.31)

This formula involves the identificationH2(X;Z) ∼= H2(XK ;Z) in equation (5.23) which sends

TX 7→ TXK
BX 7→ BXK

Id : P (X)→ P (X).

We can split the classKX ∈ H2(X;Z) as before intoKX = KX + (KXBX)TX whereKX ∈ P (X).
Then the classKX + 2hTX maps under this isomorphism toKX + (2h + KXBX)TXK , which is
identical to our formula. See also Corollary 5.57.

V.6.1 Generalized fibre sums along tori

We consider some further applications of Theorem 5.55. LetM andN be closed symplectic 4-
manifolds which contain symplectically embedded toriTM andTN of self-intersection0, representing
indivisible classes. Suppose thatM andN have torsion free homology and both tori are contained
in cusp neighbourhoods. Then each torus has two vanishing cycles coming from the cusp. We choose
identifications of bothTM andTN with T 2 such that the vanishing cycles are given by the simple closed
loopsγ1 = S1 × 1 andγ2 = 1 × S1. The loops bound embedded vanishing disks inM andN of
self-intersection−1 which we denote by(DM

1 , DM
2 ) and(DN

1 , D
N
2 ). The existence of the vanishing

disks shows that the embeddingsTM → M andTN → N induce the zero map on the fundamental
group.

We choose for both tori trivializations of the normal bundles and corresponding push-offsTM and
TN . By choosing the trivializations appropriately we can assume that the vanishing disks bound the
vanishing cycles on these push-offs and are contained inM \ int νTM andN \ int νTN . We consider
the symplectic generalized fibre sumX = X(φ) = M#TM=TNN for a gluing diffeomorphism

φ : ∂(M \ int νTM )→ ∂(N \ int νTN ).
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The vanishing cycles on both tori give a basis forH1(T 2;Z) andwe can describe the cohomology class
C with respect to this basis: Ifai = 〈C, γi〉 andσ denotes the meridians toTM inM andTN inN then
φ : ∂νTM → ∂νTN maps in homology

γ1 7→ γ1 + a1σ

γ2 7→ γ2 + a2σ

σ 7→ −σ

by Lemma 5.5. Note thatH1(X(φ)) ∼= H1(M)⊕H1(N) by Theorem 5.11. Hence under our assump-
tions the homology ofX(φ) is torsion free. The group of rim tori isR(X) = Coker(i∗M + i∗N ) ∼= Z

2.
LetR1, R2 denote a basis forR(X). We calculate the canonical class ofX = X(φ) by Theorem 5.55:
LetBM andBN denote surfaces inM andN which intersectTM andTN transversely once. Then the
canonical class is given by

KX = KM +KN + (r1R1 + r2R2) + bXBX + σXTX ,

where

KM = KM − (KMBM )TM ∈ P (M)

KN = KN − (KNBN )TN ∈ P (N)

ri = KXSi = KMD
M
i −KND

N
i − ai(KNBN + 1)

bX = 2g − 2 = 0
σX = KMBM +KNBN + 2.

Lemma 5.61. In the situation above we haveKMD
M
i −KND

N
i = 0 for i = 1, 2.

Proof. Note that the pairs(DM
1 , DN

1 ) and(DM
2 , DN

2 ) sew together in the generalized fibre sumX0 =
X(Id) to give embedded spheresS1, S2 of self-intersection−2. We claim that

KX0Si = KMD
M
i −KND

N
i = 0, i = 1, 2.

This is clear by the adjunction formula if the spheres are symplectic or Lagrangian. In the general case,
note that inX0 there are rim toriR1, R2 which are dual to the spheresS1, S2 and which can be assumed
Lagrangian by the Gompf construction. Consider the pairR1 andS1: By the adjunction formula we
haveKX0R1 = 0. The sphereS1 and the torusR1 intersect once. By smoothing the intersection
point we get a smooth torus of self-intersection zero inX0 representingR1 + S1. Note thatKX0 is
a Seiberg-Witten basic class. The adjunction inequality [104] implies thatKX0(R1 + S1) = 0 which
shows thatKX0S1 = 0. In a similar way it follows thatKX0S2 = 0.

This implies:

Proposition 5.62. LetM,N be closed symplectic 4-manifolds with torsion free homology. Suppose
that TM and TN are embedded symplectic tori of self-intersection0 which are contained in cusp
neighbourhoods inM and N . Then the canonical class of the symplectic generalized fibre sum
X = X(φ) = M#TM=TNN is given by

KX = KM +KN + (r1R1 + r2R2) + σXTX

= KM +KN + TX + T ′X ,
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where

KM = KM − (KMBM )TM ∈ P (M)

KN = KN − (KNBN )TN ∈ P (N)
ri = −ai(KNBN + 1)
σX = KMBM +KNBN + 2.

The second line in the formula forKX holds by Corollary 5.57 under the embeddings ofH2(M) and
H2(N) in H2(X).

HereTX is the torus inX determined by the push-offTM andT ′X is determined by the push-off
TN . As a special case suppose that the toriTM andTN are contained in smoothly embedded nuclei
N(m) ⊂ M andN(n) ⊂ N which are by definition diffeomorphic to neighbourhoods of a cusp fibre
and a section in the elliptic surfacesE(m) andE(n), cf. [53], [56]. The surfacesBM andBN can now
be chosen as the spheresSM , SN inside the nuclei corresponding to the sections. The spheres have
self-intersection−m and−n respectively. If the sphereSM is symplectic or Lagrangian inM we get
by the adjunction formula

KMSM = m− 2.

If m = 2 this holds by an argument similar to the one in Lemma 5.61 also without the assumption that
SM is symplectic or Lagrangian. With Proposition 5.62 we get:

Corollary 5.63. LetM,N be closed symplectic 4-manifolds with torsion free homology. Suppose that
TM andTN are embedded symplectic tori of self-intersection0 which are contained in embedded nuclei
N(m) ⊂ M andN(n) ⊂ N . Suppose thatm = 2 or the sphereSM is symplectic or Lagrangian.
Similarly, suppose thatn = 2 or the sphereSN is symplectic or Lagrangian. Then the canonical class
of the symplectic generalized fibre sumX = X(φ) = M#TM=TNN is given by

KX = KM +KN − (n− 1)(a1R1 + a2R2) + (m+ n− 2)TX
= KM +KN + (m− 1)TX + (n− 1)T ′X ,

where

KM = KM − (m− 2)TM ∈ P (M)

KN = KN − (n− 2)TN ∈ P (N).

For the second line in this formula forKX see Remark 5.56. Note that the class−(a1R1 + a2R2)
is equal to the rim torusRC in X which satisfiesRC = T ′X − TX . We consider two examples:

Example 5.64. Suppose thatM is an arbitrary closed symplectic 4-manifold with torsion free ho-
mology andTM is contained in a nucleusN(2) ⊂ M . Suppose thatN is the elliptic surfaceE(n)
with general fibreTN . SinceKE(n) = (n − 2)TN we getKN = 0. Hence the canonical class of
X = X(φ) = M#TM=TNE(n) is given by

KX = KM − (n− 1)(a1R1 + a2R2) + nTX .

Note thatKM = KM ∈ P (M) in this case. If botha1 anda2 vanish (hence the vanishing cycles
in the generalized fibre sum are identified) we getKX = KM + nTX . This can be compared to the
classical formulaKX = KM + KN + 2TX which can be found in the literature, e.g. [126]. IfM is
simply-connected thenX is again simply-connected: This follows becauseN(2) \ TM andE(n) \ TN
are simply-connected (the meridians bound punctured disks given by the sections).
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Example 5.65. SupposethatM = E(m) andN = E(n) with general fibresTM andTN . Then the
canonical class ofX = X(φ) = E(m)#TM=TNE(n) is given by3

KX = −(n− 1)(a1R1 + a2R2) + (m+ n− 2)TX
= (m− 1)TX + (n− 1)T ′X .

(5.32)

If both coefficientsa1 anda2 vanish, we get the standard formulaKX = (m + n − 2)TX for the
fibre sumE(m + n) = E(m)#TM=TNE(n). If n = 1 we see from the first line that there is no rim
tori contribution, independent of the gluing diffeomorphismφ. The canonical class is always given
by (m − 1)TX . This can be explained because every orientation-preserving self-diffeomorphism of
∂(E(1) \ int νF ) extends overE(1) \ int νF whereF denotes a general fibre. Hence all generalized
fibre sumsX(φ) are diffeomorphic to the elliptic surfaceE(m + 1) in this case (see [56, Theorem
8.3.11]). Ifn 6= 1 butm = 1 a similar argument holds by the second line.

If bothm,n 6= 1, then there can exist a non-trivial rim tori contribution. For example ifm = n = 2
and we consider the generalized fibre sumX = X(φ) = E(2)#TM=TNE(2) of twoK3-surfacesE(2)
then

KX = −(a1R1 + a2R2) + 2TX
= TX + T ′X

If the greatest common divisor ofa1 anda2 is odd thenKX is indivisible (because there exist certain
split classes inX dual to the rim toriR1 andR2). In this case the manifoldX is no longer spin, hence
cannot be homeomorphic to the spin manifoldE(4).

We return to the general case of closed 4-manifoldsM andN which contain toriTM andTN of
self-intersection0, lying in cusp neighbourhoods. For the following lemma we do not have to assume
that the manifolds and the tori are symplectic. By varying the parametersa1, a2 which determine the
gluing diffeomorphismφ up to isotopy, we get aZ⊕ Z family of closed 4-manifolds

X(a1, a2) = M#TM=TNN.

Using the existence of a cusp one can show that this reduces to aN0 family up to diffeomorphism:

Lemma 5.66. The manifoldX(a1, a2) is diffeomorphic toX(p, 0) wherep ≥ 0 denotes the greatest
common divisor ofa1, a2.

Proof. In the basisγ1, γ2, σ forH1(T 2×S1) the gluing diffeomorphismφ is represented by the matrix 1 0 0
0 1 0
a1 a2 −1

 .

Every automorphismA ∈ SL(2,Z) acting on(γ1, γ2) can be realized by an orientation preserving
self-diffeomorphism ofTM . SinceTM is contained in a cusp neighbourhood this diffeomorphism can
be extended (using the monodromy around the cusp) to an orientation preserving self-diffeomorphism
ofM which mapsTM to itself and has support in the cusp neighbourhood, cf. [53], [56, Lemma 8.3.6].
Similarly, any automorphism inSL(3,Z) of the form ∗ ∗ 0

∗ ∗ 0
0 0 1


3This formula can also be derived from a gluing formula for the Seiberg-Witten invariants alongT 3, cf. [109, Corollary

22].
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acting on(γ1, γ2, σ) can be realized by an orientation preserving self-diffeomorphismψM of ∂νTM
which preserves the push-offTM (as a set) and the meridianσM . This diffeomorphism can be extended
to an orientation preserving self-diffeomorphism ofM \ int νTM . A similar result holds for automor-
phisms inSL(3,Z) realized by diffeomorphismsψN acting on∂νTN sinceTN is also contained in a
cusp neighbourhood.

We can choose integersr1, r2 such that

r1
a1
p + r2

a2
p = 1.

LetψN be a diffeomorphism corresponding to the matrix a1
p

a2
p 0

−r2 r1 0
0 0 1

 ∈ SL(3,Z)

andψM a diffeomorphism corresponding to the inverse matrix r1 −a2
p 0

r2
a1
p 0

0 0 1

 ∈ SL(3,Z).

Consider the diffeomorphism

φ′ = ψN ◦ φ ◦ ψM : ∂νTM → ∂νTN

Multiplying matrices one can check thatφ′ is represented by the matrix 1 0 0
0 1 0
p 0 −1

 .

In particular,φ′ can be realized as a gluing diffeomorphism and sinceψM , ψN extend over the comple-
ments of the tubular neighbourhoods inM andN , it follows that the manifoldsX(φ′) andX(φ) are
diffeomorphic. This proves the claim.

In particular, forM = E(m) andN = E(n) with general fibresTM , TN we get a family of
simply-connected symplectic 4-manifolds

X(m,n, p) = E(m)#TM=TNE(n), p ∈ Z.

Note thatX(m,n, p) has the same characteristic numbersc2
1 andσ as the elliptic surfaceE(m + n).

The manifoldsX(m,n, p) andX(m,n,−p) are diffeomorphic andX(m,n, 0) is diffeomorphic to
E(m+n). The canonical class ofX = X(m,n, p) can be calculated by the formula in Example 5.65:

KX = −(n− 1)pR1 + (m+ n− 2)TX .

This implies:

Proposition 5.67. If (m+n− 2) does not divide(n− 1)p thenX(m,n, p) is not diffeomorphic to the
elliptic surfaceE(m+ n).



V.6 Examples and applications 87

Proof. If X(m,n, p) is diffeomorphic toE(m + n) and(m + n − 2) does not divide(n − 1)p then
we have constructed a symplectic structure onE(m + n) whose canonical classKX is not divisible
by m + n − 2. Note thatE(m + n) hasb+2 ≥ 3 under our assumptions. The canonical classKX is
a Seiberg-Witten basic class onE(m + n). The Seiberg-Witten basic classes of the smooth manifold
underlyingE(m + n) are known. They are of the formkF whereF is a general fibre andk is an
integer withk ≡ m + n mod 2 and|k| ≤ m + n − 2, cf. [48], [82]. However, a theorem of Taubes
[133] shows that the only basic classes onE(m+ n) which can be the canonical class of a symplectic
structure are±(m+ n− 2)F . This is a contradiction.

As a corollary, we get a new proof of the following known result, cf. [56, Theorem 8.3.11]:

Corollary 5.68. Letn ≥ 2, p ∈ Z andF a general fibre in the elliptic surfaceE(n) with fibred tubular
neighbourhoodνF . Suppose thatψ is an orientation preserving self-diffeomorphism of∂νF realizing 1 0 0

0 1 0
p 0 1

 ∈ SL(3,Z)

onH1(∂νF ). Thenψ extends to an orientation preserving self-diffeomorphism ofE(n) \ int νF if and
only if p = 0.

Proof. Suppose thatp 6= 0. If ψ extends to a self-diffeomorphism ofE(n) \ int νF , thenX(m,n, p)
is diffeomorphic toE(m + n) for all m ≥ 1. Sincen 6= 1 we can choosem large enough such that
(m+ n− 2) does not divide(n− 1)p. This is a contradiction to Proposition 5.67.

Note that the diffeomorphismψ doesextend in the case ofE(1) for all integersp ∈ Z by [56,
Theorem 8.3.11].

V.6.2 Inequivalent symplectic structures

In this section we will prove a theorem similar to a result of I. Smith [126, Theorem 1.5] which can be
used to show that certain 4-manifoldX admit inequivalent symplectic structures, where “equivalence”
is defined in the following way (cf. [140]):

Definition 5.69. Two symplectic forms on a closed oriented 4-manifoldM are calledequivalent, if
they can be made identical by a combination of deformations through symplectic forms and orientation
preserving self-diffeomorphisms ofM .

Note that the canonical classes of equivalent symplectic forms have the same (maximal) divisibility
as elements ofH2(M ;Z). This follows because deformations do not change the canonical class and
the application of an orientation preserving self-diffeomorphism does not change the divisibility.

We will use the following lemma.

Lemma 5.70. Let (M,ω) be a symplectic 4-manifold with canonical classK. Then the symplectic
structure−ω has canonical class−K.

Proof. Let J be an almost complex structure onM , compatible withω. Then−J is an almost com-
plex structure compatible with−ω. The complex vector bundle(TX,−J) is the conjugate bundle to
(TX, J). By [100], this implies thatc1(TX,−J) = −c1(TX, J). Since the canonical class is minus
the first Chern class of the tangent bundle the claim follows.
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Let MK × S1 bea 4-manifold used in the knot surgery construction whereK is a fibred knot of
genush. LetTK be a section of the fibre bundle

MK × S1 ←−−−− Σhy
T 2

andBK a fibre. We fix an orientation onTK and choose the orientation onBK such thatTK ·BK = +1.
There exist symplectic structures onMK × S1 such that both the fibre and the section are symplectic.
We can choose such a symplectic structureω+ which restricts to bothTK andBK as a positive volume
form with respect to the orientations. It has canonical class

K+ = (2h− 2)TK

by the adjunction formula. We also define the symplectic formω− = −ω+. It restricts to a negative
volume form onTK andBK . By Lemma 5.70, the canonical class of this symplectic structure is

K− = −(2h− 2)TK .

Let X be a closed oriented 4-manifold with torsion free cohomology which contains an embedded
oriented torusTX of self-intersection0. We form the oriented 4-manifold

XK = X#TX=TK (MK × S1),

by doing the generalized fibre sum along the pair(TX , TK) of oriented tori. Suppose thatX has a
symplectic structureωX such thatTX is symplectic. We consider two cases: If the symplectic formωX
restricts to a positive volume form onTX we can glue this symplectic form to the symplectic formω+

onMK×S1 to get a symplectic structureω+
XK

onXK . The canonical class of this symplectic structure
is

K+
XK

= KX + 2hTX ,

as seen above, cf. equation (5.31).

Lemma 5.71. Suppose thatωX restricts to a negative volume form onTX . We can glue this symplectic
form to the symplectic formω− onMK ×S1 to get a symplectic structureω−XK onXK . The canonical
class of this symplectic structure is

K−XK = KX − 2hTX .

Proof. We use Lemma 5.70 twice: The symplectic form−ωX restricts to a positive volume form on
TX . We can glue this symplectic form to the symplectic formω+ onMK × S1 which also restricts to
a positive volume form onTK . Then we can use the standard formula (5.31) to get for the canonical
class of the resulting symplectic form onXK

K = −KX + 2hTX .

The symplectic formω−XK we want to consider isminusthe symplectic form we have just constructed.
Hence its canonical class isK−XK = KX − 2hTX .

Lemma 5.72. Let (M,ω) be a closed symplectic 4-manifold with canonical classKM . Suppose that
M contains pairwise disjoint embedded oriented Lagrangian surfacesT1, . . . , Tr+1 (r ≥ 1) with the
following properties:
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• Theclasses of the surfacesT1, . . . , Tr are linearly independent inH2(M ;R).

• The surfaceTr+1 is homologous toa1T1 + . . . + arTr, where all coefficientsa1, . . . , ar are
positive integers.

Then for every non-empty subsetS ⊂ {T1, . . . , Tr} there exists a symplectic formωS onM with the
following properties:

• All surfacesT1, . . . , Tr+1 are symplectic.

• The symplectic formωS induces on the surfaces inS and the surfaceTr+1 a positive volume
form and on the remaining surfaces in{T1, . . . , Tr} \ S a negative volume form.

Moreover, the canonical classes of the symplectic structuresωS are all equal toKM . We can also
assume that any given closed oriented surface inM , disjoint from the surfacesT1, . . . , Tr+1, which is
symplectic with respect toω, stays symplectic forωS with the same sign of the induced volume form.

Proof. The proof is similar to the proof of [52, Lemma 1.6]. We can assume thatS = {Ts+1, . . . , Tr}
with s+ 1 ≤ r. Let

c =
s∑
i=1

ai, c′ =
r−1∑
i=s+1

ai.

Since the classes of the surfacesT1, . . . , Tr are linearly independent inH2(M ;R) andH2
DR(M) is the

dual space ofH2(M ;R) there exists a closed 2-formη onM with the following properties:∫
T1

η = −1, . . . ,
∫
Ts

η = −1∫
Ts+1

η = +1, . . . ,
∫
Tr−1

η = +1∫
Tr

η = 1
ar

(c+ 1)∫
Tr+1

η = c′ + 1.

Note that we can choose the value ofη onT1, . . . , Tr arbitrarily. The value onTr+1 is then determined
by Tr+1 = a1T1 + . . .+ arTr. We can choose symplectic formsωi on eachTi such that∫

Ti

ωi =
∫
Ti

η, for all i = 1, . . . , r + 1.

The symplecticωi induces onTi a negative volume form ifi ≤ s and a positive volume form ifi ≥ s+1.
The differenceωi − j∗i η, whereji : Ti → M is the embedding, has vanishing integral and hence is an
exact 2-form onTi of the formdαi. We can extend eachαi to a small tubular neighbourhood ofTi
in M , cut it off differentiably in a slightly larger tubular neighbourhood and extend by0 to all of M .
We can do this such that the tubular neighbourhoods ofT1, . . . , Tr+1 are pairwise disjoint. Define the
closed 2-formη′ = η +

∑r+1
i=1 dαi onM . Then

j∗i η
′ = j∗i η + dαi = ωi.

The closed 2-formω′ = ω + tη′ is for small values oft symplectic. Sincej∗i ω = 0 we get that
j∗i ω

′ = tωi. Henceω′ is for small valuest > 0 a symplectic form onM which induces a volume
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form onTi of the same sign asωi for all i = 1, . . . , r + 1. The claim about the canonical class follows
because the symplectic structuresωS are constructed by a deformation ofω. We can also chooset > 0
small enough such thatω′ still restricts to a symplectic form on any given symplectic surface disjoint
from the tori without changing the sign of the induced volume form on this surface.

We consider the construction in Lemma 5.72 on triples of Lagrangian tori. Recall that the nucleus
N(2) is the smooth manifold with boundary defined as a regular neighbourhood of a cusp fibre and a
section in theK3-surfaceE(2). It contains an embedded torus given by a regular fibre homologous to
the cusp. It also contains two embedded disks of self-intersection−1 which bound vanishing cycles on
the torus. The vanishing cycles are the simple-closed loops given by the factors inT 2 = S1 × S1.

Suppose that(M,ω) is a simply-connected symplectic 4-manifold which contains pairwise disjoint
oriented Lagrangian toriT1, T2, R of self-intersection zero which represent indivisible classes such that
T1, T2 are linearly independent andR is homologous toaT1 + T2 for some integera ≥ 1. We assume
thatR is contained as the torus coming from a general fibre in an embedded nucleusN(2) ⊂ M . In
N(2) there exists an oriented embedded sphereS of self-intersection−2 intersectingR transversely
and positively once. We assume thatT1 is disjoint fromN(2) and that there exists a further embedded
sphereS1 in M which is disjoint fromN(2) and intersectsT1 transversely and positively once. We
also assume thatS intersects the torusT2 transversely once.

Example 5.73. Let M be the elliptic surfaceE(n) with n ≥ 2. In this example we show that there
existn− 1 triples of Lagrangian tori(T i1, T

i
2, R

i) as above whereRi is homologous toaiT i1 + T i2, for
i = 1, . . . , n − 1. The integersai > 0 can be chosen arbitrarily and for each triple independently. All
tori T i1 andRi are contained in disjoint embedded nucleiN(2). Together with their dual 2-spheres they
realize2(n−1)H-summands in the intersection form ofE(n). In particular, the tori in different triples
are linearly independent. The tori are constructed as rim tori, whereT i1 andRi are standard rim tori
coming from the factors inF = T 2 = S1 × S1 andT i2 is realized by taking the product of a torus knot
on the fibreF with the meridian. We can also achieve that all Lagrangian tori and the 2-spheres that
intersect them once are disjoint from the nucleusN(n) ⊂ E(n) defined as a regular neighbourhood of
a cusp fibre and a section inE(n).

The construction is quite clear by [55, Section 2]. We nevertheless give the explicit construction
here. The proof is by induction: Suppose the Lagrangian triples are already constructed forE(n) and
consider a splitting ofE(n + 1) as a fibre sumE(n + 1) = E(n)#F=FE(1) along a general fibre.
Choose a general fibreF in bothE(n) andE(1) with fibred tubular neighbourhoods. The boundaries
of the tubular neighbourhoods can be identified withT 3 = S1 × S1 × S1. ConsiderE(1) and a collar
S1×S1×S1× I for the boundary ofE(1) \ int νF . In this collar we consider three disjoint tori given
by

V0 = S1 × S1 × 1× r0

V1 = S1 × 1× S1 × r1

V2 = 1× S1 × S1 × r2,

where0 < r0 < r1 < r2 < 1 and the numbers in the intervalI increase towards the interior ofE(1) \
int νF . The torusV0 is a push-off of the fibreF . Similarly, we consider in a collar forE(n) \ int νF
three disjoint tori given by

V0 = S1 × S1 × 1× s0

V1 = S1 × 1× S1 × s1

V2 = 1× S1 × S1 × s2,
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wheres0 > s1 > s2 are chosen such that the tori get identified pairwise in the fibre sum. We can
assume thatV0 is symplectic whileV1, V2 are Lagrangian (note thatφ is the identity in this case).

We can choose elliptic fibrations such that near the general fibreF there exist two cusp fibres in
E(1) and three cusp fibres inE(n) (note thatE(m) has an elliptic fibration with6m cusp fibres for all
m, cf. [56, Corollary 7.3.23]).

In E(1) there exist three disjoint sections for the elliptic fibration. We can assume that they are
parallel inside the collar to1 × 1 × S1 × I and intersect the fibreF in three distinct points{a0 ×
a′0, a1 × 1, 1× a2}, where alla0, a

′
0, a1, a2 6= 1. Hence the circles

A0 = a0 × a′0 × S1 × r0

A1 = a1 × 1× S1 × r1

A2 = 1× a2 × S1 × r2,

bound three disjoint disks of self-intersection−1 in E(1) \ F . Since the numbersri are ordered in-
creasingly, it follows that the disk boundingAi only intersects the torusVi for i = 0, 1, 2. In particular,
the disk boundingA0 intersectsV0 in a single point and the disks boundingA1, A2 intersectV1, V2 in
a circle.

The two cusp fibres inE(1) determine four disjoint vanishing cycles on∂νF = S1 × S1 × S1.
We can assume that they lie at some parameterri ∈ I. We can choose the following three out of them:
There is one cycle of the form

B2 = S1 × b2 × b3 × r2,

and two parallel cycles of the form

C1 = c1 × S1 × c2 × r1

C2 = 1× S1 × c3 × r2.

HereB2 andC2 correspond to the second cusp and we have ignored one vanishing cycle for the first
cusp. The three vanishing cycles bound disks of self-intersection−1 which are the cores of certain 2-
handles attached to these circles. We can assume that allbi, ci are pairwise different and different from
1 anda0, a

′
0, a1, a2. Then allBi, Ci are pairwise disjoint and disjoint fromA0. The only intersection

with A1, A2 is betweenA2, C2 in one point. We can also assume that the vanishing disks are inside
the collar of the formγ × I where the curveγ is given byB2, C1 orC2. Note that the disks bounding
B2, C2 are disjoint fromV0, V1 because they start at radiusr2. The disk boundingC1 is disjoint from
V0 for the same reason and fromV2 becausec1 6= 1.

Similarly, on theE(n) side we have a section which determines a disk of self-intersection−n that
bounds the circle

A0 = a0 × a′0 × S1 × s0,

intersectsV0 in one point and is disjoint fromV1, V2. We also have six vanishing cycles coming from
the three cusps and choose the following five: There are three parallel cycles of the form

D0 = S1 × d0 × 1× s0

D1 = S1 × 1× d1 × s1

B2 = S1 × b2 × b3 × s2,

and two parallel cycles of the form

E0 = e0 × S1 × 1× s0

C1 = c1 × S1 × c2 × s1.
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We have ignored one vanishing cycle for the third cusp. We can assume thatd1, d2, e0 are pairwise
different and different from1, thebi, ci anda0, a

′
0. Note that the disks boundingD0, E0 are disjoint

from V1, V2 on theE(n) side becauses0 is the largest parameter. Also the disks boundingD1, C1

are disjoint fromV0 becaused1, c2 6= 1 and the disk boundingB2 is disjoint fromV0, V1 because
b2, b3 6= 1. We can also assume that all disks defined so far are disjoint if they have different indices.

We can now define the nuclei: The nucleusN(n+1) containingV0 has dual sphere sewed together
from the disks boundingA0 and vanishing disks boundingD0 andE0. The nucleusN(2) containing
V1 has dual sphere sewed together from the disks boundingC1 and vanishing disks boundingA1 and
D1. Finally, the nucleusN(2) containingV2 has dual sphere sewed together from the disks bounding
B2 and vanishing disks boundingA2 andC2.

To define the Lagrangian triple(T1, T2, R) let T1 = V1 andR = V2. Denote byca : S1 → S1×S1

the embedded curve given by the(−a, 1)-torus knot and letT2 denote the Lagrangian rim torus

T2 = ca × S1 × r3

in the collar above. ThenT2 represents the class−aT1 + R, henceR = aT1 + T2. This torus has one
positive transverse intersection with the sphere coming fromB2 anda negative transverse intersections
with the sphere coming fromC1. This finally proves the claim about the existence ofn − 1 triples of
Lagrangian tori inE(n).

Remark 5.74. Since the elliptic nucleusN(n) ⊂ E(n) is disjoint from the nuclei containing the
Lagrangian tori it follows that the knot surgery manifoldE(n)#F=TK (MK × S1) for any fibred knot
K still containsn− 1 triples of Lagrangian tori as above.

Remark 5.75. Suppose thatY is an arbitrary closed symplectic 4-manifold which contains an embed-
ded symplectic torusTY of self-intersection0, representing an indivisible class. Then the symplectic
generalized fibre sum4 Y#TY =FE(n) containsn − 1 triples of Lagrangian tori. By the previous re-
mark this is also true forV = Y#TY =FE(n)#F=TK (MK × S1) whereK is an arbitrary fibred knot.
Suppose that the homology ofY is torsion free,TY is contained in a cusp neighbourhood inY and the
fibre sum withE(n) is done such that the vanishing cycles on the tori get identified, cf. Section V.6.1.
Let g denote the genus of the knotK and letBY be a surface inY which intersectsTY once. Then the
formulas in Proposition 5.62 and equation (5.31) imply that the canonical class ofV is given by

KV = KY + (KYBY + n+ 2g)TV

whereKY = KY − (KYBY )TY . If π1(Y ) = π1(Y \ TY ) = 1 thenV is again simply-connected.
In this way one can construct simply-connected symplectic manifolds not homeomorphic to elliptic
surfaces which contain triples of Lagrangian tori.

We return to the general case of a simply-connected symplectic 4-manifold(M,ω) which contains
a triple of Lagrangian toriT1, T2, R as above. By Lemma 5.72 there exist two symplectic structures
ω+, ω− onM with the same canonical classKM asω such that

• The toriT1, T2, R are symplectic with respect to both symplectic forms.

• The formω+ induces onT1, T2, R a positive volume form.

• The formω− induces onT1 a negative volume form and onT2, R a positive volume form.

4See[35, Section 8 and 9] for a related construction.
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We can also achieve thatS is symplectic with positive volume form in both cases.
LetK1 andK2 be fibred knots of genush1, h2 to be fixed later. Consider the associated oriented

4-manifoldsMKi ×S1 as in the knot surgery construction, fori = 1, 2. We denote sections of the fibre
bundles

MKi × S1 ←−−−− Σhiy
T 2

by TKi which are tori of self-intersection0. Choose an orientation on each torusTKi . Note that the
Lagrangian toriT1, T2 in M are orienteda priori.

We construct a smooth oriented 4-manifoldX as follows: For an integerm ≥ 1 consider the elliptic
surfaceE(m) and denote an oriented general fibre byF . LetM0 denote the smooth manifold obtained
by the generalized fibre sum of the pairs(M,R) and(E(m), F ):

M0 = E(m)#F=RM.

The gluing diffeomorphism is chosen as follows: We choose the natural trivializations for the normal
bundles ofR in N(2) ⊂ M andF ⊂ E(m) given by the fibrations. Consider the push-offR′ of R
into the boundary of the tubular neighbourhoodνR. The vanishing cycles onR′ bound two disks of
self-intersection−1 in N(2) \ int νR. There are similar vanishing cycles on the push-offF ′ into ∂νF
coming from a cusp in an elliptic fibration ofE(m). We choose the gluing such that the push-offs
and the vanishing cycles get identified. The disks then sew together pairwise to give two embedded
spheresS′, S′′ in M0 of self-intersection−2. By choosing two different push-offs given by the same
trivializations we can assume thatS′ andS′′ are disjoint. Note that the sphereS which intersectsR
once and a section for the elliptic fibration onE(m) sew together to give an embedded sphereS2 in
M0 of self-intersection−(m+ 2). The sphereS also ensures thatM0 is simply-connected sinceM is
simply-connected.

We denote the torus inM0 coming from the push-offR′ byR0. There exist two disjoint tori inM0,
which we still denote byT1, T2, such thatR0 is homologous toaT1 + T2 in M0. Note that the sphere
S1 was disjoint fromR and is still contained inM0. Hence we have the following surfaces inM0:

• Embedded oriented toriT1, T2, R0 of self-intersection0 such thatR0 is homologous toaT1 +T2.

• Disjoint embedded spheresS1, S2 whereS2 has self-intersectionS2
2 = −(m+ 2).

• The sphereS1 intersectsT1 transversely once, has intersection−a with T2 and is disjoint from
R0.

• The sphereS2 intersectsR0, T2 transversely once and is disjoint fromT1.

We do knot surgery with the fibred knotK1 along the torusT1 to get the oriented 4-manifold

M1 = M0#T1=TK1
(MK1 × S1).

Since the manifoldM0 is simply-connected and contains a sphereS1 intersectingT1 once, we see that
M1 is simply-connected.

The manifoldM1 contains a torus which we still denote byT2. We do knot surgery with the fibred
knotK2 along the torusT2 to get the oriented 4-manifold

X = M1#T2=TK2
(MK2 × S1).

Note that the sphereS2 in M0 is disjoint fromT1, hence it is still contained inM1 and intersectsT2

once. This shows that the manifoldX is simply-connected.
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Lemma 5.76. Theclosed oriented 4-manifold

X = E(m)#F=RM#T1=TK1
(MK1 × S1)#T2=TK2

(MK2 × S1)

is simply-connected.

Definition 5.77. There exists a surface inX which we callC2 sewed together from the sphereS2 and
a Seifert surface forK2. The surface has genush2 and self-intersection−(m+ 2). It intersects the tori
T2 andR0 in X transversely and positively once and is disjoint fromT1.

Lemma 5.78. There exists a surfaceC1 in X which has intersectionsC1R0 = a, C1T1 = 1 and is
disjoint fromT2. We can also assume thatC1C2 = 0.

Proof. We can construct the surfaceC1 explicitly as follows: Note that inE(m) there exists a surface
of some genus homologous toa copies of a section which intersects the fibreF transverselya times.
A similar surface exists in the nucleusN(2) ⊂ E(2). These surfaces glue together to give a surface
A in M0 which has intersectionsAR0 = AT2 = a and is disjoint fromT1. We tube this surface to
the sphereS1 which is disjoint fromR0 and has intersectionsS1T1 = 1 andS1T2 = −a. We get a
surfaceB in M0 with BR0 = a, BT1 = 1 andBT2 = 0. By increasing the genus if necessary we can
assume thatB is disjoint fromT2. Sewing the surfaceB to a Seifert surface forK1 we get a surface
C ′1 in X with C ′1R0 = a, C ′1T1 = 1. The surface is disjoint fromT2. Suppose thatC ′1C2 is non-zero.
Then by adding suitable many copies ofR0 toC ′1 we get a surfaceC1 which hasC1C2 = 0 while the
intersections withR0 andT1 do not change.

We now define two symplectic formsω+
X andω−X on X. On the elliptic surfaceE(m) we can

choose a symplectic (K̈ahler) formωE which restricts to a positive volume form on the oriented fibre
F . It has canonical class

KE = (m− 2)F.

Note that the oriented torusR in M is symplectic forω+ andω− such that both forms induce positive
volume forms onR. Hence we can glue both symplectic forms to the symplectic formωE to get two
symplectic formsω+

0 , ω
−
0 onM0. By Example 5.64, the canonical class for both symplectic forms on

M0 is
KM0 = KM +mR0.

We now extend the symplectic forms toX. We choose in each fibre bundleMKi × S1 for i = 1, 2 a
fibreBKi and orient the surfaceBKi such thatTKi · BKi = +1 with the chosen orientation onTKi .
There exist symplectic structures on the closed 4-manifoldsMKi × S1 such that both the section and
the fibre are symplectic. We choose a symplectic structureω2 onMK2 × S1 which induces a positive
volume form onTK2 andBK2 . The canonical class is given by

K2 = (2h2 − 2)TK2 .

OnMK1 × S1 we define two symplectic formsω+
1 andω−1 . The formω+

1 induces again a positive
volume form onTK1 , BK1 . It has canonical class

K+
1 = (2h1 − 2)TK1 .

The formω−1 is given by−ω+
1 . It induces a negative volume form on bothTK1 andBK1 and has

canonical class
K−1 = −(2h1 − 2)TK1 .
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The oriented torusT1 in M0 is symplectic for both formsω+
0 , ω

−
0 such thatω+

0 induces a positive
volume form andω−0 a negative volume form. ConsiderM1 = M0#T1=TK1

(MK1 × S1). This closed
oriented 4-manifold has two symplectic structures with canonical classes

K+
M1

= KM +mR0 + 2h1T1

K−M1
= KM +mR0 − 2h1T1

by Lemma 5.71. The symplectic forms are glued together from the pairs(ω+
0 , ω

+
1 ) and(ω−0 , ω

−
1 ).

The torusT2 can be considered as a symplectic torus inM1 such that both symplectic struc-
tures induce positive volume forms on it since we can assume that the symplectic forms onM1

are still of the formω+
0 and ω−0 in a neighbourhood ofT2. Hence on the generalized fibre sum

X = M1#T2=TK2
MK2 × S1 we can glue each of the two symplectic forms onM1 to the symplectic

form ω2 onMK2 × S1. We get two symplectic structures onX with canonical classes

K+
X = KM +mR0 + 2h1T1 + 2h2T2

K−X = KM +mR0 − 2h1T1 + 2h2T2.

This can be written usingR0 = aT1 + T2 as

K+
X = KM + (2h1 + am)T1 + (2h2 +m)T2

K−X = KM + (−2h1 + am)T1 + (2h2 +m)T2.

Theorem 5.79.Let (M,ω) be a simply-connected symplectic 4-manifold which contains pairwise dis-
joint oriented Lagrangian toriT1, T2, R of self-intersection zero, representing indivisible classes such
thatT1, T2 are linearly independent inH2(M ;R) andR is homologous toaT1 + T2 for some integer
a ≥ 1. Suppose thatR is contained in a nucleusN(2) ⊂M , the sphereS in N(2) intersectsT2 trans-
versely once andT1 is disjoint fromN(2). Suppose also that there exists an embedded sphereS1 in M
which is disjoint fromN(2) and intersectsT1 transversely once. Then the closed oriented 4-manifold

X = E(m)#F=RM#T1=TK1
(MK1 × S1)#T2=TK2

(MK2 × S1)

is simply-connected and admits two symplectic structuresω+
X , ω

−
X with canonical classes

K+
X = KM + (2h1 + am)T1 + (2h2 +m)T2

K−X = KM + (−2h1 + am)T1 + (2h2 +m)T2.

For example, suppose thatKM is divisible as a cohomology class by an integerd ≥ 2. Choose
fibred knotsK1,K2 of genush1 = 1 andh2 = d− 1 and takem = 2 anda = 1. Then the 4-manifold
X admits two symplectic structures with canonical classes

K+
X = KM + 4T1 + 2dT2

K−X = KM + 2dT2.

Suppose thatd does not divide4. Note that the classT1 is indivisible and linearly independent from
T2, cf. Lemma 5.78. Hence the second canonical class is divisible byd while the first canonical class
is not divisible byd. Therefore the symplectic structuresω+

X andω−X are inequivalent. The manifold
X is simply-connected and has invariants

c2
1(X) = c2

1(M)
e(X) = e(M) + 24
σ(X) = σ(M)− 16.



96 The generalized fibre sum of 4-manifolds

We can replaceh2 by rd − 1 wherer ≥ 1 is an arbitrary integer to get the same divisibility result.
By choosing different knotsK2 the formula for the Seiberg-Witten invariants in [38] show that we can
find an infinite family(Xk)k∈N of simply-connected 4-manifolds homeomorphic toX and pairwise
non-diffeomorphic such that eachXk admits a pair of inequivalent symplectic structures.

Remark 5.80. If the sphereS which intersectsR is symplectic inM then we can assume that the
surfaceC2 inX of genush2 and self-intersection−(m+2) is symplectic for both symplectic structures
ω+
X andω−X onX.

Remark 5.81. Instead of doing the generalized fibre sum withE(m) in the first step of the construction
we could also do a knot surgery with a fibred knotK0 of genush0 ≥ 1. This has the advantage that
bothc2

1 and the signature do not change under the construction. However, the sphereS2 in M0 is then
replaced by a surface of genush0, sewed together from the sphereS in M and a Seifert surface for
K0. Hence we do not have a natural candidate in the last step to show thatM1 \ T2 and henceX are
simply-connected.
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In this chapter we derive some geography results for simply-connected symplectic 4-manifolds
and for surfaces of general type whose canonical classes are divisible as a cohomology class by a
given integerd > 1. Recall thatgeographytries to find for any given pair of integers(x, y) in Z ×
Z a 4-manifoldM with some specified properties such that the Euler characteristice(M) equalsx
and the signatureσ(M) equalsy. Note that this can be expressed in an equivalent way in terms of
other invariants, since any two invariants out of the set{e, σ, c2

1, χh} determine the remaining two.
If the 4-manifold is simply-connected then any two invariants together with thetypeof the manifold,
i.e. whether it is spin or not, determine the manifold up to homeomorphism by Freedman’s theorem
[45], cf. Chapter II.

The general geography question for simply-connected symplectic 4-manifolds and for surfaces of
general type has been studied by several authors (references can be found in Chapter I). In particular,
with the intention to cover a large geographical area, the spin and non-spin case for simply-connected
symplectic 4-manifolds has been considered by R. E. Gompf [52], J. Park [111, 112] and B. D. Park
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and Z. Szab́o [110]. The spin and non-spin case for simply-connected complex surfaces of general type
has been considered by Z. Chen, U. Persson, C. Peters and G. Xiao in [26, 115, 116]. The geography
question for simply-connected symplectic 4-manifolds whose canonical class is divisible by a given
integerd > 1 has not been considered systematically, as far as we know, except the cased = 2 which
corresponds to the general case of symplectic spin 4-manifolds.

In Section VI.2 we construct several families of simply-connected symplectic 4-manifolds with
divisible canonical class using the generalized fibre sum construction from Chapter V. In particular, in
the case of homotopy elliptic surfaces (c2

1 = 0) a complete answer to the geography question is possible,
cf. Theorem 6.11. We can also answer the question in the case of simply-connected symplectic 4-
manifolds withc2

1 > 0, negative signature and even divisibility (Theorem 6.20) and have some partial
results for the corresponding case of odd divisibility in Section VI.2.3. The emphasis of the construction
here is to find examples which are as small as possible in terms ofc2

1, the Euler characterstice and the
signatureσ. We will also show, by the construction in Section V.6.2, that some of these manifolds
have several inequivalent symplectic structures, whose canonical classes have different divisibilities.
This can be viewed as abotanyresult for symplectic structures on a given differentiable 4-manifold.
Similar examples have been found on homotopy elliptic surfaces by C. T. McMullen and C. H. Taubes
[97], I. Smith [126] and S. Vidussi [140]. We did not try to find simply-connected symplectic 4-
manifolds with canonical class divisible by an integerd ≥ 3 andnon-negativesignature, since even
without a restriction on the divisibility of the canonical class such 4-manifolds are notoriously difficult
to construct.

In the remaining part of this chapter, starting from Section VI.3, we will show that simply-connected
complex surfaces of general type with divisible canonical class can be constructed by using branched
coverings over smooth curves in pluricanonical linear systems|nK|. The main results can be found
in Section VI.5. Some of these algebraic surfaces are because of their topological invariants (c2

1, e
and the parity of the divisibility ofK) and Freedman’s theorem homeomorphic to some of the simply-
connected symplectic 4-manifolds constructed with the generalized fibre sum. However, it is quite clear
from the construction that these symplectic 4-manifolds have several Seiberg-Witten basic classes. In
particular, they can not be diffeomorphic to any minimal surface of general type, cf. Theorem 6.4.

VI.1 General restrictions on the divisibility of the canonical class

We begin by deriving some general restrictions for symplectic 4-manifolds which admit a symplectic
structure whose canonical class is divisible by an integerd 6= 1.

Let M be a closed, symplectic 4-manifold with canonical classK. SinceM admits an almost
complex structure, the number

χh(M) = 1
4(e(M) + σ(M))

has to be an integer. Ifb1(M) = 0, this number is1
2(1 + b+2 (M)). In particular, in this case,b+2 (M)

has to be an odd integer andχh(M) > 0. As explained in Chapter II, there are two further constraints
if M is spin:

c2
1(M) ≡ 0 mod8 and c2

1(M) ≡ 8χh(M) mod16,

wherec2
1(M) = 2e(M) + 3σ(M). We say thatK is divisible by an integerd if there exists a cohomol-

ogy classA ∈ H2(M ;Z) with K = dA.

Lemma 6.1. Let (M,ω) be a closed symplectic 4-manifold. Suppose that the canonical classK is
divisible by an integerd. Thenc2

1(M) is divisible byd2 if d is odd and by2d2 if d is even.
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Proof. If K is divisible byd we can writeK = dA, whereA ∈ H2(M ;Z). The equationc2
1(M) =

K2 = d2A2 implies thatc2
1(M) is divisible byd2 in any case. Ifd is even, thenw2(M) ≡ K ≡ 0 mod

2, henceM is spin and the intersection formQM is even. This implies thatA2 is divisible by2, hence
c2

1(M) is divisible by2d2.

Note that the casec2
1(M) = 0 is special, since there are no restrictions from this lemma (see Section

VI.2.1). For the general case of spin symplectic 4-manifolds (d= 2) we recover the constraint thatc2
1

is divisible by8.
Further restrictions come from the adjunction inequality

2g − 2 = K · C + C · C,

whereC is an embedded symplectic surface of genusg, oriented by the symplectic form.

Lemma 6.2. Let (M,ω) be a closed symplectic 4-manifold. Suppose that the canonical classK is
divisible by an integerd.

• If M contains a symplectic surface of genusg and self-intersection0, thend divides2g − 2.

• If d 6= 1 thenM is minimal. If the manifoldM is in addition simply-connected, then it is
irreducible.

Proof. The first part follows immediately by the adjunction formula. IfM is not minimal (see Chapter
III) then it contains a symplectically embedded sphereS of self-intersection(−1). The adjunction
formula can be applied and yieldsK · S = −1, henceK has to be indivisible. The claim about
irreducibility follows from Corollary 3.4 in Chapter III.

The canonical class of a 4-manifoldM with b+2 ≥ 2 is a Seiberg-Witten basic class, i.e. it has
non-vanishing Seiberg-Witten invariant. Hence only finitely many classes inH2(M ;Z) can be the
canonical class of a symplectic structure onM .

The following is proved in [89].

Theorem 6.3. LetM be a (smoothly) minimal closed 4-manifold withb+2 = 1 which admits a sym-
plectic structure. Then the canonical classes of all symplectic structures onM are equal up to sign.

If M is a Kähler surface, we can also consider the canonical class of the Kähler form.

Theorem 6.4. Suppose thatM is a minimal K̈ahler surface withb+2 > 1.

• If M is of general type, then±KM are the only Seiberg-Witten basic classes ofM .

• If N is another minimal K̈ahler surface withb+2 > 1 andφ : M → N a diffeomorphism, then
φ∗KN = ±KM .

For the proofs see [48], [102] and [145]. Note that the second part of this theorem is not true in
general for the canonical class ofsymplectic structureson 4-manifolds withb+2 > 1: there are examples
of 4-manifoldsM which admit several symplectic structures whose canonical classes are different
elements inH2(M ;Z) and lie in disjoint orbits for the action of the group of orientation preserving self-
diffeomorphisms onH2(M ;Z) [97]. In some cases the canonical classes have different divisibilities
and for that reason can not be permuted by a diffeomorphism, cf. [126], [140] and examples in the
following sections.

It is useful to define the (maximal) divisibility of the canonical class, at least in the case that
H2(M ;Z) is torsion free.
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Definition 6.5. SupposeH is a finitely generated free abelian group. Fora ∈ H let

d(a) = max{k ∈ N0 | there exists an elementb ∈ H, b 6= 0, with a = kb}.

We call d(a) the divisibility of a (or sometimes, to emphasize, themaximaldivisibility). With this
definition the divisibility ofa is 0 if and onlya = 0. We calla indivisible if d(a) = 1.

In particular, ifM is a simply-connected manifold, the cohomology groupH2(M ;Z) is torsion
free and the divisibility of the canonical classK ∈ H2(M ;Z) is well-defined.

Proposition 6.6. Suppose thatM is a simply-connected closed 4-manifold which admits at least two
symplectic structures whose canonical classes have different divisibilities. ThenM is not diffeomorphic
to a complex surface.

Proof. The assumptions imply thatM has a symplectic structure whose canonical class has divisibility
> 1. By Lemma 6.2, the manifoldM is (smoothly) minimal. Suppose thatM is diffeomorphic
to a complex surface. The Kodaira-Enriques classification implies thatM is diffeomorphic toCP 2,
CP 1 × CP 1 an elliptic surfaceE(n)p,q, with n ≥ 1 andp, q coprime, or to a surface of general type.

Note thatM cannot be diffeomorphic toCP 2 because the structure of the cup product on cohomol-
ogy andc2

1 = 9 imply that the canonical class of every symplectic structure has divisibility3. A similar
argument applies toCP 1 × CP 1. The SW-basic classes ofE(n)p,q are known [37]. They consist of
the set of classes of the formkf wheref denotes the indivisible classf = F/pq andk is an integer

k ≡ npq − p− q mod2, |k| ≤ npq − p− q.

By a theorem of Taubes [133] it follows that the canonical class of any symplectic structure onE(n)p,q
is given by±(npq − p − q)f . Hence there is only one possible divisibility. This follows for surfaces
of general type by Theorem 6.4.

VI.2 Constructions using the generalized fibre sum

We begin with the casec2
1 < 0. The following theorem is due to C. H. Taubes [134] in the caseb+2 ≥ 2

and to A. K. Liu [90] in the caseb+2 = 1.

Theorem 6.7. LetM be a closed, symplectic 4-manifold. Suppose thatM is minimal.

• If b+2 (M) ≥ 2, thenK2 ≥ 0.

• If b+2 (M) = 1 andK2 < 0, thenM is a ruled surface, i.e. anS2-bundle over a surface (of genus
≥ 2).

Since ruled surfaces over irrational curves are not simply-connected, any simply-connected, sym-
plectic 4-manifoldM with K2 < 0 is not minimal. By Lemma 6.2 this implies thatK is indivisible,
d(K) = 1.

Let (χh, c2
1) = (n,−r) be any lattice point, withn, r ≥ 1 andM a simply-connected symplectic

4-manifold with these invariants. SinceM is not minimal, we can blow down a(−1)-sphere inM to
get a symplectic manifoldM ′ such that there exists a diffeomorphism

M = M ′#CP 2.
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Since

e(M ′) = e(M)− 1
σ(M ′) = σ(M) + 1,

the manifoldM ′ has invariants
(χh, c2

1) = (n,−r + 1).

Hence by blowing downr spheres inM of self-intersection−1 we get a simply-connected symplectic
4-manifoldN with M = N#rCP 2 andinvariants(χh, c2

1) = (n, 0).
Conversely, consider the manifold

M = E(n)#rCP 2.

ThenM is a simply-connected symplectic 4-manifold with indivisibleK. Sinceχh(E(n)) = n and
c2

1(E(n)) = 0, this implies
(χh(M), c2

1(M)) = (n,−r).
Hence the point(n,−r) can be realized by a simply-connected symplectic 4-manifold.

VI.2.1 Homotopy elliptic surfaces

We now consider the casec2
1 = 0.

Definition 6.8. A closed, simply-connected 4-manifoldM is called ahomotopy elliptic surfaceif M is
homeomorphic to a relatively minimal, simply-connected elliptic surface, i.e. to a surface of the form
E(n)p,q with p, q coprime, cf. Section II.3.5.

Note that by definition homotopy elliptic surfacesM are simply-connected and have invariants

c2
1(M) = 0
e(M) = 12n
σ(M) = −8n.

The integern is equal toχh(M). In particular, symplectic homotopy elliptic surfaces haveK2 = 0.
We want to prove the following converse.

Lemma 6.9. LetM be a closed, simply-connected, symplectic 4-manifold withK2 = 0. ThenM is a
homotopy elliptic surface.

Proof. SinceM is almost complex, the numberχh(M) is an integer. The Noether formula

χh(M) = 1
12(K2 + e(M)) = 1

12e(M)

impliesthate(M) is divisible by12, hencee(M) = 12k for somek > 0. Together with the equation

0 = K2 = 2e(M) + 3σ(M),

it follows thatσ(M) = −8k. Suppose thatM is non-spin. Ifk is odd, thenM has the same Euler
characteristic, signature and type asE(k). If k is even, thenM has the same Euler characteristic,
signature and type as the non-spin manifoldE(k)2. SinceM is simply-connected,M is homeomorphic
to the corresponding elliptic surface by Freedman’s theorem [45].

Suppose thatM is spin. Then the signature is divisible by16, due to Rochlin’s theorem. Hence the
integerk above has to be even. ThenM has the same Euler characteristic, signature and type as the
spin manifoldE(k). Again by Freedman’s theorem,M is homeomorphic toE(k).
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Lemma 6.10. SupposethatM is a symplectic homotopy elliptic surface such that the divisibility ofK
is even. Thenχh(M) is even.

Proof. The assumption implies thatM is spin. The Noether formula then shows thatχh(M) is even,
sinceK2 = 0 andσ(M) is divisible by16.

The next theorem shows that this is the only restriction on the divisibility of the canonical classK
for symplectic homotopy elliptic surfaces.

Theorem 6.11.Letn andd be positive integers. Ifd is even, suppose in addition thatn is even. Then
there exists a symplectic homotopy elliptic surface(M,ω) with χh(M) = n whose canonical classK
has divisibility equal tod.

Proof. If n is 1 or 2, the symplectic manifold can be realized as an elliptic surface. Recall from Section
II.3.3 that the canonical class of an elliptic surfaceE(n)p,q with p, q coprime is given by

K = (npq − p− q)f,

wheref is indivisible andF = pqf denotes the class of a generic fibre. Forn = 1 andd odd we can
take the surfaceE(1)d+2,2, since

(d+ 2)2− (d+ 2)− 2 = d.

Forn = 2 andd arbitrary we can takeE(2)d+1 = E(2)d+1,1, since

2(d+ 1)− (d+ 1)− 1 = d.

We now consider the casen ≥ 1 in general. We separate the proof into several cases. Suppose that
d = 2k andn = 2m are even, withk,m ≥ 1. Consider the elliptic surfaceE(n). It contains a general
fibreF which is a symplectic torus of self-intersection0. In addition, it contains a rim torusR which
arises from a decomposition ofE(n) as a fibre sumE(n) = E(n − 1)#FE(1). The rim torusR
has self-intersection0 and a dual (Lagrangian) 2-sphereS, which has intersectionRS = 1. We can
assume thatR andS are disjoint from the fibreF . The rim torus is in a natural way Lagrangian.
By a perturbation of the symplectic form we can assume that it becomes symplectic. We giveR the
orientation induced by the symplectic form. The proof consists in doing knot surgery along the fibreF
and the rim torusR (see Section V.4.1).1

LetK1 be a fibred knot of genusg1 = m(k − 1) + 1. We do knot surgery alongF with the knot
K1 to get a new symplectic 4-manifoldM1. The elliptic fibrationE(n) → CP 1 has a section which
shows that the meridian ofF , which is theS1-fibre of∂νF → F , bounds a disk inE(n) \ int νF . This
implies that the complement ofF inE(n) is simply-connected (see Corollary A.4), hence the manifold
M1 is again simply-connected. By the knot surgery construction, the manifoldM1 is homeomorphic
toE(n). The canonical class is given by formula (5.31):

KM1 = (n− 2)F + 2g1F

= (2m− 2 + 2mk − 2m+ 2)F
= 2mkF.

Here we have identified the cohomology ofM1 andE(n) as explained in connection with formula
(5.31). Note that the rim torusR is still an embedded oriented symplectic torus inM1 and has a dual

1Generalizedfibre sums along rim tori have been considered e.g. in [35], [40], [52], [60] and [142].
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2-sphereS, because we can assume that the knot surgery takes place in a small neighbourhood of
F disjoint fromR andS. In particular, the complement ofR in M1 is simply-connected. LetK2

be a fibred knot of genusg2 = k andM the result of knot surgery onM1 alongR. ThenM is a
simply-connected symplectic 4-manifold homeomorphic toE(n). The canonical class is given by

K = 2mkF + 2kR.

The classK is divisible by2k. The sphereS sews together with a Seifert surface forK2 to give a
surfaceC in M with C ·R = 1 andC · F = 0, henceC ·K = 2k. This implies that the divisibility of
K is preciselyd = 2k.

Suppose thatd = 2k + 1 andn = 2m + 1 are odd, withk ≥ 0 andm ≥ 1. We consider the
elliptic surfaceE(n) and do a similar construction. LetK1 be a fibred knot of genusg1 = 2km+k+1
and do knot surgery alongF as above. We get a simply-connected symplectic 4-manifoldM1 with
canonical class

KM1 = (n− 2)F + 2g1F

= (2m+ 1− 2 + 4km+ 2k + 2)F
= (4km+ 2k + 2m+ 1)F
= (2m+ 1)(2k + 1)F.

Next we consider a fibred knotK2 of genusg2 = 2k+1 and do knot surgery along the rim torusR. The
result is a simply-connected symplectic 4-manifoldM homeomorphic toE(n) with canonical class

K = (2m+ 1)(2k + 1)F + 2(2k + 1)R.

The classK is divisible by(2k + 1). The same argument as above shows that there exists a surfaceC
in M with C · K = 2(2k + 1). We claim that the divisibility ofK is precisely(2k + 1): Note that
M is still homeomorphic toE(n) by the knot surgery construction. Sincen is odd, the manifoldM
is not spin and this implies that2 does not divideK (an explicit surface with odd intersection number
can be constructed from a section ofE(n) and a Seifert surface for the knotK1. This surface has
self-intersection number−n and intersection number(2m+ 1)(2k + 1) with K.)

To cover the casem = 0 (corresponding ton = 1) we can do knot surgery on the elliptic surface
E(1) along a general fibreF with a knotK1 of genusg1 = k + 1. The resulting manifoldM1 has
canonical class

KM1 = −F + (2k + 2)F = (2k + 1)F.

Suppose thatd = 2k + 1 is odd andn = 2m is even, withk ≥ 0 andm ≥ 1. We consider the
elliptic surfaceE(n) and perform a logarithmic transformation alongF of index2. Let f denote the
multiple fibre such thatF is homologous to2f . There exists a 2-sphere inE(n)2 which intersectsf
in a single point (for a proof see the following lemma). In particular, the complement off in E(n)2 is
simply-connected. The canonical class ofE(n)2 = E(n)2,1 is given by

K = (2n− 3)f.

We can assume that the torusf is symplectic (e.g. by considering the logarithmic transformation to be
done on the complex surfaceE(n) to get the complex surfaceE(n)2). LetK1 be a fibred knot of genus
g1 = 4km + k + 2. We do knot surgery alongf with K1 as above. The result is a simply-connected
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symplectic 4-manifold homeomorphic toE(n)2. The canonical class is given by

KM1 = (2n− 3)f + 2g1f

= (4m− 3 + 8km+ 2k + 4)f
= (8km+ 4m+ 2k + 1)f
= (4m+ 1)(2k + 1)f.

We now consider a fibred knotK2 of genusg2 = 2k + 1 and do knot surgery along the rim torusR.
We get a simply-connected symplectic 4-manifoldM homeomorphic toE(n)2 with canonical class

K = (4m+ 1)(2k + 1)f + 2(2k + 1)R.

A similar argument as above shows that the divisibility ofK is d = 2k + 1.

Lemma 6.12. Letp ≥ 1 bean integer andf the multiple fibre inE(n)p. Then there exists a sphere in
E(n)p which intersectsf transversely in one point.

Proof. We can think of the logarithmic transformation as gluingT 2 × D2 into E(n) \ int νF by a
certain diffeomorphismφ : T 2 × S1 → ∂νF . The fibref corresponds toT 2 × {0}. Consider a disk
of the form{∗} × D2. It intersectsf once and its boundary maps underφ to a certain simple closed
curve on∂νF . SinceE(n) \ int νF is simply-connected, this curve bounds a disk inE(n) \ int νF .
The union of this disk and the disk{∗} ×D2 is a sphere inE(n)p which intersectsf once.

Remark 6.13. In Theorem 6.11, and similarly in the following theorems, it is possible to constructin-
finitelymany homeomorphic homotopy elliptic surfaces(Mr)r∈N with χh(Mr) = n and the following
properties:

(1.) The 4-manifolds(Mr)r∈N are pairwise non-diffeomorphic.

(2.) For every indexr ∈ N the manifoldMr admits a symplectic structure whose canonical class has
divisibility equal tod.

This follows because we can vary in each case the knotK1 and its genusg1. For example in the first
case in the proof above (dandn even) we can chooseh = bmk−m+ 1 whereb ≥ 1 is arbitrary to get
the same divisibility. The claim then follows by the formula for the Seiberg-Witten invariants of knot
surgery manifolds [38].

We can give another construction of homotopy elliptic surfaces as in Theorem 6.11 that also yields
a second inequivalent symplectic structure on the same manifold. Letn ≥ 3 andd be positive integers.
If d is even, assume thatn is even. We consider two cases. Suppose thatd = 2k + 1 ≥ 3 is odd.
Consider the elliptic surfaceE(n − 1). By Example 5.73 the 4-manifoldE(n − 1) has two disjoint
embedded nucleiN(2), each of which contains an oriented Lagrangian rim torusR andT1 coming
from a splittingE(n−1) = E(n−2)#F=FE(1). There also exists a (connected) oriented Lagrangian
rim torusT2 representingR − T1 in homology. We then use the construction for Theorem 5.79: Let
K1,K2 be fibred knots of genush1 = h2 = k. We first do a generalized fibre sum alongR with an
elliptic surfaceE(1) (along a general fibre inE(1)) and then knot surgeries along the toriT1, T2. We
get a simply-connected 4-manifold

X = E(1)#F=RE(n− 1)#T1=TK1
(MK1 × S1)#T2=TK2

(MK2 × S1).
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There exist two symplectic structuresω+
X , ω

−
X on the smooth manifoldX whose canonical classes are

given by

K+
X = (n− 3)F + dT1 + dT2

K−X = (n− 3)F + (−d+ 2)T1 + dT2.

The manifoldX has invariants

c2
1(X) = 0
e(X) = 12n
σ(X) = −8n.

Note that the general fibreF ofE(n−1) is still an oriented embedded torus inX of self-intersection0.
We can assume thatF is symplectic with respect to the symplectic formsω+

X , ω
−
X onX, both inducing

a positive volume form. The sphere giving a section for an elliptic fibration ofE(n − 1) is also still
contained inX. Consider the even integern(d − 1) + (d + 3) and a fibred knotK3 of genush3 with
2h3 = n(d − 1) + (d + 3). We can do knot surgery with this knot along the general fibre to get a
simply-connected 4-manifoldW . It has two symplectic structures with canonical classes

K+
W = d(n+ 1)F + dT1 + dT2

K−W = d(n+ 1)F + (−d+ 2)T1 + dT2.

There exists a surfaceC1 in W which intersectsT1 once and is disjoint fromT2 andF , cf. the con-
struction in Lemma 5.78. Sinced ≥ 3 the first canonical class is divisible byd while the second is not.
Note thatW is because of its invariants and Lemma 6.9 a homotopy elliptic surface withχh(W ) = n.

Similarly suppose thatd = 2k ≥ 6 andn ≥ 4 are even. We do the same construction is above:
This time we start withE(n− 2). LetK1,K2 be fibred knots of genush1 = h2 = k− 1. We first do a
Gompf sum onE(m− 2) along the rim torusR with the elliptic surfaceE(2) and then knot surgeries
along the toriT1, T2. We get a simply-connected 4-manifold

X = E(2)#F=RE(n− 2)#T1=TK1
(MK1 × S1)#T2=TK2

(MK2 × S1)

with two symplectic structuresω+
X , ω

−
X , whose canonical classes are

K+
X = (n− 4)F + dT1 + dT2

K−X = (n− 4)F + (−d+ 4)T1 + dT2.

Consider the even integern(d − 1) + 4 (note thatn is even) and a fibred knotK3 of genush3 with
2h3 = n(d − 1) + 4. We do knot surgery along the symplectic torusF in X with this knot to get a
simply-connected 4-manifoldW . It has two symplectic structures with canonical classes

K+
W = dnF + dT1 + dT2

K−W = dnF + (−d+ 4)T1 + dT2.

Sinced ≥ 6 the first canonical class is divisible byd while the second is not, again by the surface from
Lemma 5.78. The manifoldW is a homotopy elliptic surface withχh(W ) = n.

Proposition 6.14. Let n ≥ 3 and d be positive integers withd 6= 1, 2, 4. If d is even, suppose in
addition thatn is even. Then there exists a homotopy elliptic surfaceW with χh(W ) = n which
admits at least two inequivalent symplectic structuresω1, ω2. The canonical class ofω1 has divisibility
d while the canonical class ofω2 is not divisible byd.
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This construction can be generalized since the elliptic surfaceE(N + 1) containsN pairs of nuclei
N(2) as above which come from iterated splittingsE(N + 1) = E(N)#FE(1), E(N) = E(N −
1)#FE(1), etc. (see Example 5.73). These nuclei generate2N summands of the form(

−2 1
1 0

)
in the intersection form ofE(N + 1). The construction can be done on each pair of nucleiN(2)
separately by a mild generalization of Lemma 5.72 (note that the construction in this lemma changes
the symplectic structure only in small tubular neighbourhood of the Lagrangian surfaces). Thus on the
same homotopy elliptic surfaceY possibly more divisors ofd can be realized as the divisibility of a
canonical class. We make the following definition:

Definition 6.15 (Definition of the setQ). Let N ≥ 0, d ≥ 1 be integers andd0, . . . , dN positive
integers dividingd, whered = d0. If d is even, assume that alld1, . . . , dN are even. We define a setQ
of positive integers as follows:

• If d is either odd or not divisible by4, letQ be the set consisting of the greatest common divisors
of all (non-empty) subsets of{d0, . . . , dN}.

• If d is divisible by4 we can assume by reordering thatd1, . . . , ds are those elements such thatdi
is divisible by4 while ds+1, . . . , dN are those elements such thatdi is not divisible by4, where
s ≥ 0 is some integer. ThenQ is defined as the set of integers consisting of the greatest common
divisors of all (non-empty) subsets of{d0, . . . , ds, 2ds+1, . . . , 2dN}.

We can now formulate the main theorem on the existence of inequivalent symplectic structures on
homotopy elliptic surfaces:

Theorem 6.16.LetN, d ≥ 1 be integers andd0, . . . , dN positive integers dividingd, as in Definition
6.15. LetQ be the associated set of greatest common divisors. Choose an integern ≥ 3 as follows:

• If d is odd letn be an arbitrary integer withn ≥ 2N + 1.

• If d is even letn be an even integer withn ≥ 3N + 1.

Then there exists a homotopy elliptic surfaceW withχh(W ) = n and the following property: For each
integerq ∈ Q the manifoldW admits a symplectic structure whose canonical classK has divisibility
equal toq. HenceW admits at least|Q|many inequivalent symplectic structures.

Proof. Suppose thatd is odd. Then all divisorsd1, . . . , dN are odd. Letai, hi andh be the integers
defined by

ai = d+ di

2hi = d− di
2h = d− 1,

for every1 ≤ i ≤ N . Let l be an integer≥ N + 1 and consider the elliptic surfaceE(l). It contains
N pairs of disjoint nucleiN(2) where each pair contains Lagrangian rim toriT i1 andRi, representing
indivisible classes, which arise by splitting off anE(1) summand, cf. Example 5.73. There also exists
for each pair a third disjoint Lagrangian rim torusT i2 representingRi − aiT i1.

We do the construction from Section V.6.2 on each tripleT i1, T
i
2, R

i in E(l) (1 ≤ i ≤ N ): We first
do a generalized fibre sum ofE(l) with E(1) alongRi and then knot surgeries alongT i1 andT i2 with
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fibred knots of genushi andh, respectively. We get a (simply-connected) homotopy elliptic surfaceX
with χh(X) = l+N . By Theorem 5.79 the 4-manifoldX has2N symplectic structures with canonical
classes

KX = (l − 2)F +
N∑
i=1

(
(±2hi + ai)T i1 + (2h+ 1)T i2

)
= (l − 2)F +

N∑
i=1

(
(±(d− di) + d+ di)T i1 + dT i2

)
.

HereF denotes the torus inX coming from a general fibre inE(l) and the±-signs in each summand
can be varied independently. We can assume thatF is symplectic with positive induced volume form
for all 2N symplectic structures onX. Consider the even integerl(d−1)+2 and letK be a fibred knot
of genusg with 2g = l(d − 1) + 2. We do knot surgery withK along the symplectic torusF to get a
homotopy elliptic surfaceW with χh(W ) = l + N which has symplectic structures whose canonical
classes are

KW = (l − 2 + 2g)F +
N∑
i=1

(
(±(d− di) + d+ di)T i1 + dT i2

)
= dlF +

N∑
i=1

(
(±(d− di) + d+ di)T i1 + dT i2

)
.

Suppose thatq ∈ Q is the greatest common divisior of certain elements{di}i∈I , whereI is a non-
empty subset of{0, . . . , N}. Let J be the complement ofI in {0, . . . , N}. We choose the minus sign
for eachi in I and the plus sign for eachj in J to get a symplectic structureωq onW . It has canonical
class

KW = dlF +
∑
i∈I

(2diT i1 + dT i2) +
∑
j∈J

(2dT j1 + dT j2 ).

Note that2 does not divided becaused is odd. Considering the surfaces from Definition 5.77 and
Lemma 5.78 for each Lagrangian pair(T i1, T

i
2) implies that the canonical classKW of ωq has divisibil-

ity equal toq.

Suppose thatd is even but not divisible by 4. We can writed = 2k and di = 2ki for all
i = 1, . . . , N . The assumption implies that all integersk, ki are odd. Letai, hi andh be the integers
defined by

2ai = k + ki

2hi = k − ki
h = k − 1.

Let l be an even integer≥ N + 1. For each of theN pairs of nucleiN(2) in E(l) we consider a triple
of Lagrangian tori withT i2 = Ri − aiT i1. We do the following construction on each tripleT i1, T

i
2, R

i,
with 1 ≤ i ≤ N in E(l): We first do a generalized fibre sum ofE(l) with E(2) alongRi and then knot
surgeries alongT i1 andT i2 with fibred knots of genushi andh. We get a homotopy elliptic surfaceX
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with χh(X) = l + 2N . The 4-manifoldX has2N symplectic structures with canonical classes

KX = (l − 2)F +
N∑
i=1

(
(±2hi + 2ai)T i1 + (2h+ 2)T i2

)
= (l − 2)F +

N∑
i=1

(
(±(k − ki) + k + ki)T i1 + dT i2

)
.

Consider a fibred knotK of genusg where2g = l(d− 1) + 2 (note thatl is even). Doing knot surgery
withK along the symplectic torusF inX we get a homotopy elliptic surfaceW with χh(W ) = l+2N
which has symplectic structures whose canonical classes are

KW = (l − 2 + 2g)F +
N∑
i=1

(
(±(k − ki) + k + ki)T i1 + dT i2

)
= dlF +

N∑
i=1

(
(±(k − ki) + k + ki)T i1 + dT i2

)
.

Let q ∈ Q be the greatest common divisor of elementsdi wherei ∈ I for some non-empty index setI
with complementJ in {0, . . . , N}. Choosing the plus and minus signs as before, we get a symplectic
structureωq onW with canonical class

KW = dlF +
∑
i∈I

(diT i1 + dT i2) +
∑
j∈J

(dT i1 + dT i2). (6.1)

As above, the canonical class ofωq has divisibility equal toq.
Finally we consider the case thatd is divisible by 4. We can writed = 2k anddi = 2ki for all

i = 1, . . . , N . We can assume that the divisors are ordered as in Definition 6.15, i.e.d1, . . . , ds are
those elements such thatdi is divisible by4 while ds+1, . . . , dN are those elements such thatdi is not
divisible by4. This is equivalent tok1, . . . , ks being even andks+1, . . . , kN odd. Letai andhi be the
integers defined by

2ai = k + ki

2hi = k − ki,

for i = 1, . . . , s and

2ai = k + 2ki
2hi = k − 2ki,

for i = s+1, . . . , N . We also defineh = k−1. Let l be an even integer≥ N+1. We consider the same
construction as above starting fromE(l) to get a homotopy elliptic surfaceX with χh(X) = l + 2N
that has2N symplectic structures with canonical classes

KX = (l − 2)F +
N∑
i=1

(
(±2hi + 2ai)T i1 + (2h+ 2)T i2

)
= (l − 2)F +

s∑
i=1

(
(±(k − ki) + k + ki)T i1 + dT i2

)
+

N∑
i=s+1

(
(±(k − 2ki) + k + 2ki)T i1 + dT i2

)
.
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We then do knot surgery with a fibred knotK of genusg with 2g = l(d− 1) + 2 along the symplectic
torusF in X to get a homotopy elliptic surfaceW with χh(W ) = l + 2N which has symplectic
structures whose canonical classes are

KW = (l − 2 + 2g)F +
N∑
i=1

(
(±(k − ki) + k + ki)T i1 + dT i2

)
= dlF +

s∑
i=1

(
(±(k − ki) + k + ki)T i1 + dT i2

)
+

N∑
i=s+1

(
(±(k − 2ki) + k + 2ki)T i1 + dT i2

)
.

(6.2)

Let q be an element inQ. Note that this time

(k − ki) + (ki + k) = d

−(k − ki) + (ki + k) = di

for i ≤ s while

(k − 2ki) + (k + 2ki) = d

−(k − 2ki) + (k + 2ki) = 2di

for i ≥ s + 1. Sinceq is the greatest common divisor of certain elementsdi for i ≤ s and2di for
i ≥ s + 1 this shows that we can choose the plus and minus signs appropriately to get a symplectic
structureωq onW whose canonical class has divisibility equal toq.

Example 6.17. Supposethat d = 45 and choosed0 = 45, d1 = 15, d2 = 9, d3 = 5. Then
Q = {45, 15, 9, 5, 3, 1} and for every integern ≥ 7 there exists a homotopy elliptic surfacesW
with χh(W ) = n that admits at least6 inequivalent symplectic structures whose canonical classes
have divisibility equal to the elements inQ. One can also find an infinite family of homeomorphic but
non-diffeomorphic manifolds of this kind.

Corollary 6.18. Letm ≥ 1 be an arbitrary integer.

• There exist simply-connected non-spin 4-manifoldsW homeomorphic to the elliptic surfaces
E(2m+ 1) andE(2m+ 2)2 which admit at least2m inequivalent symplectic structures.

• There exist simply-connected spin 4-manifoldsW homeomorphic toE(6m − 2) andE(6m)
which admit at least22m−1 inequivalent symplectic structures and spin manifolds homeomorphic
toE(6m+ 2) which admit at least22m inequivalent symplectic structures.

Proof. ChooseN pairwise different odd prime numbersp1, . . . , pN . Let d = d0 = p1 · . . . · pN and
consider the integers

d1 = p2 · p3 · . . . · pN
d2 = p1 · p3 · . . . · pN

...

dN = p1 · . . . · pN−1,
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obtained by deleting the corresponding prime ind. Then the associated setQ of greatest common
divisors consists of all products of thepi where each prime occurs at most once: If such a productx
does not contain precisely the primespi1 , . . . , pir thenx is the greatest common divisor ofdi1 , . . . , dir .
The setQ has2N elements.

Letm ≥ 1 be an arbitary integer. SettingN = m there exists by Theorem 6.16 for every integer
n ≥ 2N + 1 = 2m + 1 a homotopy elliptic surfaceW with χh(W ) = n which has2m symplectic
structures realizing all elements inQ as the divisibility of their canonical classes. Sinced is odd, the
4-manifoldsW are non-spin.

SettingN = 2m − 1 there exists for every even integern ≥ 3N + 1 = 6m − 2 a homotopy
elliptic surfaceW with χh(W ) = n which has22m−1 symplectic structures realizing all elements in
Q multiplied by 2 as the divisibility of their canonical classes. Since all divisibilities are even, the
manifoldW is spin. SettingN = 2m we can choosen = 6m + 2 to get a spin homotopy elliptic
surfaceW with χh(W ) = 6m+ 2 and22m inequivalent symplectic structures.

VI.2.2 Spin symplectic 4-manifolds withc2
1 > 0 and negative signature

Symplectic manifolds withc2
1 > 0 and divisible canonical class can be constructed with a version of

knot surgery for higher genus surfaces described in [41]. LetK = Kh denote the(2h + 1,−2)-torus
knot. It is a fibred knot of genush. Consider the manifoldMK×S1 from the knot surgery construction,
cf. Section V.4.1. This manifold has the structure of aΣh-bundle overT 2:

MK × S1 ←−−−− Σhy
T 2

We denote a fibre of this bundle byΣF . The fibration defines a trivialization of the normal bundleνΣF .
We formg consecutive generalized fibre sums along the fibresΣF to get

Yg,h = (MK × S1)#ΣF=ΣF# . . .#ΣF=ΣF (MK × S1).

The gluing diffeomorphism is chosen such that it identifies theΣh fibres in the boundary of the tubular
neighbourhoods. This implies thatYg,h is aΣh-bundle overΣg:

Yg,h ←−−−− Σhy
Σg

We denote the fibre again byΣF . The fibre bundle has a sectionΣS sewed together fromg torus
sections ofMK × S1. Since the knotK is a fibred knot, the manifoldMK × S1 admits a symplectic
structure such that the fibre and the section are symplectic. By the Gompf construction this is then also
true forYg,h.

The invariants can be calculated by the standard formulas:

c2
1(Yg,h) = 8(g − 1)(h− 1)
e(Yg,h) = 4(g − 1)(h− 1)
σ(Yg,h) = 0.
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By induction ong onecan show thatπ1(Yg,h) is normally generated by the image ofπ1(ΣS) under
inclusion [41, Proposition 2]. This fact, together with the exact sequence

H1(ΣF )→ H1(Yg,h)→ H1(Σg)→ 0

coming from the long exact homotopy sequence for the fibrationΣF → Yg,h → Σg via Lemma A.5,
shows that the inclusionΣS → Yg,h induces an isomorphism onH1 and the inclusionΣF → Yg,h
induces the zero map. In particular,H1(Yg,h;Z) is free abelian of rank

b1(Yg,h) = gb1(MK × S1) = 2g,

cf. also Theorem 5.11 and Corollary 5.14. This implies with the formula for the Euler characteristic

b2(Yg,h) = 4h(g − 1) + 2.

The summand4h(g − 1) results from2h split classes together with2h dual rim tori which are created
in each fibre sum. Fintushel and Stern show that there exists a basis for the group of split classes (or
vanishing classes) consisting of2h(g − 1) disjoint surfaces of genus2 and self-intersection2. This
implies

H2(Yg,h;Z) = 2h(g − 1)
(

2 1
1 0

)
⊕
(

0 1
1 0

)
,

where the last summand is the intersection form on(ZΣS ⊕ ZΣF ). They also show that the canonical
class ofYg,h is given by

KY = (2h− 2)ΣS + (2g − 2)ΣF , (6.3)

whereΣS andΣF are oriented by the symplectic form. This can be proved inductively with the formula
for the canonical class in Theorem 5.55: The caseg = 1 is clear by the general formula for standard
knot surgery, cf. equation (5.25). Suppose the formula is proved forN = Yg,h and we want to prove it
for Y = Yg+1,h = N#ΣF=ΣFM whereM = MK × S1. If we use forBM andBN the surfaces given
by a section for the fibration, we can see that

KM = 0

KN = 0
bY = 2h− 2
σY = 2g − 2 + 2 = 2(g + 1)− 2.

SinceBY corresponds to the sectionΣS in Yg+1,h andΣY to the fibreΣF , the claim in equation (6.3)
follows if the rim tori coefficientsri = KY Si vanish. This can be proved with the adjunction inequality
[104] for Seiberg-Witten basic classes, becauseSi are surfaces of genus2 and self-intersection2.

Suppose thatM is a closed symplectic 4-manifold which contains a symplectic surfaceΣM of
genusg and self-intersection0, oriented by the symplectic form. We can then form the symplectic
generalized fibre sum

X = M#ΣM=ΣSYg,h.

If π1(M) = π1(M \ ΣM ) = 1, thenX is again simply-connected because the fundamental group of
Yg,h is normally generated by the image ofπ1(ΣS). Since the inclusionΣS → Yg,h is an isomorphism
onH1 no rim tori occur in this generalized fibre sum. Hence we can write by Theorem 5.37

H2(X;Z) = P (M)⊕ P (Yg,h)⊕ (ZBX ⊕ ZΣX).
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The surfaceBX is sewed together from a surfaceBM in M with BMΣM = 1 and the fibreΣF . In
particular,B2

X = B2
M becauseΣ2

F = 0. This implies that the embeddingH2(M ;Z) → H2(X;Z)
given by

ΣM 7→ ΣX ,

BM 7→ BX

Id : P (M)→ P (M)
(6.4)

preserves the intersection form. Therefore we can write

H2(X;Z) = H2(M ;Z)⊕ P (Yg,h) (6.5)

with intersection form

QX = QM ⊕ 2h(g − 1)
(

2 1
1 0

)
.

This generalizes equation (5.23). The invariants ofX are given by

c2
1(X) = c2

1(M) + 8h(g − 1)
e(X) = e(M) + 4h(g − 1)
σ(X) = σ(M).

We calculate the canonical class ofX: Since no rim tori occur in the Gompf sum, the formula in
Theorem 5.55 simplifies to

KX = KM +KY + bXBX + σXΣX ,

where

KM = KM − (2g − 2)BM − (KMBM − (2g − 2)B2
M )ΣM ∈ P (M)

KY = KY − (2g − 2)ΣF − (KY ΣF − (2g − 2)Σ2
F )ΣS

= KY − (2g − 2)ΣF − (2h− 2)ΣS

= 0
bX = 2g − 2

σX = KMBM +KY ΣF + 2− (2g − 2)(B2
M + Σ2

F )

= KMBM + 2h− (2g − 2)B2
M .

This implies
KX = KM + (2g − 2)BX + (KMBM + 2h− (2g − 2)B2

M )ΣX .

Note that the class

KM = KM + (2g − 2)BM + (KMBM − (2g − 2)B2
M )ΣM

maps under the embeddingH2(M)→ H2(X) in equation (6.4) to the class

KM + (2g − 2)BX + (KMBM − (2g − 2)B2
M )ΣX

and2hΣM maps to2hΣX . Therefore we can write under the isomorphism in equation (6.5)

KX = KM + 2hΣM , (6.6)

where the class on the right is an element in the subgroupH2(M ;Z) of H2(M ;Z) ⊕ P (Yg,h). This
follows also by Corollary 5.57. Formula (6.6) generalizes (5.31). In particular we get:



VI.2 Constructions using the generalized fibre sum 113

Proposition 6.19. LetM bea closed, symplectic 4-manifold which contains a symplectic surfaceΣM

of genusg > 1 and self-intersection0. Suppose thatπ1(M) = π1(M \ΣM ) = 1 and that the canonical
class ofM is divisible byd.

• If d is odd there exists for every integert ≥ 1 a simply-connected symplectic 4-manifoldX with
invariants

c2
1(X) = c2

1(M) + 8td(g − 1)
e(X) = e(M) + 4td(g − 1)
σ(X) = σ(M)

and canonical class divisible byd.

• If d is even there exists for every integert ≥ 1 a simply-connected symplectic 4-manifoldX with
invariants

c2
1(X) = c2

1(M) + 4td(g − 1)
e(X) = e(M) + 2td(g − 1)
σ(X) = σ(M)

and canonical class divisible byd.

This follows from the construction above by taking the genus of the torus knoth = td if d is odd
and2h = td if d is even. Hence if a symplectic surfaceΣM of genusg > 1 and self-intersection0
exists inM we can raisec2

1 without changing the signature or the divisibility of the canonical class.
Note that by Lemma 6.2 the integerd necessarily dividesg − 1 if d is odd andd divides2g − 2 if d is
even.

We can apply this construction to the symplectic homotopy elliptic surfaces constructed in Theorem
6.11. In this section we consider the case of even divisibilityd and in the following section the case of
oddd.

Recall that we constructed a simply-connected symplectic 4-manifoldM from the elliptic surface
E(2m) by doing knot surgery along a general fibreF with a fibred knotK1 of genusg1 = (k−1)m+1
and a further knot surgery along a rim torusR with a fibred knotK2 of genusg2 = k. Here2m ≥ 2
andd = 2k ≥ 2 are arbitrary even integers. The canonical class is given by

KM = 2mkF + 2kR = mdF + dR.

The manifoldM is still homeomorphic toE(2m). There exists an embedded 2-sphereS in E(2m) of
self-intersection−2 which intersects the rim torusR once. We can assume thatS is disjoint from the
fibre F and that the symplectic structure onE(2m) we began with was chosen such that the regular
fibreF , the rim torusR and the dual 2-sphereS are all symplectic and the symplectic form induces a
positive volume form on each of them.

The 2-sphereS minus a disk sews together with a Seifert surface forK2 to give inM a symplectic
surfaceC of genusk and self-intersection−2 which intersects the rim torusR once. By smoothing the
double point we get a symplectic surfaceΣM in M of genusg = k + 1 and self-intersection0 which
representsC +R.

The complementM \ΣM is simply-connected: This follows because we can assume thatR∪ S is
contained in a nucleusN(2), cf. [55], [56] and Example 5.73. InsideN(2) there exists a cusp which is
homologous toR and disjoint from it. The cusp is still contained inM and intersects the surfaceΣM
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once. SinceM is simply-connected and the cusp homeomorphic toS2, the claimπ1(M \ ΣM ) = 1
follows.

Let t ≥ 1 be an arbitrary integer andK3 the(2h+ 1,−2)-torus knot of genush = tk. We consider
the generalized fibre sum

X = M#ΣM=ΣSYg,h

whereg = k + 1. ThenX is a simply-connected symplectic 4-manifold with invariants

c2
1(X) = 8tk2 = 2td2

e(X) = 24m+ 4tk2 = 24m+ td2

σ(X) = −16m.

The canonical class is given by

KX = KM + 2tkΣM

= d(mF +R+ tΣM ).

HenceKX has divisibilityd, since the classmF +R+ tΣM has intersection1 with ΣM . We get:

Theorem 6.20.Letd ≥ 2 be an even integer. Then for every pair of positive integersm, t there exists
a simply-connected closed spin symplectic 4-manifoldX with invariants

c2
1(X) = 2td2

e(X) = td2 + 24m
σ(X) = −16m,

such that the canonical classKX has divisibilityd.

Note that this solves by Lemma 6.1 and Rochlin’s theorem the existence question for simply-
connected 4-manifolds with canonical class divisible by an even integer and negative signature. In
particular (ford = 2), every possible lattice point withc2

1 > 0 andσ < 0 can be realized by a simply-
connected spin symplectic 4-manifolds with this construction (the existence of such 4-manifolds has
also been proved in [110] in a similar way).

Example 6.21.To identify the homeomorphism type of some of these manifolds letd = 2k. We then
have

c2
1(X) = 8tk2

χh(X) = tk2 + 2m.

We want to determine when the invariants are on the Noether linec2
1 = 2χh− 6: This is the case if and

only if
6tk2 = 4m− 6

hence2m = 3tk2 + 3, which has a solution if and only if botht andk are odd. Hence for every pair of
odd integerst, k ≥ 1 there exists a simply-connected symplectic 4-manifoldX with invariants

c2
1(X) = 8tk2

χh(X) = 4tk2 + 3
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such that the divisibility ofKX is 2k. Recall that for every odd integerr ≥ 1 there exists by a
construction of Horikawa [65] a simply-connected spin complex algebraic surfaceM on the Noether
line with invariants

c2
1(M) = 8r

χh(M) = 4r + 3.

See also Theorem 6.53 in Section VI.4 and [56, Theorem 7.4.20] where this surface is calledU(3, r+1).
For every given odd integerr ≥ 1 a symplectic 4-manifold homeomorphic to such a spin Horikawa
surface can be realized by the construction above withk = 1 andt = r. For odd integersk ≥ 3, t ≥ 1
we also get spin homotopy Horikawa surfacesX whose canonical classKX is divisible by2k. These
manifolds cannot be diffeomorphic to Horikawa surfaces: Sinceb+2 > 1 the canonical classKX is a
Seiberg-Witten basic class onX. It is proved in [65] that all Horikawa surfacesM have a fibration
in genus2 curves, hence by Lemma 6.2 the divisibility ofKM is at most2 and in the spin case the
divisibility is equal to2. Since Horikawa surfaces are minimal surfaces of general type, they have a
unique Seiberg-Witten basic class up to sign, given by the canonical classKM , cf. Theorem 6.4. Since
the divisibilities ofKM andKX do not match, this proves the claim.

Returning to the general case of Theorem 6.20 we can extend the construction in the proof of
Theorem 6.16 to show:

Theorem 6.22. LetN ≥ 1 be an integer. Suppose thatd ≥ 2 is an even integer andd0, . . . , dN are
positive even integers dividingd, as in Definition 6.15. LetQ be the associated set of greatest common
divisors. Letm be an integer such that2m ≥ 3N + 2 andt ≥ 1 an arbitrary integer. Then there exists
a simply-connected closed spin 4-manifoldW with invariants

c2
1(W ) = 2td2

e(W ) = td2 + 24m
σ(W ) = −16m,

and the following property: For each integerq ∈ Q the manifoldW admits a symplectic structure
whose canonical classK has divisibility equal toq.

Proof. Let l = 2m − 2N . By the construction of Theorem 6.20 there exists a simply-connected
symplectic spin 4-manifoldX with invariants

c2
1(X) = 2td2

e(X) = td2 + 12l
σ(X) = −8l
KX = d(mF +R+ tΣM ).

In particular, the canonical class ofX has divisibility d. In the construction ofX starting from the
elliptic surfaceE(l) we have used only one Lagrangian rim torus. Hencel − 2 of the l − 1 triples
of Lagrangian rim tori inE(l) (cf. Example 5.73) remain unchanged. Note thatl − 2 ≥ N by our
assumptions. Since the symplectic form onE(l) in a neighbourhood of these tori does not change in
the construction ofX by the Gompf fibre sum, we can assume thatX contains at leastN triples of
Lagrangian tori as in the proof of Theorem 6.16. We can now use the same construction as in this
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theorem on theN triplesof Lagrangian tori inX to get a simply-connected spin 4-manifoldW with
invariants

c2
1(W ) = 2td2

e(W ) = td2 + 12l + 24N = td2 + 24m
σ(W ) = −8l − 16N = −16m.

For eachq ∈ Q the manifoldW admits a symplectic structureωq whose canonical class is given by the
formulas in equation (6.1) and (6.2) where the termdlF is replaced byKX = d(mF + R + tΣM ). It
follows again that the canonical class ofωq has divisibility precisely equal toq.

Corollary 6.23. Letd ≥ 6 bean even integer andt ≥ 1,m ≥ 3 arbitrary integers. Then there exists a
simply-connected closed spin 4-manifoldW with invariants

c2
1(W ) = 2td2

e(W ) = td2 + 24m
σ(W ) = −16m,

andW admits at least two inequivalent symplectic structures.

This follows withN = 1 and choosingd0 = d andd1 = 2, since in this caseQ contains two
elements.

Example 6.24.We consider the caseN = 1 of Theorem 6.22 for the spin homotopy Horikawa surfaces
in Example 6.21. Letk ≥ 3 be an arbitrary odd integer andd = d0 = 2k, d1 = 2. Note that
the assumption2m ≥ 3N + 2 = 5 is always satisfied because2m = 3tk2 + 3 in this case by the
calculation above. Sinced = 2k is not divisible by4, the setQ is equal to{2k, 2} by Definition 6.15.
By Theorem 6.22 there exists for every odd integert ≥ 1 a spin homotopy Horikawa surfaceX on the
Noether line with invariants

c2
1(X) = 8tk2

χh(X) = 4tk2 + 3,

which admits two inequivalent symplectic structures: the canonical class of the first symplectic struc-
ture is divisible by2k while the canonical class of the second symplectic structure is divisible only by
2.

Remark 6.25. With more care it is possible to do the construction in Theorem 6.22 starting fromE(l)
in the case thatn is even andl = N + 1. Thus the same theorem can be proved for integersm with
2m = 3N + 1.

We start with the same construction as in the proof of Theorem 6.16 wherel = N + 1 and we
useN triples of rim tori. We have now used up all available triples. Note that the toriT i2 in Y are
by construction symplectic for all symplectic structuresωq with positive induced volume form. We
can consider for instance the torusT 1

2 . We use the existence of a surfaceC2 in Y , cf. Definition 5.77
and Remark 5.80. The surfaceC2 intersects the toriT 1

2 andR1 transversely and positively once and
is disjoint fromT 1

1 and all other rim tori in the construction from Theorem 6.16. It is also disjoint
from the torusF . The surfaceC2 has genusk − 1 and self-intersection−4. Since we can assume that
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the sphereS in the nucleus containingR1 was symplectic inE(l) it follows thatC2 can be assumed
symplectic (with positive induced volume form) for all symplectic structuresωq onY .

By adding two parallel copies of the torusT 1
2 to C2 and smoothing the two double points we

get a symplectic surfaceΣY in Y of genusg′ = k + 1 and self-intersection0 representing the class
2T 1

2 + C2. The complementY \ ΣY is simply-connected: This follows because the surfaceΣY came
from the sphereS in the nucleusN(2) containing the torusR1. HenceΣY is still intersected once by
a cusp homologous toR1. We can now do the same construction as before (raisingc2

1 by a generalized
knot surgery with the(2h + 1,−2)-torus knot of genush = tk on the surfaceΣM ). To show that
the canonical classKW (q) of the resulting manifoldW has divisibility q one has to use the explicit
formulas in (6.1) and (6.2) and the surfacesC1 from Lemma 5.78.

VI.2.3 Non-spin symplectic 4-manifolds withc2
1 > 0 and negative signature

In this section we construct some families of simply-connected symplectic 4-manifolds withc2
1 > 0

such that the divisibility ofK is a given odd integerd > 1. However, we do not have a complete
existence result as in Theorem 6.20.

We first consider the case that the canonical classKX is divisible by an odd integerd and the
signatureσ(X) is divisible by8.

Lemma 6.26. LetX be a closed simply-connected symplectic 4-manifold such thatKX is divisible by
an odd integerd ≥ 1 andσ(X) is divisible by8. Thenc2

1(X) is divisible by8d2.

Proof. Suppose thatσ(X) = 8m for some integerm ∈ Z. Thenb−2 (X) = b+2 (X) − 8m hence
b2(X) = 2b+2 (X)− 8m. This implies

e(X) = 2b+2 (X) + 2− 8m.

SinceX is symplectic, the integerb+2 (X) is odd, so we can writeb+2 (X) = 2k + 1 for somek ≥ 0.
This implies

e(X) = 4k + 4− 8m,

hencee(X) is divisible by4. The equationc2
1(X) = 2e(X) + 3σ(X) shows thatc2

1(X) is divisible by
8. Sincec2

1(X) is also divisible by the odd integerd2 the claim follows.

The following theorem covers the case thatKX hasodd divisibility and the signature is negative,
divisible by8 and≤ −16:

Theorem 6.27. Let d ≥ 1 be an odd integer. Then for every pair of positive integersn, t with n ≥ 2
there exists a simply-connected closed non-spin symplectic 4-manifoldX with invariants

c2
1(X) = 8td2

e(X) = 4td2 + 12n
σ(X) = −8n

such that the canonical classKX has divisibilityd.

Proof. The proof is similar to the proof of Theorem 6.20. We can writed = 2k + 1 with k ≥ 0.
Suppose thatn = 2m + 1 is odd wherem ≥ 1. In the proof of Theorem 6.11 we constructed a
homotopy elliptic surfaceM with χh(M) = n from the elliptic surfaceE(n) by doing knot surgery
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along a general fibreF with a fibred knotK1 of genusg1 = 2km + k + 1 and a further knot surgery
along a rim torusR with a fibred knotK2 of genusg2 = 2k + 1 = d. The canonical class is given by

KM = (2m+ 1)(2k + 1)F + 2(2k + 1)R
= (2m+ 1)dF + 2dR.

There exist a symplectically embedded 2-sphereS inE(n) of self-intersection−2 which sews together
with a Seifert surface forK2 to give inM a symplectic surfaceC of genusd and self-intersection−2
which intersects the rim torusR once. By smoothing the double point we get a symplectic surfaceΣM

inM of genusg = d+1 and self-intersection0 which representsC+R. Using a cusp which intersects
ΣM once, it follows as above that the complementM \ ΣM is simply-connected.

Let t ≥ 1 be an arbitrary integer andK3 the(2h+ 1,−2)-torus knot of genush = td. We consider
the generalized fibre sum

X = M#ΣM=ΣSYg,h

whereg = d+ 1. ThenX is a simply-connected symplectic 4-manifold with invariants

c2
1(X) = 8td2

e(X) = 4td2 + 12n
σ(X) = −8n.

The canonical class is given by

KX = KM + 2tdΣM

= d((2m+ 1)F + 2R+ 2tΣM ).

HenceKX has divisibilityd, since the class(2m+ 1)F + 2R+ 2tΣM has intersection2 with ΣM and
intersection(2m+ 1) with a surface coming from a section ofE(n) and a Seifert surface forK1.

The case thatn = 2m is even wherem ≥ 1 can be proved similarly. By doing a logarithmic
transform on the fibreF in E(n) and two further knot surgeries with a fibred knotK1 of genusg1 =
4km+ k + 2 on the multiple fibref and with a fibred knotK2 of genusg2 = 2k + 1 = d along a rim
torusR, we get a homotopy elliptic surfaceX with χh(X) = n and canonical class

KX = (4m+ 1)df + 2dR.

The same construction as above yields a simply-connected symplectic 4-manifoldX with invariants

c2
1(X) = 8td2

e(X) = 4td2 + 24n
σ(X) = −8n.

The canonical class is given by

KX = KM + 2tdΣM

= d((4m+ 1)f + 2R+ 2tΣM ).

HenceKX has again divisibilityd.



VI.2 Constructions using the generalized fibre sum 119

Example 6.28.Themanifolds in Theorem 6.27 have invariants

c2
1(X) = 8td2

χh(X) = td2 + n.

In a similar way to Example 6.21, this implies that for every pair of positive integersd, t ≥ 1 with d
odd andt arbitrary there exists a non-spin symplectic homotopy Horikawa surfaceX on the Noether
line c2

1 = 2χh − 6 with invariants

c2
1(X) = 8td2

χh(X) = 4td2 + 3,

whose canonical class has divisibilityd. Note that for every integers ≥ 1 there exists a non-spin
Horikawa surfaceM [65] with invariants

c2
1(M) = 8s

χh(M) = 4s+ 3.

If s is odd there exists only one deformation type of such surfaces, denoted byX(3, 2s + 2) in [56,
Theorem 7.4.20]. Ifs is even there exist two deformation types given by the homeomorphic manifolds
X(3, 2s+2) andU(3, s+1). For every given integers ≥ 1 a simply-connected symplectic 4-manifold
homeomorphic to such a non-spin Horikawa surface can be realized by the construction above with
d = 1 and t = s (note thatn ≥ 2 holds automatically in this case). Ifd ≥ 3 is an odd integer
and t ≥ 1 an arbitrary integer we also get non-spin homotopy Horikawa surfaces whose canonical
class has divisibilityd. By the same argument as before in Example 6.21, these 4-manifolds cannot be
diffeomorphic to a Horikawa surface.

In the general case, one can prove the following as in Theorem 6.22.

Theorem 6.29.LetN ≥ 1 be an integer. Suppose thatd ≥ 3 is an odd integer andd0, . . . , dN positive
integers dividingd, as in Definition 6.15. LetQ be the associated set of greatest common divisors.
Let m be an integer such thatm ≥ 2N + 2 and t ≥ 1 an arbitrary integer. Then there exists a
simply-connected closed non-spin 4-manifoldW with invariants

c2
1(W ) = 8td2

e(W ) = 4td2 + 12m
σ(W ) = −8m,

and the following property: For each integerq ∈ Q the manifoldW admits a symplectic structure
whose canonical classK has divisibility equal toq.

Proof. The proof is analogous to the proof of Theorem 6.22. Letl = m − N . By the construction of
Theorem 6.27 there exists a simply-connected non-spin symplectic 4-manifoldX with invariants

c2
1(X) = 8td2

e(X) = 4td2 + 12l
σ(X) = −8l,
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whose canonical classKX hasdivisibility d. The manifoldX containsl− 2 triples of Lagrangian tori.
By our assumptionsl − 2 ≥ N . Hence we can do the construction in Theorem 6.16 (ford odd) to get
a simply-connected non-spin 4-manifoldW with invariants

c2
1(W ) = 8td2

e(W ) = 4td2 + 12l + 12N = 4td2 + 12m
σ(X) = −8l − 8N = −8m.

The 4-manifoldW admits for every integerq ∈ Q a symplectic structure whose canonical class has
divisibility equal toq.

ChoosingN = 1, d0 = d andd1 = 1, the setQ contains two elements. This implies:

Corollary 6.30. Letd ≥ 3 be an odd integer andt ≥ 1,m ≥ 4 arbitrary integers. Then there exists a
simply-connected closed non-spin 4-manifoldW with invariants

c2
1(W ) = 8td2

e(W ) = 4td2 + 12m
σ(W ) = −8m,

andW admits at least two inequivalent symplectic structures.

Remark 6.31. Let Y be an arbitrary closed symplectic 4-manifold which contains an embedded sym-
plectic torusTY of self-intersection0. Suppose thatTY is contained in a cusp neighbourhood and
represents an indivisible class. Consider the symplectic generalized fibre sum

V = Y#TY =FE(n)#F=TK (MK × S1)

whereK is an arbitrary fibred knot. The manifoldV has invariants

c2
1(V ) = c2

1(Y )
e(V ) = e(Y ) + 12n
σ(V ) = σ(Y )− 8n.

By Remark 5.75 the symplectic manifoldV containsn− 1 triples of Lagrangian tori. If the canonical
classKY has a suitable divisibility and the genus of the knotK is chosen appropriately one can find
inequivalent symplectic structures by starting from the smooth manifoldV .

We want to describe a second example that yields for every odd integerd ≥ 1 a simply-connected
symplectic 4-manifoldW whose canonical class has divisibilityd andc2

1(W ) = 2d2.
The first building blockV is constructed as follows: Consider the product of two closed surfaces

U = Σg × Σh of genusg andh. In U we have the singular surface given by the one point union
Σg ∨Σh. We can smooth the intersection point to get a symplectic surfaceΣU of genusg+h and self-
intersection2, blow up two points onΣUand letΣV denote the proper transform inV = U#2CP 2.
ThenΣV is a symplectic surface of self-intersection0. The Euler characteristic ofU is

e(U) = e(Σg)e(Σh) = 4(g − 1)(h− 1).
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Sinceσ(U) = 0, the manifoldV has invariants

c2
1(V ) = 8(g − 1)(h− 1)− 2
e(V ) = 4(g − 1)(h− 1) + 2
σ(V ) = −2.

Note that the inclusion induces a surjectionπ1(ΣV ) → π1(V ) and an isomorphismH1(ΣV ;Z) →
H1(V ;Z) (compare to the building blockQ1 in [52, Section 5]).

The second building blockX consists of the simply-connected symplectic 4-manifoldX(n, 1)
defined in [56, Chapter 7], see also Section VI.5.3. It is diffeomorphic toCP 2#(4n+ 1)CP 2 andhas
invariants

c2
1(X) = −4n+ 8

e(X) = 4n+ 4

σ(X) = −4n

The manifoldX has two fibrations overCP 1: one of them has a fibreF1 of genus0 and the other one
has a fibreF2 of genusn − 1. We defineΣX = F2. Both fibrations have a section; in particular, the
complementX \ ΣX is simply-connected.

Suppose thatn > 1 is an arbitrary integer and letg be any integer with1 ≤ g ≤ n − 1. Define
h = n − 1 − g and consider the manifoldV as above. Then the genus ofΣV is equal to the genus of
ΣX and we can construct the symplectic generalized fibre sum

W = X#ΣX=ΣV V.

SinceX \ ΣX is simply-connected andπ1(ΣV ) → π1(V ) is a surjection we see thatW is simply-
connected. Note that the inclusion induced isomorphismH1(ΣV ) → H1(V ) implies by Proposition
5.59 that the generalized fibre sumW does not contain rim tori. Hence there are no rim tori contribu-
tions to the formula for the canonical class. We can use Corollary 5.58 to determine the divisibilityd
of the canonical classKW of W :

The canonical class ofV is given by

KV = (2h− 2)Σg + (2g − 2)Σh + E1 + E2,

whereE1, E2 denote the exceptional spheres. LetBV be one of the exceptional spheres. ThenB2
V =

KVBV = −1. SinceΣV represents

ΣV = Σg + Σh − E1 − E2

it follows that
KV − (KVBV )ΣY = (2h− 1)Σg + (2g − 1)Σh.

The canonical class ofX is (cf. Section VI.5.3)

KX = (n− 2)F1 − F2.

The fibration with fibreF2 = ΣX has a section which is a symplectic sphereBX of self-intersection
B2
X = −1. We have againKXBX = −1 and

KX − (KXBX)ΣX = (n− 2)F1.
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By Corollary 5.58 the divisibility ofKW is the greatest common divisor of the integers

n− 2, 2g − 1, 2h− 1, 2(g + h)− 2.

By our choiceg+h = n− 1 we have2(g+h)− 2 = 2(n− 2). Hence we can leave the last term away
to calculate the greatest common divisor. Moreover,

2h− 1 = 2n− 2− 2g − 1 = 2(n− 2)− (2g − 1).

Hence the divisibility ofKW is the greatest common divisor ofn− 2 and2g − 1.

Proposition 6.32. LetW = X#ΣX=ΣV V be the generalized fibre sum above whereg + h = n − 1.
ThenW is a simply-connected symplectic 4-manifold with invariants

c2
1(W ) = 8g(n− 1− g)− 4n+ 6

e(W ) = 4g(n− 1− g) + 4n+ 6

σ(W ) = −4n− 2

The divisibility ofKW is the greatest common divisor ofn− 2 and2g − 1.

The formulas for the invariants ofW follow by the standard formulas (cf. Corollary 5.14 and
equation (5.30)):

c2
1(W ) = c2

1(X) + c2
1(V ) + 8(g + h)− 8

e(W ) = e(X) + e(V ) + 4(g + h)− 4
σ(W ) = σ(X) + σ(V ).

To get a particular example chooseg = h ≥ 1 arbitrarily. Thenn = 2g + 1 andn− 2 = 2g − 1. The
manifoldW has invariants

c2
1(W ) = 8g2 − 8g + 2

e(W ) = 4g2 + 8g + 10

σ(W ) = −8g − 6

andKW has divisibilityd = 2g − 1. We can write the invariants also in terms ofd and get:

Corollary 6.33. For every odd integerd ≥ 1 there exists a simply-connected symplectic 4-manifoldW
with invariants

c2
1(W ) = 2d2

e(W ) = d2 + 6d+ 15
σ(W ) = −4d− 10,

such that the canonical classKW has divisibilityd.

For example, forg = 2, we get a symplectic manifoldW with c2
1 = 18, e = 42, σ = −22 such

thatKW has divisibility3. The manifoldW is homeomorphic to9CP 2#31CP 2. For g = 3 we get a
symplectic manifoldW with c2

1 = 50, e = 70, σ = −30 such thatKW has divisibility5. This manifold
is homeomorphic to19CP 2#49CP 2. The Chern numberc2

1 and the Euler characteristic for a given
divisibility are smaller than the ones in Theorem 6.27.

In general, we could not answer the following question:

Question 1. For a given odd integerd > 1 find a simply-connected symplectic 4-manifoldM with
c2

1(M) = d2 whose canonical class has divisibilityd.

Note that there is a trivial example ford = 3, namelyCP 2.
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VI.2.4 Constructions using Lefschetz fibrations

Let M = M ′#rCP 2 → CP 1 bea holomorphic Lefschetz fibration with fibresΣM of genusg. The
fibration defines a natural trivialization of the normal bundle ofΣM inM . We take the generalized fibre
sum of two copies ofM alongΣM such that the gluing diffeomorphismφ on ∂νΣM is the identity
with respect to the natural trivialization given by the fibration:

X = M#ΣM=ΣMM.

ThenX is the fibre sum of two copies ofM and has an induced Lefschetz fibration overCP 1 in
genusg curvesΣX . Suppose thatM is simply-connected. ThenX is simply-connected because the
exceptional spheres inM intersect the surfaceΣM once. By our choice of gluing diffeomorphism the
vanishing disks forΣM in M sew together pairwise to give Lagrangian 2-spheresS1, . . . , S2g in X
of self-intersection−2 which determine a basis of the subgroupS′(X) ⊂ H2(X), cf. Theorem 5.37
and Section V.4.2. The group of rim toriR(X) in X is free abelian of rank2g. We choose a basis
R1, . . . , R2g dual to the basis forS′(X).

The fibre summing can be iterated:

M(n) = M#ΣM=ΣMM# . . .#ΣM=ΣMM.

ThenM(n) is a simply-connected Lefschetz fibration overCP 1 in genusg curvesΣX .

Proposition 6.34. The canonical class ofX = M(n) is given by

KX =
n∑
i=1

KMi + (2g − 2)BX + ((n− 2) + (2g − 2)n)ΣX ,

where
KMi = (KM + ΣM )− (2g − 2)(BM + ΣM )

for all i = 1, . . . , n.

This formula should be interpreted such that the classesKMi lie in different copiesP (Mi) of
P (M), each of which is a direct summand ofH2(X;Z).

Proof. The proof is by induction, cf. the formula in Theorem 5.55. We first check the casen = 1. We
have:

KX = (KM + ΣM )− (2g − 2)(BM + ΣM ) + (2g − 2)BM + (−1 + (2g − 2))ΣM

= KM .

Suppose thatn ≥ 2 and the formula is correct forn− 1. WriteN = M(n− 1) and consider the fibre
sumX = M#ΣM=ΣMN . We use forBM an exceptional sphere inM and forBN the symplectic
sphere of self-intersection−(n− 1) from the previous step. Using the adjunction formula we have

KMBM = −1

KM = KM − (2g − 2)BM − (−1 + (2g − 2))ΣM

= (KM + ΣM )− (2g − 2)(BM + ΣM )

= KMn ,
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and similarly

KNBN = n− 3

KN = KN − (2g − 2)BN − ((n− 3) + (2g − 2)(n− 1))ΣN

=
n−1∑
i=1

KMi + (2g − 2)BN + ((n− 3) + (2g − 2)(n− 1))ΣN

− (2g − 2)BN − ((n− 3) + (2g − 2)(n− 1))ΣN

=
n−1∑
i=1

KMi .

We also have

bX = 2g − 2
σX = −1 + (n− 3) + 2− (2g − 2)(−1− (n− 1))

= (n− 2)− (2g − 2)n.

Note that all coefficientsai vanish by our choice for the trivialization and the gluing diffeomorphism
and

KXSi = KMD
M
i −KND

N
i = 0,

sinceSi is a Lagrangian sphere of self-intersection−2. Hence all rim tori coefficientsri are zero.
Adding the terms above proves the proposition.

Remark 6.35. Onecan also derive a formula for the canonical class of a twisted fibre sum of some
M(n) andM(m), as in Section V.6.1. This could have applications as in Corollary 5.68.

Note that forg = 1 andM = E(1) with general fibreF we haveKM + ΣM = −F + F = 0.
Hence we get again the formulaKX = (n− 2)F for the canonical class ofX = E(n). In the general
case we have:

Corollary 6.36. LetX = M(n) be then-fold fibre sum of simply-connected holomorphic Lefschetz
fibrations. Then the divisibility ofKX is the greatest common divisor ofn − 2 and the divisibility of
the classKM + ΣM ∈ H2(M ;Z).

Proof. The greatest common divisor ofn − 2 and the divisibility ofKM + ΣM dividesKX : This
follows because this number also divides2g − 2 = (KM + ΣM )ΣM by the adjunction formula. The
number then divides all terms in the formula in Proposition 6.34.

Conversely, letd denote the divisibility ofKX . It is clear thatd divides2g−2 sinceKXΣX = 2g−2
by the adjunction formula or the formula above. We have

KXBX = (2g − 2)B2
X + ((n− 2) + (2g − 2)n).

This implies thatd divides alson − 2. The integerd also has to divide every termKMi . This shows
that it divides the classKM + ΣM , proving the claim.

Remark 6.37. Sincethe complex curveΣM on the blow-upM = M ′#rCP 2 → CP 1 is the proper
transform of a curveΣM ′ inM ′, the divisibility ofKM +ΣM is equal to the divisibility ofKM ′+ΣM ′ .
This follows because the canonical class and the class of the proper transform are given by

ΣM = ΣM ′ − E1 − . . .− Er
KM = KM ′ + E1 + . . .+ Er,

whereEi denotes the exceptional spheres.
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Remark 6.38. If g > 1, we can use the construction in Proposition 6.19 on the genusg surfaceΣX to
increasec2

1(X) while keeping the signature and the divisibility ofKX fixed. Note thatπ1(X \ΣX) = 1
sinceX is simply-connected and the sphereBX sewed together from exceptional spheres in both copies
of M intersectsΣX once. Hence the 4-manifold we obtain is again simply-connected (cf. [41, Section
3] for a related construction).

Remark 6.39. In principle it should also be possible to do the construction with triples of Lagrangian
rim tori from Theorem 5.79 like in the previous sections to find inequivalent symplectic structures on
simply-connected 4-manifolds, starting from ann-fold fibre sumM(n). Note that every fibre sum
contributes2g rim tori out of which we can formg Lagrangian triples. One can probably extend
Example 5.73 to show that some of these rim tori are contained in nucleiN(2). In particular, this
should work for the fibrationsX(m,n) in Section VI.5.3.

VI.3 Branched coverings

In the following sections we will describe another construction of simply-connected symplectic 4-
manifolds with divisible canonical class. This construction uses branched coverings of algebraic sur-
faces. We will first define the notion of branched coverings and give a criterion in Corollary 6.47 which
ensures that the branched coverings we use are simply-connected if we start with a simply-connected
manifold.

VI.3.1 Definition

Let Mn be a closed, oriented manifold andFn−2 a closed, oriented submanifold of codimension 2.
Suppose that the fundamental class[F ] ∈ Hn−2(M ;Z) is divisible by some integerm > 1. Choose a
classB ∈ Hn−2(M ;Z) such that[F ] = mB. LetLF , LB denote the complex line bundles with Chern
classes

c1(LF ) = PD[F ], c1(LB) = PD(B).

Sincec1(LF ) = mc1(LB), there exists an isomorphism

L⊗mB
∼= LF .

We consider the following map

φ : LB → L⊗mB ,

x 7→ x⊗ · · · ⊗ x (m factors).

On each fibre, this map is given by

C→ C
⊗m, z 7→ z ⊗ · · · ⊗ z.

Let e be a basis vector of theC-vector spaceC. Thene⊗ · · · ⊗ e is a basis ofC⊗m which induces an
isomorphism

C
⊗m → C

z1e⊗ · · · ⊗ zme 7→ (z1 · . . . · zm)e.

The composition
C→ C

⊗m → C

is then the mapz 7→ zm. On the unit circle, this is anm-fold covering. Hence we get
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Lemma 6.40. Let LB, LF → M be complex line bundles withc1(LF ) = mc1(LB) and denote the
associated circle bundles byEF , EB. Then the map

φ : LB → L⊗mB
∼= LF

induces a fibrewisem-fold coveringEB → EF .

Let s : M → LF be a section which vanishes alongF , is non-zero onM ′ = M \F and is transverse
to the zero section.

Theorem 6.41.Consider the set
X = φ−1(s(M)) ⊂ LB.

ThenX is again a smooth manifold of dimensionn. Let π : X → M denote the restriction of the
projectionLB →M .

• OverM ′, the mapφ : φ−1(M ′)→M ′ is anm-fold cyclic covering.

• The intersection ofX with the zero section ofLB is a smooth submanifoldF ofX andπ maps
F diffeomorphically ontoF .

• Letν(F ) denotea tubular neighbourhood ofF inX. The projectionπ mapsν(F ) ontoa tubular
neighbourhoodν(F ) of F in M . Under the identificationF = F via π, there is a vector bundle
isomorphismν(F ) = ν(F )⊗m andthe mapπ corresponds to the mapφ above. In other words,
there are local coordinates of the formU×D2

X ⊂ ν(F ) andU×D2
M ⊂ ν(F ), withU ⊂ F ∼= F

such thatπ has the form

U ×D2
X → U ×D2

M , (x, z) 7→ (x, zm).

For a proof, see [63].

Definition 6.42. Them-fold branched (or ramified) coveringM(F,B,m) ofM branched overF and
determined byB is defined as

M(F,B,m) = φ−1(s(M)) ⊂ LB.

SupposeM is a smooth complex algebraic surface andD ⊂M a smooth connected complex curve.
If m > 0 is an integer that divides[D] andB ∈ H2(M ;Z) a homology class such that[D] = mB, then
there exists a branched coveringM(D,B,m). Since the divisorD has an associated holomorphic line
bundle, one can show that the line bundleLB in the previous section can be chosen as a holomorphic
line bundle as well (see [63]). This implies that the branched covering admits the structure of an
algebraic surface. The invariants ofM can be calculated by the following proposition.

Proposition 6.43. Let D be a smooth connected complex curve in a complex surfaceM such that
[D] = mB. Let φ : M(D,B,m) → M be the branched covering. Then the invariants ofN :=
M(D,B,m) are given by:

(a) KN = φ∗(KM + (m− 1)B)

(b) c2
1(N) = m(KM + (m− 1)B)2

(c) e(N) = me(M)− (m− 1)e(D),
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wheree(D) = 2− 2g(D) = −(KM ·D +D2) by the adjunction formula.

Proof. The formula fore(N) can be calculated by the well-known formula for the Euler characteristic
of a space decomposed into two pieces (which we used already in the proof of Corollary 5.14) and the
formula for standard, unramified coverings:

e(N) = e(N \D) + e(ν(D))− e(∂ν(D))
= me(M \D) + e(D) = m(e(M)− e(D)) + e(D)
= me(M)− (m− 1)e(D).

HereD denotesthe complex curve inN over the branching divisorD as in Theorem 6.41. The formula
for c2

1(N) follows then by the signature formula of Hirzebruch [63]:

σ(N) = mσ(M)− m2 − 1
3m

D2.

Theformula forKN can be found in [8, Chapter I, Lemma 17.1].

We will consider the particular case that the complex curveD is in the linear system|nKM | and
hence represents in homology a multiplenKM of the canonical class ofM . Letm > 0 be an integer
dividing n and writen = ma.

Lemma 6.44. LetD be a smooth connected complex curve in a complex surfaceM with [D] = nKM .
Then the invariants of them-fold ramified coverφ : M(D, aKM ,m)→M branched overD are given
by:

(a) KN = (n+ 1− a)φ∗KM

(b) c2
1(N) = m(n+ 1− a)2c2

1(M)
(c) e(N) = me(M) + (m− 1)n(n+ 1)c2

1(M)

Proof. We have[D] = nKM andB = aKM . Hence we can calculate:

KM + (m− 1)B = (1 +ma− a)KM = (n+ 1− a)KM

e(D) = −(KM ·D +D2)

= −(n+ n2)c2
1(M) = −n(n+ 1)c2

1(M)

This implies the formulas.

VI.3.2 The fundamental group of branched covers

Let Mn bea closed oriented manifold andFn−2 a closed oriented submanifold. Suppose that[F ] =
mB and consider the branched coveringM = M(F,B,m). Even if the base manifoldM is simply-
connected the fundamental group ofM is in general non-trivial. The following theorem can be used to
ensure that the branched covers are simply-connected. LetM ′ = M \ F denote the complement ofF .

Theorem 6.45.LetMn be a closed oriented manifold andFn−2 a closed oriented submanifold such
that [F ] is a non-torsion class inHn−2(M ;Z). Suppose in addition that the fundamental group ofM ′

is abelian. Then for allm andB with [F ] = mB there exists an isomorphism

π1(M(F,B,m)) ∼= π1(M).
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Proof. Letk > 0 denote the maximal integer dividing[F ]. Thenm dividesk and we can writek = ma
with a > 0. LetM ′ = M(F,B,m) \ F . Denote the meridian toF in M ′, i.e. the class of a fibre in
∂ν(F ), by σ. By Proposition A.3 we get

π1(M(F,B,m)) ∼= π1(M ′)/N(σ).

We have an exact sequence
0→ π1(M ′) π∗→ π1(M ′)→ Zm → 0,

sinceπ : M ′ → M ′ is anm-fold cyclic covering. The assumption thatπ1(M ′) is abelian implies that
π1(M ′) is also abelian. Therefore, the normal subgroups generated by the fibres in these groups are
cyclic and we get an exact sequence of subgroups

0→ Zaσ
m·→ Zmaσ → Zm → 0,

whereσ is the meridian ofF in M ′. The surjectionZmaσ → Zm implies that for each element
α ∈ π1(M ′) there is an integerr ∈ Z such thatα + rσ maps to zero inZm and hence is in the image
of π∗. In other words, the induced map

π∗ : π1(M ′) −→ π1(M ′)/〈σ〉

is surjective. The kernel of this map is〈σ〉, hence

π1(M ′)/〈σ〉
∼=−→ π1(M ′)/〈σ〉.

Again by Proposition A.3, this impliesπ1(M(F,B,m)) ∼= π1(M).

We will use this theorem in the case whereM is a 4-manifold andF an embedded surface. In
general, the complement of a 2-dimensional submanifold in a 4-manifold does not have abelian fun-
damental group even ifM is simply-connected. However, this is sometimes the case if we consider
complex curves in complex manifolds. The following theorem is due to Nori ([105], Proposition 3.27).

Theorem 6.46.LetM be a smooth complex algebraic surface andD,E ⊂M smooth complex curves
which intersect transversely. Assume thatD′2 > 0 for every connected componentD′ ⊂ D. Then the
kernel ofπ1(M \ (D ∪ E))→ π1(M \ E) is a finitely generated abelian group.

In particular, forE = ∅, this implies that the kernel of

π1(M ′)→ π1(M)

is a finitely generated abelian group ifD is connected andD2 > 0, whereM ′ denotesM \D. If M is
simply-connected it follows thatπ1(M ′) is abelian. Together with Theorem 6.45 we get the following
corollary to Nori’s theorem.

Corollary 6.47. Let M be a simply-connected, smooth complex algebraic surface andD ⊂ M a
smooth connected complex curve withD2 > 0. LetM bea cyclic ramified cover ofM branched over
D. ThenM is also simply-connected.

If the divisor not only satisfiesD2 > 0 but is ample, there is a more general theorem by Cornalba
[27]:
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Theorem 6.48.LetM beann-dimensional smooth complex algebraic manifold andD ⊂M a smooth
ample divisor. LetM bea ramified cover ofM branched overD. Then

πk(M) ∼= πk(M), 0 ≤ k ≤ n− 1,

andπn(M) surjectsontoπn(M).

In particular, we get in the case of complex surfaces (n= 2):

Corollary 6.49. LetM be a smooth complex algebraic surface andD ⊂ M a smooth ample divisor.
LetM bea ramified cover ofM branched overD. Thenπ1(M) ∼= π1(M).

In a different situation, Catanese [20] has also used restrictions on divisors to ensure that the com-
plement of a curve in a surface and certain ramified coverings are simply-connected.

Example 6.50. Let M = CP 2 andD a smooth complex curve of degreen > 0 representingnH ∈
H2(M ;Z), whereH = [CP 1] denotes the class of a hyperplane. The canonical class ofCP 2 is
K = −3PD(H). By the adjunction formula,

g(D) = 1 + 1
2(K ·D +D2)

wecan compute the genus ofD: g(D) = 1 + 1
2n(n− 3). SinceD2 > 0 andCP 2 is simply-connected,

the complementCP 2 \D has abelian fundamental group by Nori’s theorem. This implies that

π1(CP 2 \D) ∼= H1(CP 2 \D;Z) ∼= Zn,

which has been proved by Zariski in 1929 [147]. We can also consider then-fold cyclic branched
covering

φ : M = M(D,H, n)→M.

By Corollary 6.47 the complex algebraic surfaceM is simply-connected. The invariants are given by
the formulas in Proposition 6.43:

KM = (n− 4)φ∗H

c2
1(M) = n(n− 4)2

c2(M) = 3n+ (n− 1)n(n− 3)

sincec2(CP 2) = 3 ande(D) = −n(n− 3). The calculation

c2
1(M)− 2c2(M) = n(n2 − 8n+ 16)− n(6 + 2n2 − 8n+ 6)

= n(−n2 + 4),

implies

σ(M) = −1
3(n2 − 4)n

Note thatM is a simply-connected 4-manifold such thatKM is divisible by d = n − 4. However,
c2

1(M) grows with the third power ofd and is rather larger. One can show thatM is diffeomorphic to
a complex hypersurface inCP 3 of degreen (cf. [56, Exercise 7.1.6]).
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VI.4 Geography of simply-connected surfaces of general type

In this section, we collect some results on the geography of simply-connected surfaces of general type.
We consider branched coverings of some of these surfaces over pluricanonical divisors in|nK| in the
next section. The surfaces we obtain will then have a canonical class divisible by a certain integer
d > 1. We begin with the following result due to Persson [115, Proposition 3.23] which is the main
geography result we will use for our constructions.

Theorem 6.51.Letx, y be positive integers such that

2x− 6 ≤ y ≤ 4x− 8.

Then there exists a simply-connected minimal complex surfaceM of general type such thatχh(M) = x
andc2

1(M) = y. Furthermore,M can be chosen as a genus 2 fibration.

The smallest integerx to get an inequality which can be realized withy > 0 is x = 3. Since
χh(X) = pg(X) + 1 for simply-connected surfaces, this corresponds to surfaces withpg = 2. Hence
we get minimal simply-connected complex surfacesM with

pg = 2 andK2 = 1, 2, 3, 4.

Similarly, forx = 4, we get surfaces with

pg = 3 andK2 = 2, . . . , 8.

We consider surfaces of general type withK2 = 1 andK2 = 2 in general.

Proposition 6.52. For K2 = 1 andK2 = 2 all possible values forpg given by the Noether inequality
can be realized by simply-connected minimal complex surfaces of general type.

Proof. By the Noether inequality, only the following values forpg are possible:

K2 = 1 : pg = 0, 1, 2

K2 = 2 : pg = 0, 1, 2, 3.

The casesK2 = 1, pg = 2 andK2 = 2, pg = 2, 3 are covered by Persson’s theorem. The surfaces
with K2 = 1, pg = 2 andK2 = 2, pg = 3 are Horikawa surfaces, as described in [65], [66]. The
remaining cases can also be covered: The Barlow surface, constructed in [7], is a simply-connected
minimal complex surface of general type withK2 = 1, pg = 0, hence it is a numerical Godeaux
surface. Minimal surfaces of general type withK2 = 1, pg = 1 exist by constructions due to Enriques.
They are described in [19]: they are all simply-connected and deformation equivalent, in particular
diffeomorphic. Simply-connected minimal surfaces withK2 = 2, pg = 1 have also been constructed
by Enriques (see [25], [22]). Finally, Lee and Park have recently constructed in [85] a simply-connected
minimal surface of general type withK2 = 2, pg = 0. It is a numerical Campedelli surface.

We now consider the case of surfaces of general type which are spin (the following two theorems
arefrom [116]). Recall that spin complex surfaces necessarily have

c2
1(M) ≡ 0 mod8 and c2

1(M) ≡ 8χh(M) mod16.

The first theorem shows that not all lattice points which satisfy these congruences can be realized by a
simply-connected minimal complex surface of general type.
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Theorem 6.53.SupposeM is a simply-connected spin surface of general type with

2χh(M)− 6 ≤ c2
1(M) < 3(χh(M)− 5).

ThenM admits a fibration in genus 2 or genus 3 curves and the invariants are either

• c2
1(M) = 2χh(M)− 6, wherec2

1(M) is an odd multiple of8, or

• c2
1(M) = 8

3(χh(M)− 4), with χh(M) ≡ 1 mod3.

All possible points with these constraints can be realized by simply-connected spin complex surfaces of
general type.

Note that2χh(M)−6 ≤ c2
1(M) holds automatically by the Noether inequality. The first case (spin

Horikawa surfaces on the Noether line) occurs if and only if there exists an integern ≥ 0, such that

c2
1(M) = 8(1 + 2n),

χh(M) = 7 + 8n.

This implies that
e(M) = 76 + 80n, σ(M) = −48− 48n.

The second case occurs if and only if there exists an integern ≥ 0, such that

c2
1(M) = 8(1 + n),

χh(M) = 7 + 3n.

This implies
e(M) = 76 + 28n, σ(M) = −48− 16n.

In [116] also an area withc2
1 ≥ 3(χh−5) is covered. The congruencesc2

1 ≡ 0 mod8 andc2
1 ≡ 8χh

mod16 imply
c21
8 ≡ χh mod2.

Thiscongruence can be split in two cases:

c21
8 + χh ≡ 0 mod4, and c21

8 + χh ≡ 2 mod4.

Thefollowing theorem covers a sector for the second case.

Theorem 6.54.Suppose thatx, y are positive integers withy ≡ 0 mod8 and y
8 + x ≡ 2 mod4. If

3(x− 5) ≤ y < 16
5 (x− 4),

then there exists a simply-connected spin surfaceM of general type, such thatχh(M) = x and
c2

1(M) = y. The surfaceM can be realized as a fibration in genus 4 curves.

The surfaces of general type in this section all havec2
1 < 4χh which is equivalent toσ < −c2

1.
There are also geography results for simply-connected surfaces of general type closer to theσ = 0 line
(c2

1 = 8χh) or with positive signature [26, 115, 116]. In the simply-connected case, all surfaces have
to lie below the linec2

1 = 9χh, which is given by the Bogomolov-Miyaoka-Yau inequality.
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VI.5 Branched covering construction of algebraic surfaces with divisible
canonicalclass

In this section we construct simply-connected complex algebraic surfaces as branched coverings such
that the canonical class is divisible by a given integerd > 0. In subsections VI.5.1 and VI.5.2 we
consider coverings branched over a smooth curve in the pluricanonical linear system|nKM |, whereM
is a surface of general type. In subsection VI.5.3 we consider an example where the curve is singular,
not a multiple of the canonical divisor and the surfaceM is not of general type.

We begin with the first case. Suppose thatM is a simply-connected minimal complex surface of
general type. Letm, d ≥ 2 be integers such thatm − 1 dividesd − 1. We can writea = d−1

m−1 and
definen = ma. Thend = n + 1 − a and the assumptions imply thatn ≥ 2. We assume thatnKM

can be represented by a smooth complex connected curveD in M (see Sections II.3.2 and II.3.7). Let
M = M(D, aKM ,m) denote the associatedm-fold branched cover over the curveD. We have

D2 = n2K2
M > 0,

henceM is a simply-connected complex surface by Corollary 6.47. We can calculate the invariants by
Lemma 6.44.

Theorem 6.55.LetM be a simply-connected minimal surface of general type andm, d ≥ 2 integers
such thatd − 1 is divisible bym − 1 with quotienta. Suppose thatD is a smooth connected curve
in the linear system|nKM | wheren = ma. Then them-fold cover ofM , branched overD, is a
simply-connected complex surfaceM of general type with invariants

• KM = dφ∗KM

• c2
1(M) = md2c2

1(M)

• e(M) = m(e(M) + (d− 1)(d+ a)c2
1(M))

• χh(M) = mχh(M) + 1
12m(d− 1)(2d+ a+ 1)c2

1(M)

• σ(M) = −1
3m(2e(M) + (d(d− 2) + 2a(d− 1))c2

1(M)).

In particular, the canonical classKM is divisible byd andM is minimal.

The surfaceM is of general type becausec2
1(M) > 0 andM cannotbe rational or ruled. The claim

about minimality follows because the divisibility ofKM is at leastd ≥ 2, cf. Lemma 6.2. The formula
for χh(M) follows by writinge(M) in terms ofχh(M), c2

1(M),

• e(M) = 12mχh(M) +m((d− 1)(d+ a)− 1)c2
1(M)

and calculating

χh(M) = mχh(M) + 1
12m((d− 1)(d+ a) + d2 − 1)c2

1(M),

which gives the formula above. Note also thatσ(M) is always negative. Hence we cannot construct
surfaces with positive signature in this way, even if we start with surfaces of positive signature.
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VI.5.1 General results

We want to compute the image of the sector of surfaces of general type from Theorem 6.51 for the
transformationΦ: (e(M), c2

1(M)) 7→ (e(M), c2
1(M)) given by the formulas in Theorem 6.55. We use

the following equivalent formulation of Persson’s theorem:

Corollary 6.56. Lete, c be positive integers such thatc ≥ 36− e ande+ c ≡ 0 mod12. If

1
5(e− 36) ≤ c ≤ 1

2(e− 24),

thenthere exists a simply-connected minimal surfaceM of general type with invariantse(M) = e and
c2

1(M) = c.

Proof. Under the linear transformationχh = 1
12(c2

1 + e), the Noether linec2
1 = 2χh − 6 maps to

c2
1 = 1

6(c2
1 + e)− 6,

hencec2
1 = 1

5(e−36). Similarly, the linec2
1 = 4χh−8 maps toc2

1 = 1
2(e−24). Persson’s theorem gives

reasonable points(x, y) only for x ≥ 3. The lineχh = 3, c2
1 = t for t ≥ 0 maps toc2

1 = 36 − e. The
points we consider in the(e, c) plane have to be to the right from this line, hencec ≥ 36−e. Conversely,
if (e, c) is an integral point in the sector defined by these three lines and satisfies the conditione+c ≡ 0
mod12 coming from the Noether formula, we can compute the integerχh = 1

12(c2
1 + e) andsee that

(e, c) is the image of a point in the sector in Persson’s theorem.

Letm,a, d be integers as above. We can write the transformation as(
e(M)
c2

1(M)

)
= m

(
1 ∆
0 d2

)(
e(M)
c2

1(M)

)
,

where we have made the abbreviation∆ = (d−1)(d+a). Φ is a linear map, which is invertible overR
and maps the quadrant where both coordinates have non-negative entries into the same quadrant. The
inverse ofΦ is given by (

e(M)
c2

1(M)

)
= 1

m

(
1 −∆/d2

0 1/d2

)(
e(M)
c2

1(M)

)
,

Sincee(M) and c2
1(M) are integers withe(M) + c2

1(M) ≡ mod 12, we see that a point(x, y) =
(e′, c′) ∈ Z× Z is in the image of the mapΦ, if and only if c′ is divisible bymd2, e′ is divisible bym
and 1

me
′ + 1−∆

md2 c
′ ≡ 0 mod12.

We want to calculate the image of the linec = 1
5(e−36), which appears in the version of Persson’s

theorem above. Lete = t, c = 1
5(t− 36), for t ≥ 0. Then

Φ
(

t
1
5(t− 36)

)
= m

(
t+ (t− 36)∆/5
d2(t− 36)/5

)
.

This implies

e(M) = mt(1 + 1
5∆)− 36

5 m∆

c2
1(M) = 1

5md
2t− 36

5 md
2.

We can solve the first equation fort and replacet in the second equation. We get:

c2
1(M) =

1
(1 + 1

5∆)

(
1
5d

2e(M)− 36
5 md

2
)
,
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hence

c2
1(M) =

d2

(5 + ∆)
(e(M)− 36m). (6.7)

Similarly the linec2
1 = 1

2(e− 24) mapsto

c2
1(M) =

d2

(2 + ∆)
(e(M)− 24m). (6.8)

Thepoints given by Persson’s theorem have to satisfy the constraintc ≥ 36− e. The image of the line
c2

1 = 36− e is

c2
1(M) = − d2

(1−∆)
(e(M)− 36m). (6.9)

Summarizingthe calculation, we see that the image of the lattice points in the sector1
5(e− 36) ≤ c ≤

1
2(e−24), with c ≥ 36−e ande+ c ≡ 0 mod12, is given precisely by the points in the sector between
the lines (6.7) and (6.8), which are to the right of the line (6.9) and satisfye(M) ≡ 0 modm, c2

1(M) ≡
modmd2 and

1
me(M) + 1−∆

md2 c
2
1(M) ≡ 0 mod12.

Thesurfaces in Persson’s theorem 6.51 havepg ≥ 2 andK2 ≥ 1. By section II.3.2, the linear system
|nK|, for n ≥ 2, on these surfaces has no base points, except in the casepg = 2,K2 = 1 andn = 3.
Sincen = ma andm ≥ 2, this occurs only form = 3, a = 1 andd = 3. The corresponding image
underΦ has invariants(e, c2

1) = (129, 27). This exception is always understood in the following.
In all other cases we can consider the branched covering construction from this section to get

minimal surfaces of general type with the invariants above, such that the canonical class is divisible by
d. We can summarize this as follows: Consider integersm,a, d as above, withm, d ≥ 2, a ≥ 1 and
∆ = (d− 1)(d+ a).

Theorem 6.57.Letx, y be positive integers such thaty(1−∆) ≥ 36− x andx+ (1−∆)y ≡ 0 mod
12. If

1
(5 + ∆)

(x− 36) ≤ y ≤ 1
(2 + ∆)

(x− 24),

then there exists a simply-connected minimal complex surfaceM of general type with invariants
e(M) = mx andc2

1(M) = md2y, such that the canonical class ofM is divisible byd.

Note that the sector in Persson’s theorem 6.51 intersects non-trivially with the lines and sectors for
spin surfaces, given by 6.53 and 6.54. In this case, a point in the(χh, c2

1) plane can be realized by a spin
surface and the formula for the canonical class of the branched covering shows thatK is then already
divisible by2d. We have calculated some examples for small values ofd andm, see Table VI.1.

VI.5.2 Examples

In this section we calculate some further examples for the branched covering construction given by
Theorem 6.57 and for some surfaces not covered by Persson’s theorem. Note that for anyd ≥ 2, we
can choosem = 2 anda = d − 1 corresponding to 2-fold covers branched over(2d − 2)K. The
formulas for the invariants simplify to

• c2
1(M) = 2d2c2

1(M)

• e(M) = 24χh(M) + 2d(2d− 3)c2
1(M)
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d m ∆ Invariantse(M), c2
1(M) with the corresponding point(x, y) underneath

3 2 10 90, 18 108, 36 132, 36 126, 54 150, 54

(45, 1) (54, 2) (66, 2) (63, 3) (75, 3)

3 3 8 −− 150, 54 186, 54 171, 81 207, 81

(43, 1) (50, 2) (62, 2) (57, 3) (69, 3)

4 2 21 112, 32 154, 64 176, 64 192, 96 216, 96

(56, 1) (76, 2) (88, 2) (96, 3) (108, 3)

4 4 15 200, 64 256, 128 304, 128 312, 192 360, 192

(50, 1) (64, 2) (76, 2) (78, 3) (90, 3)

5 2 36 142, 50 212, 100 236, 100 282, 150 306, 150

(71, 1) (106, 2) (118, 2) (141, 3) (153, 3)

6 2 55 180, 72 288, 144 312, 144 396, 216 420, 216

(90, 1) (144, 2) (156, 2) (198, 3) (210, 3)

Table VI.1: Ramifiedcoverings of surfaces from Persson’s theorem 6.51 with divisibleK.

• χh(M) = 2χh(M) + 1
2d(d− 1)c2

1(M).

Thefirst two examples are double coverings withm = 2, the third example uses coverings of higher
degree. Note that some of the surfaces are because of their invariants (c2

1, e and the parity of the
divisibility of K) homeomorphic to some of the simply-connected symplectic 4-manifolds constructed
in Sections VI.2.2 and VI.2.3.

Example 6.58.We consider the Horikawa surfaces [65] on the Noether linec2
1 = 2χh− 6, which exist

for everyχh ≥ 4 and are also given by Persson’s theorem 6.51. We havepg ≥ 3 andc2
1 ≥ 2. Hence by

Theorem 2.4 the linear system|nK| for n ≥ 2 on these surfaces has no base points. The Noether line
corresponds in the version of Persson’s theorem in Corollary 6.56 to the linec2

1 = 1
5(e− 36). We take

m = 2 anda = d − 1. It is easier in this case to calculate the points in the image of the Noether line
underΦ directly. The equationc2

1(M) = 2χh(M)− 6 implies

χh(M) = 6 + (1 + 1
2d(d− 1))c2

1(M),

by the formulas above.

Proposition 6.59. LetM be a Horikawa surface on the Noether linec2
1 = 2χh − 6 whereχh = 4 + l

for l ≥ 0. Then the 2-fold coverM of the surfaceM , branched over(2d− 2)KM for an integerd ≥ 2,
has invariants

c2
1(M) = 4d2(l + 1)

χh(M) = 6 + (2 + d(d− 1))(l + 1)

e(M) = 72 + 4(l + 1)(6 + 2d2 − 3d)

σ(M) = −48− 4(l + 1)(4 + d2 − 2d).

The canonical classKM is divisible byd.
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Ford even, the integerd2−2d = d(d−2) is divisible by4, henceσ is indeed divisible by16, which
is necessary by Rochlin’s theorem. Since there exist spin Horikawa surfaces forc2

1(M) = 8(1 + 2k)
with k ≥ 0, the canonical class on the branched covers withl = 8k + 3 are divisible by2d. The
invariants are on the line

c2
1(M) =

4d2

2 + d(d− 1)
(χh(M)− 6), (6.10)

whichhas inclination close to4 for d very large. Moreover, we have

c2
1(M) =

d2

6 + 2d2 − 3d
(e(M)− 72).

Since∆ = (d− 1)(2d+ 1) = 1 + 2d2 − 3d, this is exactly the line

y =
1

(5 + ∆)
(x− 36),

given by Theorem 6.57, forc2
1 = 2d2y, e = 2x.

Example 6.60.We calculate the invariants for the branched covers withm = 2 and integersd ≥ 3 for
the surfaces given by Proposition 6.52. Sincen = ma ≥ 4 in this case, Theorem 2.4 shows that the
linear system|nK| has no base points and we can use the branched covering construction.

Proposition 6.61. LetM be a minimal complex surface of general type withK2 = 1 or 2. Then the
2-fold coverM of the surfaceM , branched over(2d− 2)KM for an integerd ≥ 3, has invariants

c2
1(M) = 2d2

e(M) = 24(pg + 1) + 2d(2d− 3)

σ(M) = −16(pg + 1)− 2d(d− 2), if K2 = 1 andpg = 0, 1, 2.

c2
1(M) = 4d2

e(M) = 24(pg + 1) + 4d(2d− 3)

σ(M) = −16(pg + 1)− 4d(d− 2), if K2 = 2 andpg = 0, 1, 2, 3.

In both cases the canonical classKM is divisible byd.

Example 6.62. Consider the Barlow surfaceMB and the surfaceMLP of Lee and Park that were
mentioned in the proof of Proposition 6.52. They have invariants

c2
1(MB) = 1, χh(MB) = 1 andc2(MB) = 11

c2
1(MLP ) = 2, χh(MLP ) = 1 andc2(MLP ) = 10.

By section II.3.2, we can consider branched covers over both surfaces withma ≥ 3 (the Barlow surface
is a simply-connected numerical Godeaux surface, hence|3K| is base point free). See Tables VI.2 and
VI.3 for a calculation of the invariants ofM for small values ofd andm. The 2-fold covering of
the Barlow surface branched over4KM has the same invariantsc2

1, σ and divisibility of the canonical
class (d= 3) as a simply-connected symplectic 4-manifold obtained in Corollary 6.33. There is also a
coincidence between the4-fold cover of the Barlow surface branched over4KM and the2-fold cover
of the surface of Lee and Park branched over6KM : Both have the same Chern invariants and the
same divisibilityd = 4 of the canonical class. Hence the manifolds are homeomorphic, but it is unclear
whether they are diffeomorphic. By Lemma 6.4, both branched coverings have the same Seiberg-Witten
invariants.
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d m ma (d− 1)(d+ a) e(MB) c2
1(MB) χh(MB) b+2 (MB) σ(MB)

3 2 4 10 42 18 5 9 −22

3 3 3 8 57 27 7 13 −29

4 2 6 21 64 32 8 15 −32

4 4 4 15 104 64 14 27 −48

5 2 8 36 94 50 12 23 −46

5 3 6 28 117 75 16 31 −53

5 5 5 24 175 125 25 49 −75

6 2 10 55 132 72 17 33 −64

6 6 6 35 276 216 41 81 −112

Table VI.2: Ramifiedcoverings of the Barlow surfaceMB of degreem branched overmaK.

VI.5.3 Branched covers over singular curves

One can also construct examples of algebraic surfaces with divisible canonical class by taking branched
covers over singular curves. It is also not necessary to start with surfaces of general type and branching
divisors which are a multiple of the canonical class. The following example of such a covering is
described in [56, Chapter 7]: LetBn,m denote the singular complex curve inCP 1 × CP 1 which is
the union of2n parallel copies of the first factor and2m parallel copies of the second factor. The
curveBn,m represents in cohomology the class2nS1 + 2mS2, whereS1 = [CP 1 × {∗}] andS2 =
[{∗} × CP 1]. LetX ′(n,m) denote the double covering ofCP 1 × CP 1 branched overBn,m. It is a
singular complex surface, which has a canonical resolutionX(n,m) (see [8, Chapter III]). As a smooth
4-manifold,X(n,m) is diffeomorphic to the double cover ofCP 1 × CP 1 branched over the smooth
curveB̃n,m given by smoothing the double points. Hence we can calculate the topological invariants
for X = X(n,m) with the formulas from Proposition 6.43 and get:

c2
1(X) = 4(n− 2)(m− 2)

e(X) = 6 + 2(2m− 1)(2n− 1)

σ(X) = −4mn

We writeX ′ = X ′(n,m) andM = CP 1 × CP 1. Let φ : X ′ → M denote the double covering,
π : X → X ′ the canonical resolution andψ = φ ◦ π the composition. Since all singularities ofBn,m
are ordinary double points we can calculate the canonical class ofX by [8, Theorem 7.2, Chapter III]:

KX = ψ∗(KM + 1
2Bm,n)

= ψ∗(−2S1 − 2S2 + nS1 +mS2)
= ψ∗((n− 2)S1 + (m− 2)S2).

One can give the following interpretation of this formula: The mapψ : X → CP 1 × CP 1 followed
by the projection onto the first factor defines a fibrationX → CP 1 whose fibres are the branched
covers of the rational curves{p} × CP 1, wherep ∈ CP 1. The generic rational curve among them
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d m ma (d− 1)(d+ a) e(MLP ) c2
1(MLP ) χh(MLP ) b+2 (MLP ) σ(MLP )

3 2 4 10 60 36 8 15 −28

3 3 3 8 78 54 11 21 −34

4 2 6 21 104 64 14 27 −48

4 4 4 15 160 128 24 47 −64

5 2 8 36 164 100 22 43 −76

5 3 6 28 198 150 29 57 −82

5 5 5 24 290 250 45 89 −110

6 2 10 55 240 144 32 63 −112

6 6 6 35 480 432 76 151 −176

Table VI.3: Ramifiedcoverings of the Lee-Park surfaceMLP of degreem branched overmaK.

is disjoint from the2m curves inBn,m parallel to{∗} × CP 1 and intersects the2n curves parallel to
CP 1 × {∗} in 2n points. This implies that the generic fibreF2 of the fibration is a double branched
cover ofCP 1 in 2n distinct points and hence a smooth complex curve of genusn − 1. In the surface
X it represents the classψ∗S2. Similarly, there is a fibrationX → CP 1 in genusm− 1 curves which
representF1 = ψ∗S1. Hence we can write

KX = (n− 2)F1 + (m− 2)F2.

Since the rational curves given by the factors inCP 1 × CP 1 intersect in one point, the fibresF1 and
F2 will intersect on the resolution of the double covering in two points, henceF1F2 = 2. This implies
againc2

1(X) = 4(n− 2)(m− 2).
One can show that all of the surfacesX(n,m) are simply-connected [56, Exercise 7.3.16]. By

varyingn andm we can achieve all divisibilities, e.g. forn = m = 6 we get an algebraic surface
X(6, 6) with invariantsc2

1 = 64, e = 248, σ = −144 andKX divisible by 4. In general, one can
show thatX(1,m) is diffeomorphic toCP 2#(4m+ 1)CP 2 (see[40], [56, Exercise 7.3.8]),X(2,m)
is diffeomorphic to the elliptic surfaceE(m) andX(3,m) is a Horikawa surface on the Noether line
c2

1 = 2χh − 6.

Remark 6.63. Catanese and Wajnryb [24, 20, 21] have constructed surfaces via branched coverings
over singular curves with the following properties: Supposea, b, c − 1 ≥ 2 are integers. Then there
exist simply-connected surfacesS of general type with invariants

c2
1(S) = 8(a+ c− 2)(2b− 2)

χh(S) = (a+ c− 2)(2b− 2) + 4b(a+ c),

and the divisibility ofKS is the greatest common divisor ofa + c − 2 and2b − 2. Moreover, some
of these surfaces are diffeomorphic but not deformation equivalent, thus giving counter-examples to a
well-known conjecture.
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In 1965, D. Barden gave a complete classification of simply-connected closed 5-manifolds [6]. The
proof uses the theory ofh-cobordisms developed by S. Smale [124] to conclude that two5-manifolds
which agree in certain topological invariants are diffeomorphic (Smale gave a classification for spin
simply-connected 5-manifolds in 1962, cf. [125]).

In this chapter we describe the topological invariants of simply-connected 5-manifoldsX used in
the classification, in particular the linking form on the torsion subgroup of the second integral homol-
ogy. The linking form gives rise to the so-calledi-invariantwhich takes integer values in{0, 1, . . . ,∞}.
Thei-invariant is also related to the second Stiefel-Whitney class and vanishes ifX is spin. The result
of Barden’s theorem is that two simply-connected 5-manifolds are diffeomorphic if and only if they
have isomorphic second homology and thei-invariants are the same.

Using Barden’s theorem it is possible to determine all simply-connected5-manifolds which are ir-
reducible under connected sum. One can also show that every simply-connected5-manifoldX can be
decomposed under connected sum into finitely many irreducible pieces. The splitting is unique if it con-
tains at most one non-spin summand. As a corollary, we determine all simply-connected 5-manifolds
with torsion free homology up to diffeomorphism. This will be used in Chapter IX to classify simply-
connected 5-manifolds which can be obtained as circle bundles over simply-connected 4-manifolds.
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The material in this chapter is not new, it is already contained in Barden’s article [6]. However,
we try to do some of the calculations in more detail, in particular in Sections VII.5 and VII.6 on the
constructions of the irreducible building blocks of simply-connected 5-manifolds and the connected
sum decomposition.

VII.1 Linking forms

VII.1.1 The topological linking form

Let Xn be a closed orientedn-dimensional manifold. Fix an elementξ ∈ TorHn−q−1(X;Z) and let
y = PD(ξ) ∈ TorHq+1(X;Z) denote the Poincaré dual ofξ. We consider the long exact sequence in

cohomology associated to the sequence of coefficient groups0→ Z
i→ Q

p→ Q/Z→ 0:

. . . −→ Hq(X;Q)
p∗−→ Hq(X;Q/Z)

β−→ Hq+1(X;Z) i∗−→ Hq+1(X;Q) −→ . . .

Hereβ denotes the associated Bockstein homomorphism. Sincey is a torsion element,i∗y = 0. Hence
there exists anx ∈ Hq(X;Q/Z) with β(x) = y.

Definition 7.1. Let ξ ∈ TorHn−q−1(X;Z) be as above andη ∈ TorHq(X;Z) an arbitrary element.
The linking numberof η andξ is defined as

b(η, ξ) = 〈x, η〉 ∈ Q/Z.

This number is well-defined, independent of the choice ofx: if x′ ∈ Hq(X;Q/Z) is another
element withβ(x′) = y, thenx′ − x = p∗µ, for some elementµ ∈ Hq(X;Q). Since rational
cohomology classes evaluate to zero on torsion homology classes,〈x′, η〉 = 〈x, η〉.

The name “linking number” has the following interpretation: one can represent the homology
classesη and ξ by cyclesu and z. Sinceη is a torsion class, there exists a chainc ∈ Cq+1(X)
such that∂c = au for somea ∈ Z. One can show thatc has a well-defined intersection number withz,
which is equal toa · b(η, ξ) (cf. [129]).

The following theorem summarizes the basic properties of linking numbers.

Theorem 7.2. The linking numbers define a non-degenerate bilinear form

b : TorHq(X;Z)× TorHn−q−1(X;Z)→ Q/Z.

This form is called thelinking form. In different degrees, the linking forms are related byb(η, ξ) =
(−1)nq+1b(ξ, η) for all η ∈ TorHq(X;Z) andξ ∈ TorHn−q−1(X;Z).

A proof can be found, e.g. in [129], Chapter 14.7 and 15.6.

Proposition 7.3. If h : X → Y is a homotopy equivalence, then

bY (h∗η, h∗ξ) = bX(η, ξ).

Proof. Let g : Y −→ X be a homotopy inverse toh andβ(x) = PD(ξ) as in the definition of the
linking number. Then we have:

PD(h∗ξ) = g∗PD(ξ) = g∗β(x) = β(g∗x).

The claim now follows from
〈g∗x, h∗η〉 = 〈x, g∗h∗η〉 = 〈x, η〉.
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Suppose the dimension ofX is odd,n = 2q+1. Then the linking numbers define a non-degenerate
bilinear form

b : TorHq(X;Z)× TorHq(X;Z)→ Q/Z.

If q is even, thenb is skew-symmetric by Theorem 7.2.

Definition 7.4. The linking form of a closed, oriented 5-manifoldX is the non-degenerate skew-
symmetric bilinear form given by

b : TorH2(X;Z)× TorH2(X;Z)→ Q/Z.

VII.1.2 Skew-symmetric bilinear forms

LetG be a finite abelian group andb : G×G→ Q/Z a non-degenerate skew-symmetric bilinear form.
Thenb defines a homomorphismb : G→ Z2 in the following way: By skew-symmetry, we have

2b(x, x) = b(x, x) + b(x, x) = 0,

henceb(x, x) ∈ {0, 1
2} for all x ∈ G. We can then consider the map

b : G −→ Z2,

x 7→ 2b(x, x).

This is a homomorphism:

b(x+ y) = 2b(x+ y, x+ y) = b(x) + 2b(x, y) + 2b(y, x) + b(y) = b(x) + b(y).

More generally, letH be a finitely generated abelian group andφ : H → Zp a homomorphism,
wherep is a prime.

Definition 7.5. A basis forH as an abelian group, such thatφ is non-zero on at most one basis element,
is called aφ-basis.

Supposex ∈ H is an element withφ(x) 6= 0. In particularx 6= 0. Let 1 ≤ r ≤ ∞ denote the order
of x. Thenrφ(x) = 0, hencer is divisible byp. This implies that the order ofx is of the formr = pi

with 1 ≤ p ≤ ∞.

Lemma 7.6. If H is a finitely generated abelian group andφ : H → Zp a homomorphism, thenH has
a φ-basis such that all basis elements have prime power order.

Proof. We follow the proof in [6]. Lete1, . . . , ea denote a basis ofH such that all elements have prime
power order (including, possibly, infinite order). If the order ofei is not a power ofp, thenφ(ei) = 0.
We can assume without loss of generality that the basis elements ofH of order a power ofp, on which
φ is non-zero, aree1, . . . , eb, where0 ≤ b ≤ a and the order ofei is at least the order ofei+1, for all
0 ≤ i ≤ b− 1. The orders ofe1, e2 are of the formpr, ps, with 1 ≤ s ≤ r ≤ ∞. Then

φ(e1) = kn, φ(e2) = n,

for somen ∈ Zp andk ∈ Z, not divisible byp. The elements{e1 − ke2, e2} form a basis of the
subgroupH ′ generated by{e1, e2}: If xe1 + ye2 is an arbitrary element in this subgroup, then

xe1 + ye2 = x(e1 − ke2) + (y + kx)e2.
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Hence{e1 − ke2, e2} generateH ′. Supposev(e1 − ke2) + we2 = 0 for integersv, w ∈ Z. We get
ve1+(w−vk)e2 = 0, which impliesve1 = 0 = (w−vk)e2. Hencepr dividesv andps dividesw−vk.
Sinces ≤ r, the integerps also dividesv, hence it dividesw. Therefore,we2 = 0 = v(e1 − ke2).

Note thatφ(e1 − ke2) = 0. Hence we can change the basis elementse1, . . . , eb to new basis
elements such thatφ vanishes on one of them. In this way, we can change the basis inductively, untilφ
is non-zero on at most one basis element.

Choose aφ-basisfor H consisting of elements of prime power order. Ifφ ≡ 0, seti(φ) = 0. If φ
is not identically zero, letpi with 1 ≤ i ≤ ∞ be the order of the basis element on whichφ is non-zero.
We seti(φ) = i.

Definition 7.7. The integeri(φ) ∈ {0, 1, . . . ,∞} is called thei-invariant of the homomorphism
φ : H → Zp. One can show thati(φ) does not depend on the choice ofφ-basis forH andi(φ) = i(φ◦α)
for any automorphismα of H (see [6]).

We now consider again a finite abelian groupG andb : G × G → Q/Z a non-degenerate skew-
symmetric bilinear form. Then there is the homomorphismb : G → Z2 as above. The following
theorem is proved in [6].

Theorem 7.8. For a finite abelian groupG as above, the formb is determined by thei-invariant i(b)
up to isomorphism.

One can also give an explicit classification of non-degenerate skew-symmetric bilinear forms on
finite abelian groups. Consider the following forms:

• A onZ2, given on the generatorx by b(x, x) = 1/2.

• Bm onZm ⊕ Zm for m ≥ 2, given on the standard generators by(
0 1/m

−1/m 0

)
.

• Cm onZm ⊕ Zm for m ≥ 2 even, given on the standard generators by(
0 1/m

−1/m 1/2

)
.

One can prove the following theorem:

Theorem 7.9.LetG be a finite abelian group andb : G×G→ Q/Z a non-degenerate skew-symmetric
bilinear form. ThenG has a basis such thatb is given by a form of one of the following three types:

• Bm1 ⊕ . . .⊕Bmk

• Bm1 ⊕ . . .⊕Bmk−1
⊕A

• Bm1 ⊕ . . .⊕Bmk−1
⊕ C2r , r ≥ 1.

For a proof, see [129]. Since the corresponding bases areb-bases,we can read off thei-invariants:
They are0, 1 andr, with r ≥ 1, respectively. Note that the second case and the third case forr = 1 are
distinguished by the isomorphism type of the underlying groups. As a corollary, using the toplogical
linking form from the first section in this chapter, we get:
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Corollary 7.10. If X is a closed, oriented manifold of dimensionn = 4q + 1, then

TorH2q(X;Z) ∼= H ⊕H orH ⊕H ⊕ Z2,

for some finite abelian groupH. In the second case, thei-invariant ofb hasto be equal to1.

In particular, this holds for TorH2(X;Z) for a closed, oriented 5-manifold.

VII.2 The Stiefel-Whitney classes

In this section we show that the Stiefel-Whitney classes of a closed differentiable manifoldM depend
only on the homotopy type ofM . This will be needed later to prove that if two simply-connected
closed 5-manifolds are homotopy equivalent, then they are already diffeomorphic. A reference for this
section is [16, Chapter VI, Section 17.].

If X is a topological space, theSteenrod squaresare certain homomorphisms

Sqi : Hk(X;Z2) −→ Hk+i(X;Z2),

which exist for alli, k ≥ 0 and are natural with respect to continuous mapsf : X → Y . LetM be a
closed differentiable manifold of dimensionn. We need not assume thatM is oriented. In any case, it
has aZ2-fundamental class[M ] ∈ Hn(M ;Z2).

Lemma 7.11. The homomorphism

H i(M ;Z2) −→ Hom(Hn−i(M ;Z2),Z2), a 7→ 〈a ∪ −, [M ]〉,

is an isomorphism.

Proof. We have two isomorphisms:

(1.) H i(M ;Z2) −→ Hom(Hi(M ;Z2),Z2), a 7→ 〈a,−〉, given by the Universal Coefficient Theorem
sinceZ2 is a field, and

(2.) Hn−i(M ;Z2) −→ Hi(M ;Z2), c 7→ c ∩ [M ], given by Poincaŕe duality.

Both isomorphisms combine to the isomorphism in the statement of the lemma.

Consider now the homomorphism

Hn−i(M ;Z2)→ Z2, c 7→ 〈Sqi(c), [M ]〉.

The Lemma implies that there exist unique classesvi(M) ∈ H i(M ;Z2), for i ≥ 0, such that

〈vi(M) ∪ c, [M ]〉 = 〈Sqi(c), [M ]〉 ∀c ∈ Hn−i(M ;Z2). (7.1)

The vi(M) are called theWu classesof M . One can prove that they determine the Stiefel-Whitney
classes in the following way:

wk(M) =
∑
j

Sqk−jvj(M).

See [16], Theorem 17.5 Chapter VI. From this we deduce
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Proposition 7.12. Supposeh : M → N is a homotopy equivalence between smooth closed manifolds.
Then

h∗wk(N) = wk(M) ∀k ≥ 0.

Proof. It is enough to show thath∗vi(N) = vi(M) for all k. Let g : N −→M be a homotopy inverse
to h. We get:

〈h∗vi(N) ∪ c, [M ]〉 = 〈vi(N) ∪ g∗c, g∗[M ]〉 = 〈vi(N) ∪ g∗c, [N ]〉
= 〈Sqi(g∗c), [N ]〉 = 〈g∗Sqi(c), [N ]〉
= 〈Sqi(c), g∗[N ]〉 = 〈Sqi(c), [M ]〉, ∀c ∈∈ Hn−i(M ;Z2).

By uniqueness, this impliesh∗vi(N) = vi(M).

VII.3 The topological invariants of simply-connected 5-manifolds

In this section, letX be a closed, simply-connected, oriented 5-manifold. We want to describe the
topological invariants ofX.

VII.3.1 Homology and cohomology ofX

LetG = H2(X;Z). Then the homology and cohomology groups ofX are completely determined by
G: This follows by Poincaŕe duality

Hk(X;Z) ∼= H5−k(X;Z)

and the Universal Coefficient Theorem, which implies

TorHk(X;Z) ∼= TorHk−1(X;Z) and Hk(X;Z)/Tor∼= Hk(X;Z)/Tor.

0 1 2 3 4 5

Hn(X;Z) Z 0 G G/TorG 0 Z

Hn(X;Z) Z 0 G/TorG G 0 Z

Table VII.1: Integral homology and cohomology in degreen
of simply-connected 5-manifoldsX.

VII.3.2 The linking form

The linking numbers define a non-degenerate skew-symmetric bilinear form

b : TorH2(X;Z)× TorH2(X;Z)→ Q/Z.

By Corollary 7.10, we have

TorH2(X;Z) ∼= H ⊕H or ∼= H ⊕H ⊕ Z2,

for some finite abelian groupH. We also get the homomorphism

b̄ : TorH2(X;Z)→ Z2, x 7→ 2b(x, x).
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VII.3.3 The second Stiefel-Whitney class

SinceH1(X;Z) = 0, the Universal Coefficient Theorem implies that

H2(X;Z2) ∼= Hom(H2(X;Z),Z2),

via evaluation of cohomology on homology classes. Hence we can think of the second Stiefel-Whitney
classw2(X) ∈ H2(X;Z2) as a homomorphism

w2(X) : H2(X;Z)→ Z2.

This homomorphism has ani-invariant as in Definition 7.7.

Definition 7.13. We seti(X) = i(w2(X)) and call this number in{0, ...,∞} the i-invariant of the
closed, simply-connected 5-manifoldX. By Definition 7.7 and Proposition 7.12, the integeri(X) is a
homotopy invariant ofX.

The following proposition is due to Wall, cf. [143, Proposition 1 and 2].1

Proposition 7.14. The homomorphisms̄b andw2 are identical on the torsion subgroup ofH2(X;Z),
i.e.

w2(x) ≡ 2b(x, x) mod2,

for all torsion elementsx ∈ TorH2(X;Z).

Theorem 7.15.LetX,Y be closed, simply-connected, oriented 5-manifolds. Suppose that the second
homologyH2(X;Z) andH2(Y ;Z) are isomorphic as abelian groups andi(X) = i(Y ). Then there
exists an isomorphismθ : H2(X;Z) → H2(Y ;Z) which preserves the linking forms on the torsion
subgroups and satisfiesw2(Y ) ◦ θ = w2(X).

Proof. By Theorem 7.8 we can find an isomorphism

σ : TorH2(X;Z)→ TorH2(Y ;Z)

which preserves the linking form. By Proposition 7.14,

w2(Y )|Tor ◦ σ = w2(X)|Tor.

We fixw2(X)- andw2(Y )-bases forH2(X;Z) andH2(Y ;Z). Then we get splittings

H2(X;Z) = F (X)⊕ TorH2(X;Z), H2(Y ;Z) = F (Y )⊕ TorH2(Y ;Z),

whereF (X) andF (Y ) are isomorphic and free abelian groups. Ifi(X) = i(Y ) < ∞, thenw2(X)
andw2(Y ) vanish on the free parts of this splitting. Hence any isomorphism

τ : F (X)→ F (Y ),

gives an isomorphismθ = τ ⊕ σ that satisfies the condition of the theorem. Ifi(X) = i(Y ) = ∞,
then the second Stiefel Whitney classes are non-zero on precisely one basis element of the free parts of
the splitting above. Choosing an isomorphism of the free parts mapping these basis elements into each
other gives again an isomorphismθ, which satisfies the conditions of the theorem.

1Theformula in this proposition can be compared to the Wu formulaw2(α) ≡ Q(α, α) mod2 for all α ∈ H2(M ;Z) on
a closed oriented 4-manifoldM with intersection formQ.



146 Classification of simply-connected 5-manifolds

VII.4 Barden’s classification theorem

Thefollowing theorem is the classification theorem for simply-connected 5-manifolds and was proved
by D. Barden in [6] using surgery theory.

Theorem 7.16 (Barden).LetX,Y be simply-connected, closed, oriented 5-manifolds. Suppose that
θ : H2(X;Z) → H2(Y ;Z) is an isomorphism preserving the linking forms on the torsion subgroups
and such thatw2(Y )◦θ = w2(X). Then there exists an orientation preserving diffeomorphismf : X →
Y such thatf∗ = θ.

We sketch the proof. Since it involves theh-cobordism theorem, we briefly recall the notion of
cobordisms.

Definition 7.17. A cobordismbetween closed manifoldsX andY is a compact manifoldV with
∂V = X q Y .

The manifoldsV,X andY need not be connected. Thetrivial cobordismisX × [0, 1].

Definition 7.18. A cobordismV betweenX andY is anh-cobordismif the inclusionsX ↪→ V and
Y ↪→ V are homotopy-equivalences.

Equivalently, bothX andY are (strong) deformation retracts ofV . The followingh-cobordism
theorem for simply-connectedh-cobordisms is due to Smale [124].

Theorem 7.19. If V n is a simply-connectedh-cobordism of dimensionn ≥ 6, thenV is diffeomorphic
to the trivial cobordism.

In particular, if the boundary ofV is of the form∂V = X q Y for connected manifoldsX andY ,
thenX andY are diffeomorphic.

Let X,Y be closed, simply-connected, oriented 5-manifolds andθ : H2(X;Z) → H2(Y ;Z) an
isomorphism preserving the linking forms and such thatw2(Y ) ◦ θ = w2(X). Barden first shows in
his proof that there exists a simply-connected cobordismV betweenX andY such that the inclusions
i : X ↪→ V andj : Y ↪→ V induce isomorphismsi∗ : H2(X;Z) → H2(V ;Z) andj∗ : H2(Y ;Z) →
H2(V ;Z) on second homology, withj−1

∗ ◦ i∗ = θ. He then shows thatV can be replaced by anh-
cobordism, inducing the same isomorphismθ on the second homology groups ofX andY . By the
h-cobordism theorem of Smale, there exists a diffeomorphism

F : V → Y × I.

This induces an orientation preserving diffeomorphism

f : X → Y, f = pr1 ◦ F ◦ i.

Sincepr1 ◦ F ◦ j can be assumed to be the identity onY , we see that

θ = f∗ : H2(X;Z)→ H2(Y ;Z).

This is a rough sketch of the proof for Barden’s theorem. With Theorem 7.15, we get the following
corollary.

Corollary 7.20. LetX,Y be closed, simply-connected 5-manifolds with isomorphic second homology
H2(X;Z) ∼= H2(Y ;Z) andi(X) = i(Y ). ThenX andY are diffeomorphic.
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HenceH2(X;Z) and i(X) form a complete set of invariants for closed, simply-connected 5-
manifolds. Since the linking form and the second Stiefel-Whitney class are homotopy invariants, we
get:

Corollary 7.21. If two closed, simply-connected 5-manifoldsX,Y are homotopy equivalent, then they
are diffeomorphic.

Proof. If h : X → Y is a homotopy equivalence, thenθ = h∗ preserves linking numbers (Proposition
7.3) andw2(Y )◦ θ = w2(X) (Proposition 7.12); hence there exists a diffeomorphismf : X → Y such
thatf∗ = h∗.

VII.5 Construction of building blocks

Recallthe following definition:

Definition 7.22. A smooth manifoldXn of dimensionn is calledirreducible if in any connected sum
decompositionX = Y1#Y2 one of the summands is diffeomorphic toSn.

There is a different definition, used for example in Section III.1.2, where a smoothn-manifold is
called irreducible if and only if in any connected sum decomposition one of the summands ishomeo-
morphicto Sn. In the 5-dimensional case this difference is inessential by Corollary 7.21.

Note that a connected sum of two manifolds is simply-connected if and only if both summands
are simply-connected. It is possible to give a complete list of all simply-connected, closed, irreducible
5-manifolds. They are constructed in [6] (see Table VII.2). There are three special manifolds (W,
S2 × S3, S2×̃S3) and several families: a familyXk wherek ∈ N = {1, 2, . . . } and for every prime
numberp a familyMpk , k ∈ N. The manifoldX1 is exceptional in this list because it is diffeomorphic
toW#W , cf. Proposition 7.28. All other manifolds in Table VII.2 are irreducible.

ManifoldX H2(X;Z) w2(X) b(X) i(X) W3(X)

(1) Xk, k ∈ N Z2k ⊕ Z2k 6= 0 C2k k 6= 0

(2) Wu-manifoldW Z2 6= 0 A 1 6= 0

(3) Mpk , p prime,k ∈ N Zpk ⊕ Zpk 0 Bpk 0 0

(4) S2 × S3
Z 0 – 0 0

(5) S2×̃S3
Z 6= 0 – ∞ 0

Table VII.2: Building blocks of simply-connected 5-manifolds.

HereS2×̃S3 denotes the non-trivialS3-bundle overS2 (which is unique up to isomorphism, be-
causeπ1(SO(5)) = Z2) andW3(X) ∈ H3(X;Z) denotes the third integral Stiefel-Whitney class,
given by the image ofw2(X) under the Bockstein homomorphismβ,

. . . −→ H2(X;Z)
p∗−→ H2(X;Z2)

β−→ H3(X;Z) −→ . . .

associated to the short exact sequence of coefficients0 → Z
·2→ Z

p→ Z2 → 0. The manifolds in the
table above are pairwise not homotopy equivalent, distinguished by their invariants.

We want to give an explicit construction of the manifolds in Table VII.2. The following theorem is
a generalization of the Heegaard decomposition of3-manifolds to manifolds of higher dimension (see
[76, Chapter VIII, Cor. 6.3]).
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Theorem 7.23. A (k − 1)-connectedclosed(2k + 1)-dimensional manifold,k ≥ 1, is obtained by
identifying the boundaries of two manifolds, each of which is a connected sum along the boundary of a
number of(k + 1)-disc bundles overSk.

In particular fork = 2, all simply-connected closed 5-manifolds can be obtained in this way from
D3-bundles overS2. We explicitly describe this decomposition for the manifolds in Table VII.2 and
then prove that all simply-connected 5-manifolds can be obtained by connected sums of these building
blocks.

Up to isomorphism, there are twoD3-bundles overS2 (becauseπ1(SO(3)) = Z2): the trivial
bundleA = S2 ×D3 and a non-trivial bundleB = S2×̃D3. The boundaries are∂A = S2 × S2 and
∂B = CP 2#CP 2, since∂B = S2×̃S2 is the non-trivialS2-bundle overS2. Let A′, B′ denote the
boundary connected sums

A′ = A#bA, B′ = B#bB.

ThenA′ andB′ are simply-connected compact 5-manifolds with boundary

∂A′ = ∂A#∂A, ∂B′ = ∂B#∂B.

We want to show that all building blocks in Table VII.2 are constructed by taking two copies of a
manifold of the same typeA,A′, B orB′ and gluing them together along their boundaries via certain
orientation reversing diffeomorphisms.

SinceA andB are homotopy equivalent toS2 they have homology only in degree0 and2. We
denote the generator ofH2(A;Z) by u and the generator ofH2(B;Z) by v. Let x, y denote the stan-
dard generators ofH2(∂A;Z), corresponding to theS2-factors, andp, q the standard generators of
H2(∂B;Z). If i denotes the inclusion of the boundary into the manifold, we have

i∗(x) = u, i∗(y) = 0, and i∗(p) = v = i∗(q).

The claim forB follows becausep andq are the fundamental classes of the image of sections inS2×̃S2.
Similarly,H2(A′;Z) has generatorsu1, u2 andH2(∂A′;Z) has generatorsx1, y1, x2, y2 such that

i∗(xj) = uj , i∗(yj) = 0,

whereasH2(B′;Z) has generatorsv1, v2 andH2(∂B′;Z) has generatorsp1, q1, p2, q2 such that

i∗(pj) = vj = i∗(qj).

LetA(k) andB(n) for 1 ≤ k, n <∞ denote the matrices

A(k) =


1 0 0 −k
0 1 0 0
0 k 1 0
0 0 0 1

 , B(n) =


1 n −n 0
n 1 0 n
n 0 1 n
0 −n n 1

 .

We writeφ∗(e1, e2, e3, e4) as a shorthand notation for(φ∗e1, φ∗e2, φ∗e3, φ∗e4).
The 4-manifolds∂A and∂B have natural orientation reversing self-diffeomorphisms, given by an

orientation reversing self-diffeomorphism on oneS2-factor and the identity on the otherS2-factor for
∂A and by interchanging the summands in∂B. They induce orientation reversing self-diffeomorphisms
on the connected sums∂A′ and∂B′ (see Lemma 2 in [144]). Ifφ is an orientationpreservingself-
diffeomorphism of one of the manifolds∂A, ∂B, ∂A′, ∂B′, we can compose it with this orientation
reversingself-diffeomorphism to get an orientationreversingself-diffeomorphism, which we denote
by φ.

We construct the following manifolds:
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• S2×̃S3 = B ∪g∞ B, where

g∞ : ∂B −→ ∂B

is an orientation preserving self-diffeomorphism realizing on second homology(g∞)∗(p, q) =
(p, q).

• W = B ∪g−1 B, where

g−1 : ∂B −→ ∂B

is a orientation preserving self-diffeomorphism realizing on second homology(g−1)∗(p, q) =
(p,−q).

• M [A(k)] = A′ ∪fk A
′, where

fk : ∂A′ −→ ∂A′

is a orientation preserving self-diffeomorphism realizing on second homology

(fk)∗(x1, y1, x2, y2) = (x1, y1, x2, y2)A(k).

• X[B(n)] = B′ ∪gn B′, where

gn : ∂B′ −→ ∂B′

is a orientation preserving self-diffeomorphism realizing on second homology

(gn)∗(p1, q1, p2, q2) = (p1, q1, p2, q2)B(n).

Since the maps on homology above always preserve the intersection form, the existence of the
corresponding diffeomorphisms follows from a theorem of Wall (see [144]):

Theorem 7.24. LetM be a closed, simply-connected 4-manifold which is a connected sum of copies
of CP 2,CP 2 and S2 × S2. For b2(M) > 10 exclude the case thatb+2 (M) = 1 or b−2 (M) = 1.
Then any automorphism of the intersection formQM can be realized by an orientation preserving
self-diffeomorphism ofM .

The corresponding building blocks in Table VII.2 are defined asMpk = M [A(pk)] andXk =
X[B(2k−1)]. Since the manifoldsA,A′, B,B′ are simply-connected, the manifolds we have con-
structed are simply-connected closed oriented 5-manifolds. We now compute their homology, which
can be reduced to computingH2(X;Z) by Section VII.3.1.

Proposition 7.25. The second homology groups are given by:

(1.) H2(S2×̃S3;Z) = Z

(2.) H2(W ;Z) = Z2

(3.) H2(M [A(k)];Z) = Zk ⊕ Zk

(4.) H2(X[B(n)];Z) = Z2n ⊕ Z2n
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Proof. We need the following form of the Mayer-Vietoris sequence: SupposeU, V are manifolds with
boundary andX = U ∪φ V with a diffeomorphismφ : ∂U −→ ∂V . Let iU , iV denote the inclusion of
the boundary in the manifolds. Then there is the exact sequence, cf. Section V.1.1:

. . . −→ Hn+1(X) −→ Hn(∂U) Ψ−→ Hn(U)⊕Hn(V ) −→ Hn(X) −→ . . .

with Ψ(x) = (iU∗ (x), iV∗ φ∗(x)). In our situation we have

0 −→ H3(X) −→ H2(∂U) Ψ−→ H2(U)⊕H2(V ) −→ H2(X) −→ 0.

HenceH2(X) is isomorphic to the cokernel ofΨ. SinceU = V in our case, we denote the homology
generators of the manifoldV with a bar, likev.

(1.) Ψ is given by

p 7→ v + v

q 7→ v + v.

HenceImΨ = Z(v + v). Sincev, v + v is a basis forH2(B)⊕H2(B) we get CokerΨ ∼= Z.

(2.) Ψ is given by

p 7→ v + v

q 7→ v − v.

HenceImΨ = 2Zv ⊕ Z(v − v). With the same basis as in (a) this implies CokerΨ ∼= Z2.

(3.) Ψ is given by

x1 7→ u1 − u1

y1 7→ ku2

x2 7→ u2 − u2

y2 7→ −ku1.

We take the basisu1, u2, u1 − u1, u2 − u2 for H2(A′)⊕H2(A′). Then CokerΨ ∼= Zk ⊕ Zk.

(4.) Ψ is given by

p1 7→ v1 + (n+ 1)v1 + nv2

q1 7→ v1 + (n+ 1)v1 − nv2

p2 7→ v2 − nv1 + (n+ 1)v2

q2 7→ v2 + nv1 + (n+ 1)v2.

Hencea basis for the image ofΨ is 2nv1, 2nv2, v1 + (n + 1)v1 + nv2, v2 + nv1 + (n + 1)v2.
ForH2(B′) ⊕H2(B′) we take as basis the last two elements of the basis of ImΨtogether with
v1, v2. Then CokerΨ ∼= Z2n ⊕ Z2n.
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We want to determine thei-invariant of the closed, simply-connected 5-manifolds constructed
above. Because of Theorems 7.8 and 7.9 this will determine their linking forms. It is clear that

i(S2 × S3) = 0, and

i(W ) = 1,

sinceS2 × S3 is spin and the only possible linking form onH2(W ;Z) ∼= Z2 is of typeA, which has
i-invariant1.

Lemma 7.26. A connected sumX = Y1#Y2 of n-dimensional oriented manifolds is spin if and only
if bothY1 andY2 are spin. A similar result holds for boundary connected sums.

Proof. To define the connected sum ofY1 andY2 one chooses embedded disksDn
1 andDn

2 in Y1, Y2

and an orientation reversing diffeomorphismφ : Dn
1 → Dn

2 . SupposeY1 andY2 are spin and choose
spin structures. Since there is only one spin structure onDn up to homotopy, the image underφ of the
induced spin structure onDn

1 and the induced spin structure onDn
2 are homotopic. This is also true

for the induced spin structures on∂(Y1 \ intDn
1 ) and∂(Y2 \ intDn

2 ). Hence the image underφ of the
induced spin structure on∂(Y1 \ intDn

1 ) extends overY2 \Dn
2 to give a spin structure onX.

Conversely, suppose thatX is spin. We only prove the casen ≥ 3. A spin structure onX induces
spin structures onY1 \ intDn

1 andY2 \ intDn
2 . SinceH1(Sn−1;Z2) = 0 if n ≥ 3, there is only one spin

structure onSn−1. It extends overDn. Hence the spin structures on∂(Y1 \ intDn
1 ) and∂(Y2 \ intDn

1 )
extend overDn

1 andDn
2 to give spin structures onY1 andY2.

Lemma 7.27. ThemanifoldsM [A(k)] are spin for allk ≥ 1 and the manifoldsX[B(n)] are non-spin
for all n ≥ 1.

Proof. Suppose a manifold of typeX[B(n)] is spin. A spin structure onX[B(n)] induces a spin
structure onB′, which induces a spin structure on∂B′ = 2CP 2#2CP 2. This is impossible, since
2CP 2#2CP 2 hasodd intersection form.

We denoteM [A(k)] byA′1 ∪fk A
′
2. The manifoldA is spin, since it is homotopy equivalent toS2.

By Lemma 7.26,A′ is spin. SinceH1(S2×S2#S2×S2;Z2) = 0, there exists a unique spin structure
on ∂A′, up to homotopy. Choose spin structures onA′1, A

′
2. The image underfk of the induced spin

structure on∂A′1 is homotopic to the induced spin structure on∂A′2, hence extends overA′2 to give a
spin structure onM [A(k)].

In particular,Xk is not spin fork ≥ 1 andMpk is spin for all primesp and integersk ≥ 1. This
implies that

i(Mpk) = 0 for all primesp and integersk ≥ 1.

On the other hand,i(Xk) 6= 0 for all k ≥ 1. Since

H2(Xk;Z) = Z2k ⊕ Z2k ,

it follows by Theorem 7.9 thatb(Xk) ∼= C2k . In particular,

i(Xk) = k for all integersk ≥ 1.
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VII.6 Connected sum decomposition of simply-connected 5-manifolds

In this section we prove that all building blocks in Table VII.2 are irreducible, exceptX1 which is
diffeomorphic toW#W . We also prove the existence and uniqueness of the connected sum decompo-
sition.

Proposition 7.28. The closed, simply-connected 5-manifolds in Table VII.2 are all irreducible, except
X1, which is diffeomorphic toW#W .

Proof. If X = Y1#Y2 is a connected sum decomposition, then

H2(X;Z) ∼= H2(Y1;Z)⊕H2(Y2;Z).

Hence ifX is one of the manifoldsW,S2 × S3, S2×̃S3, then one of the summands – sayY2 – has
H2(Y2;Z) = 0. By Theorem 7.16,Y2 is diffeomorphic toS5.

Suppose thatMpk = Y1#Y2 is a non-trivial connected sum decomposition. For any primep and
integerk ≥ 1, an isomorphism of the form

Zpk ⊕ Zpk ∼= G⊕G′

with G,G′ 6= 0, impliesG = G′ = Zpk , by writingG andG′ as a direct sum of cyclic groups of prime
power order and using the uniqueness of this decomposition. Hence

H2(Y1;Z) ∼= H2(Y2;Z) ∼= Zpk .

By Corollary 7.10, this is possible only ifp = 2 andk = 1. Since the linking forms ofY1 andY2 are
non-trivial, they have to be isomorphic toA, i.e. of the form

y1 7→ b(y1, y1) = 1/2
y2 7→ b(y2, y2) = 1/2,

wherey1, y2 denote generators for the second homology ofY1 andY2. By Corollary 7.20, the manifolds
Y1, Y2 have to be diffeomorphic to the Wu-manifoldW .

Similarly, if Xk = Y1#Y2 is a non-trivial connected sum decomposition, thenk = 1 and

H2(Y1;Z) ∼= H2(Y2;Z) ∼= Z2,

henceY1
∼= Y2

∼= W .
We want to determine the connected sumW#W : The elementsx1 = y1 + y2, x2 = y2 form a

basis forH2(W#W ;Z) with

w2(M2)(x1) ≡ 2b(x1, x1) = 0 mod 2
w2(M2)(x2) ≡ 2b(x2, x2) = 1 mod 2.

Hencex1, x2 form aw2-basis forW#W and it follows thati(W#W ) = 1. By Corollary 7.20,W#W
is diffeomorphic toX1, but not diffeomorphic toM2. This proves the proposition.

Theorem 7.29. Every closed, simply-connected 5-manifoldX is diffeomorphic to a unique (up to
order) connected sum

X ∼= Q1# . . .#Qn#P,

where
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• Q1, . . . , Qn are simply-connected irreducible spin 5-manifolds.

• If X is spin thenP is S5.

• If X is not spin thenP is eitherW , X1 = W#W or a simply-connected irreducible non-spin
5-manifoldXk with k ≥ 2.

Proof. We first proveUniqueness:Suppose that there exists a diffeomorphism between closed, simply-
connected 5-manifolds of the form

X ∼= Q1# . . .#Qn#P ∼= Q′1# . . .#Q′m#P ′.

If X is spin, then all summands inX have to be spin. This impliesP = P ′ = S5. The manifolds
Qi, Q

′
j are of the formMpk for primesp and integersk ≥ 1 or S2 × S3. SinceH2(Mpk ;Z) is always

torsion andH2(S2×S3;Z) ∼= Z, the number ofS2×S3’s among theQi, Qj must be equal to the rank
of H2(X;Z). Writing the torsion subgroup ofH2(X;Z) as a sum of cyclic groups of prime power
order determines theMpk summands among theQi, Qj uniquely. This proves the uniqueness claim if
X is spin.

Suppose thatX is not spin. We can find aw2-basis for

H2(X;Z) = H2(Q1;Z)⊕ . . .⊕H2(Qn;Z)⊕H2(P ;Z)

which is non-zero only on one basis element inH2(P ;Z). Hencei(X) = i(P ). This determinesP if
i(P ) ≥ 2. If i(P ) = 1, thenP is diffeomorphic toW orX2. The sum of the torsion subgroups of the
second homology forQ1, . . . , Qn is of the formH ⊕H, whereH is a direct sum of groups of prime
power order. Hence

TorH2(X;Z) ∼= H ⊕H or ∼= H ⊕H ⊕ Z2,

if P = X2 orP = W , respectively. Therefore, TorH2(X;Z) determines whetherP = X2 orP = W .
This shows that the non-spin summandP is uniquely determined byX, which impliesP ∼= P ′.

The number ofS2 × S3 is again equal to the rank ofH2(X;Z), if P 6= S2×̃S3, and to the rank
minus 1, ifP = S2×̃S3. Since TorH2(P ;Z) is already determined, the remaining summandsQi, Qj
of the formMpk are determined by TorH2(X;Z). This proves uniqueness of the decomposition ifX
is non-spin.

We now proveExistence: Let X be a closed, simply-connected 5-manifold with linking form
b. Suppose thati(X) < ∞. All possible linking forms given by Theorem 7.9 can be realized by a
connected sum of manifolds of the typeXk,Mpk ,W , where only oneXk or W summand is needed.
This follows becausep can by any prime andk ≥ 1 any integer. We get a closed, simply-connected
5-manifoldX ′ with

H2(X ′;Z) ∼= TorH2(X;Z), i(X ′) = i(X).

LetX ′′ = X#rS2 × S3, wherer denotes the rank ofH2(X;Z). Then

H2(X ′′;Z) ∼= H2(X;Z), i(X ′′) = i(X).

The closed, simply-connected 5-manifoldX ′′ is of the form as in the statement of the theorem and by
Corollary 7.20,X andX ′′ are diffeomorphic.

Suppose thati(X) = ∞. By Corollary 7.10, the torsion subgroup ofH2(X;Z) has to be of the
formH ⊕H. We can realize this direct sum as the torsion subgroup of a connected sum of manifolds
of typeMpk . We add oneS2×̃S3 summand to get a closed, simply-connected 5-manifoldX ′ with

H2(X ′;Z) ∼= TorH2(X;Z)⊕ Z, i(X ′) = i(X).



154 Classification of simply-connected 5-manifolds

LetX ′′X#(r − 1)S2 × S3, wherer denotes again the rank ofH2(X;Z). Then

H2(X ′′;Z) ∼= H2(X;Z), i(X ′′) = i(X).

HenceX andX ′′ are diffeomorphic by Corollary 7.20.

The following corollary will be used in Chapter IX.

Corollary 7.30. LetX be a simply-connected closed oriented 5-manifold withH2(X;Z) ∼= Z
k. Then

X is diffeomorphic to

• #kS2 × S3 if X is spin, and

• #(k − 1)S2 × S3#S2×̃S3 if X is not spin.

Proof. This follows from Theorem 7.29 becauseH2(X;Z) is torsion free.
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In this chapter we recall the basic notions related to contact structures. We then focus on the 5-
dimensionalcase and show that a theorem of H. Geiges [51] on the classification of almost contact
structures up to homotopy on simply-connected 5-manifolds can be extended to all 5-manifoldsX
whoseH2(X;Z) does not contain 2-torsion. In the last section, we show how to classify almost contact
structures on simply-connected 5-manifoldsX up toequivalence, where a combination of homotopies
and orientation preserving self-diffeomorphisms is allowed. The proof uses Barden’s classification
theorem for simply-connected 5-manifolds from Chapter VII, in particular the possibility to realize
certain automorphisms ofH2(X;Z) by an orientation preserving self-diffeomorphism ofX.

VIII.1 Basic definitions

LetX2n+1 be connected, oriented manifold of odd dimension. Supposeα ∈ Ω1(X) is a 1-form onX
without zeroes. Then

ξ = kerα = {(p, v) ∈ TX | αp(v) = 0}

is a smooth distribution onX (a subbundle ofTX) of rank2n, sinceαp is a non-vanishing linear map
TpX → R for all p ∈ X. We consider the 2-formdα onX. It defines a skew-symmetric bilinear form
on each tangent spaceTpX.

Definition 8.1. If the restriction(dα)|ξ is symplectic (i.e. non-degenerate), then we callα a contact
form. The hyperplane distributionξ is called theunderlying contact structure.

Every contact form induces an orientation on the contact structureξ, as a vector bundle, through
the symplectic form(dα)|ξ. SinceTX is an oriented vector bundle by assumption, the quotientTX/ξ
is an oriented real vector bundle of rank 1 and hence trivial. Therefore, we can write

TX = R⊕ ξ, (8.1)
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whereR denotes the trivial real vector bundle of rank 1, realized as a subbundle ofTX. Sinceξ is the
kernel ofα, the 1-formα is non-zero on each non-zero vector ofR.

We have the following equivalent characterization of contact forms.

Lemma 8.2. A 1-formα onX is a contact form if and only ifα ∧ (dα)n is a volume form onX.

Proof. Supposeα is a contact form. Then(dα)n restricted toξ is a volume form on each fibre. Choose
a basise1, . . . , e2n+1 of TpX such thatα(e1) 6= 0 ande2, . . . , e2n+1 define an oriented basis ofξ. Then

α ∧ (dα)n(e1, . . . , e2n+1) = α(e1)(dα)n(e2, . . . , e2n+1) 6= 0.

Henceα ∧ (dα)n is non-zero at each pointp ∈ X and therefore a volume form onX.
Conversely, suppose thatα∧ (dα)n is a volume form. Lete1, e2, . . . , e2n+1 be a basis ofTpX such

thatα(e1) 6= 0 ande2, . . . , e2n+1 form a basis ofξ = kerα. Since volume forms are always non-zero
on bases, the calculation above shows that(dα)n(e2, . . . , e2n+1) 6= 0. This is equivalent to(dα)|ξ
being symplectic.

SinceX was assumed oriented to start with, we can compare the orientation ofX defined by
α ∧ (dα)n with the given one.

Definition 8.3. A contact formα is calledpositiveor negative, depending on whether the orientation
of X coincides with the orientation defined byα ∧ (dα)n.

If f : X → R is a smooth, nowhere vanishing function andα a contact form onX, thenα′ := fα
andα have the same kernelξ. Moreover,

dα′ = df ∧ α+ fdα.

Hence(dα′)|ξ = f(dα)|ξ is symplectic andα′ is also a contact form.
Conversely, suppose that two contact formsα, α′ have the same underlying contact structureξ.

Then there exists a smooth, nowhere vanishing functionf : X → R such thatα′ = fα: We may
choose a fixed complementR of ξ in TX, such thatα andα′ are both non-zero on each non-zero
vector inR. SinceR is trivial, we can choose a nowhere zero sectionv. Then

f(p) :=
α′p(v)
αp(v)

is a well defined smooth, nowhere vanishing function onX. This impliesα′ = fα, since this equation
holds on the common kernelξ and on the sectionv, spanningR. We conclude:

Lemma 8.4. Two 1-formsα, α′ are contact with the same underlying contact structureξ if and only
if there exists a smooth, nowhere vanishing functionf : X → R such thatα′ = fα. The symplectic
structure induced byα′ on ξ is of the form(dα′)|ξ = f(dα)|ξ.

Let α be a 1-form. We set

kerdα = {(p, v) ∈ TX | dα(v, x) = 0 for all x ∈ TpX}.

Suppose thatα is a contact form. Letv ∈ TpX be a vector in kerα ∩ kerdα. Then

α ∧ (dα)n(v, v2, . . . , v2n+1) = 0,

for all vectorsv2, . . . , v2n+1 in TpX. Sinceα ∧ (dα)n is a volume form,v has to be zero.
The 2-formdα cannot be symplectic onX, sinceX is of odd dimension. Hence the kernel ofdα

cannot be zero at any pointp ∈ X. Since kerdα ∩ kerα = 0 and kerα has rank2n, the kernel ofdα
must be 1-dimensional. IfR is a non-zero element in kerdα thenα(R) 6= 0. Therefore we can make
the following definition.



VIII.1 Basic definitions 157

Definition 8.5. Let α bea contact form onX. Then there exists a unique vector fieldRα onX with

dα(Rα) = 0, α(Rα) = 1.

Rα is called theReeb vector fieldof α.

The vector fieldRα defines a splitting

TX = RRα ⊕ ξ,

as in equation 8.1. However, nowξ is not only the kernel ofα, butRRα is the kernel ofdα.
By the Cartan formula,

LRαα = diRαα+ iRαdα

= 0.

Hence the flow of the Reeb vector field preserves the contact form and the contact structure.
Let ξ be a contact structure. We fix a splittingTX = R⊕ ξ anda coorientation, i.e. an orientation

on the line bundleR. We now only consider defining 1-formsα whichevaluate positively on the vector
defining the orientation onR. There exists a complex structureJ on ξ compatiblewith the symplectic
structure(dα)|ξ on each fibre (see Section II.2 in the preliminaries). For fixed(dα)|ξ, the space of
suchJ is contractible, hence we get well-defined Chern classesck(ξ) ∈ H2k(X;Z), independent
of the choice of a compatibleJ . Moreover, if we choose a different defining formα′ for ξ which
evaluates positively on the orientation ofR, then by Lemma 8.4 there exists a functionf : X → R

which is everywhere positive and such thatα′ = fα. The functionf can be deformed smoothly into
the constant function with value1, without ever crossing zero. This implies that the Chern classes do
not depend on the choice of defining formα.

Definition 8.6. The Chern classesck(ξ) ∈ H2k(X;Z) of a cooriented contact structureξ are well
defined and independent of the choice of the defining formα, respecting the coorientation, and the
almost complex structureJ .

A contact structure determines, in particular, a symplectic subbundle ofTX of corank1. This is
also known as an almost contact structure.

Definition 8.7. An almost contact structureonX2n+1 is a rank2n-distributionξ with a symplectic
structureσ on ξ.

Clearly, every contact structure determines an almost contact structure. The converse is true if and
only if the symplectic structureσ on ξ is of the form(dα)|ξ for a 1-formα onX definingξ. For each
almost contact structureξ, we can choose again a compatible almost complex structureJ . The space of
suchJ is contractible, hence we get well-defined Chern classes. However, they will depend in general
on the symplectic structureσ, not only on the distributionξ as in the contact case. The first Chern class
of ξ is related to the second Stiefel-Whitney class in a similar way as in the almost complex case:

Lemma 8.8. Let ξ be an almost contact structure onX. Thenc1(ξ) ≡ w2(M) mod2.

Proof. By the Whitney sum formula forTX = ξ ⊕ R,

w2(X) = w2(ξ) ∪ w0(R) = w2(ξ).

Sinceξ → X is a complex vector bundle, with complex structure compatible withσ, we havew2(ξ) ≡
c1(ξ) mod2. This implies the claim.
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Suppose thatξt, t ∈ [0, 1] is a smooth family of contact structures on a closed manifoldX. We can
choose a smooth family of1-formsαt definingξt. Using the Moser technique, one can prove that there
exists a smooth familyψt of self-diffeomorphisms ofX with ψ0 = IdX such thatψ∗αt = ftα0, for
smooth functionsft onX [96]. This implies the following theorem of Gray [57].

Theorem 8.9. Let ξt, t ∈ [0, 1] be a smooth family of contact structures on a closed manifoldX. Then
there exists an isotopyψt, t ∈ [0, 1] of diffeomorphisms ofX such thatψ∗t ξt = ξ0.

Because of this theorem, we call contact structuresξ, ξ′ which can be deformed into each other
by a smooth family of contact structuresisotopic. We call almost contact structureshomotopic, if
they can be connected by a smooth family of almost contact structures. The contact structures in an
isotopy class or the almost contact structures in a homotopy class all have the same Chern classes.
We can also consider (almost) contact structuresξ, ξ′ which are permuted by an orientation-preserving
self-diffeomorphismψ of X, in the sense thatψ∗ξ′ = ξ.

Definition 8.10. We call almost contact structures and contact structures on an oriented manifoldX
equivalent, if they can be made identical by a combination of deformations (homotopies, resp. iso-
topies) and by orientation-preserving self-diffeomorphisms ofX.

See Vidussi’s article [140] for a related definition for symplectic forms.

VIII.2 Almost contact structures as sections of a fibre bundle

For the homotopy classification of almost contact structures on 5-manifolds it is helpful to have a
different description of almost contact structures as sections of some bundle, such that two almost
contact structures are homotopic if and only if the corresponding sections are homotopic (through
sections).

LetX be an oriented2n + 1-dimensional manifold and Fr(X) → X the frame bundle with fibre
SO(2n+1) for some auxiliary Riemannian metric onX. Fix an embedding ofSO(2n) in SO(2n+1).
SinceCn ∼= R

2n we also have an embedding ofU(n) in SO(2n). An almost contact structure onX is
given by an hyperplane in the tangent bundle toX at each point together with a complex structure on
this hyperplane. Hence an almost contact structure at a point ofX is the same as an equivalence class
of orthonormal frames under the action ofU(n) as a subgroup ofSO(2n+ 1) (see [57]).

LetZ denote the bundle Fr(X)/U(n). ThenZ fibres overX with fibreSO(2n+ 1)/U(n). An al-
most contact structure can be thought of as a section ofZ. Two almost contact structures are homotopic
if and only if the corresponding sections ofZ are homotopic. We will need the following lemma.

Lemma 8.11.SO(5)/U(2) ∼= CP 3.

We will sketch a proof; details can be found in [123]. Let(M, g) be a Riemannian spin 4-manifold.
Denote the positive spinor bundle overM byV+, which is a vector bundle with fibreC2, and the bundle
of self-dual 2-forms byΛ2

+, which is a vector bundle with fibreR3. It is known that

PC(V+) ∼= S(Λ2
+), (8.2)

asS2 bundles, wherePC(·) denotes complex projectivization andS(·) the associated unit sphere bun-
dle. It is also known that each element ofS(Λ2

+) can be interpreted as a complex structure on the
tangent space at the point ofM below. In other words,S(Λ2

+) can be identified with thetwistor space
of M .
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We now specialize to the case ofM = S4 with the standard metric. One can see thatSO(5) acts
transitively on the twistor space ofS4, with stabilizerU(2). This implies that

S(Λ2
+) ∼= SO(5)/U(2).

On the other hand,V+ can be identified with the tautological quaternionic line bundle overHP 1 ∼= S4.
Hence,V+ \ {zero section}∼= H

2 \ {0} ∼= C
4 \ {0}. This implies that

PC(V+) ∼= CP 3.

The lemma now follows from equation (8.2).

VIII.3 Overview of obstruction theory

To classify almost contact structures on oriented 5-manifolds up to homotopy, we will use obstruction
theory. We briefly recall the basic principles of this theory, following the exposition in Steenrod’s book
[127]. LetX be aCW -complex andE → X a fibre bundle. Obstruction theory tries to answer the
questions whether there exist a section ofE at all and, given two sections ofE, whether there exist a
homotopy between them.

We will begin by describing how to systematically answer the first question. LetX(q) denote the
q-skeleton ofX. Suppose a sectionf : X(q) → E for someq ≥ 0 is given. We want to extend it to the
(q+ 1)-skeleton. This can be done if and only if it can be extended to the interior of every(q+ 1)-cell.

Let σ = eq+1 be a(q + 1)-cell with attaching map∂eq+1 → X(q). Pick some pointp ∈ σ. By
local triviality of the fibre bundle,E|σ ∼= Ep×σ. Composing the sectionf with the attaching map and
projecting on the first factor, we get a mapf̄ : ∂σ → Ep. It is not difficult to show that the sectionf on
∂σ extends to all ofσ if and only if f̄ extends to a map fromσ toEp.

Since∂σ ∼= Sq, f̄ determines an element[f̄ ] ∈ πq(Ep). We will denote this element also by
c(f, σ) = c(f)(σ). We conclude thatf extends to a section overX(q+1) if and only if c(f)(σ) = 0 for
all (q + 1)-cellsσ.

We want to viewc(f) as a cellular(q+1)-cochain with values in the groupπq(E). At the moment,
c(f) takes values inπq(Ep), wherep depends on the cellσ. It is clear thatπq(Ep) ∼= πq(Ep′) for
p 6= p′, however there is no canonical isomorphism. In the situation we are going to consider below,
we can nevertheless make sense ofc(f) as a cochain with values in a fixed groupπq(E). Hence
c(f) ∈ Cq+1(X;πq(E)).

Proposition 8.12.A sectionf onX(q) extends overX(q+1) if and only ifc(f) = 0 ∈ Cq+1(X;πq(E)).

One can prove thatc(f) is co-closed,δc(f) = 0, hencec(f) defines a cohomology class in
Hq+1(X;πq(E)) which we denote bȳc(f). The vanishing of this cohomology class has the following
interpretation.

Proposition 8.13. A sectionf onX(q) can be changed to a section onX(q) extending overX(q+1),
while leaving it unchanged onX(q−1), if and only ifc̄(f) = 0 ∈ Hq+1(X;πq(E)).

We now consider the second question above. Suppose we have sectionsf0, f1 of E overX and a
homotopyK betweenf0|X(q−1) andf1|X(q−1) (note thatK is a section ofE× I onX(q−1)× I). Does
K extend to a homotopy betweenf0 andf1 onX(q)?

Let σ be aq-cell onX. This defines a(q + 1)-cell σ × I onX × I with boundary

∂(σ × I) = σ × {0} ∪ ∂σ × I ∪ σ × {1}.



160 Contact structures on 5-manifolds

Pick a pointp ∈ σ. On∂(σ × I) we have the map

f0|σ×{0} ∪K|∂σ×I ∪ f1|σ×{1} : ∂(σ × I)→ Ep.

This map determines an element inπq(Ep) which we denote byd(f0,K.f1)(σ). Again, we can view
d(f0,K, f1) as an element inCq(X;πq(E)).

Proposition 8.14. A homotopyK betweenf0 and f1 on X(q−1) extends overX(q) if and only if
d(f0,K, f1) = 0 ∈ Cq(X;πq(E)).

Again one can show thatd(f0,K, f1) is co-closed, henced(f0,K, f1) determines a cohomology
classd̄(f0,K, f1) ∈ Hq(X;πq(E)). We then have a similar proposition as above forc̄(f).

Proposition 8.15. A homotopyK betweenf0 and f1 onX(q−1) can be changed to a homotopy on
X(q−1) extending overX(q), while leaving it unchanged onX(q−2), if and only ifd̄(f0,K, f1) = 0 ∈
Hq(X;πq(E)).

VIII.4 Homotopy classification of almost contact structures in dimen-
sion 5

LetX be a smooth manifold. We consider the long exact sequence

. . . −→ H2(X;Z)
p∗−→ H2(X;Z2)

β−→ H3(X;Z) −→ . . .

associated to the short exact sequence of coefficients0 → Z
·2→ Z

p→ Z2 → 0. The homomorphism
β is the associated Bockstein homomorphism andp∗α ∈ H2(X;Z2) for α ∈ H2(X;Z) is called the
mod2 reduction ofα. LetE → X be anR-vector bundle. The image of the second Stiefel-Whitney
classw2(E) underβ is denoted byW3(E). In particular,W3(E) = 0 if and only ifw2(E) is the mod
2 reduction of an integral class.

The existence question foralmost contact structureson 5-manifolds was settled by the following
theorem of Gray [57].

Theorem 8.16.LetX be a closed, orientable 5-manifold. ThenX admits an almost contact structure
if and only ifW3(X) = 0.

The existence ofcontact structureson simply-connected 5-manifolds was proved by Geiges [51].
He also proved a classification theorem for almost contact structures on simply-connected 5-manifolds
up to homotopy:

Theorem 8.17.LetX be a simply-connected, closed 5-manifold.

• Every class inH2(X;Z) that reduces mod2 tow2(X) arises as the first Chern class of an almost
contact structure. Two almost contact structuresξ0, ξ1 are homotopic if and only ifc1(ξ0) =
c1(ξ1).

• Every homotopy class of almost contact structures admits a contact structure.

A different proof for the existence of contact structures on simply-connected 5-manifolds can be
found in [74, 75]. We will prove the following generalization for the classification of almost contact
structures:
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Theorem 8.18. Let X be a closed, oriented 5-manifold without 2-torsion inH2(X;Z). Then two
almost contact structuresξ0 andξ1 onX are homotopic if and only ifc1(ξ0) = c1(ξ1).

One direction is clear: if two almost contact structures are homotopic, then they have the same first
Chern classes. We now prove the other direction, which requires some preparations.

LetX be a closed, oriented 5-manifold and(ξ, J) an almost contact structure onX, whereJ is a
compatible complex structure onξ. Thenξ is the associated vector bundle of a principalU(2) bundle
overX that we denote, for simplicity, also byξ.

There is a principal bundle
Fr(X) ←−−−− U(2)y
Z

which we callE . HereZ denotes the manifold Fr(X)/U(2) as in Section VIII.2. As seen above,ξ can
be thought of as a sectionf of the bundle

Z ←−−−− CP 3 = SO(5)/U(2)y
X

In fact,ξ = f∗E as aU(2)-bundle.
We need to determine the first six homotopy groups ofCP 3. For this we consider the Hopf fibration

S7 ←−−−− S1y
CP 3

and the following part of the long exact homotopy sequence for this fibration:

0→ 0→ π5(CP 3)→ 0→ 0→ π4(CP 3)→ 0→ 0→ π3(CP 3)→ 0→
0→ π2(CP 3)→ Z→ 0→ π1(CP 3)→ 0→ 0.

From this we see that

π2(CP 3) = Z

πi(CP 3) = 0 i = 0, 1, 3, 4, 5

We now consider the following principal bundle

SO(5) ←−−−− U(2)y
CP 3

which we denote byE. Supposeh : S2 → CP 3 is a continuous map. Let[h] denote the integer given
by [h] ∈ π2(CP 3) ∼= H2(CP 3;Z) ∼= Z. We want to prove the following relation:

2[h] = 〈c1(E), h∗[S2]〉
= 〈c1(h∗E), [S2]〉.
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The following part of the long exact homotopy sequence for the bundleE

π2(SO(5))→ π2(CP 3) ∂→ π1(U(2))→ π1(SO(5))→ π1(CP 3),

is given by

0→ Z
∂→ Z→ Z2 → 0.

This shows that∂ : π2(CP 3) → π1(U(2)) is multiplication by 2 inZ. On the other hand it is known
that

∂h = 〈c1(E), [h]〉

for all [h] ∈ π2(CP 3), cf. Lemma 9.7. This implies the claim.
Let ξ0, ξ1 be two almost contact structures onX given by sectionsf0, f1 of theCP 3 bundleZ →

X. We want to determine whenf0 andf1 are homotopic as sections. Sinceπi(CP 3) vanishes in all
degrees less or equal than 5, except forπ2(CP 4) = Z, the only obstruction comes from degree 2.
Hence we can assume that there exists a homotopyK betweenf0 andf1 on the 1-skeletonX(1) and
have to see when we can find a homotopy betweenf0 andf1 onX(2). This happens if and only if the
obstruction class̄d(f0,K, f1) ∈ H2(X;π2(CP 3)) = H2(X;Z) vanishes. The following lemma will
therefore complete the proof of Theorem 8.18.

Lemma 8.19. If c1(ξ0) = c1(ξ1), then2d̄(f0,K, f1) = 0.

Proof. Let σ be a 2-cell fromX(2). As explained above, we get a map

Fσ = f0|σ×{0} ∪K|∂σ×I ∪ f1|σ×{1} : ∂(σ × I)→ CP 3.

This map determines an element inπ2(CP 3) which we denoted byd(f0,K, f1)(σ). Sinceπ1(CP 3) =
0, we can homotopFσ such that the domains off0, f1 are shrunk to smaller 2-cells andK becomes
constant. Hence we may assume thatf0 andf1 are already identical and constant onX(1) and the
homotopyK is a constant map.

The mapsfi on the 2-cellσ then induce mapshσ̂i on the 2-spherêσ = σ/∂σ, for i = 0, 1. We have

d(f0,K, f1)(σ) = [hσ̂1 ]− [hσ̂0 ].

These maps for all 2-cells inX(2) fit together to give a commutative diagram

X(2)

p

��

fi // Z

X(2)/X(1)

hi

::vvvvvvvvvv

Now recall that we have the principal bundleE

Fr(X) ←−−−− U(2)y
Z

We know that
c1(ξi) = c1(f∗i E) = p∗c1(h∗i E)
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and2[hσ̂i ] = 〈c1(h∗i E), σ̂〉 by the relation above. Supposec1(ξ0) = c1(ξ1). We consider the long exact
sequence in cohomology, associated to the pair(X(2), X(1)):

. . .→ H1(X(1);Z) δ→ H2(X(2)/X(1);Z)
p∗→ H2(X(2);Z) i∗→ 0→ . . .

We see that kerp∗ = δH1(X(1);Z). This impliesc1(h∗1E)−c1(h∗0E) = δα, for someα ∈ H1(X(1);Z).
This in turn gives

2[hσ̂0 ]− 2[hσ̂1 ] = 〈δα, σ̂〉 = 〈α, ∂σ̂〉 = 0

for all 2-cellsσ, since thêσ are cycles. We finally get2d(f0,K, f1)(σ) = 0 for all σ, hence2d̄(f0,K, f1) =
0.

VIII.5 The level structure of almost contact structures in dimension 5

SupposeX is a simply-connected 5-manifold. By the Universal Coefficient TheoremH2(X;Z) is
torsion free. Hence the divisibility of elementsc ∈ H2(X;Z) is well defined, cf. Definition 6.5. The
classification of simply-connected 5-manifolds (see Chapter VII) implies the following theorem.

Theorem 8.20.SupposeX is a simply-connected, closed, oriented 5-manifold. Letc, c′ ∈ H2(X;Z)
be classes with the same divisibility and whose mod 2 reduction isw2(X). Then there exists an orien-
tation preserving self-diffeomorphismφ : X → X such thatφ∗c′ = c.

The proof uses the following lemma.

Lemma 8.21. LetG be a finitely generated free abelian group of rankn. Supposeα ∈ Hom(G,Z) is
indivisible. Then there exists a basise1, . . . , en ofG such thatα(e1) = 1 andα(ei) = 0 for i > 1.

Proof. The kernel ofα is a free abelian subgroup ofG of rankn− 1. Let e2, . . . , en be a basis of kerα.
The image ofα in Z is a subgroup, hence of the formmZ. Sinceα is indivisible,m = 1, so there
exists ane1 ∈ G such thatα(e1) = 1. The sete1, . . . , en is linearly independent. They also spanG,
because ifg ∈ G is some element, thenα(g − α(g)e1) = 0, henceg = α(g)e1 +

∑
i≥2 λiei.

We can now prove Theorem 8.20.

Proof. By the Universal Coefficient Theorem,H2(X;Z) ∼= Hom(H2(X;Z),Z) sinceX is simply-
connected. Hence we can viewc, c′ as homomorphisms onH2(X;Z) with values inZ. Let p : Z −→
Z2 be mod 2 reduction. The assumption onc andc′ is equivalent to

w2(X) = p ◦ c = p ◦ c′,

as homomorphisms onH2(X;Z) with values inZ2, cf. Section VII.3.3. Sincec andc′ have the same
divisibility, we can write

c = kα, c′ = kα′

with α, α′ ∈ Hom(H2(X;Z),Z) indivisible. We can writeH2(X;Z) = G ⊕ TorH2(X;Z) with G
free abelian. By Lemma 8.21 there exist basese1, . . . , en ande′1, . . . , e

′
n of G such that

α(e1) = 1 = α′(e′1), α(ek) = 0 = α′(e′k) ∀k > 1.
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Let θ be the group automorphism ofH2(X;Z) given byθ(ei) = e′i for all i ≥ 1, and which is the
identity on TorH2(X;Z). Then

(c′ ◦ θ)(ei) = c′(e′i) = c(ei) ∀i ≥ 1.

Hencec′◦θ = c onG. This equality holds on all ofH2(X;Z) sincec andc′ are homomorphism toZ and
hence vanish on all torsion elements. By the assumption above, this implies thatw2(X) ◦ θ = w2(X).
Moreover, sinceθ is the identity on TorH2(X;Z), it preserves the linking form. By Barden’s theorem
7.16, the automorphismθ is induced by an orientation preserving self-diffeomorphismφ : X −→ X
such thatφ∗ = θ. We have

c(λ) = c′(φ∗λ) = (φ∗c′)(λ), for all λ ∈ H2(X;Z).

Henceφ∗c′ = c.

We can use Theorem 8.17 or 8.18 (cf. also Lemma 8.8 and Definition 8.10) to get the following
corollaryfor almost contact structures.

Corollary 8.22. LetX be a simply-connected, closed, oriented 5-manifold. Then two almost contact
structuresξ0 andξ1 onX are equivalent if and only ifc1(ξ0) andc1(ξ1) have the same divisibility in
integral cohomology.

The other direction follows, because the divisibilities of elements inH2(X;Z) are preserved under
automorphisms. Note that simply-connected manifolds have torsion freeH2 by the Universal Coeffi-
cient Theorem.

Definition 8.23. We denote the divisibility ofc1(ξ) by d(ξ), as in Definition 6.5.

We sometimes calld(ξ) the level of ξ. By Corollary 8.22, almost contact structures and hence
contact structures on a simply-connected 5-manifoldX naturally form a “spectrum” consisting of levels
which are indexed by the divisibility of the first Chern class. Two contact structures onX are equivalent
as almost contact structures if and only if they lie on the same level. Note that simply-connected spin 5-
manifolds have only even levels and non-spin 5-manifolds only odd levels, cf. Lemma 8.8. In Chapter
X, we will use invariants from contact homology to investigate the “fine-structure” of each level in this
spectrum. For instance, O. van Koert [74] has shown that for many simply-connected 5-manifolds the
lowest level, given by divisibility0, contains infinitely many inequivalent contact structures.
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In the first part of this chapter, we collect and prove some results on the topology of circle bundles
over closed manifoldsM . The results will be used in the case where the dimension of the base manifold
is equal to4 in Chapter X. In particular, we will show that the total space of a circle bundle is simply-
connected if and only if the base manifold is simply-connected and the Euler class is indivisible. We
also determine when the total space is spin. IfM is a simply-connected 4-manifold and the Euler
class of the circle bundle overM is indivisible, we can use the classification of simply-connected 5-
manifolds from Chapter VII to determine the total spaceX up to diffeomorphism. It turns out thatX
is diffeomorphic to a connected sum of several copies ofS2 × S3 if X is spin. IfX is not spin there is
an additional summand of the formS2×̃S3.

The second part of this chapter describes the so-called Boothby-Wang construction: Suppose that
ω is a symplectic form on a manifoldM which represents an integral cohomology class and letX
be the total space of the circle bundle overM with Euler class equal to[ω]. The construction then
associates toω a contact structure onX. We will consider this construction in the Chapter X for
symplectic 4-manifolds. By the classification of the total spacesX of circle bundles mentioned above,
one can choose many different simply-connected symplectic4-manifoldsM which give diffeomorphic
simply-connected5-manifoldsX and hence many contact structures on the same abstract5-manifold.
We will show that in some cases this gives rise to contact structures on simply-connected 5-manifolds,
coming from different symplectic4-manifolds, which are equivalent as almost contact structures but
not equivalent as contact structures .

IX.1 Topology of circle bundles

LetM be a closed, connected, orientedn-manifold andπ : X → M the total space of a circle bundle
overM with Euler classe ∈ H2(M ;Z), whereH2(M ;Z) might have torsion. We consider the map

〈e,−〉 : H2(M ;Z)→ Z,

given by evaluation of the Euler class. We make the following generalization of definition 6.5 for this
case:
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Definition 9.1. We calle indivisible if 〈e,−〉 is surjective.

Clearly, if e is indivisible,e cannot be written ase = kc, with k > 1 andc ∈ H2(M ;Z).

Lemma 9.2. A classe ∈ H2(M ;Z) is indivisible if and only if the map

e∪ : Hn−2(M ;Z)→ Hn(M ;Z) ∼= Z

is surjective.

Proof. The mape∪ onHn−2(M ;Z) is surjective if and only if there exists an elementα ∈ Hn−2(M ;Z)
such that

〈e ∪ α, [M ]〉 = 1.

Via Poincaŕe duality (c := α ∩ [M ]) this is equivalent to the existence of a classc ∈ H2(M ;Z) such
that

〈e, c〉 = 1,

which is equivalent to the map〈e,−〉 being surjective.

There is the following exact Gysin sequence for circle bundles [100]:

. . .
π∗−→ Hk(X) π∗−→ Hk−1(M) ∪e−→ Hk+1(M) π∗−→ Hk+1(X) π∗−→ . . .

Lemma 9.3. Integration along the fibreπ∗ : Hk+1(X) → Hk(M) is Poincaŕe dual to the map
π∗ : Hn−k(X)→ Hn−k(M).

Proof. Let π : D →M denote the disc bundle with Euler classe. ThenX ∼= ∂D and integration along
the fibre

π∗ : Hk+1(∂D)→ Hk(M)

is given by (see [100])

Hk+1(∂D) δ−→ Hk+2(D, ∂D) τ−1

−→ Hk(D)
π∗∼= Hk(M).

Hereδ denotes the connecting homomorphism in the long exact sequence of the pair(D, ∂D) andτ−1

the inverse of the Thom isomorphism

τ : Hk(D)→ Hk+2(D, ∂D), x 7→ x ∪ u,

where the Thom classu ∈ H2(D, ∂D) can be written as the Poincaré dual of the fundamental class of
the zero sectionN in D. Under Poincaŕe duality, the connecting homomorphismδ corresponds to

i∗ : Hn−k(∂D)→ Hn−k(D),

wherei : ∂D → D is the inclusion. We want to show thatπ∗i∗ : Hn−k(∂D)→ Hn−k(M) is Poincaŕe
dual to integration along the fibre. This is equivalent to

π∗ ◦ PD ◦ τ ◦ π∗ : Hk(M)→ Hn−k(M),
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wherePD : Hk+2(D, ∂D) → Hn−k(D) is Poincaŕe duality, being just Poincaré duality onM . Let
α ∈ Hk(M). Then

π∗ ◦ PD ◦ τ ◦ π∗(α) = π∗((π∗α ∪ u) ∩ [D])
= π∗(π∗α ∩ (u ∩ [D]))
= π∗(π∗α ∩ [N ]) = α ∩ π∗[N ]
= α ∩ [M ].

This proves the claim.

Lemma 9.4. Theimage ofπ∗ : H2(X;Z)→ H2(M ;Z) is the kernel of〈e,−〉.

Proof. We consider the following part of the Gysin sequence:

Hn−1(X) π∗−→ Hn−2(M) ∪e−→ Hn(M) ∼= Z.

A classα ∈ Hn−2(M ;Z) is in the image ofπ∗ if and only if e ∪ α = 0, which is the case if and only
if the Poincaŕe dualc = PD(α) ∈ H2(M ;Z) satisfies〈e, c〉 = 0. Since integration along the fibre

π∗ : Hn−1(X;Z)→ Hn−2(M ;Z)

is by Lemma 9.3 Poincaré dual to

π∗ : H2(X;Z)→ H2(M ;Z),

this proves the claim.

We now consider the following part of the Gysin sequence:

. . . −→ Hn−2(M) ∪e−→ Hn(M) −→ Hn(X) π∗−→ Hn−1(M) −→ 0.

This shows thate is indivisible if and only ifπ∗ : Hn(X;Z) → Hn−1(M ;Z) is an isomorphism, in
other words

π∗ : H1(X;Z) −→ H1(M ;Z)

is an isomorphism. The long exact homotopy sequence of the fibrationS1 → X →M

. . . −→ π2(M) ∂−→ π1(S1) −→ π1(X) π∗−→ π1(M) −→ 1

induces via Lemma A.5 an exact sequence

H1(S1;Z) −→ H1(X;Z) −→ H1(M ;Z) −→ 0.

Hence we see thate is indivisible if and only if the fibreS1 ⊂ X is null-homologous.
From the long exact homotopy sequence above, we see that the fibre isnull-homotopicif and only

if ∂ : π2(M)→ π1(S1) is surjective. Both statements are equivalent to

π∗ : π1(X)→ π1(M)

being an isomorphism.
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Lemma 9.5. Themap∂ : π2(M)→ π1(S1) ∼= Z in the long exact homotopy sequence for fibre bundles
is given by

π2(M) h−→ H2(M ;Z)
〈e,−〉−→ Z

whereh denotes the Hurewicz homomorphism.

Proof. Let f : S2 → M be a continous map andE = f∗X the pull-backS1-bundle overS2. By
naturality of the long exact homotopy sequence there is a commutative diagram

π2(X) −−−−→ π2(M) ∂−−−−→ π1(S1) −−−−→ π1(X) −−−−→ π1(M)x f∗

x =

x x x
π2(E) −−−−→ π2(S2) ∂−−−−→ π1(S1) −−−−→ π1(E) −−−−→ 1

Sincef can represent any element inπ2(M) and the equationf∗(e(X)) = e(E) holds by naturality
of the Euler class it suffices to prove the claim forM equal toS2. We then have to prove that the map
∂ : π2(S2)→ π1(S1) is multiplicationZ

a·→ Z by the Euler numbera = 〈e(E), [S2]〉.
By the exact sequence above it follows thatπ1(S1) = Z maps surjectively ontoπ1(E). Hence

π1(E) is a finite cyclic group, in particular abelian. Therefore we have to prove thatH2(E) ∼=
H1(E) ∼= π1(E) is equal toZ/aZ. This follows from the following part of the Gysin sequence:

H0(S2) ∪e−→ H2(S2) −→ H2(E) π∗−→ H1(S2) = 0.

Lemma 9.5 implies that∂ is surjective if and only if〈e,−〉 is surjective on spherical classes.

Remark 9.6. More generally, letX →M be aU(m)-principal bundle. Using the clutching construc-
tion and a Mayer-Vietoris argument one can show thatπ1(E) = H1(E) = Z/aZ for any principal
bundleU(m)→ E → S2, wherea = 〈c1(E), [S2]〉. This implies as above (this lemma has been used
in the proof of Theorem 8.18):

Lemma 9.7. LetX → M be aU(m)-principal bundle. Then the map∂ : π2(M) → π1(U(m)) ∼= Z

in the long exact homotopy sequence is given by

π2(M) h−→ H2(M ;Z)
〈c1(X),−〉−→ Z.

Lemma 9.8.X is simply-connected if and only ifM is simply-connected ande is indivisible.

Proof. If X is simply-connected, the long exact homotopy sequence shows thatπ1(M) = 1 and
∂ : π2(M)→ π1(S1) is surjective. HenceM is simply-connected and the Hurewicz maph : π2(M)→
H2(M ;Z) is an isomorphism. The surjectivity of∂ implies thate is indivisible. Conversely, suppose
thatM is simply-connected ande is indivisible. The same argument shows that∂ is surjective. The long
exact homotopy sequence then implies the exact sequence1→ π1(X)→ 1. Henceπ1(X) = 1.

Lemma 9.9. Supposethe first Betti number ofM vanishes,b1(M) = 0. Then the mapπ∗ : H2(M ;Z)→
H2(X;Z) is surjective with kernelZ · e.

Proof. We consider the following part of the Gysin sequence:

H0(M) ∪e−→ H2(M) π∗−→ H2(X) −→ H1(M).

By assumption,H1(M) = 0. Henceπ∗ : H2(M) → H2(X) is surjective with kernelH0(M) ∪ e =
Z · e.
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We now determine when the total spaceX is spin.

Lemma 9.10. The total spaceX is spin if and only ifw2(M) ≡ αe mod2 for someα ∈ {0, 1}, i.e. if
and only ifM is spin orw2(M) ≡ e mod2.

Proof. We claim that the following relation holds:

w2(X) = π∗w2(M).

This follows because the tangent bundle ofX is given byTX = π∗TM ⊕ R and the Whitney sum
formula impliesw2(TX) = w2(π∗TM) ∪ w0(R) = π∗w2(TM). HenceX is spin if and only if
w2(M) is in the kernel ofπ∗.

We consider the following part of theZ2-Gysin sequence:

H0(M ;Z2) ∪e−→ H2(M ;Z2) π∗−→ H2(X;Z2),

wheree denotesthe mod 2 reduction ofe. We see that the kernel ofπ∗ is {0, e}. This implies the
claim.

We now specialize to the case where the dimension ofM is equal to 4.

Theorem 9.11.LetM be a simply-connected closed oriented 4-manifold andX the circle bundle over
M with indivisible Euler classe. ThenX is a simply-connected closed oriented 5-manifold and the
homology and cohomology ofX are torsion free. We have:

• H0(X;Z) ∼= H5(X;Z) ∼= Z

• H1(X;Z) ∼= H4(X;Z) ∼= 0

• H2(X;Z) ∼= H3(X;Z) ∼= Z
b2(M)−1.

Proof. We only have to prove that the cohomology ofX is torsion free and the formula forH2(X;Z).
The cohomology groupsH0(X),H1(X) andH5(X) are always torsion free for an oriented 5-manifold
X. We have the following part of the Gysin sequence:

. . . −→ H3(M) π∗−→ H3(X) π∗−→ H2(M) −→ . . .

By assumption,H3(M) = 0. Therefore the homomorphismπ∗ injectsH3(X) intoH2(M), which is
torsion free by the assumption thatM is simply-connected. HenceH3(X;Z) is torsion free itself. It
remains to considerH2(X) andH4(X). By the Universal Coefficient Theorem and Poincaré duality,
H2(X) is torsion free if and only ifH1(X) is torsion free, if and only ifH4(X) is torsion free. Since
H1(X) = 0, we see thatH2(X) andH4(X) are torsion free.

By Lemma 9.9 we haveH2(X;Z) ∼= H2(M ;Z)/Z · e. SinceH2(M ;Z) is torsion free ande is
indivisible,H2(M ;Z)/Z · e ∼= Z

b2(M)−1. This implies the formula forH2(X;Z) ∼= H3(X;Z).

By the classification theorem for simply-connected 5-manifolds, in particular Corollary 7.30, we
getthe following theorem (this has also been proved in [32]).

Theorem 9.12.LetM be a simply-connected closed oriented 4-manifold andX the circle bundle over
M with indivisible Euler classe. ThenX is diffeomorphic to

• X = #(b2(M)− 1)S2 × S3 if X is spin, and



170 Circle bundles over symplectic manifolds

• X = #(b2(M)− 2)S2 × S3#S2×̃S3 if X is not spin.

The first case occurs if and only ifw2(M) ≡ αe mod2, for someα ∈ {0, 1}.

Since every closed oriented 4-manifold isSpinc and hencew2(M) is the mod 2 reduction of an
integral class, we conclude as a corollary that every closed simply-connected 4-manifoldM is diffeo-
morphic to the quotient of a free and smoothS1-action on#(b2(M)− 1)S2 × S3.

IX.2 Connections on circle bundles with prescribed curvature

In this section we give a proof for a theorem of Kobayashi [72] that every closed 2-form representing
the Euler class of a circle bundle can be realized as the curvature form of a principal connection on this
bundle. If the closed 2-form is a symplectic form, a multiple of the connection will be a contact form
on the total space of the circle bundle. This will be shown in the next section.

We first discuss the relation between the Euler class of a principalS1-bundle and the curvature of
a connection on this bundle, see e.g. [14]. Letπ : P → M be a principalS1-bundle. We identifyS1

in the standard way withU(1). SinceU(1) ∼= SO(2), the principal bundleP has a first Chern class
c1(P ) and an Euler classe(P ) in H2(M ;Z). Both are the same,

c1(P ) = e(P ).

Hence it is enough to focus on the Euler classe(P ). We denote the natural image of this class in
H2(M ;R) ∼= H2

DR(M) by e(P )R.
LetA be aU(1)-connection onP . This is a certain 1-form onP with values inu(1) ∼= iR which is

invariant under theS1-action. The curvatureF ofA can be considered as a closed 2-form onM . LetR
denote the fundamental vector field generated by the action of the element2πi ∈ u(1). An orbit ofR,
topologically a fibre ofP , has period 1. There are the following relations, coming from the definition
of a connection on a principal bundle:

dA = π∗F

A(R) = 2πi.

Finally, there is a formula fore(P )R in terms ofF :

e(P )R =
[
i

2πF
]
∈ H2

DR(M).

We now prove the following theorem of Kobayashi [72].

Theorem 9.13. Let M be a smooth manifold andπ : P −→ M a principal S1-bundle with Euler
classe(P )R ∈ H2

DR(M). Letω be a closed differential form representinge(P )R. Then there exists a
connectionA onP with curvatureF equal to−2πiω.

Proof. We choose an arbitrary connectioñA on the principalS1-bundleP −→M . Then its curvature
F̃ is an imaginary valued 2-form onM such that

dÃ = π∗F̃

e(P )R =
[
i

2π F̃
]
.
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As cohomology classes[ i2π F̃ ] = [ω], hence there exists a 1-formµ onM such that

i
2π F̃ − ω = dµ.

We define a new connection
A = Ã+ 2πiπ∗µ.

Then

dA = dÃ+ 2πiπ∗dµ

= π∗F̃ + 2πi( i
2ππ

∗F̃ − π∗ω)
= −2πiπ∗ω.

Hence the curvatureF of A is−2πiω.

IX.3 The Boothby-Wang construction

We want to construct circle bundles over symplectic manifoldsM whose Euler class is represented
by the symplectic form. Since the Euler class is an element ofH2(M ;Z) the symplectic form has
to represent an integral cohomology class inH2(M ;R), i.e. it has to lie in the image of the natural
homomorphism

H2(M ;Z)→ H2(M ;R)
∼=→ H2

DR(M).

The existence of such a symplectic form is guaranteed by the following argument (this argument is from
[52, Observation 4.3]): Let(M,ω) be a closed symplectic manifold. For every Riemannian metric on
M , there exists a smallε-ball Bε around0 in the space of harmonic 2-forms onM such that every
element inω+Bε is symplectic. Since the set of classes inH2(M ;R) represented by these elements is
open, there exists a symplectic form which represents a rational cohomology class. By multiplication
with a suitable integer, we can find a symplectic form which represents an integral class. If we want, we
can choose the integer such that the class is indivisible. Note also that all symplectic forms inω + Bε
can be connected toω by a smooth path of symplectic forms. This implies that they all have the same
canonical classK asω.

We fix the following data:

• A closed connected symplectic manifold(M2n, ω) with symplectic formω, representing an
integral cohomology class inH2(M ;R).

• An integral lift [ω]Z ∈ H2(M ;Z) of [ω] ∈ H2
DR(M).

Let π : X → M be the principal circle bundle overM with Euler classe(X) = [ω]Z. Choose a
connectionA onX −→M with curvature−2πiω, as in Theorem 9.13.

Proposition 9.14. Define the real valued 1-formλ = 1
2πiA onX. Thenλ is a contact form onX with

dλ = −π∗ω
λ(R) = 1.

Proof. We have the relations

dA = −2πiπ∗ω
A(R) = 2πi.
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This implies the corresponding relations forλ. The tangent bundle ofX splits asTX ∼= R⊕ π∗TM ,
where the trivialR-summand is spanned by the vector fieldR. Fix a point ofX and choose a basis
(R, v1, . . . , v2n) of its tangent space, where thevi form an oriented basis of the kernel ofλ. Then

λ ∧ (dλ)n(R, v1, . . . , v2n) = (dλ)n(v1, . . . , v2n)
= (−1)nωn(π∗v1, . . . , π∗v2n)
6= 0.

Henceλ ∧ (dλ)n is a volume form onX, andλ is contact.

Remark 9.15. If we define the orientation onX via the splittingTX ∼= R⊕ π∗TM , where the trivial
R-summand is oriented byR andTM by ω, thenλ is a positive contact form ifn is even and negative
otherwise.

Definition 9.16. The contact structureξ on the closed oriented manifoldX2n+1, defined by the contact
form λ above, is called theBoothby-Wang contact structureassociated to the symplectic manifold
(M,ω). Sincedλ(R) = 0, the Reeb vector field ofλ is given by the vector fieldR along the fibres.

For the original construction see [13].

Proposition 9.17. If λ′ is another contact form, defined by a different connectionA′ as above, then the
associated contact structureξ′ is isotopic toξ.

Proof. The connectionA′ is anS1-invariant 1-form onX with

dA′ = dA

A′(R) = A(R).

HenceA′ − A = π∗α for some closed 1-formα onM . DefineAt = A+ π∗tα for t ∈ R. ThenAt is
a connection onX with curvature−2πiω for all t. Letλt = λ+ π∗( 1

2πi tα). Thenλt is a contact form
onX for all t ∈ [0, 1], with λ0 = λ andλ1 = λ′. Therefore,ξ andξ′ are isotopic through the contact
structures defined byλt.

The Chern classes ofξ aregiven by the Chern classes ofω in the following way.

Lemma 9.18. Let X → M be a Boothby-Wang fibration with contact structureξ. Thenci(ξ) =
π∗ci(TM,ω) for all i ≥ 0. The manifoldX is spin, if and only if

c1(M) ≡ α[ω]Z mod2,

for someα ∈ {0, 1}.

Proof. Let J be a compatible almost complex structure forω onM . Then there exists a compatible
complex structureJ ′ for ξ on X such thatπ∗(TM, J) ∼= (ξ, J ′) as complex vector bundles. The
naturality of characteristic classes proves the first claim. The second claim follows from Lemma 9.10
andc1(M) ≡ w2(M) mod2.
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In this chapter we construct contact structures on certain simply-connected 5-manifoldsX which
areequivalent as almost contact structures but are not equivalent as contact structures. The contact
structures arise on circle bundles over simply-connected symplectic 4-manifolds(M,ω) by the con-
struction from Chapter IX. We will use the results form Chapter VIII to determine when they are
equivalent as almost contact structures. In the first part of this chapter we show how the theory of
contact homology implies that the divisibility of the canonical classK of the symplectic structureω is
an invariant of the contact structure on the total space of the Boothby-Wang circle bundle overM . We
can then use the examples from Chapter VI to find examples of contact structures on simply-connected
5-manifoldsX with torsion freeH2(X;Z) which are equivalent as almost contact structures but not
as contact structures. This adds examples of inequivalent contact structures with non-vanishing first
Chern class to the (infinitely many) contact structures with first Chern class zero found by O. van Koert
in [74] on these simply-connected 5-manifolds. Also I. Ustilovsky [139] found infinitely many contact
structures on the sphereS5 and F. Bourgeois [15] onT 2 × S3 andT 5, both in the case of vanishing
first Chern class.

X.1 The construction for symplectic 4-manifolds

We fix the following data:

• A closed, simply-connected, symplectic 4-manifold(M,ω), with symplectic formω representing
an integral cohomology class inH2(M ;R), cf. the argument at the beginning of Section IX.3.
SinceH2(M ;Z) is torsion free,[ω] has a unique integral lift, which we also denote by[ω] ∈
H2(M ;Z). We assume that[ω] is indivisible.
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• Let π : X −→ M be the principalS1-bundle overM with Euler classe(X) = [ω]. ThenX
is a closed, simply-connected, oriented 5-manifold with torsion-free cohomology (see Theorem
9.11). We will often denote the class[ω] also byω.

• Let λ be a Boothby-Wang contact form onX with associated contact structureξ (Definition
9.16). By Proposition 9.17 the contact structureξ does not depend onλ up to isotopy.

By Theorem 9.12, the 5-manifoldX is diffeomorphic to

• #(b2(M)− 1)S2 × S3 if X is spin, and

• #(b2(M)− 2)S2 × S3#S2×̃S3 if X is not spin.

Hence the same abstract, closed, simply-connected 5-manifoldX with torsion free homology can
be realized in several different ways as a Boothby-Wang fibration over different simply-connected
symplectic 4-manifoldsM and therefore admits many, possibly non-equivalent, contact structures.

Definition 10.1. Let d(ξ) ≥ 0 denote the divisibility ofc1(ξ) ∈ H2(X;Z), as in definition 6.5.
Similarly, we denote the divisibility of the canonical classK = −c1(M) ∈ H2(M ;Z) of ω by d(K).

Note thatX is spin if and only ifd(ξ) is even by Lemma 8.8. With Corollary 8.22 we get:

Proposition 10.2. Suppose that(M ′, ω′) is another closed, simply-connected, symplectic 4-manifold
with integral and indivisible symplectic formω′. Denote the associated Boothby-Wang total space by
(X ′, ξ′).

• The simply-connected 5-manifoldsX andX ′ are diffeomorphic if and only ifb2(M) = b2(M ′)
andd(ξ) ≡ d(ξ′) mod2.

• If d(ξ) = d(ξ′), thenξ andξ′ are equivalent as almost contact structures.

The divisibility d(ξ) can be calculated in the following way: By Lemma 9.9, the bundle projection
π defines an isomorphism

π∗ : H2(M ;Z)/Zω
∼=−→ H2(X;Z),

and by Lemma 9.18 we have
π∗c1(M) = c1(ξ).

Let [c1(M)] denote the image ofc1(M) in the quotientH2(M ;Z)/Zω, which is free abelian sinceω
is indivisible. Thend(ξ) is also the divisibility of the class[c1(M)]. We will useπ∗ to identify

H2(X;Z) = H2(M ;Z)/Zω, and

c1(ξ) = [c1(M)].

We then have:

Lemma 10.3. The divisibilityd(ξ) is the maximal integerd such that

c1(M) = dR+ γω

whereγ is some integer andR ∈ H2(M ;Z) not a multiple ofω.
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X.2 The ∆-invariant

Let π : X → M be a Boothby-Wang fibration as in the previous section. We can choose a class
A ∈ H2(M ;Z) such thatω(A) = 〈ω,A〉 = 1 because we assumed thatω is indivisible. Consider the
number

c1(A) := 〈c1(M), A〉.

We want to determine the set of all these integers. We fix one arbitrary elementA0 ∈ H2(M ;Z) with
ω(A0) = 1.

Lemma 10.4. The set of integers

{c1(A) | A ∈ H2(M ;Z), ω(A) = 1}

is equal toc1(A0) + d(ξ)Z. In particular, the reductionc1(A) ∈ Z/d(ξ)Z is independent of the choice
ofA.

Proof. By Lemma 9.4, the image of homomorphismπ∗ : H2(X;Z) → H2(M ;Z) induced by the
bundle projection is the kernel of〈ω,−〉. On the other hand, we know thatπ∗c1(M) = c1(ξ). Suppose
A ∈ H2(M ;Z) is a class withω(A) = 1. Thenω(A − A0) = 0, henceA − A0 = π∗B for some
B ∈ H2(X;Z). This implies

c1(A) = c1(A0) + 〈c1(M), π∗B〉
= c1(A0) + 〈c1(ξ), B〉
∈ c1(A0) + d(ξ)Z.

Conversely, letm ∈ Z be an arbitrary integer. We can choose a classB ∈ H2(X;Z) with 〈c1(ξ), B〉 =
md(ξ) since the divisibility ofc1(ξ) is d(ξ). Define the homology classA := A0 + π∗B onM . Then
we haveω(A) = 1 andc1(A) = c1(A0)+md(ξ). This shows that all integers in the setc1(A0)+d(ξ)Z
can be realized asc1(A) with ω(A) = 1.

Definition 10.5. We call c1(A) ∈ Z/d(ξ)Z the ∆-invariant ∆(ω) of the symplectic 4-manifold
(M,ω).

The lemma implies that the set of all numbersc1(A), with A ∈ H2(M ;Z) andω(A) = 1, is
completely determined byd(ξ) ∈ N and∆(ω) ∈ Z/d(ξ)Z. The following lemma describes some
relations between these numbers.

Lemma 10.6. The following relations hold:

(1.) Letc1(M) = d(ξ)R + γω for some classR ∈ H2(M ;Z) and integerγ ∈ Z. Then∆(ω) ≡ γ
modd(ξ).

(2.) The integerd(K) dividesd(ξ).

(3.) Let∆ be an integer reducing to∆(ω) modulod(ξ). Thengcd(∆, d(ξ)) = d(K).

Proof. (1.) This follows by the definition of∆(ω) if we evaluate both sides onA ∈ H2(M ;Z) with
ω(A) = 1.

(2.) We can writec1(M) = d(K)W whereW is a class inH2(M ;Z). Then[c1(M)] = d(K)[W ]
in H2(M ;Z)/Zω. Sinced(ξ) is the divisibility of [c1(M)], the integerd(ξ) has to be a multiple
of d(K).
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(3.) By part (a)
c1(M)(A) = d(ξ)R(A) + γ,

whereA ∈ H2(M ;Z) is a class withω(A) = 1 andγ ≡ ∆ modd(ξ). Sinced(K) dividesc1(M)
andd(ξ), it also divides dividesγ and hence∆. On the other hand, there exists a homology class
B ∈ H2(M ;Z) such thatd(K) = c1(M)(B). Again by part (a)

d(K) = d(ξ)R(B) + γω(B).

Hence there exist integersx, y ∈ Z such thatd(K) = xd(ξ) + y∆. This proves the claim.

X.3 Contact homology

In this section we consider invariants derived from contact homology. We only take into account the
classical contact homologyHcont

∗ (X, ξ) which is a graded supercommutative algebra, defined using
rational holomorphic curves with one positive puncture and several negative punctures in the symplec-
tization of the contact manifold. We use a variant of this theory for the so-called Morse-Bott case,
described in [15] and in Section 2.9.2. in [33].

We are going to associate to each Boothby-Wang fibrationπ : X →M as above a graded commu-
tative algebraA(X,M). Choose a basisB1, . . . , BN of H2(X;Z), whereN = b2(X) = b2(M) − 1
and let

An = π∗Bn ∈ H2(M ;Z), 1 ≤ n ≤ N.

Note that
c1(Bn) := 〈c1(ξ), Bn〉 = 〈c1(M), An〉 = c1(An).

Choose a classA0 ∈ H2(M ;Z) such that

ω(A0) = 1.

The classesA0, A1, . . . , AN form a basis ofH2(M ;Z). We consider variables

z = (z1, . . . , zN ), and

q = {qk,i}k∈N, 0≤i≤a,

wherea = b2(M) + 1. They have degrees defined by

deg(zn) = −2c1(Bn)
deg(qk,i) = deg∆i − 2 + 2c1(A0)k,

wheredeg∆i is given by

deg∆i =


0 if i = 0
2 if i = 1, . . . , b2(M)
4 if i = b2(M) + 1.

In our situation the degree of all variables is even (hence the algebra we are going to define is truly
commutative, not only supercommutative).

Definition 10.7. We define the following algebras.
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• L(X) = C[H2(X;Z)] = the graded commutative ring of Laurent polynomials in the variablesz
with coefficients inC.

• A(X,M) =
⊕

d∈ZAd(X,M) = the graded commutative algebra of polynomials in the variables
q with coefficients inL(X).

A homomorphismφ of graded commutative algebrasA,A′ overL(X)

φ : A =
⊕
d∈Z

Ad → A′ =
⊕
d∈Z

A′d

is a homomorphism of rings, which is the identity onL(X) and such thatφ(Ad) ⊂ A′d for all d ∈ Z.

Lemma 10.8. • Up to isomorphism, the ringL(X) does not depend on the choice of basisB1, . . . , BN
for H2(X;Z).

• For fixedL(X), the algebraA(X,M) does not depend, up to isomorphism overL(X), on the
choice of the classA0 ∈ H2(M ;Z) as above.

Proof. Let B1, . . . , BN be another basis ofH2(X;Z) and L(X) the associated ring, generated by
variablesz. Then there exists matrix

(βmn) ∈ SL(N,Z)

with 1 ≤ m,n ≤ N , such that

Bm =
N∑
n=1

βmnBn.

Definea homomorphismφ : L(X)→ L(X) via

zm 7→
N∏
n=1

zβmnn ,

for all 1 ≤ m ≤ N . Thenφ preserves degrees and is an isomorphism, since the matrix(βmn) is
invertible.

LetA0 beanother element inH2(M ;Z) such thatω(A0) = 1 andA(X,M) the associated algebra,
generated by variablesq. Then there exists a vector

(αn) ∈ ZN ,

with 1 ≤ n ≤ N , such that

A0 = A0 +
N∑
n=1

αnAn.

Definea homomorphismψ : A(X,M)→ A(X,M) via

qk,i 7→ qk,i

N∏
n=1

z−kαnn , k ∈ N, 0 ≤ i ≤ a,

and which is the identity onL(X). Thenψ preserves degrees and is invertible.
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We will now describe the relation ofA(X,M) to the Boothby-Wang contact structureξ on X
induced byω and the∆-invariant∆(ω). Let d := d(ξ) and∆ an integral lift of∆(ω) ∈ Z/dZ.

Definition 10.9. Suppose thatd ≥ 1. For0 ≤ b < d denote byQb the set of generators{qk,i} with

deg(qk,i) ≡ 2b mod2d.

Remark 10.10. If c1(ξ) 6= 0, the variablesz1, . . . , zn which generate the ringL(X) do not all have
degree zero. HenceB(X,M) = A(X,M)/L(X), which is an algebra overC, does not inherit a
natural grading in this case. However, since the degrees of the variableszn are all multiples of2d, the
algebraB(X,M) has a grading by elements inZ2d. The images of the generatorsqk,i form generators
for this infinite polynomial algebra andQb is the set of generators of degree2b mod2d (I learnt this
interpretation from K. Cieliebak).

Lemma 10.11. Assume thatd ≥ 1. Then the setQb is infinite if d(K) divides one of the integers
b− 1, b, b+ 1 and empty otherwise.

Proof. Supposed(K) = gcd(∆, d) divides one of the integersb + ε, with ε ∈ {−1, 0, 1}. Then the
equation

b = −ε+ ∆k + dα

has infinitely many solutionsk ≥ 1 with α ∈ Z. Choose an integer0 ≤ i ≤ a with deg∆i − 2 = −2ε.
Since∆ ≡ c1(A0) modd by Lemma 10.4,

deg(qk,i) = −2ε+ 2c1(A0)k ≡ −2ε+ 2∆k ≡ 2b mod2d

for infinitely manyk ≥ 1. Hence theseqk,i are all inQb.
Conversely, suppose thatd(K) does not divide any of the integersb+ ε, with ε ∈ {−1, 0, 1}. Sup-

pose thatQb contains an elementql,j . We havedeg(ql,j) = −2ε + 2c1(A0)l for someε ∈ {−1, 0, 1}.
By assumption,

deg(ql,j) = −2ε+ 2c1(A0)l = 2b− 2dα,

for someα ∈ Z. This implies

b+ ε = c1(A0)l + dα = ∆l + dα′,

for some integerα′ ∈ Z. This is impossible, sinced(K) divides the right side, but not the left side.

Example 10.12.Supposethatd ≥ 1. If d(K) ∈ {1, 2, 3}, then Lemma 10.11 implies thatQb is infinite
for all b = 0, . . . , d − 1. If d(K) ≥ 4 (and henced ≥ 4 as well), then at least one of theQb is empty,
e.g.Q2 is always empty in this case.

We now make the following assumptions:

• The simply-connected 5-manifoldX can be realized as the Boothby-Wang total space over an-
other closed, simply-connected, symplectic 4-manifold(M ′, ω′) whereω′ represents an integral
and indivisible class. This implies in particular thatb2(M ′) = b2(M) = a − 1. Denote the
canonical class of(M ′, ω′) byK ′ and its divisibility byd(K ′)

• We assume thatd(ξ′) = d(ξ) =: d and choose an integral lift∆′ of ∆(ω′) ∈ Z/dZ.

• Let A(X,M ′) denote the associated algebra overL(X), generated by variables{q′l,j}, with
l ∈ N, 0 ≤ j ≤ a.
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If d ≥ 1, denote byQ′b as above the set of generators{q′l,j} of degree congruent to2b modulo2d, for
each0 ≤ b < d.

Lemma 10.13. Assume thatd ≥ 4 and at least one of the numbersd(K), d(K ′) is ≥ 4. Then the
following two statements are equivalent:

• There exists an integer0 ≤ b < d such thatQb andQ′b do not have the same cardinality (i.e. one
of them is empty and the other infinite).

• d(K) 6= d(K ′).

Proof. Suppose thatd(K) = d(K ′). By Lemma 10.11, the setsQb andQ′b have the same cardinality
for all 0 ≤ b < d. Conversely, suppose thatd(K) 6= d(K ′); without loss of generalityd(K) < d(K ′).
If d(K) ∈ {1, 2, 3} let b = 2. ThenQ2 is infinite, whileQ′2 is empty (sinced(K ′) ≥ 4 by assumption).
If d(K) ≥ 4 let b = d(K) − 1 ≥ 3. Thend(K) dividesb + 1, butd(K ′) does not divide any of the
integersb− 1, b, b+ 1. HenceQb is infinite andQ′b empty.

Lemma 10.14.Supposethat either (i)d = 0 or (ii) d ≥ 4 and at least one of the numbersd(K), d(K ′)
is≥ 4. If theZ2d-graded polynomial algebrasB(X,M) andB(X,M ′) overC are isomorphic, then
d(K) = d(K ′).

Proof. Suppose thatd = 0 and that there exists an isomorphismφ : B(X,M) → B(X,M ′). In this
case, both algebras are graded by the integers and the elements of lowest degree inB(X,M) and
B(X,M ′) have degree−2 + 2∆ and−2 + 2∆′, respectively. Sinceφ has to preserve degree, this
implies∆ = ∆′ and hence

d(K) = gcd(∆, 0) = ∆ = ∆′ = gcd(∆′, 0) = d(K ′).

Now assume thatd ≥ 4 and at least one ofd(K), d(K ′) is≥ 4. Suppose thatd(K) 6= d(K ′) and there
exists an isomorphismφ : B(X,M) → B(X,M ′). Both algebras are freely generated by the images
of the elements{qk,i} and{q′l,j}, which we still denote by the same symbols.

By Lemma 10.13, there exists an integer0 ≤ b < d such thatQb andQ′b have different cardinality.
Without loss of generality, we may assume thatQb is empty andQ′b infinite (otherwise we consider
φ−1). Let q′r,s be a generator inQ′b. Thenq′r,s is a polynomial in the images

{φ(qk,i)}k∈N,0≤i≤a,

with coefficients inC and we can write

q′r,s = f(φ(qk1,i1), . . . , φ(qkv ,iv)) ∈ C[φ(qk1,i1), . . . , φ(qkv ,iv)].

The imagesφ(qk,i) are themselves polynomials in the variables{q′l,j}with coefficients inC. Expressed
as a polynomial in the variables{q′l,j}, at least one of the imagesφ(qkw,iw), 1 ≤ w ≤ v, must contain a
summand of the formαq′r,s with α ∈ C non-zero. Sinceφ preserves degrees,φ(qkw,iw) is homogeneous
of degree

deg(φ(qkw,iw)) = deg(αq′r,s) = deg(q′r,s) ≡ 2b mod2d.

This impliesdeg(qkw,iw) ≡ 2b mod2d, henceqkw,iw ∈ Qb. This is impossible, sinceQb = ∅.

Lemma 10.15.Supposethat either (i)d(K) = d(K ′) or (ii) both numbersd(K), d(K ′) are≤ 3 and
d 6= 0. Then the algebrasA(X,M) andA(X,M ′) are isomorphic overL(X).
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Proof. We can choose a basisB1, . . . , BN of H2(X;Z) such that

c1(B1) = d(ξ) = d

c1(Bn) = 0, for all 2 ≤ n ≤ N.

Choose elementsA0 ∈ H2(M ;Z) andA′0 ∈ H2(M ′;Z) such that

c1(A0) = ∆, c1(A′0) = ∆′.

This is possible by Lemma 10.4. We will use these bases to define the algebrasA(X,M) andA(X,M ′).
Suppose thatd(K) = d(K ′). If d = 0, then

∆ = gcd(∆, 0) = d(K)
∆′ = gcd(∆′, 0) = d(K ′).

This impliesdeg(qk,i) = deg(q′k,i) for all k ∈ N, 0 ≤ i ≤ a. Hence the map

qk,i 7→ q′k,i, k ∈ N, 0 ≤ i ≤ a,

induces a degree preserving isomorphismφ : A(X,M)→ A(X,M ′).
Supposed ≥ 1. Under our assumptions, the setsQb andQ′b have the same cardinality for each

0 ≤ b < d, cf. Lemma 10.13 and Example 10.12. Hence there exists a bijection

ψ : N× {0, . . . , a} → N× {0, . . . , a}, (k, i) 7→ ψ(k, i),

such that
deg(qk,i) ≡ deg(q′ψ(k,i)) mod2d.

Sincez′1 has degree−2d, there exists for each(k, i) ∈ N×{0, . . . , a} an integerα(k, i) ∈ Z, such that

deg(qk,i) = deg(z′1
α(k,i)

q′ψ(k,i)).

The map

qk,i 7→ z′1
α(k,i)

q′ψ(k,i), k ∈ N, 0 ≤ i ≤ a,

therefore induces a well-defined, degree preserving isomorphismφ : A(X,M) → A(X,M ′) over
L(X).

Combining Lemmas 10.14 and 10.15 we arrive at the following theorem.

Theorem 10.16.The algebrasA(X,M) andA(X,M ′) are isomorphic overL(X) if and only if one
of the following three conditions is satisfied:

• d ≥ 1 and bothd(K), d(K ′) ≤ 3

• d = 0 andd(K) = d(K ′)

• d ≥ 4 andd(K) = d(K ′) ≥ 4.

Here we have used that an isomorphism ofA-algebras induces an isomorphism ofB-algebras.
The following result is described in [33], Proposition 2.9.1.
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Theorem 10.17.For a Boothby-Wang fibrationX → M as above, the Morse-Bott contact homology
Hcont
∗ (X, ξ) specialized1 at t = 0 is isomorphic toA(X,M).

Using Theorem 10.16 and Proposition 10.2 we get the following corollary. The part concerning
equivalent contact structures follows, because equivalent contact structures have isomorphic contact
homologies.

Corollary 10.18. LetX be a closed, simply-connected 5-manifold which can be realized in two differ-
ent ways as a Boothby-Wang fibration over closed, simply-connected symplectic 4-manifolds(M1, ω1)
and(M2, ω2), whose symplectic forms represent integral and indivisible classes:

X
π1

zzvvvvvvvvv
π2

$$HHHHHHHHH

(M1, ω1) (M2, ω2)

Denote the associated Boothby-Wang contact structures onX by ξ1 andξ2 and the canonical classes
of the symplectic structures byK1 andK2. Then:

• The almost contact structures underlyingξ1 andξ2 are equivalent if and only ifd(ξ1) = d(ξ2).

Suppose thatξ1 andξ2 are equivalent as contact structures.

• If d(ξ1) = d(ξ2) = 0, thend(K1) = d(K2).

• If d(ξ1) = d(ξ2) 6= 0, then either bothd(K1), d(K2) ≤ 3 or d(K1) = d(K2).

X.4 Applications

In order to apply Corollary 10.18 it is useful to perturb the symplectic form on a given symplectic
manifold(M,ω), because in this way one can construct Boothby-Wang contact structures on different
levels on the same total space overM .

Lemma 10.19.Let(M,ω) be a minimal closed symplectic 4-manifold withb+2 (M) > 1 and canonical
classK. Then every class inH2(M ;R) of the form[ω]+tK for a real numbert ≥ 0 can be represented
by a symplectic form.

Proof. Note that the canonical classK is a Seiberg-Witten basic class. SinceM is assumed minimal,
Proposition 3.10 and the argument in Corollary 3.11 show thatK is represented by a disjoint collection
of embedded symplectic surfaces inM all of which have non-negative self-intersection. The inflation
procedure [83], which can be done on each of the surfaces separately and with the same parameter
t ≥ 0, shows that[ω] + tK is represented by a symplectic form onM .

We can now prove:

Theorem 10.20.LetM be a closed, minimal simply-connected 4-manifold withb+2 (M) > 1 andω a
symplectic form onM . Denote the canonical class ofω byK and letm ≥ 1 be an arbitrary integer.
Then there exists a symplectic formω′ onM , deformation equivalent toω and representing an integral
and indivisible class, such that the first Chern class of the associated Boothby-Wang contact structure
ξ′ has divisibilityd(ξ′) = md(K).

1Notethat contact homology is actually a family of algebras which can be specialized at anyt ∈ H∗(X;R).
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Proof. Let k = d(K). We can assume thatω is integral and choose a basis forH2(M ;Z) such that

K = k(1, 0, . . . , 0)
ω = (ω1, ω2, 0, . . . , 0).

By a deformation we can assume thatω is not parallel toK, henceω2 6= 0. We can also assume that
ω1 is negative whileω2 is positive: Consider the change of basis vectors

(1, 0, 0, . . . , 0) 7→ (1, 0, 0, . . . , 0)
(0, 1, 0, . . . , 0) 7→ (q,±1, 0, . . . , 0),

whereq is some integer. Then the expression ofω changes to

(ω1 + qω2,±ω2, 0, . . . , 0).

Hence ifq is large enough, has the correct sign and the± sign is chosen correctly, the claim follows.
Suppose thatσ ∈ H2(M ;Z) is an indivisible class of the form

σ = (σ1, σ2, 0, . . . , 0)

which can be represented by a symplectic form, also denoted byσ. Let ζ denote the contact structure
induced on the Boothby-Wang total space byσ. We claim that the divisibilityd(ζ) is given by

d(ζ) = k|σ2|.

To prove this we writeK = −c1(M) = rR + γσ, whereR = (R1, R2, 0..., 0). Thenk − γσ1 and
γσ2 are divisible byr. This implies thatr divideskσ2. Conversely note that by assumptionσ1, σ2 are
coprime. LetR1, R2 be integers with

1 = σ2R1 − σ1R2

and define
γ = −kR2.

Then we can write
K = kσ2R− kR2σ.

This proves the claim aboutd(ζ).
Suppose thatm ≥ 1. By multiplying the expression forω with the positive numbermω2

we see that
the (rational) class

(α,m, 0, . . . , 0), α = ω1
m
ω2
,

is represented by a symplectic form. Note thatα < 0. By the inflation trick in Lemma 10.19 with
parametert = 1

k (1− α) it follows that

ω′ = (α,m, 0, . . . , 0) + (1− α, 0, . . . , 0)
= (1,m, 0, . . . , 0)

is represented by a symplectic formω′. The classω′ is indivisible. Letξ′ denote the induced Boothby-
Wang contact structure. By our calculation above,d(ξ′) = mk.



X.4 Applications 183

Definition 10.21. For integersd ≥ 4 andr ≥ 2 denote byQ(r, d) the number of elements of the
following set:

Q(r, d) = #

k ∈ N

k ≥ 4, k dividesd and there exists a simply-connected
symplectic 4-manifold(M,ω) with b2(M) = r andb+2 (M) > 1
whose canonical classK has divisibilityd(K) = k.


Lemma 10.22.Letd ≥ 4 andr ≥ 2 be integers. Suppose that either

• d is odd andX the simply-connected 5-manifoldX = (r − 2)S2 × S3#S2×̃S3, or

• d is even andX the simply-connected 5-manifoldX = (r − 1)S2 × S3.

In both cases, there exist at leastQ(r, d) many inequivalent contact structures on the leveld onX.

Proof. Recall that a spin (non-spin) simply-connected 5-manifold has only even (odd) levels. Suppose
thatd ≥ 4 is an integer and(M,ω) a simply-connected symplectic 4-manifold withb2(M) = r and
b+2 (M) ≥ 2 whose canonical class has divisibilityk = d(K) ≥ 4 dividing d. We can writed = mk.
By Lemma 6.2, the manifoldM is minimal and by Theorem 10.20 there exists a symplectic structure
ω′ onM that induces on the Boothby-Wang total spaceX with b2(X) = r− 1 a contact structure with
d(ξ) = d. Since the symplectic formω′ is deformation equivalent toω the canonical classK remains
unchanged. By Corollary 10.18 the contact structures on the same non-zero leveld on X coming
from symplectic 4-manifolds with different divisibilitiesk ≥ 4 of their canonical classes are pairwise
inequivalent.

Definition 10.23. For an integerd ≥ 4 letN(d) denote the number of positive integers≥ 4 dividing
d. If d is even, letN ′(d) denote the number of odd divisors≥ 4 of d.

Lemma 10.24.Letd ≥ 4 andr ≥ 2 be integers.

(1.) For anyr we haveQ(r, d) ≤ N(d).

(2.) If d is even andr is not congruent to2 mod4, thenQ(r, d) ≤ N(d′).

Proof. The first statement is clear by the definitions. For the second statement, suppose thatM is a
simply-connected symplectic spin 4-manifold. Then the intersection formQM is even andb+2 (M) odd.
Note thatb−2 = b+2 − σ, henceb2(M) = 2b+2 (M) − σ(M). SinceQM is even, the signatureσ(M) is
divisible by8. This implies thatb2(M) is congruent to2 mod4 becauseb+2 (M) is odd. Hence ifr is
not congruent to2 mod4 then there does not exist a simply-connected symplectic spin 4-manifoldM
with second Betti numberr. Hence all elements ofQ(r, d) are in this case odd.

We can now use our geography results from Chapter VI to estimate the numberQ(r, d) for different
values ofr andd. For example, from symplectic structures on homotopy elliptic surfaces we get:

Lemma 10.25.Letn ≥ 1 andd ≥ 4 be arbitrary integers.

(1.) If d is odd, thenQ(12n− 2, d) = N(d).

(2.) If d is even, thenQ(24n− 2, d) = N(d) andQ(24n− 15, d) = N ′(d).

Proof. By Theorem 6.11 we have the following:



184 Contact homology and Boothby-Wang fibrations

(1.) Suppose thatn > 1 andd ≥ 4 is odd. Then for every (odd) divisork ≥ 4 of d there exists a
symplectic homotopy elliptic surfaceM with b2(M) = 12n− 2, b+2 (M) ≥ 3 andd(K) = k. If
n = 1 one can choose a Dolgachev surfaceM with b2(M) = 10, b+2 (M) = 1 andd(K) = k.
Since the canonical class of a Dolgachev surface is represented by two disjoint tori of self-
intersection zero, given by the multiple fibres, the proofs of Lemma 10.19 and Theorem 10.20
also work in this case.

(2.) Suppose thatd ≥ 4 is even andm ≥ 1. Then for everyodd divisor k ≥ 4 of d there exists a
symplectic homotopy elliptic surfaceM with b2(M) = 12m − 2 andd(K) = k. For aneven
divisork ≥ 4 of d there exists a symplectic homotopy elliptic surfaceM with b2(M) = 12m−2
andd(K) = k if and only ifm ≥ 2 is even.

HenceQ(12m − 2, d) ≥ N(d′) if m is odd andQ(12m − 2, d) = N(d) if m is even. Setting
m = 2n− 1 in the first case andm = 2n in the second case the claims follow.

With Lemma 10.22 we get:

Proposition 10.26.Letn ≥ 1 be an arbitrary integer.

(1.) On every odd leveld ≥ 5 the 5-manifold(12n − 4)S2 × S3#S2×̃S3 admits at leastN(d)
inequivalent contact structures.

(2.) On every even leveld ≥ 4 the 5-manifold(24n − 3)S2 × S3 admits at leastN(d) inequivalent
contact structures.

(3.) On every even leveld ≥ 4 the 5-manifold(24n− 15)S2×S3 admits at leastN ′(d) inequivalent
contact structures.

In a similar way we can use other geography results from Chapter VI to find inequivalent contact
structures on simply-connected 5-manifoldsX with torsion freeH2(X;Z).
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In this appendix we derive some formulas for the first homology and the fundamental group of the
complementof a closed, oriented codimension 2 submanifoldF in a closed, oriented manifoldM .
We are in particular interested in the case of surfaces in 4-manifolds. However, the general case of
codimension 2 submanifolds is not more difficult, hence we consider this case. Some of the results are
well-known and used in many places in the literature, for instance Proposition A.3 on the fundamental
group and Proposition A.2 on the first homology ifH1(M) = 0. We use the results in this chapter in
particular in Sections V.1.4, V.3.2 and VI.3.2.

A.1 Definitions

LetMn be a closed, oriented manifold andFn−2 ⊂M a closed, oriented submanifold of codimension
2 which represents a non-torsion class[F ] ∈ Hn−2(M ;Z). We denote a closed tubular neighbourhood
of F by ν(F ) or νF and let

M ′ = M \ int νF.

ThenM ′ is an oriented manifold with boundary∂νF . On the closed manifoldM , the Poincaŕe dual of
[F ] acts as a homomorphism onH2(M ;Z),

〈PD([F ]),−〉 : H2(M ;Z) −→ Z.

By the assumption on[F ] the image of this homomorphism is non-zero and hence a subgroup ofZ of
the formkZ with k > 0. We assume that[F ] is divisible byk, i.e. there exists a classA ∈ Hn−2(M ;Z)
such that[F ] = kA. This is always true ifHn−2(M ;Z) ∼= H2(M ;Z) is torsion free.

We fix the following notation for some of the inclusions. For simplicity, we denote the maps
induced on homology and homotopy groups by the same symbol:
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i : F →M

ρ : M ′ →M

µ : ∂νF →M ′

j : σ →M ′, whereσ denotes ameridianof F in M ′, i.e. a fibre of the circle bundle∂νF → F .

For any topological spaceX, we use as an abbreviation the symbolsH∗(X) andH∗(X) to denote the
homology and cohomology groups ofX with Z-coefficients. Other coefficients are denoted explicitly.

LetA′ be the image ofA under the homomorphism

f : Hn−2(M)→ Hn−2(M,F ) ∼= Hn−2(M ′, ∂M ′), (A.1)

where the first map comes from the long exact homology sequence for the pair(M,F ) and the second
map is by excision.

A.2 Calculation of the first integral homology

We begin with the calculation of the first homology of the complement ofF inM . A similar calculation
has been done in [67] and [120] for the case of a 4-manifoldM and under the assumptionH1(M) = 0.

Lemma A.1. There exists a short exact sequence

0 −→ H2(M)
ZPD[F ]

ρ∗−→ H2(M ′) −→ ker(i: Hn−3(F )→ Hn−3(M)) −→ 0.

This sequence splits, becauseHn−3(F ) ∼= H1(F ) is torsion free.

Proof. We consider the long exact sequence in cohomology associated to the pair(M,M ′):

. . .→ H2(M,M ′)→ H2(M)
ρ∗→ H2(M ′) δ→ H3(M,M ′)→ H3(M)→ . . . .

By excision, Poincaŕe duality and the deformation retractionνF → F we have:

Hk(M,M ′) ∼= Hk(νF, ∂νF ) ∼= Hn−k(νF ) ∼= Hn−k(F ).

The mapHk(M,M ′)→ Hk(M) is then under Poincaré duality equivalent to the mapi : Hn−k(F )→
Hn−k(M). With k = 1, 2, this proves the claim.

We have the following proposition.

Proposition A.2. For M andF as above,H1(M ′;Z) ∼= H1(M ;Z)⊕ Zk.

Proof. We first show thatH1(M ′) ∼= H1(M). This follows from the long exact sequence in homology
for the pair(M,F ):

0→ Hn−1(M)→ Hn−1(M,F )→ Hn−2(F ) i→ Hn−2(M)→ Hn−2(M,F )→ Hn−3(F )→ Hn−3(M).

The mapi is given by
i : Hn−2(F ) ∼= Z −→ Hn−2(M),m 7→ m · [F ].
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Since[F ] is non-torsion, the mapi is injective. This implies thatHn−1(M,F ) ∼= Hn−1(M). Hence
by excision and Poincaré duality

H1(M ′) ∼= Hn−1(M ′, ∂M ′) ∼= Hn−1(M,F ) ∼= Hn−1(M) ∼= H1(M).

By the Lemma A.1 we see that

TorH2(M ′) ∼= Tor(H2(M)/ZPD[F ])
∼= Tor(H2(M)/ZkPD(A))
∼= TorH2(M)⊕ ZPD(A)/kZPD(A)
∼= TorH2(M)⊕ ZkPD(A).

The third step follows becauseA is indivisible and of infinite order. The Universal Coefficient Theorem
implies that

TorH2(M) = Ext(H1(M),Z) ∼= TorH1(M),

and similarly forM ′ (the second isomorphism is not canonical). This implies

TorH1(M ′) ∼= TorH1(M)⊕ Zk.

Using again the Universal Coefficient Theorem we get

H1(M ′) ∼= H1(M ′)⊕ TorH1(M ′)
∼= H1(M)⊕ TorH1(M)⊕ Zk
∼= H1(M)⊕ Zk.

A.3 Calculation of the fundamental group

In this section, we determine the relation betweenπ1(M ′) andπ1(M) which can be expressed as
follows:

Proposition A.3. The fundamental groups ofM andM ′ are related by

π1(M) ∼= π1(M ′)/N(σ),

whereN(σ) denotes the normal subgroup inπ1(M ′) generated by the meridianσ of F in M ′.

Proof. We choose a base point in∂M ′, which we do not write down in the following. We want to
apply the Seifert-van Kampen Theorem to the decomposition

M = M ′ ∪∂ ν(F ).

We fix presentations

π1(F ) = 〈α1, . . . , αm | r1, . . . , rn〉
π1(M ′) = 〈β1, . . . , βk | q1, . . . , ql〉,
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where theαi andβj areclosed loops inF andM ′ starting and ending at the base point in∂M ′. Note
thatπ1(ν(F )) ∼= π1(F ) sinceF is a strong deformation retract ofν(F ). Let

ψ : π1(∂ν(F ))→ π1(F )
µ : π1(∂ν(F ))→ π1(M ′)

denote the canonical homomorphisms induced by the inclusions (and projection in the first case). The
long exact homotopy sequence for the fibre bundleS1 → ∂ν(F )→ F gives an exact sequence

. . .→ π1(S1)→ π1(∂ν(F ))
ψ→ π1(F )→ 1. (A.2)

Hence we can choose generatorsγ1, . . . , γm+1 for π1(∂ν(F )) such thatγm+1 = σ and

ψ(γi) = αi, for i = 1, . . . ,m
ψ(γm+1) = 1.

We set
wj = µ(γj) ∈ π1(M ′), 1 ≤ j ≤ m+ 1.

Under the natural inclusionsi andρ we can view allαi andβj as elements inπ1(M). By Seifert-van
Kampen

π1(M) = 〈α1, . . . , αm, β1, . . . , βk | r1, . . . , rn, q1, . . . , ql, α1w
−1
1 , . . . , αmw

−1
m , w−1

m+1〉.

We want to simplify the presentation forπ1(M). The relationsαiw
−1
i = 1 imply that inπ1(M) we get

αi = wi for 1 ≤ i ≤ m. Since thewi are relations in the variablesβj we can write

π1(M) ∼= 〈β1, . . . , βk | r1, . . . , rn, q1, . . . , ql, w
−1
m+1〉,

where the relations
ri(α1, . . . , αm)

become
ri(w1, . . . , wm).

The curveri(α1, . . . , αm) is null-homotopic onF . Since

ψ(ri(γ1, . . . , γm)) = ri(α1, . . . , αm),

we see by the exact sequence (A.2) thatri(γ1, . . . , γm) is homotopic to a multipleγkim+1 of the fibre.
This implies that

ri(w1, . . . , wm)w−kim+1

is null-homotopic inM ′ and hence a product of theq1, . . . , ql. Therefore

π1(M) ∼= 〈β1, . . . , βk | q1, . . . , ql, wm+1〉
∼= π1(M ′)/N(σ),

sincewm+1 is the class of the fibre inπ1(M ′).

Corollary A.4. If M is simply-connected, thenπ1(M ′) = N(σ). Hence the fundamental group of the
complementM ′ is normally generated byσ.
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Proposition A.3 implies that the sequence

1→ N(σ)
j→ π1(M ′)

ρ→ π1(M)→ 1 (A.3)

is exact. By the following lemma this sequence induces an exact sequence in homology.

Lemma A.5. LetA
j−→ B

ρ−→ C −→ 1 be an exact sequence of groups. Then this induces an exact

sequence on abelianizationsH(A)
H(j)−→ H(B)

H(ρ)−→ H(C) −→ 0.

Proof. By the universal property of abelianizations, we get a commutative diagram

A
j−−−−→ B

ρ−−−−→ C −−−−→ 1

H

y H

y H

y
H(A)

H(j)−−−−→ H(B)
H(ρ)−−−−→ H(C) −−−−→ 0

The mapH(ρ) is surjective, sinceH ◦ ρ is surjective. Moreover,H(ρ) ◦H(j) = H(ρ ◦ j) = 0. Let
β ∈ H(B) with H(ρ)(β) = 0. Chooseb ∈ B with H(b) = β. Thenρ(b) is a product of commutators
in C,

ρ(b) = Πi[ci, c′i].

Sinceρ is surjective, we can choose preimagesbi, b
′
i of ci, c′i. Let

b′ = b(Πi[bi, b′i])
−1.

Thenρ(b′) = 1 andH(b′) = β. Let a ∈ A with j(a) = b′ andα = H(a). ThenH(j)(α) =
H(j(a)) = H(b′) = β. This proves exactness atH(B).

Corollary A.6. Thefirst integral homology groups ofM ′ andM are related by the exact sequence

0→ Zk
j→ H1(M ′;Z)

ρ→ H1(M ;Z)→ 0. (A.4)

which splits. The image ofj is generated by the classσ of the meridian ofF in M ′.

Proof. By equation (A.3) and Lemma A.5 we get a short exact sequence

0→ H(N [σ])
j→ H1(M ′)

ρ→ H1(M)→ 0.

The subgroupH(N [σ]) is equal to the cyclic subgroup〈σ〉 generated by the class of a fibre, which is
finite by Proposition A.2. Hence the map

TorH2(M) ∼= Ext(H1(M);Z)
(ρ∗)∗→ Ext(H1(M ′);Z) ∼= TorH2(M ′)

has cokernel isomorphic to〈σ〉. Since the map(ρ∗)∗ is the same as the naturally induced mapρ∗

on cohomology, which by the proof of Proposition A.2 has cokernelZkPD(A)′, we see that〈σ〉 ∼=
Zk.



190 Complements of codimension 2 submanifolds

A.4 Splittings for the first homology

By Theorem A.2 we know that the short exact sequence in Corollary A.6 splits. We want to determine
an explicit splitting. We dualize the short exact sequence

0→ Zk
j→ H1(M ′)

ρ→ H1(M)→ 0

to get the sequence

0→ Hom(H1(M),Zk)
ρ∗→ Hom(H1(M ′),Zk)

j∗→ Hom(Zk,Zk).

Note with our convention from the beginning homology and cohomology groups without explicit co-
efficients have integral coefficients. A splitting of sequence (A.4) is determined by a homomorphism

s : H1(M ′)→ Zk, with s ◦ j = IdZk ,

or, equivalently, an element

s ∈ Hom(H1(M ′),Zk), with j∗s = IdZk .

Suppose there exists such an elements. Then every others′ ∈ Hom(H1(M ′),Zk) with j∗s = IdZk is
given bys′ = s + ρ∗t for somet ∈ Hom(H1(M),Zk). This follows becausej∗(s′ − s) = 0 and by
exactness of sequence (A.4). All sucht can be chosen to define a splittings′.

By the Universal Coefficient Theorem,

Hom(H1(M ′),Zk) ∼= H1(M ′;Zk)

and similarly forM . Hence a splitting is determined by an elementα ∈ H1(M ′;Zk) with 〈α, j∗σ〉 = 1
and every other splittingα′ is of the formα′ = α+ρ∗β whereβ is an (arbitrary) element inH1(M ;Zk).
We now want to construct a class inH1(M ′;Zk) which defines a splitting.

LetA ∈ Hn−2(M) be a class with[F ] = kA, as above, andA′ ∈ Hn−2(M ′, ∂M ′) the associated
class inM ′. We consider the long exact sequence in cohomology related to the sequence of coefficients

0→ Z
·k→ Z

p→ Zk → 0:

...→ H1(M ′)
p→ H1(M ′;Zk)

β→ H2(M ′) ·k→ H2(M ′)→ ...

Hereβ denotes the associated Bockstein homomorphism. SinceA′ is ak-torsion class onM ′ we have
k · PD(A′) = 0. Hence there exists a classA ∈ H1(M ′;Zk) with β(A) = PD(A′).

We can realize the Bockstein homomorphism as a connecting homomorphism explicitly in the fol-
lowing way (see e.g. [16]): We denote the singular chain complex ofM ′ byC∗. Leta ∈ Hom(C1,Zk)
be a representative ofA. Then there exists an elementâ ∈ Hom(C1,Z) such thata is the modk
reduction of̂a. Sinceδa = 0 we see thatδâ ∈ Hom(C2,Z) takes values inkZ and hence is divisible
by k. Then the cochain1kδâ is coclosed and representsPD(A)′ ∈ H2(M ′;Z).

We consider the homomorphism

sA : H1(M ′;Z) −→ H1(M ;Z)⊕ Zk
α 7→ (ρ∗α, 〈A, α〉).

Proposition A.7. The homomorphismsA determines a splitting of the short exact sequence in Corol-
lary A.6.
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Proof. Let [γ] ∈ H1(M ′;Z) denotethe class of a fibre of the circle bundle∂ν(F ) → F in M ′. To
prove thatsA determines a splitting of the short exact sequence (A.4) we have to show that

〈A, [γ]〉 ≡ 1 modk.

Since[γ] has orderk in H1(M ′;Z) there exists a chainσ ∈ C2 such thatkγ = ∂σ. We get

〈A, [γ]〉 = 〈a, γ〉 ≡ 〈â, γ〉 mod k

= 〈â, 1
k∂σ〉 = 〈 1kδâ, σ〉 mod k.

We can cap offρ∗σ in M with k many 2-disksD2, which are fibres of the normal bundleν(F ), to
get a closed chainτ representing a class[τ ] ∈ H2(M ;Z). Let c be a cocycle representingPD(A) ∈
H2(M ;Z). Then we can write

ρ∗c = 1
kδâ+ δµ,

for someµ ∈ Hom(C1,Z), since1
kδâ representsPD(A′) = ρ∗PD(A). Then we have modulok:

〈A, [γ]〉 ≡ 〈ρ∗c, σ〉 − 〈δµ, σ〉
≡ 〈c, ρ∗σ〉 − k〈µ, γ〉
≡ 〈c, τ〉 − k〈c,D2〉 − k〈µ, γ〉
≡ 〈PD(A), [τ ]〉
≡ 1

k 〈PD[F ], [τ ]〉 mod k.

We know that〈PD[F ], [τ ]〉 = k since the zero section ofν(F ) intersects each fibre once. This implies
the claim.
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