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Abstract

During the last ten to fifteen years cosmology has turned from a data-starved to a data-driven
science. Several key parameters of the Universe have now been measured with an accuracy
better than 10%. Surprisingly, it has been found that instead of slowing down, the expansion of
the Universe proceeds at an ever increasing rate. From this we infer the existence of a negative
pressure component– the so-called Dark Energy (DE)– that makes up more than two thirds of
the total matter-energy content of our Universe. It is generally agreed amongst cosmologists
and high energy physicists that understanding the nature of the DE poses one of the biggest
challenges for the modern theoretical physics.

Future cosmological datasets, being superior in both quantity and quality to currently existing
data, hold the promise for unveiling many of the properties of the mysterious DE component.
With ever larger datasets, as the statistical errors decrease, one needs to have a very good con-
trol over the possible systematic uncertainties. To make progress, one has to concentrate the
observational effort towards the phenomena that are theoretically best understood and also least
“contaminated” by complex astrophysical processes or several intervening foregrounds. Cur-
rently by far the cleanest cosmological information has been obtained through measurements of
the angular temperature fluctuations of the Cosmic Microwave Background (CMB). The typical
angular size of the CMB temperature fluctuations is determined by the distance the sound waves
in the tightly coupled baryon-photon fluid can have traveled since the Big Bang until the epoch
of recombination. A similar scale is also expected to be imprinted in the large-scale matter dis-
tribution as traced by, for instance, galaxies or galaxy clusters. Measurements of the peaks in the
CMB angular power spectrum fix the physical scale of the sound horizon with a high precision.
By identifying the corresponding features in the low redshift matter power spectrum one is able
to put constraints on several cosmological parameters.

In this thesis we have investigated the prospects for the future wide-field SZ cluster surveys to
detect the acoustic scale in the matter power spectrum, specifically concentrating on the possi-
bilities for constraining the properties of the DE. The core part of the thesis is concerned with
a power spectrum analysis of the SDSS Luminous Red Galaxy (LRG) sample. We have been
able to detect acoustic features in the redshift-space power spectrum of LRGs down to scales
of ∼ 0.2 hMpc−1, which approximately corresponds to the seventh peak in the CMB angular
spectrum. Using this power spectrum measurement along with the measured size of the sound
horizon, we have carried out the maximum likelihood cosmological parameter estimation us-
ing Markov chain Monte Carlo techniques. The precise measurement of the low redshift sound
horizon in combination with the CMB data has enabled us to measure, under some simplifying
assumptions, the Hubble constant with a high precision: H0 = 70.8+1.9

−1.8 km/s/Mpc. Also we have
shown that a decelerating expansion of the Universe is ruled out at more than 5σ confidence
level.
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1. Introduction

Cosmology is the study of the origin and evolution of our Universe and as such it has fairly ambi-
tious tasks. Over the last 10-15 years, due to the rapid development of observational cosmology,
our knowledge about the Universe has increased dramatically. One can say that cosmology has
turned from a data-starved to a data-driven science. Several key parameters of our Universe have
been measured to an accuracy better than a few percent. Moreover, we have entered a stage where
we can start making accurate tests for many of the underlying assumptions. This success has led
to the establishment of the Standard Model of cosmology, often also called the “Concordance”
Model, in order to avoid confusion with the Standard Model of particle physics. Although it
is very successful in explaining the great body of diverse observational data (and that with the
model having in its simplest form only 5-6 free parameters!), we have to be worried about the
doubly occurring word “Dark”, which probably also adequately describes our current level of
knowledge. According to current best estimates, approximately two-thirds of our Universe is
made up of the mysterious smoothly-distributed Dark Energy (DE) component with negative
pressure, about one-third is in the form of the pressureless and noninteracting Cold Dark Matter
(CDM), while the familiar baryonic matter makes up less than 5% of the total density. Although
we have not yet detected particles possibly making up the CDM there are a plenty of candidates
provided by the various extensions of the Standard Model of particle physics. Concerning the DE
the situation is much less satisfactory. According to the most popular beliefs the DE might either
be caused by the famous Λ-term introduced by Einstein, leading to the so-called ΛCDM model,
or by a time-varying scalar field rolling slowly down the potential and thus being dominated by
the potential energy. The last models are known under the name Quintessence.

In this introductory chapter we start with a very brief review of the basics of the “concordance”
cosmological model. 1 The rest of the introduction is devoted to a discussion of acoustic oscil-
lations occurring in the tightly-coupled baryon-photon fluid in the early radiation-dominated
Universe and the imprint they leave on the angular power spectrum of the Cosmic Microwave
Background (CMB) radiation and on the spatial power spectrum of galaxies/galaxy clusters. Fi-
nally we describe some of the existing and future galaxy and galaxy cluster redshift surveys and
stress the need for fast semianalytical tools for analyzing these gigantic datasets.

1A detailed presentation of many of the underlying ideas and results leading to the standard cosmological model
can be found in several cosmology textbooks e.g. Weinberg (1972), Peebles (1980), Kolb & Turner (1990),
Padmanabhan (1993), Peebles (1993), Coles & Lucchin (1995), Liddle & Lyth (2000), Dodelson (2003).
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Introduction

1.1. Standard Model of cosmology

1.1.1. Homogeneous-isotropic backgrounds. Classical cosmological
tests

Looking at the complex patterns of the large-scale structure surrounding us, it seems at first sight
pretty hopeless to find any theory capable of describing all that richness. To make any progress
one certainly has to adopt several simplifying assumptions. The most important of these is the
Cosmological Principle, which states that on the largest scales our Universe is homogeneous and
isotropic, i.e. there are no special locations and directions, and thus it can be seen as a generaliza-
tion of the Copernican principle for the whole Universe. For decades this assumption was taken
for granted, due to aesthetic reasons, without any precise observational proof. Currently we have
a very good test for the assumption of isotropy provided by all-sky CMB experiments like C
and more lately by W, which demonstrate that after the subtraction of the dipole caused by
the peculiar motion of the Local Group, the remaining angular temperature fluctuations with re-
spect to the mean are only of the order 10−5. The isotropy around all the other points, as can be
expected if our location is by no means special, also implies homogeneity. If these symmetries
hold, and in addition the Weyl’s postulate, which states that there is a unique geodesic at each
space-time point, is satisfied, the most general space-time interval can be written as:

ds2 = c2dt2 − R2(t)
[
dχ2 + S 2

k(χ)(dθ2 + sin2 θdφ2)
]
. (1.1)

This is the Robertson-Walker metric. Here

S k(χ) =


sin χ if k = 1
χ if k = 0
sinh χ if k = −1 ,

(1.2)

t is the proper time measured by comoving observers, the scale factor R(t) is the radius of curva-
ture of space-like sections, χ is a dimensionless radial coordinate, θ and φ are the usual spherical
coordinates, and k is known as the curvature parameter. Only the sign of the curvature is impor-
tant since the general case can always be reduced to one of the above three cases by a suitable
rescaling. Assuming that General Relativity gives a valid description for the space-time evolu-
tion even at cosmologically large scales, we can move on and solve the Einstein field equations
to obtain the function R(t).2 To do that we also have to specify the matter-energy content of
the model universe. The standard assumption here is that Universe consists of several distinct
components like radiation, matter, and DE, which can be described as perfect fluids. In order to
close the set of resulting equations, the so-called Friedmann equations, one also has to provide
the relation between pressure and density for each of the components, i.e. one has to specify
the equation of state. The equation of state is normally modeled as a linear relation p = wρ,
where the parameter w takes the values 0, 1/3 and −1 for the pressureless matter (applicable
to both baryonic matter and CDM), for the radiation, and for the vacuum energy, respectively.
Assuming the above mentioned separate components with the corresponding equations of state

2In fact, the Einstein field equations do not allow time-independent homogeneous and isotropic solutions except
for the trivial case of a completely empty Universe.
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Figure 1.1.: “Cosmic triangle” from the 1999 Science magazine paper by Bahcall et al. (1999).
Three independent sources of information: the CMB fluctuations, Type Ia supernovae, and the abun-
dance of the massive galaxy clusters seem to point towards the low matter density, spatially flat
cosmological model. Spatial flatness is achieved by adding to the ∼ 1

3ρc of matter ∼ 2
3ρc contribu-

tion from the vacuum energy.

the most useful form for the Friedmann equation can be written as:

H(z) ≡
Ṙ
R
= H0E(z) , (1.3)

where

E(z) ≡

√√√√√√
Ωr(1 + z)4 + Ωm(1 + z)3 + Ωk(1 + z)2 + ΩDE exp

ln(1+z)∫
0

3 [1 + wDE(x)] dx . (1.4)

Here H(z) is the Hubble parameter describing the expansion rate, z = R
R0
− 1 is the redshift, and

Ωi is used to denote the density of the i−th component (r–radiation, m–matter, DE–Dark Energy)
in units of the critical density ρc =

3H2
0

8πG . The most favorable value for the z = 0 Hubble parameter
H0 is found to be around 70 km/s/Mpc (e.g. Freedman et al. 2001, Spergel et al. 2003). The
quantity Ωk is defined as:

Ωk ≡ 1 −Ωr −Ωm −ΩDE . (1.5)
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In terms of Ωk the curvature radius at z = 0, R0, can be expressed as:

R0 =
dH
√
|Ωk|
, (1.6)

where the Hubble distance
dH =

c
H0
= 2997.9 h−1 Mpc . (1.7)

H0 is usually expressed as H0 = h · 100 km/s/Mpc. The CDM and baryons both are modeled as
pressureless components, i.e. Ωm = ΩCDM + Ωb, and the radiation component, Ωr, is the sum of
photons and neutrinos: Ωr = Ωγ +Ων. In Eq. (1.4) we have written the term for the DE in a very
general form that allows for an arbitrarily varying equation of state parameter wDE(z). Since the
currently available cosmological data is not yet able to provide a reasonable measurement of the
function wDE(z), we assume a constant effective equation of state parameter weff throughout this
thesis, instead. 3 In this case the last term in Eq. (1.4) reduces to ΩDE(1+ z)3(1+weff ), which is just
a constant ΩΛ in the simplest case of the ΛCDM model (since then wDE ≡ −1).

The analysis of the CMB temperature fluctuations measured by the W satellite in combina-
tion with various other cosmological sources (e.g Type Ia supernovae, galaxy redshift surveys)
has lead to the precise measurement of several density parameters. Currently most favored val-
ues read as: Ωm = 0.27 ± 0.04, Ωb = 0.044 ± 0.004, ΩΛ = 0.73 ± 0.04, Ωk = 0.02 ± 0.02
(Spergel et al. 2003). Including also the precise measurement of the dimensionless Hubble pa-
rameter h = 0.71 ± 0.04 (Spergel et al. 2003), the resulting smooth background model is able to
accommodate the majority of the cosmological observations. That the spatially flat, low matter
density model is able to perform remarkably well was already known at the end of 90’s. This is
demonstrated in Fig. 1.1 which is taken from the famous paper by Bahcall et al. (1999). Thus
the rough “recipe” for the Universe is as follows: take ∼ 2

3ρc of vacuum energy, add ∼ 1
3ρc of

CDM, and finally, as a spice, add a little bit of baryons.
In fact, the best determined density parameter is the one corresponding to the photons, i.e
Ωγ. Since the measured CMB spectrum is practically a perfect black body with a temperature
T0 = 2.725 ± 0.001 K (Fixsen & Mather 2002), one can immediately calculate the physical
energy density provided by the photons: ργ0 = (4.642 ± 0.007) × 10−34 g/cm3, and thus Ωγ =
(2.471 ± 0.004) × 10−5h−2. In the standard model the energy density in neutrinos is 68% of that
in photons, and so Ωr = 1.68 · Ωγ. Thus the contribution of the radiation to the total energy
density of the current Universe is negligible. As seen from Eq. (1.4) this is not the case at higher
redshifts: at redshifts z ' 3300 radiation starts to dominate.

Using Eqs. (1.1), (1.2) and (1.3) one can express the comoving distance along the line of sight
as:

d‖(z) = dH

z∫
0

dz′

E(z′)
, (1.8)

where dH is the Hubble distance as defined above. The angle δθ subtended by the comoving
distance element with length δr⊥ perpendicular to the line of sight at redshift z can be given as:

3Throughout this thesis we also use the notation w0 in place of weff . The subscript 0 here refers to the lowest order
term in some form of the series expansion of the function wDE(z).
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1.1.1 Homogeneous-isotropic backgrounds. Classical cosmological tests

δr‖ =
c

H(z)δz

δr⊥ = d⊥(z)δθ

Figure 1.2.: The relation of the comoving interval along, δr‖, and perpendicular to the line of sight,
δr⊥, to the various kinematic measures of the expanding Universe.

δθ = δr⊥
d⊥(z) (see Fig. 1.2), where d⊥ is called the comoving angular diameter distance. Using the

expression for the curvature radius in Eq. (1.6), one can write for d⊥:

d⊥(z) = R0S k

(
d‖(z)
R0

)
, (1.9)

which in the case of the flat spatial sections reduces to d⊥(z) = d‖(z), as expected. There are sev-
eral classical cosmological tests that attempt to constrain the expansion law by directly measur-
ing the redshift-distance relation. For this purpose one needs objects whose intrinsic luminosity
or size is known. The first class of objects are called “standard candles”, while the second are
known as “standard rulers”. The currently best known objects to qualify as standard candles are
Type Ia supernovae. 4 Having standard candles available, one can measure directly the redshift
dependence of the luminosity distance:

dL(z) = (1 + z)d⊥(z) . (1.10)

Below we show that a very good standard ruler is provided by the sound horizon, i.e. the distance
a sound wave can travel since the Big Bang. Knowing the projected comoving length of the ruler
perpendicular to the line of sight, δr⊥, one can similarly measure the redshift dependence of the
comoving angular diameter distance as given in Eq. (1.9) (cf. Fig. 1.2). Knowing the comoving
extent of the ruler along the line of sight, δr‖, and determining observationally the corresponding
redshift interval δz, one can immediately find the Hubble parameter at the redshift of the ruler:
H(z) = cδz

δr‖
(cf. Fig. 1.2). It is worth to pointing out that H(z) is much more sensitive to wDE(z)

than δr⊥(z), since it involves only a single integration over the redshift, as can be seen from Eqs.

4To be precise, they are only “standardizable candles”, since the intrinsic luminosity for each object can only be
estimated after applying the empirically determined relation between the peak brightness and the decline rate of
the optical light curve.
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(1.3) and (1.4), instead of two integrals, as in Eqs. (1.9),(1.8), and (1.4). If instead of the “real”
standard ruler we have available an “object” (e.g. two point correlation function of galaxies)
whose comoving shape is known, e.g. δr‖/δr⊥ = 1, we can only find the combination H(z)d⊥(z).
This is known as the Alcock-Paczynski test (Alcock & Paczynski 1979). Thus in the case of
the “real” standard ruler we can perform an “absolute” version of the Alcock-Paczynski test, i.e.
can get both H(z) and d⊥(z) separately. Yet another classical test is based on a number count
of objects. Namely if we have some class of objects whose comoving number density with its
possible evolution is well known, then the observed number counts as a function of redshift gives
us a direct information about the evolution of the comoving volume element with time.

Distance/Hubble parameter/volume element measurements at a fixed redshift will constrain
only a single linear combination of the cosmological parameters. In order to determine various
parameters separately one has to perform measurements at various redshifts (especially impor-
tant is to probe higher redshifts that are out of the simple Hubble flow) and/or include information
from other cosmological sources.

In the above discussion we assumed the validity of the General Relativity, which itself is not
well tested at cosmologically large scales. This led us to the Friedmann equation (see Eqs.
(1.3),(1.4)). One might take instead a different approach and assume only the validity of ho-
mogeneity and isotropy together with the assumption that space-time is described by a metric
theory. This allows us to introduce the metric as in Eq. (1.1). Taking this kinematical approach
and expanding the free function R(t) as follows:

R(t) = R0

[
1 + H0(t − t0) −

1
2

q0H2
0(t − t0)2 +

1
6

j0H3
0(t − t0)3 + . . .

]
, (1.11)

we can write the analog of Eqs. (1.3) and (1.4) in the form:

H(z) = H0

[
1 + (1 + q0)z +

1
2

( j0 − q2
0)z2 + . . .

]
. (1.12)

The quantity q0 ≡ −
R̈

RH2 (z = 0) is known as the deceleration parameter and j0 ≡ −
...
R

RH3 (z = 0) the
so-called jerk (Blandford et al. 2005) at the current epoch. If the observations are made at higher
redshift, one certainly would not expand around z = 0, but around e.g. the median redshift,
instead. Expanding Eqs. (1.3) and (1.4) also up to the 2nd order in z and assuming constant
effective equation of state parameter weff, we can find the correspondences:

q0 =
1
2
Ωm +

1 + 3weff

2
ΩDE , (1.13)

j0 = Ωm +

[
1 +

9
2
weff(weff + 1)

]
ΩDE . (1.14)

Throughout most of this thesis we assume flat spatial sections, i.e. Ωm + ΩDE = 1, and constant
effective equation of state parameter weff. Under these assumptions one can easily replace the
kinematic parametrization (h, q0, j0) with the dynamic one (h,Ωm, weff). The inverse relations to
Eqs. (1.13) and (1.14) can then be given as:

Ωm =
2
[
j0 − q0(1 + 2q0)

]
1 + 2( j0 − 3q0)

, (1.15)

weff =
2(3q0 − j0) − 1

3(1 − 2q0)
. (1.16)

8



1.1.2 Perturbed FLRW models

If weff is restricted to the range weffmin ≤ weff ≤ 0, then in the currently considered case
3weffmin+1

2 ≤

q0 ≤
1
2 and −1

8 ≤ j0 ≤ (3weffmin + 1)(
3weffmin

2 + 1). The observationally favored spatially flat ΛCDM
model corresponds to q0 =

3
2Ωm − 1 and j0 = 1.

The above described homogeneous and isotropic cosmological models are known as Friedmann-
Lemaître-Robertson-Walker (FLRW) models.

1.1.2. Perturbed FLRW models

FLRW models form the cornerstone of the standard Big Bang theory. Big Bang theory, although
being very successful in predicting correctly e.g. the abundance of light elements and the exis-
tence of the CMB, has several problems it is not able to address properly. For example: why are
the spatial sections of our Universe so close to being flat? Under the usual Einstein-de Sitter (i.e.
Ωtot ' Ωm ' 1) behavior of the early Universe tiny deviations from the spatial flatness would
be amplified very quickly, making our well studied late-time Universe very unnatural outcome.
This problem is known as the flatness problem. The second unanswered question is why our
Universe appears so homogeneous at large scales, although under the decelerated expansion of
the early Universe these large regions had no chance of exchanging information. This is known
as the horizon problem. There are also several other problems and it turns out that many of these
can be naturally solved by postulating an early period of accelerated expansion. The models with
an early accelerated expansion phase are known as the inflationary models. Here we do not delve
into the vast subject of inflationary cosmology, but refer the reader to the standard texts like Linde
(1990), Kolb & Turner (1990), Liddle & Lyth (2000), instead. The only important point for us
to stress is that inflation provides a causal mechanism for generating initial density fluctuations
(and thus providing the solution to the so-called fluctuation problem) that under the gravitational
instability develop into the large-scale structure that we observe in the present Universe. As the
inflation is stretching the tiny quantum fluctuations to the vast cosmological scales, we might
really have a good chance of learning something about these exotic high energy processes taking
place in the early Universe through the study of the large-scale structure, or the CMB angular
fluctuations. The simplest inflationary scenarios predict adiabatic and Gaussian initial condi-
tions with a nearly scale-invariant Harrison-Zeldovich spectrum (i.e. the spectral index ns = 1)
(Harrison 1970, Zeldovich 1972). All of these predictions are currently completely compatible
with the available observational constraints. Also the generic prediction for the nearly flat spatial
sections is in full agreement with the observational data. Thus the observations indeed seem to
require an early accelerated epoch of the Universe. The question is of course how much we can
possibly learn about the extremely high energy physical processes that are involved, and that in
the case when almost all the characteristic observational features are very close to their simplest
“vanilla” values.

As the initial fluctuations are given by the Gaussian random field with zero mean, they are
completely described by the two-point function, which in the Fourier space is known as the
power spectrum. The Fourier space picture is favorable since the covariance matrix of the Fourier
modes has only diagonal elements. Moreover, this covariance structure is preserved under linear
evolution since each of the Fourier modes (as being eigenmodes of the flat space Laplacian)
evolves independently. The initial spectrum is usually parametrized as:

Pinit(k) = Askns , (1.17)
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where the spectral index ns = 1 corresponds to the scale invariant (Harrison-Zeldovich) case.
Here we consider only scalar perturbations since these are the ones relevant for the studies of the
large-scale structure. In addition to these inflation also excites tensor modes, i.e. gravitational
waves, and there is a hope in the “CMB community” to detect these through the CMB B−mode
(i.e. divergence-free) polarization by the extremely sensitive future experiments like CMBPol
5. Inflation does not excite vector modes, and even if there are some to start with, these should
decay due to the expansion of the Universe, unless they are regenerated by some form of “active
perturbations” that can be provided by cosmic defect models. The defect models are strongly
disfavored as the dominant source for the initial fluctuations by the CMB measurements (e.g.
Durrer et al. 2002).

In order to calculate how these initial perturbations evolve in time, one has to integrate the cou-
pled set of Einstein-Boltzmann equations. Here one has to specify all the separate matter/energy
components with possible interactions between them. The usual treatment includes baryons,
photons, CDM, and neutrinos. All the electrically charged species in the radiation dominated
plasma are strongly coupled by Coulomb interaction. The other important process is Compton
scattering of electrons and photons that together with Coulomb interaction keeps photons and
baryons tightly coupled up to redshifts ∼ 1200. When the temperature of the Universe drops
below ∼ 0.3 eV, hydrogen starts to recombine, eliminating the population of free electrons. This
leads to the break-down of the tightly coupled baryon-photon fluid and to the enormous increase
of the mean free path of the photons. These freely streaming photons are the ones we observe
as the CMB. The baryons that case to feel the strong pressure of the photon gas start to fall back
onto the CDM density peaks that were able to grow significantly since the matter-radiation equal-
ity. The CDM component is strongly needed to reconcile the small fluctuations in the CMB with
the highly evolved large-scale structure that surrounds us. With baryons only one cannot obtain
fast enough growth. This is actually one of the strongest arguments that requires the existence of
the component with the properties of the CDM.

The detailed treatment of the evolution of the initial perturbations is a fairly technical sub-
ject that is beyond the scope of the current short introduction. There exist several excellent
sources that present the perturbation calculation in full glory e.g. Mukhanov et al. (1992), Ma &
Bertschinger (1995). We are mostly concerned with the evolution of the matter density fluctua-
tions. The results of the full calculation can be expressed as a transfer function T (k) that maps the
initial matter fluctuation spectrum to the linearly evolved spectrum at the current epoch. Since
well inside the regime of matter domination the shape of the power spectrum does not change
anymore one can express the low redshift power spectrum as:

P(k, z) =
g2(z)
g2(0)

T 2(k)Pinit(k) , (1.18)

where the initial power spectrum is usually taken in the form of Eq. (1.17), and the linear growth
factor g(z) satisfies the following differential equation:

d2g

d ln a2 + {1 −
1
2

[Ωm(z) + (1 + 3w(z))ΩDE(z)]}
dg

d ln a
−

3
2
Ωm(z)g , (1.19)

5http://universe.nasa.gov/program/inflation.html
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1.1.2 Perturbed FLRW models
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Figure 1.3.: Various linear matter power spectra for the spatially flat models with the Harrison-
Zeldovich initial spectrum and with the dimensionless Hubble parameter h = 0.7, normalized to the
same amplitude at the largest scales. The upper group of curves corresponds to the Einstein-de Sitter
(i.e. Ωm = 1), while the lower group to the ΛCDM models with Ωm = 0.3 and ΩΛ = 0.7. Within
each group the amount of baryons increases from the top to the bottommost curve.

where a = 1
1+z , and Ωm(z)/ΩDE(z) is the matter/dark energy density parameter at redshift z, i.e.:

Ωm(z) = Ωm
(1 + z)3

E2(z)
, (1.20)

ΩDE(z) = ΩDE

exp
ln(1+z)∫

0
3 [1 + wDE(x)] dx

E2(z)
. (1.21)

In case the dark energy is provided by the cosmological constant, the solution for Eq. (1.19) can
be given as:

g(a) =
5
2
ΩmH2

0 H(a)

a∫
0

da′

(a′H(a′))3 . (1.22)

Here the growth function is normalized such that at early times (i.e. well in the Einstein-de Sitter
phase) g(a) = a.

One can use several publicly available Boltzmann codes like C6 (Bertschinger 1995)
and the newer generation of tools partly based on it, such as C7 (Seljak & Zaldarriaga

6http://web.mit.edu/edbert/
7http://www.cmbfast.org/
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1996), C8 (Lewis et al. 2000), C9 (Doran 2005), to calculate transfer functions. As
the names of many of these tools hint they can also be used for calculating the CMB angular
power spectra for various cosmological models. While the older solvers for the CMB angular
spectra used to integrate the full Boltzmann hierarchy up to the desired multipole `, the newer
tools separate the problem into the source term and the subsequent radiative transfer towards
the low redshift observer (Seljak & Zaldarriaga 1996). There also exist several approximate and
very fast tools for the CMB angular spectrum calculation such as CMBfit10(Sandvik et al. 2004),
DASh11(Kaplinghat et al. 2002) and CMBwarp12(Jimenez et al. 2004). Similarly, there exist
accurate fitting formulae for the matter transfer functions by e.g. Eisenstein & Hu (1998) and
Novosyadlyj et al. (1999). All of these approximate tools are useful for the fast likelihood cal-
culations in the high dimensional cosmological parameter spaces. Many of the approximations
are based on various analytical results (see eg. Hu 1995, Hu & Sugiyama 1995, 1996, Eisen-
stein & Hu 1998) that significantly help to improve our knowledge about the underlying physical
processes. In the current thesis we make extensive use of the C code to calculate the CMB
angular power spectra and the matter transfer functions.

A few example power spectra for the CDM models are shown in Fig. 1.3. Here all the models
are spatially flat with the Harrison-Zeldovich initial spectrum and the dimensionless Hubble
parameter h is fixed to 0.7. The upper group of curves corresponds to the Einstein-de Sitter
models (i.e. Ωm = 1) whereas the lower to the ΛCDM models. Inside each group the amount
of matter provided by the baryons is increasing from the top to the bottommost curve. All the
spectra have been normalized to the same amplitude at the largest scales. Some important things
to notice: (i) the power spectra for the high matter density models turn over at smaller scales
(i.e. higher k) than the spectra for the lower density ones; (ii) the higher baryon fraction Ωb/Ωm

leads to the stronger damping of the spectrum; (iii) the models with the high baryon fraction
also develop a periodic sequence of acoustic oscillations. The turn-over in the matter spectrum
occurs at the scale corresponding to the size of the horizon at matter-radiation equality, which
itself is inversely proportional to the parameter combination Γ ≡ Ωmh (assuming distances are
measured in units of h−1 Mpc), the so-called shape parameter. The reason for the power spectrum
to turn over is the fact that during radiation domination the fluctuation modes inside the horizon,
due to the high pressure of the photon gas, can grow only logarithmically, whereas the ones
outside the horizon keep on growing proportional to the scale factor squared. After the matter-
radiation equality the fluctuations in the CDM component can start growing more efficiently. As
the baryons are still coupled to the photon gas the baryonic fluctuations cannot yet start growing.
This continues until the epoch of recombination when the Universe turns neutral and baryons
get released from the pressure of the photon gas, allowing them to start falling into the CDM
potential wells. Since in the “concordance” cosmological model baryons make up ∼ 15% of the
total matter, they also have some non-negligible gravitational influence on the CDM component,
leading to some “smoothing” of the CDM density field. The more baryons, the stronger the
smoothing/damping of the final matter spectrum. The formation of the acoustic features in the

8http://camb.info/
9http://www.cmbeasy.org/

10http://www.hep.upenn.edu/ sandvik/CMBfit.html
11http://bubba.ucdavis.edu/DASh/
12http://www.physics.upenn.edu/ raulj/CMBwarp/
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1.2 Introduction to acoustic oscillations

matter power spectrum will be discussed in some detail in the next section.

1.2. Introduction to acoustic oscillations

During the last decade observational cosmology has witnessed extremely rapid development.
Currently several key parameters describing our Universe, such as the global densities of var-
ious matter/energy components, Hubble parameter, etc. have been measured to an accuracy
better than 10%. This rapid progress is largely driven by precision measurements of the angular
temperature fluctuations of the Cosmic Microwave Background (CMB). Since the density inho-
mogeneities at the time when the Universe recombined and the CMB was emitted (at redshift
z ∼ 1100) were only one part in 100, 000 the Einstein-Boltzmann equations describing the evo-
lution of these fluctuations can be linearized to a very good approximation, which makes the
solution of this complicated equation set possible. In general, the success of the current theoret-
ical models in explaining many of the observed features of the CMB to a high precision can be
seen as a guarantee that these models are on the right track. We have learned several important
things about the primordial seed fluctuations, presumably generated during the early accelerating
expansion phase of the Universe, in analyzing these small fluctuations imprinted onto the CMB
sky. First, the CMB data demands the dominant fluctuation mode to be adiabatic, i.e. the initial
number-density fluctuations δni

ni
for all components of the cosmic fluid follow each other. 13 Sec-

ond, the initial fluctuations are compatible with being Gaussian with a roughly scale-free power
spectrum. These observations are in full agreement with the predictions of the simplest inflation-
ary Universe models. As the seed fluctuations are of Gaussian nature they are fully described by
the two-point function (since we are defining the fluctuations around the mean CMB temperature,
the mean fluctuation itself is zero), which in harmonic space is known as the power spectrum.
Roughly speaking, the power spectrum shows how the fluctuation power is distributed amongst
the perturbations having different wavelengths. The angular spectrum of the CMB temperature
fluctuations as measured by the WMAP team together with the best fitting ΛCDM model with
approximately scale-invariant adiabatic initial conditions is shown in the upper panel of Fig. 1.4.
Here the most characteristic features are the so-called acoustic peaks with the most prominent
first peak corresponding to an angular scale of ∼ 0.6◦. Thus the temperature fluctuations of the
CMB sky have the strongest contrast (after removing the dipolar temperature anisotropy caused
by the motion of the Local Group) for the patches with a typical size of ∼ 0.6◦. This typical
scale is directly related to the distance the sound waves in the tightly coupled baryon-photon
fluid in the pre-recombination Universe can have traveled since the Big Bang. According to the

13This implies that fluctuations in the mass density δi ≡
δρi
ρi

for photons, neutrinos, CDM, and baryons are related
as δγ = δν = 4

3δCDM =
4
3δb. These fluctuations are directly related to the perturbations in the spatial curvature.

There is also possibility for the initial fluctuation modes that do not perturb spatial curvature. These are known as
isocurvature perturbations, and they can be seen as entropy perturbations S i ≡

δni
ni
−
δnγ
nγ

. So for the N−component
“cosmic soup” in addition to the adiabatic mode there can be up to N−1 different isocurveture modes. The most
general perturbation can always be expressed as a combination of the adiabatic mode with several isocurvature
components. All the currently existing observational data are consistent with the adiabatic initial conditions, as
predicted by the simplest inflationary models. According to the CMB data the dominant adiabatic fluctuation
mode can have only a small isocurvature admixture. For this reason we consider only models with pure adiabatic
initial conditions throughout this thesis.
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Figure 1.4.: Upper panel: The CMB angular power spectrum as measured by the WMAP team
together with the best-fitting ΛCDM model curve. The inset shows the zoom into the damping tail.
Due to very strong decline of the CMB angular spectrum at large multipoles the y−axis is multiplied
with an extra factor of `2 in comparison to the main figure. Lower panel: The power spectrum of the
SDSS LRGs plotted in a way allowing for a direct comparison with the corresponding CMB spec-
trum provided in the upper panel. The comoving wavenumber k was transformed to the multipole
number ` such that ` ' 9940·k[h Mpc−1], where 9940 h−1 Mpc is the comoving angular diameter dis-
tance to the last scattering surface for the best-fit WMAP “concordance” model (Spergel et al. 2003).
The solid green line is the cubic spline fitted to the observational data. The lower dashed curve is the
linearly evolved matter spectrum corresponding to the best fitting model from the panel above, while
the upper dashed line shows the spectrum after incorporating the treatment for the redshift space
distortions and nonlinear evolution. The thin solid lines represent the “smoothed” models without
baryonic oscillations. All the model spectra here are convolved with a survey window function. The
vertical dotted lines mark the positions of the acoustic peaks in the CMB power spectrum.
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currently most favorable model for the large-scale structure formation– the gravitational insta-
bility theory– these tiny high-redshift fluctuations, as probed by the CMB, serve as seeds for the
highly evolved cosmic structure surrounding us. The important consequence of the linear gravi-
tational instability theory is that all the features present in the initial matter fluctuation spectrum
should survive throughout cosmic evolution. The “concordance” cosmological model due to its
relatively low baryonic matter fraction (only ∼ 15% of the matter is in the form of the baryons,
the rest being contributed by the cold dark matter (CDM)) predicts that the low redshift matter
power spectrum should contain small (∼ 5%) fluctuations due to the acoustic phenomena. And
this is indeed the case, as has now been confirmed by analysis of the spatial clustering of the
Sloan Digital Sky Survey (SDSS)14 Luminous Red Galaxy (LRG) sample by Eisenstein et al.
(2005) (who determined the two-point correlation function) and more recently by Hütsi (2005),
Hütsi (2006a) (who determined both the power spectrum and two-point correlation function).
Cole et al. (2005) have similarly detected acoustic oscillations in the power spectrum of the 2dF
15 galaxy sample. The SDSS LRG power spectrum as measured by Hütsi (2006a) is shown on the
lower panel of Fig. 1.4. In order to ease the comparison with the upper panel we have converted
the comoving wavenumbers to the corresponding multipole numbers, as explained in the figure
caption. Here the lower dashed line corresponds to the linearly evolved matter power spectrum
for the sameΛCDM model whose CMB power was shown on the upper panel. The upper dashed
curve shows the model spectrum after the corrections for the nonlinear effects and redshift space
distortions are taken into account. The solid green line represents the cubic spline fitted to the
data points, vertical dotted lines give the locations of the CMB acoustic peaks, and the thin solid
lines represent the “smoothed” models without baryonic oscillations. An important point to note
here is the fact that the CMB spectrum has an oscillation frequency approximately two times
higher than the corresponding frequency in the matter power spectrum. The reason for this will
be explained below.

Usually the cosmological perturbation equations are solved in harmonic space, i.e. all the
quantities are expressed as superpositions of plane waves (or their generalizations if the spatial
sections of the space-time are not flat). This representation is very convenient for numerical stud-
ies, since due to the motion invariance of the evolution equations the time dependence factorizes
out, and thus we are basically left with a standing wave decomposition whose amplitudes can
just be appropriately adjusted as the time goes by. Although numerically convenient this repre-
sentation is not very intuitive. A more enlightening picture arises if the analysis is carried out in
real space instead. In Fig. 1.5 we show a pedagogical example by D.Eisenstein 16, that itself is
based on an original work by Bashinsky & Bertschinger (2002). The figure displays an evolution
sequence of the initial adiabatic spherical density perturbation. Here the x−axis displays the co-
moving radius r and the y−axis presents the mass profiles of several perturbation components (as
listed in the legend), i.e. the fractional overdensities δρi/ρi times r2, in arbitrary units. For clarity
the extra factors of 4/3 have been omitted for the relativistic components. Initially all the com-
ponents are confined inside the perturbation. Since the initial overdensity in the tightly coupled
baryon-photon fluid also corresponds to the initial overpressure, an outward-moving spherical
sound wave will be launched. As the neutrinos are not coupled to the rest of the matter at these

14http://www.sdss.org/
15http://www.mso.anu.edu.au/2dFGRS/
16http://cmb.as.arizona.edu/∼eisenste/acousticpeak/

15



Introduction

-0.002

 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0  20  40  60  80  100  120  140  160  180  200

m
as

s p
ro

fil
e o

f p
er

tu
rb

at
io

n

radius [h-1Mpc]

z=80000
Dark Matter

Baryons
Photons

Neutrinos

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  20  40  60  80  100  120  140  160  180  200

m
as

s p
ro

fil
e o

f p
er

tu
rb

at
io

n

radius [h-1Mpc]

z=8000
Dark Matter

Baryons
Photons

Neutrinos

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  20  40  60  80  100  120  140  160  180  200

m
as

s p
ro

fil
e o

f p
er

tu
rb

at
io

n

radius [h-1Mpc]

z=1500
Dark Matter

Baryons
Photons

Neutrinos

-0.5

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 0  20  40  60  80  100  120  140  160  180  200

m
as

s p
ro

fil
e o

f p
er

tu
rb

at
io

n

radius [h-1Mpc]

z=1080
Dark Matter

Baryons
Photons

Neutrinos

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 0  20  40  60  80  100  120  140  160  180  200

m
as

s p
ro

fil
e o

f p
er

tu
rb

at
io

n

radius [h-1Mpc]

z=500
Dark Matter

Baryons
Photons

Neutrinos

-200

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 1800

 2000

 0  20  40  60  80  100  120  140  160  180  200

m
as

s p
ro

fil
e o

f p
er

tu
rb

at
io

n

radius [h-1Mpc]

z=0
Dark Matter

Baryons
Photons

Neutrinos

Figure 1.5.: The evolution sequence of the initial adiabatic density peak. The x-axis shows the
comoving distance in h−1 Mpc, while the y-axis displays the mass profile of the perturbation in
arbitrary units. Black, red, blue and green lines correspond to the CDM, baryons, photons and
neutrinos, respectively. The redshifts corresponding to each of the “snapshots” are given above each
panel. The linearized Einstein-Boltzmann equation set was solved using publicly available C
software. (Example originally due to D.Eisenstein)
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relatively low redshifts, they start to diffuse out of the sound wave. CDM distribution is also
significantly “smoothed” due to the gravitational pull of the outward-traveling baryon-photon
perturbation. This “smoothing” gives the final CDM spectrum with its characteristic turnover.
At redshifts around z ∼ 1050 the tight coupling between the baryons and photons breaks down
as the Universe starts to recombine and thus the photons can begin to diffuse out of the sound
wave. As the baryons are released from the photon pressure the sound speed drops radically and
the sound wave practically stalls. In fact the slow motion of the baryonic shell continues down
to z ∼ 200 (the so-called drag epoch). After that redshift the baryons decouple from the photons
completely and can start to fall back onto the central CDM density peak that has grown signifi-
cantly since the matter-radiation equality. Because in the “concordance” cosmological model the
baryonic density is not completely negligible it has also some gravitational effect on the CDM
component. Thus the final density profile will have a small density enhancement at the distance
corresponding to the size of the sound horizon at the end of the drag epoch. A more general
initial density field can always be expressed as a superposition of δ-spikes. As we are dealing
with linear perturbation theory the evolved field can be expressed as the sum of the separately
evolved δ−functions, i.e. the ordinary Green’s function method. 17 Thus in the more general
case one would also expect an enhancement in the two-point correlation function at the separa-
tion corresponding to the sound horizon. This relatively narrow peak in the correlation function
leads to the oscillating behavior of the power spectrum shown in Fig. 1.4. The CMB sky in this
picture corresponds to the superposition of the “photon shells” (whose thickness is determined
by the efficiency of the diffusive processes) that are cut by the last scattering surface which itself
is a shell with a thickness of ∼ 30 h−1 Mpc. Since in the case of the “photon shells” no perturba-
tion is left in the center the corresponding correlation length is approximately twice as large as
the one for the matter component, and thus the CMB angular spectrum also fluctuates twice as
frequently. To be more precise, the acoustic horizon as measured from the CMB sky is slightly
smaller than the one imprinted in the matter distribution, since as mentioned above, the sound
wave does not stall completely at recombination. Useful fitting formulae for the acoustic scales
relevant for the CMB and large-scale structure studies can be found in Appendix A. There we
also show how the directly observable quantities depend on various cosmological parameters.

The acoustic scale measured from the SDSS LRG power spectrum shown in Fig. 1.4 was found
to be (105.4 ± 2.3) h−1 Mpc. This value assumes that the background model used to calculate
the distances is the WMAP best-fit “concordance” model. For different background models
this value can easily be rescaled. It is worth pointing out that WMAP data 18 (Hinshaw et al.
2003, Kogut et al. 2003) together with a prior on the Hubble parameter from the HST Key
Project 19, H0 = 72 ± 8 km/s/Mpc (Freedman et al. 2001), would predict the corresponding
scale to be (107 ± 20) h−1 Mpc. Thus the measurement given above provides a factor of ∼ 10
improvement. Also it turns out that the models with baryonic features are favored by 3.3σ over
their “smoothed-out” counterparts without any oscillatory behavior, i.e. the acoustic features are

17The curves in Fig. 1.5 are only approximations for the exact Green’s functions, since due to numerical con-
venience, as we use the spectral methods for solving the equations, our initial density peak was taken to be a
Gaussian with a finite width. Thus these functions correspond to the Green’s functions convolved with a nar-
row Gaussian window, and as such, the late-time curves, because of being significantly broader than the initial
Gaussian, provide already very good approximations.

18http://lambda.gsfc.nasa.gov/
19http://www.ipac.caltech.edu/H0kp/
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Table 1.1.: The list of the most common cosmological parameters.

Inflationary parameters As, ns, d ln ns
d ln k , At, nt

Evolutionary parameters h, Ωm, Ωb, Ωr, Ων, ΩDE, weff, τ

detected at a relatively high confidence level. All of this demonstrates the great promise of the
future extremely large galaxy redshift surveys to be carried out with instruments like WFMOS
(Wide-Field Multi-Object Spectrograph), formerly known as K.A.O.S. (Kilo-Aperture Optical
Spectrograph) 20.

The full consequences of the acoustic scale measurement, as quoted above, for the cosmologi-
cal parameters will be worked out in the last chapter of this thesis.

1.3. Cosmological parameters. Markov Chain Monte Carlo

A few decades ago observational cosmology was termed to be a “quest for two parameters” only:
the Hubble parameter H0 and the deceleration parameter q0 (see Eq. (1.11)). During the years
our knowledge about the Universe has increased dramatically. Most importantly, we now seem
to have a very good theory available to explain the growth of the tiny initial fluctuations, as ob-
served at the last scattering surface of the CMB, to the large-scale cosmic structure surrounding
us at low redshifts. We are now asking significantly more complex questions, and as such, also
the parameter space has grown from two dimensions up to more than ten dimensional. The list of
the most common parameters is given in Table 1.1. Here we have separated out the parameters
that describe the initial fluctuations and called them “inflationary parameters”. These include
the spectral indices (ns,nt) and amplitudes (As, At) of the scalar/tensor perturbations and the run-
ning of the scalar spectral index d ln ns

d ln k . The other group of parameters determine the expansion
law of the background Universe or/and the way perturbations evolve. We call these parameters
“evolutionary parameters”. Here the list includes a dimensionless Hubble parameter h; various
density parameters Ωm, Ωb, Ωr, Ων, ΩDE for the total nonrelativistic matter, baryons, radiation,
massive neutrinos, and dark energy, respectively; dark energy equation of state parameter weff ,
which in the most general case can be a free function of redshift; and τ, the optical depth to the
last scattering surface, which influences the level of the CMB fluctuations on smaller scales.

In order to carry out parameter analysis, using e.g. CMB or galaxy clustering data, it is essential
to have accurate and fast tools available for the calculation of the evolution history of the initial
perturbations. A few of the publicly available tools were listed in subsection 1.1.2. In this
thesis we almost always use the C software package developed by Anthony Lewis 21 for this
purpose. For the C it takes less than a second on a 3 GHz processor to calculate the CMB
angular power spectrum for the flat models. Including the calculation of the transfer functions,
and/or calculating spectra for the non-flat models or models including massive neutrinos, takes
somewhat longer time (in any case less than 10 seconds). It is now immediately clear that usual

20http://www.noao.edu/kaos/
21http://camb.info/
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grid-based likelihood calculation is not feasible when using accurate Boltzmann solvers such as
C. If we have a 10-dimensional parameter space and in case we would calculate only 10
points per dimension, the total number of points would be 1010. Having the above 3 GHz serial
machine we would have to wait ∼ 300 years to finish the calculation. Also the storage of the
resulting grid would require ∼ 40 TB of disk space. This task would be barely within the reach
of the current day biggest supercomputers, but fortunately there exist much better numerical
techniques that require orders of magnitude less computational power.

Almost all the recent cosmological parameter studies use the Markov Chain Monte Carlo
(MCMC) techniques, well known in the field of computational statistical mechanics, to speed up
the likelihood calculations. For a good overview of the MCMC methods see e.g. Neal (1993),
Gilks et al. (1996), MacKay (2003). Here instead of calculating the likelihood function at the
predefined set of grid points one draws a sample of events from the posterior probability (poste-
rior probability = likelihood times the prior probability) distribution. Having a sample of events
from the posterior distribution makes the calculations of the marginal distributions, means, stan-
dard deviations, etc. completely trivial. The question is of course how to set up an algorithm
that moves around in the high dimensional parameter space and as an output provides us with a
fair sample from the posterior under investigation. There are several sampling algorithms avail-
able (see e.g. Neal 1993, 2000) with the most famous amongst these being the algorithm due
to Metropolis and Hastings (MH) (Metropolis et al. 1953, Hastings 1970). The MH in its most
basic form is extremely simple:

1. Start at some point Θi
22 (i = 1) in a high dimensional parameter space.

2. Draw a step ∆Θ from the proposal distribution p(∆Θ).

3. If the proposed new point Θi+1 = Θi + ∆Θ has higher likelihood than Θi, i.e. L(Θi+1) >
L(Θi), accept it as a new member of the chain. Otherwise accept it only with probability
L(Θi+1)
L(Θi)

. If point gets rejected take Θi+1 = Θi. The point is always rejected if it violates
some prior constraints.

4. Go to step 2.

It can be shown that the asymptotic distribution for the Markov chain obtained this way agrees
with the posterior distribution we are investigating. There are several technical issues: e.g. how
to assure that the chain has reached an equilibrium? For the final analysis the initial transient
period when the chain has not yet equilibrated– the so-called “burn in” period– is removed from
the chain. There exist several “recipes” for estimating the length of the “burn in” (e.g. Raftery
& Lewis 1995). It is evident that the neighboring elements of the chain are not independent. To
remove these correlations one usually “thins the chain”, i.e. uses only every n−th element of the
chain. Also there exist “recipes” to find appropriate thinning factor (e.g. Raftery & Lewis 1995).
The hardest part of the implementation of the MCMC algorithm is to find an appropriate proposal
distribution. The width of the proposal distribution must approximately match the width of the
posterior we try to sample from. In case of too broad proposal distribution the chain gets stuck to
one point for a long time, leading to a very strongly correlated chain with only a small number of
independent samples. This is termed as an insufficient mixing of the chain. Insufficient mixing

22Here Θi denotes the value of the parameter vector at step i.
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occurs also in the opposite case of the too narrow proposal distribution. In that case, as almost
all of the points will get accepted 23, the chain performs a Brownian motion with a too small
step size to sample properly the whole region where the posterior has significant amplitude. In
the case of the cosmological parameter estimation one often uses a multidimensional Gaussian
as a proposal distribution. As we often have a rather good knowledge about possible parameter
degeneracies, it is useful to transform to the independent normal coordinates, which leads to
a much better mixing. Without this transformation it is very hard to achieve a good mixing
along degenerate directions. Since the topology of the “acceptance region” in the cosmological
parameter space is usually relatively simple, it is completely acceptable to use the simple MH
algorithm with the Gaussian proposal distribution. In the case of more complex topologies,
e.g. several disconnected regions with significant posterior probability, one has to rely on more
advanced sampling techniques (see e.g. Neal 1993, 2000)

Concerning cosmological parameter estimation, one often gets a rather good sampling of a
10−dimensional posterior with a chain of a few 105 elements. Compared to the above mentioned
grid-based technique this leads to a huge increase in performance: now we have to calculate the
likelihood in a factor of ∼ 105 times less number of points. In general, the number of points
needed for the MCMC algorithm to sample the posterior distribution satisfactorily depends ap-
proximately linearly on the dimensionality of the parameter space. In contrast, for the usual
grid-based methods this scaling is exponential. Moreover, quite often it is possible to “reuse”
already calculated Markov chains. For example, if we obtain some additional data and the pos-
terior of the complete dataset stays relatively close to the old one, we can simply reweight the
available chain instead of building the new chain “from the scratch”. This method is known as
Importance Sampling. For more details see e.g. Gilks et al. (1996). In this thesis we perform
the MCMC calculations using the publicly available C24 package (Lewis & Bridle 2002)
with the necessary modifications to include the additional new datasets.

We finish this section by noting that although in Table 1.1 we have given more than 10 parame-
ters, almost all the currently existing observational data can be accounted for by a model having
only 5 (6) freely adjustable parameters (Liddle 2004, Tegmark et al. 2004b): h, Ωm, Ωb, As, τ,
(ns) and the others just kept fixed to their “vanilla” values: ΩDE = 1 − Ωm, Ωr = 1.68 × Ωγ,
Ων = 0, d ln ns

d ln k = 0, At = 0, weff = −1, (ns = 1). These simple 5 − 6 parameter models can be
extended in several ways, but as already mentioned, current data does not really “call for any
extra parameters”. Two interesting questions to be hopefully settled in the nearest future are:

• Is the dark energy equation of state wDE = −1 independent of redshift, i.e. is it compatible
of being a cosmological constant?

• Do we live in a marginally closed Universe as might currently be hinted by the W data?

23Assuming that we started out the chain in a high likelihood region.
24http://cosmologist.info/cosmomc/
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1.4. Large galaxy/cluster surveys. Fast semianalytical
methods for structure formation

Several galaxy/galaxy cluster redshift surveys have played an important role in helping to es-
tablish the “concordance” cosmological model. The largest redshift survey in existence is the
Sloan Digital Sky Survey (SDSS)25 with its latest public data release providing 565, 715 galaxy
and 76, 483 quasar redshifts across 4783 square degrees of the sky. The Main Galaxy Sample
reaches redshifts z ∼ 0.2, whereas the subset of the spectroscopic galaxy sample known as the
Luminous Red Galaxy (LRG) sample reaches redshifts z ∼ 0.5. The SDSS is actually both
imaging and redshift survey, where the imaging is taken in five photometric bands. Out of this
high quality imaging data various classes of objects are selected (like Luminous Red Galaxies,
quasars etc.) for subsequent spectroscopic follow-up. The survey, once finished, is planned to
provide redshifts for ∼ 106 Main Sample galaxies, ∼ 105 LRGs, ∼ 105 quasars and cover ∼ 1

4 of
the sky. The imaging part of the survey has already covered the initially planned area. The spec-
troscopic part, for which ∼ 80% is currently completed, will be also finished within a couple of
years in the framework of the recently announced SDSS II. Another large survey, which finished
taking data in 2002, is the 2dF Galaxy Redshift Survey. 26 This survey covers ∼ 2000 square
degrees and provides redshifts for ∼ 220, 000 galaxies. The depth of the survey is comparable to
the SDSS Main Sample, i.e. z ∼ 0.2.

The redshift space distribution of galaxies can be used to estimate the power spectrum of
the underlying matter distribution, which is sensitive to several cosmological parameters (see
subsection 1.1.2). However, there are several complications involved:

1. Galaxies/clusters represent discrete sampling of the underlying matter density field. To be
able to extract the clustering signal one needs sufficiently high sampling density in order
to avoid the dominance of the shot noise component.

2. Galaxies/clusters do not faithfully trace the mass. In the CDM models the more massive
the object, the more strongly clustered it is with respect to the underlying density field.
This is known as biasing (e.g. Kaiser 1984). In general the bias can be scale-dependent,
nonlinear and stochastic (Dekel & Lahav 1999). Only on the largest scales the usual
approximation of linear scale-independent bias is justified.

3. The distances inferred from the measurements of the redshifts are distorted due to the
non-negligible peculiar motions of the galaxies (the so-called redshift space distortions).
Spatially extended coherent inflows of matter towards massive accretion centers boost the
redshift space power spectrum over the real space one at large scales (Kaiser 1987). Inside
the galaxy clusters the chaotic motion of galaxies causes the cluster to appear elongated
along the line of sight, known as the “fingers of God” effect (e.g. de Lapparent et al. 1986).
This results in the drop of power with respect to the real space power spectrum. Redshift
space distortions somewhat complicate the power spectrum analysis, but luckily they also
carry complementary cosmological information.

25http://www.sdss.org/
26http://www.mso.anu.edu.au/2dFGRS/
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4. To convert the observed redshifts to comoving distances one has to assume some cosmo-
logical model. If the real cosmology differs from the chosen fiducial model, we end up
with a distorted power spectrum. This is known as the cosmological distortion.

5. The theory makes accurate predictions only about the linearly evolved power spectrum,
whereas with redshift surveys we are able to probe down to small scales that have gone
nonlinear long ago. In order to exploit this extra information at smaller scales one needs
to have some description available that goes beyond the simple linear evolution theory.
Since currently our understanding of the nonlinear evolution is rather limited, one usually
ignores completely the small-scale data above the wavenumbers of ∼ 0.2 h Mpc−1.

The power spectrum of the SDSS main galaxy sample has been measured by Tegmark et al.
(2004a). The cosmological parameter estimation based on this measurement along with the
CMB data from the W experiment was carried out in Tegmark et al. (2004b). The correlation
function analysis for the SDSS LRG sample can be found in Zehavi et al. (2005), Eisenstein
et al. (2005). The 2dF survey power spectrum has been determined by Percival et al. (2001) and
more recently by Cole et al. (2005), the parameter estimation including additional CMB data was
performed in Percival et al. (2002), and the spatial two-point correlation function was analyzed
by Hawkins et al. (2003).

These surveys certainly contain a lot of other information beyond the simple power spectrum
(correlation function) descriptor. Especially rich is the dataset provided by the SDSS with its
high quality multicolor photometry along with a spectra that have far higher resolution than
would just be needed to determine redshifts. The question is of course how much of this infor-
mation we might possibly use for cosmological purposes, taking into account our currently rather
limited understanding of the nonlinear structure formation. In this thesis we limit ourselves only
to the two point descriptors of galaxy clustering. A detailed review of the various other statistical
quantities which are sensitive to higher order correlations of the matter distribution can be found
in Martínez & Saar (2002).

For the next generation of large redshift surveys to become operational one probably has to
wait till ∼ 2012. There is a WFMOS (Wide Field Multi-Object Spectrograph)27 instrument
construction planned for the Gemini 28 and Subaru 29 observatories that should be completed at
2012. This new multi-object spectrograph will be able to measure the spectra of ∼ 5000 objects
at the same time. There are plans to perform a wide field (∼ 2000 deg2) redshift survey giving
spectra for ∼ 2×106 galaxies up to redshifts of z ∼ 1.3 together with a more narrow (∼ 200 deg2)
and deeper (z ∼ 2 . . . 3) survey with a yield of ∼ 5 × 105 galaxies. With the capabilities of this
new instrument all of this could be obtained with an observational effort lasting significantly less
than one year. By the year 2020 the field of large-scale structure studies is probably completely
dominated by the proposed next-generation radio synthesis array, the Square Kilometre Array
(SKA) 30. With its 1 km2 collecting area, wide frequency coverage (0.1 − 25 GHz), and very
large field of view (possibly up to 100 deg2) this revolutionary instrument would be able to
measure within the framework of the observational campaign lasting ∼ 1 year the redshifts of

27Formerly known as K.A.O.S. (Kilo-Aperture Optical Spectrograph).
28http://www.gemini.edu/
29http://www.naoj.org/
30http://www.skatelescope.org/
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∼ 109 galaxies up to z ∼ 1.5 via their 21 cm line emission of neutral hydrogen. 31 With such a
huge number of galaxy redshifts available one can find the 3D power spectrum and its evolution
with extremely high accuracy. Being able to determine the locations of the acoustic features in
the power spectrum for several redshifts, one can put very tight constraints on the properties of
the dark energy. Although the next significant step in mapping the 3D distribution of galaxies
will probably be made around ∼ 2012, there is some short-term progress hoped by exploiting
the new multi-object spectrographs such as AAOmega 32 (the successor of the 2dF instrument)
on the Anglo-Australia Telescope 33 and FMOS 34 on the Subaru telescope. These instruments,
if given sufficiently observational time, could provide hundreds of thousands of galaxy redshifts
over large areas of sky within a few coming years. Also the SDSS survey will be completed
around 2008, roughly doubling the size of the spectroscopic sample collected so far.

On the other hand, the next generation of wide-field imaging surveys are already operating
or will become operational very soon. The wide-field optical cameras currently collecting data
include OmegaCAM 35 on VST 36 and MegaCam 37 on Canada-France-Hawaii Telescope 38.
In the near infrared there is a WFCAM instrument 39 on United Kingdom Infra-Red Telescope
40 collecting data within the framework of the UKIDSS 41 infrared survey (the successor of
2MASS 42). In late 2006 the construction of the 4 m class wide-field survey telescope VISTA
(Visible and Infrared Survey Telescope for Astronomy) 43, equipped with near infrared camera,
will be finished in Chile. Within a few coming years the Pan-STARRS (Panoramic Survey
Telescope & Rapid Response System)44 survey with its four 1 m telescopes will start to map
the sky. This facility is able to image the entire available sky several times each month (thus
providing a breakthrough in detecting transient events). With this instrument a 1200 deg2 ultra
deep imaging survey is also planned. In the more distant future (∼ 2012) the LSST (Large
Synoptic Survey Telescope) 45 is planned to become operational. This instrument has capabilities
to cover the entire available part of the sky in every three nights. It is estimated that from the weak
lensing maps provided by LSST it should be possible to detect ∼ 2 × 105 galaxy clusters. As the
imaging of all these surveys is taken in several filters it is possible to use the photometric redshift
(photo-z) techniques to obtain approximate estimates for the redshifts of the detected objects. To
calibrate photo-z one still needs complementary redshift surveys to measure the redshifts for
some small fraction of the objects. With this effectively “2.5D data” one can certainly perform
many useful studies of the large-scale structure. The lack of positional accuracy along the line of

31In 2D the number of detected galaxies would reach ∼ 1010.
32http://www.ast.cam.ac.uk/AAO/local/www/aaomega/
33http://www.aao.gov.au/about/aat.html
34http://www.sstd.rl.ac.uk/fmos/
35http://www.astro.rug.nl/∼omegacam/
36http://twg.na.astro.it/vst/vst_homepage_twg.html
37http://cfht.hawaii.edu/Instruments/Imaging/MegaPrime/
38http://www.cfht.hawaii.edu/
39http://www.roe.ac.uk/atc/projects/wfcam/
40http://www.jach.hawaii.edu/UKIRT/
41http://www.ukidss.org/
42http://www.ipac.caltech.edu/2mass/
43http://www.vista.ac.uk/
44http://pan-starrs.ifa.hawaii.edu/public/
45http://www.lsst.org/
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sight can be substantially compensated by much larger sky coverage compared to the currently
existing redshift surveys. Although being capable of providing significant new information in
a relatively short timescale, these surveys by no means can replace the future wide-field deep
redshift surveys.
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Figure 1.6.: The performance of various cluster surveys in comparison to the SDSS LRG sample.
For the S and P-like SZ surveys we have plotted the cases with 15, 000, 25, 000 and 35, 000
detected galaxy clusters. The lines corresponding to the flux-limited X-ray survey represent the
cases with 25, 000, 35, 000, 70, 000 and 100, 000 detected clusters. With the dotted lines we have
also shown the obtainable accuracy of the power spectrum measurement once the SDSS redshift
survey is completed within the few coming years. The P-like, S-like, and possible X-ray
survey were assumed to cover the full sky, one octant, and 60% of the sky, respectively.

In the upcoming years also several cluster surveys will be performed. The most remarkable
amongst these are the SPT (South Pole Telescope) 46 and PLANCK 47 surveys that exploit the
specific frequency dependence and redshift independence of the thermal Sunyaev-Zeldovich ef-
fect (Sunyaev & Zeldovich 1980) for finding galaxy clusters. PLANCK as the next generation
CMB satellite mission will provide nearly full sky coverage (except the regions close to the
Galactic plane that are strongly “contaminated” by several foreground components), whereas
the SPT is planned to cover ∼ 4000 deg2 of the sky. Due to the relatively poor angular resolu-
tion PLANCK will be able to detect only low redshift (z ∼ 0.5) galaxy clusters, while the SPT
cluster sample will be much deeper (z ∼ 1 and beyond). Both of these surveys are expected to
detect ∼ 25, 000 galaxy clusters. In order to use the full power of these samples for large-scale
structure studies, one needs to determine redshifts of these objects, which is a very difficult task
in practice, since one needs at least ∼ 10 galaxy redshifts per cluster. On the other hand, it is

46http://spt.uchicago.edu/
47www.rssd.esa.int/Planck/
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also possible to use photo-z instead. It is completely fine to use photo-z for cluster number count
studies, but for the clustering analysis this would lead to significant loss of (potential) informa-
tion. As noted earlier, large cluster samples are similarly expected to be obtained by the weak
lensing surveys. Also there are some plans in the X-ray community to perform a cluster survey
with a yield of ∼ 105 galaxy clusters (Hasinger 2005). Although the cluster samples will be
significantly sparser than the samples provided by the galaxy redshift surveys, the higher level
of clustering strength of these massive systems will somewhat compensate the lower spatial den-
sity. In Fig. 1.6 we have shown the potential of the large cluster samples to constrain the power
spectrum in comparison to the SDSS LRG sample. Here we have assumed that the spectrum
will be determined in wavenumber bins of width ∆k = 0.005 h Mpc−1. With the dotted line we
have shown the performance of the SDSS LRG redshift survey once completed. The blue/green
lines correspond to the P/S-like SZ cluster survey with 15, 000, 25, 000 and 30, 000 de-
tected galaxy clusters. The red lines represent the limits obtainable from the flux-limited X-ray
survey with 25, 000, 35, 000, 70, 000 and 100, 000 galaxy clusters. The P-like, S-like,
and possible X-ray survey were assumed to cover the full sky, one octant, and 60% of the sky,
respectively. Here we remind that for the “concordance” cosmological model a typical predicted
level of the fluctuations in the matter power spectrum ∆P

P ∼ 5%.
In order to understand the influence of the cosmic variance, the survey selection effects and the

redshift-space distortions on the statistical descriptors extracted from the realistic galaxy/cluster
samples, one often has to rely on the Monte Carlo approach that frequently requires us to build
many thousands of mock catalogs over large cosmological volumes, before converging results
are obtained. Moreover, changing the underlying assumed cosmological model, one should, in
principle, redo the whole calculation. With current computational technology it is completely
infeasible to attack these issues using numerically demanding N-body calculations. So inevitably
one has to relay on fast semianalytical techniques. Many years of work on N-body calculations
has given us an accurate description for the mass function of the CDM haloes (Sheth & Tormen
1999, Jenkins et al. 2001, Sheth et al. 2001). It would also be desirable to have some fast tools
available that are capable to reliably generate the spatial distribution of haloes along the past
light-cone. Here we just mention a few methods that might be useful to achieve these goals.

The evolution of the CDM component, which governs the formation of the large-scale structure
48, is determined by the Vlasov49-Poisson equation system. Since this is a complicated system
to deal with, one usually makes a fluid approximation, which is valid at early enough times.
Modeling the CDM as a pressureless fluid leads to the replacement of the Vlasov-Poisson sys-
tem with a simpler system that consists of the continuity equation, the Euler equation and the
Poisson equation. At early enough time, when the density fluctuations δ � 1, one can linearize
these equations. This leads to the standard Eulerian linear perturbation theory (see e.g. Peebles
1980, Sahni & Coles 1995). One can also go to higher perturbative orders (e.g. Peebles 1980,
Fry 1984, Sahni & Coles 1995, Bernardeau et al. 2002). If the fluctuation amplitude δ ∼ 1, the
perturbative approach breaks down completely. It turns out that much better approximations that
stay valid also in the quasi-linear regime can be obtained by using the particle-based Lagrangian
perturbative approach (see e.g. Moutarde et al. 1991, Bouchet et al. 1992, Buchert 1992, Bouchet

48The influence of baryons i.e. gasodynamical effects become noticeable only on smaller scales relevant e.g. for
the galaxy formation.

49Also known as collisionless Boltzmann equation.
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et al. 1995, Sahni & Coles 1995). Here instead of perturbing the density contrast field δ, one per-
turbs particle trajectories (i.e. gives a description in terms of the displacement field). The lowest
order Lagrangian approach is known as the Zeldovich approximation (Zel’Dovich 1970) 50 In
this approximation the particles just keep on moving with their initial comoving velocities. It
provides a good description of the evolution of the density field up to the formation of the first
caustic structures. After that the approximation gets progressively worse since the ballistically
moving particles do not feel any gravitational pull of the dense caustic regions. Instead they
just pass through these density enhancements, leading to their complete erasure at later times.
This method can be modified by including extra viscosity term to the equations, which makes the
particles to stick together once they enter into caustics– and thus the name– the adhesion approxi-
mation (Gurbatov et al. 1989). There is actually even easier method available to cure the “caustic
dilution problem”. It turns out that if one removes from the initial displacement field the modes
shorter than the nonlinearity scale corresponding to the redshift when the “output is taken”, the
caustics remain sharp. This is known as the truncated Zeldovich approximation (Coles et al.
1993, Melott et al. 1994). The optimal choice for the spectral truncation scale has been investi-
gated in several papers e.g. Coles et al. (1993), Melott et al. (1994), Weiss et al. (1996), Hamana
(1998). As with an Eulerian approach here one can also work out the higher order perturbation
theory. In this thesis we use the second order “optimized” (i.e. optimally truncated) Lagrangian
perturbation theory (2LPT) to generate large-scale density fields, which turn out to agree (at
scales larger than ∼ 10 h−1 Mpc) remarkably well with those obtained from direct N-body simu-
lations started from the same initial conditions. For the description of the exact realization of the
method see Appendix C. In Fig. 1.7 we compare the performance of the 2LPT with respect to
the full N-body calculation. Both calculations had 2563 dark matter particles in a comoving box
of side length 375 h−1 Mpc. The N-body calculation used the MLAPM 51 (Multi-Level Adaptive
Particle Mesh) cosmological multi-grid N-body solver (Knebe et al. 2001). In the upper panel
of Fig. 1.7 we show the cuts through the 3D density fields, constructed with the 3D Delaunay
tessellation field estimator as described in Schaap & van de Weygaert (2000), whereas the lower
panels display the corresponding particle distributions inside the 7.5 h−1 Mpc thick slices at the
position of the cuts. As we can see, at the current resolution level the 2LPT density field is
remarkably similar to the one obtained from the full N-body calculation. Now the biggest issue
is of course how to fragment this density field into separate haloes. With the cluster-size haloes
this task is probably relatively easily manageable, since these massive systems can be directly
identified with the density peaks where several filamentary features cross. The masses of these
peaks (e.g. determined with a 10 h−1 Mpc top-hat filter) can be rank-ordered and then mapped
to the “real cluster masses” compatible with the analytically well known cluster mass function.
With the galaxies the situation is much more complicated since the formation of these smaller
scale systems involves a great deal of gasodynamical processes, which are poorly understood.
Of course, the approximation based on the 2LPT breaks down already on scales way larger than
the ones relevant for the galaxy formation. Here one can take a completely statistical approach
instead, and assume that the probability to form a galaxy at some point is determined by the
density of its immediate neighborhood. In the simplest case this probability can just be taken to

50In fact the Zeldovich approximation provides an exact solution for the evolution of the plane-wave perturbation
in the expanding background up to the first shell-crossing.

51http://www.aip.de/People/AKnebe/MLAPM/
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Figure 1.7.: The performance of the “optimized” 2LPT (left-hand panels) with respect to the precise
N-body (right-hand panels) calculation. The computational box had a side length of 375 h−1 Mpc
and contained 2563 dark matter particles. The upper panels show the cuts through the 3D density
fields, constructed with the 3D Delaunay tessellation field estimator as described in Schaap & van
de Weygaert (2000), whereas the lower panels display the corresponding particle distributions inside
the 7.5 h−1 Mpc thick slices at the position of the cuts.
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be proportional to the surrounding density. As the initial density field itself was a realization of
the Gaussian random process, and the probability for forming a galaxy at some point is modeled
as a Poisson process with the intensity given by the density of the underlying field, we have here
a doubly random process, which in spatial statistics is known as a Cox process (see e.g. Martínez
& Saar 2002). Actually almost all the statistical analyses of the large-scale structure assume that
the spatial point distribution provided by the galaxies can be modeled as a Cox process i.e. the
galaxies represent a Poisson sampling of the underlying density field. One can make this process
slightly more realistic, for example by adding around each “formed galaxy” a zone of avoidance,
where other galaxies cannot form. In this thesis we use this approach to generate mock galaxy
catalogs needed for determining the covariance properties of the measured SDSS LRG power
spectrum.

1.5. In this Thesis

In this introductory Chapter we have summarized the underlying ideas and have hopefully helped
to set the stage for what follows.

In Chapter 2 we investigate the possibility of using the forthcoming blank sky wide-field SZ-
selected cluster surveys to put constraints on the properties of dark energy. Instead of the usual
number counts analysis we concentrate on the clustering properties of those largest gravitation-
ally relaxed systems. We carry out Fisher matrix forecasting for various cosmological parame-
ters, specifically focusing on two types of survey: (i) shallow surveys with approximately full sky
coverage, like the one to be performed by the P Surveyor spacecraft, (ii) narrower (∼ 1/8
of the sky) and deeper surveys, e.g. the one that will be carried out by the S. The analysis
includes a treatment of the anisotropic nature of the observed power spectra due to redshift space
and cosmological distortions. The light-cone effect is also taken into account. We pay partic-
ular attention to the possibility of detecting baryonic acoustic oscillations in the cluster power
spectrum. It turns out that on the largest scales both of these surveys will have the capability
to improve measurement of acoustic features compared to the recently announced results using
the SDSS LRG (Eisenstein et al. 2005, Hütsi 2005, Hütsi 2006a) and 2dF (Cole et al. 2005)
galaxy samples. We demonstrate that interesting constraints for the dark energy equation of state
parameter can be expected if additional information from the CMB studies is included.

In Chapter 3 we carry out a full redshift-space power spectrum analysis of the SDSS DR4
LRG sample, finding evidence of acoustic oscillations down to scales of ∼ 0.2 h Mpc−1, which
approximately corresponds to the seventh peak in the CMB angular power spectrum. We present
a high-precision measurement of the acoustic scale: (105.4 ± 2.3) h−1 Mpc. Using the W
data together with the prior on the Hubble parameter from the HST Key Project, H0 = 72 ±
8 km/s/Mpc, the corresponding scale would be predicted to lie in the range (107 ± 20) h−1 Mpc,
showing that our measurement provides an order of magnitude improvement over that prediction.
We also show that this measurement is in good agreement with the correlation function analysis
of the SDSS LRGs carried out by Eisenstein et al. (2005). It is additionally demonstrated that
models with baryonic features in their spectra are favored by 3.3σ over their “smoothed-out”
counterparts without any oscillatory behavior, i.e. the acoustic features are detected at a relatively
high confidence level.

In Chapter 4 we work out the consequences of the measured power spectrum and acoustic scale
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on various cosmological parameters. In this parameter study we focus on adiabatic, spatially
flat models with negligible massive neutrino and tensor perturbation contributions. To break the
parameter degeneracies additional data from the W experiment is used. The most remarkable
result is a new determination of the Hubble parameter H0 = 70.8+1.9

−1.8 km/s/Mpc. This precise
measurement of H0 helps to break several parameter degeneracies and allows us to measure the
density parameters Ωcdm and Ωb, and also the dark energy equation of state parameter weff with
significantly higher accuracy than is possible with the W and HST data alone. Through the
determination of these parameters we are able to constrain the low-redshift expansion law of the
Universe. Particularly, we find that the decelerating Universe is ruled out at the confidence level
of 5.5σ. We also stress the need to properly rescale the power spectrum if the background model
is changed. Surprisingly, almost all previous analyses have ignored this point.
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2. Clustering of SZ clusters on a past
light-cone: acoustic oscillations and
constraints on dark energy

G. Hütsi
Astronomy & Astrophysics 446, 43 (2006)

Abstract

We study the clustering of SZ-selected galaxy clusters on a past light-cone, particularly paying attention
to the possibility of constraining properties of dark energy. The prospects of detecting baryonic features
in the cluster power spectrum for a wide and shallow survey like PLANCK, and for an SPT-like narrow
and deep survey are discussed. It is demonstrated that these future blank sky SZ surveys will have the
capability to improve over the recently announced detection of baryonic oscillations based on the SDSS
Luminous Red Galaxy (LRG) sample. We carry out parameter estimation using a Fisher matrix approach
taking into account the anisotropic nature of the power spectrum due to redshift space and cosmological
distortions. The clustering signal which is not too sensitive to systematic uncertainties serves as a valu-
able piece of information that in combination with other sources of data helps in breaking degeneracies
between the cosmological parameters.

2.1. Introduction

In the early 1970’s it was recognized that acoustic waves in the radiation dominated matter
prior to the epoch of recombination of hydrogen in the Universe resulted in the characteristic
pattern of maxima and minima in the post-recombination matter power spectrum (Sunyaev &
Zeldovich 1970, Peebles & Yu 1970, Doroshkevich et al. 1978). These acoustic peaks depend on
the size of the sound horizon and on the relative phases of the perturbations containing different
masses at the moment of recombination. In the currently most favorable cosmological models
with a Cold Dark Matter (CDM) component dominating significantly over the baryonic part, the
acoustic features in the matter power spectrum are strongly damped, reaching only ∼ 5% level
for the “concordance” model (Bahcall et al. 1999, Spergel et al. 2003). For early description
of the acoustic oscillations in the context of the CDM models see Blumenthal et al. (1988).
For a given set of parameters of the Universe (Ωbh2, Ωmh2) the position of the maxima and
minima are fully determined (e.g. Eisenstein & Hu 1998). Acoustic oscillations also leave their
imprint on the angular perturbations of the Cosmic Microwave Background (CMB). MAXIMA-
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1, 1 Boomerang, 2 WMAP, 3 VSA, 4 CBI, 5 and many other CMB experiments detected the first
acoustic peaks in the CMB power spectrum with a high confidence level (Hanany et al. 2000,
Netterfield et al. 2002, Bennett et al. 2003, Grainge et al. 2003, Pearson et al. 2003). These
observations gave very important information about the key parameters of the Universe using
the angular scale of acoustic features as rulers and taking into account the ratio of amplitudes of
the different peaks.

The existence of acoustic rulers in the Universe is of enormous importance since they permit us
to measure the behavior of the Hubble parameter with redshift and also allow us to establish the
distance-redshift relation. This is especially important now when the discovery of dark energy
(DE) is introducing more questions than the answers it provides. Different areas of observational
cosmology (SNe Ia e.g. SCP ,6 high-z SN search; 7 large scale structure surveys e.g. SDSS, 8 2dF
9; CMB experiments) provide evidence that the expansion of our Universe has been proceeding
in an accelerated fashion since z ∼ 0.75 (Riess et al. 1998, Perlmutter et al. 1999, Spergel et al.
2003). Currently there is no physical understanding or even a reliable model for the DE. One
of the first tasks to understand the nature of DE will be the measurement of its equation of state
parameter, w = P/ρ, and its possible evolution with time w(z). When we are equipped with a
good standard ruler and are able to measure its angular behavior with redshift, we can obtain
very valuable information about w(z). With the CMB data we can determine an angular diameter
distance to the last scattering surface with high precision. By combining this information with
the measurement of acoustic peaks in the distribution of baryons at lower redshifts 0 < z < 1−2,
we will have unique information about the effective w and may even be able to determine w(z)
(Eisenstein & Hu 1998, Blake & Glazebrook 2003, Hu & Haiman 2003, Linder 2003, Seo &
Eisenstein 2003).

It was obvious since the first publications that acoustic oscillations should also leave their im-
print on the large scale structure of the Universe and thus influence e.g. the correlation function
and the power spectrum of galaxies. The first successful detection of these features was pre-
sented by Eisenstein et al. (2005) who found traces of acoustic oscillations in the distribution
of luminous red galaxies for which they had excellent measurements of angular positions and
redshifts obtained by the SDSS collaboration.

In this paper we discuss the opportunities that will be opened by the planned blank sky deep SZ
cluster surveys which will be performed in the coming years. Clusters of galaxies are especially
interesting objects for the study of acoustic features in the spatial distribution of objects since
it has long been known that the clustering of clusters is an order of magnitude enhanced in
comparison to galaxies (Bahcall & Soneira 1983, Kaiser 1984). Therefore even with smaller
statistics of clusters it is possible to get useful results.

In the next few years there will be very deep SZ cluster surveys of the restricted regions of

1http://cosmology.berkeley.edu/group/cmb/
2http://cmb.phys.cwru.edu/boomerang/
3http://map.gsfc.nasa.gov
4http://www.mrao.cam.ac.uk/telescopes/vsa/
5http://www.astro.caltech.edu/ tjp/CBI/
6http://panisse.lbl.gov
7http://cfa-www.harvard.edu/cfa/oir/Research/supernova/HighZ.html
8http://www.sdss.org/
9http://www.aao.gov.au/2df
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2.2 Light-cone power spectrum of galaxy clusters

the sky performed by several projects, e.g. APEX, 10 SZA, 11 AMI, 12 ACT 13. Our analysis
showed that the volume of these surveys and the number of possible cluster detections will be
unfortunately insufficient for the search for the acoustic wiggles in the power spectrum. However,
two planned surveys which will be carried out by the PLANCK Surveyor 14 spacecraft and the
South Pole Telescope 15 (SPT) have very good prospects for the detection of acoustic features.
PLANCK will make a shallow blank sky cluster survey permitting one to detect up to 20, 000 rich
clusters of galaxies (e.g. Majumdar & Mohr 2004) with the bulk of objects at z < 0.5, but will
reach distances of z ∼ 0.8. In contrast the SPT survey will observe deeper, but will cover only
10% of the sky. This survey is expected to detect up to 30, 000 clusters of galaxies (Majumdar
& Mohr 2004), and many of them will be at significantly higher redshifts compared to the ones
observed by PLANCK. Unfortunately it is not enough to measure only the SZ flux or brightness
of the clusters. In order to measure the equation of state of DE we need the redshift estimate for
each cluster in the sample which will be hard and time consuming work for many optical, X-ray
and possibly radio astronomers. However, when this problem is solved, cosmologists will have
a unique sample of clusters of galaxies with good knowledge of their angular position, redshift,
and hopefully also mass. In this paper we investigate what limits to the DE equation of state
might be obtained when these large experimental efforts are completed. It is obvious that in
parallel other ways to measure w(z) will be implemented, but any additional and independent
information will be useful. Especially important is that PLANCK and SPT surveys of clusters
of galaxies will be performed in any case. Certainly, for many various purposes: (i) study of the
redshift distribution of clusters, (ii) study of the properties of the clusters as a population, (iii)
search for high-z clusters etc., we always need to estimate redshift. Therefore the information on
the power spectrum of clusters of galaxies, acoustic wiggles and the subsequent determination
of w is complementary but extremely important part of these surveys.

The structure of this paper is as follows. In Sec. 2 we describe an analytical model for a
cluster power spectrum on a light-cone and calibrate it against the numerical simulations. Sec. 3
discusses the possibility of detecting baryonic oscillations with the forthcoming SZ surveys. In
Sec. 4 we carry out parameter forecasting using a Fisher matrix approach and Sec. 5 contains
our conclusions.

2.2. Light-cone power spectrum of galaxy clusters

In this section we present the theoretical model for calculating the cluster power spectrum on
our past light-cone. In order to assess the accuracy of the theoretical description, we make
comparisons with the VIRGO Hubble Volume simulation outputs. We start with a very brief
description of the VIRGO simulations and proceed with the calculation of power spectra using
light-cone cluster catalogs provided by the VIRGO Consortium 16.

10http://bolo.berkeley.edu/apexsz/
11http://astro.uchicago.edu/sza/
12http://www.mrao.cam.ac.uk/telescopes/ami/
13http://www.hep.upenn.edu/act
14http://astro.estec.esa.nl/Planck
15http://astro.uchicago.edu/spt
16http://www.mpa-garching.mpg.de/Virgo/
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Clustering of SZ clusters on a past light-cone

2.2.1. Cluster power spectra from VIRGO simulations

We use outputs from the ΛCDM Hubble Volume simulation that was run in a 3000 h−1 Mpc
comoving box with a particle mass of 2.25 ·1012h−1M�. The other simulation parameters were as
follows: Ωm = 0.3,ΩΛ = 0.7,Ωb = 0.04, h = 0.7 andσ8 = 0.9 (for further details see e.g. Evrard
et al. 2002). In our study we used z = 0 snapshot, SphereB and OctantB light-cone catalogs 17.
The z = 0 cluster catalog used a friend-of-friend scheme with a linking length b = 0.164 for
cluster identification, while for the light-cone outputs the spherical overdensity method with the
overdensity 200 relative to the critical density was applied. The minimum number of particles
per cluster is 30 and 12 for the z = 0 and light-cone catalogs, respectively.

To calculate the power spectrum we follow the direct method of Feldman et al. (1994) (FKP),
which is shown to be optimal for sufficiently large k−modes i.e. k � 1/L, where L is the typical
spatial extent of a survey volume (Tegmark et al. 1998). Because FFTs are used to achieve
significant speedup for Fourier sum calculations, we first have to find the density field on a
grid. To this end we use the Triangular Shaped Cloud (TSC) (Hockney & Eastwood 1988) mass
assignment scheme. Thus our density field is a filtered version of the underlying field, and as
shown in Jing (2005), the real power spectrum P can be expressed as the following sum over
aliases (correct again for the case k � 1/L):

Praw(k) '
∑

k′
S 2(k′)

∑
n∈Z3

W2(k + 2kNn)P(k + 2kNn) +
1
N

∑
n∈Z3

W2(k + 2kNn) , (2.1)

where the raw power spectrum:
Praw(k) ≡ 〈|δg(k)|2〉 (2.2)

and Fourier transform of the overdensity field on a grid is calculated as usual:

δg(k) =
1
N

∑
g

[
ng(rg)) − n̄S (rg)

]
eirg·k . (2.3)

Here ng is the number density field on a grid without any selection effect corrections, S is a
selection function that also incorporates survey geometry (i.e. S = 0 outside of survey bound-
aries), n̄ is the mean underlying number density and the sum runs over all grid cells. A Fourier
transform of the selection function S (k) in Eq. (2.1) is normalized so that S (0) = 1 and the mass
assignment window in the case of the TSC scheme can be expressed as:

W(k) =


∏

i
sin( πki

2kN
)∏

i

πki
2kN


3

. (2.4)

The second term on the left-hand side of Eq.(2.1) is the shot noise contribution and in the case
of the TSC filter can be shown to give the following result (Jing 2005):

SN =
1
N

∏
i

[
1 − sin2

(
πki

2kN

)
+

2
15

sin4
(
πki

2kN

)]
. (2.5)

Summarized very briefly, our power spectrum calculation consists of the following steps:

17For the exact description of these catalogs see Evrard et al. (2002)
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2.2.1 Cluster power spectra from VIRGO simulations

1. Determination of the selection function S (including survey geometry) and mean underly-
ing number density n̄,

2. Calculation of the overdensity field on a grid using the TSC mass assignment scheme and
its Fourier transform as given in Eq. (2.3),

3. Subtraction of the shot noise term (Eq. (2.5)) from the raw power spectrum (Eq. (2.2)),

4. Isotropization of the shot noise corrected power spectrum, i.e. averaging over k-space
shells,

5. Application of normalization correction due to selection effects, i.e. dividing by
∑

k S 2(k),

6. Deconvolving the smearing effect of the TSC mass assignment.

The “sharpening” in the last step is done using an iterative method as described in Jing (2005)
with the only difference that here we do not approximate the power spectrum simply with a
power law, but also allow for a running of the spectral index, i.e. we approximate it with a
parabola in log-log coordinates.

When calculating the power spectrum in the above described way we assumed that the influ-
ence of selection/survey geometry effects on the power spectrum are separable. This is not the
case for large scales (k ∼ 1/L) and also if too narrow (i.e. ∆k . 1/L) power spectrum bins are
used. In the following we always make the power spectrum binning broad enough so that the
neighboring bins can be safely assumed to be uncorrelated.

The power spectrum error is estimated using the simple “mode counting” result of FKP (see
also Tegmark et al. 1998):

∆P
P
=

√
2

VeffVk
, (2.6)

where Vk = 4πk2∆k/(2π)3 is the volume of the k−space shell and Veff is the effective volume
given by:

Veff =

[∫
W2(z)dVc

dz dz
]2

∫
W4(z)

[
1 + 1

n̄(z)P

]2 dVc
dz dz

. (2.7)

Here dVc is a comoving volume element and the weight function:

W(z) ∝


const for volume weighting
n̄(z) for number weighting

n̄(z)
1+n̄(z)P for an optimal FKP weighting .

(2.8)

The halos of the VIRGO Hubble Volume simulations were identified using the spherical over-
density algorithm with an overdensity of 200 with respect to the critical density at the identi-
fication epoch (Evrard et al. 2002) (we denote the corresponding mass MC

200), while detailed
comparisons suggest that the Press-Schechter type of analytical calculations (Press & Schechter
1974, Mo & White 1996, Sheth & Tormen 1999, Sheth et al. 2001) provide a good match to
simulations if an overdensity 180 with respect to the background density is used (corresponding
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Figure 2.1.: Mass conversion from MC
200 to M180 for various redshifts.

mass M180) (e.g. Jenkins et al. 2001). In order to convert from one mass definition to the other
we assume that the density profile of clusters is given by the NFW (Navarro et al. 1997) profile:

ρ(r) =
ρs(

r
rs

) (
1 + r

rs

)2 , (2.9)

and the concentration parameter c = rv/rs (rv-virial radius) and its evolution as a function of
virial mass Mv is given as follows (Bullock et al. 2001):

c(Mv) =
9

1 + z

(
Mv

M∗(z = 0)

)−0.13

. (2.10)

Here M∗ is a standard nonlinear mass scale defined through σ(M∗, z) ≡ δc(z), where σ2(M, z)
is the variance of the linearly evolved density field on the comoving scale corresponding to the
mass M at redshift z and δc(z) is the spherical collapse threshold e.g. in Einstein-de Sitter model
δc(0) = 1.686.

Then the mass within the radius r can be expressed as:

M(< r) = 4πρsr3 f
(rs

r

)
=

4πr3

3
∆Ωmρc , (2.11)

where

f (x) = x3
[
ln

(
1 +

1
x

)
−

1
1 + x

]
, (2.12)

ρc is the critical density and ∆ is the halo overdensity with respect to the background matter
density at the epoch of halo identification.

In order to convert halo mass M corresponding to the overdensity ∆ to the one corresponding
to the overdensity ∆′ we proceed as follows:
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1. From Eq. (2.11) determine the radius r corresponding to the mass M and overdensity ∆,

2. Solve

∆v f
(

rv

c(rv)r

)
− ∆ f

(
1

c(rv)

)
= 0 (2.13)

for virial radius rv. Here ∆v is the virial overdensity that we find numerically solving the
spherical tophat collapse model (fitting formulae for ∆v for some cosmological models are
given in Bryan & Norman (1998)),

3. Solve

∆v f
(

rv

c(rv)r′

)
− ∆′ f

(
1

c(rv)

)
= 0 (2.14)

for r′,

4. From Eq. (2.11) find M′ corresponding to the radius r′ and overdensity ∆′.

The results of this mass conversion from MC
200 to M180 are shown in Fig. 2.1 as a fractional

increase in mass f = M180/MC
200−1 for different redshifts. We see that especially for low redshift

clusters this mass change can reach up to 50%. In Fig. 2.2 we demonstrate the importance of the
mass conversion in order to get agreement with the analytical mass function calculations. Here
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the mass function on a light-cone was calculated as follows:

nLC(M180, < z) =

z∫
0

n(M180, z)dVc
dz dz

z∫
0

dVc
dz dz

. (2.15)

Here dVc is a comoving volume element and n(M, z) is a mass function as described in Sheth &
Tormen (1999), which is known to give a very good description of N-body results (Jenkins et al.
2001).

In the upper panel of Fig. 2.3 we show various corrections needed to achieve a reliable estimate
of the power spectrum of the underlying cluster distribution while the lower panel demonstrates
the consistency of the applied “sharpening” scheme. Here we have used the z = 0 cluster catalog
to allow for a comparison with the results presented in Colberg et al. (2000). The lower mass for
the cluster selection was taken to be 1.0 · 1014h−1M� in order to get the total number of objects
equal to ∼ 915, 000 as was used in Colberg et al. (2000). Also we have selected a spherical
volume out of the full box to test how well the geometry correction works. The results of this
comparison are given in Fig. 2.4. We see that the Colberg et al. (2000) power spectrum agrees
with our calculations at the largest scales; however, for the smaller scales it drops below our
results. We suspect that their correction for the grid smoothing effect was insufficient, although
in their paper they do not describe how the power spectrum was calculated. As can be seen
from the figure the shape of our cluster power spectrum agrees very well with the linear theory
matter power spectrum up to the scale k ∼ 0.15 h Mpc−1. Clearly with such a large number of
clusters (∼ 477, 000 inside our spherical volume) baryonic oscillations are easily detectable and
the corresponding “smooth” model without them is disfavored. The theoretical matter power
spectra were calculated as described in Eisenstein & Hu (1998). Using the z = 0 cluster cata-
log we also calculate power spectra and two-point correlation functions for various lower mass
cutoffs. These results are presented in Fig. 2.5 where the left-hand panels show power spectra
divided by the smooth model without baryonic oscillations and right-hand panels the respective
correlation functions. Here the uppermost power spectrum is the same as the one given in Fig.
2.4. Solid/dotted lines show theoretical models with/without baryonic oscillations. Correlation
functions were calculated using the estimator given by Landy & Szalay (1993):

ξ(r) =
DD − 2DR + RR

RR
, (2.16)

which has minimal variance for a Poisson process. Here DD, DR and RR represent the respective
normalized data-data, data-random and random-random pair counts in a given distance range.
Random catalogs were generated with ten times the number of objects in the main catalogs.
The survey geometry was again taken to be a spherical volume reaching redshift z = 0.58. The
number of objects corresponding to the lower mass cutoffs of 1.0 · 1014, 2.0 · 1014, 3.0 · 1014, 4.0 ·
1014 and 5.0 ·1014 h−1M� (friend-of-friend masses) were respectively 476, 634, 167, 898, 80, 811,
45, 836 and 27, 955. For the correlation function we have shown only a simple Poissonian errors:

∆ξ '
1 + ξ
√

DD
. (2.17)
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Figure 2.4.: Upper panel: Power spectrum of clusters more massive than 1.0 · 1014h−1M� from
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present results obtained by Colberg et al. (2000) and solid/dashed lines are model power spectra
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by the “smooth” model without acoustic oscillations.
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2.2.2 Comparison with the analytical description: accuracy of the biasing scheme

(Errors due to the terms DR and RR can be neglected because of the much larger number of
available pairs.) These errorbars are an underestimate of the true variance, being only exact for
the Poissonian point process. To estimate true errors, one needs to have a knowledge about the 3-
and 4-point correlation function of the clustering pattern. We are not going to elaborate further
on these issues since the following analysis is based solely on the power spectrum. From Fig.
2.5 we see that baryonic features are visible down to the case with the lowest number of clusters.
The only exception is the correlation function with the lowest number of objects which shows
rather noisy behavior near the expected baryonic bump. For the least massive systems, due to the
nonlinear evolution, the power spectrum starts to rise at k & 0.15 h Mpc−1. For the more massive
systems, on the other hand, the opposite trend is visible i.e. a decrease of power. This is due
to the cluster formation which can be viewed as a smoothing filter acting on an initial density
perturbation field.

2.2.2. Comparison with the analytical description: accuracy of the
biasing scheme

The analytical power spectrum of clusters with masses M > Mlow on a light-cone PLC
c (k;> Mlow)

is calculated as presented in Yamamoto et al. (1999) with a slight modification to allow for
various weight functions, so:

PLC
c (k;> Mlow) =

zmax∫
zmin

W2(z)Pc(k;> Mlow, z)dVc
dz dz

zmax∫
zmin

W2(z)dVc
dz dz

, (2.18)

where the weight function W(z) is given in Eq.(2.8). There the number density of objects is
provided by the cumulative mass function at redshift z:

n(> Mlow, z) =

∞∫
Mlow

n(M, z)dM . (2.19)

The power spectrum of clusters more massive than Mlow at redshift z is given as:

Pc(k;> Mlow, z) = D2
+(z)b2

eff(> Mlow, z)P(k, z = 0) , (2.20)

where the effective bias parameter:

beff(> Mlow, z) =

∞∫
Mlow

b(M, z)n(M, z)dM

n(> Mlow, z)
. (2.21)

D+(z) is the growing mode of linear density fluctuations normalized such that D+(z = 0) = 1
and P(k, z = 0) is the matter power spectrum at the current epoch, which is calculated using the
transfer functions presented in Eisenstein & Hu (1998).
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Figure 2.5.: Power spectra (left panels) and correlation functions (right panels) for the lower mass
cutoffs of 1.0 · 1014, 2.0 · 1014, 3.0 · 1014, 4.0 · 1014 and 5.0 · 1014 h−1M� (friend-of-friend masses).
Power spectra have been divided by the model spectra without acoustic features. The number of
objects inside a spherical survey volume reaching z = 0.58 is given in each panel. Solid/dotted lines
show theoretical models with/without baryonic oscillations.
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2.3 SZ clusters and baryonic oscillations

For the mass function n(M, z) and bias parameter b(M, z) we use both Press-Schechter (PS)
(Press & Schechter 1974) and Sheth-Tormen (ST) (Sheth & Tormen 1999) prescriptions. It is
well known that PS mass function underpredicts the number density of massive objects (Sheth
& Tormen 1999). PS overestimates while ST underestimates the bias parameter for massive
halos (especially at larger redshifts) (Sheth & Tormen 1999). PS underestimation of number
density turns out to be approximately compensated for by its overestimation of bias parameter,
and as such, we get the best agreement with the numerical light-cone power spectra using a plain
PS approach. This is demonstrated in Fig. 2.6 where we show the light-cone power spectra for
various values of lower mass cutoffMlow. Results in the upper panel apply for the SphereB cluster
catalog (reaching redshift z ∼ 0.58) whereas the ones on the lower part of the figure correspond
to the OctantB catalog (reaching z ∼ 1.46) of VIRGO Hubble Volume simulation outputs. We
obtained the best agreement if clusters were selected using M180, but in bias calculations virial
mass Mvir was used instead.

Overall the agreement between the numerical results and an analytical description is better than
20%.

2.3. SZ clusters and baryonic oscillations

The “concordance” cosmological model predicts oscillations in the matter power spectrum with
a relative amplitude of ∼ 5% (see Fig. 2.7). The correspondence of the peaks in the matter
power spectrum to the ones in the CMB angular power spectrum is also given in Fig. 2.7 (The
first vertical line represents the position of the 1st CMB acoustic peak etc.). We see that on small
scales the corresponding features are out of phase. This is due to the so-called velocity over-
shoot, meaning that at those scales the growing mode of density fluctuations is mostly sourced
by the velocity perturbations (Sunyaev & Zeldovich 1970, Eisenstein & Hu 1998). At larger
scales, on the other hand, fluctuations in the density provide a dominant source term and so the
corresponding features in the power spectra are in phase. Each rise and fall in the matter power
spectrum corresponds to twice as many features in the CMB angular spectrum. This is a generic
property of the models with a dominating CDM component. Purely baryonic models on the other
hand would have oscillations with the same frequency as in the angular spectrum of the CMB.
18 In order to see these features in the matter power spectrum one needs a “tracer” population
of objects whose clustering properties with respect to the underlying dark matter distribution are
reasonably well understood. These objects should have high enough number density to reduce
discreteness noise on one hand, but on the other hand they should fill as large of a comoving
volume as possible to decrease cosmic variance. In general one wants to find an optimal solu-
tion of these two degrees of freedom 19, as to maximize the obtainable effective volume (see Eq.
(2.7)) for a fixed observational effort. Currently the largest effective volume amongst all of the
available surveys is provided by the SDSS LRG sample (Eisenstein et al. 2005). The analysis
of this sample yielded a detection of a clear acoustic feature in the spatial two point correlation
function. Future projects such as the K.A.O.S.20 galaxy redshift survey has as one of its main

18http://cmb.as.arizona.edu/∼eisenste/acousticpeak/
19One also has to consider the steepness of the luminosity function of those objects.
20http://www.noao.edu/kaos/
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Figure 2.6.: Upper panel: light-cone power spectra for SphereB output of VIRGO ΛCDM Hubble
Volume simulation for different lower mass cutoffs (see legend). Lower panel: same as above but for
OctantB output.
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scientific targets the detection of baryon oscillations in the spatial clustering of high−z galaxies.
The possibility of using the aforementioned galaxy redshift surveys to measure the sound hori-
zon has been discussed in several papers e.g. Blake & Glazebrook (2003), Linder (2003), Seo &
Eisenstein (2003), Hu & Haiman (2003) and a similar discussion in the context of photometric
redshift surveys is given in Blake & Bridle (2005) (see also the discussion in Seo & Eisenstein
2003).

Here instead of galaxies we discuss the possibility of using SZ-selected galaxy clusters for that
purpose. Some calculations related to the SPT-type of SZ survey were also presented in Hu &
Haiman (2003). It is clear from Figs. 2.4 and 2.7 that with wide field galaxy cluster surveys we
should be especially sensitive to the scales that correspond to the 2nd and 3rd acoustic peaks in
the CMB angular power spectrum.

A few advantages of using galaxy clusters compared to the galaxies are:

• With relatively small cluster samples it is possible to probe large cosmological volumes
(thus reducing cosmic variance).

• The clustering signal of galaxy clusters is amplified with respect that of galaxies.

• The relation with respect to the underlying dark matter field is rather well understood and
also redshift space distortions are manageable since “fingers of god” could be avoided.21

The biggest disadvantage is a rather low number density i.e. high shot noise contribution.

21This is only true when we have enough galaxy redshifts per cluster, so that one can average down to something
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2.3.1. SZ-selected clusters. Mass-observable relations

In order to compare observations with the models one has to establish mass-observable relations
and also specify survey selection criteria. Here for the sake of simplicity we assume that all the
clusters remain unresolved i.e. we assume that our sample is effectively flux-selected. This is
a rather good approximation for the case of PLANCK, but for surveys like ACT and SPT extra
complications will arise since part of the cluster population will be resolved and so the selection
function has one additional degree of freedom, namely surface brightness. As our aim here is
not to give any detailed predictions for a particular survey these assumptions seem to be quite
reasonable. The change in detected flux towards a galaxy cluster due to the thermal SZ effect
can be expressed as:

F(M, z, x) =
I0σT

µempmec2 ·
g(x) fbM · kT (M, z)

dA(z)2 , (2.22)

where I0 = 2(kTcmb)3/(hc)2 ' 2.7 · 1011mJy/sr, fb is the cluster baryonic fraction which we
take to be equal to the cosmic average Ωb/Ωm, dA(z) is angular diameter distance to the cluster,
µe = 2/(1+X) for the case of fully ionized plasma with negligible metallicity (we take µe = 1.14).
The spectral function g(x) is given as follows (Sunyaev & Zeldovich 1980):

g(x) =
[
x coth(

x
2

) − 4
]
·

x4ex

(ex − 1)2 , (2.23)

where the dimensionless frequency x = hν/kTcmb ' 0.0176 · ν(GHz). For the mass-temperature
relation we assume a simple virial scaling (Bryan & Norman 1998):

kT (M, z) = A ·
[
∆c(z)E(z)2

] 1
3 M

2
3 . (2.24)

Here ∆c(z) is a critical collapse overdensity with respect to the critical density at redshift z and
E(z) = H(z)/H0. The normalizing constant A is determined so as to obtain a good match for the
SZ cluster number counts from the state-of-the-art hydrodynamical simulations by White et al.
(2002). These simulations included gas cooling processes and also feedback from supernovae
and galactic winds. If we measure kT in keV and M in units of h−1M�, then a good fit can be
obtained if A ' 1.0 · 10−10 as seen in Fig. 2.8. Here we present results both for ST and PS mass
functions.

In reality the mass-observable relations are currently rather poorly known but one may argue
that planned surveys with the yields of tens of thousands of galaxy clusters have significant
power for “self-calibration” (Majumdar & Mohr 2004). As also shown in Majumdar & Mohr
(2004) a much better approach would be to establish these scaling laws using external mass
determinations (e.g. through lensing studies) for a subset of a complete sample. For a more
precise modeling of the selection effects one also has to consider scatter around these mean
relations. These issues can be settled once we obtain a real sample. Moreover, the clustering as

close to the center of mass velocity. One might also try to exploit the fact that the bright central cD galaxies have
small velocities with respect to the rest of the cluster (see the simulation results by Berlind et al. (2003)). Even
if one is able to find a good estimate for the center of mass velocity for each cluster in the sample, the redshift
space distortions on reasonably large scales would still deviate from the simple linear prediction (Scoccimarro
2004).
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Figure 2.8.: Cumulative number counts of SZ clusters for observing frequency 150 GHz. Crosses
show simulation results by White et al. (2002) whereas solid/dashed lines correspond to analytical
results assuming a ST/PS mass function.

compared to the number count of objects is much less sensitive to the uncertainties in the precise
knowledge of the selection effects. Here the selection effects enter when relating the clustering
of tracer objects to the underlying dark matter i.e. while determining the effective bias of objects.
As it turns out (see Sec. 4), future large cluster samples are able to provide a good estimate of
the effective bias themselves through the redshift space distortions.

2.3.2. Accuracy of the power spectrum determination

We investigate how well we can determine the power spectrum with SZ surveys having various
sensitivity limits, specifically concentrating on the range 1 . . . 25 mJy. Our results for ∆P/P (or
equivalently for the effective volume, see Eq. (2.6)) and for the number of detectable clusters
are given in Fig. 2.9. Here the upper panel assumes full sky coverage and the lower one applies
for one octant of the sky. With the solid lines we have plotted the fractional accuracy ∆P/P
achieved for different lower flux limits and follow-up survey depths applying the FKP weighting
scheme. The wavenumber k in the calculations was taken to be 0.05 h Mpc−1, which is close to
the first major acoustic feature in the expected matter power spectrum (see Fig. 2.7). The bin
width ∆k = 0.005 h Mpc−1 is large enough so that even for the shallowest surveys reaching only
z ∼ 0.2 the power spectrum bins can be assumed to be independent. Here and also in the fol-
lowing we perform analytical calculations for the observational frequency 150 GHz and assume
cosmological parameters consistent with the WMAP “concordance” model (Spergel et al. 2003).

Light-cone power spectra for SZ clusters are calculated using Eq. (2.18) where the lower
integration boundary Mlow(F, z) is given by Eq. (2.22) and (2.24). Then ∆P/P is found using Eq.
(2.6),(2.7) and (2.8) and the mean underlying number density n̄(z) is given by Eq. (2.19). Also
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2.3.2 Accuracy of the power spectrum determination

we have taken into account the increase of the isotropized power spectrum due to linear redshift
space distortions by a factor of 1 + 2β/3 + β2/5 (Kaiser 1987), where β = 1

beff
·

d ln D+
d ln a .

The solid lines in Fig. 2.9 starting from below correspond to ∆P/P values of 6%, 5%, 4%, . . .
in the upper panel and 10%, 9%, 8%, . . . in the lower one. With the dashed lines we have plotted
the number of clusters. Moving from the lower right to the upper left each line represents a factor
of two increase in number with the starting values being 20, 000 and 10, 000 in upper and lower
panels, respectively. The flattening out of ∆P/P and cluster number curves at low fluxes is due
to the imposed lower mass cutoff 1.0 · 1014h−1M�. Thus below some flux limit we see all the
clusters inside a specified volume that have masses above that cutoff value.

In general, by increasing the volume of the survey we also boost the shot noise contribution
due to the decreasing number density of distant objects. As seen from the figure- in the case
of FKP weighting- the accuracy of power spectrum estimate does not degrade as we move to
further distances since we downweight the contribution of the far away objects in such a way as
to compensate for the increase in shot noise. For too small survey volumes, on the other hand,
limits on achievable accuracy are set by the growing importance of the cosmic variance. The
FKP weighting scheme is not strictly optimal in our case since it was derived assuming a fixed
i.e. non-evolving underlying power spectrum. Certainly, for a better scheme one should weight
down the contribution of the far away objects slightly more mildly since the clustering strength
of these objects is higher. This type of weighting method, which is able to handle at least the case
with an evolving amplitude, is presented in Percival et al. (2004). Nevertheless in the following
calculations for simplicity we still apply the FKP weight function.

The results in Fig. 2.9 assumed that we have a full follow-up such that we are able to obtain
all the redshifts of the clusters detected by an imaging survey. Also the sample was assumed to
be purely flux-selected which is rather unrealistic for real experiments e.g. for PLANCK many
clusters remain undetected due to rather poor angular resolution or oppositely in the case of SPT
some fraction of clusters will be “resolved out” and a significant amount of signal will be lost.
Many objects might remain undetected for these reasons. If the systems that are left out are low
mass clusters (as in the case of PLANCK) then our power spectrum estimate might actually be
almost as good as before since low mass systems are relatively weakly clustered and as such
they do not contribute significantly to the total signal. This can be seen in Fig. 2.10 where in
the upper panel we have shown the influence of changing the lower mass cutoff Mlow on ∆P/P.
On the lower panel the respective number of clusters is given. These calculations are done for
two different survey types: (1) solid lines represent results for a shallow SZ survey covering the
full sky and reaching redshift zlim = 0.6 with a sensitivity limit Flow = 17 mJy at 150 GHz, (2)
dashed lines represent a deep survey (with no upper redshift cutoff imposed) covering 1/8 of the
sky with a flux limit Flow = 5 mJy at 150 GHz. The first might be applicable for the case of the
PLANCK mission22 and the second for the SPT cluster survey. In practice the measurements will
be performed in many frequency channels which helps to separate clusters from other foreground
sources due to the specific frequency behavior of the thermal SZ effect. Here for simplicity we
have chosen the sensitivity limits corresponding to the “weakest” of the channels available for SZ
purposes. We see that for a full sky with the 20, 000 most massive clusters up to redshift z ∼ 0.6,
one could obtain an estimate of the power spectrum at k = 0.05 h Mpc−1 with a fractional error

22Using the spectral dependence of thermal SZ effect (see Eq. (2.23)) we see that the 30 mJy sensitivity of
PLANCK’s 353 GHz channel corresponds to 17 mJy at 153 GHz.
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below 5% while for the one octant of the sky with less than ∼ 25, 000 clusters we always stay
above 5% accuracy.

The previously described approach where we use all the data to obtain a single combined
estimate of the power spectrum is appropriate if we only intend to place constraints on ΩDE.
Combining this power spectrum estimate which is sensitive to Ωmh with the CMB constraint on
Ωmh2 gives us Ωm and h separately. Additionally, knowing the geometry of the Universe from
CMB measurements gives us immediately an estimate of ΩDE. Since in the majority of the DE
models DE starts to dominate relatively recently, driving the Universe furthest from the plain
Einstein-de Sitter behavior, the best redshift to complement the CMB data is at z = 0.

On the other hand if our aim is to constrain the equation of state parameter w and its possible
change in time it is essential to measure the power spectrum at different redshifts. This leads
to the question of how to bin up the sample in redshift? Certainly there are optimal ways of
combining data, but unfortunately they all depend on the way we choose to parametrize our
model for DE. Recently Huterer & Starkman (2003) argued that in the absence of a theoretically
well motivated parametrization one should use a stepwise function with the value wi in the i-th
redshift bin and let the data itself determine which combinations of wi will be well constrained.
One can then reconstruct the behavior of w with the redshift as a linear combination of the
“cleanest” eigenmodes. Here we are not trying to implement that kind of general parametrization
since as a first step it should be sufficient to determine an effective constant w and see whether
it deviates from the currently most well motivated w = −1. Therefore, in the following we
mostly investigate the case with a constant equation of state parameter w0. The redshift binning
is chosen so as to get equal relative accuracies of the power spectrum in each bin. The results
of this binning procedure for the above described two types of survey are given in Fig. 2.11
with the solid lines corresponding to the shallow one. For the shallow (deep) survey we have
assumed 3 (4) redshift bins. In the inset the upper curves show the relative accuracy achievable
in each redshift bin while the lower lines correspond to the full sample without any binning and
so coincide with the lines shown in the upper panel of Fig. 2.10. This kind of redshift division is
also used in the following parameter estimation section.

2.3.3. Prospects of detecting baryonic “wiggles”. Comparison with
SDSS LRG

The relative amplitude of acoustic oscillations in the mater power spectrum for the WMAP “con-
cordance” model as well as in the power spectrum used in VIRGO Hubble Volume simulations
is shown in Fig. 2.7. Here the smooth component was divided out using the fitting formulae
provided by Eisenstein & Hu (1998). In order to be able to detect these features the accuracy of
the power spectrum determination should be of comparable size i.e. ∆P/P ∼ 5%. This implies
that for a full sky survey one needs on the order of 25, 000 galaxy clusters inside the volume
with limiting redshift z ∼ 0.6 as seen from the upper panel of Fig. 2.10. It is clear that with
clusters one might hope to detect only the first few acoustic signatures, e.g. the major features
at k ∼ 0.045 and ∼ 0.075 h Mpc−1, since they are too rare objects to enable the sampling of the
smaller scale density field.

Since the study of the SDSS LRG sample has led to the detection of acoustic oscillations in
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the spatial distribution of galaxies (Eisenstein et al. 2005), 23 it would be instructive to compare
the “strength” of this survey to the planned blank sky SZ cluster surveys like PLANCK and
SPT. In Fig. 2.12 we show the number density of clusters as a function of redshift for the above
described two types of SZ survey. The upper group of lines corresponds to the SPT-like deep
survey while the lower curves are for a wide and shallow survey like PLANCK. For each of the
surveys we have varied the lower mass cutoff Mlow so as to obtain in total 15, 000, 25, 000 and
35, 000 clusters. These three cases are shown with solid lines. Dashed lines display the pure
flux-limited surveys without any lower cutoff in the mass imposed. Using these results and also
taking into account the proper biasing factors as given by the square root of Eq. (2.18) divided
by P(k, z = 0) 24 we can readily obtain ∆P/P as given by Eq. (2.6) and (2.7). The results of
this calculation are given in Fig. 2.13. Here the solid lines correspond to the PLANCK-like
and dashed ones to the SPT-like surveys. Each set of lines corresponds to the detected cluster
numbers (starting from above): 15, 000, 25, 000 and 35, 000. The dash-dotted curve, showing the
results for the SDSS LRG sample, is found using Eq. (2.6) and the data for the effective volume
given in Fig. 1 of Eisenstein et al. (2005) (again ∆k = 0.005 h Mpc−1 was assumed). We can
see that on large scales future SZ surveys have enough strength to improve the results obtained
using the SDSS LRG sample. However, the SDSS LRG sample is going to double in size within
a few years as the survey is completed. The achievable ∆P/P for this final sample is shown in
Fig. 2.13 as a dotted line. Moreover, it seems that acoustic oscillations are able to survive at

23The detection has also been claimed using the 2dF redshift survey (Cole et al. 2005).
24The light-cone bias parameters calculated this way are 5.0,4.7,4.3 for the PLANCK and 4.4,4.1,3.9 for the SPT

with the number of clusters 15, 000,25, 000 and 35, 0000, respectively.
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Figure 2.12.: Comoving number density of clusters as a function of redshift for the PLANCK-
(lower set of curves) and SPT-like (upper set of curves) SZ surveys. Solid lines in each set cor-
respond to the cases with 15, 000,25, 000 and 35, 000 clusters. The vertical dotted line shows the
applied upper limiting redshift for the PLANCK. Dashed lines represent purely flux-limited cases
i.e. without any lower mass cutoff imposed.

the quasilinear scales (k ∼ 0.1 . . . 0.3 h Mpc−1) (see Fig. 2.4) which significantly increases the
amount of information available for the galaxy redshift surveys. This is also confirmed by the
recent N-body simulations by Springel et al. (2005) and Seo & Eisenstein (2005). In order to
fully exploit this information one needs a complete theoretical understanding of how nonlinear
effects, redshift space distortions and nonlinear biasing influence these features. So far there have
been only a few works studying these important issues (e.g. Meiksin et al. 1999, Springel et al.
2005, Seo & Eisenstein 2005, White 2005) and we do not have a full theoretical description of
them available yet. For this reason we have not attempted to incorporate the SDSS LRG sample
into our Fisher matrix parameter estimation process.

2.3.4. Some remarks on SZ vs. optical cluster selection

SZ cluster selection might be superior to the simple optical one since SZ brightness does not
suffer from ordinary cosmological dimming. This allows one to obtain an approximately mass-
limited sample of clusters that is spatially much more uniform than optically selected samples.
For example, in Fig. 2.12 the number density of clusters for both PLANCK (up to z ∼ 0.6)
and the SPT type of surveys drops approximately as ∝ z−2.5. In contrast, the number density of
the optically selected SDSS LRG sample (which contains mostly galaxies that populate dense
cluster environments) drops as ∝ z−5 beyond z ∼ 0.3. So in general with SZ-selected clusters
one is able to probe larger volumes. Also as a larger part of the sample is at higher redshifts
the clustering signal is stronger due to the increase of the bias factor with increasing distance.
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numbers (starting from above): 15, 000, 25, 000 and 35, 000.

(Of course the question of whether these far away parts of the sample have high enough number
density in order to be useful for the clustering study depends on the specific parameters of the
experiment.) The other weaknesses of the optical selection are projection effects and confusion
with the background objects. As an example, comparison of the X-ray and optically selected
cluster catalogs often yields a rather poor match (e.g. Donahue et al. 2002), which probably
signals that many of the “optically constructed” systems are actually false detections.

For the SZ surveys the spectroscopic follow-up is a crucial issue, but several other studies (such
as cluster number counts) also require determination of redshifts. As these investigations will be
performed anyway, the clustering study can be seen as coming essentially “for free”.

2.4. Constraints on Dark Energy

2.4.1. 2D power spectrum on a light-cone

Having obtained a parametrized (and well calibrated) analytical model for the light-cone power
spectra of SZ-selected clusters of galaxies, we can estimate the accuracy with which it is pos-
sible to recover cosmological parameters. Since the observations are done in cosmological (as
opposed to the comoving) redshift space there are two additional effects one has to take into
account:

1. The increase of power along the line of sight due to the large scale coherent inflows towards
massive accretion centers. This effect is accounted for using results from linear theory.
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Figure 2.14.: Upper left panel: 2D light-cone power spectrum for clusters with mass above 1.0 ·
1014h−1M� in logarithmic units. Lower left panel: as above, but the redshift distortion “switched
off”. Upper right panel: as upper left panel, only smooth component of the spectrum divided out
and results shown using linear scale. Lower right panel: the same procedure applied to the lower left
panel.
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Figure 2.15.: Error ellipses for the PLANCK-like SZ survey including CMB priors as described in
the text. Solid/dashed lines show results for 3/1 redshift bin(s).

2. Cosmological distortion due to the fact that one can directly observe only redshifts, and in
order to find the corresponding comoving distances, one has to assume some cosmological
model. Choosing an incorrect model will lead to distortions along and perpendicular to the
line of sight 25.

Both of these effects will, in general, lead to an anisotropic power spectrum. Thus instead of
a one dimensional (isotropized) power spectrum one has to consider here a two dimensional
power spectrum with components along and perpendicular to the line of sight. For simplicity, in
the following we use a flat sky approximation. The 2D power spectra are calculated following
the description given in Magira et al. (2000) with a slight modification to allow for various
weight functions 26. Magira et al. (2000) took the fiducial cosmology given by the Milne’s
empty universe model. Thus the comoving distance intervals along and perpendicular to the line

25The Alcock-Paczynski test (Alcock & Paczynski 1979) is based on these cosmological distortions.
26In the calculations we use the FKP weight function.
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Figure 2.16.: Analog of Fig 2.15 for the SPT-like survey. Solid/dashed lines show results for 4/1
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of sight are:
∆xref
‖ =

c
H0
∆z , (2.25)

∆xref
⊥ =

c
H0

z∆θ , (2.26)

where ∆z is redshift interval and ∆θ angular separation between two objects. For the general
FRW universe the corresponding intervals read as:

∆x‖ =
c

H(z)
∆z , (2.27)

∆x⊥ = dM(z)∆θ , (2.28)

where dM(z) = (1 + z)dA(z) is the comoving transverse distance. Now, defining the shift parame-
ters:

c‖(z) =
∆x‖
∆xref
‖

(z) , (2.29)
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c⊥(z) =
∆x⊥
∆xref
⊥

(z) , (2.30)

we can write down the final expression for the 2D power spectrum on a light-cone:

PLC,2D(k‖, k⊥;> Mlow) =

zmax∫
zmin

dzdVc
dz W2(z)

[
1 + β(> Mlow, z)

(
k′
‖

k′

)2
]2

· Pc(k′;> Mlow, z)

zmax∫
zmin

dzdVc
dz W2(z)c⊥(z)2c‖(z)

, (2.31)

where
k′‖ =

k‖
c‖(z)

, k′⊥ =
k⊥

c⊥(z)
, k′ =

√
k′2
‖
+ k′2⊥ (2.32)

and
β(> Mlow, z) = −

1
beff(> Mlow, z)

·
d ln D+(z)
d ln(1 + z)

. (2.33)

The factor c⊥(z)2c‖(z) in the denominator of Eq. (2.31) is the Jacobian determinant taking into
account the change in a volume element. It is missing in the numerator due to the cancellation by
the similar but inverse term arising from the transformation of the k-space volume element. The
term in square brackets models the amplification due to the coherent inflows and the last term in
the numerator, Pc(k′;> Mlow, z), is given earlier by Eq. (2.20). In the case of SZ flux-selected
clusters, Mlow at each redshift for a given lower flux limit is found using Eq.(2.22) and (2.24).

In Fig. 2.14 we present some examples of 2D power spectra calculated in the manner described
above. The top left-hand panel shows the 2D light-cone power spectrum of clusters with a mass
above 1.0 · 1014h−1M� (in logarithmic units) while the lower left-hand panel contains the same
spectrum but with the redshift space distortion “switched off”. The contours starting from the
upper right corner correspond to the values 104.8 and 104.7 for the upper and lower panel, re-
spectively and the step size was taken 100.1 h−3 Mpc3. It is clearly seen how linear redshift-space
distortion boosts power along the line of sight. The cosmological distortion (in the currently
selected reference model) on the other hand works in the opposite way. Since the chosen Milne
model is strongly different from the ΛCDM “concordance” model the cosmological distortion is
easily visible. We use Milne’s model only for illustrative purposes but in the following parameter
estimation part we change the reference model to the WMAP “concordance” cosmology. On the
right-hand panels of the figure we have removed the smooth component of the power spectrum
revealing the series of acoustic rings. Here the continuous contours correspond to PLC,2D/PLC,2D

smooth
values of 0.95 and 1.05 while the dashed lines are for the values 0.97 and 1.03. It is important to
note that the picture on both panels looks practically the same. This is due to the fact that cos-
mological and redshift-space distortions work in a different way: cosmological transformation
stretches or compresses the power spectra on the plane of the figure whereas redshift distortion
moves the spectra in a vertical direction. If we had smooth power spectra without any particular
features then it would be extremely hard to disentangle these two types of distortions. Having
the power spectra with acoustic features it is easy to isolate cosmological distortion by dividing
out a smooth component. The ability to disentangle cosmological and redshift-space distortions
is extremely important to extract the bias parameter from the survey in a self-consistent way. In
the parameter estimation part of this section we see how much better one does with the model
having acoustic oscillations as compared to the one without.
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2.4.2 Parameter estimation

The total power spectrum measured over a broad z-interval is a weighted sum of differently
distorted power spectra and so there will be some loss of acoustic features. The loss is stronger
along the line of sight, as can be seen from Fig. 2.14. This is due to the currently chosen reference
model where |dc‖(z)

dz | > |
dc⊥(z)

dz |. Again, this effect is strongly pronounced because Milne’s model
differs strongly from the WMAP “concordance” cosmology for which our calculation was done.

2.4.2. Parameter estimation

In this subsection we apply a Fisher matrix forecasting techniques to study how well one can
determine cosmological parameters. Since the pioneering investigations in the field of CMB
anisotropies (Jungman et al. 1996) and galaxy redshift surveys (Tegmark 1997) these methods
have gained great popularity. For a full description of the method with applications see Tegmark
et al. (1997). Following Tegmark (1997) the Fisher matrix in the case of a 2D power spectrum
can be written as (see also Hu & Haiman (2003)):

Fij =
∑

n

∑
m

∂ ln PLC,2D(k‖n, k⊥m)
∂Θi

·
Vm

k Veff

2
·
∂ ln PLC,2D(k‖n, k⊥m)

∂Θj
, (2.34)

where

Vn
k =

4πk⊥n∆k⊥∆k‖
(2π)3 , (2.35)

and we take ∆k⊥ = ∆k‖ = ∆k. PLC,2D is given in Eq. (2.31) and Veff in Eq. (2.7). The wavevector
components k‖i and k⊥j form a rectangular grid with a step size ∆k. We allow them to span
the range 0.005 . . . 0.1 h Mpc−1 and take ∆k = 0.005 h Mpc−1 i.e. we have a 20x20 grid. It is
not justified to go to higher wavenumbers than 0.1 h Mpc−1 since there already the simple linear
scaling of the cluster power spectrum seems to break down (see Fig. 2.6). The parameters Θi

are taken to be Ωm, σ8, Ωb, h, w0 plus the bias parameters bn in each redshift bin. Thus in the
case of four redshift bins (which is the maximum number considered in our analysis) we have a
total of nine free parameters. We also assume a fiducial cosmology given by the best-fit WMAP
“concordance” model (Spergel et al. 2003) plus the dark energy in the form of the cosmological
constant i.e. w = −1.

Here we perform calculations for two types of SZ survey. The first one that should serve as
a prototype for PLANCK is a shallow survey that covers the full sky with a sensitivity limit of
Flow = 30 mJy at 353 GHz 27. We also apply a lower mass cutoff of Mlow = 2.75 · 1014h−1M�
resulting in total ∼ 25, 000 clusters up to the applied limiting redshift z ' 0.6 (see Fig. 2.10
lower panel). The calculations are done for one redshift bin spanning z = 0 . . . 0.58 and also for
three bins: z1 = 0 . . . 0.33, z2 = 0.33 . . . 0.45, z3 = 0.45 . . . 0.58. The achieved ∆P/P values at
k = 0.05 h Mpc−1 are 4.3% for the one bin case and 7.5% for each of the bins in the three bin
case. The other deep and rather “narrow” survey should mimic the performance of SPT. Here
we have taken Flow = 5 mJy at 150 GHz and Mlow = 1.5 · 1014h−1M� (see Ruhl et al. (2004),
Majumdar & Mohr (2004)). Moreover, we assumed that the survey is capable of covering one
octant of the sky and here we have not applied any high redshift cutoff. As for the PLANCK-like
survey two different cases are considered here. In the first case while combining all the data to

27http://astro.estec.esa.nl/Planck
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Figure 2.17.: Upper panel: Error ellipses under various assumptions for the PLANCK-like survey.
Here we have shown the following cases: 1. Clustering signal of the model without baryonic oscil-
lations + CMB priors, 2. #1 + prior on bias, 3. Clustering signal of the “wiggly” model, 4. #3 +
CMB priors, 5. #4 + prior on bias. Lower panel: as above, except for the SPT-like survey and with
a changed order of the cases #2 and #3. Lower panel inset: constraints obtainable with: 1. SPT, 2.
PLANCK, 3. SPT + PLANCK, 4. The survey with SPT characteristics covering the full sky. All of
the cases here have CMB and bias priors added.
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2.4.2 Parameter estimation

Table 2.1.: Principal components as given in Eq. (2.36) for the “clustering only” case for PLANCK-
like, SPT-like and for the combined survey.

i λi ei
1 ei

2 ei
3 ei

4 ei
5

1 1.6 · 103 0.74 −0.0064 −0.24 0.62 0.090
PLANCK 2 1.7 · 102 −0.48 −0.015 −0.43 0.49 −0.58
(3 z-bins) 3 32. 0.38 −0.53 −0.23 −0.46 −0.56

4 18. 0.027 0.41 −0.80 −0.37 0.26
5 5.9 0.27 0.74 0.28 −0.13 −0.53
1 9.5 · 102 0.71 −0.094 −0.23 0.63 0.21

SPT 2 85. 0.15 −0.088 0.29 −0.36 0.87
(4 z-bins) 3 54. −0.012 −0.99 −0.032 −0.10 −0.13

4 17. 0.69 0.094 0.24 −0.54 −0.41
5 4.6 0.049 0.057 −0.90 −0.42 0.12
1 2.6 · 103 0.73 −0.038 −0.24 0.63 0.13

PLANCK+ 2 2.5 · 102 −0.38 0.044 −0.39 0.45 −0.70
SPT 3 78. 0.18 −0.92 −0.027 −0.22 −0.28

4 52. 0.54 0.39 0.087 −0.44 −0.60
5 24. 0.021 0.057 −0.89 −0.40 0.22

one common power spectrum we are able to achieve ∆P/P ' 5.1%, whereas in the second case
with the four redshift bins: z1 = 0 . . . 0.45, z2 = 0.45 . . . 0.63, z3 = 0.63 . . . 0.83, z4 = 0.83 . . . we
find a ∆P/P ' 9.9% in each redshift bin. The total number of objects detected with this type of
survey would be ∼ 27, 000.

The results in Fig. 2.15 and 2.16 present constraints for the five cosmological parameters: Ωm,
σ8, Ωb, h and w0. Here we have added priors to Ωmh2 and Ωbh2 from the CMB angular power
spectrum studies, and also a prior to the bias parameters. In order to be able to compare our
results to the ones given in Hu & Haiman (2003) the fractional errors of 0.01 for Ωmh2 and Ωbh2

(this should be achievable with the PLANCK mission (Hu 2002)) were similarly assumed. These
constraints are easily “rotated” to the frame used here since under coordinate transformations the
Fisher matrix transforms as a second rank tensor. Moreover, we have restricted our calculations
to the flat models only, and for the bias have assumed that one is able to describe it with a relative
accuracy of 15%. Finally, the joint Fisher matrix is the sum of all the Fisher matrices transformed
to a common frame. All the calculations done here assume an underlying model with baryonic
features in the matter power spectrum. Fig. 2.15 presents results for the previously described
shallow survey with full sky coverage while the error ellipses in Fig. 2.16 apply to the deep
and narrow survey. In both figures dashed lines correspond to the single and solid lines to the
multiple bin case. Due to the fact that with a single bin one is able to measure the shape of the
power spectrum with a higher precision than in the case of multiple bins, we see from the above
figures that in general stronger constraints on Ωm are obtained. On the other hand constraints on
w0 are much stronger in the multiple bin case due to the increased knowledge about the redshift
derivatives. We also performed calculations taking two redshift bins and the results were already
rather close to the solid curves in the figures above which can be interpreted as an indication that
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any further redshift slicing would not improve constraints on w0. Also one should not increase
the number of redshift bins much above the maximally used values of three and four since then
the wavevector bins with width ∆k = 0.005 h Mpc−1 would become highly correlated and the
above Fisher matrix calculation would not be meaningful.

Probably the most interesting constraints in Fig. 2.15 and 2.16 are the ones for Ωm (or ΩDE

since we have assumed flat models) and w0. Error ellipses in the Ωm-w0 plane are also given in
Fig. 2.17 for various different assumptions. The top panel here corresponds to the PLANCK-
type and the lower one to the SPT-type of survey. The order of ellipses in the top panel starting
from the bottommost one is as follows: (1) clustering signal of the model without baryonic
oscillations + CMB priors, (2) (1) + prior on bias, (3) clustering signal of the “wiggly” model,
(4) (3) + CMB priors, (5) (4) + prior on bias. The only difference in the lower panel is the
reversed order of (2) and (3). The inset in the lower plot displays the constraints obtainable (again
starting from the bottommost ellipse) with (1) SPT, (2) PLANCK, (3) SPT + PLANCK, (4) the
survey with SPT characteristics covering the full sky. For all of the cases shown in the inset
we have included CMB and bias priors. The constraint ellipses for the “clustering only” case
assuming a “smooth” model would fill almost all the plot area and for the sake of clarity we have
not displayed them here. It is evident from Fig. 2.17 that the model with baryonic oscillations
is performing much better compared to its smoothed counterpart. Adding prior information (in
contrast to the “smooth” case) does not result here in a strong improvement i.e. the clustering
signal alone already has a significant constraining power.

Table 2.1 lists the principal components of the clustering analysis only i.e. no CMB and bias
priors included. Also we have marginalized over bin bias parameters. This serves as a compact
way of summarizing our results. The principal components are given in the form:

5∏
j=1

 Θj

Θfid
j

ei
j

= 1 ±
1
√
λi

for all i = 1 . . . 5 . (2.36)

Here ei
j is the j-th component of the i-th eigenvector and λi is the i-th eigenvalue of the matrix

F̃ij = Θ
fid
i Θ

fid
j Fij (no summation over indices). The parameter vectors Θ = (Ωm, σ8,Ωb, h, w0)

and Θfid = (0.27, 0.84, 0.044, 0.71,−1.0).

2.4.2.1. Comparison to previous work

Probably the two closest works to ours are Majumdar & Mohr (2004) and Hu & Haiman (2003).
In Majumdar & Mohr (2004) the authors discuss constraints obtainable by combining the cluster
power spectrum with independent information from cluster number counts. Unfortunately they
do not present results separately for the clustering signal only. Moreover, they use an isotropized
power spectrum which leads to a significant loss of information, especially when the spectra
contain baryonic features. In Hu & Haiman (2003) the authors use the full 2D power spectrum
of galaxy clusters although they do not take into account light-cone effects. Since the light-cone
power spectrum is a blend of differently deformed power spectra (if we are away from the ref-
erence model point) some loss of baryonic features will result as seen from Fig. 2.14. Also in
their analysis they used k-modes up to 0.15 as opposed to our adopted value of 0.1 h Mpc−1. As
seen from Fig. 2.6 at k = 0.15 h Mpc−1 the cluster power spectrum already differs quite signif-
icantly from the simple linear one, particularly for the more massive systems. To simplify the
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2.5 Conclusions

comparison our results with Hu & Haiman (2003), we used identical CMB priors. An additional
difference is that we do not allow the spectral index of the power spectrum to vary but keep it
fixed to n = 1. In total their results for the SPT-type of survey are significantly more optimistic,
e.g. the constraints on w0 agree roughly with our SPT+PLANCK case, however, in the case of
Ωm an approximate agreement is achieved with our SPT full sky example.

2.5. Conclusions

In this paper we studied the clustering of SZ-selected galaxy clusters on a past light-cone with
particular emphasis on constraining the properties of DE. We implemented an extended Press-
Schechter type of analytical model as described e.g. in Sheth & Tormen (1999). The description
of the calculation of the light-cone power spectra (e.g. Yamamoto et al. 1999) was modified
slightly to incorporate other than simple number weighting schemes. The analytical model was
extensively calibrated using the outputs from the VIRGO Consortium’s Hubble Volume simula-
tions. With a little bit of fine tuning we were able to match analytical light-cone power spectra
with ones extracted from the simulations to an accuracy better than 20%. The SZ scaling rela-
tions were calibrated so as to get a good match to the number count results from the state-of-the-
art hydrodynamical simulations of White et al. (2002). Having a well calibrated analytical model
we investigated how accurately future SZ surveys like PLANCK and SPT could determine the
cluster power spectrum and whether they would be able to detect traces of baryonic oscillations.
Also we made use of VIRGO simulation outputs to build cluster catalogs for various survey
depths and sensitivity limits. We showed that the aforementioned blank sky SZ surveys will be
able to improve the detection of acoustic features based on the SDSS LRG sample. To obtain a
high-fidelity detection of the baryonic oscillations, one has to reach a relative accuracy ∼ 5% if
the wavenumber bin width ∆k = 0.005 h Mpc−1 is used. This seems hard to achieve with surveys
like SPT still having relatively narrow sky coverage. On the other hand, for surveys with a wide
sky coverage the prospects seem to be better e.g. with ∼ 25, 000 most massive clusters up to
redshift ∼ 0.6 one should be able to reach a relative accuracy ∼ 4.5% at k = 0.05 h Mpc−1 i.e.
roughly the scale where one expects to see the first major acoustic feature.

In the last part of the paper we carried out a Fisher matrix forecasting analysis for cosmological
parameters, which add up to nine in the case of four redshift bins: Ωm, σ8, Ωb, h, w0 plus a free
bias parameter for each bin. We included prior information for Ωmh2 and Ωbh2 from CMB
angular power spectrum studies and also constrained the possible values for the bias parameters.
A prior on bias parameters only has a significant effect in the case of models with smooth power
spectra i.e. models with acoustic oscillations have enough constraining power to give an estimate
of bias parameters from the survey itself. The most interesting constraints are obtained for Ωm

and w0. Wide and rather shallow surveys like PLANCK in combination with a CMB prior on
Ωmh2 are able to provide strong constraints on Ωm or in the case of flat models equivalently on
ΩDE = 1 − Ωm. The constraints on w0 on the other hand are not as good as the ones obtained
by deeper and narrower surveys with the characteristics of SPT due to the lack of higher redshift
objects. We also give our results as the principal components of the Fisher matrix that should
allow for an easy way of comparison and also for a fast way of incorporating these constraints
into further parameter forecasting studies.
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3. Acoustic oscillations in the SDSS
DR4 Luminous Red Galaxy sample
power spectrum

G. Hütsi
Astronomy & Astrophysics 449, 891 (2006)

The analysis for the SDSS DR3 was carried out in Hütsi (2005).

Abstract

We calculate the redshift-space power spectrum of the Sloan Digital Sky Survey (SDSS) Data Release 4
(DR4) Luminous Red Galaxy (LRG) sample, finding evidence for a full series of acoustic features down
to the scales of ∼ 0.2 h Mpc−1. This corresponds up to the 7th peak in the CMB angular power spectrum.
The acoustic scale derived, (105.4 ± 2.3) h−1 Mpc, agrees very well with the “concordance” model pre-
diction and also with the one determined via the analysis of the spatial two-point correlation function by
Eisenstein et al. (2005). The models with baryonic features are favored by 3.3σ over their “smoothed-out”
counterparts without any oscillatory behavior. This is not only an independent confirmation of Eisenstein
et al. (2005) results made with different methods and software but also, according to our knowledge, the
first determination of the power spectrum of the SDSS LRG sample.

3.1. Introduction

In the beginning of 1970’s it was already realized that acoustic waves in the tightly coupled
baryon-photon fluid prior to the epoch of recombination will lead to the characteristic maxima
and minima in the post-recombination matter power spectrum. The same mechanism is also
responsible for the prominent peak structure in the CMB angular power spectrum (Sunyaev
& Zeldovich 1970, Peebles & Yu 1970, Doroshkevich et al. 1978). The scale of these features
reflects the size of the sound horizon, which itself is fully determined given the physical densities
Ωbh2 andΩmh2. The acoustic horizon can be calibrated using the CMB data, thus turning it into a
standard ruler which can be used to carry out classical cosmological tests. For example, if we are
able to measure the redshift and angular intervals corresponding to the physically known acoustic
scale in the matter power spectrum at a range of redshifts, we can immediately find angular
diameter distance dA and Hubble parameter H as a function of redshift. Having good knowledge
of these dependencies allows us to put constraints on the properties of the dark energy. To carry
out this project one needs a tracer population of objects whose clustering properties with respect
to the underlying matter distribution is reasonably well understood. There have been several
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Figure 3.1.: Acoustic oscillations in the CMB (upper panel) and linear matter power spectrum
(lower panel) for the “concordance” cosmological model. Here, as we have plotted the spectra
against spatial wavenumber k, we have changed the standard notation of C` to Ck. Due to the k3

factor the first CMB acoustic peak is barely visible. Density fluctuations in matter at smaller scales,
being mostly induced by the velocity fields, are out of phase with respect to the fluctuations in the
CMB component. Also the fluctuation period is twice as large.

works discussing the usage of galaxies (Blake & Glazebrook 2003, Hu & Haiman 2003, Linder
2003, Seo & Eisenstein 2003) and clusters of galaxies (Hu & Haiman 2003, Majumdar & Mohr
2004, Hütsi 2006b) for this purpose. What is most important is that already currently existing
galaxy redshift surveys have lead to the detection of acoustic features in the spatial distribution
of galaxies, this way providing clearest support for the standard gravitational instability picture
of the cosmic structure formation. In the paper by Eisenstein et al. (2005) the detection of the
acoustic “bump” in the two-point redshift-space correlation function of the SDSS 1 LRG sample
is announced. The discovery of similar features in the power spectrum of 2dF 2 galaxies is
presented in Cole et al. (2005). These results clearly demonstrate the great promise of the future
dedicated galaxy redshift surveys like K.A.O.S.3 Similarly, useful measurements of the acoustic
scale can be hoped by the planned SZ cluster surveys like the ones carried out by the PLANCK
Surveyor 4 spacecraft and SPT 5 (Hütsi 2006b) and also with a large future photometric redshift
surveys (Blake & Bridle 2005). For the SZ surveys one needs an additional optical follow-up
to get estimates for the cluster redshifts. In this paper we calculate the redshift-space power
spectrum of the SDSS LRG sample finding evidence for the acoustic oscillations down to the
scales of ∼ 0.2 h Mpc−1, which effectively correspond up to the 7. peak in the CMB angular
power spectrum. These scales in the CMB are very strongly damped due to the finite width of

1http://www.sdss.org/
2http://www.mso.anu.edu.au/2dFGRS/
3http://www.noao.edu/kaos/
4http://astro.estec.esa.nl/Planck
5http://astro.uchicago.edu/spt
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3.2 Data

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 500  600  700  800  900  1000  1100  1200

C
om

ov
in

g 
D

en
si

ty
 [1

0-4
 h

-3
M

pc
3 ]

Comoving Distance [h-1Mpc]

Figure 3.2.: Comoving number density of galaxies as a function of comoving distance. Smooth
solid line shows a cubic spline fit to the number density estimated for 50 discrete radial bins.

the last-scattering surface and also due to the Silk damping (Silk 1968). This can be seen in Fig.
3.1 6 where the CMB data is plotted in a somewhat unusual way to enhance the acoustic features
at the high wavenumber damping tail. Also, at those scales the secondary CMB anisotropies
(mostly thermal Sunyaev-Zeldovich effect (Sunyaev & Zeldovich 1972, 1980)) start to dominate
over the primary signal. On the other hand, features in the matter power spectrum, although
being small (∼ 5% fluctuations), are preserved by the linear evolution and so opening up the way
to probe acoustic phenomena at scales smaller than the ones accessible for the CMB studies.

The paper is structured as follows. In Sec. 2 we describe the dataset to be analyzed. Sec. 3
presents the method of the power spectrum calculation. In Sec. 4 we determine power spectrum
errors and covariance matrix. Sec. 5 discusses the convolution effect of the survey window.
Analytical model spectra are presented in Sec. 6. The results of the measurement of the acoustic
scale are given in Sec. 7. Correlation function analysis is carried out in Sec. 8. In Sec. 9 we
compare the measured power spectrum with the published results for the 2dF and SDSS main
sample, and finally we conclude with Sec. 10.

3.2. Data

We analyze the publicly available data from the SDSS DR4 (Adelman-McCarthy et al. 2005).
Specifically, we carry out our power spectrum measurements using the subset of the SDSS spec-
troscopic sample known as the Luminous Red Galaxy (LRG) sample. The LRG selection algo-

6Here instead of the usual multipole number ` we have plotted the CMB angular power spectrum against the
wavenumber k. For the “concordance” cosmological model ` = 9990 k[h Mpc−1].
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Figure 3.3.: Angular distribution of galaxies given in the SDSS survey coordinates (λ, η). The survey
mask is shown with solid lines. The vertical dashed lines show the division of the sample into 22
separate regions each containing ∼ 2350 galaxies. This division will be exploited in the “jackknife”
error analysis of the correlation function.

rithm (Eisenstein et al. 2001) selects ∼ 12 galaxies per square degree meeting specific color and
magnitude criteria 7. The resulting set of galaxies consists mostly of an early types populating
dense cluster environments and as such are significantly biased (bias factor b ∼ 2) with respect
to the underlying matter distribution. The selection method is very effective producing a galaxy
sample with a reasonably high density up to the redshift of z ∼ 0.5.

Since the selection criteria are very complicated, involving both cuts in magnitude and in color,
and also due to the steepness of the luminosity function the usual method of using only the
luminosity function to determine radial selection function does not work here (Zehavi et al.
2005). Here we simply build the radial selection function as a smooth spline fit to the number
density profiles shown in Fig. 3.2. To calculate distances we choose the cosmological parameters
as given by the WMAP 8 “concordance” model (Spergel et al. 2003). Unfortunately the coverage
masks of the SDSS DR4 spectroscopic sample are not available in a readily accessible format
and so we chose to build the angular survey masks using the galaxy data itself 9. As the number
density of galaxies in the sample is rather high, one can determine relatively accurately the
beginning, ending and also possible gaps in the scan stripes. We have built angular masks using

7For the exact details of the selection criteria see Eisenstein et al. (2001)
8http://lambda.gsfc.nasa.gov/product/map/
9In principle one can build the angular masks using the raw tiling information, but as we show later our approx-

imate treatment is probably rather fine, since the results seem to be quite stable against small uncertainties in
the mask. More rigorous approach should certainly address the issues of survey boundaries and completeness
fluctuations (expected to be small due to the very effective tiling algorithm by Blanton et al. (2003)) in a much
better detail.

68



3.3 Power spectrum calculation

both the whole DR4 galaxy sample and LRGs only. The measured power spectra are practically
identical with only some minor differences on smaller scales (see Fig. 3.6). This can be seen as
an indication that our power spectrum measurements are rather stable against small uncertainties
in the survey geometry. The angular distribution of the galaxies and also the boundaries of the
survey mask built in the above mentioned way (here using all the galaxies) is shown in Fig. 3.3.
Here the angular positions are plotted using the so-called survey coordinate system of the SDSS
10.

We have selected all the objects that have spectrum classified as galaxy (i.e. SpecClass=2)
and are additionally flagged as GALAXY_RED or GALAXY_RED_II (i.e. PrimTarget bit mask set
as 0x20 or 0x4000000, respectively). Only galaxies for which the redshift confidence parameter,
zConf, is greater than 0.95 were used. We apply lower and upper redshift cutoffs of 0.16 and
0.47 as also done in Eisenstein et al. (2005). The lower cutoff is needed since the color cuts
that define the LRG sample break down for redshifts below ∼ 0.2 (Eisenstein et al. 2001). For
the analysis presented in this paper we have excluded the three southern stripes since these just
increase the sidelobes of the survey window without adding much of the extra volume. We have
also removed some minor parts of the sample to obtain more continuous and smooth chunk of
volume. In total the analyzed galaxy sample covers ∼ 0.75 h−3 Gpc3 over ∼ 3850 square degrees
on the sky and contains 51, 763 galaxies.

3.3. Power spectrum calculation

We calculate the power spectrum using a direct Fourier method as described in Feldman et al.
(1994) (FKP). Strictly speaking, power spectra determined this way are the so-called pseu-
dospectra, meaning that the estimates derived are convolved with a survey window. Since in
the case of the analyzed LRG sample the volume covered is very large, reaching 0.75 h−3 Gpc3,
and also the survey volume has relatively large dimensions along all perpendicular directions,
the correlations in the Fourier space are rather compact. On intermediate scales and in the case
the power spectrum binning is chosen wide enough, FKP estimator gives a good approximation
to the true underlying power.

The FKP estimate for a 3D pseudospectrum reads as:

P̃(k) = |F(k)|2 − Pshot , (3.1)

where
F(k) =

∫
d3r F(r) exp(ik · r) . (3.2)

Here F(r) is the weighted density contrast field:

F(r) = w(r)
[
ng(r) − αns(r)

]
. (3.3)

ng(r) and ns(r) denote the number densities of the analyzed galaxy catalog and a synthetic ran-
dom catalog with the same selection criteria, respectively. Since we are dealing with discrete

10The transformations between various coordinate systems used by the SDSS are given e.g. in Stoughton et al.
(2002).
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point processes, densities can be given as:

ng(r) =
∑

i

δD(r − rgi ) , (3.4)

ns(r) =
∑

i

δD(r − rs
i ) , (3.5)

where rgi and rs
i denote the location of the i−th point in real and synthetic catalog, respectively,

and δD is the 3D Dirac delta function. α in Eq. (3.3) is the ratio of the number of galaxies to
the number of random points in the synthetic catalog i.e. α = Ng

Ns
. In our calculations we have

Ns = 107 and thus α ' 0.0052. For the weight function w(r) there have been traditionally three
choices in the literature:

w(r) ∝


1

n̄(r) for volume weighting
const for number weighting

1
1+n̄(r)P̃

for an optimal FKP weighting .
(3.6)

Here n̄(r) is the average number density of galaxies at comoving location r i.e. the radial selec-
tion function of the survey (see Fig. 3.2) times the angular mask (Fig. 3.3). In our calculations
we use an optimal FKP weighting scheme, although pure volume weighting would give prac-
tically the same results, especially on the larger scales (k . 0.09 h Mpc−1), since then for the
majority of the sample n̄(r)P̃ ∼ 3 11. The weights in Eq. (3.3) are normalized such that:∫

d3r n̄2(r)w2(r) = 1 , (3.7)

which can be approximated as the following sum over the synthetic catalog 12:

α
∑

i

n̄(rs
i )w2(rs

i ) = 1 . (3.8)

The last term in Eq. (3.1) represents the Poissonian discreteness noise and can be expressed as:

Pshot = (1 + α)
∫

d3r n̄(r)w2(r) ' α(1 + α)
∑

i

w2(rs
i ) . (3.9)

Since we are using Fast Fourier Transforms (FFTs) to speed up the calculation of the Fourier
sums, we have to deal with some extra complications. As the density field is now “restricted to
live” on a regular grid with a finite cell size, we have to correct for the smoothing effect this has
caused. Also, if our underlying density field contains spatial modes with higher frequency than
our grid’s Nyquist frequency, kNy, then these will be “folded back” into the frequency interval
the grid can support, increasing power close to kNy– the so-called aliasing effect. The relation
between the spectra calculated using direct summation and the ones found using FFT techniques
was worked out by Jing (2005). It can be expressed as follows:

|F(k)|2FFT =
∑
n∈Z

|W(k + 2kNyn)|2P̃(k + 2kNyn) + Pshot

∑
n∈Z

|W(k + 2kNyn)|2 , (3.10)

11Including all the modes down to the scales of k ∼ 0.25 h Mpc−1 the effective value for n̄(r)P̃ drops down to ∼ 1.5.
12We assume that the survey selection does not have any other angular dependence except for the applied angular

mask i.e. we can replace rs
i by the modulus rs

i .
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Figure 3.4.: Power spectrum of the SDSS LRG sample with the bin width ∆k ' 0.005 h Mpc−1. The
upper solid line shows the best fitting model spectrum and the lower one corresponds to the linearly
evolved matter power spectrum of the “concordance” cosmological model multiplied by the square
of the bias parameter b = 1.95. Both of the spectra are convolved with a survey window. The dashed
lines represent the corresponding unconvolved spectra.

whereW(k) is the mass assignment function used to build density grid out of the point set. We
use the Triangular Shaped Cloud (TSC) assignment method (Hockney & Eastwood 1988). Since
the TSC filter can be obtained by convolving uniform cube (the Nearest Grid Point filter) two
times with itself, the Fourier representation of it follows immediately:

W(k) =


3∏

i=1
sin

(
πki

2kNy

)
(
πki

2kNy

)


3

, k = (k1, k2, k3) . (3.11)

Here the sum that represents the contribution from aliases runs over all the integer vectors n. Eq.
(3.10) is the direct analog of the previous Eq. (3.1). The convolution with the mass assignment
filter has introducedW2(k) factors both to the power spectrum and to the shot noise term. The
sum in the last term of Eq. (3.10) can be performed analytically for the TSC filter to yield the
result (Jing 2005) 13:∑

n∈Z

|W(k + 2kNyn)|2 =
3∏

i=1

[
1 − sin2

(
πki

2kNy

)
+

2
15

sin4
(
πki

2kNy

)]
. (3.12)

To recover the angle averaged pseudospectrum P̃(k) from Eq. (3.10) we use an iterative scheme
as described in Jing (2005) with a slight modification: we do not approximate the small scale

13For the NGP filter this sum equals 1, and so one recovers the original shot noise term in Eq.(3.1).
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Figure 3.5.: Power spectrum of the SDSS LRG sample with the bin width ∆k ' 0.02 h Mpc−1. The
upper solid line shows the best fitting model spectrum and the lower one corresponds to the linearly
evolved matter power spectrum of the “concordance” cosmological model multiplied by the square
of the bias parameter b = 1.95. Both of the spectra are convolved with a survey window. The dashed
lines represent the “smoothed-out” versions of the above model spectra. The dotted line is the cubic
spline fit to the data points.

spectrum by a simple power law, but also allow for the possible running of the spectral index i.e.
the parametric shape of the power spectrum is taken to be a parabola in log-log. Since on small
scales the power spectrum is dropping fast, the sum over n in Eq. (3.10) is converging rather
rapidly. In calculations we use only integer vectors with |n| ≤ 5. The angular average is taken
over all the vectors k laying in the same k-space shell with width ∆k. The resulting P̃ is taken
to be an estimate for the pseudospectrum at the wavenumber keff that corresponds to the average
length of the k-vectors in that shell.

To summarize, our power spectrum calculation consists of the following steps:

1. Determination of the survey selection function i.e. mean underlying number density n̄(r)
(including the survey geometry),

2. Calculation of the overdensity field on a grid using TSC mass assignment scheme,

3. Fourier transformation of the gridded density field,

4. Calculation of the raw 3D power spectrum |F(k)|2FFT,

5. Subtraction of the shot noise component from the raw spectrum,

6. Recovery of the angle averaged pseudospectrum P̃(k) using an iterative method of Jing
(2005).

72



3.4 Power spectrum errors and covariance matrix

We have applied the above described power spectrum calculation method to a multitude of test
problems, the results of which can be found in Hütsi (2006b). In Appendix B we show only one
example, where we successfully recover the underlying power spectrum of galaxy clusters from
the VIRGO Hubble Volume simulations 14, after applying the selection criteria given in Figs. 3.2
and 3.3.

3.4. Power spectrum errors and covariance matrix

We determine power spectrum errors by three different methods:

1. Prescription given by FKP that assumes the underlying density field to be Gaussian. This
method also does not treat redshift space distortions. Under those simplifying assumptions
the power spectrum variance can be expressed as:

σ2
P̃
(k) =

2
N2

k

∑
k′

∑
k′′
|P̃(k)Q(k′ − k′′) + S (k′ − k′′)|2 , (3.13)

Q(k) =
∫

d3r n̄2(r)w2(r) exp(ik · r) ' α
∑

j

n̄(rs
j)w

2(rs
j) exp(ik · rs

j) , (3.14)

S (k) = (1 + α)
∫

d3r n̄(r)w2(r) exp(ik · r)

' α(1 + α)
∑

j

w2(rs
j) exp(ik · rs

j) . (3.15)

Here the sum is over all the wavevectors k′ and k′′ populating the same k-space shell with
radius k and thickness ∆k, and Nk denotes the total number of modes in that shell. Since
the direct summation over all the vector pairs k′ and k′′ is very slow for the wide k-space
shells and 5123 grid we use, a Monte Carlo sum is performed instead. Thus we calculate
the average of the quantity |P̃(k)Q(k′ − k′′)+ S (k′ − k′′)|2 over the random pairs of vectors
k′ and k′′ from the same shell. For the result to converge properly we need on average
∼ 107 random pairs.

2. The second method is a simple analytical approximation to the first one, also due to FKP
(see also Tegmark et al. 1998). Here the variance is given as:

σ2
P̃
(k) =

2P̃2(k)
VeffVk

, (3.16)

where Vk = 4πk2∆k/(2π)3 is the volume of the k-space shell and Veff is the effective volume
given by:

Veff =

[∫
d3r n̄2(r)w2(r)

]2

∫
d3r n̄4(r)w4(r)

[
1 + 1

n̄(r)P̃(k)

]2 . (3.17)

14http://www.mpa-garching.mpg.de/Virgo/
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Figure 3.6.: The comparison of the different power spectrum error estimates. For clarity slight
relative shifts of the data points have been applied. The errorbars resulting from the 1st method are
the rightmost ones and the ones from the 3rd method are displayed in the middle. The lines show
a cubic spline fits to the data points. The solid line corresponds to the case when all the available
galaxy data is used to find the angular mask of the survey, while the dashed line represents the case
when LRGs only are used for this purpose.

3. The third method is a Monte Carlo approach that uses 1000 mock catalogs generated in
the way described in Appendix C. Here, as we use the 2nd order Lagrangian perturbation
theory, we get a good approximation for the mode-mode couplings that are induced during
the quasi-nonlinear regime of the evolution of the density fluctuations. Also the large-scale
redshift distortions are properly accounted for. In terms of the Halo Model (see Appendix
D) we can say that halo-halo clustering term is relatively well approximated. Contributions
from the one-halo term can be added later, as these allow an analytic treatment.

The results of the power spectra for the SDSS DR4 LRG sample are shown in Figs. 3.4 and
3.5. In Fig. 3.4 the bin width ∆k ' 0.005 h Mpc−1, while in Fig. 3.5 ∆k ' 0.02 h Mpc−1. With
different lines we have shown various model spectra, which will be the topic of Sec. 3.6.

The comparison of the power spectrum errorbars calculated in the above described different
ways is provided in Fig. 3.6. We see that the various error estimates are in a very good agreement.
In the following we will use only the errorbars given by the 3rd method.

So far we have only found the diagonal terms of the covariance matrix. In order to answer
the question of how strongly different power spectrum bins are correlated, we have to go a step
further, and try to estimate the full covariance matrix.

The FKP result for the full covariance matrix, Ci j, is a simple generalization of the Eq. (3.13):

Ci j =
2

Nk′Nk′′

∑
k′

∑
k′′

∣∣∣∣∣∣P̃
(
ki + k j

2

)
Q(k′ − k′′) + S (k′ − k′′)

∣∣∣∣∣∣2 , (3.18)
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where the k-vectors k′ and k′′ lie in shells with width ∆k and radii ki and k j, respectively. The
FKP approach, as mentioned above, does not treat mode couplings arising from the nonlinear
evolution and also from the redshift space distortions. Linear redshift space distortions can be,
in principle, included into the FKP estimate for the covariance matrix. One can generalize the
results presented in the Appendix of Zaroubi & Hoffman (1996), where the covariance matrix
for the Fourier modes has been found. Since linear redshift distortions applied on a Gaussian
field do not change the Gaussianity property, one can still use the result from the Appendix B of
FKP that relates the power spectrum covariance matrix to the covariance matrix of the Fourier
modes. Also one has to add the shot noise terms to the result of Zaroubi & Hoffman (1996).
We have carried out this exercise, leading us to the high dimensional integrals (up to 12 dim.)
that turn out to be too time consuming to solve in practice. As from the mock catalogs we can
hopefully obtain more realistic estimate for the covariance matrix 15 we have not followed this
path any further.

The results for the covariance matrix calculation are given in Fig. 3.7. Here the left hand
column shows the covariance and the right hand column respective correlation matrices:

ri j =
Ci j√
CiiC j j

. (3.19)

The power spectrum binning is the same as shown in Fig. 3.5 i.e. ∆k ' 0.02 h Mpc−1. The top
row represents the results from Eq. (3.18), while the middle row the ones from mock catalogs.
Although the diagonal terms of the covariance matrices in the 1st and 2nd row are in a very good
agreement (see Fig. 3.6), the off-diagonal components differ strongly. This can be explained as
the result of the extra mode-mode couplings that are not accounted for by the FKP approach.
We see that even well separated power spectrum bins can be correlated at 30 . . . 40% level. The
bottommost row in Fig. 3.7 represents the nonlinear contribution to the covariance matrix arising
from the 1-halo term (see Appendix D). We see that this contribution is subdominant at the scales
of interest to us 16.

In the following calculations we mostly use the covariance matrix given in the middle row of
Fig. 3.7.17

3.5. Relation to the true spectrum

Since masking in real space is equivalent to convolution in Fourier space, our measured power
spectrum P̃ is actually a convolution of the real spectrum P with a survey window (see e.g. FKP):

P̃(k) =
∫

d3k′

(2π)3 P(k)|W(k − k′)|2 , (3.20)

where
W(k) =

∫
d3r n̄(r)w(r) exp(ik · r) , (3.21)

15Since now we are also able to handle quasi-nonlinear mode-mode couplings.
16In calculating this contribution to the covariance matrix we have taken the best fit model parameters as obtained

in Sec. 3.6. The smallness of this term is caused by the high value of the parameter M0 i.e. majority of the
“occupied” halos contain only one LRG.

17This matrix along with the power spectrum results in Fig. 3.5 is also given in a tabular form in Appendix H.
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Figure 3.7.: Covariance (left column) and correlation matrices (right column). Top row represents
the results from FKP prescription (see Eq. (3.18)) and the middle row the ones from 1000 mock
catalogs. The last row displays the nonlinear contribution due to the 1-halo term.

76



3.5 Relation to the true spectrum

 1e-09

 1e-08

 1e-07

 1e-06

 1e-05

 1e-04

 0.001

 0.01

 0.1

 1

 0.001  0.01  0.1

an
gl

e 
av

er
ag

ed
 s

ur
ve

y 
w

in
do

w
 |W

(k
)|

2

wavenumber [hMpc-1]

Figure 3.8.: Isotropized survey window. Here the normalization is taken such that |W(0)| = 1. Light
gray stripe marks the region where the window is above 1% of its maximum value of 1. Dashed lines
show approximations discussed in the text.

and the survey window |W(k)|2 is normalized as follows:∫
d3k

(2π)3 |W(k)|2 = 1 . (3.22)

The angle averaged survey window |W(k)|2 is plotted in Fig. 3.8. Here the core part of the
window is well approximated by the functional form:

|W(k)|2 =
1

1 +
(

k
a

)2
+

(
k
b

)4 , (a ' 0.0030, b ' 0.0028) , (3.23)

and asymptotic wings are close to the power law with spectral index −4. These approximations
are shown with dashed lines in Fig. 3.8. With the gray shaded stripe we have marked the scales
where |W(k)|2 is above 1% of its maximum value. This stripe just serves as a rough guide to the
effective width of the survey window and it is also shown in many of the following figures.

Since the survey geometry of the analyzed SDSS LRG sample is far from being spherically
symmetric, an isotropized window in Fig. 3.8 gives only a poor representation of the true 3D
window, which is displayed as an isosurface corresponding to the isovalue of 0.01 in Fig. 3.9.

In order to compare theoretical models to the measured power spectrum we have to take into
account the smearing effects caused by the survey window. Using Eq. (3.20) we can express an
isotropized power spectrum as:

P̃(k) =
∫

dΩk

4π
P̃(k) =

∫
dk′ k′2P(k′)K(k′, k) , (3.24)

77



Acoustic oscillations in the SDSS DR4 Luminous Red Galaxy sample power spectrum

Figure 3.9.: 3D survey window embedded in a box with a side length of 0.04 h Mpc−1. Here the
isosurface corresponding to 1% of the maximum value of the window is shown. Note the symmetry
of the window, |W(k)|2 = |W(−k)|2, as expected when taking a modulus of the Fourier transform of
a real 3D scalar function.

where the coupling kernels 18:

K(k′, k) = K(k, k′) =
1

2π2

∫
dΩk

4π

∫
dΩk′

4π
|W(k − k′)|2 . (3.25)

Numerically evaluated coupling kernels along with the analytical approximations (see Appendix
E) for the analyzed galaxy sample are presented in Fig. 3.10. Here the solid lines correspond
to the numerical results and the dashed ones represent an analytical approximation. We have
used the notation Ki(k) ≡ K(ki, k) where ki denote the central values of the power spectrum bins
shown in Fig. 3.5.

3.6. Model spectra

It is well known that redshift space distortions and nonlinear effects modify simple linear spectra.
In order to treat these effects we make use of the very successful analytical model – the Halo
Model. For a nice review we refer the reader to Cooray & Sheth (2002) (see also Seljak 2000).

18We prefer to use “coupling kernels” instead of the more common “window functions” since the word “window”
has already been used to mean the modulus square of the Fourier transform of the weighted survey volume.
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Figure 3.10.: Coupling kernels Ki(k) ≡ K(ki, k) for the power spectrum bins ki shown in Fig. 3.5.
Numerically evaluated kernels are shown with solid lines. The dashed lines correspond to the fitting
functions given in Appendix E.
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The details of the model we use are presented in Appendix D. The model introduces four free
parameters: Mlow, α, M0 and γ. Here Mlow is the lower cutoff of the halo mass i.e. below that
mass halos are assumed to be “dark”. α and M0 are the parameters of the mean of the halo
occupation distribution 〈N|M〉, which gives the average number of galaxies per halo with mass
M. We take 〈N|M〉 to be a simple power law:

〈N|M〉 =
(

M
M0

)α
. (3.26)

The last parameter, γ, is the amplitude factor for the virial velocities of galaxies inside dark
matter halos. One dimensional velocity dispersion of the galaxies inside a halo with mass M is
taken to follow the scaling of the isothermal sphere model:

σ = γ

√
GM
2Rvir

, (3.27)

where Rvir is the virial radius of the halo.
For the model fitting we have used Levenberg-Marquardt method as described in Press et al.

(1992) with modifications (described in Appendix F) that allow us to incorporate correlations
between the data points. As the input data we take the power spectrum estimates given in Fig.
3.5. The covariance matrix used is the one shown in the middle row of Fig. 3.7. We also
perform fits where we use one additional power spectrum bin on a larger scale (not shown in Fig.
3.5). All of this data is given in a tabular form in Appendix H. The transfer functions needed
for the linear spectra are taken from Eisenstein & Hu (1998). There the authors also provide
transfer function fits where the baryonic acoustic oscillations have been removed. We use these
“smoothed out” transfer functions in order to assess the significance of the oscillatory features
we see in the data. Throughout this paper we have kept cosmology fixed to the best fit WMAP
“concordance” model (Spergel et al. 2003). The implications for the cosmology, and especially
for the dark energy equation of state parameter, are planned to be worked out in the future paper.

As the cosmology is kept fixed, we have only four free parameters. In order to eliminate
some of the degeneracies between the parameters we have imposed one additional constraint.
Namely, we have demanded that the resulting number of galaxies should agree with the one that
is observed with the relative error of 1% i.e. (51, 763 ± 518)19. The resulting 1σ error “ellipses”
for the free parameters are shown in Fig. 3.11. The “ellipses” appear deformed since instead of
Mlow and M0 we have fitted log(Mlow) and log(M0). With crosses we have marked the best fit
values: Mlow ' 3 · 1012h−1M�, α ' 0.9, M0 ' 1.4 · 1014h−1M� and γ ' 0.7. The model spectra
corresponding to these best fit parameters are shown in Figs. 3.4 and 3.5. In both figures we
have also given the simple linear spectra multiplied by the square of the bias parameter b = 1.95.
In Fig. 3.4 we have additionally demonstrated the effect of the window convolution. There the
dashed lines correspond to the unconvolved case. In Fig. 3.5 along with the “wiggly” spectra
we have shown their “smoothed-out” counterparts. Using all the 16 power spectrum bins (the
1st not shown in Fig. 3.5) plus an additional constraint on the total number of galaxies, resulting
in 17 − 4 = 13 independent degrees of freedom, we obtain χ2 values of 8.8 and 19.9 for the

19The 1σ Poisson error in this case would be 228. The large-scale structure amplifies the variability in the number
of objects and a factor of a few increase above the Poissonian case seems to be reasonable.
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“wiggly” and “smoothed”20 models, respectively. So the models with oscillations are favored by
3.3σ over their “smoothed-out” counterparts.21 Since both models have the same number of free
parameters, and if additionally the assumption of Gaussianity is valid, the Bayesian approach
should also give similar results. Actually, Bayesian results should favor “wiggly” models even
more, since prior weight for these should probably be taken higher (assuming the knowledge of
the other experimental results).

3.7. Determination of the acoustic scale

To measure the scale of the acoustic oscillations we divide the spectrum shown in Fig. 3.5 with
the best fitting “smoothed” spectrum. The result of this procedure is given in the upper panel of
Fig. 3.12. There the solid line shows a cubic spline fit to the data points and the long-dashed line
corresponds to the best fitting model spectrum also shown in Fig. 3.5. The above data is fitted
with a parametric form:

f (x) = 1 + c1 · sin(c2 · x) exp
[(
−

x
c3

)c4
]
. (3.28)

Again we use the Levenberg-Marquardt method with the data covariance matrix obtained from
mock catalogs. After marginalizing over the other parameters we find the best fitting value of
(105.4 ± 2.3) h−1 Mpc for the parameter c2. 22 The best fitting member of the parametric family
in Eq. (3.28) is shown with short-dashed lines in the upper panel of Fig. 3.12. Using FKP
covariance matrix instead gives an acoustic scale of (105.4 ± 2.8) h−1 Mpc.

The sinusoidal modulation in the power spectrum is a pure consequence of the adiabatic initial
conditions. By relaxing this assumption and fitting with a more general functional form:

f (x) = 1 + c1 · sin(c2 · x + c3) exp
[(
−

x
c4

)c5
]
. (3.29)

instead, we get the following value for the acoustic scale: (103.0 ± 7.6) h−1 Mpc. In case of the
FKP covariance matrix the corresponding value is (103.1 ± 9.1) h−1 Mpc.

Eisenstein et al. (2005) determine various distance scales (like Dv, which is a certain mixture of
the comoving distances along and perpendicular to the line of sight (see their Eq.(2))) and their
ratios, using SDSS LRGs in combination with the constraints from other cosmological sources.
The typical relative accuracy of these measurements is ∼ 4%, which might seem to be signif-
icantly poorer than the accuracy of the acoustic scale measurement, (105.4 ± 2.3) h−1 Mpc i.e.
∼ 2%, presented in this paper. This apparent inconsistency can be attributed to the fact that in

20The best fit Mlow, α, M0 and γ for the “smoothed” models differ slightly from the values quoted above for the
“wiggly” spectra.

21Dropping the first power spectrum bin the obtained χ2 values are 5.0 and 16.5. 5.0 is an anomalously low value
of χ2 for 12 degrees of freedom. (One would expect χ2 ' 12 ± 5.) In fact, if we would have used the simple
FKP covariance matrix instead of the one obtained from the mock catalogs, the resulting χ2 values would be
even lower: 2.9 and 8.5, respectively. This might hint that the 2nd order Lagrangian approach, although very
successful, might still have problems of capturing some extra mode-mode couplings.

22Here and in the following all the errors refer to the 1-σ level. Values for the other parameters are as follows:
c1 = (4.9 ± 2.1) · 10−2, c3 = (0.176 ± 0.023) h Mpc−1, c4 = (7 ± 17

7).
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Figure 3.12.: Upper panel: Power spectrum from Fig. 3.5 divided by the best fitting “smoothed”
spectrum. Solid line shows a cubic spline fit to the data points and long-dashed line corresponds to
the best “wiggly” model. The short-dashed line represents the most favorable fit from the parametric
family of Eq. (3.28). Lower panel: Various input power spectra used to calculate the two-point
correlation function. The dashed line is the cubic spline fit from the upper panel. The solid lines
represent a transition sequence from the best fitting “wiggly” model to the best “smoothed” model.
In each step we have erased more and more oscillatory features. For clarity slight vertical shifts have
been introduced.
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our analysis, as stated above, we have kept the cosmology fixed to the WMAP “concordance”
model, whereas Eisenstein et al. (2005) estimates include the extra uncertainties due to the im-
perfect knowledge of the various cosmological parameters. Of course, the given length of the
acoustic scale, (105.4 ± 2.3) h−1 Mpc, can be easily transformed in order to accommodate other
preferences for the background cosmology. We also note that the use of the parametric form in
Eq. (3.28) might be too restrictive, since the acoustic modulation in the case of adiabatic models
can be only approximately described as a damped sinusoidal wave (Eisenstein & Hu 1998). For
this reason the given sound horizon constraint should not be used in cosmological parameter
studies. Instead one should directly use the measured power spectrum in combination with the
parametrized models that are physically well motivated.

3.8. Correlation function analysis

We determine the two-point correlation function of the SDSS LRGs using the edge-corrected
estimator given by Landy & Szalay (1993):

ξ(r) =
DD − 2DR + RR

RR
, (3.30)

which has minimal variance for a Poisson process. Here DD, DR and RR represent the re-
spective normalized data-data, data-random and random-random pair counts in a given distance
range. Random catalogs were generated with 25 times the number of objects in the main cata-
log. We calculated correlation function for 10 bins (ri, i = 1 . . . 10) in the pair distance range of
60 . . . 160 h−1 Mpc. The errors were estimated by a “jackknife” technique. For this purpose we
divided the full sample into 22 separate regions each containing ∼ 2350 galaxies (see Fig. 3.3).
The two-point function was calculated 22 times, each time omitting one of the regions. Denoting
the resulting estimates as ξ j(ri), ( j = 1 . . . 22), the “jackknife” estimate for the variance reads as
(see e.g. Lupton 1993):

σ2
ξ(ri) =

N − 1
N

N∑
j=1

[
ξ j(ri) − ξ̄(ri)

]2
, (3.31)

ξ̄(ri) =
1
N

N∑
j=1

ξ j(ri) , (3.32)

where in our case N = 22. The results of this calculation are presented in the left panel of Fig.
3.13. With the crosses and dashed-line errorbars we have also shown the two-point function as
determined by Eisenstein et al. (2005). We see that in general our results agree reasonably well
with their calculations.

It would be interesting to study how the oscillations in the observed power spectrum transform
into the peak in the two-point correlation function seen at the scale of ∼ 110 h−1 Mpc. For
this purpose we use the cubic spline fit shown in Fig. 3.12 and extend it outside of the observed
range by smoothly joining it to the power spectrum of the best fitting “smoothed-out” model. The
correlation function is now simply calculated as the Fourier transform of the power spectrum. 23

23To be precise, in redshift space the two-point correlation function and power spectrum are not anymore exact
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Figure 3.13.: Left panel: Two-point correlation functions as determined in this paper (circles with
solid lines) and by Eisenstein et al. (2005). Right panel: Correlation functions corresponding to the
models shown in the lower panel of Fig. 3.12 in comparison to the one obtained directly from the
data. Here all the data points have been lowered by 0.0035.

The resulting correlation function is plotted with a dashed line in the right panel of Fig. 3.13.
To study the significance of the oscillatory features in the power spectrum in relation to the
observed peak in the correlation function, we have calculated correlation functions for several
models that have oscillations “switched off” at various scales. The spectra of these models are
shown with solid lines in the lower panel of Fig. 3.12, where for the sake of clarity we have
introduced slight vertical shifts between the curves, so that the scales where the transition to the
featureless spectrum takes place, are easily visible. The corresponding correlation functions are
given with solid lines in the right hand panel of Fig. 3.13. As expected, we see how the peak in
the correlation function is getting broader and also decreasing in amplitude as we erase more and
more features in the power spectrum. This clearly demonstrates the importance of many of the
up-downs in the power spectrum to produce a relatively sharp feature in the two-point correlation
function.

In order to achieve good agreement we have lowered all the data points by 0.0035 in the right
hand panel of Fig. 3.13. Similar shifts were also suggested in Eisenstein et al. (2005) in order
to get better match to the theoretical models. A 0.0035 shift in ξ translates to the 0.175% shift
in the mean density. Thus, if one wishes to determine the amplitude of the correlation function
correctly at those large scales, one has to determine the survey selection function with a very high
precision, which in practice is very difficult to achieve. By using model spectra that have more

Fourier transforms of each other. Nevertheless, we think that this simplified exercise is still useful. Also, as
the correlation function estimator in Eq. (3.30) is an edge-corrected estimator, we use an unconvolved model
spectra here.
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Figure 3.14.: The comparison of spectra from different surveys.

large scale power than the “concordance” cosmology predicts (as might be suggestive from Fig.
3.4), we are in fact able to match the amplitude of the correlation function without any additional
vertical shifts. Here we try to avoid making any definite conclusions. The behavior of the power
spectrum on the largest scales is an extremely interesting topic on its own and there exist much
better methods than the direct Fourier approach to investigate these issues (see e.g. Tegmark
et al. 1998).

3.9. Comparison with the other surveys

In this section we compare our power spectrum measurements with the ones obtained by Percival
et al. (2001) and Cole et al. (2005) for the 2dF redshift survey and by Tegmark et al. (2004a) for
the SDSS main galaxy sample. The results of this comparison are provided in Figs. 3.14 and
3.15. Since Fig. 3.14 is extremely busy, we have also given a variant of it where we have omitted
the errorbars. The amplitudes of the SDSS main and 2dF spectra have been freely adjusted
to match the clustering strength of the SDSS LRGs. The corresponding bias parameters with
respect to the SDSS LRGs are 0.53, 0.61 and 0.50 for the 2dF sample analyzed by Percival et al.
(2001), for the one analyzed by Cole et al. (2005), and for the SDSS main sample, respectively.
Percival et al. (2001) also provide power spectrum measurements for k & 0.15 h Mpc−1 but
without errorbars. These small-scale measurements along with our SDSS LRG results are shown
with solid lines in Fig. 3.14.

In general the shapes of the spectra agree remarkably well. Of course one has to keep in mind
that here, with the only exception of Tegmark et al. (2004a) results, the power spectrum bins are
highly correlated. Also Tegmark et al. (2004a) measurements are corrected for the redshift space
distortions.
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Figure 3.15.: The same as Fig. 3.14 with the errorbars omitted.

3.10. Discussion and Conclusions

In this paper we have calculated the redshift-space power spectrum of the SDSS DR4 LRG sam-
ple, finding evidence for a series of acoustic features down to the scales of ∼ 0.2 h Mpc−1. It turns
out that models with the baryonic oscillations are favored by 3.3σ over their “smoothed-out”
counterparts without any oscillatory behavior. Using the obtained power spectrum we predict
the shape of the spatial two-point correlation function, which agrees very well with the one ob-
tained directly from the data. Also, the directly calculated correlation function is consistent with
the results obtained by Eisenstein et al. (2005). We have made no attempts to put constraints
on the cosmological parameters, rather we have assumed in our analysis the “concordance” cos-
mological model. The derived acoustic scale (105.4 ± 2.3) h−1 Mpc agrees well with the best-fit
WMAP “concordance” model prediction of ' 106.5 h−1 Mpc.

The existence of the baryonic features in the galaxy power spectrum is very important, allowing
one (in principle) to obtain Hubble parameter H and angular diameter distance dA as a function
of redshift, this way opening up a possibility to constrain properties of the dark energy (Hu &
Haiman 2003). The currently existing biggest redshift surveys, which are still quite shallow,
do not yet provide enough information to carry out this project fully. On the other hand, it is
extremely encouraging that even with the current generation of redshift surveys we are already
able to see the traces of acoustic oscillations in the galaxy power spectrum, showing the great
promise for the dedicated future surveys like K.A.O.S. We have seen that acoustic features seem
to survive at mildly nonlinear scales (k & 0.1 h Mpc−1), which is in agreement with the results
of the recent N-body simulations (Springel et al. 2005, Seo & Eisenstein 2005). In order to fully
exploit available information one needs a complete understanding of how nonlinear effects influ-
ence these features. Nonlinear bias and redshift space distortions also add extra complications.
In general redshift-space distortions, biasing and nonlinear evolution do not create any oscilla-
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tory modulation in the power spectrum and so acoustic features should be readily observable. So
far there have been only a few works studying these important issues (e.g. Springel et al. (2005),
Seo & Eisenstein (2005), White (2005)) and probably it is fair to say that currently we really do
not have a full theoretical description of them. In our paper we have modeled the above men-
tioned effects using the results from the 2nd order Lagrangian perturbation theory in combination
with the Halo Model. Although these models are very successful in capturing many important
aspects of the structure formation, one has to keep in mind that they are still approximations.

The bare existence of the baryonic oscillations in the galaxy power spectrum tells us some-
thing important about the underlying cosmological model and the mechanism of the structure
formation. First, it confirms the generic picture of the gravitational instability theory where the
structure in the Universe is believed to be formed by the gravitational amplification of the small
perturbations laid down in the early Universe. Under the linear gravitational evolution all the
density fluctuation modes evolve independently i.e. all the features in the power spectrum will be
preserved. And certainly, we are able to identify features in the low redshift galaxy power spec-
trum that correspond to the fluctuations seen in the CMB angular power spectrum (which probes
redshifts z ∼ 1100), providing strong support for the above described standard picture of the
structure formation. Actually, we can also probe scales that are unaccessible for the CMB stud-
ies due to the strong damping effects and steeply rising influence of the secondary anisotropies,
reaching effectively the wavenumbers that correspond to the 6th-7th peak in the CMB angular
power spectrum. Second, the ability to observe baryonic features in the low redshift galaxy
power spectrum demands rather high baryonic to total matter density ratio. In Blanchard et al.
(2003) it has been shown that it is possible to fit a large body of observational data with an
Einstein–de Sitter type model if one adopts low value for the Hubble parameter and relaxes the
usual assumptions about the single power law initial spectrum. In the light of the results obtained
in our paper these models are certainly disfavored due to the fact that the high dark matter den-
sity completely damps the baryonic features. And finally, purely baryonic models are also ruled
out since for them the expected acoustic scale would be roughly two times larger than observed
here 24. So the data seems to demand a weakly interacting nonrelativistic matter component and
all the models that try to replace this dark matter component with something else e.g. modifying
the laws of gravity might have severe difficulties to fit these new observational constraints.

24For a clear discussion of this see Daniel Eisenstein’s home page
http://cmb.as.arizona.edu/∼eisenste/acousticpeak/
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4. Power spectrum of the SDSS
luminous red galaxies: constraints on
cosmological parameters

G. Hütsi
Astronomy & Astrophysics, submitted, Hütsi (2006)

Abstract

In this paper we determine the constraints on cosmological parameters using the CMB data from the W
experiment together with the recent power spectrum measurement of the SDSS Luminous Red Galaxies
(LRGs). Specifically, we focus on spatially flat, low matter density models with adiabatic Gaussian initial
conditions. The spatial flatness is achieved with an additional quintessence component whose equation
of state parameter weff is taken to be independent of redshift. We do not allow any massive neutrino
contribution and also the influence of the gravitational waves on the CMB is taken to be negligible. The
analysis is carried out separately for two cases: (i) using the acoustic scale measurements as presented in
Hütsi (2006a), (ii) using the full SDSS LRG power spectrum and its covariance matrix. We are able to
obtain a very tight constraint on the Hubble parameter: H0 = 70.8+1.9

−1.8 km/s/Mpc, which helps in breaking
several degeneracies between the parameters and allows us to determine the low redshift expansion law
with much higher accuracy than available from the W + HST data alone. The positive deceleration
parameter q0 is found to be ruled out at 5.5σ confidence level.

4.1. Introduction

Since the flight of the C 1 satellite in the beginning of 90’s the field of observational cos-
mology has witnessed an extremely rapid development. The data from various Cosmic Mi-
crowave Background (CMB) experiments (W 2 (Bennett et al. 2003), C (Smoot et al.
1992), A 3 (Benoît et al. 2003), B 4 (Netterfield et al. 2002), M 5 (Hanany
et al. 2000), C 6 (Pearson et al. 2003), V 7 (Scott et al. 2003), D 8 (Halverson et al. 2002)

1http://lambda.gsfc.nasa.gov/product/cobe/
2http://map.gsfc.nasa.gov/
3http://www.archeops.org/
4http://cmb.phys.cwru.edu/boomerang/
5http://cfpa.berkeley.edu/group/cmb/
6http://www.astro.caltech.edu/∼tjp/CBI/
7http://www.mrao.cam.ac.uk/telescopes/vsa/
8http://astro.uchicago.edu/dasi/
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etc.), supernova surveys (S 9 (Perlmutter et al. 1999), High-Z SN Search 10 (Riess et al. 1998))
and large galaxy redshift surveys (SDSS 11 (York et al. 2000), 2dFGRS 12 (Colless et al. 2001))
has lead us to the cosmological model that is able to accommodate almost all the available high
quality data– the so-called “concordance” model (Bahcall et al. 1999, Spergel et al. 2003). Use-
ful cosmological information has also been obtained from the Ly-α forest, weak lensing, galaxy
cluster, and large-scale peculiar velocity studies. It is remarkable that this diversity of observa-
tional data can be fully explained by a cosmological model that in its simplest form has only
5 − 6 free parameters (Liddle 2004, Tegmark et al. 2004b). As the future data sets will be or-
ders of magnitude larger, leading to the extremely small statistical errors, any further progress is
possible only in case we fully understand various systematic uncertainties that could potentially
bias our conclusions about the underlying cosmology. As such, one should try to use observables
that are least sensitive to the theoretical uncertainties, contaminating foregrounds etc. Currently
the “cleanest” constraints on cosmological models are provided by the measurements of the an-
gular power spectrum of the CMB. Since the underlying linear physics is well understood (see
e.g. Hu 1995, Dodelson 2003) we have a good knowledge of how the angular position and am-
plitude ratios of the acoustic peaks depend on various cosmological parameters. However, the
CMB data alone is able to provide accurate measurements of only a few combinations of the
cosmological parameters. In order to break the degeneracies between the parameters one has to
complement the CMB data with additional information from other independent sources e.g. the
data from the type Ia supernovae, large-scale structure, or the Hubble parameter measurements.
In fact, the well understood physical processes responsible for the prominent peak structure in
the CMB angular power spectrum are also predicted to leave imprints on the large-scale matter
distribution. Recently the analysis of the spatial two-point correlation function of the Sloan Digi-
tal Sky Survey (SDSS) Luminous Red Galaxy (LRG) sample (Eisenstein et al. 2005), and power
spectra of the 2dF (Cole et al. 2005) and SDSS LRG (Hütsi 2006a) redshift samples, have lead
to the detection of these acoustic features, providing the clearest support for the gravitational
instability picture, where the large-scale structure of the Universe is believed to arise through the
gravitational amplification of the density fluctuations laid down in the very early Universe.

In the current paper we work out the constraints on cosmological parameters using the SDSS
LRG power spectrum as determined by Hütsi (2006a). In order to break the degeneracies
between the parameters we complement our analysis with the data from other cosmological
sources: the CMB data from the W, and the measurement of the Hubble parameter by the
HST Key Project 13. We focus our attention on simple models with Gaussian adiabatic initial
conditions. We further assume spatial flatness, and also negligible massive neutrino and grav-
itational wave contributions. This leads us to the models with 6 free parameters: total matter
and baryonic matter density parameters: Ωm and Ωb, the Hubble parameter h, the optical depth
to the last-scattering surface τ, the amplitude As and spectral index ns of the scalar perturbation
spectrum. 14 This minimal set is extended with the constant dark energy effective equation of
state parameter weff. We carry out our analysis in two parts. In the first part we use only the mea-

9http://supernova.lbl.gov/
10http://cfa-www.harvard.edu/oir/Research/supernova/HighZ.html
11http://www.sdss.org/
12http://www.mso.anu.edu.au/2dFGRS/
13http://www.ipac.caltech.edu/H0kp/
14In fact, one might even consider a simpler case with only 5 free parameters by fixing ns = 1 (Liddle 2004).
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surement of the acoustic scale from the SDSS LRG power spectrum as given in Hütsi (2006a).
The analysis in the second part uses the full power spectrum measurement along with the covari-
ance matrix as provided by Hütsi (2006a). Here we add two extra parameters: bias parameter
b and parameter Q that describes the deformation of the linear power spectrum to the nonlin-
ear redshift-space spectrum. These extra parameters are treated as nuissance parameters and are
marginalized over. Thus the largest parameter space we should cope with is 9-dimensional. 15

Since the parameter space is relatively high dimensional it is natural to use Markov Chain Monte
Carlo (MCMC) techniques. For this purpose we use publicly available cosmological MCMC
engine C16 (Lewis & Bridle 2002). All the CMB spectra and matter transfer functions
are calculated using the fast Boltzmann code C17 (Lewis et al. 2000).

The paper is organized as follows. In Sect. 2 we describe the observational data used for the
parameter estimation. Sect. 3 discusses and tests the accuracy of the transformations needed to
convert the linear input spectrum to the observed redshift-space galaxy power spectrum. In Sect.
4 we present the main results of the cosmological parameter study and we conclude in Sect. 5.

4.2. Data

The SDSS LRG power spectrum as determined by Hütsi (2006a) is shown with filled circles and
heavy solid errorbars in Fig. 4.1. There the upper data points correspond to the deconvolved
version of the spectrum. 18 The thin solid lines represent the best-fitting model spectra, with the
lower curve corresponding to the convolved case. As the survey window is relatively narrow the
deconvolution can be done rather “cleanly”. This deconvolved spectrum might be useful for the
extra-fast parameter estimation employing analytic approximations for the matter transfer func-
tions (Eisenstein & Hu 1998, Novosyadlyj et al. 1999) and fast CMB angular power spectrum
generators such as CMBfit19(Sandvik et al. 2004), DASh20(Kaplinghat et al. 2002) and CMB-
warp21(Jimenez et al. 2004). However, in this paper, as we use an accurate Boltzmann solver
C to calculate CMB power spectra and matter transfer functions, the relative time taken by an
extra convolution step is completely negligible. Thus in the following we use only the convolved
spectrum. 22 Accurate analytic fitting formulae for the survey window functions can be found
in Hütsi (2006a).23 The power spectrum covariance matrix in Hütsi (2006a) was measured from
1000 mock catalogs generated with the second-order optimized Lagrangian perturbation calcula-
tion. The same paper also provides the measurement of the acoustic scale: (105.4±2.3) h−1 Mpc.
This corresponds to the case when only sinusoidal modulation, as expected in the case of adia-
batic initial conditions, in the power spectrum is allowed. Relaxing this assumption by allowing

15Since marginalization over the bias parameter can be done analytically (Bridle et al. 2002) the actual number of
parameters can be reduced to 8.

16http://cosmologist.info/cosmomc/
17http://camb.info/
18The deconvolution was performed using an iterative algorithm due to Lucy (1974) with a specific implementation

as given in Lin et al. (1996).
19http://www.hep.upenn.edu/ sandvik/CMBfit.html
20http://bubba.ucdavis.edu/DASh/
21http://www.physics.upenn.edu/ raulj/CMBwarp/
22Often also called a pseudospectrum.
23There the combination ’mode coupling kernels’ is used in place of the more common ’window functions’.
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an arbitrary phase shifts gave the result, (103.0 ± 7.6) h−1 Mpc, instead. In the following pa-
rameter estimation process we use both of these values. In Hütsi (2006a) the measurement of
the acoustic scale was achieved by first removing the “smooth” component of the spectrum and
then fitting the parametrized family of functions to the oscillatory part via the modified version
of the Levenberg-Marquardt method. The separation of the “smooth” and “oscillatory” compo-
nents of the spectrum can be done rather accurately since the characteristic scales over which
they change differ strongly. The Levenberg-Marquardt method which was used to determine the
oscillation frequency approximates the likelihood surface near its maximum with a multidimen-
sional Gaussian, and this way provides an approximate parameter covariance matrix. To avoid
this “Gaussianity assumption” we have also performed a MCMC parameter estimation exercise,
finding the best fitting acoustic scale along with its uncertainty in full agreement with the values
quoted above. The question that might arise of course is how adequate is the parametric family
that was used for fitting the oscillatory component? Even in the simplest case of the adiabatic
initial fluctuations the damped sinusoidal modulation is only an approximation. We investigate
the possible biases introduced by assuming a fixed parametric form for the oscillatory part of the
spectrum in more detail in Sect. 4.4.2.

As mentioned in the Introduction, in order to break several degeneracies between the cosmo-
logical parameters, we complement the SDSS LRG power spectrum data with the data from
the W CMB measurements. Specifically, we use the CMB temperature power spectrum as
found in Hinshaw et al. (2003) and the temperature-polarization cross-power as determined by
Kogut et al. (2003). The description of the likelihood calculation using this data is given in Verde
et al. (2003). We use the Fortran90 version of this likelihood code as provided by the C
package.

While investigating the constraints arising from the measurement of the acoustic scale we do
not run each time the full new MCMC calculation. Instead we importance sample the chains
built for the W data along with the constraint on the Hubble parameter as provided by the
HST Key Project, H0 = 72 ± 8 km/s/Mpc (Freedman et al. 2001). Using the W data alone
would result in too loose constraints on several parameters, and thus after importance sampling
a large fraction of the chain elements would get negligible statistical weight, leaving us with too
small effective number of samples.

4.3. Power spectrum / acoustic scale transformation

In this section we discuss the relation of the observed galaxy power spectrum to the underlying
spectrum of the matter distribution. We stress the need to take into account the so-called cosmo-
logical distortion, which almost always is being completely neglected. 24 This is fine for the very
shallow surveys, but as we show later, for the samples like the SDSS LRGs, with an effective
depth of zeff ∼ 0.35, the cosmological distortion should certainly be taken into account. This is
especially important if power spectrum, instead of being well approximated by a simple power
law, contains some characteristic features.

There are other difficulties one has to face while trying to make cosmological inferences us-
ing the observed galaxy samples. It is well known that galaxies need not faithfully follow the

24According to our knowledge the only counter-example being the work by Eisenstein et al. (2005).
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Figure 4.1.: Filled circles with solid errorbars represent the SDSS LRG power spectrum as deter-
mined by Hütsi (2006a). The upper data points provide the deconvolved version of the spectrum.
The thin solid lines show the best-fitting model spectra.

underlying matter distribution. This phenomenon is known as biasing (Kaiser 1984). Whereas
on the largest scales one might expect linear and scale-independent biasing (e.g. Coles 1993,
Narayanan et al. 2000), on smaller scales this is definitely not the case. In general the biasing
can be scale-dependent, nonlinear, and stochastic (Dekel & Lahav 1999). The other complica-
tions involved are the redshift-space distortions and the effects due to nonlinear evolution of the
density field. The redshift-space distortions, biasing, and nonlinearities can be approximately
treated in the framework of the Halo Model approach as described in Appendix D. The imple-
mentation of the Halo Model as presented there introduces four new parameters: Mlow, the lower
cutoff of the halo mass i.e. below that mass halos are assumed to be “dark”; α and M0, the
parameters describing the mean of the halo occupation distribution i.e. the average number of
galaxies per halo with mass M, which was assumed to have the form 〈N|M〉 =

(
M
M0

)α
; γ, the

parameter describing the amplitude of the virial motions inside the haloes with respect to the
isothermal sphere model. This formulation of the Halo Model, along with the assumption of the
best-fit W cosmology (Spergel et al. 2003), is able to produce a very good fit to the observed
SDSS LRG power spectrum as demonstrated in Fig. 4.1. Moreover, all the parameters: Mlow, α,
M0, γ, are reasonably well determined. It turns out that to a good approximation these four extra
parameters can be compressed down just to a single parameter Q, describing the deformation of
the linearly evolved spectrum:

Pgal(k) = b2(1 + Qkη)Plin(k) . (4.1)

Here b is the bias parameter and a good value for η turns out to be 3
2 . A similar type of para-

metric description for the galaxy power spectrum was also used in Cole et al. (2005), with a
slight difference for the treatment of the largest scales. In that paper the authors suggest to take
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Figure 4.2.: Upper panel: A density plot showing the probability distribution functions for the rela-
tive accuracy of the approximation given in Eq. (4.1) with η = 3

2 . The set of Halo Model parameters
Mlow, α, M0, and γ, needed to calculate the “exact” spectra, were drawn from the multidimensional
Gaussian distribution centered at the best-fit values and with a covariance matrix as found in Hütsi
(2006a). The heavy dashed lines mark the 5% and 95% quantiles of the relative accuracy distri-
butions. Lower panel: Filled circles with solid errorbars provide the SDSS LRG power spectrum.
The data points are connected with a smooth cubic spline fit. The other set of lines represents some
examples of the pairs of spectra that correspond, starting from below, to the best matching case, to
the 68%, and to the 90% quantiles of the distribution of the χ2 values. The solid lines show the Halo
Model spectra while the dashed ones are the approximations from Eq. (4.1).
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Figure 4.3.: The version of Fig. 4.2 with η = 2.
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η = 2. However, we have found that η = 3
2 provides a better approximation for these 4-parameter

Halo Model spectra. 25 This is demonstrated in the upper panels of Figs. 4.2 and 4.3. There
we have calculated a full range of Halo Model spectra (assuming the W “concordance” cos-
mology) for different values of Mlow, α, M0, and γ, drawn from the multidimensional Gaussian
centered around the best-fitting values and with the parameter covariance matrix as found in
Hütsi (2006a). Each of the calculated models is fitted with a simple parametric form as given
in Eq. (4.1). The upper panels of Figs. 4.2 and 4.3 represent the density plots for the fractional
accuracy of these simple fits i.e. for each wavenumber k they show the probability distribution
functions for the achieved relative accuracy. With the heavy dashed lines we have also marked
the 5% and 95% quantiles of the accuracy distributions. It is evident that η = 3

2 provides signif-
icantly better approximation to the spectral deformation than η = 2. The largest errors are seen
to be located at the positions of the acoustic features, with a simple approximation in Eq. (4.1)
giving larger oscillation amplitudes. The Halo Model gives lower oscillation amplitudes since
relatively flat contribution from the 1-halo term added to the 2-halo part starts to decrease the
contrast of the acoustic features, whereas the multiplicative transform in Eq. (4.1) preserves the
contrast level of these wiggles. In the lower panels of Figs. 4.2 and 4.3 we have provided some
examples of the pairs of spectra that correspond (staring from below) to the best matching case,
and also the ones representing the 68% and 90% quantiles of the distribution of the χ2 values.
The solid lines here correspond to the Halo Model calculations. For comparison also the SDSS
LRG power spectrum along with the cubic spline fitted to the data points are shown. For clarity
slight vertical shifts have been applied to the model spectra. As can be seen, the approximation
in Eq. (4.1) is rather acceptable in the light of the accuracy of the SDSS LRG power spectrum
measurement. This approximation is used in Sect. 4.4.3 where we fit the model spectra to the
SDSS LRG data.

The cosmological distortion, mentioned in the beginning of this section, arises due to the sim-
ple fact that conversion of the observed redshifts to comoving distances requires the specification
of the cosmological model. If this cosmology differs from the true one, we are left with addi-
tional distortion of distances along and perpendicular to the line of sight. In general, the spatial
power spectrum measurements, in contrast to the angular spectra, are model dependent i.e. along
with the measurements of the 3D power spectrum one always has to specify the so-called fidu-
cial model used to analyze the data. The fiducial model corresponding to the data shown in Fig.
4.1 is the best-fit W “concordance” model (Spergel et al. 2003). In principle, for each of
the fitted cosmological model one should redo the full power spectrum analysis to accommodate
different distance-redshift relation. However, there is an easier way around: one can find an
approximate analytical transformation that describes how the model spectrum should look like
under the distance-redshift relation given by the fiducial model i.e. instead of transforming the
data points we transform the fitted model spectra. Since the distance intervals along and per-
pendicular to the line of sight transform differently, the initial isotropic theoretical spectrum P
transforms to the 2D spectrum:

P̃2D(k‖, k⊥; z) =
1

c‖(z) · c2
⊥(z)

P


√(

k‖
c‖(z)

)2

+

(
k⊥

c⊥(z)

)2

; z

 , (4.2)

25At least if the spectra have shapes close to the observed SDSS LRG spectrum.
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where the distortion parameters along and perpendicular to the line of sight are defined as:

c‖(z) =
Hfid(z)
H(z)

, (4.3)

c⊥(z) =
d⊥(z)
dfid
⊥ (z)

. (4.4)

Here H(z) is the Hubble parameter and d⊥(z) is the comoving angular diameter distance corre-
sponding to the fitted theoretical model. Superscript fid refers to the fiducial model. Here and
in the following we use a tilde on top of P to denote theoretical spectrum “transformed to the
reference frame of the fiducial cosmology”. As we use the spectra that have the dimensions of
volume an extra division by c‖(z) ·c2

⊥(z) occurs due to the transformation of the volume elements:

dV(z) = c‖(z) · c2
⊥(z) · dVfid(z) . (4.5)

By introducing the variables

k =
√

k2
‖
+ k2
⊥ , µ =

k‖
k
, κ(z) =

c‖(z)
c⊥(z)

, (4.6)

we can express P̃2D as follows:

P̃2D(k, µ; z) =
1

c‖(z) · c2
⊥(z)

P

 k
c⊥(z)

√
1 +

(
1

κ2(z) − 1

)
µ2; z

 . (4.7)

Now the corresponding isotropized spectrum can be given as:

P̃(k; z) =
1

2 c‖(z) · c2
⊥(z)

1∫
−1

P

 k
c⊥(z)

√
1 +

(
1

κ2(z) − 1

)
µ2; z

 dµ . (4.8)

As the observations are done along the light-cone we have to perform relevant integrals along the
redshift. The full treatment for the light-cone effect can be found in Yamamoto & Suto (1999),
Yamamoto et al. (1999). As we are investigating a two-point function, an accurate light-cone
calculation would introduce two integrals over the redshifts (Matarrese et al. 1997, Yamamoto
et al. 1999). However, it turns out that to a good approximation, excluding the very largest
scales, the contributions from different redshifts decouple and the double integral reduces to a
simple one-dimensional integral over redshift. The final result for the P̃(k; z), averaged over the
light-cone can be given as:

P̃(k) =

zmax∫
zmin

dVfid

dz dz · W2(k; z) n̄2(z) P̃(k; z) c‖(z) c2
⊥(z)

zmax∫
zmin

dVfid

dz dz · W2(k; z) n̄2(z) c‖(z) c2
⊥(z)

. (4.9)
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Here the result of Yamamoto et al. (1999) has been generalized to include other weight factors
in addition to the simple number density weighting. The most common weight functionsW(z)
are the following:

W(k; z) ∝


1

n̄(z) for volume weighting
const for number weighting

1
1+n̄(z)P̃(k;z)

for the FKP weighting .
(4.10)

Here FKP stands for the weighting scheme due to Feldman et al. (1994). The power spectrum
measurement of the SDSS LRGs in (Hütsi 2006a) used the FKP weighting function. In Eqs.
(4.9) and (4.10) n̄(z) represents the mean number density of galaxies as a function of redshift.
For the SDSS LRG sample analyzed in Hütsi (2006a) the limiting redshifts zmin = 0.16 and
zmax = 0.47. If instead of the integral over z in Eq. (4.9) we just take the integrand at the effective
redshift (e.g. the median redshift) of the survey, and replace the distortion parameters c‖ and c⊥
with a single “isotropized” dilation of scales (see e.g. Eisenstein et al. 2005):

cisotr =
3
√

c‖(zeff) c2
⊥(zeff) , (4.11)

we can write instead of Eq. (4.9) simply

P̃(k) =
1

cisotr
P

(
k

cisotr

)
. (4.12)

Here the prefactor 1/cisotr can also be dropped, as it can be absorbed into the bias parameter
that is assumed to be a completely free parameter throughout this paper. Although the true
transformation for the power spectrum is different along and perpendicular to the line of sight,
and also is dependent on redshift, it turns out that a single dilation approximation taken at the
median redshift of the survey can provide a very good approximation, especially for relatively
shallow surveys. For the median redshift of the SDSS LRG sample as analyzed in Hütsi (2006a),
z ∼ 0.35, this approximation is very accurate as can be seen in Fig. 4.4. The upper panel of Fig.
4.4 shows a similar density plot as in Figs. 4.2 and 4.3. Here, in comparison to Figs. 4.2 and
4.3 where the background cosmology was fixed to the best-fit W model and the Halo Model
parameters were varied, we use the simple linear spectra while changing the cosmology. The
set of cosmological models is drawn from the combined posterior corresponding to the W
plus HST Key Project data. As can be seen from this figure, for relatively shallow surveys
the single “isotropized” dilation approximation is very precise: for ∼ 90% of the models the
approximation in Eq. (4.12) is more accurate than 0.5%. This is even more clear when looking
at the lower panel of Fig. 4.4 where we have plotted the pairs of spectra corresponding to the best
matching case, and also some examples representing 68% and 90% quantiles of the distribution
of the χ2 values. As can be seen, even the pair of curves corresponding to the 90% quantile,
are basically indistinguishable. In Fig. 4.5 we have illustrated the case when the cosmological
distortion is ignored. One can see that for ∼ 90% of cases we make relative errors of ∼ 6%,
which is comparable to the amplitude of the acoustic oscillatory features. The lower panel of
Fig. 4.5 presents pairs of spectra for 68% and 90% quantiles of the χ2 values. The inset shows
the probability distribution function for the “isotropized” dilation scale, as given in Eq. (4.11),
compatible with the W plus HST Key project constraints. Since the values of cisotr are quite
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often seen to differ from cisotr = 1 by 5 − 10%, it is clear that the cosmological distortion has
to be taken into account if the power spectrum is measured as accurately as given by the SDSS
LRG data points in the lower panel of Fig. 4.5.

4.4. Results

4.4.1. W + HST data

As a starting point for several subsequent calculations we build a Markov chain using the W
temperature-temperature (Hinshaw et al. 2003) and temperature-polarization (Kogut et al. 2003)
angular spectra in combination with the constraint on the Hubble parameter from the HST Key
Project (Freedman et al. 2001). The results for the 2D marginalized distributions for all of the
involved parameter pairs are shown in Fig. 4.6. Here the 68% and 95% credible regions are
shown by solid lines. The original MCMC calculation as performed by the C software
uses the variable θ – the angle subtended by the sound horizon at last scattering– in place of
the more common Hubble parameter H0. This leads to the better mixing of the resulting chain
since θ is only weakly correlated with other variables (Kosowsky et al. 2002). The proposal
distribution for all of the MCMC calculations carried out in this paper is taken to be a multivariate
Gaussian. For the current W +HST case we have used the CMB parameter covariance matrix
as provided by the C package. All of the seven default parameters here get implicit flat
priors. The marginalized distributions in Fig. 4.6 are derived from a 100, 000-element Markov
chain. As there is a very good proposal distribution available the chains typically equilibrate
very fast and only a few hundred first elements need to be removed to eliminate the effects of
the initial transients. We determine the length of this so-called burn-in period using the Gibbsit
26 software (Raftery & Lewis 1995). The same program can also be used to estimate the length
of the Markov chain required to achieve a desired accuracy for the parameter measurements.
As a test one can run initially a short chain of a few thousand elements and analyze it with
Gibbsit. It turned out that in the current case if we would like to achieve a 1.25% accuracy at
95% confidence level for the measurement of the 2.5% and 97.5%-quantiles of the most poorly
sampled parameter, we would need a chain of ∼ 25, 000 elements. Thus according to this result
our 100, 000 element chain is certainly more than sufficient. Of course, all the various tools
for diagnosing the convergence and for estimating the required chain length 27 are just some
more or less justified “recipes” that can lead to strongly incorrect results, especially in cases of
poorly designed proposal distributions. Luckily, in cosmology as we have a very good knowledge
about the possible parameter degeneracies, and also as the parameter spaces are relatively low
dimensional, the construction of very good samplers is not too difficult.

In the following subsections we use this W + HST chain for the very fast determination of
the parameter constraints resulting from the additional measurement of the SDSS LRG acoustic
scale. The same chain was also used to produce Figs. 4.4 and 4.5.
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Figure 4.4.: An analog of Fig 4.2, here provided in the context of the accuracy test for the cosmo-
logical distortion approximation given in Eq. (4.12). The set of cosmological models was drawn
from the combined posterior corresponding to the W plus HST Key Project data.
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4.4.1 W + HST data
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Figure 4.5.: As Fig. 4.4, here instead showing the error one makes if cosmological distortion is
completely neglected. In the lower panel we have shown only the examples corresponding to the
68% and 90% quantiles. The inset shows the probability distribution function for the “isotropized”
dilation scale, as given in Eq. (4.11), compatible with the W plus HST Key project constraints.
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Figure 4.6.: The 2D marginalized distributions for the W + HST data.

4.4.2. Constraints from the measurement of the acoustic scale

The low redshift acoustic scale as measured via the analysis of the SDSS LRG power spectrum
was found to be (105.4± 2.3) h−1 Mpc if adiabatic initial conditions were assumed (i.e. allowing
only for the sinusoidal modulation in the spectrum), and (103.0±7.6) h−1 Mpc if this assumption
was relaxed by allowing additional oscillation phase shifts (Hütsi 2006a). These measurements
refer to the W best-fit cosmology (Spergel et al. 2003) which was used to analyze the SDSS
LRG data. In Sect. 4.3 we have described accurate transformations needed to accommodate
other background cosmologies. In the following we use SH1 and SH2 to denote the sound
horizon measurements of (105.4 ± 2.3) h−1 Mpc and (103.0 ± 7.6) h−1 Mpc, respectively.

In this section we investigate the constraints on cosmological parameters using the above given
values for the sound horizon in combination with the W data. To speed up the calculations
we do not build new Markov chains from scratch, instead we apply the method of importance
sampling on the earlier calculated W + HST chain. It is fine to use importance sampling
if new constraints are not too constraining and are consistent with the earlier generated chain.
Having a measurement of the acoustic scale s̃ 28 with an error ∆s̃, importance sampling simply
amounts to multiplying each original sample weight by

fi = exp
[
−

(s̃modeli − s̃)2

2∆s̃2

]
, (4.13)

26http://www.stat.washington.edu/raftery/software.html
27For a lot of online material related to these issues see http://www.statslab.cam.ac.uk/∼mcmc/ .
28We use tilde to denote the quantities that are “tied to the” fiducial cosmological model used to analyze the data.
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Figure 4.7.: Upper panel: Comparison of the sound horizon as determined from ∼ 1000 model
spectra, via the same fitting techniques that were used in Hütsi (2006a) to measure the SDSS LRG
sound horizon, with the analytical approximation given in Eqs. (A.4), (A.5), (A.9), (A.10), (A.11).
The model spectra were drawn from the posterior distribution corresponding to the W + HST
data. Lower panel: The density plot of the residuals after removing the average bias of 0.77 h−1 Mpc.
The solid dashed lines mark the 68% credible region.
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where s̃modeli denotes the theoretical sound horizon cprresponding to the i-th Markov chain el-
ement. The physical size of the sound horizon s at the end of the drag-epoch is is determined
by the parameter combinations Ωmh2 and Ωbh2 i.e. physical densities of the CDM and baryonic
components. Accurate fitting formulae for s can be found in Hu & Sugiyama (1996), Eisenstein
& Hu (1998). We have provided these in Appendix A where also the transformation into dif-
ferent cosmological frame is described. This transformation induces an extra dependence of the
sound horizon s̃, as measured from the matter power spectrum, on h and weff. For more details
see Appendix A. The dependence of s̃ at redshift z ∼ 0.35 on various parameters for spatially flat
models around the best fitting Wmodel point can be conveniently expressed as the following
principal component:(

Ωmh2

0.14

)−0.28 (
Ωbh2

0.022

)−0.10 (
h

0.71

)0.94 (
weff

−1.

)0.14
= 1 ±

∆s̃
s̃
. (4.14)

As probably expected, for those relatively small redshifts by far the strongest dependence is
on the Hubble parameter h. To avoid any biases due to the approximate nature of the Eqs.
(A.9),(A.10),(A.11), and also due to the specific method used to measure the oscillation fre-
quency in the SDSS LRG power spectrum, we carry out the following Monte Carlo study. We
draw ∼ 1000 samples from the W + HST chain by thinning it by a factor of ∼ 10. For each
of the parameter combinations we calculate theoretical matter spectra using C. The oscilla-
tory components of the spectra are extracted by dividing them with a “smoothed” approximate
model spectra as given in Eisenstein & Hu (1998). 29 The resulting “flattened” spectra are fitted
with damped sinusoidal waves 30 and the sound horizon s̃fitted is determined via the Levenberg-
Marquardt fitting technique. All the spectra are calculated at exactly the same wavenumbers
as the data points given in Fig 4.1. The power spectrum covariance matrix is taken from the
Appendix G of Hütsi (2006a). For each model the sound horizon s̃model is calculated using Eqs.
(A.4), (A.5), (A.9), (A.10), (A.11). The comparison of s̃fitted versus s̃model is provided in Fig. 4.7.
In the upper panel we have plotted s̃fitted − s̃model. As can be seen there is a slight tendency for the
fitted values s̃fitted to be larger than s̃model. After removing the constant bias of 0.77 h−1 Mpc the
remaining fluctuations are . 0.5%, which is demonstrated in the lower panel of Fig. 4.7. This
plot is an analog to the earlier density plots shown in Figs. 4.2, 4.3, 4.4, 4.5. Here the dashed
lines show the region covering 68% of all the cases. One might even go a step further and instead
of removing only a constant offset, remove also the next order i.e. the linear component. This
more accurate treatment has probably rather negligible effect on the final results, since around
the measured sound horizon values of ∼ 105 h−1 Mpc the accuracy after removing the constant
offset is already ∼ 0.2 − 0.3%, which is an order of magnitude smaller than the measurement
errors of 2.3 − 7.6 h−1 Mpc.

Using this correction for the bias and the method to calculate the theoretical size of the sound
horizon at the end of the drag-epoch, as presented in Appendix A, we can immediately perform
the relevant reweighting of the W + HST chain (see Eq. (4.13)). It turns out that relatively
large fraction of the W + HST chain elements “survive” this reweighting procedure, justify-

29The separation of the oscillatory component and the underlying smooth CDM continuum can be done very cleanly
due to significantly different characteristic scales over which they change. The small residual deformations of
the oscillatory part have negligible impact on the inferred oscillation period.

30For a precise parametric form see Hütsi (2006a).

104



4.4.2 Constraints from the measurement of the acoustic scale

Figure 4.8.: The 2D marginalized distributions for the W data along with the constraint on the
low redshift sound horizon, s̃(105.4 ± 2.3) h−1 Mpc (SH1), obtained via the importance sampling of
the W + HST results shown in Fig. 4.6.

ing the use of the importance sampling method. In particular, for the SH2 case we are left with
∼ 36, 000, and for the SH1 ∼ 12, 000 samples. The results of this calculation in the form of the
2D marginalized distributions is presented in Figs. 4.8 and 4.9. Here Fig. 4.8/4.9 corresponds to
the SH1/SH2 case. In comparison to the analogous Fig. 4.6 the most dramatic changes are for
H0 and weff , whereas the rest of the parameters stay essentially the same. The HST constraint for
the initial W chain was just implemented in order not to loose too many samples in current
importance sampling calculations. As can be seen, the new constraints on H0 are significantly
stronger than the one provided by the HST. In Fig. 4.8 due to somewhat lower number of samples
(∼ 12, 000) the contours start to become more noisy. Earlier we estimated that the measurement
of the 2.5% and 97.5% quantiles with an accuracy of 1.25% at 95% CL requires ∼ 25, 000 sam-
ples. So is this 12, 000 enough for the parameter estimation purposes? To test that we have
also performed a full MCMC calculation from scratch (with 100, 000 samples) using W data
along with a sound horizon measurement SH1. The results of this calculation are shown in Fig.
4.10. The contours in Fig. 4.8 although being noisier are very similar to the ones in Fig. 4.10.
In fact the corresponding 1D distributions are practically indistinguishable. This shows that the
initial use of importance sampling was indeed justified.
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Figure 4.9.: The same as Fig. 4.8, only for the sound horizon measurement (103.0 ± 7.6) h−1 Mpc
(SH2).

Figure 4.10.: The exact analog of Fig. 4.8, now for the full MCMC calculation.
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4.4.3. Constraints from the full power spectrum

Using the W data and the SDSS LRG power spectrum as shown in Fig. 4.1 along with the
power spectrum transformation and an additional new parameter Q, as described in Sect. 4.3,
we build a 100, 000 element Markov chain in the 8-dimensional parameter space. The resulting
2D parameter distribution functions are shown in Fig. 4.11. Here we see that in several cases
distributions start to become doubly-peaked. Also the constraints on H0 and weff are weaker than
the ones obtained in the previous subsection. On the other hand, now a rather strong constraint
has been obtained for Ωcdmh2. Even stronger constraint (not shown in the figure) is obtained
for Ωmh– the shape parameter Γ. This just illustrates the the well-known fact that the shape
of the matter power spectrum is most sensitive to Γ. The new parameter Q, describing the
deformation of the linear spectrum to the evolved redshift-space galaxy power spectrum, is seen
to be significantly degenerate with several parameters e.g. Ωbh2, ns, τ, As. On the other hand it
does not interfere too strongly with H0.

It might seem strange that using the full data we obtain weaker constraints on H0 and weff. But
after all, we should not be too surprised, since our understanding of how the linear spectrum is
deformed to the evolved redshift-space power spectrum is rather limited. Here we were introduc-
ing an additional parameter Q, which starts to interfere with the rest of the parameter estimation.
Also one should remind that maximum likelihood is the global fitting technique i.e. it is not
very sensitive to specific features in the data. On the other hand, modeling of the oscillatory
component of the spectrum does not call for any extra parameters. Also the underlying physics
is much better understood. In fact, the observable low redshift acoustic scale is determined by
four parameters only: Ωmh2, Ωbh2, weff and h. The optimal data analysis of course should incor-
porate both components: (i) general shape of the spectrum i.e. low frequency components, and
(ii) oscillatory part, with appropriate weightings. It is clear that in the current “full spectrum”
maximum likelihood analysis the acoustic features are weighted too weakly.

4.4.4. One dimensional distributions

To compare the measurements of the parameters in a more clear fashion we provide in Fig.
4.12 several 1D marginalized distributions. The 68% and 95% credible regions along with the
medians of these distributions are provided in Table 4.1. Here the parameters Ωbh2, Ωcdmh2, θ, τ,
weff , ns, As and Q (the last in case of the full spectrum analysis only) are primary parameters as
used in the MCMC calculations. All the rest: ΩΛ, t0, Ωm, zreion, H0, q0, j0 are derived from these.
Here t0 is the age of the Universe, q0 the deceleration parameter and j0 the so-called jerk (see e.g.
Blandford et al. 2005) at z = 0. From Fig. 4.12 we can see that many parameters stay essentially
the same as determined by W + HST data. On the other hand, a new precise measurement of
H0, thanks to the measurement of the low redshift sound horizon along with strong constraints on
Ωbh2 and Ωcdmh2 from the CMB data, helps to determine Ωm (as well as Ωb and Ωcdm separately)
rather precisely. The same applies to the case of the full spectrum analysis, which provides us
with a good estimate for the shape parameter Γ = Ωmh. In both cases also the constraint on weff

is significantly improved. New improved limits on Ωm and weff immediately transform to better
constraints on q0 and j0 (see Eqs. (1.13), (1.14)). For the “vanilla” ΛCDM model with w = −1
the jerk parameter j0 = 1. We can see that at the moment jerk is still rather poorly constrained.
Using only the observational data whose nature is very well understood, namely the CMB power
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Figure 4.11.: The 2D marginalized distributions from the W + SDSS LRG full power spectrum
MCMC calculation.

spectra along with the low redshift sound horizon measurement, we get very strong support for
the accelerating Universe (i.e. q0 < 0). The values q0 > 0 are ruled out by 1.4σ, 2.9σ and 5.5σ in
case of the W + HST, W + SDSS LRG SH2 and W + SDSS LRG SH1, respectively.
31 Of course, one has to remind that current analysis assumed flat spatial sections.

4.4.5. Most interesting constraints

We have shown that by adding the SDSS LRG clustering data to the W results we can get
significantly tighter constraints on H0, Ωm and weff (or q0 and j0) than from the W + HST
analysis alone. The comparison of the obtained limits on parameters H0, Ωm and weff is provided
in Fig. 4.13. The largest error contours in both upper and lower group of panels correspond to
W + HST, while the tightest to the W + SDSS LRG SH1 case. In the upper group of
panels we have additionally given the constraints for the W + SDSS LRG SH2 case, whereas
the lower group provides extra limits from the full spectrum + W analysis. In addition, in
each of the panels we have given the degeneracy lines corresponding to the principal component
given in Eq. (4.14). 32 In Ωm − H0 plane we have additionally plotted the lines corresponding to
Ωmh2 = const and Γ ≡ Ωmh = const. These are the combinations well determined by the CMB
data and by the general shape of the matter power spectrum, respectively. As is evident from

31We can perform this analysis of the far away tails of the distributions since the W + HST chain we start with
contains enough samples with q0 > 0 (see Fig. 4.12).

32The analog of Eq. (4.14) valid for the non-flat cases is given in Appendix A.
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Figure 4.12.: The 1D posterior distributions for several cosmological parameters. Black, blue, red
and green lines correspond to the W + HST, W + SDSS LRG SH1, W + SDSS LRG SH2
and W + SDSS LRG full power spectrum cases, respectively. The compact summary of these
results can be found in Table 4.1.
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Figure 4.13.: The comparison of constraints on H0, Ωm and weff . In all panels the largest error
contours correspond to the W + HST, while the tightest to the W + SDSS LRG SH1 case.
The upper group of panels shows additionally the constraints for the W + SDSS LRG SH2 case,
whereas the lower group provides extra limits from the full spectrum +W analysis. The dashed
lines in all the panels show the principal component from Eq. (4.14). The additional lines inΩm−H0
plane provide the directions Ωmh2 = const and Γ ≡ Ωmh = const.
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Fig. 4.13, the principal direction of the low redshift sound horizon constraint is always almost
perpendicular to the corresponding W + HST error contours, demonstrating the high level
of complementarity of this new measurement. For the spatially flat models with constant dark
energy equation of state parameter there exists a unique relation between parameter pairs (Ωm,
weff) and (q0, j0) (see Eqs. (1.13), (1.14), (1.15), (1.16)). Fig. 4.14 presents similar plots to Fig.
4.13, now only for the parameter triad (H0, q0, j0) instead. The parameters shown in Figs. 4.13
and 4.14 are the ones that determine the low redshift expansion law, which can be approximately
expressed as in Eq. (1.11). Introducing the look-back time tlb = t0 − t, where t0 is the age of the
Universe at z = 0, one can solve Eq. (1.11) for redshift:

z ' H0tlb +

(
1 +

q0

2

)
H2

0 t2
lb +

(
1 + q0 +

j0

6

)
H3

0 t3
lb + . . . (4.15)

The precise calculation for the look-back time as a function of redshift is shown in Fig. 4.15.
Here the upper panel shows the 2σ regions corresponding to the W + HST and W +
SDSS LRG SH1, respectively. The inset in the upper panel displays these regions after dividing
by the look-back time corresponding to the best-fit W cosmology. Here in addition to the 2σ
contours also 1σ regions are given. It is evident that the low redshift sound horizon measurement
has helped to determine the recent expansion history of the Universe with much greater accuracy
than available from the W +HST data alone. Of course, this is largely due to the much tighter
constraint obtained for the Hubble parameter. The lower panel in Fig. 4.15 shows a similar plot
than the inset in the upper panel. Here we have given only the 1σ regions as a function of redshift
for (starting from the bottommost) the W + HST, W + SDSS LRG full spectrum, W
+ SDSS LRG SH2 and W + SDSS LRG SH1 cases.

4.5. Discussion and Conclusions

In this paper we have performed a MCMC cosmological parameter study using the results
from the recent SDSS LRG power spectrum analysis by Hütsi (2006a) along with the CMB
temperature-temperature and temperature-polarization angular power spectra as determined by
the W team (Hinshaw et al. 2003, Kogut et al. 2003). We have carried out the analysis
in two parts: (i) using the W data + the measurement of the low redshift sound horizon
as found from the SDSS LRG redshift-space power spectrum, (ii) using the W data + full
SDSS LRG power spectrum as shown in Fig. 4.1. As the formation of the acoustic features in
the large-scale matter distribution is theoretically very well understood the separate treatment
for the oscillatory part of the LRG power spectrum is well justified. Moreover, in comparison to
the full power spectrum, which along with the dependence on several cosmological parameters
requires additional modeling of the redshift-space distortions, nonlinear evolution, and biasing
33, the acoustic scale depends on only a few cosmological parameters. The CMB measurements
calibrate the physical scale of the sound horizon to a very good accuracy. By comparing it with
the scale inferred from the low redshift LRG power spectrum measurements, we are able to get
a very tight constraint on the Hubble parameter: h = 0.708+0.019

−0.018 if assuming adiabatic initial
conditions, or h = 0.701+0.036

−0.034 if additional shift in oscillation phase is allowed. Having a tight

33Assuming we do not want to exclude the quasilinear scales from our analysis.
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Figure 4.15.: Constraints on the low redshift expansion law. Upper panel: 2σ credible regions of the
look-back time as a function of redshift for the W + HST and W + SDSS LRG SH1 cases.
The inset displays these regions after dividing by the look-back time corresponding to the best-fit
W cosmology. Here in addition to the 2σ contours also 1σ regions are given. Lower panel:
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SDSS LRG SH2 and W + SDSS LRG SH1 cases.

114



4.5 Discussion and Conclusions

constraint on h allows us to break several parameter degeneracies, and thus helps us to determine
various parameters like Ωm, Ωcdm, Ωb with a good precision. Also, in comparison to the W
+ HST data, a significantly tighter constraint on weff is obtained. The full results for all the pa-
rameters are summarized in Table 4.1. The obtained values are in general in a good agreement
with several other parameter studies e.g. Percival et al. (2002), Spergel et al. (2003), Tegmark
et al. (2004b). Relatively tight bounds on (H0, Ωm, weff) or equivalently on (H0, q0, j0) help us to
determine the low redshift expansion law with significantly higher precision than available from
the W + HST data alone. If the initial fluctuations are constrained to be adiabatic, the mea-
surement of the acoustic scale rules out a decelerating Universe, i.e. q0 > 0, at 5.5σ confidence
level.

In contrast to the acoustic scale measurement, that gave a precise value for the Hubble param-
eter, the full spectrum provides us with a good estimate for the shape parameter Γ ≡ Ωmh =
0.207+0.011

−0.012, which is in a very good agreement with the one found in Tegmark et al. (2004b).
Since in the Ωm − h plane the Γ ≡ Ωmh = const line (see Fig. 4.13) is only relatively weakly
tilted with respect to the relevant CMB degeneracy direction Ωmh2 = const, the obtained limits
on Ωm and h are not as strong as the ones obtained from the measurement of the acoustic scale.
In contrast, the degeneracy lines corresponding to the low redshift acoustic scale measurement
are in many cases almost orthogonal to the W + HST “ellipses”, which explains the stronger
constraints for several parameters.

In this paper we have also stressed the need to apply cosmological transformations to the
theoretical model spectra before being compared with the relevant observational spectrum, which
is valid only in the reference frame of the fiducial cosmological model that was used to analyze
the data. So far almost all the parameter studies have completely ignored this point, which is
probably fine for the shallow redshift surveys. On the other hand, in case of more deeper surveys
like the SDSS LRG, reaching z ∼ 0.5, these transformations have to be certainly applied. In
general the line intervals along and perpendicular to the line of sight transform differently. Also
the transformations depend on redshift. We have shown that for the samples like SDSS LRGs,
with a typical redshift of z ∼ 0.35, the single “isotropized” transformation taken at the median
redshift of the survey provides a very accurate approximation to the more complete treatment.

For the parameter estimation we have used the SDSS LRG power spectrum down to the quasi-
linear scales, which calls for the extra treatment of nonlinear effects, small scale redshift-space
distortions and biasing. These additional complications can be relatively well dealt with the aid
of the Halo Model (see Appendix D). We have shown in Hütsi (2006a) that a simple analyti-
cal model with additional four free parameters is able to approximate the observed spectrum to a
very good precision. Also, the Halo Model has been shown to provide a good match to the results
of the semianalytical galaxy formation studies (see e.g. Cooray & Sheth 2002). In this paper
we have shown that to a rather tolerable accuracy the above four extra parameter Halo Model
spectra (for reasonable values of the parameters) can be represented as a simple transformation
of the linear power spectrum with only one extra parameter (see Fig. 4.2). The similar type of
transformation was also used in Cole et al. (2005).

In order to investigate the possible biases introduced by the specific method used to extract the
sound horizon from the power spectrum measurements, we have performed a Monte Carlo study,
the results of what are shown in Fig. 4.7.

Finally, we remind that the current parameter study using the joint W and SDSS LRG data
assumed only spatially flat models. The parameter study including arbitrary curvature and also
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possible massive neutrino component is planned for the future work.

116



5. Conclusions

To conclude we summarize the highlights of this thesis.

• We have studied the prospects of the upcoming wide-area blank-sky SZ cluster surveys,
such as those to be performed by the P Surveyor spacecraft and the South Pole
Telescope (S), to detect acoustic oscillations in the matter power spectrum. We have
shown that at the largest scales these surveys are able to provide measurements of the
matter power spectrum with better or similar accuracy 1 to the results obtainable from the
SDSS Luminous Red Galaxy (LRG) survey, once completed within the next few years.

• Using the redshift-space cluster power spectra as obtainable by the P and the S SZ
surveys, we have performed a Fisher matrix parameter forecasting study, particularly pay-
ing attention to the possibility for constraining the properties of dark energy. Although the
obtainable constraints on the dark energy equation of state parameter are somewhat weaker
than potentially obtainable through the study of the cluster number counts as a function
of redshift, one has to keep in mind that the spatial clustering signal is significantly more
robust to various systematic uncertainties. Our Fisher matrix calculations included the
treatment for the anisotropic nature of the observed power spectrum due to redshift-space
and cosmological distortions. The Halo Model used in these calculations was carefully
calibrated against the outputs of the VIRGO Consortium’s Hubble Volume simulations.

• The core part of this thesis was concerned with power spectrum analysis of the SDSS LRG
sample. We have found evidence for a series of acoustic features in the LRG power spec-
trum down to scales of ∼ 0.2 h Mpc−1, which corresponds to the 6th-7th peak in the CMB
angular power spectrum. After correcting for nonlinearities and redshift-space distortions,
the best-fit W cosmological model was found to produce a very good match to the de-
termined LRG power spectrum. This should be considered as another great success of the
current cosmological “concordance” model.

• Under the assumption of adiabatic initial conditions and a distance-redshift relation given
by the best-fit W cosmology, the low redshift acoustic scale was measured to be
(105.4 ± 2.3) h−1 Mpc. Using W data together with the prior on the Hubble param-
eter from the HST Key Project, H0 = 72± 8 km/s/Mpc, the corresponding scale would be
predicted to be in the range (107 ± 20) h−1 Mpc, showing that our measurement provides
approximately an order of magnitude improvement over that prediction.

• Using the obtained low redshift acoustic scale and also the full SDSS LRG power spec-
trum we have carried out the Maximum Likelihood cosmological parameter estimation via

1Assuming that cluster redshifts can be determined.
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Markov Chain Monte Carlo techniques. In this analysis we focused on adiabatic, spatially
flat models with negligible massive neutrino and tensor perturbation contributions. The
simplest 6–parameter cosmological model was extended with the dark energy effective
equation of state parameter weff. To break the parameter degeneracies additional data from
the W experiment was included. The most remarkable result is the constraint obtained
for the Hubble parameter H0 = 70.8+1.9

−1.8 km/s/Mpc. This precise measurement helped to
break several parameter degeneracies and allowed us to measure the density parameters
like Ωcdm, Ωb, and also the dark energy equation of state parameter weff with significantly
higher accuracy than available from the W + HST data alone. Through the determina-
tion of these parameters we were able to constrain the low redshift expansion law of the
Universe. Particularly, we found that a decelerating Universe is ruled out at the confidence
level of 5.5σ.
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A. Fitting formulae for the acoustic
scales

The comoving distance traveled by the sound wave since the Big Bang up to redshift z can be
expressed as:

s(z) =

z∫
∞

cs(z′)(1 + z′)
dt
dz′

dz′ , (A.1)

where the sound speed:

cs(z) =
c

√
3 [1 + R(z)]

, (A.2)

R(z) ≡
3ρb

4ργ
' 3.04 × 104 ·

Ωbh2

z
. (A.3)

Using the Friedmann equation (see Eqs. (1.3),(1.4)) Eq. (A.1) can be integrated to yield (see e.g.
Hu 1995)1:

s(z) =
3.46 × 103 Mpc√
Ωmh2 · zeqR(zeq)

· ln

 √1 + R(z) +
√
R(z) + R(zeq)

1 +
√
R(zeq)

 , (A.4)

where the redshift for the matter-radiation equality can be given as:

zeq ' 2.41 × 104 ·Ωmh2 . (A.5)

The acoustic scale relevant for the CMB studies is s∗ = s(z∗), where z∗ denotes the recombination
redshift. For the “concordance” cosmological model the acoustic scale imprinted in the matter
power spectrum sd = s(zd) is slightly larger than s∗. Here zd denotes the redshift at which the
baryons are released from the Compton drag of the photon field. To find accurate values for
z∗ and zd one has to carry out a full calculation for the recombination history of the Universe.
The results of these calculations can be conveniently expressed as the following fitting formulas
(accurate at ∼ 1% level) (Hu & Sugiyama 1996, Eisenstein & Hu 1998):

z∗ = 1048
[
1 + 0.00124(Ωbh2)−0.738

] [
1 + g1(Ωmh2)g2

]
, (A.6)

where

g1 = 0.0783(Ωbh2)−0.238
[
1 + 39.5(Ωbh2)0.763

]−1
, (A.7)

g2 = 0.560
[
1 + 21.1(Ωbh2)1.81

]−1
, (A.8)

1The result is valid for high enough redshifts as relevant for the propagation of the sound waves.
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and
zd = 1291(Ωmh2)0.251

[
1 + 0.659(Ωmh2)0.828

]−1 [
1 + b1(Ωbh2)b2

]
, (A.9)

where

b1 = 0.313(Ωmh2)−0.419
[
1 + 0.607(Ωmh2)0.674

]
, (A.10)

b2 = 0.238(Ωmh2)0.223 . (A.11)

For Ωbh2 . 0.03 the drag epoch follows the last scattering of the photons.
From the CMB measurements one can determine the angular scale θ that corresponds to the

sound horizon at decoupling with a good accuracy. This angle can be expressed as:

θ =
s∗h

d⊥(z∗)
, (A.12)

where s∗ = s(z∗), as given in Eq. (A.4), is measured in Mpc, and we have added an extra factor
of h to the numerator to convert to the usual units of h−1 Mpc. Here d⊥(z∗) (cf. Eq. (1.9)) is the
comoving angular diameter distance to the last scattering surface, which is strongly dependent on
the curvature radius R0 (cf. Eq. (1.6)). As s∗ is only weakly dependent onΩmh2 andΩbh2, it turns
out that measurement of θ is very sensitive to Ωk. The dependence of θ on various cosmological
parameters (around the “concordance” model point) is given in the upper panel of Fig. A.1.
Using the following set of model parameters: (Ωmh2, Ωbh2, h, ΩDE, weff), the measurement of
θ constrains directly the linear combination 0.40

(
Ωmh2

0.14

)
+ 0.80

(
ΩDE
0.73

)
− 0.45

(
h

0.71

)
, or in case of

logarithmic variables the combination (Ωmh2)0.40(ΩDE)0.80(h)−0.45.
To measure the sound horizon sd in the large-scale matter distribution one has to assume some

background cosmological model in order to convert the observed redshifts to comoving dis-
tances. If the assumed fiducial model differs from the true cosmology, the measured scale will
also be distorted. As shown in Chapter 4, for relatively low redshift measurements this distor-
tion can be approximated as a single transformation for the “isotropized” comoving interval. (In
general the comoving intervals along and perpendicular to the line of sight transform differently,
and these transformations also depend on redshift.) The observed sound horizon sobs

d can be
approximated as:

sobs
d = cisotr · hsd =

3
√

c‖c2
⊥ · hsd , (A.13)

where the extra factor of h is again included to convert to h−1 Mpc, and the functions c‖(z), c⊥(z),
which should be evaluated at the effective redshift zeff of the observations (e.g. median redshift),
are defined as:

c‖(z) =
Efid(z)
E(z)

, c⊥(z) =
d⊥(z)
dfid
⊥ (z)

. (A.14)

The superscript fid refers to the fiducial model and the functions E(z), d⊥(z) are defined in
Eqs. (1.4),(1.9). The dependence of sobs

d on various cosmological parameters is shown in the
lower panel of Fig. A.1. The fiducial model here was taken to be the best-fit W cosmol-
ogy and the “true models” were assumed to populate its intermediate neighborhood. We also
assume zeff = 0.35 as in the case of the SDSS LRG sample analyzed in this thesis. Then
the linear combination of parameters constrained by the measurement of sobs

d turns out to be
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Figure A.1.: The dependence of the angular scale corresponding to the sound horizon at decoupling
(upper panel), and the sound horizon as measured from the low redshift matter power spectrum
(lower panel), on various cosmological parameters. In the lower panel an effective observational
redshift zeff = 0.35 has been assumed. The variation of the parameters has been performed around
the “concordance” cosmological model. For this model the central values for θ and sobs

d are ∼ 0.6◦

and ∼ 107 h−1 Mpc, respectively.
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−0.26
(
Ωmh2

0.14

)
− 0.11

(
Ωbh2

0.022

)
+ 0.94

(
h

0.71

)
+ 0.12

(
ΩDE
0.73

)
+ 0.15

(
weff
−1

)
, or in case of logarithmic vari-

ables (Ωmh2)−0.26(Ωbh2)−0.11(h)0.94(ΩDE)0.12(weff)0.15. Thus, as probably expected, the strongest
dependence is on the Hubble parameter h i.e. the precise measurement of the acoustic scale at
low redshifts should give us a good estimate for h.
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B. Test problem

Here we present one test for our power spectrum calculation software 1. As the input we use
the z = 0 cluster catalog of the VIRGO Hubble Volume simulations2, which covers the co-
moving volume of 3000 h−3 Mpc3 and contains 1, 560, 995 clusters above the mass limit of
6.75 · 1013h−1M�. The average bias parameter of this catalog is b = 1.9, which is compara-
ble to the SDSS LRG value of b = 1.95. The power spectrum of the full sample is shown in Fig.
B.1 with a solid line. Here for clarity we have not shown the errorbars, which are rather small
for a sample of that size. Out of the full sample we generate 50 mock catalogs that have the same
radial and angular selection functions as the SDSS LRG sample analyzed in this paper (see Figs.
3.2 and 3.3). The mean number of objects in the resulting catalogs is ∼ 18, 500 i.e. the number
density is roughly one third of the spatial density of the SDSS LRGs. Observer’s location and
pointing angles are taken randomly for each of the catalogs. The mean recovered power spec-
trum with 1σ errorbars is shown in Fig. B.1. We see that the power spectrum of the underlying
sample is recovered very well. On the largest scales there are some deviations, which can be
explained as being caused by the smearing effect of the survey window. This is demonstrated by
the dotted lines, where the lower/upper curve corresponds to the model spectrum with/without
survey window convolution applied.

1Further tests can be found in Hütsi (2006b)
2http://www.mpa-garching.mpg.de/Virgo/
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Figure B.1.: Power spectra of galaxy clusters from the z = 0 Hubble Volume simulation box.
The solid line represents the spectrum for the full sample of 1, 560, 995 clusters. The circles with
errorbars denote the recovered spectrum from the 50 mock catalogs having similar selection effects
to the analyzed SDSS LRG sample. The dotted lines demonstrate the convolution effect of the survey
window on the best fitting model spectrum.
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C. Mock catalogs

We build mock catalogs for the SDSS LRG by a 3 step procedure:

1. Generation of the density field using an optimized 2nd order Lagrangian perturbation cal-
culation (2LPT).

2. Poisson sampling of the generated density field with the intensity of the process adjusted
so, as to end up with a galaxy sample that has a clustering strength enhanced by a factor
b2 with respect to the underlying field, and a number density equal to the observed LRG
sample density at the minimal used redshift of 0.16 (see Fig. 3.2).

3. Extraction of the final catalog by applying the radial and angular selection function as
given in Figs. 3.2 and 3.3, respectively.

In contrast to the Eulerian perturbation theory, where one does a perturbative expansion of the
density contrast field, Lagrangian approach considers an expansion of the particle trajectories
(see e.g. Buchert & Ehlers 1993, Bouchet et al. 1995, Sahni & Coles 1995, Bernardeau et al.
2002). Here the central quantity is the displacement field Ψ(q), which relates particle’s initial
comoving position (Lagrangian position) q to its final Eulerian position x:

x = q +Ψ(q) . (C.1)

It turns out that due to the decay of the rotational perturbation modes in the expanding Universe
each order of the perturbation theory displacement field separates into a time-dependent and a
Lagrangian position dependent factors (Ehlers & Buchert 1997). The position dependent part,
due to its irrotational nature can be given as a gradient of a scalar potential. As a result, one can
expand the displacement field as follows:

Ψ(q) = D1∇qφ
(1) + D2∇qφ

(2) . (C.2)

Here the 1st term describes the classical Zeldovich approximation (Zel’Dovich 1970). The time
independent potentials φ(1) and φ(2) are found from the Poisson equations:

∆φ(1)(q) = −δ(q) (C.3)

and
∆φ(1)(q) =

1
2

∑
i

∑
j

(
φ(1)
,ii (q)φ(1)

, j j(q) − φ(1)
,i j (q)φ(1)

, ji (q)
)
, (C.4)

where ,i denotes the partial derivative with respect to the Lagrangian coordinate qi. δ(q) is the ini-
tial density contrast. We generate δ(q) using the standard Zeldovich approximation on a regular
cubical grid.
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D1 in Eq. (C.2) is the linear growth factor. The second-order growth factor D2 for flat models
with a cosmological constant is to a good precision approximated as (Bouchet et al. 1995):

D2 ' −
3
7
Ω−1/143

m D2
1 . (C.5)

According to Eq. (C.1) and (C.2) the peculiar velocity field is given as:

v = D1 f1H∇qφ
(1) + D2 f2H∇qφ

(2) . (C.6)

Here H ≡ ȧ
a and fi ≡

d ln Di
d ln a . For flat models with a cosmological constant logarithmic derivatives

of the growth factors can be approximated as (Bouchet et al. 1995):

f1 ' Ω
5/9
m , f2 ' 2Ω6/11

m . (C.7)

Lagrangian perturbative approach works fine up to the 1st shell-crossing. After that the formed
caustic structures will start to be wiped out, since the particles just keep on moving without
noticing the gravitational pull of the dense sheets/filaments. It is possible to cure this problem
significantly by filtering out the small-scale Fourier modes. This is what is meant by the “opti-
mization”. The method applied to the 1st order Lagrangian perturbation calculation is known as
the truncated Zeldovich approximation (e.g. Coles et al. 1993, Melott et al. 1994, Weiss et al.
1996). Weiss et al. (1996) suggest to remove the small-scale power by applying a Gaussian k-
space filter with a characteristic smoothing scale kgs to the initial density field. Thus the power
spectrum of the filtered field is given by:

Poptimized(k) = P(k) exp
(
−

k2

k2
gs

)
. (C.8)

They recommend the value kgs ' 1.2knl, where the nonlinearity scale knl is defined as:

D2
1

(2π)3

knl∫
0

d3k P(k) = 1 . (C.9)

Although they studied only models with Ωm = 1, it has been later shown by Hamana (1998) that
this “recipe” performs well for arbitrary Friedmann-Lemaître-Robertson-Walker models.

In our calculations we assume the WMAP “concordance” cosmology (Spergel et al. 2003).
Linear power spectrum is taken from Eisenstein & Hu (1998). We build 2LPT density field on a
2563-grid with 5 h−1 Mpc cell size using the same number of particles as the number of grid cells.
1 Four copies of this box are combined to form a bigger 2560 × 2560 × 1280 h−3 Mpc3 volume.
Out of that big box a sample of “galaxies” is selected with a radial number density as given in
Fig. 3.2 and with an angular mask presented in Fig. 3.3. The parameters of the Poisson sampler
2 are tuned to give a sample with a bias parameter b ' 2 in agreement with the observed value
for the SDSS LRG sample. The redshift-space catalog is built by altering the radial distances of

1Due to the rather big cell size the truncation of the initial spectrum has a rather mild effect.
2We use a simple model where the intensity of the inhomogeneous Poisson process is linearly related to the

underlying density field.
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the “galaxies” by vr/H0, where vr is the radial component of the peculiar velocity field (see Eq.
(C.6)) and H0 = 100 h km/s/Mpc.

In Fig. C.1 we show a 25 h−1 Mpc thick slice through a box with 1280 h−1 Mpc side length. The
underlying density field is presented as a gray scale image with white dots marking the positions
of the “galaxies”. The power spectrum of the sample of ∼ 350, 000 “galaxies” is shown in Fig.
C.2 3. We see that the shape of the spectrum is in good agreement with the linearly evolved
power spectrum up to the scales of k ∼ 0.5 h Mpc−1.

This approach gives us a “galaxy” sample that has rather realistic large-scale clustering prop-
erties. In terms of the Halo Model (see Appendix D) one can say that halo-halo clustering term
is properly accounted for. 2LPT also gives reasonably accurate higher order correlations on
quasi-nonlinear scales (e.g. Bouchet et al. 1995, Scoccimarro & Sheth 2002).

3Here as in the previous figure the SDSS LRG selection functions are not applied yet.
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Mock catalogs

Figure C.1.: A 25 h−1 Mpc thick slice through a 1280 h−1 Mpc computational box. A gray scale
image represents the underlying density field obtained by the optimized 2LPT approach. White dots
mark the positions of the “galaxies” generated by the Poisson sampler.
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Figure C.2.: The power spectrum of ∼ 350, 000 “galaxies” from the simulation box shown in Fig.
C.1. The solid line shows the linearly evolved input spectrum multiplied by the square of the bias
parameter b = 2.0.
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D. Power spectrum from the halo model

The halo model description of the spatial clustering of galaxies is a development of the original
idea by Neyman & Scott (1952), where one describes the correlations of the total point set as
arising from the two separate terms: (i) 1-halo term, that describes the correlations of galaxies
populating the same halo, (ii) 2-halo term, which takes into account correlations of the galaxies
occupying different halos. For a thorough review see Cooray & Sheth (2002). Here we briefly
give the results that are relevant to the current paper (see Seljak 2001, Cooray 2004).

The power spectrum of galaxies in redshift space can be given as:

P(k) = P1h(k) + P2h(k) , (D.1)

where the 1-halo term:

P1h(k) =
∫

dM n(M)
〈N(N − 1)|M〉

n̄2 Rp(kσ)|ug(k|M)|p , (D.2)

p =

{
1 if 〈N(N − 1)|M〉 < 1
2 if 〈N(N − 1)|M〉 > 1 (D.3)

and the 2-halo term:

P2h(k) =
(
F 2
g +

2
3
FvFg +

1
5
F 2
v

)
Plin(k) . (D.4)

Here:

Rp

(
α = kσ

√
p
2

)
=

√
π

2
erf(α)
α
, (D.5)

Fg =

∫
dM n(M)b(M)

〈N|M〉
n̄
R1(kσ)ug(k|M) , (D.6)

Fv = f ·
∫

dM n(M)b(M)R1(kσ)u(k|M) . (D.7)

In the above expressions n(M) is the mass function and b(M) halo bias parameter. We calculate
them using a prescription by Sheth & Tormen (1999) and Sheth et al. (2001). n̄ represents the
mean number density of galaxies:

n̄ =
∫

dM n(M)〈N|M〉 . (D.8)

We take the mean of the halo occupation distribution in the following form:

〈N|M〉 =
(

M
M0

)α
, (D.9)
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where M0 and α are free parameters. The second moment is chosen as (see Cooray 2004):

〈N(N − 1)|M〉 = β2(M)〈N|M〉2 , (D.10)

β(M) =
{

1
2 log

(
M

1011 h−1 M�

)
if M < 1013 h−1M�

1 otherwise .
(D.11)

f in Eq. (D.7) denotes the logarithmic derivative of the linear growth factor: f ≡ d ln D1
d ln a . u(k|M)

and ug(k|M) are the normalized Fourier transforms of the dark matter and galaxy density distri-
butions within a halo of mass M. In our calculations we take both of these distributions given
by the NFW profile (Navarro et al. 1997) and the concentration parameter c(M) is taken from
Bullock et al. (2001). One dimensional velocity dispersion of the galaxies inside a halo with
mass M is taken to follow the scaling of the isothermal sphere model:

σ = γ

√
GM
2Rvir

, (D.12)

where Rvir is the virial radius of the halo and γ is a free parameter.
After specifying the background cosmology the above described model has four free parame-

ters: M0, α (Eq. (D.9)), σ (Eq. (D.12)) and Mlow. The last parameter Mlow represents the lower
boundary of the mass integration i.e. halos with masses below Mlow are assumed to be “dark”.

One can also use the halo model to estimate nonlinear contributions to the power spectrum
covariance matrix. The additional term to the covariance matrix CNL

i j (i, j−denote power spec-
trum bins) arising from the parallelogram configurations of the trispectrum 1 is given by (Cooray
2004):

CNL
i j =

Ti j

V
=

1
V

∫
i

d3k
Vi

∫
j

d3k
V j

∫
dM n(M)

〈N(N − 1)(N − 2)(N − 3)|M〉
n̄4 |ug(ki|M)|2|ug(k j|M)|2 . (D.13)∫

i
denotes an integral over a k-space shell centered at wavenumber ki with a volume Vi = 4πk2

i ∆k.

The 4th moment of the halo occupation distribution is taken as:

〈N(N − 1)(N − 2)(N − 3)|M〉 = β2(M)
[
2β2(M) − 1

] [
3β2(M) − 2

]
〈N|M〉4 , (D.14)

where β(M) and 〈N|M〉 are given in Eqs. (D.11) and (D.9) above. Performing calculations in
redshift space a factor of R2

p(kσ) (see Eq. (D.5)) must also be included in Eq. (D.13).

1Here only the contribution due to the 1-halo term is given.
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E. Fitting formulae for the coupling
kernels

In this appendix we provide analytical fitting formulae for the coupling kernels K(k, k′) in Eq.
(3.24) 1. The analytic form is motivated by the fact that the angle averaged survey window
|W(k)|2 (see Fig. 3.8) can be reasonably well approximated by the analytical form:

|W(k)|2 ≡ f (k) =
1

1 +
(

k
a

)2
+

(
k
b

)4 . (E.1)

Now assuming that |W(k)|2 is isotropic (which certainly is not the case as seen from Fig. 3.9),
we can find the coupling kernels K(k, k′) as:

K(k, k′) = C ·
∫

dΩk

∫
dΩk′ |W(k − k′)|2 = C ·

8π2

kk′

k+k′∫
|k−k′ |

f (x)xdx . (E.2)

For f (k) given by Eq. (E.1) the integral in Eq. (E.2) and the normalization constant C can be
found analytically. The kernels are normalized such that∫

K(k, k′)k′2dk′ = 1 (E.3)

is satisfied.
Depending on the values of a and b there are two different solutions.

1. b4 > 4a4:

K(k, k′) =
C
kk′

ln
[
g(k − k′)
g(k + k′)

]
, (E.4)

where

g(x) =
µ + b4 + 2a2x2

µ − b4 − 2a2x2 , (E.5)

µ = b2
√

b4 − 4a4 (E.6)

and the normalization constant:

C =
a

π
√

2
( √

b4 + µ −
√

b4 − µ
) . (E.7)

1To avoid confusion we do not call them window functions since the word “window” has been already used to
mean the Fourier transform of the survey volume.
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Fitting formulae for the coupling kernels

2. b4 < 4a4:

K(k, k′) =
C
kk′

[
g(k + k′) − g(k − k′)

]
, (E.8)

where

g(x) = arctan
(

b4 + 2a2x2

b2
√

4a4 − b4

)
(E.9)

and the normalization constant:

C =
1

πb
√

2 −
(

b
a

)2
. (E.10)

Although the isotropy assumption is certainly not correct, the above parametric family provides
a very good fit to the numerically evaluated kernels as seen in Fig. 3.10. The best fitting a and b
for the analyzed SDSS LRG sample are 0.00457 and 0.00475, respectively.
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F. Nonlinear model fitting. Correlated
data

We find the best fitting parameters for the nonlinear model by minimizing χ2, which in the case
of Gaussian errors is equivalent to finding the maximum likelihood solution. For this purpose
we use Levenberg-Marquardt method as described in Press et al. (1992), where it was assumed
that data values are uncorrelated. Since we are interested in the case with correlated errors, we
have to make slight modifications to their implementation of the algorithm.

Using their notation, χ2 is now calculated as:

χ2(a) =
N∑

i=1

N∑
j=1

[
yi − y(xi; a)

]
·C−1

i j ·
[
y j − y(x j; a)

]
, (F.1)

and the quantities βk and αkl as follows:

βk =

N∑
i=1

N∑
j=1

[
yi − y(xi; a)

]
·C−1

i j ·
∂y(x j; a)
∂ak

, (F.2)

αkl =

N∑
i=1

N∑
j=1

∂y(xi; a)
∂ak

·C−1
i j ·
∂y(x j; a)
∂al

. (F.3)

In the above relations Ci j represents the data covariance matrix.
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Nonlinear model fitting. Correlated data
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G. Goodness of fit. Correlated Gaussian
data

Under the assumption that statistical fluctuations ∆yi = yi − y(xi; a) (i = 1 . . .N) in Eq. (F.1)
are Gaussian distributed, with covariance matrix Ci j, one can easily derive probability density
function (pdf) for the quantity χ2, and thus open up a way to estimate the goodness of fit. χ2

goodness-of-fit estimator is usually exploited in the case of independent Gaussian variables.
Here we show that calculating χ2 for the correlated Gaussian data as given in Eq. (F.1), one
obtains the same result that is well known for the independently distributed case.

According to our assumption ∆y is Gaussian distributed:

f∆y(∆y) =
1√

(2π)N det C
exp

(
−

1
2
∆yT · C−1 · ∆y

)
. (G.1)

The conditional pdf of χ2 given ∆y:

fχ2 |∆y(χ2|∆y) = δ
(
χ2 − ∆yT · C−1 · ∆y

)
, (G.2)

and so the pdf for χ2 can be written as:

fχ2(χ2) =
1√

(2π)N det C

∫
dN∆y exp

(
−

1
2
∆yT · C−1 · ∆y

)
· δ

(
χ2 − ∆yT · C−1 · ∆y

)
. (G.3)

Now we define a new set of variables:

∆y′ = LT · ∆y , (G.4)

where L is the lower triangular matrix appearing in the Cholesky decomposition of C−1:

C−1 = L · LT . (G.5)

Since C−1 can be seen as the metric tensor, we can write for the transformation of the volume
elements 1:

√
det C−1dN∆y =

dN∆y
√

det C
= dN∆y′ . (G.6)

In the new frame, after changing to the spherical coordinates and integration over the angles:

fχ2(χ2) = (2π)−
N
2 ·
ΩN

2
·

∫
d(∆y′2)∆y′N−2 exp

(
−
∆y′2

2

)
· δ

(
χ2 − ∆y′2

)
, (G.7)

1The metric in the new frame is an identity matrix.
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Goodness of fit. Correlated Gaussian data

where the total N−dimensional solid angle:

ΩN =
2π

N
2

Γ
(

N
2

) . (G.8)

Thus the final result reads as:

fχ2(χ2) =
1

2
N
2 Γ

(
N
2

) (
χ2

) N
2 −1

exp
(
−
χ2

2

)
, (G.9)

which is a chi-square distribution with N degrees of freedom. Fitting P parameters (equivalent
to adding P constraints), the effective number of degrees of freedom drops to Neff = N − P, as
usual.

Now it is straightforward to calculate p−values describing the goodness of fit.
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H. SDSS LRG power spectrum and
covariance matrix

In Table H.1 we provide the measured SDSS LRG power spectrum P̃ along with the covariance
matrix from 1000 mock catalogs. We also give the corresponding deconvolved spectrum P. As
the mode coupling kernels are relatively narrow the deconvolution problem can be solved rather
satisfactorily. The deconvolved spectrum might be useful for the very fast parameter estimation
applications. In case accurate Boltzmann solvers are used to calculate theoretical model spectra,
the convolved spectrum is certainly preferred, since then the relative time taken for the extra
convolution step is completely negligible.

We use the iterative deconvolution method due to Lucy (1974) with a specific implementa-
tion as given in Lin et al. (1996). The algorithm needs as an input the convolved power spec-
trum P̃i, the wavenumbers ki where the spectrum was measured, the description for the mode
coupling kernels K(k, k′) as defined in Eq. (3.25) (see Appendix E for the fitting formulae
valid for the analyzed SDSS LRG sample.), and an initial guess for the deconvolved spec-
trum P0

i . The index i = 1 . . .N, where N is the number of power spectrum bins. We take
P0

i = const = 3 × 104 h−3 Mpc3. Having this information available we calculate:

Ki j = K(ki, k j) (H.1)

Ci =
∑

j

Ki j (H.2)

Di = k2
i ∆k , (H.3)

where i, j = 1 . . .N and ∆k is the wavenumber bin width, assumed here to be the same for all the
bins.

Now the algorithm proceeds as follows:

1. Calculate Ai = DiPn
i .

2. Find P̃n
i =

∑
j

Ki jA j.

3. Calculate Bi =
P̃i

P̃n
i
.

4. Find new estimate for the deconvolved power spectrum: Pn+1
i =

Pn
i

Ci

∑
j

Ki jB j.

5. If not converged, go back to Step 1.

As an input we use the full 256−bin power spectrum. The resulting 256−bin deconvolved
spectrum is thereafter rebinned to 16 bins.
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SDSS LRG power spectrum and covariance matrix

Table
H

.1.:
M

easured
SD

SS
L

R
G

pow
er

spectrum
P̃

and
covariance

m
atrix

from
1000

m
ock

cata-
logs.T

he
corresponding

deconvolved
spectrum

P
is

also
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bin
#

ki [h
M

pc
−

1]
P̃

[h
−

3
M

pc 3]
P

[h
−

3
M

pc 3]
∆

P
[h
−

3
M

pc 3]
1

2
3

4
5

6
7

8
9

10
11

12
13

14
15

16
1

0.148e-1
0.133e6

0.172e6
0.228e5

0.518e9
0.358e8

0.762e7
0.521e7

0.337e7
0.161e7

0.189e7
0.987e6

0.128e7
0.106e7

0.400e6
0.246e6

0.204e6
0.114e6

0.106e6
0.184e6

2
0.315e-1

0.712e5
0.760e5

0.461e4
0.358e8

0.212e8
0.267e7

0.122e7
0.433e6

0.402e6
0.260e6

0.184e6
0.198e6

0.165e6
0.146e6

0.124e6
0.958e5

0.854e5
0.420e5

0.317e5
3

0.504e-1
0.500e5

0.527e5
0.224e4

0.762e7
0.267e7

0.500e7
0.103e7

0.362e6
0.316e6

0.192e6
0.170e6

0.810e5
0.702e5

0.515e5
0.467e5

0.389e5
0.285e5

0.138e5
0.151e5

4
0.697e-1

0.394e5
0.416e5

0.140e4
0.521e7

0.122e7
0.103e7

0.196e7
0.399e6

0.204e6
0.159e6

0.142e6
0.117e6

0.986e5
0.839e5

0.614e5
0.652e5

0.492e5
0.152e5

0.215e5
5

0.891e-1
0.286e5

0.294e5
0.816e3

0.337e7
0.433e6

0.362e6
0.399e6

0.667e6
0.160e6

0.112e6
0.110e6

0.788e5
0.654e5

0.537e5
0.647e5

0.564e5
0.477e5

0.266e5
0.298e5

6
0.109e0

0.213e5
0.214e5

0.550e3
0.161e7

0.402e6
0.316e6

0.204e6
0.160e6

0.303e6
0.113e6

0.798e5
0.614e5

0.520e5
0.416e5

0.427e5
0.422e5

0.325e5
0.233e5

0.265e5
7

0.128e0
0.185e5

0.191e5
0.462e3

0.189e7
0.260e6

0.192e6
0.159e6

0.112e6
0.113e6

0.213e6
0.817e5

0.594e5
0.436e5

0.384e5
0.284e5

0.299e5
0.256e5

0.215e5
0.217e5

8
0.148e0

0.147e5
0.150e5

0.364e3
0.987e6

0.184e6
0.170e6

0.142e6
0.110e6

0.798e5
0.817e5

0.133e6
0.533e5

0.366e5
0.312e5

0.269e5
0.217e5

0.188e5
0.181e5

0.129e5
9

0.167e0
0.119e5

0.118e5
0.295e3

0.128e7
0.198e6

0.810e5
0.117e6

0.788e5
0.614e5

0.594e5
0.533e5

0.871e5
0.384e5

0.266e5
0.242e5

0.217e5
0.188e5

0.128e5
0.143e5

10
0.187e0

0.103e5
0.105e5

0.251e3
0.106e7

0.165e6
0.702e5

0.986e5
0.654e5

0.520e5
0.436e5

0.366e5
0.384e5

0.631e5
0.254e5

0.200e5
0.169e5

0.136e5
0.927e4

0.100e5
11

0.206e0
0.869e4

0.866e4
0.224e3

0.400e6
0.146e6

0.515e5
0.839e5

0.537e5
0.416e5

0.384e5
0.312e5

0.266e5
0.254e5

0.504e5
0.237e5

0.181e5
0.158e5

0.114e5
0.123e5

12
0.226e0

0.759e4
0.764e4

0.210e3
0.246e6

0.124e6
0.467e5

0.614e5
0.647e5

0.427e5
0.284e5

0.269e5
0.242e5

0.200e5
0.237e5

0.441e5
0.217e5

0.174e5
0.148e5

0.141e5
13

0.246e0
0.654e4

0.648e4
0.199e3

0.204e6
0.958e5

0.389e5
0.652e5

0.564e5
0.422e5

0.299e5
0.217e5

0.217e5
0.169e5

0.181e5
0.217e5

0.396e5
0.191e5

0.133e5
0.146e5

14
0.265e0

0.599e4
0.605e4

0.182e3
0.114e6

0.854e5
0.285e5

0.492e5
0.477e5

0.325e5
0.256e5

0.188e5
0.188e5

0.136e5
0.158e5

0.174e5
0.191e5

0.330e5
0.152e5

0.120e5
15

0.285e0
0.530e4

0.531e4
0.162e3

0.106e6
0.420e5

0.138e5
0.152e5

0.266e5
0.233e5

0.215e5
0.181e5

0.128e5
0.927e4

0.114e5
0.148e5

0.133e5
0.152e5

0.261e5
0.155e5

16
0.305e0

0.479e4
0.479e4

0.164e3
0.184e6

0.317e5
0.151e5

0.215e5
0.298e5

0.265e5
0.217e5

0.129e5
0.143e5

0.100e5
0.123e5

0.141e5
0.146e5

0.120e5
0.155e5

0.271e5140
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