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Introduction

1. Introduction

A foliation F is a decomposition of a manifold M into immersed submani-
folds which locally looks like a product. The vectors tangent to these immersed
submanifolds span a distribution TF C TM. Bott [2] noticed that there is an
obstruction against the integrability of an arbitrary distribution D to a foliation
F. Bott’s Vanishing Theorem (Theorem II1.2.2) states that if D = T'F is the
tangent bundle of a foliation with rank ¢ normal bundle = T'M/D, then the
ring of Pontrjagin classes Pont™(Q) C H*(M;R) of @ has to vanish in degrees
greater than 2q.

Reflecting a general phenomenon, the vanishing of these primary characteris-
tic classes gives rise to so-called secondary characteristic classes of the foliation
(cf. [19]). The oldest and best studied of all secondary characteristic classes is
the Godbillon-Vey class constructed as follows. Consider a defining form «;, i. e.
a locally decomposable form of maximal rank with ker &« = T'F. The Frobenius
Theorem (Theorem A.5) says that there is a one-form 3 such that da = A a.
The Godbillon-Vey class gv(F) € H*(M;R) is defined by gv(F) = [BA (dB3)1].
This class is a natural cobordism invariant of the foliation. If F is a codimension
one foliation, then in some sense gv(F) measures the “helical wobble” of the
leaves of F (cf. [30]). For arbitrary codimension, if there is a holonomy invari-
ant transverse volume form for F, then the Godbillon-Vey class gv(F) vanishes
(Corollary I1.1.6) — but this condition is not necessary for the vanishing of the
Godbillon-Vey class.

Now, Gel'fand-Feigin-Fuks [11] and later Fuks [10] considered one-parameter
families F; of foliations and defined characteristic classes of these families in the
context of the cohomology of Lie algebras of formal vector fields. For such one-
parameter families of codimension ¢ foliations the defining form a — and therefore
the form [ as well — depends on the parameter ¢t. Kotschick [21] introduced a
class TGV (F) = [B, A By A (dBy)Y] € H*T2(M;R), where the dot denotes the
derivative with respect to t. In codimension one this is a characteristic class
already considered by Fuks (and others, cf. [22]). In the forthcoming paper [17]
Kamber, Kotschick and the author will construct more classes of this type for
one-parameter families of foliations and explain the connection to Gel’fand-Fuks
cohomology. Here, we will not use cohomology of infinite dimensional Lie algebras
but rather the universal formalism based on finite dimensional Weil algebras.
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ii INTRODUCTION

By definition, the class TGV (F;) looks very much like the Godbillon-Vey class
itself or some kind of derivative of it. This was the initial point of this thesis:
to clarify the connection between the Godbillon-Vey class, the time derivative of
the family of Godbillon-Vey classes gv(F;) and the class TGV (F;). The second
question arising immediately was: are there other characteristic classes for fam-
ilies of foliations of the same kind or — what would be even better — is there a
general (maybe universal) way of constructing such characteristic classes. The
constructions of Gel'fand-Feigin-Fuks, Fuks and in [17] as well are limited to
one-parameter families of foliations. So finally, we have to ask wether it is pos-
sible to define characteristic classes for multi-parameter families of foliations. In
the context of Gel'fand-Fuks cohomology Tsujishita [31] already worked in this
direction.

These questions are answered in full detail in this thesis. The universal
construction of derived secondary characteristic classes presented here (Theo-
rem II1.3.1) gives a variety of natural concordance invariants for multi-parameter
families of foliations. A basis for the space of universal derived secondary char-
acteristic classes will be computed explicitly (Theorem II1.5.4). In particular,
we will see that all the derived characteristic classes for one-parameter families
of codimension one foliations are linear combinations of TGV (F;) and the time
derivative 2 guv(F;) of the Godbillon-Vey classes (Theorem II1.3.7). Moreover,
our construction yields characteristic classes for families parameterized by an
arbitrary manifold and even more generally for flags of foliations.

The basic idea is the following. Consider a one-parameter family F; of codi-
mension ¢ foliations on M. The union of all these foliations gives rise to a
codimension ¢ + 1 foliation G; on the cylinder R x M. The foliation F; at time
t appears as the intersection of G; with the time slice M = {t} x M C R x M.
These time slices themselves constitute a (rather simple) codimension one folia-
tion Gy on the cylinder R x M. Since the leaves of G; are contained in the leaves
of Go, we get a two-flag (Ga, Gy) of foliations — a so-called subfoliation — on the
cylinder R x M. The same form 3A (d3)?! representing the Godbillon-Vey class
gv(G1) now represents a class GV (G2,G1) in a cohomology module H*(M,Gy)
adapted to the top foliation G, (Lemma I1.1.4) which we call the Godbillon-Vey
class of the subfoliation. Since the leaves of G, are the fibres of the trivial bundle
R x M — R, we shall compute that cohomology module H*(M,Gs) to be the
module of smooth maps from R to H*(M;R) (Corollary 11.4.2). We will see that
if we therefore interpret GV (G,, G1) as a time-dependent class in H*(M;R), we
just recover the class TGV (F;) up to a constant (Theorem I11.4.3).

This point of view will allow us to define derived classes not only for multi-
parameter families of foliations but for flags of foliations in general. This will
prove useful in the last chapter, where the derived secondary characteristic classes
of a family of foliations are computed in terms of residues defined at the singular-
ities of certain singular three-flags (Theorem IV.10). The greatest advantage of
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generalizing to flags of foliations is that we can formulate the definition of derived
classes in a universal way. This universal construction is based on the ideas of
Kamber-Tondeur [19] who used a filtration on the Weil algebra of a Lie group to
define a characteristic homomorphism for foliated principal bundles giving rise
to secondary characteristic classes of foliations. This was generalized to subfolia-
tions by Carballés [8]. In view of the last chapter, we will give a construction for
arbitrary k-flags of foliation (Theorem II1.2.4). This will yield a space of universal
classes which are mapped by a derived characteristic homomorphism to families
of de Rham classes if the leaves of the top foliation are the fibres of a fibre bundle.
These are the natural concordance invariants of families of foliations mentioned
above.

Before beginning, I would like to thank my advisor Dieter Kotschick for his
patience, the opportunity of fruitful collaboration and the friendly support during
the preperation of this thesis. I have also the pleasure to thank Franz W. Kamber
for many enlightening discussions and valuable help in understanding the Koszul
spectral sequence. Let me finally express my gratitude to the Graduiertenkolleg
“Mathematik im Bereich ihrer Wechselwirkung mit der Physik” at the University
of Munich for financial support.

2. Outline of the contents

We will now give a detailed overview of the contents of this thesis.

Chapter I. The first chapter collects the basic properties of foliated cohomol-
ogy for future reference. Parts of it are well-known — especially for the classical
leafwise cohomology H*(F) — but as far as I know have not yet been collected in
that general form keeping the whole Koszul spectral sequence in view. So, maybe
this will be helpful to others too. The reader familiar with the Koszul spectral
sequence should feel comfortable with proceeding to Chapter II and returning
whenever needed.

The first section recalls the fundamental definitions, the Frobenius Theorem
mentioned above and the Reeb class [§] which is defined in the classical leaf-
wise cohomology H'(F). This is the first cohomology group of the quotient
Q(M)/I*(F) of the de Rham complex by the foliation ideal I*(F) of all forms
vanishing along F. The section goes on giving the construction of the holonomy
groupoid of a foliation and showing that the Reeb class is an obstruction against
the existence of a holonomy invariant transverse volume form. Of course, all of
this is well-known and serves here as a motivation for the following constructions.
The essence is that there are naturally defined classes in the cohomology of cer-
tain (sub)quotients of the de Rham complex which contain geometric information
about the foliation. The rest of the chapter will be devoted to the study of such
cohomology groups.

In the second section the Koszul spectral sequence £7°(M, F) is defined which
can be viewed as a generalization of the leafwise cohomology algebra. Actually,
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this spectral sequence arising from a natural filtration of the de Rham complex
is concentrated in a rectangle in the first quadrant, and the left most column
EY*(M, F) of the Ey-term is equal to H*(F). In this thesis we will be especially
interested in the right most column EP*(M,F), where ¢ is the codimension of
F, which we denote by H*(M,F). Our first result is that we can compute this
H*(F)-module H*(M,F) using the same graded algebra Q*(M)/I*(F) as for
the computation of H*(F) but with a perturbed differential d, (Theorem 1.2.6).
In particular, if 7 admits a holonomy invariant transverse volume form, then
H*(M,F) = H*(F) (Corollary 1.2.7).

The next section deduces the functorial properties of the Koszul spectral se-
quence which are of course essential for constructing characteristic classes. The
spectral sequence is natural with respect to pulling back forms via submersions.
Moreover, it is invariant under homotopies which move leaves within leaves (The-
orem 1.3.2). As an application of this leafwise homotopy invariance we prove
a Poincaré Lemma, i. e. we compute the spectral sequence of the standard p-
dimensional foliation 7%? on R?*? given by the fibres of the projection R?t? — R?
(Theorem 1.3.3). The E)-term equals

"(RY <r< =
g, gy { (TR0 = Saand =0
At the end of the section we will explain what has to be changed if we consider the
Koszul spectral sequences given by forms with compact or at least transversally
compact support which will be useful for integration theorems as in Section 1.6
or in Chapter IV.

Section .4 proves the two most fundamental theorems for explicitly comput-
ing cohomology groups: the Mayer-Vietoris Sequence and the Kiinneth Formula.
Actually, the Mayer-Vietoris Sequence exists for every foliation F on a manifold
M =UUYV, where U, V are open subsets of M (Theorem 1.4.1). The Kiinneth
Formula E7"(M x N, F x G) = E7" (M, F)® E;7"(N,G) on the other hand does
not hold in general (Proposition 1.4.7) — which may not be too surprising, since
the E;-terms tend to be far from having finite type. But if one of the foliations
is trivial, say G = {N}, then the Kiinneth Formula is valid (Theorem 1.4.5).
This we will use for constructing non-vanishing examples in Chapter II. For the
classical leafwise cohomology algebras Theorem 1.4.5 already appeared in [1].

In the following section we compute the spectral sequence for the crucial
example of a simple foliation F whose leaves are the fibres of a fibre bundle
X — B with fibre M. In this case the F;-term is given by

EP*(M,F) = Q" (B;H*(M;R)) ,

where H*(M;R) is the flat vector bundle associated to the fibre bundle X — B
(Theorem 1.5.2). This implies the Leray-Serre Theorem (Corollary 1.5.3).
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The last section of Chapter I will be relevant for the residue theorem in
Chapter IV. It contains the construction of the integration along the fibre
/ L Ege (M, 7 F) — Ey*(B, F)
of an oriented fibre bundle 7 : M — B with fibre F', an oriented k-manifold with
boundary OF (Theorem 1.6.5 — the suffix vc denotes cohomology with compact

supports along the fibres). If OF is empty, then this map induces a homomor-
phism

/ : E{fjs(M, m*F) — E;°(B,F)

between the Ei-terms. If M is actually a vector bundle over B, then this homo-
morphism is isomorphic (Theorem 1.6.3). Its inverse is the Thom isomorphism
of the vector bundle which is given by right multiplication by a Thom class
u € HE (7*F).

Chapter II. The second chapter focuses on the Godbillon-Vey class of fam-
ilies of foliations. The aim is to identify the class TGV (F;) mentioned above as
the Godbillon-Vey class of a subfoliation. In doing so we get the idea how to
construct more invariants for families of foliations of this type.

In the first section k-flags of foliations (Fy, ..., F1) are considered. These are
sequences of foliations such that the leaves of each foliation are contained in the
leaves of the next one, F; C F; ;. It is shown that there are canonical maps

B (M, Fi) = By (M, Fop)

where ¢; is the codimension of F; in F;;1 (Proposition 11.1.2). The classes which
are in the image of one of the maps

H*(M,F;) — H"™(M, Fis1)

we call derived classes. We are especially interested in the classes lying in the
image of

(2.1) H*(M,JTZ) N H*+Qi+‘+q1cfl(M’ «/Tkz) ,

since we think of the top foliation Fj, as a parameterization for the subordinate
ones (as we indicated in the introduction). As a first example, we see that the
same form [; A (d3;)%*+% which represents the classical Godbillon-Vey class
gv(F;) in de Rham cohomology gives rise to a class GV (Fy, F;) in the image

of the canonical map (2.1) above (Lemma I1.1.4). We call the sum of all these
derived classes

k—1
GV(Fi,..., 1) => GV(F,F;) € H' (M, F)
=1

the Godbillon-Vey class of the k-flag.
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In Section II1.2 we prove that there are k-flags of arbitrary codimension with
non-trivial Godbillon-Vey class. First we notice that if the Godbillon-Vey class
GV (Fg,...,F1) of a k-flag vanishes, then all the classical Godbillon-Vey classes
gu(F;) have to be zero for 1 < i < k (Proposition I1.2.1). Making use of Rous-
sarie’s foliation F with gv(F) # 0 (Theorem I1.2.2) we deduce the general non-
vanishing result: for arbitrary codimension (gg,...,q) there is a k-flag of foli-
ations (Fg,...,F1) such that GV(F;, ..., F1) vanishes for 1 < i < k but the
Godbillon-Vey class GV (Fy, ..., F1) does not (Theorem I1.2.5).

The short Section II.3 shows that the Godbillon-Vey class of a k-flag is a
characteristic class, i. e. it is natural under pull-backs (Proposition I1.3.1), and
furthermore that it is invariant under leafwise concordance (Theorem I1.3.5). T'wo
k-flags are leafwise concordant, if there is a k-flag (Fy,...,F1) on the cylinder
[0,1] x M which is transverse to the boundary M L M and restricts there to
the two given k-flags and if moreover the top foliation Fj is a product foliation
{[0,1]} x F. This implies the concordance invariance of the classical Godbillon-
Vey class gu(F) (Corollary 11.3.6).

The central section of this chapter is Section I1.4. A family of foliations on M
parameterized by B is a subfoliation (Gs, G1 ), where the leaves of the top foliation
Go are the fibres of a fibre bundle X — B with fibre M (this makes sense as we
saw in the introduction). Every choice of volume form on the parameter space
B gives rise to an identification of H*(X,Gs) with the smooth sections of the
flat vector bundle H*(M;R) (Corollary 11.4.2). In particular, the derived classes
of a ¢o-parameter family of foliations F; are smooth mappings from R% to the
de Rham cohomology H*(M;R). In Theorem I1.4.3 we explicitly compute the
Godbillon-Vey class GV (F;) = GV (G, G1) to be the map sending ¢ € R% to the
class

GV (F) = Wl [0 gy, Ao A(B) A B A (dB)"] € H* T2 (M R)

q1! atq2

So indeed, the class TGV (F;) of a one-parameter family of foliations is just the
Godbillon-Vey class of the associated subfoliation. Furthermore, by Section II.3
we know that the Godbillon-Vey class GV (G, Gy) is a natural concordance in-
variant of the family of foliations (Theorem I1.4.4 and Theorem I1.4.5).

The chapter closes with Section II.5. Here, the dual of the Godbillon-Vey
class of a family of foliations

GV (G2, Gr)" : T(H" 2771 (M;R)) — Q*(B)

with respect to the pairing (-, -) given by integration along the fibre is decomposed
into the composition of two maps, the Vey invariant

Vi DR e (M R)) — B0 N(X, G)
and the Godbillon operator
G:H" " Y(X,G) — Q®(B)
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which is given by Glw] = [ w A # (Theorem I1.5.2). If B equals a point, then
this is the classical decomposition of gv(F)* due to Duminy (cf. [12]). Since the
pairing (-,-) is non-degenerate (Lemma II.5.1), we get that the Godbillon-Vey
class GV (Gs, Gy) of a family of foliations vanishes whenever the Godbillon oper-
ator GG vanishes. For example, if there is a sequence of representatives (3, for the
Reeb class of G; which tends to zero, then GV (Gs, G;) vanishes (Corollary 11.5.3)
— even though the Reeb class may be non-trivial.

Chapter III. This chapter is the heart of this thesis. We give two universal
constructions for derived characteristic classes of k-flags of foliations: the first,
more general one, following the construction of Kamber-Tondeur [19] of the char-
acteristic homomorphism of a foliated principal bundle, and the second one in the
fashion of Bott [3] which makes computations easier but is more or less restricted
to the normal bundle of a k-flag.

In the first section we define the notion of a k-foliated principle bundle. In
particular, the transverse frame bundle of a k-flag of foliations is canonically
k-foliated in that sense (Proposition II1.1.5). If we chose a connection w on P
which is adapted to the foliated structure, then the curvature of w shows a certain
vanishing phenomenon which is crucial for the construction (Proposition I11.1.12).

In Section III.2 the characteristic homomorphism of a k-foliated principle
bundle is constructed (for k& = 2 this has already been done by Carballés [8])
generalizing Kamber-Tondeur’s homomorphism (Theorem I11.2.1). We get a ho-
momorphism from the cohomology of a truncated relative Weil algebra to the de
Rham cohomology of M,

,,,,,

which is natural and concordance invariant (Theorem II1.2.4).

Section II1.3 begins by noticing that the truncated Weil algebra carries k fil-
trations F;W (g, H) q,,....q) Which are mapped by the Weil homomorphism into the
k filtrations Fr,Q*(M), thanks to the vanishing phenomenon mentioned above.
Thus, the characteristic homomorphism of the k-foliated principal bundle is al-
ready defined at the level of spectral sequences

.....

.....

E:-terms on the left hand side we get the derived characteristic homomorphism

DA(Fy, ..., F1,H), : DChi, . \(a,H) — H"%(M,F)

(qk 7777

of a k-foliated principal bundle which is natural under pull-backs and invariant
under leafwise concordance (Theorem II1.3.1). In Theorem III.3.5 we identify
under the derived characteristic ’hbmomorphism, and thereby see that this ho-
momorphism is not always trivial. The section closes by computing the space of
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universal derived characteristic classes of ¢o-parameter families of foliations to be
H((A"gl, (R)” @ S gl (R) o)) -

In particular, the space of universal derived characteristic classes of one-parameter
families of codimension one foliations F; is two-dimensional, and a basis is given
by the universal Godbillon-Vey class GV — which is mapped to TGV (F;) — and the
universal class which is mapped to the time derivative % gu(F) of the Godbillon-
Vey classes (Theorem II1.3.7).

Section III1.4 starts the second construction of the derived characteristic ho-
momorphism using Bott’s comparison technique. This works for foliated vector
bundles rather than for foliated principal bundles. It is shown that the nor-
mal bundle of a k-flag is canonically k-foliated by any adapted linear connection
(Proposition I11.4.4). Of course, this can also be deduced from the fact that the
transverse frame bundle is k-foliated (Proposition 111.4.5).

The last section of this chapter is devoted to the comparison construction of
the characteristic homomorphism of a k-foliated vector bundle,

which is a natural concordance invariant (Theorem II1.5.1). This homomorphism
is also defined at the level of spectral sequences
2r,s—r * 7,8
Ej (WO(% Fi) — Ej (M, F3)

7777 (11)7

for j > 1. In the same way as before, we obtain a derived characteristic homo-
morphism for k-flags of foliations

DX Fpy ., Fi)e : DWO}, 1y — H™ (M, Fy)

----- q1)

which is natural under pull-backs and invariant under leafwise concordance (The-
orem I11.5.2). We identify the universal Godbillon-Vey class in the new setting
(Theorem II1.5.3), and we compute explicitly the space of universal derived char-
acteristic classes for go-parameter families of foliations (Theorem I11.5.4). A basis
for this space is given by elements

(hiy Ao A b)) © (] et
with 1 <y <+ <i, <ly =2 [%F] —1odd and ji +2j2 + - + qujg = G2+ ¢1-

Chapter IV. The last chapter introduces the notion of a singular three-flag
of foliations, i. e. a three-flag (F3, Fa, F1) which is defined outside a (nice) sin-
gular set S and which can be extended to a subfoliation (F3, ;) on the whole
manifold. Such singular three-flags arise for example when we consider infini-
tesimal automorphisms of a subfoliation (F3,F1). Under certain conditions on
the singular three-flag we can compute all derived characteristic classes y of the
subfoliation (F3, F1) out of residues

Resy(Fg,fg,.ﬂ, S) € Hi—e—a (S, fl)
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which only depend on the local behaviour of the three-flag around the singu-
larity S (Theorem IV.10). This generalizes Heitsch’s Residue Theorem [16] for
infinitesimal automorphisms of foliations.






CHAPTER I

Foliated cohomology

I.1. Foliations and holonomy

First let us recall some basic facts about foliations and the dynamics of their
leaves. Let M be a smooth manifold of dimension n = p + ¢ (unless otherwise
stated our manifolds are supposed to be without boundary). A foliation F of
dimension p and codimension ¢ on M is an atlas for the manifold M such that
the charts

;U C M —V,CRIxRP

satisfy the condition that all the coordinate transformations
pie; ' oi(UinUy) — @i(Ui N Uy)
respect the decomposition of R? x R? into the sets {z} x RP, x € RY.

B
s

RY f -~ 7 — R!

RP U U j lRP
i

Every foliated chart determines a submersion
fi=priow;: U — R,

The fibres f; ' (z) = ;' ({x} x RP) are called the plaques of F. The transitive
hull of the symmetric and reflexive relation “z,y € M lie in the same plaque of
F7 is an equivalence relation on M. The equivalence classes are called the leaves
of F. The leaf space M /F of F is the quotient space by this equivalence relation.
In general, this topological space is far from being a manifold. Since the leaves
can accumulate, it need not even be Hausdorff.

By definition every leaf of F is an immersed p-dimensional submanifold of
M. Denote by T'F the set of all tangent vectors of M which are tangent to
the leaves of F. Again by definition, this set is a locally trivial vector bundle,
i. e. a p-dimensional distribution TJF C TM, called the tangent bundle of F.
The vector bundle Q = TM/TF is the normal bundle of F. Let D C TM be
some distribution. It is called integrable if there is a foliation F on M such that
D =TF. Not every distribution is integrable, but there is an easy criterion for
integrability. A distribution D is called involutive if I'(D) is a Lie subalgebra of

1



2 I. FOLIATED COHOMOLOGY

the Lie algebra I'(T'M) of smooth vector fields on M, i. e. if for all vector fields
X,Y € I'(D) the Lie bracket [X,Y] is in I'(D) as well.

Theorem 1.1.1 (Frobenius). A distribution is integrable if and only if it is
involutive.

For a proof of this theorem see Appendix A. Now, suppose that D is a
coorientable distribution, i. e. the normal bundle @) = T'M/ D is orientable. Thus,
if ¢ is the codimension of D, then AYQ)* is a trivial line bundle. The projection
7w : TM — () induces a monomorphism

7 T(A1QY) — QUM) .

Every nowhere-vanishing form « in the image of this monomorphism is called a
defining form for D. Since AYQ)* is a trivial line bundle such a form exists and is
unique up to multiplication by a nowhere vanishing function on M. A defining
form for the distribution D is characterized by the property D = ker a. Note,
that this implies that « is a transverse volume form for D. This means whenever
T C M is an immersed g-dimensional submanifold transverse to D, then oy is
a volume form on 7. On the other hand, the kernel of a ¢-form a € Q(M)
is a coorientable distribution D if and only if « is of constant rank. Now, the

Frobenius Theorem can be dualised to yield the following equivalent statement
(cf. Appendix A).

Corollary 1.1.2. Let o € Q4(M) be a locally decomposable form of mazximal
rank. Then the coorientable distribution ker «v is integrable if and only if there is
a one-form 3 € QY(M) such that

da =03 Na .

Let F be the foliation integrating ker a. Since « is a transverse volume form,
the one-form [ above is unique up to addition of one-forms vanishing along F.
The space I*(F) of all forms vanishing along F,

IMF) = {we (M) w(Xy,...,Xs) =0 for all X; € TF},

is obviously a differential ideal called the foliation ideal associated to F. It gives
rise to a short exact sequence of differential graded algebras

(1.1.1) 0 — I*(F) — Q*(M) — Q*(M)/I*(F) = 0 .

The well-known leafwise cohomology algebra associated to the foliation F is the
cohomology of the quotient algebra

HY(F) = H(Q(M)/I"(F),d) .
That « is a transverse volume form can be used again to see that, since

0=d(da) =d(BNa)=dBANa—FANda=dBNa—FANBA«
=dBNa,
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the differential d8 € I*(F) is an element of the foliation ideal. Therefore o de-
termines an element [§] € H'(F) called the Reeb class of F. An easy calculation
shows that the Reeb class does not depend on the choice of defining form. Ex-
plicitly, if o’ is another defining form for F giving the same coorientation (say),
then o = f -« with a positive function f: M — R. Hence,

do/ =df Na+ fda = f(dlog f)Na+ fBAa = (dlogf+ B)ANd .

Thus, 8 and 3 = 3 + dlog f represent the same class in H'(F).

So, the Reeb class is a well-defined invariant of the coorientable foliation F.
It is closely related to the dynamics of the leaves of the foliation as we will see
immediately. The central object in the study of the dynamics of the leaves of F
is the holonomy groupoid. Let us briefly recall its definition (cf. [26]).

A transversal T of F is an immersed submanifold 7 C M giving a decom-
position 77 & TF|r = TM|7. Consider two points z,y € M lying in the same
leaf L of F and two transversals 7,7, through z, resp. y. We want to move
the transversal 7, along the leaves of F into the transversal 7, in a unique way.
This demands some considerations, since a leaf of F can meet the transversals
more than once (— or never). First suppose that = and y lie in the same plaque
and therefore in the domain of the same foliated chart ¢; : U; — R? x RP. The
restriction of the submersion f; : U; — R? to the transversal 7, has bijective
differential in x. Hence, f; restricted to a small neighbourhood N, C 7, of x
in 7, is a diffeomorphism onto a small neighbourhood of f;(x) in R?. The same
is true for f; restricted to 7. Since f;(z) = fi(y), we can assume that f; maps
N, C 7, and N, C 7, diffeomorphically onto the same open neighbourhood of
fi(z) in R?. In other words, the prescription “map a point ' € N, C 7, to the
point ' € N, C 7, which lies in the same plaque of F as 2" determines a diffeo-
morphism h, , : N, — N, mapping = to y. The germ at x of this diffecomorphism
does not depend on the choice of the neighbourhoods N,, N, and of the chart ;.
It only depends on the germ of 7, at z and the germ of 7, at y. For simplicity
we will denote the germs by the same symbols as the representing objects. So,
we have constructed a unique germ

h

for x and y lying in the same plaque. In the general case, let w be a path in the
leaf L starting in  and ending in y. The holonomy transformation along w is
the germ at x of a locally defined diffeomorphism

hol(w) : T, — 7T,

mapping z to y, constructed in the following way. Cover the path w by foliated
charts Uy, ..., Uy such that x = w(0) € Uy, y = w(1) € Uy and such that there
are points 0 = tg < t; <ty < -+ <ty <t = 1 with w(t;) € U; N Uy for
i=1,...,k — 1. Choose arbitrary transversals 7y, through w(t;) and set

T — T,

Y,x - Y

hol(w) = hyuw(ty_1) © Pty _1)w(tr_z) © *** © Puta) w(tr) © Putn) -
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If we replace the ¢’th intermediate transversal 7, by another transversal ’ZZL(ti)
through w(t;), then Ay,)wt,_.) is replaced by h o Ru,)w(t_1) a0d Pty )w(e) 19
replaced by A, 1),w(t:) oh™!, where h is the unique germ h = Pty wie) = Twe) —
Toi,)- Hence, the germ hol(w) does not depend on the choice of intermediate
transversals. The same argument shows that hol(w) is independent of the choice
of the points ;. So, the holonomy transformation along w only depends on the
germ of 7, at x, the germ of 7, at y and the path w. Furthermore, if wy, w; are
two paths in the leaf L starting in x and ending in y which are homotopic in L
by a homotopy fixing the endpoints, then hol(w;) = hol(ws).

Now, fix for every point x € M the germ at x of a transversal 7, through this
point. The holonomy groupoid Hol(F) is the small category having as objects
the points of M, and for two points x and y lying in the same leaf L of F the
morphisms from x to y are the holonomy transformations from 7, to 7, along
paths w in L joining x and y. Obviously, if we replace our choice of transversals
by another one, then the new holonomy groupoid is canonically isomorphic to
the old one. Instead of fixing germs of transversals, we could fix a foliated chart
@y Uy — RIXRP for every € M which maps x to 0. This not only gives rise to
a unique transversal through z, namely ¢, '(R? x {0}), but yields furthermore an
identification of this transversal with R?. This choice identifies the morphisms of
Hol(F) with elements of Diff (R, 0), the group of germs at 0 of diffeomorphisms
between open neighbourhoods of 0 in R? fixing 0. If L is a leaf of F and II(L)
denotes the fundamental groupoid of L, then we get a representation of groupoids

hol : TI(L) — Hol(F)
[w] — hol(w) .
In particular, for x € L it yields a representation of groups
hol : (L, x) — Diff(R?,0)

called the holonomy representation of the leaf L. The conjugacy class of this
homomorphism is an invariant of the leaf L. To get a linear representation we
can compose this homomorphism with the map taking the differential in 0 to get
the infinitesimal holonomy representation

infhol : m (L, z) — GL,(R)
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of L. These homomorphisms reflect the (transverse) geometric properties of the
foliation. For example, F is coorientable if and only if infhol takes values in
GL;(R), the linear group of matrices with positive determinant.

Let us call a form o € Q*(M) holonomy invariant if it satisfies h*(a|7,) = a7,
in x for every h : T, — 7, in Hol(F).

Lemma 1.1.3. Consider a form a € Q*(M) with TF C kera. Then « is
holonomy invariant if and only if Lxa =0 for every X € I'(TF).
PrROOF. Let ¢ : U — R? x RP be a foliated chart. Since ixa = 0 for every
X € TF, we have

(90_1)*(@|U) = Z akl,...,kr(y, IC) dykl VANEIERIVAN dykr

1<k < <kr<q

with functions ay, . . : R? x RP — R. Moreover, Ly(a|y) = 0 for every X €
I'(TF|y) if and only if for fixed y € R? none of the coefficients ay, 1. (y,x)
depends on z € RP. Suppose that h*(a|r,) = a|z, for every h € Hol(F). In
particular, if u,v € U are lying in the same plaque, then h;  (alz,) = alz,.
Since R, (@*dy;) = ©*dy;, this implies that the ag, ., (y,7) are independent of
x. Hence, Lxa = 0 for every X € I'(TF). On the other hand, if « satisfies
Lxa = 0 for all X € I'(TF), then the ay, k. (y,z) are independent of = and
therefore satisfy h; ,(alzr,) = alz, for every u,v € U lying in the same plaque.
Since Hol(F) is generated by such transformations h, ., we have h*(a|7,) = a|z,
for all h € Hol(F). O

If there is a holonomy invariant transverse volume form for F, then infhol takes
values in the special linear group SL,(R) of matrices with determinant equal
to one. Lemma [.1.3 shows that the Reeb class is an obstruction against the
existence of such a holonomy invariant transverse volume form.

Theorem 1.1.4. A defining form « for F is a holonomy invariant transverse
volume form if and only if it is closed. In particular, if F admits a holonomy
wmvariant transverse volume form, then the Reeb class of F vanishes.

PROOF. If «vis a holonomy invariant defining form and X € I'(T'F) is tangential
to the foliation, then

ideé = LxOé — dz'Xa =0
by Lemma I.1.3. Since the normal bundle () of F is ¢g-dimensional and da is a
(¢ + 1)-form, this implies that da = 0. On the other hand, if « is a closed form
defining F, then

LXa = idez + dixa =0
for every X € I'(TF). Hence, again by Lemma [.1.3, « is holonomy invariant.
O

The rest of this chapter is devoted to the study of cohomology modules related
to the leafwise cohomology algebra which are the natural habitat of classes like
the Reeb class. But actually, it would be more convenient to have such classes
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in the usual de Rham cohomology. That is the reason why one considers the
so-called Godbillon-Vey class rather than the Reeb class. This class will be in
the focus of Chapter II. The fact that the Reeb class can be interpreted as an
obstruction against the reduction of the infinitesimal holonomy from GL; (R) to

the subgroup SL,(R) motivates the universal constructions which are the content
of Chapter III.

I.2. The spectral sequence of a foliation

Let M be a smooth n-manifold carrying a smooth foliation F of codimension
q. As we saw in the last section there is a class, namely the Reeb class, which
is defined in the cohomology of a certain (sub)quotient of the de Rham com-
plex, containing geometric information about the foliation F. There is a whole
sequence of subquotients of Q*(M) reflecting geometric properties of the folia-
tion. The Koszul filtration F3Q* (M) (for convenience let us drop the index F as
long as there is no danger of confusion) of the space of differential forms on M
(cf. [19]) is defined by

FrOM(M) = {w e Q*(M)| ix, ., ixw=0 for all X; € TF}

for 0 <r <k, FFQ¥(M) =0 for r > k and F'Q*(M) = Q*(M) for r < 0. This
filtration is compatible with the differential graded algebra structure on 2*(M).

Proposition 1.2.1. The Koszul filtration is a bounded decreasing filtration
by differential ideals,

Q*(M) = F°Q*(M) D F'Q*(M) D --- D FIQ*(M) D FIQ*(M) =0,
and it is multiplicative,
FrQF (M) A FSQY M) C FrEsQF(ar) .

This proposition will follow immediately from the dual characterization of the
filtration terms F"Q*(M) which we will state in the following lemma. With a
multiindex I = (iy, ..., i) we write dz; for the form dz;, A--- Adz;, . Denote by
[(I) = k the length of the multiindex and write J, for the set of all multiindices

Lemma 1.2.2. Denote by y = (y1, .. .,y,) the standard coordinates of R? and
by v = (x1,...,%,) the standard coordinates of RP. Then F"Q¥*(M) consists of
all the k-forms w on M such that for every foliated chart ¢ : U — R? x RP the
form (p~Y)*w can be written as

Z ar,s(y, ) dyr Ndzy .

1€3,, I(I)>r
JET,

Loosely speaking this means that w contains at least r covectors of the transverse
coframe.



1.2. THE SPECTRAL SEQUENCE OF A FOLIATION 7

PRrRoOOF. This is obvious. ]

This filtration gives rise to a spectral sequence E,*(M,F) of differential bi-
graded algebras (for the basics in spectral sequences see [23]) with initial term

EY (M, F) = FrQ+(M)/FrQ+5(M)

converging to the de Rham cohomology H*(M;R) of M. As usual, the product
in E."(M,F) induced by A is denoted by

Ey* (M, F) @ B (M, F) = B 7Y (M, F) .

Since E;”*(M,F) is concentrated in the rectangle 0 < r < ¢, 0 < s <n—q by
Lemma 1.2.2 and the differential dj has bidegree (k,1 — k), the spectral sequence
collapses at stage ¢ + 1, 1. e. B}V (M, F) = E (M, F)=---= EZF(M,F).

8

e

n-q

In particular, H*(M;R) = @;_, E7 " (M, F).
Let us see how the considerations of the last section fit into this scheme. By
definition we have I*(F) = F'Q*(M). Thus,
QO (M)/I"(F) = F'Q" (M) /F'Q" (M) = Eg”" (M, F)

and the first column of the E\-term is just the leafwise cohomology algebra,

H*(F)=E)"(M,F) .
Now, consider the other extreme. Since the filtration is bounded, we have

ES (M, F)=FIQ" (M) = {w € Q™ (M)] ix, , ixxw=0V X; € TF}.

Denote by

H*(M,F) = E}"(M,F)
the cohomology module given by that subcomplex. Of course, this module
is no longer closed under multiplication in E7"(M,F). But just like every
column of the FEj-term it is a module over the leafwise cohomology algebra
H*(F) = EY*(M,F). In Corollary 1.2.7 below we will determine this H*(F)-

module structure for a certain type of foliation. Note finally that the inclusions
Ef (M, F) = Fi1Qits(M) C Q47%(M) induce canonical homomorphisms

e: H(M,F) — H™(M;R)
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relating the foliated cohomology module H*(M, F) to the usual de Rham coho-
mology.
Let us look at some naive examples (a more interesting example, namely the
foliation given by the fibres of a fibre bundle, will be examined in Section L.5).
ExampLE 1.2.1. If ¢ =0, i. e. F = {M} is the trivial foliation consisting of
a single leaf, then we get

rs ] @¥(M) , forr=0
Ey" (M., F) _{ 0 , otherwise .
Hence,
s s H3(M;R) ., forr=20
EZ(M,F)=---=Ej (M7}->:{0 ( ) otherwise

and the cohomology modules defined above are just the usual de Rham cohomol-
ogy modules,
H*(M,F)=H"(F)=H*(M;R) .
X

EXAMPLE 1.2.2. If ¢ = 1, then E,*(M,F) = F'Q"*(M) = I**'(F). Hence,
the cohomology module H*(M, F) is isomorphic to the cohomology of the folia-
tion ideal,

H*(M,F) = H"Y(I"(F))
and we get a long exact sequence
= HN M, F) S B (M;R) — H(F) 2 H (M, F) — - --

induced by the short exact sequence (I.1.1). The connecting homomorphism §
equals the differential d, : E)°(M, F) — E;*(M, F). DX

ExamMPpLE 1.2.3. If finally ¢ equals the dimension of M, i. e. F is the foliation
by the points of M, then

Q' (M) , fors=0

BN (M, F) = Eg° (M, F) = { 0 otherwise

and
(M. F Frs r H (M:;R) |, fors=0
05( ’ ) 2 (M’ ) { 0 ( ) , otherwise .

X

From time to time it is easier to work with forms having compact support
(for example, if we want to integrate foliated cohomology classes, as will be
done in Section 1.6). So, denote by Q%(M) the complex of compactly supported
forms on M. We get an analogous spectral sequence E,Z‘Z(M , JF) converging to
the de Rham cohomology with compact supports H(M;R) and foliated coho-
mology rings, resp. modules H*(F), H*(M,F). Obviously, if M is compact,
then Qf(M) = Q*(M) and we get nothing new. There is another compactness
condition which is sometimes more adequate. Let Qf (M) denote the space of
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forms with transversally compact support, i. e. the space of forms w, such that
the closure of the image of suppw in the leaf space M/F is compact. This
yields a spectral sequence E,:fr(]\/[, F) and cohomology rings, resp. modules
H; (F),H; (M,F). If the leaf space M/F is compact, then Q. (M) = Q*(M)
and we get the usual Koszul spectral sequence again. If the quotient map
m: M — M/F is proper, i. e. if the preimages of compact sets are compact, then
QF (M) = Qi(M) and the Koszul spectral sequence with transversally compact
supports equals the Koszul spectral sequence with compact supports (in that case
all the leaves have to be compact, of course).

EXAMPLE 1.2.4. For example, if 7 = {M}, then E; (M, F) = E°(M, F),
QM) , forr=0

0 , otherwise

U (M, F) = {

and

H}(M;R) |, forr=0

0 , otherwise .

In particular, H(F) and H}(M,F) are equal to the de Rham cohomology with

compact supports H(M;R). X
ExampLE 1.2.5. If F is the foliation by points, then the spectral sequences

B2 (M, F) = E; (M, F) coincide, and

1,tr

s s Q. (M) , fors=0
EI;tT<M,f>:EO:ﬁ<M,f>={ (M)

0 , otherwise
as well as
s s HI(M;R) , for s=0
Eter(M,F) = -+ = By (M, F) = { 0 ( ) otherwise .

X

Even though we will focus on the first and the last column, the other parts of

the spectral sequence contain geometric information too. For example it would

be helpful to have some kind of de Rham theory on M /F, although the leaf space

M /F is not a manifold in general. For that reason Reinhard [29] introduced the
space of basic forms on M, namely

O (M)F) = {w e Q(M)] ixw =0, ixdw =0 for all X € TF} .

Obviously, this space is a differential graded algebra and indeed, if the foliation
F is simple, i. e. the leaves of F are the fibres of a submersion p : M — B, then
the basic forms on M are just the pull-backs of forms on the base space B (for
more details about the complex of basic forms, see Section L.5).

Proposition 1.2.3. If F is a simple foliation given by the fibres of a surjective
submersion p : M — B, then there is an isomorphism of differential graded
algebras

O"(M/)F)=Q*(B) .
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PrRooOF. It is clear that p* : Q*(B) — Q*(M) gives a monomorphism p* :
QO (B) — Q*(M/F). If p; : Uy — RIxRP is a foliated chart, then the prescription
i o (plu,) = pr1o; = f; defines a chart ¢; : p(U;) — R? of B. So, the foliation
F induces an atlas of B. Since ixw = 0 and ixdw = 0 implies Lxw = 0, we
have that every form w € Q*(M/F) is holonomy invariant by Lemma 1.1.3. Like
in the proof of Lemma I.1.3 we see that on every foliated chart the form w is
the pull-back of a form on the corresponding chart of B. Glueing these forms
together with a partition of unity yields that w can be pushed down to a form on
B. So, p* : Q*(B) — Q*(M/F) is an isomorphism. O

The cohomology algebra of the complex Q*(M/F) is called the basic cohomology
H*(M/F) of F. In fact there are other approaches to the cohomology of the leaf
space, like the transverse cohomology of Haefliger [15]. These different attempts
have been related by Moerdijk [9]. Note that the bottom row E}°(M,F) of
the Ej-term of the Koszul spectral sequence is a complex with respect to the
differential d;.

Theorem 1.2.4. For every codimension-q foliation F on M we have an iso-
morphism of complexes

EP (M, F)= Q" (M/F) .

Hence, the bottom row of the Ey-term of the Koszul spectral sequence is the basic
cohomology of F,

By (M, F) = H'(M/F) .
PRrROOF. Obviously, there are no coboundaries in ES’O(M ,F). Hence, we have
E7(M,F) =kerdy = {w € F'Q"(M)| dw € F"H'Q+Y (M)} =Q"(M/F). O

The same can be done for the spectral sequence with transversally compact sup-
port. For example, if F is a simple foliation given by the fibres of a submersion
p: M — B, then

B (M, F)=Qi(B) and Ey) (M,F) = H!(B;R) .

This makes it natural to call the elements of Ei’fr(M ,F) (in slight abuse of

notation) the basic forms with compact support Q5(M/F) and E;’?T(M, F) the
basic cohomology with compact supports H(M/F).

Let us return to the foliated cohomology modules H*(F) and H*(M,F)
again. In particular, H°(F) = Q°(M/F) is the space of all smooth functions
on M which are constant along the leaves (showing by the way that in gen-
eral the foliated cohomology modules are far from being finitely generated). On
the other hand, H°(M,F) = QI(M/F). Tt is easy to see that if F can be de-
fined by a holonomy invariant transverse volume form, then multiplication by
this form defines an isomorphism Q°(M/F) = Q4(M/F) and hence an isomor-
phism HY(F) = HY(M,F). We will generalize this statement and will compute
H*(M,F) from H*(F). For the remainder of this section let F be coorientable.
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Then it can be defined by a ¢-form « satisfying daw = A a for some 1-form (.
We want to introduce an additive homomorphism

do - QY (M) I*(F) — QM) /T(F)
W ﬁ Aw -+ dw .

Lemma 1.2.5. The map d, is a well-defined differential on Q*(M)/I*(F)

depending only on «. Moreover,
(I1.2.1) do(w A D) = (dw) An+ (=1)Fw A (dan)

for each w € QF(M)/I*(F) and every n € Q*(M)/I*(F).
PROOF. Since I*(F) is a differential ideal, d, is well-defined. For fixed « the
form £ is unique up to the addition of elements 7 € I'(F) as we noticed in the

last section. So, d, only depends on «. Since « is a transverse volume form, we
have d3 € I*(F). Hence, for w € Q*(M)/I*(M) the equation

dodow = BABAw+d(BAW)+ BAdw+ ddw =dG Nw =0

holds in Q*(M)/I*(F) and d, is a differential. Obviously, for w € QF(M)/I*(F)
and every n € Q*(M)/I*(F) we have

do(WAD) =B AwAN+dwAn)
= (dw) A+ (=1 w A (B A0+ dn)
= (dw) A+ (=1)fw A (dan) -
[

If we compute the cohomology H(Q*(M)/I*(F),d,) with respect to this per-
turbed differential, then Formula (I.2.1) implies that this cohomology group is
a left H*(F)-module. Since « is an element of FIQI(M) = EI°(M, F), right
multiplication by « defines a homomorphism

R, : Ey*(M,F) — EY*(M, F)

wH— wAo

yielding the following identification.

Theorem 1.2.6. Let F be a coorientable foliation on M with defining form
a. Then H*(M,F) is canonically isomorphic to H(Q*(M)/I*(F),d,) as a left
H*(F)-module.

PROOF. For w € Q¥(M)/I*(F) = Ey* (M, F) we compute
dRyw =dwNa)=doNa+ (—D)*uAnBra=doNa+BAwAa
= Ro(daw) .
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Hence, R, is a cochain map from (Q*(M)/I*(F),d,) to (EZ*(M,F),dy), and it
suffices to prove that

Ry ¥ (M)/I*(F) — {w e QI (M)| ix,,, - ix,w =0 for all X; € TF}

is an isomorphism. Let w € Q°(M) with R,(w) = 0. Denote by @ some com-
plement of TF, i. e. TM = TF & (). Because « is a transverse volume form
and @ is orientable, there is a section Y € I'(A?Q)) such that iy« = 1. For every
X € T'(A*TF) we have

in = iXu) . iyOé = iyix(w A\ Oé) = iinRa(w) =0

because o« € F1Q4(M). Thus, R, is injective. On the other hand, if n €
E&*(M,F) then define w to equal w = (—1)%iyn. This gives

iin(w A Oé) = in . iyO& = (—1)q8ix(iyn) = iinn .

Thus, R,(w) = 1 because both w A a and 7 are elements of EJ*(M,F) and
Q = TM/TF is g-dimensional. This proves that R, is isomorphic. ([l

If F can be defined by a closed form «, then this closed form represents a class
la] € H'(M,F). In this case Theorem 1.2.6 can be interpreted in the following
way.

Corollary 1.2.7. If F admits a holonomy invariant transverse volume form
a, then H*(M, F) is a one-dimensional free left H*(F)-module generated by [a] €
H(M,F).

Note that Theorem 1.2.6 remains true if we restrict ourselves to transversally
compact supported forms or even to compactly supported forms.

I.3. Naturality, homotopy invariance and Poincaré Lemmas

The spectral sequence defined in the last section is functorial and invariant
under homotopies (if the notion of homotopy is suitably defined) as will be made
precise in this section. Let (M,F),(N,G) be foliated manifolds. A morphism
from (N, G) to (M, F) is a smooth map f : N — M which maps every leaf of G
into a leaf of F. We denote that by f(G) C F. This defines the category Fol of
foliated manifolds. Pulling back forms via a morphism f gives homomorphisms

[ FR (M) — FGQ°(N) .
Thus, we have induced homorphisms
[fE(M,F) — E°(N,G)

for every k£ > 0. By this the Koszul spectral sequence becomes a contravariant
functor E : Fol — Specy”™ from the category Fol into the category of multiplica-
tive spectral sequences of bigraded R-modules. In particular, a morphism induces
a homomorphism

frH(F)— H*(G) .
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turning (M, F) — H*(F) into a functor H : Fol — Algy from Fol into the
category of graded R-algebras. If furthermore codim F = codim G, then there is
a homomorphism

f*:H"(M,F)— H*(N,G) .
Hence, if Fol? is the subcategory of Fol consisting of all foliations of codimension
q, then (M, F) — H*(M,F) is a functor H : Fol! — Mody from Fol! into the
category of graded R-modules.

For example, if f : N — M is any map transverse to F (i.e. f,TN+TF|imf =
TM|im ¢), then there is the pull-back foliation f*F on N. The leaves of f*F are
just the preimages under f of the leaves of F. This pull-back has the same
codimension as the original foliation F. So, there is a canonical homomorphism

f*H (M,F)— H*(N, f*F)

for every map f transverse to F. Therefore, the functor H : Fol? — Mody is
natural with respect to such maps that are transverse to every foliation, i. e. it is
natural with respect to submersions. Of course, the same is true for the functors
E : Fol — Specy™ and H : Fol — Algg.

If we want to consider homotopies between morphisms, then these homotopies
should respect the foliations as well. Let us make this precise.

Definition 1.3.1. Two morphisms fy, fi : (NV,G) — (M,F) between two
foliated manifolds are leafwise homotopic if there is a map F : N x [0,1] — M
satisfying the following conditions. If F}; denotes the restriction

Ft:F’NX{t}:N_)M
for ¢t € [0, 1], then

(1) Fo = fo, 1 = fu,
(2) Fy(G) C F forall t € [0,1],
(3) for every x € N the points Fy(x), F;(z) lie in the same leaf of F for all
s, t € [0,1].
Thus, a leafwise homotopy consists of morphisms and moves points along leaves.

It is easy to see that the functors E : Fol — Specy”, H : Fol — Algy and
H : Fol? — Mody are invariant under leafwise homotopy.

Theorem 1.3.2. Let (M,F), (N,G) be two foliated manifolds and suppose
that fo, f1 : (N,G) — (M, F) are leafwise homotopic morphisms. Then we have

fo =1 B (M, F) — E(N,G)
for every k > 1. In particular,
fo =1 H'(F) = H(9) .
If furthermore codim F = codim G, then
fo =1 H(M,F) — H*(N,G) .
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PrOOF. Consider the cylinder N x [0,1] C N x R. Let p: N x [0,1] — N be
the canonical projection and foliate the cylinder by the foliation p*G. Then the
canonical vector field % tangent to the fibres of p is a section of T'(p*G) and we
have the map

ElLgQF (N x [0,1]) — FGQ*(N)

w (g w)
ot

where ¢; : N = N x {t} C N x [0, 1] is the inclusion map. This induces a map
I:Ey*(N % [0,1],p*G) — Ey* (N, G)
1
wr—>/ t(tpw) dt
0 ot

(for details about the integration along the fibre, see Section 1.6). An easy com-
putation shows that
v — iy =1Id+dl
on Q*(N x [0,1]), and the same equality holds if both sides are considered as
maps
Ey*(N x [0,1),p°G) — EG°(N,G) .
Indeed, if we write w = a; + dt A B; with oy € Q¥(N), 3; € Q*"1(N), then

(Low)=1j(digw~+1igdw)=1;(df; +ig (dt Ny +day — dt NdfFy)) = ¢ .
ot ot ot ot

and

1 1
L*{w—bz‘)w:al—aoz/dtdt:/L;‘(Law)dt
0 0 ot

1 1
—/ 1y (i 9 dw) dt—i—/ v (digw) dt
0 ot 0 ot
= ld(w) + dI(w) .
Hence, we get
o=ty EYY(N x [0,1],p"G) — ET°(N,G) .
Let F': Nx[0,1] — M be the leafwise homotopy from fj to f;. Since F(p*G) C F
we have
fo =wF" =qF" = f{ Ey*(M,F) — ET°(N,G) .
O

This gives the following foliated version of the Poincaré Lemma. Denote by
TP the foliation on R? x RP given by the fibres of the canonical projection
pry : R? x RP — RY which is the local model for every codimension ¢ foliation on
a (q + p)-manifold.
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Theorem 1.3.3. We have
S (R*P, T00) = Q" (R?) | for0 g.r <qands=0
1 ’ 0 , otherwise .

In particular,

Q°(RY) | fors=0
0 , otherunse .

H*(T) = H(R7P, T9P) = {

PRroOOF. Foliate R? x R? by 7?P and consider the homotopy
F:RIxRP x[0,1] —» R? x R?
(z,y,t) — (z,(1 = t)y) .
F' is a leafwise homotopy from the identity fy = idre+r to the map
fi:RIx RP — R? x RP
(z,y) — (2,0) .
Foliate RY by its points and let ¢y denote the inclusion
Lo : R? — RY x R?
z— (z,0) .
Then ¢y and the projection pry : R? x R? — R? induce homomorphisms between

the spectral sequences of the foliated manifolds (R4?, 7%?) and (RY, 7%°) which
satisfy

wopry = (priv)* =id ,  priyy = (topr1)* = f; =id
by the homotopy invariance of E : Fol — Specg”. Hence, pr; induces an iso-
morphism between the spectral sequences of (R 7%P) and (R?,79°%). But by
Example 1.2.3

Q"(R?) | for s=0

Ep*(RY, T%) = EP*(RY, T°) = { 0 otherwise .

This proves the theorem. O

For ¢ = 0 this is indeed the classical Poincaré Lemma. Note that the isomophism
E;(RetP T9P) = Q*(R?) is an isomorphism of complexes. Hence,

R |, forr=s=0
0 , otherwise .

E&S(Rq-&-p’f]'q,p) R E;,S(Rq+p"]‘qm) o~ {

If we want to apply the above considerations to the spectral sequences with
transversally compact supports, we have to restrict the morphism sets. We call
a smooth map f : N — M which maps the leaves of G into the leaves of F
a transversally proper morphism from the foliated manifold (N,G) to the fo-
liated manifold (M, F) if the induced continous map f, : N/G — M/F on
the leaf spaces is proper. The category Fol;. is the category consisting of the
same objects as Fol and the transversally proper morphisms. Then the Koszul
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spectral sequence with transversally compact supports is a contravariant functor
E : Fol,, — Specg”, and we get functors H : Fol,, — Algy, (M, F) — H} (F)
and H : Fol}. — Mody, (M, F) — H;.(M,F). To formulate the naturality prop-
erty of the Koszul spectral sequence with transversally compact supports recall
that the saturation of a subset U C M is the union of all the leaves of F passing
through U.

Lemma 1.3.4. If f : N — M 1is any open map transverse to a foliation F
on M such that the saturation of the image of f is closed in M, then f is a
transversally proper morphism from (N, f*F) to (M, F).

PROOF. By definition the induced map f, : N/f*F — M/F is injective. Since
the saturation of an open set is again open, the induced map f, is open because
f is. Hence, every open cover of a subset A of N/f*F gives rise to an open
cover of f,A. This together with the injectivity of f, yields that A is compact
if and only if f.A is. Let K C M/F be compact. That the saturation of the
image of f is closed implies that the image of f, is closed in M/F. Hence,
f(f7HK)) =1im f, N K is also compact and so is f;1(K). O

*

Note that under the assumptions of the lemma, the saturation of the image
of f is a union of connected components of M. In particular, all the functors
E : Foly, — Specy”, H : Fol;, — Algy and H : Folf. — Mody are natural
with respect to surjective submersions. Two transversally proper morphisms fy,
f1 are transversally proper leafwise homotopic if there is a leafwise homotopy F'
from fo to f; such that every F; is a transversally proper morphism. Then the
proof of Theorem 1.3.2 goes through in the new context to yield that the functors
E : Foly, — Specg”, H : Fol,, — Algy and H : Fol} — Mody are invariant under
transversally proper homotopies. The proof of Theorem 1.3.3 holds as well.

Theorem 1.3.5. We have
T q < < _
7S (RTP, T9%) g{ Or(RY) | for0<r<gqands=0

0 , otherwise

In particular,
QUR?) | fors=0

0 , otherwise .

H3,(T07) = H(R1*, T97) = {

By the classical Poincaré Lemma for cohomology with compact supports (which
is a special instance of Theorem 1.3.6 below) we get

R , forr=qand s=0
0 , otherwise .

E&itr(Rq+pv Tq,p) == Eg:fr(Rq+pv Tq’p) = {

Let Fol. denote the category of foliated manifolds and proper morphisms.
Then the Koszul spectral sequence with compact supports gives contravariant
functors E : Fol. — Specy”, H : Fol. — Algy, (M, F) — H:(F) and H : Foll —
Mody, (M, F) — H:(M,F) which are natural with respect to proper submersions
(such as fibre bundles with compact fibres). A proper leafwise homotopy is a
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leafwise homotopy which is proper as a map F': N x [0, 1] — M. Again the proof
of Theorem I1.3.3 shows that those functors are invariant under proper leafwise
homotopies. For example, every leafwise diffeotopy, i. e. every leafwise homotopy
F' such that each F; is a diffeomorphism, is a proper leafwise homotopy. Alas,
the leafwise homotopy used in the proof of Theorem 1.3.3 is obviously not proper.
But we can adopt the proof of Theorem 1.3.2 to get a Poincaré Lemma for the
spectral sequence with compact supports.

Theorem 1.3.6. We have

QL(R?) | for0<r<gqgands=p
0 , otherwise .

e, o0y = {

In particular,

Q(C)(Rq) ) fOT’SIp

0 , otherunse .

HTo) = e 7o) > {

ProOF. Denote by pri : RI X RP x R — R? X RP, pry : R x R? x R — R the
canonical projections. Thus, 797t = pri7T9?. Like in the proof of Theorem I1.3.2
we get a map

I: EpS(RY x RPHL 7owtly Eg;i—l(Rq x RP, TP)
“+o0
W / t(tpw) dt
—00 ot

which is well-defined, since we are considering forms with compact support. For
the same reason we have

Id—dl =0,

i. e. I is a cochain map. Let v € Q!(R) be a compactly supported form with
fRV =1 and set

D : Fr,QF(R? x RP) — Fr, . QFTH(R? x RPTY)
W pryy A priw .
This induces a map
D: Ej?(R? x RP, T%) — EgoTH(R? x RV, Torth)

satisfying I D = id. Next we show that DI is homotopic to id. Set g(t) = ffoo v
and define another operator by

K Frppn Q8 R x RPTY — Fr, o QFH(RY x RPFY

t +o0o
wr—>/ Lf(igw)dt—pr;‘g/ t(igw) dt.
—o0 ot —

oo ot
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For w = oy + dt A B; we compute
“+oo

t
K(w>=/ Godi—prig- | pide,

—00

K(dw) = K(dt A (& — dBy) + day)

t +oo
:/_ (&y — df,) dt—pr;g~/ (& — dp;) dt

o0 —0o0

t “+o00
—a— [ @ devprige [ (an) .

t +oo “+o0
dK(w) = dt A By + / (dBy) dt — pryy A B dt — prig - / (dB) dt .
This gives
+oo
(dK + Kd)(w) = dt A\ By + o — pryy A By dt .
Thus,

dK + Kd =id — DI .
In particular, D, [, = id : E7;(RTxRP, T97) — E77(RTxRP, T9P). So, I induces
an isomorphism
EpS(R? x RPF Tortl) o ERo~H(RY x RP, T9P)
By induction we see that
E7L(RY x RP, T%P) = Eye P (R, T9°) = { SZ(R” i?c;(frv:viSe .

0

For ¢ = 0 we get the classical Poincaré Lemma for de Rham cohomology with
compact supports which applies to give
Egﬁc(R“p,Tq’p) — = E;i(Rqup, TP { R , forr=qand s=7p

0 , otherwise .

1.4. Mayer-Vietoris sequence and Kiinneth formula

To compute the cohomology of a manifold out of local information the two
most important tools (besides the Poincaré Lemma) are the Mayer-Vietoris se-
quence and the Kiinneth formula. While the first one holds in full generality
in the foliated case, the second one is only valid under special assumptions for
foliated manifolds. Suppose that (M, F) is a foliated manifold, U,V C M are
open and M is the union of these two sets, M = U U V. There is a short exact
sequence

0— (M) S QU)e(V) S QA UNV) =0,



I.4. MAYER-VIETORIS SEQUENCE AND KUNNETH FORMULA 19

where i(w) = (w|y,w|y) and p(w,n) = N|vay — wlvav. Let Fy, Fy and Fynv
denote the restrictions of F to U,V, resp. U NV. Then i and p induce a short
sequence

(14.1)  0— FRpQF(M) 5 Fp QNU) @ F QN(V) L Fp

Funv

QUNV)—=0.
It gives rise to a long exact Mayer-Vietoris sequence.

Theorem 1.4.1. For open subsets U,V C M with M = U UV there is for
every r a natural long exact sequence

o BPN(MLF) S B U Fy) @ B (V. Fy) 2 B U OV Foov) =
increasing in s. In particular, there are long exact sequences
s HY(F) 5 B (Fy) @ HY(Fy) 25 HY (Forv) > ...
and
= HY (M, F) 25 HYU, Fy) @ H(V, Fy) 25 HS(U NV, Foey) > ... .

PROOF. First we have to show is that the short sequence (I1.4.1) is exact. This
is obvious at the first two steps. Let w € F,_ QF(UNV). Choose a partition of
unity {pv, pv} subordinate to the open cover {U,V'} of M.

Then —(pv)|v - w € Ff QF(U), (pu)|v - w € Ff QF(V) and
w = (pv)lvnv - w + (pv)luv - w = p(=(pv)lv - w, (po)lv - w) .
So, Sequence (1.4.1) is exact. This gives a short sequence
(14.2) 0 — Ey*(M,F) 5 Ey* (U, Fo) ® By* (V. Fyv) & By (U NV, Fuay) — 0

which is obviously exact at the first and the last step. Suppose that w €
Fy QF(U) and n € Fy QF(V) are elements with p(w,n) € Fp! QMU N V).
Set 7 = p(w, 7). Then the element & = w+ (pv )|y - 7 € Ff, QF(U) represents the
same element in E)" " (U, Fyy) as w and the element 77 = n—(py)|v -7 € Fr QFV)

represents the same element in EJ* " (V, F,) as 1. But

p(w,n) =nlvav — (pu)|lvav - T — wlvay — (pv)|lvay - T=7—7=0.
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Hence, (w,n) = (w,7) € Ey*(U,Fu) & Ey*(V,Fv) is in the image of i. So,
Sequence (1.4.2) is exact and induces a long exact sequence as stated. Note for
future reference that the connecting homomorphism ¢ is given explicitly by

§: EP*(UNV, Fuay) — EVSTH (M, F)

W] = [5w)], 3(w) = { ) e ol

O

For F = { M} this becomes the classical Mayer-Vietoris sequence.

A subset of a foliated manifold is called saturated if it is a union of leaves. If
we want to construct a Mayer-Vietoris sequence for the spectral sequence with
transversally compact supports, we have to require that the subsets U and V' are
saturated, since we want to extend forms given on U,V in a canonical way.

Theorem 1.4.2. For saturated open sets U,V C M with M = U UV there is
for every r a natural long exact sequence

e BT (UNV, Funy) 25 B (U, Foy) @ B (V, Fy) 25 B (MF) S

PROOF. Since U NV is saturated, we can extend every form w € Qf (UNV)
with transversally compact support trivially to the whole of M. Let j : Q; (U N
V) — Q; (U) @ Q. (V) be this extension map followed by the restriction map ¢
above. The map k : QF (U) @ Q;.(V) — QF (M) is constructed similarily as the
composition of the extension map with the difference homomorphism (w,n) —
n — w. This gives a short exact sequence

0— Fp_ Qus(UNV) L Fp Qrs(U) @ Fp (V) 25 PRt (M) — 0
by a partition of unity argument analogous to the one in the last proof. Hence,
we get a short sequence
which is exact just like in the proof above. This short exact sequence induces the
desired long exact sequence in the F-terms. 0

The same proof goes through for the spectral sequence with compact supports
and arbitrary open sets U, V.

Theorem 1.4.3. For open sets U,V C M with M = U UV there is for every
r a natural long exact sequence

- EDU NV, Fuov) 2 EVUU, Fu) @ BYa(V, Fy) 25 EPUM, F) 2 .
If 7 = {M} is the trivial foliation of codimension 0, then we get the usual
Mayer-Vietoris sequence for de Rham cohomology with compact supports.

Let us now turn to the Kiinneth formula. Consider two foliated manifolds
(M, F), (N,G). There is the product foliation F x G defined on M x N in the
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obvious way. The leaves of F x G are the Cartesian products of a leaf of F with
a leaf of G. This product foliation gives rise to an outer product on the Koszul
spectral sequences.

Definition 1.4.4. The cross product is the homomorphism
x: E8(M,F)® Ef(N,G) — E;77(M x N, F x G)
W] ® [n] — [prisw Aprin] .

This is obviously well-defined, since pry(F x G) C F and pry(F x G) C G. In
particular, we get a cross product

x : H(F)® H(G) — H(F x G) ,

and because the codimension of F x G is the sum of the codimension of F and
the codimension of G there is a cross product

x : H(M,F)® H (N,G) — H (M x N,F x G)

as well. Even though pry, and pry are not (transversally) proper in general, it
is obvious that pri,w A pryn € Q*(M x N) has (transversally) compact support
if w and 7 have, since (M x N)/(F x G) = M/F x N/G (as we already used in
the proof of Theorem 1.3.5). Hence, the cross product is also well-defined on the
Koszul spectral sequence with (transversally) compact supports.

If we suppose that G = {N} is the trivial foliation of codimension 0 on N
and thus H*(N,G) = H*(N;R), then there is the following foliated version of
the Kiinneth formula. Recall that an open cover U = {U;} of M is called a good
cover if for every U;, U; € U the intersection U;NU; is diffeomorphic to R". Every
cover of M has a refinement which is a good cover (cf. [4]). A manifold M is of
finite type if it posesses a finite good cover. For example, every compact manifold
is of finite type. In the same fashion, we will say that a foliated manifold (M, F)
is of finite type, if it admits a finite good cover by the domains of foliated charts.

Theorem 1.4.5. Consider a manifold N of finite type and a foliated manifold
(M, F) of finite type. Then the cross product
x: @D E(M,F)® H/(N;R) — E{*(M x N, F x {N})

i+j=s

18 an isomorphism. In particular, we have isomorphisms
H*(F)® H*(N;R) = H*(F x {N})

and

H*(M,F)® H*(N;R) = H*(M x N,F x {N}) .

PROOF. 1) Suppose that M = R?xRP and F = 77" is the simple codimension
q foliation on RY*? like in Section 1.3 and that Uy, ..., U, is a finite good cover of
N. We will do an induction over [ to prove the statement in this special case.
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Ifl =1, then N = R". By Theorem 1.3.3 we have to show that

A s o, Q'(R?) | for s=0
< U(RY) ® H (R R) — { 0 , otherwise
is isomorphic. This is obvious. Suppose that we know that the theorem is true
for M = R? x RP and all manifolds N’ that have a good cover of length [. If
Up,..., Uy is a good cover of N, then let V =U; U---UU;. Now, V NU;; has
a good cover of length [, namely Uy N U1, ...,U; N U;L;. Hence, the hypothesis
holds for the pairs {M, U1}, {M,V} and {M,V NU,;1}. Consider the Mayer-
Vietoris sequence for N = U;y; U V. Then tensoring with the vector space
ETY(M,F) = Q(RY) leaves the sequence exact. Hence, we get a long exact
sequence

... — B (M, F)® H*(N;R)
— EPY (M, F) @ H*(Up1;R) @ EY° (M, F) @ H*(V;R)
— B (M, F) @ H* Uiy NV;R) — ...

which is mapped naturally into the Mayer-Vietoris sequence of the decomposition
MxN = M xU; ;UM xV by the cross product. So, by the induction hypothesis
and the Five Lemma the theorem is also true for { M, N'}. This proves the theorem
for M =R? x RP, F = T% and arbitrary N posessing a finite good cover.

2) Now, let (M, F) be an arbitary foliated manifold with a finite good cover
Uy,...,U; by the domains of foliated charts ¢; : U; — RY x RP. We do an
induction over [ again to prove the statement in the general case.

The case [ = 1 has been treated in 1). The induction step goes through in
the same way as in the first part, tensoring the Mayer-Vietoris sequence with
the total vector space H*(IN;R). To be more precise, we consider the long exact
sequence

= P E (M, F)e HT(N;R)

i=0

- @ E?i(Ul-i-laJTUHl) ® H'(N;R) @ EIZ(V, Fv) ® H7/(N;R)
=0

- @ EIJ(UlH NV, Funv) ® H"(N;R) — ...
i=0

Again, the Five Lemma gives the desired result. 0

For the spectral sequence with compact supports the proof of Theorem 1.4.5
goes through literally (for transversally compact supports the second part of the
proof fails).
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Theorem 1.4.6. Consider a manifold N of finite type and a foliated manifold
(M, F) of finite type. Then the cross product

x: €D EruM,F) @ HI(N;R) — E;3(M x N, F x {N})
i+j=s
18 an isomorphism.

One could ask wether the Kiinneth formula remains valid when the foliation
G on N has positive codimension. This can not be true in general. Just consider
the following example.

Proposition 1.4.7. The cross product
X H*(T™) @ H*(TY°) — H*(T2°)
18 injective but not surjective.
PRrROOF. Denote by m the canonical homomorphism

m: QO(R) ® Q°(R) — Q°(R x R)

defined by m(f ® g)(z,y) = f(z) - g(y). By Example 1.2.3 we have to show that
m is injective but not surjective. Let {e;} be a basis for Q°(R). If

m <Z Ai5€; %) 6j> =0

ijel
for some finite index subset I, then for every x € R
Z aije,»(x) c€; = 0.
ijel
Since the {e;} are linearily independent we get
Z aijez-(ac) =0
iel
for all j € I and all z € R. Thus, a;; = 0 for all 4, j € I by the linear independence
of the {e;}. So, m is injective. Now, let p,(y) = y". Extend the linearly
independent family {p,} to a basis {e;} of Q°(R). Denote by {e}} the dual linear

forms defined by efe; = ¢;;. For every f € Q°(R?) and every z € R define the
support of f at x to be

supp, f = {ei| € (f(z,—)) # 0} .
If f is in the image of m, then there is a constant N, namely the cardinality of
the finite index subset, such that for every z € R the support of f at x satisfies

|supp, f| < N. Choose a function A € QY(R) such that A is equal to one in a
neighbourhood of Z and vanishes on a neighbourhood of %Z. Then

fla,y) = Az) <1+y+y2+..,+y[a@+%]>
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is a smooth function on R2. But
for n =0,...,4. In particular, |supp,; F'| > i for all . This means that f can not

be in the image of m. Hence, m is not surjective. ([l

Even though the Kiinneth formula does not hold in general, there is the
following injectivity statement which we will need in Chapter II. Recall from
Section 1.2 that there is a canonical homomorphism

¢: H'(N,G) — H™(N;R) .

for every codimension ¢ foliation G on a manifold N.
Corollary 1.4.8. Let (M,F) and (N,G) be foliated manifolds of finite type.

Suppose that b € HI(N,G) with e(b) # 0. Then the homomorphism
Ry: H(M,F) — H™" (M x N,F x G)
a—axb
18 1njective.
PROOF. Suppose that €(b) # 0 and R,(a) = 0. There is a commuting diagram
H{(M,F)® H/(N,G) —— H" (M x N,F xG)

o !

Hi{(M,F)® HI(N;R) —— H* (M x N,F x {N})

where the map on the right hand side is induced by the identity (as will be
explained in Chapter II). Hence, the assumption a x b = 0 and Theorem 1.4.5
imply a ® €(b) = 0. If a # 0, then there is a linear map a* : H'(M,F) — R with
a*a = 1. This gives

€(b) =a*a-€(b) = (a" ®id)(a®e(b)) =0.

This is a contradiction. So, a = 0. 0

1.5. The sheaf of basic forms and the cohomology of fibre bundles

The Koszul spectral sequence can be interpreted as the space of global sections
in a spectral sequence of sheaves. We will use this to compute the Koszul spectral
sequence for simple foliations given by the fibres of a fibre bundle which will be
essential in the construction of derived classes for families of foliations (for the
basic facts about sheaves and sheaf cohomology see [5]).

Let us write

Q(FNQ) = (N T F o Q) |
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where () is the normal bundle of F. By identifying ) with a complement of T'F
in T'M, we get

QY (M) =T(ANT"F & Q") =T ( D rTFo AT@*) = P oFNQ).
r+s==k r+s==k

Moreover, by Lemma 1.2.2 we know that

r+s

Framts (M) = @ +(FMQY) .

j=r

Hence,
Eg* (M, F) = Q*(F; A'Q") .

So, dy induces a differential on Q*(F; A"Q*). Therefore, the F;-term of the Koszul
spectral sequence can be interpreted as the leafwise cohomology with coefficients
in the exterior powers of the normal bundle,

H(F;,N"Q*) = E{*(M,F) .
In particular, we recover the basic forms on M as H°(F; A"Q*) = Q" (M /F).
Denote by A3, the de Rham presheaf which assigns to every open subset
U C M the complex of differential forms on U,
Ay (U) =Q%U) .

It generates the differential graded sheaf A}, of germs of differential forms on M.
To abbreviate the notations we will write A,; for the ring of smooth functions on
M and we will denote by Ay, the sheaf of rings AY,. Tt is natural to define the
presheaf By of basic forms on M by

BL(U) = O (R9) | if p;: U — R? x R? is a foliated chart
FATST Q4(0) , otherwise ,
where f; = pri; o ¢ is the local submersion defined by ¢;. This definition is
obviously independent of the choice of the chart ;. The sheaf generated by the

presheaf B% is the sheaf By of germs of basic forms on M. Finally, define a
presheaf A% by

A7 (U) = 0 (Fu; A (Qlv)") = Ey* (U, Fu) -

It generates a sheaf A%°. Since A’ is a presheaf of sections of a vector bundle, the
sheaf A% is fine. Furthermore, Theorem 1.3.3 proves that the natural injection
J : B — A™0 gives rise to a fine resolution

0— By L A0 D, pnt Dy
of the sheaf of germs of basic forms. Hence, the Ei-term of the Koszul spectral

sequence is canonically isomorphic to the cohomology of M with coefficients in
the sheaf of germs of basic forms,

H*(M; By) = H (TAY) = H*(F; N'Q*) = E}*(M, F) .
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In particular, Q"(M/F) = H°(F; A"Q*) = H°(M; B%) = T'B, further justifying
the notion of basic forms given in Section [.2. Let us collect these facts in the
following theorem.

Theorem 1.5.1. For every foliation F on M we have isomorphisms
Eg* (M, F) = Q(F; Q)
and
By (M, F) = HY(F; N'Q")  H*(M; By)

As an example, we will compute the spectral sequence for fibre bundles. Let
m : M — B be a smooth fibre bundle with fibre F' and consider the simple
foliation F on M given by the fibres of m. The presheaf U — H*(7 '(U);R)
generates a locally constant sheaf, i. e. a local coefficient system. It can be
retopologized as the flat vector bundle H*(F;R) with fibre H*(F';R) associated
to the monodromy homomorphism p : m(B) — Diff (F')/ Diffo(F'). Let us write
O(B;H(F;R)) =T(A"T*B @ H*(F; R)).

Theorem 1.5.2. Suppose that B and F' are manifolds of finite type. Let F be

the simple foliation on M given by the fibres of a smooth fibre bundle m : M — B
with fibre F'. Then

E7°(M,F) =2 Q"(B;H(F;R)) .
In particular,
H*(F)=2TH(F;R) .

PROOF. Since @ = 7©*T'B, we have an isomorphism of A,,-modules A}io =
(m*Al) @+ ap, An. Hence,

8 ~v 7“70 O,S ~ 073
AP =2 A ®@a,, A = (1" AR) @reay AR
and
y Y 0,
W*Arfs = AL @, 7T*.A]_-s

because there is an isomorphism (m,7*AR) @r.ara, Ap = A of Ag-modules.
This gives

Eg* (M, F) 2T AR =T (1, A7) 2 T(Af ®.a, W*Agf)
= O"(B) @4, [(1.AY)
= Q' (B) @4, Eg"(M; F) .
Since the differential df of a basic function f is in F1Q!'(M) we get
Ey* (M, F) = V' (B) @, EY* (M, F) .

So, the general fact will follow from the special instance E{"*(M, F) = I'H*(F;R).
Denote by ‘Hj the fine sheaf of germs of sections of the flat vector bundle
H°(F;R), and let Hj be the sheaf on B generated by the presheaf H3 given
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by U — EY*(n='U, Fy-1y). If U C B is a trivializing open neighbourhood of the
bundle 7 : M — B then

Hy(U) =T(H*(F;R)|[y) = T(U x H*(F;R)) = Ay @ H*(F;R)
~ B0 (n U, Frap) = Hx(U)

by Theorem 1.4.5. So, H} = H%. Since B is of finite type, a Mayer-Vietoris
argument similar to the one used in the proof of Theorem 1.4.5 shows that the
presheaf H3 is already a sheaf. Hence,

ITH(F;R) = THS = THS = E)S (M, F) .
O

As an instant corollary we get the Leray-Serre Theorem.

Corollary 1.5.3 (Leray-Serre). Suppose that B and F' are manifolds of finite
type. For every smooth fibre bundle m : M — B with fibre F' there is a spectral
sequence with Ey-term

Ey” = H"(ByH (F;R))
converging to the de Rham cohomology H*(M;R) of the total space.

1.6. Integration along the fibre and Thom isomorphism

The integration along the fibre which was already used (in its simplest form)
in Section 1.3 will now be discussed in greater detail. This is necessary for the
residue theorem in Chapter IV. Suppose that 7 : M — B is a fibre bundle with
fibre F' and that the base space B carries a foliation F. We will need another
compactness condition. Let QF_ (M) denote the differential forms with vertically
compact supports, i. e. the forms w € Q*(M) such that the intersection of the
support of w with each fibre is compact. We get a Koszul spectral sequence
B (M, 7 F) and cohomology rings, resp. modules H,, (7*F), Hy.(M,7*F) as
before. The proof of Theorem 1.4.1 goes through to yield the following Mayer-
Vietoris sequence.

Theorem 1.6.1. Let m : M — B be a smooth fibre bundle over a foliated
manifold (B, F). For open subsets U,V C B with B =U UV there is for every
r a natural long exact sequence

= B (ML F) 5 (Mo, 7" Fy) © B (M]y, 7 Fy) —

é

p—*> B (M|U0V7 7T*-,FUOV) — ...

1,vc
INCTeasing in s.

Recall that the connecting homomorphism ¢ is defined by
(1.6.1) dw]| = [ (pvdpy) ANw — 7 (pudpy) A w)
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where {py, pv} is a partition of unity subordinate to {U, V'}. The proof of Theo-
rem [.3.6 can be carried over literally to get the Poincaré Lemma for cohomology
with vertically compact supports.

Theorem 1.6.2. Let m : R7*P x R¥ — RI*P be the canonical projection. Then
7T 9P = TR We have

(R, fors=k

Lve 0 , otherwise .

B e o) 2 gk 7o) = {

This theorem gives the local model for the following isomorphism called the
integration along the fibre of a vector bundle.

Theorem 1.6.3. For every oriented k-dimensional vector bundle 7 : £ — B
over a foliated manifold (B, F) of finite type there is an isomorphism

/ BB, 7t F) 2 BB, F) |
In particular,
Hy*(m"F) = H¥(F)
HES(B,n*F) = H*(B, F) .
Proor. We want to define a homomorphism
(1.6.2) / D ENLQNTTS(B) — FRQTT(B) .

™

1) First, we will do this locally. So, suppose that 7 : F = R7”"? x R¥ — B =
RY*? is trivial and F = 7%, Then 7*F is given by the fibres of the projection

RY x R? x R* — R?
(Yt s Yy Tty e ey Ty bry oo t) = (Y1, oo, Yyg) -

Every element of QFF"(E) can be written uniquely as

(1.6.3) w= ZQI’J(y, x, t)dyr ANdxy ANdty A\ -+ ANdty, + W
1,7

where the ay ; are functions on E and w’ is an element of F/2QF ™ (E) containing
less than k of the dt;’s. Define

/ w=7), (/ ar (Y, t)dty A~ A dtk) dy; Adzy .
Rk 1.7 RF

Note, that if w is in F7. zQF™$(E), then it contains at least 7 of the dy;’s and
so does [, w. Hence [, w is in FfQ™5(B).

2) Now, back to the general case, choose a cover {U;} of B, such that the
U;’s are the domains of foliated charts ¢; : U; — R? x RP. Choose orientation
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preserving trivialisations ¥; : #71(U;) — U; x R* and a partition of unity {p;}
subordinate to {U;}. Set

Wi = (p; xid)d; : 71 (U;) = RY x RP x R |

For w € Fr. Q" 5(E) the forms w; = (7*p;)w have support in 7—1(U;) and
w = Y, w;. Hence, we can use 1) to define

/ﬂw = 2902‘ (/Rk(%l)*wo

This gives the homomorphism (1.6.2).

3) Next, we have to show that this homomorphism does not depend on the
choices made during the construction. Replace the foliated charts ¢; by foliated
charts ¢ defined on the same domains U;. With ¢} = (¢} x id)d; and T = @,
we get ¢ = Tp; and ¢ = (T x id)1;. Hence,

S ([ ) = S ([ iy oryn)

% 7

So, fw does not depend on the choice of foliated charts. If we replace the trivialisa-
tions ¥; by different orientation preserving trivialisations 9}, : #=1(U;) — U; x RE,
then 7' = ¥/, preserves the orientation on each fibre. Thus, the integral is left
invariant by 7" and fw does not depend on the 9;’s. If p. is another partition of
unity subordinate to {U;}, then the change from (7*p;)w to (7*p;)w obviously
does not inflict the integral. By passing from another cover {U/} to the common
refinement {U; NU,} we see that [ does not depend on the choice of open cover.
Hence, fw is independent of all choices made in the construction.

4)  The homomorphism (1.6.2) commutes with d. If the term w’ in the decom-
position (1.6.3) is zero, then this is obvious. Moreover, partial integration shows
that fw dv'=0=d fﬁ w’" as well. Hence, there is an induced homomorphism

(1.6.4) / : E{;jij(E,n*f) — E°(B, F) .

5) Finally, we see that (1.6.4) is indeed an isomorphism by a Mayer-Vietoris
argument. Let U and V' be trivialising foliated neighbourhoods. Then fﬂ induces
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homomorphisms between the associated Mayer-Vietrois sequences,

- = ErkJrs(E\UmV,?T*fUmv) 2, EPRH Y Blyov, 7 Fouy) — -

1,vc 1,vc

.I;rl l.fw

s EPUNV, Foay) S EPYYUUV Fooy) o

For this we only have to check that the square above commutes. But the explicit
formula (I1.6.1) for the connecting homomorphism and Lemma 1.6.4 below give

/5w—/ pudpy) /\w—/ﬂ*(pvdpv)/\w
:pUdPU/\/W_dePV/\/W

zé/w

So, by induction over the length of a finite good cover of B we can reduce ourselves
to the case where E is a trivial bundle over R? x R?, and the theorem follows by
Theorem 1.6.2. O

The vector space HY.(E,7*F) is a left module over the algebra H*(F) thanks to
the homomorphism 7* : H*(F) — H*(7*F) and the fact that the product of a
form with vertically compact support with any other form has again vertically
compact support. The integration along the fibre is a H*(F)-module homomor-
phism. More generally, the following statement is true.

Lemma 1.6.4. Forbe EYY(B,F) and a € E} e, T F) we have

/ﬂ((ﬂ*b)Ua) :bU/ﬂa

Proor. To prove the lemma it suffices to check this equality on the cochain
level. Moreover, it is enough to do this locally, i. e. we may assume that E is
the trivial bundle over R? x RP. In that case the statement is obvious from the
construction of | . O

The Thom isomorphism of w is defined to be the inverse of fﬂ,

O E7°(B,F) — BN (B, mF) .

1,vc

The function on B taking constantly value 1 defines a class 1 € H°(F). Applying
® gives a class u = ®(1) € H* (7*F). Lemma 1.6.4 shows that

/Trq)(a):a:au/ﬂu:/ﬂ((ﬂ*a)Uu).

Hence, ® is just right multiplication by the Thom class u,
®(a) = (r"a)Uu .
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Of course, integration along the fibre is possible not only on vector bundles.
Consider an arbitrary oriented manifold F' with boundary 0F and an oriented
fibre bundle 7 : M — B with fibre I'. The same construction as above yields the
following theorem which we will only use in the special case that M is the disc
bundle of an oriented vector bundle £ — B with respect to some metric and OM
is the associated sphere bundle.

Theorem 1.6.5. Consider an oriented fibre bundle m : M — B with fibre F,
an oriented k-manifold with boundary OF, over a manifold B without boundary.
For every foliation F on B there are homomorphisms

/  EYES (M, F) — Ep*(B, F)

0,vc

7{ : Egne T(OM, 7 F) — Eg*(B, F) .

+ H0,vc

defined by integration along the fibres. Furthermore, we have the equation

(16.5) [d—ai [ =i,

where i : OM — M is the inclusion map. In particular, if OF = &, then there is
an induced homomorphism

/  EVRYS(M, n* F) — E7*(B, F) .

: 1,vc

PROOF. Let us review the proof of Theorem 1.6.3 to see how it has to be adapted
to the case with boundary.
1) The space R* has to be replaced by the upper half space

H* = {(t1,..., 1) 1 > 0} CR",

and we define
/ w=2_ (/ ar (Y, t)dty A~ A dtk) dyr Ndzy .
HF 1.7 HFE

2) In addition to the trivializations
Vi m N (U) > RIXRP x F
we have to choose orientation preserving local charts {V;} for F,

H* , if V; meets the boundary

®jV; C B — { R* | otherwise ,
to get diffeomorphisms

o _ R? x R? x H* | if W;; meets the boundary
ij = (id X id X ;)i - Wi — { R? x R? x R* | otherwise ,
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where W;; = 9, H(RIxRP x V;) C M. By choosing a partition of unity subordinate
to {V;} we can decompose every w € Fr. Q" (M) into a sum w = Y w;; of
forms w;; having support in W;;. Setting

= * “Dy* .
/71'w N ;(pl </Hk,resp.Rk (ww ) w”)

yields a homomorphism
[ ¢ FrpQhi o) - R (B)

3) We have to check what happens if we change the partition of unity sub-
ordinate to {V;} or the charts ®;. This is just the well-definedness of the integral
over F' of k-forms on the fibre. Hence, fﬁ does not depend on any choices.

4’)  What remains to be shown is Formula (I1.6.5). We only have to check it
locally. If suppw;; C W;; does not meet the boundary, then fﬁ dw;; = d fw wij; just
like in 4). If W;; & H* and w;; has the form >orgarsdty Ao Adty A dyr A day,
then Fubini’s Theorem gives | dw;; = ¢_i*w;;. In the other cases both sides of
the equation vanish. Hence, Formula (1.6.5) is satisfied. O

If B equals a single point, then this is just the classical Stokes Theorem. On the
other hand, if F = @ and codim F = 0, then we get the usual integration along
the fibre. Note that the same proof goes through for compact supports to yield
a homomorphism

/ L EpEY (M, 7 F) — Ey(B, F)
which induces an isomorphism
[mtE s = Bus

for every oriented vector bundle 7 : F — B of rank k.



CHAPTER 1II

Derived classes for flags of foliations

I1.1. Construction of the derived classes

In this chapter we will turn our attention to the interplay between the spectral
sequences of two (or more) foliations on M, where the leaves of one foliation are
contained in the leaves of the other. This originates in the examination of one-
parameter families of foliations F; on M, where every leaf of the bigger foliation
is a time slice M = {t} x M of the cylinder R x M which contains the leaves
of the foliation F; at time t. This crucial example will be discussed in detail in
Section I1.4.

Definition I1.1.1. A subfoliation (F2, F1) is a pair of smooth foliations on M
such that every leaf of the foliation F; is contained in a leaf of the foliation F5. A
k-flag of foliations on M is a sequence (Fy, Fy_1,. .., F1) of smooth foliations on
M such that every leaf of F;,; is saturated with respect to F; fori =1,..., k—1.

Hence, a subfoliation is just a two-flag of foliations and a k-flag of foliations is
a sequence in which each pair of succeeding foliations constitutes a subfoliation.
We think of the top foliation as a parameterization for the subordinate ones. The
codimension of F; in F;; will always be denoted by ¢;. Thus, the codimension of
Fiin M is equal to ¢; + ¢;41 + - - - + qr. Let Fol(k) denote the category of k-flags
of foliations. The objects of Fol(k) are manifolds M together with a k-flag of
foliations on M and the morphisms from a k-flag (Gi,...,G1) on N to a k-flag
(Fk,...,F1) on M are the smooth maps f : N — M mapping the leaves of G;
into the leaves of F; for every 1 < i < k. So, Fol(0) is the category of smooth
manifolds, Fol(1) = Fol is the category of foliations defined in Section 1.3 of the
previous chapter, Fol(2) is the category of subfoliations and so on. Obviously, we
have a functorial inclusion map Fol(k) — Fol(k+1) sending a k-flag (Fy, ..., F1)
on M to the (k + 1)-flag ({M}, Fy,...,F1). Note, that there is the “forgetful
operator” Fol(k + 1) — Fol(k) sending (Fyi1,...,F1) to (Fi,...,F1) as well.

33
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But this operator is not natural with respect to the structures we are interested
in (cf. Chapter III).

If (F, ..., F1) is a k-flag of foliations on M, then each F; gives rise to a Koszul
filtration F7Q*(M) on Q*(M). Obviously, the inclusion map Ff  Q*(M) C
Fz Q*(M) induces homomorphisms

EF(M, Fia) — E;° (M, F)

commuting with the differential d;. But there is a more subtle connection between
the two spectral sequences.

Proposition I1.1.2. Let (Fy,...,F1) be a k-flag of foliations on M. Then
there are canonical cochain maps

EPN(M, Fi) — E;_qi’sﬂi(M; Fit1)

for every r,s € Z and j > 0.
ProOOF. All we have to show is that

FpQr (M) C Fy (M) .
So, let w € F Q" (M). Then we have to prove
(IL.1.1)

for all Xy,..., Xs1g41 € TFir1. To do this, we may assume that every X; is
either in TF; C TF,; ;1 or in some fixed complement ); C T'F; ;1 with TF; ;1 =
TF;, ® Q;. Because (); is g;-dimensional we may assume further that at least
(s+ ¢+ 1) —q = s+ 1 of the vectors are in T'F;. But then Equation (II.1.1)
follows from w € Fz Q" *(M). O

WXgpgpn I W = 0

Setting r = ¢; + - - - + q& in Proposition I1.1.2 leads to the following definition.

Definition I1.1.3. We call the foliated classes in the image of the canonical
homomorphism

e+ H'(M, ;) — H™ (M, Fit1)
the derived secondary classes (at stage i + 1) of the k-flag (Fy, ..., F1).
If we regard (Fy,...,F1) as a (k+ 1)-flag ({M}, Fy, ..., F1), then the map
€0+ -0F€: H*(M,.'Fz) N H*+q¢+---+qk<M;R)

is just the canonical map € mentioned in Section 1.2. The classes in the image
of this map can be viewed as derived classes at stage infinity. Let us begin our
discussion with an explicit example for a derived class.

Lemma I1.1.4. For every k-flag of foliations (Fy,...,F1) there is a well-
defined (q; + - - - + qi + 1)-linear map

Xi - Hl(}"z> % Hl(‘/’f;) N HQi+-~~+Qk+1<M7jEi)
([60}7 [ﬁl]a ) [ﬁqz'+---+%]) = [60 N dﬁl ARRRNA dﬂqz'Jr---JrlIk] :
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Furthermore, the map
ero---oeox;: HY(F) x - x HY(F;) — H2(qi+"'+q’“)+1(M;R)
18 symmetric.
PROOF. Let [Bo), ..., [Bytiq) € H(F) = EY' (M, F;). Since
[dBi] = di[3] € By (M, F;)
we get
[dByA - N dByporgs) = [AB] U+ U [ABy gy ] € BET 0040 (A )
So, the class

Xi([Bo], -+ s [Bgittar]) = [Bo ANdBL A+ NdBy+.tq]
= Wo] U [dﬂl A A dﬁ‘li"‘""f'qk] c H‘Ii‘f'"'-‘qu—i-l(M’ ]_-Z)
is well-defined.

That y; is (¢; + -+ + qx + 1)-linear and symmetric in the last ¢; + -+ + g
variables is obvious. Moreover, we have

BoANdBy NdPa N -+ NdBgyyqy — Bt NdBo ANdB A=+ N dBy 4.t
= —d(Bo N BL) NdBay N -+ NdBgt...tq,
=d(=(Bo AB1) ANdBa A== NdBy v 1qy,) -
Hence, ¢, 0 ---0¢; 0 x; is indeed symmetric. ]
Now, let F; be coorientable with defining form «; and da; = (; Ac;. The one-form

f3; represents the Reeb class [3;] € H'(F;) which is an invariant of the coorientable
foliation F; as we saw in Section I.1.

Definition 11.1.5. The Godbillon-Vey class of a k-flag of coorientable folia-
tions (Fy, ..., F1) is the derived class

k—1

GV (Fey..., F1) = Zek_l o--~oegox;([B],...,[8]) € H'(M,F) ,

i—1
where [3;] € H'(F;) is the Reeb class of F;.
Obviously, we have

k—1
GV(Fi,..., 7)) => GV(Fi, ) .
=1

The de Rham cohomology class
QU(}—z‘) _ GV({M},E) _ [ﬁz A (dﬂi)Qi"!‘""i‘Qk] c HQ(Qi+"'+Qk)+1(M; R)
is the classical Godbillon-Vey invariant of the coorientable foliation JF; (cf. [13],

[12]). As an immediate corollary from Theorem 1.1.4 we get the following state-
ment which explains the geometric significance of the Godbillon-Vey class.
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Corollary I1.1.6. Let F be a coorientable foliation on a manifold M. If F
admits a holonomy invariant transverse volume form, then gv(F) = 0.

Compared to the Reeb class this obstruction gv(F) enjoys the advantage to be
defined in the usual de Rham cohomology rather than in the leafwise cohomology.
The derived class GV (Fi, F;) is a lift of gv(F;) under the canonical map

= H2(qi+'“+qk71)+qk+l<M7 Fk) N H2(qz'+“~+<1k)+1(M; R) .

Corollary I1.1.6 remains true, saying that if F; admits a holonomy invariant
transverse volume form, then GV (Fy, F;) = 0. Even though this is a class in
the foliated cohomology H*(M, Fy), there are other cases of interest (apart from
Fir = {M}) where the Godbillon-Vey class of a k-flag of foliations can again be
interpreted as a de Rham cohomology class. We will describe them in Section 11.4.
First we will be concerned with the non-triviality of the Godbillon-Vey class of a
flag of foliations.

11.2. Non-vanishing examples

Immediate from the definition there is the following vanishing statement.

Proposition I1.2.1. Let (F,...,F1) be a k-flag of coorientable foliations on
M. If the derived class GV (Fg,...,F1) vanishes, so do the classical Godbillon-
Vey invariants gu(F;) for all 1 < i < k.

Proor. We have

Zgu(ﬂ) = Z GV({MY, F)) = GV{M}, Fe, ..., F1)

— (Y (F T

Suppose that GV (Fg, ..., F1) = 0. If J is a maximal set of indices 1 < i < k such
that the F; with ¢ € J are pairwise different, then there are positive numbers n;
such that

i€J
For F; # F, the degree of gv(F;) is different from the degree of gu(F;). So,
n; - gu(F;) = 0 for every i € J. The proposition follows, since H*(M;R) is a real
vector space. 0

Proposition I1.2.1 makes it natural to ask if there are any examples for k-flags of
coorientable foliations (Fy,...,F;) such that the classical Godbillon-Vey classes
gu(F;) vanish for every 1 < ¢ < k but GV(F,...,F1) is non-vanishing. We will
give such examples using a non-vanishing result due to Roussarie (cf. [13]) for
the classical Godbillon-Vey class.

Theorem I1.2.2 (Roussarie). Let T1% be the sphere bundle of a closed hyper-

bolic Riemannian surface. Then there is a coorientable foliation F of codimension
one on ThY such that gu(F) # 0.
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PROOF. The Uniformization Theorem says ¥ = H?/m(X), where 71(X) acts
as a discrete subgroup of PSLy(R) on H2. Furthermore, T1H? = PSLy(R) gives
17X = PSLy(R)/m(X). Hence, if we find an invariant codimension one foliation

F on PSLy(R), then F projects to a foliation F on T} under the covering map
PSLy(R) — T13. Consider the Lie algebra sly(R) of PSLy(R). There is a basis
a, 3,7 of the dual algebra sly(R)* satisfying

do=aANp, df=—-2aNy, dy=0AN~.

By the Frobenius Theorem < is a defining form for an invariant foliation F on
PSL,(R) (and so is «). Moreover,

BANdB = =20NaANy=2aNB Ay

is an invariant volume form on PSLy(R) which projects down to gv(F). Hence,
gu(F) # 0. O

We would like to take products of this example to create non-vanishing examples
for the Godbillon-Vey classes of flags of foliations. To do this we need the following
lemma.

Lemma I1.2.3. Consider a coorientable subfoliation (Fz,F1) on a closed
manifold M and a coorientable subfoliation (Ga,G1) on a closed manifold N. If
the derived class GV (Fa X Go, F1 X G1) vanishes, so does either GV (F, Fy) or
the classical Godbillon-Vey invariant gv(Gy). Furthermore, gu(Fy X Gy) always
vanishes if F1 and G have positive codimension.

PROOF. Denote by ¢ the codimension of F; in M and by r the codimension of
Gy in N. Let a (resp. w) be a defining form for F; (resp. Gi). Then there are
one-forms 3 and 7 such that da = A a and dw =n Aw. Now, 0 = pria A priw
is a defining (¢ + r)-form for F; x G;. Here pry (resp. prqg) denotes the projection
from M x N to M (resp. N). Because of

df = prida A priw + (=1)%pria A pridw
= prif Aprioc A praw + (=1)%pria A pran A priw
= (priB + prin) A (prioc A priw)

the Reeb class of F; x Gy is represented by v = prif + prin, i. e. df = v A 6.
Since I*(F;)?™ = 0 and I*(G;)"™" = 0 we have

q+r

()™ = (q er T) pri(dB)" A pr(dn)™

=0

_ (q : r)m(qu A pri(dn)
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This gives
priB A v A ()™ = priB A prin A (dv)"

= ("7 Yot (8 @) A 0 1 )
and hence, with pri[g] € E?’l(M x N, F1 X Gy),
prﬂﬁ] U GV(]‘E X Go, F1 X gl) = (q —;— r) GV(-7:2,~7:1) X GV(QQvgl) .

Suppose that GV (Fy x Gy, F; X G;) vanishes, then by Corollary 1.4.8 either
GV (Fe,F1) = 0 or gv(G1) = 0, since (GV(Ga,G1)) = gv(Gi). This proves
the first part of the lemma.

If g, > 0, then gv(F; x G1) = 0, since

r +r * * * r
v A (do) = (q q )<pr1mpn<dﬁ>q A pr(dn)
+prin A pri(dB)? A pry(dn)")
q +r * * q * * r—1
= d(priB A pri(dB)* A prin A pry(dn)

—priB A pri(dB)T=t Apryn A pri(dn)")
is exact. 0]
Now, we are able to show the non-triviality of the new Godbillon-Vey classes.
Let us start with the case of a two-flag.

Theorem 11.2.4. For every qi,q2 > 0 there is a closed oriented manifold
M of dimension 3(q1 + q2) and a cooriented subfoliation (Fo, F1) of codimension
(g2, 1) on M such that gv(Fy) = gv(Fz) =0 but

GV (Fy, F1) #0 .

ProOF. Consider the foliation F on X = T1¥ with gv(F) # 0 constructed
in Theorem I1.2.2. Proposition 11.2.1 gives that GV(F,F) # 0. Thus, by
Lemma I1.2.3 we know that GV (F x F,F x F) # 0. The same argument shows
that GV({X} x F,F x F) # 0, since GV ({X}, F) = gv(F) # 0. By induction
via Lemma I1.2.3 we see that on M = X X --- x X = X%7% the derived class
GV{X}T x F2 FI x F®2)
does not vanish. On the other hand, the second part of Lemma I1.2.3 implies
gu({ X} x F2) = gu(F® x F2)=0.
0

This theorem can be generalized to the following non-vanishing statement about
k-flags of coorientable foliations.
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Theorem I1.2.5. Let k > 1. For each sequence qi,...,q. > 0 of posi-
tive numbers there is a closed oriented manifold M of dimension 3(q, + qx—1) +
Qk—2+ -+ q1 and a k-flag of cooriented foliations (Fy,...,F1) of codimension
(G, ---,q1) on M such that

GV(Fi...,F1)=0
for every 1 <i < k and gv(F;) =0 for all 1 <i <k, but
GV (Fg,...,F1) #0 .

Proor. By Theorem I1.2.4 we may assume that & > 2. Let F be Roussarie’s
foliation on X = 71X and G the foliation by points on S!'. Both foliations have
codimension one. Define a k-flag of foliations on M = X% +-1 x (Sl)ak—2++a
by

}“1 = F x Fik—1 X quﬂ X oo X QQ2 X gth

j:2 = Fa x Flk-1 % g%fz X oo X g% X {Sl}q1
Fiq : Fe x Fak-1 % {Sl}Qk—Q X o+ X {Sl}qQ % {Sl}lh
F. = Fu* x {X}Qk—l X {Sl}%—z X oo X {Sl}fh % {Sl}ql )

Then F; has codimension ¢; in F;;. Denote by a a defining form for F with
da = 3 A a. The foliation G is defined by a volume form € on S'. The form

Qk+qr—1 o
w; = ( /\ prja) A /\ prif
i=1

i=qr+qr—1+1

is a defining form for F;, j =1,...,k — 1, with

Qk+qr—1
dw; = ( Z prfﬁ) ANwj .
i=1

Hence, the Godbillon-Vey class of F; is represented by

QktqK—1 qrktqr—1 At tg;
( 5 pr:@> A( 3 pr:cw) ¢ RO (),
=1 i=1

since pridp € F}k_IQ*(M) for 1 <17 < g+ qx_1. Hence, the Godbillon-Vey class
of each F; with 1 < j <k — 2 can be represented by zero. Thus,

i—1
GV(F,....F)) =Y GV(F,F;) =0

Jj=1
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for1 <i<k-—1. But
k—1
GV(Fi,.... F1) =Y _ GV (Fi, Fy) = GV(Fi, Fion)
j=1

= GV(Fo x { X}t Fik x Fl-1) x 1
#0
by Theorem II.2.4 above and Theorem 1.4.5 of the previous chapter. Here the

class 1 € HO({S1}a—2t"+a1) i represented by the constant function of value one.
0J

I1.3. Naturality and leafwise concordance

The Godbillon-Vey class of a coorientable flag of foliations is actually a char-

acteristic class, i. e. its natural with respect to pull-backs. Consider a morphism
f from a k-flag (Fy,...,F1) on M to a k-flag (Gy,...,G1) on N having the same

codimension (g, . ..,q1). Then obviously, the maps defined in Lemma I1.1.4 sat-
isfy
(11.3.1) f*Xi([ﬁO]v R [ﬂqzb = Xi(f*[ﬁﬂ]v T 7f*[ﬁq2]) :

for all [3;] € HY(F;). In particular, if (Fy,...,F;) is a k-flag of foliations on M
and f: N — M is a smooth map transversal to the foliation F; (and therefore
transversal to all of the F;), then there is the pull-back k-flag f*(Fg,...,F1) =
(f*Fr,..., f*F1) on N and we get the following naturality property.

Proposition I1.3.1. Let (Fg,...,F1) be a k-flag of coorientable foliations on
M and let f: N — M be a map transversal to Fi. Then

GV (T ..., fF) = [*GV(Fu,..., F1) .

PROOF. If ; € Q@ *4 (M) is a defining form for F;, then f*F; is defined by
fra; € Qutt4(N). For do; = B; N o, we have

df*a; = frdo; = B N fray .

Hence, if [3;] € H'(F;) is the Reeb class of F;, then f*[3;] = [f*6;] € H' (f*F:)
is the Reeb class of f*F;. The assertion follows by Equation (II.3.1). O

The Godbillon-Vey class is not only natural but moreover it is a homotopy
invariant in the following sense (cf. Definition 1.3.1).

Definition I1.3.2. Consider two k-flags (Fp, ..., F}), (FL,...,F}) and an
adittional foliation F on M. A smooth map F' : M x [0,1] — N is a leafwise
homotopy along F joining the two k-flags, if 7 C F and F} C F and if there is
a (k+1)-flag (G,Gr,...,G1) on N such that the maps Fy = Flyxp : M — N
satisfy the following conditions.

(1) Fy and F are transverse to Gy and F§(G, Gk, ..., G1) = (F, Fp, ..., FY),
F1*<g7gk‘a"'7gl) = (:Fa‘/c.liw"v}—ll)a
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(2) Fy(F) C G foralltel0,1],
(3) for every x € M the points Fy(x), Fi(z) lie in the same leaf of G for all
s, t €0, 1].
Note that Condition (1) implies that the flags (F, Fp, ..., FY), (F,Ft, ..., F})
and (G, Gy, ..., G1) have the same codimension.
Theorem 11.3.3. Let (Fp,...,FY) and (Fl, ..., F}) be two k-flags of coori-

entable foliations on M. If there is a leafwise homotopy along a foliation F on
M joining the two k-flags, then

GV(F,F, ..., F) =GV(F,Ft,....,F)

in H*(M,F).

Proor. This follows directly from Proposition I1.3.1 above and Theorem 1.3.2.
OJ

The existence of a leafwise homotopy along F does not mean that there is a
path in the “space of k-flags” joining (F,...,FY) and (F}, ..., F}). Actually,
this condition establishes rather a concordance than a homotopy of k-flags. Let
us put this notion right.

Definition I1.3.4. Two k-flags (F7, ..., F}) and (FL, ..., F}) on M are leaf-
wise concordant if there is a k-flag of foliations (Fg, ..., F1) on the cylinder R x M

such that the inclusion maps j; : M — R x M defined by j,(z) = (¢, z) satisfy
the following conditions.

(1) jo and j; are transverse to F; and the pull-backs equal j&(Fy, ..., F1) =
(F2, ..., F) and ji (Fr, ..., F1) = (FL, ..., FD),
(2) F? equals F}, and Fy is the product foliation {R} x Fp.
Two k-flags are concordant, if they are leafwise concordant as (k + 1)-flags (i. e
we do not require (2) any more).
By Theorem 11.3.3 the Godbillon-Vey class is a leafwise concordance invariant.

Theorem I1.3.5. Let (Fp,...,F}) and (FL, ..., F}) be two leafwise concor-
dant k-flags of coorientable foliations on a manifold M. Then

GV(FR, ... ) =GV(Fy,..., Fl)
in H* (M, F)) = H*(M, F}).
PRrROOF. Let (Fg,...,F1) the leafwise concordance foliation on the cylinder N =
Rx M. Then F : M x[0,1] — N defined by F(z,t) = (¢, x) is a leafwise homotopy

along Fp = F} joining (F_,,..., F?) and (F._,,...,F}). The assertion follows
by Theorem I1.3.3. O

Theorem II.3.5 implies the concordance invariance of the classical Godbillon-Vey
class.
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Corollary I1.3.6. If (F2,...,FY) and (F},...,F}) are two concordant k-
flags of coorientable foliations on M, then

go(F}) = gu(F})
forall1 < j<k.

PROOF. This follows immediately from the equation GV ({M}, Fi, ..., Fj) =
Z?:l gvu (}—JZ) O

I1.4. Families of foliations

For the sake of simplicity, we will restrict ourselves to subfoliations for the
rest of the chapter. In this section we will discuss the crucial example of subfo-
liations arising from multi-parameter families of foliations. The Godbillon-Vey
class of such a subfoliation can be identified with a family of de Rham cohomol-
ogy classes which depends naturally on the family of foliations. First, consider
a one-parameter family F; of codimension ¢ foliations on a manifold M. Then
there is a smooth family «; of defining forms for F; with day = §; A oy for
a family of one-forms ;. The classical Godbillon-Vey class of F; is given by
gu(F) = [B: A (dB)1] € H?*77Y(M;R). But as noticed in [21], there is another
class (actually a family of classes)

TGV (F) = [B; A B A(dBy)Y] € H*¥2(M;R)

associated to this family of foliations (here the dot denotes the derivative with re-
spect to t). It can be proven by explicit calculations that this class is well-defined,
independent of the choice of the family of defining forms. But these calculations
are rather lengthy and not very enlightening. We will see in a moment that this
class can be interpreted as the Godbillon-Vey class of a certain subfoliation.

Indeed we can think of the union of all the F,’s as a smooth codimension ¢+ 1
foliation G; on the cylinder X = R x M. Then the foliation F; is contained in
the time slice {t} x M. In other words, if G, is the codimension one foliation on
R x M with leaves {t} x M, then (Gs,G) is a subfoliation. Let us use this point
of view to generalize the notion of a family of foliations.

Definition 11.4.1. A family of foliations on M parametrized by B is a sub-
foliation (G, Gy1) on the total space X of a fibre bundle 7 : X — B with fibre
M, such that the leaves of G, are the fibres of the fibre bundle. We will always
assume that B is orientable and of finite type. If B = R%, X = R® x M and
m = pry is the projection onto R?%, let us call (Go,G1) a go-parameter family of
foliations on M. For such a go-parameter family of foliations we will also use the
more suggestive notation F; again, where ¢t now varies in R%.

If (Gy, G1) is a family of foliations, then every volume form v on B gives rise to a
closed defining form 7*v for the simple foliation G,. By Corollary 1.2.7, H*(X, G,)
is a one-dimensional free left H*(G,)-module with generator [7*v] € H(X, Gs).
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On the other hand, we computed in Theorem 1.5.2 the leafwise cohomology al-
gebra H*(Gs).

Corollary 11.4.2. Let (Go,G1) be a family of foliations on M parameterized
by B. Then every volume form on B gives rise to an identification
H*(X,Gs) = T(H*(M;R)) .
Hence, the derived classes of (Ga,G1) can be interpreted as sections of the flat
vector bundle H*(M,R).

Now, R? has a canonical volume form, namely dt; A --- A dt,,. Thus, the
derived classes of a go-parameter family F; on M are canonically identified with
sections of the trivial bundle H*(M;R), i. e. for go-parameter families we have a
canonical identification

H*(R® x M,Gy) = C®(R®, H*(M;R)) .

In particular, the Godbillon-Vey class of a ¢o-parameter family of foliations is
a smooth map from R%® to H?*#T2t(M:R). If w € Q*(R2 x M), then write
wy € Q*(M) for the restriction of w to the fibre over ¢ € R%.

Theorem 11.4.3. Let F; be a qo-parameter family of coorientable codimension
q1 foliations on M. Then

GV(F)) = DR [(GLB)y Ao A (5=B) A B A (dB)"]

q!

where 3 € QY (R% x M) represents the Reeb class of F.

PROOF. Decompose the differential d on Q*(R% x M) into d = dp + dyy,
where dpw = Y ¥ dt; A (a%w). Obviously dpf € Fg Q*(R% x M). Since we
know that df € Fj Q*(R®? x M), we have dy 3 € FjQ*(R2 x M) as well.
This gives (dyB)2*! € FIHQ2+2(Re x M) C F} Q*»2(R% x M). Thus,
(dpB)2+ = 0 in Eg*(M,G,). On the other hand, (dgf)®*' = 0. Hence, we
compute in Ey*(M, G,) that

q1+q2

(dB)n+e = Z <Q1 j QZ> (dB) A (dpyB)0taz—

=0

= (") sy

The left factor can be expanded to
(df)®” = go!dt; A (%ﬁ) A Adtg, N (atiﬁ)
q2(q2+1)
= () g (5 .
= (—1D)2g! (GZB)A--- A (atlﬁ) Adty A= Adty, .

This proves the theorem. 0J
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We recover the class TGV (F,) = [B; A B A (dB)7] € H?*H4(F;R) discussed in
[21] as the Godbillon-Vey class of a 1-parameter family of foliations on M.

By what was said in the previous section, these classes are natural concordance
invariants of the family of foliations as we will explain now. Let (G2,G;) be a
family of foliations on M parameterized by a fibre bundle 7 : X — B. Suppose
that (G5, Gy) is a family of foliations on a manifold N parameterized by a fibre
bundle 7’ : X’ — B over the same base space B. We will call a morphism
f: X" — X from the subfoliation (G}, G}) to the subfoliation (Gs, G1) a morphism
of families of foliations parameterized by B if f is a fibre bundle map over the
identity. In that case G = f*G, and any choice of volume form on B gives rise
to a commuting diagram

H*(X,Gs) —— D(H*(M;R))

f*l lf*
H*(X',G;) —— T(H*(N;R)) .

Proposition I1.3.1 gives the following theorem.

Theorem 11.4.4. Let (Go,G1) be a family of foliations parameterized by a
fibre bundle ® : X — B with fibre M. If ©’ : X' — B is a fibre bundle with
fibre N and f : X' — X a fibre bundle map over the identity, transverse to Fi,
then (f*Go, f*G1) is a family of foliations parameterized by ' such that for every
volume form v on B we have

GV (G2, [7G1) = [*GV (G2, G1)
as sections of the flat vector bundle H*(N;R) associated to the bundle 7'

In the same way we can carry over the concordance invariance to families
of foliations. We call two families of foliations concordant if they are leafwise
concordant as subfoliations. This means, two families (G3,GY) and (G3,G7) of
foliations on M are concordant if they are parameterized by the same bundle
7m: X — B and if there is a family of foliations (G, G;) parameterized by mo pry :
X x[0,1] — B such that G, is transverse to X? = X x {0} and X! = X x {1} with
Gi|xo = g{’ and G;|x1 = G{. Theorem I1.3.3 yields the concordance invariance of
the Godbillon-Vey class of families of foliations.

Theorem I1.4.5. If two families of foliations (G3,GY) and (G3,G1) on M
parameterized by the same bundle over B are concordant, then for every choice
of volume form on B we have

GV(G3,61) = GV (G2, G1)
as sections of the flat bundle H*1 T2 (M; R).

In particular, the classes GV (F;) computed in Theorem I1.4.3 are natural con-
cordance invariants of the multi-parameter family of foliations F;. Of course, this
can be computed directly, but with the argument above we will see in the next
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chapter that there is a huge variety of such natural concordance invariants for
multi-parameter families of foliations.

11.5. Decomposition of GV into Godbillon and Vey invariant

There is a decomposition of the dual of the classical Godbillon-Vey invariant
due to Duminy (cf. [12]) that can be worked out for the derived one as well.
It leads to a non-trivial vanishing result for the derived classes discussed in the
previous section. Let (Gs,G1) be a family of foliations on a closed and oriented n-
manifold M parameterized by an oriented fibre bundle 7 : X — B. If B denotes
the trivial foliation by points on B, then Gy = 7*B. Hence, the integration along
the fibre constructed in Theorem 1.6.3 gives a homomorphism

/ : H"(X,Gy) — H°(B,B) = Q®(B) .
Consider the pairing

()2 HHG) @ HH(X.Go) > HP(X.Gy) = Q7 (B)
Lemma I1.5.1. The pairing (-,-) is non-degenerate, i. e. (a,b) = 0 for all
a € H"*(Gy) implies that b =0 in H*(X,Gy).

Proor. If we choose a volume form v on B, then we can identify the pairing
with a map

() : D(H"*(M;R)) @ D(H*(M;R)) — D(H"(M;R)) — C*(B,R) .

The value of (a, b) at t € B only depends on the values of @ and b in t. Therefore, it
suffices to show that the pairing induced over every point ¢t € B is non-degenerate.
But this follows from Poincaré duality. OJ

Let [5] be the Reeb class of G;. The dual of GV (Gs, G;) with respect to the
pairing (-, ) is the map
GV(G2,G1)" : T(H" 20~ (AL R)) — Q% (B)
a = <a’v GV(QQ; gl)) .

The decomposition now takes the following form.

Theorem I11.5.2. Let (G2, Gy) be a family of foliations on a closed oriented
manifold M parametrized by an orientable fibre bundle X — B. There are two
well-defined homomorphisms,

VT e (M R)) — B0 (X, G))
] = [ A (dB)™ ]
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and

G:H" " Y(X,G) — Q?(B)

Wl [wns,
only depending on (G2, G1) such that
GV(Ql, gg)* == G oV .

G 1s called the Godbillon invariant and V' is the Vey invariant.

PROOF. Let j: H*(Gy) — H*(G1) be the homomorphism induced by the identity
and let [w] € H*(Gy). Then

V[w] — j[w] U [(dﬁ)th-i-(h] c H*+Q1+<12(X7 gl)

is well-defined because the class [(dB)T%2] = (dy[0])1T2 € H (X, G;) does
not depend on any choices, since the Reeb class [3] € H'(G;) does not. Moreover,
we have [wA (] = [w]U[F] € H"2(X,Gy) and € ([w]U[F]) € H"(X, G,) for every
class [w] € H"271(X,G,). Thus,

Glw] = /el[w/\ﬁ]
is well-defined. O

For example, if B is just a point, then this gives the decomposition of the dual
gu(F)* : H" 27 Y(M;R) — R of the classical Godbillon-Vey class of a coori-
entable foliation F of codimension ¢q. Then the Vey operator is a homomorphism
V. H"2 Y (M;R) — H" 9 1(M,F) and the Godbillon operator is a functional
G : H" 9 Y(M,F) — R. In [12] the special case of a codimension one foliation
was discussed. In this case H" (M, F) is equal to H" }(I*(F)) as we noticed
in Example 1.2.2.

By Lemma II.5.1 we in particular know that if the Godbillon operator of a
family (Go, G1) vanishes, so does the Godbillon-Vey class GV (G, Gy). This gives

the following vanishing statement.

Corollary 11.5.3. Let (G2, G1) be a family of foliations on a closed oriented
manifold M parameterized by an oriented fibre bundle X — B. Suppose that
there is a sequence oy, of defining forms for Gy with doy = Op N\ ap such that
on each fibre My the class By, tends to zero in the C°-topology as k tends to
infinity. Then the Godbillon-Vey class GV (Ga, G1) vanishes.

Note that the condition 5y — 0 does not imply that the Reeb class [Gi] €
H'(G;) vanishes, since the space of boundaries need not be closed in the quo-
tient QY(M)/T(Gy).



CHAPTER III

Universal constructions

II1.1. k-Foliated principal bundles

In this chapter we will show that the Godbillon-Vey class discussed in the
previous chapter is only one of a whole variety of derived classes of flags of folia-
tions which all lead to concordance invariants of families of foliations in the way
the Godbillon-Vey class did. We will explicitly compute all these derived char-
acteristic classes for multi-parameter families of foliations. In particular, we will
see that the module of derived characteristic classes for one-parameter families of
foliations JF; is generated by the Godbillon-Vey class GV (F;) of the family and
the time derivative of the classical Godbillon-Vey class 2 gv(F;). There will be
two universal constructions presented in this chapter: a more general one using
k-foliated principal bundles following the construction of secondary character-
istic classes of foliated principal bundles due to Kamber-Tondeur and another
approach for foliated vector bundles in the fashion of Bott’s construction of sec-
ondary characteristic classes of foliations. First let us describe the Chern-Weil
theory for flags of foliations.

Let G be a Lie group and suppose that p: P — M is a principal G-bundle.
Recall that a connection on P is a 1-form on P taking values in the Lie algebra
g which is vertical and equivariant, i. e.

(1) w(X*) = X for every X € g,
(2) Riw = Ad(g~")(w) for every g € G.

Here X* is the fundamental vector field on P associated to X € g,
X*(2) = g Rexpix) ()], -

A connection is completely determined by its horizontal space, H = ker w. Since
w is vertical, H is a distribution intersecting the tangent space of each fibre of p
trivially. Because w is equivariant, the distribution H is G-invariant. This makes
it natural to consider the following generalization.

Definition III.1.1. A distribution H C T'P is a partial connection on P if
(1) H,NT,p = {0} for every z € P,
(2) Hp,(z) = Ry, H, for every x € P and g € G.

Since the partial connection H is G-invariant and intersects the tangent bundle
to the fibres trivially, it induces a distribution p,(H) of the same dimension on

M.
47
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Definition ITI.1.2. A connection w is called adapted to a partial connection
H if the distribution H is horizontal, w(H) = 0.
By a partition of unity argument one proves that every partial connection H ad-
mits some adapted connection w (cf. the proof of Lemma II1.3.4 below). More-
over, a partial connection H is completely determined by an adapted connection
and the induced distribution p.(H) on M. We are particularly interested in the
case where H is the tangent bundle of a foliation on P.

Definition ITI.1.3. A partial connection H is called flat if H is involutive.
The reason for this notation is given by Lemma II1.1.7 below.

Definition I11.1.4. A principal bundle P is called a foliated principal bundle

if it is equipped with a flat partial connection H.
In this case the distribution p.(H) is integrable as well. Hence, p : P — M is
foliated if and only if there is a foliation F on M and a lift F of this foliation to
P which is a foliation of the same dimension and is invariant under the principal
G-action.

ExamPpLE III.1.1. If F is the trivial foliation of M by its points, then every
principal G-bundle over M is foliated. In that case, the constructions described
below will yield the classical Chern-Weil construction. On the other hand, if
F = {M} is the codimension 0 foliation on M, then a principal bundle over
(M, F) is foliated if and only if it is flat (cf. Proposition II1.1.8). X

ExAMPLE II1.1.2. The natural example of a foliated principal bundle is the
transverse frame bundle of a foliation. Let F be some foliation of codimension
g on M. Denote by Q = TM/TF the normal bundle of the foliation and let
p : P — M be the transverse frame bundle, i. e. the associated principal G =
GL,(R)-bundle. Let 7 : TM — @ denote the projection. The fundamental one-
form 6 on P taking values in RY is defined as follows. Every point y € P with
p(y) = z defines a parametrization

y : R? = Q. .
For Y € T, P set
oY) =y ()
Define a distribution H on P by
H={Y eTP|0(Y)=0, iyd) =0} .
This distribution is integrable and GL,(R)-invariant (cf. [26]).

Proposition 111.1.5. H is a flat partial connection and the integrating foli-
ation F projects to F under p.
Proor. It is sufficient to check this on the preimage of a foliated chart of
(M,F), i. e. we can assume that P = R? x R x GL,(R) and p is the projection
onto R? x RP. In that case

Owen(V, X, A))=U"'Y
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for (Y, X, A) € TiyoonP =R x R? x Mat, 4(R). Hence,

(Y, X, A) €kerf <— Y =0,
(0,X,A) €kerdf <— A=0.

So, H = {(0,X,0) € TP} and the proposition follows. O
By this proposition the transverse frame bundle of a foliation is canonically foli-
ated. X

Sometimes there are connections on a foliated bundle which are not only
adapted, but also constant along the leaves of the lifted foliation. These are
called basic connections.

Definition ITI.1.6. Let w be a connection adapted to the partial connection
H. 1t is called basic if Lxw = ixdw = 0 for every X € H.

The existence of a basic connection is indeed a restrictive condition on the foliated
bundle P (cf. Theorem II1.3.3). Be aware that some authors, e. g. Heitsch [16],
use the notion “basic” in the sense of “adapted”.
For any connection w let {2 be the curvature of w, i. e. the 2-form on P taking
values in g defined by
QXY) = (dw)(X,Y) + [w(X),w(Y)] .
The next lemma is immediate from the definitions.
Lemma II1.1.7. Let H be a flat partial connection on P. If w is adapted to
H, then Q(X,Y) =0 for every X,Y € H. If w is basic, then ix€) = 0 for every
XeH.
Now, the one-form w taking values in g defines a homomorphism
w:gt— QYP)
a— a(w) .
In the same way,  defines a homomorphism Q : g* — Q2?(P). Denote by F the

foliation integrating the flat partial connection H, then the lemma above can be
restated as follows. If w is adapted, then

QB) € I*(F) = FEQ*(P)
for every 8 € g*. If moreover w is basic, then
Qp) e F}EQZ(P)
for every B € g*. We need an even stronger vanishing statement. Consider the
filtration defined on Q*(P) by
FrQ*(P) ={n € Q"(P)| n is locally in the ideal spanned by p*F7zQ" (M)} .
Obviously, we have F"Q*(P) C F. zQ*(P) C F2Q*(P). The following proposi-
tion is essential for the construction of the characteristic homomorphism of the
foliation F due to Kamber-Tondeur [19].
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Proposition II1.1.8. If w is an adapted connection with curvature €2 on a
foliated principal G-bundle P — M, then Q(3) € F'Q*(P) for every 3 € g*. If
w is basic, then Q(3) € F*Q?(P) for every 3 € g*.

ProOOF. Let w be an adapted connection. Since w is vertical, the curvature 2
is horizontal, i. e. ix«{) = 0 for every fundamental vector field X*. Again it is
sufficient to check the proposition on the preimage of foliated chart, i. e. we may
assume that P = R? x R? x G is the trivial bundle. Let dy, ..., dy,, dz1, ..., dx,
be the elements of the dual local framing of T*P corresponding to the factor
R? x RP. So, the dy;’s vanish on the lifted distribution T'F. Since € is horizontal,
there are functions a;j, b;;, ¢;; such that Q(3) has the form

Q(ﬁ) = Z az’jdyi A dyj + Z b@]dyZ A d!L’j + Z Cijdxi VAN dﬁj

1<j i, 1<J
= Z a,-jdyi A dyj + Z bl]dyl A\ dﬂfj
1<j i,

by Lemma II1.1.7. Indeed, this is an element of F'Q?(P) by Lemma 1.2.2. If w
is basic, then the second summand vanishes and (3) is an element of F2Q?(P).
U

We are interested in flags of foliations. Hence, we have to adapt the above
notions to the case where M carries a k-flag of foliations. For k = 2 this was
done by Carballés [8].

Definition III.1.9. Suppose that (Fy, ..., F;) is a k-flag of foliations on M.
A principal G-bundle P — M is called k-foliated, if G = G}, x - - - x G is a product
and P = (Py, ..., P;) is the fibre product of foliated principal G;-bundles P; over
(M, F;), where 1 <i < k.

ExaMPLE II1.1.3. Of course, every foliated principal G-bundle over (M, F)
can be viewed as a k-foliated bundle by setting G = 1 x --- x 1 x G and
(fkaa:’r%fl):({M}’?{M}?:F) X

ExaMPLE III.1.4. The fundamental example is the following. Consider a

k-flag (Fy,...,F1) of foliations on a Riemannian manifold (M, g). The normal
bundle of the k-flag is

U(Fiy oo F1)=Qr® - ® Q1

where Qp = TM/TFy, and Q; = TF;1/TF; for 1 < i < k — 1. Via the given
Riemannian metric g on M we can identify v(Fy, ..., 1) with a subbundle of
T M isomorphic to the normal bundle Q = TM/TF; of . In particular, we have
orthogonal projections m; : TM — (@);. Denote by P, ..., P, the frame bundles
of Q1,...,Qr and set G = GL,, (R) x --- x GL,, (R). The principal G-bundle
P = (Py,...,P) is the transverse frame bundle of the k-flag (Fi,...,F1).

Proposition 111.1.10. The transverse frame bundle of a k-flag of foliations
on a Riemannian manifold is canonically k-foliated.
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PrROOF. The same construction as in Example I11.1.2 yields fundamental forms
0; with 6,(Y) =y~ 'mp,Y for Y € T,P,;. Set

The same argument as in the proof of Proposition II1.1.5 shows that H; is a flat
partial connection on P; which projects to TF;. O

Note, that (P, ..., P;) is a reduction of the transverse frame bundle of F;. The
fundamental form 6 of F; then reduces to the sum 0, @ --- & 6; and H; gets
identified with the canonical flat partial connection of F;. X

Definition ITI.1.11. A connection w on a k-foliated bundle P = (P, ..., P)
is called adapted if it is a sum w = wi @ - - - B w; of adapted connections w; on F;.
It is called basic if all w; are basic.

In complete analogy with the case considered before we get the following
vanishing statement. Consider the filtrations

F/Q*(P) = {n € Q"(P)| n is locally in the ideal spanned by p"F'z. Q" (M)} .

Proposition I11.1.12. Let P = (P, ..., P1) — M be a k-foliated bundle over
a manifold M equipped with a k-flag of foliations (Fy, ..., F1). Ifw = wp®- - -Bw;
is an adapted connection, then Q(3) € F}Q*(P) for every B € g;. If w is basic,
then moreover Q(3) € F?Q?*(P) for every 3 € g;.

I11.2. The characteristic homomorphism of a k-foliated bundle

Let us recall the definition of the characteristic homomorphism of a foliated
principal bundle due to Kamber-Tondeur [19]. The Weil algebra associated to
the Lie algebra g of a Lie group G is the graded commutative algebra

W*(g) = P Ng" @ 5g" .
i,j>0
The grading is defined by assigning degree i to the antisymmetric elements in

A'g* and degree 2j to the symmetric elements in S7g*. There is a differential d
on W*(g) defined as follows. If « € Alg* and 3 € S'g*, then

d1®1) =0,
dla®l)=(dra)®1+1®a,
d1®B) =Y X;o(—ad(X;)"s) .

This determines the derivation d on the whole of W*(g). Here X; is a basis of
g and X7 is the dual basis of g*. The derivation dy : A'g* — A"™'g* is the
Chevalley-Eilenberg differential determined by

(dra)(X,Y) = —ad(X)*a(Y) = —a([X,Y]) .
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The Weil algebra is a G-DG-algebra in the sense of Kamber-Tondeur [19] (for a
quick overview see Appendix B). The G-DG-structure is given by

p(9)(a® B) = (Ad(g") ) ® (Ad(g~")*3)
i(X)(a) = (ixa) @3,
H(X)(a®p)=(—ad(X)'a)® f+a® (—ad(X)*3) .

The homomorphism defined by a connection w on P extends to a multiplica-
tive homomorphism

w: @Aig* — Q"(P) ,
and the curvature of w gives rise to a multiplicative homomorphism

Q: sy - (P) .
J

Together, they give a G-DG-algebra homomorphism (as is easily checked)
k(w) : W(g) — Q*(P)
a®f—wla)AQP) ,

called the Weil homomorphism of w. If H C G is a closed subgroup, then denote
by

W*(g,H) =W*(g)g ={a € W*(g)| p(h)a=a, ixa=0foral he H, X € b}

the subalgebra of H-basic elements of W*(g) (cf. Appendix B). Since k(w) is a
G-DG-algebra homomorphism, it induces a homomorphism

k(w)g : W*(g, H) = W*(g)g — U(P)g = Q" (P/H)

which commutes with the differentials.
To make use of the vanishing phenomenon observed in Proposition II1.1.8,
define an even filtration on W*(g) by

F2r71W*(g) _ FQT'W*(Q) _ @@Azg* ® Sjg*
i g>r
for r > 0. Hence, F?"W*(g) is the G-DG-ideal generated by S™g*. For a foliated
principal bundle P the filtration ideal F"Q*(P) defined in the last section is also

a G-DG ideal, and obviously F"Q*(P) = 0 for r > ¢. If the connection w is
adapted to F, then k(w) respects these filtrations by Proposition I11.1.8,

k(w) (F*W*(g)) C FrQ*(P) .
In particular, k(w)(F*@DW*(g)) C F+1Q*(P) = 0. Thus, if we denote by
W*(g, H)y = W*(g, H)/F* " VW*(g, H)
the truncated relative Weil algebra, then k(w)y gives a well-defined map
k(W) : W(e, H)y — Q°(P/H)



I11.2. THE CHARACTERISTIC HOMOMORPHISM OF A k-FOLIATED BUNDLE 53

commuting with the differentials. By standard techniques it can be seen that
the induced map in cohomology does not depend on the adapted connection w.
Now, suppose that H contains a maximal compact subgroup of G. Then by a
result of Mostow [27] the quotient G/H is contractible. Let s : M — P/H be
any section which defines an H-reduction of P. Since G/H is contractible such
a section exists and any two such sections are homotopic. Hence, the map

A(F, H) =5 ok(w)g : W*(g, H)y — Q (M)
induces a homomorphism
A(F, H).: H(W*(g, H)y) — H"(M;R)
independent of any choices.

Theorem II1.2.1 (Kamber-Tondeur). Let P — M be a foliated principal
G-bundle over a foliated manifold (M,F) and suppose that H C G is a closed
subgroup containing a maximal compact subgroup of G. Then there is a well-
defined homomorphism

A(F,H).: H'(W*(g. H),) — H"(M;R)

called the characteristic homomorphism of the foliated G-bundle P with respect
to the subgroup H. This homomorphism is natural with respect to pull-backs and
mvariant under concordance.

PROOF. It remains to show the last two statements. If f : N — M is transverse
to F, then f*P is a foliated G-bundle over (N, f*F) with foliated structure
f*F. If s : M — P/H is a section, then f*s(z) = (z,s(f(x)) defines a section
f*s: M — f*P/H. Using these data in the construction, it is obvious that

A(f*F, H), = f*A(F, H), .

Thus the characteristic homomorphism is natural with respect to pull-backs (jus-
tifying its name). Let us turn to the last statement. We call two foliated principal
bundles Fy, Py over (M, Fy), resp. over (M, F;) concordant, if there is a foliated
principal G-bundle P — M x [0, 1] over the cylinder and a codimension ¢ foliation
F on M x [0,1] such that the inclusion maps j; : M — M x [0, 1] defined by
Ji(z) = (z,1i) are transverse to F with j*F = F; and j' P = P, as foliated bundles
for ¢« = 0,1. By the naturality property we have

A(Fo, H) = A F, H)w = §A(F, H). = jiA(F, H), = A(G{F, H).
- A(J%lv H)* ;
since jo and j; are homotopic. This proves the concordance invariance. O

If P is the canonically foliated transverse frame bundle of a foliation F on M
as in Example III.1.2 with structure group G = GL,(R) and maximal compact
subgroup H = O(gq), then we will write

A(F) : H* (W (gl,(R), O(q))q) — H*(M;R)
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instead of A(F, H). This is the characteristic homomorphism of the foliation F.
Hence, all the classes in the image of A(F), are natural concordance invariants
of the foliation F.

ExamMpPLE II1.2.1. Consider H = G. In this case the relative Weil algebra
W*(g,G) = (S*g*)¢ = I?*(G) is just the algebra of invariant polynomials on G
(cf. Section II1.4 below). So, H*(W*(g,G),) = I**(GQ), = I**(Q)/1*+D(q).
For example, if P — M is any principal G-bundle foliated by points, then

A(P)* . 12*(G) s [2*<G)/[2(*+n+1)<G) N H2*(M;R)

is the classical Chern-Weil homomorphism of the principal G-bundle P. So, the
image of A(P), is the ring of Pontrjagin classes Pont*(P) C H*(M;R) — the
so-called primary characteristic classes of P. If the principal bundle is truely
foliated, then a vanishing phenomenon for these primary classes comes into view:
since the Chern-Weil homomorphism of P factors through I?*(G)/I?+4+1)(Q),
the ring of Pontrjagin classes has to vanish in large degrees. This is the Bott
Vanishing Theorem.

Theorem II1.2.2 (Bott). Let D C TM be a codimension q distribution on
M. If D is integrabel, then the Pontrjagin classes of the normal bundle () =
TM/D have to vanish in degrees greater than 2q.

X
Note that if the foliated bundle P — M admits a basic connection w, then by

Proposition I11.1.8 the Weil homomorphism has the stronger filtration property
(I11.2.1) k(w) (FW*(g)) C F7Q*(P) .
This gives a refinement of the Bott Vanishing Theorem due to Molino [25].

Theorem II1.2.3 (Bott-Molino). Let (M,F) be a foliated manifold of codi-
mension q. If a foliated principal bundle P — M over (M, F) admits a basic
connection, then Pont'(P) =0 fori > q.

The construction of the homomorphism in Theorem II1.2.1 can be generalized
to arbitrary k-foliated bundles in the same way that Carballés [8] did for k = 2.
Suppose that G = Gy X --- x (G; and that P — M is a k-foliated principal G-
bundle. Then the Lie algebra g decomposes as g = gp @ --- @ g1 and the Weil
algebra of g can be written as

Wie)= P Mo eFge-- o5,
Jks-J120

Now, there are k even filtrations defined on W*(g). For r > 0 and 1 <i < k we
set

Fr-'WHg)=F"W*g)= P P ANgosige -0,

Jkt 52T Jie1,,5120

Thus, F"W*(g) is the G-DG-ideal generated by (S*gy ® --- ® S*g;)". On the
other hand, there are the k filtrations F7Q*(P) on Q*(P) defined in the last
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section. If w is an adapted connection on P, then by Proposition II1.1.12 the
Weil homomorphism k(w) respects all of these filtrations,

k(w) (FZW*(g)) € FIQ*(P) .
In particular, if we consider the G-DG-ideal
I = F;(q’“H)W*(g) N Ff(qk+"'+Q1+l)W*(g) ’

then we have k(w)(I) C F#EQ*(P) 4+ -+ FEH 10+ Qe (P) = 0. For 1 <i <k
let H; C G; be a closed subgroup containing a maximal compact subgroup of G;
and set H = Hy x --- x H; C G. Then we can define the k-truncated relative
Weil algebra

W(g, H)(gpr.oct) = (W(9)/ D -

In the same way as before we get a cochain map

-----

inducing a homomorphism
A(Fpy ooy FiyH)o s H (W (8, H) (ge.ar)) — H*(M;R)

independent of any choices.

Theorem 111.2.4. Let P — M be a k-foliated principal G-bundle over a
manifold M carrying a k-flag of foliations (F, ..., F1). Suppose that H = Hy X
<X Hy CG=Ggx---xG1 is a product of closed subgroups H; C G; containing
a mazximal compact subgroup of G;. Then there is a well-defined homomorphism

,,,,,

called the characteristic homomorphism of the k-foliated G-bundle P with respect
to the subgroup H. This homomorphism is natural with respect to pull-backs and
wmwvariant under concordance.

For the definition of concordance of k-foliated principal bundles we refer to Def-
inition II1.3.2 below.

Again, if P is the canonically k-foliated transverse frame bundle of the k-
flag (Fk,...,F1) of foliations as in Example II1.1.4 with structure group G' =
GL,, (R) x---xGL,, (R) and maximal compact subgroup H = O(gx) x---xO(q1),
then we will write

A(fk, e ,./':'1)#< . H*(W(g, H)(Qk Ch)) — H*(M,]R)

for the characteristic homomorphism of the k-flag of foliations. The image of
A(Fg, ..., F1)« consists of classes which are natural concordance invariance of
the k-flag (Fy, ..., F1).

Obviously, for k£ = 1 this is the same construction as before, and moreover the
characteristic homomorphism A({M}, Fy, ..., F1). is equal to the characteristic
homomorphism A(Fy, ..., F1).. So, the characteristic homomorphism is natural
with respect to the inclusion map Fol(k) — Fol(k + 1).

.....
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I11.3. Universal derived characteristic classes

The characteristic homomorphisms are already defined at the level of the
spectral sequences. Because if we choose the reduction s : M — P/H to be
a product of reductions s; : M — P;/H;, then the induced map respects the
filtrations,

s (F{Q"(P/H)) C Fx¥" (M) .
Thus, the construction above gives rise to induced homomorphisms

which are independent of choices for 7 > 1. Note, that the image of the homo-
morphism A(F, H)., : B (W(g, H)q, F) — E77(M, F) is exactly what Kamber-
Tondeur [18] called the derived characteristic classes of the foliation F.

Since we are interested in derived characteristic classes at stage k, we have to
consider the homomorphisms €,_1---¢€; 0 A(fk, L FLH )« which are maps

Ef(qi-i_“.—‘qu)’s_Z(qi—i_.“+qk)(W(g,H)(qk ..... ql)aFi) N HS—Qk(M) Fk) .
So, let
DiCh?éqz‘-i-“'-&-Qk)-&-S(g’H) _ Ef(Qi+'~~+Qk)75(W(g’ H)(qk q1)7F’i) )

kseeesy ql) .....
We define the module of universal derived characteristic classes to be

----------

The direct sum of the homomorphisms €;_1---¢; o A(]}k, L H), defines the
derived characteristic homomorphism.

Theorem III1.3.1. Let P — M be a k-foliated bundle over a manifold M
carrying a k-flag (Fy, ..., F1). There is a well-defined homomorphism

called the derived characteristic homomorphism of the k-foliated principal bundle,
which 1s natural under pull-backs and invariant under leafwise concordance.

We have to explain what we mean by leafwise concordance of k-foliated principal
bundles.

Definition 111.3.2. Let P, and P, be two k-foliated principal G-bundles over
M, k-foliated with respect to k-flags of foliations (Fy, ..., FY), resp. (Fi, ..., F}).
Suppose that there is a k-foliated principal G-bundle P over the cylinder M x [0, 1]
carrying a k-flag of foliations (F,...,F1). Let j; : M — M x [0,1] denote the
inclusion maps defined by ji(x) = (x,t). Then Py and P, are leafwise concordant
if the following conditions are satisfied.

(1) jo and j; are transverse to Fj, such that jjP and jjP are k-foliated
bundles over M foliated by (jiFk, ..., J5F1), resp. by (jiFr, ..., J7F1).
(2) P, are isomorphic to j} P as foliated bundles for i = 0, 1.
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(3) Fp equals F}, and Fj is the product foliation FP x [0, 1].

We call two k-foliated principal bundels Py and P; concordant if they are leafwise
concordant except that we do not require (3) any more.

Then the same argument as in the proof of Theorem II1.2.1 shows that the de-
rived characteristic homomorphism is indeed invariant under leafwise concor-
dance, since jo and j; are leafwise homotopic with respect to the top foliation.

Note that the filtration property (ITI1.2.1) gives a general vanishing theorem
for derived classes.

Theorem 111.3.3. Suppose that P — M is a k-foliated principal bundle over
a k-flag (Fy, ..., F1) of foliations admitting a basic connection. If Fi, has positive
codimension, then the derived characteristic homomorphism is trivial,

DA(Fy, ..., Fi,H), =0 .

Let us see if we can find a non-trivial derived characteristic homomorphism.

ExAMPLE II1.3.1. Reconsider Example II1.1.4 again. We want to identify the
Godbillon-Vey class of a k-flag of foliations as an element in the image of the
derived characteristic homomorphism. If we denote by

tr; : g; = Maty, 4, (R) =R

the trace function, then tr; is obviously G;-invariant and dxtr; = 0. Since b;
consists of trace-free matrices, ixtr; vanishes for all X € bh; and the differential
of

T; = (trk 4. 4 tm) ® (trk 4+ tri)qk+"'+fh c W2(Qi+“'+4k)+1<g’ H)(Qk,n-,lIl)

Vv Vv
EAg* €5*g;®-RS* gy

satisfies
d(l’z) =1® (t?”k 44 t7’1'>q’“+"'+%+1 —0
in the k-truncated relative Weil algebra. Thus, z; represents a class

(2] € DiChy," "5 (o, H)

kv"'v‘JI)

Lemma I11.3.4. If (Fy,...,F1) is a k-flag of cooriented foliations on a Rie-
mannian manifold M, then there is an adapted connection w on the transverse

frame bundle P of the k-flag, a section s : M — P/H and a representative
B; € QY (M) of the Reeb class of F; such that

k@) ((try+ -+ tr) @ 1) = 5

PROOF. Choose sections s; : M — P;/ O(g;) compatible with the fixed coori-
entations. Locally these sections can be lifted to local framings s; : M — P,.
For simplicity let us assume & = 1, i. e. let P — M be the transverse frame
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bundle of a foliated manifold (M, F), and s = (g1, .., g,) with linearly indepen-
dent sections g; of Q = TM/TF. Denote by v,...,7, the dual local framing of
Q* C QY(M). Then locally

a="7N N7
is a defining form for F. The proof of Theorem A.5 in Appendix A gives local

one-forms 7;; such that
q

d%Iij/\% ;

j=1
and such that g = Z?Zl n;; satisfies do = B A a. Denote by n = (n;;) the
matrix of one-forms. Extending the prescription w(s,X) = n(X) for X € TM
equivariantly to the whole of T'P defines locally an adapted connection w : TP —
g = Mat, ,(R). Hence,

s"k(w)(tr @ 1)(X) = (tr o w)(s.X) = tr(n(X)) = Z%‘(X) = p(X) .

Glueing with a partition of unity gives an adapted connection w and a represen-
tative 3 of the Reeb class of F such that

sk(w)o@(tr®l) =74,

The same argument goes through for £ > 1. U
Call GV = Y ¢ [x;] the universal Godbillon-Vey class. Then the following the-

orem is immediate.
Theorem I11.3.5. Let (Fy,...,F1) be a k-flag of cooriented foliations on M.

DA(Fgy. .., F1)(GV) =GV (Fy, ..., Fi) .
PrROOF. The previous lemma yields an adapted connection on the transverse
frame bundle P, a section s : M — P and a representative [3; of the Reeb class
of F; such that
Sk(w)g((trp+---+tr) @1) = 0; .
This implies
sk(W)r(1 @ (try + -+ -+ try)) = s"k(w)og) (d((tre + - - +tr;) ® 1))

= d(s"k(w)o ((try + -+ -+ tr;) @ 1))

— dp; .
So, s*k(w)y(z;) = B; A (df;)% T *9% which is a representative for GV (Fy, F;) in
HA @t +a—0)ra+1 (N F). This proves the theorem. O
By Theorem II1.2.5 and Theorem III.3.5 we know that the derived characteristic
homomorphism is not always trivial. X

Of course, we can apply the above construction to families of foliations.
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ExaMPLE II1.3.2. Consider a family of foliations (G, G;) parameterized by a
fibre bundle p : X — B with fibre M. If we fix a volume form on B, then the
derived characteristic homomorphism becomes a map

DA(gz,gl)* : Dch?q%ql)(g’[—]) N F(H*_(D(M;R)) .

Assume that B is an affine flat manifold, i. e. T'B carries a flat linear connection.
Since P, is the pull-back of the frame bundle of T'B it admits a flat basic connec-
tion. Hence, all classes with representatives containing a non-trivial S*g,-part
are mapped to zero. This means we can replace DCh )(g, H) by

(g2,q1

C(*q2,q1) - H*((A*(g[qz(R)* © g[q1 (R)*) ® Sq1+ng[q1 (R)*)O(q2)><0(th))
= H*(gl,,(R),0(g2)) ® H*((A"gl,, (R)" @ S= gl (R)")o(qy)) -

For example, let ¢» = ¢ = 1. If dt denotes the generator of gl ,(R)* = gl,(R)*
and dy the generator of gl, (R)* = gl;(R)*, then

R-1® (dy)? , fori=4

ci R-dt @ (dy)* ®R-dy ® (dy)? , fori=5

D7) R-(dt Ady) @ (dy)? , fori=26
0 , otherwise .

If (Go, G1) is a go-parameter family of foliations, then the section sy : X — P used
in the construction of the derived characteristic homomorphism can be chosen to
be horizontal. In this case all classes in C’(*q2 o) with representatives containing

a H'(gl,,(R),O(gz))-part with ¢ > 0 are mapped to zero. Hence, we can replace
C(*Q2,q1) by
Dy = H (A"gl, (R)" ® SeFagl (R))ow@))

q2,91
to get the following theorem.

Theorem 111.3.6. Let F; be a gs-parameter family of codimension q; folia-
tions on M. There is a well-defined homomorphism

DA(F).  H* (N gl, (R)* ® S=Hgl, (R)*)o@)) — CO(R®E, H%2(M;R)) ,

called the derived characteristic homomorphism of the gs-parameter family of
foliations, which is natural with respect to pull-backs and invariant under concor-
dance of families of foliations.

Let us compute the derived characteristic classes for one-parameter families of
codimension one foliations.

Theorem I11.3.7. Let F; be a one-parameter family of cooriented codimen-
sion one foliations on M and B; a smooth family of representatives for the Reeb
classes of the foliations. Then the subspace of derived characteristic classes in
the space of smooth functions from R to H*(M;R) is at most two-dimensional,
generated by the Godbillon-Vey class of the family,

GV(F)=2- (B AB, AdB] € H(M;R)
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and by the time derivative of the family of Godbillon-Vey classes of the foliations,
Dgu(F) =25, AdB) € H(M;R) .
PrROOF. The space of universal derived classes is
‘ R-1® (dy)*> , fori=4
Dy =19 R-dy®(dy)* , fori=5
0 , otherwise .
The universal Godbillon-Vey class is
GV = (dt + dy) @ (dt + dy)* = (dt + dy) @ (2dt @ dy + (dy)?)
in W*(g, H)(1,1y- So, in DE:’1,1) the Godbillon-Vey class is represented by dy® (dy)?.
By Theorem II1.3.5 and Theorem I1.4.3 we get
DA(F).(dy @ (dy)*) = GV(F) .
By Lemma IT1.3.4 the class 1 ® (dy)* in D}, ;) which is equivalent to the universal
class 1 ® (dt + dy)? in W*(g, H) @11y is mapped to [(dB)?] € H*(R x M,G,). By
the proof of Theorem 11.4.3 this is the class evaluating as
DA(F).(1® (dy)?) = —[B; AdB,] € H*(M;R) .
On the other hand,
2B N dpy) =B NdBy+ B A B~ 2 By NdBy
since d(ﬁt ABy) = dB; A By — B; A dB,. This proves the second statement. O

This theorem justifies again the term “derived classes”. X

II1.4. Linear connections and flags of foliations

If we are just interested in the normal bundle of a k-flag of foliations and not
in k-foliated principal bundles in general, then there is a construction analogous
to the classical construction by Bott [3] which gives another description of the
characteristic homomorphism of a k-flag of foliations. For & = 2 this is due to
Cordero and Masa [7]. With regard to the computations done in the next chapter
this discription is more convenient.

Let (Fg,...,F1) be a k-flag of foliations on a Riemannian manifold M and
denote by Qr = TM/TFy, Q-1 = TFi/TFi_1,..., Q1 = TF>/TF; the relative
normal bundles of the foliations which we can identify via the given Riemannian
metric with mutually orthogonal subbundles of T'M. Denote the orthogonal
projections by m; : TM — ();. We have an orthogonal decomposition

TM = v(Fy, ..., F) & TF .

Use the notation 7y : "M — T'F; for the orthogonal projection onto the remain-
ing summand T'F; C T'M. To shorten the notation we will often write Y; for
i (Y) in the following.
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Definition I11.4.1. A linear connection V' : T'(TM) @ T(Q;) — I'(Q;) on Q;
is adapted to F; if for every X € I'(T'F;) and every Y; € I'(Q;) we have

An adapted linear connection on v(Fg,...,F1) is a linear connection which de-
composes as a direct sum V = V¥ @ ... @ V! such that each V? is a linear
connection on (); adapted to F;.

Lemma II1.4.2. Suppose that V' is any connection on Q;. Then
LY = 63{,€+...+Xi}/i +mi[Xiog + -+ X0, Y]
defines a linear connection on QQ; which is adapted to F;.

Proor. First we have to check that the prescription above defines a linear
connection on ;. Consider X € I'(T'M),Y; € T'(Q;) and a function f on M, then

Y= Vi axyYi +mlf(Xici + -+ Xo), Vi)
= fvg(ﬁ..‘“(iyi + fm[Xicr + -+ Xo, Vi + (Vi f)mi(Ximn + - - - + Xo)
= [VyY;
and
Vi (YD) = Vi s, (FY) 4wl Xica + -+ Xo, Y]]
= (X + -+ X)) L)Y+ Vi pgx,Yi
+(Xica+ -+ Xo). )Y+ fm[Xica+ - + X0, Y]]

= (X.N)Yi+ fVRY: .
Moreover, if X € TF; = Q;_1 ® -+ ® Q; & TF, then V4Y; = m;[X,Y;]. Thus,
V' is a linear connection adapted to ;. 0

This lemma yields that for every k-flag of foliations (Fj,...,F;) there is an
adapted linear connection on v(Fy,...,F;). Note that such a linear connection
V defines a linear connection on v(F;) = TM/TF; as well. But in general V is
not adapted to F;. Nevertheless it induces an adapted linear connection V' on

v(Fy) via

ko k
Vi(Yi+- 4+ Y1) =Vx (Yt + Y1)+ > > mlXo, Y]]
i=1 j=it+1
Definition II1.4.3. A vector bundle F; — M is called foliated with respect
to F; if there is a linear connection V¢ on E; such that the curvature R’ of V¢ is
zero along F;, i. e.
RX.Y) = VW) = V40 = Ty =0
for all X|Y € TF;,. A vector bundle E — M is called k-foliated with respect
to a k-flag (Fg,...,F1) on M if there is a linear connection V on F, and E
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decomposes into a direct sum E = E;, @ --- @ F; of vector bundles over M such
that V decomposes as a direct sum V = V¥ @ --- @ V! of linear connections V'
on F; turning each E; into a vector bundle foliated with respect to F;.

Proposition 1I1.4.4. Let (Fy,...,F1) be a k-flag of foliations on a Rie-
mannian manifold M. Any linear connection on the normal bundle v(F, . .., F1)
adapted to the k-flag turns v(Fy, ..., F1) into a k-foliated vector bundle.
PrROOF. We only have to show that the bundle Q); — M together with any linear
connection V' adapted to F; is foliated with respect to F;. Consider X,Y € TF;
and Z; € ;. Since V' is adapted,

R(X,Y)Z; = m[X, m[Y, Zi]] —
= 7T,L'[X, Wi[Y, ZZH +

11—

ilY, mil[X, Zi]] = mil[X, Y], Z)]
Y, mil 2, X)) + milZs, [ X, Y]

N

- 3

= XV, 2 - Y miX w1, 2]
+mlY, (2, X)) - Y mlY,mX, 2]
+mlZs X, Y1),

for X|Y, Z; € TF,y implies [ X, Z;|, Y, Z;] € TFia,
= Wi([Xﬂ [Yv Zl]] + [Yv [ZMX]] + [Zia [X, Y]])+

i—1

= (mIX,mlY, Z]) + m[Y,m (X, Z])

=0
=0

by the Jacobian identity and the fact that X,Y € TF; implies [ X, m;W]| € T'F;

and [Y, ;W] € TF, for every j <i and all W € TM. O

This proposition is the linear analogon to Proposition III.1.10. More generally
we have the following.

Proposition I111.4.5. Let P — M be a k-foliated principal G-bundle and
suppose that p : G = Gy, x --- x G; — GLg, (R) x --- x GL, (R) is a product of
k linear representations p; : G; — GL,,(R). Denote by E = P xg R**+ta —
M the associated vector bundle. If w is an adapted connection on P, then the
associated linear connection V turns E into a k-foliated vector bundle.

PROOF. A section s € T'(E) is the same as a G-equivariant map s : P —
R+ +a  Tet H be the horizontal space of w. If X € T,M and y € P,, then
denote by X" the unique horizontal lift of X to H,. The linear connection
associated to w is defined by

(Vxs)(y) = so(X") .
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This map is G-equivariant in y, thus is indeed a section Vxs of E. Obviously, V
decomposes into linear connections V¢ under the decomposition of the bundle £ =
EyL@---@® E; into vector bundles F; = P; x ¢ R% associated to the representations
pi- To be precise (Vi s;)(y) = s;,(X") for a section s; : P, — GL,(R) of E;. The
curvatures of these linear connections are

(RZ(Xa Y)Sl)(y> = _<pi*Qi(Xh7Yh))(si(y)) )

where §2; is the i’th summand in the curvature of the adapted connection w =
wr @ --@w; on P, as is easily computed (cf. [28], where another sign convention
is used in the definition of the curvature RY). In particular, if X,Y are tangent to
Fi, then X" Y are tangent to the lifted foliation F on P because w; is adapted
to Fi. So, by Proposition I11.1.12 we have R'(X,Y) =0 for X,Y € TF;. Hence,
E=F.® --@® F; is k-foliated. O

Let E;, — M be a vector bundle foliated with respect to F; by the linear
connection V¢. Choose a local frame on E;. Then V¢ with respect to this frame
is described by a matrix (w’;) of one-forms on M and the curvature is described
by a matrix (©°,) of two-forms on M. By definition, we have the following linear
version of Proposition I11.1.12.

Proposition 111.4.6. Let E = E, @ --- @& E; be a vector bundle, k-foliated
by a linear connection V. For i =1,... k choose a local frame s; of E;. Then
SN+ NSy is alocal frame of E. With respect to this frame, the curvature of V

is described by a matriz (Q) of two-forms decomposing into k blocks (QL,) such
that each two-form Q. is in FzQ*(M).

II1.5. Universal derived characteristic classes in the spirit of Bott

Let us use the above to construct the characteristic homomorphism in the lin-
car setting. Recall (e. g. from [3]) that the ring I*(GLg, (R)) = (S*gl,, (R))%La:(®)
of invariant polynomials on GL,,(R) is a free commutative algebra generated by
the Chern polynomials c1, ..., cq,,

I*(GL% (R)> = R[Ch s 7cqi]

which are given by the equation

J

¢ gi A
det (I + —A) = c;(A)

2m —
for all A € gl (R). The Chern polynomial ¢; is considered to have degree 2j. If
E; — M is a vector bundle and V* is an arbitrary linear connection on £j, then we
can choose a local frame of E; and apply ¢; to the matrix (QZ,) of local curvature

forms of V? to get a locally defined 2j-form on M. Using a partition of unity we
can paste these local forms together to get a global form ¢;(R") € Q% (M). This
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form only depends on V* and is known to be closed (cf. [24]). So, the algebra
homomorphism
I(GLy,) — 0*(M)
¢j = ¢(RY)
induces an algebra homomorphism
(IIL.5.1) I"(GL,,) = H*(M;R) ,
known as the Chern-Weil homomorphism of the vector bundle F; — M.
If V' is another linear connection on F; then we can define “comparison forms”

¢;(V', V%) in the following way. Let V be the linear connection on the vector
bundle £ x R — M x R defined by convex combination,

Vi=(1—-t)V 4tV .
Set )
¢;(V:, V) :/ cj(Ri)|MX[O71] c Q¥ Y(M) .
These forms satisfy ’
(I11.5.2) de;(V', V') = ¢;(R") — ¢;(R') .

This shows that the Chern-Weil homomorphism (II1.5.1) is independent of the
choice of linear connection. But actually it gives more than that. Denote by
A(hq, ..., hy) the exterior algebra generated by elements h; of degree 25 — 1. Set

Wi =A(h1,...,hy) @R|eq, ..., ¢y,
and define a graded algebra map by
Ni: W — QY (M)
¢j = ¢;(R)
h; — ¢;(V', V) .
If we have a vector bundle E = E, ¢ - - - @ E; with linear connections V, V which

decompose into direct sums V = V; @ --- ® V; (and similarly for V), then we
consider the tensor product

W =W, ®---@W,
and set )
AME,V,V) =@ - @A\ : W= Q"(M) .
The algebra W* carries even filtrations F;IW*. Namely FZ"W* = F2"'W* is

the ideal generated by monomials (¢, ) ®- - -®(cy,); of degree 2(|Jg|+- - -+|Ji]) >
2r, where |Js| = |(J1,---,Jg )| = D_te, kji. Denote by I* the ideal

I = F]?(Qk‘i‘l)W* N Flz(‘Ik+~~'+Q1+1)W* )
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If we suppose that £ = E, & --- @ E; — M is a vector bundle k-foliated with
respect to (F,...,F1) by the partially flat connections V?, then by Proposi-
tion I11.4.6 the forms ¢;(R?) are in F% Q% (M) and the homomorphism A vanishes
on I*. So we get a well-defined homomorphism

.....

On W} we can define a differential d by
de = 0, dh] =Cj5 .

This turns W* into a differential graded algebra. Since I* is a differential ideal,
inherits a differential graded structure. Note, that although W* is

acyclic, W(“;k is not. Suppose that all the V¢ are flat linear connections.

7777 QI)
Then Equation (II1.5.2) implies that A commutes with the differentials. Hence,

in this case we get a homomorphism

NE, V), : H\(W(, ) — H (M;R) .

7777 q1

This homomorphism does not depend on the choice of the flat connections V'
any more (cf. the proof of Theorem IIL.5.1 below) and depends only on the
restrictions of V¢ to the tangent bundle of the foliation T'F;, i. e. of the foliated
structure on the foliated vector bundles F;. Applying this to the normal bundle

V(Fg, ..., F1) of the k-flag, we get a canonical homomorphism
MFry ooy Fi)e H*(W(’;k _____ q1)) — H*(M;R)

under the assumption that for every ¢ the normal bundle of F; in F;,; carries a
flat linear connection.

If the vector bundles F; do not admit a flat linear connection, we have to
consider a subcomplex of W*. Let [; = 2 [%] — 1 be the largest odd number
less than or equal to ¢; and set

VVO;k = A(hl, hg, ceey hll) X R[Cl, .. ,qu.] .
Then we get a homomorphism

AE,V,V): WO,

in the same way as above. We can not choose V* to be a flat linear connection
any more, but we can suppose that Vi is a orthogonal connection on FE;, i e.
for some metric g on E; we have X.g(s1,52) = g(Vis1, 82) + g(s1, Vigsy) for all
X € I(TM) and sy, s € I'(E;). This implies that the local connection matrices
w (with respect to an orthonormal local frame) are skew-symmetric. Then the
local curvature matrices (£2,5) are skew-symmetric as well and the odd classes

coj—1(R") have to vanish, since ¢;(A") = ¢;(A) and ¢;(—A) = (—1)7¢;(A). So, by

Equation (II1.5.2) again, A\(E, V, V) is a cochain map inducing a homomorphism

-----
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Let us summarize this.

Theorem II1.5.1. Suppose that E — M 1is a vector bundle which is k-foliated
by a linear connection V = V¥ @ --- @ V!. Then there is a well-defined homo-
morphism

NE,V). : H(WO},, _.y) — H (M;R) .

(@kseq1
called the characteristic homomorphism of the k-foliated vector bundle E, only
depending on the foliated structure of the vector bundle E. In particular, for any
k-flag (Fy,...,F1) on M there is a canonical characteristic homomorphism

MFi o Fi)e s H(WOS, ) — H*(M;R)

1111

which is natural with respect to pull-backs and is invariant under concordance.

PROOF. To simplify the notation assume k = 1. Suppose that V? and V! are
two orthogonal connections (with respect to the same metric) on E. Then the
convex combination V = (1 — 5)V? + sV! is an orthogonal connection on the
product bundle £ x R — M x R with curvature forms
(I11.5.3) Qi = (@ — @Y%) xds+ (1 —s)Q% x 1450, x 1.
Consider the convex combination

V=01-9)(1-tV+tV") +s((1 - )V +tV?)

=1 =)V +t((1 -5V + sV

on EXRXR— MxRxR. If j, : M — M x R denotes the inclusion map
Js(x) = (z, s), then by Equation (IIL.5.3)

9.9 = [ )= [ itei) =5 (9.9)

for © = 0,1. By the homotopy invariance of the de Rham cohomology we get that
the homomorphism in cohomology induced by A(E, V, V°) is the same as the one
induced by A(E,V,V"). Formula (II1.5.3) shows that if we have two linear con-
nections which agree and are both flat along F, then their convex combination is
flat along F x {R}. The same argument as before shows that the induced homo-
morphisms in cohomology agree. So, the characteristic homomorphism A(E, V),
depends only on the foliated structure of E.

If f: N — M is transverse to Fy, then f*v(Fy, ..., F1) Zv(f*Fiy..., f*F1).
By definition of the adapted linear connection the characteristic homomorphisms
satisfy A(f*Fry .-, [*F1)s = [*NFk,y .., F1)s. The concordance invariance fol-
lows by this naturality property and the homotopy invariance of the de Rham
cohomology. 0

Since the foliated structure on v(Fy,...,F;) is canonically given by the Bott
connection ;[ X, Y;], the characteristic homomorphism \(Fy, ..., Fi), of a k-flag
of foliations on a Riemannian manifold is canonical.
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By Proposition I11.4.6 the homomorphism A(E, V, V) respects the filtrations
in the sense that

AE,V,V)(FFWOy,
Hence, it induces spectral sequence maps
ANE, V). E{ T (WO, s Fi) — EPS (M, F)

only depending on the fohated structure on F for 7 > 1. We can use this
construction to yield derived characteristic classes for the k-flag of foliations.
Set

o)) C Fr (M) .

1111

----- q1

DiW ORI s = BT or, ) F)
and
k
DWO, . 0= G?DiWOZ‘qk 77777 o) -

Then the direct sum of the homomorphisms €;_; - - - €;0 \(Fy, . . ., F1 ). defines the
derived characteristic homomorphism in the manner of Bott.

Theorem I11.5.2. Let (Fy, ..., F1) be a k-flag of foliations on a Riemannian
manifold M. There is a well-defined derived characteristic homomorphism

DN Fry ooy Fr)w s DWOG, 0y — H 7™M, Fy)
which is natural under pull-backs and invariant under leafwise concordance.

ExAMPLE IIL.5.1. Since ¢; is equal to % tr we can easily identify the universal
Godbillon-Vey class in our new model. By definition d¢; = 0 and dhy = ¢;.
Therefore the element

7o = (it + (o) @ (e + () € WO st

(qk 7777

defines a class [z;] in D; WO ’“+q ”)qu)ﬂ. Call GV = ¥ (2m)attatl . [g]
the universal Godbillon-Vey class in DWOE*% . Then we get the following
analogue of Theorem III.3.5.

Theorem I11.5.3. Let (Fy, ..., F1) be a k-flag of foliations. For the universal

Godbillon-Vey class GV € DWOE‘qk o) Wwe have

DA Fir ., F)(GV) = GV (Far ..., F) .

Proor. Just like in the proof of Theorem II1.3.5 we only have to show that

there are an adapted linear connection V and an orthogonal connection V on
v(Fk, ..., F1) such that

AV (Fry oo FO) V(B -+ (h)) @ 1) = 2= 6,

for some representative [3; of the Reeb class of F;. For snnphmty we may assume
that £ = 1. Again we can construct the data locally and get the general statement
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by a partition of unity argument. Let s;,...,s, be a an orthonormal frame of
v(F) and denote by 71, ..., 7, the dual forms in Q'(M). If dy; = 379_, mi; A,
then a representative of the Reeb class of F is given by 5 = > 7, n;;. An adapted
linear connection can be defined by

VY = Z <$k-%’<y) - Z%‘(Y)mj(sk)> Si

and by the Bott connection

q

VY =) (X, Y))s:

i=1
for X € TF. This linear connection is described by the connection matrix (w;;)
with

wij (X) = 7%([X, 85]) = —dni(X, s5)
for X € TF and w;j(sy) = —mij(sx). Let V be any orthogonal connection. By
Equation (IT1.5.3) we get

~ 1 N 1
a(V,V) = %tr(wij —Wwij) = — 5= Zwii )

2m —
since (@;;) is skew-symmetric. If X € T'F, then
- 1< 1<
(V. 9)X) = o S du(Xos) = o= 3 (g A)(X.s)
i=1 ij=1

1 & 1
= ggﬁu(){) = gﬁ(X)

and of course ¢1(V, V)(sg) = 5= o0 mii(sk) = o= B(sk). Hence, ¢;(V,V) = L3
as it should be. O

By Theorem I11.5.3 and Theorem I1.2.5 the derived characteristic homomorphism
DX(Fy, ..., F1)« is not trivial in general. X

Again we can consider the derived characteristic homomorphism of families
of foliations.

ExaMPLE I11.5.2. Suppose that (G2, G1) is a family of foliations parameterized
by a fibre bundle p : X — B with fibre M. Assume that B is parallelizable.
Then v(F,) = p*T B carries a flat orthogonal connection V? adapted to Fy (see
Lemma IV.9 in Chapter IV). Hence, Ay : W5 — Q*(M) is trivial. Thus, we can
replace WOE" ) by

q2,91

A(h17 e 7hl1) ®R[Cl7 LI 7C(11]/‘]>’< )



ITI1.5. UNIVERSAL DERIVED CHARACTERISTIC CLASSES IN THE SPIRIT OF BOTT 69

where J* is the ideal generated by the monomials c{l e cﬁf{l with j; +2jo+ -+ +
Qjy > @2+ @ + 1. Then DWO? ) 18 replaced by the cohomology module

(g2,q1
Ek% o) of the subcomplex generated by the monomials hchf oo with expo-
nents satisfying ji +2j2 + - + q1jg, = 2 + @1
Theorem I11.5.4. For every qs-parameter family F; of codimension q, foli-
ations on a manifold M there is a well-defined derived characteristic homomor-
phism
DXN(Fi)s : D{yy ) — C(R®, H*%(M;R))
which is natural under pull-backs and invariant under concordance. A basis for

the real vector space DZ‘qu) 15 given by

(hiy A== A Ra) © (et -t
with1 <iy < -+ <iy <l =2[2H] —1 odd and ji +2jo+ -+ qujg = @2+ 1.
We see again that the space of derived characteristic classes for one-parameter
families of codimension one foliations has the two generators GV (F;) and 2 guv(F;)

which correspond to the universal derived classes 873 hy ® (c¢1)? and —872 1®(cy)?
respectively. X






CHAPTER 1V

The residue theorem

In this chapter we shall consider singular three-flags of foliations, i. e. subfo-
liations (Fs, F1) on M such that there is a third foliation F defined outside a
closed subset S C M such that (Fs, Fa, F1) is a three-flag of foliations on M\S.
We will see that if the foliation F5 is nice enough, then the derived characteristic
classes of the subfoliation (Fs,F;) can be computed out of the local behaviour
of the three-flag (F3, F2, F1) near the singular set S.

For this we need a localizing tool which we will develop first: the Thom
homomorphism of the singular set. Let M be an n-manifold carrying a foliation F
of codimension g. Suppose that there is a closed cooriented submanifold S C M
of dimension p > ¢ which intersects F transversally. Then the intersections
of the leaves of F with S define a foliation Fg on S. Recall that a tubular
netghbourhood of S is an open neighbourhood N of S in M which carries a vector
bundle structure 7 : N — S, such that S C N is the zero section of 7. Moreover,
our tubular neighbourhoods are supposed to be regular, i. e. the closure N of N

should carry the structure of a closed disc bundle D" ? — N NS , such that
the open disc bundle is isomorphic to 7 : N — S as a smooth fibre bundle. The
fibres of m are called the slices of N.

NS

F

Lemma IV.1. There is a tubular neighbourhood N C M of S, such that the
slices of N are tangent to the leaves of F.

Proor. Choose a Riemannian metric on M and consider the Riemannian
exponential map exp :  C TM — M which assigns cx(1) to every X € Q, C
T.M, where cx is the geodesic with cx(0) = z and éx(0) = X. This is a well-
defined smooth map on some neighbourhood €2 of the zero section M of T'M.

71



72 IV. THE RESIDUE THEOREM

Moreover, the differential of exp on the zero section of T'M is the homomorphism
exp, | :TQUy =TM&TM — TM .
(v,w) —v+w.

Denote by ) — S the normal bundle of the submanifold S C M. Then we can
restrict the exponential map to Q¥ = Qs N Q to get a map expg QY — M
whose differential restricted to the zero section S of Q%,

expg,|s : TITQNs=TS®Q - TS®Q=TM|s,

is the identity. Since S is compact, there is an € > 0 such that Q< = {X €
Q| ||X]| < €} is a neighbourhood of the zero section in Q? and exp, : Q° — M
is a diffeomorphism onto a neighbourhood N of S. Because S is transverse to F

we can choose the Riemannian metric on M in such a way that @) is tangent to
F. Then N = expy(Q°) has the desired property. O

Let us call such an N a combed tubular neighbourhood of S. On any tubular
neighbourhood N of S there are two induced foliations of codimension g. The
one given by pulling back Fg to N via the projection 7 : N — S (containing the
foliation by the slices) and the one obtained by restriction of F to the open set
N. If N is a combed tubular neighbourhood, then these two foliations coincide,
Fn = n*Fg. Because S is cooriented, the vector bundle 7 : N — S carries a
natural orientation. As shown in Chapter I we get a Thom isomorphism & :
H*(S,Fs) — H:"P(N,n*Fgs). Denote by t : H*(S, Fg) — H*™P(M,F) the

composition
H*(S, Fs) = Hi" (N, " Fg) = Hyf""(N, Fx) — H*" (M, F)

of the Thom isomorphism with the map given by extending forms with fibrewise
compact support in N trivially to the rest of M.

Lemma IV.2. The homomorphism t does not depend on the combed tubular
neighbourhood N .

ProoOF. If we have two different vector bundle structures on the same N, then
they are linked by an orientation preserving isomorphism, since N can always
be identified with the oriented normal bundle of S. Hence fﬂ does not depend
on the vector bundle structure on N and neither does ®. Suppose that N' C N
is a neighbourhood of S contained in N. Then it contains an open disc bundle
Ny inheriting the bundle structure from N turning it into a combed tubular
neighbourhood. Let a be in H*(S,Fg). Since we can choose the support of
the form e in the proof of Theorem 1.6.2 arbitrarily small, we can construct
a representative for the class ®(a) € H*™P9(N,Fy) with fiberwise compact
support contained in Ny. Hence, it does not matter if we use N or Ny to define
t. Finally, if we start with two different combed tubular neighbourhoods N; and
N, then choosing a combed tubular neighbourhood Ny C N; N N, yields that
both give the same t. O
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This homomorphism ¢ : H*(S, Fs) — H*™P(M,F) is the Thom homomorphism
of S.

Definition IV.3. A singular three-flag of foliations (Fs, F2, F1) on a manifold
M is a subfoliation (F3, F1) on M together with a foliation F» defined outside a
closed subset S C M, the singular set, such that S is saturated with respect to
F1 and (F3, Fo, F1) is a three-flag of foliations on M \S. Let us call the singular
set S tame if S is a closed submanifold with finitely many connected components
transverse to F3 such that F3 intersects S along Fi, i. e. F3|s = Fils. In that
case S has codimension q; + 5.

Such singular three-flags arise for example by varying the foliation F; in a direc-
tion tangent to F3 as will be explained in Example IV.3 below.

Definition IV.4. An infinitesimal automorphism X of a two-flag (F3, F1) of
foliations is a vector field X € I'(T'F3) such that for every vector field Y € I'(T'F)
the Lie bracket [X,Y] is in ['(T'F;) as well.

ExAMPLE IV.3. Suppose X is an infinitesimal automorphism of a subfoliation
(F3, F1) of codimension (g3, go + 1). If X is tangent to F; in some point z € M,
then X is tangent to F; on the whole leaf of F; containing x. So, the space

S ={x € M| X(x) is tangent to Fi}

is a union of leaves of ;. By the Frobenius Theorem the distribution on M~\S
spanned by T'F; and X is integrable to some foliation F,. So, we get a singular
three-flag of foliations (F3, F», F1) of codimension (g3, g2, 1) on M with singular

set S. X
Suppose that (F3, Fo, F1) is a singular three-flag of foliations with oriented
tame singular set S. Denote by Si,..., Sk the connected components of S. For

every component S; choose a tubular neighbourhood N; C M which is combed
with respect to F3 such that N; N N; = @ for ¢ # j. Set N = J, N;. There is a
Thom homomorphism

tz’ . H*(Sz,fl) — H*+q1+q2(M, fg)

for each singularity ;.

Definition IV.5. Consider a singular three-flag of foliations (F3, F», F1) and
a combed tubular neighbourhood N of the singular set S. A linear connection
V on v(Fs, F) is adapted to (Fs, Fo, F1) with respect to U, if it is adapted to
the subfoliation (F3, ;) and on a small neighbourhood U of M~\N it decom-
poses under the isomorphism v(Fs, F1)|v = v(Fs, F2, F1)|v into a sum of linear
connections such that it is adapted to (F3, Fo, F1).

Lemma IV.6. There is an adapted linear connection V for every singular
three-flag of foliations (Fs, Fa, F1) with respect to every neighbourhood U of M™NN
with UNS = @.
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Proor. Consider any adapted linear connection V3 @ V2 @ V! on the normal
bundle V(]:g,Fg,fl)JM\s = Q3 ® Q2 ® @ of the three-flag (F3, Fo, F1). Define
a linear connection V! on Q; = Q2 ® Q; by

Vi(Ya+ Y1) = ViYs + VLY: + mi[Xo, Y]

(cf. Section I11.4). Then V = V3 @ V' is an adapted linear connection on the
normal bundle v(Fs, F1)|p~s = Q3@ Q1. Choose an open neighbourhood V ¢ N
of S with VN U = @. If V' is any adapted linear connection on v(Fs, F1)ly,
then we can paste V and V/ together by a partition of unity subordinate to the
cover {M~S,V'} of M to get an adapted linear connection V on v(Fs, F;) which
decomposes over U into summands

mVxYi =mVxYi = VyYi .
Hence, V is adapted to the singular three-flag (F3, Fo, F1). O
For our residue theorem we need an adapted linear connection whose first sum-

mand does not contribute to the characteristic homomorphism.

Definition IV.7. A linear connection V adapted to a singular three-flag of
foliations (Fs, Fa, F1) with respect to U is called reducible if it decomposes over
U in such a way that the summand V! on @, is a flat orthogonal connection
adapted to Fi. We say that (F3, Fo, F1) is reducible if it admits a reducible
adapted linear connection for every neighbourhood U of M~N with UN S = @.

Lemma IV.8. Suppose that (Fsz, Fa, F1) is a singular three-flag of foliations
such that the bundle Q1 = T Fo/TF is trivial and there is an orthonormal frame
81,...,8q spanning QQ1 which consists of infinitesimal automorphisms of the sub-
foliation (Fa, F1). Then (Fs, Fo, F1) is reducible.

PROOF. By the proof of Lemma IV.6 we just have to construct a flat orthogonal
connection V! on the trivial bundle Q; — M~\.S adapted to F;. Set

q1 q1
VA%( <Z CLij) = Z(X.CLj)Sj .
i=1 j=1

Then the connection matrix vanishes. Hence, V! is a flat orthogonal connection
on Q1. Moreover, if Xy € I'(TF;), then

q1 q1 a1
T [XO? (Z CLJS])] = Z<XOCLJ)SJ + Z ajm[Xo, 8]]
j=1

j=1 j=1
q1
= V! ;S;
Xo 353
=1

since [Xo, ;] € TF;. Thus V' is an adapted linear connection. O]
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ExAaMPLE IV.4. Of course, if (F3, Fy, F1) is the singular three-flag gener-
ated by an infinitesimal automorphism X of the subfoliation (Fj3, ), then the
conditions of the lemma are satisfied with s; = X. X

The same argument as in the proof of Lemma IV.8 shows that for a family
of foliations parameterized by a parallelizable manifold the normal bundle of the
ambient foliation does not contribute to the characteristic homomorphism.

Lemma IV.9. If (Gy,G1) is a family of foliations parameterized by a fibre
bundle p : X — B with parallelizable base space B, then v(Gy,Gy) carries an
adapted linear connection V = V2@ V! such that V? is a flat orthogonal connec-
tion.

PrOOF. To use the argument above, we only have to show that v(Gy) has an
orthonormal frame s1, ..., sy, such that [s;, X] € ['(T'G,) for every X € I'(T'Gs).

Since B is parallelizable, there is an orthonormal frame si, ..., sy, of T'B. Since
e @ Q2 — p*(TX) is an isomorphism, we can pull back this frame to get an
orthonormal frame p*sq,...,p*s, of ()2 with respect to the pull-back metric.

But obviously the Lie bracket of a vector field tangent to the fibres with the
pull-back of a vector field on the base space is again tangent to the fibres. [

This lemma was already used in Section III.5 of the previous chapter.

Let us return to singular three-flags of foliations. The main result of this
chapter is the following theorem which is a generalization of Heitsch’s Residue
Theorem [16] to singular three-flags of foliations.

Theorem IV.10. Let (F3, Fo, F1) be a reducible singular three-flag of folia-
tions with cooriented tame singular set S = S1U---USy and ¢ > 0. Then every
class y € D’ ) determines a class

(g3,92+q1
Res, (F3, Fo, F1, S;) € HI 7B~ 2~0(S, F))

such that

(1) Resy(F3, Fo, Fi1,S;) depends only on the behaviour of (Fs, Fo, F1) in an

arbitrarily small neighbourhood of S;,

(2) oy ti(Resy (Fs, Fo, 71, 8)) = DA(Fs, Fu)uly).
PRrROOF. Let U be some neighbourhood of M N disjoint from .S with a reducible
linear connection V adapted to (F3, Fo, F1). Let

y=(hy A Ahi)) @ (-t

q2+q1

withl <i1 < <i, <[y =2 [%ﬁl]—l odd and j1+2jo+- - - +(q1+92) I +q =

g3 + q2 + g1 be some basis element of Dz‘qw tan)- Then

(A(Fs, F))lo = (M(Fs, Fo, F1) ()
= (\(Fs, )W)y € FE™ Q" (M) =0,

since J» has codimension g3 +¢q2 < g3 +¢2+¢q1. The first equality holds because V
is adapted to the singular three-flag and the second one because V is reducible.
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So, (M Fs, F1)[y])|n has fibrewise compact support in N and we get a class
(DAX(Fs, Fi)uly v € HiZ®(N, Fs|w)

where j =141 4+ -+ 4+ is + 2(¢3 + g2 + ¢1) is the degree of y. Now, define

Res, (Fs. Fo. Fi, S) = / (DAFs, Fo). )| € HI-w-e-0(S, 7)) |
and Res,(Fs3, F2, F1,5;) to be the 7’th summand in the decomposition of the
residue Resy(]:g,fg,fl, S) c H*(S, f1> = H*(Sl,fl) DD H*(Sk,fl) Here
m: N — S denotes the projection of the tubular neighbourhood N onto S. Prop-
erties 1. and 2. are immediate. The only thing we have to check is that the class
(DX(Fs, Fi1)«[y])|v € HIZ%(N, F3|n) does not depend on the choice of adapted
linear connection (up to now we just know this for its image in H/~%(N, F3|n)).
This follows by the standard convexity argument. 0

This theorem has an immediate corollary.

Corollary IV.11. If a gs-parameter family of foliations F; of positive codi-
mension on M admits an infinitesimal automorphism without singularities, then
the derived characteristic homomorphism is trivial, DA\(F;). = 0.

Now, let us change our point of view to the local behaviour of a singular three-
flag of foliations generated by an infinitesimal automorphism of a subfoliation.
Let # : N — S be an oriented (gz + 1)-disc bundle carrying a reducible singular
three-flag of foliations (F3, Fy, F1) with singular set equal to the zero section S,
such that 7*(Fi|s) = F3 and ¢; = 1. Denote by ON the sphere bundle of N and
let i : ON — N\.S be the inclusion map. Since (N\.S, 7*F;) is leafwise homotopy
equivalent to (ON,7*F;) we get an isomorphism H*(N\S,F3) — H*(ON, F3).
Denote by

i*: H*(N,F3) — H*(ON, F3)
the restriction map and by

. * *+1
0: D(qs,%) - D(q3,q2+1)

the map induced by the composition of the inclusion j : WOE‘qB’qg) — I/VOE‘%’q2 1)

with the differential d : VVOZ‘QM2 ) WOZ“;}(D 1) The next theorem may prove

helpful when constructing further examples.

Theorem IV.12. In this situation the equality
% Z*D)\(fg, fg)*[y] = R685y(f3, F27 .7:1, S)

holds for every y € DZ‘q37q2).
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Proor. By Theorem 1.6.5 we have

$iNFFIW) = [ ONFEFI) - d [ AFFI)

T

— /)\(f3,]:2)(dy) —d/A(fs,B)@) :

™

Hence,
\%Z*D)\(F3,.F2>*[y] - RGS(Sy(fg,FQ,]:l,S)
0

Note that dy vanishes, unless y is a linear combination of basis elements of the
form hy ® (cf' - c4?) with jy + 2o + -+ + (q2)jp = @3 + ¢2. In particular, this
theorem yields

%i*GV(Fg,Fg) = Resc;,3+q2+1(]:3,-7'—2,-7:1, S)

in HB+et( S F). So, constructing non-trivial residues on the right hand side
will give non-trivial Godbillon-Vey classes on the left hand side.






Appendices

A. The Frobenius Theorem

The Frobenius Theorem is the fundamental theorem in foliation theory, and
hence is well-known. Nevertheless we will give a proof of it here, since parts of
the proof of Theorem A.5 expressing it in the language of differential forms are
used in the computation of examples at various places in the text. First we will
review the beautiful proof of the classical theorem due to Karcher [20].

Let D be a p-dimensional distribution on a smooth manifold M, i. e. a smooth
p-dimensional subbundle of T'M. Choose a complementary distribution H and a
torsionfree linear connection V on T'M. The decomposition T'M = D@ H defines
two natural projections, D : TM — D and H : TM — H. Since D + 'H = idpyy,
we have

(A.1) VyD+ VyH =0

for Y € TM. The connection V on T'M induces a linear connection V? on D
via

VEX =D(VyX)
for Y e TM,X € I'(D). We compute
0=Vy(HX) = (VyH)X + H(VyX) = (VyH)X + Vy X —D(VyX) .
Hence, we can rewrite the induced connection V¥ as
VEX =Vy X +(VyH)X .

Consider a smooth path v : R — M in M. The last formula makes it natural to
call v a geodesic in D if 4(0) € D, ) and

Viy + (ViH)7 =0

The following lemma shows that this notion is well-chosen.

Lemma A.1. If v is a geodesic in D then §(t) € D,y for all t € R.
PROOF. Equation (A.1) gives

0=Vy(DH)=(VyD)H+D(VyH) = —(VyH)H +D(VyH) .
Thus, if v is a geodesic in D, then
V5(HY) = (VsH)Y + H(Vsd) = (VsH)Y = HI(VyH)Y) = DI(VyH)Y)
= (VsH)(HY) -

79
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This is a linear differential equation for H~ with initial value H+(0) = 0. Hence,
HA(t) = 0 for all t. So indeed, a geodesic in D stays tangential to D. O

This proof shows furthermore that on a small neighbourhood 2 C D of the
zero section in D there is the partial exponential map
exp? 1 Q- M
Y= x(1)
where vx is a geodesic in D with vx(0) = x and 4x(0) = X € Q.. Note that

%fy()\t) = My(Mt). Hence, if M is compact, then exp” is defined on the whole
distribution D.

Lemma A.2. If the distribution D is involutive, then
(Vx H) Xz = (V. H) X3

for all X1, X, € I'(D).
PrOOF. Let X, Xy € I'(D). If D is involutive, then [X;, X5] € I'(D) as well.
Thus, H[X7, X3] = 0. Since V is torsion-free, we deduce
0=H[X1, Xo] =H(Vx, X2) — H(Vx,X1)
=Vx,(HX2) = (Vx,H) X2 — Vx,(HX1) + (Vx, H) X3
=—(Vx,H)Xo+ (Vx,H)X; .

O

We are now able to prove the classical theorem of Frobenius.

Theorem A.3 (Frobenius). A distribution D is integrable if and only if it is
involutive.

Proor. If D is the tangent bundle of a foliation, then obviously D is invo-
lutive, since this is a local property and the statement is true for the canonical
p-dimensional foliation of R? x R?. We only have to prove that any involutive
distribution is integrable. So, let D be an involutive distribution. Then we pro-
pose that for every x € M the image exp?(D,) is an integral submanifold of D,.
Consider a family 7, of one-parameter groups of geodesics in D with 7,(0) € D,.
We already know by Lemma A.1 that 7, stays tangent to D. All we have to show

is that %'ys is tangent to D as well.
.% ‘%
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Since 7,(0) = x, we have +£~,(0) = 0. Furthermore, the equation
(Vi 7) s+ HEAy = Vo, () = 0
implies that
55— (% 10) =~ (o)
= - (V’H%%H> ;Ys - (deisfysH> ;Vs
= = (Vg M) 35 = (V3. H) Db,
by Lemma A.2. We compute
V% (H%’Ys) = (V%H) disfys + HV%%’}/S
= (V3. H) (H+ D) gvs + Ha s
— (V3. H) Hikrs + (Vi H) Dby = (Vo H) 3o — (V. H) Db,

= (V3. H) Hvs — (VH%%?_O Vs -

So, H4~, satisfies a linear differential equation with initial value H-L~,(0) = 0.
This proves that £+,(t) € D, for all t € R. O

Consider now a g-form o € Q4(M) on M and a point x € M. Recall that the
rank of o in z is defined to be the rank of the linear map

T.M — AT M
Y —iva .
Hence, the subspace kera C T'M,
kerao ={Y € TM| iya =0},

is a distribution if and only if the rank of « is constant on M. Suppose that
a € QI(M) is a locally decomposable form, i. e. there is an open cover {U;} of M
such that a|y, =11 A -+ Ay, € Q4(U;) is a product of one-forms. Then the rank
of a is everywhere less than or equal to g. So, the locally decomposable ¢-form
a defines a distribution of codimension ¢ if and only if « is of maximal rank.

Lemma A.4. A subspace D C T'M 1is a coorientable distribution of codimen-
sion q if and only if there is a locally decomposable q-form o € Q4(M) of mazimal
rank such that keraw = D.

Proor. We just saw that if « is a locally decomposable ¢-form of maximal
rank, then ker «v is a distribution of codimension ¢. Since « induces a nowhere
vanishing section of A?(T'M/ker «)*, this distribution is coorientable. It remains
to be shown that every coorientable distribution can be defined by a locally de-
composable form. Consider a distribution D C T'M and choose a complementary
distibution @ such that TM = D @ Q. Fix an orientation of ). Let {U;} be a
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open covering of M consisting of open neighbourhoods simultaniously trivialising
D and @. Choose a framing X, ..., X, of D|y, and a framing Y;,....,Y, of Q|y,
giving the fixed orientation of Q[y,. Set a; = Y A--- AY € QI(U;), where Y/ is
the one-form dual to Yj, i. e. Y;(Yy) = dj, and Y;*(X;) = 0. Then ker a; = Dy,.
Let {p;} be a partition of unity subordinate to {U;}. Define o = ). p;jc;. Ob-
viously, kera = D since oy, (Y1, ...,Y;) > 0. Moreover, ix,a = 0 implies that
aly, = fY" A+ AY with a positive function f. Hence « is locally decomposable
of maximal rank. Note that the same argument shows that every defining form
for D is locally decomposable of maximal rank. 0

This lemma makes it possible to reformulate the Frobenius Theorem in the
language of de Rham theory. The fact that we reduce ourselves to coorientable
foliations is no restriction at all, since locally every distribution is coorientable
and the integrability of a distribution is a local property.

Theorem A.5 (Frobenius). Let a € Q4(M) be a locally decomposable form
of mazximal rank. Then the coorientable distribution ker «v is integrable if and only
if there is a one-form 3 € QY (M) such that

da =3 Na .

ProOF. Consider a ¢g-form a € Q(M) of constant rank ¢. If da = A « for
some one-form 3, then for X7, X5 € ker v

0 =ix,ix, (BN @) =ix,ix,do = ijx, x,

gives [ X7, Xs] € kera. So, ker« is involutive, and by Theorem A.3 the coori-
entable distribution ker « is integrable. Now, suppose that a € Q9(M) is a locally
decomposable form of maximal rank. Let {U;} be an open covering of M such that
aly, is decomposable, o; = |y, = 71 A -+ - A7, Since a is nowhere-vanishing, the
v; are of maximal rank 1 and ker o; = ﬂ?zl ker ;. Therefore, if X;, Xy € ker oy,
then

q

i[Xl,Xg]ai = Z'XQZ'deOéZ‘ = inin Z(—l)jd’)/j A\ 71 A--- A ’}/j A--- A ’)/q
7=1

q
= Z(_l)jd’Yj(Xth) e S AR AN AR A
j=1

If ker « is integrable and thus involutive, then we get

q

OZZ(_l)jd’Yj(Xsz)'”Yl/\"'/\’AYj/\"‘/\’Yq :

j=1
Multiplying from the left with ;. gives the equation
dye( X1, Xo) -y A Ay =0
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Since ker o has codimension ¢, this implies the so-called integrability condition

(A.2) dye AN ANy =0

forallk =1,...,q. The ~; are linearly independent, so locally we can extend {; }
to a basis of Q'(U;) by the dual of a local framing of ker a. Then the integrability

condition (A.2) gives that dv is in the ideal spanned by the ~;,
q
dyve =Y i A
j=1

with 1y € Q1(Us). Set 8; = 379_, nj;. Then
q
doy = (=Dfdy Ay A A Ae- Ay

=1
q

(—1)k77kj/\’yj/\'yl/\«~/\?yk/\.../\%
=1

x>

7.k
== ﬁl A (67

Choosing a partition of unity {p;} subordinate to {U;} and defining 8 = >, p;5;

gives a one-form 8 € QY(M) with da = 3 A a.

OJ
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B. G-DG-algebras

Let us recall the notion of a G-DG-algebra introduced by Cartan, Koszul and
Weil in [6]. This appendix will follow the exposition in [19]. A graded algebra A*
is an algebra over the reals with a decomposition

A* = é Al
j=0

into subspaces A7 such that the multiplication satisfies
AT AR C AR

Moreover, we will demand a graded algebra to be graded commutative, i. e. for
a € AV and b € A* we have

a-b=(-1Y%b-a .
A derivation of degree p on A* is a linear map ¢ : A* — A**? such that

§(a-b)=46(a) b+ (=1)"a-5(b) .
for a € A7 and b € A¥. Note, that the vector space of derivations carries the
structure of a graded Lie algebra with respect to the Lie bracket
6,0] = 06" — (—=1)P98'6
where § a derivation of degree p and ¢’ is a derivation of degree q. A differential
graded algebra (A*,d) is a graded algebra A* together with a derivation
d: A" — A

of degree 1 which satisfies d> = 0. Obviously, this implies that the cohomology
spaces H*(A*) = H(A*,d) = kerd /imd form again a graded algebra. A differen-
tial graded algebra homomorphism is an algebra homomorphism preserving the
graduation and commuting with the differentials.

Let G be a Lie group with Lie algebra g. Consider a differential graded
algebra (A*,d) equipped with an action p of G on (A*,d) and an inner product i
with elements of g. To be precise, for every g € G we have a differential graded
automorphism

pg) : A" — A
such that p(gh) = p(g)p(h). And for every X € g there is a derivation
i(X): A* — A1

of degree —1 depending linearly on X. The action p induces an infinitesimal
action of g on A*. Namely, for every X € g we get a homomorphism 6(X) :
A — A¥,

9(X)(a) = Splexpl(tX))a

t=0
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This is a Lie algebra homomorphism into the derivations of degree zero,
0([X,Y]) = 0(X)0(Y) — 6(Y)0(X) .

Now, suppose that these structures are consistent in the following sense.

Definition B.1. A G-differential graded algebra (short: a G-DG-algebra) is
a differential graded algebra (A* d) equipped with a G-action p and an inner
product 7 satisfying the following conditions for all ¢ € G and X € g.

(1) i(X)* =0,

(2) p(9)i(X)p(g~") = i(Ad(9)X),
(3) 0(X) = i(X)d + di(X).

Differentiating Condition (2) gives moreover, that
i([X,Y]) = 0(X)i(Y) = i(X)0(X) .

ExAMPLE B.1. The natural example for such a G-DG-algebra is the de Rham
complex 2*(P) of a principal G-bundle P — B. Use the fundamental vector field
X* associated to X € g to define

(X)w=ixw,

p(g)w = Ryw
for w € Q*(P). With these definitions Q2*(P) becomes a G-DG-algebra. This
applies in particular if P = G is the trivial bundle over a point. Restricting
Q*(@G) to the left invariant forms restricts d : Q"(G) — Q"*1(G) to the Chevalley-

Eilenberg differential dy : A"g* — A"*1g*. So, the above implies that the exterior
algebra

dim G
n=0
is a G-DG-algebra with
i(X)a=ixa,

)

plg)a=Ad(g™")"a
0(X)a=—ad(X)a.
X

Now, let H C G be any Lie subgroup with Lie algebra ) C g. Then there is
the subspace (A*)# C A* of elements invariant under the H-action,

(A" ={a € A*| p(h)a=afor all h € H} .

Since p(h) is a differential graded automorphism, (A*)# is a differential graded
subalgebra of A*. The H -basic elements are the elements of the subspace (A*)y C
(A*)H defined by

(A g = {a € (A")"|i(X)a =0 for all X € b} .
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Because i(X) is a derivation, (A*)y is a graded subalgebra. Moreover, Condi-
tion 3. of Definition B.1 and (A*)y C (A*)¥ imply that (A*)y is closed with
respect to the differential d. Hence, we can define the relative cohomology of A*
to equal

H™(A", H) = H((A"), d) -

ExAMPLE B.2. The elements of (A*)y are called H-basic because for a prin-
cipal G-bundle P — B, we have that Q*(P) is the algebra of H-invariant forms
on P and Q*(P)y is the algebra of H-invariant and horizontal forms, i. e. the
image of the injective map 7* : Q*(P/H) — Q*(P) where 7 : P — P/H denotes
the principal H-bundle induced by P. Thus,

O(P)g = (P/H)
and in particular,
0(P)e = Q(B) .
Restricting again to the left invariant forms on G we deduce
(A'g")m = (CQ () = “(Q(G)) = “Q°(G/H) = (A" (g/h)")" .
Recall that the cohomology of the Lie algebra g is defined to equal
H'(g) = H(A\ g™, dy) -
The relative cohomology then is

H*(g, H) = H*((A*g")wr) = H*((A"(a/9))") .
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