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Zusammenfassung

Die vorliegende Dissertationsschrift befasst sich mit den algebraischen Eigenschaften
eines stochastischen Modells molekularer Evolution. Das betrachtete Modell ist
Grundlage diverser phylogenetische Rekonstruktionsmethoden, die sich in erster
Linie mit der Bestimmung von Verwandtschaftsverhéltnissen zu einer gegebenen
Menge von Angehorigen heute lebender Arten mittels den fiir diese Angehorigen er-
mittelten DNS-Sequenzen beschaftigen. Meist werden diese Verwandtschaftsverhalt-
nisse durch sogenannte Abstammungsbaume dargestellt, obwohl in neuerer Zeit auch
Netzwerke an Bedeutung gewonnen haben.

Aus stochastischer Sicht wird die Fragestellung wie folgt interpretiert: Gesucht ist
ein Graph G = (V,€) mit Knotenmenge ¥V und Kantenmenge £ und ein mit ihm
assozierter stochastischer Prozess X : V — &, der jedem Knoten o € V einen
Zustand z, aus der genetischen Zustandsmenge S zuordnet, dessen Verteilung am
besten zu den beobachteten DNS-Sequenzen an den Endknoten oder Blattern von
G passt.

In der Regel werden folgende Anforderungen an die Modell-Parameter G und X
gestellt: Die graphische Struktur wird als gewurzelter Baum G, = (V, E;0) mit
Wurzel ¢ angesehen. Der Prozess X geniigt der Markov-FEigenschaft, d.h. er ist
in einem Knoten « bedingt auf seinen direkten Vorfahren pa(«) unabhéngig von
seinen Nichtnachkommen. Diese Bedingung ist gemafl Lauritzen [1996] dquivalent
zur folgenden charakterisierenden Gleichung:

(F) P(ﬂ{xa:xa})zmxg:xa T B =25 X, = x,).

agV (v.B)EE
Mit 1aBt sich die obenstehende Aufgabenstellung wie folgt formulieren: Finde
eine gewurzelte Baumstruktur 7, mit Blattmenge £ = {f,...,,} und einen as-

sozierten Markov-Prozess X, so daf3 die durch

() PXF=z)= > PX,=y) ][] P(Xoy="a|Xa, =0a,)

}LlE sntm (0417042)EE
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gegebene Verteilung die in den Blattern erhobenen Daten am besten beschreibt. Die
Kompliziertheit des betrachteten Problems hangt von der Anzahl der Blatter und
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der Grofle des Alphabets ab. Zum Beispiel hat das polynomielle System fiir
10 Blatter und 20 Zustande genau 20'° Gleichungen. Aus rechentechnischen und
Interpretationsgriinden ist es daher von Vorteil, diese Zahlen passend zu veringern.

Die Zahl moglicher Zustiande wird mittels der Annahme unabhéngiger, identisch
verteilter Sequenzpositionen reduziert. In diesem Fall stellt jede Position eine Stich-
probe des gesuchten Prozesses auf den Blattern dar. Die Annahme wird nur ungern
gemacht, da sie die Anwendbarkeit der entwickelten Methoden stark einschrankt.

Die Zahl moglicher Baume zu einer gegebenen Menge wird durch die sogenan-
nte supertree-Theorie reduziert. In dieser Theorie wird die Blattmenge £ in sich
iiberlappende Teilmengen aufgeteilt. Fiir die jeweilige Teilmenge wird die reduzierte
Baumstruktur zu generiert und anschlieBend wird aus den gewonnenen, re-
duzierten Baumstrukturen ein sogenannter Konsensbaum zusammengestellt.

In |Chang [1996] wurde gezeigt, dal unter der Annahme, dal ein Markov-Prozess
existiert, dieser durch die Dreierbaume, also Baume mit genau drei Blattern rekon-
struiert werden kann. Dies ist besonders vorteilhaft, weil es genau einen Baum mit
drei Blattern gibt.

Diese Arbeit greift diesen Ansatz auf mit dem Ziel, Bedingungen an Blattverteilun-
gen zu bestimmen, unter denen ein Markov-Prozess auf einem Dreierbaum existiert.
Diese Bedingungen sind Polynome, deren gemeinsame Nullstellen eine algebraische
Lésung fir besitzen. Der Ansatz wird auf drei Modell-Spezifikationen angewen-
det: das allgemeine Zwei-Zustands-Modell, das Neyman N, Modell und das Kimura
25T Modell. Fiir alle drei Modelle werden Polynome ermittelt, die obiger Beschrei-
bung gentigen. Auflerdem wird fiir alle Modelle die algebraische Losung von () ex-
plizit ausgerechnet und Bedingungen angegeben, unter denen die berechnete Losung
einen Markov-Prozess charakterisiert. Dabei sind die bestimmten Losungen nur
eindeutig bis auf Permutationen aufgrund der dem Gleichungssystem immanenten
Symmetrien.

Zusatzlich werden fiir das Zwei-Zustands-Modell notwendige Bedingungen fiir die
Existenz eines Markov-Prozesses auf einem Baum mit vier Blattern ermittelt. Diese
Bedingungen werden aus den Losungen fiir die Dreiersubbaume ermittelt. Die
gefundenen Eigenschaften lassen vermuten, daff aus Markov-Prozessen auf Dreier-
subbaumen keine hinreichenden Bedingungen fiir die Existenz eines passenden Mar-
kov-Prozesses auf dem Superbaum gewonnen werden konnen. Fiir das Neyman Ny
und das Kimura 25T Modell werden die Ergebnisse auf die zeitstetige Spezialisierung
der Markov-Prozesse, das sogenannte Ratenmodell, iibertragen.

Um letztendlich den Bogen zur Baumrekonstruktion zu schlieflen, wird ein Al-
gorithmus prasentiert, der aus den Dreier-Blattverteilungen fiir eine gemeinsame
Verteilung fiir n Sequenzen einen Baum mit n Blattern und einen Markov Prozess
darauf generiert. Dieser Algorithmus erlaubt es, die Rekonstruktion aus Subbaumen
genauer zu betrachten, auch wenn er nicht zeiteffizient ist.
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Introduction

The theory of molecular evolution investigates how genes and genomes evolve. The
subcategory of molecular phylogenetics develops methods for inferring evolutionary
relationships among organisms, genes and proteins. Generally, this inference is done
by deriving a tree from available sequence data. Usually, these data are n aligned
DNA sequences of length N, where each sequence represents a species. Several
methods were introduced which presented tree structures based on these data. The
Maximum Likelihood approach first suggested by [Felsenstein [1981] uses a class of
Markov models of molecular evolution to derive a tree and a characterization of a
stochastic process on the tree. This model class is the center point of this thesis.

A Markov model of the development of a particular species assumes that the future
evolution of the species is independent of its history given the sequence data of its
immediate predecessor. For example, given the properties of the forebears of the
brontosaurs the development of the brontosaurs is considered independent of all
other species that lived before and during the lifetime of brontosaurs. This property
is also known as the ordered directed Markov property. If the evolutionary processes
were governed by reproduction only, this assumption is quite reasonable.

A Markov process on a rooted tree is characterized by a joint distribution in the
vertices over an appropriate state space which obeys the factorization property. The
factorization property states that a joint distribution decomposes into a product of
edge-related functions, i.e. for each edge a function is declared that depends on the
states in the incident vertices only.

For a parametrization of these Markov processes on rooted trees the element of
choice is a "transition kernel”. Since transition kernels implicitly contain a direc-
tion their application to undirected trees appears somewhat pointless. However,
an important observation is the relative irrelevance of the overall direction of the
tree, i.e. a consistent change of the direction of the edges does not influence the
characterization of the Markov process. Another consequence of this observation is
the non-identifiability of a root from the data. Most of these statements are direct
conclusions from results of Lauritzen [1996].

Usually, the chosen property on undirected trees is the local Markov property (e.g.
Chang [1996]) where a vertex is conditionally independent of the remaining vertices



given its immediate neighbor vertices. On rooted trees the ordered directed Markov
property is preferred (e.g. |Semple and Steel [2003]), since it appears weaker but
more intuitive than the local Markov property.

An often, if reluctantly, made simplification of the model is the assumption that
molecular evolution is only governed by homogeneous point mutations, i.e. changes
across sites are regarded independent and identically distributed. Accordingly, the
state space of the Markov process can be reduced from sequences to genetical alpha-
bets, lowering the number of possible states considerably. Also, the simplification
permits to consider aligned sequences of length N as a sample of size N. From the
biological point of view such an assumption neglects certain established properties
of molecular evolution. For instance, the wobble effect (e.g. [Yap and Speed [2005])
proposes, that amino acid encoding in DNA yields different mutation rates for each
of the three encoding sites. This contradicts the homogeneity of point mutations.
Hence, the results of this work should only be considered in connection with DNA
sequences from non-coding regions. Moreover, since the simplification does not allow
recombination, it should only be applied to DNA sequences which are not subject to

recombination, insertion or deletion. The best known examples are mitochondrial
DNA and the DNA of the human Y chromosome.

The main objective of phylogenetic analysis is the identification of a tree and of
the mutation process on the tree from the knowledge of the process at its leaves,
i.e. the knowledge of the sequence data from present day species. In terms of
the factorization property this is similar to solving the polynomial equation system
which is derived from equating the observed leaf distribution to the theoretical leaf
distribution expressed in terms of the transition kernels. This thesis examines the
potential of this objective on three model specifications: the general two state model,
the Neyman N, model and the Kimura 2ST model.

The sample set obtained through the simplification gives the observed joint leaf
distribution. For the inference of the tree the joint distributions suffice (e.g. Baake
[1998]). However an inference of the Markov process demands more information
than pairs of leaves can provide. For this inference joint distributions of triples of
leaves are needed, as was proved by |Chang [1996]. But joint distributions of triples
of leaves only allow to reconstruct a Markov process if the full joint distribution
on the leaves was subject to a Markov process. Yet in order to observe a Markov
process on a tree with n > 3 leaves its restriction to all triple trees must necessarily
be a Markov process. Thus it is useful to analyze the models at triple trees and then
consider an extension to supertrees. Here, an extension from triple trees to quartet
trees is attempted for the general two state model.

One indicator whether a joint leaf distribution comes from a Markov process are
phylogenetic invariants. These are polynomials in the leaf distribution whose joint
roots provide a solution for the polynomial equation system. These polynomials are
the subject of various papers (see e.g. Hagedorn and Landweber [2000] or Allman



and Rhodes [2003]), and are seen as important tools to understand Markov pro-
cesses on trees. If the polynomial equation system has for a given leaf distribution
a solution, then this is an algebraic solution, i.e. each variable has values in C. In
addition, if this algebraic solution is composed of transition kernels, it is stochas-
tically admissible, thus characterizing a Markov process on a tree for the regarded
joint leaf distribution.

For the general two state model on a triple tree only one phylogenetic invariant was
observed, and every leaf distribution is a root of this invariant because it demands
that the elements of input vector sum to one. Therefore, almost all joint distribu-
tions of three leaves over a two state alphabet provide an algebraic solution for the
equation system. Except for the case of uncorrelated leaves and one unknown case,
the number of possible solutions is finite, in particular it is exactly two. Generally,
this work uses results from algebraic geometry to show that vectors with an infinite
set of solutions are a zero set in the set of all solutions. [Lazarfeld [1966] and Pearl
and Tarsi [1986] also considered the same model in different contexts.

For the Neyman N, model on a triple tree two phylogenetic invariants were observed,
one of which again demands an element sum of one. For every input two solutions
were observed. These solutions are functions of the pairwise leaf distributions which
is consistent with the general perception that symmetric processes can be derived
from pairwise leaf distributions (e.g. Baake [1998]). For every pairwise leaf distribu-
tion numerous triple leaf distributions exist. The two observed solutions are subject
to two distinct triple leaf distributions, and only if the input leaf distribution is a
root of the obtained invariants, it is one of them.

For the Kimura 2ST model on a triple tree 18 phylogenetic invariants were com-
puted using the software package Singular (Greuel et al. [2001]), again including
the summation polynomial. Analyzing the associated equation system returned four
solutions, which again are functions of the pairwise leaf distributions. These solu-
tions return two triple leaf distributions, and only if the observed leaf distribution
is a root of the phylogenetic invariants, it is one of them.

Obviously, an algebraic solution does not characterize a Markov process. Hence,
additional conditions are needed. Solutions of the two state model characterized
a Markov process if the sign of the conditional correlation of two leaves given the
third does not reverse the sign of the unconditional correlation of the two leaves,
which is not zero since the leaves are not independent. For the Neyman N, and the
Kimura 2ST model the conditions of stochastic admissibility are concerned with the
similarity of pairwise aligned sequences. The condition is regularly verified in real
data.

The results for triple trees under the two state models were extended to quartet trees.
This approach yielded some phylogenetic invariants, but also led to the conjecture,
that the existence of a Markov process on a quartet tree cannot be guaranteed by
just analyzing the compatibility of the parameters on the associated triple trees.



This conjecture is also strengthened by the phylogenetic invariants obtained for
the Neyman N, and the Kimura 2ST model on triple trees, and the Neyman N,
model on quartet trees. The parameters for these models are derived from pairwise
distributions but the phylogenetic invariants depend on the triple and quartet leaf
distributions, respectively.

One popular model specification is the rate model, where evolution is assumed to
be governed by a constance rate of change. Usually, the rate model is called time-
continuous, whereas the models solely defined by transition kernels at the edges are
called time-discrete. Both model classes are connected by declaring transition ker-
nels for a particular edge under the time-continuous model as the matrix exponential
of the rate matrix times the edge length. This connection is used to transfer the
results related to the Neyman Ny and the Kimura 2ST model to the rate model.
Unfortunately, the models did not provide sufficient equations to infer a set of rates
as well as a set of edge lengths, but only a mixture of both. The positivity conditions
directly linked to the rate model rejected all but one of the obtained solutions from
the discrete model class. In other words, time-continuity destroyed the multiplicity
of solutions of the model.

A couple of statistic tools to approximate a stochastically inadmissible solution
by an admissible one are presented at the end of the thesis. The observations
from the three considered models showed that even though algebraic solutions can
almost always be obtained from a set of input sequences, finding an acceptable
and stochastically admissible approximation is difficult. One estimator tackles the
problem by manipulating the solutions, whereas the other estimator manipulates the
observed leaf distribution. Simulations indicated that leaf distributions which assign
at least one state with probability zero, provide an inadmissible solutions. Since
input data almost ever yield leaf distributions with this property it is reasonable
to try to erase this obstacle. Further simulations showed that positivity of the leaf
distribution is still not sufficient to guarantee an admissible solution.

To measure the quality of such approximations, some kinds of confidence regions
are presented. Most types are based on the information from Brown et al. [2001].

Finally, to relate the results from the triple tree discussions to the task of molecular
phylogenetics, an algorithm is presented. This algorithm computes for an input set
of aligned sequences for n leaves a tree and a characterization of a Markov process
on the tree from all associated triples. It is not time-efficient, but permits to further
investigate the reconstruction of trees from its triple trees.

Chapter [1] introduces the notion of trees in the graphical sense, names its elements,
and provides some useful properties. The basic terminology is based on [Lauritzen
[1996], Lauritzen [2001] and Semple and Steel [2003]. Further, the notion of Markov
processes on trees is introduced, and some of their useful properties are provided.
The chapter includes a short overview of the considered models. It closes with
the derivation of the polynomial equation system (LF]), and presents some general



properties.

Chapter 2| provides some notions from algebraic geometry. These notions include the
so-called elimination ideal. A basis of this ideal contains all phylogenetic invariants
needed to describe the space of leaf distributions with an algebraic solution of .
Most results are based on |[Shafarevich [1974] and |Cox et al. [1997]. Also, using the
Morse-Sard Theorem it is proved that vectors with an infinite number of solutions
for form a zero set in the set of all vectors with a solution for (LEF]).

Chapter [3| examines the implications of the factorization property for a triple leaf
distribution under the general two state model. The scenario was already discussed
in |Lazarfeld {1966] and Pearl and Tarsi [1986]. This thesis extends their results,
most notably by considering the extension of the results to quartet trees.

Chapter {4| analyzes the implications of the factorization property for a triple leaf
distribution under the two simplest symmetric models, the Neyman N, and the
Kimura 25T model. The chapter presents phylogenetic invariants, explicit forms
for the algebraic solutions, and conditions under which a solution characterizes a
Markov process. In addition, the results are extended to the rate approach.

Chapter |5 introduces some statistical tools for estimating and evaluating an ob-
tained Markov process characterization. These tools include two estimators, several
simultaneous confidence regions and an algorithm to analyze the reconstruction of
supertrees from their associated triple trees.

All chapters end with a separate section that contains the proofs to all results
presented in the chapter. This was done for readability and consistency reasons.






Chapter 1

Basic Definitions and Properties

A goal of molecular phylogenetics is the visualization of relationships in a given
set of species or individuals within a species. Usually, this is done by a graph,
preferably a tree, where the leaves depict the considered species, and the inner
structure illustrates the relationship between them. The introduction of the basic
terminology and properties of graphs and trees is the subject of Section

With the introduction of Maximum Likelihood methods for phylogenetic reconstruc-
tion in |Felsenstein [1981], the theory of Markov processes on graphs got a boost.
In addition, recent research tries to synthesize ancient proteins using insights ob-
tained from characterizations of similar processes (e.g. Brooks et al. [2004]). The
properties of Markov processes on trees are the subject of Section [1.2]

Section relates the model to the task of phylogenetic reconstruction, and intro-
duces some additional assumptions on the Markov model, which are commonly used
though not very popular. Also, the model classes examined in Chapters [3| and [4] are
presented. In particular, the general two state model, the Neyman N, model and the
Kimura 2ST model are regarded. These models were chosen because they are the
simplest available but still complex enough to provide insights into the properties
of the general Markov model.

The actual task of this work is the derivation of conditions on leaf distributions
under which a Markov process exists on the underlying tree structure. Section
presents the mathematical formulation of the task, and some immediate conse-
quences. One important observation is the irrelevance of the position of a root for
the characterizing Markov distribution.

Section [1.5| contains all proofs for results presented in this chapter. For the reader’s
convenience this structure is retained throughout the work.



8 1.1  Graphs and Trees

1.1 Graphs and Trees

This section will present the terms and properties of graphs and trees needed for this
thesis. The notation is based on Lauritzen [1996] sect. 2.1] and its revised version
Lauritzen [2001].

1.1.1 General Definitions

Here graphs and the parts relevant to introduce trees are defined. Later chapters
will solely work on trees, and hence no additional terminology is needed.

Definition 1.1.1. A graph G is a tuple (V,E) consisting of a finite vertex set V and
a set £ of edges connecting pairs of vertices in V.

If an edge e € £ connects two vertices o, 5 € V, then a and (3 are called adjacent, and
e is called incident to a and (3, respectively. Edges can occur in two possible types,
directed and undirected. If an edge e between o and 3 is undirected, o and (3 are
called neighbors and the edge is denoted by e := («, 3). The neighbors of a vertex
a € V are denoted by ne(«). If e is directed from « to 3, then « is called parent of
B, B is called child of «, and the edge is denoted by e := («, 3). The children and
parents for a vertex a € V are denoted by ch(«) and pa(«), respectively.

Vertices are usually classified according to their degree. A vertex o € V has a degree
of deg(a) = n > 0 if the number of edges incident to « is exactly n. Using this
definition three classes are presented: A vertex ¢ € V is called isolated if no edge is
incident to ¢, i.e. deg(t) = 0. A vertex 5 € V is called terminal vertez, end point
or leaf if exactly one edge is incident to [, i.e. deg(f) = 1. All other vertices are
called inner vertices, i.e. at least two edges are incident to an inner vertex. The
sets of all isolated and inner vertices, and leaves to a given graph G are denoted by
Z(G), N(G) and L(G), respectively. Usually, the graph is fixed and therefore, the
sets are abbreviated by Z, N and L instead.

In terms of molecular phylogeny, a vertex denotes a species and edges describe re-
lations between them. In particular, leaves represent recent species, inner vertices
represent ancestral species, and isolated vertices indicate alien species and are usu-
ally not incorporated.

A basic feature of the notion of a graph is that it is a visual object. It is conveniently
represented by a picture, where a dot is used for a vertex. Further, a [ine joining
a and [ represents the undirected edge (a, 3), whereas an arrow from « pointing
towards [ is used for the directed edge (a, 3) € £. As an example consider Figure

Il
The direction of edges transfers to graphs in the following way: If all edges of a
graph G are undirected, the graph is called undirected. Similarly, if all edges are



1.1  Graphs and Trees 9

directed, the graph is called directed. By replacing all directed edges («, 3) € £ in a
directed graph G by their undirected counterparts («, 3) one obtains its undirected
version G*.

Next, a certain group of vertices is regarded. A path is an ordered set of distinct

vertices (aq,...,q,) where o; and o1, 7 =1,...,n — 1 are adjacent. Therefore, a
path is also defined through a set of edges (e1, ..., e,_1), where e; is the incident edge
to a; and ay41, 2 =1,...,n — 1. If for a path all edges ey, ...,e,_1 are undirected,

the path is undirected. If all edges are directed and point in the same direction,
the path is called directed. The length of a path is given by the number of edges it
runs through. For instance, the path (o, ..., a,) has length n — 1. As an example,
consider the paths in Figure [I.1] Here, (a1, ...,a4) and (31,.. ., (s) are undirected
paths, whereas (71,72, 73) is a directed path. When changing the direction of edge
(72,73) the direction of the path is lost.

o1

Figure 1.1: A graph and its components. The vertex ¢ is an isolated
point, the vertex as has neighbors a; and as and a child in 3;. §;
has two parents in as and ~s.

For some properties defined later, separating vertex sets are of interest. For vertex
sets A, B C V with AN B = 0, the set S C V is said to separate A from B if
all paths between vertices « € A and € B lead through S, i.e. for every path
(0q,...,q,) exist indices k < [ such that a; € A for i < k, a; € B for j > [ and
g, ...,ap € S. For instance, the vertex 0 in Figure separates the set {1, 72,73}
from the remaining vertices of the graph.

The aim is to define trees in the generally accepted version. To do this, a few
additional definitions are needed. Two vertices ; and (5 are called connected if
a path (aq,...,q,) exists with ay = (4 and «,, = (2. If every pair of vertices
is connected, the graph is called connected. A path (aq,...,a,) is called cycle if
a; = a, and n > 2. Figure is connected if the vertex ¢ is deleted. The path

(61, B2, B3, Ba, B1) describes a cycle.
With these notions the definition of trees can be provided:

Definition 1.1.2. A tree 7 := (V,€) is a connected, cycle-free graph.
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1.1.2 Properties of Trees

With this short introduction to graphs the underlying structure of the main objects
of this thesis are defined: trees. This subsection will present some of the most
important properties for the thesis.

Lemma 1.1.1. Let T = (V,E) denote a tree. Then, the following statements are

equivalent:
1. Between any two vertices 31 and (o in'V exists a unique path in T .
2. If €+, then §(L) > 2.
3. If4(V) =n then 4(€) =n — 1.
4. Assume that for all o« € N the degree is at least three. Then, (L) > §(N).

These are well-known properties. The unique path between vertices 3; and (35 is
denoted by p(f1,32). As proposed earlier, the length of the path is equal to the
number of edges it runs through. Accordingly, the length of a path on a tree will be

denoted by #(p(«, 3)).

Inner vertices of degree two will be called non-furcating vertices, because the edges
incident to such a vertex can be joined uniquely without destroying the connectivity
of the tree, i.e. such a vertex can be deleted without destroying the structure of
the tree. Similarly, inner vertices of degree three will be called furcating vertices,
because their deletion will destroy the connectivity of the graph. So far, trees are
treated as undirected. For this work one class of directed trees is of interest: the
rooted trees. For their introduction regard the relation <,, o € V defined by:

a=,0 = a€popf), aBeV.
This relation gives a partial ordering of V:

Lemma 1.1.2. For every o € V the relation <, is a partial ordering on V with
minimal element o.

The partial ordering <, induces a direction on an undirected tree 7 by choosing
only those edges (o, 3) € € with a <, 8. The resulting directed tree is called rooted
tree, and is denoted by 7, = (V,€&;p). In 7, all edges are directed away from p.
Note, that for every vertex a € V such a partial ordering can be defined.

Corollary 1.1.3. For every undirected tree T exists the family of rooted trees
(%)aev- O
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Note that every rooted tree 7, is defined on the same vertex set V as is 7, and
the adjacency between pairs of vertices is transferred from 7" to 7,. A very useful
property concerns the number of possible parents a vertex can have in a rooted tree.

Corollary 1.1.4. Let 7, denote a rooted tree. Then every vertex o € V \ {0} has
exactly one parent pa(a). The root has no parents, i.e. it is orphaned.

On a rooted tree 7, and a vertex o € V the following vertex sets are defined:

de(a) == {7 e V\{a}: aeplef)},

nd(a) ==V \ (de(a) U{a}),

n(a) :={8eV\{a}: geplo,n)}

hi(ar) := {f# € V\{a} : #(p(e. #)) < #(p(o; a)).

The set de(a) contains all vertices which are separated by « from the root g, and the
elements of de(a) are called descendants of . Accordingly, nd(«) contains the non-
descendants of . The set an(a) contains all vertices which lie on the path between
the root ¢ and «. The elements of an(«) will be called ancestors of c. Finally, hi(«)
contains all vertices whose path has at most the same length as the path between
0 and a. The set hi(a) will be called the history of a. In evolutionary terms, the
history of a fixed species, represented by «, contains all species that had influence
on the development of «, either through ancestry or environment. Obviously, one
has an(a) C hi(a) C nd(«).

Q

Figure 1.2: Vertex sets for a given vertex a on a rooted tree 7,.
The vertices colored red describe the descendants, the blue colored
vertices are the ancestors, the magenta colored the remaining ver-
tices of the history of o and the green colored vertices the remaining
non-descendants of of .. 7 is the unique parent of a.

The tree 7, presented in Figure also visualizes a weakness of the definition of
the ancestral set. If non-furcating vertices like ( are deleted from the structure, the
leaves d; and dy belong to the history hi(«). Since the history should contain all
species that lived before and with the species represented by «, this is an unwanted
effect. However, at the moment nothing can be done about it.
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Sometimes, literature distinguishes rooted trees with a root of degree two and of
higher degree. E.g., Huelsenbeck and Bollback [2001] called a rooted tree 7, with
deg(o) = 2 rooted, and with deg(p) > 3 unrooted. However, this work won’t apply
this distinction and calls any tree directed by a partial ordering <, a rooted tree.
The reasons for this decision will become clear in Section [1.2l

Another vertex of interest is the so-called most recent common ancestor mrca(a, ()
of two vertices o, 3 € V. The most recent common ancestor is defined by the
following condition:

p(o, mrea(e, 8)) = p(o, @) Np(e, B),
i.e. mrca(a, B) is the vertex at which the paths from the root to o and 3 split.

Usually, a special class of trees is preferred, the binary or bifurcating trees.
Definition 1.1.3. A binary tree is a tree T = (V, &) where for all « € V

3, acN,
deg(a):{ 1, ael.

This structure is preferred since it is seen as improbable that more than two new
species are connected with a furcating vertex. The special structure of binary trees
allows a computation of their number of edges and vertices from the number of
leaves.

Lemma 1.1.5.(Prop. 14.1 in Waterman [1995]) An undirected binary tree with n
leaves has exactly n — 2 inner vertices and n — 3 inner edges. There are

n—2
(2n — 5)!
2n — H)Il = 2k —1) = ——"—
o= TJion -1 - 2=
k=1
distinct undirected binary trees with n leaves. a

Corollary states that for an undirected tree a unique family of rooted trees
(7,) ey exists with the same vertex set and the same adjacency for pairs of vertices.
Hence, the number of vertices and inner edges remains the same for rooted binary
trees but the possible number of rooted binary trees with n leaves is the number of
undirected binary trees with n leaves times the number of vertices, which in that
case is 2(n — 1).

For any given number of leaves no other tree can have more furcating vertices than
a binary tree. The other extreme are trees with only one inner vertex. Such trees
are called star trees. Clearly, for any number of leaves these are unique. Therefore
for fixed leaf number n, the number of possible trees is increasing in the number of
inner vertices. Denote by ¥}, the set of all trees with £ = 1,...,n — 2 inner vertices.
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The number of all possible trees with n leaves is bounded from above by:

(2n — 5)!
27=3(n — 3)!

(2n —5)!

= (n — 2)—2”—3(71 e =: K(n).

k=0 k=1

Hence, the total number of trees with n leaves lies between #(%,,—2) and K(n). Table
[I.1] provides some numerical examples for the presented boundaries:

’ n \ binary \ K(n) ‘
3 1 1
4 3 6
) 15 45
6 105 420
8 10,395 62,370
10 2,027,025 16,216,200
15 | 7,905,853,580,625 | 102,776,096,548,125

Table 1.1: Number of trees depending on the number of leaves.

These numbers suggest why it is preferred to restrict reconstruction methods to
binary trees. But even then, the number of possible binary trees is much to high
to employ optimization methods that run over all possible trees. This problem is
addressed in the next subsection.

1.1.3 Supertrees and their Restrictions

Recent methods of phylogenetic reconstruction provide genealogic trees for large
numbers of leaves. As Table suggests, a selection from the overall set of possible
trees is a rather hopeless approach. However, for a small number of leaves the
amount of associated trees is reasonably small. Therefore, reconstructing large trees
from a set of smaller trees is a better approach. To describe this approach, several
structures must be introduced.

Definition 1.1.4. Let 7 = (V,&) denote a tree, and A C 'V is an arbitrary vertex
set. The subgraph of T generated by A is the graph G4 := (A, E4) given by the edge
set

Ea={(a,p) €€ a,fe AU{(c,f) €E: a,p € A}.

This definition has an immediate consequence.

Lemma 1.1.6. Let T = (V, &) denote a tree, and G4 be a subgraph to a vertex set
A. If Ga is connected, it is a tree. In that case G4 is called subtree of T .
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For a rooted tree 7, and the previously introduced vertex sets the following subtrees
are defined:

® Tic(a) = Gialude(a) denotes the descendant tree rooted at a,

® Tod(a) = G{a}und(a) denotes the non-descendant tree to c,

Figure[l.3|shows an example for the introduced subtrees for the tree 7, first presented
in Figure [1.2]

Figure 1.3: Kinds of subtrees. The red substructure together with
~ describes the descendant tree of «, the blue structure describes
the historical tree of v, and the blue structure together with the
magenta colored structures presents the non-descendant tree to +.
The subgraph generated by the magenta colored structures is not
connected, and hence it is no subtree.

The task of phylogenetic reconstruction is the derivation of the tree from its leaves.
For this purpose another substructure of trees will be introduced, the so-called
restrictions. For restrictions a certain vertex is of interest.

Lemma 1.1.7. Let 7 = (V,E) denote an undirected tree and o, 3, distinct vertices
inV. Then, a unique vertex pop, € V exists with p(a, 5)Np(a,v)Np(B,7) = {0ap~ }-
The vertex pqpy is called the trifurcating vertex of o, 3,v € V.

With trifurcating vertices the definition of restrictions is quite straightforward. For
this definition roots are of no concern. Therefore, without loss of generality restric-
tions will be introduced on undirected trees.

Definition 1.1.5. Let T = (V, E) denote an undirected tree. A restriction to a vertex
set A CV is a tree Ty composed of the vertex set Vy := AU {0apy : o, 5,7 € A}
and the edge set:

Eax={(a,p): a,B €V and pr(a, ) NV ={a,B}},

where pr(a, 3) denotes the path between o and 3 on T. Appropriately, T is called
supertree of Ty.



1.1 Graphs and Trees 15

If for n leaves a sufficient set of restrictions is available, then the supertree can be
reconstructed. On the general properties and problems of a supertree reconstruction
see e.g. [Bininda-Emonds et al. [2002] or Semple and Steel (2003, chap. 6]. For this
work two classes of restrictions are of particular interest.

Definition 1.1.6. Let 7 = (V,€) denote an undirected tree with n > 4 leaves.

1. A triple tree is a restriction T;, of T to a set of three distinct leaves
L:=A{a, 0,7} C L.

2. A quartet tree is a restriction Ty, of T to a set of four distinct leaves
L = {a7/67,}/76} C E'

Quartet trees are a popular class for reconstruction since a quartet tree is the small-
est tree that contains structural properties other than connectedness. They are used
in the software-package TREE-PUZZLE(cf. [Schmidt et al. [2002]), and their func-
tionality is discussed in various works (see e.g. [Strimmer and von Haeseler {1996] or
Waterman [1995, chap. 14]). For any selection of four leaves «, 3,7,d € V three dif-
ferent quartet trees are possible, namely (af3)|(70), (a)|(89) and («d)|(B7v). This
notation is also called split notation, the dash in the middle symbolizes the inner
edge for the associated quartet tree. See Figure for a good example.

Triple trees are structurally unique but only carry the information that the con-
sidered leaves are connected. Without additional properties associated with them
no reconstruction can be attempted. In this thesis, the additional property is the
parametrization of a Markov process on the vertices of the triple tree. Markov
processes on trees will be introduced in Section [1.2] an algorithm for the tree con-
struction will be presented in Section [5.4]

o)

S, v, ' vy B, 3,

Figure 1.4: The figure shows the rooted tree 7, and some restric-
tions, in particular, the quartet tree for leaves {d,...,d4} with
inner vertices [31, J2, and the triple tree for leaves {71, 72,v3} with
inner vertex . The quartet tree has no root due to multiple choices,
whereas the root for a triple tree will always be chosen as the in-
ner vertex, here . All black vertices cannot be observed in the
restrictions.
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The main focus of this work is on triple trees. Occasionally, quartet trees will be
used to bring obtained results into a better view in terms of the reconstruction of
trees. Generally, for the reconstruction of supertrees from triple trees the number of
triple trees associated with a furcating vertex is of interest. If one deletes an inner
vertex o € N together with the edges incident to it from a tree 7 = (V, £), the tree
decomposes into deg(«) disjoint subtrees. Denote the set of this subtrees by &,.
Using &, the number of possible triple trees with « as trifurcating vertex is easily
computed.

Lemma 1.1.8. Let 7 = (V, ) denote an undirected tree and o € N'(T) a furcating
vertex. Then the number of triple trees with o as trifurcating vertex is given by:

(1.1.1) nts(e) == Y H(L(T)HL(T))H(L(T5)).

11,72, 73684

For a reconstruction method evaluating all triple trees, each inner vertex o € N
is found in nt3(«) different triple trees. For example, the vertex p in Figure
is the trifurcating vertex for 12 different triple trees whereas «, 3, and 5 are the
trifurcating vertices for five triple trees each.

Overall a reconstruction of a tree with n leaves can be achieved by regarding (g)
distinct triple trees with a weight function compared to 3(2) different quartet trees
or (2n — 5)!! binary trees.

’ n H triples ‘ quartets ‘ binary ‘
4 4 3 3
5 10 15 15
6 20 45 105
7 35 105 945
8 45 210 10.395
9 84 378 135.135
10 120 630 | 2.027.025
20 1.140 14.535 | 2,2-10%

Table 1.2: The number of possible binary trees for n leaves and the
number of their restrictions with three and four leaves, respectively.

As Table shows, for a large number of leaves the number of triple trees is much
smaller than the number of quartet trees or binary trees. Hence together with a
reasonable weight function the computational time could be reduced considerably.
Markov processes on trees offer various possible weight functions.
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1.2 Markov Models on Trees

This section introduces the notion of conditional independence, and applies this
notion to define processes on trees with certain properties. These properties are first
introduced on undirected trees, and then with slight variations on rooted trees. The
notions are based on Lauritzen [1996| chap. 3] and its revised form Lauritzen [2001].
Most results are immediate consequences of results from these works. Throughout
this thesis it is sufficient to restrict the considerations to discrete random variables.

1.2.1 Conditional Independence

Let XY, Z denote discrete random variables with joint probability distribution u
over a discrete space X 1= Xx X Xy x Xz. The following abbreviations are useful:

pxy(,y) =X =2,Y =y), pxy(z,y) =pX =Y =y),
px(z) = p(X =),

where the equations describe the pairwise joint probability, the conditional proba-
bility for X = z given Y = y and the marginal distribution in X, respectively. Ac-
cordingly, the notion for the joint distribution in all random variables is pxyz = u.
The law of total probability (see also (1.5.2))) indicates that all those abbreviations
can be described by p, thus justifying the use of the letter p in the abbreviations.

Definition 1.2.1. Let X,Y,Z denote discrete random wvariables with joint prob-
ability distribution p. X is called conditionally independent of Y given Z under u
and write X LY | Z [u] if for p-almost all x € Xx, y € Xy, z € Xz the following
equality holds

(1.2.1) pxyiz(®,y, 2) = pxiz(x, 2) - pyz(y, 2).

If Z s trivial X is said to be independent of Y, and write X 1L Y.

Lemma 1.2.1. Let X,Y,Z and W denote discrete random wvariables with joint
distribution p and let h denote an arbitrary measurable function on the sample space
of X. Then, the ternary relation - 1L - |- has the following properties:

) if X LY |Z, thenY 1L X | Z;
C2) f X 1LY |Z and U = h(X), thenU 1LY | Z;
) f X WY |Z and U = h(X), then X 1LY |(Z,U);
) f X LY |Z and X LW I|(Y,Z), then X 1L (W)Y)]| Z.
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Note, that the converse to (C4)) follows from (C2|) and (C3|). Another property of

the conditional independence relation is often used:
(C5) FXUY|Zand X 1L Z|Y, then X 1L (Y, Z).

However, this property does not hold universally, but only under additional condi-
tions - essentially, that there are no non-trivial logical relationships between Y and
Z. A trivial counterexample appears when X =Y = Z with pux(1) = pux(0) = 1/2.
One condition for the validity of is the strict positivity of the joint distribution

[
Lemma 1.2.2.(Proposition 3.1 in Lauritzen [1996]) Let X, Y, Z denote discrete ran-

dom variables with a joint distribution . If p is strictly positive, then 18 valid.
(I

Quite a few works on modeling molecular evolution assume strict positivity (cf.
Chang [1996], Baake [1998]). This work refrains from making this assumption since
the input data usually available do not support it.

As already indicated, the relationship of families of random variables over a set
of vertices is of great interest. Let G = (V, &) denote an arbitrary graph and
X = (X4)aey arrays of random variables X, in finite discrete measurable spaces
X,. For A C V denote by X4 := X _c4 X, the cross product of the measurable
space of the random field X4 := (X,)aca. Typical elements of X4 are denoted by
7 = (Ta)aca.

For vertex sets A, B,C' C V the following abbreviation for the conditional indepen-
dence relation is introduced

Al B|C &= X411 XB|XC°

With this abbreviation the properties (C1))-(C4)) translate for vertex sets A, B,C' C'V
to

(S1) if ALl B|C, then B 1L A|C;

(S2) if ALl B|C and D C A, then D Il B|C;

(S3) if ALl B|C and D C A, then A 1l B|(DUC);

(S4) if All B|Cand ALl D|(BUC), then A1l (DUB)|C.

Moreover, for disjoint subsets A, B, C and D of V, transfers to
(SH) if ALl B|(CUD)and AL C|(BUD), then A1l (BUC)|D.

Similar to (C5)), property only holds for additional conditions, for example if
the joint distribution g is strictly positive.
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For the abbreviations for conditional and marginal probabilities the convention will
be extended such that the vertex sets are used as indices instead of the random
variables, e.g. piap 1= pxaxs for A, B C V. The joint probability over X will still
be denoted by p 1= py.

1.2.2 Markov Models on Undirected Trees

This subsection will introduce some properties for a process X on a vertex set V of
an undirected tree 7 with values in a state space X. It is well-known that such a
process is characterized by a joint distribution i over XY. Of special interest in this
work are joint distribution which factorize.

Definition 1.2.2. A joint distribution p over XV is said to factorize according to an
undirected tree T if for all edges (o, B) € € non-negative functions g : Xy X Xz —
R exist such that the probabilities for states ¥ € XY can be written as:

(1.2.2) @) = J[ vos(ra,ws).

(a,B)€E
If 1 factorizes it is said to have property (F).

The functions ., (o, 3) € £ are not unique. For example, one could fix a leaf
0 € L with the partial ordering <, and set

P(XB:$6|Xa:xa)a o <, s,

1.2.3 08(Ta, Tg) =
(123) Yoo (T, 7o) { P(Xeno) = Ten(o), Xo = 7,), a =0

This assignment for 1,4 is unique because the degree of a leaf is one, and therefore
0 € L has only one child. This is the preferred assignment for ¢,z (e.g. |Chang
[1996] or [Huelsenbeck and Bollback [2001]). The assignment of the partial ordering
also gives an idea about the factorization on directed trees. But this is the subject
of Subsection [.2.3]

For an introduction of Markov properties the factorization property lacks a proper
interpretation. To accommodate for this, consider the following properties: A prob-
ability measure i over XV is said to obey

(P) the pairwise Markov property, relative to 7, if for any pair «, 5 € V of non-
adjacent vertices:

all B[V \{a, B}
(L) the local Markov property, relative to 7, if for any vertex a € V:

a LV ({a} Une(a)) [ne(a);
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(G) the global Markov property, relative to 7, if for any triple (A, B, S) of disjoint
subsets of V the set S separates A from B in 7T:

Al B|S.

The pairwise Markov property states, that the information available from [ that is
relevant for a prediction for « is already contained in the information from the re-
maining vertices. Analogously, the local Markov property states that the neighbors
of o also contain the information from the non-adjacent vertices of o that is relevant
for a prediction for a. In Chang [1996] this is the property assigned to the process.
The global Markov property is the strongest property because the separation prop-
erty states that any neighbor 3 of a already contains all available information from
the subtrees separated from « by (. Figure illustrates these properties on a tree.

(P) (L)

ne{o)

Figure 1.5: The three colorations of 7 demonstrate the properties
(P), (L) and (G), respectively. The blue vertices are the condition
for the independence of a from the other red vertices in (P) and
(L), and S separates A from B; and Bs in (G).

The relationship between the presented Markov properties is the object of the next
considerations. Equivalence would be preferable, because the factorization property
is the main object of the next chapters. The following properties can be observed:

Proposition 1.2.3. Let T = (V, ) denote an undirected tree and p a probability
distribution on XV.

1. The following implication rule holds: (F) = (G) = (L) =(P);
2. The following equivalence holds: (F) < (G);
3. If u 1s such that holds for disjoint sets A, B,C, D CV, then

F) = (G <« @) < (@)
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Hence, if a joint distribution u over XV satisfies over a tree, equivalence is
attained. Generally, on undirected graphs equivalence is only observed if p is a
strictly positive joint distribution. This statement was proved by several authors,
but is usually attributed to Hammersley and Clifford [1971]. Strict positivity is
also a consequence of the conditions on the functions (¢ag)(a,g)cs in |Chang [1996],
guaranteeing the equivalence of local Markov property and factorization property.

In Matus [1992] classes of graphs are presented on which equivalences of properties
is obtained with structural arguments. The results of this work have the following
consequence for trees:

Lemma 1.2.4. Let T = (V,€) denote an undirected tree. Then, the factorization
property and the local Markov property are equivalent if and only if £ contains at
most one inner edge.

In other words, on star trees and trees with one inner edge the joint distribution
p need not satisfy additional conditions to provide the equivalence of (F) and (L).
Since, triple trees are star trees, and quartet trees are the only class of binary trees
with one inner edge, they are subject to this equivalence. However, Lemma [1.2.4
also indicates that this equivalence does not translate to supertrees with more than
one inner edge. The next statement is important for reconstruction methods:

Proposition 1.2.5. Let T = (V, &) denote an unrooted tree and p a joint distribu-
tion over XY. Further, A denotes a subset of V, T4 is the associated restriction of
T, and pa = pla the constraint of p to Ta. If p admits a factorization on T then
[ also admits a factorization on Tx. Generally, the converse does not hold.

Therefore, if a factorizing distribution p exists on the supertree 7, the constraints
of p to the restrictions of 7 factorize.

1.2.3 Markov Models on Rooted Trees

Usually, rooted trees are the preferred structure for phylogenetic reconstruction,
since they suggest an evolutionary time system. This section will provide similar
Markov properties to the properties presented for undirected trees and consider some
implications. As before, the first property is a factorization property on rooted trees.

Definition 1.2.3. A probability distribution u allows a recursive factorization over
a discrete state space XY on a rooted tree T, = (V, E; 0), if a root distribution ¢° and
a family of transition matrices (Paﬁ)(aﬁ)eg exists such that p can be written as:

(1.2.4) p(aY) = ¢°(x,) H Paﬁ(xﬂaxa)a 2¥ = (2a)acy € XV,
(a,8)€E
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Hence a factorizing distribution u is characterized through a marginal distribution
q° and family of transition matrices (P’ )(a,9)ce- The recursive factorization will be
denoted by (DF). Again, though the factorization property of a joint distribution p
is appropriate, it has no good interpretation in terms of conditional probabilities.
Therefore, further Markov properties are introduced. A probability measure y over
XV on the rooted tree 7, is said to obey

(DG) the directed global Markov property, relative to 7,, if for any triple (A, B, S)
of disjoint subsets of V the set S separates A from B in 7;

(DL) the local directed Markov property, relative to 7,, if any vertex is conditionally
independent from its non-descendants given its parent vertex pa(«):

o 1L nd(e) \ {pa(a)} | pa(a);

(DO) the ordered directed Markov property, relative to 7,, if any vertex is condition-
ally independent from its history given its parent vertex pa(«):

a 1L hi(e) \ {pa(a)} | pa(a).

These properties have appropriate interpretations in terms of phylogenetic recon-
struction. For instance, the ordered Markov property states that all the information
available from the history of a certain species is contained in the information of the
predecessor of the species. Also, (DO) is regularly used as the basis of model con-
siderations in terms of phylogenetic reconstruction (e.g. Huelsenbeck and Bollback
[2001] or |Steel et al. [1998]). Figure visualizes the presented properties.

Figure 1.6: Markov properties on rooted trees. (DG) describes the
global directed Markov property where A is conditionally indepen-
dent of B given S. (DL) describes the local directed Markov prop-
erty, and (DO) describes the ordered directed Markov property. In
both properties « is given its parent conditionally independent of
its non-descendants and its history, respectively.

The interesting fact about these properties is the fact that they are equivalent:

Theorem 1.2.6. Let 7, = (V,&; p) denote a rooted tree. For a probability distribu-
tion u over a discrete probability space XV the following equivalence is observed:
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(DF) < (DG) <« (DL) <« (DO).

Due to this equivalence one just speaks of the directed Markov property. The rela-
tionship of Markov properties on undirected trees to the directed Markov property
on rooted trees is explained in the following statement:

Proposition 1.2.7. Let T = (V,€) denote an undirected tree and p a joint distri-
bution over XY. u obeys the global Markov property relative to T, if and only if it
obeys the directed Markov property on the rooted tree 1, for all o € V.

With Proposition [1.2.3]2 one can equivalently state, that a factorizing joint dis-
tribution p on a undirected tree 7 also factorizes on all rooted trees 7,, a € V.
Therefore, a particular choice of root does not alter the joint distribution p. This
root irrelevance is due to the commutativity of joint probabilities and their influence
on the definition of conditional probabilities, see (|1.5.1]).

Note, that Proposition [1.2.5]is also valid on rooted trees.

Corollary 1.2.8. Let 7, = (V,&;0) denote a rooted tree, A C V, and p is a
factorizing distribution over XY. Then, the constraint ua of i to A factorizes on
the restriction T4.

In particular, this result provides the opportunity to regard restrictions like triple
or quartet trees in order to derive the characterization of a possible Markov process
on the supertree. However, one should always keep in mind that the existence of
a factorizing distribution on the restrictions is only necessary but not sufficient for
the existence of a factorizing distribution on the supertree. Sufficiency conditions
are regarded in Section |1.4]

1.3 Biological Background

Usually, a stochastic approach to molecular evolution is made by treating it as a
Markov process X on a rooted tree 7, = (V, &; p) over a genetically motivated state
space X. The structural elements of 7, are interpreted in the following way. The leaf
set L depicts a set of extant species and the inner vertices depict their respective
ancestors up to o which describes their most recent common ancestor (mrca(L)).
In that notion a tree over all extant species should have the ancestor of all species
(if such a species exists) as a root. The best known example of such a tree is the
Haeckel-tree.

Ideally, the state space X is the set of sequences or words of length m over a genetical
alphabet. The most popular alphabets are:
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Figure 1.7: The Haeckel Tree

Sy ={R,)Y}, S, :={ACG T},
820 = {w;ma y7q7f77:7g7v7h7 e,l,p,s,c, a, r,n,d,t, k}v

depending whether one looks at purines vs. pyrimidines (S,), at nucleotides (Sy) or
at amino acids (Sap).

An often, but reluctantly (e.g. [Huelsenbeck and Bollback [2001]) made simplification
concerns the evolution of sequences: It is assumed that all positions of a sequence
evolved independently and identically distributed. In other words, the process of
molecular evolution is assumed to be driven solely by point mutations, and that no
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recombination, insertions or deletions occurred. It is a very restricting condition,
and methods developed under such a model should only be applied to sequences
from either mitochondrial DNA or of the Y-chromosome. Actually, most insights
concerning the relationship of species or races are based on comparison of such
sequences (e.g. [Sykes [2001]). Under this assumption the state set can the restricted
to one the alphabets. Then a set of n aligned sequences of N sites provides a sample
of N independent observations of the process X, and hence statistical methods can
be applied to estimate the process in the n vertices which represent the n sequences.

X is characterized through a joint distribution p := (p),exv Which assigns to every
joint state x € XY = X x --- x X a probability of occurrence. A joint distribution s
over XY which characterizes a Markov process X will be called a Markov distribution.
Since X is a Markov process its characterizing distribution p is subject to equation
(1.2.4) and hence is described by choosing transition matrices (P¢).ce and a root
distribution p? from a parametric subfamily.

This thesis will consider three model specifications given by the special structure
of their transition matrices, namely the general two state model, the Neyman N
model and the Kimura 2ST model.

Example 1.3.1. The general two state model considers the state space S, or equiv-
alently {0, 1} and transition matrices of type:

a . 1_p81 pgl ) g._( qg )
b ( Plo 1—p%)"° . 1_98

for a € V \ {p}. It is the simplest non-symmetric model, i.e. the transition from
class one to class two has a different probability of occurrence than staying in one
class. Apparently, one can apply this model to DNA-data by distinguishing two
classes of states. Two of the three possible selections actually have an interpreta-
tion. The selection {A, G} vs. {C, T} is the purine vs. pyrimidine approach. The
selection {A, T} vs. {C,G} would give an idea about the possible development of
the often discussed {G,C}-content (e.g. Meunier and Duret [2004]). According to
the presented article the evolution of the {G, C}-content is driven by recombina-
tion. Since the homogeneity assumption does not permit recombination and under
the stability assumption for the {G, C'}-content (cf. Meunier and Duret [2004]), the
change of the content should be small if at all observable. The third classification
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{A,C} vs. {G,T} seems to be of no interest.

Example 1.3.2. The simplest way to incorporate a larger state space X is to
assign a probability p® for the overall probability of change along an edge e and then
distributing it equally to all states. For instance, if X = &, = {0,1,...,k — 1},
the change from state x € S to state y # x has probability p°/(k — 1). In addition,
if the marginal distribution in the root p is assumed to be stationary, i.e. p¢ =
(1/k,...,1/k), the resulting model is called the Neyman Ny model (eg. Semple and
Steel [2003]). The transition matrix for an edge e € £ according to this model is
described by:

_ De Pe
L=pe =5 - 335
Pe _ Pe
pe._ | R L=pe .o 35
_DPe_ _Pe_ _
=} =} oo 1 —pe

Due to the symmetric structure of the transition matrices for all edges the stationar-
ity of the marginal distributions translates to all vertices, i.e. u® = u for all a € V.
Hence, the model is characterized through one parameter per edge. The special case
Ny is better known as the Jukes-Cantor-model.

Example 1.3.3. Although the Neyman approach is easy and can be applied to
any number of states, more complex models are preferred to accommodate certain
observations in real data. One such observation is addressed by the Kimura 25T
model. Examining the classification of nucleotides into purines and pyrimidines
showed that a change within a class is more probable than a change between classes.
A change within a class is called TRANSITION, and a change between classes is
called TRANSVERSION. The Kimura 2ST model is defined over the state space
Sy or equivalently {0, 1,2, 3}, and regards the states as stationarily distributed at
the vertices, in this case u® = (1/4,1/4,1/4,1/4), a € V. As already proposed, the
states are divided into two classes, namely purines ({0,1} = {4, G}) and pyrimidines
({2,3} ={C,T}). The associated transition matrix for an edge e € £ is given by:

1- Pe — QQE De Qe qe
e De 11— Pe — 2(]6 Qe Qe
1.3.1 pPe = )
( ) Ge e 1 — Pe — QQe De
Qe e Pe 1-— Pe — 2Qe

Here, p. denotes the probability of a TRANSITION and 2¢. is the probability of a
TRANSVERSION along edge e € £.

Example 1.3.4. There are two other rather popular specifications, namely the rate
model and the rate model with molecular clock. The example will introduce those
models only as far as they are considered in the thesis. For a more complete look
at these model specifications see eg. Waterman [1995, chap. 15].
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Behind the development of the rate model was the assumption of a continuous time
model, where a rate matrix () describes the rates of change across states, i.e.

- Zf:g q1i qi12 . qik
421 - Zl;g 4 - Q2k
o= * et .
qk1 qk2 cee T 2?2—11 Qki

The transition matrix after time ¢ > 0 is given by
P(t) = t = i m
(t) = exp( 'Q)—Z_OEQ :

Thus, transition matrices for a particular edge e are given by exp(t.Q)) where ¢,
denotes the time associated with the length of edge e € £. Moreover, for ¢t = 0 this
approach yields P(0) = 1, the identity matrix in R*** i.e. if no time elapsed the
probability of change is zero. Thus, artificial edges of zero length are endowed with
the identity matrix as their transition matrix.

B

Figure 1.8: A rooted binary tree with molecular clock. The lengths of the
edges (az, 1) and (ag, B2) equals A and the length of (ay, as) is the length x
of (a1, f3) minus the A.

Generally, rooted trees are preferred for their resemblance to a time line and there-
fore, the suggestion of a process running through time. However, as Proposition
will show, the Markov model without any further restriction does not prefer
a particular root, i.e. any choice of inner vertex as root returns the same joint
distribution to the Markov process.

One restriction providing a root is the rate model with molecular clock. It forces
a root to a tree by demanding that paths between the root and leaves have equal
lengths. This approach is called molecular clock since it is based on the assumption
that for extant species the same evolutionary time elapsed since their mrca roamed
the earth. As an example consider Figure [L.8 Here, the edges (as, 51) and (s, (32)
have the same lengths and the length of edge (a1, 33) is equal to the length of the
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path p(aq, 51). Methods using this approach provided good approximations of the
real evolutionary time. Probably the best known result was the placing of the mrca
of chimp and human three million years back which was at that time a much shorter
period as was assumed by anthropologists (eg. (Gribbin and Cherfas [2001]).

This concludes the introduction of models of molecular evolution considered in this
work. Obviously, there are a lot more models each of which serves the visualization
of certain aspects observed in data. However, their introduction is not subject of
this thesis. For a satisfying overview Ewens and Grant [2001] is suggested.

1.4 The Task of Phylogenetic Reconstruction

Although the number of theories is astonishing, knowledge of evolutionary history
is sparse and generally data are available only for species of recent times. Some
fossil records provide approximations to evolutionary time, and thus for a molecular
clock, and some insights into relationship and inheritance as well. In terms of the
model this means that the inner structure of the tree is unknown.

Figure 1.9: The leaves {a1, ..., a4} are known, but the connection to the three
inner vertices (1, 32 and p is unknown. The figure presents three possible
rooted structures. The black dashed structure is rooted at p and splits oy, as
from ag, ay. The blue solid structure presents a root change from p to g, and
a reconnection of ay from [3; to p. In this structure oy is called an outgroup.
Finally, the red pointed structure puts the root back into p but splits aq, ag
from as, a4 with outgroup ay. Outgroups are usually used to place a root.
Note, that the edge lengths in the picture are meaningless, they only visualize
connectivity.

The knowledge of present species can be viewed as the knowledge of the Markov
process on the leaves £ of the sought tree 7, = (V, ; 0). Throughout the chapter
the cardinality of £ is n > 3. Thus in terms of the model, today’s knowledge is
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given as a leaf distribution m, which relates to the Markov distribution p by

(1.4.1) m(z)= > pzy), zeX"

The task of phylogenetic reconstruction is to find a Markov distribution p which fits
today’s knowledge i.e. a given leaf distribution m.

Definition 1.4.1. Let 7, denote a rooted tree and m a leaf distribution on L. A
Markov distribution p on V satisfying is called Markov extension of m over
7,.

Since 1 is a Markov distribution on a rooted tree, one applies ((1.2.4]) to (1.4.1]) to get
the following relationship between a leaf distribution and the transition matrices:

(LF) m(z) = > pelzy) [[ P, zeX”

NeaxN (a,8)€€

This equation is the basis of almost all following considerations. In terms of phylo-
genetic reconstruction the left hand side is known for all z € X* and the parameters
of the associated right hand sides need to be retrieved.

Recall from Proposition [I.2.7] that for u to be a Markov distribution the particular
choice of p is of no effect. For reconstruction methods the following properties must
be regarded:

Proposition 1.4.1. Let 7, = (V,&; p) denote a rooted tree and m an joint distri-
bution on the leaves of T, with associated characterization (P*?) gee and p® for
the associated Markov distribution p. Then, the following properties are observable:

1. w is also a Markov distribution on every rooted tree T,, a € V.

2. p can be adapted to any tree obtained from I, by adding or deleting a vertex
of degree two without violating the Markov property.

Statement 2 implies, that vertices of degree two are not reconstructible from a leaf
distribution. Statement 1 shows, that for computations the root can be placed at
the best suited vertex without changing the Markov distribution. However, for the
placement of a root, the structure of 7 must be known. Equation provides
a lower bound of possible structures with the number of binary trees to a given
number of leaves. As Table shows, for 20 leaves this number is with 2,2 - 10%°
already much too high to check all possible structures.

Thus alternative methods of reconstruction are sought. Table suggests one,
namely using sets of subtrees to reconstruct the supertree (e.g. Semple and Steel
12003, chap. 6]). A popular approach is using quartet trees (e.g. [Strimmer and von
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Haeseler [1996]), where only three possible ways of inner structures to four leaves
are distinguishable. Hence, computing a sufficient set of quartet trees provides a
way to reconstruct a supertree. A sufficient set of subtrees contains restriction trees
for all leaves, and some overlap to connect them. Often, the quartet set contains
incompatible quartets. For instance, the quartet splits ajas|aszay and ajas|asas
provide an incompatibility in the splitting of «y, as and a3. Depending on the
reconstruction method, such cases lead to information loss (supertree methods, eg.
Bininda-Emonds et al. [2002]) or more structural complexity (phylogenetic networks
eg. Bryant and Moulton [2002]).

Chang [1996] states, that if a factorizing joint distribution p exists on the true (but
unknown) tree 7', then the constraints of i to the triple trees of 7 will return 7 and a
characterization of . This is not completely true, because due to Proposition[1.4.1}2
such a reconstruction will not return non-furcating vertices of 7. However, this loss
of information is acceptable because non-furcating vertices provide no additional
information about the relationship of the leaves. Moreover, as Table shows, the
number of possible triple trees is another reduction of objects to consider.

1.5 Proofs

This section cumulates the proofs for all results of this chapter.

1.5.1 Proofs for Section [1.1]

Section [1.1] contained the background from graph theory for trees.

Proof of Lemma [1.1.1l The presented statements follow from Theorem 1.2.1 and
Proposition 1.2.5 in Semple and Steel [2003]. O

Proof of Lemma [1.1.2l In order to be a partial ordering, <, needs to be reflexive,
transitive and asymmetrical on V. Let o, (3,7 € V. Reflexivity follows since o €
p(o, a).

For transitivity let a <, 3 and 3 <, 7, i.e. @ € p(p,5) and § € p(o,7). Since 7 is
a tree, p(g, #) C p(o,7) and thus, a € p(p,7), i.e. a <, 7.

For asymmetry assume o <, # and 3 <, a. The path on trees is unique, thus the
assumption is only fulfilled if o = (5.

o0 is the minimal element because ¢ <, « for all &« € V holds. Hence, all statements
of the lemma are accounted for. O

Proof of Corollary [1.1.4] Assume, that o € V \ {¢} has two distinct parents (;
and (. But then 7, would allow two different paths p;(p, @) running through f,
and ps (g, @) running through (B2 contrary to the path uniqueness proved in Lemma
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1.1.1} Assume, p has a parent vertex . Then 7, contains an edge (v, 0). But this
implies v <, o contrary to the fact that g is the minimum of <, on V. Therefore, o
is parent-less and thus, the corollary is proved. O

Proof of Lemma [1.1.6l Assume G, is connected. Due to the definition, 7 does
not contain a cycle. But since G4 only inherits edges from 7 it also is cycle-free.
Thus, G4 is cycle-free and connected, which is the definition of a tree. This completes
the proof. O

Proof of Lemma [1.1.7. The intersection of paths must be non-empty since the
vertices are connected. If, w.l.o.g., 5 € p(«,~y), the intersection of the three paths
returns 3 as the only element.

Now assume that at least two distinct vertices o1, 0o are in the intersection of the
paths. W.l.o.g., rewrite two paths as unions

p(a, B) = p(a, 01) Up(o1,02) Up(o2, B),
p(a,v) = pla, 01) Up(o1, 02) U p(02,7).

This yields for the third path:

p(B,7) = p(B, 02) Up(o2, 01) Up(e1,7)
= p(B3, 02) Up(02, 01) Up(o1, 02) Up(02,7)-

Apparently, the path between p; and g5 occurs twice on the right hand side. Thus,
p(3,7) = p(B, 02) Up(02,7) and the intersection of the three paths contains only o
contrary to the assumption and thus, the lemma is proved. O

Proof of Lemma [I.1.8 Selecting a triple begins with selecting three leaves. Since
« is meant to be their trifurcating vertex, the leaves need to be separated by «. Thus,
each has to come from a different subtree from &,. Select three distinct subtrees
from &,. The number of possible triples generated from those three subtrees is the
product of the number of their leaves. By summing over all possible selections of
three distinct subtrees one finally gets and the lemma is proved. O

1.5.2 Basic Notions from Probability Theory

The following statements are well-known in the field of probability theory. The order
of results is copied from [Semple and Steel [2003, p.4]. Let X denote a sample space.
Provided P(B) > 0 the conditional probability of an event A given B is given by:

P(A, B)

(1.5.1) PIAIB) = 55

For the proofs of Section the following elementary results are useful.
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(i) (Law of total probability) If By,..., By partition X and A is an event in X,
then:

(1.5.2) P(A) = i]P’(A]Bi)]P’(Bi).

i=1
(ii) (Bayes’ rule) If A and B are events in & and P(A),P(B) > 0, then

P(A|B)P(B)

(1.5.3) P(BI4) = =5 4

The value of P(A) on the right hand side of ((1.5.3]) is often evaluated by the
law of total probability.

(iii) (The product rule) If Ay,..., Ay are events in X, then

(1.5.4) P(A, ..., Ay) = P(A)P(As|A)P(As| Ay, As) .. P(A| Ayer, ..., Ay).

1.5.3 Proofs for Section 1.2

Section [1.2] presented Markov properties on trees.
Proof of Lemma [1.2.7]. See for instance Lemma 5.2 in [Dawid [1980]. O

Proof of Proposition [1.2.3] For statement 1 see Proposition 3.8 in [Lauritzen
[1996].

With statement 1 only the direction (G)=-(F) must be shown to prove statement
2. This is done by ordering the vertices placing the leaves last, preceded by their
immediate neighbors and so on, then applying the product rule (1.5.4) and finally

use the global Markov property on the ensuing equation. The resulting factorization
is of the form presented in ([1.2.3)) and therefore p factorizes on 7.

Finally, statement 3 follows from Theorem 2.7 in [Lauritzen [1996] together with
statement 2. This completes the proof. O

Proof of Lemma [1.2.4. According to Proposition 1 in Matus [1992], equivalence
of global and local Markov property is given if and only if the considered graph G
has no subgraphs with exactly four vertices and exactly two parallel edges. Any sub-
graph with four vertices of trees with at most two inner vertices is either connected
or contains at least one isolated point. Further assume that a tree has the inner
vertices oy, ag, a3 and edges (a1, az) and (s, az), and the leaf 3; is adjacent to
whereas the leaf (3 is adjacent to a3. Then the subgraph with vertices aq, ag, (1, B3
has exactly two parallel edges (a1, 51) and (g, 3). This completes the proof. O
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Proof of Proposition [1.2.5. The statement is an extension of Proposition 3.22
in |Lauritzen [1996]. Let 74 = (A, €4) denote a restriction of 7 = (V, &), and pa
is the constraint of u to 74. W.lo.g., o € A. Then similar to (1.4.1)) one has with

Proposition and for x € X4
palz)= > paw=q¢ [ 2% Y. 11 Pr..

yexV\A (a,B)€EA yeXVA\A (7,0)€8\Ea

- qﬁg H anﬁﬁ:ma ’
(Cxﬂ)GEA

since vertices of degree two vanish from the equation with

(155) Z P%Ch(a)ngpa(a) = Mch(a)\pa(a) (?/7 2)7 Y,z € X7
reX
and > Pﬁyﬁ =1 for all y € X. This completes the proof. ad

Proof of Theorem [1.2.6. The equivalence chain (DF)<(DG)<(DL) is the state-
ment of Theorem 3.27 in Lauritzen [1996]. (DL)=-(DO) follows with and
hi(e) C nd(a) for all @ € V. (DO)=(DF) is proved similarly to Lemma [1.2.4]
using and applying (DO) on the result. This completes the proof. O

Proof of Proposition [1.2.7, This follows immediately from Proposition 3.28 in
Lauritzen [1996] and Proposition 2. O
1.5.4 Proofs for Section 1.4

This subsection will verify the statements made concerning the reconstruction task.

Proof of Proposition [1.4.1] Statement 2 follows from ([1.5.5)), and statement 1
follows from Proposition [1.2.5] O
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Chapter 2

Algebraic Geometry

The previous section described some stochastic features of the model. This section
will provide algebraic tools to answer the following questions concerning the recovery
of a Markov process through equation (LF]):

1. When does a leaf distribution m has a solution, i.e. when does it have a
Markov-like extension (see Def. [2.1.3])7

2. When is the number of solutions finite then?

3. How many solutions do exist for a given leaf distribution m?

The answers presented in the following section will be of a general kind. In particular,
for question 3 only a lower and an upper bound are presented. Moreover, note
that only conditions for Markov-like extensions can be established with algebraic
geometry. The structure of the section follows the stated questions. The notation
and results provided here are mostly taken from |Cox et al. [1997]. Conditions for
Markov extensions on triple trees for the general two state, Neyman N, and Kimura
25T model are presented in later chapters.

2.1 Rewriting the Questions

This section will provide the general language of polynomials and varieties. At the
end of it, the above questions will be restated in the notion of varieties.

Definition 2.1.1.(Def.s 1.1.1-3 in |Cox et al. [1997]) A monomial in ti,...,t. is a
product of the form
191432 g0

where all of the exponents ay,...,a, are nonnegative integers. The total degree |a|
of this monomial is the sum aq + -+ - + «..

35
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A polynomial f in ty,...,t,. with coefficients in C is a finite linear combination (with
coefficients in C) of monomials. A polynomial f is written in the form

f= ant“, cqe € C,

where the sum is over a finite number of r — tuples a = (aq,...,a,). The set of all
polynomials in ty, ..., t, with coefficients in C is denoted Cltq,. .., t,].

The total degree of a polynomial f in C[tq,...,t.], denoted deg(f), is the mazimum
la| such that the coefficient c, is nonzero.

Usually, some characteristics of polynomials are given by their zero points or roots.
Therefore, a system of polynomials can be described by its joint roots. The set of
joint roots is called a variety:

Definition 2.1.2.(Def. 1.2.1 in |Cox et al. [1997]) Let fi,..., fs be polynomials in
Clt1,...,t.]. The set V(f1,...,fs) defined through

V(fi,.oo o f) = {(an,....a,) €€ filar,...,a,) =0 for all 1 <i < s}
18 called the affine variety defined by fi,..., fs.

Thus an affine variety V(f1,..., fs) C C" is the set of all solutions of the system of
equations fi(t1,...,t,) =--- = fs(t1,...,t.) =0.

The first task is to apply the above notation to the system (LF]). For a proper
application assign the integers s and r with their representant from the Markov
model. h denotes the number of polynomials. System has as many equations as
the joint leaf distribution m has elements, i.e. 4(S)*“). Set k := #(S) and n = #(L).
Denote the parameters on the right hand side of by (p1,...,pr) where the
ordering should be chosen appropriately. Usually, r = (k — 1) 4+ k(k — 1)§(&), where
£(&) is the number of edges in the tree 7, and s = k™ is the number of polynomials.
Thus, a suitable ordering could be given by assigning the first k(k—1) parameters to
the first edge, the second k(k — 1) parameters to the second and so on and the final
k — 1 parameters would stand for the root parameters. Clearly, for this example an
ordering of the edges needs to be included. Finally, to transfer the problem of finding
a solution to the system to finding the roots of an associated system assign a
suitable ordering to the elements of the leaf distribution m, i.e. m := (m;);_,. For
instance if S :={0,1,...,k — 1} the ordering could look like

P=a k" ok k4, + 1 r; €S, j=1,...,n
With these conventions rewrite (LE|) by m; = fi(p1,...,p), i =1,...,s and define

(2.1.1) gi(ma, ..., mg,p1,...,pp) :=m; — fi(pr,...,pr), i=1,...,s.
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Denote by W :=V(gi, ..., gs) the variety of system (2.1.1)). Then finding a solution
of w.r.t. to a given joint leaf distribution m is equivalent to computing the
intersection:

S =Wn{zeC": z;=m;,i=1,...,s}.

With these notions the questions asked at the beginning of the section are translated
into:

1. When is &,,, nonempty?
2. It &,, is nonempty, is it finite?
3. If G,, is finite, what is its cardinality?
For the language of the next sections the following definition is necessary.

Definition 2.1.3. Let m denote a leaf distribution on a tree T. A solution of
w.r.t. m s called Markov-like extension. If a solution is stochastically admissible,
i.e. if the solution describes a set of transition matrices and a root distribution, it
15 called Markov extension.

2.2 Existence of a Solution

This section will answer the first question. For the identification of leaf distributions
that have a Markov-like extension this is the most important question. The answer
provided here is commonly accepted and also discussed on numerous occasions (eg.
Allman and Rhodes [2003] or Pachter and Sturmfels [2004]). To start the section,
ideals are introduced. These are polynomials that have a certain set of zero points
in common. In a way, this notion already provides an idea into which direction the
answer is headed.

Definition 2.2.1.(Def.s 1.4.142 in (Cox et al. [1997]) A subset I C C[tq,...,t,] is
an ideal if it satisfies

1. 0el.
2. If f,ge I, then f+g€l.
3. If felandqeClty,... t.], thenqf € 1.

For polynomials fi, ..., fs in Clty, ..., t.] set

(2.2.2) (fi,..  fs) = {ZQJZ qi,...,Qs € C[tl,...,tT]}.
i=1
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Consider z € C" such that f(z) = g(z) = 0. Then also (f+g)(z) = f(z)+g(z) =0
and (¢f)(z) = q(z)f(x) = 0. Therefore, z is a zero point of all polynomials in the
ideal I. Accordingly a variety V defines a unique ideal 1(V) by

I={f:C" —C, f(zx) =0forall z € V}.

Coming back to one observes, that I; := (f1,..., fs) defines an ideal (cf.
Lemma 1.4.3 in Cox et al. [1997]). Such an ideal has an elegant interpretation in
terms of polynomial equations. Given fi,..., fs € C[ty,...,t,] one gets the system
of equations f; = 0,..., fs = 0. From these equations, one can derive others using
basic algebraic operations. For example, if one multiplies the first equation by
¢ € Clty,...,t,], the second by ¢, € Clty,...,t,] etc. and then adds the resulting
equations one obtains:

afitqefot--+qfs =0,

which is a consequence of the original system. Note that the left hand side of
this equation is exactly an element of the ideal (fi,... fs). Thus, one can think of
(f1,... fs) as consisting of all "polynomial consequences” of the equations f; = fy =
o= fo=0. (f1,..., fs) is called the basis of Iy.

Coming back to the task at hand, the ideal (gi, . .., gs) with g; defined through
contains all polynomials whose roots are in V(gi, ..., gs). To answer question 1 one
has to derive from this ideal another ideal I C C[ty, ... ,t,]. Such an ideal I contains
all implications of a Markov process for its leaf distribution. Due to this observation
the elements of I are called phylogenetic invariants (cf. |Allman and Rhodes [2003]).
The next task is to propose a way to compute I.

For this way, consider an equation system in x1, ...,z which has an infinite number
of solutions. To compute a characterization of the solution space solve the polynomial
parametrization:

xr = f1<t1, e ,tr),
(2.2.3) :

Ty = fs(th ce JtT‘>7

where fi,..., fs are polynomials in C[tq, ..., t,].

Under this circumstance, (LF]) can be seen as a parametrization of the subset of C*,
that also contains all leaf distributions with Markov- and Markov-like extension. But
it should be noted that the subset will be larger than the set of leaf distributions as



2.2  Existence of a Solution 39

the following example shows:

Example 2.2.1. In Section [3.1] the two state three leaves case is discussed in detail.

There, the system has the form:
mooo = (1= p§)(1 = po) (1 = pi)a® + (1 — ¢*)pippl,
moo = (1= p§)(1 = po)pda® + (1 — ®)pSpi (1 = pi),
moto = (1= p§)po (1 = p3)a® + (1 — ¢*)pf (1 — p))p],
mon = (1= p§)ppge® + (1 = ¢2)pi (1 = pi)(1 = p}),
mioo = p§ (1= po) (1 = pg)a® + (1 = ¢°)(1 = p?)plip],
mio = py (1 _po)poq + (1 =¢°)(1 —pf )pl( - 1),
muo—popo(l—po)q + (1= %) (1 = p) (L = p))pi,
main = pippe’ + (1 - ¢2)(1 = p)(1 = pi)(1 = p)).

This is a parametrization for the equation

(2.2.4) Mooo + Moo1 + Mo1o + Mo11 + Moo + Mio1 + Mo +mi = 1,

Obviously, the set of vectors in C® satisfying (2.2.4)) is not restricted to the cube
[0,1]8. To restrict the vector space of solutions to the associated leaf distributions,
one has to add the inequality, mg,. > 0 for all z,y, z € {0, 1}.

The above example gave a glimpse of the way question 1 will be answered. Equation
provides the basis to the associated ideal I in the two state three leaves case.
However, for model specifications with more than just two states or more than three
leaves one polynomial won’t be enough. The following notion help identifying I:

Definition 2.2.2.(Def. 3.1.1 in [Cox et al. [1997]) Given I = (fi,...fs)
Clt1,...,t.], the sth elimination ideal I, is the ideal of Cltsi1,...,t,]| defined by

Is =1N C[t5+1, ce 7tr].

In this notation the sought ideal I is given by:
j:: ]S — <91;-~7gs> m@[m17...,ms]-

The following statement will provide a method to generate the basis g1, ..., gs to
this ideal:

Proposition 2.2.1.(Thm. 3.3.1 in Cox et al. [1997]) Let G : C" — C*® be
a function determined by the polynomial parametrization . Further, let

=(r1— f1,...,xs — fs) CClt1,...,tp,x1,...,x5] and let Iy = I NClxy,...,x5] be
the sth elimination ideal. Then V (I) is the smallest affine variety in C* containing

G(C"). O
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This method is more or less the reversal of the polynomial parametrization and is
called polynomial implicitization. With the introduction of such a method question
1 has the following answer:

Theorem 2.2.2. If the polynomial system has a solution w.r.t. a vector m,

A

then m is an element of the variety V(I).

A

Hence, m € V(I) is necessary to have an non-empty set &,,. Explicitly computing
a basis for [ is no easy task. Apart from the two state model where Example
implicitly shows the generation of the basis one will find it exceedingly hard
to do it by hand. Hence, computational support is needed. The author used two
software packages, Mathematica (Wolfram [2003]) and Singular (Greuel et al.
[2001]) for this purpose. The results will be discussed in Section 2.5

2.3 Finitely Many Solutions

The next question asked for conditions on a leaf distribution m under which &,,, has
finitely many elements. Recall r = (k — 1)(k8(€) + 1) and s = k™.

Theorem 2.3.1. Let F' := (f1,...,fs) : C" — € denote the polynomial equation
system (LF]). Then, a p, € C" eaists with tk(DF(p,)) = r.

Moreover, let {iy,...,i,} C{1,...,s} denote a set of indices, such that (Df;,(py))j=1
15 a family of linearly independent vectors. The set

Mo = {n: 3m € C° withm;; =n;, j=1,...,r and §({p: F(p) = m}) = oo}
is a Lebesgue zero set in F(C").

The complement of M, implies that the set {m € C° : In € M§ : with mi; =
nj, j = 1,...,r} contains all vectors m € C® with f({p € C": f(p) =m}) < oo,
and since My is a Lebesgue zero set, almost all vectors m € C® have a finite number

of solutions.

With rk(DF(p,)) = r another statement is connected, namely:

Lemma 2.3.2. The number of phylogenetic invariants is bounded from below by
s—r.

This is obvious, since f(C") C C* yields that the image space of f must be described
by at least s — r additional equations, the phylogenetic invariants. Table [2.1] offers
a selected number of leaves and states.

Table shows that even for the small system of four leaves and four states the
minimal number of phylogenetic invariants is almost 200. Section will provide
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(nkl]l s[rls—r]
32 7] 1
s(3 27 /20| 7
3[4 6439 2
12 1611 5
13 81|32 1
1425663 193

Table 2.1: The number of equations and variables for binary trees
with three or four leaves in two, three or four states. The last
column presents the lower bound for the number of phylogenetic
invariants needed to identify a leaf distribution with Markov-like
extension.

some more concern when it comes to the number of invariants.

2.4 The Number of Solutions

Finally, question 3 is considered, which asks for the cardinality of G,,. Generally,
this question cannot be answered exactly. However, there are some ways to obtain
lower and upper bounds for the number of solutions. First, consider the following
example:

Example 2.4.1. Consider the Markov model with four states and four leaves.
Further, assume that the underlying tree 7 = (V, £) has the following structure:

V = {o, s, 03, a4, 01, 02},
&= {(Qlaal)a (QhaQ)? (Ql’ QQ)’ (QQ’a3)’ (Q27a4)}'

The states in the leaves are distributed according to the quartet leaf distribution m.
Equation (LF) has the following form:

4
[e5] [e5] Q2 a3 623
m('rl’ L2, T3, ‘7:4 E : :qu L5 Px5a:1Px5:c2 § px5x6Px6x5Px(,x4

r5=1 rg=1

If m denotes a permutation mapping of the set {1,2,3,4} the following equation
holds too:

4
Oé4
(245) m(xla T2, 1'3,.1'4 § :u.Ql :p5 T 71' xs z : x5 Te Ibl‘d 956904

r5=1
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The same manipulation works with a permutation of the states in g,. These per-
mutations result in column and row permutations of the transition matrices thus
providing alternative solutions. Hence, one solution generates (k!)? = 576 other
solutions within this model, which are for generic m different from each other.

Generally, one can prove the following result:

Lemma 2.4.1. Let p be a Markov process on a rooted tree T, := (V,&; o) with
leaf set L and set N of inner vertices. Further, let (P%)aewv\(o} and i, denote a
parametrization of p and let llg denote the set of permutations of the states in S.
Then, modifying the parameters for an inner verter o € N, a # o, by

(2.4.6) P, = P2 P =P’ Bech(a), z,yeS,mellg

am(y)’ m(z)y’

yields a parametrization for a Markov process with the same leaf distribution as pu.

For a = ¢ one can modify the parameters by

(2.4.7) iy = ,ufr(y), pfy = Pf(m)y, B € ch(a), z,y € S,m €1l

to obtain a Markov process with the same leaf distribution as p.

Thus there are (kD)fN) such alternative parameterizations for the leaf distributions
L.

Hence, a unique solution exists in general only up to permutation of inner states.
The number (k!)**) is also a lower bound to the possible number of solutions, i.e.
a lower bound to the cardinality of G,,, at least if there is one solution where all
probabilities in p? and all rows of the transition matrices P¢, e € £, are different.
In |Chang [1996] uniqueness was established by restricting the transition matrices
to a reconstruction argument, i.e. by denying the choice of permutation matrices.
This is a useful assumption for a couple of reasons. Firstly, the number of possible
permutations becomes large the more states one assumes and secondly, phylogenetic
inference usually assumes small step change, i.e. the considered transition matrices
are diagonally dominant. To keep this observation, reconstructible classes are intro-
duced. If a matrix A is in such an reconstructible class, depending on the particular
definition certain permutations of A cannot be in this class. Next, a look at the
three models considered in this thesis and the reason why the result was restricted
to general Markov processes.

Example 2.4.2. According to Lemma the general two state model on three
leaves has at least two solutions. Section |3.1]| will verify this observation.

The proposed permutations in (2.4.6|) are translatable into row or column permuta-
tions for the transition matrices. For a symmetric transition matrix P¢ this kind of
permutation ends in a non-symmetric matrix ]50‘, i.e. the alternative solution leaves
the model, although in terms of the same leaf distribution is recovered. Hence,
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the permutation approach leaves a symmetric models, if the state space & consists
of more than two states. However, for the Kimura 2ST model one can observe a
"freak” permutation. Looking at one observes that swapping row one with
row two and row three with row four yields a matrix that is also has the form of
. Hence, the lower bound for solutions for the Kimura 2ST model is two. For
a closer look at the subject of unique solutions for the particular models see Lemma
B.1.2] Proposition and Proposition [£.2.4] Latter propositions will provide an
additional kind of symmetry. However, these symmetries provide a solution that is
subject to another leaf distribution m.

Upper bounds are provided by Bezout’s Theorem (Theorem 8.7.10 in |Cox et al.
[1997]). It bounds the number of possible solutions by the product of the total
degrees of the associated equations of the system. The total degree of any polynomial
in (LF) is #(€) + 1, since at least one monomial in such a polynomial contains one
probability for each edge plus a probability for the root. Together with the number
of equations this yields the upper bound (£(€) + 1)*. This observation yields the
following result:

Corollary 2.4.2. Let gq,...,9s denote the polynomials from . Then,
deg(g;) = #(E)+1 foralli =1,...,s, and if a vector m generates a finite number of
solutions for , the number of different unique solutions up to permutation for
reconstructible classes of transition matrices is bounded from above by:

(2.4.8) W) + 1)
(K1EN)

Theorem [2.3.1] states that with the exception of a zero set of vectors all vectors
provide a finite number of solutions for (LF]). (4(€)+ 1)* contains all symmetric so-
lutions, and hence by dividing this number by the number of symmetrical solutions,
one gets an upper bound to the number of unique solutions. Unfortunately, when
looking at the case n = 3, k = 2 one has §(£) = 3 and §(N) = 1, and thus this
number is 32768. Clearly, this number is much to high and the only insight one can
derive from this proposition is that the number of solutions is finite.

Bernstein’s Theorem (Theorem 1 in Huber and Sturmfels [1997]) provides a compli-
cated way of computing a (possibly better) upper bound to the number of solutions.
However, this approach will not be discussed here.

2.5 Discussion

The previous section provided some very interesting theoretical results. However,
their applicability should be considered. In particular, if one tries to obtain a basis
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to the proposed ideal I of phylogenetic invariants to the factorization property 1}
This section reports the hazards the author faced when tackling the problem.

Various algebraic softwares have incorporated an elimination algorithm that provides
for the polynomial implicitization. Most are based on the computation of a so-called
Grobner basis, which basically is the preferred ideal basis in the field due to the
following facts. Any polynomial f € Cl[ty,...,t,] is divisible into

fZQIf1+"'+Qst+ua

if fi,...,fs is a basis to an ideal I, ¢,...,qs € Clt1,...,t,] and a remainder
u € Cl[ty,...,t,] which is not divisible by fi,...,fs. Usually this remainder is
not unique depending on the order of the basis polynomials. But for Grobner bases
the remainder is unique (Prop. 2.6.1 in |Cox et al. [1997]). Moreover, every ideal
I # () has a Grobner basis (Coro. 2.5.6 in |(Cox et al. [1997]) and for a given ideal T
with Grobner basis G the set G5 := GNCltsyq, ..., t,| is a Grobner basis of the sth
elimination ideal /; (Thm. 3.1.2 in |Cox et al. [1997]).

One software package that provides the elimination ideal through Grobner basis
computation is the already mentioned Mathematica . However, as |Cox et al.
11997, page 114] propose, this is not always a useful approach:

... In some cases (such as the implicitization problem to be studied in
§3), we only want to eliminate certain variables, and we do not care
about the others. In such a situation, it is a bit of overkill to compute
a Groebner basis with lex order. This is especially true since lex order
can lead to some very unpleasant Groebner bases. . .

To underline this statement consider the Kimura 2ST model. According to Theorem
at least four polynomials are needed for the generation of I in that case. Math-
ematica computed several hours and produced 24 polynomials that filled more than
200 A4 pages of output. Clearly, the usefulness of such a result is disputable.

Singular on the other hand is a software package solely made for the purpose of
algebraic geometry. Its function for deriving a basis of an elimination ideal is much
faster and provides more suitable results. For the Kimura 2ST model Singular
produced within minutes 18 polynomials with about 24 A4 pages of output. Hence,
this result is much better in quantitative and interpretational terms, although the
overall benefit is still in doubt. Who likes to leaf through 24 pages of polynomials?

Also, w.r.t. Table one has to realize that the derivation of a proper polynomial
basis for the ideal of phylogenetic invariants will become more difficult and their in-
terpretation even more questionable. Hence, an identification of phylogenetic invari-
ants with a meaningful interpretation (as suggested by Allman and Rhodes [2003])
could be much more beneficial than the knowledge of the whole basis without an
interpretation. In Section some phylogenetic invariants for the extension of a
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Markov process from the triple trees to quartet trees under the two state model are
presented.

2.6 Proofs

Finally, the proofs to the presented results are provided. The chapter revolved
around three questions. The first question asked for conditions for the existence of
an algebraic solution of , and was answered by Theorem . For the proof of
this result consider the following helpful statements:

Proposition 2.6.1.(Prop. 1.4.8in|Cox et al. [1997]) Let V' and W be affine varieties
in C". Then:

1. V. W if and only if I(V') D I(W).
2. V=W if and only if I(V) = I(W).

a

In other words, decreasing the cardinality of a variety provides more polynomials
with the same roots. The next result is very helpful when trying to identify a certain
variety. If an established basis is unsuitable for deriving certain properties a base
change is possible.

Lemma 2.6.2.(Prop. 1.4.4 in (Cox et al. [1997]) If fi,...,fs and gi1,...,gs are
bases of the same ideal in Clty,...,t.], so that {fi,...fm) = {(g1,-..,9s), then

V(fi,.. s fs) = Vg, .., 9s) 0

With these results the proof for the answer to question 1 is straight forward:

Proof of Theorem [2.2.2. The statement follows immediately from the previously
made statements and from Proposition [2.2.1] O

So far for the first question. For the next question asked for conditions for a finite
number of solutions. Varieties are called irreducible if they cannot be decomposed
into subvarieties. For instance, points, lines and planes are irreducible varieties (see
e.g. §.51n Cox et al. [1997]). For the dimension of a variety refer to Chapter 9 in
Cox et al. [1997]. A mapping f: X — Y of irreducible varieties is called regular, if
for x € X polynomials fi,..., fs, s = dim(Y) exist with f(z) = (fi(z),..., fs(z)).
For the proof of the answer present in Theorem [2.3.1| consider the following results:

Proposition 2.6.3.(Theorem 1.6.7 in |Shafarevich [1974]) If f : X — Y is a regular
mapping of irreducible varieties, f(X) =Y, dim(X) = r, dim(Y) = s, then s < n
and
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1. dim f~*(y) > n — s for every point y € Y;
2. in'Y exists a non-empty open set U such that dim f~(y) =r —s fory € U.

O

The next result provides a way to compute the exact dimension of an irreducible
variety.

Proposition 2.6.4.(Theorem II.1.3 in Shafarevich [1974]) The dimension of the
tangent space at a single point x € Q" is equal to the dimension of the (irreducible)
variety. O

In principle the selection of the rational point includes that the dimension is minimal.
Other points with higher dimension could exist but these form a sparse set. With
this information consider Theorem [2.3.1]

Proof of Theorem [2.3.7] The first statement follows when evaluating the func-
tional matrix DF' at a rational point x € C". With Proposition [2.6.3.2 and Propo-
sition such a point exists.

F'is a polynomial mapping and therefore an infinitely differentiable. Then according
to the Morse-Sard Theorem (see e.g. Thm. 1.3 in [Hirsch [1976]) the set M, is a
Lebesgue zero set in F'(C®). This completes the proof. O

Proof of Lemma [2.3.2l This is a straight forward statement. With Proposition
.1 the dimension of the vector space of all vectors m with a solution for
is at most r. Since m € C° one needs at least s — r conditions to reduce the space.
Here, these conditions are the phylogenetic invariants. O

So far for question 2. It remains to consider the statements made in connection with
question 3.

Proof of Lemma 2.4.1l The first statement declares that a permutation of state
probabilities in any inner vertex, including the root, does not alter the Markov
process. Equation already is the proof of this statement because such a
permutation results only in a permutation of summands which leaves the left hand
side invariant.

The second statement on the number of possible permutations is easily computed.
Apparently there are k! possible permutations per inner vertex and (N different
inner vertices. Since a state permutation in one vertex is independent of the state in
another vertex, the overall number of permutations equals the product, i.e. (k!)ﬁw )
and thus the lemma is proved. O
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Proof of Corollary [2.4.2] According to Bezout’s Lemma the number of possible
solutions of a polynomial equation system is bounded from above by the product of
the total degree of the equations. Recall (LF)):

my = Z qsg H Pxoﬁ:a-

Yylc=2z (a,B)e€

Clearly, for every x one finds at least one monomial of degree §(€) + 1, i.e. every
polynomial in has total degree of #(€) + 1. The number of polynomials equals
s = k", and therefore the number of solutions of is bounded from above by
(#(€) + 1)*. When looking at reconstructible classes one has to deny all solution
that can be obtained by permutation. Therefore, with Lemma the number of
solutions in an reconstructible class is bounded from above by (#(£) 4 1)*/(k!)*V).
This completes the proof. O
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Chapter 3

Stochastic Models of Molecular
Evolution in Two States

This chapter examines the extendability of a leaf distribution to a Markov distribu-
tion on a triple tree under the general two state model. The molecular significance
of the model is sparse but existent. As already mentioned in Example [1.3.1] the
examination of the evolution of sequences in two states can be equally interesting
as the analysis of the evolution of nucleotide sequences.

The model also has its applications in other fields. Most notably, [Lazarfeld [1966]
used it to produce and interpret decision or correlation trees for psychological tests,
and [Pear] and Tarsi [1986] applied it to certain features in the field of artificial
intelligence. Those papers proved that in the generic case the model equations have
a unique algebraic solution using the parametrization approach (cf. (Cox et al. [1997,
§ 1.3]) but didn’t present a closed form of this solution.

Chapter [2 introduced phylogenetic invariants as an tool to test if a leaf distribution
m has an algebraic solution for , i.e. if m has a Markov-like extension to the
underlying tree. As Example indicates, the two state model on triple tree only
has the invariant , which demands that the elements of the vector m sum to

one.

This chapter will use brute force to compute a complete solution of the system.
From these computations conditions for existence and uniqueness are derived. In
addition, the degenerate cases are considered, and more importantly, conditions for
the existence of a stochastically admissible solution are established.

Following this analysis the results are extended to quartet trees. To achieve that, one
quartet tree is fixed and the specifications of its inferred triple trees are compared.
This attempt returns some phylogenetic invariants.

For a closer insight into the results their implications on the symmetrical model are
discussed. Note, that symmetrical in that case means that the transition matrix for

49
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every edge w.r.t. this model is symmetrical.

3.1 The General Two State Case on Triple Trees

This section presents a complete analysis of the two state three leaves specification
of the Markov model of molecular evolution. For this purpose let 7 = (V, &) de-
note a triple tree with V := {a, 3,7, 0} and € := {(o,a), (0, 5),(0,7)}. A joint
distribution on the leaf set £ := {a, 3,v} is denoted by m := (May:)ay -cf01}. As
said the task is to identify a Markov extension u := (uy(u, 2, ¥, 2))uzy,-c{0,1} t0 a
given leaf distribution m = p, with my,, = p|c(z,y, 2) for z,y,2 € {0,1}. The
section will present conditions under which such an extension exists and give an ex-
plicit characterization of it. This is done by first solving the induced system
algebraically and then computing conditions under which the generated terms are
probabilities. To allow for an algebraic solution, m has to fulfil certain conditions.
These conditions are presented and the case of their violation is discussed.

3.1.1 Basic Model Properties

According to equation a Markov distribution on the triple tree 7 is charac-
terized by a root distribution (¢2)wefo,1} = (to(W))weio,13 and a family of transition
kernels (p°)ses with pd, = u(X; = u|X, = w) for u,w € {0,1}. Equation (LF)
provides the starting point of this chapter, namely the equation system

(BLL) My = foay: + Hieys = GPGDO,DY. + CPLDLD, T,y 2 € {0,1}.

Equation (3.1.1)) yields eight equations in seven variables. With Proposition m
at least one phylogenetic invariant is needed. This invariant is given through

Lemma 3.1.1. Let m denote a leaf distribution. If system has an algebraic
solution w.r.t. m, then

(3.1.2) > gy =1

x,y,2€{0,1}
18 satisfied.

Apparently, (3.1.2)) is a defining property for any distribution in eight states. Hence,
this invariant does not restrict the set leaf distributions with an algebraic extension.
This provides the possibility to compute a solution by considering only seven of
the eight equations. The following definition will give a more precise description of
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solutions.

Definition 3.1.1. An algebraic solution of is composed of a vector q° € C?
and a set of matrices p° € C**2, § € L with the constraints

(3.1.3) @+ =1 and plo+p’, =1 fordc L, wel{0,1}.

A stochastically admissible solution is an algebraic solution with ¢ € [0,1]* and
p’€[0,1]>%2, 5 € L.

Clearly, the existence of a Markov extension is equivalent to the existence of a
stochastically admissible solution to (3.1.1)). Due to a solution is determined
by the root probability g5 and one column of the transition matrices for each leaf,
namely pdy, plg; 0 € L.

Equation (3.1.1]) contains certain symmetries which have influence on the uniqueness
of solutions.

Lemma 3.1.2. Let m denote a leaf distribution and let qS, pdy, P2y, 0 € L identify
an algebraic solution of w.r.t. m.

1. Let m : L — L denote a permutation mapping on the leaves. Then, the
parameters ¢S, pa, P10, 8 € £ with i = pdo,w € {0,1} identify an
algebraic solution of w.r.t. w(m), i.e. the permutation of the vector

elements of m consistent with .

2. The parameters G5, Poy, Dlg, 0 € L with G5 = q%, P2y = p‘(sl_w)o, w e {0,1},6 €
L identify a solution of w.T.t. m.

The first statement shows that a permutation of the leaf labels results in a permu-
tation of the state probabilities in m but retains the structure of the process. This
observation is valid for all star trees. The second statement claims that a permuta-
tion of the root state probabilities implies a permutation of the rows of the transition
matrices but preserves the structure of the leaf distribution m. Hence, a solution of
(3.1.1) w.r.t. m always identifies a number of alternative solutions. Therefore, if a
solution exists, it can be unique up to symmetry only. This should be kept in mind
when encountering the phrase unique in this chapter.

3.1.2 The Algebraic Solution

This section presents the algebraic solution to system , the conditions for its
existence and its closed form. The observations of this section establish that almost
always a unique solution up to symmetry exists and that the obtained conditions
are quite intuitive.
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To describe the solution some further abbreviations are needed. First, applying
(3.1.3)) yields pairwise leaf probabilities and root leaf probabilities (z,y € {0,1}):

(3.1.4) Mays 3= Mayo + May1 = ¢4 pgxpgy +qf p?xp?ya
(3.1.5) Myss; i= Ma00 + Myo1 + Mato + Me11 = 45 Poy + 47 Pie-

The probabilities my,s., Msy., myys and myy, are computed accordingly. Further
abbreviations are needed (again z,y, z € {0,1})

a .
Txyz = MgysMys, + MesMyys — MyyMeyss — Myyz,

(316) r;fyz = MyysMys, + My Megys — Mgz Myys — Myyz,

T;yz = Mgy Myys + MyyMexy — MeynNyyz — Mgyz-

and
Sggz = MgyzMexy — Mgy Mysz, 7553 = Myy, — MyynMesz,
(317) Sg;z = Mgy Myyss — MgysTMisyz, tﬁz =My, — MeeyMy sy,
Sggz = MygyMysz; — MesMsyz, tgf = Mgys — MgryMyys.

9% is equivalent to the covariance between X, and X 3, Whereas 527 is the condi-
tional covariance between X, and X3 given X, has value z € {0, 1} up to a scalar.
The other terms have a similar relevance. The product t25t®7t57 is of particular

xy “xz VY2
interest.

Lemma 3.1.3. Let m denote a joint leaf distribution on T . Suppose for some
z,y,z € {0,1} that t%$t27t%7 = 0. Then also

zy “xz Vyz

af ay By _ a ary 187 _ af oy By _
(3.1.8) t(kz)yt(kx)ztyz =0, t;p(py)txzt(ky)z =0, txy tm(lfz)ty(lfz) =0.

According to Lemma [3.1.3] if one product vanishes all products of type (3.1.8)
vanish. This property simplifies some proofs. To state the conditions for uniqueness
define Xy, :== 1%, — 4577 157

TYz Yz yz "

Theorem 3.1.4. Let m = (Mgy.)ay -c{01} denote a joint leaf distribution on the
triple tree T. Assume further

(3.1.9) o 6 ton # 0 and xono # 0.

Then the system has a unique algebraic solution up to symmetry. The fol-
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lowing expressions describe this solution:

a B
(3110) g8 = & 4 oot Zmossfod
2 24/Xo00 7
o _ T00o — /X000 3 Tgoo — v/ X000 N 7000 — /X000
(3111) pOO — T AN 00 — T oy 00 — T a8
2o 2t 2155
a B
(3.1.12) ¢ — ~ Tooo + /X000 o ~Tooo TV Xooo _ Tgoo + v/Xooo
10 sy T 2t 2150

Recalling for d;,, € £, that %1% denotes the covariance between X; and Xs,, con-
dition demands that there is stochastic dependence between the leaves. This
is quite intuitive because independence would suggest that there is no connection
between the leaves, i.e. there is no tree to the given species.

3.1.3 Characterization of Markov Extensions under the Two
State Model

After establishing an algebraic solution it is useful to check whether the solution
is consistent with the model. A stochastic model of molecular evolution is clearly
described in terms of probabilities instead of general complex numbers. The solu-
tion presented in Theorem [3.1.4] is not necessarily stochastically admissible, as the
following example shows.

Example 3.1.1. Consider the following artificial leaf distribution for the two state
model:

m = (164,189, 41, 151, 165, 25, 141, 124) /1000
This vector satisfies condition since
2505 — —(0.000216104.
However, further computations show that
Xooo = —0.000843645,
such that the radical terms become complex, for instance:

g5 =~ 0.5 — 0.078453098i.

This example demonstrates that the conditions given in Theorem are not
sufficient to get a stochastically admissible solution. Finding conditions, under which
a leaf distribution is stochastically admissible is the purpose of this section.
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The following sets are the starting point for the conditions.

S;Yf ‘_{tmy7 zyov :pyl} ng = {tg,Za 83327 Sgiyz ’ 55; :{t527 Sgg’/yz? Slyz}
The sets will be called covariance sets, since they contain values which up to a scalar
denote the unconditional covariance between the indexed leaves and the conditional
covariances between those leaves given the remaining leaf has a certain state. Such a
set has a sign if all contained terms have the same sign or the conditional covariances
are zero. The unconditional probabilities cannot be zero owing to condition .
The stochastic admissibility of a solution depends on the signs of the sets.

Theorem 3.1.5. Let z,y,z € {0,1} and let 537,527 and SJY have a sign. The

number of sets with a negative sign is even if and only if the unique solution up to

symmetry of given by Theorem is stochastically admissible.

Even though pairs of leaves are not allowed to be independent it is feasible for them
to be conditionally independent w.r.t. the third leaf. Another implication is that
at least two leaves must be positively correlated and if pairs (X,, X3) and (X,, X))
are positively correlated then (Xg, X,,) must be positively correlated as well.

Example 3.1.2. Recall the leaf distribution presented in Example Comput-
ing the covariance sets for this distribution yields:

00 = {0.057065,0.016359,0.019661}, S5, = {—0.073495, —0.027085, —0.016207},
Sgg = {0.051527,0.017015,0.016935}.
Clearly, all sets have a sign, but an odd number of sets has negative sign. Therefore,
inadmissibility is shown.
The example shows that a strictly positive leaf distribution is not necessarily Markov-

extendable. Chapter |5 presents a heuristic approach to manipulate data for stochas-
tic admissibility.

3.1.4 Degenerate Cases

To complete the analysis of solutions for a look at the degenerate cases must
be included. Three possible cases may occur:

t&’)gtggtgg # 0, X000 = 0, toot =0, x000 # 0, toot =0, xo00 = 0.

The first case needs further consideration. However, the second and third case can

be reduced to tgftg;tf; = 0. This condition is equivalent to

t;‘yﬁ:(] or ty) =0 or tg;’:O.
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In probabilistic words, one looks at the cases where for two leaves 91, 03 the random
variables X, and Xj, are uncorrelated. For random variables with only two possible
states this implies stochastic independence. A first observation is the following

Lemma 3.1.6. Let z,y,z € {0,1} and tily§2 = 0. Then, at least another covariance
1S zero.

Probabilistically, if X5 and X, are independent of each other, then Xj, is also
independent of at least one of them. The implication of these cases is recorded in
the next theorem.

Theorem 3.1.7. Let tgg = 0. Then Lemma holds and the following line-ups
are possible up to symmetry:

(i) t27 =0 and t§Y # 0. Then, for u,y,z € {0,1} this gives pj, # Py, 0. # Pl
P, =D, = mess, 0 < q3 <1, and

o . Y

@ = mys: — Di. o= Myyz = MuynP(1 )z

0 Y Yo uz Y )
pOz - plz mZEz - p(l_u)z

with free parameters py, and p],. Lemma provides analogue results for
the remaining two cases where one covariance is not zero.

(i) t32 =7 = 0. Then,
(a) Doz = Piy = Mass, pgy = pfy = Myxys, p'&z # pYZ and
g = o= iﬁz
Do — P12
with free parameters p), and p{,. The cases

Doy =Dy = Muss, Doy # Ply Do = Pla = Msss

a o 8 _ B _ o S S
Por 7# Plas Doy = Phy = Mxys, Py, = P, = Mss.
return resembling notions.

(b) Po. = Pl = Mass, pgy = pfy = Myys, Py, = pi. = Mmsx. with free
parameter qg.

(¢) ¢¢ = 0 and p3, = mysy, pfy = Myys, D1, = Mxx. and the remaining
three parameters, py,, pgy, Py, are arbitrary. Similarly, the case g5 = 1

yields pg, = Mmyxy, pgy = Myyx, P}, = Mex. and arbitrary parameters
a & Y
Pis> plyu Pi.-
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A structural interpretation of Theorem [3.1.7] is given in Figure Note, that in
the two state case independence is equivalent to non-correlativeness. Generally,
independence suggests non-connectivity resulting in the rejection of a tree model.
Independence in terms of phylogeny means that the common ancestor of two repre-
sentees is so far back in the evolutionary time scale that the relatedness of sequences
is barely observable. However, this kind of independence should also be observable
when trying to align such sequences.

<2
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<2
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>
o
Y
~
Y
~
.
~
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4
4
4
4

B o i

Figure 3.1: Degenerate cases. 7; shows a tree where the leaf ~ is
independent from the other two leaves. 75 shows a structure, where
all leaves are pairwise independent. Here, a dashed line indicates
that the leaf vertex of this edge is independent from the rest of
the structure and in principle even isolated, but still ”connected”
through a transition matrix as given in Theorem |3.1.7]

R

Another implication of Theorem [3.1.7] is the insight that for all vectors with eight
entries that sum to one a solution to exists even though uniqueness cannot be
guaranteed. In other words, vectors satisfying have a finite set of interrelated
solutions and vectors subject to Lemma [3.1.6] return fields of solutions.

For the remaining degenerate case

(3.1.13) 1ol ol £ () =0
L 00 ‘00 t00 » X000 )

the following statement can be presented.

Lemma 3.1.8. If a leaf distribution m obeys , then the equation system has
no solution. The set of all leaf distributions obeying is a Lebesque zero set

i the set of all possible leaf distributions on triple trees.

The statement of the lemma indicates that the variety V, of all leaf distributions
for which has a solution, is not affine. This follows from Proposition m
which states that the elimination ideal with basis provides the smallest affine
variety containing the variety V,. However, it is not known whether or not a leaf

distribution obeying (3.1.13)) exists.
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3.2 Special Case: The Symmetrical Two State
Model

The previous section observed the implications of (LF)) for a leaf distribution under
the general two state model on a triple tree. This section translates these results
for the symmetrical two state model on a triple tree. This model is also known as

the Neyman N, model (cf. [Semple and Steel {2003, chap. 8.5] and Example [1.3.2)).
Regard the tree introduced at the beginning of Section , ie. T = (V,€) with
V={apB70 and E={(00a) (00) (0,7)}
and leaf set £ := {a, 5,7}
The N, model is characterized by
g5 =1/2=y¢qf, and pg =ps=pl, 6L,

i.e. the root distribution is stationary and the transition matrix is symmetrical,
which immediately implies that the single leaf distributions are stationary as well.
These observations reduce (3.1.1]) to the following system

2mop0 = (1 = pa)(1 = pp)(1 = py) + Papppy = 21111,
2moo1 = (1 —Pa)(l - p,g)pfy +papg(1 - p'y) = 2my1o,
2mo10 = (1 = pa)ps(1 — py) + pa(l = pg)py = 2ma01,
2mon = (1 — pa)pspy + Pall — ps)(1 — py) = 2mago.

Hence, condition ({3.1.2)) simplifies to
(3.2.2) 2(mooo + Moo1 + Mo1o + Migo) = 1.

(3.2.1)

This is the phylogenetic invariant for the N, model on a triple tree. With this
equation a solution of can be obtained by selecting three of the four equations.
An expression commonly used in the field of phylogenetic reconstruction is the so
called Hamming distance between two sequences. Usually, it signifies the number of

element-wise differences of the sequences. In probabilistic terms it can be defined
as the probability that Xz # X, e.g.,

(3.2.3) dop = Mo1x + Miox = Mo10 + Mo11 + Moo + Mio1 = 2Mo10 + 2M10o-

The distances d,, and dg, are defined similarly.

The goal of the remainder of this section is to apply the results from Section [3.1.2

to this specification and to give some interpretations. Inserting the assumptions of
the Ny model into Theorem yields:

Corollary 3.2.1. If all Hamming distances are different from 1/2, the solution for
under the Ny model is unique up to symmetry. It is given as
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A 1 A 1 A

1
Py T o =24, ) PP T2 20240 " T 27 201 - 2dug)

where

A = /(1= 2dup) (1 — 2das)(1 — 2d5,).

The term A is the equivalent to Xuy., (z,y,2 € {0,1}) from the general model.
Apparently, the non-zero condition (3.1.9)) is satisfied if no Hamming distance is one
half.

Next, the conditions for a stochastic solution will be considered. The sign sets ng
etc. translate to

«

5 = {1 - 2da67 mMoo17000 — m010m100}7
(0%

SN = {1 - Qdam moe10"Mo00 — m001m100},

S = {1 - 2d57, mM100M000 — m001m010}

independent of the choice of a reduced state. Again, the sign of such a set exists
when all elements have the same sign, which in turn is the sign of the set.

Corollary 3.2.2. A solution for the (N3) model is stochastically admissible if the
sets S, S and S®Y have a sign and the number of negative signs is even.

Phylogenetic data usually indicate Hamming distances smaller than 1/2 under the
Ny model (eg. Lake [1997]). The remaining cases only occur, if the sequences of two
considered species would differ in more than 50% of the sites. Such an alignment is
almost impossible to obtain (e.g. [Waterman [1995]).

This section closes with a look at the case where the Hamming distances are exactly
1/2. Obviously, these results are special cases of Theorem [3.1.7} Solutions will be
presented as vectors (pa, ps, py) € R?

Corollary 3.2.3. Let dog = 1/2. Then at least another Hamming distance is 1/2
and the following line-ups are possible:

(i) doy =1/2 and dg, = 1/2. Then, the leaf distribution m is the uniform distri-
bution on {0,1}> and the set of solutions is presented by

((£,1/2,1/2): t e RYU{(1/2,4,1/2) : t e RYU{(1/2,1/2,1) : t € R).

(i) doy =1/2 and dg, # 1/2. Then the set of solutions is presented by

{(1/2,1, f(t.ds,)) = £ € RYUL(1/2, f(t.dg,), 1)« £ € R),
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where ;
_ Y=
flty) = T teR,y>0.
The cases dog = dgy = 1/2 # do, and dog # 1/2 = dy, = dgy yield similar
results.

Similar to Theorem the implications for the possible structure are visualized
by Figure[3.1] i.e. for case (i) one vertex could be treated as isolated or identical to
the inner vertex and for (ii) two isolated vertices can be assumed. The case (3.1.13))

does not occur for the symmetrical model since here 00 = tortoTto.

3.3 Extending the Results to Quartet Trees

So far, the main observation of this chapter is that an algebraic solution of
w.r.t. a leaf distribution under the general two state model on a triple tree can
almost always be found. However, as Section stated, the goal of phylogenetic
reconstruction is to obtain a tree with a possibly large number of leaves. This section
examines the possibilities of extending the results from triple trees to quartet trees
by examining some straightforward conditions for an extension. With Lemma [2.3.2
and Table at least five phylogenetic invariants must be obtained from such an
examination in order to guarantee an algebraic solution of for a quartet leaf
distribution.

Regard the quartet tree 7 = (V, E) with:

VY = {a17 Qg, (3, Oy, 01, Q2}7

(3:3.1) € ={(01, 1), (01, 02), (01, 02), (02, a3), (02, 0ua) }

and leaf set £ = {ay, ay, a3, a4}. The associated triple trees are denoted by 7° =
(VL EYD, i =1,2,3,4, with

V= {041706270437&}; &= {(Ql;OQ), (Q17a2); (Ql;a?;)},

Vz = {OZl,lez,Oé4, Ql}a 82 = {(Ql?al)v (Ql)a2)a (Qlaa4)}7
(3.3.2) 3 3

Ve = {041,04370147 92}7 & = {(02,041)7 (927043)7 (027064)},

V= {042,04370447 QQ}, = {(027042), (Q27043), (Q2,044)}-

The relationship of 7 and {7*}}_; is visualized in Figure .

An initial quartet distribution m on £ provides triple leaf distributions m’ to each
triple trees 7¢ by the following computation (set a,b,c,d € {0,1}):

1 2
(3 3 3) Mape = Mabeo + Mapet, Mapa = Mabod + Mab1d,

3 4
Mueqa = Ma0cd + Maicd, Mypeqg = MObed + Mibed-
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Figure 3.2: The picture shows the four triples to the quartet tree
af3|yd. The colored inner vertices describe the associated furcating
vertex.

For those distributions Theorem returns transition parameters, which in turn
are indexed by the triple identifier, for instance p%! for the transition probability
from p; to « in triple 7'. Covariances t,3 do not need an index since they are
defined using pairwise and marginal leaf probabilities.

If m is subject to a Markov distribution p, its restrictions m’ to the triple trees
T i=1,2,3,4 are sufficient for a reconstruction of x. This observation is verified
in (Chang [1996] under some conditions posed on the transition probabilities of the
process. In that case, the transition parameters for edges (g;, ;) € £ must be
equal on all triple trees containing g; and «;. This equality condition will be called
compatibility

This section looks for conditions on m for the existence of p. A first step is applying
Theorem to u', i = 1,2, 3,4, and analyzing the obtained parameters on 7 :

Theorem 3.3.1. Let T denote the quartet tree given in with its associated
triple trees T%, i = 1,2,3,4 and let m denote a leaf distribution on L. A Markov-like
extension of m w.r.t. the system poses the following necessary conditions on

m (a,b,c,d € {0,1}):

_onljonas 01,2 0003 _ o2 lyjaion 02,2 0003

0 =Tgpe aa abd lac s 0= Tgpe g Tabd toe >

__ 033 0004 034 0104 _ 043 0003 oudianas

<334) 0 =Tacd tbc Tbed tac ’ 0= Taed tbd Tbed tbc ’

0100003 gaas o0y
0 _tad tbc tac tbd :

Further, assume to hold.

Then the transition parameters for the edge (01, 02) are determined through

(3.3.5) poe = 1 _ Tslféltgém - r:ﬁégt%az tod "t/ X}lbc ’
2 200"V X 200"V X

(3.3.6) poee = L Ta ™l ™ ™ Xa
N RN
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provided that both t33°* and x3., do not vanish.

When looking for compatibility conditions one finds that the conditions ((3.3.4) are
already observed when checking compatibility for terminal edges. Therefore, com-
patibility for the inner edge follows immediately from compatibility of the terminal
edges.

provides five phylogenetic invariants, therefore the necessary condition of
Lemma [2.3.2] is satisfied. However, as an indication that these invariants are not
sufficient consider the symmetrical N, model. Since the N, model is a special case,
the above conditions must hold here, too.

In order to be subject to the Ny model on a quartet tree, a quartet leaf distribution
must satisfy:

(3.3.7) Mabed = M(1—a)(1-b)(1—c)(1-d), &b, ¢, d € {0,1}.

With this notion and the insights from Section the statements of Theorem [3.3.1
turns into:

Corollary 3.3.2. Let 7 denote the quartet tree given by and m be a quartet

leaf distribution on T satisfying . If has an algebraic solution w.r.t. m
under the Ny model, then the associated Hamming distances satisfy:

(338) dalagda2a4 = da1a4d0¢2043‘

The parameter for the inner edge is then given by:
Doy = 1 1— (1 — 2da1a3>(1 - 2da2a4>
“ 2 (1 - 2da1a2)(1 - 2da3a4> .

Obviously, the five invariants from ([3.3.4) became just one invariant. This is due to
the simple fact, that for the Ny model the following equivalence is observable:

1
Tal,l — _tl?éc2063 — Z(1 — 2da2a3)'

abc

This equality is derived as in the proof section. However, when looking at
the lower bound for the number of necessary phylogenetic invariants proposed by
Lemma 2.3.2|it becomes apparent that at least three invariants are needed for the N,
model. This suggests that the polynomials given in are not sufficient for the
existence of an algebraic solution of w.r.t. to a given quartet leaf distribution.
The following example shows that an extension from triple trees to quartet trees
needs more than just compatible parameters.

Example 3.3.1. Consider the following vector m satisfying (3.3.7)):
m = (320,50, 20, 30, 10, 15, 10, 45) /1000.
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This vector yields Hamming distances:

ooy = 4/25, daya, = 21/100, ooy = 7/25,
dasas = 3/20, daya, = 1/5, daya, = 19/100

These Hamming distances satisfy (3.3.8)). If this polynomial would be sufficient for
compatibility, then p}, and pZ should be equal. Instead, one gets:

pr, = 0.124691, p2 = 0.146918,

and obviously these values are far from equal.

A set of sufficient phylogenetic invariants for the Ny model can be computed with
Singular as well as Mathematica . Both softwares return four polynomials, one
of which is the usual summation condition. The following statement presents the
invariants generated by Mathematica :

Lemma 3.3.3. Let T denote the quartet tree given by . m is a quartet leaf
distribution on T satisfying . Then, has an algebraic solution w.r.t. m
under the Ny model only if m is a root of the following polynomials:

fi(zy, ... x8) =1 —2(xy + 29 + 23 + 4 + x5 + T6 + 27 + T8),

fo(xy, ... x8) = 2(womws + T3T8 — T4T7 — T1Xg),

fa(z1, ... x8) = 2(x127 + T4x6 — T2y — T3T5),

fa(zy, ..., 28) = 224(wf — 22) — 223(22 — 23) + 2(21 + o) (w577 — T6T8)

— 2(1‘3 — $4)(£B5ZL’6 — $7ZL‘8).

The order of the entries of m are chosen in the already introduced fashion: m :=
(Moo00s Mooo1s - - - , Mo111)- Lhe polynomial f; is the summation condition for a quar-
tet leaf distribution under the Ny model. For an interpretation of f; and f3 note,
that mgooo, Moo11, Mo101 and mgi19 denote the probabilities where both states are
attained by an even number of leaves whereas mggo1, mo010, o100 and mg11; denote
the probabilities where both states are attained by an odd number of leaves. This
suggests the conclusion that a distribution which is root of f; and f3 has a evenly
matched distribution between the stated cases.

Looking at the overall performance of the attempts of this section so far one can say,
that searching for compatibility by looking at the inferred triple transition param-
eters is not sufficient to deduce the existence of an algebraic solution of on a
quartet tree. One attempt for an explanation relates the invariants of Lemma [3.3.3
to the invariant in (3.3.8). The latter invariant only relates the pairwise leaf proba-
bilities whereas the former set relates the quartet leaf probabilities in an irreducible
fashion. Consequently, one can conjecture that looking at the triple constraints of a
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quartet leaf distribution m is not sufficient to find all needed conditions for the exis-
tence of an algebraic solution of (LF|) w.r.t. m under any model. Further attempts
on finding conditions won’t be tested here.

However, presenting conditions for stochastic admissibility of a computed solution
is still a valid task. One finds that Theorem [3.1.5 still holds, and the remaining
conditions are obtained from the results of Theorem [3.3.1k

Theorem 3.3.4. An extension of a quartet leaf distribution m on 7T is stochastically
admissible, if condition is satisfied, and the transition parameters for the
associated triple trees satisfy Theorem and:

poa” pie® € min{pia !, pia' }, max{pga ", pia "},
(33.9) pg(]:’ ,pz(z’ [mln{pZQ’ ,pzé’ |3 maX{pZQ’ ,pzé’ 3,
poatpiat € min{pgs”, pia®}, max{pgi?, pia Y,
poa?,pie? € [min{pge”®, pia®}, max{pgs®, pia°}.

The following example presents an intuitive interpretation of (3.3.9).

Example 3.3.2. Consider the first equation. The term p®*® denotes the transition
matrix for edge (o2, 041) and the term p®! denotes the transition matrix for edge
(01,01). Assume pod' > p2'. Then, condition states that the probability
of preserving state zero along edge (0,, a;) must be smaller than the probability of
preserving state zero along edge (g1, ;) and further, the probability for a change
from state one to state zero along edge (02, ;) must be larger than the same state
change along edge (o1, 041).

Since pg." =1 — pg(ll’ ot = 1,2, 3 this observation translates to all possible tran-
sitions. Apparently, this observation corresponds to the assumption that the prob-
ability of change along longer edges is larger than on shorter edges or in other
words, the longer the considered time interval the more likely mutation occurred. If
p35= < p‘f&’l is observed, the implications need to be reversed, i.e. the probability
of change is higher on shorter edges than on longer edges, which appears to be a

rather dissatisfying occurrence.

The sign condition from Theorem [3.1.5) has its own implication on extension con-
siderations. Recall that the sign of the covariance terms t5152 are the signs of the
covariance sets, provided the covariance sets have a sign. Moreover, since the covari-
ance terms are not subject to a particular triple structure, they can be considered
independent of any particular structure. Keeping these observations in mind one
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can give the following statement:

Lemma 3.3.5. Let 7 denote a tree with n > 3 leaves, L its leaf set and m a joint
distribution on L. If m has a Markov extension, L can be divided into two disjoint
not necessary nonempty sets L1 and Lo with £, U Ly = L and the covariance terms
satisfy:

tizdz > 07 a/7b E {07 1}7 51752 E Li’ Z E {172}’

(3.3.10) 55 .
tor? <0, a,ce {0, 1}, 01 €L, 00€ L3 4,1 € {1,2}

This property gives a good first test for the admissibility of a given leaf distribution.
If only two sets satisfying are observed, a first obstacle is taken. In that case,
it is quite appropriate to place a root for the derived tree on the edge that connects
both sets. This convention agrees with the concept of outgroups. Usually, one adds
to the set of considered species another species , which from general understanding
is not as close a relative as the other species are to each other. Unfortunately, for
the approach suggested here, such an outgroup species must have a sequence which

is different in at least 50% of all sites, and such alignments are not observed (e.g.
Waterman [1995]).

3.4 Proofs

The section starts with some helpful properties of the terms defined in (3.1.6) and
B17).

Lemma 3.4.1. Let x,y,z € {0,1}. The following equalities hold:

(BAL)  Xupe = (12002 — 420807 — (18, )2 — sy 07 — (17, )% — 452 425,
(34.2)  —t2P107 = m2o 497 £ mgsn 12, + 807,

(3.4.3) Toye = ~To1pz = ~Toy-z) = — (s +150),

(3.4.4) S = ~S(aye = ~Sa(logs = Tay(i—2) T Soy1—s) +toys

(3.4.5) tgyﬁ - _t?lﬂ—w)y - _tj(ﬁl—y) = t?lﬁ—m)(l—y)’

(3.4.6) Xzyz = X(1—2)yz = Xa(1—y)z = Xay(1—2)

(BAT)  Xeye = (12, + 2mamst?)? + M2
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cient because the remaining equalities are computed similarly. Starting with (3.4.1)
(re )2 — 4577 157

TYZ zyzlyz
= ((mxyEmEEz + mmEszyE> - (mEyzszE + m:vyz>2

- 4(mxyzmx22 - ma:yzmzZz)(mEyz - mZyEmZZZ)

- mQEEzm:%yE + m%yEmJQcZz + ngEm%yz =+ m:2cyz + meEZmEyzmxyz
+ 2myysmyy, MeysMes: — 2MeEyMSysMeyMsyz — 2Meys My, Meys My,
- 2m2y2m12zmzyz - 2m22zmmy2mxyz - 4m122m2yzmwyz + 4mmy2mm22m2yz
— AMyys My s MeysMes, + 4MeysMyysMys. My,
= m%EzmiyE + m%yEmiEz + miEZmZEyz + miyz - 2mx22m2y2m12zm2yz
- 2m2y2mr2}zma}yz - 2m1‘22m222mxy2m2yz - QmEyEmEEzmeszyz
- ZmZEzm:cymeyz - szEZmEyzmajyz + 4m$y2mx22m2yz + 4m:c22m2y2m222ma:yz
= ((mxyEmEZz + mEyzmeE) - (ma:EszyE + mxyz))2
— d(msysmay: — Maysmsy:) (Mes, — Massmsys) = (ry,.)° — 4557107
Equation (3.4.2)) is verified by the following computations:
m?cZEtgz + mﬂfzzrgyz + ngz
= m?ﬂEZ (mEyZ - mZyEmEEz) + (memeyz - mxymeZz)
+ Meys (mxyEmEZz + My Myys — MyyMeys — mxyz)
_mizszyEmZEz — MyysMyy, + MessMyysMes, + MeysMys, Mays
= _(mzyE - meZmZyZ)(m:cZZ - meEmEZz) = —tifft?f!-
Equation immediately follows when is inserted in the initial definition
Nayz = (re )2 — 4P B

TYZ Yz yz "

The remaining properties are proved applying (3.1.4]) and (3.1.5)). Start with replac-
ing state x by state 1 — z in (3.4.3)):

e
Toyz = Maysysz + My Myyys — My Mexy — Mgy,

= (Msys — Ma—z)yn)Mss: + (Mes: — Ma—z)n:)Mnys
- mEyz(]- - m(l—x)ZZ) - (mEyz - m(l—x)yz)
= MA—z)y= + MyyM1—2)2x — MA—2)y=Mexz — M1—z)2Mys
—+ 2m2ygm222 — 2mgyz = _(T?lfx)yz -+ 2t5§)
Now for the state change from y to 1 — y

[0 —
rmyz = MyyxMyy, + MyyMyys — MyyMeyy — Myy:

= (Maxy — Ma—y)n)Mes: + Mz (1 — Mya_y)n)
- (mEEz - mE(lfy)z>meE - (ma:Ez - m:):(lfy)z)

(6%
= My(1—y)z T MS(1—y)Masy — MesME(1—y)s — Ma(1—y)SMNEL: = —Ty1_y)-
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Follow with (3.4.4)), replace first z with 1 — z:

«
ngz =My Mayyz — MexMsyz

- (mxyE - mz‘y(l—z))(l - mEZ(l—z)) - (ma:EE - me(l—z))(mZyE - mZy(l—z))
= MyyyMyy(1-2) + MyysMexn(1—2) — M (1—2)Mays — May(1-2)

+ Myyss — MeyyMyys + Men(1-2)Mey(1—2) — Maex(1—2)Msy(1-2)

Y ap af

- rmy(l—z) + Smy(l—z) + tﬁcy'

Now replace y with 1 — y:

o
ngz =My Myy, — My Myy, = ey, (mez - ma:(l—y)z) — Mgy, (mEZz - mZ(l—y)z)

= MeyMy(1—y)z — MEDMg(1—y)z = _Szﬁ—y)z
Next for (3.4.5)), replace z with 1 — z:
tif = Mgy — MaxxMyys = (Mxys — Ma—a)ys) — (1 = Ma_pyss)Msys = —t?l,x)y

Apply (3.4.3), (3.4.4) and (3.4.5)) to get (3.4.6). First, replace x with 1 — :

Xzyz = (Tgyz)z - 485;27553 = (T(alfx)yz + 2t53)2 - 4<7a(alf:c)yz + S(ﬁl’y—z)yz + tgz)tgz

_ a 2 B —
- (T(lf:r)yz> - 4S(F—x)yzt5z = X(1-a2)yz-

Replace y with 1 — y:

2 2 B
Xayz = (T:Cnxyz) - 4353,27552 = (_Tg(l—y)z) - 4<_Sx21—y)z><_t,(g?—y)z) = Xa(1-y)z-
The symmetry arguments from Lemma transfers the results to the remaining
combinations. Thus, all properties are verified. O

Remark 3.4.1. Equation (3.4.5) provides a standard property of a correlation
mapping. Application of Lemma to the formula from Theorem [3.1.4] giving of
Poo yields:

a a
4/ X000 _ Tooo Y X001 _ To01 _ ~a

Pho = = = Plos
0 oy ol othy oy T

i.e. the statement of Lemma 2 is observed in the given solution . Thus, it is
sufficient to prove the statements for one state, say 000. This property gives the
opportunity to use shorter abbreviations for the following proofs, namely x := X000
and

o« B 4By
Ta "= T000) Sa = Spo0s ta = too,

. ,.B RN o' . gy
T8 = Too0, S8 = So00, 18 = tog;

Y . apB . qaf
Ty = Too0, Sy = Soo0s by = too -
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3.4.1 Proofs for Section 3.1]

Here, the general two state model on triple trees was examined.

Proof of Lemma [B.1.1l The summation of the right hand sides of (3.1.1]) for all
states gives one. Hence, the sum of all left hand sides needs to be one. This concludes

the proof. 0O

Proof of Lemma [3.1.2l The proof is quite straightforward.

1. Apply the permutation 7 to equation (3.1.1)) to get for z,y, 2 € {0,1}:

() s (8) A7 (7) 71r(ﬁ)

Mayz = qugxpgypgz - qu?xpfypvlz = ¢5Pos Poy Po: + ‘hgﬁ;r(a) y b

2on .

z
2. Follows from commutativity of addition, since for z,y, z € {0, 1} one computes
qgﬁgzﬁgyﬁgz + (jfﬁ?xﬁ?yﬁ’{z = pr?xp?yp’{z + qugxplgypgz = Mayz-
This completes the proof. O

Proof of Lemma [3.1.3l If t2t20t%7 = 0, then at least one factor must be zero,

Ty “xz Vyz

w.l.o.g, tgyﬂ = 0. Now, due to Lemmam

af — _qgafB _
and thus, also t?ﬁ x)yt?ﬁx)ztgl = 0. Lemma |3.4.1| also guarantees the validity of the
remaining equalities. O

Proof of Theorem [3.1.4. The proposed terms and conditions are derived by solv-
ing the following, equivalent system derived through (3.1.4) and (3.1.5) by adding

suitable equations:

(3.4.8) Moo = GEPaePooPY0 + 2ED0PTeD 10,

(3.4.9) maoos = 4§P5Poo + 4EP5P1o,

(3.4.10) Moxo = 45PaoPoo + 4iPToPio;

(3.4.11) Mo = 4EPooPYo + LPTOP0-

(3.4.12) Moss = 5P + 4P,

(3.4.13) mzos = 4§po + 4Pl

(3.4.14) My = q5Poo T i Plo-

The goal of the following computations is to retrieve an equation which only depends

on one variable, say pS,. Due to Lemma [3.1.212 computing for the other variables
yields equivalent expressions. Equations (3.4.12))-(3.4.14)) yield

(3.4.15)  ¢%pSy = moss — @SPSy, 42D = Misox — 42Dy, 47P0 = Mo — 48P0,
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Insert (3.4.15)) into (3.4.9) and apply ¢f + ¢f = 1 to get
Moosd? = ea°D5uph, + (Moss — ¢S0S) (Mses — ¢Sy
= 480 (afpSy — moss: + a8pSy) + msos(Moss — G5PY)-

Conduct similar computations for pj,, and summarize the terms in dependence of
psy and ¢f:

(3.4.16) 48P0 (P — Moss) =ty + g8 (msosply — Moos),

(3.4.17) 4oPoo(Pho — Moss) = ts + g (MssopGy — Moso)-

Insert (3.4.15)) into (3.4.16]) to get:

(34.18)  aipio(Py — moss) = msox(py — Moss) — £y — 4§ (MxosPiy — Moos)

= Qf (mzongo - mooz)-

It would be convenient to erase ¢f from this equality. To do this without any kind
of violation the case ¢ = 0 needs further consideration. Under the assumption
q; = 0 equations d3.4.9 , 43.4.12b and 1' produce mggy = pgopgo, Mosy = Do
and myoy = pgo respectively. Thus, even when omitting ¢; from the notation of
the equality is preserved. The notion for p], dependent on p§, is derived in
analogous manner:

(3.4.19) Plo(Pgo — Moxs) = (Mexopgy — Moxo)-

Applying (3.4.16)-(3.4.19) to (3.4.11) yields

ms0096 (Poo — moss)” = (% )2(2930 - mOZE)ngopgo + 4041 (P — mOEZ)QP?OPYO
= (ty + ¢5 (mzospGo — moox)) (ts + 5 (MexopGy — Moso))
+ q5qf (Mmsosphy — Moos) (MexoPgy — Moxo)
= tgty + qé’ (Mmsospgy — Moos) (MxxoPey — Moso) + Qgtﬁ(mzongo — Moox)
+ gty (Mmssopgy — Moso)
= taty + q5(MooxMono — Moosts — Moxoty)
+ q5p00 (PooM=osMes0 + Myosts + Mssoty — MeosMsso — MosoMsos)
= tgty + g5 (MoszMynoMoos + MoszMyosMoso — MooxMox0)

+ ¢35 (PoomsosMsso — 2MossMsosMsso)
Restructuring the terms gives the following relationship:
0 = tgt, + g5 (MozsMss0Moos + MossMsosMoso — MeosMox0 — MssMs00)
+ qugo(pgo(mzozmzzo - mzoo) + Q(mozzmzoo - mozzmzozmzzo))
= q{tgty — @emossita — 46(5) ta + 2¢5PGemozsta

= thﬁty - qgta(p&) - mozz)z-
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Using ¢§ + ¢f = 1 provides a description of ¢ dependent of pg,;, namely
(3.4.20) @ (taPi — moss)” + tat) = tat,.

Applying (3.4.15)) to (3.4.8)) results in:

Moo = 45P3aPaoPYe + (Moss — a8p30) PPl
= pgo(qugopgo + pr?op% - pfopyo) + mOZEklﬁok%a

(3.4.21) Mooo — Moy = (Moss — Do) PioPlo-
Inserting and into equation yields
(mao0 — Mx00Pg0) (Moss — Poo) = (Mxos — MooxPo) (Mexo0 — MosoPoo)-
Minor reordering steps surrender the following quadratic equation
0= (p80)2(m200 — MmxosMsxo) + (MosxMooo — MooxMoxo)

+ pho (Mssomoos + MsoxMoso — MosxMsx00 — Mooo)
(3422) 0= ta(pg())Q + Tapgo + Sqa-

To generate a solution of in pf, the condition ¢, # 0 must be satisfied.
With Lemma [3.1.2]1 this observation transfers to all t5, § € £, thus the necessity of
the first condition of is verified. For the explicit description of p{, apply the
well-known equation for solving quadratic equations to get:

To £ /T2 — 45414
2t ‘

(3.4.23) (pe)* =

To compute the formula for ¢f insert (3.4.23)) into (3.4.20). The computation will
use the terms for (pg,):

Ta = /X 2
% (ta( B T\/— - mOEZ) + tﬁtv) = lgty,
6§ (((ra + 2mossta) — vX)? + datsts) = Atatst,.

(3.4.7) implies 4t,tst, = x — (ro + 2mossta)?. Hence, one gets
2\/%(\/% — (ra + 2m022ta))qg
= (\/z — (Ta + 2m022ta>>2 + 2(7’a + 2m022ta)(\/% — (Ta + Qmoggta)).

A division by the factor for ¢§ is admissible under the conditions (3.1.9), thus de-
manding condition x # 0 and
1 To + Zmozzta
=7+ o Pmoste

2%
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i.e. the desired form from (3.1.10)). The application of (pg,)* will yield 1/2 — ¢¢.
From this insights compute p§, by inserting (pg;)~ and (¢§) into (3.4.15):
(g5)" P = moss — (46)" (PGo) *
. 2./X (e = VX) (VX + (ra + 2mossta))
P10 = mosy +
VX — (1o + 2mossts) dto/X
o Amosstay/X + (Ta — VX)) (VX + (Ta + 2monsta))
Pro = 2t0(X — (T + 2mozsts))
 VX(@2mossta — /X) + Tal(Ta + 2Moss) — Tay/X + Tay/X
n 2o (/X = (Ta + 2mossta))
_ (=ra = VX)) (VX = (Ta + 2mossts)) o Ta VX oo
T (X — (ra t 2monsta))  2ta (PGo)”
To finish the proof insert formulas (3.1.10)-(3.1.12)) into equation (j3.4.8]) while heed-
ing condition :

Moo = PSsDooPaods + Papiopio(1 — b)),

Ta_\/%'rﬂ_\/ztr'y_\/z'\/%+7'a+2m022t04

21, 25 2, 2./X
_roﬁ—\/%.rg%—\/%.m%—\/%. VX — Ta — 2mossla
2to 2t 2t., 2,/X '

Multiply by —16t,tst\/X:
—16moootalalyv/X = (VX + (o + 2mossta)) (ra — vX) (18 — VX)(ry = V/X)
+ (VX = (ra + 2mossta))(ra + v/X) (g + /X)) (ry + v/X)
= 2\/§(rarﬁm +x(ra + 15+ 174) — (ra + 2mossta) (X + ra(rs +174) + rgr,y))
=2X((x = r2)(rg + 1) — 2mossta(X + Ta(rs + 1) +1577))
= —Ata/X(25a(15 + 7y) + moss(X + Talrg +74) +1575))
Divide by —4t,./X and use x = 13 — 4sgts (according to (3.4.1)))
Amooot gty = 25a(rg +14) + moss(X + 7a(rs + 1y) + ra7y)
= (254 + monx(ra +73))(rg + ) — dmosnssts.
Note, that r, +75 = 2(mooxmsso — Moeo) and rg+1, = 2(MxgeMoxs — Mooo). Thus,
divide by 4 to get
mooot sty = (MoooMons — MooxMosxo + Moss (MoosMsxo — Moo ) ) (Ms0eMoss — Mogo)
— Moz (MoooMsox — MoosMsoo) (Moxo — MosxMsso)
= —ig (moox(mzoomozz — Mooo) + Moxs (MoooMsos — MoosMs00) = Mooot sty

thus leading to a true statement. Therefore, given the assumptions the given ex-
pressions yield a solution. This completes the proof of the theorem. O
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Proof of Theorem [3.1.5. This theorem gave conditions under which has a
stochastically admissible solution w.r.t. a given leaf distribution m. The derivation
of these conditions is accomplished by bounding the terms established in Theorem
between zero and one. For readability the notation from Remark is
inherited. The condition x > 0 is necessary for real valued parameters. This implies:

(3.4.24) dtatsty, > —(To + 2mossta)’.

Consider 0 < g5 < 1. Inserting formula (3.1.10]) yields (,/x may denote the positive
root of y)

This is equivalent to
(ro + 2mossita)” < x.

Thus x > 0 and with also tytgt, > 0. With strict positivity is
demanded. Also, t,tst, > 0 indicates the sign condition given for the covariance
sets, since positivity is attained if either all covariance terms are positive or one is
positive and the others are negative.

The remaining conditions are obtained by looking at the transition parameters. Due
to Lemma [3.1.2] it is sufficient to consider the implications to one parameter set,
P2y, w € {0,1} say. Since p§, and p$, must be admissible, start the considerations
with

==
Og_%gl

«

Assume t, > 0. Then 0 < —7r, &£ /X < 214, and thus:

To < VX < 1o+ 2U,.

Therefore, t, > 0 implies r, < 0. Consider each bound separately and start with
the lower bound

re < Ey/X oOr ri > ri —4s,ts
and thus, s, > 0. Look at the upper bound: With +,/x < r, + 2t,, one finds

—4s,to < 4drote + 4ti, and 0<r,+ s, +t,.
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Insert the notation from (3.1.6) and (3.1.7)) to get:

0 < mssomoos + MxosMoso — MosxsMsxo0 — Mooo + MossMooo — Moos Moo
+ Mxp0 — MxoxMso
= (mxo0 — Mooo) (1 — moss) — (Mxos — Moos) (Mo — Moxo)
= MixxMioo — MioxM1x0-
This is the third and final term of S5 and admissibility was obtained for t, >
0, so = 0 and mygxmigg — migsmiso > 0, i.e. for a positive sign of Sgg. Analogue

computations for ¢, < 0 provide similar results for a negative sign of S;,. With the
statements of Lemma the Theorem is proven. O

Proof of Lemma [3.1.6l Due to ‘) setting 57 = 0 implies t37 = 0 for all
z,y € {0,1}. This completes the proof of the lemma. O

Proof of Theorem [3.1.7. This Theorem treats the implications for possible pro-
cesses that yield a leaf distribution m subject to Lemma [3.1.6] Observe, that

t65 = moos — Mozsmsos = PiPands + Plolied? — (P50de + P5a?) (Paodl + Pioad)
= qg Qf (pgopgo + p?opfo - pgopfo - P?opgo)-

Doing this computations similarly for t27 and t07 gives:

(3.4.25) tey = a8at (s — pSo) (Poo — Plo)s
(3.4.26) too = 404t (oo — T0) (Pdo — Plo).
(3.4.27) tog = a5af (Poo — Pio) (P30 — Plo)-

Thus, 55 = 0 yields ¢¢ = 0, ¢ = 1, p§, = pily or Py = Dy

First consider ¢§ = 0. Then ¢f = 1, all covariances are zero due to (3.4.25)), (3.4.26))
and (3.4.27)). If all covariances are zero one obtains:

(3.4.28) Sa = MoooMoss — MooxMoso = Mo (Mooo — MoxxnMxosMss0)-
Moreover, with (3.1.1)), (3.1.4)) and (3.1.5)) one gets for x,y, z € {0, 1}
(3429) Mgy, = p?zpfpr, Myyy = plllgcp,lgya Myyy = p(lxxa

(3.4.30) Sa = Pl (PSopioPlo — Plopiople) = 0.

1’ yields through analogous computations p{, = Mgy, pfy = Myys, P, =
myy, and parameters pj,, u € {0,1}, § € L are free. Since moxy; = Mmoo + Moo1 +
mo10 + Mo11 the property mposy, = 0 implies mggg = 0. Thus, applying equality
(3.4.30) to (3.4.28)) yields

_ _ o, B
Moo = MosxMxosMex0 = P1oP1oP10>
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i.e. the proposed parameters are a solution under the given assumptions and case
(ii.c) is verified.
Next consider

(3.4.31) P = Plos Poo =DPros Do 7 Plo-

Then, again all covariances are zero due to (3.4.25|) and (3.4.26)). Further, ((3.4.28|)
and (3.4.29)) are retained while

(3.4.32) S = Do (P50P00 (4530 + 47PY0) — PooPoo(a5pde + 4{pl)) = 0.

With (3.4.29)) the following assignments pS, = mg sy, pgy = my,y are fixed while for
free pl, # pi, one gets from (3.4.14)

~

q@ _ Mxxz — Pio

0o — v _ .7
Poo — P1o

(13.4.29)) and (3.4.32)) finally show, that the proposed terms are a solution to (3.1.1))

under (3.4.31]). The remaining cases
o = Plo:  Poo # Plos Do = Plos
o # Plo: Poo = Plos  Poo = Plo-
are handled similarly. The case
oo = Plo:  Poo = Pios Do = Plo

gives pg, = Myyy, pgy = My, pg, = msys. and the free parameter g5 through
analogous computations. Thus, cases (ii.a) and (ii.b) are treated.

Finally, consider
B _ — B
toy =l =0, 67#0, x,y,2€{0,1}.
Then, with (3.4.25)-(3.4.27) and (3.4.12)) one gets for z,y, z € {0,1}:
(3.4.33) Do = Ple = Maxs, Doy Py Po. # Pl 0<gf < L.
Inserting these properties into (3.1.1]) returns

My = Maxx (GP0,P0. + EPI,DL.) = Maxsmyy., x,y,2 € {0,1}.
Thus, it remains to establish the solution to the system
(3.4.34) mso0 = 48PooPdo + (1 = a8)Piopios

(3.4.35) msos = gépo + (1 — ¢§)plo.
(3.4.36) msso = 45Poo + (1 — 5)Plo-
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(3.4.35) and (3.4.36]) yield:

p o
m — m —
(3.4.37) ¢ = 202 — Pio _ ™Msx0 ~ P1g

pgo — pfo pgo - p’170 ‘

From the latter equality one establishes:

(3.4.38) i — Doz = plg) + msus(ry — pio),

5
msso0 — P1o

Note that the case p], = msyo was fully considered in the previous cases, thus the

numerator stays valid. Now, insert (3.4.37)) into (3.4.34)) to get:
mso0(Poo — Plo) + pfoPYo(mzzo — Poo) = pgopgo(mzzo — Plo)-
Applying (3.4.38]) yields:

Moo (pgo - pYo) + pfoP?o (myxxo — pgo) = pgo (p?o(mzzo - pgo) + mEOE(I?go - piyo))»
mMyo0 (pgo - pYo) - Pfo (myyo — Pgo)(pgo - p?o) = PgomEOE (pgo - on)a
and thus,

v
Mxo0 — Mxo=Poo
3.4.39 = .
( ) 10 Mo — pgo

Reinserting into (3.4.38)) finally returns

Y
Mxop0 — Mxo=P1o
3.4.40 o= .
( ) 00 Mo — p%

Derive from ({3.4.37)) the equality ¢ = —(mss0—0)/ (Pdo—P1o)- Insert the computed
terms into (3.4.34]) to get

9 9 9 9
Myxo — Pig_~ Mxo0 — MxzosPig Mxx0 — Poo_~ Mx00 — Mx0xPoo

mxo0 = — v Poo T T v P10 g
Poo — P1o myxo0 — P1io Poo — P1o msso — Poo
v o
Poo — P1o
=m0~ 7>
Poo — P1o

i.e. the proposed parameters are indeed a solution under (3.4.33)). The remaining
cases for x,y,z € {0,1}

Doy # Plas Doy =Dy = Msys, P, AL, 0<qf <1,
Doy # Dlos Doy # Phy Do =Dl =myss, 0<gf <1

return similar results. This completes the proof. O
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Proof of Lemma [3.1.8. The equation (3.4.23)) was derived without any restriction
to x. When inserting (3.4.23)) into (|3.4.20)) one obtains:

(3.4.41) @5 (((ra + 2mossta) — /X)* + dtatsly) = Alatgt,.
With xy = 0 and (3.4.7)) one gets for (3.4.41)):

65 ((ra + 2mossta)” + dtatgt, ) = dlatgly,

=0

ie. tutpt, = 0, and hence no leaf distribution with a solution for (3.1.1) obeys
B113).

The function y : C*® — C is a polynomial mapping and hence is infinitely differen-
tiable. Thus with the Morse-Sard Theorem (see e.g. Thm. 1.3 in [Hirsch [1976]) the
set {m € C®: x(m) = 0} is a Lebesgue zero set. This completes the proof. O

3.4.2 Proofs for Section 3.2

Here, the special case of the symmetrical two state model on triple trees was related
to the observations from the general model.

Proof of Corollary [3.2.1] First, insert the model restrictions into (3.1.4))-(3.1.7).
Develop for state 001 and start with the pairwise probabilities

1 1
Mooz = Mooo + Moo1 = 5 — Mop10 — Mioo = 5(1 - daﬁ);
Aoy
Mox1 = Moo1 + Mo11 = Moo1 + Mioo = by

and similarly, mso = dg,/2. Now for the other expression

(0%
Too1 = MoozMyx1 + Mox1Mzox — Mxo1Moxzy — Moot

1
= Z (1 — daﬂ + da,y — dg,y — 4m001)

= 1(1 — 2mo10 — 2Mago + 2Mago + 2Moor — 2Meor — 2Mo10 — 4Mo01)

1 1

= Z<1 — 4m010 — 4m001) = Z<1 — 2dﬁ,y),
1

tg;’ = Mxo1 — Mxx1Mzox = Moo1 + Mo10 — 1 —1(1 —2dgy) = =150,
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and further

mMoo1 1

S001 = Moo Moxs — Moo Mozt = 5 (5 — Mo10 — Mi00)(Moo1 + Mi00)
_ m;)m B m§01 B m;oo + (moo1 + maoo) (Mo10 + Migo) = %(daﬁdwy — 2mg),
Xoo1 = (76o1)? — 4sartor = rior (ror + 4so0r) = %7“8‘01(1 — 2dgy + 4dapdasy — 8Migo)
= %rg‘m(l — dmgor — 4mo1o — 8Mmigo + 4dapday) = }17"6“01(1 — 2dop)(1 — 2dy)

=1 9 (1— 2 ) (1 — 2y =
~ 16 o o ST

The equality
(3.4.42) 407 = —(1 — 2dg,)

shows that tgf # 0 is equivalent to dg, # 1/2 under the symmetrical model. In
addition, ds,5, # 0, 01 # 0o € L implies xgo1 # 0, thus providing the conditions
to transfer the results of Theorem to the Ny model. Use above conditions to
establish the proposed solution. First, verify that ¢¢ is indeed 1/2 by

o L rl+ 2mosstel 1 v (L= 2meyy) 1
dy = 5 + =5+ - 57

2 2,/Xoo1 2 2,/Xo01

since moyy = 1/2. Now for p, = pf,

T n VXoor 1 A

Pa=——p +t - =2 — .
Sty oy 20 2(1-2dp,)

The computations for pg and p,, are similar. With (3.1.10])-(3.1.12)) and the relation-
ship of systems (3.2.1)) and (3.1.1)) shows, that the presented terms form a solution.
This completes the proof. O

Proof of Corollary [3.2.2] First, observe with and that for 0, #
dy € L the property ts,s, > 0 implies ds,5, < 1/2 and equivalently, ts,5, < 0 implies
ds,5, > 1/2. Thus, under the symmetrical model ¢,5to,t3, > 0 has the following
implications:

(3.4.43) dap < 1/2, doy <1/2, dg, <1/2,
(3444) d5152 < 1/2, d5153 > 1/2, d5253 > 1/2, (51 7é (52 7é (53
Next, similarly to the derivation of the conditions in Theorem |3.1.5 one bounds the

obtained parameters between zero and one. Again, citing Lemma it is sufficient
to look at the implications for p, to derive all conditions. Note, that due to (3.2.1)
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the following relationship between the joint leaf probabilities holds under the Ny
model:

1
Moo + Moo1 + Mo10 + Moo = b%

Now for the computations:

2 1 - 2ds,

e [0 2an)( 2
1— 2dg,
(1= 2d5)(1 — 2d,,)

<
0= 1 — 2ds, =

The lower bound is maintained if (3.4.43) or (3.4.44) is satisfied. For the upper
bound one has to distinguish the cases dg, > 1/2 and dg, < 1/2. Consider the first
case and apply the definitions of the Hamming distances

(1= 2das)(1 — 2da,) < 1 — 2dg,,
dag + da,y — dg,y — QdOégda,y >0,
Mmoo — 2(Moo1Mo10 + Moo1Mi00 + MoroMi00 + Migy) = 0,

Mooo™M 100 — Moo1Mo10 = 0.
Similarly, for dg, < 1/2 one gets
M000M 100 — Moo1Moio < 0.

Transferring these results to the covariance conditions presented (3.4.43)) and ((3.4.44))
yields the following cases:

Mo0M0o01 = M010771005
MooMoo1 < M0o107721005
MoooMoo1 < M10M21005

M00"M0o01 = M0107711005

MEooMo10 = Moo1MM100,
mMoeoMMo10 < Moo1M100,
MeoMMo10 = Moo1M100,

MeooMo10 < Moo1M100,

Moo 100 = M001MM0105
Moo 100 = 00110105
Moo 100 < Mo17M0105

Moo 100 < M0o01MM010,

dependent on the signs of the Hamming distances. In all cases one probability is
always on the larger side of the inequalities whereas the other three probabilities
are twice on the smaller side. Thus, two probabilities are allowed to be zero and
positivity is not necessary for admissibility of a solution. This completes the proof.

U
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Proof of Corollary [3.2.3] The implications concerning the Hamming distances
immediately follow from Theorem [3.1.7| with (3.4.42). For the case study consider
(3.2.1)) first in the following updated form:

2moo1 = Py + PaPp — PaDy — PPy,
(3.4.45) 2mo10 = P + PaPy — Pal3 — PgPy,
2mig0 = Pa + PaPy — PaP3 — Paly-
To start the verification of the cases start with the assumption dos = doy = 1/2 and

dgy # 1/2. These assumptions return mgg = mo1o and thus, dg, = 4mge1. Applying
(3.2.3) to (3.4.45)) yields the system:

0=(1-2ps)(1—2pg), 0=(1-2py)(1—2py), 1—8mpp = (1—2pg)(1—2p,).

Consider the possible cases: If p, = 1/2 and ps # 1/2, p, # 1/2 the latter parame-
ters have the following relationship which is derived from the equality 1 — 8mgg; =
(1 —2pp)(1 = 2p,):
_ Amon —py _ dpy — Py
P oy T 12,
Py P~

Defining for t € C\ {1/2} and y > 0 the function

ft,y) = 1y__2tt

the subspace of solution vectors (pa, ps, p,) for (3.4.45) under the given assumptions
dop = doy = 1/2 and dg, # 1/2 is given by
{(1/2:8, f(dsst) - L€ C\{1/2}} U{(1/2, f(ds, ),0) - £ € C\ {1/2}}.

For the similar cases dog = dg, = 1/2, doy # 1/2 and do, = dgy, = 1/2, dop # 1/2
one gets analogue results

If, in addition to p,, also pg = 1/2, then the equation 1 —8mqy; = (1—2pfF)(1—2p,)
yields dg, = 1/2 and thus, m,,, = 1/8 for all z,y,z € {0,1}, i.e. a uniform leaf
distribution is observed. p, remains a free parameter.

Conversely assume, m is a uniform leaf distribution. Then, all inferred Hamming
distances are 1/2 and with the system

0=(1-2pa)(1—2ps), 0= (1—2pa)(1—2p,), 0=(1—2pg)(1~2p,),
inferred from (|3.4.45]) the associated space of solutions is given by
{(t,1/2,1/2) : t e C}U{(1/2,t,1/2): t € C}U{(1/2,1/2,t) : t € C}.

This wraps up the proof of the corollary. O
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3.4.3 Proofs for Section 3.3

Here, the extension of the results to quartet trees was analyzed.

Proof of Theorem [3.3.1] Consider the quartet tree 7 = (V, E) with and
inherit the notation from and , i.e. consider the triple trees 7% =
(V' E"), and associated triple leaf distributions m’, i = 1,2,3,4. The inferred pa-
rameters established via Theorem [B.1.4] will be indexed in that fashion.

To get compatible parameters one of the following two scenarios must be satisfied

(3.4.46) oy =p3s, 4’ =ab?,
(3.4.47) pos =158, ab" = q”
for 0 € {a1, a0}, p = 01,1 = 1,7 =2 and ¢ € {az,as},p = 02,0 = 3,5 = 4. For
0 €L,i=1,2,3,4 the following holds:

5 5i | i 5i G 5 5i | i 5i 8
(3.4.48)  2pgo = (pgo + P1o) + (Poo — Pio)s  2p10 = (oo + Pio) — (Pod — P1o);
i.e. looking at cases (3.4.46) or (3.4.47) is similar to looking at the differences
poa — i and sums pyp 4 pl, 8 € L, i = 1,2,3,4. When looking at the structure of
(3.1.11)) and (3.1.12)) one observes for, oy say:

06171 Till 04171 04171 \/ Xl

ai,l
Poo TP =—7" Poo — Plo =
By

tﬁv’
Consider the differences and sums in the light of compatibility. Then, (3.4.46) can
be written as:

(oo™ +255™) + (o™ —pis™) = (o™ +p157) + (06 — i),
(o™ + i) — (pe — pia™) = (e + pls™) — (ie™ — pis™),
and as:
(s +257) + (05" — 1) = (5o +pi6™") — (G — pig™),
(s +256™) — (o™ —pio™") = (oo™ +pia”) + (i — ™)
Hence, finding conditions for (3.4.46|) and is equivalent to finding conditions

for

5i |, i _ 85 | 6 5i b 5 8

(3.4.49) Poo + Pio = Poo +Pios  Poo — 1ol = |poy — P

for 6 € {ag,a0},i=1,7 =2 and § € {asz,as},i = 3,j = 4 and equivalently

(Bas0) e Tw o Te _ Te VW] |VRe| VAV
tCl{QCl{g ta2a4 ta1a3 ta1a4 tagag ta2a4 talag ta1a4
"oy Tas  Tew  Tay VX3 | | VXa VXs| | VXa

(3451) — y = 5 = s st .
a0y ta2a4 talag tOéQOL3 ta1a4 tOzQOé4 talag ta2a3
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Recall from (3.1.9) that to,o;, # 0, @ # j and \/X; # 0 are necessary for the existence

of a unique solution. Hence, division or multiplication with these terms does not
pose problems to the equalities above.

Look at the following relations:

toczoc3 ta2a4 toqag ta1a4
(3.4.53) VX3 | \/ﬂ’ VXa || V|
ta1a4 ta2a4 talag tagag

The absolute value implies two possibilities, both sides are positive or a sign change
occurred. In particular, for (3.4.52)) only the following cases can be observed:

VG _ VB VG _ VR

tazag ta2a4 ta1a3 ta1a4
VX1 :_\/X2 VX1 :_\/XQ
ta2a3 ta2a4 ’ tOé10£3 ta1a4

Restructuring yields the following equivalences:

vV X1 . tOlQOlg . talag vV X1 o taza;g . tO¢10¢3

\ X2 ta2a4 ta1a4 ’ vV X2 tocgoc4 ta1a4 ’
Y X3 o toz1043 o toa1o¢4 vV X3 . toqag o ta1a4

vV X4 tocgoz3 ta2a4 ’ vV X4 toczag ta2a4

and therefore,

(3454) ta2a3ta1a4 - ta2a4toc1063'

Next, consider the following equality and apply the conditions from (|3.4.50) and
(13.4.54)):

X1 1 tosa
2 = o) (7“;1 + 2m0222ta2a3)2 + 4?50410(2]51_3
2003 Q203 203
ra i tasa
— ( aq +2m0222) +4ta1a2 143
o203 ta2a3

2 2
T t t
= < L + 2mpxys a2a4> +4toz1oz2 a2 = 2 .

t 12
agoy a0y agoy ooy

Hence, the conditions ((3.4.54]) and

(3.4.55) A2 =4, 23
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already contain the quadratic notion of (3.4.52)). Analogously, equations

3 4 3 4

(3.4.56) fas _ Tao - Tas T
4, = Jes -

ta1a4 ta2a4 talag tozgag

contain the quadratic notion of (3.4.53)), and hence (3.4.52)) and (3.4.53)) are redun-

dant.

For a satisfying answer also the root distribution must be considered. First, assume
qgl’ = qgl’Q Then taya5v/X2 = tasas/X1 and one computes:

1 2
01,1 01,2 1 Tay + QmOEEEta2a3 1 "oy + 2m0222ta2a4

—q =5 — -+
ooTh T 2% 2 2%
I Til Til ta2a4 ta2a3
= - + Moxxs E—
2\/X2 2\/x1 VvV X2 VX1
—_———
=0
— 7“21 tagay . Téq _ Tél tagas _ rél -0

ta2a4 2\/ X2 2\/ X1 B tagag 2\/ X1 2\/ X1

Now assume qgl’ = qgl’ Then toya51/X2 = —tasasy/X1 and one computes:

1 2
1 71y, +2mosssloges 1 75, + 2mossstagsa,

2 2y/x1 2 2y/x2
rk r? t t
- _ aq 4 aq ) - m0222< a203 + %)
<2\/X1 2\/X2 VX1 Vv X2
————

=0

01,1

dp

01,2

-4 =

— _( T’él ta20é3 + Tgél ) — _(_ qu tOézOézl + ril ) —
tagag 2\/ X1 2\/ X2 ta2a4 2 \/ X2 2\/ X2
Since analogue computations for ¢222 and ¢2* yield analogue results, conditions
(3.4.54)) and (3.4.55)) also imply the equality of the root distributions.
Finally, the transition parameters for edge (o1, 02) need to be derived. Other equiv-

alences will arise during these calculations. The following equivalences must be
observed:

P =p6pee” + (1= pii™)pt

pie = piepes” + (1 — pio™)pi”.
Equivalently, the parameters must satisfy:

P = piswos” + (L —pge™)pis”,

04,2 0102, 04,3 0102 g,3
P10 = P10 Poo +(1—1710 )pl() .
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Hence, the following equivalences must be satisfied:

a37 a37 a47 a4:
o102 __ Poo — P1o poo — P1o
Poo ™ = o33 a3,3 04,3 0,37
Poo — Pio Poo 10
a37 a37 a47 a4:
o102 __ P10 — P1o p10 — P1o
Pio” = 33 a3,3 0,3 4,3

Poo — Pio Poo — P1o

To verify the equality, insert the representations from (3.1.11) and (3.1.12) and
regard the difference of the terms depending on a3 and ay, respectively:

78, VX3 . Tay— VX1 o, VX3 . 3, VX2

2tara, 2laja;  2ajag 2tayag
VX3 VX3
ta1a4 tQIQS

Ta3 - Ta4 + tOélOéB (Tga; Y X2> - t011054 (Tég Y, Xl)
2/X3 2taraz/X3
lasas (Tig - T24) - (ta1a4ré3 - ta1agri4)

!
= =0.
2\/X3

Using the notions from (3.1.11)) and (3.1.12)) yields the following equality:

3 3 1 2 2 1
ta1042 (rag - Ta4) - ta1a47’a3 + tala3ra4 - tala?),rag - talaélraz'

But the right hand side of this equation is zero with (3.4.55)), and thus this condition
already guarantees the compatibility of the parameter for the inner edge. This
completes the proof. O

Proof of Corollary |3.3.2l The proof contains two steps. Step one is the consider-
ation of the invariants from (3.3.4) under the Ny model and step two is the derivation
of the parameter for the inner edge.

For step one, recall from (3.4.42f) the following equalities:

1 _ 2

Tal - _ta2a37 Tal - _taza47

and analogue equalities for as, ag and ay. These equalities yield:

1 2 _
Taltazaz; - ra1t042063 - 0;

i.e. the first four invariants are zero due to the model properties. The fifth invariant
yields:

(3457) talagtagou; - Z501101475062043
= (1 - 2da1a3)(1 - 2da2a4) - (1 - 2da1a4)(1 - 2daza3)
= 4<da1asda2a4 - da1a4da2a3)
- Q(dmas + da2a4 - da1a4 - dazas)-
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With (3.3.7) the Hamming distances have the following form:

Aoy as = 2(Mmoo10 + Moo11 + Mo110 + Mo111),

( )
(mooo1 + Moo11 + Mo1o01 + Mo111)s
( )
( )

I
SR

dozl ay
d

asag Moo10 + Moo11 + Mo100 + Mo101),

danay = 2(Mooo1 + Moo11 + Moioo + Moi10)-

With this observation, equation (3.4.57)) reduces to:

tamstazaz; - ta1a4ta2a3 = 4(da1a3da2a4 - da1a4da2a3)>

and thus, (3.3.8) is derived.

For the inner edge recall the matrix product P13 = peie2 peas

results in:
Poiaz = p91Q2(1 - p@2043) + p@2a3(1 - p@l@Z)’
and therefore:

As _ Ay
_ Poraz = Posaz _ 2(1-2daja,)  2(1-2dajay)
leQQ - 1 _ 2 Aj
Pozas 1—2dayay

This equation

1 A(1 = 2dy,0,) 1 (1 = 2dy,0,)(1 —
:§O‘vxu—2%m»)25(“‘¢a—a%m»a—

2da2a3)
2da3a4) '

With (3.3.8)) the matrix product P2 = P02 Pe2¢1 provides the same result. There-
fore, no new invariant is obtained from this computations, and the proof is com-

pleted.

a

Proof of Lemma [3.3.3l From the construction of the applied function of Math-
ematica follows, that the presented polynomials are indeed a basis for the needed
elimination ideal. Equivalence of the statements follows from Theorem 2.2.2] O

Proof of Theorem [3.3.4. Having the conditions of Theorem [3.1.5] it remains to

compute:
0 < p9192 < 1

0102

Inserting the acquired notion of Theorem |3.3.1] “ yields for py,

0 < 1 Tg)t 5 — Tvm aB tas V' X

- 2 2ta,8 X(zzz) 2ta,8 (zzz) -

1 tas(rd) = VXO) rW’<1
2 = 2ta6‘ /X(ZZZ) 2 (zu - 92

- (m) + /(D _ _TEYZ) _ /X(z') _ _T,fym) — /()
2ta5 - 2taﬂ - 2ta5 ‘
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The calculated terms are the notions for the transition probabilities from Theorem
- Analogous computations for p7y® yield the same bounds, i.e. condition (i3.3.9)
is verified.

['he proof of Theorem [3.3.1| shows, that this condition translates to all leaves, i.e.
also
min{p" 717(110 9} < pgo(m)&?é(m) < max{py"”, "},

mm{Poo >P10 l)} < Poo W)vplo( g < maX{Poo l)aplo( )}7

d,(%i7) (24 it 0,(4i1)  0,(%it
min{p o 71910 )} <poo )71710( ) < max{py o s P1o )}

must be fulfilled. 0

Proof of Lemma [3.3.5. According to Proposition the restrictions of a Mar-
kov process on a tree 7 to the triple trees derived from 7 are again Markov processes.
Hence, these restrictions need to satisfy Theorem |3.1.5| as well. Now, consider a tree
T with n > 3 leaves. Whenever one assembles a triple tree the process must satisfy
the sign conditions. In particular, denote by 71, do and d3 the selected leaves. Then
either all leaves are positively correlated or two are positively correlated to each
other and negatively correlated to the third. Now consider a fourth leaf 64 and the
four triples generated by the four leaves. The following scenarios are compatible
with Theorem B.1.5t

1' t51(52; t(51(537 t5253 > 0 and either

tss, >0 or tss <0 forie{1,2 3}

2. t5152 > 0 and t5i53 < 0, 1= 1, 2 and either

ts.5, > 0 and tsys, < 0,2=1,2 or
t5¢54 <0 and t5354 >0,2=1,2.

Any selection of three leaves under these conditions will satisfy the sign condition
for the covariance terms. Moreover, there is no other scenario that is admissible.
Looking closely at the cases reveals that they always agree with the statements of

Lemma [3.3.5] one always observes two sets - one of them possibly empty - which
satisfy (13.3.10]). This completes the proof. O



Chapter 4

Stochastic Models of Molecular
Evolution in k£ States

The previous chapter analyzed the general two state model on a triple tree. How-
ever, looking at models with a larger number of possible states provides a better
relationship to molecular evolution. To give a glimpse at the difficulties of this task
, two simple symmetrical models are examined on triple trees, the Neyman N; and
the Kimura 2ST model. The obtained solutions depend on the pairwise leaf dis-
tributions only, but still need three leaves to be formed. Moreover, the number of
needed phylogenetic invariants rises considerably.

Each section starts with the presentation of the basic model properties, followed by
the derivation of conditions on leaf distributions for a Markov extension, the compu-
tation of characterizations for extensions and conditions for their model relevance.
The sections close out with the transfer of the results to the time-continuous model
specifications of rates and molecular clock. The proofs to all presented results are
given at the end of the chapter.

If not defined otherwise, the basic structure on which the models are discussed, is
the triple tree 7 := (V, ) with

(4.0.1) Vi={a,f,7,0} €:={(ea)(e0) (¢,7)}
with leaf set £ := {«, 5,7}.

4.1 The Neyman N; Model

The Neyman N, model is introduced in Example [1.3.2 Here, each edge of 7T is
assigned one parameter, and the root distribution is stationary.

The following section starts with the presentation phylogenetic invariants for the
existence of an algebraic solution of (LF|) w.r.t. a triple leaf distribution under the

85
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model. Next, an explicit description of all possible Markov-like extensions to a given
leaf distribution, and conditions for stochastic admissibility are computed. Finally,
a transfer of the results to the rate model and its specification, the molecular clock,
is undertaken. Throughout this section, let & > 2 and the state set is given as

S§:={0,1,....k—1}.

4.1.1 Basic Model Properties

Let = (fbuzyz)uzy s denote a Markov distribution on 7 = (V, &) with (4.0.1))
w.r.t. the Neyman Nj model, i.e. g is subject to (LF])) and has the following
properties:

(4.1.1) po =P(X,=u)=1/k foralluesS,
(4.1.2) Ps = flaju = P(Xs = 2| X, =u) forallz,u € Sandéec L.

Property describes the stationarity of any marginal distribution, i.e. each
state has the same probability to occur at a site of the sequence for a vertex. The
transition is considered in (4.1.2)), where the kind of transition is not distinguished,
and only its occurrence is observed.

The properties show that a Markov distribution on 7 subject to the Neyman model
is fully determined by a triple (pa,pg,p,). Observe that the transition probability
ps cannot exceed 1/(k — 1) in order to be an element of a transition matrix. The
model properties are now used to define a Neyman extension.

Definition 4.1.1. Let m := (Myy.)s,y2cs denote a leaf distribution on T . A Markov
distribution pt = (fuzyz)uwy-es on T subject to the Neyman model with

Mgy, = § Huzyz fOT T,Y,% € S,
ueS

is called Neyman extension to m on 7 .

Applying properties (4.1.1) and (4.1.2) to the system (LF]) shows that a triple leaf

distribution with a Neyman extension has to obey certain relations. These relations
are presented in the following lemma:

Lemma 4.1.1. Let k > 3, and let m denote a leaf distribution on L. If m has a
Neyman extension p on T, it satisfies the following conditions for x #y # z € S:

(413) Mygx = Mo00, Maxy = TMo01, Maya = M010, Myza = 100, Mayz = Mo12-

Thus, a triple leaf distribution subject to a Neyman extension is characterized by five
values. The summation condition for probabilities yields the following relationship:
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(414) kmoog + k‘(k‘ — 1)(m001 —+ mo10 =+ mio0 + (k’ — 2)7’71012) = 1.
These observations lead to the following insight:

Lemma 4.1.2. Let m denote a leaf distribution with Markov extension p. Then,
finding a characterization of p under the Neyman model by solving 15 equivalent
to solving

kmooo = (1 — (b — 1)pa)(1 = (k = D)pg)(1 — (k — 1)p,) + (k — 1)papspy,
kmoor = (1 — (k — 1)pa)(1 = (k — 1)pg)py + paps(l — py),
(4.1.5)  kmoio = (1 — (k= 1)pa)ps(l — (k — 1)py) + pa(l — ps)py,
kmioo = pa(l — (k — 1)pg)(1 — (k — 1)p,) + (1 — pa)ppps,
kmoi2 = paps + Papy + PsPy — 2kpapppy-

System (4.1.5)) consists of five equations in three variables. For k = 2 one will find
that

2(mooo + ™Moo1 + Mo1o + Mioo) = 1,
i.e. mgi2 is zero under the Ny model. This should be kept in mind for the following
considerations.

According to Chapter [2, a polynomial basis in mog, moo1, Mo10, Mi00 and meig is
needed to obtain a characterization of triple leaf distributions with a solution to
(4.1.5). Proposition states that the dimension of the algebraic variety of such
distributions is equal to the dimension of the tangent space in a simple point. Using
this approach yields a lower bound for the number of polynomials in the basis:

Lemma 4.1.3. The dimension of the variety of triple leaf distributions with a
Neyman-like extension is two.

Thus at least two polynomials are needed to describe this variety. The software
Singular (see Greuel et al. [2001]) provides the package elim which generates an
elimination ideal for a given set of polynomials. Applying this package to (4.1.5))
yields the following result, where x1 = mggg, T2 = moo1, T3 = Mo10, T4 = M1g0, T5 =
mo12:

NF(xy, ... x5) = ko + k(k — 1) (20 + 25 4+ 24 + (k — 2)a5) — 1,

N¥(2q,. .., 05) = K* (2205 + 22wy + 2002 + 200? + 2204 + 2327) 4+ 2k 000374
+ (k — 2)K*zs (23 + 22 + 23) + (k — 2)3k322 — k(3 — 6k + 2k*)22
+ o5 + k(3(k — 2)k*x5 — 1)(29w3 + 2024 + T374)
+ 2kxs((k — 2)%K%xs — k + 1) (22 + 23 + 14).
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It is possible to find alternative sets of polynomials, but they will not change the
algebraic variety for (z1, 2o, 3, 24, 75). Obviously, (4.1.4) and NF are equivalent, i.e.
a leaf distribution m that obeys satisfies NF(m) = 0. For the existence of a
solution of w.r.t. m, also N¥(m) = 0 must necessarily hold.

Proposition 4.1.4. Let m denote a leaf distribution satisfying . If m has a
Neyman-like extension, it satisfies

(4.1.6) NY (mooo, Maot, Mor0, Moo, Mo1z2) = 0,

(4.1.7) Ngk(mom, Mo10, 1100, m012) =0.

The polynomials Nf and N¥ are phylogenetic invariants for the Neyman N, model.
As indicated by various texts (eg. |Allman and Rhodes [2003]) uniqueness of the
invariants is not given although the algebraic variety spanned by the polynomials
will stay the same. Since all triple leaf distributions in this section need to satisfy

(4.1.3)), they are also in the algebraic variety of NF. Hence, only (4.1.7)) will be cited

in later considerations.

4.1.2 An Algebraic Extension

The first step to find a solution for w.r.t. a triple leaf distribution m is
to reduce the system to a number of equations equal to the number of variables.
Here, the pairwise leaf distributions come into consideration. In Baake [1998] is
stated that for symmetrical models of molecular evolution, pairwise leaf distribu-
tions are sufficient for a reconstruction of the initial tree. The needed pairwise leaf
distributions are derived from m through the following summations:

Mo1s = Mo10 + Moo + (kK — 2)mo12,
(4.1.8) Mox1 = Mool + Mioo + (/{ — 2)m012,
mxo1 = Moo1 + Mo1o + (k — 2)mo12.

Extending these computations using the equalities from (4.1.5)) yields the following
system:

kmOlZ == (1 - (k - 1)pa)pﬁ +pa<1 - (k - 1)pﬁ) + (k - 2)papﬂ7
(419) k’mogl = (1 — (k — l)pa)pw —}-pa(l — (k’ — 1)]?7) + (k’ — 2)pap"/7

kmsor = (1 — (k= 1)pg)py + ps(1 — (k — 1)p,) + (k — 2)psps,

For writing purpose denote the set of pairwise leaf distributions to a given triple leaf
distribution m by m?, i.e.:

(411()) mP = {(mxyE)z,y687 (mmEz)x,z687 <m2y2>y,z68}-
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Concerning the relationship of solutions for (4.1.5) and (4.1.9)) resp. the following

statements are valid.

Lemma 4.1.5. Let m denote a triple leaf distribution and m* its associated set
of pairwise leaf distributions. Any solution of system (4.1.5) w.r.t. m is a solution
of w.r.t m*. Conversely, any solution of w.r.t. mt is a solution of
w.r.t. m, if m obeys (4.1.0) and (4.1.7).

Due to this observation the establishment of a solution to (4.1.9)) provides a solution

for (4.1.5) under the conditions of (4.1.6)) and (4.1.7). The next result gives an idea

about the number of possible solutions to (4.1.9).

Proposition 4.1.6. Let m denote a triple leaf distribution and m” its associated
set of pairwise leaf distributions. If the vector (pa,ps,py) is a solution of
w.r.t. m*, then (o, Dg, P) with ps = 2/k — ps, d € L is also a solution of )

This result shows that two different solutions of w.r.t. a set of pairwise leaf
distributions m” can be identified by one vector (pa,ps,p,). Hence, an algebraic
solution (pa,ps,py) to (4.1.9) can only be unique up to duplicity. When applying
the insights to the initial system , one finds that the observed symmetry is
only subject to . For the triple system an initial distribution m will
be recovered at most once. The verification of this observation will be found later
in this section.

The generation of an explicit solution to (4.1.9) unearthed a well-known quantity:

Definition 4.1.2. The Hamming distance between « and (3 is defined by
(4111) daﬁ = meyE = k(k — 1)m01g.
TF#Y

The Hamming distances do~ and dg, are defined analogously.

In this section, the Hamming distance mainly occurs in the following term:

~ k
(4112) d5152 =1- mdt;léz? (51, 09 € L.

A closer examination of (4.1.12)) for a, 3 yields in combination with (4.1.11)) that

dop =1 — k*mors. In addition, if the summation property

1= Z Mgys = kmeos + k(k — 1)mors

z,yeS

is considered, (4.1.12]) can be written as:

daﬁ =1- k(k - 1)m012 —kmys = k(mooz: - mom)-
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This observation suggests a treatment of J5152 as the similarity-dissimilarity-differ-
ence of leaves 0, and d,. The above proportions and definitions are used for the
following result:

Theorem 4.1.7. Let m denote a leaf distribution on L which satisfies and

let m” denote the associated set of pairwise leaf distributions. Then, system
has a unique solution up to duplicity w.r.t m*, if for each pair 81,05 of leaves the
associated Hamming distance satisfies

k—1
(4.1.13) dsys, #

The extension is determined by

| =

1 A
(4114) Pa — E (1 + ~—), Ps =

(3~ ( (y'y> ( (¥ﬁ)
(! (l ’ k d ’

(4.1.15) A = \/dosdords,.

If m satisfies , exactly one of these solutions is a solution of system
w.r.t. m.

Hence a characterization for a Neyman-like extension is established. Real data
usually provide Hamming distances smaller than 1 — 1/k. The solutions have a
similar structure compared to Theorem |3.1.4]and looking at Corollary indicates
that the result also holds in the Nj-case. However, in the two-state-case only one
invariant, namely is needed, and m has two symmetrical extensions. Next,
using the terminology from the theorem, the transfer to triple leaf distributions is
quantified:

Corollary 4.1.8. Denote by m and m the triple leaf distributions on T obtained
by inserting the symmetrical solutions from (4.1.14]) into . Their difference

18 given by:

2 4

Mooy — Mooy = ﬁ(k‘ —1)(k=2)A, mo12 — Moz = EA’
~ ~ ~ ~ ~ ~ 2
Moo1 — Moo1 = Mo10 — Mo1o = M100 — Mip0 = _ﬁ(k —2)A,

where A is given by .
Since (4.1.13)) implies A # 0, each set of pairwise distributions that yields a solution
according to Theorem [4.1.7 returns two different triple leaf distributions each with
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a Neyman extension. Thus, if the initial triple distribution m admits (4.1.7)), one
has to check which solution returns m. The following example provides an insight
into all the statements from this section.

Example 4.1.1. Consider the following vector, satisfying (4.1.4)):
m = (100, 15,15, 10, 5)/1000.

Due to its generation, the vector satisfies Nj}(m) = 0. Unfortunately, for the second
invariant one computes Ny (m) = 17/125000 # 0, i.e. m has no Neyman-like exten-
sion. Still the associated pairwise distributions provide two solution vectors p! and

p? with
L (111 , (1322
P=\15"10'10)" ¥ ~\30'5'5)

The probability vectors generated by inserting p* and p? respectively into (4.1.5))
have the form

m, = (197,31,31,21,9)/2000,
m, = (49, 32, 32,27, —12) /1000.

Both vectors satisfy (4.1.6) and (4.1.7). p' is stochastically admissible, whereas m.,
is not a probability distribution.

4.1.3 A Neyman Extension

After finding conditions for a Neyman-like extension, the conditions for a true Ney-
man extension need to be established. This is done by bounding the parameters
provided in Theorem between zero and 1/(k — 1).

Theorem 4.1.9. Let m denote a triple leaf distribution on T satisfying and
m? its associated set of pairwise leaf distributions. If for &, # 0y # 83 € L the
similarity-dissimilarity-differences satisfy

ds, s,d,
(4.1.16) 0 < 02Z0ds
s,

then system has a stochastically admuissible solution w.r.t. the associated
pairwise leaf distributions. Further, if

551526%153 < 1
ds,s, — (kK—=1)2

(4.1.17) 0<
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both solutions of system are stochastically admissible w.r.t. the associated
pairwise leaf distributions. If m admits , one of those solutions characterizes
a Neyman extension to m.

Condition provides the positivity condition for the product daﬁciavdm which
is necessary for non-complex transition parameters. Further, can be consid-
ered as a three-point-condition, since it relates the associated similarity-dissimilarity-
differences. It states that the leaves have to be close enough together. Moreover,
two distances can be negative. Recalling that Jaﬁ = k(moos — moix), negativity
means that the sequences have more dissimilarities than similarities. Thus, either
all leaves have sufficiently similar sequences or one leaf is significantly different from
the other two. Comparing that insight to Theorem [3.1.5( one can observe that the
statements are similar. This leads to the conjecture that an even number of pairwise
negative relations is a necessary condition for all models.

Example 4.1.2. Recall the distribution from Example [£.1.1] The three similarity-
dissimilarity-differences have the following values:

~ ~ 11 ~ 9
dog = doy = 25’ dgy = 25"

With this values the condition (4.1.16)) can be observed by

Jaﬁdcw 112 Jaﬁdﬂv _ CZCWCZB'V _ g

9
dﬁv 15%° dow - daﬁ - ﬁ7_25'

Thus, at least one solution characterizes a Neyman process. However, (4.1.17)) is
not satisfied, since all quotients exceed 1/9. As already seen, p' is the stochastically
admissible solution and p? is not admissible.

4.1.4 Rates and Molecular Clock

This section will look into the implications of the computed properties to the very
popular rate model and its even more popular special case of molecular clock. The
models introduce edge lengths and have one rate matrix containing the infinitesimal
rates of change across an edge.

Rates
The relationship between transition probabilities and rates is given through
P = th‘s, )€ L,

where () denotes the rate matrix of the associated model and ¢5 the edge length
of edge (0,9),d € L on tree 7. The biggest advantage of the model is that the
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transition matrix to a path is the product of the transition matrices of the edges
along the path, whereas the rate matrix is computed as the sum of the rates. The
following rate matrix is subject to the Neyman N, model:

—(k—1)g q q

—(k—1
Q= q ( ) )4 . q k rows,

q q .. —(k=1)q
i.e. the Neyman model with rates on 7 consists of three edge lengths and a rate
parameter q. Thus, the information obtained by solving the system for probabilities
is not sufficient to obtain edge lengths as well as a rate. However, it is possible to

provide a closed form for the product rate gs = qts, 0 € L, as the following result
shows.

Proposition 4.1.10. Let m denote a triple leaf distribution on T satisfying
and m"” its associated set of pairwise leaf distributions. If the pairwise leaf distribu-
tions satisfy , exactly one set of transition probabilities transfers to the rate
set

_— i .
4o = — 57 (10 das| + I |day| = In|d, ).
e ) ;
(4.1.18) a5 = =57 (I |das| + In|ds,| — In |day ),
ke i .
4 = =g (nlds | + I |dor | = In | o).

If only is satisfied, the existence of admissible rates is not quaranteed.

The parameters ¢s, 0 € £ will be called rates only if they are subject to a set of
transition probabilities. The relationship between rates and probabilities under the
Neyman model is given by

1 1 A
q(;:—Eln(l—kp(;) :_Eln(i~_>v 07 017 0y € L.

0162

Thus, only one set of transition parameters will provide the logarithm to a positive

number. Therefore, if only (4.1.16) is satisfied, one has to ask whether the computed
rates are subject to the transition probabilities. Hence, only (4.1.17) guarantees
rates.

Molecular Clock

As introduced in Example [1.3.4] the molecular clock is a model which assumes
that different species had the same time to evolve from their common ancestor.
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This property provides the possibility of finding a root while further restricting the
model. Let 7 := (V, £) denote the rooted binary tree with

(4.1.19) V= {01,062, 03, 01, 02}, £ = {(02,01), (02, 02), (01, 02), (01,03) },

where (01, 02, 03) denotes a permutation of the leaves in £. In the case of molecular
clock, the edge lengths of (g,,071) and (g9, d2) must be equal and the edge length of
(01,03) must be equal to the sum of edge lengths of (o1, 02) and (02,01) (see Figure
. Incorporating these conditions, one gets the following result:

Proposition 4.1.11. Let m denote a triple leaf distribution on T satisfying
and let m* denote its associated set of pairwise leaf distributions. If the pairwise

leaf distributions satisfy , and if:

(4120) J§153 = CZ5253 < Cz5152, 51 7é (52 7é (53 S E,

the model parameters have an extension with molecular clock on tree T := (V,SA)

with . This extension is provided by the following rates:

c c 1 7 c 1 7 c 1 7 7
ds, = ds, = _% In |d5152|7 sy = _%hl |d5153|7 o, = _%(hl |d5153| —In |d5152|)'

The necessity for condition becomes apparent when considering that the
rates need to be non-negative in order to relate to transition probabilities. Thus,
when looking at ¢, one automatically finds that condition needs to be
satisfied. Figure [4.1]illustrates a working molecular clock, whereas Figure [4.2] shows

a non-working case.
84
3
p Y N
p Y

Figure 4.1: Molecular clock: Extension possible. The edge (p,~)
is longer than edges (p,a) and (p,3). Thus, a vertex 7 can be
introduced that obeys the addition rule for molecular clock.

Molecular clock has certain implications to a leaf distribution, for which (4.1.5)) has

a solution. Condition (4.1.20) implies with (4.1.14)), that ps, = ps, < ps, must hold
for 61 # 0o # 3. Applying this insight to (4.1.5) yields that one of the following
three cases holds:

1. If po = ps < py then mpi9 = mago.
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2. If Pa = Py < DB then mgygr = mago.
3. If Pg = Py < Pa then moo1 = Mo10-

If all three transition parameters were equal, mgo = Mmoo = Mg would follow.
Moreover, with ds, s, = ds,s, the inner vertices p; and g merges.

o

B

Figure 4.2: Molecular clock: Extension not possible. The edge
(p,) is shorter than edges (p,«) and (p, 3). The edge (7,7) must
have negative length in order to satisfy the addition rule for molec-
ular clock.

These observations conclude that a Neyman model with molecular clock is even
more restrictive to the input and should be treated with even more care than the
already quite restrictive rate model.

Example 4.1.3. Generating a leaf distribution that is subject to molecular clock is
rather easy. Take two values and take them as the similarity-dissimilarity difference.

To accommodate Theorem and choose k =4 and
dop = doy = 1/9, dg, = 1/5.
The resulting rates are given by
q5 = ¢, = 0.20118, g, = 0.274653, ¢,, = 0.0734733.
Applying Theorem [4.1.7yields the following two sets of transition parameters:

1

1 1 1 V5
pﬁ p»y 4( \/5)7 pa 4 9 )
1 1 1 V5

Clearly, the second set is inadmissible. The full implication of this observation
becomes visible when looking at the associated five-valued vector generated by in-
serting the transition parameters into (4.1.5)):

my = (0.0400751,0.0144194, 0.0144194,0.019975, 0.0105806),

me = (0.0307582,0.017525,0.017525, 0.0230806, 0.00747495).
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The structure of m; and my happily agrees with the above statements concerning
leaf distributions.

4.2 The Kimura 2ST Model

The Neyman model is the simplest model for molecular evolution. It treated any
possible kind of change uniformly. The next step is to distinguish kinds of change.
The simplest such distinction is the defining property of the Kimura 25T model.
This model is introduced in Example [1.3.3]

The following section will look at the properties of this model. The section is
composed as the preceding sections. First basic properties are introduced. Then,
conditions on leaf distributions for algebraic and stochastically admissible extension
are established, and a closed form for the extension presented. Finally, the transfers
of the results to the rate model and molecular clock is considered. Recall that
7 = (V,€) denotes the triple tree with and leaf set £ = {«a,3,v}. Let
S :=1{0,1,2,3} and denote the class of purines by {0, 1} and the class of pyrimidines
by {2,3}. A change within a class is called a TRANSITION, while a change from
purine to pyrimidine or back is called a TRANSVERSION. To avoid confusion with
the phrase transition in terms of the general transition of the process along an edge,
above notation will be applied whenever the kind of state change is mentioned.

4.2.1 Basic Model Properties

Let g = (Huwyz)uzy-cs denote a Markov distribution on 7 w.r.t. Kimura 28T
model, i.e. u is subject to (LF]), and has the following properties for 6 € L (e.g.
Ewens and Grant [2001} sect. 13.2]):

(42.1) p, =P(X,=u)=1/4 foralues,
(4.2.2)  ps = pgp = P(Xs = 2| X, =u) foru#xe{0,1} or u#x € {2,3},
(4.2.3) g5 = pyp = P(X5 = y|X, =u) forue {0,1}, y € {2,3} or vice versa.

Equally to (4.1.1)), stationarity of states in the root is proposed by (4.2.1]). Properties
(4.2.2)) and (4.2.3]) introduce the TRANSITION and TRANSVERSION parameter for the

model respectively.

The properties show that such a Markov distribution is fully determined by the
family (ps, ¢s)sec. Note that the sum ps+ 2¢s cannot exceed 1/3 if p is a probability
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distribution. The model properties are used to define a Kimura extension.

Definition 4.2.1. Let m := (Myy:)zy..cs denote a leaf distribution on L. A Markov
distribution p on T subject to the Kimura 25T model with

Mgy, = E Huzyz, T,Y,% € Sa
ueES

is called a Kimura extension to m on 7.

Similarly to the Neyman model, those properties have implications to the factor-
ization property . Since the model does not exactly distinguish the kind state
change, the probability of some joint states is equal. In particular, there are ten
groups of states and within each group, all states have the same probability. This
property is presented in the next lemma.

Lemma 4.2.1. Let m denote a leaf distribution on L. If m has a Kimura extension
w on T, it satisfies the following conditions

Mopo = M111 = Ma22 = M333, MMoo1 = Nli10 = MM223 = 1332,
Mo1o0 = Mio1 =— M232 = M323, MMo11 = Nligo = 233 = M322,
Moo2 = Moo3 = Mi112 = M113 = Mg2p = MM221 = M330 = 171331,
(4 9 4) Mo20 = Mo30 = Mli21 = M131 = Mgp2 = M212 = M303 = 1M313,

o Mo22 = Tp33 = M122 = T133 = Mgpo = MM211 = 300 = 171311,

Mo12 = Mp13 = M2 = M1p3 = M230 = 1M231 = M320 = MM321,

Mo21 = Mp31 = MM120 = M130 = M2p3 = Ml213 = M3p2 = 1312,

Mp23 = 1Mp32 = MM123 = M132 = M1 = Ma210 = 301 = M310-

Thus, a triple leaf distribution m subject to a Kimura extension is characterized
by ten probability values. The summation property for distributions provides the
following relationship for those values

(4.2.5) 4(mogo+mo01+mo10+mM100) +8(Mo02+1M020 +M200+Mo12 +M102+Ma201) = 1.

Applying the model properties (4.2.1)-(4.2.3) to the basic factorization equation
(LF)) yields the following system that describes the relationship of the transition
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parameters to the ten probability values:

4mooo = (1 = Pa — 24a)(1 — Pg — 2¢5) (1 — Py — 2¢,) + PaDsP~y + 20095,
4moor = (1 = pa — 2¢a)(1 — pg — 248)Dy + Papp(l — Py — 244) + 240454,
dmoro = (1 — pa — 2qa)ps(1 — Py — 2¢;) + Pa(l — s — 248)Py + 24045,
4migo = (1 — Pa — 24a)Pspy + Pall — ps — 245)(1 — Py — 2¢,) + 240qp4y,
Amooz = (1 = pa — 24a)(1 — ps — 245)ay + PaPsdy + dads(l — 2,),
dmo12 = (1 = pa — 24a)Ps0y + Pa(l — Ps = 203) ¢y + Gaqs(1 — 2¢4),
4mogo = (1 — pa — 240)qs(1 — Py — 2¢y) + PadsPy + 4ol — 2¢5)qy,

dmoz = (1 = pa — 2qa)qpPy + Pads(l — Py — 2¢,) + a1l — 245)q,

4maoo = qa(1 — ps — 2q8)(1 — py — 24) + qapspy + (1 — 2¢a) 4545,

dmaor = ¢a(l — pp — 245)py + qaps(1 — Py — 245) + (1 — 240) g5
This system consists of ten equations in six variables. Again, one has to distinguish
between algebraic solutions and stochastically admissible solution of the system. An
algebraic solution of w.r.t. m will characterize a Kimura-type extension to
m on 7T, whereas a stochastically admissible solution will characterize a Kimura

extension to m on 7, i.e. the latter will characterize a Markov process on 7 that
obeys the Kimura 2ST model.

According to Proposition [2.6.4] the dimension of the tangent space provides a lower
bound for the number of polynomials needed to span the space of leaf distributions
which have a solution.

(4.2.6)

Lemma 4.2.2. The dimension of the smallest variety containing all triple leaf
distributions {Myy. }y -es with Kimura-type extensions is four.

Thus at least four polynomials are needed to characterize the variety of triple leaf
distributions with Kimura-type extensions. Computations with the software Sin-
gular returned a system of 18 polynomials in the ten variables provided by the left
hand sides of . Writing them out would take about 24 pages. As a (very)
small insight, equation (4.2.5)) is included in the set of polynomials. For readabil-
ity reasons those polynomials will only be presented on the accompanying CD. In
accordance with Proposition the following statement is given:

Proposition 4.2.3. There is a set of 18 polynomials K; such that if a leaf distri-
bution m has a Kimura-type extension, it obeys and

(4.2.7) K;(m)=0, i=1,...,8.
Clearly, all polynomials K; denote phylogenetic invariants. Chapter [2/showed that a

given set of polynomials might not be the best basis for the sought algebraic variety.
It is possible, that a smaller system could be obtained via better algorithms. But
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it can always get worse. For instance, the algorithm employed in Mathematica
returned for the system (4.2.6]) a system of 26 polynomials that filled more than 200
pages together.

4.2.2 An Algebraic Extension

After presenting conditions under which an algebraic extension exists, it is time to
present the derivation of a characterization of such an extension. Again, the pairwise
distributions are the key to the closed forms of a solution to . The pairwise
probabilities mg1x and mgoy are computed via

Mol = Mo1o + Migo + 2Mo12,  Me2x = Mo20 + Mo21 + Magp + Ma2o1-

The pairwise probabilities mqs1, mos2, Myo1 and mysge are computed similarly. As
in the Neyman section the set of pairwise distributions to a given triple distribution
m is denoted by m?. System yields the following relations between pairwise
distributions and transition parameters

dmors = (1 — pa — 2¢a)pp + Pall — Pp — 245) + 29095,
4mos1 = (1 = pa = 2¢a)Dy + Pa(l = Py — 244) + 2¢agy,
dmsor = (1 — pg — 293)py + ps(1 — py — 2¢,) + 2434,
dMmogy. = qa + 5 — 44aqs,
dmoss = Ga + ¢y — 4409,
dmso2 = ¢s + ¢y — 4484,

(4.2.8)

Apparently, the latter three equations only depend on the TRANSVERSION parame-
ters and are of the same type as system . Thus, recalling Theorem , the
system has at least two solutions. The following proposition will provide a
first characterization of the solutions.

Proposition 4.2.4. If (ps, qs)sec is a solution of w.r.t. to a set of pairwise
distributions, then the following families are also a solution to w.r.t. the
same set of pairwise distributions.

(4.2.9) (Ps, q5)sec, where ps=1—2gs — ps,
(4.2.10) (Ps, Gs)sec, where 24s=1—2qs and 2ps =1 — 2p;s.

The proposition shows that four different solutions of (4.2.8) w.r.t. a set m* of
pairwise leaf distributions can be identified by one family (ps, ¢s)sec. Hence, an al-
gebraic solution to (4.2.8)) can at most be unique up to symmetry. For an illustrative

analysis of the alternative solutions, a look at the associated transition matrices is
helpful.
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Property (4.2.9) relates to the following matrix operation

» MO0 “so o
oaso 0 »> a0 0
(42.11) o0 & &l oo & s
OO N & RER

or literally, the probability of staying within a certain state class remains the same
only the kinds of state change within swap probabilities. When inserting into
the initial system one finds that it retains the triple leaf distribution. For
property the following change can be observed:

2000 20-0 O A4 aia
(4.2.12) Ak OO | O 200 R EE
2 R sa ke 90’0 O |
6O A B sia  sla o 950

or more precisely, the probability mass of staying within a class and changing the
class are swapped and accordingly redistributed. Contrary to , this property
does not keep invariant to the change and leads to the conjecture that the
solutions found for a set of pairwise distributions will provide two different triple
distributions when inserted into (4.2.6)). This conjecture is verified later on.

After having proposed the general style of a solution it is time to introduce its
explicit form. Its computation unearthed certain notions whose relevance for the
Kimura 25T model resembles the relevance of the similarity-dissimilarity differences
for the Neyman model.

Definition 4.2.2. Denote by
dog =1 —8mois — 8mugs, dpg :=1— 16mgex,

the TRANSITION- and resp. the TRANSVERSION difference between o and (3. The

differences dg,,, dy,., dj.,, d., are defined accordingly.

Under the Kimura 2ST model, the joint probabilities for a pair of leaves are related
in the following way:
dmoos + 4mois + 8mgas =1

With this knowledge, the TRANSITION- and the TRANSVERSION difference can re-
spectively be written as:

(4.2.13) dos = 4(moos + mo1s) — 8Moas,
(4.2.14) 35 = 4(mooz — Mmors),

yielding the following interpretations of the differences:
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The TRANSITION difference is the difference of the probability of both leaves having
states in the same class and the probability of both having states in different classes,
whereas the TRANSVERSION difference is the difference of the probability of both
leaves having the same state and the probability of both having different states in
the same class.

With these notions, the explicit form of the characterization of a Kimura-type ex-
tension for a given set of pairwise leaf distributions is introduced:

Theorem 4.2.5. Let m be a leaf distribution on L satisfying and mP its
associated set of pairwise distributions. If the differences dj s, and dj s, satisfy for

5 £ EL

(4.2.15) v A0, dis #0,

then system has a unique solution up to symmetry w.r.t. m’.

The solution is characterized by

](1:t Zx”) L (1 2q, sz)
Qo = ) y  Pa=75 — 4(q 75 |
4 By 2 dﬁv
1 A, 1 Ay
2. =—(1+ , =—1—-—2¢3+£ ,
4210 v 4( da) e 2( v dz)
1
2

1 I:EAU = 1-2 :i:AS

with

Bdgv Z?v’

In addition, if m satisfies , it has a Kimura-type extension characterized by
the values given above.

Together with the observations from Proposition 4.2.4] it becomes apparent that
a set of pairwise leaf distributions yields two different triple leaf distribution each
of which is subject to a pair of solution vectors, namely the vectors (ps, gs)sc. and
(1 — 2gs5 — ps,qs). Those two triple leaf distributions only include m if it satisfies
(4.2.7). The next result will show that the inferred triple leaf distributions are indeed
distinct. For this purpose attach an index to a parameter family according to their
sign in (4.2.16). For instance, the family (pf™, ¢ )se. denotes the parameters with

1 A 1 A
+ v ++ + s
ds :_<]‘+v )’ Ds :_<]‘_2q5+ s )
1 4 d5253 1 2 ! d6263
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for 01 # 02 # ds. Similarly, (py~,q5 )secs (P57 a5 Joec and (p; ~, ¢5 )ser are intro-
duced.

Corollary 4.2.6. Let (pi ™, 43 )ser, (0™, a5 )sec, 05,45 )sec and (p5~, a5 )sec de-
note the solutions to system w.r.t. a set of pairwise leaf distributions satisfy-
1mg condition . Further, let m', m?,m® and m* denote the associated triple
leaf distributions obtained by inserting the solutions into system . Then,
m! = m? and m® = m* and the difference of the two distributions is given by

B (s o ) g ()

3
m —m = —
000 000 16

v v v v
daﬂ dzw dm daﬁ dgw dﬁ7
o3 o1 B ey dag dp N oy Ay (A day dog
010 010 16 dg,y dg/g dfg,y ) 100 100 16 dgy dgy dg{g )
A, d? A, dd
3 1 1 3 _ =v Map 3 1 1 3 _ =v Tay
Mooz — Mooz = Moo — Mo12 = 16 dv Moo — Mogg = Mo21 — M1 = 16 dv_’
af oy
A, d}
3 1 1 3 v By
Moo — Magg = Mop1 — Mop1 = 16 4o
By

The triple distributions m' and m? are distinct since demands that the
differences are not zero. Hence, all solutions have to be considered in order to
distinguish the solution for a given triple distribution m that satisfies . Ad-
ditionally it has to be noted that a triple leaf distribution m that does not satisfy
still provides two distinct triple distributions with Kimura-type extensions.

Example 4.2.1. Consider the following vector:
m = (17,7,2,7,7,0,2,0,2,0)/200.

This vector satisfies (4.2.5)) but is no root of the established phylogenetic invariants.
However, as already mentioned, its associated pairwise leaf distributions will provide
sets of transition parameters. These are presented here:

b b e _ L[ VIT— V28 b L V1T VOB
pa pﬁ p’y D) 5 ’ 5 )

pa _pﬁ :p'y _2
for ¢t = q;; =q = }1(1 - \/17/5), and

o= _+—p§+—;<1+\/ﬁ+m) o — __1<1+\/ﬁ—\/%>

Po' =DPg 5 v Pa TPg TPy T, 5

for g, = q5 = ¢, = }L(l — \/17/5). Reinserting these parameters into (4.2.6
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yields the following vectors:

200m~ = (19.0793,6.30691, 1.30691, 6.30691, 6.30691,
0.693087,1.30691, 0.693087, 1.30691, 0.693087),

200m™* = (10.4207,9.19309, 4.19309, 9.19309, 9.19309,
—2.19309, 4.19309, —2.19309, 4.19309, —2.19309).

Both vectors are roots of the phylogenetic invariants mentioned previously, but
apparently m™ is no distribution vector.

4.2.3 A Kimura Extension

Next, as in the preceding sections, conditions for the stochastic admissibility of the
solutions are sought. Similarly to the previous cases, such conditions are obtained
by bounding the terms derived through algebraic computations between zero and
the upper bound admissible for the model. The next theorem proposes necessary
conditions:

Theorem 4.2.7. Let m denote a triple leaf distribution on £ and m” its associated
set of pairwise leaf distributions. A necessary condition for stochastic admissibility
18

(4217) O < dgl(sQ 1(5}1(53 S g253, 0 < d§1(52 ;;153 < d§2537 5]_ 7é 52 7é 53 G E

Iffor 614 6s £ 05 € L

1 A, A, 3 1 A, A, 3
(4.2.18) —-g( ST )g_ and __g( S )S—

holds, the parameter families (g5 ,p5  )sec and (g5 ,ps5 " )sec are stochastically ad-
massible. If

3

(4.2.19) —5 < < = A

1 3 ( ) 1
<5 and — ;< — = — <z
2 2 2d6263 d(5263 2

holds, the parameter families (qf , pf ™ )sec and (g5, py " )sec are stochastically ad-
massible. All four families are stochastically admissible if

A, A A, A

v + S v s
2d5253 d(5253 2d5263 d5263

A, A )
2d§2 i3 de 03

1
< - and 0§’

1
<_7
-2

(4.2.20) 0§’ <3

Proposition shows that if family (g;, pf *)sec is stochastically admissible, also
(¢5, p§~ )sec necessarily must be stochastically admissible. This observation is ver-
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ified by (4.2.18)) and (4.2.19). (4.2.20) is a simple conclusion from (4.2.18)) and
(@.2.19).

Example 4.2.2. Recall Example m Relating the distribution m to (4.2.17))
yields

dgﬁdgv _ dgﬂdgv _ dgv By _ 17

g o doge 25
dopdon _ dopdyy _ dondy, T
dgys oo doge 25

Hence, the necessary condition is satisfied. Consider the following differences:
A, Ay 31 1

= — > —
2dg2 63 ng 63 50 2 ’
A, A 3

2dY 5. di s, -~ 50°

According to this result only (4.2.18) holds, i.e. the parameter families to ¢; are
stochastically admissible. This agrees with the observations in Example|4.2.1| where
m™ is no leaf distribution and the associated parameter families are not admissible.

4.2.4 Rates and Molecular Clock

As previously done for to the Neyman model, this section will present a transfer of
the results to the popular rate model. The particularities of this specific model were
given in Example [1.3.4]

Rates

Similarly to the observations in Section the parameters provided in Theorem
4.2.5| are not sufficient to explicitly return edge lengths for the model but need to
be incorporated into the rates. Thus, each edge has its own rate matrix. For the
Kimura 25T model such a rate matrix has the following form:

—Tps — 2Tgs T'ps T'qs Tqs
Q _ T'ps —Tps — 27“% Tqs T'qs Serl
s r r —r,. — 2r r ’
qs qs Ps qs Ps
Tqs Tqs T'ps —Tps — 2rqa

The relationship of rates to probabilities is given by P; = e% § € £. Using this,
the rates are computed:

Proposition 4.2.8. Let m be a triple leaf distribution on £ and m” its associated
set of pairwise leaf distributions. If m” satisfies (14.2.1 5]) and (14.2.13), the transition
probabilities correspond to the following rates for 61 # dy # 03 € L
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1 v v v
(422]‘) T(Iél - _g(]'n |d5152| + ]'n |d51§3| - ln |d§253|)7
1 ds ds ds
(4.2.22) Ty = ——<1n| 5152| +ln| j153| o (G| §253|>.
! 4 |3, 5, |3, 5, |d3, 5,

Observe that contrary to the transition probabilities, the rates provide only one
family of admissible parameters. This is due to the following fact

Lemma 4.2.9. Only the triple leaf distribution m generated by the parameter set
(s, 45)sec with

1 dv v 1 S ds
(4.2.23) G = <1 — M) Ph =5 (1 25, — 515§ 6163)7
5253 (52(53

for every permutation (81,02,03) of the leaves in L, has an extension to the rate
model.

Thus, the rate model loses three alternative solutions and one associated leaf distri-
bution cannot be extended to the rate specification of the Kimura 2ST model. In
effect, an input leaf distribution m has to satisfy an enormous amount of conditions
to be subject to the rate model.

Molecular Clock

Now the rate model is transferred to the molecular clock framework. The molecular
clock extends a given leaf distribution to the tree T = (f/, g) with (4.1.19)). Molec-
ular clock demands that the two shorter terminal edges in T have the same lengths
and that the rate for the long terminal edge is equal to the sum of the length of
the short terminal edges and the length of the inner edge. The illustration of this
property is given in Figure [4.1] Using the length properties, the rates are obtained.

Proposition 4.2.10. Let m be a triple leaf distribution on £ and m? its associated
set of pairwise leaf distributions. If for 0 # 0o # 03 € L the pairwise distributions

satisfy (4.2.17), (4.2.18) or (4.2.19) and

(4.2.24) In|dj ;| =In|d5,;| <In|dss,|, In|dfs,|=Inl|ds| <In|djs,|,

then the model parameters have an extension with molecular clock on tree T with
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. This extension is characterized by the following rates:

1 1 |dss, |
S N P A
102
1 v 1 v v
thig - _g ln |d51§3|7 /quQ - _g(ln ’d5153| - ].Il |d6152‘)7
Tps. = —lln 45,5, r, = ! <ln 95,5, —1In |d6152‘2>
o 8 |d§153| 7 rez 8 |dgl53| |dg152|

Similarly to (4.1.20]) condition (4.2.24)) is needed to prevent tree structures, as illus-
trated by Figure 4.2 The next example presents a Kimura leaf distribution m that
is subject to the Kimura 2ST model with molecular clock.

Example 4.2.3. Generate a set of differences according to (4.2.24]):

o = o, = 3/10, dy, = 2/5,
op = o, = 1/2, 5, = 7/10.
The associated rates are given by:
Tqs = Tq, = 0.0445844, Tq, = 0.0866434, Tqo, = 0.042059,
Tpy = Tp, = 0.184488, Tp, = 0.21435, Tp,, = 0.0298615,
and the associated transition parameters from (4.2.16)) have the following values:
qs = ¢y = 0.040835, do = 0.100596,
ps = py = 0.142037, Pa = 0.162233,

Inserting these parameters into (4.2.6)) yields the triple distribution:
m = (0.0965951, 0.0222173,0.00621881, 0.0222173, 0.0277203,
0.00315619,0.00621881, 0.00315619, 0.0159673, 0.00590768),

which provides a nice insight into the structure of a leaf distributions subject to the
Kimura 2ST model with molecular clock.

4.3 Proofs

This section cumulates all proofs of the results of this chapter. Before starting with
proofs consider the following equation system:

Y12 = Q221 + A1T2 — CT1T2,
(431) Y13 = a3 + ai1xs3 — cxrix3,

Yo3 = A3T2 + A3 — CTT3.
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Deriving the solution of this system helps to derive solutions for the systems regarded
in this chapter.

Lemma 4.3.1. Assume that the parameters aq, as, as, Y12, Y13, Y23 € C satisfy
c#0 and aa; #cyy, F ]

Then, the system has two solutions. The solutions have the following explicit
form:

(4.3.2) af = l(ai n \/(aiaj — cyij) (aiak — cyik))

C a;ar — CYjk

and x; = 2a;/c — xf for (i,7,k) € 7(1,2,3).

Here, m denotes the permutation mapping. The signs in (21,2, r3) must be the

same, i.e. only the vectors (z,23,27) and (z7,75,z5) are admissible solutions.

This becomes apparent when inserting the notions from (4.3.2)) into (4.3.1)), as it
will be done in the proof below.

Proof. Change over the first two equations of (4.3.1)) after z; to get
To(ar — cr1) = Y12 — ag®1,  x3(ar — cx1) = Y13 — azT;.

Inserting these terms into the third equation yields the equation

y23(a1 - C$1)2 = a3(y12 - Clﬂl)(al - C$1) + az(y13 - CL3€E1)(CL1 - C$1)
— c(y12 — azx1) (Y13 — asT1)
= az(a1y12 — 21(cy12 + a1a2) + ascxy)
+ az(ary13 — 1 (cyrs + aras) + agea?)

— c(y12913 — w1 (agyr2 + asyrs) + aasxy).

Changing over and summarizing the terms returns in the following quadratic equa-
tion:

0= (fo - 2a1:)31)(cy23 — agas) + a§y23 — a1a3Y12 — A10a2Y13 + CY12Y13-

Therefore, one arrives at the form:

c? a3 — casas

2 2
o= ay + \/% a7Y23 — A103Y12 — A102Y13 + CY12Y13
1 — — - .
c
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Considering the root term more closely provides the following computations:

a%(cy% - a2a3) - Ca%y% + caiasyr2 + carazy13 — 02912913
02(0923 — a203)
_ _G%GQ% + cajazyra + carazyiz — Cyiavis
c2(cyas — azas)
_ (a1az — cyr2)(ar1as — cyi3)
2(agaz — cya3)

thus yielding the root term proposed in (4.3.2)). Since the computations for x5 and
x3 are analogously, the form (4.3.2) is observed.

For the completion of the proof insert the proposed terms into system . Again,
for symmetry reasons inserting into one equation is sufficient for validity on the whole
system. Therefore,

Y12 = Q21 + A1T2 — CT1T2

and
a1ag — C ajaz — C a1ao — C asa3 — C
cy12:a2<a1:|:\/( 1a2 — cyi2)(aias y13))+a1<a2i\/( 1a2 — cyi2)(azas y23)>
a2a3 — CY23 a1a3 — CY13
_ (al + (a1a2 — cy12)(aras — Cy13)> (az + (a1a2 — cy12)(azas — Cy23)>
a2a3 — CY23 airasz — CyYyis

= ajag £ (a1as — cy12).

The equality is only observed if both terms have the same sign. Hence, the demand
for same signs for the parameters xi, xo and x3 is verified. This completes the
proof. O

4.3.1 Proofs for Section [4.1]

Here, the Neyman Nj model on triple trees was analyzed.

Proof of Lemma [4.1.7l. With (4.1.1) the notion of (LF) for my,., z,y,z € S

changes to:

|
(4.3.3) Maye = D tay= = ) aiplsplopll = 7 > pisplynil.

ueS ueS ueS

Property (4.1.2)) gives the following specification for the transition parameters

06 __ Ds, u#xa
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i.e. the transition parameters are independent of the states. Inserting this observa-

tion into (4.3.3) thus yields

kaae = (1= (k = Dpa)(1 = (k = D)ps)(1 = (£ = 1)py) + (k — 1)papspy,

kaay = (1= (k= 1)pa) (1 = (k = D)pg)py + paps(l — py),

ke = (1= (k = Dpa)ps(1 = (k= 1)py) + pall = ps)ps,

kmayy = (1 = pa)pspy + pa(l — (k = 1)ps)(1 — (k = 1)p,),

km:pyz = PaPp + DPaD~ + PP~ — 2kpap,3p’77
for all x # y # 2z € §. Therefore, for all x #y # 2 € S set

Mygzz = Mo005, Mazy = 001, Mayz = M010, Mayy = M100, Mgyz = Mo12-

Thus, (4.1.3) is derived an the lemma thus proven. O

Proof of Lemma [4.1.2l The previous proof already derived (4.2.6)) and the nam-
ing of the left hand sides is given by (4.1.3)). O

Proof of Lemma [4.1.3l The dimension is obtained by deriving the functional ma-
trix to (4.1.5)) and computing its rank at a rational point. Each column of the matrix
contains the following entries:

frin = (k= Dpiypis — (k = 1)(1 = (k = D)pi, )(1 = (k = 1)py,),
foin = pip (1= piy) — (K = )piy (1 = (k = 1)piy),
S, = Dis(1 = pi,) — (k= D)pi, (1 — (k — 1)py,),
faiw =1 = (k= 1)pi,)(1 = (k = 1)psy) — pi,Dis.
fs,i = Dis + Dis — 2kDi, pi,
with i1 # iy # i3 € L. Since the functional matrix is a 5 x 3 matrix, it cannot

have a rank larger than tree. Select three rows from the matrix and compute the
determinant to this 3 x 3 submatrix. W.l.o.g. consider, rows two, three and five:

det(fz, f3, f5) = —(1 = kpa) (1 = kpg)(1 — kp,) (ps + ps)-

Apparently, the roots in k of this polynomial are 1/p,, 1/ps and 1/p,. Hence for
(PasPgs D) = (2/7,2/7,2/7) the determinant has no integer valued root and the
rank of the functional matrix in this point is three for any k € Z, i.e. the tangent
space has dimension two. With Proposition this is also the dimension of the
variety and the proposition is thus proven. O

Proof of Proposition [4.1.4. Though Singular returns the polynomials for fixed
k only, these polynomials are used to derive the polynomials presented in (4.1.6)
and . Computations for a sufficient set of k return the proposed polynomials
for arbitrary k. The remaining statements follow from Proposition and this
completes the proof. O
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Proof of Lemma [4.1.5l Let fi,..., f5 and g1, g2, g3 denote the polynomials gen-

erated by and respectively by subtracting the right hand sides from
their respective left hand sides. implies (g1, 92, 93) C (f1,-.., f5) and with
Proposition 2.6.1}1 V (g1, g2, 93) D V(fi,. .., f5). This proves the first statement.

The second statement follows from the insight that (g1, go, g3, NF, N¥) = (f1,..., f5)
and from Lemma 2.6.21 O

Proof of Proposition 4.1.6L The system (4.1.9) is equivalent to the following sys-
tem:

(4.3.4) kmois = pa +pg — kpaps,
(435) kmos1 = Da + Dy — kpapv’
(4.3.6) kmsor = pg + py — kpppy-

To show that (pa,ps, p,) is a solution to the same left hand sides as (pa, ps, py), it
is sufficient to insert it into the right hand side of (4.3.4)):

. . o 2 2 2 2
Po + Dg — kDabp = <E — Do) + (E —pg) — kr(% _pa)<E — pg)

4 4
=% (Pa +p3) — (E — 2(pa + p3) + kpaps)

= Pa + Pp — kpaps = kmors.
This completes the proof. O
Proof of Theorem [4.1.71 System (4.1.9) resembles system (4.3.1]) with
ap=ay=az3=1, c=k, yi2=>Fkmos, yi3 = kmos1, Y23 = kmso:.

Thus, according to Lemma the derived parameters have the form presented in
(4.1.14) and the established solution is unique up to duplicity. a

Proof of Corollary 4.1.8] The proof starts with inserting the insights from the
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proof of Proposition [4.1.6into (4.1.5)):

Moo — Moo = (% — (k- 1)pa> (% — (k= 1)1%) (¥ — (k- 1)pw>

+ (1= (k= 1)pa)(1 = (k= Dpg)(1 = (k = 1)p,) + (k = 1)papspy
~ (k=D =P ) )

(k-2  (k—2)>2(k—1

k—2)(k — 1)
-~ E 2 )(pa+pﬁ+pv)+< )l(c )(papg+papy+pﬁpv)

— (k= 1)’papppy + 1 — (k= 1)(pa + ps + p) + (k — 1)*(paps + Pap~ + Psp~)

8(k—1) 4(k—1

( ) N (k—1)
k3 k2

— (k= 1)’papspy + (k — 1)papspy — (po + s + )
2k — 1)
2

11
=2(k—1)(k-2) (ﬁ - E(pa + ps + py) + (PaPs + Paby + Pppy) — kpap,apy).

(PaDg + PaD~y + Dppy) + (B — 1)papspy

Next, the notions from (4.1.14]) are inserted into the brackets. Note that the factor
1/k? comes with every summand.

A A A A A
1-3+—+—+—+(1-—)1-—)+(1-=—)(1 - =)
By dav dﬁv dﬁ“f dory dﬁv dag
437 Lo S-S _a-SHu-SHH- A
LU R (s [ U
Thus the proposed result
~ - 2
mMooo — Mooo — E(k} — 1)(]{? — Q)A

is returned. Now for the next equality:

~ R 2 2
Mo12 — Mo12 = PaPB + PaP~y + PPy — 2kpapspy — (E - pa) (_ - pﬁ)

k
2 2 2 2 2

2 2
— (7 =pa) (7 =) = (£ =pa) (£ —13) +2k(3 = pa) (- —ps) (- — 1)
1 1
=4 (ﬁ = 7. (Pa s +Py) + (PaPs + Paby + Popy) — kpapﬁm)
The term in the bracket was already computed in and hence,

~ . 4
Mo12 — Mo12 = EA
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i.e. the proposed result. For the remaining equalities:

N R 2
Moor — Moot = Py + Pabp — (k — 1)py(pa +ps) + k(K — 2)papppy — 7 + Dy

k
2 2 2 4
— (= —pa)(=— k—1)(+— — — (pa
(7 = pa) (7 = ps) + (k= 1)(3 = py) (7 = (P + )
2 2 2
—k(k—2)(= —pa) (= — - —
( )(k‘ p)(k‘ pﬂ)(k pW)
1 1
= —2(k—-2) (g = (o + s+ py) + (Paps + Papy + Pspy) — kpapﬁpy)-
Again, the bracket was computed in (4.3.7) and from this the proposed equality
_ N 2
Moop1 — Mool = _ﬁ(k - Z)A
is established. The computations for the remaining differences are similar to the
final computation and thus the proof is finished. O

Proof of Theorem [4.1.9. The parameter p;s, 6 € £ yields a transition probability
if 0 <ps <1—1/k. Inserting (4.1.14)) returns

Applying (4.1.15)) gives

—1§—,/%§0, and ogw/da?da”g L
dgy dgy k—1

The first inequality assures that p_, is a probability; the second applies to p. Finally,

squaring the inequalities yields (4.1.16)) and (4.1.17)). Positivity follows from (4.1.13]).
This concludes the proof. O

Proof of Proposition 4.1.10} From Ps; = exp(Qs), d € L derive
D5 = l(1—e_’“‘1“) ¢ = —lln(l—kp(;).
k ’ k

Let 61,02 € L denote the remaining two leaves. Then inserting (4.1.14)) yields

qs = —lln <1— <1j:~A>) = —lln<:|:~A).
k ds, s, k ds, s,
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Only the positive part is usable. W.l.o.g., let J(glgz > (. Thus, one computes

1 dss, ds», 1 dss, dss, 1 . - .
qs = —=1In —_— = — -2 = —— ln|d551|+ln\d552\ —ln|d5152| N
R R T AT )

i.e. the proposed notions. O

Proof of Proposition 4.1.11]. The rates for (g2, d1) and (g2, d2) must be the same.

Thus, from (4.1.14))
A A

dsiss  dsysy
and therefore, ds, s, = ds,s,, and further, from (4.1.18))

. 1 ~ ~ ~ 1 -
qs, = _%(hl |d5152| +In |d5153| —In |d5253|) - _ﬁ In |d5152|'

The rate for edge (92, d3) from 7 may be denoted by ¢s,. Then according to (4.1.18))
it has the form

1 ~ ~ ~ 1 ~
s, = —%(111 |ds,6,] + I |dsys,| — In|ds,s,|) = —Elﬂ \ds, 55| + =7 1H|d5152|

2k

To compute gf, for edge (01,03) and qy, for edge (01, 02) the molecular clock offers
the following equations:

U5 = G5, T gy 961 = G5, = G5, — G-

Thus, compute g5, from

1 1
2q§3 =dqs, T 453 = — 5 hl |d5152’ ln ’d5153’ +In |d5152‘ - _% In ’d5153|

2k
and ¢5, from

c 1 1 1 ~ 1 ~ ~
2(]92 = qs3—4s, = ln |d5153|+ ln |d5152|+ hl |d5152’ = _E ( In |d5153|_ln ’d5152 ’)

These are the proposed terms and the proof is completed. O

4.3.2 Proofs for Section 4.2

Here, the Kimura 2ST model on triple trees was examined.
Proof of Lemma [4.2.1] Insert the model properties into (LF]) to obtain:

Amyee = (1 — pa — 2¢a)(1 — pg — 2q5)(1 — py — 2¢,) + pabpPy + 2¢aqpqy, T € S.
But the right hand side is independent of the choice of state x € S, thus my,, = mooo

The argument applies to all statements given in 4]) and finally, - LE)) yields (4

under the Kimura 2ST model. O
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Proof of Lemma [4.2.2l To determine the dimension of the variety compute the
functional matrix to system (4.2.6)) in (ps, ¢s)sec and look at the rank of this matrix.
The rows for p, and ¢, have the following form:

pspy — (1 —pg —2q5)(1 — py — 2¢,) 2q5qy — 2(1 — pg — 2qp)(1 — py — 2¢,)

ps(1 —2q5) — py (1 — 2q5) 2(gpqy — p~(1 — pp — 2qp))
py(1=2q8) — ps(1 — 2¢) 2(g89y — pp(1 — py — 2g4))
(1 —pp —248)(1 — py — 2qy) — P3Py 2(qp9y — aPy)
—qy(1 = 2ps — 2q5) (1 + 2gy) — 2¢,(1 — pg)
¢ (1 —2pg — 2qp) q5(1 = 2gy) — 2ppqy ’
—q5(1 — 2py — 2q,) ay(1+2q5) — 2¢5(1 — py)
qp(1 — 2py — 2¢y) ay(1 — 2q5) — 2qpp,
0 PPy — 243qy + (1 — pg — 2q5)(1 — py — 2qy)
0 P + Dy — 2paPy — 2P3Gy — 245Dy — 2454

with similar rows for the other variables. For the vector

(paa Qo P35 43, Py, CI’Y) = (1/207 3/1007 2/507 1/5()’ 1/107 1/500)
the rank of the functional matrix

—0.82032 —1.64856 —0.79244 —1.59476 —0.8168 —1.6364
—0.05616 —0.18392 —0.0442 —0.17788 0.8168 —0.0028
—0.00176 0.01624 —0.00168 0.02632 0 0.8196
0.05616  —0.0716  0.79244 —0.00988 0.0104  —0.07
0.82032 —0.00792  0.0442  —0.08948 —0.0104 —0.0908

VE= 0.00176 ~ 0.01976  0.00168  0.02968 0 0.0804 |~
—0.01788 —0.03392 0 0.79742 —0.0178 —0.0058
0.01592  —0.00208 0 0.13368  0.0168  0.0268
0 0.82824 —0.02388 —0.05188 —0.0264 —0.0364
0 0.12776  0.02388 —0.00412 0.0264  0.0164

is six. Thus the dimension of the tangent space is four and with Proposition
this is also the dimension of the variety. This completes the proof. O

Proof of Proposition [4.2.3] The polynomials (K;)}%; are computed with Singu-
lar . They are sufficient for the description of the sought variety. The remaining
statements follow from Proposition [2.2.1] O

Proof of Proposition The statement is, that not only (ps, ¢s)s.c but also
(Ps, 45)sec and (Ds, 4s)sec With

ps=1—2q5s—ps, 24s=1—2qs and 2ps=1—2p;s
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are solutions of (4.2.8]). Similar to the previously considered models the proof of the
statement is sufficiently completed if only the following equations obey the proposi-
tions:

(4.3.8) dmors = pa(l — 2q3) + pa(1 — 24a) + 2qaqs — 2PaDs,

(4.3.9) Amozs = G + 45 — 44aqp-

Start with (4.3.9) and insert ¢, and gg:
2@1 + 26[3 - Sqaqﬂ =1- 2Qa +1-— 2% o 2(1 - ZQQ>(1 o 2Qﬁ)
=2—2(qa +q5) — 2+ 4(da + 95) — 84ads = 2¢a + 245 — 8¢agp,
i.e. equivalence is attained. Now for equation (4.3.8) and vector (ps, ¢s)sec:

Pa(l = 2q5) + Ps(1 — 2qa) + 29aqs — 2PaPs
= (1= 2¢a — pa)(1 — 2q5) + (1 — 2g5 — pp)(1 — 2¢a) + 24agp
—2(1 = 2ga — pa)(1 — 2¢5 — pp)
= 2(1 — 2¢a)(1 — 2g5) — pa(l — 295) — (1 — 24a) + 24agp
—2(1 = 2g4)(1 — 2¢5) + 2pa(1 — 2q5) + 2preta(l — 2qa) — 2paps
= pa(l = 2q5) + ps(1 — 240) + 20aq5 — 2Papp;
and thus this configuration is verified. Finally apply (ps, Gs)sec to (4.3.8):

2Pa(1 = 24s) + 2P5(1 — 2qa) + 44ads — 4Pabs
= 2(1 = 2pa)qs + 2(1 = 2ps)qa + (1 — 2¢a) (1 — 2¢5) — (1 — 2pa)(1 — 2pp)
= 25 — 4paqp + 200 — 4PpGa + 1 = 2¢0 — 2qp + 4qaqs — 1 + 2pa + 2ps — 4papp
= 2pa(l = 2g3) + 2ps(1 — 2qa) + 49095 — 4papp-
Hence, also this configuration solves and the proof is thus completed. O

Proof of Theorem [4.2.5. The notions for g5, 0 € £ immediately follow from The-
orem since their defining equations are similar to (4.1.9)). The defining equa-

tions for parameters ps, § € L also resemble system (4.3.1]) with
a1 =1—2qq, ap =1—2q5, a3 =1-2q,, c =2,
Y12 = dmors — 240498, Y13 = 4Mos1 — 2¢aqy, Yo3 = 4mxor — 2qp4q,.
Hence, Lemma provides the general structure of the proposed parameters. To

complete the proof, insert above conventions into the (4.3.2). The terms a;a; —
cyij, © # j are of particular interest. Take a closer look for i =1, j = 2:

(1 = 2qa)(1 — 2g5) — 8moix + 204293

1(1+A”)<1+A“) 8 +1(1 A”)(l A”)
=7 ” " — oMoz T > | L — = -
4 dﬁv dav 4 dﬁ'y da’v

d’U

aB

.
2" 2

- 8m012 =1- 8m012 — 8m022 = diﬁ‘
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Analogue computations yield ajaz — cy13 = d,, and azaz — cya3 = dj,. Hence, also
these terms are observed and the proposed notions for ps, 6 € L verified. Therefore,

with (4.3.1]) the theorem is proven. O

Proof of Corollary [4.2.6] For ease of reading set qi = ¢j, ¢} = q¢5,p} =

pit p? = piT,pd = p; T, Pk = p; 7,0 € L. First, the equalities m' = m?

and m?® = m* are verified. Start with the first equality by inserting the terms from

Theorem into (4.2.6):

1 A, 1
(43.10)  1—py—2q,=1—5+q,— 5o —2¢5 = 5(1 — 2g, — —
2 25, 2 ds.

) =P}

This property will be used to verify that solutions (p}, ¢j) and (p3, ¢;) yield the same
triple leaf distribution.

(1—po — 2¢2)(1 — pp — 2q5)(1 — p5, — 24;) + Pappps, + 200054,
= PLPEPE + PapEph + 200454,

= (1= p2 = 2q,)(1 = p5 — 2q5)(1 — P2 — 247) + Papsrs + 24a454,-

: s 1 _ 02 102 12 .
Next, consider the equalities mgy; = Mge, Mgy = M2 aANd My = MGys:

(1—pl —2¢5) (1 — ps — 2q5)p) + paps(1 — P — 24}) + 2¢,q54,
= PLPEPL + Papsp: + 200450,

(1= pp — 243) (1 — P — 205)a; + Pappdy + 4aq5(1 — 2¢;)
= PLpaa, + Papsd + aaap(l — 242),

(1 —ph — 240)p3a, + po(1 — s — 205)q; + qaa5(1 — 243)

= PApsd + Papid + aaas(l — 2¢).

Similar to the above computations these results already provide equality. The re-

maining equalities are computed similarly and thus the equality m! = m? is ob-

served. Through similar computations m® = m* is obtained.

Next, the difference m' — m? will be computed. Using above notions examine the

differences. For symmetry reasons, it is sufficient to consider the following differ-
ences:

A(mboo — mioo) = PEPEPE + Pepppt + 20504t — vaphps — PEPIPS — 224343,
A(mboy — i) = PEPEPS + Pappp? + 205054k — paphpS — PAPIPE — 224542,
A(mggs — Mige) = PaPRE + Pabbds + aaas(1 — 24)) — Pap3es — Papid; — dads(1 — 242),
A(mgyy — Mia) = PEPRE + Pap3as + aaap(l — 2¢)) — papiad — Pipsd: — aai(l —2¢2).
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Consider the triple products separately:

A, A, A,
8pappps, = (1 —2q, + %)(1 —2q5+ )1 = 2¢, + d55>

Y oy «
=1 = 2(qo + g5 + @) + 44005 + 40ty + 459,) — 842459,

A, n A, N A, 1
E s s 4y
dog o day e "d,
A A A A A A
=205+ =) = 205( - + =) = 205(o 5 + =)
Ao doy dep  dp,y Ty, dp,

+ (1 —2qo)d3y, + (1 = 2q5)d5,, + (1 — 2¢})d3,

S

™ o5
dOéﬁ

+ 4qéq[13 + 4qclyqi ® + 4q}; S+ A,

Ay Ay Ay
8papipy = (1= 2q, — ==)(1 = 2g5 = ==)(1 = 2, — =)
By ay af
=1 = 2(qa + q5 + @) + 440t + 40ty + 4595) — 840454,
A, A, A A A A
— o o T A — 44,0 — Ay — A
dog  don  dpy P dy, T,
A, A A, A A, A
+ 20, (5 + =) + 2055+ ) + 205 (5 + o)
daﬂ dav daﬂ dﬂv ! dav dﬁv

+ (1 - 2(]}1)0%7 + (1 - 2qé)diy + (1 - 2q$) s
Thus, summing both left hand sides yields:
Apapppy+pipap) = 1—2(q) + g5 + &) + 4ahas + andl + 454

— 8¢aa5qy + (1 — 2¢3)d3y, + (1 — 2q3)d5,, + (1 — 243)d5.
Inserting those notions and their analogous versions for the other terms into the
initial difference one gets

8(magoo — Mooo) = G — d + @5 — a5 + q?y - q}y
(4.3.11) +2(4a05 — G2t + 4oty — Gads + 50, — 450)
+dig(2 — @)+ d (0h — ap) + iy (@ — qb)

Now a closer observation of the differences is appropriate:

A, A, A,
(4.312) 4(qk —qy)=1——"—1—- =" =—-2—
dﬁv dﬁv dﬁv
A A A A A A
16(¢aq5 — dad3) = (1+ =) (1 + =) = (1= —=)(1 — —=) = 2(= + —).
dﬁv dav dﬂv da'y dow dﬁw
Reconstructing this yields:
d’ d? di. \ A
1 3 af oy By v
mooo_moooz_( v ‘*‘T"‘T)_‘
dog  dy,  di,) 16
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For the next differences consider the triple products:

A, A, A,
8papsp = (1= 2q, + ==)(1 = 2q5 + —=)(1 = 2, — =)
By ay af
=1 = 2(qy + g5 + @) + 4(4ads + 40ty + 459,) — 84454,
A, A, A A
J— 53 + SS + S o 4qiqé 85 + 4qiq1 85 + 4qéq1 88 o As
dog  doy  dpy s " d Tdj,
A, A A, A A, A
+ 200 (5 — 50) F205( 5 — 50) = 200 (5 + o)
dop oy o dp, Ty, dp,

— (1 —2q4)d3y, — (1= 2q5)d5,, + (1 — 2¢})d3, 5,

AS AS AS
8papppy = (1= 205 — =) (1 = 2q5 — —=)(1 = 2¢, + =)
By ay apf
=1 = 2(qo + q5 + @) + 440t + 4aty + 459,) — 840454,
A, A, A A A A
+ - gl — g — gl A,
dog oy dpy dop Ty " dg,
A, A A, A A, A
— 20 (== — =) — 2q5(=> — =2) + 240 (> + =)
daﬁ dow daﬁ dﬁv ! dow dﬁ'y

— (1 —2¢))dy, — (1 —2q5)ds,, + (1 —2¢})d5s.
Summing both left hand sides yields:
Apappa+rapaps) = 1= 240 + q5 + 43) + 4(0aqs + 009, + 4505)
— 8q0q50y — (1 —2q3)dy, — (1 — 2q3)d5,, + (1 — 2¢))ds5.
Now consider the difference mf,, —m3y,. Derive the description for the other terms
accordingly to get:
8(1mgoy — Mio1) = G — qo + qé - QE + C]?, - Q$

+ 2(q0qh — G243 + 000, — GG T 959, — GBE)

+dog(d; — ay) — dos (a5 — a3) — di (a2 — 4a)-
As in the first two lines cancel each other and the remaining terms yield:

S ds ds A

1 3 aB y By v
m001_moo1:_( v )

dog dy, dj, ) 16

and similarly

_(%_@_ﬁ)ﬁ

1 2
My19 — Mo10 = av qv qv
ay af By

ds S ds A
12 By Tef  Tay ) 2o
M99 — M100 (dqé7 dgg dgw) 16
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For the remaining two cases the pairwise products are of interest:

A A
Apaps = (1= 2g5 + ==)(1 = 2q5 + =)
By ay
AS AS S
=1—2(qs + q5) +4q5q5 + (1 — 2q5) + —(1 — 2¢}) + d3p,
dﬁ'y Aoy
A, A,
Aplps = (1 —2¢), — 7)1 295 — o)
By ay
AS AS S
=1—2(qy + qp) + 49005 — - (1 = 2q5) — —>(1 — 2q,) + d5,p,
dﬁv diw
A, A,
Aplps = (1—2q, + (1= 2q) — =)
By ay
A A s
=1—2(qs + qp) +4qaqs + (1 — 2q3) — ——>(1 — 2q,,) — d3,p,
dﬁv dcw
A AW
Apeps = (1= 2¢5 = ==)(1 = 2g5 + =)
By ay

A Ag
= 1= 2(¢a + 45) + 40045 — =~ (1 = 2q5) + ——(1 = 2q,) — dis.

By ay
Inserting these computations into the difference mly,, — mg,, returns:
(4.3.13) 8(mags — Mog2) = 2(4ads — 4ad — dady + 4oty — 4345 + 503)
+ a4 — @+ digley — @)
Applying the notions from (4.3.12)) to (4.3.13) yields:
1 3 A, dig

Mpg2 — Mooz = 16 dvg
«

and accordingly

s _ Ay doy

— Moo = 75 75
16 alg7

A, d}
3 v By
— Mooy = v

1 1
M2 Moo

Finally, for the difference m},, — m3,, compute
8(mgyy — miyy) = 2(ahas — 245 — o0, + CE — 450, + GE)
R )
Consistently with this yields for the final differences:
3 A, di@ 1 3 A, dzv 1 3 ﬁ %

1 _ _ - _
Mo12 — Mo12 = — 16 dv .’ Moo — Mo21 = — 16 dv_’ Mop1 — Moe1 = 16 dv_
ap ay By

This completes the proof. O
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Proof of Theorem [4.2.7. Set 0, # 0y # 03 € L. The conditions 0 < dj, 5 d§ 5,d3, s,
and 0 < d§ 5,d5, 5,d5,5, follow immediately from the necessity to avoid complex solu-
tions.

To get a stochastic solution the following conditions must be satisfied:
0<2¢, <1, 0<ps <1, 0<ps +2 <1

The first two conditions are necessary to guarantee that the transition parameters
are actually probabilities and the third condition is necessary to guarantee that
P = ( 951’)%%3 is a transition matrix. First, consider the inequality for gs:

O<1i Ay <1 <iA” 1
T2 2y T 27 2y T2

| =

and thus 0 < d§ 5,d5 5. < d§,5,-
For the remaining conditions consider each parameter family separately. Start with
(45, p5 " sec:

A A
0<1-2¢5 + <2, 0<142q + <2,

d<55263 N d§253 B
1 A, A, 3 A, Ay
0 S 5 v + S S 2’ 0 S 51 v + S S 2’
2 2d5263 d5253 2 2d5253 d52(53
3 A, A, 1 3 A, A, 1
5 S v T s S 57 Y S v + S S 9
2 2d(52(53 d6265 2 2 2d5253 d6263 2
Consider (g, pf ™ )sec:
0§1—2qgrl—dsS < 2, 0§1+2q;— SS <2,
5253 5253
0 < 1 A, A, 5 0 3 . A, A 5
-2 2d§253 d6263 - -2 2‘1325 d5253 -
3 A, Ay < 1 3 A, Ay < 1
2_2d;‘;53 d§25 -2’ 2_2d§§ 325 -2
Continue with (g5 ,p;s )sec:
A, A
0§1—2q5—1—d8—§2, 0<1+2qg—d5 <2,
5253 5253
D<is S 2y gl B Doy
2 2d6253 d6263 2 2d6263 d5263
1 < A, A, < 3 1 A, A, < 3
2 - 2d§263 d§263 - 27 2 - 2d§263 d6263 - 2'
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Finish the task with (g5 ,p; *)sec:

A, A
0<1-2g; + <2, 0<1+2g +-— <2,

d§253 N d(SSQ(sd
1 A, Ay 3 A, Ay
0S4+ +-—2<2 0<-——"+-—"<2
2 2d62(53 d6263 2 2d62(53 d62§
1 < A, Ay 3 1 < A, Ay < 3
27 255, dis, T 2’ 27 2y dis, T 2

Therefore, in accordance with Proposition either both families to ¢ resp.
q, are stochastically admissible or not and thus there are either zero, two or four
stochastically admissible solutions. This completes the proof.

|

Proof of Proposition [4.2.8. The relationship between rates and probabilities is
given through P; = e®% § € L. In our case Qs := Qts. This relationship yields the
following equations:

1 1
qs = Z<1 —e V), ps= 4_1<1 + e e — 2e2(rastrrs))  § e L.
Restructuring the equations yields:
1 1
(4.3.14) Tes =7 In(1 —4gqs), 1ps = —Tg — 5 In(1 — 2¢g5 — 2ps).

An examination of the probabilities shows that for §; # d, # 3 € L the following
can be observed:

A, n A,
d§263 d§2(53 '

A,
(43.15) 1—dgs, =" 1—2q5, —2ps, = 1 —2q5, — 1+ 205,
0203

Looking at (4.3.14)) indicates that only the constellation (gs, ps)ses with

1< d§52d§5,> 1< ds, 5,45,
@ =7\ 1= ), pa=5(1 =20 — | —
! 4 d6253 ! 2 ! d6263

can provide a rate, because all other constellations return the logarithm of a negative
number. Inserting the insights from (4.3.15) into (4.3.14) returns

1 A, 1 Y . )
Tgs, = _Zln dg263 = —g(ln ’d5152’ + In ’d5153’ —In |d5253|)>
1 Ay 1 di s |? ds o |? ds . |?
Tps, = —Tgs, —=In|— :——(ln| 5;52| +1n| 6;53| —ln| 5563| >
2 ds, s, 8 ’dalag | ‘d(slsg | ’dagag, |

Thus the proposed rates are established and the proof is completed. O
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Proof of Lemma [4.2,9. The lemma proposed that from the probability param-
eter families obtained in Theorem only one family allows a transfer to the
rate model. This follows immediately from the previous proof when looking at the
generation of the rates, since the logarithm is defined only for the parameter family

given in (4.2.23)). This completes the proof. O

Proof of Proposition [4.2.10] As already stated, the molecular clock model is
based on the tree 7 := (V, ) with

£7:: {517527637@17Q2}7 g = {(Q17Q2>7(Q1753>7(Q2751)7<92762)}7

where (01,09,03) is a permutation of £ and g, = ¢ € V, the root of the initially
considered tree 7. Molecular clock demands that the rates for edges (09,6;) and
(02, 02) are equal. Hence,

1
0=rg, —Tg, = —3 In

i.e. In|dj ;| = In|dfs,|. Thus under the molecular clock the transversion rate for
01,09 is given by:

A,

v
0203

Ay

6103

—1In

1
) = s~ s,

1 v
(4.3.16) Tas, = Tas, = —g g5,
Consider the transition rates. Together with (4.3.16) they yield:
1 1 Ay 1
O - rpgl - TPBZ - _T‘Ml Y ln S + % + ]'n S - _(ln |d§153| - ]'n |d§253|)7
d5263 d51§3 2

i.e. In|d; ;| = In|d;,;,| and thus, the transition rate for 4y, d; is given by
ds |2

(4.3.17) Fos, = T, = ln‘ 316
5,51

These insights provide the rates for edge (09, 03) as

_1 ‘ (5153|2 1n| 3152|2
|55, 45,5,

1 v
(4.3.18) Tqs, = 1 In|dg 5, + < ln 5,5, Tpsy = —

For the remaining two rates the advantage of the rate model becomes apparent.
Whereas the transition matrices are related through multiplication, the rate matrices
are related through addition due to the property of the exponential function. Denote
the needed rates by rqé , ;5 , r2g2 and 7"]‘;92. Then, they are obtained by using the
following relationships:

c c Cc i
rqsg + rqu T%’ rpag + rpgz - 7“p53,
[ L —

qug oy Tas, > rpag, Doy "'ps,
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and thus,
27“;63 = Tqs, T+ Tgs, > 2T;53 = Tpsy T Tps, s
27’.;92 - rq63 o rq617 27.;92 = rp53 - /r.pél :
Applying (4.3.16)),(4.3.17) and (4.3.18)) to this notions yields:
C 1 v C 1 v v
Tq(gs - _g ln |d5153|7 Tq92 - _g(ln |d6153’ - ]'n |d5152|)7
e _ L 15,6, I° S |d;,5,|° 1 |55, |°
TR g P T B\ Ml sl )
5163 5163 8162
This completes the proof. O
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Chapter 5

Some Statistical Tools

Chapters [3| and [4| examined the algebraic properties of the equation system (LF)
w.r.t. three specifications. In particular, the examinations of Chapter 4| showed that
finding a Markov extension to a given leaf distribution is difficult.

The purpose of this chapter is to develop methods for the generation of satisfying
approximations of a given leaf distribution by a Markov process. To achieve this
goal, some estimators are presented, and various confidence regions are discussed.
In addition, an algorithm for finding a phylogenetic tree is presented. It makes use
of the parameters established for simple trees as developed in Chapters [3] and [4]

The chapter starts with the introduction of the Likelihood Scoring Functions, which
is used as a decision criterion for Maximum Likelihood methods. Its global maximum
is presented, and problems in the generation of a maximum under the constraints
of an underlying Markov process are discussed. The structure of the function is
well-known (e.g. Yang [1994]) and suggests to treat estimated leaf distributions as
a random vector for the parameters of a multinomial distribution.

Section presents a couple of estimators. In Subsection [5.2.1] a consistent estima-
tor for real-valued vectors, whose elements sum to one, is introduced. In terms of
phylogenetic reconstruction its purpose is to manipulate inadmissible transition pa-
rameters obtained from solving system (LF). The particular form of the estimator
for the models discussed in this work are presented in Subsection [5.2.2] Subsec-
tion provides a Bayesian estimator. Its purpose is the manipulation of input
distributions to provide admissible approximations. The main factor for applying
this estimator are joint states of probability zero in the joint leaf distribution. As
the constructions in Section will indicate, most confidence regions provide only
marginal coverage if one of the entries of the vector, on which the region is generated,
is zero. In particular, such confidence regions contain only those vectors which have
entries of value zero for each state that has probability zero in the initially consid-
ered distribution. In the light of the observation that joint states of probability zero
will result in inadmissible solutions of such a probability mass redistribution

125
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has its own right.

Section [5.3| introduces several kinds of confidence regions and presents statements
concerning their applicability. Most statements are taken from Brown et al. [2001].
In Subsection the Central Limit Theorem is used to consider square Gaussian
distributed random variables, which are chi square distributed. In Subsection [5.3.2
the Clopper-Pearson confidence interval is presented. In this approach all entries
of vector m are treated as independent random variables for a parameter p of a
Binomial distribution By ,. The confidence region is generated by computing for
each vector entry m; the boundaries maxy, By, m, (0, k) < nand ming By, (k, N), i =
1,..., K. Subsection [5.3.3| introduces confidence regions which also treat the vector
entries as independent random variables for a parameter p of a Binomial distribution
By . These types are often compared w.r.t. their average coverage probability (e.g.
Brown et al. [2001], |[Jhun and Jeong [2000], May and Johnson [1997] or |Agresti
and Coull [1998]). The results of these comparisons are part of the discussion in

Subsection [(.3.41

In Section [5.4] an algorithm is introduced that uses the transition parameters ob-
tained from the triple tree restrictions of the input data. The structure of the
algorithm is similar to methods presented in |Pearl and Tarsi [1986] or Chang [1996].
Moreover, the method will incorporate the estimator presented in Subsection [5.2.1]
The section closes with the application of the algorithm to the well-known Great
Ape {0, 1}—data set.

As before, the end of the chapter is reserved for the proofs.

5.1 The Likelihood Scoring Function

The chapter starts with a motivational consideration of some aspects of Maximum
Likelihood methods for phylogenetic reconstruction. Usually Maximum Likelihood
methods look for the model configuration which best estimates the observed fre-
quency vector n = Nm (cf. [Felsenstein [1981] or Guindon and Gascuel [2003]). The
best ML estimator is defined as the maximum of the function:

(5.1.1) LS(n,p) = D> neln(pa), > pe=1

zeS™ zeS™

This function is usually called the loglikelihood scoring function. The maximum of
this function is well-known:

Lemma 5.1.1. Let n = Nm denote a frequency vector. LS(n,p) is mazimal in
p=m.

Generally, p = p(X, 7) denotes the leaf distribution subject to the model configura-
tion of a Markov process X on a tree 7. Therefore, Maximum Likelihood methods
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aim for

argmaxy 7LS(n, p(X, 7T)).
If m is subject to a Markov process, any Maximum Likelihood method should return
m as the best approximation of itself.

The following example provides a visualization of the proposals for the results of
Corollary by using (5.1.1)) as a tool of comparison of possible estimations of an

initial relative frequency vector m:

Example 5.1.1. Recall from Example that on a triple tree the initial relative
frequency vector

(5.1.2) m = (100, 15, 15, 10, 5)/1000.

does not have a Neyman extension, but by Theorem {4.1.7|its pairwise distributions
yield the following parameters of a possible leaf distribution

m, = (197,31,31,21,9) /2000,
m, = (49,32,32,27, —12)/1000.

To compare these distribution vectors, their loglikelihood score is computed. For
the Neyman N, model the score function is specified by:

LS, (b) = kay In(by) + k(k — 1)(az In(bg) + azIn(bs) + a4 In(by) + (K — 2)as In(bs)),

where a and b satisfy (4.1.4). Example was considered for k = 4 states. The
loglikelihood scores for the three distributions are

LSy (m) = —3621.35, LS, (m,) = —3622.38, LS, (m,) = —3409.67 + 376.991i.

Therefore, in terms of the Likelihood score, the Markov process with triple leaf
distribution m; provides a very good approximation of m. Since m, contains a
negative value, the value LS,,(m,) cannot be compared with the other families.
This problem is treated in Section [5.2]

Concerning the number of maxima of LS for a given vector n = Nm observe the
following fact:

Lemma 5.1.2. Let m denote a relative frequency vector over 8™ on a leaf set L of
an unknown tree T. If p(X,T) is a maximal leaf distribution with Markov extension

for , then also p(X,T) with
(5.1.5) (X, T) =p.(X,T) forze{yecS": m,#0}.

15 a maximal leaf distribution with Markov extension.
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This observation is due to the fact that for the set M = {y € S" : m, = 0} the
equation

(5.1.6) > nyIn(p, (X, 7)) =0

yeM

holds for all parameter sets (X,7). That such cases easily occur becomes clear,
when five species and four states are considered. In that case, 4> = 1024 possible
joint states exist. Hence, to have a strictly positive relative frequency vector, one
needs a set of aligned sequences of length of at least 1024. However, multiple aligned
sequences of such lengths are usually not available (cf. Waterman [1995]).

The structure of (5.1.1)) also suggests to regard n as a random vector for the pa-
rameters of a multinomial distribution. This property will be used in the next two
sections.

5.2 Consistency and Bayesian Estimation

This section proposes two kinds of estimators. The first estimator tackles the prob-
lem of inadmissible transition parameters by providing a consistent quadratic ap-
proximation mapping. The second estimator tackles the problem of possible joint
states that do not occur in the observed data. Joint states of zero frequency pose
problems for inference methods, and also when considering certain kinds of confi-
dence regions.

5.2.1 Estimation with Least Squares

Chapters [3| and [4] showed that under the considered models almost any input vector
m generates an algebraic solution of . However, only few input vectors generate
a stochastically admissible solution. As a consequence, most frequencies derived
from the data won’t be subject to an Markov process. Therefore, one has to adjust
the parameters obtained from the frequencies to fulfill the admissibility conditions.

Given an (inadmissible) set of parameters (py, ..., px), the estimator is constructed
as the solution of a least squares problem. In particular, one wants to solve:

(5.2.1) min  F(g), F(q) ::Z|Qi_pi|2

q=(q1,-.-,qx)

under the constraints

k
(5.2.2) ¢; > 0 for all 7 and Z% =1.

=1



5.2 Consistency and Bayesian Estimation 129

Since
l¢i — pil”> = (@ — Re(p:)? + (Im(p;))?

it suffices to solve the problem for real py, ..., p.

Proposition 5.2.1. Let (p;)¥_, denote a family of real numbers with py+- - -+py, = 1
and consider the minimization problem under the constraints (5.2.9). The
problem has a unique minimum q = q(p). The mapping p — q(p) is continuous.

The numerical computation of the minimum is subject of the next results:

Proposition 5.2.2. Let (p;)F_, denote a family of real numbers with py+- - -+py, = 1.
Then there is an index set I C {1,... k} such that g with ¢; = p; + ¢ fori € I and
q; =0 fori € I°, where

1
(5.2.3) ¢i= szi

i€le
is the minimum of .

Hence the estimator ¢ can be retrieved by determining /. For this purpose the
following properties can be observed:

Corollary 5.2.3. Let (p;)¥_, denote a family of real numbers with py + -+ +pp = 1
and let I be the index set generated by . Then one observes:

(5.2.4) pi > —c foralliel andp; < —c for alli € I,

and the following order relation is found:

1. If p; > pj and j € I, then also i € I.
2. If p; <pj and j € I¢, then also i € I°.

3. If p; <0, then i € I°.

Corollary permits an ordering of the family (p;)%_, with p; < p;y1 and [ is the
index for which p;_; € I¢ and p; € I. Moreover, 3 shows that all negative values
are projected into zero. These observations permit the following introduction of an
algorithm for the generation of the estimator family:

Algorithm 5.1. Let (p;)%_; denote a real-valued parameter family with p; + - -- +
pr = 1.

1. Sort the family (p;)%_, such that p; < p;y; fori=1,...,k — 1. Then an index
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< k exists with p, 1 < 0 and p;, > 0. Set I¢ := {1,...,l — 1} and

2. Compute c as given in (5.2.3), set ¢; = 0 for all j € I and set j := j + 1.

3. If p; < —cset I°:=1°U{j} and go to step 3, else set ¢; := p; +c for all i > j
and STOP.

The algorithm has the nice property that it returns the minimum proposed in Propo-
sition £.2.2] as a side effect.

Proposition 5.2.4. The family (¢;)¥_, obtained from (p;)¥_, through Algom'thm
is the minimum of under the side conditions .

Coming back to the initial problem of estimating the true process of evolution from a
given relative frequency vector m at the leaves regard a set of inadmissible transition
parameters (p”)acr and ¢°. An application of Algorithm yields a consistent
estimator:

Theorem 5.2.5. Let m denote an estimated leaf distribution to a tree T, (*)acw\{o}
and ¢° the parameters retrieved by solving system w.r.t. m. Then, the pro-
Jections (p*)acv\{o} and q° to (p%)acw\{o} and G°, respectively, obtained by applying
Proposition [5.2. 1), are consistent estimators for the true process.

Note, that the proposed consistency result only states that the boundary points of
the estimator sequence are a solution of the true equations. Moreover, this solution
is either the true parameter or one of the permutations (see Lemma for an
explanation concerning uniqueness up to permutation). Generally, consistency is a
difficult property when considering phylogenetic reconstruction (cf. (Chang [1996]).

5.2.2 Some Examples

Chapters |3| and 4] discussed three different models. This subsection addresses the
least squares estimator from Subsection for each model. The two state model
and the Neyman N model do not really provide a challenge when establishing the
quadratic estimator but the Kimura 2ST model is more demanding. Sometimes gen-
erated transition parameters are complex. Since the estimators are only constructed
for real parameters, only the real part of a complex number is considered.

The General Two-State-Case

As shown in Theorem [3.1.4] the two symmetric solutions for a given triple leaf
distribution are related through row permutation in the transition matrices. This
implies that inadmissibility of one solutions results in inadmissibility of the other.
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Thus, either no optimization is needed, or both solutions need to be optimized
simultaneously again yielding the same leaf distribution. For arbitrary trees the
following conclusion from Proposition can be drawn:

Corollary 5.2.6. Let (D%)acw\{o} and @° denote the transition parameters derived
from a joint leaf distribution on a rooted tree I, under the two state model. [fﬁiy <0
for some § € V\ {o} and z,y € {0,1} then ﬁ‘;(l_y) > 1 and the estimator is p), =0
and p‘;(l_y) = 1. An analogue observation holds for the estimator ¢ for ¢°.

The estimator projects inadmissible values into the boundaries of admissibility. To
illustrate the stated properties consider the following example:

Example 5.2.1. The software package TREE-PUzzLE(cf. Schmidt et al. [2002])
presents a tool to derive phylogenies from sequence data using Maximum Likelihood
methods on quartet trees. It also presented the author of this text with his first set
of aligned sequence data, namely the Great Ape {0, 1}-data set of five species and
of length 895. For the purpose of illustration consider the triple Human-Chimp-
Orangutan. The frequency vector of the sequence has the following form:

myco = (506, 18,0,2,1,2,14,352)/895.
The inferred transition parameters using Theorem have the following form:

pH _ 0.998182  0.00181834 pC_ 1.00016  —0.000157454
~\0.00565767  0.994342 )~ ~ \0.00555766 0.994442 ’

po _ 0.965669 0.0343305 o (0.586436
-~ \0.0382517 0.961748 )’ = \0.413564 ) -

The second solution is attained through row permutation for every matrix and an
element switch for the root vector. Clearly, P is not stochastically admissible.
According to Corollary the estimation with the identity matrix is consistent.
The remaining matrices are stochastically admissible. The resulting estimated leaf
distribution has the following form:

Moo = (505.92,17.9972,0.0796589, 2.00283, 0.999855, 1.99999, 14.0001, 352) /895.

The mentioned row permutation for the estimated matrix yields a parameter set for
the same distribution vector. Simple comparison shows that m o and Mmoo differ
only slightly. Qualitative analysis of such results is subject of Section [5.3]

The Neyman N, Model

From the point of transition parameters this model is similar to the two state model.
In particular, the estimator from Proposition has the following property under
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the model:

Corollary 5.2.7. Let (Pa)acy\{o} denote the transition parameters derived from a
joint leaf distribution on a rooted tree 1, under the Neyman Ny model.

1. If ps <0 for a § € V\ {0}, then the estimator is ps = 0.

2. If ps > 1/(k—1) for a 6 € V\ {0}, then the estimator is ps = 1/(k — 1).

Again, inadmissible transition parameters are projected into the boundaries of ad-
missibility. However, as shown in Corollary and Example the two es-
tablished parameter families yield different distribution vectors, m and m, where
neither is necessarily equal to the initial vector m.

Example 5.2.2. Recall the relative frequency vector m, from Example [5.1.1 The
inadmissibility of m, provides an opportunity to apply Corollary [5.2.7 Example
showed that the second parameter set p? had three inadmissible values. There-
fore by Corollary all are transferred to 1/3. Such a parameter set yields the
triple leaf distribution

(5.2.5) iy = (3,2,2,2,1)/108
with a loglikelihood score of s, (m,) = —3909.98, i.e. smaller than the score for
my.

The Kimura 2ST Model

The previous two models were simple projections into the boundaries of admissibility.
In contrast to this, parameters under the Kimura 25T model provide the opportunity
to observe the least squares estimator in a nontrivial fashion.

Corollary 5.2.8. Let (Pa; a)acy\{o} denote the transition parameters derived from
a joint leaf distribution on a rooted tree T, under the Kimura 25T model. Further,
denote by 75 =1 — ps — 245 for 6 € V\ {0} the diagonal parameter of the associated
transition matriz. If for 6 € V\{o} the transition parameters are inadmissible, then
one of the following scenarios is possible:

1. If rs < 0 then rs = 0 and the remaining estimated parameters have either the
form ps = ps +75/3, g5 = Gs + 7/3 orps =1, g5 =0 or ps =0, g5 = 1/2.

2. If ps < 0 then ps = 0 and the remaining estimated parameters have either the
formrs =75+ Ds/3, 45 = Gs + ps/3 orrs=1,q5=0 orrs =0, gs = 1/2.
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3. If g5 < 0 then qs = 0 and the remaining estimated parameters have either the
Jorm rs =75+ s, ps =Ps + s orrs =1,ps =0 orrs =0, ps = 1.

Hence if one parameter is less than zero, its value is distributed on the remaining
two parameters or if one parameter value falls under the condition of step 3 in the
algorithm the remaining parameter has the whole probability mass. With Theorem
and Corollary one observes that for a given triple leaf distribution a
possible application of the estimation algorithm would affect two parameter families
simultaneously. Again, a qualitative consideration of the derived leaf distributions
is provided in Section [5.3]

5.2.3 A Bayesian Estimator

The following estimator manipulates the observed frequency distributions. The
advantage of the presented estimator is, that it is the best Bayesian estimator for
any possible leaf distribution w.r.t. the maximal quadratic distance. Consider the
state space {1,2,..., K} and a frequency vector n = (n;)E, with N =nj+---+ng.
The goal of this section is the selection of a vector p = (p;)E, from the space of
multinomial probability vectors of which the relative frequency vector m = n/N is
a good approximation.

The goal is to derive a good approximation for the normalized vector m = n/N from
the space of multinomial probability vectors p = (p;)X,.

Lemma 5.2.9. Let p denote a multinomial vector and n = Np. Define the vector
p by

(5.2.6) pi = pi(n) = m

Then one observes
Eyll2 - pl? = ¢ = const

for all vectors p = (p;)K,.

Therefore, the estimator p has constant risk. In the terminology of |Ferguson [1967],
it is an equalizer rule. Moreover, p is a Bayesian estimator with the following inter-
esting property:

Lemma 5.2.10. The estimator p defined by 1s a Bayesian estimator with

E,llp—pl* = inf sup B, [ — pl>.
4
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The vector p is the Bayesian estimator with the smallest maximal distance to all
multinomial vectors. For decreasing N the value given to a state of zero frequency
increases. For example, if one wants to approximate three aligned sequences of
length 500 under the two state model with p, a zero frequency state will be assigned
with probability 0.0054 which is quite a huge jump in probability.

Section [5.3| will introduce several simultaneous confidence regions as tools of evaluat-
ing estimated leaf distributions for their approximations of a given relative frequency
vector (p1,...,pk). One such confidence regions is given by:

- = (pi — m)?
(527) {71'1,...,7'('[(: ZWZ:1,an—§)(%(_1(1—17)},
i=1 i=1 v

where x% (1 —n) is the upper (1 — 7) quantile of the chi-squared distribution
with K — 1 degrees of freedom. This region was suggested in |[Jhun and Jeong
12000]. Clearly, if p; =0 for ai € {1,..., K}, then this confidence region cannot be
computed. Hence, a manipulation of the initial distribution can be advantageous for
later considerations. Moreover, it was observed that zero frequency states generally
do not allow admissible solutions. For an illustration consider the following example:

Example 5.2.3. Let 7 denote a triple tree and let S = {0,1}. The observed joint
frequency distribution at the leaves £ :={1,2,3} is given by:
m = {550, 10,0, 15,0, 2, 5,418} /1000.
With the following estimated distribution is generated:
m = (536.972,13.5251, 3.83168, 18.3719, 3.83168, 5.77037, 8.67841, 409.019) /1000.
Computing the transition parameters for both vectors yields

1 ( 1.00004 —0.00004 9 1.00033  —0.00033
m - 10.0346493 0.965351 )’ m 1 0.00476293 0.995237 )’

3 (0.982269 0.0177312 o (0.55972
Pm=\0.0118203 0.98818 /° m -\ 0.44028 ) 7

for m, where p! and p?, are obviously no transition matrices. For m one computes:

1 {0.993135 0.00686456 o {0.993626 0.00637429
Pm =\ 0.0427956  0.957204 )~ P =\ 0.0136935  0.986307 /°
3 (0.975881 0.0241191 o  (0.557596
Pm =\ 0.020721 0.979279 ) 9m = \ 0.442404 ) °

i.e. a stochastically admissible solution. Finally, a look at the confidence region

(5.2.7) shows that:

8 (P — )2
13.737 ~ 1000 Y (i =) 20.05) ~ 14.1.

i=1 v
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Therefore, the initial leaf distribution m is in the 0.95-quantile of the Bayesian
estimate m.

5.3 Simultaneous Confidence Regions

After providing ways to manipulate generated inadmissible transition parameters,
the manipulated parameters will be evaluated. Probably the most popular evalua-
tion approach is the declaration of simultaneous confidence regions. Several papers
(e.g. |Goodman [1964] or [Jhun and Jeong [2000]) deal with the comparison of dif-
ferent choices of confidence regions for the parameters of multinomial distributions.
This section will introduce some of the suggested intervals and apply them to esti-
mated distributions for the models discussed in Chapters [3] and

As usual, 7 = (V, ) denotes a tree, n = (L) the number of leaves and k = §(S)
the number of states. The estimated leaf distribution taken from the input data is
denoted by m.

5.3.1 A Chi Square Approach

Simultaneous confidence regions permit the comparison of a selected process with
the input data by checking if the derived leaf distribution is in a (1 — n)-confidence
region of the leaf frequency distribution, and the acceptance or rejection of the
selected process accordingly.

The first approach uses the Central Limit Theorem to generate an n-confidence
region.

Consider a family (Y?)¥, of i.i.d. random variables with values in {ey, ..., e}, the
unit vectors of R*", distributed according to the estimated leaf distribution m, i.e.
P(Y!=¢)=my 1 €{l,...,k"}. This family has the mean vector E(Y?) = m and
the covariance matrix

(5.3.1) Cov(Y') =C with Cy = m,(0s —my), s,t € {1,... k"}.

According to the Central Limit Theorem (e.g. Witting and Miiller-Funk [1995]
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Satz 5.105]) the following distribution assumption is reasonable:

Lemma 5.3.1. Let (Y")2, denote a family of i.i.d. random variables with mean
vector m and covariance matriz C as given in . Then, the empirical mean

1 N
YN:N;W.

of (YHN, is asymptotical Gaussian with mean vector 0 and covariance matriz C,
i.€.

(5.3.2) D(VN Yy —m)) =2 N(0,0),
where the symbol ©(X) denotes the distribution of the random variable X. a

The vector Y is subject to the general model. Certain model specifications will
focus on linear transformations. For such occurrences the following observation can
be made:

Corollary 5.3.2. Let (Y9N, denote a family of i.i.d. random variables with mean
vector m € [0,1]% and covariance matriz C € RE*K. Further, let A : RX —
RM, M > 0 denote a linear mapping. Then Zy = AYxy is asymptotically Gaussian
distributed with mean vector 0 and covariance matriz ACA™Y, i.e.

D(VN(Zy — Am)) =2 N (0, ACAT).

The matrix A for the Neyman Nj model and the Kimura 2ST model on a triple
tree are characterized by and , respectively. The explicit form of the
covariance matrices is introduced later. The asymptotic behavior of the distribution
vectors permits the following statement for confidence regions:

Theorem 5.3.3. Let (Y)Y, denote a family of i.i.d. random variables with mean
vector m € [0,1]% and covariance matriz C € REXEK of rank 1. The asymptotic
n-confidence region for m is given by:

ClLa(m,n) == {p € [0,1]" : Nllp—mllz <x/(1—n)},

where x#(1 —n) denotes the (1 — n)-quantile of the chi square distribution with
degrees of freedom.

To verify whether a leaf distribution obtained through a phylogenetic method is in
such a confidence region one needs to compute the Pseudo-Inverse of the covariance
matrix C~1. For problems of high dimensions this might pose difficulties. The confi-
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dence region presented in ((5.2.7)) provides an alternative chi square approach where
the covariance matrix is replaced by the diagonal matrix C = diag(my, ..., mgx). In
this alternative approach the degree of freedom is fixed at k™ — 1 contrary to
where the degree of freedom depends on the rank of C. On the other hand, if a leaf
distribution m assigns probability zero to certain states, cannot be applied.

Example 5.3.1. Here the Neyman distributions will be considered. As promised,
the covariance matrix for the Neyman distribution on a triple tree is the first thing
to be introduced. For lack of space, the matrix is divided into off-diagonal- and
diagonal-elements ((al,ag,ag,a4,a5) = (mogo,m001,m010,m100,m012)):

All\jley _ a1(1 — kal), Agey _ (ll<1 — k(k — 1)&1'), i — 2’3’47
(5.33) K k(k— 1)
i 1 — k(k — 1)(k — 2)as) L
ANey _ a5( ANey . )
» Fh-D(k—2) ° Cu =W 1F

With this insight apply Example to consider the presented confidence region.
Here the number of states is & = 4. The initial leaf distribution m is given by
(5.1.2), and the leaf distributions m, and m, inferred using Theorem are given

by and , respectively. The covariance matrix C for m can easily be
computed with (5.3.3)). With this one computes (recall N = 1000):

199 57511 - 9 293500

m» 2—5’ “mQ_m cm — 799

For n = 0.05 the upper (1 — n)-quantile for a chi square distribution with four

degrees of freedom is 9.48773. Consequently, m, lies well inside the confidence
region whereas m, and m, miss it by quite a large margin.

N|my — m|gm = [my — m||gm =

5.3.2 Clopper-Pearson Confidence Regions

This subsection presents a class of confidence regions where each entry of the vector
m = (m;)K, is independently considered as the probability parameter p of a Bino-
mial distribution By ,. This approach was first introduced in |Clopper and Pearson
[1934]. Consider the following region:

Cl(p,n) ={veR: K(p) <v<Fkip)}
Let f; and g;, i = 1,..., N be functions with ¢ € [0, 1] and

Fi(@) == Bra({0,..,i}) = 3 (fjv > F(1— N,

J=0

9i(q¢) = By, {i+1,...,N}) = Z (‘7) ¢(1— q)N’j.
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Clearly, f;(0) =1 and f;(1) = 0n; for all ¢ € {0,..., N}. Thus, f is decreasing in ¢
and increasing in i. Further, g;(0) = do; and ¢;(1) = 1 for all 4, i.e. g is increasing in
q and decreasing in 7. For a given confidence level n compute the following integers:
kl'(p) := argmax,{i € {0,..., N} : fi(p) <n/2},
k!(p) := argmax;{i € {0,..., N} : g;(p) < n/2}.
Using these boundary terms the confidence interval CI(p,n) is rewritten as:
(5.3.4) Cl(p,n) == A{v: K/(p) < Nv < kji(p)}.

In honor of the initial contributors the interval CI(p, n) is also known as the Clopper-
Pearson interval. Accordingly, the Binomial or Clopper-Pearson confidence region
Clgp(m,n) for a vector m € Rf and a confidence level 7 is given by:

(5.3.5) Clcp(m,n) = Cl(my,n/K) X -+ x Cl(mg,n/K).

Brown et al. [2001] propose that the presented bounds k;' and % are nothing more
than the 7/2 quantile of a beta distribution g(x, N — z + 1), and the 1 — /2
quantile of a beta distribution G(x 4+ 1, N — x), respectively. The considerations of
this subsection are concluded by the following example:

Example 5.3.2. The saga of the vectors m,m,,m, and m, given by to
(5.2.5)) continues. First, the values k)(p) and £}!(p) need to be computed for some
p € [0, 1]. Since each vector entry m;, (i = 1,..., K) is considered independently, no
weights need to be considered. Due to the negative value in m, this vector cannot
be found in any Clopper-Pearson region, and is thus immediately rejected.

For n = 0.05 one computes the following boundaries for Clcp(m,n):

b (m,m) = (76,6,6,3,0),

bSF (m, n) = (126,27,27,20,13).
As stated above, the exact boundaries are given by considering the n/(2K) quantile
for a beta distribution S(Nm;, N(1—m;)+1) and the 1 —7/(2K) quantile for a beta
distribution S(Nm; + 1, N(1 —m;)) for the lower and upper boundary, respectively.

Using this approach, the exact Clopper-Pearson confidence region for Nm for the
confidence level n = 0.05 is given by boundary vectors

b8 (m, m) = (77.0217,6.91801, 6.91801, 3.72678,1.07951), and
bPB (m, m) = (126.88,27.9788,27.9788,21.2761, 14.0851).
The vectors Nm, and Nm, have the following form:
Nm, = (98.5,15.5,15.5,10.5,4.5),
Nin, = (27.7778,18.5185, 18.5185, 18.5185, 9.25926).

Thus, relating m; and m, to these confidence regions again shows that for m, m,
is a better estimate than m,. Hence m, is accepted for all considered confidence
regions whereas m, is rejected.
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5.3.3 Simultaneous Confidence Regions for Binomial Pro-
portions

This subsection presents another type of confidence region where again each entry
of the vector m = (m;)X, is independently considered as the probability parameter
p of a Binomial distribution By ,. In particular, the following type of confidence

interval is considered for parameter p and a confidence level n > 0:

(5.3.6) Cl(p,n) = {I/ eEpt Q(g) W} ,

where ((n/2) is the 1 — n/2-quantile to a chosen symmetric distribution, and
V/p(1 —p)/N is the estimated standard deviation (see ) Such interval types
are the center of numerous discussions, most notably in Brown et al. [2001]. If the
standard gaussian distribution is chosen as the quantile distribution, the interval is
called the Wald confidence interval for p (cf. |Agresti and Coull [1998]). Another
choice is the Student t distribution in K — 1 degrees of freedom. The simultaneous
confidence region for a vector m is constructed similarly to . Such types are
called Bonferroni simultaneous confidence regions to confidence level 1 —n (cf. [Jhun
and Jeong [2000]). For a comparison consider the following example:

Example 5.3.3. Recall m, m; and m, given by (5.1.2)) to (5.2.5). The confidence

region CI(m,n) given by (5.3.5)) and (5.3.6)) is considered for a couple of popular
choices of quantile distribution.

Considering Wald confidence intervals to the confidence level n = 0.05, i.e. using
the quantile of the standard gaussian distribution, yields the following boundaries
for the confidence region Clyaq(m,n):

BV (m, ) = (75.5635, 5.09896, 5.09896, 1.89534, —0.745312),
DVl () = (124.436,24.901, 24.901, 18.1047, 10.7453).

If Q(n/10) denotes the (1 — n/10)-quantile for the Student ¢ distribution with four
degrees of freedom the following boundaries for the confidence region Clyt(m,n) are
observed:

b7 (m,n) = (56.3217, —2.69734, —2.69734, —4.48645, —5.2693),
b7 (m, n) = (143.678, 32.6973, 32.6973, 24.4864, 15.2693).

Hence, m, is in the 0.95-confidence regions whereas m, misses the regions by quite
a margin.

A comparison the boundaries of the presented intervals with the boundaries from
Example reveals that these confidence intervals CI(p) are not centered around
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p but contain a marginal shift. This shift was already observed in Wilson [1927]. In
Brown et al. [2001] the Wilson confidence interval is presented as:

Chp.n) = {ve 2L o )

where k is the (1 — n)-quantile of the standard normal distribution. & can also
be interpreted as the number of successes and failures added to the data set. The
approach was recalled in |Agresti and Coull [1998]. Brown et al. [2001] present the
Agresti-Coull confidence interval as:

Claclp. ) = {v € sy B0,

N + K2

where p = (Np + k*/2)/(N + £?). Both intervals are centered around p, and are
recommended by [Brown et al. [2001]. Other works, like Jhun and Jeong [2000], use
a constant continuity correction to move the interval into a more appropriate center.
The following example tests the performance of Cly and Cla¢ on the already often
used vector m:

Example 5.3.4. Recall m, m; and m, given by (5.1.2)) to (5.2.5)). Also, set n = 0.05
and k = 1.96. With these settings the modified vector m has the form:

m = (101.531, 16.856, 16.856, 11.8752, 6.89431) /1000.
The associated Wilson confidence region Cly (m, k) has the boundaries:

Y (m, k) = (82.9092,9.1109,9.1109, 5.4407, 2.1375),
bV (m, k) = (120.152,24.6012, 24.6012, 18.3097, 11.6511).

Similarly, the Agresti-Coull confidence region Cac(m, k) has the boundaries:

bAC(m, k) = (82.8107,8.87716,8.87716,5.16117, 1.76571),
bAC(m, k) = (120.251, 24.8349, 24.8349, 18.5892, 12.0229).

As in Example the vector m, is in both confidence regions whereas m, misses
them by quite a margin in the first variable.

5.3.4 Discussion

This section presented various criteria of quality management. Subsections [5.3.1],

5.3.2] and introduced several types of confidence regions.

The chi square confidence region provided in Subsection provides good testing
criteria, but computing the needed pseudo-inverse of the covariance matrix poses
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big problems for long vectors m. In addition, every entry of m that is zero lessens
the rank of the covariance matrix and therefore the degrees of freedom for the chi
square distribution. Thus, less states will make the confidence region smaller. The
alternatively suggested interval is not applicable as soon as m has zero entries.

In Subsection the Clopper-Pearson interval for Binomial proportions is intro-
duced. This approach proposes confidence intervals for parameters p to a Binomial
distribution By,. The leaf distributions m are related to this intervals by treat-
ing every entry of m = (my,...,mg) as a parameter for a Binomial distribution
BN, @ = 1,..., K. In Brown et al. [2001] the following statements are made
concerning such intervals:

page 113: ...Some authors refer to this as the "exact” procedure because
of its derivation from the binomial distribution. ..

... The Clopper-Pearson interval is wastefully conservative and is not a
good choice for practical use, unless strict adherence to the prescription
C(m) > 1 —n is demanded. ..

In other words, Clopper-Pearson intervals are often too large to be helpful. Brown
et al. [2001] suggest other intervals as a better estimation for Binomial proportions.
In particular, the Wilson interval (Wilson [1927]) and the Agresti-Coull interval
(Agresti and Coull [1998]) are both recommended for their change of the considered
parameter m by adding or subtracting additional events.

These confidence regions are presented in Subsection [5.3.3. The subsection starts
with a general definition of such intervals, called the Bonferroni confidence region.
In addition to Wilson and Agresti-Coull some confidence regions without shift cor-
rection are introduced. It has to be noted that the presented Bonferroni confidence
region with a Student ¢ distribution is particularly unsatisfying when the number
of possible states rises. In that case, the probability values become smaller, and the
Student t distribution becomes unreliable. Moreover, every entry of m that is zero
lessens the degree of freedom and thus, increases the considered confidence region.
Example [5.3.3] indicates that even for the Neyman distribution the presented region
is much larger than any other region.

All confidence regions of Bonferroni type share one disadvantage. If a probability
m;, 1 € {1,..., K} is zero or one, the associated confidence interval has length zero
since m;(1—m;) = 0 and therefore, any estimation m with m; > 0 will not lie in such
a Bonferroni confidence region for m with m; = 0. Unfortunately, the case m; = 0
occurs with certainty if the number of sequence sites of the input data is smaller
than the number of possible states. For five nucleotide sequences this happens when
the sequence is shorter than 1024 sites, a very common case when deriving aligned
sequences.

A comparison of these regions in terms of average coverage probability is presented
in various papers (e.g. May and Johnson [1997], |Jhun and Jeong [2000] or Brown
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et al. [2001]). Their purpose w.r.t. molecular evolution is to decide whether a
proposed approximation can be accepted or rejected.

Example. All proposed regions were tested on the transition vectors m, m; and
i, as defined in (5.1.2)) to (5.2.5). When comparing the Wald boundaries for m
from Example [5.3.3| with the ”exact” boundaries from Example [5.3.2] one finds that
bVl as well as bYV?!4 are smaller than their respective parts for the Clopper-Pearson

intervals.
All confidence regions agreed on accepting m, and rejection m, as a good approxi-

mation of m. In terms of coverage the following ranking can be made:

b (m) < B4 (m) < b7 (m) < b "% (m) < b (m) < b (m),
by (m) < b (m) < by (m) < 05" (m) < bS"P(m) < bl (m).

Hence, the Student ¢ distribution provides the largest region, whereas the Wilson
confidence region provides the best approximation.

Remark 5.3.5. When regarding simultaneous confidence regions for estimated leaf
distributions p using Maximum Likelihood methods, it appears a good idea to use
the so-called Kullback-Leibler distance to compare them to a given relative frequency
vector m:

dia(p, m) = 15(m, m) —Is(p,m) = > my(In(m;) — In(p;)).

i=1

Obviously, di(m, m) = 0 and by Lemma [5.1.1] dia(p, m) > 0 for all p # m. However,
the Kullback-Leibler distance is no real distance (see e.g. |(Cover and Thomas [1991]
Section 2.3]), and for the use in a confidence region one has to find an acceptable
distribution for this random variable.

5.4 Derivation of a Tree Structure from Triples

This section introduces an algorithm for deriving a tree structure for a given set of
input data together with the characterization of a Markov process on the tree. The
structure of the algorithm is similar to most reconstruction algorithms presented in
the literature, eg. neighbor joining (cf. [Saitou and Nei [1987]).
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5.4.1 The Algorithm

Algorithm 5.2. Let n denote the number of considered leaves, and let m denote
the joint leaf distribution of these leaves over an finite alphabet S of cardinality
k > 2. For a triple tree 7; denote by m' the restriction of m to the three leaves of
the triple tree.

1. Compute the transition parameters and, if wanted, apply Algorithm to
receive admissible parameters.

2. For every leaf § € L sort the triple trees containing it in descending order to
Mmax,es po.,-

3. Cluster a pair of leaves (3;, 3; for which the first n — 2 triples contain both

leaves. The new cluster point will be denoted by B\U If no pair is found,
cluster the remaining leaves to a star tree and STOP.

4. Set L :=L\{p;,5;} and L := L U {@J} Update the triple transition param-
eters accordingly. Set n:=n — 1. If n > 3 go to 2 else STOP.

Now an analysis of the steps of Algorithm [5.2]is presented.

In this thesis, step one is applicable only for the three models presented in Chapters
Bl and [l

Step two provides the opportunity to take different order functions. However, for
the models considered the diagonal elements are as good an ordering criterium as
any other choice.

Steps three and four need a more thorough discussion since here the actual work is
done.

5.4.2 Selection of a Pair of Leaves

Step three is only presented in an ideal case and would always apply, if input data
were subject to the assumed model. However, computations for certain data sets
showed that the identification of a cluster pair of leaves with this method is not
always possible.

Hence, a modification of the step is due. Firstly, it is possible, that no pair of leaves
can be found for which another leaf is part of all n — 2 considered triple trees. To
accommodate this, the selection looks for the pair of leaves that shares the maximal
number of triple trees in the first n — 2. Secondly, it is possible that no maximal
pair of leaves can be found. Hence, the number of considered triple trees is extended
until a pair is found. This cumulates in the following modified step:

3. Set j = —2.
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(i) Select for each leaf 3 the leaf § that occurred in most of the first n + j
triple trees to f3.

(ii) If above step yields a pair (8, 52) with 8, = By and By = 3y, cluster them
and go to 4 else if j = max{n(n —5)/2,—1} cluster the remaining leaves
and STOP else set j = j + 1 and go to (i).

For a fixed leaf 3 one sorts (n — 1)(n — 2)/2 different triple trees. If j is such that
n+j = (n—1)(n—2)/2 one definitely won’t find a maximum, since all possible triple
trees are considered, and thus each leaf occurs equally often in the set of triple trees.
Except for the case n = 4 the term n(n —5)/2 will be larger than —1. In Subsection
the number 7 will be added to the output to give a measure of quality. The
smaller j is in each step the better the result.

5.4.3 Re-Estimation of Transition Parameters

The fourth step of Algorithm updates old transition parameters and generates
new ones for the new vertex. This section discusses mechanisms for the derivation
of the values. The starting point is the description of the common scenario:

Let £ := {f,...,0n} denote an arbitrary leaf set and m a joint leaf distribution
on L over a sample set S of cardinality k. Step three selected the index pair 4, j for
clustering and introduced a new leaf 3;;. Denote by

Tij = ATy L(Tij1) =16, 55,01}, L # 4,5}

the set of all triple trees that contain both leaves ; and 3;. All these triple trees
contain the edges (8, 8;) and (3i;, 3;), and thus the transition matrices P%i% and
PP will be derived from the information content of the n — 2 forms provided by

Tij (see Figure [p.1).

Figure 5.1: Derivation of transition parameters for clustered leaves.
The transition matrices for #; and 5 are subject to n — 2 different
triple trees connecting them with the rest of the leaves through ;5.

The method used in the example below uses the following function to derive the final
parameters. Denote by T'M (k) the set of all transition matrices of dimension k X k,
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and PPiif! denotes the transition matrix for edge (8;;, ;) in triple tree T3 € ;.
The argument of

k
min Fy(Q,2) =) Y (¢ —pi*)? z€8

QETM (k) ot

is chosen as the transition matrix for 3;. Other approaches could contain restrictions
of the selection to fewer triple trees with the culmination of selecting exactly one
triple tree and its parameters. The established transition matrices are needed to
derive the transition matrices subject to the new vertex f3;;.

Consider the triple tree set for 3;;
Ty = AT+ L(Tgusa) = {Big, B, oy b # s # 6,5

The parameters of each triple tree 7;;;,1, € @ij are subject to the parameters of the
two triple trees 7;;,;, and Tj;,;, (see Figure [5.2)).

o,
i g
BIZ Brs
o,
B B

Figure 5.2: Derivation of transition parameters for updated triple
tree set. The transition matrices for the new vertex (315 and the
remaining leaves fs, . . ., 3, need to be updated from the two triples,
where two leaves [3,, 3s, r # s > 3 are connected to either 3y or .
The two triples are merged to one, where 315 takes the place of the
two removed leaves.

For the method used in the example below, the following selection was chosen. The
transition matrices for 3;; derived from triple trees 7;,;, and 7j;,;, with inner vertex
0i; are obtained from the equation

(5‘4‘1) P@i]ﬂi — PQij@ijJPﬁijﬂi’

(5‘4‘2) PeiiBi — peiiBij.i pbiibi

The new transition matrix for a leaf 5, [ # 1, j to a triple tree 7 ;; € @ij, Z# 1,7,1
is the argument of

k k

543 1 o — 6l7i 2 o — Bl,j 2,
549) QeTM (k) wzl(q Pa)” + ;(q p2y’)
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where the P% and P*J denote the transition matrix to the triple tree 7; Ti,

respectively. Finally, the new matrix for (;; is derived in similar fashion using the
transition matrices introduced in and . Again, different approaches
might derive the new matrices from one triple only instead of considering both.
This concludes the discussion of step four of Algorithm [5.2]

5.4.4 A Short Example

This section presents an example with five species represented by two state data.

The great ape data set used in Example contains two state data for five ape
species, gibbon(1), human(2), chimp(3), gorilla(4) and orangutan(5). The gibbon
was selected as the outgroup. The expected structure of the tree is given in Figure
H.3l

human chimp gorilla orangutan gibbon

Figure 5.3: The great-apes-tree. The picture shows a root between
Orangutan and Gibbon as is the generally acknowledged conven-
tion. The algorithm will only return the unrooted structure.

The whole computation for this model was rather fast. But compared to the recently
developed algorithms it is quite slow, even though it provides the characterization
for a process that returns a leaf distribution that is close to the initial distribution.
A qualitative analysis will be provided later.

All sequences have a length of 895, and are fully aligned. The five species yield ten
different triple trees. From the input data the following ten triple frequency vectors
are observed:

myey = (494, 1,2,12,30,1, 1, 354), myq, = (493,2,0,14,27,4,2,353),
myys = (486,9,3,11,20,11,12,343), myq, = (493,3,0,13,27,4,2,353),
myqs = (487,9,2,11,20,11,12,343), mys = (485,8,4,12,20,9,12,345),
(520,4,0,2,0,3,2,364), mayqs = (506, 18,0,2,1,2,14,352),
(505,15,1,5,0,2,15,352), ms,s = (505,15,2,5,0,2,14,352).

Mozy =

Moy =
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The results from Theorem are applied to all triple trees generating the param-
eter matrix:

Pios = (0.942752,0.967223, 0.996028, 0.997348, 0.998044, 0.997519, 0.588959),
Pioy = (0.948117,0.961852, 1.00016, 0.989075, 0.996271, 0.994354, 0.583061),
Pyos = (0.961175,0.969054, 0.994637, 0.969885, 0.982493, 0.966485, 0.578104),
P34 = (0.948117,0.96448,1.00015, 0.989229, 0.994235, 0.994355, 0.584261),
Pi35 = (0.961254, 0.969005, 0.996688, 0.969883, 0.982529, 0.966375, 0.578033),
P45 = (0.960963, 0.966541, 0.992653, 0.975438, 0.984373,0.966781, 0.577093, ),
P34 = (1.00003, 0.994535, 1.00002, 0.991825, 0.992398, 0.994536, 0.585425),
Py35 = (0.998182,0.994342,1.00016, 0.994442, 0.965669, 0.961748, 0.586436),
Pyy5 = (1.00017,0.986059, 0.998442, 0.994343,0.971207,0.959128, 0.581781),
P45 = (1.00016, 0.986142, 0.996442, 0.994344, 0.971206, 0.961748, 0.582955).

The values of each vector have the following meaning. The first two entries are the
diagonal elements of the transition matrix for the first ape of the associated triple,
entries three and four are the analogue elements for species two and entries five, and
six identify the transition matrix for the third species. The seventh entry defines
the root distribution. For the ordering of the triple trees w.r.t. to each leaf the sum
of the diagonal elements is employed.

The algorithm returned the following array:

2 0.99808 0.995409 rl1 0.58694 1

3 0.999408 0.994596 rl1 0.58694 1

4 0.996348 0.994349 r2 0.583015 1

(5.4.4) rl 1. 0992594 72 0.583015 1
1 0.961089 0.967785 r3 0.577581 0
5 0.983442 0.966606 r3 0.577581 0
0

r2 0.995864 0.98147 r3 0.577581

The values of each row should be interpreted in the following way. The first entry is
the vertex, the next two entries are the diagonal elements for the transition matrix
for the connecting edge to the new vertex, denoted by entry four with marginal
distribution given by entry five. Entry six denotes the number of tries to obtain the
pair of vertices to the vertex given in entry four. In the first four rows this value is
equal to one, i.e. the pair was selected in the first step. In the last three rows this
value is equal to zero because a triple tree is already unique.

The array shows that human(2) and chimp(3) are closest joined by inner
vertex rl. Next, the gorilla(4) has a common ancestor with r1 in 2. Finally,
orangutan(b) and gibbon(1) are joined with r2 at 3. This structure is equivalent
to the structure presented in Figure [5.3] with the exception that the overall root
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is placed in r3 instead on the edge between gibbon and r3. The obtained tree is
visualized in Figure

orangutan

chimp gibbon

Figure 5.4: The tree obtained by Algorithm [5.2] from the Great-Ape
sequences. The root is in 73 instead of the edge between 3 and the
gibbon, cf. Figure [5.3

To finish the example the presented tools of comparison are employed to observe
the performance of the associated Markov process w.r.t. to the initial frequency
distribution m. The Markov process is represented by its leaf distribution m.

The loglikelihood score for m is -952.919, and the loglikelihood score for m is -
962.499. Accordingly, the Kullback-Leibler distance of the observed frequency dis-
tribution is 9.58041.

Moreover, the computed leaf distribution m lies well within the Agresti-Coull 95%-
region and the Clopper-Pearson 95%-region. Overall, the result obtained by Algo-
rithm is acceptable, though one may assume that the computational error for a
larger number of sequences will eventually return unacceptable Markov-processes.

5.5 Proofs

As usual, the chapter closes with the proofs of the results presented throughout the
section.

5.5.1 Proofs of Section
Section [5.1] regarded the loglikelihood scoring function.

Proof of Lemma [5.1.1l The aim is to compute the maximum of:

=

-1 K-1

K—1
f(a:l,...,xK_l):Zyilnmi—i—(l— yi)ln(l—Za:i)
i=1

i=1 =1
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inx;,1=1,..., K — 1. The first derivative in z; yields:

K—-1
PPN S TR e V2
N —
O Ti 1= Zj:l Lj

The root of this partial derivative in x; is given by:
K—1
‘1 - Zj;ﬁi Lj
i K—1__ -
V=2 5 Ui
Since this equality must be given for all = 1,..., K — 1 it follows that x = y is

an extreme point of f(xy,...,zx_1). Looking at the second partial derivative yields
the inequality

Ti=1Y

0? 1 1
~f - Yk—) = —— — ——%—5— <0
Ox Yi 1_231'(:11 Yj

ify; >0,i=1,...,K—1and 1—2521 y; > 0, i.e. if y describes a joint distribution.
Hence, m is the maximum of the loglikelihood scoring function [s. This completes
the proof. O

Proof of Lemma [5.1.20 The statement follows immediately with ([5.1.6), since the
state set in which m(P,7) and m(P,7) differ has a factor of one in the Likelihood

score (5.1.1)). O

5.5.2 Proofs for Section 5.2

This section presented an estimator. It needs to be shown, that the associated index
set is unique and that the estimator is consistent.

Proof of Proposition [5.2.1. The existence of a minimum is observed if the mini-
mized function is continuous over a compact space. Clearly, the function in is
continuous and the constraints describe the compact set {z € ]R’fF Dt tag = 1)
Therefore, the minimization problem has a solution. Uniqueness is attained if the
considered function is strictly convex. This is true for quadratic functions and hence,
the uniqueness is also observed. That p — ¢(p) is a continuous mapping follows from
Propositions 3.4 and 5.5 |Deutsch [2001]. This completes the proof. a

Proof of Proposition [5.2.2] Let F(q) :== > (¢; — p;)* with >.7" ¢ = 1 and
¢; > 0forallie {1,...,m}. According to Kuhn-Tucker the minimum of F satisfies
the following conditions:
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Conducting the necessary derivations yields the inequalities
(5.5.1) ¢ —pi = q; — p;j for ¢;,q; >0, and ¢; <p; —p; for ¢; =0,q; > 0.

F(q) is minimal if the amount of shuffled mass is distributed equally on the ¢ €
{1,...,m} with ¢; > 0, thus ¢; = p; +cfori € [ :={i € {1,...,m} : ¢ > 0}. Now,
the mass distribution is arranged by setting

1
c-= mzpu

iel¢

since for all i € I¢ the parameters are brought to zero and thus, their mass p; needs
to be redistributed among the i € I. Since ¢ is obtained by checking the minima
conditions it is a minimum of . With Proposition it is unique. This
completes the proof. O

Proof of Corollary [5.2.3 (5.2.3)) and (5.5.1)) yield p; < —cfori € I¢ and p; > —c¢
for i € I, ie. (5.2.4). Consider the order relations: If j € I then p; > —c. Since
pi > p; also p; > —c, and thus ¢ € I. This verifies relation 1. On the other hand,
if j € I° then p; < —c and with p; < p; also ¢ € I°. Thus, relation 2 is observed.
Assume, for p; < 0 for some ¢ € I. Then p; > —c must hold. The order relation
states, that all indices j € I must satisfy p; < p;,. Then, ¢ < 0 according to
and therefore 0 > p;, > —c > 0, i.e. a contradiction. Hence relation 3 holds. This
completes the proof. a

Proof of Proposition [5.2.4. The construction of g := (¢;)¥_, is done using Corol-
lary [5.2.3] Hence, the index set obtained by Algorithm [5.1]is the index set required
in ((5.2.3)). Therefore, with Proposition the retrieved vector ¢ is the unique
minimum of under the constraints (5.2.2), and the proof is complete. O

Proof of Theorem [5.2.5. Consistency follows from Proposition [5.2.1] since p +
q(p) is continuous. N

Proof of Corollary [5.2.6 The minimization problem ([5.2.1]) reduces for transi-
tion parameters (p3,)zyef013, 0 € V \ {0} to:

gnigl (pio _ﬁi0)2 + (pil - ﬁi1)2a r € {0,1}
pr’pxl

which is due to the constraints equivalent to:

: b A5 \2
min — , x,y€10,1;}.
piye[o’u(pzy Pay) y €{0,1}
Clearly, if ﬁiy > 1 then the best approximation is p‘;y = landif p3, < 0 then piy =0
returns the smallest squared difference. If ﬁiy € [0, 1] the piy = Py, This completes
the proof. 0



5.5  Proofs 151

Proof of Corollary [5.2.7 For the Neyman N, model admissible parameters are
in the interval [0,1/(k — 1)]. Hence, if the returned parameters ps, 6 € V \ {o} are
in this interval, they are admissible. However, in case of violation the parameters
are subjected to

H;iﬂ(pa —05)%, 0€V\{o}

which, as above, results in a projection into the bounds and the statement is thus
proven. O

Proof of Corollary |5.2.8,. The presented scenarios are derived from Proposition
by looking at the possible cases of ¢ in . Verifying one scenario is
sufficient to verify all scenarios. The Kimura 2ST model has two parameters, ps
and ¢s with a third parameter 75 to satisfy 75 + ps + 2¢s = 1. Assume 75 < 0.
Then, according to Corollary [5.2.3]3 its estimate is 75 = 0 and the probability
mass of 1 needs to be distributed among the remaining parameters. If 3ps > —75
and 3gs; > —7s the indices for both parameters are contained in the index set I.
In this case, applying Proposition yields the estimates ps = ps + 75/3 and
¢s = Gs + 7s/3. The sum rs + ps + 2¢s again is one. Now assume 3ps < —75. Then
its index is transferred to ¢, i.e. its estimate is ps = 0 and ¢ = (ps + 75)/2. For the
remaining parameter ¢s one computes the estimate

G = Gs + (Ds +76)/2 = (F5s + Ps + 245)/2 = 1/2.
The remaining cases are treated similarly, and the corollary is thus proven. ]

Proof of Lemma [5.2.9. Let X denote a random variable for multinomial param-
eters with EX = Np and Cov(X) = N(pi(éij — pj))in:l. Further, let p = aX + 3

with o, 3 > 0. Setting o = 1/(v/N+N) and # = VN /(K(v/N + N)) yields the vec-
tor p defined in (5.2.6). The aim is to find a and 3 such that E||p — p||> = ¢ =const.
for all p.

=

Elp—pl* =) E(aX; + (5 —p))’

7

I
AMN

[0’EX} +2a(8 — p)EX, + (5 — p)*]

=1

[
M)~

[0®Npi(1 — (1= N)py) + 2a(8 — p)Npi + (8 — pi)?]

-
Il

[
]~

pi(1=2aN —a’N(1 = N)) + a’N + 206N + K3° — 28,

1

-
Il
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This term is independent of p;, i = 1,..., K if 1 — 2aN + o*N(N — 1) = 0. This
demand yields:

1 1 1 1

@ —ﬁi\/w_nffvw—l) N-1T VN D)
VN +1 1

032 RN DWNr ) VRN LD

The choice of 8 does not have an effect on E||p — p||* = ¢. Since p uses a™ the
Lemma is verified. a

Proof of Lemma [5.2.10. Assume that p is Dirichlet distributed with parameters
ai, ..., and ag = a1 + - - + ag. Then, one has:

K-—2
. ' ! - =2 - 1—1 ap—1j~
Egnp—pw:K(—’) / dpy it / A1 p2= L0 5 =
i 0 0

[Tz Do

F(ao) / 1 —1/~ 2
= —F dpp?* ™ PR (B — i)™
'Ii i Z Z]I'i1pj:1 ! r

This integral is minimal if p; = E,(p;) since:

E(X - B(X))? = minE(X — y)*.

Hence, compute the mean:

F(Oéo) «a
Ey(pi) = =% d i P
(pi) I Ty /zf_lpﬁl p gp p
_ (o) Io +1) H]I;z Nly)
H]K:l () Dl +1) Qg

Set a; = a + n; with n; = Np;. Then, ap = Ka + N and

a+n;

Bl) = Rar N

Thus, equality with p; from (5.2.6)) is given by o = v/N/K. In that case, Ferguson
(1967, Thm. 2.11.3] states, that p is a Bayesian estimator. This completes the
proof. O
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5.5.3 Proofs of Section 5.3

Section [5.3| presented several types of confidence regions. The following proofs are
associated with the presented results:

For the proofs regarding Subsection further results are needed:

Lemma 5.5.1.(Hilfssatz 1.90b in |Witting [1985]) Let X denote an N -dimensional

random variable with probability distribution N (u,C). Then, the following state-
ments hold:

1. The covariance matriz is positive semi-definite and symmetrical and has the
following representation:

N

C=C:Cz with rank(C) = rank(Cz).

2. If rank(C) = 1 < N then a N X l-matriz A exists with rank(A) = | and
C=AAT.

3. There is a orthonormal system U = (uy,...,uy) and a positive semi-definite
and symmetrical matriz C € R with

rh (C 0
UCU-(O 0).

Consequently, matriz A from 2 can be depicted by

(e
1-o(@).

4. A pseudo-inverse matriz C~! to C exists such that
C~'C = Diag(1,...,1,0,...,0)
——
k—times
The pseudo-inverse is given by

_ c! o
T 177
uTc U-(O 0)'

5. There is a N(0,1;)-distributed random variable W with X = AW + u. Using
the descriptions from (4) yields W = A=Y X — u).

Proof of Lemma [5.5.1l. The results are common knowledge. For a full proof refer
to [Witting [1985]. O



154 5.5 Proofs

With these tools the statements of Subsection [5.3.1| can be proven.
Proof of Lemma [5.3.1l Follows immediately from Lemma [5.5.1] O

Proof of Corollary |5.3.2. Also an immediate consequence from Lemma if
accompanied by some basic matrix computation rules. O

Proof of Theorem [5.3.3. The goal is to identify a value € > 0 for the following
conditions:

(5.5.3) P(|Y —m|z <e) >1—mn, where |z|3 = (z, A z),

where A~! is the pseudo inverse of A and 1 denotes the chosen confidence level.
With the properties from Lemma the following computations can be applied
to ((5.3.2):

P(|[Y —mlf¢ < &) = P([VN(Y = m)|z < Ne).

Consider the norm using ([5.5.3) yields:

IVN(Y —m)[2 = VNY —m)"C ' [VN(Y —m)]
=VNY —m)(AYTAVNEY —m] = VNAHY — m)]" VNIAH(Y — m)]
— W = W

Thus, coming back to (5.5.3) one has
P(|Y —m|z <) =P(|W]J, < Ne).

Since W is N(0, 1;)-distributed, its squared norm is x?-distributed (cf. Def. 1.43a
in Witting [1985]) and thus:

P(|Y —m|g <) = x;((0, Ne)) > 1 -,
ie,
1 -
5-5.4 = — Xi 1_
(55.4) = @1 -n),

where QXIQ(l — 1) denotes the n-quantile of the y?-distribution with [ degrees of
freedom. The structure of the joint leaf distribution m implies | = k™ — 1 if m is
strictly positive. This completes the proof. a
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