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Abstract

Throughout history, theoretical physics has advanced by challenging deep-seated assump-
tions about how our universe should be described. Theories of quantum gravity, which
aim to unify gravity with the principles of quantum mechanics, indicate that even space-
time itself may only arise in certain limits of the fundamental theory, where an effective
geometric description becomes valid. This raises the question of what the basic ingredi-
ents of quantum gravity theories really are and how exactly they give rise to the physics
observed at low energies. The Emergence Proposal offers a perspective to approach these
questions: it suggests that low-energy interactions - including gravity - emerge from inte-
grating out infinite towers of states, which are widely regarded as a hallmark of quantum
gravity theories. This proposal originates from the swampland program, whose goal is to
identify universal features of effective field theories that can be consistently UV-completed
to quantum gravity. Its hypotheses are tested in explicit models, mostly within the frame-
work of string theory.

In this thesis we argue why the Emergence Proposal is naturally realized in M-theory,
an eleven-dimensional theory of quantum gravity that was encountered through string
dualities, but whose microscopic formulation is still unknown. We propose a refined
version of the Emergence Proposal, suggesting that the entire low-energy effective action
of M-theory should arise as a pure quantum effect after integrating out those infinite
towers of states whose mass scale is parametrically not larger than the species scale,
the energy scale where quantum gravity effects become relevant. We gather evidence
from 1/2-BPS protected couplings, for which the contributing BPS states can be reliably
described in terms of their weakly coupled string theory realizations. Concretely, we show
that for compactifications of type ITA string theory on Calabi-Yau manifolds, the classical
Yukawa couplings - corresponding to the triple intersection numbers of the Calabi-Yau
threefold - can be obtained from a one-loop Schwinger integral over bound states of DO0-
and D2-branes. For compact Calabi-Yau threefolds, we propose a novel regularization
method for the infinite sum over Gopakumar-Vafa invariants by employing finite distance
degeneration limits of the Calabi-Yau geometry. We test our proposal through the explicit
determination of the periods near such degeneration points for threefolds with a small
number of Kéahler moduli.






Zusammenfassung

Im Laufe der Geschichte hat sich die theoretische Physik stets dadurch weiterentwickelt,
dass tief verwurzelte Annahmen iiber die angemessene Beschreibung unseres Universums
hinterfragt wurden. Theorien der Quantengravitation, deren Ziel die Vereinheitlichung
der Gravitation mit den Prinzipien der Quantenmechanik ist, legen nahe, dass selbst
die Raumzeit nur in bestimmten Grenzbereichen der fundamentalen Theorie entsteht,
in denen eine effektive geometrische Beschreibung giiltig ist. Dies wirft die Frage auf,
was die grundlegenden Bausteine von Quantengravitationstheorien eigentlich sind und
wie aus ihnen die bei niedrigen Energien beobachtete Physik hervorgeht. Die sogenan-
nte Emergenzhypothese bietet eine Perspektive, um diese Fragen anzugehen: Sie besagt,
dass Interaktionen bei niedrigen Energien - selbst die Gravitation - durch das Ausinte-
grieren unendlicher Reihen von Zustanden entstehen, die als charakteristisches Merkmal
von Quantengravitationstheorien gelten. Diese Hypothese stammt vom Swampland Pro-
gramm, dessen Ziel es ist, universelle Eigenschaften effektiver Feldtheorien zu bestimmen,
die konsistent zu einer Theorie der Quantengravitation vervollstindigt werden konnen.
Die Vermutungen werden in konkreten Modellen getestet, die zumeist von der Stringthe-
orie hergeleitet sind.

In dieser Arbeit erlautern wir, warum die Emergenzhypothese auf natiirliche Weise
in der M-theorie realisiert ist. Diese ist eine elf-dimensionale Quantengravitationstheorie,
die durch String-Dualitaten entdeckt wurde, deren mikroskopische Beschreibung jedoch
bis heute unbekannt ist. Wir schlagen eine prazisierte Variante der Emergenzhypothese
vor, laut der die gesamte effektive Wirkung als reiner Quanteneffekt durch das Aus-
integrieren derjenigen Reihen von Zustanden entsteht, deren Massenskala parametrisch
nicht gréfer als die Species-Skala ist, bei welcher die Effekte der Quantengravitation eine
wesentliche Rolle spielen. Wir sammeln Belege anhand von 1/2-BPS-geschiitzten Kop-
plungen, fiir welche die beitragenden BPS-Zustinde zuverlédssig durch ihre Realisierun-
gen in schwach gekoppelter Stringtheorie beschrieben werden kénnen. Konkret zeigen
wir, dass fliir Kompaktifizierungen der Typ-ITA-Stringtheorie auf Calabi-Yau Mannig-
faltigkeiten die klassischen Yukawa Kopplungen - den Dreifach-Schnittzahlen von Calabi-
Yau Mannigfaltigkeiten entsprechend - aus einem einschleifigem Schwinger Integral iiber
gebundene Zustande von D0- und D2-Branen gewonnen werden konnen. Fiir kompakte
Calabi-Yau Mannigfaltigkeiten schlagen wir eine neue Regularisierungsmethode fiir die
unendliche Summe iiber Gopakumar-Vafa Invarianten vor, die von Degenerationen von
Calabi-Yau Geometrien bei endlicher Distanz Gebrauch macht. Wir testen unsere Hy-



pothese durch die explizite Bestimmung der Perioden nahe dieser Degenerationspunkte
fiir Calabi-Yau Raume mit wenigen Kéahler-Moduli.
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Chapter 1

Introduction

Ever since humans began developing theories to describe the laws of nature, a central
theme has been the identification of the most basic building blocks of our universe. As
these theories evolved, so did our perception of what counts as “fundamental” and what
turns out to be just coarse-grained modeling. Conceptually, the simplest step forward is
to reveal the internal structure of objects that were once regarded as indivisible. This is
nicely illustrated by the evolution of our understanding of the atom. From its origin in
ancient Greek philosophy up until the more quantitative atomic theory by John Dalton,
the atom was conceived as the fundamental unit of matter. This viewpoint was disproven
by the experiments of J.J. Thomson and Ernest Rutherford in the late 19th and early
20th centuries. In the resulting nuclear model by Rutherford, the atom consisted of a
dense, positively charged core and electrons orbiting around it. Scattering experiments in
the mid-20-th-century then revealed that even protons and neutrons, the building blocks
of the nucleus, are by themselves composite, consisting of quarks that are bound by the
strong force. Whether this hierarchy continues at yet smaller scales is of course unknown
and will ultimately be decided by the reach of future experiments.

However, the development of physical theories is not limited to the pure subdivision
of objects into smaller components. Instead, the notion of fundamental objects tends to
shift towards more abstract entities to accommodate new experimental observations. An
early example of such a paradigm shift is the rise of classical field theory in the 19th cen-
tury, most notably James Clerk Maxwell’s theory of electromagnetism. Previously, it was
assumed that not only matter but also light consists of localized objects, so called “corpus-
cles”. The intrinsic properties and dynamics of those constituents were believed to explain
all observable phenomena. If one assumes that corpuscles move freely and are governed
by Newtonian mechanics, light should always travel in straight lines. But as experiments
showed that light exhibits wave-like properties such as interference and diffraction and
that electromagnetic waves carry energy independent of any material source, the corpus-
cular description of light was ultimately invalidated. Certainly, the issue could not be
resolved by just sub-dividing corpuscles even further. Instead, electromagnetism required
the introduction of a completely new physical object known as the field - a continuous,
dynamical entity that permeates all of space and carries energy when being excited. In
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hindsight, the particle picture turned out to be only an effective description of light, valid
when its wavelength is negligible compared to the relevant length scales. In that case the
electromagnetic field oscillates so rapidly that the phase information averages out and
becomes irrelevant.

With the advent of quantum mechanics (QM) in the early 20th century, initiated by
Max Planck and further developed by many others, our understanding of the atom also
had to fundamentally change. At its core, QM replaces the deterministic description
of particles with a probabilistic framework. Electrons cannot be envisioned as orbiting
point particles with a definite trajectory, but behave like waves at small enough scales.
The regions where these waves have the highest amplitude are called orbitals, and they
indicate the spatial regions where an electron is most likely to be found. In that sense,
QM continued the historical trend of increasing the level of abstraction: It introduces
fundamental mathematical objects, namely state vectors in Hilbert spaces, that do not
directly describe definite properties of a system. Instead, they encode what outcomes
are expected when a measurement is being performed and assign probabilities to those
events. The framework was able to explain several important observations, such as the
discrete atomic spectra and the stability of atoms. But this formulation turned out to be
incompatible with Albert Einstein’s theory of special relativity, which unifies space and
time and requires that the laws of physics take the same form in all inertial frames. Since
non-relativistic QM treats time as an absolute parameter, probability densities (computed
from wavefunctions associated to particles) do not transform consistently between different
inertial frames. This issue was resolved by quantum field theory (QFT), which embedded
QM into a relativistic framework and made particles lose their status as fundamental
objects altogether. In a QFT, particles are interpreted as excitations of quantum fields
(fields exhibiting quantum fluctuations), whose dynamics are captured by equations of
motion that respect the spacetime symmetries. These fields and their interactions are the
key ingredients in the formulation of QFTs, and all measurable properties of matter (and
radiation) result from the dynamics and correlations of those fields.

The framework of QFT made it possible to formulate the Standard Model of Particle
Physics (SM), a theory that describes all fundamental forces except gravity and classifies
all known elementary particles. It has been extensively tested in experiments, e.g. through
the precise measurement of scattering events or the discovery of the Higgs boson through
which SM particles acquire their mass. The complementary theory that describes gravity
is General Relativity (GR), a completely classical theory in which the gravitational force
arises due to the curvature of spacetime that is caused by mass/energy. Likewise, it is
incredibly well tested, and correctly describes gravitational phenomena on large scales.
Despite their empirical success, the SM and GR are hard to combine into one single frame-
work. When GR is treated as QFT for the spacetime metric, quantum corrections arising
from high-energy (short-distance) fluctuations generate infinitely many divergences. This
requires an infinite number of parameters (and therefore an infinite number of measure-
ments) to define the theory at arbitrarily small length scales. Such a breakdown may
indicate that classical spacetime geometry cannot remain a fundamental concept at very



short distances. A framework aiming to unify gravity with the principles of quantum
mechanics at all scales is commonly called quantum gravity (QG). Such a theory should
be able to describe situations in which strong gravitational effects coincide with quantum
phenomena, such as the physics of black holes or the early universe. And from a purely
theoretical viewpoint, it should resolve the incompatibility of the SM and GR, possibly
by introducing a further conceptual shift!. While formulating a QG theory is highly non-
trivial, at the very least it should be approximated by an effective field theory (EFT) at
low energies, consisting of the SM coupled to GR at leading order.

Quantum Gravity and Emergence

Among the various approaches to QG, string theory is the most developed framework
to this date, making it particularly well suited as a theoretical laboratory. The starting
point of string theory is a very conservative modification of QFT and GR, the only
dynamical input being that fundamental objects are one-dimensional, vibrating strings.
Their dynamics are encoded in a conformal field theory (CFT), a highly constrained QFT
defined on the so-called string world-sheet. The world-sheet is a two-dimensional surface
that is swept out by the string as it moves in time (the generalization of the particle world-
line). Remarkably, the consistency constraints of the CFT are so restrictive that they fix
crucial features of the spacetime background, including the dimension of spacetime, as
well as the spectrum coming from the string excitations. Among the string’s massless
excitations is a spin-two field corresponding to the graviton, showing that gravity is a
prediction of the theory rather than an extra input.

The mathematical structure of string theory eliminates the ultraviolet divergences
that make gravity non-renormalizable as an ordinary QFT, while reproducing the fa-
miliar equations of GR at low energies. However, string theory obeys a set of intricate
symmetries, known as dualities, which reinforce the idea that classical spacetime geometry
is not fundamental. A well-known example is T-duality, which in its simplest form estab-
lishes an equivalence between two string theories with one compact dimension (meaning
that one spatial dimension is curled up into a circle). The claim is that a string propa-
gating along a very small circle behaves exactly like a string moving along a large circle,
indicating the existence of a minimum length scale that strings can probe. This idea is
pushed even further by mirror symmetry, which relates completely different spacetime
topologies to equivalent physics. More concrete evidence for the claim that spacetime is
not a fundamental concept is provided by the famous AdS/CFT correspondence [8]. It
states that a gravitational theory on an Anti-de Sitter space (AdS) is exactly equivalent
to a non-gravitational QFT (namely, a CFT) defined on the boundary of that AdS space.
In this duality, the bulk spacetime geometry can be reconstructed from the entanglement
structure among the degrees of freedom of the boundary CF'T. Roughly speaking, strongly
entangled CF'T degrees of freedom behave as if they are close together in the emergent

'We should stress that there are plenty QFT-based approaches to QG that keep the spacetime metric
as fundamental. Examples are Asymptotic Safety [1,2], quadratic gravity [3,4], non-local gravity [5, 6]
and Causal Dynamical Triangulation [7].
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bulk spacetime, and vice versa. From this perspective, spacetime itself appears as an
emergent phenomenon, given that its existence is not assumed a priori.

All these observations naturally raise an interesting question: If spacetime is not
fundamental, what are the basic ingredients required by a theory of QG, and how does
such a framework reproduce the familiar low-energy effective action governing gravity
and matter? While we need a fully developed QG theory to ultimately settle these
questions, there is an intriguing approach to them known as the Emergence Proposal.
It suggests that terms in the low-energy effective action emerge by integrating out the
fundamental degrees of freedom of an underlying UV-complete theory of QG. In its most
radical formulation, all terms in the effective action - including those traditionally regarded
as classical - are a pure quantum effect. Outside the geometric regime, these terms may
be interpreted as an effective description of a more abstract structure that makes no
reference to spacetime or a local action. While this is an interesting idea, several follow-
up questions need to be answered to make this proposal quantitative and testable: (i) Is
the Emergence Proposal realized in any regime of the parameter space of a QG theory?
(7) What are the fundamental degrees of freedom in a given regime? And (iii), how can
one set up a computation where those degrees of freedom are integrated out, such that
the result is finite and completely matches the classical expectation from the low-energy
effective action? This thesis aims to answer these questions, with the goal of sharpening
the formulation of the Emergence Proposal and providing explicit evidence in models
constructed within the string theory framework, our chosen testing ground.

Without going into the details of our analysis, one of the central claims of this thesis
is that the Emergence Proposal is not realized in any known regime of QG. We present
evidence that it should be realized in M-theory, an eleven-dimensional theory of QG best
known for unifying all known supersymmetric string theories. To this day, M-theory re-
mains rather poorly understood. Extrapolations from string theory teach us that its spec-
trum includes membranes and higher-dimensional five-branes (but no strings), and that
its low-energy dynamics are approximated by eleven-dimensional supergravity. Nonethe-
less, the technical challenges of consistently quantizing branes have so far prevented the
construction of a complete formulation of M-theory. Interestingly to us, there is a proposal
for such a formulation known as the BFSS matrix model (named after Banks, Fischler,
Shenker and Susskind), which explicitly realizes the idea that gravitational interactions
arise as a quantum effect. In this model, one studies the dynamics of large matrices
that, in certain geometric regimes, can be interpreted as encoding the positions of gravi-
tons in terms of their eigenvalues. In generic situations however these matrices represent
non-geometric degrees of freedom. An important result is that the familiar long-range
gravitational potential between gravitons is absent at tree-level and only generated at
one-loop, after integrating out heavy degrees of freedom represented by off-diagonal ma-
trix entries. We should note that the BFSS model is unlikely to provide a complete
formulation of M-theory, given that it captures only a particular kinematic regime and
so far cannot model the entire M-theory spectrum. But the emergence of gravity as a
quantum effect is a highly distinct feature that does not arise in weakly coupled string



theories and strongly resonates with the general philosophy of the Emergence Proposal,
making M-theory a promising candidate.

While the BFSS matrix model provides encouraging hints for the viability of the
Emergence Proposal, a central challenge is to obtain compelling evidence given that a full
quantization of M-theory is still lacking. This issue can be circumvented by focusing on
certain couplings in the effective action that are protected by supersymmetry and only
receive contributions from states that preserve part of the supersymmetry (called BPS
states). For such couplings, the relevant states can be reliably described in terms of their
weakly coupled string theory counterparts, and supersymmetry ensures that their prop-
erties can be extrapolated to the strong-coupling limit yielding M-theory. The positive
results obtained for these protected couplings currently provide our strongest indication
in favor of the M-theoretic Emergence Proposal. The ultimate question is whether emer-
gence is just a special aspect of this simplified setting or whether it represents a general
property of M-theory, a question that demands extensive further study.

The thesis is structured as follows: in chapter 2 we review basic aspects of the string
theory framework. This includes the quantization of weakly coupled strings, the derivation
of low-energy effective descriptions and an overview of string dualities. These dualities
form a web of relations among consistent string theories and point toward the existence of
M-theory, whose basic properties and proposed formulation in terms of the BFSS matrix
model will also be discussed. In chapter 3 we introduce the so-called swampland program,
a research field that aims to find universal properties of EFTs that can be consistently
UV-completed to QG. General lessons from the swampland program suggest a connection
between the degrees of freedom of a QG theory and the terms appearing in its associated
low-energy effective action. This relation is made concrete by the Emergence Proposal,
whose original formulation and refined version for M-theory will be a central part of the
discussion. A key ingredient of this proposal is the species scale, the energy scale at
which QG effects become relevant. As we will argue, this scale distinguishes between
fundamental and classical, solitonic objects and thus identifies the degrees of freedom
that should be integrated out. In the next three chapters we challenge the M-theoretic
Emergence Proposal in a concrete setup, namely a class of string theory models that are
approximated by 4D N = 2 supergravity at low energies. By taking the appropriate
strong-coupling limit towards M-theory, we demonstrate that certain couplings which
encode the kinetic terms of vector multiplet fields can be exactly reproduced by integrating
out the full set of fundamental BPS states at one-loop. The main technical challenge lies
in regularizing the corresponding amplitude in such a way that the expected classical
result is obtained. Chapter 4 focuses on a benchmark model in which the regularization
can be performed using the analytic continuation of the Riemann (-function. In Chapters
5 and 6 we then tackle models with a much higher degeneracy of states and develop a
regularization method for the according divergences. In chapter 7 we briefly summarize
our findings and comment on potential directions for future research.
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Chapter 2

Primer on string theory and
M-theory

In the following chapter we review basic concepts of string theory, our chosen theoretical
laboratory for testing the idea of emergence in QG. From a practical viewpoint string
theory is a good laboratory because it is one of the few QG frameworks where detailed
calculations can actually be performed, assuming one works in controlled regimes of the
theory. But even outside these regimes it is possible to probe the theory at least par-
tially by using powerful duality relations that were mentioned previously. The canonical
starting point is to consider strings that are light and weakly interacting, known as the
perturbative string limit. We will first consider the classical bosonic string and discuss one
particular method for its quantization. The analysis will reveal a pathological property
of bosonic string theory that can be removed by considering supersymmetric extensions,
of which there exist five in ten dimensions. To engineer (semi-)realistic models with four
macroscopic dimensions, one needs to assume that the residual six dimensions of those
string theories form a compact space that is small enough to escape detection. We will de-
scribe the systematic procedure of deriving effective four-dimensional models with N = 2
supersymmetry and use these as a testing ground for the Emergence Proposal in later
parts of this work. We finish the chapter with a discussion of dualities, which create
relations among different string theories and point towards the existence of M-theory, an
eleven-dimensional quantum gravity theory that only contains membranes and no strings.
Most of the topics are standard textbook material. Some useful references' are [9-13].

2.1 Bosonic string

Following common introductions on string theory, we start our discussion with the bosonic
string. The two-dimensional world-sheet swept out be the string will be denoted by .
There are two topologically distinct variants, namely closed and open strings. The former

!The author has also benefited from the string theory lecture notes by Michael Haack in drafting
Sections 2.1 and 2.2.
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are mediators of the gravitational force, while the latter describe gauge interactions. Our
explicit discussion will deal with closed strings exclusively. In the following we will sketch
important steps for arriving at a quantum theory describing those objects.

2.1.1 Classical analysis

We parametrize the worldsheet with two coordinates o with a = 1,2, where o' =7 € R
is a time-like parameter and 0 = o is a compact parameter indicating the position along
the string. Conventionally, o € [0, 27] for closed strings and ¢ € [0, 7] for open strings.
The embedding of the worldsheet into a D-dimensional spacetime M is formally defined
by the fields X#(7,0) : ¥ — M where 4 = 0,..., D — 1. The action of a freely moving
string can be written in terms of the area of the worldsheet, leading to the Nambu-Goto
action

SNG = —T/d20'\/—_’)/. (21)

Here, 7,53 are components of the induced metric on ¥ and v = —det(v,3). T is the tension
of the string and measures the string energy per unit length, with units [T] = [length] 2.
It is commonly denoted as T' = 1/(27a’) and is the only dimensionful free parameter of the
theory. The string length scale (I,) and mass scale (M,) are defined as [, = M, = 2r/a/.
The Nambu-Goto action features manifest Poincare symmetry and is invariant under local
coordinate reparametrizations o — .

The Nambu-Goto action has some shortcomings: it leads to rather complicated equa-
tions of motion and is difficult to quantize in the path integral formalism due to the
appearance of the square root. One can rewrite the action in a useful manner by intro-
ducing a dynamical worldsheet metric g,5(0) that couples to the worldsheet scalars X*,
leading to the Polyakov action

1
4ol

Sp = /d2m/—gga5(a)(9aX -0 X . (2.2)

This action is the true starting point for studying string theory. If g,z(o) is on-shell, Sp
reduces to (2.1) again. A change of the metric leads to a response in the matter action,
leading to the definition of the energy momentum tensor

1 1
Tag = —— (%X 05X = 5 009" 0, X - 86X) ) (2:3)

which is traceless (T)¢ = 0) and conserved (V®T,s = 0). The action (2.2) is still invariant
under Poincare transformations and local diffeomorphisms o* — ¢, but is also invariant
under local Weyl transformations which act as

XH*o) = X" (o), gaplo) — 62“(”)%5(0) ) (2.4)

These transformations locally deform the worldsheet while preserving angles among lines
and are usually called conformal transformations. Due to Weyl invariance, the only other
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term that one can add to the Polyakov action is a (topological) 2D Einstein-Hilbert term.
Moreover, in two dimensions diffeorphism and Weyl invariance can be used to gauge fix
the metric locally to g.s = 7. = diag(—1,1), while globally only g.s = ¢*(7)n,4 is
achievable. We are then led to the free action of D scalar fields given by

Sp = g/d%()'(? - (X’)2) . (2.5)

However, even after gauge fixing the equations of motion of the metric, namely 7,5 = 0,
must be implemented as a constraint. This is tied to the fact that there are still residual
diffeomorphisms whose effect can be undone by Weyl rescalings. Infinitesimal coordinate
shifts €* belonging to this group are called conformal Killing vectors and satisfy

VQEg -+ Vgea — (V,Yev)gag =0. (2.6)

Every conformal Killing vector yields a conserved current J* = T%¢g.

The equations of motion from (2.5) are the free wave equations 0,0*X* = 0. It is best
to solve them using the light-cone coordinates 0= = ¢ £ 7, in which case 0,0_X* = 0.
The most general solution is decomposed into left- and right-movers as

XH(1,0)=Xo")+ Xh(o7). (2.7)

To find the classical closed string solution, we require periodicity X*(7,0427) = X#*(1,0)
and impose the constraints, which now read o/ T4 = 0+ X - 9+ X = 0. General periodic
functions have the Fourier expansion

1 o % 1 .
XZ(O'_'_) = 51’“ + Epu0'+ +’L 5 Z EO_Z'ZG_”LO—-F s

n#0

1 o % 1 o
Xp(o7) = §:B" + Ep“a_ + ”/5 Z Eaﬁe me

n#0

(2.8)

where z# p are the position and momentum of the center of mass of the string and the
Fourier coefficients satisfy o = (o,)*, a* = (a",,)* since X* must be real. The ansatz

satisfies the constraints if

Ln:Zam-an_méo, En:ZO_ém~O_én_m;0 VHGZ, (29)

meZ meZ

where off = af = \/a//2p". One can show that the infinite set of L, L, form a closed
algebra, namely the Witt algebra given by

(=) (=) . (=) =
{Lm7 Ln}PB - _Z<m_n)Lm+m7 {LmaLn}PB — 07 (210)

where {.,.}pp denotes a Poisson bracket and for our convenience we introduced the com-
pact accent notation (—) above symbols indicating that an equation holds seperately for
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both the right- and leftmovers. The quantities L,, generate the residual conformal trans-
formations that were mentioned previously and are typically called Virasoro generators,
while the constraints (2.9) are known as the Virasoro constraints. For n = 0, they lead
to the so-called level matching condition

4 4 _
IYCRN S DYV S Sl 211)

m>0 m>0

connecting the left- and right-moving sectors which are otherwise independent.

2.1.2 Quantization and spectrum

In order to canonically quantize the above theory one is guided by the standard rules from
QFT: The canonical phase space variables X*(7,0),11#(r,¢) = T X*(r, ) are promoted
to operators and Poisson brackets are replaced by commutators via {.,.}pp — %[, Jo It
one analyzes the closed string expansion of X*# one is guided to

[xu’pu] = “7’“/ ) [0451, @Z] - mnlw(sm-i-n,() - [d%v d;] (2'12)

and zero otherwise. From (2.12) one infers that after defining the operators a¥ = ﬁaﬁn
and (af)" = \/%o/i m With m > 0 one obtains an infinite set of algebras for harmonic
oscillators. The Fock space can then be constructed by acting with creation operators on

oscillator ground states with given momentum, yielding

D oo
e = { [ An) ;k‘} = [T I (el =@ty = 10; k) (2.13)

p=1ln=1

where |0; k) denote momentum eigenstates. However, not all such states satisfy the mass-
shell conditions and, even worse, there are states of negative norm as

Vm>0: (0;kla’a’, |0;k") = —mé P (k- k). (2.14)

We recall that the Virasoro constraints still need to be imposed, which in the classical
theory corresponded to setting L, = L,, = 0. For the implementation of those constraints
in a quantum framework there are two well-known procedures: there is light-cone quan-
tization (LCQ), where one solves the Virasoro constraints already at the classical level.
This leads to a description that is manifestly unitary, but only Lorentz invariant in the
critical dimension D = 26. In the second method, known as old-covariant quantization
(OCQ), the Virasoro generators impose constraints on states in the quantum theory, re-
sulting in manifest Lorentz invariance whereas unitarity only holds in D = 26. We will
focus on the light-cone approach since there the derivation of the physical spectrum is
more efficient. If we were interested in the calculation of string interactions via the path
integral, the covariant approach would be more illuminating.

After going to conformal gauge in the Polyakov action, the residual gauge symmetry
* — 6%(0*). Since every 7 = 1(67 + &7) is a solution

in light-cone coordinates is o o
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to the free wave equation, one can identify this 7 with one of the string coordinates.
After introducing spacetime light-cone coordinates X+ = (X° £ XP~1)/4/2 and X* with
i=1,...,D — 2, one sets XT = o/p*7 for closed strings, defining the light-cone gauge.
Center of mass momenta such as p* are defined in the same way as before. This choice

implies 7 = 0 and (64): = 0 V,z0. The Virasoro generators become
(=) o (- &L L 1 i ()i
L,=— §p+a0 + L, with L, :§%an_mam, (2.15)

where the sum over ¢ is implicit. Solving the Virasoro constraints yields

- o 1 )L 1 -

Vpso: ‘&) =1\|=—L,, p =——(Lf+L}), 2.16
#0 n 2 p+ n p Oé/er( 0 + 0) ( )
while the level-matching constraint Ly — L still needs to be imposed in the quantum
theory. One can see that physical states will be built only from the transverse oscillator

excitations o’ . Quantization proceeds by imposing the non-trivial commutators
@' ) =087, o7 pt] =i, [, 0] = n86mng (2.17)
and building the Fock space by acting with creation operators on the ground states
|0; pT, p?). After implementing the remaining constraint no negative-norm states remain.
The mass formula (2.11) reveals a subtlety in the quantum theory: The commutation

1

relations in (2.17) imply that for L3, Ly there is an ordering ambiguity, which is taken

care of by defining the normal-ordered operators

@L 1 i ()
Ly=5) du,aj, (2.18)
meEZ
where as usual normal ordering : ... : puts annihilation operators to the right of creation

operators. As a consequence, we obtain modified operators Ly — Lo +a and Ly — Lo +a
in the quantum theory. The constant a shifts the ground state energy due to the finite
length of the string and therefore encodes a Casimir effect. There is a nice heuristic
derivation for the value for a: Say we were to spell out the naive classical formula for Lz
(denoted as H) in the quantum theory, then

o i I I L, D-2¢
H:pr —|—§;a_nan—|—§nz_:lana_n:[/o—|—Tn_1’l’b, (219)

where in the second step we brought the right-hand sum into normal-ordered form by

using the relevant commutator from (2.17). To regularize the infinite sum over n we

—27/A

introduce a regulator ¢ = e and rewrite the expression as

lim inq” = lim [q@ b ] = lim [A—2 _ L +O(A™Y) (2.20)
A—oo — A—oo 4 1 —q A—oo L47r2 12 7 .
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where in the last step we expanded for large A. The divergent term yields a constant
contribution to the vacuum energy that needs to be cancelled by a counterterm, i.e. a
bare contribution to the cosmological constant of the world-sheet. From the finite piece
one reads of that the Casimir energy is a = —(D — 2)/24. Keeping in mind that p~ in
(2.16) acquires the Casimir shift, the mass formula for closed string states reads

o 2 _
M?* = —2pTp~ 4+ pip’ = E(NL + N+ —2a), (2.21)

where we used that a = @. The number operators N+, defined via Li = o/ (p'p®) + N+,
and N+, which is defined analogously, satisfy

Nt=N"al el =Y alan, = N (2.22)
m=1 m=1

due to level matching. As mentioned already, in LCQ Lorentz-invariance is not guaranteed

but only holds in a specific spacetime dimension. By demanding that certain components

of the angular momentum operator satisfy the Lorentz algebra, one can derive both D, =

26 and a = —1 (see e.g. [14] for details).

Concerning the spectrum, at the lowest level one finds a tachyonic ground state T" with
M? = —4/d/, signaling that we are expanding the theory about an unstable maximum
of the tachyon field potential. Since this tachyon is an omnipotent part of the bosonic
closed string spectrum, the theory does not feature a stable vacuum. This flaw can
only be fixed by introducing supersymmetry, to which we will come shortly. At the first
excited level we find 242 massless states o’ @’ |0;p™,p’) transforming in the 24 ® 24
representation of SO(24). The irreducible representations are the traceless symmetric
tensor G, (spacetime metric), the anti-symmetric tensor B, (Kalb-Ramond field) and
the singlet ® (the dilaton), respectively. These modes appear in all string theories except
B, which is absent for unoriented strings. In accordance with Wigner’s classification,
the massless states fill out a representation of SO(D — 2), while all higher excitations
(with fixed momentum) are massive and fall into representations of SO(D —1). Table 2.1
provides an overview over the low-energy spectrum.

N+t = Nt | o/ M? | little group | representation field content
0 —4 SO(25) 1 T
1 0 | so@4 |1+ H + [T @ Buw, Garn)

Table 2.1: Low-energy spectrum bosonic string.

Quantum consistency of string backgrounds

It is instructive to understand how the Casimir effect manifests in the alternative co-
variant quantization approach. There the classical Virasoro constraints are imposed as
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conditions on the states in the quantum theory. The generators L,, become (normal-
ordered) operators that satisfy a quantum version of the Witt algebra from (2.10), known
as the Virasoro algebra, given by

[Lms L] = (m = 1) Ly + 5m(m? = Do (2.23)
The second term is the central extension and c is known as the central charge. ¢ is part
of the data defining a 2D conformal field theory (CFT) [15,16], a highly constrained
QFT that naturally implements local scale invariance on the string world-sheet. In the
CFT framework, the Hamiltonian on the closed string worldsheet has the form H =
Lo+ Lo — (c+¢)/24, so by comparison with the LCQ approach we recognize that a single
free boson contributes to the CFT with ¢ = ¢ = 1. Using CF'T techniques, one can show
that in the quantum theory the trace of the energy momentum tensor has the expectation
value

(Ty) = —%R@) (2.24)

for any state. It is therefore not traceless on a curved worldsheet for ¢ # 0 and hence
Weyl invariance no longer holds. This trace anomaly is also known as Weyl-anomaly. The
canonical way of removing the Weyl-anomaly in bosonic string theory is couple the CFT
of D free bosons with central charge cx to a CFT of ghost fields with cgpest = —26. In
the critical dimension D, = 26 one then obtains ¢t = cx + Cghost = 0.

Our whole discussion so far was based on the Polyakov action describing a free bosonic
string in flat spacetime. We could generalize this action by including the massless string
excitations from table (2.1) as a classical background, giving rise to the action

B 1
4ol

S

/ dZm/—g[(gaﬂGW(X)+¢EQBBW(X)>aaX“85X”+o/R<2>c1>(X) . (2.25)
b

which describes a non-linear sigma model. The first term captures that the string is
moving in a curved spacetime. This spacetime corresponds to a coherent state of gravitons,
i.e. it consists of a high number of quanta whose expectation value behaves like a smooth
geometry. The second term describes the minimal coupling of the string to the two-form
gauge potential B,,,. The analogy with the point particle coupled to a U(1) gauge field
A, can be made apparent by introducing a source term such that

Nz v 1
S, = / Pz B, (2)j" (), M =

Ve

/dQJ(S(D)(:E — X(7,0))eP0,X"05X". (2.26)
>

The third term is the coupling to the dilaton, whose background value &, controls the
strength of string interactions in terms of the string coupling g, = e®°. Scattering ampli-
tudes in perturbative string theory are sums over worldsheets of different genera. Indeed,
for a constant background value @, the dilaton action is purely topological since

1
Say = 1~ i d*o/—g ®yR® = Bpx(X) (2.27)
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according to the Gauss-Bonnet theorem. Here y(X) = 2 — 2g is the Euler number and g
the genus of X. In the path integral every closed string world-sheet diagram will thus be
weighed by the prefactor e=5%0 = ¢2-%.

As before, the model can only yield a consistent quantum theory if Weyl invariance is
preserved. The trace of the energy momentum tensor now reads

22/T¢ = o/ B*RY + B 900, X 05 X" + BL €0, X105 X", (2.28)

where %, ffl,, fy are the beta functions for the fields ®,G,,, B,, (couplings on the
worldsheet). A vanishing Weyl anomaly requires all beta functions to vanish, which puts
constraints on said fields and defines a string vacuum. If the target space has curvature
radius R > v/, the world-sheet sigma model is weakly coupled and the S-functions
admit a perturbative o/-expansion. For example, the beta function for G given by

O/
4

imposes Ricci-flatness of the spacetime metric at leading order, assuming a pure metric

G

o =d' R, — —H{"H" +2V,V,® + O(a) (2.29)

background. While there the condition for Weyl invariance is only known to some leading
order, there can be setups where the background is exact. One example are compactifi-
cations on CY spaces, to be introduced later. Finally, let us mention that the condition
of vanishing Weyl anomaly can also be met by so-called no-critical string theories where
D # D This can be for example achieved by picking a non-trivial dilaton profile or
coupling the worldsheet scalars to an internal CFT.

One-loop partition function

We finish our discussion of bosonic string theory by computing the one-loop partition
function, which nicely illustrates how string theory organizes infinite towers of states into
a consistent quantum-gravitational amplitude. We consider a Euclidean string worldsheet
with the topology of a torus. In the complex plane with coordinate z a torus is obtained by
identifying z = z+2m and 2z = z+ 277, where 7 = 7, +175 € C parametrizes how “skewed”
the torus is. We identify z = o+i7, where (o, 7) are the Euclidean worldsheet coordinates.
Since the Euclidean time is compact by definition, the path integral corresponding to the
vacuum energy is encoded in the thermal partition function

Z(1,7) = Tr(e 2t e—2mmby (2.30)

H and P are the world-sheet Hamiltonian and momentum operators defined in terms of
the Virasoro generators via H = Lo+ Lo — (c+¢)/24 and P = Ly — Lo. (2.30) shows that
Euclidean time evolution by 277, is accompanied by a shift of the spatial coordinate by

2n1y. The trace is taken over the full closed string Hilbert space. If we fix to light-cone

€

gauge, we work with the Virasoro generators Ly, Ly and trace over the the spectrum of

states defined in (2.21). The partition function is then given by

_ 1 _q1_7L_ — T Oé, o7 11 _nL_
Z(1,7) = Try,,  (¢7 71q"0 ™) = Ty, (e7T20P PN —1gh ) (2.31)
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where ¢ = €?™7. The trace over the zero modes correspond to an ordinary Gaussian

integral and yields

d24p /it 1 1
—mr2a’p'pt ) .
/ (2m)2 ‘ (2o )24 7y (2.32)

The contribution of each single oscillator is given by

ﬁ ! 0 (2.33)
a5 X=q) () '
The factors qi of all oscillators ¢ = 1,...,24 cancel against the contribution from the
Casimir energy. Equation (2.33) defines the Dedekind eta function n(7), a modular form
whose properties we have summarized in appendix A. These types of functions have
definite behavior under modular transformations of the 7-parameter, which acts as

at +b ) a b
— d

> € SL(2,Z), (2.34)

where SL(2,Z) is the group of 2 X 2 matrices with determinant 1. In our case they are
transformations of the complex torus parameter that leave the torus invariant (after using
its coordinate identifications). In section 3.3 we will also briefly discuss the space of 7-
parameters describing physically inequivalent tori. Coming back to the one-loop partition
function, the final result reads

111
(2mva’)? 73? |n(r)[*

With the properties of 7(7) one can show that the whole function is modular invariant,

Z(1,T) =

(2.35)

as every well-defined function on the torus should be. Modular invariance is a key consis-
tency condition in string theory. In the supersymmetric string theories, to which we will
come next, it even serves as a guiding principle to construct a tachyon-free, spacetime
supersymmetric spectrum.

2.2 Superstring

While the bosonic string has many more interesting features than we were able to cover,
the unavoidable presence of the tachyon ultimately forces to adjust our starting point in
order to obtain a theory with a classically stable vacuum. Moreover, the field content
of the worldsheet theory does not lead to any fermionic matter. Supersymmetry can fix
the spectrum in that regard. In this section we present the the RNS formulation (after
Ramond-Neveu-Schwarz), in which supersymmetry is made manifest on the worldsheet,
and spacetime supersymmetry arises after quantization and a properly chosen projection
in the space of states. The spinor formalism introduces a couple of new technicalities, but
we will try to keep the discussion light and focus on the low-energy spectra that arise in
the closed string sector.
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2.2.1 The RNS action and closed string solutions

Compared to the Polyakov action with D worldsheet scalars X*, the RNS action hosts
additional D Majorana worldsheet spinors ¢ = (¢, ¢"), where ¢! are Weyl spinors,
i.e. they have definite chirality. In flat gauge the action reads

1 2 -
S = —8—7T/d20' <JaaXuaaXu + 22.77Z)Z7?1Baa¢31#) : (236)

Here 7% denote two-dimensional gamma matrices and and 1) = 1)77°. The supersymme-
try transformations § X* = /o’ /2iep" and dY* = /o’ /2720, X e with Majorana spinor
€ relate bosons and fermions, and on-shell the number of bosonic and fermionic degrees
of freedom matches. The RNS action in flat gauge arises from gauge-fixing the supersym-
metric Polyakov action, which describes two-dimensional supergravity coupled to matter
fields. Since spinors live in flat tangent spaces with Minkowskian metric 7% (a,b =0, 1),
the supergravity field content is described by a vielbein €% defined as ege%gaﬁ = n? and
its superpartner, the gravitino y,. The local symmetries of the respective action can
be used to reach “superconformal gauge” and thereby reproduce (2.36). In worldsheet
lightcone coordinates o the RNS action takes the form

1
o7

S d*o (%mx CO_X i (Yy - O_tby + -am_)) , (2.37)
where according to the equations of motion the spinors 14 are also chiral in the sense
that 1. = ¢+ (0*). Compared to the bosonic discussion, in superconformal gauge one has
to impose the equations of motion of the two fields €% and x, from the supersymmetric
Polyakov action. While the vielbein yields the energy momentum tensor 77,3, the variation
with respect to the gravitino leads to a new fermionic tensor Tr,. In light-cone coordinates
their non-trivial components read

1 ?
Thy = —aaiX 0L X — Ewi CO0xty

5 (2.38)
TFi = _5\/ _,wi : 0iX .
(6%

These quantities are conserved if 0,7 = 0Ty, = 0 and 0 Tpy = 0,Tp_ = 0, re-
spectively. Conservation of 7" and T once again yields infinitely many conserved charges
generating remnant conformal transformations (do* = do*(0*)) and supersymmetry
transformations (e* = e*(o%)).

According to (2.37) the bosons and fermions are decoupled, hence the bosonic mode
expansion and boundary conditions remain the same. If we vary the fermionic part of
(2.37) for the closed string, we find that the most general solution that does not mix
and ¢_ and that respects Poincare symmetry falls in one of two categories:

R-sector : ¢/ (0 + 27) = ¢! (o),

(2.39)
NS-sector : Y4 (o +271) = =k (o).
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If one combines the left-and right-movers, one obtains the four independent sectors R-R,
NS-NS, R-NS and NS-R, where the left (right) symbol refers to left-(right-)movers. As
we shall see soon, the former two describe spacetime bosons while the latter two lead to
spacetime fermions. Due to periodicity, the R-sector expansion reads

YhoT) =Y bie™™ and ¢f(oT) = BT (2.40)

neL neZ

while the NS-sector is anti-periodic and therefore half-integer moded:

YioT)= > b and P(ot)= D be™ (2.41)

reZ+1/2 reZ+1/2

2.2.2 Quantization, GSO projection and type II strings

To canonically quantize the fermion fields, one starts similarly by imposing canonical anti-
commutation relations among the fermions ¢ . After plugging in the mode expansion,
one obtains the relations

R-sector : {b 0%} = {0 b} = 0" Spmino s

_ (2.42)
NS-sector : {bl 07} = {0L b} =0/ 0,450

The construction of the state space reveals a crucial difference between the ground states
in the NS-sector and the R-sector. For ease of notation, we will write explicit formulas
only for the right-moving sector of the closed string in the following. The NS ground state
|0) s 18 & spacetime scalar, on top of which the state space can be built by acting with the
operators o, and b, with m > 0,7 > 0 as we are used to already. In the R-sector on the
other hand, a ground state |0) that is annihilated by o for m > 0 and 0%, for m > 0 is not
uniquely defined as each operator bfj acting on |0)y leads to a state with identical excitation
number. According to (2.42), the operators \/ﬁbg satisfy the spacetime Clifford algebra,
suggesting that the ground states form a spinor representation of SO(1, D — 1). One can
show that this Dirac representation decomposes into two irreducible Weyl representations
of opposite chirality, denoted as 8 /8" for positive/negative chirality.

The implementation of the Super-Virasoro constraints 74+ = 0 = T4 can be done
again either at the classical or quantum level. While the analogous light-cone approach
gives a transparent physical picture, it is technically more involved to solve the constraints
on the Hilbert space, which is why the covariant approach is often preferred in this case.
We will just summarize the main results in the following. The Super-Virasoro generators
of T__ and Tr_ have the mode expansion

1 2

—ino 1 1 n
L, = doe™™ T = 53 0 Omint5 3 (r+§)b,m-bm,

2m 0 mez reZ+¢
(2.43)

1 2w i
Y A
0

m
meZ
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where in the first formula ¢ = 0 in the R-sector and ¢ = 1/2 in the NS sector, and in
the second line r € Z for R-sector and r + 1/2 € Z for NS. The above operators are all
normal-ordered in the quantum theory, leading to potential shifts ar, ans in Ly in both
sectors. Physical states are defined by L, |¢) = 0 for (n > 0) and

R-sector: G, |¢) =0 (n>0) & (Lyg—agr)|p) =0,

= (2.44)
NS-sector : G, |¢p) =0 (r>0) & (Lo —ans)|é) =0,

and are subject to the level matching condition once again. To obtain the Hilbert space,
one identifies all states differing by null states. Imposing absence of negative-norm states
and unitarity at 1-loop leads to the critical dimension D = 10 and the normal ordering
constants ag = 0,anys = 1/2. A detailed analysis of the spectrum shows that the massless
states in the R-sector are the two Weyl spinors 8 /8 comprising 16 physical states, while
in the NS-sector there is still a tachyonic state at zeroth excitation and a massless vector
8y of the little group SO(8) describing 8 on-shell states.

At this stage the physical spectrum is not spacetime supersymmetric even at the
massless level and the tachyon is still present. Both issues can be fixed with the GSO-
projection (after Gliozzi-Scherk-Olive), which performs a projection in the state space
with respect to the worldsheet fermion number (—1)%, defined as

NS-sector : (—1)F = _(_1)ZT>O brbr

2.45
R-sector : (—1)" =18). .. bg(—l)zn>0 bnbn (2.45)

Imposing (—1)F = 41 = (=1)¥ in the NS sector removes the tachyon. In the R-sector
there are two inequivalent choices: one can either impose (—1) = +1 = (=1)F, leading
to type IIB string theory, or (=1)F = +1 = —(—1), yielding type ITA. In each case the
number of bosonic and fermionic degrees of freedom is equal. In the bosonic spectrum
one finds the fields from the bosonic string and novel RR p-form gauge fields, while on the
fermionic side there are two gravitini and dilatini, albeit with different chirality structure.
The tables 2.2 and 2.3 display the massless spectra of each theory, indicating the ten-
dimensional fields and the irreducible representations of the little group SO(8).

sector | SO(8) representation | irred. representations 10D fields
NS-NS 8y ® 8y 1® 28y @ 35y (®, Bun, Gun)
R-R 8c ® 8¢ 1® 28y @35, (O, O](\/2[)N7 C](\?NPQ)
NS-R 8y © 8¢ 85 @ 56 (A, 04™)
R-NS 8. @ 8y 85 & 560 (Va,v3™)

Table 2.2: Massless spectrum of type IIB.

Let us stress that the GSO-projection is not only motivated by the previously men-
tioned problems but is in fact required to achieve modular invariance of the torus partition
function. This can be seen as follows: each of the four closed string sectors has a different
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sector | SO(8) representation | irred. representations 10D fields
NS-NS 8y ® 8y 1@ 28y @ 35y (¢, Bun, Gun)
R-R 85 ® 8¢ 8y @ 56v (C3, Ciinp)
NS-R 8y © 8¢ 85 @ 56 (Aa, ¥4
R-NS 85 ® 8y 8¢ @ 564 (Aa, 04

Table 2.3: Massless spectrum of type ITA.

set of boundary conditions along the directions of the torus. Since the modular group
mixes these sectors non-trivially, all of their contributions must be included. However, as
modular transformations act with non-trivial phases on these terms, modular invariance
is guaranteed only for certain relative signs, which determines the GSO-projection.

For both theories, the leading part of the low-energy effective action for the massless
closed string states is given by the corresponding type IIB or type ITA supergravity theory.
In practice this can be checked by computing string amplitudes for massless external states
with the vertex operator formalism in the appropriate picture and comparing these results
with field-theoretic diagrams from a candidate supergravity action. The bosonic action
splits into the pieces STA/B = Syg + SEA/ P Wwith the universal N S-sector action

1

1
Sys = g [ v/ -G (R + 40,00 — ‘|H3|2) ’ (240
2K70 2

where k19 is the 10D gravitational coupling, related to string theory quantities via
2k7, = (2m) g2 (/)" (2.47)

Moreover, Hs = dB, and |F,|* = F,,. i, FHo#e [pl holds for all p-forms. The theory-
specific parts of the action read

1 ~
SHA — I {/dwxv -G <|F2’2+|F4‘2> +/BZ Ny AF‘J ’
K10
1
St =1 l/dwx\/ <\F1| + Bf” + —|F5|2> /C4AH3 AFg] :
10
The field strengths of the RR fields are defined as F), = dC,_;, Fg = F3 — Cy N H,

Fy=F,—CiANHyand Fs = F5 — 5Co A Hs + 1 By A Fy. The left-hand terms are standard
kinetic terms while the right-hand terms are topological Chern-Simons interactions, which

(2.48)

are required for the closure of the N = 2 action under supersymmetry transformations.
There is also a subtlety regarding the self-duality constraint of the field strength F3, given
by xF5 = F;. Here % is the Hodge-x operator, a linear map with the defining property

1
aAxf = o o B0 = (o, B v, (2.49)

where «, 3 are p-forms, * maps a p-form to a (D — p)-form in D dimensions and v is the
volume form defined as v = v/det gda' A ... A dxP. In particular, one has v = 1 and
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x2 = £(—1)P(P=P) where ¢ = —1 in Lorentzian signature. The condition on F5 must be
imposed after deriving the equations of motion, given that it is not possible to write a
covariant action respecting the condition.

The type IIB action has a hidden SL(2,R) symmetry which can be made manifest by
switching to Einstein frame, where the Einstein-Hilbert term has a canonical form. For
that one performs a Weyl transformation of the metric such that

Gun = e 2@qyn. (2.50)

Using the general transformation rule of the Ricci tensor in D dimensions and introducing
the fields 7 = Cy + ie~® and G5 = F3 — ie”® H;, one obtains

1 = oyroM7  11Gs]> 1,
S}\I[E:—Q dlol’ —G R— 5 —_ = ——’F5| s
2K7 2(Imr) 2Im(r) 4 (2.51)
1 1 -
SpB ——CyANG3NGs.

 8ikZ, Im(7)

This action is invariant under an SL(2, R) transformation which leaves the Einstein frame
metric and R-R four-form invariant and otherwise acts as

at +b Cy a b\ [(Cy
- - = 2.52
i ()= 00 () )

where a,b,c,d € R and ad — bc = 1. In section (2.4.1) we will revisit this symmetry and
discuss its physical relevance.

For later purposes we also introduce a more symmetric way of writing the type II
actions, known as the democratic formulation. Note that for each p < 4 the R-R forms C' (P)
and C'®~P) have the same number of on-shell degrees of freedom and are related through
the Hodge-duality of their corresponding field strengths. In the democratic formulation
one includes these higher form fields such that the massless R-R sector becomes

Type IIA: ¢, ¢® ¢ ¢

Type IIB: C©, ¢@ c®W cO® c®) (2.53)

To have the same number of degrees of freedom as before one imposes the constraints
*x [y, = (=1)PFio_9p and *Fy, 1 = (—1)PFy_y, by hand at the level of equations of motion.
The resulting actions only have kinetic terms of the form |F,|* with altered prefactors and
no Chern-Simons terms.

2.3 Effective Theories in lower dimensions

As anticipated already, supersymmetry removes several pathological properties of bosonic
string theory and provides a better starting point for building (semi-)realistic models
for particle physics and cosmology. Nevertheless, we still have to deal with the obvi-
ous discrepancy between the crititical dimension of the superstring and the observed
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four macroscopic dimensions for starters. In technical jargon, we need to compactify
the ten-dimensional string theory to four dimensions by assuming that the extra six di-
mensions form a compact space. Moreover, there are many good reasons to consider
lower-dimensional models that still preserve some degree of supersymmetry, even though
to this day there is no evidence for supersymmetry from accelerators. On the phenomeno-
logical side, supersymmetry can explain the electroweak hierarchy problem since fermionic
and bosonic loop corrections to the Higgs mass cancel, provide a dark matter candidate
in the form of a light susy partner, enable gauge coupling unification and much more.
Given that, we first need to understand for which compact spaces supersymmetry can
be preserved and how these spaces can be mathematically described. As we will see, the
proper candidates for that are special complex manifolds called Calabi-Yau manifolds. In
the next step we will derive low-energy theories from type II superstrings obtained from
Calabi-Yau compactifications and discuss their properties.

2.3.1 Supersymmetry in lower dimensions

Our first task is to find the conditions to have (partially) unbroken supersymmetry in
four dimensions. Assuming that the 10D spacetime is given by the direct product My, =
My x Kg with compact Kg, the full metric has a block-diagonal form given by

ds® = G ()" dz” + gy (y)dy™ dy" (2.54)

where x* with ¢ = 0,...,3 and y™ with m = 4,...,9 are the coordinates of M, and
Kg, respectively. The space Ky and its metric ¢,,,(y) are so far unspecified, while My is
assumed to be a maximally symmetric space whose Riemann tensor is

k

R,uupo = E(g,upgua - g,uogpl/> ) (255)

with either zero (Minkowksi), negative (AdS) or positive (dS) constant curvature k every-
where. To maintain Lorentz-invariance we also need a vanishing background for all field
components that are not scalars under the Lorentz group SO(1,3). In other words, the
only allowed non-zero backgrounds are scalars that may depend on internal coordinates,
purely internal components of p-forms and spacetime-filling forms that are proportional
to the volume form €,,,, in four dimensions. In particular, fermionic fields must always
vanish in a classical background. The most direct analysis one could make is to check
whether an ansatz of the form (2.54) and (2.55) can be a solution of the 10D supergravity
equations of motion. However, it is way simpler to demand (2.54) and (2.55) and require
unbroken supersymmetry in four dimensions since the resulting differential equations are
of lower order. One can then show that under very mild assumptions the solutions to the
supersymmetry conditions solve the field equations as well.

The type II theories both contain two independent supersymmetry generators Q4 with
A = 1,2, which are Majorana-Weyl spinors with 16 real components. Each supercharge
generates infinitesimal transformations according to 0. = [€Q), @], where ® is a generic
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field and €, a supersymmetry parameter. An unbroken supersymmetry that is defined by
€Q |0) = 0 therefore satisfies

(0.2) = (0] [Q, @]]0) =0, (2.56)

which means that classically a given background is left invariant. The supersymmetry
variations of bosonic fields are trivial as they are by definition given by fermionic fields
whose background value is zero. Assuming that we only have a non-trivial background
for the metric, also the variation of the dilatini gives no further constraints. For each
gravitino ¢4, the variation is given by d.3y = Vet + ..., where V), is the covariant
derivative on spinors and ellipses denote terms containing other bosonic fields whose
vacuum expectation values are zero. Vanishing of the gravitini vevs gives

(Vue!) =Vye' =0 — Vet =0 and V,e'=0, (2.57)

where the bar indicates evaluation on the metric backgrounds g,, and g,,. Unbroken
supersymmetry therefore requires a spinor that is covariantly constant on both spaces.
The first equation implies that the non-compact space has zero curvature (and therefore
is Minkowksi) and e is in fact constant along My, while the second one imposes that
the compact space is Ricci-flat, i.e. the Ricci tensor satisfies R,,, = 0. For a spinor to be
covariantly constant on Ky, it must remain invariant under the action of the holonomy
group H, the group of transformations that parallel transport vectors and spinors along
an arbitrary closed loop of Kg. But under SO(1,3) x SO(6), each ¢ decomposes as

eHzy) =G ontly) e o)), (2.58)

where (¢4, ¢#) are 4D Weyl spinors and (ni',n?) are 6D Weyl spinors that transform

s (4,4) of SU(4) ~ SO(6). If the holonomy group is unrestricted, the spinors on the
compact manifold are not invariant, but for H = SU(3) C SU(4) the 4 decomposes as
45y = (1 + 3)su) and yields a singlet under H. Since ¢4 is Majorana, we have

nt =, =, (2.59)

so for each A we have exactly one covariantly constant spinor and under the dimensional
reduction we obtain N = 2 supersymmetry in 4D when starting from N = 2 in 10D.
By further restricting the holonomy one can get more covariantly constant spinors, up to
the point where the holonomy is trivial and Kj is a six-dimensional torus, leading to four
singlets per 10D Majorana-Weyl spinor and hence N =8 in D = 4.

The physical arguments suggest that the compactification space should be a Ricci-flat
manifold with holonomy group SU(3) C SO(6) to arrive at a four-dimensional effective
theory preserving N = 2 supersymmetry. These types of spaces are known as Calabi- Yau
(CY) manifolds and are described in the language of complex geometry. In the following
we will introduce some essential definitions and notions and refer to the physicist-friendly
introductions [17-19] for a more in-depth view.
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2.3.2 Calabi-Yau manifolds

We start by defining complex manifolds and some structures that can be defined on
them. Most of these definitions are just complex analogs of familiar concepts from real
geometry. Let us consider a real 2n-dimensional manifold M covered by open sets {U, }ac 4
where on each set a map ¢, : U, — C" defines a set of local holomorphic coordinates
2o = (2§,...,2%). We say that the data (M, {U,,1,}) defines a complex manifold if for
every overlap U, N U, the transition functions 1., = ¥y 0¥t : 1 (U, NU) — p(Uy NUy)
are holomorphic. The simplest instance is C" itself, which can be covered by just one

patch and whose complex coordinates are related to those of R?" via
D=V gy P =P Y j=1,...,n. (2.60)

Complex derivatives §; = 9/0z;, 0; = 0/0z; and differentials dz’,dz? can be defined
accordingly. For a general complex manifold, the complexified tangent bundle T¢(M) =
T(M)® C can be easily shown to split as Te(M) = TEO(M) @ TOV (M), where the {0}
span the (1,0)-component and the {9;} span the (0, 1)-component. For the complexified
cotangent bundle we have a completely analogous splitting into 79 (M) and 7OV (M).
These bundles are special instances of complex vector bundles, which we define briefly
for later purposes. Given a complex manifold M, a complex vector bundle is a family of
complex vector spaces {E),},en, attached to each point p € M, such that in each local
patch U C M the bundle locally looks like U x C™ and on overlaps the transition functions
are smooth. If the transition functions are holomorphic, the vector bundle is also called
holomorphic. This applies to the components of the (co-)tangent bundles, since there the
transition functions are just the Jacobians of the coordinate change on M.

By defining a map that picks one element of £, at each point p € M such that the
map varies smoothly over M, one defines a section of the vector bundle. An important
example are differential (p, ¢)-forms

1 ‘ S p
w = ﬁwiln_iw—l“_]—qdz” A.oodz NdZYN LN dZe (2.61)
p-q:
which are sections of the exterior product APT*10 (M) @ AIT*OD(M). For forms of total
degree k = p+¢q, we denote the space of sections as A¥T*(M). One can define the exterior
derivative d where dw € AP*14@ AP4+1 This suggests the decomposition d = 9+ 0, where
Ow € APT19 and Jw € AP have the explicit form
1 i i _j

Oow = p'_q'& Wiy i grgg @2 N2 N NdZ

_ —1)P

O = ( p!q?

(2.62)

Wiy iy 1.5, A2 A A2 NAE N AE NN dF

Given that d?> = 0, one has 0> = 0,0> = 0 and 90 + 00 = 0 since the resulting forms
live in different spaces. @ and 0 are called Dolbeault operators. Holomorphic (p, 0)-forms
satisfy Ow = 0, while anti-holomorphic (0, g)-forms obey dw = 0.



24 2. Primer on string theory and M-theory

Every complex manifold admits a Hermitian metric ¢ whose only non-vanishing com-
ponents are g;; = ¢(0;, 0;), whereas g;; = ¢(0;,0;) = 0 and ¢;; = g(0;, ;) = 0. A Hermitian
metric can be used to define a real and natural (1, 1)-form

J = Jiydz' NdF = igydzt A d7 (2.63)

The wedge product of n J-factors gives J" = JA...AJ = 2"n! g(z) dz' A. .. Adz*", where
g(z) = det(gi;) > 0. If we also use 2"¢g(z) = /det(g), where g is the original Riemannian
metric, we see that J" is a good volume form on M. The connection on manifolds with a
Hermitian metric can be fixed by demanding that the decomposition of the tangent space
into holomorphic and anti-holomorphic parts is respected by parallel transport, which is
guaranteed if the only non-vanishing Christoffel symbols are F}k and F;E' If the metric is
also covariantly constant, the connection is unique and the coefficients are

U = 90910, 1% = 9" 09k - (2.64)

This connection called the Hermitian connection. It leads to a simplified expression for
the Riemann tensor, whose only non-vanishing components read

Ry = =0T = —0(9™ Ohgsm) (2.65)
All other components arise from complex conjugation or the symmetry properties. We
can define an associated (1,1)-form called Ricci form, given by

R =Riyds' NdZ = iR}, d2' NdF . (2.66)

J

Note that, despite the name, the components of this tensor do not generally coincide with
components of the Ricci tensor. The latter is obtained from the Levi-Civita connection
which differs from the Hermitian connection by a torsion contribution.

It turns out that the two aforementioned connections do coincide for a special class
of Hermitian manifolds whose natural two-form J is closed, i.e. dJ = 0. In this case
J is called the Kéhler form J and the Hermitian metric/manifold is called Kéhler met-
ric/manifold. Let us stress that unlike Hermiticity the Kéhler condition is an actual
restriction on the differential geometry that cannot be fulfilled by all complex manifolds.
The fact that J is closed implies the relations 0;gx; = Orgi; and 0;gx; = O;9x;. This in
turn implies that on each coordinate neighborhood there exists a real function K, called
Kahler potential, in terms of which the Kéhler metric is given by

gi7 = 0;0;K . (2.67)

This function is not unique as K and K + f(z) + f(z) give rise to the same metric. Here
f(2), f(2) are holomorphic/anti-holomorphic functions on the patch where K is defined.
Moreover, there are additional symmetries for the Riemann tensor which make sure that
the components of the form (2.66) are indeed given by the Ricci tensor and lead to the
simplified expression

R = —i0;0;(log(det(g))dz" A d2’ . (2.68)
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(Co)homology primer

Next, we review some important notions from differential geometry which identify equiva-
lence classes of geometric objects that are globally indistinguishable in terms of integration
or global calculus. We will first introduce these concepts for real manifolds and discuss
their implications for complex (K&hler) manifolds afterwards.

We start by introducing homology groups, which identify submanifolds that close on
themselves. If M is a smooth and orientable Riemannian manifold, we can define the
space of p-chains C,(M) = {a, = >, cxNy}, where {N;} are oriented p-dimensional
submanifolds of M and the ¢, are integer, real or complex. Special instances are p-
cycles Z,(M) = {a,|0a, = @}, which have no boundary, and p-dimensional boundaries
B,(M) = {ayla, = Oap41}. Since the boundary operator 0 squares to zero, B,(M) C
Z,(M) C Cp(M). We define the p-th integral/real/complex homology group of M as

Hy(M, R) = Z,(M)/By(M), (2.69)

where R € {Z,R, C} depending on the type on p-chains. Elements of H,(M, R) are thus
equivalence classes [z,] with z, ~ z, + Ja,41, i.e. p-cycles that differ by a boundary. In
figure 2.1 we depict examples for the different kinds of submanifolds.

Figure 2.1: Examples for chains (blue), cycles (red) and boundaries (green).

A similar construction can be made for p-forms by noting that the exterior derivative
obeys d? = 0. We define ZP as the space of closed p-forms, ZF(M) = {w,|dw, = 0},
and BP? as the space of exact p-forms B?(M) = {w,|w, = dw,_; }, which directly leads to
definition of the p-th de Rham cohomology group

H?(M,R) = Z°(M)/B"(M). (2.70)

Here the equivalence classes are closed forms that differ by exact forms. The dimensions of
the de Rham cohomology groups are the Betti numbers b”(M) = dim(H?(M,R)), which
lead to the definition of the Euler number

dim(M)

Y= 3 (~1rw(ar). (2.71)

p=0

On complex manifolds, one can use the complex structure to define cohomology groups
in terms of the Dolbeault operators 0,0 since these also square to zero. This gives rise
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to the definition of the Dolbeault cohomology groups H5* = Z8(M)/0AP*~1 (M), where
?g’q(M) is the the group of O-closed (p, q)-forms and (p, ¢)-forms from JAP9~1(M) are
O-exact. The dimensions h?4(M) of these groups are called Hodge numbers. According
to the complex version of Hodge’s theorem, there is an orthogonal decomposition of the
space of (p, q)-forms according to which the space Z2*(M) is of the form

ZBU (M) = HPI(M) & OAPTH(M) . (2.72)

Here, HP9(M) is the space of d-harmonic (p, q)-forms, i.e. forms with zero eigenvalue
under the Laplacian operator

Ay =00"+0'0. (2.73)

The adjoint operator ' is defined in terms of the Hogde-x operator and acts as d'w,, €
APa=1(M). By the definition of the d-cohomology group each cohomology class thus
has a unique d-harmonic representative from H?4(M). In addition, one can define two
further Laplacians Ay and Ay and cohomology groups with respect to the appropriate
differential operators, where d gives rise to the complex de Rham cohomology groups
HY,.(M,C). Generally the Laplacians are unrelated, but for Kéhler manifolds one finds
Ay =2A5 = 2Aj4. In that case the de Rham cohomology groups can be decomposed as

Hj(M,C) = P HE(M) (2.74)

r=p+q

and the Euler number is given by x(M) = > (=1)P"?hP4(M). Moreover, the Hodge
numbers of Kéhler manifolds obey h?4(M) = h*~4"~P(M) and h»9(M) = h9P(M).

Defining Calabi-Yau manifolds

We now come to the formal definition of CY manifolds. In section 2.3.1, supersymmetry
arguments suggested that the compact space should be Ricci-flat. On Kahler manifolds,
the Ricci-form given in (2.68) is closed, dR = 0, which immediately follows from the
relations among d,d and 9. But since log(det(g)) is not globally defined, R is not exact
and hence defines a non-trivial element of H3z(M,C) known as the first Chern class

R} . (2.75)

2

(M) = [

In general, Chern classes are cohomology classes built from the curvature of a natural
connection on a complex vector bundle. ¢(M) is defined in terms of the Hermitian
connection on the holomorphic tangent bundle 7% (M) and is a crucial ingredient for
defining CY spaces. Obviously, a Ricci-flat Kahler manifold has vanishing first Chern
class. It was however conjectured by Calabi and later proven by Yau that ¢;(M) =0 is a
sufficient condition for the existence of a unique Ricci-flat metric on M for given complex
structure and Kahler class J, giving rise to the following definition:
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Definition: A CY manifold M is a compact Kdhler manifold with ¢;(M) = 0.

Connecting to the arguments from section 2.3.1, ¢;(M) = 0 automatically implies a
restricted holonomy group contained in SU(n)?. The reduced holonomy can also be used
to argue that there exists a nowhere vanishing and unique holomorphic (n, 0)-form

1

Q= —' ihwindzl VANIRAN dzn, (276)

where €2, ;. are holomorphic coefficients and €2 is both harmonic and covariantly con-

stant with respect to the Ricci-flat metric. Note that this implies h™? = 1. The existence
of such a form  is tied to the fact that the canonical bundle defined as K, = A"T*©O:1)
is topologically trivial. K, is an example for a holomorphic line bundle, a complex vec-
tor bundle of rank one whose transition functions are holomorphic. Since the sections of
this bundle are holomorphic (n, 0)-forms, triviality implies that there is no obstruction to
globally define a nowehere vanishing, holomorphic (n, 0)-form.

The CY property leads to additional symmetries for the Hodge numbers, namely
hPO = P9 and hP? = 0 for 0 < p < n. For a CY threefold this implies that the only
independent Hodge numbers are A% > 1 and h*! > 0 and that the Euler number has
the simple form y = 2(h%' — h?!). The so-called Hodge diamond displaying all Hodge
numbers is given by

1,00 1
1.0 RO 0 0
},2.0 Bl 1,02 0 Bl 0
1,3:0 p21 BL2 O3 = 1 p2t B21 1 (2.77)
31 22 13 0 Bl 0
352 323 0 0
B33 1

The element of the cohomology groups H5“(M) = HP4(M) will be expanded in terms
of a basis, for which we choose the respective unique harmonic representative appearing
in (2.72). The basis of harmonic (1,1)-forms will be denoted by w4 with A =1,... ALY
while elements in H>2?(M) are expanded in terms of the dual basis w#. Harmonic (2, 1)-
forms will be labeled by xx where K = 1,...,h*'. The cohomology group H?3(M) is
spanned by a real, symplectic basis of harmonic three-forms (ak,ﬁf{ ), where K L =
0, ..., h*!. The non-trivial intersections are

/wA/\(I)B:(SE, /akwﬁzaf?{. (2.78)
M M

It is however common to speak of CY spaces if the holonomy group is precisely SU(n), thereby
excluding tori and direct product spaces.
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2.3.3 Compactification

As we are now well acquainted with proper candidates for compactification spaces, we can
discuss how to extract lower-dimensional effective theories from the ten-dimensional string
theories. Note that since our starting point will be the supergravity approximation in 10D,
the massive string excitations are thereby discarded already. The idea of compactifications
is already known since the field-theoretic considerations of Kaluza and Klein (KK) in the
early twentieth century, in which they proposed that the electromagnetic force in four
dimensions can arise from a five-dimensional spacetime if one assumes that one spatial
dimension is tiny and compact. It is instructive to first review such a simple setup as it
already exhibits many relevant features.

We consider the spacetime Mp = M, x Sk, where S} is a circle of radius R with
coordinate ¢ ~ z¢ + 2rR. The coordinates of Mp are denoted as 2™ = (z#,z?) with
uw=0,...,d— 1. For simplicity we consider a massless scalar field ® in D dimensions,
which due to its required periodicity ®(z#, 2?) = ®(a#, x94-27 R) has the Fourier expansion

o0
O, 2?) = D gu(at)e i (2.79)

n=—oo

Plugging this ansatz into the D-dimensional equations of motion ;0™ ® = 0 yields

2
0,0 ¢, = %qbn(x”) Vs (2.80)

This shows that in d dimensions there is a massless scalar ¢o and an infinite collection
of massive scalar fields ¢, with m? = n?/R% When performing a dimensional reduction,
one discards all massive ¢,, since they become very heavy for R — 0.

In the following we will work with a rescaled compact coordinate 6 ~ 6 + 27 instead
of x¢. The general ansatz for the full metric can be parametrized as

ds? = GyndaMdz™ = G, da"dz” + r*(df + A,dx")?, (2.81)

where we defined A, = G4, = Ggq and we only consider the #-independent zero modes
of G, and A,. The diffeomorphisms of this metric are 2 — z*(z*) and 0 — 0+ \(z").
The latter leads to the transformation A, — A, — 9,A, showing that A, is a U(1) gauge
field in the lower-dimensional theory. To understand the role of r, one inserts the ansatz
(2.81) into the Einstein-Hilbert term in D dimensions. Using that under the dimensional
reduction the Ricci-scalars in D and d dimensions are related by

1 1 .
Rp =Ry — z;v% — ZTQFMVF“” with  F,, = 20,A,, (2.82)
one obtains
Spn = MY / d’z\/ -G Ry
1
= 27TM£’_DQ/dd£L‘ V —G@)p [Rd — Z’I“QF;WFMV .

(2.83)
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Here we have performed the integration over 6 and dropped the total derivative term. To
bring the action into Einstein frame in d dimensions, we need to perform a Weyl rescaling
of the metric given by

ch - () 6. (2.84)

r m

Here rq = (r) is the vacuum expectation value of r. The action then becomes

a5 d—11 ~ 1~ -
D d— d v
S(Ef} = Mpl 2/d €x G(d) (Rd — mﬁ@ﬂ“&% + 2_92F/U/F’u ) . (285)
We have further introduced the lower-dimensional Planck mass M£752(27rr0) = Mﬁl,’f and
the gauge coupling g of A, is defined through the equation

1 2)/d-2 — 1 <@>‘122 (2.86)
9 Med T2 '

Equations (2.85) and (2.86) teach us two important lessons about the dynamical field r,
whose vev parametrizes the size of the circle direction. The first is that » has no potential
and can therefore be changed without energy expense, giving rise to a continuous family
of vacuum solutions. We refer to such scalar fields as moduli, and the geometric space
that is spanned by the set of possible vevs of the moduli fields is called the moduli space.
Second, the vev of r also sets the value of the gauge coupling and the lower-dimensional
Planck mass, showing that the geometric data influences physical couplings in the lower-
dimensional theory. We will revisit this model in chapter 3 to highlight some additional
features, but now we have gained enough intuition about compactifications to study the
dimensional reduction of type II superstrings.

KK reduction of type II theories

Let us now consider a ten-dimensional spacetime given by My = R x Y| where Y
is a six-dimensional CY threefold. Let x* with 4 = 0,...,3 denote the coordinates of
Minkowksi space and y™ with m = 1,...,6 the local real coordinates of the CY. We
also introduce the compact notation 2™ = (2# y™). The generalization of the scalar
field reduction from our toy model goes as follows: We consider generic ten-dimensional
tensor fields ®]"(z,y) with infinitesimal fluctuations ¢J;" (7, y) around their vev. The
linearized equations of motion in ten dimensions can then be brought to the form

where Oy, Og are differential operators of order p (p = 2 for bosons, p = 1 for fermions),
defined on the spaces RY3 and Y respectively. A generic field can then be expanded in
terms of the eigenfunctions Y (y) of the operator Og, yielding

(2, y) = Y Pay Y (y) - (2.88)
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The eigenvalues A, of the functions Y (y) will generically scale as A, ~ 1/RP, where R
is a typical length scale of Y and p is a non-negative power. Thus, only the zero modes
of the operator Og will give rise to massless fields in the four-dimensional theory, and for
small R the other modes will become heavy. We have observed these patterns already in
the circle compactification. Unlike for the circle however, the zero modes of the internal
operator can depend on the internal coordinates in general.

Let us now consider a p-form B, = BMl,_..,MdeMl A ... N dzMr and analyze what the
above recipe implies. With an appropriate gauge choice, the equations of motion are

UhoBa,..om, = (Oris + A) Buy,..om, =0, (2.89)

where A is the CY Laplacian that was constructed in section 2.3.2. We can now expand
this p-form in terms of eigenfunctions of the Laplacian to obtain

B, =3 b (@)l (y) + 3 b @)dt Awll(y) + - (2.90)

where {wﬁm) (y)} is a complete set of Eigenforms of degree r. For each sum, the number
of massless fields in four dimensions therefore corresponds to the number of A-harmonic
forms of respective degree. But we have learned in section 2.3.2 that the number of
harmonic r-forms is counted by the Betti number 0", which for Kahler manifolds is in
turn determined by the Hodge numbers h?”? with p + ¢ = r. This way, the topological
data of the CY directly determines the low-energy spectrum in four dimensions. Also,
each scalar from the KK reduction again corresponds to a modulus that parametrizes the
degeneracy of the vacuum solution.

The above technique can be directly applied to all bosonic fields from the NS-NS and
R-R sectors from the tables 2.2 and 2.3. Among these, the metric tensor g,y requires
some special care. We will denote its different zero modes by g,., gum and gm,. Here g,
is the lower-dimensional graviton and the fields g,,, are absent for CYs since b' = 0. The
purely internal components g,,, correspond to deformations of the compact space that
respect the Ricci-flatness condition, i.e. for a variation dg¢,,, one obtains

Ron(g+089) =0. (2.91)

After eliminating diffeomorphism invariance via the gauge choice A™d¢,,, = 0, expanding
to linear order and taking the trace, equation (2.91) becomes

VN Gmn + 2R, !, 70g1 = 0. (2.92)

If one analyzes this equation for Kahler manifolds, the constraints on the components
dg;; and 0g;; decouple. For the mixed components one finds the condition (Ag);; = 0,
i.e. they are harmonic (1, 1)-forms. As such, they yield metric variations that correspond
to cohomologically non-trivial changes of the Kéhler class J (recall definition (2.63)).
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The ¢g;; are commonly combined with the harmonic (1, 1)-forms arising from the B-field,
denoted as §B;;, in which case the expansion in the basis of (1, 1)-forms reads

hl,l

(6Biz+idgig) = > t"(w")iz- (2.93)
a=1

The expansion coefficients t* = b* + 17* are known as the complexified Kéhler moduli.
To maintain the geometric picture, the real Kahler moduli t* need to be chosen such that
the metric g with Kahler class J is positive definite, which is ensured if

/J>O, /J/\J>0, /J/\J/\J>O (2.94)
C S Y

holds for all complex curves C' and surfaces S in the CY Y. The resulting subspace of
R""" is known as the Kahler cone. In the geometric regime, the imaginary parts of the
Kéhler moduli parametrize the size of two-cycles that are elements of Hy(X,Z).

The pure metric deformations can be shown to satisfy Azdg" = 0. Here dg" = dgidz’
is a (0,1)-form with values in 79 (Y) = Ty due to its free holomorphic index and
hence determines an element in the generalized cohomology group H%'(Y,Ty). A shift
by dg;; introduces pure components in the metric, which can only be undone by a non-
holomorphic transformation z; — 2z} = f(z;, z;). Since the resulting metric is then Kéhler
with respect to a new complex structure, we conclude that these shifts alter the complex
structure of the CY. Using the holomorphic 3-form 2, we can map the metric deformations
to the (2, 1)-forms Qijkég;l dz' Ndz? A dZ', which are also harmonic and therefore represent
elements of H*!(Y). Their expansion in terms of basic (2, 1)-forms

h2,1

K=1

introduces the complex structure moduli z¥. In summary, we saw that the geometric
moduli of a CY are Kéihler class deformations lying in H"!(Y) and complex structure
deformations lying in H*!'(Y'). The corresponding parameters span generally intricate
moduli spaces which are respectively called the Kahler moduli space and complex struc-
ture moduli space. We will analyze some of their properties in the next subsection.

For concreteness, let us determine the action for the effective theory of type IIA
supergravity when compactifying on a CY. Expanding the relevant ten-dimensional p-
form fields in terms of the harmonic forms yields

z) 4+ b (x)wa (2.96)
‘()

where ¢, b4, §K and §~K are 4D scalars, A%, A4 are 1-forms and B, is a two-form. On the

fermionic side, we recall that for a CY compactification we obtain two four-dimensional
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name # of multiplets | field content
gravity multiplet 1 (g, A°)
vector multiplets ht-! (A4, 1)
hypermultiplets h2t (2, €5, Ex)
1 (B2, ¢,€", &)

Table 2.4: N = 2 multiplets for type ITA supergravity compactified on a CY.

gravitinos, leading to an N = 2 supergravity theory in which the zero modes assemble
into N = 2 multiplets. The structure of these multiplets is shown in table 2.4.

If one inserts the expansions of the 10D fields into the ten-dimensional type IIA action
provided in (2.46) and (2.48) and performs a Weyl rescaling to obtain a standard Einstein-
Hilbert term, the bosonic part of the action reads

Sy = L/d%m/ ( R+~ hnAgBFAFBW%+ReAgBFAFB#”

(2.97)
— gap(t) Ot Ot — huv(q)ﬁuquﬁ”q”) :

We defined the field strengths F ;3, = 28[MA’§] and the dual fields F ;ﬁ, = e F /f; with
1% = 1. N5 is the symmetric, complex gauge-kinetic matrix depending on the scalars
t4. The real scalars ¢* with u = 1,...,4(h*! 4 1) collectively denote scalar fields from
the hypermultiplets. gap is the metric on Kéhler moduli space, while the metric of the
complex structure space is part of hy,. It is due to the restrictions of N = 2 supersym-
metry that the kinetic terms of the scalars from vector multiplets and hypermultiplets do
not mix. For further details on type II effective actions we refer to [20].

A closer look at the CY moduli space

Since supersymmetry imposes stringent conditions on the effective action, it naturally
affects also the geometric properties of the CY moduli space M. For type II theories on
CYs, the moduli space is given by the direct product

M= Msk x Q. (2.98)

The first factor is a special Kdhler manifold that is spanned by the scalars in the vector
multiplets. The definition of Mgk will be provided shortly. Q is a quaternionic manifold,
a complex manifold of real dimension m and holonomy Sp(2) x Sp(2m), which is spanned
by the hypermultiplets. For both type ITA and IIB the universal hypermultiplet contains
the dilaton and therefore Q receives both perturbative and non-perturbative corrections
in gs = e<q)>, while Mgk is exact at g, tree-level.

Let us focus on Mgk, starting with its general definition. A special Kahler manifold of
complex dimension n is a Kahler manifold that allows to express the Kahler potential and
metric in terms of a single holomorphic function Fy(X) of the homogeneous coordinates
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X1 with I =0,...,n, where Fy(X) called the prepotential. The prepotential is of homo-
geneous degree two, i.e. it satisfies Fo(AX) = N2Fy(X) for A € C/{0}. Mgk admits a
holomorphic vector bundle whose sections are encoded in the period vector I = (X1, F)T,
where F; = 0F,/0X!. The bundle is moreover symplectic and flat, which means that on
each fiber one can define a symplectic form such that the transition functions between
different frames are constant maps M € Sp(2n + 2,R) that preserve the symplectic form.
The Kahler potential is then defined in terms of the symplectic pairing of the period
vector with itself, namely

K = log <@'HTZH> with 3= (_(1)L ]10"> , (2.99)
where the matrix Y represents the symplectic form and 1, denotes the n-dimensional
identity matrix. In general 4D N = 2 supergravity, the scalar fields in the vector mul-
tiplets are the local complex coordinates on the special Kahler manifold. If we denote
these scalars as & with ¢ = 1,...,n, they are related to the homogeneous coordinates via
¢ = X"/X° where X° # 0.

Let us have a brief look at the vector multiplet moduli space from the perspective
of both type ITA and type IIB. In the type IIB case, it is spanned by n = h%! complex
structure moduli. To define the periods, we consider the basis of the homology group
Hs(Y,7Z), denoted as (AX, B;) with K, L =0,...,h*!, with intersections

A¥NB; =-B; N AN =§F. (2.100)

The basis is dual to the H3(Y,Z)-basis in the sense that

AEQK_/QRA5£—5I€, /BAﬁK_/ﬂk/\ozﬁ——éf. (2.101)

Integrating the holomorphic 3-form €2 over the basic 3-cycles yields the CY periods

XR:/AQ, sz/ Q. (2.102)
AK B-

K

It is easy to check that €2 can then be expanded as €2 = Xkak — Kﬁf{. With the basic
relation [ QA9;Q = 0 one can then derive the form of the prepotential Fy(X) = 3 X Fp.
The Kahler potential consequently reads

K =log (z / QA Q) . (2.103)

The remarkable feature of special Kéhler geometry is that the entire effective action
describing the vector multiplet sector is encoded in the prepotential F(X), at least locally
in field space. Though in order to find the explicit dependence on the complex structure
moduli, one needs to compute the periods of the CY. For that one needs to solve a set of
differential equations, known as the Picard-Fuchs equations, that describe how €2 changes
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as the complex structure moduli are varied. This is a calculation in classical geometry
and does not receive any corrections, neither in g; nor /. The methods for explicitly
solving these equations will be presented in chapter 5.

If we consider type IIA string theory, the scalars of the n = h'! vector multiplets
parametrize a special Kéahler manifold. Since the sizes of CY two-cycles depend on Kéahler
moduli, the Kahler moduli space does receive o’ corrections, both at perturbative and
non-perturbative level. At this point, a very powerful duality relation known as mirror
symmetry comes into play (see [21-27] for a a selection of pioneering papers and [19] for
a broad review): It has been conjectured that CY threefolds come in pairs (Y,Y’) such
that their Hodge numbers are related via

AAY) = h2N(Y), RPYY) =RVYY). (2.104)

It has been further conjectured that type IIA string theory compactified on Y is completely
equivalent to type IIB string theory on Y. It proposes the equivalence

Mgghler = MICISB (2105)

between the Kahler moduli space of type ITA and the complex structure moduli of type
[IB (and vice versa), assuming they are compactified on mirror dual CYs. Then the
completely classical geometric computation on the type IIB side can be leveraged to
determine the quantum corrections to the prepotential (and further quantities) in type
ITA (to be revisited in chapter 5). Assuming that we work in the large volume regime
Im(#4) > 1, such that the o’ corrections are small, the type ITA prepotential reads

1 XiXixk

g?fo(X> = éliijkT - §<(3>X(X)(X0)2 + -Finst(X>~ (2106)

The first term is the classical volume term, which is cubic in the Kéahler moduli defined
via X7/ X = 27t" and depends on the triple intersection numbers

Rijk = / Wi VAN Wy VAN Wek - (2107)
Y

On the perturbative side, there is only an (a’)3-correction represented by the second term

in (2.106). The gauge redundancy of the NS-NS 2-form B, leads to a Peccei-Quinn shift
symmetry of the Kéhler moduli, which together with the fact that F; is homogeneous
of degree two only allows for a constant term in the ¢'. Finally, the third term encodes
non-perturbative corrections in o/ and reads

) . iBiX /X0
Enst(X> - Z<X0)2 Z Oég L13<€ BXX ) ’ (2108)
66H2(Y7Z)

The sum is taken over world-sheet instantons. A world-sheet instanton is a Euclidean
string world-sheet ¥ g with holomorphic embedding map ¢ : ¥g — Y that wraps a
homologically non-trivial 2-cycle in the CY threefold. The classical action

St = / (B+iJ) (2.100)
X
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enters (2.108) via e~Smt = 2™ a5 the argument of the polylogarithm if the string
world-sheet wraps a cycle specified by Be Hy(Y,Z). The polylogarithm enters for the
following reason: Since a string worldsheet can wrap the same curve £ > 1 times, each
curve gives rise to an entire series of corrections with instanton action S, = kSi, for
k-fold wrapping. The string path integral weighs the fluctuations of the world-sheet fields
around a k-fold cover with a suppression factor 1/k3, and the sum over the weighted
contributions produces the trilogarithm.

The constants ag € 7 are known as the genus-zero Gopakumar-Vafa (GV) invariants.
These integers count the number of distinct genus-zero curves in the primitive homology
class 5 on a CY manifold. Physically, they correspond to a BPS index that counts the
net number of BPS states coming from membranes wrapped on curves of class ﬁ . The
GV invariants are related to the so-called Gromov-Witten (GW) invariants ng € Q via

- 1 -
B _ B/k
Mo = Zﬁ% ) (2.110)
k|3

where the notation k | 5 means that k divides every component of 5 ng measures how
many ways a sphere can be embedded into a CY so that it wraps a curve of type E,
including the possibility of multi-wrappings (hence the fractional values)?. In section 5.3
we will show how one obtains the GV invariants from the computation of periods on
the mirror dual CY. The corresponding instanton contributions affect various physical
quantities, including the singularity structure of the moduli space and the couplings in
the low-energy effective action.

2.4 Dualities and M-theory

Quantum theories are generally well-understood in regimes where interactions are weak
and a perturbative expansion in terms of a small coupling parameter exists. At strong cou-
pling however these expressions become ill-defined and cease to describe non-perturbative
phenomena such as the confinement of quarks or the dynamics of solitons, to name a few
examples. In such situations, dualities can prove to be useful: it may be possible to find
a complementary formulation of the theory in terms of different variables, such that a
non-perturbative problem in the original description becomes tractable. The framework
of string theory offers a rich set of such dualities (reviewed e.g. in [28,29]), which led
Edward Witten to propose that the different consistent superstring theories are all limits
of a single, more fundamental theory. It also led to the proposal of an eleven-dimensional
quantum gravity called M-theory, whose low-energy effective description is given by 11D
supergravity, but whose underlying microscopic degrees of freedom remain obscure to this
day. It is however possible to probe M-theory to some extent by exploiting its duality to
type IIA string theory and analyzing the supersymmetric spectrum. In this section we

3While the GV invariants have a direct physical interpretation, the GW invariants have a more precise
mathematical definition in terms of the moduli space of stable maps.
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give a selective and brief overview over the web of string dualities, followed by essential
information on M-theory and a famous proposed description in terms of a matrix model.

2.4.1 Differents superstrings and their relations

As a reminder, the massless spectrum of both type ITA and type IIB string theory features
two gravitini from the R-NS and NS-R sectors, which implies N = 2 supersymmetry in
ten dimensions. There exist three additional N = 1 supersymmetric string theories in
10D, known as the two heterotic string theories with gauge groups SO(32) or Eg x Fg and
type I string with gauge group SO(32). At low energies, these are all described by N =1
supergravity coupled to Super Yang-Mills (SYM) theory, which has a chiral spectrum
with a left-handed dilatino and right-handed gaugino and gravitino (see table 2.5 for
the massless spectrum). We will refrain from discussing the derivation of the massless
spectra as for the type II theories, but we would like to mention the main ideas behind
the construction of those models. The reader can find nice a discussion e.g. in [30].

name irred. representations SO(8) field content

supergravity multiplet | 1@ 28, ® 35, @85 ® 8¢ | (P, Byn, Gurns Aa, ¥Y)

vector multiplet 8y © 8¢ (ASr x4)

Table 2.5: Massless N = 1 multiplets for three superstring theories in D = 10. In type I,
the Kalb-Ramond field is projected out.

Heterotic string theories are hybrid models that combine the right-moving spectrum of
the type II superstring theories with a non-supersymmetric spectrum of left-movers. The
two sectors are completely independent up to the level-matching condition. The simplest
possibility to cancel the Weyl anomaly is to introduce 32 left-moving Majorana-Weyl

fermions A, with a = 1,...,32 such that the total action in light-cone gauge reads
1 9 32
S=_— /d% <—a+X X i 0+ Y /\aa_)\a> . (2.111)
2 o —

From there one can build several string theories differing by the choice of boundary condi-
tions for the A\,. The simplest possibility is to treat all A\, equally, leading to two sectors in
which either all are periodic (P) or anti-periodic (A). The global SO(32) symmetry, under
which the A\, transform in the fundamental representation, becomes a gauge symmetry
in spacetime. While in the right-moving sector one implements the Super-Virasoro con-
straints and performs the same GSO-projection as in type II, the level-matching condition
enforces a GSO-projection in the left-moving sector that removes the tachyon.

Another viable possibility is to split the 32 fermions into two groups )\((11),)\&2) with
a=1,...,16, leading to four distinct sectors. The naively expected SO(16); x SO(16),
gauge group is enhanced to Fg x FEg. This can be seen as follows: one can show that
the massless vector fields transform in the (120,1) & (128,1) and (1,120) & (1,128)
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representations of SO(16); x SO(16)y. To obtain vector fields that transform in the
adjoint of the gauge group one needs to consider the group FEg, which has an SO(16)
subgroup with respect to which the adjoint decomposes as 248 = 120 @ 128. The
SO(32) and Eg x Eg theories are the only anomaly- and tachyon-free supersymmetric
heterotic theories that are known.

Finally, there is also the type I string. In type IIB string theory the GSO-projection for
the left- and rightmoving sectors acts identically and hence the spectrum is invariant under
the world-sheet parity transformation Q2 : (o,7) — (27 — 7,0). The type I string arises
if one gauges the symmetry €2 in type IIB, i.e. one keeps only states which are invariant
under €. In the R-NS and NS-R sectors the projection only leaves linear combinations of
the two gravitini and dilatini invariant, reducing the amount of spacetime supersymmetry
to N = 1. The degrees of freedom of the SYM sector are described by open strings, unlike
for the heterotic theories which only admit closed strings.

String dualities and D-branes

The five consistent superstring theories can all be related to each other through chain of
dualities, of which there are two categories: there is T-duality, a kinematical symmetry
that relates target space geometries of different sizes, and S-duality, a dynamical symmetry
exchanging weak and strong coupling. We start with T-duality, which reveals itself already
in the KK compactification of bosonic string theory (in D = d+ 1 dimensions) on a circle
Sk with 22 ~ 27+ 27 R. From the mode expansion (2.8) one can derive that the quantized
momenta in the d-th direction are given my

EmR

Phin = (2.112)

o

The first component is a KK momentum that already appeared in the field theory example
in section 2.3.3. The second effect is tied to the extended nature of strings and arises if the
string closes on itself only after m circumferences along the circle, where m is the winding
number. Imposing level matching, the effective mass in D — 1 dimensions is found to be
, n®* mPR* 2 -

M_E—FW—{_E(N—FN_Q)’ (2.113)
where level matching relates left- and right-movers via N — N = n - m. T-duality cor-
responds to the invariance of the spectrum under R — o//R and n <> m. It therefore
suggests that spacetime geometry is not really fundamental since small and large com-
pactification radii describe the same physics as long as the full string spectrum is included.
Moreover, there is no physical radius smaller than the critical value R = V. Note that
according to (2.112), T-duality maps (p¢, p%) — (p, —p%). But in order for T-duality to
be a symmetry of the full interacting theory, such that all correlation functions and the
full spectra match, the action needs to be extended to the full world-sheet fields, i.e. it
acts as (X%, X¢) — (X¢, —-X49).



38 2. Primer on string theory and M-theory

T-duality relates superstring theories if one considers their compactifications. For the
type II theories for instance, T-duality states that

Type IIB on S = Type ITA on S, /- (2.114)

A hint for this duality can be found by inspecting the R-sector. Say we compactify the
9-direction, then superconformal invariance of the world-sheet theory imposes that the flip
X? — — X3 must be accompanied by 1% — —%. Recalling the R-sector expansion (2.40)
and the GSO-projection (2.45), one finds that due to b — —b) the parity operator flips as
(—=1)F — —(=1)F. Thus, in the R-sector one performs the opposite GSO-projection and
obtains the opposite type II theory. If both the heterotic SO(32) and Fg x Eg theories
are compactified on a circle they can also be related via T-duality. For that one needs to
choose an appropriate gauge background that breaks the symmetry to SO(16); x SO(16),
and relate the radii of the two circles via Ry Ry = /2 (for details see [31]).

Under S-dualities, the strong coupling regime of one theory is mapped to the weakly
coupled regime of the other one. This concept was first developed in the context of N =4
SYM theories in 4D [32]. These gauge theories exhibit self-duality in the sense that the
theory at coupling g is equivalent to the same theory at inverse coupling ¢’ ~ ¢g~! if the
roles of electrically and magnetically charged objects are exchanged. In more general
terminology, fundamental objects become solitonic and vice versa. This duality is part of
the SL(2, Z)-invariance of the SYM action under which the (complexified) gauge coupling
and fields are transformed. We encountered such a duality in the type IIB supergravity
action in section (2.2.2). Indeed, assuming a vanishing background Cy = 0, the SL(2,7Z)
map S with a =0,0=—1,c=1,d = 0 yields

B,=C,, Ch=—B,, e % =¢®, (2.115)

so g, = 1/gs for a constant dilaton field. Thus, if SL(2,Z) is a duality symmetry of
type IIB string theory in the sense that backgrounds differing by SL(2,Z) mappings are
physically indistinguishable configurations, type IIB is self-dual and should be described
in terms of a different fundamental object for g, > 1, charged under Cs.

To understand how S-duality affects the spectrum we need to consider an important
class of dynamical objects that were not mentioned so far, namely D-branes. In the
following we provide some essential information about them and refer to [31,33,34] for in-
depth reviews. A Dp-brane is a (p + 1)-dimensional hypersurface on which open strings
can end. The low-energy effective action of the worldvolume theory is split as Seg =
Sper + Swz, whose bosonic parts are given by

1/2
SDBI = —TDp / dp+lf eq) |: — det <gab(X) + 27TO/Fab + Bab(X)>] s

) (2.116)
Swz = i,qu/ (ZC(")> APt — wpp/ ot 4
p+1 q p

+1

The Dirac-Born-Infeld action (Spp;) is the analog of the Nambu-Goto action of the string,
with worldvolume coordinates €% (a = 0,...,p) and embedding functions X*(¢), and
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describes the coupling of the brane to the bulk NS-NS fields. F,;, = 20|, 4;) denotes a U(1)
worldvolume field strength and g.,, B,y denote the respective pullbacks of gy, Byn. In
static gauge, the embedding coordinates are given by

X0=¢ Xi=2'42md ¢ (¢)+... . (2.117)

The 2 mark the position of the brane, while the massless bosonic fields (¢?, A) describe the
motion and fluctuations of the brane in the embedding space. Expanding the square root
in Sppr leads to the kinetic term of Yang-Mills theory plus higher-curvature corrections.
At leading order, the Wess-Zumino action Sy -z captures the coupling of a Dp-brane to
a R-R gauge field C?*Y. Since only those Dp-branes with matching R-R forms can be
stable objects, each of the type II theories only supports a subset of possible branes:

Type IIA : DO, D2, D4, D6, DS,

(2.118)
Type IIB: D1, D3, D5, D7, D9.

This is best seen in the democratic formulation of the supergravity theories. By Hodge
duality, a Dp-brane couples electrically to a C**Y) form and magnetically to a C(7~P)-
form. Note that in non-trivial backgrounds a Dp-brane can couple to ¢-forms with ¢ < p,
encoded by the higher expansion terms in Sy 7 that we omitted to write. Dp-branes of the
above type are BPS objects whose tension Tp, and charge pp, coincide. The physically
measured brane tension is then given by

1 1 1 27

Try, = — 1'n, = — = ——.
Dp 7s Dp gs‘:qu| s l§+l

(2.119)
Between two BPS-branes the two competing forces, namely attraction due to exchange of
gravitons (closed strings) and dilatons and the repulsion from R-R form exchange, cancel
at all distances. Both type ITA and type IIB string theory feature yet another extended
solitonic BPS object, called the N.S5-brane, with tension

127
TNS5 = Q_EE (2.120)

It is the magnetic dual object of the fundamental string F'1, i.e. it couples magnetically
to the NS-NS 2-form B;. N.S5-branes have no open strings ending on them and they are
not charged under R-R-forms, hence they are lacking a low-energy description in terms
of DBI- and WZ-like actions.

At g5 < 1, the picture of a static D-brane or N S5-brane as a heavy solitonic object in
space-time is perfectly valid, but it fails for g, > 1 in which case the branes substantially
back-react to the geometry of the ambient spacetime. The underlying BPS object however
persists, and some brane is expected to become a light fundamental object in a dual
framework. In type IIB the BPS brane spectrum indeed closes on itself, as the S-duality

map (gs,ls) = (1/9s,/9s ls) maps the tensions as

Tpy <> Tp1, Tp3 —Tp3, Tps<> Tnss. (2.121)
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In particular, the D1-brane becomes the lightest object of the theory and replaces the
fundamental string. Another example of S-duality is realized between Heterotic SO(32)
and type I theory, where gl®® ~ 1/g! and the type I D1-brane becomes the heterotic
fundamental string. Once again, the duality can be explicitly shown at the supergravity
level by transforming fields appropriately. Figure 2.2 summarizes the duality relations
of the various superstring theories. It also depicts a so far neglected quantum gravity
theory called M-theory, which is also a part of the string duality web and which will be
introduced next.

M-theory

compact. on Sl/Z% \cor)npact. on S1

Het Eg X Eg Type ITA
T-duality Quantum T-duality
Gravity
Het SO(32) Type IIB

s(m; S-duality

Type I

Figure 2.2: Dualities among different superstring theories.

2.4.2 M-theory

The results from the previous subsection beg the question whether one can find an S-dual
framework for type ITA string theory by similar arguments. If we consider the BPS brane
spectrum, the D0-brane with mass 7py = 2w M, /gs becomes the lightest state for g; — oc.
Furthermore, one can show that n DO-branes can have a single supersymmetric bound
state with mass n7po, i.e. a state with no binding energy (see [31]). They thus form an
evenly spaced tower of mass states charged under the R-R form C'")| which coincides with
the KK spectrum for a compactification on a circle with radius Ry; = g,/(27M,) = g,V
This leads to the conjecture that type IIA string theory is in fact an eleven-dimensional
quantum gravity theory, called M-theory, compactified on a circle of radius Ry; [35]. In
the low-energy limit, M-theory is described by N = 1 supergravity in eleven dimensions
(32 supercharges, one Majorana spinor), with bosonic action

1 1 1
Siup = —— | d'2v—-G | R—- —=|F,*) — /A ANFyAF 2.122
11D 2’%1 xr ( 48| 4| 12,%1 3 4 4, ( )

where F; = dAsz. This is also the largest possible dimension for a supersymmetric theory
describing particles with spin < 2. The unique supergravity multiplet comprises 256 on-
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shell degrees of freedom (128 bosonic from the metric and three-form, 128 fermionic from
the gravitino). Support for type IIA-M-theory relation comes from the fact that under
dimensional reduction of (2.122) on a circle Sk one recovers the spectrum of type ITA
supergravity in 10D. The gravitational couplings are related as

. 1 /2m)’
20, = 2mRu(2y) = e = o (31) 212

where in the last equality we introduced the eleven-dimensional Planck mass M,. Solv-
ing for the corresponding Planck length l;; = Mt yields l;; = gi/ Vol , such that the
dictionary between type ITA and M-theory quantities becomes

(2rM,)? = RiyM? | g, = (Ri1M,)%/2. (2.124)

*

With these relations one can trace back from which M-theory objects the type IIA branes
originate. The analysis shows that M-theory hosts two types of branes, an M2-brane and
an Mb5-brane, whose tensions satisfy
MS
* =T
(27T)2 D2 Y

M6
Tyvs = o= =7ns5,  (2mR1)Tws = Tpa -
(2m)

Thro = (27 Ry1) Tape = Tr1 s

(2.125)

So depending on whether an M-theory brane wraps the circle with radius R;; or not
one obtains a different type II brane or the fundamental string. D6-branes, which are
the magnetic duals of the D0-branes, turn out to be the KK monopoles of compactified
M-theory. The existence of M2-and M5-branes can also be inferred by studying the 11D
supersymmetry algebra directly. One can show that the relevant part of the supersym-
metry algebra can be decomposed into the irreducible components

Q0 @5} = (OYC g P 4 2 (TarC )2
Loy My -1 My ... Ms (2.126)
+ 5(1—‘ 1--Ms )aﬁZ 1205
Here T'M denote Gamma matrices in 11D, TMM» = TL-T'Mpl and C' is the charge con-
jugation matrix. The antisymmetric two- and five-forms Z™" and ZMi M5 correspond
to topological charges of extended objects, so they enforce the presence of M2- and M5-
branes that are charged under the three-form As (M2-branes electrically and M 5-branes
magnetically). Obtaining effective worldvolume theories for M-theory branes has proven
far more difficult than for D-branes as the dynamics of M2- and M5-branes cannot be
derived from open strings, making them intrinsically non-perturbative objects. While
the classical supermembrane action was formulated very early [36,37], it was found much
later that stacks of M2-branes admit a description in terms interacting three-dimensional
superconformal field theories [38—40]. A fully fledged worldvolume theory for multiple
Mb5-branes has not been found yet.
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Matrix theory and BFSS proposal

While the duality to perturbative string theory and the low-energy approximation by
supergravity are powerful consistency checks, they do not by themselves furnish a micro-
scopic definition of M-theory. In this section we will briefly review a famous proposal in
this direction, known as the BFSS conjecture [41] (for reviews see [42-44]). Their claim
was that asymptotically flat M-theory is dual to a large N limit of the matrix quantum
mechanics describing N non-relativistic DO-branes*. This would allow to compute physi-
cal observables such as S-matrix elements between asymptotic states of M-theory in the
matrix model instead.

Let us first be more precise on the duality itself. On the M-theory side, we introduce
light-cone coordinates and momenta®

1 1
V2 V2

In the light-cone frame (LCF), X+ plays the role of time, while P* is the Hamiltonian.
From the mass-shell condition for a general system with center of mass energy M one

X* X'+ XY, Py (Py+ Pr1). (2.127)

derives the Hamiltonian
H =P, =P?/(2M) + M?*/(2P_), (2.128)

where ¢ = 1,...,9. The form of H shows that relativistic physics in the LCF is de-
scribed by a Galilean invariant theory in the (X, ..., X?)-plane. One then proceeds by
compactifying M-theory on a light-like circle, such that (X, X7) ~ (Xt X~ +27R) and

P_=N/R, (2.129)

where N is a positive integer. As P_ is conserved, the Hilbert space splits into an infinite
number of superselection sectors characterized by N (no physical observable connects
states belonging to different sectors). Note that a light-like circle has zero proper length.
To make the relation to type IIA more evident, one first compactifies M-theory on a small
space-like circle of radius Ry, related to g via (2.124). After fixing the momentum along
this circle, one sends R;; — 0 and performs a Lorentz boost back to the LCF in which
the compactification radius is R (see [51] for details). As a result, the spacelike circle
is “rotated” into a light-like circle and the system has finite light-cone momentum N/R.
By the dictionary between type ITA and M-theory, a system with momentum number N
along the original spatial circle is described by a bound state of N DO-branes. BFSS
thus proposed that the M-theory sector with light-cone momentum N/R is described
by the effective action for a system of N DO-branes. This action can be obtained from

4Note that there are also several conjectured matrix model formulations of superstring theories, in-
cluding the IKKT model for type IIB [45,46], the Itoyama—Tsuchiya model for type I [47], and matrix
string theory describing the type IIA string [48-50].

5To avoid a clash of notation, we will denote the tenth spatial coordinate by X'! instead of X19.
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the dimensional reduction of maximally supersymmetric 10D Yang-Mills theory to 0 + 1
dimensions. In string units, the action reads [52]

)2 i Y12
) [ g (DX XX eDe g v .
Sho / (295\/5 - 1672g,(a')3/2 1o 4 o Vo[ X O3] (2.130)

Herei,j = 1,...,9 denote spatial directions in R? and o, 8 = 1, ..., 16 are spinor indices of
SO(9) (both implicitly summed). Each X*is a N x N Hermitian matrix whose eigenvalues
represent the positions of N DO-branes in the i-th direction. 6, is an N x N Hermitian,
matrix-valued Majorana spinor of SO(9) and the 4* denote (real) Gamma matrices. The
action exhibits a U(N) gauge symmetry, with respect to which both X* and 6,, transform
in the adjoint representation. The gauge-covariant derivative acts as

for any adjoint-valued field . As there are no remaining appearances of A;, it can be
thought of as a constraint field that enforces U (V) gauge invariance. In the gauge A; = 0,
the corresponding Hamiltonian is found to be

R (X7, X7]?

821§, 27rl3

) = atTr( P2 - 0T7s1X:05)) (2.132)
expressed in terms of M-theory units by using (2.124). P* = X?/Ry; (where dot stands
for time derivative) denote the canonical momenta. When boosting this system to the
LCF the Hamiltonian picks up a time dilation factor such that R;; is replaced by R.
According to the BFSS conjecture, a 1 x 1 matrix describing a single DO-brane in type
ITA string theory corresponds to a graviton in M-theory with longitudinal momentum
P_ =1/R. Indeed, for N = 1 the Hamiltonian (2.132) reduces to
o_R_ H
Hpy =55 =55 (2.133)
yielding the correct expression for massless states in the LCF according to (2.128). More-
over, there are 16 fermionic fields that generate a 2% = 256-dimensional supermultiplet,
corresponding precisely to the field content of the massless supermultiplet in 11D su-
pergravity. For N > 1, one can decompose the degrees of freedom into U(1) (center of
mass motion) and SU(N) (relative motion) by separating off the trace. As a result, the
two components decouple and the Hamiltonian splits as H = H., + H.q. It has been
shown [53,54] that H,, has zero energy bound states whose total energy is given by

(Pcm,i)2

(N
HDO) - Hcm - 2P 5

(2.134)

where P.,; = Tr(F;). These bound states again fill out a supergravity multiplet in
11D. The existence of a truly normalizable ground state in the quantum theory is subtle.
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(Classically, the bosonic potential V' ~ Tr [X*, X7]? in (2.132) has a minimum if [ X, X7] =

0 for all 4,7 =1,...,9. Then all matrices can be diagonalized simultaneously, such that
XfN) (t) = diag(ai(t), ..., 2% (t)) (2.135)
describe N non-interacting D0-branes traveling along trajectories z%(t) with I = 1,..., N.

These trajectories parametrize non-compact directions in the classical moduli space. If
the wavefunction of the ground state spreads out to infinity along these flat directions, it
may fail to be normalizable. Yet, it was possible to show that despite these flat directions
there is a truly normalizable zero energy state in the BF'SS matrix model, and there are
results on how fast the wavefunction decays (see [55] and references therein).

The technique of splitting the degrees of freedom into center of mass/relative motion
can also be applied to block-diagonal matrices of the form

X(ZNl) 0 e ()
, 0 X ) i
Xt — ' (NQ) . ' ZNa = N’ (2136)
: : " : a—1
0 0 Ce XZNk)

where the a-th block is interpreted as a supergraviton state with longitudinal momentum
P_ = N,/R. Matrix theory is thus capable of describing multiple objects with finite-size
matrices and should be understood as a second-quantized theory from the target space
point of view.

Interactions at quantum level

The (block-)diagonal matrices discussed so far describe a set of non-interacting D0-branes.
Such matrices provide an exact description of static brane configurations in the quantum
theory as these preserve all supersymmetries and therefore the forces due to graviton and
p-form exchange cancel. When the D0-branes move with non-zero relative velocity, super-
symmetry is broken and the cancellation is no longer exact. The resulting interactions are
described by open strings stretching between two DO-branes, giving rise to off-diagonal
entries in the above matrices. If we consider two D0O-branes A and B with separation r 43,
an open string stretched between the two will have energy Ey, ~ rapRy1 M?2. By compar-
ison, excitations of these strings will have additional energy Eo ~ 1/ly ~ (Riy M2)Y/2.
In the limit Ry; — 0 the excitation energy becomes parametrically bigger than FEg,, sug-
gesting that the ground states of the stretched strings yield the dominant contribution.
If the brane separation r4p is very large, even the lightest strings have a high mass and
the diagonal matrices provide a good leading approximation.

Studying the scattering of gravitons reveals one of the key properties of the BFSS
model, namely that gravitational interactions arise as a quantum effect in matrix theory.
To give a simple example, consider the scattering of two gravitons with (low) relative veloc-
ity v in the transverse 9-dimensional space and impact parameter b (the initial transverse
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separation). One first chooses a background of diagonal matrices describing two widely
separated DO0-branes and studies fluctuations around these, i.e.

1 1
_F:§(?_%)+Mﬁ X%7(890+aw (2.137)

and X = 6X* for i > 2. One then expands the BFSS action around this background
to quadratic order. The off-diagonal modes connecting the two branes acquire masses
proportional to the separation and therefore behave like time-dependent harmonic oscil-
lators. Integrating out these massive bosonic and fermionic fluctuations at one-loop level
(using the background-field method) yields an effective action for the diagonal degrees of
freedom. The resulting effective long-range potential is a pure one-loop effect and has the
leading order expansion

4 6
Mﬂﬂ:—%%+0<%>, (2.138)
where 7 = /(vt)? + b2 is the instantaneous separation between the gravitons®. Remark-
ably, this potential exactly coincides with the corresponding tree-level result from 11D
supergravity, including the numerical prefactor. Higher-loop corrections to the v*-term
would spoil the agreement. It has been shown that at two-loop level there are no correc-
tions [57], but a full non-renormalization theorem to all orders is lacking so far.

The properties of the BFSS matrix model support the idea of an emergent spacetime
and the correlated emergence of interactions. In matrix theory, the fundamental objects
are non-commuting matrices, and the usual notion of spacetime is only recovered if D0-
branes are widely separated and the diagonal entries of the corresponding matrices yield
the classical spacetime coordinates. In the long-distance, low-velocity regime the dynamics
of the matrix degrees of freedom yield the classically expected gravitational potential in the
form of a quantum effect. This suggests that M-theory could provide a natural framework
in which spacetime and dynamics of fields are not put in by hand, but instead arise as
a low-energy imprint from the degrees of freedom of the full QG theory - a feature that
closely aligns with the Emergence Proposal (to be discussed in section 3.3). However, we
should stress an important caveat: The BFSS model is formulated in a light-cone frame
and involves a weak coupling (g; — 0) and tensionless string (M; — 0) limit from the
type ITA perspective. There is no obvious duality that directly relates this limit to the
standard strong-coupling regime of type IIA string theory. So while the hints from the
BFSS model are compelling, more work is needed to explicitly connect it to our arguments
for the Emergence Proposal in M-theory.

6This result was previously derived from the annulus diagram [56] for an open string connecting two
DO0-branes with relative velocity v and distance r
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Chapter 3

Lessons from the swampland

At high energies, the consistency conditions of string theory are remarkably constraining
and almost uniquely fix the whole theory. Yet, this high degree of uniqueness does not im-
mediately translate into comparably sharp, universal restrictions on low-energy effective
field theories (EFTSs), because the string theory framework admits an enormous variety of
consistent vacua. That being said, not any EFT can arise from a string theory construc-
tion. There are necessary, model-independent criteria distinguishing between EFT's that
are compatible or incompatible with QG. These criteria are studied within the swampland
program, which will be introduced (selectively) in the following chapter. We will focus
on conjectures that predict the appearance of infinite towers of light states in extreme
regions of the moduli space of QG theories. These light towers dominate the low-energy
physics and set the scale where QG effects become relevant. These concepts will guide
us to the intriguing idea that terms in the low energy effective action in QG theories
could be purely quantum effects, obtained by integrating out the appropriate towers of
states. This is known as the Emergence Proposal, whose original formulation we will
review briefly. We will then argue why this proposal should hold specifically in M-theory
and formulate a refined version, preparing the discussion of the concrete evidence in the
upcoming chapters.

3.1 General scope

In the previous chapter we saw that in perturbative string theory the conistency con-
straints of the world-sheet theory have an enormous impact on the spacetime background
in which the string is allowed to propagate. The non-trivial backgrounds arising from CY
compactifications solve these constraints even to all orders in o/. However, we should keep
in mind that a compactification is merely a specific ansatz, motivated by some desired
properties of the effective theory that we want to obtain. What we are lacking is a dy-
namical principle, inherent to the theory, which favors a particular background solution.
One top of that, one faces the issue that the number of possible background solutions is
astronomically large (although believed to be finite, see [58-61] for earlier and [62,63] for
more recent work). The space of distinct, consistent string vacua obtained by choosing
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background data such that all moduli are stabilized, is called the string landscape (re-
viewed e.g. in [64,65]). For models derived e.g. from type IIB, an often quoted, rough
estimate for the number of solutions is O(10'% — 10°°°). The dominant source for this
huge figure is the vast number of possible flux quanta that one may choose, but also the
choice of the compactification manifold and many more factors. With a pessimistic atti-
tude one would start to believe that basically any low-energy theory may be constructed
from string theory. But, as it turns out, this is far from being true.

The immensity of the string landscape has led to a major philosophical shift in the area
of string phenomenology. In the early era of string model building, the dominant program
was about finding the “right” string vacuum whose low-energy physics yields the Standard
Model (or supersymmetric extensions of it). At some point however string theorists started
to ask whether any conceivable QFT, weakly coupled to Einstein gravity, that describes
some low-energy physics could be originating from string theory. To make this point a bit
more precise, suppose that we are given a gravitational theory in d dimensions, described
by a Wilsonian effective action Seg = S®2¥) + S0 with components

d—

M
s = P /ddx\/_<R+ZakOj\g’ ))7

uv
S(m):/ddx\/—_g< +Zﬁl Ald >
EFT

The action shows two different sectors: First, there is the gravitational sector, which is
the part of the EFT controlled by the d-dimensional Planck scale M, 4. Its leading part
is the Einstein-Hilbert term, but it also has a series of corrections that are suppressed

(3.1)

by Ayv, the energy scale where quantum gravity effects are no longer negligible. The
corrections are given in terms of the irrelevant operators Oy of mass-dimension k£ > d
and dimensionless Wilson coefficients «j. The operators may involve higher-curvature
corrections (abbreviated by ¢) and generally depend on the low-energy matter and gauge
fields, collectively denoted by ®. Second, there is the matter sector, a completely model-
dependent part of the action capturing the dynamics of scalars, gauge fields, fermions and
so on. While £0™ is the renormalizable part, there is also series of irrelevant terms Ol(m)
with Wilson coefficients 3;, but these are suppressed by an a priori different scale Agpr,
attributed to the mass of heavy states that were integrated out.

From the point of view of a low-energy observer, no particular choice of matter content,
Wilson coefficients or operators seems more preferable, and most of them are perfectly fine
in the low-energy regime. However, the remarkable feature of quantum gravity is that it
creates a link between the gravitational sector and the matter sector, which is sometimes
dubbed “UV-IR mixing”, and teaches us that the matter sector cannot be arbitrary for
the theory to admit a UV completion. This leads to the notion of the so-called swampland
(proposed in [66,67]), the complementary part of the landscape:

Definition: The swampland is the set of (apparently) consistent EFTs that do not admit
a UV-completion to quantum gravity.
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Above the quantum gravity cutoff Ayy, the description in terms of a weakly interacting
QFT breaks down entirely. For the vast majority of gravitational effective theories this
cutoff is given by the Planck scale My, 4. The reason is that interactions involving gravitons
are suppressed by 1/M, 4, which means that the according amplitude will be weighed by
the effective coupling F /M, 4 at some invariant energy scale E. Gravity thus becomes
strongly coupled at ' ~ M, 4 at the latest. However, there can be situations in which
Ayy is significantly lower than M, 4, which will be explored in future sections. If this UV
cutoff is lowered to the extent that

Auy < Agpr < M4 (3.2)

holds, the constraints from quantum gravity become very severe and the domain of validity
of the EFT is much smaller than initially thought. In section 3.2.3 we will learn how to
obtain an upper bound for the cutoff Ayy.

The so-called swampland program is a branch of string phenomenology that aims to
distinguish EFTs admitting a UV completion to quantum gravity from those that do not.
The relevant criteria are formulated in terms of swampland conjectures, which identify
model-independent properties of EFTs that make them compatible with quantum gravity,
without any reference to the full microscopic theory. They cover various different aspects,
like the relative strength of gravity and gauge interactions [68-70] (see [71,72] for reviews),
constraints on scalar potentials [73-75] or the absence of global symmetries [76,77], to
name just a few examples. Some of them will be introduced in section 3.2, for a more
complete picture we refer to the exhaustive reviews [78-80]. The conjectures are often
not sharply defined and typically provide some bounds involving unknown constants of
O(1). An EFT that parametrically violates a bound is expected to have an issue when
being extrapolated to higher energies. As one climbs up the energy ladder, quantum
gravitational effects become more dominant and as a result, swampland criteria become
more constraining. As the sketch in figure 3.1 suggests, one could speculate that in the
far UV the constraints are so severe that they point towards a unique quantum gravity
theory. This hypothesis is also backed up by the idea of string universality, the conjecture
that all consistent quantum gravity theories are somehow realized by string theory.

The scientific activity within the swampland program could be roughly divided into
two complementary segments: On the one hand, there is the bottom-up approach, where
physicists formulate conjectures based on some general physical consistency arguments,
invoking for example black hole thought experiments, entropy bounds, positivity bounds
etc. On the other hand, in the top-down approach the conjectures are tested by using
explicit string theory constructions. These two disciplines constantly interact, since the
gathering of evidence from the string landscape can reveal a limitation of the original
argument and lead to a refined version of it. The ultimate goal however is to apply the
conjectures to make a prediction that may be relevant to particle physics and cosmology.
To give one example, an attractive recent proposal making such a quantitative prediction is
the dark dimension scenario [81]. By combining swampland constraints with observational
data, the authors proposed that our universe may feature extra mesoscopic dimensions of
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Figure 3.1: The Landscape and the Swampland.

micron size, whose size is tied to the smallness of the cosmological constant. This would
lead to direct measurable deviations from the inverse-square law of Newtonian gravity at
short distances and provide a dark matter candidate given by the KK excitations of the
graviton. The scenario continues to be explored in recent research (see [82-86] for a tiny
selection of works), while upcoming precision experiments and cosmological surveys could
soon test those predictions.

3.2 Swampland conjectures and related concepts

After our general introduction we will concretize some swampland conjectures that are
relevant in the context of the Emergence Proposal. Our review is by no means exhaustive
since many of the most famous conjectures will not be covered at all. We will begin
with the Swampland Distance Conjecture (SDC), which makes a generic claim about the
breakdown of EFTs in cases when extreme regions of the moduli space are explored. We
then continue with the Emergent String conjecture (ESC), a refinement of the SDC that
classifies the previously mentioned limits in moduli space. After that we introduce the
notion of the species scale, an upper bound for the quantum gravity cutoff Ayy. This
scale is crucial for the determination of the fundamental degrees of freedom and is thus
a core object in the definition of the Emergence Proposal, which will be introduced right
afterwards. After briefly discussing its original version we will argue why it should be
realized only in M-theory.

3.2.1 Swampland Distance Conjecture

The distance conjecture makes statements about the moduli spaces of gravitational EFTs.
We recall that in a physical context, a moduli space is a geometric space spanned by the
vevs of massless scalar fields with a flat potential!. The vevs can therefore be changed

"While moduli spaces can be defined without supersymmetry, exact flat directions and control over
quantum corrections typically rely on it.
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without energy cost and parametrize the vacuum degeneracy of a theory. But since
physical parameters such as gauge or Yukawa couplings depend on the moduli, one could
pose the question whether the theory could drastically change in certain regions of the
moduli space. Suppose that we are dealing with a d-dimensional EFT coupled to n scalar
fields {gbi}i:l,mm whose vevs parametrize a moduli space M. The action is

M o
S = %“‘ / d'zv/~=g (R — g}'9,0'0"¢") | (3.3)

where g{}" is the metric on moduli space. Given the metric, the geodesic distance between
two points P, ) on M can be defined as

B Ipt O
d(P,Q) = /st g 5% D (3.4)

Here v is the geodesic connecting the two points P and @), and ds is the line element
along the geodesic. We can now state the definition of the SDC, proposed in [67]:

Consider a gravitational EFT with non-trivial moduli space M. For any point P € M
there is another point QQ € M such that the geodesic distance A¢ = d(P, Q) 1is infinite.
Moreover, as one traverses an infinite distance in M, an infinite tower of states with
mass scale M becomes asympotically massless at an exponential rate, 1.e.

M(Q) = M(P)e®%,  A¢ — oo, (3.5)
where « is a positive O(1) constant.

The first part of the conjecture is a more formal statement about the existence of infinite
distance directions in moduli space. For instance, if we have a single massless scalar with
canonical kinetic term, its moduli space M = R is valid in that regard. The condition is
however violated if the scalar is periodic ¢ ~ ¢+ 27, in which case M = S!. This doesn’t
exclude periodic scalars in quantum gravity, but imposes that their moduli space must be
part of a bigger moduli space with non-compact directions.

The second part of the conjecture predicts a restricted domain of validity of EFTs. If
we start from an EFT with cutoff Agpr and we explore infinite distance regions in moduli
space, there will be a tower of infinitely many states with a mass exponentially decreasing
in A¢. If the lightest state of the tower has mass My, then Agpr < My if we choose not to
include the state in the EFT description. But then Agpr drops off exponentially in A¢ as
well, and eventually the EFT looses all of its predictive power. If we look at the SDC from
the perspective of the full quantum gravity theory, it is closely related to the appearance
of a weakly coupled dual description in infinite distance regions of moduli space. The
new fundamental degrees of freedom in that limit are determined by the asymptotically
massless, infinite towers of states. For this reason the SDC is often also called Duality
Congecture. The nature of the previously mentioned towers is specified by the ESC, to
which we will come soon.
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Let us check the validity of the SDC by looking at some simple examples. First, we
revisit a model introducted in section 2.3.3, the theory of a scalar coupled to Einstein
gravity, compactified on a circle from d + 1 to d dimensions. Omitting the kinetic term
of the graviphoton, the action reads

SO Mg;f/d%v G@ <Rd — ui@ré“r) : (3.6)

d—27r?

7

As a reminder, the mark “~” indicates that the quantities are defined in Einstein frame.
The radion 7 is the only modulus and controls the radius of the S*, hence M = Rxq. The

proper field distance is defined in terms of the canonically normalized field

A(r) =4/ Z: ; log(r) . (3.7)

We see that A(r) diverges for the two infinite distance limits r — oo and r — 0. In the
decompactification limit r — oo, an infinite tower of KK states satisfying (2.80) becomes

light. If we transform the action of these states into Einstein frame and express the mass
in terms of the field A(r), we obtain
n

mp(r) = (—) <@> 7 = m"(‘f%? exp(—ad), (3.8)

r r

confirming the prediction of the SDC. However, the SDC demands that any infinite dis-
tance limit is accompanied by an exponentially light tower. This is not fulfilled in the
limit » — 0, since there the only present tower that was just discussed becomes heavy.

At this point the distinctive features of string theory compactifications become vital.
Recall that under a compactification on S}, string theory features two towers, namely KK
modes and winding states, with masses

n\ 2 wR\”
o) e (22
If one performs the dimensional reduction, transforms to Einstein frame and extracts
the moduli space metric, one finds that for R — oo the KK modes are exponentially

suppressed in proper field distance, while for R — 0 this is true for the winding states.
Thus, in the limit R — 0 one can describe the theory in terms of new fundamental
degrees of freedom, the topological winding states, corresponding to the dual frame under
T-duality that was anticipated before.

Let us stress once again that the original SDC only applies to moduli spaces, i.e. scalar
manifolds with no potential. But many phenomenologically interesting models, such as
inflation, quintessence or dark energy, require scalar fields with a non-trivial potential.
If one could extend the SDC to more general field spaces, swampland constraints could
have a real impact on phenomenology, e.g. by bounding field ranges or restricting the al-
lowed form of potentials. But for a prediction one needs to make a statement about finite
excursions in field space. This originally motivated the Refined Swampland Distance con-
jecture (RSDC) [87,88], according to which an infinite tower of states with exponentially
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decreasing mass appears already for trans-Planckian field excursions A¢ = 1, and not
just at the pure boundary of moduli space. However, to apply this conjecture to general
field spaces one needs to formulate a notion of distance therein, which is a delicate task.
There has been much recent activity to provide an answer, see for example [89-92]

It is fair to say that the SDC for moduli spaces ranks among the most robust swamp-
land conjectures, given that all investigated infinite distance limits in string- and M-theory
agree with its predictions. Studying the SDC in compactification setups requires to com-
pute the metric on moduli space, which can be quite challenging. For instance, if one is
interested in CY compactifications of type IIA, one needs to invoke mirror symmetry to
compute the metric of the Kahler moduli space. In the large volume regime of type IIA,
one can obtain the metric from the periods of the mirror dual CY and the mirror map.
But the full Kahler moduli space also features non-geometric regions, so for a full check
of the SDC one needs to analytically continue the metric to these phases and carry out
separate checks. We will discuss the phases of CYs in section 5.4.

3.2.2 Emergent String Conjecture

In its purest form, the SDC leaves several important questions unanswered. Most notably,
there is no comment about the nature of the infinite tower that becomes exponentially
light. By “nature” we mean the mass spacing in the tower, the degeneracy of states, the
value of the constant a and the origin of these states in the full quantum gravity theory.
Also, we do not know what the asymptotic theory at the boundary of moduli space
actually is, but only that our initial EFT breaks down if left unmodified. An answer to
all these questions in provided by the ESC, put forward in [93]:

In a theory of quantum gravity in RVt (d > 3), all infinite distance limits are either

1. decompactification limits, where the lightest tower has a (dual) interpretation as a
KK tower.

2. emergent string limits, where the lightest tower are the excitations of a unique,
critical, asymptotially tensionless (with respect to My q) string. Unless d = 9, the
tower of string excitations is always accompanied by a KK tower at the same scale.

In string theory both of these cases can be encountered in very straightfoward setups. For
instance, if we consider critical superstring theory, the relation between the string scale
and the 10D Planck scale is given by

MS ~ Mleo 951/4 ~ MleO 6q>/4 . (310)

Therefore, in the infinite distance of weak string coupling ® — oo (with Planck mass
fixed), the tower of string excitations with mass M,, = \/nM, becomes exponentially light.
Asymptotically this tower has an exponential degeneracy of states at mass level n given
by deg, =~ exp(y/n). Since we are already in ten dimensions, no equally light KK tower is
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expected to appear. On the other hand, compactifying string theory on a circle yields a
KK tower with mass scaling (3.8) in the canonically normalized field, corresponding to a
decompactification limit for R — co. The limit R — 0 leads to analogous conclusions for
the tower of winding states, corresponding to a decompactification in the T-dual frame.
A KK tower generally has a polynomial degeneracy factor deg,,, which for the case of the
circle is just 1. If in a certain limit a KK tower and a string tower are parametrically
at same scale, the string excitations will dominate the spectrum since the corresponding
tower is denser both in terms of spacing and degeneracy.

There is a number of conceivable asymptotic limits that could threaten the validity
of the ESC, but explicit checks carried out so far indicate that these do not occur. In
the following, we provide a list of forbidden scenarios and provide some references with
explicit checks demonstrating their obstruction:

e the light spectrum cannot be dominated by objects other than KK states or string
excitations, such as asymptotically tensionless membranes [94],

e there are no pathological string limits for which in d < 9 an asymptotically tension-
less strings is not accompanied by a KK tower of the same scale [95,96],

e limits with two or more critical strings that are weakly coupled at the same time

are forbidden [93].

As a side remark, also non-critical strings can become asymptotically tensionless, but
they are always found to be at finite distance in moduli space and hence do not fall
under the ESC classification scheme. The ESC has been tested in a wide range of setups,
see [97-110] for a selection of works.

The nature of the lightest tower in a given infinite distance limit is connected to the
value of the exponent « in the SDC mass formula (3.5). In [111] it was proposed that,
for any infinite distance limit of a d-dimensional quantum gravity theory, the coefficient
« associated to the lightest tower will have the universal lower bound i, = 1/v/d — 2.
This hypothesis is known as the Sharpened Distance Conjecture. Support for this claim
was gathered by showing that the bound is preserved under dimensional reduction and
by checking string/M-theory compactifications. The bound can also be motivated with
an argument that assumes the validity of the ESC [80,112]. First one can show that in
the two different ESC limits the dominant tower gives rise to the coefficient

1 D -2
= = > — 3.11
Qstring ] 5 or QKK \/(D d) (d 2) = Qstring ( )

Here oring 1s associated with a weakly coupled string in d dimensions, while axk appears
for a decompactification from d to D dimensions, where only the overall volume modulus
of the internal space is varied, while other moduli stay fixed (often called rigid decompact-
ification). As was argued in [80], among all decompactifications from d to D dimensions
the rigid variant gives rise to the highest value of axk. The reason is that in the rigid case
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there are residual moduli that could either trigger further decompactification, leading to
a lower value for axgk according to (3.11), or an emergent string, in which case Outying
imposes a lower bound. Repeated application of this argument leads to the conclusion
that oging must be the universal lower bound.

Some examples

To appreciate the meaning of the ESC, it is important to notice that the two limiting
behaviors can come in various disguises. In the following we look at one example for each
class of limit where a weakly coupled string or KK tower only becomes apparent in a
dual frame. In each case we engineer an appropriate limit and analyze the resulting mass
hierarchies.

(a) Emergent string limit: The most obvious such limit is the aforementioned co-scaled
weak coupling limit where we rescale

gs — Ngs. My — AVAM, (3.12)

and consider A < 1, in which case the 10D Planck mass My 10 = M,/ gi/ 4 stays fixed.
For the type IIB superstring, one can also consider the analogous strong coupling regime,
A > 1, leading to an emergent string limit where the string tower comes from D1-
branes (the S-dual frame of type IIB). This can be generalized to compactifications on
k-dimensional tori T* down to d = 10 — k dimensions. We can engineer a limit where the
radii of the torus are rescaled isotropically and the d-dimensional Planck mass defined via

Vi

d—2 _ prd—2
MPLd s 2
s

(3.13)
remains constant. V; denotes the volume of 7% in string units. In this case, the co-scaled
emergent D1-string limit is given by

G = Ngss My = NETOM,, pr— A2, pi— AV?p;, (3.14)

where p; and p; with ¢ = 2,... k denote denote internal, dimensionless radii in string
units. The radius p; has been singled out since we would like to T-dualize along this
direction to translate the above limit to M-theory units. If one considers a circle com-
pactification of 10D type IIA on R; and type IIB on /Ry and compares the string-frame
actions, one can show that the string couplings of both theories are related via

Va!
giB = glA = — (3.15)
Ry
We can now relate type IIB on T* to M-theory on T2 x T*~! where in the latter case

T? = Sp, x Sg,,- Using (2.124) and (3.15), we obtain

11 1 1 1 1/2

(2mM,)? = M?ry, gs = o p1 = %m7 Pi =5 T (3.16)
11
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where 71, 7; and 711 denote internal radii in 11D Planck units. With the dictionary (3.16)
one can translate (3.14) to the scaling of M-theory quantities, yielding

= Ay M, — )\%M*, re—= A = Ay (3.17)

In this limit, the lightest states are the D1-branes, whose typical mass scale is

M, M,
Mpy = = —5 = 52 (3.18)
Js M\d—2

Let us clarify what we mean by typical mass scales: In a weakly coupled regime where
the quantization scheme of the theory is known, the typical mass scale is simply the mass
gap between consecutive levels of the tower (like for the fundamental string). At strong
(string) coupling, where the quantization is usually not known and the former weakly
coupled states might migrate across the mass spectrum or even become unstable, we still
assume that the naive mass scale, given for instance by the tension of a string or a p-brane,
is a good measure for the typical mass scale of the tower. This is certainly true for BPS
states, whose weakly coupled mass can be trusted also for strong coupling.

The emergent string limit should also yield a light KK tower at the same mass scale
as the D1 string. Indeed, the SUGRA KK modes along the internal directions have mass
1 M; My

Mgk = — = —5 ~ 24 3.19
R (3.19)

All remaining branes of type IIB give rise to states that are parametrically heavier. When
expressed in terms of mpy, the fundamental string has the typical mass scale

My >~ M, ~ Mp A2 (3.20)

while the N.S5-brane and the remaining Dp-branes (for p > 3) give

M, M
Mysgs &= —75 = MpiAYS, Mp, ~ ot = Mp X% (3.21)
gs gs
where G(p) = 2&;+11) > (0. Thus, we have also confirmed the uniqueness of the parametri-

cally lightest string tower. The importance of the scale Mp; will be discussed soon.

In different setups, the appearance of a light string can be more subtle. In section
4.4.2 we will consider a compactification of type IIA on a CY which is K 3-fibered over
P!. In that case one can show that the lightest modes are given by the excitations of a
string resulting from wrapping an NS5-brane on the K3 fiber, as well as other particle-
like states from wrapped branes. In this limit there exists a weakly coupled dual heterotic
model compactified on K3 x T? such that the complexified Kiahler modulus for the base,
tp = b+ i7p, is mapped to the dilaton of the heterotic string, S = B + i exp(—Ppe). The
light towers of states are mapped to the heterotic string excitations and to the KK and
winding modes on K3 x T?. Hence this type IIA infinite distance limit is an emergent
string limit, where a (dual) fundamental string is among the lightest modes.
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(b) Decompactification limit: The type ITA Ké&hler moduli space of CY compactifi-
cations also admits a co-scaled decompactification limit, which is given by scaling all of
its Kahler moduli isotropically as t; — A?/3t; and co-scaling the dilaton as g, — Ags to
keep the 4D Planck scale fixed. Let us discuss this strong coupling limit more generally,
i.e. upon compactifying type ITA string theory on an internal manifold X of dimension
k = 10 — d and volume Vjg_g4. Since this limit will be related to M-theory, we recall the
dictionary between strongly coupled type ITA and M-theory, given by

M2 = M2y, gs=r712 (3.22)

We consider the strong coupling limit g, — Ags where A — 00, such that the d-dimensional
Planck scale M, 4 and the size of the internal space in units of M, remain fixed, i.e.

(My1.a)™2 = Vig_q i1 M, < const. . MOV < const. (3.23)
in the infinite distance limit. In terms of M-theory quantities the limit is defined as
™1 — )\2/3 ra, M,— /\_3(d2_2) M,, rr—rp, (324)

where indeed all internal directions scale isotropically. One can also verify that the (d+1)-
dimensional Planck scale My 441 scales in the same way as M,. With the dictionary we
can translate the limit to type ITA quantities and find

Gs = Agsy M, NSETM, | pr— A\3p; . (3.25)

Note that d = 4 is special in the sense that the string scale does not scale with .

From the M-theory perspective, this particular type ITA strong coupling limit corre-
sponds to decompactification from d to d 4+ 1 dimensions. The lightest tower of states are
particle-like DO-branes, or equivalently KK states of the eleventh direction of mass

M, M,
MDO ~ ~ 2(51_’(5) . (326)
Js A\ 3(@=2)

The next lightest states arise from wrapped D2-branes and N.S5-branes, with mass scale?

M M,
Mpa,nss = —7 =~ —BL ~ M, (3.27)
o Ay

From the M-theory perspective, these are the membranes that are not wrapping the M-
theory circle. The KK modes along the internal directions are parametrically of the same
scale as Mk = M., /r;. Isis easy to check that other states, like wrapped D4-branes or the
fundamental string (membranes wrapped along the M-theory circle), are parametrically
heavier. Hence, this is a typical example of a decompactification limit where the lightest
tower is (dual) to a KK tower of particle-like states.

2In our limit, the mass/tension of an object resulting from a brane wrapping cycles in X scales like
the appropriate root of the tension of an unwrapped brane.
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The evidence for the ESC comes mostly from string theory examples, although there
are also attempts to give a bottom-up rationale, see e.g. [113-118]. Tt is nevertheless
remarkable that this string lamppost approach already led to more than just emergent
string limits, namely the existence of decompactification limits. As we have seen, one
of them is closely related to the M-theory corner of the known string duality diagram.
It would be interesting to know how generic this limit is. The suspicion is that all in-
finite distance decompactification limits are combinations of the M-theory limit and its
conventional further decompactification limits of additional compact directions.

3.2.3 Species scale

Back in section 3.1 we argued that for a large class of possible EFTs coupled to gravity the
Planck mass M, 4 sets the scale at which a UV completion to quantum gravity is enforced.
However, already the weakly coupled string theory shows the relevance of another mass
scale, namely the string scale M,, which in ten dimensions is related to the Planck scale
via (3.10). For fixed Planck scale and in the infinite distance limit g; — 0, the string
scale can become arbitrarily small. This means that quantum gravity effects will already
occur at an energy scale far below the Planck scale. Since for the weakly coupled string
the lowering of the UV cutoff is accompanied by a light tower of string excitations, one
could ask whether the second class of limits, the decompactifications, also has such an
intermediate mass scale associated with the respective light tower.

Even with no reference to the expected UV-completion, it is possible to estimate the
scale at which quantum gravity effects become important. Indeed, the general appearance
of an effective quantum gravity cutoff in the presence of a large number of light states
was pointed out independently of any string theory reasoning in [119-121] (see also [122]
for earlier work). An upper bound for this scale can be derived by studying the quantum
corrections to the graviton propagator. In d dimensions, the relative one-loop correction in
momentum space is proportional to N(E)E?/ Mglj, where N(FE) is the number of species
in the spectrum with masses up to E. If this combination is of order one, the one-loop
contribution is comparable to the tree-level term and perturbation theory definitely breaks
down. The energy scale at which this happens is known as the species scale, defined as

M4

A="E0
]\/vstli:)_2

(3.28)
The precise dependence of this scale on physical parameters of the theory is tied to the
spectrum of states, but the above expression shows that even the inclusion of an incom-
plete spectrum does provide an upper bound. If we consider towers of states predicted
by the ESC, the number of light species N, with mass below the species scale can be
effectively counted as

N, = #(m < A). (3.20)

Then, the latter two equations can be solved for the two unknowns A and Np. Since in
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quantum gravity the masses of states depend on the vevs of moduli fields, also /Ny, and
A will be moduli-dependent functions.

One could alternatively think of the species scale as the scale where quantum correc-
tions to the leading order Einstein-Hilbert term become relevant. One way of seeing this
is to define the species scale as the radius 7o = 1/A of the minimal-sized black hole that
can be described within the EFT. The mass and Bekenstein-Hawking entropy of such a
black hole are

d—2 d—2
Mgu = My SpH = My : (3.30)

=~ B ~

Ad—3

The number of species is defined via the statistical entropy as
SBH = 10g Q(MBH> = Nsp7 (331)

where Q(Mgg) is the number of ways the macroscopic black hole of mass Mgy can be
realized by the microstates. Note that this definition of the species number satisfies the
relation (3.28) and has also been developed into a more complete thermodynamic picture
in [114,116].

It turns out that for a tower of light string excitations the two definitions of the species
scale do not agree. Let us consider a d-dimensional EFT and compute the species scale
coming from a fundamental string that is becoming asymptotically tensionless in Planck
units, i.e. M;/Myq — 0. We use the asymptotic mass formula M, = /nM; and an
approximation for the degeneracy® given by deg, = evV™. If one invokes the perturbative
argument, one has N, = (A/M,)? states below A and Ny, from (3.29) is given by

N ~

S A ~

Ngp = Zdegn ~ MeA/MS : (3.32)
n=1 s

where the sum over n is approximated by an integral, and numerical prefactors as well as
sub-leading contributions are neglected. One can then solve the two equations (3.28) and
(3.32) for A and Ng,. For A, the leading order result is

. M
A ~ M, log (%) . (3.33)

S

This should be compared with the result from the black hole-based definition. Now, the
excitation level required for the black hole mass is

Non ~ Mot Mid
PETOM, T M A

(3.34)

which for small g, is expected to be a very large number. Then the black hole entropy is

Spn =~ log (degNBH) ~ \/Npp . (3.35)

3A more precise estimation is deg,, ~ n®ePV" where «, f depend on the actual string theory [123].
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Setting this equal to the Bekenstein-Hawking entropy (3.30) and using (3.34) gives the
leading order result

d—2
A~M,, Ny~ (%) . (3.36)

Hence, the so defined species scale is equal to the string scale. Note that here we have
only exploited the presence of a string tower and the self-consistency of the relations
(3.30) and (3.31). This does not exclude that there might be a lower scale where the
black hole dynamically undergoes a phase transition. This was discussed in the context of
transitions from towers of states to (minimal) black holes in [113] and was also employed
for a conjecture on the characteristic energy scales appearing in an EFT of QG in [124].

The prediction from the black hole argument, A = M, is consistent with the known
string corrections to the Einstein-Hilbert action, which include higher derivative terms
generically suppressed by the string scale M. The additional multiplicative log-factor in
(3.33) appears to be an artifact of approximating string excitations as point particles and
describing their loop-corrections in terms of QFT diagrams. The result A = M, is also
consistent with a fairly recent proposal for a definition of the species scale that is valid
across all of moduli space. For the Kahler moduli space of type ITA compactifications
on CY threefolds, it was argued in [125] that the one-loop topological free energy Fy(t, )
provides a good measure for the number of light species, so that

(3.37)

holds everywhere in the vector multiplet moduli space*. Ty is related to a certain BPS-
protected R2-correction in the type ITA effective action and receives only additive, but
not multiplicative corrections [126]. In [125] the formula has been applied to the large
base limit of type IIA on a K3-fibered CY, which has a weakly coupled heterotic dual, as
discussed before. Indeed, one finds F; ~ tg and hence A ~ M, after invoking the duality
map. A bottom-up motivation for the formula (3.37) in terms of black hole arguments was
provided in [127]. In [112] it was argued that the coefficients of generic higher-curvature
terms in the effective action encode the moduli dependence of the species scale, which
was checked in various different setups in [128,129].

We summarize that in an emergent string limit the species scale coincides with the
string scale (of the emergent string) and that there are no towers of states with a para-
metrically lighter mass. It is now straightforward to also apply it to the type IIA de-
compactification limit discussed in the previous section. In this case, it is much easier
to employ the definitions (3.28) and (3.29) for the computation of the species scale. The
corresponding black hole computation was presented in [130] and gives the same result.
We recall that the parametrically lightest states were BPS bound states of D0-branes

4The identification made it possible to study the behavior of the species scale in the interior of moduli
space, where there are no parametrically light towers and the spectrum is much more complicated.
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leading to towers with masses

M, M
Mpy~ — ~ 2L (3.38)
Js A\ 3(@=2)

For this non-degenerate tower the number of light species is given by the maximal KK

2(d—1) ~ -
mode Npax = A3 A /M, 4, so that we can solve for A to find

M4

A~ S
A\ 3(d—2)

~ Mg ~ M, . (3.39)
As expected for decompactification limits, the species scale is given by the Planck scale
of one dimension higher, which here scales in the same way as the 11D Planck scale. In
the infinite distance limit A\ — oo the species scale goes to zero, signaling that the d-
dimensional theory breaks down and one has to describe the theory in (d+ 1) dimensions.
However, since A is parametrically larger than the mass scale of the DO0-brane tower,
there could still be towers of states with a mass scale below A. But as we have discussed,
the next lightest states are D2- and NS5-branes as well as KK modes along internal
directions, whose mass scale scales precisely like A. Therefore, they do not further lower
the species scale, which is indeed given by the higher-dimensional Planck scale.

In [131] a similar analysis was also done for the co-scaled strong coupling limit of the
10D type IIB superstring. As expected, in this case the lightest towers are the string
towers of the D1-branes, so that the species scale is nothing else than the D1-string mass
scale A ~ T})/f ~ M0/ gs’* with all other mass scales parametrically larger than A.
The analogous result holds for the co-scaled type IIB limit in lower dimensions with the
resulting species scale A ~ T2 ~ My 4/ X?/(@=2),

3.3 The Emergence Proposal

We have seen that a genuine feature of QG is the existence of infinite distance limits com-
ing in two different types, namely emergent string and decompactification limits. These
infinite distance boundaries of the moduli space are one aspect of the kinematic properties
of a gravitational theory, which involve all structural data of the underlying effective de-
scription. Other examples are the field content, symmetries, charges and representations
etc. A second important pillar are dynamical properties, describing how those fields in-
teract and how states evolve by the equations of motion. In QFT the distinction between
those two notions is sharp, since one first specifies the field content and symmetries, and
then studies the resulting dynamics. QG on the other hand blurs the line between kine-
matic and dynamical aspects. For instance, we saw that couplings in the EFT depend on
the vevs of moduli fields. The latter can only be fixed to a certain value by generating
a potential with some dynamical ingredients, such as p-form fluxes along the compact
manifold or non-perturbative effects. Hence, what looks like kinematic input in the EFT
is in fact dynamically generated in QG. This is in line with the swampland philosophy,
since the UV complete theory thereby imposes consistency conditions on EFTs. Then the
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question arises whether the EFT restrictions captured by swampland conjectures can be
explained in terms of the dynamics in QG.

In this context, in [132-134] an interesting observation was made, namely that the
metric on moduli space can be recovered by integrating out the tower of asymptotically
massless states at one-loop. This observation in some sense reverses the logical arrow
in the SDC, since the infinite distance limit occurs because towers of exponentially light
states generate the appropriate divergent metric through loop effects. As a simple toy
model, consider a light modulus ¢ and a tower of massive KK states h,, with mass m,,(¢) =
nAm(¢) governed by a d-dimensional effective action

S = M7 / d®x (%Gwa#gb@“d) + % > 0uhn @y + %mi(@hi) , (3.40)

where G, denotes the metric on field space. At a particular value ¢, one can expand
¢ = ¢og + d¢ and obtain the three-point coupling

Yn = )\nhi(5¢, >\n = mn8¢mn|¢:¢0 (341)

after expanding the mass term of the h, fields. The one-loop contribution to the ¢
propagator, with the massive modes h,, running in the loop, can be computed by using
Feynman rules. The result is

o )\_?L d’q 1 1
16 =3 | G e (3:42)

for external momentum p and internal momentum ¢. The correction to the field-space
metric (corresponding to the wave-function renormalization) is given by the term linear
in p? in (3.42). Integrating out these modes up to the UV-cutoff, taken to be the species
scale A, leads to the leading order one-loop correction (see e.g. [135] for more details)

A (9,Aam(9))?
p?=0 B M:)l]’_dQ (Am(¢>)3

1-loo aHn(pZ)
Gy "= Z op?

(3.43)

mngf\

To be consistent with the sum over states up to mass A, one also performs the momentum
integral (3.42) only up to the cutoff scale A. For a KK tower with Am = My 4/r, the
species scale is the (d 4 1)-dimensional Planck scale, i.e. A% ~ Mgfdl /r. Then we find
Gl-leop ~ 1 /72 which has the same functional dependence on the modulus 7 as the tree
level metric, fo,l), resulting from the dimensional reduction of the Einstein-Hilbert term?®.
Even though this is just a simple toy model, the above was considered quite a remarkable
correlation leading to the formulation of the so-called Emergence Proposal:

Emergence Proposal (Strong): The dynamics (kinetic terms) for all fields are emergent
in the infrared by integrating out towers of states down from an ultraviolet scale A,
which is below the Planck scale.

°In [135] one can find similar discussions on the generation of gauge and fermionic kinetic terms.
In [136] the results have been used to study implications for SM hierarchies.
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There have been slightly different formulations and also a weak version [135], but for
the purpose of this presentation let us stick to this version formulated in the review [78].
As it stands, this proposal is very generic and it is not clear what its realm of validity could
be. Of course, it is certainly meant in the context of QG and the swampland program,
where one usually identifies the UV cutoff scale Ayy with the species scale, i.e. Ayy >~ A.
Moreover, the towers of states to be integrated out are those described in the previous
sections and which become light in infinite distance limits of the moduli space.

In the previous toy example, a hard UV cutoff for the one-loop integral was introduced,
i.e both internal momenta and the mass of the states running in the loop were cut off at
the species scale. However, when extending this proposal beyond the pure EFT setting
to theories of QG, the example of the fundamental string tells us that one should not cut
off the loop-integrals at a finite energy scale and keep only the string modes with masses
below that scale. In fact, such string loop amplitudes have nice UV properties precisely
by including an infinite tower of states. The simplest example illustrating this feature
is the one-loop vacuum energy of bosonic string theory. The amplitude is obtained by
integrating the partition function (2.35), which traces over the full Hilbert space of string
excitations, over the moduli space of inequivalent tori. The latter is given by the quotient
M =C/SL(2,Z), where SL(2,7Z) acts via (2.34). The final result for the amplitude is

1 d*r 1 1
AP = — / — 5T us 3.44
0 l§4 F 7-22 ,7_212 |77(7_)‘48 ( )
Note that the integrand as well as the measure d*7/dr? are separately invariant under
SL(2,7Z). The integration is carried out over the fundamental domain F, defined as

1 1
f:{TeH+]—§gRe(7)g§, 17\21}. (3.45)
A proof showing that F covers all SL(2,Z)-inequivalent tori can be found in [137]. The
integration over the fundamental domain (see figure 3.2) in string theory is analogous

to loop integrals over momenta in QFT, with the Im(7) = 75 — 0 region corresponding
to the UV-limit of loop momenta in Feynman diagrams. In string theory this putative

Im(7)

-1 =05 0.5 1 Re(7)

Figure 3.2: Fundamental domain F (blue) of the moduli space of a torus.
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source of UV-divergence is absent, as modular transformations relate the limits 7 — 0
and 75 — oo, the latter being identified with the IR regime. Thus, the theory never
explores arbitrarily short distances and makes amplitudes UV-finite without imposing a
hard cutoff.

Hence, despite the treatment of the simple toy example, in the Emergence Proposal it
is implicitly meant that one really integrates out the full infinite tower of states. This is
also compatible with the calculations of [78]. Then the question of which towers one has
to integrate out arises: only the lightest one or even all conceivable towers? The latter
option can be excluded, as in weakly coupled string theory, one only integrates out those
towers with a mass scale M. A lesson we have drawn from the swampland conjectures
is that in infinite distance limits there will generally be a hierarchy among the masses of
states. More precisely, for a limit A > 1 there is a naturally small parameter g = A™! < 1
such that the masses scale as

A

=1 (3.46)

Miper = 0N, Metass =
where o > 0,8 > 0 and A is a characteristic mass scale in the limit. This catego-
rization is well known from QFT, where one distinguishes classical states, corresponding
to saddle points of the path integral, and perturbative states, given by the fluctuations
around a saddle. The weakly coupled string limit g, = e® < 1 suggests that the scale
in (3.46) should be identified with the species scale, A = A. Then the oscillation modes
(and potentially KK and winding modes) of the fundamental string are the perturbative
degrees of freedom, while all p-branes with tensions T, ~ MP*!/g% with 8 = 1,2 are
non-perturbative objects. Indeed, in the perturbative regime the p-branes correspond to
classical saddles of the string path integral and act as a source for closed string states.
This can be made very explicit for Dp-branes with 5 = 1, since those can be described as
a coherent state of closed string states (boundary states in the CFT language, see [16]).
Recall that a Dp-brane with open strings attached on it is interpreted as an excitation of
the brane. As these vibration modes are of the scale of the brane tension itself, they are
heavy and freeze out in the g, — 0 limit.

Given the classification of infinite distance limits by the Emergent String Conjecture,
one can ask whether the Emergence Proposal should be realized in both types of limits
after all. We think that for emergent string limits the answer is negative, for the following
reasons. First, we notice that even the naive computation of (3.43) for a string tower does
not give correct leading order results, as the previously mentioned multiplicative log-terms
in the species scale are transferred to the one-loop corrections [130]. Second and on a more
fundamental level, we know how to quantize the weakly coupled fundamental string such
that, similar to QFT, one obtains a loop expansion in terms of higher genus Riemann
surfaces. Here, e.g. the one-loop Schwinger integral over the tower of string states gives
(tautologically) only the one-loop correction to certain terms in the low energy effective
action. Hence, none of the tree-level terms in the g, expansion are generated from quantum
effects. This will also be true for other emerging string limits, like the one discussed in
the type ITA Kahler moduli space for a K3-fibered Calabi-Yau, as these are conjectured
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to be dual to a fundamental string.

Emergence in decompactification limits

With the emergent string limit excluded, it is only the decompactification limit that
remains, of which the M-theory limit is the typical example and perhaps the only non-
trivial one. To see this, consider a d-dimensional EFT obtained by compactifying a 10D
string theory on a k-dimensional space X with £ = 10 — d and volume V. Suppose the
internal space factorizes as X = Sk x Xg_4. If we decompactify the radius R — oo while
keeping g; < 1 and the (string unit) volume V), of the space Xgy_, fixed, the lightest tower
is certainly the KK tower with mass scale mxkx = 1/R and the induced species scale is the
(d 4 1)-dimensional Planck scale, as expected. However, the theory still has light strings,
and their mass scale is related to the species scale via

1
- L d=2 V., \ 2
AN=R"&T M ~ M, (g_§> , (3.47)
where we have used the general relation (3.10) in the second step. For g; < 1 and V| > 1,
A is larger than the string scale. Therefore, as expected, such a limit is just a higher
dimensional perturbative string theory. Even though the lightest states are given by KK
towers, the QG theory is described by quantized strings and as for the aforementioned
emergent string limit, the Emergence Proposal is not realized®.

As we have seen, the M-theoretic decompactification limit is of a different type as string
towers are heavier than the species scale. The QG theory of M-theory is arguably one of
the deepest mysteries and only partial results are available at present, like a formulation
in terms of DO-branes by the BFSS matrix model, which be briefly discussed in section
2.4.2. Recall that in this model the interaction between gravitons was found to be absent
classically and only generated via quantum (loop) effects. This can indicate that there is
a good chance for the M-theory limit to be the natural home of the Emergence Proposal.
In this spirit, from our discussion we extrapolate a lesson in the form of an M-theoretic
refinement of the Emergence Proposal:

Emergence Proposal (M-theory): In the infinite distance M-theory limit M,R1; > 1,
with the Planck scale kept fixed, a perturbative QG theory arises whose low energy
effective description emerges via quantum effects by integrating out the full infinite
towers of states with a mass scale parametrically not larger than the 11D Planck scale.
These are transverse M2-, M5-branes carrying momentum along the eleventh direction
(DO-branes) and along any potentially present compact direction.

Note that in this limit the longitudinally wrapped M2-brane, corresponding to the
type ITA fundamental string, and the longitudinally wrapped M5-brane, corresponding

6There have been examples of the emergence proposal not being straightforwardly realized in such
decompactification limits, like the partial emergence of certain quartic gauge couplings analyzed in [138].
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to the type ITA D4-brane, have masses

M, M,
Mp1 = —7, Mps= —75 (3.48)
M Im

with the formal coupling constant gy, = 1/(M,Ry;) < 1. Hence, they are not among
the light modes and are considered as non-perturbative classical objects. We note that
the BFSS matrix model is indeed containing these two longitudinal branes as bound
states of D0-branes, which one might speculate to be the analogue of the description of
non-perturbative D-branes as coherent (boundary) states of weakly coupled closed string
modes. However, the transverse M 5-brane was lacking in the original BF'SS matrix model
which in view of the Emergence Proposal might indicate that it is not yet the complete
description of quantum M-theory.

Evidence

The central challenge in providing evidence for the proposal is that we do not understand
the full quantization of M-theory, yet. In addition, as M(matrix) theory teaches us, the
leading order supergravity action at the second derivative level should emerge via loops,
and hence also space-time itself should be somehow emergent. The loophole bypassing
these difficulties is that there are certain couplings in the effective action that are protected
by supersymmetry (non-renormalization theorems) and only receive contributions from
1/2 BPS states. These states are under good control and, to a certain extent, can already
be reliably described by their weak string coupling counterparts, i.e. in the weakly coupled
type IIA theory. Hence, this sector of M-theory is special and admits the usual geometric
interpretation we are used to from string theory.

Current indications for the M-theoretic Emergence Proposal are mainly based on the
evaluation of those 1/2 BPS saturated couplings. Explicit checks were performed by
deriving such couplings from a one-loop Schwinger integral, where one integrates out
solely the light, perturbative towers of particle-like states with masses not larger than the
species scale, i.e. the 11D Planck scale. The following quantities were investigated:

e Ri-term in supergravity theories with 32 supercharges, arising from toroidal com-
pactifications of type ITA/M-theory”. The analysis builds on the pioneering work
of Green-Gutperle-Vanhove (GGV) [140], in which the couplings in 10D and 9D
were obtained by integrating out the KK spectrum along the eleventh direction, i.e.
bound states of DO-branes. This was generalized in [141] (see also [142-146] for
closely related work). In [147] we showed that the transverse M2-brane, which can
be particle-like only for d < 8, yields the constant 1-loop term in the small g5 ex-
pansion (in the work by GGV, this term was “added by hand” to preserve modular
invariance). From the decompactification of the 8D result one deduces the presence
of the same constant in 9D and 10D. For d > 7, it was shown explicitly that the full

"This term has also received attention in discussions of the emergence of species scale black hole
horizons [139].
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coupling in the small g, expansion, including worldsheet and spacetime instanton
contributions, is recovered from the M-theory Schwinger integral.

e [-term in 6d supergravity with 16 supercharges, obtained by compactifying type
ITA on a K3 surface or the dual heterotic string on a T*. At a special orbifold point
(T*/Zy) in the K3 moduli space, one can apply a concrete duality map to relate
the moduli and masses of BPS states in those models. The work [148] focuses on
the F-coupling for a linear combination of 16 U(1) gauge fields, each arising from
the dimensional reduction of the RR 3-form Cj along a two-sphere. With a careful
case-by-case study of the worldsheet instanton corrections on the heterotic side, it
was possible to show that D4-brane contributions are indeed redundant, in the sense
that they lead to mutually canceling terms.

e the topological string couplings Fy and F; in 4d N = 2 supergravity (8 super-
charges). These are related to F-terms in the effective action of type ITA compacti-
fied on a CY threefold. Note that JFy contains information about the second order
supergravity action, namely about the gauge couplings and kinetic terms of the vec-
tor multiplet fields. Also here we build on important seminal work [149,150], where
the authors expressed the topological string amplitudes F, for g > 0 in terms of a
Schwinger integral, integrating out particle-like bound states of D0- and D2-branes.
Our checks of the M-theoretic Emergence proposal in this specific setup will be
described in chapters 4 and 6.
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Chapter 4

Emergence for the resolved conifold

In the following we present the first concrete evidence for the M-theoretic Emergence
Proposal. The setup we work in is the Kahler moduli space of type IIA string theory
compactified on a CY threefold. In this chapter we will focus on the resolved conifold,
which is a non-compact CY. We will show that the string tree-level prepotential and
the string one-loop correction can be obtained exactly by integrating out the relevant
perturbative degrees of freedom in the isotropic M-theory limit. Here we make use of the
seminal work by Gopakumar and Vafa, where it was shown that the above quantities can
be expressed as one-loop Schwinger-like integrals with BPS particles running in the loop.
Before we dive into the emergence computation, we will first review how effective actions
can be obtained using Schwinger proper time by discussing a field-theoretic example.
Then we will explain how this method was generalized to the supersymmetric string
theory setup.

4.1 Omne-loop effective actions

We begin with a short review of the Schwinger proper time representation of effective
actions in quantum field theory. The most famous example in this context is the Euler-
Heisenberg Lagrangian, which describes the non-linear dynamics of a slowly varying elec-
tromagnetic field after the electron has been integrated out from the QED Lagrangian.
With the imprint of the fermion the Euler-Heisenberg Lagrangian takes into account the
polarization of the QED vacuum to one-loop, predicting several phenomena like the spon-
taneous production of e™ — e~ pairs (“Schwinger effect”) or light-by-light scattering. We
want to look at a closely related and slightly simpler model, called scalar QED, where
instead of a fermion we consider a massive complex scalar field. The reason is that the
Gopakumar-Vafa calculation very much resembles the one from scalar QED, which will
become apparent at a later stage. In the following we will explain the key steps in the
derivation of the effective action of scalar QED and show the explicit solution for a con-
stant electromagnetic field. We will mostly follow [151], which provides a very pedagogical
and thorough discussion of both scalar and fermionic case.

Starting from the scalar QED action, we want to derive an effective action I'[A] for
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the photon (A,) by integrating out the scalar (¢) with mass m in the path integral, i.e.

/DAexp(iF[A]) = /DAD¢D¢* exp {i/d‘lx (—iij — ¢*(D? +m2)¢)} o (4.0)

where D, = 0, +ieA,,. Since the action is quadratic in ¢, the path integral over the scalar
is Gaussian and yields

/D(b D¢* exp (i/d% ¢*(—D* — m2)q§> =N det(—l)12 — ) (4.2)

where A is some infinite normalization constant which we will not keep track of in the

following. The determinant can be easily converted into a sum by taking the logarithm
on both sides of (4.1), yielding

il'[A] + i/d4x (%Flfu) = —log[det(—D* — m?)] = —Tr[log(—D* — m?)]. (4.3)

Here, Tr stands for a trace of the operator (—D?* — m?) over position or momentum
ecigenstates. We proceed by differentiating the effective action with respect to m?, which
gives us

d;:ﬂF[A] _ Ty (ﬁ) , (4.4)

Now we can apply Schwinger’s parametrization of an operator A given by

7 b . .
= ds ¢4t 4.5
A+ ie /0 o€ (45)

After applying this identity to (4.4), we integrate the latter over m? and (up to irrelevant
constants) obtain

1 > ds i sm2 iD2
_ 4 R ) s —s€ ,—ism —iD*s
I'[A] = /d x ( 4Fw) 2/0 Se e Tr (e > . (4.6)

In terms of momentum variables, the operator inside the exponential has the form
D?*=H = —(p, — eA,(7))?. (4.7)

We can interpret H as a Hamiltonian describing a quantum particle minimally coupled to
the gauge field A, and evolving it in Schwinger proper time s. H should not be mistaken
with the Hamiltonian of the actual field that we are integrating out, but the analogy is
useful to re-interpret and rewrite the effective action (4.6). If we evaluate the trace in
position space by writing

Tr <€—¢D25) = /d4x (x| e~ iHs |x) | (4.8)
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the term (z;0[z;s) = (z|e ™% |z) inside the integral corresponds to the amplitude for
the particle to go around a closed loop in proper time s when it evolves according to H.
The operator (4.7) can be decomposed as H = Hy + V, where Hy is the free part and

—iHs

V= 2eA,0, — 62A2 One can expand the exponential e in the Dyson series

N L~ 2
e_iHS —_ e_ZHOS |:1 — ZSV — %VQ + I (49)

which is perturbative if as long as the electromagnetic field is weakly coupled and slowly
varying. In the language of Feynman diagrams, we are summing over closed loops with
an arbitrary number of external photons legs, as it’s depicted in figure 4.1.

i foe() + () 4 ﬁ E:i

Figure 4.1: One-loop diagrams encoded in the effective action I'[A] of the photon after
integrating out the massive scalar. Red lines represent external photon states.

Computing the trace for constant background

It is possible to derive an analytic expression for the effective action by assuming that the
field strength F},, is constant, i.e. A, = —%F wat. In this case, one can always rotate to a
Lorentz frame where the electric and magnetic field are parallel. For concreteness, we may
choose E = EZ and B = Bz, implying Fy3 = —F and Fj; = B. With this convenient
choice we obtain two decoupled systems in orthogonal two-dimensional planes, namely
the magnetic sector in the (z!, x%)-plane and the electric sector in the (2, x®)-plane. As
a consequence, the trace decomposes into

Tr (e"ﬁs) = Tr, (e‘mms> Try <e_“:[els> , (4.10)

where Try, /o1 denotes the trace over the Hilbert space of the respective subsector and the
Hamiltonians are given by

A . eB | 2 eB | 2
(4.11)

. el . eE 2\ ?
He1:< pt+72’> + (pz_7t>

Let us discuss the magnetic sector explicitly. A quick way to evaluate the trace is to work
in the basis of orthonormal eigenstates {wém)} of H,,. If we work in position space, the
trace becomes

[t e in) = [ate S ol (e

> Ze e (412)
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where Ej are the eigenenergies and 77 denotes a sum over all quantum numbers. The mag-
netic Hamiltonian describes a plain two-dimensional harmonic oscillator whose spectrum
can be easily computed by introducing canonical momenta I, = Di — ed; and introducing
the ladder operators

6= (Hz n z’ﬂy) at = (HQC + z’ﬂy) (4.13)

1
v2eB

which satisfy [@,a'] = 1. The spectrum consists of the well-known Landau energies

v2eB

1
E, =2eB (n + 5) with n € N. (4.14)

Note that each Landau level has an infinite degeneracy associated to its angular momen-
tum. Assuming that the particle is confined to a box with area V,,,, one can show explicitly
that the degeneracy per Landau level is deg,, = eB V;,, /(27) [152]. To evaluate the trace,
one then simply needs to sum over all Landau levels and include their degeneracies. For
the magnetic sector we then obtain

o0

A eB . eB 1
Tr,, < —szs> _ Vx it —ieB(2n+1)s _ ‘/w €D ‘ '
fm (€ Yor nz: ‘ ey sin(seB) (4.15)
The electric sector can be treated in a completely analogous way by performing a Wick-
rotation ¢ — —i7, where 7 denotes Fuclidean time. We can immediately obtain the result
by making the substitutions B — ¢E (and V,, — —iV;,) in (4.15). The combined trace

can then be written as

o ie? 1
T ( —ZHS) —V,-~_EB , 416

S 16727 " sinh(seE) sin(seB) (4.16)
where V, = V,,,V,. is the total spacetime volume. One can express this result in terms
of the Lorentz-invariant quantities ¥, = 2(B* — E?) and F,,F* = 4EB, where F),, =
%elwaﬁFo‘ﬁ. If we introduce the combination X? = %(Fiu + iF),, F*), we can bring the

effective Lagrangian from (4.6) into the form

1 e [*ds 2 1 .
Lg=—F — —— —e " F  F" 4.17
f 4" 64m2 /0 s ¢ Im cosh(esX) ™ " (4.17)
where we have also rotated s — —is to make the integral manifestly real. This action
contains a UV-divergent term from the small proper time region, which can be made
explicit by expanding

1 ~ 4
T, " = ==+ 0(s). :
Im cosh(esX) ™ * 22 (s) (4.18)

We see that the only UV-divergent term is independent of F),,, hence it corresponds to
the vacuum energy of the system (first diagram in figure 4.1).
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Path integral interpretation

We have a second option to interpret and evaluate the operator trace (4.8) by using the
path integral formalism. In quantum mechanics, the transition amplitude of a particle to
go from z; to zy can be computed by summing over all possible paths, where each path
is weighed by the appropriate action with the factor e*, i.e.

—iﬁ(tf —ti)

a(ty)=ay _
(xfle x;) = / Da(t) 1] (4.19)

(ti)=w;

In view of the upcoming discussion, we would like to consider the path integral in a space
with Euclidean signature. For that we Wick-rotate ¢ — —i7, which transforms the action
Slz(t)] — iSg[z(7)]. The trace imposes to identify the initial and final points and to
integrate over all positions, which leads to the formula

Tr(e ") = / d'e (x| e |z) = / Da(r)e ekl (4.20)
z(0)=x(s)

where we introduced the Schwinger proper time s = 7; — 7; to connect to previous expres-
sions. We can implement the boundary condition from the trace equivalently by working
on an Euclidean circle with period 7 ~ 7+ s. We then sum over all maps /(1) : 7 — R*
with z(7) = z(7 + s) assuming that the particle loop winds once around the circle!. In
order to reproduce the Euclidean version of (4.16), we would need to carry out the path
integral using the action

Sulz(r)] = /0 dr chm—ie@y;ﬁﬂxv , (4.21)

again with F),, constant. This is a standard textbook problem, see e.g. [153]

4.2 The Gopakumar-Vafa formula

In the previous section we saw how effective actions in quantum field theory can be re-
interpreted as sums of one-loop diagrams and one can even obtain analytic expressions for
suitably chosen backgrounds. Remarkably, these ideas resurface in the context of type ITA
compactifications on CYs, where one can express special terms of the N = 2 supergravity
action as sums over one-loop diagrams through Schwinger-like integrals. This idea was
put forward in the pioneering work by Gopakumar and Vafa [149,150]. The purpose of
this section is to explain what exactly is computed with the Gopakumar-Vafa formula
and which assumptions have to be made to make the calculation work.

1As is usual in the worldline formalism, we will always assume that the wordline metric has been
gauge-fixed to a constant size. We then fix the worldline length and integrate over all possible loops
parametrized by the maps we have just mentioned.
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4.2.1 Setup and general idea

We want to study the effective action of a type ITA compactification on a CY threefold Y
with Hodge numbers (hj1, ha1 ), which is described by four-dimensional N = 2 supergravity
(see section 2.3.3). Recall that the four-dimensional theory has (hy; +1) U(1) gauge fields
in total: the gauge fields AL with ¢ = 1,..., hy; arising from the ten-dimensional RR
3-form with two legs along compact directions and one additional field Az coming from
the RR 1-form. These fields are parts of supermultiplets with bosonic field content
{9, V,} in supergravity multiplet, (4.22)
{t' A’} in vector multiplets, '
where the t* = b* + 47" are the complexified Kéhler moduli, g, is the 4d metric tensor and
V. is the graviphoton, which is a particular linear combination of the gauge fields (Ag, AL)
depending on the supersymmetric background. In the following the field strengths of the
fields Al with I = (0,7) will be denoted by F, and the field strength of the graviphoton
will be W,,,. As was reviewed already, the scalars in the vector multiplets are usually
described in terms of the projective coordinates X! defined via 27t! = X?/X° The
redundant component is fixed by imposing the conformal gauge constraint
afo
ox1 "

where F is the supergravity prepotential. It is a holomorphic function of the X! of

i(XTF— Fi X)) =1 with F;= (4.23)

homogeneous degree 2.

The core objects we are interested in are defined most conveniently by using superspace
formalism, which is an extension of spacetime by fermionic coordinates. The superspace
of a theory with N = 2 supersymmetry is spanned by four bosonic coordinates z*, four
fermionic coordinates 647 of negative chirality and four 0A of positive chirality. While
generic superfields can depend on all these coordinates, there can be fields depending only
on a subset of fermionic variables. In our conventions these are

U = W(z,0) chiral superfields, W = U(z, ) anti-chiral superfields. (4.24)

Each of the hq; vector multiplets are described by a chiral superfield of spin 0, denoted
as X1. The lowest components are given by

1 - ; 1 _. ) _

X=x'+. . .+ éeijﬁza‘“’ﬁjfi,, + ...+ g(eijela“’jﬁj)?DuD“Xl , (4.25)
where we have only written out the bosonic components. Here D), is a covariant derivative
and the field strengths ]-"lfy are defined as

1 _
I I Iy —
Fow=F,, — §X W - (4.26)

where W, is the antiself-dual part of the graviphoton field strength. The field content of
the supergravity multiplet can be packed in a chiral multiplet of spin 1 (also known as a
Weyl multiplet). The expansion in superspace coordinates reads

W =W, —R 00N+ (4.27)

0N €
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where R, 18 the anti-self dual part of the Riemann tensor. In order to have a super-
symmetric background the supersymmetry variations of (4.25) and (4.27) have to vanish.
This requires
[ N S
F,=;X'W, and R,

2 wy uvp\ T

=0. (4.28)

We have already seen that the kinetic terms and interactions of vector multiplet fields
at the two-derivative level are encoded in the prepotential Fy. In the N = 2 superspace
formalism the associated part of the effective action is a so-called F-term, which is a term
that can be written has an integral over half of fermionic superspace coordinates, i.e.

M2
So = P“‘ / d'zd0\/—gF FS (4.29)

Here ]:és)(X 1) is a holomorphic function of the chiral superfields XZ. If one performs the
integral over the 6 coordinates one recovers the prepotential from special Kahler geometry.
In contrast to D-terms, which are defined as integrals over all of superspace, F-terms are
holomorphic and protected from perturbative corrections. In the case at hand there can
be more general F-terms depending on the superfields X/, W,,. For every integer g > 0
one can construct the general term

M? 1 g
Sy =— 4*’124 / d'z d*0~/—gP FI (X7 (TGWMVW“”> , (4.30)

where fg(s)()( ) is the genus-g (supergravity) prepotential, also holomorphic in the X7.
To interpret these F-terms in type IIA string theory one can transform a generic S; term
to the string frame and find that the result is proportional to ¢?9~2. This implies that a
scattering amplitude in type ITA string theory with string worldsheets of genus g generates
the term S, in the low-energy effective theory. Since each of the terms appears exactly at
order g29~2, there are no higher perturbative or non-perturbative corrections in g,.

4.3 Integrating out M2-branes

Let us now discuss the details of the Gopakumar-Vafa calculation, following [154, 155].
The ultimate goal is to relate the full genus expansion of the topological string free energy
to a one-loop effective action. The framework is M-theory on the background R* x S* x Y,
where we integrate out particle-like BPS states in a constant, anti-self dual graviphoton
background?. First we will work out the contribution of an M2-brane wrapped on an
holomorphic, rigid genus zero curve®, which is nothing but an S? of fixed size. After that
we will generalize this result to cover curves of arbitrary genus g. In the case of an S?, the
low-energy degrees of freedom of a wrapped M2 are encoded in a massive hypermultiplet

2Recently, the Gopakumar-Vafa formula was applied to the near-horizon geometry of BPS black holes
in N = 2 supergravity to determine higher-derivative corrections [156] (see [157,158] for related work).
3By rigidity we mean the absence of any deformations of the curve as a holomorphic submanifold.
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in five dimensions. Assuming the M-theory circle to be large, we can ignore the internal
structure of the CY and treat the object as a non-relativistic point particle.

From the low-energy perspective our starting point is a supersymmetric background
of five-dimensional supergravity. From there we will Wick-rotate and then compactify
the Euclidean time direction. For the so-called particle-calculation in [154] the authors
view each BPS particle as an instanton in R* that winds (multiple times) around the
Euclidean time circle. However, we will take the viewpoint of a four-dimensional ob-
server and describe those objects as BPS particles with different KK momenta along that
circle direction. When integrating out the BPS states in the path integral approach,
their worldlines will actually wind around a loop parametrized by Schwinger proper time.
The resulting contribution to the four-dimensional superspace effective action will be the
starting point for the emergence analysis in section 4.4.

< (=)

R4 CY;

-

Sl

Figure 4.2: BPS particle arising from a wrapped M2-brane in R* x S* x Y.

4.3.1 Contribution from hypermultiplets

To construct the worldline action, the supersymmetry algebra is the key ingredient. In
five-dimensional Minkowski space, its most general form reads

{Qai7 Qﬁj} = —ifo%eijPM + C’aﬁeijC. (431)
Here QQ.; with o =1,...,4 and 7 = 1,2 are the supersymmetry generators and P; with
M =0,...,4 the momentum generators. C,s is the charge conjugation matrix, used to

raise or lower indices. (I'M ) are the Dirac gamma matrices, €;; an antisymmetric 2-tensor
and (¢ the real central charge. For supergravity conventions see [154,159].

An M2-brane wrapped on an isolated genus 0 curve ¥ C Y gives rise to a massive BPS
hypermultiplet with mass M = (. If the particle is at rest, (4.31) yields {Qa, @5j} =
2Me;jeap, so the operators S; = QZ/\/M generate a Clifford algebra. The @), on the
other hand annihilate the multiplet and correspond to the unbroken supercharges. With
the Clifford algebra we can construct the Hilbert space Hpy of the hypermultiplet, which
is spanned by the following four states:

Hy = span{|0), 5110) , 53 |0), 5155 (0)} - (4.32)

These degrees of freedom as well as the center-of-mass coordinates x* will now be collec-
tively described by the worldline theory of a BPS particle in supersymmetric quantum
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mechanics. Assuming that the particle can be treated non-relativistically, we can approx-
imate the Hamiltonian as H*® = % + M, where p* = ptp,. The full supersymmetry
algebra takes the form

pP? ,

{Qai, @B} = 2Meapei;, {Qu; QBj} = WGAB%‘ , {Qai QAj} = —ZF:APMEZ']‘ . (4.33)
The Hamiltonian H*® commutes with Q4;, Q 4; and P,, so all these generators are con-
served. For later convenience we define the rescaled fermion fields ;4 = Q;a/ (\/§M ),
which according to (4.33) and the commutation relation with H*® must satisfy

d

4 =0. (4.34)

1
{Yai, ¥} = 2 CABCis
To be compatible with all these facts, the bosonic and fermionic parts of the action must
contain only a free kinetic term, and in addition a constant mass term accounting for the
rest energy. The minimal action therefore reads®

1 ; g :
n$%:/ﬁuc%ezﬁf/dt(;waf+%&3w¢mw&)—;/dtMﬁ (4.35)

where the dot symbol above fields indicates derivation with respect to t. The action
satisfies the algebra (4.33) if in addition we have
_ochy

Pt =pt = = M1* o= —
p 537’“‘ xz Y QA’L

i

V2

Godel background and modified worldline action

(M, )T (4.36)

In the next step we want to couple the particle to an anti-self dual graviphoton back-
ground that preserves the same amount of supersymmetry. This can be achieved with the
supersymmetric Godel solution [160], a solution of pure N = 1 supergravity in five dimen-
sions. In a spacetime with Lorentzian signature and coordinates (¢, z*) with p=1,...,4,
the metric is given by

ds® = (=dt + V,da")? + b datde” = Grynda™ da™ (4.37)

where the graviphoton V,, = —% " has constant field strength and no component along
the time direction. We want to switch to Euclidean signature and eventually identify time
with the direction of the M-theory circle®. For that purpose we introduce a periodic vari-
able y ~ y+ 27 and Wick-rotate, so that t = —iye?, where e is the radion parametrizing

the size of the S*. Moreover, in [154] the solution has been generalized to supergravities

4For future reference, the symbol I will denote worldline actions for particles in a 5-dimensional
spacetime, while S will be used for 4 dimensions.

5The Godel solution famously allows for closed time-like curves in spacetimes with Lorentzian signa-
ture. These enable massive particles to travel back to their own past and therefore violate causality. Of
course, in the Euclidean signature the pathological property will play no role.
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with vectormultiplets. To preserve the same amount of supersymmetry, the gauge fields
AL with ¢ = 1,..., hy; need to take the value AL = 7'V,,. The metric is then given by

ds* = e* (dy — ie’s"’ﬂUﬂd:c“)2 + 6, dxtdz"” (4.38)

where we introduced U, = 4e/ 2V, where U, is the four-dimensional graviphoton with
field strength W . In Euclidean signature we are forced to assume that the graviphoton
is purely imaginary to work with real metric, i.e. W, € iR. We have already seen that
the Schwinger calculation in field theory works fine for both real and imaginary fields,
and it poses no problem in this context either.

Let us for the moment work with the five-dimensional quantities and specify how the
BPS multiplet couples to V. Recall that each vectormultiplet gauge field AL couples to
a conserved charge. We assume that the M2-brane state has specific eigenvalues

5 = /E w ez, (4.39)

corresponding to the contribution of one particular homology class 8= (B, Bhy) In

Hy(Y,Z). A BPS particle with these charges couples to the effective gauge field A,(f ) =

?:1 B Al,. Assuming the generalized Gédel background, this gauge field has field strength

hi1
FQ) =Y B7'T,, =BT, = MT,, (4.40)
=1

which means the particle couples to the graviphoton through its mass. The new worldline
action needs to take into account both the modified geometry (4.37) as well as the external
coupling to the graviphoton V,,. Hence we need to take a step back and start from the
relativistic action of a point particle coupling to a curved geometry and a gauge field in
five-dimensional Minkowski space. The bosonic (Ig) and fermionic (Ir) parts then read

Ip = —M/dt\/—GMNj;Mch - M/dt Vit

| (4.41)
M y .
Ir = T/dt €1 B4 g 5,

and Iy = Ig + Ir is the total action. As before, we want to treat the point particle
non-relativistically, so we take the leading term in the #¥ < 1 expansion. Using the
five-dimensional Lorentzian background (4.37), the total action becomes

1 » .
Iy=M / dt (59’5“9’5# Tt + %E%A%Amm) - / dt M . (4.42)

This action is again completely fixed by the supersymmetry algebra, which is deformed
under the presence of the graviphoton. The essential difference is that the translation
generators do not coincide with the canonical momenta 7 = ‘;'CTZ’, but are given by

Pt =gt — M(T™ )"z, (4.43)
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and no longer commute. If we replace Mi#* by the new P* in (4.36), all supersymmetry
charges remain conserved. The new Hamiltonian can be expressed as
PQ

Hy = T L
H 2M+( )

where L, = x,m,—m,x,. For all remaining details regarding the modified supersymmetry
algebra we refer to [154].

(4.44)

e

Once we compactify the five-dimensional spacetime and Wick-rotate so that the metric
s (4.38), the superparticle action becomes

1P = M/ T (e L) L apy 4 (4.45)
T — —€’e i—UB, | - .
2\ dr wedr 2 At gy B

This would be the starting point of the particle calculation in [154] where the particle
worldline winds around the M-theory circle. However, as initially announced, we will
switch to the perspective of a four-dimensional observer for the remaining calculation.
This involves a few conceptual differences: First, we view the wrapped M2-brane as
a particle in four dimensions whose mass receives an additional contribution from KK
momentum along the M-theory circle. Second, when we calculate the effective action
from the path integral each particle worldline will wind around a circle whose length is
given by the Schwinger proper time parameter s.

On the more formal side we should adjust (4.45) by introducing the relevant four-
dimensional quantities. We will drop the constant term in (4.45) since it corresponds to
the mass-dependent part of the Schwinger integral that we will separately add. Moreover,
from the 4d perspective the particle of charge ¢ = (qo, ..., gn,, ) With o = n and ¢; = 5;/27
for i =1,..., hy; will couple to the gauge field Ag = qAA,’} with field strength

| _
FIE?_’) = éqAXAWMV = ZZ((T)WMV . (446)
To summarize, the Euclidean worldline action in the four-dimensional setting is given by
dx 1 de¥ 1 .. d
S — M/ d — L) Z(QWat ST | 4.47
’ dr 4 (OW,ue dr ¢ € Va, dTwB’j ( )

One-loop effective action from hypermultiplet

With all ingredients in place, we can proceed with the evaluation of the one-loop effective
action from a single hypermultiplet. The action (4.47) indicates that the situation is
very similar to the charged scalar in scalar QED, since the above action describes the
dynamics of a spinless particle minimally coupling to a particular U(1) gauge field. Since

the fermions are free and uncharged under W their contribution factorizes and allows

pvo
us to apply formula (4.6) in our setup immediately. The appropriate Schwinger integral
then reads

o0 d .
Al'y = —/ e @? Tryy,, (e 7)) | (4.48)
e S
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where Hy is the Hamiltonian associated with (4.47), M(q) = Z(§) M4 and we have the
trace of e=*f# over all states in the Hilbert space Hy. We will now switch to the path
integral language and integrate out the bosonic (z*) and fermionic (14 ;) worldline fields.
The dictionary for the two approaches is

Try, (e7m) = [ Dat(r) [ Dyi(r)e i vl ==, (4.49)
PBC PBC

where PBC stands for z#(0) = z#(s) and 9% (0) = ¥ (s), respectively. To treat the path
integral semiclassically, we study small fluctuations (z*,?%) around a particular classical
particle trajectory. Such an orbit breaks all translational and half of the supersymme-
tries, leading to modes with zero eigenvalue under the respective kinetic operator, called
zero modes. Instead of regularizing their contributions, we project them out, integrate
over the non-zero modes and perform an explicit integration over the so-called collective
coordinates. With this in mind, we can perform the Gaussian path integrals and obtain

1 det’'D
=_ Jho i ® r 4.50
(2m)? / TN 4t Dy (4:50)

A few comments about our conventions: First of all, we have included the integration over
the zero modes d*z d*y)(®) along with the standard normalization 1/v/27 per mode. We
have also defined the bosonic and fermionic kinetic operators from the Euclidean action
(4.47) given by

2 i o d d (4.51)
Do = Gt = 32@Wu e and - Dr = Greane; |

and det/(...) indicates that we take the determinant in the space orthogonal to the zero
modes. The result for the determinant ratio, assuming Wy; = =Wy, = W/2, is

det'Dp _ 1 Z(q)W* (4.52)
det'Dp ~ 64sinh?(sZ()W/8)

The next step is to express this result in terms of the variables of the four-dimensional

action in superspace language. For that we need the relation between the zero-mode
measure and measure in the supergravity action given by

diz dip® — gy d*0+/g" . (4.53)

Z(q)?
Now we can combine all intermediate results to determine the one-loop effective action.
However, we should be careful about the fermionic integration variables: Since they are
Grassmann variables, they have to appear linearly in the integrand for the result to be
non-vanishing. Hence, in each superspace action we implicitly mean that the graviphoton
and the central charge are replaced by their respective superfields W,,, and Z. With our
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choice for the graviphoton we have W, W™ = W2, so we find

1 00 _ 2
Al'y = /d4x d49\/—gE/ EG_SM(W W
e S

6472 (22’ sinh(.sZ((j)VV/S))2
= /d4x d*0\/—gF Ly .

To summarize, what we have just found is the one-loop effective action generated by a

(4.54)

wrapped M2 brane on an S?, which in four dimensions contributes as a BPS particle
with mass M (q), defined by the homology class Be Hy(Y,Z) of the M2 as well as a KK
momentum number along the M-theory circle. For the remainder of this section, we will
refer to Lagrangians instead of the full superspace actions for ease of notation.

4.3.2 Generalizations

To capture the full contribution of BPS states from wrapped M2 branes, we should
generalize the building block (4.54) by looking at M2 branes wrapped on genus r curves
Y., assuming again for the moment that they are rigid. In that case the curve has
b1(X,) = 2r independent 1-cycles that lead to new internal degrees of freedom related
to the worldvolume topology. There is a precise notion [161] to map these massless
spinors to differential forms on Y,.. The universal fermions ¥ 4; with ¢ = 1,2 from the
supersymmetry algebra are related to the bottom and top form of the curve, which has
bo(2,) = ba(X,) = 1 for all r. To cover the additional harmonic forms we introduce r
fermion pairs with correspondence

Nao <> (1,0)-forms and 74, <> (0,1)-forms (4.55)

with o =1,...,r and A = 1,2. From the five-dimensional low-energy perspective, we are
then dealing with a more general supermultiplet with additional spin quantum numbers
(jr, jr) under the rotation group SO(4) ~ SU(2)L x SU(2)g. Crucially, the zero-modes
are singlets under SU(2)g, so they transform as (1/2,0). We can now simply add these
fermions to our effective quantum mechanical description by defining their corresponding
worldline action. Since these fermions now also couple to the graviphoton field, we find
the Euclidean action

9 s .
SIF) = Z/ dr (ﬁA,a%nA,g - éWWVfZEﬁA,a??B,U) : (4.56)
o=1"0
while the action of a general BPS supermultiplet is 51(3?8 = SI(LIE) + SgE). The path integral
for these fermions can be evaluated in a completely analogous way. The only obvious
difference is that the new fermions are internal degrees of freedom of the worldvolume, so
a classical solution of them does not break any symmetries of the Super-Poincare algebra.
Hence we do not need to introduce any additional zero mode integrations. For the total
action Sgpg the result is

%) 2
o p— / s —sm@? —W — (4.57)
64r= Jo s (2 sinh (sZ(q)W/8))
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The last step is the generalization to genus r curves that are not rigid, in which case
the M2 worldvolume can acquire extra deformations related to moduli of the embedding
of X, in Y. Because of supersymmetry we obtain sets of additional bosonic and fermionic
zero modes that contribute in the same way as the set of fields (z#, 14, Nas, Na,») before.
Hence the only modification are overall degeneracy factors af , the genus » GV invariants,
which count (in a BPS-sense) the number of zero modes per wrapping class and per genus.

Summary and remarks

Let us summarize: We have reviewed that F-terms in the type ITA effective action, gen-
erated at g-th loop order in perturbative string theory, can be alternatively obtained by
summing over contributions from wrapped M2-brane states on genus r curves. Their
contribution can be expressed through a Schwinger-like integral and involves an infinite
sum over the homology lattice and KK momenta around the M-theory circle. We now
transform the relevant part of the result into string units for the subsequent analysis. The
central charge can be brought to string units via

M X! M, i str( Q"
2@ Mo =152 (a3 +n) =~ b = -2 AML, (059)
6 S

where we used 2X° = —i/ Vé/ ? with Vg denoting the CY volume in string units and the
mass scale relation M,/gs = Mp1,4/Vé/2. We also defined Z5%(3) = i(Bit" + n)/gs. The
total contribution can then be written as

ﬁ(r) o M§174 *ds —s
N ol 7 =2
‘ (22' sinh (—sthr(ﬂ)Ms)\/Q»

La= 3 XD ally,

ﬁEHQ (Y,Z) n€Z r>0

2
zr 3| w2 A

(4.59)

where we also introduced the coupling A = W/(4Mp4). In Lio we sum over all KK
momenta n € Z and homology classes 5 € Hy(Y,Z) such that the resulting BPS state is
not massless. Moreover, the index r labels massive BPS states in five dimensions with
SO(4)-spin content [; ® ) ozrg[r, where I} = 2[0] & [1/2] and I, = (I;)". Note that in the
seminal papers [149, 150], a slightly different formula was proposed. In our conventions,

their result for /j;g was

M2 o0 dS tr (2 )\2
0 M / s szz(@m, 4.60
rig, GV 472 ). s (2isinh (sA/2))* ™" (4.60)

and Ly, gv given by the analogous sum over states. Naively, one would think that Eﬁlg
equation (4.59) should reduce to (4.60) through the change of variables s’ = —s Z5(5) M,.
However, this turns the Schwinger parameter into a complex variable and makes the path
of integration depend on the concrete value of 5 and n. To correctly carry out the integral,

one needs to integrate over a line that originates from the vicinity of the origin of the
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-,

complex plane and stretches out to infinity at an angle depending on Z,(5). In [162]
(see also [155]) it was shown that the proper integration of (4.59) over s also yields the
non-perturbative corrections (in A) to the corresponding amplitudes. In our analysis, we
will work with the expression (4.60), which should still encode the classical contributions
as well as the world-sheet instanton corrections from the weakly coupled string theory
point of view. If we now compare the superspace action of Lo gy with (4.30), we find
that the genus expansion of the prepotential reads®

3 e dS str (3" )\2
Z O‘E/ — A M 2—2r (4.61)
e S (2isinh (sA/2))

>
/37n7r

D F ()N =
g=0

One can show that the right-hand side gives the expected scaling ¢?—2 for the genus g
prepotential F,. Moreover, the sum is such that each F, on the left-hand side receives
contributions from terms on the right-hand side for all » < g.

4.4 Emergence in strong coupling limits

In the previous sections we studied F-terms in the low-energy effective action of type
ITA compactifications on CY threefolds and saw how certain particle-like BPS states in
four dimensions contribute to these F-terms when being integrated out at one-loop and at
strong coupling. The contributions are encoded in the GV formula, which will serve as our
starting point for a first quantitative test of the Emergence Proposal beyond the effective
field theory approach. The general idea, motivated in section 3.3, is to reproduce terms
in the low-energy effective action from a one-loop diagram such as the GV formula - even
those terms that are considered “classical” and are usually obtained from dimensional
reduction. To go beyond the EFT paradigm, we need integrate out the full towers of
states which are the fundamental degrees of freedom in a given limit. However, even
at strong coupling theories with different fundamental states can arise. The aim of the
present section is to explore these different limits and to underline that the Emergence
Proposal is only realized in a very specific class.

Let us start with some general remarks about the asymptotic limits: We study the
Kéhler moduli space of type ITA on CY3 and consider cases where the vacuum expec-
tation value of a certain Kéhler modulus, denoted as ty = (t), grows to infinity. The
limit is always taken such that the four-dimensional dilaton stays fixed, so that the four-
dimensional Planck mass does not diverge and hence gravity does not decouple. In each
limit we obtain a perturbative quantum gravity theory with a characteristic set of funda-
mental degrees of freedom, given by those infinite towers with typical mass scale Am < A,
where A = M4/ \/N_sp is the species scale and Ny, the number of light species. This
emergent theory then admits a perturbative expansion in terms of the naturally small
parameter gp ~ t;' ~ ngl. The expansion in the coupling constant of the emergent

6To match the conventions in (4.30), we must identify Fy* (X/X0)(X)2 290, = Fy(t).
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theory gg will have perturbative polynomial corrections as well as non-perturbative ex-
ponentially suppressed corrections of the type exp(—1/¢gg). In general we do not know
how to quantize this emergent theory from first principles but, as we will see, in certain
cases one can understand it via an existing dual fundamental string theory.

Infinite distance limits in this setup fall in one of two categories, namely decompacti-
fication limits and emergent string limits. In the following we will consider one particular
limit from each of these two classes and pick specific models where explicit checks can
be performed with very few technical tools. For concreteness, we will study the following
two scenarios (following [163]):

e a decompactification to M-theory in which only the M-theory circle decompactifies,
while the Calabi-Yau volume doesn’t scale in M-theory units. We derive the full
prepotential and the genus-one free energy for the (non)-compact resolved conifold,
which features only a single rigid 2-cycle. Here a Schwinger integral is sufficient to
recover the full answer and the Emergence Proposal is realized.

e an emergent string limit, which requires a K3 fibration over a base P!, whose volume
is sent to infinity. Since the emergent string is given by an N.S5-brane wrapped on
the K3, we do not know how to quantize this theory but we can understand it in
terms of the heterotic dual on K3 x T2. In that case the Schwinger integral only
provides the one-loop correction in the heterotic dual string coupling, hence the
prepotential does not fully emerge at one-loop. Instead, all terms in the prepotential
will arise via the correct quantization of the perturbative quantum gravity theory
that emerges in the considered asymptotic field limit.

In summary, as depicted in figure 4.3, the type IIA vector multiplet moduli space in
four dimensions features a pattern very similar to the familiar duality star in ten/eleven
dimensions. The figure also visualizes the difference between the mass spectrum in the
asymptotic limits and the mass spectrum in the bulk region, which has been called the
desert in [164]. For the latter, there are only a few light states, while the majority of the
towers and the species scale are all close to the Planck scale.

= M,
—— ——A
Type 1TA Type ITA
Decompactification Emergent String
limit limit
I dual to dual to I
M-theory on Heterotic on
Y x S! K3 x T?

Figure 4.3: Cartoon of type ITA vector multiplet moduli space and asymptotic limits.
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4.4.1 Decompactification limit

First we consider decompactifications to M-theory, starting from a four-dimensional ef-
fective theory from type ITA on CY3. We recall that the limit is defined through two
criteria: (7) the four-dimensional Planck mass M4 doesn’t scale and (i) the compact
six-dimensional volume in units of the 11-dimensional Planck scale stays finite. In section
3.2.2 we have already determined the scaling of the relevant quantities if we send g5 — Ags
and A\ — oo. Specializing now to d = 4, formula (3.25) demands that in this limit the
type ITA quantities transform as

gs = A\gs, My — My, t;— X3t (4.62)

implying that the volume in string units scales as Vg — A\?Vs. We emphasize once again
that d = 4 is special in the sense that M doesn’t scale with A. We also recall that the
mass scales of D0-branes and wrapped D2-branes on 2-cycles Y5 are given by

Mpl4 Mpl4 Mpl4 Mp14
Mpo = 5 =~ =, mpy= 5 V(52) = 3 4.63
Vé/z \ Vé/2 B ( )

with V(33) the volume of ¥ in string units. We have also applied the relation M,/gs =
M4/ Vé /2. The tower of DO-branes determines the species scale to be

- M
1/3 1/3 1,4
A= MM~ R (4.64)

and the D2-brane tower scale is at the threshold. These are precisely the states being
integrated out in Gopakumar-Vafa formula. However, according to the Emergence Pro-
posal this should not be the complete set of relevant states. The pure analysis of mass
scales suggests to also include contributions from wrapped NS5-branes and KK modes
along all compact directions, since these scale as

myss = Ve VV(2y) ~ s KK = D2 E = (4.65)
6

To reconcile these facts, recall that only BPS states charged under the U(1) gauge fields
AL with ¢ = 1,..., hy; contribute to the central charge in the Gopakumar-Vafa formula.
Since these gauge fields originate from the RR one-form €4 and three-form Cj in type
ITA, the central charge only receives contributions from DO0- and D2-branes and their
bound states. As branes carrying generic KK momentum along compact directions break
the BPS condition, such states should not contribute to the Gopakumar-Vafa formula.
Wrapped N S5-branes on the other hand would give rise to strings in four dimensions and
upon quantization could result in contributions to the GV invariants. However, at present
a complete quantization of N.S5-branes is lacking, and there is likewise no framework for
integrating out extended objects. Our analysis is therefore restricted to the BPS particle
spectrum considered in the original works.

Let us now specify the concrete model for the analysis in the decompactification limit.
We will study the resolved conifold, which has been analyzed already in [165] to develop
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a duality to Chern-Simons theory. The resolved conifold has only one two-cycle with
the topology of an S? to which we assign the complex Kahler modulus ¢ = b + i7. The
holomorphic prepotential and its lowest-order correction are given by

Fo = = <ﬁ + Ly ﬁ(l + 4m) — (%) 4o Lig(eQ’”'t)> ,

gg ) 1? 24 8 (2mi)3  (2mi)3 (4.66)
i ,

__ —L 2mit ]

Fi or o)

If we compare with the general formula for the prepotential (2.106), we see that the
resolved conifold has the formal triple intersection number C' = 1/2. For g > 1 one gets

Fy=g2" (( 1>9xg2§2(i§2g__3) + (29X_“’ 3)!Lis—zg<e2““)) , (4.67)

where x, is the Euler characteristic of the moduli space of all Riemann surfaces with

genus g and h punctures. While the integer m in Fj is naively related to h as m = % —1,
it is actually not uniquely fixed. Note that these higher genus F, were derived in [149] by
computing a Schwinger integral with a single-wrapped D2-brane bound to an arbitrary
number of D0-branes in the loop.

Let us determine the Schwinger integral for the resolved conifold. With only one rigid
S? we have ag = 1 and all other invariants are vanishing. As a result, the sum over r in
(4.61) collapses to just one term and we obtain

2

,F /\29 - — / SZ';L ’
Z Z s sinh? s)\/2)6 (4.68)

nEZ

where now we work with the central charge Z/ = %(t —n) and set My = 27 henceforth.
Now one can expand the sinh-function in the denominator using

1 d (@) = Z 22m(2m, — 1)

= % coth
«© (2m)!

- Bop, 2™72 4.69
sinh?(x) dx 2m L ( )

m=0
where By, are the Bernoulli numbers and the above expansion is convergent for 0 < |z| <
7. Inserting this expansion into (4.68) yields a formula for each F;, given by

-1
Fy= g Bng/ ds 5% ¢ (4.70)

nez
As shown in [149], for g > 1 the integral and the sum over all n € Z can be carried out
explicitly and turn out to be finite. It gives the non-perturbative contributions in (4.67).
For g = 0,1 the objects we are interested in are at first sight divergent, so that one has
to introduce an ultraviolet regulator, ¢ > 0, in the integral (4.70). Using that By = 1/2
and By = 1/6, the resulting expressions are

1 o dS SZ/ o0 dS SZ/
}-1:—5;2/6 ?6 "y .7:0222/e 56 n, (4.71)

In the following we will demonstrate how the exact expressions for Fy and F; in (4.66)
can be obtained from (4.71) by regularizing the infinite sum over KK momenta with the
Riemann-( function. We start with the simpler calculation, namely F;.
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Evaluating F;
The first step is to perform the integral in s and expand the result for small e. We get

Fi= oY (e + lo(—e 2,) + 0(0) (1.72)

ne’

where v is the Euler-Mascheroni constant. We can then substitute the expression for
the central charge and keep only those terms that are non-vanishing in the limit ¢ — 0.
The result we find is

Fo-m _ % " log <@) , (4.73)

nez

where p = e‘”EVé/ ?/(2meM,y4). Now we can decompose this sum as

Frooe_ L <1og<_@-t) £ log (1 - f?) +2 log(n) — log(u) 3 1) )

n>1 n>1 nez

The second term on the right-hand side can be evaluated with a trigonometric identity
which we show in appendix A. For the third and fourth expression we exploit (-function
regularization. For the third term we apply the identity

Zlog(n) =—¢'(0) = %log(Zﬁ) (4.75)

and the fourth term depending on u vanishes since

ilzé(o)z—% = > 1=1+2((0)=0. (4.76)

n=1 nez
Putting everything together, we arrive at the result

omit 1 . omit 1 1.
- 1 1 — 2mit) _ o — 2mint
or T 1glos(l =€) 24 124 me (4.77)

FDo-D2 _
where in the second step we used the series expansion of the logarithm. To sum up, we
have shown that by summing over the entire infinite tower of DO — D2 BPS bound states
and treating the divergences via (-function regularization one obtains the exact one-loop
topological free energy. In particular, this includes the term linear in ¢, which is usually
obtained from dimensional reduction.

To finish the discussion of F; we should also consider the possibility of a pure D0-brane
tower, whose contribution to the one-loop free energy is

1 mn
D0 __
FPO =) log (E) . (4.78)
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The case n = 0 was excluded from the sum as some particle should really run in the loop.
Proceeding with (-function regularization, we get

1
FPO = D log(27p) . (4.79)

Since p contains a factor of Vé/ 2, it is tempting to speculate that this non-holomorphic
logarithmic term is related to the holomorphic anomaly of F;. Furthermore, this time
the result is not independent of the regulator ¢, arising due to the log(u) factor in FP9,
but we can avoid this by subtracting this term from the final result.

Evaluating F,

Next, we look at the prepotential Fy. We start again by performing the integral over s
and expanding in small €, which gives

_ 1 U 952y (9s2) '
Fo = PE % <2(€/)2 - g 4 ( — 3+ 2vp + 2log(—e gsZn)> +0(e), (4.80)

where we defined ¢ = ¢/g, to display an overall multiplicative factor g;2, matching
with the resolved conifold. Using (4.76), we see that at fixed (small) € the first two
terms in the above expression vanish. For the remainder we can again introduce a scale

1/2
v=e 32 Y% and rewrite (4.80) into

F - @7 S (0 —1)*log (—i(n — t)) . (4.81)

2g2 v
9s neEZ

We already saw similar expressions arising also in the EFT approach to the Emergence
Proposal, see for example the computation of gauge couplings in [130]. To calculate
Fo, first notice that the dependence on v completely drops out because of (4.76) and
¢(—=2) = 0. The contribution from D0 — D2 bound states can then be decomposed as

(2m)% | 5 4 2 2 £
. (4.82)
t
+2 Z(t2 +n?)log(n) + 4t Z n arccoth (E) )
n>1 n>1

where we use the principal domain for inverse trigonometric functions. To proceed, we
first employ the identity (A.11) from appendix A and then regularize all infinite sums
over n via (-function regularization. Using in particular

2 log (1- 2 t*log(2m) + <G 4.83
n>1 TL2 27T2 7 ( ' )
we arrive at the simple expression
2mi)3 [ 3 1 ,
‘FDO—DQ — ( v Li 27it ) 4.84
0 7 |12 @) (4.84)
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Finally, we consider a bound state of only DO-branes, which contributes to Fy as

9 .

Fol = % > n’log (%) = gigé(i%) : (4.85)
nez

In contrast to the analogous contribution in F7, this term does not have any dependence

on v upon using once more ((—2) = 0. Hence, F° comes out holomorphic.

We have just shown that, similarly to JF7, also the full prepotential F; of the resolved
conifold, including the polynomial terms, can be obtained by a loop computation in the
emergent theory. In both instances it has been essential to sum over the full towers of
BPS states and appropriately regularize the infinite sums with the (-function. This can
be seen as a as a first proof of principle that exact emergence is possible via the (strong)
Emergence Proposal when including all towers whose mass spacing is smaller or equal to
the species scale. Had we neglected, say, the tower of DO — D2 bound states, we would
not have obtained the full result. Then, if these BPS states need to be included, it seems
inconsistent to not include as well bound states involving /N S5-branes.

Comparison with EFT approach

In order to appreciate the difference between the calculation above and the simplified EF'T
approach usually taken in the Emergence Proposal, let us sketch how the latter would
work for the case of Fy. The logic would be to sum only over those states whose masses
lie below the species scale A. In fact, the application of this method to the sums that we
are working with has been already proposed in [135]: one is instructed to choose the scale
v = A and to explicitly cut-off the sum in (4.82) at the level n = Ny, = 61/3. This leads
to a modified expression for the prepotential given by

242
(t* + n?) log (TLV—Q/g) + 4tn arccoth (i)] , (4.86)
2Vg n

where a factor of 2 has been introduced inside the first log-factor for convenience (in

1/3

2 Ve
Fy = (2m) 3

2¢2

n=0

any case, we have not been keeping track of several constant factors and normalizations).
Proceeding then along with the logic same as in standard emergence computations, one
considers the scaling V,* — A¥3V}/® with A — oo and thus one is allowed to approximate
the sum by an integral. Hence, one gets the leading order result

t
Jum <t3 + 3tV62/3> +6 <t3 + 3tV62/3) arctanh (W)
6

t2

From this expression, it can be seen that only when V61/ A~ it, i.e. for the one-modulus

(2m)?
Ty

(4.87)

case, one gets the simple leading order expression

(2mi)3 4\ 3
~ 1+ — ) —. 4.88
Fo g2 HETYRT (4.88)
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When comparing to the exactly emergent prepotential that we have been able to recover
this result features some obvious shortcomings:

e The full prepotential is supposed to be holomorphic, but the explicit cut-off for the
sum introduces a non-holomorphic dependence on the moduli.

e Even if a cubic polynomial part in ¢ arises, the prefactor is not correct and the
higher-order corrections are certainly not only those known for the prepotential of
type ITA CY compactification. Indeed, the computation of the exact discrete sum
instead of the continuous integral would produce these exponential terms, but also
several non-holomorphic corrections.

e The higher-order corrections arising when insisting on this approach would also
depend on whether one takes the sum up to N, or to, say, Ny, + 1. In this sense,
such a cut-off procedure is not well defined if one wants to extract more information
than the qualitative leading cubic behavior.

In view of the very simple and yet successful (-function regularization that we per-
formed, we interpret all these issues as shortcomings of the naive EFT approach to the
Emergence Proposal. Instead, our computation shows that exact quantities emerge in
this asymptotic decompactification limit if all of the states in the towers with a typical
mass scale m up to the species scale A are running in the one-loop diagram.

4.4.2 FEmergent String Limit

Given the initial concerns regarding the inclusion of string towers in the standard emer-
gence calculations, one might expect that an emergent string limit is more involved. In-
stead, this limit is actually more familiar from the point of view of string dualities. There
is an important difference between decompactification and emergent string limits: In the
first case, as we have just seen, one can encounter multiple string-like objects which are
actually emergent (wrapped) branes becoming asymptotically tensionless. In the second
case, there is really only a single and fundamental string emerging. As it turns out, this
requires the CY to admit a K 3-fibration (see [166] for details).

In order to have a K 3-fibration over a base P!, one needs to have at least two Kahler
moduli, see e.g. [167]. A well-studied example is the CY P}, ,,¢[12], which has Hodge
numbers (ha1, h11) = (128,2) and for which the prepotential has an expansion

2 . A
J,—_glA — t%tz + (_tB + 0(6271—“1)) +O(62wzt2) )

1
3
~ Vv

=g (t1)

(4.89)

Here, 75 = Im(¢y) measures the size of the P; and 74 = Im(¢;) controls the size of a
homological 2-cycle sitting in the K3-fiber. The emergent string limit is defined via

tL—ty, ty— Ao, gs— Mg, (4.90)
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following again from the requirement of a constant My, 4. M, also stays fixed in this case.
Once again we want to identify the species scale and the light towers of states in
the strongly coupled region A\ — co. Wrapping an N.S5-brane on the K3 fiber yields a
four-dimensional string of tension
Vs My

Tstr = M§1’4V_6 ~ —)\’ , (491)

whose excitations will have the typical mass scale

Mpl 4 Mpl 4

=~ — = 4.92
N (492)
Here, Vy is the total volume of the Calabi-Yau, while Vi3 is the volume of the K3 fiber.
The latter is independent of the scaling of 7. In the presence of a string tower, the species

Mgty =

scale is equal to the string mass scale itself, hence we identify

~ M
Agp 2 Mgy % . (4.93)

As opposed to the decompactification limit, in this case the scale given by the sixth root
of the N S5-brane is parametrically above the species scale since

1/6 92/3 M4
myss = TN/S5 o~ Mp1,4w ~ )\1% : (4.94)
6

This provides yet another justification for talking about an emergent string limit in this
case. While there are no other states which are parametrically lighter than the species
scale, there are a couple of particle-like towers with a mass of the same order. First, due
to the large size of P!, we have light KK modes with a typical mass scale

m _MSNMplA
KK — (= — = — -
Vi VA

The remaining light states are once again given by D-branes, namely D0-branes as well

(4.95)

as D4-branes wrapped around the K3 and D2-branes wrapped around the second homo-
logical 2-cycle inside the K3 fiber. Their typical masses read

Mpl4 Mpl4 VKS
mpy) = ————, Mps = =, Mmpg= Mpa\/— 4.96

and all of them scale as M) 4/ VA, Again, the wrapped NS5-branes and the KK modes
are uncharged under the three RR vector fields. Furthermore, note that a D2-brane

wrapping the large base P! is now too heavy to be included in the perturbative states.
Our claim of exact emergence turns out to hold also in this new perturbative the-
ory, where the full prepotential can be completely recovered again, even if not from a
Schwinger integral exclusively. Recall that in the decompactification limit the one-loop
integral was sufficient to recover the full Fy. As we will show, this is not possible in the
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present limit. Instead, the complete prepotential will arise via the correct quantization
of the perturbative quantum gravity theory that emerges asymptotically. For the present
example we are in the convenient situation in which a known dual string description ex-
ists, namely the weakly coupled heterotic string, and we will exploit this duality in order
to recover the full prepotential.

The dual heterotic model is a compactification on K3 x T2. Denoting the toroidal
Kahler and complex structure moduli with 7" and U respectively, the dual model sits at
the special locus T' = U, where the Abelian gauge group U(1)y x U(1)r is enhanced
to SU(2) x U(1). The former type IIA abelian gauge fields can be identified with the
heterotic gauge fields coming from the 72 factor. Moreover, the particle-like states arising
from wrapped D0-, D2- and D4-branes correspond to heterotic KK and winding modes
along the T2, KK modes on the P! correspond to KK modes along the K3 directions in
the heterotic dual picture, hence they are uncharged under the gauge fields.

With respect to the type ITA frame, a crucial difference is that the heterotic dilaton S
sits in a vector multiplet so that the prepotential can receive corrections at string one-loop
and at the string non-perturbative level. Therefore, it takes the schematic form

Félet — 2( o ST2 + h(l) (T) + h(np) (6_2ﬂs)> . (497)

Here, the first term arises at string tree-level, while the second is the dilaton-independent
one-loop correction. The function A" (T') is determined by its transformation properties
under the exact quantum symmetry SL(2,Z),, acting on T as in (A.13), and by the
singular structure at special points in moduli space. Modular invariance imposes that its
second derivative reads

O2RI(T) ~ log(j(iT) — j(i)) + finite terms, (4.98)

where j(¢T) is the modular invariant j-function (see appendix A for more details). Micro-
scopically, h(T') receives contributions from heterotic 1/2-BPS states which also contain
contributions from left-moving string excitations. Via mapping the moduli according to

it has been shown in [167-169] that the part ¢ (T) of the type IIA prepotential nicely
matches the heterotic 1-loop correction h(Y). The other terms in (4.89) are then trivially
mapped to those in (4.97).

One might wonder what the role of the former type IIA Schwinger integral is in this
setting. In the present case, when expressed in terms of M, all light towers listed in (4.96)
are insensitive to the size of the large base, so that the sum over the Schwinger integrals
will depend only on the type IIA modulus ¢;. The KK modes on the large P* do depend
on ty but, just like the N.S5-branes, they do not contribute to the Schwinger-integral, as
we have already explained in section 4.4.1. Hence, the (regularized) Schwinger integral
only gives the part g™ (¢,) in the prepotential, which from the dual heterotic point of view
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is the string one-loop correction. This shows that the full prepotential is not emerging
just from Schwinger integrals.

All this is supporting our claim that in the asymptotic limit, we can consider the
type ITA prepotential (4.89) as a perturbative expansion in the small parameter (A7)~
which is the inverse of the number of light species. Moreover, via duality we are also
led to the conclusion that g(!)(¢;) does indeed receive contributions not only from D2-D0
bound states but also from excitations of NS5-D2-D0 bound states. The latter are dual
to heterotic 1/2-BPS left-moving string excitations with KK momentum and winding,.

Comments on recent developments

In a recent series of papers, starting with [170], an alternative interpretation of the emer-
gence of classical contributions to Fy and JF; was provided. Studying the same setup, the
authors argued that the original Schwinger integral by Gopakumar and Vafa, describing
particles in the four-dimensional sense, does not correctly capture the contributions of the
DO0-D2 brane tower at the pole s = 0. Their proposal was to complexify the Schwinger
parameter and to modify the integrand such that integrating along a contour encircling
the pole at the origin reproduces the full tree-level contribution. The world-sheet instan-
ton terms on the other hand originate from the integer poles on the positive real axis.
In subsequent work [155,162] (see also [171] for a different setup) it was shown that a
careful contour integration of (4.59) and inclusion of additional poles also yields the non-
perturbative corrections in the topological string coupling. These results are found to be
in agreement with resurgence analyses (see [172,173] for general reviews).

For the resolved conifold, the modified Schwinger integral encoding F yields a contour
integral representation of the Hurwitz (-function (see appendix A). This function was also
utilized in our work [163] to provide an alternative derivation of Fy and F;. For compact
CYs, the refined Schwinger integral maps to integral representations of the CY periods.
For these expressions, which already implicitly encode the sum over all BPS states, the
analytic continuation to the pole at the origin is expected to yield the tree-level term. In
chapter 6 we will propose a regularization technique for compact CYs that starts from
the explicit infinite sums in the Gopakumar-Vafa formula and utilizes period data near
finite distance degeneration points in the CY moduli space. The relation between the two
approaches remains to be investigated.
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Chapter 5

Computational methods from mirror
symmetry

In our first explicit test of the M-theoretic Emergence Proposal in type ITA compactifi-
cations we have evaded a severe technical obstacle by working with the resolved conifold.
Since the S? resolving the conifold can only be wrapped once by D2-branes, the infinite
sum over the homology lattice Hy(Y,Z) in the Gopakumar-Vafa formula collapsed to just
a single term. While non-compact CYs are mathematically simple and indispensable for
studying local models in particle physics, our ultimate goal is to compute emergent kinetic
terms in fully fledged theories of quantum gravity, which is why we eventually need to
consider compact CY spaces. The fact that multiple wrappings in curve classes of com-
pact CYs lead to exponential degeneracies of D2-brane states makes the task of finding a
sensible regularization even harder. Before we can embark on that mission, we need the
right tools to study properties of CYs at special loci of their moduli spaces. The purpose
of this (rather formal) chapter is to deliver these tools. Concretely, we want to study
CYs defined as hypersurfaces in weighted projective spaces and find explicit expressions
for their quantum-corrected Yukawa couplings at special loci. The latter will be needed
in chapter 6 to propose a regularization that yields the triple intersection numbers in
isotropic M-theory limits of CY threefolds.

5.1 Constructing CY manifolds

Our first goal is understand how compact CY manifolds can be explicitly constructed
and conveniently described. In our discussion we will focus on the class of CYs given by
hypersurfaces in weighted projective spaces. To develop the right mathematical tools, we
need to consider these projective spaces as a particular example of the more general class
of toric varieties. The latter in turn have a useful description in terms of lattices, fans
and reflexive polytopes, which will all be introduced step by step. Introductions to these
topics can be found in [19,174-176], but we will assume that the reader had no exposure
to these topics at all. Within this framework mirror symmetry is made manifest and one
can proceed by setting up the differential equations that determine the CY periods.
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5.1.1 Weighted projective spaces and toric varieties

Let us start by defining a weighted projective space of complex dimension n, which is
obtained by taking a quotient of the space C"*! with complex coordinates (2, ..., 2,). A
weighted projective space is defined as

n+l
o C = {0}

L 5.1
e (5.1)

where @ = (wo, ..., w,) is the weight vector with entries w; € Z, and an element \ €
C* = C\{0} acts as A(zp,...,2n) = (A"zy,...,A""2,). The coordinates z, ... z, are
called homogeneous coordinates on the space P and are denoted as (2) = (20 : ... : 2,).
For the weight vector &/ = (1,...,1) one recovers the ordinary projective space P", which
is the set of complex lines going through the origin. Due to isomorphisms one only needs to
consider “well-formed” weighted projective spaces, for which all weights w; are relatively
co-prime.

The space P2 can be covered with (n+ 1) coordinate patches U; = {(2) : z; # 0} with
1=0,...,n. Moreover, one can define local coordinates on each U; via 5{‘;) = z1/2;. The
set §u) = (5(1@, e ,58)) then gives the inhomogeneous coordinates on U;. We can obtain
transition functions on overlap regions U; N U; by noting that

gk
&y === % _ 2 (5.2)

5o aly &y

where fé) # 0. The transition functions are therefore given by simple Laurent monomials
and P is indeed a complex manifold. However, the manifold doesn’t have to be necessarily
smooth. Let us for example consider the space Pé,g;y which has the equivalence relation
(20, 21, 22) ~ (AN%20, A321, A\20). Tt is easy to see that this space has orbifold singularities:
If we look at a chart with z5 = 1, we can act on the remaining coordinates (z1, z2) with
the residual symmetry (21, 22) — (w321, w2s) where w € {£1}. The fixed point set of this
group action is (z1,22) = (0,0) and the patch locally looks like C?/Z,. One can easily
demonstrate that around the point (0 : 1 : 0) one encounters a C?/Z3 structure.

One can now consider hypersurfaces in weighted projective spaces, which are subman-
ifolds of codimension one. They are defined as the zero locus of a (quasi-)homogeneous
polynomial P of degree d € Z,. This means that under the equivalence relation of P
the polynomial satisfies P(A\“0zp, ..., A\%"2,) = A P(z,...,2,) and the hypersurface Xy
is defined as

Xw:{(zoz...:zn)EIF’fv

P(z) = 0} . (5.3)

The vanishing of the first Chern class ¢; (Xz) = (D1, w; — d)J requires the weight vector
components to add up to the degree d. For the embedding X; — P% to be smooth, the
polynomial must satisfy the transversality condition imposing that the equations

P(z)=0 and dP(z)=0 (5.4)
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have no simultaneous solutions. Concerning CY threefolds, there are 7555 P4 spaces
admitting transverse hypersurfaces. The corresponding polynomial is then said to be of
Fermat type with P(z) = Z?:o zI" and ¢; = d/w; € Z.

Toric varieties

Even though defining CYs in terms of weighted projective spaces is quite straightforward,
a fully fledged analysis of the CY properties in that language would be cumbersome. String
theorists therefore prefer to recast the projective spaces as toric varieties and to work with
certain representative combinatorial objects (like polytopes) to study the geometry of the
CY. Generally speaking, a toric variety My is obtained if we allow for a more general
quotient than by C*, namely

My = ——=, (5.5)

where we mod out the action of an algebraic torus T = C§, and Zy, is a subset fixed by
a continuous subgroup of Ci, that we remove. Before we get any more specific about
the detailed description, let us name a few reasons why this framework is so powerful:
the toric description makes mirror symmetry almost trivial since a mirror pair of CYs is
nothing but a pair of two polytopes obeying a simple relation. Moreover, it is easy to
retrieve topological quantities like intersection or Hodge numbers from toric data and it
is straightforward to resolve the CY singularities. Of course, all these arguments will be
explained in the course of the chapter.

We proceed by providing a first handy definition of toric varieties in terms of lattices
and auxiliary objects called fans, to be defined soon. We consider a pair of dual lattices
(N, M) which are both isomorphic to Z™ and considered as parts of the vector spaces
Ng = N ®z R and Mg = M ®7 R, respectively. There is a pairing ( , ) : M X N — Z
extending to the R bilinear pairing Mg X Ng — R. The first relevant object is a (strongly
convex rational polyhedral) cone in N (or cone for short) defined as

o(v1,...,0,) = {alvl—l—...—i—anvn a; 20} , (5.6)
generated by finitely many vy,...,v, € N and satisfying o N (—o) = {0} (strongly
convex). Let us go through all these adjectives: Strong convexity means that the cone
contains no line going through the origin. The cone is polyhedral if it is generated by
finitely many vectors and it is rational if those generating vectors all lie in the lattice N.

A face of a cone o is either the cone ¢ itself or the intersection of o with one of the
hyperplanes bounding . With these ingredients one can finally define fans: A collection
of cones in Ng denoted as X is called a fan if

1. Each face of a cone in X is also a cone in ¥ and

2. the intersection of two cones in X is a face of each.
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A fan contains cones of different dimensions. We denote the set of k-dimensional cones
by X(k), where k = 1,...,m. Each fan contains the zero cone ¥(0), which corresponds
to the whole toric variety. One-dimensional cones v; € ¥(1) correspond to toric divisors
and higher-dimensional cones to submanifolds of respective codimension.

Let us consider a fan ¥ in N and focus on the set of one-dimensional cones (or edges).
Let {v;} with ¢ = 1,...,n be the vectors generating ¥(1) where n = |X(1)| and n > m.
To each v; we associate a homogeneous coordinate z; € C giving one of the holomorphic
coordinates of C™ in (5.5). Let us first define the set Zy, in (5.5). We consider subsets of
¥ (1) with vectors {v;,, ..., v;, } that do not belong to one cone ¥ and denote the respective
index set as I C {1,...,n}. We then consider algebraic sets defined as {z; = 0} for all
1 € I and take their union:

Zy =\ J{(z1,....z) |z =0 VieI}. (5.7)

Next, we specify the action of the group C§. The set of the n generators of ¥(1) with m
components forms an (n x m) matrix (vF) = (vF,... v¥) with k = 1,...,m and induces
a map ¢ : C*" — C™ with the action

QS:(21,...,zn)—>(Hzfil,...,Hz:lm). (5.8)

¢ projects the homogeneous coordinates of the ambient C™ to the geometric coordinates
of the toric variety. The group C% is defined as the kernel of ¢, i.e. C§ = Ker(¢), and
tells us which rescalings of the C" coordinates that are identified under the quotient. It
consists of those vectors Q@ = (an), - ,Q%a)) with a = 1,...,n — m that satisfy

> QW =0. (5.9)
=1

In other words, the vectors Q@ encode the linear relations among the generators of 3(1).
They are commonly referred to as charge vectors due to the relation of toric varieties to
gauged linear sigma models, which we will explore in section 5.4. One can easily check
that Q@ imposes the identification

(21, m) ~ A2 @75 (5.10)

Let us look at a concrete and simple example, the ordinary projective space P2. The
fan ¥ describing this space lives on a two-dimensional lattice and the generators of (1)
are given by the three vectors

v =(1,0), w=(0,1), wv3=(—1,-1). (5.11)

Apart from the trivial zero fan there also three two-dimensional cones as shown in figure
5.1. To write down the toric variety, we need Zy, and C5,. First we notice that only the



5.1 Constructing CY manifolds 99

complete set (1) = {vy,ve,v3} doesn’t generate a cone in %, so we only need to remove
the origin. Second, since the vectors obey the relation 1-v; +1-vy +1-v3 =0, we learn
that the only charge vector () has components @) = (1,1,1), implying the equivalence
relation (21, 22, 23) ~ A(21, 22, 23). In the toric diagram 5.1 this is visually represented by
the fact that adding Q vy, Q2v and QQ3v3 brings us back to the same point. In summary;,
we consistently find

My, — C2 — {é(z,o,())} _p (5.12)

This can be straightforwardly generalized to higher-dimensional P": one simply chooses

vi=e¢ fori=1,...,nand v, =—> . v

Figure 5.1: The fan for P2, generated by three one-dimensional cones.

5.1.2 Singularities and blow-ups

Now we demonstrate how the previously introduced combinatorial objects encode impor-
tant properties of toric varieties in a geometric and intuitive way. In this subsection we
focus on certain types of singularties of toric varieties and show how to resolve them by
modifying the according fan. The resolution of singularities is critical for the analysis of
periods: the moduli spaces of CY manifolds can also be described as toric varieties, and
they need to be made entirely smooth to be able to set up the Picard-Fuchs equations at
all points of interest.

The discussion of singularities and resolutions requires a few additional concepts. We
first need to define simplicial cones. A k-dimensional cone o is called simplicial if it is
generated by k linearly independent vectors vy, ..., vx. We say that a fan X is simplicial
if all its cones are simplicial (this was the case for P2, for example). This condition puts
an enormous restriction on toric varieties: Given a simplicial fan ¥, one can show that
the associated toric variety My, can only have orbifold singularities.

Let us revisit the example JP’%Q’M) with homogeneous coordinates (z; : 2z : z3). The
fan 3 is depicted on the left-hand side in figure 5.2. The three generating vectors of 3(1)
given by v; = (1,0),v5 = (0,1),v3 = (—2,—3) obey the relation 2v; + 3ve + v3 = 0
and yield the charge vector () = (2,3,1). Each two-dimensional cone o(v;, v;) represents
a patch of ]P’%27371) with 2z, # 0 where k ¢ {i,j}. Since the fan is simplicial, we should
only find orbifold singularities. And indeed, as discussed previously, there is only a Z,
singularity at (z; : 22 : 23) = (1:0:0) and a Zs singularity at (0:1:0).
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Figure 5.2: Left: Fan of the singular weighted projective space IP’%27371) with primitive
vectors vy, v9,v3. To make the toric variety smooth, one needs to introduce the three
additional vectors vy, vs,vg as shown on the right-hand side. These new vectors end
precisely at the lattice points through which the blue edges of the triangle-shaped polygon
on the left go.

In the language of toric geometry the resolution of quotient singularities of toric va-
rieties is very straightforward. To obtain a smooth toric variety, a given simplicial fan
> must be converted into a so-called regular fan, for which each m-dimensional cone is
generated by vectors that generate the whole lattice N. Individual cones whose gener-
ating vectors generate N are also called regular. Clearly, the left toric diagram in 5.2
shows two two-dimensional cones o(vq1,v3) and o(vq,v3) whose vectors do not generate
N. Given two vectors {v;, v; }, one can compute the order of the orbifold singularity from
the determinant of the matrix with columns v;,v;. Here we find |det(vq,v3)] = 2 and
|det(vq1,v3)| = 3, indicating the orders of the cyclic groups Zs and Zj in the respective
patches'. So to make P%z,g,n smooth, we must keep adding vectors to the fan until every
two-dimensional cone is spanned by vectors generating N.

Let us show how to resolve the Zs singularity as an example. If we add the vector
vy = (—1,—1) to the fan, the new cones o (v, v4) and o(vs, v4) become regular. Since the
vector sets {vy,v4} and {ve,v3} do not belong to one cone, our toric variety is

C4_{{21:Z4:O}U{22:Z3:0}}'

*
D

My =

(5.13)

Due to the additional relation v; + vy +wv4 = 0 we have two charge vectors 1 = (2,3, 1,0)
and Qo = (1,1,0,1) and the action of C¥%, is (21, 22, 23, 24) ~ (A2p21, N3 puzg, A23, pz4) with
A, i€ C*. We can now look at different patches:

IThis argument extends to higher-dimensional lattices: the determinant of the generators v1,..., v,
gives the index of the sublattice, which is the order of the orbifold group. There the toric variety locally
looks like C™ /G, where G is a finite abelian group of order m.
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e in the patch z4 # 0, we can use pu to set z4 = 1 and find a copy of the space Pé,&l)
with the singularity zo = 23 = 0 removed.

e If we take z, = 0, we must have z; # 0 according to (5.13). We can then define p =
A2 and choose p such that z; = 1. As a result, we find (1, 29, 23,0) ~ (1, Az, A3, 0).

So in the patch with z; = 0 we find a P! parametrizing a sphere in the (zy, z3)-directions.
What we have done is to remove the singular point of the toric variety and replace it by a
higher-dimensional smooth subvariety. This is a standard technique in algebraic geometry
known as a blow-up.

Following the same logic, one can show that the resolution of the Zj singularity re-
quires two additional vectors vs, vg shown on the right-hand side of 5.2. Geometrically,
one can find all additional vectors by drawing line segments that connect the endpoints
of {v1,v2,v3}. The lattice points through which these lines go are the “missing” primi-
tive vectors needed to construct a regular fan. Also this picture carries over to higher-
dimensional lattices, where the additional lattice points lie to the inside of faces/interiors
of higher-dimensional simplices.

5.1.3 CYs from toric varieties

We now want to focus on toric varieties that can describe CY spaces, in which case
additional criteria must be imposed. The relevant condition for us is that for a CY
variety Y the canonical bundle Ky = A™T*Y | defined as the m-th exterior product of the
cotangent bundle 7*Y', must be trivial. A trivial canonical bundle implies the existence of
a never vanishing global section, which for CY manifolds is the unique holomorphic top-
form 2. Recall that Ky is an example of a line bundle, a family of one-dimensional vector
spaces, one attached to each point in Y. On a general complex variety X, the holomorphic
sections of a line bundle (locally, holomorphic functions) define a hypersurface inside X in
terms of their zeros. To be more precise, an effective divisor D = 3" | n,;V; with n; € Z*
and V; irreducible hypersurfaces corresponds to a line bundle denoted as Ox (D). The
sections of this bundle will vanish on each V; with a zero of n;-th order. We can extend the
definition to arbitrary divisors if the n; < 0 correspond to order n; poles of the section.
For toric varieties My one can show that the canonical bundle is given

K./\/lz = OME(_ Z DZ) ) (514)
=1

where ¢ runs over the one-dimensional cones in (1) and the D; are toric divisors defined
by the vanishing of the homogeneous coordinate z;, so D; = {z; = 0} N Myx. Hence
we need to find the constraint that trivializes the bundle (5.14). Since toric divisors D;
are irreducible hypersurfaces defined by the vanishing of the monomial z;, they naturally
define a line bundle Op.(D;) whose section z; has a zero of order one. Let us now
consider the monomial 2{"...z%" defining the line bundle On (D", a;D;) and assume
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that the coefficients are defined as a; = (v;, m), where m € M is a vector defined in the
lattice dual to N. With the equivalence relations of the toric variety one finds

(AQazy)orm)  (\Qa g Y lmm) = N Qavim) plvrm) - fonm) (5.15)

n

Since Y, QLv; = 0 for each a, the above monomial is globally defined and meromorphic
and consequently the associated line bundle is trivial. So for the canonical bundle (5.14)
to be trivial, there must be a vector my € M satisfying (v;,mg) = 1 for all . Thus, if
all primitive vectors v; lie in the same affine hyperplane H = {v € Ng| (myg,v) = 1}, the
associated toric variety satisfies the CY condition.

There is a second equivalent formulation of the CY condition: If we take the inner
product of the generic relation (5.9) with an m € M, we obtain Y | Q% (v;,m) = 0. But
if a toric variety is a CY, the existence of the special vector my for which (v;, mg) = 1 for
all 7 implies Y " | Q" = 0 for all a.

Hypersurfaces inside toric varieties

If we restrict ourselves to CYs from toric varieties, we face a serious restriction: Toric
varieties can be compact if and only if their fan 3 defined on a lattice Ny fills the entire
lattice. But we have just argued that the generating vectors of the fan of a toric CY variety
all lie in one affine hyperplane and thus such a variety must be non-compact. To construct
a compact CY in toric geometry, we must consider hypersurfaces in compact toric varieties
instead. Embeddings of this type also have a very elegant geometric description in terms
of the so-called Batyrev reflexive polytopes [177]. In this language the information about
the ambient toric variety and the defining polynomial of the CY hypersurface is encoded
in a pair of dual polytopes. For a given fan ¥ of a compact toric variety we consider
the lattice polytope A* C Ng defined as the convex hull of the generators of ¥(1), i.e.
A* = Conv(v],...,v}). This lattice polytope is called reflexive if

r n

e the origin v§ = (0,...,0) lies strictly in the interior of A*.

e the dual polytope defined as A = {v € Mg |(v,v*) > —1Vov* € A*} is again a
lattice polytope, i.e. its vertices lie in M.

To construct the dual polytope A, we consider facets (co-dimension one faces) of A*, which
are in one-to-one correspondence with vertices of A. Suppose that such a facet is defined
by a set of vertices {v}}, where i € {i1,...,iq} C {1,...,m}. We then need to solve the
set of equations (v,v}) = —1 for the lattice vector v € M and check afterwards whether
the solution satisfies the inequalities (v,v}) = —1 for the omitted k. The dual polytope
A is the convex hull of all distinct vertices that we obtain. It is by construction also
reflexive and (A*)* = A holds?. A simple example illustrating this construction is the fan
of P! xP!, whose generating vectors are v; = (1,0), v; = (0,1),v; = (—1,0), v} = (0,—1).
The dual polytope is just a rotated square, depicted in figure 5.3.

2Note that by definition each facet of A* lies in some hyperplane at distance one from the origin. This
is a weaker statement than the toric CY condition from before, which imposes that all primitive rays of
the fan lie in a single hyperplane of height one. The toric variety is therefore not a CY by itself.
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Figure 5.3: Reflexive lattice polytope from fan describing P! x P! on the left and its dual
on the right, each of them indicated in blue.

One might wonder how exactly the information about CYSs is stored in the pair of dual
polytopes. When we aim to construct CYs as hypersurfaces, the polytope A* encodes
the fan of the ambient toric variety My (in our use cases, weighted projective spaces).
Lattice points on the boundary of A* correspond to fan generators and are associated
to homogeneous coordinates z; of Myx. A toric divisor D; is defined by the vanishing of
the coordinate z;, which defines a section of the corresponding line bundle O (D;). We
have also seen that the canonical divisor of the toric variety is defined by Ky, = — >, D;
where the sum runs over all toric prime divisors.

If we cut out a hypersurface from the toric variety, we need to make sure it meets the
CY condition of a trivial canonical class. For a general complex variety X, a hypersurface
will be defined by the section of the so-called anti-canonical bundle K3' = Ox(—Kx) of
the variety, corresponding to the anti-canonical divisor —Kx?. This bundle is the dual of
Kx and its sections are homogeneous polynomials P(z,..., 2,) in the toric coordinates.
According to the adjunction formula, a hypersurface Y C X will have the canonical class

Ky ~ (Kx + [Y)ly, (5.16)

where [Y] denotes the divisor class of Y. We see that Ky can be made trivial by imposing
that Y is a divisor lying in the anti-canonical class —Kx, then Y is indeed a CY. In
geometric terms, the bundle Ky measures the obstruction to having a globally defined
holomorphic top-form and divisors defined through sections of Ky' fully compensate the
“twist” of Ky.

Specializing again to toric varieties, we can now explain the importance of the dual
polytope A. For a toric variety My, the sections of the anticanonical bundle K/;[lz are
parametrized by the entire set of lattice points contained by A. In other words, the lattice
points in A are bijectively mapped to the allowed monomials that can be used to write a
polynomial defining a CY hypersurface inside the toric variety. To each point m € M NA

3To avoid confusion, we write K)_(1 when talking about the anti-canonical line bundle and —Kx when
talking about the respective divisors.
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we can associate the monomial
M{(m) =[] 2", (5.17)

where v; are again the vectors in ¥(1) defined in N. Equation (5.17) is famously known
as the monomial-divisor map. Reflexivity of the polytopes ensures that (m,v;) +1 > 0,
so the monomial has no poles. It also ensures that —K,, is an honest integral divisor,
so each term in (5.17) appears with integer powers (also known as Gorenstein condition).
Therefore, a general polynomial defining a CY hypersurface in a toric variety is

P(z1,...,2,) = Z U, H it (5.18)

meMNA i=1

where «,,, are complex coefficients parametrizing the shape of the hypersurface. Thus the
dual polytope A contains information about an entire family of CYs. To find the true
number of complex structure moduli of the CY, one applies all scaling symmetries of the
ambient toric variety to set as many a;’s to one as possible.

As an example we might consider the space ]P)é,&l) from section 5.1.2. Using the
standard generators v; = (1,0), vo = (0,1), v3 = (=2, —3), one can easily derive the dual
polytope A, which in this case contains seven different lattice points. With formula (5.17)
we can associate a monomial to each of these points (see figure 5.4).

Figure 5.4: Dual polytopes for IP)%273,1)' Red dots indicate the origin of each lattice.

5.2 Computing CY periods

Section 5.1 taught us how defining properties of a CY manifold Y with (hq1, ho1) and its
mirror dual Y with (ﬁu = ho, hoy = hi1) are imprinted on a pair of reflexive polytopes
(A*, A). In this section we finally leverage this combinatorial data to set up the differential
equations governing the periods of f/, known as the Picard-Fuchs equations. For the most
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part of the section we will explicitly treat CY 3-folds from hypersurfaces in P4, although
these methods straightfowardly generalize to higher-dimensional d-folds (and more general
toric varieties). The Picard-Fuchs equations of a 3-fold schematically read

Ly Ui(a;) =0 with IIi(a;) = / Qa;), (5.19)
r;

where a; denote complex structure moduli, I'; € Hg(f/, Z) constitute a basis of 3-cycles
and L) are differential operators. First we will show how to define a system of differential
equations from the polytope data. This so-called GKZ hypergeometric system [178] (after
Gelf’and, Kapranov and Zelevinsky) can then be directly related to the Picard-Fuchs
system. We then describe an algorithm for determining a basis of local solutions around
arbitrary singular points and show how to obtain an integral symplectic basis afterwards.
Finally, we discuss how the set of periods can be continued to other singular points in
moduli spaces.

5.2.1 Picard-Fuchs equations from toric data

We begin by setting up the differential equations in (5.19) for CY hypersurfaces, following
the discussion in [179]. The initial input for a GKZ system are integral points {vo, ..., v,}
contained in the reflexive polytope A* in R™. The origin v, is always contained in that
set and {vy,...,v,} generate the fan of the toric variety. We start by embedding this
polytope in a plane in R™*! with distance one from the origin, choosing ©; = (1, v;) where
k=0,...,p. We then have p + 1 integral points in the space R"™!, leading to a lattice of
relations given by

L:{(zo,...,zp)eﬁ) Zp:li@izo}. (5.20)

With our choice we have automatically implemented the condition Y 7 I; = 0 for all
vectors [ € L. With the height-one uplift to R"*! we ensure that all monomials defining
the hypersurface appear with a common degree and the total polynomial is homogeneous.
In a suitable basis these [-vectors correspond to the generators of the Mori cone, so the
number of distinct [-vectors gives the number of Kahler moduli on the A-side and number
of complex structure deformations on the B-side. We then consider the affine complex

space CP*! with coordinates (ay, ..., a,). To each vector | € L we assign the differential
operator
o \" o\
D= ][] <%) - 11 (8%) : (5.21)
10 1™ <o

)
Zj:ZU" ._'_5“ (5.22)



106 5. Computational methods from mirror symmetry

where j = 1,...,7, so the number of Z is equal to the dimension of the fan. ;; denotes
the j-th component of the i-th vector v;. The set of differential equations defined by the
operators (5.21) and (5.22) is known as a GKZ hypergeometric system with exponent
vector 3. For the special value 5 = (—1,...,0), the periods II; satisfy such a GKZ system
in the sense that they are annihilated by the respective operators [177]. Thus we have

DI = Z;1; =0, i=0,...,2hy +1. (5.23)

The two types of operators have different meanings: the Z-operators reduce the re-
dundant coefficients space CP*! to the true complex structure moduli space of the CY.
Put differently, they enforce the homogeneity constraints defining the weighted projective
space and thereby ensure that the periods are functions of coordinates invariant under
these changes. At the LCS point the appropriate coordinates are readily defined in terms
of the Mori cone generators and read

p
(k) (k)
zp = (=1)b Hail , (5.24)
=0
where k = 1,...,s with s = |L|. The determination of “good” coordinates around other

singular points will be the topic of the next section. On the other hand, the D-operators
encode the relations among monomials defining the CY hypersurface. For the explicit CYs
that we will analyze, they are directly related to Picard-Fuchs differential operators once
we implement the constraints from the Z-operators. In more general solution space of the
GKZ system can be bigger in which case one needs to add further differential operators
to obtain the Picard-Fuchs system (see type II and type III models in [179]). These
additional operators represent relations of monomials corresponding to integral points of
co-dimension one vertices in A*.

With the coordinate choice (5.24) we can write down an explicit formula for the D-
operators in terms of the Mori cone generators. For each [(*) € L we have

1) _q (z§.’“>‘—1
D= [] (H(ﬁj—i—i))—xkn ( 1T (ﬁj—z’)>. (5.25)
Mo \ =0 Mo \ =0
where ¥; = aj%. We then introduce the logarithmic operators 6,, = xi% which are
related to the ¥; via
9= 1%, . (5.26)
k=1

The differential operators resulting from (5.25) oftentimes factorize into several irreducible
pieces, where only one of these factors corresponds to the true LCS Picard-Fuchs operator,
i.e. the minimal operator annihilating the periods. This reducibility also indicates that
the GKZ system has a larger solution space, so the remaining operators eliminate the
spurious solutions not corresponding to periods.



5.2 Computing CY periods 107

A concrete example

We want to supplement our general discussion about the computation of periods with
a well-known example, namely the hypersurface P?1,1,2,2,6)[12] with (hi1, he1) = (2,128)
defined by a degree 12 polynomial in the given weighted projective space. Several prop-
erties of this CY have been extensively studied in the seminal paper [180], including the
geometry, the description of the mirror and its moduli space and many other aspects.
In the following we will apply the general algorithm from toric geometry to set up the
Picard-Fuchs system in the LCS regime of its mirror dual CY.

Step 1: Fetch polytope data. Given a weighted projective space P4, the integral
points of the reflexive polytope A* C Ny encoding its fan can be defined in terms of the
weights w [179]. For IP"(L1 122 they are given by the origin vg = (0,0,0,0) and

vy =(—1,-1,-2,—-6), v; =(1,0,0,0), v; = (0,1,0,0),

! (5.27)
vl =(0,0,1,0), vi = (0,0,0,1).

As we discussed before, weights w; > 1 in weighted projective spaces produce orbifold
singularities. Let (z; : ... : z5) denote the homogeneous coordinates of P?1,172,2,6)> then the
Zs-type singularity is running along the curve C' = {z; = 25 = 0}. A hypersurface would
inherit the singularity of the ambient space. To avoid that, we introduce an exceptional
divisor that resolves C into C' x P!, i.e. each singular point in C is replaced by a P!. In
toric geometry we resolve by refining the fan with the appropriate ray, which in this case
adds the vertex v§ = (0, —1,—1, —3).

Using the generators {v],...,vi}, we can derive the vertices of the dual polytope
A C Mpg. These vertices correspond to the monomials required to build a minimal
Fermat-type hypersurface, while other integer lattice points contained by A give further
allowed deformations. Each co-dimension one facet of A* is given by the convex hull of four

vertices. To determine a vertex of A we solve (m,v;) = —1fori € {iy,... iy} C {1,...,5}
and m € M and find [179]
vy = (=1,—1,—1,-1), vy = (11, -1, -1, 1), vy = (1,5, =1, —1),
= ), v =( ), o= b
vy =(—1,-1,5,-1), vs = (—1,-1,—-1,1).

Step 2: Determine polynomial of mirror. We first check the number of Kahler
moduli on the A-side. To do so, we embed the generators {v],...,v§} in a height-one
planc in R® via 77 = (1,v}) and compute the distinct I-vectors defined via 32, 771 = 0.
We find the two solutions

1M = (=6,0,1,1,3,0,1), (® =(0,1,0,0,0,1,—2) (5.29)

and conclude that the CY has h;; = 2. One Kéhler class is inherited from the ambient
space while the other comes from the blow-up. The mirror dual should therefore have two
complex structure moduli, limiting the number of lattice points in A that we should con-
sider. To reproduce the choice of [180] we need the additional points vy = (0,0,0,0) and
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ve = (5,—1,—1,—1). According to the monomial-divisor map (5.17), the corresponding
polynomial reads

12 12 6 6 2 6.6
P =ay2” + aszy” + aszs + agzy + asz; + agz120232425 + ag21 25 =0, (5.30)

where aq,...,as € C and the monomial multiplying a; comes from the pairing of v; with
the vectors from A*. Using coordinate reparametrizations z; — ¢;z; with ¢; € C we can
set a; = ... = a5 = 1. For the residual parameters we choose ag = —12v¢ and ag = —2¢
and arrive at the well-known form

P=22 4+ 22+ 25+ 28 + 22 — 1202120232425 — 202025 = 0. (5.31)

The parameters (¢,1)) parametrize a whole family of hypersurfaces and span the complex
structure moduli space of the mirror of P, | , 5 [12].

Step 3: Determine Picard-Fuchs equations. The Picard-Fuchs equations at the
LCS are obtained from the respective GKZ system. From the linear relations (5.29) we
construct the canonical LCS coordinates via (5.24) and find

a2a3a3ag 1 o aas 1

ag 21136 ¢6 ’ xQ y a% 4¢2 ( )

1 =T =

Following [179], we also introduce rescaled variables 7 = 263z and § = 4y. Periods as
functions of (z,y) automatically satisfy the constraints from the Z-operators in (5.23).
Using formula (5.25), we can derive the two Picard-Fuchs operators

Ly =020, —20,) — 8x(60, + 1)(60, + 3)(60, + 5),

2 (5.33)
Lo=02—y(20, —6,)(20, — 0, +1),

where 0, = x% and 0, = yd%. Note that in the first GKZ operator we have factored out
30,(30,+1)(30,+2) to obtain the Picard-Fuchs operator and eliminate spurious solutions.

5.2.2 Patches and local coordinates in moduli space

Picard-Fuchs systems are most often solved in the LCS regime of the mirror since the
basis of periods at that locus encodes quantum corrections to the type ITA prepotential
and higher-genus amplitudes in the weak coupling regime. However, the expansion of the
LCS periods is only valid within a finite domain of the complex structure moduli space.
If one is interested in the behavior of physical quantities away from that region, one needs
to find a new set of local coordinates that covers the appropriate patch of moduli space
and solve the Picard-Fuchs equations in terms of the new coordinates once again. In this
section we outline how to construct these local coordinates systematically.

First we need to understand how moduli spaces can be described explicitly. In the first
constructions by Greene and Plesser [22] a mirror dual manifold was obtained by taking
the quotient of a hypersurface CY by a discrete symmetry group, which also induces an
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orbifold action in the moduli space of the mirror. To obtain a tractable moduli space
one has resolve these singularities, compactify that space and make sure that all divisors
at the boundary have normal crossings. While these steps are all rather case-specific in
the historic approach, Batyrev’s reflexive polytopes provide a universal framework that
allows us to construct a moduli space as a toric variety that satisfies all above criteria.
The construction goes as follows: We start from a pair of reflexive polytopes (A, A*) and
the complete lattice of relations L = (I;)(® with a = 1,...,r. For IP)%,LQ,Q,G? we found

601130 1
L= . (5.34)
0 10001 —2

Let us now switch our perspective by viewing the columns in L as vectors in an r-
dimensional lattice N' = Z". We restrict ourselves to the subset of primitive generators,
denoted as b; (j = 1,...,n), which determine a subdivision of the space R" into maximal
cones. The moduli space of the toric variety is then given by another toric variety whose
fan ¥’ is built from the one-dimensional cones defined by the b; [181,182]. ¥’ is usually
referred to as the secondary fan*. In our example, the primitive generators are

by =(1,0), by=(0,1), by=(1,-2), by=(—1,0), (5.35)

where each b; is associated to a toric divisor Dy, = {x; = 0} in the moduli space, as
usual. The fan generated by these four vectors is not regular, hence we expect orbifold
singularities according to our discussion in section 5.1.2. But in toric geometry we can
easily resolve these singularities by subdividing the fan. In the concrete case, the vectors
bs = (1,—1) and bg = (0, —1) make the fan regular and introduce two exceptional toric
divisors. As a result we obtain smooth toric variety with honest normal crossings among
the boundary divisors.

Toric geometry also provides a straightforward algorithm to construct local coordinates
in the different patches of the moduli space. A patch is defined by a maximal cone in R”
that is spanned by the generators of the secondary fan. In general local coordinates need
to be invariant combinations under toric rescalings, so if a fan has n generators obeying
p linear relations Q¢ (a = 1,...,p) , a local coordinate z;,. satisfies

n n -Q%n; !
Tipe = 2o - alm . where Xy — A5 @M = (5.36)

a
J
w to satisfy rescaling invariance. Given a maximal cone ¢ defining a patch U,, we can

Using the defining property >, Q bk =0, we can set n; = (w,v;) for any N lattice vector

find the set of regular monomial functions defining valid local coordinates by constructing
the dual cone ¢ in the dual lattice M’ as

0 ={aueR" | (u,b;) >0and a > 0}. (5.37)

4The secondary fan divides the space of divisor classes into chambers, where each chamber corresponds
to a region in which the same divisors remain effective. These chambers define different phases of the
CY, which will be discussed in section 5.4.
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The lattice points ¢ N M’ are in one-to-one correspondence to the monomials in the
coordinate ring. To determine transition functions between two patches U,, and U,,, we
need to find the generators of o;N M’ and o, M’, denoted as w,(f) and w,(j), and determine
the linear relations

T rj
S g =3 aewd, gnaw €2 (5.38)
k=1

k=1
Then the transition functions among the coordinates in the two patches are defined as

i Tj

[T = TT @iy (5.39)

k=1 k'=1

Let us apply these techniques to our example. With our choice of the Mori cone basis
and the secondary fan we made sure that the LCS patch of the moduli space lies in the
maximal cone o(by,bs) by default. This patch is centered around the degeneration locus
where the two toric divisors D o) = {1 = 0} and D(g1) = {22 = 0} intersect, with the
local coordinates (z1,z2) given by (5.24). Coordinates in different patches can be easily
expressed in terms of (1, x9): Since o(by, by) is self-dual, formula (5.39) becomes

A 2 w9,
x,(;) = H x,i/ ) : (5.40)

k'=1

implying that the powers of monomials are given by the components of the extremal rays
of the respective dual cone. When expressed in terms of the rescaled variables (Z,7), the
local coordinates around the different intersections of boundary divisors are thus given by

o 1
DaoyNDay: (Z,9) ., Da,—1yNDay): (a:y, t) ;
Y (5.41)

1 1
Do_nyNDq_p: T, — Di_igyND =,y .
(0,—1) (1,—1) (l’, a‘:g) ) (—1,0) (0,1) (jvy)

Discriminant loci and blow-ups

To fully assemble the moduli space we also need to incorporate the discriminant loci of
the complex structure parameters, which are the set of values for which the CY becomes
singular. If a family of CY hypersurfaces Y), with complex structure parameters A\, is
defined by the polynomials Py (21, ..., 2,) = 0, these loci are defined by the equations

6PAa:O Vi=1,...,n. (5.42)

P, =0 d
Ao an aZi

In moduli space the corresponding parameter sets lead to divisors that can potentially
lead to non-normal crossings or tangencies with toric divisors or among themselves. We
must therefore find the explicit parametrization of the discriminants and introduce further
blow-ups to be able to compute periods around these special points.
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Let us focus on the moduli space of P{, ,,4[12] right away. The discriminants are
found by solving the equations (5.42) for the polynomial (5.31). When expressed in terms
of the rescaled coordinates (z,y), the discriminants read

Ay
Ay

(1_1_:)2_:'%23]:07
1

o (5.43)

From the perspective of the CY geometry, A; = 0 gives rise to a conifold singularity at
which one of the A-cycles shrinks to zero size, implying that the respective period also
vanishes. Ay = 0 is rather difficult to interpret geometrically, but can be understood as
the weak coupling limit of the heterotic dual string theory. To these equations we associate
the moduli space divisors D; = {A; = 0} and Dy = {A, = 0}. Inspection of the defining
algebraic equations reveals that the discriminants have the following intersections:

e Dy N D, intersect vertically at (z = 1,5 = 1).

e intersections with divisors partially lying at the LCS are D1N D1y at (z = 1,5 = 0)
and Dy N Dg gy at (Z = 0,5 = 1). The former is a tangency of order 2, which can
be seen by setting y = 0 in Ay, while the latter is a vertical intersection.

e there is a triple intersection Dy N Dy N D(_q0) at (w = = = 0,y = 1). To show that,

1
T
one writes A; = 1 — 27 + Z2A, and introduces T = 1/w.

To achieve normal crossings among all boundary divisors, we study a model that can
locally describe all appearing tangencies/intersections at once. This model is parametrized
by W(z,y) = x* —y> = 0, which defines a divisor D in C? in terms of complex coordinates
(x,y). The singularity at (0, 0) can be resolved completely by performing three consecutive
blow-ups. Generally speaking, a blow-up replaces a point by the set of all lines passing
through it. This means that this point is resolved into a copy of P!, called the exceptional
divisor F/, while rest of the space remains unchanged. Formally, we write

Bl (C?) = {((a:,y), (u: v)) € C? x P!

Tu = yv} (5.44)

for the blow-up of C? at the origin, where (u : v) parametrize the P! and encode the line
passing through the origin and the point (z,%). The resulting P! can be covered by two
charts defined via u = 1 and v = 1, respectively. In each chart one then substitutes the
blow-up coordinates into the curve equation and factors out the maximal power of the
coordinate that parametrizes the exceptional divisor. The remaining equation defines the
strict transform of the curve, which intersects with the exceptional divisor in only one of
the two charts. The procedure is repeated until all remaining intersections are transverse.
In the following we spell out this algorithm for our concrete model (note that we wvery
closely follow the discussion in [183]):

1st blow-up: We introduce a P! with homogeneous coordinates (ug : vp) satisfying
upx — voy = 0 and denote this divisor by Ey. In the two different patches we get:
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e patch uy = 1: = = voy, then W = y*(v2 — y). Divisors Fy = {y = 0} and
D = {v3 —y = 0} do not intersect transversely in (0,0).

e patch vg = 1: y = woz, then W = z*(1 — wdx). Divisors Ey = {z = 0} and
D = {1 —udx = 0} do not intersect.

2nd blow-up: We introduce a P! with homogeneous coordinates (u; : v;) satisfying
u1vg — v1y = 0 and denote this divisor by F;. In the two different patches we get:

e patch u; = 1: vy = vy, then W = ¢*(vly — 1). Divisors F; = {y = 0} and
D = {viy — 1 = 0} do not intersect.

e patch v; = 1: y = wujvg, then W = wvd(vg — uy). Divisors Ey = {u; = 0},

Ey = {vy =0} and D = {vg — uy = 0} do not intersect transversely in (0, 0).

3rd blow-up: We introduce a P! with homogeneous coordinates (us : v9) satisfying
Usvg — Vo1 = 0 and denote this divisor by Fs. In the two different patches we get:

e patch uy = 1: vy = wouy, then W = ufv3(vy — 1). Divisors Ey = {u; = 0},

Ey ={vy =0} and D = {vy — 1 = 0} do not intersect.

e patch vy = 1: u; = wguy, then W = wulv§(1 — uy). Divisors Ey = {vy = 0},

Ey={uy =0} and D = {1 — up = 0} do intersect transversely in (0, 0).

These relations can be directly applied to model the crossings of the moduli space divisors.
After the first blow-up, W locally describes the tangency of D; and D(y;) in the chart
with 4y = 1 upon identifying D — D; and Ey — D(o1). At the level of coordinates we
obtain vy = 1 — Z and y = %y, and for the remaining ones we find

Y 7%y vy 1—27
N 1oz YTy T g
. _
5.45
U T2y vo (1—1x)? (5.45)
Uy == — = —mm— V) — — — —
T (1-22 72y

The local coordinates around the different intersections are provided in table 5.1. The
labeling Py, P{, P/’ was introduced for later convenience.

Local coordinates #1
Locus P1:D(0,1)QE2 P{:DlﬂEg P{/:ElﬂEg

(21, 2) <% 1 —;z») <1 - % 1 _g) <<1;2§)2’ iﬂj)

Table 5.1: Coordinates in local charts after first blow-up.

<

After the second blow-up, the patch with v; = 1 locally describes the triple crossing
Dy N Dy N D). To see the correspondence, we describe the discriminants in terms of
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w = 1/% once again. We then identify D — Dy, Ey — D, and Ey — D(_ ), which
implies u; = 1 — g and vy = aw with a = 2 — w. For the residual coordinates we obtain

Uy = — =
Vo

(1-19), U2:u—?:m- (5.46)

Q| &

To avoid a mix-up of the divisors, the exceptional divisor separating D; and D, will be
relabeled Ey — FE3. The coordinates at the remaining intersections are shown in table
5.2. Again, we introduced Pi3, P»3, Py3 for later notational convenience. Note that overall

Local coordinates #2
Locus P13 = D1 N E3 P23 = D2 N E3 P03 = D(,LQ) N E3

e | (- a-07)8) | (c0-01) | (Gt 9)

Table 5.2: Coordinates in local charts after second blow-up.

factors of v can be safely neglected since o # 0 at w = 0. A sketch of the resolved moduli
space with all toric and non-toric exceptional divisors is shown in figure 5.5 (essentially
the figure from [180]). Not all intersections will be needed for our purpose, but we wanted
to nevertheless provide a complete description of the resolution procedure that can be
easily generalized to other CYs.

D2 Dl

D)

D(1,0)

Doy "

Figure 5.5: Sketch of completely resolved moduli space of ]P"(L1’17272’6) [12] with normal cross-
ings among divisors only.

5.2.3 Frobenius solution

Now we can discuss how to obtain solutions of Picard-Fuchs equations in the vicinity of
singular points of a CY moduli space. At each point one essentially follows two steps: first
one needs to determine a complete basis of local periods analytically using the method
of Frobenius, which applies to linear ODE’s near regular singular points. We will denote
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such solutions as 7;, where j = 1,... ,2?121 + 2. In very broad terms these are power
series in the complex structure moduli and logarithms thereof. In the second step one
determines a transition matrix 7 that rotates this solution to an integral symplectic basis
via Il = 7. This section deals with the first step, while the computation of 7 will be
discussed in the next part.

First we introduce some shorthand notation to keep expressions compact. Let x =

(z1,..., 7, ) be the local coordinates near a singular point in moduli space. Let p =
(p1y-- -y p;m) be an index vector indicating the lowest polynomial powers of a power
series. We also introduce the multi-index n = (ny,...,n; ) € N2t that we use to sum

over all orders. We start our analysis by making a power series ansatz of the form

o0

e _ n+p
wj = g cj(n)z" ", (5.47)
n=0
n; _ +p;
n+p — ni+p1 ho1 hoq o0 _ [ele} oo . . .
where 2" = Ty and Y 70 =D " .- Z”im:(" After inserting this

into the Picard-Fuchs equations we obtain a plethora of constraints on the coefficients ¢;(n)
at different orders in the variables z1,...,z; . First we restrict ourselves to the lowest
order equations from all Picard-Fuchs operators, which are known as the index equations.
If we solve these we obtain the allowed index sets p(®), each of which is associated to one
distinct pure power series solution. There is always one distinguished period known as
the fundamental period, often denoted by wy, which has the index p® = (0,...,0). The
full power series solutions can then be found by plugging the ansatz with the known p(®
back into the Picard-Fuchs equations and solving for the ¢;(n) order by order.

The relations among the different root vectors p(® solving the index equations also
affect the structure of the whole Frobenius solution. Typically one finds less than 2hs; +
2 distinct index sets, in which case the remaining periods must be constructed from
descendants of the pure power series containing logarithmic factors. The more general
ansatz for a period can then be written as

m; = const. Z Z Cj(n)$n+p logt(x) ) (5.48)

0<[t|<3 n=0

where we again introduced the compact notation t = (¢1,...,t;, ). Here [t]| = S g,

log(z) = thill log(z;)" and the power to the multi-index ¢ is understood as before. Re-
garding normalization, we choose to divide each solution by 1/(27i)®, where « is the
highest logarithmic power appearing in the period. Note that highest possible power
for the logarithm in (5.48) is determined by the maximum degree of nilpotency of the
monodromy matrix .

To find the entire set of periods, one can proceed as follows: first, one determines the
solutions of the index equations and associated pure power series. Then one makes an
ansatz for a period containing terms with powers of logarithm factors up to one. This
includes a yet undetermined pure power series and the power series from the first step
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multiplied by all possible linear log-factors with unknown prefactors. To give a simple
example, suppose that we compute the local periods of a model with two moduli at the
LCS with local coordinates (x,y). The only power series solution is the fundamental
period wy with index (0,0). Solutions with linear logarithms then have the general form

(2mi) 7T§»U = wj(»o) + ozj(»l’o)wg log(x) + a§0,1)w0 log(y), (5.49)

(1,00 _(0,1)
i %Y

of the Picard-Fuchs operators. Once these periods are determined one can continue by

€ C and the pure power series wj(.o) are determined from the constraints

where
making an ansatz for periods with logarithms up to quadratic order and higher, following
the same recipe. This procedure needs to be repeated until a set of 2o + 2 linearly
independent period solutions is obtained.

When solving for the coefficients of the periods, one needs to pay special attention
to the order to which the constraints from the Picard-Fuchs equations are valid. If one
inserts an ansatz for periods with some maximal order |n| = ). n;, the order up to which
the constraints are valid is typically lower than |n|, depending on the individual case. If
too high orders are taken into account, solutions become over-constrained and one may
not be able to find the higher logarithmic descendants in the following steps.

Solution at the LCS

At the LCS we can write down the solutions for all periods without going through the
general procedure. The full basis of periods is built upon the fundamental period wy(x)
given by

S e (S,
wozgc(n)x :;H(Z.ly)nj)!m : (5.50)

To construct the remaining periods we take derivatives of the function

wo(x, p) = Z c(n+ p)a™*? (5.51)
n=0
with respect to indices in p and eventually evaluate at p = (0,...,0). The structure at

the LCS is always the same: we have a unique power series given by the fundamental
period, hsy solutions with linear logarithms, the same number of solutions with quadratic
logarithms and finally one solution with cubic terms. We can immediately determine the
periods in the symplectic basis by acting with the differential operators

pm_ 10
2772'8,0/
1 1 g 0
p L L0
C T2 m 5 e (5:52)
o 11 9 9 0

6 (2mi)* "7 0p: 0p; Opr
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where ¢ =1,..., hgy and kiji are the topological triple intersection numbers. The period
vector at the LCS is then given by

(5.53)

5.2.4 Integral symplectic basis

The Frobenius method gives us a complete basis of local analytic periods, but it does not
tell us how these are related to the periods (2.102), which are defined as integrals over
basic three-cycles in Hg(f/, 7). First we need to determine the integral symplectic basis
in the LCS regime using topological data of the CY as an input.

Obtaining the integral symplectic basis at the LCS is quite straightfoward. The LCS
regime of Y corresponds to the large volume regime of the dual CY Y, i.e. the Kéhler mod-
uli t* of Y satisfy Im(#?) > 1 and the prepotential is hence dominated by its classical part.
These classical terms depend on on the topological data of the CY and contain enough
information to fix the transition matrix. For a general CY threefold Y the prepotential
in the large volume regime is given by®

1 1
I Jk J 7 27rzﬂt
Folt) = grugrt 8 + Sayt't + bit' + 5 T 2m > Lig( (5.54)
BEH(Y,Z)
where ¢ = 1,...,hy; = ﬁgl. The constants b; and ¢ are defined in terms of topological

invariants and read

A eandi e=- X ¢3), (5.55)

24

where J; is the Kéhler form associated to the Kéhler parameter ¢. The constants a;; are

not related to topological quantities. The continuous Peccei-Quinn shift symmetry of the

B-field axion fields is broken down to a discrete subgroup #* — t' + 1 by quantum effects

and enforces Im(a;;) = Im(b;) = 0. One can fix the values of the a;; by acting with this

symmetry on the period vector and imposing that the action corresponds to a symplectic
transformation. The corresponding period vector will be normalized as®

11(t) = (1, 8, Fo, 2F0 — t'0u o), (5.56)

SHere the overall prefactor (27i)3/g2 has been set to 1. The relation to the prepotential in terms of
homogeneous coordinates is given by Fo(t) = (X°)72F0(X)|xi—2xsi xo. We will denote the prepotentials
with the same symbol; the distinction should be clear from the variables on which Fy depends.

6To preserve the standard canonical symplectic pairing, we order the period vector such that the ¢
appear in the usual order, while the derivatives d;: Fo(t) are listed in the reverse order. Matching this to
the standard supergravity normalization requires a constant symplectic transformation.
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where TI(t) is written in terms of the coordinates ¢ defined via 27t = X?/X° At this
point, we can apply mirror symmetry: the flat Kahler coordinates of Y in the Im(#") > 1
regime can be expressed through the LCS periods of Y in the Frobenius basis. Each
Kéhler parameter of YV is given by the ratio of a period with (at most) linear logarithms
of the complex structure moduli and the fundamental period, i.e.

) 7LCS (4 1 .

t' = é@l—sgxi = 2—m,10g(93’) +..., (5.57)
where we have only displayed the leading order term in the expansion. To obtain the
transition matrix, we compare the leading terms of the period vectors on the A-side and
the B-side, both expressed in terms of complex structure moduli. So on the one hand we
take the Frobenius solution (5.53), divide out the fundamental period and only keep the
lowest order in the expansion around z = (0,...,0), while on the other hand we insert
the dominant term from (5.57) into (5.56). There exists a complementary approach for
determining this transformation matrix, which utilizes the transformation behaviour of
the periods under the monodromies [184]. In fact, the LCS is the only point where the
monodromies alone are sufficient to completely fix the integral symplectic basis.

Moving away from the LCS regime

With the integral symplectic basis at the LCS at hand, the missing piece is to compute
transition matrices at arbitrary singular points that bring us from a local Frobenius basis
to an integral symplectic one. The local solutions from the Picard-Fuchs equations only
have a finite convergence radius, typically set by the location of the nearest singularity.
Suppose we are given two (general) neighboring moduli space patches A and B centered
around singular points, with local Frobenius solutions 74 and mg. Let us first describe
the most general way of finding a numerical transition matrix between those two patches.
First we need to select a certain basepoint z(©) = (xgo), e ,a:igo)) at which both period
sets (truncated at a sufficiently high order) nicely converge. VVe2 ‘can then Taylor expand
both of these periods around that basepoint to obtain

oo
1
TAB = Z —‘50‘7TA,B‘ (x — z)e (5.58)
ol x(0)
a=0
where once again we have introduced a multi-index & = (o, ..., @, Jand ! = ay!. ..oy, 1.

We have also introduced the abbreviated derivative notation
0% = U w— (5.59)

with |a| = a; +...+ aj,,- In order to compare the two period sets we must express both
of them in terms of one common set of complex structure coordinates. For a transition
matrix defined as m4 = T 27 the comparison leads to a collection of linear equations for
the matrix entries, valid at different powers of all possible monomials. In multi-modulus
scenarios these constraints must be solved order by order in total degree |a/.
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In general multi-dimensional setups it can be quite tricky to find a convenient basepoint
in which the convergence regions intersect. We can circumvent this issue by simply setting
some of the moduli to a fixed value, typically the midpoint in a certain direction, and
work with expansions in fewer variables instead. We will apply this technique to the
concrete CYs with hy; = 2, fixing one of the two complex structure moduli and matching
the expansions in the remaining free coordinate.

If we are after the transition matrix at a singular point whose patch is not overlap-
ping with our initial starting point, several transition matrices need to be computed and
chained together. For instance, one might have three patches A, B,C around singular
points. The transition matrix for A — C' can then be found by first analytically continu-
ing A — B and then B — C, so that

X =T4TS (5.60)

In practice, we use the integral symplectic basis at the LCS as our initial reference point.
We then match this basis with periods defined in charts that are “off” by only one complex
structure coordinate relative to the LCS, using the above technique of partially fixing
coordinates. With the newly obtained analytic continuation we can then match with
periods at other singular points that are further away from the LCS.

The results for the transition matrices can be double-checked with another method:
One may simply choose by points :cgp ) with i = 1,..., hoy in the overlap region between
two patches A and B, evaluate the periods at these points at a sufficiently high order and
then directly solve the equations

ma(@?) = TPrp(a?) (5.61)

%

numerically. This produces enough equations to solve for the entries of the matrix. The
result for the transition matrix from both methods should agree, but the latter method
of choosing points is much more unstable numerically. In practice, it is hard to decide
whether a given matrix entry is really zero or just a numerically small number, unless a
very high expansion order of the periods is taken into account.

5.3 Mirror map and Yukawa couplings

By now the main part of our technical preparations is finished and we can finally zoom
in on the physical quantities of interest. As a reminder, our goal is to test whether the
classical Yukawa couplings in the effective action of type IIA CY compactifications can
arise as a quantum effect in M-theory limits. Recall that Yukawa couplings are three-point
functions of scalar fields from vector multiplets, which in the type IIA case are the Kahler
moduli #*. Taking the weak coupling expansion of the prepotential in (5.54) as given, the
full Yukawa couplings take the form

o B
Yij(t) = 040y O Fo(t) = Kijr, + Z agﬁ”ﬂjﬁ’“lz—qﬁ, (5.62)

BEH2(Y,Z)
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2mit'  We will refer to these as A-side Yukawa couplings.

where ¢° = [[,¢/" and ¢; = ¢
On top of the classical triple intersection numbers &;;, there is a sum over instanton
corrections coming from string worldsheets wrapping genus zero curves of a CY Y. The
sum is over effective curve classes § € Hy(Y,Z) and each such contribution is weighed
by . Our proposal for how to obtain the classical Yukawa couplings in (5.62) from a
one-loop Schwinger integral will not be presented before section 6. However, we want
to mention already here that our regularization will require the knowledge of the full
functions (5.62) also away from the LCS regime. The purpose of this section is to discuss

how the period data of the mirror manifold will be helpful in that regard.

5.3.1 B-side and A-side Yukawa couplings

Computing the enumerative invariants a@ of compact CYs directly by counting stable
maps is extremely difficult. Here, mirror symmetry comes to the rescue: it establishes a
relation between (5.62) and the Yukawa couplings of the complex structure moduli z* of
the mirror Y, denoted as Cijr(z) and usually called B-side Yukawa couplings. Crucially,
the latter can be determined from purely classical geometric quantities and do not receive
worldsheet instanton corrections. When expressed in terms of the holomorphic 3-form 2,
they are defined as

Y
Recall that € can be expanded as = oszf( + ﬁf(}}(, where (ak,ﬁi) is a basis of
H3(Y,7) and TIT(X) = (XX, F;)7" are the integral periods. Then, using the defining
properties of the symplectic basis, the Yukawa couplings can be written as

bt A
Cijr(z) = " (X)T 0,0;0411(X) = Y (X K0,0;00F g — f}gai@j@kXK> : (5.64)

K=0

where the symplectic pairing 3 was introduced in (2.99). The B-side Yukawa couplings can
thus be calculated directly from the periods in the integral symplectic basis. Alternatively,
one can even find closed rational expressions for the B-side Yukawa couplings from the
Picard-Fuchs system (for more detailed instructions on that see [179]). The basic idea is to
obtain a linear system relating the different Yukawa couplings with their derivatives. One
can show that the Yukawa couplings close under differentiation with respect to moduli,
i.e. derivatives are given by

04Ciji(x) = Z RZE}IZ(I) Crnp(2) , (5.65)

m,n,p

where 1777 only contain rational functions determined by the Picard-Fuchs operators.
These relations are found by differentiating (5.63) and reducing the fourth-rank derivatives
to rank three and lower by means of the PF operators, which by definition annihilate €.
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The procedure is iterated until every Yukawa coupling appears in the set of equations
(5.65). Solutions of the resulting differential equation have the general form

- 1
Ciir(x) =C Pisn () -
o+(r) = e Gijr () dis, (V)

: (5.66)

with p;;; and ¢;;; polynomials, C?jk normalization constants and disl(f/) the discriminant
locus of the hypersurface CY, parametrizing co-dimension one loci in the CY moduli

0

space along which the CY degenerates. The constants C;., are fixed by matching with

the normalization of the triple intersection numbers in tljle large volume regime of the
mirror CY. Appendix A of [179] provides the discriminant loci and exact B-side Yukawa
couplings for a couple of CY hypersurfaces with few Kéhler moduli (without normalization
constants). Note that (5.66) are globally defined functions across all of moduli space.

In order to relate B-side Yukawa couplings on Y to A-side Yukawa couplings on Y we
invoke the mirror map. According to mirror symmetry, the complex Kahler moduli on Y
are identified with a period ratio on the mirror dual, namely t*(z) = I, (x)/II;(x) with
i=1,...,h1;1(Y). Since the coordinates x’ on the B-side are globally defined, this map is

also valid away from the LCS regime. At the LCS, the map takes the familiar form

G =" =2t (5.67)

where each ¢; is a multivariate power series in all variables, starting with 2* as indicated
above. The equations (5.67) can be inverted order by order to obtain the inverse relations
z' = 2'(g;). We can now perform an easy consistency check for our LCS periods in the
integral symplectic basis. For that we divide out the fundamental period, expand all
components and insert the inverse mirror relations. Assuming our convention for the
symplectic pairing, we can then compute the A-side prepotential via

1 /- A A A A A
Fot) = 5 (TECSTIEES 4 OIS 4 (SIS | (5.68)

where hats again indicate a period vector expressed in inhomogeneous coordinates. The
results for both the classical terms as well the GV invariants from the non-perturbative
terms can be compared with known results in the literature or the output from the software
package CY-Tools.

To compute the A-side Yukawas at general points in moduli space is also straightfor-
ward: their definition in terms of derivatives in (5.63) indicates a tensor transformation
behavior under coordinate changes. We should also bear in mind that the holomor-
phic three-form can be altered by holomorphic rescalings 2 — f(x) €2, which leads to
Cijr — fQ(x)Cijk. To have scale-invariant Yukawas, we choose a gauge for {2 by dividing
out the fundamental period X°. In this normalization, the A-side Yukawas read

Yiji(t) = (X10)2 88313; ?;;ﬁ 86):;:; Copy(2(1)) . (5.69)

a7 ?’Y

Thus, for the calculation of the A-side Yukawas we do not actually need to know the

inverse mirror relations x; = w;(¢g;) but only its derivatives. It is therefore sufficient to

compute the Jacobian J;; = % and to invert the matrix.
J
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5.3.2 Caveat: Inverting the mirror map

To calculate the Yukawa couplings in moduli space regions away from the LCS, we need
to newly assemble the mirror map using the period data in the respective patch. The
inversion of that map, however, cannot be achieved in arbitrary patches of a CY moduli
space. There are only few exceptions to this general rule, one of them being the moduli
space of the torus T?. The fundamental domain (see figure 3.2) for both the complex
structure and Kahler modulus is obtained by dividing the upper half-plane by the action of
the modular group SL(2,Z). And importantly, modular transformations neatly map one
fundamental domain to its other representations without creating any overlaps between
those images. As a consequence, mirror symmetry assigns each value of the complex
structure modulus to a unique value of the Kahler parameter of the dual torus, so the
mirror map has a global inverse.

If we consider generic CY moduli spaces, the situation changes. At discriminant loci
such as conifold points the Jacobian of the mirror map degenerates and the mirror map
fails to be invertible. Moreover, in the vicinity of certain singularities it may happen
that no single-valued analytic inverse function exists. This happens precisely because
monodromies of the periods lead to multi-valued functions ¢;(z) (with complex structure
parameter z), meaning a putative inverse has different branches, and it is unclear which
one to choose. Let us look at the quintic once again to see an explicit example. Suppose
that we have determined the local periods around the LCS, the conifold and the Landau-
Ginzburg point and glued them to the integral symplectic basis. The mirror map is

I5(z
)= 2
11 (2)
To display the fundamental domain, we parametrize the complex structure parameter

as z = 7€' and plot (Re(t),Im(t)) for 0 < ¢ < 27 and different values of 7, always
choosing the right set of periods for which 7 lies within the convergence radius. For our

I(z) € {118 1€, T1~¢} . (5.70)

calculations we choose the branch cut of the logarithm (and fractional powers) to lie on
the positive real axis. We can then check how these regions get mapped under the action
of monodromies. The coefficients of the monodromy matrices can be obtained by solving

[(e*™z) = MII(z), M € Sp(4,7) (5.71)

around each respective point in moduli space. At the LCS and conifold they are given by

10 0 0 100 -1
10 0 010 0
Mrics = , Mc= (5.72)
-3 -5 1 0 001 0
5> 2 -1 -1 000 1

The monodromy at the Landau-Ginzburg point is fixed by the inverse product of the
former two” such that Mg = (MLCS . Mc)_l.

"The reason is that the moduli space of the quintic has the topology of a sphere with three punctures,
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In figure 5.6 we display the fundamental domain of the quintic moduli space and its
images under the action of the monodromies Mg and M. The LCS monodromy just
results in a shift of the Kéhler parameter given by ¢ — ¢ + 1. Around the LG point,
the associated monodromy multiplies the complex structure parameter by a phase factor,
inducing a rotation in the complex ¢-plane that satisfies M7 = 1. If the LG monodromy is
applied in the patch around the conifold, it leads to the problematic behaviour mentioned
above: the monodromy acts such that period vectors with a different number of My
actions are still mapped to the same ¢-value by means of the mirror map. Put differently,
the monodromy does not generate clearly separated fundamental domains (as it does for
the LCS and LG regions) but rather creates overlaps, as can be seen in the plot. This
multivaluedness explains the absence of a global inversion of the mirror map.

Imit]

Re[t]

-1.0 -0.5 0.0 0.5 1.0

Figure 5.6: Moduli space of the quintic. The light green area at the top corresponds
to the LCS domain, while each of the circular arcs below is a representative of the LG
region, with the different colors being related by the LG monodromy. For these areas
we show the fundamental regions with respect to the LCS monodromy (appearing on the
left-hand side) as well as their images under one shift induced by Mycs. The orange
wedges represent the conifold patch and its transformations under the LG monodromy.

Another indication for the absence of a global inverse can be found by studying the
explicit form of the mirror map at the conifold. In terms of the local coordinate u = 1—57,
the expansion of the mirror map is given by

Hu) = E—‘igj =3 (ulog(u))en(u) (5.73)

corresponding to the three singular points. If one considers a closed loop surrounding all three punctures,
it can thus be contracted to a single point. As the monodromy matrices represent the effect on the period
induced by these loops, the product of all three of them must be one.
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where each ¢,, denotes a power series in z starting with a constant. Unlike for the LCS case,
(5.73) contains logarithmic terms at each power. Therefore one cannot just exponentiate
both sides to obtain a power series that can then be inverted order by order.

Even though the presence of monodromies prevents us from constructing a global
inverse function, we can still make a local statement. The inverse function theorem guar-
antees the existence of a holomorphic inverse of the mirror map as long as the determinant
of the Jacobian satisfies det J # 0, i.e. away from a singularity. So if we look at a small
subset not containing a singularity and choose a particular branch, a holomorphic inverse
does indeed exist and the inverse derivatives dz*/dt’ are well-defined accordingly.

5.3.3 Divergence of Yukawa couplings

We want to review a crucial observation about the divergence of Yukawa couplings which
was already made by Candelas, de la Ossa, Green and Parkes in their seminal paper
about the quintic [23]. They advertised the idea that singularities in the moduli space
of the B-model carry information about the plethora of instanton corrections on the A-
side. In the case of the Yukawa couplings these corrections are counted by the genus
zero GV invariants. To provide evidence, the authors made an ansatz for the asymptotic
growth of these invariants and fixed the unknown free parameters by demanding that this
growth formula reproduces the expected singularity of the Yukawa coupling, as predicted
by mirror symmetry. Since the general idea of a correlation between singularities and GV
invariants will also be relevant for our regularization in the M-theory limit, we will sketch
the original calculation by Candelas et al. in the following.

If we consider the mirror map at large complex structure and approach smaller values
of the Kéahler parameter, the conifold at ¢ = ¢. is the first (and only) singularity in moduli
space that we encounter for the quintic. The value of Im(¢.) also marks the smallest
two-cycle size for which the CY is defined. The leading-order term of the mirror map
expansion (5.73) is given by

t —t.~ulog(u) +.... (5.74)
We can now apply formula (5.69) after having expressed all factors in terms of the local

coordinate u. We then find the leading divergence

Y, ;—l- ! + 2.75
™ g T G t)lost =) T (5.75)

Candelas et al. now raised the question how the GV invariants off need to scale to
reproduce this singularity from the behavior of the sum

oo
3 2mint
Kttt ™~ 5 agn’e ™" (5.76)
n=1

Since the LCS expansion (5.76) is expected to converge only up to the conifold locus, i.e.
for Kéhler parameters with Im(¢) > Im(%.), the GV invariants of cannot grow faster than
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e?mim(te) (if they would grow faster, the singularity would appear “earlier”). This portrays

the rapid growth in the asymptotics, but to correctly account for the GV invariants for
lower n they made the more general ansatz

ol ~ nP~3log(n)7e2mmimte) (5.77)

One can then plug this ansatz into (5.76) and approximate the sum by an integral to
obtain

I'(1+p)

(A (—log At)7, (5.78)

(o]
Kite ~ E n’ log(n)gefzmlm(t*tc) ~
n=1

with At = 27lm(t — t.). Comparing this to (5.75) one concludes that the ansatz works
for p =0 and o = —2.

As a complementary approach, one could try to fix the values of the free parameters
in the asymptotic growth formula by performing a fit to the known GV invariants from
the literature. Starting with the even more general ansatz

af ~ conf*log(n)7e*™" (5.79)

the strategy is to fix one parameter at a time by creating a sequence with GV invariants
that converges to the exact value of this parameter. In [185] such an analysis was applied
to genus g Gromov-Witten invariants. One starts by determining the exponent in the
exponential and continues with the parameters of the functions that are less and less
dominant. However, to fix the coefficients with the raw data one needs to know the GV
invariants to a very high degree. The standard technique to speed up convergence is to
apply Richardson transformations to the data sequences. If we assume that a general
sequence {S(n)}nen converges to a limit s and that the asymptotic expansion is of the

form S(n) = s+ < 4+ % + ..., we can define the k-th Richardson transform as
i (n+m)*
_ _1\m+k
RTgs(n, k) = mE:O( 1) k= m)l m)!S(n +m). (5.80)

One can check explicitly that the k-th Richardson transform cancels the first k correction
terms, so that RTg(n, k) = s + O (=) and thus the convergence is faster for larger k.
We have applied these techniques to fix the parameters in (5.79) for the quintic using
GV invariants up to order 1000, but only managed to reproduce A and p with an acceptable
low numerical error. The coefficient in the exponential was determined from the sequence

Sy(n) = — log (O‘QH) , (5.81)

n
2m Qg

where of are the exact GV invariants. The result for the third Richardson transform (see
figure 5.7, left) deviates from the literature value by only 0.02% for n = 50.
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Figure 5.7: Sequences Sy(n) (left) and S,(n) (right) together with their first few Richard-
son transforms.

The parameter of the monomial term is fixed through

S,(n) = f,(n) —2f,(n®), with f,(n)=n (eQﬂAﬂ — 1) : (5.82)

n
%)

The sequence as well as the Richardson transforms are shown on the right-hand side of
figure 5.7. Here the relative numerical error is approximately 1.7% for n = 28. The
parameters o and ¢y could not be determined with our data. For enumerative invariants
from higher genus amplitudes one can also usually retrieve the power of the logarithmic
term with these techniques, as was mentioned for example in [186]. This is expected
given that for higher genus ¢ GV invariants the logarithm appears with a higher power,
namely [187]

oy ~ cgn®?log® % (n) eZrnim(te) (5.83)

5.4 Gauged Linear Sigma Models

In the final section of this chapter we review an alternative and complementary approach
to the construction of toric varieties in which one directly takes a quotient of C™ such that
the resulting variety is a Kéhler manifold (known as Kdhler quotient). In this language,
one can understand toric varieties as the set of gauge-inequivalent vacuum states of a class
of supersymmetric gauge theories known as gauged linear sigma models (GLSMs), to be
defined soon. Depending on the values of certain couplings in the GLSM one typically
finds distinct “phases” of the theory where the low-energy physics can vastly differ. Since
these couplings are directly related to the Kahler parameters of the variety, GLSMs are a
convenient tool to understand regions in the moduli space where the Kahler parameters
lie outside of the Kéhler cone, i.e. what happens under so-called flop-transitions.
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5.4.1 From toric varieties to Gauged Linear Sigma Models

We start by introducing the Kahler quotient. Instead of using representatives such as
fans and polytopes like in section 5.1, we implement the quotient in (5.5) directly. This
construction in principle holds for arbitrary symplectic manifolds, but we will focus on
Kéhler manifolds from the start. The space C" with complex coordinates z = (21, ..., 2,)
has the canonical Kéhler form w = —i ), dz; A dZ. The group G = U(1)" C T with
r = n —m acts on the coordinates as z; — ¢/@i%z; where £ = (£1,...,&,) € u(1)" are the
generators and Q; = (Q}, ...

invariant. The infinitesimal action of { is captured by a vector field v¢ on C", which acts

, Q) the weights or “charges” of z;. Obviously, G leaves w

on a test function as

el = o] SE0.F0) =6 Y Qa0 — 20017, (58)
1=1

where we used the compact notation 2/(t) = (2} (t),. .., 2/ (t)) with 2/(t) = e!9%!z(t) and
likewise for the complex conjugate. We want to quotient by G such that the reduced space
inherits a non-degenerate Kéhler form. This can be done by means of the momentum

map p : C* — R" defined via

d{p, §) = d(1al") = Lo, (5.85)

where v, w is the contraction of w with the vector field appearing in (5.84). In the case
at hand we find that the momentum map has components

o= QN -7, (5.86)
=1

where 7, are real integration constants that define a so-called level-set. If we now restrict
ourselves to those points for which all p, at a given level vanish, (5.85) indicates that w
will be invariant along the G-orbits. We therefore define the variety as

M(r)={zeC" i@z@nzi\? —n}/UQ), (5.87)

leading to a space with well-defined Kéahler form and complex structure. As the 7, vary,
the topology and even the dimension of the resulting space may change.

It is instructive to relate the level-set restriction in (5.87) to the vacuum constraints of
a class of supersymmetric and renormalizable gauge theories in two dimensions, namely
the GLSMs. We will just briefly introduce their key ingredients and refer to the seminal
papers [188,189] for a more detailed account. We consider a theory with

1. n chiral superfields ®; with charges an) under G = U(1)"
2. r abelian vector multiplets V, with field strengths ¥, (common gauge coupling e)

3. r Fayet-Iliopoulos (FI) terms with parameter r, for each vector multiplet
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4. a superpotential W(®;), depending holomorphically on the ®;

We are interested in the vacuum solutions of this theory. The potential energy for the
scalars ¢; (bottom components of ®;) and o, (bottom components of ¥,) reads

1 T n T - n .
Vi) = o DS EP 423 0 Q. (59)
a=1 i=1 ab=1 i=1

where D, and F; are auxiliary fields which are fixed by the equations of motion, yielding
the D-term and F-term constraints

D, = —¢® (ZQE"HW—TG), F= (5.89)
i=1

~ 9,

For the moment we assume that no superpotential is present. Classical vacua satisfy
U = 0, leading to the constraints D, = 0 for a = 1,...,r. These constraints precisely
match with those from the Kéahler quotient (5.87) if we identify

zi— ¢; and T, 1. (5.90)

In addition, the weights of the coordinate z; under the a-th toric quotient correspond to
the U(1) charges of the field ¢; (justifying the identical labeling used already). Then the
manifold of classical, gauge inequivalent vacua is indeed D~1(0)/G = M(r).

As in the previous sections we want to study compact CY manifolds which are hy-
persurfaces inside toric varieties that lie in the anticanonical class. To implement the CY
condition at GLSM level we introduce an additional chiral superfield &, with U(1) charges
Qé“) =—>", Qg“). In the GLSM this has the effect of canceling the gauge anomalies in
the R-symmetries [188]. We take the superpotential to be the gauge invariant function

W(®) = BoP(Py, ..., D,), (5.91)

where GG is a homogeneous polynomial of degree n, which keeps the R-symmetry intact.
We also want to choose P to be transverse so that the equations

_oP 0P

O—E—...—aq)n

(5.92)

have no common root except ®; = ...®, = 0. The potential energy of the modified
system just changes by the inclusion of the additional chiral superfield so that the sums
over i in (5.88) and (5.89) run from 0 to n. Concretely, the D- and F-terms become

n oP
D — _ 2 E (a) . 2 _ F — P F — . .
’ ’ (i:o @l o) ° ’ i = 9o 0p; (5.93)

To understand which kinds of phases can occur we need to analyze the vacuum equa-
tions D, = 0, F; = 0 for different values of the FI parameters. For concreteness, we
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o | P1 P2 B3 s G5 Qe
QW|l—-6/0 1 1 3 0 1

QP o1 0 0 0 1 =2

Table 5.3: GLSM data for P} 5, [12]

revisit the crepantly resolved hypersurface IP{, 5, 5[12], whose Mori cone vectors in (5.29)
provide the two GLSM charge vectors shown in table 5.3. Compared to the singular
ambient weighted projective space P‘f7172’276, we have the additional chiral multiplet ®g
associated to the exceptional divisor that resolves the Zs singularity and ®, which is used
to implement the CY condition. The D-terms read

Dy = —e*(|g2]” + |¢3]” + 3|¢al® + |¢6]” — 6]¢o| — 1),

594
Dy = —c(nf? + 5" — 266" — 12). 594

The classical boundaries of the phase diagram lie along co-dimension one cones for
which solutions to the D-term equations D, = 0 leave a continuous subgroup of G =
U(1); x U(1)2 unbroken. The sub-cones mark singularities of the theory because there
additional degrees of freedom become light, invalidating the effective description used
away from that locus. For the generators g, : ¢; — AQ ¢; with a = 1,2 we find

e g; unbroken if ¢9 = @2 = ¢3 = ¢4 = ¢6 = 0, then 7 = 0,75 > 0 .
e ¢, unbroken if ¢; = ¢5 = ¢ = 0, then ro > 0 .
° g%gg unbroken if all fields but ¢g equal 0, then 7y > 0,2r; + 75 =0 .

These cones divide the parameter space into four chambers, which we will analyze one
by one as was done in [189]. Generally speaking, in each chamber different parts of the
gauge group remain unbroken, meaning that different sets of fields acquire a mass via the
Higgs mechanism. Our goal is to indicate which kinds of effective theories arise in those
cases.

Phase I: Geometric phase (r; > 0,75 > 0). We need to exclude {¢; = ¢5 =
0}U{¢ps = 3 = ¢4 = ¢pg = 0}. This exactly matches the excluded set Zy, from (5.5) if one
constructs the resolved Py | , , ¢ torically. According to the F-terms in (5.93), ¢y = 0 since
not all coordinates are allowed to vanish simultaneously and we imposed (5.92). Moreover
P = 0, imposing the hypersurface constraint. In this phase the gauge group is Higgsed
completely since all ¢; acquire a non-zero vev. The only light fields are gauge-invariant
combinations of the ¢;, which correspond to the local coordinates in the quotient space.
As a result, the theory flows in the IR to a non-linear sigma model (NLSM) whose target
space is the CY specified by P = 0, so as expected the GLSM describes a smooth CY
geometry when the FI parameters lie in the Kéahler cone.
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Phase II: Orbifold phase (r; > 0,75 < 0,211 + ro > 0). Here one excludes {¢s =
0} U{d1 = @2 = ¢3 = ¢4 = ¢5 = 0}. The F-terms again impose ¢g = 0 and P = 0.
However, since different parameter values have been omitted, the ambient space changes.
Suppose we do not fix (r1,73) to a level but still keep them within the specified chamber,
allowing us to quotient by rescalings in addition to the U(1) factors. Then one can fix
¢6 = 1 by the g» action and finds that the remaining g2g, precisely implements the C*
action in the toric construction (5.5) of the unresolved weighted projective space lel,l,2,2,6
(after relabeling some coordinates). Thus, the low-energy theory is again a NLSM but
the target space is a hypersurface in the unresolved space. Due to the presence of orbifold
singularities, the phase is usually dubbed “orbifold phase”.

Phase III: Landau-Ginzburg phase (ry < 0,2r; + 5 < 0). The omitted values
are {¢9 = 0} U {ps = 0}. Here the situation drastically changes: The F-terms impose
$1 = ... = ¢5 = 0, which leads to |¢g| = \/—71/6 and |¢s| = /—72/2 according to the
D-terms. The gauge group U(1); x U(1)s is broken to Zg X Zs accordingly, with Z,, acting
via ¢; — exp(2mi/n)¢; for all i. As a result, we obtain a unique vacuum configuration
(modulo gauge transformation), with the original toric variety collapsing to a point. The
fields ¢; with ¢+ = 1,...,5 remain massless and interact via the effective superpotential

Weg = /=11 /6 W (b1, ..., 5), (5.95)

which features a degenerate critical point and is obtained after intergrating out the fields
0o, ps. These types of theories are known as Landau-Ginzburg theories.

Phase IV: Hybrid phase (r; < 0,7, > 0). The omitted values are {¢g = 0} U {¢p; =
¢5 = 0}. Satisfying the F-terms requires ¢o = ¢3 = ¢4 = ¢¢ = 0 and according to D; we
have |¢pg| = v/ —71/6. Now the gauge group is broken to Zg. The Dy constraint reads

To = ‘¢1’2 + ‘¢5’2, (596)

i.e. (¢1,¢s) parametrize a 3-sphere in C2. After implementing the U(1) quotient one finds
that the moduli space is P*. The fields (¢2, @3, ¢4) remain massless and interact via an
effective superpotential that depends on the location on P!. Since the result is a NLSM
with target space P! paired with a Landau-Ginzburg model, the phase is hybrid.

5.4.2 Quantum-corrections to FI parameters

Let us finally also address the quantum corrections for GLSMs and how they affect the
phase space structure discussed so far. When we introduced the constituents of GLSMs
we have neglected the possibility of including #-terms to the action. If we do so, the
tree-level superpotential for the chiral fields 3, is given by

N . r Qa '
VVtree(E) = ;ﬁ Z gaza s with é—a - % + g . (597)
a=1
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Classically, the correspondence with the complexified Kéahler parameters is &, = t, =
by+17,, i.e. the O-terms correspond to B-fields on the Kahler manifold. Due to N = 2 non-
renormalization theorems, quantum corrections to these relations are severely restricted:
since (5.97) is holomorphic, the perturbative series t, = &, + &+ 0 (r;1) already termi-
nates at one-loop level. In principle there can be non-perturbative corrections as well, but
for these models they are found to be absent [189]. To compute the one-loop correction,
one assumes that the fields o, take large expectation values, giving the charged matter
fields ¢; a heavy mass according to (5.88). In other words, the theory lies entirely in the
Coulomb phase. Integrating out the ¢; leads to the corrected superpotential

W(z):iiz i€ —izn:cg(“)lo \/52@ (5.98)
\/§ a=1 ’ ’ 2 =0 i ° b=1 A ’ |

where A is a UV-cutoff introduced to regularize the divergent graphs. We find the vacua
of the theory by computing the stationary points OW /do, = 0, yielding

n o
, 2 (@)
Gu = " = H (%(2) B H‘gz’Qi ,a=1,...,r, (5.99)
=0

=0

where §; = >, ng)sb with expectation values s, = (03) and in the second equality we
used that > an) = 0 for all @ due to the CY condition. The fact that the charges for
fixed a sum to zero makes a crucial difference in the quantum picture. To see why, suppose
we were looking at a GLSM for which one set of charges, say le), does not sum up to
zero. For instance, this is the case for the ambient 113"1{1’27276 on its own, with ¢, from table
5.3 removed. If for this model we approach the classical singularity r; — 0 while staying
far away from the origin in r-space, the generator g, gets Higgsed, so o5 becomes massive
and needs to be integrated out as well (by setting it to zero in the superpotential). One
can then analyze the effective potential U(cy) and finds that in this case no minimum can
occur, meaning that there is no phase change and hence in the quantum theory there is
no singularity. On the other hand, the charges QZ@) of IP’%7172?276 do sum up to zero. If one
repeats the analysis close to ry = 0, one finds the constant correction

. 5
ot = &2 + % ; Qi log(Qs) (5.100)

at which the minimum occurs, with the singularity remaining intact. Crucially, it occurs
only for specific values of the 6 parameters, which for this case is ; € {0,7}. A sketch of
the classical and quantum-corrected moduli spaces is shown in figure 5.8.

The singular loci (5.99) are derived under the assumption that all o, are in the
Coulomb phase, but as mentioned before there can be situations where partial Higgs-
ing occurs, so that some ¢; remain massless. To construct associated singular loci, one
focuses on k-dimensional subgroups H C G with a special property: the charges of the
complement of H must generate all of R"* by positive linear combinations. In practice
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Figure 5.8: Phases of the classical (left) and quantum-corrected (right) Kéhler moduli
space of P | 5, 4[12].

this just means that the complement must have both positive and negative charges in
each component. H divides the fields ¢; into those which are (partially) charged ({¢; }icr)
and those which are completely neutral ({¢;}icsc) with respect to H. Then the U(1)’s
different from H get Higgsed and only the fields ¢; for ¢ € I remain massless, eventually
yielding the following equations for the minima:

o= [[@m", p=1, k1. (5.101)
iel
The product is over all chiral fields charged under H and the §;|y are obtained from ¢,
by setting all fields ¢ related to the complement of H to zero.

Let us finally evaluate the implications for the CY P}, 5, ¢[12]. For GLSMs describing
CYs in their geometric phase, we have learned that all equations in (5.99) give honest
singular regions in the parameter space since y ., Q,Ea) = 0 is guaranteed for all a. In
our concrete case they require

1 S9 2 2
q1 = 2633 (1 - 5_1) ;G2 =85(1 —s2)° . (5.102)

After noticing the relation 2'23%¢?gy = (s9/s1)? and using the implicit constraint on sq/s;
from the first equation, it is easy to see that

(1—253%q)? — 23%¢q, = 0. (5.103)

Moreover, the only subgroup of G whose charges span R is the first U(1) so that H is
equal to the second U(1). Therefore, (5.101) produces the additional relation

1—-2%,=0. (5.104)
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Hence, the two relations (5.103) and (5.104) specify the quantum shift of the classical
singularity at & = & = 0. Comparing this with the discriminant loci (5.43) in the
complex structure moduli of the mirror dual, we can read off the identification

T=23q, §=4q. (5.105)

If we now also identify the Kahler parameters with the complexified FI parameters, this
clearly shows that the intersection of the two singular divisors D; and D, corresponds to
the quantum shifted singular point of the GLSM.



Chapter 6

Emergent Yukawa couplings

With all the technical preparations being complete, we can now generalize our computa-
tion from chapter 4 to obtain the triple intersection numbers (TINs) fy,;¢, of compact CY
threefolds from the one-loop Schwinger integral by Gopakumar and Vafa. As a reminder,
this task is quite challenging since we must integrate out all particle-like 1/2-BPS bound
states of D0- and D2-branes that wrap 2-cycles. In other words, we must sum over the
full homology lattice Ho(X,Z) of a threefold X and weigh those contributions with the
exponentially growing GV invariants ag , leading to expressions of the general form

1 .
o _ 8 i
Yl =5 >, ooB'BBt (6.1)

BEH2(X,Z)

which after successful regularization are supposed to yield the TINs. Let us briefly out-
line how we will proceed: First, we want to explain the origin of (6.1) and provide a
mathematical toy example, which already contains an essential hint of how one could ap-
proach our main problem. We will then consider a couple of special CYs and take infinite
distance limits where only a subset of GV invariants “count” the light states that need
to be integrated out. These cases do not yet require any input from mirror symmetry
and serve as a first hint that the regularization of infinite sums of the type (6.1) leads to
sensible results. Building on these working examples, we then approach the actual prob-
lem of the emergence of the complete set of TINs in isotropic M-theory limits. Our first
example, the quintic threefold, will guide us to a mathematically concrete regularization
that involves the wanted TIN and the limit of the known prepotential in the type ITA
weak coupling regime towards degeneration limits of the CY. We will then generalize this
claim to arbitrary CY threefolds by proposing the regularization

o) . .
}/;jk‘ - _tjli}/trilyo [(atiatjatkfolweak - K;titjtk> - DIV:| . (62)
Here the limit is towards a suitable co-dimension hy; degeneration point ¢; that allows
us to meaningfully isolate the total divergence Div from (6.1) such that after minimal
subtraction no constant other than the explicit ry,s ¢, remains. (6.2) also shows how the
periods at degeneration loci, which naturally carry information about GV invariants, will
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come into play. How the exact regularization formula comes about will be explained and
motivated carefully in the course of this chapter.

Finally, our speculative proposal will then be challenged by looking at two CY three-
folds with two Kéhler moduli, namely the elliptic fibration P | ¢4[18] featuring two
intersecting conifold loci and the K3-fibration ]ID‘1{17272,6[12], whose discriminant loci we
have already encountered in section 5.2.2. The immediate question one might raise is
which of the singular loci in a given moduli space can actually do the job. While in all
our examples conifold points yield perfectly valid results, other singularities require fur-
ther refinement. Understanding what exactly distinguishes conifold points in that regard
or how the regularization can be potentially modified to universally cover all types of
singularities would certainly be an interesting future path of work.

6.1 Preliminaries

To set the stage, we recall some relevant facts and definitions. Once again we consider
type IIA string theory on a CY threefold X yielding N = 2 supergravity in four dimen-
sions. Our goal is to obtain the classical cubic term in the prepotential from a one-loop
Schwinger-like integral in the isotropic M-theory limit, defined via g; — Ags ,tr — A\2/3t;
as before. Integrating out the light towers of states with mass scale below or at the species
scale we arrive at the prescription of Gopakumar and Vafa. The corresponding Schwinger
integral reads

> ds sZ!
Folt)= Oég/ ¢ i, (6.3)

(n,8)#(0,0) 0

where Z/ (5) = %(ﬂ -t —n) is the central charge of the supersymmetry algebra. The
infinite sum over KK momenta n already appeared in chapter 4 and was taken care of by
(-function regularization. For a general compact CY, the D2-D0 bound states wrap all

2-cycles in Hy(X,Z) and therefore another infinite sum needs to be performed.

6.1.1 Zero-point Yukawa couplings

Let us for the moment focus on threefolds with hy; = 1 and a single TIN k. We can
extract information about the cubic term from (6.3) by taking the third derivative with
respect to t, giving the Yukawa coupling

2 1 * 2mi g n
}/t-tt = %affo (t) — — Z @gﬂg / dS € 9s (Bt—i- ) . (64)
(27i) 95 (n,8)£(0,0) 0

After carrying out the integral we can split the sum as >~ 4 W)£(0,0) = D n0,8=0 T Dnez. 840"
While the first sum doesn’t contribute, the second can be simplified with the cotangent
identity (A.12). After a few algebraic steps we arrive at

2mit

1 B n3 €
Yir = 5;#00405 (1 + m> 7 (6.5)
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where the second term in the brackets is related to the non-perturbative terms in the
prepotential, i.e. the Liz-terms. Note that the factor 1/2 is precisely the formal triple
intersection number for the single two-cycle of the resolved conifold. The whole expression,
including the factor 1/2, is reminiscent of the thermal energy-density of a gas of particles in
four dimensions with energy levels 3, degeneracy of states ag (% and temperature T' = i /t.
The first term in the brackets is then the (divergent) zero point energy, which in the
following we call the zero-point Yukawa coupling denoted as Y;gg). This object is the focus
of our interest.

Typically the (genus-zero) GV invariants scale exponentially for large 3, a§ ~ P
with v > 0. However, for hy; > 1 there can also be sub-towers of wrapped D2-branes

leading to a weaker scaling such as afi

~ VP or even to a polynomial behavior as for
KK towers. One can then take a corresponding infinite distance limit so that only these
towers contribute. The degeneracy of ag is then closely tied to the type of limit as shown

in table 6.1, where we listed the limits relevant for the following discussion. In any case,

limit degeneracy of aff
M-theory exp(v5)
emergent string exp(vv/B)
6D decompactification 1

Table 6.1: Infinite distance limits and degeneracy of genus-zero GV invariants.

the first sum in (6.5) will be divergent regardless of these limits. Hence, emergence means
that upon regularization, the ¢-independent first term in the bracket in (6.5) should give
rise to the self-intersection number

[e.9]

1

0

thtt) = 2 Zaff 3’
B=1

Note that here the left-hand side is a quantity to be computed in the strong coupling

regime, g > 1, i.e. within M-theory, whereas the right hand side is the usual integer-

= Kt - (6.6)

reg

valued tree-level Yukawa coupling arising at weak string coupling, g, < 1.

Therefore, the quest is to define a regularization such that the zero-point Yukawa
coupling, Ytgg), matches with the classical contribution in the perturbative string regime.
Recall that Y;,E?) diverges due to the sum over wrapped D2-D0 bound states in the M-
theory regime where, in contrast to string perturbation theory, we currently have no
formalism to perform the integral and get to a finite result right away. Indeed, such
a computation shall be part of the microscopic description of M-theory, which is lack-
ing at present. Therefore, here we can only head for a properly working regularization
scheme, like that of minimal subtraction and (-function regularization proposed for the
computation of the R* terms in M-theory in [147].

For towers of D2-branes with a polynomial scaling of the GV invariants, we can still

apply (-function regularization, but for the exponentially degenerate towers other methods
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need to be developed. Our approach is to move from simpler to more complicated cases
and in the process refine and adapt the regularization method. Let us start by presenting
a regularization method for infinite sums that already demonstrates our main strategy.

6.1.2 Regularization via modular forms

Suppose we are dealing with sums of the form

Sp=> k", (6.7)
k=1

which are usually regularized with the ¢-function {(—n). It is instructive to recall how this
works in practice. One introduces a regulator ¢ = exp(—27/A), with A > 1, such that
for finite A the sum is finite. Then, one takes the limit A — oo to isolate the divergence.
In practice, the conventional way is to introduce ¢ such that derivatives of the geometric
series arise, namely

1—¢q

Sp = Alggo;k ¢" = lim [(qaq) (—)] 7 (6.8)
for |g| < 1. One can then expand the right-hand side for large A to obtain

An+1 L
L AT _
Sp = Ah—I};o [n 2n) +Cr+ O(A )] : (6.9)
The divergence appears only at (n+ 1)-th order and can be minimally subtracted, leaving
us with the regularized value C,, = {(—n).

Let us now arrive at the same result with an alternative method that exploits properties
of modular forms to extract the singular term. We assume n to be odd in what follows.
The idea is to express the above sum in terms of an Eisenstein series, which requires us
to introduce the regulator ¢ in a different fashion, namely

Sono1 = =2 lim > Y k" g (6.10)

A—o0
k=1 I=1

The normalization (—2) is chosen in order to compensate with the factor ¢(0) = —1/2
arising from the sum over [ in the limit ¢ — 1. We define the summation index m = [k
and then replace the second sum with a sum over the divisors of m, giving

Son—1 = —Qj\ll_lgomZ:len—l(m) q with  0,(m) = Zk : (6.11)

k|m

This form of S,,_1 can now be directly related to the Eisenstein series

Eon(T) =1+ 2 Z Oon-1(m) q" (6.12)
m=1
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with

- (2mi)2" B 2
T n—=1)1C(2n)  C(1—=2n)

(6.13)
In this way, we arrive at

S i [ (B () 1)) e

These Eisenstein series are modular forms of degree 2n, so that under a modular S-
transformation they transforms as

1
EQTL (——) = TQHEQn(T) . (615)
T
By applying this transformation rule to the first term in (6.14), we find the behavior
Eo, (%) = (—=1)"A*" + O(e ¥ (6.16)

A couple of comments are in order here. First, the singularity that has just been isolated
has the same degree as the one occurring in the former example with a slightly different
regularization scheme. Second, after minimally subtracting this divergence, the leading
term is already exponentially suppressed in A and from the Eisenstein series one does
not get any constant contribution surviving the limit A — oco. Hence, the only such
contribution comes from the second term in (6.14) and gives the regularized value

2

Son—1=— =C((1 —2n). (6.17)

Con
For our purposes, the advantage of this regularization scheme is that it allows to explicitly
isolate the divergence from the constant term and from the contributions vanishing in
the limit A — oco. We will see that this method, and a generalization thereof, can be
successfully applied to regularize the sum over GV invariants as in (6.6).

6.2 Large base limits of fibered CY threefolds

Before we discuss the isotropic M-theory limit, where the full homology lattice contributes
to the Schwinger integral, we look at simpler cases where only part of it contributes. This
restriction is of course only allowed if it is correlated with taking an appropriate infinite
distance limit, in which the left out GV invariants give rise to heavy towers of D2-branes
with mass scale above the species scale. Even though for such limits one will not have
one-loop emergence of the full prepotential, integrating out the light towers of D2-branes
will provide part of it and one can still approach the problem of what the meaning of the
zero point Yukawa coupling is.
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6.2.1 Elliptically fibered CY

First, we consider CY threefolds with a sublattice of GV invariants that essentially grow
like KK towers (see e.g. the examples in [190]). For such cases, we want to identify an
infinite distance limit such that all wrapped D2-brane states with exponential degeneracy
are among the heavy states that are not integrated out. As we will see, this allows us to
carry out the sum over the homology lattice by just using (-function regularization.

The CY manifolds that feature the desired property are elliptically fibered. As the
maybe simplest example, we consider the CY threefold obtained by resolving the Z3-
singularity of a degree 18 hypersurface in P?‘171717679)[18] with Hodge numbers (ha, hy1) =
(272,2). The Mori cone data specifying the resolved threefold are given in table 6.2,
where column p gives the zeroth component of each {¥ vector. The threefold is an

P | Z21 22 23 24 Z5 Ze
MWli—-6/0 0 0 2 3 1
@101 1 1 0 0 -3

Table 6.2: Data specifying elliptically fibered CY.

elliptic fibration with base P?, i.e. 72 — X = P2. Coordinate divisors are generally
specified by conditions of the type z; = 0. To be more concrete, zg = 0 gives us E = P2,
the base of the fibration, and z; = 0 gives L = 7*(l), where [ is a curve in the base and
7*(1) its respective pullback divisor.

Defining H = 3L + E, the intersection numbers of (H, L) were discussed in [191] and
read

H3=9, H?*.L=3, H-I*=1, L*=0. (6.18)

The Poincaré dual two-forms are denoted by (wg, wr) so that we expand the Kahler form
as J = mwy + nwy. Hence, for the total volume we obtain

Vs ~ / J? =917 + 9771 + 31175 (6.19)
Moreover, the fiber class f € Hy(X,Z) is given by L N L and one can easily show that

Wa(f) = /LmL J=m. (6.20)

The second Mori-cone generator is given by the curve [ = L N E of volume

Va(l) :/ J=m. (6.21)
I=LN(H—3L)
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Integrating out lightest towers of states

Our goal is to take an asymptotic limit where only those D2-branes wrapping the elliptic
fiber f are considered as perturbative states, since only these GV invariants are constant
in this particular case, namely

al™ =540 for my>1, (6.22)

which is equal to minus the Euler characteristic of this CY. This can be achieved by the
non-isotropic rescaling 7, — A7e, g5 — Ags with A — oo and 7 fixed, so that M, 4 stays
fixed. Hence a D2-brane wrapping an effective curve C' = ny f + nsl bound to D0-branes
is 1/2 BPS and has mass

Mpo-p2 =

M,
= ity + nota +m| (6.23)
6

with ¢; = b; + i7;. Since Vg ~ A2, it is obvious that the lightest towers of states are
DO0-branes and D2-branes wrapping solely the class f, i.e. having ny = 0 and mass

M,

~ 2B 6.24
m 28 (6:21)
Since oz(()"l’o) = 540 is constant, we are dealing with two light multiplicative KK towers

[129], which yield the species scale

Mpl,4
~ oo (6.25)

In the classification of [93] this limit translates into a J-Class A limit in the vector moduli

~ 1 i
— 2 5
A= Mj,Am?2

space of M-theory eventually leading to a further decompactification to six dimensions
(this F-theory like limit was previously called type III. in [192] and also studied in [193]).
Let us mention that among the light states there is also a light string, given by an NS5-
brane wrapping the divisor L. One can show that there is no 4-cycle with a volume scaling
like 72 ~ A? and the divisor volumes scale like

V4(H):/ J/\J:(STl—f-TQ)QN)\Q, V4(L):/J/\J:7'1(37'1+7'2)N>\. (626)
H L

For the tension of the NS5 wrapped on L one finds Tygs = ]\;—EVZL(L) and hence My, =

V(L) ~ ]\/\41"}14,4 ~ A. As explained in [93], this string is only a weakly coupled critical

string, if the threefold admits an additional K3 or T* fibration. Therefore, we are not in

the isotropic M-theory limit but in a limit where the lightest towers are bound states of
DO0- and D2-branes (wrapped on f) signaling a decompactification to 6D.
Using formula (6.2), we can now explicitly integrate out the light D2-D0 bound states
which gives
k

540 =
N R e B DL DI
k=1 k=1

_9 1+240§:k3q—k —QE(t)
_4 1_qk _4 4\l1)

(6.27)
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with ¢ = exp(2mit;) and where we used Y.~ k% = ((—3) = 1/120. From this calculation
we do not obtain the triple-intersection number x; ¢, = 9, but since we are not taking
the M-theory limit with isotropic co-scaling of all compact directions, it was also not
expected a priori. However, we see that the divergent zero-point Yukawa coupling, after
(-function regularization provides precisely the constant term in F4(t;) that makes it a
modular form of degree 4 (under modular transformation of ¢, the size of the toroidal
fiber). While the appearance of a modular form is expected for such an elliptic fibration,
the actual point here is to show how this result arises in the non-isotropic large coupling
limit from integrating out the light D2-D0 towers of states. All this we take as a first
indication that also for compact CYs the regularized zero-point Yukawa coupling yields
physically meaningful results. Note that for getting this result, the generic factor 1/2 in
the first line of (6.27) was essential.

This computation is expected to generalize to every torus-fibered CY. One example
is the CY ]P"(*171717376)[12] with (ha1, h11) = (165, 3), which is a fibration over P? with two
sections. Geometrically, having multiple sections means that there are two distinct copies
of the base sitting inside the CY which both intersect every fiber once at different points of
the elliptic curve. At the level of the fiber we therefore have additional marked points that
vary smoothly across the base. Algebraically, we then no longer identify all tori related
by SL(2,Z) transformations but only by those transformations that do not change the
position (or the group structure) of said marked points.

Coming back to our example, the GV invariants that count D2’s only wrapping the
fiber are given by a(2k00 =324 = —x(X) and oz((]%_l’o’o) = 216 with £ > 1. For the
relevant Yukawa coupling we obtain

k
q
o= (e )

k>1

1 q2k
3 3
_216Zk ( 1_q)+4.2162k; (§+1_—q2k> (6.28)

k>1 k>1

190 <E4(t1) + 4E4(2t1))

which is a modular form of weight four for I'd (2). Here I'g(2) denotes the congruence
subgroup! and I'f (2) its extension by the Fricke involution wy, where wy is defined as

0o —--L
— VN
wy = € PSL(2,R), Ne&N. 6.30

" (\/N 0 ) Z:R) ( )

!Concretely, we consider elliptic fibrations with a cyclic section of order N, which picks a specific
cyclic group of N marked points on the fiber. The modular group preserving this cyclic group as a set is

To(N) = { (a Z) € SL(2,Z) | ¢ =0 mod N} . (6.29)

c
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and induces the transformation 7 — —1/(N7) (see e.g. [194]). For torus fibrations with
more sections, the cyclic properties of the GV invariants become more involved. For in-

stance, the CY P?1,1,1,3,3) [9] with (ha1, h11) = (112,4) has three sections and the GV invari-

ants with non-trivial fiber class are given by a[():sk,o,o) = 216 and aé3k—1,0,0) = aé?’k_Q’O’O) =

162 with k£ > 1. Nevertheless, the computation works similarly and yields

27
Vi = 75 (Balt) + 9Eu(31h)) (6.31)

which is now a modular form of weight four for T’ (3).

6.2.2 K3-fibered CY

Our next example is a K3-fibration over the base P!. More specifically, we study the
three-parameter CY threefold obtained from a hypersurface of degree 24 in P?1,1,2,8,12) [24]
with the singularities resolved. The exceptional divisors come from blow-ups of a singular
Zo-curve and an exceptional Z, point. The CY has been extensively studied, see e.g.
[179,195-197] for some earlier works. We are particularly interested in the duality to the
heterotic string on K3 x T? in the limit where the base P! grows large [196]. We will
use this dictionary to extract explicit expressions for the GV invariants of 2-cycles in the
K3-fiber. Concerning our conventions, we closely follow [198,199].

In table (6.3) we provide the Mori cone vectors for the resolution P?1,1,2,8,12) [24] from
[179]2. We denote the type ITA complexified Kdhler moduli by ¢; (i = 1,2, 3), where t,

D | Z1 22 23 24 25 2 27

Table 6.3: Data specifying K 3-fibered CY.

measures the size of the base. In the limit of large base t, — oo the prepotential reads®

FéIA — ITA ,cubic + 1

’ G 2o 0 Lis(gl'gs®) + 0 () (6.32)

n1,n3=0

where world-sheet instantons wrapping also the base become negligible. The cubic term
reads

- 4
FlAcubie gti’ 3ty + 263t5 + titots + ti12 (6.33)
?Ordering of elements has been adapted to our chosen conventions for P} | 5, 6[12] and P}, | ¢ o[18].
Note that there is also a typing error in (") in [179], which was already pointed out in [200].
3Here we have set the prefactor (2mi)3/g% = 1.
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and provides the classical (tree-level) contribution in the weakly coupled type ITA theory
with g4 < 1.

This type IIA model is dual to the heterotic STU-model, which has been studied
in [168]. Here S denotes the (one-loop corrected) axio-dilaton and (7', U) are the Kéhler
and complex structure moduli of the T%. These three heterotic moduli are related to
complexified Kahler moduli on the type ITA side as

th=iU, ty=1iS, ty=4i(T—1U). (6.34)

The Kahler cone is Im(#;) > 0 which means that on the heterotic side we are in the
chamber Re(T") > Re(U). The prepotential is given by

1
(27)?

>~ 2 (kl)Lig(e > Ty
=0 (6.35)

2
o (27T)3L13(€—27T(T—U)> + O (6—271'5) ) 7

where the coefficients ¢;(n) are defined via

]:'(l)let _ Z( _ J,—_-(l)let,cubic N

[e.o]

ELE, 1
;246@ _ Z e (n) = i 240 — 141444q + . .. . (6.36)
n=-—1
The cubic part is
. 1
]_—(})1et,cub1c = STU + §U3 + T2U ) (637)

het

., whereas the two S-independent ones

Note that only the first term is at tree-level in g
and all remaining S-independent terms from (6.35) make the full one-loop correction. The
remaining unknown terms come from heterotic N .S5-brane instantons. One can check that
the type ITA and heterotic cubic terms directly match reflecting the duality F'4 = Fpet.

Moreover, exploiting this duality the GV invariants in the class
C=i(kT +1U) = (k+ Dt, + kt3 (6.38)
can be directly read-off from (6.35)
ol TR = _oc (kl)  for k,0>0 and (k1) = (1,-1). (6.39)

Note that [ can also take negative values without violating the Kéahler cone condition.
Hence, we are in a situation where we happen to know the subset of GV invariants for
D2-branes not wrapping the large base explicitly in terms of a modular form. Note that
this implies that these GV invariants grow like ¢1(n) ~ exp(4my/n) for large n, which is
correlated with the emergent string limit that we are taking.



6.2 Large base limits of fibered CY threefolds 143

Yukawa couplings from Schwinger integrals

All these preliminary considerations were in some weakly coupled limit. Now we analyze
how the computation could be carried out in the co-scaled infinite distance limit 7 — A7,

giA - VA AgiA where the 4D Planck scale remains constant. In this limit, the light towers
of states with a mass scale below the species scale A ~ M/ V/\ are strings arsing from
N SbH-branes wrapping the K3-fiber and D2-D0 bound states wrapping 2-cycles of the
K3. The contribution of these D2-D0 bound states to Fy is given by (6.3).

To be concrete, let us discuss the zero point Yukawa—coupling Y,}?;U. To evaluate it, one
first needs to determine all GV invariants a(”l 013) for 1 /2 BPS D2-branes wrapping the
2-cycles in the K 3-fiber. In general this is a horrendous problem that only a “CY-demon”
can solve by pure counting. However, as just explained, we are in the fortunate situation
that we know these GV invariants already from computations in the weakly coupled
regime. Hence, the “CY-demon” will eventually find the same numbers. Therefore, for
the expression for the Yukawa coupling (6.5) the demon will write

k1
Youu = Y9, +2- 240§ z3 2 § 21 ()1 q”z ~ -2 (6.40)
k=1 _Q1Q2) qd1— Q2

where ¢; = exp(—27T), ¢ = exp(—2nU) and we have used ¢;(—1) = 1 and ¢ (0) =

—240. One realizes that the second term on the right hand side can be expressed via the
Eisenstein series

Ey(q) =

(6.41)

as 2(F4(q2) — 1). According to (6.5), the diverging zero point Yukawa coupling is given
by

[e.9]

VAR 240213 k)P —e(-1)- (-1)°
k=1
(6.42)
=2 2402z3+2zc1kl l3+2201 :
ld=1 kool d=1
where, as for the example in section 6.1.2, we introduced the sum y ° 1 = ¢(0) = —1/2.

Following the same example, we can now regularize this expression by introducing dummy
variables p, po < 1 with p; < ps and eventually take the limit p;, p» — 1. Thus, we get

Yé?])U = limﬁ1 —2-240 E Bpit+2 g ey (K1) B phdpld — 2 E p? pgd]
res bz Ld=1 kld=1 d=1
- (6.43)
%0 kol
. D1 Dy b1
= lim |[2—2E(p2) +2 E cr (kD) +2
P2l | et (1 —pipy)  (p1—p2)
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Note that the geometric series on the far right-hand side will only be convergent if p; < ps.
Clearly, after these steps the regularized expression has the same form as the non zero-
point Yukawa coupling in (6.40) but it is important to note that we are not taking the
p1,p2 — 0 limit, where this expression nicely converges but the opposite pi,po — 1
limit. In order to perform this limit and to isolate the singularity, we employ a useful
mathematical relation, the so-called Harvey-Moore identity [201]

D1 Ey(p1)Es(p1)  Ea(p2)
—F DP2) + cq(kl l3pkdpld_|_ _ : :
4(p2) k,z,zcz; 1 (K1) 12 pi“py a— 7y o R P T

: (6.44)

where the right hand side is a modular form of bi-degree (—2,4).

As for the pedagogical toy example in section 6.1.2, we now write p; = exp(—27/A;),
pe = exp(—2m/As) with A; < Ay and apply a modular S-transformation to the right-hand
side of (6.44). In this way, we get

MEMIBL) B )
AT npP(iNy)  j(iAy) — j(iAy)
—  lim (2 pe (1 + 0(67%(“%))) - Div) '

A1, A—00 A2

o _ .
Yoo = Ahljgri}oo (2 2

(6.45)

Here we realize the compelling pattern that in the limit, the second term in (6.45) con-
tains only a diverging term and exponentially suppressed terms. Hence, after minimally
subtracting the divergent A3/A? term and taking the limit we arrive at the final result

v —9, (6.46)

which is indeed the cubic term in the one-loop heterotic Yukawa coupling (6.37). Recall
that this corresponds to a tree-level TIN in the type ITA dual model.

Thus, what we have effectively done here is the following: since we do not have a “CY
demon”, we used the knowledge of the GV invariants derived in the weakly coupled region
from the dual heterotic string (or as we will see later from type ITA mirror symmetry) to
define the regularized value of the zero point Yukawa coupling, arising from the Schwinger
integral over D0-D2 bound states (in the strongly coupled region), as

Yoty = — UPTIEO [(i 057" — kyov) — Div] (6.47)
where Div denotes all terms that diverge in the limit. We note that the cubic term kypy
can be obtained from the opposite limit

Kuuu = UlTir_r}OOiag]-"é‘et : (6.48)

The definition (6.47) means that one gets precisely YéOU)U = Kkyuu, if the U, T — 0 limit
of 93 Fet itself only gives divergent and vanishing terms, i.e. no further constant terms.
Thus, it is satisfactory that the proposed regularization involves the TIN in an explicit
way and does not rely on any seemingly miraculous cancellations of constants.
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One could now use this definition to evaluate the remaining three zero point Yukawa
couplings Y(E([)])T, YéOT)T and YT(OT)T. Instead of doing this in detail, we just mention that
Y%(%)T = 0 can be obtained from an analogous computation in the chamber Re(U) > Re(T)
and an analytic continuation of the Lis(e~2""~U))-term in (6.35). The couplings Y.\,
and Y[%)T would require a different technique, as the Harvey-Moore formula cannot be
applied directly.

To summarize, for an emergent string limit we have successfully invoked a regulariza-
tion of the zero point Yukawa couplings so that the Schwinger integration over the light
towers of D2-D0 bound states at strong coupling reproduced a subset of the classical
(tree-level) TINs. Even though we are not yet taking the isotropic M-theory limit, this
computation serves as proof of principle of how this regularization can be defined. Of
course we are not yet getting full emergence as the term kg7y is at (heterotic N S5-brane)
string tree-level and not captured by the one-loop Schwinger integral. The next step is
to move forward to the isotropic M-theory limit, where we expect the full weakly coupled
type IIA tree-level prepotential to be contained in the Schwinger one-loop integral at
strong coupling.

6.3 Isotropic M-theory limit of CYs

Now we want to generalize these computations to the ultimate case, namely to isotropic
M-theory limits where the full homology lattice contributes and where the GV invariants
generically scale exponentially as exp(vf3).

Let us note that the example from the previous section shares one essential feature
with the resolved conifold, namely that the 2-cycles wrapped by the light D2-branes are
allowed to shrink to zero size (in string units). As is obvious from our construction, this
feature was crucial in defining the regularization of (6.6) via the limit ¢ — 0 and employing
the modular properties of the Yukawa couplings to isolate the divergence and subtract it.
However, as already observed in the seminal work [23] and briefly reviewed in 5.3.3, on
the Quintic threefold, the exponential degeneracy of the GV invariants is correlated with
the appearance of a divergence of the prepotential not at zero but at a finite value t = .
set by the location of the conifold singularity. Note that this is not the minimal value of
Im(t) which is at the Landau-Ginzburg point. Indeed, the Yukawa-couplings are regular
at that point so that it does not seem reasonable to regularize our infinite sums by taking
the limit to this point.

As we discussed already in section 5.4, the conifold point is nothing else than the
quantum corrected singular point in the middle of the classical phase diagram of a GLSM.
Thus, in a certain sense we are indeed taking a limit towards zero size, namely towards
vanishing FI parameter £ = 0. Since due to quantum effects this is not really possible,
the most natural thing to do is to take the limit towards its quantum corrected value.
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6.3.1 Emergence of TINs on CYs with h; =1

For concreteness, let us now consider CYs with one Kéahler modulus and therefore no
fibration structure. In this case, there is no obvious toroidal structure present and one
does not expect the Yukawa coupling to contain any modular forms. As mentioned, the
Yukawa couplings in the large radius chart still have a divergence of the form

1

Yy ~ +
T — 1) log?(t — t.)

., (6.49)

which is not at zero but at the location of the conifold point ¢ = t.. The same holds for
the total list of 14 CYs with hy; = 1 that we provide here for convenience (see e.g. [202])

P1146[12,2]2302 , P1325[10]2.009, P1222,32(6, 6]1.874 , P14.4[8]1.605, P13223[6,4]1563,
P14 9[6]1.421 , P15 3[6, 2]1 334, Pra22[4, 4]1.255, P15[5]1.208 5 P152[4, 31115, (6.50)
P15[4,2]1.020 , P16[3, 3Jo.o75, Pi7[3,2, 2]0.801, P1s[2,2,2, 2]0.807,

where the lower index is the value of Im(¢.) at the conifold singularity. As we have

reviewed in section 5.3.3, in [23] this divergence was utilized to derive the asymptotic
behavior of the GV invariants

62#,8 Im(tc)
of o T
B3*log(P3)

Crucially, for defining a regularization of the zero point Yukawa couplings, the divergence

(6.51)

at the conifold singularity encodes information about the exponential degeneracy of the
GV invariants. Therefore, it does not make sense to define the regularization of the zero
point Yukawa coupling via a ¢ — 0 limit, but rather as

Y;E?) = — lim Zag nd—L _ _ Div

1—qn = — lim [(affO‘weak - Kttt) - DiV} . (6.52)

t—tc

Here ¢ = exp(27it) and we have set (27i)%/g? = 1. As usual, before taking the limit to
the conifold point, we minimally subtract the divergence for (¢t —¢.) — 0. To explain
the logic, recall that the computation is now done in the strong coupling M-theory limit,
where we integrate out the full tower of 1/2-BPS D2-D0 bound states. Of course, only
a “CY demon” can do this in practice, but we are lucky in that we happen to know
the exact result from the weakly coupled regime via non-renormalization theorems and
mirror symmetry. Thus, the result that the “CY-demon” obtains after carrying out this
infinite sum should agree with the weakly coupled result in the large complex structure
regime 8?]-"0{%&1( minus the triple intersection number ks, that is not contained in the
sum Y35 g g /(1 - ¢7).

Now, we have arrived at an expression that is very similar to the other regularized
expressions (6.14) and (6.47) encountered so far, where we were dealing with modu-
lar forms. Instead of applying a modular S-transformation, next we have to evaluate
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8?]:0’ .. around the conifold point and disentangle the divergent, the constant and the

weak
suppressed contributions in the (¢t —t.) — 0 limit. We have succeeded in defining a

working regularization, if the following reqularization condition holds:

The t — t. limit of 03 Fo|weax only gives divergent and vanishing terms, i.e. no
further constant terms. Then (6.52) yields precisely Y;l(f?) = Kt

Example: Quintic

Let us consider the Quintic, i.e. P4[5], as a concrete example, where we can rely on well

known results. The weakly coupled Yukawa coupling 85’]-'0} . Was already computed in

weak
the seminal paper [23] using mirror symmetry. Here we are just collecting a couple of
useful relations obtained in [23] and also in [203,204] and refer the reader to the original
literature. The mirror of the Quintic has one complex structure modulus, which is given

by the deformation of the degree five hypersurface constraint
5
sz’ — (5) 2122232525 = 0 (6.53)
i=1

in P*. The conifold singularity is located at 1 = 1. A basis of local periods can be
determined as solutions to the Picard-Fuchs equation and in the large complex structure
regime can be expressed as

LCS _ _ o~ (5n)! 2"
el =2 T
n=0
B = wylog 2z + 2 01(2) (6.54)
TS = wolog? 2 + 2z 01 (2) log 2 4 2 09(2)

S = wolog® 2 + 32 01(2) log? 2 + 32 04(2) log 2 + 2 03(2)

with z = 1/(5¢)° and |z| < 57°. The 0;(z) = > 2, a;,z" are infinite series in z, starting
with a constant. Their precise form will not be important for our purposes. The next
step is to map these periods to an integral symplectic basis, which allows to read off the
mirror map and the prepotential via*

Xo 1
X1 t
HLCS = =W . 6.55
Fy ’ OrFo (6:55)
£ 2Fy — toFo
Here t = 4T denotes the complexified Kahler modulus of the Quintic that enjoys an
expansion
X 1
t=—=—1 O(z). 6.56
X, = 2m 082 TO0) (6.56)

4To prevent confusion between the prepotential and period entries, we denote the B-cycle periods by
Fr instead of F; from now on.
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Inverting this mirror map one can express the prepotential around the large complex
structure point as

Fo= ét?’ + 25i¢(3)

G 53 + instantons . (6.57)
T

The radius of convergence of the large complex structure patch is precisely [¢)| = 1 so
that the conifold singularity lies on the boundary. Therefore, for determining the limit
of the Yukawa coupling (6.52) this patch is not convenient and one needs to know the
periods in the conifold patch and how the two patches are correctly glued together. For
the Quintic this problem has been solved e.g. in [204] and here we just recall their results
up to the level of detail needed for our purposes.

In the conifold patch, it is convenient to introduce the coordinate v = 1 — v)~> which
vanishes at the conifold locus. Then one can solve the Picard-Fuchs equation in this
coordinate, obtain a basis of periods and finally determine a transition matrix to an
integral symplectic basis I, which on the overlap with the LCS patch matches the
former basis Il cs. This integral symplectic basis takes the form

pl(U)—logu + pa(u)

X = p3(u) (6.58)
Fy = py(u)
Fo=upi(u),

where the p;(u) = >~ b;,u" are infinite series in u. Note that the logarithmic term in
Xp leads to the monodromy X, — Xy — Fj around the conifold.
Now we can read off the Kahler ¢ in terms of the conifold coordinate u, via

Xi b
t= — = —— ulogu)™ ¢, (u), 6.59
o D (ulog )" (v (6.59)

where ¢,,(u) denote infinite series in u with coo = 1. Using the concrete values byy =
11.29357..., bso = 1.07073... we obtain in the v — 0 limit ¢, = 7, = i1.20812.... As
mentioned already in 5.3.3, at leading order we get

t—te=tecrpulogu+.... (6.60)

Next we recall that the Yukawa coupling can be expressed as [23]

1 1

3 _
9, Fo‘weak - w_g’iww (dt /dip)?

(6.61)

with the B-side Yukawa coupling

N\ 3 2
Iiwwd, = (?) 15_—#)1#5 . (662)
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Using u = 1 — 4 ~° and the general structure of the periods at the conifold, one realizes
that the building blocks in (6.61) can be expressed as

dt
™ =logu ( —1—2 ulogu)” ))
1 oo
— = Z (ulogu)"™ e, (u) (6.63)
wy =
Rapapap 1 1

(Opu)? 25 u(l —u)3’

where the d,(u) and e, (u) are again infinite series in u. Putting everything together and
expanding for small u, we find the general expansion

1 s 1 n
oA, = — (z ﬁu) | 660

uwlog” u ol log" u

Consistent with [23], one sees that the leading divergence is

1 1
~— L~ +
weak — q;log® u (t —to)log?(t — t.)

9} Fol O (6.65)
where we used (6.60). However, for n = 0 all the constant terms in agx(u) = ag g0+ O(u)
lead to singular terms

o0

Q0,k,0
= Z—k-i-?)u —I—Reg, (6.66)

g ulog

0} Fo|

weak

which according to our philosophy are minimally subtracted. With all the remaining terms
being regular, the final and essential question is whether they all go to zero or whether
there remains a constant contribution. That this is not the case can be straightforwardly
seen by noting that the cancellation of the logu term requires n = k + 3, for which still a

k+2

term u ak+37k(u) remains that goes to zero for u — 0. Hence there is no constant term

and our proposed regularization (6.52) indeed yields
Y;%(E?) == tlg?c [(atg}_dweak - ﬁttt) - DiV] = Kttt = 0. (6.67)

We expect the computation to be completely analogous for the list of 14 CYs with hy; =1
presented in (6.50).

Having a closer look at the computation one realizes that the avoidance of a constant
contribution in the limit ¢ — ¢. can be traced back to the appearance of the ulogu term
in the period X, i.e. that logu is always accompanied by a linear factor u. This is of
course a consequence of the monodromy around the conifold point.

It could be that our findings are just an artifact of the too simple choice of CY
manifolds with one Kéhler modulus. Therefore, next we generalize the computation to
CYs with two Kéhler moduli. Moreover, we also analyze whether the regularization
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condition is only true for approaching conifold singularities or whether it also holds for
more general degeneration limits. For h;; = 2 it also happens that the codimension one
degeneration loci intersect in more than one point so that the question arises which point
to choose and also along which family of path it should be approached in taking the
limit. To approach these questions, in the following sections we consider the two CYs
]P)All,l,l,6,9[18] and Pil,1,2,2,6[12]'

6.3.2 Emergence of TINs on P} ;,[18]

We start with the elliptically fibered CY manifold from section 6.2.1, namely P}, ; ¢ 4[18]
with Hodge numbers (hiy, ho1) = (2,272). The two complex structure moduli of the
mirror dual CY are parametrized by the deformations of the hypersurface constraint

P =284+ 208 4+ 238 4 23 + 22 — 18 2120232425 — 39 282825 . (6.68)

Introducing the combinations

1 ¢ 1

the two conifold degeneration loci of the manifold are
A=(1-z)P°-25=0,
1= ( ) Y (6.70)
Ay=1475=0.
The LCS point is at ¥ = ¥ = 0 and one can solve the corresponding Picard-Fuchs
equations in the vicinity of this point, determine an integral symplectic basis of periods
YOS I =1,...,6, such that the mirror map is
H%CS 1 HLCS 1
t = = —log(Z) +... ty= 2 =—log(y)+.... 6.71
LSS T g 8@ T T2 = oy = g losU) (6.71)

Here t; measures the size of the toroidal fiber and ¢, the size of the curve P' C P2
Inverting the mirror map, the prepotential comes out as
1 135i¢(3)

3 3
Folweak = =t + =tity + ~tit3 +

5 5 5 13 + instantons . (6.72)
T

We are particularly interested in the Yukawa couplings. On the mirror dual side, they are
globally defined in terms of the coordinates (z, ) and read [179,191]

9i 1 i 3(1—1z)
Kzzz = — — 3~  Razg = g 35— - e
83 z3((1 — )3 — 23y) Y 8m r2g((1 — 7)3 — 33Y) (6.73)
i (1—1z)? i 1 — 3% + 372 '

"0 T S pR((1— 7)® — 25g) P T 24 21+ ) (1 — 7)° — 33)

For regularizing the zero point Yukawa couplings (6.1) we now want to take the limit
to a point in the complex structure moduli space at which the CY develops a singularity,
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which intuitively encodes the asymptotic growth of the GV invariants in all directions
of the homology lattice Hy(X,Z). The natural choice are the intersection points of the
two conifold loci (6.70). According to [191], there exist three such points, where the two
points Zo = (3 4 /3i)/6 and g = —1 are obvious and the third one at wy = 1/Zy = 0,
Yo = —1 is actually a triple intersection with another orbifold singularity Dy at ¢ = 0.
This is shown on the left in figure 6.1, which is essentially taken from [191].

Figure 6.1: Schematic view of the intersections of degeneration loci D; = {A; = 0},
Dy = {Ay =0}, Dy and their resolution.

To get a smooth moduli space with normal crossings of the degeneration loci, one needs
to perform a resolution of the triple intersection. This is done with the standard methods
discussed in section 5.2.2, leading to a divisor E3 which has normal crossings with the
three degeneration loci as shown on the right in figure 6.1.

Emergence at the point P,

First, let us consider the intersection point P, with Zo = (34 /3i)/6 and 7, = —1, where
as shown in [183] it is convenient to introduce the local coordinates

_ _ —1 _
p=1-2 :cgz(1—_£> (1—#) (6.74)
Zo Lo Yo

for which the two conifold degeneration loci become

A, = (1*;"/5)1:1(1 +0()), Ay = 2125 . (6.75)

As was the case for P} | ,,4[12], the intersection of the two conifold loci (6.70) corresponds
to the quantum corrected singular point in the middle of the classical phase diagram
(for the FI parameters) of the GLSM. Note that (z1,x2) should be regarded rather as
(complex) polar coordinates around P, , where x; is the radial direction and x5 related to
the angle, which is evident from

y=% _ @mg = tan ¢ (6.76)

T — X Zo
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and that P, is reached for z; = 0 independent of z5. Like for radial coordinates this
means that the map is not invertible at P,.
Then, our proposal is that the TINs ky, ¢, are given by the regularization

0 ~ -
Yitjo, = — t}g}}ﬁ [(atiatjatkf0|weak - ’itz’t]’tk> - DIV} = Ktitjty - (6.77)
to—t2 ¢

Therefore, to actually evaluate the expression (6.77) we need to know the third derivatives
of the prepotential in a vicinity of the intersection point P, of the two conifold loci. For
that purpose, we first solve the Picard-Fuchs equations in local coordinates around the
point (z1,x5) = (0,0) and then determine an integral symplectic basis which is required to
be the continuation of the integral symplectic basis around the LCS point (z,7) = (0,0).
That means that on the overlap of two local charts around these points, they have to
coincide. To determine the numerical transition matrices with high enough precision, we
have computed all period sets up to total order 40 in the respective local variables (x1, 2).

Similar computations have been performed in [93,200] and for our purposes we have
been following this general recipe to arrive at the following results®, whose detailed deriva-
tion will be reported in [205]. Eventually, the periods around the point (x1,x2) = (0,0)
take the schematic form (see appendix C.2 for detailed information)

Xo = z1Rylog(r1) + Qo

Xy =z P log(z172) + Q1

Xy = x5 Py log(z125) + 1 Py log(z1) + Qo
) + Qo

F = ﬂUlPl log(z1) + Q1

Fy = 931150 log(z1) + Qo ;

. (6.78)
Fy = xy29 Py log(zy29

where the B,Qi,lsi,@i,pi are polynomials in x1,z5. The periods clearly feature the
expected logarithmic terms at the locations of the two conifold singularities (6.70).
Then, the two Kéahler moduli enjoy the expansions

Z :L‘l logxl ni) + (z122) log(x129) Z xl logxl bg) 1=1,2, (6.79)
n=0 n=0

where aﬁf ), bgf ) are polynomials in 1, z9, where however an 2§ term is always accompanied
by at least one factor of x;. In the limit x; = 0, the values of ; are determined by the

constant terms in a(()i) which give
) ~ 0.137 + 0.9914 , ) ~ 0.545 + 0.427i. (6.80)

In figure 6.2 we show a parametric plot of (Im(¢;),Im(¢2)) around the singularity at
(tgo),t(zo)). This shows that also in the Kahler moduli space the singularity can be ap-
proached from various directions. Now we are ready to compute the Yukawa couplings



6.3 Isotropic M-theory limit of CYs 153
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Figure 6.2: Parametric plot of (Im(tl—t(lo)), Im(tg—tgo))) for varying (x1, z5) with Im(z;) =
0 and 0 < Re(z7) < 0.1, 0.01 < Re(zz) < 2.0.

(6.73). For that purpose we first transform them to the new coordinates (x1, x2) and then
to the Kéhler moduli (¢;,%) via the relation (5.69). Using (6.73), for the x4, We find
the behavior

Hxlwlxl - ./E_1P1<x1’ x2> ) Kl:plxlmg - PQ('Tla xz) )
6.81)
p (
K/l‘lngg - I‘%Pg}(l’l, ..'['2) ) /{xgngz - $_;P4(x1’ ..'['2) )

where the P;(x1,z5) are polynomials in (x, z5) having a non-vanishing constant term.

For computing the partial derivatives Ox,(t)/0t; one needs to the invert the mirror
map, which for the periods (6.78) does not allow for an iterated procedure. To circumvent
this problem, we assume that the x; are non-vanishing and apply the inverse function
theorem for holomorphic functions to determine the derivatives 0z, /0t; implicitly. To do
so, we need to invert the Jacobian of the mirror map

Ot1 ot1
0 0

Jmir(l‘b x?) - 61321 3::22 9 (682)
81’1 8(22

allowing us to evaluate (5.69), where the right hand side is an expression depending on
the complex structure coordinates (z1,x2), for which we eventually take the limit to Py,
i.e. z; — 0 for fixed x5. More generally, we consider the limit z; — 0 along a generic path
xo(z1) = ¢ + O(z1) with the constant ¢ # 0.

Similar to the computation for the Quintic, we have to keep track of the leading
singularities and the combinations of logarithmic factors with linear terms in the ;.
Doing this, we realize that we can express the derivatives of the Kahler moduli as

8ti ati

Gt _ (i2)
Oy D (1loga1) G () (6.83)

= (log1) §"(z),

5We are grateful to Rafael Alvarez-Garcia who helped us learning how to perform these computations.
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with non-singular functions G(#)(x) having a general expansion

(i,9) _ =\ (w1logx)™ [logxa\" (i)
g <$1; 172) Z 1ng(l‘1) log 7, Gy mp > (684)

m,n,p=0

where the a%{%p are polynomials in (x,23) having a non-vanishing constant term. In
(6.83) most of the aﬁfﬁ%,p are actually vanishing but in the next step we have to invert
such expressions and then, like for the Quintic, we generate the full infinite series. Note

that in the limit x; — 0 and fixed x5 all terms in (6.84) are controlled, i.e.

(z1log(z))™ =0,  log™(z1) =0, (log 5”2) 0. (6.85)

log 1

Now, inverting the Jacobian and using (6.81) we insert everything into (5.69), to realize
that we can write the final results as a sum of four terms

1 - 1 g
8 a 8 weak =—————— (ijk) x) + (igk) T
0, O, Fo | weak oy Tog (1) G, (x) oy Tog (1) G ()

1 ijk) 1
- g( J T _I_ -
log?’(xl) 3 T logg(xl)

(6.86)
+ G (x).
Here the G\ k)(a:) are again functions of the type (6.84). The first, the second and the
last term show the familiar conifold singularity. The third term directly vanishes in the
x1 — 0 limit. As for the Quintic, it is now evident that independent of the “angle” xs,
in the limit 1 — 0 there are no constant terms arising from the expression (6.86). There
are only divergent terms, which we subtract and terms that go to zero. Hence, applying
the regularization (6.77) one correctly obtains the four TINs

0 0 0 0
Y;(lt)ltl =9, Y1t(1t)1t2 =3, Yt(ltltg =1, Yt(gtltg =0. (6-87)

One might be worried about taking the limit towards the degeneration point P, along a
different family of paths and getting a different result. This can indeed be the case and
we will come back to this issue in due course. Moreover, we have obtained the desired
results by taking the limit towards the intersection point P,, which after resolving the
moduli space is just one of the potential degeneration points (see [191]). For P_ we expect
that the computation goes through completely analogous to P,. However, for handling
the triple intersection point P3 = Dy N Dy N Dy one has to perform the resolution shown
already in figure 6.1. How this is done locally is explained in [183]. Since we have already
identified a working intersection point, we are not doing these tedious computations for
this CY but will present an example for P{, ,,[12].

6.3.3 Emergence of TINs on P} ,,[12]

As a second example with two Kéhler moduli let us consider the CY manifold P{, , , 6[12]
with Hodge numbers (hq1, ho1) = (2,128). The GLSM data specifying the resolved three-
fold are given in table 5.3 (see [179]). The threefold is a K 3-fibration with base P!, where
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z1 = 0 defines a divisor L of topology K3 and 23 = 0 a second divisor H, so that for this
basis one gets the TINs [180]

H*=4, H*.L=2, H-I*=0, L*=0. (6.88)

Expanding the Kahler form as J = t; wy 4 t2 wy, one finds that t5 measures the size of the
P! base and that the Kahler cone is t1,t, > 0.

As P}, 556[12] is a K3-fibration there exists a heterotic dual model so that the corre-
sponding emergent string limit is approached for large radius of the base. Then the two
complex structure moduli of the mirror dual CY are parametrized by the deformations of
the hypersurface constraint

P=z2 422+ 28+ 28+ 22 — 129 2120232425 — 20 2825, (6.89)

where it is customary to introduce the combinations

_ 1 ¢ _ 1
Recall that in terms of these the two degeneration loci are given by
A=1-2?%*-2*5=0,
1= ( ) Y (6.91)
AQ = 1 - :lj == 0,

where only the first one is a conifold singularity. The LCS point is at Z =7 = 0 and one
can solve the corresponding Picard-Fuchs equations in the vicinity of this point, determine

an integral symplectic basis of periods IT¥®S, I =1,...,6, such that the mirror map is
HLCS 1 HLCS 1
t = e = —log(T) +... ty= —2=—log(y) +.... 6.92
T e T g 8@ e e = ey = 5 los(l) + (6.92)

Inverting the mirror map, the prepotential enjoys the familiar instanton expansion

63iC(3)
473

The exact B-side Yukawas were provided in [180,191], which in terms of (Z, ) read [179]

+ instantons. (6.93)

9
Folweak = +§t? + tot] +

21 1 i 1-2
Rzzz = —3 7= - oy Kzzy = o _ o\
w3 4z3((1 — )% — 2%y) Yooomd 2x2g((1 — 7)2 — 7%9) (6.94
i 2z — 1 i 21—z +y— 3zy) 94)

T e gL - g (- 02— 2%g) T 32 (L - g)A((1 - 2)2 — 2%)
Resolution of moduli space

For the following analysis we need to recall information about the resolution of the complex
structure moduli space (see section 5.2.2). For the emerging string limit, we are interested
in the tangential intersection point between the conifold locus D; and the LCS locus Dq ).
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As shown in figure 5.5 on the right-hand side, its resolution involves two exceptional
divisors with now pairwise normal crossings. The local coordinates (xi,zs) around the
three intersections D1y N Ey, D1 N Ey and E; N E, were originally provided [197] and are
given in table 5.1

For the M-theory limit, the obvious intersection point Pj5 of two degeneration loci Dy
and D, is at (7,7) = (1/2,1), but there exists a second point P3 at (w =7"1,7) = (0, 1),
where they intersect also with a third orbifold locus D(_; o) located at 1) = 0. Resolving
this triple intersection introduces a divisor E3 which has normal crossings with the three
degeneration loci as shown on in the middle of figure 5.5. To describe the resolved complex
structure moduli space around P;, one needs three charts where each chart provides the
local coordinates (xy,z5) for the normal intersection of the divisor E3 with one of the
three degeneration loci Dy, Dy and D). Note that in all three charts, the point P
with wg = 1/Zg = 0 and o = 1 is reached for x5 = 0 and x; can be regarded as an angular
variable. The periods at the relevant points of this CY are listed in appendix C.1.

Emergent heterotic string limit

For large t, this model has a weakly coupled heterotic dual on K3 xT?, where the heterotic
4d complexified dilaton and the Kihler parameter of the T2 factor are related to the two
Kéhler moduli of the type ITA CY as

Hence, y — 0 corresponds to the weak coupling limit on the heterotic side. In the heterotic
prepotential
2
Fhet — 2( — ST? — (§T3 + O(G_QFT)) + 0(6—2”5)) , (6.96)

the first term is at tree-level, the second one the one-loop correction and the last one a sum
over heterotic N.S5-brane instantons. Now, let us analyze how (part of) the prepotential
is generated in strongly coupled type ITA limits.

First, we take the emergent string limit on the type IIA side, i.e. as in section 6.2.2 we
co-scale the size of base like t, — At and the type ITA string coupling as gl — \1/2glIA
so that the 4D Planck-scale remains constant. This is the same limit as for the STU
model so that for the same reason not the full set of Yukawa-couplings is emerging from
integrating out wrapped D2-D0 bound states at one loop. In fact, emergence in this case
means that the TIN k¢, = 4 is given by the regularization of the zero point Yukawa
coupling

v, =~ lim lim [(aflfojweak . /@-tltltl) . Div} . (6.97)

t1—t1,c t2—00

This is nothing else than the constant piece in the one-loop correction to the Yukawa
coupling (6.96) on the dual heterotic side. The first limit £, — oo guarantees that be-
fore regularizing the zero point Yukawa coupling via the limit lims, ., all D2-branes
wrapping the large base P! decouple.
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This means that on the mirror dual side, we need to take the limit to the point
(Z,y) = (1,0), which is the intersection of the conifold locus and the LCS locus in .
Therefore, to actually evaluate the expression (6.97) we need to know aglfo‘weak in a
vicinity of this point in complex structure moduli space. After resolving the tangency at
this point, we can use the local coordinates in table 5.1.

Let us consider the chart around P, = Do) N E>. Again, one first needs to solve the
Picard-Fuchs equations in local coordinates and then to determine an integral symplectic
basis which is required to be the continuation of the integral symplectic basis around the

LCS point (Z,7) = (0,0). The resulting periods take the form

Xo/u)() =1
Xl/wo = P1($17$2)

1
XQ/(A)O ﬁ log(xle) + 2/20 IOg(ZEQ) + PQ(Il, {L‘Q)
FyJwy = /22 P3(21, 22) (6.98)
_ Xi/wo
FJwy = — log(:z:le) + Py(x1,29)
2/W0

1
Fy/wy = = log(xlxg) log(mle) + Ps(x1,9),

211

where each P;(x1, ) is a power series in (21, /#2). Indeed the periods X, F, feature the
expected conifold behavior. In the vicinity of (z1,22) = (0,0), the leading order behavior
of the Kéahler moduli is

X
b= Tt

;;(0 1 (6.99)
ty = 22 — log(:m:(:%) +do + di\/72 log(za) +...,

wo  2mi

with ¢; and d; series in x; and /z5. Next, one can determine the Jacobian and insert its
inverse into the expression for the third derivative of the prepotential. Eventually, in the
weak heterotic string coupling limit x; — 0 this yields an expansion

0} Fo = \/—_+aolog( ) nz:anlog( ) z? (6.100)

where the a,, and A, are real with a_; ~ 4.826, ag ~ 1.910 and Ay ~ 0.320. The first
term diverges for the conifold limit x5 — 0 and scales as

o 1
tit1ty (tl_’l>

TR (6.101)

In appendix B, we will relate this to the asymptotic behavior of the GV invariants. All

the terms on the right hand side of (6.100) go to zero, while the middle term also diverges

6

though also containing a constant term that is however ambiguous®. A very similar

5The constant piece in log(eA) depends on the scale, i.e. it can be changed by rescaling € — Ae and
then taking € — 0 and minimally subtract the divergences.
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situation was also encountered in the regularization of the Schwinger integral for the R*-
term in 8D and the one-loop topological free energy in 4D, where such an ambiguous
behavior was correlated with the appearance of conformal symmetry [147]. Hence, we
consider such ambiguous constants contained in log-factors not as counter examples but
as a sign that we are on the right track and might just not yet perform the computation
in the best suitable chart. We indicate this by writing Y;(ﬁ)ltl =4~

To substantiate this idea we next repeat the above analysis in the chart around P| =
D1 N Es. The periods obey very similar relations and are given by

XQ/(UO =1
Xl/wo = R1($17$2)
1 F/w
Xy /wy = 2—7”.108;(933) + ;;ZO log(w2) + Ra(71, 72)
Fy/uwo = /T3 Rl 2) (6.102)
Xi/w
Fl/wo = — iT/Z 0 10g(1’§) + R4(ZL'1,ZL’2)
1 Fy/w
Fywg = —— log(23) — 2/ log(z2) + Rs(z1, x2) .

) )
Here each series R;(z1,x2) has the expansion

o0

Ri(xq,29) = Z(%\/Elog(%))nﬁ@ (x1,29) . (6.103)

n=0

The ) are polynomials in x; and /zs and start with a constant. In the vicinity of
(x1,29) = (0,0), the leading terms in the Kéhler moduli are

X

t] = L 14 Co\/To + C1T1+/ T2 1Og(I1) +,

;U(o ' (6.104)
ty = 22 —,log(xg) + do + diy/x2 log(xz) LEERE

wWo 211

Also here ¢; and d; denote series in x1,/72. Once again we want to evaluate (9?1.7:0
in the heterotic string weak coupling limit ¥ — 0. In the present chart the coordinates
satisfy the relation 2y = z2(1 — x;). In the limit #; — 1 we reach the boundary of this
chart, where we cannot trust the above periods any more. This suggests that we should
rather take x5 — 0 (keeping x; small and constant), which according to (6.104) already
ensures that t; — i0co and t; — t§°) = 4. The expansion of 8?1 Fo for small x1, x5 yields

Jo(z1) n fi(z1) + fao(x1)log(xo) "
xl\/x_glog?’(wl) x1 log® (1)

0} Fo = . (6.105)
where f;(z1) are functions of x; and ellipses denote terms that vanish for zo — 0. We
find the same leading singularity in the variable z5 as in (6.100). Moreover, there is a
series of log(xs)-divergent terms that are paired with constants similar to the middle term
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in (6.100). However, unlike in the previous case these constants all depend on x7, but
treating z; as a constant we essentially get the same result as for the chart D 1) N Es.

However, the absence of a bare, i.e. not x; dependent, constant in (6.105) makes it
possible to define a certain family of paths towards the singularity where x; scales as well.
If one for example chooses z1 = z \/Z (with z constant), no constant term remains after
minimally subtracting the divergences and taking the limit x5 — 0. Hence, the absence
of a bare constant allowed us to find a family of paths that indeed yields the desired value
of the regularized Yukawa coupling Y;(lg)ltl =4.

M-theory limit I

So far all the limits we were considering for the two CYs with two Kéahler moduli were
approaching conifold singularities. For these the proposed reqularization condition was
satisfied. In this respect the M-theory limit for IP{ | ,, s[12] is interesting, as it will involve
taking the limit to the intersection A;NA,, where As is not a conifold locus, but a strong
coupling locus. The obvious intersection point Py is at (Z,7) = (1/2,1), but, as we have
seen, there exists a second point P3 at (w = 771,7) = (0,1), where they intersect also
with a third orbifold locus at ¢¥» = 0. The question is whether all four TINs do indeed
arise from the regularization of the corresponding zero-point Yukawa couplings Y;gt,?

To evaluate the limit towards P, we need to determine the integral symplectic basis
of periods around the intersection point (Z,7) = (1/2,1). For that purpose it is useful to

introduce the local coordinates
_ ]
1 =1-271, To (6.106)

T 12z’

where like for the coordinates of P{, ; ¢ 4[18] around P, x, is an angular variable and the
singularity is reached by taking the limit z; — 0 and x5 = ¢ # 0 kept constant. Then the
two degeneration loci are at Ay = x; (1 + O([Ez)) and Ay = x1x9. The periods are

Xo/wO =1
1
Xl/wo = _EXQ —I— Sl(flf)

XQ/LU() = \/T1T9 Sg(l')

1 1
FQ/CL)() = 5 1 — 2—ng IOg(JTQ) + \/T1T2 Sg(l‘)
Fl/wo = 84(1')

Fo/wo = 33155(5C) )

(6.107)

where (z) denotes dependence of (z1, z2) and each series S; has the general expansion

o0

Si(x) = (z1log(w1))"s) (x) (6.108)

n=0
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and the st are polynomials in (xy,z5) starting with a constant. In the present case the
two Kahler moduli share common terms and enjoy the expansion

T
t1 = Si(x1, x2) — 21 2 So(z1,2) , ty = /T129 S (21, 2) . (6.109)

In particular, for both S; and Sy each z} term is again always accompanied by at least
one factor of x;. In the limit x; — 0 one obtains

9 ~1.334i t =o. (6.110)

Note that in contrast to the P} | | ¢ 4[18] case, here we see only the typical conifold behavior
in x1. The other degeneration at A; only leads to power-law behavior. Close to 1 = 0
the two degeneration loci are mapped to to = —2(t; — tgo)) and t2 = 0 respectively. This
means that close to x1 = 0, the mirror dual of the LCS phase is the cone

1
CLes = {Im(tz) > 0,Im(t)) > ¢\ — §Im(t2)}. (6.111)

Compared to the P, 44[18] there is an essential difference when approaching the
singular point in the K&hler moduli space. From (6.109) one can directly infer that for
To constant and small z; one gets

Aty
Aty

so that for any fixed value of x5 one approaches the singularity in a tangential manner.

= _2+O(x1) (6.112)

This also evident from the parametric plot in figure 6.3, where we observe that the shaded
region is inside the cone Cf,cs.
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Figure 6.3: Parametric plot of (Im(#; — tg())), Im(ty)) for varying (1, z2) with Im(x;) =0
and 0 < Re(z1) <0.1, 0.1 < Re(zy) < 1.

Now we collect the remaining ingredients. Transforming the Yukawa couplings (6.94) to
the new coordinates yields

T2 1
/{/1‘11‘1.?1 - _QPI(xla ZEQ) ) "iz1I1Jz2 - _PQ(Il)xQ) )
”1 o (6.113)
1 T ’
Reyzozs = x_P3(I17$2> ) Rzozoxs = FP4(I17 132) :

2 2



6.3 Isotropic M-theory limit of CYs 161

Once again, the P; are polynomials in (x7, z5) with non-vanishing constant term.
Next, we need to determine the leading behavior of the partial derivatives dz,/0t;.
The derivatives of the mirror map scale as

oh = log(z1) Gi(z) + \/?Hl(x) ) o _ “ Ga(),
1

8951 691:2 N i)

o o (6.114)
2 [ 2 _ 7

81‘1 - T gg(x) ’ 8%2 i) g4(37) ’

with G; and H all regular and finite in the limit x; — 0 with x5 constant. The inverse of
the Jacobian matrix again yields the derivatives dz,/0t; as functions of (z1,z2). Quite
remarkably, the leading-order term of the Jacobian determinant is not a constant, as one
would naively expect from (6.114). The relations (6.109) among the Kéhler moduli lead
to cancellations, so that the determinant scales as

det Joir = /71 log(z1) Gaer () , (6.115)

where Gge; is also regular in the limit we take.

Finally, we combine all the ingredients to obtain the Yukawa couplings on the A-side.
Evaluating (6.77) one obtains that for two out of the four regularized zero point Yukawa
couplings one indeed finds no constant in the limit of 9,0, O, Folweax SO that

Yih, =4, Y0, =2. (6.116)

1t1

However, for the other two, actually vanishing TINs the regularization yields finite con-
stant contributions so that

V0, ~0.24, Y9, ~0.36. (6.117)

Hence, the proposed regularization method is only successful in half of the cases. For the
two correctly regularized zero-point Yukawa couplings (6.116), the generic scaling of their
maximal divergence for x; — 0 is

1 1
.~ n
71 log™(21) (tr = 11 + 3ta) log® (tr — 11" + 312)

YO ~ (6.118)

In appendix B we investigate whether this behavior can be directly related to the asymp-
totic growth of the GV invariants.

Looking at figure 6.3, one might suspect that the mismatch of (6.117) is related to
the non-generic, tangential limit that we are taking. Then we should be able to improve
the results by finding more generic paths towards the degeneration locus. In the concrete
case, such paths can be found by balancing the two contributions for dt;/0x; in (6.114).
Approaching the singularity along paths with

VZT1xe = —zx log(zy) (6.119)
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we find that indeed the family of paths is now more generic but the four resulting regu-
larized zero point Yukawa couplings

0.15
0 0 0 0

)/tgtztl =4, Y;t(lt)ltz =27, Y;E(ltth =07, Yt(QtZtQ ~ 0.36 + P (6-120)
are still not all correct. Here the star again indicates that this is only up to conformal
scaling. As in the previous section about the emergent heterotic string limit, the presence
of bare constants in (6.117) only allows us to make some of them ambiguous but not to
get rid of them completely.

M-theory limit II

Next we consider taking the limit towards the singular point P3 located at (z = o0,y = 1),
where the two degeneration loci A; and A, intersect with the singular curve D)
that arises from an orbifold action on the moduli space coordinates. After the required
resolution, there are three points of intersection P € {Py3, Pas3, Po3}.

We will now analyze the point 3, which is the intersection of D(_; ) with the excep-
tional divisor Fs3 separating the curves parametrized by A; and A,. To obtain the integral
symplectic basis we solve the Picard-Fuchs equations centered around each of the three
above points and match the periods in suitable transition regions step by step. Around
(x1,22) = (0,0), the periods take the form

= (212) Y8 Ay + /122 log(22) By
= (2122) VoA + V2172 10g(22) By
Xy = x1/6 1/202
16 4 . (6.121)
( ) A(] -+ /X122 10g(1’2>B0
= (21 )1/61211 T VT1T2 108;(5132)Bl
= (z 1$2)1/61212 + VT1%2 IOg(!EQ)Ez )
where A;, B;, AZ, B; denote polynomials in (z; 1/3 x;/ 3) and each x?/ % s paired at least with

a factor of 1:2/ . Cy is a polynomial in (z }/ °, Ig) and contains bare z;-terms. The Ké&hler
moduli are given by the expansions

o0

(0) 1/3

th = ( e 1/3 10%(552)) anp =1t + x5 co + xi/gaj;/?’ log(za) 1 + ...,

" (6.122)
ty = x;/3 Z (x}/?’a:;/?’ log(x2)) b, = té ) + x2/3d + x1/3 /3 log(zs) dy + .
n=0
Here a,,, by, ¢, d,, are also series in (xl/ ’ x;/ %). In the limit x5 — 0 we obtain”
1 3
0= _-4 ﬁi’ = 0. (6.123)

2 2

TOf course, for tgo)

to the presented ones.

we only obtain numerical values that are suspiciously close (up to order O(107))
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This limiting value is common for all three points from P when x5 is taken to zero, so that

indeed we have three patches around a common intersection point. This is also shown in
figure 6.4.

70.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

Figure 6.4: Parametric plot of (Im(t; — tgo)),lm(tg)), evaluated in the patches around

{Pas, P13, Py3s}. We vary the respective coordinates (z1, z2) with Im(z1) = 0, Im(x) = 0.
For Py3 we have 0.1 < Re(x1) < 1 and 0 < Re(zy) < 0.1, for Py3 it’s 0.01 < Re(z;) < 1
and 0 < Re(z3) < 0.05 and for Pyz we choose 0.1 < Re(z;) < 0.5 and 0 < Re(z3) < 0.1.

To determine the Yukawa couplings we proceed as for the previous cases. Transforming
the B-side Yukawas to the coordinates of the patch around Ppy3 yields

i) 1
’ix1z1;c1 - _P1<CU1, LL‘Q) ) Hzl;cl;rg - _PQ(Z'17$2) )
o o (6.124)
1 T ’
Kﬂql‘gxg - —P3<CC1, ZL'Q) ) K/Jjgl‘gwg - _2P4<$1a :L‘Q) )

where each P, is a polynomial in (z1,22). We compute the partial derivatives dz,/0t;
again by using the derivatives of the mirror map, which are given by

8151 l’é/g

—— = 575 log(72) Gi (),

ey 2P

ot Go(x zl/3 223

O ) L ton(a) Hae) + g 1082(a2) Ta(a) + 1 log (2) ).
o 2 2 (6.125)

8t 1/3 :
2

_ T2
8SB1 N x?/3 g3(l‘)’

ot Gyu(x 73
- = 42(/3) + 1/3 log(z2) Ha(z) + xf/3 log?(22) Zy(x) ,
O Lo L

where each of the G;, H;,Z;, J; are regular and finite in the limit 9 — 0. The leading
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divergence of the Jacobian determinant scales like

det Jpiy = % Gaet » (6.126)
Ty Ty
with G4et also finite and non-divergent as before.

Finally, we combine all these results to evaluate the A-side zero point Yukawa cou-
plings. We observe that their divergence only appears from the scaling X, ~ (a:le)l/ 6
of the fundamental period. Following the natural family of paths with z; = ¢ # 0 and
x9 — 0, we find no constant for two out of four regularized zero point Yukawa couplings,
namely

0 0
Yt(lt)m =4, Yt(lt)ltZ =2. (6.127)

For the remaining two Yukawa couplings we get no bare constants, but a series of ;-
dependent terms that survive in the specified limit. Hence, we essentially arrive that the
same result as for the M-theory limit I.

However, in contrast to the M-theory limit I, the absence of a bare constant and the
experience from the emergent heterotic string limit suggest that one can define another
family of paths that works. One such family is x; = z x9 (2 constant), which ensures that
both Kéhler moduli in (6.122) scale as xé/ ® at leading order. In this case all regularized
zero point Yukawa couplings carry no constant and really give the TINs

0 0 0 0
}/;(lt)ltl = 47 }/t-(lt)ltz = 27 }/t(ltltz - 07 }/;gtitg - O . (6128)

The generic scaling of their divergence for x5 — 0 is

1 1
YO~ ~ : 6.129
P log?(zs) (s — 9 log? (t; — 1) (6.129)

at least for three out of four zero point Yukawa couplings.

The lesson we draw from this example is that the proposed regularization procedure
is, maybe not surprisingly, sensitive to the actual co-dimension two degeneration point
and the family of paths taken towards it. In contrast to the previous P{, , ¢4[18] CY,
in this example, we had to approach not the point P but P3; to successfully obtain
all four triple intersection numbers via our proposed regularization method of the zero
point Yukawa couplings. The art is to find a maximal codimension degeneration point
so that all regularized zero point Yukawa couplings do not contain any bare constant.
Then, it seems to be possible to identify a family of paths so that the proposal is satisfied
and the so defined regularization procedure gives the wanted set of TINs. The intuitive
picture behind this is that by approaching the complex codimension 2 degeneration locus,
the limit has to be sensitive to the asymptotic growth of the GV invariants along all
directions of the two-dimensional homology lattice. From the few examples studied so
far, we could not yet identify a clear pattern that allows us to decide beforehand what
the best suited patch around each degeneration point is.



Chapter 7

Conclusions and Outlook

In this thesis we investigated the Emergence Proposal, which posits that terms in the
low-energy effective action of a QG theory arise as a quantum effect after integrating out
light towers of states. In its original formulation, emergence was envisioned as a generic
property of QG theories and was mostly explored within EFT setups, where one imposes a
hard energy cutoff on the states that are being integrated out. The motivation of our work
was to leave the EFT perspective behind and reproduce exact couplings from the effective
action by explicitly integrating out full, infinite towers of states. Our computations led
us to a sharpened version of the Emergence Proposal, according to which emergence is
naturally realized in the infinite distance M-theory limit M, Ry, > 1, where the eleventh
dimension decompactifies while the Planck scale stays fixed. Specifically, one needs to
integrate out the full towers of states whose mass scale is parametrically not larger than
the 11D Planck scale, i.e. the species scale. These are transverse M2- and M 5-branes with
momentum along the eleventh direction (DO0-branes) and along any potentially present
compact direction. In this M-theory limit, the entire effective action is expected to emerge
via quantum effects. This refinement of the Emergence Proposal is supported by the BFSS
matrix model, a conjectured (but so far incomplete) non-perturbative formulation of M-
theory. There the effective gravitational potential between a pair of graviton states arises
as a pure quantum effect and matches the classical expectation. Nevertheless, it remains
unclear how matrix theory explicitly connects to the above ideas, given that the matrix
model limit and isotropic M-theory limit are different, at least at first sight.

Even though a microscopic description of M-theory is still out of reach, we were able
to gather evidence by focusing on certain BPS-protected amplitudes. These only receive
contributions from short BPS multiplets, which can be reliably described in terms of
their counterparts in weakly coupled string theory and admit a controlled extrapolation
to strong coupling. Concretely, we studied CY compactifications of type ITA string theory,
leading to an effective 4D N = 2 supergravity description at low energies. Supersymmetry
constraints organize the kinetic terms of vector multiplet fields into a single holomorphic
function known as the (genus-zero) prepotential. Gopakumar and Vafa showed that this
function (as well as all higher-genus prepotentials) can be expressed in terms of a one-loop
Schwinger integral, in which bound states of D0O- and D2-branes are integrated out. In
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the isotropic M-theory limit, these are precisely the states that are expected to reproduce
the full amplitude according to the M-theoretic Emergence Proposal. To evaluate the
Schwinger integral, it was necessary to find a pragmatic regularization that reproduces
the classically expected result. As a first check, we considered the case where the CY is
given by the non-compact resolved conifold, featuring only one 2-cycle with the topology
of a sphere. Since the D2-branes can wrap this sphere only once, the infinite sum over D2-
brane states reduced to just a single term. The remaining divergence was handled by using
the analytic properties of the Riemann (-function, enabling us to derive exact expressions
for the full genus-zero and genus-one prepotentials. These results were contrasted with an
emergent string limit for a K3-fibered CY, which can be understood in terms of a weakly
coupled dual heterotic model. In that case the type ITA prepotential only yielded the
string one-loop correction from the heterotic point of view, showing that in these limits
the full prepotential is not emerging just from Schwinger integrals.

To give stronger support for the Emergence Proposal, we then generalized our analysis
to compact CY threefolds, with the aim of reproducing the classical Yukawa couplings
(the TINs of the CY) from a Schwinger integral. Compared to the previous case, one has
to deal with a second infinite sum over the homology lattice Hy(X,Z) encoding multi-
wrappings of D2-branes on effective curve classes. This typically leads to an exponentially
growing number of BPS states, making the regularization problem significantly more
challenging. After concretizing the question and taking some lessons from a toy model, we
first studied infinite-distance limits other than the isotropic M-theory limit, in which only
a subset of the homology lattice contributes. Generalizing our findings to the isotropic M-
theory limit, we formulated a mathematically concrete (but admittedly, still speculative)
proposal for the regularization of the infinite sum over D2-brane states. In a nutshell, we
regularize by expressing these sums in terms of the world-sheet instanton contributions
to the Yukawa couplings, which are computed at large volume, and then taking a small
radius limit towards a degeneration locus in the CY moduli space. For actually evaluating
such an expression we needed to determine the CY periods in a chart around the location
of the singularity. This information was obtained by solving the Picard-Fuchs equations
and then continuously gluing these solutions to the periods in the well known LCS/large
volume regime. With only a few concrete examples studied in this paper, the proposal
should be regarded as a working hypothesis to be explored in more detail in future work.
Nevertheless, our investigation revealed that the M-theoretic Emergence Proposal could
be a powerful guide for uncovering so far hidden structures in the relation between the
asymptotic behavior of GV invariants and degenerations of CYs. One could entertain the
picture that the moduli spaces of CY manifolds encode so much information about QG
that their infinite distance degenerations are consistent with the ESC and that their finite
distance degenerations are consistent with the M-theoretic Emergence Proposal.

There are several directions in which our research can be extended. Let us outline a
few of them in the following:

e our proposed regularization formula for the zero-point Yukawa couplings could be
further tested by constructing a larger dataset. One could continue with the re-
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maining CY hypersurfaces with few Kéhler moduli and classify the finite distance
degenerations according to their output. Based on the examples analyzed so far,
CY manifolds that do not feature pure intersections of conifold loci appear to be
more intricate. Within the same setup, one could also try to obtain the linear term
in the genus-one prepotential from the associated Schwinger integral.

e a puzzling issue appears for the Enriques CY X = (K3 x T?)/Z,, where the Z, acts
via a free action on the K3 and an inversion of the complex coordinate z — —z on
the T?2. The free quotient of K3 is the Enriques surface £ with Euler characteristic
X(E) = (E) = 12, leading to a CY with Hodge numbers (hjq, hey) = (11,11). This
CY is a K3-fibration over a base P!, with the fibration reducing to £ over the four
Zs fixed points in the base. In [206] we argued that the genus one prepotential
[207, 208] emerges from the appropriate Schwinger integral. However, since the
genus-zero Gopakumar—Vafa invariants of X vanish [207], our regularization method
for obtaining the Yukawa couplings does not extend to this CY.

e it was also advertised [74,209] that tree-level potentials could be emergent. A
convenient setting in which this idea could be tested is provided by type IIA CY
compactifications, where one considers the worldvolume theory of a stack of D4-
branes supported on R? ¢ R* and wrapping a Lagrangian submanifold L c CY.
The low-energy effective action has F-terms supported by the 2D worldvolume of
the D4’s, giving rise to brane-localized superpotentials that describe the open string
sector. It was shown [210] that these terms can be similarly encoded by a one-loop
Schwinger integral where particle-like BPS-excitations are integrated out!. In this
case they originate from DO0-D2 bound states where the D2-branes wrap curves
whose boundaries lie on L (for more details see [154,212]). In [171] it was proposed
that a contour deformation of the original Schwinger integral could reproduce the
full non-perturbative amplitudes.

e certainly, a more challenging task would be to demonstrate the emergence of non-
BPS-protected couplings. A good example are the kinetic terms of the hypermulti-
plet fields in type ITA on CY threefolds (recall equation (2.97)). Unlike the F-terms
discussed previously, the metric of the hypermultiplet moduli space receives per-
turbative and non-perturbative corrections in g, the latter coming from Euclidean
NS5- and D2-brane instantons in type IIA (for a review see e.g. [213,214]). And
since these terms receive contributions from BPS and non-BPS states alike, com-
plicated bound states can form and it is no longer clear which states should be
integrated out in the first place.

Of course, a fully convincing validation of the M-theoretic Emergence Proposal requires
the quantization of M-theory. In such a formulation, neither gravity nor spacetime geom-
etry would (presumably) be fundamental. Following the logic of the BFSS matrix model,

'Here the BPS states are counted by Donaldson-Thomas-type invariants, see e.g. [211].
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spacetime would arise only in a special limit of the theory, while gravity would emerge af-
ter integrating out the microscopic degrees of freedom. BPS-protected amplitudes would
then be special instances where the bound states of fundamental degrees of freedom can
be approximated by BPS-brane configurations. One could try to refine the BFSS model,
for example by including the so far missing M5-branes at a fundamental level. In [215],
it was suggested that non-associative cubic matrices might be used to model the degrees
of freedom of M5-branes. This idea is closely related to the general expectation [216]
that the fundamental objects in M-theory should be described using higher homotopy
structures (generalizations of algebraic structures such as Lie algebras). These concepts
may eventually lead to a background- and frame-independent formulation of M-theory,
allowing us to finally leave the Platonic cave of BPS-protected observables.



Appendix A

Special functions and identities

In this appendix, we collect some useful functions and relations that we employed in the
derivation of the prepotential and the genus-one free energy of the resolved conifold in
section 4.4 and further considerations in section 6.2.2.

(-functions

We recall the definition of the Riemann (-function and its first derivative which, for
Re(s) > 1, can be written as

(o) =S"n, s =-3oel) (A1)

ns
n>1 n>1

Outside Re(s) > 1 an analytic continuation is understood. The trivial zeros of the (-
function are located at the negative integers, while for its derivative evaluated at these
points we have

(2n)!
2(2m)2n

¢'(=2n) = (—1)" C2n+1), 0#£neN (A.2)

Some particular values that are of importance in our calculations are

(=1 @=T =0 0=, ((2=- @3

A2’

where ((3) = 1,2020569. .. is Apéry’s constant. The Riemann (-function is generalized
by the Hurwitz (-function, ((s,z). For Re(s) > 1 and z # 0,—1,—2, ..., such function
and its derivative with respect to s are represented by the series

((s,2) = Z(n+z)*s, ('(s,2) = —Z(n%—z)’slog(n—i—z), (A.4)

n>0 n>0

otherwise one can perform an analytic continuation for s # 1.
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Polylogarithms

We recall the definition of a polylogarithm

Lis(z) = ) Z—n , (A.5)

n>1

which is valid for any complex number s and for |z| < 1. The natural logarithm is
recovered for the specific value s =1,

Liy(z) = —log(1 — 2), (A.6)
while for Re(s) > 1 the (-function corresponds to z =1

Lis(1) = ¢(s) - (A7)

Useful identities

Recalling that

og (Sng)> — log [ﬁ (1 - Z—Z)] , (A.8)

one can prove the identity

2 Tz, —ITZ ]
Zlog (1 — z_2) = log <L> = —imz — log(2miz) + log(1 — €*™7) , (A.9)
n

2miz
n>1

which is used to obtain (4.77). Furthermore, integrating (A.9) twice and using

A
/ dz Li, (e*™) = 2i (=C(n+1) + Lipy (e2™4) | (A.10)
0

i
one can derive the curious identity

2 [ <22 JQF n2) log (1 - Z—Z) + 2zn arctanh <%> _ 222] _

n>1

1. o dmz 3, amzd 1, _
4—71_2]—413(6 ) — E + ZZ — T — 52 10g(—27TZZ> — T

(e o]

meot(mz) = Z +y = (A.12)

to derive the formula for zero-point Yukawa couplings.
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Modular forms

The modular group maps a complex modulus 7" according to

T + b
iT— Y ith ad—be=1, abedeZ. (A.13)
il +d

The notation with 7 = i7" is also very common. A modular form F,.(T) of weight r is a
holomorphic function from the upper half plane transforming as

F,(T) — (icT + d)"F,(T) (A.14)

under modular transformations. One example is the modular invariant j-function, defined
for Re(T") > 0 as

E}(T)  E3(iT)

J =) = )

+1728. (A.15)

It is a combination of modular forms of weight 4 and 6, called Eisenstein series, which,

27T

for ¢ = e | are given by

Ey(iT) =

n3qn
— Es(iT) =1 — 504 Z (A.16)

1—q

and the Dedekind n-function

Zﬁ (1—¢") (A.17)

which is of weight 1/2, so that the j-function is of weight 0 and hence called the j-
invariant. One of its properties that is particularly useful in our context is given by
Borcherds’ product formula [217]:

JT) = j(@U) =p~* H (1- qun)c(mn) ; (A.18)
m>0,n€Z
where p = e7?™ and ¢ = e 2™V and the coefficients ¢ are given by the expansion
JT) =744 = Y c(n)g" = ¢~ + 196884 + 21493760¢” . . . . (A.19)
n=-—1

The infinite product converges only for [p|, |¢| < e™*" and p # ¢, while the infinite series
converges for |¢| < 1, but the relations may be extended on the entire complex plane via
analytic continuation. Taking the logarithm of (A.18) we obtain

log(j(iT) — j(iU)) = 27T + Z c(mn)log(1 — e_ZW(mTJF"U)) : (A.20)
m>0,n€eZ

While 7' = U is a branch singularity of the above expression, one can already recognize
the functional behaviors justifying the equivalence of
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Appendix B

Singularities and Gopakumar-Vafa
invariants

In section 5.3.3 we reviewed the correlation between the asymptotic growth of GV invari-
ants and the conifold singularity of the quintic. Here we try to generalize the argument
to CYs with Kéhler moduli. For the CY P, ¢[18] we have seen that there are two

intersecting conifold loci so that we expect that the GV invariants oz(()nl’”z) counting BPS

2-cycles with volume nit; +nots scale exponentially along both directions. Employing the
software package CYTools [218,219], we were determining the GV invariants up to total
order n; + ny < 200 with the lowest ones listed in table B.1.

[¢] 1 2 3 4 5 6
0 * 3 -6 27 -192 1695 -17064
1540 -1080 2700 -17280 154440 -1640520 19369800
2 | 540 143370 -574560 5051970 -57879900 751684050 -10500261120
3 | 540 204071184 74810520 -913 383000 13593 850920 -218032516 800 3630383423100
4540 21772947555 -49933 059 660 224108 858 700 -2953943334360 51350781706 785 -967920 854 160960
5|540| 1076518252152 7772494870800 -42712 135606 368 603778002921 828 -11035406089 270 080 224651517 028 866 252
6 |540(33381348217290 (31128163315047072 (4047949393 968960 |-90433 961251273800 (2000248 139674298880 |-45689218 327 425589920

Table B.1: Gopakumar-Vafa invariants of P{,  ¢4[18].

However, these data were not yet sufficient to fix the precise form of the argument of
the exponential function. Hence, also the potential appearance of the values (6.80) of the
Kéhler moduli (¢1,t3) at the point P, were not yet apparent.

For the other CY of interest, namely P, ,, ¢[12] there is an intersection of a conifold
locus and another degeneration locus at ¢t = 0. In table B.2 we list the lowest GV

invariants """, which vanish for ny > ny and satisfy a{"" = a2,
(0] 1 2 i3 4 5
[¢] 0 2 0 [€] 0 ]
1 2496 2496 0 [€] 0 0
2 223752 1941264 223752 [€] 0 0
3 38637504 1327392512 1327392512 38637504 0 0
4 9100224984 861202986072 2859010142112 861202986072 9100224984 0
512557481 027520 | 540194 037 151104 [4247105405354496 |4247105405354496 |540194 037151104 |2557481027 520

Table B.2: Gopakumar-Vafa invariants of Py ; 59 ¢[12].
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In fact, we have computed all GV invariants up to total order n; + ny < 200. Here the
situation turns out to be a bit clearer than for the previous CY. Inspection reveals that
for fixed n; the GV invariants seem to follow a Gaussian distribution with a maximum at
ny = [n1/2] and width ¢ ~ n;. Looking more closer, after making an educated ansatz,
we determine the form of the GV invariants as

al" ")~ 2T 1007 (ny) exp (—27T)\M) (B.1)

3
nf* ni

with p = A =4/3 and 0 = 0. We notice that p = 4/3 precisely matches the value (6.110)
of Im(¢;) at the degeneration point P;. Moreover, for ny = 0 one can fit the GV data
very well with p = 0. Just sticking to the first column in B.2, the exponential rate is
pu— A/4 =1, which happens to be the value (6.99) of Im(¢;) at the emergent string limit
Dy, N D;. Performing a similar computation as for the Quintic just for this column we
would get the singular behavior

1
Y;1t1t1 ~ t— .o, <B2)

1—1
which indeed matches for the emergent string limit.
Taking also the other columns into account, the data reveal that p is not constant but
follows a plateau like behavior that in the following we approximate via the function

p %tanh (RM) : (B.3)

n
where k is a not too small parameter to guarantee a broad plateau. It is clear that the
function can only depend on 15 /n; and must be invariant under the reflection ny — ny—ns.
Following the previous computation for the quintic, one could try to estimate the four
Yukawa couplings via the double sum

oo
I 3—1 (n17n2) 727r(t1n1+t2n2)
Y-t~ E nyny oy e (B.4)
ni,na=1
with [ = 0,...,3. Again, we can approximate the infinite sums via integrals over continu-

ous variables (n1,ns) — (y1,y2). We did not succeed in analytically solving the appearing
double integral. However, after introducing polar coordinates y; = rsin¢, y, = rcos ¢
the integral over r can be carried out analytically. The result can then be numerically
integrated over the angle 0 < ¢ < 7/4 for various choices of ¢; and ¢, approaching zero.
First, one realizes that (B.4) seems to diverge for At = t; —4/3+1t5/2 to zero. The precise
functional dependence cannot be uniquely fixed but we observe that the numerics is well
consistent with a divergence

1

Vi) o — —
4 Atlog?(A1) (B:5)

This can be inferred from figure B.1, which should then be a straight line.
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0.00006
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0.00004
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Figure B.1: Plots of (log?(At) Yi11)™™ as a function of At for x = 10. Left M = 2/3,
middle M = 1, right M = 3/2.

From (6.109) we find at leading order

so that we realize that (B.5) is consistent with the leading divergence (6.118) found at
the degeneration point P;. In the same manner it is consistent with (6.129) for the point
P,. Having just this single example we cannot decide whether this is really the correct
procedure but it made it evident that the asymptotic behavior of the GV invariants
encodes information about the degeneration loci, which is the underlying structure of our
proposed regularization procedure for the zero-point Yukawa couplings.
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Appendix C

Period data

In this appendix, we gather results on the periods of the two CY threefolds P{, ,, ¢[12]
and IP’fLw’g[lS]. The focus is on obtaining an integral symplectic basis near degeneration
loci in the interior of moduli space. In chapter 6 we use the data to obtain expressions
for the quantum corrected Yukawa couplings near these degeneration points.

C.1 Periods of P}, ,,[12]

We start with the K3-fibered CY P} ,,4[12] with (A1, ha1) = (2,128) and recall some
essential facts. Using the LCS coordinates (z,y), the Picard-Fuchs operators are

Ly =020, —20,) — 82(60, + 1)(60, + 3)(60, + 5),

5 (C.1)
Ly =0, —y(20, —0,)(20, — 0, + 1)
where 0, = x% and 0, = yd%. It is convenient to use the rescaled coordinates
T=2%3%, y=4y. (C.2)
The vanishing loci of the discriminants
A =(1-2°-2°y=0,
r={-a) -2 (C.3)
AQ =1- :lj - 0

correspond to the loci Ceo, and Cj in the paper [180]. After resolving and compactifying
the moduli space by normal crossing divisors, we can choose appropriate local coordinates
around different divisor intersections in the moduli space. For P%71’272’6[12] the procedure
was discussed in section 5.2. We will provide the period data for the LCS at the divisor
intersection D10y N D) as well as the following loci with local coordinates (21, 22):

PIZD(OI)HEQZ x—y_,l—f > P12:D1QD22 1—2f, y_ 5
’ (1—1x)? 1 -2z
X (C.4)
X
P{:DlﬂE25<].——y].—.f),ngZD(_lo)mEgi(T,l—g).
z ’ 7(1-9)
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Solving the Picard-Fuchs equations at a locus A leads to a local basis of periods, denoted
as m2. One can rotate to an integral symplectic basis

I = TAﬂ'A with  Ta = T,a_qa (C.5)

by means of the transition matrix 7a. At the LCS, the matrix can be determined by
comparing the local basis to the one derived from the classical prepotential. At other
points, a numerical transition matrix is computed by matching two sets of periods that
are fixed in one coordinate, such that their regions of convergence agree (for more details
see section 5.2.4). Computing the numerical matrices with sufficient precision required
evaluating the local periods to total orders between 30 and 50.

Comment on conventions

We would like to emphasize that the results presented in this appendix rely on slightly
different conventions for the prepotential compared to those adopted in the main text.
These conventions have no impact on our final results since the periods just change by
a symplectic transformation. Among the results below, only the transition matrices are
affected. Concretely, here we work with the prepotential

1 . 1 o . C 1 . 733
./T()(t) = —glﬂjktztjtk + iaijt’tj + bitl + 5 + W Z L13(62 B t) . (CG)
BEH>(Y,Z)

Here i = 1,...,hy; and the constants b; and ¢ are those provided in (5.55), i.e. only the
sign of the cubic term is different. As in the main text, we order our integral symplectic
basis of periods such that their symplectic product is represented by the matrix

(0 1
(%), -
Periods at the LCS

The local basis of periods is given by (note that here z; = x and 25 = y)

S =y (C.8)
(2m1) S = wy + wy log(2), (C.9)
(2m1) 7595 = w3 + wy log(xy) (C.10)
(2m)? S = wy — 2wy log (1) 4 wy log? (1), (C.11)
(210)* 7598 = w5 — w3 log (1) — wo log(xs) + wy log () log(2s) (C.12)

(2mi)3 S = wg — 3wy log(w1) — 3ws log(wy) — 3w, log?(21) — gwg log®(z1)

3
+ wy log® (1) — W log(x2) — 3wy log(x1) log(z2)
3

+ Zw log?(21) log(22) (C.13)

2
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where the power series (w;)i<;<¢ are given by!
wy =1+ 1202, + 8316025 + ..., (C.14)
3
wy = T44 11 + 562932 27 — x5 + 120 2129 — 3 T4, (C.15)
w3 = 240 71 + 249480 27 + 219 — 2402120 + 325 + ..., (C.16)
11
wy = —553536 27 — 215 — 1728 1115 — 7:1;3 +. (C.17)
13
ws = —1248 71 — 1480896 2% + 2 25 + 1968 2179 + 5 T S (C.18)
27
wg = —T488 11 — 4356288 7 — 6wy — 5184 2179 — Zaz‘% +.... (C.19)
The transition matrix to the symplectic basis is
1 0O 0 000
0 1 0 000
0 0 1 000
Ties=| 1 0 0 100 (C-20)
-2 0 0 220
63i¢(3)
o % —1 00 3
Periods at P,
The local basis of periods is given by
= wy, (C.21)
(2mi) w2t = wy + wy log(21) + 2w, log (), (C.22)
i = ws, (C.23)
(2mi) mit = wy + wslog(z), (C.24)
i = ws, (C.25)
(2mi) 7" = we + ws log(z1) + 2ws log(xs) (C.26)
(C.27)
where the power series (w;)1<;<¢ are given by
354010 9795
=14+ — C.28
o Gs30727 "2 * 7o96ss 2 (C.28)
225835352
— .. C.29
e 525967519 2 (C29)
23 3/2 23 35 2689 /2
= E— . C.30
s = VT2 xl\/x_Q 1024 VI S pggmia g e (C30)
]_6]. 3/2 ].]_5 3/2 126383 5/2
= o C.31
Wi =V x“@ 512“7“/_ 162" " 2ss ™ T iassoo™ 0 (O3

'For each distinct solution to the index equations, we generally present the expansion up to and

including total order 2.
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77 2 7 , 4081 4
= — — ... C.32
Ws =2 gt ¥ gt T gt (C32)
787 2 325 285403 3
, = — C.33
We =2 oy e a2 T 09350 (C33)
The transition matrix to the symplectic basis is
1.21 0 —0.318 0 0.126 0
1.212 0 0 0 0.0841z 0
0.1057¢ 1.21 —0.0587: —0.318 —0.167¢ 0.126
Tr=1"9 0 0637 0 0 0 (C.34)
0.287 —2.41i 1.38 0 —0.584 —0.168:
—2.49i —241 —0.777i 0 0.277:  —0.252
Periods at P»
The local basis of periods is given by
i =y (C.35)
T2 = wy, (C.36)
T = wy, (C.37)
(27mi) T4 = wy + wy log (), (C.38)
T = ws, (C.39)
omi) T2 = we + ws log(z1) + ws log(xs), C.40
6
where the power series (w;)1<;<¢ are given by
5
41 3005 41
wy =21 + ix% + — e T+ 14495%:1:2 +. (C.42)
1, 133 5 29857 1 43 1433 2.2
== — — C.43
Ws = 5T oIE T T Jagag 1 T U T U ¥ ggg i+ gpgomity t o, (C43)
44594 37
= —— — C.44
YT o35 T Rer T (C.44)
149 3/5 372
\/_\/_+432 Y 2/ (C.45)
229
i = T — S+ (C.46)
The transition matrix to the symplectic basis is
0.267 —0.0195 0.0200 0.318: 0 0
1.42¢  0.152¢  0.0818: 0 —0.159i 0
0 0 0 0 0.318i 0
Tro =1 253 048 0161 —0.637 —0479 0.318 (C.47)
4.98 0.978 0.315  —1.38i 0 0
—5.500 —1.02¢ —0.385: —0.777 0.0531: 0
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Periods at P|
The local basis of periods is given by
Wf/ =wy, (C.48)
(271) 7r§{ = wq + wy log(xs) , (C.49)
775/ = ws, (C.50)
(271) wf = wy + ws log(xy), (C.51)
775{ = w; , (C.52)
(271) 7ré3{ = wg + ws log(xs) , (C.53)
where the power series (w;)1<;<¢ are given by
w;=1-— > — x5+ . (C.54)
' 14472 ’ '
1 1 24 9227311 7543169
= —— —_— —_— - C.55
2= e 4 I 0402241 T 38323152% e (C.55)
315 32
3/0 46 o 39 172096  5/9
= —16x1/x2 + 64x1\/_ SL’l 2/ 27:(]%T2/ 1500E e a (C.57)
T 1T, 1081 ,
= — — e C.58
Ws =T e T o 2 T g e T (C:58)
1 1 1249 6829
We = Tz — ST1T3 — Zl‘%fEQ + 223 — F%J:lxg mx% +.... (C.59)
The transition matrix to the symplectic basis is
1.21 0 —0.0208 0.113¢ 0.189 0
1.217 0 0 0 0.1472 0
0.1052  2.41  —0.0563: 0 —0.0308:  0.377
Tei=1 "0 0 00415 -0225 0 0 (C.60)
0.287 —4.83: 0.0899 —0.488; —0.322 —0.586¢
—2.49; —-4.83 —0.0507: —-0.275 —0.113: —0.754
Periods at Fys
The local basis of periods is given by
T = wy (C.61)
T3 = wy (C.62)
i = ws (C.63)
(2mi) i3 = wy + ws log () (C.64)
T = wy (C.65)
e = wg (C.66)
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where the power series (w;)i<;<¢ are given by

1/6 1/6 1/6 _7/6 2 76 1729 16 136
/ 1 76 _ ,13/6 L1/6.3/2
Ve xl V2 1440 AT 192 SR
D 7/6 3/2 21505 1/6 572 .68
+ 5761'1 xy' T+ —129024w1 x4 (C.68)
82 9 /2 a2 105 5/2 C.69
VEIVE +16V 12 2561% +1024V“’ e (C.69)
3/2 512 3/2
VELviE T2 22401 Vit 16V 122
9 3/ B2 52
+ 64I1 T 512\/ 1T o (C.70)
/ 11/6 12 605 L17/6 5/6 3/2
V2ot et g Vit ge
5 116 3/2 1729 5.6 5.2
—_— —_— . C.71
T ™ T Tagoge™t 2t (C.71)
5/6 5/6 99 5/6 11/6 . 120 116 1176 . 21505 5/6 17/6
The transition matrix to the symplectic basis is
1.47 — 0.85 —0.192i  —0.390+1.343i  0.780 0318  0.01068 +0.00617i
1.70i —0.254i —0.431i ~0.390 0.0880i —0.01234i
_ 0 0699 0481 0 0142 0 | (©73)
1.70i —0.611+0.384i  0.84 — 2.69i 156 —0.124 + 0.636i —0.01234i
—0.49 + 3.68i 0.833i 1.30 — 5.82i ~3.38 1.378i —0.0035 — 0.0267i

2.07—2.07: 0469+ 0.085; —3.28 —0.81z 0.13+1.90¢ 0.776 —0.029: —0.0151 4 0.06727

To obtain this matrix, one must also compute the local periods at the loci P»3 and Pi3
and glue them to the integral symplectic basis in the order Py — Po3 — Pi3 — Fys. The
intermediate periods did not lead to better results in the analysis of section 6.3.3 and are
therefore omitted here for brevity.

C.2 Periods of P}, [18]

P ]

We now consider the elliptically fibered CY P, | ¢4[18] with (hy1, ho1) = (2,272). Here,
the zero sets of the discriminants give rise to two conifold loci intersecting at two distinct
points (see figure 6.1). We can use the same techniques from toric geometry to set up the
Picard—Fuchs system, find local coordinates near degeneration points, and solve for the
periods. Using the LCS coordinates (z,y), the Picard-Fuchs operators for P}, | ¢ 4[18] are

L1 = 0,(0, — 36,) — 122(60, + 5)(60, + 1),

: (C.74)
Lo =6 —y(6, — 30, —2)(6, — 30, — 1)(6, — 36,)

with 0, = a:% and 6, = yd% as before. It is convenient to use the rescaled coordinates

T =23%, 7=23%. (C.75)
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The vanishing loci of
Al=(1-z2)P-2%5=0,

(C.76)

correspond, in the notation of [191], to the conifold loci Cpo, and Beoy, respectively. After
resolving and compactifying the moduli space by normal crossing divisors, we can choose
appropriate local coordinates around different divisor intersections in the moduli space.
We will be mostly interested in one of the two intersections of the conifold loci, located at
(Z,7) = ((3++/30)/6,—1) = (Z¢, 7o) and denoted as Py in chapter 6. As an intermediate
step we will also need the periods at P» = D1y N D5 located at (z,y) = (0, —1), where
the LCS divisor intersects Dy = {Ay = 0}. The local coordinates (x,23) at the these
two points are

s 1- L
Py = Dy1gyN Dy : (5;,1+g>, P.=D,ND,: <1—_—,—?§§) . (C.77)

i - =

Once again, the symplectic product is represented by the matrix (C.7) and we use the
convention (C.6) for the prepotential.

Periods at the LCS

The local basis of periods is given by (note that here z; = z and 25 = y)

7S =y, (C.78)
(27m1) TS = wy + wy log(21), (C.79)
(2m1) T5S = w3 + wy log(wy) (C.80)

(2mi)? S = wy — 2wy log () — %wg log(x1) + wy log?(z1)—

— ng log(z2) + gwl log(z1) log(z2) , (C.81)
(2mi)? mES = w5 — 2ws log(w2) 4 wy log?(wy) (C.82)
(2mi)3 ¥ = wg — 3wy log(wy) — %wg) log(x1) — 3ws log?(x1) — ws log? (1)

4wy log?(11) — wy log () — 2wy log () log(wy) — %wg log(x1) log(z2)

+ wy log? (1) log(xy) — %wg log®(79) + %wl log (1) log?(x5), (C.83)

where the power series (w;)1<;<¢ are given by

w; = 1460z + 1386027 + ... , (C.84)

wy = 31211 + 77652 2% + 229 — 602179 — 1525 + ... | (C.85)

w3 = 1801 + 62370 2% — 625 + 180 1119 + 4525 + ... | (C.86)
47

wy = —134784 15 — 229 + —a5 + ..., (C.87)

2
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423

ws = —1080 2, — 436590 27 + 18 w9 — 5 +...,
39
wg = —720 21 — 15633027 — 45 + 120 2129 + 33:3 4.
The transition matrix to the symplectic basis is
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 00
Tucs = 17 9 1
- 0 0 5 5 0
-3 0 0 200
135i¢(3) 17 3 3
2w a1 2 003

Periods at P,

The local basis of periods is given by

P2

o =W,

(2mi) wd?

(2mi) wg?

wy + wy log (),

1
= w3 + we log(xy) — §w1 logQ(xl) ,

= wy + 6wz log(x1) — 3w, log2($1) + wq log3(a:1) ,

= Ws ,

= wg + ws log(xs) ,

where the power series (w;)1<;<¢ are given by

1+5 +385 + .
w = _
! 3671 T 5184
w—E 18232—133—i:vx—1x2+
7 36 345671 372 T 108 1R T g2 T
5 10183 , 31 +1 2
Wg = —XT —X X .
37 367 T 07367 T 1082 T 18" ’
w__§ 965 +1 N
1T Ty T gt T gt
+112+ 5 +109 N
Wy = T X
57 T2 R T 16" 243"
5xx +2695 x 51:x+7:c3—|—
We = — —
. A DRI DA

The transition matrix to the symplectic basis is

1.00
0.0206¢
0.500 + 0.463:
—4.24 — 0.26¢
—1.50 — 0.01¢
—0.75 + 1.84¢

Tp,

0 0 0 0
1.00 0 0 —0.0628:
0 0 0 0.188¢
—1.50 — 1.574 -9.00 0 0
—0.500 — 0.525: -3.00 0 —0.0306 + 0.0314:
—4.26+0.26¢  1.50+1.57¢ 1.50 0.0153 — 0.0172¢

(C.88)

(C.89)

(C.90)

—0.0919
0.276
0
0.0459
—0.0459

(C.103)
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Periods at P,
The local basis of periods is given by?
=, (C.104)
T = wy, (C.105)
(2mi) w5t = ws + wy log(z1) (C.106)
= wy, (C.107)
(2m) mht = ws + wy log(x1) + wylog(as) | (C.108)
T = wg, (C.109)

5 LY}

where the power series (w;)1<;<¢ are given by
385 2651 n
216 216/3

wp =1+ (31104 N 10368\/§> (
59 0925 149
<E N M) n <15552 N 432@)
i 53 5\
6_\/§> r1T9 + <%—m) Trixre...,
14633 601i 53 6T
93312 2592\/3) - ( * M)

432
)l’lﬂfg—l— s
1 163

1
ro— |z +
? <6 10v/3

)i

333
LE1$2+....

3
Il_

) I%l’g +

2
1

3
Ly

1

Wy =

+(5
w = |
+(1 i

108 36v/3

3

Ty 2

°

3

2
Ty

2
)331.272+...,
)Q?%l’g

3
Ty

124/3

(2 m0)

The transition matrix to the symplectic basis is

269 1497
432 4323

1.097 4 0.076:
0.076 + 1.0974
0.565 + 0.510¢
1.45 — 3.46i
0.396 — 1.080:
—3.17 — 4.58¢

—0.0490 — 0.0485¢ —0.239 + 0.413¢ —0.00088 + 0.002307
0.004 + 0.144: 0 0.00198 — 0.00089:
—0.0296 — 0.0111¢ —0.239 + 0.413¢ —0.01242 + 0.001227
2.17 4+ 0.08: 2.15—3.72¢ 0.00157 + 0.00028:
0.727 + 0.034¢ 0.72—1.24;  —0.00140 — 0.001937
—0.18 — 1.97 —2.16 —1.25¢  0.00879 + 0.001714

0
—0.005537
0.01667
0
0.00276¢
—0.00276¢

(C.110)

e ee

(C.111)

(C.112)

(C.113)

(C.114)

(C.115)

0.0018 + 0.0302:
—0.0229 — 0.04167

—0.00517 + 0.000744

—0.407 + 0.0937
—0.1368 + 0.02627
0.201 + 0.3561

(C.116)

2Compared to the periods presented in section 6.3.2, we use a different ordering of the local periods
and slightly different coeflicient normalizations. This does not affect the final result.
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