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Zusammenfassung

Numerische Simulationen sind ein unverzichtbares Werkzeug der modernen Physik geworden,
insbesondere im Kontext stark korrelierter Quantensysteme, die häufig nicht analytisch behandelt
werden können. Viele Physiker betrachten die numerische Physik mittlerweile als eigene Fach-
richtung neben der experimentellen und der theoretischen Physik. In den Veröffentlichungen, aus
denen diese kumulative Dissertation besteht, werden stark korrelierte Quantensysteme studiert.
Dafür werden eine Vielzahl moderner numerischer Methoden verwendet, unter anderem exakte
Diagonalisierung, Matrix-Produktzustände, Quanten-Monte-Carlo und neuronale Quantenzustän-
de. In dieser Dissertation werden drei Klassen von stark korrelierten Quantensystemen betrachtet:
1) Vom Hubbard-Modell abgeleitete frustrierte Quantenmagnete, 2) Toric Codes und 3) ℤ2
Gittereichtheorien.

Seit der Entdeckung der Hochtemperatursupraleitung in Cupraten in den 1980er-Jahren
sind die Niedertemperaturphasen von Cupraten von zentralem Interesse für experimentelle und
theoretische Studien. Modelle wie das Hubbard-Modell wurden eingeführt, um die effektive
zweidimensionale Physik in CuO2-Schichten zu modellieren. Das Verschwinden der antiferroma-
gnetischen Ordnung als Konsequenz von Störstellen und deren Zusammenhang mit supraleitenden
Phasen ist bedeutsam, um den Bindungsmechanismus von Elektronen in supraleitenden Phasen
zu entschlüsseln. Dieser Bindungsmechanismus ist bis heute Gegenstand aktueller Forschung.

Mikroskopische Studien des 𝑡− 𝐽-Modells, eines Grenzfalls des Hubbard-Modells bei starken
Interaktionen, legen Szenarien nahe, in denen Elektronen in zwei Partons fraktionalisieren: Ein
Spinon (trägt den Spin) und ein Holon (trägt die Ladung). Mit Hilfe von Matrix-Produktzuständen
wird in dieser Dissertation für einen paradigmatischen dotierten, frustrierten Quantenmagneten
- das Majumdar-Ghosh-Modell - gezeigt, dass die Existenz eines gebundenen Parton-Zustands
eng mit einer Feshbach-Resonanz verknüpft ist. Frustrierte Quantenmagnete werden zudem als
Plattform vorgeschlagen, um Systeme weniger Teilchen zu untersuchen.

Der Toric Code ist ein Grundpfeiler der modernen Physik der kondensierten Materie und ein
grundlegendes Modell für die Felder Topologie und Quantum Error Correction. Der Grundzu-
stand des Toric Codes ist eine ℤ2 Quantenspinflüssigkeit und ist eines der einfachsten Beispiele
für eine topologische Phase. Es wurde ein C++-Softwarepaket (ParaToric) entwickelt, in dem
ein Continuous-Time-Quanten-Monte-Carlo-Verfahrem implementiert wird, um den Toric Code
in einem parallel angelegten Feld zu simulieren. Der Algorithmus von Wu, Deng und Prokof’ev
wurde um weitere Zustandsaktualisierungen erweitert, die Simulationen in bislang unzulängli-
chen Parameterbereichen ermöglichen. ParaToric erlaubt bislang unerreichte Systemgrößen
und bildet die Grundlage für Publikationen mit den bisher größten Systemen auf dreieckigen, qua-
dratischen, hexagonalen und kubischen Gittern. Es werden Schnittstellen für C, C++ und Python
bereitgestellt, die eine nahtlose Integration von ParaToric in Projekte Dritter ermöglichen.
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In dieser Dissertation werden neue geometrische Ordnungsparameter fürℤ2-Gittereichtheorien
auf Basis von Perkolationstheorie eingeführt und getestet. Diese Ordnungsparameter können direkt
aus experimentellen Messungen von Quantensimulatoren berechnet werden und sind konkur-
rierenden Ordnungsparametern in vielen Bereichen überlegen. Die Anwendung auf den Toric
Code offenbart, dass selbst beim absoluten Nullpunkt Deconfined Phasen existieren, die nicht
topologisch sind. Des Weiteren wird eine neue Netzwerkarchitektur für neuronale Quantenzu-
stände eingeführt, die ungefähre Symmetrien in das Netzwerk kodiert. Diese Netzwerkarchitektur
wird verwendet, um die Phasendiagramme nicht-stoquastischer Varianten des Toric Codes zu
berechnen. Zu guter Letzt werden symmetriegeschützte topologische Phasen vorgeschlagen, die
auch bei einer endlichen Temperatur existieren.

vi



Abstract

Numerical simulations have become an indispensable tool in modern physics, particularly for
strongly correlated quantum systems that are often inaccessible to analytical methods. Today,
many physicists even regard computational physics as a new branch alongside experimental and
theoretical physics. In the papers that constitute this cumulative dissertation, we investigate
strongly correlated quantum systems using a wide range of modern numerical methods, including
matrix product states, quantum Monte Carlo, and neural quantum states. We focus on three
classes of strongly correlated quantum systems: 1) frustrated quantum magnets derived from the
Hubbard model, 2) toric codes, and 3) ℤ2 lattice gauge theories.

The low-temperature phases of cuprates have been the focal point of experimental and
theoretical studies since the discovery of high-temperature superconductivity in cuprates in the
1980s. Models such as the Hubbard model serve as a minimal effective theory for the quasi-two-
dimensional electronic dynamics in the CuO2 planes. The breakdown of antiferromagnetic order
in the vicinity of dopants and its relation to the emergence of superconductivity are central to
revealing the underlying electron pairing mechanism of the superconducting phase, a subject of
active research to this day.

Microscopic studies of the 𝑡− 𝐽 model, a strong-coupling limit of the Hubbard model, suggest
scenarios where electrons fractionalize into a spinon (carrying the spin) and a holon (carrying
the charge). Using matrix product states, we show that the emergence of a bound parton-state
in a paradigmatic doped frustrated quantum magnet, the Majumdar-Ghosh model, is associated
with a Feshbach resonance. Additionally, we propose frustrated quantum magnets as a candidate
platform for studying few-body physics.

The toric code is a cornerstone of modern condensed matter physics and a foundational model
for the fields of topology and quantum error correction. Its ground state is one of the simplest
examples of topology: a ℤ2 quantum spin liquid. We develop a continuous-time quantum Monte
Carlo C++ package ParaToric for simulating the toric code in a parallel field. We extend
the algorithm by Wu, Deng, and Prokof’ev with new updates, enabling the study of parameter
regimes at intermediate to high temperature and/or low off-diagonal couplings, which were
previously inaccessible. ParaToric enables unprecedented system sizes and was used for the
largest published system size to date on the square, triangular, honeycomb, and cubic lattices.
The source code is publicly available to the community and provides interfaces to C, C++, and
Python, making ParaToric universally integrable into third-party projects.

In this dissertation, we propose and benchmark new geometric confinement order parameters
forℤ2 lattice gauge theories based on percolation theory. These order parameters can be calculated
from snapshot measurements of state-of-the-art quantum simulators and outperform competing
order parameters. Applying them to the toric code reveals that even at zero temperature, there
are deconfined phases that are not topological. Further, we introduce a new architecture for
neural quantum states, which incorporates approximate symmetries (in parameter regimes close
to exact (gauge) symmetries) into the model and enables the study of quantum spin liquids in
non-stoquastic variants of the toric code. Finally, we propose symmetry-protected topologically
ordered phases that extend to finite temperatures.
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Chapter One

Introduction

Methodological reductionism analyzes complex systems by decomposing them into parts, inter-
actions, and governing microscopic laws [1]. Holism, on the other hand, emphasizes properties
that arise only at the level of the whole, and are neither apparent from, nor can be reduced to,
components alone [2].1 Physics needs both.

Collective effects in fluids such as waves and turbulence are defined only for a (large) ensemble
of molecules. In a turbulent flow of water, tracking all interactions of a single H2O molecule
by definition does not provide any meaningful insight into turbulence. Instead, a mesoscopic
(Boltzmann equation [4]) or macroscopic (Navier-Stokes equations [5]) emergent description
is needed. From a reductionist viewpoint, these macroscopic theories are often controlled
approximations of the microscopic descriptions within certain limits. Interestingly, very different
microscopic interactions can lead to the same qualitative macroscopic physics. For example,
emergent hydrodynamics can arise from electrons in graphene [6], ultra-cold atoms [7], active
matter [8], light in non-linear systems [9], quark-gluon plasmas in heavy-ion collisions [10], and
many other systems. From a holistic viewpoint, the physics of hydrodynamics depends only
weakly on the underlying microscopic interactions and appears as an emergent macroscopic
theory.

Analogous to emergent hydrodynamics, many physical phase transitions fall into so-called
universality classes, where the qualitative behavior near the phase transition can be identical for
very different microscopic interactions. Universality classes can be formally described using
tools such as renormalization-group methods [11] and effective field theories [12]: as the scale
changes (e.g., space or time), many microscopic details wash out and new variables, symmetries,
and conservation laws emerge. However, near phase transitions, small changes in the microscopic
details qualitatively change the physics, underlining the significance of the reductionist approach
for macroscopic physics.

A famous example of emergent phenomena from condensed matter physics is the celebrated
Hubbard model [13–17], which features unassuming microscopic interactions but exhibits a

1Anderson famously stated that “the whole becomes not merely more, but very different from the sum of its parts”
[3].
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1. Introduction

complex emergent phase diagram that is subject to active research and scientific debate to this
day. The Hubbard model provides an effective description of the CuO2-layers of cuprates, which
were found to host high-temperature superconducting states in 1986 [18].2 Ever since, the low-
temperature phases of cuprates (and the Hubbard model) have been the focal point of experimental
and theoretical studies. Superconductivity has had revolutionary technical applications across
many fields, e.g., for strong magnets in particle colliders [19] and medical imaging (magnetic
resonance imaging) [20], as well as for superconducting qubits [21]. This is one of the reasons
why scientists care so much about designing materials with higher critical temperatures.

The doped Mott insulator, a phase regime of the Hubbard model at relatively low hole-doping,
is believed to be central to understanding the emergence of superconductivity [22]. Fractionalized
Fermi liquids (FL*) [23, 24] connect the physics of doped Mott insulators to two other fields:
quantum spin liquids and emergent gauge symmetries. The fermionic annihilation operator
𝑐𝑖𝜎 ∼ 𝑓𝑖𝜎 𝑏̂

†
𝑖

is composed of the spinon 𝑓𝑖𝜎 with spin 𝜎 and zero charge, and the holon (or
chargon) 𝑏̂𝑖 has zero spin and charge +𝑒. The spinons can form a long-range entangled quantum
spin liquid with emergent gauge symmetries. These can be formally described by lattice gauge
theories.

Doped Mott insulators, lattice gauge theories, and quantum spin liquids are all examples of
strongly correlated quantum systems, and are generally very challenging to study, both analytically
and numerically. For the standard repulsive single-band Hubbard model on a bipartite lattice,
numerically exact fermionic QMC methods are sign-problem free at half-filling (due to particle-
hole symmetry), but away from half-filling they generally suffer from a rapidly worsening
sign-problem at low temperatures, strongly limiting access to the doped regime relevant for
superconducting physics [25, 26]. Matrix product states are limited to cylinder geometries and
cannot be used to simulate large, true two-dimensional systems. Other tensor network methods,
such as projected entangled pair states, become numerically demanding at large doping (large
required bond dimension) and simultaneously suffer from slow convergence [27, 28].

In this cumulative dissertation, we will apply state-of-the-art numerical methods, including
matrix product states, quantum Monte Carlo, and neural quantum states, to tackle strongly
correlated phases of matter. The dissertation comprises two Chapters: Chapter 2 includes all
papers on toric codes and lattice gauge theory, and Chapter 3 includes a study on doped quantum
magnets. At the beginning of both Chapter 2 and Chapter 3, we provide an overview of the
theoretical foundations to connect the included papers and place them in a coherent context. In
Chapter 4, we provide a conclusion and a perspective on open questions and possible follow-up
studies.

Throughout this dissertation, we use natural units, thus setting the reduced Planck constant ℏ,
the Boltzmann constant 𝑘B, and the speed of light 𝑐 to one.

2The Hubbard model was first written down decades before the experimental discovery of high-temperature
superconductors.
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Chapter Two

The toric code and related gauge
theories

2.1 Topological phases

Historically, physical phase transitions were explained within the Ginzburg-Landau framework
[29], which relies on a local order parameter signaling a phase transition between an ordered phase
and a disordered phase. The ordered phase has a spontaneously broken symmetry compared to the
disordered phase; the underlying Hamiltonian always has the full symmetry in both the ordered
and disordered phases. A textbook example is the two-dimensional classical ferromagnetic Ising
model on a square lattice, which describes interacting ℤ2 spins 𝑠𝑧𝑖 ∈ {1,−1} defined on lattice
sites 𝑖:

𝐻 = −ℎ
∑︁
⟨𝑖, 𝑗 ⟩

𝑠
𝑧
𝑖 𝑠

𝑧
𝑗 , (2.1)

where ⟨𝑖, 𝑗⟩ denotes nearest neighbors. This Hamiltonian has a global ℤ2 symmetry (𝑠𝑧𝑖 →
−𝑠𝑧𝑖 ∀𝑖). The local order parameter is the absolute value of the magnetization

𝑚 =
1
𝑁

∑︁
𝑖

𝑠
𝑧
𝑖 , (2.2)

where 𝑁 is the total number of spins. At high temperatures, the Ising model hosts a paramagnetic
phase with 𝑚 = 0. At low temperatures, the spins align, i.e. 𝑚 ≠ 0, in a random direction (either
𝑚 > 0 or 𝑚 < 0) and thereby spontaneously break the ℤ2 symmetry. The critical temperature
(𝑇/ℎ)c ≈ 2.269 was calculated exactly by Onsager [30] and correctly predicted using the Kramers-
Wannier self-duality [31].1 The classical Ising model is fundamental to statistical physics, and
rich physics emerges when generalizing it. We will consider three of these generalizations in the
following. This chapter could actually be called “The Ising model and its variants”.

1The three-dimensional classical Ising model still lacks an exact solution to this day [32]. However, it has been
studied extensively with classical Monte Carlo methods [33–36] based on cluster updates [37, 38].
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2. The toric code and related gauge theories

One of the most natural generalizations of the classical Ising model is the XY model, which
features two-dimensional unit-length spins s𝑖 ≡ (cosΘ𝑖 , sinΘ𝑖), Θ𝑖 ∈ [0, 2𝜋):

𝐻 = −ℎ
∑︁
⟨𝑖, 𝑗 ⟩

s𝑖 · s 𝑗 = −ℎ
∑︁
⟨𝑖, 𝑗 ⟩

cos(Θ𝑖 − Θ 𝑗). (2.3)

The XY model has a global 𝑂 (2) symmetry (𝑆𝑂 (2) rotations + reflections of spins). The
Mermin-Wagner theorem [39] states that for dimensions 𝑑 ≤ 2, continuous symmetries cannot
spontaneously break at finite temperatures for sufficiently short-ranged interactions. Thus, the
two-dimensional XY model does not have a phase transition that can be described by Ginzburg-
Landau theory, i.e., no symmetry is ever broken. It was famously shown by Kosterlitz and
Thouless [40] based on previous works by Berezinskii [41, 42], that the two-dimensional XY
model has a phase transition that does not break any symmetry. At low temperature, vortices
(topological defects) are bound in pairs, and the spin-spin correlation has quasi-long-range order
(algebraic decay). At high temperature, vortices unbind and proliferate through the system;
the correlations are short-ranged (exponential decay). These two phases are separated by a
topological phase transition at the Berezinskii-Kosterlitz-Thouless (BKT) temperature. In 2016,
Kosterlitz and Thouless (together with Haldane) were awarded the Nobel prize in physics for
theoretical discoveries of topological phase transitions and topological phases of matter.2

In the next section, we will introduce a second class of topological phases, which were
discovered by Haldane [43, 44].

2.2 Symmetry-protected topological order

The Ising model can be generalized to the antiferromagnetic quantum Heisenberg model

𝐻̂ = ℎ
∑︁
⟨𝑖, 𝑗 ⟩

Ŝ𝑖 · Ŝ 𝑗 , (2.4)

where the entries of the spin vector Ŝ 𝑗 = (𝑆𝑥𝑗 , 𝑆
𝑦

𝑗
, 𝑆

𝑧
𝑗 ) can be represented as Pauli matrices

and do not commute. The quantum Heisenberg model has a global 𝑆𝑈 (2) symmetry and an
additional time reversal symmetry. There are strong numerical indications that the ground state
on the square and honeycomb lattices are semi-classical antiferromagnetic Néel states (i.e., spins
ordered as ... ↑↓↑↓↑↓ ...); however, it is still a topic of active research [45]. In his revolutionary
works, Haldane studied the one-dimensional quantum Heisenberg model and found the so-called
Haldane phase for integer spins, which features topological boundary modes protected by the
symmetry of the Hamiltonian [43, 44]. A simpler symmetry-protected topologically (SPT)
ordered phase can be constructed using a variant of the one-dimensional quantum Heisenberg
model, the Affleck-Kennedy-Lieb-Tasaki (AKLT) model [46]:

𝐻̂ =
∑︁
⟨𝑖, 𝑗 ⟩

[
Ŝ𝑖 · Ŝ 𝑗 +

1
3
(Ŝ𝑖 · Ŝ 𝑗)

2
]
. (2.5)

2https://www.nobelprize.org/prizes/physics/2016/press-release/

4



2.2. Symmetry-protected topological order

l rr l r l r l

1
2

( | ↑ ↓ ⟩ − | ↓ ↑ ⟩)

|1⟩⟨ ↑i
l ↑i

r | + | − 1⟩⟨ ↓i
l ↓i

r | + 1
2

|0⟩(⟨ ↑i
l ↓i+1

r | − ⟨ ↓i
l ↑i+1

r |)

Figure 2.1: Valence bond solid. Each lattice site with spin-1 (black bubbles) is decomposed
into a left (𝑙) and right (𝑟) spin-1/2 particle, which form singlets with the nearest neighbors,
respectively. A projection operator projects the spin-1/2 particles back to spin-1 space with the
𝑆
𝑧 eigenstates | − 1⟩, |0⟩, and |1⟩. Figure adapted from [49].

This model is exactly solvable. To analytically express the ground state, we decompose each
spin-1 into a left (𝑙) and right (𝑟) spin-1/2 particle, which are then projected back to spin-1 spins
with the projector

𝑃
𝑆=1
𝑖 = |1⟩⟨↑𝑖𝑙↑

𝑖
𝑟 | + | − 1⟩⟨↓𝑖𝑙↓

𝑖
𝑟 | + 1

√
2
|0⟩

(
⟨↑𝑖𝑙↓

𝑖+1
𝑟 | − ⟨↓𝑖𝑙↑

𝑖+1
𝑟 |

)
, (2.6)

see Fig. 2.1. Here, | − 1⟩, |0⟩, and |1⟩ are spin-1 eigenstates; | ↑⟩ and | ↓⟩ are spin-1/2 eigenstates.
The ground state is the valence bond solid3

|𝜓AKLT⟩ =
(∏

𝑖

𝑃
𝑆=1
𝑖

) (∏
⟨𝑖, 𝑗 ⟩

| ↑𝑖𝑟↓
𝑗

𝑙
⟩ − | ↓𝑖𝑟↑

𝑗

𝑙
⟩
)
. (2.7)

To see that the ground state is gapped, we consider periodic boundaries, where every spin-1/2
is part of a singlet, and a triplet excitation costs a finite energy. The state does neither break
spin-rotational nor time reversal, but has an ordered structure.

If we consider open boundaries, we have two dangling virtual spin-1/2 at the two boundaries,
which are not part of any singlet. As long as we keep either time reversal or the spin-rotational
symmetry intact and the gap remains finite, each edge spin can point in any direction and adds a
degeneracy of 2 (two-dimensional irreducible representation) per edge, which is protected by the
symmetries. This is one of the characteristic features of SPT. SPT phases can arise both in gapped
and gapless ground states [50]. Compared to bulk topological phases, which feature long-range
entanglement, SPT phases have short-range entanglement. In [P6], we propose finite-temperature
SPT phases protected by 1-form symmetries [51] and connect them to the known Higgs-SPT
phases of the toric code of the Ising gauge theory (see below).

In the next section, we will introduce a third topological phase, which was discovered around
the same time as the BKT papers by Wegner [52] and also relies on a generalization of the
classical Ising model.

3The AKLT model is closely related to the Majumdar-Ghosh model [47, 48] which has a valence bond solid
ground state (dimerized singlets). We study it in the context of parton confinement in [P7] (included in Chapter 3).

5



2. The toric code and related gauge theories

2.3 Lattice gauge theories

The Ising model can be generalized to the transverse-field Ising model (TFIM):

𝐻̂ = −ℎ
∑︁
⟨𝑖, 𝑗 ⟩

𝑠
𝑧
𝑖 𝑠

𝑧
𝑗 − 𝐽

∑︁
𝑖

𝑠
𝑥
𝑖 . (2.8)

Here, 𝑠𝑧 and 𝑠𝑥 are the usual Pauli operators. Like the classical Ising model, the TFIM has a
global ℤ2 symmetry (𝑠𝑧𝑖 → −𝑠𝑧𝑖 ; 𝑠

𝑥
𝑖 → 𝑠

𝑥
𝑖 ∀𝑖).

The two-dimensional TFIM is dual to the classical three-dimensional Ising model, which has
no known exact solution. However, the critical fields/temperatures can be calculated numerically,
e.g., with quantum Monte Carlo (QMC) [53–55], tensor networks [56, 57], or linked-cluster
approaches [58]. At zero temperature, the two-dimensional TFIM has an ordered ferromagnetic
phase for ℎ ≫ 𝐽 and a disordered paramagnetic phase at 𝐽 ≫ ℎ with a quantum critical point at
(𝐽/ℎ)c ≈ 3.04 [59].

Wegner’s duality mapping of the two-dimensional TFIM is given by [52]:

𝑠
𝑧
𝑖 𝑠

𝑧
𝑗 ≡ 𝜎̂

𝑥
⟨𝑖, 𝑗 ⟩ ,

𝑠
𝑥
𝑖 ≡

∏
⟨𝑖, 𝑗 ⟩∈□𝑖

𝜎̂
𝑧

⟨𝑖, 𝑗 ⟩ , (2.9)

where we define dual link variables 𝜎̂: 𝜎̂⟨𝑖, 𝑗 ⟩ is defined on the link between lattice sites 𝑖 and 𝑗
and □𝑖 is the elementary plaquette on the dual lattice which surrounds the real lattice site 𝑖 (or,
from the viewpoint of the real lattice, all links that are connected to 𝑖). Plugging Eq. (2.9) into
Eq. (2.8) yields the (2+1)D Ising gauge theory:

𝐻̂ = −ℎ
∑︁
⟨𝑖, 𝑗 ⟩

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩ − 𝐽

∑︁
□

∏
⟨𝑖, 𝑗 ⟩∈□

𝜎̂
𝑧

⟨𝑖, 𝑗 ⟩ , (2.10)

The Ising gauge theory is an example in the larger group of lattice gauge theories (LGTs), i.e.,
gauge theories discretized into a lattice. It has a local ℤ2 gauge symmetry with the generator

𝐺̂ 𝑗 =
∏

⟨𝑖, 𝑗 ⟩∈+ 𝑗

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩ . (2.11)

It is a product of all links connected to lattice site 𝑗 (“star term”). Per definition, 𝐺̂ 𝑗 is a symmetry
of the Hamiltonian [𝐻̂, 𝐺̂ 𝑗] = 0 ∀ 𝑗 , resulting in a set of locally conserved quantities

𝐺̂ 𝑗 |𝜓⟩ ≡ 𝑔 𝑗 |𝜓⟩. (2.12)

The set of {𝑔 𝑗 ∈ {−1, 1}} defines a gauge sector. The physics in different gauge sectors is
generally different; it is not to be confused with the gauge symmetry, which, when applied, leaves
the physics invariant. Here we choose 𝑔 𝑗 = +1 ∀ 𝑗 , which is called a pure gauge theory [60], i.e.,
a gauge theory without static background charges.
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2.3. Lattice gauge theories

By duality, the Ising gauge theory must have two phases connected by a continuous phase
transition. However, since it has a local gauge symmetry, according to Elitzur’s theorem [61]
every operator 𝑂̂ which is not gauge-invariant, i.e. [𝑂̂, 𝐺̂ 𝑗] ≠ 0, necessarily has zero expectation
value ⟨𝑂̂⟩ = 0 everywhere, thus the local gauge symmetry cannot be broken and no local
order parameter can probe the phase transition. Wegner constructed non-local gauge-invariant
Wegner-Wilson loops:

W(C) =
∏

⟨𝑖, 𝑗 ⟩∈C
𝜎̂

𝑧

⟨𝑖, 𝑗 ⟩ (2.13)

where C is a closed contour of links on the real lattice (from the point of view of the Ising
gauge theory) with perimeter P(C) ∼ 𝐿 and enclosed area A(C) ∼ 𝐿

2 (a similar construction
for a product of 𝜎̂𝑥-operators on the dual lattice is called ’t Hooft loop [62]). For ℎ ≫ 𝐽, the
pure gauge theory has a confined phase (dual to ferromagnetic phase) that obeys an area law
⟨W(C)⟩ ∼ exp(−𝛼𝐴(C)) as a consequence of large fluctuations in the ℤ2 flux,

∏
⟨𝑖, 𝑗 ⟩∈□ 𝜎̂

𝑧

⟨𝑖, 𝑗 ⟩ .
For 𝐽 ≫ ℎ, the pure gauge theory has a deconfined, topological phase (dual to paramagnetic
phase) that obeys a perimeter law ⟨W(C)⟩ ∼ exp(−𝛼𝑃(C)) as a consequence of less fluctuations
in the flux (most plaquettes have

∏
⟨𝑖, 𝑗 ⟩∈□ 𝜎̂

𝑧

⟨𝑖, 𝑗 ⟩ = 1) [60]. On a torus, the ground state splits
into 4 topological sectors characterized by the eigenvalues of non-contractible Wegner-Wilson
and ’t Hooft loops.

The Ising gauge theory can be extended by dynamical matter, i.e., terms that couple the gauge
field to matter:

𝐻̂ = − ℎ
∑︁
⟨𝑖, 𝑗 ⟩

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩ − 𝐽

∑︁
□

∏
⟨𝑖, 𝑗 ⟩∈□

𝜎̂
𝑧

⟨𝑖, 𝑗 ⟩

− 𝜆
∑︁
⟨𝑖, 𝑗 ⟩

(𝑎̂†
𝑖
+ 𝑎̂𝑖)𝜎̂

𝑧

⟨𝑖, 𝑗 ⟩ (𝑎̂
†
𝑗
+ 𝑎̂ 𝑗) + 𝜇

∑︁
𝑖

𝑎̂
†
𝑖
𝑎̂𝑖 , (2.14)

where 𝑎𝑖 is a hard-core bosonic annihilation operator defined on lattice site 𝑖. 𝜇 acts as a chemical
potential for the bosons. The generator of the local ℤ2 symmetry is now given by

𝐺̂ 𝑗 = (−1) 𝑎̂
†
𝑗
𝑎̂ 𝑗

∏
⟨𝑖, 𝑗 ⟩∈+ 𝑗

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩ , (2.15)

which can be rewritten into the so-called Gauss law

𝑎̂
†
𝑗
𝑎̂ 𝑗 =

1
2

(
1 − 𝑔 𝑗

∏
⟨𝑖, 𝑗 ⟩∈+ 𝑗

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩

)
, (2.16)

relating electric field lines and the charge density. It is a discrete version of the Gauss law in
classical electrodynamics, where the electric charge density 𝜌 acts as a source of field lines of
the continuous electric field 𝑬:

∇𝑬 =
𝜌

𝜀0
. (2.17)
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2. The toric code and related gauge theories

Here, 𝜀0 is the vacuum permittivity. In the even gauge sector (𝑔 𝑗 = +1∀ 𝑗), ℤ2 charges, i.e., sites
𝑗 with 𝑎̂†

𝑗
𝑎̂ 𝑗 = 1, must be connected to an uneven number of electric fields 𝜎̂𝑥

⟨𝑖, 𝑗 ⟩ = −1 where
⟨𝑖, 𝑗⟩ ∈ + 𝑗 , and every connected cluster C of neighboring spins with 𝜎̂𝑥

⟨𝑖, 𝑗 ⟩ = −1, ⟨𝑖, 𝑗⟩ ∈ C
(called string) contains an even number of charges. For 𝐽 = 𝜆 = 0, the energy cost 𝐸pot for two
charges connected by a string grows linearly with the length ℓ of the string: 𝐸pot ∼ ℎ × ℓ. Thus,
the electric field lines mediate a confining force between ℤ2 charges. The confinement of these
charges is fundamental for understanding the phases of ℤ2 LGTs.

Fradkin and Shenker analytically proved that Eq. (2.14) only features two phases: a deconfined,
topological phase for ℎ/𝐽 ≪ 1, 𝜆/𝜇 ≪ 1 [63], and a confined phase for ℎ/𝐽 ≫ 1, 𝜆/𝜇 ≫ 1.
Surprisingly, the confined regime (ℎ/𝐽 ≫ 1, no free ℤ2 charges) and the Higgs regime (𝜆/𝜇 ≫ 1,
ℤ2 charges condense)4 belong to the same phase [63] (compare to Fig. 1 in [P2]). Even
though Eq. (2.14) only has a local ℤ2 symmetry, it can still capture some features of Wilson’s
famous 𝑆𝑈 (3) lattice quantum chromodynamics [66], which famously demonstrated the color-
confinement of quarks in the strong-coupling limit.

In LGTs with matter, the Wilson loops (’t Hooft loops) will always follow a perimeter-law
(area-law) [60, 67], although the theories may still host confinement-deconfinement transitions.
Thus, new order parameters are required. In the age of quantum simulators [P8, 68–72], it is
vital to find order parameters that can be extracted from snapshot measurements. In [P2] we
introduce a novel confinement order parameter for ℤ2 LGTs based on percolation theory [73]: If
the ℤ2 strings (connecting ℤ2 electric charges) form a percolating net that extends across opposite
ends of the system (winds around the system for periodic boundaries), the system is deconfined;
otherwise it is confined. In [P3], we give the confinement order parameter from [P2] an analytical
foundation: We apply a real-space renormalization group [74] approach for a classical limit of a
ℤ2 LGT and show that the analytical phase boundaries qualitatively agree with classical Monte
Carlo results. In [P4], we present a natural extension of the percolation order parameter to capture
both electric and magnetic deconfinement in the context of the toric code. The order parameter
is naturally accessible to experimental snapshot measurements.

2.4 Extended toric code

In the even gauge sector 𝑔 𝑗 = +1 ∀ 𝑗 , we can integrate out the matter by plugging Eq. (2.16) into
Eq. (2.14):

𝐻̂ = −𝜇
∑︁
+

∏
⟨𝑖, 𝑗 ⟩∈+

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩ − 𝐽

∑︁
□

∏
⟨𝑖, 𝑗 ⟩∈□

𝜎̂
𝑧

⟨𝑖, 𝑗 ⟩ − ℎ
∑︁
⟨𝑖, 𝑗 ⟩

𝜎̂
𝑥
⟨𝑖, 𝑗 ⟩ − 𝜆

∑︁
⟨𝑖, 𝑗 ⟩

𝜎̂
𝑧

⟨𝑖, 𝑗 ⟩ ,

≡ −𝜇
∑︁
+
𝐴̂+ − 𝐽

∑︁
□

𝐵̂□ − ℎ
∑︁
𝑙

𝜎̂
𝑥
𝑙 − 𝜆

∑︁
𝑙

𝜎̂
𝑧
𝑙 , (2.18)

which is the toric code in a parallel field (also called the extended toric code or perturbed toric
code). The term ∝ 𝜇 (∝ 𝐽) is often referred to as the star-term (plaquette-term). The bare

4The Higgs phase is an SPT phase with edge modes and long-range order on the edge [64, 65].
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2.4. Extended toric code

(a)

Z

XX

Z

electric charges “e-anyons”  
(always in pairs, mutual bosonic statistics)

magnetic vortices 
“m-anyons” 

(always in pairs,  
mutual bosonic statistics)

= (-1) x

semionic braiding statistics(b)

Figure 2.2: Anyons in the toric code. (a) We show e-aynons (star-excitations, red) and m-anyons
(plaquette-excitations, blue). When anyons are braided around the same type of anyon, they
are mutually bosonic. (b) When braiding an e-anyon around an m-anyon, the particle exchange
statistics are fermionic.

toric code (ℎ = 𝜆 = 0) can be solved exactly; its ground state is a topological and long-range
entangled ℤ2 gapped quantum spin liquid. It is an equal superposition of all configurations
satisfying 𝐵□ = 𝐴+ = 1 ∀□,+ (quantum loop gas). The von Neumann entropy 𝑆(𝜌) = −tr𝜌 log 𝜌
of the reduced density operator 𝜌 of a simply connected disc of circumference 𝐿 with smooth
boundaries, where the exterior degrees of freedom are traced out, reads [75]

𝑆(𝜌) = 𝛼𝐿 − 𝛾, 𝛾 = ln 2, (2.19)

where 𝛾 is the non-zero topological entanglement entropy, i.e., the ground state features long-
range entanglement.5 It is a characteristic of the topology of the ground state and is non-zero
irrespective of the boundary conditions.

The toric code features two types of topological defects, e- and m-anyons, which are excitations
of the star operator ∝ 𝜇 and the plaquette operator ∝ 𝐽, respectively, see Fig. 2.2a. The name

5This is different from the short-range entanglement of SPT phases.
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2. The toric code and related gauge theories

anyon comes from the fact that these excitations are neither purely fermionic nor bosonic, but
instead can pick up any phase Θ when exchanging two particles |𝜓1𝜓2⟩ = 𝑒

𝑖Θ |𝜓2𝜓1⟩. In the case
of the toric code, the anyons fulfill semionic statistics: they are bosonic when braided around the
same anyon type, but the composition (e+m) is fermionic, see Fig. 2.2b. In [P4], we show that
for the triangular and honeycomb lattice, at zero temperature6, the ground state is topological iff
both e- and m-anyons are deconfined. We further show that there are phases where one of the
two anyons is deconfined in a topologically trivial phase, meaning that even at zero temperature,
one must make a distinction between topology and deconfinement.

When introducing fields ℎ, 𝜆, the topological phase of the two-dimensional toric code survives
until a finite critical field, where it has a continuous phase transition to the trivial phase in the
(2+1)D Ising universality class. In [P4], we map out the topological phase diagrams for the
triangular, honeycomb, and cubic lattices for the first time with a numerically exact method,
substantially improving previous approximations of the phase diagram.

2.5 Quantum Monte Carlo for the extended toric code

We first explain Markov chain Monte Carlo in the context of classical Monte Carlo simulations
at finite temperature in Sec. 2.5.1. We will then present the path-integral expansion that is
fundamental to the QMC algorithm to discuss the emergence of the sign-problem in the context
of the extended toric code.

2.5.1 Markov chain Monte Carlo
The central object in statistical physics to describe macroscopic physics is the canonical partition
function

𝑍 =
∑︁
𝑠

𝑒
−𝛽𝐸 (𝑠)

, (2.20)

where 𝛽 is the inverse temperature and 𝑠 are the microcanonical states with energy 𝐸 (𝑠). The
Boltzmann weight

𝑃(𝑠) = 𝑒−𝛽 𝐸 (𝑠)/𝑍. (2.21)

is the probability that the canonical (thermal) system is in the microcanonical state 𝑠. The
expectation value of a macroscopic observable 𝑂 is given by

⟨𝑂⟩ =
∑︁
𝑠

𝑂 (𝑠)𝑃(𝑠). (2.22)

The goal of statistical physics, and numerical Monte Carlo simulations in particular, is to calculate
these expectation values. However, summing over all microcanonical states 𝑠 quickly becomes
intractable because of the exponential configuration space (quantum mechanics: Hilbert space)

6At any non-zero temperature, the two-dimensional toric code is in a topologically trivial phase [76].
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2.5. Quantum Monte Carlo for the extended toric code

growth. The goal of all Markov chain Monte Carlo methods is to effectively sample ⟨𝑂⟩ by only
summing over a subset of states 𝑠′, which, however, still represent the Boltzmann distribution.
This technique is called importance sampling. The states 𝑠′ are determined by constructing a
(first-order) Markov chain [77], which is a sequence of states in which every state depends only
on the previous state. Starting from an initial state, we define a transition rate 𝑊 (𝑠new |𝑠old) to
determine the next state 𝑠new in the Markov chain, given the current state 𝑠old. It can be written as

𝑊 (𝑠new |𝑠old) = 𝑇 (𝑠new |𝑠old) × 𝐴(𝑠new, 𝑠old), (2.23)

where 𝑇 (𝑠new |𝑠old) is the trial distribution to propose the next element 𝑠new given 𝑠old, and
𝐴(𝑠new, 𝑠old) is the probability to accept the new element 𝑠new as the next element in the Markov
chain (in case it is rejected, the next element in the Markov chain is again 𝑠old). In physics, we
typically require ergodicity and detailed balance, which ensure that the Markov chain represents
an ensemble in equilibrium [78].

Ergodicity means that every possible physical state 𝑠 is in principle reachable by the Markov
chain7 and that the Markov chain is aperiodic. The balance condition states that

d𝑃(𝑠old)
d𝑡

= −
∑︁
𝑠new

𝑊 (𝑠new |𝑠old)𝑃(𝑠old) +
∑︁
𝑠new

𝑊 (𝑠old |𝑠new)𝑃(𝑠new) = 0 (2.24)

is required to represent a stationary ensemble. The discrete time 𝑡 serves as an index for elements
in the Markov chain. The first (second) term represents the outgoing (incoming) probability. In
physics, one typically imposes the even stricter detailed balance condition, which locally fulfills
Eq. (2.24):

𝑊 (𝑠new |𝑠old)𝑃(𝑠old) = 𝑊 (𝑠old |𝑠new)𝑃(𝑠new). (2.25)

The famous algorithm by Metropolis [79] with the extension of Hastings [80] chooses the
acceptance ratio

𝐴(𝑠new, 𝑠old = min
(
1,
𝑃(𝑠new)
𝑃(𝑠old)

𝑇 (𝑠old |𝑠new)
𝑇 (𝑠new |𝑠old)

)
(2.26)

which satisfies Eq. (2.25). This relatively simple algorithm has proven to be extremely successful
and is still the backbone of modern Monte Carlo simulations in physics more than seven decades
after its first formulation.

2.5.2 QMC algorithm
Wu, Deng, and Prokof’ev developed a continuous-time QMC algorithm for simulating the
extended toric code (2.18) [81]. The first step is to split the Hamiltonian into two non-commuting
parts, i.e., group it into one part that depends on 𝜎̂𝑥 , and another part that depends on 𝜎̂𝑧 . Here,

7This does, however, not mean that every state will likely be reached in practice. In fact, importance sampling
relies on the fact that most states are effectively irrelevant.
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2. The toric code and related gauge theories

we will choose the 𝜎̂𝑧-eigenbasis and refer to 𝜎̂𝑧-terms (𝜎̂𝑥-terms) as diagonal (off-diagonal)
terms.8 The diagonal term 𝑈̂ and the off-diagonal term 𝐾̂ read:

𝑈̂ = −𝐽
∑︁
□

𝐵̂□ − 𝜆
∑︁
𝑙

𝜎̂
𝑧
𝑙 ,

𝐾̂ = −𝜇
∑︁
+
𝐴̂+ − ℎ

∑︁
𝑙

𝜎̂
𝑥
𝑙 . (2.27)

The partition function can be expressed as a path-integral [81]

𝑍 = tr(exp−𝛽𝐻̂)

=

∞∑︁
𝑛=0

∫ 𝛽

0<𝜏1<𝜏2<...<𝜏𝑛

d𝜏1...d𝜏𝑛∑︁
𝛼0,𝛼1,...,𝛼𝑛−1,𝛼𝑛=𝛼0

(−1)𝑛𝐾𝛼𝑛 ,𝛼𝑛−1
𝐾𝛼𝑛−1,𝛼𝑛−2

...𝐾𝛼1,𝛼0

exp
(
−
∫ 𝛽

0
d𝜏𝑈 (𝜏)

)
, (2.28)

where 𝛼 𝑗 denominate 𝜎̂𝑧-eigenstates, i.e. classical variables 𝑠𝑧 ∈ {−1,+1}; 𝜏𝑗 is the imaginary
time when the off-diagonal term 𝐾𝛼𝑗 ,𝛼𝑗−1

= ⟨𝛼 𝑗 |𝐾̂ |𝛼 𝑗−1⟩ changes 𝛼 𝑗−1 to 𝛼 𝑗 ; The multi-link
operator 𝐴̂+ (four links on the square lattice) flips multiple spins at the same imaginary time, the
operator 𝜎̂𝑥

𝑙 only flips the imaginary time on one link 𝑙. The diagonal energy in the exponent is
piecewise-constant: 𝑈 (𝜏) = 𝑈𝛼𝑖

for 𝜏 ∈ (𝜏𝑖 , 𝜏𝑖+1).
The algorithm is sign-problem free with fields in 𝜎̂𝑥- and 𝜎̂𝑧-direction, because every 𝐾

interaction includes a global minus sign of the Hamiltonian. Introducing a field in 𝜎̂𝑦-direction
leads to complex weights. This is an example of the infamous sign-problem [25, 82, 83];
An important property is the stoquasticity: many non-stoquastic Hamiltonians (i.e., they have
positive/complex off-diagonal elements in a given basis) have a sign-problem [84].9

The construction of the Metropolis updates is rather cumbersome and is detailed in [81]. In
[P1], we implement the algorithm by Wu, Deng, and Prokof’ev in both the 𝜎̂𝑥- and 𝜎̂𝑧-basis.
We also implement a wide range of common observables and provide interfaces to C, C++,
and Python, making the integration into other projects in different programming languages
straightforward. The complete documentation of the public application programming interface
(API), performance benchmarks, and instructions on how to use the code can be found in [P1].
The package is called ParaToric because it implements the toric code in a parallel field. Earlier
versions of the code were used in the publications [P2, P3, P4, P5], and without ParaToric,
these works would not have been possible.10

8However, we could do it the other way around; we implement both bases in [P1].
9Stoquasticity is a basis-dependent property, choosing a smart basis can sometimes remove the sign-problem

entirely.
10The public repository with the up-to-date code is on Github: https://github.com/palmbart/ParaToric.
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2.6. Neural quantum states

Gapped 1D
MPS

PEPS
NQS

Quantum 
states

Figure 2.3: Expressivity of variational quantum states. Neural quantum states (NQS) have
been shown to have the same or higher expressivity than polynomially tractable tensor networks,
including matrix product states (MPS) and projected entangled pair states (PEPS) [86]. Poly-
nomially tractable means that a tensor network representing 𝑁 degrees of freedom (e.g., spins)
with bond dimension 𝜒 can be approximately (or exactly) contracted in a time poly(𝑁, 𝜒). An
example where the expressivity of NQS is indispensable for efficient representation is volume-law
entangled quantum states. Figure adapted from [86].

2.6 Neural quantum states

A quantum state can generally be written as

|𝜓⟩ =
∑︁
S
𝜓(S)|S⟩, (2.29)

where 𝜓(S) are complex numbers and |S⟩ are many-body basis states. As an example, for
𝑁 spins of the classical Ising model (local Hilbert space dimension 2), we would have S =

(S0,S1, ...,S𝑁−1) with S𝑖 ∈ {−1, 1}.
NQS were originally proposed by Carleo and Troyer [85] and represent the complex coeffi-

cients 𝜓(S) using neural networks. They take inputs S and map them through the neural network
with parameters W to the output 𝜓(S).

The main advantage of neural networks is their expressivity, i.e., their capability to efficiently
represent quantum states even for highly entangled systems such as volume-law entangled states
[87]. In that regard, neural networks can efficiently represent more quantum states than competing
variational methods such as matrix product state (introduced in Sec. 3.3) or projected entangled
pair states (PEPS) [86], see Fig. 2.3. Another advantage of NQS is that many architectures work
for non-stoquastic Hamiltonians [87], thus circumventing the infamous sign-problem, which sets
strict bounds to the applicability of quantum Monte Carlo methods [25, 82, 83]. NQS have a wide

13



2. The toric code and related gauge theories

range of applications, including ground states, excited states, thermal states, time-evolutions, and
open quantum systems [87].

The main challenge of NQS, and at the same time the main drawback of their expressivity,
is the training process, which typically features non-convex optimization landscapes and is not
guaranteed to converge. There have been several ideas on how to tackle this problem. One option
among many [87] is to incorporate (gauge) symmetries of the Hamiltonian into the network
architecture [88–91], which reduces the number of parameters without reducing expressivity.
Quantum spin liquids often have emergent gauge symmetries or other highly symmetric regions
in parameter space, but in many adjacent parameter regimes, the (gauge) symmetry is not
exactly fulfilled. For a long time, it was unclear whether these approximate symmetries could be
practically exploited. In [P5], we present an NQS network architecture incorporating approximate
symmetries into the training process. We map out the phase diagram of a Hamiltonian with a
sign-problem beyond the reach of quantum Monte Carlo, i.e., the extended toric code (2.18) with
an additional field in 𝜎̂𝑦-direction, thus demonstrating that the network architecture also works in
parameter regions far away from symmetric regions and correctly captures phase transitions. We
also apply the architecture to the PXP Rydberg Hamiltonian [92], highlighting its applicability to
other models.

14
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In this section, the following publication is reprinted:

P1 ParaToric 1.0: Continuous-time quantum Monte Carlo for the toric code in a parallel
field,
Simon M. Linsel and Lode Pollet,
submitted to Scipost Physics Codebases,
doi: 10.48550/arXiv.2506.03146.
Reprinted on pages 16–54.
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Abstract

We introduce ParaToric, a C++ package for simulating the toric code in a parallel field
(i.e., X - and Z-fields) at finite temperature. We implement and extend the continuous-
time quantum Monte Carlo algorithm of Wu, Deng, and Prokof’ev on the square, triangu-
lar, honeycomb, and cubic lattices with either open or periodic boundaries. The package
is expandable to arbitrary lattice geometries and custom observables diagonal in either
the X - or Z-basis. ParaToric also supports snapshot extraction in both bases, making
it ideal for generating training/benchmarking data for other methods, such as lattice
gauge theories, cold atom or other quantum simulators, quantum spin liquids, artificial
intelligence, and quantum error correction. The software provides bindings to C/C++
and Python, and is thus almost universally integrable into other software projects.
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1 Introduction

The toric code is one of the most fundamental and most-studied models in modern condensed
matter physics. It was first written down by Kitaev [1] and is the simplest example of a model
hosting a topological phase (a gapped Z2 quantum spin liquid) and anyonic excitations. The
toric code is also the foundational model for error-correcting codes [2, 3] and has deep con-
nections to the Ising gauge theory [4].

The toric code can be extended with fields which, when strong enough, destroy the topo-
logical order. This model is sign-problem-free, thus making quantum Monte Carlo the method
of choice. Wu, Deng, and Prokof’ev developed a continuous-time quantum Monte Carlo algo-
rithm [5]. ParaToric implements and extends this algorithm with new updates which enable
ergodicity at large temperatures and at zero off-diagonal field, thus significantly improving the
applicability of the algorithm.

ParaToric implements a wide range of lattices, boundary conditions, and observables. It is
also possible to extend ParaToric with new interactions, observables, and lattices. We provide
documented interfaces in C, C++, and Python as well as command-line interfaces, making
the integration of ParaToric into other projects and programming languages straightforward.
ParaToric will save simulation results to HDF5 files and snapshots to GraphML files (XML-
based), with a focus on interoperability with other packages. ParaToric comes with an MIT
license.

2 The toric code in a parallel field

2.1 Hamiltonian

ParaToric implements and extends the continuous-time quantum Monte Carlo (QMC) algo-
rithm by Wu, Deng, and Prokof’ev [5] to simulate the toric code in a parallel field (also called
perturbed toric code or extended toric code)

Ĥ = −µ
∑

v

Âv − J
∑

p

B̂p − h
∑

l

σ̂x
l −λ
∑

l

σ̂z
l , (1)

where J ,λ > 0 in the σ̂x -basis and µ,h > 0 in the σ̂z-basis (otherwise the model has a sign-
problem). σ̂x

l and σ̂z
l are Pauli matrices defined on the links of the underlying lattice. The

star term Âv contains all links adjacent to lattice site v, the plaquette term B̂p contains all links
that belong to the same elementary plaquette p of the underlying lattice. The temperature
T = 1/β is finite. For readers interested in extending the code, we note that it is relatively
straightforward to add interactions that are diagonal in the chosen basis, such as (long-range)
Ising interactions. Off-diagonal interactions require a more careful review and extension of
the Monte Carlo updates to ensure ergodicity. However, diagonal interactions can also lead to
sampling problems, especially when they introduce frustration.

2.2 Lattice geometries

We implement the square, honeycomb, triangular, and cubic lattices, see Fig. 1. On the cubic
lattice, the plaquettes contain the four links of cube faces, not the twelve links of the cube

3
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(a) (b)
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Figure 1: Implemented lattices. We implement the extended toric code (1) on the
square (a), honeycomb (b), triangular (c), and cubic lattices (d). For each lattice, we
show the star (Âv) and plaquette (B̂p) terms. The cubic lattice importantly features
star interactions of six links and plaquette interactions of four links on the faces of
cubes.

(that model has a different m-anyon structure). We implement open and periodic boundaries,
respectively. New lattices can be added in src/lattice/lattice.cpp.

2.3 Observables

Here we list all observables that ParaToric implements for the extended toric code. Custom
observables can be added in src/mcmc/extended_toric_code_qmc.hpp. For each ob-

servable Ô, we calculate the expectation value 〈Ô〉 and the Binder ratio UO =
〈Ô4〉
〈Ô2〉2 with error

bars obtained from bootstrapping (see below), respectively.

anyon_count The number of e-anyons (σ̂x -basis) or m-anyons (σ̂z-basis) in the system.

anyon_density σ̂x -basis: The number of e-anyons divided by the number of lattice sites.
σ̂z-basis: The number of m-anyons divided by the number of plaquettes.

delta The difference between the star and plaquette expectation values: ∆= 〈Âv〉 − 〈B̂p〉.

energy The total energy E = 〈Ĥ〉.

energy_h The electric field term Eh = 〈−h
∑

l σ̂
x
l 〉.

energy_lmbda The gauge field term Eλ = 〈−λ
∑

l σ̂
z
l 〉. We write λ as lmbda because some

programming languages feature lambda as a keyword.

4
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energy_J The plaquette term EJ = 〈−J
∑

p B̂p〉.

energy_mu The star term Eµ = 〈−µ
∑

v Âv〉.

fredenhagen_marcu The equal-time Fredenhagen-Marcu loop operator [6–8]:

Ox/z
FM = lim

L→∞

〈∏l∈C x/z
1/2
σ̂

x/z
l 〉

Ç
|〈∏l∈C x/z σ̂

x/z
l 〉|

, (2)

C x/z
1/2 is half, C x/z is a full Wilson loop in the σ̂x -basis (’t Hooft loop in the σ̂z-basis). The loop is

automatically constructed for all supported lattices, and the perimeter scales with O(L), where
L is the linear system size. When probing perimeter/area laws, the user should change L. We
currently do not support off-diagonal loop operators, e.g., measuring products of σ̂x -operators
in the σ̂z-basis.

largest_cluster The largest connected cluster of neighboring bonds with σ̂x = −1
(σ̂z = −1) in the σ̂x -basis (σ̂z-basis). This observable is used to calculate the percolation
strength, see [9].

largest_plaquette_cluster The largest connected cluster of neighboring elementary
plaquettes that share a bond with σ̂x = −1 (σ̂z = −1) in the σ̂x -basis (σ̂z-basis). This observ-
able is used to calculate the plaquette percolation strength.

percolation_probability Measures the bond percolation probability, i.e. if we can
wind around the system while only traversing bonds with σ̂x = −1 (σ̂z = −1) in the σ̂x -basis
(σ̂z-basis). Formally, it is the expectation value 〈Π̂x/z〉 of the projector

Π̂x/z =
∑

W ( j)̸=0

|{σ̂x/z} j〉〈{σ̂x/z} j|, (3)

over all possible configurations {σ̂x/z} j with non-zero winding number W ( j) of connected link
clusters of neighboring σ̂x/z = −1. These clusters are called percolating clusters. For details,
see [9–11].

percolation_strength If a snapshot does not have a percolating cluster, the percolation
strength is 0. If a snapshot has a percolating cluster, the percolation strength is largest_cl
uster divided by the total number of links in the system. For details, see [9,11].

plaquette_percolation_probability Similar to the percolation probability of bonds.
Two plaquettes are in the same cluster if they share a link l with σ̂x

l = −1. For details, see [11].

plaquette_percolation_strength If a snapshot does not have a plaquette-percolating
cluster, the plaquette percolation strength is 0. If a snapshot has a plaquette-percolating cluster,
the plaquette percolation strength is largest_plaquette_cluster divided by the total
number of elementary plaquettes in the system.

plaquette_z The plaquette expectation value 〈B̂p〉.

sigma_x The electric field expectation value 〈σ̂x〉.

5
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sigma_x_static_susceptibility The static susceptibility

χstat
x =

∫ β

0

〈σ̂x(0) σ̂x(τ)〉c dτ, (4)

where 〈...〉c is the connected correlator, and the integral is over the imaginary time τ. Impor-
tantly, χstat

x can be calculated in both the σ̂x - and σ̂z-basis.

sigma_x_dynamical_susceptibility The dynamical (fidelity) susceptibility

χdyn
x =

∫ β/2

0

τ〈σ̂x(0) σ̂x(τ)〉c dτ, (5)

where 〈...〉c is the connected correlator, and the integral is over the imaginary time τ1. Impor-
tantly, χdyn

x can be calculated in both the σ̂x - and σ̂z-basis.

sigma_z The gauge field expectation value 〈σ̂z〉.

sigma_z_static_susceptibility The static susceptibility

χstat
z =

∫ β

0

〈σ̂z(0) σ̂z(τ)〉c dτ, (6)

where 〈...〉c is the connected correlator, and the integral is over the imaginary time τ. Impor-
tantly, χstat

z can be calculated in both the σ̂x - and σ̂z-basis.

sigma_z_dynamical_susceptibility The dynamical (fidelity) susceptibility

χdyn
z =

∫ β/2

0

τ〈σ̂z(0) σ̂z(τ)〉c dτ, (7)

where 〈...〉c is the connected correlator, and the integral is over the imaginary time τ. Impor-
tantly, χdyn

z can be calculated in both the σ̂x - and σ̂z-basis.

staggered_imaginary_times Order parameter from [5]. It is defined as

Ox/z
SI =

1
β

�
(τk

1 − 0)− (τk
2 −τk

1) + ...+ (−1)N(k)−1

(τk
N(k) −τk

N(k)−1) + (−1)N(k)(β −τk
N(k))
�
, (8)

where τk
n is the imaginary time of the n-th tuple spin flip of type k. k is a plaquette p (star

s) of links in the σ̂x -basis (σ̂z-basis). This order parameter can neither be evaluated from
snapshots, nor from any other method that does not have access to imaginary time.

star_x The star expectation value 〈Âv〉.

string_number The total number of links with σ̂x = −1 in the σ̂x -basis (σ̂z = −1 in the
σ̂z-basis).

1Compared to the static susceptibility, the dynamical (fidelity) susceptibility contains an extra τ dependency in
the integral.
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3 Installation & interfaces

There are five ways to use ParaToric, directly from within code (C, C++, Python) or via the
command-line (C++, Python). All interfaces require compiling C++ code. We tested the
compilation with GCC 15 and Clang 20.

All interfaces implement three functionalities. Thermalization simulations are used to
benchmark the thermalization process of a Markov chain and are primarily a diagnostic tool.
Regular sampling routines are used for generating snapshots and measuring observables, e.g.,
in the context of continuous phase transitions. Hysteresis routines are a variant of the regu-
lar sampling routines where not one but an array of Hamiltonian parameters is provided and
only one Markov chain is used for all parameters. The order of the Hamiltonian parameters
in the input array matters: The last state of the previous parameter is used as an initial state
for the thermalization phase of the next parameters. This simulation type should primarily be
used when mapping out hysteresis curves in the vicinity of first-order phase transitions, hence
the name. Since the hysteresis simulation returns the values of not one but many parameter
sets, the output types are generally different from the regular sampling. It is also much slower
than regular sampling, because the simulation for different parameters can in general not be
parallelized.

3.1 C++ interface

The C++ interface enables users to use a ParaToric public header from within another C++
project.

3.1.1 Build & Installation

The core requires C++23, CMake ≥3.23, and Boost ≥1.87 (older Boost versions may work,
but were not tested). To compile it, run:

cmake -S . -B build -DCMAKE_BUILD_TYPE=Release \
-DPARATORIC_ENABLE_NATIVE_OPT=ON -DPARATORIC_LINK_MPI=OFF \
-DPARATORIC_BUILD_TESTS=ON
cmake --build build -jN
ctest --test-dir build -jN --output-on-failure
cmake --install build

Replace N with the number of cores to use, e.g. -j4 for 4 cores.

• -DCMAKE_BUILD_TYPE=Release. Only set to Debug if you’re a developer.

• -DCMAKE_INSTALL_PREFIX. By default, executables install to ${CMAKE_SOURCE_DI
R}/${CMAKE_INSTALL_BINDIR}/, headers to ${CMAKE_INSTALL_INCLUDEDIR}/p
aratoric, and static libraries to ${CMAKE_SOURCE_DIR}/${CMAKE_INSTALL_LIBD
IR}/. The Python scripts expect ${CMAKE_SOURCE_DIR}/bin/; this directory always
contains the paratoric executable. To install into a custom directory, pass it via -DCM
AKE_INSTALL_PREFIX, e.g. -DCMAKE_INSTALL_PREFIX=/your/custom/directo
ry/.

• -DPARATORIC_EXPORT_COMPILE_COMMANDS=ON. Export compile_commands.json
for tooling.

• -DPARATORIC_LINK_MPI=OFF. Link the core to MPI, which is required on some clus-
ters. The core itself does not need MPI.

7
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• -DPARATORIC_ENABLE_NATIVE_OPT=OFF. Use -march=native on GCC and Clang.

• -DPARATORIC_ENABLE_AVX2=OFF. Use AVX2 (Haswell New Instructions). Requires a
CPU which supports AVX2.

• -DPARATORIC_ENABLE_FAST_MATH=ON. Use -ffast-math on GCC and Clang.

• -DPARATORIC_BUILD_TESTS=PROJECT_IS_TOP_LEVEL. Compile the tests (recom-
mended).

CMake usage (installed package)

cmake_minimum_required(VERSION 3.23)
project(my_qmc_app CXX)

find_package(paratoric CONFIG REQUIRED) # provides paratoric::core

add_executable(myapp main.cpp)
target_link_libraries(myapp PRIVATE paratoric::core)

CMake usage (as subdirectory)

If the core lives in deps/paratoric, add it and link to the same target:

add_subdirectory(deps/paratoric)
add_executable(myapp main.cpp)
target_link_libraries(myapp PRIVATE paratoric::core)

3.1.2 Public class ExtendedToricCode

The interface class ExtendedToricCode lives in the public header #include<paratoric
/mcmc/extended_toric_code.hpp>. All symbols are in the paratoric namespace. All
methods are static, take a single Config object and return a Result object. The required
fields in config are documented for each method within the docstrings.

Result ExtendedToricCode::get_thermalization(Config config) Run ther-
malization only. Required fields: lat_spec.{basis,lattice_type,system_size,beta
,boundaries,default_spin}, param_spec.{mu,h,J,lmbda,h_therm,lmbda_therm
}, sim_spec.{N_thermalization,N_resamples,custom_therm,observables,seed
}, out_spec.{path_out,save_snapshots}.

Result ExtendedToricCode::get_sample(Config config) Run a production mea-
surement pass. Returns the observables selected in config. Required fields: lat_spec.{ba
sis,lattice_type,system_size,beta,boundaries,default_spin}, param_spec.
{mu,h,J,lmbda}, sim_spec.{N_samples,N_thermalization,N_between_samples,
N_resamples,observables,seed}, out_spec.{path_out,save_snapshots}.

Result ExtendedToricCode::get_hysteresis(Config config) Perform a hys-
teresis sweep, where the last state of the previous parameter is used as the initial state of the
following parameter in h_hys & lmbda_hys. Required fields: lat_spec.{basis,lattice
_type,system_size,beta,boundaries,default_spin}, param_spec.{mu,J,h_hys
,lmbda_hys}, sim_spec.{N_samples,N_thermalization,N_between_samples,N_r
esamples,observables,seed}, out_spec.{paths_out,save_snapshots}.

8
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3.1.3 Configuration type

The struct Config (declared in <paratoric/types/types.hpp>) contains multiple nested
specifications.

Top-level configuration: Config

Field Type Purpose
sim_spec SimSpec Simulation / MC controls (backend-consumed).
param_spec ParamSpec Model couplings / parameters (backend-consumed).
lat_spec LatSpec Lattice geometry and basis.
out_spec OutSpec Output folders and snapshot toggles.

Simulation specification (config.sim_spec)

Field Type Meaning / Defaults
N_samples int Number of recorded snapshots. Default 1000.
N_thermalization int Number of warmup steps before sampling. Typ-

ically O(Ld), where L is the system size and d is
the dimensionality. Default 10000.

N_between_samples int Steps between consecutive snapshots. Higher
value decreases autocorrelation and improves er-
ror bars. Typically O(Ld), where L is the system
size and d is the dimensionality. Default 1000.

N_resamples int Bootstrap resamples for errors. Default 1000.
custom_therm bool Use custom thermalization schedule. Default fa

lse.
seed int PRNG seed. 0 means “random seed.” Default 0.
observables vector<string> Names of observables to record each snapshot.

For options, see Sec. 2.3.

Parameter specification (config.param_spec)

Field Type Meaning / Defaults
mu double Star term coefficient. Default 1.0.
h double Electric field term. Default 0.0.
J double Plaquette term. Default 1.0.
lmbda double Gauge-field term. Default 0.0.
h_therm double Thermalization value for h when using custom

schedules. Default NaN (unused).
lmbda_therm double Thermalization value for lmbda when using cus-

tom schedules. Default NaN (unused).
h_hys vector<double> Sweep values of h for hysteresis runs. Default

empty. Length must match lmbda_hys.
lmbda_hys vector<double> Sweep values of lmbda for hysteresis runs. De-

fault empty. Length must match h_hys.

9
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Lattice specification (config.lat_spec)

Field Type Meaning / Valid values
basis char Spin eigenbasis for the simulation. Must be ’x’

or ’z’.
lattice_type string The lattice ("square", "triangular", "hone

ycomb" or "cubic").
system_size int Linear system size (per dimension).
beta double Inverse temperature β > 0.
boundaries string Boundary condition: "periodic" or "open".
default_spin int Initial link spin, must be +1 or −1.

Output specification (config.out_spec)

Field Type Meaning
path_out string Primary output folder name.
paths_out vector<string> Hysteresis subfolder names. Length must match h_hys.
save_snapshots bool Save snapshots toggle. Default false.

10
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3.1.4 Return type

Field C++ Type Meaning
series vector<vector<variant<comple

x<double>,double>>>
Time series of all requested
observables, thermalization is
excluded (except for
thermalization simulation). Outer
index = observable, inner index =
time point.

acc_ratio vector<double> Time series of Monte Carlo
acceptance ratios.

mean vector<double> Bootstrap observable means.
mean_std vector<double> Bootstrap standard errors of the

mean.
binder vector<double> Bootstrap binder ratios.
binder_std vector<double> Bootstrap standard errors of the

binder ratios.
tau_int vector<double> Estimated integrated

autocorrelation times.
series_hys vector<vector<vector<variant

<complex<double>,double>>>>
Hysteresis time series of all
requested observables,
thermalization is excluded (except
for thermalization simulation).
Outer vector = hysteresis
parameters (order as in h_hys,lm
bda_hys), middle vector =
observables (order as in observa
bles), inner vector = time series.

mean_hys vector<vector<double>> Hysteresis bootstrap observable
means. Outer vector = hysteresis
parameters (order as in h_hys,lm
bda_hys), inner vector =
observables (order as in observa
bles).

mean_std_hys vector<vector<double>> Hysteresis bootstrap standard
errors of the mean. Indices as
above.

binder_hys vector<vector<double>> Hysteresis bootstrap binder ratios.
Indices as above.

binder_std_hys vector<vector<double>> Hysteresis bootstrap standard
errors of the binder ratios. Indices
as above.

tau_int_hys vector<vector<double>> Hysteresis estimated integrated
autocorrelation times. Indices as
above.

3.1.5 C++ usage examples

Listing 1: C++ API - Minimal call

11
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// C++23
#include <iostream>
#include <print>
#include <vector>
#include <string>
#include <paratoric/mcmc/extended_toric_code.hpp>
#include <paratoric/types/types.hpp>

int main() {
using namespace paratoric;

Config cfg{};

// ---- lattice sub-config (required) ----
cfg.lat_spec.basis = 'z'; // or 'x'
cfg.lat_spec.lattice_type = "square"; // or "cubic", "honeycomb", ...
cfg.lat_spec.system_size = 16;
cfg.lat_spec.beta = 8.0;
cfg.lat_spec.boundaries = "periodic"; // or "open"
cfg.lat_spec.default_spin = 1;

// ---- Hamiltonian parameters ----
cfg.param_spec.mu = 1.0; // star term
cfg.param_spec.J = 1.0; // plaquette term
cfg.param_spec.h = 0.20; // electric field term
cfg.param_spec.lmbda = 0.00; // gauge-field term

// Optional thermalization schedule values (used if custom_therm = true)
cfg.param_spec.h_therm = std::numeric_limits<double>::quiet_NaN();
cfg.param_spec.lmbda_therm = std::numeric_limits<double>::quiet_NaN();

// (Optional) Hysteresis sweep grids - only read by get_hysteresis(...)
cfg.param_spec.h_hys = {}; // e.g. {0.0, 0.1, 0.2, 0.3, 0.2, 0.1, 0.0}
cfg.param_spec.lmbda_hys = {}; // e.g. {0.0, 0.1, 0.2, 0.3, 0.2, 0.1, 0.0}

// ---- Simulation (MC) controls ----
cfg.sim_spec.N_samples = 0; // 0 => thermalization-only
cfg.sim_spec.N_thermalization = 5000; // warmup steps
cfg.sim_spec.N_between_samples = 10; // thinning between snapshots
cfg.sim_spec.N_resamples = 1000; // bootstrap
cfg.sim_spec.custom_therm = false; // set true to use *_therm values
cfg.sim_spec.seed = 12345; // 0 => random seed

// Observables to record each snapshot (backend-recognized names)
cfg.sim_spec.observables = {
"energy", // total energy
"plaquette_z", // plaquette energy
"anyon_count", // number of anyons (x-basis: e-anyons, z-basis: m-anyons

)
"fredenhagen_marcu" // example: Wilson/'t Hooft loop proxy

};

// ---- Output / I/O policy ----
cfg.out_spec.path_out = "runs/sample"; // single-run output dir
cfg.out_spec.paths_out = {}; // filled only for hysteresis
cfg.out_spec.save_snapshots = false; // set true to dump every snapshot

12
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cfg.out_spec.full_time_series = true; // save full time series (FCS)

// 1) Check thermalization
Result warmup = ExtendedToricCode::get_thermalization(cfg);
std::print("Thermalization␣series:␣{}", warmup.series);

// 2) Production sample (set N_samples > 0 and call get_sample)
cfg.sim_spec.N_samples = 2000;
Result out = ExtendedToricCode::get_sample(cfg);
std::print("Production␣autocorrelations:␣{}", out.tau_int);

return 0;
}

3.2 C++ command-line interface

ParaToric ships a C++ command-line interface ${CMAKE_INSTALL_PREFIX}/${CMAKE_INS
TALL_BINDIR}/paratoric that orchestrates C++ backends, runs sweeps, and writes HDF5
(observables) and XML (snapshots) outputs.

3.2.1 Build & Installation

The command-line interface requires HDF5≥1.14.3 (older HDF5 versions may work, but were
not tested). The core requires C++23, CMake ≥3.23, and Boost ≥1.87 (older Boost versions
may work, but were not tested). To compile it, run:

cmake -S . -B build -DCMAKE_BUILD_TYPE=Release \
-DPARATORIC_ENABLE_NATIVE_OPT=ON -DPARATORIC_LINK_MPI=OFF \
-DPARATORIC_BUILD_TESTS=ON -DPARATORIC_BUILD_CLI=ON
cmake --build build -jN
ctest --test-dir build -jN --output-on-failure
cmake --install build

Replace N with the number of cores to use, e.g. -j4 for 4 cores.

• -DCMAKE_BUILD_TYPE=Release. Only set to Debug if you’re a developer.

• -DCMAKE_INSTALL_PREFIX. By default, executables install to ${CMAKE_SOURCE_DI
R}/${CMAKE_INSTALL_BINDIR}/, headers to ${CMAKE_INSTALL_INCLUDEDIR}/p
aratoric, and static libraries to ${CMAKE_SOURCE_DIR}/${CMAKE_INSTALL_LIBD
IR}/. The Python scripts expect ${CMAKE_SOURCE_DIR}/bin/; this directory always
contains the paratoric executable. To install into a custom directory, pass it via -DCM
AKE_INSTALL_PREFIX, e.g. -DCMAKE_INSTALL_PREFIX=/your/custom/directo
ry/.

• -DPARATORIC_EXPORT_COMPILE_COMMANDS=ON. Export compile_commands.json
for tooling.

• -DPARATORIC_LINK_MPI=OFF. Link the core to MPI, which is required on some clus-
ters. The core itself does not need MPI.

• -DPARATORIC_ENABLE_NATIVE_OPT=OFF. Use -march=native on GCC and Clang.

13
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• -DPARATORIC_ENABLE_AVX2=OFF. Use AVX2 (Haswell New Instructions). Requires a
CPU which supports AVX2.

• -DPARATORIC_ENABLE_FAST_MATH=ON. Use -ffast-math on GCC and Clang.

• -DPARATORIC_BUILD_TESTS=PROJECT_IS_TOP_LEVEL. Compile the tests (recom-
mended).

• -DPARATORIC_BUILD_CLI=PROJECT_IS_TOP_LEVEL Required for both the C++ and
Python command line interface.

14
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Global options

Long flag Short Type Description
--simulation -sim string Simulation mode: etc_sample,

etc_hysteresis, etc_therm
alization.

--N_samples -Ns int Number of recorded samples.
--N_thermalization -Nth int Thermalization (warmup) steps.
--N_between_samples -Nbs int Steps between samples (thin-

ning).
--beta -bet double Inverse temperature β = 1/T .
--mu_constant -muc double Star-term coupling µ.
--J_constant -Jc double Plaquette coupling J .
--h_constant -hc double Field h.
--lmbda_constant -lmbdac double Field λ.
--h_constant_therm -hct double Thermalization value for h (used

if custom therm).
--lmbda_constant_therm -lmbdact double Thermalization value for λ.
--h_hysteresis -hhys list<double> Hysteresis schedule for h (space-

separated). Length must match l
mbdahys.

--lmbda_hysteresis -lmbdahys list<double> Hysteresis schedule for λ. Length
must match hhys.

--N_resamples -Nr int Bootstrap resamples (error bars).
--custom_therm -cth bool Use thermalization values (0/1).
--observables -obs list<string> Measured observables (space-

separated).
--seed -s int PRNG seed; 0 means random

seed.
--basis -bas char Spin basis: ’x’ or ’z’.
--lattice_type -lat string Lattice type (e.g. square, cubi

c, . . . ).
--system_size -L int Linear lattice size (per dimen-

sion).
--boundaries -bound string periodic or open.
--default_spin -dsp int Initial link spin (+1 or -1).
--output_directory -outdir path Output directory path.
--folder_name -fn string Subfolder (of output directory)

name for single run.
--folder_names -fns list<string> Subfolders (of output directory)

for hysteresis steps. Length must
match lmbdahys.

--snapshots -snap bool Save snapshots into specified sub-
folders of output directory.

--full_time_series -fts bool Save full time series toggle.
--process_index -procid int Process identifier (logging/de-

bug).

3.2.2 etc_sample

Runs a production measurement pass with the supplied configuration.

Listing 2: Example usage
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./paratoric -sim etc_sample -Ns 2000 -Nth 5000 -Nbs 10 -Nr 1000 -bet 16.0 -
muc 1 -Jc 1 -hc 0.2 -lmbdac 0.0 -obs energy plaquette_z anyon_count -bas
z -lat square -L 16 -bound periodic -dsp 1 -outdir ./runs/sample -snap

=0 -fts=1

3.2.3 etc_hysteresis

Runs a parameter sweep where the last state of step i initializes step i+1. Provide --h_hy
steresis and --lmbda_hysteresis as space-separated lists, and --folder_names for
per-step outputs.

Listing 3: Example usage

./paratoric -sim etc_hysteresis -Ns 1000 -Nth 2000 -Nbs 50 -Nr 500 -bet
12.0 -muc 1 -Jc 1 -lmbdahys 0.2 0.2 0.2 0.2 0.2 0.2 0.2 -hhys 0.0 0.1
0.2 0.3 0.2 0.1 0.0 -obs energy fredenhagen_marcu -bas x -lat square -L
12 -bound periodic -dsp 1 -outdir ./runs/hys -fns step0 step1 step2
step3 step4 step5 step6

3.2.4 etc_thermalization

Performs thermalization only (no production sampling).

Listing 4: Example usage

./paratoric -sim etc_thermalization -Ns 0 -Nth 5000 -Nbs 10 -Nr 500 -bet
10.0 -muc 1 -Jc 1 -hc 0.3 -lmbdac 0.1 -hct 0.4 -lmbdact 0.2 -cth 1 -obs
energy anyon_density -bas z -lat square -L 10 -bound open -dsp 1 -outdir
./runs/therm -snap=1

3.2.5 HDF5 structure

The output HDF5 has the structure simulation/results/acc_ratio for an array of the
acceptance ratios (only for thermalization), simulation/results/observable_name/s
eries for the time series (if it was enabled), and simulation/results/observable_n
ame/{mean,mean_error,binder,binder_error,autocorrelation_time}. For the
regular sampling, mean, mean_error, binder, binder_error and autocorrelation_
time contain doubles. For the hysteresis, they contain an array of values for the hysteresis
parameters (in the order of h_hysteresis and lmbda_hysteresis).

3.3 C interface

The C interface enables users to use a ParaToric public header from within another C project
or another programming language that supports a C-style interface. The C interface exposes
a stable ABI. It mirrors the C++ interface. Include the public header #include<paratoric/
mcmc/extended_toric_code_c.h>. All functions return ptc_status_t.

3.3.1 Build & Installation

The code can be compiled in exactly the same fashion as for the C++ interface.
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CMake usage (installed package).

cmake_minimum_required(VERSION 3.23)
project(my_qmc_c C)
find_package(paratoric CONFIG REQUIRED) # provides paratoric::core
add_executable(cdemo main.c)
target_link_libraries(cdemo PRIVATE paratoric::core)

CMake usage (as subdirectory).

add_subdirectory(deps/paratoric)
add_executable(cdemo main.c)
target_link_libraries(cdemo PRIVATE paratoric::core)

3.3.2 Status & error handling

Name C type/values Meaning
ptc_status_t {PTC_STATUS_OK=0, PTC_STATU

S_INVALID_ARGUMENT=1, PTC_S
TATUS_RUNTIME_ERROR=2, PTC_
STATUS_NO_MEMORY=3, PTC_STA
TUS_INTERNAL_ERROR=4}

Return code of every API call.

ptc_last_error() const char* Thread–local error string. Valid
until next call.

3.3.3 Opaque handle

Create and destroy the interface instance. Use ptc_create(ptc_handle_t **out) and p
tc_destroy(ptc_handle_t *h).

3.3.4 Configuration type

Top-level ptc_config_t aggregates four nested specs. Field names mirror the C++ Config.

Top-level configuration: ptc_config_t

Field Type Purpose
sim ptc_sim_spec_t Monte Carlo parameters.
params ptc_param_spec_t Hamiltonian parameters.
lat ptc_lat_spec_t Lattice parameters.
out ptc_out_spec_t Output paths and snapshot toggle.
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Simulation specification (config.sim)

Field Type Meaning
N_samples int Number of snapshots.
N_thermalization int Thermalization steps.
N_between_samples int Thinning between snapshots.
N_resamples int Bootstrap resamples.
custom_therm bool Custom thermalization schedule.
seed int PRNG seed (0 = random).
observables const char* const* Array of observable names (nullable).
N_observables size_t Length of observables.

Parameter specification (config.params)

Field Type Meaning
mu,h,J,lmbda double Couplings (star, electric, plaquette, gauge).
h_therm double Thermalization value for h if custom_therm=true.
lmbda_therm double Thermalization value for lmbda if custom_therm=t

rue.
h_hys const double* Hysteresis schedule for h (nullable).
h_hys_len size_t Length of h_hys. Must match lmbda_hys_len.
lmbda_hys const double* Hysteresis schedule for lmbda (nullable).
lmbda_hys_len size_t Length of lmbda_hys. Must match h_hys_len.

Lattice specification (config.lat)

Field Type Meaning / Valid values
basis char Spin basis: ’x’ or ’z’.
lattice_type const char* E.g. "triangular", "square", . . .
system_size int Linear system size per dimension.
beta double Inverse temperature.
boundaries const char* "periodic" or "open".
default_spin int Initial link spin: +1 or -1.

Output specification (config.out)

Field Type Meaning
path_out const char* Single output directory (nullable).
paths_out const char* const* Output directories for hysteresis steps (nul-

lable).
N_paths_out size_t Length of paths_out. Must match h_hys_l

en and lmbda_hys_len.
save_snapshots bool Toggle snapshot dumping.

3.3.5 Return type

All outputs are owned by the caller. Call ptc_result_destroy(&r) to free and zero.
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Field C type Meaning
series ptc_series_t Time series (real/complex) of all

requested observables, thermaliza-
tion is excluded (except for ther-
malization simulation). Outer in-
dex = observable, inner index =
time point.

acc_ratio ptc_dvec_t MC acceptance ratios for each up-
date (thermalization).

mean, mean_std ptc_dvec_t Bootstrap mean and standard error
(order as in observables).

binder, binder_std ptc_dvec_t Binder ratios and standard error
(order as in observables).

tau_int ptc_dvec_t Integrated autocorrelation time
(order as in observables).

series_hys ptc_series_block
s_t

Hysteresis time series. Outer index
= hysteresis parameters (order as
in h_hys,lmbda_hys), middle in-
dex = observables (order as in ob
servables), inner vector = time
series.

mean_hys, mean_std_hys, binder
_hys, binder_std_hys, tau_int_
hys

ptc_dmat_t Outer index = hysteresis parame-
ters (order as in h_hys,lmbda_h
ys), inner index = observables (or-
der as in observables).

3.3.6 Procedures (mirror the C++ API)

All fill a ptc_result_t *out on success. Return PTC_STATUS_OK on success.

ptc_get_thermalization(ptc_handle_t *h, const ptc_config_t *cfg, ptc_r
esult_t *out) Run thermalization only. Required fields: cfg->lat.{basis,lattice
_type,system_size,beta,boundaries,default_spin}, cfg->params.{mu,h,J,lm
bda}, cfg->sim.{N_thermalization,N_resamples,observables,N_observables,
seed}, cfg->out.{path_out,save_snapshots}.

ptc_get_sample(ptc_handle_t *h, const ptc_config_t *cfg, ptc_result_t
*out) Run a production measurement pass. Required fields: cfg->lat.{basis,latti
ce_type,system_size,beta,boundaries,default_spin}, cfg->params.{mu,h,J,
lmbda,h_therm,lmbda_therm}, cfg->sim.{N_samples,N_thermalization,N_betw
een_samples,N_resamples,custom_therm,observables,N_observables,seed}, c
fg->out.{path_out,save_snapshots}.

ptc_get_hysteresis(ptc_handle_t *h, const ptc_config_t *cfg, ptc_resul
t_t *out) Run a hysteresis sweep over h_hys and/or lmbda_hys. The last state of step
i initializes step i+1. Required fields: cfg->lat.{basis,lattice_type,system_size
,beta,boundaries,default_spin}, cfg->params.{mu,h_hys,h_hys_len,J,lmbda
_hys,lmbda_hys_len}, cfg->sim.{N_samples,N_thermalization,N_between_sam
ples,N_resamples,observables,N_observables,seed}, cfg->out.{paths_out,N
_paths_out,save_snapshots}.

3.3.7 C usage example
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Listing 5: C API - Minimal call

#include <stdio.h>
#include <math.h>
#include <paratoric/mcmc/extended_toric_code_c.h>

int main(void) {
ptc_handle_t* h = NULL;
if (ptc_create(&h) != PTC_STATUS_OK) { puts("create␣failed"); return 1; }

ptc_lat_spec_t lat = {
.basis = 'z',
.lattice_type = "square",
.system_size = 16,
.beta = 8.0,
.boundaries = "periodic",
.default_spin = 1

};

ptc_param_spec_t ps = {
.mu = 1.0, .h = 0.2, .J = 1.0, .lmbda = 0.0,
.h_therm = NAN, .lmbda_therm = NAN,
.h_hys = NULL, .h_hys_len = 0,
.lmbda_hys = NULL, .lmbda_hys_len = 0

};

const char* obs[] = {"energy","plaquette_z","anyon_count"};
ptc_sim_spec_t sim = {
.N_samples = 0, /* thermalization-only initially */
.N_thermalization = 5000,
.N_between_samples = 10,
.N_resamples = 1000,
.custom_therm = false,
.seed = 12345,
.observables = obs,
.N_observables = sizeof(obs)/sizeof(obs[0])

};

ptc_out_spec_t outspec = {
.path_out = "runs/sample",
.paths_out = NULL, .N_paths_out = 0,
.save_snapshots = false

};

ptc_config_t cfg = { .sim = sim, .params = ps, .lat = lat, .out = outspec
};

ptc_result_t warm = {0};
ptc_status_t st = ptc_get_thermalization(h, &cfg, &warm);
if (st != PTC_STATUS_OK) { puts(ptc_last_error()); ptc_destroy(h); return

2; }
ptc_result_destroy(&warm);

cfg.sim.N_samples = 2000;
ptc_result_t res = {0};
st = ptc_get_sample(h, &cfg, &res);
if (st != PTC_STATUS_OK) { puts(ptc_last_error()); ptc_destroy(h); return

3; }
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// use res.mean, res.tau_int, ...
ptc_result_destroy(&res);
ptc_destroy(h);
return 0;

}

Memory rules. You own all buffers in ptc_result_t. Call ptc_result_destroy once
per successful call.

3.4 Python bindings

ParaToric exposes a compiled Python extension module _paratoric with a submodule ext
ended_toric_code. The bindings convert C++ vectors into NumPy arrays and release the
global interpreter lock (GIL) while running the C++ kernels.

3.4.1 Build & Installation

The core requires C++23, CMake ≥3.23, and Boost ≥1.87 (older Boost versions may work,
but were not tested). The Python bindings require a Python installation with Numpy and
PyBind11 (tested with version 3.0.1). Pybind11 is included as a git submodule (you need to
pull it!). To compile the Python bindings, run:

cmake -S . -B build -DCMAKE_BUILD_TYPE=Release \
-DPARATORIC_ENABLE_NATIVE_OPT=ON -DPARATORIC_LINK_MPI=OFF \
-DPARATORIC_BUILD_TESTS=ON -DPARATORIC_BUILD_PYBIND=ON \
-DPython3_EXECUTABLE="$(which python)" -DPYBIND11_FINDPYTHON=ON \
-DPARATORIC_INSTALL_TO_SITE=ON -DPARATORIC_PIP_EDITABLE_INSTALL=ON
cmake --build build -jN
ctest --test-dir build -jN --output-on-failure
cmake --install build

Replace N with the number of cores to use, e.g. -j4 for 4 cores.

• -DCMAKE_BUILD_TYPE=Release. Only set to Debug if you’re a developer.

• -DCMAKE_INSTALL_PREFIX. By default, executables install to ${CMAKE_SOURCE_DI
R}/${CMAKE_INSTALL_BINDIR}/, headers to ${CMAKE_INSTALL_INCLUDEDIR}/p
aratoric, and static libraries to ${CMAKE_SOURCE_DIR}/${CMAKE_INSTALL_LIBD
IR}/. The Python scripts expect ${CMAKE_SOURCE_DIR}/bin/; this directory always
contains the paratoric executable. To install into a custom directory, pass it via -DCM
AKE_INSTALL_PREFIX, e.g. -DCMAKE_INSTALL_PREFIX=/your/custom/directo
ry/.

• -DPARATORIC_EXPORT_COMPILE_COMMANDS=ON. Export compile_commands.json
for tooling.

• -DPARATORIC_LINK_MPI=OFF. Link the core to MPI, which is required on some clus-
ters. The core itself does not need MPI.

• -DPARATORIC_ENABLE_NATIVE_OPT=OFF. Use -march=native on GCC and Clang.

21

2. The toric code and related gauge theories

36



SciPost Physics Codebases Submission

• -DPARATORIC_ENABLE_AVX2=OFF. Use AVX2 (Haswell New Instructions). Requires a
CPU which supports AVX2.

• -DPARATORIC_ENABLE_FAST_MATH=ON. Use -ffast-math on GCC and Clang.

• -DPARATORIC_BUILD_TESTS=PROJECT_IS_TOP_LEVEL. Compile the tests (recom-
mended).

• -DPARATORIC_BUILD_PYBIND=OFF. Compile Python bindings.

• -DPARATORIC_INSTALL_TO_SITE=OFF. Install ParaToric Python module to site pack-
ages.

• -DPARATORIC_PIP_EDITABLE_INSTALL=OFF. Install ParaToric Python module via
pip as an editable module.

• -DPARATORIC_PIP_OFFLINE_INSTALL=OFF. Turn on when installing to pip without
internet access. Requires NumPy and setuptools.

3.4.2 Module layout

• paratoric._paratoric: compiled extension (PyBind11). Submodule: extended_t
oric_code.

• paratoric.extended_toric_code: convenient alias

• Running python -m paratoric enters the package entry point (__main__.py).

NumPy return formats

All time series with potentially complex values are returned as complex128. Real observables
appear with zero imaginary part. Shapes are documented in the function references below.

API reference (paratoric.extended_toric_code)

get_thermalization(...) Run only the warmup and return per-snapshot observables
and MC acceptance ratios. Internally converts std::variant<complex<double>,double
> to complex128 and std::vector<double> to float64 arrays. The GIL is released while
the C++ routine executes.

Parameter Type / default Meaning
N_thermalization int Warmup steps.
N_resamples int=1000 Bootstrap resamples.
observables list[str] Names per snapshot.
seed int=0 PRNG seed (0⇒ random).
mu,h,J,lmbda float Hamiltonian parameters.
basis {’x’,’z’}=’x’ Spin eigenbasis.
lattice_type str E.g. "triangular", "square", . . .
system_size int Linear size per dimension.
beta float Inverse temperature.
boundaries str="periodic" Boundary condition.
default_spin int=1 Initial link spin (+1/-1).
save_snapshots bool=false Enable snapshot files.
path_out path|None=None Output directory (if saving).

22

2.7. Publication 1: ParaToric 1.0: Continuous-time quantum Monte Carlo for the toric code in a
parallel field

37



SciPost Physics Codebases Submission

Returns: (series, acc_ratio) series: ndarray(complex128) of shape (n_ob
s, N_thermalization); acc_ratio: ndarray(float64) of shape (N_thermalizati
on,).

get_sample(...) Run thermalization and production sampling; return series and boot-
strap statistics. Converts nested C++ containers to NumPy arrays and releases the GIL during
computation.

Parameter Type / default Meaning
N_samples int Stored samples per observable.
N_thermalization int Warmup steps before sampling.
N_between_samples int Thinning between samples.
N_resamples int=1000 Bootstrap resamples.
custom_therm bool=false Use h_therm, lmbda_therm dur-

ing warmup.
observables list[str] Names per snapshot.
seed int=0 PRNG seed (0⇒ random).
mu,h,J,lmbda float Hamiltonian parameters.
h_therm,lmbda_therm float=0 Warmup parameters if custom

therm.
basis {’x’,’z’}=’x’ Spin eigenbasis.
lattice_type,system_size,bet
a

str,int,float Lattice and temperature.

boundaries,default_spin str,int=("period
ic",1)

BC and initial spin.

save_snapshots,path_out bool=False,path|
None=None

Optional I/O.

Returns: tuple of six arrays series (complex128): (n_obs, N_samples); mean,
mean_std, binder, binder_std, tau_int (float64): each (n_obs,).

get_hysteresis(...) Run a sweep where each step uses the previous state as its ini-
tial condition. Returns stacked arrays across steps; path handling validates per-step output
directories when saving snapshots.

Parameter Type / default Meaning
N_samples,N_thermalization,N_b
etween_samples

int,int,int Cadence per step.

N_resamples int=1000 Bootstrap resamples.
observables list[str] Names per snapshot.
seed int=0 PRNG seed.
mu,J float Star and plaquette couplings.
h_hys,lmbda_hys list[float] Hysteresis values, length must

match.
basis {’x’,’z’}=’x’ Spin basis.
lattice_type,system_size,beta str,int,float Lattice and temperature.
boundaries,default_spin str,int=("periodic

",1)
BC and initial spin.

save_snapshots bool=false Enable stepwise I/O.
paths_out list[path]|None=No

ne
Output path per step (size must
match h_hys if saving).
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Returns: tuple of six arrays series3d (complex128): (n_steps, n_obs, N_sam
ples); mean2d, std2d, binder2d, binder_std2d, tau2d (float64): each (n_steps,
n_obs). The number of steps equals len(h_hys) (and len(lmbda_hys)).

Array dtypes and shapes (summary)

Function Name / dtype Shape
get_thermalization series (complex128) (n_obs, N_thermalization)

acc_ratio (float64) (N_thermalization,)
get_sample series (complex128) (n_obs, N_samples)

mean, mean_std, bind
er, binder_std, tau_
int (float64)

each (n_obs,)

get_hysteresis series3d (complex12
8)

(n_steps, n_obs, N_samples)

mean2d, std2d, binde
r2d, binder_std2d, t
au2d (float64)

each (n_steps, n_obs)

Notes on performance

The bindings release the global interpreter lock (GIL) during heavy compute (py::gil_sco
ped_release), enabling multi-threaded C++ execution if the backend uses threads or when
calling from multiprocessing workers. Conversions handle 1D/2D/3D containers and enforce
consistent inner lengths before copying to NumPy.

3.4.3 Usage example

Listing 6: Importing and calling from Python

>>> import numpy as np
>>> from paratoric import extended_toric_code as etc
>>> series, acc_ratio = etc.get_thermalization(
... N_thermalization=2000, N_resamples=500,
... observables=["energy","plaquette_z","anyon_count"],
... seed=0, mu=1.0, h=0.2, J=1.0, lmbda=0.0,
... basis='z', lattice_type="square", system_size=16, beta=8.0,
... boundaries="periodic", default_spin=1,
... save_snapshots=False, path_out=None)
>>> series.shape, series.dtype
((3, 2000), dtype('complex128'))
>>> out = etc.get_sample(
... N_samples=1000, N_thermalization=5000, N_between_samples=10,
... N_resamples=1000, custom_therm=False,
... observables=["energy","plaquette_z"],
... seed=0, mu=1.0, h=0.2, h_therm=0.0,
... J=1.0, lmbda=0.0, lmbda_therm=0.0,
... basis='z', lattice_type="square", system_size=16, beta=8.0,
... boundaries="periodic", default_spin=1,
... save_snapshots=False, path_out=None)
>>> (series_s, mean, mean_std, binder, binder_std, tau_int) = out
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3.5 Python command-line interface

ParaToric ships a Python command-line interface /python/cli/paratoric.py that orches-
trates C++ backends, runs sweeps, writes HDF5/XML outputs and plots observables, Binder
ratios, and integrated autocorrelation times. It requires NumPy, Matplotlib, and H5py.

3.5.1 Build & Installation

The command-line interface requires HDF5≥1.14.3 (older HDF5 versions may work, but were
not tested). The core requires C++23, CMake ≥3.23, and Boost ≥1.87 (older Boost versions
may work, but were not tested). To compile it, run:

cmake -S . -B build -DCMAKE_BUILD_TYPE=Release \
-DPARATORIC_ENABLE_NATIVE_OPT=ON -DPARATORIC_LINK_MPI=OFF \
-DPARATORIC_BUILD_TESTS=ON -DPARATORIC_BUILD_CLI=ON
cmake --build build -jN
ctest --test-dir build -jN --output-on-failure
cmake --install build

Replace N with the number of cores to use, e.g. -j4 for 4 cores.

• -DCMAKE_BUILD_TYPE=Release. Only set to Debug if you’re a developer.

• -DCMAKE_INSTALL_PREFIX. By default, executables install to ${CMAKE_SOURCE_DI
R}/${CMAKE_INSTALL_BINDIR}/, headers to ${CMAKE_INSTALL_INCLUDEDIR}/p
aratoric, and static libraries to ${CMAKE_SOURCE_DIR}/${CMAKE_INSTALL_LIBD
IR}/. The Python scripts expect ${CMAKE_SOURCE_DIR}/bin/; this directory always
contains the paratoric executable. To install into a custom directory, pass it via -DCM
AKE_INSTALL_PREFIX, e.g. -DCMAKE_INSTALL_PREFIX=/your/custom/directo
ry/.

• -DPARATORIC_EXPORT_COMPILE_COMMANDS=ON. Export compile_commands.json
for tooling.

• -DPARATORIC_LINK_MPI=OFF. Link the core to MPI, which is required on some clus-
ters. The core itself does not need MPI.

• -DPARATORIC_ENABLE_NATIVE_OPT=OFF. Use -march=native on GCC and Clang.

• -DPARATORIC_ENABLE_AVX2=OFF. Use AVX2 (Haswell New Instructions). Requires a
CPU which supports AVX2.

• -DPARATORIC_ENABLE_FAST_MATH=ON. Use -ffast-math on GCC and Clang.

• -DPARATORIC_BUILD_TESTS=PROJECT_IS_TOP_LEVEL. Compile the tests (recom-
mended).

• -DPARATORIC_BUILD_CLI=PROJECT_IS_TOP_LEVEL Required for both the C++ and
Python command line interface.
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General options

Long flag Short Description
--help -h Show help and exit.
--simulation -sim Simulation type selector.
--N_thermalization -Nth Thermalization steps (proposed updates).
--N_samples -Ns Number of samples/snapshots.
--N_between_steps -Nbs Steps between successive samples (thinning).
--N_resamples -Nr Bootstrap resamples.
--custom_therm -cth Use thermalization values for h,λ (0 or 1).
--observables -obs Space-separated list, e.g. fredenhagen_marcu

percolation_probability energy.
--seed -seed PRNG seed; 0 means random seed.
--mu_constant -muc Value of µ.
--J_constant -Jc Value of J .
--h_constant -hc Value of h.
--h_constant_therm -hct Thermalization value of h.
--lmbda_constant -lmbdac Value of λ.
--lmbda_constant_therm -lmbdact Thermalization value of λ.
--output_directory -outdir Output directory.
--snapshots -snap Save snapshots toggle (0/1).
--full_time_series -fts Save full time series toggle (0/1).
--processes -proc Logical CPU count for Python multiprocessing. 0

means all available cores. Negative numbers −x
mean use all cores minus x. Default is -4.

Lattice-specific options

Long flag Short Description
--help -h Show help and exit.
--basis -bas Spin basis: x or z.
--lattice_type -lat square, cubic, triangular, honeycomb, . . .
--system_size -L Linear size; in 2D, 30 yields a 30×30 lattice (unit

cells).
--temperature -T Temperature T = 1/β > 0.
--boundaries -bound periodic or open.
--default_spin -dsp Initial edge spin: 1 or -1.

The command line interface offers several sweep modes. All are embarrassingly parallel;
set --processes close to the number of steps when possible.

3.5.2 T -sweep

Runs T_steps independent Markov chains for evenly spaced temperatures in [T_lower, T_upper]
and plots all requested observables.

Listing 7: Example usage
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python3 ./python/cli/paratoric.py -sim etc_T_sweep -Nbs 8000 -Ns 1000 -muc
1 -Nth 50000 -Tl 0.1 -Tu 10 -Ts 15 -hc 0.5 -Jc 1 -lmbdac 0.2 -Nr 1000 -
obs percolation_strength percolation_probability largest_cluster
largest_plaquette_cluster string_number energy energy_h energy_mu
energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -bas x -lat square -L 6 -bound periodic
-dsp 1 -outdir /your/output/directory

Sweep-specific flags.

Long flag Short Description
--simulation -sim Use etc_T_sweep.
--T_lower -Tl Lower bound of T .
--T_upper -Tu Upper bound of T .
--T_steps -Ts Number of temperatures between bounds.

3.5.3 h-sweep

Runs h_steps independent chains in parallel for evenly spaced h in [h_lower, h_upper].

Listing 8: Example usage

python3 ./python/cli/paratoric.py -sim etc_h_sweep -Nbs 8000 -Ns 1000 -muc
1 -Nth 50000 -hl 0.0 -hu 0.5 -hs 15 -T 0.1 -Jc 1 -lmbdac 0.2 -Nr 1000 -
obs percolation_strength percolation_probability
plaquette_percolation_probability plaquette_percolation_strength
largest_cluster largest_plaquette_cluster string_number energy energy_h
energy_mu energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -bas x -lat square -L 6 -bound periodic
-dsp 1 -outdir /your/output/directory

Sweep-specific flags.

Long flag Short Description
--simulation -sim Use etc_h_sweep.
--h_lower -hl Lower bound of h.
--h_upper -hu Upper bound of h.
--h_steps -hs Number of field steps between bounds.

3.5.4 λ-sweep

Runs lmbda_steps independent chains in parallel for evenly spaced λ in [λ_lower, λ_upper].

Listing 9: Example usage
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python3 ./python/cli/paratoric.py -sim etc_lmbda_sweep -Nbs 12000 -Ns 1000
-muc 1 -Nth 100000 -lmbdal 0.1 -lmbdau 0.7 -lmbdas 15 -T 0.1 -hc 0.1 -Jc
1 -Nr 1000 -obs percolation_strength percolation_probability

plaquette_percolation_probability plaquette_percolation_strength
largest_cluster largest_plaquette_cluster string_number energy energy_h
energy_mu energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -bas z -lat honeycomb -L 6 -bound
periodic -dsp 1 -outdir /your/output/directory

Sweep-specific flags.

Long flag Short Description
--simulation -sim Use etc_lmbda_sweep.
--lmbda_lower -lmbdal Lower bound of λ.
--lmbda_upper -lmbdau Upper bound of λ.
--lmbda_steps -lmbdas Number of field steps between bounds.

3.5.5 ◦-sweep

Runs Theta_steps independent chains in parallel along a circle in (λ,h) centered at (lmbda
_constant,h_constant) with radius radius, for angles Θ ∈ [Θ_lower, Θ_upper] (angles
measured anti-clockwise from the λ-axis).

Listing 10: Example usage

python3 ./python/cli/paratoric.py -sim etc_circle_sweep -Nbs 8000 -Ns 1000
-muc 1 -Nth 50000 -lmbdac 0.0 -rad 1.0 -Thl 0 -Thu 1.57 -Ths 30 -T 0.1 -
hc 0.0 -Jc 1 -Nr 1000 -obs percolation_strength percolation_probability
largest_cluster largest_plaquette_cluster string_number energy energy_h
energy_mu energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -bas x -lat square -L 6 -bound periodic
-dsp 1 -outdir /your/output/directory

Sweep-specific flags.

Long flag Short Description
--simulation -sim Use etc_circle_sweep.
--lmbda_constant -lmbdac Circle center in λ.
--h_constant -hc Circle center in h.
--radius -rad Circle radius.
--Theta_lower -Thl Lower bound of Θ.
--Theta_upper -Thu Upper bound of Θ.
--Theta_steps -Ths Number of angles between bounds.

3.5.6 Hysteresis-sweep

Uses the hysteresis schedule specified in hhys and lmbdahys. This mode will run two Markov
chains, one in the original parameter order specified in hhys and lmbdahys, and one with a
reversed parameter order, i.e., it calculates both branches of the hysteresis loop.
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Listing 11: Example usage

python3 ./python/cli/paratoric.py -sim etc_hysteresis -Nbs 5000 -Ns 1000 -
muc 1 -Nth 50000 -hhys 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 -T
0.1 -Jc 1 -lmbdahys 0 0 0 0 0 0 0 0 0 0 0 -Nr 1000 -obs
percolation_strength percolation_probability largest_cluster
largest_plaquette_cluster string_number energy energy_h energy_mu
energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -bas x -lat cubic -L 4 -bound periodic
-dsp 1 -outdir /your/output/directory

Sweep-specific flags.

Long flag Short Description
--simulation -sim Use etc_hysteresis.
--lmbda_hysteresis -lmbdahys Hysteresis schedule for λ. Length must match hh

ys.
--h_hysteresis -hhys Hysteresis schedule for h. Length must match lm

bdahys.

3.5.7 Thermalization

Runs repetitions independent chains in parallel and reports observables and MC accep-
tance ratios every step, averaged over chains.

Listing 12: Example usage

python3 ./python/cli/paratoric.py -sim etc_thermalization -muc 1 -Nth 50000
-reps 10 -lmbdac 2 -T 0.1 -hc 0.3 -Jc 1 -Nr 1000 -obs

percolation_strength percolation_probability
plaquette_percolation_strength plaquette_percolation_probability
largest_cluster largest_plaquette_cluster string_number energy energy_h
energy_mu energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -bas x -lat square -L 4 -bound periodic
-dsp 1 -outdir /your/output/directory

Sweep-specific flags.

Long flag Short Description
--simulation -sim Use etc_thermalization.
--repetitions -reps Number of Markov chains to average.

4 Using ParaToric

4.1 Monte Carlo Updates

There is no need for the user to explicitly call specific updates or interact with internal C++
classes when using the documented interfaces. Internally, we use all five updates described
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in the original algorithm by Wu, Deng, and Prokof’ev [5]. These must furthermore be sup-
plemented with the following two updates: Because for high temperatures and for zero off-
diagonal fields the spin at imaginary time 0 = β cannot be flipped, we allow for flipping the
spin on the entire imaginary axis on one bond or on a plaquette (star) in the σ̂x -basis (σ̂z-
basis).

These updates only change the energy terms diagonal in the given basis and are trivial
when caching the total integrated diagonal energy (the update locally flips the sign of the to-
tal integrated potential energy). Another advantage is that integrated autocorrelation times
for observables diagonal in the given basis improve even in regimes that were previously acces-
sible. By default, all seven updates are equally likely to be proposed. The user may manually
fine-tune the proposal probabilities when maximizing performance in a very specific parame-
ter regime. We use a 64-bit Mersenne-Twister for pseudorandom numbers [12]with the ability
to set the seed externally. Some updates have early exits for input parameters for which they
will always be rejected.

4.2 Monte Carlo Diagnostics

There are two compilation modes, Release and Debug. In production runs, one should
always use the Release mode; however, it still gives the user enough information to diagnose
sampling problems without severe performance impacts.

4.2.1 Thermalization mode

We provide thermalization routines which should be used before production runs to ensure
proper thermalization (also known as burn-in). Thermalization times can vary drastically
between different observables and initial conditions. We provide an example of sufficient and
insufficient thermalization in Fig. 2. We recommend using the provided Python command-line
interface, which will also plot the thermalization of all measured observables for the user.

In thermalization runs, we also return the Monte Carlo acceptance ratio of every update.
This can also be used to diagnose freezing (in the measurement phase, use the integrated
autocorrelation time instead), e.g., when the acceptance ratio is always identical and/or very
low.

In case one suspects experiencing a serious sampling problem, we recommend recompiling
the project in the Debug mode, which provides a wide array of runtime debug information
about the proposed steps, acceptance ratios, and intermediate results. However, do not use
the Debug mode in production runs, as it negatively impacts performance.

4.2.2 Integrated autocorrelation time

When measuring observables, we first thermalize the system with N_thermalization steps,
then measure N_samples times with N_between_samples steps between measurements.
The normalized autocorrelation function ρO(k) of an observable Ok (observable O measured
at time k) applied to a discrete time series of length N is given by:

ρO(k) =
C(k)
C(0)

, C(k) =
1

N − k

N−k−1∑
i=0

(Oi − Ō)(Oi+k − Ō), Ō =
1
N

N−1∑
i=0

Oi . (9)
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It is a statistical measure of the correlations between measurements of observable O at times
i and i + k.2 We define the integrated autocorrelation time

τO
int =

1
2
+
∑
k≥1

ρO(k). (10)

Large τint are generally undesirable since they increase error bars and can lead to bias. In case
of perfect sampling, we would have ρO(0) = 1 and ρO(k) = 0 ∀k ≥ 1, i.e., each measurement
is only correlated with itself but not with other measurements and τint = 1/2. In practice, this
is usually not feasible, and we have to work with a finite autocorrelation time τint > 1/2.

When using ParaToric, we strongly recommend monitoring τint for all simulations and all
observables. It is automatically calculated for every observable based on the full time series. As
a rule of thumb, the autocorrelation is fine as long as τint≪ Nsamples, otherwise it leads to bias
and seriously underestimated error bars. In the vicinity of phase transitions, τint dramatically
increases (“critical slowing down”) [13]. Importantly, τint can differ vastly between different
observables! If the autocorrelation is too high, increase the number of steps between samples.
In more complicated cases, one may need to adapt the update proposal distributions and/or
the updates themselves as a last resort.

It is also important to mention that ParaToric only computes a statistical estimate of τint.
Many factors determine how accurate this estimate is, and crucially, the system needs to be
properly thermalized. In principle, one can use τint in the way it is computed above directly
for calculating error bars of correlated time series; however, ParaToric uses a more robust
bootstrapping approach.

4.2.3 Error bars

ParaToric applies the stationary bootstrap [14–16] for all error bars, thus capturing autocor-
relation effects. Large τint will lead to worse error bars. The only parameter that the user can
change is the number of bootstrap resamples N_resamples. The default is 1000, which is
enough in most cases. Note that a too low value of N_between_steps increases the relative
computational cost of performing the measurements, which may negatively affect the code
efficiency at no statistical gain. If the error bars are too large, either the number of samples
is too low (in which case one should increase N_samples) or the autocorrelation is too large
(in which case one could additionally increase N_between_samples).

4.3 Tips & tricks

4.3.1 Probing ground state physics

The algorithm implemented by ParaToric fundamentally requires a finite temperature T > 0.
However, in QMC simulations, there is always a finite-size energy gap (the difference between
the energy of the ground state and the first excited state). Additionally, some phases like the
topological ground state of the toric code have a physical bulk gap (even at L→∞). As long
as the temperature is well below the total gap, we are exponentially close to the ground state.
Usually, a temperature T ∼ 1/L suffices for the toric code although other situations may arise.

4.3.2 Probing first-order transitions

ParaToric provides functionalities to probe weak and strong first-order phase transitions. The
hysteresis mode can be used to probe hysteresis loops in the vicinity of strong first-order phase
transitions, by repeating the simulation two times and mirroring the order of the parameters

2In ParaToric, the autocorrelation function is calculated efficiently using fast Fourier transforms.
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in h_hysteresis and lmbda_hysteresis. Weak first-order transitions can be detected by
plotting a time series histogram of an observable (it exhibits a double-peak structure). Both
approaches have been used in the context of the toric code [11].

4.3.3 Choosing the basis

Sometimes, one can work in both the σ̂x - and the σ̂z-basis. However, the performance can
vary drastically! Generally, the σ̂x -basis is more efficient for h/J > λ/µ and vice versa.

4.3.4 Choosing N_thermalization

Based on our experience, we can say that Nthermalization = 500Ld/T is a sensible choice for
small fields, where d is the dimensionality of the system. Nevertheless, one should make use
of the provided tools to benchmark thermalization, see Sec. 4.2, and rather err on the side of
safety.

4.3.5 Choosing N_samples

Neglecting autocorrelation effects, the error of an observable ∆O scales as
∆O ∼ 1/
Æ

Nsamples. More samples are, in principle, always better and lead to lower error
bars. Smoothness of a curve of statistical results also requires that error bars be small in rela-
tion to the parameter grid size. If one increases the parameter resolution (e.g., in the field h),
then one typically also increases N_samples.

4.3.6 Choosing N_between_samples

The optimal choice for N_samples is the integrated autocorrelation time of the time series
(where a measurement is taken after every update). A good guess of the autocorrelation time
based on previous simulations for smaller system sizes or nearby parameter points can result
in substantial computational saving costs in production runs for large system sizes. Near con-
tinuous phase transitions, the integrated autocorrelation time has an additional dependence
τint ∼ Lz , where z is the dynamical exponent of the universality class of the transition. For a
2D system in the vicinity of a continuous phase transition, a sensible scaling for N_between_
samples could be O(L2 × β × Lz) (O(L2) links, each has off-diagonal spin flips O(β)).

4.3.7 Choosing N_resamples

As with N_samples, more is better (but also more costly). Usually N_resamples ≈ 1000 is
a sensible choice.

4.3.8 Extracting snapshots

When the option save_snapshots is enabled, ParaToric will write the snapshots into the
directory specified in path_out (or in the paths paths_out for hysteresis sweeps). The
snapshots are saved in the GraphML format (XML-based), which is supported by many major
graph libraries. One snapshot will be saved for every measurement of observables, i.e., N_s
amples snapshots in total. All snapshots are written into a single file to save disk space and
simultaneously offer a structured, self-documenting format. Every edge stores a list of spins.
The first spin belongs to the first snapshot, the second one to the second snapshot, and so on.
There are no special requirements for disks or memory bandwidth; the snapshots are kept in
RAM and are only written to disk after the simulation has finished.

32

2.7. Publication 1: ParaToric 1.0: Continuous-time quantum Monte Carlo for the toric code in a
parallel field

47



SciPost Physics Codebases Submission

(b)(a)

Figure 2: Good and bad thermalization plots produced by the Python command-
line interface. We show the gauge field energy∝ λ. (a) The system is well thermal-
ized; after its initial drop, the energy fluctuates around the expectation value. (b)
The system is not yet thermalized; the floating average is still decreasing.

4.3.9 Adding new observables/lattices/updates

After adding features to the code, always benchmark them using analytical results, other nu-
merical methods (exact diagonalization, tensor networks, ...), and unit tests. We advise using
a fixed seed during development, e.g., when checking whether two methods produce the exact
same result. The code has some built-in features to check self-consistency, e.g., at the end of
each simulation, the code checks whether the cached total energy is numerically close to the
total energy calculated from scratch. Do not turn off these features, as they will point you
toward bugs!

4.4 Benchmarks

4.4.1 Thermalization

In Fig. 2 (which we already discussed before and repeat here for completeness) we plot the
gauge field energy∝ λ for two systems: the left one is sufficiently thermalized, the right one
is not. The plots are direct outputs of the Python command-line interface. Always make sure
the system is well thermalized.

4.4.2 Integrated autocorrelation time

Here, we demonstrate how the integrated autocorrelation time τint grows with decreasing N_
between_samples. We use the following setup:

Listing 13: N_between_samples benchmarking setup

>>> import numpy as np
>>> from paratoric import extended_toric_code as etc
>>> series, mean, std, binder, binder_std, tau_int = etc.get_sample(

N_samples=100000, N_thermalization=10000, N_between_samples=1,
N_resamples=1000, custom_therm=False, observables=["energy"], seed=0, mu
=1.0, h=0.0, h_therm=0.0, J=1.0, lmbda=0, lmbda_therm=0.0, basis='x',
lattice_type="square", system_size=4, beta=10, boundaries="periodic",
default_spin=1, save_snapshots=False)

We only run the simulation once per N_between_samples. The results are:
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Figure 3: Critical slowing down of the integrated autocorrelation times in the
vicinity of a continuous (topological) phase transition. We simulate the extended
toric code (1) on the square lattice in the σ̂x -basis around the critical field
hc(λ = 0.2) ≈ 0.33 [5, 9]. (a) The susceptibility χ x features a maximum around
the critical field. The growth of τint with L is superlinear: we observe critical slow-
ing down. (b) The susceptibility χz does not have a maximum near the critical field
and does not exhibit critical slowing down because the phase transition is driven by
h/J (not λ/µ). (c) The percolation probabilityΠx is an order parameter and exhibits
critical slowing down. (d) The staggered imaginary time order parameter Ox

SI also
exhibits critical slowing down, albeit with much smaller τint than Πx .

N_between_samples 1 10 100 500 1000
τint (energy) 1895 141.4 19.7 3.24 1.64

For very small N_between_samples, τint is very high: in cases where the update is re-
jected, the configuration is identical to the one measured before! A choice of N_between_s
amples between 500 and 1000 would be a good tradeoff between τint and runtime for this
example. Increasing N_between_samples to well over 1000 would be a waste of CPU time.

The second setup illustrates critical slowing down. We use the Python CLI and sweep
across a continuous topological phase transition on the square lattice for L ∈ {8, 12,16} (see
Sec. 4.4.4):

Listing 14: Critical slowing down benchmarking setup

python3 -u ./python/cli/paratoric.py -sim etc_h_sweep -Ns 100000 -Nbs 160*L
^2 -Nth 10000*L^2 -T 1/L -muc 1 -hl 0.2 -hu 0.5 -hs 64 -hct 0.0 -Jc 1 -
lmbdac 0.2 -lmbdact 0.2 -Nr 1000 -cth 0 -obs percolation_strength
percolation_probability plaquette_percolation_strength
plaquette_percolation_probability largest_cluster
largest_plaquette_cluster string_number energy energy_h energy_mu
energy_J energy_lmbda sigma_x sigma_z star_x plaquette_z
staggered_imaginary_times delta anyon_count anyon_density
fredenhagen_marcu sigma_x_static_susceptibility
sigma_x_dynamical_susceptibility sigma_z_static_susceptibility
sigma_z_dynamical_susceptibility -s 0 -bas x -lat square -L 16 -bound
periodic -dsp 1 -proc 64 -snap 0 -fts 0 -outdir /scratch/s/Simon.Linsel/
toric_code/out
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In Fig. 3, we show τint of χ x (a), χz (b), Πx (c), and Ox
SI (d). All observables except χz can

probe the phase transition. Unfortunately, they also exhibit critical slowing down, signaled by
a maximum of τint (around the critical field) which grows superlinearly with L. Our results
nicely demonstrate how different observables can have vastly different τint. In particular, Ox

SI
has a very low τint, which is very convenient for run-times.
χz cannot probe the phase transition as it is driven by h/J (not λ/µ). It does neither

exhibit critical slowing down, nor even a maximum of τint around the critical field. τint has an
approximately linear increase with L for χz (and for χ x far away from the phase transition)
because in N_between_samples we did not take into account the growth of the imaginary
time dimension (β = L). The susceptibilities are integrals over the imaginary time, so the
autocorrelation gets worse. A simple fix is to add an additional β-dependency to N_between
_samples.

4.4.3 Run-time

We benchmark the run-time for two realistic parameter sets on the square lattice and varying
system size. The first setup simulates the toric code without fields:3

Listing 15: L benchmarking setup 1

>>> import numpy as np
>>> from paratoric import extended_toric_code as etc
>>> L=20
>>> series, mean, std, binder, binder_std, tau_int = etc.get_sample(

N_samples=10000, N_thermalization=500*L*L*L, N_between_samples=8*L*L*L,
N_resamples=1000, custom_therm=False, observables=["energy", "sigma_x",
"sigma_z"], seed=0, mu=1.0, h=0.0, h_therm=0.0, J=1.0, lmbda=0,
lmbda_therm=0.0, basis='x', lattice_type="square", system_size=L, beta=L
, boundaries="periodic", default_spin=1, save_snapshots=False)

We only run one test per system size. The results are:

L 4 8 12 16 20
Runtime (s) 3.1 21.3 75 197 379

From our experience, for large L the update complexity is approximately O(L3 logβ), owing
to the chosen cubic dependency of N_thermalization and N_between_samples and a
O(logβ) dependence of operations on the imaginary time axis, see β benchmark below. The
system size itself does not impact the performance, as the interactions are local. On computing
clusters, we have realized system sizes of up to L = 80 for the square lattice; this number will
only increase in the future as CPUs get faster.

The second setup simulates the toric code with fields in both σ̂x and σ̂z-direction:

Listing 16: L benchmarking setup 2

>>> import numpy as np
>>> from paratoric import extended_toric_code as etc
>>> L=20
>>> series, mean, std, binder, binder_std, tau_int = etc.get_sample(

N_samples=10000, N_thermalization=500*L*L*L, N_between_samples=8*L*L*L,
N_resamples=1000, custom_therm=False, observables=["energy", "sigma_x",
"sigma_z"], seed=0, mu=1.0, h=0.2, J=1.0, lmbda=0.2, basis='x',
lattice_type="square", system_size=L, beta=L, boundaries="periodic",
default_spin=1, save_snapshots=False)

3All tests were run on a laptop; some conditions, like the CPU temperature, were not identical for all simulations.
The benchmarks are therefore only an approximation.
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We only run one test per system size. The results are:

L 4 8 12 16 20
Runtime (s) 3.9 34.1 133 323 689

We also test the run-time dependence of the inverse temperature β , with the following
setup:

Listing 17: β benchmarking setup

>>> import numpy as np
>>> from paratoric import extended_toric_code as etc
>>> series, mean, std, binder, binder_std, tau_int = etc.get_sample(

N_samples=10000, N_thermalization=20000, N_between_samples=2000,
N_resamples=1000, custom_therm=False, observables=["energy", "sigma_x",
"sigma_z"], seed=0, mu=1.0, h=0.2, J=1.0, lmbda=0.2, basis='x',
lattice_type="square", system_size=10, beta=20, boundaries="periodic",
default_spin=1, save_snapshots=False)

We only run one test per β . The results are:

β 4 8 12 16 20
Runtime (s) 14.9 17.2 19.1 20.0 22.1

This benchmark illustrates an appealing feature of our implementation: there is almost no
slowing down when increasing β implying that very low temperatures are within reach with
ParaToric. This paradoxical result (because the number n of off-diagonal star/plaquette and
magnetic field operators must physically scale linearly in β) is explained by the fact that most
searches within the imaginary time axis scale as O(log n) by making use of binary searches.

4.4.4 Topological phase transition

We probe the well-known topological phase transition in the ground state of the extended toric
code (1) on the square lattice, where we have a gapped Z2 quantum spin liquid for small fields
h,λ and a topologically trivial phase for high fields. We set J = µ = 1, λ = 0.2 and sweep h
over the known critical value hc(λ= 0.2)≈ 0.33 [5,9] for L ∈ {10,20, 40,80} in the σ̂x -basis.
The temperature is set to T = 1/L to capture ground state physics. We take 30000 snapshots,
with 8L3 steps in between snapshots and 500L3 thermalization steps.4. We confirm that the
systems are well thermalized. We show the percolation probability, the Fredenhagen-Marcu
string order parameter, and the staggered imaginary time order parameter in Fig. 4. All of
them reproduce the known phase boundary.

5 Conclusion & Outlook

We have presented ParaToric, a continuous-time quantum Monte Carlo solver for the toric code
in a parallel field. ParaToric builds on the existing work by Wu, Deng, and Prokof’ev [5] and
is also applicable to high temperature and low off-diagonal couplings.

ParaToric can store snapshots, which makes it ideally suited to generate training/bench-
marking data for applications in other fields, such as lattice gauge theories, cold atom or other

4If we were interested in quantities like critical exponents and we need to go very close to the critical field,
we should take into account the dynamical exponent z (τint ∼ Lz) in the number of steps between snapshots to
account for critical slowing down. Now the error bars are just larger near the critical field.
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Figure 4: Topological phase transition of the extended toric code (1) on the square
lattice. The critical field is known and located at hc(λ = 0.2) ≈ 0.33 [5, 9]. Our re-
sults agree with the value published in the literature, within error bars. (a) The per-
colation probability Binder ratio UΠx [9] features a crossing point around h = 0.33.
(b) The percolation probability Πx is non-zero in the topological phase and zero in
the trivial phase. The transition gets sharper with increasing system size. (c) The
staggered imaginary time order parameter Ox

SI is zero in the topological phase and
non-zero in the trivial phase. (d) The Fredenhagen-Marcu order parameter Ox

FM is
zero in the topological phase and non-zero in the trivial phase. The loop length grows
with O(L). Compared to the other order parameters, it is very noisy because it is a
multi-body correlator and on top of that a division of two exponentially small num-
bers.

quantum simulators, quantum spin liquids, artificial intelligence, and quantum error correc-
tion. We believe it also serves a pedagogical purpose. Another strength of ParaToric is its in-
teroperability with other programming languages. The C interface is compatible with virtually
all programming languages, thus ParaToric can be seamlessly integrated into other projects.

ParaToric comes with an MIT license. For future release of ParaToric we plan extensions
along the following lines:

• Additional lattices such as the kagome and the ruby lattice. Given the underlying graph
structure used in ParaToric, such extensions are straightforward.

• Additional observables: we think here of, for instance, the finite temperature extension
of the fidelity susceptibility to diagnose the phase transitions in the absence of a local
order parameter. It would be worthwhile to have additional off-diagonal observables
such as the off-diagonal Fredenhagen-Marcu string operators, or correlation functions
between off-diagonal operators in space and or time. Measurements of the Rényi entropy
are also high on the to-do list. The latter two classes require however major changes to
the code, and testing.

• Additional interaction types. There are many classes of models in which topological
order may be emergent instead of explicit as in the toric code. Such models typically
have additional interactions than the ones covered in ParaToric, such as longer-range
Ising interactions, and miss some others (typically the plaquette type interactions, and
sometimes even the star terms). It is in general an open problem how to efficiently
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simulate such models at the lowest temperatures (even for sign-free models). Extending
ParaToric to dealing with other types of interactions can thus serve as an additional tool
for benchmarking purposes and algorithmic exploration.
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Lattice gauge theories (LGTs) were introduced in 1974 by Wilson to study quark confinement. These models
have been shown to exhibit (de)confined phases, yet it remains challenging to define experimentally accessible
order parameters. Here we propose percolation-inspired order parameters (POPs) to probe confinement of
dynamical matter in Z2 LGTs using electric field basis snapshots accessible to quantum simulators. We apply
the POPs to study a classical Z2 LGT and find a confining phase up to temperature T = ∞ in two dimensions
(critical Tc, i.e., finite-T phase transition, in three dimensions) for any nonzero density of Z2 charges. Further,
using quantum Monte Carlo we demonstrate that the POPs reproduce the square lattice Fradkin-Shenker phase
diagram at T = 0 and explore the phase diagram at T > 0. The correlation length exponent coincides with the
one of the three-dimensional Ising universality class and we determine the POP critical exponent characterizing
percolation. Our proposed POPs provide a geometric perspective of confinement and are directly accessible to
snapshots obtained in quantum simulators, making them suitable as a probe for quantum spin liquids.

DOI: 10.1103/PhysRevB.110.L241101

Introduction. Lattice gauge theories (LGTs) have been
widely studied in the fields of high-energy [1], condensed
matter [2–4], and biophysics [5]. In 1979, Fradkin and
Shenker proved in their groundbreaking work [6] the ex-
istence of two phases in their model, where Z2 charged
particles are confined or deconfined, respectively. Ever since,
researchers have found intimate connections of Z2 LGTs to
other physical effects, including topological order [7,8], quan-
tum spin liquids [9,10], and even quantum information [11]. In
the light of quantum simulation, LGTs with finite-dimensional
local Hilbert spaces, e.g., Z2 LGTs and quantum link models
[12], gain particular attention because of their experimental
feasibility [13].

Despite experimental progress, it remains a challenging
problem to define order parameters for deconfined (e.g.,
topological) phases that are accessible to both numerical sim-
ulations and cold-atom experiments. Wegner-Wilson loops
(WWL) [1,2] are nonlocal order parameters allowing us to
probe (de)confinement in pure gauge theories, i.e., without
matter. They measure the fluctuation of the magnetic field
and feature an area (perimeter) law in the (de)confined phase.
However, they are not suitable for Z2 LGTs with matter
[6]. The Fredenhagen-Marcu order parameter [14–16] partly
solves this problem by relating a full to a half WWL, mea-
suring the response of the system when spatially separating
two matter particles [17]. However, being a ratio of two
small numbers, the Fredenhagen-Marcu order parameter suf-
fers insurmountably from noise in some regimes [18,19];

*Contact author: simon.linsel@physik.uni-muenchen.de
†Contact author: fabian.grusdt@physik.uni-muenchen.de

nevertheless it was used experimentally for systems with a
strong Rydberg blockade [20,21].

Much physical intuition of confinement of matter comes
from electric field lines connecting gauge charges, creating
a linear confining potential [22]. In the electric field basis,
accessible to state-of-the-art quantum simulators [13,23–28],
a picture of fluctuating electric fields is appealing, analogous
to fluctuating magnetic fields in WWL: if the electric field
lines are fluctuating so strongly that one cannot distinguish
whether two charges are connected or not, the picture of
confining electric strings breaks down. As will be shown in
this Letter, this physical intuition can be formalized with the
help of percolation theory, which has been used extensively to
study phase transitions geometrically [29].

Bernoulli percolation theory was introduced by Broadbent
and Hammersley [30], where they studied the random flow of
a fluid through a medium. A prime example of the use of per-
colation theory in physics is the random cluster model, which
was successfully used to study many physical systems, e.g.,
the Potts model [31,32]. More recently, percolation theory was
applied in the context of quantum monopole motion in spin ice
[33], quantum error correction [34], and gauge theories [35].

In this Letter, we show that percolation can also serve
as a nonlocal order parameter to probe confinement. In the
confined phase, analogous to quarks in a confining potential,
two charges are being held together by Z2 electric strings
and form a Z2-neutral meson [27]. In the deconfined phase,
in our picture matter particles move essentially indepen-
dently through the system and the Z2 electric strings form
a global cluster spanning over the entire lattice, see Fig. 1.
We study a classical and a quantum model using classical
(quantum) Monte Carlo (MC/QMC). We show that the phase

2469-9950/2024/110(24)/L241101(6) L241101-1 ©2024 American Physical Society
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FIG. 1. Classical and quantum snapshots of (non)percolating
strings. We show periodic classical/quantum snapshots of
(non)percolating strings (τ̂ x = −1) obtained from MC simulations
in the electric field basis. Here, percolation refers to a cluster of
electric fields winding around the periodic system and connecting
to itself in at least one dimension, see Ref. [18], Sec. I. The
(non)percolating phase is associated with a deconfined (confined)
phase. Top: The classical snapshots are obtained from Hamiltonian
(2). The percolating snapshot is captured at high temperature for a
system without matter excitations. Introducing matter prevents the
formation of a percolating string cluster, as can be observed in the
confined snapshot. Bottom: The ground state quantum snapshots
are obtained from equal imaginary time slices of Hamiltonian (8),
inside (percolating) and outside (nonpercolating) the topological
phase. Here, a nonzero matter density does not necessarily prohibit
percolation.

boundary in the celebrated Fradkin-Shenker model (extended
toric code) [6] can be reproduced by percolation-inspired or-
der parameters (POPs), paving the way for the application of
POPs in related models.

Classical Z2 LGT. The complex nature of percolation in Z2
LGTs emerges from the local Z2 symmetry generator

Ĝ j = (−1)n̂ j
∏

l∈+ j

τ̂ x
l , (1)

where n̂ j = â†
j â j is the number operator for (hard-core, Higgs)

matter on site j and the Pauli matrix τ̂ x
l defines the electric

field on a link l adjacent to site j. This leads to an extensive
set of conserved quantities {g j}, which fulfill Gauss’s law
Ĝ j |ψ〉 = g j |ψ〉. The choice of {g j} defines a gauge sector. In
the following, we only consider g j = 1, i.e., no background
charges.

To demonstrate the viability of the POPs, we first perform
MC simulations of the Z2-symmetric classical Hamiltonian

Ĥcan = −h
∑

l

τ̂ x
l (2)

in the canonical regime, i.e. we fix the number of matter
particles N =

∑
j n̂ j . We assume h > 0.

Due to Gauss’s law, each matter particle has to be con-
nected to a cluster # of neighboring strings where τ̂ x

l =
−1 ∀l ∈ #. This cluster costs an energy 2h$, where $ is
the number of neighboring strings in the cluster. At low
temperature T and low matter density, this results in matter
particles forming mesonic bound states, where matter parti-
cles on neighboring sites are connected by one string [27].
At higher temperatures, there is a competition between the
entropy S($) and the energy E ($) of strings (in linear approx-
imation). When T S > E , a global string network forms that
winds around the system for periodic boundaries while matter
particles become free Z2 charges [37]. We describe this as
a percolation transition of the strings from a nonpercolating
bound mesonic regime to a percolating regime with incoherent
but free charges.

To probe this transition, we define two POPs. Percolation
probability is the probability that a string cluster percolates,
i.e., winds around the system and connects to itself, see
Ref. [18], Sec. I A. Given an electric field snapshot j, we
calculate how many times W i

c ( j) every connected string clus-
ter c winds around the system in dimension i and define the
total winding number W ( j) =

∑
i W i

c ( j) [38]. The percola-
tion probability % = 〈&(W )〉, where & is the Heaviside step
function, is obtained by averaging over the ensemble. More
generally, it can also be written as a Hermitian projector
%̂ =

∑
&(W ( j))>0 |{τ̂ x} j〉〈{τ̂ x} j | onto all possible percolating

string configurations {τ̂ x} j . In the literature, this concept is
sometimes also referred to as the wrapping probability [39] or
the winding number [40]. Further, we define the percolation
strength P = &(%) maxc |c|/Nlinks as the number of strings
|c| in the largest string cluster divided by the total number
of links Nlinks given that the system percolates [27]. We probe
the transition on a periodic square lattice with system sizes
L2 = 202, 302, 402, 502. In the following we distinguish the
cases for (i) zero matter density d = 0 and (ii) nonzero matter
density d = N/L2 > 0.

(i) Hamiltonian (2) can be mapped to the classical two-
dimensional (2D) Ising model on the dual lattice [2,3], where
the confined phase corresponds to the ferromagnetic ordered
phase. The POPs can be viewed as a disorder parameter
detecting domain walls in the ferromagnet, see Ref. [18],
Sec. III. Via a finite-size scaling analysis, we confirm that
the percolation transition we find takes place exactly at the
Ising critical temperature (T/h)c|Ising = 2/ log(1 +

√
2) ≈

2.27 [41] [see Fig. 2(a)]. For the correlation length critical ex-
ponents, we find ν = 1.04(10) (2D Ising universality). Hence,
one divergent length scale for percolation and Ising spins fixes
ν. This is consistent with previous studies, where the exponent
ν of the confinement length [42] and wrapping probabilities
[38] was found to be of Ising universality. For the percolation
strength critical exponent, we find β = 0.58(10). We are un-
aware of a direct relation of the percolation strength critical
exponent β to the 2D Ising critical exponent. The percolation
probability can also serve as an order parameter but it is
impossible to extract a corresponding β since the percolation
probability jumps from zero to one in the thermodynamic limit
(TDL). The phase diagram is reminiscent of [43].
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(a)

(b)

FIG. 2. Canonical thermal deconfinement phase diagrams at
nonzero matter density. We show two temperature-density phase
diagrams of the classical Hamiltonian (2) for (a) the square and
(b) the cubic lattice. In the confined phase (blue), the percola-
tion strength P(T/h, L = ∞, d ) vanishes while strings percolate
P(T/h, L = ∞, d ) > 0 in the deconfined phase (red). The yellow
lines are the exactly solvable µ = 0 case of Hamiltonian (3), see
Eqs. (4) and (5). (a) We find a thermal deconfinement transition only
at zero matter density. The critical temperature (T/h)c = 2.27(1),
extracted via a finite-size scaling analysis, is identical to the Ising
critical temperature. At nonzero matter density, the system is con-
fining for all temperatures. (b) In contrast to the square lattice, a
finite-temperature thermal deconfinement transition exists for arbi-
trary matter density. At the µ = 0 line, the phase transition to the
deconfined phase (yellow circle) matches the Bernoulli percolation
threshold pc,cu = 0.247(5) [36] (note that we show d , not p).

(ii) We numerically find no thermal deconfinement transi-
tion, i.e., the presence of matter prevents the formation of a
percolating string cluster and is thus always confined in the
TDL, see Ref. [18], Sec. II A. To unravel this behavior analyt-
ically, we study the grand-canonical version of Hamiltonian
(2),

Ĥgc = −h
∑

l

τ̂ x
l − µ

∑

j

n̂ j

= −h
∑

l

τ̂ x
l − µ

∑

j

1
2



1 −
∏

l∈+ j

τ̂ x
l



, (3)

where we used the Gauss law constraint Ĝ j = +1, Eq. (1), to
express n̂ j by τ̂ x

l in the second line. The chemical potential µ
serves as a Lagrange multiplier for the matter density. Eq. (3)
is a generalized Ising model with four-spin interactions ∝ µ.

At µ = 0, the electric fields are completely indepen-
dent resembling standard Bernoulli bond percolation. From
independent thermal distributions at each bond l , the corre-
sponding probability p to host a string (τ̂ x

l = −1) is

p = e−βh/[2 cosh(βh)] (4)

with β = 1/T . Hence, 0 ! p < 1/2 for µ = 0, which we find
to correspond to average matter densities

d = 1
2 [1 − (2p − 1)z] (5)

for a lattice with even coordination number z. Importantly, all
values of p remain below the Bernoulli percolation threshold
pc,sq = 0.5 on the square lattice [36,44]. Hence, for µ = 0
(corresponding to d = 1/2 for T/h → ∞) we analytically
proved that the presence of matter prohibits percolation, i.e.,
there is no finite-T percolation phase transition, see Fig. 2(a).
Notably, the percolation threshold is reached when T/h →
∞, indicating a deconfined, critically percolating state at infi-
nite temperature.

Conversely, the percolation threshold for the cubic lattice is
pc,cu = 0.247(5) [36], implying that a thermal deconfinement
phase transition at finite T can exist at any matter density d
since p → 1/2 for T → ∞. We simulate the periodic cubic
lattice with system sizes L3 = 103, 123, 143 and show the
phase diagram in Fig. 2(b). As expected, and in contrast to
the square lattice, the deconfined phase persists for arbitrary
matter density and sufficiently high temperatures.

Quantum Z2 LGT: Extended toric code. We start with a
generalization of Hamiltonian (3) by adding magnetic fluctu-
ations ∝ J and dynamical matter ∝ λ:

ĤqLGT = −µ
∑

j

n̂ j − h
∑

l

τ̂ x
l − J

∑

!

∏

l∈!
τ̂ z

l

− λ
∑

〈i, j〉
(â†

i + âi ) τ̂ z
l (â†

j + â j ). (6)

This quantum Hamiltonian fulfills [ĤqLGT, Ĝ j] = 0 and is
thus a Z2 LGT. To study this Hamiltonian with QMC, we
restrict ourselves to the gauge sector g j = +1. We integrate
out the matter fields and write

n̂ j = 1
2

(
1 −

∏

l∈+ j

τ̂ x
l

)
, (7)

i.e., the configuration {τ̂ x
l } uniquely determines the state of the

hard-core matter. Using Eq. (7) in Hamiltonian (6) yields

ĤeTC = − µ
∑

+

∏

l∈+
τ̂ x

l − J
∑

!

∏

l∈!
τ̂ z

l

− h
∑

l

τ̂ x
l − λ

∑

l

τ̂ z
l , (8)

exactly and without local constraints. This is the extended
toric code where in LGT language, h acts as a confining po-
tential and λ can be viewed as a gauge-breaking perturbation
in the pure gauge theory. This model was originally studied
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FIG. 3. Fradkin-Shenker phase diagram. We show that percola-
tion identifies the same phase boundaries for the Fradkin-Shenker
phase diagram of the extended toric code (µ = J = 1) [6,45] on the
square lattice, see Hamiltonian (8): in the deconfined phase (red)
electric strings percolate while the percolation strength vanishes in
the confined phase (blue). The confinement transition is continuous
(solid lines) while there is a first-order line (dashed line) extending
into the confined phase [45].

by Fradkin and Shenker [6], featuring a T = 0 phase diagram
with a deconfined topological phase for small fields and a
confined phase for large fields h, λ [6,45], see Fig. 3. Fradkin
and Shenker [6] proved that the confined (h + 1) and Higgs
phase (λ + 1) are adiabatically connected and thus identical.
In the following, we fix µ = J = 1.

In order to study percolation in the quantum Z2 LGT, we
adapt the continuous-time QMC algorithm from Wu et al. [45]
to the τ̂ x basis to extract snapshots of strings (see Fig. 1) from
equal-imaginary-time slices in the path-integral representation
and set T = 1/L to gain insights into the ground-state phase
diagram, see Ref. [18], Sec. II B and Refs. [46–53]. Our
analysis of such data leads us to the main result of this Letter:
we conjecture that confinement in the quantum Z2 LGT with
dynamical matter can be directly probed through percolation
of Z2 electric strings.

The extended toric code features a self-duality (h ↔ λ)
and the pure gauge model (λ = 0) can be mapped to the 2D
transverse-field Ising model on the dual lattice [2,4,18] where
the quantum critical point is in the 3D Ising universality class.
Above the self-duality line, i.e., h > λ, we find that the POPs
reproduce the well-known phase transition from a deconfined
(percolating) regime to a confined (nonpercolating) phase for
the entire phase boundary. We perform a finite-size scaling
analysis to extract the critical temperature and the critical
exponents. We illustrate a crossing-point analysis of the per-
colation strength Binder cumulant at λ = 0.3 in Fig. 4(a). The
correlation length critical exponent ν = 0.65(27) matches the
3D Ising universality class. This is akin to the phenomenology
we found for the classical Z2 LGT above. For the percolation
strength critical exponent we find β = 0.05(4). We were un-
able to provide a good estimate of the Fredenhagen-Marcu
order parameter in the confined phase for h > λ due to high
noise in the data.

(a)

(b)

FIG. 4. QMC results of the extended toric code. We show results
for the POPs in the square lattice toric code Hamiltonian (8) at
T = 1/L. (a) We present a crossing-point analysis of the perco-
lation strength Binder cumulant UP above the self-duality line at
λ = 0.3, i.e., at nonzero charge density. The critical electric field
hc = 0.335(2) is in very good agreement with previous studies of the
extended toric code [45]. (b) We present the percolation probability
%(λ) for different system sizes at h = 0.2. At large couplings λ,
we observe a clear decrease in % with higher system sizes, and we
conjecture that in the confined phase % approaches zero in the TDL.

Below the self-duality line, i.e., h < λ, the τ̂ x basis is
numerically less efficient in sampling snapshots than the τ̂ z

basis (since spins tend to be more aligned in the τ̂ z basis),
however, we still find a percolation transition in the τ̂ x basis
in this regime. From self-duality, we know that the physical
phase transition is at λc ≈ 0.335. For h = 0.2, we find Binder
cumulant crossing points at λ ≈ 0.4 that shift toward lower
λ for increasing system size. We argue that this behavior is
a finite-size effect and can be traced back to the finite-size
gap, see Ref. [18], Sec. II B. This view is supported by
the decrease of the percolation probability we observe with
increasing system size, see Fig. 4(b), although it does not
yet extrapolate to zero for the simulated system sizes up to
L2 = 302. For Bernoulli percolation, Kolmogorov’s zero-one
law [54] restricts the percolation probability to either zero or
one in the TDL. Even though the percolation of electric strings
is correlated, we conjecture that the percolation probability
in the confined phase approaches zero in the TDL. We are
also able to probe the transition with the Fredenhagen-Marcu
operator, see Ref. [18], Sec. II B.

At h = λ = 0.2 (deconfined, topological ground state), we
find a percolating phase at low but finite temperatures and a
nonpercolating phase at higher temperatures. We trace this
back to the bulk gap, where due to exponential suppression
of thermal matter excitations the topological ground state
stays robust against a nonzero temperature in finite-size sys-
tems, see Ref. [18], Sec. II B. At temperatures well above
the bulk gap, we observe a clear decrease in the percolation
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strength with higher system sizes. We conjecture that the
percolation probability approaches zero in the TDL for any
T > 0. We were unable to provide a good estimate of the
Fredenhagen-Marcu order parameter for finite temperatures
due to high noise in the data. In the literature, confinement at
finite temperature is also probed using Polyakov loops [55] or
by explicitly violating the gauge symmetry [56].

Our results for the quantum Z2 LGT can be interpreted by
drawing connections with the classical Z2 LGT studied above.
On the pure gauge axis, without matter, both support finite-
T percolation transitions, which can be related to standard
WWL. In the square lattice classical theory we find a complete
breakdown of percolation at any nonvanishing matter density
and for any T : Likewise, percolation breaks down in the Higgs
phase (large λ) where Z2 charges accumulate and condense. In
contrast, the T = 0 deconfined phase in the quantum theory
sustains percolation, because Z2 charges are gapped and only
appear virtually as correlated pairs in the ground state. This
picture changes once again when thermal fluctuations are
included: these lead to a nonzero density of thermally acti-
vated but free Z2-charged excitations at any T > 0, where the
classical theory explains the breakdown of string percolation.

Discussion and outlook. We have introduced new POPs
to probe the confinement of matter excitations in Z2 LGTs.
We have applied it to study a classical model where we
demonstrated the substantial influence of matter and the lattice
geometry on the existence of a percolating, i.e., deconfined,
phase. Further, using snapshots generated from continuous-
time QMC, we demonstrated that the phase boundaries of the

square lattice Fradkin-Shenker model, one of the textbook
examples featuring confinement and topological order, can
be reproduced by our POPs. The correlation length critical
exponent falls into the 3D Ising universality class. We also
demonstrated the potential of the POPs at finite temperature.
Another task, left for future research, will be to check for a
first-order percolation transition across the self-duality line at
the tip of the deconfined phase.

While we only discuss Z2 LGTs on the square and the
cubic lattice, we also envision future applications of the POPs
in other LGTs, where different interactions, lattice geome-
tries, or higher symmetries can be realized. Percolation was
already used in the context of quantum error correcting codes
[57]. Since percolation can be directly measured from snap-
shots in the electric field basis, the order parameter is readily
accessible to state-of-the-art quantum simulators [13,23–28],
and extends the geometric perspective on confinement beyond
one-dimensional systems [58,59].
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I. CLASSICAL MONTE CARLO SAMPLING

Here we present the numerical details of the classical MC sampling and related algorithms used to obtain snapshots,
from which the observables for characterizing percolation are evaluated.

A. Canonical Monte Carlo Sampling

We simulate the classical Hamiltonian (2)

Ĥcan = →h
∑

l

ω̂x
l

on the square and the cubic lattice. Since we consider a canonical ensemble, we fix the number of matter particles
N =

∑
j n̂j , with (→1)n̂j =

∏
l↑+j

ω̂x
l , in the system and all chemical potential terms are irrelevant. The size of the

lattice determines the matter density resolution that can be achieved.
The MC simulations are implemented in C++ using the Boost C++ libraries. The lattice is represented by a graph.

To generate (pseudo-)random numbers, we use the Mersenne Twister [46]. For I/O operations, multiprocessing and
postprocessing, we use Python (NumPy, SciPy, Python multiprocessing, Matplotlib, h5py).

At the beginning of each simulation, we initialize the system in a state with the desired number of matter particles
that fulfills Gauss’s law. Matter particles can only be put into the system in pairs since Gauss’s law would otherwise
not be fulfilled. This is easily achieved by initializing matter in pairs connected by one string (“dimers”). We then
start the thermalization by repeatedly applying MC updates to this state.

A naive way to perform an MC update would be to choose a random matter particle and try to move it to a
random nearest neighbor (NN) while flipping the electric field between the old site and the target site if the move
is accepted to account for Gauss’s law. If the target lattice site is already occupied, the move would be rejected
because of the hard-core constraint. Because choosing any matter particle and any NN is equally likely (disregarding
boundary e!ects), detailed balance would be trivially fulfilled. However, this approach becomes ine”cient for large
matter density, as a random matter particle is unlikely to be movable to any NN (see Fig. S1a). Moreover, even if a
matter particle is movable, it may be only movable to one NN which makes it highly likely that the move is rejected
because of the randomness of the NNs in the trial probability distribution (TPD), see Eq. (S1). For this reason, the
naive approach is not suitable for studying systems with a high matter density.

A better approach takes into account 1) only movable matter particles (i.e. matter with at least one unoccupied
NN) and 2) only directions where no other matter particle is sitting. Hence, a move is never rejected because of the
hard-core constraint (although it may be rejected because of the acceptance probability). This approach is orders
of magnitude more e”cient than the naive way, but it comes at the cost of a more complicated procedure to fulfill
detailed balance.

Firstly, the number of movable matter particles can change after a move (illustrated in Fig. S1a), which makes
the TPD asymmetric. Secondly, the number of empty NNs of one given matter particle can change when it moves

→ simon.linsel@physik.uni-muenchen.de † fabian.grusdt@physik.uni-muenchen.de
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FIG. S1. Ergodicity condition in canonical sampling. (a) We plot exemplary Metropolis-Hastings updates of a matter
excitation m moving between states x and x↑. The Boltzmann distribution P (x) and the transition rate W (x↑, x) from x to x↑

must fulfill the detailed balance condition W (x↑, x)P (x) = W (x, x↑)P (x↑) to represent a physical state in equilibrium. Hence,
the number of unoccupied NN of m and the total number of movable matter particles (marked in yellow) have to be included
in the acceptance probability (see Eq. (S2)). (b) We illustrate the constraints introduced by Gauss’s law. Adapted from [27].

(illustrated in Fig. S1a), which again makes the TPD asymmetric. Hence, we need the Metropolis-Hastings algorithm
and the simpler Metropolis algorithm is not suited.

Let us suppose we propose a move of a matter particle h from state x to x↓. The TPD of this move is given by

T (x↓ | x) =
1

#(movable matter at x)
↑ 1

#(NNs of matter h at x)
(S1)

while the TPD for a move from x↓ to x is given by

T (x | x↓) =
1

#(movable matter at x↓)
↑ 1

#(NNs of matter h at x↓)
.

Hence, the Metropolis-Hastings acceptance probability reads

A(x↓, x) = min

(
1,

e↔ωE(x→)

e↔ωE(x)

T (x | x↓)
T (x↓ | x)

)

= min

(
1,

e↔ωE(x→)

e↔ωE(x)
↑ #(NNs of matter h at x)

#(NNs of matter h at x↓)
↑ #(movable matter at x)

#(movable matter at x↓)

)
. (S2)

For e”ciency reasons, we store the “movability” of every matter particle and update this information after every
successful move update. Only matter particles in the neighborhood of the move update must get a movability check,
otherwise, there would be no point in storing the information altogether.

If we only used the move update, we would face two problems: 1) It does not work for the cases where we have no
matter or every lattice site is occupied by a matter particle (density d = 1), since in both cases no matter particle
is movable, and 2) it can be slow for high temperatures since only one string is created (or removed) for every
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(a)

move update

(b)

plaquette update

border

FIG. S2. MC updates and percolation detection. (a) We show the update procedures for the Metropolis-Hastings
sampling on the square lattice. A plaquette update flips all electric fields in a plaquette. In a move update, a matter particle
moves to an unoccupied lattice site and flips the electric field along its way. All updates conserve the number of matter particles
and Gauss’s law. (b) We sketch the algorithm to detect percolation in x-direction (horizontal). The algorithm tries to find
a path that winds around the lattice while only traversing strings. In this example, the strings percolate. When crossing the
border, sites get assigned a higher/lower winding number, see Alg. 1. Adapted from [27].

successful MC update. For this reason, we introduce plaquette updates (see Fig. S2a), which flip all electric fields in
an elementary plaquette. Plaquette updates can create string clusters up to the size of the plaquette and thus speed
up the simulations for high temperatures, where higher excited states with more strings are more likely. In the TPD,
every elementary plaquette is equally likely to be tried. Hence, we have a symmetric TPD and Metropolis sampling is
su”cient. In every MC update, there is a 50% chance to propose either a plaquette update or a move update (except
at zero or maximal matter density, where we only use plaquette updates).

We thermalize the system with 100↑L2 MC updates and perform 2↑L2 MC updates between samples, see Fig. S3.
We confirmed that the system is thermalized and the autocorrelation is low enough for every simulated parameter
set. We take the autocorrelation between snapshots into account for every error bar.

For each sample, we measure the percolation probability, the percolation strength, the largest string cluster and
the total number of strings in the system. For the case where we put only two matter particles into the system, we
additionally measure the distance between those two matter particles.

The algorithm to measure the percolation probability/strength in a system with periodic boundaries is presented
in Alg. 1. The algorithm tries to find a path that winds around the system in at least one dimension, i.e. one can
traverse the strings only visiting every string once and come back to the orginal lattice site while winding around
the system at least once. In more technical terms, the algorithm starts a depth-first search from lattice sites in the
starting point list S while only traversing links that are strings. We assign a winding number to every vertex which
changes when crossing over a cut through the system (in one dimension). When vertices with two distinct winding
numbers (e.g. 0 and 1) “meet”, the system is percolating in this specific dimension, since the path connecting the
two vertices winds around the system and was thus assigned a di!erent winding number. In the case of two or more
dimensions, the percolation search is repeated for every dimension. The system is percolating when it is percolating
in at least one dimension.

We use periodic systems only because the conventional percolation definition for open boundaries has an error
that scales as O(1/L) in comparison to this definition where the error scales as O(1/L2). This greatly improves the
finite-size scaling.

Since the percolation search is repeated many times (a typical number of samples is ↓ 105) and we want to simulate
as large systems as possible, the algorithm must be designed e”ciently. In principle, a new depth-first search (see
e.g. [47]) is performed for every starting point. Thus, the complexity would be O(D ↑ LD↔1 ↑ LD) since for every
dimension we have O(LD↔1) starting points from which we would start a depth-first search with complexity O(LD).
In practice, we can heavily reduce the complexity by storing visited lattice sites. In case we visit such a lattice site,
the search stops. If we detect percolation, the search also stops.

For measuring the largest string cluster, we use a built-in function of the Boost C++ library that clusters the graph
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FIG. S3. MC thermalization & autocorrelation. We show results for MC simulations of Hamiltonian (2) for exactly two
matter excitations on the square lattice. (a) We show the thermalization of the percolation probability (top) and the MC
weights averaged over 15 runs (bottom) at T/h = 2.5, i.e. slightly above the phase transition in the percolating phase. For
clarity reasons, we only show every 100th measurement. We have confirmed that in our simulations the system thermalizes after
200→L2 steps for all T/h. (b) We show the autocorrelation of the percolation probability at T/h = 2.27, i.e. approximately
at the phase transition. We plot the average over 15 runs with 104 samples, respectively. Between each sample, we perform
2→L2 steps. We find only small autocorrelation between samples.

into its connected components only considering strings based on a depth-first search approach.

B. Grand Canonical Monte Carlo Sampling

We simulate the classical Hamiltonian (3)

Ĥgc = →h
∑

l

ω̂x
l → µ

∑

j

n̂j

on the square and the cubic lattice. Since we are in a grand canonical ensemble, we fix the chemical potential µ in the
system. The size of the lattice determines the matter density resolution that can be achieved by tuning the chemical
potential.

Since we fix the gauge sector to gj = +1 and we only consider hard-core bosons, we can rewrite n̂j in terms of
electric fields ω̂x

↗i,j↘. For hard-core bosons, we have

n̂j =
1

2

(
1 → (→1)n̂j

)
. (S3)

Plugging in Gauss’s law yields

n̂j =
1

2

(
1 →

∏

l↑+j

ω̂x
l

)
. (S4)

Finally, the grand canonical Hamiltonian reads

Ĥgc = →h
∑

l

ω̂x
l → µ

∑

j

1

2

(
1 →

∏

l↑+j

ω̂x
l

)
. (S5)

To compare canonical results with matter particle number N to grand canonical results, we have to tune µ and ε
such that

N =
∑

j

1

2

(
1 →

〈∏

l↑+j

ω̂x
l

〉)
. (S6)
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Algorithm 1 Percolation detection (x-direction).

Input: Graph representation of lattice with adjacency list Adj, starting point list S, x-coordinate list x, x-value xcut which
separates the system

Output: Percolation boolean (true ↑ percolating; false ↑ non-percolating)
1: function IsPercolating(Adj, S, E)
2: discovered↓ {false} ω No vertex is discovered in the beginning
3: for vs ↔ S do
4: winding number storage↓ {INT MAX}
5: v stack↓ {}
6: winding number stack↓ {}
7: top↓ 0
8: v stack[top]↓ vs ω Starting point of search
9: winding number stack[top]↓ 0

10: while top ↗ 0 do
11: vtop ↓ v stack[top]
12: wtop ↓ winding number stack[top]
13: top↓ top↘ 1
14: if discovered[vtop] = true then
15: Continue with next iteration ω Abandon search
16: end if
17: discovered[vtop]↓ true
18: winding number storage[vtop]↓ wtop

19: for vn ↔ Adj[vtop] do
20: if string between vtop and vn then
21: wnew ↓ wtop

22: if x[vn] > xcut and x[vtop] = xcut then
23: wnew ↓ wtop + 1
24: else if x[vtop] > xcut and x[vn] = xcut then
25: wnew ↓ wtop ↘ 1
26: end if
27: if discovered[vn] = false then
28: top↓ top + 1
29: v stack[top]↓ vn

30: winding number stack[top]↓ wnew

31: else if winding number storage[vn] ≃= wnew then
32: return true ω Algorithm has found percolating string cluster
33: end if
34: end if
35: end for
36: end while
37: end for
38: return false ω Algorithm has not found percolating string cluster
39: end function

Hamiltonian (S5) does only depend on the electric field configuration {ω̂x
l } and is a generalized Ising model with

four-spin-interactions ↔ µ in a longitudinal magnetic field.

The procedure for an MC update is much simpler than in the canonical case. In the first update procedure (which
can change the number of matter particles), a random link is chosen and we propose a flip to that link. If the move is
accepted, the electric field on the link is flipped and the matter particle numbers at the neighboring lattice sites are
updated to satisfy Gauss’s law. As the canonical plaquette update does not change the number of matter particles, it
can be used here as well. Neither of the two updates has asymmetric TPDs and thus we can use Metropolis sampling.
In every MC update, there is a 50% chance to propose either a plaquette update or an electric field flip update.

We thermalize the system with 500 ↑ L2 MC updates and perform 5 ↑ L2 MC updates between samples. We
confirmed that the system is thermalized and the autocorrelation is low enough for every simulated parameter set.
We take the autocorrelation between snapshots into account for every error bar.

As in the canonical case, we measure the percolation probability, the percolation strength, the largest string cluster
and the total number of strings in the system for each sample. We use the same algorithms as in the canonical case.
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FIG. S4. Finite-density regime. We demonstrate the non-existence of thermal deconfinement at non-zero matter density.
(a) We show results for Hamiltonian (2) at density d = 0.5. For increasing system size, the percolation probability ! decreases
in magnitude and the first non-zero shifts to higher temperatures T/h. (b) We show results for Hamiltonian (3) at µ = 0.
The error bars are too small to be visible. With increasing T/h, the probability p for a bond to host a string approaches the
percolation threshold pc,square = 0.5 from below confirming the exact result p = e↓ωh/2 cosh(εh). Because the percolation
threshold is only reached at T/h ⇐ ⇒, non-zero percolation at µ = 0 in finite systems is only a finite-size e”ect and there is
no thermal deconfinement phase transition.

II. (QUANTUM) MONTE CARLO RESULTS

Here we provide supplementary results supporting the claims in the main part of the paper, and details on the
procedure used to extract the critical exponents.

A. Classical finite-density regime on the square lattice

We simulate Hamiltonian (2) at non-zero matter density d = 0.5 for L2 = 102, 202, 302, 402 and show the percolation
probability #(T ) in Fig. S4a. While # is non-zero at high temperatures for every simulated finite-size system, we
observe a decrease in # with increasing system size.

At µ = 0, the electric fields are completely independent and the probability p for a bond to host a string is given
by p = e↔ωh/2 cosh(εh), i.e. the percolation threshold pc,square = 0.5 is never reached for finite temperatures. We
simulate Hamiltonian (3) at µ = 0 and show p(T/h) as a function of temperature T/h in Fig. S4b. p approaches 0.5
from below for T/h ↗ ↘. Hence, we proved that a thermal deconfinement phase transition cannot exist for finite
T/h at µ = 0. We conjecture the absence of a phase transition for every non-zero matter density, as indicated by
our numerical simulations; we performed T-sweeps for d = 0.1, 0.2, ..., 1.0 and find the same qualitative behavior as
in Fig. S4a for all simulated densities.

B. Extended toric code QMC

We simulate Hamiltonian (8) on a periodic square lattice using an adaption of the continuous-time QMC algorithm
from Wu et al. [45]. Unless explicitly stated otherwise, we sample snapshots from equal-imaginary-time-slices in the
ω̂x-basis. We set µ = J = 1. Observables that are diagonal in the ω̂x-basis can be directly sampled from snapshots
analogous to the classical model. Non-diagonal observables cannot be directly extracted from snapshots and are
calculated by averaging over the imaginary time (i.e. computing moments of a Poisson process):

ϑ≃ω̂z
l ⇐ = ≃Nl⇐/ε, (S7)

J
〈∏

l↑↭
ω̂z
l

〉
= ≃N↭⇐/ε. (S8)
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FIG. S5. QMC finite-size scaling. We show results for the POPs in the square lattice toric code Hamiltonian (8). (a) We
present the finite-size data collapse of the percolation strength P for ϑ = 0.2. The curves collapse into a well-defined scaling
function. (b) We present the Fredenhagen-Marcu order parameter FM(ϑ, L = 30) – obtained from QMC simulations in the
ϖ̂z-basis – for h = 0.2, confirming the known phase boundary at ϑc ⇑ 0.33. (c) We present the percolation strength Binder
cumulant UP (ϑ) for di”erent system sizes. The shift in the crossing points toward lower ϑ is a clear sign of strong finite-size
e”ects. We conjecture that the crossing points approach the known critical value ϑc ⇑ 0.33 in the TDL. (d) We present the
percolation probability !(T ) for di”erent system sizes. At temperatures well above the bulk gap, we observe a clear decrease
in ! with higher system sizes. For Bernoulli percolation, Kolmogorov’s zero-one-law [54] restricts the percolation probability
to either zero or one in the TDL. We conjecture that ! approaches zero in the TDL for any T > 0.

Here, Nl (N↭) is the number of single (plaquette) spin flips in imaginary time on link l (plaquette ↭) [48]. For details
on the QMC algorithm, we once again refer to Wu et al. [45].

h-sweeps.—We set T = 1/L, ϑ = 0, 0.1, 0.2, 0.3 and L2 = 202, 252, 302. We extract the critical electric field hc and
the critical exponents ϖ (correlation length ϱ) and ε (percolation strength P ), defined by

ϱ(L ↗ ↘) ↓ |h → hc|↔ε (S9)

and

P (h, L ↗ ↘) ↓ (h → hc)
ω ↓ ϱ↔ω/ε . (S10)

For L ⇒ ϱ, the relevant length scale is set by the correlation length. For L ⇑ ϱ however, the relevant length scale is
L. Thus, we have

P (h, L) ↓
{

L↔ω/ε L ⇑ ϱ

ϱ↔ω/ε L ⇒ ϱ

= ϱ↔ω/εf
(L

ϱ

)
, (S11)

where we defined the scaling function

f
(L

ϱ

)
↓
{(

L
ϑ

)↔ω/ε
L ⇑ ϱ

const. L ⇒ ϱ.
(S12)
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By introducing f(x̃) ⇓ x̃ωf(x̃ε) ⇔ f(x) = x↔ω/ε f(x1/ε) [49, 50] we can write

P (h, L) = ϱ↔ω/εf
(L

ϱ

)

= ϱ↔ω/ε(L/ϱ)↔ω/ε f
(
(L/ϱ)1/ε

)

= L↔ω/ε f
(
L1/εϱ↔1/ε

)

= L↔ω/ε f
(
L1/ε(h → hc)

)
(S13)

or in terms of fields

P (h, L) = |h → hc|ω f̄
(
L1/ε(h → hc)

)
. (S14)

We first perform a crossing point analysis of the percolation strength Binder cumulant

UP (h, L) =
≃P 4(h, L)⇐
≃P 2(h, L)⇐2 (S15)

to extract an estimate for hc. Close to hc the Binder cumulant behaves as

UP (h, L) =
L↔4ω/εfP 4

(
L1/ε(h → hc)

)

L↔2ω/εfP 2

(
L1/ε(h → hc)

)2

= fUP

(
L1/ε(h → hc)

)
. (S16)

Therefore, the Binder cumulant is dimensionless and does not depend on ε. To extract hc without knowing ϖ, we
note the following: At hc, the Binder cumulant takes the value

UP (hc, L) = fUP
(0) ↖L (S17)

independent of L. Hence, we expect that the Binder cumulants for di!erent system sizes “cross” at hc, see Fig. 4a.
We obtain an estimate for ϖ by manually collapsing finite-size curves using Eq. (S16). Finally, ε can be estimated

by manually collapsing finite-size curves with the scaling ansatz

P (h, L) = L↔ω/εfP

(
L1/ε(h → hc)

)
, (S18)

see Fig. S5a.
Our estimates serve as the starting point for a reduced ς2 optimization which converged to the final values hc =

0.3301(17), ϖ = 0.65(27) and ε = 0.05(4) for ϑ = 0. The critical exponents are identical for di!erent ϑ up to statistical
errors as expected. We were unable to provide a good estimate of the Fredenhagen-Marcu order parameter in the
confined phase for h > ϑ due to high noise in the data.
ϑ-sweep.—We set T = 1/L, h = 0.2 and L2 = 102, 202, 302. We find Binder cumulant crossing points around

ϑ ↙ 0.4 that shift toward lower ϑ with increasing system size, see Fig. S5c. The gap consists of the bulk gap $B

and the finite-size gap $L. Because of the self-duality, we know that the true phase transition where the gap closes
is at ϑc ↓ 0.33. However, in finite-size systems (i) the gap never completely closes and (ii) the finite-size ground
state can appear topological because of the finite-size gap. We conjecture that the true critical value of ϑc ↓ 0.33 is
reached in the TDL and the strong finite-size e!ects are caused by a large finite-size gap. In Fig. S5b, we show the
Fredenhagen-Marcu order parameter

FM =

∏
l↑C1/2

ω̂z
l∏

l↑C ω̂
z
l

, (S19)

where C is a closed contour of links with length ↓ L at equal imaginary time and C1/2 contains half the links of C
and thus forms an open contour. FM was calculated using QMC snapshots in the ω̂z-basis and confirms the known
critical value ϑc ↓ 0.33.

T -sweep.—We set h = ϑ = 0.2 and L2 = 102, 202, 302. We find a crossing-point in the percolation strength Binder
cumulant at T > 0 and a percolating phase extending into T > 0, see Fig. S5d. However, the topological order is
known to break down for T > 0. We trace this behavior back to the bulk gap $B. For T < $B the density of thermal
excitations is non-zero in the TDL, however, it is exponentially suppressed and thus not visible in finite-size systems.
After all, this is the reason why we can gain insights into the ground state using finite-T QMC schemes. While the
true ground state for T > 0 is not topological, it appears like the topological ground state at T = 0 in finite-size
systems. This reasoning is supported by the estimated order-of-magnitude of the bulk gap $B ∝ J at h = ϑ = 0.2
which matches the temperature scale below which we observe the percolating (deconfined) ground state features. We
were unable to provide a good estimate of the Fredenhagen-Marcu order parameter for finite temperatures due to
high noise in the data.
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FIG. S6. Ising mapping of the pure gauge model. We illustrate the mapping of the pure gauge model Hamiltonian (S20)
to the TFIM on the dual lattice. (a) We show two configurations of electric strings and the corresponding spin configuration
on the dual lattice. The electric strings form closed loops. The electric field on a link l depends on the dual lattice link between
i↑ and j↑ that intersects l. By flipping a spin on a dual lattice site j↑, all electric fields in the surrounding plaquette ↭j→ are
flipped. A percolating string cluster corresponds to a domain wall of spins since closed string loops necessarily have spins of
the same orientation along their perimeter. Due to Gauss’s law, the star term ⇓ µ is constant, see (b). Adapted from [51].

III. MAPPING THE PURE GAUGE THEORY TO THE 2D TRANSVERSE-FIELD ISING MODEL

Here we concisely motivate the mapping of the pure gauge extended toric code Hamiltonian (8), where ϑ = 0 (i.e.
without matter), to the 2D transverse-field Ising model (TFIM) [2]. The starting point is the pure gauge model

Ĥ = → µ
∑

+

∏

l↑+

ω̂x
l → J

∑

↭

∏

l↑↭
ω̂z
l → h

∑

l

ω̂x
l . (S20)

Since we have no matter, the Z2 electric strings can only form closed loops. If we define Ising spins ŝz ′ {±1} on
the dual lattice sites, a string loop on an elementary plaquette can be thought of as one spin with ŝz = +1 in a
background of spins with ŝz = →1. The operator ŝx flips the spin ŝz in the dual lattice and thus the electric fields
on the surrounding plaquette in the LGT: it creates/destroys string loops. This intuition can be formalized with the
definition of the dual-lattice site variables:

ŝz
i→ ŝ

z
j→ = ω̂x

l(i→,j→), (S21)

ŝx
j→ =

∏

l↑↭j→

ω̂z
l , (S22)

where l(i↓, j↓) is the link that intersects with the dual link between dual lattice sites i↓, j↓ and ↭j→ is the plaquette of
links surrounding the dual lattice site j↓, see Fig. S6a. Plugging into Hamiltonian (S20) yields the TFIM:

Ĥ↓
TFIM = →h

∑

↗i→,j→↘
ŝz

i→ ŝ
z
j→ → J

∑

i→

ŝx
i→ . (S23)
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The star term ↔ µ vanishes due to Gauss’s law, see Fig. S6b. The square lattice TFIM has a quantum critical point at
(h/J)c ↙ 1/3.044 ↙ 0.33 [52, 53] (3D Ising universality) and a critical temperature (T/h)c = 2/ log(1+

∞
2) ↙ 2.27 [41]

(2D Ising universality). We identify the (non-)percolating phase of the extended toric code with the unmagnetized
(magnetized) phase of the TFIM. Percolating strings in the deconfined phase correspond to domain walls in the
paramagnetic phase in the dual TFIM since closed string loops necessarily have spins of the same orientation along
their perimeter.
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The analytical study of confinement in lattice gauge theories (LGTs) remains a difficult task to this day.
Taking a geometric perspective on confinement, we develop a real-space renormalization group (RG) formalism
for Z2 LGTs using percolation probability as a confinement order parameter. The RG flow we analyze is
constituted by both the percolation probability and the coupling parameters. We consider a classical Z2 LGT
in two dimensions, with matter and thermal fluctuations, and analytically derive the confinement phase diagram.
We find good agreement with numerical and exact benchmark results and confirm that a finite matter density
enforces confinement at T < ∞ in the model we consider. Our RG scheme enables future analytical studies of
Z2 LGTs with matter and quantum fluctuations and beyond.

DOI: 10.1103/PhysRevB.111.024314

I. INTRODUCTION

The confinement problem is of fundamental interest in a
variety of theoretical models, most notably in quantum chro-
modynamics [1,2]. Lattice gauge theories (LGTs), originally
introduced to study quantum chromodynamics nonperturba-
tively [3], are of vital importance in the study of confinement
[4]. A famous example is the Fradkin-Shenker model [5],
which features a confined and a deconfined topological phase
while hosting a local Z2 symmetry. It is especially intriguing
because of its wide applicability [6,7] and its experimental
accessibility in modern quantum simulation platforms [8–12].

It remains challenging to define experimentally, numeri-
cally, and analytically accessible order parameters to probe
confinement. Well-known examples are Wilson loops [3],
Polyakov loops [13], t’Hooft loops [14], and the Fredenhagen-
Marcu operator [15,16], of which only the latter is applicable
in the presence of dynamical matter. However, even the
Fredenhagen-Marcu order parameter suffers from severe nu-
merical instability in certain regimes, due to its definition as a
ratio of two exponentially small numbers [17,18]. Recently,
a percolation-inspired order parameter has been proposed
[18], which can be sampled directly and hence circumvents
such instabilities. It further establishes a geometric perspec-
tive on confinement where Z2 electric strings percolate in
the deconfined phase. Because of the scale invariance of

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

percolation near phase transitions [19,20], it is possible to con-
struct an effective renormalization group formalism to analyt-
ically obtain the phase diagram, which is the main goal of this
paper.

The renormalization group (RG) [21,22], originally devel-
oped in the context of quantum field theories, has been widely
successful in many areas of physics. It was famously used in
condensed matter physics to derive scaling laws for the Kondo
model [23]. RG was also applied to study the confinement
problem in LGTs without dynamical matter [24–26].

In this paper we introduce a real-space RG formalism for
Z2 lattice gauge theories with matter, featuring a simultaneous
flow of coupling parameters and percolation probability. We
apply the RG formalism to explain the confinement phase
diagram of a classical Z2 LGT with fluctuating matter [see
Fig. 1(a)]. Our analytical results are in good agreement with
earlier numerical studies of this model [18]. In particular we
provide analytical understanding of why any nonzero con-
centration of matter excitations at finite temperature leads to
confinement in this model. Moreover, we go beyond earlier
studies [18] by considering the regime of vanishing string
tension h = 0 (or infinite temperature T/h = ∞) where we
predict a thermally deconfined state with percolating strings;
see Fig. 1(a). We confirm this prediction by numerically exact
Monte Carlo simulations.

Our RG method lays the foundation to study percolation-
based confinement in more complicated models. For ex-
ample, the Fradkin-Shenker model [5] could be analyzed
and the interplay of thermal and quantum fluctuations can
be explored. This adds further analytical understanding of
confinement of dynamical charges in Z2 LGTs and be-
yond: for instance, the critical exponents associated with the

2469-9950/2025/111(2)/024314(14) 024314-1 Published by the American Physical Society
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FIG. 1. (a) Confinement phase diagram of the classical Z2 LGT
we study. We show that for positive βh any nonzero particle density,
i.e., any T/μ �= 0, leads to a deconfined system in which no perco-
lating cluster of electric strings is formed. The system is deconfined
in the limit T/h = ∞. The pure gauge system realized at T/μ = 0
exhibits a confinement phase transition. (b) RG flow in the μ-h plane.
The phase diagram in the thermodynamic limit is constructed from
this RG flow. (Non)percolating fixed points are marked in red (blue);
gray points correspond to unstable fixed points.

confinement-deconfinement transition that we find at unstable
fixed points in the RG flow diagram [see Fig. 1(b)] can be
analyzed.

II. Z2 LATTICE GAUGE THEORY

We consider the classical two-dimensional Z2 lattice gauge
theory in the electric field basis

Ĥ = −h
∑
〈i,j〉

τ̂ x
〈i,j〉, (1)

FIG. 2. (a) Z2 Gauss’s law on the square lattice. We illustrate the
allowed configurations under Gauss’s law on the square lattice in the
electric field basis. (b) Percolation probability as an order parameter
for confinement. In the deconfined phase, there exists a percolating
cluster of Z2 electric strings. In the confined regime, matter is bound
in local Z2-neutral clusters (hadrons). We show that any nonzero
charge density prohibits thermal deconfinement.

where τ̂ x
〈i,j〉 = ±1 is the electric field on the bond connecting

neighboring sites i and j on the square lattice. Sites can be
locally occupied by hard-core bosonic matter, subject to a
Z2 Gauss law. This defines a classical statistical mechanics
problem with Boltzmann weight w = 1

Z e−βH , temperature
T = 1/β, and partition function Z = ∑

e−βH , where the sum
is over all gauge-invariant states.

The local Z2 symmetry generator is given by

Ĝj = (−1)n̂j
∏
i:〈i,j〉

τ̂ x
〈i,j〉. (2)

Choosing a gauge sector yields locally conserved quantities—
the charges gj. We choose the physical sector with gj = 1 at all
sites j, which is interpreted as having no background charges.
This local constraint is known as Gauss’s law. Thus the hard-
core matter particles with density n̂j = â†

j âj must have an odd
number of adjoining electric strings τ̂ x

〈i,j〉 = −1. Figure 2(a)
illustrates the Z2 Gauss law on the square lattice.

To study this model analytically, we use its grand canonical
variant

Ĥ = −h
∑
〈i,j〉

τ̂ x
〈i,j〉 − μ

∑
j

n̂j

= −h
∑
〈i,j〉

τ̂ x
〈i,j〉 + μ

∑
j

∏
i:〈i,j〉

τ̂ x
〈i,j〉 + const, (3)

where μ is a chemical potential used to fix the matter den-
sity. By Gauss’s law the latter can be expressed as (−1)n̂j =∏

i:〈i,j〉 τ̂ x
〈i,j〉. We refer to bonds with electric field τ̂ x = −1

as occupied. These bonds form (electric) strings ξ where
τ̂ x

l = −1 ∀l ∈ ξ . We use the convention h � 0 and μ � 0,
i.e., the absence of electric strings and of matter particles is
energetically preferred.
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We define confinement geometrically in the electric field
basis. The percolation probability ρ = ρ(βh, βμ) is the prob-
ability that there exists a cluster of Z2 electric strings that
extends across opposite ends of the lattice. In the confined
regime, matter forms finite-size Z2 neutral clusters, resem-
bling hadrons; in the deconfined regime, strings form a
percolating cluster; see Fig. 2(b). It has been demonstrated
that ρ is a suitable order parameter to probe confinement,
including in cases with fluctuating matter [18].

III. DERIVATION OF THE CONFINEMENT
PHASE DIAGRAM

A. Renormalization group approach

We take a real-space RG approach where we perform a
partial trace over the systems’ degrees of freedom and assign
each possible configuration a new block configuration on the
renormalized system. Imposing that the total partition sum of
the renormalized system is that of the original system,

Z =
∑
{τ̂ x

〈i,j〉}
e−βH ({τ̂ x

〈i,j〉},h,μ)

!=
∑
{τ̂ x

〈I,J〉}
e−βH ′({τ̂ x

〈I,J〉},h′,μ′), (4)

we obtain a new Hamiltonian H ′ that must have (approxi-
mately) the same structure as the original Hamiltonian. The
state {τ̂ x

〈i,j〉} before the RG map is called the microconfigu-
ration and the state {τ̂ x

〈I,J〉} after renormalizing is called the
block or macroconfiguration. The RG procedure is repeated ad
infinitum and the phase diagram in the thermodynamic limit
can be constructed from the resulting parameter flow.

The challenge in constructing such a renormalization
scheme for this Z2 LGT lies in the additional constraints that
(i) the block configuration must still satisfy Gauss’s law and
(ii) the percolation probability must be tractable throughout
the renormalization.

Starting with requirement (ii), we mimic the spanning
cluster rule previously used [19,27] to analyze the Bernoulli
percolation, which is the bond percolation on the square lat-
tice. Bernoulli percolation is realized in our model at μ = 0,
i.e., for independent links or without Gauss’s law constraints.
We then adapt this approach such that the density of matter
particles obeying Gauss’s law are approximately conserved,
yielding a renormalized Hamiltonian that indeed takes the
same form as the original Hamiltonian (to first order in β).
This is the adjusted spanning cluster rule.

Step 1. Divide the square lattice into blocks according to
Fig. 3(a). One such block is shown in Fig. 3(b) on the left. We
use capital letters to label sites in the original configurations
and numbers to label sites in the renormalized configuration.
Note that the block shape chosen here is not unique and there
may be other blocks which produce a similar renormalization
scheme. In particular, for other lattice geometries or more
complicated interactions it may be necessary to choose larger
blocks at this point.

Step 2. For each block, define the macroconfiguration by
setting τ̂ x

1,5 = −1 if and only if there exists a path traversing
only occupied bonds from {A, B} to {L, K}. If no such path

(a)

(b)

(c)

(d)

FIG. 3. Adjusted spanning cluster RG scheme. The square
lattice is divided into blocks (a) which are each assigned a
renormalized/block configuration by checking for spanning clusters
in each direction (b). We show the renormalization of an example
configuration (c). In the case of a pure gauge configuration, the
renormalized configuration is further adjusted to preserve particle
number (d).

exists, set τ̂ x
1,5 = +1. Proceed similarly with paths from

{C, D} to {I, L} giving τ̂ x
2,5, from {F, E} to {L, K} giving

τ̂ x
3,5, and from {G, H} to {I, L} giving τ̂ x

4,5. Hence the block
configuration has a horizontal electric string from vertex 2 to
vertex 5 iff there exists a cluster spanning from the center
to the right in the original configuration (spanning cluster
rule).

Step 3. Adjust the block configuration from step 2 to
approximately preserve the particle density. Whenever the
original configuration is pure gauge, i.e., whenever nj = 0 for
the central sites j = I, J, K, L, the block configuration is set
to also have zero particles. To do this, note that the block
configuration from step 2 corresponds to the nonzero particle
number precisely if it has an odd number of incoming electric
strings (Gauss’s law). Thus there must be either one incoming
string or three. In the former case, remove the string and, in
the latter case, add the fourth string. Either way, the block now
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has an even number of occupied bonds and thus no particle at
the central site.

Step 4. Introduce particles on the block configuration by
following Gauss’s law.

B. Coupling parameter flow

Now that the RG procedure is defined, it remains to track
the flow of coupling parameters h, μ under this map.

The renormalized Hamiltonian H ′ is determined via Eq. (4)
to be

−βĤ ′({τ̂ x
〈I,J〉

}) = ln

⎛
⎝ ∑

{τ̂ x
〈i,j〉}*

e−βĤ({τ̂ x
〈i,j〉},h,μ)

⎞
⎠, (5)

where the asterisk indicates that the sum is taken only over
those microstates {τ̂ x

〈i,j〉} for which the renormalization proce-
dure yields the specific block state {τ̂ x

〈I,J〉}.
Imposing that Ĥ ′ takes a similar form to Ĥ , specifically

that interactions remain block local, Eq. (5) holds not just
for the entire lattice but also for states on a single block. For
such a block the original state consists of 18 bonds and the
renormalized state of four bonds. The calculation can then
be done exactly using symbolic computation to classify the
218 microstates according to their assigned macrostate and
evaluating the respective sums. For example,

(6)

We thus obtain formulas for the Boltzmann weights
exp[−βĤ ′({τ̂ x

1 , τ̂ x
2 , τ̂ x

3 , τ̂ x
4 })] of all possible block configura-

tions shown in Fig. 2. Keeping only the highest order terms in
orders of β, the renormalized Hamiltonian

Ĥ ′ = −h′ ∑
〈I,J〉

τ̂ x
〈I,J〉 − μ′ ∑

J

n̂J + const (7)

again depends only on the coupling parameters h′, μ′ and
the RG map (βh, βμ) → [(βh)′, (βμ)′] is obtained (see Ap-
pendix B). Figure 4 shows the resulting flow of the coupling
parameters under the RG map.

Figure 1(b) depicts the fixed points of this flow including
the limit cases corresponding to the axes of Fig. 4. On the
axis T/h → 0, the only energetically allowed state is the
state with no electric strings, so the system never percolates.
(Alternatively, using the canonical Hamiltonian with fixed
particle number or density, the limit T/h → 0 yields a dimer
state which also does not percolate.) The flow from points
in the plane towards this limit indicates that the percolation
probability is zero at all of these points.

In the limit T/μ = −∞, the τ̂ x strings are independent;
thus the system reduces to Bernoulli percolation. The per-
colation behavior is then determined by the bond occupation

FIG. 4. RG flow, numerical plot. All values of the coupling pa-
rameters T/μ �= 0, T/h < ∞ flow towards the nonpercolating fixed
point T/μ → −∞, T/h = 0.

probability p. The critical probability on the square lattice is
pc = 1/2 [28,29]. In the model at hand, p = e−βh

e−βh+eβh < 1
2 for

βh > 0 (this corresponds to a two-level system realized by
a single τ̂ x link in a thermal ensemble). So the percolation
probability is 0, except at the point with βh = 0 (infinite
temperature limit) where the percolation probability is 1 and
the system exhibits critical percolation. The critical proba-
bility depends crucially on the lattice geometry [28,30] and
number of spatial dimensions [31], so intuitively one should
expect the percolation for finite T/μ to similarly depend on
these.

For the axis T/h = ∞, the system flows towards some
fixed point (T/μ, T/h) = (T/μ∗,∞). In particular, the
critically percolating point (T/μ, T/h) = (−∞,∞) flows to-
wards the same fixed point, suggesting that all (T/μ, T/h) =
(T/μ,∞) values yield a percolating system. For an intuitive
picture of this limit we note that, as βh is zero, there is no
difference being made between strings and antistrings. Thus
any correlation effects in the string distribution must stem
from the preference of closed loops via βμ �= 0.

In the limit of a pure gauge theory with no particles, i.e.,
T/μ → 0, the system can be mapped to a classical Ising
model on the dual lattice [32,33] with a percolation tran-
sition on this axis [18,34]. The coupling parameter flow in
Fig. 1 exhibits several fixed points on this axis. We identify
a stable, nonpercolating (confined) fixed point at T = 0, an
unstable, i.e., critical, fixed point at a critical temperature
TC = 3.48h > 0 where the percolation transition of the pure
gauge theory takes place, a stable, percolating (deconfined)
fixed point above TC , and an unstable, i.e., critical, fixed point
at T = ∞ flowing towards the percolating (deconfined) state,
demonstrating critical percolation at T = ∞.
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(a)

(b)

FIG. 5. Percolation corrections. We show that the percolation
properties may be altered during an RG step. Nonpercolating mi-
crostates are sometimes mapped to percolating macrostates (a) or
vice versa (b). The resulting percolation probability flow needs to
be tracked alongside the flow of the coupling parameters to obtain
the percolation phase diagram.

C. Percolation probability flow

So far we have only studied the RG flow of the renor-
malized coupling parameters βμ and βh in the Hamiltonian.
However, during each RG step, the percolation properties of
the system may be altered by introducing or removing con-
nections between electric string clusters. On the block level
this corresponds to mapping a percolating microconfiguration
to a nonpercolating macroconfiguration and vice versa. Both
of these can happen with the adjusted spanning cluster rule we
used (see Fig. 5). Now, to extract the percolation transition, we
revisit the implicit assumption made so far that the percolation
probability is kept constant throughout the RG flow. In reality,
further care must be taken to analyze how the renormalization
procedure affects the percolation properties and we will see
that this influences the conclusions drawn from the parameter
flow.

We track the overall change δρ of the percolation probabil-
ity ρ which is equal to the average of the percolation change
over all possible configurations weighted by the respective
Boltzmann factors:

δρ(βh, βμ) = ρ(βh, βμ) − ρ(βh′, βμ′)

= 1

Z (βh, βμ)

∑
states �

e−βĤ (�)[ρ(�) − ρ(�′)].

(8)

It is thus possible that, during the flow from some point
(βh, βμ) in coupling parameter space to a fixed point, the
renormalization procedure has changed the clusters in such
a way that a (non)percolating configuration at the fixed point
does not imply a (non)percolating configuration at the start-
ing point. Hence it is necessary to construct the flow of

FIG. 6. Numerical values of the percolation corrections. The
percolation corrections are negative for T/μ �= 0, T/h < ∞. The
percolation transition for the pure gauge theory with T/μ = 0 is em-
phasized by the sign change of corrections on this axis. Overall, the
percolation corrections are relatively small [δρ < 0.08 ∀(βh, βμ)],
implying that the renormalization scheme can indeed be used to
analyze percolation.

percolation probability alongside the RG flow of the coupling
parameters.

To obtain the total change in percolation probability during
the RG flow to some fixed point with known percolation
probability, the changes from each of the RG steps are
summed up, i.e.,

�ρ(βh, βμ) = ρ(βh, βμ) − ρ∞

=
∞∑

n=0

(ρn − ρn+1)

=
∞∑

n=0

δρn. (9)

Here, ρn denotes the percolation probability at the coupling
parameters which are reached by applying n RG steps starting
from the point (βh, βμ). Figure 6 shows the corrections to the
percolation obtained during the RG flow for various βh, βμ.

We analyze whether these percolation corrections corre-
spond to a genuine change of percolation probability or if
they can be neglected: consider the sign of the percolation
corrections in various regions of the confinement phase di-
agram. If we flow towards a percolating fixed point, then
positive percolation corrections mean that the initial system
is more percolating than the renormalized system. In the case
that percolation probability of the fixed point is 1, this implies
that the initial system must also be percolating (and that any
percolation corrections correspond to errors from dropping
higher order terms in the renormalized Hamiltonian). Simi-
larly, a flow towards a nonpercolating fixed point during which
negative percolation corrections are attained implies that the
starting point in coupling parameter space must be nonperco-
lating. (Alternatively, the effects of percolation corrections on
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the confinement phase diagram can be analyzed by comparing
to a site-bond percolation problem; see Appendix C).

Recall that for all T/h < ∞ with nonzero T/μ the RG flow
is towards a nonpercolating fixed point. δρ is positive only in
the region with μ/T � 0 and large enough T/h [in Fig. 6
we see a point at (T/μ, T/h) = (−1, 11) near the edge of this
region]. The flow from any point T/h < ∞ with nonzero T/μ

eventually leaves this region and �ρ is negative for any such
parameter values. Thus we can conclude that the system does
not percolate in these cases.

In the limit T/h → ∞, the flow is towards a percolating
fixed point. The percolation corrections then indicate that the
system indeed percolates in this case for all T/μ.

For T/μ = 0 the percolation behavior changes with vary-
ing T/h. For large T/h, renormalizing the system significantly
increases the percolation probability at each step. The percola-
tion probability at these points must thus be greater than zero.
Since Kolmogorov’s zero-one law implies that the percolation
probability in the thermodynamic limit is either zero or one
[35,36], the percolation probability in this region must be
one. For small T/h, renormalizing leads to the nonpercolating
fixed point at T/h = 0 and the percolation corrections are
negative. We thus conclude that there is a phase transition
from a percolating system at large T/h to a nonpercolating
system at small T/h.

The combined RG flow of the coupling parameters and the
percolation probability can also be considered graphically as
a three-dimensional flow (see Fig. 7). We see the percolation
transition directly in the two stable fixed points of the flow
for T/μ = 0. These fixed points differ in the percolation cor-
rections accumulated during the flow and are thus represented
at different heights/levels in the three-dimensional diagram.
Note that the fixed point δρ = 0 of percolation probability
flow is distinct from the fixed point of coupling parameter
flow. However, a finite number of steps with negative percola-
tion corrections at the beginning of the RG flow is outweighed
by the infinite number of steps with positive percolation cor-
rections that do not tend to zero in the RG flow toward the
fixed point. Thus the percolation transition of the pure gauge
system occurs at the largest T/h from which the flow ends in
the region with positive δρ.

D. Phase diagram

The results are summarized in the phase diagram shown in
Fig. 1(a). The system exhibits confinement whenever T/μ <

0 and T/h < ∞ and is deconfined in the limit T/h → ∞. On
the axis T/|μ| = 0 (pure gauge theory), we find a percolation
transition with confinement for small T/h and deconfinement
for large T/h. This is in good agreement with exact results
and the predictions from Monte Carlo simulations [18]. For
positive βh, we have in particular confirmed that any finite
chemical potential βμ (i.e., any nonzero particle density)
results in a confined system with no percolating cluster of
electric strings.

For the percolation transition of the pure gauge theory, the
RG flow gives a critical T/h value of 3.48, which we compare
to the exact value of ∼2.27 (the exact value is identical to
the Ising critical temperature). In the RG approach, higher
order terms generated in the Hamiltonian are neglected at each

(a)

(b)

FIG. 7. Three-dimensional RG flow. The flow of the coupling
parameters and the percolation probability flow yield a three-
dimensional combined RG flow, of which we show a schematic
depiction (a) and a numerical plot (b). In the numerical plot, each
arrow represents one RG step and the colors correspond to different
starting points in parameter space. On the T/μ = 0 axis the RG steps
are too small for the arrows to be visible. The percolation transition
of the pure gauge theory with T/μ = 0 is demonstrated by two
different fixed points to which the flow on this axis leads.

step. It is thus expected that the RG results are qualitatively
but not quantitatively correct. The critical exponents of this
phase transition can be obtained by linearizing the RG map
around the critical point. For example, we obtain the critical
exponent of the correlation length ν ≈ 1.087, which is in good
quantitative agreement with the exact value ν = 1 of the Ising
universality class.

The Hamiltonian (3) has been studied numerically at finite
T/h in Ref. [18], with their results being in good qualitative
agreement with our analysis. It was shown that any small but
finite string tension h leads to a nonpercolating confined phase
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FIG. 8. Monte Carlo at zero string tension. We simulate Hamil-
tonian (3) at βh = 0 (i.e., no string tension) using classical Monte
Carlo. The error bars are too small to be visible. For βμ = 0 it
is exactly known that the system is percolating in the thermody-
namic limit [18]. In this case we have ρ(L → ∞) → 1/2 since
the system is directly at the Bernoulli percolation threshold. For
βμ < 0 the percolation probability ρ(L, βμ) clearly increases with
L and ρ(L, βμ < 0) > ρ(L, βμ = 0). We conjecture that ρ(L →
∞, βμ < 0) → 1 due to Kolmogorov’s zero-one law. These numer-
ical results support our RG result that the system is percolating for
βh = 0, βμ � 0.

at finite doping. Here, we apply the classical Monte Carlo
algorithm from [18] at T/h = ∞, i.e., at zero string tension,
to confirm our RG result that the system is percolating in
that regime. In Fig. 8, we show the percolation probability
ρ(βh = 0, L) for system sizes L2 = 102, 202, 302, 402 with
open boundaries. This result can be related to previous 1D
LGT results [37], where it has been shown that any small
nonzero string tension h leads to confinement, i.e., an ex-
ponential decay of the Green’s function, while at h = 0 the
system is deconfined.

Another way to analyze the RG flow is by directly
renormalizing snapshots obtained from the Monte Carlo
simulations. For coupling parameters at or near the RG
fixed points, the renormalized snapshots should be statis-
tically similar to nonrenormalized snapshots of the lattice.
We present some results from training a neural network to
distinguish renormalized and nonrenormalized snapshots in
Appendix E.

IV. CONCLUSION AND OUTLOOK

We have introduced a real-space RG scheme to probe con-
finement in Z2 LGTs using percolation probability as an order
parameter. We successfully reproduced the confinement phase
diagram of a classical Z2 LGT and found good agreement
with exact and numerical benchmark results. In particular,
we confirm the numerical result that a finite matter density
prohibits a thermally deconfined phase on the 2D square lat-
tice. In addition, we extended the phase diagram to regions
not previously considered, including the case of vanishing
string tension, and supported our RG results with Monte Carlo
simulations.

The RG flow was considered as a simultaneous flow of
the percolation probability alongside the coupling parameters.
We envision that this RG ansatz can be generalized to other
lattice geometries, to ZN gauge symmetries, and to other
models such as the Fradkin-Shenker model featuring quantum
fluctuations in the future. We believe that our RG scheme has
the potential to advance the analytical studies of confinement
in Z2 LGTs and beyond.
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APPENDIX A: RENORMALIZATION PROCEDURE—ADJUSTED SPANNING CLUSTER RULE

See Table I for the adjusted spanning cluster rule.

APPENDIX B: DETAILS OF RG FLOW

To determine the renormalized Hamiltonian Ĥ ′, we classify all allowed microconfigurations {τ̂ x
1 , . . . , τ̂ x

18} of a block according
to the assigned block configuration {τ̂ x

I , τ̂ x
II, τ̂

x
IIIτ̂

x
IV}. Taking a specific block state and adding the Boltzmann weights of all

microstates which are renormalized to this gives the expectation value

exp[−βĤ ′({τ̂ x
I , τ̂ x

II, τ̂
x
IIIτ̂

x
IV

})] =
∑

resp. microstates

exp
[ − βĤ

({
τ̂ x

1 , . . . , τ̂ x
18

}
, h, μ

)]
. (B1)

Using symbolic computation to calculate these sums exactly, we obtain the following results:

c · e4βh′ != e−βĤ ′(1,1,1,1)

= 293 e−2 β h + 1165 e2 β h + 62 e−4 β h + 1160 e4 β h + 6 e−6 β h + 815 e6 β h + 442 e8 β h + 185 e10 β h + 60 e12 β h
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TABLE I. Adjusted spanning cluster rule. We apply the adjusted spanning cluster renormalization to some example configurations.

+ 19 e14 β h + 6 e16 β h + e18 β h + 124 eβ μ + 158 e2 β μ + 68 e3 β μ + 8 e4 β μ + 12 e−2 β h eβ μ + 480 e2 β h eβ μ

+ 15 e−2 β h e2 β μ + 663 e2 β h e2 β μ + 900 e4 β h eβ μ + 4 e−2 β h e3 β μ + 392 e2 β h e3 β μ + 80 e2 β h e4 β μ + 1464 e4 β h e2 β μ

+ 1032 e6 β h eβ μ + 1044 e4 β h e3 β μ + 278 e4 β h e4 β μ + 1858 e6 β h e2 β μ + 808 e8 β h eβ μ + 1456 e6 β h e3 β μ

+ 424 e6 β h e4 β μ + 1484 e8 β h e2 β μ + 456 e10 β h eβ μ + 1168 e8 β h e3 β μ + 332 e8 β h e4 β μ + 784 e10 β h e2 β μ
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+ 192 e12 β h eβ μ + 552 e10 β h e3 β μ + 138 e10 β h e4 β μ + 268 e12 β h e2 β μ + 56 e14 β h eβ μ + 144 e12 β h e3 β μ

+ 28 e12 β h e4 β μ + 52 e14 β h e2 β μ + 8 e16 β h eβ μ + 16 e14 β h e3 β μ + 2 e14 β h e4 β μ + 4 e16 β h e2 β μ + 754,

c ·2βh′
eβμ′ != e−βĤ ′(−1,1,1,1) = e−βĤ ′(1,−1,1,1) = e−βĤ ′(1,1,−1,1) = e−βĤ ′(1,1,1,−1)

= 578 eβ μ + 840 e2 β μ + 542 e3 β μ + 133 e4 β μ + 174 e−2 β h eβ μ + 1002 e2 β h eβ μ + 277 e−2 β h e2 β μ

+ 1454 e2 β h e2 β μ + 26 e−4 β h eβ μ + 1044 e4 β h eβ μ + 186 e−2 β h e3 β μ + 958 e2 β h e3 β μ + 45 e−2 β h e4 β μ

+ 234 e2 β h e4 β μ + 44 e−4 β h e2 β μ + 1502 e4 β h e2 β μ + 702 e6 β h eβ μ + 38 e−4 β h e3 β μ + 972 e4 β h e3 β μ

+ 9 e−4 β h e4 β μ + 239 e4 β h e4 β μ + 6 e−6 β h e2 β μ + 948 e6 β h e2 β μ + 304 e8 β h eβ μ + 584 e6 β h e3 β μ

+ 2 e−6 β h e4 β μ + 141 e6 β h e4 β μ + 370 e8 β h e2 β μ + 84 e10 β h eβ μ + 212 e8 β h e3 β μ + 45 e8 β h e4 β μ

+ 87 e10 β h e2 β μ + 16 e12 β h eβ μ + 44 e10 β h e3 β μ + 6 e10 β h e4 β μ + 10 e12 β h e2 β μ + 2 e14 β h eβ μ + 4 e12 β h e3 β μ,

c
!= e−βĤ ′(−1,−1,1,1) = e−βĤ ′(1,−1,−1,1) = e−βĤ ′(1,1,−1,−1) = e−βĤ ′(−1,1,1,−1)

= 232 e−2 β h + 266 e2 β h + 104 e−4 β h + 146 e4 β h + 25 e−6 β h + 54 e6 β h + 4 e−8 β h + 14 e8 β h + e−10 β h + 2 e10 β h

+ 1224 eβ μ + 1846 e2 β μ + 1280 e3 β μ + 332 e4 β μ + 894 e−2 β h eβ μ + 1030 e2 β h eβ μ + 1343 e−2 β h e2 β μ

+ 1597 e2 β h e2 β μ + 392 e−4 β h eβ μ + 560 e4 β h eβ μ + 934 e−2 β h e3 β μ + 1034 e2 β h e3 β μ + 258 e−2 β h e4 β μ

+ 246 e2 β h e4 β μ + 616 e−4 β h e2 β μ + 836 e4 β h e2 β μ + 118 e−6 β h eβ μ + 186 e6 β h eβ μ + 416 e−4 β h e3 β μ

+ 504 e4 β h e3 β μ + 108 e−4 β h e4 β μ + 106 e4 β h e4 β μ + 159 e−6 β h e2 β μ + 263 e6 β h e2 β μ + 20 e−8 β h eβ μ

+ 28 e8 β h eβ μ + 114 e−6 β h e3 β μ + 146 e6 β h e3 β μ + 20 e−6 β h e4 β μ + 24 e6 β h e4 β μ + 26 e−8 β h e2 β μ

+ 54 e8 β h e2 β μ + 12 e−8 β h e3 β μ + 20 e8 β h e3 β μ + 2 e−8 β h e4 β μ + 2 e8 β h e4 β μ + 3 e−10 β h e2 β μ

+ 7 e10 β h e2 β μ + 312,

c
!= e−βĤ ′(−1,1,−1,1) = e−βĤ ′(1,−1,1,−1)

= 219 e−2 β h + 261 e2 β h + 95 e−4 β h + 149 e4 β h + 22 e−6 β h + 60 e6 β h + 2 e−8 β h + 16 e8 β h + 2 e10 β h + 1116 eβ μ

+ 1604 e2 β μ + 992 e3 β μ + 210 e4 β μ + 849 e−2 β h eβ μ + 903 e2 β h eβ μ + 1241 e−2 β h e2 β μ + 1242 e2 β h e2 β μ

+ 368 e−4 β h eβ μ + 464 e4 β h eβ μ + 789 e−2 β h e3 β μ + 721 e2 β h e3 β μ + 182 e−2 β h e4 β μ + 153 e2 β h e4 β μ

+ 570 e−4 β h e2 β μ + 564 e4 β h e2 β μ + 89 e−6 β h eβ μ + 139 e6 β h eβ μ + 400 e−4 β h e3 β μ + 292 e4 β h e3 β μ

+ 105 e−4 β h e4 β μ + 69 e4 β h e4 β μ + 139 e−6 β h e2 β μ + 146 e6 β h e2 β μ + 10 e−8 β h eβ μ + 18 e8 β h eβ μ

+ 135 e−6 β h e3 β μ + 63 e6 β h e3 β μ + 41 e−6 β h e4 β μ + 18 e6 β h e4 β μ + 18 e−8 β h e2 β μ + 22 e8 β h e2 β μ

+ 22 e−8 β h e3 β μ + 6 e8 β h e3 β μ + 12 e−8 β h e4 β μ + 2 e8 β h e4 β μ + 2 e−10 β h e2 β μ + 2 e10 β h e2 β μ

+ 2 e−10 β h e4 β μ + 302,

c · e−2βh′
eβμ′ != e−βĤ ′(−1,−1,−1,1) = e−βĤ ′(−1,−1,1,−1) = e−βĤ ′(−1,1,−1,−1) = e−βĤ ′(1,−1,−1,−1)

= 732 eβ μ + 1166 e2 β μ + 760 e3 β μ + 182 e4 β μ + 1161 e−2 β h eβ μ + 301 e2 β h eβ μ + 1785 e−2 β h e2 β μ

+ 420 e2 β h e2 β μ + 1116 e−4 β h eβ μ + 82 e4 β h eβ μ + 1259 e−2 β h e3 β μ + 267 e2 β h e3 β μ + 325 e−2 β h e4 β μ

+ 57 e2 β h e4 β μ + 1720 e−4 β h e2 β μ + 62 e4 β h e2 β μ + 657 e−6 β h eβ μ + 11 e6 β h eβ μ + 1200 e−4 β h e3 β μ

+ 58 e4 β h e3 β μ + 331 e−4 β h e4 β μ + 8 e4 β h e4 β μ + 1078 e−6 β h e2 β μ + 274 e−8 β h eβ μ + 703 e−6 β h e3 β μ
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+ 7 e6 β h e3 β μ + 189 e−6 β h e4 β μ + 406 e−8 β h e2 β μ + 82 e−10 β h eβ μ + 266 e−8 β h e3 β μ + 56 e−8 β h e4 β μ

+ 88 e−10 β h e2 β μ + 12 e−12 β h eβ μ + 56 e−10 β h e3 β μ + 9 e−10 β h e4 β μ + 12 e−12 β h e2 β μ + 4 e−12 β h e3 β μ

+ e−12 β h e4 β μ + e−14 β h e2 β μ,

c · e−4βh′ != e−βĤ ′(−1,−1,−1,−1)

= 1087 e−2 β h + 199 e2 β h + 1184 e−4 β h + 26 e4 β h + 891 e−6 β h + 482 e−8 β h + 191 e−10 β h + 60 e−12 β h + 19 e−14 β h

+ 6 e−16 β h + e−18 β h + 52 eβ μ + 210 e2 β μ + 68 e3 β μ + 32 e4 β μ + 360 e−2 β h eβ μ + 693 e−2 β h e2 β μ

+ 27 e2 β h e2 β μ + 948 e−4 β h eβ μ + 444 e−2 β h e3 β μ + 128 e−2 β h e4 β μ + 4 e2 β h e4 β μ + 1332 e−4 β h e2 β μ

+ 1240 e−6 β h eβ μ + 1100 e−4 β h e3 β μ + 294 e−4 β h e4 β μ + 1724 e−6 β h e2 β μ + 944 e−8 β h eβ μ + 1360 e−6 β h e3 β μ

+ 374 e−6 β h e4 β μ + 1516 e−8 β h e2 β μ + 516 e−10 β h eβ μ + 984 e−8 β h e3 β μ + 260 e−8 β h e4 β μ + 832 e−10 β h e2 β μ

+ 224 e−12 β h eβ μ + 456 e−10 β h e3 β μ + 90 e−10 β h e4 β μ + 268 e−12 β h e2 β μ + 64 e−14 β h eβ μ + 128 e−12 β h e3 β μ

+ 12 e−12 β h e4 β μ + 48 e−14 β h e2 β μ + 8 e−16 β h eβ μ + 16 e−14 β h e3 β μ + 4 e−16 β h e2 β μ + 630.

We set

Ĥ ′ != −h′ ∑
〈I,J〉

τ̂ x
〈I,J〉 − μ′ ∑

J

n̂J

and solve for β · h′ and β · μ′ (neglecting constant terms in the Hamiltonian). This gives

βμ′ = 1

2
ln

(
ce2βh′

eβμ′ · ce−2βh′
eβμ′

c · c

)
= 1

2
ln

(
e−βĤ ′(−1,1,1,1) · e−βĤ ′(−1,−1,−1,1)

e−βĤ ′(−1,−1,1,1) · e−βĤ ′(−1,1,−1,1)

)

and

βh′ = 1

8
ln

(
c · e4βh′

c · e−4βh′

)
= 1

8
ln

(
e−βĤ ′(1,1,1,1)

e−βĤ ′(−1,−1,−1,−1)

)
. (B2)

The difference between the approximate Hamiltonian obtained in this way and the exactly renormalized Hamiltonian—i.e.,
the effect of dropping the higher order terms in Eq. (7)—is evaluated by comparing the respective Boltzmann factors (normalized
by the corresponding partition sums) as follows:

ε
({

τ̂ x
〈I,J〉

}
, βh, βμ

)
:= exp

[−βĤ ′({τ̂ x
〈I,J〉

}
, h, μ

)]
exp

(−βĤ ′[(1, 1, 1, 1), h, μ]
) + · · · + exp

(−βĤ ′[(1, 1, 1, 1), h, μ]
) (B3)

− exp
(
βh′ ∑

〈I,J〉 τ̂
x
〈I,J〉 + βμ′ ∑

J n̂J
)

exp [βh′ · (1 + 1 + 1 + 1) + βμ′ · 0] + · · · + exp [βh′ · (−1 − 1 − 1 − 1) + βμ′ · 0]
. (B4)

The numerical value of these higher order terms depends on the chosen macrostate and on the coupling parameters. However,
plugging in the formulas above, we note that the absolute value of these terms is small in all cases∣∣ε({τ̂ x

〈I,J〉
}
, βh, βμ

)∣∣ � 10−4 for all
{
τ̂ x
〈I,J〉

}
, βh, βμ (B5)

and thus the higher-order corrections scale to zero with each subsequent RG step. We conclude that the higher order corrections
are negligible for the RG transformation and the qualitative phase diagram.

This results in the flow diagram shown in Figs. 4 and 1. In particular, all (βh, βμ) with βμ > −∞ and βh > 0 flow to the
nonpercolating fixed point at βμ = 0, βh = ∞.

We can analytically take limits of the flow equations to derive the behavior on each of the axes. In the limit βh = 0 we get

βh′ = 1

8
ln

(
4068 eβ μ + 6750 e2 β μ + 4844 e3 β μ + 1290 e4 β μ + 4968

4356 eβ μ + 6654 e2 β μ + 4556 e3 β μ + 1194 e4 β μ + 4776

)

and

βμ′ = 1

2
ln

⎛
⎜⎜⎝4 e2 β μ (2769 eβ μ + 1770 e2 β μ + 427 e3 β μ + 1966) (3369 eβ μ + 2290 e2 β μ + 579 e3 β μ + 2214)

(3956 eβ μ + 5550 e2 β μ + 3420 e3 β μ + 794 e4 β μ + 1128)
× (4452 eβ μ + 6750 e2 β μ + 4460 e3 β μ + 1098 e4 β μ + 1160)

⎞
⎟⎟⎠.
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Thus we (approximately) stay on this axis and flow towards the fixed point (βh, βμ) = (0,−0.077). The system percolates at
the point (βh, βμ) = (0, 0) and flows from there to this fixed point, implying percolation for all (βh, βμ) = (0, βμ).

In the limit βμ = −∞ (pure gauge) we get βμ′ = −∞ and

βh′ = 1

8
ln

⎛
⎜⎜⎝

e12 β h (56 e2 β h + 237 e4 β h + 517 e6 β h + 648 e8 β h + 512 e10 β h + 303 e12 β h

+ 139 e14 β h + 46 e16 β h + 14 e18 β h + 5 e20 β h + e22 β h + 6)
(5 e2 β h + 14 e4 β h + 46 e6 β h + 145 e8 β h + 337 e10 β h + 554 e12 β h

+ 630 e14 β h + 457 e16 β h + 173 e18 β h + 26 e20 β h + 1)

⎞
⎟⎟⎠.

Thus for βh > 0.29 and for βh < 0.074 we have βh′ > βh and for 0.074 < βh < 0.29 we have βh′ < βh.
In the limit βμ = 0 (Bernoulli percolation), the flow equations give

βh′ = 1

8
ln

⎛
⎜⎜⎝

324 e−2 β h + 2780 e2 β h + 62 e−4 β h + 4846 e4 β h + 6 e−6 β h + 5585 e6 β h

+ 4234 e8 β h + 2115 e10 β h + 692 e12 β h + 145 e14 β h + 18 e16 β h + e18 β h + 1112
2712 e−2 β h + 230 e2 β h + 4858 e−4 β h + 26 e4 β h + 5589 e−6 β h + 4186 e−8 β h

+ 2085 e−10 β h + 692 e−12 β h + 147 e−14 β h + 18 e−16 β h + e−18 β h + 992

⎞
⎟⎟⎠

and thus βh′ > βh for all βh > 0 on this axis. For the limit βh → ∞ there is only one allowed configuration—the configuration
with zero electric strings. Thus the RG flow is not uniquely defined in this limit. Because the flow equations give |βμ′| < |βμ|
for large enough βh, we define the flow in this limit the same way, e.g., βμ′ := βμ + 1.

Altogether we obtain the RG flow depicted in Figs. 1(b) and 4.

APPENDIX C: CORRESPONDENCE TO SITE-BOND
PERCOLATION

We give a rough bound of the consequences which perco-
lation corrections have on the confinement phase diagram by
comparing to a site-bond percolation problem.

Note that |δρ| � 0.08 for all (βh, βμ) with the maxi-
mum value being attained at (βh, βμ) → (0,−∞). In the
uncorrelated limit, the effect on the confinement phase di-
agram corresponds to a site-bond percolation problem. The
site-bond percolation problem considers a lattice on which
both sites and bonds can be randomly occupied [38]. The
correspondence is then established by assigning occupancy
to macrosites in a given RG step according to whether the
percolation carries through the corresponding microconfig-
uration. Specifically, we say for a bond-percolating block
configuration that the central site is occupied if and only if the
microconfiguration percolates. (Note that the occupation of
sites defined here is distinct from the charges defined above.)
In the worst case we thus have a site occupation probability
of 1 − δρ ≈ 0.92. On the curve of critical Bernoulli site-bond

percolation this corresponds to a bond occupation probability
of 0.56 [39,40].

It follows that the critical bond occupation probability is
shifted in the uncorrelated system by at most 0.06. Assuming
that the effect is similar in the correlated system, we can
conclude that the percolation corrections do not affect the RG
flow for large enough βh (small T/h).

APPENDIX D: DETAILS OF PERCOLATION FLOW

The percolation change is defined by the difference in
percolation probabilities of the the renormalized configuration
and the original configuration. To calculate this, we check
for each microconfiguration on a block whether or not it
percolates and compare this to the percolation of the assigned
macroconfiguration.

The percolation flow depends on the path with respect to
which we define percolation, e.g., from left to right or from
the bottom to the right. To simplify, we take the average over
all such paths, shown in Fig. 9.

The resulting percolation change is

δρ(βh, βμ) = 1

Z (βh, βμ)
· 1

6

(
2470 e−2 β h − 68 e2 β h + 2630 e−4 β h − 418 e4 β h + 1712 e−6 β h − 277 e6 β h + 682 e−8 β h

− 124 e8 β h + 170 e−10 β h − 44 e10 β h + 36 e−12 β h − 10 e12 β h + 6 e−14 β h − e14 β h − 1712 eβ μ − 1108 e2 β μ

− 126 e3 β μ + 220 e4 β μ − 1360 e−2 β h eβ μ − 1646 e2 β h eβ μ − 977 e−2 β h e2 β μ − 1517 e2 β h e2 β μ

− 808 e−4 β h eβ μ − 1290 e4 β h eβ μ − 170 e−2 β h e3 β μ − 208 e2 β h e3 β μ + 120 e−2 β h e4 β μ + 156 e2 β h e4 β μ

− 1172 e−4 β h e2 β μ − 1316 e4 β h e2 β μ − 396 e−6 β h eβ μ − 786 e6 β h eβ μ − 400 e−4 β h e3 β μ − 260 e4 β h e3 β μ

− 64 e−4 β h e4 β μ + 26 e4 β h e4 β μ − 933 e−6 β h e2 β μ − 645 e6 β h e2 β μ − 138 e−8 β h eβ μ − 318 e8 β h eβ μ

− 580 e−6 β h e3 β μ − 194 e6 β h e3 β μ − 170 e−6 β h e4 β μ − 26 e6 β h e4 β μ − 400 e−8 β h e2 β μ − 184 e8 β h e2 β μ

− 22 e−10 β h eβ μ − 70 e10 β h eβ μ − 470 e−8 β h e3 β μ − 76 e8 β h e3 β μ − 132 e−8 β h e4 β μ − 14 e8 β h e4 β μ
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− 86 e−10 β h e2 β μ − 34 e10 β h e2 β μ − 6 e12 β h eβ μ − 188 e−10 β h e3 β μ − 12 e10 β h e3 β μ − 66 e−10 β h e4 β μ

− 2 e10 β h e4 β μ − 8 e−12 β h e2 β μ − 4 e12 β h e2 β μ − 28 e−12 β h e3 β μ − 24 e−12 β h e4 β μ − 4 e−14 β h e4 β μ

+ 1168
)

and is normalized by the partition sum

Z (βh, βμ) = 2796 e−2 β h + 2796 e2 β h + 1924 e−4 β h + 1924 e4 β h + 1086 e−6 β h + 1086 e6 β h + 512 e−8 β h + 512 e8 β h

+ 194 e−10 β h + 194 e10 β h + 60 e−12 β h + 60 e12 β h + 19 e−14 β h + 19 e14 β h + 6 e−16 β h + 6 e16 β h

+ e−18 β h + e18 β h + 12336 eβ μ + 18360 e2 β μ + 11904 e3 β μ + 2832 e4 β μ + 11072 e−2 β h eβ μ

+ 11072 e2 β h eβ μ + 16444 e−2 β h e2 β μ + 16444 e2 β h e2 β μ + 7936 e−4 β h eβ μ + 7936 e4 β h eβ μ

+ 10800 e−2 β h e3 β μ + 10800 e2 β h e3 β μ + 2646 e−2 β h e4 β μ + 2646 e2 β h e4 β μ + 11848 e−4 β h e2 β μ

+ 11848 e4 β h e2 β μ + 4480 e−6 β h eβ μ + 4480 e6 β h eβ μ + 8032 e−4 β h e3 β μ + 8032 e4 β h e3 β μ

+ 2084 e−4 β h e4 β μ + 2084 e4 β h e4 β μ + 6900 e−6 β h e2 β μ + 6900 e6 β h e2 β μ + 2016 e−8 β h eβ μ

+ 2016 e8 β h eβ μ + 4816 e−6 β h e3 β μ + 4816 e6 β h e3 β μ + 1282 e−6 β h e4 β μ + 1282 e6 β h e4 β μ

+ 3232 e−8 β h e2 β μ + 3232 e8 β h e2 β μ + 768 e−10 β h eβ μ + 768 e10 β h eβ μ + 2240 e−8 β h e3 β μ

+ 2240 e8 β h e3 β μ + 568 e−8 β h e4 β μ + 568 e8 β h e4 β μ + 1180 e−10 β h e2 β μ + 1180 e10 β h e2 β μ

+ 256 e−12 β h eβ μ + 256 e12 β h eβ μ + 752 e−10 β h e3 β μ + 752 e10 β h e3 β μ + 166 e−10 β h e4 β μ

+ 166 e10 β h e4 β μ + 312 e−12 β h e2 β μ + 312 e12 β h e2 β μ + 64 e−14 β h eβ μ + 64 e14 β h eβ μ + 160 e−12 β h e3 β μ

+ 160 e12 β h e3 β μ + 28 e−12 β h e4 β μ + 28 e12 β h e4 β μ + 52 e−14 β h e2 β μ + 52 e14 β h e2 β μ + 8 e−16 β h eβ μ

+ 8 e16 β h eβ μ + 16 e−14 β h e3 β μ + 16 e14 β h e3 β μ + 2 e−14 β h e4 β μ + 2 e14 β h e4 β μ + 4 e−16 β h e2 β μ

+ 4 e16 β h e2 β μ + 3188.

To estimate the total percolation change �ρ(βh, βμ) =∑∞
n=0 δρn for the flow starting at some point in parameter

space, we sum over the percolation change from the RG steps
starting at this point.

We note that δρ is positive only in the region with βμ �
0 and βh small enough. Because the flow from any point
(βh, βμ) �= (βh,−∞) eventually leaves this region, �ρ can-
not be positive for any such parameter values. For βμ =
−∞ we find the percolation transition point [�ρ(βh,−∞) =
0] to be the largest βh from which the flow ends in
the region with positive δρ. The transition thus occurs at
(βh, βμ) = (1/3.48 . . . ,−∞). The exact critical point is at
(βh, βμ) = (1/2.27 . . . ,−∞).

FIG. 9. Percolating paths through a block. There are several per-
colating paths through a block with respect to which the percolation
change can be defined. In our calculations, we take the average over
all such paths.

APPENDIX E: DATA ANALYSIS WITH MONTE
CARLO SNAPSHOTS

In this section, we consider another method to analyze the
renormalization group flow.

We first perform Monte Carlo simulations of the model
(3). The RG steps are then applied directly on the resulting
snapshots which yields a data set of smaller, renormalized
snapshots. For coupling strengths βh, βμ in the vicinity of
a fixed point, there should be little change in the snapshots
generated this way when compared to Monte Carlo snapshots
with no RG step applied. For coupling parameters far from
any fixed point, the RG step significantly changes the lattice
configurations. This effect is more prominent after several RG
steps are applied.

In order to define an objective metric of similarity in sets
of lattice snapshots, we train a neural network to distinguish
these data sets. The change from applying an RG step is
then quantified by the success rate of this neural network in
distinguishing the data sets.

Table II shows the results for a set of 10 000 Monte Carlo
snapshots with system size 75 × 75. The renormalization
procedure from Sec. III A asymptotically halves the system
length at each step, but the block covering has constant
losses at the edges. Thus applying an RG step to a state
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TABLE II. Distinction accuracies of the neural network. We generate 10 000 Monte Carlo snapshots with system size 75 × 75 and open
boundary conditions. To combat boundary effects, a square of size 45 × 45 from the center of these snapshots is used. We apply two RG steps
to the first 5000 snapshots. The resulting 9 × 9 lattice configurations are compared to same size cutouts from applying one RG step to the
remaining 5000 snapshots. A neural network with three hidden layers is trained on 80% of the data and tested on the remaining 20%. We show
the distinction accuracies of the trained neural network between the data sets with two RG steps and with one RG step.

Percolating phase Nonpercolating phase Near RG fixed point Near exact fixed point
T/h = +∞, T/μ = −0.5 T/h = 1.0, T/μ = −0.5 T/h = 3.48, T/μ = −3.48 × 10−4 T/h = 2.27, T/μ = −2.27 × 10−4

80.45% 49.45% 72.50% 77.10%

of size (4k + 1) × (4k + 1) yields a configuration with size
(2k − 1) × (2k − 1). We can see that the effect of the RG step
is indiscernible for the nonpercolating configurations, i.e., the
neural network accuracy is no better than a random guess. At
the chosen parameters, most of the configurations are empty
and so the renormalization has little effect. We recognize this
as the trivial nonpercolating fixed point at T/h = 0. In the
percolating phase at T/h = +∞, the high accuracy shows that
a single RG step strongly affects the system, indicating that
the flow has not yet reached a fixed point. The accuracies near

the critical fixed point at T/h = 3.48, T/μ = 0 are harder
to interpret and we would have expected lower accuracies in
this case. It is possible that the results are due to the smaller
system size, effects from the open boundaries, or T/μ being
nonzero.

Overall this method yields no striking results for the model
at hand. It is however interesting since it could easily be ap-
plied to analyze other models where snapshots are available,
e.g., from quantum Monte Carlo simulations or experimental
data.
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Kitaev’s toric code has become one of the most studied models in physics and is highly relevant to
the fields of both quantum error correction and condensed matter physics. Most notably, it is the simplest
known model hosting an extended, deconfined topological bulk phase. To this day, it remains challenging
to reliably and robustly probe topological phases, as many state-of-the-art order parameters are sensitive to
specific models and even specific parameter regimes. With the emergence of powerful quantum simulators
which are approaching the regimes of topological bulk phases, there is a timely need for experimentally
accessible order parameters. Here we study the ground state physics of the parallel field toric code on the
honeycomb, triangular, and cubic lattices using continuous-time quantum Monte Carlo. By extending the
concept of experimentally accessible percolation-inspired order parameters (POPs) we show that electric
and magnetic anyons are independently confined on the honeycomb and triangular lattices, unlike on
the square lattice. Our work manifestly demonstrates that, even in the ground state, we must make a
distinction between topological order and (de-)confinement. Moreover, we report multicritical points in
the aforementioned confinement phase diagrams. Finally, we map out the topological phase diagrams
on the honeycomb, triangular, and cubic lattices and compare the performance of the POPs with other
topological order parameters. Our work paves the way for studies of confinement involving dynamical
matter and the associated multicritical points in contemporary quantum simulation platforms for Z2 lattice
gauge theories.

DOI: 10.1103/gtth-cclr

I. INTRODUCTION

Quantum models featuring topological order [1–3] are
one of the main research directions in modern condensed
matter physics. They are highly relevant for the study
of the integer [4] and fractional [5] quantum Hall effect,
quantum spin liquids [6], and quantum error correction
[7]. Topological phases have intriguing features such as
degenerate, long-range entangled ground states and point-
like excitations (“anyons”) in two-dimensional systems,
which fulfill neither fermionic nor bosonic statistics but
can instead pick up any phase (hence the name) when
braiding two anyons [8,9]. As a result, the topological
phases remain stable against local perturbations and thus

*Contact author: simon.linsel@lmu.de

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license. Fur-
ther distribution of this work must maintain attribution to the
author(s) and the published article’s title, journal citation, and
DOI.

constitute an important class of models for fault-tolerant
quantum computing [7,10].

The toric code, originally studied by Kitaev [7], is gen-
erally regarded as the simplest model featuring Z2 topolog-
ical order and anyons. Fradkin and Shenker [11] famously
studied the extended toric code, i.e., the toric code in a
parallel field, on the square lattice. At zero temperature,
it features two phases separated by a continuous phase
transition: an extended topological deconfined phase for
small fields and a trivial confined phase for large fields
which encloses a first-order line that ends at a multicrit-
ical point [11,12] whose universality class is still a topic
of debate [7,13–21]. Other recent studies suggest that the
qualitative structure of the phase diagram also holds on
the honeycomb, triangular, and cubic lattices [22,23], yet
numerically exact studies have not been reported.

There is a timely need for experimentally accessible
order parameters due to the emergence of quantum simula-
tors enabling snapshot measurements [24–30] and moving
toward the regimes of quantum spin liquids [31]. Topolog-
ical phases inherently involve nonlocal entanglement and
importantly cannot be probed using local order parameters

2691-3399/26/7(1)/010332(12) 010332-1 Published by the American Physical Society
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known from the Ginzburg-Landau paradigm. In the last
few decades, a plethora of methods have been established
to probe topological phases, ranging from topological
entanglement entropy [32–34] to string-loop order oper-
ators derived from Wegner-Wilson [35,36] and ’t Hooft
loops [37]. A fundamental challenge is that most topol-
ogy probes are tailored to specific analytical, numerical
or experimental frameworks and are not easily accessible
to other methods. For example, the topological entangle-
ment entropy can usually be extracted with the density
matrix renormalization group [38] or wavefunction-based
approaches; however, it requires a gap and is challeng-
ing to extract from both quantum Monte Carlo (QMC)
(requiring the replica trick [39]) and experiments [40].

Here we map out the topological and confinement
phase diagrams of the extended toric code on the honey-
comb, triangular, and cubic lattices using a numerically
exact state-of-the-art continuous-time QMC algorithm
[12]. We demonstrate that e-anyons and m-anyons are
independently confined on the triangular and honey-
comb lattices. To this end, we generalize the recently
proposed percolation-inspired order parameters (POPs)
[41,42]—which are experimentally accessible to snapshot
measurements and were shown to capture the phases of
the Fradkin-Shenker model—from e-anyons to m-anyons.
The topological phase is identified with the phase where
both e- and m-anyons are deconfined [11] (see Fig. 1).
We find a set of multicritical points in the topological
and confinement phase diagrams that closely resemble the
structure of the Fradkin-Shenker phase diagram. Finally,
we compare the POP performance with two other order
parameters: a staggered imaginary times observable (SIT)
and the Fredenhagen-Marcu loop operator (FM).

II. EXTENDED TORIC CODE

We study the extended toric code, described by the
Hamiltonian

Ĥ = −
∑

v

Âv −
∑

p

B̂p

− hx

∑

l

τ̂ x
l − hz

∑

l

τ̂ z
l , (1)

where Pauli matrices τ̂ x
l and τ̂ z

l are defined on the links
l of the underlying lattice. The star term Âv = ∏

l∈v τ̂ x
l

describes the interaction of all links l connected to a ver-
tex v and the magnetic term B̂p = ∏

l∈p τ̂ z
l describes the

interaction of links on an elementary plaquette p of the
respective lattice. The terms ∝ hx, hz are external fields.
In this work, we only consider hx, hz ≥ 0 and periodic
boundaries.

The bare toric code, i.e., hx = hz = 0, features an
exactly solvable topological ground state with Âv = B̂p =
1 ∀ v, p which is an equal superposition of closed loops of

Dual lattice

���

���

FIG. 1. Link- and plaquette percolation as confinement order
parameters for e- and m-anyons in the extended toric code (1). (a)
On the left, we start with a triangular lattice in the ground state of
the bare toric code (hx = hz = 0), i.e., Âv = B̂p = 1 everywhere.
Applying τ̂ z-perturbations (“Z”) on a cluster of neighboring links
creates a pair of frustrated stars (Âv = −1) at the open ends of
the cluster, which are associated with pointlike e-anyons living
on lattice sites (red). Applying τ̂ x-perturbations (“X”) on a clus-
ter of links connecting neighboring plaquettes creates a pair of
frustrated plaquettes (B̂p = −1) at the open ends of the cluster,
which are associated with pointlike m-anyons living on plaque-
ttes (blue). The problem can be mapped to the dual lattice (here:
honeycomb lattice) where the meaning of e- and m-anyons is
swapped along with the fields (hx ↔ hz). (b) In the e-deconfined
phase a percolating cluster of links with τ̂ x = −1 winds around
the periodic lattice in at least one spatial dimension (here P̂x

x =
P̂x

y = −1), corresponding to a nonzero percolation probability
�x > 0. In the m-deconfined phase a percolating plaquette clus-
ter connected by links with τ̂ z = −1 winds around the periodic
lattice in at least one spatial dimension (here P̂z

x = 1, P̂z
y = −1),

corresponding to a nonzero plaquette percolation probability
�z > 0.

connected links with τ̂ x = −1 (τ̂ z = −1) on the (dual) lat-
tice, typically referred to as a “quantum loop gas.” The four
topological sectors of the ground state can be equally dis-
tinguished in the τ̂ x- or τ̂ z-basis by the expectation values
of noncontractible loop operators, measuring the winding
number parity in x- or y-direction,

P̂x
x/y =

∏

l∈γ̃y/x

τ̂ x
l , (2)

P̂z
x/y =

∏

l∈γy/x

τ̂ z
l , (3)

where γα (γ̃α) is a noncontractible loop winding around the
α-direction (α ∈ {x, y}) of the (dual) lattice. We illustrate
the winding number parity in Fig. 1(b).
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Two-dimensional toric codes feature two types of
anyonic excitations [illustrated in Fig. 1(a)]: e-anyons
(Z2 electric charges) are pointlike excitations on a frus-
trated star (Âv = −1). They can be created in pairs by
applying τ̂ z-perturbations on neighboring links on the bare
toric code ground state with Âv = B̂p = 1 everywhere,
thus creating a cluster of links with τ̂ x = −1. m-anyons
(Z2 magnetic vortices) are pointlike excitations associated
with a frustrated plaquette (B̂p = −1). They can be created
in pairs by applying τ̂ x-perturbations on links connecting
elementary plaquettes on the ground state, thus creating a
plaquette cluster connected by links with τ̂ z = −1. For the
bare toric code hx, hz = 0, anyons are thermal excitations
of the ground state.

When performing a duality mapping [35], i.e., identify-
ing plaquettes with sites, e-anyons on a two-dimensional
lattice can be identified with m-anyons on the dual lattice
and vice versa [see Fig. 1(a)]. In the case of the self-dual
Fradkin-Shenker model [11], i.e., the extended toric code
on the square lattice, e-anyons behave identically to m-
anyons upon changing hx ↔ hz. This is reflected in the
naming of the model’s two phases, the confined (topo-
logical) phase where both e- and m-anyons are confined
(deconfined). Crucially, this is not the case for the toric
code on the triangular and the honeycomb lattice which
are instead dual to each other. Later we will show that e-
and m-anyons are independently confined on the triangular
and honeycomb lattices.

Different classes of order parameters are commonly
used in the literature to probe topological order. The first
class are string-loop order operators derived from Wegner-
Wilson [35,36] and ’t Hooft loops [37]. A prominent
example is the FM, which was introduced in the context
of Z2 lattice gauge theories [43–45]. Its equal-time variant
is defined as

Ox/z
FM = lim

L→∞

〈∏l∈Cx/z
1/2

τ̂
x/z
l 〉

√
|〈∏l∈Cx/z τ̂

x/z
l 〉|

, (4)

where Cx/z is a closed contour of links with perimeter
O(L) at equal imaginary time on the lattice (τ̂ z-basis;
“Wegner-Wilson loop”) or the dual lattice (τ̂ x-basis; “’t
Hooft loop”); Cx/z

1/2 is an open contour with two open
ends that contains half the links of Cx/z. The FM order
parameter measures the response of the system when two
e-anyons (m-anyons) are spatially separated and relates it
to the response of the bulk, thus circumventing the problem
that for nonzero hz (hx) regular Wegner-Wilson (’t Hooft)
loops follow a perimeter (area) law in both the trivial
and the topological phase [46,47]. Another variant that
circumvents the above problem is locally error-corrected
decoration [48], where a renormalization group procedure

is used to remove anyons from snapshots before measuring
the string-loop operators.

In the context of continuous-time QMC, a SIT order
parameter local in space but nonlocal in imaginary time
has shown some success [12]. It can be defined as

Ox/z
SIT = 1

β

[
(τ k

1 − 0) − (τ k
2 − τ k

1 ) + · · · + (−1)N (k)−1

(τ k
N (k) − τ k

N (k)−1) + (−1)N (k)(β − τ k
N (k))

]
, (5)

where τ k
n is the imaginary time of the nth tuple spin flip

of type k. k is an elementary plaquette p (star s) of links
when sampling in the τ̂ x-basis (τ̂ z-basis) [49]. For details,
see Ref. [12].

Recently, POPs have been proposed in the context of
e-confinement in Z2 lattice gauge theories [41]. They
measure the winding number of connected clusters C of
adjacent links l with τ̂ x

l = −1 ∀ l ∈ C. The physical intu-
ition comes from the picture of fluctuating τ̂ x-fields which
connect pairs of e-anyons in local clusters in the confined
phase and form global percolating clusters in the decon-
fined (topological) phase [see Fig. 1(b)]. In its simplest
form, the percolation probability can be written as the
expectation value 〈�̂x〉 of the projector

�̂x =
∑

W( j ) �=0

|{τ̂ x}j 〉〈{τ̂ x}j | (6)

over all possible configurations {τ̂ x}j with nonzero wind-
ing number W( j ), i.e., configurations with zero winding
number have �x = 0. Pictorially, �̂x measures whether
it is possible to traverse the system only on links l with
τ̂ x

l = −1, hence the name “percolation probability.” Sim-
ilar order parameters have been used in the context of
quantum chromodynamics [50–52].

Here, we not only measure percolation in the τ̂ x-basis
to probe the confinement of e-anyons but also extend the
definition, by analogy, to the τ̂ z-basis to measure the con-
finement of m-anyons. Instead of bond percolation, we
calculate the plaquette percolation probability �z where
two neighboring plaquettes p1 and p2 are part of the same
cluster iff they share a link l ∈ p1, p2 with τ̂ z

l = −1 [see
Fig. 1(b)].

For the quantum loop gas, i.e., the fourfold degenerate
ground state of the bare toric code, only noncontractible,
percolating loops lead to P̂x

x/y = −1 (P̂z
x/y = −1) since all

contractible loops contribute an overall factor of +1 to
the winding number parity by construction [see Fig. 1(b)].
The topological sector with P̂x

x = P̂x
y = 1 (P̂z

x = P̂z
y = 1) is

compatible with percolating loops, hosting, e.g., two per-
colating clusters or one percolating cluster with an even,
nonzero winding number. Thus the topological quantum
loop gas has the necessary condition �x, �z > 0 as a direct
consequence of its topological degeneracy, underlining
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that percolation is a very natural quantity to probe in the
context of topological phases. We will demonstrate that
this conjecture also holds for the toric code subject to a
finite external field. Even the absence of percolation in
one basis, i.e., the confinement of either e- or m-anyons,
already implies a topologically trivial phase.

We will measure and compare the FM, SIT, and POPs
to gain insights into the ground state phase diagram of
the extended toric code (1) on various lattices. All three
order parameters are basis-dependent and it is practically
impossible to reproduce results from the τ̂ x-basis in the τ̂ z-
basis and vice versa, reflecting the absence of a local order
parameter. Therefore, we will study both and combine their
total information to understand the phase diagrams.

III. PHASE DIAGRAMS

A. Honeycomb lattice

On the honeycomb lattice, we simulate periodic systems
up to L2 = 322 in terms of unit cells at T = 1/L and take
up to 3 × 104 snapshots for every data point. A recent work
[23] provides a good starting point for interesting parame-
ter ranges. We repeat our parameter scans in both the τ̂ x-
and τ̂ z-bases and calculate the FM, SIT, POPs, and other
observables like the energy for every QMC snapshot. Here
and in the following, all error bars are calculated using
either the integrated autocorrelation time or the stationary
bootstrap [53–55].

We show the e-confinement phase diagram in Fig. 2(a).
We observe an extended e-deconfined phase with �x >

0 that is persistent for finite fields hx, hz > 0 and an e-
confined phase with �x = 0 for large fields. For hx-scans
at small hz, we find a continuous phase transition to the
e-confined regime. At hz = 0, the model can be exactly
mapped to the transverse-field Ising model (TFIM) on the
triangular lattice [23], whose phase transition is known
to be in the (2 + 1)D Ising universality class [implying
(2 + 1)D Ising∗ for the extended toric code]. Our criti-
cal field hx,c = 0.210(2) is in good agreement with TFIM
QMC studies which yield hTFIM

x,c ≈ 0.209 [56]. We repeat
the finite-size scaling for the SIT and the results agree with
the POPs. The FM order parameter does capture the phase
transition from the e-deconfined phase into the e-confined
phase (hx � 1) but not into the Higgs phase (hz � 1),
where it is too noisy to be evaluated. The QMC sampling in
the τ̂ x-basis becomes vastly inefficient for high hz because
spins are more aligned with the perpendicular τ̂ z-operator.
As a result, the observables in this range tend to be noisy
and a high number of snapshots is required. For larger
fields hz ≥ 0.3, the POP Binder cumulants do not show a
crossing point for the simulated system sizes, but we still
observe a clear drop to �x = 0 for large fields hx, hz, see
inset. Similarly, for hz-scans we do not find SIT Binder
cumulant crossing points for the simulated system sizes,
but we observe an abrupt rise in OSIT at the critical fields

(known from the duality to the triangular lattice). We also
study a classical limit of the extended toric code (1) on the
honeycomb lattice in Appendix A.

In Fig. 2(b), we show the m-confinement phase dia-
gram. For hz-scans, we observe a transition from an m-
deconfined regime with �z > 0 to an m-confined regime
with �z = 0. At hx = 0 the critical value is hz,c = 0.475(5)

obtained by a crossing-point analysis. This value is con-
firmed by the SIT and FM order parameters. In stark
contrast to the e-confinement, we do not observe a tran-
sition into an m-confined regime for large hx but small
hz. The system remains m-deconfined and �z > 0, while
it is e-confined and �x = 0, hence, e- and m-anyons can
be independently confined at zero temperature. For details,
see Appendix B.

Another interesting feature of the m-confinement phase
diagram in Fig. 2(b) is the existence of a first-order
phase boundary between the m-deconfined and m-confined
phase which starts at a multicritical point around the
tip of the e-deconfined phase in Fig. 2(a) at (hz, hx) =
(0.485(5), 0.225(5)) and ends at a multicritical point
(hz, hx) = (0.61(1), 0.34(1)) after which we find a perco-
lation transition (dashed line). This transition is a feature
of POPs and important for confinement, but crucially
does not signal a topological phase transition, i.e., it is
compatible with the Fradkin-Shenker theorem [11]. The
first-order nature is signaled by a double-peak structure of
the histogram of the probability distribution of observables
obtained from QMC snapshots, indicating the coexistence
of two phases. We find the double-peak structure not only
in �z but also in the energy which is a clear sign that this
first-order line is indeed physical. An exemplary histogram
is shown in the inset of Fig. 2(c). Crucially, the first-order
line is not visible in �x.

We identify the topological phase with the phase where
both e- and m-anyons are deconfined and show the result-
ing topological phase diagram on the honeycomb lattice in
Fig. 3(a). The phase diagram is constructed using the FM,
SIT, and POPs in the τ̂ x- (τ̂ z-) basis for hx- (hz-) sweeps
and all order parameters agree. It is reminiscent of pre-
vious studies [23] and qualitatively similar to the square
lattice [12]. Interestingly, it exhibits a first-order line akin
to the Fradkin-Shenker phase diagram.

B. Triangular lattice

Our approach on the triangular lattice is similar to the
honeycomb lattice. We simulate periodic systems up to
L2 = 322 in terms of unit cells at T = 1/L and take up to
3 × 104 snapshots for every data point. We use the duality
between the triangular and honeycomb lattice toric code
to identify interesting parameter regimes. We repeat our
parameter scans in both the τ̂ x- and τ̂ z-bases and calculate
the FM, SIT, POPs, and other observables like the energy
for every QMC snapshot.
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FIG. 2. e- and m-confinement phase diagram of the extended toric code (1) on the honeycomb, triangular, and cubic lattices. We
apply continuous-time quantum Monte Carlo at temperature T = 1/L to gain insights into the ground state phase diagram and use a
crossing-point analysis of Binder cumulants U to extract the critical fields [see inset of (a)]. On the left (right), we sample in the τ̂ x-basis
(τ̂ z-basis) and measure the percolation probability �x (plaquette percolation probability �z), the Fredenhagen-Marcu loop operator,
and the staggered imaginary times observable order parameters. (a) and (b) The honeycomb lattice features an extended e-deconfined
region with �x > 0 for small hx, hz and an e-confined region with �x = 0 for larger hx, hz which are separated by a continuous phase
transition. m-anyons are always deconfined (�z > 0) for small hz, giving rise to an e-confined, m-deconfined regime. For large hz ,
m-anyons feature a confined phase. The phase boundary features two multicritical points between which the phase transition is of
first-order type. For even higher fields, �z has a percolation transition (dashed line) which is not relevant for topology. (c) and (d)
The toric code on the triangular lattice is dual to the honeycomb lattice, and the phase diagram is identical to the honeycomb lattice
when exchanging the basis τ̂ x ↔ τ̂ z and hx ↔ hz . We identify an m-confined, e-deconfined regime for large hz . (e) On the cubic
lattice, the confinement of e-anyons is qualitatively similar to the triangular lattice but features a first-order phase transition (yellow
phase boundary, see inset for hysteresis curve) between the e-deconfined (e-confined) region at small (large) hx. The first-order line
ends at a multicritical point around (hz, hx) = (1.0(1), 1.8(2)) after which we find a percolation transition (dashed line). (a)–(e) We
identify the topological phase with the regime where both e- and m-anyons are deconfined. The Fredenhagen-Marcu loop operator and
the staggered imaginary times observable order parameters can generally probe the topological phase transition in the τ̂ z-basis (τ̂ x-
basis) for hz-scans (hx-scans) [see insets in (c) and (d)]. In the other two cases, i.e., in the τ̂ x-basis (τ̂ z-basis) for hz-scans (hx-scans)
the staggered imaginary times observable features crossover behavior and the Fredenhagen-Marcu loop operator is too noisy to be
evaluated. Additional data are presented in Appendix B.

We show the e-confinement phase diagram in Fig. 2(c).
Due to the duality to the honeycomb lattice, it is identi-
cal to Fig. 2(b) when exchanging hx ↔ hz. We observe an
extended e-deconfined phase with �x > 0 that is persistent

for finite fields hx, hz > 0. For hx-scans, we observe a con-
tinuous phase transition to an e-confined regime where
�x = 0. The critical fields have been extracted using a
Binder cumulant crossing-point analysis. At hz = 0, the
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FIG. 3. Topological phase diagram of the extended toric code
(1) on the honeycomb, triangular, and cubic lattices. We con-
struct the topological phase diagram using ground state quantum
Monte Carlo calculations for the FM, SIT, and POPs which are
partially shown in Fig. 2. The general structure of the phase
diagram is remarkably similar to the Fradkin-Shenker model
[11] for all lattices: the system features an extended topologi-
cal phase that is persistent for finite fields hx, hz > 0. The critical
line hx,c(hz) (hz,c(hx))—extracted using a finite-size scaling anal-
ysis—is convex, i.e., it slightly shifts up for increasing hz (hx). A
first-order line starts at a multicritical point at the tip of the topo-
logical phase and ends at a multicritical point in the trivial phase.
(a) Honeycomb lattice: a continuous phase transition separates
the topological from the trivial regime (hx, hz � 1). (b) Triangu-
lar lattice: the honeycomb lattice is dual to the triangular lattice,
which is reflected in the topological phase diagram (hx ↔ hz).
(c) Cubic lattice: the system features a first-order phase transi-
tion as we increase hx while fixing hz (yellow phase boundary).
The phase boundary where hx is kept constant is associated with
a continuous phase transition (solid line).

model can be exactly mapped to the TFIM on the honey-
comb lattice [35], whose phase transition is in the (2 + 1)D
Ising universality class. Our critical field hx,c = 0.475(5)

is in good agreement with TFIM QMC studies which yield
hTFIM

x,c ≈ 0.469 [56]. We repeat the finite-size scaling for
the SIT and the results agree with the POPs (see inset
for FM and SIT results). As on the honeycomb lattice,
we observe the first-order line between the multicriti-
cal points (hz, hx) = (0.225(5), 0.485(5)) and (hz, hx) =
(0.34(1), 0.61(1)).

For even higher hz, we find a percolation transition
(dashed line). We can explain this transition by looking
at the limit hx = 0, hz → ∞ where all spins are magne-
tized in τ̂ z-direction, see Appendix B. In the τ̂ x-basis, the
spins are completely random and independent, i.e., we
have Bernoulli bond percolation with a probability p = 0.5
which is larger than the Bernoulli bond percolation thresh-
old on the triangular lattice, pc,tri ≈ 0.35 [57,58], hence
�x > 0. In the other limit hz = 0, hx → ∞, all spins are
magnetized in τ̂ x-direction, hence �x = 0. The dashed line
is the percolation transition between these two limits. On
the cubic lattice, the Bernoulli bond percolation threshold
is pc,cu = 0.247(5) [57], indicating a similar situation as
on the triangular lattice [see discussion, Fig. 2(e)]. On the
honeycomb lattice, however, the Bernoulli bond percola-
tion threshold is pc,hon ≈ 0.65 [57,58], thus both limits are
e-confined, confirming our numerical result in Fig. 2(a).

In Fig. 2(d), we show the m-confinement phase dia-
gram. The phase diagram is identical to the e-confinement
phase diagram of the honeycomb lattice when exchang-
ing hx ↔ hz. An extended m-deconfined phase for small
fields hx, hz > 0 has a continuous phase transition to an m-
confined phase for larger fields. For large hz, the system
is e-deconfined but m-confined. The SIT Binder cumulant
crossing points confirm the phase boundaries of �z (see
inset for FM and SIT results). The (physical) first-order
line cannot be probed using �z.

We show the resulting topological phase diagram on the
triangular lattice in Fig. 3(b). The duality between the toric
code on the triangular and honeycomb lattice is reflected
in the topological phase diagram (hx ↔ hz).

C. Cubic lattice

We study the cubic lattice toric code with plaquette
interactions, i.e., the interaction of 4 links on cube faces
but crucially not with cubic interactions of 12 links. The
star interaction is a 6-qubit term involving all links in three
spatial dimensions connected to a given site. In general,
the correct definition of a POP in three dimensions heavily
depends on the details of the model. For example, cube
interactions lead to a different excitation structure than
plaquette interactions. For this reason, we do not study
m-confinement with percolation but instead rely on the
SIT and FM to map out the topological phase boundaries.
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We simulate periodic systems up to L3 = 163 in terms of
unit cells at T = 1/L and take up to 104 snapshots for every
data point. An earlier work [22] provides a good start-
ing point for interesting parameter ranges. We repeat our
parameter scans in both the τ̂ x- and τ̂ z-bases and calculate
the FM, SIT, POPs, and other observables like the energy
for every QMC snapshot.

We show the e-confinement phase diagram in Fig. 2(e).
We detect an extended e-deconfined phase with �x > 0
that is persistent for finite fields hx, hz > 0. For hx-scans,
we observe a first-order phase transition to an e-confined
regime, where �x = 0. To obtain the hysteresis curve, we
used the state from the previous data point as the ini-
tial state, respectively. We observe an enormous hysteresis
area (yellow phase boundaries), which we show for hz = 0
in the inset. At hz = 0, the model is equivalent to Wegner’s
4D lattice gauge theory [35] which features a first-order
transition [59,60] around the critical field hself-duality

x,c = 1
[23] obtained from self-duality. Our critical field hx,c =
0.98(10) (the error bars are the hysteresis interval) is con-
sistent with this result. The hysteresis is also visible in
other observables like energy. The first-order phase bound-
ary ends at a multicritical point (hz, hx) = (1.0(1), 1.8(2)).
For even higher fields, �x has a percolation transition
(dashed line).

For hz-scans at small hx, the system remains e-
deconfined. However, it features a phase transition to the
topologically trivial phase signaled by the SIT and FM in
the τ̂ z-basis. At hx = 0, the model can be exactly mapped
to the TFIM on the cubic lattice [61], whose phase tran-
sition is in the (3 + 1)D Ising universality class (implying
(3 + 1)D Ising∗ for the extended toric code). The critical
field hTFIM

z,c ≈ 0.194 [62] is in good agreement with our SIT
result hz,c = 0.197(05).

We show the resulting topological phase diagram for the
cubic lattice in Fig. 3(c). It is structurally identical to the
Fradkin-Shenker phase diagram except for one crucial dif-
ference: It features a first-order phase transition between
the topological and trivial phase for small hz which leads to
strong hysteresis in all observables. The topological phase
diagram also features a multicritical point at (hz, hx) =
(0.210(08), 1.0(2)), the tip of the topological phase, and at
(hz, hx) = (1.0(1), 1.8(2)), the end of the first-order line.

D. Order parameter comparison

Using the SIT, we can reliably perform a finite-size
scaling analysis for the topological phase transition for hz-
scans (hx-scans) in the τ̂ z-basis (τ̂ x-basis). In the other two
cases, i.e., hx-scans (hz-scans) in the τ̂ z-basis (τ̂ x-basis),
the SIT shows crossover behavior but it is crucially able
to signal the rough phase boundary. However, it is inac-
cessible not only to other numerical methods without easy
access to imaginary time, like tensor networks, but also to
experiments. In its current definition in imaginary time, it

further lacks a clear physical meaning. Like for the other
order parameters, it is necessary to measure both in the τ̂ x-
and the τ̂ z-basis to perform a crossing-point analysis for
all topological phase boundaries, requiring separate QMC
snapshots, respectively.

In contrast to the SIT, both the FM and the POPs are
accessible to quantum simulators. Both can reliably probe
the topological phase transition for hz-scans (hx-scans) in
the τ̂ z-basis (τ̂ x-basis). However, the parameter range for
the finite-size scaling is typically larger for the POPs, as the
FM is a ratio of two exponentially small numbers which
generally results in large statistical errors even for small
fields hx, hz. In addition, the FM exhibits extreme levels of
noise for hx-scans (hz-scans) in the τ̂ z-basis (τ̂ x-basis), ren-
dering it practically unusable. In a recent tensor network
study [47], the FM was further found to host unphys-
ical singularities in the flux-condensing confined region
(hx � 1). The exact form of the string-loop operator has to
be adapted to the problem at hand. Similarly, the POP has
to be adapted for other Hamiltonians and lattices, too (e.g.,
for the toric code on the three-dimensional cubic lattice).

All order parameters studied in this work are basis-
dependent and no single order parameter captures all phase
boundaries in its Binder cumulant using only one basis.
Vice versa, given one basis and all order parameters in
that basis, it is impossible to faithfully calculate the full
phase diagram using Binder cumulants thus far, underlin-
ing the importance of measuring in different bases. The SIT
is more robust than the FM and POPs; however, the SIT
is not accessible to quantum simulators, ruling it out for
experimental studies.

IV. DISCUSSION AND OUTLOOK

We mapped out the phase diagrams of the extended toric
code on the triangular, honeycomb, and cubic lattices using
numerically exact continuous-time quantum Monte Carlo
simulations, precisely determining their phase boundaries
and the order of their transitions, going beyond previous
work [22,23]. Our work manifestly demonstrates that, even
in the ground state, we must make a distinction between
topological order and (de-)confinement. Whereas topologi-
cal order coincides with deconfinement of e- and m-anyons
together, the probing of confinement of e- and m- anyons
separately depends on the choice of basis and quantity of
interest, a situation which is exacerbated for lattices that
are not self-dual. In particular, choosing percolation, which
has the advantage of being experimentally accessible in
current-generation quantum simulators [24–30], we see
that e-confinement agrees with a topologically trivial state
on the honeycomb lattice in the τ̂ x-basis. The same is true
for m-confinement on the triangular lattice in the τ̂ z-basis.
In contrast, m-deconfinement on the honeycomb lattice
in the τ̂ z-basis is found over a much larger area in the
phase diagram compared to the topological order (and the
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same is true for the triangular lattice in the τ̂ x-basis). Other
quantities, such as the SIT, which is susceptible to dynam-
ical effects, lead to qualitatively similar but quantitatively
different behavior. Conceptually similar issues were previ-
ously reported for the FM order parameter [47]. All these
observations are ultimately related to the nonexistence of a
local order parameter for such Ising-like transitions. Note
that our results remain fully compatible with the Fradkin-
Shenker argument. Our work also connects to the recently
popular PXP model on the ruby lattice with an emergent
odd Z2 lattice gauge theory where e- and m-deconfinement
were likewise found in topologically trivial phases [63,64].

We leave for future work the detailed understanding
of the universality class at the multicritical points, which
recently gathered a lot of attention on the square lat-
tice, and a more detailed study of the SIT to probe the
dynamical aspects of (de-)confinement.
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APPENDIX A: CLASSICAL LIMIT OF THE TORIC
CODE

We perform classical Monte Carlo simulations of a
classical limit of the extended toric code (1)

Ĥcan = −hxP̂
[
∑

l

τ̂ x
l

]
P̂ (A1)

at a finite temperature T/hx and hx > 0. We define hard-
core bosons n̂j on lattice sites j . The projector P̂ fixes the
total number of hard-core bosons N = ∑

j n̂j . This highly
nontrivial model has deep connections to Hamiltonian (1)
and has been studied numerically [41] and analytically [42]
in earlier studies. An interesting feature is the local Z2

gauge symmetry with the generator

Ĝj = (−1)n̂j
∏

l∈+j

τ̂ x
l . (A2)

The property [Ĥcan, Ĝj ] = 0 directly results in a set
of locally conserved eigenvalues Ĝj |�〉 = gj |�〉 (“back-
ground charges”) which we set to gj = +1 ∀ j , defining
a so-called “gauge sector.” The eigenvalue equation is
known as Gauss’s law and restricts the physical Hilbert
space. Note that the physics of the model depends on the
choice of these background charges, it is not to be con-
fused with a gauge transformation that leaves the physics
unchanged.

In this canonical formulation, the density of matter par-
ticles d is externally fixed. Matter can be introduced into
the toric code by identifying an open end of a cluster � of
neighboring links with τ̂ x

l = −1 ∀ l ∈ �, i.e., a site with an
uneven number of τ̂ x = −1 attached to it, with a hard-core
boson.

Hamiltonian (A1) can equally be formulated in a grand-
canonical form where the density of bosons is controlled
via a chemical potential μ,

Ĥgc = −hx

∑

l

τ̂ x
l − μ

∑

j

n̂j

= −hx

∑

l

τ̂ x
l − μ

∑

j

1
2

⎛

⎝1 −
∏

l∈+j

τ̂ x
l

⎞

⎠ . (A3)

Note that the chemical potential term resembles the star
term in the extended toric code (1).

At μ = 0, crucially without fixing the matter density, the
probability p for a given link l to have τ̂ x

l = −1 is given by

p = e−βh/[2 cosh(βh)], (A4)

independently of other links, thus reducing to a Bernoulli
percolation problem. An important observation is that
p → 1/2 as β → 0, independent of the underlying lattice.

According to Gauss’s law, matter particles are con-
nected to a cluster � of neighboring links with τ̂ x

l =
−1 ∀ l ∈ �, where the energy cost 2hx	 grows linearly
with the number of neighboring links 	 in the cluster (note
that clusters can also form closed loops without any mat-
ter). At low temperatures, matter particles form mesonic
pair states, where matter particles on neighboring sites
are connected by a cluster of size one (“confined phase”).
At higher temperatures, as a consequence of the compe-
tition between energy and entropy, a global cluster that
winds around periodic boundaries can form, where mat-
ter particles are incoherent, free Z2 charges (“deconfined
phase”) [67]. This transition is associated with a percola-
tion transition from a nonpercolating confined regime at
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low temperatures to a deconfined regime at high temper-
atures [41]. As a finite-T phase in two dimensions, the
deconfined phase is not topological but connects to the
T = 0 topological phase of the toric code (which is also
deconfined).

We simulate the periodic honeycomb lattice with sys-
tem size up to L2 = 402 and take up to 104 snapshots. The
phase diagram is shown in Fig. 4(a). At zero matter density,
the model can be mapped to the two-dimensional classi-
cal Ising model on the dual lattice [35], i.e., the triangular
lattice. The critical temperature is the triangular lattice
Ising critical temperature (T/hx)c ≈ 3.64 [66]. This criti-
cal temperature is confirmed by the Monte Carlo, where
we observe thermal deconfinement and a percolating phase

(a)

(b)

FIG. 4. Classical confinement phase diagram of Hamiltonian
(A1) at finite matter density d on the honeycomb and triangular
lattices. At zero matter density, the model can be mapped to the
two-dimensional classical Ising model on the dual lattice [35],
respectively. The golden lines correspond to Hamiltonian (A3) at
μ = 0. We use the percolation probability �x in the τ̂ x-basis as
a confinement order parameter. (a) Honeycomb lattice: we find
a thermal deconfinement transition at zero matter density. The
critical temperature is the triangular lattice Ising critical temper-
ature (T/hx)c ≈ 3.64 [66]. At finite matter densities, the system
is always nonpercolating. (b) Triangular lattice: the critical tem-
perature at zero density is the honeycomb lattice Ising critical
temperature (T/hx)c ≈ 1.52 [66]. In contrast to the honeycomb
lattice, we observe an extended region with �x > 0 for finite
matter densities. The cubic lattice phase diagram is qualitatively
similar to the triangular lattice [41].

for high temperatures. At a nonzero matter density, we do
not find a thermal deconfinement transition in the thermo-
dynamic limit, i.e., the presence of matter prohibits the
formation of a percolating cluster. This behavior can be
easily understood for μ = 0 [golden line in Fig. 4(a)],
where p → 1/2 for T/hx → ∞, thus never reaching the
Bernoulli (bond) percolation threshold on the honeycomb
lattice, pc,hon ≈ 0.65 [57,58]. The phase diagram is struc-
turally identical to the one of the square lattice [41], where
the structure of the phase diagram was confirmed using an
analytical renormalization group study [42].

The phase diagram on the triangular lattice is shown in
Fig. 4(b). We simulate periodic systems up to L2 = 402

and take up to 104 snapshots. At zero matter density, the
critical temperature is the honeycomb lattice Ising critical
temperature (T/hx)c ≈ 1.52 [66]. In contrast to the hon-
eycomb lattice, we find a thermal deconfinement phase
transition and thus a deconfined phase at nonzero matter
density. We extract the critical temperatures using a finite-
size scaling analysis. Looking again at the μ = 0 [golden
line in Fig. 4(b)], we have p → 1/2 for T/hx → ∞, thus
reaching the Bernoulli (bond) percolation threshold on the
triangular lattice, pc,tri ≈ 0.35 [57,58] at a finite tempera-
ture. The phase diagram is structurally identical to the one
on the cubic lattice [41].

(a)

(b)

FIG. 5. Magnetizations in x- and z-direction of the extended
toric code (1). We apply continuous-time quantum Monte
Carlo at temperature T = 1/L for L = 20. We calculate the x-
magnetization 〈τ̂ x〉 and the z-magnetization 〈τ̂ z〉. (a) For large hx
the system is magnetized in x-direction and completely param-
agnetic in z-direction, here shown for the honeycomb lattice. (b)
The opposite is true for large hz, where the system is magnetized
in z-direction and paramagnetic in x-direction, here shown for
the triangular lattice.
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Our results can be directly related to the full quantum
model studied in the main text. The topological ground
states of the extended toric code (1) feature percolating
clusters since charges (associated with open ends j of a
cluster with

∏
l∈+j

τ̂ x
l = −1) are gapped excitations and

only appear in virtual pairs as a consequence of quan-
tum fluctuations. In the Higgs phase (hz � 1) on the other
hand, charges condense and accumulate, leading to a finite
density of free charges. Depending on the lattice geometry,
this may prohibit percolation. On the triangular and cubic
lattice [see Figs. 2(c) and 2(e)] with larger coordination
number, we observe �x > 0 in the Higgs phase since the
accumulation of charges does not prohibit the formation of
a percolating cluster, which is directly related to the fact
that the percolating phase of the classical model (A1) is
persistent for a finite matter density [see Fig. 4(b)]. Con-
versely, on the square and honeycomb lattice with smaller
coordination number we find �x = 0 in the Higgs phase
(extrapolated on the square lattice, see Ref. [41]), since
any finite matter density prohibits percolation, as evident
from Fig. 4(a). Thus the classical finite-T phase diagram is
deeply connected to the behavior observed in the full quan-
tum model and explains the qualitative differences between
the lattices. Our work also connects to Ref. [68], where
a POP was applied at finite temperature in the context of
quantum error correction.

APPENDIX B: ADDITIONAL DETAILS ON THE
CONFINEMENT PHASE DIAGRAM

In Fig. 5, we show the x-magnetization 〈τ̂ x〉 and the
z-magnetization 〈τ̂ z〉 with respect to the fields hx and
hz. For high hx (hz) the system is magnetized in the x-
direction (z-direction) and paramagnetic in the z-direction
(x-direction). Thus, for high hz the fields τ x are completely
independent and resemble Bernoulli percolation, where
each bond is occupied with a probability p = 0.5. Depend-
ing on the lattice geometry, this probability is below
(honeycomb, pc,hon ≈ 0.65 [57,58]), at (square, pc,sq = 1/2
[57,69]), or above (triangular, pc,tri ≈ 0.35 [57,58]; cubic,
pc,cu = 0.247(5) [57]) the percolation threshold. If pc <

0.5 for a given lattice, then the system is e-deconfined for
small hx and hz → ∞. For plaquette percolation, the per-
colation threshold on the dual lattice is decisive: the system
is m-deconfined for small hz and hx → ∞ if pc > 0.5 for
a given lattice. The special case pc = 1/2 for the square
lattice is discussed in Ref. [41].

In Fig. 6, we show additional details supporting the
phase diagram presented in Fig. 2. In Fig. 6(a), we show
the plaquette percolation probability �z and tune hx across
the e-confinement transition at hx,c = 0.210(2). On both
sides of the e-confinement transition and even for high
fields hx, the m-anyons are m-deconfined with �z = 1.

(a) (b)

(d)(c)

(e)

FIG. 6. (Plaquette) percolation probabilities supporting the confinement phase diagram Fig. 2 of the extended toric code (1).
We apply continuous-time quantum Monte Carlo at temperature T = 1/L for L = 20. We calculate the percolation probability �x

(τ̂ x-basis) and the plaquette percolation probability �z (τ̂ z-basis), respectively. (a) For small hz the system is m-deconfined (�z �= 0)
on the honeycomb lattice even for large hx, where the system is e-confined. Hence, e- and m-anyons are independently confined in this
regime. (b) Similarly, for small hx the system is e-deconfined (�x �= 0) on the triangular lattice even for large hz , where the system is
m-confined. (c)–(e) We show data for the phase boundaries for which no inset is included in Fig. 2.
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Thus, e- and m-anyons are independently confined. In
Fig. 6(b), we show the analog on the triangular lattice.
Here, e-anyons remain deconfined for high fields hz while
m-anyons are simultaneously confined. In the topologi-
cal phase at small fields hx, hz, both e- and m-anyons are
deconfined. In Figs. 6(c)–6(e), we show exemplary plots
of �x, �z for the phase boundaries for which no inset is
included in Fig. 2.

[1] X.-G. Wen, Vacuum degeneracy of chiral spin states in
compactified space, Phys. Rev. B 40, 7387 (1989).

[2] X.-G. Wen, Topological orders in rigid states, Int. J. Mod.
Phys. B 04, 239 (1990).

[3] X.-G. Wen, Quantum Field Theory of Many-Body Sys-
tems: From the Origin of Sound to an Origin of Light and
Electrons (Oxford University, Oxford, 2007), p. 520.

[4] K. v. Klitzing, G. Dorda, and M. Pepper, New method for
high-accuracy determination of the fine-structure constant
based on quantized Hall resistance, Phys. Rev. Lett. 45, 494
(1980).

[5] R. B. Laughlin, Anomalous quantum Hall effect: An incom-
pressible quantum fluid with fractionally charged excita-
tions, Phys. Rev. Lett. 50, 1395 (1983).

[6] L. Balents, Spin liquids in frustrated magnets, Nature 464,
199 (2010).

[7] A. Kitaev, Fault-tolerant quantum computation by anyons,
Ann. Phys. 303, 2 (2003).

[8] J. M. Leinaas and J. Myrheim, On the theory of identical
particles, Il Nuovo Cimento B (1971–1996) 37, 1 (1977).

[9] F. Wilczek, Magnetic flux, angular momentum, and statis-
tics, Phys. Rev. Lett. 48, 1144 (1982).

[10] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S.
Das Sarma, Non-Abelian anyons and topological quantum
computation, Rev. Mod. Phys. 80, 1083 (2008).

[11] E. Fradkin and S. H. Shenker, Phase diagrams of lattice
gauge theories with Higgs fields, Phys. Rev. D 19, 3682
(1979).

[12] F. Wu, Y. Deng, and N. Prokof’ev, Phase diagram of the
toric code model in a parallel magnetic field, Phys. Rev. B
85, 195104 (2012).

[13] J. Vidal, S. Dusuel, and K. P. Schmidt, Low-energy effec-
tive theory of the toric code model in a parallel magnetic
field, Phys. Rev. B 79, 033109 (2009).

[14] I. S. Tupitsyn, A. Kitaev, N. V. Prokof’ev, and P. C. E.
Stamp, Topological multicritical point in the phase diagram
of the toric code model and three-dimensional lattice gauge
Higgs model, Phys. Rev. B 82, 085114 (2010).

[15] S. Gazit, F. F. Assaad, S. Sachdev, A. Vishwanath, and C.
Wang, Confinement transition of Z2 gauge theories coupled
to massless fermions: Emergent quantum chromodynamics
and SO(5) symmetry, Proc. Natl. Acad. Sci. U.S.A. 115,
E6987 (2018).

[16] A. M. Somoza, P. Serna, and A. Nahum, Self-dual critical-
ity in three-dimensional Z2 gauge theory with matter, Phys.
Rev. X 11, 041008 (2021).

[17] C. Bonati, A. Pelissetto, and E. Vicari, Multicritical point of
the three-dimensional Z2 gauge Higgs model, Phys. Rev. B
105, 165138 (2022).

[18] C. Bonati, A. Pelissetto, and E. Vicari, Scalar gauge-Higgs
models with discrete Abelian symmetry groups, Phys. Rev.
E 105, 054132 (2022).

[19] N. Iqbal and J. McGreevy, Mean string field theory:
Landau-Ginzburg theory for 1-form symmetries, SciPost
Phys. 13, 114 (2022).

[20] N. Manoj and V. B. Shenoy, Arboreal topological and
fracton phases, Phys. Rev. B 107, 165136 (2023).

[21] L. Oppenheim, M. Koch-Janusz, S. Gazit, and Z. Ringel,
Machine learning the operator content of the critical self-
dual Ising-Higgs lattice gauge theory, Phys. Rev. Res. 6,
043322 (2024).

[22] D. A. Reiss and K. P. Schmidt, Quantum robustness and
phase transitions of the 3D Toric Code in a field, SciPost
Phys. 6, 078 (2019).

[23] V. Kott, M. Mühlhauser, J. A. Koziol, and K. P. Schmidt,
Quantum robustness of the toric code in a parallel field on
the honeycomb and triangular lattice, SciPost Phys. 17, 053
(2024).

[24] E. Zohar, A. Farace, B. Reznik, and J. I. Cirac, Digital quan-
tum simulation of Z2 lattice gauge theories with dynamical
fermionic matter, Phys. Rev. Lett. 118, 070501 (2017).

[25] L. Barbiero, C. Schweizer, M. Aidelsburger, E. Demler,
N. Goldman, and F. Grusdt, Coupling ultracold matter to
dynamical gauge fields in optical lattices: From flux attach-
ment to Z2 lattice gauge theories, Sci. Adv. 5, eaav7444
(2019).

[26] C. Schweizer, F. Grusdt, M. Berngruber, L. Barbiero,
E. Demler, N. Goldman, I. Bloch, and M. Aidelsburger,
Floquet approach to Z2 lattice gauge theories with ultra-
cold atoms in optical lattices, Nat. Phys. 15, 1168
(2019).

[27] L. Homeier, C. Schweizer, M. Aidelsburger, A. Fedorov,
and F. Grusdt, Z2 lattice gauge theories and Kitaev’s toric
code: A scheme for analog quantum simulation, Phys. Rev.
B 104, 085138 (2021).

[28] L. Homeier, A. Bohrdt, S. Linsel, E. Demler, J. C. Halimeh,
and F. Grusdt, Realistic scheme for quantum simulation of
Z2 lattice gauge theories with dynamical matter in (2 +
1)D, Commun. Phys. 6, 127 (2023).

[29] J. Mildenberger, W. Mruczkiewicz, J. C. Halimeh, Z. Jiang,
and P. Hauke, Confinement in a Z2 lattice gauge theory on
a quantum computer, Nat. Phys. 21, 312 (2025).

[30] J. C. Halimeh, M. Aidelsburger, F. Grusdt, P. Hauke, and
B. Yang, Cold-atom quantum simulators of gauge theories,
Nat. Phys. 21, 25 (2025).

[31] G. Semeghini, H. Levine, A. Keesling, S. Ebadi, T.
T. Wang, D. Bluvstein, R. Verresen, H. Pichler, M.
Kalinowski, R. Samajdar, A. Omran, S. Sachdev, A. Vish-
wanath, M. Greiner, V. Vuletić, and M. D. Lukin, Prob-
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We propose and analyze a family of approximately symmetric neural networks for quantum spin liquid
problems. These tailored architectures are parameter efficient, scalable, and significantly outperform
existing symmetry-unaware neural network architectures. Utilizing the mixed-field toric code and PXP
Rydberg Hamiltonian models, we demonstrate that our approach is competitive with state-of-the-art tensor
network and quantumMonte Carlo methods. Moreover, at the largest system sizes (N ¼ 480 for toric code,
N ¼ 1584 for Rydberg PXP), our method allows us to explore Hamiltonians with sign problems beyond
the reach of both quantum Monte Carlo and finite-size matrix-product states. The network comprises an
exactly symmetric block following a nonsymmetric block, which we argue learns a transformation of the
ground state analogous to quasiadiabatic continuation. Our Letter paves the way toward investigating
quantum spin liquid problems within interpretable neural network architectures.
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Quantum spin liquids represent exotic phases of strongly
correlated matter exhibiting long-range entanglement and
fractionalization [1–4]. Their detection and characterization
remain the subject of intense experimental interest in both
quantummaterials and simulators [5–12]. On the numerical
front, the exploration of spin-liquid phases inevitably runs
into the wall of an exponential Hilbert space. Quantum
Monte Carlo (QMC) methods can efficiently explore this
space, but suffer from the sign problem which limits their
applicability.
Alternatively, variational methods, such as tensor net-

works [13–15] or variational Monte Carlo methods [16–
19], avoid the sign problem but instead restrict themselves
to a small subspace, parametrized by physically motivated
variational Ansätze.
A tremendous amount of recent attention has focused on

a new approach, which utilizes neural networks as the
variational Ansätze (Fig. 1) [20]. The interest in such neural
quantum states (NQS) owes in part to theoretical guaran-
tees of their expressivity [21], which is strictly greater than
that of efficiently contractible tensor networks [22].
Moreover, from a more pragmatic perspective, NQS have
achieved state-of-the-art ground state energies in certain
archetypal models [23,24], such as the two-dimensional
transverse-field Ising model [23].

The simulation of more exotic and delicate quantum
phases, such as spin liquids, remains challenging for both
NQS and more traditional methods [4,27–29]. Indeed, for
neural quantum states, despite recent progress on the J1-J2
Heisenberg model [30–34], the long-range entangled
nature of quantum spin liquids leads to inherently com-
plicated optimization landscapes [35,36]. This causes the
training of generic network architectures to become trapped
in local minima [Fig. 2(b)].
One strategy for simplifying the optimization landscape is

to make use of symmetries. Indeed, by imposing symmetries
on the neural network via group equivariant methods
[31,37], one can significantly reduce the number of opti-
mization parameters without sacrificing expressivity. This
strategy has been extensively employed for both lattice
translation and point group symmetries [35,38]. In the
context of quantum spin liquids, exploiting symmetry ought
to yield even greater dividends as the ground states are
invariant under an exponentially large emergent “gauge”
group [26]. For certain models, for which these emergent
symmetries are exactly known, group-equivariant neural
networks have been shown to yield significant improve-
ments over more conventional methods such as restricted
Boltzmann machines or multilayered perceptrons [39–41].
Unfortunately, for generic spin liquids, it is only possible

to specify the exact form of the emergent symmetry
operators at particular points in phase space [42]. Away
from these special regions, applying such operators will*These authors contributed equally to this work.
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only leave the ground state approximately invariant. This
precludes their strict imposition on the neural network.
In this Letter, we demonstrate that approximately invari-

ant neural networks can impose a soft inductive bias on the
ground-state search while maintaining the flexibility to
capture complex quantum states (e.g., spin liquids) that are
not exactly symmetric [Fig. 1(a)].
Our main results are threefold. First, to impose approxi-

mate symmetries on neural quantum states, we leverage
techniques from the field of approximately group-

equivariant networks [43,44]. We modify these construc-
tions for quantum many-body problems, incorporating
physical insights into the structure of the neural network.
Next, we demonstrate the accuracy of our approach on a
paradigmatic quantum spin liquid model: the Z2 toric code
perturbed by a magnetic field. We show that the variational
energies obtained (i) outperform conventional NQS meth-
ods; (ii) converge to exact diagonalization results for small
system sizes [Fig. 2(b)]; (iii) match state-of-the-art tensor
network and quantumMonte Carlo results for larger system
sizes [Fig. 2(c)]; and (iv) enable access to large system sizes
(N ¼ 480) even when the Hamiltonian has a significant
sign problem, beyond the reach of both QMC and finite-
size matrix product state methods [Fig. 1(c)]. Finally, we
discuss how the approximate-symmetries framework facil-
itates NQS interpretability. In particular, we argue that the
neural network discovers a representation of the emergent
ground-state symmetries of spin liquids in the spirit of the
quasiadiabatic continuation of Hastings and Wen [26]
[Fig. 1(a)].
Emergent symmetries and the toric code—Consider an

L × L square lattice with open boundary conditions and
N ¼ 2L2 − 2L qubits placed on its edges [Fig. 1(a)]. The
mixed-field, Z2 toric-code model is given by the following
Hamiltonian:

H ¼ −
X

v

Av −
X

p

Bp −
X

i

ðhxXi þ hyYi þ hzZiÞ; ð1Þ

where Xi, Yi, and Zi are Pauli operators, the vertex operator
Av ¼

Q
j∈ v Xj acts on qubits neighboring a lattice vertex v,

and the plaquette operator Bp ¼
Q

j∈p Zj acts on qubits
around a square plaquette p. Let us begin by considering
the case where hy ¼ 0. In this regime, it is well understood
that the phase diagram hosts a gapped quantum spin liquid
up to finite values of hx and hz [45–47]. Along the hz ¼ 0
line, there is an exact local Z2 symmetry group, GTC ¼
Z×N=2

2 , generated by the Av operators. To wit, the ground
state jψi is invariant under GTC, Avjψi ¼ jψi. We refer to
elements of GTC as loop operators Wc, since they have
support on closed loops c on the dual lattice.
For jhzj > 0, exact symmetry underGTC no longer holds.

Nonetheless, as long as the system remains in the gapped
spin liquid phase, it is possible to quasiadiabatically
continue the ground state back to the hz ¼ 0 line, where
GTC is again exact [26]. Crucially, the continuation is
accomplished by a local unitary U, which implies that for
hz ≠ 0 there are a set of “fattened” loop operators
W̃c ¼ UWcU†, which remain symmetries of the ground
state. The fattened loop operators are supported on ribbons
of finite width about the unperturbed contours c, up to
exponentially small errors [Fig. 1(a)].
Approximate symmetries in neural networks—In order to

exploit the emergent symmetries to improve the NQS
Ansatz, we must first construct an approximately invariant

(a)

(b) (c)

FIG. 1. (a) The approximately symmetric NQS architecture for
a mixed-field toric code model. The network computes the
ground-state amplitude, ψ s ¼ Ωfσ½χðsÞ&g, given an input bit
string s. The circles (squares) represent edge (plaquette) varia-
bles. The convolutional neural networks χ and Ω consist of
between 1–16 layers and 2–16 channels (only 1 layer and 4
channels shown for each) and use normalized C-sigmoid and
C-ELU nonlinearities, respectively [25]. The nonlinear map σ
imposes invariance on all the following layers. For training, χ is
initialized to the identity, while Ω is randomly initialized. The
nonsymmetric layers “unfatten” the loop symmetry operators of
the quantum spin liquid (purple box) in the spirit of quasiadia-
batic continuation [26]. These symmetries are then enforced
exactly in the following layers. (b) The convergence of the energy
density (blue) and the nonlocal Bricmont-Frölich-Fredenhagen-
Marcu string order parameter (red) as a function of training time
(step size times iteration number), in a regime of the mixed-field
toric code model which suffers from the sign problem. (c) Phase
diagram of the toric code [Eq. (1)] as a function of magnetic field
strength with hy ¼ 0.2 imposing a sign problem. The phase-
transition locations are extracted from finite-size extrapolation of
the string order parameter [25]. The red arrow indicates the
approximate-to-exact mapping carried out by the nonsymmetric
block of the network depicted in panel (a).
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neural network. For a system composed of N qubits, each
with state-space fj' 1ig, a many-body quantum state
vector jψi can be decomposed into a complete basis labeled
by 2N bit strings s: jψi ¼

P
s ψ sjsi, where ψ s ∈C is a

complex amplitude and jsi is the quantum state associated
with the bit string (e.g. jsi ¼ j − 1; 1; 1;−1; ( ( (i).
The key idea underlying NQS is to represent ψ s as a

neural network that gives a complex scalar output for a
particular bit string input, s. To compute the ground state of a
Hamiltonian, H, one solves a variational energy-minimiza-
tion problem with respect to the parameters, θ, of the neural
network: minθhHi ¼ minθðhψðθÞjHjψðθÞi=hψðθÞjψðθÞiÞ.
The energy hHi is typically evaluated via Monte Carlo
Markov chain sampling [20], while the network parameters
θ are optimized via either gradient descent or more com-
plicated second order methods (e.g., stochastic reconfigura-
tion [48–50]).
Let us now consider the problem of incorporating

approximate symmetries into an NQS Ansatz. Suppose
that the ground state jψi exhibits a particular group of
symmetries G, such that gjψi ¼ jψi for all g∈G. We will
assume that the basis fjsig is chosen such that the group G
acts as a permutation on bit-string basis elements. In such a
basis, the invariance of the state jψi under G is ensured if

two inputs of the network connected by symmetry yield the
same output (i.e., complex amplitude): ψgs ¼ ψ s for all
g∈G [31,37].
For approximate symmetries, the strict invariance con-

dition above is relaxed to Eg∈GEsjψgs − ψ sj < ϵ, where the
expectation value E is taken over all group elements and
input bit strings [51]. Given a fully invariant neural network
with ϵ ¼ 0, one can lift the strict constraints by adding an
extra noninvariant layer to the network or by using a
noninvariant skip connection [43,44]. In principle, for
sufficiently large breaking ϵ of the fixed point symmetries,
a neural network constructed in such a fashion can target
any vector in the Hilbert space. In practice, the appropriate
value of ϵ is learned by the network itself, and is
independent of network hyperparameters [25].
Approximately invariant neural quantum states for the

toric code—We propose a family of approximately sym-
metric neural networks utilizing the so-called “combo”
architecture [25,44]. While we focus on the mixed field
toric code model [Eq. (1)], our approach is applicable to a
broad class of quantum spin liquid problems.
Our proposed architecture is schematically depicted in

Fig. 2(a) and structured as follows: we first impose the
constraints Avjψi ¼ jψi on the neural network and then
weakly break these constraints by transforming the input
with a non-invariant layer. More specifically, the neural
network is defined by ψ s ¼ ΩðσðχðsÞÞÞ. Here, s is the bit
string input, χ is a noninvariant convolutional layer acting
on the qubits and σ is a GTC-invariant nonlinearity that
maps qubits to plaquettes. Finally, Ω is a further convolu-
tional layer (consisting of square-shaped kernels) acting on
the plaquettes themselves followed by a summation and
exponentiation to calculate ψ s [Fig. 2(a)]. The noninvariant
convolutional layer χ has a kernel centered at each link of
the lattice, and explicitly breaks the GTC symmetry.
Meanwhile, the nonlinear layer σ is constructed using
the GTC-invariant operators, Bp ¼

Q
j∈p Zj (since

½Bp; Av& ¼ 0) and ensures theGTC invariance of any further
layers [39,52]. We describe a number of other choices for
approximately symmetric architectures, along with their
implementation details, in the Supplemental Material [25]
(see also references [53–98] therein).
Let us begin benchmarking the accuracy of the approx-

imately symmetric NQS architecture for the mixed-field
toric-code Hamiltonian in the sign-problem-free case (with
hx ¼ hz ¼ 0.2 and hy ¼ 0). Starting with small 4 × 4
lattices (N ¼ 24 spins), we compute the ground state
energy density Egs using (i) our architecture—(ii) a conven-
tional convolutional neural network (CNN) and (iii) exact
diagonalization. The energy as a function of training time
(measured in units of stochastic reconfiguration stepsize γ
times iteration number n) is depicted in Fig. 2(b). While the
CNN becomes stuck in local minima for all runs (with
different initializations and hyperparameters) [20,66], the
approximately symmetric architecture converges to the

(a) (b)

FIG. 2. Benchmarking the approximately symmetric
NQS applied to the sign-problem-free toric code with
ðhx; hy; hzÞ ¼ ð0.2; 0.0; 0.2Þ. (a) The convergence of the energy
density as a function of training time (step size times iteration
number) for a 4 × 4 (N ¼ 24) lattice. Convolutional neural
networks (CNNs) (solid purple) become stuck in local minima,
while the approximately symmetric NQS (solid brown) converges
to the exact diagonalization result (dashed black). Different
shades correspond to different random initializations and network
hyperparameters [25]. (b) At larger system sizes, where exact
diagonalization is unavailable, we compare our approximately
symmetric NQS to state-of-the-art DMRG (dashed brown) and
QMC (dotted brown) calculations. Because of memory con-
straints, we were unable to obtain converged DMRG results for
the 16 × 16 lattice. Inset: enlargement comparing the NQS,
DMRG, and QMC energy densities for L ¼ 10. For further
analysis under different perturbations and with different network
hyperparameters, see [25]. NQS error bars are shown as shading.
QMC uncertainty (not shown) is of order ∼10−4 in units of energy
density.
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exact diagonalization energy up to a relative error,
δE ¼ jENQS

gs − EED
gs j=EED

gs ∼ 10−8 (see also Fig. S2 in the
Supplemental Material [25] for further comparisons with
full-lattice-symmetrized restricted Boltzmann machines
and additional validation of the results).
We further find that the performance of the approxi-

mately symmetric NQS is not limited to small values of the
symmetry-violating hz field. Indeed, it is accurate to a
relative error of ∼10−5 even outside of the topological
phase at hz ¼ 0.7 [25]. This suggests that the Ansatz is
more widely applicable than naively expected and, due to
the inclusion of a noninvariant block in the architecture,
enables us to identify the phases and phase transitions out
of the spin-liquid state using a single approximately
symmetric NQS architecture.
To demonstrate the scalability of the architecture,

we perform an extensive set of numerical simulations
on lattices up to 16 × 16 (N ¼ 480 spins) using three
methods: state-of-the-art density matrix renormalization
group (DMRG) [13,99–101], continuous-time QMC
[45,102,103], and the approximately symmetric NQS
architecture. As illustrated in Fig. 2(c), the approximately
symmetric NQS yields competitive energies at all system
sizes [inset, Fig. 2(c)].
Crucially, this scalability extends to spin liquid models

beyond the mixed-field toric code. As an example setting,
which has received widespread recent attention, we utilize
our approximately symmetric NQS to explore the so-called
PXP model (on the ruby lattice), which describes the
physics associated with Rydberg atom arrays in the block-
ade regime [4,5,104–106]. Similar to the toric code setting,
we find that our approximately symmetric neural network
significantly outperforms non-gauge-symmetry aware NQS
and yields competitive ground state energies compared to
finite DMRG methods (see Fig. 5 in the Appendix).
Moreover, we are able to reach significantly larger system
sizes (up to N ¼ 1584 Rydberg atoms), which will be
crucial for benchmarking the next generation of Rydberg
atom array experiments [107]. Further application settings
natural for our approximately symmetric NQS are dis-
cussed in Table I in the Supplemental Material [25].
Toric code with a sign problem—Many physical per-

turbations naturally lead to sign problems, including
magnetic fields, frustrated long-range couplings, and anti-
ferromagnetic Heisenberg interactions [3,108,109]. In
principle, variational methods such as DMRG can be used
to study such models, even as QMC hits an exponential
sampling barrier. However, as we have just seen in the sign-
problem-free case, the memory requirements for DMRG on
finite-size two-dimensional clusters can quickly become
prohibitive. Accordingly, this is a regime in which the NQS
approach should be uniquely well suited.
We introduce a sign problem in the toric code by turning

on hy ¼ 0.3. We compute the ground state phase diagram
as a function of hx and hz [Fig. 1(c)]. We utilize two

diagnostics to identify the transition out of the spin liquid
phase: (i) the string order parameter due to Bricmont and
Frölich [110], Fredenhagen, and Marcu [111] and (ii) the
entanglement entropy.
The string order parameter, OZ, diagnoses the confine-

ment of the e-type excitations of the toric code. Consider a
closed square loop C of side length l on the primal lattice.
The order parameter is defined in the limit l → ∞,

OZ ¼ lim
l→∞

ffiffiffiffiffiffiffiffiffi
jOZj

p
; OZ ¼

hψ j
Q

j∈ C̃Zjjψiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hψ j

Q
j∈CZjjψi

q ;

where C̃ is the open string corresponding to half of the
square C. One expects OZ to be finite in the trivial
confining phase, while it vanishes in the spin liquid phase
because each end of the open string creates a deconfined
excitation [110–112]. An analogous order parameter OX,
diagnosing the confinement of m-type excitations, can be
defined with strings on the dual lattice and Pauli X
operators. Our second diagnostic is the entanglement
entropy, S2ðρÞ ¼ − log Trðρ2AÞ, where A represents a par-
ticular subsystem. One expects the entanglement entropy to
be larger deep in the spin liquid phase, since the trivial phase
is smoothly connected to an unentangled product state.

FIG. 3. Detecting phase transitions in the toric code with a sign
problem at hy ¼ 0.3 [Fig. 1(c)]. (a),(c) The derivative of the
BFFM string order parameter OZ (OX) with respect to the
magnetic field, calculated for a square loop around the center
of the lattice with perimeter l ¼ 8 (l ¼ 4). We use finite-size
extrapolation of the position of the peaks in order to estimate the
location of the phase transition (dashed gray line, extrapolation in
[25]). (b),(d) The second Renyi entropy for a square, 4-qubit
subsystem in the center of the lattice. Panels (a) and (c) illustrate
the horizontal cut (at hx ¼ 0) through the phase diagram, while
panels (b) and (d) illustrate the vertical cut (at hz ¼ 0) through the
phase diagram.
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As shown in Fig. 3, both of these expectations are borne
out by the NQS simulations (at hy ¼ 0.3). In particular,
fixing hx ¼ 0 and sweeping hz, we observe a pronounced
peak in the derivative of the string order parameter, dOz=dhz
[Fig. 3(a)], as well as a sharp change in the entanglement
entropy at the same field strength [Fig. 3(b)]. Analogous
results fixing hz ¼ 0 and sweeping hx are depicted in Figs. 3
(c) and 3(d). To estimate the location of the thermodynamic
critical point [Fig. 1(c)], we perform a power-law extrapo-
lation in 1=L of the location of the observed finite-size
crossover [25]. After this finite-size extrapolation, the phase
boundaries in [Fig. 1(c)] match those obtained by “infinite
system-size” infinite projected-entangled pair states (iPEPS)
and perturbative continuous unitary transformation (pCUT)
computations to about 5% (Fig. 2 of [113,114]).
Interpretability—The approximately symmetric NQS

architecture facilitates partial interpretation of which physi-
cal features are learned by different sections of the network.
In particular, the noninvariant χ block maps the model from
an approximately symmetric regime to an exactly sym-
metric one, which the GTC-invariant Ω block of the
architecture can then learn efficiently. This mapping is
analogous to the quasiadiabatic continuation of Hastings
andWen [26], in which the exact “emergent” symmetries of
the model (i.e., the fattened loops) are constructed by
applying a finite-depth unitary circuit to the unperturbed
toric code. We hypothesize that the dominant effect of the
noninvariant block of the network is to reverse this finite-
depth unitary dressing.
To test this hypothesis, we investigate the following

two-step training scheme [Fig. 4(a)]: First, we train the
network in the fully symmetric regime at ðhx; hy; hzÞ ¼
ð0.2; 0.0; 0.0Þ, by optimizing only the parameters of the
invariantΩ layer and keeping the noninvariant χ layer fixed
to the identity. Second, we fix the invariant Ω layer at these
optimized parameters and turn on a field (hz ¼ 0.2), which
breaks the exact invariance of the state under the group,
GTC; then, we find the ground state by only optimizing the
parameters of the χ layer. Despite this restricted training
procedure, we still obtain an excellent ground state energy
[Fig. 4(b)], strongly suggesting that the network is indeed
effectively learning the fattened loops [Fig. 1(a), red
arrow] [25].
Outlook—Our work opens the door to a number of

intriguing directions. First, straightforward extensions of
the approximately symmetric architecture may be used to
study increasingly exotic Abelian spin liquid models,
ranging from experimentally motivated microscopic mod-
els of Z2 liquids [5], to more general chiral and nonchiral
Zp and U(1) liquids. By further adapting techniques from
[73,115], models with non-Abelian anyons and/or non-
Abelian continuous symmetries may also be accessible (see
[25] for more discussion).
Second, on the numerical front, there are multiple

avenues for further improvement, including: (i) tuning

the depth of the architecture, (ii) exploring alternative
representations for the complex amplitudes required for
models with sign problems, (iii) increasing parameter
efficiency with pooling layers, or (iv) replacing the
CNNs with more elaborate backbone architectures (e.g.,
transformers) [24]. Finally, although our focus here has
been on finding ground states, the approximately symmet-
ric architecture can also be applied to simulate real-time
dynamics in such systems. The source code supporting this
Letter is publicly available [116].
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(a) (b)

FIG. 4. (a) The training scheme used to demonstrate interpret-
ability of the approximately symmetric network. In step 1, we
find the ground state of the model at the exactly symmetric point
ðhx; hy; hzÞ ¼ ð0.2; 0.0; 0.0Þ by training only the symmetric part
of the network. In step 2, we turn to ðhx; hy; hzÞ ¼ ð0.2; 0.0; 0.2Þ,
fix the symmetric weights within the network, and train the
nonsymmetric block. (b) Energy convergence curve for this
training scheme for a 4 × 4 (N ¼ 24) lattice, compared with
exact diagonalization (dashed lines).
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Appendix: Spin liquid of the PXP model on the ruby
lattice—This appendix presents details associated with
our Letter on utilizing approximately symmetric neural
quantum states to simulate the PXP model. We begin by
introducing the setting. Consider a system of N Rydberg
atoms placed on an L × ð2Lþ 1Þ ruby lattice
[N ¼ 3Lð2Lþ 1Þ] with open boundary conditions [25]
and described by the following Hamiltonian:

H ¼ −
Ω
2

X

i

ðbi þ b†i Þ þ
X

ij

Vijninj − δ
X

i

ni; ðA1Þ

where on-site Hilbert space is fjgii; jeiig, ni ¼ jeiiheij
measures the ith site atom occupation number, and
jeii ¼ b†i jgii, jgii ¼ bijeii. In the so-called PXP limit of
this Hamiltonian, the interaction strength is assumed to
be infinite for atoms within the blockade radius Rb (i.e.,
rij ≤ Rb ¼ 2a with a being the shortest distance
between two atoms), and zero elsewhere; this strictly
prohibits the presence of two excited atoms within a
Rydberg blockade radius.
For this PXP model, iDMRG numerics on cylinders have

shown that the ground state phase diagram consists of three
phases [4]: a trivial phase connected to jgi⊗N for
δ=Ω≲ 1.4, a Z2 quantum spin liquid phase (QSL) for
1.4≲ δ=Ω≲ 2.0, and a symmetry-broken valence-bond
solid (VBS) phase for δ=Ω≳ 2.0. The QSL and VBS

phases arise from a local constraint permitting exactly one
excited atom per lattice vertex when δ=Ω≳ 1=4. There are
exponentially many configurations that fulfill these local
(Gauss’s law) constraints. In the QSL phase, the ground
state is approximately an equal superposition of all fully
packed configurations, while in the VBS phase, the state

FIG. 5. (a) Convergence of the energy density EGS ¼ hHi=N
for approximately symmetric neural networks (red curves),
compared to symmetrized RBMs (blue curves) and exact diag-
onalization (dashed black) on a system of N ¼ 30 Rydberg
atoms. Inset: schematic depiction of Rydberg atoms trapped in
optical tweezers on a ruby lattice [5]. (b) Energy density
convergence for larger system sizes N ¼ 234, 408, 630, 1584
using approximately symmetric neural quantum states (solid
curves), compared to finite-cluster DMRG (dashed black curves)
with bond dimension χ ¼ 1024 and 100 sweeps.
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spontaneously collapses into one such particular
configuration.
To explore the PXP model using approximately sym-

metric NQS, we tailor the Wilson loop operators (which act
around each hexagon of the ruby lattice) such that they map
one Gauss’s-law-satisfying configuration to another [4].
Since this symmetry is only approximate for generic values
of δ (even within the PXP limit), our architecture includes a
gauge-invariant block alongside a nonsymmetric block.
Additional details of the implementation are provided in the
Supplemental Material [25]. We compare the performance
of this architecture to both RBMs and finite-cluster DMRG.
In all cases, we focus on δ ¼ 1.6, which corresponds to a
point within the QSL phase.
As depicted in Fig. 5(a), we find that, much as in the

mixed-field toric code case, our approximately symmetric
NQS yields a nearly 3 order of magnitude improvement in

terms of relative energies (dashed line obtained from exact
diagonalization) as compared to an RBM architecture. In
Fig. 5(b), we present a comparison of the ground-state
energy densities obtained via our approximately symmetric
NQS with finite DMRG results. For those system sizes
accessible to DMRG (L ¼ 6, 8, 10), we observe excellent
agreement between NQS and DMRG, with a relative
energy difference within ϵrel ¼ 10−3 − 10−4. In the same
figure, we also show the NQS numerics for L ¼ 16
(equivalent to N ¼ 1584 Rydberg atoms) which goes
beyond the system sizes that have been investigated using
either finite DMRG or QMC [106]. Finally, we note that
our approach for studying the PXP limit of the Rydberg
Hamiltonian can also be directly applied to the full long-
range 1=r6 interacting model [5], where the existence of a
spin liquid ground state remains under debate [4,106].
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I. NEURAL QUANTUM STATES AND SYMMETRIES OF MANY-BODY SYSTEMS

In the main text, we discussed the concept of approximately-symmetric networks and illustrated an explicit exam-
ple of an approximately-symmetric NQS. Here we discuss the general methodology for constructing approximately-
invariant NQS architectures. We start by discussing di!erent ways of imposing many-body system symmetries on
neural networks, followed by highlighting connections between our approach and group-equivariant neural network
research in the ML community. We detail an explicit example of a di!erent approximately-invariant architecture from
the “combo” architecture in the main text, based on an alternate approach in the ML literature known as “residual
pathway priors” (RPP).

A. Overview of di!erent ways of imposing NQS symmetries

Symmetries of many body states (g|ω↑ = |ω↑ ↓g ↔ G) might be imposed on a neural network in multiple ways.
If the symmetries of the states are also symmetries of the Hamiltonian, then the approach perhaps most familiar to
a physicist is that of mimicking imposing symmetries in the exact diagonalization (ED). As discussed in the main
text, in NQS one decomposes an arbitrary state in a certain basis |ω↑ =

∑
s ωs|s↑ where {|s↑} is typically chosen

to be an eigenbasis of the Zj operators. Then a simple way of imposing Hamiltonian symmetries is to turn to the
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shared eigenbasis of the Hamiltonian and symmetry group G. This approach works for an arbitrary group G and has
been demonstrated in NQS for e.g., Heisenberg SU(2) symmetric model by [1]. Within such approach one rotates the
basis while recalculating matrix elements of the Hamiltonian (in a new basis) and picks a symmetry sector (particular
representation of the symmetry group) e.g., J = 0 for SU(2) by selecting a subset of input bit strings. This approach
plays well together with the standard Monte Carlo Markov Chain (MCMC) sampling of bit string configurations
in NQS: one initializes the MCMC chain in the symmetry-consistent configuration and then applies a symmetry-
preserving update rule. For instance for a U(1) symmetry (e.g., of a quantum XY model) one would only sample
configurations with a total spin 0 by initializing the chain accordingly and later using total spin conserving rule for
its updates (e.g., one which only exchanges individual spins within the configuration). It should be noted that within
this approach the architecture of the neural network does not need to be constrained in any way, yet requires many
less parameters to achieve the same relative error in ground state energy (see Fig. 2 in Ref. [1]).

Alternatively, another commonly used approach to imposing symmetries is “post-symmetrization” [2, 3] where one

averages the output of the unconstrained NQS over the symmetry group i.e. in the simplest form ω̃s = 1
|G|
∑

g→G ωgsεg

where εg are characters of a chosen representation of the symmetry group G (where G is abelian). This approach
su!ers from an extra computational overhead proportional to the size of the group, and thus becomes infeasible
for gauge groups or continuous symmetry groups. Its success also heavily depends on the specific choice of the
post-symmetrization method: see Ref. [3] for details.

Finally in the autoregressive NQS, another method is instead to simply enforce that the probability of sampling
configurations violating the state symmetry constraints vanishes [4–6].

We note that, for all the above methods, it is not immediately clear how to generalize them to the approximate
symmetries context. We therefore turn to a class of methods which put constraints on the neural-network architecture
itself, and allow flexible inclusion of approximate symmetries: group-equivariant neural networks.

B. (Approximately) group-equivariant neural networks

a. Group-equivariance and group-invariance Group-equivariant networks [7] are neural network architectures
which by construction are equivariant under the action of a particular symmetry group. Group equivariance is one of
the essential building blocks for the success of the accurate protein structure prediction with AlphaFold 2 architecture
[8]. So far, in the NQS context, group-equivariant networks have mostly been applied within the context of imposing
lattice symmetries [9]. Within this approach, one restricts the NQS to (by construction) fulfill a certain constraint: in
our case ωgs = ωs i.e. that of group-invariance of the output. Here we assume that the group action maps bit strings
to bit strings [10].

The usual way of imposing group-invariance on a neural network is to ensure group-equivariance of each of its layers,
” : V ↗ W , and non-linearities. Group-equivariance of each layer means that ”(ϑin(g)x) = ϑout(g)”(x) ↓x ↔ V, g ↔ G
where V is an N -dimensional input vector space, W is an n-dimensional output space, and ϑin : G ↗ GL(N, C) and
ϑout : G ↗ GL(n, C) are the input and output representations of the symmetry group G. In other words, for
a G-equivariant neural network, transforming the input by a certain group element corresponds to transforming
features by the same group element (though perhaps expressed in a di!erent representation). The di!erence between
“equivariance” and “invariance” is intuitively illustrated in the animation [11]. As one transforms (rotates) an input
(image in the left panel) to the G-equivariant neural network, features extracted by the neural network transform
accordingly (i.e. rotate; see middle panel). In a G-invariant neural network (see right panel), as one transforms the
input (left panel), feature fields remain unchanged. In other words, rotational equivariance might be thought of as
an invariance in a co-transforming (co-rotating) frame. The fact that generic neural network architectures are not
G-equivariant might be illustrated on the case of the convolutional neural networks (CNNs) for the case of e.g., SO(2)
rotation group symmetries. CNNs are by construction translationally equivariant but are not rotationally equivariant.
For any equivariant network, a final layer with a scalar output can be used to promote the equivarance to invariance,
because it can be chosen to transform under the trivial representation of the symmetry group.

b. Approximate invariance Critically, generalizing the above approach to approximate symmetries is straightfor-
ward: instead of demanding ωgs = ωs ↓g ↔ G, s ↔ V we demand Eg→G Es↑|ω(s)|2 ||ωgs ↘ ωs|| < ϖ for some ϖ > 0 as
discussed in the main text (and where we average over group elements in G and bit strings s ↔ V ). We emphasize
that ϖ is learnt by the network itself, perhaps with a help of initialization at the fully symmetric point ϖ = 0.

For completeness, we mention that our approach to imposing approximate symmetries within NQS might be perhaps
also extended to the framework of Ref. [12]. Therein one evaluates NQS only on “canonical” bit strings which ensures
equivariance of the output (for any Abelian group). A “canonical” bit string is a fixed representative of each equivalence
class under the group action. Although it is unclear how e#cient evaluation of such cannonicalization would be for
general Abelian (gauge) groups, we point out an interesting connection to the recent ML literature: [13]. Therein a
related cannonicalization function is learnt e#ciently by an equivariant neural network. It is thus potentially feasible
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that the above approximate-symmetries framework might be carried on to this context as well (akin to [14]) - we leave
this direction for future work.

C. General construction for approximately-symmetric NQS

a. Exactly-symmetric architecture Here we present a general approach for imposing group equivariance in quan-
tum many-body physics problems, provided that group action maps bit strings to bit strings i.e. gs ↔ V ↓g ↔ G, s ↔ V .
Following [15], we construct group-equivariant / group-invariant layers of the network by using equivariant multi-
layered perceptrons (EMLP). There, equivariance is achieved by appropriately restricting weights of the multi-layered
perceptron architecture. In special cases, this approach reduces to other group-equivariant frameworks such as G-
convolutional [7], G-steerable [16] or deep set [17] architectures. We note that G-convolutional networks cannot be
directly applied to problems possessing gauge symmetry since their evaluation cost scales with the size of the group.
G-steerable convolutions, on the other hand, require decomposition of the group of symmetries G onto semidirect
product of group of translations and some other group [18] - which does not seem to be feasible in our case and would
require recomputation of irreducible representations for every new group.

Within the EMLP framework, we consider linear layers with dimensions O(N), which are constructed by appro-
priately restricting weights of the otherwise fully-connected layer. Weight restriction is obtained from an e#cient
algorithm [15], which is feasible since the cost of imposing equivariance couples only to the size of the generating set
of the group—at worst O(poly(N)) for the groups we consider.

Due to the non-regular hidden-layer representations, one needs to ensure that the activation functions ϱ(x) are
also equivariant (i.e. that ϱ(ϑin(g)x) = ϑout(g)ϱ(x). Instead of traditionally used gated/norm [19] non-linearities,
we utilize other gauge-equivariant non-linearities derived from a physical model in mind i.e. we construct the non-
linearity as ϱ(x) = xh(x) where h(x) is a gauge-invariant function of the input to a layer (an example of h(x) for a Z2

lattice gauge theory is described in the main text). Finally, in the last layer one applies a gauge-invariant non-linearity
constructed in a similar fashion by ϱ̃(x) = h(x). Note that for large symmetry groups (such as gauge groups discussed
in the main text), most general linear equivariant layers fulfilling the gauge constraint might be trivial, e.g., for the
Z2 gauge group from the main text, if one considers N -dimensional hidden layer vector space, a linear equivariant
layer would simply be proportional to the identity.

Finally, we remark that gauge-invariant architectures discussed above might also in principle be used to find
selected excited states of the fully symmetric model. For example, for a purely hx-perturbed toric code, the lowest
lying excitations would correspond to the lowest energy states within the e-anyon excitation sectors. In practice, this
might be achieved by applying a local basis transformation for the Hamiltonian H ≃↗ UHU † where e.g., U = Zl

would introduce e-anyon excitation to vertices v, v↓ belonging to the boundary of the link l. This method of finding
an excited state might be further combined with the orthogonalization-based approach used in Refs. [12, 20].

b. Approximately-symmetric architecture Let us now discuss how to generalize to the case when the symmetries
are only approximate. The basic idea behind any such generalization is to add non-invariant blocks to an otherwise
symmetric architecture. We demonstrate this approach with two examples: the “Combo” architecture in the spirit
of [21], discussed in the main text, and the residual pathway prior “RPP” architecture in the spirit of [22]. The
RPP architecture is constructed to mimic the ResNet [23] skip-connection architecture. Apart from a gauge-invariant
pathway, it also contains a non-invariant skip-connection which allows incorporation of non-symmetric features. In

practice, for G = Z↔N/2
2 , we construct the skip connection with a non-G-equivariant convolutional layer $ : E ↗ P

which maps set of edges to plaquettes. Finally the two pathways (equivariant and non-equivariant) are summed
together and post-processed with another convolutional layer acting on plaquettes (as for the “Combo” architecture)
– see Fig. 1(b) for “RPP” as compared with “Combo” in Fig. 1(a).

We have implemented and tested both architectures, and find both yield comparable performance (see details
below). However, the “Combo” architecture has the advantage that we have some physical intuition about the action
the non-invariant layer (see the interpretability sections of the main text and also below for more details), which is
why we chose to focus on that architecture.

D. Potential use cases for approximately-symmetric models

We emphasize that there exists many target systems with multiple open physics questions where our approximately-
symmetric neural network may be applied. These can be addressed using our approximately symmetric architecture,
with minor extensions, for both ground state and real-time evolution studies. For clarity we summarize them in the
Table I.
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FIG. 1. (a) Replotted ”Combo” approximately-symmetric architecture from the main text. (b) For comparison, a sketch of an
alternative “RPP” approximately-symmetric architecture. In practice each layer and “branch” (symmetric/non-symmetric) of
the network will have multiple channels, but only one has been depicted for simplicity. Initialization of all layers is according
to a random Gaussian distribution.

II. APPROXIMATELY-SYMMETRIC NQS TORIC CODE PERFORMANCE STUDY

In this section, we first detail the specific hyperparameters used within our simulations, as well as the Monte Carlo
Markov chain update rule we use. Second, we discuss the performance and characteristics of the model for a toric
code in hx and hz fields. We claim that increasing the depth of the network allows us to systematically improve the
accuracy of the simulations. Third, we then discuss the performance of the model under a variety of perturbations,
both with and without a sign problem, and identify its key architectural components. Fourth, we track the main
issues for further improving the accuracy of the network predictions in di!erent regimes, culminating in suggestions for
future architecture improvements with increased parameter-e#ciency and enhanced performance. Finally, we provide
more details on observable evaluations and extracting phase transitions with NQS.

A. Simulation parameters

For the simulations in the main text, we consider neural networks with real bit string s ↔ {↘1, 1}N inputs, (i)
complex parameters and outputs if the Hamiltonian has a sign problem (hy ⇐= 0) and (ii) real parameters, and scalar
positive outputs if the Hamiltonian is sign-problem-free (hy = 0) (as then underlying Hamiltonian is stoquastic so by
Perron-Frobenius theorem the coe#cients of the eigenvector can be chosen real and non-negative in the chosen basis
[34]).

We evaluate the energy ⇒H↑ through MCMC sampling. It is performed by noting that ⇒H↑ = ⇒ω|H|ω↑/⇒ω|ω↑ =∑
s p(s)Eloc,s where p(s) = |ω(s)|2 and Eloc,s =

∑
s→

Hss→
ωs

ω↓
s where the latter is evaluated exactly for each bit string s

(due to only O(poly(N)) non-zero matrix elements of the Hamiltonian). Then for Nsamples samples one approximates

⇒H↑ ⇑ 1
Nsamples

∑Nsamples

i=1 Eloc,si
where samples {si} are found by applying a Metropolis-Hastings algorithm.
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Extension Motivation Framework modification
Z2 Spin Liquids Realizable in quantum simulators via en-

gineering [24, 25]; resulting ground states
(and their dynamical preparation) away
from exactly symmetric fixed point.

No modification

Chiral Zd toric code Zd has an exact symmetry limit and
for d > 2 permits chiral (exact local
symmetry-breaking) perturbations; allows
study of fractional quantum Hall physics
[26].

Increase onsite dimension d,
modify group nonlinearity [27]:
x1x2x3x4 → x1x2x

→
3x

→
4 (around

each plaquette)

U(1) lattice gauge theory Approximately realizable in quantum sim-
ulators via engineering [28]; study frac-
tionalization and confinement dynamics in
U(1) gauge theories

Similar to Zd; promote input
variables from binary to contin-
uous [5].

Kitaev double Study phases and dynamics of models with
discrete non-abelian symmetries and non-
abelian anyons [29].

Similar to Zd with special care
taken for multiplication order-
ing [27].

Double semion Study of sign-problem-full [30] twisted
gauge theories featuring semionic excita-
tions [31].

Modify product non-linearity
from group invariance to group
equivariance [12, 13].

Non-abelian local continu-
ous symmetries

Study of realizations of non-Abelian lattice
gauge theories such as QCD in quantum
simulators [32].

Generalizing framework to
non-Abelian continuous sym-
metries [33].

Approximate global sym-
metries

Study of weakly positionally disordered
systems e.g., with approximate translation
symmetry.

Using group equivariant neu-
ral networks with relaxed group
convolutions [21].

TABLE I. Partial list of models where approximately symmetric neural networks may be helpful and the extensions that they
would require.

We use a custom sampling rule, closely related to the one used in [35], which involves flipping either a single
spin per update step, or all the spins surrounding a single vertex. The intution for this update rules stems from
the fact that in the ground state of the toric code, a single spin-flip creates (two) excitations, whereas a vertex-flip
does not. Thus close to the toric code fixed point, a single-spin flip update would generically be expected to take
a high-amplitude state to a low amplitude state, in contrast to a vertex-flip. Nevertheless, single-spin flips are still
required for ergodicity. Given Nv vertices and N spins, on each update we choose to flip a vertex with probability
p = Nv/N or else flip a spin. For open boundary conditions, we neglect any verticies with spins on the boundary in
this procedure (for periodic boundary conditions, a more complicated procedure is required, see [35]). We find that
this vertex-spin update rule empirically yields a significant improvement in MCMC sample acceptance probabilities
compared to only using single spin updates.

In order to benefit from GPU parallelization, as well as improving the ergodicity of exploring possibly multi-
modal probability landscapes, we draw samples from O(103) independent MCMC chains processed in parallel. We
apply Nsubsample updates between each collected sample in order to reduce the autocorrelations within each chain.
Furthermore, we discard the first Nburn-in samples while the chain thermalizes passed its initial transient. We evaluate
⇒H↑ using CL samples per chain, so that the total number of samples is Nsamples = CLNchains. The total number of
updates which must be applied is thus (Nburn-in + CL) NsubsampleNchains.

We initialize the neural network parameters such that the neural network is fully-symmetric before training. This is
achieved by initializing the weights of the non-invariant kernels to 1 and utilizing the sigmoid non-linearity in the non-

invariant layers, given for real inputs as ςsigmoid(x) = tanh(x/2)
tanh(1/2) = 2+2e

e↗1 (sigmoid(x) ↘ 1/2) and sigmoid(x) = 1
1+e↑x

(shift and rescaling of the sigmoid to ensure that ςsigmoid(x = ±1) = ±1 for identity initialization of the non-invariant
block). For invariant layers we use ELU non-linearity [36]. For complex neural network parameters, we separately pass
real and imaginary parts of the input to the non-linearity C ↘ sigmoid (non-invariant layer) and C ↘ ELU (invariant
layer) e.g., ςC(x) = ς(Re[x]) + iς(Im[x]) for either non-linearity ς.

We optimize the network parameters using stochastic reconfiguration [37] with diagonal shift regularization. This
might be thought as an imaginary time evolution for the states [38] and amounts to 1st order time evolution on a TDVP

manifold, yielding linear equations of motion for the vectorized parameters ωt: Sω̇t = ↘φF where F is a force vector, φ
is a learning rate, and S is a quantum geometric tensor (see e.g., [39] for details). We solve this equation by performing
a singular value decomposition on the S matrix, which has complexity of O(N3

parameters + N2
parametersNsamples) [40].

We choose it over the conjugate gradients solver with complexity O(Nparameters↼Nsamples) (where ↼ is a condition
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number of the matrix S), because we empirically observed that for the family of ground states of the system and
architecture under consideration ↼ is very large (S eigenvalues span 15 to 30 orders of magnitude) which in practice
yields rather unpredictable and slower runtimes. Furthermore, in order to stabilize the simulations we add a small
shift to the diagonal of the S matrix i.e., S ≃↗ S + d1.

Parameters used for running simulations with the architecture presented in Fig. (1a) of the main text for 16→16 are
listed in the Table II below. All simulations are run in NetKet [41] that benefits from JAX [42] auto-di!erentiation and
just-in-time compilation. We follow the convention in NetKet 3.11 such that in code neural network outputs represent
a logarithm of an amplitude ωs to facilitate calculations. All neural networks are coded in FLAX [43]. Density
Matrix Renormalization Group (DMRG) simulations were performed in iTensor [44, 45] and exact diagonalization in

Dynamite [46]. Energy densities as used in the figures are defined as Egs = ↘H≃
N+1 i.e. energy per stabilizer. Training

time in all figures refers to the φn (where n is iteration number, and φ, as above, is a learning rate).

Parameter Type Parameter Value

Optimization parameters
Learning rate 7e-3

Diagonal shift d 5e-5

Architecture parameters

NIB: Channels & Depth [1, 2, 4]
NIB: Initialization Identity 1
NIB: Kernel Size 3

NIB: Non-linearity C ↑ sigmoid
IB: Channels & Depth [4, 4, 4]

IB: Initialization Random Gaussian µ = 0, ω = 0.02
IB: Kernel Size 15

IB: Non-linearity C ↑ ELU
Total Nparameters 11324

Sampling characteristics

Nchains 1024
Nburn-in (per chain) 8

Nsubsample 480
Nsamples 8192

TABLE II. Summary of neural network parameters for 16 ↓ 16 runs. NIB=Non-invariant block, IB=Invariant-block; channels
& depth specifies the number of channels in each layer within a block.

B. Comparisons with baseline neural networks for a 4 ↓ 4 system

We provide more details on comparing our approach with baseline neural network architectures which incorpo-
rate lattice symmetries but no local gauge symmetries. In the main text this was performed for CNNs, which by
construction incorporate translation symmetries and contain 4 ↘ 10 layers with multiple filters per layer. We note
that the main di!erence between CNNs and our architecture is the presence of the group-invariant block and both
networks have a comparable runtime. As mentioned in the main text (cf. Fig. 2(a) therein), we found that unlike
our approximately-symmetric network approach, CNNs are trapped in local minima, thus conclusively showing the
importance of imposing approximate gauge symmetries. Additionally, in Fig. 2, we show that symmetric restricted
Boltzmann machines (RBMs), which incorporate all lattice symmetries rather than only translations [39], perform
better than CNNs. However, they still get trapped in local minima with errors several orders of magnitude larger
than those achieved by our architecture. Furthermore, we expect the performance gap between symmetric RBMs (or
their deeper variants, such as GCNNs) and approximate symmetry-based approaches to grow with system size, as the
local symmetry space scales exponentially (O(2N/2)) compared to the linear scaling of lattice symmetries (O(N)).

C. Performance in hx and hz fields for a 4 ↓ 4 system

For a 4 → 4 system and the “Combo” and “RPP” architectures, we plot the best relative error for di!erent values
of fields (hx, hz), optimized over hyperparameters after multiple simulation runs on a cluster (Fig. 3).

As expected from the built-in inductive bias, the neural network has the best performance for the small hz fields
(where the approximate symmetries of the model are close to being exact). Although the network’s performance drops
slightly as the value of the hx field is increased (owing to the increasing complexity of the wavefunction associated
with the higher correlation length), the drop along the hz field is much more pronounced. As mentioned in the main
text, the accuracy does not sharply diminish at the edge of the topological phase, but instead slowly decreases with
the hz field, making the ansatz applicable even when hz is roughly comparable to the strength of the toric-code
Hamiltonian coupling. Further, the energies obtained from our architecture (although not directly comparable due to
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FIG. 2. Energy convergence curve for approximately-symmetric networks and RBMs as compared with exact diagonalization
on N = 24 system in (hx, hy, hz) = (0.2, 0.0, 0.2) fields.
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FIG. 3. Performance of (a) ”Combo” and (b) ”RPP” neural network architectures at di!erent magnetic field strengths for
system size 4 ↓ 4 and hy = 0.

di!erent boundary conditions and system sizes) are much lower than these obtained in Ref. [20] when studied on the
perturbed toric code model. Finally, we do not observe any significant di!erences in performance between the “RPP”
and “Combo” architectures. We note that for 4→ 4 systems, having a kernel size for the invariant part of the network
covering the entire system (O(N)) is crucial for achieving the reported accuracies (in contrast to the non-invariant
network kernel size which can be O(1) without any significant loss in accuracy).

D. Performance under di!erent perturbations for 4 ↓ 4

We demonstrate that our ansatz is stable against a variety of di!erent Hamiltonian perturbations: including ones
introducing a sign problem. We broadly divide perturbations of the toric code Hamiltonian into di!erent classes (see
Table III). For sign-problem-full perturbations, the Hamiltonian will not be stoquastic, and therefore the Frobenius
theorem does not apply, permitting a non-trivial ground-state sign structure. For sign-problem-full perturbations we
therefore allow for complex network outputs by using complex parameters.

We note that the performance of our ansatz has accuracy below 10↗3 for all perturbations tested. As generically
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Perturbation type Perturbation εrel

Sign-problem-free, invariant XX 1e-9

Sign-problem-free, non-invariant
ZZ 6e-8

XX+YY+ZZ 2e-5
XX+YY 1e-5

Sign-problem-full, invariant YYYY on plaquettes 1e-5

Sign-problem-full, non-invariant
Y 1e-4

YY 1e-3
YYYY on vertices 4e-6

TABLE III. Relative energies obtained within Combo architecture for di!erent perturbations on N=24 toric code. All pertur-
bations are fixed to value 0.2 in magnitude and in addition we add a small hx = 0.05 field to all of them.

expected [47], perturbations introducing sign-problem are more di#cult for the NQS. This is most likely due to
di#culty in propagation of complex phases through the network [48]. We notice that achieving the performance
we have reached for the sign-problem-full case hinges upon including correlations between di!erent channels of the
non-invariant architecture as depicted in Fig. (1 a) of the main text. For instance, architecture with a ”bottleneck”
where one sums over all channels before passing the output to the Wilson loop non-linearity, performs one to two
orders of magnitude worse in accuracy as compared with the presented results.

Although we have not further tailored our ansatz for the sign-problem-full case, there are several ways of doing
this e.g., by (i) experimenting with di!erent complex phase representation e.g., by two decoupled networks with real
parameters (one representing amplitude and the other the phase) [47, 49] and performing their sequential training
[47, 49], (ii) modifying form of complex non-linearities within the complex parameters architectures [48].

E. Performance in (hx, hy, hz) magnetic fields for a 10 ↓ 10 system

a. Approximately-symmetric neural network analysis and improvement We proceed to investigating what limits
the performance of the approximately-symmetric neural network. We first study the performance of the purely
gauge-invariant architecture (constructed by omitting non-invariant block in the architecture in Fig. (2a) in the
main text). We performed additional validations to characterize the converged ground states—such as evaluating
order parameters for the topological phase—and found that the V-score [50] was of the same order of magnitude as
the relative error compared to state-of-the-art DMRG/QMC results, consistent with expectations. Additionally, we
note that the relative energies achieved for (hx, hy, hz) = (0.2, 0.0, 0.0) fields with a fully gauge-invariant architecture
are comparable to these for (hx, hy, hz) = (0.2, 0.0, 0.2) with an approximately-symmetric one. We further observe
a systematic scaling with the number of parameters and particularly depth of the network. We suggest therefore
that the accuracy of the approximately-symmetric network behavior is not limited by the non-invariant block of the
network but the invariant one. We investigate this hypothesis by investigating scaling of the relative energy error with
the number of channels and depth of the symmetric and non-symmetric block of the network. In agreement with the
purely gauge-invariant network results, we observe that by increasing the depth of the invariant part of the network,
one can systematically improve the achievable energies (Fig. 4(a)). No similar scaling was observed with the depth
of the non-invariant block (Fig. 4(b)) or the number of channels in the non-invariant or invariant part blocks (not
shown). This conclusion holds for a range of other values of magnetic fields and system sizes.

We therefore suggest that the accuracy of our approximately-symmetric architecture might be improved by in-
creasing the depth of the invariant part of the architecture. This might be potentially achieved by trying to further
stabilize the training of deep neural network architectures (e.g., by introducing batch or layer normalization, see also
[51]) and by increasing the e#ciency of utilizing neural network parameters e.g., through pooling layers and decreasing
invariant kernel sizes (simulations were run for O(N)-sized invariant kernels, but we did not observe any noticeable
drop of accuracy in network performance with the reduction of the kernel size). Finally, one could try applying some
of the transfer learning techniques [52] and optimizing ansatz with minSR for shorter runtimes [40]. We leave these
suggested improvements for future work.

b. Sampling statistics We provide more data on MCMC statistics for simulations on a 10 → 10 system under
an hy field to demonstrate that, for the system under consideration and architecture chosen, one does not run into
any significant sampling issues. Sampling for the sign-problem full toric code with an hy ⇐= 0 field should be the
most di#cult: e.g., for stoquastic Hamiltonians it can be proven [53, 54] that MCMC mixing time for sampling their
ground states scales polynomially with the number of qubits. To demonstrate that there are no issues with sampling,
we show that (Fig. 4(c)): (i) the acceptance probabilities of the MCMC chain remain large (> 25%) throughout the
optimization; (ii) the energy autocorrelation time ↽ is small (where ↽ = 0 is ideal and one would like to avoid ↽ ⇓ 1).
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FIG. 4. Scaling of the relative variational energies with the number of layers (depth) of the neural network architecture on
a 10 ↓ 10 model for (a) the invariant and (b) the non-invariant block under (hx, hy, hz) = (0.2, 0.0, 0.2) field. The accuracy of
the ansatz can be systematically improved with the depth of the invariant block (but not the non-invariant one). Reference
energy corresponds to the depth= 1 value. (c) Sampling statistics for a (hx, hy, hz) = (0.2, 0.2, 0.2) on 10↓ 10 system. ϑ refers
to an energy autocorrelation time. We see that the acceptance rate remains high throughout, while the autocorrelation time
does not significantly increase.

Furthermore, we verified that the split-R̂ characteristics [55] remains < 1.01 throughout the simulation (where R̂ is

ideally 1 and R̂ < 1.01 tolerance is heuristically recommended [55]).

F. Extracting phase transitions for a mixed field toric code

We provide more details about evaluating observables and extracting the phase diagram of the mixed field toric
code under hy = 0.3 field (Fig. 1(c) main text). As mentioned in the main text, to find the phase transition we
evaluate BFFM X and Z observables (OX and OZ) and second Renyi entropy. Assuming that observables of interests
have only a polynomial number of non-zero matrix elements in each column of the matrix, they can be e#ciently
evaluated in the NQS by MCMC sampling [41]. This is indeed the case for the OZ (OX) order parameters (defined
in the main text). Formally these observables become order parameters (OZ and OX) only as the loop perimeter
m ↗ ⇔. In practice however, relatively small value of m allows one to observe phase transitions. The intuition
behind the OZ (OX) order parameters is the following: close to hx = hy = hz = 0 (unperturbed toric code limit)
one would expect that the numerator is vanishing (open half-loop string creates two excitations at its ends which
have a vanishing expectation value in a ground state) and denominator finite (closed Wilson loops are near exact
symmetries of the ground state); away from hx = hy = hz = 0 point, closed Wilson loop decay exponentially with the
loop perimeter m, but this decay is compensated by a similar decay of the half-loops, leaving only the contributions
from the endpoints yielding vanishing expectation value of the string order parameter [56].

On the other hand, the second Renyi entropy can be e#ciently evaluated using Monte Carlo method as the expec-
tation value of a SWAP operator on two copies of the state [57].

For a fixed hz cut through the phase diagram we find no significant shift of the peak in the derivative of both
BFFM and second Renyi entropy with increasing L which we associate with the location of the phase transition. For
a fixed hx cut, on the other hand, we find stronger finite-size e!ects [58]. To obtain a more accurate estimate of
the thermodynamic critical points along these cuts, we perform a simple finite-size extrapolation of the position of

extracted dOZ

dhz
and

dSRenyi

dhz
peaks (see Fig. 5). In particular, we fit the peak location to a power law in inverse system

size, hpeak = hcrit + b( 1
L )x and extrapolate 1/L ↗ 0. Uncertainty in the extrapolation determines the uncertainty in

critical point extraction (errorbars in Fig. 1(c) in the main text).
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FIG. 5. Finite-size extrapolation of BFFM and Renyi observables for an hx = 0 cut through the phase diagram. b and x are
fit parameters. Uncertainty in the 1/L → 0 intercept corresponds to the gray errorbar.

III. INTERPRETABILITY

We proceed to discussing interpretability of the approximately-symmetric neural network. We first discuss some
caveats on the approximate-to-exact symmetries mapping proposed as the operational principle of the neural network.
We second proceed to discuss the network invariance error (a quantity well-known in the machine-learning community
[59]) and demonstrate that its derivative appears to exhibit divergent behavior at the same location as the phase
transition from the quantum spin liquid to a trivial phase.

A. Approximate to exact symmetries mapping

In the main text we have argued that our approximately symmetric architecture operates mainly by mapping
“fattened” Wilson loops to their known form at the fixed point within the non-symmetric block, and later solves the
fully symmetric problem in the symmetric block. We have shown this strictly for an independent neural network
training procedure (see main text). We expect this conclusion to largely hold for training both blocks together. One
subtlety of the joint training is that the non-symmetric block is capable of learning some symmetric features of the
state as well. One of the consequences of this is that after such training on hz ⇐= 0 (and hy = 0) simply setting
weights of the non-invariant layer to an identity does not produce the hz = 0 ground state. We leave it for future
investigations how to fully decouple features learnt by two blocks of the network during the joint training.

B. Invariance error

In the definition of the approximate group invariance Es↑p(s)Eg→G|ωgs ↘ ωs| < ϖ, we defined a measure of the
magnitude of the symmetry breaking, ϖ. Here we discuss the dynamics and asymptotic values of the closely related
quantity ϖ̃ = Es↑p(s)Eg→G↖ logωgs ↘ logωs↖ as learnt by the neural network. We note that: (i) value of ϖ̃ approaches
the same value irrespective of the network hyperparameters over the course of optimization, (ii) ϖ̃ appears to have
a divergent derivative as one tunes the symmetry-violating field in a point closely matching the more conventional
observables of the toric code phase transitions such as BFFM order parameters (see main text).

a. Invariance error universality In the “Combo” approximately-symmetric architecture discussed in the main
text, one increases the (maximum) degree of non-invariance implicitly by increasing the number of channels in the
non-invariant layer. We note, however, that ϖ̃ (and correspondingly ϖ) converges to the same value towards the end
of optimization (see Fig. 6b), regardless of the number of channel configuration (assuming that optimization has
succeeded; this might require a certain minimum number of non-invariant channels).

b. Invariance error divergence Furthermore, we found that the invariance error ϖ̃ significantly increases with the
increasing values of the hz field. To investigate this behaviour further we plot the log ϖ̃ as a function of hz field in
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FIG. 6. (a) Logarithm of an invariance error ε̃ (blue line) and its derivative (red line) for L = 8 for hx = 0.14, hy = 0 as
a function of the group symmetry breaking field (hz), displaying a peak at a point consistent at the phase transition point
identified by more conventional observables at the same system size (see Fig. 3(a) and 3(c) in the main text). (b) Invariance
error ε̃ as a function of time for (hx = 0.14, hy = 0.0, hz = 0.2) for L = 8. Up to sampling errors, for any (successful)
optimization, it converges to the fixed value, dependent only on the value of the hz field. NIB denotes non-invariant block, IB
denotes invariant-block and numbers specify the channel configuration in every layer.

the Fig. 6a. First, as expected, at hz = 0 the approximately-symmetric architecture learns to stay fully invariant
(despite of extra flexibility). Second, we observe that d log ϖ̃/dhz reveals a peak matching the critical point found by
more conventional observables (as in Fig. 3 main text). Such behavior is most likely comes from the connection of ϖ
invariance error to the extent by which X-Wilson loops act non-trivially on a system’s ground state: ϖ ↙ ||Av|ω↑↘|ω↑||.
It should be noted that, as expected, ϖ̃ exhibits no such divergent behaviour when tuning symmetry-preserving terms
(e.g., hx magnetic field) – under which the network stays fully invariant.

IV. APPROXIMATELY-SYMMETRIC NQS FOR RYDBERG SPIN LIQUIDS

Here we provide more information about approximately-symmetric neural network applied to a PXP limit of the
Rydberg Hamiltonian on a ruby lattice. First, we e#ciently incorporate the Rydberg blockade within each triangle
by reducing the local Hilbert space to that of a spin-3/2, since double-occupancy configurations cost infinite energy
in the PXP limit. The resulting local basis over a triangle is {|ggg↑, |egg↑, |geg↑, |gge↑}, e!ectively defining a spin-3/2
system on a honeycomb lattice. Second, we use an approximately-symmetric neural network consisting of a gauge
invariant block, non-gauge-symmetric CNN added together with the non-gauge-symmetric mean-field ansatz (thus
forming the “RPP” architecture discussed before). Relevant gauge invariant Wilson operators – with respect to which
gauge-invariant product non-linearities are constructed – are shown in Fig. 7(a) and Fig. 7(b) - see also Ref. [60]. The
mean-field ansatz MF =

∑
i cini is added for numerical stability. We symmetrize the input to the neural network with

lattice symmetries (horizontal and vertical parity). We use, single layer, 4↘20 features in the non-symmetric part (in
addition to the mean-field features), GELU activation functions and stochastic reconfiguration with the SVD-based
solution to the set of linear equations. Finally, on small system sizes we benchmark our architecture against RBMs
enhanced with spin-3/2 blockade constraints and a mean-field ansatz respecting all lattice symmetries (including
inversion around the x and y axes).

We find evidence of the quantum spin liquid phase by inspecting Wilson loop operators for large system sizes
(L ∝ 6) and finite size versions of BFFM order parameters (on L = 6 they evaluate to ⇒XBFFM ↑ ↙ 0.01 for equal-
superposition probing loop passing through 12 spins-1/2 and ⇒ZBFFM ↑ ↙ 0.07 for Gauss’ law probing loop passing
through 18 spins-1/2), in agreement with the predictions from iDMRG [60]. Loops used to calculate BFFM order
parameters are defined in Fig. 7(c).
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FIG. 7. (a) Xloop =
∏

j↑hexagon X̃j operators used to construct gauge invariant non-linearites for the ruby model. Red

filled/empty circles denote Rydberg atoms in an excited/ground state (b) Action of X̃j within each triangle (c) Loop operators
used to calculate BFFM order parameters on L = 6.
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Since the discovery of phase transitions driven by topological defects, the classification of phases
of matter has been significantly extended beyond Ginzburg and Landau’s paradigm of spontaneous
symmetry breaking (SSB). In particular, intrinsic and symmetry-protected topological (SPT) orders
have been discovered in (mostly gapped) quantum many-body ground states. However, these are
commonly viewed as zero-temperature phenomena, and their robustness in a gapless ground state or
against thermal fluctuations remains challenging to tackle. Here we introduce an explicit construc-
tion for SPT-type states with hidden order associated with SSB: They feature (quasi) long-range
correlations along appropriate edges, but short-range order in the bulk; ground state degeneracy
associated with SSB; and non-local string order in the bulk. We apply our construction to predict
two types of finite-temperature SPT transitions protected by 1-form symmetries, in the Ising and
BKT class respectively, where the usual signs of criticality appear despite the absence of a diverging
correlation length in the bulk. While the state featuring hidden Ising order is gapped, the other
SPT state associated with the BKT-SPT transition has hidden U(1), or XY-order and constitutes
an intrinsically gapless SPT state, associated with a gapless Goldstone mode. Specifically, in this
work we discuss spins with global Z2 or U(1) symmetry coupled to link variables constituting a
loop gas model with a 1-form symmetry. By mapping this system to an Ising-gauge theory, we
demonstrate that one of the SPT phases we construct corresponds to the Higgs-SPT phase at T = 0
– which we show here to remain stable at finite temperature. Our work paves the way for a more
systematic search for hidden order SPT phases, including in gapless systems, and raises the question
if a natural (finite-T ) spin liquid candidate exists that realizes hidden order in the Higgs-SPT class.

The Ginzburg-Landau paradigm connects long-range
order (LRO) to the spontaneous breaking of an under-
lying symmetry. Together with the subsequently discov-
ered notion of topological phase transitions, driven by
the proliferation of topological defects [1–3], this forms
the backbone of today’s classification of the phases of
matter. While spontaneously symmetry-broken (SSB)
orders are thoroughly understood [4], both at temper-
atures T = 0 and T > 0, the complete characteriza-
tion of topological orders, including symmetry-protected
topological (SPT) states, remains an ongoing task. Al-
though topology in gapped one-dimensional systems is
well classified [5, 6], higher-dimensional settings [7, 8],
gapless topological phases [9–11] as well as interacting
systems [12, 13] remain subject of ongoing research, to
name a few.

Another avenue of active research concerns the fate of
topological states of matter at finite temperatures, T > 0.
While intrinsic topological order is not robust to thermal
fluctuations in two spatial dimensions, it can survive e.g.
in the form of a passively protected quantum memory
in four dimensions [14, 15]. Since two-point correlations
in the bulk decay exponentially in topological phases,
most characterizations of topological order, intrinsic or
SPT, rely on the analysis of the non-local structure of
the entanglement [16–18], which becomes cumbersome at
finite temperatures [19]. Nevertheless, generalizations of
topological invariants to mixed states [20–30] and finite

temperatures [31–34] have been proposed. While a no-go
theorem rules out the existence of entangled SPT states
protected by a global 0-form symmetry [34] at T > 0, a
general understanding when and which features of SPT
states can remain stable at finite temperatures remains
lacking.

In this article, we construct a class of SPT states fea-
turing hidden order (HO), or hidden SSB (hSSB). While
the connection of SSB and SPT [35] as well as hidden or-
der and SPT [10, 36–38] have been previously studied at
T = 0, here we show that such HO-SPT states in general
remain robust at finite temperatures in d ≥ 2 dimensions,
and constitute intrinsically gapless SPT phases when the
underlying protecting, global symmetry is continuous.
The basic strategy is related to the construction of SPT
phases from decorated domain walls [12, 39], which nat-
urally leads us to the Higgs-SPT phase recently discov-
ered in the Z2 Ising gauge theory (IGT) [40–42]. Simi-
larly, antiferromagnetic (AFM) order hidden by fluctuat-
ing stripes was recently proposed as a description of the
pseudogap phase of the cuprate superconductors [43], see
also [44, 45]. In this article we clarify how all these sce-
narios can be viewed as forms of HO-SPT phases, which
remain robust at finite temperature and naturally extend
to intrinsically gapless SPT states.

Our starting point is a model of spins, locally coupled
to fluctuating link variables, which has a global symme-
try Ŝ associated with the spins, i.e. [Ĥ, Ŝ] = 0 where Ĥ is
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Û

hs/Js

hτ /Jτ

LRO

hQCP QCP

SRO SRO

c)

0.5

0.5

￼  
￼
MS = 0
M*S = 0

￼  
￼
MS = 0
M*S = 0

￼  
￼
MS = 0
M*S > 0

￼  
￼
MS > 0
M*S > 0

HO-SPT

FIG. 1: We predict a class of HO-SPT phases featuring SSB without a local bulk order parameter, in systems where
domain walls of a spin order parameter couple to a loop gas of fluctuating link variables. a) In the hidden-Ising order

(HIO) model, the sign of Ising interactions ∝ Ŝz
i Ŝ

z
j between spins is flipped across strings defined by link variables

τz⟨i,j⟩ = −1 (blue, wiggly lines). Fluctuations of the strings around sites (highlighted in yellow) are accompanied by

flips of the central spin. In addition, spin-flips driven by a transverse field can be included. The 1D HIO model can be
understood as an excerpt of the 2D model (dark gray box). b) Deep in the HO-SPT phase, the ground state satisfies
the hidden order rule, illustrated in the top panel: spins flip sign only across a flipped link. The bottom panel shows
an excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at λ = 0
can be exactly decoupled by the non-local unitary transformation Û illustrated in both panels, which flips all spins
between two strings with τz = −1. c) The phase diagrams of the HIO model in 1D, Eq. (1) for λ = 0, and in 2D,
Eq. (4), have the same structure [only the critical values in 2D, (hτ/Jτ )c,2D and (hS/JS)c,2D, differ from their shown
value 0.5 in 1D]. The conventional SSB phase with bulk long-range order (LRO) and non-zero magnetization MS > 0
is located next to a symmetric phase with short-range order (SRO) and the SPT phase with hidden order (HO-SPT),
which features hSSB. As explained in the text, the HO can be detected by the magnetization of Ising spins in squeezed
space, M∗

S . A hidden quantum critical point (hQCP), or HO-SPT transition, separates the HO-SPT from the SRO
phase. The orange arrow in c) indicates the corresponding scan in our numerics shown in Fig. 2 a).

the Hamiltonian. We further assume that the link vari-
ables form a loop gas model [3], constituted by closed
string configurations on the dual lattice, see Fig. 1 a)
for an illustration. When the underlying spin-link in-
teractions lead to binding of domain walls of the local
spin-order parameter to the strings of the loop gas, suffi-
ciently strong fluctuations of the latter can lead to short-
range correlations between spins in the bulk. Neverthe-
less, the underlying global symmetry Ŝ of the spins can
remain spontaneously broken, turning the expected long-
range correlations associated with this SSB into non-local
string order in the bulk. By this construction, an SPT
phase protected by Ŝ is obtained. Crucially, this con-
struction does not rely on the topological ground-state
of the loop gas model.

To describe HO-SPT phases featuring such hSSB, we
provide explicit solutions of different microscopic mod-
els in this class. To this end, we construct an exact,
non-local unitary transformation Û that allows to decou-
ple the original Hamiltonian into two independent parts:
a conventional spin model, symmetric under Ŝ, and a
fluctuating loop gas model realized as a perturbed toric
code in a field [46–48]. The motivation for this transfor-
mation derives from the concept of squeezed space orig-
inally introduced to describe doped AFMs [43, 49, 50]
and applied for the construction of intrinsically gapless,

one-dimensional (1D) SPT states [10]. As a consequence
of the strong correlations between spins and links, the
unitary Û basically unwinds the domain walls of the spin
order parameter and turns the hidden order into conven-
tional long-range order of the spins in the newly con-
structed basis, see Fig. 1 b) for an illustration.

This construction will lead us to the generic HO phase
diagram shown in Fig. 1 c), where the HO-SPT phase
is located next to a conventional, ordered phase and a
trivial, symmetric phase. The first transition (HO-SPT
to LRO) appears to be conventional symmetry-breaking
in the bulk, although it is driven by the confinement of
the loop gas and hence in a different universality class
in general. The second transition (HO-SPT to SRO) is
of SPT type and constitutes a hidden quantum critical
point (hQCP): Since both sides of the transition have
short-range correlations in the bulk, it cannot be charac-
terized by a diverging correlation length. However, the
correlation length associated with the hidden, non-local
string order diverges, and likewise other characteristics
of quantum criticality, such as critical transport or col-
lective mode softening, remain present.

In principle, our construction can be adapted to any
symmetry Ŝ. In this paper, we explicitly consider the
discrete Z2 and the continuous U(1) symmetries. One of
the most striking consequences of the hSSB in the HO-
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SPT phase is its robustness at finite temperatures, T > 0
in two or more dimensions: Since the hidden order can
be described by a conventional spin system decoupled
from the loop gas, it inherits the usual Ginzburg-Landau
classification of SSB. Indeed, the underlying symmetry
Ŝ is broken globally, rather than locally, while LRO is
hidden, rather than destroyed, by the fluctuating loop
gas. In this paper we explicitly discuss hidden Ising and
BKT orders, associated with Z2 and U(1) symmetries.

Our paper is organized as follows: In the first sec-
tion, we illustrate the connection between SSB, SPT and
HO for the example of two coupled 1D transverse-field
Ising models (TFIMs). An almost identical model was
recently discussed [40], and our results completely agree
with their conclusions derived from considering the spon-
taneous breaking of higher-form symmetries [51]. We
provide a new perspective by explicitly constructing the
HO unitary transformation Û , see Fig. 1 b), which decou-
ples the entire spectrum of the Hamiltonian. This paves
the way for our subsequent extensions to higher dimen-
sions, continuous symmetries and finite temperature.

In the second section, we discuss hidden order associ-
ated with a discrete Z2 symmetry in 2D, where we con-
sider a transverse-field Ising model (TFIM) of spins cou-
pled to a perturbed toric code. By a mapping to the
double-Higgs IGT, we argue that the HO-SPT phase we
identify coincides with the Higgs-SPT phase of the Z2

IGT [40, 52]. As a central new result, we demonstrate
that the HO-SPT phase is robust to thermal fluctuations
and gives rise to a finite-T SPT transition.

In the third section, we extend our results to hidden
order associated with a continuous U(1) symmetry in 2D.
In the ground state, we find an intrinsically gapless HO-
SPT phase with hidden U(1) or XY order and a gapless
Goldstone mode. This phase essentially survives at finite
temperatures, although with hidden quasi-long range or-
der and power-law correlations at the edge, before it dis-
appears in a finite-T SPT transition of BKT type. We
predict these physics in an IGT coupled to a U(1) matter
field, closely related to the classical 3D XY model [53].

Our paper closes with an outlook and a discussion how
HO-SPT phases may be experimentally observed, in real
materials and synthetic quantum matter.

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the fundamental idea how hSSB
and HO can be realized in an exactly solvable model in
one dimension (1D). We provide an explicit construction
of a (HO-) SPT phase in 1D, which by itself is well un-
derstood [40, 54]. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides valuable insights into the rela-
tion of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links

⟨j, j + 1⟩, see Fig. 1 a) and b). We define the following
Hamiltonian, which we refer to as the 1D hidden-Ising
order (HIO) Hamiltonian,

Ĥ = −JS
∑

j

Ŝz
j+1Ŝ

z
j [τ̂

z
⟨j,j+1⟩(1− λ) + λ] + hS

∑

j

Ŝx
j

− hτ
∑

j

τ̂z⟨j,j+1⟩ + Jτ
∑

j

τ̂x⟨j−1,j⟩τ̂
x
⟨j,j+1⟩Ŝ

x
j .

(1)

Here, Ŝα
j denotes the α-component of the spin on site

j with α = x, y, z, and τ̂α⟨j,j+1⟩ refers to Pauli matrices

on the links between neighboring sites. The model ex-
hibits a NN Ising-like interaction ∝ JS and a transverse
field hS . The real parameter λ ∈ [0, 1] interpolates be-
tween a conventional NN Ising interaction (for λ = 1)
and one with a sign-flip controlled by the τ̂z-field on the
link connecting both sites (for λ = 0). A very similar
model was constructed starting from the cluster model
(hS = hτ = λ = 0) to construct the same SPT phase [40]
that we will discuss now.
In the following we focus on the ordered and disordered

phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝz
j → −Ŝz

j of the HIO model, Eq. (1). The model
has an additional, global Z2 symmetry, τ̂xj → −τ̂xj , which
is not important for the following discussion and can be
broken by a weak longitudinal field term, bτ

∑
j τ̂

x
⟨j,j+1⟩,

without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

bτ = λ = 0 has a self-duality τz ↔ Ŝx and a local Z2

gauge symmetry [55, 56], neither of which will be essen-
tial for the physics that we describe now.
When the link field τ̂z = 1 is fully polarized, for large

hτ ≫ Jτ ≥ 0, the 1D HIO Hamiltonian reduces to a
TFIM. In this limit, it exhibits a well-known quantum
critical point (QCP) describing a transition from a SSB
ferromagnet (FM) to a paramagnet (PM) [4, 57], assum-
ing JS > 0 and tuning hS . The situation becomes more
interesting when quantum fluctuations of the link vari-
ables, introduced by the last term ∝ Jτ in Eq. (1), dom-
inate, Jτ ≫ hτ ≥ 0: On one hand, this tends to de-
polarize the links τ̂z; on the other hand, the operator Ŝx

j

appearing in this term introduces spin flips in the FM.
By construction of the HIO Hamiltonian, the latter lead
to no additional energy cost ∝ JS for λ = 0 since the
values of τ̂z⟨j,j±1⟩ are also flipped by the term ∝ Jτ . I.e.,

by adding Jτ processes, we introduce fluctuating domain
walls in the FM which are bound to τ̂z excitations – as
we show next, these can hide the FM order when they
proliferate for small values of hτ , see Fig. 1 c).

Now we construct an exact, non-local unitary transfor-
mation to demonstrate that the fluctuating domain walls
destroy the long-range FM order of the spins Ŝz

j when
Jτ and JS are sufficiently large. Moreover, this trans-
formation allows for an exact solution of Eq. (1) in the
case λ = 0, and reveals that SSB still takes place even in
the absence of long-range FM spin correlations. Our con-
struction is similar to the idea of squeezed space [50, 58],

2. The toric code and related gauge theories

128



4

introduced to solve the 1D t−J model [49], and leads to a
non-local string order parameter characterizing the hSSB
phase of the 1D HIO model. Notably, the same construc-
tion will allow us to derive a similar solution of the HIO
model in 2D, which we discuss in the next section.

The unitary transformation Û we construct disentan-
gles the spin configurations Ŝz

j = ±1/2 from the fluctu-

ating link variables τ̂z⟨j,j+1⟩ = ±1. We define Û by its

action on basis states |{Sz
j , τ

z
⟨j,j+1⟩}⟩ as follows,

Û |{Sz
j , τ

z
⟨j,j+1⟩}⟩ = |{S̃z

j = (−1)pjSz
j , τ

z
⟨j,j+1⟩}⟩ , (2)

where pj denotes the number of negative links for i < j,

i.e. (−1)p̂j =
∏

i<j τ̂
z
⟨i,i+1⟩. The action of the unitary Û

is illustrated in Fig. 1 b): A spin on site j is flipped if and
only if the number of negative links on sites i < j is odd.
Our transformation Û can be viewed as a generalization
of the unitary proposed in Ref. [40] in the limit Jτ → ∞
for the ground state.

Applying the unitary on the Hamiltonian we obtain a
representation of the 1D HIO model in the new basis,
which we refer to as the squeezed space, in analogy with
doped 1D quantum magnets. The result are two decou-
pled TFIMs for spin (S) and link (τ) degrees of freedom,

Û†Ĥ(λ = 0)Û = ĤS
TFIM + Ĥτ

TFIM , (3)

see Appendix A for details. Hence, in squeezed space,
the eigenstates of Eq. (3) at λ = 0 factorize, |ψ⟩ =
|ψ⟩S ⊗ |ψ⟩τ ; here |ψ⟩S/τ denote eigenstates of the TFIM

on sites/links. Since the latter can be expressed analyt-
ically by a combination of a Jordan-Wigner transforma-
tion and a Bogoliubov transformation [59], the 1D HIO
model is integrable at λ = 0.

From Eq. (3), we directly obtain the phase diagram of
the HIO model at λ = 0, shown in Fig. 1 c). It consists
of two independent Ising-type phase transitions, of links
and spins respectively, manifesting in crossing, straight
lines in Fig. 1 c). In squeezed space, the usual order pa-
rameters of the TFIM can be used to characterize the
SSB Ising transition of the spins Ŝz, such as magneti-
zation M∗

S = ⟨| 1L
∑

j Ŝ
z
j |⟩sq or long-range spin-spin cor-

relations C∗(d) = ⟨Ŝz
0 Ŝ

z
d⟩sq. Here ⟨·⟩sq = ⟨Û · Û†⟩ is

the expectation value in the new basis after applying Û ,
which turns the squeezed space order parameters into
non-local string operators in the original model Eq. (1),

e.g. C∗(d) = ⟨Ŝz
0

(∏
0≤j<d τ̂

z
⟨j,j+1⟩

)
Ŝz
d⟩. In particular,

the string order parameter C∗(d) can retain long-range
correlations when τ̂z fluctuates strongly, while the two-
point spin-correlations C(d) = ⟨Ŝz

0 Ŝ
z
d⟩ ≃ e−d/ξ decay ex-

ponentially in this regime, with ξ the correlation length
of the link variables: This leads to a hidden order, or
SPT, phase which exhibits SSB without long-range cor-
relations.
The unitary Û also affects the link variables τ̂x⟨j,j+1⟩, by

attaching a string of Ŝx operators, see Appendix A. Since

x ̂Sz
x

̂Sz
0

FIG. 2: Numerical study of the HO-SPT phase in the
1D HIO model. a) We perform DMRG simulations using
the SyTen toolkit and take snapshots of the many-body
wavefunction via the perfect sampling approach [60, 61],
allowing us to evaluate magnetizations MS and M∗

S in
real and squeezed space; the latter are indicated by
two overlaid color maps. For the exactly solvable case
λ = 0, the hQCP found in Fig. 1 c) is located at a
critical value (JS/Jτ )c = 0.2, indicated by a short blue
line. The orange arrow corresponds to the same scan in
Fig. 1 c). We find that for non-zero values of λ, the HO
phase persists until eventually it transitions to the LRO
phase (with MS > 0, for large JS/Jτ ) or the disordered
phase (with MS = M∗

S = 0, for small JS/Jτ ). Areas
with 1

(L−1) ⟨|
∑

j τ̂
z
⟨j,j+1⟩|⟩ > 0.3 are indicated by hatched,

grey lines. b) We define standard spin-spin correlations

⟨|Ŝz
0 Ŝ

z
x|⟩ as a function of distance x, computed along the

transition from HO to LRO at JS/Jτ = 2.25 in c). Colors
in c) correspond to different values of λ, as highlighted
by data points of the same color in a). We find that
the bulk order disappears around λ = 0.7, whereas long-
range edge-to-edge correlations continue to indicate the
presence of SSB in the HO phase for smaller values of
λ. In a) and c) we considered a chain of L = 51 spins
and 50 links in between, and set hτ/Jτ = hS/Jτ = 0.1;
gray circles indicate the underlying data points. See Ap-
pendix B for more details on our numerical simulations.

our focus is on the physics of the spins Ŝj , in the following
we will only consider order parameters for τ̂ variables
in squeezed space, e.g. the link magnetization M∗

τ =
⟨| 1L

∑
j τ̂

x
⟨j,j+1⟩|⟩sq. Combining all order parameters, for

spins and links, we arrive at the following groundstate
phase diagram of the 1D HIO model at λ = 0 which
depends only on the ratios hτ/Jτ and hs/Js, cf. Fig. 1 c):

(i) Hidden order HO-SPT phase: M∗
τ ,M

∗
S > 0, for

hτ/Jτ < 1/2 and hS/JS < 1/2. In this phase the
link variables τ̂z fluctuate strongly, while the spins
Ŝz exhibit SSB and the associated long-range order
in squeezed space. In the original basis (referred to
as real space in the following) spin-correlations are

hidden, with MS = ⟨| 1L
∑

j Ŝ
z
j |⟩ = 0 due to the

proliferation of domain walls tied to negative links,
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τ̂z = −1. Since [
∏L−2

j=0 τ̂
z
⟨j,j+1⟩, Ĥ] = 0 is con-

served, with L the system size, edge-to-edge correla-

tions ⟨Ŝz
0 Ŝ

z
L−1⟩ ≡ ±⟨Ŝz

0

(∏L−2
j=0 τ̂

z
⟨j,j+1⟩

)
Ŝz
L−1⟩ corre-

spond to non-local string correlations and become long-
ranged, as a direct manifestation in real space of the
hidden order in squeezed space. When hS = 0, the
ground state exactly satisfies the hidden-order rule, i.e.

Ŝz
j =

(∏
0≤i<j τ̂

z
⟨i,i+1⟩

)
Ŝz
0 , and the HIO model exhibits

Hilbert space fragmentation [62]. Excitations correspond
to spin flips not accompanied by changes in the link vari-
ables, see Fig. 1 b).

(ii) Link-ordered phase (SRO): M∗
τ > 0,M∗

S = 0, for
hτ/Jτ < 1/2 and hS/JS > 1/2. This phase has no SSB
and lacks long-range order in the spin variables, both
in real and squeezed space; the link variables τ̂x feature
long-range correlations. As in the HO phase, MS = 0,
and this phase is separated from the HO phase by a
hQCP or SPT transition [blue dashed line in Fig. 1 c)]:
across the hQCP, no local bulk order parameter of the
spins Ŝj can detect the transition in real space.

(iii) Fully disordered phase (SRO): M∗
τ = M∗

S = 0,
for hτ/Jτ > 1/2 and hS/JS > 1/2. This completely
symmetric phase breaks none of the two Z2 symmetries
(τ̂x/Ŝz → −τ̂x/Ŝz), implying MS = Mτ = 0. It is sepa-
rated from the link-ordered phase via a QCP associated
with the breaking of the link-Z2 symmetry [light gray
line in Fig. 1 c)]. This QCP disappears when the link-Z2

symmetry is explicitly broken in the Hamiltonian, e.g.
by bτ ̸= 0, in which case the link-ordered and fully dis-
ordered phases combine into one.

(iv) Long-range ordered (LRO) phase: M∗
τ = 0,M∗

S >
0, for hτ/Jτ > 1/2 and hS/JS < 1/2. This phase
spontaneously breaks the spin-Z2 symmetry, but remains
link-Z2 symmetric. Since flipped τ̂z links remain con-
fined [63], the non-zero magnetization in squeezed space,
M∗

S > 0, also manifests in long-range correlations and
MS > 0 in real space. Transitions into the LRO phase,
both from the HO and fully disordered phases, constitute
QCPs of Ising type.

The HO phase we find in the 1D HIO model can be
understood as an SPT phase, protected by the global Z2

symmetry Ŝz
j → −Ŝz

j that is spontaneously broken in
squeezed space. This demonstrates that the exact uni-
tary transformation Û , decoupling spins and link vari-
ables in squeezed space for λ = 0, is not necessary
(though helpful) to observe the HO phase. Indeed, for

λ ̸= 0, the unitary Û does not lead to an exact decou-
pling, but the HO phase still exists even for values of λ
close to unity, as we demonstrate in Fig. 2.

Similarly, the hQCP between the fully symmetric and
the HO phases remains robust when λ ̸= 0. In the 1D
HIO model, the hQCP is accompanied by the emergence
of link order of the τ̂x field, with Mτ > 0 for hS/JS >
1/2. However this is an artifact of the additional global
Z2 symmetry of the link variables. It is absent if the
latter is explicitly broken, or, as we will show next, when
generalizing the HIO model to 2D.

HIDDEN ORDER IN 2D: DISCRETE SSB
AND FINITE-T SPT

Now we extend the construction of HO and hSSB to
higher dimensions. Since SSB at temperatures T > 0 can
only take place in 2D and higher, this opens up the possi-
bility of a finite-temperature hidden critical point (hCP).
Indeed, by considering a generalization of the 2D TFIM,
we will now explicitly construct a 2D Ising-type hCP, re-
alizing a finite-T SPT transition protected by a 1-form
symmetry [34]. The central idea is to decorate domain

walls of the Ising spins Ŝz
j with flipped links τ̂z⟨i,j⟩ = −1,

as in 1D. To guarantee that no frustrated links appear, we
further ensure that the flipped link variables τ̂z⟨i,j⟩ = −1

form closed loops without ends, realizing the required 1-
form symmetry. I.e., the link fields τ̂ need to be described
by a loop gas model, the simplest instance of which is Ki-
taev’s toric code [7, 47].
Squeezed space and HIO model in 2D.– This leads us

to the 2D HIO Hamiltonian,

Ĥ = −JS
∑

⟨i,j⟩
Ŝz
i Ŝ

z
j τ̂

z
⟨i,j⟩ + hS

∑

j

Ŝx
j

− hτ
∑

l

τ̂zl − µτ

∑

□

∏

l∈□
τ̂zl + Jτ

∑

j

Ŝx
j

∏

l∈+j

τ̂xl . (4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where τ̂z⟨i,j⟩ = −1. The second line

starts with the string tension hτ , followed by a plaquette
term ∝ µτ defined on plaquettes □ which penalizes open
strings. Finally a correlated fluctuation of spins and links
∝ Jτ is added, involving a product over links l forming a
star +j around site j. This last term guarantees flipped

spins Ŝz
j to be accompanied by a flip of all links τ̂zl sur-

rounding site j. The model is illustrated on the square
lattice in Fig. 1 a).
The 2D HIO model features a global Z2 symmetry,

Ŝz → −Ŝz that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D HIO
model Eq. (1) (for λ = µτ = 0) if the four-link operators
are reduced to two-link terms; this is illustrated in Fig. 1
a) and b). For simplicity we only consider the case λ =
0 here, but a generalization of the Ising interactions to
λ ∈ [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, τ̂x → −τ̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop gas model in Eq. (4) that
will be discussed further below.
To derive the phase diagram and solve the 2D HIO

model, Eq. (4), we apply a similar strategy as in 1D and

construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by τ̂zl = −1 form closed loops, i.e. for

∏

l∈□
τ̂zl |ψ⟩ ≡ B̂□ |ψ⟩ = |ψ⟩ , ∀ □. (5)
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Since [B̂□, Ĥ] = 0 this defines a sector of the HIO Hilbert
space, realized by µτ → ∞, to which we will restrict
ourselves in the following. In the T = 0 ground state it
is sufficient to assume µτ > 0, which leads to a ground
state of Eq. (4) in the closed-loop sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of p̂j that care has to be taken: We define

(−1)p̂j =
∏

l∈Lj

τ̂zl (6)

as a product of link variables along a path Lj from some
fixed reference site to j. For the different sites j we choose
a path Lj following a one-dimensional snake-like covering
of all lattice sites, as described in Appendix A. Since this
parity p̂j is independent of the path Lj in the subspace
of closed loops, Eq. (5), the above expression for (−1)p̂j

is well-defined. Intuitively, the parity πj = (−1)pj distin-
guishes sites j inside (πj = −1) and outside (πj = +1)
of the closed loops of strings τz = −1. By applying the
unitary Û in Eq. (2), spins inside closed loops are flipped:
This is the defining property of squeezed space in 2D.

Now we apply Û to the 2D HIO Hamiltonian in the
closed-loop subspace, which decouples the system into a
TFIM of spins Ŝ and a toric code in a field (TC-F), see
Appendix A for a derivation,

Û†ĤÛ = −JS
∑

⟨i,j⟩
Ŝz
i Ŝ

z
j + hS

∑

j

Ŝx
j

︸ ︷︷ ︸
ĤTFIM

+
Jτ
2

∑

j

∏

l∈+j

τ̂xl − hτ
∑

l

τ̂zl

︸ ︷︷ ︸
ĤTC−F

. (7)

Note that we dropped the term ∝ µτ from Eq. (4), since

we work in the sector B̂□ = 1 where it becomes a con-
stant. Similar transformations have recently been dis-
cussed by Ref. [42].

Zero-temperature phase diagram.– As in the 1D HIO
model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 c), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M∗

S > 0,
manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS =M∗

S = 0.
The most interesting phase is the HO phase, in which

long-range order in squeezed space, M∗
S > 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for hτ/Jτ < (hτ/Jτ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings τ̂z = −1 percolate
through the entire system [64–66]. The most direct way

to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝz are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝz
j = Ŝz

r

∏

l∈Lj

τ̂zl , for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝz realize the dual variables of the loop
gas [67, 68]. The latter undergo an Ising transition as
hτ/Jτ is increased beyond (hτ/Jτ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; i.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C∗(j) =

〈
Ŝz
r

( ∏

l∈Lj

τ̂zl

)
Ŝz
j

〉
. (9)

Along edges of the system without open strings (dan-
gling bonds) and still considering the closed-loop sub-
space µτ → ∞, the correlator C∗(j) develops long-range
edge correlations Ce(de) = ⟨Ŝz

re Ŝ
z
re+de

⟩ in the HO phase,
demonstrating the SPT nature of the latter. These long-
range edge correlations require the 1-form symmetry un-
derlying the closed-loop condition to remain stable.

Finally, within the Z2 symmetric, disordered phase for
hS/JS > (hS/JS)c,2D, another topological phase tran-
sition takes place at (hτ/Jτ )c,2D: This is the confining
transition of the loop gas, which can be detected through
a Wilson loop [46] or a percolation analysis of link snap-

shots [64], but has no influence on the spins Ŝ.
Finite-temperature phase diagram.– Next, we turn to

the finite-temperature phase diagram of the 2D HIO
model, which is a lot more interesting than in 1D since
the discrete Z2 symmetry Ŝz → −Ŝz can be broken at
T > 0. In the following we assume µτ → ∞, restricting
our entire model to the closed loop subspace1, Eq. (5).
Hence, the decoupled Hamiltonian in squeezed space,
Eq. (7), remains valid, allowing us to derive the phases of
spin and link variables independently. We start with the
spins in the 2D TFIM, which spontaneously break the
discrete Z2 symmetry, and form an ordered state in 2D
squeezed space signified by M∗

S(T ) > 0, below a critical
temperature T < Tc(JS , hS) depending on JS and hS .

1 Note that in an experimentally relevant, finite-size setup it is
sufficient to choose µτ large enough to suppress the total number
of open-loop defects to below one on average. This requires µτ →
∞ as the linear system size L → ∞.
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FIG. 3: Schematic phase diagram of the 2D HIO model,
Eq. (4), at finite temperature and in the closed-loop limit,
µτ → ∞. The decoupling of spin and link degrees of free-
dom in squeezed space, after applying the unitary trans-
formation in Eq. (2), leads to a factorization of the phase
diagram. The insets illustrate the respective system con-
figurations. The TFIM of spins Ŝ features a finite-T Ising
transition, describing where SSB takes place. The toric
code in a field describing links τ̂ is dual to a TFIM, with
an associated Ising∗ transition characterizing the decon-
finement of the loop gas. In regimes where the loop gas
is deconfined (percolating), through quantum or thermal
fluctuations, spin order is hidden (blue region) in real
space. For large Jτ/hτ , a finite-T SPT transition at Tc
is obtained. In the confined (non-percolating) region of
the loop gas, for small Jτ/hτ , and when hS/JS is small,

low-T LRO gives way to a HO phase at T
(1)
c where the

loop gas thermally deconfines, before entering the fully

symmetric, disordered phase at T
(2)
c . In this regime, the

critical temperature separating the ordered and disor-
dered phase is T/JS ≈ 2.27 at elevated temperatures.

The phase diagram of the closed-loop gas model at
T > 0 in squeezed space is similar. Through the help of
a duality mapping, the toric code in a field is equivalent
to a 2D TFIM, with Ising interactions hτ and a transverse
field Jτ [68]. Below Tc(Jτ , hτ ), in the ordered phase of the
dual variables, the loop gas forms non-percolating, finite-
size clusters of strings. In contrast, above Tc(hτ , Jτ ),
in the disordered phase of the dual variables, the loop
gas forms a percolating net of strings extending across
the entire system [64]. The respective configurations are
indicated in the insets of Fig. 3. Notably, SSB of the
dual variables in their ordered phase has no equivalent
in the original string basis – in contrast to SSB of the
spins Ŝ, which leads to e.g. a doubly-degenerate ground
state. For both models in squeezed space, the respective
Tc = 0 vanishes at the zero-temperature quantum phase
transitions at (JS/hS)c,2D and (Jτ/hτ )c,2D.

The resulting finite-temperature phase diagram of the
closed-loop 2D HIO model is shown in Fig. 3. One of
its most interesting features is the extension of the HO,
SPT-type phase above T > 0. For small hS/JS , ensuring
M∗

S > 0, and provided the loop gas is in its percolating
phase, i.e. for large Jτ/hτ and ensuring thatMS = 0, we
find that the T = 0 HO phase extends to some Tc > 0.
At this Tc, it turns into the fully symmetric, disordered
phase, realizing a finite-T SPT transition.
For smaller values of Jτ/hτ , where the loop gas is in

its non-percolating, confined phase at low T , the spon-
taneous breaking of the spin’s Z2 symmetry manifests in
long-range order, MS > 0. This is stable up to a critical

temperature T
(1)
c , above which MS = 0. When simul-

taneously hS/JS is sufficiently small, we obtain a sec-

ond critical T
(2)
c : In between, for T

(1)
c < T < T

(2)
c , the

Z2 symmetry remains broken but the system is in the
HO-SPT phase. Here, thermal fluctuations induce fluc-
tuations of the link variables which gives rise to a ther-

mally restored SPT phase [69]. Only beyond T > T
(2)
c

the Z2 symmetry is restored. Thereby we establish an
interesting new scenario how long-range order can be de-
stroyed in a step-like manner as temperature is increased,
from LRO to HO and finally to the disordered phase in
an SPT transition. The two scenarios are illustrated in
Fig. 3 along exemplary scans through the phase diagram
(orange arrows).
Open strings & relation to Ising gauge theory.– So far

we restricted our discussion of the 2D HIO model to the
subspace of closed τ̂z loops. Next, we consider finite µτ <
∞ and include an additional term in the Hamiltonian
introducing τ̂z strings with open ends:

Ĥ → Ĥ + hX
∑

l

τ̂xl . (10)

With this term included, we can no longer use the unitary
Û to decouple spin and link variables, since the inside and
outside of the τ̂z loops become ill-defined in the presence
of open strings.
We will argue next that the HO phase remains stable

even when hX ̸= 0 and open τ̂z strings are included. By
relating the HIO model to a double-Higgs Ising gauge
theory (IGT) [40, 42], we will show that the HO phase
coincides with the Higgs phase of the IGT. Indeed, it
was recently shown at zero temperature that the Higgs
phase realizes an SPT phase [40]: We conjecture that the
HO-SPT phase we constructed above is identical to the
Higgs-SPT phase found by Verresen et al., see Fig. 4 a),
and extends to T > 0.
Before going into details, we provide intuition why the

HO phase remains stable upon including open strings, for
hX > 0. To this end, we consider the limit hS = 0, where
the hidden-order rule, Eq. (8), applies when hX = 0. I.e.,
any string segment τz⟨i,j⟩ = −1 is bound to a domain wall

of the Ising spins, Sz
i = −Sz

j . Adding small |hX | ≪ µτ

can perturbatively open the string, but keeps the spin-
domain wall unchanged, as we illustrate in Fig. 4 b). This
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costs energy ∝ Js per open string segment, and realizes
a force linear in the distance between the two charges,
B□ = −1, at the open ends of the strings. As long as
these charges remain confined, the inside and outside of
the loop gas can still be meaningfully defined and HO is
stabilized. When hX/µτ becomes too large, open ends
with B□ = −1 proliferate and deconfine, destroying the
HO phase in an SPT transition at hX,c > 0.

Now we proceed by describing the 2D HIO model in
the framework of an IGT. When the string tension asso-
ciated with the links vanishes, hτ = 0, the Hamiltonian
Eq. (4) features a further local Gauss law, [Ĥ, Ĝj] = 0

with Ĝj =
∏

l∈+j
τ̂xl Ŝ

x
j , in addition to the closed-loop

constraint, Eq. (5). By introducing a second Higgs field

σ̂x, in addition to Ŝz, to describe the open ends of the
τ̂x strings, we can elevate the entire HIO model, for any
hτ , to an IGT:

ĤIGT = −JS
∑

⟨i,j⟩
Ŝz
i Ŝ

z
j τ̂

z
⟨i,j⟩ + hS

∑

j

Ŝx
j + hX

∑

l

τ̂xl

− hτ
∑

⟨i,j⟩
σ̂z
i σ̂

z
j τ̂

z
⟨i,j⟩ + Jτ

∑

j

σ̂x
j − µτ

∑

□

∏

l∈□
τ̂zl . (11)

This Hamiltonian acts in a Hilbert space satisfying the
following Gauss law,

2Ŝx
j σ̂

x
j

∏

l∈+j

τ̂xl |ψ⟩ ≡ Ĝj |ψ⟩ = |ψ⟩ , ∀ j. (12)

The T = 0 phase diagram of the double-Higgs IGT,
Eq. (11), is shown in Fig. 4 a). We construct it start-
ing from the phase diagram of the 2D HIO, see Fig. 4
a), at hX/µτ = 0. Next, we set hτ = 0 (Jτ ≫ 0) in

Eq. (11) and eliminate Ŝx making use of the Gauss law,

Eq. (12): Ŝx
j = 1

2 σ̂
x
j

∏
l∈+j

τ̂xl . The resulting Hamiltonian

commutes with σ̂x
j , which takes the value σx

j = −1 in the
ground state of the link variables. This finally leads to
the identification Ŝx

j = − 1
2

∏
l∈+j

τ̂xl and

Ĥ(hτ/Jτ = 0) = −JS
∑

l

τ̂zl − hS
2

∑

j

∏

l∈+j

τ̂xl

+ hX
∑

l

τ̂xl − µτ

∑

□

∏

l∈□
τ̂zl , (13)

which is the well-known perturbed toric code Hamilto-
nian with two fields, JS and hX [46, 47]. Its phase dia-
gram is sketched in the hτ = 0 plane in Fig. 4 a), demon-
strating that the HO phase is directly connected to the
Higgs-SPT phase.

Further insights into the phase diagram of the double-
Higgs IGT can be obtained by using the symmetry be-
tween the two Higgs fields. Exchanging 2Ŝ ↔ σ̂, as well
as JS ↔ hτ and hS ↔ Jτ , the Hamiltonian ĤIGT is in-
variant. This establishes the relation between the σ-HO
phase and the σ-Higgs-SPT phases on the vertical planes
in Fig. 4 a). The ordered phase at large hτ/Jτ and small

hQCP

QCP

￼hX /μτ

￼hτ /Jτ

Higgs-SPT

￼hS /JS

toric code
confined, 

PM

￼ -Higgs-SPTσ￼ -H
O

σ

￼∞

￼0

a)

b)

￼B□ = − 1

No 

Order

Hidden
 

Order

No 

Order
Order

FIG. 4: Zero-temperature phase diagram of the double-
Higgs Z2 gauge theory, Eq. (11). a) On the left vertical
plane, for hX = 0, the exactly solvable phases of the
2D HIO model are obtained, including HO of both Higgs
fields. The latter regimes connect directly to the respec-
tive Higgs-SPT phases of S (σ) on the bottom horizontal
(back vertical) plane. The phase boundaries of these SPT
phases - which we conjecture to coincide with our HO-
SPT phases - are taken from Ref. [40]. The topological
toric code phase (green) corresponds to the disordered,
PM phases of the Higgs fields. b) The HO phase remains
stable upon including open τz strings, by hX ̸= 0, be-
cause domain walls of Ŝz spins lead to a linear confining
force between open ends of the strings, B□ = −1.

hS/JS features LRO of both Higgs fields, σz and Sz. Fi-
nally, for large hX/µτ both Higgs fields are in a fully
symmetric, paramagnetic (PM) phase.
In combination with our earlier results, we conclude

that the HO / Higgs-SPT phase protected by the global

Z2 symmetry of spins, Ŝz → −Ŝz, remains stable at finite
temperatures, T > 0. We conjecture that it features
hSSB of the global Z2 symmetry, and thus constitutes
an extension of the SSB Ŝz-ordered phase to a regime
with hidden order. This stability to thermal fluctuations
is in stark contrast to the topological toric code phase,
which is not robust at any T > 0 due to the emergence
of a non-zero density of thermal excitations.

HIDDEN ORDER IN 2D: CONTINUOUS SSB
AND HIDDEN BKT

Next we extend our construction of phases with hid-
den order to systems with continuous symmetries. To
this end we replace the TFIM of the spins Ŝ by the XY
or XXZ model featuring a continuous U(1) symmetry.
At T = 0 the latter can be spontaneously broken, and in
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this regime we will construct a HO / SPT phase featur-
ing a (hidden) gapless Goldstone mode associated with
the broken continuous symmetry. This constitutes an
intrinsically gapless SPT phase [10] in two dimensions.
At T > 0, by the Mermin-Wagner-Hohenberg theorem,
the U(1) symmetry cannot be spontaneously broken. In-
stead, the XY model features a topological BKT tran-
sition from which we will construct a hidden BKT (or
BKT-class SPT) transition at finite T . The latter can
be characterized by edge correlations, protected by a
1-form symmetry realized through the closed-loop con-
dition, that turn from quasi-long ranged power-law to
short-ranged exponential.

Squeezed space and HXYO model.– Our starting point
is the following Hamiltonian, which we will refer to as
the hidden-XY order (HXYO) model,

Ĥ = −JS
2

∑

⟨i,j⟩

(
Ŝ+
i Ŝ

−
j τ̂

z
⟨i,j⟩ +H.c.

)
+∆

∑

⟨i,j⟩
Ŝz
i Ŝ

z
j

− hτ
∑

l

τ̂zl − µτ

∑

□

∏

l∈□
τ̂zl + Jτ

∑

j

Ŝz
j

∏

l∈+j

τ̂xl . (14)

It describes spin-1/2 Ŝ with XY interactions ∝ JS cou-
pled to a loop gas model, where links τz⟨i,j⟩ = −1 intro-

duce flipped signs. Here Ŝ±
j = Ŝx

j ± iŜy
j denotes the

spin raising and lowering operators on site j. We added
Ising interactions ∝ ∆ among the spins, which are not
affected by the link variables. The second line describes a
perturbed toric code, where the last term is a correlated
fluctuation of strings τz = −1 and spins; note that Ŝz

j in

the last term flips the sign of both Ŝ±
j .

The HXYO model has a global continuous U(1) sym-

metry of the spins, Ŝ± → e±iφŜ±, corresponding to rota-
tions around Ŝz. This symmetry will protect the hidden
order that we describe next. Moreover, it implies that
[Ĥ, Ŝz

tot] = 0, i.e. Ĥ can be solved for every value of
Sz
tot =

∑
j S

z
j separately. Alternatively, a chemical po-

tential term µS

∑
j Ŝ

z
j can be added to the Hamiltonian

and µS can be tuned instead of Sz
tot.

As before, in order to solve the HXYO model we work
in the closed-loop subspace obtained in the limit µτ →
∞. We apply the same unitary transformation Û as in
the HIO model, Eqs. (2), (6) with Ŝx replaced by Ŝz, see
Appendix A, which decouples the HXYO Hamiltonian:

Û†ĤÛ = −JS
2

∑

⟨i,j⟩

(
Ŝ+
i Ŝ

−
j +H.c.

)
+∆

∑

⟨i,j⟩
Ŝz
i Ŝ

z
j

︸ ︷︷ ︸
=ĤXXZ

−hτ
∑

l

τ̂zl +
Jτ
2

∑

j

∏

l∈+j

τ̂xl

︸ ︷︷ ︸
=ĤTC−F

. (15)

The toric code model in the second line is defined in the
sector with B□ = 1.

a)
Δ/ |Js |

hτ /Jτ

￼  LRO 
(gapless)

U(1)￼  HO 
(gapless)
U(1)

1

b)

T

Δ/ |Js |

T*BKT TIsing

￼  LROℤ2

gappedgapless 1
￼  HOU(1)

￼  HQOU(1)

￼ -symmetricSU(2)

￼  LRO (gapped)ℤ2

FIG. 5: Phase diagram of the HXYO model, Eq. (14), in
the closed-loop limit µτ → ∞. a) At zero temperature,
long-range U(1) (or XY) order associated with a spon-
taneously broken U(1) symmetry develops in squeezed
space when |∆| < |JS |. This manifests in a gapless SPT
phase with U(1) hidden order (HO) for small hτ/Jτ , and
turns into a conventional U(1)-ordered phase when τz

strings confine at large hτ . For |∆| > |JS |, a Z2 ordered
phase in the original basis is obtained, independent of the
loop gas. b) At finite temperature, the hidden U(1) or-
der turns into hidden quasi-long range order, with power-
law correlations in squeezed space. At higher tempera-
tures T ∗

BKT a hCP / finite-T SPT transition into a sym-
metric, paramagnetic phase is found. The Z2 order re-
mains stable up to TIsing where it disappears in a finite-T
symmetry-breaking transition of Ginzburg-Landau type,
in the Ising universality class. At |∆| = |JS |, a hid-
den SU(2) symmetry precludes any finite-T phase tran-
sitions.

Zero-temperature phase diagram.– From the exact de-
coupling of spins and links in Eq. (15) we obtain again a
typical hidden-order phase diagram as in Fig. 1 c), with
two orthogonal phase boundaries, see Fig. 5 a). For small
|∆| < |JS |, an XY-phase with a spontaneously broken
continuous U(1) symmetry is formed in squeezed space.
When hτ < Jτ is small, strings formed by links l with
τzl = −1 percolate through the system, suppressing the
long-range XY correlations in squeezed space in the orig-
inal basis: this leads to a hidden-XY, or U(1), ordered
phase. It can be characterized by a non-zero string or-
der parameter of the form C∗(j) = ⟨Ŝ+

r (
∏

l∈Lj
τ̂zl )Ŝ

−
j ⟩,

similar to the one in Eq. (9).

When hτ/Jτ increases and reaches a critical value
(hτ/Jτ )c,2D, the τz strings confine and stop to perco-
late through the entire system. In this regime, the long-
range XY order associated with the spontaneously bro-
ken U(1) symmetry also manifests as long-range order,

⟨Ŝ+
i Ŝ

−
j ⟩ → const. as |i − j| → ∞, in the original basis.

This corresponds to the U(1)-ordered phase in Fig. 5 a).

For |∆| > |JS |, the spins in the XXZ model transition
to a gapped, U(1) symmetric phase. For µS = 0 this
phase is not entirely trivial, because it spontaneously
breaks an additional, discrete Z2 symmetry associated
with the reversal of Sz spins, leading to an Ising (anti-)
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ferromagnet for ∆ < 0(> 0). Since Sz interactions ∝ ∆
decouple from the link degrees of freedom in the HXYO
model, the Z2 order associated with this phase can be
detected in real and squeezed space alike. Moreover, it is
unaffected by the confinement transition of the loop gas
model which only depends on the ratio hτ/Jτ .

Next, we discuss the excitation spectrum of the HXYO
model. Because excitation energies are invariant under
the unitary Û , we immediately conclude that the loop
gas sector is always gapped, except at the transition
point (hτ/Jτ )c,2D. In contrast, the XY phase of the XXZ
model features a gapless Goldstone mode, for |∆| < |JS |,
demonstrating that the hidden U(1) ordered phase rep-
resents a class of intrinsically gapless SPT states.

Understanding the spectral weight of the low-energy
Goldstone boson requires more care, because the unitary
transformation Û entangles spin and link variables. Since
the Goldstone mode can be viewed as a combination of
S± operators, γ̂ ∼ uŜ− + vŜ+, it turns into a non-local
string operator in the original basis,

Û γ̂ Û† ∼
(∏

l∈L
τ̂zl

)
γ̂. (16)

Thus, in general, local operators in the original basis cou-
ple to collective excitations of both the link and the spin
sectors, complicating the direct detection of the gapless
SPT Goldstone boson we predict. A detailed discussion
will be devoted to future work.

Finite-temperature phase diagram.– The 2D HXYO
model also has a rich finite-temperature phase diagram,
see Fig. 5 b). We still consider the closed-loop sub-
space, µτ → ∞, and begin our discussion in the regime
where |∆| < |JS |. Although the long-range U(1) order in
squeezed space is immediately destroyed by thermal fluc-
tuations at any T > 0, below a critical T ∗

BKT the spins
feature quasi-long range order with power-law correla-
tions in squeezed space, C∗(i−j) = ⟨Ŝ+

i Ŝ
−
j ⟩sq ≃ |i−j|−α.

These correspond to power-law, non-local string corre-
lations in the original basis, where the bare two-point
correlator C(i− j) = ⟨Ŝ+

i Ŝ
−
j ⟩ ≃ exp(|i− j|/ξ) decays ex-

ponentially. I.e., as in the 2D HIO model we obtain a
finite-temperature SPT phase, which we refer to as the
hidden quasi-XY ordered phase, with hidden quasi-long
range order.

Thermodynamically, the finite-T SPT transition out of
the hidden-XY ordered phase is in the BKT universality
class. At high T a phase with exponential correlations
C∗(i − j) ≃ exp(|i − j|/ξ∗(T )) in squeezed space is real-
ized, and similar but with a different correlation length
ξ(T ) in the original basis. Probing this SPT transition in
the BKT class directly in the bulk is likely challenging,
due to the infinite order of non-analyticities in thermo-
dynamic properties and the non-local nature of the non-
trivial bulk correlations. Hence the most robust probe
of the BKT-SPT transition, we believe, is through edge
correlations in a system without strings exiting the bulk.
As in the 2D HIO phase, in the closed-loop subspace the

latter provide direct access to long-range correlations in
squeezed space, see discussion around Eq. (9). In the 2D
HXYO model we obtain a sequence from long-range, at
T = 0, to power-law, between 0 < T < T ∗

BKT, to expo-
nential, for T > T ∗

BKT, edge correlations.
At |∆| = |JS |, the XXZ model in squeezed space be-

comes SU(2) invariant. From the point of view of the
original model, Eq. (14), this is a hidden SU(2) symme-
try: constructing it requires the highly non-local unitary
Û to obtain the decoupled XXZ model in squeezed space
from which this symmetry is apparent. As a direct con-
sequence of this hidden SU(2) symmetry, the BKT tran-
sition disappears at |∆| = |JS |. For antiferromagnetic
(AFM) interactions, ∆ = |JS | > 0, any non-zero T > 0
leads to a symmetric phase characterized by a non-linear
sigma model in squeezed space.
For ∆ > |JS |, i.e. an for easy-axis AFM, the gapped

phase retains Z2, or Ising, long-range order up to a criti-
cal temperature TIsing when Sz

tot = 0. For other values of
Sz
tot, the Z2 symmetry is explicitly broken, the transition

disappears and one symmetric, PM phase is formed. The
situation for ferromagnetic coupling ∆ < 0 is similar. As
in the ground state, this phase is independent of the loop
gas properties.
Open strings & Ising gauge theory.– Finally, we discuss

the effects of open τ̂z strings, introduced by adding a
term ∝ hX as in Eq. (10) to the Hamiltonian Eq. (14).
Again we find it useful to discuss this case in the language
of IGT. To this end, we express spins as hard-core bosons

via Ŝ+
j = â†j (Ŝ−

j = âj) and Ŝ
z
j = n̂aj − 1/2, where n̂aj =

â†j âj; these bosons âj correspond to a U(1) matter field.
Moreover, we introduce a Higgs field σ̂x

j on the sites j in
order to impose the Z2 Gauss law

(−1)n̂
a
j σ̂x

j

∏

l∈+j

τ̂xl |ψ⟩ ≡ Ĝj |ψ⟩ = |ψ⟩ , ∀ j. (17)

This leads to the U(1)-plus-IGT Hamiltonian

Ĥ = −JS
2

∑

⟨i,j⟩

(
â†i τ̂

z
⟨i,j⟩âj +H.c.

)
+ µS

∑

j

n̂aj

− hτ
∑

⟨i,j⟩
σ̂z
i τ̂

z
⟨i,j⟩σ̂

z
j − µτ

∑

□

∏

l∈□
τ̂zl − Jτ

2

∑

j

σ̂x
j

+ hX
∑

⟨i,j⟩
τ̂x⟨i,j⟩ +∆

∑

⟨i,j⟩
(n̂a

i − 1/2)(n̂a
j − 1/2) , (18)

which commutes with Ĝj.
In Fig. 6 a) we show the phase diagram of Eq. (18) at

µS = 0 and assuming ferromagnetic ∆ < 0. The verti-
cal plane with hX = 0 corresponds to the T = 0 phase
diagram of the HXYO model discussed above. For large
|∆|/|JS | → ∞, spins and links factorize in the original
basis and the topological toric code phase is known to
extend to non-zero values of hX/µτ . In the horizontal
plane, for hτ = 0, the ferromagnetic state turns into a
trivial PM because the term ∝ Jτ , through the Gauss
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FIG. 6: Schematic phase diagram of the IGT with a U(1) matter field and a Z2 Higgs field, Eq. (18). a) In the Sz
tot

sector corresponding to chemical potential µS = 0, the HXYO model with hX = 0 corresponds to the left vertical
plane. Both, the U(1) HO / SPT phase (blue) and the topological U(1) symmetric paramagnet (PM, green), remain
stable when open τz strings are introduced by hX ̸= 0. For large enough hX/µτ the topologically trivial, confined
PM is obtained. b) As a function of the chemical potential µS the HXYO model is realized at hX = 0 for variable
Sz
tot, with S

z
tot = ±L2/2 for µS = ∓∞ for ∆ < 0, where L2 =

∑
j is the number of lattice sites.

law, favors a definite orientation of spins Ŝz. Since the
state is gapped, this phase survives upon introducing hX
and the topologically ordered regime extends into the
plane. Likewise, the application of hX -terms creates a
gapped excitation, with energy ∝ µτ , when starting from
the hidden-XY ordered SPT phase. Hence we expect
the latter to remain stable upon increasing hX . Even-
tually, for large enough values of hX/µτ , open strings
with B□ = −1 proliferate and a confined, PM phase is
realized. The phase diagram in the hτ = 0 plane resem-
bles that of the Z2 IGT coupled to soft-core bosons at
unit-filling [53].

In Fig. 6 b) we tune the chemical potential µS and keep
∆ < 0 fixed (ferromagnetic coupling). When µS → ±∞,
trivial polarized states are realized with Sz

tot = ∓max.
Comparison to Eq. (14) shows that these states lead to
even and odd Z2 toric codes, respectively, for Jτ > 0.
In squeezed space, both topological phases are described
by the same toric-code Hamiltonian. For intermediate
values of µS , the gapped, topologically ordered states
are connected through the gapless, U(1) HO-SPT phase
when hX = 0. As in Fig 6 a), we conjecture that the
HO phase initially remains stable upon increasing hX .
For large hX , the trivial, confined PM is realized, which
adiabatically connects the trivially polarized spin states.

Finally, we note that the fate of the gapless U(1) HO-
SPT phase at intermediate hX remains to be analyzed
more carefully. In particular, it has been proposed that
non-zero hX can act as a confining force for â parti-
cles, leading to the formation of Z2 neutral bosonic pairs
whose number Npair = Na/2 is conserved [70]. If the
latter condense, a topologically ordered loop gas may re-
main stable. Whether such a state exists, and how it
connects to the U(1) HO phase proposed here for small
hX remains to be worked out.

DISCUSSION

In this article we discussed a class of hidden-order
symmetry-protected topological (HO-SPT) phases, in
which a global symmetry is spontaneously broken but
long-range correlations, or any other local order parame-
ter, are hidden by the proliferation of domain walls of the
order parameter bound to the strings constituting a loop
gas model. Some of the phenomenology we propose has
previously been explored, mostly in the context of (emer-
gent) higher-form symmetries [40, 52] and at T = 0. We
went beyond existing studies in three key ways. (i) We
demonstrate that the HO-SPT phases protected by the
closed loop property of the loop-gas model (correspond-
ing to a 1-form symmetry) are stable to thermal fluc-
tuations, in two or more spatial dimensions, leading to
rich finite-T phase diagrams. (ii) We construct an exact
unitary transformation, which allows to exactly decouple
and solve the full spectrum of an entire class of quantum
spin models coupled to a loop gas / perturbed toric code.
Specifically, we apply this approach to an XY model of
spins featuring a continuous U(1) symmetry, which leads
to an intrinsically gapless HO-SPT phase with finite-
T power-law correlations along appropriate edges and a
HO-SPT phase transition in the hidden-BKT universal-
ity class. (iii) While the non-trivial edge correlations are
expected to disappear immediately when open strings of
the loop gas are introduced (i.e. when the 1-form sym-
metry is broken), we put forward a characterization of
the T = 0 and T > 0 SPT phases in terms of a spon-
taneously broken global symmetry acting on the spins
(which correspond to the matter sector of the equivalent
bulk gauge-theory description). Since the mechanism we
propose, where SSB of the global spin symmetry is hidden
by the fluctuating loop gas, does not require higher-form
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or local gauge symmetries to protect the SPT phase, we
argue that the HO-SPT phases are stable against general
perturbations of the loop gas model. Currently we are
not aware of an order parameter which is able to detect
the hidden SSB without the 1-form symmetry in place,
and finding one remains a interesting topic of future re-
search.

Our work has important implications for material sci-
ences: we suggest to search for quantum spin liquids in
the HO-SPT class. These states of matter are distinct
from the deconfinded, topological toric code phase that
underlies several gapped, Z2 topological quantum spin
liquids [71–76], but also feature short-range correlations
without local order parameters in the bulk. Such HO-
SPT phases might most easily be identified through their
unconventional effect on edge correlations, and they are
robust at finite temperatures. Another system in which
hidden order has recently been proposed to play a role
by some of us is the pseudogap (PG) phase of hole-doped
cuprate superconductors [43]. Specifically, we suggested
that a fluctuating string net of AFM stripes may hide an
underlying broken SU(2) symmetry, leading to a frac-
tionalized orthogonal metal. Building upon this picture,
we speculate that the finite-temperature transition into
the PG phase, at a characteristic temperature T ∗ that
depends on the hole doping, might realize a finite-T HO-
SPT transition protected by the global SU(2) symme-
try [77] ending in a hQCP around optimal doping, where
the SU(2) symmetry is fully restored. Exploring the
physics of SU(2) HO-SPT phases will be an important
future task enabled by our work.

While we laid out the basic physics of HO-SPT phases,
understanding further signatures of HO-SPT phases con-
stitutes an important future research direction [78]. For
example, for systems with hidden continuous symmetry
breaking we predict gapless Goldstone modes in the spec-
trum. Since the latter involve strong entanglement be-
tween links and spins, their spectral signatures in the
HO-SPT phase remain to be clarified. It will also be in-
teresting to study the relation between HO-SPT phases
and nematic states of matter, which can also be described
in the framework of lattice gauge theories [45].

Finally, we propose to search for HO-SPT phases di-
rectly in quantum simulators. One avenue is to start
from digital schemes, where the perturbed toric code has
already been successfully implemented [79]. The stability
of the HO-SPT phase to thermal fluctuations also sug-
gests some intrinsic robustness to noise, and the study of
edge-correlations in mixed quantum states constitutes a
promising route to demonstrate this effect. On the other
hand, Rydberg tweezer arrays [80] constitute a promis-
ing alternative platform for directly realizing HO-SPT
phases. Specifically, by using so-called local pseudogen-
erators [81], it is possible to implement Z2 lattice gauge
theories on the honeycomb lattice with couplings to Z2

or U(1) matter fields [70], and implement the toy models
introduced in this work: the HIO model in 1D or 2D, and
the HXYO model.
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Appendix A: Hidden order transformation

1D HIO model.– We explicitly construct the unitary
transformation Û disentangling link and spin degrees of
freedom at λ = 0. In the main text we defined Û by
its action on the basis states, see Eq. (2). The explicit
operator form of the unitary is given by

Û =
∏

j

Ûj =
∏

j

(2Ŝx
j )

γ̂j , γ̂j =
1

2
(1− π̂j) , (A1)

with the parity π̂j = (−1)p̂j =
∏

i<j τ̂
z
⟨i,i+1⟩. Further-

more, it holds that Û† = Û and Û2 = 1. As a conse-
quence, a given spin on site j is flipped if the number of
links τz⟨i,i+1⟩ = −1 with i < j is odd.

Let us consider the action of Û on (1), in particular
the terms ∝ JS , Jτ in Eq. 1 on which it acts non-trivially.
The term ∝ JS transforms as

Û†Ŝz
j Ŝ

z
j+1τ̂

z
⟨j,j+1⟩Û = Ŝz

j Ŝ
z
j+1(τ̂

z
⟨j,j+1⟩)

2 = Ŝz
j Ŝ

z
j+1 ,

(A2)
where we made use of the anti-commutation relation
of spins {Ŝα, Ŝβ} = 1

2δαβ and γ̂j+1 = γ̂j + 1 mod 2
(γ̂j+1 = γ̂j mod 2) if τz⟨j,j+1⟩ = −1 (τz⟨j,j+1⟩ = 1). From

τ̂x⟨j,j+1⟩(2Ŝ
x
i )

γ̂i = (2Ŝx
i )

γ̂i+1τ̂x⟨j,j+1⟩ for i ≥ j+1, it follows

Û†τ̂x⟨j,j+1⟩Û =
∏

i≥j+1

(2Ŝx
i )τ̂

x
⟨j,j+1⟩ , (A3)

i.e. the unitary attaches a string of Ŝx
i to τ̂x⟨j,j+1⟩. As a

result, the term ∝ Jτ transforms as

Û†τ̂x⟨j−1,j⟩τ̂
x
⟨j,j+1⟩Ŝ

x
j Û = (2Ŝx

j )Ŝ
x
j τ̂

x
⟨j−1,j⟩τ̂

x
⟨j,j+1⟩

=
1

2
τ̂x⟨j−1,j⟩τ̂

x
⟨j,j+1⟩ .

(A4)

The final decoupled Hamiltonian is given by

Û†ĤÛ = −JS
∑

j

Ŝz
j+1Ŝ

z
j + hS

∑

j

Ŝx
j

− hτ
∑

j

τ̂z⟨j,j+1⟩ +
Jτ
2

∑

j

τ̂x⟨j−1,j⟩τ̂
x
⟨j,j+1⟩

= ĤS
TFIM + Ĥτ

TFIM .

(A5)
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￼jn

fixed reference site

￼jn+1

￼j1

￼ℒn+1

￼ℒn

FIG. 7: Hidden order transformation Û for the 2D HIO
and 2D HXYO models. We choose a particular set of
paths Ljn , such that for a consecutive set of nearest-
neighbor sites ⟨jn+1, jn⟩, the trajectory Ljn+1

is obtained
from Ljn by adding the nearest-neighbor link ⟨jn+1, jn⟩.
Site j1 where all Ljn start defines a fixed reference site.

2D HIO model.– In a similar manner, we demonstrate
the action of the unitary transformation Û in the 2D HIO
model:

Û =
∏

Ûj =
∏

j

(2Ŝx
j )

γ̂j , γ̂j =
1

2
(1− π̂j) . (A6)

In 2D, the parity is defined as (−1)p̂j =
∏

l∈Lj
τ̂zl , where

Lj denotes a path on the links starting at a fixed reference
site and leading to j. While there is only one choice of
trajectory Lj in the 1D model, care has to be taken in
the 2D model.

For the first term in Eq. (4) that transform non-

trivially under Û , the one ∝ JS , any choice of Lj starting
at the same, fixed reference site for all j leads to the
following transformation:

Û†Ŝz
i Ŝ

z
j τ̂

z
⟨i,j⟩Û

=

{
(±1)2τ̂z⟨i,j⟩Ŝ

z
i Ŝ

z
j , τz⟨i,j⟩ = 1

−τ̂z⟨i,j⟩Ŝz
i Ŝ

z
j , τz⟨i,j⟩ = −1

= (τ̂z⟨i,j⟩)
2Ŝz

i Ŝ
z
j = Ŝz

i Ŝ
z
j ,

(A7)

since we work in the closed loop subspace.
To decouple spins from links in the second term, ∝ Jτ ,

a particular choice of trajectories Lj is required. As il-
lustrated in Fig. 7, we consider a recursive construction
of Lj: it starts by labeling all sites by a one-dimensional
snake jn, with n = 1...Ns where Ns is the total number
of sites of the lattice; j1 is the reference sites common
to all Ln ≡ Ljn . The snake is chosen such that any set
of consecutive sites constitutes a nearest-neighbor pair,
⟨jn+1, jn⟩ for all n. The trajectory L1 is trivial and con-
tains only the reference site j1. In every step of the re-
cursion, Ln+1 is obtained from Ln by starting from Ln

and extending it by the link ⟨jn+1, j⟩. Thereby, every
trajectory Lm ⊃ Ln for m > n contains all previous tra-
jectories.

Now we apply the unitary transformation Û to the
term ∝ Jτ in Eq. (4). Since τ̂z⟨i,j⟩ on bonds ⟨i, j⟩ which

are not part of the snake do not appear in any Lr,
these variables commute with Û and can be viewed as
c-numbers in the following. Hence, τ̂z⟨jn+1,jn⟩ on bonds

⟨jn+1, jn⟩ which are part of the snake form an effective
1D HIO model, along the snake, and we obtain the same
transformation law as above, see Eq. (A4). Making use

of (2Ŝx
j )

γ̂j τ̂x⟨j−1,j⟩(2Ŝ
x
j )

γ̂j = (2Ŝx
j )

γ̂j (2Ŝx
j )

γ̂j+1τ̂x⟨j−1,j⟩ =

2Ŝx
j τ̂

x
⟨j−1,j⟩, the term ∝ Jτ transforms as

Û†


∏

l∈+j

τ̂xl


 Ŝx

j Û = (2Ŝx
j )

γ̂j




∏

l∈+j

τ̂xl


 Ŝx

j


 (2Ŝx

j )
γ̂j

= (2Ŝx
j )Ŝ

x
j

∏

l∈+j

τ̂xl =
1

2

∏

l∈+j

τ̂xl .

(A8)
Hence, the unitary transformation allows us to decouple
the Ising and toric code model,

Û†ĤÛ = ĤTC−F + ĤTFIM . (A9)

2D HXYO model.– In this case, the unitary transfor-
mation is defined as

Û =
∏

Ûj =
∏

j

(2Ŝz
j )

γ̂j , γ̂j =
1

2
(1− π̂j) , (A10)

with the path defined in the same way as for the 2D HIO
model. The calculation can be performed in a similar
manner, making use of the anti-commutation of spins
and

Û†Ŝµ
i Ŝ

µ
j τ̂

z
⟨i,j⟩Û

=

{
(±1)2τ̂z⟨i,j⟩Ŝ

µ
i Ŝ

µ
j , τz⟨i,j⟩ = 1

−τ̂z⟨i,j⟩Ŝ
µ
i Ŝ

µ
j , τz⟨i,j⟩ = −1

= (τz⟨i,j⟩)
2Ŝµ

i Ŝ
µ
j = Ŝµ

i Ŝ
µ
j .

(A11)

with µ = x, y.

Appendix B: Numerical DMRG simulations: 1D
HIO model

We perform DMRG simulations using the SyTen
toolkit to evaluate magnetization MS (M∗

S) in real

(squeezed) space, as well as the correlator |⟨Ŝz
0 Ŝ

z
x⟩|. The

former are computed from snapshots of the many-body
wavefunction via the perfect sampling approach [60, 61].
The sample-averaged magnetization of the state of a sys-
tem of L sites is computed as

M =
1

N

∑

i

|Mi|, Mi =
1

L

∑

j

Sz
j |i . (B1)

Here, Sz
j |i denotes the spin-z value on site j in snapshot i

and N = 104 denotes the total number of sampled snap-
shots. In analogy, the sample-averaged squeezed space
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magnetization is computed with respect to the squeezed space value Sz
j |sq,i, i.e. the unitary (2) is applied to the

Fock basis state prior to the evaluation of Sz
j .
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Chapter Three

Feshbach resonances as a pairing
mechanism for partons in frustrated
quantum magnets

3.1 High-temperature superconductivity

Superconductivity was discovered in 1911 by Onnes [93, 94] when he reported that the re-
sistance of mercury vanishes below temperatures of 4.2 K. Another characteristic feature of
superconductors is the expulsion of magnetic fields within the superconducting material up to a
critical temperature 𝑇𝑐 and a critical magnetic field ℎ𝑐, the so-called Meissner effect, which was
discovered in 1933 by Meissner and Ochsenfeld [95].

The first theoretical description of superconductivity were the London equations by Fritz
and Heinz London [96], which explained the Meissner effect. An important milestone was
the introduction of a complex order parameter for superconductivity by Ginzburg and Landau
[97]. Based on this work, Abrikosov theoretically explained type-II superconductors [98].
Compared to type-I superconductors, they have an additional intermediate phase between the
superconducting and non-superconducting phase, where the magnetic flux penetrates the material
through quantized vortices while the material remains superconducting.

The first microscopic theory of superconductivity was the famous Bardeen-Cooper-Schrieffer
(BCS) theory [99]:

HBCS =
∑︁
k,𝜎

𝜉k 𝑐
†
k𝜎𝑐k𝜎 −

∑︁
k,k′

𝑉kk′ 𝑐
†
k↑𝑐

†
−k↓𝑐−k′↓𝑐k′↑, 𝜉k = 𝜀k − 𝜇. (3.1)

Here, 𝑐k𝜎 is a fermionic annihilation operator with spin 𝜎 and momentum 𝑘 , 𝜀k is the single-
particle energy, 𝜇 is the chemical potential, and𝑉kk′ is an effective attractive interaction mediated
by phonons. In the superconducting phase below the critical temperature 𝑇𝑐, Cooper pairs
[100] form a coherent condensate in the superconducting phase and open up a gap. Bardeen,
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Cooper, and Schrieffer got the 1972 Nobel prize in physics for their jointly developed theory of
superconductivity, usually called the BCS-theory.1

In conventional superconductors, the pairing of electrons is mediated by phonons and can
be described within the BCS theory. Superconductors with other pairing mechanisms are called
unconventional superconductors. Most conventional superconductors have an isotropic complex
order parameter, which is called s-wave superconductivity in analogy to the labels of atomic
orbitals. Other common symmetries for unconventional superconductors are p-wave and d-wave
superconductors [101].

In 1986, a critical temperature of 𝑇c ≈ 35 K was measured in the cuprate composition
Ba𝑥La5−𝑥Cu5O5(3−𝑦) [18]. Ever since, cuprates have been the focal point of theoretical and
experimental studies, reaching critical temperatures up to 𝑇c ≈ 134 K at ambient pressure [102],
well above the boiling temperature of nitrogen at 𝑇 ≈ 77 K.2 Understanding the microscopic
pairing mechanism of the Cooper pairs in high-𝑇𝑐 materials is essential for designing materials
with higher 𝑇𝑐.

Cuprates feature a complex phase diagram that has yet to be described by a unifying theory
[22]. Theoretical physicists have worked to qualitatively describe cuprates using simplified
models, which are analytically and numerically tractable, but crucially still capture the essential
physics, including the pairing mechanism. A paradigmatic model is the Fermi-Hubbard model
and its variants, which describes the CuO2-layers of cuprates as quasi two-dimensional systems.

3.2 Effective models for cuprates – Fermi-Hubbard and 𝑡 − 𝐽 models

The Fermi-Hubbard model [13–17] describes spinful fermions on a lattice in the tight-binding
limit and, in its simplest form, approximates the Coulomb interactions as purely on-site:

𝐻̂Hub. = −𝑡
∑︁

⟨𝑖, 𝑗 ⟩,𝜎

[
𝑐
†
𝑖,𝜎
𝑐 𝑗 ,𝜎 + H.c.

]
+𝑈

∑︁
𝑗

𝑛̂ 𝑗↑𝑛̂ 𝑗↓. (3.2)

Here, 𝑐 𝑗 ,𝜎 is a fermionic annihilation operator on site 𝑗 with spin 𝜎 ∈ {↑, ↓}; 𝑛̂ 𝑗 ,𝜎 = 𝑐
†
𝑗 ,𝜎
𝑐 𝑗 ,𝜎 is

the number operator.3 The hopping term ∝ 𝑡 lets fermions tunnel between nearest neighbors ⟨𝑖, 𝑗⟩
and favors delocalization and metal-type behavior; the interaction 𝑈 > 04 is a penalty for two
fermions of opposite spins on the same lattice site and favors insulating states. This competition
leads to a rich phase diagram when hole-doping (i.e., removing fermions) the two-dimensional
Fermi-Hubbard model away from half-filling (i.e., on average one fermion per lattice site), see
Fig. 3.1.5 Importantly, it features a d-wave superconducting phase at low temperatures and
intermediate doping. For a detailed discussion of all phases, see [104].

1https://www.nobelprize.org/prizes/physics/1972/press-release/
2In this thesis, we focus on cuprates but other materials classes also host high 𝑇𝑐 . These include iron-based

superconductors, hydrides, nickelates, and bismuthates.
3Here we restrict ourselves to one energy band and spin-1/2 particles, but versions with more bands and higher

symmetries are common, see e.g. [103].
4
𝑈 is typically positive for fermions but can also be attractive [26].

5The particle-doped phase diagram [26] is equally rich but is not discussed here.
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Figure 3.1: Schematic phase diagram of the hole-doped Fermi-Hubbard model. The
individual phases are discussed in detail in [104]. Most notably, the Fermi-Hubbard model hosts
a d-wave superconducting phase at low temperatures and intermediate doping. It has been argued
that the nearest-neighbor Fermi-Hubbard model does not have a superconducting phase due to
the competing stripe phase [105]. However, numerical data suggests that adding a next-nearest
neighbor coupling could restore the superconducting phase [106]. Figure adapted from [26].

In recent decades, experimental advances have enabled the construction of analog quantum
simulators which implement the microscopic interactions of the Hubbard model using ultracold
atoms in optical lattices (quantum gas microscopes) [107]. Another successful platform are
semiconductor quantum dot arrays [108]. These experimental advances have revolutionized the
field and are fundamentally improving the testability of theories. Due to new cooling techniques
[109, 110], the experimental temperatures are approaching the predicted d-wave phase, but it has
not been measured so far.

In the strong-coupling limit𝑈 ≫ 𝑡
6, a Schrieffer-Wolff transformation [112] can be applied

to project out double-occupancies (i.e., two fermions with opposite spin on the same lattice site),
thus reducing the local Hilbert space dimension. The result is the 𝑡 − 𝐽 model [113]:

𝐻̂𝑡−𝐽 = P̂GW

[
−𝑡

∑︁
⟨𝑖, 𝑗 ,⟩,𝜎

(
𝑐
†
𝑖,𝜎
𝑐 𝑗 ,𝜎 + H.c.

)
+ 𝐽

∑︁
⟨𝑖, 𝑗 ,⟩

(
𝑺̂𝑖 · 𝑺̂ 𝑗 −

𝑛̂𝑖 𝑛̂ 𝑗

4

)]
P̂GW, (3.3)

6Typical hole-doped cuprate parameters lie in the intermediate–strong regime𝑈/𝑡 ≈ 6 − 10 [111].
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𝑺̂𝑖 is the spin on site 𝑖; 𝑛̂𝑖 =
∑

𝜎 𝑛̂𝑖,𝜎 .7 The first term describes the hopping of fermions; the
Gutzwiller projector P̂GW projects onto the subspace of no double-occupancy on any lattice
site. The second term is the superexchange coupling 𝐽 = 4𝑡2

𝑈
, an effective antiferromagnetic

interaction8 as a consequence of a virtual second order process in perturbation theory where a
fermion tunnels to a nearest neighbor (𝑡), interacts with another fermion (𝑈) and tunnels back (𝑡).

At zero doping and large couplings𝑈 ≫ 𝑡, both the 𝑡 − 𝐽 model (reduces to the Heisenberg
antiferromagnet) and the Hubbard model enter a Mott phase, which has a charge gap and, at
low temperatures 𝑇 ≲ 𝐽, antiferromagnetic (AFM) spin order, see Fig. 3.1.9 The breakdown of
the AFM order in the vicinity of dopants and its relation to the emergence of superconductivity
are central in revealing the underlying electron pairing mechanism [22]. Fractionalized Fermi
liquids (FL*) were originally introduced to describe Kondo lattices [23, 24] and were adapted
to doped Mott insulators. In FL* phases, electrons fractionalize: the fermionic annihilation
operator 𝑐𝑖𝜎 ∼ 𝑓𝑖𝜎 𝑏̂

†
𝑖

is composed of the spinon 𝑓𝑖𝜎 with spin 𝜎 and zero charge, and the holon
(or chargon) 𝑏̂𝑖 has zero spin and charge +𝑒. This is consistent with microscopic studies of hole
pairs in Hubbard models [114] and doped holes in 𝑡 − 𝐽 models [115]. The spinons form a
(topological) quantum spin liquid with emergent gauge symmetries (compare to 2.1) and bound
spinon-holon states form a small Fermi surface with volume ∝ 𝛿, where 𝛿 is the hole-doping.10

These quantum spin liquids with emergent gauge symmetries can be numerically exploited using
our approximately-symmetric NQS architecture [P5], highlighting another connection between
our work on the toric code and doped Mott insulators.

In [P7], we study an extension of the 1D 𝑡 − 𝐽 model, the Majumdar-Ghosh model [47, 48],
which serves as a paradigmatic doped quantum magnet to investigate the pairing mechanism of
partons. Using matrix product states, we calculate the one-hole ARPES spectrum and show that
the unbinding of a spinon-holon bound state is associated with a Feshbach resonance [116], a
two-body resonantly-enhanced interaction of spinons and holons. We further establish doped
quantum magnets as a platform for studying few-body physics.

3.3 Matrix product states

In this section, we give a concise introduction to matrix product states (MPS), which are
indispensable for simulating frustrated quantum magnets. We closely follow the reviews by
Schollwöck [117–119]. We only review the most basic versions of the algorithms; in practice,
there are many optimizations and variants.

Any finite lattice quantum state can be written as

|𝜓⟩ =
∑︁

𝜎1,...,𝜎𝐿

𝑐𝜎1,...,𝜎𝐿
|𝜎1, ..., 𝜎𝐿⟩ , (3.4)

7Higher order three-body terms were omitted here.
8The antiferromagnetic interaction is in fact identical to the quantum Heisenberg model discussed in Sec. 2.2.
9In purely two-dimensional models, the AFM order is only long-range at zero temperature due to the Mermin-

Wagner theorem. Real cuprates have weak interlayer couplings, which can stabilize long-range order.
10This is consistent with a modified version of Luttinger’s theorem [23] that accounts for the topology.
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where 𝜎𝑗 is a local basis on lattice site 𝑗 with local Hilbert space dimension 𝑑 and 𝑐𝜎1,...,𝜎𝐿

are generally complex coefficients (compare to Sec. 2.6). By iteratively applying singular value
decompositions (SVDs) or QR decompositions (QRs), we can, in principle, rewrite any quantum
state into an MPS

|𝜓⟩ =
∑︁

𝜎1,...,𝜎𝐿

𝑀
𝜎1 ...𝑀

𝜎𝑁 |𝜎1, ..., 𝜎𝐿⟩ , (3.5)

where 𝑀 is a 𝐷 × 𝐷 (1 × 𝐷/𝐷 × 1 at the boundaries) matrix on site 𝑗 . The MPS representation
is exact for an arbitrary quantum state |𝜓⟩ when 𝐷 ∼ 𝑑

𝐿/2. A significant advantage of MPS
compared to other numerical techniques is that their expressivity is controlled by a single
parameter, which considerably simplifies convergence diagnostics.

MPS are numerically useful if they fit into the memory of a computer, i.e., if they can represent
the quantum state with sufficient precision at a bond dimension that grows polynomially with the
system size. The maximum entanglement that can be represented by an MPS scales with

𝑆 ∼ log2(𝐷) (3.6)

1D area-law entangled gapped states have 𝑆 ∼ 𝛼 can be represented with 𝐷 > 2𝛼; critical 1D
states have 𝑆 ∼ 𝛼 log2(𝐿) need 𝐷 > 𝐿

𝛼 which is usually still numerically tractable.
Two-dimensional area-law entangled states have 𝑆 ∼ 𝐿, which requires 𝐷 ∼ 2𝐿 , which

quickly becomes intractable for large 𝐿. Thus, MPS are typically not practically applicable to
large, true two-dimensional systems; though they can be applied to “1.5D” cylinder geometries
where 𝐿𝑥 ≫ 𝐿𝑦 [120] and the boundaries in 𝑦-direction are periodic. In 1D, however, MPS have
been extremely successful and are the method of choice to simulate quantum magnets due to their
efficient encoding of the entanglement.

MPS representations of |𝜓⟩ are not unique. We define left-normalized matrices 𝐴 and
right-normalized matrices 𝐵:

1 =
∑︁
𝜎 𝑗

𝐴
𝜎 𝑗†𝐴𝜎 𝑗 =

∑︁
𝜎 𝑗

𝐵
𝜎 𝑗𝐵

𝜎 𝑗†. (3.7)

MPS that are made up entirely of 𝐴s (𝐵s) are called left-canonical (right-canonical). MPS
containing both 𝐴 and 𝐵 in the form 𝐴...𝐴𝑀𝐵...𝐵 are called mixed-canonical. We can transform
an MPS between these so-called gauges by iteratively applying SVDs or QRs through the system.

Matrix product operators (MPOs) are used for applying operators to MPS and are defined as

𝑂̂ =
∑︁

𝜎1,...,𝜎𝐿

∑︁
𝜎

′
1,...,𝜎

′
𝐿

𝑊
𝜎1,𝜎

′
1 ...𝑊

𝜎𝐿 ,𝜎
′
𝐿 |𝜎1, ..., 𝜎𝐿⟩ ⟨𝜎

′
1, ..., 𝜎

′
𝐿 | . (3.8)

Both MPS and MPO can be represented graphically for clarity:

𝑀
𝜎1 ...𝑀

𝜎𝑁 =
σ1 σ2 σ3 σ4 σN−1 σN

i1 i2 i3 iN−1. . .
(3.9)
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𝑊
𝜎1,𝜎

′
1 ...𝑊

𝜎𝐿 ,𝜎
′
𝐿 =

σ1 σ2 σ3 σ4 σN−1 σN

i1 i2 i3 iN−1. . .
σ′￼1 σ′￼2 σ′￼3 σ′￼4 σ′￼N−1 σ′￼N

(3.10)

The circles (squares) represent MPS (MPO). The 𝜎𝑗 are called physical indices in contrast to
dummy indices 𝑖 𝑗 that get contracted when performing the matrix multiplications. The matrices
𝑊

𝜎 𝑗 ,𝜎
′
𝑗 have two physical indices, while 𝑀𝜎 𝑗 have one physical index. Applying MPOs to MPS

and calculating expectation values is graphically represented as:

⟨𝜓1 |𝜓2⟩ =

⟨ψ1 |

|ψ2⟩
(3.11)

𝑂̂ |𝜓2⟩ =

|ψ2⟩

(3.12)

⟨𝜓1 |𝑂̂ |𝜓2⟩ =

⟨ψ1 |

|ψ2⟩

(3.13)

Lines connecting two tensors represent contracted indices, while lines with an open end represent
open indices.

In the following, we will present two key algorithms for MPS, which we use in [P7]: the
density matrix renormalization group and the time-dependent variational principle.

3.3.1 Density matrix renormalization group
The density matrix renormalization group (DMRG) is a numerical technique for finding the
ground state of an MPS. It approximates the ground state by locally minimizing the variational
energy

𝐸 =
⟨𝜓 | 𝐻̂ |𝜓⟩
⟨𝜓 |𝜓⟩ . (3.14)

Using a Lagrange multiplier 𝜆, we can rewrite this into

⟨𝜓 | 𝐻̂ |𝜓⟩ − 𝜆 ⟨𝜓 |𝜓⟩ . (3.15)

For a mixed-canonical MPS, we can rewrite Eq. (3.15) as

⟨𝜓 |𝜓⟩ =
∑︁
𝜎 𝑗

∑︁
𝑎 𝑗−1,𝑎 𝑗

𝑀
𝜎 𝑗∗
𝑎 𝑗−1,𝑎 𝑗

𝑀
𝜎 𝑗

𝑎 𝑗−1,𝑎 𝑗
(3.16)
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and

⟨𝜓 | 𝐻̂ |𝜓⟩ =
∑︁
𝜎 𝑗 ,𝜎

′
𝑗

∑︁
𝑎 𝑗−1,𝑎 𝑗

∑︁
𝑎
′
𝑗−1,𝑎

′
𝑗

∑︁
𝑏 𝑗−1,𝑏 𝑗

𝐿
𝑎 𝑗−1,𝑎

′
𝑗−1

𝑏 𝑗−1
𝑊

𝜎 𝑗 ,𝜎
′
𝑗

𝑏 𝑗−1,𝑏 𝑗
𝑅
𝑎 𝑗 ,𝑎

′
𝑗

𝑏 𝑗
𝑀

𝜎 𝑗∗
𝑎 𝑗−1,𝑎 𝑗

𝑀
𝜎

′
𝑗

𝑎
′
𝑗−1,𝑎

′
𝑗

, (3.17)

with

𝐿
𝑎 𝑗−1,𝑎

′
𝑗−1

𝑏 𝑗−1
=

∑︁
{𝑎𝑖 ,𝑎

′
𝑖 ,𝑏𝑖 ;𝑖< 𝑗−1}

( ∑︁
𝜎1,𝜎

′
1

𝐴
𝜎1∗
1,𝑎1

𝑊
𝜎1,𝜎

′
1

1,𝑏1
𝐴
𝜎

′
1

1,𝑎′
1

)
...

...

( ∑︁
𝜎 𝑗−1,𝜎

′
𝑗−1

𝐴
𝜎 𝑗−1∗
𝑎 𝑗−2,𝑎 𝑗−1

𝑊
𝜎 𝑗−1,𝜎

′
𝑗−1

𝑏 𝑗−2,𝑏 𝑗−1
𝐴
𝜎

′
𝑗−1

𝑎
′
𝑗−2,𝑎

′
𝑗−1

)
(3.18)

and

𝑅
𝑎 𝑗 ,𝑎

′
𝑗

𝑏 𝑗
=

∑︁
{𝑎𝑖 ,𝑎

′
𝑖 ,𝑏𝑖 ;𝑖> 𝑗 }

( ∑︁
𝜎 𝑗+1,𝜎

′
𝑗+1

𝐵
𝜎 𝑗+1∗
𝑎 𝑗 ,𝑎 𝑗+1

𝑊
𝜎 𝑗+1,𝜎

′
𝑗+1

𝑏 𝑗 ,𝑏 𝑗+1
𝐵
𝜎

′
𝑗+1

𝑎
′
𝑗 ,𝑎

′
𝑗+1

)
...

...

( ∑︁
𝜎𝐿 ,𝜎

′
𝐿

𝐵
𝜎𝐿∗
𝑎𝐿−1,1

𝑊
𝜎𝐿 ,𝜎

′
𝐿

𝑏𝐿−1,1
𝐵
𝜎

′
𝐿

𝑎
′
𝐿−1,1

)
. (3.19)

We optimize the local matrices 𝑀 , the optimization reads

𝜕

𝜕𝑀
𝜎 𝑗∗
𝑎 𝑗−1,𝑎 𝑗

(
⟨𝜓 | 𝐻̂ |𝜓⟩ − 𝜆 ⟨𝜓 |𝜓⟩

)
!
= 0, (3.20)

or equally ∑︁
𝜎 𝑗 ,𝜎

′
𝑗

∑︁
𝑎
′
𝑗−1,𝑎

′
𝑗

∑︁
𝑏 𝑗−1,𝑏 𝑗

𝐿
𝑎 𝑗−1,𝑎

′
𝑗−1

𝑏 𝑗−1
𝑊

𝜎 𝑗 ,𝜎
′
𝑗

𝑏 𝑗−1,𝑏 𝑗
𝑅
𝑎 𝑗 ,𝑎

′
𝑗

𝑏 𝑗
𝑀

𝜎
′
𝑗

𝑎
′
𝑗−1,𝑎

′
𝑗

− 𝜆𝑀𝜎 𝑗

𝑎 𝑗−1,𝑎 𝑗
= 0. (3.21)

This is an eigenvalue equation for 𝑀 , and the ground state energy is given by the smallest
eigenvalue. To solve it, we apply large sparse eigensolvers, such as the Lanczos method or
Jacobi-Davidson methods.

The DMRG algorithm starts from an initial state, which is often chosen randomly. The
algorithm then optimizes local matrices one at a time, as in the pictorial representation of
Eq. (3.21)

— λ = 0 . (3.22)

After updating a local matrix, an SVD/QR is applied, after which the next matrix is updated. This
procedure is repeated until the user-defined convergence criteria are reached for all observables
of interest.
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3.3.2 Time-Dependent Variational Principle
The time-dependent variational principle (TDVP) [121, 122] is one of the most successful time-
evolution algorithms for MPS. In this section, we follow the review on MPS time evolution
algorithms by Paeckel et al. [123].

We define a projector, which projects onto the tangent space (spanned by the variations of
single MPS tensors):

P̂𝑇|𝜓⟩
=

𝐿∑︁
𝑗=1

P̂L, |𝜓⟩
𝑗−1 ⊗ 1 𝑗 ⊗ P̂R, |𝜓⟩

𝑗+1 −
𝐿−1∑︁
𝑗=1

P̂L, |𝜓⟩
𝑗

⊗ P̂R, |𝜓⟩
𝑗+1 , (3.23)

and define left/right projectors

P̂L, |𝜓⟩
𝑗;𝜎1,...,𝜎 𝑗 ,𝜎1,...,𝜎 𝑗

=
∑︁
𝑚 𝑗

𝜓
L;𝜎1,...,𝜎 𝑗

𝑗;𝑚 𝑗
⊗ 𝜓L;𝜎1,...,𝜎 𝑗

𝑗;𝑚 𝑗
(3.24)

P̂R, |𝜓⟩
𝑗;𝜎 𝑗 ,...,𝜎𝐿 ,𝜎 𝑗 ,...,𝜎𝐿

=
∑︁
𝑚 𝑗−1

𝜓
R;𝜎 𝑗 ,...,𝜎𝐿

𝑗;𝑚 𝑗−1
⊗ 𝜓R;𝜎 𝑗 ,...,𝜎𝐿

𝑗;𝑚 𝑗−1
. (3.25)

We further use the notation

|𝜓⟩ =
∑︁

𝜎1,...,𝜎𝐿 ,𝑚 𝑗−1,𝑚 𝑗

𝐴
𝜎1
1 ...𝐴

𝜎 𝑗−1
𝑗−1︸         ︷︷         ︸

≡𝜓
L,𝜎1 ,...,𝜎𝑗−1
𝑗−1;𝑚𝑗−1

𝑀 𝑗;𝑚 𝑗−1,𝑚 𝑗
𝐵
𝜎 𝑗+1
𝑗+1 ...𝐵

𝜎𝐿

𝐿︸         ︷︷         ︸
≡𝜓

R,𝜎𝑗+1 ,...,𝜎𝐿

𝑗+1;𝑚𝑗

|𝜎1, ..., 𝜎𝐿⟩ (3.26)

for the left- and right-normalized parts of the MPS.
We now solve the time-dependent Schrödinger equation in the tangent space:

𝜕

𝜕𝑡
|𝜓⟩ = −𝑖P̂𝑇|𝜓⟩

𝐻̂ |𝜓⟩

= −𝑖
𝐿∑︁
𝑗=1

P̂L, |𝜓⟩
𝑗−1 ⊗ 1 𝑗 ⊗ P̂R, |𝜓⟩

𝑗+1 𝐻̂ |𝜓⟩ + 𝑖
𝐿−1∑︁
𝑗=1

P̂L, |𝜓⟩
𝑗

⊗ P̂R, |𝜓⟩
𝑗+1 𝐻̂ |𝜓⟩ . (3.27)

We can approximately solve Eq. (3.27) by sequentially solving each term individually, resulting
in 𝐿 forward-evolving equations

𝜕

𝜕𝑡
|𝜓⟩ = −𝑖P̂L, |𝜓⟩

𝑗−1 ⊗ 1 𝑗 ⊗ P̂R, |𝜓⟩
𝑗+1 𝐻̂ |𝜓⟩ (3.28)

and in 𝐿 − 1 backward-evolving equations

𝜕

𝜕𝑡
|𝜓⟩ = +𝑖P̂L, |𝜓⟩

𝑗
⊗ P̂R, |𝜓⟩

𝑗+1 𝐻̂ |𝜓⟩ . (3.29)

Applying the single-site map𝜓L
𝑗−1⊗𝜓

R
𝑗+1 or the center-bond map𝜓L

𝑗 ⊗𝜓
R
𝑗+1 gives local Schrödinger

equations of the form

𝜕

𝜕𝑡
𝑀 𝑗 = −𝑖𝐻̂eff

𝑗 𝑀 𝑗 , (3.30)
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3.3. Matrix product states

𝜕

𝜕𝑡
𝐶 𝑗

′ = +𝑖𝐻̂eff
𝑗
′ 𝐶 𝑗

′ . (3.31)

We can use a Krylov time evolution to solve them.
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3.4 Publication 7: Emergent spinon-holon Feshbach resonance in a doped Majumdar-
Ghosh model

In this section, the following publication is reprinted:

P7 Emergent spinon-holon Feshbach resonance in a doped Majumdar-Ghosh model,
Simon M. Linsel, Ulrich Schollwöck, Annabelle Bohrdt, and Fabian Grusdt,
Physical Review B 111, 054430 (2025), ©2025 American Physical Society,
doi: 10.1103/PhysRevB.111.054430.
Reprinted on pages 153–160.
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Emergent spinon-holon Feshbach resonance in a doped Majumdar-Ghosh model
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Experimental and numerical spectroscopy have revealed rich physics in antiferromagnets, in particular in
frustrated and doped systems. The Majumdar-Ghosh (MG) model has an analytically known spin-disordered
ground state of dimerized singlets as a result of magnetic frustration. Here we study the single-hole angle-
resolved photoemission spectrum (ARPES) of a doped MG model, where we introduce a spin-hole interaction
that is experimentally accessible with ultracold molecules. We report a bound spinon-holon ground state and clear
signatures of a spinon-holon molecule state and polarons in the ARPES spectrum at different magnetizations.
Moreover, we find signatures of an emergent Feshbach resonance with tunable interactions associated with the
unbinding of the spinon and the holon. Our results provide new insights into the physics of dopants in frustrated
t-J models and establish the latter as a new platform for studies of emergent few-body phenomena.

DOI: 10.1103/PhysRevB.111.054430

I. INTRODUCTION

The resonating valence bond theory (RVB), developed by
Anderson and Fazekas [1,2], describes a quantum spin liquid
(QSL) on a triangular lattice with featureless constituents:
holons and spinons. Historically, RVB was proposed to de-
scribe high-temperature superconductivity in the 2D Hubbard
model [3–5]. While the RVB paradigm is still widely ap-
plied for describing spin liquids, in the context of doped
antiferromagnets theories with confined phases or nontrivial
constituents have emerged in recent years. A prominent exam-
ple are fractionalized Fermi liquids (FL*) [6,7], often studied
in the context of doped quantum dimer models [8]. This parton
picture is in line with microscopic studies of doped holes [9]
and hole pairs [10] in t-J and Hubbard models.

Feshbach resonances have originally been introduced in
the context of particle physics, where slow-moving collid-
ing particles undergo resonant scattering [11]. Since then,
Feshbach resonances have been widely used to realize tun-
able interactions in cold-atom experiments [12–15] and 2D
semiconductors [16,17]. Recently, Feshbach resonances have
further been proposed as a possible pairing mechanism for
high-temperature superconductivity in cuprates [18–20].

*Contact author: simon.linsel@lmu.de
†Contact author: fabian.grusdt@lmu.de

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

In this paper, we report Feshbach-like resonant interactions
upon tuning across the spinon/holon unbinding in a paradig-
matic doped frustrated quantum magnet. We study the doped
Majumdar-Ghosh model [21,22] extended by spin-hole inter-
actions that can be realized, e.g., by ultracold polar molecules
[23,24], serving as a toy model relevant for other settings
featuring spinon-holon bound states. The resonant spinon-
holon interactions we reveal are directly probed by varying
the density of unpaired spinons. Using matrix product states
(MPS), we study the ground state properties and calculate the
single-hole ARPES spectrum. In addition to the Feshbach-like
resonance, we find a rich set of emergent few-body states
realized in the doped MG model. Our results have possible
implications for the physics of cuprates in the pseudogap
regime.

II. DOPED MAJUMDAR-GHOSH MODEL

We study the frustrated Hamiltonian

Ĥ = − t
∑

〈i, j〉,σ
P̂GW[ĉ†

i,σ ĉ j,σ + H.c.]P̂GW + J
N∑

j=1

Ŝ j · Ŝ j+1

+ J

2

N∑
j=1

Ŝ j · Ŝ j+2 − g
∑
〈i, j〉

[
n̂h

i Ŝz
j + H.c.

]
(1)

on the triangular ladder, see Fig. 1, where ĉ j,σ is a fermionic
annihilation operator on site j with spin σ ∈ {↑,↓}, Ŝ j is
the spin operator and n̂h

j = ∏
σ (1 − ĉ†

j,σ ĉ j,σ ) is the hole den-
sity. It includes the bare Majumdar-Ghosh model featuring
Heisenberg interactions between nearest neighbors (NN) and
next-nearest neighbors (NNN) ∝ J . We allow NN hopping of

2469-9950/2025/111(5)/054430(8) 054430-1 Published by the American Physical Society
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(a)

(b)

J
J/2

singlet

(c)

holon

spinon

FIG. 1. Spinon-holon bound state in the doped Majumdar-Ghosh
model. The bare Majumdar-Ghosh model features a ground state of
dimerized spin singlets. We illustrate (a) a bound and (b) an unbound
spinon-holon state in the Majumdar-Ghosh model with one hole.
(c) We show a Majumdar-Ghosh model with one hole and high
magnetization. The unpaired spinons form a Luttinger liquid.

fermions ∝ t ; here P̂GW denotes the Gutzwiller projector on
states with no more than one fermion per site. In addition, we
add a spin-hole interaction ∝ g that can be experimentally re-
alized using, e.g., ultracold polar molecules [23,24], ultracold
atoms [25], or in Rydberg tweezer arrays [26]. We set t = J;
this choice is not particularly special.

We microscopically simulate the system using MPS and
apply the density-matrix renormalization group (DMRG) [27]
to calculate the ground state (GS). Time evolutions of the MPS
are obtained using generalized subspace expansion (GSE)
[28] for the first few time steps and then using the two-site
time-dependent variational principle (TDVP2) [29]. In addi-
tion, we use linear extrapolation to improve the quality of
the ARPES spectrum [30]. We enforce a global U (1) ⊗ U (1)
symmetry of the hole number and the magnetization m =
2〈∑ j Ŝz

j〉/L. The magnetization is always positive in this pa-
per. We use the SYTEN toolkit [31].

A. Spinon-holon Feshbach resonance

The undoped Majumdar-Ghosh model, i.e., Hamiltonian
(1) at n̂h

j = 0, features a GS of dimerized singlets, see Fig. 1.
We dope one hole into the system and set the magnetization to
a small but nonzero value, i.e., we have some unpaired spinons
in the system that are not bound in a singlet. Consequently, the
GS of this doped and magnetized system is translationally in-
variant. By tuning the microscopic spin-hole interaction ∝ g,
we can realize both an unbound and a bound regime, in which
a spinon-holon bound state forms. The existence of the bound
state itself is very natural and we will study the microscopic
details later; for now, it is only important that its existence can
be controlled via g.

This brings us to the central idea put forward in this paper.
We propose that the unbinding transition of the spinon-holon
bound state is associated with a Feshbach-type resonance with
resonantly enhanced scattering.

To reveal signatures of such resonantly enhanced spinon-
holon interactions, we consider a system at finite magne-
tization. For the moment, let us assume a Feshbach-like
resonance, in which the spinon and the holon undergo

two-body scattering: the interaction energy near the transition
is given by

Ĥint ∼ −geff (g)n̂h〈n̂S〉, (2)

where geff (g) is the resonantly enhanced effective interaction
that depends on the bare coupling g and n̂S is the unpaired
spinon density. Here we employed a mean-field ansatz, re-
placing the unpaired spinon density by its average, i.e., n̂S →
〈n̂S〉 = m. Thus increasing m leads to a stronger interaction
energy shift in the system. This situation resembles a 1D
Fermi polaron problem [32], where the holon corresponds to
an impurity. The unpaired spinons around the holon form a
Luttinger liquid and “dress” the holon in the following sense:
The attractive (repulsive) polaron is a holon that is surrounded
by ↑ spinons (singlets). Since the unpaired spinons are mutu-
ally hard-core, we expect the polarons to resemble 1D Fermi
polarons.

In order to extract geff (g), we start by tuning g, m and
searching for Fermi polaron signatures in the one-hole
ARPES spectrum

Aσ (k, ω) = 1

2π
Re

∫ ∞

−∞
dt eiωt 〈ψ0|eiĤt ĉ†

k,σ
e−iĤt ĉk,σ |ψ0〉,

(3)

where |ψ0〉 is the GS without holes. We calculate the full
one-hole ARPES spectrum, thus going beyond mean-field the-
ory. In addition to Fermi polaron-like branches, whose energy
we will model by Eq. (2) to extract geff (g), the spectrum
reveals a rich set of few-body states, e.g., molecular spinon-
holon states. First, we will focus on the polaron branches as
they are immediately relevant to establish proof of the Fesh-
bach resonance; however, we will discuss the other branches
later.

We fix ka = 1.0 (corresponding approximately to the GS
of the one-hole dispersion; a is the lattice constant) and plot
the majority (σ = ↑) ARPES spectrum with respect to g for
different magnetizations m; our result for m = 37/81 is shown
in Fig. 2(a). Indeed, we identify two branches with attrac-
tive and repulsive Fermi polaron characters, respectively. The
attractive Fermi polaron has a negative energy compared to
the zero-hole GS energy E0 ≡ 0. It has a particularly large
spectral weight in the repulsive region (g < 0) of the bare cou-
pling g. This is in line with the Feshbach picture: A repulsive
bare interaction corresponds to a strong resonantly enhanced
effective attractive interaction and vice versa, giving rise to
the existence of the two polaron branches.

As a side note, the attractive polaron might still exist deep
in the attractive region g > 0 while the repulsive polaron will
typically decay because of its high energy compared to the
GS. The repulsive Fermi polaron has a positive energy and
a large spectral weight for attractive bare interactions (g >

0). In Fig. 2(a), we only fit the peak positions (blue lines)
in the parts of the two polaron branches with high spectral
weight.

We repeat these calculations for different magnetiza-
tions and show the fitted peak positions of the polaron
branches in Fig. 2(b). We clearly observe a repulsion of the
attractive/repulsive branches with increasing m, as expected
from Eq. (2), thus strongly suggesting a resonantly enhanced
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FIG. 2. Emergent Feshbach-like interaction. We perform micro-
scopic MPS simulations of the single-hole ARPES spectrum Eq. (3)
of Hamiltonian (1). Details of the MPS calculations can be found
in Appendix A. (a) We show the one-hole majority ARPES spec-
trum A↑ (i.e., we remove an ↑-spinon and probe the time evolution
of the resulting hole) at fixed momentum ka = 1.0 (corresponding
approximately to the GS of the one-hole dispersion; a is the lattice
constant) for L = 81 and magnetization m = 37/81. We find signa-
tures of attractive/repulsive Fermi polarons. We probe the Feshbach
resonance by tuning the density of unpaired spinons (m) and ex-
tracting the peak positions ω(g; m) of the polaron branches, see (b).
The polaron branches repel each other for increasing m, signaling a
resonantly enhanced interaction.

Feshbach interaction at gc ≈ −0.5 (J ≡ 1). We find that the
fitted peak positions of the polaron branches indeed satisfy
Eq. (2) with geff (g) ∼ gbg − 1/g and geff (gc) = 2.7 × |gc|,
i.e., a weak, repulsive microscopic g corresponds to a strong,
attractive geff (g), see Appendix B.

We will discuss the microscopic details of the spinon-holon
bound state next, after making one more remark: the Feshbach
resonance is connected to the unbinding of a spinon-holon
pair, our ARPES calculation is just a way to probe it. In fact,
we argue that Feshbach resonances might be more generally
prevalent in scenarios where partons form bound states, e.g.,
in the context of FL-FL* transitions [6,7]: in the FL* phase,
deconfined spinons and holons exist but the relevant charge
carriers at low energies are constituted by bound pairs of
spinons and holons, yielding electron-like quantum numbers.

B. Free molecule limit

We study the microscopic structure of the bound spinon-
holon state at minimal magnetization, i.e., with only one hole

FIG. 3. Spinon-holon bound state signatures. We show the effect
of tuning the interaction g in the DMRG ground state of Hamiltonian
(1). (a) We show the quasiparticle weight Z (g). We observe a max-
imum around g/J = 2, where sizable values Z ∼ 0.4 are realized.
(b) We show the spin-hole correlator 〈n̂h

j Ŝ
z
j+d〉 averaged over the

system. For g = 0(2), we observe a bound spinon-holon state which
extends over approximately 20 (a few) sites, i.e., the size of the bound
state decreases with increasing Z .

and one unpaired spinon in the system. To study the effect
of tuning the spin-hole interaction ∝ g, we calculate the QP
weight

Z =
∑

j

∣∣〈ψ1h
0

∣∣ĉ j,↓
∣∣ψ0h

0

〉∣∣2
, (4)

where |ψ0(1)h
0 〉 is the DMRG GS with zero (one) holes at

m = 0(1/2). It includes the MPS overlap between the one-
hole DMRG GS and the undoped GS in which we put a
spinon directly next to a holon (by removing one spin from
a singlet). Thus Z probes the existence of a spinon-holon
bound state. Note that in contrast to the ARPES simulations,
here we use an even system size of L = 80. We perform
a scan over −2 � g/J � 10 and plot Z in Fig. 3(a). Z is
zero for g/J � −1 and features a maximum around g/J = 2,
where sizable values Z ∼ 0.4 are realized. This confirms the
formation of a spinon-holon bound state for g > 0. Interest-
ingly, the bare interaction g at the approximate location of the
resonance coincides with the transition from the unbound to
the bound regime in the free molecule limit, see Fig. 3(a),
which is consistent with the bare interaction g driving the
transition.

To study the microscopic structure of the bound state fur-
ther, we calculate the spin-hole correlator 〈n̂h

j Ŝ
z
j+d〉 for g/J =

0 and 2. For g/J = 0, we observe a large bound state that
extends over approximately 20 lattice sites, still well below
the system size L = 80. The size of the bound state decreases
significantly down to a few lattice sites for g/J = 2. Thus
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FIG. 4. Majority and minority ARPES spectrum. We perform
microscopic MPS simulations of the single-hole ARPES spectrum
Eq. (3) of Hamiltonian (1) at fixed momentum k = 1.0 for L =
81 and magnetization m = 25/81. We tune the spin-hole interac-
tion ∝ g and show the ARPES spectrum at different interactions.
ARPES spectra for other m can be found in Appendix B. (a) We
show the majority spectrum A↑. The linear branches represent
the majority/minority spinon-holon molecule states, which can be
attractively/repulsively bound, respectively. (b) We show the mi-
nority spectrum A↓. The minority molecule is not visible due to
vanishing spectral weight. In addition to the molecule branches, we
observe a polaron-spinon continuum signaled by a cosine disper-
sion of the momentum-dependent ARPES (see lower left inset), and
spinon-particle hole dressing signaled by a continuum of states above
the attractive majority molecule ground state (see upper right inset).

the existence and the size of a bound spinon-holon state are
directly tunable by g/J .

C. Emergent few-body physics

The calculated ARPES spectra feature not only Fermi
polarons but also a rich set of further branches, some of
which we will identify here. We show the majority (σ = ↑)
ARPES spectrum for different spin-hole interactions ∝ g at
m = 25/81 in Fig. 4(a). In addition to the Fermi polarons,
we identify four branches where a spinon and the holon form
a molecular state, signaled by a linear dependence of the
energy E ∼ ±|g|. We call the state where the holon binds to

a ↑ spinon (↓ spinon) a majority (minority) molecule. Both
molecule types can be either attractively (negative energy)
or repulsively (positive energy) bound. A repulsively bound
molecule is an excited state that can be long-lived due to a
lack of low-order resonant decay processes.

We show the minority (σ = ↓) ARPES spectrum for dif-
ferent spin-hole interactions ∝ g at m = 25/81 in Fig. 4(b).
In addition to the attractive and repulsive majority molecule,
we observe a polaron-spinon continuum enclosed by a cosine
dispersion in the momentum-dependent ARPES spectrum at
fixed g/J , see inset of Fig. 4(b). Further, we observe spinon
particle-hole dressing as a continuum of excited states above
the attractive majority molecule, where the interaction be-
tween the impurity (i.e., the holon) with the Luttinger liquid
results in particle-hole excitations (i.e., collective excitations
of spinons). Attentive readers may have noticed that the mi-
nority molecule and the Fermi polarons are not visible in the
minority spectrum. This is due to their low spectral weight as
a result of vanishing wave function overlaps in the ARPES
spectrum, as we discuss further in Appendix B. More detailed
studies of the molecular branches and the other few-body
excitations not discussed here are tasks left for future research.

III. CONCLUSION

We have investigated a doped Majumdar-Ghosh model as
a paradigmatic frustrated quantum magnet. The model can
be experimentally implemented using, e.g., ultracold dipolar
molecules [23,24], and for g = 0 using ultracold fermions in
quantum gas microscopes [33–38]. Using ARPES based on
MPS, we have found signatures of a spinon-holon Feshbach-
like resonance which can be probed by tuning the density of
unpaired spinons (i.e., magnetization). We have also found
emergent few-body physics in the ARPES spectra, including
different (partly repulsively bound) molecular branches of a
spinon and a holon.

Our results suggest wider applicability of this emergent
Feshbach-like resonance to study the physics of supercon-
ducting phases or parton unbinding. It is potentially relevant
to clarify the physics of doped quantum spin liquids and has
potential applications in the context of heavy electrons [39,40]
and cuprates.
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APPENDIX A: CALCULATING THE ARPES
SPECTRUM & MPS CONVERGENCE

We perform microscopic MPS simulations of Hamilto-
nian (1) for magnetization m = 13/81, 25/81, 37/81, 51/81

054430-4

3. Feshbach resonances as a pairing mechanism for partons in frustrated quantum magnets

156



EMERGENT SPINON-HOLON FESHBACH RESONANCE … PHYSICAL REVIEW B 111, 054430 (2025)

FIG. 5. MPS time evolution convergence. We show the
difference of the minority Green’s function A↓(d, t ) =
〈eiĤt ĉ†

L/2+d e−iĤt ĉL/2〉 evaluated at bond dimensions χ = 800
and 1000, at time t = 13/J . We exponentially suppress times
after t = 40/3J with a Gaussian w(t ) = exp(−2(t/t0)2) where
t0 = 20/3J . The difference is ∼10−5, thus the time evolution is well
converged.

and spin-hole interaction −5 � g/J � 5. Note that in our
convention m = 2〈∑ j Ŝz

j〉/L > 0, i.e., each spin contributes
±1/L to m. Our procedure is similar to [41] but here we use
the SYTEN toolkit [31]. To probe signatures of Feshbach-like
resonances, we calculate the majority (σ = ↑) and minority
(σ = ↓) ARPES spectrum Eq. (3):

Aσ (k, ω) = 1

2π
Re

∫ ∞

−∞
dt eiωt Aσ (k, t ),

where

Aσ (k, t ) = 1

L

∑
i, j

e−ik(i− j)〈ψ0|eiĤt ĉ†
j,σ e−iĤt ĉi,σ |ψ0〉.

First, we calculate the MPS groundstate (GS) |ψ0〉 without
holes using DMRG with bond dimension χ = 1000. The GS
is well converged with variance 〈Ĥ2〉 − 〈Ĥ〉2 < 10−11.

Then, we dope a hole into the system and calculate the
time evolution up to times t = 20/J using generalized sub-
space expansion (GSE) [28] for the first few time steps and
then using the two-site time-dependent variational principle
(TDVP2) [29] for later times. We choose the time step �t =
0.02/J . In Fig. 5, we compare the minority Green’s func-
tion 〈eiĤt ĉ†

L/2+d e−iĤt ĉL/2〉 for bond dimensions χ = 800 and

1000, at time t = 13/J . The difference is ∼10−5, thus the time
evolution is well converged. We calculate the MPS overlap
with the original GS |ψ0〉.

Next, we perform a Fourier transform into momentum
space to obtain Aσ (k, t ). To prevent unphysical oscillations
in the time Fourier transform resulting from a cutoff at t =
20/J , we apply linear extrapolation [30]. As a tradeoff be-
tween the error of the TDVP2 time evolution and the error
of extrapolating the signal, we choose to suppress parts of
our original signal and the complete extrapolated signal. We
exponentially suppress times after t = 40/3J with a Gaussian
w(t ) = exp(−2(t/t0)2) where t0 = 20/3J .

Finally, we perform a time Fourier transform into energy
space which grants us access to the full ARPES spectrum
Aσ (k, ω).

APPENDIX B: ARPES SPECTRA

In Fig. 6, we show the interaction-dependent majority [σ =
↑, Figs. 6(a)–6(d)] and minority [σ = ↓, Figs. 6(e)–6(h)]
ARPES spectra at fixed momentum k = 1.0 at different mag-
netizations. We label branches according to their qualitative
behavior and illustrate the fitting of the polaron branches (see
below). Here we also briefly discuss the spectral weights of
the polaron and the molecular branches.

The minority molecule is not visible in the minority spec-
trum because of its vanishing spectral weight. We remove
a ↓ spinon from a GS where practically all ↓ spinons are
bound in singlets, see Figs. 6(e)–6(h). Conversely, the major-
ity molecule ARPES weight increases for increasing m since
we have more free ↑-spinons in the GS. This is especially
relevant for the majority spectrum where the entire majority
molecule spectral weight originates from free ↑ spinons in the
GS, see Figs. 6(a)–6(d).

The polaron branches are very dominant in the highly
magnetized majority spectrum because of a high chance to
remove a free ↑ spinon. Vice versa, in a highly magnetized
minority spectrum, the removal of a down spin will break a
singlet; the holon and the adjacent ↑ spinon form a molecule,
resulting in a vanishing polaron spectral weight.

We set J = 1 for convenience and fit the attractive/
repulsive polaron branches using the ansatz

Ea/r (g, m) = Aa/r

g − gc,a/r
× m + Ba/r (m), (B1)

where crucially Aa/r and gc,a/r are independent of the magneti-
zation. We find good agreement with gc,a = 0.2, gc,r = −1.3,
and Aa = Ar = 0.56, the fits are the blue curves in Figs. 6(a)–
6(c).

We can estimate the location of the Feshbach resonance as

gc = gc,a + gc,r

2
= −0.55, (B2)

which is in good agreement with Fig. 2(b). geff (gc) can be
estimated from Eq. (2) as

geff (gc) = 〈Ĥint〉
m × 〈n̂h〉

= Er (gc, m) − Er (g → ∞, m)

m × 〈n̂h〉
− Ea(gc, m) − Ea(g → −∞, m)

m × 〈n̂h〉
= 4Aa

[gc,a − gc,r] × 〈n̂h〉
≈ 1.5 ≈ 2.7 × |gc|, (B3)

thus confirming that the effective interaction we find is
Feshbach-like, i.e., resonantly enhanced! Intuitively, the in-
teraction energy corresponds to the bending of the polaron
branches which is a direct consequence of the resonantly
enhanced interaction.
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FIG. 6. ARPES spectra. We plot the majority [σ = ↑, (a)–(d)] and minority [σ = ↓, (e)–(h)] ARPES spectrum Eq. (3) of Hamiltonian (1)
at fixed GS momentum k = 1.0 for L = 81 and at different magnetizations m. We label the branches according to their qualitative behavior.
We fit the polaron branches using the ansatz Eq. (B1) and plot the fits in blue. We find an almost flat band for the attractive minority molecule
in the inset of (d).
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Chapter Four

Conclusion and outlook

In this dissertation, we numerically explored three closely connected subclasses of strongly
correlated quantum systems: Frustrated quantum magnets, toric codes, and ℤ2 lattice gauge
theories.

With the package ParaToric [P1], we provide the community with a state-of-the-art
continuous-time QMC package for the toric code, which is relevant not only to lattice gauge
theories and topology but also to quantum error correction and quantum information. The number
of interfaces (C, C++, Python) and the extensive documentation in [P1] make ParaToric easy to
use for non-experts. The practically achievable system sizes are unprecedented. Earlier versions
of ParaToric were used in [P2, P3, P4, P5], making it the backbone of this dissertation and a
strong foundation for future projects from the ParaToric user base.

In the future, we plan to extend ParaToric with more lattices like the experimentally relevant
ruby lattice [124], more boundary conditions, including dangling edge bonds used to probe long-
range edge correlation in SPT phases [65], and more observables such as fidelity susceptibilities
and entanglement entropies, providing users with more flexibility. We also want to extend the
implemented Hamiltonian with (long-range) Ising-type interactions that typically arise in the
context of emergent topological order. Adding these terms would at the same time implement
the (long-range) TFIM. A long-term goal is to include even more Hamiltonians in the package,
especially 𝑡− 𝐽-type models with hopping terms. It would also be insightful to simulate toric code
with higher symmetries, such as ℤ𝑛 toric codes. This generalization is pretty straightforward, as
already mentioned by [81].

In [P2, P3, P4], we have proposed a new geometric confinement order parameter for ℤ2 LGTs
based on percolation theory, which is accessible to snapshot measurements from state-of-the-art
quantum simulators. It outperforms competing order parameters, which either cannot be extracted
from snapshots or exhibit extreme noise. In the extended toric code on the triangular, honeycomb,
and cubic lattices, we have found topological phases where one anyon type is confined while the
other type is deconfined. This is remarkable, given that in the literature the terms “topological”
and “deconfined” are often used interchangeably at zero temperature. We have also mapped
out the topological diagrams of the toric code on the aforementioned lattice for the first time
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with a numerically exact method, substantially improving previous approximations of the phase
diagram. The percolation order parameter admits a natural extension to ℤ𝑛 strings, consistent
with the planned roadmap for ParaToric. For even higher symmetries such as𝑈 (1), we speculate
that defining thresholds to define whether a link contributes to percolation or not could capture
confinement.

We have defined an innovative architecture for NQS in [P5], exploiting approximate sym-
metries that are ubiquitous in quantum spin liquids and related phases. We have demonstrated
the broad applicability of the architecture by mapping out the phase diagram of a variant of the
toric code with a sign-problem, and by applying it to the PXP Rydberg Hamiltonian, which hosts
emergent symmetries. Since symmetries are fundamental to physics and present in practically
every Hamiltonian, we expect that upgrades and variations of our architecture will be broadly
applicable and help to uncover new physics, especially for Hamiltonians with sign-problems that
are fundamentally inaccessible to QMC.

We have proposed a new type of SPT phase that remains stable against thermal fluctuations
in [P6]. In the literature, SPT was previously widely believed to exist only at zero temperature.
Our results have broad implications, particularly for finding materials that host QSL phases
at finite temperature. A further significant connection concerns the pseudogap phase of the
Fermi–Hubbard model: we speculate that the transition from the stripe phase to the pseudogap
phase might realize a finite-temperature SPT transition protected by an 𝑆𝑈 (2) symmetry. Further
analytical and numerical studies are required to test this theory.

In the publication [P7], we have found signatures of magnetic polarons and a resonantly-
enhanced Feshbach resonance in the one-hole ARPES spectrum obtained using MPS. This is a
timely result in the context of other studies, which propose Feshbach resonances as a microscopic
pairing mechanism in cuprates [125] by considering holon-holon pairs. An obvious next step
is therefore to include a second hole and study not only spinon-holon bound states but also
holon-holon bound states. A long-term goal is to simulate a finite hole-density; for large systems,
this is numerically very challenging, even in one dimension. Another important step would be
an experimental realization of the Feshbach resonance1, see here for an experimental protocol to
calculate the ARPES spectrum of one-dimensional models in quantum gas microscopes [126].
We also showed that the Feshbach resonance in the Majumdar-Ghosh model does not rely on a
fine-tuned parameter point, which may simplify its experimental realization.

1Feshbach resonance are used to realize tunable interactions for cold atoms, thus a Feshbach resonance could be
used to probe an emergent Feshbach resonance, which is an amusing thought.
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