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Abstract (English)

We consider a system of N bosons confined to a box Q@ C R? interacting via a pair
potential V. Solving the interacting case analytically or numerically is infeasible due to the
complexity of the Hamiltonian. However, in the dilute limit pa® — 0, a formula for the
ground state energy density in the thermodynamic limit e(p) has recently been established.
Here p = N/|Q2| denotes the particle density and a the scattering length of the interaction
potential V.

In this thesis, based on the papers [39, 40], we extend this result to positive temperatures
up to the order pa, by showing the following formula for the free energy density

T5/2 ./ 4+M 2
f(p,T) =e(p) + (2m)? /Rs log (1 —e VP T ? dp + Opa3a(]((pa)5/2)7

partially proving a conjecture by Lee, Huang and Yang from 1957. In particular we provide
novel proofs for the zero temperature case.

Abstract (Deutsch)

Wir betrachten ein System von N Bosonen, die in einer Box Q C R? gefangen sind
und tiber ein Paarpotential V' miteinander wechselwirken. Aufgrund der Komplexitat des
Hamiltonoperators ist es weder analytisch noch numerisch méglich, den wechselwirkenden
Fall zu 16sen. Allerdings wurde im verdiinnten Grenzfall pa® — 0 kiirzlich eine Formel
fiir die Grundzustandsenergiedichte im thermodynamischen Limes e(p) hergeleitet. Dabei
bezeichnet p = N/|Q] die Teilchendichte und a die Streuldnge des Wechselwirkungspotentials
V.

In dieser Dissertation erweitern wir dieses Ergebnis, basierend auf den Arbeiten [39, 40],
auf positive Temperaturen bis zur Ordnung pa. Wir zeigen die folgende Formel fiir die freie
Energiedichte:

T5/2 B p4+167rpap2 5/2
F(T) = elp) + gz [ om( 1= VT ap o () 2)

und beweisen dadurch eine Vermutung von Lee, Huang und Yang aus dem Jahr 1957 teil-
weise. Insbesondere liefern wir neue Beweise fiir den Fall verschwindender Temperatur.
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1 Summary (English)

In quantum mechanics, a system at equilibrium is described by the stationary Schrédinger
equation

HU = EV, (1.1)

with a given self-adjoint Hamiltonian H acting on a separable Hilbert space and eigenfunctions
U with eigenvalues E € R. A complete characterization of the physical system is equivalent to
a spectral resolution of the Hamiltonian.

In this thesis we consider a Hamiltonian of the form

N
HN:Z_Ai+ Z V(l’i—x]‘)
=1

1<i<j<N

that describes a system of IV particles. We may write Hy = Hgee + Hint- Here, Hgee denotes
the free Hamiltonian, i.e., it models freely moving particles, while Hj, represents the interac-
tion part of the Hamiltonian and implements particle interactions via a two-body interaction
potential V.

In the free case (Hiny = 0), the particles do not interact with one another, and instead
of facing a complicated N-body problem, equation (1.1) decouples into independent one-body
problems, which can be solved explicitly. For instance, it has been known since the ground-
breaking works of Satyendra Bose and Albert Einstein [14, 30] that, for bosonic particles at
sufficiently low temperatures, a macroscopic fraction of the particles occupies the same quan-
tum state. This phenomenon is known as Bose-Einstein condensation (BEC); see Section 2.2
for the mathematical details and a rederivation of Einstein’s original argument. Initially a
purely theoretical statement and long believed to be of no physical relevance, Bose-Einstein
condensation was experimentally observed in 1995 [27, 2], an achievement that led to the Nobel
Prize in 2001 being awarded to Wolfgang Ketterle, Eric Cornell, and Carl Wieman. In these
experiments, sodium atoms respectively rubidium-87 atoms were confined in traps and cooled
via evaporative cooling to temperatures below 2 x 1076 K and 1.7 x 10~ 7 K, respectively. These
experiments illustrate that when referring to bosons one does not necessarily mean elementary
particles such as photons, although a photon condensate has also been observed [47], but more
generally composite bosons, such as particles, atoms, or molecules with integer spin.

In contrast, solving the interacting case explicitly is infeasible due to the complexity of
the Hamiltonian. Likewise, numerical approaches quickly become inaccessible because of the
curse of dimensionality. Even storing the data required to apply a finite difference method to
the Schrodinger equation becomes unmanageable for realistic particle numbers. To illustrate
this, consider a spatial grid with M points. The wave function ¥ then depends on 3NV spatial
variables, and each grid value requires 2 x 8 bytes of storage (8 bytes for double precision and
a factor of 2 since ¥ is generally complex-valued). For example, taking M = 1000 grid points,
corresponding to 10 grid points in each spatial direction, and N = 8 particles already requires
1.6 x 10%® bytes of memory. This is hopelessly intractable; for comparison, the total amount of
data stored on the internet is estimated to be around 1.75 x 10?3 bytes [82]. In the experiments
of Ketterle, the condensate contained up to 5 x 10° bosons, highlighting the necessity of effective
theoretical descriptions.

One possible strategy is to introduce effective models that are more suitable for numerical
analysis while still providing accurate predictions. A prominent and widely used class of such
models are density functional theories, where the many-body problem is reformulated in terms
of the particle density; see [54] for a mathematical introduction. In a similar spirit, the Gross—
Pitaevskii theory is commonly used to model dilute Bose gases.



The approach followed in this thesis is different. We aim to characterize the low-energy
spectrum in the dilute regime of small densities p or weak interactions, by deriving asymptotic
expansions in terms of the diluteness parameter pa®. Here the scattering length a of the potential
V', quantifies the effective interaction of two particles, see Section 2.3 for the definition. In
particular, we provide explicit formulas for the ground state energy Fy, i.e., the lowest eigenvalue
of the Hamiltonian, as well as for the free energy of the system Fg (V). The free energy describes
the energy of the system at a given temperature T" > 0 and particle density p > 0 and is defined
as a thermally weighted average over all admissible energy levels F;, i.e., the eigenvalues of the
Hamiltonian,

Fo(N) = —kpTlog » e B/(ksT), (1.2)
7
Here kg = 1.380649 x 10723JK~! denotes the Boltzmann constant,! which we will set equal to
1 in the following.

We are particularly interested in the free energy density in the thermodynamic limit, where
the number of particles tends to infinity while the density is kept fixed. In this limit, microscopic
fluctuations become negligible and the macroscopic thermodynamic properties of the system
dominate. We denote the free energy density in the thermodynamic limit by f(p,T). The
main result of this thesis, which was achieved in collaboration with C. Hainzl, P. T. Nam,
B. Schlein, R. Seiringer and A. Triay is the following expression for the free energy density in
the thermodynamic limit. It is valid in the dilute limit pa® — 0 and at temperatures 7 up to
the order pa:

T5/2 16mpa
f(p,T) = 4rap? <1 + 15\5}\/73) +W /]RB log (1 VT ) dp+0((/)a)5/2)pa3%0~
(1.3)

Remarkably, this formula is universal in the sense that it does not depend on the detailed shape
of the interaction potential V', but only on its scattering length a.

Summary (Deutsch)

In der Quantenmechanik wird ein System im Gleichgewichtszustand durch die stationare Schro-
dinger-Gleichung beschrieben.

HVU = EU. (1.4)

Hierbei ist H ein gegebener selbstadjungierter Operator, der auf einem separablen Hilbertraum
operiert; ¥ steht fiir eine Eigenfunktion mit Eigenwert E € R.
In dieser Thesis beschéftigen wir uns mit Hamiltonoperatoren der Form

HN—Z —A; + Z V —.’L‘]

1<i<j<N

die ein System aus N Teilchen beschreiben. Wir schreiben Hy = Hpee + Hint, wobei Hpee fur
den freien Hamiltonoperator steht und die Teilchenbewegung ohne duflere Einfliisse beschreibt,
wahrend Hj,, den Wechselwirkungsteil des Hamiltonoperators reprasentiert. Dieser implemen-
tiert die Interaktionen im System iiber ein Zwei-Teilchen-Wechselwirkungspotential V.

Tn 2018, the General Conference on Weights and Measures (CGPM) fixed the numerical value of the Boltz-
mann constant and defined the Kelvin accordingly.



Im freien Fall (Hiy, = 0) interagieren die Teilchen nicht miteinander, und das komplizierte
N-Teilchen-Problem (1.4) entkoppelt in unabhéngige Einteilchenprobleme. Dieses kann ex-
plizit gelost werden. Zum Beispiel ist bekannt, dass Bosonen bei ausreichend niedrigen Tem-
peraturen kondensieren, d.h., ein makroskopischer Teil der Teilchen besetzt denselben Quan-
tenzustand. Dieses Phidnomen ist als Bose—Einstein-Kondensation bekannt (BEC) und wurde
in den bahnbrechenden Arbeiten von Satyendra Bose und Albert Einstein [14, 30] entdeckt.
Wir zeigen die mathematischen Details sowie Einsteins urspriingliches Argument in Section 2.2.
Urspriinglich wurde dieses Ergebnis als theoretische Besonderheit ohne physikalischen Nutzen
angesehen. Allerdings dnderte sich diese Einschéatzung im Laufe der Zeit, und Bose—Einstein-
Kondensation wurde 1995 experimentell beobachtet [27, 2]. Dieses Resultat brachte Wolfgang
Ketterle, Eric Cornell und Carl Wieman im Jahr 2001 den Nobelpreis ein. In den Experimenten
wurden Natrium- beziehungsweise Rubidium-87-Atome in Fallen gefangen und mittels Verdun-
stungskiihlung auf Temperaturen unter 2 x 1079, K beziehungsweise 1.7 x 1077, K gekiihlt. Diese
Experimente zeigen auch, dass wir nicht zwingend elementare Teilchen wie Photonen meinen,
wenn wir iiber Bosonen sprechen, auch wenn mittlerweile Photonkondensate beobachtet wurden
[47], sondern allgemeiner Kompositbosonen, wie zum Beispiel Teilchen, Atome oder Molekiile
mit ganzzahligem Spin.

Im Gegensatz zum freien Fall ist es unmoglich, den wechselwirkenden Fall analytisch exakt zu
16sen. Das liegt an der Komplexitat des Hamiltonoperators. Numerische Losungen scheitern am
Fluch der Dimensionalitat. Allein das Speichern der benétigten Datenmenge fiir eine Finite-
Elemente-Methode fiir die Schrédinger-Gleichung ist fiir eine realistische Teilchenzahl nicht
machbar. Wir verdeutlichen dies an einer groben Rechnung. Nehmen wir ein Gitter mit M
Punkten an. Die Wellenfunktion ¥ hiangt von 3N Veranderlichen ab, und jeder Gitterpunkt
benotigt 2 x 8 Byte Speicher (8 Byte fiir eine Double-Precision-Zahl und ein Faktor 2, da ¥ im
Allgemeinen komplexwertig ist). Seien beispielhaft in jeder Richtung 10 Gitterpunkte gegeben,
dann ist M = 1000. Fiir N = 8 Teilchen brauchten wir also bereits 1.6 x 102> Byte Speicher. Das
ist hoffnungslos. Zum Vergleich: Das gesamte Internet umfasst schiitzungsweise 1.75 x 10?3 Byte
Daten [82]. Im Experiment von Ketterle befinden sich bis zu 5 x 10° Bosonen im Kondensat.
Eine effektive theoretische Beschreibung ist daher unumganglich.

Ein Ansatz besteht darin, effektive Modelle zu betrachten, die numerisch 16sbar sind und
dennoch gute Vorhersagen liefern. Eine bekannte und haufig verwendete Klasse solcher Mod-
elle sind Dichtefunktionaltheorien. Hier wird das Vielteilchenproblem ausschliefSlich tiber die
Teilchendichte beschrieben, siehe [54] fiir eine mathematische Einfiihrung. Eine verwandte The-
orie ist die Gross—Pitaevskii-Theorie, die oft zur Analyse verdiinnter Bose-Gase verwendet wird.

Der Ansatz, den wir in dieser Thesis verfolgen, ist folgender: Wir wollen das Spektrum
niedriger Energien im verdiinnten Grenzfall beschreiben. Dies erreichen wir, indem wir die
Eigenwerte asymptotisch im Verdiinnungsparameter pa® entwickeln. Dabei ist p die Teilchen-
dichte und a die Streuléinge des Potentials V', die die effektive Wechselwirkung zwischen zwei
Teilchen beschreibt. Die Definition findet sich in Section 2.3. Insbesondere zeigen wir explizite
Formeln fiir die Grundzustandsenergie Ey, d.h. den kleinsten Eigenwert des Hamiltonoperators,
sowie fiir die freie Energie F(N) des Systems. Die freie Energie beschreibt die Energie des Sys-
tems bei Temperatur 7' > 0 und Teilchendichte p > 0. Sie ist definiert als thermisch gewichteter
Mittelwert aller Energieniveaus Fj;, also aller Eigenwerte des Hamiltonoperators,

Fo(N) = —kpTlog y e~ Fi/(knT),

)

Hier ist kg = 1.380649 x 10723JK~! die Boltzmann-Konstante,? die wir im Folgenden gleich 1

*Im Jahr 2018 wurde von der General Conference on Weights and Measures (CGPM) die Boltzmann-Konstante
auf einen festen Wert festgelegt. Die Einheit Kelvin definiert sich seitdem iiber die Boltzmann-Konstante.



setzen.

Wir interessieren uns insbesondere fiir die freie Energiedichte im thermodynamischen Limes,
in dem die Teilchenzahl gegen unendlich strebt, wihrend die Dichte fixiert bleibt. In diesem
Limes verschwinden mikroskopische Fluktuationen, und die makroskopischen thermodynamis-
chen Eigenschaften dominieren das System. Wir bezeichnen die freie Energiedichte im thermo-
dynamischen Limes mit f(p,T). Das Hauptresultat dieser Thesis, das in Zusammenarbeit mit
C. Hainzl, P. T. Nam, B. Schlein, R. Seiringer und A. Triay erzielt wurde, ist der folgende Aus-
druck fiir die freie Energiedichte im thermodynamischen Limes. Er gilt im verdiinnten Grenzfall
pa® — 0 und fiir Temperaturen T bis zur Ordnung pa:

19 T5/2 _ 167pa
f(p,T) = 4mwap? <1 + 8\/,0013) + / log <1 e dp+o((pa)>’?)
R3

15y/7 (2m)3

Bemerkenswerterweise ist diese Formel universell giiltig, in dem Sinne, dass sie nicht von der
detaillierten Form des Wechselwirkungspotentials V' abhéngt, sondern nur von dessen Streulédnge
a.

pa3—0"



2 Mathematical Framework

In this section we thoroughly introduce well known mathematical tools that underlie the proof
of (1.3). This includes the formalism of second quantization, a characterization of Bose-Einstein
condensation, and the scattering problem on R3. From now on we adopt the convention that
Hamiltonians are self-adjoint and Hilbert spaces are separable.

2.1 Second Quantization

Although we work in the canonical setting, where the total particle number is fixed, it is
necessary to allow for states with varying particle numbers. This situation arises, for instance, in
the derivation of the lower bound, where the thermodynamic domain is partitioned into smaller
boxes. To obtain a lower bound, one must optimize over all particle configurations in these
subdomains, and consequently the particle number in each small box is not fixed. Moreover,
we factor out the condensate in order to treat only the excited part of the Hamiltonian. Since
the number of excited particles is itself not fixed, this again requires a formalism that allows
for variable particle numbers. This subsection follows [81] and the lecture notes [89, 70].

Let h = L?(A) denote the one-particle Hilbert space, equipped with an inner product that
is linear in its second argument, where A C R? is a given domain. An extension of the following
discussion to subspaces of A C R? is straightforward, whereas a treatment of more general
Hilbert spaces can be found in [89, Chapter 7]. For n € N, the bosonic n-particle Hilbert space
is defined as the n-fold symmetric tensor product of h. By identifying h®" with L2(A"™), this
space can be characterized as

hOsm = {‘ll(n) € LQ(A")‘\IJ(")(...,a:i,...,xj,...) :\I’(”)(...,xj,...,xi,...) V1<i,j<n},

and we shall also write L2(A") for H®s".

Next, we introduce the bosonic creation and annihilation operators a*(f) and a(f), which
create, respectively annihilate, a particle with wave function f € h. On the n-particle sector,
these operators are defined by

1 n+1

a*(f): h®sn N h®sn+17 (a*(f)\ll(”)) (.7,'1, - ,$n+1) = \/m ; f(l‘z)\I/(”) (.7}17 R ,.@', - ,xn+1)

(2.1.1)
a(f): h®m — p®sn—t (a(f)\Il(”))(xl, ey Tpe1) = \/E/Af(:r)\ll(”)(acl, ey Ty, x)da.

Here Z; means that we omit this variable. Both definitions are valid for all n € Ny by setting
h®0 .= C and HOD = {0}, with the convention that the empty sums equals zero. Their
fundamental property is the canonical commutation relation (CCR),

[a(f),a*(9)] = (f.9)y,  la(f) alg)] = [a"(f),a"(9)] =0,  fgeh,

where [A, B] :== AB — BA denotes the commutator. Moreover, from the definitions one readily
verifies that the map f — a*(f) is linear, that f — a(f) is anti-linear. Additionally, a(f),a*(f)
are bounded and a*(f) is the adjoint of a(f). More precisely, for ¥(") e §®m and &+ ¢
h®s(n+1) one has

la(H)llgesnposnn = Vrllflly,
la™(F)llgean—sposmen < V1] f, (2.1.2)

<a(f)<1>("+1)7\11("))h®5n = <‘1>(”“),a*(f)\Il(”)>b®s<n+1> ]



As discussed in the beginning of this subsection, physically relevant states need not have a
fixed particle number but may be superpositions of states with different particle numbers. This
motivates the introduction of the bosonic Fock space

oo

F=F@) =P, w=w oW ered 0. <o

n=0 n=0

Equipped with the inner product

(@,0) 7= (@M w™) .

n=0

F is a Hilbert space. The vector Q := (1,0,0,...) € F is called the vacaum. Moreover, we
introduce the number operator

Ni=@ntye, DN ={weF: Y n?|um2,, <o},

n=0 n>0

which measures the expected particle number. Using (2.1.2), one obtains for ¥ € D(vN) and
f € b the bounds

la()) 2]z < IFllg IVNElz, () elr < I fllp VN + 1|7

In particular this shows that the, on the Fock space generally unbounded, operators a(f) and
a*(f) are well defined on the dense subset D(v/N) C F.

We now recall the second quantization of one- and two-body operators. Let (up)pen be
an orthonormal basis of h, which exists since b is separable whenever A is measurable [61,

Lemma 2.17], and define aj, := a*(up). Then the vectors

o0

[T ™2 (a)™ 2, (2.1.3)

p=1

with n, = 0 for all but finitely many p, form an orthonormal basis of F. Let h be a self-adjoint
operator on h and denote by h; the operator acting as h on the ¢-th coordinate and as the
identity on the remaining coordinates. Then, for an orthonormal basis {u,},en C D(R),

Zhi = Z (up, hug) aza, (2.1.4)
i=1

p,g>1

on D(3°7" , h;) C h®™. This identity extends naturally to the Fock space, at least on the
domain USS_, @M, D(X2", hi) € F, and we write

dr(n) := P zn: hi.

n>0 =1

Analogously, we obtain the second quantization of a two-body operator. Let W : h¥2? — h®2
be self-adjoint and symmetric under particle exchange, i.e., W;; = Wj;, where W;; denotes the
operator acting as W on the i-th and j-th coordinates. For an orthonormal basis {u,},cn with
up ® ug € D(W) we find

@ Z Wij = Z (U & U, Wuy, @ ug) apay,apag (2.1.5)

n=01<i<j<n k,m,p,q=>1



on US7_, @24:0 D(X1<icjen Wij) C F. Observe that these identities also hold in a form sense
on appropriate quadratic form domains.

Equivalently to the momentum-space representation, one may formally introduce the cre-
ation and annihilation operators in position-space.

Gz = Zu/p(@ap? ag = Zup(x)a;,
peEN peEN
for a basis {up}pen of h. They formally satisfy the CCR

laz,ay] = Y up(@)ug(y)lap, ag] = D up(@)up(y) = 6(z —y).

p,qEN peEN

These expressions can be made rigorous in the sense of quadratic forms; see [81, Theorem X.44],
which suffices for the purposes of this thesis.

Finally, we recall the notion of one-particle density matrices. A density matrix on a Hilbert
space is a positive, self-adjoint, trace-class operator with unit trace. For a density matrix I' on
F satisfying Tr (NT) < oo, the associated one-particle density matrix 4r : h — b is defined by

Tr (a*()a(9)T) = (g, wf)y,  Vf.9€b. (2.1.6)

The operator 4 is positive but in general not normalized since Tr (yr) = Tr(NT). For a
normalized function ¥ € D(N) C F, we set vy := Yu)w- In the special case where ¥ = VAONS
h®=" has a fixed particle number, vy is given by the integral kernel

Yoo (T, y) = n/ () (2,22, ..., 20) OO (y, 29, ..., 2y) dTs . .. day,
An—1

which follows directly from the definitions (2.1.1). In particular Tr~yym = n.

A particularly important class of density matrices are Gibbs states. Let H be a Hamiltonian
with finite partition function Z = Tr (e #/T) < co. For temperatures T > 0, the associated
Gibbs state is given by

M=z le T

while in the zero-temperature case it is the orthogonal projection onto the ground state of H.
The significance of Gibbs states is, for example, reflected in their direct connection to the free
energy; see (1.2).

2.2 Bose—Einstein Condensation

This subsection covers the mathematical characterization of Bose-Einstein condensation (BEC),
subsequently also simply denoted condensation. We formulate the notion of condensation on a
fixed Hilbert space while allowing the Hamiltonian to vary with the system size. This framework
naturally accommodates situations in which the physical volume grows, such as in the thermo-
dynamic limit, by a unitary rescaling of the underlying domain. Equivalently, one could allow
the definition to depend explicitly on the Hilbert space; both viewpoints are mathematically
equivalent.

Definition 2.1 (BEC). Let {I';,},en be a sequence of density matrices on F(f) with Tr (NT),) =
n. We say that the sequence {I'), },,en exhibits condensation if their one-particle density matrices
v, have an eigenvalue of order n, that is, if the largest eigenvalue )\gn) of v, satisfies

/\(n)

liminf =1— > ¢
n—oo n

7



for some constant ¢ > 0. If the limit exists, rather than only the limes inferior, it is called the
condensate fraction. If the condensate fraction equals 1, we say that {I', },en exhibits complete
condensation.

(n)

If there exist normalized eigenfunctions gbgn) corresponding to A} and a vector uy € b such

that ¢§n) — ug as n — oo, then wug is called a condensate wave function, and we say that
{T';, }nen exhibits condensation in ug.

Finally, a system described by a sequence of Hamiltonians H, on F(h) is said to exhibit
(complete) condensation at temperature T > 0 if the corresponding sequence of Gibbs states
exhibits (complete) condensation.

Remark. If a condensate wave function wug exists and the eigenspaces corresponding to the
largest eigenvalue of v, are non-degenerate, then ug is unique up to a global phase. Indeed,
suppose that there exists another vector vy € §h and a sequence of eigenfunctions wgn) of vn,

also corresponding to )\gn), such that %n) — vg. By non-degeneracy, there exist a,, € [0,27)

such that ¥\ = el g{™ Tt follows that
| (o, v} | = Tim | (ug, e 6™} [ = lim | (uo, #{") | =1,

and hence ug and vg coincide up to a phase by the equality case in the Cauchy—Schwarz in-
equality.

If the expected condensate wave function of a system is known from the setting, one can often
give a more direct characterization of complete condensation, as will be done in the following
lemma. However, one has to be careful in general. For example, consider I';, = |¢®™) (¢®"| with
¢ = %(uo + u1), where ug, u; € b are normalized and orthogonal. A direct computation yields

o1 . 1

Jim T (o™ (uo)a(uo)'n) = o,
from which one correctly concludes that the sequence exhibits condensation. Nevertheless, it
would be wrong to infer the absence of complete condensation. The mistake was the wrong
choice of the condensate wave function.

In our applications, the condensate wave function is given by the lowest eigenfunction of
the free one-particle Laplacian with periodic or Neumann boundary conditions; in particular,
ug is constant. Moreover, in some setting, we establish complete condensation. Thus, the
pathological example of the type described above is of no relevance to us.

Lemma 2.2 (Characterization of complete BEC). Let {I';,}nen be a sequence of density ma-
trices on F(h) with Tr (NT,,) = n. Denote by v, the one-particle density matriz of Ty, and by

/\gn) the largest eigenvalue of v,. Let ug € b be normalized. Then the following statements are
equivalent:

(i) {Ty}nen exhibits complete condensation in ug.

(i) Tim ~Tr (a*(ug)a(uo)Th) = 1.

n—oo N

(iii) lim (ug, n tvy,uo) = 1.
n—o0

(iv) n Yy, = |uo) (ug| strongly in operator morm as n — co.

(v) n= Yy, — |uo) {ug| strongly in trace norm as n — oc.



Remark. A corresponding characterization for partial condensation is subtle, as already illus-
trated by the example discussed in the previous remark.
Historically, the initial notion of BEC was closer to condition (ii), for instance,

lim inf lTr (a*(up)a(uo)Ty) = ¢, (2.2.1)
n—oo N
which is particularly natural when the condensate wave function is an eigenstate of the one-body
Hamiltonian. In this case, the physical interpretation is immediate: a macroscopic number of
particles occupies the lowest-energy mode. By the min-max principle, (2.2.1) readily implies
condensation in the sense of Definition 2.1.
For interacting systems, however, this picture is less clear. Definition 2.1 goes back to work
of Penrose and Onsager [80] and is now standard in the mathematical physics literature.
If the condensate wave function is close to the constant function, as expected in the regime
of very weak interactions or in the ultradilute limit at least for periodic boundary conditions,
then Definition 2.1 is equivalent to the condition

1
/ Yoz, y)dedy > c
nJAxA

We finally note that several alternative notions of BEC appear in the literature:

e Off-diagonal long-range order (ODLRO), characterized by the absence of decay of the
one-particle density matrix v,(z,y) as |x — y| — oo. This criterion was introduced by
Penrose in his study of the A-phase transition in liquid helium [79].

e The occurrence of long permutation cycles in the Feynman—Kac representation, proposed
by Feynman [32] also in the context of liquid helium.

e Spontaneous symmetry breaking, where one analyses the response of the system to a per-
turbation that does not conserve particle number. For a Hamiltonian that commutes with
the particle number operator it holds that (a(f)); = 0, where (-); denotes the expecta-
tion value in the Gibbs state. If we perturb the Hamiltonian by n(a*(f) + a(f)), we still
have lim, g (a( f))Gn = 0. BEC is then defined as the non-commutativity of the limits
n— 0and N, L — o0, i.e.,

lim lim (a(f))g_, # 0.

n—0 N,L—o00

Proof of Lemma 2.2. (ii) and (iii) are equivalent by the definition of the one-particle density
matrix, cf. (2.1.6). Furthermore, (v)=(iv)=-(iii) are immediate.
To show (iii)=(i), we use the spectral decomposition

- Z)\ ¢(n ¢(n)| ’ )\gn) > )\gn) > .. >0, Z)\En) —

i>1 i1

with {(bgn)}l;l an orthonormal system in h. Assumption (iii) and the min—max principle imply
n—1)\§n) — 1, and hence n~! D iso )\Z(") — 0. Since

1+ (uo, 0 Yynue) = n AT (uo, &) 12+ 071 ST A (o, ) 12,

1>2

it follows that | (uo, ¢§n)> | — 1. After fixing phases, we obtain a sequence of eigenfunctions
converging to ug, which proves (i).



Finally, (i)=-(v) follows by writing 7, in its spectral decomposition and applying the triangle
inequality:

[ 3 = o) a1 =7 AT 1165 (647 = o) ol [, 7t DO

122

All terms on the right-hand side vanish as n — 0o, using the identity

1165 (6] — ) {uol ||, = 2/1 — [ (uo, ™) |

and the assumption. This establishes (v) and completes the proof. O

2.3 The Scattering Problem

In this subsection, following standard ideas from [58], we define the scattering length of a
positive, radial, and compactly supported interaction potential V : R? — R. These assumptions
are satisfied by all potentials considered in this thesis. We briefly remark that the definition
extends to more general settings: for sufficiently fast decaying potentials one may define the
scattering length as the limit of the scattering length of the truncated potential, while for
potentials with a negative part the definition remains meaningful given that no two-body bound
states occur; see [58, eq. (C.13)] and [66, Appendix A] for the details.
To motivate the definition, consider the two-body Hamiltonian

Hy=—-A, —Ay+V(zx—y)

acting on the torus Ap x A with A;, = [~L/2, L/2]3. In the dilute regime, particle collisions are
rare and the leading contribution to the ground state energy of an N-body Bose gas is governed
by two-body interactions. Heuristically, this suggests®

N(N —1)

info(Hy) ~ inf o(Ha).

One readily shows that the ground state wave function of Hs has to be translation invariant,
i.e., it is of the form ¢(z,y) = L=3/2W(x —y) for ¥ € L?(Ar) with |[¥|s = 1. Then we compute

(6 Hyg) = 2 / @R+ [ VP

Ar AL

U is expected to be small in regions where V is large and, since it is normalized, essentially
constant outside the support of V, as illustrated in Figure 1. Since V has compact support,
taking the limit L — oo suggests that the ground state wave function behaves asymptotically
like L=3/% at large distances.

& T (r)

Figure 1: Scat length

3This picture is not true in two dimensions since particles see each other over longer distances.
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Replacing the normalization condition by the asymptotic behavior allows one to formulate
the problem directly on R3. After rescaling, it is natural to look for a minimizer of the functional

1
[ wep+ Svivp
R3 2
with U(x) — 1 as |z| — oco. Writing ¢ = 1 — W, this leads to the class

DY(R?) := {go € Ll (R%)] /RS V|2 < 00, lim p(z) = 0}, (2.3.1)

|z|—o0
where the limit at infinity is understood in the sense that

lim ¢(z) =0<= |{|¢| >b}| <o Vb>0

|z|—o00

— lim |BSN{|g| > b} =0Vb> 0.
R—o0

The scattering length is defined as the minimum of this variational problem, up to the
normalization factor 4w. One can rigorously show that

inf o(Hs) = 8ma L™ (1 + o(1) e0) s

which in turn yields the heuristic relation

N

lim L 2info(Hy) ~ 4map? =
Ll—l;réo 1 U( N) Tap-, P L37

corresponding to the leading-order term in (1.3). Moreover, taking V' to be the hard-core
potential of radius R, one finds a = R, which motivates the interpretation of a as an effective
interaction range.

Lemma 2.3. Let V : R3 — R be positive, radial, and compactly supported with R > 0 such that
supp(V') C Br(0). The scattering length a of V' is defined by

1
4rra = inf {/ Vl? + 5vu —pP?:pc Dl(R3)} . (2.3.2)
R3

This variational problem admits a unique minimizer w. The function w is radial, satisfies
0 < w < 1, and solves the scattering equation

1
—Aw = §V(1 —w) (2.3.3)
in the distributional sense, that is,

(V. Vo) = 3 (g, V(I -w)) Yo € D'(R),

Moreover,
a
w(z) = T 2| > R,

and we have the identity

/RS V(z)(1 - w(z)) dz = 8ra. (2.3.4)

11



Proof. We first give an equivalent characterization of the space D!(R3),
D'(R?) = {p € LS(RY)| / Vol < oo}, (2.3.5)
R3

The inclusion “C” follows from the Sobolev inequality ||¢|ls < C||[V||2 [61, Thm. 8.3]. Here
constant functions are excluded by the condition that ¢ vanishes at infinity. In fact, D' is
introduced in [61] precisely so that this inequality holds. Conversely, if ¢ € LS(R?), then for

any b > 0,
!{|¢\>b}|=/{|b /|@\6<oo
©|>b}

which implies ¢(z) — 0 at infinity in the sense of (2.3.1). This shows (2.3.5).
We define the energy functional

1
E(p) :=/ !Vs0!2+2/ VI1-¢l?
R3 R3

and prove existence and uniqueness of a minimizer by the direct method.

Let {¢n}neny C€ DY(R3) be a minimizing sequence. Then ||V, |2 is uniformly bounded, and
by the Sobolev inequality also ||¢n||¢ is uniformly bounded. By the Banach—Alaoglu theorem,
there exists a subsequence, again denoted ¢,, and a function w such that

on —w in LS(R?), Ve, — Vw in L2(R3).

Here, the weak limit of the gradients can be identified with Vw since for any ¢ € C2°(R?) and
1=1,2,3,
n—oo n—oo
In particular w € D!(R?). Moreover, up to a subsequence, p, — w pointwise almost everywhere,
see [61, Cor 8.7]. Since V' > 0 and is compactly supported, Fatou’s lemma yields
VI1-wP< liminf/ V11— onl?
R3 n—oo R3

and weak lower semicontinuity of the L?-norm gives

/ |Vw]? Sliminf/ |V on|?.
R3 n—oo R3

Combining these inequalities shows that w is a minimizer,

E(w) < liminf &(p,) = 4ma.

n—o0

Uniqueness follows from strict convexity of £. Indeed, for ¢, € D'(R3) and A € (0, 1),
1
0+ (1= 00 = A6() + (1= NEW) = 71 =3 IV = DB+ 5 b~ 0. Vo - ).

and the last term vanishes if and only if ¢ = v almost everywhere by the definiteness of the L%
norm.

Next, we show the qualitative properties of w. Radial symmetry follows since V' is radial so
that the functional is rotationally invariant: for any R € SO(3), ¢ o R is a minimizer whenever
 is. By uniqueness, w must therefore be radial. Using the diamagnetic inequality

Vgl < |Ve]*  ae.,

12



1+w—|1-w| s
——— are also minimizers.

and convexity of the functional, we see that |w| and min{l,w} =
By uniqueness we find 0 < w < 1.

The scattering equation (2.3.3) is obtained by considering ¢ + &(w + &) for ¢ € D(R3).
Since w is a minimizer, the derivative at € = 0 vanishes, yielding

1
(Vp,Vw) — 5((,0, V(1 —w))+hec =0.
Taking iy instead of ¢ gives (2.3.3).
Testing (2.3.3) with ¢ = w yields

1
/ Vw|2—2/ Vw(l—w),
R3 R3

and hence

which implies (2.3.4).

Finally, since V' is supported in Bg(0), the equation —Aw = 0 holds on {|z| > R}. By
Weyl’s lemma [61, Thm. 9.3], w is smooth there. Radiality and the condition w € D(R?) imply
that

w(z) = < |z| > R,

with some ¢ > 0. To identify ¢, take ¢ € C2°(R3) with ¢ =1 on Bg(0). Then

dra = (Vp,Vw) = / V- - Vw= / ?(—Aw) —|—/ oVw - —Tas =0+ dme,
|z|>R |z|>R

le|=R ||
and hence ¢ = a, completing the proof. O

We conclude this section by briefly discussing the Born approximation oft the scattering
length a. This is a formal perturbative expansion that is valid for weak potentials; in general,
there is no guarantee that the resulting series converges, and the derivation presented here is
not rigorous.

Starting from the scattering equation (2.3.3), we introduce a coupling parameter A > 0 and
regard V = AW as a small perturbation. The scattering equation then becomes

—Aw = %)\W(l —w).

We look for a power series solution of the form

o
w = g A" wy,.
n=0

Inserting this ansatz into the equation and matching powers of X\ yields

1 n
— n = -1 n—1 > 1.
wo =0, N'w (—1) (2(—A)V> , nZ=

Here we used the boundary condition w(x) — 0 as |z| — oo, which implies wg = 0 and formally
inverted —A.

13



Using the identity (2.3.4), we obtain the Born series for the scattering length,

87ra:/RsV(1 W) / Vo ZA”/ anzégv+g(—1)" <v, (2(_1A)v>n> (2.3.6)

Writing a = )7, a,, the first two terms of the expansion are

= 1 1 [~V
= [ V=70, st (Vglgt) = (T

3 Model and Main Result

As presented in Section 1, our goal is to model a Bose gas with two-body interactions in the
thermodynamic limit. Accordingly, we consider the usual Hamiltonian for NV particles confined
to a cubic box  C R3, centered at the origin and equipped with periodic, Dirichlet, or Neumann
boundary conditions,

ZA+ > Viwi— ). (3.1)

1<i<j<N

Here, the kinetic energy term is written in units where the prefactor h%/2m is set equal to 1.

We initially define Hy on a core domain C°(R3V) N L2(QY) and extend it to a self-adjoint
operator via the Friedrichs extension. This is justified under the assumption that Hpy is bounded
from below, which follows immediately from V' > 0. The non-negativity of the potential further
yields that Hy has compact resolvent and that the associated Gibbs state is well defined; see
[81, Chapter XIII].

We define the ground state energy by
Eq(N) :=info(Hy).
For temperatures T' > 0, we define the canonical free energy as the variational problem
Fo(N) := inf {Tr (HyT) —TS(D) [0 < T, TiT = 1}, (3.2)

where the entropy functional is given by S(I') := —Tr (I'logI'). For convenience, the dependence
of Fo(N) on the temperature T is omitted. Note that at zero-temperature the free energy
reduces to the ground state energy. Moreover, as the following Lemma shows, the free energy
functional admits the Gibbs state as an an explicit minimizer.

Lemma 3.1. For T > 0, the variational problem (3.2) admits the Gibbs state

Iy = 72 te HN/T

as its unique minimizer, where
Z ="Tr (e_HN/T)

1s the partition function. In particular,
Fo(N)=—-TlogZ.
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Proof. Recall S(z) = —zlogz so that S”(z) = -1/ < —1 for x € [0,1]. Hence, for any
x,xo € [0,1] there exists & between = and xg such that

S(2) ~ S(z0) — 8'(z0) (& — 20) = 58"(€) & — 20)? < — 5z — w0)*

Let A and B be self-adjoint trace-class operators with Tr A = Tr B = 1. Applying the above
inequality to the spectral decompositions of A and B yields

%Tr |A— B> < —S(A) + S(B) + Tr((—1 — log B)(A — B)) = —S(A) — Tr (Alog B).

(This inequality is a special case of Klein’s inequality.)
Let now I' be an arbitrary density matrix with TrI' = 1. We compute

Tr (HNT) = TS(T) = —T'log Z + T(—S(T) — Tr (Tlog(Z e~ /7))

T 2
> —TlogZ + 5 Tr ‘r _ Z e HN/T|

The last term in the previous line is non-negative if and only if ' = Z e #~/T_ This concludes
the proof. 0

Next, we introduce the relevant thermodynamic quantities; the ground state energy density
and the free energy density,

) Eq(N) ) Fq(N)
e(p) IO Ao T f(p,T) v ) (3.3)
N/|Q|—=p N/|Q|—p

Remark. It is well known that the free energy density f(p,T') is well defined and independent
of the choice of boundary conditions imposed on €2; see [83, Section 2.3].

The following two theorems are the main results from [39, 40], which, if combined yield the
statement (1.3) from the introduction.

Theorem 3.2 ([39], Lower bound). Let V € L*(R3) be non-negative, spherically symmetric,
compactly supported and radially decreasing. Let v = 1/5000 and 0 < T < pa(pa®)~". Then, in
the dilute limit pa® — 0, there exists C > 0 such that

128 T5/2 . 167rpap2
> 2 3 _ T
f(p, T) = 4mwap <1—i— 15ﬁ\/pa > + CE /R3 log (1 e dp

— Clpa) (e (3.4

Here the constant C' > 0 depends only on V.

Theorem 3.3 ([40], Upper Bound). Let V € L?(R3) be non-negative, spherically symmetric
and compactly supported. Let 0 < T < Cpa for some C > 0. Then, in the dilute limit pa® — 0,
there exist c,e > 0 such that

128 T5/2 [y 16mpa
f(p,T) < 4map® <1+W>+/3log (1—@ m dp.
R

157 2r)?
+ c(pa)®?(pa®)*.

(3.5)
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4 History

This section outlines the physical and mathematical developments that led to the free energy
density formula (1.3). We begin with the foundational works of Bose and Einstein and proceed
through key advancements in the theory of dilute Bose gases.

The following notations are used throughout this and the following sections:

o7 Zp #” denotes the sum over a momentum set, the set being clear from the context,
where we exclude the term with p = r

9~ P

e "=~” indicates a heuristic derivation, typically involving a perturbative argument and the
omission of subleading contributions

e "A < B” expresses a heuristic idea that the term A is negligible compared to B, often
motivating a particular ansatz or simplification

e "A < B” for two scalars A, B means precisely that A/B — 0 as pa® — 0

e ASB:dC>0:A<CB.

4.1 Heuristic Results

In 1924, Bose sent a letter to Einstein asking him to review a manuscript in which he derived
Planck’s radiation law by treating photons in phase space. In doing so, Bose implicitly departed
from classical Boltzmann statistics, by describing a quantum gas of identical particles by sym-
metric states under particle permutations; a principle that is nowadays formalized in the bosonic
Hilbert space. The full picture only became clear later, when Dirac noticed that many-body
wave functions constructed from one-particle states can be either symmetric or antisymmetric.
This observation, also known as the spin—statistics theorem, lead to the distinction between
two classes of quantum particles: bosons and fermions. Einstein recognized the importance of
Bose’s work, referred to it as an important advance (“wichtiger Fortschritt”), translated the
paper into German, and arranged for its publication in Zeitschrift fiir Physik [14]. He subse-
quently extended Bose’s ideas and, by applying basic thermodynamic arguments, discovered
that an ideal Bose gas at fixed temperature and particle number admits a minimal volume.
Since such a constraint is physically impossible as one can compress a gas by applying pressure,
Einstein concluded that, beyond a certain density, a macroscopic fraction of the particles must
occupy the lowest energy state. This phenomenon is now known as Bose—Einstein condensation.
Let us rederive Einstein’s argument using the formalism introduced in Section 2.

Einstein’s derivation of BEC We consider a free Bose gas confined to the three-dimensional
torus [—L/2,L/2]® in the grand-canonical ensemble. The Hamiltonian is given by

H= Y (" pw)aja, (4.1.1)

pe%”Z?’

where for temperature 7' > 0 and particle density p > 0, the chemical potential py = ur(p,T) <
0 is defined implicitly by the constraint Tr (NT) = pL3. Here I' = Z~'e=#H denotes the Gibbs
state at inverse temperature § = 1/T.

The eigenstates of H are of the form

IT ) (@),

pe 27“23
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where {n,}, is a finite sequence with n, € Ny. The corresponding eigenvalue is
2
Z (p” — pr) myp.
pe%rZ?’

A key advantage of the grand-canonical setting is that the partition function can be computed
explicitly:

Z=Y e Xg(@®—nr)ng — I > e BWP—pL)n _ I1 T e—ﬁl(zﬁ—m)‘ (4.1.2)

{np} pe2rz3 n=0 perz?

Similarly, one computes the expected particle number,

Tr(NT) =2z~ Z Z nre_ﬁzqe%’rzi’)(‘f—ﬂmnq

2m 73
{np} re TL

=z Z Zneiﬁwi%)n H 1— @—ﬂl(p2—uL)

re 2%23 n=0 pET

1
= Z T (4.1.3)

7‘62%23

This shows that any density p € (0,00) can be realized by a suitable choice of uy, € (—00,0).
We now analyze the thermodynamic limit. We will show the existence of the limit

Moreover, we will see that the fraction of particles in the zero mode is positive if and only if
the density is larger than the critical density, i.e.,

T\3/2
po = max{p — p.,0}  with the critical density p, = (4) ¢(3/2).
T

Here ((s) = >_,-; n ° denotes the Riemann zeta function. We find that a state with pg > 0
exhibits BEC in the sense of (2.2.1). Indeed, setting n = pL? yields lim,,_soo n ' Tr (ajaol’) =
po/p > 0.

Proof. For fixed p < 0, the Riemann sum converges

1 1 1
. -3 _ .
Jim L7 Sy = 2m)3 /RS o 1 4 = Gl

TEQT”Z3

and by the same argument and a quick calculation we find that for u =0
1 1 1 AmT3/2 [ > 2
li L—3 _ dr = 2 _—r —r*nq
LI_{I;O ; eBr? 1 (27‘1’)3 /R3 eBr? 1 r 4(2%)3 /0 re Ze r
T

4T3/ 0o 2 d 47wT3/2 S)
UL 3 / L ] 3 ((3/2)/ r2e " dr
o7 b i1t Vari e @,

= pe = G(0). (4.1.4)
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The function G : (—o0,0] — (0, p.] is strictly increasing, and bijective. Let o, be defined by
G(peo) = p.

Case p < po: In this case poo < 0, and we claim that pu; — pe as L — oo. Suppose, by
contradiction, that this is not the case. Then, without loss of generality, there exist € > 0 and
a sequence L,, — oo such that py, < peo — € for all m (alternatively reverse all signs in the
proof below). Using (4.1.3), we obtain

1 1
_7-3 -3
p=Lm Z eBr?—pr,y,) 1 S Ly Z eB(r?—poote) — 1"

27w 73 2w 73
e - Z e - Z

Taking the limit m — oo yields

G(pos) = p < G(poo — ),

which contradicts the strict monotonicity of G. Hence pur — oo as L — oo and we conclude

that
1

e_BNL —1 =0.

= lim L3
= Jim,
Case p > p.: Using (4.1.3) and the fact that puz, < 0, one finds
1 1 1
-3_ Lt . 7-3 4+ )
e BrL — 1 p—L Z eBri—pr) —_ 1 zp—1L Z efr? _1°
r#0 r#0

The right-hand side is positive for L sufficiently large due to (4.1.4) and p > p.. Thus, there
exists a constant C' > 0 such that (e ?#2 — 1) < CL™3 for L sufficiently large. Consequently,

1 1 B’
-3 N —Bur _ -3 -2
0<L E LWQ = J < (e 1)L E 7(6/87“2 12 <CL
r#0 r#£0

for large L. It follows that

1 1
. -3 1 -3 _
Jim L) Sy = im L7 e =
r#0 r#£0

and hence pg = p — p. > 0. O

The physical relevance of Bose-Einstein condensation was initially met with skepticism. As
discussed by London [67], this was largely due to the lack of experimental relevance, since known
atomic gases were all in a liquid or solid phase at the temperatures required for condensation,
as well as to theoretical objections raised by Uhlenbeck [91, Chapter 6]. However, London
argued that the A-transition observed in liquid helium might be related to Einstein’s prediction
of condensation, and he suggested that the description of a theoretical Bose-metal naturally
leads to superconductivity.

Bogoliubov subsequently took up this idea and addressed, in particular, the criticism that
London did not rule out interactions between the condensate and the excited particles. He
developed a microscopic theory to explain the superfluid behavior of liquid helium in what
became arguably the most influential work for the present thesis [13]. In this work, he derived
an explicit expansion for the ground state energy of a weakly interacting Bose gas confined to
a box 2 of side length L with periodic boundary conditions,

N o 1 = , -
Eo~ —pV(0) + 5 % [\/p4 +2p0V (p)p* — p” — poV (p) |, (4.1.5)
p
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where V' denotes the interaction potential and V its Fourier transform. More importantly,
Bogoliubov identified the structure of the low-lying excitations, which are given by

Eo+ \/p4 + 200V (p)p? ny, (4.1.6)
p#0

where n, denotes the occupation number of the momentum mode p. In particular, the resulting
collective excitations with dispersion relation

e(p) = \/ p* +2poV (p)p?
satisfy Landau’s criterion for superfluidity,

e(p)

mln —= >y >0,
Pl
see [49].

Since Bogoliubov’s paper is of central importance for the present work, we outline his proof
strategy and highlight its key steps. The argument is carried out at the microscopic level by
considering an N-body Hamiltonian of the form (3.1) and writing it in the language of second
quantization as

1 > * x
Z pra’ P+ 5 Z V(k)ayagkaqap (4.1.7)
pe2r73 p.q,k€ 273

where a, = a(|2]7"/2e"). Bogoliubov’s key assumption is the presence of Bose-Einstein con-
densation, which, from the ideal gas picture, heuristically implies

apao = G,ap, p # 0.

He therefore expanded the interaction term according to the number of creation and annihilation
operators acting on the zero-momentum mode.
The leading contribution arises from the term

1 1o, NG
5‘/(0)@8@8@0@0 = §V(O) -4

where Ny denotes the number of particles in the condensate. At this stage, Bogoliubov employed
the so-called c-number substitution, replacing the operators ag and afj by the scalar \/Ny. This
step is heuristically justified by the relation ajag > [ag,al] = 1 and can be made rigorous, for
instance, via the excitation map introduced in [56].

A possible linear term vanishes as a consequence of momentum conservation and the cubic
and quartic terms are neglected as higher order contributions. The remaining quadratic terms
take the form

|Q‘ Z pp+‘Q’ZV aap Q‘Q’ZV p_p+hc

p#0

Together with the approximation Ny ~ N — Zp £0 apap and by again omitting quartic terms,
one arrives at the effective Hamiltonian

N =5 > * 1 5 * ok
Hy = - pV(0) + > (0*+ PV (p))apap + 3 > pV(p)ayar, +he, (4.1.8)
p#0 p#0
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where p = N/|Q| is the particle density. Finally, this quadratic Hamiltonian is diagonalized
explicitly by introducing a Bogoliubov transformation. Assuming V(0) > 0 and that V is
sufficiently small to ensure positivity of the radicand, one defines

a, — Lya* 1 > %
(= _rlp Lp_A<\/m—p2—pV(p)>,
-1 PV (p)

or equivalently

: . PV (p)
&p = cosh(yp) ap + sinh(pp) a” ), tanh(2¢,) = ————=—.
! p* +pV(p)

Substituting this transformation into (4.1.8) yields

Hy ~ gp‘/}(()) + % > [m —p’ - ,0‘7(19)] +) m&;&r (4.1.9)

p#0 p#0

Since the operators &, and &, satisfy the canonical commutation relations, they may be in-
terpreted as creation and annihilation operators of quasiparticles (phonons). This yields the
expressions (4.1.5) and (4.1.6).

However, the expression (4.1.9) does not yield the correct ground state energy, as the omis-
sion of the cubic and quartic terms in the non-zero modes is too crude. In fact, the correct
leading order term was already computed by Lenz [52], who derived the average energy of a
single particle in a dilute Bose gas and obtained the expression

4dpa.
Multiplying this quantity by the total number of particles N leads to the approximation
Ey =~ 4mpaN. (4.1.10)

Bogoliubov himself observed, respectively was told by Landau, that, in order t/o&btain the
correct leading-order behavior, the Fourier transform V should be replaced by V(1—w), where
w denotes the scattering solution introduced in Lemma 2.3. In particular, this substitution
replaces 17(0) by 8ra. While this yields the correct leading term, the second order term becomes
a divergent expression

1
/ { pt + 16mapp? — p* — 871'04 dp. (4.1.11)
R3

2(2m)3

Let us follow an argument from [60, Chapter 2] to indicate how the correct formula can be
recovered from Bogoliubov’s derivation.

By adding and subtracting a suitable counterterm in (4.1.9) and formally taking the ther-
modynamic limit, one obtains the approximation

2 [ 1 V(p)2
e<p>w”2(v<o>— o o dp>

1 > 5o PV )
— 44 2oV (p)p? — p? — pV 2 1d 4.1.12
+2(27T)3 /RS pt+2pV(p)p* —p” — pV(p) + 22 p ( )
2
~ P 8 5/2
i 8m(ag + a1) + 1572 (p8mag)”/=,
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where, in the second term, we approximated V(p) ~ 17(0) = 8mag. Here ag and a; are the
first two terms in the Born series (2.3.6) of a. Thus, one is naturally led to the, now correct,
expansion

128
= 4map?® + drap® ——— 3+ ( 5/2>.
e(p) ap ap 15vr pa3 4+ of (pa)

The correct second-order term was first predicted in 1957 by Lee and Yang? [51]. They
argued, without detailed proof, that it could be obtained via a binary-collision expansion. In
another work, Huang and Yang [44] replaced the interaction with an effective delta-function
pseudopotential that model hard-core collisions. This enabled a direct perturbative calculation
of the first-order correction to the energy density.

Using this approach, they eventually derived the correct second order term in the seminal
paper [50],

8 2
Eqg ~ dmapN + Y [\/1)4 1Grapp? — p? — smap+ ST | (4.1.13)

2 2
p#0 P

In fact, employing a delta interaction alone reproduces the same divergent expression (4.1.11)
that Bogoliubov encountered; only after a suitable renormalization of the pseudopotential does
the additional counterterm emerge, yielding the correct result.

The pseudopotential method also led to a characterization of the excitation spectrum,

Eo+ Y V/p'+ 16mapp? ny, (4.1.14)
p#0

where, as before, n, denotes the occupation number of the momentum mode p. From this
representation, that resembles the free case except for an energy shift and a different dispersion
relation, Lee, Huang and Yang deduced thermodynamic quantities such as the specific heat and
the free energy can be computed explicitly. We now carry out this computation, which are
similar to the ones we did for the free gas, (4.1.2).

Let
H=FEy+» ep)&  elp) = Vp*+ 16mapp?,
p#0
acting on the excitation Fock space

FL(LH(Q)) = F({uo) ™).

The partition function Z = Tr (e "), with § = 1/T, is obtained by summing over all occupa-
tion number configurations of the modes p # 0. Proceeding as in (4.1.2), we find

1
_ —B(Bo+ Y gpo mae(@)) _ —BE —Bne(p) _ BB T 1
7 — E e 02 g0 a€\9)) — ¢ 0” E e P)=e Olll_e—ﬂe(p)' (4.1.15)
{np}:no=0 p#0n=0 p#0

By Lemma 3.1, the corresponding free energy is given by
FE5(N)= ~TlogZ=Ey~ T log(l - e_e(p)/T> .
p#0

Taking a formal thermodynamic limit yields the free energy density

/R . 10g<1 — e*vp““ﬁﬂpﬂp?/’f) dp, (4.1.16)

fBog(:O; T) = eBog(p) - (22;)3

“Lee and Yang were awarded the Nobel Prize in Physics in 1957 for their prediction of parity violation in
weak interactions. In the aftermath, disagreements regarding the extent of their individual contributions arose;
see [78, p. 164].
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where
128
eBOg(p) = 47Tap2 (]. + m \V pa3> . (4117)

These expressions are commonly referred to as the Lee-Huang—Yang (LHY) formula.
Finally, they also derived the condensate fraction of the ground state ¥ at zero temperature,

(W, abagW¥) = N (1 - %W) : (4.1.18)

As mentioned in Section 1, Bose—Einstein condensation was first observed experimentally
only in 1995. The LHY coefficient 128/(15/7) ~ 4.81 was measured in [77] to be 4.5(7), corre-
sponding to a one-standard-deviation interval of [3.8,5.2]. Moreover, the condensate depletion
formula (4.1.18) was experimentally confirmed in [68].

4.2 Mathematical Results

The rigorous mathematical justification of the formulas Eqgs. (4.1.14) and (4.1.16) to (4.1.18)
has been a central challenge in the analysis of dilute Bose gases ever since Dyson’s pioneering
work in 1957 [29]. In 2020, the proof of the ground state energy density expansion (4.1.17) was
completed with the derivation of a matching lower bound [36]; see [96] for the corresponding
upper bound. A proof of the free energy density formula (4.1.16) was recently obtained in [39,
40] and forms the main result of this thesis. In contrast, a rigorous derivation of the excitation
spectrum (4.1.14) and the condensate fraction (4.1.18) in the thermodynamic limit remains
open and is one of the major outstanding problems in the field. In particular, a proof of BEC
in the thermodynamic limit for general interacting systems is still missing.

In the following, we briefly review the main mathematical developments over the past
decades. We distinguish between results at zero temperature and those at positive temper-
ature.

T = 0 Dyson proved that for hard-core interactions in a box with periodic boundary condi-
tions,
V2

?wa;ﬁ < e(p) < 4map? (1+C’(pa3)1/3)

for some constant C' > 0. In particular, this established the correct leading-order upper bound
in the Lee-Huang—Yang expansion (4.1.17). However, the error term was not optimal, and the
lower bound coefficient 1/2/5 differs from the correct value by approximately a factor of 14.

Dyson’s upper bound relied on the variational principle, that is any explicit trial state yields
an upper bound to the (free) energy. It remains, and this is not trivial, to construct a trial
state that yields the correct energy. This strategy underlies all subsequent refinements of upper
bounds. His argument was later extended to all positive, spherically symmetric interaction
potentials with finite scattering length in [64]. The lower bound is based on what is now known
as the Dyson lemma, which allows one to replace the interaction potential by a softer one at
the expense of kinetic energy.

This lemma was refined by Lieb and Yngvason [65] and combined with Temple’s inequality,
a general perturbative estimate relying on a spectral gap, to obtain the asymptotically correct
lower bound

e(p) > 4map? (1 Clpa*)'7).

Since Temple’s inequality becomes worse as the volume increases, in the proof the thermody-
namic domain is partitioned into smaller boxes. One then establishes lower bounds on each box,
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and obtains the result on the thermodynamic box by optimizing over all distributions of the
N particles among these boxes. A related strategy of going to smaller boxes is also employed
in the present thesis, although Temple’s inequality is not precise enough to capture the LHY
contribution.

The upper bound for the Lee-Huang—Yang formula (4.1.17) was established by Yau and Yin
[94], following earlier work for soft potentials [31]. As for the lower bound before, their analysis
is restricted to smaller boxes, and a trial state on the full domain is constructed by patching
together local states.

These developments motivated a refined analysis of Hamiltonians on intermediate length
scales. Specifically, one considers systems where the density vanishes as the box size gets large,
compared to the thermodynamic limit, where the density is fixed. We prefer to rescale the box
to have volume 1. The Hamiltonian (3.1) on [~£/2, £/2]? is unitarily equivalent to

N
H= —[,72 Z Al + Z V(,C(l‘l — xj))
=1

1<i<j<N
acting on L2([—1/2,1/2]*>"). The unitary map is given by
Up = L2([-1/2,1/2PY) = LA(=L/2.L/2PY),  Uey)(@) = L7V 29(/L).

We set, for » > 0,
L = a(pa®)~ 1/~

The case 3 = 0 corresponds to the Gross—Pitaevskii (GP) scaling, also known as the healing-
length scale. The regime 0 < > < 2/3 is referred to as the beyond-GP regime, while, formally,
»x — 00 recovers to the thermodynamic limit. Another regime is the mean-field scaling, for
which condensation and energy asymptotics are well understood; see [86, 55, 56, 15].

Using the lower bound of [65] together with the Poincaré inequality, Lieb and Seiringer
[63] proved Bose-Einstein condensation in the GP regime, providing the first rigorous proof of
condensation for a physically realistic interaction.

A major breakthrough in the GP regime was, after further results on the energy and con-
densation [64, 62, 75], achieved by Boccato, Brennecke, Cenatiempo, and Schlein in a series of
works [8, 10, 9, 7]. They established the Lee-Huang—Yang energy correction (4.1.17) as well
as the excitation spectrum (4.1.14) for integrable potentials. Their approach is close to Bogoli-
ubov’s original argument, but crucially incorporates an additional cubic transformation that
renormalizes the cubic interaction terms.

This idea has since inspired a large body of work, leading to numerous generalizations and
simplifications [23, 1, 6, 5, 71, 74, 69, 17, 16, 43, 24, 12, 72, 25, 26]. In particular, the work [6]
provides a new proof of the second-order upper bound originally obtained in [94], and some of
its techniques will be used in this thesis.

The first proof of a lower bound matching the Lee-Huang—Yang correction was obtained
by Fournais and Solovej [36, 37], building on ideas from [18]. Their strategy involves a two-
step localization of the Hamiltonian to boxes slightly larger and subsequently slightly smaller
than the GP scale, combined with a sliding technique, averaging over possible centers of the
smaller boxes, and a completion-of-the-square argument. This approach also led to the strongest
available result on Bose-Einstein condensation beyond the GP regime [33], proving condensation
for s < 1/4.

A rigorous proof of Bose—Einstein condensation in the thermodynamic limit remains open.
In particular, the condensate fraction formula (4.1.18) is completely unresolved and cannot be
seen in ultra-dilute limits, where pa® — 0, so that one always obtains complete condensation.
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The naive approach to combine the condensate result from smaller boxes fails due to the fact
that in each box the ground state wave function can have a different phase.

Recent work in the thermodynamic limit includes extensions to three-body interactions [73,
92, 46], to two-dimensional systems [34], and an upper bound on the third-order correction [20]
predicted by Wu [93], Hugenholtz-Pines [45] and Sawada [85]. However, an upper bound for
the second-order Lee-Huang-Yang correction for hard-sphere interactions is still missing®; the
best result to date is [4].

T > 0 As we have seen in (4.1.2), (4.1.3), and (4.1.15), many thermodynamic quantities of the
ideal Bose gas can be computed explicitly. As another example, consider the grand-canonical
pressure of the free Hamiltonian

Ho = Z paya

pe 27“23

at temperature 7' > 0 and chemical potential p < 0. It is given by

p(u, T) = Llim L™ 3T log Tre~Ho—tN)/T — T i L3 Z log<1 - e_(pQ_“)/T)
—00

L—oo
T —(p2— T
= 2 /R3 10g<1 _ e~ =w)/ )dp,

where (1 is a fixed parameter, independent of L. By equivalence of ensembles [84, Thm. 3.5.8],
the free energy density of the ideal gas is given by the Legendre transform of the pressure,

pe2rz3

T e
folp,T) = sup {up+ [Ehe /Rg log(l — e ‘”/T) dp} .

n<0

Let us analyze this variational problem. From the scaling relation fo(p, T') = T%2fo(pT—%/%,1)
and a simple maximization of differentiable function we find that if the temperature lies above

the critical temperature
b\
T, =4m ,
‘ (C (3/ 2)>

or equivalently if the density is below the critical density, the supremum is attained uniquely
at oo < 0, where we recall

1 dp B
(2m)3 Jps e —n)/T —1

For T' < T, the supremum is attained at u = 0. In this regime the free energy simplifies to
T _p? ¢(5/2)
1 (1 _ e P /T) dp — — T5/2,
(2m)3 /R:s °8 ‘ P 8m3/2

which is independent of p. This reflects the fact that the condensate does not contribute to the
pressure. Figure 2 illustrates the resulting free energy density for p = 1 fixed. In particular, we
observe a phase transition at T' = T, in the form of non-analytic behavior of the free energy.

f()(pa T) =

As for the ground state energy, the analysis becomes substantially more involved for inter-
acting Bose gases. For instance, it is unclear whether the interaction increases or decreases
the critical temperature, although both numerical and theoretical evidence suggest an increase;

5 A proof was recently announced by Benjamin Schlein at the conference “Emergent phenomena in many-body
quantum systems”, 8-12 December 2025, CIRM, Marseille
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Figure 2: Free energy density of the ideal Bose gas at p = 1 as a function of T'/T..

see, for example, [90]. At present, the only rigorous results are an upper bound on the critical
temperature [88] and an explicit computation within an effective model [76].
Concerning the free energy density, it is known that, if 7//T, is bounded, then

F(p.T) = folp,T) + Amap? (2 - (T/TC>3/2]2+) (14 0(1) pu3—0), (4.2.1)

where [z]4 := max{0,z}. The lower bound was proved in [87] for non-negative, compactly
supported interaction potentials. The corresponding upper bound was first obtained by Yin
[95] and later extended by Basti, Boccato, Cenatiempo, and Deuchert [3] to a larger class of
potentials, together with an explicit error estimate.

A formal Taylor expansion of the thermal contribution in our result Theorems 3.2 and 3.3
yields that for T" < T,

T5/2 —p2, 1+ 16mpa
dmap?® + (2n)? /R3 log|1—e Tp? dp
5/2 2

T 2 752 167pa P
log (1—e7?) dp — 2D g
(2m)3 /RS o8 ( c ) (RN CSERNE /Rgp 2 — )P

— fo(p, T) + 4map? (1 - 2(T/Tc)3/2) o

=drap® +

Thus, our analysis seems to capture two of the three contributions arising from the expansion
of the square in (4.2.1), but does not recover the term of order p?(T/T.)3. Extracting this
contribution would require a quartic transformation. In any case, for the temperature regime
considered in this thesis, namely T of the order pa, the missing term p?(T/T.)? is of order p3
and is therefore far below the precision accessible with current methods.

Moreover, the Taylor expansion, which can be made rigorous readily for the leading contri-
bution, shows that our result is consistent with (4.2.1). Indeed, in the low-temperature regime
T/T. = o(1), (4.2.1) reduces to

T5/2
(27)?

flp,T) = / 10g(1 - eiPQ/T) dp + 4map® + o(p*a),
R3
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which is precisely the behavior recovered by our formula.

Additionally, it remains an interesting open problem to extend the validity of our result to
higher temperatures.

A further question concerns the derivation of subleading corrections to (4.2.1). Assuming

T = AT, for some A € (0,1), the next-order contribution is expected to be —%T(apo)?’ﬂ.
This term has been derived within an effective model [76] and as an upper bound in the Gross—
Pitaevskii regime [11, 22].

The lower bound in our main result was subsequently extended to hard-core interactions in
[35] by combining the present approach with the strategy of [34]. By contrast, the corresponding
hard-core upper bound remains open, even at zero temperature. Further developments that are
beyond the scope of this discussion concern results about the k—particle density matrices,
trapped Bose gases, high-density regimes, one- or two-dimensional systems, dynamics of BECs
and related problems for Fermi gases.

5 Proof Summary

In this section we give a general outline of the proofs of the lower and the upper bound, focusing
on the main ideas and strategies while omitting the technical details. We begin by introducing
the localization method, which is relevant to both bounds.

5.1 Localization

As discussed in the previous section, a detailed understanding of the low-lying spectrum of the
Hamiltonian relies on exploiting the spectral gap of the Laplacian. On a domain of volume |},
this gap is of order \Q]*Q/ 3 and therefore vanishes in the thermodynamic limit. To overcome
this difficulty, the thermodynamic box is partitioned into smaller boxes of fixed side length

L =a(pa®)~1/27,
where > > 0 is a parameter to be chosen appropriately.

The localization technique is inspired by Dirichlet—Neumann bracketing, a standard tool in
the spectral analysis of Laplacians. Intuitively, Dirichlet boundary conditions raise the energy
since they impose additional constraints on the admissible wave functions. Thus, the basic idea is
to partition the domain and to bound the spectrum from below by imposing Neumann boundary
conditions on the subdomains, and from above by imposing Dirichlet boundary conditions. In
this way we can switch between different boundary conditions. Moreover, both the upper and
lower bound proofs use a mechanism that allows to switch between the canonical and grand-
canonical ensembles.

While the precise implementation differs between the upper and lower bounds, the overall
strategy is similar. In either case, one considers the problem on each small box separately. For
the lower bound imposing Neumann boundary conditions on each box yields a lower bound for
the kinetic term. By positivity of the potential we may discard interactions between different
boxes and we obtain a lower bound on the total energy. For the upper bound, one analyzes the
Hamiltonian on a small box with Dirichlet boundary conditions. Then, a trial state on the full
domain can be constructed by patching together the local trial states, since Dirichlet boundary
conditions ensure that the wave functions vanish on the boundaries of the boxes.

In both cases, the intuition is that

Energy in the thermodynamic box ~ Number of boxes x Energy per box.
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As mentioned earlier, boundary conditions do not affect the energy density in the thermody-
namic limit when the domain grows. Here, however, the boxes remain finite as [Q2] — oo, and
boundary effects contribute non-negligible corrections to the energy. It is therefore crucial to
choose the box size £ sufficiently large, as a function of the diluteness parameter pa®, in order
not to affect the Lee-Huang—Yang correction.

We explain below how to quantify the energy shifts induced by the boundary conditions.
Let us collect them here and explain the consequences on the choice of £. Neumann boundary
conditions modify the energy by a term of order £~ !p?|logp|, which implies that, in order
not to affect the Lee-Huang—Yang term, one must require £ > p~ Y/ 2|log p|, corresponding
to »x > 0. Meanwhile, Dirichlet boundary conditions produce an energy correction of order
L71p%/2, which yields the stronger condition £ > p~!, or equivalently s > 1 /2. Choosing
larger boxes, however, increases the particle number per box and reduces the local spectral
gap, thus the analysis becomes more difficult. Balancing these competing effects determines the
range of the parameter sz, for which results are useful and manageable.

We emphasize that the notation differs between the lower and upper bound works.

For the lower bound, the thermodynamic box size and particle number are denoted by L
and N, respectively, while quantities associated with the fixed-size boxes are written as £
and n; in this case £ = . Moreover, we set k := .

For the upper bound the thermodynamic box and particle number are denoted by 2 and
n, respectively, whereas L and N refer to the fixed-size boxes, so that £L = L. Here ¢
plays the role of a parameter in the localization procedure, see Figure 3. Moreover, we
set v :=1/2+ 3, and k := (2y — 1)/(3y — 1) so that L = N1=*.

5.2 Lower bound

As discussed above, it is useful to analyze the problem on boxes whose size ¢ is independent of the
thermodynamic limit. The localization for the lower-bound builds on ideas introduced in [65],
but requires refinements in order to capture the Lee-Huang—Yang correction and to incorporate
the entropy contribution. A difficulty that was already noted by Lieb and Yngvason arises
from the fact that, after partitioning the thermodynamic box into smaller ones, the distribution
of particles among the boxes is a priori unknown. From a physical perspective, one expects a
uniform distribution, and in the thermodynamic limit this is indeed guaranteed by the convexity
of the free energy density in p; see [84, Thm. 3.5.8]. However, since the analysis is performed at
finite volume, this argument cannot be applied directly and must be replaced by a quantitative
estimate.

The key ingredients are the superadditivity of the energy, which follows from the assumption
V > 0 and the Neumann boundary conditions, and the subadditivity of the entropy. Combining
these properties, and introducing a chemical potential p > 0, one obtains the lower bound

N
FL(N) > —TMBlogzef%(F‘(n)f’m)+,U/?L3=

n=0

where L denotes the side length of the thermodynamic box, N the total number of particles, £
the side length of the small boxes, n the number of particles in a single small box, and Mp the
total number of boxes, satisfying Mp¢3 = L3. A detailed derivation of this inequality is given
in Section 6.9.
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The main input is a precise lower bound on the free energy of a single small box. Specifically,
one shows that for particle numbers n < Cpl® =: ng, with C' > 0,

Fy(n) > fBog(n,1) + o(£*(pa)*?)
0 128 | jpa®/? L S o1
fBog(nyl) —47T£*3n <1+Mn / m +T Z log |1 —eT?? p p ,
periNg\{0}
(5.2.1)

which is the content of Theorem 6.1. We postpone a discussion of the proof of this estimate
and first explain how it is used to complete the lower bound.

Given that we expect n &~ pf3, it is known that the natural choice is u = 8map. We deduce
this in Section 6.9 from (5.2.1). We find that for the restricted sum

n0 1 3 _ 293
logZefT(Fé(")*“") < _ fBog(pt ’g; Smap”t + O(ES(pa)E’/z) + log(ng + 1).
n=0

The contribution from particle numbers n > ng is controlled by using the subadditivity
of the energy together with the non-negativity of the relative entropy. Physically speaking, if
there are too many particles in one box it is energetically better to distribute them to other
boxes. This allows to reduce this case to the previously treated one. Combining all estimates
and using Mp¢? = L3, one obtains the desired lower bound on the free energy, including the
Lee-Huang—Yang correction.

We now outline the strategy used to establish (5.2.1). Similar results have been obtained
in earlier works with periodic boundary conditions at zero temperature, and it is plausible that
some of those arguments could be extended to sufficiently small temperatures 7' > 0. In our
setting, however, Neumann boundary conditions are essential, which leads to a Hamiltonian
that differs from the periodic one and requires a separate analysis.

The core idea is to successively conjugate the Hamiltonian with suitably chosen unitary
transformations in order to isolate the relevant contributions. More precisely, we employ a
quadratic transformation, which we split into a high and a low momentum part e8! respectively
eB2 to extract the contribution of the quadratic term Q,, and a cubic transformation €5 to
handle the cubic term Q3; see (6.1.7) to (6.1.12) for the definitions of @;. To motivate the
choice of these transformations, we rely on the Duhamel type expansion

e Bdr (—A) 4+ Q2 + Q4)eP!

1 1 1
:dF(—A)+Q4+/ e‘t51<[dF(—A)+Q4,Bl]+Q2>et31dt+/0 /t e~ *BL[Qy, Bi]e*Brdsdt.

0

This identity suggests choosing By such that
[dT(—A) + Q4, Bi] + Q2 =0 (5.2.2)

and that the main contribution of [Q2, Bi] to the energy is a constant. With this choice, one
finds

e PH(dl(=A) + Q2 + Qu)e® = dI'(—A) + Q4 + %[Qa, Bi].

An analogous construction is used for the cubic term, where B, is chosen such that
[dI'(=A) + Q4, Be] + Q3 = 0.
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In practice, we do not enforce (5.2.2) exactly. Allowing for a small mismatch allows to choose
a softer cubic transformation, which significantly simplifies the control of the error terms. This
is achieved by truncating the scattering solution at distances well beyond the support of the
interaction potential. Equivalently, one could modify the transformation in momentum space
to only act on large momenta. After the cubic step, a second quadratic transformation €52 is
applied to renormalize the remaining quadratic part of the Hamiltonian.

A notable difference in the Neumann setting is that the linear term @Q1, corresponding to
a single creation or annihilation operator outside the zero mode, no longer vanishes due to the
lack of momentum conservation. Nevertheless, this term is also absorbed by the first quadratic
transformation, in the sense that

[Q3,B1] + Q1 ~ 0.

The main issue concerns the treatment of boundary conditions, which are implicitly present
in (5.2.2). We address this by implementing the boundary conditions directly into the kernels
of the transformations. Instead of the standard choice

K(z,y) = —nw(z—y) = —n Y B(p)e?),

pe2r73

with w denoting the scattering solution from (2.3.3) (or a suitable modification thereof), we use

K(z,y)=-n Y &(p)up(@)up(y),

PETNG

where {u,} are the eigenfunctions of the Neumann Laplacian. Comparing the resulting effective
scattering length aNeuymann, Which is obtained from the usual definition (2.3.4) by using the
Neumann version of w from the previous equation, with the true scattering length a, one finds

log ¢
|aNeumann - Cl| < 7

Using the Neumann kernel to derive the spectrum on small boxes yields (5.2.1) with a
replaced by aNeumann. Thus, considering a typical box with n = pf3 particles and summing over
the L3/£3 boxes yields a total error per unit volume of order

log ¢
2
2

5/2 leads

Requiring this to be negligible compared with the Lee-Huang—Yang term of order p
precisely to the condition ¢ > p~1/2, as stated earlier.

The way we obtain (5.2.1) is in the form of operator inequalities. This is necessary for the
lower bound as the inequality has to be valid for a general class of density matrices. Indeed, the
resulting errors are small on physically relevant states, in particular on those with a moderate

number of excitations, given by the restriction n < Cpf3.

5.3 Upper Bound

The overall strategy for the upper bound is based on the variational principle on a fixed size
box Ay = [~L/2,L/2]3. Recalling the definition (3.2),

Fy, (N) := inf{Tr (HyD) —TS(T) |0 <T, TvT = 1},
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an upper bound is obtained by constructing a suitable trial state whose free energy has the
correct leading behavior. This task is considerably more subtle than it may first appear, for
two main reasons.

First, correlations generated by the interaction term in Hpy already contribute at leading
order and the trial state must incorporate these correlations. From a technical perspective,
this is comparable to approximately diagonalizing the Hamiltonian, with the simplification that
error terms only need to be controlled when evaluated in the chosen trial state.

Second, as discussed in the introduction to this section, the size L of the small boxes required
for the upper bound is substantially larger than for the lower-bound. This is due to the fact
that for the upper bound, Dirichlet boundary conditions are the natural choice. To handle the
resulting boundary effects, we proceed by considering slightly larger boxes of side length L + ¢
equipped with periodic boundary conditions. A periodic trial state defined on such a box is
then extended to a Dirichlet trial state on the larger box. This construction is illustrated in
Figure 3.

|

|

. . !
Periodic — !
I

L

j \\/ \ «— Dirichlet

(1

Figure 3: Extension of a trial state with periodic boundary conditions to one with Dirichlet
boundary conditions. The dip in the middle corresponds to the influence of the potential as in
Figure 1.

The extension of a normalized periodic wave function to a Dirichlet one comes with a
kinetic energy cost. Indeed, the modification takes place at the boundary in a volume of order
¢L?, and the wave function changes from magnitude L~3/2 to zero over a length scale ¢. The
corresponding kinetic energy cost is therefore of order /L? x (L~3/2/¢)2 = L='¢~'. With N
particles in the box, this leads to an error per unit volume of size

L3NxL W t=pL 1t

A second source of error arises from the fact that placing IV particles into the larger periodic
box effectively lowers the density. Indeed, the density becomes N/(L + )3, which produces an
error in the leading-order interaction energy of size

N 1
A= = (- ) - o0t

Both contributions are rigorously derived in Proposition 7.1.

Balancing these two error terms leads to the optimal choice £ = p~
resulting total error to be negligible compared with the Lee-Huang—Yang term of order p
this imposes the condition L > p~!, or equivalently x > 1/2. In order to patch the trial states
on different boxes together we again increase the boxes by the range of the potential to rule out
interactions between different boxes. The above analysis is unaffected since this can be done by
an order 1 change of ¢.

172 If we require the

5/2
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A novelty of our approach is its extension to mixed states, whereas earlier works were re-
stricted to pure states. An even more substantial difference compared to related results, such
as [6, 3], lies in the implementation of a unitary cubic transformation 7, in order to capture the
cubic contributions of the Hamiltonian. The use of a unitary transformation offers two decisive
advantages. First, the entropy is invariant under unitary conjugation, which greatly simplifies
the control of the entropic term. Second, unitarity preserves the trace of the trial state, elimi-
nating additional normalization issues. Both aspects lead to significant technical simplifications
compared with the non-unitary framework, where these properties must be handled by more
delicate arguments.

As in the aforementioned works, we introduce a cut-off © in the cubic transformation to
control its action. On boxes of the size required for the upper bound, an unrestricted cubic
transformation would otherwise create too many particles and the error terms would become
uncontrollable.

Additionally, we make the analysis feasible by renormalizing only those cubic contributions
of the form a*,ay,  ax with k € S and r € Hy. Here, after resacling to boxes of size 1, the
set S contains all shell momenta, that is, small momenta of order N*/2. These make up the
relevant contribution in diagonal Bogoliubov-type Hamiltonians like (4.1.8). Hj is a suitable
momentum set that enforces |r|,|r + k| > |k|, i.e., it restricts to processes where a momentum
pair far out of the shell is created. We call such a pair a k-connection. We then treat each shell
momentum k separately, which allows for a closed expression of T}, := B+ with

B = Z N1/2 ora’ a0 O, —h.c. =: B,ﬁg - Bz,
reHy

Eventually, we define the cubic transformation as
T. = H eBr.
keS

Let us comment about the cut-off and how it contributes to the closed form of 7). The
cut-off O ;, in particular, prevents the creation of a k-connection a* ,.a; , if one already exists.
As a consequence, one has the nilpotency property

(BL)* =0 = (B}

which turns out to be extremely useful.
For instance one obtains, see Lemma 7.12,

XP = BB =" Noulpr+ @ri) ajar O,
reHy

Moreover, as shown in Lemma 7.13, the unitary transformation can be written as

gsin Xp  sin Xg
kX, X

o g cos Xj — 1

Pt = cos X, + B B;.

As mentioned before, trial states for diagonal Bogoliubov-type Hamiltonians, such as (4.1.8),
contain their energy in the shell-momentum modes, while high-momentum excitations can be
neglected. Thus, BI' = 0 holds for the relevant trial states, and the previous expression
simplifies to

in X
BT = (cos X, + BE R ) T
(& <COS k+ k . )
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an efficient tool for computing the action of the cubic transformation on the Hamiltonian.

A final novelty lies in the systematic exploitation of the special structure of the trial state.
Since Gibbs states I' of diagonalized Hamiltonians are quasi-free, many contributions vanish
identically, for example

Tr (QsT") = 0.

The main difficulty is that, after dressing the trial state with the cubic transformation, such
cancellations no longer hold automatically: for generic cubic terms,

Tr (Qs TLITY) #0

in general. Nevertheless, by interpreting the cubic transformation as a quadratic operation that
annihilates a low-momentum particle £ and creates a corresponding k-connection, one finds that
several terms remain identically zero, while others have vanishing leading contributions. This
observation plays a crucial role in controlling error terms.

The following two sections reproduce material from the works [39, 40] with only the following
minor adjustments. Introductory sections have been omitted, and minor changes were made to
ensure consistency of notation. [39] is joint work with C. Hainzl, P. T. Nam, R. Seiringer and
A. Triay and [40] is joint work with C. Hainzl, B. Schlein and A. Triay.

6 Proof of the Lower Bound

6.1 Introduction
6.1.1 Main result
Recall the main result Theorem 3.2

Theorem. Let V € L'(R®) be non-negative, spherically symmetric, compactly supported and
radially decreasing. Let v = 1/5000 and 0 < T < pa(pa)~". Then, in the dilute limit pa® — 0,
there exists C' > 0 such that

128 T5/2 [ piy 16T o
T) > 4map® [ 1+ ——+/pad log [ 1 — T d
f(p,T) = 4map < +15\/% pa>+(2ﬂ)3/RS og e p

— C(pa)*?(pa®)".
Here the constant C' > 0 depends only on V.

Here are some remarks on the main result Theorem 3.2.

1. The free energy formula (3.4) holds for 7' > 0, thus not only recovering the result on the
ground state energy as established in [36] but also resolving the question on the excitation
spectrum as predicted in [50]. Our condition T' < pa(pa®)~" allows the case T ~ pa,
which is particularly interesting, since in this case the temperature correction is of the
same order as the second order Lee—Huang—Yang correction to the ground state energy.
An upper bound condition on T is not merely technical, but it is conceptually necessary.
The formula (3.4) fails in the higher temperature regime T' ~ p?/3 = pa(pa®)~1/3, and
in this case deriving the correction to the leading order term in [87, 95] remains a very
interesting open problem.
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2. Our assumptions on the potential V' can be relaxed in many ways. For example, if V' is
not decreasing but it is radial and satisfies V(z) < CV(y) for |z| > |y|, then our proof
applies equally well. In our analysis we fix V' (and in particular the scattering length a)
and consider the low-density and low-temperature limits p — 0 and T'— 0. However, by
simple scaling the relevant small parameters are the dimensionless quantities a®p and a?7".
Our error terms will be bounded only in terms of the range R of V' and its integral; more
precisely, the constant C' in Theorem 3.2 depends only on the dimensionless quantities
R/Cl and HV”Ll(R:a)/a.

Our proof strategy of Theorem 3.2 is different from the approach to the ground state energy
problem in [36, 37]. There, the authors use a clever localization technique to reduce the anal-
ysis to local systems with periodic boundary conditions where the analysis is well understood.
However this method does not seem to extend to the positive temperature case, as one would
need to localize not only the energy but the entropy too. In an effort to obtain information on
the excitation spectrum, we introduce a new method, compatible with superadditivity of the
entropy and that also revolves around a detailed analysis of local systems but with Neumann
boundary conditions. We use unitary transformations in the spirit of Bogoliubov’s diagonal-
ization idea [13] together with subtle renormalization techniques. While incorporating insights
from recent developments [7, 69, 17, 43] on the excitation spectrum in the fixed volume setting,
our analysis in the thermodynamic limit introduces several novel ingredients which serve to not
only simplify but also extend existing approaches on a conceptual level.

To quickly explain the novelty of the methodology, let us mention that the Lee— Huang—Yang
prediction [50] was based on the heuristic assumption of Bose-Einstein condensation (BEC),
namely a macroscopic fraction of particles occupy the zero-momentum mode. Proving BEC in
the thermodynamic limit is a major open problem in mathematical physics, but to compute the
energy it is possible to consider localized systems in small boxes where BEC is easier to prove.
Therefore, the localization method is of central importance. This idea was already used in 1998
by Lieb and Yngvason [65] in their proof of the leading order of the ground state energy, where
they divided the thermodynamic box into smaller cells with Neumann boundary conditions on
each cell, which is the appropriate method for a lower bound.

While this approach sounds plausible, the handling of the Neumann boundary conditions
for the second order term of the ground state energy poses a major challenge compared to the
typical periodic setting in unit volume [7, 17]. In [36, 37], Fournais and Solovej introduced a
very subtle argument to localize the kinetic energy operator, which allows them to keep the
calculation essentially in the periodic setting. The intricate analysis in [36, 37], however, does
not seem to give access to the excitation spectrum. The main new contribution of the present
work is to perform a rigorous analysis of the excitation spectrum on Neumann boxes, thus
resolving the Lee-Huang—Yang prediction in a very natural way. Further details of our proof
will be given below.

6.1.2 Outline of the proof

General ideas. Our proof strategy is inspired by Bogoliubov’s 1947 approach [13] where
he proposed an effective method to transform the Hamiltonian of an interacting Bose gas to
a non-interacting one, thus enabling an approximation for not only the ground state energy
but also the excitation spectrum (the latter is particularly interesting due to its connection
to superfluidity). As mentioned already in [13], this method is reasonably good in a mean-
field situation where the particles are more or less independent, but it is insufficient for dilute
gases where the particles are highly correlated. In fact, a formal application of the Bogoliubov
approximation produces an incomplete form of the energy density, see (4.1.12), where the first
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two terms in a Born approximation of the scattering length a appear instead of a itself [58].
Thus the main conceptual difficulty in our proof is to put the Bogoliubov approximation on a
rigorous footing, including the subtle correction due to the correlation between particles.

Heuristically, an important input for the Bogoliubov approximation is BEC. Although prov-
ing BEC in the thermodynamic limit is a major open problem, we are able to prove BEC
in localized systems in small boxes, which is sufficient to estimate the free energy. This idea
has been carried out in the ground state problem [65, 36]. To be precise, we decompose the
thermodynamic box Q = [~L/2, L/2]3 =: Ay, into smaller cubes A of side length

a

for some small parameter x > 0 that will be chosen later. This length scale is chosen larger
than the Gross—Pitaevskii length scale (also called healing length)

1
lgp = ——.

Vpa

At the Gross—Pitaevskii length scale, the gap of the kinetic energy operator is of the same
order as the interaction energy of one particle, which makes the proof of BEC easier. On the
other hand, at the Gross—Pitaevskii length scale, the contribution from boundary conditions
affects the second order term of the energy [7]. Therefore, by focusing on the length scale ¢
slightly larger than the Gross—Pitaevskii length scale, we still have a reasonably good control
on the number of excitations, and at the same time we control boundary effects caused by the
localization procedure.

The Gross—Pitaevskii regime has been studied extensively in the literature, often in the
equivalent formulation of having n particles in the unit box with the interaction potential of the
form n?V (n(z—y)). In this setting, the boundary of the domain matters. For periodic boundary
conditions, BEC was first derived in [63], and the excitation spectrum was first computed in [7].
The key idea of [7] is that the Bogoliubov approximation can be justified rigorously by using
suitable unitary transformations. Later, the excitation spectrum of inhomogeneous trapped
Bose gases in R? was derived independently in [69] and [17]. For us [69] is particularly relevant,
as it contains several modifications of the strategy in [7]. This already led to a simplified proof
in the periodic setting in [43] and will further be helpful for the analysis of the present paper.

For our purpose, we have to deal with the Gross—Pitaevskii regime with Neumann boundary
conditions. In this case, BEC with an almost optimal bound was derived recently in [12], based
on a suitable extension of the strategy in [7], but it turns out that the Neumann boundary
conditions cause a serious problem in the computation of the ground state energy and the exci-
tation spectrum. More precisely, in [12], a different choice of the scattering solution satisfying
Neumann boundary conditions was made, which was however not explicit, and did not permit
to implement the unitary transformation to the desired accuracy. In the study of the ground
state problem in [36], a completely different localization technique has been used, which allows
to avoid the Neumann boundary issue but requires a subtle modification of the kinetic energy
operator.

Thus, while Neumann boundary conditions appear very naturally when seeking a lower
bound, their are de facto incompatible with the translational invariant form of the interac-
tion potential V(z — y), making the justification of the Bogoliubov approximation in this case
intricate. Solving that problem is the main new contribution of the present work. Roughly
speaking, we will handle the Neumann boundary conditions by adapting the mirroring tech-
nique for the construction of the Neumann Green function to the context of the transformation
kernels, thereby enabling the necessary extension of the strategy in [69, 43]. Moreover, while
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these works consider the Gross—Pitaesvskii regime, we need push the analysis to much larger
length scales, where the interaction potential dominates the kinetic energy and the LHY term
is visible compared to boundary effects. This makes the diagonalization of the Hamiltonian
harder but is necessary to recover the correct free energy in the thermodynamic limit when
summing up the local free energies in all small boxes.

Detailed setting. We shall now explain the proof strategy in detail. It is convenient to
consider, for n > 0, the rescaled Hamiltonian

M_Z —Dp+ Y PVl — x5)) (6.1.2)

1<i<j<n

acting on L2(A™), the space of square integrable functions that are invariant under permutation
of their variables, where A is the Neumann Laplacian on the unit box A = [-1/2,1/2]3.

The Hamiltonians H,, defined as in (3.1) with (N, Ap) replaced by (n,A;), and H,, ; defined
n (6.1.2) are related via

72 néﬁ

with the unitary scaling transformation 7}\11( -) = 3/2W(¢.). Hence, we are interested in the
free energy

Hn,l
Fy(n) = -TlogTr (e 7e2). (6.1.3)
The main part of our work is devoted to the proof of the following theorem.

Theorem 6.1 (Free energy on small boxes). Let ¢ be given in (6.1.1) with k = 5v = 1/1000.
Let 0 < T < (pa)(pad)™" and 0 < n < Cpl? for some C > 0. Then, for pa® small enough,

Fy(n) 2 frog(n,£) + O(£*(pa)*/? (pa®)"), (6.1.4)

where

12 3/2 ;1\/7,
fBog(n,E) 47‘(‘6—3 (1 + 15\?} 1/223/2> +T Z log <1 — TP pi+16mant 1p2> .
penN3\{0}

(6.1.5)

From Theorem 6.1, our main result in Theorem 3.2 then essentially follows from the super-
additivity of the free energy.

We shall now explain the main ingredients in the proof of Theorem 6.1. In this introduction,
to make the ideas transparent, we will not describe the error estimates in detail and simply write
A ~ B if the error is of order O(£3(pa)®?(pa®)”) which appears in (6.1.4).

We will use the Fock space formalism (see Section 6.2.2) and the unitary transformation
U: LYA™) - FT" = @ _o(ug)®™ introduced in [56], defined in (6.2.14), to factor out the

m=0
contribution of the condensate described by the constant function ug = 1 € L?(A). As explained

in Lemma 6.3, using the projection 13" onto F1" C F = @>_, L2(A™) we can write
UH, U* = 15"H1T",

where

2
Ho VO 1+ Qu+dD(—0) + Hy + Qo+ QY + Qu (6.1.6)
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is an operator on the full Fock space F, with

V2000 — /1\2 Vi(x — y)dady, (6.1.7)
Q, =n"? /A? Ve(x — y)aydzdy + h.c., (6.1.8)
Q2 = g ; Vi(z — y)aza,dzdy + h.c., (6.1.9)
:())U) = \/m//\2 Vi(z — y)ayaya.dady + hec., (6.1.10)
Q4 = ;/AQ Vi(z — y)atalaaa,dady, (6.1.11)

HéU) =n /A2 Vi(z — y)(ata, + ata,)dzdy — nV N

1
— (2/ Vi(x — y)a;adedy./\/’—i—h.c.) . (6.1.12)
A2
Here N is the number operator on Fock space.
We then conjugate this excitation Hamiltonian with the unitary maps €8, eBe and eb?,
where the kernels By, Bs are quadratic in creation and annihilation operators and B, is cubic in
those, such that

e The first quadratic transformation €5 extracts the leading order of the correlation, effec-
tively renormalizing Q2 where the short-range interaction V; gets replaced by a long-range
one of mean-field type;

e The cubic transformation eB¢ removes the cubic term QgU), and also renormalizes HQ(U)
with a similar replacement for Vy;

e The second quadratic transformation €2 diagonalizes the quadratic Hamiltonian emerging
from the Bogoliubov approximation, thereby resulting in the correct ground state energy
and excitation spectrum.

Note that the Hamiltonian # is defined on the full Fock space F = F(L?(A)) even though
UH,, ,U* is only defined on the subspace ff”. Lifting the restriction on the number of particles
allows us to use the exact canonical commutation relations. Eventually, we will evaluate the
error terms on the Gibbs state of the system, which lives on ]-'f”. Moreover, our estimates will
always hold on F4, which is left invariant under the unitary transformations. In particular, we
will often say that two expressions agree on F when they agree in the sense of quadratic forms
on F.

In the mean-field regime, where V; is replaced by a long-range potential, only one quadratic
transformation is needed to justify the Bogoliubov approximation. This was first done in [86]
in the periodic setting and extended to trapped gases in R? in [38, 56]. However, in the
Gross—Pitaevskii regime, the use of a cubic transformation is crucial to effectively get back to
the mean-field regime and capture correctly the excitation spectrum. This key idea was first
implemented in [7] in the periodic setting and extended to general trapped cases in R? in [69, 17].
An attempt of adapting this strategy to Neumann boundary conditions was given in [12], but
it is insufficient to obtain the correct excitation spectrum. Here we will resolve this issue. The
main challenge for us is to choose the correct kernels Bi, B., and By adapted to the Neumann
boundary conditions and to be able to compute the action of the corresponding transformation
to the LHY order.
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Modified scattering solution. To define the kernels we use the zero-scattering solution wy
associated with V7 (see Section 6.2.1). Following the approach in [69], we introduce a modified
scattering solution

we () = we()xa(2),

where wy(z) = w(fz) and y,(r) = x(A\~'x) with x a fixed C*° radial function approximating
1j;/<1- The function wy ) satisfies

1 1 1 a._ " _
s = SVl =)~ gera, gean(e) = D () (), (6.1.13)

In our final estimate we will eventually choose
r<i<i

The first constraint £~} < A, which is inspired by [7], ensures that the range of ¢, ) in (6.1.13)
is much longer than that of Vp, and hence in our calculation it plays the role of a renormalized
version of V. Moreover, the second constraint A < 1, which is inspired by [69], ensures that
ley x tends to a delta interaction, thus simplifying several estimates and also enabling us to go
beyond the Gross—Pitaevskii regime.

Heuristically, as proposed in the previous works on the Gross—Pitaevskii regime [7, 69, 17],
the correlation structure of particles can be encoded using two transformations e®' and ePe.
More precisely, by putting the scattering solution —nwy  in the kernels Bq, B., we hope to
replace the short range potential V; by the longer-range one €, x. The naive choice of By

—n/ wer(z —y)azaydzdy — h.c.,
A2

does not work in our case since the function —nwy \ does not satisfy the Neumann boundary
conditions. To fix this issue, we use a symmetrization technique as follows.

Neumann symmetrization. We shall construct a kernel K (x,y) that can be interpreted as a
symmetrized version of —nwy \(z—y) satisfying Neumann boundary conditions in an appropriate
sense. It belongs to H'(A?) and satisfies the following two useful properties:

K(z,y) = —nwer(z —y), Vz,ye {ze A:dist(z,0A) > A} (6.1.14)

and that the operator with kernel K (z, ) is diagonal in the Neumann basis, see (6.1.17).
The construction uses the same mirroring technique as in the construction of the Neumann
Green’s function. Denoting

Adz={z4+z:2€A}, zeZ?
we define the transformation
P,: A= A+z (Pz))i=(—1)"z; + 2, (6.1.15)

which maps a point x € A to its mirror point in the box A + z. For a visual illustration in 2D,
we refer to Figure 4, where the mirror points of z € A are plotted in the neighboring boxes of
A.

We define the function K : A2 — R as

K(z,y) = — Z nwe \(Px(x) — y). (6.1.16)
z€7Z3
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Figure 4: Relevant mirror points of x shown in two dimensions.
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z

Figure 5: The distance is conserved.

Observe that while {A+ 2 : z € Z3} covers all of R3, due to the cutoff x, there is a contribution
to the sum only if |P,(x) — y| < A < 1 and the property (6.1.14) follows immediately. Taking
into account that y € A we find that in the last term of (6.1.16) only the summands with

z € Zil = {2z €73 max|z| < 1}
3
are non-zero. Thus, the sum is finite and K is well-defined by (6.1.16). Moreover, K is sym-
metric, namely K (z,y) = K(y, z), since |P;(z) — y| = |P.(y) — z| for all z € Z2, (see Figure 5

for a 2D illustration).
In fact, as we will see in Lemma 6.4, it is also diagonal in the Neumann basis

K(@y)=— > n@ex(p)up(z)up(y), (6.1.17)
penNG

where u, € L?(A) are Neumann eigenfunctions given in (6.2.11) and we used the following
convention of the Fourier transform

fwy=] 1 (x)e” P du. (6.1.18)
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Since the local property (6.1.14) does not obviously follow from (6.1.17), both the forms (6.1.16)
and (6.1.17) will be useful in the following.

Next, we remove from the function K any contribution from the zero-momentum mode by
using the projection @@ =1 — |ug){ug|. This results in the function

K(z,y) = (Q¥°K)(z,y) = K(z,y) + n@ea(0) = — Y n@pa(@)up(@)up(y),  (6.1.19)
perNg\{0}

which is the key tool to define the transformations ' and e?e.

First quadratic transformation. We define the first transformation kernel

B = B K(z,y)aza,dzdy — h.c. (6.1.20)
A2

with K given in (6.1.19). We will show that by conjugating the excitation Hamiltonian H
in (6.1.6) by the quadratic transformation €5, we essentially renormalize Q2 and extract the
leading order contribution 4ran?/~! (see Lemma 6.7).

Note that thanks to the last identity in (6.1.19), we may rewrite (6.1.20) as

1 ~ * %k
Bl = 5 Z (_nwf,)\(p))ap D h‘C" (6'1’21)

perNZ\{0}

where we denoted a;, = a*(up) the creation operator on Fock space. The formula (6.1.21) can
be compared with the kernel in the translation-invariant case in [7, 43|, where apa’,, is used
instead of aja,. However, the algebraic structure is not as nice as in the translation-invariant
case and it is often more convenient to work in configuration space where pointwise estimates,
the identity (6.1.14) or the non-negativity of V' are available.

We shall now explain some details of the action of the transformation e51. As we show in

Lemma 6.10, we have

[dD(=A) + Q4,B1] = /2 ((—AzK)(w, y) + %Ve(az - y)K(z, y))aiazdxdy +he,

A

which, together with the definition (6.1.19) and the scattering equation (6.1.13), gives

[AT(—A) + Qu. Bi] + Qo ~ O = /A Qalesy)asagdady + e, (6.1.22)
where
Qa(z,y) = g > eon(Pa(z)—y)+ g D> (Vilwes = 1D)(Pu(x) —y) = Vilz — y)we(Pa(2) — ).
2€73 z€Z3\{0}

Here @2 (x,y) contains the function €y ) in the first sum, which can be interpreted as a renor-
malized version of the short-range potential V; and inherits the symmetrization of K, as well
as some boundary contribution in the second sum which will disappear after the cubic transfor-
mation eB¢. The approximation (6.1.22) is exactly the motivation for the choice of the kernel
By, in the same spirit as in [69, 42].
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From (6.1.22) and the Duhamel expansion (see (6.4.7) for an explanation) we can write
e PHdr (—A) + Q2 + Qa)eP' —dT(—A) — Q4

1 1 1
- / e—tBl([dr(—A)+Q4,Bl]+Q2)et’Bldt+ / / e B1Qy, Bye*Brdsdt
0 Jt

0

1 . 1 1
~ / e B1QqeBrdt + / / e B1[Qy, Bye*Frdsdt
0 0 Jt
» 1 pt _ 1 pl
=Qsy+ / / e B [Qy, Bye*Brdsdt + / / e B1[Qy, Bye*Frdsdt. (6.1.23)
0 JO 0 Jt

As proved in Lemma 6.11, the last two terms in (6.1.23) are essentially two constant contribu-
tions. In particular the last term helps us to correct the constant in (6.1.6) and we recover the
full leading order of the energy,

1 1 1
QTZQVEOOOO—F/ / 67831 [QQ,Bl]eSBldet
0 t

1 1
§n2‘/€0000 + 5[@2781] ~

%

1
inzvéoooo + Z/ Vi(r —y) K (x,y)dzdy ~ dran?0~?
A2

with an error smaller than the second order in the LHY formula. The other term is

1 t - 1 ~ ne 2
/0 /0 e—sB1 [QQ,Bl]GSBldet ~ §[Q27[51] ~ Z %7 (6.1.24)

2
perNi\(0} T

which will be combined with another constant contribution coming from the transformation
eB2eBe to give the correct LHY second order term.

So far, we have seen that the quadratic transformation 5! essentially replaces dI'(—A) +
Q4+ Q2 by dT'(—A) + Q4 + @2 plus some constants. Furthermore, we will show in Lemma 6.12
that

.e_[j‘llr-l'éU)e[”1 A n/ Vi(x — y)(aka, + abay)dzdy — Srant ™' N, (6.1.25)
A2

namely the term NnV20% + (3 [, Vy(z — y)asasdedyN +h.c.) in Hz(U) is replaced by 8raN.
Moreover, as proved in Lemma 6.14 we have

e P Q1 +Q )Bl ~ Q3= \f/ Vi(z — y)azayazdrdy + h.c. (6.1.26)

The cubic term Q3 then will be handled by the cubic transformation e®¢ below. In summary
we have

e BB ~ dran® 0! + AT (—A) + Qs+ Q2 + Q3 + n/ Vi(z — y)(aja, + ayay)dzdy
A2

— 8ranl~'\.

Cubic transformation. Next, for the cubic transformation, we define

dzdy — h.c. (6.1.27)
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Here ¢, = a(Qz), where Q(y) = Q(z,y), is used instead of a, to ensure that B, leaves F,
invariant, and 6p;(N') is a smooth cut-off on the sector {N < M}, with 1 < M < n, which
prevents eP¢ from creating too many excitations.

As proved in Lemma 6.15, by using ¢ we can remove the cubic term Q3 in (6.1.26) and
also renormalize some quadratic terms. More precisely, using the Duhamel formula, we can
expand

e 7B (AP(—A) + Qi + Qs) e — dT(~A) — Qs
= /le_t36<[dF(A) + Q4, B] +Q3)et5‘cdt+/1 /le_SBC[Qg B.)e*Bedsdt. (6.1.28)
b C 0 t b C

0
We have chosen the cubic kernel B, such that

[dI'(=A) 4+ Q4, Be] + Q3 ~ 0,

and hence the first term on the right-hand side of (6.1.28) is negligible. Moreover, the last term
in (6.1.28) can be put together with the transformations of (6.1.25), and we can show that

e_BC</ nVi(z — y)(aya, + ayay)dady — 8manl™ 1/\/ / / B.e*Bedsdt
A2

is essentially 8ranl~'N. After the cubic transformation, we may remove the boundary contri-
bution in @2 and obtain the desired pairing term (see Lemma 6.22)

“BeQqebe ~ / Z ee\(Pz(z) — y)aza,drdy + h.c.
A2
z€Z3
which coincides with 1
5 > néap)(ayar + apap)

pemN3\{0}

when restricted to 4. Thus we arrive at
e Bee=BryeBieBe  dman2e—1 + Hpog + Q4
with the quadratic Bogoliubov Hamiltonian
1 ~
Hpog = Z (p + 87Ta€) apap + 5 5 Z neg(p)(apar, + apap)
penNG\{0} penNG\{0}

1 [ne€gx(p)]?
+3 P (6.1.29)

2 2
peNi\0) T

Second quadratic transformation. It is well-known that the quadratic operator in (6.1.29)

can be diagonalized explicitly. To be precise, by choosing the second quadratic transformation
B2 3

e~2 with

1 k%
By = B Z eplayay, — apap), (6.1.30)
pETNG\{0}

for suitable ¢, one can show that

e_BQIH[BOgeB2 +4ran®l! ~ E, o+ dI'(EBog)
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on F, with the ground state energy

1 8rant—1)?
Enp = 4man®*0~t 4 - Z VPt + 16mant—1p2 — p? — 8ras + (Brant” )"
’ 2 l 2p?
peTN3\{0}
and the effective Hamiltonian
dI'(EBog) = Z VPt + 16mant—1p? aja,.
penNG\{0}

In this way, we recover all information on the excitation spectrum predicted by the Bogoliubov
approximation [13].

Localization on Fock space. On the technical level, we can only estimate the relevant errors
in the above analysis on the low particle number sectors in .Ff". The high particle number
sectors have to be handled differently. By adapting the analysis in [63], we are able to prove
BEC for the Gibbs state, i.e. there are only few excitations. In combination with the Gibbs
variational principle, this allows to ignore the free energy coming from the high particle number
sectors. Finally, using the localization method on the number of excited particles in the spirit
of [59, 56], we put together the low and high particle number sectors, thus concluding the proof
of Theorem 6.1.

Organization of the proof. In Section 6.2 we recall general properties of the scattering length
a and the scattering solution. We also introduce some notation on the Fock space formalism; in
particular we use the excitation map U defined in [56] to link H,, ; to an excitation Hamiltonian
on the Fock space of excitations F(ug ). In Section 6.3, we explain in detail the construction of
the Neumann kernel K (z,y) by symmetrization. We then conjugate this excitation Hamiltonian
with the unitary maps €5, eBe and 2. The actions of the transformations 5, eBe and €52 are
carried out in Sections 6.4, 6.5 and 6.6, respectively. In Section 6.7, we prove BEC for the Gibbs
state associated with H, ; as well as derive some rough estimates for the kinetic and interaction
energies, which are needed for the localization technique on the number of excited particles.
Finally, we prove Theorem 6.1 in Section 6.8, and conclude Theorem 3.2 in Section 6.9.

Notation. We always use C' > 0 to denote a general constant which depends only on V.
We also write A < B if A < OB, and write A < B if A/B — 0 when pa® — 0. Moreover,
all operator inequalities are interpreted as quadratic forms, namely we write S > T on $, if
(u,Su) > (u,Tu) for all u € $ (which is in particular convenient when S and T act on a
larger Hilbert space and do not leave §) invariant). When writing an operator in terms of the
distributional creation and annihilation operator, we omit the integration variable for shortness
if it is unambiguous, e.g., we write [ T'(z,y)a%a, instead of [ T(z,y)aka,dzdy.

6.2 Preliminaries

In this section we collect some standard tools, which are helpful to transform the Hamiltonian
H,in (6.1.2).

6.2.1 Modified Scattering Problem

Recall from Lemma 2.3 that the equation

1
—Aw= V(1 -w)in R3,  lim w(z) =0 (6.2.1)

|x|—o00
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has a unique solution w satisfying 0 < w < 1. The scattering length a of V' is given by

8ma = / V(1 —w). (6.2.2)
R3

Since the scattering solution w is harmonic outside the support of V', we have the exact formula
for 2 € R3\ Supp(V):

w(z) = —. (6.2.3)
In our application, we will consider a modified version of the scattering solution w. Let £

be as in (6.1.1). Defining wy(z) = w(fx), and recalling that V,(z) = ¢2V ({x), obviously from
(6.2.1) we have the rescaled equation

1
—Awy = §Vg(1 — wp). (6.2.4)
Next, let us introduce a cut-off version of wy. Following [69], for

2R/0 < X\ < 1/4, (6.2.5)

we define
wer (@) = welz)xa(z), xalz) =x(A\'2),

where y is a fixed C* radial function satisfying
1
x(x)=0for |[x] >1 and x(z)=1 for |z] < 7

Under the assumption that SuppV C {|z| < R} and that A > 2R(~!, the truncated
scattering solution wy ) satisfies a modified scattering equation

1 1
—Awg\ = §Vé(1 —wg) — 560N (6.2.6)
where
1
36 = Alwry —we) = 2Vwe - Voo + weAxo. (6.2.7)

From (6.2.7) we see that €y and V; have disjoint support. Therefore, we may use (6.2.3) in
(6.2.7) and that y is radial to arrive at

1

Seea@) = %x?’ <|X”|> (\1z), (6.2.8)

where we interpreted x(z) = x(|z|) when writing x”.
Finally, we gather some of their properties in the following lemma.

Lemma 6.2. Let 2R/{ < \. Then for all x € R3, we have the pointwise bounds

Clifzj<xy Cll{ja1<ny C 3
0 <wpea(z) < T 1 [Vwea(z)] < N7 leea(@)] < FA Ly jaqjal<ny- (6:2.9)
Moreover,
/ €r) = 8mal™t. (6.2.10)
R?)
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Note that the last bound in (6.2.9) implies that e, \(P;(z) —y) = 0 for z ¢ Z2,.

Proof. From (6.2.3) and 0 < w < 1 we obtain

C C

m7 |Vw(z)| <

Moreover Supp (x») C Bx(0) and [Vx| < CAMygy jo<jz1<ay> which implies the first two bounds
n (6.2.9). The last bound in (6.2.9) follows from (6.2.7) and Supp(x”) € {N/2 < |z| < A}
Finally, since wy y is compactly supported, from (6.2.6) and (6.2.2) we have

0=2 Aw&)\ = / Ve(l —wy) — / €g N = 8ral~! — / €PN
R3 R3 R3 R3
This implies (6.2.10). U

6.2.2 Neumann Fock Space Formalism

For m € 7N3 = 7{0,1,2,...}3, let us denote

3
1, m; = 0

= (x4 . = . 2.11
2 rlluml(x’% tmi () { V2cos(mi(z; +1/2)), m; #0 (6 )
1=
The family {tm},,cpnz Is an orthonormal basis of L?(A) satisfying Neumann boundary condi-
tions. A special role is played by the condensate function ug = 1 4.

Recall from Section 2.1 the notion of the Fock space for the Hilbert space $. We consider

k

F®)=Pn*", FHoH) =Pa®n,

n=0 n=0

the bosonic Fock space over ) and its truncated version, respectively. In our application, we
focus on the cases where ) = L?(A) or the subspace ug- C L%(A), and we will denote respectively

the Fock spaces
F=F(L*A), Fy=F(up).

In particular, the particle number and the excitation number are denoted

N =dI'(1 Z apap, Ny =dI'(Q) = Za;ap,

pEﬂ'NS p#0

where we introduced the nt.)tat'ion D pt0 = Zpe.erg.\ {0y and @ =1 — [ug){uo|. Additionally, we
denote the orthogonal projections onto the excitation Fock space F; and onto the truncated
Fock space ]:f" by 14 = 1WV=N+} and ]lin = 1 INV=N IV} for g > 0, respectively.

With this formalism, the n—particle Hamiltonian in (6.1.2) can be written as

Hy o= Z p’a ap+ = Z VI anagaras (6.2.12)
pEer3 p q,r,sEﬂ’Ng
1
:/Vwafcvzazdm—i—z/ Vi(z — y)azayazaydedy, (6.2.13)
A

where we have denoted
Vépqrs = <up ® Uq, Vou, ® US>L2(A2) .

The right-hand side (6.2.13) is an operator on Fock space F = F(L?(A)) but we will always
consider its restriction to the n-particle sector which coincides with the expression in (6.1.2).
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6.2.3 The Excitation Hamiltonian

In this section, we will rewrite the Hamiltonian H,,, in the Fock space of excitations 7 =
F(ug). We do so by using the unitary transformation U : L2(A") — F1" introduced in [56]

Q% V. (6.2.14)

B
On ]-'f” and for all p,q # 0, it satisfies

UagaoU* =n — N7, Uaya,U* = ayay, (6.2.15)
UayaoU™ = apr/n — Ny, UajagU* = /n — Nyag. (6.2.16)

Implementing these transformations on U H,, ,U*, we obtain the following lemma.

<n

Lemma 6.3. Let H, 4 be as in (6.1.2). We have the following operator identity on F3
UH, U* = 13"H15",

where
2
MW= %Vfooo + Q1 +dD(=A) + HY 4+ Qo+ Q) + Q4 + €V (6.2.17)

is an operator on the full Fock space F, VEOOOO, Q1, Qo, gU), Q4, HQ(U) are given in (6.1.7)—
(6.1.12) and the error term V), given by (6.2.19), satisfies

n3(N +1)3

; fenlQu+ e 0, weso, (6.2.18)

+eW) < ¢ 7

on F.

Proof. The computation of £U) is standard, see for instance [56, Section 4]: conjugating the
Hamiltonian H, ¢ in (6.2.13) with U and applying the rules (6.2.16), we obtain UH,, U* =
1$"H1S" with H given by (6.2.17) and £) by

n N? —n+ N . \
£ =13 </A2 Vi(x - y)dwdy+ ~ . Vi(z —y) (azaq + azay) dedy N

+ Vo(z — y)a,dzdy ((n—N— 1)\/n—N—n%> +h.c.
A2

—i—l/ Vi(z — y)aza,dady (\/n—./\/'— 1\/n—./\/'—n+/\f> —|—h.c.>]l§r”
2 /a2

= 15" (800 4 O 4 g@D )15, (6.2.19)
We shall estimate the right-hand side of (6.2.19) term by term. Due to the projections it is

enough to estimate £ W1 and £WU2) on ]:f". Using the Cauchy—Schwarz inequality we
obtain

+£WU0) / Vi(z — y)dzdy (N? + N +n) + 2/ Vi(x — y)azadedy N
A2 A2

W+1)?*+n _ Cn1/2(N+1)3/2+n

< <
¢ 14 14
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on F3", where we used that [|Vo||; < C¢~2.
For £U:1) we use the elementary inequality |v/T — ¢ — 1| < Ct for 0 < t < 1 to obtain

ng(m—/;[—l) ~N+D)Vn—N
2
<51a*(Vg*u%)(/\/’—|—1)1/2a(W*u ) +eptnd <\/1—j:bf—1> N +1)

rer (W Va=N) W1
< Cerl (N + 1)% +eTlOn(N + 1)%2
< Cn2l YV +1)2,

+EUN = +a*(Vy % ud) + h.c.

NI

on ff”, where we used that ||V, * u3|l2 < ||[Ve|i < C¢7! and optimized over e; > 0. We
proceed similarly for £(U'?), using the elementary bound |v1—t —n=1y/I —t—1+t| <n !
forall 0 <t < 1—n"!. We obtain for all € > 0

2
N+1
+8WU2) L en™'Qy + e 0| V| ( 1— +\/ -1+ ) <en'Q4+ e—lc%
on ]:f". The proof of Lemma 6.3 is complete. O
6.3 Symmetrization and Neumann Boundary Conditions
As already explained in the introduction, we cover R? with copies of the box A = [—%, %]3 and
label them canonically by z 4+ A with z € Z3. Then we define P, : A — A+ z as in (6.1.15) and
define K, K : A> = R as in (6.1.16) and (6.1.19),
=Q%K, Q=1-|uo)(uo|, K(z,y) Z nwe(Pz () — y). (6.3.1)

2€73

Let us now collect some useful bounds and properties of the function K. In particular
we show that its L?—norm is small if X is, and that it is diagonal in the basis of Neumann
eigenfunctions.

Lemma 6.4 (Properties of K). Assume 2R/l < X\ < 1/4. Then we have

K(z,y) = K(z,y) + nwg x(0) = — Z nie \(p)up(x)up(y). (6.3.2)
penNi\{0}

Moreover, there is a constant C' > 0 such that

2 A 2
< 2« n 2L -
1Kloe < Cn, IKIE<CA(G)"s supllKel < O (5)

where Ky (y) :== K(z,y) = K(y, z).
Let us start with the following useful identity.

Lemma 6.5. (Coefficients in the Neumann basis) Let f : R> — R be radial and integrable with
Supp(f) C A. Then for all p,q € N3 we have

/ S (P p ()t (y)dedy = 8, F(p)

2€7Z3

with the Fourier transform defined in (6.1.18).
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Proof. First note that terms with max{|z;|,i = 1,2,3} > 2 are zero due to our assumption
on the support of f. Using simple coordinate transformations and wu,(P.(z)) = u,(x) for all
p € N3 we obtain for y € A

[ ue) 3 1Pt =pte = [ wl@fe e = [ e+,
2€73 (-3.31° A
where we used that A C y + [—3, 3]3. Thus, with the definition of u, (6.2.11) we arrive at

[ 3 1P~ platugti)asty = [ 1) [l + (o)

2€Z3
3 1
= [ @1l / % [cos<pz»:ci>upi<yz-> - Vasin(pnsin -+ )| ()

Observe that this formula trivially holds true for p; = 0. The second term vanishes if we
integrate over x since f is radial. We conclude that

/ Z F(P(x) — y)up(z)uq(y )dxdy—épq/f Hcos DiTi d:z—épq/ f(x)eP*da

2€73
where in the second identity we used the fact that f is radial and supported in A. O

Proof of Lemma 6.4. From Lemma 6.5 we immediately have

K(@y)=— > n@pa@up(@)up(y) . K@y)=— > n@a(@up(@)up(y). (6.3.3)

pGWNg pGTrN \{0}

Moreover, Lemma 6.2 yields

0< Ky = K(z,y) — K(z,y) = n@g(0) < C)\Q% (6.3.4)

Let us emphasize that K is a constant. Next, note that |P,(z) —y| > |z — y| for all z,y € A.
Together with the first bound in (6.2.9) and the finiteness of the sum this yields

Cnljz_yj<n

K < : 6.3.5
Rl < 2 (6:35)
From (6.3.5) and (6.3.4) we obtain
Cnljz_y<a n
K < — YR p 3.
|K(z,y)] 1+€]:L“—y|+c i (6.3.6)
The uniform bound || K |« < Cn follows immediately. For the L?—norm we have
1, ydzd 2
1K113 < cn2/ i oxt (D)
w2 (L+ Lz — ) {
A 2 2 ny 2
<con? | L arvon (D) <en()
" /0 Tkl / ‘
Similarly, || K,[|2 < CX(n/f)* independently of z. O
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We may think of K as a modified scattering solution. Therefore, it is interesting to compare
the scattering length a with the one obtained by K. The following Lemma quantifies their
difference. This will be used to extract the scattering length a in computations in the upcoming
sections.

Lemma 6.6. (Boundary effects) The function

h(z) = / Vilx —y) (n+ K(z,y))dy — 877(1%, reA (6.3.7)
A
satisfies
n log (¢ n
I < 2O ana g, < 2, e (1,00)
Consequently,

nVo% + /A [ Vilz = y) K (2, y)dady — 87raZ‘ < Onl?log(¢).

Proof. We choose R > 0 such that supp(V') C Bgr(0). Using the uniform bound |K(z,y)| < Cn
from Lemma 6.4 and the obvious bound

L/W@FWMygl/‘V
A E]Rii

W@M<C%,vxeA (6.3.8)

Moreover, this bound can be improved if = lies well within the interior of A. Indeed, for x € A
satisfying dist(z, OA) > R¢™!, we claim that

we have

|
” +oZ (6.3.9)

<O~
@)l < € g an T O

From (6.3.8) and (6.3.9), it is straightforward to deduce the desired L” bounds of h.
It remains to verify (6.3.9). Using the definition (6.3.1) and V;(1 —wy x) = Vi fr, we obtain

[ Vit =)o+ Ky = [ n(Vefe =)y = 3 [ Vilo = phmsna(P.(a) = )y
27#£0
+ K / Vilx — y)dy (6.3.10)
A
with Ky = K — K. The last term of (6.3.10) is bounded easily by (6.3.4),
n o n
0< Ky [ Vi(x —y)dy < CoN|[Vel[i < C 5.
A ; ;

For the first term on the right-hand side of (6.3.10), from the assumption dist(xz, 9A) > R¢™!
we have (A — x) N Bry-1(0) = Bp,-1(0), which can be used together with the fact supp(V;) C
Bp-1(0) to deduce that

[ it =du= [ sy = [ 0oy = seay.

48



For the second term on the right-hand side of (6.3.10) we note that P,(z) ¢ A for z € A and
z # 0. In particular |P,(z) —y| > d(x,9A). Together with the first bound in (6.2.9) this implies

C C
P.(z) —y) < S
wea(Pa(7) —y) < 5 FUP.(z) —y| 1+ ed(z,0N)

Therefore, as only finitely many summands in this term are non-zero,

vz € 73\ {0}. (6.3.11)

1
Vi(z — P,(z)—y)dy < C Vilx —y)—————%=d
> | Vil = s (Pote) )y < € [ nie = ) g
n 1
<COC-——7—F—1—.
b Cf 1+ ¢d(x,0N)
This concludes (6.3.9) as well as the proof of Lemma 6.6. O

6.4 The First Quadratic Transformation

In this section we apply the first transformation e?! to the excitation Hamiltonian # in (6.2.17),
where

1
B, = 2/ K(z,y)aza,dzdy — h.c. (6.4.1)
A2

with K given in (6.3.1). The role of this transformation is to replace the quadratic term Q3
in (6.2.17) by Q2, defined in (6.1.22), which is less singular, and extracts a scalar contribution
leading to the full leading order energy 4man?¢/~!. The main result of this section is the following
lemma.

Lemma 6.7. Assume that A (%)2 < 1, that 2R/ < X\ < 1/4, and that ¢ is large enough. Then
we have

-~ 2
e BHS = aran?et + Y e | ap_a) +

2 2
perNi\(0} T

+ n/ Vi(x — y)(aka, + atay)dzdy — 8rant ™' N
A2

+ @+ Qs+ & (6.4.2)

on Fi, with
Q3 = \/ﬁ/ Vi(x — y)aya,azdzdy + h.c.,
A2
G:= [ Gola)atajdady + b,
A2
~ n
ol = 23 ea(Pole) — 1)

2€7Z3

+ 5 2 (Vilwr = D(P:x) = y) = Vile — ylwea(Pa(x) =)
z7#£0
and

2
LE <O+ 0N+ enY)Qy + 6L <(N2 Dy W;‘el) i\ (2‘)3> W+ 1)

(N +1)2

14

L Oz ((?)2 + Z) (N +1) + Cn2

nl/2

n?log(¢) n n?
<dF(—A) + €2> +Ce 7 + 072 log ¢ (6.4.3)
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for all 0 < d,e < 1.

The remainder of this section is dedicated to proving this lemma. Let us first make some
remarks.

1. The condition 2R /¢ < X was already introduced in (6.2.5), it ensures that wy x = wy on the
support of V;. The condition A (%)2 < 1 ensures that || K| remains bounded, so that the
first quadratic transform preserves powers of the particle number, see Lemma 6.8 below.
We will keep those constraints throughout the paper. Eventually, we will additionally ask

A\ < 1 so that only the first terms in the Duhamel expansion of e8! will contribute to the
LHY order.
2. We will eventually choose § = o(1),43_,9. On the other hand, e will be independent of
3
pa’.

3. We have chosen the transformation kernel of 1 in such a way that
[AL(=A) + Q4, Bi] + Q2 ~ Q. (6.4.4)

The renormalized quadratic term @2 defined in Lemma 6.7 consists of two parts,

@2 _ @ée) 4 @gbc) :/ @gﬁ)(;c,y)a;az;dxdy +h.c. -|-/ @ébC)(a:,y)a;adedy+h.c.
A2 A2

with
QY (2,y) = % > en(Pax) —y), (6.4.5)
z€7Z3
QS y) =5 {(Ve(we ~ )(Pel) ) ~ Vile — ) (P-e) ) |.
z7#£0

The part @g) comes from the cutoff we introduced in wy ), see (6.2.6), it is essentially

the desired renormalized form of ()2. The additional part @gbc) is a boundary effect that
arises from the symmetrization of the kernel K. This is an error term, but for technical

reasons we have to keep the boundary contribution @ébc) in @2 in Lemma 6.7, and will
eliminate it later after conjugating with the cubic transformation.

We shall need the following standard estimate.

Lemma 6.8. Assume that A (%)2 < 1 and that 2R/0 < X\ < 1/4. For all k € N there is a
constant Cy, > 0 independent of n, € and A such that on F we have

e BUN 4+ 1)ReBt < OV + DY, Ve [-1,1).

Proof. The proof that quadratic transformations preserve powers of the particle number is well
known, see for instance [69, Lemma 4] from which we have

e BN + 1)k < O (14 | K|3)" (W + 1)F,

Thanks to Lemma 6.4 and the assumption on A, we have || K||3 < CA(n/¢)? < C. O
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From (6.2.17) we have

2
e B He = (ZV(POOD + e P AP (=A) + Q2 + Q4)e’31) +e Bt

+e B, + QgU))eBl + e Brg) b
= (I); + (1)1 + (II); 4 e Bre@eBr (6.4.6)

We will estimate (I)1, (IT); and (III); in Sections 6.4.1, 6.4.2 and 6.4.3, respectively. Finally, in
Section 6.4.4, we gather all previous estimates and complete the proof of Lemma 6.7.

6.4.1 Analysis of (I);

In this subsection we estimate the term (I); appearing in (6.4.6).

Lemma 6.9. Assume that A (%)2 < 1, that 2R/¢ < XA < 1/4 and that ¢ is large enough. Then
we have

2
(D1 = V0 4 e B (dT (~A) + Q2 + Qu)e™

~ 2 .
= 4ran®0~! + Z 7‘716[’)‘(2]3” +dI'(—A) + Q4 + Q2 + EI(QQ)
2p
pemNG\{0}

on Fi, with

(Q2) n2 1 712 n2
+E“Y <6+ CIN)Qy + C(S—lxe—?’(/\/ +1)2 + CA2 5 (W +1) + C 5 log L,

for all 0 < § < 1.

To prove Lemma 6.9, we use the Duhamel-type identity
e BT (—A) 4+ Q2 + Qu)eP —dT(—A) — Q4

1 1 1
— / e*tBl([dF(—A)+Q4,Bl]+Q2>et31dt+ /0 /t e*B1[Qy, By|e*Prdsdt . (6.4.7)

0

We deal with the two terms on the right-hand side of (6.4.7) by using Lemmata 6.10 and 6.11
below.

Lemma 6.10. Assume that A (%)2 < 1, that 2R/¢ < X < 1/4 and that £ is large enough. Then
we have

[AO(—A) + Q4 Bl + Q2 = Q2 + € (6.4.8)

on Fi, where @2 is given in Lemma 6.7 and & satisfies
1 n2 ' n2
i/ e BigeBrdt < (6 + CINHQy + 05‘1A£—3(N +1)%+ Cx2 g (N +1) (6.4.9)
0

for all 0 < § < 1. Moreover, it holds that
2

2
11 QB < <Q4 LS 1>2> C vie[-11] (6.4.10)
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Proof. We use the momentum space representation from (6.3.3) and Lemma 6.5 and calculate

[dI'(—A fan Wy \(p)aya, + h.c.
p#0
=n)_ / Awg\(P.(x) — y)aia) + h.c. (6.4.11)
z2€Z3 A%
Moreover,
1 ~
[Q4, Bi1] = 2/ Vi(x — y)K (z,y)aza, +h.c. + & (6.4.12)
A2
where
1
£ = 2K2/ Ve(z — y)asay, +/ Vi(z — y)azaya” (Ky)a, + h.c. (6.4.13)

with Ky = K — K the constant given in (6.3.4). With the definition of K in (6.1.16) and the
scattering equation (6.2.6) we compute

which is exactly equal to @Q(x, y) defined in Lemma 6.7 plus

n

5( - (Vf(l - Wﬁ))(Pz(fE) —y) = Vi(z — y)we(P:(z) — y)) |.—0 = —ng(ﬂs — ).

Therefore, we deduce from (6.4.11) and (6.4.12) that
~ n ~
[dT'(—A) 4+ Qq, B1] = /2 <Q2(ac,y) - §Vg(a¢ — y))a:,az +he +&=0Q2—Q2+¢€.
A

We shall now prove the estimate (6.4.10). Recall the uniform bound |K(z,y)| < Cn from
Lemma 6.4. The Cauchy—Schwarz inequality yields

+ / Vi(z — y)K (v, y)aza, + h.c.
A2
< [ Vite - paiaae, + [ Vo - 9K (p? < Qi ontet
A2 A2
Moreover, the bound sup,e || Ky (|3 < CAn?/¢? again from Lemma 6.4 gives
+ / Vi(z — y)azaya” (Ky)a; + h.c.
A2
</ Vi(x —y)asa amay+/ Vi(z —y)aya(Ky)a™ (Ky)ag
A2 A2
< Qs+ C>\ N 2 (6.4.14)

Therefore, from (6.4.12) and (6.4.13) we have
2
£[B1,Qu] < 2Qu + Cn20! + CA%/\/Q.
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From this and Lemma 6.8, a standard Gronwall argument gives
e P1Que'Pr < (Q +nt 4 >\ (N+ 1) ) . Vte[-1,1].

Now we have the tools to show the estimate (6.4.9) with £ given in (6.4.13) as the sum
of the two terms. For the first one, we use the Cauchy—Schwarz inequality and the inequality
(6.3.4) to obtain

n2

1
ing/ Vi(z — y)asal +he. < (0T'A)Qq + KZ(0N) Vel < 07'A%Q4 +C>\2£2

and by (6.4.10)

2
e <;K2/ Vi(e - y)asa; +hc> B OrINQu+ O W1 O
A2

2
(6.4.15)
For the second term in £ we write
t
e Brajare™ = atal +tK(z,y) —|—/ e P (aha(K,y) + aja(K,))e P ds. (6.4.16)
0

We find
e~ B (/ Vi(z — y)azaya” (Ky)az + h.c.> etB1
t
= [ it =) (a0 i) + [ e () + agaic)) e as
0

x e Brg* (K, )ae™® + h.c.

We may now bound each term with the Cauchy—Schwarz inequality while making use of Lemma 6.8.
For § > 0 we obtain

i/ Ve(w = y)agayea” (Ky)age'™ +he. < 0Qu+ 07 C|[Vellusup [ Ky 3V +1)%,
Y

+ K(z,y)e tBla*(Ky)a:,;etB1 + h.c. < C||Vi|linsup || Kyl[2(N + 1)
Y

+

an
/ Vi(x / B (ara(Ky) + aZa(Kx))esglds e Bra*(K,)aze® + hc.
A2

< OVl sup 1 3N + 1)%.
Then, || K|ls < Cn and sup, ||Ky[l2 < CAn?¢~? from Lemma 6.4 yield
y

+ e~ tB1 < Vi(z —y)aya,a* (Ky)a, + h.c.) eth
A2

<6Q4+0 10)\ (N+ 1)? +C/\2—(N+1)+C/\ (J\/+1)

Combining this with (6.4.14), and \,¢~!,§ < 1 to simplify some error terms, yields the desired
error bound (6.4.9). O
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From (6.4.8) and (6.4.7) we obtain the identity
e PHAT(—A) + Q2 + Qu)eP — dT'(—A) — Q4

=Q2+ / / e BL[Qy, Bye*Prdsdt
0o Jo

1,1 1
+/ / e_SBl[QQ,Bl]esgldsdt—l—/ e~ BrgetBrae, (6.4.17)
0 Jt 0

where we again used the Duhamel formula. The last term in (6.4.17) is an error term that is
controlled by (6.4.9).

As @9, ég and Bj are all quadratic, there are constant contributions in [Q2, B;1] and [@2, Bi].
They are extracted in the following lemma.

Lemma 6.11. Assume that A (%)2 < 1, that 2R/¢ < X < 1/4 and that £ is large enough. Then
we have

n? o000, L _ 2)-1 | =(a)

5 Ve +51Q2, By = dman®tT + =17, (6.4.18)
L5 Ineex(P)?  _w)
5@, B1] = > T TE (6.4.19)

penNH\{0}

(a) (b)

on F4 where both of the error terms =, and =} are bounded by

2
2@ 120 < ond (%) N+C

n2

7 log ¢.

Consequently,

2 1,1 1 gt _
%ngﬂ% / / e *B1Qy, Bi]e*Brdsdt + / / e~ B1Qy, Bi]e*Brdsdt
0 t 0 0

~ 2
= dran?l~! + Z 7“16@,)\(]?)‘ + =

5 . (6.4.20)
penNG\{0}
on Fi, with
1 /N2 n?

+E < OA (Z) (N + 1) + O log .

Proof. Let us start with (6.4.18). A simple calculation shows that
[Q2,B1] = /2 nVi(z —y)K(z,y) +n /2 Vi(z — y)a”™ (Kz)ay + h.c. (6.4.21)

A A

For the first term on the right hand-side of (6.4.21), which will be multiplied by a factor
1/2 = fol f(f dsdt, we have by Lemma 6.6

n2

2

n

170000
e+2

< Cn?02log .

/ Vi(z — y)K (, ) — dman2e~!
A2

For the second term in (6.4.21) we use the Cauchy—Schwarz inequality and obtain

2
in/zww—yMWKﬁ%+h@<CmmﬂthMMbN<CM%CD'M
N )
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Thus (6.4.18) holds.
The proof of (6.4.19) is more involved. To estimate

[Q2,B1] =2 /A 2 Qa(z,y)K (z,y) + 2 /A 2 Qa(x,y)a* (K,)ay, + h.c. (6.4.22)

let us decompose
Qz(a,y) = Q) (2,9) + QY (a,y)

as in (6.4.5) and derive pointwise estimates for Q2 (x,y) and QQbC) (x,y). Note that in (6.4.5)
both sums are finite (each sum contains at most 3% = 27 non-zero summands). From Lemma 6.2
and the bound |P,(x) —y| > |z — y| for all z,y € A we have

QS (2, y)|dy < Cne~ A D 1 @)y
2€7Z3

< Cnl~ 273 sup Lip, (z)—yl<r < Cnl™ =3 Loy Yo,y €A (6.4.23)
2€7Z3

Moreover, for all 0 # z € Z3 we have

1+ ¢d(z, 0A)

Ve(P:(z) —y) = Ve(P:(2) — y)lg@on)<re—1 <

since supp(Vy) C Bp-1(0). In combination with (6.3.11) and |P,(z) —y| > |x — y|, as well as
the non-increasing assumption on |z| — V(m), we arrive at the bound

Vi(z —y)

Vi(P.(x) —y)
QY sCn Z 1+€d (z aA) Cn1+€d(:n,6A)' (6424)

Now we are ready to bound the last term in (6.4.22). From (6.4.23) and (6.4.24), we obtain
the pointwise estimate

‘@2(’%7 y)| <Cn (671)‘73]]-|x7y\§)\ + W(.’L‘ - y)) ’ Vl‘,y €A

Combining this with the uniform bound sup,c, || Kz|l2 < CAY?n~! from Lemma 6.4 and the
Cauchy-Schwarz inequality with 6 = £/(A\'/2n), we have

+2 //\2 Qa(z, y)a* (Ky)ay + h.c.
<a/ @x%wMWKJMKﬁ+51/\@ﬂ%wm%y

< Coénl™ / 2) +Co Lo~ /a ay

2
< Conl sup | K 3N + C5 tnt™ N < C\> (—) N.
rEA ¢

It remains to consider the constant term in (6.4.22). The contribution involving @gbc) is negli-
gible and can be estimated using (6.4.24) and the uniform bound || K || < Cn from Lemma 6.4
as

NHbe) < On? M

< Cn?0!

/1<c”210 ¢
A1t ld(z,on) SR8
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Finally we consider the important constant contribution involving @g). Combining (6.3.2) and
(6.4.5) with Lemma 6.5 we obtain that

2 [ K@) =t T G (6.425)

penNi\{0}

Covering Z3 \ {0} with 8 rotations of N®\ {0}, we overcount the points in the hyperplanes
{pj =0} for j € {1,2,3} at most 7 times. Recall from (6.2.8) that we can write

7

con(z) = %ﬁ FO2) with f= |L| € C=(R3). (6.4.26)

Using that both €, and wy ) are radial (therefore so is f), we obtain from (6.4.25) that

2
~ ~ n ~ ~
n? Z eeA(P)weA(p) — ) Z e (P)ra(p)
penNZ\{0} peETZ3
<Cn® > [ea(g, 0)@e (g, 0)|
qeTZ?
2 2
n 2 -~ n
< (O— < =
\C€2A GZZQUC()\(]’O”\C(E) )
qeT™

where we used that [|@p)]|cc < [lwenli < CA2¢7Y, which follows from (6.2.9). Using that
{%eip“}peﬂzs is an orthonormal basis of L?(2A), we obtain that

()

We shall now suitably rewrite the second term. Recall the scattering equation (6.2.6),

2 [ K)o [ o

1
F6eA = A(wgy —wp)  on R?,
and note that wy y —wy and Aw, have disjoint supports. Therefore,

0=2 <(w€,)\ — wp) aAwf>L2(R3) =2(A (W&)\ —wy) ’w€>L2(R3) = <€€,/\7W£>L2(R3) )

and hence

—n? /3 eox(x)wp(z)de = —n2<6£’>\,wg,)\ — We) [2(R3)
R

2 1 2 3 €,
=n"{ €\ ——<€ =n“(27 ——dp.
< A —2A £7>\>[2(R3) ( ) /]R3 2p2 P

To conclude, we claim that the integral can be replaced by a corresponding Riemann sum,
namely

2 -3 ‘EZ,A(P)P |”/6\€,/\(p)‘2 n 2
T — dp — § e I <O(=) . A.
n*(2m) /3 S dp 92 \C(g) (6.4.27)
pETrNS\{O}
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Indeed, using (6.4.26) we see that (6.4.27) is equivalent to

Fm2)P

|z

/]R g(Az)dz — Z g(A2)| <CX72 with g(z) =

(6.4.28)
20 2eN3\ {0}

Since f € C°(R3), it is straightforward to check that all second derivatives D%, |a| = 2, are
bounded as
ID2g(2)| < Clz| ™%, ¥z e R\{0},

Therefore, for every z € N3\{0} and £ € A + 2, we have the Taylor expansion
g(AE) = g(A2) + A(€ — 2) - (Vg)(Az) + O(A?) [,

Integrating over £ € A + z and using [, ., §d¢ = z we find that
| 906 = g00) + O, vz e N(0).
A+z
Summing up these bounds over z € N3\{0} and combining with

c
g(\z dzg/ dz <CA 72
fooaie< [

we obtain (6.4.28). Thus the proof of (6.4.19) is complete.
The last statement (6.4.20) in Lemma 6.11 follows from (6.4.18), (6.4.19) and Lemma 6.8.

Conclusion of Lemma 6.9. Inserting (6.4.20) in (6.4.17) we obtain the claim.

6.4.2 Analysis of (II);

Here we estimate the term
(1), = e BB
appearing in (6.4.6). We recall from (6.1.12) that

~ 1
=ndl(Vy *uf + Vo — VPO0) — (2

HéU) / Vi(x — y)agaydady N + h.C.) , (6.4.29)
A2

where nVp x u(z) is a multiplication operator and T?g denotes the operator with integral kernel
Vi(z —y).

Lemma 6.12. Assume that \ (%)2 <1, that 2R/¢ < X\ < 1/4 and that ¢ is large enough. Then
we have

~ (V)
e_BllT-IéU)eB1 =dr <an xud +nVp — 87ra%> + 51(H2 )
on Fi, with
() 1)2 2
e ) < 50, + 510WZ) LN <(Z) + Z) (N +1)

for all0 <9 < 1.

To control the diagonal terms in (6.4.29) we use the following lemma.
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Lemma 6.13. Assume that A (%)2 <1 and that 2R/{ < X\ < 1/4. Let A: L*>(A) — L%*(A) be a
bounded, self-adjoint linear operator. Then on F we have

£ (BIAT(A)eB — dT(4)) < Ol Allop |12 (N +1) < ClAJopA /22 (N +1).
Proof. Applying the Duhamel formula yields

1
e~ BIAD(A)eBr — dT(A) = / e~ BUAT(A), By ]e!Br dt.
0

Let us denote by K the operator with kernel K (z,y) so that By = %Zm;ﬂ] ar.a*(Kuy,) — h.c.
From the Cauchy—Schwarz inequality we find

+[dI'(A =+ a"(AKup)a), +he < CAK[2(N + 1) < C||Aflopl| K [[2(N + 1).
m#0

The first inequality in Lemma 6.13 then follows from Lemma 6.8 and the second one from

Lemma 6.4. O

Proof of Lemma 6.12. For the last term of HéU) we find with the aid of (6.4.16)

1
- </ Vi(x *N+hc>
2 fa2
1
—/ Ve(z atate BINEP 4+ hc.
2 Ja2
+/ Vi(z y)e BINeB
A2
+/ Vi(x / “sBigra(K,)ePrds e PN P - hie.
A2

The second term on the right-hand side is the main term. The first term is controlled by Q4
with the Cauchy—Schwarz inequality and Lemma 6.8,

i/ Vi(z —y)aza ffBlJ\/'eB1 +h.c <0Q4+ 051/ Vi(z — y)e BN 2B
A2 w2

(N +1)2

<6Qu+Co! ;

For the third term we find similarly

1
+ [ Vi(z—vy) / e *Braa(K,)eBrds e BINEP + hec.
A2 0
1
< | Vile = y)/ (1[I e~ *Fraza(Ky)a* (Ky)age®™ + | K |2e” PN ePr) ds
A2 0
oW+ 1)2
e Y
where we used )\%(n/é) < 1 in the last estimate. The above bounds show that

~ ()
e_BllT{Q(U)eB1 = e Bidr <an s ud +nV — / Vo(z —y)(n + K(z, y)) Biy 5(H ) (6.4.30)
A2
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with
(N +1)2

)2(/\/+ 1) +0Qu+ 0515

From Lemma 6.6 we find

+ </ Vi(x —y)(n+ K(z,y)) — 87ra7£> < Cnl %log(l) < C)\%%,
A2

where we used A > C£~1 > (log(¢)/£)? in the last estimate. Note that the operator in the bracket
in the first line of (6.4.30) is bounded by Cnf~!. We now apply the previous estimate together
with Lemma 6.13 to the first line of (6.4.30) and find the statement from Lemma 6.12. O

6.4.3 Analysis of (III);

Here we analyze
(1)1 = 751 (Q1 + QY)eP

appearing in (6.4.6), where we recall that
Q1 = n3/2/ Vi(x — y)aidxdy + h.c.,

=vV(n-N+1) / Vi(x — y)aya,azdzdy + h.c.,

Q3 :né/ Vi(z — y)azaya.dzdy + h.c.
A2

Lemma 6.14. Assume that A (%)2 < 1, that 2R/¢ < X < 1/4 and that ¢ is large enough. Then
we have

(IT); = Qs + £\9%)

on Fi where the error term satisfies

+£9) < 05Q, + 571C <(Nn+€1)2 +A (Z)3> N +1)+ Cnéw
+ 0’;51//62 <dP( A)+ ) 1;’5 (£)>

forany 0 <6 <1

Proof. We expand e_BlazaZeBl as in (6.4.16) to obtain

e_BlQ:())U)eB1 = / Vio(x — y)a;aZe_Blax (n—N)_ P +he.
/1\2 Vi(x e Brag/(n — N e +hee.
+ /A2 Vio(z / B (ara(Ky) + aha(Ky))ePrdtx (6.4.31)
xe Braz/(n — N); Pt + h.c.
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The last term is an error term. In fact, using the Cauchy—Schwarz inequality (for an appropriate

choice of n > 0) we obtain
1
:l:/ Vi(x — )/ e Brata(K,)ePrdt e Praz/(n — N)1ePt +hee.
<o [ Vit =) [ [erSazatin o080+ 1 e DB (0 e
+ 0 Ce B/ (n— N)pai(N + 1)2agy/(n — N)ePr | dt

< <n sup [ K, 3 + n_10n> W+ 1)}
Yy

3

CAz—(NJr 1)

In the first two lines of (6.4.31) we may replace \/(n — N4 by v/n, using

N s

(1 —2)4 <z for all z > 0. With the aid of

1
2 < %(AHL 1)s.

which follows from the elementary inequality 1 —
the Cauchy—Schwarz inequality we obtain

£ [ oK) e (V- V= AL )+ he

én/ Vg(m—y)e_lgl(Tb_éati;(/\/'—i—l)é %<\f— (n—N—1) ) (N +1) ;>
A2
c\{f(/\/ﬂ)i.

In a similar way one shows that
£ [ Vit - paiae Pa, (Vi - Vi = A)y) € e
A2
<5Q4+5_10/ Vi(z —y) Blf V(n—=N+1)1)akas(v/n — \/(n—N—f—l)Jr)eBl
A2

<50, 15 cer VA
n

for all 4 > 0. In particular, we have
e B Q;(;U)egl = \/ﬁ/ Vi(x — y)a;aZefBlaxeBl + h.c.
A2

+ \/E/AQ Vi(z — y) K (z,y)e BrayeP + h.e. + ng?’) (6.4.32)

with
3 3
(N +1) +6Q4 + 6‘1C(N:£1) .
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The second term of (6.4.32) cancels with e 51Q;eB! as we will see below, whereas the first line
equals 3 up to negligible errors. Indeed,

\/E/ Vo(z — y)a;aZe_BlaxeBl +h.c. — Q3
A2
1
= \/ﬁ/ Vi(x — y)a;aZ/ e B1(a,, BilePrdt + h.c.
A2 0

1
= \/ﬁ/ Vi(x — y)a;a;j/ e B (K, )etPrdt + h.c.
A2 0

so that with the Cauchy—Schwarz inequality for all § > 0

+ </ n%w(x — y)a;aZe_BlaxeBl +h.c. — Qg)
A2

< 0Qu + 07 Cnsup | Ko 3 Vel (V + 1)

n

1

In order to control the second term in (6.4.32) we recall the definition of h in Lemma 6.6
and use (¢, [, a;&) =0 for £ € Fy as well as that e B1 leaves F, invariant to obtain

<oQi+arox (D) . (6.4.33)

[NIES

n / Vi(z — y) K (z,y)e BlagePr + he. + e BrQ e
A2

né/h(x)e_glax631+h.c.
A

1
ns / h(z)az + h.c. +n2 / h(:p)/ e Bra*(K,)e!Prdt 4 h.c. (6.4.34)
A A 0

on F,. Both terms on the right hand side are small. Indeed, the Cauchy—Schwarz inequality
and the estimates on h in Lemma 6.6 yield

1
in%/h(x)/ eB0* (K,)eBrdt + hue. < Cni |||y sup | K s (N + 1)3
A 0 x

1nlog(f) 1n 1 ny3 n?log(£)?
<On?—3 )‘2Z(N+ )2 <A (Z> (N +1) +CT‘ (6.4.35)
Moreover, by the Cauchy—Schwarz inequality we have for all n > 0
tn3 / h(z)a, +h.c. < Cnnl/Q/ |h(z)|aray +Cn_1n1/2/ |h(z)]
A A A
< Cnn2||hll32dD(=2) + Co~ 't |n)y
< Cnn1/2€_2/3%dl“(—A) n Cn_lnl/Qﬁ_l% log ¢
nl/? n?log(¢)
< CW <dF(—A) + €2> , (6.4.36)

where we chose 7 = ¢°/6 /n in the last step. For the second inequality we used that on F
dl'(®) < C||@||3/2dT(=A), (6.4.37)

for ® € L3/2(A). This follows from the Holder and Sobolev inequalities as

(f,®f) = /A‘P(:v)lf‘"(fv)l2 < Cll@lspll£l§ < Cli@llas (I£13 + IVFIZ) , £ € H(A)
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and N < 772dI'(—=A) on Fy.
Inserting (6.4.35) and (6.4.36) into (6.4.34), and subsequently (6.4.33) and (6.4.34) into
(6.4.32), yields

6—61 (Ql 4 Q:(),U)) 631 — QS +E£Q3)

with
3
1)z 1)3 3
+£(@) ¢ cnéw +6Q4+ 610(/\[;;) +6Q4+ 610N (%) WV +1)
ny3 n? log(¢)? nl/? n? log(¢)
+ A (Z) WN+1)+C 7 +O£5/6 <dr(—A) g ) :
We readily deduce Lemma 6.14 via simplifications due to § < 1 and log(¢)¢— < ¢75/6, O]

6.4.4 Proof of Lemma 6.7
Proof. Inserting Lemmata 6.9, 6.12 and 6.14 in (6.4.6) we obtain

|neea(p)|

2 ~
e B = aran?et + Y sr - HAN(-A) + Qi+ Qr gl@)

perNi\{0}

~ v)
+dr (nw s ud +nV — 87ra%) + &) 4 Q4 €19 4 ¢ Brgl) B
We apply Lemma 6.8 and (6.4.10) to (6.2.18) and find

te BreW)eBr < en 1 0Qy + e 1C2 + CAL(N + 1) + Cn2l Y (N +1)3

14 o3

were some terms simplified due to the condition € < 1. Collecting all the error terms and using
An2072 <1 and § < 1 yields Lemma 6.7. O

6.5 The Cubic Transformation

In this section we apply the cubic transformation eBe to eB1He B with

B. = 01\/\[};\[) //\2 ¢ra”* (Ky)gzdzdy — h.c. (6.5.1)

Recall that
G = /A Q. y)aydy = a(Q.).

where Q =1 — |up)(up| and Q(z,y) is its integral kernel. In particular
q(f) = a(Qf) = a(f) — (f,uo)a(uo), V[ e L*(A).

The use of ¢, instead of a, in the definition of B, in (6.5.1) ensures that B, leaves F, invariant.
Note that the commutation relations of these operators with the usual creation and annihilation
operators are given by

(@, ay] = 02y —uo(y) = 0uy — 1, Va,y €A

In all normal ordered expressions, ¢, may be replaced by a, on F, since ¢|§) = a,|¢) for all
£e Fy.

62



For 1 < M < n we define
O (N) == 0N /M),

where § € C*°(Rxq, [0,1]) satisfies (z) = 1 for z < & and 6(z) = 0 for > 1. The cut-off Oy,
in B, ensures that B, does not create too many excitations, thereby allowing us to close some
Gronwall estimates in the computation of e8¢ (dI'(—A) + Q3+ Q4)eBe. Effectively, with this we
only renormalize the Q3 term on the sector with particle number A/ < M. In Proposition 6.28,
M is chosen of the order of n!=68% which is sufficient to compute the free energy of the system
up to the second order for small k. We will write 6, instead of 6);(N') in the following.

The main purpose of the transformation e is to remove the cubic term Q3 in (6.4.2).
This also renormalizes the second line in (6.4.2), which is essentially (2V/(0) — 87a)né~' N/, into
8ranl~IN. Eventually, we obtain the Bogoliubov Hamiltonian Hp,g on F defined in (6.1.29).

The following lemma is the main result of this section.

Lemma 6.15. Assume that A (%)2 < 1, that 2R/ < A < 1/4, that ¢ is large enough and that
o 1= max{n/20-5/6 /2 \pg=B/2 \TV2p 1201201y < 1,
Then we have
e Bee By eBreBe — qran?e—! + Hpog + Q4 + & (6.5.2)

on Fi+ where the error term satisfies

+€, < Co (Q4 4 dT(—A) + %(J\H 1)) n %Q4

n G [PN+T VD) (V1) n\3
+05(Q4+€(N+1))+5 C’[E T e +)\<€> (N +1)
N A W A S s LA
+C a2 ((5) +£)+)\ o | to (g) log €+
on Fy, forall0 <6 < 1.
To prove Lemma 6.15, we start with Lemma 6.7 and the quadratic form identity
e BeemBiyeBreBe — gman?0! — 1 Z M =e B (dF(—A) + Q4+ Q3) ePe
2 2p?
p#0
+ e Bedr (nw «ud +nV, — 87ra%> B + e BeQqeBe 4 e Beg B (6.5.3)

on Fy. Recall that V, « u(z) is a multiplication operator and that 17( is the operator with integral
kernel Vy(x — y). Using the Duhamel formula, we can expand the term on the third line above
as

1 1
_Bc _ Bc — _ —SBC SBC
e (dF( A)+ Q4+ Qg)e dI'(—A) + Q4 + /0 /t e (@3, B|e®edsdt

+ /01 e~ tBe (Qg + [dT(—A) + Qq, Bc]>€thdt.
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Plugging the above equation into (6.5.3), we obtain

1 -~ 2
o Beo BB Be _ gran2et _ : ; !neeé;gpﬂ _dr(—A) — O
D

= {e_BCdF (an xul +nVy — 87ra / / BeQs, B SBCdet}

+ {6_60@2680} + { /01 e~ tBe (Qg + [dT(—-A) + Q4,Bc]>etlgcdt + e_Bcé'leBc}
= (I), + (IT), + (111),. (6.5.4)

In Section 6.5.1 we compute the action of € on dI'(~A) and Q4. Then we show that
(I), is essentially 8rané~' N, while (II), gives the pairing term involving (a}a% + h.c.) in the
Bogoliubov Hamiltonian in Section 6.5.2 and Section 6.5.3, respectively. Finally, in Section
6.5.4, we estimate the error term (III). and conclude the proof of Lemma 6.15.

We end this subsection with an estimate of the action of €®¢ on A’* analogous to Lemma 6.8.

Lemma 6.16. Assume that A (%)2 < 1 and that 2R/0 < X < 1/4. For all k € N there is a
constant Cy > 0 such that on F

e~ BeNketBe < CLN + 1)F, Yt e [—1,1].

Proof. From the Duhamel formula we have
t
e Be(N + 1)kelBe — (N + 1)k = / e B[V + 1)F, B.JePeds
0

Let us estimate the commutator. Recall that in normal ordered expressions we can replace g,
by a; on F4. Therefore, using the Cauchy—Schwarz inequality, we have

W+ 0SB =0 [+ D8 000K (o)) + e

1

/,\2((N+ 1)F _Nk)HMK(aI,y)a;aZax—Fh.c.

| |
I\D

H
N:\»—t

/((N+ 1)F = MY+ 1)=2 5 00t (K )an (N + 2)°7 + hee.
A2
LN 4+ 1)F = NEYWN + 1) F Oy sup | Ko | 2N 200 (N + 1)~ 2 (N + 1)F — )

TN+ TNWN 42T
< Cpn YW+ D0y + CIV + DE < O (W + DR

Here we used that sup, ||K.||3 < An2¢? < 1 and that n='0y (N +1) < n=Y(M + 1) < 2.
Therefore, we obtain

t
N DR - (W DF < G [ e s,
0

Applying the Gronwall lemma concludes the proof. O
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6.5.1 Actions on dI'(—A) and Q4
In this section, we estimate the actions of € on dI'(—A) and Q.

Lemma 6.17. Assume that \ (%)2 < 1, that 2R/0 < X\ < 1/4 and that ¢ is large enough. Let
o <1 be as in Lemma 6.15. For allt € [—1,1] we have on Fy

etBedD(—A)etBe < € (dr( A)+ Qs+ (N+ 1))
e BeQuetBe < ¢ <Q4 + - (N+ 1) + odl'(— A))

As an intermediate step, we need to compute accurately the commutators [dI'(—A), B.] and
[Q4, Bc], which is done in Lemmata 6.18 and 6.19. This will further be useful in order to bound
the term (II), in the proof of Lemma 6.15 in Section 6.5.4.

Lemma 6.18. Assume that (%)2 < 1, that 2R/ < X < 1/4 and that ¢ is large enough. Then,
on F4 we have

N|=

[AT(=A), Be] = Oyn /A  (Ve(wr = 1) (z = y)aayapdady + hec. + EAN(=4))

with

1 1

n2Mz2

LR < O3 08 (Qu+dD(—A)) + A3 222 4p(— A,

Lemma 6.19. Assume that A (%)2 < 1, that 2R/ < X\ < 1/4 and that ¢ is large enough. Then,
on Fi+ we have

(Q4,B.] = —9Mn§/ (Viwe)(z — y)azayazdzdy + h.c. + £Q
A2

with

+£{9 < C <n§£—3 n€M> (Qs+dI(=A)).

2

We have defined o in Lemma 6.15 in such a way that the error terms in Lemmata 6.18 and
6.19 are bounded by

n (gc(dF(—A)) 4 gC(Q4)) < Co(Q4+ dT(=A)). (6.5.5)

Proof of Lemma 6.18. Clearly [dI'(—=A), 0] = 0. From (6.3.2) we find

5. ——n% S Geap)aiialag /A i (&)1 ()11 () — hrc.

m,p,q#£0

We compute

dD(—A), B) = -0y S Dealpatuatag(m? + 5 — ¢?) /A i () (g () + hc.
m,p,q#0

= —2n'/%9,, Z p*@ea(p)ar, paq/ Um () up()ug(x) + h.c.
m,p,q70 A

Co 20y Y Bua)aala / (V) (@)t (2) (V) () + hc.
m,p,q7#0
O

k% 9 k ok
- 27 A2( Ao K)(z,y)qya,qz + hoc. — in—]‘/g AQ(VlK)(w,y)qmanyqx + h.c.,
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where for the last equality we used (6.3.2). Moreover,

~DoK(z,y) =n Y (Awg)(Po(a) —y) + 5 Y ea(Pa(@) —y).

2€Z3 2€Z3

On F,, we can replace ¢; by az, and we have

[AT(=A), B = 0nn? | (20wy)(z — y)atata, + hec.

A2

+ Oy Z/ (2Awe) (P.(z) — y)azaya, + h.c.
z7#£0

+ Oz Z / e\ (Px(7) — y)azay,aq; + h.c.
z€Z3

— <2n_20M V. K(z,y) - a;azvxax + h.c.>
A2

l\.’)\»—A

3
= 0yn? | (28w)(z —y)ajaja, +he + Y G

A2 i1

The scattering equation 2Awy+Vy— Vpw, = 0 now gives the correct main term in Lemma 6.18

and we conclude the proof by estimating the error Sédr(_A)) = Z?zl G; term by term.

For G1, we use |1 —wy| < 1 and that for z # 0 we have

Vi(P(z) —y) < Vi — y)Lagon)<re

since |z — y| < |Py(x) — y| and V is decreasing and supported on a ball of radius R. Together
with 03y < 1 and the Cauchy—-Schwarz inequality we obtain on F

G = imeMZ/ Vi(we — 1)) (Pa(2) — y)atalag + hoc.
270

<0Q4 + 05_11%//\2 Vi(z — y) (w00 <re-10502
<6Qs+ Co e~ 3dr(~A)

for all 6 > 0. In the last inequality we applied (6.4.37) to ® = 1 4., gr)<pe—1 With [|®[[3/5 <
C/(~2/3. The choice § = n'/2075/6 gives the first error term in Lemma 6.18.

In order to bound G3, we again use (6.4.37), this time applied to ®(y) = eg\(P:(z) —y) for
fixed z. We may estimate the LP—norms of ¢ ) using

‘GZ,A(PZ(J:) - y)‘ < CgilAig]l\xfmg)\a

which follows from Lemma 6.2 and |z — y| < |P;(x) — y|. The Cauchy-Schwarz inequality,
Opr (N + 1D)F0yy < CMF for k > 0, N < 77 2dI'(—~A) on F, and an appropriate choice for
Opr > 0 yield on Fy

+Go < n / Sarleen(Po(x) — y)0nasatayazns + 63 leon(Pe(x) — ?J)\a;%)
z€Z3

n2 (Snrlleenllsyafu (N + 1)AD(=A)8as + 8y len 1N
n%z A3 (S M2 + 67,103) dT (- A)

1

nz

1
b
CAT3AD(-A).

14
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For G5 we readily check that

n 1
ZBK7 <
VoK ()| < G

from Lemma 6.2 and (6.3.1), so that on Fj
1
:|:§G3 <n? <5M/ Orrazagaya |V K(z,y )| + 657 / Va2arVgar |V K (x, y)|>
A2

1 n
<Cnz(é6 Oraialaya0y————-= + 0y} | VeaiVieaz— ).
Cn 2<M/A2 Mg a,aya M£|x_y|2—|—M/AVaxVa£>

We now use the Hardy inequality on A

2
x?
[V e < O )y, ¥ € A2y € . (6:5.6)

Consequently, together with A" < 772dI'(—A) on F, we have

1
aralaza < CWN —1)dI'(—A).
| ataiasa, i < O = 1ar(-a)

With the aid of this bound we obtain

£G5 < On8 7 (Sabur ( — DAT(-A)0 +03/d0(~A)) < oMz

which completes the proof of Lemma 6.18 since A < 1 O

Proof of Lemma 6.19. With the definition of K in (6.3.1), and recalling that ¢, = a, on F,
we compute

[Q4, = HM/ Vi(z —y) (= nwe(z —y anu\ y)+K2)a;a;ax+h.c.
270

- <9M Vi(x — y)aya,a(Ky) + h.c.)
A2
+ 0M/ Vi(z —y)azay, | ayK(v,r)ayay + h.c.
A2
+ 9M/ Vi(x — y)ayaya”™ (Ky)azay, + h.c.
A3

— <9M/ Vi(z — y)azay | a*(Ky)agay, + h.c.>
A2 A

6
= =0y | n(Viwe)(x — y)azaya, +h.c. + nz Z I;.
? i=1

Here we extracted the main term and it remains to estimate all the I;. From (6.3.11) we have

S wea(Pa() — 1) < —— o

<
ot 1+ ¢d(z, 0A)
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With this and (6.4.37) we find
+1, = TOyn? E / Vi(z — y)wen(Px(7) — y)azaya; + h.c.
A2

6Q4 + O3 'n||Vo[[1dT (1 + €d(-,0A))?)
5Qa + O3 2|1+ (-, 94)) 2|3 pdD (A
< 0Q4+ CO It~ 3dT(—A)

<
<

for all § > 0. Recalling the bound (6.3.4) we obtain

+1, = iGMn*% / Vi(z — y)Kaayaya, +h.c. <6Q4 + C6™ 1)\4€3N
A2

The term I3 can be bounded by a simple Cauchy—-Schwarz estimate as
I3 < 6Qu + C5 AN

The choice § = nl/2075/6 and N < 772dI'(—A) on F, yields that I + I + I3 may be bounded
as stated in the lemma. For the remaining terms we set n = n*/2M¢=3/2. The Cauchy—Schwarz
inequality gives

+Iy <nM 2 /3 Vi(x — y)0mazayay(N + 1)ayaza, O
A
+n1771M2/ Vg(:c—y)K(v,x)Q ar N+ 1) AyQy.
A3

From Lemma 6.2 and (6.3.1) we find that |K(z,v)| < C%|z —v|™'. Combining this with the
Hardy inequality as in (6.5.6) we obtain

2
n
[ 10.0PVile = ) K 0,2 dvdady < C 1
for all f € H'(A?) so that

2

[ Vit = K @0 aaia, < O - DAL(-). (6.5.7)
AB
We hence obtain
1
2 M
L1 < M 200QuN?0y + Oty M2 e dr( A) < 0”63 (Qq + dT(=A)).
2

The remaining terms are bounded via simple Cauchy—Schwarz estimates, as
+I5 = +£0yn "2 / Vi(z — y)ayana™(Ky)azay + h.c.
A3

<n” Vel sup IIKUH%GMN%M +1Q4
v

n?M?
<nQy+Cn~ 'yt 7 AN <ol 2 (Q4 +dI'(—A)).
2 M2 nz M 2
+I6 <nQ4+Cn~ 1A£—2—N ol eé (Q4 +dI(-A)).
2
The proof of Lemma 6.19 is complete. O
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Now we are ready to give the proof of Lemma 6.17.

Proof of Lemma 6.17. Let us start by showing that
e "B (Qu + dD(=A))e™ < C(Qu +dD(=A) + (W +1)) (6.5.8)
We shall do this for 0 < ¢t < 1, the proof in the case —1 < t < 0 works the same. We first use

the Duhamel formula as well as Lemmata 6.18 and 6.19, and subsequently the Cauchy—Schwarz
inequality together with Lemma 6.16, 6); < 1 and (6.5.5) with o < 1 to obtain

¢
e B (Qq +dl(=A))ePe — Qq — dI(-A) = / e~ *Be[Qy + AT (= A), B]e?Beds
0
t
= —/ e~ 5Be (HM/ n%Vg(x — y)aza,a; +h.c. — £Qe) _ EC(dF(A))> e*Beds
0 A2
t t
< / e 5Be (Q4 + C%N) e*Beds + C’/ e 5Be (Q4 + dF(—A))eSBCds
0 0
! —sB, sB, n
<C | e (Qq+dl(—=A))e*eds + CZ(N+ 1).
0
The Gronwall lemma then yields (6.5.8). This immediately implies the result for the kinetic
operator dI'(—A) in Lemma 6.17. For the quartic operator ()4 we repeat the previous argu-

ment by solely considering (4. The Duhamel formula, Lemma 6.19 and the Cauchy—Schwarz
inequality yield

t t
e PeQueP — Qq = / e *Pe[Q4, Ble*Peds < / e oFe (Q4 + C%J\H— SC(Q4)> e*Beds.
0 0

We then use the estimate of the error term in Lemma 6.19 together with Lemma 6.16 and
(6.5.8) to find

t
e BeQuePe — Q, < C'/ e B (Qq + odl'(—=A)) e*Beds + C%(/\/’ +1)
0
! —sB, sBe n n
< o/ e Queeds + Co (Qu-+ dP(-A) + MW+ 1)) + €2 4 1)
0
t
< C/ e PeQuePeds + C(Qu + %(N+ 1) + odl'(-A)).
0

In the last inequality we gathered some terms due to o < 1. Now Lemma 6.17 follows again by
the Gronwall lemma. O

6.5.2 Analysis of (I).

In this section we analyze the term

1,1
(1), = e Bedr (an s ud +nVy — 87ra%) Pe ¢ / / e~ B [Q3, B.]ePedsdt (6.5.9)
0 Jt

appearing in (6.5.4). We prove that the main contribution of this term is 8maNn¢=!. Prior to
this let us show a lemma that will be used to handle the diagonal terms in (6.5.9). It is the
cubic analogue of Lemma 6.13.
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Lemma 6.20. Assume that A (%)2 <1 and that 2R/{ < X\ < 1/4. Let A: L*>(A) — L%*(A) be a
bounded hermitian operator. For allt € [—1,1] we have on F

+ (eitBCdI’(A)etBC - dF(A)) <Ol AlloplKll2NV +1) < CHAHop/\2 (N—F 1).

Proof. One easily checks that for a bounded operator T : L*(A) — L2(A?) with integral kernel
T(x1,x2,;y1) and for any &,&" € F, the following inequality holds

£ [ Tlonanm) (€ ol aya,€) + b < O lopll W+ DN+ D8] (6.5.10)
Define the operator B, : L?(A) — L2(A?) by
(0,85 = | Q) K (o, 20) (@) a2) s, (6.5.11)
for all f € L2(A) and g € L2(A?), so that
B. = 9M/ c(z1, 25 91) %1 mayldl‘ldxzdyl h.c.
From the Cauchy—Schwarz inequality, we have

1/2
HBCHOP < n1/? sup || Kz ll2 < CA2 )
TEA

where the second inequality is a consequence of Lemma 6.4.
With the aid of the Duhamel formula we can write

t
¢~1BeqT(A)etPe — dT(A) = / ¢~ [dT(A), B.]e*Peds. (6.5.12)
0
Applying (6.5.10) and that M < n we can bound the commutator as

+[dI'(A), B] = £0p | (A1Be+ A2B. — B A)(x1,22;91)a,, a
A2

C”AHOPHB HOPQM (N+ )3/2

+ h.c.

1 xz ay1

CllAllole/QAQ (N+ 1) < CHAIIopA? N +1).

Here we have denoted by A1 B., A2B. and BCA the composition of applications, where A; is
the operator A acting on the variable i. Now plugging this estimate into (6.5.12) and applying
Lemma 6.16 we obtain the claim of the lemma. O

Lemma 6.21. Assume that (%)2 < 1, that 2R/ < XA < 1/4 and that ¢ is large enough. Let
o <1 asin Lemma 6.15. On F+ we have
n
(1), = 8maN 7 + =,
with

5,12 (N + ].)2
Y4 M

+Co <Q4 4 dT(—A) + %(/\/ + 1)) + OB (%)2 N +1)

<06 (Q4 + - (N+ 1)) +C + 05*1%/\ (%)3 (N +1)

forall0 < <1
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Proof. We start with computing the commutator [@s, B.]. A lengthy but straightforward com-
putation shows that

Q3,8 9M/ Vi(x — y)K(z,y)(apa. + ayay) + h.c.
Lo ( / Vile — y)a3(a(Ks) +a(K,)) +he.) |
+ {HM [/AQ Vi(z — y)aya* (Ky)aza, + /A3 Vi(z — y)aya™ (Ky)ayay,

+ [ Vite - pataa ko, - [ Ve - yajaia’ (1),
A A

- Vi(x — y)a:’;a;a*(Kv)av} + h.c.}
A3

+ {HM { — /AB Vi(z — y)aya* (Ky)ay(ay + az)
+ /1\3 Vi(z — y)ayaya™(Ky)(az + ay)} + h.c.}
+ {GM //\3 Vi(x — y)ayay(K(v, x)ay + K(v,y)ag)a, + h.C.}

+ { Vi(z — y) ([aka}az, On] + [ahayag, On]) aja™ (Ky)a, + h.c.}
A3 Y

6
=: / Vi(z — y)K(z,y)(apa, + ayay) + h.c. + Z Ji (6.5.13)
A? i=1

where we set

= (6 =) [ Vil — y)K(w9)(alas +ala,) + e
AZ

and Jo,...,Jg denotes the remaining expressions in curly brackets. For the error term J; we
use that
+ (O — 1) < TV=M/2,

Hence, by the Cauchy—Schwarz inequality

£, < 0IK o [ Vil = ez + 57K [ Vita = )00 = Datas(6as = 1)

N2

6.5.14
7 (6.5.14)

< 05%/\/ 4 cafl%NnN >M/2 Cd%f\f L 05

for all 6 > 0. Similarly we bound the error terms Jy through Jg with the aid of the Cauchy—
Schwarz inequality using that A, ¢~1, Mn~' < 1. For any § > 0 we obtain

2 2
+J, <ot sup | Ky |l2N < CA%Ng % <%> N,

+J5 < C5—1||Vz|!1 sup || Ky |30 (N + 1)%02s + 6Qu,
Y

<OQ4+ ca*% (%)2 (N +1)

2
01 < COu Vil sup [ Ko |2 (N + 1) <ONE(T) W),
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For J5 recall the bound (6.5.7). With d5 > 0 appropriately chosen

+J5 < C55_1/ Vi(z — y)Omalay(N + 1)ayazOy
A3
405 [ Vil eV 4+ ) K (v, )
A3
2

< 055%dr(—A) + O5 00 (N + 1)30y
n?M?
64

= pd['(—=A) 4+ Cn~t (N +1).

for any n > 0. For Jg we use the pull-through formula a,85;(N) = 0y (N + 1)a, which yields

[asayaq, Orrlaya® (Ky)ay, = azay (0 (N + 1) — Oy (N + 2)) azaya™(Ky)ay
= ayay (O (N +1) — Oy (N +2)) (0a0 + apaq)a” (Ky)ay
= Oppayay (0N +1) — Oy (N + 2))a*(Ky)ay
+ ajasay (0 (N +2) — Op (N + 3))aga™ (Ky)ay.

By the smoothness assumption on #3; we can bound

100N +4) — O (N + )|, < CM i —jl, 4,5 € N, (6.5.15)

op

for some constant C' > 0. Therefore,

[ Vit~ )laiajan bulaia’ (K)o, + e
_ /A Vi — gata’ (0ar(N + 1) — Oar(N + 2))a* (K )ag + hec.
+ /A Vile — y)asagal (On N +2) — 0 (N + 8))aza’ (Ko )ay + he
<0Qu+57" [ Vile —y)ataln) OuN + 1) = 0N + )" (K)o,
L 5Qu 45! /A Vil — y)ata(K,)as (0n (N +2) — a0 (N +3)) (N + 1)
X (0N +2) — O (N + 3))aza™ (Ky)ay
< 20Qq + C5 | Vil 1 M2 (@)2 (11(/\/ < 2M)(N + 121N < 2M)

~

FLN — 1 < 2M)N + D)MWV - 1< 2M))

pY <§>2 (N +1).

]M
5
g

<20Q4+C 7

Let us now consider the second part of Jg containing [a}aya,,0ys]. Computing the commutator
and normal ordering the expression one sees three terms appearing. One may be bounded as
above and the other two as

£ O+ 1) = 0u(N) [ Vile = K505+ ) + e <
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with the Cauchy—Schwarz inequality and || K ||cc < C'n and

+ (0 (N +1)

— O (N / Vi(x — y)asayay (az K (v,y) + ay K (v,x)) + h.c.
A3

< C(56_1M£_1 +56/ Vi(x — y)atai(N + 1) aga, K (v, y)?
A3

< Oes 7 dF( A)+Co5 et

= ndl(=A) + O~ 'n? Mo,
for any 1 > 0 using (6.5.7) as in the analysis of J5. We conclude that

2
] < C6Qu + 05—1% ("

B 1.9 nN
g) (N +1) +ndD(=A) + Oy~ tn?M e + CH T
With (6.5.13) we have

/ / ~Be[Qs, BelePedsdt
= 2/ / e~ 5B (/ Vi(x —y) K (z,y)(aya, + a;ay)> e*Bedsdt
A2

/ / Z JiesBedsdt. (6.5.16)

Collecting the bounds on the error terms, we obtain with the aid of Lemma 6.16 and Lemma 6.17
1 1 6
+ / / e 5Be Z JieSBedsdt
0o Jt P

< O3 (Qu+ N +1) +0dl(~ A))+0512W+051MA(2)3(N+ 1)
+ O (Qu+dr(-a) +

n
2M2 2
%(N+ 1)) +Cn‘1n€4 (N +1)+CA\2 (%) N +1)
where we have used that 6, M ~! < 1. We choose n = ¢. In particular n'n?M?2/=* < onl~
that with § < 1 we find

/ / Z Jie*Bedsdt

N +1)2 M 3
<C6 (Q4+ NV +1 ))—FC(le(;&)—f—Cdln/\ (%) (N +1)

+ %(N+ 1)) + O\ (%)2 (N +1).

The first line of (6.5.16) as well as the first term in (6.5.9) can be estimated with the aid of
Lemma 6.20. One readily checks from the elementary properties of K in Lemma 6.4 that the
various operators (taking the place of A in Lemma 6.20) are bounded by Cnf~!. Therefore

(I)C =

+Co (Q4 dAT(—A)

Vi(z —y)K(z,y)(asas + ajay) +dT (an *ud + nVy — 87Tan>
A2

1 rl 6
+ / / e Be ZJieSBCdsdt + Jr
0 Jt i=1

(6.5.17)
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with )

1/n
<ON (= .
+Jr < OAB <£> N +1)

The first line of (6.5.17) can equivalently be written as
* * 2 =5 n
Vi(x — y) K (z,y)(aya. + ayay) +dT (an kug +nVy — 87Taz>
A2
- 87ra%/\f +2dl(h) + Jg

where h stands for multiplication with the function h in (6.3.7) and

Jo= [ Vila—y)(n+ K(w.9)) (@b, ~ aja) dody
A2

Using the bound on A from Lemma 6.6 and the Sobolev inequality (6.4.37) we find

+d0(h) < C||hl3/2dT(~A) < Codl(~A).

For Jg we shall show that operator inequality
n

+Js < Cop

dI'(—=A).
Indeed, Jg = dI'(S) and for f € H(A)

(188 = =5 [ Vil =)o+ KG@.u)lf(a) = f(3)Pdady
1 2
<on [ Ve )| [ ittty - - ] asay
A2 0

1
<Cn / / & — yPVile — 9)|Vf(z + tly — 2))Pdedydt
0 A2

1

< Cnt? / / 1a( + 9)La@)Ve(@) [V f(z + y — o) Pddydt
0 R3xR3

< Cnt |V 2.

Combining all the estimates, we conclude the proof of Lemma 6.21.

6.5.3 Analysis of (II).
In this section we analyze the term
(I), = e BeQqele = e*BC@g)eBC + echégbc)eBC

appearing in (6.5.4), where we decompose @2 = @gﬁ) + @S’"’)

(6.5.18)

(6.5.19)

(6.5.20)

as in (6.4.5). As we will show

below, the cubic transformation leaves Qo essentially unchanged. However, after its action the

boundary term Qvgbc) can be absorbed into the error terms. More precisely, we have the following

lemma.

Lemma 6.22. Assume that A (%)2 < 1, that 2R/ < XA < 1/4 and that ¢ is large enough. Let

o<1 asin Lemma 6.15. On F+ we have

(), = Q) + £
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with

+£(Q2) ¢ i@l +Co (dF(—A) Qi+ N+ 1))

l
n3/2 n2

ro(Qur T D) veon (DY Wy oxt w0l

forall0 < <1

Proof. With the aid of the Duhamel formula we can write
5 50 4 509 [ b
e PeQue = Q7 + Q37 + / e P [Qq, BelePedt.
0

We will bound all terms except the main one QQ Let us start with Q(bc With the aid of the
pointwise bound (6.4.24) and the Cauchy—Schwarz inequality we obtain

2

~(bc C * % 1
ng’): </ Q(b aay—i-h.c.><4Q4—|—CT£2

where we used that [, Vy(z — y)[1 + €d(z,0A)] "2 < C¢2. The explicit prefactor 1/4 is chosen
for later convenience. Next, consider the commutator

@aB) =02y [ K@ w)(@uaiaia] +he+nHGabu] [ K wigae +he
A2 A2
(6.5.21)
The first term of (6.5.21) equals

3
n 2GM/ QQ Xz y)K(U w)[axay"’_away’%; wQU]+hC _ZR

=1

with
m-ont [ Qe wa( (K, )asgy — qata" (K,)
. / i (16003~ [ (ot + [ R, + Ko, — a5 ) + e
/ QL) (x yeM( (Kx)aqu—an*(Ky)a§> +hee,

/ Q (z,y 0M</Aq:ja*(Kv)a;—i—/Aqu(v,x)ayqv—/Aa*(Kv)aqu

+ K(z,y)qy — q(Kx)> + h.c.

Since all expressions are normal ordered, we can again replace ¢, by a; on Fy.

Let us start with estimating R;. Recall the bound (6.4.23). For z € A fixed we have
Al (L}, |<x) < CA?dD(=A) on Fy by (6.4.37). Using this and sup, || K.||2 < CA\Y2n /0 from
Lemma 6.4, we can bound all the cubic terms in a similar way. Let us bound for example the
first one. Recall that 6y = 05/(N) and note that 6y, (N)a*(f) = a*(f)0m (N +1). On Fi we
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have
+ 2,7 1/2 / QY (z,y)0hra* (K, )aza, + h.c.
A2

<ot (5 / @ (Ky)a(Ky)pyjon + 07 0u (N +1) / ﬂx-mgwia;ayaz)
A2 A2
< On'PAT37 (SN 22N 4+ 67T MA2AD (- A))
< CnMY2=3/2 (dr(—A) + %N)
n
< _ _
< Co (ar(-a) + eN> :

where we chose § = A\~ tn=1/201/2)0f1/2 and used MAn2¢~2 < 1. The other cubic terms can be
bounded in a similar way. We proceed with the linear terms in R;. We find

+ 2n~1/2 /1\2 Qg) (z,y)K(z,y)0nmay + h.c.
<on'Pa3! <5 /M Ly yjcraiay + 06 /A2 K(:U,y)2> < OXN'R320 N+ 1).
Finally, for the last term in R; we have by the Cauchy—Schwarz inequality
190" /AQ QY (z,y)0ra(Ky) + hee. < Cn' /2072731 j<xlh sup [ Kzl (N + 1)
< ONV2R3/202 (A 1) € ca%(/\/ +1).

This in particular shows that £R; < Co(dl(=A) + 2(N + 1)) + CA~1n3/2072(N +1).

Let us proceed with the analysis of Re. Using the pointwise bound @ch)( y)| < CnVy(x —

y), we see that we can bound the two terms in Ry using Q)4 because of the presence of a,a, or

ayay. From the Cauchy-Schwarz inequality, we obtain

+Ry <O0Qa+ 6" 1CnsupHK I3I1Velli (N 4+ 1) < 6Qq + 6~ 1C/\ (/\/—i— 1).

It remains to study R3. The first three terms in R3 are bounded similarly as their counterpart
in Ry, that is

+on72 / Q(bc (@, y)0m (aya™(Ky)ay + ayK (v, w)ayay — a*(Ky)agay) + h.c.
< CMY?pl/? sup [[£€, o sup [ Vell s (A + 1)
Yy

C’)\éngMi(/\/Jrl)éCo%(Nle).

For last term in Rs the Cauchy—Schwarz inequality yields
ﬂ”_/ O (2, y)ra(K) + hec. < Cn? sup | K [l sup [Villi (A + 1)
T Yy

3/2
< C)\W%N < Ca%(/\ﬂr 1).
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Finally, for the fourth term in Rj3, we use the more elaborate pointwise estimate (6.4.24) on

@gbC)(x,y) and the Sobolev inequality from (6.4.37) for ®(y) = (1 + 4d(y, 3A))—5/6 o that
[®[l3/2 < Ct=2/3. With ||K||sc < n we obtain

~

+ 2n71/2 //\2 Qvgbc) (x,y)K(z,y)0may, + h.c.

y _ Vi(z —y)
< Cn¥? 5/\/ - Oy 51/ ‘
! ( v T om0 e (U td(y, 00

< Cn3/? (56*5/3dF(—A) + 5*16*2> 01—/2 <dF(—A) + (Z>2>

5/6
< Co (dF(—A) + (Zf) . f

In combination, we obtain

+Rs < Co (Z(N—f' 1) +dI'(—A) + (2)2) )

which concludes the bound of the first term of (6.5.21).
We now bound the second term in (6.5.21), given by

n"2[Qs, Or1] / ata* (Ky)ay + h.c.
A
=n3 / @ég)(ar,y)((ﬂM(N —2) = Oy (N))azay + h-c-) /A gya* (Ky)gy +hec.

et / Q%) (2. ) (00 (N~ 2) — O3 (M)t + e / gia* (Ky)qw + hoc.
A
=: R4+ Rs.

For the analysis of Ry, recall (6.5.15) as well as the pointwise bound (6.4.23) on @ée) and
AT (L}, . |<x) < CX2dI(—=A) on Fy, from which we obtain

n‘é/ @g)(az,y)(eM(N— 2) GM(N))axay/ aya*(Ky)a, + h.c.

A2 A

< 06 (QM(N 2)_61\/[( ))2|©§ (‘T y)’ax a,a U(N+1)avaya$

e [ 138 @ latal) 0 + 1) e (5,

S OSM™21L (N =2 <2M)nl A Y(W +1)2dT0(=A) + C6 1 sup | KL | 3NV + 1)m
zEA

< OSMnl IATHT(—A) + C5 A2 3 (N + 1)
< OMY2ne=3/2 (dr(—A) + %(N + 1)) < Co (dr(—A) + %(N+ 1)) .

The same estimate holds for the a,a, term in R4 after normal ordering the expression. The
terms generated by the commutators are similar to the ones already appearing in R; and satisfy
the same bound. Therefore we obtain

3/2
+Ry < Co (dr(—A) o %(/\/Jr 1) + A_l%M_l(N—F 1)) :
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For Rs we use the pointwise bound |Qv§bc) (z,y)] < CnVy(z —y) and the Cauchy-Schwarz in-
equality to obtain

é/ Q(bc) (z,9) (0N = 2) — Oy (N))a; ay/af)a*(Kv)av—i—h.c.
A

<9 Vo(z — y)(@M(N —2)— HM(N))za;a;az(N + 1)ayaya,
A3

4 C’5ln/ Vil — y)aza(K) (N + 1) a* (K, )ay
A3
S COM2U(N — 2 < 2M)(N + 1)2Q4 + C6~ 1)\ (N+ 1)

3
< CoQy+ 5*1(/’)\%3(/\/ +1).

As in the case of Ry, the aza, term of R5 is bounded similarly as the term above after normal
ordering. The terms arising from the commutators are of the of type of the ones appearing in
Ry and R3, we therefore omit their treatment. In total, we find for all § > 0

+R; < 0Q4+ Co~ 1/\ (N+ 1)+ Co <Z(/\/+ 1) +dI'(=A) + (Z>2> ;

which is the desired bound for the second term of (6.5.21).
In summary, we have shown the lemma with

~ 1 5
£{@) = QY + / e~ 3" RietPedt.
0 i=1

Applying Lemma 6.17 and Lemma 6.16 to the R; and simplifying the error terms using § < 1

we conclude the bound on the error term SC(QQ) as stated in Lemma 6.22. ]

6.5.4 Proof of Lemma 6.15
We are now ready to give the proof of Lemma 6.15.

Proof. Recall the notation introduced in (6.5.4). The two main terms (I)
analyzed in Lemma 6.21 and Lemma 6.22 respectively. Recall that

. and (II). were

dI'(-A) = Z p2a;;ap.
pemNg\{0}

Moreover, by (6.4.5) and Lemma 6.5

n ~ * ok
/ Q (z,y)aza, +h.c. = 5 Z een(p)aya, +hec.,
pGWNg

which becomes the pairing term in the Bogoliubov Hamiltonian (6.1.29) when restricted to F.
Hence we have

e BeeBryePreBe = dman®071 4 Hpog + Qu + E. + 50@2) + (III),
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with the two error terms =, and EéQz)

It thus remains to estimate

estimated in Lemma 6.21 and Lemma 6.22, respectively.

1
(I, = /0 e~ tBe (Q3 + [dT(=A) + Q4,BC}>etBCdt + e Begrefe = (1), + (1),

where we recall that &; satisfies (6.4.3). We deal with the two terms separately.

Estimating (III), . From Lemmata 6.18 and 6.19, we obtain
Q3 + [AT(=A) + Q4, Be] = (1 — Ou) / Vil — y)ajaya, +he + ETTA) 4 £(Q0,
A2
As in (6.5.14), we use that (1 — 6,)1¥V<M/2} — 0 to obtain

2
+(1 - HM)nl/z/ Vi(z — y)azaya; +h.c. < 0Qq + Co~ 1N
A2 ¢ M

We may now combine Lemma 6.16 and Lemma 6.17 with (6.5.5) to bound (III), as

(), < C5 (Qu+ SN +1) +0dl(-4)) +05—1Z(N;21>2
+ Co (Q4 +dIl'(=A) + %(N+ 1))

6_1Q(N+ 1)2

<00<Q4+dr(—A)+%(N+1)>+C§<Q4+ (N+1))+C YERST,

Estimating (III),,. We apply Lemmata 6.16 and 6.17 to (6.4.3) and find

“BegieBe < C(6 4+ 07N+ en” )(Q4+ (N +1) + odD(— A))

2 n n
+051<W21)+W;€1) () )WH)*C“(%)QU)(N“)
+Cn?2 W+CU<Q4+C1F( A)+ %<N+1)>
+Ce! Z C’(%) log ¢

(NZ Dy (/\/7;1)2 +A (2)3> N +1)

+Co (Q4 +dD(—A) + %(N + 1))

< Q C&(Q + - (N+1)>+610<

n

+ N2 <( ) N+1)+anM

¢ 14

o ((3) s+ 1),

Here we used & < 1 for the second inequality and we set ¢ = (5C')~! so that for £ large enough
we have C(4~1\% +en™1) < 1/4.

We now have obtained the necessary bounds on (III), = (III), + (III),,. Combining them
with the estimates of (I), and (II), given by Lemmata 6.21 and 6.22, respectively, and using
M < n, we conclude the proof of Lemma 6.15. O
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6.6 The Second Quadratic Transformation

In this section, we diagonalize explicitly the Bogoliubov Hamiltonian in (6.1.29),

n 1 R 1 neg(p)]?
Hpog = Z (p2 + 87ruz> apap + B Z neg(p)(ayay, + apap) + 9 Z |2p(2)|

p#0 p#0 p#0
We define
1 *
By = 9 Z pp(aya, — apap), (6.6.1)
p#0
where
1 A
op=sinh (), v, = — | = | ——2—x -1, (6.6.2)
A2 - B2
A, =p? +8ranl™, B, = nega(p). (6.6.3)
Note that we have
|B, — 8mant™!| = |neyx(p) — nerx(0)| < Cmin{1, \?p*}ne 1, (6.6.4)

which follows from the radial symmetry of € and |egx(z)] < CA7307 M <y, see (6.2.9). In
particular for A\?n¢~! small enough we have A, > |B,| for all p # 0, and the formula of v, in
(6.6.2) is therefore well-defined.

The main result of this section is the following lemma.

Lemma 6.23. Let A\,n,{,0,& as in Lemma 6.15, assume that A is small enough and let W =
eBreBeeB2 Then

W*HW = Epy + AT (Epog) + € 52 (Q4 + €. + &) 22

on Fi with
AT (Eog) = Z VPt + 16mant—1p? aay,
p#0
1 8ranl~1)2
Epo=4man0~t + = Z Vpt + 16mant—1p2 — p? — 8ra + (8mant™ )"
’ 2 14 2p?
p#0
(6.6.5)
and

1
ny 2 ny3 9 (MN\5/2
< - - - .
+&) \C')\<(£) +1>N+C)\<€> +ox (4)
Let us first state the following lemma, which will be proved at the end of this section.

Lemma 6.24. Let A (%)2 <1, 2R/0 < X\ and X\ be small enough. Then we have

BN 1 1)eFP2 < O ((Z)é + 1) N+C (Z)g (6.6.6)
and
n\ s n\ 2
e B2dD(—A)ef2 < C <(e) gt 1) dT(—A) + O (Z) . (6.6.7)
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Proof of Lemma 6.23. From the assumptions on A(%)? and A we conclude that A?(%) is suffi-
ciently small for ¢, in (6.6.2) to be well defined. Given (6.1.29) and (6.6.1), the action of the
transformation €52 on Hp,g is standard, see e.g. [86, Section 3]. It gives

e*BQHBOgeB"’ = €Bog + Z epayap (6.6.8)
p#0
with
1 1 (nega(p))?
o= =B enos =53 (A3 B - A 53
p#0 p#0

where we recall that A, and B), are defined in (6.6.3). We will use the following lemma that we
show after the proof of Lemma 6.23.

Lemma 6.25. Let A (%)2 <1, 2R/ < X and X be small enough. We have the uniform bound

2

sup |e, — /P4 + 167Tan€_1p2‘ <ol (6.6.9)
PpER? 14
as well as
1 8 g—l 2 3
CBog ~ 5 Z [\/p4 + 16rant—1p2 — p* — 87ra% + (7ra27;2)} < C)\Z—g. (6.6.10)

p#0

Starting from (6.5.2), using the identity (6.6.8), the estimates of Lemma 6.25 and the bounds
of Lemma 6.24, readily imply the statement of Lemma 6.23. O

We end this section with the proofs of Lemmata 6.25 and 6.24.

Proof of Lemma 6.25. Let us start by showing (6.6.9). Using |[v/1+x — 1| < |z| for all z > —1
and (6.6.4) we find

‘ep —Vpr+ 167ran€—1p2‘

_1 no no
< (ot + 6mant ") fsma? 4+ ()87 — nE (0
o n2 n2
< C (p* + 16mantp?) "2 )\2p2£—2 < C’)\Qﬁ,

which shows (6.6.9). To prove (6.6.10) note that

n  (8man/l)?

T 1= 2€Bog — Z \/p4 + 16mant—1p2 — p? — 87raz + 52
p#0 P
o ( \/1 ., 167rc;n/€ | (8wan/2)? —4(n€g,,\(p))2
b b
p#0

) \/1 | 16nan/e _ (Sman/0)? - (T@,A(P))Q)

p2 2p4
The Taylor formula readily gives

o(x) = v(y) = v(0)(z — y)| < Cllo" ol — yl(J2] + |yl)
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for v € C?(U),U C R open. Applying this inequality to

1 8 0)? — (ng 2 1
v(z) = VIT 2 with ¢ = 2079/¢ | (Bmen/O)” = (néea(p))” - _ 16man/t
and using (6.6.4) yields

< oy plEmen/

4

2 4

(néea(p))?] (216%”/5 N |(8man/0)? — (n&,x(p))2|>

pord p p p
n/l n =N n/l+ \2(n/0)?
< Czpz/ﬂ%% — e (p)| </2(/)>
220 p p
n no . _
2)? Z |87Taz — néga(p)|p™
p#0
UaY: . 2,201 4 T\3
= =z < =z
) Zmln{mp}gp SO
p#0
which concludes the proof of (6.6.10). O

Proof of Lemma 6.24. The action of the quadratic transformation B2 on the creation and an-
nihilation operators is given by

oFB2 azeﬂﬁ = cosh(pp)a,, £ sinh(pp)a,
Thus

etB2NeFh2 = Z (cosh(ep)ary & sinh(py)ay) (cosh(pp)ay, + sinh(pp)ay)

p#0
= Z [(cosh(gpp)2 + sinh(cpp)Q) a;ap + cosh(yp) sinh(cpp)(a;a;‘, + apay) + sinh(cpp)Q]
p#0
<2 Z [(cosh(gp)? + sinh(gp)?)ana, + sinh(p,)?] . (6.6.11)
p#0

To verify (6.6.6) it remains to show that

1
cosh(ip)? + sinh(ipp)2 < C ((’;) 2 4 1) , (6.6.12)
3
Y sinh(g,)? < C (@) 2 (6.6.13)
4
p#0
Let us prove (6.6.12). From (6.6.2) we have
cosh(p,)? + sinh(p,)? = 2sinh(p,)? + 1
1 p* + 8man/l
- |p‘ (8man/l)? (ne (p))2
\/p + 16man/l + LA
1
< |p‘_1 p +87TC177,/€ 1—|—87TCI p ( 2 + 1)
VP + 8ran/l

Here we used p~2 ((8wan/{)* — (negx(p))?) = —8manl~!, which follows from (6.6.4).
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To prove (6.6.13) we use again (6.6.2) and divide the sum into momenta |p| less or bigger
than (n/ﬁ)% For small momenta we have

Z sinh(yp,)? < C Z (\/ 14 8man/lp=2 + 1)

1 1
0<|pl<(%)2 0<|p|<(F)2

<C Y (t+sman/ipt) <o(3)0 (6.6.14)

1
0<|pl<(%)2

Njw

For large momenta we use |v/1T+ 2z —1—z| < 2% for z > —1 as well as and |v/1+x — /T +y| <
Clx —y| for z,y > —% to obtain

n
h( < 2 4 8ra— — p?
> sinh(pp)? > pp+7ra€p
Ipl>(%)3 Ipl>(2)2

\/1 N 167rc;n/€ N (8man/l)2 —4(n€e,>\(]3))2
p p

8mran/l 16man/l

- P

1+

3 | e 16man/¢ | (8mn/4)2;4(na,k(p))2 - \/ |, L6man/t

p? p?

[\
Nlw

/
Q
NE
S
IS
N
Q
/N
~| 3
N—

Ip|>(2)2

This concludes the proof of (6.6.6). The bound (6.6.7) is proved similarly. Proceeding as in
(6.6.11) we obtain

e~ B2dr(— <2 Z (cosh(yp))? + sinh(tpp))Q)a;ap + p? sinh(gop)Q]
p#0

<o((3) +1)arem+o(f)x

given that

2
Zp2 sinh(yp,)? < C (%) AL (6.6.15)
p#0

which remains to be shown. We have

(8ma(n/0))* — (néga(p))”
p4
n (87Ta(n/f))2p4 (nee(p))?

1+ 8ma(n/f)p~2 — \/1 + 16ma(n/l)p=2 +

2

2p® sinh(g,)? = p

\/1 + 16ma(n/l)p—2

Let us define

N[ =

v(z) =1+ 8ra(n/l)z — (1 + 16ma(n/l)x + ((8wa(n/l))? — (n/e\g’)\(p))Q)ﬁ)
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—2

Taylor expanding at x = p~~, we obtain

U(CC) (nef,g(p)) $2+R(CC)
with X
[B@)| < s [y’ <O (F) o
0<y<p—2
Thus

29 sinh(i,)? < AP o (1) s

which immediately implies
ne, 2 n\3
> sinn(e < 3 URPE o (7))
p#0 p#0

From the assumptions A (%)2 < 1 and A small enough, we find (n/f)3 < A\~(n/f)2.

As we argued in the proof of (6.4.27), we have € )(p) = af_lf()\p) for a fixed function
f € C*(R?), and hence

(n€e\(p))? (nega(p))? 1 (nega(p))? 1 (nega(p))?
I ) /. v L

2 2 2 2
= v (2) 2p (2) 2p
2 2 2
<C (ﬁ) +ox (ﬁ) <o (ﬁ) . (6.6.16)
14 14 l
This shows (6.6.15) and consequently completes the proof of Lemma 6.24. ]

6.7 A-Priori Estimates for Gibbs States

Recall the definition (6.1.2) of H,, ¢, and the one of U in Section 6.2.3. We introduce the Gibbs

<
state on F}"
H,, o H

n, n,l
[ =e 72 /Tre 72, H,y=UH,U* (6.7.1)

It minimizes the Gibbs variational principle and yields the free energy on the box A, as in
(6.1.3).

The analysis of H in the previous sections will be used in Section 6.8 to control I' on the
sector of few excited particles. This section, on the other hand, provides rough a priori estimates
on the kinetic and interaction operator, which are helpful to control the sector of high particle
number. Moreover, we derive complete BEC for I' given that the thermal contribution to the
free energy is subleading. We shall see that this is the case as long as n is not too small.

6.7.1 Rough Kinetic and Interaction Energy Estimates
Lemma 6.26. Let 0 < n < Cpl? and ¢ = a(pa®)~1/2=%. Then we have

Hy, e S (AD(=A) + Qq + n?al™') SH,yp + nal™! (6.7.2)

<n
on F".
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Proof. Recall from Lemma 6.3 that H, , = ]li"?—[]li", where H is an operator on F defined

in (6.2.17). We shall show that all the terms n2V2%, @, H{") Q,, Q) and £, when
restricted to ff", are bounded by eQ4 + C.n?¢~! with € > 0 arbitrarily small .

First, the constant n?V, %% is bounded by n?||V¢| ;1 < Cn?¢~!. Next, from the bound
(6.2.18) in Lemma 6.3, with ¢ replaced by ne , we have

W) < Cnz(N +1)207 +eQy + Ce Lo (6.7.3)
on F for all € > 0. For HéU) we have /\/'nVEOOOO < CNnt—1 and

£ [ Ve - g)ata, < nlVillLA < Cnt
A2

* 1 * * —
:I:/ nVi(x — y)aya, < 2/ nVi(x —y)(araz + ayay) < Cnl™N,
A2 A2

1 * % € * ok 1 2
+ <2 . Vi(x — y)azas N + h.c.> <5 //\2 Vi(x — y)ayayazay + % /A2 Vi(z — y)N
<eQq+ Ce T IN?

so that
+HY) < Ol IN + eQu + Ce N2 (6.7.4)

on F for all € > 0. Moreover, by the Cauchy—Schwarz inequality

+Q:1 < / nVy(x —y)(N + 1) Ve a, (N + 1)~/ +/ n*Vo(z — y)(N + 1)1/?
A2

A2
O 4 12, (6.7.5)
g * % 6_1 2
tQ < 5 [ Vilr —ylagayazay + —-n" [ Vi(z —y)
2 Jp2 Y 2 A2
<eQq+ Cetn? (6.7.6)
+Q) < ;/ Vi(x — y)aya,azay + 25_171/ Vi(z — y)azae
A2 A2
<eQs+ Celnl N (6.7.7)

on F for all € > 0. Restricting these bounds to ]:f" where N’ < n we find that
+(H, —dI'(—A) — Q4) < Qs + Ce tn207t
on F3" for all 0 < ¢ < 1, which implies (6.7.2). O

6.7.2 Bose—Einstein Condensation

Lemma 6.27. Let T be as in (6.7.1) with (pa®)V/*/2(pf3) < n < C(pl3), £ = a(pad)~1/2-~
with 0 < k < 1/34 and 0 < T < (pa)(pa®)™ with 0 < v < 1/12 — 5k/3. Then we have

Tr (N4 T) < Cn(pa’)?, (6.7.8)
with v = min{1/10 — 2k — 6v/5,1/17 — 2k} > 0.

In the dilute limit pa® — 0, Lemma 6.27 implies that Tr (N .T') is much smaller than n, the
total number of particles. This is equivalent to complete condensation of I', namely all but o(n)
particles occupy the zero-momentum mode.
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Proof. From the method in [63] (see also [58, Lemma 5.2]) we have the a priori knowledge of
condensation on L2(A™)

Hyy > 4ral™'n? + C7IN, — Cnpal®(pa®)t/17. (6.7.9)
Since UNLU* = N, the same bound holds with H, ¢ replaced by H,, , = UH,, ,U*. We obtain
C~'Tr (V4T < Tr (H, ,T) — dral™'n? + Cnpal?(pa®)t/17,
Therefore, it is enough to show that
Tr (H, (T) — 4wal™*n? < Cn(pa®)t/10-20=6v/5, (6.7.10)

In order to prove (6.7.10), we will use the following upper bound on the ground state energy
[58, Theorem 2.2]

2Fy(n) < inf o(H, ) < 4man0~t + Cn(pa®)'/3. (6.7.11)
From the Gibbs variational principle, we have that for all € > 0
ETr (AT(—A)) — T2S(T) > T log Tre” TECA) 5 _oT5/25:-3/2,
which follows from the bound

S~ log Tr e AAN(=4) — _pg-1 Z log (1 — eiﬁp2> < CBo? (6.7.12)
pemNG\{0}

for some C' > 0 and all g > 0.
We can now prove (6.7.10). From the Gibbs variational principle we have for all 0 <& < 1

Tr (H,,, I) = (1 + &) (Tr (H,, L) — T¢2S(I)) — (¢Tx (H, L) — (1 +¢)T¢2S(T))
< (L +e)?Fy(n) — (Tr (dD(=A)T) — 2T¢*S(T))
< (1+e¢)info(H,y,) — (eTr (dT(—A)L) — 27¢2S(1))
<(I+e) (47ran2£_1 + Cn(pa3)1/3) + Ce™3275/2,

Taking € = (pa®)'/10-6¥/5 using that (pa®)'/4t/2(pf3) < n and our assumptions on £ and T,
we obtain (6.7.10) from which Lemma 6.27 follows. O

6.8 Proof of Theorem 6.1
In this section we shall give the proof of Theorem 6.1. We denote Y = pa? and set

MO — nl—BOH’ M = n1—68m’ \ = YIOH, § = Y3n (681)
with x = 1/1000. Recall that T < pa(pa®)~ and £ = a/(pa®)1/?** as in (6.1.1) with v = x/5.

Moreover, let us first focus on the case (pa®)'/4t%/2(pf3) < n < C(pf?), which allows us to use
condensation in the sense of Lemma 6.27. The case of smaller n will be considered afterwards.

86



Case (pa®)/4+/2(pr3) < n < C(pf?):  We will combine the estimates in the previous sections
with the localization method on the number of excited particles in the spirit of [59, 56]. To be
precise, we fix smooth functions f, g : R>g — [0, 1] such that

1
f2+92:17 f(x):1forac<§, f(z)=0forz>1

and define
fuy = FNG/Mo),  gm, = g(N5 /Mo).

Recall the definition of the Hamiltonian H, ; and the Gibbs state I" in (6.7.1). Applying [56,
Proposition 6.1], we can write

e = faroHn e fro + 9r0Hn e, + Enty,s (6.8.2)
where
1 1 C
:l:gMo ==+ §[fM07 [fMO’Hn,EH + §[QM07 [gMoaHTL,éH < W[Hn,f]diag' (6'8-3)
0

Here [H,, /] diag is the diagonal part of H, ¢, i.e. [H,, ¢]diag contains the terms in H, ; that commute
with the number operator N. Recall the rough estimate (6.7.2)

Hye S dAD(=A) + Q4 + Cn’al ™. (6.8.4)

The diagonal part [H, ¢]qiag satisfies the same bound since the right-hand side of (6.8.4) is
diagonal. Thus we deduce from (6.8.3) that the localization error can be controlled by

+E, < % (AD(—A) + Q4 + Cn?al™!). (6.8.5)
0

Applying again (6.7.2) together with (6.7.10) yields
Tr ((Q4 4+ dT'(=A))T) < CTr (H, ,T) + Cn2al™! < Cn?al™! 4 ny/10-2=60/5  (6.8.6)

With the choice of My in (6.8.1) and the assumption n < Cpf3, a combination of (6.8.5) and
(6.8.6) gives

+Tr (E34,1) S nal™t 4 Y/10726260/5 <y =28 — O((pa)>/20°Y3F), (6.8.7)
Let us introduce the notation
Ffl\/lo = fmol FQMO = gmLl'gry, a=Tr (FgMO) =Tr (9]2\40F)'

We will see later that a@ > 0 is small. If @ = 0, then the analysis below can be simplified
greatly. Here we focus on the case @ > 0. Note that (1 — oz)*lffMo and oflngO are normalized
states. Combining (6.8.2) with the subadditivity of the entropy (see, e.g., [21, Theorem 14])
S(I) < STy, ) + 5y, ) and (6.8.7) we have

Fy(n) = ¢ *Tr (H, ') — TS(T)
> 02T (HyLpyy,) — TSTgyg ) + £ Tx (Hi Ty, ) — TS(Lg,, ) — Clpa)®/ 263y 3.
(6.8.8)
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By the Gibbs variational principle we can bound

02Ty (Hp,eLgyy) — TS(Lgyy,) = (E—QTr (Hnja_lf‘gMO) - TS(a—lI‘gMO)) + Taloga

> aFy(n) + Talog a. (6.8.9)

To analyze the terms involving I’ fay OD the right-hand side of (6.8.8), we use the following
formulation of the Bogoliubov approximation in the sector of few excited particles, which is a
consequence of the analysis in the previous sections.

Proposition 6.28. Under the choice of parameters in (6.8.1) we have
Hye > (1= CY")WAT (Epog)W* + En g+ O((pa) 207y "/?)

on ]-"_fMO, where W, Epog and Ey, 4 are defined in Lemma 6.23.

We postpone the proof of Proposition 6.28 to the end of this section. Let us introduce a
normalized state on JF
™ -1
r=(1-aw W*FfMOW.

With Proposition 6.28 and the identity S(I'y,, ) = SOV*I'y,, W) we can bound

02T (H o Tpy ) = TS(Tyyy ) = —T(1 = a)S(T) + T(1 — a) log(1 — a)
+(1—a) |21 = CY™)Tr (AT(Egog)T) + £ 2B, + O((pa)>263Y") | .
We use the Gibbs variational principle to obtain
£72(1 = CY®)Tr (AT (Epog)T) — TS(T) > £72(1 — CY ) Tr (dT'(Egog)T) — T'S(T,)
AT (Epog) —2v-50
> —TlogTre T Boel — CU™2Y"Tr (dI' (Eog) '),

with . .
1-CY»>” 1-CYy»v
I,=¢ 12 dF(EBog)/Tr e~ 1z dU(Epog)

We find that

(721 — CY™)Tr (AT (Epog)Tw)
=2072(1 — CY)(Tr (AT (Egog)T) — 2TS(T,)
— (0731 — CY™)Tr (AT (Egog)Ty) — 2TS(T))

1-CY®
2inf o (07%(1 = CY™)dT(Epog)) + 2T log Tre™ 2727 1 (Fbos)

<
< CT5/2€3’

where for the last inequality we used that info(dI'(Epog)) = 0 and (6.7.12) together with
dI'(Epog) > dI'(—A). Again with a calculation as in (6.7.12) we find
Ty (Hn,frfMO) - TS(FfMO)
1 -
>(1-a) [(PE+T ) log (1 _ ¢ T VP H16mant 17’2)

pemNG\{0}
+T(1 —a)log(l — a) + O3 (pa)>/?y"). (6.8.10)
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We claim that from (6.6.5) we have

128 n\ 5/2
Ep,—4 26*1—47<—>
‘ ; mTan 7T15\/77 ag

Indeed, for p € R? denote g(p) = \/p* + 16p? — 8 — p? + % and observe that

< C(”?f‘)g. (6.8.11)

1 , 128
— =4r—.
5 /]1%3 g9(z)d°z = 4~ T

>0

Then with i = (maZ%)~%/2 we have

128/ ny\5/2
M| E, , — 4 25—1—47<f>
‘ N Tan 7T15\/7>T ae

= |3 Z g(ph) —n3 /R3 g(z)d3z|. (6.8.12)

pEWNg\{O} >0

Elementary calculations show that

10:0;9(p)| = <Cp

-1 1 2p% + 16 64

256pip; [+ ) 40 | e — 2
pir (p3(16 +p2)32 pﬁ) ! (\/134 + 16p? p4>
With this we may compare the sum and the integral in boxes of size (7h)3 as in (6.4.27) to

bound the right hand side of (6.8.12) by C'h. Multiplying with 2> yields (6.8.11).
We can now insert (6.8.9), (6.8.10) and (6.8.11) in (6.8.8) and find

Fy(n) > foog(n, 0) — (1 — )~ [C€3(pa)5/2Y” + Tallogal + T(1 — a)|log(1 — a)@ . (6.8.13)
with fBog(n, ) defined in (6.1.5). From the BEC estimate in Lemma 6.27 and the assumption
T < (pa)Y ™" we obtain

a=Tr(g3,I) < CMy ' Tr (N, I) < Oy < CYy™.

The last inequality follows from an elementary computation using that n < Cpf® = cy —1/2-3s
and the definition of v = min{1/10 — 2x — 6v/5,1/17 — 2k} = 1/17 — 2k (for our choice of
parameters). In particular (1 — a)~! < C. Moreover, the last error term in (6.8.13) can be
bounded by

Tallogal+ T(1 — a)|log(l — a)| < CTa'? < CTY? < C(pa)®/263Y?, (6.8.14)
concluding the proof of Theorem 6.1 in the case (pa®)/4+V/2(pf3) < n < C(pl?).
Case n < (pa®)/4+/2(pf3):  For n = 0 the statement is trivial as the thermal contribution is

negative. For 1 < n < (pa®)/4t¥/2(pf3) we shall show that the thermal contribution dominates.
One easily checks that

_1 —
fBog(n, ) =T " log (1 — Tz VPHH1omant 11’2) + O (pa)>?Y).
p#0

in this case. Therefore, we ignore the interaction in the computation of the free energy for a
lower bound, which we are allowed to do since V' > 0. The Gibbs variational principle and the
calculation in (6.7.12) yield

il
Fy(n) > TZlog (1 - eT€2> :

p#0
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It remains to compare this quantity with the thermal contribution that appears in fgoe. For
p € R3, g € R>o we define the function

9(p. q) = log (1 —e Vv p4+qu> : (6.8.15)

Then
1 p2
VPt _ 1 2,/pt+ gp?

Note that the upper bound is independent of g so that by a first order Taylor expansion

-1 — 2
0< Tzlog <1—6WW> —TZIOg <1—e_713€2>

p#0 p#0
_ p  16mant™! P
- T;)g <T1/2£’ T g (Tl/%’ 0)

8ranl—! 1 an , s
< E < /243 _ 5/2y3y1/4-vy
S T T = < CT€3T Y4 O((pa)’/=e’Yy )
p#A0 T2 — 1

1 1
261’ -1

1049(p,q)| = (6.8.16)

This proves the desired bound. O
We conclude this section by giving the proof of Proposition 6.28.

Proof of Proposition 6.28. From Lemma 6.15 and Lemma 6.23 we have
H = Ep g+ WAD (Eog)W* + eP1ePe(Qy + E. + Ex)e Pee™ P (6.8.17)

on JF, where

QitétE> (; o+ 5)) Qs — Codl(—A)

oo o)) (B D) ey
o5 [ZNAT+(NZI>+(N;1)2+A(”)3] W +1)
AR o () e e (D)) ey

on F.. The condition n < Cp¢® and the choice £ = aY~%/?7% in (6.1.1) imply that naf~! <
Cpal? = CY 2%, Moreover, with the choice of the parameters in (6.8.1), we have

nMo
‘M

M
‘

from which one easily checks that

< ny{%Zﬂ7 CY4I€

% < ny*38n7

o= max{n1/2£_5/6,nl/QMé_?’/Q, )\_1/2711/2M1/2€_1} < COylos,
3/2

(o+6)£+A(<f)l/2+1)+ﬁ((7;)2+£)+>\— %<CY”

1/2
1 |nMy My Mg n 3 EM
5 { A5) |+

i SOY".
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Hence, (6.8.18) reduces to

1
Qu+E+&E > <2 - CY3“) Q4 — CY'9Rdr(—A)

2
—CY*" <1 + WJ\;”) (N +1) —CY *logY]. (6.8.19)
0

On the right-hand side of (6.8.19), the term involving Q4 is positive and can be dropped for a

lower bound. Now let us apply the transformation eB1eBe(- - - )e Bee=B1 and additionally restrict
<My

to Fr°. We have

2
1{N+<M0}66163c <1 + (N +21) ) (N"‘ 1)6—Bce—81]l{N+<Mo}
MO
2
< 1 NV+<Mo} (1 + (N]\}_gl) ) (N + 1)]1{N+<M0} < 01{N+<M0}(N+ 1)]1{N+<M0}
n\ 1/2 (Vs <Mo} oo (Nw<Mo) n\ 3/2
<C <E) 1) TVESModyp A7 4 1y V<M *C(Z)

< CTWV+SMo} (WAT (Epog)W* 4 Y —3) 11N+ <Mo}

by Lemma 6.8, Lemma 6.16, the first bound in Lemma 6.24 and the fact that ((%)1/2 + 1) N
is bounded by dI'(Epog). Moreover, we find

Ylo’iegleBCdF(—A)e*BCe*B1 < CY1or <(T£

< CYY"WAT (Epog)W* + CY ~4F

)"+ 1) WAr(-aw* +oy'oat (1)’

by the second bound in Lemma 6.24 and dI'(—A) < dI'(Egog)-
In combination with (6.8.19) it follows that

P1ePe(Qy 4 E + E)e Bee™Br > —CYV*WAT (Bpog)W* — CY 4| log Y| (6.8.20)
on FWN+<Mo} Tngserting (6.8.20) in (6.8.17) and using H,, , = 13"H1S" we obtain
Hpp = Epg + (1 — CY®) W*AT (Epog)V — CY " |log Y|
on FN+<Mo}  The claim then follows from

Y| log Y| = £2(pa)®/?Y*|log Y| < CL%(pa)®/2Y"/2,

6.9 Proof of Theorem 3.2

Let k = 5v = 1/1000 as in the assumptions of Theorem 6.1 and let Y = pa® so that £ =
aY ~1/27% as in (6.1.1). Since the limit Fy,(N)/L? does not depend on the sequence of N — 0o
with N/L? — p, we may assume without loss of generality that L/¢ is an integer and take
N = |pL3] + 1. This is helpful since we shall divide the big box Ay, into Mp smaller boxes Ay,
where now Mp = (L/f)? is an integer.

We claim that
FL(N)

L3

1
> g5 foox(pl®,£) = Cpa)*2Y", (6.9.1)
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where we recall that fpog is defined in (6.1.5). Assuming (6.9.1), Theorem 3.2 follows readily
from approximating the sum in the definition of fpog in (6.1.5) by an integral. This is done in
(6.9.3) in the following lemma. Furthermore, Lemma 6.29 contains a second estimate (6.9.4),
which measures the error made in replacing n by p¢? in the thermal contribution of the free
energy fpog. It will be used in the proof of (6.9.1) below.

Lemma 6.29. Under the assumptions of Theorem 6.1 consider

fhen ) =T 3" log (1 - eme VP HOTER) (6.9.2)

pemN\{0}

Then we have

030 5/2 :
fBog(P 0 T / log (1 e /p4+167r%p2) dp| < C(pa)5/2Y3” (6.9.3)
63 (27T)3 R3

and, for all 0 < n < Cpl3,

a —ov
FBog(n:0) = it (00, >‘ Cg(n = pl®PPY V4 + O (pa)> 2y 1475, (6.9.4)

We postpone the proof of Lemma 6.29 to the end of this section.
Proof of (6.9.1). Let I' be the Gibbs state of Hy, satisfying
Fr(N)=TrHyI' = TS(T),

where we recall that S(I') = —TrI'log" is the entropy of the state I'. We want to localize T
in smaller boxes. For this purpose we introduce a collection of disjoint cubes (Bi)lgjg My Of
side length ¢ forming a partition of A, that is A = U 1 Bj. Using that V' > 0 and the bosonic
symmetry of I we have

Tr HyT
Mp
. . N(N -1
> Z [NTrLf(Af) (ZV)xl]lBj (.’L'l)(ZV)xIF + (2)TI' LE(Ag) V(flfl - xQ)]IBj (flfl)]lBj (33'2)11
j=1

a nn—1
-3 zo e ay A+ 20 e - )
j—l n=

—ZZTTLQA” Ljn,

7j=1n=0

where we have denoted, for 0 <n < N,
N _ _
T, = <n>Trn+HN (11%;?11%? ”M%ﬂ’%n%ﬁ! ") (6.9.5)

with the notation Bf = A\ Bj, and where F( ) — Ty k+1—nl'jn. It is understood that Hy = 0
and H, = —A. Here Tr H,1';,, has to be mterpreted in terms of quadratic forms. Indeed, the

range of I'; ;, does not belong to the domain of the Neumann Laplacian, but it does belong to
H'((B;)"), the domain of the associated quadratic form Q(¥) =7_, f(B]-)n |V, V2.
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We will now use the subadditivity of the entropy [57]. Following the notation of [53, Propo-
sition 7], the state I'; = @520 ['jn is the 1p;-localization of I'. Since Z]Aisl I, =14, we
obtain that

Mp
SI) <Y ST ZZS jm
j=1 7=1n=0

(see e.g. [87, Lemma 4] and [41, Remark 25]).
Let us denote
o =Trlj,, Tj,= a_len,

which satisfy
N N Mg N Mg N
Trljn=1 Y ajmn=1 Y.> ajn=DMp, > > naj,=N.
n=0 7=1n=0 7=1n=0
From this we obtain that for all > 0

Mp N
EDSS {Oéj,n (Tr (Hp — pn)Tjn =TS (Fj,n)> +Tajplog Oéj,n} +uN

7j=1n=0

> Z Z |:Oéj,n(Fg(TL) — pun) + Ty log Oéj7n:| + ppL?

j=1n=0
N 1
—TMpg logze—T(Fe(n)—Hn) + upL?, (6.9.6)
n=0

where the last inequality follows from the Gibbs variational principle.
Let us take ;= 8map and denote ng := [20pf3]. For n < ng, we use Theorem 6.1 to estimate
Fy(n). We obtain

Fy(n) — 8mapn > fpog(n, £) — 8mapn — C3(pa)®?y"

_ 3 N 23 a 382 128 a%/? 5/2 (. 43\5/2
= frog(pt®, 0) — 8wap®l® +am o ( (n— pf)? + (n”% = (pt?)°%)

03 15y/7 (372
o (fie(ns€) = filsg(pl,0)) = CF o)y (6.9.7
> frog(pl?,0) — 8map®l® + 277213(71 — pl¥? — Ol (pa)®/ Y, (6.9.8)

To obtain (6.9.7), we inserted the definitions of fpoe and f]gl(l)g in (6.1.5) and (6.9.2), respectively,
and completed the square in the leading order of the free energy. The inequality (6.9.8) is
obtained, for Y small enough, by using (6.9.4) to estimate fBOg( l) — fBOg(p€3 ¢) and by
bounding

128 a®/? 5/2 3\5/2 a®/?
471—15\/7?@(“/ —(pﬂ ) / ) 69/2

a
63 (n - p€3) + 066 (P€3)3

In — pt3|(pt*)*?
< ﬁe%(n — 2+ CYV 3 (pa)®/?,

where we used the choice of ¢ and that v < 1/2.
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To deal with contributions from n > ng, we use the superadditivity of the free energy Fy(n),

Fu(n) > {”J Fu(no) + Fy(r) , (6.9.9)

no

which follows from grouping the n particles into [n/ng| subgroups of ng particles and one group
of 0 < r:=mn—ngy|n/ng| < ng particles, and dropping the interactions as well as the symmetry
constraint between particles in different groups. More precisely, since V' > 0 we have for all
states I' in L2(A™),

Tr H,, /T > |n/no|Tr (Hp, L)) + Tr (H,,LM), (6.9.10)

where we have denoted I'®) = Ty ki1snl for 0 < k < n. On the other hand, denoting I =
(r(mo)y®ln/nol @ T(") and using the non-negativity of the relative entropy we have

ST) = —TrTlogl < —TrClog I’ = |n/ng|S(D™0)) + S(1M), (6.9.11)

where we used that Tr wil,m,xikr = Tr ;I for any 1 < i1 < --+ < i < n because of the bosonic
symmetry of I'.  Combining (6.9.10) and (6.9.11), (6.9.9) follows from the Gibbs variational
principle. Therefore, for n > ng

Fy(n) — 8rapn > L:J (Fe(no) — 8mapng) + Fy(r) — 8mapr
0

n a Y
> | 2| (Fos(of,0) = 80 47 5y 0 = 89 = OF a1

| ﬂ'g(no — pf?)? = 8rapr — C13(pa)®/?,
no €3
where we used the lower bound for n < ng in (6.9.8) and that by Theorem 6.1

Fy(r) > fE(0,0) = CE(pa)PY" > —C(pa)*/?

with fltglgg defined in (6.9.2) and bounded as in (6.7.12). Now using that 19p¢3 < ng < 20p£3,
so that in particular

n n n
Z 5 2
{noJ 2ng ~ 40pl3

we obtain

Fy(n) — 8mapn > M)J (fBog(pﬁg, 0) — 8map*l® + 18%mapl® — C£3(pa)5/2Y”>

a

n 2(73\2 3(q)5/2
WW@ 18%(p®)% — 8rapn — C13(pa)®/2.

+

Since the term in parentheses in the first line is non-negative, we may replace the prefactor Lnloj
by 1 to obtain a lower bound. The result is then

Fy(n) — 8mapn > fpog(pl?,€) — 8map®t® + l%pcm — C(pa)®/?
> foog(pl®,0) — 8mapl® + %pan — OB (pa)*2Y", (6.9.12)

where we first used that 182/40 — 8 = 1/10 and then that pan — C3(pa)®/? > —C¢3(pa)>/2Y"
for n > pf3.
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Let us combine the cases n < ng and n > ng by inserting (6.9.8) and (6.9.12) into (6.9.6).
Using that L3 = ¢3Mp, we obtain

1

1
T3FLIN) = 3 foos(pl® ) - 0<pa>5/2<pa3>”

T _ _m
Lo (e 3
n>ngo

n<ngo

ﬂ\‘

")

It remains to estimate the last term above. We have

T 98 (n—pf3)2 _mpa T 1 _obe
ﬁlog<z e TP L N e 20T”> < Cpglog <n0—|—C(pa/T) le CT”O)

n<ng n>ngo

063 log (C’Y 12236 L oy Ve CY_1/2_3K+V> < C(pa)®/2Y3 7| log Y.

For the first inequality, we used that e ? <1 for # > 0 and that

—0(no+1)
—On __ € —1 7977,0
E e =T <0 e

n>no

for § > 0. The second inequality follows from pf3 < ng < pf® =Y ~1/273% and T < (pa)Y . To
obtain the last inequality, it was used that —1/2 — 3k + v < 0 and that T¢3 < (pa)®/2Y3+~V,
The choice of v concludes the proof of Theorem 3.2. O

Finally, let us provide the proof of Lemma 6.29.

Proof of Lemma 6.29. Recall the definition of ¢ in (6.8.15). Let us start by proving (6.9.3).
With the notation & = (T¢?)~1/2 we have

1 b \/p HL6mpalZp?

1 T
2 o (1 ViR dp‘
T R3

perNg\{0}
4 -1 _wp
<Cnt ) |mplT'e 2 <Ch (6.9.13)
penN3\{0}

Here we used that Vg satisfies the bound

2p%p + qp 1
VD qp? eVt g

4 2 2
VP W g1y

Vig(p,q)| = < <
[Vis(e.9) (Ve 1)

9

since z(e* — 1)~! < e/ for z > 0. Note that the estimate (6.9.13) is uniform in & > 0
and in particular does not require i to be small. The desired estimate (6.9.3) is obtained by
multiplying (6.9.13) with 7°/2.

Let us now turn to (6.9.4) and recall the bound (6.8.16) on 9,9(p,q). Again with h =
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(T0?*)~1/2 we have

'T Y log(l—erE VPR ST qop(1 — e VTl
PemNo\(0) penti\ {0}
na pa
< — ) - et
<t X o(tw i) —o(me )]
penN3\{0}

< %’n — pl?| Z sup |9q9(hp, q)|
penNa\ {0y 7°

< CT3/2a}n — p£3|

< C (7’1, o p€3)2yl/4 + C£3T3ay—1/4 < Cg%(” - p€3)2yl/4 + 063(pa)5/2yl/4—3u.

a
3
In the second to last inequality, we used the Cauchy—Schwarz inequality and in the last one we
used that T' < (pa)Y ~¥. This concludes the proof of (6.9.4). O

7 Proof of the Upper Bound

7.1 Introduction

Recall the main result Theorem 3.3

Theorem. Let V € L?(R3) be non-negative, spherically symmetric and compactly supported.
Let 0 < T < Cpa for some C > 0. Then, in the dilute limit pa®> — 0, there exist c,e > 0 such
that

128 75/ _Jpt g X6mpa
T)< 4rap? (1+ ——=+/pa3 | + ——= [ log|1— T dp.
f(p,T) mp<+15ﬁ pa>+(2ﬂ>3/ﬂ§30g( e p

+ c(pa)*? (pa®)".

We remark that the the proof of the main result Theorem 3.3, similarly as for the result on
the lower bound [39], also allows to take slightly larger temperatures, that is T < Cpa(pa®)™
for some v > 0 small enough. For the sake of simplicity we restrict our attention to T' < Cpa.

We have slightly relaxed the integrability condition on the interaction potential of [6] which
assumes V € L3(R3). This improvement comes from a different treatment of the scattering
problem: we solve the equation on the torus and our analysis only requires V € L?(R3) (see
Lemma 7.3). The restriction V € L?(R?) is also needed in the many-body analysis to prove
that several error terms are negligible.

7.1.1 Localization into small boxes and grand canonical ensemble

To show Theorem 3.3, it is convenient to consider a system confined in a smaller box Ay =
[-L/2;L/2]3, with L = p~7 and with periodic boundary conditions, in the grand canonical
setting, where the number of particles is allowed to fluctuate. If v > 1, we will show that an
upper bound on the small periodic box Az, implies an upper bound in the thermodynamic limit
by patching small boxes together, see Fig. 6. To work in the grand canonical ensemble, we recall
from Section 2.1 the bosonic Fock space

F(Ar) = @ L2 (Ar)=*
k>0
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and consider the Hamiltonian

* 1 i * *
H= Z p2apap + 5 Z V(T)ap—i-TaqanrTap (711)

pe %”23 p,q,re%%

on F(Ap). Here, for a momentum p € Q%Z?’, a, and a, are the usual creation and annihilation
operators satisfying canonical commutation relations.

Localization to the small periodic box Ay, is achieved through the following standard propo-
sition, which is proven similarly to [6, Prop. 1.2], see also Figure 6. For the sake of completeness,
we sketch the proof in Appendix 7.B, stressing the changes due to the fact that we work at
positive temperature.

Proposition 7.1 (Comparison to small periodic boxes). Let 0 < R < ¢ < L such that V(z) =0
forall|z| > R. LetT'r, be a density matriz on the Fock space F(ApL), i.e. a non-negative operator
on F(Ayr) with Tr Ty = 1, satisfying periodic boundary conditions and the bound Tr NTf, < oc.
Let

1
0i=————Tr NT;. 1.2
= Ty mp PN (7.12)
Then there exists a constant ¢ > 0 such that
FGT) < — (1 Hry TS| + 5 (7.1.3)
p? ~ (l; %—fzﬁ —F }%)3 r L L l;zfj e
for all T < Cpa.
‘9’1/3

////////////////

////////////////

s7777
2222222222272777.
1 272227227772777
2222222222272777.

////////////////

Figure 6: We obtain a trial state on the thermodynamic box €2 by first taking the periodic state
I'r on Ap from Prop. 7.2 and placing it in a slightly bigger box of sidelength L + 2¢. On this
box, we modify I';, such that it satisfies Dirichlet boundary conditions, while also not changing
its free energy significantly. Finally, we copy this state into boxes of sidelength L 4 2¢ + R,
where the slight increase of the box sidelength by R prevents interactions among them.

Taking into account Prop. 7.1, our main challenge is the construction of the trial state I'p
for the free energy functional on the small periodic box Ay with L = p~7. As discussed above,
to make sure that the localization error on the right-hand side of (7.1.3) is smaller than the
resolution we want to achieve, we will need to choose v > 1. In the next proposition, whose proof
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occupies the bulk of the paper, we construct the trial state I',. Its particle density is slightly
bigger than the desired density p in order to compensate for the extension of the box Ay that
was needed in Prop. 7.1 to switch to Dirichlet boundary conditions and to avoid interactions
among boxes.

Proposition 7.2 (Trial state on small periodic boxes). For p >0 and v > 1 we set L = p~7.
Then, if v is sufficiently close to 1, there exists € > 0 and a density matriz Ty, on F(Ap), i.e.
a non-negative operator on F(Ap) with Tr I'y, = 1, that satisfies periodic boundary conditions
and s such that

1
e p1 /2 5 Tr NTL — p < cop®? (7.1.4)

for some c1,co > 0, and

1 [Tr HT;, — TS(FL)] < dmap? (1

128 3.1/2 3\1/24¢
T gm0 epa®) )

T5/2 _ 16mpa
—i—/ log<1—e lpl*+ Tpp2>dp
R3

(2m)?

(7.1.5)

for some ¢ > 0 and for all T < Cpa.

Combining Proposition 7.1 and 7.2 we are ready to prove Theorem 3.3.

7.1.2 Proof of Theorem 3.3

Let v > 1 be sufficiently close to 1. Putting L = p~7, we conclude from Prop. 7.2 that there
exists a density matrix I', on F(I'y), satisfying periodic boundary conditions and the above
estimates (7.1.4) and (7.1.5). Setting now ¢ = L = p~7“ for some «a € (0,1) and defining p as
in (7.1.2), Prop. 7.1 implies that

5 128 T>/? i L6map
f(p,T) <47Tap2(1—|—7(pa3)1/2) + /310g 1—e \/m dp
R

15/7 (2m)3
+ C[p5/2+6 + p1+7+om/].

Moreover, by (7.1.4) there exists ¢; > 0 such that

~ Tr NFL
- > (+2)/2y(1 = 0pr) > (+2)/2 _ opltr—ar 5
P= T3 R)p (p+ecip ) P Zptap P p
for p small enough, if we assume o < 1/2. Here, we used that RL™' < (L' = p7=7,
Using that r — f(r,T) is convex (see [84]), that f(0,7) = 0 and that f(p,T) > 0 for our
range of parameters (see [39]), we have f(p,T) < f(p,T). Taking into account that v > 1 and
choosing o = 1/2 —n for a sufficiently small > 0, this concludes the proof of Theorem 3.3. [

7.1.3 Strategy of the proof of Proposition 7.2

The remainder of the paper is devoted to the proof of Proposition 7.2. In order to show (7.1.5),
it is convenient to rescale variables x; — x;/L. Particles then move in the unit torus A, i.e.
the unit box [~1/2,1/2]® with periodic boundary conditions. For convenience, we introduce
N = pL3 = p'=37 or, equivalently, L = N1~ with x = (2y —1)/(3y — 1). The constraint
on the temperature becomes T < CN~2t3% We conclude that the Hamilton operator (7.1.1),
acting on F(Ap), is unitarily equivalent to L~2H, with the new Hamiltonian

* 1 % * *
HN - Z p2apap + 5 Z VN(T)ap—l-'raqanrTap (716)
pEA* p’q’reA*

98



acting on F(A). Here, we introduced the notation ‘7N(r) = N_1+“17(T/N1_”‘) and we denoted
by A* = 27Z3 the set of momenta on the torus A. The condition v > 1 is equivalent to x > 1/2.

In the next sections, we will construct a density matrix I'y on F(A) that has the correct
expected number of particles and the correct energy. That is, we have the bound

clN?’“/Q_("i_l/Q) < TI“NFN — N < CQN?)H/Q, (717)
which is equivalent to (7.1.4) and also

Tr HNPN — TLZS(FN)

128
< 4 N1+K 1 o= N—2+3f€ 3\1/2 71.8
ma < + 15ﬁ( a’) ( )
_ 1 _
+ TN?72% Z log [1 — exp ( ~ TN VIp[* + 16maN#p2 )] + CNOR/2=2/2

NN/27€<|p|<NH/2+E

for all T < CN—213% and some fixed € > 0. Note that the restricted sum can be extended to
include all momenta up to a negligible error. Hence, rescaling and approximating the sum with
an integral, (7.1.8) leads us to the statement of Prop. 7.2. Note that, after rescaling to the unit
torus, the effective temperature is given by TL? = TN?72~,

To construct the trial state I'y, we will apply a strategy similar to the one used in [6] to
prove an upper bound for the ground state energy at temperature 7' = 0. The work [6] was
partly motivated by the results of [10, 7], establishing the validity of Bogoliubov theory in the
Gross—Pitaevskii regime, where the Hamiltonian takes the form (7.1.6), with kK = 0 (see [43,
19] for alternative approaches). The main observation is that (7.1.6) can be reduced, through a
series of unitary transformations, to a Hamilton operator that can be approximated by a linear
combination of decoupled harmonic oscillators when evaluated in our trial state.

Let us explain the procedure a bit more precisely; the mathematical details will follow in
the next section. First of all, since the temperatures under consideration are below the critical
temperature, we need to factor out the Bose—Einstein condensate. To this end, we conjugate
(7.1.6) with a Weyl operator Wy, producing a condensate with Ny particles. The parameter
Ny € R, will be fixed later on; it will be chosen so that 0 < N — Ny < N3%/2. Let us introduce
the momentum sets

High momenta: H = {p € A*: |p| > N17F ¢},
Shell momenta: S = {p € A* : N*/>7¢ < |p| < N*/?+¢} (7.1.9)
with ¢ >0 st. —2+3k+4e <0.

In particular the sets do not overlap. To approximate Wy Hn Wy, with a quadratic Hamiltonian,
we first remove the short-range correlation structure. This renormalization is achieved by
conjugating Wy HyWy, with a Bogoliubov transformation eB1 acting only on momenta Ip| >
N*%/2+e Unfortunately, to reach the correct energy, quasi-free states constructed by quadratic
transformations are not enough. Therefore, we conjugate the resulting renormalized excitation
Hamiltonian with a unitary cubic operator T¢; the choice of T is the crucial step in our analysis.
The Hamiltonian T} e B WZ{FOH NWh, eB1T, is well approximated by a quadratic operator, which
can be diagonalized by a second Bogoliubov transformation €52, acting on momenta in the shell
S. Up to error terms, that are negligible in an appropriate sense, we find

e*BQT:e*B1 W]{;OHNWNUeBl T.eB?
128
~ 4raN1HF <1 + 15\/7?(.7\7_“3”“(13)1/2> + ;g VIp[* + 16maN#p2 app,

(7.1.10)
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provided that x > 1/2 is sufficiently close to 1/2. At temperature TN2~2% the Gibbs state
associated with the quadratic operator on the right hand side of (7.1.10) has the form

1
To = Z "oy oxp < — ez O Vbt + 16maN 2 a;;ap> (7.1.11)
peES

with the normalization constant Z > 0 chosen so that TrI'g = 1 and where, for any F C A*,
we introduced the notation
Np = Z Qi

peF

for the operator measuring the number of particles with momentum in the set F. Therefore,
we use
'y = Z_lWNOengceBQFoe_BQT:e_BlW]\’}O (7.1.12)

as a trial state for the Hamiltonian (7.1.6). With the approximation (7.1.10), it is then not
difficult to check that this trial state has indeed the correct free energy, completing the proof
of (7.1.8).

We now highlight the main novelties with respect to [6], where a trial state was constructed
to estimate the ground state energy of (7.1.6). Since we work at positive temperature, I'g must
be chosen as a mixed state that describes thermal excitations. In contrast, at zero temperature
it is sufficient to take I'g as the projection onto the vacuum vector in the Fock space F(A). The
analysis of [6] strongly relied on the fact that the cubic transformation that is needed to create
the correct correlation structure acted directly on the vacuum. For this reason, it was possible
to implement this transformation through a non-unitary operator, given by the exponential of a
cubic expression involving only creation operators, and to compute its action almost explicitly.
Here, we follow a different strategy and implement a unitary transformation mainly for two
reasons. First, the action of the cubic transformation on I'y is more involved than its action on
the vacuum and explicit computations are the exception. Second, to estimate the entropy of I'y
we need to compute the spectral distribution of the transformed state, which is considerably
simpler if T, is unitary.

Let us briefly explain why it is challenging to control the action of a unitary cubic transfor-
mation in the current setting. The action of a unitary operator € can be formally computed
via the commutator expansion

e BxeP = Z (_1)nad§3n)(X), (7.1.13)

|
>0 n:

with adp(X) = [B, X] and where adgn) denotes its n—fold iteration. For quadratic transforma-
tions, say B = %ZkeA* nkapa’, — h.c. with some real numbers 7 = n_y, it is well known that
(7.1.13) yields a closed formula. For example for X = ay,p € A*, it leads to the explicit formula

e*Ba;eB = ch(np)a, + sh(n,)ap.

Cubic transformations, however, do not enjoy the same algebraic structure. In the Gross—
Pitaevskii regime (x = 0) considered in [10, 17, 69], or in slightly more singular regimes (x > 0
small), as in [1, 16, 39], the coefficients of the cubic transformation B =} .\« mraj.a*,ax —
h.c. can be taken to be small enough in N (in appropriate ¢ norm for example) so that the
expansion (7.1.13) can be truncated after a few iterations. In our case, since we consider k > 1/2,
the trial state I'g has too many excitations and the terms in the expansion (7.1.13) cannot be
adequately controlled in expectation as N — oo, in the sense that higher order terms are larger
than lower order terms, already for simple observables like the particle number operator X = N.

100



To deal with this problem, we implement the cubic renormalization as product of many
“smaller” unitary operators, constructed in such a way that the expansion (7.1.13) is controllable
and yields a closed formula, similar to the one obtained for quadratic transformations. To
achieve this goal, we introduce cutoff functions analogous to the ones used in [6], to make sure
that for a given momentum k in the shell S, we only create one pair (—r, k + r) of particles
with high momentum in H. For k € S, we say that a pair (p,q) of momenta in H forms a
k-connection if p+ g = k. We define By = l’)’,ﬂC — B}, see (7.2.10) below, so that B,ﬁ§ only creates a
k-connection if it acts on a state with no k-connection, and it cannot create k’-connections, for
k' # k. Note that Bﬁ: and Bj, are adjoints to each other so that By, is skew-adjoint. Thanks to
these exclusion rules, we will show in Lemma 7.4.3 below that the unitary transformation e5*
is explicitly given by

B, gsin Xp,  sin X, ycos X —1 .
e”F = cos Xy, + Bj, X, X, By, + BkTBk,
where X = \B,ﬁc] Using that X is small in average on the trial state, we will be able to

iteratively combine the action of B, for all momenta in the shell S. Additionally, we will
show that the cubic transformation preserves some properties of the trial state, which is used
to simplify computations.

Organization of the paper. In Section 7.2, we precisely define the previously discussed unitary
transformations and our trial state. In Lemma 7.4 and in Lemma 7.5, we describe the action
of the Bogoliubov transformation e®' and of the cubic transformation 7,, respectively. Using
these lemmas, we may conclude the proof of Prop. 7.2. Section 7.3 is devoted to the proof
of Lemma 7.4 and Section 7.4 to the proof of Lemma 7.5. Finally, in the appendix, we show
properties of the kernel of the transformations and we give a proof of Prop. 7.1.
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Science Foundation through the Grant “Dynamical and energetic properties of Bose-Einstein
condensates”, from the NCCR SwissMAP and from the European Research Council through
the ERC-AdG CLaQS. This work was partially funded by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) — Project-ID 470903074 — TRR 352.

7.2 The trial state

This section provides an explicit description of the trial state I'y introduced in (7.1.12). In
particular, we construct the unitary transformations appearing in its definition and compute
their actions on the Hamiltonian.

7.2.1 The Weyl transformation Wy,
To generate the Bose-Einstein condensate we use the Weyl operator
Wy, = exp [\/NU(CLS - ao)],

with a parameter Ny € N, which will be specified later on, see (7.2.28). The Weyl operator
leaves ay, a;, invariant for all p € A*\ {0}. On ap, ag, it acts as a shift, i.e.

Wj'{,oaoWNO = ag + v Ny, WE{;OCLSWNO = CLS + v/ Np. (7.2.1)

We obtain the excitation Hamiltonian

* N2 i U % *
Wr, HN W, = TOVN(O) + Qi+ Qe+ Qs+ Qi+t > <p2 + NoVn(0) + NOVN(P)> apap
peEA*
(7.2.2)
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with

i N i * ok
Q1= Ng’/2VN(O)a0 +h.c. Q2 = ?0 Z Vn(p)aya”, +h.c.
peEA*
1/2 i * ok 1 i * *
Q3 = NO/ Z Vn(r)aZ,a;,,ap + h.c. Q4= 5 Z VN(r)ap,aqaq+rap
preA* p.greA*

7.2.2 Quadratic transformation ¢5' on momenta [p| > N*/>+¢

To factor out the short-range correlations, we conjugate Wy Hy Wy, with a Bogoliubov trans-
formation that acts on momenta that are higher than the shell momenta. For p € A* \ {0}, we
define ¢, as the unique solution to the box scattering equation

1 ~ 1~
2 _
Plept g %ﬁo VN(p — q)pq = —§VN(p), (7.2.3)
q

where we introduced the notation ”7q # 0” for ¢ € A*\ {0}. The existence and the uniqueness
of a solution to this equation was established in [43]. For the sake of completeness we provide
the proof in Section 7.A. Next, we define the box scattering length ay, which appears more
naturally in our setting and, as we will show, is close to the full space scattering length a.

Sray = V(0) + N Vi (p)pp. (7.2.4)
p#0

Important properties of the function ¢: p — ¢, with ¢y = 0 and of the box scattering length
ay are stated in the next lemma. Its proof is given in Section 7.A, see also [43], [19, Appendix]
or [48, Appendix] for alternative proofs.

Lemma 7.3. For p € A*\ {0}, we have the pointwise bound
Spp S p72N71+n.
Moreover, we have the estimates

Il S, Nell SNTHFS lelle SN lpel3 S N7

For %()a) = Spp]l‘p|>N(¥,Oé > 0, we obtain
[e@ll2 S N2, o), NI

Moreover,
lay —a] S N7HH (7.2.5)

Using the solution ¢, we define the unitary Bogoliubov transformation eBr | with the anti-
symmetric operator

1 . — * 3k
B = B Z sinh 1(]\fogpp)apa_p —h.c.
|p‘>NH/2+E

Recall that the parameter ¢ > 0 was introduced in (7.1.9). For p € A*, the action of €' on an
annihilation operator is given by
€_BlapeBl = cpap + spaip, (7.2.6)
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where we denote
¢p = cosh (sinh_l(Nggop)) =/1+ N§p2, sp = sinh (sinh_l(Nogpp)) = Nopp  (7.2.7)

for all |p| > N*/2%¢ while the transformation acts trivially otherwise, i.e. ¢p =1and s, =0 for
‘p| < N“/2+5.

Conjugating (7.2.2) with the Bogoliubov transformation e”* we obtain a new, renormalized
excitation Hamiltonian. Its form is described in the next lemma, whose proof is deferred to
Section 7.3. Here we introduce the orthogonal projection

B

== Linsume=0y Lnvreano} -

Since the state that we are going to use to estimate the free energy of e =5 W, HNWh, eBr will
be in the range of = (because (7.1.11) is clearly in Ran = and because = commutes with T,
and €P2), it is enough for us to estimate the error arising from conjugation with €5! on this

subspace.

Lemma 7.4. Suppose that 0 < N — Ny < CN3/2 for some constant C > 0. Then we have

e B W]{FOHNWNOeBl

AraNF 2
= draN"*" — 8raN"(N — No) + %
oo (7.2.8)
+ ) praja, + 2V(0)N"N + ) dwaN*(aja, + h.c.) + Qs + Qs + &1,
peEA* peS

where the error term &1 is bounded, on the range of the projection =, by

51 5 N—36 Z p2a;ap +N—56/2Q4 +N—n/2—5/2/\/’2 +N—3+7n+45N£I +N2_2H_26NH
peA® (7.2.9)
+ N5H/275/2

if 1/2 < k < 8/15—2¢/3 and € > 0 is chosen as in (7.1.9).

Remark. We will show that the trial state that we are going to use for the Hamiltonian
6_61W]\70HNWN0631 is such that, for j =1, 2,

NIJ_I < N(72+9n/2+5)j; N < Nan/Z; Q4,Zp2a;§ap < NOK/2

in expectation. This explains why, for 1/2 < k < 14/27 — ¢, all terms on the right-hand side of
(7.2.9) are subleading, i.e. they are smaller than N 56/2 which is the resolution we are trying to
achieve.

Note that the operator inequality (7.2.9), as well as subsequent ones, should be understood
in the sense of quadratic forms. In particular, ”on the range of the projection” means that the
inequality holds after taking expectations in a vector ¢ € ZF(A).

7.2.3 The cubic transformation 7T,

Next, we conjugate the renormalized excitation Hamiltonian e 5! Wy H NWa, €8t with cubic
transformations, annihilating a particle with shell momentum & € S and creating a pair of
particles with high momenta —r, k 4+ r € H, or, vice versa, annihilating a pair of particles with
high momenta —r,k + r € H and creating a particle with shell momentum k& € S. Instead
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of a single cubic transformation, we consider a product of unitary operators, one for each low
momentum k € S. More precisely, for k € S, we define

B = Nt 0l a0, B = (Bﬁ)*, By =B - B, (7.2.10)
reHy

with Hy = {r € H|r + k € H} and where the cutoff Oy, is defined, similarly as in [6], by
Or =0} x 07,

@i(cl) - H (1= Ten >0y Lini >0, @1(c22= - H(l = NN iy 0> 01

)

teHd qeSs

(7.2.11)

Here and in the following we use the notation N, = ayaq, ¢ € A*, for the operator measuring

the number of particles with momentum ¢. Thanks to the cutoffs, the operators B,ti and By are
well defined on the domain of N (see Lemma 7.12). It is easy to check that they are closable
and their closures are adjoints of each other. Moreover, from [81, Theorem X.36] we obtain that
1By, is essentially self-adjoint on the domain of /. We will make the usual abuse of notations
and use the same notation for the operators Blﬁﬁ, B; and iBj, and their respective closures or
self-adjoint extension. We can now define the unitary operator T}, = €5k for every k € S, and
the product

T.=[] T (7.2.12)

keS

In fact, since [Ty, Ty/] # 0, for k' # k, we need to choose an order in the finite set S to define
T.. However, our analysis will not depend on this choice.

We say that a pair of high momenta (r,t) € H? is a k-connection if r +t = k. The cut-off
Oy, has two roles. The first factor @Ll) ensures that B,ﬁg only creates a k-connection if there
is not already one. The second factor @,(622 ensures that B,ﬁ does not create any g-connection,
for ¢ # k. This latter condition is implemented by asking that the shell-neighborhoods of r
and —(k 4 r) are empty, that is, that there is no occupied mode with momentum ¢ € r + S or
te—(k+r)+S.

In the next lemma we describe the action of T, on the renormalized excitation Hamiltonian
e B WﬁOHNWNOeBl. When applying the lemma, we will only be interested in controlling the
action of T, on a specific trial state I'. For this reason, we are going to restrict our attention
to states with certain additional properties, which will be satisfied by the I' that we are going
to choose. First of all, we can restrict our attention to the range of the projection 1jpr.—o)
(because the trial state will not have particles with momentum outside S). Additionally, we can
focus on states that commute with the parity operator for the sum of the number of particles
with momentum +k and the number of +k-connections. For k € S, consider

1
My =N + B Z N_it Neak (7.2.13)

teHy,

and the parity operators

Py = ]l{Mk—&-MkaQNO}’ (7 2 14)

Qr =1—Pr = Lr, 4 M e2N0+1}

In accordance with the intuition that Bi annihilates a particle with momentum k while creating
a k-connection, one readily checks that [Bg,./\/lk] = 0 for all ¢ € S. Therefore we find that
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[Te, My) = [T, Py] = [T,,Q] = 0 for all k& € S. For this reason, restricting to I' such that
[ Py] = [I',Qx] = 0 for all £k € S, we will be able to neglect all terms in the renormalized
excitation Hamiltonian e 5 Wy HNWhy, Bt that do not preserve parity.

Lemma 7.5. Let I' be a normalized density matriz on F(A) with T' = Lo —oy T lpnrge—oy and
such that [T, P,] = 0 for all k € S. Assume 0 < N — Ny < N3%/2. Then we have

Tr T e B Wy, Hy Wi, P T.T

(4raN*
< AnaN'F — 8raN®(N — Np) +ZL)

per i (7.2.15)
+ Tr [Zp apap + 16maN"Ng + Z 47TaN“(a;aip + h.c.)} '+ 46(I)
p€eES peS

where
5(1—\) < N~ 1HR+6e oy (NS + N3n/2+35) ZNI?F
kes (7.2.16)
+ (N—li/2—€/2 + N—7+13H+66) Tr N’gr + N5H/2—€/2

if 1/2 < k < 8/15—2¢/3 and € > 0 is chosen as in (7.1.9).
This lemma is the main novelty of the paper. We defer its proof to Section 7.4.

7.2.4 Quadratic transformation € on shell momenta

Consider now the quadratic Hamiltonian in (7.2.15). Since we are going to choose Ny such that
N — Ny = Tr NsT 4 o(N3%/2), see (7.2.28) below, we are effectively left with a factor 8maN*Ng
in the last line of (7.2.15). With the aim of diagonalizing this quadratic operator, we define the
coefficients 7, € R, for p € S, via

8malN"

fanh(2r,) = — "o
anh(2m) =~ SraNe

The action of the unitary Bogoliubov transformation €52, with the antisymmetric operator

~ 5 maa, —he.

pGS
is given explicitly, similarly to (7.2.6), by

-B B —Bs x By *
e Pape™? = ypap + opa’, e Paye™ = ypa, + opa—p (7.2.17)

with ~, = cosh 7, 0, = sinh 7, for all p € §. A straightforward calculation shows that

782[2]7 a ap+87raN”Ns+Z47raN”( a,a ,p+hc)] B:

S S
re e (7.2.18)

-1 VIp|* + 16maN#p? — p? — 87aN*| + ) /|p|* + 167aN*p2a}a,.
2 pp
peS pES

We may now precisely define the trial state of the transformed Hamiltonian as the Gibbs state
of the diagonal quadratic Hamiltonian in (7.2.18). We set

1
Lo = Z "Mnge—o} exp < N2 R Z VIp|* + 16maN*p? a;*ﬂp>, (7.2.19)
peS
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with the normalization constant

1 *
Z = TI' ]1{./\/5620} eXp ( — W Z \/’p|4 + 167TaN’ip2 apa’p) .
peES
Furthermore, we define
[ = eB2lge 52 (7.2.20)

as the trial state for the Hamiltonian appearing in Lemma 7.5. Some important properties of
I" are listed in the following lemma.

Lemma 7.6. Let I' be defined as in (7.2.20). Then I' > 0 with TrI' = 1. Moreover, we have
' = Tynge=0y Lypnge—0y and [['Px] = [[,Qx] = 0 for all k € S and with the parity operators
Pk, Q. defined in (7.2.14). Furthermore, for j = 1,2, there exist positive constants ¢ < C such
that

N3/ T NIT < ON3IR/2

<C
Tr/\/'g;_l ZNkQF < CNIBr/2+2e) (7.2.21)

Proof. The fact that I' > 0, TrI' = 1, T' = Tjzr,c—0) ' T age—0y and [[', Px] = [, Qx] = 0 for all
k € S follows readily from the definition of I". It remains to show the inequalities (7.2.21). We
begin with 5 = 1. From the definition of I'y a standard ideal gas computation gives

1
Tl“./\/ FO =
P exp (m VIp[* + 16TaNsp?) — 1
2 1
Tr N7To = I
p 2 1
[exp (vbee VI TomaNep2) —1] - P (7 VIpl* + 167aN=p?) —1
(7.2.22)
and, by symmetry,
Traya,I'o = Traya_,l'o =0
for all p € S. With (7.2.17), we find
Tr NsT' = Z Tr (ypa, + opa—p)(Ypap + opa’ ,)To
peS
_ Z p2 + 8maN*® 1
overe \/|p\4 + 16maN*p2 exp (ﬁ \/|p]4 + 167raN"””p2) -1 (7.2.23)
1 p? + 8TaN*~
"2 2 [\/|py4 T 16maN~p? 1]
peES

Scaling p — p/N %/2_interpreting the sums as Riemann sums, approximating them with integrals
over R3, and using the restriction TN?73% < C, we conclude that eN3:/2 < Tr NgI' < O N3K/2
(both terms are positive, the second term is of order N 36/2 independently of T and the first
term is at most of order N3%/2 for TN?73% < ().
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To prove the second bound in (7.2.21), we proceed similarly. Also here, we use the fact that
only observables preserving the number of particles have non-trivial expectation w.r.t. T'.

Tr ZNPZI‘ = Z Tr (vpa, + opa—p)(Vpap + 0pa’ ) (Vpas, + opa—p) (Vpap + opa’,)To

peS peES
S (4o Tr(WZ+ N2 )To+ Y on(vp + o)
peS peS
2 2 (7.2.24)
+ 8mraN*F
§Z|[]|i+16 NJZTrNJDZFO
over P mTalN*p
—I-EZ[ p? + 8maN* } p? + 8raN*
2 overe VIp|* + 16maN#p2 VIp|* + 16maN#p2

Inserting (7.2.22), we can again scale p — p/N /2 and we can approximate with an integral.
Compared with (7.2.23), however, the singularity at p/N*/2 ~ 0 is more severe since there
Tr NjTy ~ (p/N*/2)=2. For this reason, in the region N~ < [p|/N*/? < ¢, we estimate
Tr NToy S N%. We conclude that > opes TrNJT S N3/242e

Let us now consider the case 7 = 2. We have

Tr./\/'gl“ = Z Tr (Wpa;; + opa—p)(vpap + Upa*—p)(%a:; +oqa—g)(v4aq + an*_q)Fo (7.2.25)
P,geES

Since the Gibbs state I'g factorizes, we find that Tr V2T is the same as (Tr NsT')?, up to terms
that are associated with p = ¢ on the right-hand side of (7.2.25) and that can be handled as we
did in (7.2.24), producing errors of order N 3r/242¢  N3% We conclude that eN3% < Tr . gF <
CN3F. The second bound in (7.2.21) for j = 2 can be proven similarly; we leave the details to
the reader. O
7.2.5 Definition of Ny and proof of Proposition 7.2

From (7.2.20), we are led to the definition
Ty = WP T T e By = Wiy, P ToeP2 Tg e B2 T e B W, (7.2.26)

as trial state for the Hamiltonian H on the small, rescaled box A. In the next proposition,
we estimate the expected number of particles in the state I'y. Its proof is deferred to Section
7.4.7, because it makes use of some properties of T, that will be discussed in Section 7.4.

Proposition 7.7. Let 'y be given by (7.2.26). Then there exists a constant C' > 0 such that
for € chosen as in (7.1.9) we have

No +Tr NsT' < TrNTy < No + Tr NgT' 4+ CN3%/27¢, (7.2.27)
Prop. 7.7 motivates the following choice of Ny € R4
Np := N — Tr NI + N3%/2=(x=1/2) (7.2.28)

From Lemma 7.6, we conclude that ¢N3%/2 < N — Ny < CN3%/2 for all k > 1/2 and N large
enough. The term N3%/2=(v=1/2) which is small compared with Tr NsI' for > 1/2, will be
used to make sure that the lower bound in (7.1.7) holds true. We are now set to show Prop. 7.2.
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Proof of Prop. 7.2. Combining (7.2.28) with Prop. 7.7, we obtain constants c1,ca > 0 such that
N + ¢, N3#/2=(512) < Ty NT iy < N 4 ¢pN3%/27¢ (7.2.29)

Furthermore, we observe that with the definition (7.2.20) of the density matrix I" and the
choice (7.2.28) of Ny, all assumptions in Lemma 7.5 are satisfied. Thus, inserting (7.2.18) into
Lemma 7.5 we find

TrHNTn — TN?72S(T'y)

1 8raN*®)2
< 4maN' 4+ 23 [V/[pT+ 167Ny — p? — SraN* + (WQPQ)]
peES
+Tr Y /|pl* + 167aN%p? afa, Ty — TN?*255(Ig) + 8raN>/2~(+=1/2) 4 §(I).

peS
(7.2.30)

Combining (7.2.16) and Lemma 7.6, we conclude that
(5(F) g N5/{/275/2

if 1/2 < k < 14/27 and ¢ > 0 is small enough. As in the proof of Lemma 7.6, we scale
p+— p/N*/2 in the first sum on the r.h.s. of (7.2.30). We find
(8raN*®)?

2p2 ]

% Z[\/|p\4 +167aNcp2 — p? — 8raN" +
peS

NOK/2 (27)3 \/ﬁ ) (87a)?
= (2m)3 N3w/2 > [VIpl*+ 167ap® — p® —8ma + 27 ]

peN~—r/22773;
N—e<|p|<N® (7.2.31)

N5/~c/2

S e

8 2
/ [V/|p|* + 16map? — p* — 8ma + ( m;) |dp + CN?"
R3 2p

— a2 12807 e,
15/
Here, we could extend the sum to all of Z3 as an upper bound, since the term in the brackets
is positive. We then approximated the Riemann sum by an integral, see [39, eq.(8.11)] with
nf~t = N* for more details.
Next, we consider the term in the second line of (7.2.30). From the choice (7.2.19) of T'y we
conclude, by the Gibbs principle, that

Tr Z\/\}?I‘* + 16maN*p? ayaplo — TN?7255(Ty)
peS

- _ 1
= —TN>*1logZ =TN>>* "log [1 — exp ( ~ Fam VPl + 167TaN“p2)] ,
peS

where the last equality is a standard ideal gas computation as in (7.2.22). As before we rescale
p— p/N #/2 and replace the resulting Riemann sum by an integral, while keeping in mind the
condition TN273% < C. We obtain

1
TN272,{ Z ].Og |:1 — exXp ( — W\/@’A‘ + 167TClNHp2):|
peS

< T5/2N5—55(27T)—3/
R3

16mag?

W )] dq + CNBH/Q_S, (7232)

log [1 — exp ( —\/lal* +
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see [39, eq. (9.13)] for more details. Inserting (7.2.32) and (7.2.31) into (7.2.30), we arrive at
Tr HnTn — TN?72¢S(I'y)

128
g 4 N1+H 1 N—2+3H 3 1/2
e < NEEN @) (7.2.33)
_ _ 16mag? _
5/2 AT5—5K 3 5Kk/2 2
+T/N (27T) /Rzalog[l—exp<— |q!4+m>]dq+0N / E/ .
Next, we scale back to the box Ap = [~L/2,L/2]3, with L = p~7, for some v > 1. We

recall the choice N = pL? = p' =37 which translates into L = N'7%, with k = (2y —1)/(3y —1).
We observe that the condition 7 > 1 is equivalent to x > 1/2. We define the unitary operator
U F(A) = F(AL), Up)™(xy, ... xn) = L7320 (21 /L, ... 2, /L), for all n € N and all
U = {1, ey € F(A) and we remark that the Hamiltonian (7.1.6) satisfies L™2U, H Ui = H.
Therefore, a good trial state for # is given by the density matrix I';, = U nU; on F(Ap).
Since Tr NT, = Tr NTy, it follows from (7.2.29) that

1p(7+2)/2 < ﬁTr./\/TL - 02p3/2

in accordance with (7.1.4). Here we used the facts that N*/2/L = p'/2 that N=2*3% = p and
that Kk = (2 — 1)/(3y — 1). Moreover, from (7.2.33) we obtain

5 [Tr M — TS(FL)} = LP[TrHTy — TN2*2“S(PN)}
< 4rap? (1 + 7( )1/2) + I / log [1 —exp (—+/|g]* + 167rapq2/T)}dq + pP/2te
b 15/7 (2m)3 Jgs

for a sufficiently small € > 0 and for all T' < Cpa. This concludes the proof of Prop. 7.2. O

7.3 Quadratic Transformation on Large Momenta

The goal of this section is to prove Lemma 7.4. Throughout, we will assume 0 < N — Ny <
N3%/2 a5 in Lemma 7.4. With this aim, we consider separately the action of the Bogoliubov
transformation €5, determined by (7.2.6), on each term in the excitation Hamiltonian (7.2.2).
We start with the diagonal term.

Lemma 7.8. We have

e B Z <p2 + No‘A/N(O) + NOVN( )) a apeB
pEA*

V(O)N“N—i— Z pza;ap + Z p’sp(aga”, +h.c.) Z p2sl2, —i—é’{diag), (7.3.1)
pEA* peEA* pEA*

with

+E{ 1) < N2 N p20%a, + NFTE2N 4 N2,
peEA*

for all 0 < k < 2/3 and with € > 0 as introduced in (7.1.9).

Proof. Denote 3, = (p2 + NoVn (0) + NO‘A/N(p)). With (7.2.6) and ¢ — s2 = 1, we compute

B Z Byas, apeB! Z Bpana, = 2 Z Bpsga;ap + Z Bpepsp(ana’, +h.c.) + Z 5p512;

peEA* peEA* pEA* peEA* peEA*
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and we obtain

e B Z Bpa;apelgl —2V(0)N"N — Z an;;ap - Z p28p(a;;a*_p +h.ec)— Z p23229

pEA* pEA* pEA* peEA*
-y (NOVN(O) + NoVn(p) —2‘7(0)N“—|—26p8127> aay (7.3.2)
peEA*
+ 3 ((NoVi(0)ep + NoViv (p)ep + p*(cp — 1)) sp(apa’, + hee) + > No(V(0) + Vi (p))s2.
peEA* peEA*

Let us denote the term on the right-hand side of the previous equation by 5fd1ag). We obtain
(7.3.1) and it remains to estimate the error term. In order to control the diagonal part of
El(dlag), we use |‘7N (p) — Vi (0)| < pPN 3135 which easily follows from the fact that V is even,
the assumption of Lemma 7.4 that 0 < N — Ny < N3%/2_ as well as the estimate Bps?) < NRT2E
from (7.2.7) and Lemma 7.3. We find

+ 3 (NO?N(O) + NoVn(p) — 2V (0)N* + 25,,33) asay

peEA*
SN N pPasa, + NN + NTUR2N (7.3.3)
pEN*
As for the constant term in Sl(diag), we have
+ > No(Va(0) + Viv(p))sz < N*s[3 < No/27=, (7.3.4)
peEA*
Finally, we consider the off-diagonal part of Sl(diag). From0<¢,—1< 512, we find the inequality

NOXA/N(O)CP + NoVy (p)ep + p?(ep — 1) < N*. Thus, Cauchy—Schwarz implies

+ Z ((NOVN(O)cp + NOXA/N(p)cp +p*(cp — 1))sp (a;a*_p +h.c.)
peEA*

S N* (N_E/QN—FNa/2||8||c2>ON+N5/2||S||%> S Nn—a/2N+N5n/2—e/2_

Inserting (7.3.3), (7.3.4) and the last estimate into (7.3.2) yields Lemma 7.8 (using also the
assumption —2 + 3k + 4e < 0 from (7.1.9)). O

Next, we consider the action of €8 on the quadratic term Q», defined in (7.2.2).

Lemma 7.9. We have

e P1Q2eP = Q2+ No Z Vi (p)sp + 51(Q2) (7.3.5)
peEA*

with
i51(Q2) < NH—2€N+N5H/2—3€’

for all 0 < k < 2/3 and with € > 0 as introduced in (7.1.9).
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Proof. With (7.2.6), we compute
e B1QaeP — Qs
=Ny Z ?N(p)s (apa*, +h.c.) + No Z VN(p)epsp anap + No Z Vi (p)spcp.

pEA* pEA* pEA*
We obtain
2) = N Z Y//\'N(p)sz (apa’, +h.c.) + No Z YA/N(p)cpspa;ap + No Z Y//\'N(p)sp(cp —1).
pEA* PEA* pEA*
The bound for 51(Q2) follows from Cauchy—Schwarz, 0 < ¢, —1 < 3123 and Lemma 7.3. O

Next, we consider the cubic term (J3. Notice that here, and also in the next lemma which
is devoted to 4, we only bound the restriction of the error term on the range of the projection
=: this is enough, since our trial state will be in the range of =.

Lemma 7.10. We have
e~ B1QzeBt = Q5 + £, (7.3.6)

where, on the range of =,
ig{Qg) < N—2+4/§+55(NH + 1)2 4+ Nr—te (N+ N35/2+35),
for all 0 < k < 2/3 and with € > 0 as introduced in (7.1.9).

Proof. To compute e 51Q3eP!, we apply (7.2.6). We find (7.3.6), with an error Sl(QS) given, as
a quadratic form on the range of =, by

(@3 1 2 1/2 >
5 )= N/ Z Vi (r )J(crerypep — 1) a”ar pap +N0/ Z VN(r)ereripspa’apy a”,

p,reEA* p,reEA*
+ N2 V(1) erSpipepa® a a, + No/? VN (r)erSpipspa® a* a
0 NAT)CrSr4pCp &—pl—(r+4p)dp 0 NA\T)CrSr+pSp A—rQ_pl—(r4p)
p,reEN* p,rEA*
NS T, oy N ST "
+ Ny N(r)STCT-‘rpcpar—&-paTap"i' 0 N(T)STCT+p3Par+pa—paT
p,rEA* p,rEA*
1/2 >
+ NO/ Z VN(7)8r8r4pCp Ara_(p4p)ap + h.c. (7.3.7)
p,reN*

Here we already used the fact that terms that annihilate or create particles with momenta
n (H U S)¢ as well as terms that do not preserve the parity of Ny vanish on the range of
=. In particular, all contributions where two momenta contract in the canonical commutation
relation must vanish since, by momentum conservation, these terms are either proportional
to ap or to aj. Additionally, the terms proportional to s,s,4,5, must vanish on the range of
= because, since s is zero on S, we would need —r,p + r,p € H; this, however, breaks the
parity of Ny. To bound the contributions in (7.3.7), we argue again with the parity of Ny to
conclude that among the three momenta r,r 4 p, p, two must be in H, one in S. Keeping this
in mind, and moving around factors of (Ny + 1)1, (M 4+ 1)¥1/2 as needed, we can estimate
the terms on the right hand side of (7.3.7) as follows. Let us consider the first term. We use
lercripep — 1] < 82 + srﬂ, + 312, and the notation sy for the restriction of the coefficients s, to
the set H. Then, for ¢ € Ran =, we obtain

1/2 Z VN Y(ereripep — 1)(E, ar T+pap§>‘

p,reA*
< NVl + 153 oo NP/ 412 | (W + DENIOV + 1)V

S NTHUREARR (N + DEN (N +1)1%¢]).
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Here we used that in the term proportional to 512, we have p € H so that either r € Sorr+p € S;

this allows us to sum up the second momentum after a Cauchy—Schwarz inequality (recall
that |S| < CN3%/2%32). Moreover, we used Lemma 7.3 to bound ||s%|| < CN~/2+9/2+5¢/2,
5% ]lcc < CN—4F65+4€ and the condition 4 — 2 + 3k < 0 from (7.1.9).

To estimate the second term on the right-hand side of (7.3.7), we assume for example that
r,p€ H,r+pé€S (the case r + p,p € H, r € S can be treated similarly). Since ¢ is bounded
uniformly in N and with the estimate ||sg|lz < N(1+364€)/2 we find

N33 Unr)creripsy (€ @i pat ) S N7V 37 sy lampaspél [llarspé| + €]
S N7V syl | NG | (IVY/2€]] 4+ N3443 g

—24+5k+e

SNT 2 |NEE|| (INY2)| + N3=/AT32) ¢))).

The next four terms on the right-hand side of (7.3.7) can all be estimated in the same way
applying a Cauchy—Schwarz inequality. We obtain

N2 DT O ()ersranty (€0 @)y (N2 D0 Un(r)ersrapsy (€ a0 )

) )

preA* preA*
1/2 - 1/2 ~
’NO/ Z VN (r)srCrapcp (€, aryparapé) |, ‘NO/ Z VN (T)SrCripSp <§,a:+paiparf>‘
preA* preA*
SNV s 2| (Ve + DENIN +1)2¢]|

—24-5k+e

SNTET W+ DENIV + D).

Finally, we control the last term on the right-hand side of (7.3.7). We find

1/2 55
‘NO/ Z VN (T)STST+pCp <£, ar(l_(r+p)ap£>‘
p,reEA*

SN seseipllaraiip€ll (lapll + 1IE])
S NV INEE (Isall2lsa oo VY260 + sz l31€])
< NTHIR 202 AN 2g | 4+ N e .

Putting all together, we conclude that, for any 0 < k < 2/3 and € > 0 as in (7.1.9), we have

—2+5Kk+¢€

1€, EL99)6) ] S N7 || (Wi + D (JNV2¢ ) + N3=/443</2) ¢
< N2 (A 4 1)g]|2 + N4 (|22 + N3/243 ¢ |12).

d

Finally, let us compute the action of €5 on the quartic term Q4. Here, the restriction on
and e only serves to simplify the form of the error terms.

Lemma 7.11. We have

- 1 i * ok 1 i
e B1QueP = Qu+ 3 Z Vn(r—p)s, (apa,p + h.c.) + 3 Z Vn(p —r)spsr + 51(Q4), (7.3.8)
p,reEA* p,reA*

where, on the range of =,
i51(Q4) < N—H/2=e A2 4 N—3+7n+45ngl 4+ N22R2e £ 4 NRETSEN 4 N5/{/2—5’

if 1/2 < k < 8/15—2¢/3 and € > 0 is chosen as in (7.1.9).
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Proof. With (7.2.6), we decompose
=
-B B E
e 1Q4€ b= 5 : OAj (7.3.9)
]:

where A; collects all contributions with exactly j coefficients s, with k € {p +r,q,q + r,p}.
We will see that the contributing terms stem from Ay, A; and As. For j = 0, we clearly have

. * *
Ay = g VN (1) CprCqCqtrCplpy Uy Qgtrap.
p,rqEN*
We observe that
. * *
Ag —2Q4 = E Vn(r) [cp+rcch+rcp — 1] Uy Oy Qg -
p,r,gEN*

Estimating |cpq,cqCqircy — 1] < sy, + 52+ 524, + 52, we find

(€ (A0 —200))] < 4| 32 T (r)sapragt agirapt)|

For ¢ in the range of =, we must have p 4+ 7,q,¢ +7,p € HUS. Since s, = 0 for p € 5, we
can assume p € H. To preserve the parity of ANy, there must be a second momentum in H.
Assuming for example ¢ € H, we can estimate, using Lemma 7.3,

Z ?N(T)3;27<ap+7’aq§= apaq+r§> ’

p,qEH,reA*
S ) Wnmlispllaperagllapag£]
p,qeH reA*
1/2 ~ 1/2
S| stlapeagl?] ] Y TR0 lapaged)?
p,qEH,TGA* p,quﬂ’EA*

S ]\772+4;~c+55/2H./\/'l/Q./\/‘Il{/Qg||27

where we used |[Vy |2 < N1=%)/2 and sp S N®p~2. Moving factors of (N 4 1)Y/2, (N + 1)1/2
around, we can similarly bound also contributions arising when p+r € H or ¢ +r € H. With
the assumption —2 + 3k + 4e < 0 from (7.1.9), we conclude that, on the range of =,

1
ﬂ:(QAo _ Q4) < N—2+4H+5€/2(N'+ DNy +1) < N—R/2-Ep2 4 N—4+17H/2+6€N’?I 4 NO/2—¢

(7.3.10)
Next, we consider the term A; in (7.3.9). Arranging operators in normal order we find

A =2 Z VN (1) $psrCqCqirCp(ana_pragirap +hoc.) + Z VN(r)serrcerrcf, (apa—_p +h.c.).
D,q,rEA* p,rEA*

Let us start to bound the first term. On the range of =, all momenta must be in H U S. In
particular, p+r € H. To preserve parity of Ny, there can be, in total, two or four momenta in
H. Handling these two cases separately (if all momenta are in H, we need to use Vi to perform
one of the sum; if instead 2 momenta are in S, we can use |S| < N3%/2+3) we arrive at

‘ ZVN(T)SP+rchq+T0p<§7 qQ—p—rlqtrap)
p?q’,r‘
—64+13k+2¢

< N (N + g + NS (0 + )Y + 1)2¢ 2
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As for the quadratic contribution to A;, we observe that

’ Z VN Sp+r(cp+r02 - 1)(, apa—p@‘
N Z Va () |spr (5240 + 52) [llapéll® + llap€ €]

S |!82HooH|VN! # 8o N2 + 11 Vi) # slloo 5% 2 IV 2ENEN + D (V] * 5%) (0) lapé ] €]-

p

The first two terms are bounded with |||Viv|#5|/cc < N*. To bound the last term, we distinguish
the cases p € H and p € S (on the range of Z, there is no other possibility). We find, with
Vvl * 8% 12 S [Vavllalls®[ls S NV/ZHem3,

S (V] * 5% D llapgllEN < 1T ] % s* 2l AH ZENIEN + 11 Viv] * 52 o N3/ 443272 A 2¢] |

p
S N2 G2l 4+ NTRAZS2 A 2 g

We conclude that, on Ran =,

+ [Al — Z V(r)serr (apa—p + h.c.)} (7.3.11)
p,reEA*

g N/@Jrs/Z(NEI + 1) + an/QfsNZ + N73+7m+25/\/‘% + an4sN+ len/275eNH + N5K/27€

for any 0 < k < 2/3 and € > 0 as in (7.1.9).
‘We switch our attention to the term

Ay = Z 17]\/ (r cp+rcqsq+rsp( p+raqa_q ra’, +h.c. )
+2 Z VN (1) Cpr8qCatrSpayr @ pl—qlgir
+2 Z VN (1) CpirSqSqarCplpy 02 4 pG—qp (7.3.12)
+ Z VN (7)CqSqCqtrSqtr (4a ag+1)
+2 Z Vn(r)e p p+r ayap + 2V (0) Z czsga;;ap

The only contributing term is the constant in the fourth line. We estimate the other terms.
To control the term in the first line, we observe that, on the range of =, the four momenta
p+7r,q,—q —r,—p must be in H U S and, more precisely, either 4 or 2 of them must be in H
(to preserve parity). Let us assume, first, that all four momenta are in H. Denoting by 2 the
sum over all p,q,r € A*, with p+r,q, —q —r,—p € H, we can bound

‘ Z‘/}N (T)Cp+ch8q+Tsp<£’ a;—l—raqa’—q Ta*—p£> ’
S o VN0 sgrspllapsra—pa—g—r (N +1)71%€] [uanH + )M + 1V + )%
< Wi + 1)) (nanoo [ 52l + 1)1/2¢]2]

I+ 0260 3 0] )

S NTHEE (Wi 4 1)E|? + N7V (W + 1)E]|| (Wi + 1)V
5 (N—2+4n+a +N—3+7m+4&) H(NH + 1)§H2 +N2—2n—25H(NH + 1)1/25”2
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for 0 < k < 2/3 (we absorb the second contribution by a Cauchy—Schwarz inequality with
appropriate weights). If two momenta are in H and two in S (in this case, we must have
p+r,qg €S, q+r,p € H, since s =0 on §), we proceed similarly, but instead of using
the potential Vi to sum over the third momentum (as we did in the fourth line of the last

equation), we use the restriction onto S, estimating XA/N in £*°. Indicating with 5 the sum over
p+r,q€S,q+r,pe H, we find

*%

oy * *
’ E :VN (r CP+T‘CQSQ+7“SP<§7ap+raqa7q r@—p >

S NTHHAHEY (W4 1) V2 (N 1) 2|2 N V) Y2+ 1) V2| [ (V1) V%]
SJN 2+4;~c+22”(N+1)1/2(NH+1)1/2£”2+N 2+1ln/2+3aH(NH_'_1)1/25"2'

The second and the third terms on the right-hand side of (7.3.12) can be bounded by a simple
Cauchy—Schwarz inequality (remarking that, on the range of =, the momenta associated with
the coefficients s must lie in H). We find

~ _ 1/2

|3 N () epbrsacairspl6, @ ya—qagir€)| S NTHOFENG AN 2 2
~ _ 1/2

> TN ()eptrsgserra(€s aparatya—gapf)| S NN AN 2 2

The quadratic part of the fourth term in (7.3.12) can be bounded, using that ||V * s[jcc < N*
and that ¢ € H on the range of = (because s, = 0 for |¢| < N*/?%¢). We find

~ _ 1/2

‘ Z VN (r)cqSqCqtrSq+r(aqt, aq@‘ SN 2+4K+25HNH/ &%
As for the constant term, we extract a contribution observing that
‘ Z Vi (r)(cqeqr — 1)5¢Sq+r

where we used that ||s||1 < N|l¢|li < N. The terms on the last line of (7.3.12) are simply
estimated by

‘ Z VN p p+T 57 apap§>

Thus, on Ran =,

<IN (835q5r + 8¢550) S I1Vn ool sllalls [l S NO#/2732,

U (0)]] D7 cs2(g, apayé)| S N-1H9/272 2 12

i[Ag _ Z ‘A/N(T)quqw} < NTIFTRHAE N 4 (N2’2”’25 _’_N72+11/{/2+3s)(NH+ 1)
greA*

o N2 NN 4 NTIEBR/ 2= £ NOR/2e
L N—3+Tr+den2 (N272/$72s + N*QHM/H?’E)(NH +1)
+ N—R/2=E \r2 + N*1+5'€/2*5N+ NOR/2—¢ (7.3.13)

for all 0 < k < 2/3 and for € > 0 as in (7.1.9).
Next, we consider

A3 =2 Vn(r)eparsqsqrrsp(ay,a”, pa”,a_q +h.c)
+23 Vn(r)secqsiy, (aja” , +h.c)
+ ) Vn(r)sgeqst i (g pa”, . +huc)
+2Vn(0) Y sspep(aza”, +hoc.).
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We can control the quartic term noticing that, on the range of =, all momenta p +r,q,q +r,p
must be in H (because s = 0 on S and because of parity). With ||sz|lec < N3*72+2¢ we find,
for £ € Ran E|

> () eptrsasarrspl€s o0t ya-g€)| S 1Vl sl s3I (NG + 1))
f, N—4+7n+3aH(NH + 1)€H2
The quadratic terms can be estimated, for £ € Ran =, by
’Z‘7N(7’)5ch52+r<57af]aiq@’a ‘/}N(O) s 5pcp<fa 7p§>
S VN llosollslB sl | (N + 1)12¢ )12 S N=3/2H48=/2 (N + 1)12¢ |12

and by
| T ()sgsrcasrsiiesasat )] < 10 = sllecllshllal (Vi + 1))
< NTH/ZHLLR/2458/2) (£ 4 1)1/ 2¢)2
We conclude that, on the range of =,
LAy S N—HTRH8e N2 | N=8/2Hande/2\r 4 N5R/2—e (7.3.14)

for all 0 < k < 2/3 and for £ > 0 as in (7.1.9).
Finally, we bound the contribution

Ay = Z Vn(r serrsqqurrspa_q - _p A_p—ra_g
+ZVN p+rp a_p+1 —|—VN Zs 2a a_q—i—l)
Proceeding similarly as we did for As, we easily find that, on Ran =,

As S IV llsollstllsolls e IZAE + IV locllsTlloo s l11Nh + Vvl lls? (1
< NTOHIO0RFBe A2 NOHITR/243e \r N 1HdR—2e

Combining the last equation with (7.3.10), (7.3.11), (7.3.13), (7.3.14), we obtain (7.3.8), with
(Q4)

an error & " satisfying, on Ran =,
iSl(Q4) S an/2fsN2 + N73+7n+4€‘/\/‘£] + N272/<72ENH + an?)sN_F ]\'75>/~t/2757

where we used the assumption 1/2 < k < 8/15 — 2¢/3 (in particular ¢ < 1/20). O

7.3.1 Proof of Lemma 7.4

We are now ready to show Lemma 7.4. Combining the statements of Lemmas 7.8, 7.9, 7.10 and
7.11, we find

NO Vn (0 Zp a ap+2N“17(0)N+Q3+Q4
pEA*
> [p spt 5 NoVn(p) + 5 3 Vn(r— sy (307, +he) (739
pEA* TGA*
+ Z [pQS + NoVn(p) Z Vn(p —T)spsr} + &
pEA* TGA*
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where, on the range of =,
51 < N3¢ Z p a* ay + an/2fsN2 + N73+7n+45NI2{
peA® (7.3.16)
+ N2—2I€—28NH +NH—8/2N’+ N5H/2—8/2
if 1/2 < k < 8/15 — 2¢/3. Here we also used the fact that the contribution e 51Qeb1, with @y

as in (7.2.2), vanishes on the range of =. With a slight abuse of notation that is only used in
this subsection, we introduce the following momentum sets

L={peA\{0}:[p| SN}, Lo={peA*:|p| > N*/>}.

The constant term on the last line of (7.3.15) can be rewritten, using (7.2.7), (7.2.3) and
(7.2.4). We find

Z [p232 + NOVN Z Vn(p—r) spsr}

peEA* 2 i
N? ~ N? ~
=D Wer =3 Y Vvl —)ener
peLec rel
peL”
NG )
= SNi= (8may — V(O)) — N§ Z ©p (p—1)or
peL rel¢
NO 2
= 2NN”(87raN V(0)) + N Zp gop—i-f Z Vn(p (p—7)pper
peL p,re€L

The last term is bounded by CN~1+4%+2¢  We write

2 A~
% Z VN(p o T)SOpQOr — O (N—1+4H+26) .
p,reLl

As for the second term, we observe that
Nt = N Y e+ O,
pEL p€eS

Estimating [Vy(p — ) — ‘A/N(r)\ < N72F2%|p| and using again equations (7.2.3), (7.2.4), we

deduce that A N
%\ < N~22% |, (7.3.17)

Together with the bound |ay — a| < N~'* from Lemma 7.3, this yields

3 {p232 + NoVn(p Z Vn(p spsr}

’p%p +

peEA* 2
Ng NG (4maN"™) 5k/2—
_ 2NNH(87T‘1_V(O))+W 2 +O(N r/ 9,

if =2+ 3k + 6 < 0. Combining this with the first term on the right-hand side of (7.3.15), we
conclude that

N2 I> 2 2
2w (0)+ ; [p 52+ NoVn(p GZA Un(p—r spsr]
P ' (7.3.18)

(4draN
= 4raNt" — 8mraN®(N — Np) _|_X:L)_I_O(N&-s/z—e)7
p?
peS

117



where we used the assumption 0 < N — Ny < N3%/2,
To deal with the off-diagonal quadratic term in (7.3.15), we use again (7.2.3), (7.2.7) and
(7.2.4). As a form on the range of the projection = = Loy =01 L {aeanyy, we find

1.~ 1 ~
2 % %
g [p sp+§N0VN(P)+§ g VN(r—p)sT}( a, _p+hc)
peEA* reA*

* % N i * ok
=—Ny Zp2¢p (apa”, +h.c.) — 70 Z VN (r —p)er (a,a”, +h.c.).

peS peEA™
rel

(7.3.19)

Recalling (7.3.17), we can estimate
i[—No szgop a, _p+hc) 47raN”Z( aya _p—i—hc)} 5N‘1+5”/2+55/2(N+N3”/2).
peS peS

As for the last term on the right-hand side of (7.3.19), we can bound it switching to position
space. For £ € F(A) we find

Z Ul = plor(€ a8 = |52 [ Vo =) e faa,,6) dady]
relL

T‘GL
<No Y liorl (306, Qa€) + COTINTIFg]2) N7V ({6, Que) + NPW/222 g2

rel

choosing § = N*1/2*3”/4*5. We conclude that

Z [p sp+ N()VN Z Vn(r — ST] (apa’, +h.c.) = 4raN" Z(a;a*,p +h.c.) + &
peEA* rEA* peES

where, on the range of =,

:I:S{ < N—56/2Q4 _|_N—1+55/2+55/2N+N55/2—5/2
if =2+ 3k 4 10e < 0 . Combining this estimate with (7.3.16), and simplifying the absorbing
the term proportional to N by a Cauchy—Schwarz inequality, we arrive at (7.2.8), (7.2.9) given
that 1/2 < k < 8/15 — 2¢/3 (note that this implies the previous inequality on ¢ and k). O
7.4 Cubic transformation
The goal of this section is to show Lemma 7.5 and Proposition 7.7. All lemmas in this section
hold for all 0 < k < 2/3 and € > 0 as introduced in (7.1.9).
7.4.1 Properties of the cubic transformation

We start by observing that the action of the transformation Tj, = €B*, defined in (7.2.12), can
be computed explicitly. To this end, we define, for k € S,

= \/B;B..
Lemma 7.12. Let k € S. We have

X?= BZB&. = Z Nop(or + @rik)aarOp 1. (7.4.1)
reHy,

Furthermore, recalling the notation Nj, = apa,

X <2N|lpm|3N S N3N (7.4.2)
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Proof. Let us compute

B;Bi: Z Nor 0O raparipa_ra’ ay, . apOp
'I’,tGHk

* * *
= Y NopiOkrailarsrar, a’,a;,arOr,
rit€Hy

= Z NriOprak (6t + Optrit0) (1+a’ pa—r + aryparik) axOpy
T‘,tEHk

= > Now(pr + @rir)aiarOr,p.
reHy

(7.4.3)

To obtain the second equality, we used that a,;ra—O; = 0 (since the cutoff imposes that
there is no k-connection). In the last identity, we used Oy ,a*, = Oy a’ =0 (because the
cutoff imposes that the shell-neighborhood of —(k + ) and r are empty) and Oy, _(, 1) = O -
The bound (7.4.2) then follows from Lemma 7.3. O

Lemma 7.13. For k € S we have

gsin Xy sin Xj
kX X

g cos Xy — 1

Ty = cos X, + B By + B;, X2 By,

Proof. Due to the cutoff, B,ti cannot create a k-connection if there is one already. That is,
(B)* = (BY* =0.
Recall that T}, = eB* and that iBj is essentially self-adjoint on any core domain of A [81,

Theorem X.36]. Together with the nilpotent property, we can expand the exponential explicitly
on any state with finite particle number to obtain

(Bﬁ _ Bo)m (Bﬁ _ Bo)2m (Bﬁ _ Bo)?m-l—l
T, — By _ k k _ k k k k
e=ct= 2 ot @t

m=0 m=>0
m m

= (@rln))! B; (Bigi)mfl Bi+ mZO ((;72!) (Bi81)"

)" o m -1 o m oo
2 (2(m+) i (Bi8t)" - > (2(m+) 0! (B25:)" B2

m>=0 m=0

With Lemma 7.12, we find

Ty = B} <Z ((;2;; X,fm—2> B+ ((;72;; X
m=0

m>1
(=)™ o (=D™ oo
+BEY xS U xmse
| |
2 @m+1)! 2 @m+ 1)
X — 1 inX, sinX
—BEETE T gt cos X 4+ BTk BTk e

X? Xy X
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For k € S, we introduce the notation

1
Mt = O LN g yem) L atgeani-

We observe that

1 Artpvse=oy = Tinse=op-
keS

Thus, on the range of 1z .—0}, we have

sin Xk

T, = TpAx = (COS X + Blﬁc )Ak = Tk (7.4.4)

Moreover, since Ay commutes with Ty, for all " # k, we obtain, on the range of 1 xr,.—o},

T.=[[7e = [[ Zx (7.4.5)

kesS kes

In the next lemma, we control moments of the number operator with respect to the action
of the cubic transformation.

Lemma 7.14. For 8" C S, let T, ¢ := HpeS’ T,. There is a constant C > 0 such that, for all
S"C S and all j > 1, we have, on the range of Linr,.—o},

+ (ng GNIT, o — Ng) < CjN=28r+e N (7.4.6)
T NiT. 50 < N (7.4.7)

Moreover, for all j > 1, there is a constant Cj > 0 such that, for all 8" C S, we have, on the
range of Ling.—o},

T o N Togr < CjNTH3FE NG (N=2302 £ 4 1)1 (7.4.8)

Proof. We start by proving (7.4.6) and (7.4.7). First of all, we observe that [By, Ns+Npg /2] = 0,
for all kK € S. This implies that

T o (Ns + N /2) T = (Ns + Nig /2)’ (7.4.9)
for all j € N and all S’ C S. We immediately obtain
TF g NiTe s < (Ns + N /2)’ = N (7.4.10)

on the range of 1 xr,.—g}. To prove the lower bound we choose k as the “first” element in S” C S
(according to the order used to define 7,) and we compute

sin X}
Xk
sin X},

[ . in X
T]:./\/ngkZAk(COSXk—i- Bz)Né(COSXk—i-BﬁSln k)Ak

ka

o x i ot ST XE
< BNIB )

sin X, i QSinXk
—1yX A
X, MmN )M

= Ay (Ng + (Mg — 17 — M) sin? Xk)Ak. (7.4.11)

= Ak(COSQXkNg; +

= Ak(COSQXkNg; +
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On the range of Ay, we find (with g the restriction of ¢ on H)
TiNLTe > NE — 2N op|BNGNET > N — CjNT2E8rre NN,
Conjugating with T, ¢\ (4 and using (7.4.10) we obtain, on the range of 1{x;.—o},

. . rde x F1/2
F o N Tesn gy — CINTZH NPT g W NTT VT g g NG
Ty sn (N Te s iy — CIN T2 NETING

G

Iterating to cover all k € S’, we obtain
T: g NiTes > NL — CINTHHENTTEN " Ny > N — CiN 3 N
kesS’

Let us now show (7.4.8). Similarly as in (7.4.11), we find
TENL Ty = Mg (N 4 (N +2)7 — NFp) sin® X)) Ay
Thus, there exists C' > 0 depending on j such that, on the range of Ay,
TENLT, < NI + CN 7235t (NI L DG
Conjugating with T¢, i\ 11} we obtain, on the range of 1jpr,.—o},

" j " j - 1/2 (o j— 1/2
TNy Tes < Tlgn iy NorTesngry + ON 248t L2 (T stV Tesngey + 1)/\/(,/ : |
7.4.12
Next, we claim that for all j € N there exists C; > 0 independent of S” such that, on the range

of H{NSC:0}7 ‘ '

T g Ni T < CjN 23N (N2t N 1) (7.4.13)
For j = 1, the claim follows (7.4.12), iterating to cover all k € S’. Assuming (7.4.13), we use
(7.4.12) to estimate

Fon NI Tes gy + ON 23N (T g N T sn gy + DN,

T,
T*

T;S'Nlj;_ch,S’ <
< Cvsl\{k}Nl{l+1Tc,S’\{k} + CjCN_2+3”+5(N—2+3m+5NS + 1)ij'

Iterating over all k£ € S’ we conclude that, on the range of Ty —oy,

T:S/./\/’IJ;FITC’S/ < Nlj;rl + Cj+lN_2+3H+€(N_2+3H+6NS + 1)j Z Nk
kes’
< Oy N7EBRFENG(NTE3RFE NG 1 1)7,

By induction, we obtain (7.4.8). O

7.4.2 Action on the off-diagonal quadratic term

Next, we control the action of T, on the quadratic off-diagonal term on the right-hand side of
(7.2.8). We introduce the notation

Q2 = 47raN”Zap a, = (QS)*.

peS
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Lemma 7.15. On the range of 1 p4.—0}, we have
| T2 Q)+ QTe — (@4 + Q5)| S NTHIHE (W 4 NOW/2459),
Proof. Let p,k € S. If p ¢ {£k}, then clearly
Traya® ,Ti, = Apaja® Ay (7.4.14)

Let us now consider the case p € {+k}, say p = k. Since GS) only depends on operators N,
with ¢t € H, we have [a}a* @,il)] = 0 and therefore Apata* B: = Boata* A, = 0. We find

L p"—p cUpl—p
T T sin Xk sin Xk
Trapa™, Ty, = Ak(cos Xraja™,, cos Xy + X, BféaiaikBZTk)Ak
sin Xk X
= Ak(cos Xraja™,, cos Xy + < ata* ; Xy sin Xk) Ay,
k

where we used that [BY,aja*,] = 0. With the formula (7.4.1) for X? and since Nyaja*, =
apa* . (Ni + 1), we obtain

X,ga;;a*,k = a,’ga*,kY,f,
with Yy being defined as the square root of the positive operator

V2= XP+ Z Noi(pt + pr4k) Ok -
teHy

Since (with @k,t = @k,—t—k)

N
VP =X =) Now(or+ @rik)Ons = > D (@t + rek)*Ony (7.4.15)
teHy teHy,

we conclude that Y,f > X ,3 Since X} and Y, commute, we arrive at

- - inY
Tiaga™ Ty, = AkaZa*_k<cos Y}, cos Xj, + X, sin X}, SH;/ k)Ak
k

sin Yk) AL (7.4.16)

= AkaZa*_k<COS(Yk — Xk) + (Xg — Yy) sin X,
k

=: Aka}';a*_k(l + Rk)Ak

From | cos(y—z)—1+(z—y) sin(z) sin(y) /y| < C(y*—2?) for all 0 < z < y and from Lemma 7.3,
we obtain
+Ry, S Nllpnl < N7

With (7.4.16), we conclude that
+ Ay (Traja T — aga* ) Ag +hee S N7 PE(N 4+ N+ 1).

Conjugation with T can be handled similarly. Since moreover the error term is invariant w.r.t.
Ty, for p € S\{£k}, we find

£(Traja* , T, — afa® ) +he. S N2 + Ny + 1)

on the range of 1¢y..—o}. The claim follows by summing over k € S (recall that S| < N 3r/2432)
O
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7.4.3 Action on the kinetic energy operator

In this subsection, we control the action of a single cubic transformation T}, for a fixed k € S,
on the kinetic energy operator. In the next subsections, we show similar statements for the
action of Ty on the cubic term ()3 and on the quartic term )4, appearing in Lemma 7.4 on the
right hand side of (7.2.8). Eventually, we will obtain the action of the full transformation 7, by
iteration.

Lemma 7.16. For k € S we have, on the range of Ay,

=T Y Paga = Y pPasay =2 > Nr2e,(or + ourr)aharOy, | S NTEEEEAR,

peEA* peEA* reHy,
(7.4.17)
Proof. Using that ByAy = 0 and that [X?, Ax] = 0, we obtain
* % sin Xy o " sin X},
AT q%;* q2aqaquAk = Ak(COSXk + X, Bk) Z q2aqaq<COSXk + Blﬁ X, )Ak
9 9 % szk 9 sin X
:Ak<cos Xk Zp apap + X —B; Zp a,a plS'/,ﬁ€ X, )Al€
pEA* pPEA*
szk sin X},
:Ak<2paap Bk,ZpappBﬁ )Ak.
pEA* pEA*
Let us now compute
Bk, Z pa’ ap = Z NY2p, T + (k+7)* = 2) @k,ra,’;a_rakHB,i
PEA* reHy
=2 Z N (or + rar) ('r2 + k1) azarOy,,
reHy,

where we used that, similarly as in the proof of Lemma 7.12,

afrak—H"BIﬁg = (¢r + @rik)ax Ok ;-
We therefore obtain

Ay (T,;‘ Z p2a;aka; - Z anZap -2 Z Nrio. (o + <pk+r)a,’;ak8k,r> Ay

pEA* pEA* reHy,
) i 02
. sin® X, sin® Xy,
:Ak<2 Z N‘Pr(@r+¢k+r>akak®k¢ |:7“2< Xlg _1) ek X% ])Ak
reHy

From Lemma 7.3 we find that

§ erlSor(‘Pr + Oryr)| S N[l S N*
reHy,
and that

> Nirllkllerller + erirl S NIElpellzllmlle S N2,
reHy,

since |k| < N*/2*¢. Moreover, (7.4.2) implies that

102
sin“ X, _
<1 . X2 k) g N 2+3n+st.
k

Since N#N—2t3rte — N—2Hdnde  N—1458/2432/2 for gl k < 2/3, we obtain (7.4.17). O
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7.4.4 Action on the cubic term

Next, we proceed with the conjugation of the cubic term Q3 appearing on the right-hand side
of (7.2.8). On the range of the projection = = ]l{N(Hus)CZO}]l{NHGQNO}’ we can decompose

Qs =1/ 2 (@4 + QY + ) (7.4.18)
with

QY = Z Nl/QXA/N(r)a*,TaLrpap + h.c.

reH,,pesS
M 1/277 1/275
Q3" = Z NY Vn(r)aZ,a;i,ap + Z NY Vn(r)a®,a;,,ap + h.c.
T7p€H: pEHr,TGS
r+peS
s 1/25
Q3 = Z NY Vn(r)aZ,a;,,ap + h.c.
r,peS:
r+pes

Note that since 0 < N — Ny < N36/2 we have VNo/N =1+ (Q(N—1+3H/2).
In the next lemma we conjugate the operator Q?{q .

Lemma 7.17. Let k € S. On the range of Ay, we have

+ (THQHT — QF =2 Y NUN() (v + pria) NiOi, )
TEHk
S, N72+4/€+€N3 + N75+15/€/2+75 (N272n Z ]15(7, + q)a:azaqar + NKNS> (Nk + 1) (7‘4.19)
r,q€H

Proof. Let us write Q¥ = > pes le’?ﬁ + Qg; with Qﬁf;f’ = (Qﬁ{ﬁ)* and

Hi _ 1/277
Q3 = Z NY Vn(r)aZ,a;,ap.
reHy

Let k,p € S. With (7.4.4) and using that Ang;;)ﬁB,ﬁ = 0 (since Qg{]’f cannot annihilate a
k-connection), we find

sin Xk
Xk

SinXk
Xk

ByQ4Y cos XAy (7.4.20)

AkT,:‘Qg]’kaAk = Ay, cos Xng;f cos XpAp + Ay B,‘;Qé{ﬁlgg

Ay

sin Xk:

A
—l—k;Xk

We compute

H, >
Bng,pﬁ = E NSOtVN(T)@k,tazak+ta—taira:+pap
ter ,T'GHP

= Z NtV (r)Ok ¢ <aira/::+pak+ta—t + Op (Ot + 5t,—(p+r))
tEHk,T‘GHp

+ a;—l—rar-i-k(‘stﬂ’ + 0t,—r—k) + a2 0 pri i (Ot,—p—r + 5t,p+r—k)) arap
= 3 Nedn(r)6 (a’: V@10t + O (Bt + 5t7,(p+r)))a;ap, (7.4.21)

teEHy ,T'GHp
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where, in the last step, we used the definition of O ; (which implies for example that Oy ,a’
0 and similarly for the other terms on the third hne)

Next, we distinguish the cases K = p and k # p. Let us first assume that £k = p. Since
ApQy B8 — 0, the first term on the right-hand side of (7.4.20) vanishes. Using (7.4.21) and
Oa” .ay, . = 0, we conclude that also the second term on the right-hand side of (7.4.20) is

ptr =

zero (because Ag can be moved through Bj Q3 H8 and Akl’)’jj = 0). Thus, we have

sin X3 cos X
AT Qg Ty = Ak# > NVN(r)(er + @rin)ajarOk - A
TEHk

With the elementary inequality

sinzcosx _ 2 o
01— 70 < 2o,
T 3

using Lemma 7.3 to estimate
| NUNG) e + o) S N
reHy
and applying the bound (7.4.2), we obtain
A (Tk Qg ﬁTk Z N‘/}N(T)(SOT + @r-‘rk’)azak@k’,r) Ay 5 N_2+4H+€Nk2' (7'4'22)
TEHk

We now consider the case p # k. We will prove that

iAk(Tk STt - Y ol )Ak—i—hc

peS\{k} peS\{k}
S N75+15H/2+7€ (N272/4 Z ]lS(T + q)a:a:;aqar 4 NHNS> (Nk + 1) (7423)
r.qceH

Together with (7.4.22) and A (Q5F + Q3 i )Ak = 0 this implies (7.4.19).

To show (7.4.23), we observe that, from (7.4.21), ByQ3 ILiN, = 0 since aksia—tN = 0 for
t € Hy. Therefore, the last term in (7.4.20) vanishes. Using (7 4.21) to rewrite the second term
on the right-hand side of (7.4.20), we find

ARTF QST AR = Ay, cos X, Q50 cos XpAy,

sin Xk = (2) x
Z NolVn (T)@ ta—r r—‘rpak’-i-ta*tazap
tEHk,T‘EHp

sin X
Bﬁ
X

+ Ay, Ay,

k
(7.4.24)

2)

In the second term, we move the cutoff @,(i,t
this end, we use the identity

to the right to reconstruct the operator B;. To

61(622 a, = a::@;(g? (1 = Lt r8)u(—(t+k)+5) (7”)) Vk € S,t € Hp,r € A* (7.4.25)
We find
Z NSOtVN( )chgza—r r+pak+ta—tazap81ﬁg
tEHk,TEHp

= Z N@tVN( ) a_,a T+pa’p@](g zak+ta takB (1 - ]l(—T', r+p ~s _(t + k)? t))
tEHk,TGHp
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with the notation

Loif {—rr+ptn(E+S)U(—(t+k)+8)) #0
L(—r,r+p~g —(t+Ek),t) = if { . py O ((E+S)U(=(t+Fk)+9)) #
0 otherwise.
Proceeding as in the proof of Lemma 7.12, we find
Z N(pt‘?N(T)@l(jzaira:+pak+ta—tazap8£ = Z Nl/QYA/N(r)a’iraierap(X,g_r’Hp))2
teHy,reHy ref,
where we defined

(XN = 3T (1= 1=+ p g —(E+ ), 1) OueNor(or + gein)apar (7.4.26)
te Hy

We can decompose (X,gfr’wrp))2 = X,% — 5,5/,4’”1’) with

5](;r,r+p) _ Z 1(=r,r 4+ p~g =t + k), 1)Or : Nt (01 + @rn) N (7.4.27)
teHy

Notice that (X/,g_r’ﬂrp))2 and 5£_T’T+p) are both non-negative operators (this can be shown
similarly as in (7.4.15)). Moreover, with Lemma 7.3, we find

51(6—7"77’4-17) S N|S|||<PHHgoNk 5 N_5+15H/2+76Nk-

Hence, after summing over p € S\{k}, the contribution of 5,E:_T’T+p ) can be bounded with

Cauchy—Schwarz on the range of Ay by
+ Y NYVPUn(r)at,al ey Y e,
peS\{k},reH,
< NOFIoR/24Te (NH“ > 1s(r+ q)arajaqay + N”Ns> (Ng + 1). (7.4.28)
r,qeH
Therefore

SiIle
Xk

+ Z Ay {T;Qgng — cos XkQ?{L{:;)ti cos X —
peS\{k}

Qgé;ﬁXk sin X + hC} Ay

(7.4.29)
< NOHIBR/24Te (NQ*Q”” Z 1s(r + q)ayagaqa, + N”Ns> (N +1).
r.q€H

Arguing as in (7.4.25), we also obtain
* % * % =, 2
AL XRat,aky aphy = Apa’ .ty ap (X720, (7.4.30)

Since moreover X; and X ,g_T’H_p ) commute, we find

sinXk %

Ay cos Xya® .ay,a, cos XpAy + Akaa

« .
=y pap X sin XAy

. (=r,r+p)
sin X, P
X(*T‘,T’+p)

= ApaZ,a; ,ap (cos X,E_T’Hp) cos Xj, +
k

X sinXk> Ay

= Aga®,ar;, ap, | cos(Xy — X(_T’Hp)) + (X — X(_T’Hp)) sin X M A
kt_plpipUp k k k k k X(_T7T+p) k
k

= Apal,a;,,ap <1 + R,(;r’wrp)) Ay
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With | cos(z —y) — 1 + (z — y) sin(x) sin(y) /y| < C(z? — y?) for all 0 < y < z, we conclude that
(_ T+ ) (_ T+ )
tR, nrre < 09, nre,
Thus, proceeding as in (7.4.28), we arrive, on the range of Ay, at

+ Z N1/2‘7N(r)a*,TaLpapR,g*T’Hp) +h.c.
peS\{k},reH,

< NOISR/24Te [ 226 Z Ls(r + q)ayajagar + N*Ng | (Nj, + 1).
rqeH

Inserting this bound into (7.4.29), we arrive at (7.4.23). O

As for the observables Qé\/l , Qg? , we employ the parity operators Pj defined in (7.2.14) and
the assumption [Py, I'] = 0 for all £ € S to show that their expectation vanishes in the state
described by the density matrix I'. Here, we will make use of the following property stating that,
for p € H, the density matrix T.I'T can only have either zero or one particle with momentum
p and that, in the second case, there must be exactly one particle with momentum in the set
—p+ S, forming an S-connection with the particle with momentum p.

Lemma 7.18. Let I' = Tpnrge—0) 'L pnge—0y. Forp € H, define

Xo = Tin=0) + L=y DI pe=y 1 Tovpiu=0y
zeS yeS\{z}

(7.4.31)
Xp = Linp=0) + Lpvp=1) 2 Ly
z€eS
Then we have
T.IT! = xp T.TT xp = XpT T T X p- (7.4.32)

Proof. Let p € H. Note that I' = x,I'x,. We now show that [a*,.a;, ,arOk., xp] = 0 for all
k € S,r € Hy, which implies [T¢, x,] = 0 and thus the first identity in (7.4.32).
We start by observing that from the definition of ©y , in (7.2.11) we have

a0t 0Ok = Lyl m1y ] Tvis,—0107 051 40kOkr (7.4.33)
yeS\{k}

This implies
[a” a7 1,0k, Lin,,—0}]

= %3070k O L nj =0y (9-rp + Orip)

=T lv 1) H Lo, =0y na” 40k Ok —p (O—rp + Oripp) . (7.4.34)
yes\{k}

To compute the commutator with the second summand in the definition (7.4.31) of the projec-
tion x,, we distinguish four cases.
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Case 1: p = —r or p = r + k. This implies that p € —(r + k) + S or p € r + S, which by
definition of 61(32 gives O Lpn,—13 = 0. Thus

[@*—rahkak@kmvﬂ{Np:l}ZH{N_HZ:H I1 1{N-p+y:0}}

z€S yeS\{z}
= L= ) b=y I Tov e, —00p07 10010k —p
z€S yeS\{z}

= Il my 1] Tvs=000p0" sk @Ok —p,
yeS\{k}

where the last equality follows from (7.4.33). With (7.4.34), this proves [a” ,.a; axOp r, Xp] = 0.

Case 2: p =1+ z for some z € S\ {k}. Then p ¢ {—r,r + k} and also Oy, Lir;—1} = 0,
which implies

a*_rai+kak6k:,’ra ]I{szl} Z ]]‘{pr+z:1} H ]I{pr+y:0}i| =0
zeS yeS\{«z}

Since, in this case, we find from (7.4.34) that [a*,a; |, axOf ;, L n,—0}] = 0, we conclude again
that [a”,.ay . axOp r, xp] = 0.

r

Case 3: p= —(r + k) + 2 for some z € S\ {k}. Then p ¢ {—r,r +k} and Oy, 1n,—1} = 0.
Again, we find [a"‘_rajJrkak@k,r,Xp] = 0.

Case 4: If none of the conditions apply, terms commute and [a* a7 arOk.r, Xp] = 0.

This shows that x,T.I'T; xp = T.I'T;. The second identity in (7.4.32) can be shown similarly.
O

With Lemma 7.18, we can now show that the expectation of Qg and Qg/f vanish in the state
T:I'T,.

Lemma 7.19. Let I' be a density matriz on F(A) satisfying T' = 1ynrgo—oy Tlpnge—0) as well
as [I',Py] =0 for all k € S. Then

Tr TFQ5T.T = Tr T/ QM T.T = 0. (7.4.35)

Proof. As noticed below (7.2.14), we have [Py, T.] = 0 for all k € S. By assumption, we consider
density matrices I' such that [I',P;] = 0 for all £ € S. It follows that

T.IT = PyT IT Py + QuT.ITQy, (7.4.36)

for all k € S. On the other hand, from the definition of M, in (7.2.13) and N;a} = a}(N; +d; ;)
we find
Maa® ayy 0, = a” ay,,ap, (Mg 40z + 0z rip — Ozp) - (7.4.37)

The analogous statement holds for M_,. Distinguishing different cases, we readily show that
the parity has to be violated for some x € S, i.e. for every r,p € S with r 4+ p € S there exists
a x € S such that

Pra”ay,ap = a” a5, ,apQy.

Thus we find that Tr X ,a;, ,a,TI'T; = 0 for all r,p € S with r+p € S. Hence Tr Q3T.ITF = 0.
To show the second equality in (7.4.35), we derive an identity similar to (7.4.37). Here

this task is more subtle than above, because the second term in the definition (7.2.13) of M,,
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measuring the number of z-connections, does not commute with Qé\/f . We are going to use
Lemma 7.18. We decompose

QY = Z N1/2\7N(r)a*_ra,f+pap +h.c.+ Z Nl/QYA/N(r)a*_rajerap +h.c.=: Qg/[’l + Qéw’2.
r,pEH: pEH, TES
r+peSs

First, we consider Qy’l. From (7.4.32), we find

T TPQYM T = Y NY2Un(r)Tr o al, 0, T TS

—r'r+p
r,pEH:
r4+pes
= Z N2V (r)Tx X—r@Zap i papXpTe Ty
r,pEH:
r+peS

Using that a”, = 1, >1ya%, and ap = aplyp;,>1}, we may equivalently consider the expecta-
tion, in the state T.I'T}, of the observable

IR FIVARETS FIVARETR ] (NS WOVANPAY CAPCNT NOVASYS ovaey uuy [ [ NV
y,2€S y'eS\{y} 2'€S\{z}
(7.4.38)
for r,p € H such that r+p € S. To show that the expectation of each summand in the previous
line vanishes, we apply the parity argument as we did for Qg,? . For x € S, using the definition

of M, in (7.2.13) and ./\/;-agf = aj(/\/}- + 8;,5), we find

1
anira:+pap = aira’:+p (Ma: + Ozr4p + 9 Z (O, Neta + 5t+x7—rN—t)> ap

teH,
= aira:erap (Mw + 5w,r+p) +Nryalm, (r)a’ira,erpap - atra::eraP N—p+a:]le (—p)-

Thus, we obtain, for y, z € S such that r +y, —p+ z € H (note that otherwise the expectation
in (7.4.38) vanishes as r + y, —p + z cannot be in S and there is no particle in (H U S)€)

Moty -y ] Lo, =030 rarpaplin =1 I 1w, -0
y'eS\{y} 2'eS\{z}

=Ly I L, —0esaipaln .y [ twv,,.—0
ves\(u} 2/es\(z}

X (Ma: + 6m,r+p + 5x,y - 51,2)

(compare this to (7.4.37)). The same calculation for M_, and a case distinction shows that
the parity is violated for some x € S, i.e. for every p,r € H such that r +p € S and for every
Y,z € S, there exists x € S such that

Poln, =ty [ Tov,=0p0tarpmln, .=y [ Tiv,.—o

y'€S\{y} z'e€S\{y}
=lwo=1y 1] Tv,,=o0aipeln, =y ] T, =0Q.  (74.39)
y'eS\{y} 2'€S\{y}

With (7.4.36) this implies that the expectation of each term in (7.4.38) vanishes. By linearity,
we conclude that Tr TC*QQ/I’IT I' = 0. Similarly, swapping the roles of —r and r + p, we also
obtain Tr T*QY"*T.T = 0. O
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7.4.5 Action on the quartic potential energy operator

Finally, we study the conjugation of the quartic term @4 in (7.2.8). On the range of the
projection = = ]l{N(Hus)c:O}]l{NHEQNo}’ we can decompose

Qu=QY + QM+ QS

with
H 1 "/\v * *
QI = 3 N(r)aerTaqaqMap
reA*
P,q€Hr
w1 SN he 4 L S Vv, h
QY = 3 Z VN(r)aerraqanrrap +h.c. + B VN(T)aerraqanrrap +h.c.
q€H,peS,reh*: PgES,reA”:
p+reH,g+res prratrel
1 -~ M1 M2 M
+ 9 E VN(T)apiraqaqirap +hee. =0 Q) + Q4" + Qy ?
pEH,qES,reA*:
p+reH,q+res
1 ~
S _ * *
Q4 = 5 g VN(r)ap—i-raqaq-i-?"aP'
g,pES,rEA™:
p+r,g+rES

(7.4.40)

Let us first consider the term Q. It is convenient to define

~ 1 ~
QY = b Z Vn(r)Ls(p+q +r)a, ,agaq4rap.
reA*
p,q<H,
In the next lemma we show that the difference QI — @f is small on an appropriate class of
trial states.

Lemma 7.20. Suppose that I is a density matriz on F(A) satisfying I' = Liarge—oy Tl {nrge—0} -
Then we have

+Tr TH(QY — QT < N~1HoR/243ey T* N T, T,

Proof. Let us first explain the idea of the proof, heuristically. Consider the expectation of
UptrGglq+rap in the state TeI'TY. The operator a, annihilates a particle with momentum p
which, by (7.4.32), has to be connected to exactly one other particle with momentum —p +
z,z € S. After the annihilation and application of the remaining ay_ .ajag4, this p~article
again needs to be connected. So either ¢ +r = —p + x, which is the main term of Q¥, or
—p+z € —(p+r)+S U —qg+S. This leads to the condition r € S+ .S or ¢—p € S+ S. Either
constraint is enough to show that these contributions are negligible.

We will now make this argument rigorous. First, let us assume that r ¢ S+ .S and ¢ —p ¢
S + 5. Then from Lemma 7.18, we find

Tr (a;‘; +rgQgirap T T )

=Tr (4} aagsrapLny=1y 3 Ln ety TIT?)
xeS

- Z Tr <1{N_p+1:1}a;+ra;aq+rap]l{Np=1}TcFT:) ]I(Qap +r#-p+ .%')
zes
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because, on the one hand, —p + = # ¢ + r (from the assumption p + ¢ +r ¢ S) and, on the
other hand, the contributions from —p + = ¢ and —p + = = p + r vanish, since there cannot
be two H-particles in the same momentum state on the range of T.I'T, i.e. Tyn, >0, T[T =0
for all k € H, which follows from (7.4.32). Applying again (7.4.32), we obtain

Tr (a;Ma:;aqwapTcFTj)
= Z Tr (]I{N_p”:l}]l{Np_ﬁy:l}aZJrraZaqMap]l{szl}TcFT:)]l(q,p +r 75 —p+ a:)
z,yesS

- Z Tr (a;+7"a2aq+rap]l{prﬂc:l}]l{prery:l}]l{Np:l}Tch:)
z,yEeS

xU(g,p+r#-p+a)l(qg+rp#p—2x+vy)

since p—x + vy # p+ r,q from the assumption r,q — p € S + S and the contribution from
p—x+y = q+r,p can be excluded as above, using that 1y, >0y TcI'T; = 0 for all k € H. Since
the particle with momentum —p + z is S-connected both with the particle with momentum p
and the particle with momentum p — x 4 y, we conclude that

Tr (a;Jr,,a(’;aqHapTcFT;) =0 (7.4.41)

To handle the case r € S+ S or g —p € S+ S, we observe that, by the Cauchy—Schwarz
inequality, we find

+ ) Vn (1)@ @hageraplse(p+ g +1) (Lsss(r) + Lisps) (r)lsss(q — p))

< N-lHR/2H3e A2
where we used that [|V|]|so < N7 and |§| < N3#/2+3, O
Next, we conjugate @f with T}, for a k € S.
Lemma 7.21. On the range of Ay, we have, in the sense of quadratic forms,

* ) ~ 17 2 2) «x
+ <Tk QYT — QY — > Vn(r—p)Ner(ep + ‘Pp+k)@](€72®](€7;akak>
r,pEH}
S N75+15/@/2+98(Nk + 1) Z ]ls(p + q)|q’2a;azaqap + N72+4n+€NI€2‘

p,q€H

Proof. Let us fix k € S, r € A*, p,q € H, with p+ g+ r € S. Using (7.4.4), we obtain, on
RanAy,

* %k * o * * Sln(Xk) ok * ﬁSln<Xk)
Ty anyragagirapTy, = cos(Xg)a, ,a;aq4rap cos(Xg) + X, Brag.,agaq+rapB;, X,
. s ¢ sin(Xy)
+ [cos(Xk)aer,,aqaqHaka X, + h.c. (7.4.42)
Let us first show that the cross terms on the second line vanish. We have
a* atag.,a,Bh = at. a‘agiraya’,at apNY20,0
p+r@qtatripPE — ptrglaqtrdpl Qg Ok PtOkt
teHy
* * * * * * * * 1/2
= Z (aftak+tap+raqaq4r7“ap + apyrag ag+rap, a*yaj4]) arN / P1Okt
teHy
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Using

* * * * * *
[agrap, a”yajyy] = @hpagndp—t + 07 40 1rOp ort + Oqir—tQh 4 4ap + Ogirorea” 4 (7.4.43)
+ Ogrk+0p,—t + Op k+10g-+r,—t

and noticing that, since the cutoff ©;; imposes that the S-neighborhoods of ¢t and of —(t + k)
are empty and since p 4+ ¢ + r € S, the contribution of the quadratic terms on the right-hand
side of (7.4.43) vanishes, we obtain

* * f
Aptr Qg Qg+r aka:

= > (0240540410 0g 40y + a4 05 (Ot —t0p kvt + Sgirky1Op—t)) kN 01O 1.
teHy
(7.4.44)

Observing now that all terms in the sum on the right-hand side create a k-connection, we

conclude that Agaj, +,,a:;aq+rapB,’i = 0. Thus, the cross terms vanish on RanAj.

Let us now consider the second term on the right-hand side of (7.4.42). From (7.4.44)
and using, similarly to (7.4.3), the fact that ©j; excludes k-connections and particles in the
S-neighborhoods of t and —(¢ + k), we find, on the range of Ay,

o % * f
Bia,agaqrapBy,

o [ % % * * * * 1/2
= E B} (%405 140 1 050q 41 ap + a5 05 (Ogir—t0p kst + OgrpstOp —t)) axN %0104
teHy

=) OriN@i(t + Pryt) a5k 40 g 4 1pOey
teHy

+ Z N1y (Opsr—t0g kit + Optr kit Og,—7 ) (Ogar k+£0p,—t + Oqr—t0p ktt) Ok 17 A a1 Ok ¢
t,t' e Hy,

— a* a* (Xlgp+r7q7q+r7p)

p+rlq )2aq+rap + N(p + p—i)(pg + @q—k)@k,—p@k,—q5p+q+ﬁk/\/k

with

(X/,(CPJ””MJ”””)2 = Z Ney(pr + @ryt)Orparar (L —L(p+7,¢,q+ r,p ~g —(t + k), 1))
teEHy

—: X7 — slPrreatre) (7.4.45)

Here, similarly to the analysis of QI, we used (7.4.25) to commute O, (on the range of Ay,
we have Oy, = @,(32) and we defined

1 if{p+7‘,q,q+r,p}ﬁ((—(t+k)+S)U(t+S)) + )

Lp+rgqtrp~g—(t+k)t):= .
0 otherwise,

which checks if at least one of the momenta p + 7, q, g, +7 or p is in the shell-neighborhood of
—(t+ k) or t. Notice that (5,5;]0 Traatre) g g non-negative operator, which can be shown as in
(7.4.15). Moreover, Lemma 7.3 implies that

ST < BIS|N [ PN S NTITIHTENG (7.4.46)

132



Recalling the definition (7.4.26) and using (7.4.30) we have, from (7.4.42), on RanAy,

Ty ay,  agaqsrapTy
= a;+ra; ( COS(Xéanr,q)) cos(Xl(Cp’qM)) + W( lgp+r,q,q+r,p))2 Sin)((:z((p]%:lq:))) AgsrGp
+ N(pp + @p—i) (g + soq_k)@k,_p@k,_q6p+q+r,k/\/kShﬁ?’“. (7.4.47)
Using trigonometric identities and the fact that the operators XISPJ”“"I)’ X’gqva)’ X]EP-‘-T,q,q-i-T,p)

commute with each other, we can write

sin(X )
X}ip+nq)

Lsin(X )

cos(XlierT’q)) cos(X,gp’qH)) + @)
k

(X lip+7“,q,q+hp) )

sin(X]ip—H’q)) sin(X,gp’q+T))
X Igp+r,q) X Igp7q+r)

_ cos(X,EpM’q) _ X}gp,qﬂ)) I <(Xlgp+r,q,q+r,p))2 B X}gpw,q)Xlgp,qur))

— 1 + R]E:p+1”,q,q+7”,p)'

We can estimate

iRl(cerr,q,qH,p) < 5}gp+ﬁq,q+r,p) + 35](€p+r,q) + 25}(€p,q+r) < N75+15n/2+75Nk

as follows from the inequality
sin siny

(z2 —xy) — 1| < (v2 — 22) + 3(112 — :cz) + 2(1}2 — y2)
x Yy

’ cos(x —y) +

for all 0 < z,y, z < v (with v playing the role of Xj). The contribution of the remainder terms

R](fp Fraatrp) ¢ Tk@f Ty can therefore be estimated, using the Cauchy-Schwarz inequality, by

+ N Un()s(p+ g+ r)ah,a;RY T P aga,

reA*
p,q€EH

V(r .. _
< Z 77| pg )|1S(p+q+T)qzapHaqu(Cerr,q,qur,p)(Nk+ 1) 1ngp+r7q,q+r7p)aqap+r

reA*
p,q€EH
+n ! Z ‘ gf)‘pzﬂs(p +q+ r)apaq+r(Nk + 1)aq+rap
reA* q
p,g€H

for every n > 0. Choosing = = N—5+15%5/2+7¢ e obtain

+ Z ‘/}N(T)]ls(p +q+ T)a;+raZRl(<:p+r,q7q+r,p)anrrap

reA*
p7q€H7‘

< NOHIBR/24Te Z Vi ( )|]15(p+q)|p|2apaqapaq(/\/k +1)

2
e lp =l
qeEH

< NOHIBR/2+9: Z ]lg(p—l—q)!pIQa;aZapaq(Nk +1). (7.4.48)
reA*
qeH
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In the last inequality, we applied Hélder’s inequality and the bound ||V | ;3/24e < N2,

Let us now consider the last term on the right-hand side of (7.4.47). To evaluate its contri-
bution to T,:‘Qf T}., we observe that

1 .
) E VN (r)N(¢p + ©p-k) (g + La—1) Ok,—pOk,—qOp+g+rkNi
reA*
p.g€H, (7.4.49)

= Y NUn(r—p)er(@p+ opin)OrpOr,Ni.
r,pEH},

By Young’s inequality and estimating ||¢||1 < C with Lemma 7.3, we find

‘ > NVn(r—p)er(op + Sop—i-k)‘ < N&
Taper

With the bound

’ sin? z

5 —1’<Cw2
x

valid for all x > 0 and with the estimate (7.4.2) for X}, we conclude that

sin? X},

i{ Z ‘/}N(T)]IS(P +q+7)N(pp+ ‘Pp—k)(%oq + ‘Pq—k)@k,—p@k,—q5p+q+r,kaT
k

reA*
p,q€Hy

— > NUN(r = p)er(9p + 0pik) Ok pOr Ny | S N72HFEAR,
T7p€Hk

Together with (7.4.48), we obtain the statement of the lemma. O

Next, we consider the term Qf, where the four momenta are in the shell. We show that its
contribution is negligible.

Lemma 7.22. Let I' be a density matriz on F(A) satisfying T = 1ypnrgo—oy Tpnge—0) as well
as [I',Px] =0 for all k € S (with Py, the parity operator defined in (7.2.14)). Then we have

Ty T: QETCF 5 N—1+nTr TC*NS(NS + N3R/2+3E)TCF.
Proof. Let us once again use the parity argument: Recall (7.2.13), where, for k € S, we defined

Mk :Nk + Z -/\/;t-/\/’t-i-lﬁ

teHy

counting the number of particles with momenta k and the number of k-connections. From the
assumption I' = Tz —oy [ ary.—oy with [[',Px] = 0, and from the observation that [T, Py] = 0,
we have T.I'TY = P T IT P + QpT I'TFQy, for all k € S. After computing the commutator of
My and M_j with a;j +7nagaqwap we find that the contribution of aI*, Jﬂ,aZanrrap vanishes unless
one of the following conditions holds true:

e p+r==xqgand g+r==+p
e p+r==xqg+rand qg==p

e pt+tr=dpandg==+q+r,
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This implies that, necessarily, —r = p+ ¢, p = q or r = 0 must hold true. Therefore, we find
that

Tr TFQJT.I'T*

< Tr ( Z VN (p + q)a” aga—pap + Z VN(T)ay apapirap  + Z VN(O)a;a;aqap>TCFT:.
p.qeS pres p,geS

Thus
Tr T QFT.T < || Vvl poe Tr No(Ng + N3 /2T )T, T Ty,
Here we used that

Z vN(P +q)a’ aga—_pa, = Z ?N(O)N’p(/\/p -1+ Z VN(p +q)(a’ja—p)(agap)
p,g€eS peES p,(;ES
p#q

S H‘/}NHLooNS(,/\/'S + N3k/2+3ey
O

As for the term Q}, we decompose it as in (7.4.40), writing QY = in’l + Q%Q + Q%:s.
. M,1
First, we handle @, .

Lemma 7.23. Let I' be a density matriz on F(A) satisfying T' = 1ypnrgo—oy Tlpge—o) as well
as [I',Px] =0 for all k € S. Then we have

Tr T* QL' T.I = 0.

Proof. Recall that

Qi\/l’l = % Z VN(r)ay,, agaqirap + h.c..

qEH,peS,reA*:

pt+reH,g+res
Fromg e H,g+r € S, we find r € S+ S. Similarly, from p+r € H,q+r € S, we obtain ¢—p ¢
S+ 5. With the analysis at the beginning of the proof of Lemma 7.20, in particular (7.4.41), we
conclude that, unless p+g+r € S, the expectation of ay_,azaq4rap in the state T.I'T;" vanishes.
For p+q+r € S, the operator ay,,aza44rap, creates a (p + g + r)-connection, annihilates a
particle with momentum p € S and a particle with momentum ¢ + r € S. Consequently, also
this term vanishes in expectation due to the same parity argument that was used in the previous
lemmata. O

Finally, we estimate the expectation of the terms Qi\/[’z and Qﬁ/l’?’.

Lemma 7.24. Let I' be a density matriz on F(A) satisfying T' = 1ynrge—oy Tlpnge—0) as well
as [I',Px] =0 for all k € S. Then we have

+Tr THQY + QYT < N~ Ty TA Ny (N + N3%/23) T,

Proof. Let us focus on the contribution of Qi\/m, the one of Qi\/l’?’ can be handled analogously.
Recall that

M2 1 i * *
Q" = 3 g VN(r)ap,, agaq+rap + h.c.
p,qES,rEN*:
p+r,gt+red
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Using Lemma 7.18, we write
Tr a,,agaq4rapTUT,
="Tr Z ]]'{Np+T:1}]l{Ny—(p-!—r):l}a;+ra;aq+Tap]l{NQ+T:1}H{Nx—(q-FT):l}TCFT:
z,yeSs

The term annihilates a z-connection and a particle with momentum p, and creates a y-connection

and a particle with momentum ¢. Thus, by our standard parity argument, we find that one of
the following conditions must be fulfilled:

(1) = +p and y = +gq,
(2) x =+q and y = +p,
(3) © =ty and p = +q.
Case (1): With Cauchy—Schwarz we obtain
£ LN = LN, oy =110 g Op LN =1y LN, =1
- i]l{/\fwr:l}]I{Ny7<p+r>:1}a;+r(apaz - 5p,q)aq+r]l{/\/q+r:1}]I{Nl-f(cﬁr):l}
S @i (apap + VaperLing, =y LN, =1} T Qgir(ag0g + VagerLing =1y Lin, i =1)
= Opig OprOpr LN, =y LNy =13 LN, =1 (7.4.50)

We sum over z and y and write £p, +q for either value that x respectively y could take. The

contribution of the first two terms on the right-hand side of the previous equation can be
bounded by

Z VN (r)Tr 4y (a0, + 1)a/p+T]l{Np+7‘:1}]I{Niqf(p+r):1}TCFT:
P,gES,TEN™:
p+r,g+reH

< Vi llooTx Z(a;ap +1) Z arar iy, -1y Z LNy, =1y TelTy
peES reHd q€eSs

= [P llooTr (72 (W + [SDAWTT),

where we first shifted » — r — p and then we used Lemma 7.18 to replace the g—sum by 1. For
the third term on the right-hand side of (7.4.50) we readily find

> UN)pg L =1 N, = N, e =1} < IV [looNH] S
p,geS,reA™:
p+r,qg+reH
Case (2): This can be handled like Case (1) but without interchanging a; and a,.
Case (3): With Cauchy-Schwarz, we obtain
:l:]l{NerT:l}]]'{Ny—(P+T):1}a;+ra2aq+rap]l{Nq+r:1}]l{Nx—(q+r):1}
< a;+ra2aqap+rﬂ{A@+r:1}H{A@—Oﬂw):1}.+-a2+ra;apaq+rn{A@+r:1}H{A@—(wHﬁzl}

The contribution of the first term (the second term can be handled analogously) can be esti-
mated, after summing over p and x, by

> * * *
Z Z Vn(r)Tr ap+raqaqap+r]l{NP+T:1}]1{Ny7(p+T):1}(5 4qT.I'T;
qeES,reEN*: yeS
p+r,q+reH

<Vl Y agaq Y ararlin,—1y Y Ty, —1y Tl
qeS reH yes

<V lloo Tt NNy T.ITY .
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7.4.6 Proof of Lemma 7.5

First of all, we combine the statements of Lemma 7.16, Lemma 7.17 and Lemma 7.21 to estimate
the expectation of kinetic energy, cubic and quartic terms on the right hand side of (7.2.8).

Lemma 7.25. Let I' be a density matriz on F(A) satisfying I' = Lypnrge—oy Ml {age—0y as well
as [I',Px] =0 for all k € S. Then we have

Tr T*[ S pPaa, + QY + @ﬂTcr Tr 3" pPasa,l + 2N* (8ma — V(0)) Tr NsT + 6,(T)
pEA* peS
(7.4.51)
with

(51(P) 5 N71+5I€/2+3E/2Tr ZN5F+N75+17R/2+115TI. ZNE(NS+NBK/2+3E)F+N/€7€TI. NSF.
peS p€eS
(7.4.52)

Moreover, we have the bounds

Tr 77 ) pPare,T.T, £Tr TrQY T, Tr TrQYT.D S NF T NI + 6, (T).  (7.4.53)
pEA*

Proof. We start with the proof of (7.4.51). As a first step, we derive a rough upper bound on
the kinetic operator. Let k € S’ C S. From Lemma 7.16 and Lemma 7.3 we obtain, on the
range of Ay,

Ty Z p*aia, T < Z PPty + NFN + N~HHon/248e/2 )72 < Z Pala, + NN,
peEA* pEA* pEA*

Since [Ny, Ty] = 0 for k # g, conjugating with T, g\ ()} = [pesn iy Tp vields
b D PG Ty S Thongy D PaaTes g + NAR.
pEA* peEA*
Iterating, we arrive, on the range of 1yjr,.—o}, at
;S,Zpaap CS/NZpaap—i—N“Z/\/}?SN“H‘EZNkQ. (7.4.54)
pEA* peS keS keS

Next, we show (7.4.51). Let k € S. By Lemmas 7.16, 7.17 and 7.21 we have
+ A [T,:‘( Z p2a;ap + Q¥ + @f)Tk — Z p2a;ap — Qi - Qf - ]Ak

peEA* peEA*
5 N—1+5H/2+35/2Nk2 + N—5+15n/2+75< Z N2€|p|2a:a;apar + NH./V‘S> (Nk + 1)7

preH
p+res
(7.4.55)
where we denoted
Z0 = 37 N [20y(r) + 2%, + 3 Unlr = )00 (0 + ores)NGOE). (7:4.56)

reHy, teHy
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Conjugating with 7, ¢\ (x}, we obtain, on the range of 1 xr,.—0},

|12 Paja,+Qf + QT
peEA*
= T (Y Pasa, + QF + Q) Tos\y — Ty 2 Tes iy
pEA*
S N—1+5H/2+3e/2/\/’k2

+ N75+15/@/2+76TC%:S\{]€} |: Z N25|p\2a;a;apar + NHNSi| (Nk + 1)TC,S\{k}' (7457)

p,reH
p+res

Using Lemma 7.18 (note that the r-sum runs over the shell-neighborhood of —p) we find

T (Tisvuy 2 NP s+ raiajapa T, s\ T)
pret

ST TS gy N5 D IpPapapNiTe sy T
peH

< NWHETe Y ANZNGT, (7.4.58)
peS

where we used (7.4.54) in the last inequality.
Let us return to (7.4.57) and consider the term Tc*s\{k}Z(k)TC’S\{k}. We claim that

A (T3 20T, — ZW) A, < NTOFITRZETEN NG, (7.4.59)

for all ¢ € S\{k}. Since T/ NN Ty = NN, for all £ € S\{k,q}, (7.4.59) immediately implies
that

T (T g iy 20 Tesv gy — 28T S NTIFITR2HTET NGNGT (7.4.60)

Inserting (7.4.58) and (7.4.60) in (7.4.57) yields

Tr 77 () pPaja, + QF + QF)T.r
pEA*
<Tr Togv (Y Prapay + QF + Q)T s\ iy T + Tr 29T
peEA*

n CN_1+5"/2+35/2Tr/\/}3F L O NHHLTR 2 e Z/\/’g(/\/k +1)r
peES

Iterating (and using the assumption I' = Tyrr.—03 "I \7e—0} ), We conclude that

T 77 () pPaja, + QF + Qf)T.0
peEA*
< T [Z Pasa,+ 3 Z“‘“)] [+ CN~1Hom2432y 3= N2 (7.4.61)
peES kes peES

+ CN—5+175/2+115 Tr ZN}JQ(NS + N35/2+35)F.
peS
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In the definition (7.4.56) of Z(®), we apply the scattering equation (7.2.3). With (7.2.4),
Lemma 7.3 and |V (r — k) — Vn(r)| < |k|N=2F26 < N=2H56/24¢ we find

> N [20n()+2%, + > Unr = i (or + o)
reHy teHy
= Y NUN(P)(pr + @rar) + O(NT) = 2N*(87a — V(0)) + O(N"~).
reHy

With (7.4.61), this implies (7.4.51).
It remains to show (7.4.59). With (7.4.25), we obtain
sin(X,)

AqT;eg@,ﬁ?gTQAq = A, (cos(Xq)@g@gg cos(X,) + isg@ﬁg@,fgzsg

sin(Xy) A
Xq

X, ¢

in(X 2
= 6.0, (COS(Xq)2 + <Sm( ‘”) (Xé“‘““*")"“““)’“ﬁ) Aq

2) o(2) SIn(Xe) \? <t (ki) (b))
= ®k r@k,tAq - —— 5q ' ’ ’ AQa

where oy~ =D yng x =R Gere defined in (7.4.45). Using (7.4.46) we find
+Aq <T5 o0, - 95391(3) Ag S NTPHISRHTEN (7.4.62)
From this and
SN [QVN(T) +2rfo+ Y Vn(r — t)‘Pt} (or + @rak) S N,
reHy teH

which follows from Lemma 7.3, we find (7.4.59).
Finally, let us show (7.4.53). The bound on the kinetic term Y p*a%a, was shown in (7.4.54).
By Cauchy—Schwarz we find

1
+QIf < 5@{’ + CN"N, (7.4.63)
which implies
Qi = Qi +20§ —20% <2(Qf + Qi) + CN"Ns.
This, together with (7.4.51), Lemma 7.20 and Lemma 7.14, implies the bound on the quartic
term QY. The bound on the cubic term then follows again by (7.4.63). O

We are now set to conclude the proof of Lemma 7.5. Recalling the assumptions on I' and the
decomposition (7.4.18) and collecting the bounds from Lemma 7.4, Lemma 7.15, Lemma 7.19,
Lemma 7.20, Lemma 7.22, Lemma 7.23, Lemma 7.24 and Lemma 7.25 , we have

Tr T e PrWR, Hy Wiy eP T.D

AraN*® 2
< 4raN'"*" — 8maN"(N — No) + ) (miQ)
pes P (7.4.64)
4+ Tr [sza;ap + 16maN"Ng + 4maN" Z Tr (a;a*_p + h.c.)} '+ 46(I)
peS peES

where
8(T) < Tr TPET.T + (/No/N — DTr T; QY T.D + N=2H4n+eTy (Vg  N3%/2H36)D

(7.4.65)
4+ NTLHR/243emy T:N[%TCF + N~UATy TN (N + N3H/2+35)T01—\ + 61(ID).
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With (7.2.9), (7.4.52) and with Lemma 7.14, we find

(')
SN#Te Tp Y pPaja,Tel + NP Te TP QUT.T + (v No/N — ) Ir T; Q4 T.T
pEA*
+ (N—n/2—6/2 +N—7+13n+65)Tr Ngf + N-lHrtbey (Ns + N3f~€/2+36) ZNpQF +N5ri/2—e/2’

peS

if 1/2 < k < 8/15 — 2¢/3 (note again that in particular £ < 1/20). For the first three terms on
the right hand side we use (7.4.53) and find that they can be absorbed in the error terms that
are already present.

O

7.4.7 Proof of Proposition 7.7
From (7.2.1) and (7.2.6), we find

e B W]{FDNWNOQBI =e B (No + N + v/ No(ag + ao))eBl

= No+ Z (2 + s2)anap + cpsplana® , + apa_p) + 52| + /No(af + ag).  (7.4.66)
peEA*

From (7.2.7) and (7.4.35), we find that on the range of T.I', the second term in (7.4.66) simplifies
to

Z [(c2+ s2)asap + cpsplana® , + apa_p) + s2] = N +2 Z Niglasap, + Z N2
pEA* pEH |p|>Nr/2+e
(7.4.67)

Here we used Lemma 7.18 to argue that Tr T aya* ,T.I" = 0 for p € H as aja”, would leave

two excitations in H which are no longer connected. Also, from the definition of T" in (7.2.20),
we clearly have

Tr (T7agTel) = Tr (apl) = 0.
Recall from (7.4.9) that on the range of I" we have

Nu Nu
9 )T Ng+— 5

TiNT. > T Ng + — = Ng.
Then we obtain that
TrNT Ny = Tr NI + Ny.

To prove the upper bound, we combine the above identities (7.4.66) and (7.4.67) with Lemma
7.14 and ¢, < p 2N 1" from Lemma 7.3, as well as Ny < N, which follows directly from the
definition (7.2.28) and Lemma 7.6. We find that on the range of I'

Tre By N Wi, eB' T — Ng — Ng S N7283rFeNg - N3#/272,

and from Tr NgT' < N3%/2_ see Lemma 7.6, we obtain Proposition 7.7.
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7.A Proof of Lemma 7.3

We begin by showing that (7.2.3) has a solution. Recall that Viy(x) = N?72¢V(N'=*z). For N
large enough, Vj is supported in A so that we may consider it as a function on the torus, i.e.
Vv € L*(A). Since Viy > 0 we may invert —A + 1V on PLL2(A), where Pt =1 —|15)(1,] is
the projection onto the orthogonal complement of the zero mode. We define

1 1

5 - PLV c PLL2(A 7TA1
$=-3% PL-A+ Lvn)PL N (A) ( )

and readily find that in momentum space ¢ satisfies (7.2.3). Then, (7.2.3) and the positivity of
V yield

> o= —% > epVn(p) — 5 Z epVn (D — Q)pg < — ngPVN (7.A.2)

p#0 p#0 p q#0 p;éo

We will now show, that this inequality implies ||py||3 < CN~'* by a bootstrap argument.
First, using ¢, Viy € L? and a simple Cauchy-Schwarz inequality in (7.A.2) implies Zp 20 pQ@IQ, <
oo. Next, using a weighted Cauchy—Schwarz inequality in (7.A.2) implies

ZP%ZQ)\ZVN = > " 3 VN

p#0 p#0 0<|p|<N1=* [p|=N1-~
< O VN[ AN + ON"22%||Vy |3 < ON 1,

p?

Moreover, by using (7.2.3) again we deduce the pointwise bound p? op K CN™ 4% This readily
implies the bounds [|¢||co, [|92]] < CN~1** and the bounds for the cutoff version of ¢.

It remains to estimate the ¢/!-norm of . As before, we first show that it is finite and then
show that it is bounded independently of N. Let ¢ € [1,6), then with (7.2.3) as well as Holder
respectively Young inequalities we find

1, _on 1, oo 1, oo o PN 1, oy oo
lellg < S llp 2VN||q+§||p 2V x9)llg < 5 lp VnlE e p 2VNH1+§IIP 21V llz [l

_bq

where 1 s = + 2 — ; and we chose r larger than 3/2, which implies s < 6 — Here we used

that ||p 2VN||1 < C, which can be shown as before by splitting the sum mto a momenta below
and above N'7*. By a bootstrap argument, choosing first ¢ = 1, then ¢ = 6/5 — &1 and finally
q=3/2—¢e9 for 0 < £1,e9 small enough we find a 3 > 0 small such that

el < C+ COnllelle/s—e, < Cn + Cnllollz/2—c, < On + Cn|lpll2—e5 < 00.

Now we show that [|p]|; is bounded independently of N. We split the sum at DN'~* with a
large but constant parameter D and obtain together with (7.2.3) and p?p, < CN~1*F

el = el pi<pnt-sllt + leLppni-<[l

1 e 1
<Cp+3lp *VnLjpspni—xll + 5 lp Vi * Loyl

1 _ ~
<Cp+C+lp Lipispavi—« 2l Vllzllells
< Cp+C+CDY2|¢|
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Thus, choosing D large enough, we obtain ||¢[/; < C.
Next, we want to show (7.2.5). We want to compare the scattering solution ¢ on the torus
to the one on R3. From Section 2.3 we know that the optimization problem

1
inf{ |Vw|2—|—/ V|1—|—w|2:w6H1(R3)}
R3 2 R3

has a unique minimizer w and that the minimal value is given by 4ma, see [58]. Moreover, w
solves the scattering equation

1
—Aw + 5‘/(1 —|—w) =0

and it holds that || < 15+,

and truncate the full space scattering solution. Let wy(x) = w(N'™"z)y(x), with 0 < x < 1
a smooth and radial function such that y = 1 for |z| < 1/2 as well as x = 0 for |z| > 1. We
obtain that wy solves the following equation

as well as |Vw| < ﬁ In order to compare ¢ and w we rescale

1 1 1 1
(A + SVN)wn = =5 VN — INT™H(Vw)(NTTF)Vx — w(NTF) Ay =: —5 Vv +gen. (TA3)

From the estimate on w we find |lwy|i < CN7'** and |ley]l1 < CN~1T%. Observe that
8ma = [p V(1+w)=N"" [, V(1 +wy) and 8ray = N [, Vy(1+ ¢). Then with (7.A.3)
and (7.A.1) we conclude that

8mla —an| = N (Viv,wn = @) pogay | S NPV wn — @) [+ N8 Vi lwn

1
<SN'TF (2P (A + SVN)pwn — @) [+ ON~H"

—K > 1 > —K > —14kK
SN2, (—A+ SVN) (v = @) |+ N3, VivPun) |+ CNTH

SN {(@en) |+ N5 @llso |Vl lwn|ls + CN IS
< N'7|glloollen]ls + CN TS
< CON1F",

7.B  Proof of Proposition 7.1
We follow partly [6] and [83].

7.B.1 Dirichlet localization

Let T';, be a density matrix over F(Ar), satisfying periodic boundary conditions such that
(7.1.2) holds true. By the spectral theorem, we can decompose

R HI A
jeJ
where \; > 0 for all j € J, >>;.;A; = 1 and where ¥; € F(Ar) is an orthonormal family
on F(Ar). We have ¥; = {\If§-n)}n>0 where \Ifg-") is L-periodic in all its coordinates (we think
of \Ilg-n) as a periodic function defined on R3"). For fixed j € J and u € Ap, we define now

Uh = {(2) "M} en € F(AY,,,), where AY o, = u+ Apiop is a box of side length L + 2,
with center at u, setting

(\P][?u)(n) (xlv s a-rn) = \Ilgn) (1‘1, R xn) H QL,n(xi - U)
=1
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with Qp¢(z) = H?:1 qr(29)) for all z = (z(),2® 2B)) € R3 with ¢z : R — [0;1] defined
through
cos (W(t%f_g)) if [t+ L/2| < ¢

au o) = 1 if |t|<L/2—¢
Lt cos (W) if t—L/2| </t
0 otherwise

By construction \Il ., satisfies Dirichlet boundary conditions on the box A7 _ .

Lemma 7.26 (Dlrlchlet localization). We have

<‘I’j VD) F FAY ) = (U, W;) = b5 (7.B.1)

Thus, F€+%u = ZjeJ )\j|\11§?u>< | 18 a non-negative operator on F (A} ,,), with Tr Fﬂ_%’u =
1, with S’(Fﬂr%,u) =S(Ty) and

TrNIT P 90, = TENIT, (7.B.2)

for all j € N and all w € A,. Moreover, there exists u € Ar, such that
C
Tr HID g0 q < TrHT + ﬁTrNrL (7.B.3)

Proof. The proof is an adaptation of [6, Lemma A.1] to the mixed state setting. It is based on
the observation that, for arbitrary L-periodic functions ® € L] (R),

L/2+0 L/2
[ et = [ e,
—L/2—¢ —L/2

This shows that in particular that

D \(n D \(n)\ __ (n) 1,(n)
<(\Ilj,u>( )7(\Ijz,u)( )> - <\Ijj ,\I/i >

< CY Ve - ) \Ill?u)(n)>:< S V-1 ()>

1<z<]<n 1<z<]<n

and thus implies (7.B.1) and (7.B.2). The fact that S(F€+2Z,u) = S(T'p) is clear, since the

operators F’B o0y, and I', have the same eigenvalues. As for (7.B.3), we proceed as in the proof
of Lemma [6, Lemma A.1] to show that, for all j € J and all u € Ap,

(WP HYP Y < (s, Hapy) + 622 /d:z:lXLgxl—u)/ des...dw, [V (@1, .. @)

neN Az_l
where we set X, () = Zi:l xr.o(x®) [Tz X1-L/2:1./2) (1)) and we used the notation
XL,¢ = X[~L/2—t;—L/2+£ T X[L/2—;L/2+1£]-

In particular, we replaced the potential V by its L—periodic extension V7 ; this is justified by
the pointwise inequality V(z) < Vi (z). Summing over j € J with the weights A;, we obtain

Tr HIP ., < Tr?-lFL—i—gQZ/\ Sn /d:chLg(xl—u)/ das...dz, |0 (z1, ... 2)

jeJ  neN AL
for all u € Af. Averaging over u, using || Xz ¢[l1 < CL?¢, we conclude that there exists 4 € A
such that

C
Tr HID gpq < TrHD + HTrNFL

as claimed. O
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7.B.2 Patching up the boxes

For j € J, we define now \I/] 120 € F(Aptor) setting (U7 L+2£)( Nx1,...,xp) = (\IIfﬂ)(”)(xl +
U, To + U,..., Ty + u), with @ chosen as in Lemma 7.26. Correspondingly, we introduce the
density matrix FIL)+2£ € F(Ap o) on the box Apop = [~L/2 —¢; L/2+ ()3, satisfying Dirichlet
boundary conditions. This allows us to replicate Ff o0 into several adjacent copies of Ap o,
separated by corridors of size R > 0 (to avoid interactions between particles in different boxes).
For t € N, let

L=1t(L+20+R).

We think of the thermodynamic box A; as the (almost) disjoint union of t3 shifted copies of
the small box Az o+ r, centered at

(—=L/2,—L/2,—L/2) 4+ (L 420 + R)(i1 — 1/2,iy — 1/2,i3 — 1/2)

for i1,42,i3 € {1,...,t}. Let (ci);=1 . 4 denote an enumeration of the centers of the boxes.
Using L*(A;) = @t3 1 L*(AF 50, ) and the canonical identification (see, e.g., [28, Theorem 16])

®f (AL 4o n):
we can define on F (A7) the state

D D D
T =T o re © @ o0 Ry (7.B.4)

Here the tensor products are symmetric. Then we have Tr FED =1,
TrNT2 = S Tr NTT 901 1

as can be seen decomposing N = 22321-/\/1'7 where N; measures the number of particles in the
box with side length (L + 2¢ 4+ R) centered at ¢; Moreover,

Tr 7'[1%) = OTe HIY ey 1
and S(F?) = t3S(FlL7+2£+R), as follows by noticing that, if (\;);cs are the eigenvalues of
I'r+20+ R, then the products Aj, ... A;, are the eigenvalues of I g . In particular, we obtain

Tr HF% —-Ts <P€) = [T HI D oo g — TS orry)]

The state F? is a good trial state for the free energy in the grand canonical ensemble.

7.B.3 From grand canonical to canonical ensemble
As a last step, infer a bound on the canonical free energy, with a fixed number of particles, from
the energy of a grand-canonical state.
Lemma 7.27. Suppose there exists a sequence Flg of density matrices on F (AE)7 parametrized
by L > 0 and satisfying Dirichlet boundary conditions and such that

Tim = T NT? =5 (7.B.5)

L—oo

Then
F(5.T) < liminf — [Tmr —TS(P)] .

L—o0 L3
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Proof. We use the equivalence of ensembles: the free energy p — f(p,T) is convex and is given
by the Legendre transform of the pressure, see for example [84]

f(p,T) = Suﬁ{uﬁJr fec(p,T)} (7.B.6)
ne

with
: T C L (H-pN)
fac(p,T) = lim —=logTre 7'* 7Y/,
L—oo 3
Then, for all 4 € R, using Gibbs’ variational principle, we obtain
o1 D D NP | D D ~
< — — — Dyl = — — 21—
fec(nT) < liminf = Te (M — p\)IP — TS(0D) | = liminf — [TrHry - TS(C7 )] 1P

The above inequality being valid for all u, we deduce the claim using (7.B.6). O

7.B.4 Proof of Proposition 7.1

We can now conclude the proof of Prop. 7.1.
Let ', be a density matrix on F(Ay), satisfying periodic boundary conditions and

TrNT [ < co.

With Lemma 7.26, we find a density matrix I'P 1o¢ ON F (A 9¢) satisfying Dirichlet boundary
conditions, with
TeNTL, 5 = TrNT,

and
C
TeHTP o — TS(TF o) < TeHT, — TS(TL) + aTrNI‘L.

From (7.B.4), we find, for any ¢t € N, a density matrix I‘% on F(Az), with L=tL+2(+R),
satisfying Dirichlet boundary conditions, with

1 C

Trortrp W= TSOI)+ T R

1 D D
= (TmrZ - TS(I‘Z)) < STrNT;.

Denoting
1

oy v
(L+20+R)® t

_ 1 b
p = ETrNFZ =
which is independent of ¢, we obtain by Lemma 7.27, letting L — 00 (i.e. t — 00), that

~ . 1 D D
f(7.T) < Jim = [TmrZ ~T5(P)

L—soo L
1 Cp
<—— — —_—
S oo ML - TSTL)+ 7
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