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Zusammenfassung

Massive Schwarze-Loch-Bin•arsysteme mit Massen im Bereich von 103 � 109 M � k•onnen
in einer Vielzahl astrophysikalischer Umgebungen entstehen und stellen eine nat•urliche
Konsequenz der hierarchischen Strukturbildung im Rahmen desLCDM-Paradigmas dar.
Auf galaktischen Skalen f•uhren Verschmelzungen massereicher Galaxien zur Ann•aherung
ihrer zentralen supermassereichen Schwarzen L•ocher (SMBHs), die infolgedessen SMBH-
Bin•arsysteme bilden, deren Entwicklung durch dynamische Wechselwirkungen innerhalb
des Fusionsprodukts bestimmt wird. Auf kleineren Skalen k•onnen einfallende, dichte Stern-
haufen, die jeweils ein intermedi•ares Schwarzes Loch (IMBH) beherbergen, diese Objekte
in galaktische Zentren transportieren, wo sie SMBH{IMBH-Bin•arsysteme bilden. Ebenso
k•onnen Verschmelzungen von Sternhaufen zur Paarbildung zweier IMBHs f•uhren, wodurch
IMBH-Bin •arsysteme in Haufenumgebungen entstehen. Sobald ein massives Schwarze-Loch-
Bin•arsystem auf sub-parsec-Skalen gebunden ist, kann das Vorhandensein einer zirkum-
bin•aren Akkretionsscheibe e�zient Drehimpuls entziehen und das System entweder in
Richtung einer Verschmelzung treiben oder { abh•angig vom Zusammenspiel zwischen Gas-
dynamik und Bin•areigenschaften { seine Entwicklung abbremsen. Obwohl bereits zahlrei-
che Kandidaten massiver Schwarze-Loch-Bin•arsysteme in diesen Umgebungen identi�ziert
wurden, basiert nur eine geringe Zahl auf belastbaren Beobachtungsnachweisen. Dies un-
terstreicht die Bedeutung pr•aziser theoretischer und numerischer Modellierung, um ihre
Entstehungspfade und evolutiven Endzust•ande zu verstehen.

Im ersten Teil dieser Arbeit pr•asentiere ich eine Reihe direkter N-K•orper-Simulationen
mit dem Bifrost-Code, in denen die Verschmelzung von Sternhaufen mit unterschiedlichen
Anzahlen an IMBHs untersucht wird. Der Fokus liegt auf deren Ein
uss auf den Resthau-
fen sowie auf die umgebenden Stern- und kompakten Objektpopulationen. Ziel der Studie
ist es, die unterschiedlichen Evolutionspfade des Haufens { ohne IMBH, mit einem ein-
zelnen IMBH oder mit zwei IMBHs { zu unterscheiden und m•ogliche beobachtbare oder
dynamische Signaturen ihrer Anwesenheit zu identi�zieren. Wenn beide Ursprungshaufen
IMBHs enthalten, bildet sich ein hartes IMBH-Bin•arsystem, das eine signi�kante Zahl von
Sternen mit Geschwindigkeiten von bis zu& 300; km; s� 1 ausst•o�t. Im Gegensatz dazu
verlieren Systeme mit h•ochstens einem IMBH deutlich weniger Sterne, und ihre Aussto�-
geschwindigkeitsverteilungen unterscheiden sich sowohl qualitativ als auch quantitativ {
ein charakteristisches dynamisches Kennzeichen f•ur ein zentrales IMBH-Bin•arsystem in
Sternhaufen.

Im zweiten Teil dieser Arbeit pr•asentiere ich eine Serie von 300 direkten N-K•orper-
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Simulationen mit dem MSTAR-Code, in denen die Dynamik massereicher Schwarzer L•ocher
(MBHs) untersucht wird, die entweder um ein einzelnes oder um ein bin•ares SMBH-System
kreisen. Motivation hierf•ur ist die Erwartung, dass geringf•ugige Galaxienverschmelzungen
solche Systeme erzeugen k•onnen. Diese Studie adressiert die Notwendigkeit konsistenter
De�nitionen der Bahnexzentrizit•at unter Einbeziehung allgemeiner relativistischer E�ekte
und implementiert einen adaptiven Zeitschrittalgorithmus, um inspiralf•ormige Bahnen, die
durch Gravitationswellenemission angetrieben werden, pr•azise aufzul•osen. Das Hauptziel
besteht darin, zwischen direkten Plunges (DPs) und schweren Intermediate-Mass-Ratio
Inspirals (IMRIs) zu unterscheiden und gleichzeitig den Ein
uss von Einzel- gegen•uber
Bin•ar-SMBH-Kon�gurationen sowie die Rolle der r•aumlichen Ausdehnung (Kompaktheit)
der umgebenden MBH-Population zu bewerten. Unsere Ergebnisse zeigen, dass das Vor-
handensein eines sekund•aren SMBHs die Verschmelzungsrate zwischen MBHs und dem
prim•aren SMBH deutlich erh•oht, wobei die Mehrheit dieser Ereignisse als hoch exzentri-
sche Plunges auftritt. Obwohl diese Ereignisse in das LISA-Frequenzband eintreten, d•urfte
ihre rasche Entwicklung aufgrund eines geringen Signal-zu-Rausch-Verh•altnisses eine De-
tektion erschweren.

Im dritten Teil dieser Arbeit untersuche ich die Bahnentwicklung geneigter masserei-
cher Schwarze-Loch-Bin•arsysteme, die in zirkumbin•aren Akkretionsscheiben eingebettet
sind, sowie deren Ein
uss auf die umgebende Scheibenstruktur. Zu diesem Zweck f•uhre
ich eine Reihe hochaufgel•oster, dreidimensionaler hydrodynamischer Simulationen mit dem
Arepo-Code durch, in denen sowohl kreisf•ormige als auch exzentrische Bin•arsysteme bei un-
terschiedlichen Scheiben{Bin•ar-Neigungswinkeln betrachtet werden. Die vollst•andig dreidi-
mensionale Behandlung { in fr•uheren zweidimensionalen Studien h•au�g vernachl•assigt { of-
fenbart signi�kante Modi�kationen in der Bahnentwicklung der Bin•arsysteme, da akkretion-
und gravitationsgetriebene Drehmomente e�zient Drehimpuls aus dem Bin•arsystem ex-
trahieren und innerhalb der Scheibe umverteilen. F•ur ausreichend gro�e Fehlstellungen
entwickelt sich das System schlie�lich in eine retrograde Kon�guration, was eine charak-
teristische dynamische Signatur gasgetriebener Entwicklung darstellt, die insbesondere f•ur
exzentrische LISA-Quellen von Relevanz ist.

Insgesamt unterstreichen die Ergebnisse dieser Arbeit die Bedeutung einer pr•azisen
Modellierung massereicher Schwarze-Loch-Bin•arsysteme in verschiedenen astrophysikali-
schen Umgebungen. Jedes der vorgestellten Projekte tr•agt zu einem tieferen Verst•andnis
ihrer dynamischen Entwicklung, ihres Endzustands und der charakteristischen Signaturen
bei, die sie in ihrer Umgebung hinterlassen. Solche Bem•uhungen sind entscheidend f•ur die
Interpretation gegenw•artiger und zuk•unftiger Beobachtungen { insbesondere im Rahmen
von Pulsar-Timing-Arrays (PTAs), die den Gravitationswellenhintergrund im Nanohertz-
Bereich untersuchen, sowie der Laser Interferometer Space Antenna (LISA), die einzelne
Verschmelzungen im Millihertz-Bereich detektieren wird.



Abstract

Massive black hole binaries with masses ranging 103 � 109 M � , can arise in a variety of
astrophysical environments as a natural consequence of hierarchical structure formation
(according to �CDM paradigm) . On galactic scales, mergers between massive galaxies
bring together their central supermassive black holes (SMBHs), forming SMBH binaries
that evolve through dynamical interactions within the merger remnant. On smaller scales,
infalling dense star clusters hosting intermediate-mass black holes (IMBHs) can deposit
these objects into galactic centers, where they form SMBH{IMBH binaries. Similarly,
mergers between star clusters may lead to the pairing of IMBHs, producing IMBH binaries
in cluster environments. Finally, once a massive black hole binary is bound on sub-parsec
scales, the presence of a circumbinary accretion disc can e�ciently extract angular mo-
mentum, either driving the system toward coalescence or stalling its evolution depending
on the interplay between gas dynamics and binary properties. Although numerous massive
black hole binary candidates have been identi�ed across these environments, only a few
are supported by robust observational evidence, underscoring the importance of accurate
theoretical and numerical modeling to unravel their formation pathways and evolutionary
outcomes.

In the �rst part of this thesis, I present a suite of direct N-body simulations (BIFROST
code) of merging star clusters with varying numbers of IMBHs, focusing on their in
uence
on the remnant cluster and the surrounding stellar and compact object populations. The
aim of the study is to disentangle the cluster's evolutionary pathways in the absence of
IMBHs, with a single IMBH, or with two IMBHs, and to identify potential observational
and dynamical signatures of their presence. When both progenitor clusters host IMBHs,
a hard IMBH binary is formed which drives the ejection of a signi�cant number of stars,
with velocities reaching& 300km s� 1. In contrast, remnants containing at most one IMBH
lose far fewer stars, and their ejection velocity distributions di�er both qualitatively and
quantitatively, providing a distinctive dynamical signature of a central IMBH binary in
star clusters.

In the second part of this thesis, I present a set of 300 directN -body simulations (MSTAR
code) of massive black holes (MBHs) orbiting either single or binary SMBHs, motivated
by the expectation that minor galaxy mergers can generate such systems. This study
addresses the need for consistent de�nitions of orbital eccentricity when incorporating
general relativistic e�ects and implements an adaptive timestep algorithm to accurately
resolve inspiral trajectories driven by gravitational-wave emission. The primary objective
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is to distinguish between the formation of direct plunges (DPs) and heavy intermediate-
mass-ratio inspirals (IMRIs), while assessing the in
uence of single versus binary SMBH
con�gurations and the impact of the spatial extent (compactness) of the surrounding MBH
population. Our results show that the presence of a secondary SMBH markedly enhances
the merger rate between MBHs and the primary SMBH, with the majority occurring as
highly eccentric plunges; although these events enter the LISA band, their rapid evolution
likely renders them undetectable due to low signal-to-noise ratios.

In the third part of this thesis, I examine the orbital evolution of inclined massive black
hole binaries embedded in circumbinary accretion discs and their impact on the surround-
ing disc structure. To this end, I perform a suite of high-resolution three-dimensional
hydrodynamical simulations with the AREPOcode, exploring both circular and eccentric
binaries while varying the disc{binary inclination angle. The fully three-dimensional treat-
ment|often neglected in previous two-dimensional studies|reveals signi�cant modi�ca-
tions to the binary's orbital evolution, as accretion- and gravity-driven torques e�ciently
extract angular momentum from the binary and redistribute it within the disc. Moreover,
for su�ciently large misalignments, the system evolves toward a retrograde con�guration,
providing a distinct dynamical signature of gas-driven evolution that is particularly relevant
for eccentric LISA sources.

Overall, the �ndings of this thesis underscore the importance of accurate modeling of
massive black hole binaries across diverse astrophysical environments, with each project
serving as a step toward a deeper understanding of their dynamical evolution, eventual fate,
and the environmental signatures they imprint. Such e�orts are crucial for interpreting
current and future observations, particularly with pulsar timing arrays (PTAs) probing
the nanohertz gravitational-wave background and the Laser Interferometer Space Antenna
(LISA) targeting individual mergers in the millihertz band.



Chapter 1

Formation and Evolutionary
Pathways of Massive Black Hole
Binaries

The discovery of quasars in the 1960s as powerful extragalactic sources (Schmidt, 1963) and
the recognition that their immense luminosities are powered by accretion onto supermassive
black holes (SMBHs) (Robinson et al., 1965; Lynden-Bell, 1999) established the modern
view that SMBHs reside at the centers of most massive galaxies Kormendy & Richstone
(1995). Soon after, it was realized that the formation and mergers of SMBHs would produce
gravitational-wave (GW) bursts detectable at Earth (Thorne & Braginskii, 1976). Build-
ing on this, Begelman et al. (1980) outlined the key astrophysical mechanisms driving the
pairing and evolution of SMBHs in galactic nuclei, and suggested observational signatures
of massive black hole binaries (MBHBs), including core light de�cits, disturbed jet mor-
phologies, emission line shifts, and photometric variability (see also Komberg, 1968). While
the formation of MBHBs during galaxy mergers seems inevitable, coalescence requires that
the separation between binary components �rst drop by a few orders of magnitude, due
presumably to interaction of the binary with stars and gas in a galactic nucleus (Merritt
& Milosavljevi�c, 2005). In the decades since, theoretical work has framed this in terms
of the �nal parsec problem (Milosavljevi�c & Merritt, 2003; Merritt & Milosavljevi�c, 2005;
Colpi, 2014), namely the uncertainty over whether MBH pairs can be e�ciently driven to
coalescence within a Hubble time. Despite progress in identifying plausible mechanisms
for orbital hardening, the processes that actually operate in galactic nuclei remain poorly
constrained. This challenge mirrors the ongoing debate over the formation channels of
stellar-mass black hole binaries observed through gravitational waves (GWs) (e.g., Zevin
et al., 2021), where theory allows for multiple possibilities but their relative importance in
nature is unclear. Addressing this \supermassive merger problem" (D'Orazio & Charisi,
2023) requires not only observational e�orts to identify binaries across evolutionary stages,
but also accurate and robust theoretical and numerical modeling to connect candidate sig-
natures with their underlying astrophysical processes. In this introductory chapter, I focus
on the di�erent stages of the formation and multi-scale evolutionary pathways of MBHBs,
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Figure 1.1: Overview of the di�erent evolutionary phases of MBH binaries. Figure credit:
Amaro-Seoane et al. (2023).

from kpc scales of merging galaxies down to the �nal coalescence stage driven by GW
emission. MBHB evolution can be divided in three major phases: the dynamical friction
stage (Section 1.1; kpc scales), during which MBHs and their host systems sink toward
the center of the merger remnant while losing orbital energy and angular momentum until
they become gravitationally bound as a binary; the binary hardening stage (Section 1.2;
pc scales), where the binary evolution is primarily driven by interactions with surround-
ing stars and/or gas; and �nally the relativistic stage (Section 1.5; mpc scales), when the
dynamics are governed by gravitational wave (GW) emission.

1.1 Pairing Massive Black Holes via Galaxy Mergers
and Dynamical Friction

Observational evidence supports the idea that most galaxies host MBHs in their centre
(Kormendy & Ho, 2013) with additional evidence suggesting that at least some have hosted
them since the earliest stages of structure formation (Ba~nados et al., 2014; Wu et al., 2015;
Ba~nados et al., 2017). At the same time the hierarchical structure formation suggests that
massive galaxies grow via repeated mergers of smaller ones (Ostriker & Hausman, 1977;
White, 1980; Lacey & Cole, 1993; Fakhouri et al., 2010; O'Leary et al., 2020) , which leads
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to the conclusion that a number of MBHBs have formed across cosmic time and their
coalescence could be detectable by future GW facilities like LISA (Amaro-Seoane et al.,
2023).

The initial evolutionary stage of MBHBs is the pairing phase at kiloparsec scales, where
they are expected to reside for the majority of their lifetime. When a massive perturber,
such as an MBH of massM � , moves through a background medium of collisionless particles
(e.g., stars or dark matter) with individual massesm? � M � , perturbs their trajectories.
This interaction generates a trailing overdensity, orwake whose gravitational pull exerts
a force opposite to the perturber's motion, e�ectively causing its deceleration. This drag
force is the so-called dynamical friction (DF) (Chandrasekhar, 1943). Given an in�nite
homogeneous medium of density� and an isotropic background with Maxwellian velocity
distribution and dispersion� the force the perturber feels is then (Chandrasekhar, 1943):

dvM

dt
= � 16� 2(ln �) G2m(M + m)

vM

v3
M

Z vM

0
v2f (v)dv (1.1)

wherevM is the perturber's velocity w.r.t. the surrounding background
�
vM = jvM j

�
,

ln � � 10 is the Coulomb logarithm1 and f (v) depends on the velocity distribution of the
system. Let's now assume an MBH on a circular orbit with radiusr in a stellar background
with � / � 2r � 2 (singular isothermal sphere) . The orbital decay time-scale is then given
by (Binney & Tremaine, 2008)

� DF �
8Gyr
ln �

�
r

kpc

� 2 �
200 km=s

107M �

M �
: (1.2)

For an MBH of M � = 106M � at a distance ofr = 1kpc from a galaxy with � = 100km=s
the time-scale at which DF acts to sink the MBH is� DF = 4Gyr , illustrating the e�ciency
of the process. In the early stage of galactic mergers, one might replaceM � with the mass
of the remnant's core embedding the MBH, which results in even shorter timescales (Yu
& Tremaine, 2002).

Two MBHs M 1 and M 2 will form a binary when they reach a relative separation given
by (Dotti et al., 2012)

ab �
GMb

2� 2
� 0:2M b� � 2

100pc; (1.3)

whereM b = M 1 + M 2. Observations show that MBH masses at galaxy centers correlate
with their host via the M � � � relation (Ferrarese & Merritt, 2000; Gebhardt et al., 2000).
Following this relation (e.g., G•ultekin et al., 2009; Graham et al., 2011, and references
therein) as shown in Fig. 1.2, equation (1.3) impliesab � 0:5M 1=2

b pc.

1The Coulomb factor � is de�ned as the ratio between the maximum and minimum e�ective impact
parameters for encounters between background stars and the perturber (Merritt, 2013). In practice, � is
often approximated using global system properties|for instance, as the ratio of the galaxy mass to the
MBH mass, or alternatively the MBH mass to the mass of individual stars, with the former being more
suitable for systems containing both stars and dark matter.
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Figure 1.2: The M � � � relation for 64 galaxies with reliable SMBH masses (see Graham et al.,
2011). The solid line shows the regression of logM � on log� (with 10% uncertainty in � ); dashed
lines mark the 1� bounds, and the shaded region indicates the additional 0.43 dex scatter.

The e�ciency of MBHB formation depends on the mass ratio of the merging galaxies. In
major mergers with comparable masses, the binary forms rapidly, whereas in minor mergers
the satellite galaxy is tidally disrupted during the interaction, leaving its central MBH
wandering in the outskirts of the primary galaxy (e.g., Governato et al., 1994). When the
mass enclosed within the binary orbit becomes comparable to that of the secondary MBH,
DF becomes ine�cient, and other mechanisms are needed to further shrink the binary
(Section 1.2). For equal-mass binaries, this critical separation approximately corresponds
to the point where the binary becomes e�ectively bound. In contrast, for binaries in which
the secondary is much less massive than the primary, DF continues to drive orbital decay
even below the binding separation. In this regime, a limitation of Eq. (1.1) arises because
it only accounts for stars moving slower than the secondary MBH (Chandrasekhar, 1943).
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Antonini & Merritt (2011) showed that for an inner density pro�le � / r � 
 , the standard
Chandrasekhar formula performs reasonably well if
 > 1, but fails for shallow pro�les
(
 � 0:6), where faster-moving stars dominate DF. As a result, conventional theory would
predict stalling, whereas the secondary can still inspiral, albeit more slowly (Dosopoulou
& Antonini, 2017).

Accurately resolving this process in simulations requires stellar and dark matter particle
masses much smaller than that of the sinking MBH, as well as properly capturing close
encounters with minimal or no force softening (P�ster et al., 2019). Since such resolution is
generally unattainable in cosmological simulations, dynamical friction is instead modelled
through subgrid prescriptions, often based on Eq. (1.1), which account for unresolved
particle de
ections. These approaches have been shown to signi�cantly improve the �delity
of MBH orbital evolution in simulations (Tremmel et al., 2015; Ma et al., 2023; Genina
et al., 2024; Damiano et al., 2025).

1.1.1 Dark Matter Pro�le

The isothermal sphere used to derive Eq. (1.2) is only a simpli�cation, as real galaxies
exhibit signi�cantly more complex structural pro�les. For example, the inner density
pro�le of dark matter (DM) halos is often modeled with a Navarro{Frenk{White (NFW)
pro�le � / r � 
 ; 
 = 1 though observations suggest shallower cores in low-mass dwarf
galaxies (Oh et al., 2015). Such cores may arise from baryonic feedback (Governato et al.,
2010) or from alternative DM models, e.g. self-interacting or fuzzy DM (Hui et al., 2017).
Numerical simulations show that shallow inner pro�les (
 . 0:6) can stall MBH pairs at
tens of parsecs, preventing coalescence (Tamfal et al., 2018), while self-interacting DM
halos may further suppress dynamical friction and produce wandering MBHs at kiloparsec
separations (Di Cintio et al., 2017). Since many dwarf galaxies are inferred to host cored
DM distributions (Moore, 1994; Contenta et al., 2018; Leung et al., 2019), the rate of MBH
mergers observable by LISA o�ers a potential probe of the central density structure of DM
halos and, ultimately, the microphysics of DM.

1.1.2 Gas Dynamical Friction

In addition to stars and dark matter, gas can signi�cantly a�ect MBH orbital decay, partic-
ularly in high-redshift galaxies where gas fractions are large (Tacconi et al., 2018; Decarli
et al., 2020). Gas-driven dynamical friction is generally stronger than stellar friction in
the transonic regime (Ostriker, 1999), but its e�ciency depends sensitively on the density,
thermodynamics, and morphology of the gaseous medium. Semi-analytic models suggest
that in gas-poor systems with prominent stellar bulges, stellar friction dominates (Li et al.,
2020), while simulations reveal contrasting outcomes: some �nd negligible gas contribution
(P�ster et al., 2017), whereas others show rapid MBH sinking in gas-rich mergers due to
e�cient gas in
ows (Chapon et al., 2013). These discrepancies highlight the importance
of galaxy structure and merger conditions, and point to the need for further investigation
of gaseous environments in shaping the formation and detection of MBH binaries.
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1.2 The Orbital Decay of Massive Black Hole Binaries

The sphere around an MBH of massM � where its presence dominates the motion of stars
and gas in the system is calledsphere of in
uence. The radius of this sphererh is then
given by (Merritt, 2013)

rh =
GM �

� 2
; (1.4)

where� is the velocity of the surrounding stellar or gaseous background. As dynamical
friction causes the orbits of MBHs to decay, the two objects eventually enter their mutual
sphere of in
uence, leading to the formation of a bound MBH binary (Begelman et al.,
1980; Milosavljevi�c & Merritt, 2001). The subsequent evolution of the system is governed
by a variety of mechanisms whose e�ciency depends strongly on the surrounding galactic
environment, implying that each binary may follow a distinct evolutionary pathway. On
kiloparsec scales, the further shrinking of the binary separation is generally attributed to
two broad classes of processes: those operating in predominantly stellar systems and those
sustained by signi�cant reservoirs of gas. This division is not absolute, as both stellar- and
gas-driven hardening can act simultaneously, even though most studies focus on one regime
at a time (Kelley et al., 2017a; Bortolas et al., 2021). In what follows, I highlight the main
physical ingredients of these mechanisms, expected to inhabit environments containing
both stars and gas.

1.2.1 Stellar Hardening

Once two MBHs form a bound binary, dynamical friction rapidly loses e�ciency at sub-
parsec scales, where the surrounding mass is insu�cient to produce a substantial back-
reaction to the perturbation induced by the system. In stellar-dominated galactic nuclei,
the primary mechanism driving further orbital decay becomes three-body interactions be-
tween individual stars and the binary (Mikkola & Valtonen, 1992; Quinlan, 1996; Sesana
et al., 2006). Initially, dynamical friction and stellar encounters act together, causing a
rapid orbital decay, but the process soon transitions into a slower, nearly constant harden-
ing phase. This occurs at the so-called hard binary separation,ah , de�ned by the relation
(Merritt & Milosavljevi�c, 2005)

ah �
G�
4� 2

; (1.5)

where � = ( M 1M 2)=(M 1 + M 2) is the reduced mass of the binary and� the veloc-
ity dispersion of the surrounding stellar population. Physically, this marks the point at
which the orbital velocity of the MBHB exceeds the characteristic stellar speed, e�ectively
decoupling the binary from the background. As a consequence of repeated three-body in-
teractions, stars are ejected from the galactic nucleus at high velocities, lowering the stellar
density within several in
uence radii (Ebisuzaki et al., 1991; Volonteri et al., 2003; Khan
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et al., 2012). This depletion in turn reduces the frequency of subsequent stellar encounters,
further slowing the binary's evolution.

1.2.2 The Final-parsec Problem

As soon as the MBH binary becomes hard, the rate at which it shrinks is governed by

d
dt

�
1
ab

�
=

G�
�

H; (1.6)

where � is the density of the stellar background,� is the velocity dispersion,ab is the
binary semi-major axis andH is the hardening rate (a numerical coe�cient with typical
values ofH � 15� 20) which is weakly coupled to the properties of the binary (Mikkola
& Valtonen, 1992; Quinlan, 1996; Sesana et al., 2006; Ogiya et al., 2020). For a �xed�
and � background, Eq. (1.6) suggests that the shrinking rate would be constant. In reality
however, while the binary shrinks, its orbital energy

E = �
GM1M 2

2ab
; (1.7)

is transferred to the surrounding stellar background, either via DF (Begelman et al.,
1980; Varisco et al., 2021) or through three-body encounters (Hills 1991). In the latter case,
stars are ejected from the nucleus (see also Souvaitzis et al., 2025b, for an application of
this process in merging star clusters), carrying away energy and angular momentum, which
progressively lowers the stellar density around the MBHB. This mechanism, commonly
referred to ascore scouring, is thought to play a central role in the origin of the shallow
cores observed in luminous galaxies (e.g. Rantala et al. 2018).

Equation (1.6) remains valid as long as the MBHB loss cone|the region of phase space
containing stars with su�ciently low angular momentum to interact with the binary (see
Section 1.2.3) |remains populated. However, during the early stages of the hardening
phase, the loss cone is typically depleted within a timescale of a typical stellar orbital
period, and continued MBHB shrinking relies critically on mechanisms capable of replen-
ishing it. In principle, two-body relaxation (Yu & Tremaine, 2003) can restore stars to the
loss cone, but in the case of typical galactic nuclei with approximately spherical potentials,
the corresponding timescale exceeds the Hubble time (Binney & Tremaine, 2008), though
it may be short enough in dwarf galaxies hosting low-mass MBHs. This limitation has
led to the suggestion that MBHBs may stall at parsec scales, a scenario known as the
�nal parsec problem, supported by both theoretical arguments (Begelman et al., 1980) and
numerical studies (Makino & Funato, 2004; Berczik et al., 2005).

1.2.3 Loss Cone Dynamics

In galactic nuclei, the loss cone denotes the region of orbital phase space where objects
have su�ciently low angular momentum that their pericentre lies within a critical radius
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of the central SMBH. For stars, this critical distance is the tidal disruption radius (Hills,
1975a),

r t ' R?

�
M �

m?

� 1=3

; (1.8)

whereM � is the SMBH mass, and (m?; R?) are the stellar mass and radius. For com-
pact objects such as stellar-mass or intermediate-mass black holes, disruption does not
occur; instead, the relevant boundary is the capture radius, usually approximated by a few
Schwarzschild radii (e.g., Merritt et al., 2011; Merritt, 2013; Brem et al., 2014; Hamers
et al., 2014),

r c ' O (4 � 10)Rs; Rs =
2GMo

c2
; (1.9)

depending on orbital inclination, spin, and relativistic corrections. Orbits that crossr t

or r c are e�ectively lost to the system, resulting in either tidal disruption events (TDEs)
or direct plunges/captures. The loss-cone radiusr lc is then de�ned as the larger ofr t or r c

for a given type of object. An orbit grazing the sphere atr = r lc has angular momentum
(Merritt, 2013),

L2
lc(E) = 2 r 2

lc

�
E � � ( r lc)

�
� 2GM � r lc; (1.10)

assumingjE j � GM � =rlc, i.e., that the star is on an orbit with semi-major axis much
greater than r lc. Orbits with L � L lc are called loss-cone orbits and their phase space
ensemble has been named asloss cone. The loss cone may also be understood geometrically
as the set of velocity vectors, at a distancer from the SMBH, that correspond to orbits
with pericentres insider lc Fig.1.3. In this picture, the star's velocity vector must fall within
a cone of half-opening angle� lc, which is approximately given by

� lc �
�
r lc=r

� 1=2
; r . rh

�
�
r lcrh=r2

� 1=2
; r & rh

(1.11)

whererh is the SMBH in
uence radius given in Eq. (1.4). An alternative de�nition of
the in
uence radius, applicable to spherical mass distributions, is the radius at which the
stellar mass enclosed within a sphere around the SMBH becomes comparable to the hole's
massM � (Merritt, 2013)

M ?(r < r m) = 2 M � : (1.12)

The long-term evolution of binary SMBHs depends critically on the supply of stars into
their loss cone|the region of phase space de�ned by orbits with su�ciently low angular
momentum to interact with the binary (Begelman et al., 1980). In spherical galaxies,
this reservoir is rapidly depleted on a dynamical timescale, after which replenishment re-
lies solely on two-body relaxation (Milosavljevi�c & Merritt, 2001; Milosavljevi�c & Merritt,
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Figure 1.3: Two representations of the loss cone. a) Orbits with velocity vectors that fall within
the cone � � � lc will pass within the capture/disruption sphere at r = r lc. b) The loss cone in
energy-angular-momentum space consists of orbits withL � L lc. In the E-L space, E � � E and
R � L 2=Lc(E )2, where R = 0 corresponds to radial orbits and R = 1 to circular ones. Figure
credit by Merritt (2013).

2003). Two-body (non-resonant, NR) relaxation arises from uncorrelated, close gravita-
tional encounters. It a�ects both the energy and angular momentum of stars. This leads to
the change of orbital elements on a timescale given by (Rauch & Tremaine, 1996; Hopman
& Alexander, 2006),

tNR �
M 2

�

m2N
P; (1.13)

wherem is the mass of test star-particle,P its orbital period around the SMBH with
semi-major axis a and N the number of stars insidea. Since relaxation operates on
timescales much longer than the Hubble time for most galaxies, binaries in spherical sys-
tems are e�ectively in the empty loss-cone regime. This behavior is evident inN -body
simulations, where the binary hardening rate scales withN due to the relaxation time
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/ N= logN (Makino & Funato, 2004; Berczik et al., 2005; Merritt et al., 2007). Collisional
processes therefore play only a minor role in real galaxies and are insu�cient on their own
to drive SMBH binaries to coalescence.

In contrast, non-spherical systems allow for collisionless loss-cone re�lling. Torques
from axisymmetric or triaxial potentials induce angular momentum di�usion on timescales
far shorter than collisional relaxation (Merritt, 2013), enabling stars to reach low-L orbits.
Axisymmetric nuclei admit saucerorbits, which can attain small pericentres, while triaxial
nuclei support pyramid orbits that are truly centrophilic and eventually pass arbitrarily
close to the SMBH binary (Merritt & Vasiliev, 2010). Even if the fraction of saucer orbits
is small, the abundance of pyramid orbits in triaxial systems suggests that collisionless
mechanisms can e�ciently sustain the loss cone, allowing binaries to overcome stalling and
progress to coalescence (Norman & Silk, 1983; Merritt & Poon, 2004).

There is no �nal-parsec problem

Over the past decades, it has become clear that the so-called �nal parsec problem arises
only in perfectly spherical, idealized galaxies, where stellar orbits conserve all angular
momentum components and the loss cone cannot be e�ciently re�lled. In more realistic
triaxial systems, however, torques from the asymmetric potential break angular momentum
conservation, allowing stars to di�use into the loss cone collisionlessly (Yu & Tremaine,
2002; Merritt & Poon, 2004; Merritt & Vasiliev, 2010). Numerical simulations con�rmed
that MBHBs in triaxial nuclei|naturally produced in galaxy mergers|can coalesce rapidly
through stellar interactions alone (Berczik et al., 2005; Khan et al., 2012; Preto et al., 2011).

Subsequent work generalized these results to a broad range of binary mass ratios,
density pro�les, and merger orbits, showing that binaries in realistic merger remnants
e�ciently reach the GW-driven regime without stalling (Khan et al., 2012; Vasiliev et al.,
2015; Sesana & Khan, 2015; Khan et al., 2016; Gualandris et al., 2017; Bortolas et al.,
2017). The consensus is that stellar hardening alone su�ces to drive coalescence, although
the precise timescale depends on the details of the stellar density distribution and the
binary's eccentricity evolution.

1.3 Hardening in Gas-rich Environments

Following the MBHB formation from kpc down to pc scales discussion from the above,
I now focus on their orbital evolution in gas-rich nuclei. A �rst gas-related e�ect, rele-
vant even at small separations, concerns accretion onto the MBHs. In the limiting case
where the in
owing material has negligible angular momentum, the accretion proceeds in a
purely radial fashion, resembling Bondi{Hoyle{Lyttleton accretion (hereafter Bondi Hoyle
& Lyttleton, 1939; Bondi & Hoyle, 1944; Bondi, 1952). Accretion of this type onto binaries
has been investigated in a number of studies (Farris et al., 2010; Giacomazzo et al., 2012;
Kelly et al., 2017; Antoni et al., 2019; Comerford et al., 2019). These works generally �nd
that the inspiral timescale induced by the wakes generated in the gas remains of the same
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order as the standard Bondi drag timescale for a single compact object, di�ering only by
a factor of a few within the explored parameter ranges.

On galactic scales, however, gas is expected to carry substantial angular momentum,
typically far exceeding that associated with the innermost stable circular orbit (ISCO)
of the MBHs. For gas to 
ow from kpc to sub-pc scales, signi�cant angular momentum
transport must occur. Since some residual angular momentum is likely to persist at small
radii, the natural outcome is the formation of a circumbinary disc around the MBHB,
analogous to an accretion disc in the case of a single SMBH.

1.3.1 Circumbinary Discs

The properties and long-term evolution of circumbinary discs around MBHBs remain an
active area of research, as large-scale simulations capable of simultaneously resolving galac-
tic in
ows and the small-scale structure of the disc are still limited (but see Souza Lima
et al., 2020). To overcome this, a number of idealized studies have investigated circumbi-
nary disc formation and dynamics by modelling the impact of gas clouds onto MBHBs
(Goicovic et al., 2015, 2017, 2018; Maureira-Fredes et al., 2018), demonstrating that disc
properties are highly sensitive to the angular momentum and dynamics of the infalling
gas. At su�ciently small separations, the binary exerts strong gravitational torques on the
surrounding material, opening either an annular gap or a central cavity depending on the
mass ratio (MacFadyen & Milosavljevi�c, 2008; D'Orazio et al., 2016). Early studies sug-
gested that such cavities would halt accretion, but more recent high-resolution simulations
have shown that gas continues to stream through the cavity edges, sustaining accretion
onto the MBHs in a variable and asymmetric fashion (Farris et al., 2014; D'Orazio et al.,
2016; Souza Lima et al., 2020).

Once the disc mass enclosed within the binary orbit becomes negligible compared to
the MBHB mass, the system enters a regime where the disc is gravitationally stable and
drives binary hardening on a timescale comparable to the viscous timescale, analogous to
Type II migration in planetary systems (Ward, 1997; Goodman, 2003; Gold et al., 2014).
The viscous timescale is de�ned as the characteristic time for disc material to drift radially
under the action of viscous stresses (Frank et al., 2002),

t � �
r

jvr j
'

2
3

r 2

�
; (1.14)

where � is the e�ective kinematic viscosity. Using the� -prescription, � = �c sH , this
can be expressed as

t � '
2

3� 


�
r
H

� 2

; (1.15)

with 
 being the Keplerian angular velocity, cs the sound speed andH the disc scale
height. For example, in a Shakura{Sunyaev disc (Shakura & Sunyaev, 1976) withH=R �
0:05 and� = 0:1, the viscous timescale atr = 1000Rs around a 106 M � SMBH is of order
t � � 105 yr.
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The e�ciency of this process depends sensitively on the binary mass ratio and disc
properties. For nearly equal-mass binaries, disc-driven migration may stall once the cavity
becomes too large to re�ll before gravitational-wave (GW) emission takes over, whereas for
unequal-mass binaries, the ratio between the secondary mass and the enclosed disc mass
(q2;disc) becomes critical in setting whether migration proceeds at the viscous rate or slows
down (Lodato et al., 2009; Haiman et al., 2009). Importantly, the sign and strength of gas
torques are highly sensitive to disc thermodynamics: while thick, hot discs (highH=R)
can cause binaries to outspiral (Tang et al., 2017; Moody et al., 2019; Mu~noz et al., 2019,
2020), thinner, cooler discs|closer to AGN conditions|tend to promote inspiral instead
(Du�ell et al., 2020; Tiede & D'Orazio, 2024; Heath & Nixon, 2020; Franchini et al., 2022).

Dynamical interactions with the surrounding gas also play a central role in shaping
the orbital eccentricity of the binary. Analytical studies show that Lindblad resonances
generally excite eccentricity, whereas co-rotation resonances act to circularize the orbit
(Goldreich & Tremaine, 1980; Artymowicz et al., 1991). The balance between these com-
peting e�ects depends strongly on the binary mass ratio: forqb & 0:2 and initially circular
orbits, (Artymowicz, 1992; Lubow, 1992) found that binaries tend to evolve toward mod-
erate eccentricities ofeb � 0:5. More recent hydrodynamical simulations con�rm this
trend, showing that equal-mass binaries reach anequilibrium (or attractor ) eccentricity of
eb;eq ' 0:45 (Zrake et al., 2021; D'Orazio & Du�ell, 2021). This behavior is illustrated in
Fig. 1.4, which shows the time-averaged evolution of the semi-major axis and eccentricity
for a wide range of binary and disc parameters from the 2D simulations of (Siwek et al.,
2023b). In particular, binaries witheb . 0:5 tend to increase their eccentricity, while those
with eb & 0:5 circularize, converging toward the equilibrium value.

A precise understanding of this gas-driven phase is crucial for predicting MBHB prop-
erties at the point of GW decoupling and their potential detection for example by LISA.
The binary{disc decoupling radius is typically de�ned by equating the viscous timescale
of the disc with the GW inspiral timescale, implying that gas interactions may in
uence
residual eccentricities at the mHz regime (Cuadra et al., 2009; Roedig et al., 2011; Roedig
& Sesana, 2014; Mu~noz et al., 2019). However, fully relativistic MHD simulations suggest
that gas may continue accreting onto the binary up to merger, challenging the notion of a
clean decoupling (Farris et al., 2012; Gold et al., 2014; Khan et al., 2018). Signi�cant uncer-
tainties remain, as current simulations are often idealized (e.g. 2D treatments, simpli�ed
thermodynamics, neglect of radiative feedback, or absence of self-gravity), underscoring
the need for more realistic theoretical models.

Formation of circumstellar mini-discs

Gas that crosses the circumbinary cavity can form mini-discs around each MBH (see
Fig. 1.1). Their survival depends on the thermal state of the circumbinary disc: colder,
thinner discs yield less massive, short-lived mini-discs, while hotter, thicker discs produce
more persistent ones (Ragusa et al., 2016). Although typically of low mass (Chang et al.,
2010; Tazzari & Lodato, 2015; Fontecilla et al., 2017), mini-discs regulate accretion and
spin evolution (Bourne et al., 2024) and can in
uence binary migration. 2D simulations



1.3 Hardening in Gas-rich Environments 13

Figure 1.4: Orbital evolution of binaries embedded in circumbinary discs across a wide param-
eter space, from 2D simulations by Siwek et al. (2023b).Top panel: Time-averaged evolution
of the semi-major axis ab. Red regions indicate orbital expansion, while blue denotes orbital
contraction. Circular, low-mass-ratio binaries tend to expand, whereas more eccentric systems
generally shrink. Bottom panel: Time-averaged eccentricity evolution _eb. Red corresponds to
eccentricity growth, blue to circularization. The results reveal a clear trend toward an equilibrium
(or attractor) eccentricity of eb;eq ' 0:45, consistent with previous studies.

suggest that torques are dominated by gas near mini-disc edges, making results sensitive
to their numerical treatment, including sink prescriptions and boundary conditions (Tang
et al., 2017; Mu~noz et al., 2019; Moody et al., 2019; Tiede et al., 2020). Their dynamical
importance has been con�rmed in 3D simulations (Franchini et al., 2022), underscoring
the need for systematic studies of mini-disc modeling.

Relativistic simulations, however, have yielded more mixed results. GRMHD studies
often fail to �nd persistent mini-discs (Noble et al., 2012; Farris et al., 2012; Gold et al.,
2014; Khan et al., 2018). Bowen et al. (2017); Bowen et al. (2018), who began with
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mini-discs in place, reported structures that survive but undergo cycles of depletion and
replenishment. Gold et al. (2014) argued that at small separations the ISCO around each
MBH exceeds its Hill sphere, so bound material is rapidly accreted, a scenario con�rmed
in recent full GR simulations (Paschalidis et al., 2021). Despite advances, the role of mini-
discs in regulating accretion, spin alignment, and orbital migration remains uncertain,
requiring more realistic modeling to fully capture their impact on MBHB evolution.

1.3.2 AGN Feedback

AGN feedback|i.e., the injection of energy from accreting MBHs|can signi�cantly in
u-
ence the hardening phase of a binary, regardless of the dominant migration mechanism. For
binaries embedded in circumbinary discs, this e�ect has been studied via smooth-particle-
hydrodynamics (SPH) simulations only at relatively large separations (parsec scales) by
del Valle & Volonteri (2018). They explored two evolutionary regimes: in the \gap"
regime, viscous torques are ine�cient and a low-density cavity is carved, so accretion is
suppressed and feedback out
ows escape through the cavity without strongly impacting
orbital evolution; in the \no-gap" regime, e�ective angular momentum transport allows
dense gas to feed the MBHs, enabling winds that disrupt the disc, carve a \feedback gap,"
and stall binary migration. Although these simulations assumed isotropic feedback, real
out
ows may be collimated or anisotropic, potentially altering this picture and producing
observable signatures. More recently, Bollati et al. (2024) investigated how AGN radiative
feedback limits gas in
ow onto MBHs, �nding that such feedback can regulate accretion
and suppress in
ow on sub-galactic scales, which may further complicate the gas{binary
coupling in dense environments.

In cases where stellar hardening dominates, the role of AGN feedback remains largely
unexplored. One might expect that injecting thermal or kinetic energy has minimal im-
mediate e�ect on the orbits of existing stars, but could hinder the formation of new stars
capable of replenishing the loss cone. If new star formation is suppressed in a gas-rich
nucleus, this could slow down or stall further binary evolution in a mixed environment
where both stars and gas contribute (Liao et al., 2024). In gas-poor systems, this e�ect
is likely negligible, but in gas-rich contexts, AGN feedback may play a nontrivial role in
modulating binary decay.

1.4 Triple and Multiple Massive Black Holes

The high-redshift Universe provides a fertile environment for the formation of multiple
massive black holes (MBHs), as frequent halo interactions and galaxy mergers lead to
complex dynamical systems. Observational evidence, such as the Jackpot nebula atz � 2,
which hosts several AGN within a 400 kpc Ly-� nebula, illustrates the prevalence of such
environments (Hennawi et al., 2015). Mergers between galaxies can deposit several MBHs
into the same halo, with the possibility of either bound MBH binaries or, if binary formation
fails, wandering MBHs that temporarily coexist in the same system (P�ster et al., 2019).
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These failures in
uence the merger rate across redshift, mass, and mass ratio (Klein et al.,
2016; Bonetti et al., 2016; Barausse et al., 2020). As a result, MBH triplets or even higher-
order multiplets can naturally emerge, introducing a richer landscape of few-body dynamics
(Mikkola & Valtonen, 1990; Hein•am•aki, 2001; Blaes et al., 2002; Ho�man & Loeb, 2007;
Amaro-Seoane et al., 2010; Kulkarni & Loeb, 2012; Rantala et al., 2017; Ryu et al., 2017c;
Bonetti et al., 2019; Mannerkoski et al., 2021).

MBH triplets typically begin as hierarchical systems, composed of an inner binary and
an intruder MBH on a wider orbit. These systems may undergo von Zeipel{Kozai-Lidov
(ZKL) oscillations (von Zeipel, 1910; Kozai, 1962; Lidov, 1962), where angular momentum
exchanges drive the inner binary to high eccentricity, enhancing GW emission (Ford et al.,
2000; Naoz, 2016; Lim & Rodriguez, 2020). Relativistic or apsidal precession can, however,
quench these oscillations (Bonetti et al., 2016), suppressing eccentricity growth. Intrigu-
ingly, the orbital decay of the intruder MBH, driven by interactions with the galactic back-
ground, can re-strengthen the ZKL mechanism, further shortening oscillation timescales
and potentially leading to coalescence (Bonetti et al., 2018). Yet, in many con�gurations,
secular evolution alone does not trigger mergers|insu�cient mutual inclination, low per-
turber mass, or wide binaries can inhibit GW-driven inspirals. In such cases, the system
often transitions to dynamical instability once the intruder approaches closely, entering a
chaotic regime of strong encounters, exchanges, and ejections (Mikkola & Valtonen, 1990).

The outcomes of this chaotic evolution are diverse. An ejected MBH may wander within
the galaxy, or it may return on a bound trajectory to perturb the binary further, possibly
triggering a merger after repeated interactions. Over cosmic timescales, additional galaxy
mergers can introduce further MBHs, leading to quadruplets (e.g., Herwig et al., 2025) or
higher-order multiplets (Ryu et al., 2017c). For example, the merger of two galaxies hosting
MBH binaries can initially resemble a triplet before the full four-body dynamics emerge,
resulting in highly stochastic evolution. Such multiplet dynamics often drive binaries to
very high eccentricities, a potential observational signature that can persist well into the
GW-driven phase (Bonetti et al., 2019). Ultimately, the complex interplay between secular
mechanisms, chaotic encounters, and environmental in
uences renders MBH triplet and
multiplet dynamics a critical|and highly non-linear|pathway toward MBH coalescence
in the Universe.

1.5 Final stage: Gravitational Wave Driven Coales-
cence

As the MBHB continues to interact e�ciently with its surrounding environment, losing en-
ergy and angular momentum through stellar and gas-driven processes (e.g. Hills, 1991), the
binary is gradually driven to sub-pc and eventually mpc separations. At these scales, the
evolution becomes dominated by the emission of gravitational radiation. In this relativistic
regime, the dynamics are governed primarily by the MBH masses and spins, together with
the binary's separation and eccentricity.
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1.5.1 Post-Newtonian Dynamics

General-relativistic e�ects in
uence the orbital evolution of a MBH binary already in the
previous stage (e.g. the hardening phase), but taking them into account at short separa-
tions (� mpc) becomes a necessity (Will, 2006; Poisson & Will, 2014). The post-Newtonian
(PN) formalism provides a perturbative expansion of Einstein's �eld equations in the regime
of weak gravitational �elds and relatively low velocities. Within this framework, relativistic
corrections|originally encoded in the full geodesic equations|are systematically incorpo-
rated as higher-order terms beyond Newtonian gravity. For a system with characteristic
velocity v, total massM , and length scaleR, the expansion is governed by a dimensionless
small parameter� that quanti�es the departure from the Newtonian limit,

� �
�

v
c

� 2

�
�

GM
c2R

�
; (1.16)

where G is Newton's gravitational constant andc is the speed of light. In the limit
� ! 0, one recovers Newtonian gravity, while� � 1 marks the onset of the strong-�eld
regime. Each PN correction is denoted such that its contribution to the acceleration scales
with a power of � ,
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where v and R denote the relative velocity and separation between two BH particles,
and Rs = 2GM=c2 is the Schwarzschild radius of a binary of massM . The total PN-
corrected acceleration can then be expressed as

a = aN + aPN1 + aPN2 + aPN3 + aPN2:5 + aPN3:5 + :::; (1.18)

whereaN is the Newtonian term, and the PN contributions arise exclusively from BH
interactions. Integer-order PN terms areconservative, associated with corrections to en-
ergy and angular momentum conservation, whereas half-integer orders representdissipative
contributions, corresponding to radiation reaction due to GW emission.

The PN corrections|and consequently the associated gravitational-wave (GW) emis-
sion|remain negligible when the binary separation is of the ordera � ah (see Eq. (1.5)).
The dissipative PN terms, which describe radiative losses, begin to dominate the orbital
evolution only once the separation decreases toa � aGW � 0:01 � ah (e.g., Quinlan,
1996; Sesana et al., 2006; Rantala et al., 2018). For equal-mass binaries with individual
MBH masses ofMBH � 106{107; M � , this corresponds to a characteristic physical scale
of aGW � 10� 4{10� 3; pc, with proportionally smaller separations required for lower-mass
MBHs.

Nonetheless, a gaseous component may remain coupled to the binary nearly down to
coalescence, implying that gas can still in
uence the dynamics even during the GW-driven
stage (see Section 1.3, Farris et al., 2014; Tang et al., 2018). More recently, Zwick et al.
(2020) presented a systematic attempt to quantify the interplay between environmental
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perturbations (e.g. gas dynamical friction and torques) and PN e�ects, deriving simple
analytic criteria that delineate the regions of phase space where the two contributions
become comparable.

1.5.2 Gravitational-Wave-Driven Inspiral

If the evolution of an MBHB is assumed to be driven solely by GW emission, the secular
evolution of its Keplerian orbital parameters can be approximated to leading order following
the seminal treatment by (Peters, 1964). The orbital period scales as

torb �

 
a
rg

! 3=2

; (1.19)

wherea is the semi-major axis andrg = GM=c2 is the gravitational radius. By contrast,
the radiation-reaction timescale scales as

t rad �

 
a
rg

! 4

: (1.20)

Sincea � rg for astrophysical binaries, the inequalitytorb � t rad holds, meaning that
the system is approximately Keplerian, with orbital parametersa and e evolving slowly
under GW backreaction.

Averaging over one orbital period, the secular evolution of the semi-major axis is given
by (Peters & Mathews, 1963; Peters, 1964):
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wherem1, m2, and M = m1 + m2 denote the component and total masses of the binary,
and
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is the eccentricity enhancement function. The eccentricity itself evolves as
�
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The negative sign in both equations ensures that botha and e decrease monotonically,
yielding a binary that becomes progressively tighter and more circular. In the limite � 1,
Eqs.(1.21)-(1.23) imply that eccentricity decays more rapidly than semi-major axis, leading
to e�cient circularization unless the initial eccentricity is extremely high. A key caveat
is that when PN corrections up to a given order (e.g., 3.5PN) are included, the Keplerian
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elements cease to be constants of motion: they oscillate over the orbit, particularly near
pericentre passages of eccentric binaries (e.g., Will, 2006; Memmesheimer et al., 2004;
Mannerkoski et al., 2019). Furthermore, if the MBHs are spinning, both the magnitude and
orientation of the spins a�ect the dynamics and the emitted GWs, introducing additional
modulations and precession e�ects (Cutler & Flanagan, 1994; Apostolatos et al., 1994;
Kidder, 1995; Kesden et al., 2015; Gerosa et al., 2015).

Although the PN expansion accurately describes inspiral down to separations of order
a � 6rg, at smaller distances the strong-�eld regime renders the perturbative approach
unreliable. In this domain, fully non-linear general relativistic simulations are required to
capture the dynamics (e.g., Pretorius, 2005; Campanelli et al., 2006; Baker et al., 2006).

Time to Coalescence

For a binary entering the GW-driven phase with initial orbital parameters (a0; e0), one can
estimate the time it will take to merge. A precise answer requires numerical integration
of Eqs.(1.21)-(1.23). Nevertheless, for mildly eccentric binaries, a widely used analytical
estimate is the so-called Peters' time-scale (Peters, 1964):

tP =
5c5(1 + q)2

256G3M 3q
a4

0f (e0) � 0:32
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where q = m2=m1 is the mass ratio, a0 and e0 are the initial semi-major axis and
eccentricity, respectively, andf (e0) is the eccentricity enhancement function introduced
in Eq. (1.21). The interpretation is intuitive: more massive and compact binaries decay
faster, and for a given semi-major axis, highly eccentric binaries coalesce more rapidly
because the MBHs approach closer at pericentre, maximizing GW energy loss.

Due to its simplicity, Peters' formula is commonly used for order-of-magnitude estimates
of GW-driven decay, and has been applied throughout previous sections to compare GW-
induced evolution against other processes a�ecting the binary orbit. However, it has two
key limitations. First, it provides only a lower bound and can underestimate the merger
time by a factor of � 1{8 (Peters & Mathews, 1963). Second, the derivation assumes a
purely Keplerian orbit and quadrupole GW emission, which are valid only at lowest PN
order.

More accurate corrections accounting for relativistic e�ects have been developed. Zwick
et al. (2020) provided �rst-order PN corrections, while Zwick et al. (2021) included spin-
dependent modi�cations for highly eccentric binaries. The corrected time-scale reads:
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where p0 = a0(1 � e0), rS = 2GM=c2 is the Schwarzschild radius,R(e0) = 8 =(1 �p

1 � e0), and s1 = S1 cos� , with S1 being the spin magnitude of the primary MBH and
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� the angle between its spin vector and the orbital angular momentum. Adopting these
more accurate GW time-scales is particularly important for studies of MBHB dynamics
and merger rates relevant for LISA observations.

1.5.3 Gravitational Wave Recoil from Massive Black Hole Bina-
ries

At coalescence, gravitational waves carry away not only energy and angular momentum
but also linear momentum (Bonnor & Rotenberg, 1961; Peres, 1962; Bekenstein, 1973), im-
parting a recoil (\kick") to the merger remnant. The recoil depends on the binary's mass
ratio, spins, and eccentricity, and is strongly peaked during the �nal orbits (Br•ugmann
et al., 2008; Gerosa et al., 2018). While PN estimates exist (Fitchett, 1983; Kidder, 1995;
Blanchet et al., 2005), accurate modeling requires numerical relativity (Campanelli et al.,
2007a; Gonz�alez et al., 2007; Lousto & Zlochower, 2011). Simulations show that \su-
perkicks" can reach� 5000; km; s� 1, with several �tting formulae and surrogate models
available to interpolate across parameter space (Campanelli et al., 2007b; Gonz�alez et al.,
2007; Lousto & Zlochower, 2008; Varma et al., 2019).

Recoils of � 103; km; s� 1 may eject remnants from their host galaxies (Redmount &
Rees, 1989; Merritt & Poon, 2004; Gerosa & Sesana, 2014), with far-reaching astrophysical
implications: altering MBH{galaxy scaling relations, suppressing MBH growth in low-
mass galaxies, producing wandering MBHs and AGN, and hindering the early assembly
of > 109M � SMBHs (Haiman, 2004; Boylan-Kolchin et al., 2004; Volonteri, 2007; Blecha
et al., 2011; Dunn et al., 2020; Rawlings et al., 2025). Spin alignment driven by gas can
mitigate recoil velocities (Schnittman & Buonanno, 2007; Bogdanovi�c et al., 2007; Berti
et al., 2012), making environmental coupling crucial for predicting the impact on LISA
event rates. Recoils may also yield electromagnetic counterparts, such as o�-nuclear AGN
with displaced broad emission lines (Komossa, 2012; Blecha & Loeb, 2008; Civano et al.,
2012; Koss et al., 2014), though candidate identi�cations remain challenging.

Finally, recoiling remnants can leave GW signatures, including Doppler shifts between
inspiral and ringdown, distinctive higher-mode content, and correlations with spin orien-
tations, all potentially observable by LISA

1.6 Observational Evidence of Massive Black Hole Bi-
naries

1.6.1 Dual AGN

Dual AGN are systems hosting two actively accreting supermassive black holes (SMBHs) in
merging galaxies, typically separated by less than 30kpc before becoming gravitationally
bound. They are identi�ed using multi-wavelength techniques, with early searches relying
on optical spectroscopy to detect double-peaked narrow emission lines (e.g. [O III]l 5007),
which can indicate two distinct narrow-line regions (Zhou et al., 2004; Comerford et al.,
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Figure 1.5: Directly resolved dual AGN systems. Top: Chandra X-ray observations of the
merger remnant NGC 6240, showing soft-band (0:5{1:5 � keV, reddish) and hard-band (5{8 �
keV, bluish) emission. The detection of two distinct X-ray cores con�rms the presence of two
active SMBHs with a projected separation of� 1 kpc (Komossa et al., 2003).Bottom: 8 � GHz
VLBA radio map of the galaxy 0402 + 379 (Rodriguez et al., 2006), revealing two compact radio
cores separated by only� 7pc. The fainter component is associated with a radio jet, con�rming
one of the closest known dual AGN.

2009). However, such features can also arise from alternative mechanisms like bipolar
out
ows or rotating disks, requiring spatially resolved con�rmation of each nucleus.

High-resolution imaging|particularly in radio wavelengths|provides the most direct
con�rmation of dual AGN, resolving compact radio cores at parsec scales (Rodriguez et al.,
2006; Bansal et al., 2017). The tightest known dual AGN candidate shown in Fig. 1.5,
0402 + 379 , has a projected separation of only� 7pc Yet, radio identi�cation is limited
to systems where both AGN are radio-bright (� 15% of all AGN) and exhibit compact,

at-spectrum cores. Additional infrared observations are often needed to distinguish true
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dual AGN from starburst regions, which can mimic AGN-like compactness and emission
properties.

Optical band

Optical surveys have identi�ed numerous dual AGN candidates across a wide redshift
range, including tens atz > 1 (e.g., Hennawi et al., 2006; Myers et al., 2008; Kayo & Oguri,
2012; Eftekharzadeh et al., 2017), and even up toz > 5 using recent spectroscopic and
photometric campaigns (Yue et al., 2023). At lower redshifts (0:2 < z < 2:5), Stemo et al.
(2021) analyzed 2585 AGN host galaxies withHST, identifying 204 o�set or dual AGN
candidates based on multiple stellar bulges. New high-precision astrometric techniques,
such asGaia-based varstrometry (Shen et al., 2019; Hwang et al., 2020; Shen et al., 2021),
exploit uncorrelated 
ux variability between unresolved SMBH pairs to detect positional
shifts. These methods have revealed a con�rmed dual AGN atz > 2 (Chen et al., 2023) and
additional candidates atz > 1 through the Gaia Multi-peak (GMP) approach (Mannucci
et al., 2022; Ciurlo et al., 2020).

X-ray band

Optical searches for dual AGN are often limited by extinction and contamination from star
formation, particularly in highly obscured mergers (e.g., Kocevski et al., 2015; Koss et al.,
2016; Ricci et al., 2017; Blecha et al., 2018). X-ray observations, especially withChandra,
provide more reliable con�rmation by penetrating dense gas and resolving closely separated
nuclei, as inNGC 6240 (Komossa et al., 2003). To date, fewer than 50 X-ray{con�rmed
dual AGN are known (Chen et al., 2022), mostly in the local universe (z < 0:1), since
high-redshift (z > 0:1) surveys are limited byChandra's small �eld of view and sensitivity
(Sandoval et al., 2023).

Dual AGN fraction

Predictions of the dual AGN fraction at high redshift primarily come from cosmological
simulations (e.g., Steinborn et al., 2016; Rosas-Guevara et al., 2019; Volonteri et al., 2022;
Chen et al., 2023), but observed fractions remain poorly constrained and generally higher
than simulations suggest (e.g., Koss et al., 2012; Barrows et al., 2017). Optical surveys have
provided some constraints: Silverman et al. (2020) identi�ed� 100 dual AGN candidates
out to z = 4:5 using the Subaru HSC, with no evidence of redshift evolution, while Shen
et al. (2023) analyzed 60 Gaia-resolved double quasars atz < 1:5 and found a similar lack
of evolution. X-ray studies at higher redshift remain limited; Sandoval et al. (2023) �nd no
dual AGN detections among 66 AGN at 2:5 < z < 3:5, implying an upper limit of � 4%
for the dual AGN fraction at z � 3.
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1.6.2 Sub-parsec Massive Black Hole Binaries

At sub-parsec separations, we approach the regime where gravitational radiation dominates
the inspiral of binary SMBHs. Despite decades of observational e�orts, no sub-parsec
binary SMBHs have yet been unambiguously con�rmed. The closest known candidate,
often cited as the most promising case of a compact binary, has a projected separation of
� 7 pc and was discussed above Fig. 1.5.

Optical techniques

Optical searches for sub-parsec SMBH binaries have primarily relied on two indirect tech-
niques: detecting quasi-periodic variability in AGN light curves and identifying velocity
shifts in broad optical emission lines. Searches for periodic or repeating optical variability
(e.g., Graham et al., 2015; Charisi et al., 2016) have uncovered numerous candidate sys-
tems, but their interpretation is limited by short observational baselines (sampling only
� 1:5{3 orbital cycles) and contamination from red-noise variability, with inferred binary
rates exceeding gravitational-wave background limits (Sesana et al., 2018). Spectroscopic
searches for velocity o�sets between broad and narrow emission lines|�rst systematic
in SDSS data (Boroson & Lauer, 2009; Eracleous et al., 2012)|have yielded few robust
candidates: only 3 of 88 sources remain viable after a decade of monitoring. Broader multi-
epoch studies (e.g., Ju et al., 2013; Wang et al., 2017) have shown that stochastic \velocity

ickering" in single AGN can mimic orbital motion. However, future large time-domain
surveys, such as SDSS-V (Fries et al., 2023) and LSST (Ivezi�c et al., 2019), promise signif-
icant progress by statistically characterizing AGN variability and enabling long-baseline,
high-cadence searches for coherent periodicity or velocity trends|potentially identifying
sub-parsec binaries and providing electromagnetic counterparts to LISA detections (Xin &
Haiman, 2024; Cocchiararo et al., 2024).

Dual jets

High-resolution radio observations have revealed that precessing or oscillating AGN jets
can serve as indirect indicators of binary SMBHs. Jet precession may arise from either
binary-induced perturbations of a misaligned accretion disc or fromLense{Thirring (Lense
& Thirring, 1918; Thirring, 1918) precession around a single spinning SMBH. Among the
strongest candidates, OJ287 exhibits an� 11-year optical periodicity and a corresponding
� 22{23-year radio jet precession cycle (Britzen et al., 2018), consistent with a binary
system in which the smaller black hole crosses the accretion disc of the primary twice
per orbit. This model links optical outbursts, jet precession, and Doppler-boosted radio
variability, with recent VLBI and ALMA imaging showing jet structures consistent with
precession (Zhao et al., 2022). The spectral energy distribution of OJ287 also varies with
precession phase, reinforcing the connection between jet orientation and observed emission
(Britzen et al., 2021). Similar binary-induced jet signatures are seen in 0402 + 379, where
the jet structure re
ects the orbital motion of a SMBH pair.
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Figure 1.6: Comparison between 3D hydrodynamical simulations of precessing jets (left; (Hor-
ton et al., 2023)) and observed� 5{8GHz VLA radio maps of powerful radio galaxies and quasars
(right; (Krause et al., 2019)). The simulations, computed with varying precession parameters,
reproduce key morphological features seen in real systems|such as jet curvature (C), edge align-
ment (E), S-shaped symmetry (S), and multiple or ring-like hotspots (R)|which are consistent
with long-term geodetic precession in binary SMBH systems. The observed jets span projected
sizes of� 70{330 kpc and reveal precession signatures in 24 out of 33 sources.

Large-scale precessing radio jets provide compelling indirect evidence for close SMBH
binaries, as their long-term, periodic morphological distortions can arise from geodetic
precession of the black hole spins around the orbital angular momentum (Begelman et al.,
1980). Characteristic precession signatures include jet{lobe misalignment, curvature, S-
shaped symmetry, and multiple or ring-like hotspots (Krause et al., 2019) Fig. 1.6), all
reproduced in hydrodynamic simulations. Observationally, powerful kpc-scale jets|such
as those in Cygnus A and Hydra A|show these features, implying SMBH separations
. 0:2 pc and precession periods of� 106{108yr. Surveys with LOFAR have identi�ed over a
thousand strong precession candidates (Horton et al., 2025), suggesting that binary-induced
precession may be widespread among radio-loud AGN. Since Lense{Thirring precession
cannot sustain such long-term stability, these �ndings point toward geodetic precession
driven by close SMBH binaries as the dominant mechanism behind large-scale jet bending
and complex radio morphologies.
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1.6.3 Spin measurements

Spin measurements of supermassive black holes (SMBHs) provide indirect evidence for the
role of SMBH mergers in shaping their evolution. Observationally, coherent gas accretion
tends to spin up SMBHs to near maximal values, whereas mergers produce more slowly
rotating remnants. X-ray re
ection spectroscopy of the inner accretion disc has been ap-
plied to over 50 SMBHs spanning masses 105 � 1010 M � , using relativistic re
ection models
of broadened iron Ka lines to infer spin magnitudes using relativistic re
ection models
of broadened iron Ka lines to infer spin magnitudes (Garc��a et al., 2014; Dauser et al.,
2014; Reynolds, 2021). The observed distribution shows higher spins at low SMBH masses
(< 108 M � ) and lower spins at higher masses, consistent with cosmological simulation pre-
dictions where low-mass SMBHs grow primarily via coherent accretion, while high-mass
SMBHs are more strongly in
uenced by mergers (Volonteri et al., 2005; Sesana et al.,
2014; Bustamante & Springel, 2019; Sala et al., 2024). Some tension exists between di�er-
ent simulations, e.g., NEWHORIZONs Beckmann et al. (2025) and semi-analytic models
incorporating jet-driven spin-down (Ricarte et al., 2025), but the overall trend supports
a scenario in which SMBH spin serves as a fossil record of growth history. Selection ef-
fects, such as the preferential detection of high-spin SMBHs in 
ux-limited AGN samples,
must also be accounted for (Brenneman et al., 2011; Taylor & Reynolds, 2018). These
results suggest that tracing SMBH spins across mass and cosmic time may provide indirect
constraints on the prevalence of SMBH binaries.

1.6.4 Accretion Signatures from Circumbinary Disks

Accretion onto supermassive black hole (SMBH) binaries in gas-rich environments can
produce distinct observational signatures through warping, precession, and disc breaking.
Misaligned accretion discs around each SMBH experience Lense-Thirring precession and
viscous torques, leading to the Bardeen-Petterson e�ect where the inner disc aligns with the
black hole spin while the outer disc remains tilted (Bardeen & Petterson, 1975; King et al.,
2005; Gerosa et al., 2015). Simulations have shown that this process is highly dependent on
the disc geometry, viscosity, and binary mass ratio (Bourne et al., 2024; Koudmani et al.,
2024). In cases where the binary and circumbinary disc are initially misaligned, discs can
break into discrete, precessing sub-discs rather than fully aligning, producing signatures
such as warped or torn discs with independent precession Do�gan et al. (2018); Nealon
et al. (2022). Observationally, these warped or broken discs could manifest as variable
X-ray re
ection signatures, quasi-periodic luminosity modulations, or misaligned jets that
trace the precessing inner disc regions.

The state-of-the-art simulations provide predictions for how these gas-driven processes
a�ect SMBH spin alignment and the resulting gravitational wave signals. Bourne et al.
(2024) found that, even for low mass-ratio binaries, BH-accretion disc alignment timescales
are generally shorter than the inspiral timescales when discs remain continuous, but mis-
aligned or broken discs reduce the e�ciency of spin alignment. Semi-analytic and numerical
models suggest that this leads to sub-populations of aligned and misaligned SMBHs that



1.6 Observational Evidence of Massive Black Hole Binaries 25

could be probed by future gravitational wave missions such as LISA (Steinle & Gerosa,
2023). These results imply that the presence of warped or broken discs introduces an im-
portant degeneracy: misaligned BH mergers could arise from either gas-poor environments
or gas-rich systems where disc breaking prevents alignment. Observationally, signatures of
disc warping, precession, and potential disc tearing o�er a complementary probe of SMBH
binary evolution, their spin distribution, and the dynamics of accretion in the vicinity of
tight binaries.

1.6.5 Gravitational Waves

Ground- and space-based gravitational wave (GW) observatories probe di�erent parts of
the GW spectrum, providing complementary insights into compact object populations.
Current ground-based detectors such as LIGO, Virgo, and KAGRA operate at frequencies
of � 10Hz{1kHz, enabling the detection of stellar-mass black hole and neutron star binaries
(LIGO Scienti�c Collaboration et al., 2015; Abbott et al., 2023). Supermassive black hole
(SMBH) binaries, however, emit at much lower frequencies (� nHz � mHz), accessible only
to pulsar timing arrays (PTAs) and the future LISA mission (Foster & Backer, 1990; Colpi
et al., 2024). PTAs use long-term observations of millisecond pulsars to detect correlated
timing deviations indicative of a gravitational-wave background, potentially dominated by
the ensemble of inspiraling SMBH binaries (Sesana, 2013; Antoniadis et al., 2022; Reardon
et al., 2023). Recent PTA datasets (EPTA, NANOGrav, PPTA, CPTA, MPTA) show
increasing evidence for a common stochastic signal that may have a gravitational-wave
origin, with reported signi�cance between 2� and 4� (Agazie et al., 2023; Xu et al., 2023;
Miles et al., 2025). These observations provide a �rst window into the population of low-
frequency SMBH binaries and their merger rates.

To interpret these signals, Bayesian population analyses combining astrophysical priors
and PTA measurements have been developed (Steinle & Gerosa, 2023; Middleton et al.,
2023; Chen et al., 2017, 2019). Astrophysically-informed models, constrained by galaxy
formation and SMBH evolution simulations, suggest high merger rates and short delay
times between galaxy and SMBH binary mergers, implying an active population of inspi-
raling binaries detectable by PTAs (Barausse et al., 2023; Steinle & Gerosa, 2023). In
the future, space-based observatories such as LISA will access the higher-frequency band
(� 0:1 mHz� 1 Hz), allowing direct observation of individual SMBH binary mergers and
precise parameter estimation, potentially to< 1% in component mass for favorable sys-
tems (Amaro-Seoane et al., 2023; Pratten et al., 2023a,b). If the PTA signal is indeed
due to SMBH binaries, it can be extrapolated to predict LISA detection rates, with re-
cent estimates giving 95% upper limits ofR < 134 yr� 1 for binaries in the 107 � 108 M �

range (Steinle & Gerosa, 2023). Together, PTA and LISA observations promise multi-band
gravitational-wave astrophysics, bridging the inspiral and merger phases of SMBH binaries
and opening a new window on galaxy and black hole co-evolution.
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Figure 1.7: Observational signatures of supermassive black hole binaries (SMBHBs) across pa-
rameter space. The y-axis corresponds to the period of the source in the rest framePrest. The
grey dot{dashed line marks the hard-binary limit (Milosavljevi�c & Merritt, 2003), below which
systems are bound binaries. Green crosses indicate dual AGN candidates (Goulding et al., 2019;
Koss et al., 2023) and the most compact imaged pair (Rodriguez et al., 2006). The cyan re-
gion shows where kinematically o�set broad lines are detectable (Kelley et al., 2021), and the
blue{white region denotes where periodic light curves are observable in optical time-domain sur-
veys, with darker shading indicating longer residence times and higher luminosities. Photometric
variability candidates from CRTS, PTF, Pan-STARRS, DES, and ZTF are shown as magenta
dots, orange and black markers, and chartreuse stars (Graham et al., 2015; Charisi et al., 2016;
Liu et al., 2019; Chen et al., 2020, 2022). Helical jet candidates are marked by yellow crosses,
while the red region indicates where direct orbital tracking is possible. Purple regions show the
sensitivity ranges of LISA and PTA observatories. Figure credit by D'Orazio & Charisi (2023).

1.6.6 Overview

An overview of the di�erent observational methods of SMBH binaries across di�erent scales
by D'Orazio & Charisi (2023) is given in Fig.1.7 .



Chapter 2

Single and Binary Massive Black
Holes in Merging Star Clusters

The content of this chapter has been published in the Monthly Notices of the Royal As-
tronomical Society, Volume 539, Issue 1, May 2025, Pages 45{68, and reported here with
slight modi�cations.

Abstract

Star clusters can interact and merge in galactic discs, halos, or centers. We present direct
N-body simulations of binary mergers of star clusters withM ? = 2:7 � 104 M � each, using
the N-body codeBIFROSTwith subsystem regularisation and post-Newtonian dynamics. We
include 500 M� massive black holes (MBHs) in the progenitors to investigate their impact
on remnant evolution. The MBHs form hard binaries interacting with stars and stellar
black holes (BHs). A few Myr after the cluster merger, this produces sizable populations of
runaway stars (� 800 with vej & 50kms� 1) and stellar BHs (� 30) escaping within 100 Myr.
The remnants lose� 30% of their BH population and� 3% of their stars, with � 30 stars
accelerated to high velocities& 300kms� 1. Comparison simulations of isolated clusters
with central hard MBH binaries and cluster mergers without MBHs show that the process
is driven by MBH binaries, while those with a single 1000 M� MBH in isolated or merging
clusters produce fewer runaway stars at lower velocities. Low-eccentricity merger orbits
yield rotating remnants (vrot � 3kms� 1) , but probing the presence of MBHs via kinematics
alone remains challenging. We expect the binary MBHs to merge within a Hubble time,
producing observable gravitational-wave (GW) events detectable by future GW detectors
such as the Einstein Telescope and LISA. The results suggest that interactions with low-
mass MBH binaries formed in merging star clusters are an important additional channel for
producing runaway and high-velocity stars, free-
oating stellar BHs and compact objects.
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2.1 Introduction

Numerous escaping stars and compact objects with velocities large enough to escape the
galaxy have been detected or proposed in recent years. At the same time the dynamical
evolution of star clusters in the presence of massive black holes (MBHs) has been widely
studied, while evidence about interacting or merging star clusters is growing. In this
section, we �rst outline the observational evidence of escaping stars and compact objects
(Section 2.1.1) , then we present evidence for the presence and formation pathways of
MBHs in star clusters (Section 2.1.2) and the interactions and/or mergers of star clusters
(Section 2.1.3) .

2.1.1 High-velocity escaping stars and compact objects

The leading scenario of stellar ejections from the Galactic Centre (GC) with velocities
exceeding the escape velocity of the Galaxy is based on the 'Hills mechanism' (Hills, 1988),
i.e., when a stellar binary comes su�ciently close to the supermassive black hole (SMBH)
Sgr A* (GRAVITY Collaboration et al., 2020; Event Horizon Telescope Collaboration et al.,
2022) in the GC, it can be tidally disrupted. This refers to the dynamical break up of the
binary in analogy to the disruption of a single star by a massive black hole. This results in
the capture of one of the stars on a wide eccentric orbit and the ejection of the companion
star with extreme velocities of 1000 km s� 1, by far larger than the escape velocity of the
Milky Way (MW) . The ejection due to close encounter with the massive BH (MBH) and
velocities higher than escape velocity are the two properties that de�ne a hyper-velocity
star (HVS). The �rst HVSs were discovered by Brown et al. (2005) and Hirsch et al. (2005)
with heliocentric radial velocities of 709 km s� 1 and 708 km s� 1 and at 50 kpc and 19
kpc heliocentric distances respectively, both consistent with GC origin. The very high
velocities of those stars allow them to travel long distances following radial trajectories,
which makes them ideal probes of the mass distribution of the Galaxy (Gnedin et al., 2005;
Kenyon et al., 2008). In order to reveal their origin, those stars are backwards integrated
in a Galactic MW-like potential (Price-Whelan, 2017, e.g.). The respective trajectory can
then be used to probe the shape of the potential and dark matter halo pro�le (Gnedin
et al., 2005; Yu & Madau, 2007; Perets et al., 2009; Contigiani et al., 2019). An additional
con�rmation of the Hills mechanism was the discovery of a HVS with an extreme velocity
of 1800 km s� 1 and a backwards trajectory pointing towards the GC and Sgr A* (Koposov
et al., 2019). The discovery of the �rst HVS has lead to numerous dedicated searches (Li
et al., 2011; Zheng et al., 2014; Huang et al., 2017; Du et al., 2019; Kreuzer et al., 2020),
reporting a large number of HVSs candidates in the Galactic halo (review in Brown (2015)
and references therein) but the true origin for many of those still remains a mystery. An
additional channel for the production of HVSs was proposed by Begelman et al. (1980), and
Yu & Tremaine (2003), extending the classical Hills mechanism: the interaction of single
or binary stars with a binary SMBH. Alternatively, the inspiral of an intermediate mass
(in the range of 100 M� . M � < 106 M � ) black hole (IMBH) towards the GC (Baumgardt
et al., 2006; Sesana et al., 2007, 2009a; Wang et al., 2018; Rasskazov et al., 2019; Evans
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et al., 2023) could also explain the origin and ejection mechanism of HVSs.
Another class of high-velocity stars is observed to have large peculiar velocities, in the

range of 40 km s� 1 � vpec � 200 km s� 1 (Blaauw, 1961a; Gies & Bolton, 1986; Hooger-
werf et al., 2001; Perets &�Subr, 2012), commonly called 'runaway stars' (RASs). Those
are usually early type (O-type, B-type) stars with a Galactic disk origin. Their ejection
mechanisms are usually divided in two types (Blaauw, 1993; Hattori et al., 2019; Carretero-
Castrillo et al., 2023) : (a) the dynamical ejection mechanism (DEM), where strong 3- and
4- body encounters between stars and/or BHs in dense stellar environments lead to the
ejection of one of the members (Poveda et al., 1967; Aarseth & Hills, 1972; Hut & Bahcall,
1983; Ryu et al., 2017a,b; Weatherford et al., 2023) and (b) the binary ejection mechanism
(BEM), where primary of the binary members undergoes a supernova explosion (SN) and
the secondary (the runaway star) moves on with close to its original orbital velocity. The
primary remnant receives a kick from the SN which might unbind it from the secondary
(Zwicky, 1957; Blaauw, 1961b; Portegies Zwart, 2000; Justham et al., 2008; Pakmor et al.,
2013; Neunteufel, 2020; Rajamuthukumar et al., 2024) . Heber et al. (2008) have discov-
ered an unbound star travelling with heliocentric radial velocity of> 400 km s� 1 with a
Galactic disk origin and have classi�ed it as a hyper-runwaway star (HRS) . Finally, alter-
native mechanisms for the origin of high-velocity stars include the encounters with satellite
galaxies and nearby galaxies such as the Large Magellanic Cloud (LMC) (Gualandris &
Portegies Zwart, 2007; Boubert et al., 2017; Erkal et al., 2018) and the Andromeda Galaxy
(Sherwin et al., 2008) and from star clusters tidally interacting with a single or a binary
SMBH (Capuzzo-Dolcetta & Fragione, 2015; Fragione & Capuzzo-Dolcetta, 2016; Fragione
et al., 2017).

Our knowledge on stellar populations in the Milky Way has been vastly expanded by the
Gaia satellite mission of the European Space Agency (ESA) and the unprecedented quality
of astrometric and photometric data it provides. Already from the �rst data release (DR1)
(Gaia Collaboration, 2016) , the number of HVS candidates has signi�cantly increased
(Marchetti et al., 2018a) , contributing at least 14 more objects with a total velocity in the
Galactic rest frame of> 400 km s� 1 and one classi�ed as a HVS. A crucial step towards
the improvement of modern astrometry came with the second data release (DR2) (Gaia
Collaboration, 2018) providing us positions and proper motions of more than one billion
stars and the radial velocities for about 7 million of those. The number of HVS candidates
reported in the literature before Gaia's DR2 was close to 500 (Hirsch et al., 2005; Brown
et al., 2006, 2008, 2012, 2014; Li et al., 2011, 2015; Huang et al., 2017; Vennes et al., 2017),
with about 20 of them being faint and blue stars located in the Galactic halo with very
high radial velocities and being classi�ed as HVSs. Utilizing Gaia DR2 Hattori et al. (2018)
found 30 (> 480 km s� 1) old metal-poor stars, with 2-3 having LMC and 1-2 GC origin.
Three white dwarfs (WDs) with extreme velocities of 1000 s� 1 � v � 3000 km s� 1, were
also discovered in DR2 from Shen et al. (2018). Marchetti et al. (2018b) found 20 stars
unbound (> 80% probability) from the Galaxy, seven of which are consistent with a GC
origin and 13 with an origin outside of the Milky Way. By combining Gaia DR2 and the 7th
data release of the Large Sky Multi-object Fiber Spectroscopic Telescope (LAMOST), Li
et al. (2021) reported a total of 591 high-velocity candidates with 43 of them having more
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than 50% probability of being unbound from the Galaxy, increasing the number of known
candidates by a factor of two. Despite the additional proper motions and radial velocities
of 34 million stars that the third Gaia data release (DR3) (Gaia Collaboration, 2023) has
provided, Marchetti et al. (2022) found no additional HVS candidates> 400 km s� 1 and
Liao et al. (2023) reported only two with radial velocities larger than 500 km s� 1 without
strong evidence for a GC origin. Finally, the recent discovery (Huang et al., 2024) of high-
velocity star (J0731+3717) with vej � 548 km s� 1, whose backward trajectory 21 Myr ago,
reveals its origin from MW globular cluster M15.

2.1.2 Evidence for massive black holes in star clusters

The existence and formation pathway of IMBHs remains an open question. Dense stellar
environments like dwarf galaxies and massive star and globular clusters are ideal sites for
their formation and growth (Askar et al., 2024). Although limited, observational evidence
of IMBHs have been growing recently (see e.g. Mezcua, 2017; Greene et al., 2020, and
references therein). One of the most recent and clear piece of evidence to date, is the
detection GW190521 (Abbott et al., 2021) of an IMBH withM � � 150M� via gravitational
waves (GW) from two coalescing stellar-mass black holes ofm� � 66 M� and m� � 85 M�

each. Apart from GWs numerous candidates of accreting IMBHs have been proposed due
to X-ray emission detected in galaxies nearby, in the mass range of 200. M � . 105 M �

(Matsumoto et al., 2001; Strohmayer & Mushotzky, 2003; Farrell et al., 2009; Mezcua
et al., 2013; Mezcua et al., 2015; Mezcua, 2017). Moreover, an IMBH ofM � � 104 M �

was recently proposed (Wen et al., 2021) as a the X-ray source of a tidal disruption event
(TDE) in a massive object ofM ? � 107M � (Lin et al., 2018), which corresponds either to
a stripped galactic nucleus or a globular cluster.

Evidence for the existence of IMBHs or central populations of stellar BHs in various
stellar and globular clusters is supported by dynamical signatures from observations and
dynamical modeling. However, making a clear distinction between the two alternatives
remains challenging. Among the top candidates of galactic (MW) globular clusters hosting
an IMBH are ! Centauri (! Cen) and 47 Tucanae (47 Tuc). For the former dynamical models
(van der Marel & Anderson, 2010; Noyola et al., 2010; Jalali et al., 2012; Baumgardt, 2016)
have proposed a central IMBH in the 1:2 � 104 M � . M � . 5 � 104 M � . Only recently
observations of proper-motions of fast-moving stars in the inner 0:08 pc of ! Cen from
HST have been analyzed by H•aberle et al. (2024), who found that the excess velocities
can be explained by the presence of an IMBH with a corresponding lower mass limit of
M � � 8:8� 103 M � . On the other hand, the situation in 47 Tuc is still under debate. X-ray
(Grindlay et al., 2001) and radio (de Rijcke et al., 2006) data observations have provided
upper mass limits of� 470 M� and � 2060 M� for a central IMBH in 47 Tuc, while recent
dynamical modeling (K�z�ltan et al., 2017a,b) supports this evidence predicting a mass of
M � � 2300 M�

+1500
� 800 . Further observations of millisecond pulsars (MPS) have shown that

the presence of an IMBH is not required to explain the data (Freire et al., 2017; Abbate
et al., 2018) , in line with multi-mass dynamical modeling results (Mann et al., 2019;
H�enault-Brunet et al., 2020). Updated dynamical models by Croce et al. (2023) place
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an upper limit of � 578 M� and only the latest ultradeep Australia Telescope Compact
Array (ATCA) have revealed a central compact radio source associated with a faint X-ray
emission corresponding to an IMBH ofM � � 54� 6000 M� .

Numerous studies have been conducted providing additional evidence of a central IMBH
or a dark central cluster (Ibata et al., 2009; Kamann et al., 2014; Baumgardt, 2016; Nguyen
et al., 2017; Gieles et al., 2018; Vitral et al., 2022) in such environments. A detailed analysis
of 3D spectroscopic data by Kamann et al. (2016) revealed the presence of aM � � 600 M�

IMBH in the core-collapsed cluster NGC6397, while Rui et al. (2021) suggested a central
sub-system of stellar remnants supported by Vitral et al. (2022) who utilized Gaia and
HST proper motion data, consistent with a dark concentration mass of� 1000 M� . A
less debated case of whether the central mass corresponds to a single IMBH or to a sub-
system of dark objects is that of NGC6388. Combining spectroscopic data from theVery
Large Telescope(VLT) and HST, L•utzgendorf et al. (2011) proposed an IMBH ofM � �
(1:7 � 0:9) � 104 M � con�rmed by Lanzoni et al. (2013) who placed an upper limit of
� 2000 M� for the mass of the IMBH. Finally, similar �ndings have been proposed for
Andromeda (M31) galaxy. For example, with the use ofHubble Space Telescope(HST)
data, Gebhardt et al. (2002) reported the detection of aM � � 2 � 104 M � IMBH in G1
cluster of M31 galaxy. Dynamical models by Baumgardt & Makino (2003) proposed that
the presence of an IMBH in G1 is not needed to explain the observed data, while X-ray
emission detected byXMM-Newton could not distinguish between an accreting IMBH or
a low-mass X-ray binary (Pooley & Rappaport, 2006). Additionally, there has been recent
evidence for aM � � 105 M � IxsMBH in G078 (Pechetti et al., 2022), which is the most
massive globular cluster of M31, originating from the tidally stripped nucleus of a dwarf
galaxy (Fuentes-Carrera et al., 2008).

One of the leading mechanisms for the formation of an IMBH, is the growth of low-
mass BHs (m� < 50 M� ) in dense stellar environments via successive stellar and compact
object collisions (Stone et al., 2017; Arca-Sedda et al., 2021; Rizzuto et al., 2020, 2022b;
Arca-Sedda et al., 2023a). The high densities in the centre of such environments leads to a
sequence of mergers capable of producing BHs on the intermediate mass range 100 M� .
M � < 104 M � (Atallah et al., 2023; Arca-Sedda et al., 2021; Fragione et al., 2022; Mapelli
et al., 2021; Rizzuto et al., 2022b). Such merger products can receive velocity kicks ranging
from tens up to 5000 km s� 1 (Campanelli et al., 2007b; Lousto & Healy, 2019) due to
the GW-induced recoil. Consequently, it is rather unlikely that the �nal product can be
retained in low escape velocity environments such as stellar and globular clusters (Gerosa
& Berti, 2019). The extreme densities of nuclear star clusters (NSCs) combined with the
increased escape velocitiesvesc & 100 km s� 1 (Neumayer et al., 2020), makes them ideal
sites for the retention of IMBHs. The hierarchical assembly of massive star clusters and
NSCs makes retaining the merger products more likely as the black holes end up residing
in environments with higher escape velocities than their original birth clusters (Rantala
et al., 2024a).

The theory of pair-instability (PPSN) and pulsation pair-instability supernovae (PSN)
predicts a mass gap on BH formation ranging between� 50� 130M� , due to single stellar
evolution only (Fowler & Hoyle, 1964; Woosley et al., 2007; Woosley, 2017). In young
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and massive star clusters, a star can grow to very high masses (very massive star with
m? > 150 M� , therefore VMS) via repeated stellar collisions which collapses to an IMBH
within or above the mass gap, which may further grow through accretion during TDEs.
This so-called fast runaway collision scenario, has been numerically studied (Portegies
Zwart et al., 1999; Portegies Zwart & McMillan, 2002; Freitag et al., 2006a,b; Rizzuto et al.,
2020, 2023; Arca-Sedda et al., 2023b,a; Arca-sedda et al., 2024; Prieto et al., 2024; Rantala
et al., 2024a) where VMSs are e�ciently formed, resulting in MBHs ofM � & 102 � 104 M �

when they collapse. Finally, it is important to mention, that the mass-loss from VMSs is
still unclear and further research in stellar evolution models is needed to understand if and
how long such stars could survive even if they do form (Sabhahit et al., 2022, 2023).

The formation of IMBHs and the co-evolution of massive star cluster hosts has been
studied mostly in isolated numerical setups (Wang et al., 2016; Rizzuto et al., 2023; Arca-
Sedda et al., 2023b) and only recently in full hierarchical by Rantala et al. (2024a). Recent
observations by James Webb Telescope (JWST) suggest the formation of clumped clusters
like the Cosmic Grapes atz > 6 redshift (Fujimoto et al., 2024). Furthermore, �ve massive
(M cl � 106 M � ) star clusters, the so-called Cosmic Gems, have been detected by JWST
at z = 10:2, providing additional evidence to such hierarchical assembly. This is also
supported by previous observations of star cluster forming regions (e.g. Zhang et al., 2001;
Bastian et al., 2005; Grasha et al., 2017; Menon et al., 2021) and simulations of star-burst
environments (Lah�en et al., 2020), where a monolithic collapse seems unlikely.

The conditions required to produce massive clusters, such as globular clusters, occur
in interacting galaxies and star forming regions during the collapse of giant molecular
clouds (see e.g. Krumholz et al., 2019, and references therein). The combined e�ects of
the properties of the collapsing cloud and the tidal �eld from the forming galaxy may
lead to e�cient angular momentum transport in the star cluster forming region, resulting
in rotating clusters Lah�en et al. (2020). Although debated in the past, there is clear
observational evidence nowadays of rotating GCs in the Milky Way (Bellazzini et al., 2012;
Fabricius et al., 2014) with rotational velocities of the order of a few km s� 1. Rotation can
have signi�cant e�ects on the overall evolution Fiestas & Spurzem (2012) of a star cluster,
for example spinning up its core and increasing the stellar ejection rate (Einsel & Spurzem,
1997; Ernst et al., 2007) or when combined with stellar evolution of the system Kamlah
et al. (2022).

Similar to the coupled formation and evolution of IMBHs and massive star clusters, the
properties of NSCs and SMBHs are closely related to those of their host galaxies (Ferrarese
et al., 2006; Leigh et al., 2015; Capuzzo-Dolcetta & e Melo, 2017) which indicates that the
formation and evolution of the two is tightly related (Antonini et al., 2015; Neumayer et al.,
2020). Two scenarios have been proposed for the formation of NSCs. Galactic nuclei with
su�ciently high gas densities can trigger in-situ star formation (Loose et al., 1982; Mihos
& Hernquist, 1994; Milosavljevi�c, 2004; Nayakshin et al., 2007; Aharon & Perets, 2015)
leading to the formation of a NSC, or by cluster inspirals and mergers towards the galactic
centre due to dynamical friction (Tremaine et al., 1975; Capuzzo-Dolcetta, 1993; Loose
et al., 1982; Agarwal & Milosavljevi�c, 2011; Tsatsi et al., 2016). The latter suggests that
clusters may interact with each other during their infall towards the GC. In conclusion
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though, the diversity of stellar age and metallicity observed in galactic nuclei implies that
both scenarios contribute to the overall evolution of NSCs (Antonini et al., 2015; Guillard
et al., 2016; Neumayer et al., 2020; Do et al., 2020; Arca-Sedda et al., 2020) .

2.1.3 Binary star clusters: interactions and mergers

The interaction and merging of star clusters is theoretically expected and observed during
their formation (see e.g. de La Fuente Marcos & de La Fuente Marcos, 2009; Lah�en et al.,
2020). Especially for LMC, it has been found that the fraction of binary star clusters is
roughly � 12% (Dieball et al., 2002) , while a similar number (� 10%) is expected for
the Milky Way (de la Fuente Marcos & de la Fuente Marcos, 2010). Bhatia et al. (1991)
published a catalogue with numerous binary star cluster candidates in LMC, but their
formation path for most of them remains unclear. Apart from forming together at birth,
star clusters undergo tidal interactions and mass exchange at later evolutionary phases in
the disks of galaxies (Khoperskov et al., 2018; Mastrobuono-Battisti et al., 2019; Camargo,
2021; Ishchenko et al., 2024). Recent high resolution observations of LMC, provided evi-
dence of pairs of star clusters in collision course due to tidal capture (Mora et al., 2019;
Giusti et al., 2023). The kinematic properties of almost the entire population of the MW
globular clusters is nowadays available thanks to the Gaia DR3 release (Gaia Collabora-
tion, 2018, 2023). A detailed investigation on 16 Galactic binary cluster candidates from
Gaia DR3 (Gaia Collaboration, 2023) was recently done by Angelo et al. (2022) who found
4 pairs of bound open clusters. Ishchenko et al. (2023) conducted a statistical analysis for
the interaction probability of the galactic globular clusters utilizing the Gaia DR2 release
(Gaia Collaboration, 2018) and found a signi�cant rate of close encounters and an average
of 10 intersecting with-each-other trajectories per cluster. Additionally, Chemerynska et al.
(2022) integrated the orbits of the 150 clusters in a static MW-like potential up to 5 Gyr
and found a probability above 20% for cluster collisions. Finally, recent studies have shown
that many globular clusters inhibit disk-like kinematics (Casetti-Dinescu et al., 2010; Van-
denBerg et al., 2013) providing evidence of close orbital passages and angular momentum
gain leading to rotation. This leads to the formation of IMBH binaries potentially leading
to GW-driven coalescence.

In this chapter we investigate the presence of single and binary MBHs in star clusters as
the potential origin for high velocity stars. We use direct N-body simulations of idealised
isolated and merging star clusters with and without central massive black holes (MBH).
We �nd that, in particular in the presence of MBH binaries, stars and compact objects
(COs) can be accelerated to velocities up to 800 km s� 1. The paper is structured as
follows: in Section 2.2 we describe the various mechanisms leading to the production of
high velocity stars and COs. The simulation methods and initial conditions are presented
in Section 3.3, while the results about cluster evolution, the formation and evolution of
MBH binaries and the demographics of ejections in the Sections 2.4, 2.5, 2.6 respectively.
Finally, we summarize our conclusions in Section 3.6 .
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2.2 Dynamical Ejection Mechanisms (DEM) in Star
& Globular Clusters

In this section we review the basic DEM processes operating in star clusters, where a single
or binary MBH and/or a sub-cluster of stellar-mass BHs are present (Kulkarni et al., 1993;
Quinlan, 1996; O'Leary et al., 2006; Sesana et al., 2006; Trenti et al., 2007; Morscher et al.,
2015; Fragione & Capuzzo-Dolcetta, 2016; Fragione & Gualandris, 2019;�Subr et al., 2019;
Rasskazov et al., 2019; Weatherford et al., 2023). If runaway and hyper-velocity stars
are observed and a star cluster origin is con�rmed, it would be smoking gun evidence
for the existence of massive black hole seeds in the heart of such systems. Additionally,
understanding their dynamical production channels can be used to disentangle the tension
between the presence of a single massive or a collection of stellar-mass 'dark' objects (BHs)
in the cores of massive clusters (Anderson & van der Marel, 2010; Noyola et al., 2010; Lu
& Kong, 2011; Strader et al., 2012; Chomiuk et al., 2013; Feldmeier et al., 2013; Peuten
et al., 2016; Zocchi et al., 2017, 2018; Bellini et al., 2018; Vitral et al., 2022; H•aberle et al.,
2024; Paduano et al., 2024; Huang et al., 2024) .

2.2.1 Single Stellar Encounters and 2-Body Relaxation

The gravitational interaction between two stars in the vicinity of a BH, with massesm1

and m2, results in a change in the velocity of them1 (Yu & Tremaine, 2003) ,

�v 1 =
2Gm2

h
G2 (m1 + m2)2 =v2

12 + b2v2
12

i 1=2

�
2Gm2

�
2G (m1 + m2) b

� 1=2

= 440 km s� 1

�
2m2

m1 + m2

� 1=2 �
m2

1M�

� 1=2 �
1R�

b

� 1=2

(2.1)

where v12 is the relative velocity of the two stars andb is the impact parameter (Binney
& Tremaine, 2008). Although rare, an encounter of this type with small enough impact
parameter can result in signi�cant velocity kick. For example, ifm1 = m2 = 1M � and
b= 10� 6pc, then �v 1 � 30 km s� 1.

The collective motion of objects in a N-body system, induces time-varying perturbations
on the background potential of the system. A non-smooth potential introduces energy and
angular momentum exchange between the cluster members, causing them to randomly
di�use in the phase space. The net e�ect of all the uncorrelated 2-body encounters can
lead to a change of each body's velocity by order of itself �v=v � 1 (Chandrasekhar,
1942; Spitzer, 1987; Heggie & Hut, 2003; Aarseth et al., 2008), allowing an object to
escape within the relaxation timescale and velocity of the orderv2b � 2

p
� , where� is the

velocity dispersion the cluster. A star located in the outskirts of a cluster with local velocity
dispersion� � 2 km s� 1, could then escape through that process withv2b � 2:8 km s� 1.
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2.2.2 Encounters of Singles with Binary Stars

Interactions between single and binary stars are common in star clusters and play a key
role to binary evolution (Heggie, 1975). Those interactions can lead to the formation of
new binaries from single ones or through the exchange of binary members (Valtonen &
Karttunen, 2006). Lower mass objects are accelerated to high velocities when encounters
between unequal mass stars take place (Spitzer, 1987), potentially leading to their escape
from the host cluster. The critical velocity of a star (member of the cluster) capable of
ionizing (the process where an encounter leads the break up of a bound system to its
individual components) the binary in the centre-of-mass of a triple system is given by (Hut
& Bahcall, 1983; Hills, 1975a; Sigurdsson & Phinney, 1993)

vc =

s

G
m1m2

m3

(m1 + m2 + m3)
(m1 + m2)

1
a

=

r
Gm123

a
� 12

m3
;

(2.2)

Here � 12 = m1m2=(m1 + m2) , m123 = m1 + m2 + m3 and a is the semi-major axis of
the binary with m1 � m2, where the least massive body being the most likely to escape.
For a binary with m1 = 2 M � , m2 = 1 M � and a = 2 AU, a third star of m3 = 1 M �

would needvc = 33:8 km s� 1 to ionize the binary. The stochastic nature of such process
makes it very challenging to predict the ejection velocity of the escaping body from generic
initial conditions, but numerous detailed numerical 3-body scattering experiments have
been conducted (e.g. Hut & Bahcall, 1983; Hills, 1975a; Sigurdsson & Phinney, 1993) for
the equal-mass case and recently from Forastier et al. (2024) for unequal masses. Finally,
Samsing et al. (2017) have investigated the role of stellar tides and post-Newtonian (PN)
dynamics on such encounters and found that including those e�ects lead to higher stellar
coalescence rates.

2.2.3 Binary Encounters with a Single Massive Black Hole

The strong tidal forces a star experiences once exerted by an SMBH, are capable of tearing
it apart once it gets su�ciently close. This tidal disruption event (TDE) takes place when
the orbital pericentre distancerperi � r t , wherer t is the tidal radius given by (Hills, 1975b)

r t �
�

MSMBH

m

� 1=3

r � : (2.3)

Consider now a binary system with massmb and semi-major axisab approaching an
SMBH. The same process (replacingr � with ab and m = mb) will lead to the tidal break-up
of the binary, where one member is captured by the SMBH and the other ejected withvej

(Hills, 1988). This happens when it passes closer to the SMBH than the tidal radius, i.e.,
when



36 2. Massive Black Holes in Merging Star Clusters

ab
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: (2.4)

For a star cluster with an IMBH at its centre and a number of binaries inside its
core, the above mechanism may e�ciently produce high-velocity stars escaping the cluster.
During the tidal breakup, the stars receive a velocity change of the order of the velocity
relative to the centre of mass of the binary, which form1 in this case is (Hills, 1988; Yu &
Tremaine, 2003),
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G (m1 + m2)
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�
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(2.5)

or in a more practical form by Bromley et al. (2006), the velocity of the ejected star is,

vej � 460
�

ab

0:1AU

� � 1=2 �
m

2M�

� 1=3 �
M IMBH

103M �

� 1=6

km s� 1: (2.6)

Using Eq. 2.6, for a binary ofmb = m = 1M � approaching an IMBH of M IMBH =
1000 M� , the ejection velocity can vary fromvej � 136 km s� 1 for ab = 0:1mpc up to
vej � 1360 km s� 1 for ab = 0:01mpc . For star clusters with large binary fractions, this
channel acts as the major contribution to the production of RAs and HVSs (�Subr et al.,
2019; Fragione & Gualandris, 2019; Weatherford et al., 2023). Finally, Ryu et al. (2023a)
showed by means of hydrodynamics simulations that in the special case where a tight
stellar binary interacts with a stellar-mass BH, both stars can be tidally disrupted if the
impact parameter is small enough or end up with one of the members becoming unbound
(micro-Hills mechanism). If the binary consists of a star and a BH, then the stellar ejection
could also be accompanied by the formation of a binary BH via binary member exchange
Ryu et al. (2023b).

2.2.4 Encounters with (Massive) Black Holes Binaries

Star clusters are expected to host a population of binary BHs and compact objects (Kulka-
rni et al., 1993; Portegies Zwart & McMillan, 2000; Downing et al., 2010; Tanikawa, 2013;
Morscher et al., 2015; Rodriguez et al., 2015; Park et al., 2017; Anagnostou et al., 2020;
Torniamenti et al., 2022). The presence of bodies with a range of masses in a star cluster
lead to the exchange of kinetic energy and ultimately more massive objects tend to shrink
to the centre of the cluster. During this stage, the density of the star cluster core is in-
creased leading to the e�cient dynamical formation of stellar and stellar remnant binaries.
Encounters between single stars and COs with BH binaries can lead to su�ciently high
velocity kicks and result in ejections. Especially when their semi-major axisaBHB becomes
small enough, such thatab � ah � GM2=4� 2

c (Sesana et al., 2006), where� c is the local
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dispersion velocity (Quinlan, 1996). Additionally, a single star approaching a black hole
binary (BHB) can be tidally disrupted and further harden the binary up to 20% for ret-
rograde encounters (Ryu et al., 2022). The velocity kick of a single or multiple encounters
of a star or CO with a BHB is then given by (Yu & Tremaine, 2003),

�v � 1500 km s� 1

�
2M 2

M 1 + M 2

� 1=2 �
M 2

106M �

� 1=2 �
1mpc

ab

� 1=2

: (2.7)

During the hierarchical formation of a massive star cluster (Gieles & Portegies Zwart,
2011; Rantala et al., 2024a), lower mass seed BHs can also form binaries. Those BH binaries
are usually more massive than stellar remnants, since they can grow by successive mergers
or as by products of runaway collisions (Arca-Sedda et al., 2023a; Arca-sedda et al., 2024;
Fujii et al., 2024). Moreover, similar to how galaxies merge (e.g. Milosavljevi�c & Merritt,
2001) leading to the formation of SMBH binaries, galactic globular clusters can also interact
and merge. If such clusters contain a massive MBH, their merger remnant becomes the
host of an MBH binary, which can then scatter single and binary stars around resulting
to their ejection from the cluster. Finally, an MBH-host star or globular cluster on an
inspiral orbit towards the galactic centre captured by the SMBH (e.g. Baumgardt et al.,
2006; Sesana et al., 2007, 2009a), may lead to the formation of an SMBH-IMBH binary
which can eject stars at high speed (Rasskazov et al., 2019) once it gets hard (ab < a h).

In the special but common in dense stellar environments like globular clusters and the
galactic centre case where all interacting bodies are BHs, single-binary encounters in star
clusters can e�ciently lead to the production of GW-driven merger events (Samsing &
Ilan, 2018; Samsing et al., 2018b,a), where one of the BHs receives a strong velocity kick
enough to be ejected from the cluster.

2.3 Methods

To investigate the in
uence of (MBHs) on the merging of stellar clusters and the resulting
population of escaping stars and compact objects (i.e. white dwarfs, neutron stars and
black holes), we conduct a series of direct N-Body simulations. These simulations involve
merging pairs of stellar clusters, where either both, only the primary or none of them hosts
an MBH at their centre. The systems are evolved for 100 million years (Myr) using the
direct N-Body codeBIFROST(Rantala et al., 2023), which we describe brie
y in Subsection
3.3.1.

2.3.1 N -Body Code ( BIFROST)

Throughout this study we used the GPU-accelerated direct-summation N-Body codeBIFROST
(Rantala et al., 2023), which is the updated version of theFROSTcode (Rantala et al., 2021).
The code employs a fourth-order forward symplectic integrator (FSI) technique (Chin,
1997; Chin & Chen, 2005; Dehnen & Hernandez, 2017), using a hierarchical implementa-
tion (Rantala et al., 2021). Beyond traditional Newtonian accelerations, FSI incorporates
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Figure 2.1: Time sequence of the stellar surface density distribution of a typical star cluster
merger simulations with an orbital eccentricity e = 0 :05 and an MBH in each cluster centre. We
show the simulation at an early interacting phase (left panel, t = 0.5 Myr), at the time of the
merger of the cluster cores (middle panel, t = 1 Myr) and after the central MBHs have formed a
hard binary in the centre of the merger remnant (right panel, t = 15 Myr). By interactions with
the MBH binary stars (star, white arrows), stellar BHs (BH, orange arrow) and white dwarfs
(WD, cyan arrow) can be ejected at high velocities after interacting with the MBH binary (a
few examples are shown). The arrow length scales with velocity and the BH has a velocity of
vej � 80 km s� 1.

gradient accelerations to cancel second-order error terms, resulting in a fourth-order time
integration cycle with strictly positive sub-steps. This method was found to be more ef-
fective (Chin, 2007) e.g. for the Kepler problem than traditional Yoshida-type symplectic
integrators (Yoshida, 1990) which use negative sub-steps for higher than second integration
order. Furthermore, within the hierarchical integration approach, rapidly evolving compo-
nents of the simulated systems decouple from slowly evolving components, a feature which
makes the code particularly e�cient when applied to N-body systems characterized with
a large dynamical range (Pelupessy et al., 2012).

The code handles sub-systems such as binary and multiple systems, 
y-bys and small
clusters around supermassive black holes, through the use of secular and regularized few-
body integrators (Rantala et al., 2020). The code also includes the option of enabling post-
Newtonian equations of motion up to order PN3.5 utilizing the formulas given in Thorne &
Hartle (1985) and Blanchet et al. (2006). In binary systems the PN corrections account for
relativistic e�ects such as periastron precession and radiation-reaction (circularization and
shrinking of the orbit) due to the emission of gravitational waves. Another feature which
few codes share (Wang et al., 2020) is the ability to e�ciently simulate massive systems
with arbitrary fraction of primordial binary systems.

BIFROSTmakes use of four di�erent criteria for stellar and compact object mergers,
which we describe in detail Section 2.3.3. Those involve merging events of compact objects,
disruption of a star by a CO or stellar collisions. For unbound stars at large distances from
the centre-of-mass of the system, we employ a user-de�ned threshold at which the particles
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Table 2.1: The Bifrost user-given parameters relevant for simulations of this study. Parameter
de�nitions correspond to the ones in Rantala et al. (2023).

Parameter Symbol Value
Forward integrator time-step factor � � ; � fb ; � r 0.2
Subsystem neighbour radius r rgb 10 mpc
Regularization GBS tolerance � GBS 10� 7

Regularization GBS end-time tolerance � endtime 0.01
Regularization highest PN order PN3.5
Secular integration threshold Norb;sec 0
Secular highest PN order PN2.5

are removed from the simulation. For a typical star cluster, stars and COs found beyond
resc � 100 rh are not considered cluster members anymore, since at such distances the
gravitational pull from the parent cluster would be too weak against the galactic tides.
We note that the simulations presented in this study do not for simplicity include any
tidal potential. The main user-de�ned code parameters are listed in Table 2.1. Overall the
parametersBIFROSTused are similar to used in previousBIFROSTstudies (e.g. Rantala
et al. 2023; Rizzuto et al. 2023).

2.3.2 Orbital evolution of binary systems

Binary systems that are strongly perturbed or post-Newtonian are treated inBIFROST
through algorithmic regularization. We make use of secular binary integration when a
binary is su�ciently isolated (no other stars or COs within 10 mpc) and the number
of binary orbits per time-step � , Norb = Pbin =� is larger than the user-de�ned threshold
Norb;sec, wherePbin is the orbital period of the binary. We useNorb;sec = 0 throughout the
study. The initial conditions of the simulations presented here do not contain a binary
population. We only form binary systems dynamically.

The equations of motion responsible for the secular evolution are characterised by the
semi-major axisa, orbital eccentricity e and the argument of periapsis! , taking into
account leading-order relativistic e�ects which originate from the post-Newtonian PN1.0,
PN2.0 and PN2.5. The advance of the orbital periapsis is due to PN1.0 and PN2.0 given
by

�
d!
dt

�

sec

=
6�G
c2P

M
a(1 � e2)

+
3(18 + e2)�

2c4P

�
GM

a(1 � e2)

� 2

: (2.8)

The PN2.5 term refers to gravitational wave radiation reaction due to energy and angular
momentum losses, leading to the circularization and shrinkage of the orbit described by
the rate of change of binary semi-major axis and eccentricity (Peters, 1964) as
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in which the auxiliary functions � (m1; m2), F (e) and G(e) are de�ned as
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The secular equations of motion are integrated with the use of a second-order leapfrog
integrator, as described in detail in Rantala et al. (2023).

2.3.3 Merger Criteria

During a simulation run two objects can merge if any of the four merger criteria is satis�ed.
Stars can become gravitationally unbound due to strong encounters with the other cluster
members. The type of merging pairs can either be compact objects (white dwarfs, neutron
stars, BHs) , tidal disruptions (BH with star) and stellar mergers (stars with stars). The
�rst criterion for a compact binary merger depends on the gravitational-wave driven inspiral
timescale tgw. If t gw is shorter that the binary's current time-step in the time-step hierarchy,
then the particles are merged. Compact objects also merge if the radius of the (relativistic)
innermost stable circular orbit (RISCO ) is larger than their mutual separation. Finally, stars
can be tidally disrupted by a compact object (TDE) if the pericentre distance becomes
smaller than the tidal disruption radius or in case of a direct collision between two stellar
particles, i.e. when their radii overlap.

A common approach for detecting compact object mergers (e.g. Rizzuto et al., 2020;
Arca-Sedda et al., 2021; Rizzuto et al., 2022a; Arca Sedda et al., 2023c) is to compute the
timescale� gw related to the time � gw a compact binary needs to reach coalescence. This
timescale can be evaluated through the integral expression (Peters, 1964)
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e
�
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304e2
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wherea0 and e0 are the initial semi-major axis and eccentricity of the binary,� (m1; m2)
is the function de�ned in Eq. (2.10) andg(e) is de�ned (Maggiore, 2007) by

g(e) =
e12=19
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�
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304
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: (2.12)
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The expression for� gw for e = 0 , i.e. circular orbits, is then

� gw =
5

256
a4

0

� (m1; m2)
: (2.13)

We tabulate the values of this integral by evaluating it separately (before the actual
runs) for a large number ofe0, in order to avoid computing it every time-step. Then by
interpolating for those table values, we have an estimate for� gw throughout the simula-
tion. However, extra caution should be taken when using the� gw criterion due to the
strong dependence of eccentricity in the computed integral value. Even tiny 
uctuations
of eccentricity (e.g. from weak 3- body and 
y-by encounters) would result in signi�cant
underestimation of� gw and false merger identi�cation.

The second criterion for merging compact objects is based on the innermost stable
circular orbit (ISCO) with radius

r isco =
6GM �

c2
= 3Rsch; (2.14)

wherec is the speed of light andRsch the Schwarzschild radius of the black hole. Two
COs are then merged if their mutual distance is lower thanr isco.

If one of the particles is a compact object and the other one is a star, then the latter
could be disrupted. This happens when (Rees, 1988a; Kochanek, 1992)

rperi < r tde = 1:3
�

m? + M �

m?

� 1=3

r?; (2.15)

where m? and r? is the mass and radius of the star andM � is the mass of the compact
object. Two stars are assumed to merge when they overlap i.e., when their distance is
shorter than the sum of their radii

r < r overlap = r?;1 + r?;2: (2.16)

2.3.4 Initial Conditions and Simulations

We generate initial conditions (ICs) for pairs of two identical star clusters ofN = 64000
single stars without primordial binaries and a total mass ofM ? = 2:7 � 104M � , each
using the McLuster code (K•upper et al., 2011). The single star cluster model follows a
King density pro�le (King, 1966) with a �xed half-mass radius of Rh = 1 pc and central
potential parameter related to the compactness of the clusterW0 = 5, which represents a
moderately compact cluster. The age of the clusters istage = 1 Gyr and the stellar masses
are sampled from a Kroupa initial-mass-function (IMF) (Kroupa, 2001) as zero-age main
sequence stars in the range of 0:08M � up to 100M � . The age of the cluster has been
selected such that stellar evolution processes do not contribute to the overall evolution of
the system, allowing us to focus on the long-term dynamical evolution. The mass range
of stellar particles in the simulations is 0:08 � m? . 1:89 M� , 0:88 � mWD . 1:37 M�
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for WDs, 1:1 � mNS . 1:91 M� for NSs and 5:6 � mBH . 40:5 M� for stellar-mass BHs.
From the initial conditions, we have initially NBH = 250, NNS = 944 and NWDs = 4100.
The number of retained NSs in the initial conditions is related to the way natal kicks for
supernova remnants are assigned in K•upper et al. (2011) , i.e., when the recoil velocities
are low so the remnant cannot escape the cluster. With the use and calibration of pulsar
proper motions (Hobbs et al., 2005; Kapil et al., 2023) the recoil kicks reach high velocities
resulting in small fraction (only a few) of retained NSs in the initial system. Examples of
a more sophisticated prescription for the number of retained NSs in the ICs can be found
in Banerjee et al. (2020). The NS population in our simulations does not signi�cantly
contribute to the overall ejection demographics, but could potentially lead to false rates of
escaping NSs and the formation of a larger number of NS binaries.

We use three di�erent initially bound orbits for the merging star clusters. Each orbit
has the same �xed semi-major axisasemi = 2 pc (and thus a �xed orbital energy, since
E = � GM1M 2=2asemi) and three di�erent values of eccentricitye = [0:05; 0:5; 0:99]. The
second cluster is located at the apocentre of the orbit withrapo = [1:9; 1:0; 0:02] pc for the
three orbits. For each of the merger initial setups, we explore three scenarios: neither of
the clusters host an MBH, the primary cluster host an MBH ofM � = M 1 = 1000 M �

and �nally when both clusters host an MBH of M 1 = M 2 = 500 M � . Furthermore,
we run three additional simulations where we consider a star cluster withN = 128000,
M ? = 5:4� 104 M � and Rh = 1 pc without a prior merger. For these simulations we either
place a single, a binary withab = 0:01 pc andeb = 0:5, or no MBH at all. We follow the
evolution of the merger remnants or the single clusters up tot = 100 Myr. An overview of
the merger progenitors and their orbital elements is presented on Table 2.2 .

In the next sections, we present the main outcomes of our stellar cluster merger simula-
tions. We discuss how the presence of a single or a binary MBH a�ects the evolution of the
merger remnants, their kinematic and structure properties as well as the demographics of
the escaping stellar and compact object populations, which is the main focus of this work.
An example outlook (here for thee = 0:05 cluster orbits) of the simulations at di�erent
times (t = 0:5; 1; 15 Myr), is shown in Fig. 2.1. In the �gure we show the surface stellar
density and highlight the velocity vector ~V �eld of unbound stars and COs.

If an MBH is present in both of the merging clusters, a massive black hole binary
(MBHB) forms. The binary orbit keeps shrinking (monotonic decrease ofab) until the end
of the simulation, due to interactions with the background stars and COs. We describe
the evolution of the MBHBs in detail in Section 2.5.

2.4 Properties of the star clusters

Adopting the de�nition by Trenti et al. (2009), the core size orcore radius of a star cluster
following a King density pro�le is given by Casertano & Hut (1985),

r c =

s P
i � 2

i jr i � r dj2
P

i � 2
i

; (2.17)
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Figure 2.2: Evolution of the core for the three cases. Top panel: Core radiusr c. Bottom panel:
Number density insider c. The expansion rate (decreasing number density) is higher for remnants
with more MBHs and lower values of eccentricity.



44 2. Massive Black Holes in Merging Star Clusters

Table 2.2: List of cluster merger simulations with two (2MBH), one (1MBH) or no MBH
(noMBH) with three cluster orbital eccentricities e (fourth column). The semi-major axis of all
merger orbits is 2 pc. We also give the MBH masses (M � ;1; M � ;2), the pericentre distance and
velocity ( rperi ; vperi ), and the apocentre velocity (vapo) of the initial star cluster orbits. Since the
star clusters are not point masses, they do not follow this initial orbit exactly but merge due
to dynamical friction. The bottom three simulations ( iso) correspond to isolated setups with
e = 0 :5.

Simulation M � ;1 M � ;2 e rperi vperi vapo

[M � ] [M � ] [pc] [km=s] [km=s]
2MBH e099 500 500 0.99 0.02 151.89 0.76
2MBH e05 500 500 0.50 1.0 18.65 6.22
2MBH e005 500 500 0.05 1.9 11.32 10.24
1MBH e099 1000 - 0.99 0.02 151.89 0.76
1MBH e05 1000 - 0.50 1.0 18.65 6.22
1MBH e005 1000 - 0.05 1.9 11.32 10.24
noMBH e099 - - 0.99 0.02 150.48 0.75
noMBH e05 - - 0.50 1.0 18.47 6.16
noMBH e005 - - 0.05 1.9 11.21 10.15
2MBH iso 500 500 - - - -
1MBH iso 1000 - - - - -
noMBH iso - - - - - -

where� i is the local density around a stari de�ned as

� i =

P 5
j =1 mj

4
3 �r 3

n
(2.18)

and rn is the distance to the n-th nearest neighbori , while r d is the position of the
density centre:

r d =
P

i � i r iP
i � i

: (2.19)

When the cores of the two progenitor clusters overlap, i.e., when their relative distance
d12 becomes shorter thanr c, we assume that the clusters have merged. The evolution of
the core radii and the respective enclosed number density is shown in Fig. 2.2. From Fig.
2.2 we see that the presence of a single or binary MBH in the remnants leads to more rapid
expansion due to a higher mass-loss rate. Essentially, particles interacting with the MBHs
are radially scattered outwards, leading to constant decrease of the number density inside
the core (bottom panel in Fig. 2.2) which indicates mass-loss insider c.
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Figure 2.3: Final density ( t = 100 Myr) pro�les of the merger remnants. Left panel: density
pro�les including all cluster members. Right panel: density pro�les of the stellar BH sub-systems.
Remnants hosting a single or binary MBH result in lower density in the central regions. For
BH sub-systems in the absence of MBHs to provide a counteracting source of contraction, the
corresponding density pro�les become more cuspy.

Since the core radiusr c is not exactly the same (ranging between 0:6pc < r c < 0:8pc)
for the various progenitor clusters, we de�ne a threshold distance such that whend12 <
dcrit = 2pc, the two clusters have merged. The timescale of this process depends on the
orbital eccentricity of the merger and on the number of MBHs in the system. Speci�cally
for remnants with two MBHs, this happens att = 1 Myr while for the other cases ranges
betweent = 1:25 Myr and t = 2 Myr.

The density evolution fort > 2Myr until the end of the run, is only moderately a�ected
by the merger process and its mainly driven by the presence of the single or binary MBHs.
Figure 2.3 shows the �nal (at t = 100Myr) density pro�les of the merger remnants and
that of the stellar BHs only. Overall we observe an increase of the central density, which
inversely scales to the presence and number of MBHs in the remnant, with an even more
clear signature for the sub-system of BHs (right panel in Fig. 2.3). The binary transfers
its orbital energy

E = �
GM1M 2

2ab
; (2.20)

to the surrounding stars either through dynamical friction (DF) (Begelman et al., 1980;
Varisco et al., 2021) or three-body encounters Hills (1991) accompanied by stellar ejections
which carry out energy and angular momentum, leading to a decrease of stellar density
around the MBHB. This process, known ascore scouring, is likely responsible for the
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Figure 2.4: Lagrangian radii for the 3 � 80% enclosed mass of the entire system (top plot) and
for the respective BH subsystems only (bottom plot). Columns from left to right refer to di�erent
number of MBHs, while rows to di�erent orbital eccentricities of the merger orbits. The top row
in each panels shows the isolated runs. An initial central collapse phase is clearly seen in the runs
without MBHs (left columns).

presence and formation of 
at central cores in luminous galaxies (e.g. Rantala et al. 2018),
and can likely a�ect the central properties of merged star cluster remnants as well. The
characteristic timescale over which the energy is extracted from the binary is given by
Merritt (2013),

TE =

�
�
�
�

1
E

dE
dt

�
�
�
�

� 1

�
� 3

CG2M 2�
; (2.21)

where � and � are the three-dimensional velocity dispersion and density of the stellar
background andC is a constant that depends on the energy transfer mechanism1. In our
simulation models we haveTE = 1 � 3:7 Myr, which is consistent with the time needed
(� 1 Myr) for the respective progenitor clusters to merge.

2.4.1 Star cluster evolution

A bound self-gravitating system admits negative heat capacityCV , allowing the release of
energy from the centre to the outer parts, leading to the formation of a contracting core
with radius r c (Eq. 2.17) and an expanding halo (Lynden-Bell et al., 1968; Lynden-Bell,
1999).

1C � 10 for DF or 3-body encounters.
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In the absence of an additional energy source in the centre to halt the contraction
the core will eventually collapse, a process called thegravothermal catastrophe(Antonov,
1960, 1961, 1962). The core undergoes a series of contraction-expansion phase, known as
gravothermal oscillations(Sugimoto & Bettwieser 1983; Heggie 1993). For a single and
equal mass component system in isolation, the core collapse would happen at about 15t rh

(Cohn, 1980), wheret rh is the half-mass relaxation time (Spitzer, 1987).

t rh =
0:138N 1=2

ln �

 
R3

h

G �m

! 1=2

: (2.22)

Here N is the star/particle number of the system,Rh and �m the half-mass radius and
average stellar mass and �nally � = 
N is the Coulomb logarithm. In our simulations we
sample the stellar masses from a Kroupa IMF2, which corresponds to
 = 0:02 (Giersz &
Heggie, 1997) for multi-mass clusters. In realistic (multi-mass) star clusters, higher-mass
stars have lower velocity dispersion than the low-mass ones, driving the system towards
energy equipartition, i.e., evenly distributing the kinetic energy of the system (Spitzer,
1969, 1987). The massive stars segregate to the centre by transferring their kinetic energy
to low mass stars, thus expanding the orbits of the latter. The segregation time (Spitzer
& Hart, 1971; Portegies Zwart et al., 2004b) is de�ned as

ts =
�m

mmax

0:138N
ln

�
0:11M cl=mmax

�

 
R3

h

GM cl

! 1=2

; (2.23)

where M cl is the total mass of the cluster andmmax is the mass of the most massive
object. Since we don't assume any degree of primordial mass segregation in our initial
conditions, we compute the segregation time of the merger remnants att = 2 Myr, when
all the progenitors have merged. Using Eq. 2.23 for the remnant clusters without an MBH,
we �nd ts � 8 � 10 Myr. In timescales of the order of� ts compact objects, i.e., the most
massive particles sink towards the centre of the remnant (Baumgardt & Makino, 2003).

The evolution of the radii enclosing 3� 80% of the cumulative total mass (Lagrangian
radii) of all stellar and compact objects for all simulations is shown in the top panel of
Fig. 2.4. The left, middle and right columns show the systems with no, single, or binary
MBHs. For the isolated cluster the centre of the system without MBH (left) undergoes
core contraction on a timescale of� 20 - 30 Myr while the half-mass radius expands.
The systems with single and binary MBH (middle and right) show no core collapse as
rapidly forming binaries with the central MBH prevent this (see e.g. Rizzuto et al., 2023,
and references therein). Stars and compact objects bound to MBHs interact, heating up
the core and lead to its mild but constant expansion. The evolutionary behaviour is very
similar for cluster merger remnants (second to bottom row). For mergers without a MBH
the one with the highest eccentricity (bottom left panel) shows most core contraction. For
systems with one or two MBHs the eccentricities of the merger orbits do not change the
structural evolution.

2For a single-mass system
 = 0 :11 (Giersz & Heggie, 1994).
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In the bottom panel of Fig. 2.4 we show the Lagrangian radii evolution of the respective
BH subsystems only. Initially, the general behaviour is the same as for the entire cluster
(left panels in Fig. 2.4). However, the BH subsystem contracts faster on a� 10 Myr
timescale which is the expected mass segregation timescale (see Eq. 2.23) in all cases
without MBHs (left column). However, the presence of just one MBH does not prevent the
collapse in for the BH subsystem. In addition the BHs form a central, stable subcluster
which is not expanding like the entire cluster population. The dynamical interactions in
this central BH cluster provide a continuous source of energy for ejections of stars and
compact objects.

The sphere around an MBH of massM � where its presence dominates the gravitational
potential of the system is calledsphere of in
uence(SOI) . The radius of this sphererSOI

is then given by (Merritt, 2013)

M ?(r < r SOI) = 2 M � ; (2.24)

whereM ? refers to the stellar mass.
The interactions of stars within rSOI with the MBH/MBHB can signi�cantly e�ect

their growth through TDEs Rizzuto et al. (2023) or GW-merger events, but also play an
important role on the evolution of the remnant cores (e.g. Aros et al., 2020, and references
therein). Figure 2.5 shows the fraction of bound stars to the single or binary MBH, i.e.,
stars with negative orbital energyE = m � v2

2 � Gm � M BH
r < 0, where m� is the mass of

the individual star and r; v are the relative distance and velocity w.r.t. the MBH or the
centre of mass of the MBH binary. After the cluster mergers the bound fractions are
f bound � 0:14{0:22 in our simulations. The MBH case behaves in a qualitatively similar
manner as the binary MBH setup: the bound fractions reach values off bound � 0:1 in both
cases. This re
ects the similar overall evolution of central cluster properties such as stellar
densities and velocity dispersions. We however note that the bound fraction decreases
somewhat more rapidly in the MBHB setups. For clusters with a single MBH we �nd
similar behavior to that of the M � = 2000 M � case in (Rizzuto et al., 2023). We note
though, that their clusters are more dense and that stellar-mass BHs were not present in
their ICs. The remnants with an MBH binary, maintain approximately the same fraction
of bound stars until the end of the simulation. The bounds stars in the vicinity of the
MBH or the MBHB provide enough energy supply to support the expansion of the core
(Fig. 2.2) and the remnant itself. Moreover, encounters with the MBHB lead to 3- and
4- body encounters (Section 2.2.4), capable of kicking stars and COs in the outer parts of
the cluster. The lower panel of Figure 2.5 depicts the total energy loss from the bound
cloud of stars insiderSOI leading to its growth. Those encounters drain orbital energy from
the MBH binaries, leading to the shrinking of their orbits (decrease of semi-major axis)
. This hardening process is further discussed in Section 2.5. The energy inside the cloud
in the form of dynamical heating combined with that from the BH sub-system (Mackey
et al., 2008) leads to the expansion of the remnant cores and monotonic decrease of the
number density (bottom panel in Fig. 2.2). Subsequently, the drop of the number density
is associated with a decrease in the mass of the bound cloud, i.e., the gravitational potential
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Figure 2.5: Top: fraction of bound stars f bound inside the sphere of in
uence rSOI of the
single/binary MBHs. Middle: MBH radius of in
uence. Bottom: Energy inside rSOI . Both
Single and binary MBHs initially have a high fraction of bound stars, which is decreased over
time due to encounters insiderSOI , leading to energy losses elevating its growth. The orbital
energy released from the hardening of the MBH binary also contributes to the expansion.

of the core gradually becomes more shallow (i.e., a drop in the local escape velocityVesc),
allowing more particles to escape to the outer parts of the cluster.

Finally the merger process itself has an e�ect on the di�erential energy distribution
of the cluster stars. For a bound gravitational system in virial equilibrium 2T + V = 0
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Figure 2.6: Binding energy distribution for stars and compact objects in all simulated clusters
at t = 10 Myr (top) and t = 100 Myr (bottom). Once the systems contain at least one MBH
(middle and left panels) objects can become unbound (positive energies). In particular at early
times (t = 10Myr , middle panel) the high energy objects can be clearly seen. At later times many
of the early escapers have travelled beyond 100 pc and have been removed from the simulation.
There is no clear trend with the shape of the cluster merger orbit or the merging process itself.

(kinetic energy T and potential energyV) with T = � E and V = 2E. The total energy
is simply E = T + V. During the merger, the system is not in equilibrium which means
that although the total energy E remains constant,T and V will oscillate around their
values leading to the widening of the di�erential energy distribution (Hilz et al., 2012).
This results to the most bound particles become even more bound, while weakly bound
particles might gain enough energy to escape from the local gravitational potential.

This process, known asviolent relaxation further contributes to the expansion of the
core and the cluster itself, comparing to clusters without any prior merger (dashed lines in
2.2) .

Figure 2.6 shows the particle energy distribution att = 10 and t = 100 Myr. We
see that clusters with MBHs hold a large fraction of unbound particles at early times
corresponding to potential ejections. It is clear that the presence of MBHs broadens the
energy distribution, especially for stars withE > 0 we observe a persistent tail in the
distribution even after t = 100Myr. Especially, from the radial velocity Vr distribution
(Fig. 2.7), we see that single MBH clusters develop a positiveVr tail which is larger for
MBH binaries. This tailed distribution is closely connected to the number and velocity of
ejected bodies as we describe in Section 2.2.
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Figure 2.7: Distribution of the radial velocity of all stars and compact objects in all simulations
at t = 10 Myr (top) and t = 100 Myr (bottom). The systems without MBHs (left panels) show
a distributions with absolute radial velocities � 23 km s� 1. This is the escape velocity from the
cluster centres. Once an MBH is present, the distributions extend towards� 75 km s� 1 for one
MBH (middle panels) and to values & 120 km s� 1 for binary MBHs (right panels). The unbound
part of the distributions in Fig. 2.6 is caused by objects within the high velocity tail.

2.4.2 Star cluster shapes

In order to determine the inherent three-dimensional structure of the star clusters, we
compute the reduced inertia tensor given by given by Gerhard (1983); Bailin & Steinmetz
(2005)

I ij =
X

k

mk
r k;i r k;j

r 2
k

; (2.25)

where k is the total particle number. The eigenvectors and eigenvalues of this tensor
correspond to the directions of the principal axesa; b; c (major, intermediate and minor
axis respectively, i.e.,a > b > c) of the remnant. Their ratios can then be used to de�ne
the triaxiality parameter T (Jesseit et al., 2005; Binney & Tremaine, 2008) given by

T =
1 � (b=a)2

1 � (c=a)2
: (2.26)

Fig. 2.8 shows the evolution of the principal axes ratios and the triaxiality parameter
within the half-mass radiusrh, whereT = 1 correspond to prolate,T = 0:5 to triaxial and
T = 0 to oblate shapes.

The shape of merger remnants is an indicator of the orbital families that are generated
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Figure 2.8: Axis rations of the three principal axes of the moment-of-inertia tensor within the
rh. The dashed lines correspond to constant triaxiality T, where T = 1 : prolate, T = 0 :5 :
triaxial, T = 0 :1 : oblate. Di�erent colours here correspond to di�erent values of eccentricity,
while markers to the number of MBHs. The size of the markers grows with time, i.e., the smaller
one is at t = 0.

during the merger process (for a detailed analysis on a galaxy merger context, see for
example Frigo et al. 2021). In Fig. 2.8 we present the time evolution of the remnant
shapes. The size of the markers indicates the time-evolution of cluster shapes, where the
largest ones correspond tot = 100 Myr (end of the simulation). Constant triaxiality T



2.4 Properties of the star clusters 53

is marked with the three dashed lines. This provides a qualitative way to classify the
resulting shapes for the various models based on their evolution and initial merger orbit.
First of all, we notice that the clusters without prior merger are initially spherical and
isotropic and maintain their shape (black markers in the top-right corner of Fig. 2.8) until
the end of the simulation.

The eccentricity of the merging star cluster orbits plays an important role in determining
the shape and kinematics of the remnant. Lowe orbits carry more angular momentum,
since L = �

p
GMa (1 � e2) (where M = M 1 + M 2 and � = M 1M 2=M) which is then

transferred to the stars. Our merger simulations result in a narrow range ofc=a with
a clear trend of low (e = 0:05) and medium eccentricities (e = 0:5) towards less oblate
systems (brown and orange markers in Fig. 2.8). Very eccentric (e > 0:9) merger orbits on
the other hand, tend to scatter stars in radial orbits resulting in more oblate and triaxial
shapes as can be seen in Fig. 2.8 (yellow markers). We conclude that merger remnants
have less spherical shapes than isolated clusters, the process driven by the eccentricity of
the progenitor cluster orbits.

2.4.3 Star cluster kinematics

In a spherical coordinate system, the two angular velocity dispersion components� � ; � �

can be combined into a tangential velocity dispersion� t as

� t =

s
� 2

� + � 2
�

2
: (2.27)

The non-isotropic nature of the kinematic structure of the stellar system can be char-
acterized by the velocity anisotropy parameter� (Binney & Tremaine, 2008), de�ned as

� = 1 �
� 2

� + � 2
�

2� 2
r

= 1 �
� 2

t

� 2
r
: (2.28)

The velocity anisotropy � is closely related to the orbital structure of a stellar popu-
lation. When the stellar orbits are purely radial, then� t = 0 and � = 1. Conversely, for
a stellar population with exclusively circular orbits, � r = 0 and � = �1 . The system is
isotropic (� = 0) if the two components � r ; � t ; are equal.

To compute velocity dispersion pro�les for our star cluster setups and to reduce the
noise we construct average dispersion pro�les. To do so we use 10 simulation snapshots
from the last 5� 104 yr in our runs. Each snapshot is centred in space and velocity to the
region of highest stellar density using the shrinking sphere approach (Power et al., 2003).
The velocity dispersion and anisotropy pro�les (Fig. 2.9) of stars (thick solid lines) and of
COs (thin dotted lines) of the remnants at andt = 100 Myr are presented in Fig. 2.9. The
left panels correspond to simulations without MBHs. Both� r and � t have values of about
. 10 km s� 1 and decrease with increasing radius. The� � 0 pro�les indicate isotropic
velocity dispersion in the inner parts of all clusters. The merger orbits do not change the
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Figure 2.9: Radial � r (top panels) and tangential � � (middle panel) velocity dispersion pro�les
and the anisotropy parameter � (bottom panels) for simulations without (left column) with
one (middle column) and with two (right column) MBHs after 100 Myr. The thick solid lines
correspond to stars only, while the thin dotted lines to the contribution of compact objects. All
systems show isotropic velocity dispersions in the centre and more massive particles, i.e., compact
objects have lower velocity dispersion, as expected from energy equipartition.

dispersion pro�les signi�cantly. The presence of one (middle column) or two (right column)
MBHs also does not change the kinematic structure signi�cantly.

Rotation of cluster merger remnants

For the simulated cluster mergers, orbital angular momentum is transferred to internal
angular momentum. The e�ect is strongest for low eccentricity orbit (i.e.e = 0:05; 0:5)
which have the highest orbital angular momentum. This corresponds to higher merger
remnant rotation velocities.

We present the two dimensional line-of-sight (LOS) velocity (VLOS) maps of the cluster
merger simulations after 100 Myr of evolution in Fig. 2.10. The maps are constructed
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Figure 2.10: Two dimensional (x vs. z) line-of-sight velocity maps of the stars in the simulated
cluster mergers att = 100 Myr. From top to bottom we show the models with no, one, and two
MBHs and the eccentricity of the merger orbit is decreasing from left (most radial) to right (most
circular). The more circular merger remnants (middle and left panels) show no clear signs of
rotation while the radial orbit remnant (left panels) show no rotation. The presence of an MBH
does not a�ect the rotation properties. Contours of constant surface density are also displayed.

utilizing the analysis packagepygad (R•ottgers et al., 2020). Following Naab et al. (2014),
these maps are produced similar to the analysis of observational integral �eld unit data
(see e.g. Naab et al., 2014, for more details). We use the clusters' reduced moment of
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inertia tensor given by Eq. 2.25 to align the major axis of the cluster with thex� axis and
perform the analysis within the central region of about� 2 half-mass radii, corresponding
to a spatial extent of 4 pc. The velocity data is represented byspaxelsof constant signal-
to-noise ratio (a �xed number of stars per spaxel) using a Voronoi tessellation algorithm
(Cappellari & Copin, 2003). We also show contours of constant surface density.

The highly eccentric (e= 0.99) merger orbits carry the least angular momentum and the
respective remnants show no sign of ordered rotation (left panels in Fig. 2.10) independent
of whether the clusters host black holes or not. The mergers with higher angular momentum
orbits produce remnants which clearly show ordered rotation with velocities up to� 3
km s� 1 (middle and right panels of Fig. 2.10). In contrast to the velocity dispersion (see
Sec. 2.4.3), the presence of MBHs in the clusters does not change the rotation features.

2.5 Formation and Evolution of Massive Black Hole
Binaries

In this section we focus on the formation and evolution of the MBH binaries in the
merger runs2MBHe005, 2MBHe05 and 2MBHe099with two MBHs and the isolated cluster,
2MBHiso , with a central MBH binary. The di�erent cluster orbits a�ect the time when
the MBH binaries become bound in the cluster mergers, while the2MBHiso MBH binary
is bound by de�nition. For the 2MBHe05 and 2MBHe005 runs, the MBH binaries become
bound at 1 Myr and 1:3 Myr, respectively. For the merger with the highest eccentricity
of e = 0.99 (2MBHe099) the MBH binary becomes �rst bound at 1:1 Myr then unbound
again at 1:5 Myr. During the �rst bound phase the semi-major axis of the binary shrinks
from ab � 1 pc down to 0:1 pc. The binary reaches a steady bound state at� 3 Myr with
ab � 0:1pc. Interactions with the stellar background lead to a continuous energy exchange
with the MBH binary. This leads to orbital energy being removed from the binary, result-
ing in decrease of their semi-major axesab. When the MBH binary separation becomes
lower than a critical value ah of the semi-major axis, the binary has reached the so called
'hard' phase at Quinlan (1996)

ah �
GM2

4� 2
; (2.29)

whereM 2 is the mass of the secondary MBH (in our caseM 1 = M 2 = 500M� ) and � is the
local velocity dispersion inside therSOI of the MBH binary. A typical value for the hard
separation in our simulations isah � 2 � 10� 3 pc. The �rst time the MBH binaries in our
simulations pass this threshold is atthard = 1:7; 4:0; 4:8 and 7:5 Myr for the noMBHiso ,
2MBHe005, 2MBHe05, and 2MBHe099models, respectively. We note that on galactic scales,
the eccentricity eb of formed bound SMBH binaries is strongly a�ected by stochastic e�ects
(Rawlings et al., 2023).
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Figure 2.11: Time evolution of the density (top panel) and velocity dispersion (bottom panel)
for simulations with MBH binaries. The values are computed within the sphere of in
uencerSOI

of the MBHs.

2.5.1 Hardening and eccentricity growth of MBH binaries in a
stellar background

The hardening of an MBH binary depends on the properties of its stellar environment, i.e.,
the velocity dispersion and mass density of the stars. For a �xed stellar background, the
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hardening rateH and eccentricity growth K are given by (Quinlan, 1996),

H =
�

G�
d
dt

�
1
ab

�
;

K =
deb

d ln(1=ab)
;

(2.30)

where� and � are the stellar density and velocity dispersion inside the sphere of in
uence
rSOI (Eq. 2.24) of the binary. Equation 2.30 assumes �xed values for� and � and has been
used in various studies on the e�ciency of MBH hardening and its e�ect on the production
of gravitational wave merger events and the production of RAs and HVs (Sesana et al.,
2006, 2008b, 2009a; Leigh et al., 2017; Rasskazov et al., 2019; Gualandris et al., 2022; Evans
et al., 2023). In our simulations, ongoing dynamical interactions of the MBH binaries with
the stellar background change the average central stellar density and velocity dispersion
continuously. In Fig. 2.11 we show that the density inside the sphere of in
uence (top
panel) of the MBH binaries continuously decreases with time, by a factor 4 - 5 during the
100 Myr of evolution. Over the same time interval, the stellar velocity dispersion (bottom
panel in Fig. 2.11) is decreased by 4 km s� 1 for the merger remnants. The decrease in
central density is caused by the ejection of stars which have interacted with the central
MBH binary whose semi-major axis is continuously shrinking for all simulations with MBH
binaries (the top panel of Fig. 2.12). Individual strong encounters with the central MBH
binary result in visible jumps (see e.g. the e = 0.5 merger, orange line, in the top panel of
Fig. 2.12) in the semi-major axis evolution and result in the eject of high velocity objects
(see discussion in Sec. 2.6).

The evolution of the eccentricity of the central MBH binary is not smooth (bottom
panel of Fig. 2.12) and 
uctuates signi�cantly. This adds uncertainties on the further
post-Newtonian evolution of the MBH binary as the eccentricity has a strong impact the
process of coalescence through gravitational wave emission (e.g. Bonetti et al., 2020; Gua-
landris et al., 2022) and may also imprint distinct signatures on the number and velocity
distribution of captured or ejected stars (Sesana et al., 2006, 2008b; Rasskazov et al., 2019).
We estimate the hardening rate coe�cientsH and K from the slope of linear �ts on the
1=ab and eb=ln(1=ab) time evolution. The values are given in Tab. 2.3. The coe�cientsH
and K have been typically evaluated (e.g. Sesana et al. 2006) using scattering experiments
assuming a �xed stellar background.

Eccentricity growth has been observed again in previous studies (Amaro-Seoane &
Freitag, 2006; Amaro-Seoane et al., 2009; Arca-Sedda & Mastrobuono-Battisti, 2019) in
the context of merging star and globular clusters hosting IMBHs. It's origin can be due to
the collective e�ect of many stars interacting with the MBHB or through strong encounters
with individual and/or binary stars (Askar et al., 2021).
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Figure 2.12: Time evolution of the MBH binaries' inverse semi-major axis 1=ab (top panel)
and eccentricity eb (bottom panel) evolution of the MBH binaries. The semi-major axis is
monotonously decreasing due to continuous interactions with the central MBH binaries while
the eccentricity shows strong variations.

2.5.2 Gravitational wave driven evolution and coalescence of MBH
binaries

In this section we explore the evolution of our MBH binaries aftert = 100 Myr where
our simulations are stopped. To do so, we assume that the orbital elements evolve due
to interactions of the MBH binary with the stellar background and GW emission which
dominates at late times. The di�erential equations describing the evolution of semi-major
axis and eccentricity are therefore written as



60 2. Massive Black Holes in Merging Star Clusters

Table 2.3: Hardening rate H and eccentricity growth K from linear �tting. a100 and e100 are
the semi-major axis and eccentricity of the MBH binaries, while� 100 and � 100 denote the density
and velocity dispersion insiderSOI at t = 100 Myr.

Simulation H K a 100 [10� 5pc] e100 � 100 [M � pc� 3] � 100 [km/s]
2MBH e099 134.5 -11 8.3 0.667 5000 12.15
2MBH e05 263.2 -9.6 1.7 0.704 4300 20.7
2MBH e005 204.7 -7.1 5.3 0.675 4400 10.86
2MBH iso 352.3 -8.7 3.0 0.433 8800 16.53
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where the terms with ? refer to stellar interactions andGW to GW-emission respec-
tively. The former are described by Quinlan (1996),
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;

(2.32)

whereG is the gravitational constant and� and � are the stellar density and velocity
dispersion inside the sphere of in
uencerSOI (Eq. 2.24) of the binary as before andH ,
K correspond to the �tted values for the hardening rate and eccentricity growth given in
Table 2.3. The GW-driven part is modelled via Eq. 2.9 where,a; e correspond to the
binary elementsab; eb.

The initial values used for solving Eq. 2.31 correspond to the values at the end of the
simulation, i.e. (a100; e100; � 100; � 100). The results are presented in Fig. 2.13 (solid lines),
where all MBH binaries merge beforet < 4 Gyr. Although e100 has some �xed value for
each simulation but due to the stochastic nature of strong encounters, this value would
vary if the simulation runs were slightly longer. For this reason and in order to capture
the e�ect of eb in the full range of possible values, we integrate system eq. 2.31 for an
almost circular and a highly eccentric binary, whereas thee100 from the actual runs serve
as intermediate ones. Assuming a �xed high initial eccentricity (eb = 0:9) the binaries
merge earlier, in less than 2 Gyr. For almost circular orbits (eb = 0:01) the MBH binaries
can take up to � 5 Gyr to merge. The above estimates indicate that the MBHs formed
in mergers of dense stars clusters will merge within a Hubble time. The main takeaway
from this experiment is that given a su�ciently dense environment, hard MBH binaries
could potentially merge regardless of how eccentric they are and can be observed with
future space-born and ground-based GW detectors like LISA (Amaro-Seoane & Freitag,
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Figure 2.13: Predicted time evolution of the MBH binaries' orbital elements beyond t = 100Myr
until coalescence. The solid lines corresponds to �nal values of MBHB eccentricities, therefore
e100. We repeat the integration of Eq. 2.31 for nearly circular orbits with e = 0 :01 (dashed
lines) and very eccentric onese = 0 :01 (dot-dashed lines) , to test whether the binaries would
still merge. All MBH binaries merge within t < 6 Gyr, with larger values of e leading to earlier
coalescence times.

2006; Amaro-Seoane et al., 2017; Arca-Sedda & Mastrobuono-Battisti, 2019) and Einstein
Telescope (Maggiore et al., 2020).
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2.6 The ejection of stars and compact objects

2.6.1 Classi�cation and overview

In each simulation, we monitor the stars and compact objects (COs) which become un-
bound and eventually escape the cluster at a �xed distance ofresc = 100 pc. As outlined
in Sec. 2.2, the various dynamical ejection channels have characteristic ejection velocities.
In this section, we give an overview of the properties of ejected stars and COs in our sim-
ulations and connect them to the most likely ejection mechanisms. We classify the ejected
objects as follows:

ˆ Low-velocity escapers (vej < 50 km s� 1), originating mostly from weak 2-body en-
counters and 2-body relaxation in the vicinity of an MBH.

ˆ Runaway stars (RA) and COs (50 km s� 1 � vej < 300 km s� 1), most likely from
from 3- or 4-body encounters of single or binary stars with BH+star and BH+BH or
MBH+star and MBH+MBH binaries and/or binary encounters with a single MBH
(a Hills-like mechanism) or a binary MBH.

ˆ Hyper-runaway (HR) stars and COs (300 km s� 1 � vej < 700 km s� 1) , which are
the extreme version of the previous channel from interactions with hard binaries.

ˆ Hyper-velocity stars (HV) and COs (vej � 700 km s� 1), most likely due to strong 3-
and 4-body interactions with a single and/or binary MBHs.

ˆ Extreme-velocity stars and COs (vej � 1000 km s� 1), which are a handful of extreme
and rare cases for which we suggest the most likely scenario of ejection.

In Fig. 2.14 we show the evolution of the cumulative number of escapers (top panel)
and the escape rate (bottom panel) for all simulations. The characteristic timescale for
escaping our clusters can be estimated from the escaper removal distance and the cluster
centre escape velocity yielding 100 pc / 22 km s� 1 � 4:4 Myr. The total number of escapers
raises rapidly after 10 - 15 Myr (the post merger phase) when the �rst stars cross the 100
pc boundary. After 100 Myr about 1000 stars have escaped for all simulations without
MBHs. The escape rates (bottom left panel) are almost constant (though a moderate
peak develops for the most circular merger) at� 0:2=Myr. For simulations with one MBH
(middle panels in Fig. 2.14) the total number of escapers (� 2000) is about a factor two
higher compared to the run without MBHs, and the escape rates peak at� 1:0=Myr after
� 20 Myr . At the end of the simulation the escape rate drops to similar values as the
no MBH simulations. In the presence of two MBHs (right panels) the total number of
escapers raises to& 3000 objects and the escape rates peak earlier (due to the higher
speeds of the escapers) at values of� 3:0=Myr. After 100 Myr the rates have dropped to
similar values as the simulations with one and no MBH. Even though the escape rates are
similar towards the end of the simulations, the velocities of the objects are signi�cantly
higher in the presence of MBHs. We will discuss this fact more below.
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Figure 2.14: Time evolution of the cumulative number of escaping objects (stars and compact
objects) at 100 pc (top panels) and the respective escape rate (bottom panels) of escaping stars
and COs. For the binary MBH simulations the average (t < 30 Myr) escape velocity (up to 39 km
s� 1) can be about a factor two higher than for the single MBH cases, which explains the earlier
peak in the escape rates.

The number N esc and rate �esc of ejections do not strongly correlate with the orbital
eccentricity of the mergers. The results indicate a weak dependence to our ICs, thus
suggesting that the our escaper numbers and rate estimates are robust and a generic
feature of star cluster mergers with and without MBHs. For clusters without MBHs, only
the noMBHe005 remnant shows an increased number and rate of 1=Myr of escapers in the
�rst 15Myr compared to the (� esc < 0:5 ejection per Myr) other runs, which could be
due to the higher number of dynamically formed binaries during that time (Section 2.6.2).
When MBHs are present, the merger orbit itself does not signi�cantly a�ect the overall
number and rates of ejection, as we see from the bottom panels (middle, right) in Fig. 2.14
where � esc from the isolated runs is similar to those of the merger remnants.

The velocity distribution of the escapers in all simulations are shown in Fig. 2.15 sep-
arated into stars (top panels), stellar BHs (middle panel) and white dwarfs (WD) bottom
panels. The assumed velocity limits for runaway stars, hyper-runaway stars and hyper-
velocity stars are indicated. The total number of escaping stars, BHs, and WDs for these
three classes are given in �rst four columns of Tab. 2.4 and the total mass and fraction
of the respective population lost by escapers is given in the �ve columns on the right.
For the isolated cluster without MBHs all escapers are low velocity escapers and we do
not �nd stars with velocities in excess of the assumed runaway star limit of 50 km s� 1.
Merger of clusters without MBHs can produce a small population of runaway stars (. 10)
and, in rare cases, a hyper-runaway BH. Already in the presence of one MBH the isolated
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Figure 2.15: Distribution of ejection velocities for objects crossing 100pc distance for simulations
without (left panels), with one 1000 M � (middle panels), and with two 500 M � MBHs (right
panels). From top to bottom we show stars, stellar-mass BHs and WDs. The di�erent colors
indicate di�erent orbital setups. The di�erent shaded areas indicate the velocity regimes for
runaway objects (RA, 50 km s� 1 � vej < 300 km s� 1), hyper-runaways (HR, 300 km s� 1 � vej <
700 km s� 1), and hyper-velocity objects (HV, vej � 700 km s� 1), respectively. In particular the
simulations with binary MBHs (right panels) produce a new population of stars, BHs, and WDs
in the RA and even HV velocity regime.

and merger simulations produce a sizable population of� 250 runaway objects, up to �ve
hyper-runaway stars. The presence of a MBH also results in the ejection of a signi�cant
fraction of the initial BH population (from � 22 to � 37 per cent), some with runaway
velocities, and a few percent of the stellar, white dwarf, and neutron star population in
the runaway velocity regime. If both clusters have an MBH which is forming a binary in
the remnants, the runaway population increases to� 800 and up to 45 hyper-runaway and
3 hyper-velocity stars can be formed. The number of the escaping BHs increases slightly.
These results clearly indicate the existence of a single or binary MBH in a star cluster will
create a new population of runway stars and compact objects.

In Fig. 2.16 we show the distribution of ejection velocities for objects crossing a distance
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