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Abstract
Expert ratings play an important role in many business domains such as credit
scoring, risk assessment, and performance appraisals. However, the growing volume
of data and the shortage of qualified human experts necessitate the automation
of these ratings. Machine learning-based prescriptive analytics, which leverages
historical data to develop predictive models and recommend actionable insights,
offers a promising solution to this challenge.

Despite its potential, automating expert ratings through behavioral cloning, in which a
supervised machine learning model is trained on historical expert decisions, presents
unique challenges. The data used in such settings is often biased and inconsistent,
including overly used extreme ratings that create data imbalances, midpoint roun-
ding biases that under-utilize the rating scale, and high uncertainty stemming from
the stochastic nature of human judgments. These challenges are further exacerbated
by the absence of information about the true outcomes of the observed actions,
complicating the development of reliable decision models.

This thesis addresses these challenges through the real-world use case of automotive
goodwill claim assessment, which necessitates balancing customer satisfaction with
financial considerations, particularly in the context of a dynamic environment and
safety implications. The proposed contributions explore approaches such as ordinal
cost-sensitive hierarchical learning, unimodal soft-label methods, explainable artifi-
cial intelligence (XAI), and rating-scale-aware uncertainty quantification. These me-
thods aim to reduce decision biases, improve model alignment with domain-specific
objectives, and enhance the interpretability and reliability of machine learning
models in prescriptive analytics for expert ratings.

Overall, the thesis contributes to the fields of weakly supervised learning, ordinal
classification and uncertainty quantification by underscoring the complexities of hu-
man rating data, which often violate standard assumptions in ordinal classification,
notably the existence of ground-truth outcome labels and the expectation of uni-
modal predictive probability distributions. It further explores the underrepresented
area of uncertainty quantification for ordinal or cardinal discrete targets, an area
often overlooked compared to the more extensively studied nominal classification
and regression tasks. By introducing novel uncertainty measures for these target
types, this work addresses a critical gap in the field and advances the development
of robust machine learning systems for automating expert ratings.
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Zusammenfassung
Expertenbewertungen sind in vielen Anwendungsfeldern wie Kreditbewertung, Ri-
sikoklassifizierung oder Leistungsbeurteilungen zentral. Angesichts wachsender
Datenmengen und fehlender Fachkräfte wird deren Automatisierung immer wichti-
ger. Prescriptive Analytics auf Basis von Machine Learning, welche historische Daten
für Vorhersagen und Handlungsempfehlungen nutzt, bietet hierfür eine vielverspre-
chende Lösung.

Die Automatisierung mittels Behavioral Cloning, dem Training überwachter Modelle
auf Basis historischer Experten-Entscheidungen, ist jedoch mit spezifischen Heraus-
forderungen verbunden. Typische Probleme sind verzerrte und inkonsistente Daten,
etwa durch häufige Extrembewertungen, Rundungstendenzen zur Skalenmitte oder
die intrinsische Unsicherheit menschlicher Urteile. Verstärkt wird dies durch das
Fehlen von Informationen über die tatsächlichen Resultate der Entscheidungen, was
die Entwicklung verlässlicher Modelle erschwert.

Diese Arbeit adressiert die genannten Probleme am Beispiel der Beurteilung von
Kulanzanträgen in der Automobilindustrie, wo Kundenzufriedenheit und finanzi-
elle Erwägungen des Herstellers ausbalanciert werden müssen. Vorgestellt und
untersucht werden Ansätze wie ordinale, kosten-sensitive hierarchische Lernverfah-
ren, unimodale Soft-Label-Methoden, erklärbare Künstliche Intelligenz (XAI), sowie
Unsicherheitsquantifizierung, welche die Struktur ordinaler und kardinaler Exper-
tenbewertungen berücksichtigt. Ziel ist es, Verzerrungen zu reduzieren, Modelle
stärker an domänenspezifischen Zielen auszurichten und deren Nachvollziehbarkeit
sowie Verlässlichkeit zu verbessern.

Die Arbeit leistet hierbei Beiträge zu den Forschungsfeldern Weakly Supervised
Learning, Ordinal Classification und Uncertainty Quantification, indem sie die Beson-
derheiten menschlicher Bewertungsdaten aufzeigt, die oftmals zentrale Annahmen
ordinaler Klassifikation verletzen, insbesondere die Existenz von Zielgrößen als
verlässliche Grundwahrheit und die Erwartung unimodaler Vorhersagewahrschein-
lichkeiten. Zudem wird das bislang kaum untersuchte Feld der Unsicherheitsquanti-
fizierung für ordinale und kardinale Zielgrößen betrachtet. Durch die Einführung
neuer Unsicherheitsmaße wird eine wesentliche Forschungslücke geschlossen und
die Grundlage für robuste Machine Learning-Systeme zur Automatisierung von Ex-
pertenbewertungen geschaffen.
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Introduction 1
In the contemporary business landscape, the ability to make informed and timely
decisions is paramount. The advent of big data and advanced analytics has revo-
lutionized the way organizations operate, providing unprecedented insights into
various aspects of business performance. Among the various analytical approaches,
prescriptive analytics stands out as a powerful tool that not only predicts future
outcomes but also recommends actions to achieve desired results [Lep+20].

Expert ratings play a crucial role in various business domains, such as credit scoring,
risk assessment, product evaluations, stock valuations, and performance appraisals.
Traditionally, these ratings are based on the subjective judgments of human experts.
While these judgments are valuable, they are often time-consuming, costly, and
susceptible to personal biases. Alternatively, rule-based systems are frequently
employed; however, these systems also require significant manual maintenance
efforts and tend to become large and difficult to manage [Ben08]. The increasing
complexity and volume of data in modern business environments necessitate more
efficient and consistent methods for generating these ratings. Machine Learning
(ML) [BN06; Mur22], a subset of Artificial Intelligence (AI), offers a promising
solution to this challenge. By leveraging historical decision data, ML models can
identify decision patterns and make predictions on previously unseen inputs. When
combined with prescriptive analytics, these models can not only forecast outcomes
but also provide actionable recommendations, either through Automated Decision
Making (ADM), where actions are taken autonomously, or Decision Support Systems
(DSS), which assist human decision-makers.

However, such prescriptive models trained solely on historical decisions face a fun-
damental limitation: the absence of fully supervised data, as historical decisions or
actions cannot serve as ground-truth labels for optimal decisions, especially given
the lack of actual consequential outcome data. Consequently, this thesis situates
itself within the domain of weakly supervised learning [Zho18], where models must
learn from supervision that, while grounded in trusted expert judgments, is inher-
ently weak and noisy due to variability and occasional misjudgments. Within this
broader context, the specific learning paradigm most aligned with this thesis is behav-
ioral cloning [Sam11; BUS95; Kum+22], a subfield of imitation learning [Zar+24;
Hus+17], in which a supervised machine learning model is trained on expert demon-
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strations to replicate the decision-making policies of experts. This paradigm operates
without access to ground-truth outcomes, a condition that stands in contrast to
the core assumption of supervised machine learning [Hül21]. While this approach
enables the automation of expert ratings, it also introduces fundamental challenges
in model development.

One major concern is the risk of human biases, such as tendencies toward extreme
decisions or the underutilization of certain ratings, being directly transferred to ML
models, thereby perpetuating existing human decision biases [Akt+21; Nto+20].
To address this, this thesis explores data modeling techniques to mitigate these
biases, drawing from the fields of data-centric AI [Zha+25] and weakly supervised
learning [Zho18]. Moreover, the observational nature of the training data introduces
inherent noise and variability, which manifests as substantial irreducible aleatoric
uncertainty due to the stochasticity in human judgments [HW21]. To tackle this
challenge, the thesis explores methods for uncertainty quantification, aiming to
capture the confidence of model predictions to better understand and manage the
risks associated with prescribed ratings. Furthermore, information about uncertainty
(or inversely confidence) related to a rating request can serve as a proxy signal,
helping to partially compensate for the lack of actual outcome data. For instance, it
could be assumed that high confidence in a model prediction for a given case reflects
a consensus among historically observed expert decisions regarding similar cases,
which, given the experts’ expertise, is likely to result in fair and reasonable out-
comes [Ash85; KW89; CW99]. When empirical validation of a judgment is difficult,
delayed, or even impossible, utilizing expert consensus as a surrogate for optimal
decisions is a common practice, for instance in auditing and medicine [Ash85; Eva97;
Giu+14; Hoh+18]. Nonetheless, confidence is only a proxy and needs to be treated
carefully, especially if important criteria like independence of experts and diverse
expertise among them are not present [Sur05; Jor15].

An added layer of complexity stems from the structured nature of the prediction task.
Expert ratings are typically expressed on ordinal or cardinal rating scales, which
require careful modeling of the relative severity of prediction errors across categories.
This thesis considers multi-category rating scales with K discrete, ordered categories
C = {c1, c2, . . . , cK}, where the categories follow a natural order, c1 ≺ c2 ≺ . . . ≺ cK .
For example, a risk assessment scenario may use ordinal categories such as C =
{none, low, moderate, high, very high}. Within this broader ordinal framework,
the specific focus of this thesis is on cardinal rating scales, where categories are
evenly spaced, such as C = {1, 2, . . . , K}.

All in all, the main objective of this thesis is to explore and develop machine learning
methods for automating expert ratings in a reliable manner, with a particular focus
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on the real-world use case of automotive goodwill claim assessments [MB05]. In
this setting, human experts decide whether, and to what extent, customers should
be compensated for repair costs when issues arise outside the legal warranty period.
These compensation decisions are made on a cardinal rating scale ranging from 0%
to 100%, in 10% steps. The task requires balancing the manufacturer’s financial
interests with customer satisfaction, and it reflects the challenges discussed earlier.

This work has relevance for both academic and industrial contexts. From a research
point of view, it extends the use of machine learning and prescriptive analytics to
real-world decision-making problems where uncertainty and lack of outcome data
play a major role, especially in the area of mimicking expert ratings. In doing so, the
thesis contributes to the broader field of weakly supervised learning and introduces
novel strategies for modeling and quantifying uncertainty for ordinal and cardinal
data. On the industry side, the methods investigated here could provide scalable,
consistent alternatives to manual expert ratings, with the potential to save time and
costs while maintaining decision reliability and transparency.

The remainder of this thesis is organized as follows:

• Chapter 2 provides the methodological and general background of this thesis,
introducing fundamental concepts of prescriptive analytics (Section 2.1), su-
pervised machine learning, and ordinal classification, which is highly relevant
for ordinal and cardinal scale rating data (Section 2.2). Another critical com-
ponent of modern machine learning is the representation and quantification
of uncertainty, which is discussed in Section 2.3. The chapter closes with a
discussion of Explainable Artificial Intelligence (XAI) and its relevance for the
interpretability of machine learning models in Section 2.4.

• Chapter 3 introduces the specific challenges related to observational rating
data using the exemplary use case of automotive goodwill claim assessment. It
highlights how these challenges undermine common assumptions in supervised
machine learning, particularly in ordinal classification, such as the absence
of ground-truth labels and the assumption of unimodal predictive probability
distributions. Additionally, the chapter proposes a conceptual framework
for automating expert ratings through behavioral cloning, by enhancing a
supervised machine learning model with components for bias mitigation,
uncertainty representation and quantification, selective classification, and
explainability, while addressing cross-cutting concerns such as ordinal target
awareness and human oversight. All of this aims to model valuable decisions
despite the lack of outcome data.
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• Chapter 4 presents the concrete contributions to the conceptual framework
outlined in Chapter 3 of this thesis, detailing the methodologies developed,
the experiments conducted, and the insights gained in the realm of machine
learning-based prescriptive analytics for automotive goodwill claim assessment
and beyond.

List of publications and contributions to the literature:

1. Stefan Haas and Eyke Hüllermeier. “A Prescriptive Machine Learning
Approach for Assessing Goodwill in the Automotive Domain”. In: Machine
Learning and Knowledge Discovery in Databases - European Conference, ECML
PKDD 2022, Grenoble, France, September 19-23, 2022, Proceedings, Part VI.
vol. 13718. Lecture Notes in Computer Science. Springer, 2022, pp. 170–
184

2. Stefan Haas and Eyke Hüllermeier. “Conformalized prescriptive machine
learning for uncertainty-aware automated decision making: the case of
goodwill requests”. In: International Journal of Data Science and Analytics
(2024)

3. Stefan Haas, Konstantin Hegestweiler, Michael Rapp, Maximilian Muscha-
lik, and Eyke Hüllermeier. “Stakeholder-centric explanations for black-box
decisions: an XAI process model and its application to automotive goodwill
assessments”. In: Frontiers in Artificial Intelligence - AI in Business 7 (2024)

4. Stefan Haas and Eyke Hüllermeier. “Rectifying Bias in Ordinal Observa-
tional Data Using Unimodal Label Smoothing”. In: Machine Learning and
Knowledge Discovery in Databases: Applied Data Science and Demo Track
- European Conference, ECML PKDD 2023, Turin, Italy, September 18-22,
2023, Proceedings, Part VI. vol. 14174. Lecture Notes in Computer Science.
Springer, 2023, pp. 3–18

5. Stefan Haas and Eyke Hüllermeier. “Uncertainty quantification in ordinal
classification: A comparison of measures”. In: Int. J. Approx. Reason. 186
(2025), p. 109479

6. Stefan Haas and Eyke Hüllermeier. “Aleatoric and Epistemic Uncertainty
Measures for Ordinal Classification through Binary Reduction”. In: Machine
Learning (2026)

• Chapter 5 concludes the thesis by providing a summary, discussing its limita-
tions, and offering an outlook for future work.
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Foundations 2
This chapter provides an overview of foundational methods for automating expert
ratings using machine learning-based prescriptive analytics, specifically in the form
of behavioral cloning. It begins with an exploration of prescriptive analytics, fol-
lowed by a discussion of supervised learning, with a particular emphasis on ordinal
classification due to its applicability and relevance to both ordinal and cardinal
rating scale data. Additionally, this chapter addresses uncertainty representation and
quantification in machine learning, as well as explainable AI, which are essential
components for ensuring the reliable automation of expert ratings.

2.1 Prescriptive Analytics

With the ever-increasing amount of data produced in today’s business world, the
demand for gaining insights from this data and automating business processes based
on it remains strong. A crucial role in this regard is played by business analytics,
which aims to enable organizations to make quicker, better, and more intelligent
decisions with the goal of creating business value [Fra+19; Lep+20]. Specifically,
it refers to the extensive use of data created by business operations to support
better decision-making through statistical and quantitative analysis, explanatory
and predictive models, and fact-based management decisions. Business analytics
is categorized into four main stages characterized by different levels of complexity,
business value, and intelligence [ŠP18] (Figure 2.1):

• Descriptive Analytics: The first stage focuses on collecting, categorizing,
and classifying data, as well as identifying and visualizing relevant patterns.
The goal is to answer the question “What has happened?” This is commonly
achieved through visualization, dashboards, statistical analysis, and data min-
ing, for example, sales or employee performance reports shown in dashboards.

• Diagnostic Analytics: The second stage aims to provide further insights into
past events by answering the question “Why did it happen?” Examples include
root cause analysis of quality issues in manufacturing or employee turnover
analysis.
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• Predictive Analytics: This stage addresses the question “What will happen?”
by predicting future events. Typically, this is done using large volumes of
historical data and techniques such as machine learning, data mining, and
statistics, for instance, sales forecasting, customer churn prediction, healthcare
outcome prediction, or predictive maintenance.

• Prescriptive Analytics: The final and most advanced stage is prescriptive
analytics, which provides actionable outcomes or suggestions aimed at an-
swering “What should I do?” It seeks to recommend optimal decisions that
maximize business value or other specific criteria set by the organization. Ex-
amples include supply chain optimization, healthcare treatment optimization,
or financial portfolio management.

Descriptive 
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Prescriptive
Analytics
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Fig. 2.1: Added business value and complexity of different stages of business analyt-
ics [ŠP18].

To date, the major focus of industry and academia has been on descriptive, diagnostic,
and predictive analytics [Lep+20]. Nevertheless, there has been an increasing
interest and shift towards prescriptive analytics in recent years [BK20; PSM20;
Pes+20; Lat+24], as it possesses the highest potential for delivering increased
business value, either through decision support or automation. While machine
learning is popular for predictive analytics, the dominant techniques underlying
prescriptive analytics applications are mathematical programming and logic-based
models [Lep+20]. This focus appears reasonable, as mathematical programming,
implemented in the form of objective functions and constraints, and logic-based
models, implemented through if-then decision rules [Gro+11], allow for precise,
transparent, and effective definition of objectives and constraints. Nevertheless,
a significant drawback of these approaches is their reliance on domain expert
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knowledge to manually define objectives, constraints, or decision rules upfront. Due
to the limited availability and high costs of domain experts, this situation is not
ideal.

Nowadays, given the availability of big data, there is a significant opportunity to
decrease dependency on domain expertise by utilizing these data sets through ma-
chine learning to “learn knowledge” instead of requiring human experts to specify it
manually upfront. The role of the human thereby shifts from direct input to a more
supervisory role in the lifecycle. Shifting the application of machine learning from
predictive to prescriptive analytics has been termed prescriptive machine learning
and introduces entirely new challenges, particularly when the data is observational
and human decision-makers act as teachers [Hül21], such as in mimicking expert
judgments using supervised learning. For instance, subjective personal preferences
and views of decision-makers can influence prescription choices in medicine or loan
approvals in finance. Training models on such biased data is likely to result in
biased models, which can lead to severe unintended consequences when deployed
in real-world scenarios [Ang+22b]. Consequently, the core assumption of super-
vised machine learning, that the training data accurately represents ground truth
outcomes (Section 2.2), is often violated. Moreover, there is even the question
of whether something like ground truth exists in prescriptive ML, as the goal in
prescriptive ML shifts from approximating ground-truth data, as in standard predic-
tive supervised ML, to learning “practicable decisions” that, for instance, maximize
business outcomes [Hül21].

Causal machine learning is increasingly preferred over classical supervised machine
learning for prescriptive analytics in general, and automated decision making in
particular, as it enables more nuanced estimation of treatment effects based on
inputs X, treatments T , and outcomes Y , rather than merely predicting outcomes or
mimicking expert decisions [Ker+25; Yao+21], for instance, in medicine [Feu+24]
or the public sector [Fis+24]. However, obtaining such data is often challenging in
practice due to confounding factors, incomplete observations, and the high cost of
controlled experiments, and in many cases, collecting this data is not even feasible
or applicable. Concretely, causal ML enables the estimation of treatment effects such
as the Average Treatment Effect (ATE), defined as

ATE = E[Y (T = 1) − Y (T = 0)],

the Conditional Average Treatment Effect (CATE), defined as

CATE = E[Y (T = 1) − Y (T = 0) | X = x],
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or the Individual Treatment Effect (ITE), defined as

ITE = Y (T = 1) − Y (T = 0).

Here, Y (T = 1) and Y (T = 0) are potential outcomes under treatment and control,
respectively, such as improved medical conditions or not. T ∈ {0, 1} represents the
presence or absence of treatment, such as medication or no medication [Yao+21].
While ATE and CATE can be estimated under certain assumptions [CBM22]: Uncon-
foundedness (Y (T = 0), Y (T = 1) ⊥ T |X) requires that outcomes Y are independent
of treatments T given covariates X, Positivity assumes that any subject x ∈ X has
a non-zero probability of receiving the treatment 0 < P (T = 1 | X = x), and
Stable Unit Treatment Value Assumption (SUTVA) assumes that individuals do not
interfere with each other, meaning a treatment applied to one individual does not
affect the others. The ITE itself is fundamentally unobservable for any individual
instance, since only one of the two potential outcomes, under treatment or control,
can be observed. This limitation is known as the fundamental problem of causal
inference [Hol86]. Furthermore, using causal machine learning in a decision-making
task is a two-step process: First, treatment effects are estimated, which are then used
to determine an optimal downstream decision considering other external factors
and constraints. This is similar to the usage of supervised machine learning in pre-
scriptive analytics, where an outcome is first predicted (e.g., whether the customer
will churn) and subsequently used to make a decision. Hence, the estimated target
is only indirectly linked to the optimal decision policy to be discovered from data.

A related paradigm also highly relevant for prescriptive machine learning is offline
contextual bandit learning [Sak23], or more broadly off-policy learning [Hül21;
Fis+24], where an algorithm selects an action a (e.g., show an ad) for a given input
x (e.g., a user profile) and receives partial feedback, only for the action performed,
in the form of a reward r (e.g., user clicks on the ad) [SJ15a; SJ15b; JSD18]. The
goal is to learn a policy π(a | x) that maximizes the expected reward R based on the
chosen actions a and given contexts x:

π̂ = arg max
π∈Π

R(π) = arg max
π∈Π

E(x,a)∼π [r(a | x)] ,

where r(a | x) denotes the reward received when taking action a in context x.
This approach offers a more direct method for discovering an optimal decision
policy compared to deriving it from estimated treatment effects or predictions.
In the offline setting, learning must occur from previously logged interactions
rather than through active exploration, which is typically unsuitable in high-stakes
environments [Fis+24]. Unlike reinforcement learning [SB+98], which involves
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sequential decision-making over multiple time steps and evolving environments,
bandit learning focuses on a single decision point with a static environment. Though,
in particular, offline reinforcement learning [Lev+20] may also be a good fit for
prescriptive sequential decision-making tasks, the focus here is on static, one-time
decisions due to their natural applicability to rating applications in general and the
considered use case of automotive goodwill claim assessment in particular.

Table 2.1 summarizes common learning settings in prescriptive machine learning,
categorized by the types of observed data. As already mentioned, the setting most
aligned with this thesis is Behavioral Cloning (BC), specifically behavioral cloning
from observational data [TWS18]. This approach uses supervised learning (Section
2.2) to capture the decision policy π of experts from historical observed context-
action pairs O = {(x1, a1), . . . , (xN , aN )} by minimizing a loss function l:

π̂ = arg min
π∈Π

E(x,a)∼πE
[l(π(x), a)] = arg min

π∈Π

1
N

N∑
i=1

l(π(xi), ai),

where πE denotes the underlying expert policy distribution generating the observed
context-action pairs (x, a). Although BC originates from domains such as robotics
and autonomous driving [Cod+19; LA20], it has also been applied in areas like
algorithmic trading [Liu+20b; Xu+24; SXS25] or medicine [Mat+25]. In the
reinforcement learning literature, BC typically refers to supervised policy learning
from expert demonstrations over sequential decision-making trajectories. Here, the
term is used in a broader sense, encompassing the special case of single-step decision
problems in which each expert decision is independent (e.g., an isolated expert
rating for a specific case). Although no temporal dependencies or state transitions
exist in this setting, the underlying methodological principle, training a model to
imitate expert-chosen actions from historical (context, action) pairs, remains the
same. Hence, BC is used within this thesis as a generic label to clearly distinguish
learning from observed one-step expert actions or decisions, without ground-truth
outcome data, from standard supervised learning settings in which such outcomes
are available.

BC provides recommendations aligned with what experts would likely decide in
similar scenarios (“What should be done according to experts?”). It is the least in-
formed among prescriptive learning paradigms, as it lacks access to actual outcomes
Y and only provides information about inputs X and expert decisions or actions
A. Nonetheless, BC can achieve several prescriptive goals valued by organizations,
such as ensuring consistency in decision-making, since most traditional supervised
machine learning models produce deterministic results given identical inputs, and
enabling (near) real-time decisions. In particular, results from BC intuitively cor-
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respond to the decisions taken by the majority of experts in the observed data for
similar contexts, thereby leveraging collective expertise [Mat+25]. Thus, BC stan-
dardizes frequent decision patterns, reducing unwarranted variations. Combined
with proper uncertainty quantification (Section 2.3) and XAI (Section 2.4), BC can
enhance uncertainty awareness and transparency for generated judgments, which
are often obscured in manual decision processes. Transparency and uncertainty
awareness, in turn, support feedback loops that improve decision quality over time.
Furthermore, automation can free human experts for complex or exceptional cases,
increasing operational efficiency. Overall, exploring proxy signals such as explain-
ability and uncertainty to improve the reliability of BC for expert ratings is central to
this thesis, alongside addressing potential biases inherited from human experts.

Tab. 2.1: Overview of prescriptive machine learning settings characterized by the type of
observed data. The setting studied in this work is shown in bold.

Setting Observed Data Goal

Supervised Machine Learning (X, Y ) Predict outcomes
Causal Machine Learning (X, T, Y ) Estimate treatment effects
Offline Contextual Bandits (X, A, R) Maximize expected rewards
Behavioral Cloning (X, A) Mimic expert decisions

2.2 Supervised Machine Learning

This section provides an introduction to supervised machine learning and its two
most common problem types: classification and regression. Furthermore, it presents
the problem of ordinal classification (or ordinal regression), which lies somewhat
between the two and is highly relevant for both ordinal and cardinal rating data.

2.2.1 Problem Formulation

In the context of supervised machine learning, it is assumed that there is some
ground-truth mapping g : X → Y from a feature space X ⊆ Rm to a target space
Y ⊆ R. The goal of supervised learning is then to learn a hypothesis h from a
hypothesis space H ⊂ YX = {h : X → Y}, also called model or predictor, that
approximates the ground-truth mapping g as accurate as possible. The identification
of the model h is hereby based on N ∈ N data samples of the form

D = {(x1, y1), . . . , (xN , yN )} ⊂ X × Y. (2.1)
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Commonly, x ∈ X ⊆ Rm is referred to as a feature vector, consisting of m features,
and y ∈ Y ⊆ R is referred to as a label.

Another standard assumption in supervised machine learning is that the samples
(x, y) ∈ D are independent and identically distributed (i.i.d.) and originate from
an (unknown) data-generating process that defines a joint probability distribution
P (x, y) on X × Y. How well h approximates P (x, y) is typically measured using a
loss function l : Y × Y → R+, which compares the ground-truth labels y with the
predictions of the model ŷ = h(x). The overall expected loss over X × Y is captured
by the so-called true risk R(h) of h, also referred to as the population risk [Mur22]:

R(h) := E(x,y)∼P [l(h(x), y)] =
∫

X ×Y
l(h(x), y) dP (x, y).

The true risk-minimizing hypothesis h∗, which achieves the minimum expected
loss E[l(·)] with respect to the loss function l across the entire joint probability
distribution P (x, y), is called the Bayes predictor. It is defined as:

h∗ := arg min
h∈H

R(h). (2.2)

However, in practice, the learner does not observe P (x, y) and can only estimate
the true risk R(h) using the empirical risk Remp(h), which is computed based on the
data D:

Remp(h) := 1
N

N∑
i=1

l(h(xi), yi). (2.3)

The empirical risk minimization procedure yields the empirical risk-minimizing
hypothesis ĥ:

ĥ := arg min
h∈H

Remp(h).

To prevent overfitting and ensure the generalization of the trained model ĥ to new,
unseen data instances, the dataset D is typically split into training, Dtrain, and test,
Dtest, datasets [Mur22]. Whereas the training dataset, Dtrain, is used to fit the
model, the test dataset, Dtest, is subsequently employed to evaluate the model’s
generalization performance on previously unseen data.

ĥ := arg min
h∈H

Remp(h) = arg min
h∈H

1
|Dtrain|

∑
(x,y) ∈ Dtrain

l(h(x), y).

See Figure 2.2 for a graphical illustration of this process.
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2.2.2 Nominal Classification

Nominal classification problems involve a target space Y consisting of K ≥ 2 un-
ordered, mutually exclusive labels, known as classes, defined as Y = {y1, y2, . . . , yK}.
These classes unambiguously identify semantically coherent subsets of the input
space X . In contrast, when labels are not mutually exclusive and inputs x ∈ X
can be associated with multiple y ∈ Y, this setting is referred to as multi-label
classification [Her+16].

Classification problems can generally be categorized into two distinct types based on
the number of classes involved:

1. Binary classification: This occurs when the number of classes is exactly 2
(K = 2). For example, emails can be classified as either spam or non-spam
based on their content and metadata, with Y = {spam, non-spam}.

2. Multi-class classification: This occurs when an instance may be classified into
one of three or more categories (K > 2). For instance, images can be classified
into categories such as animals or vehicles, with Y = {airplane, automobile,
bird, cat, deer, dog, frog, horse, ship, truck} [KH+09].

A common loss function in classification is the zero-one (01) loss

l01(y, ŷ) = Jy ̸= ŷK,

where ŷ = h(x) and J·K denotes the indicator function returning 1 if the argument is
true and 0 otherwise.

Train Data
Set(s)

Data Set

Test Data
Set(s)

Data Splitting

Algorithm(s)

Performance
Evaluation

Model(s)

Hyperparameter
Values

Peformance
Measure(s)

Prediction(s)

Training 

Evaluation 

Data Spliting

Model

Inference 

Queries

Prediction(s)
Deployment

Fig. 2.2: Overview of the supervised machine learning process, from data splitting, training,
and evaluation to deployment and inference.
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2.2.2.1 Probabilistic Classification

In probabilistic classification, instead of committing fully to a single class or label ŷ,
the model or predictor outputs a conditional probability distribution p(y | x) over all
possible classes y ∈ Y for an input instance x ∈ X , with p(yk | x) ∈ [0, 1] denoting
the conditional probability of the k-th class. In general, the training process of the
predictor does not differ from the one outlined in Section 2.2.1. The only difference
is that, instead of comparing a true class y with a deterministically predicted class ŷ,
the loss function l compares a predicted probability distribution

p = ĥ(xq) = (p(y1), . . . , p(yK)) = (p1, . . . , pK) ∈ P(Y), (2.4)

with y, where pk represents the predicted probability for the k-th class yk. Hence,
the signature of the loss function changes to l : Y × P(Y) → R, where P(Y) denotes
the set of Probability Mass Functions (PMFs) on Y.

Obviously, a deterministic prediction ŷ can also be obtained from a probabilistic
prediction, usually by selecting the class with the highest posterior probability:

ŷ = arg max
y∈Y

p(y | x).

This decision rule minimizes the expected l01-loss and, under this loss function, is
also known as the Bayes estimator.

A commonly used loss function for probabilistic multi-class classification is the
Cross-Entropy (CE) loss:

lCE(y, p) = −
K∑

k=1
yk log(pk), (2.5)

where p is the predicted probability distribution, and y is the one-hot (0/1) encoded
true label vector, with yk = 1 for the correct class and yk = 0 for all other classes.
For example, in the case of five classes and y = 2, the one-hot (0/1) encoded vector
for y would be y = (0, 1, 0, 0, 0), where the second entry corresponds to the correct
class.

Moreover, the CE loss is a strictly proper scoring rule, which incentivizes the true
probability distribution p∗ as the optimal prediction [GR07; MW70]. Formally, a loss
is proper if it is minimized when the predicted probability distribution p matches
the true probability distribution p∗ in expectation:

Ey∼p∗ [l(y, p∗)] ≤ Ey∼p∗ [l(y, p)].
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A loss is strictly proper if the equality holds only when the predicted distribution p

exactly matches the true distribution p∗.

Although, in theory, minimizing the empirical loss using a proper scoring rule should
lead to accurate predictive probabilities, in practice, this may not always be the case.
For instance, it has been shown that neural networks are poorly calibrated despite
commonly utilizing the CE loss and tend to be overconfident [Guo+17; Sze+16].
This means that the predicted probabilities are often higher than the true probabili-
ties. To address such biased predictive probability distributions, so-called calibration
methods have been developed [Men+23]. These methods leverage a calibration
dataset to learn mapping functions that adjust biased predictive probabilities to more
accurate ones [NC05]. A predictor is considered well-calibrated when the predicted
probabilities p align with the actual observed frequencies of the true labels. There
are at least three ways to define calibration [Men+23]:

• Confidence calibration considers only the highest predicted probability [Guo+17].

• Classwise calibration considers marginal predicted probabilities for each class
separately in a one-vs-rest fashion [ZE02].

• Multi-class calibration considers the entire vector of predicted probabilities [WLZ19].

Formally, a probabilistic multi-class classifier is considered multi-class calibrated if
the predicted probability for each class pk matches the true probability of the class
k ∈ Y = {1, . . . , K} given the predicted distribution:

P(Y = k | h(X) = p) = pk.

Calibration is of fundamental importance when the predictor is used for cost-sensitive
learning [Elk01; LS10; Fer+18a] and human decision-making. In such cases, an
accurate quantification of the level of uncertainty is of utmost importance.

A common metric for assessing calibration is the Expected Calibration Error (ECE) [Guo+17]:

ECE =
B∑

j=1

|Bj |
N

|o(Bj) − p(Bj)| ,

where the predicted probability space is divided into B equal-sized bins (commonly
5, 10, or up to 15). For each bin Bj , the observed accuracy of the instances within
the bin is calculated as:

o(Bj) = 1
|Bj |

∑
i ∈ Bj

Jyi = ŷiK.
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This observed accuracy is then compared to the average predicted probability of the
instances in bin Bj , which is given by:

p(Bj) = 1
|Bj |

∑
i ∈ Bj

p(yi | xi).

The closer these two values o(Bj) and p(Bj) are, the lower the ECE score, indicating
better calibration of the classifier.

2.2.2.2 Measuring Performance

Arguably, the most popular performance evaluation metrics for classification, given
a vector of ground-truth labels y = (y1, . . . , yN ) from a given test data set Dtest =
{(xi, yi)}N

i=1 and corresponding point predictions denoted by a vector ŷ = (ŷ1, . . . , ŷN ),
are Accuracy (ACC) and its inverse, the Misclassification Rate (MCR) (sometimes
also referred to as Mean Zero-One Error (MZE)). Whereas accuracy is defined as the
proportion of correct predictions

ACC = 1
N

N∑
i=1

J yi = ŷi K

and misclassification rate as the proportion of incorrect predictions

MCR = 1
N

N∑
i=1

J yi ̸= ŷi K = 1 − ACC.

The Negative Log Likelihood (NLL) is a performance metric commonly used to
evaluate probabilistic classifiers. Unlike metrics that only assess the correctness of
predictions, NLL also evaluates the confidence of the predicted probabilities.

NLL = − 1
N

N∑
i=1

log p(yi | xi), (2.6)

where yi is the true label for the i-th sample, and p(yi | xi) is the predicted probability
assigned to the true label yi given the input xi. NLL is equivalent to the CE or log
loss (2.5) when used as a performance metric, as it measures how well the predicted
probability distribution aligns with the true labels.

Another option for evaluating probabilistic predictions in nominal classification is
the Brier Score (BS) [Bri50], which is also a proper scoring rule [GR07]. Unlike the
NLL, the Brier Score considers all probabilities in the predictive distribution and
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measures the mean squared difference between the true one-hot (0/1) encoded
label vector y and the predicted probability distribution vector p.

BS = 1
N

N∑
i=1

K∑
k=1

(yi,k − pi,k)2, (2.7)

where yi,k is the k-th element of the one-hot (0/1) encoded label vector for the i-th
instance, and pi,k is the predicted probability for class k for the same instance.

2.2.3 Regression

The second prevalent problem in supervised learning is regression, where the target
space Y is continuous, i.e., Y = R. Unlike classification, the goal in regression
is to predict a real-valued quantity y ∈ R. For example, one might predict house
prices based on features such as property size, number of rooms, neighborhood
characteristics, and other relevant attributes.

Arguably, the most common loss function for regression is the quadratic or l2 loss:

l2(y, ŷ) = (y − ŷ)2,

which penalizes the squared residuals, (y − ŷ)2. While the l2 loss is widely used
due to its mathematical properties (e.g., differentiability and convexity), it penalizes
large residuals more heavily than small ones, making it sensitive to outliers. A more
robust alternative is the l1 loss, which measures the absolute difference between y

and ŷ:
l1(y, ŷ) = |y − ŷ|.

The l1 loss is less sensitive to outliers because it grows linearly with the residuals
rather than quadratically, making it a preferred choice in some applications.

2.2.3.1 Measuring Performance

Typically, the performance of a regression problem, given a vector of ground-truth
labels y = (y1, . . . , yN ) from a test dataset Dtest = {(xi, yi)}N

i=1 and corresponding
predictions denoted by a vector ŷ = (ŷ1, . . . , ŷN ), is measured using the Mean
Absolute Error (MAE) or the Mean Squared Error (MSE).

The MAE represents the average magnitude of the errors between y and ŷ:

MAE = 1
N

N∑
i=1

|yi − ŷi|.
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In contrast, the MSE squares the difference between y and ŷ before summing them,
thus giving more weight to larger errors:

MSE = 1
N

N∑
i=1

(yi − ŷi)2.

Taking the square root of the MSE yields the Root Mean Squared Error (RMSE),
which is often considered easier to interpret than the MSE, as it is measured in the
same units as the target variable:

RMSE =

√∑N
i=1(yi − ŷi)2

N
.

Another measure often used for evaluating regression models is the Mean Absolute
Percentage Error (MAPE), which quantifies the performance of a regression model as
a percentage. It is defined as the average of the absolute percentage errors between
the actual values and the predicted values:

MAPE = 1
N

N∑
i=1

|yi − ŷi|
yi

· 100.

Since MAPE provides relative percentage values, it is scale-independent, making
it suitable for comparisons across different datasets or models with varying scales.
Furthermore, it is often more interpretable for stakeholders, as it provides a clear
percentage that indicates how much the predictions deviate from the actual values
on average.

2.2.4 Ordinal Classification

Ordinal classification (also called ordinal regression in statistics [McC80]) is a special
form of supervised learning that lies between classification and regression, where
the set of class labels exhibits a natural (linear) order:

y1 ≺ y2 ≺ · · · ≺ yK .

As an example, consider credit scoring, where a customer’s creditworthiness is rated
on the categorical ordinal scale Y = {poor, fair, good, very good, excellent}.
Many additional examples of ordinal classification problems can, for instance, be
found in medicine [Bar+21; Riv+23; Lin+22; Lei+22; Yon+22; Liu+18] or
finance [Sol+22; Man+20; KA12]. This highlights the practical relevance of ordinal
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classification as a subproblem of supervised learning, particularly in high-stakes
settings such as medical diagnosis or financial risk assessment.

As it is common practice to encode ordinal labels by their rank in the ordinal scale,
thereby turning the ordinal scale into a cardinal (interval) scale,

Y = {y1, y2, y3, . . . , yk, . . . , yK}

= {1, 2, 3, . . . , k, . . . , K},

ordinal classification problems can thus be naively treated not only as classification
problems but also as regression problems [Gut+16]. However, this ordinal encoding
is theoretically disputable, as it assumes equal distances between class labels, a
property that may not always hold. Nevertheless, given that this encoding is a
common practice for ordinal data and aligns well with the cardinal nature of the
goodwill assessment use case under consideration, as well as rating data in general,
we will adopt it throughout this thesis.

One significant difference between ordinal classification and nominal classification
is that misclassification costs are not uniform. For example, misclassifying an actual
poor creditworthiness as good or even excellent may have a dramatic impact
and should be penalized more heavily than misclassifying it as fair. In nominal
classification, using losses such as the CE loss, these varying misclassification costs
are not accounted for during model training, which can result in more severe and
distant errors when applied to ordinal classification problems. In terms of regression,
a significant difference is that the labels are not continuous real values (y ∈ R) but
discrete positive integers (y ∈ N). This distinction necessitates rounding continuous-
valued predictions to the nearest natural number in the set of integer-encoded class
labels as a post-processing step, which can lead to information loss due to rounding
errors [Kra+01]. Kramer et al. [Kra+01] further highlight the inherent trade-off in
ordinal classification between achieving optimal categorical classification accuracy
(hit rate) and minimizing distance-based error, which distinguishes it as a unique
problem.

In recent decades, numerous dedicated ordinal classification (or regression) meth-
ods have been developed, aiming to leverage the ordering information to construct
more accurate models. Gutiérrez et al. [Gut+16] provide a taxonomy of ordinal
classification methods, grouping them based on their construction into Naive Ap-
proaches, Ordinal Binary Decompositions, and Threshold Models (Figure 2.3). We
extend this taxonomy by incorporating more recently proposed Ordinal Losses, which
have primarily been developed in the context of Deep Learning (DL) and Unimodal
Model approaches. The latter can be further categorized into Soft Labeling and Con-
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straints. Exploiting the ordinal structure has been shown to lead to improvements in
model performance, as demonstrated by Hühn and Hüllermeier [HH08], as well as
Gutiérrez et al. [Gut+16]. However, Gutiérrez et al. [Gut+16] also note that naive
approaches can achieve competitive performance and are difficult to surpass for
certain datasets. This observation is further supported, among others, by Ben-David
et al. [BST09] and Kasa et al. [Kas+24], who acknowledge the competitiveness of
naive approaches, particularly in terms of accuracy.

Ordinal
Classification

Naive
Approaches

Ordinal Binary
Decompositions

Threshold
Models

Unimodal
Approaches

Ordinal
Losses

Regression Classification Cost Sensitive
Classification

Soft 
Labeling Constraints

Fig. 2.3: Enhanced taxonomy of ordinal classification methods based on Gutiérrez et
al. [Gut+16]

The following sections present a non-exhaustive exemplary overview of several
ordinal classification methods, organized according to the taxonomy shown in
Figure 2.3, with a focus on popular and more recent approaches.

2.2.4.1 Naive Approaches

As previously mentioned, ordinal classification problems can naively be treated as
standard classification or regression problems. A more advanced method within the
naive approaches is cost-sensitive learning [Elk01; Fer+18b], which assigns different
costs to different misclassification errors [Gut+16]. Kotsiantis and Pintelas [KP04]
propose a simple cost-sensitive post-processing method for ordinal classification,
where the risk of predicting a certain class is evaluated based on the output of
any probabilistic classification model. This approach has the advantage that it
does not require any modification of the underlying learning algorithm. In general,
their approach aligns with Bayesian decision theory, where decisions are made to
minimize the expected loss or Bayes risk R given a posterior predictive probability
distribution p(y | x). However, instead of employing a loss function, Kotsiantis and
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Pintelas propose the use of fixed K × K cost matrices C, which represent the costs
of misclassification between the different ordinally encoded labels.

Concretely, they calculate the conditional risk R(yi | x) of selecting class yi ∈ Y , with
i ∈ {1, . . . , K}, using an ordinal cost matrix C and the given predictive posterior
probabilities p(yj | x) with yj ∈ Y and j ∈ {1, . . . , K}. The entry Ci,j represents the
cost of predicting class yi when the true class is yj:

R(yi | x) =
K∑

j=1
Ci,j · p(yj | x) .

The final prediction ŷ is determined by selecting the class yi that minimizes the
conditional risk:

ŷ = arg min
yi∈Y

R(yi | x).

Table 2.2 presents different exemplary ordinal cost matrices for a five-class ordinal
classification problem. Common choices include absolute costs (left), Ci,j = |i − j|,
and quadratic costs (middle), Ci,j = (i−j)2, which correspond to the l1 and l2 losses,
respectively, when applied to ordinally encoded labels. However, some problems
may require an asymmetric cost matrix (right) in cases where misclassification
costs are not symmetric. For example, in medical disease severity rating, failing to
detect a higher disease severity may have more severe consequences than initially
overestimating it.

Tab. 2.2: Different cost matrices for a five class ordinal classification problem Y =
{y1, y2, y3, y4, y5}.

Absolute Costs Quadratic Costs Asymmetric Costs
0 1 2 3 4
1 0 1 2 3
2 1 0 1 2
3 2 1 0 1
4 3 2 1 0




0 1 4 9 16
1 0 1 4 9
4 1 0 1 4
9 4 1 0 1
16 9 4 1 0




0 1 4 9 16
1 0 1 4 9
2 1 0 1 4
3 2 1 0 1
4 3 2 1 0



In general, Kotsiantis and Pintelas note that on discretized regression datasets, their
method effectively minimizes the distances between actual and predicted classes,
as indicated by MAE, even with slight improvements in accuracy, which is highly
valuable in an ordinal classification setting.

More formally, as previously mentioned, their method is well aligned with Bayesian
decision theory, where a decision ŷ is made to minimize the expected loss (Bayes
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risk). The optimal policy that minimizes the risk, given a loss function, is also
referred to as the Bayes estimator:

ŷ = arg min
ŷ∈Y

R(ŷ | x) = arg min
ŷ∈Y

Ep(y|x)[l(ŷ, y)] = arg min
ŷ∈Y

∑
y∈Y

l(ŷ, y) · p(y | x) .

For absolute and quadratic costs, the Bayes risk corresponds to the l1 and l2 loss,
respectively:

Rl1(ŷ | x) = Ep(y|x)[l1(ŷ, y)] =
∑
y∈Y

|ŷ − y| · p(y | x) ,

Rl2(ŷ | x) = Ep(y|x)[l2(ŷ, y)] =
∑
y∈Y

(ŷ − y)2 · p(y | x) .

It is important to note that the above approach relies on accurate predictive proba-
bilities and may require the use of appropriate scoring rules as a loss function, as
well as proper calibration.

2.2.4.2 Ordinal Binary Decompositions

Ordinal binary decomposition methods are a popular and natural approach to
dealing with ordinal classification problems. In their original taxonomy, Gutiérrez et
al. further subdivide ordinal binary decomposition methods into Multiple Model and
Multiple-Output Single Model approaches [Gut+16].

A simple and popular multiple model approach that exploits ordinal labels is to
decompose the problem into K−1 sequential binary problems that essentially answer
the following question for a given ordinal class k: “Is the label of x greater than k?”
This splits Y into two meta-classes, {y1, . . . , yk} and {yk+1, . . . , yK}, which serve as
the negative and positive classes in a binary problem, respectively (Figure 2.4).

This approach results in several ordered binary problems that can be combined into
a final probabilistic multiclass prediction, as described by Frank and Hall [FH01]:

p(y1 | x) = 1 − p(y ≻ y1 | x)

p(yk | x) = max{p(y ≻ yk−1 | x) − p(y ≻ yk | x), 0} (2.8)

p(yK | x) = p(y ≻ yK−1 | x)

Moreover, Li and Lin [LL06] introduced another binary reduction framework based
on extended examples, which are derived from the original examples, and a specified
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Fig. 2.4: Illustration of transforming an ordinal classification problem with K = 4 into
K − 1 = 3 sequentially ordered binary subproblems, on which binary learners hk

(for k = 1, 2, 3) are trained.

mislabeling cost matrix C with V-shaped rows. In this matrix, the costs increase
as the ordinal class k moves further away from the true label y. For instance, an
absolute cost matrix is defined as Cy,k = |y − k|. Unlike the approach by Frank and
Hall [FH01], which solves each binary classification problem independently, this
framework addresses all binary classification problems simultaneously using a single
binary classifier. It achieves this by encoding the necessary ordinal information
within the extended examples x(k) and their corresponding binary labels y(k), while
incorporating different misclassification cost weights wy,k:

x(k) = (x, k), y(k) = 2Jk < yK − 1, wy,k = |Cy,k − Cy,k+1|

The final aggregated result can then be obtained using a simple ranking rule r with a
single predictor h, which sums the positive results across all thresholds to determine
the ordinal class:

r(x) = 1 +
K−1∑
k=1

J h(x, k) > 0 K.

Additionally, the framework unifies many existing ordinal regression algorithms.

Cheng et al. [CWP08] and Niu et al. [Niu+16] proposed multiple-output single
model adaptations of this method, utilizing multi-output neural networks. However,
Cao et al. [CMR20] highlighted a key limitation of these binary decomposition
neural network implementations: they do not ensure rank consistency, which refers
to a monotonic relationship between the binary predictors and the ordinal outcome,
where the probabilities of being in a higher category should decrease monotoni-
cally.

Another flexible binary decomposition method that can be applied to ordinal clas-
sification is Nested Dichotomies (NDs). A nested dichotomy is a binary tree that
recursively partitions the label space Y into pairs of disjoint, nonempty subsets
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(Yl, Yr) (Figure 2.5). To transform a nested dichotomy into a multi-class classifier, a
binary classifier hYl,Yr is assigned to each inner node of the tree. This classifier is
tasked with separating the set of classes Yl associated with its left successor node
from the set of classes Yr associated with its right successor node, using a suitable
base learner [MH18]. Usually, the same base learner is used for all binary classifica-
tion problems of the nested dichotomy. Obviously, there are many ways to partition
Y recursively, and the choice of partitioning can significantly impact the perfor-
mance of the nested dichotomy. To address this, nested dichotomies were originally
combined into an Ensemble of Nested Dichotomies (END), which has demonstrated
excellent classification accuracy [FK04]. An END consists of a set of randomly
generated nested dichotomies, and their predictions are combined by averaging
the respective probability distributions. Initially, ENDs were applied to nominal
classification problems, where no restrictions were imposed on how the label space
was split into subsets. However, for ordinal classification, it is more appropriate to
restrict the splits to ordered splits that respect and leverage the ordinal structure of
the labels. See Figure 2.5 for an example of an ordinal dichotomy, where splits are
performed in a way that respects the ordering of Y. Restricting the set of potential
dichotomies to ordered dichotomies significantly reduces the number of possible
dichotomies from (3K − (2K+1 − 1))/2 to (K3 − K)/6 [HH08]. Depending on the
number of classes K, this reduced number may still be computationally infeasible.

{1,2,3,4,5}

{1,2,3} {4,5}

1 {2,3} 4 5

2 3

Fig. 2.5: Nested dichotomy in which a five class ordinal classification problem is decom-
posed into binary decision problems maintaining the ordinal structure.

Several heuristics for constructing nested dichotomies have been proposed for
nominal classification tasks [MH18]. In the case of ordinal classification, nested di-
chotomies have so far been utilized only in specific contexts: either within an ensem-
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ble of 20 randomly generated ordinal dichotomies restricted to ordinal splits [HH08],
which, according to Frank and Kramer, is sufficient to achieve near-optimal perfor-
mance [FK04], or in conjunction with imprecise probabilities, where splits were
determined based on a risk-averse utility function [DY14; YDM17].

Once a hierarchy of binary classifiers has been constructed and trained, a new
instance x can be classified probabilistically by multiplying the predicted probabilities
of the inner binary classifiers, hYl,Yr , along the path from the root to the leaf nodes.
The probability pk of a specific class yk ∈ Y is then computed using the chain rule
of probability, given the chain of subsets from the root to the leaf, Y = Y0 ⊃ Y1 ⊃
. . . ⊃ YK−1 = {yk}:

p(yk | x) =
K−1∏
i=1

p(yk ∈ Yi+1 | yk ∈ Yi, x),

where p(Yi+1 | Yi, x) is given by hYi+1,Yi\Yi+1(x) if Yi+1 is the left successor of Yi

and 1 − hYi+1,Yi\Yi+1(x) if Yi+1 is the right successor.

2.2.4.3 Threshold Models

Originating from statistics, a common approach to addressing ordinal classification
problems is to assume the existence of an underlying continuous variable, often
referred to as a latent variable, along with a set of thresholds that partition the real
line into contiguous intervals corresponding to the ordinal categories. Such models
are classified as Threshold Models by Gutiérrez et al. [Gut+16].

Classic statistical models, such as the Proportional Odds Model (POM) [McC80], a
specific type of Cumulative Link Model (CLM) that employs the logit link function,
belong to this group of models. In general, CLMs, as the name suggests, estimate
cumulative probabilities for an ordinal target variable y with K ordered categories up
to category k, rather than estimating class probabilities for each individual category
k:

p(y ⪯ yk | x) = p(y1 | x) + . . . + p(yk | x),

which can then be related to class probabilities as follows:

p(yk | x) = p(y ⪯ yk | x) − p(y ⪯ yk−1 | x), (2.9)

with p(y1 | x) = p(y ⪯ y1 | x) and p(y ⪯ yK | x) = 1 by definition.
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Concretely, a CLM is typically formulated as a Generalized Linear Model (GLM):

g
(
p(y ⪯ yk | x)

)
= log

(
p(y ⪯ yk | x)

1 − p(y ⪯ yk | x)

)
= θk − w⊤x,

where g is a link function, in the case of the POM, the logit function, which trans-
forms the log-odds of cumulative probabilities (i.e., the probability of being in a
category less than or equal to k versus being in a category higher than k) into a
real value to match the linear predictor (θk − w⊤x). Here, w is the coefficient
vector representing the effect of the predictors, and θ represents the set of thresholds
θ1, θ2, . . . , θK−1 with the property θ1 < θ2 < . . . < θK−1, which define contiguous
intervals corresponding to the ordinal categories. The proportional odds assumption
implies that the coefficients w are the same for all categories, meaning that the
effect of the predictors on the odds ratio is constant across all thresholds. While
this assumption simplifies the model, it may be violated in practice. To address this,
various extensions of the POM have been proposed to relax the proportional odds
assumption [PH90].

To obtain cumulative probabilities from the linear predictor, the inverse of the logit
link function, also known as the logistic or sigmoid function, is applied:

p(y ⪯ yk | x) = g−1
(
θk − wT x

)
= 1

1 + e−(θk−wT x) . (2.10)

where g−1 denotes the inverse of the logit function. This function transforms the
linear predictor (θk − w⊤x) into a cumulative probability, ensuring it lies within the
range [0, 1].

More recently, CLMs were also integrated into deep learning architectures [VGH19;
VGH20; Ros+22]. The only requirement for the Deep Neural Network (DNN)
is that the last layer of the model should be a linear layer with only one unit
f(x) = wT x, which serves as the latent variable that the CLM takes as input
(Figure 2.6). The thresholds θ1, θ2, . . . , θK−1 hereby become learnable parameters
of the CLM layer and are constraint in the following way to fulfill the property
θ1 ≤ θ2 ≤ . . . ≤ θK−1:

θk = θ1 +
K−1∑
k=1

α2
k,

where θ1 and αk are the learnable threshold parameters of the network. Through
the inverse link function and the learned thresholds (2.10), the network can then
output probabilities for each class according to (2.9). Alternatives to the logit
link function are the probit and clog-log functions [VGH20]. Essentially, the CLM
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layer replaces the standard softmax layer commonly used in DNNs to convert logits
z = (z1, . . . , zK) ∈ RK (unnormalized predictions) into probabilities:

p(yk | x) = ezk∑K
j=1 ezj

, (2.11)

where p(yk | x) denotes the predicted probability of class yk, and zk is the logit (or
unnormalized score) for class k. As a loss function, the authors either make use of
the Quadratic Weighted Kappa (QWK) loss (2.14) [VGH19; VGH20] as proposed
by de la Torre et al. [LPV18] (Sections 2.2.4.5 and 2.2.4.6), or a standard CE
loss [Ros+22]. Interestingly, they note that the experimental findings in [Ros+22]
suggest that a standard CE loss together with the CLM output layer is sufficient to
model the ordinal structure of the label, without requiring the minimization of an
ordinal loss (e.g., QWK).

Deep Neural Network
(DNN)

...

CLM

...

Inverse Link Function (logistic)

Fig. 2.6: Cumulative Link Model (CLM) integrated into a Deep Neural Network (DNN) as
the output layer [VGH19].

2.2.4.4 Unimodal Approaches

An inductive bias that has recently gained significant popularity in ordinal clas-
sification is the assumption that predictive probabilities should exhibit unimodal-
ity [Liu+19; Li+22; DMK23]. This means that the probabilities decrease monoton-
ically on either side of the mode, which corresponds to the class with the highest
probability in the distribution. This assumption reflects the ordinal nature of the
problem, suggesting that adjacent classes are more likely than those further away.
Figure 2.7 illustrates this concept with a graphical comparison of unimodal and
multimodal probability distributions, using age estimation from images as an exam-
ple [Lan08]. While a unimodal distribution has a single peak or mode, a multimodal
distribution is characterized by multiple peaks or local maxima. More formally, a
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probability distribution p is defined as unimodal if there exists at least one index m,
the location of the mode, such that [KG71]:

pk ≥ pk−1, for all k ≤ m,

pk+1 ≤ pk, for all k ≥ m.

The assumption of unimodality in ordinal classification appears reasonable, as classes
closer to the mode are expected to be more likely than those further away, given
the natural order of the classes. For instance, consider the distributions shown in
Figure 2.7. The distribution in Figure 2.7a is far more plausible because it reflects
the ordinal structure of the problem, where probabilities decrease as the distance
from the mode increases. If the highest probability is assigned to the class Young
Adult, other plausible classes would include Teenager or Adult, but not Senior or
Child, as observed in the multimodal distribution in Figure 2.7b.
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(a) Unimodal probability distribution.
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(b) Multimodal probability distribution.

Fig. 2.7: Exemplary unimodal and multimodal probability distributions for age estimation
from images [Lan08] with Y = {Child, Teenager, Young Adult, Adult, Senior}.

Due to the numerous unimodal approaches that have been proposed in recent years
for ordinal classification, particularly in the deep learning domain, the taxonomy
of Gutiérrez et al. needs to be extended (Figure 2.3) to incorporate this class of
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models. Specifically, one can distinguish between unimodal soft labeling approaches,
where targets are modeled not as deterministic one-hot (0/1) encoded vectors but as
unimodal probability distributions, and unimodal constraints, where the predictive
output probabilities of a model are explicitly constrained to exhibit unimodality.
Unimodal constraints are typically implemented as specific loss functions that enforce
the unimodal property during training. In contrast, unimodal soft labels serve as a
regularization technique, inspired by label smoothing [Sze+16] and, more broadly,
by concepts from weakly supervised learning [Zho18].

Constraints As previously mentioned, a naive approach to ordinal classification is
to treat it as nominal classification and employ the CE loss. However, this approach
may result in multimodal predictive probabilities [BP17; LPV18], as the CE loss
focuses solely on maximizing the probability of the true class during training while
disregarding the ordinal relationships between classes. As already discussed, non-
unimodal predictive probability distributions are widely regarded as inappropriate
for ordinal classification tasks, as they fail to reflect the ordinal structure of the
classes [CC05; CAC08; BP17]. To enforce unimodality in the predictive output
probabilities of neural networks, da Costa and Cardoso [CC05; CAC08], as well
as Beckham and Pal, proposed utilizing the PMFs of the Poisson and binomial
distributions [BP17]. Figure 2.8 illustrates the PMFs of the binomial and Poisson
distributions, highlighting how these distributions inherently exhibit unimodality.
The binomial distribution is defined as:
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Fig. 2.8: Exemplary unimodal distributions produced by the binomial and Poisson distribu-
tions.

p(k | n, p) =
(

n

k

)
pk(1 − p)n−k,
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where n is the number of trials, p is the probability of success, and k is the number
of successes. This distribution is commonly used to model the number of successes
in a fixed number of independent trials. The Poisson distribution is defined as:

p(k | λ) = λke−λ

k! ,

where λ is the average rate of occurrence of an event, and k is the number of
occurrences of the event. The Poisson distribution is often used to model the number
of events occurring in a fixed interval of time or space.

In the implementation by Beckham and Pal, the deep neural network outputs a
single scalar value that serves either as the rate parameter λ ∈ R+ for the Poisson
distribution or as the probability parameter p ∈ [0, 1] for the binomial distribution
(Figures 2.9 and 2.10). In the context of enforcing unimodal predictive probabilities,
k hereby denotes the index of the class yk to be predicted, and K represent the total
number of classes. In both cases, Beckham and Pal apply the logarithm to the PMFs
(omitted here) to address numerical instabilities and use a softmax (2.11) layer to
normalize the probabilities. This approach also facilitates truncating the Poisson
distribution, as it has infinite support, unlike the binomial distribution, which has
finite support. Additionally, they introduce a temperature parameter τ to control the
magnitudes of the probabilities output by the Poisson or binomial distribution when
passed through the final softmax layer. This allows the distribution to become more
uniform (τ → ∞) or more concentrated (τ → 0) around the class with the largest
pre-softmax value. For the loss function, they employ the CE loss. Experimentally,
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Fig. 2.9: Unimodal constrainment using the Poisson distribution [BP17].
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Fig. 2.10: Unimodal constrainment using the Binomial distribution [BP17].

they demonstrate that their approaches effectively produce unimodal predictive
probability distributions and perform either superiorly or at least competitively
compared to a cross-entropy baseline in terms of QWK (2.17) and top-k accuracy.

Instead of relying on parametric distributions, Albuquerque et al. propose various
non-parametric approaches to enforce unimodality in predictive probability distribu-
tions [ACC21]. Specifically, they achieve this by introducing a regularization term to
the CE loss, which penalizes deviations from unimodality. Additionally, they propose
a less restrictive regularization to enforce what they term as “quasi-unimodal” dis-
tributions [ACC22]. In this approach, unimodality is incentivized only for the top
three probabilities, while the remaining probabilities are constrained to not exceed
the top three probabilities. Another non-parametric approach is proposed by Dey et
al. [DMK23], who adapt the softmax function to enforce unimodality.

Soft Labeling An inverse approach compared to the previously described constraint-
based methods is taken by unimodal soft labeling approaches. Instead of explicitly
enforcing unimodality at the predictive probabilistic output of the deep neural
network, it is implicitly encouraged through the label representation at the input.
The true labels y of the training data are no longer encoded in a deterministic
one-hot (0/1) format, e.g., y = (0, 0, 1, 0, 0) for a five-class problem with y = 3, but
are instead represented as a unimodal label-smoothed (ULS) probability distribution
pULS, e.g., pULS = (0.1, 0.2, 0.4, 0.2, 0.1). This unimodal surrogate distribuption has
two significant effects: First, it serves as a form of regularization by reducing the
model’s overconfidence in the true class, as the probability mass is not entirely
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concentrated on a single class. Second, it effectively transforms the model into an
ordinal classifier. The unimodal distribution implies that classes adjacent to the true
class are more likely than those further away, thereby helping to minimize distant
errors, which is advantageous in ordinal classification.

The corresponding technique widely used in nominal classification and deep learning
to mitigate overconfidence in one-hot (0/1) encoded deterministic labels is known
as Label Smoothing (LS) [Sze+16; MKH19]:

pLS
k = (1 − α)yk + α

1
K

,

where yk represents the value for the k-th class in the one-hot (0/1) encoded vector
y, with yk = 1 for the correct class and yk = 0 for all other classes. The parameter
α ∈ [0, 1] is a smoothing factor hyperparameter that must be tuned. This factor is
subtracted from the deterministic true class probability and uniformly redistributed
across all classes. As a result, it does not convey any ordering information and treats
all classes as equally likely.

In contrast, with Unimodal Label Smoothing (ULS), the probability of a specific class
k is expressed as:

pULS
k = (1 − α)yk + α · pU (k | y),

where pU denotes a unimodal probability distribution, and pU (k | y) represents the
probability of class k given the true class y. As previously mentioned, reallocating
some of the probability mass from the true label to adjacent classes appears reason-
able in ordinal classification, as they are the next logical candidates when the target
space exhibits a natural order.

In contrast to the CE loss with one-hot (0/1) encoded labels:

lCE(y, p) = −
K∑

k=1
yk log(pk) = − log(py),

the CE loss with the unimodal surrogate probability distribution pULS does not
degenerate to the log loss by ignoring all classes other than the true one y:

lCE(pULS, p) = −
K∑

k=1
pULS

k log(pk).

Instead, the unimodal surrogate probability distribution pULS arguably provides a
more realistic representation by suggesting adjacent classes as plausible candidates,
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simultaneously reducing overconfidence in potentially noisy labels [Son+23]. In
general, soft labels address the problem of noisy labels by representing the labels in a
less confident manner, which results in less overconfident models and helps prevent
the learner from overfitting to noisy labels. In the case of ordinal classification,
predictors trained using unimodal soft labels have demonstrated increased predictive
performance and robustness to noisy labels [VGH22; Var+24]. For nominal multi-
class classification using neural networks, it has been shown that employing soft
targets significantly improves the generalization, learning speed, and calibration of
neural networks [MKH19].

To represent targets in ordinal classification as unimodal probability distributions pU

rather than deterministic one-hot (0/1) encoded labels y, several approaches have
been proposed. One of the earliest approaches is by Díaz and Marathe [DM19],
who adapt the softmax function (2.11) to transform the deterministic true label y

into a unimodal soft label:

pSORD(k | y) = e−ϕ(k,y)∑K
j=1 e−ϕ(j,y)

= e−|k−y|∑K
j=1 e−|j−y|

, (2.12)

where y is the ordinally encoded true class and k is the index of the current class. In
general, ϕ can be any distance measure, but the authors propose using the absolute
distance, as MAE is a common evaluation metric in ordinal classification. Note that
the negative exponent essentially inverts the standard softmax function, resulting
in smaller distances producing higher values and larger distances yielding smaller
values, which correspond to higher and lower probabilities, respectively. These
soft labels are then used in conjunction with the CE loss to train the model. This
approach is referred to as Soft Ordinal Regression (SORD) by the authors. The soft
labels are unimodal, as they decrease monotonically on either side of the mode,
which corresponds to the true class y.

Another approach is by Liu et al. [Liu+20a], who propose using the PMFs of
the binomial and Poisson distributions (Figure 2.11). In the case of the Poisson
distribution, the true class y is mapped one-to-one to the λ parameter of the Poisson
distribution to model y as a probabilistic soft label (e.g., y = 1 → λy = 1, y = 2 →
λy = 2, etc.). The probability for a certain class k, given λy, is then expressed as:

pPoiss(k | λy) =
λk

ye−λy

k! .

To truncate the distribution, a softmax normalization is applied, as already proposed
by Beckham and Pal [BP17].
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Fig. 2.11: Unimodal soft labeling approaches [Bér+25]: Soft labels based on the Binomial
distribution [Liu+20a] (left), the Poisson distribution [Liu+20a] (center), and
the Exponential function [Liu+20a; Var+23c] (right).

The parameter p ∈ [0, 1] required for the Binomial distribution is determined by
dividing the interval [0, 1] into equal-sized segments based on the number of classes
K. The true class-specific probability parameter py for the Binomial distribution,
corresponding to the given true class y, is then calculated as follows:

py = 0.1 +
(

0.9 − 0.1
K − 1

)
· y.

Since the Binomial distribution has finite support, no softmax normalization is
required. The probability for a certain class k, given py, is then expressed as:

pBin(k | K, py) =
(

K

k

)
pk

y(1 − py)K−k.

However, Liu et al. report that both approaches are relatively static, making it
challenging to adjust their shape. To address this, they propose an alternative
method based on the exponential function (Figure 2.11):

pExp(k | y, τ) = e− |k−y|
τ ,

where k is the current class, y again the ordinally encoded true label, and τ is a
scaling factor that controls the influence of the absolute distance between k and y,
thereby determining the strength of the smoothing. Smaller values of τ result in a
more peaked smoothed probability distribution, while larger values of τ produce
more uniform distributions. To obtain probabilities, a softmax normalization is
required once again. Since the exponential function does not inherently produce
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probabilities, it can be somewhat opaque with respect to tuning the hyperparameter
τ and may require significant experimental effort. Nonetheless, according to Liu
et al., this unimodal label regularization improves performance on several medical
ordinal image classification tasks.

To address the inflexibility of the Poisson and binomial distributions, as well as the
lack of interpretability of the exponential function, Vargas et al. propose a unimodal
regularization method based on the beta distribution [VGH22] (Figure 2.12). They
argue that the beta distribution is particularly well-suited for unimodal regulariza-
tion because it is defined over the range [0, 1], eliminating the need for softmax
normalization. Additionally, it avoids high variance by allowing the true class to
be modeled as a relatively sharp peak. Unlike the previously described soft label
methods, the beta distribution is a continuous distribution and must be discretized
to align with the discrete nature of ordinal classification tasks. Its Probability Density
Function (PDF) is given by:

f(x, p, q) = 1
B(p, q)xp−1(1 − x)q−1,

where 0 < x < 1, p > 0, q > 0, and 1
B(p,q) is a normalizing factor that ensures the

total probability is 1:

B(p, q) = Γ(p)Γ(q)
Γ(p + q) ,

with Γ denoting the Gamma function.

To discretize the continuous beta distribution for use with discrete ordinal labels, the
interval [0, 1] is divided into equal-sized subintervals based on the number of classes
K. For example, for K = 5, the intervals are defined as follows: Class 1 corresponds
to [0, 0.2], Class 2 to [0.2, 0.4], Class 3 to [0.4, 0.6], Class 4 to [0.6, 0.8], and Class 5 to
[0.8, 1.0]. The probability associated with a specific class k is then computed as the
integral:

pBeta(k | py, qy) =
∫ k/K

(k−1)/K
f(x, py, qy), dx,

where the parameters py and qy, which control the shape of the beta distribution,
are determined by the true class y. Vargas et al. propose determining the parameters
py and qy based on the expected value of the beta distribution, which is defined as

E(x) = p

p + q
.

The assumption is that for a certain ordinally encoded true class y, the expected
value should lie at the center of the respective interval. For instance, E(x) = 1

2K

for y = 1, E(x) = 3
2K for y = 2, etc. In general, the mean of the interval for
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Fig. 2.12: Discretized continuous unimodal soft labeling approaches [Bér+25]: Soft labels
based on the Beta distribution [VGH22] (left) and the Triangular distribution
(with α = 0.2) [Var+23b; Var+23a] (right).

a certain true class y is determined as: E(x) = 2y−1
2K . Based on this formula, the

parameters py and qy can be analytically derived. Experimentally, Vargas et al. report
improvements in performance on several ordinal image classification tasks through
the usage of beta distribution-based soft labels. There appears to be an increase in
the robustness of the model in the presence of noisy targets by shifting probability
mass to neighboring classes.

One issue Vargas et al. notice with the beta distribution-based soft labeling is that,
while the mean can be centered in the middle of the interval using the analytical
method, the variance tends to decrease as the number of classes increases. This
can cause the soft labels to become crisp labels in problems with many classes,
as the probability mass allocated to the adjacent classes becomes too small. To
deal with this issue, Vargas et al. propose using triangular distributions [Var+23b]
(Figure 2.12). The triangular distribution is also continuous like the beta distribution
and requires three parameters to control its shape: a, b, and c, with a as the lower
limit, b as the upper limit, and c as the mode, where a < b and a ≤ c ≤ b. Its PDF is
given by

f(x, a, b, c) =



0 for x < a,

2(x−a)
(b−a)(c−a) for a ≤ x < c,

2
b−a for x = c,

2(b−x)
(b−a)(b−c) for c < x ≤ b,

0 for b < x

(2.13)
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To discretize the triangular distribution, the interval [0, 1] is again split into K evenly
spaced sub-intervals, just like for the beta distribution. The probability associated
with a certain class k given an ordinally encoded true class y is then given by:

pTri(k | ay, by, cy) =
∫ k/K

(k−1)/K
f(x, ay, by, cy) dx

where the parameters ay, by and cy, which control the shape of the Triangular
distribution, are determined by the true class y.

In general, three cases need to be distinguished: For the first class, for the last class,
and for the intermediate classes. In the case of the first class, with y = 1, a1 = c1 = 0
and only the upper limit b1 needs to be estimated. In the case of the last class, with
y = K, bK = cK = 1 and only the lower limit aK needs to be estimated. In case
of a middle class, the mode is placed in the center of the respective interval with
ck = 2y−1

2K and both ak and bk need to be estimated. Vargas et al. also introduce a
parameter α that controls the reallocation of probability mass to adjacent classes
for middle classes (1 < k < K) in a symmetric manner (refer to [Var+23b] for the
detailed derivations of the parameters ay, by and cy).

In [Var+23a], this approach is extended to allow for asymmetric class-wise real-
location of probability mass to adjacent classes using two parameters, α2k−1 and
α2k. Here, α2k−1 specifies the probability mass allocated to the left adjacent class,
while α2k specifies the probability mass allocated to the right adjacent class. For the
extreme classes, only one parameter is used: α2 for the first class, which defines
the probability mass allocated to the right, and α2K−1 for the last class, which
defines the probability mass allocated to the left. The class-wise asymmetric smooth-
ing, achieved through generalized Triangular distributions [Var+23a], significantly
enhances the flexibility of soft labeling compared to earlier methods [Var+23b;
VGH22]. This approach allows for more precise control over the probability mass
reallocation to adjacent classes, addressing limitations of prior symmetric methods.
To estimate the various α parameters, Vargas et al. employ particle swarm optimiza-
tion, which enables them to achieve superior performance compared to previous
soft labeling techniques across eight ordinal datasets [Var+23a].

Table 2.3 lists and compares the unimodal soft label approaches discussed earlier.
The comparison criteria include flexibility in controlling the shape of the unimodal
soft label distribution (shape control), support for class-wise smoothing (class-wise),
and the ability to redistribute probability mass asymmetrically (asymmetric).
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Tab. 2.3: Comparison of different unimodal soft label approaches.

Method Shape control Class-wise Asymmetric

SORD [DM19] ✓ ✗ ✗

Poisson [Liu+20a] ✗ ✗ ✗

Binomial [Liu+20a] ✗ ✗ ✗

Exponential [Liu+20a] ✓ ✗ ✗

Beta [VGH22] ✗ ✗ ✗

Triangular [Var+23b] ✓ ✗ ✗

Generalised Triangular [Var+23a] ✓ ✓ ✓

2.2.4.5 Ordinal Losses

In past years, several specific loss functions for deep learning-based ordinal classifi-
cation have been proposed, which take the ordinal structure into account at the loss
level, particularly focusing on reducing error distances between classes. For instance,
De la Torre et al. propose directly optimizing the Quadratic Weighted Kappa (QWK)
metric [LPV18], which is considered an important metric in the evaluation of ordinal
classification predictors (Section 2.2.4.6). QWK measures the agreement between
two raters (e.g., predictions and ground truth) from -1 to 1, where 1 indicates full
agreement. It accounts for the degree of disagreement, by penalizing differences in
ordinal ratings quadratically. To reformulate QWK as a loss function suitable for min-
imization, consistent with the standard approach in training predictive models, De
la Torre et al. suggest taking the logarithm of the complement of QWK as follows:

lQWK = log (1 − QWK) , (2.14)

with lQWK ∈ (−∞, log(2)] for QWK ∈ [−1, 1]. Furthermore, they adapt QWK to
work with probability distributions p over classes, rather than deterministic class
labels and a confusion matrix (2.17). The QWK loss can then be computed using the
following equation, with the numerator representing observed frequencies and the
denominator representing expected frequencies:

QWK = 1 −
∑K

i=1
∑K

j=1 wi,j
∑N

k=1 pk,i yk,j

1
N

∑K
i=1

∑K
j=1 wi,j(

∑N
k=1 pk,i)(

∑N
k=1 yk,j)

, (2.15)

where w is a K × K quadratic weight matrix that quadratically penalizes discrepan-
cies between predicted and true class distributions (2.18), y represents the one-hot
(0/1) encoded true labels, and p denotes the predicted probability vector over the
ordinal classes. This formulation makes the QWK continuous and, therefore, differ-
entiable, which enables the training of deep neural networks on datasets with the
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explicit objective of optimizing the QWK metric [Bér+25]. However, it is important
to note that QWK cannot be applied to a single instance and requires a larger batch
size for calculation, as it relies on a complete confusion matrix.

Hou et al. propose using the squared Earth Mover’s Distance (EMD) as an ordinal
loss [HYS16]:

lEMD(y, p) =
K−1∑
k=1

(
Fk(y) − Fk(p)

)2
, (2.16)

where probabilistic predictions p are evaluated against one-hot (0/1) encoded
deterministic observations or decisions y. Here, Fk(p) =

∑k
j=1 pj denotes the

cumulative sum of predicted probabilities over the set Y up to the k-th class, and
Fk(y) =

∑k
j=1 yj denotes the cumulative sum of the one-hot (0/1) encoded true

outcomes over Y up to the k-th class. Notably, this loss is equivalent to the Ranked
Probability Score (RPS) [Eps69; Mur70], which is a proper scoring rule [GR07] for
ordinal outcomes. It encourages truthful probability reporting in the ordinal case
by incentivizing unimodal predictive probability distributions. In this context, the
probability smoothly decreases as the distance from the true class increases, with
the loss penalizing probability mass farther from the true class more strongly.

Another recently proposed ordinal loss loss is the Class Distance Weighted Cross-
Entropy (CDW-CE) loss proposed by Polat et al. [Pol+22; PÇT25], which is a variant
of the CE loss that penalizes errors based on the distance between the predicted
class and the true class. The loss is defined as:

lCDW-CE(y, p) = −
K∑

k=1
log(1 − pk) · |k − y|α,

where y is the ordinally encoded ground-truth class, and the power term α is a
hyperparameter that determines the strength of the coefficient. A similar loss called
Ordinal Log Loss (OLL) was proposed by Castagnos et al. [CMD22], with the only
difference being the use of configurable K × K distance matrices D instead of fixed
absolute distances:

lOLL(y, p) = −
K∑

k=1
log(1 − pk) · d(k, y)α,

Here, d(k, y) is the distance between the predicted class k and the ordinally encoded
true class y, and it can be read from the K × K matrix as d(k, y) = Dk,y.

Kasa et al. [Kas+24] notice that ordinal losses excel primarily in ordinal distance-
based metrics while compromising performance on nominal metrics. That’s why

38 Chapter 2 Foundations



they introduce a loss which combines CE loss with the OLL loss [CMD22], which
they call Multi-task Log Loss (MLL):

lMLL = λ · lCE + (1 − λ) · lOLL

Here, λ ∈ [0, 1] is a hyperparameter that balances the trade-off between the two
losses, reflecting the inherent compromise in ordinal classification between achieving
a higher exact hit-rate and minimizing error distances. Moreover, the authors argue
that this loss can enhance the performance of ordinal classifiers across both ordinal
and nominal metrics by leveraging the strengths of both loss functions.

In summary, ordinal losses are characterized by penalizing larger or more distant
errors more heavily than those in adjacent or nearby classes. Consequently, they
encourage the formation of more compressed unimodal predictive probability dis-
tributions, as demonstrated by De la Torre et al. [LPV18] and Liu et al. [Liu+20a].
However, similar to unimodal soft label approaches, they do not explicitly enforce
this behavior, in contrast to unimodal constraint methods.

2.2.4.6 Measuring Performance

Since ordinal classification overlaps with nominal classification and regression, met-
rics such as ACC (or its complement, MCR/MZE), MAE, and (R)MSE are commonly
used to evaluate the performance of ordinal predictors [GJ09; BES09; JTB16].

Furthermore, the Quadratic Weighted Kappa (QWK) is a very popular measure for
evaluating ordinal classifiers [Coh60; Coh68; YD23]. It measures the level of agree-
ment between two raters (or between ground-truth ratings and a predictor) who
classify items into ordered categories. It is particularly useful in ordinal classification
tasks because it takes into account the ordering of the categories and penalizes
larger discrepancies more heavily. QWK values range from -1 to 1, where

• QWK = 1 indicates perfect agreement, meaning the observed ratings of both
raters perfectly align.

• QWK = 0 indicates no agreement beyond what would be expected by chance,
reflecting that the level of agreement is what would be expected randomly.

• QWK < 0 indicates worse than chance agreement, meaning the raters are in
disagreement more often than would be expected by random chance.

Values between 0.81 and 1.0 are considered very good, whereas values between
0.61 and 0.8 are considered good (Table 2.4) [LPV18].
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Formally, QWK is defined as follows:

QWK = 1 −
∑K

i=1
∑K

j=1 wi,jOi,j∑K
i=1

∑K
j=1 wi,jEi,j

, (2.17)

where wi,j is the weight assigned to the disagreement between the categories
i ∈ {1, . . . , K} and j ∈ {1, . . . , K}, usually quadratic in the context of ordinal
classification:

wi,j = (i − j)2

(K − 1)2 , (2.18)

Oi,j is the observed frequency of true category i being predicted as j, derived from
the confusion matrix O, and Ei,j is the expected frequency of the true category i be-
ing predicted as j derived from the marginal probabilities and under the assumption
of independence:

Ei,j =
∑K

k=1 Oi,k
∑K

k=1 Ok,j

N
,

with N as the total number of observations.

Tab. 2.4: Interpretation of QWK values [LK77; LPV18].

QWK Strength of agreement

< 0.20 Poor
0.21-0.40 Fair
0.41–0.60 Moderate
0.61–0.80 Good
0.81–1.00 Very good

Another common metric to evaluate ordinal classifiers is the k-off metric, where a
prediction “close” to the true label is considered partially correct. Normally, it is
used in its 1-off instantiation [HYS16; VGH22; CMD22; Bér+25].

1-off Accuracy = 1
N

N∑
i=1

J |yi − ŷi| ≤ 1 K.

Additional metrics for ordinal classification sets specifically targeted at imbalanced
dataset problems are the Average MAE (AMAE) [BES09] and the Maximum MAE
(MMAE) [Cru+14]. Both metrics evaluate the performance of an ordinal classifier
separately for each specific true class j, accounting for each class equally. The
class-specific MAE for class j can be written as:

MAEj = 1
Nj

K∑
k=1

|yj − ŷk|Nj,k,
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where |yj − ŷk| is the absolute difference between the ordinally encoded true class
yj and the ordinally encoded predicted class ŷk, Nj is the number of instances in the
true class j, and Nj,k is the count of instances with true class yj and predicted class
ŷk. The AMAE, which evaluates the performance of an ordinal classifier across all
classes, is defined as:

AMAE = 1
K

K∑
j=1

MAEj

The MMAE then just reports the max MAE among the class wise MAEs, highlightng
the worst performing class, which is particularly useful in imbalanced datasets where
some classes may have significantly fewer samples:

MMAE = max{MAEj : j = 1, . . . , K}

The Ranked Probability Score (RPS), originally introduced by Epstein [Eps69], is a
popular measure for the evaluation of probabilistic forecasts of ordinal variables. For
instance, it is used in weather forecasts where the possible outcomes might be no
rain, light rain, moderate rain, and heavy rain [Mur70]. The RPS assumes
unimodal distributions for ordinal outcomes and penalizes unimodally concentrated
distributions less than multimodal distributions (Figure 2.13). Hence, unlike NLL
(2.6) and BS (2.7), it is not invariant to probability mass re-distribution. From a
mathematical formulation point of view, it is the Brier score on cumulative probability
vectors. Naturally, it can also be applied to evaluate probabilistic predictions of an
ordinal classifier [JTB16; Gal23]. It is defined as follows:

RPS = 1
N

N∑
i=1

(
1

K − 1

K−1∑
k=1

(
Fk(pi) − Fk(yi)

)2
)

, (2.19)

where Fk(pi) is the cumulative probability of the predictive outcome k for the i-th
test instance, Fk(yi) is the cumulative probability of the true outcome k for the
i-th one-hot (0/1) encoded target yi, and the term 1

K−1 normalizes the RPS to lie
between 0 (perfect score) and 1 (worst score). Essentially, RPS is the corresponding
metric to the EMD loss (2.16).

Notably, RPS is also considered a proper scoring rule because it is only minimized
when the predicted probability distribution matches the true distribution. It is
particularly useful for ordered outcomes, as it assigns better scores to probabilistic
forecasts that place high probabilities on the correct class and its adjacent classes.
As mentioned previously, this aligns with the expected proper behavior for ordinal
forecasting and classification. Nonetheless, QWK is generally more popular than
RPS for evaluating ordinal classifiers. Galdran [Gal23] traces this back to the fact
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that RPS increases penalties linearly for increasing error distances, unlike QWK,
which penalizes errors quadratically with increasing distance from the true class
or label. Another reason is that the focus is commonly on predicting deterministic
labels rather than evaluating probabilistic predictions. However, with the increasing
importance of uncertainty awareness and proper calibrated predictive probability
distributions in predictors, RPS appears to be gaining more popularity in machine
learning, particularly in ordinal classification [JTB16; Gal23; Bér+25].
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(a) RPS = 0.475,
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(b) RPS = 0.5875,
BS = 0.485,
NLL = 0.9163.
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(c) RPS = 0.6875,
BS = 0.485,
NLL = 0.9163.
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(d) RPS = 0.775,
BS = 0.485,
NLL = 0.9163.

Fig. 2.13: Illustration of the RPS in comparison to NLL and BS for four different probability
distributions p1 = (0.4, 0.3, 0.1, 0.15, 0.05) (2.13a), p2 = (0.4, 0.1, 0.3, 0.15, 0.05)
(2.13b), p3 = (0.4, 0.1, 0.15, 0.3, 0.05) (2.13c), and p4 = (0.4, 0.1, 0.15, 0.05, 0.3)
(2.13d) given that the true label is y = 1. As shown, successively redistributing
probability mass from class 2 to higher classes only affects the RPS, while BS and
NLL remain unchanged.

2.3 Uncertainty in Machine Learning

With machine learning models increasingly being deployed in high-stakes domains
like finance or healthcare, the notion of uncertainty is likewise becoming more
and more important. Usually, one is interested in the uncertainty related to a
prediction ŷ for a particular query xq, which is commonly referred to as predictive
uncertainty [HW21]. Nowadays, it is also considered crucial to distinguish between
two types of uncertainties in machine learning, namely Aleatoric Uncertainty (AU)
and Epistemic Uncertainty (EU) [Sen+14]. See Figure 2.14 for an illustration. EU
hereby refers to a lack of knowledge and is reducible on the basis of additional
information or data. Since the learned predictor ĥ ∈ H is only an estimate of the
Bayes predictor h∗ (2.2) based on empirical risk minimization (2.3) and strongly
depends on the amount and quality of the training data D (2.1), there naturally
remains uncertainty about how well ĥ approximates h∗. This is also referred to as
approximation uncertainty. Another uncertainty, which is also of epistemic nature,
is model uncertainty, which arises due to the choice of the hypothesis space H.
Concretely, which model to be fit to the data, e.g., neural networks or tree-based
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models, or the particular neural network architecture. In contrast, AU is irreducible
and refers to inherent stochasticity of the data-generating process. So even if the
learner had perfect knowledge about P (x, y), it cannot determine a single outcome
y ∈ Y, but only the conditional probability

p(y | xq) = p(xq, y)
p(xq) .

When the training data is of observational nature stemming from expert decisions,
this could be due to different opinions of experts for particular cases. For instance,
think of doctors who are not in agreement with regards to their disease severity
rating for a patient, or financial analysts, who are not in accordance with regards to
an investment and its associated risk.

?

(a) Under the assumption of an optimal linear
hypothesis, the prediction for the query
point (indicated by a question mark) re-
mains aleatorically uncertain, as the two
classes overlap in this region.

?

(b) The query point (indicated by a question
mark) lies outside the training data region,
resulting in epistemic uncertainty due to
a lack of knowledge about the correct hy-
pothesis.

Fig. 2.14: An illustration of aleatoric and epistemic uncertainty in the context of a binary
classification problem.

Information about predictive uncertainty is highly valuable in downstream tasks
such as selective classification [GE17]. In this context, queries with high predictive
uncertainty are not processed by the model; instead, the model abstains [Hen+24]
and, for example, forwards them to human experts for manual inspection. This
approach enhances the model’s predictive accuracy and overall reliability. Another
important application is Out-Of-Distribution (OOD) detection, which aims to deter-
mine whether a query originates from the same distribution as the training data
or from a different, unknown distribution [HG17]. The underlying assumption is
that epistemic uncertainty is particularly elevated when a sample is drawn from an
unknown distribution. Detecting OOD samples is critical in high-stakes applications,
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such as medical diagnosis and security systems. Additionally, uncertainty sampling-
based active learning presents another potential downstream task. In this scenario,
instances with high epistemic uncertainty are deemed more informative than those
with high aleatoric uncertainty. Therefore, these instances should be prioritized for
labeling and added to the training data first, facilitating a rapid improvement in
model performance [NSH22].

The following two sections give an overview of popular uncertainty representation
and quantification methods in machine learning, separated into first-order methods
only capable of quantifying aleatoric uncertainty and second-order methods that are
capable of quantifying both aleatoric and epistemic uncertainty.

2.3.1 First-Order Uncertainty Representation

Common approaches to representing first-order predictive uncertainty in machine
learning include probabilities and sets, which will be briefly introduced in the
following two sections. Our focus here will be on the classification setting.

2.3.1.1 Representation based on probability distributions

The common practice in machine learning is to represent uncertainty as a probability
distribution over classes, in which a single predictor ĥ ∈ H outputs a probability
distribution given a query instance xq ∈ X as input.

p = ĥ(xq) = (p(y1), . . . , p(yK)) = (p1, . . . , pK) ∈ P(Y), (2.20)

where pk is the predicted probability for the k-th class yk. This prediction is consid-
ered an estimate of the true conditional probability p(y | xq).

A common uncertainty measure for nominal classification based on such first-order
probability distributions is the (Shannon) entropy [Sha48],

H(p) = −
K∑

k=1
pk log pk, (2.21)

which essentially quantifies the non-uniformity or “peakedness” of a probability
distribution, with 0 log 0 = 0 by definition.

Other uncertainty measures include confidence,

C(p) = 1 − max
k∈K

pk, (2.22)
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which measures the confidence of the predictor with regards to the class with the
highest probability, or margin,

M(p) = pm − pn, (2.23)

where m = arg max
k∈K

pk and n = arg max
k∈K\m

pk, which measures the difference between

the two highest probabilities in the distribution to quantify predictive uncertainty.

However, all of these measures on first-order probabilities have in common that they
do not express any uncertainty related to the hypothesis h ∈ H and hence are only
capable of expressing aleatoric uncertainty.

2.3.1.2 Representation based on sets

Another way to express predictive uncertainty is to make set-valued predictions
instead of point predictions covering the true outcome with high probability. The
key idea hereby is to construct a set C(x) that contains the true outcome y with a
pre-specified (high) probability 1 − α, where α ∈ [0, 1] is a user-specified desired
level of significance or risk. Formally, this can be expressed as:

P
(
y ∈ C(x)

)
≥ 1 − α. (2.24)

A popular framework to construct such prediction sets which comes with strong
marginal coverage guarantees and only assumes exchangeability of the data is
Conformal Prediction (CP) [VGS05; BHV14; AB23]. Note that exchangeability, where
the order of the data points is irrelevant, represents a weaker assumption than
i.i.d. (Section 2.2.1). Essentially, conformal prediction guarantees that the true
outcome y will be contained in the prediction set C(x) with probability at least 1 − α,
regardless of the underlying data distribution and quality of the predictive model.
The other way round, the probability of an invalid prediction in which y /∈ C(x) is
(asymptotically) bounded by α > 0. A stronger notion of coverage than marginal
coverage (2.24) is conditional coverage (2.25) [Vov13], which guarantees that the
prediction set C(x) contains the true outcome y with high probability (1 − α) for
each query instance x, thus providing per-instance guarantees instead of average
guarantees:

P
(
y ∈ C(x)

∣∣∣ x
)

≥ 1 − α. (2.25)

However, conformal procedures are not guaranteed to satisfy (2.25).

Arguably the most popular instantiation of confromal prediction is Inductive Con-
formal Prediction (ICP) (or split conformal prediction) [Pap+02; Pap08], in which a
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calibration data set is set aside on top of training and test set, to estimate so-called
nonconformity scores. A widely used and straightforward nonconformity score in
classification is the softmax-based score. This score is defined using the probability
assigned to the true label from the calibration dataset by a probabilistic classifier,
denoted as p(y | x):

s(x, y) = 1 − p(y | x).

In this formulation, s(x, y) ∈ R quantifies the degree of nonconformity of the
instance x with respect to the true label y. A higher score indicates greater non-
conformity, suggesting that the model is less confident in its prediction for that
particular instance. After the nonconformity scores are calculated for all examples
in the calibration set, the nonconformity scores are sorted in ascending order. The
(1 − α)-quantile, computed as ⌈(n + 1)(1 − α)⌉/n, is selected as the critical value and
is denoted by q̂. Prediction sets can then be constructed using the nonconformity
scores across all labels for a new query x and the critical value threshold q̂:

C(x) =
{

y ∈ Y
∣∣∣ s(x, y) ≤ q̂

}

The above explained CP method is called the Least Ambiguous Set-Valued Classifier
(LAC) [MW19] and has been shown to produce prediction sets with the smallest
average size. See Figure 2.15 for an illustration of the LAC method. An improvement
over LAC, which considers cumulative probabilities instead, is the Adaptive Prediction
Set (APS) [RSC20] method, which leads to more adaptive prediction sets depending
on the difficulty of the query.
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Fig. 2.15: Illustration of the Least Ambiguous Set-Valued Classifier (LAC) conformal predic-
tion method, as proposed by Sadinle and Wasserman [MW19].

There have also been several works adapting conformal prediction for ordinal
classification, where the common theme is to enforce contiguous prediction sets,
e.g., {y1, y2, y3} in contrast to {y1, y2, y4}, either by enforcing unimodal probabilities
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in the underlying model [DMK23] or by adjusting the score function to grow a
potential prediction set only from the mode outwards [LAP22]. Moreover, Xu
et al. [XGW23] propose a conformal risk control method [Ang+22a] for ordinal
classification, which aims to control the expected risk of the prediction set instead of
marginal coverage. They define risk either as a weight or as a divergence-based loss,
depending on the distance between the true label and the prediction set. This, in
turn, also leads to more centripetal and hence more contiguous prediction sets.

The validity of a conformal prediction approach is usually assessed through the
Empirical Coverage (EC),

EC = 1
N

N∑
i=1

J yi ∈ C(xi) K,

which ensures that the marginal coverage condition (2.24), holds in practice. Addi-
tionally, the Mean Prediction Set Size (MPS) is evaluated as

MPS = 1
N

N∑
i=1

| C(xi) |,

where smaller prediction sets are considered more efficient [AB23; KTL23]. In
the case of ordinal classification, Dey et al. [DMK23] introduce the fraction of
non-contiguous prediction sets as an additional performance metric, where smaller
values are preferable in ordinal classification.

Though the coverage guarantee of conformal prediction always holds, the usefulness
of the prediction sets is, in addition to the underlying predictor itself, primarily
determined by the score function. Consequently, the choice of the score function
is an important engineering decision to be made [AB23]. Just like first-order
probabilities obtained through a single probabilistic model, conformal prediction
only quantifies aleatoric uncertainty by capturing the inherent randomness in the
data generating process. It does not quantify any uncertainty about the model
itself.

2.3.2 Second-Order Uncertainty Representation

As already stated, it is crucial in machine learning to distinguish between two types
of uncertainty: aleatoric and epistemic uncertainty. A principled way to represent
epistemic uncertainty, which is related to the model and its approximation quality, is
Bayesian inference [HW21]. Instead of committing to a single hypothesis h ∈ H, as
in the first-order setting, a hypothesis space H consisting of probabilistic predictors is
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considered and a prior p(h) is placed over each candidate h ∈ H. Learning essentially
consists of updating the prior distribution p(h) to the posterior distribution p(h | D)
in light of the training data D:

p(h | D) = p(h) · p(D | h)
p(D) ∝ p(h) · p(D | h),

where p(D | h) is the likelihood of the hypothesis h, (i.e., the probability of the
data D given h) and p(D) is the marginal probability of the data, which serves as
a normalization factor. Intuitively, p(h | D) captures the state of knowledge of the
learner and hence its epistemic uncertainty. The more concentrated (or “peaked”)
the probability mass in a small region of H is, the less uncertain the learner is. Since
every h ∈ H produces a probabilistic prediction, the belief about the outcome y is
represented by a second-order probability: a probability distribution of probability
distributions [SH21]. See Figure 2.16 for an illustration of different degrees of
uncertainty awareness. The predictive posterior distribution specifies the posterior
probability of each outcome y ∈ Y. It is defined in terms of the expected probability
p(y | x, h), where the expectation is taken with respect to the posterior distribution
p(h | D):

p(y | x) = Ep(h|D)[ p(y | x, h) ] =
∫

H
p(y | x, h) d p(h | D)

(a) Deterministic predictor
h : X → Y.

(b) Probabilistic predictor
h : X → P(Y).

(c) Second-order predictor
h : X → P(P(Y)).

Fig. 2.16: Uncertainty awareness illustrated on the probability simplex for Y = {y1, y2, y3}.
Left: A deterministic predictor is only capable of predicting deterministic labels.
Middle: A probabilistic predictor is able to quantify aleatoric uncertainty as
a probability distribution on Y. Right: A second-order predictor provides a
probability distribution over probability distributions and is thereby able to also
quantify epistemic uncertainty.

An instantiation of Bayesian inference in machine learning are Bayesian neural
networks [Nea12], where real-valued weights w in the network are replaced by prob-
ability distributions (typically Gaussians). Learning then comes down to Bayesian
inference, i.e., computing the posterior over the weights given the data p(w | D).
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As extact posterior inference is difficult to compute [Abd+21], several approxi-
mations have been proposed. For instance, Gal and Ghahramani [GG16] propose
Dropout [Sri+14], which was originally intended to prevent overfitting of deep
neural networks, to approximate Bayesian inference. Similarly, Mobiny et al. show
that DropConnect [Wan+13] can also be seen as a way to approximate the posterior
distribution over the network weights [Mob+19]. Both Dropout and DropConnect
can capture epistemic uncertainty by performing multiple stochastic forward passes
with different random masks during inference. The variability of these predictions
then constitutes the epistemic uncertainty. Aleatoric uncertainty, on the other hand,
can be directly captured from the different model’s outputs. Another simple and
flexible approach based on deep ensembles, which also allows for the separation
of epistemic and aleatoric uncertainty by analyzing the variations in the ensemble
member predictions, was proposed by Lakshminarayanan et al. [LPB17].

Explicit attempts to model and separate EU and AU in classification and regression
are presented by Depeweg et al. [Dep+18]. Specifically, they propose to measure
TU in terms of the entropy of the predictive posterior distribution, which in the case
of discrete Y is given by

H[p(y | x)] = Ep(y|x)[ − log2 p(y | x) ] = −
∑
y∈Y

p(y | x) log2 p(y | x). (2.26)

In turn, AU is given by the expectation over the entropies of the different probabilistic
predictions:

Ep(w|D)H[ p(y | x, w) ] = −
∫

p(w | D)
(∑

y∈Y
p(y | w, x) log2 p(y | w, x)

)
d w

(2.27)
Eventually, EU is then the mutual information between the weights w and the
prediction y:

I[y, w|x, D]︸ ︷︷ ︸
EU(x)

= H[p(y | x)]︸ ︷︷ ︸
TU(x)

− Ep(w|D)H[ p(y | x, w) ]︸ ︷︷ ︸
AU(x)

(2.28)

This is expressed as the difference between TU and AU.

In case of regression, uncertainty estimates can be derived via the law of total
variance instead:

Vp(y|x,D)[y | x]︸ ︷︷ ︸
TU(x)

= Vp(w|D)
[
Ep(y|x,w)[y | x]

]︸ ︷︷ ︸
EU(x)

+ Ep(w|D)
[
Vp(y|x,w)[y | x]

]︸ ︷︷ ︸
AU(x)

(2.29)
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Moreover, the entropy- and variance-based approaches do not necessarily need
to be implemented using neural networks with different weight vectors w. The
measures (2.28) and (2.29) can also be approximated using a finite ensemble of
arbitrary M models, H = {h1, . . . , hM }, for example, through ensembles of deep
neural networks [LPB17], trees within a Random Forest [SH20], or ensembles of
Gradient Boosted Trees (GBT) [MPU21].

An approximation of (2.27) can be obtained by

AU(x) ≈ 1
M

M∑
m=1

H
[
p(y | x, hm)

]
, (2.30)

an approximation of (2.26) by

TU(x) ≈ H
[

1
M

M∑
m=1

p(y | x, hm)
]
, (2.31)

and finally an approximation of (2.28) by

EU(x) = TU(x) − AU(x). (2.32)

In the case of variance (2.29), AU and EU can be approximated as follows:

AU(x) ≈ 1
M

M∑
m=1

σ2
m , (2.33)

EU(x) ≈ 1
M

M∑
m=1

[
µ − µm

]2
, (2.34)

with

µ = 1
M

M∑
m=1

µm,

and regression models parameterizing the normal distribution, yielding a mean and
standard deviation:

hm(x) = {µm, σm}.

Other popular approaches for disentangling aleatoric and epistemic uncertainty,
apart from the outlined Bayesian approach, include evidential deep learning [SKK18;
Ami+20], which explicitly models second-order uncertainty by using evidence to
parameterize a Dirichlet distribution, thereby allowing the variance of the Dirichlet
distribution to capture epistemic uncertainty, and credal sets, which represent a set
of probability distributions [SH21; HDS22; SCH23].
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2.4 Explainable Artificial Intelligence (XAI)

Explainable Artificial Intelligence (XAI) is a rapidly growing field that encompasses a
set of methods and techniques designed to make the internal behaviors and decisions
of ML systems understandable to humans [Ali+23; Dwi+23; Has+24]. This need
arose from the fact that many ML models are difficult to comprehend and trust
due to their black-box nature. Understanding the reasoning behind an ML model’s
decisions is often essential and, in some cases, legally mandated by the EU [GF17;
Kam21]. Figure 2.17 provides a concise taxonomy of explainable AI as outlined
by Molnar [Mol25]. In general, XAI methods can be broadly categorized into two
groups: those that are interpretable by design (also referred to as glass-box or white-
box models), such as linear regression, decision trees, or rule-based models, and
those that enable post-hoc interpretability, which generate explanations for a model
after it has been trained. Post-hoc methods are typically aimed at providing insights
into non-interpretable complex models, such as tree ensembles [Bre01; Fri02; CG16;
Ke+17; Pro+18] or (deep) neural networks [LBH15; GBC16]. These post-hoc
methods can further be divided into model-agnostic methods, which can be applied
to any type of model, and model-specific methods, which are only applicable to a
specific class of models, such as tree-based models [LEL18]. In terms of the scope of
the explanation, a distinction is made between single-prediction explanations, called
local explanations (Figure 2.18), and explanations that describe the overall behavior
of the model, called global explanations.

Explainable AI

Interpretable by
design

Post-hoc
interpretability

Model agnostic Model specific

Local Global

Fig. 2.17: Concise taxonomy of XAI methods according to Molnar [Mol25].

Furthermore, there are various types of explanations [Bod+23]. For tabular
data [SAR21], which is the focus of this thesis and the considered use case, com-
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mon explanation types include rule-based explanations [Gui+18; RSG18], feature
attributions [LL17; RSG16], prototypes [KKK16], and counterfactuals [Dan+20;
WMR17; MST20; Gui24].

Rule-based Explanations In rule-based explanations, the goal is to explain a predic-
tion by providing an interpretable if-then rule for a black-box model’s prediction,
as such rules are considered human-interpretable. One example of a rule-based
explanation method is Anchors [RSG18], which aims to find a decision rule that
“anchors” the prediction sufficiently. Formally, an anchor A is defined as follows:

EDx(z|A)[1f(x)=f(z)] ≥ τ ; A(x) = 1, (2.35)

where A is an interpretable anchor rule (a set of predicates) that returns 1 if all its
feature predicates are true for the instance to be explained, x. The term Dx(z|A)
represents the distribution of instances in the neighborhood of x, and f denotes the
black-box model (not h, as is common in machine learning; e.g., a neural network).
The anchor rule A is considered a good explanation if it holds for a large proportion
of instances in the neighborhood Dx(z|A) of x, where τ ∈ [0, 1] is a user-defined
threshold. This threshold ensures that only rules achieving a certain level of local
fidelity with respect to the black-box model’s prediction are considered valid.

Feature Attribution Methods Feature attribution methods are arguably the most
widely used and popular explanation methods in the tabular data context. They
assign a score to each feature, indicating its contribution to the model’s prediction.
Local Interpretable Model-agnostic Explanations (LIME) [RSG16] is a well-known
method for computing feature attributions, which approximates the model locally
using an interpretable surrogate model, such as linear regression. Formally, a local
surrogate model can be expressed as follows:

ξ(x) = arg min
g∈G

l(f, g, πx) + Ω(g), (2.36)

where g ∈ G is the explanation model from the space of interpretable surrogate
models G, such as linear models, decision trees, or decision rules. A faithful surrogate
model g minimizes the loss function l(f, g, πx) (e.g., mean squared error), which
quantifies the discrepancy between the black-box model f (e.g., XGBoost [CG16])
and the surrogate model g (e.g., linear regression) in the neighborhood of the
instance x, as defined by the proximity measure πx. Additionally, the surrogate
model is subject to a complexity constraint Ω(g) that ensures interpretability, such
as keeping the number of non-zero weights low in a linear model.
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Black-Box 
Model

Model Agnostic
Explainer

Annual income=50k

Employment Status=full-time

Employment Length=2m

Age=21

Rule-based
IF Anual income >= 30k and

Employment status is full-time

THEN good

Feature attribution

Fig. 2.18: An illustration of local, model-agnostic feature attribution methods and rule-
based explanations for a black-box model in the context of credit scoring.

Another very popular feature attribution method is SHapley Additive exPlanations
(SHAP) [LL17], which is based on Shapley values [Sha+53] from cooperative game
theory. Formally, SHAP represents the contributions of each feature to the model’s
prediction as follows:

g(z′) = ϕ0 +
M∑

i=1
ϕiz

′
i, (2.37)

where g is a linear explanation model, z′ ∈ {0, 1}M is a simplified binary feature
vector with M features indicating the absence (0) or presence (1) of a feature,
and ϕi ∈ R is the SHAP value for feature i. SHAP adheres to three key theoretical
properties that ensure reliable and interpretable feature attribution, namely Local
Accuracy, Missingness, and Consistency. Local Accuracy ensures that the sum of SHAP
values for all features equals the model’s prediction minus the baseline (expected
value) ϕ0, which makes it faithful to the model’s output:

f(x) = g(x′) = ϕ0 +
M∑

i=1
ϕix

′i = E[f(x)] +
M∑

i=1
ϕi.

Missingness guarantees that features which are absent or irrelevant to a prediction
are assigned a SHAP value of zero.

x′
i = 0 =⇒ ϕi = 0.

Consistency ensures that if a feature’s marginal contribution increases in an up-
dated model f ′, its SHAP value also increases or remains unchanged. Let fx(z′) =
f(hx(z′)), where hx is a mapping function that maps simplified features to original
inputs, and z′ \ i denotes setting z′

i = 0. Then, for any two models f and f ′, the
following holds:

f ′
x(z′) − f ′

x(z′ \ i) ≥ fx(z′) − fx(z′ \ i) =⇒ ϕ′
i(f ′, x) ≥ ϕi(f, x),
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where f ′
x is the updated model, and z′ \i is the feature vector with feature i removed.

SHAP values can be estimated using different methods. The original model-agnostic
method is KernelSHAP [LL17], which approximates the Shapley values using a linear
model:

l(f, g, πx) =
∑

z′∈Z

[
f(hx(z′)) − g(z′)

]2
πx(z′),

and a Shapley kernel to achive Shapley compliant weighting of features:

πx(z′) = (M − 1)(M
|z′|
)
|z′|(M − |z′|)

,

where M is the maximum number of features, and |z′| the number of present
features in the simplified feature vector z′. The formula assigns higher importance
to subsets that are smaller or larger (close to extremes) and lower importance to
subsets of intermediate sizes, balancing the contributions across all feature subsets.
Moreover, this formulation establishes a connection between SHAP and LIME (2.36).
However, this method is computationally expensive, as it requires 2M evaluations
of the model to compute the exact Shapley values for M features. To address this
issue, TreeSHAP [LEL18] was introduced as a more efficient and model-specific
algorithm for tree-based models, such as XGBoost [CG16], LightGBM [Ke+17], or
CatBoost [Pro+18]. TreeSHAP computes SHAP values in polynomial time, O(TLD2),
instead of exponential time, O(TL2M ), where T is the number of trees, L is the
maximum number of leaves, and D is the maximum depth of any tree. Unlike LIME,
SHAP can also be used to obtain global explanations int the form of global feature
importance scores for each fetaure Ii, which are computed by averaging the absolute
SHAP values per feature ϕi over all N instances in the dataset:

Ii = 1
N

N∑
j=1

|ϕ(j)
i |, with i = 1, . . . , M.

Prototypes Another type of explanation is to describe a dataset through representa-
tive examples, called prototypes, which represent a set of similar data records [KKK16;
Gur+19]. In general, any clustering algorithm that returns actual data instances
as cluster centers can be used to identify prototypes, such as k-medoids [RK87].
Kim et al. [KKK16] propose a method to identify prototypes based on the squared
Maximum Mean Discrepancy (MMD) [Gre+12], which is a measure of the distance
between two probability distributions. The squared MMD is defined as follows:

MMD2 = 1
m2

m∑
i,j=1

k(zi, zj) − 2
mn

m∑
i=1

n∑
j=1

k(zi, xj) + 1
n2

n∑
i,j=1

k(xi, xj), (2.38)
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where m is the number of prototypes z that need to be defined upfront, and n is the
number of actual instances x. The goal is to minimize the squared MMD between
the prototypes and the actual instances, using a kernel function as the distance
measure, such as the radial basis function (RBF) kernel:

k(x, x′) = ϵ(γ∥x−x′∥),

where ∥x − x′∥ is the Euclidean distance between two points and γ is a scaling
parameter. However, Kim et al. [KKK16] argue that prototypes alone are insufficient
to explain a dataset and propose the use of criticisms in addition to prototypes to
provide a more complete explanation of the data. Criticisms represent instances that
are not well explained by the prototypes and are the points that deviate the most
from both the prototypes and the dataset. They can be identified through a witness
function, which is defined as follows:

fwitness(x) = 1
n

n∑
i=1

k(x, x(i)) − 1
m

m∑
j=1

k(x, z(j)),

Just as the number of prototypes needs to be defined upfront, so does the number
of criticisms. In their original form, prototypes and criticisms serve as a global
explanation method. However, they can also be employed as a local explanation
technique by identifying the “nearest prototype” s ∈ S for a new data instance x to
be predicted:

f(x) = arg max
i∈S

k(x, xi).

Counterfactuals Finally, counterfactuals [WMR17] are another type of explanation
that can be used to clarify a model’s predictions on tabular data. A counterfactual
explanation of a prediction describes the minimal change necessary to alter the
outcome of the prediction to a predefined, different output [WMR17; Dan+20].
To identify counterfactuals, Wachter et al. propose minimizing the following loss
function [WMR17; Mol25]:

l(x, x′, y′, λ) = λ · (f(x′) − y′)2 + d(x, x′), (2.39)

where the optimization problem is defined as:

arg min
x′

l(x, x′, y′, λ). (2.40)

In 2.39, the first term represents the quadratic distance between the model’s predic-
tion, f(x′), for the counterfactual instance, x, and the desired prediction, y′. The
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second term, d(x, x′), is a distance measure between the original instance x and the
counterfactual instance x′. The parameter λ is a trade-off parameter that balances
the importance of the two terms. The distance measure d(x, x′) is defined as the
Manhattan distance weighted by the inverse Median Absolute Deviation (MAD) of
each feature, which enhances robustness to outliers:

d(x, x′) =
p∑

j=1

|xj − x′
j |

MADj
, (2.41)

where the Median Absolute Deviation for the j-th feature is given by:

MADj = mediani∈{1,...,n}
(
|x(i)j − medianl∈{1,...,n}(x(l)

j )|
)

, (2.42)

and p is the number of features, xj and x′
j are the values of the j-th feature for

the original and counterfactual instances, respectively, and n is the number of data
points. The ideal counterfactual is one that requires minimal changes to feature
values while keeping the rest constant.

Although the use of post-hoc methods is appealing, as they do not restrict the
choice of model class, it is also worth considering white-box models. In partic-
ular, Generalized Additive Models (GAMs) [HT87] are noteworthy, as they hardly
exhibit any performance-interpretability trade-off for tabular data [Kru+25]. GAMs
are capable of capturing complex, non-linear patterns while remaining fully inter-
pretable [Lou+13].
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Automating Expert Ratings 3
This chapter introduces the automotive goodwill claim assessment process as an
exemplary prescriptive analytics use case and discusses the challenges associated
with automating expert ratings through behavioral cloning. Subsequently, to address
these challenges, a conceptual framework is proposed that integrates a supervised
machine learning model with components for uncertainty representation and quan-
tification, selective classification, explainability, and bias mitigation.

3.1 Exemplary Use Case

An example of a prescriptive analytics use case that will be explored throughout the
contributing publications of this thesis (Chapter 4) is automotive goodwill claim
assessment. At the car manufacturer under investigation, goodwill claim assessments
are currently conducted either through automatic decision rules or manually by
human experts. The latter method is predominantly used, as manually assembled de-
cision rules often fail to cover all aspects due to the high maintenance effort required
and the limited availability of human experts. Moreover, goodwill is not governed
by clear laws like warranty, which is a legal obligation for manufacturers [MB05].
The patterns underlying goodwill are variable and dynamic, making it even more
challenging to maintain them as decision rules in a rule-based system. Given that the
process already employs a logic-based decision rules model to automatically assess
certain goodwill claim cases, it can be considered a “classic” prescriptive analytics
use case. However, this approach also reveals its limitations and suggests that
transitioning to a machine learning model, where decision patterns are dynamically
learned from data rather than pre-specified by experts, may be beneficial.

Figure 3.1 provides an overview of the goodwill process at the car manufacturer.
When a customer encounters an issue with a vehicle outside the warranty period,
they may still receive compensation through the manufacturer’s goodwill. To deter-
mine whether the manufacturer is willing to contribute to repair costs, specifically
for parts and labor, the dealer workshop contracted for the repair can submit a
goodwill request to the manufacturer. The manufacturer then assesses whether, and
to what extent, it is reasonable to contribute to the requested costs. These decisions
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are based on a range of vehicle-specific and case-specific factors. In the case of the
investigated car manufacturer, contributions are granted on a percentage rating
scale 0%, 10%, 20%,. . ., 100%, binned in ten percent increments for the requested
repair costs, separately for parts and labor. Unlike during the warranty period, there
is no legal obligation for the manufacturer to contribute; rather, it is a commercial
decision that must balance customer satisfaction against financial expenses. Given
this context, the goodwill claim assessment process qualifies as a high-stakes finan-
cial process. Incorrect assessments that are perceived too low can negatively impact
customer satisfaction, while assessments that are too high can adversely affect the
manufacturer’s financial bottom line. As already mentioned, current decisions are
based either on predefined static rules defined by the manufacturer or on the ex-
perience and intuition of human experts, without immediate and direct customer
feedback. Consequently, decisions are based on what the manufacturer and the
experts perceive as fair and appropriate, rather than on the beneficiality of outcomes,
such as future vehicle or service purchases triggered by valuable goodwill decisions.
Nonetheless, since the manufacturer receives hundreds of thousands of goodwill re-
quests each year, most of which require manual assessment by human experts, there
is an urgent need for increased automation, faster decision-making, standardization,
and reduced reliance on human expertise, all of which could potentially be achieved
through the use of machine learning.

- 1 -Department | Date | Author 

Request a monetary goodwill 

contribution for repair.
Request repair

Customer

Dealer

Manufacturer

Contribute a certain percentage to the 

repair costs {0,10,20,30,…,100}%.

Vehicle issue outside of the 

warranty period.

Fig. 3.1: Overview of the automotive goodwill claim assessment process.

3.2 Challenges

Given the abundance of historical goodwill claim assessment data, it is tempting to
employ supervised machine learning to automate these expert ratings. By training
decision models on historical data, the reliance on human domain knowledge and
input, as compared to manual and rule-based decisions, can be reduced. This
approach also allows for addressing more complex decision patterns. However,
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this approach also presents several pitfalls and challenges, as illustrated by the
current use case of goodwill, which are also transferable to observed expert ratings
in general:

Lack of outcome data A strong foundational limitation is the lack of actual outcome
data regarding rating decisions. As briefly discussed in Section 2.1, only behavioral
cloning is within scope for the considered use case and this thesis from the set
of potential learning paradigms, as only inputs and corresponding decisions are
observed (X, A). While causal ML is increasingly regarded as the gold standard for
prescriptive analytics [Ker+25], it requires access to treatment-outcome pairs (T, Y )
to estimate treatment effects, such as the CATE, which are not available for the
use case at hand. These estimated effects provide principled guidance for decision-
making, e.g., determining whether a certain goodwill treatment would encourage
the customer to remain loyal to the brand. However, acquiring such data is highly
non-trivial, as counterfactual outcomes, that is, the outcomes of unchosen treatments
(or actions), are never jointly observable for the same instance. Actively enforcing
randomized treatment assignment in this setting would be ethically questionable and
could result in individuals not receiving beneficial interventions, such as a goodwill
contribution. Furthermore, it is often unclear what the appropriate outcome is:
outcomes may be multi-dimensional, delayed, or only partially observable. Similarly,
as in causal ML, the reward variable R assumed in offline contextual bandit learning
is also not available in the current application. Real-world outcomes (e.g., future
vehicle purchases) are often delayed or unobservable. All in all, the behavioral
cloning setting is the only applicable learning paradigm and is a very limited one, as
in its standard form, it will only mimic expert decisions instead of optimizing for
improved business outcomes.

Human decision bias The available goodwill decision data is observational, with
human decision-makers acting as “teachers”. Hence, each expert’s judgment is
subject to individual variations, which can stem from a multitude of factors, including
but not limited to personal experience, perception of brand loyalty and market
situation, or even the time of the day. This leads to two obvious rating biases, visible
in four exemplary sales market-specific goodwill data sets in Figure 3.2:

• Absolute Judgement Bias: The overall shape of the rating distributions resem-
bles a U-curve, characterized by a pronounced preference for extreme ratings,
such as 0 or 100 percent, which is a common bias in rating scales [Tse17;
BGM22]. This pattern results in highly imbalanced datasets, which can pose
significant challenges for statistical analysis and predictive modeling [FGH11;
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Fer+18b]. The concentration of ratings at the extremes suggests that raters
may exhibit a bias towards absolute judgments, potentially underutilizing the
nuanced options available within the rating scale. This bias contrasts with
another common bias in rating scales, the “central tendency bias”, where raters
cluster their ratings in the center of the scale [Alf+24; AEV24].

• Midpoint Rounding Bias: Decision-makers often exhibit a notable tendency
to favor certain midpoint ratings, such as 50 percent, over more precise values
like 40 or 60 percent. Similarly, they may prefer ratings like 30 or 70 over
those closer to the extremes, such as 10, or 90. This behavior results in a
phenomenon where the rating scale is not fully utilized, creating gaps or
“holes” in the distribution. Such clustering around common ratings may reflect
a psychological bias toward simplicity or a reluctance to commit to more
granular assessments and can be attributed to effort reduction, as choosing
midpoints requires less thought [All+16]. Moreover, a “central tendency bias”
for partial contributions (0 to 90 percent) at 50 percent is also observable for
certain sales markets (Figure 3.2c).

Concept drift Another challenge associated with human decisions in general, and
specifically for the goodwill claim assessment use case, is that these decisions do not
necessarily remain static over time (Figure 3.3). Depending on the context or market
situation, these decisions may change. In goodwill claim assessments, decisions can
be influenced by factors such as the available budget, the current sales situation, or
marketing demands. In machine learning, this behavior is referred to as concept
drift or shift, depending on how quickly or abruptly the statistical properties of the
target variable in relation to the features change over time [Lu+18]. More formally,
the conditional probabilities between inputs and outputs p(y | x) change over time
while the input distribution p(x) stays the same.

Data uncertainty Given that historical expert ratings are biased and subject to
change over time, they cannot be considered the “gold standard” for goodwill claim
decisions or for consistent decision-making in general. In extreme cases, expert
decisions may even be polarized [ER94], lying at opposite extremes (0% vs. 100%)
despite having the same input. In machine learning, such label issues are typically
referred to as label noise [FV14; Son+23; Shi+24], which involves a lack of high-
quality labels due to inaccuracies in labeling. A particular bias leading to noisy
labels is label bias [JN20; DB20], which occurs in cases where there is a systematic
issue, such as biases inherited from the views of the annotators due to cognitive
bias, subjectivity or fatigue. This issue is also closely linked to the topic of fairness
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(b) Distribution of goodwill ratings for sales mar-
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(c) Distribution of goodwill ratings for sales mar-
ket C.
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(d) Distribution of goodwill ratings for sales mar-
ket D.

Fig. 3.2: Goodwill rating distributions for four exemplary sales markets.
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Fig. 3.3: Concept drift of goodwill claim ratings for two exemplary sales markets.
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in machine learning [Meh+21; Fav+23], as it may lead to unfair models that may
discriminate against certain groups. Selection bias occurs when the selection of data
instances is not representative of the underlying distribution [Fav+23], which, for
instance, can occur when raters have varying levels of training or experience and
use ratings inconsistently. Another form of label issue is label ambiguity, where
multiple labels are provided for an instance by multiple annotators, and it is unclear
which one to select as the ground truth due to the inherent complexity of the
labeling task, overlapping categories, or varying expertise of the annotators [PK19;
RPR13; Yan+14]. Due to the availability of only single deterministic labels, goodwill
ratings will, at first glance, fall under the first label issue categories. However, the
third issue is also highly relevant, as ambiguity is certainly present in controversial
goodwill rating decisions, albeit concealed by the use of a single deterministic label.
Needless to say, the quality of the labels is crucial for the performance of the machine
learning model. If the data is used as is, it will likely result in a high degree of
aleatoric uncertainty in model predictions, which arises from the randomness and
ambiguity inherent in the human decision-making process. This type of uncertainty
is irreducible and must be explicitly addressed [HW21].

Knowledge uncertainty Another type of uncertainty that may arise in machine
learning-based goodwill claim assessment is epistemic uncertainty, also referred
to as knowledge uncertainty. This type of uncertainty can be mitigated through
the incorporation of additional training data [HW21]. Specifically, in the context
of goodwill claim assessment, epistemic uncertainty may occur with new vehicle
types or components, leading to requests that were not included in the model’s
training data and are therefore Out-Of-Distribution (OOD) [Yan+24]. Knowledge
uncertainty can also be introduced over time by data drift, which occurs when
the input data distribution changes. For example, the transition from combustion
engines to electric motors introduces new and different relevant criteria for goodwill
claim assessments. In this case, the input data distribution p(x) changes, which
may disrupt the relationship between inputs and outputs as represented by the
conditional probability distribution p(y | x).

Ordinal rating scale Another complexity of this use case is the ordinal rating scale.
Naively, goodwill assessment could be treated as a nominal classification or regres-
sion problem, but neither of the two would capture the exact essence of the problem.
Classification focuses too much on the exact hit rate, allowing larger errors, whereas
regression prioritizes reducing the error distance at the cost of the exact hit rate
and also requires rounding since it outputs continuous values, which may lead to
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additional information loss. Ordinal classification or regression, as introduced in
Section 2.2.4, seeks to find a good trade-off between the exact hit rate and reduced
error distance and is therefore highly relevant for the use case at hand and this
thesis.

Interpretability Moreover, a significant issue with high-performance machine learn-
ing models, such as deep neural networks [LBH15; GBC16] or decision tree ensem-
bles like Random Forests (RF) [Bre01] and Gradient Boosted Trees (GBTs) [Fri02;
Ke+17; Pro+18; CG16], is their lack of transparency compared to traditional in-
terpretable prescriptive technologies such as rule-based systems and mathematical
programming, although the interpretability of these technologies may also be de-
batable. This presumably also explains, to a certain extent, the reluctance to adopt
machine learning for prescriptive analytics use cases [Lep+20], where interpretabil-
ity and post-hoc auditability of decisions are crucial, especially in high-stakes settings
such as goodwill claim assessment, where both financial outcomes and customer
satisfaction are at stake.

3.3 A Conceptual Framework

To address the challenges outlined above, this section introduces a generic concep-
tual framework, applicable across domains, aimed at automating expert ratings, such
as those utilized in goodwill claim assessments, through a machine learning-based
prescriptive analytics approach based on behavioral cloning. Given the absence of
observable outcomes or immediate rewards, the goal is not to predict outcomes or
estimate causal effects, but rather to model expert decision-making in a manner
that is consistent, auditable, uncertainty-aware, unbiased, and aligned with
domain-specific requirements. To support this objective, promising auxiliary sig-
nals include tailored uncertainty quantification, particularly the distinction between
aleatoric uncertainty, which captures inherent noise or randomness in the data, and
epistemic uncertainty, which reflects uncertainty due to limited knowledge or model
capacity [HW21], explainable AI techniques [Dwi+23], weakly supervised learning
approaches [Zho18], and the integration of expert domain knowledge [Che+23].
As is standard in behavioral cloning, supervised learning serves as the method-
ological foundation for approximating the expert’s decision policy π(a | x) using a
supervised machine learning model h(x), where expert-observed decisions A are
treated as outcome labels Y during training for inputs X. Figure 3.4 illustrates
the various components of this framework. It integrates a Machine Learning Model
that is enhanced with features for Uncertainty Representation and Quantification,
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Selective Classification, Explainability, and Bias Mitigation, all designed to tackle the
identified challenges. A key requirement is the awareness of ordinal targets, which
is complemented by the principle of Human-in-the-Loop (HITL) [Wu+22].

As the machine learning model can only imitate the expert’s observed behavior, which
may not be aligned with organizational utility in every case, the bias mitigation
component is essential to ensure that the model adheres to broader domain-specific
requirements and ensures fair decision-making. Additionally, HITL and explainability
play important roles in this regard, ensuring broadly aligned decision-making that
includes all stakeholder interests. Uncertainty quantification and selective classifica-
tion allow for risk management when decisions are not clear, enabling deferral and
seeking additional information to arrive at valuable decisions. Consequently, the
framework is embedded in classical statistical decision theory but emphasizes uncer-
tainty, bias mitigation, explainability, and human involvement due to the unclear
utilities of experts that need to be discovered and, if necessary, adjusted to align with
broader organizational or societal utility. The subsequent paragraphs will provide a
detailed explanation of these components and how they can be implemented.

Machine Learning
Model

Uncertainty
Representation and

Quantification

Ordinal Target
Awareness

Bias Mitigation

ExplainabilitySelective
Classification

Human-in-the-Loop

Fig. 3.4: A conceptual framework for machine learning-driven prescriptive analytics aimed
at automating expert rating processes.

Bias Mitigation As outlined above, rating data derived from human decision-makers
is susceptible to various biases and violates the common assumption in supervised
learning that the data, specifically the relationship between inputs and observed
decisions, represent ground-truth mappings. Consequently, it is advisable to handle
such data with greater caution and reduced confidence, or to explicitly address the
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inherent biases to prevent the direct propagation of these biases into the machine
learning models being trained [Bol+16]. In other words, the objective should
be to learn a prescriptive model capable of making “appropriate” or “practicable”
decisions, rather than merely learning a predictive model that replicates the observed
decisions [Hül21].

Data-centric AI [Zha+25] and weakly supervised learning [Zho18] are fields within
machine learning that aim to address this issue from different perspectives. Data-
centric AI focuses on improving the quality of the data itself before training a predic-
tor, for example, by filtering out instances with labels considered erroneous [NJC21;
VEJ21; Zha+24b] or by utilizing data more efficiently [Ben+09]. In contrast, weakly
supervised learning seeks to learn from weakly labeled data, such as data with inaccu-
rate supervision (commonly referred to as noisy labels) [Son+23]. Both approaches
can generally be employed to mitigate bias in the goodwill claim assessment process
or, more generally, to address biased rating data.

A simple approach to bias mitigation is to introduce a weighting scheme that assigns
higher weights to underrepresented classes or samples. This approach is common
when dealing with imbalanced datasets or in general sample selection bias [Hec79;
Fav+23]. By assigning higher weights to underrepresented classes or samples, the
model is encouraged to focus more on these instances during loss minimization
in the training process, potentially reducing bias in the predictions. In goodwill
claim assessments, this could be the instances with less frequently used ratings
compared to the more commonly used extreme or rounded ratings. The general
assumption here is the existence of underlying, unknown, and unbiased labels that
can be recovered through an appropriate weighting scheme, ultimately resulting
in an unbiased machine learning classifier [JN20]. The equation below shows the
empirical risk minimizer (2.3) with weights wi for each sample i in the training set
Dtrain [Hua+06]:

Rw
emp(h) := 1

N

N∑
i=1

wi · l(h(xi), yi) (3.1)

Instance weighting is also a way to implement cost-sensitive learning by assigning
weights to instances according to their misclassification costs [ZLA03; Tin02; LL06].
Depending on the current context or market situation, higher goodwill claim ratings
could entail higher misclassification costs than lower ones or vice versa. Other
approaches to strengthen the influence of underrepresented classes in machine
learning are oversampling [MRA20], undersampling, or more advanced techniques
like SMOTE [Cha+02] or ADASYN [He+08], which use data augmentation for
oversampling instead of copying existing data points. Another data-centric approach
to bias mitigation is to filter out instances with potentially biased labels. This can be
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achieved through outlier detection techniques, which identify instances that deviate
significantly from the majority of the data [Smi20]. By removing these outliers,
the model can focus on learning from more representative and consistent instances,
potentially reducing bias in the predictions. Outlier detection can be performed
using various unsupervised techniques [LTZ08; Est+96; KM22; AP23]. In general,
clustering can be used to identify labels that may not correspond to natural data
clusters [Est+96; HW79].

Approaches from weakly supervised learning include soft label methods [Sze+16;
MKH19] and superset learning [LD14; HC15], where label information is imprecise.
This imprecision is arguably more realistic than deterministic labels, particularly for
observational data that involve human decision biases. For instance, in contrast to
soft label approaches, where label information is modeled as a distribution on Y and
which has already been discussed thoroughly in Section 2.2.4.4, superset learning
assumes that the true (precise and possibly noisy) label y ∈ Y is contained in a set
of possible candidate labels Y ⊆ Y [HC15]. Hence, the available training data for
training a predictor changes to observational data of the form

O = {xi, Yi}N
i=1 ∈ (X × 2Y)N . (3.2)

In the case of ordered targets, such as rating data, the assumption of a contiguous
superset (e.g., Y = {y2, y3, y4}) containing the actual label (e.g., y = y3) appears
quite natural [DMK23].

A corresponding loss function then needs to perform model identification and
“data disambiguation” simultaneously. The extended loss functions hereby needs
to compare precise predictions with set-valued observations: L∗ : 2Y × Y → R+.
Hüllermeier and Cheng [HC15] propose the Optimistic Superset Loss (OSL) for this
purpose:

L∗(Y, ŷ) = min{ l(y, ŷ) | y ∈ Y }, (3.3)

which always considers the minimal loss over the set of possible candidate labels Y

and the predicted label ŷ when performing empirical risk minimization. Moreover,
the framework of superset learning is not limited to inherently imprecise or ambigu-
ous data; there is also the option to deliberately turn precise data into imprecise
set-valued data [LH21b]. This process of “imprecisation” offers a means to control
the influence of individual observations, similar to instance weighting, the more
imprecise an observation is made, the less influence it will have on the final model.
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More formally, the larger the (super)set Y is, the smaller its corresponding OSL and
hence its influence during empirical risk minimization:

Y ⊇ Y ′ ⇒ ∀ŷ ∈ Y : L∗(Y, ŷ) ≤ L∗(Y ′, ŷ).

A further extension of superset learning, inspired by label smoothing [Sze+16;
MKH19] and superset learning [HC15], was introduced by Lienen and Hüller-
meier [LH21a]. In this approach, labels are modeled as credal sets, which are sets
of probability distributions, enabling even greater flexibility.

Returning to goodwill claim assessment, or expert ratings in general, transforming
overly used ratings into imprecise probability distributions or sets, rather than
overconfident crisp labels, may help mitigate their influence on the final model and
ultimately reduce bias in predictions. This approach could, in general, recover the
realistic ambiguity lost due to single deterministic decisions, potentially leading to
improved predictions in expectation. See Figure 3.5 for examples of labels made
imprecise through soft labeling, in which some probability mass is removed from
the observed class and distributed to other classes. In the case of rating data,
unimodal soft labels, as commonly assumed in ordinal classification, are illustrated
in Figures 3.5a, 3.5b, and 3.5c. However, the correct imprecisation for an observed
rating might also exhibit a bimodal distribution when the decision is controversial
(Figure 3.5d).

Concretely, in the case of goodwill claim assessment, mitigating bias could involve
addressing the tendency to favor extreme decisions while underutilizing the inter-
mediate scale. Furthermore, guiding the model toward a specific strategic objective,
whether customer-friendly, manufacturer-advantageous, or a balanced compromise
between the two, is a critical requirement. As previously discussed, the goal of a
prescriptive model is not necessarily to replicate past decisions, particularly when
they exhibit evident biases. Instead, the aim is to model the data or pre-select it,
ideally in an automated manner, in a way that facilitates the generation of desired
prescriptions.

Uncertainty Representation and Quantification To address the uncertainty associ-
ated with human expert decisions, machine learning models should be capable of
representing and quantifying this uncertainty. Furthermore, the learned machine
learning models should be aware of their own limitations and incompetence [Hül21].
This can be achieved through the various approaches outlined in Section 2.3. Particu-
larly, in automating expert ratings through behavioral cloning, predictive uncertainty
can serve as a proxy signal to reflect the degree of agreement among experts. This
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(d) Bimodal imprecisa-
tion for a controver-
sial or polarized ob-
served rating y = 1.

Fig. 3.5: Soft label imprecisation examples for observed ratings in which probability mass
is deducted from the observed rating and redistributed to other classes.

agreement, derived from historical decision data, is typically captured by a machine
learning model in the form of a single predictive probability distribution. Achieving
such a representation is also a common objective in decision science, as highlighted
in various studies [JC96; CW99; MBD24; McA+21; CW93; MMM99]. Moreover,
predictive uncertainty can then serve as an indicator of both the prediction’s quality
and the potential value of the resulting outcome. Using consensus among experts
as a surrogate for optimal outcomes is common practice and has been proven effec-
tive [Ash85; KW89; CW99; SH89], though it is not warranted in every case [Hoc87;
DKM00]. Nonetheless, under the assumption of diverse and independent ratings,
and given the expertise of well-intentioned decision-makers, confident decisions, as
indicated by a consensus among experts, are likely to lead to good decisions with
beneficial outcomes [Jor15].

However, there is a notable research gap in uncertainty quantification for ordered
discrete data, such as rating data, as most existing work focuses on nominal clas-
sification and regression [HW21; Abd+21]. In particular, common measures for
quantifying uncertainty based on probabilities (Section 2.3.1.1), such as entropy or
confidence, may not be well-suited for rating data because they fail to account for the
inherent distances between ordinal categories. See Figure 3.6 for an illustration. In
this figure, entropy (2.21), confidence (2.22), and margin (2.23) fail to distinguish
between four different probability distributions because they are invariant to the
re-distribution of probability mass. Variance (3.4), a commonly used uncertainty
measure in regression tasks [MPU21], appears more suitable for ordered outcomes,
as it effectively captures the increased dispersion of the probability distributions.

V(p) =
K∑

k=1
pk · (k − µ), with µ =

K∑
k=1

pk · k. (3.4)
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Variance, however, requires ratings on a cardinal scale, assuming equal distances
between categories, which may not always be appropriate. Nevertheless, as already
discussed, converting ordinal targets to a cardinal scale is a common practice in
ordinal classification [Gut+16].

Similarly, perfect confidence calibration [Guo+17], the calibration of the maximum
predicted class probability, which is often used as a measure of confidence in a pre-
diction (or inversely, uncertainty) [LHA24], does not provide complete information
in this context. For example, even if the distributions depicted in Figures 3.6a and
3.6d are perfectly confidence-calibrated and their confidence levels are identical,
there remains a significant difference in their shapes and the potential uncertainty
associated with them. This highlights the necessity of additional measures to capture
uncertainty beyond simple confidence calibration for ordinal outcomes, leveraging
well-calibrated multiclass probabilities [Kul+19].
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(a) H(p1) = 1.3923,
C(p1) = 0.6,
M(p1) = 0.1,
V(p1) = 1.39.
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(b) H(p2) = 1.3923,
C(p2) = 0.6,
M(p2) = 0.1,
V(p2) = 1.4875.
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(c) H(p3) = 1.3923,
C(p3) = 0.6,
M(p3) = 0.1,
V(p3) = 1.9475.
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(d) H(p4) = 1.3923,
C(p4) = 0.6,
M(p4) = 0.1,
V(p4) = 2.91.

Fig. 3.6: Illustration of four different uncertainty measures (entropy H(p) (2.21), con-
fidence C(p) (2.22), margin M(p) (2.23), and variance V(p) (3.4)) on four
different probability distributions p1 = (0.4, 0.3, 0.1, 0.15, 0.05) (3.6a), p2 =
(0.4, 0.1, 0.3, 0.15, 0.05) (3.6b), p3 = (0.4, 0.1, 0.15, 0.3, 0.05) (3.6c), and p4 =
(0.4, 0.1, 0.15, 0.05, 0.3) (3.6d) given that the true label is y = 1.

On the other hand, if the assumption of unimodal probability distributions in ordinal
classification holds, accounting for dispersion may not be particularly relevant,
as distributions like those shown in Figures 3.6b, 3.6c, and 3.6d ideally should
not occur. Nonetheless, in cases of potentially polarized rating data, such as in
the goodwill claim assessment use case (Figure 3.2), this assumption cannot be
guaranteed unless strong unimodal constraints are explicitly enforced (Figure 3.7).
Unimodality represents a strong inductive bias that does not appear to be justified
in the context of goodwill claim assessment and expert ratings in general, given the
possibility of polarized ratings. In general, Anderson [And84] distinguishes between
two types of ordinal variables. The first type, referred to as “grouped continuous”
ordered categorical variables, involves an inherently continuous variable, such as
age, being discretized into groups. This type is the primary focus of the ordinal
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classification literature [Niu+16; CMR20; Li+22; Yun+24]. For such variables,
the assumption of unimodality seems reasonable, since in regression it is common
to model uncertainty with a unimodal distribution, such as a Gaussian [Dua+20;
MPU21]. However, Anderson also identifies a second type, termed “assessed” ordered
categorical variables, where an assessor provides a judgment of the grade of the
ordered variable [SH22]. An example of this type is Likert scale surveys, which are
commonly used in the social sciences [Lik32], or pain ratings in medicine. For this
second type, which corresponds to the goodwill assessment use case, the inductive
bias of unimodality appears rather arbitrary. Anderson further notes that for assessed
ordered variables, it is not even a priori clear whether or not the ordering is relevant.
Additionally, he notes that errors for assessed variables are likely to be greater,
which aligns with the observed unconstrained predictive probability distributions
in goodwill claim assessment (Figure 3.7). Similarily, in set-based uncertainty
quantification (Section 2.3.1.2), there is a strong tendency to enforce contiguous
sets for ordinal outcomes, either through the predictor itself [DMK23] or during the
construction of the final prediction sets [LAP22; XGW23]. However, as mentioned,
given the potential polarization in rating data, this also represents a strong inductive
bias and may result in a loss of information.

As outlined in Section 3.2, rating data originating from human decision-makers
inherently involves a degree of stochasticity, commonly referred to as aleatoric
uncertainty in machine learning [HW21], as decision-makers may not consistently
agree in their judgments. Understanding the degree of aleatoric uncertainty is crucial
for improving decision-making processes. Since this type of uncertainty is irreducible,
it cannot be circumvented directly. However, it can provide valuable insights. For
example, in the context of goodwill claim assessment, aleatoric uncertainty could be
utilized to de-bias training data by identifying decision alternatives that contribute
to high aleatoric uncertainty, determining which alternatives are more appropriate
at a given point in time, and subsequently refining the training data based on this
analysis. Nonetheless, the simplest immediate action for handling high aleatoric
uncertainty is to have the model abstain from making a prediction and instead
forward the query to a human expert. The expert can then make a consolidated
decision by considering all likely decision alternatives, a strategy that has been
shown to enhance human decision-making [Cre+24]. Likewise, detecting epistemic
uncertainty is crucial for reliable decision-making. Since the model lacks sufficient
knowledge about a query with high epistemic uncertainty, the only viable strategy
is to forward the query to a human expert to obtain a label. This label can then be
incorporated into the model training process to improve its performance on similar
cases in the future.
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Fig. 3.7: Different multimodal predictive probability distributions (including extreme bi-
modal ones) are obtained from a CatBoost classifier [Pro+18] trained with the CE
loss on a goodwill claim assessment dataset. Contributions Y = {0, 10, 20, . . . , 100}
are ordinally encoded as Y = {0, 1, 2, . . . , 10}.
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To distinguish between aleatoric and epistemic uncertainty, entropy and variance-
based decompositions based on Bayesian inference (Section 2.3.2) are widely used
and flexible methods for nominal classification and regression [Dep+18]. How-
ever, these methods have been criticized for not fulfilling several theoretical ax-
ioms [Wim+23]. These approaches have also been successfully applied to tree-
based models [SH20; MPU21], which are particularly relevant for the goodwill
claim assessment use case, as they continue to represent the state of the art for
tabular data [SA22]. Furthermore, the Bayesian approach is conceptually appealing
in the context of expert ratings, as it can be seen as an attempt to recover the
original expert judgments or at least subsets from the aggregated single probabilistic
decision. This is achieved through the instantiation of an ensemble of models based
on different subsamples from the overall observed decisions (Figure 3.8). This
recovery allows for capturing the agreement of a diverse set of expert groups, which
is required to quantify epistemic uncertainty, rather than only aleatoric uncertainty
based on a single probabilistic prediction. This approach contrasts with the common
goal in decision science, which is to aggregate expert opinions [McA+21]. Instead,
it embraces diverse opinions in the form of a larger hypothesis space, leading to a
second-order probability distribution that enables the quantification of epistemic
uncertainty. However, there is currently no specific instantiation of the Bayesian
approach tailored for discrete ordered outcomes, such as expert rating data. This
represents a significant gap that will be addressed within this thesis.

Selective Classification To leverage predictive uncertainty, an important down-
stream task is selective classification [GE17], also referred to as classification with
abstention or rejection option [Hen+24]. In general, an uncertainty-based rejector,
denoted as r, is a binary function that evaluates a query x based on the predictor h

and its corresponding predictive uncertainty u. The rejector determines whether to
reject the query using a predefined threshold τ :

r(x | h)τ :=

1 if u(x | h) < τ,

0 otherwise.

The model’s output is then defined as:

(h, r)(x) :=

h(x) if r(x | h) = 1,

∅ if r(x | h) = 0.

In cases where the rejector rejects the query (i.e., r(x | h) = 0), the model abstains
and returns an empty response (∅) instead of providing a prediction.
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Fig. 3.8: Comparison of a single model trained on observed decisions with a Bayesian
ensemble approach, where different models are trained on different subsamples
of the data, allowing for the (partial) recovery of diverse expert opinions through
multiple predictive probability distributions. This ensemble approach enables the
estimation of both aleatoric and epistemic uncertainty.
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In general, selective classification has two primary objectives: first, to achieve high
accuracy on the queries it chooses to process, defined as

A = TA

TA + FA
, (3.5)

where TA stands for True Accept and FA for False Accept; and second, to maximize
coverage by making predictions on as many queries as possible [Hen+24], defined
as

ϕ = TA + FA

TA + FA + FR + TR
, (3.6)

where TR and FR represent the True Reject and False Reject cases, respectively.
Furthermore, the rejection rate is defined as 1 − ϕ.

However, these two objectives are inherently in conflict. This trade-off between risk
and coverage is commonly referred to as the Risk-Coverage (RC) trade-off [EW10].
The uncertainty threshold τ serves as a hyperparameter that can be adjusted to
balance the model’s risk and coverage. A lower threshold increases the model’s
coverage by rejecting fewer queries, whereas a higher threshold reduces the model’s
risk by rejecting more queries. The optimal threshold is use-case dependent and
can be fine-tuned by domain experts in a HITL manner [Hup22; Wyn+19]. A
common method to evaluate the performance of selective classifiers is to plot the
rejection curve [NZH10], which illustrates the trade-off between risk and coverage as
a function of the uncertainty threshold τ . The rejection curve is typically plotted in
a two-dimensional space, with the rejection rate (inverse of coverage) on the x-axis
and the risk (e.g., misclassification rate) on the y-axis. Depending on the chosen
measure of prediction quality or risk, the curve should either increase or decrease
monotonically (Figure 3.9).

A third objective for selective classification arises in the context of observational
human decision data: obtaining accurate labels for cases that exhibit high uncertainty.
In this framework, queries deemed too uncertain (i.e., r(x | h) = 0), resulting
in an empty response (∅), can be delegated to human experts. For instances of
epistemic uncertainty, experts provide labels to enhance the model’s knowledge by
addressing gaps in its understanding. In contrast, for cases of aleatoric uncertainty,
experts focus on mitigating bias or consolidating decisions by accounting for the
inherent stochasticity in the data. This approach aligns with the principles of
HITL systems [Mos+23], which emphasize the critical role of human oversight in
automated decision-making processes [and23]. By leveraging human expertise, the
model can learn from expert-provided labels and improve its knowledge iteratively
over time. This aligns with the concept of continual learning [Wan+24], where an
ML model is continuously updated with new data while simultaneously retaining
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(a) A monotonically decreasing rejection curve
based on the misclassification rate and a clas-
sification error threshold.
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(b) A monotonically increasing rejection curve
based on accuracy and a coverage threshold.

Fig. 3.9: Exemplary monotonically decreasing (3.9a) and increasing (3.9b) rejection curves
based on the misclassification rate and accuracy, respectively, from which a decision
maker can choose the corresponding threshold τ for the rejector, depending on
the desired risk or coverage to attain (dashed red lines).

its previously learned knowledge. Proper labels can be obtained through an active
learning-like approach, where an expert oracle, typically a human expert, is queried
for correct decisions [NSH22; Mos+23]. Ideally, the human expert oracle possesses
several key attributes that enhance the effectiveness of oversight and improve upon
existing biased decisions. These attributes include suitable epistemic access to
relevant aspects of the situation, self-control, and appropriate intentions for their
role [Ste+24b]. As mentioned, obtaining correct labels is beneficial for cases with
high aleatoric uncertainty, where de-biasing the data is necessary, as well as for cases
with high epistemic uncertainty, where labeled data may be unavailable. Although
queries with high uncertainty are not intended to be answered directly by the
predictor, providing a subset of likely alternatives through a Decision Support System
(DSS) can assist the expert oracle in reaching a more informed final decision while
reducing cognitive load [SR24; Cre+24]. See Figure 3.10 for an overview of the
process.

Notably, there is a tension between the Bias Mitigation and Uncertainty Representation
and Quantification components. The more effective the Bias Mitigation component is,
the higher the initial coverage of the model will be, and the less uncertainty will be
present in the data. This implies that the model will be able to make more confident
predictions, potentially reducing the need for uncertainty quantification and selective
classification. Conversely, if the Bias Mitigation component is not effective, the model
may struggle to make accurate predictions, resulting in higher uncertainty and an
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Fig. 3.10: Active learning-like process to either directly answer or to de-bias and label
incoming queries based on uncertainty quantification and selective classification.

increased need for uncertainty quantification and selective classification, as well as
de-biasing through human experts.

In the context of goodwill claim assessment, a selective classification approach as
outlined could offer several advantages. Given that goodwill claim assessment is a
high-stakes process, abstaining from making predictions on uncertain cases can help
reduce the overall risk of incorrect decisions (3.5). Moreover, delegating uncertain
cases to human experts for consolidation and accurate labeling allows the system to
benefit from this data for future model training, thereby improving its performance
over time. However, it is crucial to ensure that the labeling process is effective and
does not perpetuate existing biases [Ste+24b]. Even if the degree of automation is
initially low (3.6), it can be gradually increased as data quality improves, reducing
reliance on human experts over time. Additionally, automating relatively straightfor-
ward cases can free up human experts to focus on analyzing complex and potentially
controversial examples, thereby enhancing overall decision quality. This approach
could also help balance the workload of human experts. Ultimately, the effectiveness
of a selective classification approach depends significantly on the quality of the
rejector, which in turn relies on the accuracy of the uncertainty representation and
quantification.

Machine Learning Model Naturally, the machine learning model is at the center
of the proposed framework and plays a vital role in it. Given the use case, the
focus is on the tabular data modality, where Gradient Boosted Trees (GBTs) [Fri01],
with popular implementations such as XGBoost [CG16], LightGBM [Ke+17], and
CatBoost [Pro+18], remain the state-of-the-art model class [YK24; UL24; SA22;
McE+23; GOV22]. Nonetheless, advances are being made in neural network-based
models for tabular data, particularly through the use of pre-trained transformer-
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based foundation models [Vas+17] and in-context learning [Hol+23; KGV24;
Hol+25; Qu+25; Heg+23; WH25].

The specific choice of predictor in the proposed framework is strongly influenced by
the Bias Mitigation and Uncertainty Representation and Quantification components,
as well as their respective implementations. For instance, if a data-centric approach
is employed and the human decision data is de-biased and cleaned prior to model
training, by leveraging domain expertise, exploratory data analysis, or automated
methods [NJC21], any off-the-shelf learner from the regime of ordinal classification
methods might be a viable solution (Section 2.2.4). However, if de-biasing is in-
tended to occur during model training by modeling human decision data in a weaker
manner, such as through soft labels [DM19], sets [HC15], or credal sets [LH21a],
more sophisticated loss functions are required, capable of handling imprecise data.
If the focus is on uncertainty quantification, proper scoring rules [GR07; Eps69]
as loss functions, potentially with added calibration [Men+23], become the go-to
solution, as they are theoretically designed to provide unbiased, truthful predictive
probabilities in expectation over a population [Men+23] and, consequently, truthful
uncertainty representations.

However, what does “truthful predictive probabilities” mean in the context of rating
data? In ordinal classification, truthful predictive probabilities are typically asso-
ciated with unimodal probability distributions, as incentivized by the RPS [Eps69;
Mur70; Gal23], which is considered a proper scoring rule for ordinal outcomes.
However, given the differentiation between “grouped continuous” and “assessed”
ordered categorical variables [And84], the assumption of unimodal distributions
may not hold in the context of “assessed” ordered variables and goodwill claim
assessment in particular, as discussed above. In models for rating data, the inductive
bias of unimodality, which is prevalent in ordinal classification, appears arbitrary
and reduces variance in a way that does not necessarily reflect the true uncertainty
in the data.

Furthermore, an important aspect of selecting the type of predictor is the inherent
trade-off between high accuracy and reduced error distances. As is commonly
acknowledged, predictors that strongly focus on reducing error distances are likely
to sacrifice exact hit-rate [Kas+24; Kra+01; BST09]. Thus, tuning this trade-off
for a particular use case is another challenge that must be addressed. In the case
of expert ratings, exact hit-rate appears to be similarly important to reducing error
distances. All in all, in prescriptive analytics, particularly in a behavioral cloning
setting, the flexibility of the learner, e.g., its ability to accommodate different loss
functions or modeling capabilities, may be more important than achieving the
highest predictive power.

3.3 A Conceptual Framework 77



Explainability Due to the non-interpretability of high-performing machine learning
models, such as tree ensembles [Bre01; Fri02; CG16; Ke+17; Pro+18] or deep
neural networks [LBH15; GBC16], there appears to be reluctance in using machine
learning for high-stakes prescriptive analytics use cases. Instead, methods deemed
interpretable, such as manually crafted decision rules, are often favored [Lep+20].
Naturally, if a predictor functions as a black box that completely obscures its rea-
soning, it will not foster trust among stakeholders of the ML-based system. XAI
(Section 2.4) may serve as a crucial building block for addressing the aforementioned
reluctance to adopt ML in prescriptive analytics.

When working with observational ratings, as in the considered use case, XAI is
invaluable on multiple levels. First, it provides a global view of the model’s behavior,
which is crucial for understanding the overall decision-making process and ensuring
alignment with expert expectations. For example, in the context of goodwill claim
assessment, global feature importance can help ensure that the model is not relying
on “spurious correlations”, such as the amount of goodwill claimed, which could
lead to biased predictions. By analyzing global feature importance, stakeholders can
identify potential biases in the model by comparing the global feature importances
to their own mental models and taking corrective actions if necessary. Furthermore,
local explanations enable debugging the model on a case-by-case basis. Stakeholders
can examine the specific reasons behind individual decisions and validate the model’s
predictions against their expectations at a more granular level. Explanations also
play a crucial role in detecting and mitigating biases in the data [VFK21; Nto+20] by
allowing the discovery of biased decision patterns. Additionally, local explanations
make machine decisions auditable, which may be a legal or compliance requirement,
such as the EU GDPR’s “right to explanation” [GF17; Kam21]. Interestingly, human
experts often face limitations in time and cognitive capacity, which can result in
less thorough justifications for their decisions. In this context, there is significant
potential to enhance the overall transparency of the decision-making process through
the use of XAI technology. By providing clear and understandable explanations for
algorithmic decisions, XAI can help bridge the gap in transparency that may exist in
human decision-making. Making the uncertainty related to a query transparent may
even further increase transparency [Bha+21].

In the context of goodwill claim assessments, the use of both global and local
explanations appears essential to safeguard transparent and unbiased decision
making. Regarding explanation types, SHAP [LL17] is particularly appealing as it
provides both local and global explanations. Additionally, rule-based approaches
are attractive due to their natural fit with existing rule-based systems and their
widespread use in prescriptive analytics. Counterfactual explanations are another
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interesting option, as they have been successfully applied in similar contexts, such
as credit applications [McG+18]. Counterfactuals can be especially valuable to
customers, as they allow for what-if analyses, enabling users to explore how changes
to their attributes might affect the outcome. However, this capability may also lead
to strategic classification [Har+16], where individuals manipulate their attributes to
achieve a more favorable classification outcome.

Ordinal Target Awareness A cross-cutting concern that affects all components of
the presented framework, to a certain extent, is ordinal target-awareness. Ignoring
the ordinal structure of the target can result in suboptimal performance across vari-
ous aspects, including data de-biasing, the machine learning model, and uncertainty
quantification. Acknowledging the ordinal structure of the target and carefully
considering the potential trade-off between hit-rate and error-distance is crucial.
The specific challenges associated with this concern have already been discussed for
each component and will not be reiterated here.

Human-in-the-Loop (HITL) Incorporating human expertise and domain knowledge
is another cross-cutting concern, which is essential to fully exploit the potential
of a behavioral cloning-based prescriptive ML-based system [Wu+22; Mos+23;
Che+23]. It is in particular crucial to align a model with the values and goals of
non-technical experts or, in the case of the goodwill use case, with organizational
strategies. Chen et al. [Che+23] propose a taxonomy along two axes to translate
non-technical expert feedback into machine learning model adjustments or updates:
(1) levels of expert feedback, which can be either domain-level or observation-level
feedback, and (2) types of model updates, which can involve changes to the dataset,
the loss function, or the parameter space.

Domain-level feedback refers to high-level conceptual input provided by domain
experts, such as the importance of specific features or the need to account for partic-
ular constraints. This type of feedback can guide the selection of data and features,
the design of the model architecture, or the choice of the loss function. For example,
in the context of goodwill claim assessment, domain-level feedback might suggest
that certain features, such as the amount of goodwill claimed, should be treated
differently due to their potential to introduce bias. Additionally, specific timeframes
may need to be excluded from the data due to outdated decision strategies or special
non-representative circumstances, such as a pandemic.

Observation-level feedback, in contrast, focuses on specific instances or predictions
made by the model. This type of feedback can be used to refine the model’s
predictions or to identify and address biases in the data. For instance, in the goodwill
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claim assessment use case, observation-level feedback might involve pinpointing
cases where the model’s predictions deviate from expert expectations or where
certain features or decisions are under- or over-represented.

In both cases, XAI serves as an invaluable tool to facilitate the translation of expert
feedback into actionable model adjustments and to validate these adjustments ef-
fectively. Concretely, expert feedback must be implemented in the Bias Mitigation
component of the framework by leveraging the methods discussed in the corre-
sponding section. Moreover, the Selective Classification component also relies on
human input to define an appropriate threshold for the risk-coverage trade-off. This
threshold is critical for determining the level of uncertainty at which the model
should abstain from making predictions and defer to human experts. The selection
of this threshold can have a substantial impact on the model’s performance and its
ability to effectively balance risk and accuracy.

Furthermore, there is a growing body of literature focused on the development and
deployment of machine learning models in a highly automated manner, akin to
the processes used in modern software system development [KL22; KKH23]. How-
ever, a prescriptive machine learning system, particularly one based on behavioral
cloning, may necessitate a more cautious, stepwise development and deployment ap-
proach [Lav+22], along with continuous human oversight. This approach involves
transitioning a model through several stages: development, shadow mode (where
the model operates silently in the background, enabling comparisons between hu-
man and model decisions using XAI), decision support (where the model assists
decision-makers by suggesting actions and providing explanations through XAI),
and finally, automated decision-making (where the model autonomously makes
decisions, remains auditable through XAI, and is constrained in its automation scope
through selective classification) (Figure 3.11). Notably, all stages allow for reverting
to the previous stage if decision contexts change. Each of these stages is guided by
human experts who define bias mitigation strategies to align model decisions with
organizational goals, evaluate and monitor decisions, and ultimately determine an
appropriate risk-coverage trade-off. All in all, human oversight and involvement are
key factors for a successful deployment of a behavioral cloning system, as the lack of
factual outcome data requires consensus among different system stakeholder groups
about the quality and usefulness of the system.
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Fig. 3.11: Staggered rollout process of a prescriptive machine learning system, guided by
human experts.
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Contributions of this Thesis 4
In this chapter, the contributions of this thesis will be presented, focusing on how
they address the different challenges outlined in the previous chapter and implement
the conceptual framework introduced herein. Refer to Table 4.1 for an overview.

This Ph.D. thesis consists of the following contributions:

1. Stefan Haas and Eyke Hüllermeier. “A Prescriptive Machine Learning Approach
for Assessing Goodwill in the Automotive Domain”. In: Machine Learning and
Knowledge Discovery in Databases - European Conference, ECML PKDD 2022,
Grenoble, France, September 19-23, 2022, Proceedings, Part VI. vol. 13718. Lecture
Notes in Computer Science. Springer, 2022, pp. 170–184

Discussion of Contribution 1: In Section 4.1, the first publication introduces the
problem of using machine learning for goodwill claim assessments and proposes
a tailored model that is ordinal, hierarchical, and cost-sensitive. In the spirit of
learning a practicable prescriptive decision model rather than merely replicating
past decisions [Hül21], the proposed model enables the strategic incentivization
of the learner in a specific direction (e.g., customer-friendly or manufacturer-
friendly). This is achieved through the specification of different cost matrices,
which influence instance weights accordingly. Furthermore, the model addresses
data imbalance in goodwill decisions, which, as discussed, is likely introduced by
a bias toward extreme decisions. This is accomplished by implementing a sequen-
tial hierarchy of two models. The first layer determines the qualitative main rank
(“no”,“partial”, or “full” contribution) using an ordinal and cost-sensitive model
based on binary reduction [LL06]. The subsequent regression model then pre-
dicts the exact partial contributions, if required. When examining the proposed
conceptual framework (Figure 3.4), the approach primarily contributes to the
bias mitigation component by addressing data imbalance through the hierarchical
structure and to strategic prescriptive decisions through cost-sensitivity (e.g.,
“How to decide if costs or customer satisfaction are considered more important?”).
Additionally, the hierarchical model, which integrates both ordinal and regression
models, demonstrates a robust awareness of ordinal targets. Human control
and oversight are facilitated through the flexible specification of different cost
matrices, which can be adapted to current contexts and requirements.

83



2. Stefan Haas and Eyke Hüllermeier. “Conformalized prescriptive machine learn-
ing for uncertainty-aware automated decision making: the case of goodwill
requests”. In: International Journal of Data Science and Analytics (2024)

Discussion of Contribution 2: In Section 4.2, the second publication builds
upon the initial model from the first contribution by incorporating uncertainty
quantification. By integrating inductive conformal prediction [Pap08] into the
hierarchical model, it introduces uncertainty awareness, producing either a con-
tiguous set of predictions (qualitative main rank layer) or an interval (partial
contribution regression layer) rather than a single output. To further enhance
the model’s reliability and precision, a selective classification [GE17] technique
is employed, allowing the model to process only those instances deemed to
possess sufficient certainty. The balance between automation and risk is carefully
negotiated through multi-objective optimization. This is achieved by adjusting sig-
nificance levels and selective classification thresholds, which serve as adjustable
parameters to fine-tune the risk-coverage trade-off [EW10]. The trade-off is
visualized through rejection curves [NZH10], enabling human experts to select
the most suitable balance between risk and coverage. This approach provides
decision-makers with a more practical tool compared to marginal coverage guar-
antees. From a prescriptive analytics perspective, the approach also delivers
an actionable outcome: either processing the query automatically when confi-
dence is sufficiently high or delegating it to a human expert when it is not. The
contribution primarily addresses the uncertainty quantification component of
the conceptual framework (Figure 3.4), as it provides a method for quantifying
uncertainty. By employing ordinal and regression-based predictors, the approach
also ensures contiguous sets or intervals, which is in line with current conformal
prediction approaches for ordinal classification [LAP22; DMK23].

3. Stefan Haas, Konstantin Hegestweiler, Michael Rapp, Maximilian Muschalik,
and Eyke Hüllermeier. “Stakeholder-centric explanations for black-box decisions:
an XAI process model and its application to automotive goodwill assessments”.
In: Frontiers in Artificial Intelligence - AI in Business 7 (2024)

Discussion of Contribution 3: In Section 4.3, the third publication emphasizes
the importance of XAI technology for ML-based prescriptive analytics to identify
biases, enhance transparency, and validate machine decisions. Specifically, it
proposes a process model to identify post-hoc explanation methods for an existing
black-box model that are deemed useful by system stakeholders from the set of
available explanation types (e.g., feature importance, counterfactuals) and vali-
dates this approach using the use case of automotive goodwill claim assessments.
The process model is designed to bridge the gap between the variety of available
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explanation types and the identification of those most useful for a specific use
case. So far, the selection and evaluation of explanation methods have been
largely exploratory, e.g., [Mal+21; ZRH22]. However, the proposed process
model provides practitioners with structured yet flexible guidance throughout
the process. In the case of the considered use case, the process model led to
greater acceptance and trust in the prescriptive ML-based system, suggesting the
transferability of the model to other use cases as well.

4. Stefan Haas and Eyke Hüllermeier. “Rectifying Bias in Ordinal Observational
Data Using Unimodal Label Smoothing”. In: Machine Learning and Knowledge
Discovery in Databases: Applied Data Science and Demo Track - European Confer-
ence, ECML PKDD 2023, Turin, Italy, September 18-22, 2023, Proceedings, Part VI.
vol. 14174. Lecture Notes in Computer Science. Springer, 2023, pp. 3–18

Discussion of Contribution 4: In Section 4.4, the fourth contribution introduces
a novel class-wise unimodal label smoothing technique, which is inspired by tradi-
tional label smoothing and grounded in the Geometric distribution. This method
adjusts the label information by redistributing a portion of the probability mass
from the observed label to the neighboring classes in a unimodal manner. This
approach is intended to handle label information in the goodwill claim assess-
ment use case in a presumably more realistic and less stringent way. Moreover,
two heuristics are introduced to mitigate the effects of concept drift over time
and the rounding bias inherent from human expert judgments. Additionally, akin
to the cost-sensitive approach employed in the first contribution, this smoothing
method can be utilized to guide the predictor towards a desired outcome. By
selectively redistributing the probability mass to one side, the model can be
controlled to favor either customer or manufacturer interests, depending on the
context. The proposed method improves on unimodal soft label approaches for
ordinal classification in deep learning proposed so far, and detailed in Table 2.3
of Section 2.2.4.4, as it enables class-wise as well as asymmetric smoothing. Only
the later proposed generalized triangular distribution-based soft labels provide
similar flexibility in terms of shape control of the soft label distribution, class-
wise, and asymmetric smoothing at the cost of requiring complex calculations
to discretize the continuous triangular distributions [Var+23a]. The contribu-
tion further demonstrates the applicability of unimodal soft labeling to Gradient
Boosted Trees (GBTs), which is highly relevant for practitioners. Notably, the
method is not restricted to GBTs; it has also been implemented and successfully
evaluated within the dlordinal library on image datasets. This library unifies
numerous recent deep ordinal classification methodologies [Bér+25].1 Natu-

1https://github.com/ayrna/dlordinal
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rally, this contribution primarily focuses on the bias mitigation component of the
conceptual framework (Figure 3.4) by proposing a method to address the bias
introduced by human experts in the data.

5. Stefan Haas and Eyke Hüllermeier. “Uncertainty quantification in ordinal clas-
sification: A comparison of measures”. In: Int. J. Approx. Reason. 186 (2025),
p. 109479

Discussion of Contribution 5: In Section 4.5, the fifth contribution explores
uncertainty quantification for probabilistic ordinal classification. It enhances the
uncertainty quantification component of the conceptual framework by explicitly
addressing the ordinal nature of the data. Traditional uncertainty measures, such
as Shannon entropy (2.21), confidence (2.22), or margin (2.23) are unsuitable
for this task because they remain invariant under probability mass redistributions
and, therefore, fail to capture the ordinal structure of the data. To the best
of our knowledge, this is the first work to address uncertainty quantification
specifically for the ordinal case, which has been largely overlooked compared
to nominal classification and regression, despite its critical relevance in many
high-stakes applications such as medicine and finance. This work proposes
leveraging measures from the social sciences, particularly those designed for
consensus assessment in Likert-scale surveys [AR22], as uncertainty measures
in ordinal classification. These measures account for both the shape and the
spread of the distribution, making them well-suited to the requirements of
uncertainty quantification for ordinal data. Additionally, this paper introduces
a novel approach that reduces multi-class ordinal uncertainty quantification
to a series of sequentially ordered binary uncertainty quantification problems,
wherein any uncertainty measure applicable to a Bernoulli distribution can be
employed, e.g., entropy or variance. Furthermore, it proposes several axioms
that a proper ordinal uncertainty measure should satisfy and demonstrates that
the proposed methods, unlike nominal measures, adhere to these axioms. The
theoretical contributions are further validated through extensive experiments on
commonly used ordinal tabular benchmark datasets, where the proposed methods
outperform standard nominal uncertainty quantification techniques. Specifically,
they excel in capturing the requirements for exact hit rate and reduced error
spread, which are critical for ordinal classification tasks.

6. Stefan Haas and Eyke Hüllermeier. “Aleatoric and Epistemic Uncertainty Mea-
sures for Ordinal Classification through Binary Reduction”. In: Machine Learning
(2026)

Discussion of Contribution 6: In Section 4.6, the sixth contribution extends
the proposed ordinal binary uncertainty quantification method to distinguish
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between aleatoric and epistemic uncertainty. It builds upon Sale et al.’s frame-
work [Sal+24], which adapts entropy- and variance-based measures of uncer-
tainty [Dep+18] to the binary case. The proposed ordinal approach, using
entropy and variance as binary base measures, is extensively evaluated on com-
monly used ordinal tabular benchmark datasets. It is compared with label-wise
and standard approaches for disentangling aleatoric and epistemic uncertainty.
The results demonstrate that the ordinal approach outperforms other methods
in error detection, achieving a higher exact hit rate (misclassification rate) and
better error spread (mean absolute error). Additionally, the paper reveals that the
common inductive bias in ordinal classification, where predictive probabilities
are constrained to be unimodal by loss functions like QWK or squared EMD,
negatively affects uncertainty quantification. This compression of predictive
distributions reduces the information they convey, thereby hindering the accurate
quantification of uncertainty. In contrast, the CE loss produces unbiased, truthful
predictive probabilities in expectation. Given that ordinal classification has pri-
marily focused on predictions rather than uncertainty quantification, this finding
is both novel and significant. It encourages a re-evaluation of current practices,
especially for high-risk applications in medicine and finance, where accurate
uncertainty quantification is crucial. This work highlights the importance of
future research into alternative loss functions that preserve the informativeness
of predictive distributions.

Tab. 4.1: Mapping of thesis contributions to components of the conceptual framework
(Figure 3.4). BM (Bias Mitigation), UQ (Uncertainty Quantification), SC (Selective
Classification), XAI (Explainable Artificial Intelligence), OTA (Ordinal Target
Awareness), HITL (Human-in-the-Loop).

No. Publication BM UQ SC XAI OTA HITL

1 A Prescriptive ML Approach [SH22] ✓ - - - ✓ ✓

2 Conformalized prescriptive ML [SH24] - ✓ ✓ - ✓ ✓

3 Stakeholder-centric explns. [Ste+24a] - - - ✓ - ✓

4 Rectifying Bias in Ordinal Data [SH23] ✓ - - - ✓ ✓

5 Uncertainty in Ordinal Classif. [SH25] - ✓ ✓ - ✓ -
6 AU and EU for Ordinal Classif. [SH26] - ✓ - - ✓ -
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4.1 A Prescriptive Machine Learning Approach for
Assessing Goodwill in the Automotive Domain

Contributing Article

Stefan Haas and Eyke Hüllermeier. “A Prescriptive Machine Learning Approach for
Assessing Goodwill in the Automotive Domain”. In: Machine Learning and Knowledge
Discovery in Databases - European Conference, ECML PKDD 2022, Grenoble, France,
September 19-23, 2022, Proceedings, Part VI. vol. 13718. Lecture Notes in Computer
Science. Springer, 2022, pp. 170–184

Author Contribution Statement

The initial draft of the paper was written by the author, employing standard super-
vised machine learning techniques to replicate the goodwill claim decisions made by
experts. Prof. Dr. Hüllermeier contributed his expertise in ordinal, hierarchical, and
cost-sensitive learning, which facilitated the development of a custom prescriptive
model tailored to the specific challenges of automotive goodwill claim assessment,
including strong data imbalance, an ordinal target structure, and varying costs asso-
ciated with errors. The author subsequently implemented the model and conducted
all experiments. The entire paper underwent repeated revisions by both Prof. Dr.
Hüllermeier and the author.
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Abstract. Car manufacturers receive thousands of goodwill requests for
vehicle defects per year. At BMW, these requests for repair-cost contri-
butions are either assessed automatically by a set of fixed rules or man-
ually by human experts. To decrease manual effort, which is still around
50%, we propose a machine learning approach with the goal to discover
so far unknown assessment patterns in human decisions. Since the assess-
ment contribution data is heavily imbalanced, we structure the learning
task hierarchically: The first layer’s task is to predict the main rank of the
request (no contribution, partial contribution, or full contribution). Then,
in the case where partial contribution is suggested, the second layer pre-
dicts the concrete percentage using a regression model. To optimize our
model and tailor it to certain strategies (e.g., customer friendly or more
cost oriented), we make use of a custom-defined cost matrix. We also out-
line how the model can be used in a scenario in which it prescribes appro-
priate monetary contributions for requested repair-costs. This can initially
happen in the form of a decision support system (DSS) and, in the next
step, through automated decision making (ADM), where a certain part of
goodwill requests is processed automatically by the prescriptive model.

Keywords: Prescriptive machine learning · Decision support
systems · Automated decision making · Cost-sensitive learning ·
Hierarchical learning

1 Introduction

Rule-based expert systems are used widely in many fields, for example in industry
to assess financial credit risks or in medicine to detect diseases such as breast
cancer or diabetes [1,8]. They arguably constitute the simplest form of artificial
intelligence (AI), storing rules carefully assembled by domain-knowledge in the
form of if-then-else statements. They do not require any data and are naturally
interpretable [2]. This makes them a natural fit for automating decision processes
that need to be auditable, 100% accurate, and which comprise a certain risk,
either financially or for life and limb.
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2023
M.-R. Amini et al. (Eds.): ECML PKDD 2022, LNAI 13718, pp. 170–184, 2023.
https://doi.org/10.1007/978-3-031-26422-1_11
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One such financial rule-based expert system is the central Goodwill system of
BMW. In cases of vehicle defects, dealers carry out goodwill repair on behalf of
customers and in turn get compensated by the original equipment manufacturer
(OEM) for their spare parts and labor efforts. Whether or not customers are
eligible for goodwill compensation is decided automatically on the basis of a
fixed set of expert rules. This automatic rule based assessment is only done
in countries where no legal restrictions against it apply. In case the goodwill
request is rejected in the first place, the final decision is transferred to a so-
called assessor, a human after-sales goodwill expert, who manually looks at the
individual case and determines the monetary contribution of the OEM, if any.
Although a decision matrix to support this manual process is in place in many
sales markets, it is still often a commercial gut decision and not standardized
across markets.

The need for human intervention is due to several problems of a rule-based
approach, notably the difficulty to maintain a coherent set of deterministic rules
capturing all eventualities of a complex commercial use case. Therefore, the data-
driven design of decision models by means of machine learning (ML) appears to
be an appealing alternative to increase the degree of automation. Over the years,
a good amount of historic human decision data has been collected, which can be
leveraged in this regard. The goal hereby is to deduce so far unknown assessment
patterns from observed human decisions that might be too complex to be put
into rules in the first place. Supervised machine learning models can be trained
on the observed decision data and later used in the manual decision process to
prescribe certain monetary contributions. This can either happen in the form
of a decision support system (DSS) or, if trust in the models is high enough,
through automated decision making (ADM), which helps decrease manual human
assessment effort and save costs in the long run.

The goodwill use case qualifies as what has recently been coined prescriptive
machine learning [7]. In contrast to the common setting of predictive machine
learning, the goal is not to predict some underlying ground-truth, but rather to
learn models that stipulate appropriate decisions or actions to be taken in order to
achieve a certain goal (i.e., to answer the question “How to make something hap-
pen?” rather than “What will happen?”). In fact, in the case of goodwill, there is
nothing like a “right” monetary contribution. Instead, a decision is more or less
appropriate, fair for the customer and strategically opportune for the company.
Such decisions are supposed to ensure customer satisfaction while remaining eco-
nomically reasonable from a manufacturer’s perspective. In addition to increasing
the degree of automation, prescriptive models may also contribute to the standard-
ization, consistency, and objectivity of the decision process.

The main contribution of this paper is a prescriptive ML approach to goodwill
assessment, which is based on real human decision data. In the next section,
we describe the goodwill assessment problem in more detail. Next, we outline
how prescriptive ML could be incorporated into the existing process. Then, we
propose an ML method for goodwill assessments, which is specifically tailored to
the use case and properties of the data. Finally, we conclude with related work,
identify challenges and outline directions of future work.
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2 The Vehicle Goodwill Assessment Process

Assessing goodwill requests is an important topic for manufacturers. In case of
BMW, dealers yearly submit thousands of goodwill requests for vehicles that
must be assessed. The question whether goodwill is granted or not, and which
amount, is far from trivial. It is an individual commercial decision that must bal-
ance customer satisfaction and financial impact. In this regard, it is important
to distinguish between warranty, which is a legal obligation for manufacturers,
and goodwill, which is a non-obligatory service manufacturers provide to cus-
tomers outside the warranty time window (usually after 3–5 years). The goal of
compensating customers for product failures outside the warranty time window
is primarily to safeguard customer satisfaction and loyalty with the brand.

At the OEM, handling goodwill on system level is currently a hybrid approach
based on automatic and human manual assessment. The UML Use-Case diagram
in Fig. 1 depicts the process and its actors.

Submit Goodwill 
Request

Automatic Rule-based 
Assessment

<<include>>

Manual Assessment

<<extend>>

Dealer

Assessor

Goodwill System

Condition: 
{Goodwill Request is rejected 

in Automatic Rule-based 
Assessment}

Fig. 1. UML use case diagram for the classic goodwill process.

The standard use case is as follows. Customers arrive at a dealership with
a vehicle defect and request a repair from the dealer. Next, the dealer checks
whether the manufacturer would grant goodwill for this particular defect by
submitting a goodwill request on the behalf of the customer. The data the dealer
has to enter ranges from certain vehicle information like vehicle mileage and
age to estimated labor and parts costs for the repair itself. On system side,
the request is first evaluated against a fixed set of rules (automatic rule-based
assessment). If it goes through and goodwill is granted, the process is finished
and the dealer will be compensated for the repair. If not, the goodwill request is
further processed through a manual assessment. In this case, a human goodwill
after-sales expert checks the request and makes the final decision. The manual
assessment step only extends the automatic rule-based assessment in case of an
automatic rejection in the first place but cannot be requested right from the
beginning. In case of a manual assessment, the dealer also has the possibility
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to send attachments (e.g., a video of rattling engine) and a free text comment
along with the request.

In tangible terms, the result of the goodwill process is a percentage of the
labor and parts cost contributions the dealer requests and the manufacturer is
willing to pay. The set of possible contribution percentages ranges from 0 to
100% in steps of 10%: C = {0, 10, 20, . . . , 100}. For instance, if the dealer has
labor and parts costs of e1,149.82 and e903.30, respectively, and requests labor
and parts cost contributions of 100%, the assessor decides which percentage of
contribution is appropriate by taking all the provided information into account.
He or she might first check the mileage and age of the vehicle, then the respective
defect, whether the vehicle was regularly serviced, and so on. Based on these
checks, he or she decides for a contribution, e.g., 50% for labor and 100% for
parts. In our example, this would lead to a monetary compensation of the dealer
of e574.91 for labor and e903.30 for parts.

To get an idea about the dimensions of automatic vs. manual goodwill assess-
ments, Fig. 2 shows the overall proportion of automatic and manual goodwill
assessments of some selected sales markets.

0 10 20 30 40 50 60 70 80 90 100

Manual Assessments

Automatic Assessments

49.27

50.73

Percentage (%) of goodwill assessment types

Fig. 2. Overall portions (%) of manual and automatic assessments.

Note that the period of data selection is veiled to allow no conclusions. The
portion of goodwill requests that need to be assessed manually is almost as high
(49.27%) as the portion of automatically processed goodwill requests (50.73%).
In total numbers, 688,879 goodwill requests have been created so far, 349,488 of
which were processed automatically by rules and 339,391 manually by a human
expert.

Table 1 breaks down the goodwill numbers per selected National Sales Com-
pany (NSC). The NSC names have been anonymized here by letters (A to E), to
prevent conclusions about goodwill strategies per country. The size of the sales
market naturally influences the number of goodwill cases. From an assessment
perspective it makes sense to look at the goodwill cases on a per sales market
basis, since sales markets have their own goodwill strategies. Therefore, goodwill
compensations is very market specific.
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Table 1. Goodwill assessment numbers by National Sales Company (NSC).

NSC Goodwill requests Automatic Manual Degree of automation

A 35,624 20,998 14,626 58.94
B 76,461 48,666 27,795 63.65
C 84,030 47,278 36,752 56.26
D 437,656 200,831 236,825 45.89
E 55,108 31,715 23,393 57.55
∑

688,879 349,488 339,391 � 50.73 %

3 Prescriptive Machine Learning for Goodwill
Assessment

In this section, we propose to extend the standard goodwill assessment pro-
cess as outlined in the previous section, with prescriptive ML models. First, we
describe how ML models could be integrated into the existing goodwill use case.
Subsequently, we evaluate how well a complex human decision process such as
goodwill assessment can be covered by supervised ML.

3.1 Enhancing the Goodwill Assessment Process

Figure 3 shows a goodwill use case extended by ML in comparison with the
classic use case outlined in Fig. 1. The prescriptive model assessment can either
be included in the manual assessment process or extend the automatic rule-based
assessment.

Submit Goodwill 
Request

Automatic Rule-based 
Assessment

<<include>>

Manual Assessment
<<extend>>

Dealer

Assessor

Goodwill System

Condition: 
{Goodwill Request is rejected in 

Automatic Rule-based 
Assessment}

Prescriptive Models 
Assessment

<<extend>> <<include>>

Condition: 
{Goodwill Request is rejected in 

Automatic Rule-based 
Assessment}

Fig. 3. UML use case diagram for the ML-enhanced goodwill process.
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In the inclusion scenario, the prescriptive model supports the manual assess-
ment through goodwill contribution suggestions that guide the assessor in his or
her decision process. The prescriptive model serves as a decision support system
(DSS) and only informs the assessor about the presumably most appropriate
decision. Accepting the decision is not compulsory for the assessor, who still
possesses the sovereignty over the goodwill decision. Nevertheless, the model
suggestions could help to harmonize and standardize decisions from a business
perspective. Including the prescriptive model assessment in the manual assess-
ment might be a good starting point for making use of ML in the goodwill
process, as the risk of wrong assessments is low and the final decision is still in
the hands of an expert.

In the extension scenario, the model extends the automatic rule-based assess-
ment and takes over cases not decidable by rules. The model assesses goodwill
decisions automatically and supports the process through automated decision
making (ADM). From a business perspective, this is the ultimate goal to aim for,
as it will directly reduce process costs. However, this approach also comes with
the greatest risk, as there is no human expert involved anymore who supervises
the final decisions. Customer satisfaction and financial impact for the manufac-
turer are left to the machine. Leaving the final goodwill decision to a prescriptive
model requires trust that can only be built through an evaluation by business
experts over a long term period.

A combination of inclusion and extension is also conceivable. While ADM
might be feasible in less complex cases, it might be advisable to just integrate
the model as a DSS in more complex scenarios, leaving the final decision to
a human expert. What exactly distinguishes less and more complex goodwill
scenarios is still an open research question.

3.2 Prescriptive Machine Learning

The setting of prescriptive ML deviates from the standard setting of predictive
ML in various ways [7]. This also includes the process of supervision. As already
mentioned, in prescriptive ML, there is not necessarily something like a “ground-
truth” or correct decision, and even if decisions might be compared in terms of
quality or desirability of their implications, there is no guarantee that decisions
made by human experts in the past were optimal. Therefore, taking them directly
as targets for a supervised learning method might not be advisable [11]. In the
case of goodwill, for example, a decision of 50% contribution appears to be
somewhat overrepresented (cf. Fig. 4), letting one suspect that this is often taken
as a default choice for a partial cost coverage, even if it might not necessarily be
the most appropriate percentage. In the following, we will nevertheless assume
that mimicking the expert is a reasonable strategy, at least as a first step toward
a data-driven goodwill assessment, leaving more elaborate approaches for future
work.

Under this premise, the problem is essentially reduced to a supervised learn-
ing task, with the observed human goodwill decisions

D =
{
(x1, y1), . . . , (xn, yn)

}
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as training data. Instances are goodwill requests entered by the dealer and repre-
sented as a feature vector x ∈ X ⊆ Rm. These instances are labeled by assessed
contribution percentages, which serve as the target variable y ∈ Y ⊆ R. The
goal of the ML task is to learn a decision model h∗ ∈ H, where H is the class
of candidate models (referred to as hypothesis space in the common setting of
supervised learning). This model is a mapping X → Y supposed to approxi-
mate the training data and, more importantly, generalize well to new decision
problems. Like in supervised learning, we model the performance of a model h
in terms of a loss (error) function l : Y × Y → R+, so that l(y, ŷ) denotes the
penalty incurred by the learner for prescribing ŷ when the expert decides y. The
choice of a presumably optimal model h∗ is commonly guided by the empirical
risk

R(h) :=
1

n

n∑

i=1

l(yi, h(xi)) (1)

as an estimate of a model’s performance. This measure is normally not minimized
directly by the learner, however, because the empirical risk minimizer h∗ =
arg minh∈H R(h) is knowingly prone to overfitting the training data, and hence
to suboptimal generalization.

3.3 Human Goodwill Decision Data

Table 2 shows the features used for the ML task. In the first step, we will only
look at the hard facts, such as vehicle mileage, vehicle age, the defect code, the
costs, and the requested labor and part contributions. The raw data entered
by the dealer will be enriched with further vehicle data that can be derived
from the vehicle identification number (VIN), including the vehicle model type,
the series, the motor series, the order country of the vehicle, the sales country
of the vehicle, and whether the vehicle is a car or motorbike. The free-text
dealer comment and attachments will be ignored for now, because they can be
considered as “soft” facts. Besides, they are not immediately usable and require
sophisticated post-processing techniques such as NLP. The rest of the data is a
mixture of categorical and numerical data and qualifies as tabular data.

The features are pre-processed as follows: Numeric data is scaled using min-
max-scaling (e.g., Parts, Labor and Total Costs), low cardinality categorical
features are encoded using one-hot-encoding (e.g., Customer Type or Requested
Labor and Parts Contributions), and high cardinality features are hashed (e.g.,
Defect Code or Vehicle Series).

Turning our attention to the target variable, Fig. 4 shows how the overall con-
tributions are distributed over the possible percentages Y = {0, 10, 20, . . . , 100}.
Obviously, the data is heavily imbalanced, and contributions other than 0% and
100% are rarely used. Among the rare contributions, the 50% decision sticks
out and appears a bit more frequently, whereas 90% is the least frequent con-
tribution. As already said, this may reflect a common human pattern: If not
being exactly sure what to grant, people tend to opt for a compromise in the
middle. Another pattern one can observe is a kind of “generous rounding” to
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Table 2. Features used for model training.

Attribute Data type Description

Vehicle Mileage Numeric (continuous) 12,500
Vehicle Age Numeric (continuous) 48

Enquiry Indicator Categorical (ordinal) Request after or before the repair
Warranty Stage Categorical (nominal) Standard or Extended Goodwill
Product Type Categorical (nominal) Car or Motorbike

Regular Service Categorical (nominal) Yes or No
Sales Country Categorical (nominal) NL
Order Country Categorical (nominal) BE

External Guarantee Categorical (nominal) Yes or No
Vehicle registered to customer Categorical (nominal) Yes or No

Vehicle Model Type Categorical (nominal) FG81
Vehicle Series Categorical (nominal) G21
Motor Series Categorical (nominal) N57T

Mobility provided Categorical (nominal) Yes or No
Defect Code Categorical (nominal) 1178031500

Defect Code (Main and sub group only) Categorical (nominal) 1178
Shared last expenses Categorical (nominal) Yes or No

Customer Type Categorical (nominal) Regular, Transit or International
Requested Labor Contribution (per cent) Categorical (nominal) 60%
Requested Parts Contribution (per cent) Categorical (nominal) 60%

Dealer Labor Contribution (per cent) Categorical (nominal) 40%
Dealer Parts Contribution (per cent) Categorical (nominal) 40%

Parts Costs Numeric (continuous) e903.30
Labor Costs Numeric (continuous) e1,149.82

Requested Open Time Units Numeric (discrete) 5
Dealer Open Time Units Numeric (discrete) 2

Additional service costs, e.g., replacement car Numeric (continuous) e460.30
Total Costs Numeric (continuous) e3,682.89

“meaningful” contributions, namely, 0%, 30%, 50%, 70%, 100%. Other contri-
butions, such as 10% and 90%, are even more rare, probably because these are
considered somewhat pedantic. In any case, the rare contributions are likely to
carry important information, as they reflect subtle human instinct, and they are
key to safeguard customer satisfaction. There is also an apparent tendency to
contribute rather than not contribute from manufacturer’s perspective, as the
100% bar is noticeably higher than the 0% bar. This is the case for labor as well
as parts. However, for parts the tendency is stronger than for labor.

3.4 Hierarchical Cost-Sensitive Learning

From the description of the task and the data, it becomes clear that goodwill
assessment comes with a number of important challenges from a machine learn-
ing perspective. First, looking at the scale of the target variable (contribution
in percentage), the problem is somehow in-between ordinal classification and
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Fig. 4. Distribution of goodwill contributions for Labor and Parts at BMW.

regression: In principle, the target is numerical, but not all numbers between 0
and 100 are deemed valid prescriptions. Therefore, one may also think of tack-
ling the task as a problem of ordinal classification with 11 class labels sorted in
increasing order from lowest (0%) to highest (100%).

Related to the interpretation of the scale is the question of how a suitable loss
function should look like. Obviously, a standard measure such as misclassifica-
tion rate (0/1 loss) is inappropriate, even if the task is treated as a classification
problem, because the loss function should take the linear structure of the con-
tribution scale into account. Squared or absolute error as commonly used in
regression do not appear to be perfect choices either, as one may argue that
there is not only a quantitative but also a qualitative difference between the 0%
decision, the 100% decision, and the decision of a partial contribution. This sug-
gests a cost-sensitive approach, in which a cost (loss) function Y × Y → R+ is
explicitly defined in “tabular” form. As an additional advantage, this allows for
incentivising the learner in a strategic way, e.g., to constructing more customer-
friendly or more cost-oriented decision models.

Another challenge is the class imbalance. Imbalanced data makes learning
more difficult, and many algorithms have a tendency to compromise the accu-
racy of small classes in favor of bigger classes [12]. This would be especially
problematic in the case of goodwill assessment, enforcing extreme decisions at
the cost of partial contributions. Common approaches to deal with imbalanced
data include up-sampling of the minority classes or down-sampling of the pre-
dominant classes in order to balance the data [13]. Similar effects can be achieved
by adding weights to the training examples, making the underrepresented exam-
ples more important and the overrepresented less.
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To tackle both problems, cost-sensitivity and imbalance, we propose a hierar-
chical approach with a qualitative (categorical) first layer and a quantitative sec-
ond layer. In the first layer, we solve an ordinal 3-class classification (or ranking)
problem, distinguishing between classes NO (no contribution, rank 1), PARTIAL
(partial contribution, rank 2), and FULL (full contribution, rank 3). Obviously,
this problem is more balanced, because all contributions between 10% and 90%
are collected in a single class.

In the case where an instance is assigned to PARTIAL in the first layer, it is
forwarded to the second layer, where the concrete percentage of contribution is
determined. Thus, while an instance x is mapped to a rank r(x) ∈ {1, 2, 3} in
the first layer, x is mapped to any of the numbers {10, 20, . . . , 90} in the second
layer. The latter task can be formalized as a (constrained) regression problem.

The first problem, where an example (x, y) consists of an input vector x ∈ X
and an ordinal label y ∈ Y = {1, 2, ...,K} (in our case {NO,PARTIAL,FULL},
i.e., K = 3), provides us with the opportunity to use the cost-sensitive ranking
framework presented in [9]. This framework allows one to specify a cost matrix
in a flexible way, which is especially convenient in our case. In fact, by utilizing
a custom defined K × K cost matrix C, we can configure the mislabeling cost
according to our strategy, e.g., rather customer-friendly or more cost-oriented
from manufacturer’s perspective. The cost of predicting an example (x, y) as
rank k is given by the entry Cy,k in the cost matrix. Table 3 shows two distinct
strategies for goodwill assessments. The cost matrix on the left side shows a
customer-friendly strategy, where the learner is strongly penalized when pre-
scribing NO instead of FULL (C3,1 = 30). On the right side, the cost matrix
implements a more cost-orientated approach, where the learner is penalized the
most for the decision FULL instead of NO (C1,3 = 30). Note that the result of
the regression model for the PARTIAL values (k = 2) will be mapped back to
the interval C2,2 = [0, 5] to also integrate the regression into the overall cost-
sensitive ranking framework. By the width of the interval, we can configure how
much importance we give to the exact prediction of the values of the regression
layer. Figure 5 visualizes the structure of the proposed hierarchical approach.

Table 3. Different assessment strategies specified by different cost functions: customer-
oriented with higher penalization of contributions that are loo low (left) vs.
manufacturer-oriented with higher penalization of contributions that are too high
(right).

Prescribed
NO PARTIAL FULL

A
ct

ua
l NO 0 5 10

PARTIAL 10 [0,5] 5
FULL 30 10 0

Prescribed
NO PARTIAL FULL

A
ct

ua
l NO 0 10 30

PARTIAL 5 [0,5] 10
FULL 10 5 0



180 S. Haas and E. Hüllermeier

Preprocessing

Binary Classification

Binary Classification

Ranking Regressionx ŷ

1. NO
2. PARTIAL
3. FULL

[[1,0,0],
[0,1,0],
[0,0,1]]

Fig. 5. Overview of the hierarchical cost-sensitive approach.

The approach [9] to ordinal classification is based on a reduction to weighted
binary classification. More specifically, a binary classifier

f : X × {1, . . . , K − 1} → {0, 1}

is trained that accepts extended instances (x, k) as input. As output, the classifier
is supposed to produce 1 (answer “yes”) if the true rank of x exceeds k and
0 (answer “no”) otherwise. The actual rank of a query instance can then be
determined by applying the following ranking rule:

r(x) = 1 +
K−1∑

k=1

f(x, k). (2)

To train the classifier, the original data is extended as follows: Each original
example (x, y) is turned into extended examples (xk, yk) with weights wy,k,
where1

xk = (x, k), yk = �k < y�, wy,k = |Cy,k − Cy,k+1| .
The weights wy,k control the importance of an example during the training
phase of the binary classifier. The higher the cost difference between two adja-
cent ranks, the larger the weights and therefore the importance of a particular
example.

Incorporating domain knowledge, we propose the following small modification
of the ranking rule (2): As the proposed contribution essentially never exceeds
the contribution q requested for x, we set

r(x) = min
{
1 + f(x, 1) + f(x, 2), q

}
. (3)

For the second layer of our model, any regression method can in principle
be used. For the exact inference of the partial contribution values, we round
and constrain the regression model’s output to the set of possible contributions
{10, . . . , 90}. Also, like for the prescription of ranks, we make sure that the
prescription does not exceed the requested contribution q:

ŷ = min

{
�f(x)

10
� · 10, q

}
(4)

1 �·� denotes the indicator function returning 1 if the argument is true and 0 otherwise.
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4 Evaluation and Results

In this section, we evaluate our hierarchical cost-sensitive approach on BMW’s
goodwill data sets. For training the classifier f (and ranker r) in the first layer,
a learning algorithm is needed that is able to handle weighted examples. In our
experimental study, we used extreme gradient boosting (XGBoost) [3], a versatile
method that proved to work very well on tabular data and also outperforms deep
neural networks in this context [10]. Another advantage is that XGBoost can be
used for both classification and regression, hence we could use it for training the
first as well as the second layer of our model.

Tables 4 and 5 show the results of a ten-fold cross validation in terms of the
mean and standard deviation of various performance metrics. The first metric of
interest is the cost of the model’s prescriptions according to the underlying cost
function—here, we present results for the cost matrix (a) in Table 3 (those for
matrix (b) look very similar). The middle part of the matrix, i.e., the cost for
assessments involving a partial contribution, is filled with the absolute error of
the regression model scaled to the specified interval (in this case [0, 5]). As the
cost values are measured on an abstract scale without interpretable dimension,
we also report the mean accuracy (ACC) for the ranking part and the mean
absolute error (MAE) for the regression model (on a scale from 10 to 90), thereby
making the results more tangible. Overall, our model shows a quite satisfactory
performance.

Table 4. Evaluation metric results obtained for Labor.

Ranking Regression Costs

NSC ACC SD MAE SD C SD

A 0.887 0.032 0.942 0.24 1.133 0.303
B 0.904 0.014 5.094 0.524 1.018 0.221
C 0.926 0.028 4.519 0.454 0.725 0.271
D 0.857 0.009 1.306 0.19 1.321 0.09
E 0.881 0.047 7.161 1.755 1.064 0.398

Mean 0.891 0.026 3.8044 0.6326 1.0522 0.2566
Median 0.887 0.028 4.519 0.454 1.064 0.271

As already explained, the cost function can be used to tailor a decision
model to certain strategies, e.g., making it more customer-friendly or more
manufacturer-friendly (cost-oriented). To evaluate this feature, we looked at
the confusion matrices obtained for the cost functions in Table 3. As can be
seen in Table 6, the confusion matrix for the customer-friendly cost matrix is
indeed more geared to the right, showing a tendency toward higher ranks and
consequently higher contributions. In contrast, the matrix for the cost-oriented
strategy is more geared towards the left side, with lower ranks and thus less
contributions.
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Table 5. Evaluation metric results obtained for Parts.

Ranking Regression Costs

NSC ACC SD MAE SD C SD

A 0.889 0.035 1.265 0.249 1.059 0.452
B 0.869 0.016 5.691 0.485 1.215 0.158
C 0.949 0.023 6.522 0.711 0.552 0.183
D 0.872 0.011 4.625 0.313 1.154 0.078
E 0.887 0.055 7.041 1.732 1.001 0.51

Mean 0.8932 0.028 5.0288 0.698 0.9962 0.2762
Median 0.887 0.023 5.691 0.485 1.059 0.183

Table 6. Different parts ranking confusion matrix depending on the assessment strat-
egy (for NSC A): customer-oriented (left) vs. manufacturer-oriented (right).

Prescribed
NO PARTIAL FULL

A
ct

ua
l NO 494 47 45

PARTIAL 0 286 34
FULL 2 13 541

Prescribed
NO PARTIAL FULL

A
ct

ua
l NO 526 40 20

PARTIAL 6 295 19
FULL 11 34 511

5 Conclusion and Future Work

In this paper, we described the existing rule-based and manual goodwill assess-
ment process at BMW and how it can be extended through prescriptive machine
learning models. This can either happen in the form of a decision support sys-
tem, automated decision making, or a combination of both. Furthermore, we
proposed a hierarchical, cost-sensitive approach for learning prescriptive models
from human goodwill decisions, which accounts for the specific structure of the
decision space, counteracts class imbalance, and allows for tailoring strategies
to different value systems and market situations (e.g., customer friendly vs. cost
oriented).

Motivated by our encouraging results, we plan to address the following chal-
lenges in future work.

– Trust and Explanation: We noticed that business experts do not immediately
trust a prescriptive ML solution. Therefore, involving business experts in the
development and evaluation process is important, not only to improve the ML
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solution itself, but also to foster trust in it. Explainability will play a key role
in this regard, making machine learning more transparent and accessible to all
stakeholders involved [5]. In fact, decisions need to be explained, and different
parties may have different needs for explanation. For a dealer, feedback about
the most important attribute that led to the rejection of the request might be
enough, whereas an auditor needs to understand the whole reasoning process
in detail.

– Uncertainty : Although the decision models we trained perform very well,
showing the high potential of automated decision making, not all decisions
appear to be perfect all the time. Therefore, it would be desirable to increase
the uncertainty-awareness of decision models, so that final decisions could be
transferred to the human expert in cases of high uncertainty [6].

– Weak supervision: As already mentioned, human goodwill decisions might
be biased in one way or the other and should not necessarily be taken as
a gold standard. Additionally, the data may contain concept drift due to
strategy changes in the assessment process over time. Therefore, past deci-
sions should be considered and modeled as weak information about the target
rather than an incontestable ground truth, suggesting the use of methods for
weakly supervised learning [14] in prescriptive modeling.

– Fairness: Another important question concerns the notion of fairness in the
goodwill decision process. There might be different strategies toward fair-
ness, depending on the sales market. For instance, some markets might want
to treat all customers equally, independently of the money they spent for a
vehicle, whereas others might want to prefer customers with higher priced
vehicles in the goodwill process. It needs to be investigated whether or not
models can be tailored to such strategies automatically, or if a manual inter-
vention is required [4].
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Abstract
Due to the inherent presence of uncertainty in machine learning (ML) systems, the usage of ML is until now out of scope for
many critical (financial) business processes. One such process is goodwill assessment at car manufacturers, where a large part
of goodwill cases is still assessed manually by human experts. To increase the degree of automation while still providing an
overall reliable assessment service, we propose a selective uncertainty-aware automated decision making approach based on
uncertainty quantification through conformal prediction. In our approach, goodwill requests are still shifted to human experts
in case the risk of a wrong assessment is too high. Nevertheless, ML can be introduced into the process with reduced and
controllable risk. We hereby determine the risk of wrong ML assessments through two hierarchical conformal predictors that
make use of the prediction set and interval size as the main criteria for quantifying uncertainty. We also utilize conformal
prediction’s property to output empty prediction sets if no prediction is significant enough and abstain from an automatic
decision in that case. Instead of providing mathematical guarantees for limited risk, we focus on the risk vs. degree of
automation trade-off and how a business decision maker can select in an a posteriori fashion a trade-off that best suits the
business problem at hand from a set of pareto optimal solutions. We also show empirically on a goodwill data set of a BMW
National Sales Company that by only selecting certain requests for automated decision making we can significantly increase
the accuracy of automatically processed requests. For instance, from 92 to 98% for labor and from 90 to 98% for parts
contributions respectively, while still maintaining a degree of automation of approximately 70%.

Keywords Uncertainty quantification · Conformal prediction · Selective classification · Prescriptive machine learning

1 Introduction

Many business processes in industry are still based on man-
ual human execution steps, checks and assessments. These
manual processes are often in place for years, if not decades.
Hence, a lot of historical transactional data slumbers in IT
systems that could be used to design data driven decision
agents using supervised machine learning (SML). Trained
machine learning (ML) models can then be used to either
fully automate business processes through automated deci-
sion making (ADM) or at least to assist during the process in
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the form of a decision support system (DSS), where unlike
in ADM the human expert is still in control over the final
decision. Automating business processes is beneficial since
it reduces process costs and potentially also increases stan-
dardization. Consequently, there is a noticeable shift from
the usage of ML for predictive modeling towards prescrip-
tive modeling, where appropriate actions are supposed to be
triggered in realworld scenarios. This trend has recently been
coined prescriptive machine learning [17].

Nevertheless, the usage of data-induced decision agents
is not free of risk. The decisions of an ML model cannot be
considered correct all the time, for instance, there might be
issues related to the (training) data, such as data and con-
cept drift or shift, inadequate or wrong supervision (human
decisions cannot always be considered as ground truth) or
even inherent non-determinism in the dependency between
input and output. This last uncertainty is often referred to as
aleatoric uncertainty. Uncertainty with regards to the qual-
ity and amount of training data is known as approximation
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uncertainty. Identifying the right type of model for a par-
ticular problem is referred to as model uncertainty. Both
previous uncertainties can be attributed to epistemic uncer-
tainty, which is reducible unlike aleatoric uncertainty [18].

With the before mentioned uncertainties, it is hardly con-
ceivable that high-stake business domains will immediately
go from a purely manual human decision process to a fully
ML automated process at once since this would entail a lot of
(financial) risk. A practical approach could be to first auto-
mate rather clear or certain cases and still leave the more
complex or uncertain cases to a human expert. In recent years,
the topic of uncertainty quantification in machine learning
has gained a lot of attention [12, 22, 33]. The capability of
a machine learning model to quantify its uncertainty related
to a certain query could be utilized to quantify the risk of
a wrong decision. Knowing the potential risk of a wrong
decision for a particular query could then serve as a means
to distinguish between fully automated decision making and
decision support. Roughly speaking,when the risk of awrong
decision is high, themachine learningmodel is (at most) sup-
posed to be used as a decision support and the final decision
must be left to a human expert. In contrast, if the risk of a
wrong decision is considered low, the process can be fully
automated through automated decision making.

A versatile method for quantifying uncertainty, that is
also widely used in practice, is conformal prediction [8,
9, 20, 23, 36]. As a foundation, conformal prediction only
requires a model that is capable of outputting heuristic prob-
abilities which makes it almost model agnostic and broadly
applicable. Consequently, in this paper we will evaluate
how uncertainty quantification with conformal prediction
can be used to draw an uncertainty-aware decision boundary
between automated decision making and decision support,
where the final decision is still up to a human expert. We will
do this bymeans of a case study using a goodwill data set of a
BMW National Sales Company (NSC) containing customer
goodwill requests and manual contribution decisions made
by human experts.

2 Machine learning for automated decision
making

In many business domains there is a demand for automat-
ing repetitive tasks through machine learning with the main
goal to free work force and thereby save costs. One such
exemplary business process is goodwill assessment, where a
(car) manufacturer compensates customers in cases of prod-
uct related queries outside of the warranty window (usually
after 3–5years). The aim of granting goodwill is to keep cus-
tomers satisfied and loyal to the brand. To a large extent, these
goodwill assessments are still carried out manually at BMW.
Business experts check the goodwill requests, which contain

extensive information regarding the vehicle and the present
problem, and subsequently grant a certain repair cost contri-
bution percentage (binned to ten percent steps, i.e., elements
of Y = {0, 10, 20, . . . , 100}) separately for labor and parts.

Since this manual process is in place for years, there is
plenty of data that can be used for machine learning. This
data comes in the form

D = {
(x1, y1), . . . , (xn, yn)

}
,

with goodwill requests represented as feature vectors xi ∈
X ⊆ Rm and observed human goodwill decisions as labels
yi ∈ Y . This is exactly the type of data commonly assumed in
the setting of supervised machine learning, where the goal is
to learn an optimal predictor h∗ ∈ H maximizing predictive
accuracy, or, more generally, minimizing the expected loss
(risk)

R(h) := E(x,y)∼P l(y, h(x)) , (1)

where l : Y × Y → R is a loss function and the expectation
is taken with respect to the data generating process P (a joint
probability measure on X × Y). Moreover, H ⊂ YX is the
set of predictors (mappings X → Y) the learner can choose
from; this set is also called the hypothesis space in machine
learning.

As already said, the goodwill use case qualifies aswhat has
recently been coined prescriptive machine learning [17]. In
contrast to the common setting of predictive machine learn-
ing, the goal is not to predict some underlying ground-truth,
but rather to learn models that stipulate appropriate decisions
or actions to be taken in order to achieve a certain goal. In
fact, in the case of goodwill, onemay argue that there is noth-
ing like a “right” or “true” monetary contribution, nor is a
decision either right or wrong. Instead, a decision is more or
less appropriate, fair for the customer and strategically oppor-
tune for the company. From this point of view, one may also
question the idea of learning a model that seeks to mimic the
human expert, taking her decisions as a target for prediction
[34], all the more since these decisions appear to be biased.
For example, we found that a decision of 50% contribution is
somewhat overrepresented in the data, letting one suspect that
this is often taken as a default choice for a partial cost cover-
age, even if it might not necessarily be the most appropriate
percentage. In the following, we will nevertheless assume
that mimicking the expert is a reasonable strategy, at least as
a first step toward a data-driven goodwill assessment, leaving
more elaborate approaches for future work.

Under this premise, the problem can essentially be tackled
by methods for supervised learning, which, in one way or the
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other, replace the true risk (1) as a target of optimization by
the empirical risk

Remp(h) := 1

n

n∑

i=1

l(yi , h(xi )) .

As opposed to the true risk, which requires knowledge of P ,
the latter can be computed on the training data.

3 Uncertainty in automated decisionmaking

Since Remp(h) is only an estimation of the true risk R(h),
the empirical risk minimizer

ĥ := argmin
h∈H

Remp(h)

(or the minimizer of any variant of the empirical risk) will
at best approximate but not equal the true risk minimizing
hypothesis

h∗ := argmin
h∈H

R(h) .

Consequently, there is uncertainty related to a presumably
sub-optimal model ĥ, the prescriptions of which might not
always be appropriate. Hence, in business processes like
goodwill assessment, where wrong decisions might heavily
impact customer satisfaction and also have a financial impact
on the manufacturer, deploying prescriptive models without
any safety mechanisms is hard to conceive.

From a risk minimizing perspective it is reasonable to
equip the model with a reject option and to abstain from
an automatic decision in case the uncertainty related to a
query x is too high. Abstaining from decisions and trading
off coverage for higher classification accuracy is also known
as selective classification [11]. A standard selective classifier
consists of a classifier function f and a binary selection func-
tion g : X → {0, 1} which controls whether the classifier f
abstains from a prediction or not:

( f , g)(x) :=
{
f (x) if g(x) = 1

∅ if g(x) = 0
.

In our specific assessment use case, since there is already
a manual human assessment process in place, rejection
means to forward the query to a human expert for a man-
ual assessment. The whole assessment process could hereby
be considered as a piecewise function a(x), with the sub-
functions ĥ(x) and m(x) for automatic prescriptive machine
learning and manual human assessment, respectively:

a(x) = (ĥ,m, g)(x) :=
{
ĥ(x) if g(x) = 1

m(x) if g(x) = 0
.

Whether the input x is selected for prescription or not
depends on a risk assessment with regard to x and ĥ(x).
In case the risk Rĥ(x) associated with a query x exceeds a
predefined risk threshold δ, the query is not supposed to be
processed automatically and the selection function will make
the system abstain:

gδ(x) :=
{
1 if Rĥ(x) ≤ δ

0 otherwise
.

A tradeoff between reliability and degree of automation is
inherent in an ML-enhanced assessment process a(x). Since
ML results produced by ĥ(x) will most likely not be per-
fect all the time, there is a serious risk of wrong (maybe
costly)MLdecisions thatmight significantly impact the over-
all reliability of the process. This loss in reliability can be
circumvented by shifting requests with high risk to human
experts m(x), which in turn will come at a loss of automa-
tion. In order to maximize the degree of automation while
still maintaining sufficient reliability in the decision process,
accurately quantifying the risk related to a request x is cru-
cial. For business domains it is of great interest to find an
optimal degree of automation vs. risk of inappropriate deci-
sions depending on the criticality of the business process and
its associated costs. This trade-off between risk and degree of
automation is also known as the risk-coverage (RC) trade-off
[11].

4 Reliable decisionmaking using conformal
prediction

In the following, we will outline our selective uncertainty-
aware approach to automated decision making. We will start
with enhancing our existing hierarchical model with con-
formal prediction, which allows us to quantify uncertainty
associated to queries. In the next step, we will turn these
uncertainties into risk values. Finally, we discuss howwe can
optimize the trade-off between risk and the degree of automa-
tion on the system level using multi-objective optimization.
In the end, it is then up to a business decision maker (DM) to
select a Pareto-optimal solution that best suits the use case
at hand.

4.1 Conformal prediction for uncertainty
quantification

One method that is widely used to quantify uncertainty is
conformal prediction [3, 32, 36]. Unlike in a standard clas-
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sification scenario, where a predictor outputs a single class
(point prediction), conformal prediction outputs a prediction
set �ε(x) which is guaranteed to contain the correct label y
with a probability of 1 − ε, where ε > 0 is a user-defined
significance level or error rate. For instance, ε = 0.05means
that the algorithm is allowed to make at most 5% invalid pre-
dictions on average. More formally, prediction sets �ε(x)

are guaranteed to fulfill the following property, which is also
referred to as marginal coverage:

1 − ε ≤ P(y ∈ �ε(x)) ≤ 1 − ε + 1

n + 1
,

where n is the number of training examples seen by the learn-
ing algorithm so far.

The construction of prediction sets relies on so-called non-
conformity scores s(x, y) ∈ R, which can be interpreted as
a measure of plausibility of the input/output pair (x, y) in
light of the data D seen so far: the higher the value s(x, y),
the less the (hypothetical) data point (x, y) “fits” the (truly
observed) training data. The standard inductive conformal
prediction (ICP) algorithm consists of the following steps [1,
29, 30]:

1. Split the available data into a training, calibration, and
test data set.

2. Induce a predictive model h on the training data.
3. Define a score function α = s(x, y) ∈ R, where larger

scores mean higher non-conformity of (x, y); for exam-
ple, if h is a scoring classifier, s(x, y) could be given by
the score assigned to y by h(x).

4. Compute the critical value q̂ as the 	(n+1)(1−ε)

n empirical

quantile (which is essentially 1 - εwith a small correction)
of the true calibration scores α1 = s(x1, y1), . . . , αn =
s(xn, yn)

5. Use the critical value q̂ to calculate the prediction sets
for new before unseen examples:

�ε(x) = {y : α = s(x, y) ≤ q̂}

The value q̂ plays the role of a p-value as known from
statistical hypothesis testing. Such a p-value can also be asso-
ciated with every candidate outcome:

p(x, y) = #
{
i ∈ {1, . . . , n + 1} | αi ≥ αn+1 = s(x, y)

}

n + 1
.

Thus, p(x, y) corresponds to the percentage of (real) data
points that are at least as nonconforming as (x, y). Con-
sequently, the smaller p(x, y), the less plausible y can be
considered as an outcome for x, and the p-values of all can-
didate outcomes y ∈ Y allows one to sort them from most
plausible to least plausible.

The prediction set �ε(x) is obtained by cutting p-values
at the threshold q̂ , thereby dichotomising Y into plausible
and implausible candidates. Ideally, �ε(x) is a singleton set,
suggesting that there is exactly one plausible outcome while
all other can be excluded. This is a case in which the learner
can decide in an unequivocal way. More generally, the larger
|�ε(x)|, themore uncertain the learner is. Obviously, the size
of �ε(x) is also influenced by the error probability ε: The
smaller ε, the larger �ε(x) tends to be.

Interestingly, the prediction set can also be empty
(�ε(x) = ∅). This happens in cases where a query x cannot
be combined into a sufficiently conforming tuple (x, y) with
any of the candidates y, e.g., because x itself is an atypical
case. Obviously, just like overly large prediction sets �ε(x),
empty predictions indicate a high level of uncertainty, sug-
gesting to the learner that it might be better to abstain.

Let us finally make a remark on the error probability ε,
which, as already mentioned, has a direct influence on the
size of the prediction sets—and hence the probability that
a learner may abstain from taking action. In conformal pre-
diction, this value is normally quite small, with 0.1 and 0.05
being typical choices. Such values are also common in sta-
tistical hypothesis testing, so as to guarantee a low type-I
error probability. While keeping the error probability low is
reasonable in general, and indeed important in many appli-
cations, larger values of ε might be quite meaningful in
applications such as goodwill assessment. Here, ε can also be
seen as a parameter controlling the degree of automation and
hence the workload of the human expert to whom ambiguous
cases are transferred. In principle, ε can then also be tuned
to the availability of human resources. Starting with a very
small ε close to 0, all prediction sets will be full (�ε(x) = Y)
and hence all cases rejected. By increasing ε step by step, the
learner will become less cautious and exclude outcomes in a
more aggressive way, thereby increasing the number of cases
that can be decided automatically (and decreasing the work-
load of the human expert). If human resources are limited,
this might be the only way to achieve the necessary level of
automation.

4.2 The hierarchical assessment model

For the model training step, we will re-use the hierarchi-
cal approach already outlined in [13]. It uses a qualitative
ranking layer to predict the three main goodwill contribu-
tion ranks Yrank = {1, 2, 3} = {NO,PARTIAL,FULL} and
a subsequent quantitative regression layer for an exact pre-
diction of the PARTIAL goodwill contributions (Ypartial =
{10, 20, . . . , 90}).

This hierarchical approach to goodwill assessment was
chosen because the data is heavily imbalanced, with many
0 and 100% contributions on the one side and fewer, more
widely distributed partial contributions on the other side [13]
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Fig. 1 Distribution of the past contributions before and after the hierarchical restructuring

(cf. Fig. 1a). Combining the partial contribution data in the
first layer counteracts this imbalance (cf. Fig. 1b).

Structuring the model hierarchically also makes sense
from a risk assessment perspective, because errors in the
qualitative ranking layer (e.g., NO vs. FULL contribution)
potentially have a greater impact than errors in the quantita-
tive regression layer (e.g., 50% vs. 80% contribution), both
financially and on customer satisfaction.

In the hierarchical model, ranking is reduced to binary
classifications using the framework presented in [25]:

r(x) = 1 +
K−1∑

k=1

f (x, k) . (2)

Here, f is a binary predictor trained to answer the ques-
tion whether the true rank of x exceeds k (in which case
f (x, k) = 1, otherwise 0). Data for training f is constructed
from the original training data. To this end, K − 1 new train-
ing examples are produced for each original training example

(x, y), one for every k1:

xk = (x, k), yk = �k < y�, wy,k = |Cy,k − Cy,k+1| .

Here, wy,k is the weight of the training example,2 which
is derived from the original cost-matrix: Cy,k is the cost of
predicting k when the ground-truth is y (see Implementa-
tion section for an example of a neutral cost matrix). Using
this cost sensitive approach for training the models, differ-
ent strategies can be implemented, e.g., customer friendly vs.
cost oriented.

Figure 2 summarizes the architecture of our uncertainty-
aware approach with each model layer being equipped with
an additional risk assessment and reject option. The model
can abstain from a decision when the risk assessment step

1 �·� denotes the indicator function returning 1 if the argument is true
and 0 otherwise.
2 The binary classifier used must hence be able to handle weighted
examples.
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Fig. 2 Overview of uncertainty-aware goodwill assessments with reject option

indicates a too high risk for a wrong assessment. Rejecting a
decision in our case means to forward the query to a human
expert formanual assessment. Nonetheless, themodel output
can be used to assist the expert in the form of a decision
support system (DSS). In this case, the human expert is in
full control of the final decision but also gets the model’s
output presented to support her in the decision process.

4.3 Conformalizing the hierarchical model

A core engineering task, which has a major influence on the
quality of conformal prediction, is to build a good noncon-
formity function that entails all known information about the
data and the model. Based on the outputs of the nonconfor-
mity function, the critical value q̂ that controls the outcomes
to be put into the final prediction set is determined.

4.3.1 Conformalizing the ranking layer

Recall the binary predictor that we use to define the rank-
ing function (2). We realize this predictor by training a
probabilistic classifier, i.e., by setting f (x, k) = �p(y =
1 | x, k) > 1/2�, where p(y = 1 | x, k) is the (predicted)
probability that the rank of x exceeds k. To define a non-
conformity score for the ranking layer, we refer to these
probabilistic predictions:

srank(x, y) :=
∣∣∣∣∣

(

1 +
K−1∑

k=1

p̂(y = 1 | x, k)

)

− y

∣∣∣∣∣
∈ [0, K − 1] .

The sum over probabilities yields a “soft” rank expressed in
terms of a real (instead of an integer) number in [1, K ], and
srank(x, y) is a measure of distance of that number to the rank
y.

The prediction set for the ranking layer is given by

�ε
RA(x) = {y | srank(x, y) ≤ q̂} ⊆ {1, 2, 3} ,

where q̂ is the critical value obtained on the calibration data
for the significance level ε.

4.3.2 Conformalizing the regression layer

Nonconformity scores for the regression layer can be
obtained using quantile regression (QR), which is the stan-
dard approach to create a notion of uncertainty for real-valued
problems [1, 31]. Depending on the significance level ε,
a lower (ε/2) and an upper quantile (1 − ε/2) need to
be determined. QR yields prediction intervals of the form
[t̂ε/2(x), t̂1−ε/2(x)], and the width of these intervals serves
as a heuristic notion of uncertainty. The score function can
be defined as the projective distance of a candidate outcome
y to the interval:

sreg(x, y) := max
{
t̂ε/2(x) − y, y − t̂1−ε/2(x)

}

Note that sreg(x, y) is negative for values y inside the interval
and positive outside; the minimal value is obtained for the
midpoint of the interval.

Using conformal prediction, the scores can then be cal-
ibrated as usual. The prediction interval for conformalized
quantile regression is then given by

�ε
RE(x) = [

t̂ε/2(x) − q̂, t̂1−ε/2(x) + q̂
]
.

4.4 Risk quantification using conformal prediction

As already mentioned, in conformal prediction the uncer-
tainty of the conformal predictor is quantified by the size of
the prediction set. The higher the cardinality of the predic-
tion set, or the width of the prediction interval in the case of
regression, the higher the uncertainty. In the following, we
make use of this notion of uncertainty to quantify the risk
associated with a certain goodwill request being processed
in an automated fashion by the prescriptive models.
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4.4.1 Quantifying risk

To quantify the risk of wrong assessments in ranking
(WARA), we make use of the conformal predictor’s predic-
tion set size |�ε(x)|, which is either 1, 2 or 3 (or 0 in the case
of the empty set):

RWARA(x) = |�ε
RA(x)|
3

Note that, if the conformal predictor for ranking outputs
an empty set �ε

RA(x) = ∅ we consider this as low risk query
with RWARA(x) = 0, since the model must anyway abstain
from a decision.

The risk of wrong assessments in regression (WARE) is
based on the conformal predictor’s interval size normalized
by the overall regression interval size (in our use case from
10 to 90 %):

RWARE(x) = min

(
max�ε

RE(x) − min�ε
RE(x)

80
, 1

)

The interval cannot be empty in that sense but it can get
arbitrarily small.

4.5 Selective uncertainty-aware automated decision
making

To abstain from decisions in cases where the risk is too high,
we need to define selection functions for the ranking and
regression layer, respectively, as well as corresponding risk
thresholds δrank and δreg. The empty prediction set is treated
as an exception and also leads to abstention:

gδrank (x) :=

⎧
⎪⎨

⎪⎩

1 if �ε
RA(x) 
= ∅

∧RWARA(x) ≤ δrank

0 otherwise

gδreg(x) :=
{
1 if RWARE(x) ≤ δreg

0 otherwise.

We can now outline the complete uncertainty-aware
assessment system a(x) as follows. First, the query x is pro-
cessed by the ranking layer ĥrank. If the selection function
gδrank (x) selects the input for decision, the result of ĥrank(x)

is considered valid. In the case of a PARTIAL contribution
(ĥrank(x) = 2), the query is passed on to the regression layer
and further processed by the regression model ĥreg. In any
case, if the ranking gδrank or regression selection functions
gδreg abstain from a decision, the query is forwarded to a
manual assessment m(x) by a human expert:

a(x) = (ĥrank, gδrank , ĥreg, gδreg ,m)(x) :=
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ĥrank(x) if gδrank (x) = 1

∧(ĥrank(x) = 1 ∨ ĥrank(x) = 3)

ĥreg(x) if gδrank (x) = 1 ∧ ĥrank(x) = 2

∧gδreg(x) = 1

m(x) otherwise.

4.6 The risk vs. degree of automation trade-off

Given a proper uncertainty quantification, there is an obvious
trade-off between risk and degree of automation in decision
support systems. The more risk of possibly suboptimal or
inappropriate decisions one is willing to take, the higher the
degree of automation of the system can be. This trade-off
can be formalized in terms of a multi-objective optimiza-
tion (MO) problem. Essentially, in our use case we seek
to maximize the degree of automation while simultaneously
minimizing the overall risk of wrong assessments.

In general, a MO problem can mathematically be formu-
lated as follows [15]:

min f (x) = { f1(x), . . . , fk(x)}
s.t. x ∈ �

Usually, the goal is to find a Pareto-optimal solution. A
solution x∗ ∈ � is called Pareto-optimal if there is no other
solution x ∈ �, x∗ 
= x , such that fi (x) ≤ fi (x∗) and
f j (x) < f j (x∗) for at least one j [15].
When a Pareto optimal solution is found, a decision maker

(DM) can select the best solution from thePareto set or front.
The DM is supposed to be a domain expert and must be able
to select the solution representing the best trade-off for the
problem at hand.

Methods for solvingMOproblems are categorized accord-
ing to when in the optimization process the DM contributes
her expertise in finding the best trade-off. In a priorimethods,
the DM is asked for her preferences in advance. Her prefer-
ences are then taken into account during the optimization
process to find a Pareto-optimal solution as close as possi-
ble to the specified preferences. In a posteriori methods, an
approximation of the whole Pareto set is determined and pre-
sented to the DM. The DM can then select the best trade-off.
In interactive methods, the DM’s expertise and preferences
are integrated into the optimization process and she can iter-
atively provide feedback.

When looking at our use case, we have four parameters
that control the risk and the degree of automation of our
assessment system: The threshold risk values (δrank,δreg) and
the conformal predictors’ significance levels (εrank, εreg):
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u =

⎛

⎜⎜
⎝

εrank
δrank
εreg
δreg

⎞

⎟⎟
⎠

The three objectives we seek to optimize are the risk for
rankingRWARA and regressionRWARE, aswell as the overall
degree of automation (DoA):

v =
⎛

⎝
R̄WARA(u)

R̄WARE(u)

DoA(u)

⎞

⎠ ,

where

R̄WARA(u) = 1

n

n∑

i=1

RWARA(xi | u) ,

R̄WARE(u) = 1

n

n∑

i=1

RWARE(xi | u) .

Moreover, the DoA is defined as follows:

DoA(u) = 1

n

n∑

i=1

� gδrank (x) = 1 ∧ ĥrank(x) ∈ {1, 3} �

+ � gδrank (x) = 1 ∧ ĥrank(x) = 2 ∧ gδreg(x) = 1 �

Formally, our optimization problem can be formulated
according to the equation below. The risk values (RWARA,
RWARE) are supposed to beminimized,whereas the degree of
automation (DoA) is supposed to be maximized. Moreover,
all optimization parameters u are restricted to the interval
[0, 1].

min
u

R̄WARA(u)

min
u

R̄WARE(u)

max
u

DoA(u)

s.t. 0 ≤ εrank, δrank, εreg, δreg ≤ 1

In the end, our overall goal is to offer the business DM
a Pareto set of solutions from which she can choose the
best trade-off in terms of risk and degree of automation.
Explicating and clearly explaining this trade-off with a set of
Pareto-optimal solutions makes the ML system more trans-
parent to business DMs. This may also help to increase trust
into the ML system, as the trade-off is known and can be
controlled.

Table 1 Characteristics of the goodwill data set

Goodwill data set

Overall data set size 15,397

Number of categorical features 14

Number of numeric features 8

Number of boolean features 2

Number of NO contributions (labor) 7,426

Number of PARTIAL contributions (labor) 3,940

Number of FULL contributions (labor) 4,309

Number of NO contributions (parts) 4,865

Number of PARTIAL contributions (parts) 4,412

Number of FULL contributions (parts) 6,398

5 Evaluation

In the following, we conduct several experiments using our
approach as outlined in the previous section and the goodwill
data set. We begin with a short description of the data set and
some implementation details. Next, we evaluate the coverage
and set sizes of our conformal predictors based on different
significance levels. Subsequently, we identify Pareto-optimal
solutions for our objective space (risk, degree of automation,
accuracy) using random search. These Pareto-optimal solu-
tions can then be used to identify a suitable trade-off by a
decision maker.

5.1 The goodwill data set

Thedata setwewill use to evaluate our approach is a goodwill
data set of a BMWNSC. The features are the data contained
in a goodwill request and the labels are the contributions
assessed for labor and parts by the human experts. We will
not treat the problem as a multi-label classification task, but
instead build separate prescriptive conformal predictors for
labor and part contributions, respectively. Table 1 summa-
rizes the characteristics of the data set.

5.2 Implementation

To implement the ranking part of the hierarchical model
according to [25], we make use of XGBoost [7] with the
cost matrix shown in Table 2. Essentially, this is a neutral
cost matrix that does not implement a certain strategy (e.g.,
customer friendly vs. cost oriented). In the case of partial
ranks, the costs equal the absolute error of the regression
layer and lie in the interval [0, 80].

To implement the regression layer, as well as the quantile
regression models for conformal prediction, we make use of
a feed-forward neural network with two dense hidden layers
and 512 neurons each. The model is trained for 200 epochs
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Table 2 Cost matrix for the ranking layer

with batch size 32. For quantile regression, we use the pinball
loss function and for the regular regression layer the mean
absolute error (mae) loss function.

Figure 3 depicts our conformal inference architecture in
detail. It consists of three layers:

1. The point prediction layer contains the hierarchical
goodwill assessment model already outlined in [13]. It
outputs point predictions for goodwill requests without
any uncertainty awareness.

2. The conformal prediction layer enhances the point pre-
diction layer with inductive conformal predictors for the
ranking and regression layers.

3. The risk assessment layer utilizes the prediction set and
interval sizes output by the conformal prediction layer
to quantify the risk associated with a request and either
forwards the request to a human assessment or takes over
the point prediction result as the result of the assessment.

5.3 Evaluation of conformal prediction

First, we evaluate our conformal prediction implemen-
tation on the goodwill data set of the NSC using ten-
fold cross validation for several significance levels ε =
{0.9, 0.8, 0.7, 0.6, 0.5, 0.4, 0.3, 0.2, 0.1, 0.05, 0.03, 0.02,
0.01}. During each iteration, we use approximately 690

examples (5%) of the training examples for calibration. The
following plots then display the mean and the 95% confi-
dence interval for the 10 folds.

Figure 4 shows the prediction set and interval sizes as well
as the coverage of the ranking and regression layers for parts
and labor contributions. As expected, smaller significance
levels ε lead to higher coverage and also larger prediction sets
and interval sizes. The coverage of a conformal predictor’s
prediction set (or interval size in the case of regression) can
be calculated as follows:

C = 1

n

n∑

i=1

1{yi ∈ �ε(xi )}

The mean value of the coverage C̄ calculated during the ten
folds should center around1−ε,which is the case for ranking,
e.g. ε = 0.2, C̄ = 0.78 or ε = 0.7, C̄ = 0.275. This is a
good indicator for the correct implementation of conformal
prediction. For regression, the coverage plot is not as accurate
as for ranking but also displays a constant coverage increase
for smaller significance levels. In addition, the prediction set
and interval sizes stay small for a long time and only increase
steeply for very small significance levels ε ≤ 0.1, which also
underlines the accuracy of the conformal predictor and the
quality of the score functions. The average prediction set size
for ranking is hereby calculated as follows:

S = 1

n

n∑

i=1

|�ε(xi )|.

In the case of regression, the spread of the interval is taken
as the interval size:

Fig. 3 Overview of the inference architecture

123



International Journal of Data Science and Analytics

(a) (b)

(c) (d)

Fig. 4 Coverage and set size plots for several significance levels ε

S = 1

n

n∑

i=1

max�ε(xi ) − min�ε(xi ) .

5.4 Evaluation of selective uncertainty-aware Pareto
optimization

In order to identify good a posteriori trade-offs for our objec-
tives, we perform a simple random search limited to 1000
iterations. Table 3 shows the design space used for randomly
exploring the objective space. The values are hereby drawn
from a uniform distribution.

In each random search trial, we train the hierarchical
model using the training data set (13,164 examples), then

Table 3 Design space for randomly exploring the objective space (risk,
accuracy, degree of automation)

Design space - Random search

εrank {εrank ∈ R | 0 ≤ εrank ≤ 1}
δrank {δrank ∈ R | 0 ≤ δrank ≤ 1}
εreg {εreg ∈ R | 0 ≤ εreg ≤ 1}
δreg {δreg ∈ R | 0 ≤ δreg ≤ 1}

calibrate our conformal predictors with the calibration data
set (693 examples) and evaluate our model’s conformal and
point predictions using the test set (1540 examples). Next, we
determine the non-dominated points in our explored objec-
tive space forming the Pareto front of our multi objective
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(a) (b)

(c) (d)

Fig. 5 Trade-offs between risk and degree of automation (DoA)

optimization problem. We hereby first look at the risk vs.
degree of automation trade-off for ranking and regression
in Fig. 5 also known as risk coverage trade-off. The degree
of automation that is achievable in the ranking layer hereby
linearly increases with increasing risk. Requests whose risk
values exceed the given risk thresholds are hereby rejected
and not considered for automatic processing. A similar
behavior is visible for the regression layer, when looking at
the Pareto set for the regression risk vs. degree of automation
trade-off (cf. Fig. 5). However, the regression risk does not
increase constantly. It first increases moderately and shoots
up for higher degrees of automation. Nevertheless, higher
risk goes hand in hand with higher degree of automation for
both layers.

Since our calculated risk values based on conformal pre-
diction outputs are rather abstract values, we also look at the
accuracy vs. degree of automation trade-offs for the rank-
ing layer in Fig. 6. As a baseline, we also show the overall
accuracy of our ranking layer, which is 92.7% for labor
and 90.97% for parts contributions respectively. The shown
plots are very similar to Accuracy-Rejection Curves [27], but
instead of plotting the amount of rejected queries in per cent
we plot the amount of selected or processed queries accumu-
lating in the degree of automation of the system.The accuracy
of the ranking layer is monotone decreasing for increasing
degrees of automation, which indicates that, by virtue of our
conformal ranking predictor, the ranking layer is capable of
quantifying its uncertainty well.
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(a) (b)

Fig. 6 Trade-off between accuracy and degree of automation (DoA) for the ranking layer

(a) (b)

Fig. 7 Trade-off between mean absolute error (MAE) and degree of automation (DoA) for the regression layer

When looking at the mean absolute error (mae) vs. degree
of automation trade-off in the regression layer, we can also
see a similar behavior (cf. Fig. 7). For increasing degrees of
automation, the mean absolute error is monotone increasing,
which also underpins the capability of the regression layer
to quantify its uncertainty well. Abstaining randomly would
in contrast lead to a flat curve. An overall MAE of 5.49 for
labor and 6.67 for parts respectively in the regression layer
can easily be undercut by reducing the degree of automation.

Figure 8 shows plots for the overall accuracy vs. degree of
automation trade-offs of the hierarchical model as a whole,
including the ranking layer as well as the regression layer. An
accuracy of 100% is achievable with a degree of automation
of 20%, which is however not a practically useful scenario. A
degree of automation of 70% might be a good trade-off and

leads to an accuracy of 98% for labor and parts, respectively,
on the test data. In general, we can also see a clear mono-
tonic decrease of the overall accuracy with increasing degree
of automation which ensures the uncertainty quantification
capability also of the overall hierarchical model. Looking at
this trade-off, a business decision maker can select a prac-
tically reasonable solution. Whether degree of automation
outweighs high accuracy requirements very much depends
on the use case. As goodwill assessment is a process entailing
financial risk, very high accuracy is definitely an important
requirement. Since there is anyway a human assessment pro-
cess in place, degree of automation is presumably a less
important criterion than accuracy.
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(a) (b)

Fig. 8 Overall trade-off between accuracy and degree of automation (DoA)

Table 4 Some selected
accuracy vs. degree of
automation trade-off values
including the corresponding
design space values for labor

εrank δrank εreg δreg Accuracy (ACC) Degree of automation (DOA)

0.060531 0.476986 0.844075 0.168960 0.919481 1.000000

0.259388 0.317007 0.670188 0.086850 0.963563 0.801948

0.370768 0.123228 0.667563 0.489556 0.978363 0.690260

0.395235 0.000244 0.715322 0.843102 0.993711 0.516234

0.824623 0.433202 0.941667 0.162653 1.000000 0.198052

Table 5 Some selected
accuracy vs. degree of
automation trade-off values
including the corresponding
design space values for parts

εrank δrank εreg δreg Accuracy (ACC) Degree of automation (DOA)

0.085349 0.207636 0.728141 0.957674 0.901948 1.000000

0.214033 0.204153 0.338893 0.211275 0.958098 0.805844

0.196397 0.985753 0.783504 0.078822 0.980716 0.707143

0.313255 0.082391 0.619651 0.057391 0.990753 0.491558

0.764676 0.130926 0.948631 0.518402 1.000000 0.240909

Tables 4 and 5 show some selected accuracy vs. degree of
automation trade-off values for parts and labor, respectively,
including the corresponding design space values.

5.5 The effect of the significance level�

In the following, we study the effect of the significance
level ε on the achievable prescription accuracy and degree
of automation. This can be done by fixing the risk thresholds
for the ranking as well as the regression layer. A reasonable
threshold for ranking might be δrank = 1

3 , which essentially
means that we only want to consider prediction sets for auto-
mated decision where the conformal ranking predictor is
certain about the result. For regression, we might want to
tolerate a risk of δreg = 10

80 , which is an interval spread of
10%, otherwise we do not trust the result and want the case to
be processed manually. Please note that these thresholds are

exemplary thresholds and not universally applicable. They
are specific to the problem of goodwill assessment and the
proposed hierarchical model structure. In general, defining
an optimal risk threshold is a task on its own which must also
take the context of the application into account [38], as even
an optimal risk-averse threshold does not reliably go in a par-
ticular direction [19]. In the case of goodwill assessment, the
risk-averse decision maker [37] may also not want to miss
out on reduced costs trough automation and take these into
account when defining risk thresholds.

Figure 9 shows 10-fold cross validated mean plots for
the conformal predictor’s accuracy and the overall degree
of automation depending on the significance level ε =
{0.9, 0.8, . . . , 0.1, 0.05, 0.03, 0.02, 0.01}. As a baseline, we
again show the overall accuracy (ACC) of the hierarchi-
cal model as a whole over all test data. One can see that
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(a) (b)

Fig. 9 Accuracy and degree of automation plots for δrank = 1
3 and δreg = 10

80 depending on ε

(a) (b)

Fig. 10 Abstention types of the conformal hierarchical predictor depending on ε

with decreasing ε the degree of automation (DoA) increases
whereas the accuracy decreases (ACC CP). So if accuracy is
important, ε values need to be rather large. If the degree of
automation is important, ε values need to be rather low. At
a certain ε value, accuracy and degree of automation drop
of steeply, since the prediction sets and intervals become too
large and exceed the predefined risk thresholds, whichmakes
the model abstain completely from deciding requests.

Figure 10 displays the corresponding reasons for absten-
tions depending on the significance level ε. For larger ε

values, abstentions are exclusively caused by empty sets. In
that case, few predicted cases fall below the required quan-
tile threshold q̂ . For instance, if ε = 0.9 only 10% (1 − ε =
1 − 0.9 = 0.1) of the lowest scores are considered valid
results and lie within the quantile q̂ = 1−ε = 1−0.9 = 0.1.

With decreasing ε there are less and less empty prediction sets
until the sets grow so large that abstentions are solely due to
risk assessments. In the end, for ε ≤ 0.03, the conformal pre-
dictors only output non-unique prediction sets, which leads
to complete abstention in our case due to our strict thresholds.

Figure 11 breaks down the abstentions by contribution
type (no, partial, or full contribution). Abstentions for all
types of contributions strictly decrease for decreasing ε

values until the sets become too large, leading to com-
plete abstention due to violation of the risk threshold. It is
noticeable that for labor as well as part abstentions the No
abstentions drop off steeper in the beginning. One may spec-
ulate that the No contributions have the smallest scores and
are therefore overrepresented in the smaller score quantiles
q̂ , e.g., with ε > 0.6. Moreover, given this observation, at
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(a) (b)

Fig. 11 Abstention ranks of the conformal hierarchical predictor depending on ε

(a) (b)

Fig. 12 Processed ranks of the conformal hierarchical predictor depending on ε

least a part of the No contribution assessments seems to be
quite certain or obvious.

Figure 12 breaks down the processed contributions by
their contribution type (no, partial, or full contribution). Pro-
cessed hereby means that the predictor did not abstain from
answering the particular request. Like for abstentions, it is
visible thatNo contributions are processed preferentially. The
No contribution scores seem to be overrepresented in the
lower quantiles. Nevertheless, contributions strictly increase
for all contribution types with increasing ε until complete
risk abstention sets in.

Since the abstentions and processed contributions are not
balanced, one could argue to use class-balanced conformal
prediction [1] instead, where scores and quantiles are deter-
mined per class. However, given the use case at hand, there is
not necessarily a need for class-balanced coverage. If man-

ual work reduction is the main goal of introducing ML into
the process, this coverage imbalance might have no negative
impact at all, since there is no difference in effort known
between the assessments of the different contributions. It
could even be considered beneficial that No contributions
are the most certain ones to be assessed automatically, as
they also entail the least financial risk.

6 Conclusion and future work

We developed and evaluated an uncertainty-aware approach
for automated decision making, in which conformal pre-
diction is used to quantify the risk associated with ML
prescriptions. As a use case, we looked at automated decision
making for goodwill assessments in the automotive domain
using a goodwill data set of a car manufacturer. Instead
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of providing mathematical guarantees for limited risk, we
emphasize the trade-off between risk and degree of automa-
tion, and how an a posteriori Pareto-optimal solution can
be explored by a business decision maker to select the best
trade-off for the particular business use case at hand.

To underpin the capability of conformal predictors to
quantify uncertainty in a proper way, we present risk-
coverage plots and accuracy-rejection curves. We also ana-
lyzed CP’s significance level parameter ε and how it affects
the number of empty prediction sets as well as the achievable
accuracy and degree of automation of the system.Concretely,
by abstaining to answer the 30% most risky or uncertain
queries, our hierarchical predictor is capable of increasing
its overall accuracy from 92 to 98% for labor and from 90 to
98% for parts contributions, respectively.

Achieving even higher accuracies is presumably not very
reasonable, as this comes at a significant loss in degree of
automation.Additionally, humandecisions cannot be consid-
ered a consistent gold standard and might be biased in one or
another direction. A certain amount of aleatoric uncertainty
is supposedly irreducible in a human decision process and
will remain. Nevertheless, the amount of wrongly prescribed
contributions can be significantly reduced with our selective
uncertainty-aware approach, which makes the introduction
of ML in high-stake environments more feasible.

Proceeding from this well working uncertainty-aware
approach to automated decision making, we plan to address
three major challenges in the future:

1. Explainability:Makingmachine learning based goodwill
prescriptions more accessible and transparent to IT and
business decision makers is in our eyes of utmost impor-
tance to foster trust into the system, but also to fulfill
internal revision audit requirements. We consider deci-
sion explanations equally important for both scenarios in
which the machine learning models are supposed to be
used (Automated Decision Making (ADM) or Decision
Support System (DSS)). Therefore,we plan to investigate
and satisfy the different explanation needs of our stake-
holders using Explainable Artificial Intelligence (XAI)
methods [5, 16, 26].

2. Human-AI interaction: How human experts are influ-
enced by AI assisting their work or taking over some of
theirworkload is another interesting and important aspect
that needs to be followed up [4]. Overconfidence into the
decision model by human experts and decision makers,
also known as automation bias [24], as well as undue
reluctance, also known as algorithm aversion [10], are
issues to be evaluated and calibrated properly. Whether
XAI can help in this trust calibration process, by making
the reasoning process of machine learning models more
transparent, is still an active area of research [21, 28,
35]. Moreover, there is also a recent line of research par-

ticularly focusing on the effect of providing set-valued
predictions to human-AI teams instead of single predic-
tions [2, 6].

3. Weak supervision: As already mentioned, human good-
will decisions cannot necessarily be taken as a gold
standard. The datamay contain concept drift and shift due
to strategy changes in the assessment process over time
or other human induced biases leading to noisy labels.
Hence, past decisions should be considered and modeled
asweak information about the target rather than an incon-
testable ground truth, suggesting the use of methods for
weakly supervised learning [14, 39].
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Machine learning has made tremendous progress in predictive performance in

recent years. Despite these advances, employing machine learning models in

high-stake domains remains challenging due to the opaqueness of many high-

performance models. If their behavior cannot be analyzed, this likely decreases

the trust in such models and hinders the acceptance of human decision-makers.

Motivated by these challenges, we propose a process model for developing and

evaluating explainable decision support systems that are tailored to the needs

of di�erent stakeholders. To demonstrate its usefulness, we apply the process

model to a real-world application in an enterprise context. The goal is to increase

the acceptance of an existing black-box model developed at a car manufacturer

for supporting manual goodwill assessments. Following the proposed process,

we conduct two quantitative surveys targeted at the application’s stakeholders.

Our study reveals that textual explanations based on local feature importance

best fit the needs of the stakeholders in the considered use case. Specifically,

our results show that all stakeholders, including business specialists, goodwill

assessors, and technical IT experts, agree that such explanations significantly

increase their trust in the decision support system. Furthermore, our technical

evaluation confirms the faithfulness and stability of the selected explanation

method. These practical findings demonstrate the potential of our processmodel

to facilitate the successful deployment of machine learning models in enterprise

settings. The results emphasize the importance of developing explanations that

are tailored to the specific needs and expectations of diverse stakeholders.

KEYWORDS

eXplainable AI (XAI), prescriptive machine learning, decision support systems (DSS),

SHapley Additive exPlanations (SHAP), goodwill assessment

1 Introduction

With the growing access to large amounts of data and the widespread availability

of computational resources, the idea of using machine learning (ML) methods to guide

human experts toward more rational, objective, and accurate decisions, rather than

relying solely on their experience and intuition, becomes increasingly prevalent in many

application domains. However, in high-stake domains, where decisions can come with

severe consequences, there is often a reluctance to use ML methods. For example, this

includes applications in healthcare, where decisions may significantly impact human lives,
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and use cases in finance or industry that come with the risk of

economic loss (Burkart and Huber, 2021; Adadi and Berrada,

2018). Concerns about adopting ML-driven technology are often

attributed to the black-box characteristics of high-performance

models, such as ensembles of decision trees or neural networks,

which cannot easily be inspected, verified, and rectified by humans.

Motivated by safety-critical applications, where the ability to

understand a model’s behavior is crucial for its successful adoption

and acceptance by humans, there is a growing demand for

explainable artificial intelligence (XAI). Besides the development

of novel and inherently interpretable supervised ML methods

(e.g., Rudin, 2019; Lou et al., 2012, 2013; Ustun and Rudin,

2016), this direction of research has led to various algorithmic

solutions aimed at increasing the transparency of existing black-

box approaches through post-hoc explanations (e.g., Ribeiro et al.,

2016, 2018; Lundberg and Lee, 2017; Guidotti et al., 2018a;

Plumb et al., 2018; Ming et al., 2018), which explain the inner

workings and decision-making process of a trained machine

learning model, after the model has already been developed and

deployed. One can further distinguish between model-specific or

model-agnostic methods, where an explanation method is limited

to a specific model class or is model independent, respectively

(Burkart and Huber, 2021). In the following, we focus on the

latter, as model-agnostic, post-hoc approaches allow us to improve

on existing models, which are proven to provide robust and

accurate predictions.

Our research is driven by a real-world application in the

automotive domain, where an ML-based system should support

the assessment of goodwill requests. The goodwill process enables

car dealers to request monetary compensation for reparations from

the manufacturer on behalf of their customers. It qualifies as

a high-risk business use case, as bad decisions either negatively

affect customer satisfaction or harm the manufacturer’s financial

interests. Since the manual assessment of goodwill requests is

tedious and time-consuming as automotive manufacturers receive

up to several tens of thousands of goodwill requests per year, ML

provides a tempting opportunity to reduce manual efforts and save

costs. Moreover, due to the availability of tens of thousands or

even hundreds of thousands of past goodwill requests and their

respective outcome, supervised machine learning techniques can

be used and have been shown to succeed in closely capturing

expert decisions (Haas and Hüllermeier, 2023). However, despite

these promising results, the opaqueness of existing models , due to

their complex non-interpretable hierarchical structure and usage

of gradient boosting, prevents their employment in practice. It is

considered a significant limitation by stakeholders, who naturally

want to limit the risk of unexpected behavior and therefore demand

auditability of the models.

The explanatory needs of different stakeholders are typically

context-dependent and may vary between different interest groups.

For this reason, a single explanation method cannot always be

expected to satisfy the requirements of different stakeholders across

a wide variety of applications. As a result, the task of developing

interpretable supervised ML systems can only partially be solved

from an algorithmic perspective. Instead, it must be considered

with high priority during a system’s design, development, and

evaluation phases. To our knowledge, no complete framework

for developing XAI solutions deliberately tailored to different

interest groups has yet been proposed in the literature. Instead,

as elaborated in Section 2 below, existing publications tend

to focus on specific aspects of the topic, such as algorithms,

technical evaluation methods, visualization approaches, or user

studies. As an important step toward closing the gap between

these different research directions, we investigate an end-to-end

approach considering all necessary steps for developing an XAI

system, starting with stakeholder identification and requirements

engineering over implementation to evaluation and user feedback.

In summary, the contributions of our work are the following:

• In Section 3, we first discuss the real-world problem of

automated goodwill assessment that further motivates the

need for explainable ML systems in high-stake domains.

• In Section 4, we propose a streamlined and holistic process

model for developing post-hoc explainable decision support

systems based on findings from interdisciplinary literature and

practical considerations.

• In Section 5, we demonstrate how the proposed process

model can be applied to the previously introduced real-world

scenario and validate its usefulness to meet the explanatory

needs of different stakeholders.

By following a stakeholder-centric approach to XAI, we aim to

overcome the reluctance to useML-based solutions in an exemplary

business context and hypothesize that our results can be transferred

to similar domains. Concretely, we want to validate whether

following this process model helps us to overcome the skepticism of

ML usage in our exemplary high-stake business process. In detail,

we would like to know whether increased stakeholder-centered

transparency through XAI methods actually eases the introduction

of ML into this high-stake process.

2 Related work

As our goal is to propose a process model deeply rooted

in the XAI literature, this section provides a broad overview of

existing work on the topic. Developing and evaluating transparent

ML systems is an interdisciplinary effort, ranging from machine

learning over human-computer interaction and visual analytics to

the social sciences. Consequently, several comprehensive surveys

exist that aim to consolidate this vast field of research (e.g., Burkart

and Huber, 2021; Dwivedi et al., 2023; Minh et al., 2022; Adadi and

Berrada, 2018; Guidotti et al., 2018b; Ali et al., 2023; Longo et al.,

2024). However, these surveys are far from being an actionable

guidance for practitioners in terms of how to approach the topic

of XAI in concrete (high-stake) domain implementations.

Nevertheless, many existing publications focus on specific

aspects of XAI instead. On the one hand, this includes work on

technical aspects of the topic, such as the algorithmic details of

different evaluation methods (e.g., Mc Grath et al., 2018; Molnar

et al., 2020) and approaches for evaluating them quantitatively

(e.g., Lopes et al., 2022; Bodria et al., 2021; Doshi-Velez and

Kim, 2017). On the other hand, because XAI’s primary goal is to

satisfy the explanatory needs of human users and overcome their
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skepticism about ML-based technology, research efforts have also

been devoted to relevant aspects of human-computer interaction.

Among others, contributions in this particular direction include

studies on how knowledge aboutMLmodels should be presented to

users visually (e.g., Hudon et al., 2021). In addition, the challenges

of gathering feedback from users and measuring their satisfaction

in ML systems are also frequently addressed in user studies

(e.g., Kenny et al., 2021). A survey-based methodology for guiding

the human evaluation of explanations with the goal to simplify

human assessments of explanations is presented by Confalonieri

and Alonso-Moral (2024). However, again, this study only focuses

on the human evaluation part, neglecting all other parts of XAI

system development.

The focus on stakeholder perspective and needs is, amongst

others, emphasized by Langer et al. (2021). To our knowledge,

Vermeire et al. (2021) are the only ones that address the problem

of bridging the gap between stakeholder needs and explanation

methods from a practicable and actionable angle. Concretely,

they propose explanation ID cards and questionnaires to map

explanaibilty methods to user needs. However, their methodology

does not cover further technical or user-centered assessments of

the matched explanation methods, which may be required in

high-stakes settings to ensure reliable and useful explanations.

Furthermore, an empirical validation of their proposed method

is still missing. In line with our work, XAI tools and processes

found in the literature are mapped to common steps in software

engineering in Clement et al. (2023). Though the different

software engineering phases also appear reasonable in an XAI

context, starting out from requirements analysis over design

implementation and evaluation over to deployment, the phases

rather serve as a structure for the survey than an actionable

methodology for practitioners developing XAI systems. Similarly,

in Amershi et al. (2019), a general software engineering approach

for developing ML systems is derived from practical experience.

However, it does not cover any aspects of transparency. A unified

framework for designing and evaluating XAI systems, based on

a categorization of design goals and corresponding evaluation

measures according to different target groups, is presented in

Mohseni et al. (2021). However, the framework lacks guidance in

terms of concrete XAI method selection. Moreover, it is worth

mentioning that the European Commission provides a loose set

of requirements for trustworthy AI systems (Floridi, 2019). In

addition to the valuable insights provided by the publications

mentioned above, we also rely on the taxonomies outlined in

Burkart and Huber (2021), Adadi and Berrada (2018), Guidotti

et al. (2018b), Arrieta et al. (2020), Meske et al. (2022), and Markus

et al. (2021).

Similar to our work, research on XAI is often motivated

by specific applications and use cases. Case studies have been

conducted in many domains, including the insurance industry (van

Zetten et al., 2022), finance (Purificato et al., 2023; Zhu et al., 2023),

the public sector (Maltbie et al., 2021), auditing (Zhang et al., 2022),

and healthcare (Gerlings et al., 2022). Usually, these studies can

be grouped into either purely technically focused studies, without

end-user or domain expert involvement, (e.g., Zhu et al., 2023;

Orji and Ukwandu, 2024) or studies where feedback regarding

the explanations and their comprehensibility is also collected from

domain experts or end-users (e.g., van Zetten et al., 2022; Maltbie

et al., 2021). The study presented by Baum et al. (2023) stands

out as it follows the conceptual model presented by Langer et al.

(2021), which considers explanation approaches and information

as a means to satisfy different stakeholder desiderata (e.g., interests,

expectations, needs, etc.) in particular contexts. Baum et al. adapt

this conceptual model in a more practical way by starting with

the different stakeholders, which they consider the main context

of the explanation, and their particular needs. Based on this,

explanation information and concrete XAI methods can then be

derived. However, the study lacks empirical validation.

Moreover, beyond these logical paradigms, there are cognitive

semantic interpretations that address non-formalisable (black box)

aspects of AI. XAI can be conceptualized as a hybrid space where

human and machine cognition interact distinctly. For instance,

Miller (2019) discusses the importance of cognitive approaches in

XAI, highlighting how cognitive semantics can make AI systems

more understandable and trustworthy. Several researchers have

proposed unique convergent methodologies from a wide array of

disciplines (e.g., cognitive modeling, neural-symbolic integration)

to ensure XAI’s purposefulness and sustainability.

Due to most of the presented works only focusing on specific

aspects of XAI and the lack of a coherent methodological

framework for XAI system development, which was, for instance,

amongst others acknowledged by Bhatt et al. (2020), Langer

et al. (2021), and Vermeire et al. (2021), we see an urgent need

for a holistic XAI system development process model providing

guidance to deploy XAI systems in practice. Even more, as Bhatt

et al. (2020) notice that the majority of XAI deployments are not

for end users affected by the model but rather for machine learning

engineers, who use explainability to debug the model itself, which

shows a severe gap between explainability in practice and the goal

of transparency for all involved stakeholders.

3 Application domain

As mentioned earlier, the process model proposed in this work

is motivated by a real-world application in the automotive domain,

where an ML system should support human decision-makers. In

the following, we outline the requirements of said application and

motivate the need for explainable machine learning models in the

respective domain.

3.1 Warranty and goodwill in the
automotive industry

Warranty and goodwill are essential aspects of after-sales

management in the automotive industry. Vehicles are often costly,

so customers have high expectations regarding the reliability of

these products. Even if significant efforts are put into quality

control, due to the vast number of vehicles sold by original

equipment manufacturers (OEMs), many warranty claims and

goodwill requests must unavoidably be dealt with each year.

Warranty—in contrast to goodwill—is a legal obligation of the

OEM. If a customer notices a defect within a legally defined period

of time, the manufacturer must rectify the problem at his own
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expense. If no adequate solution can be provided, the customer

may even have the option to withdraw from the purchase contract.

However, it should be noted that the exact legal provisions for

warranty may vary from country to country.

Goodwill describes an OEM’s willingness to offer repairs,

replacements, or financial compensations in the event of defects

beyond the scope of warranty. There are no legal obligations

here, i.e., an OEM can freely choose a strategy according to

which goodwill requests should be handled. However, many

manufacturing companies consider goodwill a vital tool to increase

customer loyalty. From an OEM’s point of view, compensations

paid in response to goodwill requests can be understood as

marketing investments that may positively affect the loyalty of its

existing customers.

Since the duties that come with warranty are clear and legally

binding, it is relatively straightforward to process warranty claims

automatically, e.g., via rule-based systems. Only in difficult cases,

or if the warranty process should be audited, it might be necessary

for human experts to check individual claims manually. When

we refer to manual expert activity within this study, we refer to

expert judgement, in which single automotive after-sales experts or

assessors leverage the accumulated knowledge, skills, and intuition

they have developed over time to make a decision. This is in

contrast to networked expertise, where the skills and knowledge

of multiple experts are combined, or a more guided approach

like quality function deployment (QFD). Unfortunately, in the

case of goodwill assessments, it is much more challenging to

achieve a high degree of automation. For example, even though

the car manufacturer employs a rule-based system to deal with

goodwill requests in an automated manner, a large fraction of

the received requests require a manual examination by human

experts. Among 688, 879 goodwill requests considered in Haas and

Hüllermeier (2023), only 349, 488 (50.73%) could be processed

automatically, whereas 339, 391 (49.27%) demanded a manual

assessment. Consequently, there is great potential to increase the

degree of automation in the goodwill assessment process through

machine learning techniques.

3.2 The use of machine learning in the
goodwill assessment process

Supporting human assessors responsible for goodwill decisions

through machine learning techniques is appealing from an OEM’s

perspective, as it can potentially reduce labor costs and foster a

standardized goodwill strategy. Unlike decisions made by humans,

which are often based on personal experience and intuition rather

than being purely rational, assessments provided by MLmodels are

deterministic. This helps to prevent cases where similar goodwill

requests result in vastly different responses, which may damage

the OEM’s reputation. Figure 1 illustrates two different approaches

considered in Haas and Hüllermeier (2023) for integrating ML

models into the goodwill assessment process. Themodels can either

be used for automated decision-making (ADM), where goodwill

requests are processed automatically without human intervention,

or as a decision support system (DSS), which merely provides

recommendations to human experts and keeps them in control of

FIGURE 1

Integration of machine learning models into a goodwill assessment

system using automated decision-making (Top) or a decision

support system (Bottom).

the final decision. Whereas, ADM has a greater potential for cost

savings, it does also come with a higher risk of incorrect decisions

than the DSS approach, since no human supervision takes place.

Regardless of whether an ADM or a DSS approach is

pursued, we consider the problem of providing automated goodwill

decisions as a prescriptive machine learning problem, a term that

has recently been coined by Hüllermeier (2021). It emphasizes

differences between the tasks of predicting an outcome and

prescribing some sort of action or decision in a certain situation.

The former is commonly considered in the standard setting of

supervised learning, which assumes a kind of objective ground

truth (used as a reference to assess the prediction). In the

prescriptive setting, on the other side, there is normally nothing like

a “true” or “correct” decision or action—in general, not even the

optimality of a prescription can be verified retrospectively, because

consequences can only be observed for the one decision made, but

not for those other actions that have not been taken.

This lack of ground truth is inherent to goodwill decisions,

too, as it cannot be guaranteed that decisions made by experts

in the past have always beneficial regarding the OEM’s business

strategy in the long run. Nevertheless, mimicking the behavior

of experts appears to be a natural strategy, as historical data

D =
{(

Ex1, y1
)

, . . . ,
(

Exn, yn
)}

, which incorporates information

about goodwill requests ∈ X and corresponding decisions y ∈ Y ,

can easily be used for supervised machine learning. On the one

hand, a goodwill request is represented in terms of several features.

They describe the properties of a vehicle, such as its age, mileage,

or whether it was serviced regularly. In addition, they may provide

information about a defect that was encountered, including the type

of malfunction and the expected repair costs. On the other hand,

the possible outcomes of a goodwill assessment depend on the

OEM’s business strategy. For example, BMW requires assessors to

decide for a percentage between 0%, in which case themanufacturer

does not offer any compensation, and 100%, which means that the

manufacturer fully bears the repair costs. To support the work of
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the assessors at BMW, Haas and Hüllermeier (2023) propose an

ordinal classification method that models the outcome of goodwill

decisions in terms of the compensation (multiples of 10%) as target

variable y ∈ {0%, 10%, . . . , 100%}.

3.3 The need for explaining automated
goodwill decisions

The previously mentioned ordinal classification method,

developed at BMW and discussed in detail in Haas andHüllermeier

(2023), can be considered a black-box model. Even though it is able

to achieve high accuracy compared to the historical decisions of

human assessors, the model’s opaqueness poses several challenges

for its successful adoption in a business context. Due to its

complexity originating from the usage of gradient boosted trees

in combination with a hierarchical cost-sensitive framework (Haas

and Hüllermeier, 2023), the model can neither be analyzed by

human experts as a whole, nor does it provide any information

about why certain decisions have been made. This leads to

several issues regarding the acceptance and trustworthiness of the

automated goodwill system. First, the lack of transparency impedes

the ability of domain experts to audit the model and ensure that it

adheres to the OEM’s goodwill strategy. Second, because no reasons

are given for a particular decision, it is hard to reason about cases

where the system and human assessors disagree. This makes it

difficult to provide valuable feedback that may help to improve

the model and hinders the discovery of inconsistencies or biases

in human decision-making.

Nevertheless, modern black-box models are valued for

achieving state-of-the-art performance. Moreover, there is no legal

obligation in goodwill for complete transparency of the assessment

process. In settings like these, a solution that overcomes the

aforementioned shortcomings while retaining the existing model is

desirable. This motivates the use of post-hoc explanation methods

that can provide insights into an existing black-box model. In

particular, model-agnostic explanation approaches are appealing

in this regard. They are intended to work with any ML model,

regardless of the technical principles it relies on. Figure 2 provides

a high-level overview of the interaction between a black-box model

and an associated post-hoc explainer that aims to clarify the model’s

behavior. Section 4.2 discusses the characteristics and goals of

commonly used explanation methods in more detail.

Due to the unavoidable risk of incorrect decisions in an ML-

driven assessment process, in the following, we focus on using

machine learning models in the context of decision support

systems rather than for automated decision-making. Integrating

explanation methods into a DSS, which by design requires human

practitioners to closely interact with the automation system,

facilitates its employment in high-stake domains and opens the

door to the human-in-command (HIC) approach (Floridi, 2019)

outlined in Figure 3. In this approach, a goodwill assessor can

consult an explainable decision support system to safeguard his or

her decisions. The assessor and theMLmodel decide independently

on a given goodwill request. If the recommendation provided by

the latter differs from the manual assessment, the assessor must

be able to obtain a human-understandable explanation for the

model’s outcome to decide whether it is appropriate to revise the

own decision.

4 A process model for developing
post-hoc explanation systems

As argued in Section 1, there is an urgent need for increased

transparency and trust in black-box machine learning models to

be used in high-stake domains. Among others, transparency and

trust are two of the main goals of XAI (see, e.g., Burkart and Huber,

2021; Arrieta et al., 2020; Lipton, 2018; Fiok et al., 2022). However,

selecting the best-suited XAI tools for a specific use case from

the vast amount of available methods can be challenging. Usually,

not all available solutions can satisfy the explanatory needs of

stakeholders equally. Hence, a deliberate selection of suitable tools

and a careful evaluation of feedback received from stakeholders

is crucial to meet the expectations in an XAI system. For this

reason, we propose a process model for developing an explainable

decision support system (eDSS) using a design-science-research

approach (Simon, 1988). An overview of the iterative procedure,

including the individual phases it consists of, is shown in Figure 4.

The focus of the process model is to identify and validate

suitable post-hoc XAI methods, which allow for turning an ML-

based DSS into an eDSS. The process starts with an existing black-

box model and the intended result is a post-hoc explanation system

that is tailored to the problem domain and the explanatory needs

of the system’s stakeholders. The different phases of the proposed

process model are, on the one hand, motivated by the XAI literature

review presented in Section 2 and the herein identified gaps and

requirements, but are also grounded in several complementary

theoretical perspectives from the fields of stakeholder theory,

human-computer interaction (HCI), and decision support systems

(DSS), which further justify the phases themselves and their

sequence. At the core of the process model is a strong emphasis on

stakeholder engagement, which is informed by stakeholder theory

(Freeman and McVea, 2005; Mitchell et al., 1997; Mahajan et al.,

2023). Stakeholder theory posits that organizations should consider

the needs and interests of all parties affected by their decisions and

actions, not just their shareholders, which in turn leads to a broader

perspective, long term sustainability, ethical considerations, shared

value creation, and eventually a competitive advantage. In the

context of XAI system development, this translates to actively

involving diverse stakeholder groups, such as end-users, domain

experts, policymakers, and management, throughout the design

and evaluation process, which is also common sense in XAI

research (Kim et al., 2024; Langer et al., 2021; Longo et al., 2024;

Baum et al., 2023). For instance, Baum et al. (2023) consider

the different stakeholders and their needs as the main context

of XAI system development that needs to be elucidated first.

The explanation design phase of the process model is informed

by principles and theories from the field of human-computer

interaction (HCI). Specifically, the model draws on research on

cognitive fit (Vessey, 1991) and mental models (Johnson-Laird,

1983) to ensure that the explanations generated by the eDSS

are aligned with the mental representations and information

processing capabilities of the target end-users and stakeholders, and

hence useful and actionable. Additionally, the stakeholder-centric
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FIGURE 2

Model-agnostic post-hoc explainer for the black-box goodwill decision model.

FIGURE 3

Human-in-command approach for an explainable decision support system.

FIGURE 4

Iterative process model for developing an explainable decision support system, based on an existing black-box model.

evaluation phase is grounded in user-centered design approaches

(Norman, 2002; Mao et al., 2005), which emphasize the importance

of feedback from end-users to inform the design and refinement of

interactive systems. By incorporating qualitative and quantitative

assessments of stakeholder satisfaction and comprehension, the

process model aims to develop explanations that are not only

technically sound but also meaningful and useful to the intended

users. There is also consensus in XAI research that a solid

validation of an XAI system requires both a user-centered and

a technical evaluation (Mohseni et al., 2021; Longo et al., 2024;

Lopes et al., 2022). The overall structure of the process model, with

its focus on developing an explainable decision support system,
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is informed by classic theories and frameworks from the field

of decision support systems (Keen, 1980; Sprague, 1980). DSS

research has long emphasized the importance of user involvement,

information presentation, and the integration of human judgment

with analytical models to support complex decision-making (Shim

et al., 2002; Power, 2002). By adapting these DSS principles

to the context of XAI, the proposed process model ensures

that the resulting eDSS not only provides accurate predictions

but also supports stakeholders in understanding, trusting, and

appropriately using theML-based decision support system (Turban

et al., 2010; Arnott and Pervan, 2005). This is also in line with

Burkart and Huber (2021), who suggest to consider three aspects

for building a useful explanation system:Who should be addressed

by the explanations, what aspects of an ML system should be

explained, and how should the explanation be presented. In the

following subsections, we elaborate on the individual phases of our

process model related to these fundamental questions.

4.1 Phase 1: Stakeholder identification and
segmentation

Complex computer systems typically have several stakeholders

that finance, design, build, use, or audit the system. Developing an

eDSS should therefore start with identifying these interest groups,

which may have varying expectations in the system and demand

for different types of explanations (Gerlings et al., 2022; Kim et al.,

2024). In the literature, the stakeholders of ML-based systems are

usually separated into three main groups (see, e.g., Burkart and

Huber, 2021; Mohseni et al., 2021; Arrieta et al., 2020; Meske et al.,

2022), albeit named inconsistently. We rely on the terminology

introduced by Hong et al. (2020):

• Model consumers or users are the persons affected by the

decisions of an ML system. They can interact with the

system passively or actively. In the former case, decisions are

merely presented to the users, e.g., informing them about

the approval or rejection of a loan. In the latter case, the

predictions and explanations provided by the system should

support human decision-makers, e.g., the person in charge of

approving or rejecting a loan. In general, model consumers

are not necessarily technical experts. And if they interact with

a system passively, they can most likely not be considered

domain experts.

• Model builders are responsible for developing and operating

an ML model. They are proficient in ML but typically not

domain experts.

• Model breakers are domain experts who have the necessary

knowledge to verify that a model behaves correctly and meets

the desired goals from a business perspective. However, they

are usually not ML experts.

4.2 Phase 2: Explanation design

Once the interest groups of a system have been identified, the

next step is to determine which aspects of an ML system need to be

FIGURE 5

Taxonomy of commonly used explanation methods and

presentation forms.

explained to each. Following Clement et al. (2023), we refer to this

process as the “explanation design phase”. Possible explanations

can hereby differ in their scope and the technical principles

they are based on Burkart and Huber (2021). As the usefulness

of available explanation methods depends on the application

context and the needs of the stakeholders, their individual goals

and limitations must be considered for a well-informed choice.

Figure 5 provides an overview of the technical differences between

commonly used explanation methods discussed below. In the

literature, different XAI methods are often characterized by the

scope of the explanations they provide (see, e.g. Burkart and Huber,

2021; Adadi and Berrada, 2018; Molnar et al., 2020; Bodria et al.,

2021):

• Global explanations aim to provide a comprehensible

representation of an entire ML model. Their goal is to make

the overall behavior of a model transparent by capturing

general patterns used by it.

• Local explanations focus on individual predictions provided

by an ML system. They aim to disclose the reasons for why

a particular decision has been made.

As previously mentioned, the preferred scope of explanations

depends on the target audience and the application context. For

example, product managers might be more interested in global

explanations, as they allow them to verify a model’s behavior by

comparing the patterns it uses to their mental model. In contrast,

human decision-makers might prefer local explanations, which can

help them make specific decisions.

The most suitable explanationmethod also depends on the type

of data used for training a model, such as tabular data, images or

text (Bodria et al., 2021). As the application presented in Section 3

requires the handling of tabular data, we restrict ourselves to this

particular scenario, where the following types of explanations are

commonly used:

• Rule-based models and the conceptually related decision trees

are often considered as inherently interpretable (Burkart and

Huber, 2021). Hence, it is a natural choice to use rule-based

representations for explaining black-box models (Guidotti

et al., 2018a).
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• Feature importancemethods provide a ranking of the features

found in the data, based on their contribution to a model’s

decisions (Ribeiro et al., 2016; Lundberg and Lee, 2017).

• Prototypes are the minimum subset of data samples that can

be viewed as a condensed representation of a larger data

distribution. Prototypes can either be obtained for general

concepts found in the data or chosen based on their similarity

to a particular example at hand (Bien and Tibshirani, 2011).

• Counterfactuals provide additional information about a

model’s predictions in the form of “what-if ” scenarios. For

example, they can expose the minimal changes of the input

required to obtain a different outcome (Mc Grath et al., 2018;

Molnar et al., 2020; Wachter et al., 2017). Unlike the other

types of explanations listed above, counterfactuals cannot

explain a model globally.

4.3 Phase 3: User interface design

Once the most suitable technical methods for explaining an

ML model’s behavior to stakeholders have been identified, an

appropriate representation of the explanations must be found.

Following Clement et al. (2023), we refer to this phase as the

“user interface design”. As the form in which explanations are

presented to the target audience may significantly influence their

intelligibility and usefulness, it is crucial to our process model.

Burkart and Huber (2021) distinguish between the following types

of representations:

• Textual explanations rely on natural language to inform the

user, e.g., using complete sentences or bullet lists to justify

why a particular decision was made. Textual descriptions can

be intuitive because humans tend to explain their decisions

verbally.

• Graphical explanations make use of visual illustrations, such

as plots or diagrams. They may convey complex information

in a condensed manner and are supported by many software

libraries (e.g., Nori et al., 2019).

• Multimedia explanations may combine several types of

representation forms, including text, graphics, audio,

and video.

Again, the type of representation that best fits the stakeholders’

explanatory needs is context-dependent. For example, human

decision-makers who must present decisions to customers might

prefer a textual description over a visual one. If the information

provided by an XAI system is given in text form, they can more

easily adopt the explanation and verbally communicate it to the

customer. This might ease their work significantly compared to a

graphical representation, where they must first extract the essential

information and reformulate it in an appropriate verbal response.

4.4 Phase 4: Implementation

After one has decided on XAI methods and corresponding

representation forms that are most promising to fulfill the demands

FIGURE 6

Taxonomy of technical and stakeholder-centric evaluation methods.

in a particular use case, the technical groundwork must be laid

for further testing the pursued solution. Generally, this requires

implementing the selected explanation methods, integrating them

with an existing ML model, and deploying the resulting software.

As these steps highly depend on the infrastructure used in a

particular application context, it is impossible to provide general

advice on the implementation phase of our process model. So,

instead, we continue with the technical and user-centric evaluation

to be conducted afterward.

4.5 Phase 5: Technical evaluation

In the literature, there is a consensus that the evaluation of

an XAI system should comprise a technical and a stakeholder-

centric evaluation (Lopes et al., 2022; Mohseni et al., 2021).

This obligation is also underpinned by several case studies

that employ qualitative and quantitative methods to assess the

correctness and suitability of explanations in a given setting

(e.g., van Zetten et al., 2022; Maltbie et al., 2021). Moreover,

Doshi-Velez and Kim (2017) provide a taxonomy for categorizing

XAI evaluation methods. They distinguish between “functionally

grounded” approaches based on formally defined metrics and

“application-” or “human-grounded” techniques, where humans

rate the quality of explanations. Similarly, Figure 6 provides

an overview of commonly used evaluation techniques that we

consider technical or stakeholder-centric. In the following, we first

focus on the former before we continue with the latter in the

subsequent section.

Technical evaluation methods aim to ensure the soundness of

explanations. This is crucial because faulty behavior of an XAI

systemmay fool an expert into making wrong decisions with severe

consequences in high-stake domains. Bodria et al. (2021) highlight

the following metrics for safeguarding the functional correctness

of explanations:
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• Stability validates how consistent the explanations provided by

an XAI method are for similar examples.

• Faithfulness assesses how closely an explanation method can

approximate the decisions of a black-box model.

Additional evaluation metrics for use in XAI are constantly

proposed (see, e.g., Belaid et al., 2022 for a more extensive

overview). For example, we also take runtime and usage of

computational resources into account in Section 5.5.

4.6 Phase 6: Stakeholder-centric
evaluation

A conceptionally sound and, according to technical criteria,

properly working post-hoc explanation system might still not

entirely fulfill the expectations and demands of individual

stakeholders. For this reason, an essential building block of

our process model is to evaluate an XAI system’s usefulness

with regard to the previously identified interest groups. As

stressed by Lopes et al. (2022), this second evaluation phase

aims to ensure the system’s trustworthiness, measure the users’

satisfaction, and verify the understandability and usability

of the provided explanations. Because a purely technical

approach cannot assess these qualitative goals, Doshi-Velez

and Kim (2017) emphasize the need to gather feedback from

humans working with the system in a real-world setting. When

conducting such a user study, the technical background and

(possibly lacking) domain knowledge of different interest

groups must be considered to allow a realistic assessment of the

explanations’ comprehensibility. After all, if an explanation is not

understandable from an end-user’s perspective or is communicated

inadequately, this may hamper the ML system’s usefulness

and trustworthiness.

One challenge of user-centric studies is to gather

feedback from humans about their, most likely subjective,

opinions regarding predefined goals in a structured and

comparable way. Unfortunately, transcripts of personal

interviews or reports written by participants (see, e.g., van

Zetten et al., 2022; Maltbie et al., 2021; Cahour and Forzy,

2009) can be difficult to analyze. As an alternative, we

advocate using Likert-scale questionnaires (see, e.g., van

Zetten et al., 2022; Bussone et al., 2015), as discussed in

Section 5.6.

5 Case study on automotive goodwill
assessment

To demonstrate how the process model introduced in

the previous section can be used in practice, we applied it

to the application outlined in Section 3. Our goal was to

extend an existing black-box model for goodwill assessment

in the automotive domain with a post-hoc explanation

system tailored to the needs of different stakeholders.

Moreover, evaluating a conceptual method artifact and its

effect on a real-world situation through a case study is

a common evaluation method in design science research

(Peffers et al., 2012).

5.1 Phase 1: Stakeholder identification and
segmentation

According to the first step of our process model, we

started by identifying the different stakeholders of the goodwill

system. Based on our knowledge about the business use case

at hand and discussions with representatives from potential

interest groups in focus group meetings, we identified the

following stakeholders:

• IT specialists employed by the OEM are responsible for

developing, maintaining, and operating the goodwill system

and its underlying ML model. They are technical experts but

not domain experts.

• Business specialists at the OEM steer and control the company’s

global goodwill strategy from a business perspective and

are responsible for all operational tasks. They are domain

experts but not technical experts. Moreover, they collaborate

closely with business specialists from national sales companies

(NSCs), as described below.

• Business specialists at NSCs define guidelines for handling

goodwill requests specific to a particular market and supervise

the assessors operating in the respective area. They work

closely with the parent organization’s business specialists

and, similar to the latter, are domain experts rather than

technical experts.

• Assessors are domain experts who decide if the OEM should

contribute to the costs of individual goodwill requests. Their

decisions are based on the information available about a

specific request and adhere to the guidelines established by

business specialists. Moreover, assessors are active consumers

of the ML system’s recommendations.

• Internal revisionists audit the goodwill process. As goodwill

does not come with legal obligations, they primarily ensure

compliance with the OEM’s strategic goals and guidelines.

• Managers responsible for quality control must ensure an

efficient, fair, and transparent goodwill assessment process

that benefits customer loyalty and, at the same time, keeps

costs at an acceptable level.

Section 4.1 suggests assigning stakeholders to one of three

groups: model consumers, model builders, andmodel breakers. The

organizational structure outlined above matches this segmentation

quite well. Assessors, who decide on goodwill requests and should

actively be supported by the ML model, can be considered

model consumers. IT specialists working on the ML system’s

technical aspects fulfill the roles of model builders. Finally, the

responsibilities of business specialists at the OEM and NSCs are

complementary. Like internal revisionists and managers, they are

most interested in the ML system behaving consistently with

their respective goals. Consequently, we consider them model

breakers. Figure 7 illustrates the assignment of the goodwill

system’s stakeholders to distinct interest groups.

Frontiers in Artificial Intelligence 09 frontiersin.org



Haas et al. 10.3389/frai.2024.1471208

FIGURE 7

Segmentation of the goodwill system’s stakeholders into interest

groups.

5.2 Phase 2: Explanation design

After identifying and segmenting the goodwill system’s

stakeholders, our process model’s next phase aims at identifying

XAI methods that can satisfy their explanatory needs. When

dealing with tabular data, we consider feature importance methods,

prototypes, and rule-based explanations as technically suitable

approaches. We conducted a five-point Likert-scale survey (Likert,

1932) to assess their usefulness regarding the stakeholders’

expectations. In this survey, each explanation method was

described on a non-technical level. In addition, we provided

real-world examples of how the resulting explanations might be

presented. Based on this information, we asked participants to

what degree different explanations meet their requirements. For

illustration, one of the questions included in the explanation design

survey is shown in Figure 8.

To ensure the understandability of the web-based survey

by non-technical users and due to the limited availability of

all stakeholders, it was iteratively refined together with model

consumer and breaker team leads in focus group sessions before it

was sent to the final pool of stakeholders. The survey was answered

by 36 persons working on goodwill assessment in a single market

where the decision support system was planned to be deployed.

Among the participants were 16 model consumers, eight model

breakers, and 12 model builders, representing the majority of the

target audience in the considered market. Figure 9 shows how

many participants from the different interest groups agreed with

the usefulness of potential explanation methods according to a

five-point Likert-scale.

We conducted a Shapiro-Wilk test (Shapiro and Wilk, 1965)

to check for an approximately normal distribution of answers

per group. For none of the stakeholder groups and explanation

methods, the p-values exceeded the significance level α = 0.05.

Consequently, the null hypothesis that the answers per group and

method are normally distributed was rejected. Due to the non-

normal data distribution, we conducted a non-parametric Kruskal-

Wallis test (Kruskal and Wallis, 1952) to identify any statistically

significant differences between the median answers of different

stakeholder groups regarding the usefulness of individual XAI

methods. The null hypothesis that the median is the same across

all groups could not be rejected for counterfactuals and rule-

based explanations (with α = 0.05). However, it was rejected for

prototypes and feature importance methods. To discover which

groups of stakeholders assess the usefulness of these explanation

methods differently than the others, we finally conducted a post-

hoc Dunn (1964) test. It revealed that the answers of the model

users regarding the usefulness of local feature importance methods

differ from those of the other groups to a statistically relevant

degree (with α = 0.05). Table 1 summarizes the results of

our analysis regarding the perceived helpfulness of explanation

methods per stakeholder group. We conclude that all stakeholders

of the goodwill system—especially model builders and breakers—

consider local feature importance methods as the most promising

XAI approach.

5.3 Phase 3: User interface design

According to the previously conducted design study, all

stakeholders of the goodwill system expect that explanations

based on feature importance can best satisfy their requirements

and provide valuable insights into the system’s behavior. Hence,

we focused on this particular type of explanation during the

user design phase that lays the conceptual groundwork for the

remaining steps of our process model. In particular, it requires

identifying the information the selected approach can provide from

a technical standpoint and exploring possibilities to present it to

the user.

To explain goodwill decisions by disclosing the impact of

individual features, we planned to employ Shapley additive

explanations (SHAP) (Lundberg and Lee, 2017). This method

derives feature importance scores from so-called Shapley values

originating from game theory (Shapley, 1953). Unlike related

methods such as LIME (Ribeiro et al., 2018) or permutation feature

importance (Breiman, 2001), it provides theoretical properties well-

suited for explaining ML models (Covert et al., 2020). As necessary

in our use case, SHAP and the closely-related Kernel SHAP

approximation method are model-agnostic post-hoc approaches

that can be used with any black-box decision model. Moreover, an

open-source implementation of these methods, including support

for different visualizations, is available.1

SHAP provides local explanations in the form of an additive

feature attribution function (Lundberg and Lee, 2017; Molnar,

2022)

g(z′) = φ0 +

d
∑

j=1

φjz
′
j ,

where g is the local linear surrogate explanation model and z′ ∈

{0, 1}M is a data point represented byM binary features also called

simplified features. In the simplified features, a value of 1 means that

the feature is present whereas a value of 0 indicates absence. The

importance of the j-th feature is specified by the absolut value of

the Shapley value φj ∈ R. Its sign indicates whether the feature has

1 https://github.com/slundberg/shap
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FIGURE 8

Question regarding the usefulness of local feature importance methods included in our explanation design survey.

FIGURE 9

Frequency of agreement with the usefulness of prototypes (PT), rule-based explanations (RB), feature importance (FI), and counterfactuals (CF) by

stakeholder group.

a positive or negative impact on the point prediction ŷ. This impact

needs to be interpreted relative to a baseline Ex

[

f̂ (x)
]

that denotes

the average of all model predictions.

In practice, the exact computation of Shapley values is

often computationally infeasible, as 2d feature subsets must be

evaluated. To overcome this limitation, Kernel SHAP employs

a sampling strategy for approximating Shapley values. For

each data point x to be explained, the model is re-evaluated

using a limited number of feature subsets (simplified features).

Features that are missing from a subset (are set to 0) are withheld

from the decision model. Unfortunately, individual feature

values can only be removed from a data point if the model

can handle missing values. Otherwise, they must be replaced

by randomly sampled values to break the relationship between

feature values and target variables (Covert et al., 2020). In

case of tabular data, an absent feature equals replacement by a

random feature value from the data. By adjusting the number

of re-evaluations or samples, Kernel SHAP’s computational

demands and approximation quality can be traded off

(see Section 5.5.3).
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In the end, the linear explanation model g is trained by

optimizing the following weighted sum of squared errors loss

function L:

L(f̂ , g,πx) =
∑

z′∈Z

(

f̂ (hx(z
′))− g(z′)

)2
πx(z

′)

The estimated weights of the linear model g are then the

Shapley values φj ∈ R. f̂ is the original model and hx a helper

function mapping simplified features to corresponding values from

the actual instance x to be explained (hx :{0, 1}M → RM). πx is

the SHAP kernel providing a weight for each simplified feature

vector. The basic idea is hereby to give small (few 1’s) and large

(many 1’s) vectors the highest weights, as they provide the most

information regarding the effect of individual features (isolated

and total).

To obtain a global explanation for the model, the absolute

Shapley values per j-th feature can simply be averaged over

the data:

Ij =
1

n

n
∑

i=1

|φ
(i)
j |

As outlined in Section 3, we utilize an ordinal classification

method to decide on the percentage of goodwill costs to be

taken by the OEM. In this context, features with negative

Shapley values result in less compensation to be paid. In contrast,

positive values correlate with a higher contribution. During the

user interface design, we considered the following textual and

graphical representations (see Figures 10, 11 for examples) to

disclose the positive and negative factors that lead to a particular

goodwill decision:

• We refer to a simple enumeration of the most influential

features according to their Shapley values as the text

baseline. It is restricted to features with positive (negative)

values greater (smaller) than the quantile q = 0.85

(q = 0.15). The features are grouped by the sign

of their Shapley values and sorted by their size in

decreasing order.

• Decision-logic-enhanced text compares features supporting

the financial claims that come with a goodwill request

to those speaking against them or favoring a lower

financial contribution. As before, only the most influential

features favoring or contradicting a request are given in

sorted order.

• Force plots visualize the contribution of individual features to

a prediction based on their Shapley values. For this purpose,

the positive or negative impact of each feature is shown

relatively to the final prediction and the baseline value on a

one-dimensional scale.

• Like the textual representations above, text-enriched decision

plots provide a description of features sorted by their

importance, albeit independently of whether they influence

a prediction positively or negatively. However, similar to

force plots, the contribution of each feature to the final

prediction is shown graphically and put in relation to the

baseline value.

TABLE 1 Median agreement with the usefulness of XAI methods per

stakeholder group.

Explanation
method

Stakeholder
group

Useful?

Local feature importance Model breaker/builder Strongly agree

Model user Agree

Global feature

importance

All Agree

Prototypes All Agree

Local rule-based All Agree

Global rule-based All Agree

Counterfactuals All Agree

5.4 Phase 4: Implementation

Once the requirements in the explanation system have been

identified, and one has settled for a technical approach that meets

these demands, it must be implemented and integrated into the

existing ecosystem. Figure 12 outlines the software architecture of

the goodwill system. Dealers submit goodwill requests on behalf of

their customers via the dealer frontend. As described in Section 3,

requests are handled by a rule-based assessment if possible.

Otherwise, a manual assessment must be performed. It starts with

the invocation of the ML prediction service that recommends the

compensation to be paid by the OEM for a particular goodwill

request. In addition, the prediction service asynchronously triggers

the ML explanation service by dispatching an explanation request

to a FIFO queue monitored by the latter. Separating prediction

and explanation into distinct micro-services is favorable as the

execution of Kernel SHAP can be computationally costly and time-

consuming. With micro-services, the underlying hardware can

be scaled independently. Moreover, there is no need to provide

explanations immediately after a new goodwill request arrives

since it typically takes time until a human assessor can inspect

them. Shapley values computed by the explanation service are

stored in a central database. They are accessible through a web

application called the explanation dashboard. Offering a standalone

application for accessing explanations enables one to adjust to

different stakeholder groups more flexibly. For example, assessors

are most interested in explanations for pending goodwill requests.

In contrast, other stakeholders like auditors or business experts

might want to inspect goodwill decisions made in the past.

5.5 Phase 5: Technical evaluation

As the next step of our process model, a technical evaluation

of the previously implemented explanation system should be

conducted to ensure that it generates sound explanations. Such

an evaluation is crucial as faulty explanations may trick human

decision-makers into making wrong decisions. As part of our

case study, we verify if the explanations based on Kernel SHAP

fulfill two well-established evaluation metrics, namely stability, and
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FIGURE 10

Graphical explanations of a goodwill decision based on feature importance. (A) The force plot displays feature values in favor of a higher contribution

as red arrows, with their length indicating the magnitude of the contribution. Conversely, blue arrows represent feature values that contribute to a

lower output value. Importantly, the importance of each feature value is always measured in relation to the base value in SHAP. (B) The text-enriched

decision plot lists feature value descriptions in descending order of importance on the y-axis and the model’s output on the x-axis. It is centered on

the x-axis at the base value and shows through the oscillating line how the model’s prediction changes through the contribution of the di�erent

feature values from bottom to top.

faithfulness (Bodria et al., 2021; Belaid et al., 2022; Alvarez-Melis

and Jaakkola, 2018; Rong et al., 2022). Fidelity (Bodria et al., 2021),

another common evaluation metric, which measures how well an

interpretable surrogatemodel reflects the predictions of the original

black-box model, is given by the Shapley value’s efficiency property
∑M

j=1 φj = h(Ex)− E
[

h(Ex)
]

(Lundberg and Lee, 2017), which states

that the feature contributions must add up to the difference of the

prediction for Ex and the average or base value (E
[

h(Ex)
]

). Hence,

there is no need to assess this experimentally. In addition, to ensure

that the implementation adheres to operational constraints, we

measure the computation time and memory consumption needed

to generate explanations. The literature lists many more metrics

like completeness, actionability, compactness, interpretability, and

plausibility, among others (Markus et al., 2021; Zhou et al.,

2021). However, quantifying them can be challenging without

incorporating user feedback, as they often involve subjective

judgments and context-specific considerations that are not easily

captured through technical means alone. That’s why we focus on

the established technical key metrics stability and faithfulness for

Kernel SHAP here.

5.5.1 Stability
The stability of an explanation in the context of machine

learning models is a crucial concept that refers to how sensitive

the explanation is to small changes in the model’s input.

Explanation stability is an important consideration because it

helps assess the reliability and robustness of the explanations

provided by a machine learning model. If the explanations

are highly sensitive to minor input perturbations, it can raise
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concerns about the trustworthiness and consistency of the model’s

decision-making process.

Stability can be assessed in terms of the Lipschitz constant

Lx = max
x′∈Nx

||ex − ex′ ||

||x− x′||
.

The test instance for which an explanation should be provided

is denoted by x, whereas ex is the corresponding explanation in

the form of Shapley values. We normalize both of these vectors by

the sum of their elements. Moreover, Nx denotes a neighborhood

consisting of instances x′ similar to x (Bodria et al., 2021; Alvarez-

Melis and Jaakkola, 2018).

Based on domain knowledge, we explore the neighborhood x′

of a test instance x by applying random changes to some of its

numerical features. This procedure is carried out formileage (±100)

with an interquartile range (IQR) of 72, 017.25, vehicle age in month

(±1) with an IQR of 26.0, labor costs (±10) with an IQR of 415.0,

parts costs (±10) with an IQR of 1, 150.0, and open time costs (±1)

with an IQR of 34.96. For these relatively small changes we do not

necessarily expect any changes in the model’s predictions or the

corresponding explanations.

Table 2 shows the results of our stability evaluation. Large

values indicate great instability, meaning that for similar inputs

quite different explanations are generated. In addition to the

stability, its mean, and its standard deviation, we report the fraction

of test instances for which predictions have changed compared

to its neighbors. Finally, the table also includes the fraction of

instances for which the top-2, -3, and -5 most important features

according to Shapley values have changed due to the perturbations

in some numerical features of neighboring instances. We observe

that explanations of goodwill contributions to labor costs are far

more unstable than those related to part costs according to the

Lipschitz constant. For both of these explainers, the top-2 and top-3

most important features remain unaffected for the vast majority of

test instances. However, for about 50% of the instances the top-5

ranks change, which indicates the limitations of Kernel SHAP’s

stability. Nevertheless, we consider this explanation method to be

stable enough for our use case, because of the small number of

changes in predictions and top-2 feature importance rankings.

5.5.2 Faithfulness
The faithfulness of an explanation assesses how well the

explanation approximates the true behavior of the underlying

black-box machine learning model (Alvarez-Melis and Jaakkola,

2018). It measures how well the explanation captures the actual

decision-making process of the model, rather than just providing

a simplified or approximate representation. When dealing with

explanations based on feature importance, their faithfulness can

be evaluated by using so-called deletion curves (Petsiuk et al.,

2018). According to this method, feature values are removed from

test instances successively, depending on the importance of the

corresponding features. The values of the most important features

are removed first and after each deletion the model’s prediction

error is measured. The intuition behind this procedure is the

following: If a particular feature is considered highly important

by a feature importance method, its removal should lead to a

drastic increase in prediction error. In contrast, the prediction error

A

B

FIGURE 11

Textual explanations of a goodwill decision based on feature

importance. (A) The text baseline approach displays the feature

values contributing the most positively (+) as well as negatively (−)

grouped and with descending importance, as well as the final

recommendation by the model. (B) The decision-logic-enhanced

text also groups the feature values with regards to their positive or

negative contribution, but also puts the model’s prediction into

relation to what the dealer requested from the manufacturer on

behalf of the end customer.

should only slightly deteriorate if one of the least important features

is removed. When removing multiple features with decreasing

importance, this should cause the prediction error to increase

monotonically. Unfortunately, the used black-box models cannot

handle tabular data from which individual features have been

removed. To overcome this limitation, we sample from the

marginal feature distribution to simulate the removal of features

as suggested by Covert et al. (2021).

Figure 13 illustrates the faithfulness of the feature importance

rankings that explain goodwill contributions to labor and part

costs, respectively. In both cases, we observe that the removal

of the most important feature already results in a significant

change of the deletion curve. Moreover, the removal of additional

features results in a monotonically increasing deletion curve until

a plateau is finally reached. This testifies the faithfulness of the

explanations provided by Kernel SHAP. For the labor costs, the

average prediction error increases faster. However, in the limit, the

prediction error is not affected as much as for the part costs.
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FIGURE 12

Software architecture of the decision support system for goodwill assessment.

TABLE 2 Stability of the Kernel SHAP explainer over a subset of 100 test samples.

Explainer Stability Prediction
changes

Top-2 FI
changes

Top-3 FI
changes

Top-5 FI
changes

Labor 1,026.4 ±1,507.4 0.01 0.04 0.12 0.47

Parts 544.0 ±939.6 0.00 0.00 0.18 0.53

A B

FIGURE 13

Deletion curves obtained for labor and part costs based on 578 randomly selected test instances. Features are removed by randomly sampling

10, 000 replacement values. The prediction error is computed as the relative error compared to the maximal possible error, which may vary

depending on the prediction and therefore is normalized. (A) Labor. (B) Parts.

5.5.3 Runtime and memory consumption
The runtime and memory consumption of Kernel SHAP,

apart from the underlying data and number of features, mainly

depend on the size of the dataset and the number of times the

model is re-evaluated, respectively, simplified features are sampled

(nsamples parameter in the Kernel SHAP implementation)

when explaining a prediction. In our use case, we have to deal

with 26 features in total. As a result, the memory consumption
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TABLE 3 Maximum runtime and resource consumption of Kernel SHAP

for 100 samples.

Explainer Max.
runtime

Max.
memory

Max. CPU

Labor 24.92 s 9.99 GB 1,659 mc

Parts 24.15 s 9.02 GB 1,713 mc

of Kernel SHAP is the most limiting factor. We therefore

enforced a memory limit at around 10 GB to keep the memory

consumption at an acceptable level. As a result, the implementation

was deployable on a high density cluster environment

without the need to provide dedicated machines with larger

main memory.

Table 3 shows the runtime and memory consumption of Kernel

SHAP when generating explanations of the contribution to labor

and part costs, respectively. The algorithm was provided with a

dataset consisting of 100 instances. It was configured to perform

3, 000 re-evaluations or samples per explanation. In our use case,

an average runtime of 25 s is acceptable, because explanations are

provided to human assessors asynchronously instead of in real-

time. The CPU utilization of ∼1.7 millicores is moderate. The

test was carried out on a machine with 8 vCPUs and 28 GB

main memory.

5.6 Phase 6: Stakeholder-centric
evaluation

To evaluate the suitability of the considered explanation designs

and the overall satisfaction with the explainable decision support

system, we conducted a second web-based survey. Like the previous

survey, it was iteratively refined together with non-technical

stakeholders in focus group sessions before it was sent out to all

stakeholders to ensure that the survey was also understandable

for non-technical users and that the explanations’ design was

as clear as possible, e.g., with descriptive labels and meaningful

exemplary cases. It addressed the same stakeholders as the first

survey. In total, 23 stakeholders participated (11 model consumers,

six model builders, six model breakers). Again, we relied on a

Likert-scale questionnaire. The first part of the survey focused on

the considered representations of explanations (cf. Figures 10, 11),

whereas the second part aimed at evaluating the decision support

system as a whole.

5.6.1 Preferences regarding the di�erent
explanation designs

The survey asked all stakeholders to pick their favorite

representation of explanations among the four considered variants.

Figure 14 illustrates how many stakeholders preferred each of the

available options. To identify any statistically significant deviations

from a uniform distribution (H0 : τ = 0.25), a right-sided binomial

test was conducted for each option vs. the other options using

a significance level of α = 0.05. In addition, the same test

was applied to the overall preferences of all stakeholders. When

focusing on model users, the p-values obtained for the decision-

logic-enhanced text visualization were smaller than α, which leads

to a rejection of the null hypothesis and indicates a statistically

significant preference for this representation form. The same result

was obtained when considering the overall preferences of all

stakeholders. Furthermore, the Wald confidence intervals were

(30.71%, 69.29%) for all stakeholders and (39.22%, 89.67%) when

focusing on the model users. Because even the lower bound of these

confidence intervals is greater than τ = 0.25, we consider the

preference for the decision-logic-enhanced text design to be very

strong. We also evaluated the comprehensibility and actionability

of this preferred option using a Kruskal-Wallis test (with α =

0.05). According to the reuslts, all stakeholder groups agree that

this particular form of explanations is understandable, easy to

comprehend, and helps making decisions.

5.6.2 Acceptance of the explainable decision
support system

Besides the evaluation of different representation forms, we

were also eager to testify if explanations based on feature

importance are suited to increase the stakeholders’ trust in the

decision support system and if they believe that the system will

have a positive impact on their task performance. Table 4 shows

the questions included in our survey regarding these goals. The

frequency distribution of the answers received for these questions

are depicted in Figure 15. It should be noted that the null

hypothesis of the non-parametric Kruskal-Wallis test, which states

that the median is the same across all stakeholder groups, holds

for all questions in Table 4, i.e., all stakeholders agree that the

provided explanations increased their trust in the decision support

system from which they believe that it will positively impact their

task performance.

6 Discussion and conclusion

This paper presented a process model rooted in the XAI

literature. It covers all the necessary steps for developing a

post-hoc explanation system that enhances the transparency and

trustworthiness of an existing black-box decision system. To

demonstrate the usefulness of the proposed methodology, we

applied it to a real-world problem in the automotive domain,

which encompasses several characteristics like multiple stakeholder

groups and a need for increased automation in conjunction with

transparency, which are certainly present in other domains as well.

Concretely, this study aimed to increase the trust and acceptance

of stakeholders in an ML-based goodwill system. By following the

process model, we were able to identify an XAI method, together

with a suitable representation of the explanations it provides, that

meets the requirements of different stakeholder groups. According

to a final survey, all stakeholders agree that the selected and

implemented XAI approach increases their trust in the decision

system and can be expected to improve the performance of

employees working with the system. From a design science research

perspective, we believe that through our successful case study

we have demonstrated our process model’s ease of use, efficiency,

generality and operationality, which are common evaluation
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FIGURE 14

Number of stakeholders preferring the considered representation forms.

TABLE 4 Questions regarding the trust in the eDSS and its impact on task

performance, as well as the median answers among all stakeholder

groups.

Statement Answer

The explanation increased my trust in the

decision support system.

Agree

I would follow the contribution suggestion

for the cases because of the explanation.

Agree

I could finish my task faster with the help of

this explanation.

Agree

criteria for method type artifacts (Sonnenberg and Vom Brocke,

2012). We further believe that our proposed process model can

be transferred to other domains facing similar challenges, as

presented in this study, such as multiple stakeholder groups and

a tailored model requiring model-agnostic, post-hoc explanation

methods for different stakeholder groups. In the following, we

elaborate on some findings and limitations we identified during

our study.

6.1 The importance of stakeholder
involvement

The results of both surveys that we conducted in the course of

our study emphasize the importance of stakeholder involvement in

the XAI development process. Initially, we did neither anticipate

the potential of XAI methods based on feature importance to meet

their expectations nor their preference for text-based explanations.

Regarding the considered XAI methods, we expected that

stakeholders favor rule-based explanations because a rule-based

decision system is already used in the domain. Most probably, their

choice for feature importance methods can be explained by the

bad experiences with the decade-old and hence overly complex

rule system, which might not be considered interpretable anymore.

Moreover, although we expected counterfactual explanations to be

less valuable for assessors working at the OEM, we saw them as

an attractive solution for car dealers and their customers. After

all, learning how changes in goodwill requests would affect the

outcome of the goodwill process would allow them to maximize

the compensation paid by the manufacturer. Finally, we expected

that model breakers, i.e., managers, business specialists, and

revisionists, would be more interested in a global perspective

on the decision-making process than in analyzing individual

goodwill requests. However, there appears to be a general

preference across all stakeholders to inspect specific cases and

draw conclusions from them instead of being provided with

global explanations.

Another interesting outcome of our case study was the

stakeholders’ preference for text-based explanations over graphical

representations, although the former are restricted to rankings

of features and cannot convey information about their absolute

importance. Nevertheless, many users, particularly model

consumers, i.e., assessors responsible for goodwill decisions,

preferred to be provided with textual information. These results

may indicate that text-based feedback is perceived as natural by

users without a technical background and can be understood more

easily, even without previous training.

6.2 E�ects on the acceptance of machine
learning

The feedback we obtained from different interest groups via

the previously discussed surveys indicates that their trust in the

decision support system has increased. Compared to the initial

reluctance of stakeholders to rely on a black-box model, the

employment of XAI positively impacted the acceptance of ML-

based technology. On the one hand, we attribute this newfound

openness to the increase in transparency achieved through XAI.

On the other hand, we believe that the involvement of stakeholders

in the design and development process positively influenced their

attitude toward the system.

Furthermore, we noticed that the possibility to analyze

recommendations made by the ML model fosters discussions

about the model’s fairness and possible biases in human goodwill
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FIGURE 15

Frequency of agreement with statements regarding the trust in the eDSS and its impact on task performance per stakeholder group.

decisions. This suggests that XAI technologies can help to

encourage fairness and increase awareness of unwanted biases

in decision processes. However, increased trust in automated

decision-making may also lead to over-reliance on the system,

which is not desired in a high-stake business context built around

the human-in-command principle. Instead, the goal should be

an interplay between critically thinking human experts and the

decision support system. As a countermeasure, the assessment

process could be monitored to detect trends toward unilateral

decisions that indicate algorithm aversion (Dietvorst et al., 2015)

or automation bias (Lee and See, 2004).

6.3 Limitations and future work

Since the choice of suitable XAI approaches is very domain-

specific, the process model proposed in this paper can only provide

rough guidance. Consequently, it needs to be tailored to the specific

use case, e.g., by considering appropriate explanation methods

and presentation forms. Providing more guidance and even tool

support to practitioners with regards to suitable explanation

methods and designs depending on the domain, e.g., healthcare,

finance, or the public sector, could be an interesting future

avenue of research. As we have seen with the preference for

textual explanation representation within this study, suitable

methods and designs can be very domain-specific and contrary to

common assumptions.

Moreover, the current process model only focuses on

identifying, implementing, and evaluating post-hoc explanation

methods that help to gain insights into an existing black-box

model. In addition, future work may also deal with use cases

where the goals of XAI should be considered from the start of the

development process. In such cases, inherently interpretable white-

box models can also play an important role and must therefore be

taken into account.

The results of the first survey regarding the different

explanation methodologies may also indicate that many

stakeholders may not have fully understood the differences

between the various explanation methods. This is evidenced by

the agreement that all explanations are useful, but little difference

in preferences among the methods. The purely textual web-based

survey format could have been a limiting factor in this case.

The second survey, which incorporated both textual and visual

representations of the explanation methods, led to more nuanced

results. This suggests that presenting explanations in a more

tangible way, with more concrete domain-specific examples that

stakeholders can relate to, appears beneficial.

In general, gathering feedback from human stakeholders

remains a cumbersome and challenging task due to their
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limited availability and ML/XAI expertise, which may also

explain the primary usage of XAI by developers (Bhatt et al.,

2020). Hence, there is a severe risk of biased feedback results

originating from poorly designed XAI surveys, leading to

misguided XAI systems. Pre-validating designs and surveys in

focus groups, as done in our study, may be a way to prevent

larger misconceptions andmisunderstandings among stakeholders.

However, automating, validating, and easing the collection of

user feedback may be an important avenue for future research

(Confalonieri and Alonso-Moral, 2024), as collecting stakeholder

feedback is of utmost importance when developing XAI systems.

Guidance in terms of XAI survey creation, visualization, and

validation could reduce the risk of misconceptions and misguided

XAI systems.

In terms of stakeholder segmentation, as discussed in Section

5.1, a more structured and fine-grained approach may also

be beneficial, particularly to further split the model breaker

stakeholders into more distinct interest groups. Model breakers

usually encompass several interest groups, each of which may

have distinct explanation needs, whereas the builder and user

groups appear more homogeneous. Due to time and resource

constraints, user segmentation was not carried out to the full extent

in this study.

In terms of computational efficiency, the utilization of Kernel

SHAP was not an issue in this study, where explanations could

be generated in an asynchronous way. However, for applications

that require real-time explanations, the usage of Kernel SHAP

could be problematic due to the high memory usage and runtime

as demonstrated in Section 5.5.3. Here, more efficient SHAP

estimators may be required.
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Abstract. This paper proposes a novel approach for modeling obser-
vational data in the form of expert ratings, which are commonly given
on an ordered (numerical or ordinal) scale. In practice, such ratings are
often biased, due to the expert’s preferences, psychological effects, etc.
Our approach aims to rectify these biases, thereby preventing machine
learning methods from transferring them to models trained on the data.
To this end, we make use of so-called label smoothing, which allows for
redistributing probability mass from the originally observed rating to
other ratings, which are considered as possible corrections. This enables
the incorporation of domain knowledge into the standard cross-entropy
loss and leads to flexibly configurable models. Concretely, our method is
realized for ordinal ratings and allows for arbitrary unimodal smoothings
using a binary smoothing relation. Additionally, the paper suggests two
practically motivated smoothing heuristics to address common biases in
observational data, a time-based smoothing to handle concept drift and
a class-wise smoothing based on class priors to mitigate data imbalance.
The effectiveness of the proposed methods is demonstrated on four real-
world goodwill assessment data sets of a car manufacturer with the aim
of automating goodwill decisions. Overall, this paper presents a promis-
ing approach for modeling ordinal observational data that can improve
decision-making processes and reduce reliance on human expertise.

Keywords: Prescriptive machine learning · Ordinal classification ·
Ordinal regression · Label smoothing · Observational data · Unimodal
distribution

1 Introduction

Our starting point is rating data, where cases x are associated with a score or
rating y, typically taken from an ordinal scale. In credit scoring, for example,
a customer’s credit worthiness could be rated on the scale Y = {poor, fair,
good, very good, excellent}; similar examples can be found in finance [10,16] or
medicine [6,18]. Our real-world example, to which we will return later on in the
experimental part, is the assessment of goodwill requests by a car manufacturer,
where a human goodwill after-sales expert decides about the percentage of the
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labor and parts cost contributions the manufacturer is willing to pay. In our
case, the decision is a contribution between 0 and 100%, in steps of 10%, i.e.,
Y = {0, 10, 20, . . . , 100}—note that this scale is somewhat in-between cardinal
and ordinal, and could in principle be treated either way.

From a machine learning (ML) perspective, rating data has (at least) two
interesting properties. First, ML models learned on such data are prescriptive
rather than predictive in nature [11]. In particular, given a case x, there is
arguably nothing like a ground-truth rating y. At best, a rating could be seen as
fair from the point of view of a customer, or opportune from the point of view of
a manufacturer. For machine learning, the problem is thus to learn a prescriptive
model that stipulates “appropriate” ratings or actions to be taken to achieve a
certain goal, rather than a predictive model targeting any ground-truth.

Second, rating data is often biased in various ways. This is especially true
for observational data where labels or ratings are coming from human experts
and may be geared towards the expert’s preferences and views. For example,
the distribution of ratings in our goodwill use case (cf. Fig. 1) clearly shows a
kind of “rounding effect”: Experts prefer ratings of 0%, 50%, and 100%; ratings
in-between (20% or 30%, 70% or 80%) are still used but much less, while values
close to these preferred ones, such as 10% or 90%, are almost never observed—
presumably, these “odd” ratings are rounded to the closest “even” ratings. Con-
sequently, such data should not necessarily be taken as a gold standard. On
the contrary, it might be sub-optimal and may not necessarily suggest the best
course of action to be taken in a given context.

Fig. 1. Distribution of goodwill contributions for labor and parts at the car manufac-
turer.

To tackle this problem, our idea is to “weaken” the rating data through real-
location, turning a deterministic observation y into a (probability) distribution
on Y; this idea is inspired by a technique known as label smoothing [19]. For
example, an observed rating of 50% could be replaced by a distribution assign-
ing probabilities of 0.05, 0.2, 0.5, 0.2, 0.0.5, respectively, to 30%, 40%, 50%, 60%,
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and 70%, suggesting that the actually most appropriate rating is not necessarily
50%, but maybe another value close by. Learning from such data can be seen as
a specific form of weakly supervised learning [22].

More concretely, we propose a novel label smoothing approach based on
the geometric distribution, which, compared to previous methods (cf. Sect. 2),
enables more transparent and flexible re-distribution of probability mass. The
approach is specifically tailored to probabilistic prescriptive ordinal classifica-
tion, where a high degree of model configurability is required to correct bias in
observational data, surpassing regularization aspects of previous methods by far.
Our contributions can be summarized as follows:

– Novel unimodal smoothing method: In Sect. 3, we introduce our new
unimodal label smoothing method. We first outline the basic smoothing app-
roach and then extend it to a smoothing-relation based approach. This allows
for flexible class-wise re-distribution of probability mass to inject domain
knowledge into the standard cross-entropy loss.

– Practically motivated heuristics: Additionally, we present two heuris-
tic smoothing functions to deal with common issues in observational data,
namely concept drift and data imbalance (cf. Sect. 3.4).

– Application to a real world automated decision making (ADM)
use-case: In Sect. 4, we apply and evaluate our proposed methods on the
aforementioned use-case. To this end, we leverage real-world observational
goodwill assessment data sets of a car manufacturer.

2 Related Work

So-called label smoothing is a popular method in machine learning, specifically
in deep learning [15,19], which is meant to reduce overconfidence in one-hot
encoded (0/1) deterministic labels, thereby serving as a kind of regularizer and
preventing the learner from over-fitting the (possibly noisy) training data. Label
smoothing removes a certain amount of probability mass from the observed label
and spreads it uniformly across the classes. That is, an observation (xi, yi) is
turned into a training example (xi, p

LS
i ), where pLS

i is a probability distribution
on Y:

pLS
i (k) = (1 − α)yi,k + α

1

K
,

with K = |Y| the number of classes, yi,k = 1 for the observed class and = 0
otherwise, and α ∈ (0, 1) a smoothing parameter. Label relaxation is a general-
ization of label smoothing, in which the single smoothed distribution is replaced
by a larger set of candidate distributions [12]. While a uniform distribution of
probability mass is a meaningful strategy for standard (nominal) classification,
where classes have no specific order, this is arguably less true for ordinal clas-
sification, also called ordinal regression in statistics [9,17], where classes have a
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linear order: y1 ≺ y2 ≺ · · · ≺ yK . In this setting, one may rather expect a uni-
modal distribution of the classes, where the observed label is the single mode of
the distribution, and classes closer to the mode are considered more likely than
classes farther away. In ordinal classification, unimodality is not only a natural
property for smoothing, but of course also for prediction [1,2,4,5]; see Fig. 2 for
an illustration.

Liu et al. [13] propose to use the Binomial and Poisson distribution to re-
distribute the probability mass of one-hot encoded (0/1) labels in a unimodal
fashion. However, the authors admit that both distributions are problematic:
In the case of Poisson, it is not easy to flexibly adjust the shape, and for the
Binomial distribution, it is difficult to flexibly adjust the position of the peak
and the variance. Therefore, they propose another smoothing function e

−|k−j|
τ

based on the exponential function, followed by a softmax normalization to turn
the result into a discrete probability distribution on Y. Here, τ > 0 is a smooth-
ing factor that determines the “peakedness” of the function, j the index of the
observed class in the one-hot encoded label yi (where the value is 1) and k the
k-th class. However, how much probability mass is assigned to the mode and the
rest of the classes is not transparent and might require significant experimen-
tation effort. Vargas et al. propose unimodal smoothing methods based on the
continuous Beta and Triangular distributions [20,21] where parameters need to
be pre-calculated upfront depending on the current class and the overall number
of classes. The Binomial and Poisson distribution have previously also been used
to constrain the output of neural networks to unimodailty, where their usage
appears more natural than for label smoothing. For instance, Beckham and Pal
[2] use the Binomial and Poisson distributions as the penultimate layer in a deep
neural network to constrain the output to unimodality before sending it through

(a) Multimodal distribution of credit scor-
ing probabilities.

(b) Unimodal distribution of credit scoring
probabilities.

Fig. 2. Exemplary multimodal (left) and unimodal (right) output distributions of credit
scoring probabilities. The multimodal distribution on the left appears unnatural since
the data underlies a natural order. One would rather expect a monotonic decrease of
probability from the mode of the distribution, like it is shown on the right.
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a final softmax layer. A quite similar approach was previously proposed by da
Costa et al. [4,5].

3 Unimodal Label Smoothing Based on the Geometric
Distribution

In the following, we introduce our novel unimodal label smoothing approach
based on the geometric distribution. We begin with a motivation, explaining
why smoothing degenerate one-point distributions is meaningful, especially in
the setting of prescriptive ML primarily dealing with observational data.

3.1 Motivation

As already mentioned previously, our focus is on prescriptive probabilistic ordinal
classification, where past observations are given in the form of data

D = {(x1, y1), · · · , (xn, yn)} ⊂ X × Y ,

with xi ∈ X ⊆ Rm a feature vector characterizing a case, and yi ∈ Y the
corresponding label or observed rating. The set of class labels has a natural linear
order: y1 ≺ y2 ≺ · · · ≺ yK . In standard (probabilistic) supervised learning, the
goal is then to learn a probabilistic predictor p̂ : X → P(Y) that performs well in
terms of a loss (error) function l : Y ×P(Y) → R+, and training such a predictor
is guided by (perhaps regularized variants of) the empirical risk

R(p̂) :=
1

n

n∑

i=1

l(yi, p̂(xi))

as an estimate of the true generalization performance. The de-facto standard loss
function for nominal probabilistic multi-class classification is the cross-entropy
loss

H(yi, p̂i) = −
K∑

k=1

p(yi = k|xi) log(p̂(yi = k|xi)) ,

where class labels are one-hot encoded as degenerate one-point distributions
pi ∈ P(Y) with pi(yi|xi) = 1 and pi(y|xi) = 0 for y �= yi.

Since all classes apart from the ground-truth or observed label are set to zero,
the cross-entropy loss then boils down to log-loss

H(yi, p̂i) = − log(p̂(yi|xi)).

Obviously, this only makes sense if the labels can be considered incontestable
ground truth. Since this is not warranted to that extend in ordinal observa-
tional data, replacing this degenerate one point distributions with more realistic
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smoothed unimodal surrogate distributions pS is required to prevent the before
shown degeneration of the cross-entropy loss.

H(pS
i , p̂i) = −

K∑

k=1

pS(yi = k|xi) log(p̂(yi = k|xi))

Furthermore, surrogate distributions may even serve to correct wrong inflation-
ary decisions or inject domain knowledge into the learning process, which is a
requirement in prescriptive ML scenarios and at the heart of this paper.

3.2 Basic Unimodal Label Smoothing

The geometric distribution models the probability that the k -th trial is the first
success for a given success probability θ and trials k ∈ {1, 2, 3, . . .}.

p(k) = (1 − θ)(k−1)θ

Due to its monotonically decreasing curve, it’s well suited to model an unimodal
probability distribution. The shape of the distribution hereby heavily depends
on the “success” probability θ. We may think of the original label of a training
instance as the success probability θ and the future mode of our new unimodal
distribution. The more probability mass we want to allocate to the original
label of our training instance, the more peaked or degenerate the distribution
will look like. In a standard scenario with one-hot encoded labels, the complete
probability mass of 1 is initially assigned to the ground truth or observed label.
To take away probability mass from the label, we introduce a smoothing factor
α ∈ (0, 1). The probability assigned to the mode of the probability distribution
is then defined as (1 − α) (cf. Eq. 1). The probability of the rest of the classes
is modeled as a two-sided geometric distribution decreasing monotonically from
the mode. Below is the raw, non-normalized version of our unimodal smoothing
approach based on the geometric distribution with j as the index of the observed
class in the one-hot encoded label yi (where the value is 1):

pG
i (k) = α|j−k|(1 − α) (1)

Since the geometric distribution has infinite support we need to truncate
and normalize it so that the probabilities sum to 1. We do this by introducing a
normalizing constant Gi:

Gi = pG
i (k �= j) =

∑

k �=j

α|j−k|(1 − α).

The normalized version of our smoothing approach with
∑K

k=1 pG
i (k) = 1 then

looks as follows:

pG
i (k) =

{
1 − α if k = j

1/Gi α|j−k|+1(1 − α) if k �= j
.
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Fig. 3. The above figures illustrate our proposed unimodal smoothing approach based
on the geometric distribution.

Note that we do not normalize the mode of the distribution (1 − α) since we
want to keep transparent how much probability mass is allocated to the ground
truth or observed label. Figures 3a and 3b illustrate how our unimodal smoothing
approach based on the geometric distribution looks like for different classes and
different smoothing factors respectively.

3.3 Class-Wise Unimodal Label Smoothing Using a Smoothing
Relation

The basic smoothing approach presented in the previous subsection does not
distinguish between classes and all classes are smoothed the same. Furthermore,
it assumes a rather symmetric smoothing where probability mass is distributed
to the left and right side of the mode (if possible). To achieve a higher degree of
configurability in terms of smoothing, we introduce a so called smoothing relation
(cf. table 1) that allows to define how strong the label or mode is smoothed per
observed class index j (αj), as well as the fraction of outstanding probability
mass that is supposed to be distributed to the left (Fl,j) and right (Fr,j) of the
mode, with Fl,j + Fr,j = 1. An extended smoothing function allowing class-wise
smoothing based on a smoothing relation (cf. Table 1) is displayed below:

pG
i (k) =

⎧
⎪⎪⎨
⎪⎪⎩

1 − αj if k = j

1/Gi Fl,j α
(j−k)+1
j (1 − αj) if k < j

1/Gi Fr,j α
(k−j)+1
j (1 − αj) if k > j

, with Fl,j + Fr,j = 1
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Table 1. Two exemplary smoothing-relations to configure unimodal re-distribution of
probability mass.

j 1 2 3 4 5
α 0 0.2 0.3 0.4 0.5
Fl 0 1 1 1 1
Fr 0 0 0 0 0
(a) Cautious smoothing relation.

j 1 2 3 4 5
α 0.5 0.4 0.3 0.2 0
Fl 0 0 0 0 0
Fr 1 1 1 1 0
(b) Generous smoothing relation.

The adapted normalization constant Gj then looks as follows:

Gi =

⎧
⎪⎪⎨
⎪⎪⎩

∑
k>j α

(k−j)
j (1 − αj) if Fl, j = 0

∑
k<j α

(j−k)
j (1 − αj) if Fr, j = 0

∑
k �=j α

|j−k|
j (1 − αj) otherwise

.

In this case, one can particularly define how much of the outstanding probabil-
ity mass is assigned left or right of the mode. This, in the extreme case, even
enables unimodal one-sided label smoothing by distributing probability mass
only to one side. This extreme scenario is shown in Table 1, where in the left
smoothing-relation smoothing is only performed to the left side of the mode,
with increasing α and in the right smoothing-relation only to the right, with
decreasing α. Smoothing only to the left side of the mode indicates a more cau-
tious smoothing, for instance, in our credit scoring example, probability mass is
then re-distributed from higher ratings to lower ratings. The other way round,
smoothing to the right indicates a more generous approach, where probabil-
ity mass is re-distributed from lower ratings to higher ratings. Hence, through
using this approach, probability mass can be flexibly re-distributed to correct
any biases in the underlying observational data, e.g., too cautious or generous
credit rating assessments in the past. Figure 4 shows the smoothing curves for
the cautious (Fig. 4a) respectively generous smoothing (Fig. 4b).

3.4 Unimodal Smoothing Heuristics for Prescriptive Machine
Learning

The basic smoothing approach outlined in Subsect. 3.2 smooths the distribution
for every class the same, which may be a too simplified assumption. In con-
trast, the smoothing relation approach introduced in Subsect. 3.3 provides more
flexibility, but on the other side also requires detailed knowledge about present
biases and the domain. Hence, in the following we want to look at two generally
applicable smoothing heuristics to deal with two common issues in observational
data: data imbalance and concept drift.
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Fig. 4. Class-wise left- or right-tailed smoothing using the smoothing relations in
Table 1.

Unimodal Smoothing Based on Class Priors. Observational data is often
strongly imbalanced (cf. Fig. 1) [10]. From a prescriptive ML point of view, “cor-
recting” over-proportionally used labels or ratings stronger through smoothing
them more than infrequently used ones might be a reasonable correction. In
observational data, the more inflationary a rating is used, the less meaningful it
appears. The other way round, one may assume that rare ratings are selected
more carefully and more thought might have been put into their selection. More-
over, this may also counteract class imbalance as the probability mass assigned
to inflationary used ratings is reduced compared to more seldomly used ratings.

Hence, a simple smoothing heuristic may be to vary the smoothing factor
depending on the class prior.

si(α) = α · p(yi)

max
y∈{y1,y2,...,yK}

p(y)
∈ [0, α]

The single smoothing factor α is hereby replaced by a smoothing function si(α)
depending on α and the class prior p(yi) normalized by the max class prior. The
equation below shows the adapted unimodal smoothing approach dependent on
prior class probabilities.

pG
i (k) =

{
1 − si(α) if k = j

1/Gi si(α)|j−k|+1(1 − si(α)) if k �= j

The normalizing constant Gi also needs to be updated accordingly:

Gi = pG
i (k �= j) =

∑

k �=j

si(α)|j−k|(1 − si(α))

Figure 5 illustrates the class-wise smoothing approach on exemplary imbal-
anced class prior probabilities. As one can see, class 1 has the highest prior
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Fig. 5. Class-wise unimodal smoothing of probability mass depending on class priors.

Fig. 6. Goodwill decision mean values for parts and labor contributions over time,
entailing concept drift and shift.

probability and is smoothed the most. Whereas class 2 has the lowest prior
probability and is smoothed the least.

Time Based Unimodal Smoothing. Another very typical bias in observa-
tional data is concept drift or shift, where the target variable which a model
tries to predict changes its statistical properties over time [14]. Typically, rat-
ings conducted by human experts like credit rating assessments or candidate
rating in human resources will not remain static over time. Strategies will change
dynamically depending on market situations. This is also visible in our goodwill
assessment data sets, where mean contribution ratings for labor and parts repair
costs change dynamically over time for some markets (cf. Fig. 6).

Hence, we propose another simple linear smoothing function that will smooth
older instances stronger than more recent ones, whereas ti ∈ T are time stamps
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Table 2. Goodwill assessment data set sizes. All data sets have 26 features (18 cat-
egorical and 8 numeric) and a single label with 11 classes (Y = {0, 10, 20, . . . , 100}).

Market A B C D

# Instances 17,652 27,390 43,286 13,832

accompanying each human expert rating:

si(α) = α ·
max
t∈T

t − ti

max
t∈T

t − min
t∈T

t
∈ [0, α]

4 Evaluation

In the following, we want to evaluate our proposed smoothing approaches
on four ordinal real world goodwill assessment data sets of a car manufac-
turer (cf. Table 2), with the goal to predict appropriate monetary contribu-
tions for parts and labor repair costs on an ordinal scale from 0 to 100%
(Y = {0, 10, 20, . . . , 100}). The different data sets are taken from different
national sales markets and reflect the different goodwill assessment strategies
of the national sales companies (NSC) of the car manufacturer. At the moment,
goodwill requests are to a large extend assessed manually by human experts [10].
However, the long term aim of the car manufacturer is to increase automation
and process goodwill requests through automated decision making (ADM) [10].
The attributes of the data instances entail information about the vehicle and
the case, for instance, vehicle age, mileage, requested costs, defect code, whether
the vehicle was regularly serviced, etc. [10]. The data is of mid-size tabular
nature which makes us rely on Gradient Boosted Trees (GBT) for our evalua-
tion implementation [8]. Concretely, we make use of eXtreme Gradient Boosting
(XGBoost) [3]. However, our proposed smoothing approaches are not limited to
GBTs and could, for instance, also be used in a deep learning context. Table 2
summarizes some characteristics of the goodwill data sets used for evaluation.
In general, the data sets are in most cases heavily imbalanced with mostly 0,
50 and 100% ratings (cf. Fig. 1). As shown in Fig. 6, data sets A, B and C also
contain some sort of drift in the target ratings.

4.1 Relation and Priors Based Smoothing Results

To evaluate the flexibility of the smoothing-relation based approach on goodwill
assessment data, we make use of the smoothing-relations shown in Table 3, which
are similar to the previous five classes example (cf. Table 1), but expanded to
11 classes or ratings for the case of goodwill assessment. On max, 50% of the
probability mass is re-distributed to other classes (α = 0.5).
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Table 3. Cautious (top) and generous (bottom) smoothing-relations for goodwill
assessment with 11 classes (Y = {0, 10, 20, . . . , 100}).

j 1 2 3 4 5 6 7 8 9 10 11
α 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Fl 0 1 1 1 1 1 1 1 1 1 1
Fr 0 0 0 0 0 0 0 0 0 0 0

(a) Cautious smoothing-relation.

j 1 2 3 4 5 6 7 8 9 10 11
α 0.5 0.45 0.4 0.35 0.3 0.25 0.2 0.15 0.1 0.05 0
Fl 0 0 0 0 0 0 0 0 0 0 0
Fr 1 1 1 1 1 1 1 1 1 1 0

(b) Generous smoothing-relation.

Tables 4 and 5 show the results of a ten-fold cross validation evaluation of the
cautious (+Cautious) respectively generous (+Generous) smoothing-relation in
relation to a standard nominal classification (Base). Additionally, we also display
the results of the smoothing heuristic based on the class priors (+Priors) with
a max smoothing factor of α = 0.5. In all cases, we display the mean as well as
the standard deviation (±) of the ten folds. The evaluated standard metrics are
accuracy (ACC), mean absolute error (MAE) and mean squared error (MSE).
Since we are dealing with an ordinal classification problem that lies somewhere
between classification and regression, classification as well as regression metrics
are of interest [7]. The underpay and overpay metrics are domain specific met-
rics relevant from a goodwill assessment perspective, as they indicate how much
money was payed less (underpay), respectively more (overpay), compared to the
manual human assessments. One can clearly see that the cautious, respectively
generous, smoothing-relations are reflected in the results. In case of the cautious
strategy there is a strong tendency of underpayment, whereas in case of the gen-
erous strategy there is a strong tendency for overpayment. The class priors based
smoothing approach trades-off accuracy for improved MAE and MSE metrics,
which can be considered beneficial in ordinal classification.

4.2 Time Based Smoothing Results

In the time-based smoothing evaluation, we set the smoothing factor to α = 0.8,
which is a rather aggressive value that leads to almost uniform re-distribution of
probability mass for the oldest training instances. The data is split into training
and test data with a ratio of 90/10, whereas the test data entails the most recent
10% of the data. The small test data set size of 10% was chosen to use the same
amount of data for testing as in the experiments performed above which used
10-fold cross validation and, even more important, to specifically focus on very
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Table 4. Results of smoothing for labor contributions of different goodwill assessment
data sets with a max smoothing factor of α = 0.5.

Model ACC MAE MSE UNDERPAY OVERPAY

Base 0.906 ±0.008 6.76 ±0.61 586.85 ±57.78 −20,810.34 ±3,987.55 22,220.51 ±3,486.62
+Generous 0.902 ±0.007 7.06 ±0.56 615.11 ±53.74 −11,788.37 ±2,630.4 34,593.04 ±4,824.63
+Cautious 0.904 ±0.007 6.94 ±0.52 606.49 ±46.65 −30,887.52 ±5,159.07 14,395.95 ±1,757.34
+Priors 0.905 ±0.009 6.74 ±0.74 581.03 ±68.85 −17,901.34 ±6001.66 25,858.72 ±3,534.84
Base 0.89 ±0.007 6.7 ±0.51 521.91 ±45.95 −200,513.25 ±22,181.56 555,628.97 ±110,741.03
+Generous 0.885 ±0.005 6.96 ±0.45 545.08 ±41.78 −112,300.64 ±24,587.5 712,084.73 ±129,923.33
+Cautious 0.887 ±0.005 6.9 ±0.41 542.97 ±38.37 −365,626.9 ±47,568.54 402,926.56 ±91,423.83
+Priors 0.886 ±0.003 6.63 ±0.3 505.23 ±28.57 −224,039.44 ±28,151.06 511,294.98 ±109,859.14
Base 0.933 ±0.004 4.53 ±0.33 380.53 ±31.07 -34,406.94 ±5629.54 52,374.52 ±6,396.72
+Generous 0.929 ±0.003 4.81 ±0.31 409.64 ±29.87 −19,201.82 ±3,462.9 72,995.39 ±6,103.36
+Cautious 0.93 ±0.003 4.87 ±0.3 416.79 ±30.74 −52,842.93 ±8,453.54 38,187.68 ±5,016.32
+Priors 0.93 ±0.004 4.68 ±0.37 393.6 ±35.41 −27,316.0 ±3,750.45 59,746.98 ±4,594.85
Base 0.862 ±0.007 7.93 ±0.59 580.46 ±56.44 −153,618.28 ±35,419.88 345,107.29 ±66857.93
+Generous 0.862 ±0.01 7.88 ±0.62 575.39 ±53.25 −62,970.68 ±24,501.17 415,654.6 ±83243.69
+Cautious 0.859 ±0.008 7.93 ±0.67 578.67 ±63.08 −222,597.46 ±29955.5 270,679.0 ±53,456.44
+Priors 0.862 ±0.008 7.7 ±0.61 554.95 ±55.18 −105,230.72 ±30,140.38 371,125.59 ±58,349.45

Table 5. Results of smoothing for parts contributions of different goodwill assessment
data sets with a max smoothing factor of α = 0.5.

Model ACC MAE MSE UNDERPAY OVERPAY

Base 0.896 ±0.009 6.98 ±0.82 579.34 ±78.5 −31,744.94 ±9306.37 84,160.92 ±21,575.87
+Generous 0.892 ±0.008 7.16 ±0.7 594.27 ±66.21 −15,378.27 ±5,296.54 102,037.97 ±19,866.94
+Cautious 0.895 ±0.006 7.13 ±0.63 598.47 ±61.55 −45,414.86 ±19,132.45 72,023.1 ±14,395.4
+Priors 0.895 ±0.008 6.96 ±0.7 575.55 ±66.55 −36,270.52 ±15,750.53 78,736.36 ±20,136.15
Base 0.894 ±0.006 6.24 ±0.35 477.5 ±31.8 −430,146.61 ±108977.81 1,122,151.24 ±176,516.56
+Generous 0.891 ±0.005 6.38 ±0.33 491.79 ±31.37 −217,544.71 ±74,535.81 1,367,306.62 ±187,239.83
+Cautious 0.894 ±0.005 6.22 ±0.31 481.64 ±30.41 −640,450.7 ±177,181.13 894,571.07 ±166,891.27
+Priors 0.892 ±0.005 6.1 ±0.24 456.87 ±21.91 −546,358.25 ±165,084.6 967,882.1 ±143,394.63
Base 0.884 ±0.003 4.24 ±0.16 243.91 ±12.32 −67,451.36 ±8,535.11 219,066.1 ±34,154.76
+Generous 0.882 ±0.006 4.28 ±0.21 247.98 ±13.92 −38,309.93 ±6,165.02 245,536.55 ±37,405.61
+Cautious 0.883 ±0.005 4.19 ±0.2 241.42 ±13.77 −83,698.36 ±15,123.86 197,573.78 ±39,719.46
+Priors 0.884 ±0.004 4.19 ±0.16 239.42 ±11.72 −63,682.4 ±8,578.55 217,069.17 ±35,658.62
Base 0.87 ±0.009 7.16 ±0.57 514.27 ±53.2 −264,672.6 ±110,169.93 765,250.06 ±163,638.98
+Generous 0.867 ±0.007 7.38 ±0.52 534.6 ±51.22 -128,742.79 ±41,807.12 890,592.62 ±174,359.46
+Cautious 0.866 ±0.006 7.28 ±0.45 523.84 ±39.17 −54,350.41 ±109,682.42 631,753.19 ±123,490.03
+Priors 0.869 ±0.006 7.03 ±0.53 498.47 ±51.21 −222,986.36 ±67,758.96 778,818.12 ±160,019.91

recent data. For this evaluation, we focus on the three data sets that visually
entail some sort of drift in the target rating over time (cf. figure 6). Tables 6
and 7 summarize the obtained time based smoothed results (+Time) for labor
and parts contributions respectively in comparison to a nominal classification
baseline (Base). One can clearly see that the time based smoothing approach
increases the predictive performance of the models on our data sets for the
majority of our metrics.
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Table 6. Results of time based smoothing (+Time) compared to standard nominal
classification (Base) for labor contributions of different goodwill assessment data sets
(α = 0.8).

Model ACC MAE MSE UNDERPAY OVERPAY

Base 0.888 8.95 832.46 −20,166.82 31,891.31
+Time 0.89 8.93 831.73 −15,223.71 24,952.21
Base 0.827 8.92 668.35 −145,360.16 844,359.37
+Time 0.829 8.45 633.88 −137,898.47 799,428.2
Base 0.951 2.97 240.73 −31,880.59 29,368.8
+Time 0.952 2.87 232.61 −28,603.83 27,001.83

Table 7. Results of time based smoothing (+Time) compared to standard nominal
classification (Base) for parts contributions of different goodwill assessment data sets
(α = 0.8).

Model ACC MAE MSE UNDERPAY OVERPAY

Base 0.845 10.02 839.32 −72,368.92 117,635.19
+Time 0.844 9.98 829.63 −58,450.89 154,781.0
Base 0.834 8.73 655.28 −312,151.14 1,260,827.89
+Time 0.828 8.57 643.12 −242,015.57 1,121,527.11
Base 0.919 2.75 146.03 −85,673.42 110,494.84
+Time 0.924 2.68 147.0 −75,981.27 122,821.94

5 Conclusion

In this paper, we presented a novel unimodal label smoothing approach with
the aim to rectify bias in ordinal observational data. We have demonstrated
the effectiveness of the approach for the use case of automotive goodwill assess-
ment. Through the usage of different smoothing-relations we can flexibly con-
figure our models to be more cautious, respectively generous, with regards to
goodwill assessments which is clearly indicated in strong underpayment, respec-
tively strong overpayment, in comparison to a nominal classification baseline.
The class priors based smoothing heuristic corrects inflationary used ratings
through smoothing them stronger than less frequently used ratings which man-
ifests in reduced MAE and MSE metrics compared to the baseline. Time based
smoothing helps to reduce concept drift bias and outperforms standard nominal
classification on the majority of our evaluated metrics. Overall we can say that,
our proposed methods are effective and flexible tools to correct biased expert
ratings and reduce reliance on human expertise.
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Uncertainty quantification has received increasing attention in machine learning in the recent past, but the focus has mostly been on standard (nominal) classification and regression so far. In this paper, we address the question of how to quantify uncertainty in ordinal classification, where class labels have a natural (linear) order. We reckon that commonly used uncertainty measures such as Shannon entropy, confidence, or margin are not appropriate for the ordinal case. In our search for better measures, we draw inspiration from the social sciences literature, which offers various measures to assess so-called consensus or agreement in ordinal data. We argue that these measures, or, more specifically, the dual measures of dispersion or polarization, do have properties that qualify them as measures of uncertainty. Furthermore, inspired by binary decomposition techniques for multi-class classification in machine learning, we propose a new method that allows for turning any uncertainty measure into an ordinal uncertainty measure in a generic way. We evaluate all measures in an empirical study on twenty-three ordinal benchmark datasets, as well as in a real-world case study on automotive goodwill claim assessment. Our studies confirm that dispersion measures and our binary decomposition method surpass conventional (nominal) uncertainty measures.

1. Introduction
Supervised machine learning models are increasingly deployed for high-stakes automated decision making (ADM) in fields such as medicine or finance, which comes with the demand for reliable quantification of predictive uncertainty to prevent financial or reputational loss, or even loss of live. Information about the uncertainty related to the outcome 𝑦 ∈  in a context specified by a query instance 𝒙𝑞 could, for instance, be used to perform selective classification, also called classification with abstention or reject option [1,2], where highly uncertain queries are delegated to human experts. This in turn reduces the risk of wrong predictions and increases the overall accuracy of the predictor [3].So far, the primary focus of predictive uncertainty quantification in machine learning has been on standard (probabilistic) classification, where a predictor outputs a probability distribution (vector) 𝒑 = (𝑝1,… , 𝑝𝐾 ) on the set of class labels  = {𝑦1,… , 𝑦𝐾}, where 𝑝𝑘 = 𝑝(𝑦𝑘) is the probability of 𝑦𝑘. The arguably most popular uncertainty measure in this case is Shannon entropy [4]:
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Fig. 1. Two very different distributions sharing the same Shannon entropy 𝐻 = 1.32. In contrast, variance detects the higher dispersion on the right (𝑉 = 3.25) compared to the left (𝑉 = 1.62).

𝐻(𝒑) ∶= 𝔼
[
−log𝑝(𝑦)

]
= −

𝐾∑
𝑘=1
𝑝(𝑦𝑘) log𝑝(𝑦𝑘) .

Typically, the class labels 𝑦 ∈  are nominal categories, for example, different types of objects in image classification. However, there are real-world applications where  corresponds to an ordinal scale, i.e., a natural (linear) order relation 𝑦1 ≺ 𝑦2 ≺⋯ ≺ 𝑦𝐾can be defined on the class labels. Think of credit scoring with  = {poor, fair, good, very good, excellent} or any other rating application, such as disease severity in medicine or employee performance evaluation in human resources. Since entropy is invariant against redistribution of probability mass, one may question the reasonableness of this measure in ordinal classification, where the dispersion of probability mass is an indicator for uncertainty. For an illustration, consider Fig. 1, where two very different predictive probability distributions are depicted that share the same entropy. Intuitively, the case on the right, with high probability for the two extreme outcomes, appears to be the more uncertain one. In credit scoring, for instance, it may suggest that the creditworthiness is either poor or excellent, but presumably nothing in-between. In this case, a wrong decision is likely to have more dramatic implications than mixing up, say, a poor and fair rating, like in the case on the left.Since ordinal classification somewhat lies in-between classification and regression, one may also think of using uncertainty measures for regression, notably the variance, which is defined for continuous as well as discrete random variables [5,6]:
𝑉 (𝒑) ∶=

𝐾∑
𝑘=1
𝑝(𝑦𝑘)(𝑘− 𝜇)2 , with 𝜇 =

𝐾∑
𝑘=1
𝑝(𝑦𝑘) ⋅ 𝑘 . (1)

Variance measures how far a set of numbers is spread out from their average value. Unlike entropy, it is not invariant against redistribution of probability mass (cf. Fig. 1). Note, however, that it assumes a numerical encoding of class labels. The common practice is to encode ordinal labels 𝑦1,… , 𝑦𝐾 as integers 1,… ,𝐾 [7], as we also did in (1), turning the ordinal scale  into a cardinal (interval) scale with equal distances between the class labels. However, this is a critical assumption that is highly disputable and hard to justify theoretically. Practically, it may appear plausible in many cases, especially for Likert-type scales used in questionnaires and surveys.For Likert scales, other measures have also been proposed in the social sciences literature: So-called consensus measures for ordinal data aim to determine the degree of consensus or agreement in survey data [8]. These measures are designed in a way to reach their respective maximum when all probability mass is concentrated on a single category, and their respective minimum for a distinct bimodal distribution, where the probability mass is equally allocated to the extreme ends of the ordinal scale. We believe that the corresponding complementary measures of dispersion or polarization are promising candidates for uncertainty quantification in ordinal classification. Similar to variance, they capture the degree of dispersion of a probability distribution or sample, while at the same time respecting the ordinal nature of the underlying scale. We will elucidate on this class of measures and their properties in Section 4.In Section 5, we present a new class of measures, which are inspired by binary decomposition techniques for tackling polychotomous classification problems in machine learning [9]. Our approach allows for ``lifting'' any uncertainty measure applicable to a Bernoulli distribution (i.e., the case of binary classification) to a distribution on an ordinal scale. This includes established (nominal) uncertainty measures such as entropy and margin.In general, our goal is to compare different measures for probabilistic ordinal classification according to their ability to capture uncertainty in a proper way (see Fig. 2 for a graphical overview of our approach). To this end, each candidate measure is used to quantify the uncertainty of predictions 𝑝(𝑦 | 𝒙) over a set of (test) instances 𝒙, and the suitability of the measure is then judged based on the performance achieved with the uncertainties in a downstream task, e.g. selective classification. For example, the uncertainties could be used to decide on a subset of the presumably most uncertain cases, on which the learner abstains, hoping to maximize the accuracy on the remaining (presumably less difficult) cases. The probabilities 𝑝(𝑦 | 𝒙) themselves are obtained in a first step by training probabilistic predictive models, e.g., using proper scoring rules such as cross-entropy as loss functions.1Our contributions can be summarized as follows:
1 Proper scoring rules [10] are loss functions that are minimized (in expectation) by the true probabilities; broadly speaking, they incentivize the learner to predict probabilities in an unbiased way.
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Fig. 2. Different uncertainty measures are evaluated for their ability to quantify uncertainty of predictions 𝑝(𝑦 | 𝒙) over a set of (test) instances 𝒙. The performance of these measures is assessed in a downstream selective classification task, where the learner abstains from uncertain cases (∅) to maximize accuracy (ACC) on the remaining, less uncertain instances (𝑦̂).

• Discussion of appropriate uncertainty measures for probabilistic ordinal classification: After having introduced uncertainty representation through probability distributions over classes in Section 2, we revisit some uncertainty measures commonly used in machine learning in Section 3. In Section 4, we elaborate on properties that a good uncertainty measure for probabilistic ordinal classification should exhibit, and explain why common nominal measures such as confidence and entropy are not good candidates.• Proposal of using ordinal consensus measures for uncertainty quantification: Also in Section 4, we introduce and advocate the usage of so-called ordinal consensus measures for quantifying uncertainty in ordinal classification by making use of their complementary dispersion measures. As previously stated, we consider these measures to be an ideal match for uncertainty quantification in ordinal classification.• Ordinal binary decomposition method for uncertainty quantification: In Section 5, we show how any uncertainty measure, e.g., entropy or margin, can be turned into an ordinal uncertainty measure through decomposing the multi-class output into an ordered sequence of binary uncertainty quantification problems and aggregating the corresponding uncertainty degrees into an overall uncertainty score.• Empirical evaluation of uncertainty measures on ordinal benchmark datasets: We validate our hypothesis that dispersion measures as well as our ordinal binary decomposition method are better candidates for quantifying uncertainty in ordinal classification than common nominal uncertainty measures through an extensive empirical evaluation on twenty-three ordinal benchmark datasets. Concretely, we calculate prediction rejection ratios (PRRs) and visualize rejection curves for the most common ordinal classification metrics accuracy (and its complementary misclassification rate), mean absolute error, and mean squared error.• Empirical evaluation of uncertainty measures on a real-world ADM use case: Additionally, we conduct a case study on seven polarized automotive goodwill assessment datasets to further support our hypothesis through a real-world ADM use case.
2. Learning probabilistic predictors

We consider the setting of probabilistic supervised machine learning, in which a learner is given access to a set of training data
 = {(𝒙1, 𝑦1),… , (𝒙𝑛, 𝑦𝑛)} ⊂  × ,

with 𝒙𝑖 ∈  ⊆ ℝ𝑚 a feature vector from an instance space  , and 𝑦𝑖 ∈  the corresponding class label or outcome from a set of outcomes  that can be associated with an instance. In particular, we focus on the ordinal classification scenario, where  =
{𝑦1,… , 𝑦𝐾} consist of a finite set of class labels equipped with a natural (linear) order relation:

𝑦1 ≺ 𝑦2 ≺⋯ ≺ 𝑦𝐾.Suppose a model or hypothesis space  to be given, where a hypothesis ℎ ∈ is a predictive model in the form of a mapping  → ℙ() from instances to probability distributions on outcomes. Assuming that training data as well as future (test) data is independently distributed according to an underlying (unknown) joint probability 𝑃 on  × , the goal in probabilistic supervised learning is to induce a hypothesis ℎ∗ ∈ with low risk (expected loss)
𝑅(ℎ) ∶= 𝔼(𝒙,𝑦)∼𝑃 𝑙(ℎ(𝒙), 𝑦) = ∫×

𝑙(ℎ(𝒙), 𝑦) 𝑑𝑃 (𝒙, 𝑦) ,

where 𝑙 ∶ ℙ() × →ℝ+ is a loss (error) function.Training probabilistic predictors is typically accomplished by minimizing the (perhaps regularized) empirical risk
𝑅𝑒𝑚𝑝(ℎ) ∶=

1
𝑛 

𝑛 ∑
𝑖=1 
𝑙(ℎ(𝒙𝑖), 𝑦𝑖)
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as an estimate of the true generalization performance, using loss functions such as proper scoring rules [10]. These have the nice theoretical property of incentivizing the learner to predict the correct conditional probabilities. Common examples of such loss functions include the log-loss and the Brier score. The empirical risk minimizer

ℎ̂ ∶= argmin
ℎ∈ 𝑒𝑚𝑝(ℎ)

serves as an approximation of the true risk minimizing hypothesis ℎ∗. Given a query instance 𝒙𝑞 ∈  as input, it produces a probabilistic prediction
𝒑 = ℎ̂(𝒙𝑞) = (𝑝(𝑦1),… , 𝑝(𝑦𝐾 )) = (𝑝1,… , 𝑝𝐾 ) ∈ ℙ() (2)

as output, where 𝑝𝑘 is the predicted probability for the 𝑘𝑡ℎ class 𝑦𝑘.
3. Uncertainty quantification for probabilistic predictors

Given a prediction (2), one might be interested in quantifying its uncertainty. In the literature, various measures have been proposed and are commonly used for that purpose. To simplify notation, we subsequently omit information about the query instance 
𝒙𝑞 , which is supposed to be fixed. Following (2), we denote by 𝒑 the probability distribution (vector) predicted for 𝒙𝑞 , and by 𝑝(𝑦𝑘)or simply 𝑝𝑘 the probability assigned to class label 𝑦𝑘.A very simple measure of predictive uncertainty, called confidence (CONF), is the gap between full certainty (a probability of 1) and the highest predicted probability [11]:

𝑢CONF(𝒑) = 1 − max
𝑦𝑘∈ 𝑝(𝑦𝑘) = 1 − 𝑝(1) ,

where (⋅) is a permutation of {1,… ,𝐾} such that 𝑝(1) ≥ 𝑝(2) ≥… ≥ 𝑝(𝐾). Note that this measure implicitly assumes that, if the learner has to make a deterministic decision and commit to a single class label, it will indeed pick the one with highest probability. While this appears plausible, it might be rational to deviate from this decision in the case of cost-sensitive classification, where different mistakes may cause different costs.Confidence only looks at the highest probability 𝑝(1) but largely ignores the remaining information provided by 𝒑. Another simple approach, which at least incorporates the second largest probability, is to measure the margin (MARG) between the largest and second largest probability [11]:
𝑢MARG(𝒑) = 1 −

(
𝑝(1) − 𝑝(2)

)
.

A larger difference between the two highest probabilities signifies lower uncertainty, whereas a smaller difference indicates higher uncertainty.More information about the entire shape of 𝒑 is captured by the (Shannon) entropy (ENT), a classical measure of uncertainty already discussed in the introduction. Broadly speaking, it quantifies the non-uniformity or ``peakedness'' [12] of a probability distribution:
𝑢ENT(𝒑) = −

𝐾∑
𝑘=1
𝑝(𝑦𝑘) log 𝑝(𝑦𝑘) ,

with 0 log0 = 0 by definition. Entropy is maximized by the uniform distribution 𝑝𝑘 ≡ 1∕𝐾 and minimized by a Dirac delta-distribution that concentrates the entire probability mass on a single class �- in this case, entropy is zero and indicates full certainty. Entropy is the de-facto standard for nominal classification in machine learning, where the uniform probability distribution is commonly associated with the least level of informedness or, equivalently, highest uncertainty.As already outlined in the introduction, variance (VAR) is not maximized by a uniform distribution but measures the dispersion of a distribution in relation to its mean value 𝜇:
𝑢VAR(𝒑) =

𝐾∑
𝑘=1
𝑝(𝑦𝑘) ⋅ (𝑦𝑘 − 𝜇)2 with 𝜇 =

𝐾∑
𝑘=1
𝑝(𝑦𝑘) ⋅ 𝑦𝑘 (3)

It is applicable to numeric data and a popular choice for quantifying uncertainty in regression [5,6]. Nevertheless, as already discussed, it is also applicable in ordinal classification, using an integer encoding of the labels from 1 to 𝐾 .
4. Measuring consensus, polarization and agreement in ordinal data

The measures outlined in the previous section are well-established uncertainty measures in the field of machine learning. Other interesting measures have been proposed in the social sciences, albeit for a different purpose, namely, to assess agreement, consensus, concentration, dispersion, and polarization in ordinal data or ordered rating scales [8]. These measures are important tools for quantifying concentration or dispersion in Likert-scale surveys, ranging, for example, from ``very strongly agree'' to ``very strongly disagree''. First, we will examine some key properties of these ordinal measures, highlighting how they differ from the previously introduced 
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nominal measures, before presenting several examples of ordinal measures and how they can be used to measure uncertainty in ordinal classification.
4.1. Properties of ordinal measures

Despite their popularity in the social sciences, these ordinal measures have received limited attention in the machine learning community so far [13], although they posses several advantages over entropy and variance. For instance, in contrast to the latter, they vary between the meaningful bounds of 0 (maximum dispersion) and 1 (maximum concentration), which makes them easier to interpret [8]. Furthermore, they are designed to be less susceptible to outliers than standard deviation or variance, which are not only influenced by the dispersion of the distribution but also by its skewness [8,14]. This is particularly problematic when assessing dispersion for a distribution where the mean is located near one end of the scale. Because of their large difference from the mean, the few cases at the other end of the scale then strongly contribute to standard deviation or variance [15]. In general, these ordinal measures all fulfill the following properties as outlined by Aeppli and Ruedin [8]:
A1: Non-negativity: The measures are non-negative, meaning they assume values greater than or equal to 0. A value of 0 signifies the highest level of dispersion (or polarization), which occurs if and only if the probability mass is evenly split between the two extreme categories: 𝒑 = (1∕2,0,… ,0,1∕2).A2: Boundedness: The measures are upper-bounded by 1, meaning they assume values less than or equal to 1. A value of 1 represents the highest level of concentration (or consensus), occurring if and only if all probability mass is concentrated within a single category: 𝒑 = (0,… ,0,1,0,… ,0).A3: A uniform distribution 𝒑 = (1∕𝐾,… ,1∕𝐾) yields a value that is strictly greater than 0 and strictly less than 1 (not necessarily 0.5).

We reckon that these properties of non-negativity, minimum and maximum dispersion (A1, A2) are also meaningful for uncertainty quantification in the context of ordinal classification. In particular, the highest degree of uncertainty should not be represented by a uniform distribution, as in standard nominal classification, but rather by a distribution that evenly splits the probability mass between the extreme categories.Additional axioms can be required for uncertainty measures. The well-known Shannon entropy, for example, is characterized by continuity, symmetry, and additivity (in addition to non-negativity and maximum uncertainty). Except for additivity, these properties can also be considered for the ordinal case, albeit symmetry only makes sense in a very restricted form.
A4: Continuity: The uncertainty measure is a continuous function of the (predictive) probability distribution. Thus, small changes in the (predictive) probability distribution should only result in small changes in the uncertainty measure. This is crucial for the stability and robustness of the measure, ensuring that the uncertainty measure is not overly sensitive to minor perturbations in the (predictive) probability distribution caused by noise or slight variations in the input data.A5: Invariance against reversal of the scale: This property ensures that the uncertainty measure, even if affected by the ordering of probabilities, is not affected by the direction of the ordinal scale. Formally, let 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝐾 ) be a probability distribution on an ordinal scale  = {1,2,… ,𝐾}, and let 𝜎↔ denote the permutation defined by 𝜎↔(𝑘) =𝐾 − 𝑘+ 1. Then, we require that

𝑢ORD(𝒑) = 𝑢ORD(𝒑𝜎↔ ) ,where 𝒑𝜎↔ = (𝑝𝜎↔(1), 𝑝𝜎↔(2),… , 𝑝𝜎↔(𝐾)) = (𝑝𝐾 , 𝑝𝐾−1,… , 𝑝1). Note that this is a weaker form of invariance compared to common nominal measures like entropy, confidence, or margin, which are invariant to any permutation of the probabilities, i.e., 𝑢(𝒑) =
𝑢(𝒑𝜎) for any permutation 𝜎. Since the focus of this axiom is on the exclusivity of invariance with respect to the reversal of the ordinal scale, any measure that is invariant to more than just the reversal of the ordinal scale violates this axiom.

4.2. Ordinal measures
Given that ordinal rating measures are specifically designed to capture the above characteristics, we believe that they are particularly well suited for quantifying uncertainty in ordinal classification. In the following, we introduce several such measures for ordinal data.

4.2.1. The measure by LeikWe begin with Leik’s measure of ordinal consensus [16], which computes the dispersion 𝐷 as a measure of ordinal consensus for a probability (relative frequency) distribution 𝒑 with 𝐾 categories using the cumulative distribution 𝐹𝑘(𝒑) =
∑

1≤𝑡≤𝑘 𝑝𝑡:
𝐷(𝒑) =

2
∑𝐾
𝑘=1 𝑑𝑘
𝐾 − 1 

, with 𝑑𝑘 =

{
𝐹𝑘(𝒑) if 𝐹𝑘(𝒑) ≤ 0.5
1 − 𝐹𝑘(𝒑) otherwise .

In its original form, Leik’s measure is a measure of dispersion. It ranges from 0 to 1, with 0 indicating no dispersion or maximal concentration, and 1 representing maximum dispersion or minimal concentration. When half of the probability mass is located at each extreme end of the ordinal scale, the measure reaches its maximum value of 1, indicating maximum dispersion or minimal 
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concentration or consensus. Conversely, when all the probability mass is concentrated on a single category, the measure takes the value 0, indicating minimal dispersion or maximal concentration or consensus. As outlined by Blair and Lacy [17], Leik’s measure can also be transformed into a measure of concentration or consensus, in line with the above-listed properties:

𝐶1(𝒑) = 1 −𝐷(𝒑) =
∑𝐾−1
𝑘=1 |𝐹𝑘(𝒑) − 0.5|
(𝐾 − 1)∕2 

. (4)
Formally, the following proposition can be shown.

Proposition 4.1. The measure 𝐶1 satisfies axioms A1, A2, A3, A4, and A5.
All proofs of the results presented in this paper can be found in Appendix A.

4.2.2. The measure by Blair and LacyFurthermore, Blair and Lacy also introduce a squared version of the measure [17]:
𝐶2(𝒑) =

∑𝐾−1
𝑘=1 (𝐹𝑘(𝒑) − 0.5)2

(𝐾 − 1)∕4 
, (5)

which uses Euclidean distance instead of 𝐿1-distance to measure the distance between the cumulative probability 𝐹𝑘 and 0.5. Hence, the following proposition also holds.
Proposition 4.2. The measure 𝐶2 satisfies axioms A1, A2, A3, A4, and A5.

Both Blair and Lacy’s and Leik’s measure can be considered as members of a family of measures that follow a similar construction principle and operate on cumulative probabilities 𝐹𝑘:
Concentration = 𝐷

𝐷max ,where 𝐷 represents the measure of dispersion or concentration and 𝐷max serves as a normalization factor. The purpose of 𝐷max is to scale the measure to a range between 0 and 1, allowing for easier interpretation and comparison. The complementary measure of dispersion is then given by
Measure of dispersion = 1 − 𝐷

𝐷max .
4.2.3. The measure by Tastle and WiermanA different approach is taken by Tastle and Wierman, who expand on the Shannon entropy to define a measure of consensus as follows [18]:

Cns(𝒑) = 1 +
𝐾∑
𝑘=1
𝑝𝑘 log2

(
1 − |𝑘− 𝜇|

𝐾 − 1 

)
, (6)

where 𝜇 =∑
𝑘 𝑝𝑘 ⋅ 𝑘 is the expected value and (like in the case of Shannon entropy) 0 ⋅ log2(0) = 0 by definition. Unlike the previous measures it does not operate on cumulative probabilities but relies, like standard deviation or variance, on the distance to the mean 

𝜇 to measure the dispersion of the distribution. Tastle and Wierman also consider the measure Dnt(𝒑) = 1 − Cns(𝒑), which they call dissention. Nonetheless, the following proposition is also valid.
Proposition 4.3. The measure Cns satisfies axioms A1, A2, A3, A4, and A5.
4.2.4. The measure by Van der EijkAnother popular measure of agreement (or consensus) in ordered rating scales is the measure by Van der Eijk, which is introduced and thoroughly explained in a procedural form in [14]. In terms of a single formula, it can be written as follows:

𝐴(𝒑) =
𝐾∑
𝑘=1

|𝑆𝑘| ⋅
(
𝑝(𝑘) − 𝑝(𝑘−1)

)
⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑤 

⋅
(
1 −

|𝑆𝑘|− 1
𝐾 − 1 

)

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑉

(7)

⋅
( (𝐾 − 2) ⋅ |𝑇𝑈 (𝑆𝑘)|− (𝐾 − 1) ⋅ |𝑇𝐷𝑈 (𝑆𝑘)|

(𝐾 − 2) ⋅ (|𝑇𝑈 (𝑆𝑘)|+ |𝑇𝐷𝑈 (𝑆𝑘)|) 
)

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑈

,
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Table 1This table illustrates the calculation of 𝐴(𝒑) for the exemplary bimodal five-class probability distribution 𝒑 = (0.45,0.15,0.0,0.0,0.4), with 𝐴(𝒑) =∑𝐾

𝑘=1𝑤𝑘 ⋅𝑉𝑘 ⋅𝑈𝑘 =
∑𝐾
𝑘=1𝑤𝑘 ⋅𝐴𝑘 = −0.575(cf. Fig. 3).k |𝑆𝑘| 𝑝(𝑘) − 𝑝(𝑘−1) |𝑇𝐷𝑈 (𝑆)| |𝑇𝑈 (𝑆)| 𝑤 𝑉 𝑈 A

3 3 0.15 4 2 0.45 0.5 −0.55 −0.274 2 0.25 3 0 0.5 0.75 −1.3 −1.05 1 0.05 0 0 0.05 1.0 1.0 1.0

Fig. 3. Illustration of how Van der Eijk’s measure of agreement reduces a probability distribution 𝒑= (0.45,0.15,0.0,0.0,0.4) horizontally into different layers based on the difference between the 𝑘-th and (𝑘− 1)-th smallest probabilities (𝑝(𝑘) − 𝑝(𝑘−1)). The overall level of agreement is then an aggregation of the layer-wise levels of agreement weighted by the amount of probability mass of the particular layer.

where (⋅) is a permutation2 such that 𝑝(1) ≤… ≤ 𝑝(𝐾). Moreover, 𝑆𝑗 = {𝑘 | 𝑝𝑘 ≥ 𝑝(𝑗)} is the set of ranks 𝑘 whose probability 𝑝𝑘 exceeds the 𝑗𝑡ℎ-largest probability 𝑝(𝑗),
𝑇𝐷𝑈 (𝑆) =

{
(𝑖, 𝑗, 𝑘) | 1 ≤ 𝑖 < 𝑗 < 𝑘 ≤𝐾, 𝑖, 𝑘 ∈ 𝑆, 𝑗 ∉ 𝑆}

counts the number of rank triples in 𝑆 that violate unimodality (the ``in-between'' probability 𝑝𝑗 is lower than both 𝑝𝑖 and 𝑝𝑘), and
𝑇𝑈 (𝑆) =

{
(𝑖, 𝑗, 𝑘) | 1 ≤ 𝑖 < 𝑗 < 𝑘 ≤𝐾, (𝑖, 𝑗 ∈ 𝑆, 𝑘 ∉ 𝑆) ∨ (𝑗, 𝑘 ∈ 𝑆, 𝑖 ∉ 𝑆)

}

counts the number of rank triples in 𝑆 that are unimodal (where either 𝑝𝑖 is lower than 𝑝𝑗 and 𝑝𝑘 or 𝑝𝑘 is lower than 𝑝𝑖 and 𝑝𝑗 ). Note that, 𝑈 = 1 by definition if |𝑇𝐷𝑈 (𝑆)| = 0 and |𝑇𝑈 (𝑆)| = 0, which is the case for uniform or Dirac distributions.Fig. 3 illustrates how Van der Eijk’s approach reduces the assessment of a distribution to the assessment of subsets of ordinal ranks, namely by decomposing the distribution ``horizontally'' into several layers. For each layer, a measure of agreement is obtained by counting the number of rank triplets that agree and disagree with unimodality, respectively. The layer-wise agreement values are then aggregated into an overall agreement score, weighted by the overall probability mass of each layer. Table 1 displays the corresponding layer-wise calculations for the probability distribution 𝒑 = (0.45,0.15,0.0,0.0,0.4).Van der Eijk’s agreement measure ranges between −1 (maximal dispersion) to +1 (maximal concentration) and also assigns a meaningful value of 0 to the uniform distribution. To make the measure of agreement 𝐴 fulfill the above properties (cf. Section 4.1), it can be scaled to the interval [0,1] as follows:
𝐶𝐴(𝒑) = 1 + 𝐴(𝒑)

2 
, (8)

with a uniform distribution then resulting in a value of 0.5.Formally, we can also show that the measure satisfies the axioms presented in Section 4.1.
Proposition 4.4. The measure 𝐶𝐴 satisfies axioms A1, A2, A3, A4, and A5.
4.3. The measure by Pavlopoulos and Likas

In contrast to the previous measures, Koudenburg et al. [15] propose a data-driven approach to measuring opinion polarization (as the opposite of consensus). They introduce an opinion polarization index derived from survey data, which offers valuable insights into the characteristics of polarized opinion distributions. They develop their index in an empirical way, namely by training a regression model on exemplary distributions that were previously rated by 58 international experts in terms of the degree of polarization. By 

2 We set 𝑝(0) = 0 by definition.
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Fig. 4. Results of the different ordinal consensus based uncertainty measures 𝑢Consensus and 𝐷𝐹𝑈 on different simulated five-class probability distributions. 

leveraging this expertise, Koudenburg et al. are able to create a quantitative measure that captures the level of polarization within a given dataset. It is important to note that the opinion polarization index derived by Koudenburg et al. has a limitation in that it is designed specifically for datasets with five categories. Consequently, its applicability is limited to situations where the response options are constrained to this particular number of categories.Building upon the collected survey data and findings by Koudenburg et al. [15], Pavlopoulos and Likas [19] propose another measure to assess opinion polarization, called the distance from unimodality (DFU) measure. This measure has demonstrated a strong correlation with expert ratings in terms of polarized distributions. The DFU measure focuses on capturing the presence of opinion clusters, which Koudenburg et al. identified as one of the primary sources of polarization alongside extremity and distance [15]. In contrast to the regression model developed by Koudenburg et al. [15], DFU is generally applicable and not limited to five categories:
DFU(𝒑) = max{𝑑1,… , 𝑑𝐾} with (9)

𝑑𝑘 =
⎧⎪⎨⎪⎩

𝑝𝑘 − 𝑝𝑘+1 if 1 ≤ 𝑘 < 𝑚
0 if 𝑘 =𝑚
𝑝𝑘 − 𝑝𝑘−1 if 𝑚< 𝑘 ≤𝐾

,

where 𝑚 is the mode3 of the distribution 𝒑 = (𝑝1,… , 𝑝𝐾 ). In case of a unimodal distribution, DFU will be 0 and indicate no polarization at all (cf. Fig. 4). In contrast, if DFU is greater than 0, it indicates a multimodal distribution containing opinion clusters and hence some sort of polarization. The DFU measure is also particularly interesting for the case of ordinal classification, as unimodality of the predicted output probabilities is often mentioned as a requirement for proper probabilistic ordinal classification [20,21]. Hence, violation of this property may be an indicator of increased uncertainty. However, DFU does not satisfy all axioms defined in Section 4.1and is not able to quantify the ``peakedness'' of unimodal distributions, which questions its usefulness for uncertainty quantification in ordinal classification.
Proposition 4.5. Under the assumption of a single mode 𝑚, the measure DFU satisfies axioms A4 and A5, but violates axioms A1, A2, and A3.

3 In the case where 𝒑 has several modes, 𝑚 is taken as the smallest (left-most) one.
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4.4. Ordinal uncertainty quantification using consensus measures

The measures (8), (4) and (5) introduced, respectively, by Van der Eijk [14], Leik [16], and Blair and Lacy [17] do not assume equal distances between categories. This is in contrast to the consensus measure (6) introduced by Tastle and Wierman [18], which treats ordinal scales as if they were interval scales [15]. Treating ordinal scales as interval scales is a common practice when analyzing Likert scale survey data, which is the primary application of the presented measures. In this context, the assumption of equal distances between categories allows for a simplified quantitative interpretation and analysis of the data including calculation of standard deviation or variance. The assumption of equal distances is also quite common in ordinal classification, which makes all quantitative measures also applicable to the ordinal classification setting [7].In summary, the consensus measures 𝐶 ∈ {𝐶1,𝐶2,Cns,𝐶𝐴} proposed by Leik [16], Blair and Lacy [17], Tastle and Wierman [18], and Van der Eijk [14] give rise to a generic consensus-based uncertainty quantification framework for probabilistic ordinal classification, suggesting a consensus-based uncertainty measure 𝑢CONS that is obtained by turning consensus into a complementary measure of dispersion:
𝑢CONS(𝒙𝒒) = 1 −𝐶(𝑝(𝑦 ∣ 𝒙𝒒)) .The DFU measure (9), which represents a distinct approach, can be directly applied to quantify uncertainty in probabilistic ordinal classification.Fig. 4 compares the different consensus measures, plugged into the generic uncertainty measure 𝑢CONS, over eight simulated probability distributions, including the two distributions leading to the upper and lower bound values of 0 and 1 as well as the uniform distribution. DFU is also shown though it conceptionally differs significantly from the other measures.

4.5. Variance
Unlike the other uncertainty measures presented in Section 3, variance (3) satisfies the axioms defined in Section 4.1.

Proposition 4.6. The measure VAR satisfies axioms A1, A2, A3, A4, and A5.
Unlike variance, entropy, confidence, and margin violate axioms A1 and A3, as they are maximized or minimized by a uniform distribution and are not constrained by the extreme bimodal distribution. Furthermore, they are not exclusively invariant under the reversal of the ordinal scale but are invariant to any rank permutations, which violates axiom A5. Overall, these violations make them theoretically less suitable for uncertainty quantification in ordinal classification, similar to DFU (9).

5. Binary decomposition for uncertainty quantification in ordinal classification
In machine learning, binary reduction techniques are used to tackle multinomial classification tasks with binary classifiers. Such techniques reduce a single multinomial problem to a set of binary classification problems. At prediction time, a query instance is submitted to each of the binary models, and the predictions produced by the models are combined into a prediction for the original multinomial problem. The most straightforward and arguably simplest reduction scheme is the one-vs-rest decomposition, where one binary classifier is trained per class, with the task to separate that class from all other classes [22].In the case of ordinal classification, the most natural reduction to the binary case is achieved through binary splits of the ordinal scale, separating a lower part {𝑦1,… , 𝑦𝑚} of the scale from an upper part {𝑦𝑚+1,… , 𝑦𝐾} [23,24]. Indeed, if the ordinal structure on the class labels is reflected in the corresponding class-conditional distributions, these binary problems are presumably easier to solve than those produced by other splits [25].The principle of binary reduction can also be applied to uncertainty quantification [26]. In the ordinal case, it suggests a measure of the form
𝑢ORD(𝒑) =

𝐾−1∑
𝑘=1 
𝑢BIN

( 𝑘 ∑
𝑖=1 
𝑝𝑖,

𝐾∑
𝑗=𝑘+1

𝑝𝑗

)
, (10)

where 𝑢BIN is any uncertainty measure applicable to the binary case, i.e., an appropriate measure of uncertainty for Bernoulli distributions (see Fig. 5 for an illustration). We call 𝑢BIN the generator of 𝑢ORD. Examples of generators include established measures such as entropy and margin, which are invariant to probability mass re-distribution in their original (multinomial) form.The measure (10) is plausible in the following sense: The more bi- or multimodal the distribution 𝒑, and the greater the distance between the modes, the more ``uncertain split'' can be produced, and the higher the sum on the right-hand side becomes. In this regard, the measure is very much in line with the dispersion measures discussed in the previous section, in particular with the principle proposed by Van der Eijk (8) [14]. Formally, the following lemma can be shown very easily.
Lemma 5.1. Let 𝑢BIN be any generator that is maximized by a uniform probability distribution 𝒑BIN = (1∕2,1∕2). Then, the measure (10) is maximized by the bimodal distribution 𝒑 = (1∕2,0,… ,0,1∕2). Likewise, let 𝑢BIN be any generator that is minimized by 𝒑BIN = (0,1) and 
𝒑BIN = (1,0). Then, the measure (10) is also minimal on the Dirac distributions.
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Fig. 5. Five class example of an ordinal binary decomposition. 
Furthermore, the measure (10) is also invariant toward reversal of the ordinal scale, provided 𝑢BIN is symmetric (which is a property that most uncertainty measures satisfy when being applied to a Bernoulli distribution, including entropy, variance, margin, and confidence).

Lemma 5.2. Under the assumption of symmetry for the generator 𝑢BIN, consider a probability distribution 𝒑= (𝑝1, 𝑝2,… , 𝑝𝐾 ) and its reversal 
𝒑𝜎↔ = (𝑝𝐾 , 𝑝𝐾−1,… , 𝑝1) on an ordinal scale = {1,2,… ,𝐾}. Then, 𝒑 and 𝒑𝜎↔ result in the same uncertainty: 𝑢ORD(𝒑) = 𝑢ORD(𝒑𝜎↔ ).

Overall, the following proposition can be deduced from the above lemmas.
Proposition 5.1. Under the assumptions of symmetry and continuity for the generator 𝑢BIN, the measure 𝑢ORD satisfies axioms A1, A2, A3, A4, and A5.

Interestingly, several existing measures are recovered as a special case of the binary decomposition method, with a suitable choice of the generator.
Proposition 5.2. A normalized version of the binary decomposition method with margin as generator reduces to the complementary dispersion measure 𝐷1 for the measure 𝐶1 in (4).
Proposition 5.3. A normalized version of the binary decomposition method with variance as generator reduces to the complementary dispersion measure 𝐷2 for the measure 𝐶2 in (5).

Although aggregating the binary uncertainty estimates using the sum (10) appears natural, other aggregation functions 𝐹 ∶
ℝ𝐾 → ℝ are also conceivable and may even enable further connections to existing measures, as well as more nuanced uncertainty quantification in the ordinal case. In principle, all functions lower-bounded by the minimum and upper-bounded by the maximum, the so-called averaging operators [27], could be considered as candidates. The simplest extension of (10) is a weighted sum

𝑢WORD(𝒑) =
𝐾−1∑
𝑘=1 
𝑤𝑘 ⋅ 𝑢BIN

( 𝑘 ∑
𝑖=1 
𝑝𝑖,

𝐾∑
𝑗=𝑘+1

𝑝𝑗

)
, (11)

where 𝐾−1∑
𝑘=1 
𝑤𝑘 = 1, 𝑤𝑘 ≥ 0 ,

with non-negative weights 𝑤1,… ,𝑤𝐾−1. For instance, there is often an interest in ordinal classification to improve the reliability in deciding the extreme cases, the first and last class on the ordinal scale, as deciding those wrongly may have the most severe consequences [28]. This can be accomplished by making 𝑤1 and 𝑤𝐾−1 higher than the other weights.Another interesting class of (parametrized) aggregation functions is the ordered weighted average (OWA), which interpolates between the minimum and maximum [29]:
𝐹 (𝑎1,… , 𝑎𝐾 ) =

𝐾∑
𝑘=1
𝑤𝑘 𝑏𝑘, (12)

where 𝑏𝑘 is the 𝑘-th largest of the input values in 𝒂, and 𝒘 a vector of non-negative weights summing to one. Note that the minimum is obtained for 𝑤𝐾 = 1, the maximum for 𝑤1 = 1, and the standard arithmetic mean for 𝑤1 =…=𝑤𝐾 = 1∕𝐾 .Although many different aggregations of the binary uncertainty estimates are conceivable and worth investigating in future work, we will stick to the sum as the most generic one for the rest of this paper.
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Table 2Twenty-three common ordinal benchmark datasets used for evaluating the different uncertainty measures.Dataset # instances # features # classesGrub Damage 155 8 4Obesity 2,111 16 7CMC 1,473 9 3New Thyroid 215 5 3Balance Scale 625 4 3Automobile 205 25 7Eucalyptus 736 19 5TAE 151 5 3Heart (CLE) 303 13 5SWD 1,000 10 4ERA 1,000 4 9ESL 488 4 9LEV 1,000 4 5Red Wine 1,599 11 6White Wine 4,898 11 7Triazines 186 60 5Machine CPU 209 6 10Auto MPG 392 7 10Boston Housing 506 13 5Pyrimidines 74 27 10Abalone 4,177 8 10Wisconsin Breast Cancer 194 32 5Stocks Domain 950 9 5

6. Experiments with ordinal benchmark datasets
In this section, we evaluate the previously introduced uncertainty measures on common tabular ordinal benchmark datasets.4The focus is on how well these measures are capable of quantifying uncertainty in the ordinal case and improving the reliability of decision making.

6.1. Choice of base learner and datasets
For our evaluation, we rely on gradient boosted tree (GBT) models as base learners instead of neural networks, as tree-based models represent the state of the art for tabular data, and this type of data is common in high-risk ADM environments like finance or medicine [30,31] (refer to Appendix B for additional experiments using a multi-layer perceptron (MLP)). Concretely, we utilize the LightGBM instantiation of GBTs [32] with the cross-entropy (CE) loss for multi-class classification:
𝑙𝐶𝐸 (𝒚,𝒑) = −

𝐾∑
𝑘=1
𝑦𝑘 log(𝑝𝑘), (13)

where 𝒚 is a one-hot (0/1) encoded vector with 𝑦𝑘 being 1 for the true class 𝑦 and 0 for the rest of the classes, and 𝒑 the predictive probability distribution. This approach enables us to obtain conditional probability distributions 𝑝(𝑦 | 𝒙), which serve as the foundation for evaluating various uncertainty measures. Moreover, CE is also a proper scoring rule, which encourages the model to output probability distributions that reflect the true underlying probabilities of the data [10].As will be detailed further below, common ordinal classification metrics or losses, such as accuracy, mean absolute error, or quadratic weighted kappa (QWK) [33] will be used for evaluating predictive performance in the end. One may wonder, therefore, why cross-entropy (13) should be used for training, instead of targeting any of these losses directly or using other popular ordinal losses like squared earth mover’s distance (EMD2), which take the ordinal structure into account during training [34]. The reason is that such losses, while tailored to producing good ordinal predictions, do not incentivize an unbiased prediction of true probabilities (they are not proper scoring rules). Instead, as discussed by de la Torre et al. for the QWK loss [33] and Liu et al. [35], they tend to bias the predictive probabilities toward unimodality. Furthermore, in ordinal classification, a common theme is to explicitly constrain predictive output probabilities to unimodality [20,21]. However, the enforcement of unimodal output probabilities can be too restrictive, a notion recently recognized with the introduction of quasi-unimodal distributions. These distributions only enforce unimodality in the vicinity of the true class, offering a more nuanced approach [36]. By sidestepping these constraints, our aim is to uncover the natural structure of ordinal predictive probability distributions through the use of an unbiased proper scoring rule, without the imposition of strong, potentially unrealistic assumptions (refer to Appendix C for additional experiments illustrating the superiority of the CE loss as a proper scoring rule over ordinal predictors when it comes to uncertainty quantification).Table 2 presents the attributes of the twenty-three ordinal benchmark datasets utilized for our evaluation, which are widely recognized within the realm of ordinal classification research [37,38]. These datasets are characterized by variability in size, number 
4 The source code is available at https://github.com/stefanahaas41/uncertainty-quantification-probabilistic-ordinal-classification.
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Fig. 6. Example Prediction Rejection Curves [51]. 
of features, and class distributions, offering a robust foundation for a thorough assessment of various uncertainty quantification measures.In terms of preprocessing the datasets for the experimental evaluation, all categorical features were one-hot (0/1) encoded and the ordinal labels 𝑦1,… , 𝑦𝑘 were integer encoded from 1,… ,𝐾 .
6.2. Experimental setup

To compare the different uncertainty measures on the different datasets we compute prediction rejection ratios (PRRs) [39] for different classifier performance evaluation metrics using 10-fold cross validation. The PRR is calculated on the basis of rejection curves [40,41], where first the predictive uncertainties of the test dataset are determined based on an uncertainty measure and then queries are successively rejected with descending predictive uncertainty. If the uncertainty quantification works properly this should result in a monotone increasing or, depending on the selected performance metric, decreasing rejection curve. When calculating PRRs, the assumption is that rejected queries are delegated to an oracle that will answer queries correctly. Concretely, the PRR of an uncertainty measure is calculated by measuring the area between the uncertainty measure’s rejection curve and a random rejection curve which in expectation is a straight line�-𝐴𝑅𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 (cf. Fig. 6a). This value is then normalized by the area between the perfect oracle (ORC) rejection curve and the random rejection line�-𝐴𝑅𝑜𝑟𝑎𝑐𝑙𝑒 (cf. Fig. 6b):
𝑃𝑅𝑅 =

𝐴𝑅𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦
𝐴𝑅𝑜𝑟𝑎𝑐𝑙𝑒

=
𝐴𝑈𝑢𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 −𝐴𝑈𝑟𝑎𝑛𝑑𝑜𝑚
𝐴𝑈𝑜𝑟𝑎𝑐𝑙𝑒 −𝐴𝑈𝑟𝑎𝑛𝑑𝑜𝑚Consequently, a PRR of 1 indicates perfect rejection whereas a value of 0 indicates random rejection. The area between the rejection curves 𝐴𝑅 can be calculated by making use of the area under the curve (AUC) metric with 𝐴𝑈 = 1−𝐴𝑈𝐶 , which essentially calculates the area above the rejection curve [6,42]. The PRR can also become negative, which indicates worse than random uncertainty quantification.To calculate a PRR, one also needs to select a performance evaluation metric for the classifier. In the realm of ordinal classification, accuracy (ACC), mean absolute error (MAE), and QWK appear to be the most popular performance metrics [7,43--46]. While the QWK requires a complete confusion matrix, which can be problematic for small datasets and at the tail of the rejection curve, the mean squared error (MSE) serves as a suitable alternative. MSE not only emphasizes larger errors but is also a well-established metric for evaluating performance in ordinal classification contexts [43,47--50]. To make all rejection curves go in the same direction, we measure the misclassification rate (MCR) (also known as mean zero-one error (MZE)) instead of ACC, as is commonly done [6,39,42]:

MCR = 1
𝑛 

𝑛 ∑
𝑖=1 

1(𝑦𝑖 ≠ 𝑦̂𝑖)
Similar to the approach outlined by Kotsiantis and Pintelas [52], we determine the final prediction 𝑦̂ of the probabilistic predictor according to Bayesian decision theory, i.e., we take a decision that minimizes the expected loss (Bayes risk). The optimal policy that minimizes the risk is also called the Bayes estimator. Given our performance measures MCR, MAE and MSE we have three corresponding losses (𝑙01,𝑙1,𝑙2) that need to be minimized given the posterior predictive probabilities over the ordinal classes in order to take the decision with the least associated risk:
𝑦̂ = argmin

𝑦̂∈ 𝑅(𝑦̂ | 𝒙) = argmin
𝑦̂∈ 𝔼𝑝(𝑦 | 𝒙)[𝑙(𝑦̂, 𝑦)] = argmin

𝑦̂∈ 
∑
𝑦∈
𝑙(𝑦̂, 𝑦) ⋅ 𝑝(𝑦 | 𝒙) .

Furthermore, we also include the Bayesian risk associated with a certain prediction 𝑦̂ based on 𝑙1 and 𝑙2 losses as baseline uncertainty measures in our set of evaluated uncertainty measures [52]:
𝑅𝑙1 (𝑦̂ | 𝒙) = 𝔼𝑝(𝑦 | 𝒙)[𝑙1(𝑦̂, 𝑦)] =

∑
𝑦∈

|𝑦̂− 𝑦| ⋅ 𝑝(𝑦 | 𝒙) ,
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Fig. 7. Overview of the experimental approach: Final predictions 𝑦̂ are derived using various Bayes estimators, while the predictive uncertainty 𝑢 is quantified using different uncertainty measures. All these measures utilize the unbiased and realistic predictive probability distribution 𝒑 = 𝑝(𝑦 | 𝒙) obtained using cross-entropy loss as a proper scoring rule. Eventually, the PRR values are calculated based on the quantified uncertainty and the obtained performance metrics predefined by the respective losses.
𝑅𝑙2 (𝑦̂ | 𝒙) = 𝔼𝑝(𝑦 | 𝒙)[𝑙2(𝑦̂, 𝑦)] =

∑
𝑦∈

(𝑦̂− 𝑦)2 ⋅ 𝑝(𝑦 | 𝒙) .

The risk associated with the 𝑙01 loss is already covered by the 𝑢CONF uncertainty measure which calculates the probability of making an incorrect decision:
𝑅𝑙01 (𝑦̂|𝒙) = 𝔼𝑝(𝑦 | 𝒙)[𝑙01(𝑦̂, 𝑦)] = 1 − argmax

𝑦∈ 𝑝(𝑦 | 𝒙) .

Fig. 7 graphically illustrates the experimental approach employed to calculate the PRR values for various Bayes estimators, performance metrics, and uncertainty measures. These calculations are based on unbiased and realistic predictive probability distributions obtained through cross-entropy loss as a proper scoring rule.
6.3. Results and analysis

Table 3 displays the overall PRR results of a 10-fold cross validation on the selected ordinal benchmark datasets. In total, we evaluate fourteen uncertainty measures: CONF, MARG, ENT, VAR, CONSCns [18], CONS𝐶1 [16], CONS𝐶2 [17], ORDENT, ORDMARG, ORDVAR, 𝑅𝑙1 , 𝑅𝑙2 , CONS𝐶𝐴 [14] and DFU [19]. The first three measures do not take into account the dispersion of the output probability distribution and are common nominal classification uncertainty measures, whereas the rest of the measures can be considered dispersion measures, with DFU as a special case focusing on the detection of non-unimodal distributions, respectively opinion clusters. As one can see, there is no overall clear winner at first sight, and the performance of a measure appears to depend on the data.However, overall when considering MCR, MAE and MSE, dispersion measures have an edge over CONF, MARG and ENT, when looking at the critical difference (CD) diagram in Fig. 8a. The groups of best performing uncertainty measures solely consists of measures that take the dispersion of the probability distribution into account, and there is a statistically significant difference between dispersion measures compared to nominal classification measures. Interestingly, when looking only at MCR or the exact hit rate, there is no statistically significant difference between all measures (excluding DFU) (cf. Fig. 8b). One may have expected that nominal classification measures have an advantage here.When considering the distance of the errors by looking at MAE and MSE, the best performing group consists of VAR and the Bayes risk for the 𝑙2 loss (𝑅𝑙2 ), followed by the rest of the dispersion measures (cf. Fig. 8f). As expected, nominal classification measures fail in taking the error distance into account and are not competitive when it comes to distance-based errors. Though VAR and 𝑅𝑙2perform best when it comes to taking the error distance into account, they do not perform so well when it comes to the exact hitrate based on MCR. This behavior is also visible for CONSCns, which, just like VAR, also measures the dispersion of the distribution with regard to the mean. Other measures like CONS𝐶2 or ORDENT seem to strike a better balance between categorical classification accuracy (hit rate) and minimum distance-based error. As already proven in Section 5, CONS𝐶2 and ORDVAR as well as CONS𝐶1
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Table 3PRRs for the different uncertainty measures and ordinal benchmark datasets using 10-fold cross-validation with LightGBM as base learner.
Dataset Metric CONF MARG ENT VAR CONSCns CONS𝐶1

CONS𝐶2
CONS𝐶𝐴 DFU ORDENT ORDMARG ORDVAR 𝑅𝑙1 𝑅𝑙2

Triazines MCR 0.1368±0.3073 0.1235±0.2903 0.1788±0.2762 0.1889±0.2491 0.178±0.26 0.1863±0.2821 0.1666±0.2632 0.1933±0.2847 0.0669±0.1725 0.1824±0.271 0.1863±0.2821 0.1666±0.2632 0.1863±0.2821 0.2052±0.2561MAE 0.1582±0.3453 0.1411±0.3361 0.238±0.3072 0.3176±0.2388 0.2896±0.2725 0.2559±0.3217 0.2531±0.2891 0.2582±0.3164 0.0427±0.3001 0.276±0.2974 0.2559±0.3217 0.2531±0.2891 0.2559±0.3217 0.3307±0.2532MSE 0.1146±0.3485 0.1287±0.3558 0.206±0.3239 0.3454±0.2633 0.3133±0.2826 0.2325±0.3468 0.2483±0.3128 0.229±0.3475 -0.0017±0.4853 0.2845±0.327 0.2325±0.3468 0.2483±0.3128 0.2325±0.3468 0.3632±0.2467
Machine CPU MCR 0.7118±0.1656 0.6856±0.1807 0.7361±0.1422 0.7976±0.1446 0.7692±0.1482 0.7626±0.1573 0.775±0.156 0.7814±0.1505 0.5421±0.3997 0.7846±0.1356 0.7626±0.1573 0.775±0.156 0.7626±0.1573 0.7998±0.1371MAE 0.6349±0.1503 0.5975±0.1694 0.6685±0.1402 0.7762±0.1369 0.7184±0.1313 0.7105±0.1255 0.7298±0.1258 0.7429±0.1263 0.5784±0.4175 0.7516±0.1143 0.7105±0.1255 0.7298±0.1258 0.7105±0.1255 0.7746±0.1249MSE 0.5662±0.1707 0.518±0.1867 0.6018±0.1658 0.7541±0.1427 0.6661±0.1432 0.6561±0.1402 0.6817±0.1382 0.7021±0.1357 0.5902±0.4384 0.7184±0.1289 0.6561±0.1402 0.6817±0.1382 0.6561±0.1402 0.7478±0.1287
Auto MPG MCR 0.345±0.1364 0.3317±0.14 0.3658±0.123 0.4126±0.0988 0.386±0.1138 0.3829±0.1137 0.3931±0.1053 0.3909±0.1048 0.1828±0.1159 0.4037±0.0973 0.3829±0.1137 0.3931±0.1053 0.3829±0.1137 0.4029±0.1083MAE 0.3485±0.116 0.3307±0.1206 0.3617±0.1116 0.4582±0.1076 0.4402±0.1063 0.4264±0.0963 0.4389±0.107 0.4353±0.0951 0.2575±0.2245 0.4469±0.0982 0.4264±0.0963 0.4389±0.107 0.4264±0.0963 0.4544±0.1128MSE 0.3474±0.2539 0.3301±0.2549 0.3438±0.2316 0.4973±0.1856 0.4795±0.2055 0.4486±0.2024 0.4683±0.2057 0.4637±0.1961 0.3548±0.3224 0.4799±0.1895 0.4486±0.2024 0.4683±0.2057 0.4486±0.2024 0.4889±0.1944
Pyrimidines MCR 0.1434±0.5549 0.1395±0.596 0.1839±0.5618 -0.1734±0.3926 -0.0529±0.455 0.0512±0.4001 -0.0086±0.3905 -0.0123±0.4874 0.0558±0.3954 -0.0278±0.3872 0.0512±0.4001 -0.0086±0.3905 0.0512±0.4001 -0.1734±0.3926MAE 0.106±0.3315 0.0434±0.3076 0.3371±0.2252 0.2449±0.3379 0.2608±0.3647 0.3479±0.2953 0.3486±0.2926 0.3663±0.2219 0.2396±0.3515 0.2957±0.3093 0.3479±0.2953 0.3486±0.2926 0.3479±0.2953 0.2358±0.3439MSE 0.1688±0.5395 -0.0235±0.4597 0.2901±0.6089 0.5872±0.3016 0.5745±0.2872 0.5694±0.2538 0.5965±0.2379 0.5212±0.3031 0.3067±0.3976 0.5785±0.2933 0.5694±0.2538 0.5965±0.2379 0.5694±0.2538 0.5945±0.2933
Abalone MCR 0.2629±0.0303 0.2422±0.0302 0.2783±0.0392 0.2874±0.035 0.2889±0.0259 0.2872±0.027 0.2854±0.0334 0.282±0.0298 0.0461±0.0823 0.2857±0.038 0.2872±0.027 0.2854±0.0334 0.2872±0.027 0.2922±0.0284MAE 0.2447±0.0466 0.2118±0.0479 0.2925±0.0474 0.3215±0.0458 0.3039±0.0454 0.295±0.0474 0.3065±0.0455 0.2991±0.0426 0.1025±0.0952 0.3159±0.0456 0.295±0.0474 0.3065±0.0455 0.295±0.0474 0.318±0.0473MSE 0.2132±0.0949 0.1706±0.0931 0.2833±0.0882 0.3221±0.0835 0.2779±0.0978 0.2642±0.0972 0.2932±0.0867 0.286±0.0852 0.1217±0.1079 0.3149±0.0826 0.2642±0.0972 0.2932±0.0867 0.2642±0.0972 0.3039±0.0945
BostonHousing

MCR 0.3612±0.2102 0.3652±0.2086 0.364±0.2154 0.3705±0.2144 0.3623±0.2119 0.363±0.2126 0.3653±0.2124 0.367±0.2143 -0.0357±0.2781 0.3688±0.2096 0.363±0.2126 0.3653±0.2124 0.363±0.2126 0.3667±0.212MAE 0.355±0.2066 0.3586±0.2058 0.359±0.2116 0.3769±0.2074 0.3616±0.207 0.3616±0.2062 0.3641±0.2058 0.3694±0.2064 -0.0224±0.2827 0.3713±0.2028 0.3616±0.2062 0.3641±0.2058 0.3616±0.2062 0.3718±0.2041MSE 0.3393±0.1991 0.3425±0.1993 0.3446±0.2026 0.378±0.1882 0.3529±0.1897 0.3515±0.1892 0.3542±0.1881 0.3647±0.1865 0.0081±0.3165 0.3668±0.186 0.3515±0.1892 0.3542±0.1881 0.3515±0.1892 0.3714±0.1842
StocksDomain

MCR 0.682±0.0819 0.6839±0.0811 0.6812±0.0812 0.6777±0.0767 0.6835±0.0806 0.6805±0.0817 0.6803±0.0817 0.6777±0.0783 0.031±0.201 0.6808±0.0802 0.6805±0.0817 0.6803±0.0817 0.6805±0.0817 0.6777±0.0767MAE 0.682±0.0819 0.6839±0.0811 0.6812±0.0812 0.6777±0.0767 0.6835±0.0806 0.6805±0.0817 0.6803±0.0817 0.6777±0.0783 0.031±0.201 0.6808±0.0802 0.6805±0.0817 0.6803±0.0817 0.6805±0.0817 0.6777±0.0767MSE 0.682±0.0819 0.6839±0.0811 0.6812±0.0812 0.6777±0.0767 0.6835±0.0806 0.6805±0.0817 0.6803±0.0817 0.6777±0.0783 0.031±0.201 0.6808±0.0802 0.6805±0.0817 0.6803±0.0817 0.6805±0.0817 0.6777±0.0767
WisconsinBreast Cancer

MCR 0.2093±0.3534 0.139±0.3264 0.2763±0.3239 0.1976±0.3016 0.1699±0.3346 0.1838±0.3426 0.2121±0.3204 0.1557±0.3397 -0.0961±0.3344 0.2493±0.29 0.1838±0.3426 0.2121±0.3204 0.1838±0.3426 0.2008±0.324MAE 0.1418±0.2491 0.0913±0.2475 0.2018±0.2611 0.2263±0.2923 0.2296±0.2845 0.2228±0.2627 0.2328±0.2609 0.1713±0.2517 0.1391±0.2426 0.2394±0.2555 0.2228±0.2627 0.2328±0.2609 0.2228±0.2627 0.251±0.2897MSE 0.1149±0.2686 0.0691±0.2501 0.1634±0.2834 0.1357±0.3245 0.1429±0.3008 0.1429±0.2893 0.1528±0.2964 0.1027±0.2623 0.1731±0.2083 0.1465±0.3104 0.1429±0.2893 0.1528±0.2964 0.1429±0.2893 0.1806±0.3045
Obesity MCR 0.8883±0.0845 0.8866±0.0855 0.8874±0.0843 0.894±0.0775 0.888±0.0867 0.8893±0.0829 0.8896±0.0823 0.8872±0.0834 0.5076±0.3054 0.8892±0.0819 0.8893±0.0829 0.8896±0.0823 0.8893±0.0829 0.8933±0.0775MAE 0.8856±0.0819 0.8841±0.083 0.8848±0.0819 0.8913±0.0752 0.8855±0.0844 0.8867±0.0805 0.8871±0.08 0.8846±0.081 0.5047±0.3041 0.8867±0.0796 0.8867±0.0805 0.8871±0.08 0.8867±0.0805 0.8906±0.0751MSE 0.8839±0.0808 0.8826±0.0819 0.8831±0.0809 0.8896±0.0744 0.8838±0.0834 0.8851±0.0795 0.8855±0.0791 0.8828±0.08 0.5054±0.3047 0.8852±0.0787 0.8851±0.0795 0.8855±0.0791 0.8851±0.0795 0.8889±0.0743
CMC MCR 0.3143±0.0738 0.3146±0.0775 0.306±0.0665 0.2399±0.0435 0.2282±0.0461 0.2851±0.0585 0.2772±0.0532 0.2678±0.0486 0.009±0.069 0.2745±0.0529 0.2851±0.0585 0.2772±0.0532 0.2851±0.0585 0.2226±0.0441MAE 0.2113±0.0546 0.2218±0.063 0.1973±0.0436 0.2889±0.0717 0.2926±0.0705 0.2754±0.0636 0.278±0.0658 0.2778±0.0695 0.0222±0.146 0.2774±0.0659 0.2754±0.0636 0.278±0.0658 0.2754±0.0636 0.2964±0.0666MSE 0.0308±0.0515 0.0411±0.0578 0.0303±0.0416 0.1405±0.0795 0.1576±0.0736 0.0807±0.0541 0.089±0.0602 0.1018±0.0801 -0.0426±0.1895 0.0907±0.0601 0.0807±0.0541 0.089±0.0602 0.0807±0.0541 0.1739±0.0704
Grub Damage MCR 0.2406±0.239 0.2157±0.2222 0.2767±0.2586 0.286±0.2756 0.2384±0.317 0.2553±0.2915 0.3038±0.3327 0.2871±0.3163 0.072±0.1933 0.3176±0.3154 0.2553±0.2915 0.3038±0.3327 0.2553±0.2915 0.2359±0.274MAE 0.0922±0.2525 0.0739±0.2451 0.1287±0.2708 0.2431±0.2965 0.2121±0.3041 0.1577±0.2975 0.2169±0.3508 0.2045±0.3586 0.1267±0.2378 0.2254±0.3252 0.1577±0.2975 0.2169±0.3508 0.1577±0.2975 0.2417±0.2513MSE 0.159±0.3607 0.1237±0.3671 0.1764±0.3528 0.2793±0.2708 0.2606±0.2436 0.1871±0.329 0.2361±0.3313 0.2159±0.3824 0.1544±0.2695 0.2375±0.3425 0.1871±0.329 0.2361±0.3313 0.1871±0.329 0.2986±0.2125
New Thyroid MCR 0.9822±0.0288 0.9822±0.0288 0.9822±0.0288 1.0±0.0 1.0±0.0 0.9875±0.02 0.9875±0.02 1.0±0.0 0.5203±0.5054 0.9875±0.02 0.9875±0.02 0.9875±0.02 0.9875±0.02 1.0±0.0MAE 0.9742±0.0462 0.9742±0.0462 0.9742±0.0462 0.9969±0.0076 0.9969±0.0076 0.9804±0.0326 0.9804±0.0326 0.9969±0.0076 0.5421±0.4852 0.9804±0.0326 0.9804±0.0326 0.9804±0.0326 0.9804±0.0326 0.9938±0.0153MSE 0.969±0.0582 0.969±0.0582 0.969±0.0582 0.9949±0.0125 0.9949±0.0125 0.9758±0.0425 0.9758±0.0425 0.9949±0.0125 0.5561±0.475 0.9758±0.0425 0.9758±0.0425 0.9758±0.0425 0.9758±0.0425 0.9898±0.0251
Balance Scale MCR 0.8648±0.0996 0.8627±0.0937 0.8551±0.1164 0.8642±0.0703 0.8531±0.0686 0.8602±0.0818 0.8679±0.077 0.8817±0.0669 0.0997±0.2413 0.8729±0.0743 0.8602±0.0818 0.8679±0.077 0.8602±0.0818 0.8509±0.068MAE 0.8072±0.0953 0.8051±0.0924 0.7949±0.1074 0.8327±0.0746 0.8217±0.0767 0.8141±0.076 0.8247±0.0745 0.8483±0.0756 0.132±0.2571 0.8309±0.0713 0.8141±0.076 0.8247±0.0745 0.8141±0.076 0.8206±0.0706MSE 0.8032±0.1032 0.8016±0.1039 0.801±0.1033 0.8303±0.0607 0.8264±0.0678 0.8142±0.0754 0.8221±0.0667 0.8392±0.055 0.0736±0.2428 0.8278±0.0593 0.8142±0.0754 0.8221±0.0667 0.8142±0.0754 0.8336±0.0733
Automobile MCR 0.6564±0.3921 0.6546±0.3793 0.671±0.3805 0.6911±0.3496 0.6885±0.3621 0.6832±0.3676 0.6885±0.3674 0.6965±0.3608 0.4635±0.17 0.6904±0.3522 0.6832±0.3676 0.6885±0.3674 0.6832±0.3676 0.7036±0.3567MAE 0.6215±0.3772 0.6182±0.3645 0.6284±0.3672 0.6653±0.3294 0.6581±0.3442 0.6468±0.3538 0.6498±0.3541 0.6634±0.3455 0.4099±0.302 0.654±0.3408 0.6468±0.3538 0.6498±0.3541 0.6468±0.3538 0.6803±0.3373MSE 0.6003±0.3861 0.5927±0.3738 0.5974±0.3762 0.6436±0.3331 0.6299±0.3495 0.6185±0.3629 0.6187±0.3637 0.6366±0.3519 0.3452±0.4262 0.6231±0.3512 0.6185±0.3629 0.6187±0.3637 0.6185±0.3629 0.6582±0.3392
Eucalyptus MCR 0.447±0.0761 0.4476±0.077 0.4428±0.0876 0.4439±0.0876 0.4571±0.0833 0.4556±0.0773 0.4503±0.0846 0.4466±0.08 0.0345±0.136 0.442±0.0872 0.4556±0.0773 0.4503±0.0846 0.4556±0.0773 0.4523±0.0818MAE 0.428±0.0517 0.4267±0.0577 0.4298±0.0573 0.4369±0.0488 0.4446±0.0545 0.4412±0.0495 0.4393±0.053 0.4365±0.0507 0.0231±0.1391 0.4341±0.0497 0.4412±0.0495 0.4393±0.053 0.4412±0.0495 0.4429±0.0489MSE 0.3957±0.0815 0.3962±0.0863 0.4022±0.0912 0.4182±0.0819 0.4203±0.0844 0.4158±0.0788 0.417±0.087 0.4164±0.0842 0.0129±0.1227 0.4139±0.0829 0.4158±0.0788 0.417±0.087 0.4158±0.0788 0.4212±0.0816
TAE MCR 0.1154±0.2666 0.0897±0.2809 0.1422±0.2643 0.1044±0.3305 0.0589±0.3033 0.154±0.3105 0.1526±0.3076 0.1108±0.3173 0.1902±0.1997 0.1566±0.333 0.154±0.3105 0.1526±0.3076 0.154±0.3105 0.0423±0.2976MAE 0.1±0.2511 0.0766±0.2699 0.133±0.187 0.1766±0.2973 0.1485±0.2889 0.2121±0.2494 0.1958±0.2452 0.1821±0.3006 0.1478±0.2066 0.1973±0.2525 0.2121±0.2494 0.1958±0.2452 0.2121±0.2494 0.1328±0.3007MSE 0.0208±0.3281 -0.0067±0.3443 0.008±0.2383 0.2304±0.3097 0.2082±0.2995 0.1955±0.3094 0.2084±0.2665 0.1936±0.3486 0.3243±0.1727 0.2187±0.2662 0.1955±0.3094 0.2084±0.2665 0.1955±0.3094 0.1849±0.2956
Heart (CLE) MCR 0.5456±0.1668 0.5276±0.1618 0.5763±0.1566 0.5709±0.1325 0.5534±0.1482 0.5541±0.1492 0.5583±0.1375 0.5747±0.1458 0.1375±0.2534 0.5744±0.1347 0.5541±0.1492 0.5583±0.1375 0.5541±0.1492 0.5703±0.142MAE 0.5029±0.1576 0.4786±0.1532 0.5285±0.1573 0.5575±0.105 0.5344±0.1225 0.5187±0.1361 0.5298±0.1238 0.5391±0.1208 0.0889±0.2527 0.5458±0.1153 0.5187±0.1361 0.5298±0.1238 0.5187±0.1361 0.5536±0.1185MSE 0.3833±0.1841 0.3494±0.1832 0.4062±0.1854 0.4899±0.1379 0.4479±0.1438 0.4021±0.1471 0.429±0.1592 0.4304±0.1412 0.0288±0.2581 0.453±0.1497 0.4021±0.1471 0.429±0.1592 0.4021±0.1471 0.483±0.1496
SWD MCR 0.1983±0.0991 0.1859±0.1042 0.1848±0.086 0.1949±0.0967 0.2006±0.102 0.2019±0.1052 0.1948±0.0963 0.2018±0.0977 0.043±0.1066 0.1938±0.0905 0.2019±0.1052 0.1948±0.0963 0.2019±0.1052 0.1988±0.1088MAE 0.1143±0.0971 0.1152±0.0931 0.1172±0.0867 0.1372±0.1034 0.1405±0.103 0.1252±0.1113 0.1285±0.1002 0.1275±0.1068 0.052±0.1113 0.1312±0.0953 0.1252±0.1113 0.1285±0.1002 0.1252±0.1113 0.1423±0.1089MSE 0.1017±0.0935 0.101±0.0816 0.1154±0.0946 0.1331±0.1141 0.1401±0.0978 0.1134±0.0979 0.1166±0.1073 0.1071±0.1135 0.0498±0.1022 0.1239±0.1023 0.1134±0.0979 0.1166±0.1073 0.1134±0.0979 0.1403±0.1032
ERA MCR 0.1708±0.0604 0.2059±0.0941 0.1377±0.0886 0.0468±0.0662 0.0801±0.0635 0.131±0.0633 0.101±0.066 0.1777±0.0575 0.0901±0.1104 0.085±0.0646 0.131±0.0633 0.101±0.066 0.131±0.0633 0.0598±0.0802MAE 0.0353±0.0965 0.0409±0.1273 0.0069±0.076 0.0138±0.0923 0.0477±0.0839 0.0597±0.0668 0.0358±0.0806 0.0439±0.0688 0.0756±0.1181 0.0131±0.0887 0.0597±0.0668 0.0358±0.0806 0.0597±0.0668 0.0221±0.0972MSE 0.0586±0.0932 0.0725±0.1066 0.0088±0.1241 -0.0023±0.1514 0.0222±0.1352 0.0283±0.1189 0.0174±0.141 0.0241±0.1206 0.0421±0.1256 0.0031±0.1457 0.0283±0.1189 0.0174±0.141 0.0283±0.1189 0.0016±0.152
ESL MCR 0.2079±0.1653 0.2119±0.1854 0.2164±0.1122 0.2738±0.1225 0.2953±0.1443 0.2487±0.1418 0.2484±0.1228 0.2275±0.1257 0.0123±0.1516 0.2467±0.1141 0.2487±0.1418 0.2484±0.1228 0.2487±0.1418 0.2817±0.1347MAE 0.1738±0.1687 0.1778±0.1887 0.182±0.1401 0.2887±0.1285 0.2864±0.1415 0.2305±0.1371 0.2343±0.1158 0.2197±0.1146 0.0469±0.1569 0.2524±0.1218 0.2305±0.1371 0.2343±0.1158 0.2305±0.1371 0.287±0.1346MSE 0.1048±0.2408 0.1098±0.2698 0.1089±0.2014 0.275±0.1536 0.2374±0.1863 0.1689±0.1811 0.18±0.1441 0.1718±0.1428 0.1026±0.1814 0.227±0.1351 0.1689±0.1811 0.18±0.1441 0.1689±0.1811 0.2592±0.1613
LEV MCR 0.1559±0.1345 0.1398±0.1402 0.1571±0.1182 0.1539±0.11 0.1582±0.1268 0.1605±0.13 0.1652±0.1202 0.1619±0.1271 -0.0153±0.1251 0.1493±0.1169 0.1605±0.13 0.1652±0.1202 0.1605±0.13 0.1542±0.1235MAE 0.1302±0.1181 0.1079±0.121 0.1426±0.1144 0.1397±0.1001 0.1311±0.1096 0.1342±0.1134 0.1483±0.1077 0.1457±0.1143 0.0062±0.1436 0.137±0.1091 0.1342±0.1134 0.1483±0.1077 0.1342±0.1134 0.1315±0.1047MSE 0.1375±0.1169 0.1048±0.1145 0.1607±0.1268 0.1546±0.1063 0.1297±0.1088 0.1394±0.1076 0.161±0.1116 0.1666±0.1204 0.0264±0.182 0.1572±0.1206 0.1394±0.1076 0.161±0.1116 0.1394±0.1076 0.1335±0.101
Red Wine MCR 0.4037±0.0738 0.3982±0.0732 0.4169±0.0708 0.4228±0.0698 0.4074±0.0677 0.4109±0.0691 0.4146±0.0687 0.4155±0.0694 -0.052±0.0356 0.4237±0.0688 0.4109±0.0691 0.4146±0.0687 0.4109±0.0691 0.4171±0.0673MAE 0.4021±0.0719 0.396±0.0727 0.4217±0.0682 0.4321±0.0659 0.4133±0.0645 0.4144±0.0667 0.4205±0.0651 0.419±0.0672 -0.062±0.0413 0.4322±0.0661 0.4144±0.0667 0.4205±0.0651 0.4144±0.0667 0.4251±0.0639MSE 0.39±0.0898 0.3827±0.0925 0.4162±0.0818 0.4296±0.0694 0.4049±0.0783 0.4028±0.082 0.4126±0.076 0.4078±0.0812 -0.0647±0.0781 0.4283±0.0737 0.4028±0.082 0.4126±0.076 0.4028±0.082 0.4203±0.0729
White Wine MCR 0.3642±0.0537 0.3583±0.0509 0.3545±0.053 0.3388±0.0519 0.354±0.0485 0.3673±0.0508 0.3583±0.0495 0.3672±0.0527 0.0477±0.0641 0.3472±0.053 0.3673±0.0508 0.3583±0.0495 0.3673±0.0508 0.3584±0.0487MAE 0.3479±0.058 0.338±0.0542 0.3495±0.0604 0.338±0.0566 0.3465±0.0535 0.3564±0.0555 0.3532±0.0572 0.3587±0.0575 0.058±0.0602 0.3454±0.0592 0.3564±0.0555 0.3532±0.0572 0.3564±0.0555 0.3523±0.0507MSE 0.339±0.0698 0.3249±0.0674 0.3493±0.0716 0.3409±0.0662 0.3423±0.0628 0.3498±0.0641 0.3516±0.0694 0.3554±0.0687 0.0574±0.0624 0.3475±0.0691 0.3498±0.0641 0.3516±0.0694 0.3498±0.0641 0.3506±0.0589
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Fig. 8. Critical difference (CD) diagrams (https://github.com/mirkobunse/critdd) for the evaluated uncertainty measures over all performance metrics and datasets based on a Friedman test followed by a post-hoc Holm-adjusted Wilcoxon test with LightGBM as base learner. Groups of uncertainty measures that are not significantly different (at p = 0.05) are connected [53,54].
and ORDMARG are equivalent and thus lead to the same results in terms of their PRRs. Interestingly, from an empirical perspective, CONS𝐶1 and ORDMARG appear to be equivalent to the Bayes risk with 𝑙1 loss, 𝑅𝑙1 , also yielding the same results.The DFU measure performs worst on all performance metrics and is often close or even worse than random rejection, which indicates that the probabilistic output of the predictor is mostly unimodal. Given unimodal probability distributions, DFU is not able to quantify any uncertainty at all, which might explain its poor performance on the considered datasets. If the predictor outputs mostly unimodal distributions, as indicated by DFU, one could also expect that taking the distance into account when quantifying uncertainty does not play such a role. However, the results of our experiment suggest the opposite. Even when the output is mostly unimodal, taking the distance into account does matter.Furthermore, this experiment shows that our hypothesis indeed seems warranted and is further underpinned with additional experiments using a multi-layer perceptron (MLP) as the base learner in Appendix B. In ordinal probabilistic classification, uncertainty seems to be indeed maximal if all probability mass is equally allocated to the extreme ends of the ordinal scale. This is in contrast to the standard assumption of a uniform distribution representing maximal uncertainty.By looking at exemplary rejection curves, we can further illustrate the superiority or at least competitiveness of dispersion measures compared to common uncertainty measures like entropy, margin, and confidence (cf. Fig. 9).
7. Case study: automotive goodwill claim assessment

In the following, we evaluate the different uncertainty measures on seven real-world goodwill claim assessment datasets of a car manufacturer (cf. Table 4) with the goal to predict appropriate monetary contributions for parts and labor repair costs on an interval scale from 0 to 100% binned to 10% steps ( = {0,10,20,… ,100}). Since goodwill claim assessment can be considered a high-stakes process, needing to balance customer-satisfaction and financial interests, well functioning predictive uncertainty quantification is of utmost importance. Furthermore, as goodwill requests are to a large extend assessed manually by human experts at the moment [55], it is also a perfect use case for selective classification [1] in which uncertain requests are still delegated to human experts, while trivial or clear cases are supposed to be processed automatically through automated decision making [3].
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Fig. 9. Exemplary rejection curves for five of the ordinal benchmark datasets (Balance Scale, Eucalyptus, White Wine, Abalone and CMC). 
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Table 4Goodwill claim assessment dataset sizes. All datasets have 26 features (18 categorical and 8 numeric) and a single label with 11 classes ( = {0,10,20,… ,100}).Market A B C D E F G# Instances 9,127 7,636 21,209 19,066 174,008 9,127 9,945

Fig. 10. Confusion matrices for goodwill claim assessment using different losses. 
7.1. Datasets

The different goodwill claim assessment datasets are taken from different national sales markets and reflect the different goodwill assessment strategies of the national sales companies (NSC) of the car manufacturer. The attributes of the data instances entail information about the vehicle and the case, for instance, vehicle age, mileage, requested costs, defect code, whether the vehicle was regularly serviced, etc. [55]. Table 4 summarizes some characteristics of the datasets used for our evaluation. The sizes of the datasets vary heavily depending on the size of the sales market. In general, the datasets are in most cases heavily imbalanced [55], with the majority of instances falling into the extremes of no (0%) and full contributions (100%). This characteristic also polarizes the datasets in terms of decision outcomes. Given the variability in human goodwill judgment, it is crucial to recognize that observed decisions may not always be consistent. It is essential to account for this variability through unbiased predictive probability distributions and appropriate uncertainty quantification methodologies. For model training, the data is split into training and test data with a ratio of 80/20, where the test data contains the most recent 20% of the data.
7.2. Experimental setup

The problem of goodwill claim assessment can either be treated as an (ordinal) classification problem with 11 classes or a regression problem where predictions are rounded to the closest 10% step. Treating it as a classification problem using cross entropy loss results in a higher accuracy compared to treating it as a regression problem with 𝐿2 loss (cf. Fig. 10). This increased accuracy however comes at the price of more substantial errors (e.g., 0 vs. 100%) manifested in a higher MSE. As already mentioned, this trade-off between categorical classification accuracy (hit rate) and minimum distance-based errors is inherent in ordinal classification and makes it a distinct problem [56]. There are many dedicated ordinal classification methods that try to represent this trade-off between accuracy and error spread on the loss level during training time and hence lie somewhere in the middle between classification and regression [33,34,45,47]. However, usually these methods have some drawbacks. For instance, the methods presented in [23] and [57] only provide deterministic predictions without uncertainty representation. This limitation can be critical in applications where understanding the uncertainty of predictions is essential, like in goodwill claim assessment. Additionally, as discussed in the previous Section 6, constraining predictive probability distributions to unimodality—explicitly [20,21], or implicitly [33,34,47]�-negatively impacts uncertainty quantification as the probabilities are biased (cf. Appendix C). This is because unimodal constraints oversimplify the underlying predictive distributions by smoothing out the probabilities of distant classes, thereby leading to an underestimation of the true uncertainty present in the data. In the context of non-continuous ordinal rating data, such as that examined in our case study, truthful probability reporting is essential for an accurate representation of uncertainty. Constraining predictive probabilities to unimodality can obscure the true nature of the data, particularly when the underlying distribution is inherently polarized or multimodal. By allowing for polarized predictive probability distributions, we can better capture the full spectrum of uncertainty inherent in ordinal assessments.Considering this, we again intentionally disregard the ordinal structure during the training phase by employing cross-entropy loss, which as a strictly proper scoring rule provides unbiased probabilistic predictions [10] and enables quantifiable uncertainty. Given that the historic goodwill claim assessment data used for our study is observational data with human decision makers acting as teachers, we deliberately want to account for potential biases by not constraining the model in any way that would veil those. 



International Journal of Approximate Reasoning 186 (2025) 109479

18

S. Haas and E. Hüllermeier 
Similar to our previous study on common ordinal benchmark datasets, our goal is then to find an uncertainty measure that post-hoc takes this ordinal structure into account, with a specific focus on reducing substantial errors.Since the data is of mid-size tabular nature, we again rely on GBTs for our evaluation implementation. Concretely, we make use of eXtreme Gradient Boosting (XGBoost) in that case [58].
7.3. Results and analysis

Table 5 shows the PRRs of the different uncertainty measures for MCR, MAE and MSE on seven goodwill assessment datasets split by the task of predicting labor or parts contributions.Overall, when considering all performance metrics (MCR, MAE and MSE), we have a similar picture as in the previous benchmark study with measures taking distance into account outperforming standard nominal classification measures (cf. Table 6). However, in contrast to the previous study, standard nominal classification uncertainty measures outperform the other measures when focusing on the exact hit-rate through MCR. Nonetheless, when the focus is on reducing the error spread, indicated by MAE and MSE, VAR as well as CONS measures clearly outperform ENT, MARG and CONF.Also, the binary decomposition method performs very competitive and even outperforms variance on MAE and MSE with entropy as binary base measure. Again, VAR, 𝑅𝑙2 and CONSCns shine on MAE and MSE, but perform poorly on MCR. Similar to the previous findings, other consensus and ordinal binary decomposition-based measures like CONS𝐶1 , CONS𝐶2 or ORDVAR appear to strike a better balance between categorical classification accuracy (hit rate) and minimum distance-based error.Interestingly, DFU does not come in last when looking at particular measures (e.g., only MCR or MAE and MSE), which is an indicator for non-unimodal predictive probability distributions output by the predictor. Compared to the previous study, there seems to be a more pronounced difference between classification accuracy and distance-based error, supposedly triggered by the nonunimodal predictive output probabilities of the predictor. On the goodwill claim assessment datasets it becomes even clearer that the binary decomposition method as well as the consensus measures (maybe apart from CONSCns) strike a better balance between accuracy and minimal distance-based error (cf. Tables 7 and 8).Fig. 11 shows some exemplary rejection curves for which the above findings are clearly visible. Variance as well as consensus and ordinal binary decomposition-based measures have a clear advantage over ENT or CONF when looking at MSE or MAE. However, when solely looking at ACC, ENT or CONF are competitive or even better.Tables 9 and 10 show corresponding performance metrics for rejections from 0% up to 50% in 10% steps for the overall best performing uncertainty measure (CONS𝐶2 , ORDVAR). As can be seen, performance metrics ACC, MAE, MSE and QWK improve when rejecting uncertain queries including the domain-specific relevant cost metrics -- underpayment, overpayment and total costs. Underpayment indicates how much the model would contribute less than the human experts and overpayment, the other way around. The total costs deviation (TOTAL) is then just the sum of the two.Tables 9 and 10 also display the respective thresholds for the particular rejection percentages which are bound between 0 and 1. These thresholds could be used in a downstream selective classification [2] approach where a classifier ℎ̂(𝒙) rejects queries depending on a binary selection function 𝑔(𝒙), which will either indicate selection 𝑔(𝒙) = 1 or abstention 𝑔(𝒙) = 0:
(ℎ̂, 𝑔)(𝒙) ∶=

{
ℎ̂(𝒙) if 𝑔(𝒙) = 1
∅ if 𝑔(𝒙) = 0

.

Whether the function suggests to select the query for automated processing or abstention depends on the risk ℎ̂(𝒙) associated with the query. If the calculated risk is below a given threshold 𝛿, like the ones shown in Tables 9 and 10, the function will suggest selection:
𝑔𝛿(𝒙) ∶=

{
1 if ℎ̂(𝒙) ≤ 𝛿
0 otherwise .

As already stated, selective classification in combination with a consensus or ordinal binary decomposition-based uncertainty measure is an effective strategy to increase reliability in automated goodwill claim decisions. Concretely, using a consensus or binary decomposition-based measure will lead to an increase in hit-rate as well as a reduction in error distances, since it considers both aspects in a balanced way. Hence, employing a consensus or binary decomposition-based measure accounts for potentially polarized predictive probabilities that the learner may have picked up from the likely biased historic expert decisions.
8. Conclusion and future work

In this work, we have introduced and evaluated several uncertainty quantification measures with regards to their capability of quantifying uncertainty in probabilistic ordinal classification. We argued that the highest uncertainty in probabilistic ordinal classification should be represented by a distinct bimodal distribution, in which all probability mass is equally concentrated at the extreme ends of the ordinal scale, and the lowest uncertainty when all probability mass is allocated to a single class label. This is in contrast to nominal classification, where a uniform distribution typically indicates the highest degree of uncertainty. We also argued that complementary dispersion measures of so called consensus measures, originating from the social sciences, as well as our newly proposed ordinal binary decomposition method, in which uncertainty quantification is reduced to an ordered sequence of binary uncertainty quantification problems, best capture these distributions.
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Table 5PRRs for different measures over goodwill claim assessment data.Dataset Metric CONF MARG ENT VAR CONSCns CONS𝐶1
CONS𝐶2

CONS𝐶𝐴 DFU ORDENT ORDMARG ORDVAR 𝑅𝑙1 𝑅𝑙2

Market A (Parts) ACC 0.7364 0.7245 0.747 0.6468 0.6541 0.6972 0.6943 0.6956 0.67 0.6916 0.6972 0.6943 0.6972 0.6484MAE 0.6416 0.6351 0.6433 0.685 0.6827 0.6731 0.6767 0.6707 0.6188 0.6821 0.6731 0.6767 0.6731 0.6852MSE 0.5102 0.504 0.5138 0.6331 0.6237 0.5799 0.5882 0.5778 0.5007 0.6 0.5799 0.5882 0.5799 0.6324
Market A (Labor) ACC 0.8192 0.8097 0.8284 0.7238 0.7247 0.7807 0.7783 0.7785 0.7738 0.7743 0.7807 0.7783 0.7807 0.7253MAE 0.6886 0.6826 0.6924 0.7136 0.7071 0.7127 0.7169 0.709 0.6737 0.72 0.7127 0.7169 0.7127 0.7141MSE 0.5694 0.5643 0.5713 0.6553 0.6432 0.6212 0.6294 0.6169 0.5632 0.6372 0.6212 0.6294 0.6212 0.6552
Market B (Parts) ACC 0.6434 0.6432 0.6398 0.6391 0.6563 0.6567 0.6562 0.6501 0.6475 0.6531 0.6567 0.6562 0.6567 0.64MAE 0.6163 0.6222 0.5991 0.713 0.7193 0.6899 0.6944 0.6903 0.6526 0.6988 0.6899 0.6944 0.6899 0.713MSE 0.5136 0.5246 0.4914 0.6858 0.6877 0.6268 0.636 0.6349 0.5718 0.6468 0.6268 0.636 0.6268 0.6852
Market B (Labor) ACC 0.7791 0.7768 0.7775 0.7333 0.744 0.765 0.7617 0.759 0.7319 0.7566 0.765 0.7617 0.765 0.7348MAE 0.7762 0.7775 0.7684 0.833 0.8336 0.8248 0.8284 0.8256 0.7854 0.8311 0.8248 0.8284 0.8248 0.8332MSE 0.7326 0.7356 0.7241 0.845 0.8427 0.8125 0.8206 0.8161 0.7559 0.8281 0.8125 0.8206 0.8125 0.8449
Market C (Parts) ACC 0.6029 0.6007 0.5893 0.4702 0.5127 0.5494 0.5347 0.5489 0.4028 0.5158 0.5494 0.5347 0.5494 0.4761MAE 0.5725 0.5562 0.5847 0.6038 0.6086 0.6074 0.6085 0.6083 0.5329 0.6098 0.6074 0.6085 0.6074 0.604MSE 0.4268 0.4059 0.453 0.62 0.5883 0.5418 0.5579 0.5399 0.5032 0.5796 0.5418 0.5579 0.5418 0.618
Market C (Labor) ACC 0.7816 0.7796 0.7818 0.6888 0.7002 0.7348 0.7304 0.7284 0.716 0.7235 0.7348 0.7304 0.7348 0.6895MAE 0.8013 0.802 0.7933 0.7979 0.7989 0.8076 0.8071 0.8063 0.798 0.8059 0.8076 0.8071 0.8076 0.7978MSE 0.8225 0.8243 0.8138 0.8589 0.8568 0.8531 0.855 0.8531 0.8339 0.8568 0.8531 0.855 0.8531 0.8587
Market D (Parts) ACC 0.6803 0.6734 0.6749 0.5005 0.5175 0.6057 0.5924 0.602 0.5424 0.5805 0.6057 0.5924 0.6057 0.5028MAE 0.5147 0.5206 0.5021 0.5206 0.5193 0.5589 0.5575 0.5662 0.5348 0.5555 0.5589 0.5575 0.5589 0.5212MSE 0.412 0.4202 0.4025 0.494 0.4814 0.4936 0.4994 0.5079 0.4907 0.5044 0.4936 0.4994 0.4936 0.494
Market D (Labor) ACC 0.754 0.753 0.7511 0.6227 0.6409 0.6995 0.6919 0.6911 0.6588 0.6771 0.6995 0.6919 0.6995 0.6265MAE 0.7623 0.7587 0.763 0.7557 0.7553 0.7752 0.7749 0.7731 0.7586 0.7725 0.7752 0.7749 0.7752 0.7561MSE 0.7285 0.7229 0.7322 0.7759 0.7721 0.7689 0.772 0.766 0.7408 0.7754 0.7689 0.772 0.7689 0.7755
Market E (Parts) ACC 0.6081 0.6099 0.5927 0.5794 0.5791 0.6015 0.5989 0.6 0.6055 0.5956 0.6015 0.5989 0.6015 0.5794MAE 0.6042 0.6067 0.5881 0.6056 0.6045 0.612 0.6124 0.6105 0.6041 0.612 0.612 0.6124 0.612 0.6056MSE 0.5163 0.5181 0.508 0.5398 0.5388 0.532 0.5349 0.5304 0.5169 0.537 0.532 0.5349 0.532 0.5399
Market E (Labor) ACC 0.6188 0.6223 0.6014 0.5908 0.5929 0.6141 0.6102 0.6135 0.6217 0.6056 0.6141 0.6102 0.6141 0.5908MAE 0.6183 0.6224 0.6006 0.6206 0.6211 0.6268 0.6265 0.6275 0.6231 0.6255 0.6268 0.6265 0.6268 0.6207MSE 0.5731 0.5776 0.5618 0.5991 0.5986 0.5909 0.5936 0.5928 0.5798 0.5952 0.5909 0.5936 0.5909 0.5992
Market F (Parts) ACC 0.7364 0.7245 0.747 0.6468 0.6541 0.6972 0.6943 0.6956 0.67 0.6916 0.6972 0.6943 0.6972 0.6484MAE 0.6416 0.6351 0.6433 0.685 0.6827 0.6731 0.6767 0.6707 0.6188 0.6821 0.6731 0.6767 0.6731 0.6852MSE 0.5102 0.504 0.5138 0.6331 0.6237 0.5799 0.5882 0.5778 0.5007 0.6 0.5799 0.5882 0.5799 0.6324
Market F (Labor) ACC 0.8192 0.8097 0.8284 0.7238 0.7247 0.7807 0.7783 0.7785 0.7738 0.7743 0.7807 0.7783 0.7807 0.7253MAE 0.6886 0.6826 0.6924 0.7136 0.7071 0.7127 0.7169 0.709 0.6737 0.72 0.7127 0.7169 0.7127 0.7141MSE 0.5694 0.5643 0.5713 0.6553 0.6432 0.6212 0.6294 0.6169 0.5632 0.6372 0.6212 0.6294 0.6212 0.6552
Market G (Parts) ACC 0.7319 0.7194 0.7286 0.6533 0.6633 0.7113 0.7031 0.7013 0.6483 0.697 0.7113 0.7031 0.7113 0.6536MAE 0.5769 0.5704 0.5783 0.6637 0.6688 0.6628 0.6661 0.6463 0.5446 0.6655 0.6628 0.6661 0.6628 0.6637MSE 0.4605 0.4546 0.4644 0.6388 0.6344 0.5869 0.6032 0.5758 0.451 0.6115 0.5869 0.6032 0.5869 0.6389
Market G (Labor) ACC 0.6665 0.6642 0.6691 0.6379 0.637 0.6568 0.6535 0.6518 0.6595 0.6496 0.6568 0.6535 0.6568 0.6376MAE 0.6771 0.6766 0.6756 0.6745 0.6739 0.6789 0.6789 0.6772 0.6752 0.6781 0.6789 0.6789 0.6789 0.6741MSE 0.6092 0.6094 0.606 0.6235 0.6229 0.6175 0.6202 0.6178 0.6095 0.6216 0.6175 0.6202 0.6175 0.6236
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Table 6Ranks of measures for MCR, MAE and MSE on goodwill assessment.Rank Measure Avg. Rank Avg. PRR1 CONS𝐶2

5.82±1.92 0.6678±0.08711 ORDVAR 5.82±1.92 0.6678±0.08712 ORDENT 6.0±3.1 0.6685±0.08663 CONS𝐶1
6.31±2.19 0.6665±0.08793 ORDMARG 6.31±2.19 0.6665±0.08793 𝑅𝑙1 6.31±2.19 0.6665±0.08794 𝑅𝑙2 7.17±5.1 0.66±0.08855 CONSCns 7.49±4.79 0.6605±0.08726 VAR 7.54±5.49 0.6595±0.08887 CONS𝐶𝐴 7.68±2.37 0.6645±0.0878 CONF 8.83±4.98 0.6455±0.11049 MARG 8.96±4.58 0.6426±0.109810 ENT 9.48±4.95 0.6431±0.111611 DFU 11.29±2.9 0.6285±0.1018

Table 7Ranks of measures for MCR on goodwill assessment.Rank Measure Avg. Rank Avg. PRR1 CONF 2.29±2.3 0.7127±0.07592 MARG 3.14±2.38 0.7079±0.07293 ENT 3.79±4.35 0.7112±0.08344 CONS𝐶1
4.86±0.86 0.6822±0.07164 ORDMARG 4.86±0.86 0.6822±0.07164 𝑅𝑙1 4.86±0.86 0.6822±0.07165 CONS𝐶𝐴 7.86±1.1 0.6782±0.07066 CONS𝐶2
8.0±0.85 0.677±0.07396 ORDVAR 8.0±0.85 0.677±0.07397 DFU 9.79±3.96 0.6516±0.09538 ORDENT 9.86±0.86 0.6704±0.07659 CONSCns 11.64±2.41 0.643±0.071810 𝑅𝑙2 12.57±0.55 0.6342±0.077411 VAR 13.5±0.68 0.6327±0.0781

Table 8Ranks of measures for MAE and MSE on goodwill assessment.Rank Measure Avg. Rank Avg. PRR1 ORDENT 4.07±1.64 0.6675±0.09252 𝑅𝑙2 4.46±4.07 0.6729±0.09213 VAR 4.55±4.23 0.673±0.09214 CONS𝐶2
4.73±1.26 0.6632±0.09394 ORDVAR 4.73±1.26 0.6632±0.09395 CONSCns 5.41±4.31 0.6693±0.0946 CONS𝐶1
7.04±2.3 0.6586±0.09536 ORDMARG 7.04±2.3 0.6586±0.09536 𝑅𝑙1 7.04±2.3 0.6586±0.09537 CONS𝐶𝐴 7.59±2.81 0.6577±0.09458 MARG 11.88±1.68 0.6099±0.11159 DFU 12.04±1.86 0.617±0.104710 CONF 12.11±1.31 0.6119±0.110511 ENT 12.32±1.72 0.609±0.1093

Table 9Exemplary rejection thresholds for market B using CONS𝐶2
or ORDVAR (parts).Rejection ACC MAE MSE QWK UNDERPAYMENT OVERPAYMENT TOTAL THRESHOLD0% 0.821 9.352 686.444 0.645 -163,946.17 53,778.43 -110,167.74 1.010% 0.86 6.249 412.382 0.756 -38,432.59 113,479.52 75,046.93 0.59420% 0.902 4.166 267.86 0.826 -16,730.41 80,686.62 63,956.21 0.29330% 0.931 2.797 178.16 0.869 -7,942.01 50,347.16 42,405.15 0.14240% 0.945 2.286 150.054 0.881 -5,925.01 38,091.96 32,166.95 0.07150% 0.958 1.582 95.72 0.922 -2,450.01 12,347.42 9,897.41 0.033
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Fig. 11. Exemplary rejection curves for three of the goodwill claim assessment datasets displaying conventional uncertainty measures like entropy, margin and variance in comparison to consensus and ordinal binary decomposition-based measures.

Table 10Exemplary rejection thresholds for market B using CONS𝐶2
or ORDVAR (labor).Rejection ACC MAE MSE QWK UNDERPAYMENT OVERPAYMENT TOTAL THRESHOLD0% 0.886 7.092 588.147 0.585 -32,296.75 17,068.6 -15,228.15 1.010% 0.925 3.44 236.713 0.77 -8,989.2 15,985.3 6,996.1 0.53820% 0.959 1.554 101.953 0.881 -3,871.6 6,668.28 2,796.68 0.20330% 0.978 0.753 47.119 0.939 -1,741.0 3,080.66 1,339.66 0.05540% 0.99 0.303 16.901 0.975 -1,371.0 743.0 -628.0 0.01750% 0.992 0.272 17.51 0.969 -1,061.0 307.0 -754.0 0.006

With regard to the investigated uncertainty measures, we can draw the following conclusions from our evaluations on twenty-three ordinal benchmark datasets and a case study on seven automotive goodwill claim assessment datasets:
• Overall, when simultaneously looking at hit-rate and error distances (indicated by MCR, MAE and MSE), variance, the proposed ordinal binary decomposition method, and complementary dispersion measures of consensus measures outperform standard nominal classification uncertainty measures like entropy, margin and confidence when it comes to uncertainty quantification for probabilistic ordinal classification. This also supports our hypothesis that maximal uncertainty is expressed by a distinct bimodal distribution in ordinal classification.• This is also the case when the predictive output probabilities are of unimodal nature, as indicated by low DFU measurements in our benchmark study. One might expect that distance may not be overly relevant in this case, and nominal classification measures should perform at least competitive to measures taking distance and the ordinal structure into account.
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• When only looking at the distance of errors (indicated by MAE and MSE), the observation that dispersion measures, including variance and the binary decomposition method, outperform nominal measures is further enforced.• Nominal classification uncertainty measures like entropy, margin, and confidence are competitive when it comes to misclassification rate and may outperform distance-based measures for multimodal outputs, as shown in our case study on automotive goodwill claim assessment.• When it comes to preventing distance-based errors, measured by MAE and MSE, VAR and 𝑅𝑙2 perform very well. However, when it comes to reducing the misclassification rate, they are less effective.• Complementary dispersion measures of consensus measures as well as the proposed ordinal binary decomposition method seem to strike a better balance between categorical classification accuracy (hit rate) and distance-based errors compared to standard nominal uncertainty measures and variance. Hence, they appear to best reflect this inherent trade-off of between accuracy and error distance in ordinal classification.• In any case, an uncertainty measure in ordinal classification should consider error distance. If larger errors are supposed to be minimized, as indicated by MSE, VAR and 𝑅𝑙2 are most effective. If the exact hit-rate is equally important to error distance minimization, as indicated by MCR and MAE, the ordinal binary decomposition method, as well as complementary dispersion measures of consensus measures, strike a good balance. The usage of nominal uncertainty measures is only warranted in cases where the focus is solely on the exact hit-rate, as indicated by MCR, which is usually not the case in ordinal classification. According to our experiments, this guideline applies to datasets exhibiting unimodal as well as polarized prior class distributions, though the difference between nominal and dispersion measures is more pronounced for multimodal predictive distributions. Moreover, we recommend the usage of cross-entropy loss as a proper scoring rule over dedicated ordinal losses in ordinal classification to ensure unbiased uncertainty quantification.
An interesting direction for future work on the quantification of uncertainty in probabilistic ordinal classification is to separate total uncertainty into its aleatoric and epistemic parts [59], and to investigate whether this can be accomplished with the consensus measures presented in this paper or the ordinal binary decomposition method. This distinction is not possible on the basis of standard first-order probabilities as used in this work, however, and calls for more expressive representations (such as second-order distributions). Moreover, it might be interesting to evaluate further probabilistic base classifiers and datasets (e.g. image datasets) and study the effect of probability calibration [60] on the investigated uncertainty measures.
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Appendix A. Proofs
Proof of Proposition 4.1. We prove that the measure 𝐶1 satisfies axioms A1, A2, A3, A4, and A5 of Section 4.1.
A1: Given the bimodal distribution 𝒑 = (1∕2,0,… ,0,1∕2) on  = {1,2,… ,𝐾}, the cumulative probabilities will be 𝑭 = (1∕2,… , 

1∕2,1). This minimizes the numerator of 𝐶1 with 
∑𝐾−1
𝑘=1 |𝐹𝑘(𝒑) − 0.5| = ∑𝐾−1

𝑘=1 0 = 0. Thus, 𝐶1(𝒑) = 0 
(𝐾−1)∕2 = 0, which is the lower bound of the 𝐶1 measure.A2: Given a Dirac distribution of the form 𝒑 = (0,… ,0,1,0,… ,0) on  = {1,2,… ,𝐾}, the cumulative probabilities will be 𝑭 =

(0,… ,0,1,… ,1). This maximizes the numerator of 𝐶1 with 
∑𝐾−1
𝑘=1 |𝐹𝑘(𝒑) − 0.5| = ∑𝐾−1

𝑘=1 0.5 = 1
2 (𝐾 − 1), because |𝑝 − 0.5| is upper-bounded by 12 for 0 ≤ 𝑝 ≤ 1. Thus, 𝐶1(𝒑) = (𝐾−1)∕2

(𝐾−1)∕2 = 1, which is the upper bound of the 𝐶1 measure.A3: This directly follows from A1 and A2.A4: This is satisfied as the individual components that make up 𝐶1 are all continuous functions of 𝒑.A5: Given a probability distribution 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝐾 ) and its reversal 𝒑𝜎↔ = (𝑝𝐾 , 𝑝𝐾−1,… , 𝑝1) on an ordinal scale  = {1,2,… ,𝐾}.To show that 𝐶1(𝒑) = 𝐶1(𝒑𝜎↔ ) one needs to show that
𝐾−1∑
𝑘=1 

|𝐹𝑘(𝒑) − 0.5| =
𝐾−1∑
𝑘=1 

|𝐹𝑘(𝒑𝜎↔ ) − 0.5|.

Given the following relationship 𝐹𝑘(𝒑𝜎↔ ) =
∑𝑘
𝑗=1 𝑝𝜎↔(𝑗) =

∑𝑘
𝑗=1 𝑝𝐾−𝑗+1 = 1 −

∑𝐾−𝑘
𝑗=1 𝑝𝑗 = 1 − 𝐹𝐾−𝑘(𝒑), we have:

|𝐹𝑘(𝒑𝜎↔ ) − 0.5| = |(1 − 𝐹𝐾−𝑘(𝒑)) − 0.5| = |𝐹𝐾−𝑘(𝒑) − 0.5|.
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Next, given the commutative property of summation 

∑𝐾−1
𝑘=1 𝐹𝑘(𝒑) =

∑𝐾−1
𝑘=1 𝐹𝐾−𝑘(𝒑), with 𝐹𝐾−𝑘(𝒑) being the cumulative probabilities of 𝒑 in reversed order, we then have

𝐾−1∑
𝑘=1 

|𝐹𝑘(𝒑𝜎↔ ) − 0.5| =
𝐾−1∑
𝑘=1 

|𝐹𝐾−𝑘(𝒑) − 0.5| =
𝐾−1∑
𝑘=1 

|𝐹𝑘(𝒑) − 0.5|.

From this we can conclude that 𝐶1(𝒑) = 𝐶1(𝒑𝜎↔ ). □

Proof of Proposition 4.2. We prove that the measure 𝐶2 satisfies axioms A1, A2, A3, A4, and A5 of Section 4.1. The proof is analogous to the proof of Proposition 4.1. □

Proof of Proposition 4.3. We prove that the measure Cns satisfies axioms A1, A2, A3, A4, and A5 of Section 4.1.Tastle and Wierman demonstrate that their Cns measure produces a single value ranging from 0 for complete disagreement to 1 for complete agreement. This essentially validates axioms A1-A3 [18]. Therefore, we will focus on axioms A4 and A5 in this discussion.
A4: For the logarithm to be defined, its argument must be strictly positive, i.e.

0 < 1 − |𝑘− 𝜇|
𝐾 − 1 

.

Since 𝑘 ranges between 1 and K, and 𝜇 lies in the interval [1,𝐾], |𝑘 − 𝜇| will always be ≤ 𝐾 − 1. The only case where the argument could be 0 is 𝑘 =𝐾 and 𝜇 = 1. However, if 𝜇 = 1, then 𝑝1 = 1 and 𝑝2 =…= 𝑝𝐾 = 0, so that the sum in (6) reduces to the first summand, which evaluates to 0 (by definition), so that Cns(𝒑) = 1.Since log2(𝑥) is continuous for 𝑥 > 0 and lim𝑥↓0 𝑥 ⋅ log2(𝑥) = 0, and the rest of the terms in (6) are all continuous functions of 𝒑, we can conclude that Cns is a continuous function of 𝒑.A5: Given a probability distribution 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝐾 ) and its reversal 𝒑𝜎↔ = (𝑝𝐾 , 𝑝𝐾−1,… , 𝑝1) on an ordinal scale  = {1,2,… ,𝐾}.One needs to show that Cns(𝒑) = Cns(𝒑𝜎↔ ). Given the relationship
𝜇𝜎↔ =

𝐾∑
𝑘=1
𝑘 ⋅ 𝑝𝐾−𝑘+1 =

𝐾∑
𝑘=1

(𝐾 − 𝑘+ 1) ⋅ 𝑝𝑘

= (𝐾 + 1)
𝐾∑
𝑘=1
𝑝𝑘 −

𝐾∑
𝑘=1
𝑝𝑘 ⋅ 𝑘

= (𝐾 + 1) − 𝜇

between the expected values 𝜇𝜎↔ of 𝒑𝜎↔ and 𝜇 of 𝒑 respectively, as well as the commutative property of summation 
∑𝐾
𝑘=1 𝑝𝑘 =∑𝐾

𝑘=1 𝑝𝐾−𝑘+1, we have
Cns(𝒑𝜎↔ ) = 1 +

𝐾∑
𝑘=1
𝑝𝜎↔(𝑘) log2

(
1 −

|𝑘− 𝜇𝜎↔ |
𝐾 − 1 

)

= 1 +
𝐾∑
𝑘=1
𝑝𝐾−𝑘+1 log2

(
1 − |𝑘− ((𝐾 + 1) − 𝜇)|

𝐾 − 1 

)

= 1 +
𝐾∑
𝑘=1
𝑝𝐾−𝑘+1 log2

(
1 − |(𝐾 − 𝑘+ 1) − 𝜇|

𝐾 − 1 

)

= 1 +
𝐾∑
𝑘=1
𝑝𝑘 log2

(
1 − |𝑘− 𝜇|

𝐾 − 1 

)

= Cns(𝒑).
Hence, the Cns measure is invariant against reversal of the ordinal scale. □

Proof of Proposition 4.4. We prove that the measure 𝐶𝐴 satisfies axioms A1, A2, A3, A4, and A5 of Section 4.1.
A1: The extreme bimodal distribution will minimize the term 𝑈 with the maximum possible number of unimodality violations for triples |𝑇𝐷𝑈 (𝑆)| =𝐾 − 2. Given this and |𝑆1| = 2, we have

𝐴(𝒑) =
(
1 − 1 

𝐾 − 1

)
⋅
(
−(𝐾 − 1) ⋅ (𝐾 − 2)

(𝐾 − 2)2

) (A.1)
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=
(
(𝐾 − 2)
(𝐾 − 1)

)
⋅
(
−(𝐾 − 1) ⋅ (𝐾 − 2)

(𝐾 − 2)2

)

= −(𝐾 − 2)2

(𝐾 − 2)2
= −1.

We omit the term 𝑤 here, which is 𝑤 = |𝑆1| ⋅0.5 = 2 ⋅0.5 = 1. Following this, we can conclude that 𝐴 is minimized by the extreme bimodal distribution with the lower bound −1. In turn, 𝐶𝐴 will normalize 𝐴 to have the lower bound 0.A2: Since a Dirac distribution will maximize each term of 𝐴 (7), with 𝑤 = 1, 𝑉 =
(
1 − |𝑆1|−1

𝐾−1 
)
=
(
1 − 1−1 

𝐾−1

)
= 1, and 𝑈 = 1 by definition, we can conclude that 𝐴 (7) as well as 𝐶𝐴 (8) are maximized by a Dirac distribution with the upper bound 1.A3: A uniform distribution will lead to 𝑤 = |𝑆1| ⋅ 1∕𝐾 =𝐾 ⋅ 1∕𝐾 = 1, 𝑉 =

(
1 − |𝑆1|−1

𝐾−1 
)
=
(
1 − 𝐾−1

𝐾−1

)
= 0, and 𝑈 = 1 by definition. Hence, 𝐴 will be 0 for the uniform distribution and 0.5 for the normalized version 𝐶𝐴 .A4: The measure 𝐴 is a finite sum of products of continuous functions. Since the sum and product of continuous functions are also continuous, 𝐴 and 𝐶𝐴 are continuous.A5: Given the commutative property of addition and multiplication, 𝐴 is invariant against reversal of the ordinal scale when this property holds for all its terms (𝑤, 𝑉 , and 𝑈 ).-- The weight term 𝑤 is invariant against reversal of the ordinal scale, as it is calculated based on the difference between adjacent sorted probabilities (𝑝(𝑘) − 𝑝(𝑘−1)) and the number of categories being equal to or greater than the probability 𝑝𝑘 (|𝑆𝑘|). Hence, this term is even invariant to any permutation of the probabilities.-- This also applies to the term 𝑉 =

(
1 − |𝑆𝑘|−1

𝐾−1 
) as it will not be affected by any permutation.-- The term 𝑈 depends on the counting of rank triples |𝑇𝐷𝑈 (𝑆)| and |𝑇𝑈 (𝑆)|. Since triples are invariant against reversal of the ordinal scale, 𝑈 is also invariant against reversal of the ordinal scale.Since each term (𝑤, 𝑉 , and 𝑈 ) is invariant against reversal of the ordinal scale, we can conclude that 𝐴 and 𝐶𝐴 are also invariant against reversal of the ordinal scale. □

Proof of Proposition 4.5. Under the assumption of a single mode 𝑚, we prove that the measure DFU satisfies Axioms A4 and A5, but violates Axioms A1, A2, and A3 of Section 4.1. Notably, the measure DFU would need to be scaled to lie within the range [0,1], and Axioms A1 and A2 are violated in their inverted form.
A1: This axiom is violated as the extreme bimodal distribution is not the only distribution leading to the upper bound of 0.5 for DFU. For example,

DFU((1
2
,0,… ,0, 1

2

))
= DFU((1

2
,0, 1

2
,0,… ,0

))
= 0.5.

A2: This axiom is violated as DFU does not distinguish between unimodal distributions and their degree of ``peakedness.'' For example,
DFU((0,… ,0.2,0.6,0.2,… ,0)) = DFU((0,… ,0,1,0,… ,0)) = 0.

Hence, Dirac distributions are not the only distributions that lead to the lower bound of 0 for DFU.A3: This is violated, since the uniform distribution, as a unimodal distribution, leads to the same lower bound of 0 for DFU as the Dirac distribution:
DFU(( 1 

𝐾
,… , 1 

𝐾

))
= DFU((0,… ,0,1,0,… ,0)) = 0.

A4: Since each 𝑑𝑘 is continuous and the maximum of a finite set of continuous functions is also continuous, we can conclude that DFU is continuous.A5: Given a probability distribution 𝒑 = (𝑝1, 𝑝2,… , 𝑝𝐾 ) and its reversal 𝒑𝜎↔ = (𝑝𝐾 , 𝑝𝐾−1,… , 𝑝1) on an ordinal scale  = {1,2,… ,𝐾}.One needs to show that DFU(𝒑) = DFU(𝒑𝜎↔ ) by demonstrating that the calculated distances 𝑑𝑘 and 𝑑𝜎↔ (𝑘) are the same, with
𝑑𝜎↔ (𝑘) =

⎧⎪⎨⎪⎩

𝑝𝜎↔ (𝑘) − 𝑝𝜎↔ (𝑘+ 1) = 𝑝𝐾−𝑘+1 − 𝑝𝐾−𝑘 if 1 ≤ 𝑘 < 𝑚
0 if 𝑘 =𝑚
𝑝𝜎↔ (𝑘) − 𝑝𝜎↔ (𝑘− 1) = 𝑝𝐾−𝑘+1 − 𝑝𝐾−𝑘+2 if 𝑚< 𝑘 ≤𝐾

. (A.2)
Since 𝑑𝜎↔ (𝑘) = 𝑝𝐾−𝑘+1 − 𝑝𝐾−𝑘 and 𝑑𝑘 = 𝑝𝑘 − 𝑝𝑘−1 are the same pairwise distances in reversed order, just like 𝑑𝜎↔ (𝑘) = 𝑝𝐾−𝑘+1 −
𝑝𝐾−𝑘+2 and 𝑑𝑘 = 𝑝𝑘 − 𝑝𝑘+1, we can conclude that the measured pairwise distances of 𝑑𝑘 and 𝑑𝜎↔ (𝑘) are the same (in reversed order). Due to the fact that the max operator on a set of distances is invariant to any permutations, we can further conclude that DFU is invariant against reversal of the ordinal scale with DFU(𝒑) = DFU(𝒑𝜎↔ ). Please note that this only holds for the existence of a single mode 𝑚. In the case of multiple modes, where the leftmost mode is taken as the mode 𝑚, this axiom may be violated. □

Proof of Proposition 4.6. We prove that the measure 𝑢VAR satisfies axioms A1, A2, A3, A4, and A5 of Section 4.1. Note that Axioms A1 and A2 are satisfied in their inverted form, and 𝑢,VAR would need to be scaled to lie within the range [0,1].
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A1: Popoviciu’s inequality on variances provides an upper bound for the variance of any bounded probability distribution. Specifically, if an ordinal variable takes values in the interval [1,𝐾], then the variance satisfies:

𝑢VAR ≤ 1
4
(𝐾 − 1)2.

Equality holds if and only if the distribution is bimodal with half of the probability mass at each of the extreme values 1 and K. Hence, the extreme bimodal distribution 𝒑 = (1∕2,0,… ,0,1∕2) exclusively maximizes 𝑢VAR.A2: For a Dirac distribution 𝒑 = (0,… ,0,1,0,… ,0) with 𝑝𝑗 = 1 for some 𝑗 ∈ {1,… ,𝐾} and 𝑝𝑘 = 0 for all 𝑘 ≠ 𝑗. The expected value of the distribution is 𝜇 =∑𝐾
𝑘=1 𝑝𝑘 ⋅ 𝑘 = (0 ⋅ 𝑘) +…+ (0 ⋅ 𝑘) + (1 ⋅ 𝑗) + (0 ⋅ 𝑘) +…+ (0 ⋅ 𝑘) = 𝑗. Substituting 𝜇 = 𝑗 into the variance formula, we get: 𝑢VAR(𝒑) =∑𝐾
𝑘=1 𝑝𝑘 ⋅ (𝑘−𝜇)

2 = 0 ⋅ (𝑘− 𝑗)2 +…+0 ⋅ (𝑘− 𝑗)2 + 1 ⋅ (𝑗 − 𝑗)2 + 0 ⋅ (𝑘− 𝑗)2 +…+0 ⋅ (𝑘− 𝑗)2 = 0. Since the variance 𝑢VAR is zero for a Dirac distribution, and variance is non-negative, this is the minimum possible value. Therefore, 
𝑢VAR is exclusively minimized by a Dirac distribution.A3: This directly follows from A1 and A2.A4: This trivially holds true.A5: Given the relationship 𝜇𝜎↔ =

∑𝐾
𝑘=1(𝐾 − 𝑘+1) ⋅ 𝑝𝑘 =

∑𝐾
𝑘=1𝐾 ⋅ 𝑝𝑘 + 𝑝𝑘 −

∑𝐾
𝑘=1 𝑝𝑘 ⋅ 𝑘 = (𝐾 +1)

∑𝐾
𝑘=1 𝑝𝑘 −

∑𝐾
𝑘=1 𝑝𝑘 ⋅ 𝑘 = (𝐾 +1)−𝜇between the expected values 𝜇𝜎↔ of 𝒑𝜎↔ and 𝜇 of 𝒑 respectively, as well as the commutative property of summation, we have:

𝑢VAR(𝒑𝜎↔ ) =
𝐾∑
𝑘=1
𝑝𝜎↔ (𝑘) ⋅ (𝑘− 𝜇𝜎↔ )

2 (A.3)
=
𝐾∑
𝑘=1
𝑝(𝐾−𝑘+1) ⋅ (𝑘− ((𝐾 + 1) − 𝜇))2

=
𝐾∑
𝑘=1
𝑝(𝐾−𝑘+1) ⋅ ((𝐾 − 𝑘+ 1) − 𝜇)2

=
𝐾∑
𝑘=1
𝑝𝑘 ⋅ (𝑘− 𝜇)2

= 𝑢VAR(𝒑).Hence, 𝑢VAR is invariant against reversal of the ordinal scale. □

Proof of Lemma 5.1. Given the bimodal distribution 𝒑 = (1∕2,0,… ,0,1∕2) on  = {𝑦1,… , 𝑦𝑘}, each binary reduction in (10) is of the form 𝒑BIN = (1∕2,1∕2). Likewise, given a Dirac distribution 𝒑 = (0,… ,0,1,0,… ,0), each binary reduction is of the form 
𝒑BIN = (0,1) or 𝒑BIN = (1,0). □

Proof of Lemma 5.2. Assuming symmetry for the generator 𝑢BIN, with 𝑢BIN(𝑝1, 𝑝2) = 𝑢BIN(𝑝2, 𝑝1) for 𝒑 = (𝑝1, 𝑝2) and given the commutative property of addition, the following holds:
𝑢ORD(𝒑𝜎↔ ) =

𝐾−1∑
𝑘=1 
𝑢BIN

( 𝑘 ∑
𝑖=1 
𝑝𝜎↔ (𝑖),

𝐾∑
𝑗=𝑘+1

𝑝𝜎↔ (𝑗)

)

=
𝐾−1∑
𝑘=1 
𝑢BIN

( 𝑘 ∑
𝑖=1 
𝑝𝐾−𝑖+1,

𝐾∑
𝑗=𝑘+1

𝑝𝐾−𝑗+1

)

=
𝐾−1∑
𝑘=1 
𝑢BIN

( 𝐾∑
𝑖=𝐾−𝑘+1

𝑝𝑖,
𝐾−𝑘∑
𝑗=1 
𝑝𝑗

)

=
𝐾−1∑
𝑘=1 
𝑢BIN

( 𝑘 ∑
𝑖=1 
𝑝𝑖,

𝐾∑
𝑗=𝑘+1

𝑝𝑗

)

= 𝑢ORD(𝒑) □

(A.4)

Proof of Proposition 5.1. The fact that 𝑢ORD satisfies axioms A1, A2, and A3 directly follows from Lemma 5.1 (though A1 and A2 are satisfied in inverted non-normalized form, which in turn makes 𝑢ORD directly applicable to uncertainty quantification). Additionally, axiom A5 follows from Lemma 5.2. Given that the generator 𝑢BIN is continuous, we can also conclude that 𝑢ORD is continuous, since a finite sum of continuous functions is also continuous, which satisfies axiom A4. □

Proof of Proposition 5.2. The proof starts by defining the normalized version of the binary decomposition method with margin as the generator and shows the equivalence to the complementary dispersion measure 𝐷1 by simplifying the expression step-by-step. 
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The key step is to recognize that the margin generator leads to the absolute difference between cumulative probabilities and their complement, which directly relates to the 𝐶1 measure:

𝐷1(𝒑) =
1 

(𝐾 − 1)

𝐾−1∑
𝑘=1 
𝑢MARG

( 𝑘 ∑
𝑖=1 
𝑝𝑖,

𝐾∑
𝑗=𝑘+1

𝑝𝑗

)

= 1 
(𝐾 − 1)

𝐾−1∑
𝑘=1 

1 −
|||||

𝑘 ∑
𝑖=1 
𝑝𝑖 −

𝐾∑
𝑗=𝑘+1

𝑝𝑗
|||||

= 1 −
∑𝐾−1
𝑘=1 |∑𝑘𝑖=1 𝑝𝑖 −

∑𝐾
𝑗=𝑘+1 𝑝𝑗 |

(𝐾 − 1) 

= 1 −
∑𝐾−1
𝑘=1 |𝐹𝑘(𝒑) − (1 − 𝐹𝑘(𝒑))|

(𝐾 − 1) 

= 1 −
∑𝐾−1
𝑘=1 |2𝐹𝑘(𝒑) − 1|∕2

(𝐾 − 1)∕2 

= 1 −
∑𝐾−1
𝑘=1 |𝐹𝑘(𝒑) − 0.5|
(𝐾 − 1)∕2 

= 1 −𝐶1(𝒑) □

(A.5)

Proof of Proposition 5.3. The proof begins by defining the normalized version of the binary decomposition method with variance as the generator and then demonstrates the equivalence to the complementary dispersion measure 𝐷2 by simplifying the expression step-by-step. The key step is to recognize that the variance generator leads to the product of cumulative probabilities and their complements, which directly relates to the 𝐶2 measure:
𝐷2(𝒑) =

1 
(𝐾 − 1)∕4

𝐾−1∑
𝑘=1 
𝑢VAR

( 𝑘 ∑
𝑖=1 
𝑝𝑖,

𝐾∑
𝑗=𝑘+1

𝑝𝑗

)

= 1 
(𝐾 − 1)∕4

𝐾−1∑
𝑘=1 

( 𝑘 ∑
𝑖=1 
𝑝𝑖 ⋅

𝐾∑
𝑗=𝑘+1

𝑝𝑗

)

= 1 
(𝐾 − 1)∕4

𝐾−1∑
𝑘=1 
𝐹𝑘(𝒑)(1 − 𝐹𝑘(𝒑))

= 1 −

(
1 −

∑𝐾−1
𝑘=1 𝐹𝑘(𝒑)(1 − 𝐹𝑘(𝒑))

(𝐾 − 1)∕4 

)

= 1 −

(
1 +

∑𝐾−1
𝑘=1 𝐹𝑘(𝒑)(𝐹𝑘(𝒑) − 1)

(𝐾 − 1)∕4 

)

= 1 −
∑𝐾−1
𝑘=1 𝐹𝑘(𝒑)(𝐹𝑘(𝒑) − 1) + 0.25

(𝐾 − 1)∕4 

= 1 −
∑𝐾−1
𝑘=1 𝐹𝑘(𝒑)

2 − 𝐹𝑘(𝒑) + 0.25
(𝐾 − 1)∕4 

= 1 −
∑𝐾−1
𝑘=1 (𝐹𝑘(𝒑) − 0.5)2

(𝐾 − 1)∕4 
= 1 −𝐶2(𝒑) □

(A.6)

Appendix B. Prediction rejection ratios (PRRs) with multi-layer perceptron (MLP) as base learner
In this section, we present additional experimental results using a multi-layer perceptron (MLP) [61] with CE loss as the base learner instead of GBTs (cf. Section 6). Refer to Table B.11 for the parameters of the feed-forward network. Additionally, in addition to one-hot (0/1) encoding categorical features and integer encoding the labels, all features were also standardized.The obtained ranks for the different uncertainty measures based on the measured PRR values resemble those of GBTs, with measures taking distance into account significantly surpassing common nominal measures on these tabular ordinal benchmark datasets, as visible in the CD diagrams in Fig. B.12 and the detailed results in Table B.12.
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Table B.11MLP parameters [61].Parameter ValueHidden Layer Sizes [128, 64]Activation Function ReLUSolver AdamMaximum Epochs 200Batch Size 200L2 Regularization (alpha) 1e-04Learning Rate 1e-03

Fig. B.12. Critical difference (CD) diagrams for the evaluated uncertainty measures over all performance metrics and datasets based on a Friedman test followed by a post-hoc Holm-adjusted Wilcoxon test with an MLP as the base learner. Groups of uncertainty measures that are not significantly different (at 𝑝= 0.05) are connected [53,54].
Appendix C. Comparison of prediction rejection ratios (PRRs) for different predictors

In this section, we want to evaluate the influence of the base learner on uncertainty quantification in ordinal classification. To do this, we compare the PRR values obtained for various predictors on the tabular ordinal benchmark datasets over all uncertainty measures. Keep in mind that the PRR is independent of the predictive performance of the predictor and solely assesses the quality of the uncertainty quantification [51]. We compare the following diverse set of predictors: LightGBM with CE loss (LGBM) [32], A Simple Approach to Ordinal Classification [24] with LGBM and CE loss as binary base learner (SLGBM), MLP with CE loss (MLP) [61], A Simple Approach to Ordinal Classification [24] with MLP and CE loss as binary base learner (SMLP), MLP with QWK loss (QWK) [33,62,63], MLP with ordinal soft labeling based on triangular distributions (TRI) [62--64], and MLP with ordinal soft labeling based on the beta distribution (BETA) [62,63,65]. The listed predictors cover a broad range of ordinal methods we want to compare to the standard CE loss as a proper scoring rule.To allow for a fair comparison of the different neural network-based predictors, we chose the same configurations as in Appendix Bfor the MLP, SMLP, QWK, BETA, and TRI predictors (cf. Table B.11). Since our primary interest is in uncertainty quantification, and not predictive performance, we deliberately do not perform any further hyperparameter tuning.
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Table B.12PRRs for the different uncertainty measures and ordinal benchmark datasets using 10-fold cross-validation with an MLP as the base learner.
Dataset Metric CONF MARG ENT VAR CONSCns CONS𝐶1

CONS𝐶2
CONS𝐶𝐴 DFU ORDENT ORDMARG ORDVAR 𝑅𝑙1 𝑅𝑙2

Triazines ACC 0.0721±0.2426 0.041±0.2415 0.0953±0.2401 0.0868±0.2936 0.0877±0.2796 0.0854±0.2672 0.0959±0.2816 0.0952±0.2779 0.0736±0.278 0.0938±0.2822 0.0854±0.2672 0.0959±0.2816 0.0854±0.2672 0.0884±0.2803MAE 0.1833±0.1919 0.1504±0.1925 0.2145±0.1663 0.2388±0.1931 0.238±0.1938 0.2184±0.1993 0.2317±0.2079 0.234±0.2007 0.2681±0.2501 0.2317±0.2066 0.2184±0.1993 0.2317±0.2079 0.2184±0.1993 0.2429±0.1916MSE 0.2114±0.1935 0.1877±0.1898 0.2484±0.1808 0.2775±0.2289 0.2757±0.2146 0.2448±0.205 0.2633±0.2147 0.2625±0.2114 0.3055±0.2256 0.2668±0.218 0.2448±0.205 0.2633±0.2147 0.2448±0.205 0.2761±0.2301
Machine CPU ACC 0.6171±0.19 0.5714±0.1991 0.6573±0.185 0.7228±0.1246 0.6786±0.1568 0.6829±0.1624 0.6926±0.1732 0.6958±0.1677 0.6628±0.1603 0.6905±0.1614 0.6829±0.1624 0.6926±0.1732 0.6829±0.1624 0.7079±0.1307MAE 0.5758±0.2401 0.5025±0.2575 0.6554±0.1853 0.727±0.1673 0.6945±0.1841 0.6816±0.1894 0.7023±0.1854 0.6926±0.1854 0.7058±0.1062 0.7028±0.1829 0.6816±0.1894 0.7023±0.1854 0.6816±0.1894 0.722±0.1745MSE 0.5313±0.3124 0.4457±0.3216 0.601±0.203 0.7024±0.1965 0.6861±0.1958 0.6707±0.2066 0.6818±0.2018 0.6782±0.1973 0.7041±0.1034 0.6804±0.2025 0.6707±0.2066 0.6818±0.2018 0.6707±0.2066 0.7051±0.2007
Auto MPG ACC 0.3533±0.1097 0.3429±0.0983 0.3501±0.1542 0.379±0.1612 0.3779±0.1143 0.3847±0.1068 0.3695±0.1411 0.3759±0.1327 0.1373±0.2025 0.3665±0.156 0.3847±0.1068 0.3695±0.1411 0.3847±0.1068 0.3874±0.1283MAE 0.3419±0.1405 0.3004±0.129 0.3697±0.1409 0.4164±0.1584 0.413±0.158 0.4086±0.137 0.4081±0.1456 0.4179±0.1334 0.2236±0.172 0.4028±0.1464 0.4086±0.137 0.4081±0.1456 0.4086±0.137 0.4205±0.1612MSE 0.3459±0.1433 0.2847±0.1365 0.3703±0.1653 0.4122±0.2452 0.4119±0.2525 0.405±0.2056 0.4079±0.2318 0.4221±0.2119 0.2215±0.2276 0.3971±0.2248 0.405±0.2056 0.4079±0.2318 0.405±0.2056 0.4123±0.2541
Pyrimidines ACC 0.0514±0.3327 0.0549±0.2403 -0.0738±0.341 -0.0941±0.4573 -0.0652±0.4214 -0.0254±0.3109 -0.0883±0.3331 -0.0018±0.3369 -0.0649±0.2524 -0.0741±0.3557 -0.0254±0.3109 -0.0883±0.3331 -0.0254±0.3109 -0.1133±0.437MAE 0.2048±0.3698 0.1852±0.3425 0.1806±0.4419 0.2266±0.5205 0.2178±0.4683 0.201±0.4205 0.1724±0.4429 0.2422±0.4212 0.2082±0.2977 0.2157±0.4665 0.201±0.4205 0.1724±0.4429 0.201±0.4205 0.2063±0.5018MSE 0.2272±0.4368 0.2051±0.4218 0.2463±0.4471 0.3193±0.4848 0.3118±0.4018 0.2788±0.358 0.2691±0.3797 0.32±0.3752 0.2847±0.3739 0.3093±0.4146 0.2788±0.358 0.2691±0.3797 0.2788±0.358 0.2961±0.4655
Abalone ACC 0.3465±0.0652 0.3126±0.0704 0.3285±0.0615 0.3189±0.054 0.3437±0.0625 0.3528±0.0639 0.335±0.0618 0.345±0.0612 0.0225±0.0667 0.3213±0.0564 0.3528±0.0639 0.335±0.0618 0.3528±0.0639 0.3387±0.0547MAE 0.3674±0.0522 0.2913±0.0572 0.3936±0.0461 0.3967±0.0377 0.3998±0.0441 0.398±0.0448 0.4008±0.0431 0.4034±0.0425 0.0819±0.0834 0.3963±0.0401 0.398±0.0448 0.4008±0.0431 0.398±0.0448 0.406±0.037MSE 0.4004±0.072 0.2756±0.06 0.4719±0.0692 0.4913±0.0619 0.4715±0.0652 0.4561±0.0669 0.4815±0.0661 0.4772±0.0688 0.1573±0.0858 0.4871±0.065 0.4561±0.0669 0.4815±0.0661 0.4561±0.0669 0.4916±0.0581
BostonHousing

ACC 0.4113±0.142 0.4189±0.1396 0.4113±0.1409 0.4367±0.13 0.4483±0.1321 0.4315±0.1295 0.431±0.1275 0.4315±0.1252 -0.1139±0.2308 0.427±0.1293 0.4315±0.1295 0.431±0.1275 0.4315±0.1295 0.4461±0.1289MAE 0.3897±0.173 0.3949±0.1696 0.3986±0.1749 0.4435±0.1656 0.4467±0.1616 0.428±0.1621 0.4296±0.1612 0.4343±0.1584 -0.0644±0.2905 0.4282±0.1668 0.428±0.1621 0.4296±0.1612 0.428±0.1621 0.4489±0.1616MSE 0.3188±0.2236 0.3241±0.2253 0.3343±0.2331 0.408±0.2107 0.3989±0.2064 0.376±0.2099 0.3823±0.214 0.3917±0.203 -0.0197±0.3391 0.3847±0.2187 0.376±0.2099 0.3823±0.214 0.376±0.2099 0.4078±0.2025
StocksDomain

ACC 0.7104±0.053 0.712±0.0521 0.7064±0.0556 0.7045±0.0532 0.7098±0.0527 0.7101±0.0529 0.7084±0.0537 0.7088±0.0532 0.0667±0.1669 0.7052±0.0544 0.7101±0.0529 0.7084±0.0537 0.7101±0.0529 0.7068±0.0526MAE 0.7053±0.0621 0.707±0.0615 0.7013±0.064 0.6994±0.062 0.7048±0.0618 0.705±0.062 0.7034±0.0627 0.7038±0.0622 0.0772±0.1834 0.7001±0.0629 0.705±0.062 0.7034±0.0627 0.705±0.062 0.7017±0.0615MSE 0.7091±0.0685 0.7107±0.0679 0.7051±0.0704 0.7034±0.0679 0.7086±0.0682 0.7088±0.0684 0.7072±0.0691 0.7076±0.0686 0.0855±0.1749 0.704±0.0692 0.7088±0.0684 0.7072±0.0691 0.7088±0.0684 0.7056±0.0679
WisconsinBreast Cancer

ACC 0.2284±0.2257 0.2549±0.2251 0.2476±0.2515 0.254±0.2291 0.2267±0.2278 0.2302±0.2322 0.2487±0.2331 0.2511±0.229 0.1021±0.3648 0.2544±0.2374 0.2302±0.2322 0.2487±0.2331 0.2302±0.2322 0.2538±0.2289MAE 0.1399±0.2296 0.1505±0.246 0.172±0.2467 0.1946±0.2395 0.1767±0.2442 0.1674±0.2337 0.1724±0.2446 0.1721±0.2422 0.0559±0.179 0.1751±0.2368 0.1674±0.2337 0.1724±0.2446 0.1674±0.2337 0.2016±0.2371MSE 0.0228±0.205 0.036±0.2232 0.035±0.2139 0.06±0.1771 0.0353±0.1877 0.0209±0.1798 0.0328±0.1921 0.0363±0.1797 -0.0146±0.1863 0.0339±0.1872 0.0209±0.1798 0.0328±0.1921 0.0209±0.1798 0.0705±0.1775
Obesity ACC 0.6996±0.1197 0.698±0.1203 0.7004±0.1201 0.7153±0.1169 0.7098±0.119 0.7074±0.1187 0.7077±0.1192 0.7086±0.1189 0.3128±0.0759 0.7091±0.1189 0.7074±0.1187 0.7077±0.1192 0.7074±0.1187 0.7159±0.1167MAE 0.6877±0.1297 0.6861±0.1301 0.6889±0.1301 0.709±0.1246 0.7009±0.1278 0.698±0.1273 0.6986±0.1281 0.7005±0.1265 0.3406±0.087 0.7003±0.1279 0.698±0.1273 0.6986±0.1281 0.698±0.1273 0.7089±0.1237MSE 0.6509±0.1803 0.6491±0.1798 0.6524±0.1807 0.681±0.1699 0.6683±0.1758 0.6644±0.1753 0.6655±0.1763 0.6689±0.1719 0.3695±0.101 0.668±0.1762 0.6644±0.1753 0.6655±0.1763 0.6644±0.1753 0.6799±0.1681
CMC ACC 0.3125±0.0578 0.3075±0.0594 0.3115±0.0543 0.262±0.0796 0.2523±0.0808 0.2958±0.0755 0.2962±0.0787 0.2786±0.0802 0.0065±0.0625 0.2935±0.0778 0.2958±0.0755 0.2962±0.0787 0.2958±0.0755 0.247±0.076MAE 0.1692±0.0588 0.1823±0.0587 0.1524±0.0582 0.2856±0.0732 0.2938±0.0728 0.2546±0.0736 0.2608±0.075 0.2647±0.0743 0.0438±0.1734 0.2614±0.0727 0.2546±0.0736 0.2607±0.0749 0.2546±0.0736 0.2921±0.0774MSE -0.0501±0.0514 -0.0409±0.0548 -0.0534±0.0453 0.1019±0.0932 0.1219±0.0901 0.0199±0.0719 0.0328±0.0772 0.0634±0.0976 -0.0279±0.1918 0.0378±0.0784 0.0199±0.0719 0.0328±0.0772 0.0199±0.0719 0.1215±0.095
Grub Damage ACC 0.1264±0.2738 0.1306±0.2719 0.1273±0.2484 0.1327±0.2264 0.1339±0.2385 0.1372±0.2516 0.133±0.2534 0.1337±0.2487 0.1091±0.22 0.1482±0.2439 0.1372±0.2516 0.133±0.2534 0.1372±0.2516 0.1351±0.2253MAE 0.1719±0.2461 0.1692±0.2485 0.1861±0.2196 0.2433±0.1971 0.2411±0.209 0.2157±0.224 0.2259±0.2219 0.2269±0.2252 0.2375±0.2462 0.2466±0.2182 0.2157±0.224 0.2259±0.2219 0.2157±0.224 0.2389±0.1984MSE 0.1743±0.2098 0.1619±0.2202 0.2294±0.2574 0.2845±0.2276 0.2798±0.2236 0.2446±0.2161 0.263±0.2269 0.26±0.2334 0.219±0.2945 0.2866±0.2238 0.2446±0.2161 0.263±0.2269 0.2446±0.2161 0.2736±0.2305
New Thyroid ACC 0.9789±0.0422 0.9789±0.0422 0.9789±0.0422 0.9342±0.0607 0.9448±0.0467 0.9789±0.0422 0.9543±0.0625 0.9543±0.0625 0.099±0.6567 0.9543±0.0625 0.9789±0.0422 0.9543±0.0625 0.9789±0.0422 0.9648±0.0445MAE 0.9621±0.0385 0.9621±0.0385 0.9621±0.0385 0.942±0.0548 0.9558±0.0393 0.9793±0.0415 0.9621±0.054 0.9621±0.054 0.2441±0.6591 0.9621±0.054 0.9793±0.0415 0.9621±0.054 0.9793±0.0415 0.9759±0.0301MSE 0.9877±0.0245 0.9877±0.0245 0.9877±0.0245 0.9585±0.0394 0.9585±0.0394 1.0±0.0 0.9785±0.0283 0.9785±0.0283 0.2286±0.6949 0.9785±0.0283 1.0±0.0 0.9785±0.0283 1.0±0.0 0.9785±0.0283
Balance Scale ACC 0.9794±0.0227 0.9732±0.0324 0.9917±0.0116 0.9917±0.0116 0.9753±0.0325 0.9794±0.0227 0.9865±0.0143 0.9884±0.0164 0.2731±0.2291 0.9917±0.0116 0.9794±0.0227 0.9865±0.0143 0.9794±0.0227 0.9794±0.0227MAE 0.9794±0.0227 0.9691±0.0308 0.9917±0.0116 0.9917±0.0116 0.9753±0.0325 0.9794±0.0227 0.9865±0.0143 0.9884±0.0164 0.2783±0.2339 0.9917±0.0116 0.9794±0.0227 0.9865±0.0143 0.9794±0.0227 0.9794±0.0227MSE 0.97±0.0301 0.9584±0.0341 0.9866±0.0173 0.9849±0.0204 0.9654±0.0378 0.97±0.0301 0.9786±0.0233 0.98±0.0311 0.2127±0.2086 0.9866±0.0173 0.97±0.0301 0.9786±0.0233 0.97±0.0301 0.97±0.0301
Automobile ACC 0.6087±0.169 0.6077±0.1778 0.6159±0.1666 0.6461±0.1815 0.6588±0.1802 0.6278±0.1757 0.6325±0.1764 0.6399±0.189 0.1865±0.2471 0.6442±0.1863 0.6278±0.1757 0.6325±0.1764 0.6278±0.1757 0.6411±0.1811MAE 0.5782±0.1452 0.5744±0.1714 0.593±0.1223 0.6597±0.1187 0.6561±0.1286 0.617±0.1351 0.6179±0.1331 0.6414±0.1419 0.2662±0.2664 0.6351±0.1404 0.617±0.1351 0.6179±0.1331 0.617±0.1351 0.6551±0.1172MSE 0.4706±0.2127 0.466±0.2488 0.4894±0.1886 0.5927±0.1659 0.5713±0.1828 0.5192±0.1923 0.518±0.1916 0.5562±0.199 0.3207±0.3228 0.5419±0.1982 0.5192±0.1923 0.518±0.1916 0.5192±0.1923 0.5923±0.164
Eucalyptus ACC 0.3781±0.1218 0.3764±0.1245 0.3764±0.1173 0.3867±0.1089 0.3923±0.1165 0.3863±0.1159 0.3868±0.1139 0.3844±0.1112 0.0567±0.0865 0.3859±0.1117 0.3863±0.1159 0.3868±0.1139 0.3863±0.1159 0.3894±0.1104MAE 0.3684±0.0981 0.3666±0.1014 0.3686±0.0905 0.387±0.0828 0.391±0.091 0.3835±0.0887 0.3842±0.0886 0.382±0.0865 0.0736±0.0971 0.3843±0.0853 0.3835±0.0887 0.3842±0.0886 0.3835±0.0887 0.39±0.0846MSE 0.2739±0.1054 0.2747±0.1089 0.2716±0.0992 0.2976±0.1026 0.2986±0.1075 0.2887±0.1006 0.29±0.1019 0.2887±0.104 0.0735±0.1641 0.2917±0.1012 0.2887±0.1006 0.29±0.1019 0.2887±0.1006 0.3006±0.1046
TAE ACC 0.3197±0.2681 0.3155±0.27 0.3699±0.3052 0.2785±0.2782 0.2337±0.2417 0.3422±0.2758 0.3452±0.2962 0.3234±0.3136 0.3133±0.2544 0.3564±0.3155 0.3422±0.2758 0.3452±0.2962 0.3422±0.2758 0.2573±0.2612MAE 0.2438±0.2996 0.2337±0.2839 0.2808±0.354 0.2726±0.3876 0.249±0.3392 0.2676±0.369 0.292±0.3907 0.2932±0.4059 0.3828±0.1444 0.3023±0.4138 0.2676±0.369 0.292±0.3907 0.2676±0.369 0.2512±0.3604MSE 0.1901±0.334 0.1741±0.3109 0.2691±0.3972 0.2444±0.3838 0.2108±0.3279 0.2213±0.3685 0.2483±0.3975 0.2431±0.4024 0.391±0.2021 0.262±0.4331 0.2213±0.3685 0.2483±0.3975 0.2213±0.3685 0.2111±0.3477
Heart (CLE) ACC 0.5042±0.1372 0.4765±0.1319 0.5423±0.1514 0.5516±0.1179 0.5317±0.1152 0.5205±0.1377 0.5324±0.1272 0.5333±0.1196 0.2361±0.2612 0.5478±0.1196 0.5205±0.1377 0.5324±0.1272 0.5205±0.1377 0.546±0.1148MAE 0.4347±0.1905 0.4092±0.1871 0.4843±0.2058 0.5233±0.1548 0.5016±0.1648 0.4802±0.1861 0.4981±0.174 0.4963±0.164 0.2681±0.2767 0.5125±0.1676 0.4802±0.1861 0.4981±0.174 0.4802±0.1861 0.5108±0.1607MSE 0.3049±0.2016 0.2876±0.2024 0.3412±0.2095 0.4115±0.1716 0.38±0.1712 0.3476±0.1871 0.3711±0.1771 0.373±0.1709 0.2217±0.2833 0.3891±0.1731 0.3476±0.1871 0.3711±0.1771 0.3476±0.1871 0.3917±0.1703
SWD ACC 0.2174±0.1341 0.2035±0.1389 0.1873±0.1239 0.2008±0.1225 0.2119±0.1324 0.2214±0.1411 0.2015±0.1292 0.2091±0.1325 0.0415±0.1136 0.195±0.1249 0.2212±0.141 0.2016±0.1292 0.2217±0.1412 0.2164±0.1402MAE 0.1613±0.0897 0.1616±0.1101 0.1315±0.0816 0.1562±0.0793 0.1705±0.0774 0.1764±0.0918 0.1526±0.0846 0.1544±0.0916 0.0227±0.0968 0.1458±0.082 0.1763±0.0915 0.1525±0.0848 0.1764±0.0918 0.1841±0.0968MSE 0.138±0.1001 0.1384±0.1007 0.1135±0.1014 0.1427±0.0936 0.1584±0.0762 0.153±0.089 0.1307±0.0999 0.1253±0.1041 0.0126±0.1016 0.1272±0.0969 0.1528±0.0887 0.1306±0.1 0.1529±0.0891 0.1749±0.0957
ERA ACC 0.1484±0.0781 0.1821±0.1054 0.1121±0.0708 0.0047±0.1062 0.0403±0.1209 0.0952±0.118 0.071±0.1183 0.1488±0.0731 0.0504±0.0738 0.0481±0.1096 0.0958±0.1172 0.0735±0.1179 0.098±0.1156 0.012±0.113MAE 0.0219±0.067 -0.0038±0.0893 -0.0113±0.0854 -0.009±0.1556 0.0116±0.1469 0.0083±0.1243 -0.0087±0.1333 0.0104±0.0947 0.0581±0.1277 -0.0255±0.1349 0.0086±0.1243 -0.008±0.1332 0.0107±0.1228 -0.0021±0.1593MSE 0.0228±0.105 -0.0043±0.0952 -0.0061±0.1183 0.0341±0.1995 0.033±0.1767 0.0109±0.1596 0.0102±0.1652 0.0079±0.1307 0.0503±0.147 0.0059±0.1697 0.0108±0.1598 0.0112±0.1659 0.0135±0.1591 0.0382±0.197
ESL ACC 0.2265±0.2031 0.2292±0.2049 0.1954±0.201 0.1928±0.1872 0.2216±0.1887 0.225±0.2076 0.2092±0.2057 0.2139±0.2056 -0.0048±0.2012 0.1885±0.1915 0.225±0.2076 0.2092±0.2057 0.225±0.2076 0.2206±0.1947MAE 0.2114±0.1969 0.2177±0.2004 0.1775±0.2006 0.1707±0.1858 0.2013±0.1796 0.2084±0.2015 0.1904±0.2018 0.1956±0.2042 -0.0446±0.2235 0.1648±0.1918 0.2084±0.2015 0.1904±0.2018 0.2084±0.2015 0.1981±0.1837MSE 0.185±0.2661 0.1878±0.2696 0.1476±0.2701 0.1347±0.2503 0.166±0.2407 0.1767±0.2708 0.1584±0.2668 0.1643±0.2749 -0.081±0.2366 0.1261±0.2597 0.1767±0.2708 0.1584±0.2668 0.1767±0.2708 0.1582±0.2513
LEV ACC 0.1576±0.0858 0.1371±0.099 0.1584±0.0962 0.1709±0.1113 0.1746±0.0791 0.1735±0.0821 0.1724±0.0888 0.1692±0.0769 -0.0128±0.118 0.1661±0.1051 0.1735±0.0821 0.1724±0.0888 0.1734±0.0822 0.1812±0.0897MAE 0.1523±0.0756 0.1271±0.0828 0.1669±0.1055 0.1795±0.1115 0.1684±0.0867 0.1716±0.081 0.1785±0.0988 0.1753±0.0792 0.0202±0.1325 0.1757±0.1132 0.1716±0.0808 0.1785±0.0989 0.1716±0.0807 0.1788±0.0948MSE 0.1662±0.0855 0.1304±0.0807 0.1946±0.132 0.2056±0.1313 0.1778±0.1046 0.1914±0.0939 0.2033±0.1257 0.2047±0.1066 0.0296±0.1797 0.2051±0.136 0.191±0.0936 0.2033±0.1259 0.191±0.0936 0.1943±0.105
Red Wine ACC 0.2949±0.0705 0.2941±0.0744 0.2807±0.0583 0.2831±0.053 0.3107±0.0682 0.3036±0.0657 0.296±0.0606 0.2913±0.0652 -0.025±0.0925 0.2788±0.0575 0.3036±0.0657 0.296±0.0606 0.3036±0.0657 0.3038±0.0582MAE 0.2456±0.0787 0.2418±0.0808 0.2458±0.0718 0.2611±0.0745 0.2849±0.0845 0.2673±0.0815 0.2679±0.0803 0.2535±0.0818 -0.043±0.0956 0.2527±0.0751 0.2673±0.0815 0.2679±0.0803 0.2673±0.0815 0.2797±0.0782MSE 0.2058±0.106 0.1998±0.0991 0.2168±0.1211 0.2462±0.1319 0.268±0.1345 0.2398±0.12 0.2464±0.1341 0.222±0.1211 -0.065±0.0991 0.2315±0.1322 0.2398±0.12 0.2464±0.1341 0.2398±0.12 0.2666±0.1306
White Wine ACC 0.2471±0.029 0.2377±0.0318 0.2371±0.0392 0.2402±0.0404 0.2479±0.0315 0.2547±0.0304 0.2457±0.0374 0.2502±0.0351 0.054±0.0578 0.2396±0.0409 0.2547±0.0304 0.2457±0.0374 0.2547±0.0304 0.2489±0.0354MAE 0.2233±0.0486 0.2076±0.0495 0.2295±0.0552 0.2443±0.0444 0.248±0.0394 0.2478±0.0427 0.2436±0.0455 0.2451±0.0449 0.0553±0.0534 0.2406±0.0472 0.2478±0.0427 0.2436±0.0455 0.2478±0.0427 0.2539±0.0421MSE 0.1913±0.0902 0.1695±0.0873 0.2175±0.0973 0.2519±0.0725 0.2478±0.0707 0.2355±0.0775 0.2414±0.0788 0.2389±0.0811 0.0567±0.0689 0.2443±0.0782 0.2355±0.0775 0.2414±0.0788 0.2355±0.0775 0.2586±0.0717
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Fig. C.13. PRR values obtained over all tabular ordinal benchmark datasets and uncertainty measures grouped by underlying base learner. 
Fig. C.13 shows the PRR values obtained over all datasets and uncertainty measures for the different predictors, depicted by different performance measures (MCR, MAE, and MSE). In general, LGBM is able to obtain the highest PRR values, which is no surprise as GBTs are known to outperform neural networks on tabular datasets and are able to better deal with this modality. Furthermore, one can clearly see that the usage of CE loss is beneficial when it comes to uncertainty quantification over the simple ordinal approach in terms of uncertainty quantification, as manifested in higher PRR values (LGBM vs. SLGBM and MLP vs. SMLP), though the simple ordinal approach improves predictive performance (cf. Table C.13). Moreover, specific ordinal losses like QWK and the unimodal soft labeling approaches (BETA and TRI) lead to substantially smaller PRR values overall, and in particular for MSE, as they tend to bias predictive probabilities towards unimodality [33]. This loss of information appears to negatively affect uncertainty quantification and justifies our usage of the cross-entropy loss as a proper scoring rule over dedicated ordinal losses for the purpose of uncertainty quantification in ordinal classification.Table C.13 displays the average results of the different predictors over all datasets in terms of predictive performance (ACC, 1-OFF, MAE, MSE, and QWK) as well as calibration (negative log-likelihood (NLL), Brier Score (BS), and expected calibration error (ECE)). In summary, LGBM and SLGBM generally perform well across most metrics. They exhibit the best accuracy, calibration, and reasonable error rates. SLGBM improves on distance-based errors (MAE, MSE, and QWK) compared to LGBM but worsens calibration in terms of NLL. MLP and SMLP show competitive accuracy and QWK, though having higher NLL and slightly worse calibration compared to LGBM and SLGBM. SMLP improves on distance-based errors (MAE, MSE, and QWK) compared to MLP at the cost of calibration (NLL, BS, and ECE). QWK has good QWK but lower accuracy and higher error rates compared to other models. BETA and TRI generally perform worse across most metrics, but still show some competitive aspects in specific areas. In general, ordinal methods exhibit 



International Journal of Approximate Reasoning 186 (2025) 109479

30

S. Haas and E. Hüllermeier 
Table C.13Average performance and calibration of the different predictors over the tabular ordinal benchmark datasets.Predictor ACC (↑) 1-OFF (↑) MAE (↓) MSE (↓) QWK (↑) NLL (↓) BS (↓) ECE (↓)LGBM 0.627 ±0.196 0.898 ±0.114 0.526 ±0.378 0.961 ±1.031 0.673 ±0.246 1.145 ±0.591 0.520 ±0.244 0.071 ±0.047SLGBM 0.625 ±0.198 0.906 ±0.108 0.506 ±0.352 0.851 ±0.848 0.689 ±0.233 1.693 ±1.145 0.517 ±0.238 0.069 ±0.044MLP 0.620 ±0.197 0.895 ±0.116 0.529 ±0.363 0.948 ±0.942 0.664 ±0.262 1.419 ±1.039 0.552 ±0.295 0.081 ±0.072SMLP 0.621 ±0.201 0.901 ±0.115 0.513 ±0.354 0.877 ±0.857 0.681 ±0.247 2.281 ±2.009 0.564 ±0.308 0.085 ±0.072QWK 0.578 ±0.189 0.891 ±0.115 0.584 ±0.360 1.062 ±0.989 0.682 ±0.222 1.745 ±0.849 0.647 ±0.266 0.103 ±0.053BETA 0.611 ±0.192 0.892 ±0.115 0.549 ±0.365 1.028 ±1.022 0.636 ±0.252 1.892 ±1.168 0.598 ±0.279 0.094 ±0.047TRI 0.596 ±0.192 0.886 ±0.113 0.573 ±0.370 1.078 ±1.041 0.613 ±0.256 2.229 ±1.305 0.646 ±0.285 0.107 ±0.053

Fig. D.14. Critical difference (CD) diagrams for the evaluated uncertainty measures over all performance metrics and datasets based on a Friedman test followed by a post-hoc Holm-adjusted Wilcoxon test with the base learner A Simple Approach to Ordinal Classification and LightGBM as the binary base learner [24]. Groups of uncertainty measures that are not significantly different (at 𝑝 = 0.05) are connected [53,54].
larger calibration issues in relation to cross-entropy loss, as indicated by higher NLL, BS, and ECE values. This appears to negatively impact uncertainty quantification in ordinal classification and in turn leads to smaller PRR values.
Appendix D. Prediction rejection ratios (PRRs) with a simple approach to ordinal classification as base learner

In this section, we present additional experimental results using A Simple Approach to Ordinal Classification with LightGBM as a binary base learner (SLGBM) [24] instead of LightGBM with CE loss (cf. Section 6). As shown in Appendix C, the simple approach to ordinal classification leads to increased predictive performance at the cost of worsened uncertainty quantification, indicated by smaller PRR values compared to LightGBM with CE loss. This is also visible when looking at the CD diagrams in Fig. D.14. The results are not as significant as for GBTs and MLPs with CE loss (cf. Section 6 and Appendix B), as the ordinal approach leads to biased predictive probabilities in which predictive probability distributions are squashed (cf. Appendix C). Nonetheless, the superiority of certain measures depending on the performance metric is still visible, though there is more overlap than when using CE loss and the measures become more interchangeable. When the goal is to decrease distance-based errors, the ordinal binary decomposition method, VAR, 𝑅𝑙2 , and complementary dispersion measures of consensus measures still outperform nominal measures in most cases 
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Table D.14PRRs for the different uncertainty measures and ordinal benchmark datasets using 10-fold cross-validation with the base learner A Simple Approach to Ordinal Classification and LightGBM as the binary base learner [24].
Dataset Metric CONF MARG ENT VAR CONSCns CONS𝐶1

CONS𝐶2
CONS𝐶𝐴 DFU ORDENT ORDMARG ORDVAR 𝑅𝑙1 𝑅𝑙2

Triazines ACC 0.3444±0.331 0.3432±0.2928 0.4018±0.2813 0.3489±0.2471 0.3972±0.2174 0.3413±0.3261 0.3515±0.2948 0.3794±0.226 0.0071±0.1513 0.3722±0.222 0.3827±0.2743 0.3787±0.2265 0.3927±0.2242 0.3666±0.2238MAE 0.2563±0.2416 0.2331±0.2046 0.338±0.2525 0.3636±0.2006 0.385±0.1921 0.3291±0.2917 0.3061±0.2722 0.3606±0.1772 0.1165±0.1875 0.3836±0.1768 0.3439±0.2303 0.375±0.1944 0.3718±0.1805 0.3725±0.1905MSE 0.1884±0.3759 0.2177±0.3509 0.2509±0.3581 0.3817±0.2666 0.3943±0.269 0.2173±0.4127 0.2091±0.4334 0.3482±0.2922 0.25±0.2676 0.3921±0.2593 0.2622±0.3958 0.3815±0.273 0.3566±0.277 0.3893±0.2654
Machine CPU ACC 0.639±0.1914 0.6399±0.1738 0.7071±0.1781 0.7668±0.1362 0.7043±0.2021 0.4518±0.3364 0.405±0.3554 0.7139±0.1786 0.5077±0.1273 0.7572±0.1356 0.5269±0.284 0.7363±0.1564 0.7215±0.1755 0.7492±0.1563MAE 0.5524±0.1557 0.5478±0.1504 0.638±0.1581 0.7296±0.1249 0.6555±0.1846 0.3762±0.2585 0.3241±0.2626 0.6438±0.1872 0.5864±0.0946 0.712±0.1301 0.4369±0.2371 0.6877±0.1429 0.6557±0.1574 0.7108±0.1365MSE 0.4621±0.188 0.4875±0.1616 0.588±0.189 0.7014±0.1268 0.6304±0.1652 0.1857±0.3343 0.1563±0.3141 0.578±0.1907 0.6551±0.0884 0.6731±0.1501 0.2328±0.3625 0.6519±0.1475 0.6052±0.1618 0.6743±0.1362
Auto MPG ACC 0.2725±0.1863 0.2954±0.1675 0.3395±0.1484 0.3793±0.1211 0.3474±0.1428 0.2528±0.1956 0.2793±0.1521 0.2882±0.1779 0.1172±0.118 0.3696±0.1206 0.2513±0.1999 0.363±0.1335 0.3571±0.1452 0.3779±0.1396MAE 0.2812±0.2049 0.3234±0.1718 0.3775±0.1528 0.4342±0.1442 0.3979±0.171 0.2372±0.2128 0.2323±0.1697 0.3178±0.2029 0.2215±0.1111 0.4262±0.1329 0.2432±0.2321 0.4168±0.1491 0.4054±0.1641 0.4313±0.1597MSE 0.2725±0.229 0.3232±0.1706 0.4008±0.1546 0.46±0.1529 0.416±0.1991 0.2423±0.2716 0.3194±0.2078 0.4141±0.1884 0.2652±0.2259 0.4523±0.1428 0.2615±0.2658 0.4343±0.1704 0.4191±0.1803 0.4566±0.1639
Pyrimidines ACC 0.0804±0.6058 0.0748±0.6133 0.1257±0.5547 -0.2077±0.5077 -0.2619±0.5521 0.1448±0.4364 0.176±0.3584 -0.1413±0.4168 -0.258±0.533 -0.2053±0.5285 -0.0906±0.4701 -0.2053±0.5285 -0.2619±0.5521 -0.2404±0.5333MAE -0.0195±0.3923 0.0843±0.4628 0.113±0.4605 0.2075±0.3835 0.1812±0.4435 0.3186±0.2779 0.3416±0.2707 0.1706±0.3623 0.2656±0.388 0.1742±0.42 0.1407±0.3829 0.1799±0.4235 0.1768±0.4376 0.1953±0.3967MSE -0.1639±0.461 -0.0718±0.5038 -0.1121±0.5742 0.3513±0.3546 0.3279±0.3972 0.2575±0.2952 0.3234±0.3886 0.2676±0.3339 0.4493±0.303 0.3009±0.366 0.2457±0.3709 0.3086±0.3714 0.3375±0.3868 0.3427±0.3709
Abalone ACC 0.2914±0.0384 0.2771±0.0403 0.3219±0.0394 0.3282±0.04 0.3323±0.0426 0.2845±0.0427 0.2778±0.0386 0.3158±0.035 0.0792±0.0651 0.3315±0.0389 0.2929±0.0392 0.3346±0.0368 0.3349±0.0399 0.3371±0.0436MAE 0.2803±0.0539 0.2583±0.0608 0.3568±0.0487 0.3784±0.0488 0.3692±0.0588 0.2894±0.0557 0.2953±0.0504 0.3391±0.0475 0.1111±0.0617 0.3812±0.0478 0.2976±0.0521 0.3769±0.0483 0.3626±0.0551 0.382±0.0564MSE 0.289±0.09 0.2579±0.1074 0.3902±0.0628 0.4107±0.0615 0.3793±0.0822 0.2953±0.0818 0.3282±0.0668 0.3714±0.0749 0.1062±0.0876 0.4148±0.0579 0.3115±0.08 0.3991±0.0641 0.3635±0.0787 0.4006±0.0721
BostonHousing

ACC 0.4176±0.0668 0.4223±0.0794 0.4316±0.0912 0.4253±0.1106 0.4211±0.1179 0.4173±0.0849 0.4286±0.1013 0.4254±0.098 -0.0082±0.1467 0.432±0.1082 0.411±0.0706 0.4257±0.1027 0.4252±0.1027 0.4242±0.1104MAE 0.4034±0.0855 0.4301±0.0788 0.4452±0.089 0.4486±0.1249 0.4439±0.131 0.4129±0.0798 0.4382±0.0966 0.443±0.1008 0.0422±0.1563 0.4521±0.1139 0.4022±0.0789 0.445±0.1079 0.4444±0.108 0.4437±0.1188MSE 0.3636±0.1957 0.4266±0.0727 0.4482±0.0926 0.4612±0.1576 0.4571±0.1625 0.3929±0.077 0.4141±0.0794 0.4489±0.1154 0.0791±0.2128 0.461±0.1354 0.3959±0.0974 0.4528±0.128 0.4523±0.1281 0.4523±0.1392
StocksDomain

ACC 0.7065±0.0664 0.7064±0.0672 0.7059±0.0665 0.6947±0.07 0.6747±0.0847 0.7051±0.0667 0.7044±0.0679 0.7015±0.0702 -0.0067±0.1894 0.7029±0.0691 0.7053±0.0661 0.7029±0.0688 0.7029±0.0688 0.6945±0.0701MAE 0.7065±0.0664 0.7064±0.0672 0.7059±0.0665 0.6947±0.07 0.6747±0.0847 0.7051±0.0667 0.7044±0.0679 0.7015±0.0702 -0.0067±0.1894 0.7029±0.0691 0.7053±0.0661 0.7029±0.0688 0.7029±0.0688 0.6945±0.0701MSE 0.7065±0.0664 0.7064±0.0672 0.7059±0.0665 0.6947±0.07 0.6747±0.0847 0.7051±0.0667 0.7044±0.0679 0.7015±0.0702 -0.0067±0.1894 0.7029±0.0691 0.7053±0.0661 0.7029±0.0688 0.7029±0.0688 0.6945±0.0701
WisconsinBreast Cancer

ACC 0.1233±0.2423 -0.0096±0.247 0.1123±0.2854 -0.0967±0.1389 -0.1131±0.1432 0.0667±0.2359 0.0545±0.1849 -0.0055±0.1634 -0.1043±0.307 -0.0063±0.112 0.0443±0.2065 -0.092±0.1617 -0.0863±0.1794 -0.0887±0.1608MAE 0.1199±0.1988 0.0826±0.2138 0.0836±0.2307 0.0398±0.1371 0.0374±0.1227 0.1043±0.2183 0.1118±0.2039 0.0884±0.1946 0.0659±0.1899 0.0937±0.1531 0.1254±0.2048 0.0232±0.1601 0.0314±0.1713 0.0572±0.1152MSE 0.0992±0.2526 0.0384±0.2588 0.0378±0.3074 -0.0685±0.1844 -0.0662±0.1553 0.0452±0.193 0.0546±0.1889 -0.053±0.2368 -0.0602±0.1715 -0.0362±0.1929 -0.0123±0.229 -0.086±0.204 -0.0988±0.2159 -0.0458±0.1529
Obesity ACC 0.7982±0.1539 0.8303±0.0756 0.8343±0.0721 0.82±0.1074 0.7907±0.0945 0.8015±0.1463 0.8324±0.081 0.8331±0.0786 0.1358±0.4281 0.8393±0.0777 0.8021±0.146 0.838±0.0781 0.8382±0.0779 0.82±0.1074MAE 0.7982±0.1539 0.8303±0.0756 0.8343±0.0721 0.82±0.1074 0.7907±0.0945 0.8015±0.1463 0.8324±0.081 0.8331±0.0786 0.1358±0.4281 0.8393±0.0777 0.8021±0.146 0.838±0.0781 0.8382±0.0779 0.82±0.1074MSE 0.7605±0.1608 0.8296±0.0791 0.8337±0.0756 0.8198±0.109 0.7903±0.0957 0.7502±0.1756 0.7882±0.1211 0.8308±0.0796 0.1835±0.3726 0.8388±0.0806 0.7507±0.1755 0.8375±0.0811 0.8376±0.0809 0.8198±0.109
CMC ACC 0.3399±0.0651 0.3357±0.0678 0.3382±0.0669 0.2419±0.042 0.2201±0.0423 0.3138±0.0644 0.3069±0.0628 0.2786±0.0606 -0.0362±0.1 0.2988±0.0556 0.3074±0.059 0.289±0.0555 0.2986±0.0584 0.2099±0.0415MAE 0.2239±0.0704 0.2391±0.0771 0.2119±0.0637 0.2891±0.0656 0.2865±0.0626 0.2948±0.0667 0.2989±0.0617 0.2808±0.0724 -0.0293±0.1628 0.2961±0.068 0.3003±0.0702 0.2942±0.0691 0.2976±0.0725 0.2893±0.0585MSE 0.0634±0.0722 0.0697±0.0795 0.0719±0.0673 0.17±0.0948 0.1869±0.0907 0.1107±0.094 0.1245±0.0998 0.1192±0.0972 -0.0952±0.1877 0.1265±0.0931 0.1168±0.0896 0.1316±0.0879 0.1194±0.0885 0.2043±0.093
Grub Damage ACC 0.2809±0.2247 0.2976±0.227 0.2448±0.2082 0.1141±0.3624 0.0947±0.3833 0.2639±0.2414 0.2638±0.2727 0.2111±0.3474 -0.0055±0.2739 0.2033±0.3505 0.2488±0.279 0.1963±0.3222 0.235±0.2864 0.0953±0.3424MAE 0.1638±0.264 0.2086±0.2671 0.1447±0.3095 0.1212±0.3109 0.1079±0.3171 0.1827±0.2542 0.2281±0.2998 0.1781±0.3121 0.0497±0.2587 0.1748±0.3169 0.1748±0.2955 0.1826±0.3023 0.1911±0.2567 0.108±0.2746MSE 0.1094±0.2826 0.2109±0.3376 0.0582±0.2972 0.227±0.2776 0.2187±0.2946 0.2002±0.2799 0.2615±0.2899 0.2705±0.2812 0.0437±0.2798 0.2588±0.2653 0.2308±0.319 0.2719±0.2805 0.2801±0.302 0.2315±0.2703
New Thyroid ACC 0.896±0.157 0.9476±0.0892 0.9408±0.0908 0.9408±0.0711 0.9182±0.1224 0.789±0.339 0.9487±0.0472 0.9408±0.0711 0.2949±0.5865 0.9484±0.0741 0.9333±0.0877 0.9408±0.0711 0.9408±0.0711 0.9408±0.0711MAE 0.87±0.2191 0.9359±0.1171 0.9291±0.1177 0.9364±0.0807 0.9216±0.1145 0.7794±0.3368 0.9441±0.0536 0.9364±0.0807 0.3318±0.578 0.944±0.0838 0.9265±0.1031 0.9364±0.0807 0.9364±0.0807 0.9364±0.0807MSE 0.8619±0.2193 0.935±0.0946 0.9282±0.0952 0.9385±0.0596 0.9229±0.0867 0.8262±0.177 0.9425±0.057 0.9385±0.0596 0.2709±0.6553 0.9461±0.0634 0.9296±0.0738 0.9385±0.0596 0.9385±0.0596 0.9385±0.0596
Balance Scale ACC 0.9095±0.0488 0.9175±0.0463 0.9173±0.0452 0.8951±0.0526 0.8727±0.0496 0.89±0.07 0.9091±0.0496 0.9113±0.0455 0.0937±0.2037 0.9169±0.0448 0.9099±0.0471 0.9061±0.0508 0.9042±0.05 0.8852±0.054MAE 0.8796±0.0455 0.8979±0.043 0.8862±0.0369 0.8856±0.0514 0.8644±0.0567 0.8636±0.0573 0.8861±0.0437 0.902±0.0467 0.1053±0.2077 0.9005±0.04 0.8957±0.042 0.895±0.0494 0.896±0.0475 0.8788±0.0554MSE 0.8745±0.043 0.8604±0.0491 0.8888±0.0435 0.8191±0.0448 0.7966±0.0617 0.8155±0.0406 0.8248±0.0418 0.8333±0.0407 0.0083±0.2812 0.826±0.0375 0.825±0.0395 0.8324±0.0464 0.8342±0.0445 0.8106±0.0539
Automobile ACC 0.5938±0.3061 0.626±0.3008 0.645±0.3108 0.6149±0.2664 0.5155±0.2572 0.5211±0.3616 0.5578±0.3288 0.6476±0.3092 0.1302±0.3885 0.6231±0.2946 0.5489±0.3375 0.6069±0.2876 0.6167±0.2973 0.5812±0.2733MAE 0.5551±0.3184 0.5937±0.3108 0.6239±0.305 0.6357±0.2241 0.5477±0.2091 0.5189±0.3384 0.5576±0.3016 0.6395±0.2912 0.061±0.3653 0.6216±0.2614 0.5193±0.3382 0.6069±0.2636 0.6167±0.274 0.5999±0.231MSE 0.5523±0.3519 0.58±0.3334 0.6289±0.2979 0.6665±0.1373 0.5832±0.1447 0.5471±0.2608 0.5536±0.2412 0.6401±0.2701 0.0442±0.3769 0.6275±0.206 0.5305±0.3263 0.6209±0.226 0.6271±0.238 0.6323±0.1515
Eucalyptus ACC 0.4037±0.0762 0.3994±0.0785 0.4017±0.0856 0.4028±0.1062 0.4008±0.0941 0.4067±0.0758 0.4178±0.0845 0.4088±0.0988 -0.0087±0.2287 0.4013±0.097 0.4037±0.0865 0.4039±0.0996 0.4041±0.0936 0.4054±0.0996MAE 0.4095±0.0928 0.4057±0.0945 0.411±0.0967 0.4161±0.1051 0.4106±0.1001 0.4159±0.084 0.4265±0.0947 0.4186±0.1016 -0.0228±0.213 0.4127±0.0987 0.4125±0.0934 0.4129±0.1046 0.4126±0.099 0.4174±0.0992MSE 0.3851±0.125 0.3954±0.1179 0.4022±0.1178 0.4195±0.0962 0.4094±0.1041 0.3783±0.126 0.3894±0.1217 0.4159±0.1021 -0.0641±0.2024 0.4142±0.1006 0.4042±0.1122 0.4104±0.108 0.4092±0.1034 0.4192±0.0951
TAE ACC 0.1154±0.2124 0.1027±0.193 0.1715±0.2559 -0.0107±0.3177 -0.0461±0.332 0.0628±0.2931 0.0391±0.3437 0.0272±0.29 0.0511±0.2645 0.0425±0.3377 0.0493±0.256 0.0223±0.3198 0.0342±0.2571 -0.0234±0.3243MAE 0.0652±0.1604 0.0206±0.2036 0.1432±0.1816 0.1597±0.3708 0.1396±0.3833 0.173±0.2686 0.1686±0.3629 0.1347±0.3226 0.2179±0.2802 0.1696±0.3575 0.1675±0.2477 0.1479±0.3521 0.1528±0.2616 0.1271±0.3892MSE -0.0277±0.3016 0.0228±0.3622 -0.0445±0.2275 0.2649±0.3391 0.2688±0.3864 0.1822±0.3476 0.1871±0.3506 0.1977±0.3925 0.4212±0.2296 0.1915±0.344 0.216±0.3755 0.2015±0.3613 0.2197±0.3815 0.2362±0.3878
Heart (CLE) ACC 0.4938±0.107 0.4901±0.0857 0.5439±0.097 0.5259±0.1571 0.5029±0.1545 0.4476±0.1332 0.4964±0.1376 0.5374±0.11 0.0689±0.2364 0.5471±0.1273 0.516±0.1126 0.5306±0.1216 0.5281±0.1059 0.5081±0.158MAE 0.4686±0.1179 0.4428±0.115 0.5333±0.0712 0.5278±0.1402 0.5061±0.133 0.4266±0.1631 0.4774±0.1243 0.5287±0.1041 0.0969±0.2217 0.5521±0.1081 0.5252±0.1182 0.5274±0.1138 0.5284±0.1051 0.5185±0.1512MSE 0.407±0.1142 0.3509±0.1251 0.4795±0.0647 0.4637±0.1573 0.4323±0.1513 0.3643±0.2137 0.4081±0.1541 0.4506±0.123 0.0306±0.2634 0.4814±0.1383 0.4413±0.1053 0.4563±0.1362 0.4533±0.1338 0.4487±0.1661
SWD ACC 0.2027±0.1023 0.1854±0.1123 0.1957±0.0955 0.2092±0.1024 0.2072±0.1082 0.2072±0.1068 0.2049±0.1001 0.213±0.096 0.0443±0.1095 0.206±0.0985 0.2072±0.1068 0.2049±0.1001 0.2072±0.1068 0.2007±0.1128MAE 0.1218±0.067 0.1243±0.0689 0.1211±0.0847 0.1451±0.094 0.1408±0.0912 0.1302±0.0767 0.1323±0.0911 0.1358±0.0855 0.0571±0.109 0.1364±0.0895 0.1302±0.0767 0.1323±0.0911 0.1302±0.0767 0.1417±0.0876MSE 0.1003±0.0865 0.0942±0.0803 0.1263±0.0937 0.1604±0.1054 0.1547±0.0914 0.1248±0.0919 0.1322±0.1031 0.1155±0.1138 0.0475±0.1079 0.1411±0.1035 0.1248±0.0919 0.1322±0.1031 0.1248±0.0919 0.1571±0.1045
ERA ACC 0.145±0.0764 0.1631±0.1352 0.139±0.088 0.0273±0.0782 0.0608±0.0721 0.1085±0.084 0.0753±0.0743 0.1566±0.0729 0.0469±0.1274 0.0722±0.0718 0.1074±0.0838 0.0746±0.0731 0.1072±0.0851 0.0449±0.0899MAE 0.0313±0.1002 0.0428±0.1289 0.0051±0.0707 0.0084±0.0952 0.0426±0.0855 0.059±0.0672 0.0338±0.0818 0.0404±0.0722 0.0533±0.0973 0.01±0.0894 0.0586±0.0671 0.0322±0.0831 0.0564±0.0671 0.0157±0.1MSE 0.0642±0.1 0.0759±0.1138 0.0143±0.1226 -0.0027±0.148 0.0207±0.1353 0.0295±0.1167 0.0129±0.1351 0.0251±0.1188 0.0288±0.1204 0.0049±0.1455 0.0286±0.1166 0.0132±0.1338 0.0262±0.1168 0.0036±0.1469
ESL ACC 0.1369±0.1794 0.1782±0.1608 0.1845±0.1283 0.239±0.1247 0.2586±0.1314 0.1533±0.1808 0.1507±0.178 0.1627±0.1369 0.0555±0.2048 0.2179±0.1327 0.1492±0.1847 0.2301±0.1308 0.2228±0.1369 0.25±0.137MAE 0.138±0.2302 0.2111±0.1742 0.2394±0.1422 0.2935±0.1249 0.3062±0.1319 0.1449±0.2442 0.1446±0.2371 0.128±0.2315 0.1212±0.2284 0.2754±0.1381 0.1418±0.2484 0.2837±0.1319 0.2762±0.1416 0.3014±0.1357MSE 0.0993±0.2802 0.1637±0.2088 0.1902±0.1843 0.2312±0.1625 0.2358±0.1721 0.0944±0.2985 0.1118±0.2891 0.0929±0.2663 0.1276±0.1967 0.2148±0.1801 0.0938±0.3007 0.218±0.1735 0.2071±0.1863 0.2325±0.1796
LEV ACC 0.1518±0.1201 0.1344±0.1197 0.155±0.1079 0.1535±0.1016 0.1613±0.1041 0.1589±0.1157 0.1693±0.111 0.1628±0.114 0.0157±0.1443 0.148±0.1048 0.159±0.1158 0.1704±0.1093 0.1615±0.1113 0.159±0.1026MAE 0.1279±0.1166 0.1056±0.1166 0.1493±0.1074 0.1466±0.0982 0.1412±0.0981 0.1348±0.1092 0.1608±0.106 0.1541±0.1072 0.0437±0.1439 0.1434±0.1012 0.1348±0.1092 0.1622±0.1046 0.1374±0.105 0.1383±0.095MSE 0.1396±0.1115 0.1078±0.1165 0.1808±0.1198 0.1736±0.1026 0.1499±0.1047 0.1478±0.1099 0.1861±0.1094 0.1832±0.1144 0.0734±0.1849 0.1763±0.1118 0.1479±0.1099 0.1879±0.1089 0.1501±0.1057 0.1469±0.1041
Red Wine ACC 0.3548±0.0749 0.3469±0.0739 0.3606±0.0729 0.3459±0.0829 0.3402±0.0825 0.351±0.0847 0.3492±0.0839 0.3612±0.0797 -0.0378±0.0327 0.3601±0.0776 0.3612±0.0778 0.3524±0.0764 0.3539±0.0772 0.3496±0.0828MAE 0.3434±0.0819 0.3359±0.0819 0.3545±0.0766 0.3456±0.0765 0.3331±0.0881 0.341±0.0886 0.3426±0.085 0.3562±0.0835 -0.048±0.0394 0.3582±0.0765 0.3525±0.0838 0.3481±0.0795 0.347±0.0832 0.3462±0.0836MSE 0.3262±0.113 0.3199±0.114 0.3441±0.1096 0.3443±0.1043 0.3197±0.1252 0.3271±0.1069 0.3331±0.1053 0.3463±0.1105 -0.0448±0.0715 0.3529±0.1065 0.3353±0.1117 0.3388±0.1124 0.3342±0.1141 0.3399±0.1113
White Wine ACC 0.3459±0.073 0.3339±0.0746 0.3201±0.061 0.2759±0.052 0.3±0.0557 0.3435±0.0632 0.3289±0.0612 0.3461±0.0596 0.0563±0.0606 0.2948±0.0514 0.3483±0.0644 0.3084±0.0536 0.3271±0.0598 0.302±0.0487MAE 0.3316±0.0714 0.3192±0.0671 0.3155±0.0682 0.2742±0.0581 0.2941±0.0527 0.3324±0.0639 0.3222±0.0685 0.3382±0.0681 0.0534±0.0555 0.2937±0.0584 0.3365±0.0655 0.3048±0.0594 0.3192±0.0586 0.2962±0.0494MSE 0.3034±0.0728 0.2981±0.0723 0.3221±0.0885 0.2956±0.0839 0.3074±0.0715 0.3152±0.0659 0.3105±0.0695 0.3276±0.0794 0.05±0.0725 0.3158±0.0862 0.3089±0.0662 0.3229±0.0854 0.3283±0.0787 0.3099±0.0695
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Fig. E.15. Critical difference (CD) diagrams for the evaluated uncertainty measures over all performance metrics and datasets based on a Friedman test followed by a post-hoc Holm-adjusted Wilcoxon test with an MLP and QWK loss. Groups of uncertainty measures that are not significantly different (at 𝑝 = 0.05) are connected [53,54].
(cf. Fig. D.14c, Fig. D.14d, and Fig. D.14f). Moreover, the ordinal binary decomposition method again seems to strike a better balance than VAR and 𝑅𝑙2 when it comes to the trade-off between exact hit-rate and minimization of distance-based errors, even more so since the error distances are less due to the squashed predictive probability distributions (cf. Fig. D.14a and Fig. D.14e). Table D.14displays the detailed PRR results for all uncertainty measures and datasets using SLGBM.
Appendix E. Prediction rejection ratios (PRRs) with quadratic weighted kappa (QWK) as the loss function

In this section, we present additional experimental results using an MLP with QWK [33] as the loss function instead of CE (cf. Sections 6 and Appendix B). Again, refer to Table B.11 for the parameters of the MLP. As shown in Appendix C, QWK leads to increased predictive performance in terms of QWK over CE loss at the cost of worsened uncertainty quantification, indicated by smaller PRR values. Overall, nominal measures are still significantly outperformed by measures taking distance into account (cf. Fig. E.15a), though results are, similar to the simple ordinal approach (cf. Appendix D), not as significant as with CE loss anymore. The superiority of measures taking distance into account is still particularly visible for MAE and MSE (cf. Fig. E.15f) and also overall (cf. Fig. E.15a). However, in general, just like in Appendix D, the different uncertainty measures have become more interchangeable due to the biased squashed predictive probability distributions. This again demonstrates the advantage of CE loss for uncertainty quantification in ordinal classification. Table E.15 displays the detailed PRR results for all uncertainty measures and datasets using QWK loss.
Data availability

Some datasets used are publicly available. Some datasets are confidential.
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Table E.15PRRs for the different uncertainty measures and ordinal benchmark datasets using 10-fold cross-validation with an MLP and QWK loss [33].
Dataset Metric CONF MARG ENT VAR CONSCns CONS𝐶1

CONS𝐶2
CONS𝐶𝐴 DFU ORDENT ORDMARG ORDVAR 𝑅𝑙1 𝑅𝑙2

Triazines ACC 0.2064±0.3448 0.2067±0.3594 0.2138±0.2875 0.07±0.4394 0.095±0.4334 0.0979±0.4061 0.1188±0.4056 0.214±0.3077 -0.0423±0.3118 0.1157±0.3964 0.0979±0.4061 0.1188±0.4056 0.0979±0.4061 0.0989±0.4238MAE 0.2958±0.3199 0.247±0.3199 0.3137±0.2742 0.27±0.2947 0.258±0.3152 0.3132±0.335 0.3068±0.3174 0.2787±0.2986 0.16±0.1645 0.3061±0.3072 0.3132±0.335 0.3068±0.3174 0.3132±0.335 0.2178±0.3358MSE 0.2251±0.2632 0.1913±0.2675 0.2279±0.2376 0.2554±0.3023 0.2571±0.2861 0.2416±0.2851 0.2408±0.2853 0.1877±0.2737 0.0944±0.3228 0.2417±0.2842 0.2416±0.2851 0.2408±0.2853 0.2416±0.2851 0.212±0.2814
Machine CPU ACC 0.3461±0.3784 0.3499±0.3806 0.3397±0.369 0.3932±0.3681 0.3779±0.3895 0.3692±0.3824 0.3731±0.3783 0.3866±0.3848 0.4284±0.4006 0.3874±0.378 0.3692±0.3824 0.3731±0.3783 0.3692±0.3824 0.3952±0.3673MAE 0.2744±0.4141 0.283±0.4246 0.2693±0.4063 0.4364±0.399 0.3984±0.4515 0.3683±0.4256 0.3755±0.4233 0.3793±0.4227 0.4712±0.3978 0.3858±0.4175 0.3683±0.4256 0.3755±0.4233 0.3683±0.4256 0.4293±0.4071MSE 0.1971±0.5017 0.2076±0.5189 0.2077±0.4949 0.393±0.5023 0.3325±0.5526 0.2908±0.5059 0.302±0.5101 0.2965±0.5098 0.4114±0.4518 0.3139±0.495 0.2908±0.5059 0.302±0.5101 0.2908±0.5059 0.3811±0.5103
Auto MPG ACC 0.2142±0.0869 0.2102±0.0985 0.2133±0.0786 0.2709±0.0984 0.2591±0.0925 0.2445±0.0863 0.2497±0.0963 0.2552±0.0945 0.304±0.1506 0.255±0.0769 0.2445±0.0863 0.2497±0.0963 0.2445±0.0863 0.2719±0.1006MAE 0.2152±0.0912 0.2136±0.0889 0.2053±0.1024 0.2672±0.1198 0.267±0.1135 0.2546±0.1035 0.2533±0.1133 0.2521±0.1117 0.2985±0.1773 0.2516±0.1034 0.2546±0.1035 0.2533±0.1133 0.2546±0.1035 0.2667±0.1248MSE 0.071±0.1635 0.0788±0.1682 0.0735±0.1698 0.1084±0.1659 0.1128±0.1773 0.0978±0.1618 0.0953±0.1635 0.0865±0.16 0.1788±0.2043 0.089±0.1604 0.0978±0.1618 0.0953±0.1635 0.0978±0.1618 0.1085±0.1719
Pyrimidines ACC -0.0073±0.4975 -0.1132±0.6203 0.1058±0.4352 0.0813±0.5463 0.0681±0.4439 0.0399±0.48 0.0602±0.5042 0.0288±0.4958 0.1838±0.4793 0.096±0.4534 0.0399±0.48 0.0602±0.5042 0.0399±0.48 0.12±0.5264MAE 0.0766±0.3678 0.0113±0.3587 0.1021±0.3763 0.1421±0.4204 0.0351±0.4102 0.0005±0.4567 0.0587±0.4062 0.0816±0.3881 0.0123±0.3409 0.0446±0.3888 0.0005±0.4567 0.0587±0.4062 0.0005±0.4567 0.1502±0.3569MSE -0.0537±0.4374 0.0454±0.4705 -0.0608±0.4675 0.0444±0.5467 -0.0369±0.549 -0.0982±0.5931 -0.0565±0.5747 -0.079±0.4904 -0.0349±0.4706 -0.0667±0.4583 -0.0982±0.5931 -0.0565±0.5747 -0.0982±0.5931 0.0655±0.5233
Abalone ACC 0.167±0.0855 0.1668±0.0843 0.1648±0.0847 0.1774±0.0953 0.1739±0.0902 0.1736±0.0905 0.1727±0.0906 0.176±0.094 0.0672±0.1249 0.1733±0.0929 0.1736±0.0905 0.1727±0.0906 0.1736±0.0904 0.1783±0.0964MAE 0.1533±0.1251 0.1531±0.125 0.1515±0.1227 0.1624±0.1299 0.1611±0.1291 0.1597±0.1289 0.159±0.1281 0.1605±0.1296 0.0483±0.1313 0.1591±0.1286 0.1597±0.1289 0.159±0.128 0.1597±0.1289 0.1637±0.1324MSE 0.1213±0.1743 0.1202±0.1755 0.123±0.1706 0.1272±0.1667 0.127±0.1727 0.1248±0.1721 0.1244±0.1695 0.1241±0.1686 0.0066±0.1428 0.125±0.1673 0.1248±0.1721 0.1244±0.1694 0.1248±0.1721 0.1285±0.1716
BostonHousing

ACC 0.3587±0.2232 0.3592±0.2235 0.3508±0.2276 0.3876±0.2397 0.4095±0.2474 0.3961±0.2371 0.3905±0.2399 0.3925±0.2366 -0.1767±0.211 0.3817±0.2364 0.3961±0.2371 0.3905±0.2399 0.3961±0.2371 0.405±0.2434MAE 0.3153±0.1943 0.3218±0.1958 0.3149±0.2118 0.3544±0.2373 0.3782±0.2384 0.3592±0.2233 0.3583±0.2345 0.3579±0.2288 -0.1223±0.1858 0.35±0.2354 0.3592±0.2233 0.3583±0.2345 0.3592±0.2233 0.378±0.2371MSE 0.2328±0.2327 0.2406±0.2368 0.2342±0.2424 0.2766±0.2461 0.2986±0.2511 0.2668±0.2415 0.274±0.2557 0.2732±0.2497 -0.0354±0.2498 0.2703±0.2497 0.2668±0.2415 0.274±0.2557 0.2668±0.2415 0.295±0.2492
StocksDomain

ACC -0.0551±0.2565 -0.0574±0.2644 -0.0631±0.2404 -0.053±0.2428 -0.047±0.2598 -0.0496±0.2543 -0.0558±0.245 -0.0496±0.2459 0.1443±0.4103 -0.0566±0.2387 -0.0496±0.2543 -0.0558±0.245 -0.0496±0.2543 -0.0433±0.2529MAE -0.0607±0.2625 -0.063±0.2705 -0.0687±0.2464 -0.0586±0.2489 -0.0526±0.266 -0.0552±0.2602 -0.0614±0.251 -0.0552±0.2517 0.1491±0.4081 -0.0622±0.2449 -0.0552±0.2602 -0.0614±0.251 -0.0552±0.2602 -0.0489±0.2587MSE -0.0684±0.2664 -0.0711±0.2735 -0.0727±0.2564 -0.0626±0.2584 -0.0587±0.2723 -0.0625±0.2644 -0.0668±0.2585 -0.062±0.2563 0.1453±0.3992 -0.0659±0.2547 -0.0625±0.2644 -0.0668±0.2585 -0.0625±0.2644 -0.0559±0.2632
WisconsinBreast Cancer

ACC 0.3744±0.2153 0.3546±0.1934 0.4269±0.2601 0.3228±0.274 0.3032±0.2687 0.376±0.2436 0.3822±0.2527 0.4052±0.261 -0.1898±0.4986 0.3649±0.2516 0.376±0.2436 0.3822±0.2527 0.376±0.2436 0.3069±0.276MAE 0.191±0.1801 0.1966±0.1695 0.1942±0.1926 0.0741±0.1887 0.075±0.1805 0.1458±0.1712 0.1345±0.1853 0.1689±0.1899 -0.1297±0.1813 0.1142±0.1763 0.1458±0.1712 0.1345±0.1853 0.1458±0.1712 0.0764±0.1738MSE 0.1998±0.2633 0.2296±0.2588 0.1721±0.2311 0.0225±0.1439 0.0185±0.1416 0.0824±0.1765 0.0811±0.1635 0.1384±0.1951 -0.1149±0.2102 0.0659±0.1546 0.0824±0.1765 0.0811±0.1635 0.0824±0.1765 0.044±0.1345
Obesity ACC 0.1729±0.5138 0.1941±0.5197 0.1362±0.5001 0.2807±0.565 0.2802±0.5589 0.2408±0.5429 0.2411±0.5438 0.258±0.5524 0.39±0.4871 0.2298±0.5408 0.2408±0.5429 0.2411±0.5438 0.2408±0.5429 0.2855±0.5659MAE 0.1709±0.5167 0.1921±0.5222 0.1353±0.5031 0.2771±0.5663 0.2771±0.5606 0.2385±0.5453 0.2389±0.5461 0.2556±0.5541 0.3865±0.4887 0.2281±0.5429 0.2385±0.5453 0.2389±0.5461 0.2385±0.5453 0.282±0.5673MSE 0.1159±0.4862 0.1388±0.4905 0.0826±0.4744 0.2341±0.5299 0.2315±0.5256 0.1898±0.5108 0.1908±0.5113 0.2104±0.518 0.3379±0.4419 0.1812±0.5072 0.1898±0.5108 0.1908±0.5113 0.1898±0.5108 0.2383±0.5316
CMC ACC 0.2667±0.0778 0.263±0.0759 0.2707±0.0855 0.2492±0.0853 0.2431±0.0843 0.2596±0.0859 0.26±0.0836 0.2579±0.0829 0.1854±0.0799 0.2597±0.0848 0.2596±0.0859 0.2601±0.0836 0.2597±0.0859 0.2455±0.0873MAE 0.1852±0.1029 0.1816±0.1021 0.1908±0.1074 0.2039±0.1056 0.2028±0.1047 0.1973±0.1068 0.1995±0.1044 0.197±0.1035 0.0643±0.0686 0.2003±0.1049 0.1973±0.1068 0.1996±0.1044 0.1974±0.1068 0.2048±0.1095MSE 0.0434±0.0994 0.0431±0.0993 0.0489±0.0961 0.0898±0.1005 0.0915±0.1005 0.0636±0.099 0.0709±0.0977 0.0711±0.0983 -0.0183±0.0753 0.0736±0.0983 0.0636±0.099 0.0709±0.0977 0.0637±0.099 0.0904±0.1039
Grub Damage ACC 0.2412±0.2663 0.2611±0.2905 0.2268±0.2241 0.1932±0.2722 0.2001±0.2989 0.2141±0.2712 0.1897±0.2733 0.1887±0.276 0.22±0.1992 0.1908±0.2722 0.2141±0.2712 0.1897±0.2733 0.2141±0.2712 0.2213±0.2655MAE 0.2292±0.2824 0.214±0.2849 0.2246±0.2639 0.3042±0.2489 0.2949±0.2512 0.2411±0.2645 0.2644±0.2558 0.2401±0.2607 0.1989±0.2189 0.2656±0.2472 0.2411±0.2645 0.2644±0.2558 0.2411±0.2645 0.2855±0.2482MSE 0.1439±0.269 0.1316±0.2577 0.1671±0.279 0.2846±0.315 0.2774±0.2835 0.1826±0.2849 0.2294±0.2958 0.1653±0.2883 0.1511±0.3198 0.2282±0.3022 0.1826±0.2849 0.2294±0.2958 0.1826±0.2849 0.2192±0.2714
New Thyroid ACC 0.9571±0.0413 0.9646±0.0301 0.9471±0.0475 0.9451±0.0782 0.925±0.0743 0.9646±0.0301 0.9545±0.04 0.9651±0.0435 0.2908±0.2841 0.9651±0.0435 0.9646±0.0301 0.9545±0.04 0.9646±0.0301 0.9625±0.0582MAE 0.9535±0.0336 0.949±0.0347 0.9501±0.0457 0.9646±0.0512 0.9445±0.053 0.9636±0.0381 0.957±0.0398 0.9708±0.0258 0.4562±0.2503 0.9708±0.0258 0.9636±0.0381 0.957±0.0398 0.9636±0.0381 0.9622±0.0487MSE 0.9375±0.0642 0.9216±0.0802 0.9405±0.0867 0.9727±0.041 0.956±0.0465 0.9664±0.0535 0.9605±0.0513 0.9742±0.0271 0.5876±0.3271 0.9742±0.0271 0.9664±0.0535 0.9605±0.0513 0.9664±0.0535 0.9742±0.0271
Balance Scale ACC 0.9392±0.0679 0.9299±0.0656 0.9387±0.0487 0.9363±0.0516 0.7979±0.1368 0.9392±0.0679 0.9411±0.047 0.9437±0.0449 0.1831±0.2245 0.9387±0.0487 0.9392±0.0679 0.9411±0.047 0.9392±0.0679 0.9369±0.0666MAE 0.9468±0.0666 0.9386±0.0656 0.934±0.0472 0.932±0.0496 0.815±0.1357 0.9468±0.0666 0.9403±0.044 0.9425±0.0421 0.0392±0.4347 0.934±0.0472 0.9468±0.0666 0.9403±0.044 0.9468±0.0666 0.9448±0.0657MSE 0.9427±0.0642 0.9345±0.0626 0.934±0.0472 0.932±0.0496 0.8115±0.1389 0.9427±0.0642 0.9403±0.044 0.9425±0.0421 0.0444±0.44 0.934±0.0472 0.9427±0.0642 0.9403±0.044 0.9427±0.0642 0.9407±0.0631
Automobile ACC 0.4039±0.2083 0.3575±0.208 0.3944±0.2328 0.3871±0.2428 0.4057±0.2179 0.4281±0.2125 0.4231±0.2194 0.4127±0.2217 0.0335±0.3054 0.3808±0.2369 0.4281±0.2125 0.4231±0.2194 0.4281±0.2125 0.4003±0.2364MAE 0.3791±0.2187 0.3395±0.225 0.372±0.2478 0.3745±0.2551 0.3852±0.2347 0.4015±0.2241 0.3989±0.2347 0.394±0.2299 0.097±0.3128 0.3641±0.2539 0.4015±0.2241 0.3989±0.2347 0.4015±0.2241 0.387±0.2443MSE 0.3813±0.2548 0.3604±0.2789 0.3551±0.2827 0.3715±0.298 0.3683±0.2773 0.3826±0.2643 0.3766±0.2904 0.3725±0.2869 0.1954±0.2853 0.354±0.307 0.3826±0.2643 0.3766±0.2904 0.3826±0.2643 0.3773±0.2784
Eucalyptus ACC 0.3706±0.1 0.3641±0.0943 0.3607±0.0943 0.3735±0.1111 0.3752±0.1054 0.3767±0.1003 0.3694±0.1033 0.3723±0.1057 0.0896±0.1217 0.3661±0.1113 0.3767±0.1003 0.3694±0.1033 0.3767±0.1003 0.3766±0.1052MAE 0.3778±0.0866 0.3629±0.0738 0.3819±0.0776 0.4029±0.0927 0.3974±0.0946 0.3945±0.0873 0.3924±0.0872 0.3917±0.095 0.1264±0.1097 0.3924±0.0949 0.3945±0.0873 0.3924±0.0872 0.3945±0.0873 0.4002±0.0925MSE 0.3194±0.0993 0.3053±0.0959 0.3345±0.0896 0.3644±0.0946 0.3479±0.1054 0.3384±0.1037 0.3444±0.0972 0.3395±0.1054 0.1595±0.0999 0.3507±0.0928 0.3384±0.1037 0.3444±0.0972 0.3384±0.1037 0.3534±0.1009
TAE ACC 0.1403±0.3363 0.1152±0.3569 0.1364±0.3115 0.0605±0.3617 0.0442±0.401 0.0644±0.42 0.097±0.3412 0.1167±0.3487 -0.0477±0.3118 0.097±0.3412 0.0644±0.42 0.097±0.3412 0.0644±0.42 0.0897±0.3479MAE 0.0243±0.2865 0.0335±0.3057 0.0089±0.2685 0.014±0.2789 0.0152±0.3019 0.0397±0.3007 0.0267±0.2648 0.0185±0.3052 -0.0786±0.3735 0.0303±0.2685 0.0397±0.3007 0.0267±0.2648 0.0397±0.3007 0.0877±0.2685MSE -0.0714±0.3229 -0.0577±0.3411 -0.0884±0.3012 -0.0719±0.307 -0.043±0.31 -0.0322±0.3198 -0.0697±0.2965 -0.068±0.3337 -0.1015±0.4367 -0.0661±0.3009 -0.0322±0.3198 -0.0697±0.2965 -0.0322±0.3198 0.0429±0.3208
Heart (CLE) ACC 0.3971±0.2242 0.3758±0.2277 0.4059±0.2198 0.3473±0.2027 0.3149±0.2126 0.3762±0.2097 0.3763±0.2036 0.4244±0.1774 0.2186±0.1934 0.3847±0.2019 0.3762±0.2097 0.3763±0.2036 0.3762±0.2097 0.3389±0.2074MAE 0.3405±0.238 0.317±0.2501 0.3509±0.239 0.3213±0.2522 0.2859±0.2681 0.3332±0.2451 0.3315±0.2426 0.3703±0.2013 0.1925±0.2498 0.3411±0.2326 0.3332±0.2451 0.3315±0.2426 0.3332±0.2451 0.3088±0.2491MSE 0.3101±0.2305 0.2789±0.2503 0.326±0.2351 0.3161±0.2696 0.272±0.2845 0.3063±0.2504 0.3089±0.2511 0.3437±0.2111 0.2026±0.335 0.3205±0.2384 0.3063±0.2504 0.3089±0.2511 0.3063±0.2504 0.2966±0.2636
SWD ACC 0.1853±0.0955 0.1928±0.0975 0.1722±0.0739 0.1864±0.0816 0.1954±0.0952 0.1877±0.0964 0.1825±0.0829 0.1772±0.0831 0.0163±0.0923 0.174±0.0749 0.1877±0.0964 0.1825±0.0829 0.1877±0.0964 0.1934±0.0952MAE 0.1879±0.0969 0.1963±0.0975 0.1741±0.0787 0.1905±0.0856 0.2024±0.1009 0.192±0.0984 0.1858±0.0854 0.1792±0.0865 0.0065±0.0943 0.1762±0.0803 0.192±0.0984 0.1858±0.0854 0.192±0.0984 0.1979±0.0985MSE 0.1876±0.1183 0.1969±0.118 0.1732±0.106 0.1928±0.1096 0.2075±0.1266 0.194±0.1201 0.1863±0.1086 0.1785±0.1101 -0.0019±0.1167 0.1759±0.1067 0.194±0.1201 0.1863±0.1086 0.194±0.1201 0.2005±0.1199
ERA ACC 0.1439±0.1203 0.1255±0.1142 0.1652±0.1106 0.181±0.111 0.1387±0.1281 0.1545±0.1149 0.1672±0.1127 0.1735±0.0989 0.1034±0.1044 0.1795±0.1103 0.1545±0.1149 0.1672±0.1127 0.1545±0.1149 0.1654±0.1269MAE 0.0426±0.148 0.0423±0.1443 0.0398±0.1399 0.1478±0.1265 0.1388±0.1559 0.1036±0.1505 0.1063±0.1452 0.1105±0.1401 0.167±0.0988 0.1046±0.1339 0.1036±0.1505 0.1063±0.1452 0.1036±0.1505 0.1438±0.1379MSE -0.039±0.1963 -0.0261±0.2045 -0.0584±0.1814 0.0828±0.14 0.0793±0.1813 0.0264±0.1908 0.0184±0.1749 0.0263±0.181 0.1836±0.1313 0.013±0.1649 0.0264±0.1908 0.0184±0.1749 0.0264±0.1908 0.0844±0.1492
ESL ACC 0.0922±0.1431 0.0879±0.1542 0.0755±0.1455 0.097±0.1717 0.0977±0.1914 0.1017±0.1664 0.1024±0.1743 0.1084±0.1705 -0.0491±0.1696 0.0842±0.1722 0.1017±0.1664 0.102±0.1746 0.1013±0.1668 0.1137±0.1794MAE 0.0744±0.178 0.0707±0.187 0.0574±0.183 0.0717±0.2019 0.0802±0.2176 0.0818±0.1963 0.0806±0.2044 0.0837±0.1997 -0.0963±0.1582 0.0615±0.2035 0.0818±0.1963 0.0803±0.2047 0.0814±0.1967 0.0906±0.2084MSE 0.0146±0.2086 0.0123±0.2136 -0.0044±0.2241 0.0094±0.232 0.0276±0.2318 0.023±0.2204 0.0221±0.23 0.02±0.2223 -0.1868±0.1086 0.0027±0.2366 0.023±0.2204 0.0218±0.2303 0.0227±0.2208 0.029±0.2298
LEV ACC 0.0772±0.1122 0.0904±0.1233 0.0619±0.1076 0.0669±0.0991 0.0993±0.1215 0.0809±0.1056 0.077±0.1038 0.06±0.1008 -0.036±0.0888 0.0591±0.101 0.0809±0.1056 0.077±0.1038 0.0809±0.1056 0.0771±0.1016MAE 0.0489±0.1018 0.062±0.1128 0.0362±0.0973 0.0457±0.0837 0.076±0.1055 0.0557±0.0914 0.052±0.0907 0.0379±0.0838 -0.0023±0.0945 0.0358±0.0883 0.0557±0.0914 0.052±0.0907 0.0557±0.0914 0.0542±0.0862MSE 0.0118±0.1021 0.0242±0.1114 0.0029±0.0967 0.0199±0.0879 0.0469±0.0996 0.0233±0.0901 0.0203±0.091 0.0096±0.0818 0.0443±0.1486 0.0067±0.0911 0.0233±0.0901 0.0203±0.091 0.0233±0.0901 0.0257±0.0871
Red Wine ACC 0.1695±0.0622 0.1698±0.0614 0.1679±0.0622 0.1643±0.0597 0.1679±0.0623 0.1673±0.0614 0.1681±0.0615 0.1661±0.0622 -0.0272±0.1224 0.1668±0.0614 0.1679±0.0615 0.1676±0.0613 0.1675±0.0613 0.1646±0.06MAE 0.1529±0.0615 0.1527±0.0607 0.1501±0.0633 0.1459±0.0593 0.1505±0.0622 0.1507±0.0605 0.1507±0.0622 0.1495±0.0609 -0.0433±0.1172 0.1488±0.062 0.1513±0.0608 0.1502±0.0617 0.1508±0.0604 0.1477±0.0582MSE 0.1281±0.0717 0.1271±0.0701 0.124±0.076 0.1192±0.0708 0.1248±0.0716 0.1259±0.07 0.1251±0.0738 0.1249±0.072 -0.0696±0.1164 0.1225±0.0744 0.1265±0.0706 0.1246±0.073 0.126±0.0698 0.1224±0.0676
White Wine ACC 0.0931±0.0476 0.0922±0.0474 0.0932±0.0465 0.0927±0.0455 0.0928±0.047 0.0933±0.0472 0.0936±0.047 0.0942±0.0473 0.0219±0.0575 0.0929±0.0459 0.0934±0.0473 0.0934±0.0469 0.0933±0.0472 0.0926±0.0465MAE 0.0977±0.0545 0.0965±0.0543 0.0981±0.0543 0.0993±0.0545 0.0985±0.0548 0.0988±0.0547 0.0992±0.0548 0.1±0.0552 0.027±0.0587 0.0989±0.0545 0.0988±0.0548 0.099±0.0549 0.0988±0.0548 0.099±0.0548MSE 0.1065±0.0756 0.1049±0.0753 0.1076±0.0765 0.1118±0.0798 0.1092±0.078 0.1092±0.0775 0.1099±0.078 0.111±0.0788 0.0405±0.0631 0.1104±0.079 0.1092±0.0774 0.1097±0.0781 0.1092±0.0774 0.1109±0.0789
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Abstract

Ordinal classification problems, where labels exhibit a natural order, are preva-
lent in high-stakes fields such as medicine and finance. Accurate uncertainty
quantification, including the decomposition into aleatoric (inherent variabil-
ity) and epistemic (lack of knowledge) components, is crucial for reliable
decision-making. However, existing research has primarily focused on nominal
classification and regression. In this paper, we introduce a novel class of measures
of aleatoric and epistemic uncertainty in ordinal classification, which is based on a
suitable reduction to (entropy- and variance-based) measures for the binary case.
These measures effectively capture the trade-off in ordinal classification between
exact hit-rate and minimial error distances. We demonstrate the effectiveness
of our approach on various tabular ordinal benchmark datasets using ensembles
of gradient-boosted trees and multi-layer perceptrons for approximate Bayesian
inference. Our method significantly outperforms standard and label-wise entropy
and variance-based measures in error detection, as indicated by misclassification
rates and mean absolute error. Additionally, the ordinal measures show compet-
itive performance in out-of-distribution (OOD) detection. Our findings highlight
the importance of considering the ordinal nature of classification problems when
assessing uncertainty.

Keywords: Ordinal Classification, Ordinal Regression, Uncertainy Quantification,
Aleatoric Uncertainty, Epistemic Uncertainty, Binary Reduction
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1 Introduction

Supervised machine learning models are increasingly used for high-stakes decision-
making in domains such as medicine and finance. Consider predicting treatment effects
(Rafique, Islam, & Kazi, 2021) or automating loan approvals (Uddin et al., 2023).
Likewise, quantifying the predictive uncertainty associated with a query xq becomes
more and more important for reliable and safe decision-making. Information about
the predictive uncertainty could, for instance, be used in a downstream selective clas-
sification (Geifman & El-Yaniv, 2017; Hendrickx, Perini, der Plas, Meert, & Davis,
2024) approach in which only certain enough queries are processed automatically while
uncertain ones are delegated to human experts. This, in turn, reduces the risk of wrong
predictions and increases the overall accuracy of the predictor (Haas & Hüllermeier,
2025a).

A common distinction in uncertainty quantification is drawn between so-called
aleatoric and epistemic uncertainty (Hüllermeier & Waegeman, 2021; Senge et al.,
2014). The latter refers to the uncertainty that arises due to a lack of knowledge
or information, e.g., previously unseen medical cases in clinical diagnosis or novel
traffic scenarios in autonomous driving. It can be reduced with additional training
data or by selecting a better predictor or model for the specific task. In contrast,
aleatoric uncertainty is irreducible and arises from the inherent randomness in the
data, e.g., disagreement among physicians interpreting the same clinical image or dif-
fering evaluations of a portfolio among financial analysts. Identifying and measuring
these uncertainties allows for more nuanced detection of issues related to the learning
and prediction process. For example, information about aleatoric uncertainty empow-
ers decision-makers to assess whether a dependable decision can be reached at all.
Likewise, understanding epistemic uncertainty provides valuable insights into whether
a given predictor is sufficiently informed to make reliable decisions or requires addi-
tional training data or a different type of model or model class. Concrete applications
where this distinction has proven beneficial include active learning (Nguyen, Shaker,
& Hüllermeier, 2022), where instances with high epistemic uncertainty are preferen-
tially selected to improve the model, and out-of-distribution (OOD) detection (Lu et
al., 2025), where high epistemic uncertainty typically indicates samples lying outside
the previously seen data distribution.

In general, the focus of uncertainty quantification in machine learning has primarily
been on nominal classification and regression, with the Bayesian approach prevail-
ing in the literature, where epistemic uncertainty is represented by a second-order
probability distribution representing the posterior over the hypothesis space: a prob-
ability distribution of probability distributions (Hüllermeier & Waegeman, 2021). In
practice, such second-order distributions are commonly approximated through Monte
Carlo sampling using ensembles (Malinin, Prokhorenkova, & Ustimenko, 2021; Sale et
al., 2024; Shaker & Hüllermeier, 2020; Wimmer, Sale, Hofman, Bischl, & Hüllermeier,
2023) or other variational techniques such as dropout (Gal & Ghahramani, 2016) or
drop connect (Mobiny, Nguyen, Moulik, Garg, & Wu, 2021) in deep learning.

A principled approach to measuring and separating aleatoric and epistemic uncer-
tainty on the basis of classical information-theoretic measures of (Shannon) entropy
(Shannon, 1948) was proposed by Depeweg, Hernandez-Lobato, Doshi-Velez, and
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Udluft (2018). The approach has widely been adopted for nominal classification (Löhr,
Ingrisch, & Hüllermeier, 2024; Malinin et al., 2021; Mobiny et al., 2021; Saberi,
Shaker, Duguay, Scott, & Hüllermeier, 2024; Shaker & Hüllermeier, 2020; Shaker &
Hüllermeier, 2021). However, particularly in high-stakes use-cases, the class labels
y ∈ Y often exhibit a natural order relation, with y1 ≺ y2 ≺ · · · ≺ yK . Think of credit
scoring with Y = {poor, fair, good, very good, excellent} or any other rating appli-
cation, such as disease severity in medicine or employee performance evaluation in
human resources. Since ordinal classification lies somewhat between classification and
regression, commonly used entropy and variance-based approaches are also applicable
in the ordinal case (Malinin et al., 2021). However, these approaches may not ideally
reflect the inherent trade-off within ordinal classification between exact hit-rate and
minimized error distances, as has been shown by Haas and Hüllermeier (2025b) for
entropy. Entropy is not a good choice for uncertainty quantification in ordinal classifi-
cation, as it does not take into account the dispersion of a probability distribution and
is invariant to the redistribution of probability mass (cf. Figure 1 for an illustration).
To the best of our knowledge, no efforts have been devoted to disentangling aleatoric
and epistemic uncertainty in the context of ordinal classification yet, which is crucial
for reliable decision-making in many high-stakes use cases.

In this paper, we make the following key contributions:

• We explore methods to disentangle aleatoric and epistemic uncertainty in ordinal
classification based on commonly used entropy and variance-based decomposition
approaches.

• We propose a novel binary decomposition method that builds upon commonly
used entropy and total variance-based decompositions for quantifying aleatoric and
epistemic uncertainty, taking the ordinal structure into account.

• We compare our novel method with standard entropy- and total variance-based
approaches, as well as with label-wise entropy and variance-based binary decompo-
sitions, in an extensive study on twenty-three common tabular ordinal benchmark
datasets using ensembles of gradient-boosted trees and multi-layer perceptrons
for approximate Bayesian inference, specifically evaluating performance in error
detection and out-of-distribution detection.

• Moreover, we demonstrate that the cross-entropy (CE) loss, as a proper scoring
rule, is advantageous over ordinal losses for uncertainty quantification in ordinal
classification in general. While ordinal losses often induce compressed unimodal
predictive probability distributions, which can serve as a beneficial inductive bias for
predictions, particularly for discretized continuous ordinal targets, they negatively
impact uncertainty quantification.

2 Learning Probabilistic Predictors

We consider the setting of probabilistic supervised machine learning, in which a learner
is given access to a set of training data

D = {(x1, y1), . . . , (xn, yn)} ⊂ X × Y ,
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Fig. 1: Several probability distributions which lead to the same (Shannon) entropy (H
= 1.9 with base 2). In ordinal classification, where the minimization of error distance
is an important factor in addition to the exact hit-rate, this behavior has been shown
to be problematic (Haas & Hüllermeier, 2025b). Obviously, the different distributions
should be associated with different degrees of uncertainty, arguably increasing from
left to right in this example.

with xi ∈ X ⊆ Rm a feature vector from an instance space X , and yi ∈ Y the
corresponding class label or outcome from a set of outcomes Y that can be associated
with an instance. In particular, we focus on the ordinal classification scenario, where
Y = {y1, . . . , yK} consist of a finite set of class labels equipped with a natural (linear)
order relation:

y1 ≺ y2 ≺ · · · ≺ yK

Suppose a model or hypothesis space H to be given, where a hypothesis h ∈ H is
a predictive model in the form of a mapping X → P(Y) from instances to probability
distributions on outcomes. Assuming that training data as well as future (test) data
is independently distributed according to an underlying (unknown) joint probability
P on X × Y, the goal in probabilistic supervised learning is to induce a hypothesis
h∗ ∈ H with low risk (expected loss)

R(h) := E(x,y)∼P l(h(x), y) =

∫

X×Y
l(h(x), y) dP (x, y) ,

where l : P(Y) × Y → R+ is a loss (error) function. Training probabilistic predictors
is typically accomplished by minimizing the (perhaps regularized) empirical risk

Remp(h) :=
1

n

n∑

i=1

l(h(xi), yi) (1)

as an estimate of the true risk (generalization performance). Then, the empirical risk
minimizer

h := argmin
h′∈H

Remp(h
′)

serves as an approximation of the true risk minimizing hypothesis h∗. Given a query
instance xq ∈ X as input, it produces a probabilistic prediction

p = h(xq) = (p(y1), . . . , p(yK)) = (p1, . . . , pK) ∈ P(Y) (2)

4



as output, where pk is the predicted probability for the kth class yk.
So-called (strictly) proper scoring rules (Gneiting & Raftery, 2007) are commonly

used as loss functions l in (1). These have the nice theoretical property of being
minimized (in expectation) by the true conditional probabilities, hence incentivizing
the learner to produce well-calibrated probability estimates (2). An important example
of such loss functions is the log-loss or cross-entropy loss (CE)

lCE(p, y) = −
K∑

k=1

Jy = ykK log(pk) , (3)

where J·K denotes the indicator function.
In the context of ordinal classification, one might be tempted to prefer dedicated

ordinal losses, such as the quadratic weighted kappa (QWK) (de La Torre, Puig, &
Valls, 2018) or the squared Earth Mover’s Distance (EMD) loss (Hou, Yu, & Samaras,
2016), which are designed to produce accurate predictions while accounting for the
ordinal structure of Y. One should note, however, that accurate prediction is not the
same as faithful uncertainty representation, and indeed, from a probability estimation
point of view, ordinal losses of that kind provide the wrong incentive. Imagine, for
example, that the probability p(· |xq) is uniform over the three classes y1, y2, y3. Then,
CE is minimized (in expectation) by predicting exactly this distribution, whereas
the L1-loss, which takes the order of the classes into account, is minimized by the
distribution that assigns probability 1 to y2 (and hence suggests complete certainty).

This problem is confirmed by de La Torre et al. (2018) and Liu et al. (2020), who
demonstrate that ordinal losses inherently bias the predictive probability distributions
towards unimodality by penalizing more distant errors at the loss level. While this
approach can be effective for loss minimization, it does not necessarily promote truth-
ful uncertainty representation and, depending on the application and type of data,
may introduce an undesirable inductive bias. The literature on ordinal classification
places a strong emphasis on what Anderson (1984) refers to as “grouped continu-
ous” ordered categorical variables, where an inherently continuous variable, such as
age, is discretized into groups (Cao, Mirjalili, & Raschka, 2020; Q. Li et al., 2022;
Niu, Zhou, Wang, Gao, & Hua, 2016; Yun et al., 2024). For such kind of variables,
the assumption of unimodality may still appear to be reasonable. However, Anderson
also identifies a second type, termed “assessed” ordered categorical variables, where
an assessor provides a judgment (Haas & Hüllermeier, 2022). For this second type,
the inductive bias of unimodality appears rather arbitrary. Anderson further notes
that errors for assessed variables are likely to be greater. We refer to Appendix D for
experiments demonstrating the superiority of proper scores (in particular the CE loss)
for uncertainty quantification in ordinal classification compared to dedicated ordinal
losses.

3 Aleatoric and Epistemic Uncertainty

A probabilistic predictor’s uncertainty is purely aleatoric, as it fully commits to a
single hypothesis h, which in turn fully commits to a single probability distribution
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(2) when making a prediction. Hence, it does not represent any epistemic uncertainty
about the hypothesis itself, nor about the probability (2). A popular framework that
caters for the representation of epistemic uncertainty on top of aleatoric uncertainty
is Bayesian inference. Here, instead of committing to a single hypothesis, a prior p(h)
is placed over the candidates h ∈ H (Gal & Ghahramani, 2016; Kendall & Gal, 2017).
Learning essentially consists of updating the prior distribution p(h) to the posterior
distribution p(h | D) in light of the training data D:

p(h | D) =
p(h) · p(D |h)

p(D)
∝ p(h) · p(D |h) ,

where p(D |h) is the likelihood of the hypothesis h (i.e., the probability of the data
given h) and p(D) is the marginal probability of the data, which serves as a normal-
ization factor. Intuitively, p(h | D) captures the state of knowledge of the learner and
hence its epistemic uncertainty. The more concentrated (or “peaked”) the probabil-
ity mass in a small region of H, the less uncertain the learner is. Since every h ∈ H
produces a probabilistic prediction, the belief about the outcome y is represented
by a second-order probability: a probability distribution of probability distributions
(Shaker & Hüllermeier, 2021) (cf. Figure 2 for an illustration).

More concretely, the predictive posterior distribution specifies the posterior prob-
ability of each outcome y ∈ Y. It is defined in terms of the expected probability
p(y |x, h), where the expectation is taken with respect to the posterior distribution
p(h | D):

p(y |x) = Ep(h | D)[ p(y |x, h) ] =
∫

H
p(y |x, h) d p(h | D) (4)

In practice, as computing the exact expectation is intractable, (4) is commonly
approximated using Monte Carlo integration techniques. In the simplest case, a finite
ensemble H = {h1, . . . , hM} consisting of a set of M models is trained, and integra-
tion is replaced by the arithmetic average (Malinin et al., 2021; Shaker & Hüllermeier,
2020; Shaker & Hüllermeier, 2021):

p(y |x) ≈ 1

M

M∑

m=1

p(y |x, hm) (5)

3.1 Entropy

A principled and popular approach to measuring and separating aleatoric and epis-
temic uncertainty in (Bayesian) machine learning, though criticized for not satisfying
certain theoretical axioms (Wimmer et al., 2023), is based on the classical information-
theoretic measure of (Shannon) entropy (Depeweg et al., 2018). Total uncertainty (TU)
is hereby measured in terms of the entropy of the posterior predictive distribution:

TU(x) = H
[
p(y |x)

]
= H

[
Ep(h | D)[ p(y |x, h) ]

]
, (6)
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Fig. 2: Uncertainty awareness, illustrated on the probability simplex for Y =
{y1, y2, y3}. From left to right: Aleatoric uncertainty without any epistemic uncertainty
awareness, Bayesian representation of epistemic uncertainty in the form of a prob-
ability distribution over probability distributions, a more concentrated or “peaked”
second-order distribution compared to the previous one.

where the Shannon entropy of a (discrete) probability distribution p = (p1, . . . , pK) is
given by

H(p) = −
K∑

k=1

pk · log(pk) .

By fixing a hypothesis h ∈ H, the epistemic uncertainty is essentially removed, and
only aleatoric uncertainty remains. Therefore, a natural measure of aleatoric uncer-
tainty (AU) is the conditional entropy (i.e., the expected entropy of p(y |x, h), with
the expectation taken with regard to the posterior p(h | D)):

AU(x) = Ep(h | D)H
[
p(y |x, h)

]
=

∫

H
p(h | D)H

[
p(y |x, h)

]
d h (7)

Eventually, the epistemic uncertainty (EU) is measured in terms of the mutual infor-
mation between hypotheses h and outcomes y, which is obtained as the difference
between total and aleatoric uncertainty:

I
[
y, h |x,D

]
︸ ︷︷ ︸

EU(x)

= H
[
p(y |x)

]
︸ ︷︷ ︸

TU(x)

− Ep(h | D)H
[
p(y |x, h)

]
︸ ︷︷ ︸

AU(x)

(8)

In practice, approximations of (6) and (7), and hence of (8), are again obtained by
replacing integration over H with averaging over a finite ensemble:

TU(x) ≈ H

[
1

M

M∑

m=1

p(y |x, hm)

]
(9)

AU(x) ≈ 1

M

M∑

m=1

H
[
p(y |x, hm)

]
(10)
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Since labels in ordinal classification are of categorical nature, the entropy-based
approach is also applicable to probabilistic ordinal classification. Note, however, that
it does not take the ordinal structure into account and is invariant to permutations of
the probability degrees (Haas & Hüllermeier, 2025b; Hüllermeier & Waegeman, 2021).

3.2 Variance

Another principled approach to separating aleatoric and epistemic uncertainty, also
originally proposed by Depeweg et al. (2018), is based on the law of total variance. This
measure is conceptually similar to the entropy measure defined in (8), making use of
the variance V as the base measure. The total uncertainty can hereby be decomposed
into its aleatoric and epistemic parts as follows:

Vp(y |x,D)[y |x]︸ ︷︷ ︸
TU(x)

= Vp(h | D)

[
Ep(y |x,h)[y |x]

]
︸ ︷︷ ︸

EU(x)

+Ep(h | D)

[
Vp(y |x,h)[y |x]

]
︸ ︷︷ ︸

AU(x)

(11)

However, the above decomposition, is primarily applicable to numerical targets y, for
which variance is well-defined, but not for categorical or ordinal targets. Therefore,
this alternative measure has so far been primarily used for quantifying uncertainty in
regression tasks, where the target variable is continuous or integer-valued (Malinin et
al., 2021).

In practice, ordinal targets y1, . . . , yK are often encoded in terms of numbers
1, . . . ,K, and thereby embedded in the metric space (R, |·|). Obviously, this embedding
is debatable, as it postulates equal distances between all neighbored ordinal cate-
gories—an assumption that, even if acceptable as an approximation in some cases,
is disputable in general. Nevertheless, if one is willing to accept this assumption, the
measures in (11) can be computed. Their ensemble-based approximations are given as
follows:

AU(x) ≈ 1

M

M∑

m=1

K∑

k=1

p(k |x, hm) · (k − µm)2 , (12)

EU(x) ≈ 1

M

M∑

m=1

[
µ− µm

]2
, (13)

TU(x) ≈
K∑

k=1

p(k |x) · (k − µ)2 , (14)

with

µ =
1

M

M∑

m=1

µm , µm =

K∑

k=1

p(k |x, hm) · k (m = 1, . . . ,M) .

As a dispersion measure, variance takes the distance or dispersion of probability
mass into account. Thus, compared to entropy, it has the advantage of not being
invariant to permutation of probability degrees. However, as already mentioned, the
assumption of equal distances, a prerequisite for applying variance-based uncertainty
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quantification in ordinal classification, remains debatable. In particular, for subjective
or qualitative scales, such as perceived risk in risk assessment or reported pain levels
in medicine, differences between categories are not necessarily uniform. For example,
going from “no pain” to “mild pain” may not feel the same as going from “severe pain”
to “unbearable pain.” Therefore, the assumption of equal spacing appears unrealistic
and overly simplistic. It is important to be aware of this limitation when applying
variance-based uncertainty quantification in ordinal classification.

4 Uncertainty Measures through Binary Reduction

So far, we considered probabilistic multinomial classifiers h : X → P(Y) with Y =
{y1, . . . , yK}. Such classifiers produce predictions

p (· |x, h) = (p(y1 |x, h), . . . , p(yK |x, h)) ,

where p(yk |x, h) denotes the probability of the class yk predicted by h for the query
instance x. For any classifier h, let h(k) : X → P({0, 1}) denote the (derived) binary
classifier that predicts the Bernoulli distribution

p
(
· |x, h(k)

)
=
(
p
(
0 |x, h(k)

)
, p
(
1 |x, h(k)

))
,

with p(1 |x, h(k)) = p(yk |x, h) and p(0 |x, h(k)) =
∑

1≤i̸=k≤K p(yi |x, h). In other

words, h(k) predicts whether class yk will occur as an outcome or not; it treats this
class as positive and all other classes as negative, and adopts the probabilities for these
two cases from the probabilities predicted by h.

Obviously, all uncertainty measures introduced in the previous section can also be
computed for the binary case (K = 2). If U is any such measure, then we denote by
U (k) the measure that is obtained by replacing the multinomial distributions p(· |x, h)
with the binary distributions p(· |x, h(k)). In particular,

TU
(k)
U (x) = U

[
Ep(h | D)

[
p(· |x, h(k))

]]
≈ U

[
1

M

M∑

m=1

p(· |x, h(k)
m )

]
,

AU
(k)
U (x) = Ep(h | D)U

[
p(· |x, h(k))

]
≈ 1

M

M∑

m=1

U
[
p(· |x, h(k)

m )
]
,

where U = H (entropy-based) or U = V (variance-based).
Given label-wise measures of that kind, Sale et al. (2024) propose to define overall

measures of uncertainty for the original multinomial case as follows:

U cat
U (x) =

K∑

k=1

U
(k)
U (x) (15)
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This approach is inspired by binary decomposition techniques for reducing a multino-
mial classification problem to several binary problems (Allwein, Schapire, & Singer,
2001), in particular the one-versus-rest decomposition (Rifkin & Klautau, 2004). Here,
the same idea of reduction is applied to uncertainty measures. Intuitively, the uncer-
tainty in the answer to the question “Which class will occur?” is defined as an
aggregation of the uncertainties in the questions “Will class yk occur, yes or no?”,
k = 1, . . . ,K. One obvious advantage of this approach is that measures like vari-
ance can be used in a theoretically sound manner, because variance is well defined
for the binary case—as opposed to the multinomial case. Another advantage is that
uncertainty quantification becomes somewhat more nuanced, for example because the
overall uncertainty can be attributed to specific class labels (Sale et al., 2024).

A one-versus-rest decomposition is still invariant toward the permutation of class
labels and does not take the ordinal structure of the problem into account. In par-
ticular, with variance as a base measure, the overall measure of uncertainty does
not capture any notion of dispersion or distance. Thus, one-versus-rest decomposition
seems to be appropriate for the multinomial but not for the ordinal case. Indeed, the
arguably most natural reduction in the case of ordinal classification is not achieved
by means of a one-versus-rest decomposition, but rather through binary splits of the
ordinal scale, separating a lower part {y1, . . . , yk} of the scale from an upper part
{yk+1, . . . , yK} (Frank & Hall, 2001; L. Li & Lin, 2006). In the following, we will refer
to this approach as the order-consistent split (OCS) reduction. Again, this reduction
allows for solving the original classification task—the correct ordinal category can be
recovered from consistent answers to K − 1 queries of the form “Does the class label
exceed level k?”, k = 1, . . . ,K−1 (see Figure 3 for an illustration). Moreover, it takes
the ordinal structure of the problem into account (Huhn & Hüllermeier, 2008) and,
unlike variance (cf. Section 3.2), does not require a cardinal scale with equally spaced
categories — a requirement that may pose a significant limitation not only in theory
but also in practice.
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vs. classes 3 to 5.
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(d) Classes 1 to 4 vs.
class 5.

Fig. 3: Example of an OCS decomposition with five classes.

Correspondingly, for any classifier h, let h(≤k) : X → P({0, 1}) now denote the
(derived) binary classifier that predicts

p
(
· |x, h(≤k)

)
=
(
p
(
0 |x, h(≤k)

)
, p
(
1 |x, h(≤k)

))
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with

p
(
0 |x, h(≤k)

)
=
∑

1≤i≤k

p(yi |x, h)

p
(
1 |x, h(≤k)

)
=

∑

k+1≤i≤K

p(yi |x, h) .

Thus, h(≤k) treats the classes y1, . . . , yk as negative and the classes yk+1, . . . , yK as
positive, and again adopts the probabilities for these two cases from the probabilities
predicted by h. Similar to above, we obtain

TU
(≤k)
U (x) = U

[
Ep(h | D)

[
p(· |x, h(≤k))

]]
≈ U

[
1

M

M∑

m=1

p(· |x, h(≤k)
m )

]
,

AU
(≤k)
U (x) = Ep(h | D)U

[
p(· |x, h(≤k))

]
≈ 1

M

M∑

m=1

U
[
p(· |x, h(≤k)

m )
]
,

where U = H (entropy-based) or U = V (variance-based). Moreover, the overall
measures of uncertainty for the original ordinal problem is given by

Uord
U (x) =

K−1∑

k=1

U
(≤k)
U (x) . (16)

For the special case of total uncertainty on first-order (predictive) probabilities,
the above construction has already been considered by Haas and Hüllermeier (2025b),
who argue for its suitability in the context of ordinal classification. They show, for
example, that both TUord

H and TUord
V are maximized by the bimodal distribution that

assigns probability 1/2 to the extreme classes 1 and K, respectively, and not by the
uniform distribution.

An important question is whether the binary reduction increases the computa-
tional complexity of decomposing uncertainty into AU, EU, and TU at inference time
compared to established measures. For conventional approaches (cf. Sections 3.1 and
3.2), the computational cost is O(3 ·K ·M ·n) = O(K ·M ·n), where n is the number of
data samples, K the number of classes, M the number of predictors in the ensemble,
and the constant factor 3 accounts for the three uncertainty measures (AU, EU, TU).
The factor K arises because common measures such as Shannon entropy or variance
require iterating over all K class probabilities.1 In contrast, for the proposed binary
reduction technique, the computational cost is

O(3 · 2 · (K − 1) ·M · n) = O(K ·M · n),

where each binary split involves only two meta-classes, and the procedure is applied
across K − 1 splits corresponding to the order-consistent splits of the ordinal scale.

1Note, however, that K can effectively be treated as a constant (and hence removed as a factor), because
the number of levels in common ordinal classification tasks is relatively small.
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Consequently, the binary reduction approach retains the same asymptotic complexity
as conventional measures and incurs no additional computational costs.

5 Experiments on Ordinal Benchmark Datasets

In the following sections, we evaluate the approaches described above for disentan-
gling aleatoric and epistemic uncertainty using common tabular ordinal benchmark
datasets. Our focus is on how effectively the different measures enhance predictive
performance and decision-making, taking into account standard ordinal classification
metrics. Specifically, we assess the measures’ effectiveness in error detection through
rejection-based experiments and evaluate their performance in out-of-distribution
detection.2

5.1 Experimental Setup

To approximate Bayesian inference, we create ensembles consisting of 10 independent
gradient boosted trees (GBT) (Friedman, 2001) (refer to Appendix E for additional
experimental results using ensembles of 10 Multi-Layer Perceptrons (MLPs) instead).
As demonstrated by previous studies, increasing ensemble size improves calibration
and reduces epistemic uncertainty by decreasing the variance among ensemble mem-
bers (Lakshminarayanan, Pritzel, & Blundell, 2017; Snoek et al., 2019). However,
returns diminish beyond moderate ensemble sizes (typically 5–10 members), while
computational costs continue to increase. For this reason, we adopt this commonly
used ensemble size in our uncertainty quantification experiments (Malinin et al., 2021;
Wimmer et al., 2023). In our study, we use GBTs rather than deep neural networks as
they provide state-of-the-art performance on tabular datasets (Grinsztajn, Oyallon, &
Varoquaux, 2022; Shwartz-Ziv & Armon, 2022), and tabular datasets are prevalent in
high-stakes settings like finance (Chang, Chang, & Wu, 2018) or medicine (Yıldız &
Kalayci, 2025). Hence, GBTs are also highly relevant for practitioners. Furthermore,
unlike Random Forests, they also enable flexible usage of loss functions, including
proper scoring rules such as cross-entropy loss (Gneiting & Raftery, 2007).

According to Malinin et al. (2021), we set the subsample rate to 0.5 to induce
stochasticity in the sequential training process and eventually in the resulting trees. In
the context of gradient boosting, subsampling refers to using a subset of the training
data to train each individual tree in the ensemble. All other parameters are left with
the default values. Concretely, we use LightGBM (Ke et al., 2017) as a fast and
popular gradient boosting library for our ensemble implementations with the cross-
entropy (CE) loss for multi-class classification (refer to Appendix C for additional
experimental results using other popular GBT libraries). This approach enables us to
obtain conditional probability distributions p(y |xq), which serve as the foundation
for evaluating various uncertainty measures.

Table 1 summarizes key attributes of the twenty-three ordinal benchmark datasets
used in our evaluation (Bischl et al., 2025; Kelly, Longjohn, & Nottingham, 2023; Van-
schoren, Van Rijn, Bischl, & Torgo, 2014). These datasets are widely used in ordinal

2The source code for the experiments is made avaliable at https://github.com/stefanahaas41/ordinal
-aleatoric-epistemic-uncertainty
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classification research and exhibit variability in size, number of features, number of
classes, and imbalance ratio (IR), thereby providing a solid basis for a comprehen-
sive evaluation of the proposed uncertainty measures. IR quantifies the degree of class
imbalance, typically defined as the ratio between the number of instances in the class
with the largest number of instances and that in the class with the smallest number
of instances (Zhu, Guo, & Xue, 2020).

Table 1: Twenty-three common ordinal benchmark datasets used for evaluating the different
uncertainty measures, including their imbalance ratio (IR).

Dataset # Instances # Features # Classes Class distribution IR

Grub Damage 155 8 4 (49,41,46,19) 2.58
Obesity 2,111 16 7 (272, 287, 290, 290, 351, 297, 324) 1.29
CMC 1,473 9 3 (629, 333, 511) 1.89
New Thyroid 215 5 3 (150, 35, 30) 5.00
Balance Scale 625 4 3 (288, 49, 288) 5.88
Automobile 205 25 7 (3, 22, 67, 54, 32, 27) 22.33
Eucalyptus 736 19 5 (180,107,130,214,105) 2.04
TAE 151 5 3 (49, 50, 52) 1.06
Heart (CLE) 303 13 5 (164, 55, 36, 35, 13) 12.62
SWD 1,000 10 4 (32,352,399,217) 12.47
ERA 1,000 4 9 (92,142,181,172,158,118,88,31,18) 10.06
ESL 488 4 9 (2,12,38,100,116,135,62,19,4) 67.50
LEV 1,000 4 5 (93,280,403,197,27) 14.93
Red Wine 1,599 11 6 (10, 53, 681, 638, 199, 18) 68.10
White Wine 4,898 11 7 (20, 163, 1457, 2198, 880, 175, 5) 439.60
Triazines 186 60 5 (7, 10, 26, 86, 57) 12.29
Machine CPU 209 6 10 (115, 37, 21, 6, 8, 5, 3, 4, 4, 6) 38.33
Auto MPG 392 7 10 (13,78,73,58,53,48,37,22,4,6) 19.50
Boston Housing 506 13 5 (77, 239, 123, 36, 31) 7.71
Pyrimidines 74 27 10 (2, 2, 14, 14, 13, 5, 10, 4, 3, 7) 7.00
Abalone 4,177 8 10 (17, 431, 1648, 1388, 432, 125, 100, 29, 4, 3) 549.33
Wisconsin Breast Cancer 194 32 5 (67, 41, 43, 24, 19) 3.53
Stocks Domain 950 9 5 (158, 227, 272, 207, 86) 3.16

In terms of evaluating the predictive performance in relation to the quantified
uncertainties, we rely on the two most popular metrics in the realm of ordinal clas-
sification: Accuracy (ACC) (or its inverse misclassification rate (MCR) or mean
zero-one error (MZE)) and mean absolute error (MAE) (Gaudette & Japkowicz, 2009;
Gutiérrez, Pérez-Ortiz, Sánchez-Monedero, Fernández-Navarro, & Hervás-Mart́ınez,
2016). Another very popular performance measure for ordinal classification is the
quadratic weighted kappa (QWK) (Cohen, 1968; de La Torre et al., 2018). However,
QWK poses some challenges in rejection-based evaluation in uncertainty quantification
when the required confusion matrix becomes sparse, which is why we exclude it here.
The mean squared error (MSE) is also commonly used when evaluating ordinal clas-
sification, emphasizing larger error distances (Baccianella, Esuli, & Sebastiani, 2009;
Gaudette & Japkowicz, 2009). There are also some dedicated performance measures
for imbalanced ordinal classification, such as average MAE (AMAE) (Baccianella et
al., 2009) and maximum MAE (MMAE) (Cruz-Ramı́rez, Hervás-Mart́ınez, Sánchez-
Monedero, & Gutiérrez, 2014). However, since our focus is on general uncertainty
quantification and not specifically on uncertainty quantification for imbalanced data,
we do not consider them here. Consequently, we believe that ACC and MAE best
capture the fundamental trade-off in ordinal classification between exact hit rate and
error distance minimization.
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In general, we use 10-fold cross-validation for all our experiments to ensure robust
and fair comparison of all uncertainty measures. In terms of preprocessing the datasets
for the experimental evaluation, all categorical features were one-hot encoded and the
ordinal labels y1, . . . , yK were integer encoded from 1, . . . ,K.

5.2 Accuracy-Rejection Curves

A common approach for evaluating the quality of uncertainty quantification methods
are accuracy-rejection curves, which depict the accuracy of a predictor as a function of
the percentage of rejections (Huhn & Hüllermeier, 2009; Nadeem, Zucker, & Hanczar,
2010). A predictor that is allowed to abstain from predicting a certain percentage p
of queries will only predict the (1 − p)% of queries that it feels most certain about.
Ideally, the accuracy should increase (for performance measures that are supposed
to be maximized like ACC) or the error metric should decrease (for performance
measures that are supposed to be minimized like MAE) with increasing p, leading to a
monotonically increasing or decreasing curve, unlike a flat random accuracy-rejection
curve.

Figures 4 and 5 display accuracy-rejection curves for some selected ordinal bench-
mark datasets for ACC and MAE based on the different uncertainty types (AU, EU,
and TU) and uncertainty measures: H (ent), V (var), U cat

H (bin-ent), U cat
V (bin-var),

Uord
H (ord-ent), and Uord

V (ord-var). As one can clearly see, all measures are capable of
quantifying the different uncertainty types properly, as all accuracy-rejection curves
either increase or decrease monotonically for ACC and MAE, respectively. Hence, all
the above-presented measures appear to be viable solutions for uncertainty quantifica-
tion in ordinal classification. In spite of capturing different types of uncertainty, AU,
EU, and TU lead to highly correlated curves, which is in line with observations in
(Mucsányi, Kirchhof, & Oh, 2024). However, accuracy-rejection curves only provide a
coarse visual way to assess the quality of uncertainty quantification methods and do
not allow for rigorous statistical comparisons.

5.3 Prediction-Rejection-Ratios (PRRs)

To compare the different uncertainty quantification methods on a more fine-grained
numerical level, prediction-rejection ratios (PRRs), as introduced by Malinin (2019),
provide a good solution. Essentially, PRRs summarize rejection curves into a single
numerical value. Specifically, the area between the rejection curve obtained for a given
uncertainty method and the curve for random rejection, ARunc, is compared to the
corresponding area produced by a perfect oracle-based rejection, ARorc (cf. Figure 6).
The oracle-based rejection either rejects all incorrectly predicted instances or, in the
case of MAE, it successively rejects instances in decreasing order of error magnitude,
resulting in a perfect rejection curve:

PRR =
ARunc

ARorc
.
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Fig. 4: Accuracy rejection curves for different datasets, uncertainty types (TU, EU,
AU) and measures using an ensemble of GBTs (LightGBM (Ke et al., 2017)). Shaded
regions around the mean represent the 95% confidence interval.
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Fig. 5: Mean absolute error rejection curves for different datasets, uncertainty types
(TU, EU, AU) and measures using an ensemble of GBTs (LightGBM (Ke et al., 2017)).
Shaded regions around the mean represent the 95% confidence interval.
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Unlike in accuracy-rejection curves, random rejection will not produce a flat line
but a line that decreases linearly in expectation. This is because rejected queries are
supposedly delegated to an oracle that will answer queries correctly.
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Fig. 6: Example Prediction Rejection Curves (Malinin, 2019).

Another property of PRRs is that they assess uncertainty quantification qual-
ity independently of classification performance. A PRR value of 1 indicates perfect
rejection, consistent with the oracle-based rejection, and therefore represents perfect
uncertainty quantification, whereas a value of 0 corresponds to random rejection. The
PRR can also become negative, which indicates worse than random uncertainty quan-
tification. To calculate PRR values for uncertainty quantification evaluation, one also
needs to select a performance measure, just as for rejection curves. To make all rejec-
tion curves go in the same direction, we measure the MCR instead of ACC, as is
commonly done (Lahoti, Gummadi, & Weikum, 2023; Malinin et al., 2021), and again
MAE.

To compare the PRR values calculated for the different uncertainty methods and
datasets, we conduct a Friedman test followed by a Holm-adjusted Wilcoxon signed-
rank test (Benavoli, Corani, & Mangili, 2016; Demsar, 2006). The non-parametric
Friedman test will first determine whether there is a significant difference in the per-
formance of the uncertainty measures across the datasets overall (with a significance
level p = 0.05). If it indicates a significant difference, the Wilcoxon signed-rank test
will then conduct pairwise comparisons between the uncertainty measures to deter-
mine which specific differences are statistically significant (again at a significance level
p = 0.05). Furthermore, we depict the results by uncertainty type (AU, EU, TU, or
All) as well as performance measure (MCR, MAE, or both) and visualize these using
critical difference diagrams (CD). The critical difference diagrams show the average
ranks of the different measures. If two measures do not differ significantly, they are
connected by a horizontal bar or line. The full results of our comparison can be found
in the tables presented in Appendix B.

Figure 7 displays the CD diagrams for total uncertainty. Though there is no sta-
tistically significant difference among the different measures for total uncertainty,

17



binary methods outperform standard entropy and variance-based measures, with the
variance-based OCS decomposition (ord-var) leading the field when considering MCR
and MAE.

When looking at the results for quantifying epistemic uncertainty in Figure 8a,
var and ord-var significantly outperform the other measures when simultaneously con-
sidering MCR and MAE. With regards to ord-var, the same applies for aleatoric
uncertainty (cf. Figure 9a).

Eventually, when looking at the results over all uncertainty types (AU, EU, and
TU) in Figure 10, the results become very distinct. Again, ord-var significantly outper-
forms the other measures (cf. Figure 10a), but also the distinction between measures
taking distance into account becomes clear, with ord-var, var, and ord-ent significantly
outperforming the other measures on MAE (cf. Figure 10c). Interestingly, for MCR
there is no significant difference between the measures (cf. Figure 10b).

In the end, taking distance into account is an important property a measure needs
to fulfill in uncertainty quantification for ordinal classification. This becomes also
obvious when looking at the overall ranking of measures in Figure 10a for MCR and
MAE, with ord-var, ord-ent, and var outperforming ent, bin-ent, and bin-var.

We may conclude that ord-var best represents the inherent trade-off in ordinal
classification between exact hit-rate and minimized error distances. This conclusion
is based on its qualitative position between variance and ord-ent, as it balances the
focus on the extreme bimodal distribution and indicates uncertainty for the uniform
distribution (see Figures A1d, A1e, and A1f). The focus of var on the extreme bimodal
distribution appears too extreme and results in worse performance on MCR. Con-
versely, the focus of ord-ent on the extreme bimodal distribution is not strong enough,
leading to worse performance on MAE. Overall, ord-var seems to best capture this
trade-off.

5.4 Out-Of-Distribution (OOD) Detection

A very critical and practically highly relevant challenge for machine learning models
is the detection of out-of-distribution (OOD) data, which is data the learner has
not seen during training, and which is sampled from a distribution that differs from
the distribution of the training data. Think of malicious loan approval requests or
unknown clinical conditions. In such cases, the model should ideally be aware of its
own incompetency and trigger appropriate fallback scenarios. it is commonly assumed
that OOD samples lead to high epistemic uncertainty.

To test this assumption in an OOD evaluation experiment, one typically first trains
a model on an in-distribution (ID) dataset and computes uncertainty values on its
corresponding test set. Subsequently, the model is exposed to OOD data sampled
from out-of-domain datasets. The model, which has not seen this data before, is then
expected to exhibit increased epistemic uncertainty. Note that OOD detection for the
ordinal case does not inherently differ from the nominal case, as the detection primarily
operates in the input space X . The purpose of this experiment is to ensure that our
proposed OCS reduction is also competitive when it comes to OOD detection and not
only on error detection. Concretely, one can evaluate the quality of OOD detection

3https://github.com/mirkobunse/critdd
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Fig. 7: Critical difference (CD) diagrams3for the evaluated Total Uncertainty (TU)
measures and performance metrics based on a Friedman test followed by a post-hoc
Holm-adjusted Wilcoxon signed-rank test (Benavoli et al., 2016; Demsar, 2006) using
an ensemble of GBTs (LightGBM (Ke et al., 2017)). Groups of uncertainty measures
that are not significantly different (at p = 0.05) are connected.
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Fig. 8: CD diagrams for Epistemic Uncertainty (EU) using an ensemble of GBTs
(LightGBM (Ke et al., 2017)).
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Fig. 9: CD diagrams for Aleatoric Uncertainty (AU) using an ensemble of GBTs
(LightGBM (Ke et al., 2017)).
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Fig. 10: CD diagrams for all uncertainty types (AU, EU and TU) using an ensemble
of GBTs (LightGBM (Ke et al., 2017)).
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using the computed area under the receiver operating characteristic curve (AUC-
ROC), in which OOD and ID data are given binary labels (0 for ID and 1 for OOD).
The determined epistemic uncertainty values represent target scores (Hendrycks &
Gimpel, 2017).

For our used tabular ordinal datasets, we use the same approach as done by Malinin
et al. (2021). For each dataset, we take its test set as ID data. The OOD data of the
same size is sampled from the Year MSD dataset (Kelly et al., 2023). All numerical
features are normalized by the per-column mean and variance obtained on the ID
training data, and categorical features are uniformly sampled at random from the set
of all categories of the particular feature.

In the CD diagram in Figure 11, we report the overall result of our OOD experiment
based on epistemic uncertainty using AUC-ROC as the OOD performance metric and
10-fold cross-validation over all datasets (see Table F7 for detailed results). It appears
as if entropy-based measures have a clear edge over variance-based measures when
it comes to OOD detection. This is also underpinned when looking at the results
obtained for an ensemble of MLPs (cf. Figure F16). For detailed experimental OOD
results, we refer to Appendix F. In general, we can conclude that our proposed OCS
decomposition method appears competitive with standard and label-wise uncertainty
approaches. However, unlike in error detection, entropy seems more appropriate for
OOD detection than variance.

Fig. 11: CD diagram for OOD detection on the basis of epistemic uncertainty quan-
tified by the different measures using an ensemble of GBTs (LightGBM (Ke et al.,
2017)).
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6 Conclusion and Future Work

In this paper, we have presented and experimentally evaluated several methods for
quantifying aleatoric and epistemic uncertainty for probabilistic ordinal classification.
Through visualizing accuracy-rejection curves and calculating prediction rejection
ratios, we have demonstrated how all explored methods increase predictive perfor-
mance and improve decision-making, with our OCS decomposition method using
variance as base measure (ord-var) overall leading the field. Additionally, the computa-
tional complexity of OCS is asymptotically equivalent to that of the baseline methods.
Furthermore, we have demonstrated the competitiveness of our ordinal approach
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compared to existing methods for OOD detection. Interestingly, for OOD detection,
entropy emerges as the superior choice, not only as a base measure for the binary
decomposition but also in general.

All in all, we were able to experimentally prove our hypothesis that measures dis-
regarding the ordinal structure, such as entropy and the labelwise approaches, are not
ideal candidates for quantifying uncertainty and disentangling aleatoric and epistemic
uncertainty in ordinal classification. To this end, one should rather consider our binary
decomposition method or variance instead, as minimizing error distances is a crucial
factor in ordinal classification. In particular, our binary decomposition method with
variance as base measure (ord-var) strikes the best balance between exact hit-rate and
reduced error distances, which is crucial in uncertainty quantification for ordinal clas-
sification. Furthermore, unlike variance, the binary decomposition method does not
assume equal distances between classes, making it theoretically a sound approach for
uncertainty quantification in ordinal classification. Nonetheless, despite its assump-
tion of equal distances, variance performs surprisingly well, especially for quantifying
epistemic uncertainty, suggesting that this assumption may not be a major limitation
in practice, or is at least warranted for many ordinal datasets.

As a general recommendation, we suggest using variance if the predictor tends to
commit large distance errors, as variance has a strong focus on the extreme bimodal
distribution with all mass equally allocated to the extreme classes. Furthermore, it is
also quite effective in detecting in-distribution instances with high epistemic uncer-
tainty. However, if errors are not too widespread, our proposed OCS reduction achieves
a favorable balance between exact hit-rate and error distance minimization.

Moreover, in ordinal classification, there exists a significant gap between predictive
performance on ordinal metrics, such as QWK or RPS, and uncertainty quantification.
While ordinal losses achieve strong results on these metrics, they negatively impact
uncertainty quantification due to the strong inductive bias toward unimodal predic-
tive probability distributions. This bias reduces variance, which, as demonstrated, is
essential for reliable uncertainty quantification. Addressing this gap should be a key
focus for future research. If reliable uncertainty quantification in ordinal classification
is crucial, the CE loss appears to be the most suitable choice, as it leads to unbiased
predictive probability distributions.

Additionally, future work could investigate uncertainty quantification for ordinal
classification from a more theoretical point of view and try to assess or justify spe-
cific uncertainty measures axiomatically (Bülte et al., 2025; Wimmer et al., 2023).
Furthermore, from an experimental point of view, it might be interesting to explore
additional non-tabular ordinal datasets (e.g., image datasets).

Appendix A Comparative Analysis of the Measures

In this section, we conduct a brief comparative analysis of the different measures (cf.
Sections 3.1, 3.2, and 4). Figure A1 illustrates the measured (total) uncertainty of
the considered uncertainty measures via heatmaps using the probability simplex over
Y = {y1, y2, y3}. As one can clearly see, the first row of measures is maximized by the
uniform distribution, where all probability mass is equally distributed among all three
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classes and radiates from the center of the simplex. In contrast, the measures in the
second row are maximized by the extreme bimodal distribution, with all probability
mass equally concentrated at the extreme classes (in this case at y1 and y3). In this
case, the uncertainty radiates from the center between y1 and y3. While the heatmaps
for entropy, label-wise binary entropy, and variance look quite similar, there is a bigger
difference between variance (cf. Figure A1d) and the OCS decompositions for variance
and entropy (cf. Figures A1e and A1f). Variance appears to have a very strong focus
on the extreme bimodal distribution when it comes to uncertainty quantification. For
probability mass moving towards the uniform distribution, it significantly measures
less uncertainty than the OCS decompositions. Thus, one could conclude that the
OCS reductions might strike a better balance and can be seen as standing between
uncertainty measures maximized by the uniform distribution and strict dispersion
measures like variance.

When comparing the uncertainties of the OCS decompositions, the decomposi-
tion with variance as the base measure (cf. Figure A1e) appears slightly less extended
toward the uniform distribution than the decomposition with entropy as the base
measure (cf. Figure A1f). Since ordinal classification lies between regression and nom-
inal classification, it can be hypothesized that OCS-decomposition-based uncertainty
measures are well-suited for uncertainty quantification in this context. These mea-
sures could effectively address two key aspects of uncertainty quantification: they may
enhance the exact hit rate by indicating uncertainty for uniform distributions, and
they may reduce error distances by indicating uncertainty in extreme bimodal cases.
In contrast, other measures tend to focus primarily on one of these aspects.

Appendix B Prediction Rejection Ratios (PRR) -
Detailed Results

In the following, we present the detailed prediction rejection ratio results for the
different tabular ordinal benchmark datasets, uncertainty types, and measures on the
basis of an ensemble of GBTs (LightGBM (Ke et al., 2017)) (cf. Subsection 5.3). Table
B1 shows results for missclassification rate (MCR) and Table B2 for mean absolute
error (MAE).

Table B1: PRRs (MCR) using an ensemble of GBTs (LightGBM (Ke et al., 2017)).

PRR (MCR) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Abalone AU 0.282±0.06 0.286±0.06 0.289±0.06 0.293±0.06 0.295±0.06 0.295±0.06
EU 0.1±0.17 0.096±0.16 0.118±0.15 0.113±0.15 0.121±0.15 0.128±0.15
TU 0.282±0.05 0.278±0.05 0.274±0.04 0.251±0.04 0.259±0.04 0.24±0.05

Auto MPG AU 0.362±0.17 0.383±0.16 0.394±0.15 0.429±0.15 0.436±0.14 0.446±0.15
EU 0.338±0.17 0.349±0.14 0.36±0.16 0.394±0.16 0.396±0.17 0.424±0.18
TU 0.363±0.18 0.383±0.16 0.389±0.16 0.435±0.14 0.435±0.14 0.451±0.16

Automobile AU 0.637±0.47 0.635±0.47 0.625±0.48 0.623±0.47 0.644±0.48 0.581±0.51
EU 0.597±0.47 0.587±0.47 0.609±0.48 0.607±0.47 0.622±0.47 0.617±0.56
TU 0.637±0.47 0.638±0.48 0.634±0.48 0.623±0.47 0.645±0.48 0.581±0.51

Balance Scale AU 0.929±0.06 0.924±0.06 0.913±0.07 0.96±0.04 0.96±0.04 0.945±0.05
EU 0.842±0.07 0.798±0.08 0.818±0.08 0.836±0.06 0.879±0.04 0.911±0.06

Continued on next page
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PRR (MCR) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

TU 0.927±0.06 0.921±0.06 0.912±0.07 0.959±0.04 0.959±0.04 0.946±0.05

Wisconsin

Breast Cancer

AU 0.275±0.27 0.29±0.27 0.294±0.27 0.255±0.27 0.224±0.29 0.175±0.23
EU 0.131±0.43 0.177±0.41 0.177±0.38 0.123±0.41 0.104±0.45 0.1±0.44
TU 0.27±0.3 0.285±0.28 0.29±0.29 0.248±0.28 0.224±0.31 0.181±0.25

ERA AU 0.151±0.11 0.153±0.12 0.155±0.12 0.08±0.08 0.098±0.08 0.043±0.07
EU 0.047±0.1 0.022±0.11 0.025±0.12 -0.013±0.12 0.012±0.13 -0.022±0.13
TU 0.148±0.11 0.153±0.12 0.154±0.12 0.079±0.08 0.099±0.08 0.042±0.06

ESL AU 0.247±0.13 0.241±0.12 0.235±0.11 0.262±0.1 0.27±0.12 0.278±0.11
EU 0.237±0.13 0.229±0.15 0.223±0.14 0.226±0.14 0.263±0.11 0.27±0.11
TU 0.25±0.13 0.241±0.12 0.241±0.11 0.263±0.09 0.268±0.11 0.277±0.11

Eucalyptus AU 0.437±0.1 0.431±0.11 0.424±0.11 0.418±0.12 0.428±0.11 0.414±0.12
EU 0.44±0.08 0.434±0.08 0.439±0.08 0.437±0.07 0.449±0.06 0.447±0.06
TU 0.44±0.1 0.435±0.1 0.428±0.11 0.424±0.11 0.433±0.1 0.416±0.12

Heart (CLE) AU 0.618±0.16 0.621±0.16 0.629±0.16 0.616±0.14 0.602±0.14 0.582±0.14
EU 0.518±0.19 0.52±0.17 0.559±0.17 0.549±0.14 0.548±0.15 0.541±0.15
TU 0.615±0.16 0.62±0.16 0.623±0.16 0.616±0.14 0.6±0.14 0.582±0.13

Boston Housing AU 0.406±0.15 0.397±0.15 0.393±0.15 0.39±0.15 0.398±0.15 0.396±0.14
EU 0.415±0.15 0.416±0.15 0.41±0.15 0.41±0.14 0.414±0.15 0.41±0.14
TU 0.412±0.15 0.404±0.15 0.4±0.16 0.399±0.15 0.408±0.15 0.405±0.14

LEV AU 0.181±0.1 0.182±0.1 0.174±0.1 0.167±0.11 0.178±0.1 0.167±0.1
EU 0.165±0.12 0.161±0.13 0.175±0.13 0.185±0.14 0.174±0.11 0.196±0.11
TU 0.181±0.1 0.181±0.1 0.176±0.1 0.166±0.11 0.177±0.1 0.168±0.1

Machine CPU AU 0.664±0.11 0.692±0.11 0.692±0.1 0.727±0.11 0.734±0.1 0.742±0.11
EU 0.582±0.16 0.619±0.14 0.65±0.13 0.675±0.15 0.649±0.15 0.702±0.15
TU 0.668±0.1 0.684±0.11 0.696±0.1 0.727±0.11 0.732±0.11 0.742±0.11

New Thyroid AU 0.54±0.47 0.54±0.47 0.54±0.47 0.565±0.49 0.565±0.49 0.56±0.48
EU 0.545±0.48 0.545±0.48 0.545±0.48 0.57±0.49 0.56±0.49 0.565±0.49
TU 0.54±0.47 0.535±0.47 0.535±0.47 0.565±0.49 0.565±0.49 0.56±0.48

Pyrimidines AU -0.094±0.4 -0.062±0.35 -0.062±0.35 0.038±0.56 0.099±0.31 -0.01±0.64
EU -0.058±0.49 -0.059±0.37 -0.041±0.39 -0.096±0.52 -0.039±0.5 0.054±0.47
TU -0.094±0.4 -0.077±0.43 -0.077±0.43 0.056±0.58 0.099±0.31 -0.01±0.64

Red Wine AU 0.432±0.12 0.436±0.12 0.438±0.12 0.433±0.12 0.434±0.12 0.429±0.13
EU 0.438±0.09 0.446±0.08 0.456±0.09 0.456±0.09 0.443±0.1 0.439±0.11
TU 0.436±0.11 0.442±0.12 0.444±0.12 0.44±0.12 0.437±0.12 0.432±0.13

SWD AU 0.189±0.09 0.188±0.08 0.182±0.08 0.189±0.08 0.194±0.09 0.191±0.09
EU 0.142±0.11 0.115±0.08 0.136±0.09 0.142±0.09 0.163±0.1 0.185±0.11
TU 0.193±0.09 0.187±0.08 0.182±0.08 0.189±0.08 0.195±0.09 0.192±0.09

Stocks Domain AU 0.668±0.06 0.668±0.06 0.668±0.06 0.666±0.07 0.666±0.06 0.665±0.07
EU 0.643±0.07 0.627±0.08 0.628±0.08 0.627±0.08 0.644±0.07 0.643±0.07
TU 0.668±0.06 0.669±0.06 0.666±0.06 0.664±0.06 0.668±0.06 0.666±0.07

TAE AU 0.229±0.32 0.218±0.34 0.213±0.34 0.164±0.31 0.17±0.31 0.16±0.26
EU 0.037±0.27 0.001±0.23 0.022±0.27 0.013±0.23 0.094±0.24 0.108±0.16
TU 0.233±0.32 0.224±0.33 0.197±0.36 0.157±0.31 0.166±0.3 0.16±0.26

Triazines AU 0.308±0.2 0.284±0.18 0.262±0.18 0.255±0.22 0.259±0.22 0.232±0.24
EU 0.241±0.25 0.218±0.23 0.236±0.2 0.267±0.23 0.276±0.24 0.272±0.23
TU 0.315±0.19 0.287±0.18 0.265±0.18 0.255±0.22 0.262±0.22 0.234±0.24

White Wine AU 0.378±0.05 0.375±0.05 0.368±0.05 0.355±0.05 0.366±0.05 0.345±0.05
EU 0.436±0.05 0.438±0.05 0.444±0.05 0.439±0.04 0.433±0.05 0.419±0.05
TU 0.394±0.05 0.391±0.05 0.383±0.05 0.367±0.05 0.379±0.05 0.355±0.05

CMC AU 0.359±0.1 0.36±0.1 0.36±0.1 0.302±0.05 0.305±0.05 0.252±0.05
EU 0.285±0.09 0.236±0.09 0.25±0.09 0.214±0.08 0.262±0.08 0.235±0.07
TU 0.358±0.1 0.359±0.1 0.359±0.1 0.3±0.05 0.303±0.05 0.253±0.05

Grub Damage AU 0.222±0.38 0.249±0.39 0.248±0.4 0.278±0.34 0.27±0.33 0.221±0.33
EU 0.142±0.31 0.174±0.3 0.223±0.37 0.174±0.35 0.155±0.37 0.135±0.36
TU 0.222±0.38 0.242±0.39 0.251±0.4 0.277±0.34 0.277±0.33 0.229±0.34

Obesity AU 0.891±0.08 0.892±0.08 0.893±0.08 0.895±0.08 0.895±0.08 0.898±0.09
EU 0.892±0.08 0.892±0.09 0.893±0.09 0.896±0.09 0.895±0.08 0.899±0.09
TU 0.891±0.08 0.892±0.08 0.893±0.09 0.896±0.09 0.895±0.09 0.899±0.09
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Fig. A1: (Total) uncertainty heatmaps for the different uncertainty measures using
the probability simplex over Y = {y1, y2, y3}.

Table B2: PRRs (MAE) using an ensemble of GBTs (LightGBM (Ke et al., 2017)).

PRR (MAE) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Abalone AU 0.299±0.05 0.315±0.05 0.323±0.05 0.334±0.05 0.328±0.05 0.335±0.04
EU 0.113±0.18 0.115±0.18 0.141±0.16 0.136±0.16 0.138±0.16 0.15±0.15
TU 0.304±0.03 0.312±0.03 0.313±0.02 0.295±0.02 0.295±0.02 0.282±0.03

Auto MPG AU 0.332±0.17 0.361±0.16 0.38±0.14 0.47±0.12 0.47±0.12 0.495±0.12
EU 0.332±0.15 0.376±0.12 0.39±0.13 0.437±0.15 0.434±0.14 0.479±0.14
TU 0.328±0.19 0.362±0.16 0.381±0.14 0.475±0.12 0.476±0.11 0.501±0.12

Automobile AU 0.557±0.46 0.556±0.47 0.549±0.47 0.562±0.47 0.581±0.47 0.516±0.5
EU 0.534±0.46 0.528±0.47 0.542±0.49 0.556±0.47 0.555±0.45 0.545±0.54
TU 0.554±0.46 0.561±0.47 0.557±0.47 0.563±0.47 0.582±0.47 0.517±0.5

Balance Scale AU 0.87±0.06 0.864±0.06 0.856±0.07 0.848±0.09 0.85±0.08 0.854±0.09
EU 0.804±0.09 0.766±0.1 0.78±0.09 0.791±0.11 0.821±0.11 0.813±0.1
TU 0.863±0.06 0.861±0.06 0.856±0.07 0.847±0.09 0.848±0.09 0.857±0.1

Wisconsin

Breast Cancer

AU 0.155±0.33 0.179±0.3 0.191±0.28 0.143±0.27 0.123±0.29 0.105±0.27
EU -0.004±0.21 0.031±0.21 0.05±0.19 0.004±0.26 -0.009±0.24 0.009±0.26
TU 0.148±0.33 0.181±0.3 0.188±0.28 0.13±0.27 0.123±0.29 0.111±0.26

ERA AU 0.024±0.08 0.013±0.07 0.014±0.07 0.02±0.1 0.034±0.09 0.017±0.11
EU -0.024±0.13 -0.019±0.12 -0.021±0.12 -0.033±0.12 -0.024±0.13 -0.013±0.13
TU 0.022±0.08 0.011±0.07 0.01±0.07 0.019±0.1 0.035±0.09 0.016±0.11

ESL AU 0.257±0.12 0.255±0.12 0.254±0.11 0.278±0.11 0.285±0.12 0.295±0.12
EU 0.262±0.12 0.255±0.16 0.249±0.16 0.252±0.16 0.288±0.11 0.293±0.12
TU 0.262±0.11 0.257±0.11 0.259±0.11 0.28±0.11 0.284±0.11 0.294±0.12

Eucalyptus AU 0.42±0.1 0.417±0.1 0.412±0.11 0.41±0.12 0.42±0.11 0.407±0.12
EU 0.43±0.08 0.429±0.08 0.434±0.08 0.439±0.08 0.444±0.07 0.444±0.08

Continued on next page
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PRR (MAE) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

TU 0.425±0.1 0.421±0.1 0.416±0.11 0.417±0.11 0.425±0.11 0.41±0.12

Heart (CLE) AU 0.56±0.14 0.565±0.14 0.577±0.13 0.581±0.1 0.571±0.1 0.556±0.1
EU 0.487±0.19 0.491±0.17 0.519±0.17 0.533±0.13 0.534±0.12 0.535±0.1
TU 0.553±0.14 0.566±0.14 0.568±0.14 0.583±0.1 0.569±0.09 0.559±0.09

Boston Housing AU 0.402±0.2 0.394±0.19 0.391±0.2 0.391±0.19 0.398±0.19 0.403±0.17
EU 0.413±0.19 0.42±0.18 0.416±0.18 0.421±0.18 0.413±0.19 0.413±0.18
TU 0.409±0.2 0.401±0.2 0.397±0.2 0.4±0.19 0.407±0.19 0.412±0.18

LEV AU 0.176±0.1 0.178±0.1 0.173±0.1 0.168±0.1 0.175±0.09 0.166±0.1
EU 0.164±0.12 0.167±0.12 0.181±0.13 0.191±0.13 0.174±0.1 0.193±0.1
TU 0.177±0.1 0.177±0.1 0.175±0.1 0.167±0.1 0.175±0.1 0.166±0.1

Machine CPU AU 0.643±0.16 0.684±0.16 0.69±0.15 0.733±0.1 0.734±0.09 0.747±0.08
EU 0.571±0.18 0.623±0.16 0.651±0.16 0.695±0.14 0.653±0.16 0.712±0.13
TU 0.648±0.16 0.677±0.16 0.691±0.15 0.731±0.1 0.73±0.1 0.747±0.08

New Thyroid AU 0.54±0.47 0.54±0.47 0.54±0.47 0.565±0.49 0.565±0.49 0.56±0.48
EU 0.545±0.48 0.545±0.48 0.545±0.48 0.57±0.49 0.56±0.49 0.565±0.49
TU 0.54±0.47 0.535±0.47 0.535±0.47 0.565±0.49 0.565±0.49 0.56±0.48

Pyrimidines AU 0.231±0.45 0.225±0.4 0.192±0.42 0.257±0.34 0.255±0.33 0.327±0.43
EU 0.219±0.34 0.04±0.35 0.024±0.34 -0.013±0.51 -0.011±0.51 -0.071±0.53
TU 0.237±0.42 0.214±0.39 0.216±0.39 0.268±0.36 0.248±0.33 0.29±0.49

Red Wine AU 0.429±0.1 0.435±0.11 0.44±0.11 0.436±0.11 0.433±0.11 0.432±0.12
EU 0.431±0.08 0.437±0.08 0.446±0.09 0.446±0.09 0.436±0.09 0.431±0.1
TU 0.434±0.1 0.442±0.11 0.447±0.11 0.443±0.11 0.436±0.11 0.435±0.11

SWD AU 0.136±0.06 0.135±0.07 0.13±0.07 0.14±0.07 0.144±0.07 0.149±0.08
EU 0.129±0.09 0.11±0.07 0.123±0.08 0.122±0.07 0.138±0.07 0.154±0.07
TU 0.138±0.06 0.134±0.07 0.13±0.07 0.141±0.07 0.146±0.07 0.15±0.08

Stocks Domain AU 0.668±0.06 0.668±0.06 0.668±0.06 0.666±0.07 0.666±0.06 0.665±0.07
EU 0.643±0.07 0.627±0.08 0.628±0.08 0.627±0.08 0.644±0.07 0.643±0.07
TU 0.668±0.06 0.669±0.06 0.666±0.06 0.664±0.06 0.668±0.06 0.666±0.07

TAE AU 0.059±0.3 0.048±0.33 0.044±0.33 0.235±0.22 0.243±0.21 0.256±0.2
EU 0.094±0.13 0.08±0.11 0.091±0.15 0.116±0.16 0.213±0.17 0.224±0.22
TU 0.063±0.3 0.059±0.31 0.041±0.34 0.229±0.21 0.239±0.21 0.265±0.2

Triazines AU 0.348±0.21 0.332±0.17 0.314±0.16 0.326±0.21 0.337±0.22 0.299±0.22
EU 0.304±0.22 0.32±0.16 0.333±0.13 0.362±0.17 0.364±0.18 0.365±0.19
TU 0.352±0.2 0.336±0.18 0.316±0.16 0.326±0.21 0.335±0.22 0.301±0.22

White Wine AU 0.374±0.05 0.376±0.04 0.375±0.04 0.365±0.04 0.37±0.04 0.354±0.04
EU 0.419±0.06 0.422±0.06 0.433±0.06 0.427±0.05 0.42±0.06 0.41±0.06
TU 0.39±0.05 0.393±0.04 0.388±0.04 0.376±0.04 0.383±0.04 0.364±0.04

CMC AU 0.221±0.06 0.219±0.06 0.218±0.06 0.288±0.06 0.289±0.05 0.294±0.07
EU 0.23±0.07 0.203±0.07 0.207±0.07 0.215±0.08 0.253±0.08 0.267±0.08
TU 0.22±0.06 0.219±0.06 0.217±0.06 0.288±0.06 0.289±0.05 0.295±0.07

Grub Damage AU 0.231±0.28 0.251±0.27 0.246±0.28 0.339±0.17 0.334±0.16 0.303±0.18
EU -0.016±0.27 -0.002±0.27 0.022±0.29 0.01±0.28 0.04±0.26 0.062±0.23
TU 0.221±0.28 0.245±0.29 0.246±0.28 0.336±0.17 0.336±0.16 0.305±0.17

Obesity AU 0.895±0.07 0.896±0.08 0.898±0.08 0.899±0.08 0.899±0.08 0.903±0.08
EU 0.896±0.08 0.896±0.08 0.898±0.08 0.9±0.08 0.9±0.08 0.903±0.08
TU 0.895±0.08 0.896±0.08 0.898±0.08 0.9±0.08 0.899±0.08 0.903±0.08

Appendix C Additional Experiments with
Ensembles of Gradient Boosted Trees
(GBTs)

For the sake of completeness, we also include experimental results for error and OOD
detection for the two other popular gradient boosting tree libraries, namely XGBoost
(Chen & Guestrin, 2016) and CatBoost (Prokhorenkova, Gusev, Vorobev, Dorogush,
& Gulin, 2018). We also create an ensemble of 10 XGBoost and CatBoost GBTs,
respectively with subsample rate set to 0.5 to induce stochasticity in the training
process. As our primary focus is on uncertainty quantification and not on predictive
performance, we leave the parameters with the default values and do not perform any
hyperparameter tuning.
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On the one hand, overall error detection results for all uncertainty types (AU,
EU, and TU) resemble those obtained for LightGBM (cf. Figure 10), with ord-var
significantly outperforming all other measures when considering MCR and MAE simul-
taneously (cf. Figures C2 and C3). On the other hand, nominal uncertainty measures
like ent or bin-ent perform better for XGBoost and CatBoost, which leads to ord-ent
and var falling behind overall. Or phrased differently, we can spot the weakness of var
when it comes to MCR (cf. Figure C2b) as well as the weaker performance of ord-ent
compared to ord-var and var when it comes to MAE. Here it becomes even clearer
that, in particular, ord-var captures the inherent trade-off between exact hit rate and
minimized error distance for ordinal classification best.

Just like for LightGBM (cf. Figure 11), ord-ent performs best when it comes to
OOD detection based on measured epistemic uncertainty (cf. Figures C4 and C5), and
the OCS decomposition measures can be considered competitive to the other measures
when it comes to OOD detection.

Fig. C2: CD diagrams for all uncertainty types (AU, EU and TU) using an ensemble
of GBTs (XGBoost (Chen & Guestrin, 2016)).
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(c) Result only for MAE.

Appendix D Comparison of Predictive Performance
and Prediction Rejection Ratios
(PRRs)

To complement the error and OOD detection experiments, Table D3 presents the
predictive performance of the ensembles utilized, based on their base predictors: MLP
with CE loss (Pedregosa et al., 2011), CatBoost (Prokhorenkova et al., 2018), XGBoost
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Fig. C3: CD diagrams for all uncertainty types (AU, EU and TU) using an ensemble
of GBTs (CatBoost (Prokhorenkova et al., 2018)).
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Fig. C4: CD diagram for OOD detection of the different uncertainty measures using
an ensemble of GBTs (XGBoost (Chen & Guestrin, 2016)).
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Fig. C5: CD diagram for OOD detection of the different uncertainty measures using
an ensemble of GBTs (CatBoost (Prokhorenkova et al., 2018)).
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(Chen & Guestrin, 2016), and LightGBM (Ke et al., 2017), averaged across all datasets.
Additionally, we include two widely used ordinal losses as alternatives to the CE loss:
the squared EMD loss (Hou et al., 2016) and the QWK loss (de La Torre et al.,
2018). This comparison highlights the differences in performance between predictors
trained with CE loss and those trained with specialized ordinal losses. Moreover, we
include a unimodal soft labeling (ULS) approach based on the geometric distribution,
using LightGBM as the base learner. This method transforms deterministic one-hot
(0/1) encoded labels into soft, unimodal probability distributions (cf. Figure D6 for
an illustration) (Haas & Hüllermeier, 2023). The probability distribution is defined as
follows:

pGEO(k) =

{
1− α, if k = c,
1
G α|c−k|+1(1− α), if k ̸= c,

where α is the smoothing factor, k denotes the k-th class, and c represents the index of
the true label in the one-hot (0/1) encoded label vector y, with yc = 1 and yk = 0 for

all other classes. G serves as a normalizing constant, ensuring that
∑K

k=1 p
GEO(k) = 1.

It is defined as:
G =

∑

k ̸=c

α|c−k|(1− α).

Unimodal soft labeling is a widely used method in ordinal classification that serves
two purposes: First, it acts as a regularization technique akin to label smoothing, and
second, it converts a standard predictor into an ordinal predictor by enforcing the
assumption that adjacent classes are more likely than distant ones. In this approach,
instead of subsampling per iteration, the 10 trees in the ensemble are smoothed using
various smoothing factors, α = {0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, 0.5}.
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(b) α = 0.5.

Fig. D6: Unimodal label smoothing for five classes based on the geometric distribution
(Haas & Hüllermeier, 2023).

To derive the final probabilistic prediction, we average the predicted probabilities
of all ensemble members. The results are obtained using 10-fold cross-validation and
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are averaged across all datasets. As our primary focus is on uncertainty quantifica-
tion rather than predictive performance, we refrain from performing hyperparameter
tuning on the GBTs and adhere to the MLP architecture specified in Table E4.

The metrics considered include accuracy (ACC), the accuracy of predictions allow-
ing for errors in adjacent classes (1-OFF) (Bérchez-Moreno et al., 2025), the mean
absolute error (MAE), the mean squared error (MSE), the quadratic weighted kappa
(QWK), the negative log likelihood (NLL), the Brier score (BS) (Brier, 1950), the
ranked probability score (RPS) (Epstein, 1969), and the expected calibration error
(ECE) (de Menezes e Silva Filho et al., 2023). To obtain final deterministic predictions,
we make a decision that minimizes the expected loss over the predictive probability
distributions. For instance, for MAE, we use the l1 loss, and for MSE, we use the l2
loss. For ACC and QWK, we choose the class with the maximal probability (arg max),
and for 1-OFF, we select the two classes with the highest probabilities, respectively.

CatBoost is the best base predictor when it comes to ACC, 1-OFF, and MAE.
Followed by the squared EMD loss and XGBoost. The squared EMD loss leads to the
best calibration with the best overall results on RPS, NLL, BS, and ECE. It is also
the best predictor on MSE and very competitive on all other metrics. In particular,
the RPS is of interest in probabilistic ordinal classification as it is a proper scoring
rule for ordinal outcomes (Epstein, 1969; Galdran, 2023):

RPS =
1

N

N∑

i=1

(
K−1∑

k=1

(
Fk(pi)− Fk(yi)

)2
)
,

where p is the predicted probability distribution, y is the true one-hot (0/1) encoded
probability distribution, and Fk(p) and Fk(y) are the respective cumulative proba-
bility distributions of class k. The RPS assigns lower scores to probabilistic forecasts
that allocate high probabilities to classes that are close to the correct class. Since
the EMD loss is equivalent to the RPS metric in measuring the squared distance of
the cumulative probabilities between predicted and true outcomes, it is plausible that
EMD outperforms other predictors on the RPS metric:

lEMD(y,p) =
K−1∑

k=1

(
Fk(p)− Fk(y)

)2

The same applies to the QWK loss, which leads to the best results on QWK. Remark-
ably, this is also true for XGBoost with CE loss, although XGBoost exhibits a higher
standard deviation on QWK. From this evaluation, we can conclude that ordinal pre-
dictors indeed outperform predictors using CE loss on important ordinal metrics like
QWK and RPS. However, as noted by Kasa et al. (2024), there appears to be a trade-
off between nominal and ordinal performance, as improvements in ordinal metrics are
achieved at the expense of nominal metrics.

When comparing the ULS approach with the standard LightGBM ensemble trained
using CE loss, we observe that applying unimodal label smoothing effectively trans-
forms a nominal predictor into an ordinal predictor, leading to improvements across
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all performance metrics, including the RPS and NLL. However, for metrics such as the
BS and ECE, the standard LightGBM ensemble demonstrates superior performance.
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Table D3: Predictive performance and calibration of the different ensembles by their base predictors averaged over all datasets.

Predictor ACC (↑) 1-OFF (↑) MAE (↓) MSE (↓) QWK (↑) RPS (↓) NLL (↓) BS (↓) ECE (↓)
MLP 0.628±0.199 0.891±0.121 0.503±0.349 0.782±0.756 0.676±0.262 0.387±0.270 1.400±1.028 0.541±0.290 0.067±0.065
CatBoost 0.639±0.193 0.900±0.113 0.470±0.328 0.698±0.658 0.693±0.239 0.345±0.229 0.982±0.543 0.490±0.243 0.048±0.040
XGBoost 0.637±0.200 0.895±0.124 0.477±0.347 0.698±0.667 0.696±0.242 0.353±0.238 1.050±0.579 0.503±0.251 0.054±0.042
LightGBM 0.621±0.223 0.886±0.132 0.521±0.435 0.812±1.052 0.649±0.299 0.368±0.283 0.991±0.533 0.488±0.235 0.040±0.026

ULS 0.625±0.197 0.899±0.115 0.483±0.329 0.714±0.667 0.688±0.244 0.353±0.214 0.964±0.407 0.493±0.193 0.045±0.035
EMD 0.635±0.188 0.898±0.116 0.471±0.300 0.689±0.611 0.686±0.245 0.335±0.210 0.892±0.449 0.467±0.217 0.017±0.010
QWK 0.595±0.196 0.885±0.119 0.537±0.339 0.823±0.725 0.696±0.216 0.409±0.245 1.250±0.634 0.568±0.241 0.070±0.057
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Figure D7 displays the attainable PRRs across all datasets and uncertainty mea-
sures, grouped by base predictor. It is important to note that PRRs are independent
of predictive performance and solely measure the performance of uncertainty quan-
tification. Specifically, they represent the area between the uncertainty measure-based
rejection and random rejection, compared to the area between optimal and random
rejection (cf. Figure 6). As one can see, regardless of the uncertainty measure, the base
predictors using CE loss (CatBoost, XGBoost, LightGBM, and the MLP with CE loss)
achieve higher PRRs compared to those using ordinal losses (EMD, QWK, and ULS).

When examining the CD diagrams in Figure D8, which are based on Wilcoxon
signed-rank tests, we observe that these differences are statistically significant in most
cases at a significance level of p = 0.05 for various uncertainty types and combinations
of the considered metrics, namely MCR and MAE. Notably, QWK consistently per-
forms the worst in terms of PRR. This is presumably due to the fact that it penalizes
deviations from the true class quadratically, compared to EMD, which does so linearly,
as noted by Galdran (2023). Additionally, EMD does not impose a strong penalty in
the tails, as CDFs are monotonic; hence, the difference between CDFs will be small in
the tails (Kasa et al., 2024). This is particularly evident in the PRRs for MAE, where
ULS and EMD may not completely reassign distant class probability mass compared
to QWK, thereby allowing for better uncertainty quantification.

Overall, we can conclude that although ordinal losses deliver good ordinal predic-
tions on ordinal metrics, which are even well-calibrated in the case of EMD, they bias
the predictor to output unimodal, compressed probability distributions. See Figure D9
for an illustration of this phenomenon, where we compare the predictive probability
distributions of the CE loss and the QWK loss. This behavior, as also demonstrated by
de La Torre et al. (2018) for the QWK loss, appears to negatively impact uncertainty
quantification. Although EMD loss may improve calibration in probabilistic ordinal
classification on average, it introduces a bias in the predictive probabilities by enforc-
ing a unimodality assumption that is not universally valid. This inductive bias can
obscure information critical for reliable uncertainty quantification in probabilistic ordi-
nal classification. This observation is particularly notable in our experiments, as most
datasets exhibit a unimodal prior distribution of class labels, p(y), which might sug-
gest that the predictive distributions, p(y |x), are also unimodal in most cases, which
aligns with standard assumptions in ordinal classification. However, when uncertainty
quantification is a priority, CE loss emerges as a more suitable choice, as it provides
unbiased predictive probability distributions in ordinal classification.

Appendix E Experiments with Ensemble of
Multi-Layer Perceptron (MLP)

This section shows additional experimental results using an ensemble of 10 Multi-
Layer Perceptrons (MLPs) (Pedregosa et al., 2011) instead of an ensemble of GBTs
(cf. Section 5) to approximate Bayesian inference.
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Fig. D7: Raw PRRs over all datasets and uncertainty measures by uncertainty type
(AU, EU, TU, or All), performance metric (MCR, MAE), and base predictor (Cat-
Boost, XGBoost, LightGBM, MLP, EMD, QWK, or ULS).

E.1 Experimental Setup

For the experiments, the same datasets are used as in Section 5 (cf. Table 1). Besides
the preprocessing applied in Section 5, numerical features are also standardized. The
parameters of the MLPs are displayed in Table E4. Please note that our focus is not
on predictive performance, but on uncertainty quantification, so we deliberately do
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Fig. D8: CD diagrams displaying the ranks of the different base predictors in terms of
attainable PRRs per performance measure (MCR, MAE) and uncertainty type (AU,
EU, TU, All). Base predictors which are not significantly different at p = 0.05 are
connected.

not perform extensive hyperparameter tuning. Nonetheless, we selected an architec-
ture for the MLPs that leads to competitive performance compared to LightGBM, or
GBTs in general. To create diversity among the MLPs in the ensemble, we provide

35



1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.5

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.5

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.5

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.5

1.0

P
ro

b
ab

ili
ty

1 2 3 4 5 6 7 8 9 10
Class

0.0

0.2

0.4
P

ro
b

ab
ili

ty

3 4 5 6 7 8 9
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

1.0

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

1.0

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.2

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.0

0.5

P
ro

b
ab

ili
ty

3 4 5 6 7 8 9
Class

0.0

0.5

1.0

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.0

0.2

0.4

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.00

0.25

0.50

P
ro

b
ab

ili
ty

3 4 5 6 7 8
Class

0.0

0.5

P
ro

b
ab

ili
ty

Fig. D9: Comparison of exemplary predictive probability distributions using the MLP
with CE loss and the MLP with QWK loss on the Abalone, White Wine, and Red
Wine datasets. Odd rows (blue) display the CE loss distributions, while even rows
(red) show the corresponding QWK loss distributions.
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different seeds, leading to different random number generations for weights and bias
initialization.

Parameter Value

Hidden Layer Sizes [128,64,32]
Activation Function ReLU
Solver Adam
Maximum Epochs 200
Batch Size 200
L2 Regularization (alpha) 1e-4
Learning Rate 1e-3

Table E4: MLP parameters
(Pedregosa et al., 2011).

E.2 Rejection Curves

Again, we first display accuracy rejection curves to visually validate the quality of
uncertainty quantification for some datasets (cf. Subsection 5.2). Just like for the
ensemble of GBTs, the investigated uncertainty methods all appear to be able to
quantify epistemic and aleatoric uncertainty, as rejection curves monotonically increase
in the case of ACC or decrease in the case of MAE, respectively (cf. Figures E10 and
E11).

E.3 Prediction-Rejection-Ratios (PRRs)

The following CD diagrams (cf. Figures E12, E13, E14, and E15) show the ranks
of the different uncertainty measures according to the obtained PRRs grouped by
uncertainty type. The rankings resemble those for GBTs (cf. Subsection 5.3), with
measures taking distance into account outperforming nominal measures. The results
are even more significant than those for GBTs and underpin the superiority of the OCS
decomposition method as well as variance in uncertainty quantification for ordinal
classification and the disentanglement of aleatoric and epistemic uncertainty in this
context.

E.4 Prediction Rejection Ratios (PRR) - Detailed Results

In this subsection, we display the detailed prediction rejection ratio results for the
different tabular ordinal benchmark datasets, uncertainty types, and measures using
an ensemble of MLPs for approximate Bayesian inference. Table E5 shows results for
misclassification rate (MCR) and Table E6 for mean absolute error (MAE).

4https://github.com/mirkobunse/critdd

37



0 20 40 60 80 100
Rejection in %

0.5

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

TU ent

TU ord-var

TU ord-ent

TU var

TU bin-ent

TU bin-var

(a) CMC TU

0 20 40 60 80 100
Rejection in %

0.5

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

EU ent

EU ord-var

EU ord-ent

EU var

EU bin-ent

EU bin-var

(b) CMC EU

0 20 40 60 80 100
Rejection in %

0.5

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

AU ent

AU ord-var

AU ord-ent

AU var

AU bin-ent

AU bin-var

(c) CMC AU

0 20 40 60 80 100
Rejection in %

0.96

0.97

0.98

0.99

1.00

A
C

C

Random

TU ent

TU ord-var

TU ord-ent

TU var

TU bin-ent

TU bin-var

(d) Balance Scale TU

0 20 40 60 80 100
Rejection in %

0.96

0.97

0.98

0.99

1.00

A
C

C

Random

EU ent

EU ord-var

EU ord-ent

EU var

EU bin-ent

EU bin-var

(e) Balance Scale EU

0 20 40 60 80 100
Rejection in %

0.96

0.97

0.98

0.99

1.00

A
C

C

Random

AU ent

AU ord-var

AU ord-ent

AU var

AU bin-ent

AU bin-var

(f) Balance Scale AU

0 20 40 60 80 100
Rejection in %

0.90

0.92

0.94

0.96

0.98

1.00

A
C

C

Random

TU ent

TU ord-var

TU ord-ent

TU var

TU bin-ent

TU bin-var

(g) Stocks Domain TU

0 20 40 60 80 100
Rejection in %

0.90

0.92

0.94

0.96

0.98

1.00

A
C

C

Random

EU ent

EU ord-var

EU ord-ent

EU var

EU bin-ent

EU bin-var

(h) Stocks Domain EU

0 20 40 60 80 100
Rejection in %

0.90

0.92

0.94

0.96

0.98

1.00

A
C

C

Random

AU ent

AU ord-var

AU ord-ent

AU var

AU bin-ent

AU bin-var

(i) Stocks Domain AU

0 20 40 60 80 100
Rejection in %

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

TU ent

TU ord-var

TU ord-ent

TU var

TU bin-ent

TU bin-var

(j) Eucalyptus TU

0 20 40 60 80 100
Rejection in %

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

EU ent

EU ord-var

EU ord-ent

EU var

EU bin-ent

EU bin-var

(k) Eucalyptus EU

0 20 40 60 80 100
Rejection in %

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

AU ent

AU ord-var

AU ord-ent

AU var

AU bin-ent

AU bin-var

(l) Eucalyptus AU

0 20 40 60 80 100
Rejection in %

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

TU ent

TU ord-var

TU ord-ent

TU var

TU bin-ent

TU bin-var

(m) Abalone TU

0 20 40 60 80 100
Rejection in %

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

EU ent

EU ord-var

EU ord-ent

EU var

EU bin-ent

EU bin-var

(n) Abalone EU

0 20 40 60 80 100
Rejection in %

0.6

0.7

0.8

0.9

1.0

A
C

C

Random

AU ent

AU ord-var

AU ord-ent

AU var

AU bin-ent

AU bin-var

(o) Abalone AU

Fig. E10: Accuracy rejection curves for different datasets, uncertainty types (TU, EU,
AU), and measures using an ensemble of MLPs for approximate Bayesian infernce.
Shaded regions around the mean represent the 95% confidence interval.
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Fig. E11: Mean absolute error rejection curves for different datasets, uncertainty types
(TU, EU, AU), and measures using an ensemble of MLPs for approximate Bayesian
inference. Shaded regions around the mean represent the 95% confidence interval.
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Fig. E12: Critical difference (CD) diagrams4for the evaluated Total Uncertainty (TU)
measures and performance metrics based on a Friedman test followed by a post-hoc
Holm-adjusted Wilcoxon signed-rank test (Benavoli et al., 2016; Demsar, 2006) using
an ensemble of MLPs for approximate Bayesian inference. Groups of uncertainty mea-
sures that are not significantly different (at p = 0.05) are connected.
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Fig. E13: CD diagrams for Epistemic Uncertainty (EU) using an ensemble of MLPs.
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Fig. E14: CD diagrams for Aleatoric Uncertainty (AU) using an ensemble of MLPs.
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Fig. E15: CD diagrams for all uncertainty types (AU, EU and TU) using an ensemble
of MLPs.

1 2 3 4 5 6

ord-var

var

ord-ent bin-ent

ent

bin-var

ALL - PRR (MCR), PRR (MAE)

(a) Result for MCR and MAE.

1 2 3 4 5 6

ord-var

var

bin-ent ord-ent

ent

bin-var

ALL - PRR (MCR)

(b) Result only for MCR.

1 2 3 4 5 6

var

ord-var

ord-ent ent

bin-ent

bin-var

ALL - PRR (MAE)

(c) Result only for MAE.

Continued on next page

41



PRR (MCR) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Table E5: PRRs (MCR) using an ensemble of MLPs.

PRR (MCR) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Abalone AU 0.34±0.06 0.334±0.05 0.328±0.05 0.323±0.05 0.333±0.05 0.321±0.05
EU 0.25±0.07 0.228±0.07 0.251±0.07 0.247±0.07 0.28±0.07 0.293±0.07
TU 0.344±0.06 0.338±0.06 0.331±0.05 0.325±0.05 0.337±0.05 0.322±0.05

Auto MPG AU 0.305±0.17 0.307±0.18 0.31±0.18 0.335±0.18 0.343±0.17 0.352±0.17
EU 0.323±0.13 0.284±0.14 0.3±0.16 0.313±0.17 0.33±0.14 0.335±0.16
TU 0.316±0.18 0.319±0.18 0.318±0.19 0.344±0.17 0.351±0.17 0.355±0.17

Automobile AU 0.664±0.29 0.651±0.31 0.656±0.3 0.666±0.28 0.682±0.27 0.686±0.27
EU 0.694±0.27 0.718±0.25 0.721±0.25 0.721±0.25 0.716±0.27 0.729±0.26
TU 0.681±0.29 0.676±0.29 0.675±0.3 0.696±0.28 0.697±0.29 0.712±0.28

Balance Scale AU 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47
EU 0.68±0.47 0.679±0.47 0.678±0.47 0.678±0.47 0.678±0.47 0.678±0.47
TU 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47

Wisconsin

Breast Cancer

AU 0.213±0.2 0.219±0.19 0.221±0.2 0.201±0.25 0.186±0.26 0.206±0.25
EU 0.2±0.31 0.211±0.31 0.222±0.29 0.223±0.32 0.211±0.32 0.207±0.33
TU 0.228±0.26 0.219±0.25 0.229±0.24 0.206±0.28 0.196±0.31 0.208±0.29

ERA AU 0.161±0.06 0.157±0.07 0.152±0.07 0.088±0.1 0.102±0.1 0.027±0.09
EU -0.014±0.13 -0.006±0.1 0.006±0.1 -0.016±0.1 -0.009±0.11 -0.04±0.11
TU 0.161±0.06 0.154±0.07 0.152±0.07 0.088±0.1 0.101±0.1 0.026±0.09

ESL AU 0.238±0.23 0.228±0.22 0.218±0.21 0.206±0.21 0.236±0.22 0.205±0.21
EU 0.274±0.23 0.285±0.22 0.272±0.22 0.282±0.22 0.286±0.23 0.298±0.21
TU 0.242±0.23 0.238±0.22 0.223±0.21 0.214±0.21 0.241±0.22 0.209±0.21

Eucalyptus AU 0.325±0.09 0.322±0.09 0.322±0.09 0.33±0.09 0.334±0.09 0.342±0.09
EU 0.329±0.09 0.337±0.09 0.34±0.09 0.34±0.09 0.334±0.09 0.341±0.08
TU 0.337±0.09 0.335±0.09 0.333±0.09 0.34±0.08 0.339±0.08 0.345±0.08

Heart (CLE) AU 0.592±0.15 0.595±0.14 0.595±0.14 0.603±0.13 0.596±0.13 0.604±0.12
EU 0.467±0.22 0.453±0.22 0.476±0.21 0.477±0.23 0.483±0.24 0.512±0.22
TU 0.56±0.18 0.56±0.17 0.562±0.16 0.57±0.15 0.572±0.16 0.57±0.16

Boston Housing AU 0.418±0.24 0.412±0.24 0.414±0.23 0.423±0.24 0.431±0.24 0.437±0.25
EU 0.433±0.19 0.453±0.18 0.455±0.18 0.467±0.18 0.448±0.2 0.458±0.2
TU 0.424±0.22 0.425±0.22 0.431±0.22 0.439±0.23 0.434±0.23 0.442±0.24

LEV AU 0.177±0.08 0.177±0.1 0.175±0.11 0.171±0.11 0.182±0.1 0.185±0.11
EU 0.21±0.06 0.193±0.09 0.183±0.09 0.181±0.09 0.211±0.05 0.198±0.06
TU 0.179±0.08 0.177±0.1 0.174±0.11 0.172±0.11 0.183±0.1 0.185±0.11

Machine CPU AU 0.609±0.2 0.632±0.19 0.649±0.18 0.692±0.15 0.68±0.14 0.704±0.15
EU 0.591±0.13 0.6±0.13 0.619±0.12 0.613±0.12 0.61±0.13 0.611±0.13
TU 0.596±0.19 0.632±0.17 0.647±0.16 0.67±0.14 0.656±0.14 0.7±0.15

New Thyroid AU 0.479±0.51 0.474±0.5 0.479±0.51 0.479±0.51 0.479±0.51 0.479±0.51
EU 0.484±0.51 0.484±0.51 0.484±0.51 0.479±0.51 0.479±0.51 0.474±0.5
TU 0.479±0.51 0.479±0.51 0.484±0.51 0.474±0.5 0.474±0.5 0.474±0.5

Pyrimidines AU 0.181±0.29 0.189±0.29 0.167±0.29 0.149±0.36 0.136±0.38 0.05±0.42
EU 0.029±0.49 0.015±0.47 0.026±0.34 -0.044±0.48 0.039±0.49 0.03±0.54
TU 0.156±0.3 0.189±0.24 0.175±0.22 0.089±0.39 0.128±0.4 0.081±0.49

Red Wine AU 0.316±0.13 0.305±0.12 0.303±0.12 0.311±0.12 0.325±0.12 0.327±0.11
EU 0.423±0.12 0.434±0.12 0.44±0.12 0.439±0.13 0.429±0.12 0.423±0.13
TU 0.385±0.13 0.384±0.13 0.381±0.13 0.375±0.13 0.381±0.13 0.375±0.13

SWD AU 0.184±0.11 0.18±0.11 0.181±0.1 0.19±0.11 0.188±0.11 0.192±0.11
EU 0.129±0.11 0.101±0.08 0.119±0.08 0.117±0.07 0.149±0.11 0.171±0.11
TU 0.184±0.11 0.18±0.11 0.181±0.1 0.19±0.11 0.19±0.11 0.192±0.11

Stocks Domain AU 0.716±0.07 0.717±0.07 0.715±0.07 0.714±0.08 0.716±0.07 0.714±0.07
EU 0.676±0.07 0.625±0.08 0.622±0.08 0.623±0.08 0.676±0.07 0.676±0.07
TU 0.716±0.07 0.716±0.07 0.717±0.07 0.716±0.07 0.716±0.07 0.716±0.07

TAE AU 0.208±0.38 0.224±0.39 0.231±0.39 0.217±0.45 0.237±0.44 0.214±0.45
EU 0.36±0.3 0.27±0.28 0.295±0.29 0.266±0.28 0.332±0.32 0.313±0.39
TU 0.252±0.36 0.267±0.39 0.283±0.4 0.249±0.46 0.256±0.46 0.226±0.48

Triazines AU 0.194±0.27 0.193±0.27 0.194±0.26 0.226±0.29 0.221±0.28 0.24±0.29
EU 0.273±0.26 0.294±0.28 0.295±0.27 0.286±0.28 0.274±0.25 0.266±0.26
TU 0.214±0.25 0.221±0.25 0.214±0.24 0.236±0.26 0.229±0.26 0.254±0.27

White Wine AU 0.25±0.06 0.246±0.06 0.246±0.06 0.254±0.06 0.263±0.06 0.263±0.06

Continued on next page
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PRR (MCR) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

EU 0.363±0.03 0.353±0.04 0.356±0.04 0.356±0.05 0.37±0.04 0.361±0.05
TU 0.341±0.05 0.331±0.05 0.323±0.05 0.315±0.05 0.33±0.05 0.311±0.05

CMC AU 0.316±0.06 0.316±0.06 0.317±0.06 0.313±0.07 0.313±0.07 0.293±0.07
EU 0.255±0.07 0.218±0.07 0.229±0.07 0.212±0.07 0.252±0.07 0.246±0.06
TU 0.328±0.06 0.33±0.05 0.333±0.06 0.308±0.07 0.309±0.06 0.284±0.07

Grub Damage AU 0.152±0.28 0.159±0.27 0.161±0.26 0.182±0.27 0.157±0.27 0.2±0.26
EU 0.152±0.27 0.14±0.29 0.141±0.31 0.167±0.33 0.181±0.31 0.162±0.31
TU 0.201±0.26 0.212±0.26 0.219±0.26 0.209±0.28 0.195±0.29 0.21±0.28

Obesity AU 0.858±0.06 0.853±0.06 0.854±0.06 0.862±0.06 0.864±0.06 0.87±0.05
EU 0.887±0.05 0.891±0.05 0.892±0.05 0.894±0.04 0.89±0.05 0.891±0.05
TU 0.881±0.06 0.882±0.06 0.882±0.06 0.886±0.06 0.884±0.06 0.887±0.05

Table E6: PRRs (MAE) using an ensemble of MLPs.

PRR (MAE) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Abalone AU 0.382±0.05 0.387±0.04 0.387±0.04 0.389±0.04 0.394±0.04 0.39±0.04
EU 0.288±0.05 0.288±0.05 0.317±0.05 0.315±0.05 0.333±0.05 0.354±0.04
TU 0.389±0.05 0.395±0.05 0.393±0.04 0.393±0.04 0.398±0.04 0.393±0.04

Auto MPG AU 0.285±0.14 0.294±0.15 0.302±0.15 0.342±0.15 0.353±0.15 0.365±0.16
EU 0.304±0.16 0.281±0.16 0.298±0.18 0.313±0.18 0.316±0.16 0.325±0.16
TU 0.307±0.16 0.314±0.16 0.317±0.17 0.359±0.17 0.367±0.16 0.373±0.17

Automobile AU 0.657±0.24 0.652±0.25 0.654±0.24 0.688±0.23 0.693±0.22 0.715±0.23
EU 0.692±0.22 0.715±0.2 0.72±0.19 0.729±0.21 0.72±0.21 0.742±0.21
TU 0.672±0.23 0.667±0.23 0.669±0.24 0.711±0.22 0.711±0.23 0.737±0.23

Balance Scale AU 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47
EU 0.68±0.47 0.679±0.47 0.678±0.47 0.678±0.47 0.678±0.47 0.678±0.47
TU 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47 0.68±0.47

Wisconsin

Breast Cancer

AU 0.119±0.17 0.139±0.16 0.141±0.16 0.182±0.17 0.164±0.17 0.189±0.17
EU 0.069±0.23 0.08±0.24 0.067±0.21 0.108±0.23 0.112±0.24 0.131±0.23
TU 0.064±0.18 0.07±0.19 0.086±0.17 0.135±0.19 0.115±0.22 0.154±0.2

ERA AU -0.002±0.09 -0.018±0.09 -0.027±0.08 -0.018±0.13 0.002±0.13 -0.022±0.14
EU 0.014±0.09 0.017±0.12 0.021±0.13 0.007±0.12 0.013±0.08 -0.013±0.07
TU -0.003±0.09 -0.019±0.08 -0.025±0.08 -0.017±0.13 0.002±0.13 -0.022±0.14

ESL AU 0.229±0.25 0.218±0.24 0.208±0.23 0.195±0.23 0.225±0.24 0.192±0.23
EU 0.266±0.24 0.286±0.22 0.273±0.23 0.28±0.23 0.275±0.25 0.286±0.23
TU 0.231±0.25 0.229±0.24 0.214±0.24 0.204±0.23 0.23±0.24 0.196±0.23

Eucalyptus AU 0.321±0.1 0.317±0.1 0.318±0.1 0.334±0.1 0.338±0.11 0.351±0.1
EU 0.339±0.11 0.351±0.11 0.354±0.11 0.356±0.11 0.349±0.11 0.357±0.1
TU 0.339±0.11 0.339±0.11 0.338±0.1 0.351±0.1 0.348±0.1 0.36±0.1

Heart (CLE) AU 0.536±0.16 0.538±0.15 0.538±0.16 0.56±0.12 0.555±0.12 0.581±0.09
EU 0.36±0.2 0.353±0.2 0.376±0.19 0.411±0.18 0.403±0.18 0.443±0.15
TU 0.483±0.18 0.491±0.17 0.496±0.16 0.529±0.11 0.519±0.13 0.544±0.1

Boston Housing AU 0.388±0.26 0.382±0.26 0.385±0.26 0.398±0.26 0.406±0.26 0.414±0.27
EU 0.411±0.22 0.434±0.21 0.436±0.21 0.451±0.22 0.426±0.23 0.437±0.23
TU 0.397±0.25 0.399±0.24 0.405±0.25 0.414±0.25 0.409±0.25 0.418±0.26

LEV AU 0.183±0.09 0.185±0.11 0.185±0.12 0.184±0.12 0.189±0.11 0.194±0.12
EU 0.206±0.1 0.198±0.11 0.197±0.1 0.195±0.1 0.214±0.08 0.207±0.07
TU 0.185±0.09 0.185±0.11 0.185±0.12 0.184±0.12 0.191±0.11 0.194±0.12

Machine CPU AU 0.544±0.3 0.586±0.29 0.613±0.28 0.687±0.22 0.671±0.22 0.708±0.21
EU 0.552±0.2 0.597±0.13 0.626±0.14 0.613±0.14 0.595±0.18 0.599±0.19
TU 0.559±0.29 0.608±0.27 0.626±0.25 0.673±0.21 0.657±0.21 0.702±0.21

New Thyroid AU 0.476±0.5 0.473±0.5 0.48±0.51 0.487±0.51 0.487±0.51 0.487±0.51
EU 0.48±0.51 0.476±0.5 0.476±0.5 0.473±0.5 0.476±0.5 0.473±0.5
TU 0.476±0.5 0.476±0.5 0.483±0.51 0.48±0.51 0.48±0.51 0.48±0.51

Pyrimidines AU 0.319±0.46 0.29±0.47 0.26±0.45 0.366±0.48 0.348±0.48 0.313±0.52
EU 0.277±0.47 0.263±0.45 0.257±0.43 0.274±0.51 0.326±0.49 0.282±0.54
TU 0.335±0.4 0.309±0.4 0.29±0.37 0.359±0.44 0.367±0.45 0.35±0.53

Red Wine AU 0.306±0.12 0.296±0.11 0.294±0.11 0.306±0.12 0.319±0.12 0.327±0.12
EU 0.407±0.12 0.42±0.12 0.428±0.13 0.429±0.13 0.417±0.12 0.416±0.13
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PRR (MAE) (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

TU 0.376±0.13 0.375±0.12 0.373±0.13 0.371±0.13 0.376±0.13 0.373±0.13

SWD AU 0.121±0.1 0.119±0.1 0.124±0.09 0.135±0.1 0.134±0.1 0.144±0.1
EU 0.143±0.13 0.123±0.13 0.136±0.13 0.125±0.11 0.144±0.12 0.146±0.11
TU 0.122±0.1 0.12±0.1 0.122±0.09 0.136±0.1 0.136±0.1 0.145±0.1

Stocks Domain AU 0.721±0.08 0.721±0.08 0.719±0.08 0.718±0.08 0.721±0.08 0.719±0.08
EU 0.679±0.07 0.628±0.08 0.625±0.08 0.625±0.08 0.678±0.07 0.678±0.07
TU 0.72±0.07 0.721±0.07 0.721±0.07 0.72±0.07 0.72±0.07 0.72±0.07

TAE AU 0.234±0.35 0.251±0.36 0.251±0.36 0.277±0.4 0.287±0.39 0.281±0.4
EU 0.241±0.36 0.143±0.34 0.191±0.35 0.15±0.36 0.233±0.37 0.249±0.41
TU 0.253±0.36 0.266±0.38 0.28±0.39 0.294±0.43 0.298±0.43 0.271±0.45

Triazines AU 0.264±0.26 0.269±0.25 0.27±0.25 0.308±0.25 0.3±0.25 0.325±0.24
EU 0.291±0.24 0.313±0.23 0.32±0.23 0.341±0.23 0.328±0.24 0.339±0.23
TU 0.274±0.23 0.273±0.22 0.272±0.21 0.31±0.23 0.307±0.24 0.333±0.22

White Wine AU 0.235±0.06 0.233±0.06 0.236±0.06 0.25±0.06 0.257±0.06 0.264±0.06
EU 0.354±0.03 0.349±0.03 0.353±0.04 0.353±0.05 0.363±0.04 0.356±0.05
TU 0.326±0.05 0.32±0.05 0.314±0.05 0.311±0.05 0.323±0.05 0.31±0.05

CMC AU 0.172±0.08 0.17±0.08 0.169±0.08 0.246±0.08 0.245±0.08 0.278±0.08
EU 0.222±0.07 0.211±0.07 0.213±0.07 0.231±0.08 0.248±0.07 0.267±0.07
TU 0.181±0.06 0.18±0.06 0.181±0.06 0.27±0.06 0.266±0.06 0.289±0.06

Grub Damage AU 0.127±0.28 0.142±0.26 0.143±0.24 0.175±0.25 0.154±0.27 0.202±0.25
EU 0.072±0.31 0.059±0.32 0.062±0.34 0.087±0.35 0.103±0.34 0.12±0.33
TU 0.128±0.29 0.134±0.3 0.143±0.3 0.185±0.28 0.174±0.3 0.205±0.26

Obesity AU 0.848±0.06 0.843±0.07 0.844±0.07 0.854±0.06 0.857±0.06 0.865±0.05
EU 0.879±0.06 0.884±0.05 0.885±0.05 0.889±0.05 0.884±0.05 0.886±0.05
TU 0.87±0.07 0.872±0.07 0.873±0.07 0.879±0.06 0.877±0.06 0.881±0.05

Appendix F Out-Of-Distribution (OOD) Detection
- Detailed Results

In this section, we provide detailed results for the OOD detection experiment in Sub-
section 5.4, as well as additional OOD detection results using an ensemble of MLPs
instead of GBTs.

F.1 Ensemble of GBTs - Detailed Results for OOD detection

Table F7 displays detailed results for OOD detection inclduing all uncertainty types.
Notably, the best OOD performance is not in all cases achieved by measuring epistemic
uncertainty. This is in stark contrast to the results obtained from the ensemble of
MLPs, where, as expected, epistemic uncertainty very clearly outperforms TU as well
as AU for OOD detection across all datasets (cf. Table F8). Presumably, this is due to
the fact that decision trees, unlike neural networks, do not extrapolate their decision
function to OOD regions, leading to high-confidence predictions for OOD data with
low aleatoric uncertainty. In contrast, in the case of GBTs, OOD data will end up in
mixed leaves, also leading to comparably higher aleatoric uncertainty (cf. Figure F17
for an illustration).
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Table F7: OOD using an ensemble of GBTs (LGBM (Ke et al., 2017)).

AUC-ROC (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Abalone AU 0.678±0.08 0.671±0.11 0.675±0.07 0.682±0.05 0.685±0.05 0.693±0.07
EU 0.671±0.14 0.631±0.14 0.72±0.13 0.795±0.13 0.783±0.14 0.818±0.13
TU 0.751±0.12 0.737±0.15 0.763±0.11 0.808±0.14 0.813±0.13 0.813±0.14

Auto MPG AU 0.848±0.19 0.803±0.18 0.874±0.18 0.95±0.08 0.933±0.09 0.967±0.04
EU 0.833±0.11 0.731±0.14 0.87±0.13 0.932±0.07 0.863±0.11 0.917±0.08
TU 0.85±0.19 0.805±0.18 0.879±0.18 0.951±0.07 0.93±0.09 0.964±0.04

Automobile AU 0.911±0.05 0.903±0.05 0.916±0.05 0.905±0.06 0.9±0.06 0.899±0.06
EU 0.922±0.05 0.912±0.06 0.939±0.04 0.933±0.05 0.921±0.05 0.914±0.05
TU 0.916±0.04 0.91±0.04 0.92±0.05 0.908±0.06 0.906±0.06 0.901±0.06

Balance Scale AU 0.872±0.06 0.862±0.06 0.877±0.05 0.816±0.07 0.807±0.07 0.789±0.07
EU 0.843±0.09 0.852±0.08 0.844±0.08 0.833±0.08 0.803±0.07 0.758±0.07
TU 0.87±0.06 0.859±0.06 0.876±0.05 0.816±0.07 0.807±0.07 0.79±0.07

Boston Housing AU 0.507±0.13 0.496±0.12 0.528±0.14 0.656±0.13 0.618±0.13 0.773±0.12
EU 0.704±0.12 0.585±0.14 0.72±0.12 0.786±0.11 0.651±0.12 0.729±0.12
TU 0.52±0.13 0.501±0.12 0.543±0.14 0.67±0.13 0.621±0.13 0.769±0.12

CMC AU 0.363±0.07 0.362±0.07 0.365±0.06 0.545±0.07 0.54±0.07 0.628±0.06
EU 0.667±0.09 0.582±0.1 0.675±0.08 0.702±0.1 0.647±0.09 0.695±0.09
TU 0.371±0.07 0.368±0.07 0.375±0.06 0.555±0.08 0.55±0.08 0.634±0.07

ERA AU 0.218±0.03 0.199±0.02 0.222±0.03 0.205±0.03 0.2±0.03 0.221±0.03
EU 0.992±0.02 0.959±0.03 0.989±0.02 0.992±0.02 0.963±0.03 0.925±0.08
TU 0.258±0.03 0.252±0.02 0.258±0.03 0.221±0.03 0.216±0.03 0.232±0.03

ESL AU 0.078±0.06 0.084±0.07 0.08±0.06 0.1±0.06 0.103±0.06 0.118±0.07
EU 0.596±0.2 0.325±0.21 0.58±0.21 0.607±0.2 0.357±0.22 0.377±0.23
TU 0.088±0.07 0.086±0.07 0.087±0.07 0.11±0.07 0.107±0.07 0.128±0.08

Eucalyptus AU 0.583±0.05 0.568±0.06 0.592±0.05 0.646±0.01 0.646±0.01 0.646±0.01
EU 0.581±0.07 0.556±0.08 0.601±0.06 0.645±0.03 0.637±0.03 0.653±0.02
TU 0.59±0.05 0.574±0.06 0.599±0.05 0.647±0.01 0.646±0.01 0.646±0.01

Grub Damage AU 0.522±0.1 0.5±0.09 0.533±0.1 0.63±0.07 0.616±0.07 0.619±0.07
EU 0.667±0.08 0.62±0.09 0.656±0.09 0.712±0.06 0.662±0.07 0.62±0.06
TU 0.524±0.11 0.506±0.1 0.536±0.1 0.632±0.07 0.617±0.07 0.619±0.07

Heart (CLE) AU 0.324±0.06 0.316±0.06 0.33±0.05 0.342±0.05 0.332±0.05 0.341±0.06
EU 0.405±0.15 0.368±0.12 0.396±0.13 0.39±0.13 0.359±0.11 0.339±0.1
TU 0.325±0.06 0.318±0.06 0.325±0.06 0.342±0.05 0.334±0.06 0.341±0.06

LEV AU 0.129±0.03 0.151±0.04 0.117±0.03 0.12±0.03 0.139±0.04 0.133±0.04
EU 0.776±0.13 0.65±0.09 0.727±0.14 0.727±0.14 0.635±0.09 0.629±0.09
TU 0.145±0.04 0.16±0.05 0.127±0.03 0.133±0.04 0.147±0.05 0.145±0.05

Machine CPU AU 0.309±0.13 0.297±0.12 0.33±0.13 0.621±0.14 0.553±0.17 0.832±0.07
EU 0.432±0.15 0.338±0.13 0.459±0.14 0.726±0.13 0.471±0.15 0.701±0.14
TU 0.316±0.13 0.297±0.12 0.333±0.12 0.626±0.14 0.553±0.17 0.829±0.07

New Thyroid AU 0.966±0.03 0.957±0.04 0.97±0.03 0.954±0.03 0.95±0.04 0.945±0.04
EU 0.946±0.05 0.946±0.04 0.953±0.04 0.937±0.05 0.942±0.05 0.94±0.04
TU 0.964±0.03 0.956±0.04 0.966±0.03 0.954±0.03 0.949±0.04 0.947±0.04

Obesity AU 0.614±0.02 0.617±0.02 0.614±0.02 0.601±0.02 0.607±0.02 0.576±0.02
EU 0.687±0.04 0.66±0.03 0.682±0.04 0.679±0.04 0.661±0.03 0.664±0.03
TU 0.616±0.02 0.617±0.02 0.615±0.02 0.603±0.02 0.607±0.02 0.576±0.02

Pyrimidines AU 0.627±0.05 0.627±0.05 0.627±0.05 0.404±0.14 0.443±0.12 0.357±0.17
EU 0.536±0.26 0.478±0.26 0.559±0.27 0.635±0.26 0.657±0.28 0.653±0.25
TU 0.616±0.05 0.616±0.05 0.616±0.05 0.404±0.14 0.45±0.12 0.377±0.17

Red Wine AU 0.755±0.15 0.716±0.13 0.793±0.15 0.917±0.09 0.885±0.11 0.962±0.03
EU 0.95±0.03 0.878±0.08 0.965±0.03 0.975±0.02 0.929±0.06 0.961±0.03
TU 0.829±0.13 0.777±0.13 0.854±0.13 0.936±0.08 0.907±0.1 0.967±0.03

SWD AU 0.181±0.05 0.192±0.06 0.171±0.05 0.174±0.05 0.184±0.05 0.189±0.04
EU 0.648±0.18 0.494±0.11 0.59±0.15 0.599±0.15 0.492±0.11 0.488±0.1
TU 0.194±0.06 0.207±0.07 0.186±0.05 0.177±0.05 0.196±0.05 0.194±0.04

Stocks Domain AU 0.747±0.05 0.744±0.05 0.752±0.05 0.781±0.05 0.772±0.05 0.806±0.05
EU 0.818±0.1 0.78±0.08 0.826±0.09 0.836±0.09 0.79±0.07 0.807±0.08
TU 0.752±0.06 0.747±0.06 0.759±0.06 0.784±0.06 0.773±0.06 0.807±0.05

TAE AU 0.832±0.15 0.832±0.15 0.834±0.15 0.603±0.13 0.601±0.13 0.52±0.06
EU 0.618±0.26 0.641±0.23 0.643±0.25 0.613±0.19 0.635±0.17 0.629±0.14
TU 0.848±0.15 0.848±0.15 0.85±0.15 0.611±0.14 0.612±0.13 0.52±0.06

Triazines AU 0.567±0.11 0.521±0.12 0.582±0.12 0.697±0.09 0.659±0.09 0.69±0.09
EU 0.847±0.12 0.759±0.2 0.873±0.08 0.896±0.09 0.802±0.19 0.808±0.15
TU 0.574±0.11 0.519±0.12 0.595±0.12 0.704±0.09 0.678±0.1 0.707±0.1
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AUC-ROC (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

White Wine AU 0.644±0.17 0.579±0.16 0.705±0.15 0.846±0.08 0.793±0.09 0.891±0.06
EU 0.977±0.04 0.937±0.09 0.986±0.02 0.981±0.03 0.938±0.08 0.938±0.08
TU 0.818±0.09 0.763±0.09 0.853±0.09 0.899±0.08 0.844±0.09 0.91±0.07

Wisconsin

Breast Cancer

AU 0.873±0.06 0.857±0.06 0.874±0.06 0.818±0.08 0.811±0.08 0.805±0.08
EU 0.335±0.2 0.346±0.2 0.381±0.19 0.381±0.21 0.444±0.23 0.524±0.22
TU 0.852±0.06 0.839±0.07 0.854±0.07 0.801±0.08 0.797±0.08 0.79±0.1

F.2 Ensemble of MLPs - Detailed Results for OOD detection

In the case of an ensemble of MLPs, EU clearly outperforms TU and AU when it
comes to OOD detection. The MLP will output overconfident predictions for OOD
data with low to even no aleatoric uncertainty. Just like for GBTs (cf. Figure 11),
entropy-based measures outperform variance-based measures (cf. Figure F16), and
the proposed OCS decomposition method can be considered competitive with existing
standard and labelwise decompositions, though not excelling at OOD.

Table F8: OOD using an ensemble of MLPs.

AUC-ROC (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

Abalone AU 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
EU 0.8±0.35 0.799±0.35 0.799±0.35 0.799±0.35 0.799±0.35 0.795±0.35
TU 0.104±0.06 0.11±0.06 0.105±0.07 0.186±0.14 0.185±0.14 0.238±0.19

Auto MPG AU 0.008±0.01 0.015±0.02 0.008±0.01 0.021±0.02 0.029±0.02 0.06±0.03
EU 1.0±0.0 1.0±0.0 1.0±0.0 1.0±0.0 1.0±0.0 1.0±0.0
TU 0.647±0.06 0.682±0.08 0.627±0.06 0.87±0.05 0.897±0.05 0.913±0.05

Automobile AU 0.086±0.07 0.094±0.08 0.085±0.07 0.085±0.07 0.093±0.08 0.09±0.08
EU 0.569±0.29 0.562±0.29 0.564±0.29 0.57±0.29 0.568±0.29 0.562±0.29
TU 0.481±0.25 0.484±0.25 0.478±0.24 0.5±0.25 0.501±0.25 0.504±0.25

Balance Scale AU 0.331±0.15 0.334±0.15 0.331±0.15 0.331±0.15 0.334±0.15 0.334±0.15
EU 0.573±0.33 0.569±0.33 0.573±0.33 0.573±0.33 0.569±0.33 0.569±0.33
TU 0.556±0.33 0.557±0.33 0.555±0.33 0.555±0.33 0.557±0.33 0.556±0.33

Boston Housing AU 0.003±0.01 0.003±0.01 0.003±0.01 0.002±0.01 0.003±0.01 0.003±0.01
EU 0.731±0.09 0.728±0.1 0.729±0.1 0.728±0.09 0.726±0.09 0.721±0.08
TU 0.589±0.12 0.598±0.13 0.58±0.12 0.577±0.12 0.591±0.12 0.582±0.12

CMC AU 0.001±0.0 0.001±0.0 0.001±0.0 0.001±0.0 0.001±0.0 0.001±0.0
EU 0.924±0.2 0.915±0.2 0.921±0.2 0.921±0.2 0.91±0.2 0.898±0.2
TU 0.553±0.15 0.548±0.15 0.558±0.15 0.552±0.17 0.544±0.16 0.58±0.18

ERA AU 0.243±0.02 0.236±0.02 0.244±0.02 0.251±0.03 0.251±0.03 0.264±0.03
EU 0.926±0.03 0.844±0.07 0.903±0.04 0.909±0.04 0.813±0.08 0.752±0.09
TU 0.259±0.03 0.258±0.03 0.258±0.03 0.26±0.03 0.258±0.03 0.271±0.03

ESL AU 0.009±0.01 0.012±0.01 0.009±0.01 0.013±0.01 0.017±0.01 0.025±0.01
EU 0.397±0.28 0.389±0.28 0.396±0.28 0.398±0.28 0.389±0.28 0.388±0.28
TU 0.121±0.11 0.128±0.11 0.114±0.1 0.193±0.18 0.19±0.17 0.25±0.24

Eucalyptus AU 0.028±0.01 0.03±0.01 0.028±0.01 0.029±0.01 0.03±0.01 0.03±0.01
EU 1.0±0.0 1.0±0.0 0.999±0.0 0.994±0.01 0.991±0.01 0.978±0.03
TU 0.972±0.03 0.97±0.03 0.971±0.03 0.95±0.04 0.952±0.04 0.94±0.04

Grub Damage AU 0.1±0.04 0.109±0.05 0.099±0.05 0.099±0.04 0.108±0.04 0.115±0.04
EU 0.934±0.13 0.915±0.14 0.929±0.13 0.917±0.15 0.899±0.16 0.868±0.15
TU 0.745±0.16 0.74±0.16 0.743±0.16 0.723±0.15 0.729±0.15 0.709±0.14

Heart (CLE) AU 0.016±0.01 0.017±0.01 0.015±0.01 0.016±0.01 0.017±0.01 0.018±0.01
EU 0.777±0.21 0.75±0.21 0.754±0.2 0.738±0.21 0.72±0.23 0.687±0.22
TU 0.478±0.14 0.503±0.14 0.469±0.13 0.476±0.18 0.492±0.18 0.481±0.18

LEV AU 0.012±0.0 0.013±0.0 0.011±0.0 0.01±0.0 0.012±0.0 0.011±0.0
EU 0.474±0.23 0.447±0.26 0.469±0.23 0.469±0.23 0.446±0.26 0.445±0.26
TU 0.035±0.03 0.048±0.03 0.026±0.02 0.024±0.02 0.042±0.03 0.03±0.03

Machine CPU AU 0.076±0.05 0.083±0.05 0.076±0.05 0.073±0.05 0.081±0.05 0.074±0.04

Continued on next page
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AUC-ROC (↑)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)

Dataset Type

EU 0.237±0.09 0.177±0.09 0.227±0.08 0.226±0.08 0.175±0.09 0.171±0.09
TU 0.092±0.06 0.094±0.06 0.091±0.06 0.087±0.05 0.09±0.06 0.083±0.05

New Thyroid AU 0.146±0.07 0.15±0.08 0.146±0.07 0.141±0.07 0.145±0.07 0.137±0.07
EU 0.175±0.08 0.17±0.08 0.174±0.08 0.173±0.08 0.168±0.08 0.164±0.08
TU 0.152±0.08 0.152±0.08 0.152±0.08 0.146±0.07 0.147±0.07 0.14±0.07

Obesity AU 0.004±0.01 0.004±0.01 0.004±0.01 0.004±0.01 0.004±0.01 0.004±0.01
EU 0.92±0.19 0.911±0.19 0.917±0.19 0.913±0.19 0.909±0.19 0.906±0.19
TU 0.859±0.17 0.857±0.17 0.859±0.17 0.869±0.17 0.868±0.17 0.872±0.18

Pyrimidines AU 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
EU 0.898±0.22 0.888±0.22 0.888±0.22 0.846±0.2 0.846±0.2 0.814±0.2
TU 0.692±0.23 0.66±0.21 0.692±0.23 0.715±0.24 0.715±0.25 0.691±0.26

Red Wine AU 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
EU 0.998±0.01 0.99±0.03 0.995±0.01 0.998±0.0 0.997±0.0 0.984±0.01
TU 0.777±0.1 0.802±0.1 0.751±0.1 0.763±0.07 0.799±0.08 0.787±0.08

SWD AU 0.004±0.0 0.005±0.0 0.004±0.0 0.004±0.0 0.005±0.0 0.005±0.0
EU 0.363±0.3 0.352±0.3 0.361±0.3 0.361±0.3 0.352±0.3 0.351±0.3
TU 0.044±0.04 0.047±0.04 0.041±0.03 0.04±0.03 0.043±0.04 0.042±0.04

Stocks Domain AU 0.339±0.08 0.383±0.09 0.339±0.08 0.375±0.08 0.417±0.09 0.46±0.09
EU 0.977±0.05 0.969±0.06 0.977±0.05 0.977±0.05 0.969±0.06 0.97±0.06
TU 0.81±0.07 0.804±0.07 0.815±0.08 0.889±0.08 0.875±0.07 0.902±0.08

TAE AU 0.018±0.02 0.022±0.02 0.018±0.02 0.017±0.02 0.019±0.02 0.017±0.02
EU 0.906±0.17 0.892±0.18 0.906±0.17 0.906±0.17 0.888±0.18 0.873±0.17
TU 0.47±0.2 0.475±0.21 0.461±0.2 0.445±0.2 0.455±0.21 0.445±0.21

Triazines AU 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
EU 0.609±0.31 0.594±0.3 0.604±0.31 0.604±0.32 0.581±0.3 0.568±0.3
TU 0.505±0.27 0.504±0.27 0.509±0.28 0.48±0.26 0.475±0.25 0.47±0.25

White Wine AU 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
EU 0.989±0.01 0.972±0.04 0.977±0.03 0.982±0.01 0.975±0.02 0.951±0.03
TU 0.489±0.14 0.509±0.13 0.478±0.15 0.605±0.14 0.617±0.13 0.648±0.12

Wisconsin

Breast Cancer

AU 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0 0.0±0.0
EU 0.907±0.19 0.878±0.2 0.878±0.2 0.862±0.21 0.839±0.22 0.807±0.24
TU 0.614±0.18 0.617±0.17 0.601±0.18 0.585±0.22 0.598±0.23 0.577±0.23

Fig. F16: CD diagram for OOD detection of the different uncertainty measures using
an ensemble of MLPs.
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Appendix G Class Imbalance Analysis

In this section, we examine common class imbalance scenarios in ordinal data and eval-
uate the previously discussed uncertainty quantification methods in these contexts.
Specifically, we generate synthetic datasets that arguably represent the most preva-
lent imbalance distributions in ordinal data: the extreme bimodal distribution (D1),
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(a) The MLP extrapolates smoothly, assign-
ing high-confidence predictions even in OOD
regions.

−2 −1 0 1 2 3

−1

0

1

2

(b) The GBT does not extrapolate outside
the training data and assigns more uncer-
tain probabilities instead (closer to 0.5 in the
binary case) (Chen & Guestrin, 2016).

Fig. F17: Illustration of different behaviors of MLPs and GBTs when it comes to OOD
data. In the case of an MLP, OOD data will be predicted confidently with low aleatoric
uncertainty. In contrast, OOD data will lead to high aleatoric uncertainty with GBTs,
as GBTs will not extrapolate. If an OOD sample falls outside the learned partitions,
it is forced into the nearest known leaf. This results in high aleatoric uncertainty, as
the OOD sample may be assigned to a leaf that contains a mix of different labels,
leading to a less confident prediction.

extreme right- and left-tailed distributions (D2 and D3), and the extreme unimodal
distribution (D4) (see Figure G18).

We assume the existence of a latent standard normal continuous variable z ∼
N (0, 1) underlying both the ordinal target y and the features x. Ordinal labels y
are derived by thresholding z, resulting in ordered but not necessarily equally spaced
categories, as the thresholds themselves are not equally spaced:

y = k if tk−1 < z ≤ tk for k = 1, . . . ,K,

where t0 = −∞, tK = +∞, and t1, . . . , tK−1 are thresholds to be determined.
To induce class imbalances according to predefined proportions (see Table G9), we

determine thresholds tk such that

P (y = k) = Φ(tk)− Φ(tk−1) = pk for k = 1, . . . ,K,

where Φ(·) denotes the cumulative distribution function (CDF) of the standard normal
distribution, and pk is the desired proportion for class k. The exact threshold values
can be calculated using the cumulative sums of pk and the inverse CDF (quantile
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function) of the normal distribution:

tk = Φ−1




k∑

j=1

pj


 for k = 1, . . . ,K − 1,

with t0 = −∞ and tK = +∞. The threshold values for the four synthetic datasets are
presented in Table G10.

Each feature xj of the synthetic datasets is generated as a function of z and
independent Gaussian noise:

x1 = z +N (0, 1.0)

x2 = sin(z) +N (0, 1.0)

x3 = 0.8z +N (0, 0.2)

x4 = 0.5z +N (0, 0.3)

Table G9: Five-class (K = 5) distributions used to generate y for
the synthetic datasets D1, D2, D3, and D4.

Dataset P (y = y1) P (y = y2) P (y = y3) P (y = y4) P (y = y5)

D1 0.45 0.045 0.015 0.04 0.45
D2 0.80 0.07 0.055 0.045 0.03
D3 0.03 0.045 0.055 0.07 0.80
D4 0.03 0.07 0.80 0.07 0.03

Table G10: Threshold values for the synthetic datasets D1, D2, D3, and
D4 according to the prior distributions in Table G9

Dataset t0 t1 t2 t3 t4 t5

D1 −∞ -0.12566135 -0.01253347 0.02506891 0.12566135 +∞
D2 −∞ 0.84162123 1.12639113 1.43953147 1.88079361 +∞
D3 −∞ -1.88079361 -1.43953147 -1.12639113 -0.84162123 +∞
D4 −∞ -1.88079361 -1.28155157 1.28155157 1.88079361 +∞

We again make use of an ensemble of 10 GBTs (LightGBM) with a subsample
rate of 0.5. Figure G19 shows the resulting confusion matrices for the four different
datasets. Table G11 displays various performance metrics, including those specifi-
cally designed for imbalanced data, like balanced ACC (BACC), the average MAE
(AMAE) (Baccianella et al., 2009) and maximum MAE (MMAE) (Cruz-Ramı́rez et
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Fig. G18: Common synthetic class imbalances in ordinal data with n = 10, 000 and
generated according to the distributions in Table G9.
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Fig. G19: Confusion matrices for the synthetic datasets.

Table G11: Predictive performance of the GBT ensemble on the four synthetic ordinal datasets.

Dataset ACC BACC MAE AMAE MMAE QWK NLL UMOD

D1 0.858±0.010 0.411±0.014 0.322±0.035 1.101±0.053 1.886±0.108 0.877±0.017 0.455±0.025 0.033±0.007
D2 0.873±0.009 0.609±0.038 0.143±0.012 0.438±0.045 0.722±0.063 0.911±0.012 0.319±0.033 0.951±0.008
D3 0.872±0.009 0.607±0.029 0.144±0.008 0.441±0.022 0.726±0.050 0.911±0.006 0.320±0.017 0.951±0.011
D4 0.904±0.009 0.750±0.027 0.096±0.009 0.251±0.027 0.386±0.044 0.871±0.012 0.243±0.027 0.999±0.001

al., 2014). Additionally, we include the degree of unimodality (UMOD) exhibited by
the predictor’s predictive probabilities, ranging from 0 (none) to 1 (fully unimodal).

To evaluate how the different uncertainty measures perform under class imbalance,
we categorize the classes into three groups. For each dataset, the head consists of
the most frequent class(es), the tail comprises the less frequent classes, and the full
category includes all classes (see Table G12).

Subsequently, we calculate PRRs (Malinin, 2019) for the different class groups and
separately for MCR and MAE.

Based on the results, we draw the following conclusions for the full category:

• For MCR (see Figure G20 and Table G13), all measures yield comparable PRRs,
except for EU. In this case, ord-var and var achieve the best performance.
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Table G12: Definition of head and tail
class groupings for each synthetic five-
class dataset (K = 5).

Dataset Head Tail Full

D1 {1,5} {2,3,4} {1,2,3,4,5}
D2 {1} {2,3,4,5} {1,2,3,4,5}
D3 {5} {1,2,3,4} {1,2,3,4,5}
D4 {3} {1,2,4,5} {1,2,3,4,5}

• For MAE (see Figure G21 and Table G14), the differences in PRRs across datasets
and uncertainty measures are more pronounced. For D1, D2, and D3, the binary
reduction and variance measures provide a clear advantage for all uncertainty types.
For D4, the differences are less distinct, which aligns with the assumption that, for
centered unimodal distributions, accounting for distance becomes less important.

For the head category, containing the most frequent class(es), we draw the following
conclusions:

• For MCR (see Figure G22 and Table G15), nominal measures perform slightly better
or are at least comparable to ordinal measures.

• For MAE (see Figure G23 and Table G16), the results are similar, with ordinal
measures showing a slight improvement and greater overlap between the methods.

For the tail category, which includes the less frequent classes, we draw the following
conclusions:

• For MCR (see Figure G24 and Table G17), ordinal measures consistently outper-
form nominal measures in uncertainty quantification across all uncertainty types.
The only exception is D4, where the differences are minimal or overlapping, again
supporting the assumption that, for unimodal distributions, accounting for distance
becomes less important.

• For MAE (see Figure G25 and Table G18), a similar pattern emerges: ordinal
measures outperform nominal measures, with the only exception being D4.

Overall, our findings indicate that ordinal measures, including variance, which
performed surprisingly well despite our efforts to avoid introducing equal distances
between classes, offer superior uncertainty quantification in ordinal classification for
underrepresented classes compared to traditional nominal measures. They remain com-
petitive across all classes and are particularly effective when accounting for distance is
important, for example when evaluating performance using the MAE. The strength of
this effect also depends on the type of class imbalance. Ordinal measures demonstrate
a clear advantage in bimodal, left-tailed, and right-tailed distributions. In contrast,
for centered unimodal distributions, incorporating distance does not appear to offer
significant benefits.
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Fig. G20: Full - PRR (MCR)

Table G13: Full - PRR (MCR)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)
Dataset Type

D1 AU 0.847 ±0.017 0.848 ±0.018 0.848 ±0.018 0.848 ±0.017 0.847 ±0.017 0.845 ±0.017
EU 0.82 ±0.017 0.808 ±0.019 0.816 ±0.019 0.816 ±0.015 0.829 ±0.015 0.829 ±0.017
TU 0.846 ±0.017 0.847 ±0.018 0.847 ±0.018 0.847 ±0.017 0.847 ±0.017 0.844 ±0.017

D2 AU 0.873 ±0.008 0.874 ±0.008 0.875 ±0.008 0.876 ±0.008 0.875 ±0.008 0.875 ±0.008
EU 0.861 ±0.01 0.854 ±0.011 0.859 ±0.011 0.859 ±0.01 0.864 ±0.01 0.864 ±0.01
TU 0.873 ±0.008 0.874 ±0.008 0.875 ±0.008 0.876 ±0.008 0.875 ±0.008 0.875 ±0.008

D3 AU 0.868 ±0.009 0.87 ±0.008 0.871 ±0.008 0.873 ±0.009 0.872 ±0.009 0.873 ±0.009
EU 0.854 ±0.011 0.847 ±0.011 0.853 ±0.01 0.853 ±0.011 0.857 ±0.011 0.857 ±0.011
TU 0.868 ±0.009 0.87 ±0.008 0.871 ±0.008 0.873 ±0.009 0.871 ±0.009 0.873 ±0.009

D4 AU 0.81 ±0.018 0.81 ±0.018 0.81 ±0.018 0.81 ±0.018 0.81 ±0.018 0.81 ±0.019
EU 0.803 ±0.02 0.792 ±0.021 0.791 ±0.021 0.792 ±0.021 0.803 ±0.02 0.803 ±0.02
TU 0.81 ±0.018 0.81 ±0.018 0.81 ±0.018 0.81 ±0.018 0.81 ±0.019 0.81 ±0.019
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Fig. G21: Full - PRR (MAE)

Table G14: Full - PRR (MAE)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)
Dataset Type

D1 AU 0.833 ±0.021 0.834 ±0.021 0.835 ±0.021 0.841 ±0.021 0.84 ±0.021 0.84 ±0.02
EU 0.802 ±0.021 0.791 ±0.022 0.8 ±0.022 0.804 ±0.022 0.817 ±0.022 0.822 ±0.022
TU 0.832 ±0.021 0.833 ±0.022 0.834 ±0.022 0.841 ±0.021 0.84 ±0.021 0.84 ±0.02

D2 AU 0.854 ±0.011 0.856 ±0.01 0.857 ±0.01 0.859 ±0.01 0.858 ±0.01 0.859 ±0.01
EU 0.844 ±0.009 0.839 ±0.011 0.843 ±0.011 0.844 ±0.011 0.847 ±0.01 0.848 ±0.01
TU 0.854 ±0.01 0.856 ±0.01 0.857 ±0.01 0.859 ±0.01 0.858 ±0.01 0.86 ±0.01

D3 AU 0.856 ±0.011 0.857 ±0.01 0.858 ±0.01 0.861 ±0.009 0.86 ±0.01 0.862 ±0.009
EU 0.842 ±0.015 0.835 ±0.015 0.84 ±0.013 0.841 ±0.013 0.845 ±0.014 0.846 ±0.013
TU 0.855 ±0.011 0.857 ±0.01 0.858 ±0.01 0.861 ±0.009 0.859 ±0.01 0.862 ±0.009

D4 AU 0.81 ±0.019 0.81 ±0.019 0.81 ±0.019 0.81 ±0.019 0.81 ±0.019 0.81 ±0.02
EU 0.803 ±0.021 0.792 ±0.021 0.791 ±0.021 0.791 ±0.021 0.803 ±0.021 0.803 ±0.021
TU 0.81 ±0.02 0.81 ±0.019 0.81 ±0.019 0.81 ±0.02 0.81 ±0.02 0.81 ±0.02
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Fig. G22: Head - PRR (MCR)

Table G15: Head - PRR (MCR)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)
Dataset Type

D1 AU 0.924 ±0.019 0.923 ±0.019 0.923 ±0.019 0.915 ±0.019 0.914 ±0.018 0.905 ±0.019
EU 0.894 ±0.018 0.878 ±0.022 0.887 ±0.02 0.883 ±0.017 0.898 ±0.015 0.89 ±0.017
TU 0.924 ±0.019 0.923 ±0.019 0.923 ±0.02 0.915 ±0.018 0.915 ±0.018 0.905 ±0.019

D2 AU 0.978 ±0.007 0.98 ±0.007 0.982 ±0.006 0.98 ±0.006 0.978 ±0.007 0.976 ±0.006
EU 0.961 ±0.007 0.954 ±0.006 0.96 ±0.005 0.96 ±0.004 0.961 ±0.006 0.96 ±0.006
TU 0.977 ±0.007 0.979 ±0.007 0.981 ±0.006 0.98 ±0.006 0.977 ±0.007 0.976 ±0.006

D3 AU 0.978 ±0.006 0.98 ±0.005 0.981 ±0.003 0.98 ±0.003 0.978 ±0.004 0.976 ±0.003
EU 0.961 ±0.006 0.954 ±0.005 0.961 ±0.005 0.96 ±0.005 0.961 ±0.006 0.959 ±0.007
TU 0.977 ±0.006 0.979 ±0.004 0.981 ±0.003 0.979 ±0.003 0.977 ±0.004 0.976 ±0.003

D4 AU 0.917 ±0.021 0.919 ±0.021 0.919 ±0.02 0.919 ±0.02 0.917 ±0.021 0.918 ±0.021
EU 0.904 ±0.019 0.891 ±0.017 0.893 ±0.017 0.893 ±0.017 0.904 ±0.018 0.903 ±0.019
TU 0.917 ±0.021 0.917 ±0.021 0.918 ±0.02 0.919 ±0.02 0.917 ±0.021 0.917 ±0.021
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Fig. G23: Head - PRR (MAE)

Table G16: Head - PRR (MAE)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)
Dataset Type

D1 AU 0.924 ±0.019 0.924 ±0.019 0.924 ±0.019 0.926 ±0.017 0.926 ±0.017 0.922 ±0.016
EU 0.884 ±0.016 0.87 ±0.018 0.882 ±0.017 0.882 ±0.017 0.899 ±0.016 0.9 ±0.015
TU 0.923 ±0.019 0.923 ±0.019 0.923 ±0.019 0.926 ±0.017 0.926 ±0.017 0.921 ±0.016

D2 AU 0.977 ±0.007 0.979 ±0.007 0.981 ±0.006 0.981 ±0.006 0.978 ±0.007 0.978 ±0.006
EU 0.96 ±0.008 0.954 ±0.008 0.96 ±0.006 0.96 ±0.005 0.961 ±0.008 0.961 ±0.007
TU 0.977 ±0.007 0.979 ±0.007 0.981 ±0.006 0.981 ±0.006 0.978 ±0.007 0.977 ±0.006

D3 AU 0.982 ±0.006 0.984 ±0.006 0.985 ±0.004 0.984 ±0.004 0.983 ±0.005 0.982 ±0.004
EU 0.962 ±0.008 0.955 ±0.008 0.963 ±0.007 0.962 ±0.007 0.964 ±0.008 0.963 ±0.009
TU 0.982 ±0.006 0.984 ±0.005 0.985 ±0.004 0.984 ±0.004 0.982 ±0.006 0.982 ±0.004

D4 AU 0.917 ±0.021 0.919 ±0.021 0.92 ±0.021 0.92 ±0.021 0.918 ±0.021 0.918 ±0.021
EU 0.904 ±0.019 0.892 ±0.017 0.893 ±0.017 0.893 ±0.017 0.904 ±0.019 0.903 ±0.019
TU 0.917 ±0.021 0.918 ±0.021 0.919 ±0.02 0.919 ±0.02 0.917 ±0.021 0.917 ±0.021
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Fig. G24: Tail - PRR (MCR)

Table G17: Tail - PRR (MCR)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)
Dataset Type

D1 AU -0.512 ±0.185 -0.501 ±0.194 -0.501 ±0.195 -0.282 ±0.155 -0.278 ±0.152 -0.168 ±0.146
EU -0.567 ±0.168 -0.527 ±0.169 -0.515 ±0.184 -0.417 ±0.153 -0.422 ±0.189 -0.249 ±0.174
TU -0.538 ±0.181 -0.523 ±0.187 -0.513 ±0.193 -0.285 ±0.159 -0.287 ±0.151 -0.169 ±0.15

D2 AU 0.132 ±0.058 0.128 ±0.06 0.123 ±0.061 0.135 ±0.06 0.146 ±0.061 0.149 ±0.059
EU 0.142 ±0.07 0.127 ±0.075 0.125 ±0.076 0.132 ±0.071 0.16 ±0.066 0.174 ±0.06
TU 0.134 ±0.057 0.129 ±0.06 0.125 ±0.061 0.136 ±0.06 0.15 ±0.058 0.152 ±0.058

D3 AU 0.145 ±0.034 0.139 ±0.039 0.134 ±0.041 0.152 ±0.05 0.164 ±0.048 0.173 ±0.056
EU 0.133 ±0.046 0.109 ±0.045 0.108 ±0.045 0.116 ±0.048 0.151 ±0.05 0.166 ±0.05
TU 0.145 ±0.035 0.14 ±0.041 0.134 ±0.044 0.153 ±0.053 0.164 ±0.048 0.174 ±0.056

D4 AU 0.268 ±0.079 0.261 ±0.077 0.255 ±0.075 0.254 ±0.076 0.265 ±0.079 0.262 ±0.078
EU 0.28 ±0.067 0.266 ±0.067 0.257 ±0.067 0.258 ±0.068 0.281 ±0.067 0.283 ±0.067
TU 0.27 ±0.077 0.265 ±0.076 0.258 ±0.075 0.257 ±0.075 0.268 ±0.077 0.265 ±0.078
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Fig. G25: Tail - PRR (MAE)

Table G18: Tail - PRR (MAE)

Measure bin-ent (↑) bin-var (↑) ent (↑) ord-ent (↑) ord-var (↑) var (↑)
Dataset Type

D1 AU -0.287 ±0.082 -0.279 ±0.079 -0.276 ±0.077 -0.214 ±0.111 -0.214 ±0.112 -0.169 ±0.12
EU -0.221 ±0.092 -0.198 ±0.095 -0.212 ±0.088 -0.159 ±0.104 -0.194 ±0.107 -0.141 ±0.124
TU -0.292 ±0.082 -0.283 ±0.078 -0.276 ±0.078 -0.213 ±0.11 -0.215 ±0.112 -0.169 ±0.121

D2 AU 0.066 ±0.086 0.065 ±0.086 0.064 ±0.087 0.08 ±0.089 0.088 ±0.091 0.097 ±0.088
EU 0.092 ±0.081 0.087 ±0.085 0.079 ±0.09 0.09 ±0.088 0.107 ±0.083 0.122 ±0.082
TU 0.068 ±0.085 0.067 ±0.086 0.066 ±0.087 0.082 ±0.088 0.091 ±0.09 0.1 ±0.088

D3 AU 0.083 ±0.048 0.079 ±0.054 0.076 ±0.055 0.094 ±0.061 0.105 ±0.061 0.117 ±0.06
EU 0.094 ±0.055 0.078 ±0.046 0.07 ±0.043 0.081 ±0.043 0.109 ±0.054 0.122 ±0.049
TU 0.081 ±0.049 0.079 ±0.053 0.074 ±0.055 0.095 ±0.06 0.105 ±0.059 0.118 ±0.059

D4 AU 0.267 ±0.076 0.259 ±0.075 0.253 ±0.074 0.252 ±0.074 0.263 ±0.076 0.26 ±0.077
EU 0.28 ±0.065 0.266 ±0.065 0.257 ±0.066 0.258 ±0.066 0.28 ±0.065 0.283 ±0.066
TU 0.269 ±0.075 0.263 ±0.074 0.256 ±0.073 0.255 ±0.074 0.266 ±0.075 0.263 ±0.077
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axiomatic assessment of entropy-and variance-based uncertainty quantification
in regression. arXiv preprint arXiv:2504.18433 , ,

Cao, W., Mirjalili, V., Raschka, S. (2020). Rank consistent ordinal regression for
neural networks with application to age estimation. Pattern Recognit. Lett.,
140 , 325–331, https://doi.org/10.1016/J.PATREC.2020.11.008 Retrieved from
https://doi.org/10.1016/j.patrec.2020.11.008

58



Chang, Y., Chang, K., Wu, G. (2018). Application of extreme gradient boosting trees
in the construction of credit risk assessment models for financial institutions.
Appl. Soft Comput., 73 , 914–920, https://doi.org/10.1016/J.ASOC.2018.09.029
Retrieved from https://doi.org/10.1016/j.asoc.2018.09.029

Chen, T., & Guestrin, C. (2016). Xgboost: A scalable tree boosting system. Proceed-
ings of the 22nd ACM SIGKDD international conference on knowledge discovery
and data mining, san francisco, ca, usa, august 13-17, 2016 (pp. 785–794).
ACM. Retrieved from https://doi.org/10.1145/2939672.2939785

Cohen, J. (1968). Weighted kappa: Nominal scale agreement provision for scaled
disagreement or partial credit. Psychological bulletin, 70 (4), 213,

Cruz-Ramı́rez, M., Hervás-Mart́ınez, C., Sánchez-Monedero, J., Gutiérrez,
P.A. (2014). Metrics to guide a multi-objective evolutionary
algorithm for ordinal classification. Neurocomputing , 135 , 21–31,
https://doi.org/10.1016/J.NEUCOM.2013.05.058 Retrieved from
https://doi.org/10.1016/j.neucom.2013.05.058

de La Torre, J., Puig, D., Valls, A. (2018). Weighted kappa loss function for multi-
class classification of ordinal data in deep learning. Pattern Recognit. Lett.,
105 , 144–154, https://doi.org/10.1016/J.PATREC.2017.05.018 Retrieved from
https://doi.org/10.1016/j.patrec.2017.05.018

de Menezes e Silva Filho, T., Song, H., Perelló-Nieto, M., Santos-Rodŕıguez, R.,
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Conclusion, Limitations, and
Future Research

5
This thesis has investigated the challenges associated with automating expert ratings
using machine learning, specifically through behavioral cloning. In this learning
paradigm, only observed expert decisions are available, whereas consequential
outcome data is absent. As a result, it is not possible to predict ground-truth
outcomes or estimate causal treatment effects. Instead, the objective is to mimic
expert decision-making in a manner that is consistent, auditable, uncertainty-
aware, unbiased, and aligned with domain-specific requirements. The key
challenges in automating expert ratings through behavioral cloning include:

• Human decision biases, leading to imbalanced data and underutilization of
the full rating scale.

• High data uncertainty, stemming from the inherently stochastic nature of
human judgment.

• Need for interpretability and auditability, which is essential in high-stakes
contexts to build trust in model decisions.

• Adaptability of predictors, requiring models that can learn “appropriate”
prescriptive behaviors rather than merely replicating historical decisions.

Guided by a proposed framework specifically tailored to the automation of expert
ratings (Section 3.3), this thesis introduces and evaluates several methodological
building blocks to address these challenges in the real-world use case of automotive
goodwill claim assessment:

• Ordinal scale-aware cost-sensitive instance weighting (Section 4.1) and
unimodal label smoothing (Section 4.4) have proven effective in mitigating
decision bias by reducing bias and overconfidence in decisions, while also
considering the ordinal structure of rating data. Moreover, these approaches
facilitate the integration of domain knowledge and better align learned pre-
dictors with business objectives. Resulting in prescriptive models that provide
actionable outcomes in different scenarios (e.g., “How should we decide if the
budget is limited or customer satisfaction is key?”).
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• Explainable AI has demonstrated its value in examining machine learning-
based decisions and addressing organizational resistance to adoption, par-
ticularly through global and local feature attribution methods (Section 4.3).
Moreover, XAI enables the alignment of expert decisions and organizational
objectives by increasing transparency and revealing potential biases.

• Novel uncertainty quantification methods for ordinal data have shown
substantial improvements over existing techniques for error detection by iden-
tifying good trade-offs between exact hit-rate and error distance reduction
(Sections 4.5 and 4.6). These advancements help reduce operational risk
by enabling selective classification strategies that identify confident and con-
sistent ratings (Section 4.2), also turning a behavioral cloning model into a
prescriptive one (e.g., “Can we confidently process this request automatically,
or should we abstain and re-evaluate?”).

These building blocks have been shown to serve as effective proxy signals, compen-
sating for the absence of true outcome data.

Furthermore, this thesis offers both theoretical and practical contributions to the
field of machine learning–based prescriptive analytics, particularly in the context of
ordinal classification and uncertainty quantification, by serving as an antidote to the
prevalent inductive bias of unimodality in ordinal classification. While this inductive
bias may be justified for discretized continuous targets (e.g., age estimation from
images), rating data does not necessarily conform to this assumption. The dis-
tinction made by Anderson [And84] between “grouped continuous” and “assessed”
ordered categorical variables is therefore crucial when selecting the appropriate
type of predictor and loss function, especially when uncertainty quantification is a
key consideration. As demonstrated by this thesis, “assessed” ordered categorical
variables, such as rating data, exhibit strong ties to the social sciences, where such
variables are common, for instance, in the form of Likert-scale survey data. This con-
nection makes measures of polarization or consensus [AR22] particularly valuable
tools for uncertainty quantification in ordinal classification, and for rating data in
particular, surpassing the effectiveness of commonly used uncertainty measures for
nominal classification and regression. This thesis has demonstrated that, in ordinal
classification applications requiring uncertainty-informed decision-making, it may
be more effective to embrace potentially larger errors through unbiased uncertainty
representation combined with proper ordinal-aware uncertainty measures, rather
than suppressing them by imposing a strong inductive unimodality bias. Here, classic
Bayesian decision theory, on the basis of calibrated multi-class predictive probabil-
ities obtained through proper scoring rules and calibration, seems to be the most
suitable choice. It has the potential to provide both unbiased uncertainty quantifica-
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tion and distance-awareness by minimizing the expected loss of a distance-aware
loss function, as detailed in Section 2.2.4.1. Since ordinal targets are prevalent in
high-stakes settings such as medicine and finance, these findings have broad and
significant implications.

Limitations Despite its contributions, this thesis has certain limitations. One key
limitation is its focus on classical supervised machine learning in the form of behav-
ioral cloning, which is not ideal for prescriptive settings [Ker+25]. In particular,
for the goodwill claim assessment use case, only information about the input X

and the treatment T or decision A, the goodwill contribution, is available, while
the outcome Y resulting from the specific treatment, e.g., future service or vehicle
purchases triggered by goodwill contributions, remains unknown. Consequently,
machine learning models prescribe the most likely treatment or decision, which is
treated as a proxy label for the outcome Y despite the lack of information about
actual effects on outcomes, a situation deemed unsatisfactory [Fis+24; Ker+25].

This limitation stems from the current unavailability of outcome data for the consid-
ered goodwill claim assessment use case. Incorporating such data would enable a
deeper understanding of contribution effects and facilitate the development of causal
machine learning models better aligned with prescriptive objectives [Feu+24]. In
this context, uplift modeling [GG17; DMV18; DBV21; ZLL22] represents a particu-
larly promising practical approach. Its primary goal is to identify individuals who
are most likely to respond positively to an intervention (e.g., a marketing campaign),
such as remaining loyal to a brand or purchasing a new product. This capability facil-
itates the more effective allocation of financial resources. Formally, uplift is defined
as the difference in outcome probabilities resulting from a treatment [DBV21]:

U(x) := P (Y = 1 | x, T = 1) − P (Y = 1 | x, T = 0),

where Y ∈ {0, 1} represents the outcome (e.g., whether a future vehicle purchase
occurs), and T ∈ {0, 1} the treatment (e.g., whether a goodwill contribution is
made). Essentially, uplift modeling is a practical instantiation of CATE estimation,
in which customers are subsequently categorized into four different groups—sure
things, lost causes, persuadables, and do-not-disturbs. The goal of uplift modeling is
to target persuadables only, enabling more efficient use of budget, which would be
highly valuable in the context of goodwill claim assessment. The standard setting of
uplift modeling, however, only considers binary treatments and outcomes. When
dealing with rating data, it may be necessary to estimate ordinal treatment effects,
as discussed by Chen et al. [Che+18], to identify the appropriate amount or dose
of goodwill [Vos+24]. However, the use case of goodwill claim assessment also
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illustrates that such outcome information is difficult to obtain in practical scenarios,
as it might only become available in the distant future. In the considered example,
this corresponds to a subsequent vehicle purchase occurring long after a specific
goodwill contribution or treatment was made. Identifying a causal relationship
between the contribution and the outcome over such a long time frame, while
accounting for confounding external factors, appears to be highly challenging.

Nevertheless, it is debatable whether uplift modeling, or causal machine learning
more broadly, is the most appropriate solution for the use case at hand. While such
methods may lead to business-optimal decisions, they can also result in outcomes that
are perceived as unfair or inconsistent. For instance, two customers experiencing
the same vehicle issue might receive different treatments based on factors such
as demographics, thereby violating the principle of consistent decision-making.
Over time, these inconsistencies could damage the manufacturer’s reputation and
potentially outweigh any short-term business gains. A combination of behavioral
cloning and uplift modeling could offer a more balanced approach by addressing
both consistency and business outcome optimization. The choice of which method
fits better could be determined on a case-by-case basis.

Another limitation of the approach outlined in this thesis is its exclusive focus on
learning decision models purely from observational data. Although the investigated
and proposed methods allow for some incorporation of domain knowledge and
objectives, through cost-sensitive instance weighting (Section 4.1) and unimodal
label smoothing (Section 4.4), this capability remains limited. To better integrate
data-driven models with expert insights and nuanced contextual factors that may not
be directly captured in the data, it is crucial to address the potential misalignment of
the models with real-world decision-making requirements. In particular, the ability
to inject ad-hoc decision requirements at a per-instance level could represent a valid
and necessary extension.

Future Research An intriguing area for future research in prescriptive analytics, in
particular when using behavioral cloning, is the integration of classical supervised
machine learning models with foundation models such as Large Language Models
(LLMs) [Teu+23]. LLMs have the potential to facilitate the combination of prob-
abilistic, data-driven machine learning decisions, including quantified uncertainty
and explanations, with user-specified goals and expert knowledge. Specifically,
LLMs could act as a fusion and reasoning layer, integrating machine learning predic-
tions with ad-hoc decision requirements specified by experts in user-friendly textual
form [Bro+20], such as rule-based decision guardrails or constraints [BBM20;
Mur+18]. This approach bridges the gap between traditional prescriptive tech-
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nologies, such as expert rules, and data-driven models, leveraging the strengths of
both paradigms. This aligns with the principles of neuro-symbolic AI, which aims to
integrate symbolic reasoning with data-driven approaches [Yu+23; Bhu+24]. For
instance, through the joint optimization of a weighted (λ) learning task loss (Ltsk)
and a knowledge base loss (Lkb) [Zha+24a]:

Ltotal = λtsk · Ltsk + λkb · Lkb. (5.1)

This formulation provides a principled way to balance predictive accuracy on ob-
servational data with adherence to organizational rules and constraints. Such an
approach could lead to systems that are not only more interpretable, but also more
robust and compliant in high-stakes applications.

Last but not least, ordinal classification remains a vital and intriguing area of re-
search due to its prevalence in practical high-stakes applications and the unique
challenges it presents. These challenges are often overlooked, with regression or
nominal classification techniques being inappropriately applied instead. Moreover,
the validity and necessity of the commonly assumed unimodality require further
investigation and clarification, particularly with respect to identifying contexts where
it may hinder model performance. This thesis has specifically questioned and invali-
dated this assumption, in the context of uncertainty quantification using probabilistic
uncertainty representations. Additionally, the validity of the contiguity assumption
in set-based ordinal uncertainty quantification warrants further theoretical and
empirical validation. Future research should focus on developing holistic approaches
that enhance ordinal classification performance without compromising the quality
of uncertainty quantification. In particular, Bayesian decision theory leveraging
calibrated probabilities and distance-aware expected loss minimization emerges as a
suitable candidate to excel in balancing this trade-off.
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