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Abstract

This thesis discusses the application and theoretical method of field theory in curved
spacetimes across a wide range of physical scales. On the smallest scale, we investigate the
limitations of the semiclassical framework, in which quantum fields evolve on a classical
spacetime background. A diagnostic framework is developed to assess the validity of
this approximation when it operates within strong gravitational fields. The resulting
unitarity loss is an intrinsic feature of effective field theory that quantifies the degree
to which the semiclassical approximation is violated. Next, we analyze the statistics
of rare events in the early Universe using random fields that represent overdensities
in the primordial density fluctuations. We extend the framework of extreme value
statistics to consider random fields with nontrivial spatial correlation and finite-size
effects. We show that, even in strongly spatially correlated fields, their tail behaviors of
extreme values are preserved due to the statistical independence of rare events sampled
by local maxima. Finally, using hydrodynamical simulations of cosmological structure
formation, we analyze the unexpected decorrelation between thermal pressure and
matter density in large-scale structures of the low-redshift Universe. We show that this
decorrelation does not imply a breakdown of the linear bias relation between pressure
and matter. Instead, such decorrelation can be accurately predicted by the halo model,
where the one-halo term admits a physical interpretation as stochastic shot noise.
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Zusammenfassung

Diese Dissertation behandelt die Anwendung und theoretische Methodik der Feldthe-
orie in gekrümmten Raumzeiten über ein breites Spektrum physikalischer Längen-
skalen hinweg. Auf den kleinsten Skalen untersuchen wir die Grenzen des semiklas-
sischen Rahmens, in dem Quantenfelder auf einem klassischen Raumzeithintergrund
evolvieren. Ein diagnostisches Rahmenwerk wird entwickelt, um die Gültigkeit dieser
Näherung in Bereichen starker Gravitationsfelder zu bewerten. Der daraus resultierende
Unitaritätsverlsut ist ein intrinsisches Merkmal der effektiven Feldtheorie und quan-
tifiziert den Grad, zu dem die semiklassische Näherung verletzt wird. Anschließend
analysieren wir die Statistik seltener Ereignisse im frühen Universum mithilfe von
Zufallsfeldern, die Überdichten in den primordialen Dichtefluktuationen beschreiben.
Dazu erweitern wir den Rahmen der Extremwertstatistik, um räumliche Korrelatio-
nen und endliche Systemgrößen zu berücksichtigen. Wir zeigen, dass selbst in stark
räumlich korrelierten Feldern das Randverhalten der Extremwertverteilung erhalten
bleibt, da seltene Ereignisse, die durch lokale Maxima erfasst werden, statistisch unab-
hängig bleiben. Schließlich untersuchen wir anhand hydrodynamischer Simulationen
der kosmologischen Strukturbildung die unerwartete Entkopplung zwischen thermis-
chem Druck und Materiedichte in großskaligen Strukturen des niederrotverschobenen
Universums. Wir zeigen, dass diese Dekorrelation keinen Zusammenbruch der lin-
earen Bias-Relation zwischen Druck und Materie impliziert. Vielmehr kann sie im
Rahmen des Halo-Modells präzise beschrieben werden, wobei der Ein-Halo-Termen
eine physikalische Interpretation als stochastisches Schrotrauschen zulässt.
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Preface

This thesis discusses the theoretical methods of field in curved spacetimes across a wide
range of scales, from quantum fluctuations in strong gravitational backgrounds, to
the statistics of the large-scale structure Universe. In Chapter 1, we discuss quantum
fluctuations interacting with spacetime geometry within the framework of effective
field theory in curved spacetime. In particular, we present a rigorous diagnostic frame-
work for investigating non-unitary evolution groups in relation to the breakdown of
effective field theories in general semiclassical spacetimes. Our approach is based on
local stability analysis of the algebra of observables in quantum field theory in curved
spacetimes and the geometric concepts in the functional representation of quantum
field theory. Within this representation, we demonstrated how to construct infinitely
many self-adjoint extensions of the canonical conjugate momentum operator at the
kinematical level, which, by usual functional analysis, extends to the Hamiltonian oper-
ator. However, the self-adjoint domains for the Hamiltonian generally do not intersect
with the solution space of the functional Schrodinger equation, except in globally
static spacetimes. This is related to the probability flows crossing the boundaries of the
effective configuration field space, which leaks into configuration space that requires a
more fundamental description. The loss of probability implies that the evolution of the
effective field theory does not admit a unitary representation but instead a contractive
evolution semigroup. The degree of unitarity loss, in turn, quantitatively assesses the
quality of the semiclassical approximation. Numerical simulations based on the formal
investigation are also performed to determine regions in cosmological spacetimes where
the semiclassical approximation breaks down for a free quantum field.

Afterwards, we consider macroscopic fields that represent matter density fluctuations
in the early Universe. Rare events in these fluctuations correspond to overdensities in
regions that are relevant to the formation of massive galaxies, halos, and supermassive
black holes observed in the high-redshift universe. So in Chapter 2, we analyze the
statistics of rare events within spatially correlated random scalar fields. Our approach
extends extreme value statistics to consider random events that are identically distributed
but not independent. The simulated random fields model the small-scale primordial
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density fluctuations, and are restricted to consider either the Gaussian or exponential
statistics. In both cases, their spatial correlations are determined by their power spectra
following an inverse power law with various spectral indices. We will present a spatial
correlation analysis that uses correlation length to evaluate the necessary lower bound
of the neighborhood size. This allows us to sample a well-defined local maximum,
which intuitively generalizes the conventional notion of peaks in the random field
statistics. Then we demonstrate that the population of rare events can be strongly
enhanced within a cluster due to spatial correlations, yet the rare event statistics of
spatially correlated fields converge to the same class of extreme value distribution as
their uncorrelated counterparts. Lastly, we discuss how rare events and tail distributions
can enhance non-sphericities of clusters.

Finally, in Chapter 3, we analyze the statistics of gas pressure and matter density
on large scales in the low redshift universe. The electron pressure of hot gas in dark
matter halos are linearly biased tracer of the matter density field on large scales, so their
correlation is expected to improve with increasing length scales. However, simulations
of cosmic structure formation have shown that the pressure-matter correlation decreases
instead when considering scales greater than roughly 200Mpc, with an even stronger
effect at lower redshift. As we will demonstrate, this decorrelation neither implies
that pressure is not an excellent tracer of matter, nor the loss of predictability of the
pressure distribution based solely on the information of the matter density field. In
fact, it is entirely possible to predict pressure-matter decorrelation by the halo model
even if the pressure is an excellent tracer of matter. This is caused by stochastic shot
noise within individual halos, and the theoretically estimated decorrelation can then
be used to recover the coherent relation between pressure and matter on a large scale.

In the Chapter 4 we will briefly discuss the outlook of this thesis which includes
various topics of ongoing collaborations.
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Chapter 1

Diagnostic Method for Quantum
Field Theory in Curved-Spacetimes

The results presented in this chapter are based on a collaborative work with Stefan
Hofmann and Marc Schneider, published in the Physical Review D on 111 (2025) 2,
025019.

1 .1 Introduction

Physical theories, although constructed within rigorous mathematical frameworks, are
formulated under assumptions abstracted from observations within a finite perceivable
domain of reality. They provide effective descriptions of the observable structures of
phenomena, and for that reason, there is little reason to regard any as truly fundamental;
perhaps even more evident by the numerous unresolved divergencies or singularities
that mark their limits.

Such recognition forms the conceptual foundation of effective (field) theory [1–10].
The central idea is to separate well-understood low-energy physics from the unknown
higher-energy physics at smaller length scales by perturbative methods in the most
general covariant form compatible with the symmetries of the system. This separation
enables us to make reliable predictions of low-energy phenomena, and extension to
describe higher-energy phenomena modeled by suppressed interaction terms.

In the case of gravity, General Relativity is remarkable in describing macroscopic
phenomena such as stellar structures and cosmic expansion, and yet it is also known
to be perturbatively non-renormalizable when formulated in quantum field theory.
A parallel historical analogy once occurred is the Fermi theory of weak interactions:
the ratio of the neutron decay rate to that of the muon diverges at one loop but
becomes finite in the standard model [11–13]. On one hand, this analogy demonstrates
an optimistic possibility that an apparently perturbatively non-renormalizable low-
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Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

energy macroscopic theory can emerge as a renormalizable theory in a ”high-energy”
microscopic description. But what is more interesting is that when Fermi theory
operates outside its domain of validity, it begins to strongly violate unitarity when
the effective description breaks down. If unitarity violation is a universal feature that
signals the breakdown of an effective description, then by the same reasoning, unitarity
violation should naturally occur in quantum field theory in curved spacetimes [14–18],
since it is too an effective field theory that makes reliable predictions only within the
perturbative and semiclassical approximation. The purpose of this chapter is to explore
this nature expectation rigorously and to develop a diagnostic framework that relates
unitarity violation to the validity of quantum field theory in curved spacetime.

The semiclassical framework of quantum field theory in curved spacetimes implies
that already free quantum fields are coupled to and excited by the dynamics of the
background geometries, while the dynamical background itself is assumed to be inert
against the energy content of the quantum fluctuations. Specifically, consider space-
times (ℳ, 𝑔) for ℳ is a smooth, four-dimensional spacetimes manifold, equipped
with a Lorentzian metric 𝑔. Then, the action consists of the Einstein-Hilbert action
and the matter field action are

𝑆𝑔[𝑔] = 2
𝜅2 ∫ d4𝑥

√
−𝑔𝑅 + 𝒪(𝑅2)

𝑆𝑚[𝜙, 𝑔] = 1
2

∫ d4𝑥
√

−𝑔[𝑔−1(d𝜙, d𝜙) − (𝑚2 + 𝜁𝑅)𝜙2] + 𝒪(𝑅2) (1.1)

where 𝜅 is a dimensionful parameter, 𝑔 = det 𝑔 is the metric tensor, 𝑅 is the Ricci scalar
and 𝜁 is a coupling parameter. Terms of order 𝑅2 and higher are relevant only when
further generalizing the Einstein-Hilbert action to an even smaller length scale, which
we will ignore for the purpose of this chapter. Suppose we split the gravitational field
into a smooth background metric ̄𝑔 and a small fluctuations ℎ of the gravitational field
𝑔 = ̄𝑔 + 𝜅ℎ, and perform a similar expansion for the matter field over its background
value 𝜙 = 𝜙0+𝜅𝛿𝜙. Then, expanding the Einstein-Hilbert and matter action in powers
of 𝜅 yields corrections to the classical systems: 𝑆 = 𝑆(0)

𝑔 + 𝑆(0)
𝑚 + 𝑆(2)

𝑔 + 𝑆(2)
𝑚 + 𝑆(3)

int .
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1 .1 . Introduction

The linear contributions 𝑆(1)
𝑔 + 𝑆(1)

𝑚 are absent because they vanish under Hamilton’s
principle of least action, that is, the background metric satisfies the Einstein’s equations:

̄Ric − 1
2

𝑔𝑅̄ = 8𝜋𝐺𝑇 , (1.2)

whose 𝑇 = d𝜙0 ⊗ d𝜙0 + (1/2)(𝑔−1(d𝜙0, d𝜙0) − (𝑚2 − 𝜁𝑅)𝜙2
0) 𝑔 is the energy-

momentum stress tensor of the matter field. The terms 𝑆(2)
𝑚 and 𝑆(2)

𝑔 govern the
dynamics of the matter and gravitational field fluctuation, respectively. Meanwhile,
the leading interaction terms 𝑆(3) ∝ −𝜅 ∫ d4𝑥 √−𝑔 ⟨𝛿𝑇 , ℎ⟩ describe the interaction
between the energy-momentum stress tensor of the quantum matter field 𝛿𝑇 and the
fluctuations of the gravitational field. Intuitively, the stability of background geometry
requires1 | ̄𝑔𝜇𝜈| ≫ |𝜅ℎ𝜇𝜈| for each 𝜇, 𝜈 and 𝑆(3)

int ≈ 0 when compared to 𝑆(2). The
former is by definition such that the approximation 𝑔 ≈ ̄𝑔 holds up to small pertur-
bation relative to 𝜅ℎ; The latter, however, holds only if ⟨𝛿𝑇 , ℎ⟩ is sufficiently small
over the time interval of interest. So the assumption and approximation that classical
background is stable simultaneously relies on 𝛿𝑇 to be small compared 𝜅−1. This as-
sumption, for example, can be violated in spacetime regions where spacetime dynamics
could excite large fluctuations of quantum fields. Due to these large fluctuations 𝑆(3)

int

is no longer negligible, which amplifies ℎ and in turn cascades its effect to 𝑆(3)
int , and

ultimately leads to the complete breakdown of the semiclassical framework.
The validity analysis of the effective semiclassical framework can even be extended to

a more general setup by specifying a set of observables singled out by certain observers,
which they intend to measure in particular regions of spacetime. Then statements con-
cerning the stability of the classical background can be made relative to this chosen set
of observables. From a technical perspective, the semiclassical approximation remains
valid only if the probability of exciting quantum fluctuations outside the effective
configuration space is negligible. This configuration space consists of all allowed quan-
tum fluctuations consistent with the semiclassical approximation, and its boundary is
determined by geometric arguments based on semi-norms constructed from the stabil-
ity requirement of the background observables. The existence of such a boundary is
crucial because there are no asymptotic conditions imposed on the quantum state (the

1This is only a rough estimation for the purpose of illustration. It does not hold, for example, when
the off-diagonal terms of | ̄𝑔𝜇𝜈| are strictly zero.
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Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

Schrödinger wave functional). So quantum observables must be evaluated within this
effective configuration space, whose boundaries influence the spectral analysis of field
operators. As we will show later, the canonical pair consisting of a real scalar field and
its conjugate momentum field admits self-adjoint extensions on certain Hilbert spaces,
and thereby they constitute the basic observables. However, this construction is purely
kinematic: the corresponding Hilbert space must also intersect with the solution space
of Schrödinger wave functionals, so that the self-adjoint realization also complies with
the dynamic content of the theory.

In dynamical spacetimes, however, the Hamilton operator generally fails to satisfy
this intersection property, even if it admits a self-adjoint extension at the kinematical
level. Unitarity violations manifest either as probability sources or sinks. Probability
sources cannot exist if the underlying quantum field theory is consistent in Minkowski
spacetime. Thus, only probability sinks are possible. These can be interpreted as
quantifying the degree to which the semiclassical approximation is invalidated, and
have operational consequences which indicate the breakdown of the semiclassical
framework.

The corresponding evolution operators of the semiclassical framework therefore
form a contractive representation of the time translation group. In analogy with
Stone’s theorem, which establishes a one-to-one correspondence between self-adjoint
operators to one-parameter unitary groups, contractive representations are generated
by accretive operators [19]. This grants the semiclassical approximation predictive
power and consistency. It also qualifies the underlying Hamiltonian as non-observable
if regions of spacetime are considered that contain significant probability sinks.

The functional Schrödinger picture of quantum field theory (cf. [20–35] for de-
tails) provides a natural framework to address the issues discussed above, particularly
in determining the domain of validity of the semiclassical approximation and the as-
sociated unitarity violation. In the absence of ghosts, such violations are tied to a
significant probability flux leaving the effective configuration space. Whether probabil-
ity non-conservation is acceptable depends on the resolution at which observables are
measured. If unitarity violations remain tolerable within the spacetime region probed
by a measurement process, then contractive representations generalize unitary evolution
groups and retain predictive power even when the probabilistic framework underlying
effective quantum theories becomes challenged.

4



1 .2 . Kinematical aspects

The formal arguments presented in the main body of this chapter are then applied
numerically using simulations based on Gaussian random fields. These numerical
experiments illustrate the potential of our framework in concrete settings, such as
free fields populating in contracting radiation-dominated universes evolving towards
a future singularity and the asymptotic past of de Sitter universes. The simulations
reveal spacetime regions where the semiclassical approximation fails, as diagnosed by a
geometric stability criterion based on the algebra of observables.

1 .2 Kinematical aspects

1 .2 .1 Configuration Spaces

Formal statements of semiclassical effective field theory are often expressed by expanding
the fields around a classical background, 𝜙(𝑥) = 𝜙𝑐𝑙(𝑥) + 𝜅 𝛿𝜙(𝑥) + 𝒪(𝜅2) and
𝑔 = ̄𝑔 + 𝜅ℎ + 𝒪(𝜅2), where 𝜅−1 = 𝑀𝑃 is the Planck mass that serves as the
smallness parameter. At the intuitive level, the perturbative framework then requires
|𝜙𝑐𝑙(𝑥)| ≫ |𝜅𝛿𝜙(𝑥)| and | ̄𝑔𝜇𝜈| ≫ |𝜅ℎ𝜇𝜈| respectively, and higher orders terms 𝒪(𝜅2)
are negligible. While this requirement is almost true in many circumstances, it is
insufficient in general. For example, consider a free quantum field with a trivial
background classical fields 𝜙𝑐𝑙 = 0 or ℎ𝜇𝜈 for 𝜇 ≠ 𝜈 that has no classical counterpart
if the classical metric is diagonal. In these cases, the inequality is ill-defined because the
ratio 𝑟 ≡ |𝜅𝛿𝜙(𝑥)|/𝜙𝑐𝑙 diverges. Therefore, perturbative validity cannot be qualified
solely using the field magnitudes, and it is necessary to consider a larger set of physical
observables. This motivates other natural candidates, for example, the expectation
value of the Hamiltonian or the two-point correlation function, which should remain
bounded below the Planck scale. Such a bound then in turn restricts the allowed values
of 𝛿𝜙(𝑥) and ℎ or informs the smallest length scales that the semiclassical framework
can probe. Nevertheless, this approach faces two difficulties. First, their expectation
value are not bounded from above due to ultraviolet divergence, so this only defines
the smallest length scales but does not fully address the earlier discussion regarding the
stability of the classical background; Second, the translation from the restriction of
Hamiltonian and two-point functions into constraints on 𝛿𝜙(𝑥) is not unique, which
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Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

requires careful implementation or otherwise may lead to a canonical momentum
operator that cannot even be self-adjoint.

These consideration hints at the necessity of a rigorous construction for the effective
framework of quantum field theory in curved spacetimes. As a first step, we will
construct an effective instantaneous field configuration space that contains all the
allowed quantum field configurations that are consistent with the assumptions made
in quantum field theory in curved spacetimes based on a local description of fields and
physical observables.

We begin by introducing the general properties of an instantaneous field config-
uration space. Let us consider the real vector bundle 𝒞𝑡 over the hypersurface Σ𝑡

for 𝑡 ∈ 𝐼, which is the quadruple (𝐶𝑡, 𝜋𝑡, Σ𝑡, 𝑉 ) where 𝐶𝑡 denotes the total space,
𝜋𝑡 is the bundle projection of 𝐶𝑡 onto the base Σ𝑡. For each point 𝑝 ∈ Σ𝑡, 𝑉 (𝑝)
is a real vector space homeomorphic to the fibre 𝜋−1(𝑝). Suppose 𝒞𝑡 is the config-
uration bundle of instantaneous scalar field configurations, then 𝒞𝑡 ≡ Σ𝑡 × ℝ is a
trivial rank one bundle for real scalar fields. Instantaneous configuration fields 𝜙 are
the smooth sections of the real vector bundle 𝒞𝑡, and Γ(𝒞𝑡) is the vector space that
collects all the smooth sections. So this vector space consists of all possible values that
the instantaneous scalar field configuration 𝜙 can take at all possible positions 𝑝 ∈ Σ𝑡.
Suppose the initial data is compactly supported in a region 𝒦0 ⊂ Σ𝑡0

at initial time
𝑡0, the causal future of the respective evolved field satisfying the normally hyperbolic
equations is also supported inside a compact set 𝒥+(𝒦0)∩Σ𝑡 for any finite time 𝑡 ∈ 𝐼,
provided that the spacetime ℳ is globally hyperbolic. Therefore, of particular physical
interest, we consider the space of compactly supported smooth sections Γc(𝒞𝑡) of the
configuration bundle 𝒞𝑡.

On the basis of the instantaneous field configuration space Γ(𝒞𝑡), we proceed to
construct the corresponding quantum theory, in which the states carry the probabilistic
interpretation. Let us introduce the space Γ∗(𝒞𝑡) that is dual to the configuration space
Γ(𝒞𝑡). The dual space contains the space of generalized complex-valued functionals
𝐹 ∶ Γ(𝒞𝑡) → ℂ that assign a complex number to each field configuration 𝜙 ∈ Γ(𝒞𝑡).
A particularly important class of functionals in quantum field theory is the class of
wave functionals Ψ𝑡 ∈ Γ∗(𝒞𝑡) that describe a quantum state. Let (Γ(𝒞𝑡),𝒟𝜙) be
the formal measure space with a configuration space Γ(𝒞𝑡) and a formal measure
𝒟𝜙. Then the complex vector space ℒ2(Γ(𝒞𝑡),𝒟𝜙) is the space that consists of all
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1 .2 . Kinematical aspects

measurable complex-valued wave functionals Ψ𝑡, whose modulus is square integrable
with respect to the formal Lebesgue measure 𝒟𝜙:

‖Ψ𝑡‖2 = ∫
Γ(𝒞𝑡)

𝒟𝜙 |Ψ𝑡[𝜙]|2 (1.3)

In generalℒ2(Γ(𝒞𝑡),𝒟𝜙) contains the trivial subspace 𝕃(Γ(𝒞𝑡),𝒟𝜙) ∈ ℒ2(Γ(𝒞𝑡),𝒟𝜙))
which consists of wave functional that vanish 𝒟𝜙-almost everywhere. This subspace
is excluded from our formal measure space by defining the quotient space:

𝐿2(Γ(𝒞𝑡,𝒟𝜙) ≡ ℒ2(Γ(𝒞𝑡,𝒟𝜙)/ 𝕃(Γ(𝒞𝑡),𝒟𝜙) . (1.4)

Since (1.3) defines the formal norm of the wave functional, it must be normalizable to
unity at the initial time because it has a probabilistic interpretation of total probability.
By definition, the expectation values 𝔼(𝒪; Ψ𝑡) in probability theory for any bounded
operator 𝒪 on 𝐿2(Γ(𝒞𝑡),𝒟𝜙) and unbounded operator with respect to the wave
functional Ψ𝑡 is:

𝔼(𝒪; Ψ𝑡) ≡ ∫
Γ(𝒞𝑡)

𝒟𝜙 Ψ∗
𝑡 [𝜙] 𝒪 Ψ𝑡[𝜙] ≡ ⟨𝒪⟩Ψ𝑡

, (1.5)

The expectation value of the identity operator idΓ∗(𝒞𝑡) is equivalent to the formal norm
in the quotient space 𝐿2. The above definition also hold for unbounded operators 𝒪
only if Ψ𝑡 lies in the domain 𝐷(𝒪) = {Ψ𝑡 ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) | 𝔼(𝒪; Ψ𝑡) < ∞}. In
the following, we consider Ψ𝑡 to be normalizable wave functionals and normalized to
unity on the initial hypersurface Σ𝑡𝑖

. Suppose 𝒰 is a measurable subset and let 𝜒𝒰

the characteristic functional 𝜒𝒰 ∶ Γ(𝒞𝑡) → {0, 1} that restrict the field configuration
space 𝒞𝑡 onto the subset 𝒰. Then, the probability

ℙ(𝒰) ≡ ‖Ψ𝑡‖2
𝒰 = ‖Ψ𝑡𝑖

‖−2∫
Γ(𝒞𝑡)

𝒟𝜙 Ψ𝑡[𝜙] 𝜒𝒰Ψ𝑡[𝜙] (1.6)

is the probability to find any instantaneous field configuration populating on the
hypersurface Σ𝑡 for 𝑡 ∈ 𝐼 restricted within the subset 𝒰 ⊂ 𝐿2(Γ(𝒞𝑡),𝒟𝜙).
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Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

1 .2 .2 Effective Configuration Space

So far we have constructed the formal measure spaces (Γ(𝒞𝑡),𝒟𝜙) as the configuration
space and introduced wave functionals Ψ𝑡 in the dual vector bundle Γ∗(𝒞𝑡) that are
normalizable ‖Ψ𝑡‖2 < ∞, for all 𝑡 ∈ 𝐼 ⊂ ℝ. The current construction of the
configuration space Γ(𝒞𝑡) is completely general; this means that it can contain field
configurations that are not necessarily consistent and admissible to a semiclassical
treatment. The purpose of this section is to construct an effective configuration space
that accommodates semiclassical assumptions based on physical observables.

At least for a free theory, it is possible to construct a complete set of quantum
observables based on two elementary observables. The first elementary observable is the
smeared configuration field operator Φ[𝑓], where 𝑓 ∈ Γc(𝒞𝑡) is an smooth smearing
functions of compact support

Φ[𝑓] = ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙) Φ(𝒙) (1.7)

where d𝜇(𝒙) is the covariant measure on the hypersurface Σ𝑡. The canonical field
operator Φ(𝒙) is defined to act as a multiplication operation over its domain in Γ∗(𝒞𝑡)
by Φ[𝑓] Ψ𝑡[𝜙] = 𝜙[𝑓] Ψ𝑡[𝜙] for 𝜙(𝒙) ∈ ℝ. This also means that the self-adjoint
domain of Φ[𝑓] is given by all wave functional in 𝐿2(Γ(𝒞𝑡),𝒟𝜙), such that Φ[𝑓]Ψ𝑡

is in 𝐿2(Γ(𝒞𝑡),𝒟𝜙) for all admissible smearing functions. The statistical moments
of the wave functional are functional of 𝜙[𝑓] ∈ ℝ. In the case of a free quantum
field, the wave functional Ψ𝑡 is Gaussian, and therefore its statistical properties are
completely determined by the first and second moments of 𝜙[𝑓]. The first moment
gives the mean value of the Gaussian wave functional

⟨Φ[𝑓]⟩ ≡ 𝔼[Φ[𝑓]; Ψ𝑡] = ∫
Γ(𝒞𝑡)

𝒟𝜙 Ψ∗
𝑡 [𝜙]𝜙[𝑓]Ψ𝑡[𝜙] . (1.8)

Similarly, the second moment determines its variance

⟨𝜎2[𝑓]⟩ ≡ 𝔼[I∗Γ ; (Φ[𝑓] − ⟨Φ[𝑓]⟩)Ψ𝑡] = ∫
Γ(𝒞𝑡)

𝒟𝜙 Ψ∗
𝑡 [𝜙] (𝜙[𝑓] − ⟨Φ[𝑓]⟩)2 Ψ𝑡[𝜙] .

(1.9)
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1 .2 . Kinematical aspects

Note that for brevity we denoted IΓ∗ ≡ idΓ∗(𝒞𝑡) and IΓ ≡ idΓ(𝒞𝑡). In this chapter the
notation ⟨ ⋅ ⟩ ≡ 𝔼[ ⋅ ; Ψ𝑡] denotes the expectation value and Ψ𝑡 ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙)
unless further specifications.

The second elementary physical observable is the smeared momentum field operator
Π[𝑓] conjugated to Φ[𝑓]. The smeared momentum operator is required to satisfy

[Φ[𝑓1], Π[𝑓2]] = i (𝑓1, 𝑓2) , (1.10)

where (𝑓1, 𝑓2) ≡ ∫Σ𝑡
d𝜇(𝒙)𝑓1(𝒙)𝑓2(𝒙2) which implies that quantum fluctuations

follow the Heisenberg uncertainty principle, and the field operators and their conjugate
momentum are required to satisfy the canonical commutation relation [Φ(𝒙), Π(𝒚)] =
i𝛿3(𝒙 − 𝒚) I, for 𝒙 ≠ 𝒚 and 𝛿3(𝒙 − 𝒚) is the Dirac-delta distribution function. Thus,
the smeared momentum operator derivative

Π[𝑓] = ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙) Π(𝒙) = 1
i

∫
Σ𝑡

d𝜇(𝒙) (𝑓(𝒙) 𝛿
𝛿𝜙(𝒙)

) (1.11)

is the functional generalization of a directional derivative along the direction of 𝑓(𝒙)
within the configuration space. The self-adjoitn domain of Π[𝑓] also encompasses
wave functionals Ψ𝑡 ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) with Π[𝑓]Ψ𝑡 ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) for all smooth
smearing function 𝑓 with compact support on Σ𝑡. Further specification on the domain
of Π[𝑓] will be the focus of our discussion in a later section.

Based on the canonical operators, we can now construct quantum observables and
compare them with classical observables that constitute the classical background of the
semiclassical framework. In classical field theory, local linear observables are continuous
linear functionals on the configuration space, which are elements in Γ∞

c (𝒞∗
𝑡). General

classical observables are obtained as the minimal polynomial algebra generated by the
linear observables, namely the symmetric algebra Sym(Γ∞

c (𝒞∗
𝑡)). For any classical field

configuration 𝜙0 ∈ Γ(𝒞𝑡), there exists a corresponding neighborhood 𝑈0 ∈ Γ(𝒞𝑡)
that contains all possible quantum fluctuations of 𝜙 over the classical field 𝜙0. The
local observable 𝒪 ∈ 𝑈0 is the collection of local data solely consisting of the value of
the field configuration 𝜙 evaluated at position 𝒑 ∈ Σ𝑡, together with all its derivatives
up to order 𝑘 ∈ ℕ, which takes the form 𝒪 = 𝜔 ∘ 𝑗𝑘, where 𝑗𝑘(𝑡, 𝑝)[𝜙] denotes
the 𝑘-th jet prolongation of 𝜙 at (𝑡, 𝑝) ∈ 𝐼 × Σ𝑡, and 𝜔 is a functional on the jet

9



Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

bundle 𝑗𝑘Γ(𝒞𝑡), which maps the local data to produce a real number. The canonical
quantization prescription allows us to map any local observable to a bounded operator
on 𝐿2(Γ(𝐶𝑡),𝒟𝜙). But note that the definition of local observables in classical field
theory is adapted to a covariant framework, while the quantization prescription in the
functional Schrödinger picture requires a foliation of spacetime into hypersurfaces.

Suppose the background field configuration 𝜙0 ∈ ker(𝑃 ) is a solution to some
wave operator, for 𝑃 is the Klein-Gordon operator when considering free scalar field,
we choose a set 𝒜0 that contains finitely many local quantum observables with support
in 𝑈0 ⊂ Γ(𝒞𝑡). Our first objective is to characterize 𝑈0 further: For any quantum
observable 𝒪 ∈ 𝒜0, their expectation value with respect to some wave functional
Ψ𝑡 are perturbations over the classical observable 𝒪0 evaluated at the background
configuration,

⟨𝒪⟩𝑈0
≡ 𝒪0 + ⟨𝒪[𝜙]⟩𝑈0

. (1.12)

where we assumed that ‖Ψ𝑡‖𝑈0
≈ 1, such that ⟨𝒪0⟩ = 𝔼[ 𝒪0 I𝑈0

; Ψ𝑡] = 𝒪0 with
𝒪0 I𝑈0

being the corresponding classical observables 𝒪0 that defines 𝑈0, multiplied
with the identity operator defined within 𝑈0. This means that the initial quantum
states excite field configurations that are mostly populated within 𝑈0, so that this is a
valid initial state consistent with the semiclassical approximation.

Based on local observables, we can define two essential criteria that the effective
semiclassical framework must satisfy. The first one is the short-distance cutoff. Let 𝑑
denote the length dimension of 𝒪0, and 𝑙 marks the short-distance cutoff below which
a more fundamental description is needed. Then 𝒪𝑙 = 𝑙𝑑 denotes the short-distance
limit corresponding to the local observable 𝒪. Now consider a dimensionless ratio

ℛ𝑙(𝒪, Ψ𝑡; 𝑈0) ≡
⟨𝒪⟩
𝒪𝑙

= 1
𝒪𝑙

∫
Γ(𝒞𝑡)

𝒟𝜙 Ψ∗
𝑡𝜒𝑈0

𝒪[𝜙] Ψ𝑡 = 1
𝒪𝑙

∫
𝑈0

𝒟𝜙 Ψ∗
𝑡𝒪[𝜙] Ψ𝑡

Depending on the length dimension 𝑑 of 𝒪, the effective semiclassical description of
the quantum field is well above its short-distance cutoff defined by 𝒪𝑙 when

|ℛ𝑙(𝒪, Ψ𝑡; 𝑈0)| > 1, for 𝑑 > 0
|ℛ𝑙(𝒪, Ψ𝑡; 𝑈0)| < 1, for 𝑑 < 0 (1.13)

10



1 .2 . Kinematical aspects

These two conditions can be combined to a single condition on the short distance
cutoff that demands

|ℛ−𝑠
𝑙 (𝒪, Ψ𝑡; 𝑈0)| < 1 (1.14)

where 𝑠 ≡ sgn(𝑑) ∈ {−1, 1}. This condition is further fortified by taking its
supremium over all the neighborhoods. This is because, for a given classical field
configuration 𝜙0, there exist infinitely many different choices of neighborhood 𝑈0

with respect to 𝜙0. The particular choice of 𝑈0 must be made by selecting a neigh-
borhood 𝑈0 that gives the largest possible value of ℛ−𝑠

𝑙 (𝒪, Ψ𝑡; 𝑈0); and still required
to be bounded below unity. This also implies that 𝑈0 is taken to be the largest pos-
sible neighborhood within Γ(𝒞𝑡). This leads to our formal definition of filtration
seminorm:

𝑁(𝒪, Ψ𝑡; 𝑈0) ≡ sup
𝑈0⊂Γ(𝒞𝑡)

|ℛ−𝑠
𝑙 (𝒪; 𝑈0)| (1.15)

Suppose 𝑙𝒪𝑑 denotes the length scale characterizing 𝒪, then 𝑁(𝒪, Ψ𝑡; 𝑈0) scales as
(𝑙/𝑙𝒪)|𝑑| for either sign of 𝑑. As a result, for any sensible quantum fluctuations within
any background configuration 𝜙0 ∈ ker(𝑃 ) for all 𝑡 ∈ 𝐼, the effective framework is
valid and above the short distance cutoff if the filtration seminorm satisfies

max
𝒪∈𝒜0

𝑁(𝒪, Ψ𝑡; 𝑈0) < 1 (1.16)

where the maximum over the set 𝒜0 must be taken because the validity must be
guaranteed for all local observables 𝒪 ∈ 𝒜0. Any observable in 𝒜0 violating Eq. (1.16)
indicates the necessity of a more fundamental framework characterized by a shorter
distance cutoff 𝑙1 < 𝑙, including 𝑙1 = 0. This results in a set of 𝒜′

0 that can, in
principle, be described by an effective field theory with a short-distance cut-off 𝑙.

While (1.16) provides the condition that our effective framework is above the
short-distance cutoff scale, it remains insufficient to guarantee the validity of the
effective framework, as it does not imply that admissible fluctuations respect the

11



Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

classical observables that constitute the background. By the same line of reasoning, we
can construct a filtrating seminorm by considering

ℛ0(𝒪, Ψ𝑡; 𝑈0) =
⟨𝒪⟩
𝒪0

(1.17)

𝑁(𝒪, Ψ𝑡; 𝑈0) ≡ sup
𝑈0⊂Γ(𝒞𝑡)

|ℛ0(𝒪, Ψ𝑡; 𝑈0)|

such that the classical background with respect to the local observable 𝒪 ∈ 𝒜0 is
stable provided that

max
𝒪∈𝒜0

𝑁(𝒪, Ψ𝑡; 𝑈0) ≤ 𝛿 (1.18)

where 𝛿 is assumed to be in the open interval of (0, 1). The value 𝛿 = 0 is excluded
since it corresponds to a trivial quantum fluctuation relative to 𝒜0, while 𝛿 = 1 is also
excluded because this corresponds to quantum fluctuations that generate expectation
values ⟨𝒪⟩ with the same magnitude as the classical observable that constitutes the
classical background. So provided a local set of quantum observables in 𝒜0 and
a quantum state Ψ𝑡, 𝛿 serves two different purposes: On one hand, it defines the
tolerance of error accumulated in the semiclassical approaches due to the deformation
of the classical background due to quantum effects. On the other hand, it provides the
meaning of a resolution scale relative to 𝒜0, and quantifies the extent to which the
background configuration can be distinguished from fluctuations based on the local
quantum observables in 𝒜0. It is possible to develop the latter interpretation for future
works considering actual measurement processes, and we leave this for discussion in
the outlook.

1 .2 .3 Symmetric and Self-Adjointness of Operators

So far we have discussed the construction of an effective configuration space based on
the criteria: a short distance cutoff and the stability of the classical background based
on the expectation values of a chosen set of local physical observables. Up to this point,
these expectation values of observables are assumed to be generated from a self-adjoint
operator. This is, however, not necessarily the case when the effective configuration
space is compact, i.e., it contains boundaries at a finite distance from the origin 𝜙0 of

12



1 .2 . Kinematical aspects

the neighborhood 𝑈0. Such boundaries can influence the spectral properties of these
local operators and may prevent the realization of self-adjointness within the compact
effective field configuration space. A particular example is the functional momentum
operator 𝒫. For this reason, in this section, we analyze the spectral properties of
fundamental local observables within the compact domain and demonstrate that they
can indeed admit a self-adjoint extension to the effective configuration space. This
requires showing first that the operator is closable, and then identifying its possible
self-adjoint realizations consistent with the imposed boundary conditions.

Functional Momentum Operator

Let 𝑈 ⊆ 𝑈0 denote a subset of Γ(𝒞𝑡) in accordance with Eq. (1.16) and (1.18), which
consists of quantum fluctuations around a stable classical background describing some
effective field theory well above the short distance cutoff. Consider the neighborhood
𝑈 that is bounded by two sections 𝜙L and 𝜙H in Γ(𝒞𝑡) which construct its the
configuration space geometric relative to ℝ along Σ𝑡. On each Σ𝑡, the neighbourhood
𝑈 = ∪𝒙∈Σ𝑡

𝑈𝒙 and 𝑈𝒙 = [𝜙L(𝒙), 𝜙H(𝒙)] ⊂ ℝ for all position 𝒙 ∈ Σ𝑡.
Let 𝐷(𝒫) = 𝒞∞

𝑈 (Γ(𝒞𝑡), ℂ) be the domain of 𝒫 which is the space of smooth
complex-valued functions with compact support; and let 𝐷(𝒫1) = 𝐶1

𝑈(Γ(𝒞𝑡)) be the
domain of 𝒫1 is the space of once continuously differentiable functions with compact
support. Both 𝐷(𝒫) = 𝒞∞

𝑈 (Γ(𝒞𝑡), ℂ) and 𝐷(𝒫1) = 𝐶1
𝑈(Γ(𝒞𝑡)) are subjected to

boundary conditions on 𝜕𝑈 and 𝒫[𝑓] is the functional generalization of directional
derivatives in the direction of 𝑓 ∈ 𝒞∞

c (Σ𝑡):

𝒫𝜙[𝑓]Ψ[𝜙] ≡ ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙) 𝒫𝜙(𝒙)Ψ[𝜙] (1.19)

where 𝒫𝜙(𝒙) ≡ −i𝛿/𝛿𝜙(𝒙) contains the functional derivative with respect to 𝜙(𝒙).
Let us introduce the approximate identity

𝐼𝜖[𝜙] = ∏
𝒙∈Σ𝑡

𝑖𝜖(𝜙(𝒙)) (1.20)

that is assumed to be in 𝐷(𝒫), and 𝑖𝜖 is a smooth approximated distribution identity
{𝑖𝜖(𝑥)}, which are real positive infinitely differentiable functions with support in
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Δ𝑈 = (−1, 1) so that ∫∞
−∞ 𝑖𝜖(𝜙(𝒙)) d𝜙(𝒙) = 1 for all 𝒙 ∈ Σ𝑡 and converges to the

Dirac-delta distribution in the limit 𝜖 → 0. Then 𝐼𝜖 gives the functional generalization
of the Dirac-delta distribution at the limit 𝜖 → 0: Let us consider any functional 𝐹[𝜙]
and define

𝐹𝜖[𝜓] = ∫
𝑈
𝒟𝜙 𝐼𝜖[𝜓 − 𝜙]𝐹 [𝜙] . (1.21)

Then the absolute differences between 𝐹𝜖[𝜓] and 𝐹[𝜓] is

|𝐹𝜖[𝜓] − 𝐹 [𝜓]| ≤ ∫
𝑈
𝒟𝜙 𝐼𝜖[𝜙 − 𝜓] |𝐹 [𝜓] − 𝐹[𝜙]|

≤ (sup
𝑆𝑈

|𝐹 [𝜓] − 𝐹 [𝜙]|) ∫
𝑈
𝒟𝜙 𝐼𝜖[𝜙 − 𝜓]

≤ sup
𝑆𝑈

|𝐹 [𝜓] − 𝐹 [𝜙]| , (1.22)

where the supremum is taken over the set 𝑆𝑈 ≡ {𝜓 ∈ 𝑈 ∶ supΣ𝑡
|𝜓 − 𝜙| < 𝜖}. The

first line follows from the triangle inequality, then the properties of the approximate
identity, and finally, in the third line, follows from the definition of the supremum as
the least upper bound estimate. So in the limit 𝜖 → 0+, 𝜓 smoothly approximates 𝜙,
with accuracy determined by how close 𝑖𝜖 converges to the Dirac-delta distribution.
As a consequence, the right-hand side of the above inequality converges to zero and
𝐹𝜖 → 𝐹 ∈ 𝐿2(𝑈,𝒟𝜙).

Since the functional approximate identity 𝐼𝜖 is in the domain 𝐷(𝒫), we can evaluate
𝒫 on the one-parameter family of the functional Ψ𝜖:

𝒫𝜙[𝑓]Ψ𝜖
𝑡[𝜙] = ∫

𝑈
𝒟𝜑 (𝒫𝜙[𝑓]𝐼𝜖[𝜙 − 𝜑]) Ψ[𝜑]

= ∫
𝑈
𝒟𝜑 𝐼𝜖[𝜙 − 𝜑] (𝒫1

𝜑[𝑓] Ψ[𝜑]) + ℬ𝜖
𝜕𝑈[Ψ𝑡, 𝑓] (1.23)

where on the second line we used the Leibniz rule of functional derivative. The
boundary term ℬ𝜖

𝜕𝑈[Ψ𝑡, 𝑓] must vanish, so that it is consistent with (1.16) and (1.18)
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for a free field theory. This, as a consequence, further restricts the domain of 𝒫𝜙 for
every point 𝒙 ∈ Σ𝑡 explicitly by:

ℬ𝜖
𝜕𝑈[Ψ𝑡, 𝑓] = −i∫

Σ𝑡

d3𝒙 𝑓(𝒙) ∫
𝑈\𝑈(𝒙)

𝒟𝜑 [𝐼𝜖[𝜙 − 𝜑] Ψ𝑡[𝜑]]∣
𝜕𝑈(𝒙)

≡ 0 (1.24)

where 𝑈 ∖ 𝑈(𝑥) ≡ ∪𝒑∈Σ𝑡,𝒑≠𝒙𝑈(𝒑) denotes the neighborhood that is comprised of
all the neighborhood 𝑈(𝒑) for 𝒑 ∈ Σ𝑡 except 𝑈(𝒙) at the given point 𝒙.2 Since
ℬ𝜖

𝜕𝑈 = 0, we are left with

𝒫𝜙[𝑓]Ψ𝜖
𝑡[𝜙] = ∫

𝑈
𝒟𝜙 𝐼𝜖[𝜙 − 𝜑] (𝒫1

𝜑[𝑓]Ψ[𝜑]) (1.25)

Altogether with our previous result, we have shown that Ψ𝜖 → Ψ ∈ 𝐿2(𝑈,𝒟𝜙) and
𝒫[𝑓]Ψ𝜖[𝜙] → 𝒫1[𝑓]Ψ[𝜙] ∈ 𝐿2(𝑈,𝒟𝜙) as 𝜖 → 0+. This shows that the closure of
the graph of 𝒫 contains the graph of 𝒫1, so 𝒫 is closable.

Symmetric and Self-adjoint Extension

After we have shown that the momentum operator is closable on a neighborhood
𝑈, we will now demonstrate that 𝒫 admits a symmetric extension, and then also
infinitely many self-adjoint extensions. Suppose 𝒪 is a densely defined operator on
𝐿2(Γ(𝒞𝑡),𝒟𝜙), then it is called symmetric (or Hermitian) if 𝒪 ⊂ 𝒪∗, that means
the domain 𝐷(𝒪) ⊂ 𝐷(𝒪∗) and 𝒪Ψ = 𝒪∗Ψ for all Ψ ∈ 𝐷(𝒪). Equivalently, 𝒪 is
symmetric if and only if

⟨𝒪Ψ, Φ⟩ = ⟨Φ, 𝒪Ψ⟩ (1.26)

2Specifically, the functional integral that integrates over the neighborhood 𝑈 ∖ 𝑈(𝒙) is defined as
follow

∫
𝑈∖𝑈(𝑥)

𝒟𝜙 = ∏
𝒑∈Σ𝑡,𝒑≠𝒙

∫
𝜙𝐻(𝒑)

𝜙𝐿(𝒑)
d𝜙(𝒑)
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for all Ψ, Φ ∈ 𝐷(𝒪)3. On the other hand, 𝒪 is called self-adjoint if 𝒪 = 𝒪∗, that
means 𝒪 is symmetric and the domains

𝐷(𝒪) = 𝐷(𝒪∗). (1.27)

First of all, to show that 𝒫[𝑓] is symmetric, let us consider the set 𝐴𝐶(𝑈) of all
absolutely continuous functionals on 𝑈 with values in ℂ. Define the domain of 𝒫 as

𝐷(𝒫) = {Φ ∈ 𝐴𝐶(𝑈) ∶ Φ|𝜕𝑈= 0} . (1.28)

The functional momentum operator 𝒫 is densely defined and 𝒫 is symmetric if the
adjoint 𝒫∗ satisfies

⟨𝒫[𝑓] Ψ, Φ⟩ = ⟨Ψ, 𝒫∗[𝑓]Φ⟩ (1.29)

for Ψ ∈ 𝐷(𝒫∗). Suppose 𝑈1 ⊂ 𝑈, and 𝒥𝜖
𝑈1

∈ 𝐷(𝒫) is a smooth approximation of
the indicator functional that is the product of local indicator functions 𝑗𝜖

𝑈1
(𝜙(𝒙))

𝒥𝜖
𝑈1

[𝜙] = ∏
𝒙∈Σ𝑡

𝑗𝜖
𝑈1

(𝜙(𝒙)) (1.30)

and 𝑗𝜖
𝑈1

is constructed from smooth approximation of the identity function 𝑖𝜖, so that
by construction 𝑗𝜖

𝑈1
is compactly support within 𝑈1(𝒙)

lim
𝜖→0+

𝑗𝜖
𝑈1

(𝜙(𝒙)) = lim
𝜖→0+

[𝑖𝜖(𝜙𝑈1
𝐻 (𝒙)) − 𝑖𝜖(𝜙𝑈1

𝐿 (𝒙))] = {
1 if 𝜙(𝒙) ∈ 𝑈1(𝒙),
0 otherise .

with 𝜕𝑈 = ∪𝒙∈Σ𝑡
𝜕𝑈(𝒙) for each 𝜕𝑈1(𝒙) = {𝜙𝑈1

𝐿 (𝑥), 𝜙𝑈1
𝐻 (𝑥)} for all 𝒙 ∈ Σ𝑡. So

at the limit 𝜖 → 0, 𝒥𝜖
𝑈1

reduces the neighborhood of the functional integral from 𝑈
to 𝑈1:

lim
𝜖→0+

⟨𝒥𝜖
𝑈1

, 𝒫[𝑓]Ψ⟩ = lim
𝜖→0+

∫
𝑈
𝒟𝜙 𝒥𝜖

𝑈1
[𝜙] 𝐹 [𝜙] = ∫

𝑈1

𝒟𝜙 𝐹[𝜙] , (1.31)

3Only in this section, we will borrow the Greek symbol Φ to denote a wave functional instead of
the instantaneous field operator
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1 .2 . Kinematical aspects

for any functional 𝐹[𝜙]. Consider Ψ = 𝒥𝜖
𝑈1

∈ 𝐷(𝒫∗) in (1.29), the right side
becomes

lim
𝜖→0+

⟨𝒥𝜖
𝑈1

, 𝒫∗[𝑓] Φ⟩ = ∫
𝑈1

𝒟𝜙 𝒫∗[𝑓] Φ[𝜙] (1.32)

On the left-hand side of (1.29), using the Leibniz rule we obtain

lim
𝜖→0+

⟨𝒫[𝑓]𝒥𝜖
𝑈1

, Φ⟩

= 1
i

∫
Σ𝑡

d3𝑥 𝑓(𝒙) [ ∫
𝑈1

𝒟𝜙 𝛿
𝛿𝜙(𝒙)

Φ[𝜙] − ∫
𝑈
𝒟𝜙 𝛿

𝛿𝜙(𝒙)
(𝒥𝜖

𝑈1
Φ[𝜙]) ]

(1.33)

The last term on the second line is a boundary term evaluated on 𝜕𝑈. This is zero
because by definition 𝑈1 ⊂ 𝑈0, so 𝜕𝑈 ∩ 𝑈1 = ∅. As a result, comparing (1.32) and
(1.33) in the limit 𝜖 → 0+, fiberwise we have

∫
𝑈1

𝒟𝜙 𝒫∗[𝑓] Φ[𝜙] = 1
i

∫
Σ𝑡

d𝜇(𝒙)𝑓(𝒙) ∫
𝑈1\𝑈1(𝒙)

𝒟𝜙 Φ[𝜙]∣
𝜕𝑈1(𝑥)

(1.34)

which means that Φ is absolutely continuous and 𝒫∗[𝑓]Φ[𝜙] = (𝑓, −i𝛿𝜙)Φ[𝜙] for
Φ ∈ 𝐷(𝒫∗) and 𝛿𝜙 ≡ 𝛿/𝛿𝜙 with (𝑓, −i𝛿𝜙) ≡ −i∫Σ𝑡

d𝜇(𝒙) 𝑓(𝒙)(𝛿/𝛿𝜙(𝒙)). This
concludes that 𝐷(𝑃 ∗) = 𝐴𝐶(𝑈) and 𝒫∗ = −𝑖𝛿𝜙 is symmetric.

While 𝒫 is symmetric, it is not essentially self-adjoint because 𝐷(𝒫∗) ⊂ 𝐷(𝒫), but
self-adjointness requires 𝐷(𝒫) = 𝐷(𝒫∗) as indicated in (1.27). It is easy to show that
a symmetric operator is not essentially self-adjoint even if it satisfies (1.26). Suppose
𝒫 = (𝑓, −i𝛿𝜙) on 𝐿2(𝑈,𝒟𝜙) and 𝐷(𝒫) = {Ψ ∈ 𝐴𝐶(𝑈) ∶ Ψ|𝜕𝑈= 0}; while
𝐷(𝒫∗) = {Φ ∈ 𝐴𝐶(𝑈)}. Then, for Ψ ∈ 𝐷(𝒫) and Φ ∈ 𝐷(𝒫∗), we compute the
differences

Δ(𝒫[𝑓]) ≡ ⟨𝒫[𝑓]Ψ, Φ⟩ − ⟨Ψ, 𝒫∗[𝑓]Φ⟩ (1.35)
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Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

The differences Δ(𝒫[𝑓]) ≡ 0 follows from (1.26) if Δ(𝒫[𝑓]) is symmetric. If 𝒫[𝑓] is
symmetric, the above condition is automatically satisfied just by imposing the boundary
condition Ψ[𝜙]|𝑈 = 0:

Δ(𝒫(𝑓)) = i∫
Σ𝑡

d𝜇(𝒙)𝑓(𝒙) ∫
𝑈
𝒟𝜙 𝛿

𝛿𝜙(𝒙)
(Ψ∗[𝜙]Φ[𝜙])

= i∫
Σ𝑡

d𝜇(𝒙)𝑓(𝒙) ∫
𝑈\𝑈(𝒙)

𝒟𝜙 (Ψ∗[𝜙]Φ[𝜙])∣
𝜕𝑈(𝒙)

= 0 (1.36)

So (1.26) holds without imposing any boundary conditions on the wave functionals
Φ ∈ 𝐷(𝒫 ∗) in the domain of the corresponding adjoint operator. This means that the
boundary condition enforced by the domain of the functional momentum operator
Ψ ∈ 𝐷(𝒫) is so strong, such that Δ(𝒫[𝑓]) = 0 it is not required to impose any
boundary conditions on those wave functionals Φ ∈ 𝐷(𝒫∗). This demonstrates that
𝐷(𝒫∗) ⊂ 𝐷(𝒫) and shows that the functional momentum operator 𝒫 defined this
way is symmetric but not necessarily self-adjoint.

To seek self-adjoint extensions of 𝒫 [𝑓], we need to extend the set of functional in
𝐷(𝒫 ) by allowing more general boundary conditions. To do so, assume there exists
a self-adjoint extension to 𝒫 that we denote as 𝒫. In the domain 𝐷(𝒫) we exclude
the set of functionals that possess the strict boundary conditions Ψ|𝜕𝑈= 0, so that
the domain of 𝒫 excludes the domain of 𝒫, Ψ ∈ 𝐷(𝒫 )\𝐷(𝒫). Again, consider the
residue

Δ(𝒫 (𝑓)) = ⟨𝒫 [𝑓] Ψ, Ψ⟩ − ⟨Ψ,𝒫 ∗[𝑓]Ψ⟩ ≡ 0

where the last equality is given by requiring 𝒫 is symmetric. By the same procedure, we
obtain the boundary term that is required to vanish if the differences Δ(𝒫 (𝑓)) ≡ 0:

∫
Σ𝑡

d𝜇(𝒙)𝑓(𝒙) ∫
𝑈\𝑈(𝒙)

𝒟𝜙 |Ψ[𝜙]|2∣
𝜕𝑈(𝒙)

= 0 (1.37)

This condition must hold equally on all 𝒙 ∈ Σ𝑡, meaning that

∫
𝑈∖𝑈(𝑥)

𝒟𝜙 |Ψ[𝜙]|2∣𝜕𝑈(𝒙) = ∏
𝒑∈Σ𝑡,𝒑≠𝒙

∫
𝑈(𝒑)

d𝜙(𝒑) |Ψ[𝜙]|2∣𝜕𝑈(𝒙) = 0 (1.38)
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1 .2 . Kinematical aspects

for all 𝒙 ∈ Σ𝑡 and let 𝜕𝑈(𝒑) = {𝜙𝐻(𝒑), 𝜙𝐿(𝒑)}. Given that Ψ ∉ 𝐷(𝒫), we
excluded the possibility that Ψ[𝜙]|𝜕𝑈= 0, so Δ(Π(𝑓)) = 0 holds if and only if
there exists complex-valued functions 𝛼(𝒙) for all 𝒙 ∈ Σ𝑡 with unit modulus. Since
field configurations 𝜙 are elements of the infinite-dimensional effective configuration
space, they can be decomposed as 𝜙 = ∫Σ𝑡

d3𝑥 |𝒙⟩⟨𝒙|𝜙⟩ ≡ ∫Σ𝑡
d3𝑥 𝜙(𝒙) 𝑒𝒙 where

𝑒𝒙 ≡ |𝒙⟩ is the set of basis vector denoting all 𝒙 ∈ Σ𝑡. Using this decomposition, we
can evaluate the field 𝜙 at the boundary 𝜕𝑈(𝒙) explicitly in (1.38) and rewrite it as

Ψ(𝜁𝐿(𝒙)) − 𝛼(𝒙) Ψ(𝜁𝐻(𝒙)) = 0 . (1.39)

The function 𝜁𝑎(𝒙) for 𝑎 = {𝐿, 𝐻} is the field configuration 𝜙 evaluated at the
boundary 𝜕𝑈(𝒙) only locally at point 𝒙. Specifically,

𝜁𝑎(𝒙) ≡ 𝜙|𝜙𝑎(𝒙) = ∫
Σ𝑡

d3𝒙′ 𝜙(𝒙′)𝑒𝒙′∣
𝜙𝑎(𝒙)

= (𝒳𝒙, 𝜙) + 𝜙𝑎(𝒙) 𝑒𝒙 , (1.40)

and (𝒳𝒙, 𝜙) by construction excludes the contribution of the position 𝒙 from the
spatial integral:

(𝒳𝒙, 𝜙) ≡ ∫
Σ𝑡

d3𝑥′ 𝜙(𝒙′)𝑒𝒙′ − lim
𝜖→0

∫
Σ𝑡

d3𝑥′ (𝑖𝜖(𝒙′ − 𝒙)𝜙(𝒙′)𝑒𝒙′) (1.41)

As a consequence, the conditions (1.38) and (1.39) are required to hold for any
functional in 𝐷(𝒫 ) with the same function 𝛼 such that Δ(𝒫 (𝑓)) vanishes. Now,
consider Π𝛼[𝑓] = (𝑓, −i𝛿𝜙) with the domain

𝐷(Π𝛼) = {Ψ ∈ 𝐴𝐶(𝑈) ∶ Ψ(𝜁𝐿(𝒙)) = 𝛼(𝒙) Ψ(𝜁𝐻(𝒙)), |𝛼(𝒙)| = 1, ∀ 𝒙 ∈ Σ𝑡} .

It is clear that 𝐷(𝒫 ) ⊂ 𝐷(Π𝛼). Since Π is symmetric and 𝒫 is by assumption the
self-adjoint extension of Π, we have 𝒫 = Π𝛼 for some function 𝛼 ∶ Σ𝑡 → ℂ with
|𝛼| = 1.
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Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

Now, we will see that the symmetric extension of Π𝛼 can lead to a self-adjoint
extension. Let Ψ ∈ 𝐷(Π𝛼) and Φ ∈ 𝐷(Π∗

𝛼), then Δ(𝒫[𝑓]) is

Δ(Π[𝑓]) = i∫
Σ𝑡

d3𝒙 ∫
𝑈\𝑈(𝒙)

𝒟𝜙 (Φ∗[𝜙]Ψ[𝜙])∣
𝜕𝑈(𝒙)

(1.42)

which is required to vanish ∀𝒑 ∈ Σ𝑡 and 𝒑 ≠ 𝒙, meaning that the integrand vanishes:

∫
𝑈∖𝑈(𝒙)

𝒟𝜙 (Φ∗[𝜙]Ψ[𝜙])∣𝜕𝑈(𝒙) = ∏
𝒑∈Σ𝑡,𝒑≠𝒙

∫
𝑈(𝒑)

d𝜙(𝑝) (Φ∗[𝜙]Ψ[𝜙])∣𝜕𝑈(𝒙) = 0 .

(1.43)

This indicates that on each position 𝒙 ∈ Σ𝑡, the following relation holds for some
function 𝛼 ∶ Σ𝑡 → ℂ and |𝛼| = 1:

𝛼∗(𝒙)Φ∗(𝜁𝐻(𝒙))Ψ(𝜁𝐻(𝒙)) = Φ∗(𝜁𝐿(𝒙))Ψ(𝜁𝐿(𝒙)) . (1.44)

Since Ψ ∈ 𝐷(𝒫𝛼), inserting Ψ(𝜁𝐻(𝒙)) = 𝛼(𝒙)Ψ(𝜁𝐿(𝒙)) reveals

𝛼∗(𝒙)Φ∗(𝜁𝐻(𝒙)) = Φ∗(𝜁𝐿(𝒙)) . (1.45)

Therefore the general boundary conditions motivated by 𝐷(Π𝛼) must impose the
same boundary condition to 𝐷(Π∗

𝛼), such that the domain 𝐷(Π𝛼) = 𝐷(Π∗
𝛼). Con-

sequently, we conclude that all symmetric extensions of the momentum operator Π𝛼

admit infinitely many self-adjoint extensions, which are indexed by a complex value
function 𝛼(𝒙) with |𝛼(𝒙)| = 1 on Σ𝑡.

Hamilton Operator

In this section, we will extend our study to consider the Hamilton operator of a
free quantum field and the conditions under which the Hamiltonian could admit a
self-adjoint extension. In almost all circumstances, the potential term in the Hamilton
operator is self-adjoint, and therefore the operator of interest is the kinetic part of this
Hamiltonian, which is given by the functional generalization of the Laplace operator.
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1 .2 . Kinematical aspects

Let us introduce the quadratic form 𝒬 ∶ 𝐷(Π) × 𝐷(Π) → ℂ on the form domain
of 𝐷(Π). For Φ, Ψ ∈ 𝐷(Π), 𝒬 is defined by

𝒬(Φ, Ψ) ≡ ⟨ΠΦ, ΠΨ⟩ (1.46)

such that 𝒬( ⋅ , Ψ) and 𝒬(Φ, ⋅ ) is conjugate linear and linear respectively, and
𝒬(Φ, Ψ) = 𝒬(Ψ, Φ) if 𝒬 is symmetric. Physically, since 𝒬 is associated with the
kinetic part of the Hamilton operator, for any healthy theory with physical degrees of
freedom, 𝒬 cannot be negative, so formally 𝒬(Ψ, Ψ) = ‖ΠΨ‖2 ≥ 0 . and satisfies the
Cauchy–Schwarz inequality |𝒬(Φ, Ψ)| ≤ ‖ΠΦ‖ ‖ΠΨ‖. Previously, we have shown
that Π is closed, so the quadratic form 𝒬 will inherit this property and therefore is
closed positive. Then it follows from the Kato’s representation theorem [36] that
the closed positive quadratic form 𝒬 guarantees the existence of a unique self-adjoint
opeartor 𝒯𝜙 associated with 𝒬, satisfying:

𝒬(Φ, Ψ) = ⟨Φ, 𝒯𝜙Ψ⟩, (1.47)

with the domain 𝐷(𝒯𝜙) ⊆ 𝐷(Π). To identify the domain of 𝒯𝜙, we define the inner
product on 𝐷(Π) ⊂ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) by

⟨Φ, Ψ⟩𝐷(Π) = 𝒬(Φ, Ψ) + ⟨Φ, Ψ⟩. (1.48)

Let (𝐷(Π))∗ be the space of bounded conjugated linear functional on 𝐷(Π), then let
𝚥 be the linear embedding of 𝐿2(Γ(𝒞𝑡),𝒟𝜙) into (𝐷(Π))∗ by

𝐿2(Γ(𝒞𝑡),𝒟𝜙) ∋ Ψ
𝚥

−→ ⟨ ⋅, Ψ ⟩ ∈ (𝐷(Π))∗ (1.49)

which is bounded due to the Cauchy-Schwarz inequality

|(𝚥(Φ))(Ψ)| ≤ ‖Ψ‖‖Φ‖ ≤ ‖Ψ‖𝐷(Π)‖Φ‖ (1.50)
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Let id be the identity map that embeds 𝐷(Π) in 𝐿2(Γ(𝒞𝑡),𝒟𝜙), we have the following
sequence of embedding

𝐷(Π)
id
−→ 𝐿2(Γ(𝒞𝑡),𝒟𝜙)

𝚥
−→ (𝐷(Π))∗ (1.51)

leading to the following chain of inclusion:

𝐷(Π) ⊂ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) ⊂ (𝐷(Π))∗ (1.52)

Define the mapping Π̃ ∶ 𝐿2(Γ(𝒞𝑡)),𝒟𝜙) → (𝐷(Π))∗ by

(Π̃∗Φ)(Ψ) ≡ ⟨Φ, ΠΨ⟩ , (1.53)

then by the definition of adjoint operator 𝐷(Π∗) = {Φ ∶ Π̃∗Φ ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙)},
and Π equals to Π∗ is restricted to the domain 𝐷(Π∗). Now, let 𝒯̃ ∶ 𝐷(Π) → 𝐷(Π)∗

be the nature map by ⟨𝒯̃Φ, Ψ⟩ ≡ 𝒬(Φ, Ψ), then we have

𝐷(𝒯) = {Φ ∈ 𝐷(Π) ∶ 𝒯̃Φ ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙)} (1.54)

and 𝒯 equals to 𝒯̃ restricted to the domain 𝐷(𝒯). Now suppose Φ, Ψ ∈ 𝐷(Π), then

[Π̃∗(ΠΦ)](Ψ) = 𝒬(Φ, Ψ) = ⟨ΠΦ, ΠΨ⟩ = (𝒯̃Φ)(Ψ) (1.55)

so that 𝒯̃ = Π̃∗Π such that

𝐷(𝒯) = {Φ ∈ 𝐷(Π) ∶ 𝒯̃Φ ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙)}
= {Φ ∈ 𝐷(Π) ∶ Π∗(ΠΦ) ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙)}
= {Φ ∈ 𝐷(Π) ∶ ΠΦ ∈ 𝐷(Π∗)}
= 𝐷(Π∗Π) (1.56)

where 𝒯 equals to 𝒯̃ restricted to the domain 𝐷(𝒯) . The first equality is just the
quoted result on the domain of 𝒯𝜑, the second equality follows from 𝒯̄𝜑 = 𝒫̄∗𝒫.
As a result, the self-adjoint operator associated with the closed positive quadratic form
𝒬 is given by 𝒯 = Π∗Π.
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1 .3 . Dynamical aspects

1 .3 Dynamical aspects

1 .3 . 1 Momentum Operator

From the previous section, we have shown that it is always possible to construct a
momentum operator Π and its quadratic form 𝒬 with infinitely many self-adjoint
extensions on a kinematic level in an effective configuration field space subjected to
boundaries at a finite distance. This possibility, however, does not necessarily imply
compatibility with the dynamics imposed by the Schrödinger equation for any wave
functional Ψ𝑡[𝜙] ∈ 𝐷(Π).

In this section, we present the dynamic analysis to supplement the kinematic state-
ments. We proceed in three steps: first, we investigate, for Gaussian wave-functionals,
under which criterion the Hamilton operator ℋ admits a self-adjoint extension on
the kinematic level. Second, we introduce the dynamics provided by the functional
Schrödinger equation and examine the corresponding solution space. Third, we show
that only static spacetimes provide the possibility for such self-adjoint extensions that
are respected by the dynamics.

We begin with determining the self-adjoint domain 𝐷(Π) of a Gaussian state Ψ𝑡[𝜙]
in 𝐿2(𝑈,𝒟𝜙). Consider Ψ𝑡[𝜙] ∈ 𝐴𝐶(𝑈) takes the form

Ψ𝑡[𝜙] = 𝒩𝑡ℱ𝑡[𝜙] (1.57)

where ℱ𝑡 = exp (−(1/2)𝒦2[𝜙]) and 𝒦2[𝜙] is a bikernel functional 𝒦2 ∶ 𝑈 × 𝑈 →
ℂ while 𝒩𝑡 ∈ ℂ is the normalization factor that will be determined by solving the
functional Schrodinger equation. Then, the essential criteon for Ψ𝑡[𝜙] to live in the
domain 𝐷(Π) follows from (1.38)

∫
𝑈\𝑈(𝒙)

𝒟𝜙 |ℱ𝑡(𝜁𝐿(𝒙))| = ∫
𝑈\𝑈(𝒙)

𝒟𝜙 |ℱ𝑡(𝜁(𝒙))|2 (1.58)

where ℱ[𝜙]|𝜕𝑈(𝒙)= ℱ𝑡(𝜁𝑎(𝒙)) for 𝑎 = {𝐿, 𝐻} indicates that the Gaussian wave
functional is evaluated at the boundary 𝜕𝑈(𝒙). In particular, we consider (1.38)
because the functional integral by construction completely eliminate the possibility to
recast the boundary elements 𝜕𝑈(𝒙) = {𝜙𝐿(𝒙), 𝜙𝐻(𝒙)} as a functional of 𝜙(𝒙′) for
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𝒙′ ≠ 𝒙. This is an important consistency requirement since the boundary elements
are, by definition, cutoff values imposed by how the effective configuration space is
defined.

It should be noted that although (1.58) holds true for the choice 𝜙𝐻(𝒙) =
𝜙𝐿(𝒙) = 𝜙Λ(𝒙), this is equivalent to choosing a trivial configuration space 𝑈 = {∅}
because 𝜕𝑈(𝒙) = {𝜙Λ(𝒙), 𝜙Λ(𝒙)} for all 𝒙 ∈ Σ𝑡 and 𝜙Λ(𝒙) ∈ ℝ. For non-
trivial choices of 𝑈 and Ψ ∈ 𝐷(Π), consider the symmetric boundary conditions
𝜙Λ(𝒙) = 𝜙𝐻(𝒙) = −𝜙𝐿(𝒙) for all 𝒙 ∈ Σ𝑡. This leads to the functional integral
being parity even by mapping 𝜙(𝒙′) → −𝜙(𝒙′) for all 𝒙′ ∈ Σ𝑡 and 𝒙′ ≠ 𝒙:

∫
𝑈\𝑈(𝒙)

𝒟𝜙 = ∏
𝒙′∈Σ𝑡,𝒙′≠𝒙

∫
𝜙Λ(𝒙′)

−𝜙Λ(𝒙′)
d𝜙(𝒙′) ⟶ ∏

𝒙′

∫
−𝜙Λ(𝒙′)

+𝜙Λ(𝒙′)
(− d𝜙(𝒙′)) = ∫

𝑈\𝑈(𝒙)
𝒟𝜙

where in the last equality sign we have reabsorbed the negative sign into the integral
individually for each 𝒙′ ∈ Σ𝑡 and 𝒙′ ≠ 𝒙. Note that the mapping 𝜙(𝒙′) → −𝜙(𝒙′)
also preserves ℱ(𝜁𝑎(𝒙)) because the arguments within the exponential is also parity
even. Consider

𝜁⊗2
𝑎 (𝒙) = (𝜙𝑎(𝒙) 𝑒𝒙 + (𝒳𝒙, 𝜙) 𝑒𝒙′)⊗2 (1.59)

= 𝜙𝑎(𝒙) 𝑒𝒙 ⊗ 𝜙𝑎(𝒙)𝑒𝒙 + 𝜙𝑎(𝒙)𝑒𝒙 ⊗ (𝒳𝒙′, 𝜙)
+ (𝒳𝒙, 𝜙) ⊗ 𝜙𝑎(𝒙) 𝑒𝒙 + (𝒳𝒙′, 𝜙) ⊗ (𝒳𝒙′, 𝜙)

Mapping 𝜙(𝒙′) → −𝜙(𝒙′) for all 𝒙′ and 𝒙 ≠ 𝒙′, and use the fact that 𝜙𝐿(𝒙) =
−𝜙𝐻(𝒙) for all 𝒙 ∈ Σ𝑡, we obtain 𝜁⊗2

𝐿 (𝒙) ⟶ 𝜁⊗2
𝐻 (𝒙). Accordingly, the entire

functional under the mapping 𝜙(𝒙) → −𝜙(𝒙′) is given by

∫
𝑈\𝑈(𝒙)

𝒟𝜙 |ℱ𝑡(𝜁𝐿(𝒙))|2 ⟶ ∫
𝑈\𝑈(𝒙)

𝒟𝜙 |ℱ𝑡(𝜁𝐻(𝒙))|2 , (1.60)
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which concludes that (1.58) can be satisfied if 𝜕𝑈(𝒙) = {−𝜙Λ(𝒙), 𝜙Λ(𝒙)} for all
𝒙 ∈ Σ𝑡. Accordingly, there exists infinitely many self-adjoint extensions of𝒫𝛼 provided
the domain

𝐷(𝒫𝛼) = {Ψ𝑡 ∈ 𝐴𝐶(𝑈) ∶ Ψ(𝜁𝐻(𝒙)) = 𝛼(𝒙)Ψ(𝜁𝐿(𝒙)),
𝜕𝑈(𝒙) = {−𝜙Λ(𝒙), 𝜙Λ(𝒙)}, ∀𝒙 ∈ Σ𝑡} . (1.61)

As a consequence, the requirement that the canonical momentum operator must be
self-adjoint imposes a strong criterion on the choice of 𝑈. That is, it is not enough to
consider arbitrary neighborhood 𝑈, but the criterion (1.16) and (1.18) will determine
the boundary 𝜕𝑈(𝒙) for all 𝒙 ∈ Σ𝑡, such that the neighborhood 𝑈 contains field
configurations that describes a physical theory.

1 .3 .2 Hamilton Operator

The immediate follow-up question is whether the Hamilton operator for a free scalar
field admits similar self-adjoint extensions. If so, then on what condition does the
Hamilton operator admit a self-adjoint extension? The answer to this question is mainly
concerned with the spectrum of the kinetic operator Π∗Π. Consider Ψ𝑡 ∈ 𝐷(Π), in
order for the kinetic operator Π∗Π to be self-adjoint, it requires ΠΨ𝑡[𝜙] ∈ 𝐷(Π) with
the same 𝛼(𝒙) with unit modulus. For brevity, let us define 𝜒𝑡[𝜙] ≡ −𝑖(𝑓, 𝛿𝜙)Ψ𝑡[𝜙],
ΠΨ𝑡[𝜙] ∈ 𝐷(Π) implies that the following relation must be satisfied for |𝜒𝑡[𝜙]|2:

∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙) ∫
𝑈\𝑈(𝒙)

𝒟𝜙 |𝜒𝑡[𝜙]|2∣
𝜕𝑈(𝒙)

= 0 , (1.62)

which is equivalent to the following two possibilities imposed on 𝜒𝑡:

𝜒𝑡(𝜁𝐻(𝒙)) = 𝛼(𝒙)𝜒𝑡(𝜁𝐿(𝒙)) , (1.63)

𝜒𝑡(𝜁𝐻(𝒙)) = 𝛼∗(𝒙)𝜒∗
𝑡(𝜁𝐿(𝒙)) , (1.64)

such that Π∗Π admit self-adjoint extension. Since Ψ𝑡 is Gaussian,

𝜒𝑡[𝜙] = 𝑖(𝑓, 𝛿𝜙𝒦2)[𝜙] Ψ𝑡[𝜙] . (1.65)
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Combined with the fact that Ψ ∈ 𝐷(Π), the first condition (1.63) can be recast into
a requirement for 𝒦2:

[(𝑓, 𝛿𝜙𝒦2)(𝜁𝐻(𝒙)) − (𝑓, 𝛿𝜙𝒦2)(𝜁𝐿(𝒙))]Ψ𝑡(𝜁𝐻(𝒙)) = 0 . (1.66)

We can evaluate the functional derivative explicitly

(𝑓, 𝛿𝜙𝒦2)(𝜁𝐻(𝒙)) = [ ∫
Σ𝑡

d3𝑥 𝑓(𝒙) 𝛿
𝛿𝜙(𝒙)

𝒦2[𝜙, 𝜙; 𝑡] ]∣
𝜙=𝜁𝐻(𝒙)

= ∫
Σ𝑡

d3𝑥 ∫
Σ𝑡

d3𝑥′ 𝑓(𝒙) 𝐾2(𝒙′, 𝒙; 𝑡) 𝜙(𝒙′)∣
𝜙=𝜁𝐻(𝒙)

= ∫
Σ𝑡

d3𝒙 𝑓(𝒙) {𝐾2(𝒙, 𝒙; 𝑡) 𝜙𝐻(𝒙) + (𝒳𝒙, 𝐾′
2[𝜙])} ,

(1.67)

where the last term in the third line is

(𝒳𝒙, 𝐾′
2[𝜙]) = ∫

Σ𝑡

d𝜇(𝒙′) 𝐾2(𝒙, 𝒙′; 𝑡) 𝜙(𝒙′)[ id𝑈 −𝑖𝜖(𝜙(𝒙) − 𝜙Λ(𝒙))] , (1.68)

Inserting the above expression into (1.66), reduce to the conditions on 𝜙 for all 𝒙 ∈ Σ𝑡,
𝐾2 and Ψ𝑡:

(𝜙𝐻(𝒙) − 𝜙𝐿(𝒙))𝐾2(𝒙, 𝒙; 𝑡)Ψ𝑡 = 0 . (1.69)

First of all, Ψ𝑡(𝜁𝐻(𝒙)) = 0 are already excluded from the domain of 𝐷(Π) from the
previous kinematic constructions. The second possibility that 𝐾2(𝒙, 𝒙; 𝑡) = 0 for all
𝒙 ∈ Σ𝑡 is also excluded because 𝐾2(𝒙, 𝒙; 𝑡) = 0 is the trivial solution that does not
correspond to any physical Gaussian wave functionals. This leaves us with the only
possibility 𝜙𝐿(𝒙) = 𝜙𝐻(𝒙) for all 𝒙 ∈ Σ𝑡, which indicates a trivial configuration
space 𝑈 = {∅}.

Since the first condition covers only trivial solutions, we consider the second condi-
tion instead. Using Ψ𝑡(𝜁𝐻(𝒙)) = 𝛼∗(𝒙)Ψ∗

𝑡(𝜁𝐿(𝒙)), we find

0 = [ (𝑓, 𝛿𝜙)𝒦2(𝜁𝐻(𝒙)) + ((𝑓, 𝛿𝜙)𝒦2(𝜁𝐿(𝒙)))∗ ] Ψ𝑡(𝜁𝐻(𝒙)) . (1.70)
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Inserting the explicit form of the functional derivative term, we have

0 = ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙)[2Im𝐾2(𝒙, 𝒙; 𝑡)𝜙𝐻(𝒙) (1.71)

− ∫
Σ𝑡

d𝜇(𝒙′) 𝑓(𝒙′)Re𝐾2(𝒙, 𝒙′; 𝑡)(𝒳𝒙, 𝜙(𝒙′))] Ψ𝑡(𝜁𝐻(𝒙)) ,

where we have used the fact that 𝜙𝐻(𝒙) = −𝜙𝐿(𝒙) because Ψ𝑡[𝜙] ∈ 𝐷(Π). Again,
we integrate out all possible 𝜙(𝒙′) by the consistency requirement that the boundary
elements 𝜕𝑈(𝒙) = {𝜙𝐿(𝒙), 𝜙𝐻(𝒙)} for all 𝒙 ∈ Σ𝑡 is not a functional of 𝜙(𝒙′) for
all 𝒙′ ∈ Σ𝑡 and 𝒙′ ≠ 𝒙. The necessary requirement for self-adjoint extensions can
be further condensed by multiplying both sides with Ψ𝑡(𝜁𝐻(𝒙)) before we integrate
over all possible 𝜙(𝒙′). So the second term in (1.71) at each point 𝒙 ∈ Σ𝑡 becomes

∫
Σ𝑡

d3𝒙′ 𝑓(𝒙′)Re𝐾2(𝒙, 𝒙′; 𝑡) ∫
𝑈\𝑈(𝒙)

𝒟𝜙 (𝒳𝒙, 𝜙(𝒙′)) |Ψ𝑡(𝜁𝐻(𝒙))|2 = 0 ,

(1.72)

which vanishes at all 𝒙′ ∈ Σ𝑡 for 𝒙′ ≠ 𝒙. This property follows from Ψ𝑡 ∈ 𝐷(Π),
that the momentum operator admits a self-adjoint extension for all points 𝒙′ ∈ Σ𝑡

and 𝒙′ ≠ 𝒙 because

∫
𝑈\𝑈(𝒙)

𝒟𝜙 (𝒳𝒙, 𝜙(𝒙′)) |Ψ𝑡(𝜁𝐻(𝒙))|2 ∝ ∫
𝑈\𝑈(𝒙)

𝛿
𝛿𝜙(𝒙′)

|Ψ𝑡(𝜁𝐻(𝒙))|2 = 0

(1.73)

As such, we are left with the necessary condition

Im𝐾2(𝒙, 𝒙; 𝑡)𝜙𝐻(𝒙) ∫
𝑈\𝑈(𝒙)

𝒟𝜙 |Ψ𝑡(𝜁𝐻(𝒙))|2 = 0 . (1.74)

This suggests three possible criteria: the first criterion is that the following term vanishes
for all 𝒙 ∈ Σ𝑡,

∫
𝑈\𝑈(𝒙)

𝒟𝜙 |Ψ𝑡(𝜁𝐻(𝒙))|2 = 0, (1.75)
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which is only possible either Ψ𝑡(𝜁𝐻(𝒙)) = 0 or the functional integration over
|Ψ𝑡(𝜁𝐻(𝒙))|2 is zero. The condition that Ψ𝑡(𝜁𝐻(𝒙)) = 0 can be met only if Ψ𝑡[𝜙]
is compactly supported within 𝑈. But since 𝑈 is compact and Ψ𝑡 ∈ 𝐷(Π), the
condition Ψ𝑡(𝜁𝐻(𝒙)) = 0 cannot be met in this case. The second possibility is that
𝜙𝐻(𝒙) = −𝜙𝐿(𝒙) = 𝜙Λ(𝒙) = 0 for all 𝒙 ∈ Σ𝑡. This results in the trivial scenario
where 𝑈 = {∅}. Since we are not interested in a trivial configuration space, we
consider 𝜙Λ(𝒙) ≠ 0 and reject this possibility. Given that 𝑈 ≠ {∅}, we are left with
the possibility Im𝐾2(𝒙, 𝒙; 𝑡) = 0 for all 𝒙 ∈ Σ𝑡, which will mark the criterion for
Π∗Π to admit self-adjoint extensions.

Subsequent analysis is to investigate under what circumstances the imaginary part
of the bikernel function vanishes for the Gaussian wave functional Ψ𝑡 ∈ 𝐷(Π). In its
most general form, all Ψ𝑡[𝜙] that can be associated with physical systems are solutions
to the functional Schrodinger equation

𝑖𝜕𝑡Ψ𝑡[𝜙] = 𝐻𝑡[Π, Φ]Ψ𝑡[𝜙] , (1.76)

where the Hamilton operator 𝐻𝑡[Π, Φ] in the foliation can be decomposed into

𝐻𝑡[Π, Φ] = 𝐻⟂[Π, Φ] + 𝐻∥[Π, Φ] (1.77)

for which the Hamiltonian can be further decomposed into a kinetic term 𝐴[Π] and
a potential term 𝑉 [Φ]

𝐻⟂[Π, Φ] = 1
2

(𝐴[Π] + 𝑉 [Φ]) , . (1.78)

Individual terms in 𝐻⟂[Π, Φ] for free quantum fields are explicitly

𝐴[Π] = ∫
Σ𝑡

d𝜇(𝑥) 𝑁⟂(𝒙)𝑓(𝒙)
Π2(𝒙)
det 𝑞(𝒙)

(1.79)

𝑉 [Φ] = ∫
Σ𝑡

d𝜇(𝑥) 𝑁⟂(𝒙)𝑓(𝒙) Φ(𝒙)(−Δ + 𝑚2 + 𝜁𝑅)Φ(𝒙) (1.80)

where d𝜇(𝒙) = √𝑞(𝒙)d3𝒙 is the covariant measure on Σ𝑡; 𝜁 is the coupling parameter
to the Ricci scalar curvature𝑅, Δ = −𝜕𝑖(𝑁⟂

√𝑞𝑞𝑖𝑗𝜕𝑗) is the Laplace operator induced
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on Σ𝑡, and we assume that Δ acting on 𝜙(𝒙) can only yields real eigenvalues, which
that the self-adjointness of Φ passes on to 𝒱[Φ]. On the other hand,

𝐻∥ = ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙)𝑁 𝑖(𝒙)∇𝑖Φ(𝒙)Π(𝒙) (1.81)

contains the off-diagonal part, and it is not particularly important because the Hamilto-
nian can be diagonalized by a local coordinate transformation, such that the off-diagonal
part can always be eliminated. What always remains, therefore, is the diagonal part of
𝐻.

As a result, to conclude our analysis on the condition for self-adjointness of 𝐻, we
are required to consider only the kinetic operator 𝐴[Π], determining whether or not
𝐻 admits self-adjoint extensions. To this end, we will show that for a general 𝒦(2)

that satisfies the Schrodinger equation, the Hamiltonian is a complex functional of 𝜙
in a dynamical spacetime, and it cannot admit any self-adjoint extension, even though
they exist for Π. To see this, for a Gaussian state Ψ𝑡[𝜙] in a dynamical spacetimes, the
bikernal functional 𝒦(2) must satisfy:

− i𝜕𝑡𝒦
(2)
2 (1.82)

= ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙)[
𝑁⟂
4

(
Π(𝒙)𝒦2[𝜙]
√det 𝑞(𝒙)

)
2

− 𝑁 𝑖∇𝑖Φ(𝒙)
Π(𝒙)𝒦(2)[𝜙]
√det 𝑞(𝒙)

] + 𝑉 [Φ]

where the bikernel functional also determines the evolution of the normalization factor
𝒩𝑡:

i𝜕𝑡 ln𝒩𝑡 = −1
2

∫
Σ𝑡

d𝜇(𝒙)𝑓(𝒙)𝑁⟂
Π2(𝒙)𝒦(2)[𝜙]

det 𝑞(𝒙)
. (1.83)

Since the spacetime is dynamical, the Hamilton operator is time-dependent and thus
cannot admit a self-adjoint extension. We can show this by the proof of contradiction.
Recall that the criterion for the self-adjoint domain of ℋ is given by Im𝐾2(𝒙, 𝒙; 𝑡) =
0 ∀𝒙 ∈ Σ𝑡. Now consider the general solution to (1.83) is

|𝒩𝑡|2 = |𝒩0|2 exp [i∫
𝑡

𝑡0

d𝜏 ∫
Σ𝑡

d𝜇(𝒙) Im𝐾2(𝒙, 𝒙; 𝑡)] (1.84)
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where 𝒩0 is the integration constant determined at the initial time 𝑡0. Assume ℋ
admits a self-adjoint extension so that Im𝐾2(𝒙, 𝒙; 𝑡) = 0 holds for all 𝒙 ∈ Σ𝑡 at all
time 𝑡, such that |𝒩𝑡|2 = |𝒩0|2 for all 𝑡. Since ℋ admits a self-adjoint extension, it
ensures norm conservation:

𝜕𝑡‖Ψ𝑡‖2 = |𝒩0|2 ∫
𝑈
𝒟𝜙 𝜕𝑡 Re𝒦(2)[𝜙] exp (−Re𝒦(2)[𝜙]) ≡ 0 (1.85)

This identity is true only for all 𝒙 ∈ Σ𝑡 at all time if and only if 𝜕𝑡Re𝒦
(2)
2 [𝜙]

for Re𝒦(2)[𝜙] ≠ 0, or otherwise (1.85) is false. However, the requirement that
𝜕𝑡Re𝒦

(2)
2 [𝜙] = 0 and Im𝐾2(𝒙, 𝒙; 𝑡) = 0 for all 𝒙 ∈ Σ𝑡 and 𝑡 ∈ 𝐼 is possible only

if 𝒦(2)[𝜙] is time independent. This is possible only if the Schrödinger equation
is time-independent, which reduces to the time-independent Schrödinger equation
𝐻[Π, Φ]Ψ[𝜙] = 𝐸 Ψ[𝜙], where 𝐸 ∈ ℝ [21], which is equivalent to saying that all
terms in (1.82) and (1.83) are time independent, including the spacetime metric. This,
however, indicate that the spacetimes must be static in order to meet the criterion that
𝜕𝑡Re𝒦

(2)
2 [𝜙] = 0 and Im𝐾2(𝒙, 𝒙; 𝑡) = 0 for all 𝒙 ∈ Σ𝑡 for all 𝑡 ∈ 𝐼. As a result, we

conclude that it is, by consistency, impossible to meet the criterion for the Hamilton
operator to admit a self-adjoint extension, provided that the spacetime is dynamical.
On the contrary, this also proves that the Hamilton operator can admit infinitely many
self-adjoint extensions, but only in static spacetime like the Minkowski spacetime.

At last, we provide an equivalent interpretation of our result from the viewpoint that
the lack of self-adjoint extension for the Hamiltonian operator in dynamic spacetime
manifests as having non-vanishing probability flux leaving the given field configuration
space 𝑈 through its boundaries 𝜕𝑈. This can be seen from reformulating the time
derivative of the norm in terms of the Schrodinger equation

𝜕𝑡‖Ψ𝑡‖2 = 𝑖 ∫
𝑈
𝒟𝜙 [(Ψ∗

𝑡 [𝜙]𝐻†)Ψ𝑡[𝜙] − Ψ∗
𝑡 [𝜙](𝐻Ψ𝑡[𝜙])] . (1.86)

The time derivative is assumed to commute with the functional integral because the
neighborhood 𝑈 is imposed only by the physical cut-off condition such that 𝜕𝑈 is
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time-independent. Insert the Hamiltonian, and the time derivative of the norm can
be expressed in terms of three different contributions

𝜕𝑡‖Ψ𝑡‖2 = ∫
𝑈
𝒟𝜙 ( div 𝑗𝑡[𝜙] + 𝑠𝑡[𝜙] + 𝑏𝑡[𝜙]) (1.87)

where 𝑠𝑡[𝜙] = Im𝑉 [Φ] = 0 is the source terms that represent probability sinks, which
is zero for a free theory because the potential operator 𝑉 [Φ] is self-adjoint. The term
𝑏[𝜙] is the off-diagonal term that is captured by the imaginary part of 𝐻∥. Again, this
contribution is ignored for now without any loss of generality to the implications of
our results because the Hamiltonian can always be diagonalized by a local coordinate
transformation. The most important term is the first term that characterizes the
divergence of the probability density current 𝑗𝑡[𝜙]:

div 𝑗𝑡[𝜙] ≡ ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙) 𝑁
ℎ(𝒙)

𝛿𝑗𝑡,𝒙[𝜙]
𝛿𝜙(𝑥)

(1.88)

𝑗𝑡,𝒙[𝜙] ≡ 1
𝑖

(Ψ𝑡[𝜙] 𝛿
𝛿𝜙(𝑥)

Ψ∗
𝑡 [𝜙] − Ψ∗

𝑡 [𝜙] 𝛿
𝛿𝜙(𝑥)

Ψ𝑡[𝜙]) (1.89)

where 𝑗𝑡,𝒙[𝜙] is the local probability density current in the instantaneous configuration
space 𝑈(𝒙). This particular expression reveals that

𝜕𝑡‖Ψ𝑡‖2 = ∫
Σ𝑡

d𝜇(𝒙) 𝑓(𝒙) ∫
𝑈∖𝑈(𝒙)

𝒟𝜙 𝑗𝑡,𝒙[𝜙]∣
𝜕𝑈(𝒙)

, (1.90)

where we have again reabsorbed all the time-dependent factors into 𝑓(𝒙) for clarity
The expression indicates that the time derivative of the norm is given by the probability
density current penetrating through the boundary 𝜕𝑈(𝒙) contributed from all 𝒙 ∈ Σ𝑡.
This is consistent with our previous finding that the Hamiltonian admits a self-adjoint
extension if the Gaussian wave functional is characterized by a purely real bi-local
kernel function Im𝐾2(𝒙, 𝒚; 𝑡), which is only possible if the wave functional satisfies
the time-independent Schrodinger equation. As a result, in dynamical spacetimes,
the Hamiltonian does not admit a self-adjoint operator, and this is quantitatively
described by the amount of probability density current leaving the instantaneous field
configuration 𝑈 through 𝜕𝑈.
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It should be noted that this condition also imposes strict conditions on the imaginary
part of the bi-local kernel function in dynamic spacetime. In the absence of ghosts,
the total probability cannot be increasing but only decreasing. In other words, the
probability density current is only allowed to leave the field configuration space but
not enter it from outside. This implies that any theory containing only physical degrees
of freedom must impose certain conditions on the imaginary part of the bi-local kernel
function.
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1 .4 Contractive Evolution

So far we have discussed the spectrum of ℋ that generates the time-evolution. We
learned that ℋ is not necessarily self-adjoint. In this section, we will examine the
consequences of this result and its implications for the associated evolution group
following the treatment in [36–39]. This will allow us to generalize the Stone’s corre-
spondence in quantum mechanics, where a self-adjoint Hamilton operator corresponds
to a unitary evolution one-parameter time evolution group, into a functional version
in quantum field theory.

Let us consider a one-parameter family of evolution operators {ℰ(𝑡, 𝑡0)}𝑡∈𝐼 acting
on 𝐿2(Γ(𝒞𝑡0

),𝒟𝜙), where 𝒞𝑡0
denotes the configuration space at the initial time 𝑡0 ∈

𝐼. This family of map satisfies ℰ(𝑡0, 𝑡0) = idΓ∗(𝒞𝑡0) and ℰ(𝑡, 𝑠)ℰ(𝑠, 𝑡0) = ℰ(𝑡, 𝑡0) for
all 𝑡, 𝑠 ∈ 𝐼, and the map 𝑡 ↦ ℰ(𝑡, 𝑡0)Ψin is continuous for each normalizable initial
wave functional Ψin ∈ 𝐿2(Γ(𝒞𝑡0

),𝒟𝜙). In what follow, we restrict to a special family
of evolution operators, known as the contractive evolution operator, which satisfy the
condition

inf{𝐶 ≥ 0 ∶ 𝔼1/2 (idΓ∗(𝒞𝑡) ; ℰ(𝑡, 𝑡0)Ψin) ≤ 𝐶 , ∀ Ψin ∈ 𝐿2(Γ(𝒞𝑡0
),𝒟𝜙)} ≤ 1 ,

or using the supremum supΨ≠0(‖ℰ(𝑡, 𝑡0)Ψ‖/‖Ψ‖) ≤ 1, ∀ Ψ ∈ 𝐿2(Γ(𝒞𝑡0
),𝒟𝜙).

Contractive evolution families arise naturally in effective field theories and provide a
necessary generalization of the correspondence between unitary evolution groups and
self-adjoint generators of time translations.

In the case of contracting evolution semigroups, which includes unitary repre-
sentations of evolution groups, we can obtain the generator for ℰ(𝑡 + 𝛿𝑡, 𝑡) with
[𝑡, 𝑡 + 𝛿𝑡] ⊂ 𝐼 as follows. Let us consider a general generator for infinitesimal time
translation,

𝑇𝑡(𝛿𝑡) ≡
idΓ∗(𝒞𝑡) − ℰ(𝑡 + 𝛿𝑡, 𝑡)

𝛿𝑡
, (1.91)

and introduce the domain

𝐷(𝑇𝑡) ≡ {Ψ𝑡 ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) ∶ lim
𝛿𝑡→0+

𝑇𝑡(𝛿𝑡)Ψ𝑡 exists} (1.92)
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so that the infinitesimal generator 𝑇𝑡 is defined by 𝑇𝑡Ψ𝑡 ≡ lim𝛿𝑡→0+ 𝑇𝑡(𝛿𝑡)Ψ𝑡 for
all Ψ𝑡 ∈ 𝐷(𝑇𝑡). Then 𝑇𝑡 generates the time evolution ℰ(𝑡, 𝑡0) in the form of the
time-ordered exponential

ℰ(𝑡, 𝑡0) = 𝒯 exp(− ∫
𝑡

𝑡0

d𝜏 𝑇𝜏(Φ, Π)) . (1.93)

where 𝑇𝜏 is a functional of the canonical fields Φ and its conjugate momentum
operator Π. We first show that 𝐷(𝑇𝑡) is dense in 𝐿2(Γ(𝒞𝑡),𝒟𝜙). For any Ψ𝑡 ∈
𝐿2(Γ(𝒞𝑡),𝒟𝜙) and set

Ψ(𝑠)(𝜙) ≡ ∫
[0,𝑠]

d𝜏 ℰ(𝑡 + 𝜏, 𝑡)Ψ𝑡(𝜙) (1.94)

for [𝑡, 𝑡 + 𝑠] ⊂ 𝐼. For any 𝑟 > 0 with (𝑡 + 𝑠 + 𝑟) ∈ 𝐼, consider ℰ(𝑡 + 𝑟, 𝑡) Ψ(𝑠), and
define Ψ𝑡+𝜏+𝑟 = ℰ(𝑡 + 𝑟, 𝑡) Ψ𝑡+𝜏,

𝑇𝑡(𝑟)Ψ(𝑠) = −1
𝑟

∫
𝑠

0
d𝜏 (Ψ𝑡+𝜏+𝑟 − Ψ𝑡+𝜏)

= −1
𝑟

(∫
𝑟+𝑠

𝑠
d𝜏 Ψ𝑡+𝜏 − ∫

𝑠

0
d𝜏 Ψ𝑡+𝜏) (1.95)

Taking the limit 𝑟 → 0

lim
𝑟→0

𝑇𝑡(𝑟)Ψ(𝑠) = (idΓ∗(𝒞𝑡) − ℰ(𝑠 + 𝑡, 𝑡)) Ψ𝑡 (1.96)

So for each Ψ𝑡 ∈ 𝐿2(Γ(𝒞𝑡),𝒟𝜙) and for each admissible 𝑠 > 0, Ψ(𝑠) ∈ 𝐷(𝑇𝑡).
Since the sequence converges by {𝑠−1Ψ(𝑠)}𝑠∈𝐼 → Ψ𝑡 at the limit 𝑠 → 0, and lies in
the domain 𝐷(𝑇𝑡), 𝐷(𝑇𝑡) is dense in 𝐿2(Γ(𝒞𝑡),𝒟𝜙). It is worth stressing that the
evolution equation is required in this derivation since, in general, the dynamical content
of the theory is given by a one-parameter family of time-ordered exponentials which
need not form a semi-group. However, if Ψ𝑡 ∈ 𝐷(𝑇𝑡), then 𝑇𝑠+𝑡 ℰ(𝑠 + 𝑡, 𝑡) Ψ𝑡 =
ℰ(𝑠 + 𝑡, 𝑡) 𝑇𝑡 Ψ𝑡 so that ℰ(𝑠 + 𝑡, 𝑡) ∶ 𝐷(𝑇𝑡) → 𝐷(𝑇𝑠+𝑡) and

𝜕𝑠Ψ𝑠+𝑡 = −𝑇𝑠+𝑡Ψ𝑠+𝑡 = −(𝑇𝑡Ψ𝑡)𝑠+𝑡 (1.97)
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We can use this to show that 𝑇𝑡 is also closed. Let {Ψ𝑛
𝑡 }𝑛∈ℕ be a sequence of wave

functionals with Ψ𝑛
𝑡 ∈ 𝐷(𝑇𝑡) for all 𝑛 ∈ ℕ, which coverages by {Ψ𝑛

𝑡 }𝑛∈ℕ → Ψ𝑡 ∈
𝐿2(Γ(𝒞𝑡),𝒟𝜙) and 𝑇𝑡Ψ𝑛

𝑡 → Ξ𝑡. Then

𝑇𝑡(𝑟)Ψ𝑡 = lim
𝑛→∞

1
𝑟

(Ψ(𝑛)
𝑡 − ℰ(𝑟 + 𝑡, 𝑡)Ψ(𝑛)

𝑡 )

= lim
𝑛→∞

1
𝑟

∫
𝑟

0
d𝑡 ℰ(𝑟 + 𝑡, 𝑡)𝑇𝑡Ψ

(𝑛)
𝑡 (1.98)

where we have considered the evolution equation ℰ(𝑟 + 𝑡, 𝑡)Ψ𝑛
𝑡 = Ψ𝑡 − (𝑇𝑡Ψ𝑛

𝑡 )(𝑟)

together with (1.97). Thus,

lim
𝑟→0

𝑇𝑡(𝑟)Ψ𝑡 = lim
𝑟→0

1
𝑟

∫
𝑟

0
𝑇𝑡Ξ𝑡d𝑡 = Ξ𝑡 (1.99)

Therefore Ψ𝑡 ∈ 𝐷(𝑇𝑡) and 𝑇𝑡Ψ𝑡 = Ξ𝑡. Altogether, this shows that 𝑇𝑡 is closed
and densely defined, This allows to perform a generalized spectral analysis, which is
essential to relax the strict correspondence of Stone’s theorem between self-adjointness
and unitarity. Now we turn to the necessary properties attributed to the generator.

1 .4 .1 Accretive Generators

While the contraction property replaces unitarity, it remains to investigate what sup-
plants properties relate to self-adjointness and the infinitesimal generators. Let 𝐸𝑠 ∈ ℂ
lie in the spectrum of the infinitesimal generator 𝑇𝑠 and 𝑠 ∈ 𝐼 = (0, ∞). Introduce a
specific infinitesimal generator 𝛾𝑠 ≡ −𝜕𝑠 and define 𝐺𝑠(𝑡) ≡ exp (−𝑡𝛾𝑠). Then the
Laplace transform ℒ of 𝐺𝑠(𝑡) formally gives

ℒ[𝐺𝑠(𝑡)](𝐸𝑠) = ∫
∞

0
d𝑡 𝑒−𝑡𝛾𝑠𝑒−𝑡𝐸𝑠 = − 1

𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠
. (1.100)

Suppose Re𝐸𝑠 > 0 and Ψ𝑠 = ℰ(𝑠, 0)Ψ0, and since ‖𝐺𝑠(𝑡)‖ ≤ 1 by assumption, the
operator

𝒮Ψ𝑠 ≡ ℒ[𝐺𝑠(𝑡)Ψ𝑠](𝐸𝑠) = ∫
∞

0
d𝑡 𝑒−𝑡𝐸𝑠(𝑒𝑡𝛾𝑠Ψ𝑠) (1.101)
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is a bounded linear operator of norm less than or equal to (Re𝐸𝑠)−1. For positive 𝛿𝑡,

𝛾𝑠(𝛿𝑡) 𝒮Ψ𝑠 = 1
𝛿𝑡

(ℒ[ (𝐺𝑠(𝑡) − 𝐺𝑠(𝑡 + 𝛿𝑡)) Ψ𝑠](𝐸𝑠))

= − 1
𝛿𝑡

∫
∞

0
d𝑡 𝑒−𝑡𝐸𝑠 (𝑒−(𝑡+𝛿𝑡)𝛾𝑠 − 𝑒−𝑡𝛾𝑠)Ψ𝑠 (1.102)

= (1 − e𝛿𝑡𝐸𝑠

𝛿𝑡
) ℒ[Ψ𝑡](𝐸𝑠) + e𝛿𝑡𝐸𝑠

𝛿𝑡
∫

𝛿𝑡

0
e𝑡𝐸𝑠 Ψ𝑡 ,

where the third equality holds after shifting 𝑡 → 𝑡−𝛿𝑡 in the second Laplace transform,
and Ψ𝑡 ≡ 𝐺𝑠(𝑡)Ψ𝑠. In the limit 𝛿𝑡 → 0,

lim
𝛿𝑡→0

𝛾𝑠(𝛿𝑡) 𝒮Ψ𝑠 = Ψ𝑠 − 𝐸𝑠𝒮Ψ𝑠 (1.103)

Hence, 𝒮Ψ𝑠 ∈ 𝐷(𝛾𝑠) and 𝛾𝑠𝒮Ψ𝑠 = Ψ𝑠 − 𝐸𝑠𝒮Ψ𝑠, which imples (𝐸𝑠id𝐷(𝑇𝑠) +
𝛾𝑠)𝒮Ψ𝑠 = Ψ𝑠. Furthermore, for Ψ𝑠 ∈ 𝐷(𝑇𝑠), we have 𝛾𝑠𝒮Ψ𝑠 = 𝒮𝛾𝑠Ψ𝑠 such that
[𝛾𝑠, 𝒮] = 0 on 𝐷(𝑇𝑡) because

𝛾𝑠𝒮Ψ𝑠 = 𝛾𝑠 ∫
∞

0
d𝑡 𝑒−𝐸𝑆𝑡𝑒−𝑡𝛾𝑠Ψ𝑠

= ∫
∞

0
d𝑡 𝑒−𝐸𝑆𝑡𝛾𝑠𝑒−𝑡𝛾𝑠Ψ𝑠 = ∫

∞

0
d𝑡 𝑒−𝐸𝑆𝑡𝑒−𝑡𝛾𝑠𝛾𝑠Ψ𝑠 (1.104)

where we have considered the fact that e−𝛿𝑡𝐸𝑠Ψ𝑡 and 𝛾𝑠e−𝛿𝑡𝐸𝑠Ψ𝑡 are integrable by
the condition on the spectrum of 𝛾𝑠, and the fact that 𝛾𝑠 is closed. As a consequence,
for Ψ𝑠 ∈ 𝐷(𝑇𝑠), the following holds:

𝒮(𝐸𝑠id𝐷(𝑇𝑠) + 𝛾𝑠)Ψ𝑠 = (𝐸𝑠id𝐷(𝑇𝑠) + 𝛾𝑠)𝒮Ψ𝑠 = Ψ𝑠 (1.105)

which implies that 𝒮 = (𝐸𝑠id𝐷(𝑇𝑠) + 𝛾𝑠)−1 holds in the strong sense.
Apart from the restrictive adaptation needed to include time-ordered exponentials

as evolution operators, the above reasoning follows the proof of the necessity part
of the Hille-Yosida theorem [19]. The spectral properties of 𝑇𝑠 are also sufficient to
guarantee that 𝑇𝑠 generates a contracting family of evolution operators. Let 𝐸𝑠 be real
positive and define on 𝐷(𝑇𝑠): 𝜗𝐸𝑠

≡ 𝐸𝑠( id𝐷(𝑇𝑠) − 𝐸𝑠(𝐸𝑠id𝐷(𝑇𝑠) + 𝛾𝑠)−1 ). The
derivation proceeds in three steps: first, we will prove that 𝜗𝐸𝑠

approximates 𝛾𝑠 by
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𝜗𝐸𝑠
Ψ𝑠 → 𝛾𝑠Ψ𝑠 that as 𝐸𝑠 → ∞ for any wave functional in 𝐷(𝑇𝑠). Then we will

show that the semigroups exp (−𝑡𝜗𝐸𝑠
) are contractive; Finally, we construct 𝐺𝑠(𝑡) as

the strong limit of these semigroups.
For Ψ𝑠 = ℰ(𝑠, 0)Ψ0 in 𝐷(𝑇𝑠), we have

𝜗𝐸𝑠
Ψ𝑠 =

𝐸𝑠

(𝐸𝑠id𝐷(𝑇𝑠) + 𝛾𝑠)
𝛾𝑠Ψ𝑠 (1.106)

Moreover, from the necessity part discussed above, ‖(𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠)−1‖ ≤ 𝐸−1
𝑠 for

all real positive 𝐸𝑠, so

−𝐸−1
𝑠 𝜗𝐸𝑠

Ψ𝑠 =
𝐸𝑠

𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠
Ψ𝑠 − Ψ𝑠

= − 1
𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠

𝛾𝑠Ψ𝑠
𝐸𝑠→∞
⟶ 0 , (1.107)

since ‖𝐸−1
𝑠 𝜗𝐸𝑠

Ψ𝑠‖ = ‖(𝐸𝑠 id𝐷(𝑇𝑠)+𝛾𝑠)−1𝛾𝑠Ψ𝑠‖ ≤ 𝐸−1
𝑠 ‖𝛾𝑠Ψ𝑠‖ by the above bound.

It follows that the family {(𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠)−1 ∶ 𝐸𝑠 > 0} is uniformly bounded
in norm, and since 𝐷(𝑇𝑠) is dense, (𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠)−1Ψ𝑠 → Ψ𝑠 for all Ψ𝑠 ∈
𝐿2(Γ(𝒞𝑠),𝒟𝜙). As a result,

𝜗𝐸𝑠
Ψ𝑠 =

𝐸𝑠

𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠
𝛾𝑠Ψ𝑠

𝐸𝑠→∞
⟶ 𝛾𝑠Ψ𝑠 . (1.108)

Since 𝜗𝐸𝑠
is bounded, the associated semigroups can be defined by power series.

Since

∥𝑒−𝑡𝜗𝐸𝑠∥ = ∥ 𝑒−𝑡𝐸𝑠𝑒+𝑡𝐸2
𝑠(𝐸𝑠id𝐷(𝑇𝑠)+𝛾𝑠)−1∥

≤ 𝑒−𝑡𝐸𝑠 ∑
𝑛∈ℕ

(𝑡𝐸2
𝑠 )𝑛

𝑛!
∥(𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠)−1∥𝑛 ≤ 1 ,
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where the first equality follows from the definition of 𝜗𝐸𝑠
, the second follows from

the triangle inequality and the last from the bound on ‖(𝐸𝑠 id𝐷(𝑇𝑠) + 𝛾𝑠)−1‖ due to
contractivity. Let 𝐸𝑠, 𝐸𝑠

′, 𝑡 be real positive, and Ψ𝑠 ∈ 𝐷(𝑇𝑠), then

(𝑒−𝑡𝜗𝐸𝑠 − 𝑒−𝑡𝜗(𝐸𝑠
′)) Ψ𝑠 = ∫

𝑡

0
d𝑥 d

d𝑥
(𝑒−𝑥𝜗𝐸𝑠𝑒−(𝑡−𝑥)𝜗(𝐸𝑠

′)Ψ𝑠) .

Using the fact that {𝜗𝐸𝑠
}𝐸𝑠>0 is a commuting family of infinitesimal generators, such

that 𝑒−𝑡𝜗𝐸𝑠 commutes with 𝑒−(𝑡−𝑥)𝜗𝐸′𝑠

∥(𝑒−𝑡𝜗𝐸𝑠 − 𝑒−𝑡𝜗𝐸𝑠′)Ψ𝑠∥ ≤ ∫
𝑡

0
d𝑥 ∥𝑒−𝑥𝜗𝐸𝑠𝑒−(𝑡−𝑥)𝜗𝐸𝑠′∥ ∥𝜗𝐸𝑠

′Ψ𝑠 − 𝜗𝐸𝑠
Ψ𝑠∥

≤ 𝑡 ∥𝜗𝐸𝑠
′Ψ𝑠 − 𝜗𝐸𝑠

Ψ𝑠∥ .

The last inequality follows from the contraction property of the semigroups generated
by 𝜗𝐸𝑠

. Since we have already shown that 𝜗𝐸𝑠
Ψ𝑠 converges to 𝛾𝑠Ψ𝑠 as 𝐸𝑠 → ∞, it

follows that (𝑒−𝑡𝜗𝐸𝑠Ψ𝑠)𝐸𝑠>0 is a Cauchy sequence in this limit for any real positive
𝑡 and Ψ𝑠 ∈ 𝐷(𝑇𝑠). Let us therefore define 𝐺𝑠(𝑡)Ψ𝑠 ≡ lim𝐸𝑠→∞ 𝑒−𝑡𝜗𝐸𝑠Ψ𝑠, since
the properties of contraction semigroups are preserved under the strong limit, 𝐺𝑠(𝑡)
constitutes a semigroup of contracting evolution operators. The above inequality
shows that 𝐺𝑠(𝑡) is a strongly continuous contraction semigroup.

Let ̃𝛾𝑠 denote the infinitesimal generator of 𝐺𝑠(𝑡), and it is necessary to show that
̃𝛾𝑠 equal to 𝛾𝑠. For all 𝑡 > 0 and Ψ𝑠 ∈ 𝐷(𝑇𝑠),

Ψ𝑠 − 𝑒−𝑡𝜗𝐸𝑠Ψ𝑠 = ∫
𝑡

0
d𝑥 𝑒−𝑥𝜗𝐸𝑠𝜗𝐸𝑠

Ψ𝑠 ,

and therefore

Ψ𝑠 − 𝐺𝑠(𝑡)Ψ𝑠 = ∫
𝑡

0
d𝑥 𝐺𝑠(𝑥)𝛾𝑠Ψ𝑠

since 𝜗𝐸𝑠
Ψ𝑠 converges to 𝛾𝑠Ψ𝑠 in the limit 𝐸𝑠 → ∞. Now, in the limit 𝑡 → 0+,

the left-hand side converges to ̃𝛾𝑠Ψ𝑠 and the right-hand side to 𝛾𝑠Ψ𝑠. Thus ̃𝛾𝑠Ψ𝑠

converges to 𝛾𝑠Ψ𝑠. Therefore 𝐷( ̃𝛾𝑠) ⊃ 𝐷(𝛾𝑠) and ̃𝛾𝑠 restricted to the domain 𝐷(𝛾𝑠)
agrees with 𝛾𝑠. It remains to show that both domains coincide. For real positive 𝐸𝑠,
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the inverse of (𝐸𝑠id𝐷(𝑇𝑠) + ̃𝛾𝑠) exists by the necessity part of the statement shown
above, and the inverse of (𝐸𝑠id𝐷(𝑇𝑠) + 𝛾𝑠) exists by hypothesis. Hence, (𝐸𝑠id𝐷(𝑇𝑠) +
̃𝛾𝑠)𝐷( ̃𝛾𝑠) = 𝐿2(Γ(𝒞𝑠),𝒟𝜙), and, as well, (𝐸𝑠id𝐷(𝑇𝑠)+𝛾𝑠)𝐷(𝛾𝑠) = 𝐿2(Γ(𝒞𝑠),𝒟𝜙),
so indeed 𝐷( ̃𝛾𝑠) = 𝐷(𝛾𝑠).

The above derivation requires constructing the resolvent of the infinitesimal gen-
erator of the evolution operator in order to establish the spectral properties that are
necessary and sufficient to generate a one-parameter family of contracting evolution
operators. If Ψ0 lies in the domain of 𝑇𝜏 for 𝜏 ∈ 𝐼 ∶= [0, 𝑡], then the contraction
property implies, within Dom(𝑇𝜏)

−𝜕𝑡‖Ψ𝑡‖ = 𝔼(−𝑇 ∗
𝑡 ; Ψ𝑡) + 𝔼(−𝑇𝑡; Ψ𝑡) (1.109)

Thus, the contraction property requires that Re(𝔼(−𝑇𝑡; Ψ𝑡)) be semi-positive definite.
Such a densely defined infinitesimal generator is called accretive.

Identifying the infinitesimal generator with the Hamilton operator ℋ links this
analysis to the previous discussion. Although the spectrum is complex-valued, if the
spectrum admits a suitable sign in the imaginary part, the evolution can be described
by evolution operators that keep the probabilistic feature of the theory intact. In
the spirit of Stone’s theorem, we conclude that one-parameter families of evolution
operators in general admit contractive representations generated by accretive operators.
The correspondence between unitarity and self-adjointness therefore appears as the
special cases.

1 .4 .2 Initial Data

Statements in the previous section concerning the dynamical content of the theory
were derived under the assumption of the time-evolved data as input. Consequently,
these statements do not extend to wave functionals on Cauchy hypersurfaces. The
purpose of this section is to bridge this gap by explicitly formulating the initial-value
problem.

Let 𝐼 be a half-open, left-closed interval of the extended real numbers, and denote
its minimum element by 𝑡0 ≡ 𝜕𝐼 = 0. Consider a small subset of the interval
𝐽 ≡ [𝜕𝐼, 𝛿𝑡] ⊂ 𝐼, where 𝛿𝑡 > 0 is arbitrarily small, so that the quantum state

39



Chapter 1. Diagnostic Method for QFT in Curved Spacetimes

Ψ𝜏 ≡ ℰ(𝜏, 0)Ψ0 is continuous on 𝐽 and smooth on the interior of 𝐽. Then the
integrated evolution equation becomes

Ψ𝛿𝑡 = Ψ0 − ∫
𝐽
d𝑠 𝑇𝑠Ψ𝑠 . (1.110)

By the mean value theorem for definite integrals, there exists a real number 𝑚 ∈ (0, 𝛿𝑡)
in the interior of 𝐽 such that Ψ𝛿𝑡 = Ψ0 −𝛿𝑡 𝑇𝑚Ψ𝑚. We can write 𝑚 = 𝛼𝛿𝑡 with 𝛼 ∈
(0, 1). Since 𝑚 is a positive fraction of 𝛿𝑡, it follows that Ψ𝛿𝑡 = Ψ0−𝛿𝑡 𝑇0+Ψ0+𝒪(𝛼),
where 0+ denotes the interior points of 𝐽 that are arbitrary close to the minimum
element 𝑡0. The remaining term 𝒪(𝛼) represents the order of approximation. This
can be seen explicitly by iterating the integrated evolution equation:

Ψ𝛿𝑡 = Ψ0 − 𝛿𝑡 𝑇𝑚1
Ψ0 + 𝑚1𝛿𝑡 𝑇𝑚1

𝑇𝑚2
Ψ0 + 𝑂(𝛼2) , (1.111)

where the second-order approximation is associated with the products 𝛼1𝛼2 of the
parameters 𝑚𝑎 = 𝛼𝑎𝛿𝑡 for 𝑎 ∈ ℕ, with 𝑚1 > 𝑚2 in (0, 𝛿𝑡) guaranteed by the mean
value theorem. In the limit 𝛼1 → 0+, we find Ψ𝛿𝑡 = Ψ0 − 𝛿𝑡 𝑇0+Ψ0. Since the
sequence {𝛼𝑎}𝑎∈ℕ is strictly decreasing by the mean value theorem, the definition of
the time-ordered evolution operator ensures that the above result holds to arbitrary
precision. Thus the infinitesimal evolution operator (id𝐷(𝑇0+) − 𝛿𝑡 𝑇0+) is, to linear
order of 𝛿𝑡, a member of a one-parameter family of strongly continuous semigroups:
the existence of an identity is obvious, the composition law holds at linear order in 𝛿𝑡
and continuity is given by hypothesis.
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1 .5 Applications in Friedmann Spacetimes

In this section, we will apply our previous analysis to a cosmological setting in com-
bination with numerical simulations of quantum fluctuations4. The accompanying
numerical analysis demonstrates how quantum fluctuations interact with gravitational
fields and amplify in their magnitude, then eventually identify a spacetime region
where the semiclassical framework inevitably breaks down. We consider two particular
setups: a radiation-dominated universe, which is commonly used in modeling the
early universe or as an approximation to gravitational collapse within a massive star
during black hole formation. On the other hand, the de Sitter spacetimes approximate
inflation during the slow-roll approximation.

Let us consider a conformally flat Friedmann-Lemaitre-Robertson-Walker spacetime
with the following line element: d𝑠2 = 𝑎2(𝜂) (−d𝜂2 + d𝔼), where d𝔼 = 𝛿𝑖𝑗 d𝑥𝑖d𝑥𝑖

denotes the line element of the three-dimensional Euclidean space, and 𝑎(𝜂) is the
scale factor as a function of conformal time 𝜂. In this setup, we consider the ground
state Gaussian wave functional Ψ𝑡 that satisfies the Schrodinger equation, with the
corresponding probability density functional given by

𝜌𝜂[𝜙] ≡ |Ψ𝜂[𝜙]|2 = |𝒩𝜂|2 exp(−Re𝒦(2)
𝜂 [𝜙]) (1.112)

where 𝒦(2)
𝜂 [𝜙] = ∫Σ𝑡

d𝜇(𝒙) d𝜇(𝒚) 𝜙(𝒙) 𝐾2(𝒙, 𝒚; 𝜂) 𝜙(𝒚) fully determines the
Gaussian statistics of the probability density distribution 𝜌𝜂[𝜙] with the following
mean and variance:

⟨Φ(𝒙)⟩ = ∫
𝑈
𝒟𝜙 𝜙(𝒌) 𝜌𝜂[𝜙] = 0 (1.113)

⟨Φ(𝒙)Φ(𝒚)⟩ = ∫
𝑈
𝒟𝜙 𝜙(𝒙)𝜙(𝒚) 𝜌𝜂[𝜙] = Re𝐾−1

2 (𝒙, 𝒚; 𝑡) (1.114)

As a quick reminder ⟨ ⋅ ⟩ ≡ 𝔼(𝒪, Ψ𝜂) is the expectation value of the observables
operator 𝒪 with respect to the wave functional Ψ𝜂; the variance is obtained from the
usual approach using the generation functionals [21]. Due to spatial symmetries of

4The source codes and documentations for the numerical simulations are available at
https://github.com/khchoi-lmu-physik/grf_qftcs
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the Friedmann background, it is convenient to work in momentum space for various
practical reasons that will be clear soon. The two-point correlation function of the
Gaussian state can be computed explicitly by recasting 𝒦(2)[𝜙] in terms of its Fourier
modes:

𝒦(2)
𝜂 [𝜙] = ∫

𝕂
∫

ℙ

d3𝑘
(2𝜋)3

d3𝑝
(2𝜋)3 𝜙(𝒌) 𝜎−2(𝑘; 𝜂)𝛿3(𝒌 − 𝒑)𝜙(−𝒑) , (1.115)

such that the variance of the Gaussian state in the momentum space is ⟨Φ(𝒌)Φ(−𝒑)⟩ =
𝜎2(𝑘; 𝜂) 𝛿3(𝒌 − 𝒑) where

𝜎2(𝑘; 𝜂) = det 𝑞(𝜂) Re𝐾̃−1
2 (𝑘; 𝜂) . (1.116)

and the kernel function 𝐾̃2(𝑘; 𝜂) = ∫Σ𝑡
d3𝑥 𝑒−i𝒌(𝒙−𝒚)𝐾(2)(𝒙, 𝒚; 𝜂) satisfies the

Schrodinger equation and can be identify with the mode function 𝑢(𝑘, 𝜂) that solves
the Klein-Gordon equations [20, 23]:

𝐾̃2(𝑘, 𝜂) = −
i 𝜕𝜂 ln𝑢∗(𝑘, 𝜂)

𝑁⟂√det 𝑞(𝜂)
, (1.117)

where the mode function 𝑢(𝑘, 𝜂) is normalized with respect to the Wronski determi-
nant [20, 40]

𝑢(𝑘, 𝜂)𝜕𝜂𝑢∗(𝑘, 𝜂) − 𝑢∗(𝑘, 𝜂)𝜕𝜂𝑢(𝑘, 𝜂) =
i𝑁⟂

√det 𝑞(𝜂)
(1.118)

As a result, one can recast the variance of the Gaussian state as a function of the mode
function, 𝜎2(𝑘, 𝜂) = |𝑢(𝑘, 𝜂)|2, and this allows to rewrite the two-point correlation
function into the well-known form of the power spectrum [40]

⟨Φ(𝒙)Φ(𝒚)⟩ = ∫
∞

0
𝑃(𝑘)

sin(𝑘𝑟)
𝑘𝑟

d𝑘
𝑘

(1.119)

where 𝑟 = |𝒙 − 𝒚| and the power spectrum of the quantum fluctuations is 𝑃(𝑘) =
(2𝜋2)−1𝑘3𝜎2(𝑘; 𝜂) . Since 𝜎2(𝑘; 𝜂) is given by the mode function, solving the Klein-
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Gordon equation for the quantum scalar field in the Friedmann universe also com-
pletely determines the statistics of the ground state wave functional.

We will now turn to the consistency requirements in constructing the effective
configuration space. At the bare minimum, this concerns the canonical field operator
Φ[𝑓] ∈ 𝒜, and it must satisfy (1.16) and (1.18) with respect to the boundaries set by
the semiclassical approximation. Let 𝑙𝑝 be a short distance cutoff given by the inverse
of Planck mass 𝑚−1

𝑝 = 𝑙𝑝 that represents the smallness parameters for perturbation
expansion, 𝜙 = 𝜙0 + 𝑚−1

𝑝 𝛿𝜙. To quantify the validity of the effective field theory
at short distances, we consider |Φ[𝑓]| ∈ 𝒜0 and compute the dimensionless ratio
ℛ𝑙(|Φ[𝑓]|) in accordance with (1.16) in order to qualify the validity of the perturbative
expansion:

ℛ𝑙(|Φ[𝑓]|) = 1
𝑉 [𝑓]

∫
Σ𝑡

d3𝒙 𝑓(𝑥)
|Φ(𝒙)|

𝑚𝑝
=

|Φ[𝑓]|
𝑚𝑝𝑉 [𝑓]

(1.120)

where 𝑉 [𝑓] = ∫Σ𝑡
d3𝒙 𝑓(𝑥) is the total coordinate volume given by the support of 𝑓.

Let 𝑈 be the neighborhood with an origin given by the classical background 𝜙0, the
filtering semi-norm is given by

𝑁(𝒪, Ψ𝑡; 𝑈) = 1
𝑚𝑝𝑉 [𝑓]

∫
𝑈
𝒟𝜙 |𝜙[𝑓]|𝜌𝜂[𝜙] =

⟨|Φ[𝑓]|⟩
𝑚𝑝𝑉 [𝑓]

. (1.121)

Since we consider Gaussian state and require Ψ𝑡 ∈ 𝐷(Π), the boundary of the effective
configuration space is symmetric, hence 𝜕𝑈 = ∪𝒙𝜕𝑈(𝒙) and for each point 𝒙 ∈ Σ𝜂

at any conformal time 𝜂 , 𝜕𝑈(𝒙) = {−𝜙Λ(𝒙)𝜙Λ(𝒙)}. A key requirement is that
the boundary of the effective configuration space be uniform for all 𝒙 ∈ Σ𝜂, i.e.
𝜙Λ(𝒙) = 𝜙Λ(𝒙′) for all 𝒙 ≠ 𝒙′ for all 𝜂. This condition is strictly required by the
strong equivalent principle. Finally, we restrict our analysis to consider initial data of
the Gaussian state that is valid under the semiclassical approximation, which requires
Ψ𝜂0

[𝜙]|𝜕𝑈≈ 0 at the initial time 𝜂0. Take the maximum of 𝑁(𝒪, Ψ𝑡; 𝑈), therefore,
requires us to choose the largest possible neighborhood 𝑈, where the boundaries
𝜙Λ(𝒙) = 𝑚𝑝 is set by the Planck mass for all 𝒙 ∈ Σ𝜂.

While the condition 𝑁(𝒪, Ψ𝑡; 𝑈) = 1 marks the complete breakdown of the per-
turbative method, the semi-classical framework becomes unreliable before this limit
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has been reached. This is because admissible fluctuations satisfying (1.121) do not
necessarily preserve the stability of the classical background configuration as required
in (1.18). It is therefore important to impose (1.18) simultaneously. In the absence of
a classical background, we have 𝜙0 = 0 such that 𝜙 = 𝑚−1

𝑝 𝛿𝜙. So, for a free theory,
there is no classical counterpart against which the quantum scalar field can directly
compare. Nevertheless, the semiclassical framework assumes the spacetime geometry
remains insensitive to the energy-momentum tensor sourced by the quantum fluctua-
tions. By dimensional analysis, this consistency requirement demanding background
stability (1.18) further restricts the size of the neighborhood to the subset 𝑈1 ⊂ 𝑈0

determined by the ratio ℛ0( |Φ[𝑓]| , Ψ𝜂) using the Ricci scalar 𝑅 as the reference
classical observables, 𝒪0 = 𝑅1/2.

1 .5 . 1 Quantum Field Simulation

Although the analytical estimation of (1.16) and (1.18) is difficult due to the nature
of the functional integration over a compact configuration space instead of an infinite
one, it can be conceptually straightforward to evaluate numerically. Let 𝜙sim denote
the Gaussian random field realization that is statistically consistent with, and thus,
emulates the random variable 𝜙 of the probability density distribution of the Gaussian
state 𝜌𝜂[𝜙]. So the ensemble average over all random field realizations 𝜙sim produces
the Gaussian statistics of 𝜌𝜂[𝜙] as described in (1.113) and (1.114). To estimate
(1.16) and (1.18) numerically, we will proceed in two steps: First, to obtain |Φ[𝑓]|,
we compute the spatial average of each simulated Gaussian random field 𝜙sim, via
𝑁−3 ∑𝑁

𝑖,𝑗,𝑘=0|𝜙sim(𝑥𝑖, 𝑥𝑗, 𝑥𝑘)| where𝑁 is the total number of pixels contained within
the simulation, and assuming that the support 𝑓 is given by the entire simulation
volume. Then, we perform repeated sampling over many Gaussian random field
realizations 𝜙sim in order to consider all possible values 𝜙 can take, which therefore
replaces the functional integral over the effective configuration space by ensemble
averaging of 𝜙sim. This gives

⟨|𝜙sim|⟩S = ⟨𝑁−3
𝑁

∑
𝑖,𝑗,𝑘=0

|𝜙sim(𝑥𝑖, 𝑥𝑗, 𝑥𝑘)|⟩ , (1.122)
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where ⟨⋅⟩S is the ensemble average of all random field simulations performed. Since 𝜙sim

follows the same Gaussian statistics as 𝜌𝜂[𝜙], |𝜙sim| follows a half-normal distribution
(See e.g. Figure 1.2), such that

𝜎2(|𝜙sim|) = ⟨(|𝜙sim| − 𝜇(|𝜙sim|))2⟩S = 2
𝜋

⟨|𝜙sim|⟩2
S (1.123)

is the variance of the random field simulation. At the technical level, 𝜙sim represents
a discrete random field defined in the position space with finite extent. Equivalently,
𝜙sim is obtained by performing the inverse discrete Fourier transform of the prescribed
power spectrum multiplied with a stochastic field in the momentum space5. This
implies that there exists a spatial resolution limit for the random fields: it can resolve
microscopic details of fluctuations on scales smaller than a single pixel, nor capture
macroscopic variation on scales larger than the simulation size.

Contracting Radiation-Dominated Universe

We now consider two distinct cosmological setups: a contracting radiation-dominated
universe and an expanding de Sitter spacetime. The former presents a straightforward
example to demonstrate the breakdown of the semiclassical framework through the
amplification of quantum fluctuations due to the violent gravitational collapse of
relativistic matter. Specifically, for a contracting radiation-dominated universe, the
scale factor is given by 𝑎(𝜂) = 𝑎0𝜂 with 𝜂 ∈ (−∞, 0), 𝑎0 ∈ ℝ, and we set 𝑎0 = 1
for simplicity. Let 𝑢(𝑘, 𝜂) be the mode function of a massive scalar field and define
the auxiliary field by 𝑣(𝑘, 𝜂) = 𝑎(𝜂)𝑢(𝑘, 𝜂). By the least action principle, they satisfy
the Klein-Gordon equation generally for a general scale factor 𝑎(𝜂) by [40–42]

𝜕2
𝜂𝑣(𝑘, 𝜂) + (𝑘2 − 𝑚2𝑎2(𝜂) +

𝜕2
𝜂𝑎(𝜂)
𝑎(𝜂)

) 𝑣(𝑘, 𝜂) = 0 (1.124)

For a contracting radiation dominated universe with 𝑎(𝜂) ∝ 𝜂, the equation of
motion simplifies to 𝜕2

𝜂𝑣(𝑘, 𝜂) + 𝑘2𝑣(𝑘, 𝜂) = 0 and the factor 𝑚2𝑎2(𝜂) = 0 is
negligible for either a massless scalar field or in the massless limit of a massive scalar

5A more detailed discussion of the fast generation of Gaussian random fields is discussed in the
Section 2.2.1
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Figure 1.1. Gaussian random field simulations of quantum fluctuations in a radiation-
dominated universe within a volume of scale 𝐿 ∼ (𝑘0/2𝜋)−3 determined by 𝑘0. The random
fields are evaluated on the 𝑥-𝑦-plane at 𝑧 = 𝐿/2 at conformal times 𝜂 = 10𝜂0 (left) and
𝜂 = 𝜂0 (right). In each panel, it shows the normalized amplitude (left) and the magnitude
(right). As quantum fields evolve from the low-curvature region at 10𝜂0 into the high-curvature
region to 𝜂0, the spacetimes dynamics amplify quantum fluctuations by at least two orders
of magnitude with consistent spatial correlation. In particular, quantum fluctuations that are
outside the domain of validity, |𝜑sim| > 𝜑Λ = 1, are excited everywhere and marked by the
brightest spots at 𝜂 = 𝜂0. This hints, at a preliminary level, at a substantial unitarity loss in
our semiclassical system at the time scale 𝜂 = 𝜂0, indicating the breakdown of the semiclassical
approximation in the effective field theory.

field (𝑘2/𝑎2(𝜂) ≫ 𝑚2). For demonstration purposes, we restrict to consider a massless
scalar field, so that the equation of motion for the mode function 𝑢(𝑘, 𝜂) admits the
following solution:

𝑢(𝑘, 𝜂) = 𝑒i𝑘𝜂
√

2𝑘 𝑎0𝜂
. (1.125)

Using that relation that 𝜎2(𝑘, 𝜂) = |𝑢(𝑘, 𝜂)|2, the variance of the Gaussian wave
functional is found to be 𝜎2(𝑘, 𝜂) = (2𝑘𝜂2𝑎2

0)−1. This indicates that the quantum
field has a consistent spatial correlation across all conformal time 𝜂, which is illustrated
intuitively in Figure 1.1. In the Gaussian random field simulation of quantum fluc-
tuations, it has adopted a simple set of parameters given by 𝑘0 = |𝜂0|−1 = 1 and
𝑚𝑝 = 1.

We will now examine the reliability of the semiclassical approximation using (1.16)
and (1.18). As a proof of concept, we select the Hubble parameter 𝐻0(𝜂) = 1/𝜂 as the
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classical observables since 𝑅1/2 = 𝐻0(𝜂). Then we compare it with the expectation
value of |Φ(𝑓)| under the criteria (1.16) and (1.18). In a radiation-dominated universe,
we expect (1.18) to hold consistently over time because 𝜎 ∝ 1/𝜂 has the same scaling as
𝐻0 = 1/𝜂. This means that (1.18) is satisfied and remains constant for all conformal
time 𝜂 of a massless scalar field, provided that the initial data is valid within the
semiclassical approximation.

While the condition (1.18) holds for all time, the same does not hold for (1.16).
As shown in Figure 1.1 and 1.2, the contraction of the radiation-dominated universe
significantly amplifies the magnitude of quantum fluctuations. At last, this amplifica-
tion becomes so strong that it drives a significant probability flux leaving the effective
configuration space with boundaries marked by the semiclassical domain |𝜙Λ| = 1.
This dynamics can be seen from the flattening behavior of the probability density
distribution as shown in Figure 1.2.

It becomes more evident from Figure 1.1 that the quantum fields begin to excite
fluctuations of extreme magnitudes 𝜙sim > 1. These fluctuations are represented by
the brightest spot in Figure 1.1, and they started to populate everywhere at 𝜂 = 𝜂0.
Beyond this point, the criterion (1.16) is no longer satisfied, and the semiclassical
framework breaks down. This is further supported by the divergence of the spatially
averaged standard deviation of 𝜙sim as 𝜂 → 0, which can be seen from Figure 1.2.

It is important to note that the condition max𝑁(|Φ(𝑓)|, Ψ𝜂; 𝑈0) < 1 cannot be
restored at any later time 𝜂1 by restricting the analysis to an even smaller neighborhood
𝑈1. In fact, such a restriction can only lead to a more severe unitarity loss because
the contraction of the validity domain excludes an even larger portion of the total
probability. This, consequently, can only further invalidate the existing framework.
Given that the standard deviation of quantum fluctuations diverges as 1/𝜂2 in a
radiation-dominated universe, we expect the following chain of inequalities upon
contracting the neighborhood by 𝑈2 ⊆ 𝑈1 ⊆ 𝑈0 for |𝜂1| > |𝜂2|:

... ≤ ‖Ψ𝜂2
‖𝑈2

≤ ‖Ψ𝜂2
‖𝑈1

≤ ‖Ψ𝜂1
‖𝑈1

≤ ‖Ψ𝜂1
‖𝑈0

(1.126)

Thus, ultimately at some later time 𝜂𝑓 → 0, the only possible neighborhood is the set
of measure zero with a zero norm.
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Figure 1.3. Gaussian random field simulations of quantum fluctuations in the de Sitter
spacetime within a volume of scale 𝑘−3

0 at conformal times 𝜂/𝜂0 = {10, 2, 1, 0.2} (from
left to right, with 𝜂 < 0 and 𝜂0 < 0 ). The top row displays the normalized magnitude
of a three-dimensional volume-rendered random field, where stronger signals appear more
opaque and weaker signals more transparent. It demonstrates an initial homogeneous isotropic
configuration at 𝜂 = 0.2𝜂0 developing large-scale structures as the system evolves into the
future. The bottom row further illustrates this by showing the random field evaluated on
the 𝑥-𝑦-plane at 𝑧 = 1/2𝑘0 at the same conformal times. Each panel shows the normalized
amplitude (left) and the magnitude (right). In contrast to the radiation-dominated universe
(Figure 1.1), as the system evolves forward in time, large-scale structures form while quantum
fluctuations are diminished. This indicates that any field configurations admissible in the far
future originate from the distant past, where extreme fluctuations are dominant, marked by the
brightest spots. This suggests that, in order to comply with the semiclassical approximation,
any semiclassical effective framework must restrict its initial quantization to a smaller time
domain.

Hubble parameter, set to be 𝑎dS = 10−2 for convenient conceptual illustrations. The
mode function 𝑢𝑘(𝜂) satisfying the Klein-Gordon equation in de Sitter spacetime can
be expressed in terms of the Hankel functions:

𝑢𝑘(𝜂) = 𝑎dS
√

𝜋𝜂3/2

2
(𝑐1𝐻(1)

𝜈 (𝑘𝜂) + 𝑐2𝐻(2)
𝜈 (𝑘𝜂)) (1.127)
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Figure 1.4. Shown is the probability density distribution of the random field in Fig. 1.3 at
conformal times 𝜂/𝜂0 = {10, 2, 0.2} (from flattest to steepest) in de Sitter spacetime. The
left panel shows the amplitude normalized by three times its standard deviation, while the
right panel shows the magnitude. As the system evolves from 𝜂 = 10𝜂0 to 𝜂 = 0.2𝜂0, the
distribution bulges at its mean. This indicates that the effective framework in an expanding de
Sitter spacetime is highly reliable, with an approximately unitary evolution as the probability
of exciting fluctuations beyond the semiclassical domain remains minimal for all late times.
Nevertheless, although the effective framework remains robust in the future, the flattening of
the distribution at the early time constrains the time domain for initial quantization to be
within the range of validity set by the consistency requirements (1.18) and (1.16).

where 𝑣2 = (9/4) − 12(𝑚2/𝑅 + 𝜁). Adopting the Bunch-Davis vacuum we take
𝑐1 = 0 and 𝑐2 = 1 [43, 44], then the variance becomes

𝜎2(𝑘, 𝜂) = ∣𝑎dS
√

𝜋
2

𝜂3/2𝐻(2)
𝜈 (𝑘𝜂)∣

2

. (1.128)

For a minimally coupled massless scalar field, we have 𝑣 = 3/2, which simplifies the
Hankel function

𝑢𝑘(𝜂) =
𝜂𝑎dS𝑒−i𝑘𝜂

√
2𝑘

(1 − i
𝑘𝜂

) (1.129)

This results in the variance 𝜎2(𝑘, 𝜂), which transits from 1/𝑘 to 1/𝑘3 as the conformal
time 𝜂 evolves from −∞ to 0. This suggests the formation of large, spatially correlated
structures, which is illustrated in Figure 1.3 for their formation effectively begins after
𝜂 = 2𝜂0 (second panel from the left).
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show greater variance in their magnitude Figure 1.5, which means fluctuations were
significantly more violent in the past. Physically, this implies that while the field
configurations are highly reliable at arbitrary late times, it is not sensible to extrapolate
them arbitrarily far back into the past within the semi-classical framework. This
underlines the inconsistency of utilizing arbitrary initial data from the distant past,
since such data fulfills neither (1.16) nor (1.18). Therefore, only initial data prepared
after a certain time scale, those respects the semiclassical assumption for a given length
scale 1/𝑘0, should be selected. Once equipped with valid initial conditions, the
subsequent time evolution in de Sitter spacetime can be modeled under the effective
semiclassical framework with excellent accuracy into the future.
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1 .6 Conclusion

In this chapter, we developed a diagnostic framework for assessing the range of valid-
ity of effective field theories operating in semiclassical spacetime backgrounds. This
framework is based on local geometric criteria of the effective configuration field space,
which addresses the short-distance limitations of the theory and the stability of the
classical observables that constitute the semiclassical framework. Boundaries of effec-
tive configuration field space correspond either to quantum fluctuations that merely
shift the classical background configuration on scales much larger than the effective
short-distance cut-off, or to quantum fluctuations triggering sizable backreactions on
smaller scales. The location of these boundaries also depends on the set of observables
chosen by the observers. Relative to this set, these boundaries establish the domain that
guarantees the consistency of the effective description and the validity of the semiclas-
sical approximation (1.16) and (1.18). In particular, (1.18) measures the magnitude of
backreactions and is thus indicative of the background stability. In general, probability
fluxes penetrating these boundaries and leaking into regions beyond the effective field
configuration space correspond to excitations of quantum fluctuations that are outside
the spectrum of fluctuations permitted by the effective field theory. Consequently,
dynamical aspects of the effective description are governed by a contractive evolution
semigroup, rather than a unitary representation of time translations.

To quantize the effective field theory, we showed that the basic observables, in our
case, the canonical field operator and its conjugate momentum, enjoy self-adjoint ex-
tensions on a specific Hilbert space. At the kinematical level, the canonical momentum
field operator admits infinitely many self-adjoint extensions. By the standard functional
calculus, this property extends to the Hamiltonian operator, again at the kinematic
level. However, at the dynamical level, in general, the solution space of the functional
Schrödinger equation has no nontrivial intersection with the domains on which the
Hamiltonian admits self-adjoint extensions. Important exceptions are static spacetimes.
Provided that the theory is free of ghosts, the evolution must be contractive. The
loss of unitarity, usually a sacrosanct requirement for a consistent and fundamental
probabilistic framework, has a well-understood reason: The existence of boundaries in
effective field configuration space, through which probability can be leaked.
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Of course, the loss of unitarity is vital for the existence of a more fundamental
description. There are spacetimes that, when populated with quantum fluctuations,
preserve the semiclassical approximation because potentially harmful excitations are
too rare to impact the large-scale background geometry. Intuitively, these can be
imagined as almost static or mildly dynamical spacetimes. Contrary to these, there
are spacetimes that support the excitation of free quantum fluctuations that trigger
background instabilities and invalidate the semiclassical approximation at the global
level.

In order to demonstrate the framework developed in this work, we complement
our formal analysis with numerical experiments. As a proof of concept, with the aid
of our numerical experiments, we identify regions in cosmological spacetimes where
freely evolving quantum fluctuations violate unitarity to an extent that the semiclassical
approximation is locally invalidated. As a concrete example, we consider a collapsing
universe filled with radiation. This spacetime geometry borders on a future singularity.
As can be expected, there is a substantial probability flux in its vicinity penetrating
the configuration field boundaries, thereby exciting fluctuations that destabilize the
background, leading to a breakdown of the semiclassical approximation (Fig.1.2). In
contrast, and as another example, we consider quantum fluctuations populating de
Sitter spacetime: In this case, the semiclassical approximation holds towards the future
(given appropriate initial conditions), but ceases to hold in the past. This indicates
that semiclassicality further restricts acceptable initial conditions by limiting the time
domain where initial quantization is performed. This is crucial because, even if regular
initial conditions are chosen by hand, the semiclassical approximation can immediately
break down once the system evolves outside the allowed time domain.
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Chapter 2

Rare Events Statistics of Spatial
Correlated Random Fields

The results presented in this chapter are based on a collaborative work with James Creswell,
Florian Kuhnel and Dominik Schwarz. It is currently under review in Physical Review
D. The preprint is available at https://arxiv.org/abs/2501.17936

2.1 Introduction

In the standard model of structure formation, galaxies and their clusters grow from
over dense region in the primordial density field through gravitational instability. The
largest and the rarest of these overdensities are capable of collapsing into massive objects
at the high redshift Universe [45–47]; and in the extreme case, they may even satisfy the
necessary conditions to form primordial black holes. Their observational relevance have
recently increased substantially as well due to the discovery of massive galaxies at high
redshift, which are more massive and abundant than expected from the standard model
of star formation in ΛCDM cosmology [48–64]. Even more striking are the strong
evidence of supermassive black holes at high redshift [65–71] whose mere existence
places tight constraints on their possible origins. Since primordial density distributions
are quantum fluctuations stretched to the macroscopic scale during inflation [41, 72],
the observed population of large overdensities directly constrains inflationary physics
by its mechanism for generating primordial non-Gaussianity.

The theoretical framework for studying such rare events and providing predictive
power for their population is extreme value theory [73, 74]. Classical extreme value
theory, however, is derived under the assumptions that poorly match applications
to many physical scenarios including cosmology. Analytic studies of extreme value
theory assume statistically independent and identically distributed random variables,
typically in the asymptotic limit that involves a sequence of infinitely many events.
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Correlations, on the contrary, are ubiquitous in many physical systems, as well as
the leading causes of the formation of interesting patterns and long-range structures.
Especially in cosmology, overdensities do not evolve in isolation, but gravity causes
accretion of surrounding material if the initial overdensities are large enough to source
a gravitational field that overcomes its surrounding radiation pressure. For this reason,
matter perturbation and any other relevant quantities can only be accurately modeled
with spatially correlated random fields, with their correlation structure prescribed by
the power spectrum [75]. For rare events, in particular, their statistics are expected
to deviate strongly from the independent case, because the probability of finding a
rare event can be significantly enhanced in the vicinity of another if strong spatial
correlations are present.

For these reasons, the purpose of this chapter is to extend extreme value theory and
its toolkits to describe statistically dependent random events in the context of three-
dimensional random fields with Gaussian and exponential statistics. On one hand,
Gaussian random fields provide the canonical description of primordial fluctuations
consistent with observation in the Cosmic Microwave Background (CMB) on the
megaparsec scale [45, 46, 76–80]. Exponential random fields, on the other hand,
mimic the proposed long tail behaviors that lead to the largest overdensities in the
primordial density fluctuation at a sufficiently small scale [81–85]. Nevertheless, in
contrast to Gaussian random fields, spatially correlated exponential random fields are
rarely studied, and a general analytical formulation is still lacking. As we will show later,
existing extreme value theory can be generalized to describe the statistics of rare events
in spatially correlated random fields, provided that there exists a notion of correlation
length that defines a minimal neighborhood size. Beyond that, we propose to use
weighted principal component analysis to measure non-sphericity within a local cluster
that contains a rare event and show how spatial correlations influence their geometry.

Let us start with the definition of an extreme value. Suppose 𝑋1, 𝑋2, ..., 𝑋𝑛 ∈ ℝ
is a sequence of random variables sampled from 𝑛 ∈ ℕ measurements. The ex-
treme values of this sample of size 𝑛 is defined by taking either the minimum
𝑀1 = min(𝑋1, 𝑋2, ..., 𝑋𝑛) or the maximum 𝑀𝑛 = max(𝑋1, 𝑋2, ..., 𝑋𝑛) of the
given sequence. In this chapter we consider particularly the statistics of 𝑀𝑛 relevant
to the context of cosmology. Let 𝑧 ∈ ℝ be a threshold value and 𝑀𝑛 ≤ 𝑧, so 𝑋𝑖 ≤ 𝑧
for all 𝑖 ∈ 𝑛 because 𝑀𝑛 is the maximum of the sequence. This means that the
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probability ℙ(𝑀𝑛 ≤ 𝑧) to find 𝑀𝑛 ≤ 𝑧 is given by the joint probability distribution
of finding all events 𝑋𝑖 ≤ 𝑧 for all 𝑖 ∈ 𝑛. The analytic expression for ℙ(𝑀𝑛 ≤ 𝑧)
is not known generally, even if the individual probability distribution 𝐹(𝑋) (or the
cumulative distribution function) is known. So most analytic studies are restricted
to consider {𝑋1, 𝑋2, ..., 𝑋𝑛} that are statistically independent and identically dis-
tributed. In this context, the probability to find 𝑋𝑖 ≤ 𝑧 for all 𝑖 ∈ 𝑛 are equals:
𝐹(𝑋1 ≤ 𝑧) = 𝐹(𝑋2 ≤ 𝑧) = ⋯ = 𝐹(𝑋𝑛 ≤ 𝑧). Then the maximum 𝑀𝑛 ≤ 𝑧 for
any value of 𝑛 ∈ ℕ is given by the joint distribution function:

𝐺(𝑧) ≡ ℙ(𝑀𝑛 ≤ 𝑧) = ℙ(𝑋1 ≤ 𝑧, ..., 𝑋𝑛 ≤ 𝑧)

=
𝑛

∏
𝑖=1

ℙ(𝑋𝑖 ≤ 𝑧) = 𝐹 𝑛(𝑧) (2.1)

where in the last line we used the property that 𝑋𝑖 is independently distributed for
all 𝑖 ∈ 𝑛. From this we can also determine the probability density function 𝑔(𝑧) of
extreme values by taking the derivative with respect to 𝑧:

𝑔(𝑧) =
𝜕𝐺(𝑧)

𝜕𝑧
= 𝑛(𝐹(𝑧))𝑛−1𝑓(𝑧) (2.2)

For a given value of 𝑧, the probability 𝐺(𝑧) decreases in the power of 𝑛. This means
that 𝐺(𝑧) will always shift to the right with increasing observation sample size 𝑛 as
illustrated in Figure 2.1. Suppose we take the asymptotic limit 𝑛 → ∞ (or sufficiently
large 𝑛) and set 𝑥0 = sup{𝑥 ∶ 𝐹(𝑥) < 1} ≤ ∞, and lim𝑛→∞ 𝑀𝑛 = 𝑥0 , then
ultimately 𝐺(𝑧) = lim𝑛→∞ 𝐹 𝑛(𝑧) = 0 for 𝐹(𝑥) < 1 and 𝐺(𝑧) = 1 for 𝐹(𝑥) = 1.
This means that the distribution of extreme values eventually degenerates into a binary
output at the asymptotic limit that is sensitive to only 𝐹(𝑧) = 1 and 𝐹(𝑧) < 1. This
can be improved by introducing a linear normalization that rescales 𝑀𝑛 by

𝑀̃𝑛 =
𝑀𝑛 − 𝑏𝑛

𝑎𝑛
. (2.3)

with sequences of constants {𝑎𝑛 > 0} and {𝑏𝑛} for 𝑎𝑛, 𝑏𝑛 ∈ ℝ for all 𝑛. Suppose
there exists a choice of 𝑎𝑛 and 𝑏𝑛 that could stabilize 𝑀𝑛, then by the Fisher–Tip-
pett–Gnedenko theorem [74, 83, 86, 87] 𝐺(𝑧) can converges weakly to a non-
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Figure 2.1. Demonstration of probability density distribution 𝑔(𝑧) (left) and the probability
distribution 𝐺(𝑧) (right) of extremes using exponential distribution (top) with unit rate
parameter, and Gaussian distribution (bottom) with zero mean and unit variance. As 𝑛
increases, both 𝑔(𝑧) and 𝐺(𝑧) shift to the right.

degenerate distribution function at the limit 𝑛 → ∞, and 𝐺(𝑧) belongs to one
of the following three possible classes of extreme value distribution:

Gumbel (Type I) 𝐺(𝑧) = 𝑒𝑒−𝑧, −∞ < 𝑧 < ∞ (2.4)

Frecht (Type II) 𝐺(𝑧) = {
0, 𝑧 ≤ 𝜇
𝑒−𝑧−𝛼, 𝑧 > 𝜇

(2.5)

Weibull (Type III) 𝐺(𝑧) = {
1, 𝑧 < 𝜇
𝑒−𝑧𝛼, 𝑧 ≥ 𝜇 ,

, (2.6)

where 𝑧 = (𝑥−𝜇)/𝛽 with 𝜇, 𝛽 ∈ ℝ being the location and scale parameter; 𝛼 is a real
positive shape parameter for type II and III extreme distribution. On the intuitive level,
the tail property of the parent probability distribution determines to which extreme
value distribution it converges, because extreme values populate the tail distribution of
the probability distribution at a sufficiently large 𝑛. Probability density distributions
with exponentially decaying tails converge asymptotically to the Gumbel (Type I) class;
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For those with a heavy polynomial tail, they converge to the Frecht (Type II) class;
Finally, distributions with a finite upper bound for maxima or a finite lower bound
for minima converge to the Weibull (Type III) class.

For illustrative purposes, let us demonstrate how the exponential distribution
𝑓(𝑧) = 𝜆𝑒−𝜆𝑧 for 𝜆 > 0 and 𝜆 ∈ ℝ converges to the Gumbel distribution. The
maximum value from a sequence of 𝑛 random events sampled from an exponential dis-
tribution function is the product of the distribution function: 𝐺𝜆(𝑧) = ( 1−𝑒−𝜆𝑧 )𝑛 ,
for 𝑧 ∈ [0, ∞], such that the corresponding density function is given by 𝑔𝜆(𝑧) =
𝜆𝑛(1 − 𝑒−𝜆𝑧)𝑛−1𝑒−𝜆𝑧, illustrated in Figure 2.1 for 𝜆 = 1 with different values of 𝑛.
Let us expand 𝐺(𝑧) in series using binomial theorem:

𝐺(𝑧) = 𝐹 𝑛
𝜆 (𝑧) = (1 − 𝑒−𝜆𝑧)𝑛 = 1 − 𝑛𝑒−𝜆𝑧 +

𝑛(𝑛 − 1)
2!

𝑒−2𝜆𝑧 + ⋯ (2.7)

For large 𝑛, including the asymptotic limit, the binomial series reduces to a double
exponential function 𝐺𝜆(𝑧) = 𝑒−𝑛𝑒−𝜆𝑧 that depends on 𝑛. To stabilize this distribu-
tion, we consider sequences of constants {𝑎𝑛} > 0 and {𝑏𝑛} such that the double
exponential function equals to Gumbel distribution by 𝑛𝑒−𝜆(𝑎𝑛𝑧+𝑏𝑛) = 𝑒−𝑧. This
means that 𝐺𝜆(𝑧) can converge to the Gumbel distribution at the asymptotic limit
for a particular choice of the sequence of constants 𝑎𝑛 = 𝜆−1 and 𝑏𝑛 = 𝜆−1 ln𝑛 that
normalizes 𝑧 1.

2.1 . 1 Generalized Extreme Value Distribution

In the applications of extreme value distribution, it is intuitive to proceed with adopt-
ing one of the three families and then to estimate the relevant parameters of that
distribution. There is a major weakness in this approach: It is first required to choose
which of the three families is the most appropriate for the data at hand. Once such a
decision is made, any subsequent inferences assume this choice is correct and do not
allow for the uncertainty such a selection involves, even if this uncertainty may be
significant.

1Finally, by the same procedure, it can be shown that the Gaussian distribution gives a double
exponential form and converges to the Gumbel distribution for large 𝑛 by choosing the following
sequence of constants [88]: 𝑎𝑛 =

√
2 ln𝑛 and 𝑏𝑛 =

√
2 ln𝑛 − (ln ln𝑛 + ln4𝜋)/(2

√
2 ln𝑛).
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A better analysis that eliminates this uncertainty can be made by combining the
three classes of extreme value distribution into a single family of models known as the
generalized extreme value family of distribution [73, 74]:

𝐺(𝑧) = exp{− [1 + 𝜁(
𝑧 − 𝜇

𝜎
)]

−1/𝜁
} , (2.8)

which is defined on the set {𝑧 ∶ 1+𝜁(𝑧−𝜇)/𝜎 > 0}. This model has three parameters:
the location parameter 𝜇 ∈ (−∞, ∞); the shape parameter 𝜁 ∈ (−∞, ∞); the scale
parameter 𝜎 > 0, and 𝜇, 𝜁, 𝜎 ∈ ℝ. The generalized extreme value distribution reduces
to the Frechet and Weibull families when 𝜁 > 0 and 𝜁 < 0, respectively. At the
limit 𝜁 → 0, the generalized extreme value family reduces to the Gumbel family with
distribution function

𝐺(𝑧) = exp{− exp [− (
𝑧 − 𝜇

𝜎
)]} (2.9)

This unification of three families allows statistical inference of 𝜁 from the data them-
selves for determining the most appropriate type of tail behavior without subjective
prior judgment to adopt a particular extreme value family. This concludes the intro-
duction to the extreme value theory, and in the following section, we will restrict our
studies of rare events to three-dimensional random fields in the context of cosmology.
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2.2 Statistics of rare events in random
fields

2.2 .1 Fast generation of random fields

Before we consider the extreme value of a random field, let us first introduce the
analytic aspect of a discrete random field and how spatially correlated random fields are
generated. While the generation of a Gaussian random field follows strictly from [75],
the generation of an exponential random field 𝐸 involves two steps: First, we generate
a spatially-correlated Gaussian random field via the discrete convolution algorithm as
in [75, 89]; Then, this Gaussian random field is converted into an exponential random
field by a nonlinear transformation that preserves the power spectrum.

Consider a simulation cube of length 𝐿 with periodic boundary conditions and
equally spaced grid positions 𝑥(𝒎) = (𝐿/𝑀)𝒎, where 𝒎 is an integer triplet with

Figure 2.2. Illustration of two-dimensional slices from a three-dimensional random field
simulation. The bottom row shows Gaussian random fields 𝐹 with zero mean, unit variance,
and a power spectrum of 𝑃 (𝑘) ∝ 𝑘𝑛. From right to left, the spatial correlation increases
with decreasing spectral indices 𝑛 = 0, −1, −2, −3, respectively. The top row shows the
corresponding exponential random fields 𝐸 obtained by the nonlinear transformation 𝐹 → 𝐸
via (2.14), which preserves the power spectrum. Note that the exponential random fields
exhibit not only stronger signal amplitudes but also larger clustering size, which corresponds
to an increased correlation length defined in (2.15).

61



Chapter 2. Rare Events Statistics of Random Fields

components 𝑚𝑖 ∈ [0, 𝑀). Each spatial grid point 𝒎 assigns a value 𝜁(𝒎) that is
randomly sampled from a zero-mean normal distribution 𝜁(𝒎) ∼ 𝒩(0, 1) with unit
variance 𝜎 = 1. Since the spatial sampling processes are statistically independent, this
generates a spatially uncorrelated Gaussian random field 𝜁0(𝒎), with the two-point
correlation function of 𝜁0 given by

⟨𝜁0(𝒎1)𝜁0(𝒎2)⟩ = 𝑀3𝛿k(𝑚1, 𝑚2) (2.10)

where 𝛿k is the Kronecker delta. Spatial averaging of the discrete field ⟨ ⋅ ⟩ is performed
by discrete sums over all lattice sites. Let 𝐹 be a Gaussian random field with a
non-trivial power spectrum 𝑃(𝑘), then the discrete Fourier transform is

𝐹(𝒎) = ∑
𝜿

exp( i2𝜋
𝑀

𝜿 ⋅ 𝒎) 𝑇 (𝑘)𝜁(𝒌) (2.11)

where 𝑇 (𝑘) = [(2𝜋/𝐿)3𝑃(𝑘)]1/2 ∈ ℝ is the dimensionless transfer function, and
𝜿 = 𝒌𝐿/2𝜋 is the dimensionless wave vector with components 𝜅𝑖 ∈ [−𝑁/2, 𝑁/2)
for 𝑖 = 1, 2, 3. The complex-valued function 𝜁(𝒌) = exp[𝑖𝜑(𝒌)] is a stochastic field
with each randomized phase 𝜑(𝒌) drawn independently from a uniform distribution
𝜑(𝒌) ∼ 𝑈[−𝜋, 𝜋]. To understand this, consider the spatial uncorrelated case by
setting 𝑇 (𝑘) = 1, then 𝜁(𝒌) equals to the Fourier amplitude of a spatial uncorrelated
Gaussian random field 𝜁0(𝒎) ∝ ∑𝜿 exp(i2𝜋𝜿 ⋅ 𝒎/𝑀)𝜁(𝒌). This equality means
that a spatially uncorrelated Gaussian random field can be generated either from direct
spatial sampling in the real space, or by sampling a randomized phase from a uniform
distribution in the Fourier space. In our study we obtain 𝜁(𝒌) by the former approach
using discrete Fast Fourier transform of 𝜁0(𝒎) by

𝜁(𝒌) = 1
𝑀3 ∑

𝒎
exp(− i2𝜋

𝑀
𝜿 ⋅ 𝒎) 𝜁0(𝒎) . (2.12)

As a result, supply (2.11) with the stochastic field 𝜑(𝒌) and the power spectrum
𝑃(𝑘), we obtain a spatially correlated Gaussian random field 𝐹. This field 𝐹 is then
mapped to an exponential random field 𝐸 in two steps: First, we map 𝐹(𝒎) into a
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Figure 2.3. The power spectrum of the exponential (solid line) and Gaussian (dashed line)
random field for spectral indices of 𝑛 = −3, −2, −1, 0 in logarithmic scale. We can see that
the solid and dashed lines are largely overlapping for all 𝑛 in consideration, which shows that
the power spectrum of the Gaussian random field is preserved after performing the nonlinear
transformation in Equation (2.14).

uniform distribution 𝑈(𝒎) ∈ [0, 1] by taking the cumulative distribution function
of 𝐹(𝒎):

𝑈[𝐹 ](𝒎) = erf(
𝐹(𝒎) − 𝜇[𝐹 ]

√
2𝜎[𝐹 ]

) (2.13)

where 𝜇[𝐹 ] = 0 and 𝜎[𝐹 ] = 1 are the mean and the standard deviation of 𝐹,
respectively. The next step is to map 𝑈[𝐹 ](𝒎) to an exponential field 𝐸(𝒎) by
taking the inverse cumulative distribution function 𝐸(𝒎) = −𝜆−1 ln[1 − (1/2)(1 +
𝑈[𝐹 ](𝒎))]. Altogether, this two-step process defines a nonlinear mapping 𝐹(𝒎) →
𝐸(𝒎) by:

𝐸(𝒎) = − 1
𝜆
ln{1 − 1

2
[1 + erf(

𝐹(𝒎) − 𝜇[𝐹 ]
√

2𝜎[𝐹 ]
)]} (2.14)

The question is whether this nonlinear mapping preserves spatial correlation by pre-
serving the power spectrum. While this is non-trivial to prove analytically because of
the nonlinearity of the transformation, it is straightforward to show numerically that
this nonlinear mapping at least preserves the power spectrum of the form 𝑃(𝑘) ∝ 𝑘𝑛
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with spectral indices 𝑛 = 0, −1, −2, −3. This can be seen from Figure 2.3, that the
power spectrum obtained from the Gaussian random field and the exponential random
field it generates are almost perfectly aligned.

2.2 .2 Correlation Length

So far we have discussed spatial correlation described in terms of the power spectrum.
We will now consider the application of extreme values theory in random fields, with its
primary interest in the analysis of large overdensities in primordial density fluctuations.
Conventional analytic framework for the detection of overdensities in Gaussian random
fields [47, 76] is performed by identifying peaks over threshold through extremum
constraints, i.e.: the gradient of the field is zero and the second derivative is negative
definite. The primary assumption of this approach is that the underlying Gaussian
random field (or any other statistics) is smooth. This implies that the random field
can infinitely resolve to arbitrary infinitesimal details, such that any local maxima
can be expanded into a Taylor series and safely truncated at the second order on a
sufficiently small scale. This natural assumption encounters several critical issues when
generalizing to discrete random fields that have a realistic resolution limit that defines
the smallest length scale of the effective theory. First of all, for any discrete random
field characterized by the power spectrum 𝑃(𝑘) ∝ 𝑘𝑛 with spectral index of 𝑛 > −3
at large 𝑘, finite differences of neighboring pixels are a poor approximation of the
spatial derivative. Second, Taylor series obtained from the finite differences method
of discrete random field do not generally converge, except when there exists a strong
spatial correlation so that the finite differences can accurately approximate the spatial
derivative 2. Since the primary assumption of peak theory [47, 76] of continuous
field does not necessarily comply with discrete random fields, analytic results derived
from smooth random fields using extremum constraint are incompatible with discrete
random fields 3.

2As a simple example, for the spectral index 𝑛 = 0 of a Gaussian white noise, the finite differences
are again a white noise of the same mean and variance. Such Taylor series therefore do not converge.

3A common approach to circumvent the resolution problem is to smooth the random field by
convoluting it with a smooth window function. This changes the power spectrum at large 𝑘, and such
modification needs to be consistent with the physics of that scale. This is important because the local
extremum is sensitive to the largest 𝑘 resolvable, meaning that the peak density is also sensitive to this
modification.
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For this reason, the natural alternative for accurate peak detection for random fields
of finite resolution is to take the local maximum of the field. At the bare minimum,
we need to consider at least a set of cubes with size 3 × 3 × 3, and local maxima are
detected if the central pixel is the maximum among all pixels of the cube. This is
the extreme value of 27 events identically drawn from the same distribution. So the
need for peak detection for a discrete random field naturally encompasses the notion
of block maxima in extreme value theory. It is also unnecessary to restrict to a cube
3 × 3 × 3, but any cube of arbitrary length 𝑁B ∈ [1, 𝑀]. While this leaves 𝑁B as a
hyperparameter to be determined, this generalization is essential because, at the bare
minimum, the box size must be at least greater than the characteristic length scale of
spatial correlation 𝑙0 for the underlying random field to tell if the sampled maximum
is truly a local maximum that represents a peak. For example, consider white noise
with zero spatial correlation. It would still require at least an extension of size

√
3 to

tell whether the pixel in consideration is a peak or not.
For the above reason, the notion of correlation length is essential to determine the

optimal value for 𝑁B, such that it captures accurately the peaks and their statistics
within a discrete random field. To begin with, consider the following definition of
correlation length 𝑙0 of a random field 𝐹 defined by [90, 91]

𝑙0[𝐹 ] =
𝜎0[𝐹 ]
𝜎1[𝐹 ]

, (2.15)

where 𝜎0[𝐹 ] and 𝜎1[𝐹 ] are the variance of 𝐹 and the variance of its gradient, respec-
tively. For discrete field that replaces spatial derivatives by central finite differences, the
variance of the gradient becomes

𝜎2
1[𝐹 ] = 1

3
⟨∇𝐹 ⋅ ∇𝐹⟩𝑁 = 1

3

3

∑
𝑖=1

(
𝐹(𝒙 + ℎ𝑒𝑖) − 𝐹(𝒙 − ℎ𝑒𝑖)

2ℎ
)

2

(2.16)

where 𝑒𝑖 for 𝑖 = 1, 2, 3 are the set of basis vectors in ℝ3. The factor of 1/3 is
multiplied to average the variance across three spatial directions, since we consider a
stationary Gaussian random field 𝐹 with identical variance along different directions
𝜎2

1[𝐹 ](𝑥1) = 𝜎2
1[𝐹 ](𝑥2) = 𝜎2

1[𝐹 ](𝑥3). The minimum length scale of the simulation
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box is normalized to ℎ = 1 because the minimum resolvable scale is the unit size
between grid points. Altogether, we can provide a theoretical estimation

𝜎2
1[𝐹 ] = 1

𝑀3 ∑
𝜿

sin2(𝒌 ⋅ 𝑒𝑖)𝑃 (𝑘) (2.17)

which resemble the same scaling for continuous random field 𝑘2𝑃(𝑘) only for small 𝑘
because sin2(𝒌 ⋅ 𝑒𝑖) ∼ 𝑘2. This captures the behavior we mentioned previously: The
discrete random fields in their finest resolution are highly stochastic and are poorly
approximated spatial derivative of a continuous random field, except when 𝑃(𝑘) ∝ 𝑘𝑛

for 𝑛 < −3 at the large 𝑘 limit. In other words, for continuous and discrete fields to
agree on 𝜎1, it requires a sufficiently strong spatial correlation prescribed by 𝑃(𝑘).

Nevertheless, note that 𝑙0(𝑛) estimated by (2.15) is a global quantity evaluated
over the entire simulation box. A local cluster, on the contrary, occupies only a local
neighborhood within the simulation box. This means that the correlation length of a
local cluster that contains a rare event at position 𝒙0, is a local quantity 𝑙0(𝑛, 𝒙0) that
should be measured only with respect to this local cluster. While it is a complex task
to analytically reformulate 𝑙0(𝑛) to adopt a local version, it is straightforward to find
a rare event and its neighborhood by numerical search within repeated simulations.
Then, the local correlation length 𝑙0(𝑛, 𝒙) can be evaluated using (2.15) within various
neighborhood sizes 𝑁𝐵, which provides the relation between 𝑙0(𝑛, 𝒙0) and 𝑁𝐵. The
result is shown in Figure 2.4 for exponential random fields, for clusters with its center
occupied with a rare event with at least 6𝜎𝑟 level4. When the box size 𝑁B reaches
the full simulation box side 𝑁sim, the local correlation length 𝑙0(𝑛, 𝒙) becomes the
global correlation length 𝑙0(𝑛), which is marked by the for each 𝑛 in Figure 2.4, and
𝑙0(𝑛, 𝒙0) approaches its asymptotic value as the box side increases.

Using Figure 2.5 we can now decide an appropriate size for 𝑁𝐵: First of all, 𝑁𝐵

should be bounded from below by at least 2⟨𝑙0(𝑛, 𝒙0)⟩ because any neighborhood
size smaller than 2𝑙0(𝑛, 𝒙0) contains only a fraction of a local cluster. Second, we
consider only box size 𝑁B ≥ 28 because the standard deviation 𝜎0 is dominated by the
presence of a rare event at the center for smaller box sizes. This effect is so strong that

4Here, we refer 𝜎𝑟 as the standard deviation of a normal distribution, and the notion of 6𝜎𝑟 level
is the probability to draw of a random event outside 6 times the standard deviation of the normal
distribution.
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Figure 2.4. Correlation length 𝑙0(𝑛) of exponential random fields for different spectral indices
𝑛 = 0, −1, −2, −3 versus increasing linear box size. In each box, there exists a rare event of
at least 6𝜎𝑟 at the center. The flat dotted horizontal lines represent the asymptotic (global)
correlation length that can be analytically derived from the full random field; Meanwhile, the
solid lines are the correlation length as a function of the box size. Note that the curves for
𝑛 = 0 and 𝑛 = −1 are overlapped.

it causes deviation of 𝜎0 even for 𝑛 = 0 from its asymptotic value 𝑙0(𝑛 = 0). Since
𝑛 = 0 is the reference that represents the absence of spatial correlations and clustering
effect, the measured value ⟨𝑙0(𝑛 = 0, 𝒙0)⟩ must coincide with the asymptotic value
to guarantee that any observed deviation between various spectral indices 𝑛 is solely
caused by spatial correlation. Therefore, the box size 𝑁𝐵 ≥ 28 is set as the lower
bound to estimate local correlation length.

Accordingly, we choose 𝑁B = 33 for the following analysis of the statistics of rare
events in spatially correlated random fields. It is clear that 𝑁B > 2𝑙0(𝑛, 𝒙0) and ⟨𝑙(𝑛 =
0, 𝒙0)⟩ has already reached its asymptotic value. Since it corresponds to approximately
6 times the correlation length for 𝑛 = −3, it is certainly large enough to contain
the entire cluster. Meanwhile, 𝑁B = 33 is sufficiently small such that it includes
maximally one local cluster for the most interesting case 𝑛 = −3, with estimation of
spatial correlation without being diluted by the surrounding empty regions outside
the cluster. This latter is illustrated in Figure 2.5, which shows the probability density
distribution of the exponential random field within the neighborhood of size 𝑁B = 33,
with its center occupied by a 6𝜎𝑟 event. We can see that the probability density
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Figure 2.5. Probability density distribution of exponential random field within a block of
linear dimension 𝑁B = 33 pixels for different spectral indices. Note that the curves for 𝑛 = 0
and 𝑛 = −1 overlap. The smooth probability density distribution is achieved by repeatedly
sampling at least 103 blocks. Notice that, for 𝑛 = −3, the curve is qualitatively different from
the rest of the curve. This is due to the fact that spatial correlation inside the box for 𝑛 = 3
is sufficiently strong, such that it strongly suppresses low amplitude events and enhances high
amplitude events.

distribution for 𝑛 = −3 is significantly deviated from an exponential distribution:
When compared to 𝑛 = 0, −1, −2, we can see that the population of low-amplitude
events (below 1𝜎𝑟) are suppressed by roughly 10−1; Enhancement of large-amplitude
events is even stronger, where the probability density distribution to encounter a 4𝜎𝑟

is increased by at least a factor of 102. This indicates that even if 𝑁B = 33 is greater
than the cluster itself, the major fraction of the neighborhood at 𝑁B = 33 is still
constituted by the cluster itself.

2.2 .3 Block Maxima

Although extreme values drawn from an identically and uncorrelated exponential
random field follow a Gumbel distribution in the asymptotic limit, i.e., (𝑁B → ∞),
it is unclear if this result is still true for a spatially correlated exponential random
field with finite 𝑁B. The purpose of this section is to numerically derive the extreme
value statistics of block maxima for spatially correlated exponential fields. To this

68



2.2 . Statistics of rare events in random fields

-

-
-

Figure 2.6. Probability density distribution of block maxima obtained by sampling exponential
random fields of size 512 × 512 × 512 pixels for spectral index 𝑛 = 0, −1, −2, −3. The
dashed line shows the corresponding best-fit generalized extreme value distribution (GEV) with
parameters given in Table 2.1.

end, we repeatedly sample the block-maxima from simulations of exponential random
fields with spectral index 𝑛 = 0, −1, −2, −3. Each realization is partitioned into
non-overlapping cubic blocks with 𝑁B = 33 containing a list of amplitudes 𝐵 =
{𝐸(𝒙1), 𝐸(𝒙2), ..., 𝐸(𝒙𝑁3

B
)}, from which the block maxima is given by 𝑀𝑁B

=
max(𝐵). For each spectral index 𝑛, at least 107 exponential random fields are simulated
to sample block maxima for constructing the probability density distribution of block
maxima, which is shown in Figure 2.6. The solid curves represent the corresponding
probability density distribution of block maxima as a function of the amplitude (or
rarity 𝜎𝑟) for different values of 𝑛. Of particular interest are the statistics of rare events:
the best-fit parameters for the generalized extreme value distribution are inferred from
the tail behavior of the numerically obtained block maxima. A comparison between
𝑛 = 0 and 𝑛 = −3 in Figure 2.6 shows that spatial correlations broaden the shape of
the probability density distribution of block maxima, which enhances the probability of
finding small-amplitude maxima while suppressing those with larger amplitudes. This
can be understood from a rather intuitive point of view: For strongly correlated fields,
especially for 𝑛 = −3, large amplitude events tend to cluster together. Nevertheless,
block maxima can only record the strongest signal within a given block and discard
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the rest of the high-amplitude events. This is in strong contrast to the uncorrelated
case 𝑛 = 0, where rare events are uniformly distributed in the entire random field, so
they are more likely to be sampled individually as block maxima. For this reason, the
block maxima tend to underestimate the actual population of large-amplitude events
in spatially correlated random fields. This reasoning also explains the enhancement
of the low-amplitude population of block maxima for 𝑛 = −3. Spatial correlation
leads to the clustering of small-amplitude events to form large under-dense regions,
which enhances the likelihood of sampling smaller amplitudes as block maxima when
compared to the uncorrelated case 𝑛 = 0.

The key question is whether spatial correlation and finite size can significantly alter
the tail properties of the block maxima distribution. Although spatial correlation
has significantly broadened the probability density distribution of block maxima, the
tail behaviors beyond the 6𝜎𝑟 level show a similar statistical properties across all
spectral indices considered. Specifically, the tails decay exponentially at the same
rate characterized by the parallel slopes on the logarithmic scale in Figure 2.6. This
behavior arises because exceedingly rare events occur only once and at most twice per
simulation. Again, even if strong spatial correlation enhances the overall population of
rare events (See Figure 2.5), only the maxima signal is recorded as a block maximum.
So even for correlated fields, rare events beyond 6𝜎𝑟 are effectively sampled in a
statistically independent way, because they are sampled from different exponential
field simulations5. As a result, the tails of spatially correlated fields resemble the
characteristic form of the Gumbel distribution (See best fit parameters in Table 2.1),
with the location parameter 𝜇 being the only parameter sensitive to the changes in
spectral indices 𝑛. Accordingly, we conclude from Figure 2.6 that the tail behavior of
extreme values is insensitive to spatial correlation when extreme values are sampled by
block maxima with a block size comparable with its correlation length.

5A natural question that follows is whether the independent sampling process of rare events is
realistic in the cosmological context. Suppose each random field is interpreted as a finite causal region of
the sky, then different realizations would correspond to causally disconnected patches. This means that
extremely rare overdensities in the early Universe are expected to follow a Gumbel distribution, regardless
of whether the underlying primordial fluctuations are Gaussian or exponential. This interpretation can
be further improved by replacing the power spectrum 𝑃(𝑘) with the actual matter power spectrum. A
more detailed discussion of this point is provided in the Outlook of this thesis.
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𝑛 𝜇 𝜎 𝜁
0 10.52 1.00 −9.84 × 10−5

−1 10.51 1.00 −3.27 × 10−4

−2 10.54 0.99 9.86 × 10−4

−3 9.36 1.04 4.50 × 10−4

Table 2.1. Best fit parameters for the extreme value distribution by fitting the tail behavior of
the probability density distribution of block maxima of exponential random field in Figure
2.2. Here, 𝑛 = 0, −1, −2, −3 is the spectra index of the power spectra, 𝜇 ∈ (−∞, ∞) is the
location parameter, 𝜁 ∈ (−∞, ∞) is the shape parameter, 𝜎 > 0 is the scale parameter, and
𝜇, 𝜁, 𝜎 ∈ ℝ. Note that 𝜁 ≈ 0 for all 𝑛. This means the tail behavior for spatially correlated
exponential random field reduces to the Gumbel distribution as in the uncorrelated case.

2.3 Non-Sphericity

2.3 .1 Preliminary: Principal Component Analysis

Spatial clustering of large peaks generated by random fields plays an important role in
many astrophysical or cosmological settings. Depending on the specific type of random
field, clustering can emerge with various sizes and shapes due to the strength of its spatial
correlation. In this last section, we propose the use of weighted principal component
analysis for measuring sphericity and the shape of a cluster, and demonstrate how rare
events (of ≥ 6𝜎𝑟) with various spectral indices 𝑛 can influence these characteristics.

To understand how weighted principal component analysis can quantify the level
of sphericity and shape of a cluster, it is useful to recall the basic idea of principal
component analysis [92, 93].

Suppose we have 𝑁obs observations and each observation has 𝑁feat features, then
each observation (data point) is given by a point 𝒑 ∈ ℝ𝑁feat . The purpose of principal
component analysis is to perform an orthonormal linear transformation to bring the
set of bases of ℝ𝑁feat (features of the data) into a new set of bases that exhibits the
largest variance of the distribution of data points. The basis vector that captures the
greatest variance of the data is known as the first principal component; similarly, the
second to the largest remaining variance that is orthogonal to the first is the second
principal component, and so on.

Let 𝑿 be a 𝑁feat × 𝑁obs matrix so each column describes an observation with
respect to a set of measurements and each row describes a particular feature across all
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observations. The purpose of principal component analysis is to find a decomposition
of the data matrix by 𝑿 = 𝑷 𝑪, for 𝑷 is a 𝑁feat × 𝑁pc principle components matrix
and 𝑪 is the 𝑁pc × 𝑁obs covariance matrix , with 𝑁pc being the number of principle
components, so that Σ is a diagonal matrix given by

𝜮 = 𝑷 T𝑿𝑿T𝑷 , (2.18)

with diagonal components of 𝜮 is ordered in magnitude |Σ𝑖𝑖| ≥ |Σ𝑗𝑗| for all 𝑖 ≤ 𝑗. In
other words, 𝑷 is the orthonormal transformation that maximizes the variance within
Σ and minimizes the off-diagonal component.

The method to achieve this purpose is mostly performed via singular value decom-
position of the data matrix: 𝑿 = 𝑷 𝑫𝑽 T, so that 𝑪 = 𝑫𝑽 T for 𝑽 is an orthogonal
matrices and |𝐷𝑖𝑖| ≤ |𝐷𝑗𝑗|, ∀ 𝑖 ≤ 𝑗. Inserting the singular value decomposition into
(2.18), this identifies 𝜮 with 𝑫 by 𝜮 = 𝑫𝑫T. The diagonal components 𝑫 encode
the geometrical information of how the data are distributed in the 𝑁feat dimensional
space. Suppose Σ𝑖𝑖 = Σ𝑗𝑗 for all 𝑖, 𝑗, then the variance of all principal components is
the same, which means that the data is a 𝑁feat-ball within the 𝑁feat dimensional space.

2.3 .2 Weighted Principal Component Analysis

While principal component analysis works generally for data analysis whose sole pur-
pose is mostly dimensionality reduction, it is inapplicable to fields because it assumes
identical weighting to each data point and its features. Scalar fields, on the other hand,
assign different values to every point in space, which have physical meaning, such as
density or temperature. So principal component analysis works for fields only if a
threshold value is imposed to discard field values below the threshold and equalize those
that are above. However, this introduces the threshold value as a hyperparameter and
discards all quantitative information of the field values that could dominantly dictate
the level of sphericity being measured, if the field values have a physical meaning such
as matter density.

Therefore, principal component analysis is insufficient to deal with fields where the
field amplitudes are indispensable information. The weighted principal component
analysis can circumvent this problem by allowing the assignment of different weights
to various observations and features. In the context of fields, weighted principal

72



2.3 . Non-Sphericity

component analysis allows us to incorporate the field values as weightings. Specifically,
weighted principle component analysis minimize the 𝜒2 value [94]:

𝜒2 = 𝑊 𝑖𝑗(𝑋𝑖𝑗 − 𝑃𝑖
𝑘𝐶𝑘𝑗)

2

(2.19)

For random fields, 𝑿 = [𝒙1, ..., 𝒙𝑁𝐵
] is the grid matrix, with 𝒙𝑖 ≡ [𝑥𝑖, 𝑦𝑖, 𝑧𝑖]T, for

𝑖 ∈ [0, 𝑁𝐵] and 𝑁𝐵 ∈ ℕ is the total number of grid points within the neighborhood
of a rare event. Since there is no reason to treat the field values along a specific direction
differently, we weight the spatial coordinate equally by the field amplitude at a given
position. For this reason, the weighting matrix 𝑾 is

𝑾 ≡
[𝐹(𝒙1)𝕀3, ..., 𝐹 (𝑥𝐵)𝕀3]

∑𝑖 𝐹(𝒙𝑖)
(2.20)

where 𝕀 ≡ [1, 1, 1]T. Given 𝑾 and 𝑿, 𝜒2 is minimized by fitting the coefficient matrix
𝑪 with the principal component matrix 𝑷. This means that the rows and columns of 𝑷
correspond to spatial coordinates and principal components, respectively, while the rows
and columns of 𝑪 correspond to principal components and grid points, respectively.
Again, the principal components can be diagonalized into the distribution-variance
matrix Σ = 𝑪𝑪T where Σ𝑖 ≥ Σ𝑖+1, ∀𝑖 ∈ ℕ. As a result, using the diagonal elements
of the distribution variance Σ, we can quantify the level of sphericity of the random
field within a block by measuring the loss of isotropy of the field. It is important to
note that weighted principal component analysis is sensitive only to non-sphericity by
detecting anisotropy, but it cannot distinguish between isotropy and perfectly spherical
distributions. Now, to quantitatively measure anisotropy, we define the ratio between
distribution variance Σ31 ≡ Σ3/Σ1, which equals to unity Σ31 = 1 for an isotopically
distributed field and Σ31 < 1 in the existence of anisotropy. Together with the ratio
Σ32 ≡ Σ3/Σ2., the cluster shape can also be specified: If Σ32 = 1 but Σ31 < 1, the
cluster shape is approximately ellipsoidal, whereas for Σ32 ∼ Σ31 and Σ31 < 1, the
cluster forms a circular disk shape.

The numerical implementation of this method is shown in Figure 2.7. Let
𝜎2(Σ𝑖𝑗) ≡ ⟨Σ𝑖𝑗 − ⟨Σ𝑖𝑗⟩𝑁⟩2

𝑁 for 𝑖, 𝑗 = 1, 2, 3, and ⟨ ⋅ ⟩𝑁 is the ensemble averages
across 𝑁 realization, we can see that 𝜎(Σ31) and 𝜎(Σ32) for 𝑛 = 0 are being the
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Finally, to isolate the effect of the tail contribution from that of the spatial corre-
lations, we have also performed simulations of Gaussian random fields with the same
set of power spectra as for exponential fields (see the two panels of Fig. 2.7 for a
direct comparison). Our results show that non-Gaussianity amplifies the degree of
non-sphericity generated by spatial correlation and produces a broader variety of cluster
shapes. For 𝑛 = −2 and 𝑛 = −3, where large spatial clusters are formed, the exponen-
tial tails in the exponential random field enhance the degree of spatial anisotropies, even
though the underlying Gaussian and exponential random fields share the same power
spectra by construction via (2.14). Technically, this occurs because the non-sphericity
measure (2.19) weights the amplitudes of the random field within each block. In the
exponential case, the existence of a heavy tail implies a larger variation in amplitude.
This means that the presence of an at least 6𝜎𝑟 within a cluster can significantly de-
form the variance Σ𝑖𝑖 for 𝑖 = 1, 2, 3, so that Σ13 and Σ23 are more unstable when
compared to the Gaussian case.
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2.4 Conclusion

In this chapter, we analyzed how rare events influence clustering and the development
of non-sphericity related to spatial correlation, with a particular focus on exponential
random fields. For each spectra index of interest, we generated at least 107 numerical
simulations of exponential random fields, which allows us to accurately resolve the
extreme value statistics up to the 7.5 sigma level (which corresponds to a probability
of 1 in 1013). In the context of extreme-value theory, we developed a statistical
approach that incorporates spatial correlation to determine the necessary lower bound
of block size for sampling local, which extends the conventional notion of peaks to
describe peaks in a discrete random field. Then, we showed that rare events in spatially-
correlated exponential random fields follow the generalized extreme-value distributions
(Figure 2.6). In particular, the tail behaviors of the extreme value distribution converge
to the same family of extreme-value distributions as in their spatial uncorrelated case,
which is the Gumbel distribution for an exponential field. More generally, this suggests
that at least the Gumbel distribution can be extended to describe a sequence of random
events that are identical but not independently distributed in non-asymptotic models,
provided that the correlation length is a well-defined notion to quantify the statistical
dependence between the random events. Finally, we proposed weighted principal
component analysis as a quantitative measure of how spatial correlation could induce
spatial anisotropy and non-sphericity of clusters. We compared the Gaussian and
exponential random fields with strong spatial correlations (𝑛 = −2, −3) and found that
the anisotropic effects are significantly stronger in the exponential fields (See Figure 2.7).
In the cosmological context, this suggests that the neighborhood of overdensities can
develop anisotropic features sensitive to both the tail behavior and the two-point
statistics of the underlying density field. It remains a curious question whether such
anisotropies could influence the ensemble variance of angular momentum in their final
collapse structures. If that is possible, then measurement of this variance may, in turn,
reveal features of clustering and tail behavior of the primordial overdensities in the
early Universe.
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Chapter 3

Statistics of Pressure and Matter
on the Large-Scale Structures of

the Universe

The results presented in this chapter are based on an ongoing collaborative work with
Klaus Dolag and Eiichiro Komatsu. The manuscript is currently under preparation and
to submitted to the Physical Review D.

3 .1 Introduction

Primordial overdensities in the early universe provide the earliest set of regions which
collapsed at a later time into bounded structures that could approximate as halos
[45, 47, 76, 95–98]. Since gravitational collapses are nonlinear processes, the kinetic
energy of the freely falling particles is partially thermalized through shock heating and
turbulent dissipation [99–109]. This results in the hot electron gas in the galaxy clusters
and groups that can induce spectral distortions of the Cosmic Microwave Background
(CMB) through inverse Compton scattering of the CMB photons, which is known
as the thermal Sunyaev–Zel’dovich effect. This produces the second anisotropy in the
temperature of the CMB, with its magnitude proportional to the pressure of the hot
electron gas integrated along the line of sight [110–116]. So using the amplitude of
the thermal Sunyaev–Zel’dovich effect and thermodynamic relations, one can infer
the thermal energy content of the large-scale structure, and their cross-correlation
with other tracers of the matter distribution allows tomographic reconstruction of the
thermal history and the evolution of large-scale structures, and thereby indirectly, also
constrain the statistics of primordial density fluctuations [117–129].

Of course, there are many nonlinear baryonic processes, such as radiative cooling, star
formation, and active galactic feedback, that can spatially redistribute thermal energy
and pressure, so their spatial fluctuation does not necessarily trace the matter density
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fluctuation. These effects, however, dominate only on small scales within individual
halos [47, 130]. On sufficiently large scales, e.g. ⪆ 200Mpc/ℎ, structure formation
is dominated mostly by gravitational processes, and thermal pressure integrated over
each halo is expected to scale with halo mass by a relation given by the virial theorem.
From the linear perturbation theory, this correlation is expected to improve at an
increasingly large scale. Nevertheless, recent simulations have shown that an unexpected
decorrelation between pressure and matter distribution at scales larger than roughly
(𝑘 ≲ 0.02 ℎMpc−1), with a particularly significant effect in the low redshift universe
[128]. So the theoretical expectation of linear bias theory seems to break down in
practice at precisely the scales where it is most reliable.

The purpose of this chapter is to identify the origin of such decorrelation between
pressure and matter distribution on large scales. By analyzing the simulation data from
Magenticum1, we first investigate to what extent the pressure-matter decorrelation
occurs on large scales, and how it depends on redshifts. We will demonstrate that
such decorrelation does not imply the breakdown of linear bias theory. But rather,
pressure-matter decorrelation can be accurately predicted from the halo model on large
scales as one-halo contributions from the pressure distribution that acts as a stochastic
noise. While it can be demonstrated that this effect originates from the halo assembly
histories and an effective halo model can provide an even more accurate description
of the decorrelation on large scales, the discussion of the last part is beyond the scope
of this chapter.

1The Magneticum is a hydrodynamical, cosmological simulation suite that follows the formation
of cosmological structures and takes into account a wide range of physical processes (See [131] for an
excellent recent review). The simulations are performed with an advanced version of the Gadget-3
code [132, 133], which uses an entropy-conserving formulation of smoothed particle hydrodynamics
(SPH) [134]. The cosmological model follows the standard Λ cold dark matter cosmology with the
WMAP7 results [135], for a flat universe with a total matter density Ω𝑚 = 0.272 (16.8% baryons),
a cosmological constant Λ0 = 0.728, a Hubble constant 𝐻0 = 70.4 km s−1Mpc−1, an index of
the primordial power spectrum 𝑛𝑠 = 0.963 and an overall normalization of the power spectrum
𝜎8 = 0.809. The simulation suit accommodates many physical processes, such as radiative cooling and
star formation [136], active galactic feedback [137–140], chemical evolution [141–143], and etc. More
details can be found in previous works using the Magneticum simulation [127, 128, 144–161]. Of
all available volumes, we will focus on analyzing the Box0 in Magneticum since Box0 runs the largest
scales of cosmological simulation available to date, with the length of each side is 2688Mpc/ℎ and the
number of particles set to 45363, which is the most relevant for our purpose.
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3 .2 Statistics of Gas Pressure

In order to investigate the origin of the observed large-scale pressure-matter decor-
relation, we begin with the formal relation between pressure fluctuation and mat-
ter fluctuations on large scales. Let 𝜌(𝒙; 𝑧) and 𝒫(𝒙; 𝑧) be the matter density
and pressure field respectively, their fluctuation is a dimensionless field defined by
𝛿𝜌(𝒙; 𝑧) = 𝜌(𝒙; 𝑧)/ ̄𝜌(𝑧) − 1 and 𝛿𝒫(𝒙; 𝑧) = 𝒫(𝒙; 𝑧)/𝒫̄(𝑧) − 1 for ̄𝜌(𝑧) and 𝒫̄(𝑧)
are the homogeneous and isotropic redshift 𝑧 dependent background value. Generally,
the local pressure fields is a functional of local observables 𝒪 ∈ 𝒜 that takes the
following covariant form

𝛿𝒫(𝒙; 𝑧) = 𝒦(0)(𝒙; 𝑧) + ∑
𝒪∈𝒜

(∫
Σ𝑡

d𝜇(𝒚) 𝛿𝒪(𝒚)𝒦(1)(𝒙, 𝒚; 𝑧) (3.1)

+ ∫
Σ𝑡

d𝜇(𝒚1) d𝜇(𝒚2) 𝛿𝒪(𝒚1)𝛿𝒪(𝒚2)𝒦(2)(𝒙, 𝒚1, 𝒚2; 𝑧) + ⋯)

where d𝜇(𝒚) is the covariant measure on the hypersurface Σ𝑡 for all time 𝑡 in an
interval 𝐼 ∈ ℝ. In this form, 𝛿𝒫(𝒙; 𝑧) encompass all possible nonlocal contribution
prescribed by the 𝑛-point kernel functions 𝒦(𝑛)(𝒙, 𝒚1, 𝒚2, ..., 𝒚𝑛−1; 𝑧) ∈ 𝒞∞

c (ℝ)
within some neighborhood that was in causal contact with 𝛿𝒫(𝒙, 𝑧). The local
contribution 𝒦(0) ∈ ℝ represents the remaining stochastic scatters of 𝛿𝒫 that are
irrelevant to the set of observables we have chosen 𝒪 ∈ 𝒜. While 𝛿𝒫 is generally a
functional power series of 𝛿𝒪, higher orders of 𝛿𝒪 concern only nonlinear structures
at smaller scales within individual halos, which becomes negligible on large scales
[126–128]. Since cosmology at large scale is well approximated by the Friedmann
universe, spatial isometry allows us to express inhomogeneous spatial perturbations in
the Fourier space. The momentum space representation is crucial because it allows us
to perform the separation of scale effectively.

Let us consider the small |𝒌| limit, the general expression of the pressure functions
up to 𝒪(𝛿𝜌(𝒌)) in the momentum space becomes

lim
𝑘→0

𝛿𝒫(𝒌; 𝑧) ≈ 𝒦(1)(𝒌; 𝑧)𝛿𝜌(𝒌; 𝑧) + 𝜖(𝒌; 𝑧) (3.2)
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a quadratic model does not bring any improvement to the linear model. So from the
simulation data, the linear relation in the momentum space is accurate to describe the
relation between 𝛿𝒫 and 𝛿𝜌 on a large scale by:

lim
𝑘→0

𝛿𝒫𝑒(𝒌; 𝑧) ≈ 𝑏𝑦(𝑧)𝛿𝜌(𝒌; 𝑧) + 𝜖(𝒌; 𝑧) . (3.3)

The prefactor 𝑏𝑦(𝑧) ∈ ℝ denotes 𝒦(1)(𝑘; 𝑧) with a vanishing dependence of 𝑘 on
large scales, with its value given by the limit 𝑏𝑦(𝑧) ≈ lim𝑘→0 𝒦(1)(𝒌; 𝑧) ∈ ℝ 2. In
practice, the function 𝑏(𝑧) is the redshift-dependent linear basis associated with the
Compton-𝑦 parameters in observation. Its 𝑘 independence on large scales, which can
be seen from Figure 3.3, where 𝑏𝑦(𝑧) is calculated directly from the power spectrum of
Magneticum Box0 data via the ratio 𝑏𝑦(𝑧) = lim𝑘→0 𝑃𝑝𝑚(𝑘; 𝑧)/𝑃𝑚𝑚(𝑘; 𝑧), where
𝑃𝑚𝑚(𝑘) is the matter auto power spectrum (See Figure 3.9) and 𝑃𝑝𝑚(𝑘) is the cross
power spectrum between pressure and matter density, and is insensitive to 𝜖(𝑘; 𝑧) since
𝜖(𝒌; 𝑧) is the residue of 𝛿𝜌(𝒌; 𝑧) and thus ⟨𝜖(𝒌; 𝑧)𝛿𝜌(𝒌; 𝑧)⟩ = 0.

If pressure is an excellent tracer of matter at large scales, then given the tolerance of
error 𝛿 ∈ ℝ+, we expect lim𝑘→0 |𝜖(𝒌; 𝑧)| ≪ 𝛿. This can be tested by measuring the
correlation between the electron pressure and the matter density fluctuation. To do
so, let us consider the cross power spectrum, which is a function of the matter power
spectrum and the bias factors:

𝑃𝒫𝑚(𝒌, 𝑧) ≡ ⟨𝛿𝒫∗(𝒌; 𝑧)𝛿𝜌(𝒑; 𝑧)⟩ (3.4)

= 𝛿3(𝒑 + 𝒌) [𝑏𝑦(𝑧) 𝑃𝑚𝑚(𝒌; 𝑧) + ⟨𝜖∗(𝒌; 𝑧)𝛿𝜌(𝒑; 𝑧)⟩]

2In practice, the numerical value of 𝒦(1) obtained from simulation data can, in general, become
complex. This is, however, only due to numerical imprecision in estimating 𝑃𝒫𝑚(𝑘; 𝑧), where the
imaginary part of the 𝑃𝒫𝑚 marks the magnitude of error. This effect is negligible and does not influence
our results.
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where we have used (3.3). The last term ⟨𝜖∗(𝒌; 𝑧)𝛿𝜌(𝒌; 𝑧)⟩ = 0 follows from the
definition of 𝜖(𝒌; 𝑧). Then, to measure the correlation between pressure and matter
on large scales, we introduce the correlation parameter:

𝑟(𝑘; 𝑧) =
𝑃𝒫𝑚(𝑘; 𝑧)

(𝑃𝒫𝒫(𝑘; 𝑧)𝑃𝑚𝑚(𝑘; 𝑧))1/2
= (1 + 1

𝑏2
𝑦(𝑘; 𝑧)

𝑃𝜖𝜖(𝑘; 𝑧)
𝑃𝑚𝑚(𝑘; 𝑧)

)
−1/2

(3.5)

where we have considered that the pressure power spectrum 𝑃𝒫𝒫(𝑘, 𝑧) =
𝑏2

𝑦(𝑘; 𝑧)𝑃𝑚𝑚(𝑘; 𝑧) + 𝑃𝜖𝜖(𝑘, 𝑧), for 𝑃𝜖𝜖 = |𝜖∗(𝒌; 𝑧)𝜖(𝒌; 𝑧)| is the noise power
spectrum. So the tolerance of error 𝛿 will determine the lower bound of 𝑟(𝑘; 𝑧);
Any decorrelation at large scale between pressure 𝛿𝒫(𝒌; 𝑧) and matter fluctuations
𝛿𝜌(𝒌; 𝑧) is measured by the suppression of 𝑟(𝑘) due to 𝑃𝜖𝜖(𝑘; 𝑧). Suppose matter
density fluctuation is an accurate linear biased tracer of the gas pressure fluctuations
on the largest scale, the correlation parameter 𝑟(𝑘; 𝑧) of 𝛿𝒫𝑒(𝑘, 𝑧) and 𝛿𝜌𝑚(𝑘, 𝑧)
is expected to approach unity when 𝑘 falls below a length scale 𝑘0 which occurs
approximately at the turn over point of the matter power spectrum.

This expectation can be verified from Figure 3.4. The solid curve shows the cor-
relation parameter 𝑟(𝑘) calculated from the ratio (3.5) using the cross power spec-
trum 𝑃𝒫𝑚(𝑘; 𝑧), the auto power spectrum 𝑃𝒫𝒫(𝑘; 𝑧), and 𝑃𝑚𝑚(𝑘; 𝑧) from the
Magneticum Box0 simulation at various redshifts. On the other hand, the dashed
curve shows the correlation parameters calculated by the same mean but using the
halos catalog in the Magneticum Box0 simulation. In both cases, the pressure-matter
correlation improves only until 𝑘 ∼ 10−2 ℎMpc−1, then it begins to decorrelate at a
larger scale. This decorrelation is even stronger at lower redshifts, which indicates that
the noise power spectrum grows in magnitude when redshift decreases. Since the same
effect can be captured from the halo point of view, it suggests that the development
of the noise power spectrum is relevant to the formation of virial structures.
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Figure 3.4. Cross correlation parameter 𝑟(𝑘) between the gas pressure fluctuation 𝛿𝒫(𝒌) and
matter density fluctuation 𝛿𝜌(𝒌) versus the wave vector 𝑘 on a log scale. The solid lines are
𝑟(𝑘) at various redshifts obtained by directly assigning SPH particles into the grid. The dotted
lines are also 𝑟(𝑘) at various redshifts; they are, however, obtained by assigning halos that are
grouped by the Friends-of-Friends algorithm. Since halos at higher redshifts are still very diffuse,
the solid and dotted lines are slightly deviated from each other at higher redshifts. Notice that
the gas pressure and matter density begin to decorrelate as 𝑘 goes below 10−2ℎMpc−1 at low
redshift. This is in strong contrast to the expectation that the cross correlation 𝑟(𝑘) should
continue to improve to an even better degree for 𝑘 < 10−2ℎMpc−1.

3 .3 Halo model

If the observed matter-pressure decorrelation can be captured from the halo’s perspec-
tive, then matter-pressure decorrelation should also be predictable from halo models,
where its ambition is to make predictions of astrophysical observables at the large scale
based on only the matter density information. In practice, the halo model assumes
the matter and pressure distribution can be approximated by the following sum of
contributions [128, 162, 163] :

𝜌𝑚(𝒙, 𝑧) =
𝑛

∑
𝑖=0

𝑁𝑖𝑚𝑖 𝑢𝑚(𝒙 − 𝒙𝑖, 𝑧, 𝑚𝑖) ,

𝒫𝑒(𝒙, 𝑧) =
𝑛

∑
𝑖=0

𝑁𝑖𝒫(𝑚𝑖) 𝑢𝒫(𝒙 − 𝒙𝑖, 𝑧, 𝑚𝑖) ,

where 𝑚𝑖 is the total mass of the 𝑖-th halo, and 𝑛 ∈ ℕ is the total number of halos
of the halo catalog in consideration. The variable 𝑁𝑖 ∈ ℕ0 ≤ 𝑛 is the occupation
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that all quantities are redshift dependent, but we will omit the notations for brevity.
The ensemble average of ⟨𝒪⟩ is defined via the usual assumptions of the halo model
[47, 162, 163] and rewrite the discrete sum into continuous integration 4

⟨𝒪(𝒙)⟩ = ∫
𝕄
d𝑚

d𝑛(𝑚)
d𝑚

𝒪(𝑚) ∫
Σ𝑡

d3𝑥′ 𝑢𝒪(𝒙 − 𝒙′, 𝑚) = ̄𝒪0 , (3.8)

where 𝕄 ∈ ℝ is the mass range being integrated over, which is usually specified by
the support of the halo mass function d𝑛/d𝑚. On the other hand, the two-point
correlation functions of observables 𝒪 and 𝒪′ are

⟨𝒪(𝒙1)𝒪′(𝒙2)⟩ = ∑
𝑖,𝑗

⟨𝑁𝑖𝑁𝑗𝒪(𝑚𝑖)𝒪′(𝑚𝑗) 𝑢𝒪(𝒙1 − 𝒙𝑖, 𝑚𝑖)𝑢𝒪′(𝒙2 − 𝒙𝑗, 𝑚𝑗)⟩

This summation over 𝑖 and 𝑗 halos can be divided into two contributions
⟨𝒪(𝒙1)𝒪′(𝒙2)⟩ = ⟨𝒪(𝒙1)𝒪′(𝒙2)⟩1h + ⟨𝒪(𝒙1)𝒪′(𝒙2)⟩2h , which is know as
the one-halo term (1h) and two-halo term (2h) respectively. Specifically, the one-halo
term collects all terms with 𝑖 = 𝑗 that correspond to a contribution from the same
halo:

⟨𝒪(𝒙1)𝒪′(𝒙2)⟩1h = ∑
𝑖

⟨𝑁𝑖𝒪(𝑚𝑖)𝒪′(𝑚𝑖) 𝑢𝒪(𝒙1 − 𝒙𝑖, 𝑚𝑖)𝑢𝒪′(𝒙2 − 𝒙𝑖, 𝑚𝑖)⟩

= ∫
ℝ
d𝑚

d𝑛(𝑚)
d𝑚

𝒪(𝑚)𝒪′(𝑚) ∫
Σ𝑡

d3𝑦 𝑢𝒪(𝒙1 − 𝒚, 𝑚𝑖)𝑢𝒪′(𝒙2 − 𝒚, 𝑚𝑖)

4Also notice that the expression here is not covariant and again following the usual convention in
the literature. In the covariant way we can write

⟨𝒪(𝒙; 𝑧)⟩ = ∫
ℝ
d𝑚 ℎ−1/2(𝑧)

d𝑚(𝑚; 𝑧)
𝑑𝑚

𝒪(𝑚; 𝑧) ∫
Σ𝑡

d𝜇(𝑥) 𝑣𝒪(𝒙 − 𝒙′, 𝑚; 𝑧) (3.7)

where d𝜇(𝑥) is the covariant measure on the hypersurface. This expression reduces to the convention
in the literature by rescaling 𝑣𝒪 = 𝑢𝒪ℎ−3/2(𝑧) and normalize the profile such that ∫Σ𝑡

d3𝑥′ 𝑢𝒪(𝒙 −
𝒙′) = 1. The same goes for 𝒪(𝑚; 𝑧) for rescaling of 𝒪(𝑚; 𝑧) → 𝒪(𝑚; 𝑧)ℎ1/2(𝑧).
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where we used the fact that 𝑁2
𝑖 = 𝑁𝑖 for 𝑁𝑖 ∈ {0, 1}. On the other hand, the

two-halo term collects all the terms with 𝑖 ≠ 𝑗, which consider contributions from
different halos:

⟨𝒪(𝒙1)𝒪′(𝒙2)⟩2h = ∑
𝑖,𝑗

⟨𝑁𝑖𝑁𝑗𝒪(𝑚𝑖)𝒪′(𝑚𝑗) 𝑢𝒪(𝒙1 − 𝒙𝑖, 𝑚𝑖)𝑢𝒪(𝒙2 − 𝒙𝑗, 𝑚𝑗)⟩

= ∫
ℝ

∫
ℝ
d𝑚1 d𝑚2

d𝑛(𝑚1)
d𝑚1

d𝑛(𝑚2)
d𝑚2

𝒪(𝑚1)𝒪(𝑚2) (3.9)

× ∫
Σ𝑡

∫
Σ𝑡

d3𝑦1 d3𝑦2 (1 + 𝜁hh(𝒚1, 𝒚2, 𝑚1, 𝑚2))

× 𝑢𝒪(𝒙1 − 𝒚1, 𝑚𝑖) 𝑢𝒪(𝒙2 − 𝒚2, 𝑚2)

where 𝜁hh(𝒚1, 𝒚2, 𝑚1, 𝑚2) is the two-point correlation function between halos of mass
𝑚1 and 𝑚2 independent of 𝒪 and 𝒪′. Note that the two-halo term is independent
of the halo size at a sufficiently large scale, while the one-halo term is not. Intuitively,
suppose at a sufficiently large scale |𝒙1−𝒙2| ≫ 𝐿, for 𝐿 is the length scale of a massive
halo, then 𝑢𝒪 is roughly the smooth approximation of the Dirac delta distribution
𝑖𝜖 at the limit 𝜖 → 0. After integrating over the entire hypersurface, the two halo
terms depend only on the halo mass function, the halo-halo correlation 𝜁hh, and the
observable 𝒪(𝑚).

In the momentum space, the above statements can be made more precise because
the separation of length scale can be taken by considering various limits of 𝑘. Consider
the momentum space representation of the fluctuation of observable 𝛿𝒪 = 𝒪/𝒪0 − 1
for each 𝒌 that 𝑘 ≠ 0: 𝛿𝒪(𝒌) = ∑𝑛

𝑖=0 𝒪(𝑚𝑖) 𝑢𝒪(𝒌, 𝑚𝑖) , where 𝑢𝒪(𝒌, 𝑚𝑖) is the
normalized spatial profile in the momentum space. For simplicity, let us assume their
spatial profile is spherically symmetric 𝑢𝒪(|𝒙−𝒙𝑖|, 𝑚𝑖), then 𝑢𝒪(𝑘, 𝑚𝑖) is the Hankel
transform of 𝑢𝒪(𝑟𝑖, 𝑚𝑖) for 𝑟𝑖 = |𝒙 − 𝒙𝑖|:

𝑢(𝑘, 𝑚𝑖) = ∫
𝑅

0
𝑢(𝑟𝑖, 𝑚𝑖)

sin 𝑘𝑟
𝑘𝑟

4𝜋𝑟2d𝑟 (3.10)
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for some upper bound 5 𝑅 ∈ ℝ>0. For typical halos with mass in the range 1010𝑀⊙ −
1016𝑀⊙, their normalized halo profiles has vanishing 𝑘 dependence at large scale limit
defined by 𝑘 < 0.1ℎ/Mpc−1. Therefore, one could always approximate 𝑢(𝑘, 𝑚𝑖) = 1
at large scale, and the two-halo terms in the large scale limit no longer receive any 𝑘
dependence from 𝑢𝒪.

Let us consider the two-point correlation of the fluctuation observables
⟨𝛿𝒪(𝒙1)𝛿𝒪′(𝒙2)⟩ in the momentum space, which is a power spectrum com-
posed of the one-halo and two-halo terms: 𝑃𝛿𝒪𝛿𝒪′(𝑘) = 𝑃 1h

𝛿𝒪𝛿𝒪′(𝑘) + 𝑃 2h
𝛿𝒪𝛿𝒪′(𝑘),

where the one-halo term is

𝑃 1h
𝛿𝒪𝛿𝒪′(𝑘) = 1

𝒪0𝒪′
0

∫
𝕄
d𝑚

d𝑛(𝑚)
d𝑚

𝒪(𝑚)𝒪′(𝑚)𝑢𝒪(𝑘, 𝑚)𝑢𝒪′(𝑘, 𝑚) (3.11)

and we considered 𝑢∗
𝒪(𝑘, 𝑚) = 𝑢𝒪(𝑘, 𝑚) because 𝑢𝒪(𝑟𝑖, 𝑚𝑖) ∈ ℝ and spherically

symmetric. Then, for the two-halo term

𝑃 2h
𝛿𝒪𝛿𝒪′(𝑘) = 1

𝒪0𝒪′
0

∫
𝕄
d𝑚1 ∫

𝕄
d𝑚2

d𝑛1(𝑚1)
d𝑚1

d𝑛2(𝑚2)
d𝑚2

𝒪(𝑚1)𝒪′(𝑚2) (3.12)

× 𝑢𝒪(𝑘, 𝑚1) 𝑢𝒪′(𝑘, 𝑚2) 𝑃hh(𝑘, 𝑚1, 𝑚2) .

where 𝑃hh(𝑘, 𝑚1, 𝑚2) is the halo power spectrum corresponding to halos of mass 𝑚1

and 𝑚2. In particular, halos are biased tracers of matter, so 𝑃hh can be approximated
to be linearly biased towards the linear matter density power spectrum 𝑃𝑚𝑚 by [47]

𝜁hh(𝑘, 𝑚1, 𝑚2) = 𝑏ℎ(𝑘, 𝑚1)𝑏ℎ(𝑘, 𝑚2)𝑃𝑚𝑚(𝑘, 𝑧) + 𝑓nl(𝑘, 𝑚1, 𝑚2) (3.13)

where 𝑏ℎ(𝑚) is the linear bias of halo with mass 𝑚, and 𝑓nl(𝑘, 𝑚1, 𝑚2) are nonlin-
ear corrections to the linear power spectrum, which vanish on large scales and thus

5The choice of 𝑅 depends on application. For example, for gas pressure, 𝑅 ≥ 𝑅500 for
𝑅500 is defined with respect to 500 times the critical density of the universe 𝜌cri: 𝑅500 =
((3/4𝜋)(𝑀/500𝜌cri))

1/3.
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𝑓nl(𝑘, 𝑚1, 𝑚2) = 0 for our purposes. Then the two-halo power spectrum simplifies
into

lim
𝑘→0

𝑃 2h
𝛿𝒪𝛿𝒪′(𝑘) = 𝑃𝑚𝑚(𝑘) ( 1

𝒪0
∫

ℝ
d𝑚

d𝑛(𝑚)
d𝑚

𝑏ℎ(𝑚)𝒪(𝑚))

× ( 1
𝒪′

0
∫

ℝ
d𝑚

d𝑛(𝑚)
d𝑚

𝑏ℎ(𝑚)𝒪′(𝑚)) (3.14)

If we consider 𝒪 = 𝒪′ = 𝜌, then 𝑃 2h
𝑚𝑚(𝑘) = 𝑃𝑚𝑚(𝑘) equals to the matter power

spectrum since the matter distribution is by definition unbiased towards itself, so
𝜌−1

0 ∫ℝ d𝑚 (d𝑛/d𝑚)𝑏ℎ(𝑚) = 1.
While the two-halo term gives a reliable prediction of the linear matter power

spectrum on large scales for 𝒪 = 𝒪′ = 𝜌, the one-halo term gives a non-vanishing
local contribution of each halo:

lim
𝑘→0

𝑃 1h
𝛿𝒪𝛿𝒪′(𝑘) = ∫

ℝ
d𝑚

d𝑛(𝑚)
d𝑚

𝒪(𝑚)𝒪′(𝑚) , (3.15)

which is a stochastic noise that can eventually dominate over the linear matter power
spectrum given by the two-halo term. For the matter power spectrum 𝒪 ≡ 𝜌, the stan-
dard halo model predicts a one-halo contribution that introduces a scale-independent
stochastic component dominating over the two-halo term. This means that at a suffi-
ciently large scale, the halo model prediction becomes inconsistent with the observed
linear matter power spectrum. This inconsistency is commonly referred to as the
one-halo problem [47, 162], which can be resolved by imposing mass and momentum
conservation within the halo model framework. In the context of this work, however,
the one-halo term does not constitute a significant source of error; across the range
of scales relevant to our analysis, it contributes only approximately 5% of the total
matter power spectrum in the scales of consideration.

3 .3 . 1 Stochastic Scatters

So far, we have been considering 𝒪 ∈ 𝒜 that is a deterministic function of the matter
distribution. This is only true for the matter density since the matter density is a
determinsitic function of itself. For other observables, however, they might receive other
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nonlocal contributions that are all encompassed in the stochastic noise. In this section,
we will incorporate the stochastic component 𝜖(𝑘; 𝑧) from (3.2) at large scale into the
halo model. Let us consider 𝒪(𝒙) = ∑𝑛

𝑖=0 𝑁𝑖 (𝒪(𝒙 − 𝒙𝑖, 𝑚) + 𝜖(𝒪)(𝒙 − 𝒙𝑖, 𝑚)) ,
where 𝜖(𝒪)

𝑖 (𝒙 − 𝒙𝑖; 𝑧) ∈ ℝ represents the random stochastic scatters corresponding
to the observable 𝒪 and the 𝑖-th halo. We denote 𝜖 with 𝑚 dependence that allows 𝜖
to be a smooth distribution with statistical properties as a function of 𝑚, but again,
we are not necessarily restricted to this case. If ∑𝑛

𝑖=0 𝑁𝑖𝜖
(𝒪)
𝑖 (𝒙 − 𝒙𝑖, 𝑚) ≠ 0 has a

non-vanishing mean value, then this contribution can be absorbed into 𝒪 by rewriting
𝜖(𝒪)(𝒙 − 𝒙𝑖, 𝑚𝑖) = ̄𝜖(𝒪)

𝑖 (𝒙 − 𝒙𝑖, 𝑚𝑖) + 𝛿𝜖(𝒪)
𝑖 (𝒙 − 𝒙𝑖, 𝑚𝑖), such that

𝒪(𝒙) =
𝑛

∑
𝑖=0

𝑁𝑖 (𝒪eff(𝒙 − 𝒙𝑖, 𝑚) + 𝛿𝜖(𝒪)
𝑖 (𝒙 − 𝒙𝑖, 𝒪 |𝑚)) (3.16)

where 𝒪eff(𝒙−𝒙𝑖, 𝑚) = 𝒪(𝒙−𝒙𝑖, 𝑚𝑖)+ ̄𝜖(𝒙−𝒙𝑖, 𝑚𝑖) receives a correction from the
mean of the stochastic scatters across all halos within a mass range [𝑚𝑖 − 𝛿𝑚/2, 𝑚𝑖 +
𝛿𝑚/2]. The value of 𝛿𝑚 depends on the total number of halos 𝑛 for estimating the
distribution of 𝜖.

In practice, it is more convenient to rewrite (3.16) in the following form

𝒪(𝒙) =
𝑛

∑
𝑖=0

𝑁𝑖𝒪𝑖(𝒙 − 𝒙𝑖, 𝑆|𝑚𝑖) (3.17)

where 𝒪𝑖(𝒙 − 𝒙𝑖, 𝑆(𝒪|𝑚𝑖)) is the random variable drawn from the distribution of
scatters 𝑆(𝒪|𝑚𝑖) ∈ ℝ with a mean value 𝒪(𝑚𝑖). For example, suppose 𝑆(𝒪|𝑚𝑖) =
𝛿(𝒪 − 𝒪(𝑚𝑖)) is given by the Dirac-delta distribution for all 𝑖 ∈ [0, 𝑛], then the
possible outcome of the random sampling process is deterministically given by 𝒪(𝑚𝑖)
for all 𝑖 ∈ [0, 𝑛]. This is equivalent to the case where there exists no scatter.

Let us show that (3.17) is equivalent to (3.16). By the same procedure, we separate
the ensemble average ⟨𝒪⟩𝑆 with respect to 𝑆, and define the fluctuation 𝛿𝑜 by: 𝒪(𝒙 −
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𝒙𝑖, 𝑆|𝑚𝑖) = ⟨𝒪⟩𝑆(𝒙 − 𝒙𝑖, 𝑚𝑖) + 𝛿𝑜𝑖(𝒙 − 𝒙𝑖, 𝑆|𝑚𝑖), and 𝛿𝒪𝑖 has zero mean value.
Then (3.17) equals to (3.16) if

⟨𝒪⟩𝑆(𝒙 − 𝒙𝑖, 𝑚𝑖) = 𝒪eff(𝒙 − 𝒙𝑖, 𝑚𝑖) = ∫
ℝ
d𝒪 𝒪(𝒙 − 𝒙𝑖, 𝑚𝑖) 𝑆(𝒪|𝑚𝑖) , (3.18)

𝛿𝑜𝑖(𝒙 − 𝒙𝑖, 𝑆|𝑚𝑖) = 𝛿𝜖𝑖(𝒙 − 𝒙𝑖, 𝒪 |𝑚) . (3.19)

As a consistency check, if 𝑆(𝒪|𝑚𝑖) = 𝛿(𝒪 − 𝒪(𝑚𝑖)), then we reduce to the case that
there is no scatter such that the mean value is deterministic 𝒪eff(𝒙−𝒙𝑖, 𝑚𝑖) = 𝒪(𝑚𝑖)
and 𝛿𝒪𝑖(𝒙 − 𝒙𝑖, 𝛿|𝑚𝑖) = 𝛿𝜖𝑖(𝒙 − 𝒙𝑖, 𝒪 |𝑚) = 0 because the variance of the Dirac-
delta distribution is strictly zero.

So using (3.17) to represent (3.16), we obtain the ensemble average of 𝒪 including
the effect of scatters:

⟨⟨𝒪⟩𝑆⟩ = ∫
Σ𝑡

d3𝑥 ∫
𝕄
d𝑚

d𝑛(𝑚)
d𝑚

⟨𝒪⟩𝑆(𝑚)𝑣𝒪(𝒙 − 𝒙′, 𝑚) ≡ 𝒪0 (3.20)

where 𝑣𝒪(𝒙 − 𝒙′, 𝑚) is now spatial profile normalized with respect to the spatial
average of ⟨𝒪⟩𝑆(𝑚) instead of 𝒪(𝑚). As expected, the ensemble average of 𝒪 is
shifted by a magnitude depending on the mean value of the scatters.

The advantage of using (3.17) is that the contribution of the scatters can be expressed
by redefining 𝒪(𝑚) using the ensemble average ⟨𝒪⟩𝑆(𝑚). This allows us to directly
adopt the effect of scatter into the halo model. Let us consider the fluctuation field
𝛿𝒪 = 𝒪/𝒪0 −1 with 𝒪0 given by (3.20), then the one-halo and two-halo terms receive
corrections from scatters as:

⟨𝛿𝒪(𝒙1)𝛿𝒪(𝒙2)⟩1h = ∫
Σ𝑡

d3𝑥 ∫
ℝ
d𝑚

d𝑛(𝑚)
d𝑚

⟨𝒪2⟩𝑆(𝑚) (3.21)

× 𝑣𝒪(𝒙1 − 𝒙′, 𝑚)𝑣𝒪(𝒙2 − 𝒙′, 𝑚)

⟨𝛿𝒪(𝒙1)𝛿𝒪(𝒙2)⟩2h = ∫
ℝ

∫
ℝ
d𝑚1 d𝑚2

d𝑛(𝑚1)
d𝑚1

d𝑛(𝑚2)
d𝑚2

⟨𝒪⟩𝑆(𝑚1)⟨𝒪⟩𝑆(𝑚2)

× ∫
Σ𝑡

∫
Σ𝑡

d3𝑦1 d3𝑦2 (1 + 𝜁hh(𝒚1, 𝒚2, 𝑚1, 𝑚2))

× 𝑣𝒪(𝒙1 − 𝒚1, 𝑚𝑖) 𝑣𝒪(𝒙2 − 𝒚2, 𝑚2) (3.22)
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Notice that while the two-halo term depends on the ensemble averages ⟨𝒪⟩𝑆(𝑚), the
one-halo term now scales with the variance of the scatters, that is ⟨𝒪2⟩(𝑚). Then by
the same procedure, the power spectrum at large scale is approximately

lim
𝑘→0

𝑃 1h
𝛿𝒪𝒪(𝑘) = 1

𝒪2
0

∫
𝕄
d𝑚

d𝑛(𝑚)
d𝑚

⟨𝒪2⟩𝑆(𝑚) (3.23)

lim
𝑘→0

𝑃 2h
𝛿𝒪𝛿𝒪(𝑘) = 𝑃𝑚𝑚(𝑘) ( 1

𝒪0
∫

ℝ
d𝑚

d𝑛(𝑚)
d𝑚

𝑏ℎ(𝑚)⟨𝒪⟩𝑆(𝑚))
2

(3.24)

3 .4 Halo model of Gas Pressure

We now apply the halo model to pressure 𝒫 and the matter density 𝜌 for modeling
their correlation in the large-scale structure of the universe. In particular, consider the
volume-integrated pressure (or the thermal energy) 𝒴 = ∫𝕍 d𝑉 𝒫 for volume 𝕍 ∈ ℝ3,
the halo model for gas pressure is given by:

𝒴(𝒙, 𝑧) = ∑
𝑖

𝒴𝑖(𝑚𝑖)𝑢𝒴(𝒙 − 𝒙𝑖, 𝑚𝑖) = ∫
𝕄
dm

d𝑛(𝑚)
d𝑚

𝒴(𝑚) 𝑢𝒴(|𝒙 − 𝒙′|, 𝑚) .

To estimate the normalized spatial profile, consider the fact that the scaled pres-
sure profile can be well approximated with a self-similar profile, 𝒫(𝑟, 𝑀500) =
𝒫500(𝑀500) 𝑝(𝑥), for 𝑝(𝑥) being the analytic approximation given by the gener-
alized Navarro-Frenk White (gNFW) pressure profile [47, 164]:

𝑝(𝑥) =
𝒫0

(𝑐500𝑥)𝛾[1 + (𝑐500𝑥)𝛼](𝛽−𝛾)/𝛼
(3.25)

where 𝑥 = 𝑟/𝑅500 is the dimensionless radius normalized by 𝑅500
6; the parameters

𝛼 = 1.33, 𝛽 = 4.13, 𝛾 = 0.31, 𝑐500 = 1.81, 𝒫0 = 6.41 are the best-fit parameters

6which is the radius that marks a total density contrast of 500 times the critical density 𝜌cri(𝑧) of
the universe, and related to defines the mass 𝑀500 = 500𝜌cri(𝑧) × (4𝜋𝑅3

500/3)
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Figure 3.7. Variance of the pressure scatter versus 𝑀500 in the logarithmic space. Notice that
the pressure scatters dominate quite strongly for 𝑀500 ≤ 11𝑀⊙. Nevertheless, halos with
𝑀500 < 1011𝑀⊙ have an insignificant contribution to the de-correlation between pressure
and matter density. For large halos with 𝑀500 ≥ 12𝑀⊙, the pressure scatter is suppressed to
∼ 10−2 so the variance contributions for large halos are also negligible.

∫ℝ3 𝒫(𝑟, 𝑀500) d𝑉 = ∫𝕍 𝒫(𝑟, 𝑀500) d𝑉. Then, for each individual halo, we can
define

𝒫𝑖(𝑟𝑖, 𝑀500) = 𝒴𝑖(𝑀500) (𝒫𝑖(𝑟𝑖, 𝑀500)𝒴−1
𝑖 (𝑀500)) (3.27)

≡ 𝒴𝑖(𝑀500) 𝑢𝒴(𝑟𝑖, 𝑀500) ≡ 𝒴𝑖(𝑟, 𝑀500)

where in the third equality sign we identified the normalized spatial profile by
𝑢𝒴(𝑟, 𝑀500) = 𝒫(𝑟, 𝑀500)𝒴−1(𝑀500). So that when considering all contributions
from all halos:

⟨𝒴(𝑟)⟩ = ⟨
𝑛

∑
𝑖=0

𝒴(𝑀 (𝑖)
500) 𝑢𝒴(𝑟𝑖, 𝑀 (𝑖)

500)⟩ =
𝑛

∑
𝑖=0

𝒴(𝑀 (𝑖)
500) (3.28)

What remains to be determined is the halo mass function d𝑛(𝑚)/d𝑚, here, we use
both the empirical model from Tinker et. al. [166] based on WMAP7 cosmology [135]
and the halo mass function calculated directly from Magneticum Box0 simulation
data, as shown in Figure 3.8. As a consistency check [166] agree very well with
the halo mass function obtained from Magneticum within the mass range 1012 −
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Figure 3.8. Halo mass function within the mass range 1010 − 1016ℎ−1𝑀⊙. The red dotted
curve is obtained by using the universal functions in Tinker et. al. (Red dotted); while the
black curve is obtained by logarithmically binning the number density of halos with respect
to their mass in the Mangeticum Box0 simulation (Black). Both curves agrees with high
accuracy in the range 1012 − 1015ℎ−1𝑀⊙, but the agreement deteriorate for smaller halos.
Nevertheless, as we can see later, the discrepancy of the small halo mass has negligible effects
on estimating the halo power spectrum.

1015ℎ−1𝑀⊙, and begins to deviate from each other for 𝑀 < 3 × 1011ℎ−1𝑀⊙ and
𝑀 > 1015ℎ−1𝑀⊙. However, since the deviation occurs at small halos, it does not
have a noticeable effect in both the one-halo and two-halo terms.

Let us consider the one-halo and two-halo of gas pressure that follows from the
previous section:

𝑃 1ℎ
𝛿𝒴𝛿𝒴(𝑘) = ∫

𝕄
d𝑚

d𝑛(𝑚)
d𝑚

⟨𝒴2⟩𝑆(𝑚) |𝑢𝒴(𝑘, 𝑚)|2 (3.29)

𝑃 2ℎ
𝛿𝒴𝛿𝒴(𝑘) ≈ 𝑃𝑚𝑚(𝑘) (∫

𝕄
d𝑚

d𝑛(𝑚)
𝑑𝑚

⟨𝒴⟩𝑆(𝑚) 𝑏ℎ(𝑚) 𝑢𝒴(𝑘, 𝑚))
2

(3.30)

95



Chapter 3. Statistics of Pressure in Large-Scale Structures

10 2 10 1

k (h/Mpc)

103

104

105

106
Po

we
r S

pe
ct

ru
m

 (h
3 M

pc
3 )

Matter (WMAP7)
Matter (Magneticum)
Pressure (Magneticum)
Matter × Pressure (Magneticum)

Figure 3.9. Auto power spectrum of matter density (black) and pressure (blue), and cross
power spectrum between pressure and matter density (red). The solid curve represents the
power spectrum obtained from the Magneticum box0 data, and the dashed line is the matter
power spectrum of WMAP7 obtained from [165] and [135] , which is included for a direct
comparison.

where the approximation is taken by assuming a linear bias relation 𝑃ℎℎ(𝑘, 𝑚1, 𝑚2) ≈
𝑃𝑚𝑚(𝑘)𝑏ℎ(𝑚1)𝑏ℎ(𝑚2); and ⟨𝒴⟩𝑆(𝑚) is the thermal energy, including the effect of
scatters that follows a log-normal distribution:

⟨𝒴𝑛⟩𝑆(𝑚) = ∫
∞

−∞
d𝒴 𝒴𝑛 1

𝒴𝜎𝒴(𝑚)
√

2𝜋
exp(−

(ln𝒴 − ln ̄𝒴(𝑚))2

2𝜎2
𝒴(𝑚)

) (3.31)

where 𝜎2
𝒴(𝑚) and ln ̄𝒴(𝑚) are the variance and the mean of the scatter, respectively.

The same holds for the cross-power spectrum between matter density and thermal
energy:

𝑃 1ℎ
𝛿𝒴𝛿𝑚(𝑘) = ∫

𝕄
d𝑚

d𝑛(𝑚)
d𝑚

𝑚⟨𝒴⟩𝑆(𝑚) 𝑢𝒴(𝑘, 𝑚)𝑢𝑚(𝑘, 𝑚) (3.32)

𝑃 2ℎ
𝛿𝒴𝛿𝑚(𝑘) ≈ 𝑃𝑚𝑚(𝑘) (∫

𝕄
d𝑚

d𝑛(𝑚)
d𝑚

⟨𝒴⟩𝑆(𝑚) 𝑏ℎ(𝑚) 𝑢𝒴(𝑘, 𝑚))

× (∫
𝕄
d𝑚

d𝑛(𝑚)
d𝑚

𝑚 𝑏ℎ(𝑚) 𝑢𝑚(𝑘, 𝑚)) (3.33)
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Figure 3.10. Cross correlation parameters 𝑟(𝑘) at 𝑧 = 0 obtained from the Magneticum
Box0 and the Halo model. Notice that 𝑟(𝑘) largely agree with the Magneticum data over a
large range of 𝑘 ≥ 6(Mpc/ℎ)−1. There are minor discrepancies at 𝑘 < 6(Mpc/ℎ)−1, which
is suspected to originate from the fact that 𝑟(𝑘) at small 𝑘 is noisy due to a limited small set
of points available.

10 2 10 1

k (Mpc/h) 1

0.0

0.1

0.2

0.3

0.4

0.5

0.6

P 1
h/(

P 1
h

+
P 2

h)

PPP

PPm

Pmm

Figure 3.11. Percentage of one halo term constituting the total auto power spectrum. For the
matter power spectrum, the one-halo term at small 𝑘 constitutes of ∼ 5%. However, for the
pressure power spectrum, the one-halo terms reach ∼ 45% of the total power spectrum.

In the following we will consider 𝑘 ≤ 10−1(Mpc/ℎ)−1 because in this range 𝑢𝑚 ≈
𝑢𝒴 ≈ 1. Using the halo mass function from [166] (Figure 3.8) and the halo bias
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from [167], we calculated the cross-correlation parameter 𝑟(𝑘) using the halo model
we described above. The black dotted curve in Figure 3.10 represents 𝑟(𝑘) obtained
from the auto and cross power spectrum of pressure and material calculated from
their spatial distributions within Magneticum Box0. The blue curve is the prediction
from the halo model, using the matter power spectrum calculated from the spatial
distribution of matter in Magneticum Box0, and the thermal energy profile obtained
from the halo catalog, which is shown in Figure 3.9, 3.6 and 3.7 respectively. On the
other hand, the red curve is also the prediction from the halo model without using any
information from the Magneticum Box0. The matter power spectrum is specified
by the WMAP7 cosmology in [135, 165], while the pressure profile follows the best
fit parameters provided from Planck [164]. We set the phenomenological parameter
𝛼 = 0 so that the integrated pressure is proportional to 𝑀5/3 simply due to the virial
theorem [47]. It also has a better alignment with the actual pressure profile for very
massive halos within Magneticum Box0, which are the most influential to the value
of 𝑟(𝑘).

We can see that the halo model predictions resemble with high accuracy of 𝑟(𝑘)
at 𝑘 ≥ 0.01 (Mpc/ℎ)−1, with the exception of a slight deviation at the lowest 𝑘. To
understand this effect, first of all, notice that the suppression in 𝑟(𝑘) arises solely
from the one-halo contribution of the cross and auto power spectrum of pressure and
matter. Specifically, the one-halo term for pressure constitutes almost 50% of the total
pressure power spectrum (See Figure 3.11) and it is a pure stochastic shot noise of no 𝑘
dependence. For this reason, the 𝑘 dependence of 𝑟(𝑘) predicted by the halo model is
completely specified by the matter power spectrum. This explains the slight differences
between the red and blue curves of 𝑟(𝑘) in Figure 3.10, which originates from the
discrepancy of the matter power spectrum used for the halo model (See Figure 3.9).

We can see that the correlation parameter 𝑟(𝑘) measured from the pressure and
matter field (black curve) in Magneticum shows a further suppression at small 𝑘. This
deviation originates from the breakdown of the conventional halo model for describing
matter density on a sufficiently large scale. Specifically, although the matter power
spectrum is expected to follow a linear power spectrum at low 𝑘, conventional halo
models ignore mass conservation and retain a spurious one-halo term (See Figure 3.11)
in the matter power spectrum at low 𝑘 ≤ 10−2ℎMpc−1. So the deviation predicted
by the halo model is directly related to the degree to which the matter power spectrum

98



3 .4 . Halo model of Gas Pressure

predicted by the halo model’s matter power spectrum deviates from the linear power
spectrum, which is approximately 5% as we can see from Figure 3.11. While it is
beyond the scope of this chapter, this issue can be resolved by an effective halo model
that takes into account mass conservation and results in a vanishing one-halo term for
the matter power spectrum on large scales [168].

99



Chapter 3. Statistics of Pressure in Large-Scale Structures

100



Chapter 4

Outlook

In this Outlook, we will discuss briefly various ongoing projects that are relevant to
previous Chapters of this thesis:

Detectors in Effective Field Theories

The diagnostic framework for quantum field theory in curved spacetime developed
in Chapter 1 can be extended further to incorporate realistic detector sensitivity and
resolution. The former is relevant to the resolution limit in resolving details finer than a
particular length scale (or time scale for temporal resolution), while the latter is related
to the sensitivity to differentiate changes in the magnitude of detected signals. It is
possible to show that the detector resolution can be included by the same treatment
in Chapter 1 by replacing the short distance cutoff that defines (1.16) with the finest
resolution scales available to the detector. Detector sensitivity, however, requires further
treatment: In the first step, it follows a similar treatment using the geometric criteria
(1.18). Specifically, let us consider a stochastic noise background 𝒪′

0 = 𝒪ns that can be
measured with a detector of sensitivity 𝑆𝑟, and let ⟨𝒪⟩ be the expectation value of an
observable that is not necessarily detectable if its signal is too weak to be distinguishable
from the noise background. Provided that both (1.18) and (1.16) are satisfied, then
the quantum observables is measurable if

𝑁(𝒪, Ψ𝑡; 𝑈0) = max
𝒪⊂𝒜0

sup
𝑈0∈Γ(𝒞𝑡)

|ℛns(𝒪, Ψ𝑡; 𝑈0)| ≥ 𝛿𝑟 (4.1)

where 𝛿𝑟 is a signal-to-noise ratio defined in according to the detector sensitivity 𝑆𝑟.
Suppose the maximum of the set of physical observables 𝒪 chosen by some observer
does not exceed 𝛿𝑟, then it implies that the considered set of quantum fluctuations
is indistinguishable from the environment since it is not distinguishable from the
environment through the entire set of local observables.

101



Chapter 4. Outlook

Once an effective field theory is equipped with an effective configuration space
qualified by (4.1), (1.16), and (1.18), then the spectral analysis for the canonical
conjugate momentum operator follows a similar treatment as in the kinematic section
of Chapter 1. This analysis defines the self-adjoint domain 𝐷(Π) defined with respect
to the neighborhood 𝑈 = 𝑈0 ∩ 𝑈d where 𝑈0 is the effective configuration space with
boundaries defined by (1.16) and (1.18), while 𝑈d is the effective configuration space
with boundaries defined by (4.1). It can be shown that the conjugated momentum
operator admits infinitely many self-adjoint extensions that intersect nontrivially with
the solution space of the Schrodinger equation. By the same functional calculus
arguments, this possibility is extended to the Hamiltonian operator on the kinematical,
but again not dynamically, because of the vanishing nontrivial intersection with the
solution space of the functional Schrodinger equation.

Similar to our previous section, however, in this case, the requirement that the
evolution must admit at least a contractive evolution semigroup will enforce a more
restrictive condition on the allowed choice of initial states in order to eliminate a
potential probability source. The probability source is not relevant to the existence
of ghosts, but rather in relation to unresolvable degrees of freedom due to the finite
sensitivity of the detector. Technically, there are given by probability current outside
the configuration space 𝑈d, which penetrates the boundary and flows into the effective
configuration space. In other words, the existence of probability sources is related to
assuming the same dynamics and interaction to hold for those degrees of freedom that
are unresolvable, and we had no control in the first place. As a result, a more restrictive
choice of initial states eliminates those that describe almost no resolvable degree of
freedom.

Peak Theory for Discrete Random Field

The results described here are based on an ongoing collaborative work with Florian Kuhnel
and Dominik Schwarz.

In the earlier section, we discussed the limitations of the conventional peaks theory
when applied to discrete field theory. The problem lies in the breakdown of the
primary assumption for peak detection based on the extremum constraint. For any
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random field characterized by a power spectrum 𝑃(𝑘) ∝ 𝑘𝑛 for 𝑛 ≥ −3 at large 𝑘,
finite difference methods poorly approximate spatial derivatives. So, a more robust and
intuitive approach is to identify local maxima in a discrete field with an appropriate
choice of neighborhood size that is at least bounded below by the correlation length
of the random field. This naturally leads to the formal definition of block maxima
in extreme value theory for replacing the definition of peaks based on the extremum
constraint.

Our purpose is to develop a more rigorous approach for generalizing the conven-
tional peak theory to consider realistic discrete random fields. We examine the accuracy
of the spatial derivative approximated by the finite differences method across discrete
random fields with various power spectra. We find that the approximation quality is
inversely proportional to the deviation between the numerically measured and analyti-
cally predicted probability distribution of peak number density. In particular, in the
high peak limit, the number density of peaks found by numerical search is suppressed
by roughly an order of magnitude compared to the analytic expectations in [76]. Con-
sequently, analytical frameworks assuming a specific continuous spatial profile below
an effective resolution scale overestimate the number density of rare events detectable
in discrete fields with finite resolution.

Nevertheless, the numerical search produces a similar scaling in the tail distribution
as in [76]. This is expected since the asymptotic scaling behavior of the tail is determined
by the distribution function of the underlying random field. Our future work will
investigate the cumulative number density of peaks in [76] that converges to an extreme
value statistics similar to the one obtained from numerical search by following a similar
treatment in Chapter 2.

Backreaction in a Gravitational Collapse

The results described here are based on an ongoing collaborative work with Ludwig Eglseer
and Stefan Hofmann.

When quantum field theory operates within dynamical spacetimes, quantum fluctu-
ations of the matter field can be amplified to an extent that excites fluctuations of
spacetime geometry. At leading order, we can estimate such an effect by measuring
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the expectation value ⟨𝛿𝑔⟩𝜌 where 𝜌 is the density matrix that evolves according to the
Liouville equation 𝑖𝜕𝑡𝜌 = [𝐻, 𝜌]. The Hamiltonian, briefly speaking, is expanded to
the third perturbative order, so it includes the coupling between the energy-momentum
stress tensor of the matter field and the fluctuation of the spacetime geometry. Al-
together, we solve explicitly for the time dependence of an initially a pure Gaussian
state using the time-order evolution operator obtained from the Liouville equation.
This approach allows numerical implementation to compute the full-time evolution
of the density matrix to the point where third order assumption breaks down. In
combination with numerical methods, we simulate the quantum backreaction in a
contracting radiation-dominated universe, which mimics a similar physical condition
within a collapsing star that could lead to the formation of a black hole. Our focus is
on whether initial spatial inhomogeneities can be amplified through the accumulation
of quantum backreaction and result in the development of large local deformation of
spacetime geometry. If these initial inhomogeneities are not smoothed out over time,
then their accumulation could accelerate the breakdown of the semiclassical framework,
as new local geometry emerges in the neighborhood of the initial inhomogeneities.
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Chapter A

Appendix

A.1 Technical Aspects of the Functional
Representation of QFTCS

In this Appendix we will cover a minimal amount of the technical method of functional
(Schrodinger) representation of quantum field theory in curved spacetimes, which
should be sufficient for the computations in the Chapter 1. These are well established
in the literature [20–23, 25, 26, 29, 30, 32–34, 39, 169, 170].

We will begin with the well known covariant approach using the action functional
𝑆 for a free scalar field 𝜙 with mass 𝑚, which couples to the Ricci scalar through the
parameter 𝜁:

𝑆[𝜙] = −1
2

∫
ℳ
d4𝑥 √−𝑔(𝑥) [𝑔𝜇𝜈𝜕𝜇𝜙(𝑥) 𝜕𝜈𝜙(𝑥) + (𝑚2 + 𝜁𝑅) 𝜙2(𝑥)] (A.1)

The functional Schrodinger representation of quantum field theory in curved space-
times is a Hamiltonian formulation that foliates the spacetimes manifold (ℳ, 𝑔) =
ℝ × Σ into three-dimensional hypersurfaces Σ𝑡 of constant 𝑥0 ≡ 𝑡 ∈ ℝ, for 𝑡 is the
leaves of the foliation. Of course, such foliation can be made arbitrary, and the usual
expression of the four metric can be decomposed into the 3 + 1 form [171–174]:

d𝑠2 = (−𝑁2 + 𝑁𝑖𝑁 𝑖) d𝑡2 + 2𝑁𝑖d𝑥𝑖d𝑡 + ℎ𝑖𝑗d𝑥𝑖d𝑥𝑗 (A.2)

where 𝑁 and 𝑁𝑖 are the lapse function and shift vector, respectively; ℎ𝑖𝑗 is the induced
metric on Σ𝑡. They depends on 𝒙 and 𝑡 in general, but for brevity such notation is
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hidden. Let us take the action as the starting point and foliating ℳ by ℳ ≡ ℝ × Σ,
the action can be rewritten as

𝑆 = −1
2

∫
ℝ
d𝑡 ∫

Σ𝑡

d3𝑥 𝑁ℎ1/2[
̇𝜙2(𝑡, 𝒙)
𝑁2 − 2𝑁 𝑖

𝑁2 𝜕𝑖𝜙(𝑡, 𝒙) ̇𝜙(𝑡, 𝒙)

− (ℎ𝑖𝑗 − 𝑁 𝑖𝑁 𝑗

𝑁2 ) 𝜕𝑖𝜙(𝑡, 𝒙)𝜕𝑗𝜙(𝑡, 𝒙)] (A.3)

where ̇𝜙(𝑡, 𝒙) ≡ 𝜕𝑡𝜙(𝑡, 𝒙) denotes the time derivative with respect to the field. The
canonical conjugated momenta 𝜋(𝑡, 𝒙) are defined by:

𝜋(𝑡, 𝒙) = 𝛿𝑆
𝛿 ̇𝜙(𝑡, 𝒙)

= ℎ1/2

𝑁
[ ̇𝜙(𝑡, 𝒙) − 𝑁 𝑖𝜕𝑖𝜙(𝑡, 𝒙)] . (A.4)

Using the canonical momenta, we obtain the Hamiltonian from the action by per-
forming the Legendre transformation

𝑆[𝜙] = ∫
ℝ
d𝑡 ∫

Σ𝑡

d3𝑥 [ ̇𝜙(𝑡, 𝒙)𝜋(𝑡, 𝒙) − 𝑁ℋ − 𝑁 𝑖ℋ𝑖] (A.5)

where ℋ and ℋ𝑖 are the Hamiltonian densities, which are projections of the energy-
momentum stress tensor 𝑇𝜇𝜈 by

ℋ = ℎ1/2𝑛𝜇𝑛𝜈 𝑇𝜇𝜈

ℋ𝑖 = ℎ1/2𝑛𝜇𝐸𝜈
𝑖 𝑇𝜇𝜈 (A.6)

𝑇𝜇𝜈 = 𝜕𝜇𝜙(𝑡, 𝒙)𝜕𝜈𝜙(𝑡, 𝒙) + 𝑔𝜇𝜈ℒ,

where ℒ is the Lagrangian density, and again all spacetime dependence is hidden for
brevity. The function 𝐸 ∶ Σ → ℳ is the embedding that defines the arbitrary
foliation. 𝑛 is the normal to the hypersurfaces Σ𝑡 that is uniquely defined once the
embedding 𝐸 is specified: 𝑛𝜇𝐸𝜇

𝑖 = 0 for 𝑖 = 1, 2, 3 and 𝑔𝜇𝜈𝑛𝜇𝑛𝜈 = −1.
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QFTCS

The dynamic of the quantum field in the functional representation of quantum
field theory is governed by the time-dependent Schrodinger equation, which determines
the time evolution of a quantum state |Ψ𝑡⟩ along the foliation by:

𝑖 𝜕
𝜕𝑡

|Ψ𝑡⟩ = 𝐻|Ψ𝑡⟩ (A.7)

where 𝐻 = ∫Σ𝑡
d3𝑥 (𝑁ℋ + 𝑁 𝑖ℋ𝑖) is the Hamiltonian. The full field configuration

space, which does not necessarily comply with the semiclassical approximation, contains
a complete set of orthonormal bases |𝜙⟩. The quantum state that is expressed in terms
of the orthonormal basis is the wave functional Ψ𝑡[𝜙] ≡ ⟨𝜙|Ψ𝑡⟩, and its time evolution
is given by the functional Schrodinger equation: 𝑖𝜕𝑡Ψ𝑡[𝜙] = 𝐻Ψ𝑡[𝜙]. Again, 𝐻 is
the same Hamiltonian as in (A.6), except that 𝜙(𝑡, 𝒙) and 𝜋(𝑡, 𝒙) are now promoted
to canonical operators of fields and its momentum, Φ(𝒙) and Π(𝒙), that satisfy the
uncertainty principle: [Φ(𝒙), Π(𝒚)] = 𝑖𝛿3(𝒙 − 𝒚). Given that the field operator is
a multiplicative operator that returns the field value itself: Φ(𝒙)Ψ𝑡[𝜙] = 𝜙(𝑥)Ψ𝑡[𝜙],
the momentum operators Π(𝒙) that satisfy the uncertainty principle are the functional
derivatives with respect to the field Π(𝒙) = −𝑖𝛿/𝛿𝜙(𝒙).

Let us solve for the dynamical equation of the functional Schrodinger equation
following a similar treatment in [20, 21, 23]. Consider a free field theory and its
ground state wave functional

Ψ𝑡[𝜙] = 𝒩𝑡 exp(−1
2

∫
Σ𝑡

d𝜇(𝒙, 𝒚) 𝜙(𝒙)𝒦𝑡(𝒙, 𝒚)𝜙(𝒚)) (A.8)

where 𝒩𝑡 ∈ ℂ is the normalization factor, 𝒦𝑡(𝒙, 𝒚) is the bikernel function. To
evaluate the functional Schrodinger equation corresponding to the Gaussian ground
state wave function, consider the time derivative ground state wave functional:

𝜕
𝜕𝑡

Ψ𝑡[𝜙] = ( 𝜕
𝜕𝑡

ln𝒩𝑡 − 1
2

𝜕
𝜕𝑡

∫
Σ𝑡

d𝜇(𝒙, 𝒚) 𝜙(𝒙) 𝒦𝑡(𝒙, 𝒚) 𝜙(𝒚)) Ψ𝑡[𝜙] (A.9)
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where d𝜇(𝒙, 𝒚) ≡ d3𝑥 d3𝑦√ℎ(𝑥)ℎ(𝑦) is the covariant measure of the hypersurface
Σ𝑡. On the other hand, consider the Hamiltonian operator

𝐻𝑡Ψ𝑡[𝜙] = ∫
Σ𝑡

d𝜇(𝒙)𝑁 [ − 1
ℎ(𝑥)

𝛿2

𝛿𝜙(𝒙)2 + 𝜙(𝒙)𝑃𝑥𝜙(𝒙)]Ψ𝑡[𝜙] (A.10)

where 𝑃𝑥 ≡ (−Δ𝑥 + 𝑚2 + 𝜁𝑅) and Δ𝑥 the spatial Laplace operator defined by
Δ𝑥 = (𝑁ℎ1/2)−1𝜕𝑖(𝑁ℎ1/2𝑔𝑖𝑗𝜕𝑗). Insert the time derivative and apply the Hamilto-
nian operator onto the wave functional, by power counting, we obtain two dynamic
equations that determine the time evolution of the bi-local kernel function 𝒦𝑡(𝒙, 𝒚):

𝑖𝜕𝑡𝒦̃𝑡(𝒙, 𝒚) = ∫
Σ𝑡

d𝜇(𝒛) 𝑁
ℎ(𝒛)

[𝒦̃𝑡(𝒙, 𝒛)𝒦̃𝑡(𝒛, 𝒚)] − 𝑁ℎ1/2(𝒙)𝑃𝑥𝛿3(𝒙, 𝒚)

where 𝒦̃𝑡(𝒙, 𝒚) = ℎ1/2(𝒙)ℎ1/2(𝒚)𝒦𝑡(𝒙, 𝒚) and 𝛿3(𝒙, 𝒚) ≡ ℎ−1/2(𝒙)𝛿3(𝒙 −
𝒚)ℎ−1/2(𝒚). The time evolution of the normalization factor 𝒩𝑡 can be uniquely
determined by the coincident limit of the bikernel function

𝜕𝑡 ln𝒩𝑡 = − 𝑖
2

∫
Σ𝑡

d𝜇(𝒙) 𝑁𝑡𝒦𝑡(𝒙, 𝒙) (A.11)

This can be readily resolved to show that the normalization factor 𝒩𝑡 is in fact a
function of the bi-local kernel function

𝒩𝑡 = 𝒩0 exp(− 𝑖
2

∫
𝐼
d𝑡 ∫

Σ𝑡

d𝜇(𝑥) 𝑁𝑡 𝒦𝑡(𝒙, 𝒙)) (A.12)

where 𝑡 ∈ 𝐼 ∈ ℝ and 𝒩0 is the integration constant determined by the initial data of
the wave functional Ψ𝑡0

at the initial time 𝑡0. So once the bi-local kernel function is
solved, the time dependence of the wave functional is uniquely determined.

At last, we follow the same procedure in [20, 23] to show that the solution to
the functional Schrodinger equation is related to the solution of the Klein-Gordon
equation in the Heisenberg picture by the following relation:

1
𝑁

𝜕
𝜕𝑡

𝜓(𝑡, 𝒙) = 𝑖 ∫
Σ𝑡

d𝜇(𝒚) 𝒦𝑡(𝒙, 𝒚)𝜓(𝑡, 𝒚) (A.13)
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This can be seen straightforwardly by multiplying the kernel equation on both sides
and integrate over 𝒚. By doing so we can rewrite the kernel equation as

𝑖 ∫
Σ𝑡

d3𝑦 [𝜕𝑡(𝒦̃(𝒙, 𝒚))𝜓(𝑡, 𝒚)] (A.14)

= −𝑖 ∫
Σ𝑡

d3𝑦 [𝒦̃(𝒙, 𝒚)𝜕𝑡𝜓(𝑡, 𝒚)] − 𝑁ℎ1/2(𝒙)𝑃𝑥𝜓(𝑡, 𝒙)

This can be recast into the following form using integration by parts:

𝑖 𝜕
𝜕𝑡

(∫
Σ𝑡

d3𝑦 𝒦̃𝑡(𝒙, 𝒚) 𝜓(𝑡, 𝒚)) + 𝑁ℎ1/2(𝒙)𝑃𝑥𝜓(𝑡, 𝒙) = 0 (A.15)

Apply the relation (A.13) once again, and we obtain the Klein-Gordon equation

𝜕
𝜕𝑡

(√
−𝑔𝑔00 𝜕

𝜕𝑡
𝜓(𝑡, 𝒙)) + 𝑁ℎ1/2(𝒙)𝑃𝑥𝜓(𝑡, 𝒙) = (�𝑥 − 𝑚2)𝜓(𝑡, 𝒙) = 0

(A.16)

where �𝑥 = 𝑔−1/2𝜕𝜇(𝑔1/2𝑔𝜇𝜈𝜕𝜈) is the Klein-Gordon operator. As we will next and
in Chapter 1, the relation (A.13) allows us to express the variance of quantum fluctua-
tion in the momentum space in terms of the power spectrum. This is consistent with
what we expect when calculating the two-point correlation function in the momentum
space for free fields in both the Heisenberg and the Schrodinger picture.
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A.2 Example using the Friedmann universe

Now, to get an intuitive understanding of the bi-local kernel functional, we consider an
explicit example, such as the homogeneous and isotropic Friedmann universe. Spatial
symmetries allow us to rewrite (A.13) in the momentum space representation and
compare mode-by-mode:

1
𝑁

𝜕
𝜕𝑡

𝜓(𝑡, 𝒌) = 𝑖ℎ1/2𝒦𝑡(𝒌)𝜓(𝑡, 𝒌) (A.17)

This means that the real part of the kernel function is

Re𝒦𝑡(𝒌) = − 𝑖
𝑁ℎ1/2

𝑊(𝜓, 𝜓∗)
|𝜓(𝑡, 𝒌)|2

(A.18)

where 𝑊(𝜓, 𝜓) = 𝜓∗(𝑡, 𝒌)𝜕𝑡𝜓(𝑡, 𝒌) − 𝜓(𝑡, 𝒌)𝜕𝑡𝜓∗(𝑡, 𝒌) is the Wronskian. Since the
scalar field 𝜓(𝑡, 𝒌) is the solution to the Klein-Gordon equation, the Wronskian is
𝑊(𝜓, 𝜓∗) = 𝑖𝑁ℎ−1/2 [40], such that

Re𝒦𝑡(𝒌) = 1
ℎ(𝑡)

1
|𝜓(𝑡, 𝒌)|2

(A.19)

Notice that the probability density distribution of the ground state Gaussian wave
functional is given by its modulus square

𝑃𝑡[𝜙] = |Ψ𝑡[𝜙]|2 = |𝒩𝑡|2 exp [− ∫
𝕂

d3𝑘
(2𝜋)3 |𝜙(𝒌)|2ℎ𝑡 Re𝒦𝑡(𝒌)] (A.20)

This means that Re𝒦𝑡(𝒌) represents the statistical variance of the quantum fluctua-
tions. So the exponential for each 𝒌 can actually rewritten as

− ∫
𝕂

d3𝑘
(2𝜋)3

|𝜙(𝒌)|2

|𝜓(𝑡, 𝒌)|2
(A.21)
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A.2. Example using the Friedmann universe

As a result, for each mode, the variance of the probability density distribution is given
by |𝜓(𝑡, 𝒌)|2, which agrees with the Heisenberg approach

⟨ 0 | 𝜓(𝑡, 𝒙)𝜓(𝑡, 𝒙) | 0 ⟩ = ∫
𝕂

d3𝑘
(2𝜋)3 |𝜓(𝑡, 𝒌)|2 (A.22)

A.2.1 Normalization of the wave functional

Finally, using the Friedmann universe as an example, we will show that the norm wave
functional, when considering a field configuration space without compact support, is
always conserved, such that ‖Ψ𝑡‖2 = 1 for all time 𝑡 ∈ ℝ 1.

Consider the total probability is given by integrating over the entire field configura-
tion space is given by

‖Ψ𝑡‖2 = ∫
𝒞
𝒟𝜙 |𝑃𝑡[𝜙]|2 (A.23)

Given that 𝒦𝑡(𝒌) satisfies the functional Schrodinger equation and solves the Klein-
Gordon equation simultaneously, one can recast the probability density distribution
as follows

‖Ψ𝑡‖2 = [∏
𝒌

∫
∞

−∞
d𝜙(𝒌)] |𝒩𝑡|2 exp(− ∫

𝕂

d3𝑘
(2𝜋)3

𝜙(𝒌)𝜙(−𝒌)
|𝜓(𝒌, 𝑡)|2

) (A.24)

Since the Fourier modes of different 𝒌 in the Friedmann universe are decoupled, the
probability density distribution for each 𝒌 can be integrated individually as the usual
Gaussian integral:

‖Ψ𝑡‖2 = |𝒩𝑡|2 ∏
𝒌

[∫
∞

−∞
d𝜙(𝒌) exp(− 1

𝑉
𝜙(𝒌)𝜙(−𝒌)
|𝜓(𝒌, 𝑡)|2

)] (A.25)

1It can be shown that the norm of the wave functional is also conserved for general spacetimes
with a field configuration space without compact support. This can be proven relatively easily using
generating functional [21] and show that 𝜕𝑡‖Ψ𝑡‖2 = 0 for all 𝑡 ∈ ℝ; or with some extra effort to
show that ‖Ψ𝑡‖2 = 1 once the initial Gaussian wave functional is normalized to unity.
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where we have converted the continuous integral into a discrete sum via

∫
∞

−∞

d3𝑘
(2𝜋)3 → 1

𝑉
∑

𝒌
, (A.26)

𝑉 ≡ ∫∞
−∞ d3𝑥 is the total comoving volume Integrating over the Gaussian distribution

of individual 𝒌, we obtain the product

‖Ψ𝑡‖2 = |𝒩𝑡|2 ∏
𝒌

(𝜋|𝜓(𝒌, 𝑡)|2)1/2 (A.27)

Now, given that the normalization factor in the momentum space has the form

|𝒩𝑡|2 = |𝒩0|2 exp [−𝑖 ∫
∞

−∞
d𝑡 𝑁𝑡 ℎ1/2

𝑡 𝑉 ∫
𝕂

d3𝑘
(2𝜋)3 Im𝒦𝑡(𝒌)] , (A.28)

and the imaginary part of the bi-local kernel function can be expressed in terms of the
mode function using (A.13)

Im𝒦𝑡(𝒌) = − 𝑖
2𝑁𝑡

𝜕
𝜕𝑡

ln|𝜓(𝑡, 𝒌)|2 . (A.29)

Inserting this expression, we obtain

|𝒩𝑡|2 = |𝒩0|2 exp(−1
2

∑
𝒌

∫
𝐼
d𝑡 𝜕𝑡 ln|𝜓(𝑡, 𝒌)|2) = |𝒩0|2 ∏

𝒌
∣
𝜓(𝑡0, 𝒌)
𝜓(𝑡, 𝒌)

∣

(A.30)

where we have again converted the continuous 𝑘-integral into a discrete sum of in-
finitesimally separated elements. This expression tells us that the exponential function
of the normalization factor is just the product of the mode function 𝜓(𝑡, 𝒌) for all
𝒌 ∈ 𝕂. Altogether, the norm of the state is

‖Ψ𝑡‖2 = |𝒩0|2 ∏
𝒌

(𝜋|𝜓(𝑡0, 𝒌)|2)1/2 = ‖Ψ𝑡0
‖2 (A.31)

which is the norm at the initial time. Given that the initial state is normalizable,
‖Ψ𝑡0

‖ = 1, the quantum state remains normalized for all time 𝑡 ∈ ℝ. So we have
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shown that the norm is indeed conserved for field configuration space without compact
support.
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