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Abstract

High-dimensional datasets often exhibit complex group structures and interactions, posing
challenges to traditional variable selection methods. This dissertation addresses these chal-
lenges through ve interrelated papers, each advancing statistical boosting for complex data.

The rst paper introduces methodological extensions for boosting to enable sparse-group
variable selection, called sparse-group boosting. The method is inspired by the sparse-
group lasso and utilizes component-wise and group-componentwise ridge regression com-
bined through a mixing parameter. Theoretical properties of the group/variable selection
process are studied.

Building on this theoretical development, the second paper operationalizes the sparse-group
boosting method by introducing the R package ’sgboost’, which implements sparse-group
boosting and associated model interpretability tools. These include sparse group-variable
importance and coe cient paths. Practical guidelines, including R code for using sparse-
group boosting, are provided. In addition, a new method for reducing group selection bias
for boosting is presented. The aim is to prevent the group size and structure from distorting
the selection chances of speci ¢ groups.

The third paper illustrates the applicability of sparse-group boosting in economic and envi-
ronmental data analysis. Here, the importance of groups and individual variables is analyzed
to explain their contribution to the nancial well-being of farmers in Chile and Tunisia.

The fourth paper deals with the problem of identifying interactions in high-dimensional
data while preserving a stable selection of the main e ects using a two-step boosting ap-
proach. The method uses componentwise boosting, only considering the main e ects. After
the rst model is stopped, the base-learners are changed such that only interaction e ects
are boosted, starting with the negative gradient of the rst model in the rst iteration. The
method is used to predict farmers’ vulnerability to ve di erent climate hazards.

The fth paper also deals with the problem of stable selection of interaction e ects via boost-
ing through a 2-step approach. Instead of tting a boosted additive model to the observed
outcome, the same model is tted to the predictions of a random forest. The idea is tested
in a case study predicting zoo visitors.






Zusammenfassung

Hochdimensionale Datensatze weisen oft komplexe Gruppenstrukturen und Interaktionen
auf, was herkommliche Methoden zur Variablenauswahl vor Herausforderungen stellt. Durch
funf miteinander verbundene Arbeiten, befasst sich diese Dissertation sich mit den jewiligen
Herausforderungen, um das statistische Boosting fur komplexe Daten weiterentwickeln.

Die erste Arbeit prasentiert methodische Erweiterungen des Boostings zur sparsamen Aus-

wahl von Gruppenvariablen, das sogenannte Sparse-Group Boosting. Die Methode ist vom

Sparse-Group Lasso inspiriert und kombiniert komponentenweise sowie gruppenweise ridge

regression durch einen Mischparameter. Die theoretischen Eigenschaften des Selektionspro-

zesses von Gruppen und Variablen werden untersucht.

Im zweiten Beitrag wird das R-Paket ,,sgboost\ vorgestellt, welches das Sparse-Group Boos-

ting und damit verbundene Werkzeuge zur Modellinterpretation implementiert. Dazu gehoren
Metriken und Visualisierungen zur Gruppenvariablen-Wichtigkeit und Koe zientenpfade.

Zusatzlich werden praktische Leitlinien einschlie lich R-Code fur die Verwendung von Sparse-
Group Boosting bereitgestellt. Zudem wird eine neue Methode zur Reduktion von Gruppen-

Selektionsbias fur boosting vorgestellt. Dabei soll verhindert werden, dass die Gruppengro e

und Struktur die Auswahlchance einzelner Gruppen verzerrt.

Die dritte Arbeit zeigt die Anwendbarkeit von Sparse-Group Boosting bei der Analyse oko-

nomischer und okologischer Daten. Dabei wird untersucht, welchen Beitrag Gruppen- und

Einzelvariablen zum nanziellen Wohlbe nden von Landwirt:innen in Chile und Tunesien

leisten.

Die vierte Arbeit widmet sich dem Problem, Interaktionen in hochdimensionalen Daten
zu identi zieren, ohne dabei die stabile Auswahl der Haupte ekte zu verlieren. Hierzu wird
ein zweistu ger Boosting-Ansatz entwickelt: In der ersten Phase erfolgt komponentenweises
Boosting der Haupte ekte. Nach dem Stopp des ersten Modells werden nur noch Interak-
tionen berucksichtigt, wobei das Modell mit dem negativen Gradienten aus der ersten Phase
startet. Die Methode wird fur die Vorhersage der Vulnerabilitat von Landwirten gegenuber
funf verschiedenen Klimarisiken verwendet.

Die funfte Arbeit befasst sich ebenfalls mit dem Problem der stabilen Auswahl von Inter-
aktionse ekten mittels Boosting durch einen zweistu gen Ansatz. Anstatt ein geboostetes
additives Modell an die beobachtete Zielgro e anzupassen, wird das gleiche Modell an die
Vorhersagen eines Random Forest angepasst. Die Methode wird in einer Fallstudie zur
Prognose von Zoobesuchern getestet.
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Chapter 1

Structured Variable Selection
with Boosting: An Overview of
Contributions

Group-structured variable selection lies at the heart of many scienti ¢ and engineering chal-
lenges, from genomics to climate modeling, economics, and medicine. In an age of data
abundance, researchers increasingly face the task of identifying a small, meaningful subset
of predictors from thousands of potential candidates, often embedded in complex structures
such as functional groups or interactions. This problem, known as variable selection, is cen-
tral not only to statistical modeling but also to ensuring interpretability, reproducibility, and
scienti ¢ insight. While machine learning approaches often prioritize predictive performance,
statistical methods such as regularized regression and boosting remain highly competitive in
high-dimensional scenarios due to their ability to enforce sparsity and structure, leading to
more stable and interpretable models [George, 2000, Bdhimann and Hothorn, 2007, Heinze
et al., 2018].

This thesis contributes to this ongoing e ort by enhancing boosting algorithms for struc-
tured, interpretable variable selection in high-dimensional data.

Applications of variable selection methods - such as the lasso or stepwise regression - can be
found across disciplines: from the social sciences [Hindman, 2015,Haehner et al., 2024, Ofori
et al., 2024], physical sciences [Gholami et al., 2023, Geng et al., 2023, Robbins et al., 2024],
and life sciences [Fei et al., 2023,Wu and Zeng, 2024,Guo et al., 2024], to technology and engi-
neering [Wang et al., 2023,Zhou et al., 2024, Yan et al., 2024], and even the humanities [Greb
et al., 2018, Yaworsky et al., 2020, Anglisano et al., 2022]. Beyond regression, sparsity plays
a central role in many branches of statistical learning, including sparse covariance estima-
tion [Bien and Tibshirani, 2011], sparse principal component analysis (PCA) [Zou et al.,
2006], and sparse representations in neural networks [Gripon and Berrou, 2011].

Achieving a sparse model in high-dimensional spaces is inherently complex due to the com-
binatorial explosion of potential predictor subsets, often complicated by multicollinearity
and structured covariates [Heinze et al., 2018]. These challenges are exacerbated by the so-
called \curse of dimensionality" [Heinze and Dunkler, 2017, Smith, 2018]. Model instability
can undermine the reliability of clinical predictions [Efthimiou et al., 2024], while in climate
research, unstable variable selection impacts predictions of environmental phenomena such
as droughts or wind speeds, with potential policy consequences [Rekha Sankar and Pancha-
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pakesan, 2024].

High-dimensional data frequently exhibit a grouped structure, either intrinsically - as in gene
pathways or psychometric constructs - or induced by the covariance structure or through
encoding categorical variables [Agarwal, 2011, Gogol et al., 2014]. For instance, in genomics,
gene expressions are grouped into pathways representing biological processes [Caspi et al.,
2012]. Methods like the group lasso [Yuan and Lin, 2006] and group-wise boosting [Kneib
et al., 2009] have been proposed to address these structures through group-level selection.

However, modeling interactions introduces an additional layer of complexity. Consider-

ing all possible interactions vastly increases the dimensionality of the design matrix and

complicates the distinction between main and interaction e ects [Zhou et al., 2021]. This

dissertation focuses on addressing these challenges within the exible framework of boosting
to advance variable selection in high-dimensional settings.

Boosting-based methods o er unique advantages for structured, high-dimensional data. Un-
like traditional regression approaches, boosting ts models sequentially to residuals, incre-
mentally capturing complex structures in the data [Beahlmann and Hothorn, 2007]. This
iterative nature allows for adaptive and exible modeling of grouped predictors and inter-
actions, while maintaining a balance between interpretability and predictive performance.
These properties make boosting especially attractive for applications that require sparse
and explainable models. Examples include biomedical research, environmental modeling, or
social sciences, where inference and interpretability are crucial.

1.1 Research themes and objectives

High-dimensional data are omnipresent across modern scienti ¢ disciplines, from genomics
and climate science to economics and behavioral research. Discovering meaningful patterns
in such data often depends on e ective variable selection methods. This dissertation con-
tributes to this challenge through ve papers centered on boosting algorithms tailored to
structure, interpretability, and robustness. The following points can summarize the common
broader themes connecting all papers:

Variable Selection in High-Dimensional Data: Papers focus on identifying relevant
predictors and interactions, addressing sparsity challenges.

Methodological Advancements: Introduction of novel frameworks like sparse-group
boosting and k-step boosting.

Application-Focused: Real-world examples in climate science, agriculture, and tourism
demonstrate practical utility.

Explainability and Interpretability: Emphasis on explainable Al techniques and inter-
pretable boosting models.

Interdisciplinary Approach: Combining machine learning with domain-speci c chal-
lenges.

Building upon the themes, the research objectives pursued by this thesis can be summarized
into two branches:

" Sparse-group variable selection in boosting:

{ Simultaneous sparsity within and between groups (similar to sparse-group lasso)
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{ Theoretical bounds for group vs. individual variable selection
{ Robust applicability to real-world datasets

{ Adjustment mechanisms for unequal group sizes

{ Algorithms to satisfy group balancing conditions

" Boosting Interactions

{ Stable main e ect selection under high-dimensionality
{ Enforcement of strong or weak heredity constraints
{ Reliable detection and estimation of (nonlinear) interaction e ects

Table 1.1 contrasts core variable selection strategies by their ability to handle the intertcon-
nected challenges of sparsity, hierarchy, balance, and nonlinearity. The comparison motivates
the development of hybrid approaches that unite their respective strengths. Penalized Re-
gression encompasses many methods, depending on multiple variations of penalty terms.
Each penalty variation has its preferences in the selection process, and comes with unique
advantages and disadvantages. The Group bridge, for example, is very exible because of its
complex loss function and hyperparameters, but is harder to t because the loss function is
non-convex. Classical statistical boosting and stepwise regression, on the other hand, encom-
pass relatively fewer variations, exposing them to more modeling restrictions. By combining
the di erent modeling strategies of penalized regression, stepwise regression, and Machine
Learning and integrating them into the boosting framework, these persisting "modeling
blind spots" imposed by the complexities of high-dimensional data shall be covered.

Method Class Predictive  Sparse-Group Hierarchical Group Model Nonlinear
Power Selection Interactions Balance Stability E ects
Penalized Regression X (limited) (limited) 7 (limited)  (limited)
Stepwise Selection 7 7 X X 7 (limited)
Classical Boosting X 7 7 7 (limited) X
k-step + sgboost X X X X X X

Table 1.1: Simpli ed comparison of major selection approaches regarding key challenges.
Group Balance refers to a fair selection across di erently sized groups. (limited) indicates,
the method addresses the issue under specic assumptions or requires tuning of specic
parameters for optimal performance. k-step + sghoost are the two main methods developed
in this thesis.
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Problem 1: Problem 2:
1.1 Sparse-group variable selectio 2.1 Stable identi cation of interactions
1.2 Group variables selection bia 2.2 Hierarchical interactions
Y Y
Research Gap: Research Gap:
Lack of balanced within- and Instability of interaction detection
between-group sparsity Lack of hierarchical structure enforcemen
7 Y
Solution: Solution:
Paper 1 + Paper 2 + Paper 3 Paper 4 + Paper 5
Sparse-group boosting, sghoost packag K-step boosting for stability
Group selection bias reduction algorithm Boosting + Random Forest

Real-world application

\4 N4
_Modeling S_trategy: _ Modeling Strategy:
Boosting + penalized regressio Boosting + stepwise regressio
Boosting + simulation Boosting + machine learning

Figure 1.1: Overview of research problems, gaps, solutions, and modeling strategies ad-
dressed in this thesis.

Figure 1.1 provides an overview of the key contributions and how they relate to one
another, structured according to a problem{solution{strategy framework that is elaborated
in the next section.

1.2 Outline

This dissertation consists of two main parts, each addressing distinct but complementary
challenges in high-dimensional statistical learning with structured data. The rst part fo-
cuses on the development and application of sparse-group boosting, which enables simultane-
ous selection of relevant groups and individual predictors. It also introduces an algorithm to
correct for group selection bias, thereby ensuring more interpretable and equitable modeling.
The second part develops novel strategies to detect and stabilize interaction e ects in struc-
tured data, especially in the presence of nonlinearity and hierarchical constraints, through
the proposal of k-step boosting and hybrid modeling strategies. Collectively, the methods
enhance interpretability, fairness, and predictive robustness across applied domains.

1.2.1 Thesis Structure and Contributions

The thesis is organized into ve papers, each contributing to a distinct methodological or
applied objective. Figure 1.1 provides a high-level mapping of papers to research goals.
Below, the content and contributions of each paper is summarized in detail.
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Paper 1: Sparse-group boosting methodology [Obster and Heumann, 2024] lays the
theoretical and algorithmic foundation for sparse-group boosting. By integrating compo-
nentwise and group-componentwise base-learners within a uni ed boosting framework, the
method achieves both within-group and between-group sparsity. The formulation includes
a sparsity-controlling mixing parameter , analogous to the sparse-group lasso, allowing
ne-tuned trade-o s between individual and group-level variable selection. This paper es-
tablishes theoretical selection properties and de nes bounds on when and how a group or
individual variable is selected during model tting.

Paper 2: Software implementation via the sgboost R package and group bal-

ancing algorithm [Obster and Heumann, 2025] presents the R package sgboost [Obster,
2024], which operationalizes the sparse-group boosting methodology for broader accessibility.
In addition to tools for estimating sparse group-variable importance, visualizing group-aware
coe cient paths, and controlling hyperparameters, the package implements the novel group
balancing algorithm to mitigate (group-) variable selection bias and accounts for group size
imbalances. By enhancing usability, reproducibility, and methodological fairness, this work
enables the wider adoption of advanced boosting techniques in interdisciplinary data science.

Paper 3: Interdisciplinary application to climate-agriculture data [Obster et al.,

2024a] applies sparse-group boosting to a dataset of 801 farmers from Chile and Tunisia
[Pechan et al., 2023a, Pechan et al., 2023b], aiming to model nancial well-being under cli-
mate stress. The analysis reveals complex relationships between socioeconomic, environmen-
tal, and behavioral factors. This paper demonstrates the practical relevance of sparse-group
boosting in policy-driven research.

Paper 4: Boosting of pairwise interaction e ects via k-step boosting This pa-

per proposes k-step boosting, a two-phase procedure for identifying interaction e ects while
preserving stable main e ect estimation. In the rst phase, only main e ects are selected
using standard componentwise boosting. In the second phase, interaction e ects are tted
starting from the negative gradient of the stopped rst model. The method is applied to
environmental vulnerability data and demonstrates reliable interaction discovery without
over tting.

Paper 5: Boosted GAM-RF hybrid for nonlinear interactions [Obster et al.,

2023a] addresses the risk of over tting when modeling nonlinear interactions. It introduces a
two-step strategy that ts a boosted generalized additive model (GAM) not to the observed
outcome, but to the predictions of a random forest. This "response shifting" enables a sparse
and interpretable surrogate model. A case study on zoo visitor forecasting illustrates the
potential of this method for smart systems and explainable Al applications.

1.2.2 Summary

Together, these ve papers advance state-of-the-art interpretable statistical modeling through
boosting. The rst part develops methods for structured sparsity in grouped predictors,
addresses group-related bias, and demonstrates real-world applicability through interdisci-
plinary collaboration. The second part introduces novel approaches to interaction detection
and model stabilization, combining the strengths of statistical learning and machine learning.
These contributions underscore how modern statistical methods can uncover interpretable
and policy-relevant insights in complex, high-dimensional data.
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1.3 Overview of contributing papers

" Obster, F., & Heumann, C. (2024). "Sparse-group boosting: Unbiased group and
variable selection". The American Statistician, 1{22. https://doi. org/ 10. 1080/
00031305. 2024. 2408007

Obster, F., & Heumann, C. (2024). "Sparse-Group Boosting with Balanced Selection
Frequencies: A Simulation-Based Approach and R Implementation”. ArXiv e-prints
arXiv: 2405. 21037

" Obster, F., Bohle, H. & Pechan, P.M. (2024). "The nancial well-being of fruit farmers
in Chile and Tunisia depends more on social and geographical factors than on climate
change". Communications Earth & Environment, 5, 16. https://doi. org/10.
1038/s43247-023-01128-2

~ Obster, F., Heumann, C., Bohle, H. & Pechan, P.M. (2024). "Using interpretable
boosting algorithms for modeling environmental and agricultural data". Scientic
Reports, 13, 12767. https://doi. org/ 10. 1038/ s41598-023-39918-5

~ Obster, F., Brand, J., Ciolacu M., & Humpe, A. (2023). "Improving Boosted Gen-
eralized Additive Models with Random Forests: A Zoo Visitor Case Study for Smart
Tourism". Procedia Computer Science, 217, 187-197. https://doi. org/ 10. 1016/
j. procs. 2022. 12. 214
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Background

2.1 Methodological setting

This section introduces the methodological foundations by outlining a progression from
linear regression to its extensions: generalized linear models, generalized additive models,
and ridge regression. Each progression adds exibility or regularization to better handle
complex, high-dimensional data.

2.1.1 Linear models

Consider a response variable, outcome variable, or dependent variable Y =(¥:;Y,)" 2 R"
with its n > 0 realizations y 1;:::; ¥, and corresponding design matrix X 2 R"P | consisting
of the p 1 independent variables or predictor variables X; =X j = (X 1j;:5; X )T 2R,
The n rows of the design matrix are X; = (X i1;:::; Xjp). The i-th observation is (x;;yi),
using x; = X j . Regression analysis aims to explain Y in terms of X through a functional
relationship ; = E[Y; j x;] = f(x ;); f: RP ! R;. Classical linear regression assumes a
linear relationship ; =x; and a full rank of X : rank(X) = p, so that X T X is invertible.

Yi=Xijp 1+::+X ip pt il

The regression parameter is denoted as = ( 1;:; p)". Furthermore, the errors =
(1;:%5 n)2R" are modeled as independent and identically distributed (iid) Gaussian ran-
domvariables N ,(0; ?1,))Y N ,(X; 2I,), with|, being the identity matrix and

2 the error variance. This means that X is assumed xed and the errors ; are indepen-
dently and identically distributed, with

(
cov[i: 1] = 2 i=1
DT 0 e
so that the ; are iid N(0; ?2). The ordinary least squares (OLS) estimator is the functional
b X Thy2 ; 2
oLs =T(Y)=arg Tzlgp . (Yi x {b)y=arg rbrglF?p kY Xbk 5:
=

On observing Y =y, the realized estimate is

bors ) =T(y)=(X TX)* XTy:
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One can also include (diagonal) weights W 2 R" leading to the weighted-least-squares
(WLS) estimator and its estimate

Byis () = (X TWX) t X Twy;

as used in the IRLS Algorithm 1. The Gaussian negative log-likelihood “(; 2;Y) for Y
Nn(X; 2l,)is

N RV D 2y_ N 2 1 2.
(; ;Y)= logp(Y jX; ; )= EIog(2 ) + ﬁkY Xk 35

Because the Gaussian likelihood is minimized by the same solution that minimizes squared
error, the OLS estimator coincides with the maximum likelihood estimator. Therfore, both
satisfy the normal equation

XTXRy)y=x Tvg

It is common practice to refer to estimates and estimators asP which is also the case
throughout this thesis. Predictions of y denoted as ¥ can be derived by replacing the
parameters with estimates based on the data and the residual sum of,§quares (RSS) are
de ned by comparing the realizations of Y with the predictions as RSS = inzl (i #i)? =

ky ¥k 2:. Using the hat matrix H, y can be linked with

p=Hy=X(X TX)1 XxTy:

The hat matrix is a projection matrix because it is symmetric HT = H and idempotent,
satisfying H = H 2,

HZ=XXX TX) T XTXX TX) I XxT=x(X TX)t xT;

implying that the residuals bcan be seen as a projection of Y onto the orthogonal complement
of the column space of X:

b=y X(X TX)!XTy=(@ H)y:

More information, results, and examples of linear regression can be found in textbooks
e.g. [Draper and Smith, 1998, Ruppert et al., 2003, Fahrmeir et al., 2013, Wood, 2017].

2.1.2 Additive models

Additive models extend linear regression by replacing each linear term with a smooth
function. They overcome the limitation of a linear relationship between covariates and
the response, as assumed in the linear regression setting. As in the previous section, let
Y =(Y1;:::;Yn)T be the random response with realization y = (yi;:::;yn)". We model

xP
Yi= o+ fi(xij)+ i3 i=1:5m N .(0; 21,):
i=1

The p covariates X; 2 R" are modeled through smooth functions f forj p, approximated
and represented through basis functions allowing for estimation g’milar to linear models. To
ensure identi ability, each f ; is constrained to have zero mean [, f;(x;) = O for each
j, and a global intercept ¢ is included. In practice, one represents f(X;) B ; j viaa
spline basis B 2 R"K i; ; 2 RXi, such that (B; ;)i f j(xj). All j are estimated by
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penalized least squares:

_ X 2 X T
mn oy ol Bj 2+ i iDi s
02R; j2R"] i=1 i=1
X

i=1

Here, Dj 2 RXi X i is the positive semi-de nite penalty matrix with null-space correspond-
ing to low-order polynomials to penalize roughness, and; controls smoothness. Penaliza-
tion is also covered in Section 2.1.4. A back tting algorithm cycles through the p terms until
convergence [Wood, 2017]. More information on basis representation and the estimation of
additive models can also be found in [Wood, 2017].

2.1.3 Generalized linear models

Another limiting assumption in classical linear regression is normality, which can be extended
through generalized linear models (GLM). GLMs consist of multiple components:

" Linear predictor: Let x j 2 RP be the ith row of X. Then the linear predictor is

i=x{; =X2R "

" Random component: For Y; jx; EF( ;; ), the density is

yi i b( i)
a()

Here b() is the cumulant function, a() the dispersion parameter, and c(; ) the base

measure. This parametrization is also refered to as canonical form [McCullagh and

Nelder, 1993], but also other parametrizations exist, e.g. &p(yi; i) = exp yib(; +

c( i) +d(y;) [Dobson and Barnett, 2008]. By properties of the exponential family,
i =E[Yi jxi]=b% i) and Var(Yi jxi)= b °Ci)= v( )

plyi; i;)=exp + c(yis )

" Link function: g( )= i, invertibleto ;=g ().

" Variance: Var(Y; j x;) = v( ), where v() is the variance function derived from

Q).

Generalized linear models can be estimated via Fisher scoring [Jennrich and Sampson, 1976],
which is a second-order optimization method, or iteratively reweighted least squares (IRLS),
which is the practical implementation of Fisher scoring when using the canonical link. IRLS

is presented below to illustrate the similarities to statistical boosting in Section 2.2. The
goal is to update the linear predictor iteratively

10
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Algorithm 1 iteratively reweighted least squares
1: Initialize m Oand , 0O or some other starting point

2:
M = M

3: while m M or until convergence do
4: Compute the working response

m _ [m] yio M m M40 [ .

Zi_i"'d:d i[m]—i"'()’i )9

The derivative is evaluated at 0™ .
5: Regress the covariates on'#! using the weights
[m]
W_[m] — 1 — [go( im )]2:

CovarYijx)d=d( ™ v M)

Retrieve the estimates bm

m m+1
Update

= arg min kw (™ = (2™ Xb)k %
[m+1] =X [m+1] .

[m+1] _— g 1 ( [m+1] ):

10: end while

The algorithm can be stopped either after a xed number of iterations M, or until the
parameter changes are smaller than some tolerance.

2.1.4 Ridge regression

More information on ridge regression can be found in [Wieringen, 2023]. Ridge regression
was originally proposed to address multicollinearity, meaning the covariates are strongly
linearly dependent [Hoerl and Kennard, 1970a, Hoerl and Kennard, 1970b]. In such cases,
X TX is ill-conditioned or singular [Lesare and Marx, 1993]. This problem is especially
present in high-dimensional data and has a ected Machine Learning in general [Chan et al.,
2022].

De nition 2.1.1. For a given 0, design matrix X and outcome y the ridge regression
estimator Q) is given by
R)y=(x TX+1 5t XTy:

The set le) : 2[0;1)g is called the regularization path or solution path of coe cients
and can be plotted as a function of .

The ridge estimator can also be derived by minimizing the regularized minimization
problem
l():argmi?R Jky Xk 2+ kk 3

11
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Typically, one uses centered X and y or even standardization. If is strictly positive, the
ridge regression estimator is well-de ned also for high-dimensional and multicollinear design
matrices. Practically, larger values of lead to stronger regularization, meaning smaller
coe cients in absolute value.
Similarly to linear regression, the ridge hat matrix H = X(X TX + I ,)! XT can be
de ned.

P=XX TX+1 p)t XTy=H y

An important observation is that H is not a projection matrix as the hat matrix in classical
linear regression being K. This can be seen using the full singular value decomposition
of X =UDV T, where U 2 R"" ;V 2 RPP are (column) unitary matrices and D =
diag(dy;:::;dr; 0; 225 0) is a diagonal rectangular matrix containing the singular values of the
design matrix X 2 R"P of rank r p. Then,usingV TV =VVT =] and UTU =1:

H =X(X TX+1 )t X7

=UDV "(vDUTUDVT + 1| p) ! (ubvT™)T

=UDV T(VD?/T + 1 ,)* vDUT

=UDV "(V(D?+ 1 p)vT)!t vDUT

=UDMD %+ 1 )t DUT

=UDUT;

2
with D = diag[ d;:::;dr; 0:::0] and 6 = %;j r. Hence,
J
H2=uDUTUDUT
=UD%UT:
Positive in the diagonal elements prevent H from being idempotent, meaning H? 6= H .
Even though the ridge hat matrix is symmetric, it is not idempotent and therefore not a
projection matrix. The same holds for| H . However, it also makes the ridge estimator
well-de ned even if the rank of X is not full.  shrinks the eigenvalues of the hat matrix
and makes (X" X + 1) invertible and improves the condition number through the choice
of . Using the same decomposition as for the hat matrix, the ridge estimator b can be
rewritten as
b =xxTx+1 )t xTy
=(VD2vT+1 )t vDUT
=V(DZ2+1 ,)! DUTy;

2
also shrinking the coe cients through (?djr—);j r. This formulation also shows the limits
J

depending on : (
jm 4= 0 4=0

2 - -0
#0 (df+) 1 d 6=0;
meaning that the estimator converges to the Moore{Penrose minimum-norm solution, which
coincides with the MLE in the classical setting when all ¢ > 0: lim 4 P = by =X *y.
X* is the Moore{Penrose pseudoinverse. Increasing shrinks the estimator to zero in the

2 2

limit: lim 11 b = (0;::;0)T, as for each j p: lim i (djzdijr) = 0. While (djzdijr) is

strictly decreasing in , the behaviour of each component of b may not necessarily be so.

12
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The e ective degrees of freedom can be de ned as the trace of the hat matrix ((5.16) and
(3.50) in elements of stat learning [Hastie et al., 2009]) and can be expressed in terms of the
singular values of the design matrix.

dffl=tr(H )= &:

Other de nitions for the degrees of freedom exist, such as tr(2H H 2) [Hofner et al., 2011]
or the Satterthwaite-Welch approximation [Satterthwaite, 1946] leading to

tr(H TH)?
tr(H THH TH)’

as described in [Adluru et al., 2012]. In linear regression, the hat matrix is a projection, so
all de nitions coincide.

More information on the bias of ridge regression and two ways to de-bias it can be found
in [Behimann, 2013, Zhang and Politis, 2022, Zhang and Politis, 2023].

2.2 Statistical boosting

Building on the previous models, the core modeling framework of boosting is introduced in
this section. The goal of boosting in general is to nd a real-valued function that minimizes
a typically di erentiable and convex loss function I(; ). Throughout the thesis, we will
consider the negative log-likelihood as a loss function to estimate f as

F(O=arg min By [I(Y;TX)):

As in previous sections, X is assumed xed, aligning with classical statistical modeling.
However, in predictive machine learning contexts, X is often considered random, and one
minimizes the expected loss over the joint distribution of (X;Y ), leading to:

f()=arg min  Epy) [(Y:T(X))]

Contrary to having one "strong" learner, which has high predictive performance on its
own, boosting achieves predictive performance by aggregating "weak" learners, having a
low predictive performance by themselves [Freund, 1995]. However, through the aggregation,
predictive performance is increased iteratively, as outlined in Algorithm 2.

13
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Algorithm 2 General Functional Gradient Descent Algorithm [Friedman, 2001]

1: De ne a space of candidate functions F, which is spanned by base learners h of the form
h:RPIR.

2 Initialize m Oand 1 0or #9 ¢ c¢2R as a constant function.
3: whilem M do
4 m m+1
5: Compute the negative gradientgl(y;f) and evaluate it at fm1l | yielding pseudo-
residuals w;:::;up:
ulm = @I(yi;f) fori=1;:::;n
@f f= M (x;)
6: Fit the base-learner h with response (LQ”] piin uLm])T to the data, yielding RI™ | an
approximation of the negative gradient.
7 Update:

fm gmy o R

8: where is the learning rate, 2 (0;1).
9: end while

The functional derivative in step 5 is computed with respect to f and evaluated point-wise
using the data. The algorithm is sequential and exible. It starts with a simple model and
iteratively ts functions to the data, gradually increasing the model's complexity. The base
learners, or weak learners, are usually simple functions like small trees or regression models
[Schapire, 1990]. The modef™ continues to improve until it reaches the maximum iteration
M. Early stopping helps balance predictive performance and model complexity by halting
training before over tting occurs [Adam J. Grove, 1998, Jiang, 2004, Zhang and Yu, 2005].
This aligns with the principle of sparsity, akin to Occam's razor, by trimming non-predictive
components. The optimal stopping point is typically determined by comparing out-of-sample
predictive performance across iterations, stopping when no further improvement is observed.
Boosting has primarily been used in the context of machine learning as a predictive black-box
model using regression/classi cation trees.

2.2.1 Adaptive Boosting

The rst prominent example was Adaptive Boosting (AdaBoost) [Freund and Schapire,
1996], which was rst utilized for binary classi cation and minimized the exponential loss
function [Ridgeway, 1999]. The exponential loss function heavily penalizes misclassi ed ob-
servations. This motivates the reweighting mechanism and ensures focus on di cult/misclassi ed
examples.
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Algorithm 3 Adaptive Boosting (AdaBoost)

2: form=1toM do
3 Fit a base-learner H™ : RP 1 f1;1g to the data using the weights fw ™ g0,
4: Compute the weighted classi cation error;

n [m]
m o~ = Wi Lyie=tm ()

T [m]
i=1 Wi

5: Compute the model weight:

moot, L™
2 [m]
6: Update observation weights:
wim = w M exp My hM () ; i=1;::::n
P
7. Normalize weights so that [, w™" =1
8: end for

9: Final model: I

bd
%) = sign ] pIml (x)

First, the weights are initialized, while the observations have equal weight. At each iter-
ation, a weak learner H™ s trained using the weighted data, and the misclassi cation error
M js computed. Misclassi cation is used as the error. The weight [™ re ects the base
learner's contribution to the ensemble, down-weighting poor classi ers. Misclassi ed obser-
vations are assigned higher weights for the next iteration to focus on previously misclassi ed
observations. The nal prediction of the model output aggregates the weak learners via
a weighted majority vote, which corresponds to the empirical risk minimization using the

exponential loss.

Fast implementations like "XGboost' [Chen and Guestrin, 2016] of gradient boosting com-
bined with their high predictive performance compared to other Machine Learning algo-
rithms contribute to the popularity of boosting algorithms. Later, the concept of the algo-
rithm was adapted to the eld of statistical modeling [Ridgeway, 2000].

2.2.2 Boosting ridge regression

One important boosting algorithm is L2 Boosting applying boosting algorithms to linear
models optimized for squared error loss in high-dimensional settings [Buhimann and Yu,
2003]. Using component-wise linear least squares base learners, it updates only one variable
per iteration, o ering computational e ciency. Asymptotic consistency in high dimensions

has been shown [Bshlmann, 2006], establishing it as a reliable tool for variable selection and
prediction in statistical modeling.

The success of boosting algorithms in the statistical sciences can be attributed to three
factors [Mayr et al., 2014]:

" Automated variable selection and model choice through the tting process [Li and
Luan, 2005]
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" exibility regarding the predictor variables e.g random e ects, nonparametric e ects
[Binder et al., 2013]

"~ Stability for the analysis of high-dimensional data [Mayr and Schmid, 2014]

One important boosting algorithm for this dissertation is boosting ridge regression, which
combines boosting and regularization and is therefore described separately.

Let h: R 7! R be the strictly increasing and invertible response function (inverse link func-
tion) of a generalized linear model, where E[yjX] = =h(). Note that in this case h is the
response function and not the whole base-learner h : Rl R as in the functional gradient
descent algorithm. Here, y j x follows the simple exponential family in its canonical form,
with the linear predictor = X . Let p(yjx; ) be the conditional density of the exponen-

tial family. For L base-learners, de ne the |-th candidate sets consisting of p columns as
Vi =f(v i) (i), g fliipg. Contrary to [Tutz and Binder, 2007], the candidate sets
do not have to be disjoint. Therefore, the groups can overlap, which will be utilized for
the sparse-group boosting. More information on group variables and other methods dealing
with groups can be found in Sections 2.3 and 2.4
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Algorithm 4 Boosting ridge regression

1: Initialize m = 0; bl =0 ;b = X P and b = h(b )
2: while m< M do
3: Setm=m+1

4: for For each candidate set \{, | L do
5 Fit the model:
=h(b ™Y +Xy, v);

by minimizing the penalized negative log-likelihood:

L[m] — X | iy .Ml . k k2.
(v)= ogp Yijxi:b +Xv, v)i +k o yks
i=1

with o set bM1 = x bm1  derived from the previous iteration. p is the conditional
density. This can be done by Fisher scoring or iterative weighted least squares. For
the I-th base-learner denote the estimate of y, asbv‘ and the estimate of the negative
log-likelihood as "™ .

6: end for

7. Select the candidate set which evaluates the lowest negative log-likelihood =
argmin;. ™.

8: Update for all | L

(
g _ B b‘ =] -
\ b\[/rln 1] | 6=
and:
pml = x i -
biml = h(x bmly;

Here can be seen as learning rate with 2]0; 1].
9: end while
10: Output: Retrieve bMI as the global estimate.

Instead of solving the ridge regression optimization problem directly, the algorithm em-
ploys functional gradient descent, as outlined in Algorithms 2 to build the model iteratively.
Large coe cients are penalized, preventing over tting additionally to the learning rate. This
is especially useful in high-dimensional settings, where the design matrix of one candidate
set has a large number of predictors.

Therefore, boosting ridge regression combines the strengths of regularization through the
penalty term T and iterative model building, handling multicollinearity and preventing

over tting, especially in high-dimensional settings. Its iterative nature provides exibility

and interpretability, with extensions possible for generalized linear models, as outlined in
Algorithm 4. However, careful hyperparameter tuning is required, which can be computa-
tionally intensive, especially for large datasets. It may also lack the sparsity of methods
like lasso regression, as the coe cients within the candidate set are not shrunken to exactly
zero. Contrary to classical ridge regression, boosting ridge regression utilizes candidate sets
allowing grouped covariates, which are discussed in the next section.
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2.2.3 Boosting and interpretability

While boosting can be used as a black-box model, the intrinsically interpretable variants
can balance interpretability and predictive performance well, compared to other Machine
Learning algorithms [Obster et al., 2024b].

One can interpret the model coe cients in L 2 boosting as in linear regression. This is also
the case using non-linear e ects or boosting ridge regression. However, the ability to perform
inference after variable selection is limited and needs adjustments [Reugamer and Greven,
2020, Kueck et al., 2023, Rasines and Young, 2023].

Because of the sequential nature of boosting, one can also look at the evolution of the
coe cients by looking at the coe cients at each boosting iteration, which is called the
coe cient path. This path can be visualized by plotting the iteration versus the values of
the regression parameters on the other axis. Connecting the coe cients of each base-learner
with a line yields the path which also exists for Lasso regression, but not depending on the
iteration but on the regularization parameter [Rosset et al., 2004].

The variable importance is a metric to quickly understand what are the main contributors
to the model and can be visualized using bar plots [Obster et al., 2024a]. It summarizes how
much each variable contributes to the model's overall t improvement across all boosting
iterations. Unlike in traditional variable importance metrics, such as coe cients or p-values,
both the frequency and the impact of a variable being selected contribute to the variable's
importance. In cases such as sparse-group boosting, which depends on grouped variable
selection, the importance can be aggregated across groups or individual variables, depending
on the model structure. Let L™ = 'm1 ™ pe the reduction of log-likelihood in
boosting iteration m and predictor j p be the base-learner which was selected in this step.
Then the reduction can be attributed to this predictor. Hence, we can compute the relative
contribution of this individual variable, call it j to the global model

While variable importance indicates in uential variables, it should also be noted that the
metric is less stable if predictor variables are correlated. In such cases, importance scores can
be spread across correlated variables, potentially underestimating the in uence of individual
predictors. However, in grouped settings, this e ect is less pronounced, as variables within
the same group typically exhibit stronger correlations with each other than with variables
from di erent groups (i.e., within-group correlation exceeds between-group correlation).

2.3 Grouped variables

Most regression problems, or supervised learning algorithms in general, are of the form
E[Y jX] = h(X; ). Typically there is a known design matrix X 2 R "P | an assumed
conditional distribution of y, and some function h : RP I R, linking the observed input X

with the observed output y. The goal is the estimation of the parameter vector 2 RP,
such that the function h describes the relationship between X and y in a "good" way.
Depending on the distributional assumptions for Y j X, the choice of response function
h(), and the method used to estimate the parameters , di erent statistical models - and
even entire sub elds of statistics and machine learning - can arise. However, one aspect
is shared across almost all disciplines of statistics, deep learning, and even unsupervised
learning like image representation: The design matrix X. Design matrices are not created
in the same way, nor do they always represent the same type of instances. A lot of research
has been attributed to the observations of the design matrix, especially in the form of
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detecting and correcting sample selection bias [Berk, 1983], [Cortes et al., 2008], [Yang
et al., 2023]. Sample selection bias occurs when the observed data are not representative of
the population of interest, potentially resulting in biased parameter estimates and reduced
generalizability of the model. The other dimension - the space of independent variables -
may also contain structural information re ecting underlying phenomena, such as natural
groupings of variables. This secondary information can take many forms, and one way of
storing the similarities and di erences of variables is a group structure, indicating which
variables belong together.

2.3.1 Variations of grouped variables

An intuitive and probably the easiest case of a group is a categorical variable. They are
often referred to as one variable, yet in the design matrix, in most cases, multiple columns
are used to store the information. Example 2.3.1 shows how one categorical variable and
one numerical variable are represented as a group design matrix.

Example 2.3.1. Transformation of categorical and numeric data into a grouped design
matrix using reference coding with intercept (gray), with color indicating the group. One
level per categorical variable (reference category) is omitted to avoid multicollinearity with
the intercept. The reference category in this case is 'a'.

0 1 0 1

S

Similarly, an interaction can be represented as one group in a grouped design matrix
as illustrated in Example 2.3.2. While categorical variables are represented in column-
orthogonal groups in balanced schemes, such as in e ect coding, meaning the inner product
of di erent dummy-coded variables within a group equals zero, interaction terms usually
introduce non-orthogonal groups.

Here, a categorical variable with three levels and a numeric variable is transformed into a
grouped design matrix using reference (baseline) coding with intercept. The main e ects of
the categorical variable are encoded using k 1 dummies, and interaction terms are de ned
only for the non-reference levels. This ensures consistency between the number of columns
used for main and interaction e ects.

O o oTL»H O
OB wWN R
PR R R
OrRrEFLr OO
P OOOoOo
B wWN
>

Example 2.3.2. Transformation of categorical and numeric data into a grouped design
matrix representing main e ects and an interaction e ect using reference (baseline) coding
with intercept (gray). Color indicates group membership. The reference category is 'a'.
Violet group: interaction terms between the non-reference levels of the categorical variable
and the numeric variable.

0 1 0 1

a 1 1 00100
a 2 1 00 2 0O
b 3 1103 30
b 4 110440
c 5 1 0150 5

Notation 2.3.1. A design matrix X 2 R "P with G groups, each of the size g;g 2
f1;::;; Gg with a collection of index sets V = (Vg)ge , as g =f(v g);::0; (vg)pgg f1;:::; pg
representing the columns belonging to each group is called a grouped design matrix. The
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submatrix of group g is denoted as X, . In grouped regression settings, the corresponding
coe cient parameter vector corresponding to group g will be referred to as @ such that
Xy, @ is well de ned.

Di erent versions of grouped variables exist. There are non-overlapping groups, repre-
sented by (\4)gc being a partition. In the de nition, such a constraint is not imposed,
yet some methods assume non-overlapping groups, as the optimization may be compli-
cated through the imposed regularization pattern. Also, the concept of partial grouping
exists, where only a subset of variables is grouped and the other subset is not grouped. In
this case, one could still view this as a grouped dataset, where some groups have a group
size of one. While categorical variables lead to orthogonal design matrix groups, meaning
X\Z,XVg =1 p,, groups of numerical variables are often designed or de ned in a way such that
there is within-group collinearity. This could be the case of constructs in a psychological
survey, where the items are designed to have high correlations with each other, indicating
high internal consistency [Tavakol and Dennick, 2011]. There are also many other examples
of datasets that have natural group structures like gene expression data representing gene
pathways [Li et al., 2018] or structural breaks in time series data [Chan et al., 2014]. Also,
many nonlinear e ects can be represented through a group design matrix [Varah, 1982].

2.4 Methods for grouped variable selection

The most straightforward way of selecting groups of variables is by manually selecting which
groups to include in the modeling by the analyst or data collector. This selection happens
implicitly in all data analysis, is subjective, and is not of interest to this thesis. Statistical
methods performing group selection can be classi ed into two categories. One deals with
knowledge-driven group structures and the other is data-driven, based on the dependence
structure observed in the data without known group labels [Huang et al., 2012]. The as-
sumption behind the latter is that "similar" variables are likely to represent the same or
similar information and therefore belong to the same group [Zeng, 2009]. These data-driven
models can be further divided into two approaches. One approach is to do the group clas-
si cation and selection in one algorithm, and the second approach consists of two separate
algorithms, where the rst de nes the groups and the second then performs group variable
selection in the same way as the knowledge-based group selection.

2.4.1 The sparse-group lasso

The sparse-group lasso is a statistical method designed for high-dimensional data settings,
such as when the number of predictors exceeds the number of observations It performs
variable selection at both the individual and group levels by combining two penalties: the
group lasso penalty ( [Yuan and Lin, 2006]), which encourages sparsity at the group level,
and the lasso penalty ( [Tibshirani, 1996]), which encourages sparsity within groups.
The optimization objective for the sparse-group lasso is:
1 »* ’ »* p__
argmin -y Xy, @ +(1) g @ ,* kk -
g=1 2 g=1
where 2 [0; 1] is the mixing parameter, and 0 controls the overall penalty strength.
The idea was rst proposed in [Wu and Lange, 2008] and then re ned [Simon et al., 2013].
This formulation balances group-wise sparsity (the number of active groups) and within-
group sparsity (the number of active variables within a group) by tuning . There are two

20



Chapter 2 { Background

special cases, including the lasso = 1:

1 x
argmin% y Xy, @ + kk ;
g=1 2
and group lasso for =0:
1 * ’ * p__
argmin -y Xy, @ + g @ )
g=1 2 g=1

In the group lasso penalty, there is a group size adjustmenP Pg. For practical implementa-
tion, hyperparameter tuning such as cross-validation or bootstrapping can be used to select
optimal values for the hyperparameters and . Tuning both parameters simultaneously
through grid search can introduce computational overhead. Therefore, fast implementations
such as [Ida et al., 2019, Liang et al., 2023] are useful compared to the original optimization
method [Simon et al., 2019].

The sparse-group lasso can also be used in the setting of generalized linear models by re-
placing the least-squares loss with the empirical average negative log-likelihoods

. 1 X _
O= 5 logLlyijxi;);
i=1
where L(y; | xi; ) denotes the likelihood of the response given the predictors and model
parameters of observation i. The generalized sparse-group lasso estimator then solves:
* p
argmin () +(1 ) g @ ,* kk :
g=1

The dual-level sparsity makes the sparse-group lasso a exible tool for high-dimensional
grouped data analysis.

This method is foundational for developing the sparse-group boosting framework explored
in this dissertation. By balancing sparsity levels, the sparse-group lasso provides a criti-
cal theoretical and practical basis for addressing challenges in complex, high-dimensional
datasets.

2.4.2 Other (sparse-)group variable selection methods

This dissertation explores how boosting frameworks can be extended to deal with grouped
variables, allowing simultaneous selection of relevant groups and important variables within
groups. By integrating these concepts directly into the boosting process, the methods devel-
oped here o er a exible and interpretable approach, especially suited for high-dimensional
structured complex data. To complement the concepts of sparse group variable selection
in boosting, alternative concepts of (sparse-)group variable selection methods are explained
in this section. Group bridge (G-bridge) [Huang et al., 2009] was one of the rst methods
enabling dual-level sparsity, extending the bridge estimator to groups [Frank and Friedman,
1993]. Instead of using a convex combination of group and individual variablg penalties, the

mixing parameter is found in modifying the L1 norm kk, de ned as kxk, = = 2, jx;j for
X2R":
x
argmin () + g @ %
g=1
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cy, the penalty weights, allow for scaling group penalties, incorporating prior knowledge
about group importance or size. There are also special cases, where = 0 yields ordinary
least squares, = 1the group lasso, and = 2 group ridge regression. Typically, one chooses

2]0; 1], as values greater than one generally do not yield sparse solutions. 0:5 is a common
choice, yielding the square root [Zhou and Zhu, 2010,Huang et al., 2009]. Compared to other
methods like the SGL, one advantage of the G-bridge is that it has the oracle property for
group selection, meaning it can select important groups with probability converging to one
with increasing sample size [Huang et al., 2009]. However, the loss function is not convex for

< 1. Therefore, the optimization is more challenging, leading to greater computation time
and the necessity of a careful choice of and initialization in the optimization. Another
disadvantage of the G-bridge is that the threshold for group vs individual variable selection
cannot be set directly as with in the sparse-group lasso or sparse-group boosting [Obster
and Heumann, 2024].

The group exponential lasso (GEL) [Breheny, 2015] also allows this using the exponential
lasso penalty with a support of [0; 1[:
|
2 (@) '
argmin () + — 1 exp
g=1

1

The hyperparameter 2 [0; 1] describes the coupling, meaning parameters within one group
are updated together rather than individually. For ! O the penalty converges to the
lasso [Belhechmi et al., 2020]. Small values indicate relatively more individual variable se-
lection, and greater values indicate more group variable selection. More information on the
penalty can be found in [Breheny, 2015].

The composite minimax concave penalty (cMCP) [Breheny and Huang, 2009] addresses
the issue of lasso penalties to not shrink coe cients relative to the size and promises less

bias [Zhang, 2007]. This can lead to over-penalization of large coe cients. Therefore, one

can adaptively weigh the penalties [Belhechmi et al., 2020], which the minimax concave

penalty (MCP) does with a support of [0;1]:

>
The cMCP [Breheny and Huang, 2009] minimizes
I
X6 Xo '
argmin\()"' f; 1 f? 2(j gkj) :
g=1 k=1

Here g is the kth parameter in group g. The MCP is applied as outer and inner pe-
nalization, working on both the group level and individual variable level. The rst penalty
term 1 is typically set as a function of the group size. The second parameter, has to be
tuned, where a small , increases the region of constant penalization, while larger values
yield penalization close to the LASSO [Buch et al., 2023]. Recommended parameters are

» = 3, if the covariates are standardized [Zhang, 2007]. The MPC also has the oracle
property [Fan and Li, 2001, Fan and Peng, 2004]. Unlike the other methods, the cMCP does
not have a bounded parameter such as 2 [0;1] in the sparse-group lasso, or 2 [0;1] in
the GEL, making the model less intuitive to tune.

Bi-level stagewise estimation equation (BISEE) and hierarchical stagewise estimation equa-
tion (HISEE) use stagewise regression [Hocking, 1976] while considering group structures in

22



Chapter 2 { Background

a generalized estimation equation framework [Tibshirani, 2015, Vaughan et al., 2017]. Sim-
ilar to (group)-componentwise boosting, one starts with a zero model, where no covariates
are included, and then iteratively adds variables based on some selection criterion, such as
statistical test, AIC [Akaike, 1974] or BIC [Schwarz, 1978]. BIiSEE uses the sparse-group
lasso penalty within each step for the variable selection, and HISEE uses a hierarchical ap-
proach, by rst selecting the relevant group with the group lasso penalty and then selecting
the relevant individual variable with the lasso penalty [Buch et al., 2023].

2.5 Interaction-aware and nonlinear variable selection

While variable selection in high-dimensional settings has been well-studied, as the previous
sections show, interactions and also non-linear e ects are less understood [Radchenko and
James, 2010]. Approaches to consider the specialty of interaction e ects include enforcing
ideas like the heredity constraint [Hamada and Wu, 1992, Chipman, 1996], which is often
assumed [Chipman et al., 1997], meaning that interaction e ects are only allowed if all main

e ects are selected, called strong heredity interaction model (SHIM) [Choi et al., 2010].
The heredity constraint ensures that if an interaction term is selected, both main e ects
of that interaction must be selected as well. This concept is also referred to as strong
hierarchy [Nelder, 1977], or marginality [McCullagh, 2002,Chen et al., 2020] whereas in weak
hierarchy or weak heredity only one variable of an interaction e ect has to be included as main
e ect [Nelder, 1998]. However, there can also be "non-hierarchical" interactions where only
the interaction terms are associated with the outcome [Hallgrmsdbttir and Yuster, 2008]
[Obster et al., 2024a]. Two types of interaction selection strategies exist [Hao and Zhang,
2017], one-step and two-step approaches. One-step approaches select main and interaction
e ects simultaneously while imposing the hierarchical constraint. Two-step methods, such
as the two-stage least angle regression (LARS) [Efron et al., 2004], rst, select main e ects
and then only consider interactions of the selected main e ects, which can also have strong
heredity [Yuan et al., 2007].

2.5.1 Strong heredity interaction model

This approach uses the parametrization of the standard two-way interaction model:

g(X) = otX1 1tiitXp pt 12(XiX2)t
13(X1Xa)+:ii+ p1p (Xp1 Xp)

together with the lasso-type penalty

X
argmin - (yi g(x )2+ G ai*) 24+mH) et (w2t st pup )

' i=1
Note that no quadratic terms of main e ects are used here, such as in [Hao and Zhang,
2014]. x5 Xp are the columns of X and not the observations x;i n, as sometimes
used in previous sections. Through the main e ects are regularized and through  the
interaction e ects. If a main e ect is zero, its sparsity is inherited by the interaction e ect
including this main e ect. Additional prede ned weights for each parameter can be added
as in [Breiman, 1995, Zou, 2006, Zou and Zhang, 2009]. As with many other regularized
linear regression models, SHIM can also be used for other regularized likelihoods and is
based on non-convex optimization, which strongly limits the number of variables (p) to be
used [Radchenko and James, 2010]. However, more recent implementations and extensions
such as [Chen et al., 2020] improve upon the original method.
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2.5.2 Group lasso for interactions

Other methods include the Variable selection using Adaptive Nonlinear Interaction Struc-
tures in High dimensions VANISH and the group lasso for interactions (glinter) which uses
a hierarchical group lasso penalty [Lim and Hastie, 2015]. In glinter the parameters of the
main e ects are regularized with the group lasso penalty, and the interaction e ects are reg-
ularized through the parameters of the group-design matrix combined with the individual
variable design matrix. This leads to overlapping groups in which each main e ect coe -
cient appears both in its own group and in the interaction group. Each variable can have
di erent associated coe cients in main and interaction terms [Lim and Hastie, 2015]. The
glinternet penalty can be viewed as a hybrid of the group lasso for main e ects and a group
ridge penalty over interactions, with overlapping group structure enforcing strong hierarchy.
Consider two categorical variables with L; and L, categories, represented through the group
design matrices X and X, and the interaction group design matrix denoted as X%.,. Then,
glinter is given by
2 3>
1
argmin in11X22 X1 Xo> X1;2435

r

2 2
tokaktk kot Lz oty %tk 1k

subject to

%1 %2 ¥ %2

1=0; 2=0; =0 2=0;

i=1 i=1 i=1 i=1

and
1 . 2 .
1, =0 for xed j; 1, =0 for xed i
i=1 i=1

The sum constraints, such as on the rst part of the main eect 1 =( 1;:; kl)T as de-

noted in [Lim and Hastie, 2015] are imposed to avoid over-parametrization and no intercept is
2 2

included. Strong hierarchy is endorsed because ofthepart L, 3 +L; & +Kk 1;2k§

2 2

in the penalty term. That is because either all interactions are zero 7 = 5 = 12 =0,

or all interactions are nonzero, meaning interactions are always selected together with both
main e ects. Actually, the name "group lasso for interactions" can be slightly misleading
because the method is more of a hybrid between the group lasso and group ridge regres-
sion, as the group lasso is used for main e ects and group ridge for the interaction terms
using the same hyperparameter . This means there is shrinkage of the interaction e ects
without forcing some of them to zero, leading to shrinkage of the entire interaction block
rather than selection of individual interactions. This means all interactions between a pair
of variables are either jointly included, when the main e ects are included, or excluded. The
overlap group lasso can be solved using a simple group lasso [Lim and Hastie, 2015] and
can be tted using the R package "glinternet" [Lim and Hastie, 2021], which explains why
the name glinter persists beyond historical reasons. Other penalized regression models for
interactions amongst others include lasso for hierarchical interactions (hierNet) [Bien et al.,
2013], framework for modeling interactions with a convex penalty (FAMILY) [Haris et al.,
2016] and hierarchical integrative group least absolute shrinkage [Boss et al., 2021]

Another strategy for nding interactions is based on stepwise regression
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2.5.3 Stepwise interaction models

The heredity constraint can also be satis ed using stepwise regression [Hamada and Wu,
1992], using signi cance testing to assess which variables are selected, which is also criti-
cized [Smith, 2018]. The heredity constraint is enforced by performing stepwise selection
twice. First, using stepwise regression, considering only main e ects, and then selecting pair-
wise interaction e ects only of previously selected main e ects. One can also continue by then
looking at interactions of a higher order of the previously selected lower-order interaction
e ects. This approach can also be applied to "ultrahigh-dimensional” data, using the iIFORT
algorithm [Hao and Zhang, 2014], which is scalable to larger data sets because of its e -
ciency. Compared to models with complex penalties, leading to computationally expensive
optimization algorithms, the stepwise approach is feasible for high-dimensional settings [Wu
etal., 2009,Wu et al., 2010]. However, there are shortcomings, especially in high-dimensional
settings where small changes in predictor variables can lead to strong changes in the selected
variables [James and McCulloch, 1990, Derksen and Keselman, 1992, Austin and Tu, 2004].
This lack of robustness and multiple testing problem limits the practicality of stepwise re-
gression.

Boosting can also be used to t interactions in a high-dimensional setting, eg. using com-
ponentwise boosting. The strong or weak heredity constraint is typically not enforced in
statistical boosting but can be enforced through k-step boosting [Obster et al., 2023b].

One way to enforce strong or weak heredity for any given variable selection process is by
re tting a nonpenalized regression model based on the predictors selected by the variable
selection model and removing all interactions violating the heredity constraint. Such a
strategy is employed in [Wolf et al., 2020].

2.6 Advancements introduced by this work beyond boost-
ing

As fairness and interpretability become central concerns in statistical modeling, attention
must also be paid to structural biases that arise from modeling assumptions, particularly in
grouped variable selection. A central observation underlying this thesis is a persistent bias
in many group selection methods - namely, the implicit and often unaddressed in uence of
group size on selection probability. In applications where group structures are assumed to
re ect meaningful units (e.g., gene pathways, categorical variables, interaction terms), it is
often desirable that, under a null model with no true signal (all coe cients equal to zero),

all groups have equal probability of being selected. This fairness assumption is violated in
many popular regularized regression approaches, including group boosting and the sparse-
group lasso [Obster, 2024].

Methods such as the sparse-group lasso incorporate group-size adjustments, e.g., through
the use of app*g scaling in the outer penalty [Simon et al., 2013], but these are typically
heuristic. Empirical studies demonstrating the e ectiveness of such corrections in ensuring
unbiased group selection are rare, and no general theory speci es what \balance" truly
entails in nite samples. This motivates the following formalization of a condition that a
model should ideally satisfy when aiming for unbiased group selection.

De nition 2.6.1 (Group balancing condition). Let f be a parametrization of a statistical
model (S;P) performing group selection given a group design matrix X 2 R'P with the
group structure V = (Vg)ge , as \g = f(v ¢),; :::;(vg)pgg f1;:::; pg. Denote the indicator
set for active groups, indicating which groups are active, meaning a group has at least one
nonzero coe cient, as A = f0;1g ©. Then the group-balancing condition for X is satis ed

25



Chapter 2 { Background

under the global null hypothesis =0, if
8j;kG : P(Aj =1)=P(A x=1)

We refer to models satisfying this condition as group-balanced. This property is relevant
both in variable selection theory and in practice, particularly for model interpretability.
While some methods partially address imbalance through penalty scaling, these adjustments
are typically not derived from rst principles, lack tuning guidelines, and do not account for
other sources of selection bias, such as collinearity or di erences in group-level scaling and
variability.

Models that select all or no groups trivially satisfy the balancing condition, as do certain
stepwise approaches using F-statistics. Also, (sparse-) group boosting models, when cor-
rected with the group balancing algorithm, satisfy the group balancing condition [Obster,
2024]. However, in regularized models, especially those with unknown or intractable se-
lection distributions, satisfying this condition is non-trivial. For example, the degrees of
freedom in group boosting, used for shrinkage control, can implicitly a ect the selection
bias and hence the group-balancing behavior [Hofner et al., 2011].

This motivates viewing group balance as a nite-sample analogue to variable selection con-
sistency. Under the global null hypothesis, a consistent model (e.g., one satisfying the oracle
property) will asymptotically select no groups, thus satisfying the group balancing condition

in the limit. In this sense, variable selection consistency implies group balance asymptot-
ically. A model can be group-balanced in nite samples without being variable selection
consistent and vice versa. Recognizing this opens new directions for evaluating and improv-
ing variable selection methods beyond asymptotic theory.

Although the group balancing condition is de ned under the null assumption, it could the-
oretically be extended to account for non-zero signals by comparing group-wise selection
probabilities conditional on similar signal strength. However, such an extension would re-
quire rede ning the notion of fairness to account for informativeness, rather than strict
neutrality, and would raise new theoretical and practical questions.

The methodological developments presented in this thesis - particularly sparse-group boost-
ing, k-step selection strategies, and the group balancing condition - o er clear practical
advantages. They also establish conceptual links to broader statistical and machine learning
literature.. The following discussion outlines these connections and highlights open avenues
for theoretical and empirical research that emerge from this work.
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Discussion and open research

Many ideas introduced in this thesis build on and extend core concepts in regularized regres-
sion. For instance, k-step boosting bridges the conceptual gap between boosting and classical
stepwise regression by combining the exibility of iterative tting with the interpretability

of staged inclusion. Similarly, sparse-group boosting establishes a principled connection to
the sparse-group lasso, replacing the mixed-norm penalty structure with componentwise
base-learner updates, where the degrees of freedom serve as an interpretable analogue to the
mixing parameter.

A particularly fruitful direction lies in the treatment of grouped variables and interactions.
Prior work such as glinternet [Lim and Hastie, 2021], uses group lasso regularization to en-
force strong heredity constraints when selecting interaction terms. The boosting framework
developed in this thesis provides an alternative, but similar path: by de ning interactions
as groups - following, for example, a similar structure as in [Lim and Hastie, 2015] - it be-
comes possible to implement group-aware interaction modeling using sparse-group boosting.
Furthermore, combining k-step and sparse-group boosting enables a hierarchical tting pro-
cedure, in which heredity is imposed across steps while retaining control over group structure
and model complexity.

The group balancing condition, introduced in this thesis as a nite-sample fairness criterion
for group selection, has a range of potential applications. It is particularly relevant in high-
dimensional biological data (e.g., gene expression), categorical variable modeling (e.g., factor
encoding in ANOVA), or functional regression settings, where group size and structure can
strongly a ect selection bias. In the context of orthogonal designs, recent work suggests that
the mixing parameter in sparse-group boosting governs the relative selection probabilities
of groups versus individual variables [Obster and Heumann, 2024]. This relationship hints
at a deeper connection between penalty design and fairness in variable selection.
Importantly, the group balancing condition is not universally desirable. In structured model-
ing contexts such as interaction heredity, group imbalance may be intentional, for instance,
by enforcing a selection probability of one for main e ects when their corresponding in-
teractions are selected. Here, k-step boosting o ers a promising approach to enforce such
hierarchical constraints, while still allowing within-step group balancing to avoid selection
artifacts due to group size or correlation structures.

The proposed group balancing algorithm is not limited to boosting but can be generalized
to other regularized models. One extension would be to use it for tuning the outer penalty
in sparse-group lasso or cMCP. Alternatively, one could de ne group-wise variance scaling
factors, which modify the e ective in uence of each group prior to model tting. By it-
eratively tuning these scaling factors, the balancing algorithm could be applied to ensure
approximately equal selection probabilities under the null across a broad range of model
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classes.
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Chapter 4

Sparse-group boosting:
Unbiased group and variable
selection

This chapter introduces methodological extensions for boosting to enable sparse-group vari-
able selection. The method was inspired by the sparse-group lasso and utilizes component-
wise and group-component-wise ridge regression combined through a mixing parameter.
Theoretical properties of the group/variable selection properties depending on the singular
values of the design matrix are studied. Furthermore, the presented method is investigated
in simulation studies and real datasets.
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