
Dissertation zur Erlangung des Doktorgrades
der Fakultät für Chemie und Pharmazie

der Ludwig–Maximilians–Universität München

Controlling the Optical Response of
Low-Dimensional Materials through

Exciton Dynamics

von
Lucas Christopher Lange

aus
Lengerich, Deutschland

2025





Erklärung
Diese Dissertation wurde im Sinne von § 7 der Promotionsordnung vom 28. November 2011
von Herrn Prof. Dr. Achim Hartschuh betreut.

Eidesstattliche Versicherung
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Abstract
Excitons are bound electron-hole pairs and responsible for the fascinating optoelectronic
properties of low-dimensional materials. Their large oscillator strength results in strong
optical absorption and enhanced nonlinear effects [1–3]. At elevated excitation densities,
exciton-exciton interactions introduce many-body effects such as spectral broadening, re-
duced coherence and nonradiative recombination through annihilation [4, 5]. These inter-
actions can also shift excitonic resonances, reduce binding energies and eventually lead to
a Mott transition, where excitons dissociate into a free electron-hole plasma [4, 6–9]. This
thesis presents two projects exploring how exciton dynamics can be utilized to control the
optical response of low-dimensional systems.
The first project investigates how an optical antenna can control the photon statistics of
1D nanostructures and convert them into single-photon sources. The antenna focuses the
light-matter interaction to a strongly confined area, resulting in locally enhanced exciton-
exciton annihilation and radiative recombination rates. Experimentally, the degree of
antibunching in the photoluminescence of single-walled carbon nanotubes in the presence
of an antenna was analyzed at room temperature. Numeric simulations were performed to
explore the relevant parameters and the potential of antenna-controlled antibunching. The
results indicate that optical antennas can significantly alter the photon emission statistics
of 1D nanosystems and convert them into single-photon sources.
The second project examines the impact of optical pulse shaping on nonlinear signal gener-
ation in transition metal dichalcogenide monolayers. By tailoring the phase of broadband
12 fs excitation pulses, overlapping the first excitonic resonance, the four-wave mixing
(FWM) signal in WSe2 and MoSe2 was enhanced by a factor of ∼2, compared to the
transform-limited case. However, at elevated excitation densities, the influence of the
excitonic resonance diminished, as confirmed in fluence-dependent differential reflection
experiments. Classical and quantum-mechanical models predicted the optimal phase pro-
file at low excitation densities, although both underestimated the vanishing phase influence
at strong excitation. Excitation-induced dephasing together with the Mott transition to
a free electron-hole plasma were identified as the primary cause for the diminishing ex-
citonic resonance, effectively hindering coherent population control at room temperature.
In contrast, sum-frequency generation (SFG) showed no such enhancement and appeared
unaffected by the first excitonic resonance. This is explained by higher-energy excitonic
resonances dominating this process.

Overall, these studies advance both the fundamental understanding of many-body exci-
tonic effects and the practical control of light-matter interactions at room temperature.
They provide a pathway for engineering novel single-photon sources and ultrafast, tunable
optoelectronic devices, contributing to the development of scalable quantum technologies.
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1. Introduction
Semiconductors form the foundation of modern electronics, powering the technological
advancements that have revolutionized daily life. Their unique ability to act as both
conductors and insulators, depending on external conditions such as temperature, doping,
applied electric fields or illumination with light, enables the creation of key components
for all digital devices. From the silicon chips in smartphones to high-speed processors and
solar panels, semiconductors are indispensable in modern technology.
The functionality of semiconductors hinges on their electronic band structure, in which a
forbidden energy gap separates the valence and conduction bands. In the ground state,
electrons occupy the valence band and cannot contribute to conduction, rendering the
material insulating. However, upon excitation, either through thermal, electrical or optical
energy, electrons can be promoted across the bandgap into the conduction band, leaving
behind positively charged holes. These charge carriers enable current flow and interaction
with electromagnetic radiation, giving rise to a variety of linear and nonlinear optical
phenomena.
Excitons are bound electron-hole pairs, responsible for the fascinating optical phenomena
observed in low-dimensional materials. These quasiparticles are stabilized by the Coulomb
attraction between the negatively charged electron and the positively charged hole. In
conventional bulk semiconductors this Coulomb interaction is screened by the surrounding
electronic environment, resulting in relatively low exciton binding energies on the order
of 10 meV [10, 11]. At room temperature, thermal fluctuations are sufficient to dissoci-
ate these weakly bound pairs and excitons are stable only at cryogenic temperatures. In
contrast, low-dimensional materials exhibit strongly enhanced Coulomb interactions due
to reduced dielectric screening and spatial confinement. This results in much higher ex-
citon binding energies, often exceeding hundreds of meV, and excitons are stable even at
room temperature [12–14]. In contrast to the broad, continuous absorption typical for
bulk systems, low-dimensional semiconductors exhibit sharp optical features at excitonic
resonances. The large oscillator strength of these excitons leads to pronounced optical
absorption and a significant enhancement of nonlinear optical effects. Nonlinear processes
such as sum-frequency generation (SFG) and four-wave mixing (FWM) are particularly
amplified at energies close to excitonic transitions [1–3]. This enables efficient frequency
conversion even at relatively low excitation intensities.
However, at moderate to high excitation densities, exciton-exciton interactions give rise
to many-body effects that significantly alter excitonic properties. Collisional interactions
between excitons result in homogeneous spectral broadening and a loss of optical coherence
[15], thereby limiting the feasibility of coherent control over excitonic states. At moderate
densities, excitons attract each other, similar to the case of atomic van der Waals attraction,
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leading to a red-shift of excitonic resonances. Additionally, screening of the Coulomb po-
tential becomes noticeable, leading to a reduction in exciton binding energy and a bandgap
renormalization [4]. At high densities, this can drive the system toward the Mott transition,
where excitons dissociate into a dense free electron-hole plasma due to the breakdown of
exciton binding [6–9]. In contrast, at high excitation densities, exciton wavefunctions begin
to overlap and the Pauli exclusion principle introduces a repulsive component to the inter-
action and leads to a blue-shift of the excitonic resonance [4]. Moreover, exciton-exciton
annihilation (EEA) introduces a nonlinear, density-dependent nonradiative recombination
channel, where one exciton recombines and transfers its energy to another. This process
reduces exciton lifetimes and the PL quantum yield but also plays a important role in
enabling single-photon emission [16–18]. Understanding and controlling these many-body
effects is essential for tailoring the optical response of low-dimensional materials.

The rich potential of low-dimensional semiconductors for advancing integrated photonic
technologies make them an interesting subject of research. Their pronounced many-body
interactions offer an promising platform for exploring condensed matter physics and quan-
tum phenomena at the nanoscale. Their exceptional excitonic properties, including strong
light-matter coupling, room-temperature stability and pronounced nonlinear responses,
make them highly interesting for key applications such as ultracompact photonics [19],
nanoscale optoelectronic devices [11], on-chip quantum light sources [20] and coherent op-
tical control schemes [21]. In particular, the ability to generate single photons, modulate
light with high precision and exploit many-body interactions for functionality provides a
versatile platform for next-generation quantum communication and optoelectronics [22–
24]. Exploring how excitonic behavior can be actively controlled and harnessed under
realistic conditions is thus a crucial step toward translating these fundamental properties
into practical device architectures.

In this thesis, two projects are presented that explore the potential of exploiting exciton
dynamics in low-dimensional materials to control light-matter interactions and tailor the
optical response, as required for emerging photonic applications.
The first project demonstrates effective control of photon emission statistics in 1D nanosys-
tems by using an optical antenna. The antenna locally enhances excitation and recombi-
nation rates in single-walled carbon nanotubes, enabling single-photon emission at room
temperature without altering their electronic state energies.
The second project explores how spectral phase shaping of ultrashort laser pulses can
coherently control nonlinear optical responses in 2D semiconductors, revealing both the
potential and limits of excitonic coherence under varying excitation densities.

Each project is presented in a dedicated chapter, preceded by a detailed introduction at
the chapter’s beginning.
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2.1. Linear and nonlinear optics
The interaction of light with matter is important for many modern optical technologies
and fundamental research [25]. This chapter introduces the theoretical concepts of both
linear and nonlinear optical phenomena relevant for the experiments presented in this
work. The chapter begins with the concept of optical susceptibility, which characterizes
the response of a material to an applied electromagnetic field. This is important for the
distinction between linear and nonlinear optics. In the regime of linear optics, the material
response scales proportionally with the applied field, giving rise to well-known effects such
as absorption and photoluminescence [26]. However, at high field intensities, nonlinear
effects emerge, where the response depends on higher powers of the electric field. These
nonlinear interactions enable phenomena such as second-harmonic generation (SHG), sum-
frequency generation (SFG) and four-wave mixing (FWM), all of which are essential to the
experimental investigations in this work. The chapter concludes with a brief introduction
to the density matrix formalism to provide a more fundamental understanding of the
description of light-matter interaction at the microscopic level. This quantum-mechanical
framework provides the description of coherence and population dynamics. Together, these
theoretical contemplation form the basis of the interpretation of the optical experiments
presented in the following chapters.

2.1.1. Optical susceptibility
In the classical description of linear excitation in a dielectric medium, the electrons are
assumed to be bound by harmonic forces to the positively charged hole [26]. The transverse
electric field of a light beam, assumed to be polarized in the x-direction, can be expressed
in the complex notation as:

E(t) = E(ω)e−iωt + c.c. (2.1)

where c.c. denotes the complex conjugate. The oscillating field induces a displacement
x of the electrons from their equilibrium positions, resulting in a macroscopic electric
polarization in the material. This polarization P , defined as the dipole moment per unit
volume, arises from the collective microscopic displacement of the bound charges.

P = N

V
· ex = n0 · d (2.2)
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with the number of electrons N , the volume V , the elementary charge e = −1.6 · 10−19 C,
the mean electron density n0 = N

V
and the electric dipole moment d = ex. This classical

oscillator model yields reasonable results, as long as the excitation does not overcome the
free-particle band gap and the electron is still in a bound state. The motion of the electron
under the influence of the electric field is described as a damped driven harmonic oscillator,

m
d2x

dt2
+ 2γmdx

dt
+mω2

0x = eE(t) (2.3)

with the mass of the electron m, the damping constant γ and the resonance frequency of
the oscillator ω0.
The ansatz

x(t) = x(ω)e−iωt (2.4)

leads to

x(ω) = −e
m(ω2 − ω2

0 + 2iγω)E(ω) (2.5)

and with Equation 2.2 to the polarization

P (ω) = − n0e
2

m(ω2 − ω2
0 + 2iγω)E(ω) = χ(ω)E(ω). (2.6)

Here, the optical susceptibility χ(ω)) is the complex coefficient between the external electric
field E(ω) and the induced polarization P(ω) and can be expressed as:

χ(ω) = − n0e
2

m
· 1

(ω2 − ω2
0 + 2iγω )

= −n0e
2

m
· 1

(ω − ω′
0 + iγ)(ω + ω′

0 + iγ)

= − n0e
2

m · 2ω′
0

· (ω + ω′
0 + iγ) − (ω − ω′

0 + iγ)
(ω − ω′

0 + iγ)(ω + ω′
0 + iγ)

= − n0e
2

2mω0′

(
1

ω − ω0′ + iγ
− 1
ω + ω0′ + iγ

)
(2.7)

with the shifted resonance frequency ω0′ =
√
ω2 − γ2. In general, χ(ω) is a tensor that

relates the polarization vector P(ω) to the electric field E(ω). Its frequency dependence
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characterizes how the material responds to an external field.

It is important to note that this expression defines a susceptibility χ(ω) that carries physi-
cal units and does not yet include the vacuum permittivity ε0. In SI units, the macroscopic
polarization is usually expressed as P (ω) = ε0χ

(1)(ω)E(ω), where χ(1) is the dimensionless
linear susceptibility. This implies the relation

χ(1)(ω) = 1
ε0
χ(ω) = − n0e

2

ε0m(ω2 − ω2
0 + 2iγω) . (2.8)

Since the susceptibility derived here originates from a microscopic model the vacuum per-
mittivity does not appear explicitly until the transition to macroscopic electrodynamics.

The susceptibility has poles at complex frequencies ω = ±ω′
0 − iγ, which lie in the lower

half of the complex frequency plane, i.e. negative imaginary parts. As a result, χ(ω) is
analytic in the upper half-plane, including the entire real positive frequency axis, that is
accessible in experiments. This analytic structure is a direct consequence of causality. The
polarization response P (t) can only depend on the electric field at earlier times E(t − τ),
which means the response function χ(t) must vanish for t < 0. According to complex
analysis, such a causal time-domain response leads to a frequency-domain function χ(ω)
that is analytic in the upper half-plane. The poles in the lower half-plane correspond to
exponentially decaying oscillations in time, consistent with a retarded response. The real
part ω′

0 of the pole, defines the resonance frequency, while the imaginary part γ deter-
mines the linewidth or damping rate. This analytic structure ensures the validity of the
Kramers-Kronig relations, which link the real and imaginary parts of the susceptibility,
and guarantees that χ(ω) can be safely evaluated on the real axis for ω > 0 [25].

The imaginary part of the susceptibility, Imχ(ω), determines the absorptive response of
the system and exhibits a Lorentzian lineshape for each resonance. For a single resonant
pole at ω′

0, the susceptibility takes the form of Equation 2.7 and its imaginary part becomes

Imχ(ω) = A · γ

(ω′
0 − ω)2 + γ2 , (2.9)

a Lorentzian function centered at ω0 with a full width at half maximum (FWHM) of 2γ
[27]. The peak value is reached at ω = ω′

0 and is given by

Imχ(ω′
0) = A

γ
. (2.10)
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This inverse dependence on γ implies that narrow, long-lived resonances appear as sharp
peaks, while broad, short-lived resonances are less pronounced. This relationship ensures
that the total spectral weight, represented by the area under the curve, remains propor-
tional to the oscillator strength A. The height and width of these peaks thus reflect the
strength and lifetime of the excitation, respectively. This structure explains the sharp
resonance features commonly observed in optical absorption spectra.
The complex susceptibility χ(ω) = χ′(ω) + iχ′′(ω) characterizes the full linear response of
a medium to an external electric field. While the imaginary part χ′′(ω) describes the ab-
sorptive response, the real part χ′(ω) accounts for the dispersive behavior of the material.
Together they fully determine the response of the system in termes of amplitude and phase.

(ω-ω0)/ω0 

φ(ω)

χ''(ω)

χ'(ω)

-2

0

2
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6
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Figure 2.1.: Dispersion of real part, imaginary part and phase of the com-
plex optical susceptibility around a resonance. The real part χ′(ω) accounts for
the dispersive behaviour of the system, while the imaginary part χ′′(ω) describes the
absorptive response and exhibits a Lorentzian peak. The phase shift Φ(ω) in radiant
units of π between the driving field and the induced polarization crosses zero at the
resonance and takes a step of π.

Figure 2.1 illustrates the dispersion of real part, imaginary part and phase of the complex
susceptibility around a resonance. Near a resonance, the imaginary part χ′′(ω) exhibits a
Lorentzian peak, representing strong absorption at the resonance frequency. Simultane-
ously, the real part χ′(ω) displays its characteristic dispersive shape. It changes rapidly
and passes through zero at the resonance. This structure corresponds to a π-step change
in the phase response of the medium.
The phase shift between the driving electric field and the induced polarization is given by
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the argument of the complex susceptibility

ϕ(ω) = tan−1
(
χ′′(ω)
χ′(ω)

)
. (2.11)

As the frequency crosses the resonance, the phase undergoes a transition by approximately
π. This phase step is a universal feature of driven damped oscillators and reflects the
causal and retarded nature of the response.

The expression for the complex susceptibility in Equation 2.7 contains resonant responses at
both positive and negative frequencies. However, real physical fields are typically described
using positive frequencies, as the negative-frequency components are redundant due to the
real-valued nature of the physical field. Thus, the frequency-dependent susceptibility close
to an optical resonance can be modeled as a complex Lorentzian function with a pole
structure term of the form:

χ(ω) ∝ 1
ωn − ω − iγn

(2.12)

where ωn is the resonance frequency and γn describes the linewidth of the resonance due
to finite lifetime or dephasing. Although the poles are not located directly on the real
axis, their real parts correspond to the energies at which resonances are observed in optical
spectra.

Miller’s rule

The model presented so far for determining the linear optical susceptibility assumes a
perfectly harmonic potential. However, in real materials, the potential in which electrons
are bound is not exactly parabolic. Instead, it exhibits anharmonic components, which
can be described by an additional nonlinear term ax2 in the equation of motion for the
electron (see Equation 2.3), with a being a measure of the strength of the nonlinearity.
Instead, it exhibits anharmonic components, represented by an additional nonlinear term
ax2 in the equation of motion for the electron (see Equation 2.3), where a characterizes the
strength of the anharmonicity. In this case, no exact analytic solution exists. Nevertheless,
if the applied field is sufficiently weak, the nonlinear term remains much smaller than the
linear term, and the solution can be approximated using a perturbation expansion. In
Equation 2.13, the driving field E(t) is scaled by a parameter λ, which ranges between
zero and one and characterizes the strength of the perturbation.

m
d2x

dt2
+ 2γmdx

dt
+mω2

0x+ ax2 = −λeE(t) (2.13)

As a result, the solution of Equation 2.13 can be approximated by a power series expansion
in powers of λ and higher-order contributions to the susceptibility can be calculated. The
detailed derivation can be found in [27].
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For the general second-order case of SFG, the second-order nonlinear susceptibility depends
on the two fundamental frequencies ω1 and ω2, as well as the generated sum-frequency
ωSFG = ω1 +ω2. It turns out that this second-order susceptibility can be approximated by
a product of the linear susceptibilities at the corresponding frequencies:

χ(2)(ωSFG;ω1, ω2) ∼ χ(1)(ωSFG) · χ(1)(ω1) · χ(1)(ω2) (2.14)

This correlation was originally formulated as an empirical rule by Miller in 1964 [28].
He observed that the ratio of the second-order nonlinear susceptibility to the product of
the relevant linear susceptibilities remains approximately constant in noncentrosymmetric
materials [27].

χ(2)(ωSFG;ω1, ω2)
χ(1)(ωSFG) · χ(1)(ω1) · χ(1)(ω2)

≈ const. (2.15)

An analogous consideration can be made for FWM (see Section 2.1.3). The third-order
nonlinear susceptibility, governing the process, can be approximated as:

χ(3)(ωFWM;ω1, ω2, ω3) ∼ χ(1)(ωFWM) · χ(1)(ω1) · χ(1)(ω2) · χ(1)(ω3) (2.16)

This practical model, originally formulated for nondispersive and nonabsorbing media, has
recently been shown to be applicable for describing FWM in plasmonic nanoantennas with
single resonances within the excitation laser spectrum [29].

2.1.2. Linear optics
In the regime of linear optics the material polarization responds linearly to the applied
electric field. Here, the first-order susceptibility χ(1) fully characterizes the optical response
of the medium. This regime describes many of the most familiar optical phenomena and
the considerations presented here form the basis for the more complex nonlinear processes
discussed later. When light interacts with matter, it induces a displacement of the electron
cloud relative to the atomic nuclei in atoms or molecules. This displacement gives rise to a
macroscopic polarization P (ω), which is directly proportional to the applied electric field
E(ω) and mediated by the optical susceptibility χ(ω):

P (ω) = D(ω) − ϵ0E(ω) = ϵ0(ϵ(ω) − 1) · E(ω) = χ(ω)E(ω), (2.17)

where D(ω) is the electric flux density, ϵ(ω) is the dielectric function, describing how the
material influences the expansion of the electric field. ϵ(ω) also is a complex function and
linked to the susceptibility trough:
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ϵ(ω) = 1
ϵ0
χ(ω) + 1 = ϵr + iϵi. (2.18)

Closely related to the dielectric function is the complex refractive index n(ω), which governs
how the light propagates through a material:

n(ω) =
√
ϵ(ω) = nr + ini. (2.19)

Because these quantities are interdependent, their imaginary parts are also directly con-
nected.

χi ∝ ϵi ∝ ni. (2.20)

Each of these imaginary components carries physical meaning, describing the absorption
of light within the medium. To understand how absorption manifests during wave propa-
gation, a plane wave E(z, t)) is considered, traveling in the z-direction through a medium
with refractive index n(ω). Using the relation k = 2π

λ
= nω

c
, the electric field in the medium

can be expressed as:

E(z, t) = E0 · e−i(ωt−kz) (2.21)
= E0 · e−iωt+i ωnr

c
z+ ωni

c
z (2.22)

= E0 · e
ωni

c
z · e−i(ωt− ωnr

c
z). (2.23)

Here, this electric field has a fast oscillating component, which is described by the real part
of the complex refractive index nr. However, the amplitude is governed by the imaginary
part of the refractive index ni, as the field propagates through the medium. Near resonance
frequencies of the material, ni is negative, resulting in an exponential decay of the field
with increasing depth, describing optical absorption [26]. The corresponding intensity I(z)
of the light field follows

I(z) = I(0) · e
2ωniz

c = I(0) · e−αz, (2.24)

where α = −2ωni
c

is the extinction coefficient, proportional to the imaginary part of n and
characterizing how strongly the medium absorbs light.
The energy of the decaying light field is typically absorbed by the electrons in the material
and needs to be discussed quantum-mechanically. In isolate atoms, optical absorption
leads to transitions between levels of discrete energies. However, in solids the formation
of energy bands from delocalized states affect the absorption process. For an electron the
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transition from the valence band to the conduction band is possible if the gap energy Eg
is met by the photon energy ℏω.

Eg = Ec − Ev = ℏω (2.25)

In Equation 2.25, Ec and Ev denote the energy levels of the conduction band and the
valence band, respectively.
The reverse process, in which an electron from the conduction band relaxes spontaneously
to the lower-energy valence band after its characteristic lifetime by emitting a photon,
is referred to as interband luminescence. The rates of both absorption and emission are
governed by Fermi’s Golden Rule, which gives the transition probability per unit time as

Wi→f = 2π
ℏ

|⟨f |H ′|i⟩|2 ρ(Ef ) , (2.26)

where ρ(Ef ) is the density of final states. In the dipole approximation the perturbation
Hamiltonian is

H ′ = − ˆ⃗
d · E⃗(t), (2.27)

with the electric dipole operator ˆ⃗
d = −er⃗. The matrix element between the initial and

final states defines the transition dipole moment µ⃗fi,

µ⃗fi = ⟨f | ˆ⃗
d|i⟩, (2.28)

so that the transition probability can be written as

Wi→f = 2π
ℏ

|µ⃗fi · E⃗|2 ρ(Ef ). (2.29)

If this radiative recombination was originally initiated by optical excitation, the resulting
emission is called photoluminescence (PL). The analysis of PL serves as a key experimental
technique for probing the electronic properties of semiconductors and low-dimensional ma-
terials. It provides a direct, non-invasive way to access the energy landscape and dynamics
of electronic excitations.
Conservation of momentum dictates that during an interband transition the change in crys-
tal momentum of the electron must match the momentum k of the absorbed or emitted
photon:

kc − kv = k, (2.30)
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kc and kv denote the wave vectors of the conduction and valence band electron states,
respectively. However, the magnitude of the photon wave vector at optical frequencies is
on the order of 107 m−1, whereas typical electron wave vectors in solids span the Brillouin
zone, which has a characteristic scale of π

a
∼ π

10−10 m ∼ 1010 m−1, with a being the lattice
constant. This means that the photon’s momentum is several orders of magnitude smaller
than that of the electrons involved.
As a result, in most optical transitions, the photon momentum can be neglected and the
electronic transition must occur between states with approximately the same crystal mo-
mentum, kc ≈ kv. Such transitions are referred to as direct optical transitions. In contrast,
indirect transitions require a significant change in crystal momentum and must involve a
phonon, carrying the additional momentum to satisfy momentum conservation. The radia-
tive lifetime τrad of an electron is defined as the average time an excited electron remains in
the conduction band before recombining under the emission of a photon. It is the inverse
of the radiative rate, which depends on the radiative recombination coefficient B and the
carrier density n.

τrad = 1
Γrad

∝ 1
B · n

(2.31)

Due to the necessarity of phonons involved in indirect transition, typically direct transi-
tions exhibit shorter lifetimes compared to indirect transitions. The total decay rate Γtot
is the sum of all radiative Γrad and nonradiative rates Γnonrad.

Γtot = Γrad + Γnonrad (2.32)

The Quantum Yield (QY) is describes the ratio of radiative rate and the total decay rate.

QY = Γrad

Γtot
(2.33)

2.1.3. Nonlinear optics
Nonlinear optical effects arise when the response of a material to an applied optical field
becomes nonlinear with respect to the strength of the driving field. For example, in second-
order nonlinear processes, the intensity of the generated light scales with the square of the
incident laser intensity, while in third-order processes, it scales with the cube.
Unlike in linear optics, where the material polarization P (t) is directly proportional to the
electric field E(t), nonlinear optics occurs, when the material response becomes depen-
dent on the excitation intensity. To account for nonlinear optics, the polarization can be
extended as a power series in the electric field:
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P (t) = ϵ0
[
χ(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + . . .

]
(2.34)

= P (1)(t) + P (2)(t) + P (3)(t) + . . .

In Equation 2.34, the coefficients χ(2) and χ(3) are the second- and third-order nonlinear
susceptibilities, respectively. P (2)(t) and P (3)(t) are higher-order polarization terms and
describe how the material generates new frequency components of the electromagnetic field.
The time-varying polarization acts as the source of new components of the electromagnetic
field, reflecting the motion and acceleration of the charges in the medium [27].
Compared to the linear susceptibility χ(1), which is of the order of unity, the nonlinear
susceptibilities are significantly smaller, with χ(2) on the order of 10−12 m/V and χ(3) on
the order of 10−24m2/V 2. Consequently, nonlinear optical processes become relevant only
at sufficiently high optical intensities, such as those provided by pulsed lasers [30].
Nonlinear optics plays a crucial role in various modern technologies, from telecommunica-
tions to laser development. Nonlinear optical imaging techniques, such as multi-photon mi-
croscopy, enable high-resolution, deep-tissue imaging with reduced photodamage, making
them valuable in biological and medical research. Saturable absorption, where a material’s
absorption decreases with increasing light intensity, plays an important role in ultrafast
pulses creation through mode-locking. Higher harmonic generation (HHG), difference fre-
quency generation (DFG), sum-frequency generation (SFG), four-wave mixing (FWM) and
self-phase modulation (SPM), allow access to new spectral regions and are widely used in
spectroscopy and ultrafast laser development. Optical parametric amplification (OPA) and
optical parametric oscillation (OPO) provide tunable coherent light sources across broad
wavelength ranges. Self-focusing, arising from a self-induced change in the refractive index
by the optical Kerr effect, is central to nonlinear phenomena like laser filamentation and
supercontinuum generation. These effects are extensively discussed in [27].
In the following, SHG, SFG and FWM are described in more detail, based on [27], as these
nonlinear optical processes form the basis of the experimental investigations presented in
Section 4.4.

Second-Harmonic Generation

In second-harmonic generation (SHG) two photons are effectively combined to create a
single photon with twice the frequency, or half the wavelength of the original light. This
can be illustrated by considering a laser field with an electric field given by

E(t) = E0e
−iωt + c.c., (2.35)

where ω is the angular frequency and E0 is the complex amplitude of the field. According
to Equation 2.34, the second-order nonlinear polarization induced in a material with non-
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zero χ(2) is

P (2)(t) = ϵ0χ
(2)E2(t) = ϵ0χ

(2)
(
2E0E

∗
0 + E2

0e
−i2ωt + c.c.

)
(2.36)

ω

ω

2ωω

ω 2ω
χ(2)

Figure 2.2.: Schematic illustration of the SHG process. Left: Two photons at
frequency ω interact with a nonlinear crystal exhibiting a second-order susceptibility
χ(2). As a result, a single photon at the second-harmonic frequency 2ω is emitted.
Right: Schematic energy level diagram of the SHG process. The solid line indicates the
ground state, while the dashed lines represent virtual energy levels. Two ω photons are
combined in a single quantum-mechanical process, leading to the emission of one 2ω
photon.

The first term in Equation 2.36 is a static contribution for optical rectification and does
not generate radiation as it lacks time variation. In contrast, the second term represents a
oscillation at frequency 2ω, corresponding to the second harmonic of the input light. This
oscillating polarization acts as a source of radiation at the second harmonic frequency.
Figure 2.2 illustrates the SHG process, where two photons at frequency ω interact within
a nonlinear medium, accessing a virtual energy level and generate a single photon at
frequency 2ω in a single, coherent quantum-mechanical process.

Sum-Frequency Generation

In the case of a non-monochromatic laser beam or two laser beams, two distinct frequency
components can interact within a nonlinear medium. The electric field can be expressed
as:

E(t) = E1e
−iω1t + E2e

−iω2t + c.c. (2.37)

where ω1 and ω2 are the angular frequencies of the two spectral components and E1 and
E2 are their respective complex amplitudes. According to Equation 2.34, the resulting
second-order nonlinear polarization in a medium with susceptibility χ(2) is then given by:
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P (2)(t) =ϵ0χ
(2)
[
E2

1e
−2iω1t + E2

2e
−2iω2t + 2E1E2e

−i(ω1+ω2)t

+ 2E1E
∗
2e

−i(ω1−ω2)t + c.c.
]

+ 2ϵ0χ
(2) [E1E

∗
1 + E2E

∗
2 ] (2.38)

The first and the second terms describe SHG of the individual input frequencies ω1 and
ω2, respectively, on its own, as discussed in Section 2.1.3. The third term describes the
sum-frequency ωsum = ω1 +ω2. The fourth term describes the difference-frequency process
resulting in ωdiff = ω1 − ω2. The last term without any frequency dependence again
describes the constant nonradiative static electrical field. Although theoretically all these
new frequency components can be present, typically they do not, because the efficient
generation relies on a certain phase-matching condition, which cannot be satisfied for all
nonlinear signals simultaneously. For this work, the sum-frequency process, illustrated in
Figure 2.3, is of central importance.

ω1

ω2

ω3

ω3

χ(2)
ω1

ω2

Figure 2.3.: Schematic illustration of the SFG process. Left: Two photons
at frequencies ω1 and ω2 interact with a nonlinear crystal exhibiting a second-order
susceptibility χ(2). As a result, a single photon at the sum-frequency ωsum = ω1 + ω2
is emitted. Right: Schematic energy level diagram of the SFG process. The solid line
indicates the ground state, while the dashed lines represent virtual energy levels. Two
photons at ω1 and ω2 are combined in a single quantum-mechanical process, leading to
the emission of one sum-frequency photon.

Due to the broad spectral bandwidth of ultrafast pulses, wave mixing processes can involve
a wide range of frequency components. In such a scenario, quantum interference between
multiple simultaneous coherent excitation pathways, leading to the same final quantum
state, can significantly contribute to the resulting nonlinear signal [27, 30, 31]. In particular,
the intensity at 2ω can be complemented by SFG pathways, where two different photons
with frequencies ω1 and ω2 combine to produce the same output frequency, ω3 = ω1 +ω2 =
2ω.
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The total SFG intensity spectrum, including the SHG contribution, can be expressed as:

ISFG(ω) = cϵ0

∣∣∣∣∫∫ ωmax

ωmin
χ(2)(ω;ω1, ω2) · E(ω1)E(ω2)

·δ(ω − ω1 − ω2) dω1 dω2

∣∣∣∣2 , (2.39)

= cϵ0

∣∣∣∣∫∫ ωmax

ωmin
χ(2)(ω;ω1, ω2) · A(ω1)A(ω2) ei[φ(ω1)+φ(ω2)]

·δ(ω − ω1 − ω2) dω1 dω2

∣∣∣∣2 , (2.40)

where E(ω1,2) = A(ω1,2)eiφ(ω1,2) represent the complex electric field with amplitude A(ω1,2)
at frequencies ω1 and ω2, respectively. δ(ω − ω1 − ω2) ensures energy conservation in the
sum-frequency generation process. The interference of all these coherent frequency pairs
contributes to the final shape and intensity of the SFG signal. Hence, the process is cru-
cially sensitive to the spectral phase of the input pulses.

Symmetry considerations in the second-order nonlinear response

Existence and strength of nonlinear optical effects are directly tied to the symmetries of
the medium in which they occur. In particular, the second-order nonlinear susceptibility
tensor χ(2) is subject to strong symmetry constraints. One of the most important results
is that in a material with inversion symmetry or centrosymmetry, all components of χ(2)

must vanish.
According to Equation 2.34, the second-order contribution to the polarization is given by:

P (2)(t) = ε0χ
(2)E2(t). (2.41)

In a centrosymmetric material, the structure of the medium remains unchanged under
spatial inversion (r⃗ → −r⃗). This symmetry imposes the constraint on the macroscopic
response functions that the polarization must transform as:

P⃗ (−E⃗) = −P⃗ (E⃗). (2.42)

This implies that reversing the direction of the applied electric field must also reverse
the direction of the induced polarization. However, applying this to the second-order
polarization term yields:

−P (2)(t) = ε0χ
(2)[−E(t)]2 = ε0χ

(2)E2(t) = P (2)(t). (2.43)
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Equation 2.43 shows that P (2)(t) must equal -P (2)(t), which can only be true for all times,
despite the trivial case of E(t) = 0, if

χ(2) = 0 in centrosymmetric media. (2.44)

In other words, for a material with inversion symmetry, the polarization response must be
an odd function of the electric field. As a result, all even-order nonlinearities, including χ(2),
must vanish. Consequently, second-order processes such as SHG and SFG can only occur
in non-centrosymmetric materials. In contrast, third-order processes such as FWM remain
allowed even in centrosymmetric media, since χ(3) is unaffected by inversion symmetry.

Four-Wave Mixing

Since the second-order susceptibility χ(2) vanishes in centrosymmetric media due to in-
version symmetry, the lowest-order nonlinear optical response arises from the third-order
susceptibility χ(3). In third-order nonlinear processes, the intensity of the generated signal
scales with the cube of the incident laser intensity:

P (3)(t) = ϵ0χ
(3)E3(t) (2.45)

If the applied electric field consists of three distinct frequency components,

E(t) = E1e
−iω1t + E2e

−iω2t + E3e
−iω3t + c.c., (2.46)

then the resulting third-order polarization P (3)(t) contains a broad spectrum of frequency
components. In the most general case, new frequencies are generated as three electromag-
netic waves interact within a nonlinear medium to generate a fourth wave, according to
the relation:

ω = | ± ω1 ± ω2 ± ω3|. (2.47)

As a special case, similar to SHG, the individual fundamental frequencies can give rise
to third-harmonic generation (THG). When all three frequencies add constructively, the
process corresponds to third-order SFG. Aside from these special cases, the remaining
frequency combinations are referred to as FWM.

ωFWM = ω1 ± ω2 − ω3. (2.48)
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ω3 ω1

ω2

ω3

ω4

ω4

ω1

ω2 χ(3)

Figure 2.4.: Schematic illustration of the FWM process. Left: Three input
photons at frequencies ω1, ω2 and ω3 interact with a nonlinear crystal exhibiting a
third-order susceptibility χ(3). As a result, a new photon at the FWM frequency ω4 =
ω1 + ω2 − ω3 is generated. Right: Schematic energy level diagram of the FWM process.
The solid line indicates the ground state, while the dashed lines represent virtual energy
levels.

Thus, in an overview the representative third-order nonlinear processes are:

• Third-harmonic generation (THG): 3ω1, 3ω2, 3ω3

• Third-order sum-frequency generation (SFG): ω1 + ω2 + ω3

• Four-wave mixing (FWM): ω1 ± ω2 − ω3

All frequency combinations that conserve energy are, in principle, allowed, including de-
generate cases such as 2ω1 ± ω2. Among these third-order processes, in this work the
experimental investigations presented in Section 4.4.2 focus specifically on FWM. This
process is governed by the third-order susceptibility χ(3)(ω4;ω1, ω2, ω3), a fourth-rank ten-
sor whose specific components depend on the symmetry properties of the medium and the
particular combination of the involved frequencies ω1, ω2, ω3, and ω4. Figure 2.4 schemat-
ically illustrates the fundamental principle of the FWM process.

For efficient FWM, both energy and momentum must be conserved:

ω4 = ω1 + ω2 − ω3, (2.49)
k⃗4 = k⃗1 + k⃗2 − k⃗3, (2.50)

where k⃗i are the wavevectors of the interacting fields. Violations of phase matching result
in destructive interference and reduced FWM efficiency. In low-dimensional materials
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phase-matching constraints are relaxed due to the limited spatial extent of the nonlinear
interaction. As a result, momentum conservation applies only in the directions where the
material extends significantly, while phase matching becomes irrelevant perpendicular to
the material. Physical electric fields are real-valued, even though complex notation is often
used for convenience.

E(t) = E0e
−iωt + E∗

0e
+iωt (2.51)

For FWM the nonlinear polarization term is represented by:

P (3)(t) ∼ χ(3)E1E2E
∗
3e

−i(ω1+ω2−ω3)t (2.52)

The complex conjugate E∗
3 in Equation 2.52 reflects the fact that here the field E3 is

associated with the negative frequency −ω3. The interaction depends on the coherent
combination of all three fields with both positive and negative frequency components.
The field E3 is not depleted, but rather it is amplified in a stimulated emission process,
redistributing energy from the pump fields (ω1 and ω2) into the signal field (ω3) and the
generated idler field (ω4).
If all three input fields have distinct frequencies ω1, ω2 and ω3, the process is called non-
degenerate FWM. This typically requires three separate laser sources. In contrast, when
two or more of the interacting waves share the same frequency, the process is referred to
as degenerate FWM. In the fully degenerate case, all input fields have the same frequency
ω, leading to a generated signal at ωFWM = ω+ω−ω = ω. Despite the output having the
same frequency, the new wave can differ in direction, phase or polarization, depending on
the geometry of the crystal.
In the experimental investigations presented in this work, FWM signals are generated
using a single broadband laser pulse. As the involved frequencies are spectrally close, mix-
ing across the spectral bandwidth becomes significant, resulting in a continuous spectral
broadening. This scenario is referred to as near-degenerate FWM (ND-FWM).

Accounting for frequency mixing, the FWM intensity IF W M can be calculated according
to Equation 2.52 by integration over all frequencies involved:

IFWM(ω) = cϵ0

∣∣∣∣∫∫∫ ωmax

ωmin
χ(3)(ω;ω1, ω2, ω3) · E(ω1)E(ω2)E∗(ω3)

·δ(ω − ω1 − ω2 + ω3)dω1dω2dω3

∣∣∣∣2
= cϵ0

∣∣∣∣∫∫∫ ωmax

ωmin
χ(3)(ω;ω1, ω2, ω3) · A(ω1)A(ω2)A∗(ω3)ei(φ(ω1)+φ(ω2)−φ(ω3))

·δ(ω − ω1 − ω2 + ω3)dω1dω2dω3

∣∣∣∣2 (2.53)
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In Equation 2.53, the complex electric fields E(ωn) at the frequencies ω1, ω2 and ω3 are
expressed as a product of a real-valued spectral amplitude A(ωn) and a complex phase
term eiφ(ωn). The delta function δ(ω − ω1 − ω2 + ω3) enforces energy conservation in the
FWM process. The resulting FWM signal arises from the coherent superposition of all
possible frequency triplets, making the process highly sensitive to the spectral phase of the
input fields.
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Figure 2.5.: Calculated ND-FWM spectrum generated from a broadband
laser pulse. (a) Frequencies from the structured input spectrum (gray shaded) mix
via the FWM process, according to Equation 2.53, resulting in a broad and smooth
FWM output (blue). A flat spectral phase was assumed, corresponding to a transform-
limited pulse. To isolate the anti-Stokes side of the FWM signal and suppress the
fundamental laser light in the experiment, a short-pass filter with a cutoff at 1.77 eV
(700 nm) was applied, indicated by the red dashed line. (b) The measured spectrum
shows the experimentally accessible portion of the high-energy anti-Stokes edge of the
FWM signal.

Figure 2.5 (a) illustrates the calculated spectrum of a ND-FWM signal generated from
a single broadband laser pulse, following Equation 2.53. The structured input spectrum,
in combination with a flat phase profile, leads to a broad and smooth FWM output due
to coherent mixing of distinct frequency components. In the experiment, only the anti-
Stokes edge of the FWM spectrum is detected, as a short-pass filter must suppress the
fundamental laser spectrum. In panel (b), the measured high-energy edge of the spectrum
is presented, showing the experimentally accessible part of the FWM signal.
As a versatile and widely applicable nonlinear process, FWM plays a central role in fields
such as ultrafast spectroscopy, quantum optics and optical communication. Its dependence
on both the amplitude and phase of the interacting fields also makes it a powerful tool for
probing coherent optical phenomena.
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2.1.4. Density matrix formalism
The generation of nonlinear signals is conventionally described by susceptibilities derived
from a perturbative treatment of the equation of motion of the electron, as introduced
in Section 2.1.1 [27]. However, when there is a considerable shift of population to the
excited states, the susceptibility-based approach no longer holds and must be replaced by
a time-dependent treatment of the density-matrix dynamics in the presence of the laser
field [32].
The density matrix describes a statistical ensemble of quantum states and allows for the
determination of probabilities for any measurement applied to the systems within the
ensemble. Unlike pure state representations, which rely on wavefunctions, the density ma-
trix provides a general framework that accounts for the coherent superposition of mixed
quantum states. In this formalism, entangled or open quantum systems such as a system
interacting with an external environment, can be properly described, including the loss of
coherence and the emergence of mixed states [33].

A pure state, for which full information is available, can be written as the general state
vector |Ψ⟩ in orthonormal basis |ej⟩:

|Ψ⟩ =
∑

j

cj |ej⟩ (2.54)

For a pure state with a normalized state vector the density operator is defined as the outer
product of the state:

ρ = |Ψ⟩ ⟨Ψ| (2.55)

The operator is uniquely associated to the physical state |Ψ⟩. Applied to an arbitrary state
vector |Φ⟩ the operator projects this state to the one-dimensional sub-space defined by |Ψ⟩.

ρ |Φ⟩ = |Ψ⟩ ⟨Ψ|Φ⟩ (2.56)

For a coherent superposition state

|Ψ⟩ = a |1⟩ + b |2⟩ (2.57)
the density operator reads:

ρ = |Ψ⟩ ⟨Ψ|

= (a |1⟩ + b |2⟩)(a∗ ⟨1| + b∗ ⟨2|)

= |a|2 |1⟩ ⟨1| + ab∗ |1⟩ ⟨2| + a∗b |2⟩ ⟨1| + |b|2 |2⟩ ⟨2|

(2.58)
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The density operator can be expressed as the density matrix, provided the |1⟩ and |2⟩ are
orthogonal basis vectors.

ρ =
|a|2 ab∗

a∗b |b|2

 (2.59)

A mixed state, for which the information available is incomplete, represents an incoherent
statistical ensemble of different quantum states, rather than a single pure state. It arises
when a system is in one of several possible quantum states with certain probabilities. In a
mixed state the pure states |Ψi⟩ appears with the probability pi, such that 0 ≤ pi < 1 and∑

i pi = 1. In a general form for a mixed state the density operator can be expressed as:

ρ =
∑

i

pi |Ψi⟩ ⟨Ψi| (2.60)

In an orthonormal basis |ej⟩, every state |Ψi⟩ can be expanded as:

|Ψi⟩ =
∑

j

cij |ej⟩ , (2.61)

where cij are complex coefficients. The projector to the state |Ψi⟩ reads:

|Ψi⟩ ⟨Ψi| =
∑
j,k

cijc
∗
ik |ej⟩ ⟨ek| (2.62)

With the definition of the density operator in Equation 2.60 this gives:

ρ =
∑

i

∑
j,k

picijc
∗
ik |ej⟩ ⟨ek| (2.63)

Finally, the density matrix is formed by the matrix elements ρjk in the chosen basis |ej⟩.

ρjk =
∑

i

picijc
∗
ik (2.64)

The general form of a N ×N density matrix is:

ρ =


ρ11 ρ12 · · · ρ1N

ρ21 ρ22 · · · ρ2N
... ... . . . ...
ρN1 ρN2 · · · ρNN

 (2.65)

The diagonal elements of the density matrix, denoted as ρjj = ∑
i pi|cij|2, are real numbers

that satisfy the conditions 0 ≤ ρjj < 1 and ∑
ρjj = 1. These elements represent the
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occupation probabilities of the respective basis states. The off-diagonal elements, ρjk for
j ̸= k, are complex numbers that encode quantum interference effects in superposition
states. They provide information about the quantum coherence and the phase relationship
between different states.
In a fully decohered mixed state, all off-diagonal elements vanish, meaning no quantum co-
herence remains. In a partially mixed state, the off-diagonal elements may still be nonzero
but are typically smaller than in a pure state, indicating partial coherence. The magnitude
of the off-diagonal elements determines the degree of coherence in the system.

The time evolution of the density operator follows naturally from the time-dependent
Schrödinger equation, with the Hamiltonian H of the system.

∂

∂t
ρ(t) = ∂

∂t

(
|Ψ⟩ ⟨Ψ|

)

=
(
∂

∂t
|Ψ⟩

)
⟨Ψ| + |Ψ⟩

(
∂

∂t
⟨Ψ|

)

= − i

ℏ
H |Ψ⟩ ⟨Ψ| + i

ℏ
|Ψ⟩ ⟨Ψ|H

= − i

ℏ
[
H(t), ρ(t)

]
(2.66)

Equation 2.66 is the Von Neumann equation, which describes the reversible, unitary evo-
lution of a quantum system with the hamiltonian H without accounting for interactions
with an external environment.
To extend this framework to an open quantum system coupled to the environment, effects
such as dissipation and decoherence must be incorporated. This is achieved in the Lindblad
master equation, which modifies the Von Neumann equation by introducing a dissipator
term D(ρ) that captures environmental interactions.
The Lindblad equation describes the non-unitary evolution of the system, covering both
the coherent dynamics specified by the internal Hamiltonian and irreversible processes such
as relaxation and dephasing. It is given by:

dρ

dt
= − i

ℏ
[H, ρ] +D(ρ)

= − i

ℏ
[H, ρ] +

∑
j

(
LjρL

†
j − 1

2{L†
jLj, ρ}

) (2.67)
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Lj are the Lindblad jump operators that represent the system’s coupling to environmental
modes like spontaneous emission or the loss of coherence through dephasing. The com-
mutator and anticommutator terms account for the coherent dynamics and dissipative
components of the evolution, respectively. The jump operators for spontaneous emission
and dephasing can be expressed as:

Spontaneous emission: Lsp = √
γ |g⟩ ⟨e| (2.68)

Dephasing: Ldeph =
√

Γ |e⟩ ⟨e| (2.69)

In Equation 2.68, Lsp describes population transfer due to spontaneous decay from the
excited state |e⟩ to the ground state |g⟩. This results in a decrease of the excited state
population ρee and an increase of the ground state population ρgg. The decay rate γ sets
the lifetime of the excited state. In addition, spontaneous emission causes a loss of phase
coherence, which leads to damping of the off-diagonal elements ρeg and ρge.

The jump operator Ldeph in Equation 2.69 describes no population transfer, but a loss of
phase coherence. The pure dephasing rate Γ controls how fast the coherence is lost. As
a consequence, the diagonal elements of the density matrix ρee and ρgg remain unchanged
while the off-diagonal elements ρeg and ρge decay purely due to the loss of coherence.

dρ

dt
= − i

ℏ
[H, ρ] +

(
LspρL

†
sp − 1

2{L†
spLsp, ρ}

)
+
(
LdephρL

†
deph − 1

2{L†
dephLdeph, ρ}

)
(2.70)

The two terms in each Lindblad contribution serve distinct roles in modeling dissipation.
The first term, LjρL

†
j, represents a quantum jump and transfers population between states,

such as from |e⟩ to |g⟩ in the case of spontaneous emission. The second term, −1
2{L†

jLj, ρ},
ensures that the total probability (i.e., the trace of ρ) is conserved. It effectively accounts
for the loss of population and coherence due to the coupling to the environment. Together,
these terms accurately describe the irreversible processes of decay and dephasing in the
system.
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2.2. Excitons
An exciton is a quasi-particle formed by a bound state of an electron and a hole, held
together by their Coulomb interaction. The hole represents a missing electron in the
valence band and behaves like a positively charged particle. The exciton represents the
quantized excitation energy of an electron-hole pair, moving within a periodic crystal
structure. While excitons transport energy, they do not carry charge, as they are electrically
neutral. They play a crucial role in various optical phenomena, such as luminescence and
photoconductivity [10].
The concept of ”excitation waves” was introduced by Frenkel in 1931 as a result of light
absorption. He considered systems in which the interaction between electrons from neigh-
boring atoms is weak compared to the forces binding the electron to its host atom. This
is the case in most insulators with closed electron shells [34].
When an electron absorbs a quantum of light and gains enough energy to escape its closed
shell, the minimum energy required for this excitation corresponds to the formation of a
stable bound state between the electron and the vacancy it leaves behind.
The electron experiences the influence of the positive charge field created by its absence
from the closed shell. The vacancy, in turn, behaves like an electron in all respects except
for its positive charge and is typically referred to as a hole. The electron and hole forming
the exciton remain bound by the Coulomb potential energy.
Unlike a localized atomic excitation, an exciton is not bound to a specific atom but can
move through the crystal. Its transport can proceed via band transport, where the exci-
ton is delocalized and moves coherently across the lattice or via hopping, where it jumps
between localized sites. Band transport dominates in clean crystals at low temperatures,
where scattering is minimal and coherence can be maintained. In contrast, at higher tem-
peratures or in materials with significant impurities or disorder, excitons are more likely
to become localized, and their motion occurs predominantly through phonon-assisted hop-
ping.
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Figure 2.6.: Schematic illustration of an exciton. (a) illustrates the Coulomb-
bound exciton on a crystal lattice. (b) shows the band diagram representation of a
bound electron-hole pair.
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However, in insulators, Frenkel excitons exhibit an electron-hole separation on the order of
the atomic dimensions, meaning that dielectric screening plays a minor role. As a result, the
Coulomb potential remains relatively strong, leading to tightly bound excitons. In contrast,
in solids, where valence electrons are no longer associated with a specific atom, such as many
semiconductors, the interaction between neighboring atoms is significantly stronger. The
wavefunction of valence electrons, which are responsible for bonding, typically extends over
multiple atoms. Despite this delocalization, valence electrons do not move freely through
the crystal or contribute to electrical conductivity. Instead, they occupy states within the
valence band, while the next available energy states lie in the conduction band, separated by
an energy gap known as the band gap. This band gap of a semiconductor can be overcome
by photon absorption, exciting an electron from the valence band into the conduction band
and leaving behind a hole. In such a system, the strong dielectric screening weakens the
Coulomb attraction between the electron and the hole, resulting in Wannier-Mott excitons
with radii extending over tens to hundreds of atomic sites. Consequently, the screening
effect can be effectively described by a single dielectric constant, as shown in Equation
2.71,

V (r) = − e2

4πϵ · r
(2.71)

where r is the electron-hole separation and ϵ = ϵ0ϵr is the dielectric constant of the material.
The dielectric constant accounts for the screening effects from the surrounding atomic
structure and free charges in the crystal, which reduce the effective Coulomb interaction.
This bound electron-hole pair exhibits a series of discrete energy states, analogous to the
hydrogen atom. The upper limit of this series represents the binding energy, required to
completely free the electron from the Coulomb attraction of the hole.
The free-particle band gap, illustrated in band-structure diagrams, typically describes
single-particle excitation and represents the sum of energies required to bring an elec-
tron and a hole into the system, separately. In contrast, optical excitation, through the
absorption of a photon, creates an electron in the conduction band and a hole in the valence
band, simultaneously [11].

Eex = Egap − Eb (2.72)

The energy required to create an exciton, is reduced by their attractive Coulomb inter-
action compared to the free-particle band gap, as described by Equation 2.72. Not the
free-particle band gap Egap but this reduced exciton energy Eex, measured from the top of
the valence band, needs to be matched by the photon energy Eγ. As a result, well defined
absorption peaks occur already at energies below the band gap due to the formation of
excitons. The difference between the free-particle and the optical band gap is referred to
as the exciton binding energy Eb, which represents the energy required to dissociate the
exciton.
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The relative motion of the electron-hole pair interacting through the attractive Coulomb
potential V (r) can be described by the two-particle Schrödinger equation, also known as the
Wannier equation. This is analogous to the hydrogen atom but modified by the material’s
dielectric properties and under the assumption that the Coulomb potential varies little
within one unit cell. With the Coulomb potential from Equation 2.71 the Wannier equation
is given by: [

− ℏ2

2µ∇2 − e2

4πϵr

]
ψ(r) = (Egap − Eb)ψ(r) (2.73)

where µ = m∗
em∗

h

m∗
e+m∗

h
is the reduced mass of the electron-hole system with the effective masses

of the electron and hole m∗
e and m∗

h, respectively. This equation is equivalent to the hydro-
gen atom, but with an effective Coulomb interaction screened by the dielectric constant.
Although the effective mass of the valence band, obtained from the band curvature

m∗ = ℏ2
(
∂2E

∂k2

)−1

(2.74)

is negative due to the downward curvature near the valence band maximum, it is customary
to describe the resulting hole, i.e., the absence of the electron, as a positively charged
quasiparticle with a positive effective mass. This is achieved by defining the hole mass
as the absolute value of the valence band effective mass: m∗

h = |m∗
v|. This convention

simplifies the modeling of hole dynamics, particularly in exciton formation and charge
transport.
When an electron is excited from the valence band to the conduction band, it leaves behind
an unoccupied state at crystal momentum k. This missing electron removes both energy
and momentum k from the system. To describe the remaining system in terms of a hole,
a crystal momentum −k is assigned to the hole, accounting for the lost momentum.

For excitons in three dimensional crystal structures the solution of Equation 2.73 follows
the hydrogen-like model. The detailed calculation can be retraced in [25, 35]. The discrete
bound-state energies and orbital radii are:

En = Egap − µe4

8ϵ2h2
1
n2 = Egap − RX

n2 (2.75)

an = n2 · 4πϵℏ2

µe2 = n2ae (2.76)

with the effective exciton Rydberg energy RX = µ
ϵ2

rme
Ry, the hydrogen Rydberg energy

Ry = mee4

8ϵ2
0h2 , the free electron mass m0, the elementary charge e, the Planck constant h, the

principal quantum number n = 1, 2, 3, ..., the effective exciton Bohr radius ae = meϵr

µ
aH
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and the hydrogen model Bohr radius aH = 4πϵ0ℏ2

e2me
≈ 5.29 · 10−11 m.

E

k

n=1

n=2
n=3

Egap
Eb

Eex

Figure 2.7.: Schematic band structure model of exciton energy levels. The
band gap energy Egap denotes the minimum energy required to promote an electron
from the valence band to the conduction band, reaching the unbound continuum of free
carriers (blue-shaded area). Exciton states, labeled by the principal quantum number
n = 1, 2, 3, . . ., lie below the band edge due to the Coulomb attraction between the
electron and hole. The corresponding exciton energy Eex is reduced by the exciton
binding energy Eb.

As illustrated in Figure 2.7, the energy levels of a Wannier-Mott exciton are quantized and
follow a Rydberg-like series, analogous to the energy levels of the hydrogen atom. These
levels are labeled by a principal quantum number n and the associated binding energies
decrease with increasing n. However, unlike the hydrogen atom, the exciton binding en-
ergy, often referred to as the effective Rydberg energy, is modified by both the reduced
effective mass µ of the electron-hole pair and the dielectric constant ϵr of the host ma-
terial. These parameters significantly alter the interaction between the electron and the
hole, leading to a binding energy that is typically much smaller than in atomic hydrogen.
Specifically, in a typical covalent semiconductor with a dielectric constant ϵr ≈ 10 and
reduced mass µ ≈ 0.2me, the exciton binding energy is approximately 500 times smaller
than the hydrogenic Rydberg energy of 13.6 eV. Correspondingly, the effective Bohr radius
of the exciton is about 50 times larger, reflecting the influence of dielectric screening and
the reduced effective mass. These material-dependent corrections result in an exciton with
a relatively large spatial extent and low binding energy, on the order of tens of meV. At
room temperature (T = 295 K), the thermal energy associated with lattice vibrations is
given by kBT ≈ 1

40 eV = 25 meV, which is comparable to the exciton binding energy
Eb = RX = 1

500Ry = 13.6 eV
500 = 27.2 meV. Under these conditions, thermal fluctuations are

sufficient to ionize the exciton, dissociating the bound electron-hole pair into free carriers.



28 2. Fundamentals

As a result, the corresponding excitonic absorption feature is significantly broadened at
room temperature. Consequently, the observation and study of Wannier-Mott excitons
typically require cryogenic conditions, where thermal energies are sufficiently low to pre-
serve excitonic states [10, 11].

As further discussed later in Section 2.3, the binding energy of excitons also strongly de-
pends on dimensionality and increases significantly as dimensionality is reduced. While
the ideal Wannier-Mott model predicts that the exciton binding energy in two-dimensional
systems is four times larger than in three dimensions [11], experimental observations in
atomically thin materials report much higher binding energies, often an order of magni-
tude greater than in their bulk counterparts [4, 12]. This discrepancy arises from two main
factors not accounted for in the ideal model. First, in two dimensions, the electron-hole
interaction is more accurately described by the Rytova-Keldysh potential rather than the
1
r

Coulomb potential. This model accounts for nonlocal dielectric screening and results
in a stronger attractive interaction at short distances. Second, dielectric screening is sig-
nificantly reduced in the 2D limit due to the dielectric contrast between the atomically
thin layer and its surrounding environment, further enhancing the binding energy [11, 25].
As a consequence, excitons in low-dimensional materials often exhibit substantial binding
energies, sufficiently large to remain stable at room temperature.

In one-dimensional systems, the motion of electrons and holes is restricted to a single spatial
direction. This leads to a further enhancement of the Coulomb interaction as a result of the
strong spatial confinement. Additionally, the dielectric screening by surrounding charges is
further reduced in these 1D systems [36]. Finally, the spatial dependence of the Coulomb
potential differs with dimensionality. While in three-dimensional systems the potential
scales as 1/r, in 1D systems the interaction exhibits a more singular character due to
confinement effects, approximated by a modified 1/r potential [37]. This further enhances
the exciton binding energy in 1D.

Excitons at high densities

At low excitation densities, the density of excitons is small and their separation is large.
Hence, the interaction of excitons is negligible under these conditions and PL dynamics
exhibit single-exponential decay. However, with increasing density, exciton wave functions
begin to overlap and exciton-exciton interaction becomes significant.

Exciton-exciton annihilation (EEA) is a many-body effect in which two excitons inter-
act upon encounter, resulting in the non-radiative recombination of one exciton while its
energy is transferred to the other, which is excited to a higher energy state.

E + E → (EE) → E∗ (2.77)
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In Equation 2.77, E denotes an isolated exciton, (EE) represents a transient exciton pair
and E∗ is an exciton in an excited state. The excited exciton typically relaxes by either
dissociating into free carriers or dissipating its excess energy through phonon emission.
EEA serves as a fast non-radiative decay channel in photoexcited materials and is essen-
tially the excitonic analog of Auger recombination, a non-radiative process in semicon-
ductors for densely packed free charge carriers, in which excess energy from one carrier is
transferred to another carrier.
The decay dynamics of excitons are governed in the rate equation [16, 17]:

dnX(t)
dt

= −1
τ
nX(t) − 1

2γnX(t)2 (2.78)

The first term corresponds to single-exciton recombination with the characteristic lifetime
τ , while the second term accounts for the bimolecular process of EEA. Here, nX(t) is the
exciton density and γ is the EEA rate constant. The factor of 1

2 in the annihilation term
ensures that each exciton pair is counted only once.
EEA and Auger recombination are considered particularly important in systems with re-
duced dimensionality. In bulk materials, exciton-exciton interactions are generally less
frequent, mainly due to the greater spatial separation between excitons. However, in two-
dimensional systems the planar confinement leads to higher exciton densities, which makes
EEA more likely to occur [11]. In one-dimensional structures exciton diffusion is restricted
along a single axis, which further increases the chance of interaction and results in espe-
cially efficient EEA [18]. Experimentally, EEA is identified through nonlinear PL responses
under increasing excitation fluence, reduced emission lifetimes at high carrier densities and
saturation effects in time-resolved PL or transient absorption measurements.

The Mott transition occurs if the average exciton-exciton distance becomes comparable
to the exciton diameter as introduced in Equation 2.76. At this point, the exciton density
reaches the Mott threshold, which can be estimated as the inverse of the volume occupied
by a single exciton.

nMott ≈ 1
4
3πa

3
n

(2.79)

In this case, the Coulomb interaction between charge carriers gets strongly screened, even-
tually leading to an ionization of the excitons and causing the exciton gas to dissociate into
an electron-hole plasma. As a result, absorption spectra become broader with a reduction
of the absorption strength. Effectively, the absorption coefficient becomes dependent on
the intensity of the light [4, 6–9].
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2.3. Low-dimensional materials
The concept of low-dimensional materials dates back to the 1930s when scientists first
began developing theories about the properties of two-dimensional (2D) systems. In 1947,
Philip R. Wallace proposed the electronic structure of graphene - long before it was exper-
imentally realized. During the 1950s and 1960s, the first studies on thin films and surface
effects began to emerge.
A major milestone was reached in 1985 with the discovery of fullerenes (C60) by Kroto,
Smalley and Curl [38], an achievement that was later honored with the 1996 Nobel Prize.
The spherical structure of carbon atoms exhibits unique electronic and mechanical proper-
ties. While working with fullerenes in 1991, Sumio Iijima discovered carbon nanotubes, a
cylindrical structure formed by a single rolled-up sheet of carbon atoms [39]. Once again,
this new form of carbon demonstrated extraordinary mechanical, thermal and electronic
properties. This marked the beginning of the nanotechnology era. In 2004, Geim and
Novoselov successfully isolated a single layer of carbon atoms, leading to the discovery
of graphene [40]. They accomplished this using the ”Scotch tape” method, a technique
in which bulk graphite is progressively thinned down to monolayer thickness. For this
discovery, they were awarded the Nobel Prize in 2010.
Since then, several other 2D materials have been discovered. Phosphorene (black phos-
phorus) features a high hole mobility and a tunable bandgap, making it highly interesting
for electronics and photonics [41]. Hexagonal boron nitride (h-BN), often referred to as
”white graphene”, due to its structural similarity, is an electrical insulator with interesting
dielectric properties and excellent thermal and chemical stability [42]. Transition metal
dichalcogenides (TMDs) are semiconductors with fascinating electro-optical properties,
making them valuable for applications in transistors and optoelectronics [43].
Despite early studies by Frindt (1966) and Morrison (1986), it wasn’t until 2010 that the
direct bandgap in monolayer MoS2 was described and photoluminescence was observed
[43, 44], and intense research into their exciting optical and electronic properties began.
TMDs have also emerged as excellent candidates for exploring condensed matter physics
of two-dimensional systems and quantum phenomena at the nanoscale [1, 2].
This chapter explores the fundamental properties of single-walled carbon nanotubes (SWC-
NTs) as a representative one-dimensional (1D) system and monolayer TMDs as represen-
tatives of two-dimensional (2D) systems.

2.3.1. Transition Metal Dichalcogenides
Transition metal dichalcogenides (TMDs) are a class of group VI semiconducting materials
with the general formula MX2, where M represents a transition metal (e.g. Mo, W) and X
denotes a chalcogen (e.g. S, Se, Te). A single TMD layer consists of three atomic planes,
a hexagonally packed plane of metal atoms sandwiched between two planes of chalcogen
atoms. Due to this structure, it is often referred to as a tri-layer (TL) of atomic thickness.
Within each layer, strong covalent bonding holds the atoms together. The transition metal
atoms typically contribute four valence electrons to the bonding states. Formally, the
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transition metal and chalcogen atoms carry oxidation states of +4 and -2, respectively,
giving rise to the 1 : 2 stoichiometry of the compound [11]. The metal atoms are six-fold
coordinated within a TL, adopting either trigonal prismatic or octahedral coordination
geometries, as illustrated in Figure 2.8. Each X atom bridges two M atoms in this shared
coordination of the crystal structure. Since the transition metal provides only four valence
electrons, some M-X bonds can be described as coordinate covalent, where both electrons
in the bond originate from the chalcogen atom. As a result, TMD surfaces are highly stable
and chemically inert due to the absence of dangling bonds [12].

Figure 2.8.: Schematic structure and configuration of TMD triple layers. Left:
Illustration of bulk TMDs in the 2H crystal structure, where green spheres represent
metal atoms and yellow spheres represent chalcogen atoms for the trigonal prismatic
configuration. Right: Possible bonding geometries within a single TL, showing the trig-
onal prismatic configuration (top) and the octahedral configuration (bottom). Adapted
with permission from [11]. Copyright © 2016, Springer International Publishing Switzer-
land.

In their bulk form, the layers in TMD crystals are held together by weak van der Waals
(vdW) forces, making them easily cleavable, similar to graphite. In the octahedral coordi-
nation, the layers stack directly on top of each other, forming the so-called 1T phase. In
contrast, the trigonal prismatic coordination leads to an A-B-A-B stacking arrangement,
known as the 2H phase. These labels refer to the stacking order, where the number denotes
the number of layers per unit cell and the letter corresponds to the crystal symmetry, trig-
onal (T) or hexagonal (H). A comprehensive description of TMD structures and properties
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can be found in [11]. In the following, only the 2H configuration is considered, as it is the
most common and the focus of this work.

(a) (b) (c) (d)

Figure 2.9.: Calculated band structure of MoS2 for (a) bulk material, (b) four TL
(c) bilayer (2 TLs) and (d) monolayer (1 TL) thickness. The valance band is indicated
in blue while the conduction band is indicated in red. The allow denotes the lowest-
energy transition. In bulk MoS2 the bandgap is indirect with valence band maximum
at Γ and the conduction band minimum halfway between the Γ and K points. As the
layer number decreases, the energy levels especially at the Γ point rearrange and the
indirect bandgap increases. In the monolayer limit, MoS2 becomes a direct bandgap
semiconductor, with the lowest-energy transition occurring at the K point. Reprinted
with permission from [44]. Copyright 2010, American Chemical Society.

Bulk TMDs exhibit an indirect bandgap, with the valence band maximum (VBM) at the
Γ point and the conduction band minimum (CBM) located between the Γ and K points.
Since photons carry negligible momentum, only vertical transitions are optically allowed
in momentum-space. As the layer number decreases, the indirect bandgap increases due to
modifications in the interlayer coupling. In the monolayer (single TL) limit, the indirect
bandgap surpasses the direct transition at the K point, causing the material to transition
into a direct bandgap semiconductor. This behavior is illustrated in Figure 2.9, which
presents calculated band structure diagrams of MoS2 for different material thicknesses. As
a result strong PL occurs from these materials as the probability of a direct transition
from the excited state to the ground state without additional phonon assistance is strongly
enhanced by multiple orders of magnitude [43, 44].
Today, several techniques for producing few-layer and monolayer TMDs exist. Microme-
chanical exfoliation, often referred to as the ”Scotch tape” method, involves removing thin
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crystal layers by exploiting the weak interlayer bonds, effectively thinning the material
down to monolayer thickness. This technique typically yields flakes with lateral dimen-
sions on the order of tens of micrometers [45]. Large-area TMD monolayers can be grown
through chemical vapor deposition (CVD) [46] or by molecular beam epitaxy (MBE) under
ultra-high vacuum conditions over the entire wafer [47].

Excitons in TMDs

In bulk TMDs, the high relative permittivity ϵr, defined as the ratio of the material’s di-
electric response to that of vacuum, results in an effective dielectic screening of Coulomb
interactions between charge carriers by the surrounding charges inside the material, as
introduced in Section 2.2. As a result, exciton binding energies are typically on the order
of 10 meV, making them unstable at room temperature, where thermal energy is sufficient
to dissociate the electron-hole pair. Hence, stable excitons in bulk material can only be
observed at cryogenic temperatures [13]. However, when the material is thinned down, ap-
proaching the monolayer limit, this dielectric screening is highly reduced due to the missing
surrounding material. The majority of electrical field lines between the separated charge
carriers are outside of the material, where the relative permittivity is typically lower. This
is illustrated in Figure 2.10.

-+

ε0ε3D

(a) (b)

+ -

3D bulk 2D monolayer

ε2D

Figure 2.10.: Electric field lines. (a) In a 3D bulk material the electrical field lines
between the separated charge carriers extend inside of the material and are screened by
surrounding charges. (b) In the case of a 2D material the dielectric screening is highly
reduced due to the missing surrounding material.

In monolayer TMDs, excitons are tightly bound with binding energies of hundreds of meV
[4, 12]. As a result, excitons in monolayer TMDs are stable at room temperature, leading
to strong light absorption and dominate the optical properties [43, 44, 48, 49].

In TMDs, strong spin-orbit coupling (SOC) arises from the interaction between the elec-
tron’s spin and its orbital motion in the presence of an atomic electric field. When the
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electron’s spin aligns parallel to its orbital angular momentum, the energy of the state is
higher compared to when the spin is anti-parallel to the orbital angular momentum. This
effect is particularly pronounced in TMDs due to the presence of heavy transition metal
atoms, such as Mo and W, which have high atomic numbers and thus large spin-orbit
coupling constants (SOC ∝ Z4).

The broken inversion symmetry in monolayer TMDs means that for each electronic state
at momentum k, there is no longer an equivalent state at momentum -k with the same
energy and opposite spin. In other words, electrons traveling in opposite directions expe-
rience distinct energetic environments. The valence band states at the K and K′ valleys in
momentum space are primarily derived from the dx2−y2 and dxy orbitals of the transition
metal atom, while the conduction band edge is dominated by the dz2 orbital [50]. The
term valley is generally used to designate energy states close to the band extremum in
momentum space [12]. As a result, spin-orbit coupling lifts the spin degeneracy at the K
and K’ points, introducing a spin splitting of several hundred meV in the valence band and
of a few to tens of meV in the conduction band. The spin projection perpendicular to the
monolayer plane becomes well-defined and the two split bands exhibit opposite spin char-
acters E↑ and E↓. From this spin splitting of the valence band, the first two lowest-lying
transitions are referred to as the A and B exciton and emerge at the K and K’ points with
bright PL emission reported [44].
Incident photons with a given energy and optical helicity can only excite electrons with
a specific spin orientation and consequently, from a particular sub-band. As a result, the
valley in momentum space becomes inherently coupled to the electron’s spin in monolayer
TMDs. This spin-valley locking allows for the excitation of individual valleys to be selec-
tively addressed by circularly polarized light with the corresponding energy and helicity,
enabling the valley-selective optical control of the material. This unique coupling is a key
feature in the development of valleytronic applications [50–53].

Figure 2.11 illustrates the band splitting at the K and K’ point, the origin of A and B
excitons and the corresponding spin orientation. The minor splitting of the conduction
band is not shown here for simplicity. Note that the conduction band spin splitting in
molybdenum-based TMDs (MoS2, MoSe2) is negative, meaning that at the K point, the
spin-up conduction band lies lower in energy than the spin-down band. Due to time-
reversal symmetry, this ordering is reversed at the K’ point. In contrast, tungsten-based
TMDs (WS2, WSe2) exhibit positive conduction band splitting. The excitation with lin-
early polarized light, as used in the experiments presented in this work, corresponds to a
superposition of left- and right-handed circularly polarized components and therefore leads
to simultaneous generation of excitons at both the K and K’ valleys.
Additional prominent excitonic features, appearing at higher photon energies, see Figure
4.16 and 4.36, are referred to as C and D or A′ and B′ excitons, depending on the literature
reference. These excitons are associated with higher-energy electronic transitions at the
band-nesting region close to the Γ point or other regions of the Brillouin zone, depending on
the material. Because the conduction band states at these locations are more delocalized,
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Figure 2.11.: Schematic illustration of valence band splitting at the K and
K’ point resulting in A and B excitons. Due to pronounced spin-orbit coupling in
combination with broken inversion symmetry in TMD monolayers the valence band is
strongly spin-split and each sub-band can be selectively addressed by circular polarized
light of the corresponding helicity and energy. The two optical transitions are attributed
to the A and B exciton species, respectively. For clarity, the minor splitting of the
conduction band is not shown here.

the exciton binding energy for C and D excitons is lower than that of A and B excitons
[54–57].

Bright excitons couple directly to light and form, when the electron and hole have aligned
spin and momentum states allowing for efficient optical transitions, at one location in the
Brillouin zone. In contrast, dark excitons do not couple efficiently to light due to spin or mo-
mentum mismatch. This leads to long-lived excitonic states that are of interest for exciton
transport and quantum technologies [12]. In tungsten-based TMDs (WS2, WeS2) exciton
states with electron and hole in different valley exist as energetically lower momentum-dark
excitons. The to fullfil momentum conservation, simultaneous interaction with a phonon
is required, making PL emission less efficient but detectable. As at low temperatures the
majority of the population is in the energetically lowest dark exciton state, this compen-
sates for the reduced probability of this process. As a result at low temperatures strong
PL from dark excitons in tungsten-based TMDs can be observed. In molybdenum-based
TMDs no such PL is observed as the momentum-dark exciton states are higher in energy
[58].

Another class of excitons, known as interlayer excitons, arises in van der Waals heterostruc-
tures where an electron in one TMD layer binds to a hole in an adjacent layer. Due to the
spatial separation of the charge carriers across different atomic layers, interlayer excitons
exhibit significantly reduced wavefunction overlap, leading to long radiative lifetimes that
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can range from a few to hundreds of nanoseconds in high quality samples and in some
cases extend to the microsecond regime at cryogenic temperatures. These extended life-
times make interlayer excitons particularly promising for devices, where controlled trans-
port and storage of excitonic states are desirable. Moreover, in moiré superlattices formed
by twisting or lattice mismatch between layers, interlayer excitons can experience peri-
odic potentials that localize them into arrays of quantum dots, enabling the exploration of
strongly correlated quantum phenomena and the realization of excitonic lattices [59].

At intermediate exciton densities, neutral excitons can bind to an additional free charge
carrier to form a three-particle bound state, referred to as a negatively or positively charged
trion. In monolayer TMDs, trions appear as PL peaks that are red shifted relative to
neutral excitons, reflecting their lower optical transition energy. The trion binding energy
E

(T )
b refers to the energy required to dissociate the trion into a neutral exciton and a free

charge. This binding energy typically lies in the range of 20 - 40 meV, which is small
compared to the binding energy of a neutral exciton E

(X)
b [60].

E
(T )
X = Egap − E

(X)
b − E

(T )
b (2.80)

Nevertheless, the total energy E(T )
X , emitted as a photon in the case of radiative recombi-

nation, is lower than that of a neutral exciton, reflecting its more tightly bound and stable
configuration [12, 60]. The total binding energy of a trion, defined as the energy to fully
dissociate a trion into three free particles, is given by the sum of the exciton and trion
binding energies and thus is higher than that of a neutral exciton alone. The trion exhibits
the oscillator strength of excitons combined with a positive or negative charge, making
them luminescent charge carriers [61]. At room temperature, thermal broadening smears
out the distinct trion peak, causing it to merge with the neutral exciton peak. This results
in an asymmetric spectral line shape in PL spectra, see Figure 4.15 (a), a characteristic
feature of trion-exciton coexistence at elevated temperatures [3].

Similarly, at intermediate excitation densities, two neutral excitons can bind through recip-
rocal Coulomb attraction to form a four-particle state, referred to as a biexciton. Analogous
to the hydrogen molecule, the biexciton is stabilized by inter-exciton interactions and ap-
pears as an additional peak in the PL spectrum, redshifted relative to the neutral exciton
by its binding energy. The biexciton binding energy, again defined as the energy required
to dissociate it into two individual excitons, is typically in the range of 15 - 60 meV in
monolayer TMDs. At room temperature, biexciton signatures are generally weak or absent
due to thermal ionization, limited biexciton population and spectral broadening. Their ob-
servation usually requires cryogenic conditions and high excitation densities [12, 62].

Furthermore, excitonic properties in TMDs are highly tunable via external factors such as
dielectric engineering, applied electric fields or mechanical strain, making them promising
candidates for optoelectronic and photonic applications [12].
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Nonlinear optical properties of TMDs

TMDs exhibit strong nonlinear optical responses due to the large oscillator strength of their
excitonic resonances. Near excitonic transitions, the second- and third-order nonlinear sus-
ceptibilities, χ(2) and χ(3), are significantly enhanced due to strong interband transitions
and large transition dipole moments [1–3, 63–65]. This unlocks efficient nonlinear pro-
cesses such as SHG and THG, even under moderate excitation conditions. Notably, the
spectral features of the nonlinear response often qualitatively reflect the underlying exci-
tonic structure, offering a spectroscopic possibility into exciton dynamics. The exceptional
nonlinear optical properties of TMDs include broadband spectral response, strong χ(2) and
χ(3) nonlinearities and high conversion efficiencies for harmonic generation. These effects
are further amplified by the inherently strong light-matter interaction in two-dimensional
systems, making TMDs promising candidates for ultrathin nonlinear optical components
and on-chip photonic integration [1, 2].
In particular, the broken inversion symmetry in monolayer TMDs allows for efficient
second-order nonlinear optical processes such as SHG, see Section 2.1.3. As a result, SHG
is highly efficient in odd-layered TMDs (monolayers, trilayers, ...) and vanishes in even-
layered sheets due to restored inversion symmetry [63]. The SHG intensity is strongly
dependent on the crystal orientation and polarization-resolved SHG measurements pro-
vide a powerful and non-destructive tool for characterizing the crystallographic axes and
symmetry of TMD flakes [66–69].
Third-order nonlinear processes, including THG and FWM are also significant in TMDs
and are not symmetry-forbidden in either centrosymmetric or non-centrosymmetric struc-
tures. THG has been observed in both monolayer and multilayer TMDs [70].
FWM has been originally demonstrated in MoS2 monolayers, where strong signals were
observed near the excitonic resonances due to an enhanced third-order susceptibility [3,
71, 72]. Subsequent studies have extended this to other TMD materials, confirming the
generality of the effect and highlighting their potential for coherent nonlinear spectroscopy,
ultrafast signal modulation and quantum optical applications [3, 68]. In general, TMDs
exhibit strong FWM signal generation, increasing with the number of layers [68, 70, 73].
The polarizations of both, THG and FWM, aligns with the polarization of the incident
fields, if the polarization of all incident beams are parallel [74].

2.3.2. Single-Walled Carbon Nanotubes
Since their discovery in 1993 by Iijima and Ichihashi [75], single-walled carbon nanotubes
(SWCNTs) have emerged as one of the most intriguing nanomaterials in modern science.
Structurally, they can be visualized as seamless hollow cylinders formed by rolling a single
layer of graphene, an atomically thin sheet of sp2-hybridized carbon atoms, arranged in a
highly symmetric two-dimensional honeycomb lattice.
The simple act of rolling up graphene introduces remarkable structural and electronic
complexity. The specific manner in which the graphene sheet is rolled is described by
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its chirality. Chirality not only defines the symmetry and geometry of the nanotube but
also its electronic band structure. SWCNTs can exhibit either metallic or semiconducting
behavior, depending on their chirality, with a structure-dependent bandgap that allows for
precise electronic and optoelectronic tunability. In particular, semiconducting SWCNTs
display PL in the near-infrared (NIR) spectral range, a property that has drawn signifi-
cant attention for applications in biomedical imaging, telecommunications and quantum
technologies [76].
From a physical point of view, SWCNTs are considered quasi-one-dimensional systems [77].
They typically have diameters in the range of 1–2 nm while their lengths can reach from
a few tens of nanometers up to several centimeters [76]. This extraordinary aspect ratio
makes them an ideal platform for investigating one-dimensional physics.

Structure of Graphene and SWCNTs

The basis for describing the structural properties of SWCNTs, forming a seamless and
hollow cylinder, lays in the origin as a rolled up flake of graphene. Graphene is formed as
a two-dimensional monolayer of carbon atoms arranged in a hexagonal honeycomb lattice.
The graphene lattice can be described as consisting of two equivalent sublattices, commonly
labeled A and B, with each carbon atom belonging to one of them. These sublattices are
offset from each other by a distance equal to the carbon-carbon bond length, denoted
by acc. The unit cell of graphene contains two atoms, one from each sublattice, and is
defined by two primitive lattice vectors, a⃗1 and a⃗2, which point towards the second-nearest
neighbor in the lattice. The lattice can be described using the two lattice vectors:

a⃗1 = acc

2 (3,
√

3), a⃗2 = acc

2 (3,−
√

3), (2.81)

with the carbon-carbon bond length in the lattice of approximately acc = 142 pm [78].
The first-order Brillouin zone in the reciprocal momentum space is spanned by the two
reciprocal lattice vectors:

b⃗1 = 2π z⃗ × a⃗2

a⃗1 · (z⃗ × a⃗2)
= 2π

3acc

(1,
√

3) (2.82)

b⃗2 = 2π a⃗1 × z⃗

a⃗2 · (a⃗1 × z⃗) = 2π
3acc

(1,−
√

3), (2.83)

Figure 2.12 illustrates the lattice structure of graphene together with the Brillouin zone
and the corresponding high symmetry points.
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Figure 2.12.: Schematic illustration of the honeycomb lattice of graphene and
its Brillouin zone. Left: Honneycomb lattice structure of graphene formed by two
interpenetrating sublattices (A: red and B: blue). a1 and a2 illustrate the lattice unit
vectors while δ1, δ2 and δ3 denote the nearest-neighbor vectors. Right: First Brillouin
zone in reciprocal space together with high symmetry points Γ, M , K and K ′.

All carbon atoms in graphene are sp2-hybridized, giving rise to a two-dimensional honey-
comb lattice. Each carbon atom forms three equivalent σ-bonds with its nearest neighbors,
resulting in a fully occupied energy band that is the reason for the exceptional mechanical,
chemical and thermal stability of the graphene structure. The fourth valence electron in the
unhybridized 2pz orbital is oriented perpendicular to the graphene plane. These orbitals
overlap across the lattice to form a delocalized π-bonding system, which plays a central role
in the remarkable electronic properties, including its high electrical conductivity and the
emergence of massless Dirac fermions [79]. In undoped graphene, the Fermi energy lies at
the energy of the Dirac points, the K and K’ corners of the Brillouin zone in momentum-
space, where the conduction and valence bands touch. The valence band is completely
filled up to the Fermi energy and the conduction band is empty above it. At this point, the
energy dispersion is linear and the electronic band structure forms a cone-like shape [14, 80].

A SWCNT can be conceptualized as a graphene sheet that is rolled up along a vector
known as the chiral vector C⃗h.

C⃗h = na⃗1 +ma⃗2 (2.84)

It is defined by a pair of integers (n,m), denoted as the chiral index, while standard
notation writes the larger number first. These are commonly used for naming the differ-
ent nanotube types. All CNTs are being categorized into three groups, named armchair
(n = m), zigzag (n or m = 0) and the more general chiral forms (n ̸= m and neither is



40 2. Fundamentals

zero). Figure 2.13 illustrates the roll-up process along the chiral vector and shows how the
different types are distinguished by their characteristic bond patterns.

The magnitude of the chiral vector C⃗h determines the circumference of the nanotube and
is given by

Ch =
√

3 · aCC ·
√
n2 +m2 + nm. (2.85)

Figure 2.13.: Formation of SWCNTs. Rolling up a rectangular sheet of graphene
results in a seamless hollow cylindric structure of a CNT. Here the rectangle formed
by ABB’A’ results in a (6,5)-SWCNT. The chiral indices define the orientation of the
chiral vector C⃗h. Additionally, the formation of (5,5) and (8,0) SWCNTs is indicated.
Reproduced with permission from [81].

The chirality of a carbon nanotube plays an important role in determining the electronic
and optical properties. In general, nanotubes whose chiral indices fulfill the condition
n − m = 3k, where k is an integer (k = 0, 1, 2, . . .), exhibit metallic behavior. All other
configurations are semiconducting nanotubes [82]. In the following, this chapter will only
refer to semiconducting SWCNTs, as only nanotubes with the chiral index (6,5) were
studied in this work. An detailed discussion of the structure of CNTs can be found in
[14, 80, 83].
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Optical properties of semiconducting SWCNTs

In contrast to graphene, the optical properties of SWCNTs are fundamentally altered due to
the effective 2D confinement of electrons, resulting in a quasi-1D electronic structure. The
wave vector component k∥ along the nanotube axis remains continuous, allowing electrons
to move freely along the length of the tube. In contrast, the transverse component k⊥,
which wraps around the circumference of the nanotube, is quantized due to the periodic
boundary condition:

|C⃗h| = µ · λ = µ · 2π
|⃗k⊥|

, (2.86)

where µ ∈ Z is an integer. This condition ensures that any allowed electron wavefunction
must have a wave vector whose wavelength is an integer multiple of 2π of the nanotube’s
circumference. Only in this case the wavefunction will exhibit constructive interference and
is suppressed by destructive interference otherwise. These wave vectors represent equidis-
tant lines in the Brillouin zone, parallel to the axial lattice vector k∥ with a spacing of 2π

|C⃗h| .
In Figure 2.14 the fist Brillouin of armchair and zigzag SWCNTs are illustrated, together
with the circular 2D band structure of graphene in the background.

Figure 2.14.: Brillouin zone of a metallic and a semiconducting SWCNT.
Equidistant black lines represent the allowed wavevectors with quantized k⊥ components
in the Brillouin zone (a) a metallic armchair (6,6) SWCNT and (b) a semiconducting
zigzag (5,0) SWCNT. In the background the energy dispersion relation of graphene is
indicated as a contour plot. The indexing represents values of µ. Reproduced with
permission from [84].

To obtain the 1D energy dispersion relation for SWCNTs, the energy dispersion of graphene
must be sampled along these ”cutting lines”. While k⊥ is fixed for each allowed mode, the
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wave vector component along the tube axis, k∥, remains continuous. Therefore, the energy
bands of a SWCNT can be derived by intersecting the 2D band structure of graphene with
these quantized lines and plotting the resulting dispersion as a function of k∥:

Eλ(k∥) = Egraphene(k∥, k
(λ)
⊥ ), (2.87)

where λ is the index of the quantized transverse modes. A detailed discussion of the disper-
sion relations across the Brillouin zone of graphene can be found in [14, 80]. This process
sampling 2D graphene bands along discrete lines is referred to as zone folding, because it
essentially folds the 2D Brillouin zone of graphene into a set of 1D subbands suitable for
a quasi-1D system like a nanotube [14, 83, 84].

Whether a carbon nanotube behaves as a metal or a semiconductor depends on the po-
sition and number of the cutting lines of allowed wave vectors. If one of these quantized
k⊥ lines crosses a Dirac point, the conduction band of the SWCNT is connected to the
valence band and the nanotube behaves like a metal. If none of the lines intersect a Dirac
point, an energy gap appears and the nanotube exhibits semiconducting properties. This
relationship between the geometry of the nanotube and its electronic behavior allows for
precise tuning of its properties. By choosing the chirality, a nanotube can be tailored to
fit a wide range of applications.

The density of states (DOS) describes how many electronic states are available in each
energy interval for electrons to occupy. Since the allowed wave vectors k⃗ are typically
evenly spaced, the DOS becomes high when many k-states have similar energies. This
happens when the energy band is flat, i.e. when the band dispersion is slow and the
curvature of the band

(
dE
dk

)
is small. In such regions the DOS can exhibit pronounced

features.
Unlike in graphene, where the DOS near the Dirac point increases linearly with energy, car-
bon nanotubes show a very different behavior because they are effectively one-dimensional.
For a 1D system the DOS can be expressed as:

n(E) = ∂N(E)
∂E

= 2
l

∑
i

∫
dk δ(k − ki)

∣∣∣∣∣∂ϵ(ki)
∂k

∣∣∣∣∣
−1

(2.88)

with the length of the Brillouin zone l =
∫
dk = 2π

a
, a single, degenerate 1D energy band

ϵ(k), the solutions ki of the equation E − ϵ(ki) = 0 and the number of electron states
N(E) per unit cell and up to the energy E [85]. Equation 2.88 sums contributions from
all wavevectors k where the energy matches ϵ(k) = E, weighted by the inverse slope of the
energy band ∂ϵ(ki)

∂k
. This relationship captures how the shape of the energy bands directly

influences the density of available electronic states. The DOS spikes where the bands are
flat and it exhibits singularities at local extrema ∂ϵ

∂k
= 0. These points of diverging DOS

in 1D systems are referred to as van-Hove-singularities (vHs). The optical properties of
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of CNTs are strongly determined by vHs. The positions of these peaks are determined
by the tube’s chirality (n,m) and diameter, which define the energy separation between
subbands. In semiconducting CNTs, the first vHs appear symmetrically around a finite
band gap, whereas in metallic CNTs, a singularity can occur at the Fermi level, giving rise
to metallic conductivity.

Figure 2.15.: Simulated band structure and DOS of a (6,4) SWCNT Left:
The band structure diagram in the Brillouin zone shows multiple allowed energy bands,
retrieved from the zone folding approach. Right: The corresponding DOS exhibits
vHs at energies where the bands are flat. Dipole-allowed transitions are indicated for
parallel polarized light as red arrows between same µ valence and conduction subbands
(Eii, ∆µ = 0) and for perpendicular polarized light between neighboring µ subbands
(Eij , ∆µ = ±1) as black arrows. Reproduced with permission from [86].

Figure 2.15 presents a numerical simulation of the band structure of a (6,4) SWCNT
together with the corresponding DOS. The band structure clearly exhibits an energy gap,
corresponding to the semiconducting properties of the CNT. Within this gap, the DOS
vanishes, reflecting the absence of available electronic states. At the pronounced extrema
of the valence and conduction bands, sharp vHs peaks appear in the DOS.
As discussed in Section 2.3.1, only vertical transitions in the k-space are optically allowed
due to conservation of momentum and the negligible photon momentum. In CNTs, transi-
tions from the valence band i to the conduction band j are labeled Eij. Allowed transitions
depend on the polarization of the excitation light, due to conservation of the angular mo-
mentum. When light is polarized parallel to the axis of the nanotube, the electric field
vector points in the axial direction only. Since it has no component around the circumfer-
ence, it cannot change the angular momentum of the electronic states. In other words, the
optical transition must conserve angular momentum. As a result, only transitions between
subbands of equal angular momentum ∆µ = 0 are allowed. These correspond to the Eii

transitions at the same cutting line in the reciprocal space, indicated as red arrows in the
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right side of Figure 2.15. Contrary, light polarized perpendicular to the axis of the nan-
otube can induce transitions with ∆µ = ±1, as its electric field has a component around
the tube. These transitions correspond to neighboring cutting lines in the reciprocal space
and are indicated by the black arrows in the right side of Figure 2.15 [80, 87].

PL emission in CNTs predominantly occurs from the lowest-energy transition E11 and is
polarized along the axis of the nanotube. When higher-energy states such as E22 are ex-
cited, they typically undergo rapid non-radiative relaxation down to the E11 state, from
which photon emission takes place [88–90].

Excitons in SWCNTs

In the early phases of research on SWCNTs, their optical transitions were commonly in-
terpreted as inter-subband transitions of free charge carriers, as depicted in Figure 2.15.
However, this view was fundamentally revised following two-photon experiments [89, 91],
which provided clear evidence for the formation of strongly bound Wannier-Mott exciton
states, due to different symmetries of the excited states. These excitons are stable at
room temperature and accompanied by a Rydberg series of higher excited states, high-
lighting that the optical response of SWCNTs is dominated by many-body effects rather
than single-particle transitions. The argumentation is similar to the case of excitons in
2D TMDs, discussed earlier in Section 2.3.1. The quasi-one-dimensional confinement of
charge carriers, together with a significantly reduced dielectric screening from the sur-
rounding environment, enhances the Coulomb interaction between electrons and holes. As
a result, exciton binding energies in CNTs are notably high and depend sensitively on the
nanotube’s chirality, its diameter and the dielectric properties of the surrounding medium.
Despite the dominance of excitonic effects, the underlying single-particle band structure
and the corresponding DOS still provide a framework for understanding and modeling op-
tical transitions in CNTs.
As a result of the binding energy, exciton creation sets in hundreds of meV below the
single particle band gap, i.e. the continuum state [91, 92]. Excitons in SWCNTs have an
exciton Bohr radius on the order of some nanometers. While first experiments indicated
exciton size of 2 ± 0.7 nm [89], recent results yielded in 13 ± 3 nm [93]. Compared to
the lattice constant of 0.14 nm, the treatment in the Wannier-Mott picture seems valid.
Hence, excitons are delocalized along the circumference of the tube and are mobile along
the axis with diffusion lengths of about 100 nm [94]. The diffusion coefficient of excitons in
SWCNTs is relatively low, with values around D ≈ 0.1 cm2/s. Despite strong absorption,
the PL quantum yield is remarkably low, typically on the order of 10−4 to 10−3, suggesting
that non-radiative decay channels dominate exciton recombination. The radiative lifetime
is on the scale of τrad ≈ 100 ns, while non-radiative lifetimes are much shorter, in the
range of τnonrad ≈ 10-100 ps [92]. Ultrafast spectroscopy studies reveal a complex decay
dynamics composed of multiple components. A fast decay process is attributed to exciton-
exciton annihilation, which becomes particularly efficient under high excitation densities.



2.3 Low-dimensional materials 45

An intermediate decay component is associated with the population and dynamics of dark,
optically inactive, exciton states. The slowest decay channel arises from weak radiative re-
combination, dominanted by phonon assisted relaxation processes. Moreover, many-body
excitonic complexes, including trions and biexcitons, have been experimentally confirmed
in SWCNTs [92, 95, 96].

Synthesis of CNTs

The first nanotubes were produced in 1990 by Iijima [39] using the arc discharge evaporation
method. This technique is one of the earliest and most established and involves striking
a high-temperature plasma arc, reaching up to 4000 ◦C, between two graphite electrodes
in an inert gas atmosphere like helium or argon. The heat vaporizes carbon from the
anode and in the presence of metal catalysts such as iron, cobalt or nickel this carbon
vapor condenses to form nanotubes on the cathode and nearby surfaces. The arc discharge
method is known for producing high-quality nanotubes with relatively few defects, although
the result is often a mix of single-walled and multi-walled CNTs [76, 80, 97].
A few years later, in 1996, researchers developed the laser ablation method, offering another
route to high-purity CNTs [98]. In this approach, a high-powered laser is used to vaporize
a graphite target that has been doped with metal catalysts (usually nickel or cobalt) inside
a furnace, heated to around 1200 ◦C. The process takes place in an inert gas flow, typically
helium or argon. When the laser pulses hit the target, carbon atoms and catalyst particles
are ejected into the gas phase where they cool down and self-assemble into nanotubes. The
resulting CNTs are collected downstream on a cooler surface. While this method produces
very high-quality SWCNTs with a narrow diameter distribution, it is expensive and not
well-suited for mass production [80, 97, 98].
Today, the most widely used and scalable technique is chemical vapor deposition (CVD).
In this method, a carbon-containing gas such as methane or acetylene is introduced into
a furnace at high temperatures, typically around 1000 ◦C. A substrate inside the fur-
nace is coated with metal nanoparticles, commonly iron, nickel or cobalt, which act as a
catalysts. These particles help break down the carbon source and guide the growth of nan-
otubes directly on the substrate. CVD offers fine control over the nanotube’s alignment,
length and diameter and can be tuned to produce either single- or multi-walled CNTs. Its
scalability and versatility make it a well suited method for industrial and research appli-
cations [76, 80, 97].



3. Antenna Controlled Antibunching
”The following chapter is based on the publication: Controlling photon antibunching from
1D emitters using optical antennas” by Lange et al., published in Nanoscale (2019) [99].
Parts of the text and figures are reproduced, with permission from the Royal Society of
Chemistry.

The current technological progress in quantum photonics opens this field to practical im-
plementations in a wide range of applications, such as quantum-secure communication,
quantum radiometry and efficient quantum computing. These new technologies make use
of quantum mechanical principles like superposition and entanglement. Hence, the ability
to generate single photons on demand is of crucial interest for many emerging quantum
technologies. All emitted photons are supposed to be identical in all relevant degrees of
freedom, like polarization, spectral shape, temporal and spatial mode. While classical light
emits photons in bunches or at unpredictable times, single-photon sources (SPS) produce
one photon at a time in a controlled fashion. This is particularly important in quantum
systems, where a single extra photon can lead to errors or compromise security [100].
In quantum communication, single photons carry information in protocols like quan-
tum key distribution, which offer theoretically unbreakable encryption through quantum-
mechanical principles. Here, the guarantee that only one photon is emitted reflects that
any attempt to intercept the information can be detected. Similarly, in quantum comput-
ing and photonic quantum networks, individual photons are used as quantum bits (qubits).
To make these systems work reliably, the photons need to be not only single but also highly
pure, ensuring precise control and reducing the chance of computational errors.
To meet the requirements of quantum technologies, a variety of quantum systems for
reliable single-photon emission (SPE) have been explored. SPS are quantified by their
brightness, single-photon purity and the indistinguishably. The single-photon purity is
related to the degree of antibunching, the non-classical signature of quantum light. Up
to now, zero-dimensional emitters such as isolated atoms, ions or quantum dots are the
most common SPS due to their energy level configuration, naturally restricting photon
emission to one photon at a time. While these systems can emit high-purity single photons,
they suffer from practical limitations. For example, single atoms must be isolated by
precise trapping techniques and cooled down to reduce Doppler broadening. Quantum
dots typically require cooling to low temperatures to suppress phonon interactions and
fabrication imperfections can lead to spectral inhomogeneity [100]. Additionally, coupling
0D emitters efficiently to optical circuits remains technically challenging due to their spatial
and spectral variability [20].
Nonlinear optical processes like FWM or spontaneous parametric down conversion (SPDC)
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can be utilized as probabilistic sources of single photons. Here, photon pairs are created
and the emission of one single photon is heralded to the detection of the other. Their tech-
nically simple operation does not require cryogenic temperatures, is spectrally tunable and
compatible with photonic integrated circuits. On the downside, the probabilistic character
of these sources makes it impossible to predict when a heralding signal will occur [100–102].

Increasing attention has turned to engineered low-dimensional materials, such as one-
dimensional nanowires or CNTs and two-dimensional semiconductors, as promising plat-
forms for scalable and robust single-photon emission. Their reduced dimensionality leads
to enhanced quantum confinement, giving rise to stable excitonic resonances, responsible
for strong light-matter interactions [20]. For these spatially extended materials, the num-
ber of excitons must be limited or reduced in order to achieve pure SPE. Excitons can
be localized at distinct trap-states, minima in the energetic landscape, where EEA can be
highly efficient. In layered semiconductors, such as tungsten diselenide, shallow trap-states
occur from defect-states [20], crystal imperfections at special edge states [103] or can be
induced by strain-engineering to direct energy into ’artificial atoms’ [104], sufficient for
exciton localization at liquid helium temperatures.
At room temperature, single photons can be emitted from defect-states in materials like
hexagonal boron nitride (h-BN) [105, 106]. Another effective way is by embedding quantum
dots within inorganic semiconducting nanowires, which helps to trap excitons efficiently
and enhances SPE [107].
The same principle can be transferred to 1D CNTs, where shallow quantum-dot like states
are generated by strain or environmental fluctuations [20, 108–110]. Single-photon prop-
erties in SWCNTs were shown to depend strongly on the length of the nanotube and on
excitation density [111, 112]. However, room-temperature SPE from SWCNTs has been
realized by the creation of deep, solitary impurity states through oxygen doping with ex-
cellent single-photon purity but suffering from inherent emission instability [113]. Covalent
aryl functionalization acts as an alternative with significantly reduced perturbation of the
electrostatic environment [114, 115]. Non-covalent functionalization of SWCNT with pen-
tacene molecules was proven to enhance exciton localization by creating a modified energy
landscape without altering their intrinsic structure. The pentacene molecules induce local
dielectric screening, which effectively traps excitons and leads to photon antibunching be-
havior at room temperature, while preserving the fundamental properties of the nanotube
[116].

Even without chemical doping, pronounced antibunching has been observed in pristine
SWCNTs resulting form exciton diffusion, EEA and natural localization effects [5, 111, 117].
As a crucial factor, influencing the degree of antibunching in SWCNTs, the ratio between
the optical excitation spot size and the exciton diffusion length was identified. When the
excitation is strongly confined relative to the diffusion range the likelihood for multi-photon
emission decreases and antibunching is enhanced [5, 111].
If an optical antenna, converting propagating radiation into local fields and vice versa, is
placed in the vicinity of an absorber, the rates for optical absorption and emission are
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locally strongly enhanced. Additionally, the antenna’s directivity forces radiation to a spe-
cific direction [118]. For atom-like SPS, plasmonic nanostructure have been used as optical
antennas to enhance the rate of usable photons significantly [119–121].

This chapter describes the use of an optical antenna as a near-field probe to control the
photon statistics of SWCNTs. This concept was originally proposed in [111] and has been
published in [99].
In Sections 3.1 and 3.2 the fundamentals of photon statistics and optical antennas are
introduced, respectively. Subsequently, in Section 3.3 the experimental details such as
sample preparation, technical devices and the setup are described. Section 3.4 discusses the
experimental procedure and the results. Finally, in Section 3.5 a numerical investigation of
the relevant parameters and the potential of antenna-control on the degree of antibunching
in 1D emitters is given. This Monte-Carlo simulation of a random walk of excitons in 1D
has been designed and performed by Dr. Richard Ciesielski from the research group of
Prof. Achim Hartschuh at the LMU Munich.
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3.1. Photon statistics and the quantum nature of light
The classical theory of light, based on Maxwell’s equations, has been remarkably successful
in describing a wide range of optical phenomena such as reflection, refraction, diffraction
and interference. Within this framework, light is modeled as a continuous electromagnetic
wave and its interaction with matter is explained using the well-established laws of classical
electrodynamics.
But with the rise of quantum mechanics in the early 20th century the understanding
of light began to change fundamentally. A key event was Einstein’s interpretation of
the photoelectric effect [122], which couldn’t be explained by classical wave theory alone.
Instead, Einstein proposed that light comes in discrete packets of energy. These photons
behave like individual ”bullets” or ”darts” of energy [123], each with a specific amount of
energy E = ℏω and momentum p = E/c and capable of exciting an electron without any
noticeable time delay. This implies a point-like localization of energy transfer, in contrast
to the extended nature of classical waves.
Later experiments at extremely low light intensities revealed that, when single photons
were sent through a double-slit setup, interference patterns still emerged over time. This
showed that each photon somehow takes multiple paths and interferes with itself. This is
a demonstration of the wave-particle duality, a key issue of modern quantum optics.
In interferometry, the correlation of the electromagnetic field is measured between various
space-time points. Prominent examples are the Young double slit interference experiment
and the Michelson interferometer. The fields at the detector position is a superposition of
the incident fields described as:

E(x, t) = E1(x1, t) + E1(x2, t) = E0
[
ei(kx1−ωt) + ei(kx2−ωt)

]
, (3.1)

where x1 and x2 are the field’s optical paths, k is the wavenumber, ω is the angular
frequency and t is the time, while the same polarization and amplitude E0 for both fields
is assumed. The intensity at the fixed detector position depends on the path difference of
the two fields, which can be expressed as a time delay τ = x2−x1

c
of one field with respect

to the other.

I(τ) = ⟨|E1(t) + E2(t+ τ)|2⟩ (3.2)

In Equation 3.2, ⟨..⟩ denotes to the time average. Expanding this reveals the cross term,
which contains the information about the correlation between the fields.

I(τ) = ⟨|E1(t)|2⟩ + ⟨|E2(t+ τ)|2⟩ + 2ℜ [⟨E∗
1(t)E2(t+ τ)⟩] (3.3)

Assuming the two fields are emitted from the same, stationary light source, E1 and E2 are
not fundamentally different but rather the same field sampled at different times,
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E1(t) = E(t) (3.4)
E2(t+ τ) = E(t+ τ), (3.5)

and Equation 3.3 becomes:

I(τ) = ⟨|E(t)|2⟩ + ⟨|E(t+ τ)|2⟩ + 2ℜ [⟨E∗(t)E(t+ τ)⟩] (3.6)

The interference term ⟨E∗(t)E(t+τ)⟩ quantifies how well the fields remain correlated after
the delay τ . This is summarized in the normalized first-order correlation function g(1),
which measures the degree of coherence between the fields at different times or positions,
normalized to the average intensity.

g(1)(τ) = ⟨E∗(t)E(t+ τ)⟩
⟨|E(t)|2⟩ (3.7)

The spatial dependence is implicit in the fixed detector position. |g(1)(τ)| = 1 describes
a perfectly coherent field. For an incoherent field |g(1)(τ)| < 1 and decays rapidly with
increasing time delay, reflecting the loss of correlation between the fields. The contrast of
the interference pattern is directly proportional to |g(1)(τ)| [124].
While g(1)(τ) is sensitive to the temporal phase coherence of the optical field it does not
account for correlations in the photon arrival times. These fluctuations in intensity over
time and the correlated photon statistics can be captured by the second-order correlation
function g(2)(τ).

g(2)(τ) = ⟨I(t)I(t+ τ)⟩
⟨I(t)⟩2 (3.8)

This correlation function quantifies the probability to detect intensity coincidences at two
times separated by a time delay τ . Experimentally, g(2)(τ) is accessible by photon count-
ing techniques with avalanche photodiodes (APDs) (see Section 3.3.2) or photo-multiplier
tubes (PMT).

In their pioneer work, in 1956 Hanbury Brown and Twiss developed a method to use the
measurement of intensity correlations for the determination of the angular diameter of
visual stars. Previously, such measurements relied on the determination of the spatial co-
herence length lcoh of the incident starlight using a Michelson interferometer. Importantly,
phase fluctuations inside the coherence volume are related to the electric field strength
and therefore to the amplitude. As a result, at two detectors within lcoh the intensity
fluctuations are correlated and g(2)(0) > 1. As the distance between the two detectors d is
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increased beyond the coherence length, d > lcoh, the correlation diminishes. This can be
exploited to determine the angular diameter of the star [125].

P1 K

P2

Figure 3.1.: Schematic principle of the Hanbury Brown Twiss intensity cor-
relator setup. The incident light is devided at a 50:50 beamsplitter and send to two
detectors at positions P1 and P2. The electric signals of the two detectors are correlated
at the correlator K.

This method is equivalent to measuring coincident photon detection events, i.e. the si-
multaneous registration of photons at two detectors. The probability for the arrival of a
photon at position P1 is enhanced if a second photon arrives at position P2. Figure 3.1
illustrates the schematic principle of such an intensity correlation setup. This surprising
result originates in the superposition of the radiation of all atoms on the star’s surface. In
thermal light, the mean temporal width of a positive or negative intensity peak is on the
order of the coherence time τcoh. So within τ < τcoh the number of coincident events is en-
hanced compared to random coincidences for τ ≫ τcoh. Since τcoh is inversely proportional
to the spectral linewidth ∆f , the temporal intensity correlations are directly connected to
the spectral properties of the light source [126]. This enhanced probability for two photons
at the same position within a small time interval is referred to as photon bunching. It
describes the tendency of photons to bundle. In fact, this bunching directly mirrors the
strong intensity fluctuations of thermal light sources.

In contrast, laser light is characterized by a fundamentally different photon statistics. This
difference arises from the laser principle, which is based on stimulated emission, whereas
thermal light is based on spontaneous emission. Inside a laser cavity, the electromag-
netic field oscillates coherently and in phase with the macroscopic polarization of the
laser medium. Each photon generated by stimulated emission is identical in terms of fre-
quency, direction and polarization. This results in a highly ordered and phase-stable light
field. However, the laser’s remarkable amplitude stability leads to the characteristic photon
statistics and is a direct consequence of a gain saturation mechanism. The probability of
stimulated emission increases with the light intensity but the laser is pumped at a constant
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rate. So, a random intensity peak depletes the population inversion more quickly than av-
erage, effectively reducing the following gain. This automatic feedback mechanism smooths
out intensity fluctuations, effectively damping them before they can grow [126, 127].

Since intensity fluctuations in laser light are strongly reduced, there is no excess of coin-
cident photon detections compared to the average. As a result, the intensity correlation
function g(2) becomes independent of the time delay τ and remains flat at g(2)(τ) = 1. This
does not mean that photons arrive with a perfectly even photon distribution over time, but
rather it means that the probability of detecting a photon at any given time is constant
and independent of other events.
Such perfectly random and independent events are described by the Poisson-distribution.
The Poisson distribution also models other independent random processes, such as radioac-
tive decay or, as a famous historic example, the number of soldier deaths by horse kicks
[128]. Following the Poisson distribution the probability of observing exactly n events in
a given time interval with the expectation of λ is given by:

pn = λn

n! e
−λ (3.9)

A key feature of the Poisson distribution is that its mean ⟨n⟩ is equal to its variance σ2:

⟨n⟩ = σ2 = λ Poissonian (3.10)

λ is the expectation value. This means that the distribution becomes broader for an
increase in the average number of events. In contrast, thermal light shows super-Poissonian
statistics, as its variance exceeds the mean, reflecting the larger intensity fluctuations.

σ2 > ⟨n⟩ super-Poissonian (3.11)

As discussed above, for the super-Poissonian chaotic light of a thermal emitter, photons
tend to arrive in groups, a phenomenon referred to as photon bunching. This leads to a
intensity correlation peak at zero time delay, g(2)(0) > 1, with g(2)(0) = 2 being the theoret-
ical maximum for an ideal thermal light source, see Figure 3.2 (b). This super-Poissonian
behavior reflects the enhanced probability of detecting two photons in short succession.

Complementary to the Poissonian and the super-Poissonian light, the case of sub-Poissonian
light is characterized by a photon number variance that is smaller than the mean:

σ2 < ⟨n⟩ sub-Poissonian (3.12)
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While Poissonian photon statistics is exhibited by ideal coherent laser light, sub-Poissonian
statistics indicate an even greater stability in the photon number. In fact, the observation
of sub-Poissonian light is a clear signature of the quantum nature of light as such behav-
ior cannot be explained classically. Quantum emitters such as single atoms or quantum
dots emit photons one at a time. In these systems, the emission mechanism inherently
prevents the simultaneous detection of two photons, leading to photon antibunching. Here,
g(2)(0) < 1, with g(2)(0) → 0 indicating perfect SPE. This sub-Poissonian statistic is a
hallmark of verifying true SPS.

In practical experiments, a measured value of g(2)(0) < 0.5 is often used as a benchmark to
identify SPE. This condition means that the probability of detecting two photons at the
same time is less than half of what would be expected from a classical light source with
Poissonian photon statistics, such as a laser. In this regime, multiphoton emission events
are strongly suppressed and the photon stream shows clear signs of antibunching.
To understand this more fundamentally, the Fock photon number state representation can
be invoked. In this formalism, a light field that contains exactly n photons is described by
the state |n⟩. For such a state, the second-order correlation function at zero delay is given
by:

g(2)(0) = n(n− 1)
n2 . (3.13)

This expression shows that for a true single-photon state with n = 1, the ideal non-classical
result is g(2)(0) = 0, which means that two photons are never detected at the same time.
For n = 2, the result is g(2)(0) = 0.5, illustrating why this is commonly used as the thresh-
old for SPE. Any measured value below this threshold indicates, that the source emits
light with less than two photons per event on average, confirming its suitability as a single-
photon emitter.

As decreasing values of g(2)(0) describe the emitters rising ability of sending out single
photons, the degree of antibunching, 1 − g(2)(0) can be used as a measure for SPE that is
maximized in the case of ideal SPE.
Figure 3.2 summarizes this section and compares photon bunching, antibunching and co-
herent light in terms of the photon number streams (a) and the second-order correlation
function (b), as solid lines. If the integration time τint exceeds the coherence time τcoh,
g(2)(τ) cannot no longer be correctly resolved. This is indicated by the dotted lines in
Figure 3.2 (b).
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Figure 3.2.: Comparison of bunched, coherent and antibunched light. (a)
Schematic illustration of photon streams divided into short time intervals ∆t. For
bunched light, intervals containing multiple photons occur more frequently than those
with exactly one photon. For coherent light, the numbers are equal, whereas for anti-
bunched light no interval contains more than one photon. (b) Corresponding second-
order correlation function g(2)(τ) as a function of the delay time τ , normalized to the
coherence time τcoh. Solid lines correspond to short integration times τint ≪ τcoh, while
dotted lines represent longer integration times τint > τcoh, where the correlation cannot
be properly resolved.

Summarizing these findings, the concept of photon statistics allows to characterize light not
just by its average intensity or frequency content but by the distribution and correlations
of individual photon events. As such, photon statistics provide a framework to differentiate
classical from non-classical light fields and to probe the quantum nature of light-matter
interactions.
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3.2. Optical antennas and the near-field
This short discussion of near field optics and optical antennas in this section is based on
[129–133] and can be reviewed there in more detail.

The propagation of light in free space is described by the photon dispersion relation:

ℏω = ℏc
2πλ = cℏk (3.14)

with ℏ = h
2π

the reduced Planck’s constant, ω the angular frequency of the photon, λ the
wavelength of the photon, c the speed of light and k =

√
k2

x + k2
y + k2

z the corresponding
wavevector. Heisenberg’s uncertainty principle, applied to the photon, entangles the un-
certainty in the spatial position ∆x with the uncertainty in the corresponding component
of its momentum ∆px.

∆px · ∆x = ℏ∆kx · ∆x ≥ ℏ
2 (3.15)

As a result, a wide range of wavevector components leads to a small uncertainty in the
corresponding spatial direction. In other words, to achieve a high spatial resolution, the
collected spread of spatial frequencies must be maximized. The maximum spread of spatial
frequencies is the full wavevector in free-space k = 2π

λ
, so substituting ∆kx by k in Equation

3.15, leads to an expression similar to the Rayleigh diffraction limit [130]:

∆x ≥ λ

4π (3.16)

However, in a microscope, not all propagating components manage to arrive at the detector
position, due to a limited collection angle of the microscope objective. The numerical
aperture (NA) determines the fraction of the surrounding light cone that the system can
capture.

NA = n · sin(θ) (3.17)

where n is the refractive index of the medium between the lens and the sample and θ is
the maximum half-angle of the cone of light that can enter or exit the objective.
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Figure 3.3.: The collection angle of a microscope objective is given by the
numerical aperture. Waves with wavevector components inside the cone of the angle
θ are collected by the objective, while larger angle components are not collected.

A higher NA indicates that a larger fraction of the light cone is collected. Thus, systems
with larger NA provide higher spatial resolution. The maximum range of spatial frequencies
that can be captured by the microscope objective is restricted by the NA:

kNA = 2π
λ

· NA (3.18)

Hence, the resolution limit for experimental microscopy turns to:

∆x ≥ λ

4π · NA (3.19)

In the angular spectrum representation, a spatial spectrum of an optical field E at a certain
position z is determined by the spectrum of spatial frequencies in a known starting point
z = 0 and an optical transfer function e±ikzz.

E(kx, ky; z) = E(kx, ky; 0) · e±ikzz (3.20)

Here, the ± sign indicates the propagation in positive or negative z direction and kz =√
k2 − (kx + ky)2. If (kx + ky)2 < k2 the z component of the wavevector is real and

e±ikzz is an oscillating function, corresponding to the propagation of the field. However, if
(kx +ky)2 > k2 the z component of the wavevector is fully imaginary and e±ikzz becomes an
exponentially decreasing function. In this case, the field contributions are non-propagating,
evanescent waves. Upon propagation these parts of the field decay and the information
from high-frequency spatial components is lost. Propagation acts as a low pass filter for
spatial frequencies.
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In a nutshell, optical microscopy suffers from the loss of spatial frequencies due to the
diffraction of light in two distinct regimes. In the near field of an emitter, at distances
much smaller than the optical wavelength (r ≪ λ), high spatial frequencies correspond
to non-propagating, evanescent waves that decay rapidly and are lost upon propagation.
In the far field, at distances much larger than the wavelength (r ≫ λ), additional spatial
information is lost due to Fraunhofer diffraction at apertures of optical components.

One way to improve optical resolution is to capture the spatial information encoded in
evanescent waves, thereby increasing the bandwidth of collected spatial frequencies. In
fact, nanoscale objects brought into the near field of an emitter can couple efficiently to
these evanescent components. They act as converters of localized electromagnetic energy
into freely propagating light, essentially forming a bridge between the emitter’s near field
and the far-field radiation. Because of their functional analogy to radio-frequency anten-
nas, these nanoscale structures are referred to as optical antennas. The reverse process is
possible as well. They can focus incoming far-field radiation into a sub-diffraction volume
via their own evanescent near-field components.

Figure 3.4.: Schematic principle of optical antennas. The optical antenna serves
as a transducer between far-field radiation and localized near-field energy. It con-
verts freely propagating electromagnetic waves from the far-field into strongly confined
evanescent fields in the near-field and vice versa. Reproduced with permission from
[134]. © 2017, American Chemical Society.

In the optical regime, many antennas are based on plasmonic nanostructures made from
noble metals like gold or silver. When light interacts with such a nanostructure, it can
excite a collective oscillation of the metal’s free electrons, known as a localized surface plas-
mon resonance (LSPR). These oscillating charges create strongly localized and enhanced
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electromagnetic fields near the surface, particularly at sharp features like tips or edges. As
a result, the local electric field can be amplified by several orders of magnitude compared
to the incident field, enabling intense light-matter interactions on the nanoscale. The an-
tenna’s geometry governs its interaction with light, affecting the directionality, spectral
response and scattering properties.

The dimensions of optical antennas are typically comparable to the wavelength of the in-
teracting radiation, while the spatial resolution depends on how tightly the optical energy
is confined at the apex of the antenna. Recent advances in nanoscience and nanotechnol-
ogy have significantly improved fabrication capabilities. Techniques range from top-down
approaches such as electrochemical etching, focused ion beam milling and electron-beam
lithography, to bottom-up self-assembly methods [132].
The central idea of optical antenna technology is using antennas as both local illuminators
and collectors. This dual role enhances the accessible spatial frequency bandwidth by re-
taining evanescent components of the optical field [130]. Due to the elevated field energy
in the hot-spot of the antenna, absorption and emission rates of the sample are locally
enhanced. Spatial resolution and detection sensitivity can benefit from that.

The influence of the antenna on the absorption of electromagnetic radiation can be quan-
tified by comparing the absorption cross section with and without the antenna, denoted as
σA and σ0, respectively. This ratio indicates how effectively the antenna enhances the ex-
citation of a nearby receiver. It reflects how efficiently the antenna concentrates incoming
radiation of intensity I with a given polarization direction n⃗p and from a certain direction
(Θ,Φ), into the receiver. It is also referred to as the antenna aperture A.

A(Θ,Φ, n⃗p) = σA(Θ,Φ, n⃗p)
σ0(Θ,Φ, n⃗p) = Pexc

I(Θ,Φ) = |n⃗p · E⃗|2

|n⃗p · E⃗0|2
(3.21)

If the receiver behaves like a dipole, aligned along the vector n⃗p, the excitation power Pexc
is proportional to |n⃗p · E|2, where E is the local electric field at the position of the receiver
in the presence of the antenna. Similarly, the incoming intensity I can be expressed by the
given polarization direction and the local field without antenna E0. This means that the
provided absorption enhancement crucially depends on the direction and polarization of
the incoming field. The more strongly the antenna modifies and enhances the field compo-
nent along the dipole direction, the more efficiently it drives absorption. By assuming an
identical direction of the enhanced field relative to the non-enhanced field, the local field
enhancement factor f can be used to express the absorption enhancement.

f = E

E0
(3.22)

In this case, the absorption cross section simplifies to:
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σ = f 2σ0. (3.23)

Furthermore, the antenna radiation efficiency ϵrad quantifies the total radiated power Prad =∫ π
0
∫ 2π

0 p(Θ,Φ)dΘdΦ, with the angular power density p(Θ,Φ), relative to the total dissipated
power P .

ϵrad = Prad

P
= Prad

Prad + Ploss
(3.24)

In Equation 3.24, Ploss is the power dissipated into heat and other loss channels. The
antenna directivity measures the ratio of the radiation that is pointed by the antenna to a
certain direction.

D(Θ,Φ) = 4π
Prad

p(Θ,Φ) (3.25)

Together with ϵrad it forms the antenna gain G and describes the directivity normalized to
the total dissipated power.

G(Θ,Φ) = ϵradD(Θ,Φ) = Prad

Prad + Ploss

4π
Prad

p(Θ,Φ) (3.26)

According to the reciprocity theorem, i.e. the principle that in a linear, time-invariant and
reciprocal medium the response at a point A due to a source at point B is equal to the
response at point B due to the same source placed at point A, the excitation rate kexc of
the emitter can be connected to it’s radiation rate krad [133].

kexc,Θ

k0
exc,Θ

= krad,Θ

k0
rad,Θ

DΘ(Θ,Φ)
D0

Θ(Θ,Φ) (3.27)

In Equation 3.27, the superscript 0 indicates quantities in the absence of the antenna and
the subscript Θ the polarization direction. An analogous expression can be formulated
for the orthogonal polarization direction Φ. Hence, the antenna induced enhancement
of the excitation rate is proportional to the enhancement of the radiative rate but the
proportionality depend on the direction.
Assuming a parallel directivity for enhanced and non-enhanced fields, the radiative rate
enhancement becomes proportional to the square of the field enhancement factor.

krad

k0
rad

= kexc

k0
exc

∝
∣∣∣∣ EE0

∣∣∣∣2 = f 2 (3.28)
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3.3. Experimental description

3.3.1. Preparation of (6,5) SWCNTs

The sample preparation methods described below, aiming to produce high-quality samples
of individual (6,5) SWCNTs on microscope cover slips, were carried out by Frank Schäfer
from the research group of Prof. Achim Hartschuh at the LMU Munich. Care was taken
to follow well-established protocols and to compare all methods carefully with relevant
literature throughout the preparation process.
For these experiments, SWCNTs were purchased from Sigma-Aldrich (CoMoCat (Cobalt-
Molybdenum Catalysis) SG65, Product No. 704148), a commercial source known for its
relatively high proportion of semiconducting nanotubes, especially those with (6,5) chiral-
ity. Since the raw SWCNT powder is highly hydrophobic and tends to form bundles in
aqueous solutions, an initial dispersion step was necessary. A 1 mg/mL suspension was
prepared in 1% sodium deoxycholate (DOC, BioXtra, Sigma-Aldrich), a bile salt surfac-
tant commonly used to stabilize carbon nanotubes in aqueous solutions. The mixture was
sonicated using a tip sonicator (Bandelin Sonoplus HD2200/UW 2200) for 8 minutes at
17–18% power, while keeping the sample under ice cooling to prevent overheating.
To isolate and enrich the (6,5) nanotubes from the mixed starting material, a two-step aque-
ous two-phase separation (ATPS) process was used, following a protocol adapted from [135].
This technique takes advantage of subtle differences in how different SWCNT chiralities
interact with surfactants to separate them into two immiscible aqueous phases. The sepa-
ration was carried out using polyethylene glycol (PEG-6000, Alfa Aesar) and Dextran-70
(Tokyo Chemical Industry) as the phase-forming polymers. A mixture of sodium cholate
(SC), sodium dodecyl sulfate (SDS) and sodium chloride was added to fine-tune the sepa-
ration conditions. Afterward, the enriched fractions were concentrated and cleaned using
ultracentrifugation (Eppendorf 5430) with 100 kDa Amicon filter units (Millipore), which
helped remove excess surfactants and unbound polymers.
In addition to these surfactant-dispersed samples a second type of (6,5)-enriched SWCNT
sample was prepared using DNA-assisted dispersion. In this method, single-stranded DNA
wraps around the nanotubes via non-covalent interactions, helping to both stabilize them
in solution and selectively target certain chiralities. DNA wrapping improves solubility
and dispersion of SWCNTs in water, while preserving the SWCNT’s intrinsic electrical and
optical properties. Following the approach described in [136], purified oligonucleotides with
the sequence CCG CCG CC (Metabion International AG) were used. This particular sequence
has been reported to achieve up to 11% selectivity for the (6,5) chirality. Notably, these
DNA-wrapped samples were prepared without the use of surfactants like SDS or DOC,
minimizing concerns about residual detergents interfering with downstream applications.
The SWCNT dispersion was deposited onto a 80 µm-thick borosilicate microscope cover
slip (VWR Cover Slips, Thickness 0) via spin-coating. The substrate was subsequently
dried for one minute under ambient conditions and rinsed with Milli-Q water to reduce the
density and remove residual surfactants.
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3.3.2. Time-resolved detection with APDs and TCSPC
For time-resolved measurements on timescales of ∼ 10 ps up to µs, avalanche photodiodes
(APDs) can be used in combination with Time-correlated single photon counting (TCSPC)
electronics.

APDs are highly sensitive detectors capable of registering single photons by applying a
high voltage to the photoelectric material. When a photon enters the device, it excites a
single free charge carrier in the semiconducting material, which is accelerated by the high
voltage and creates an avalanche of additional charge carriers upon collisions, resulting in
a fast and detectable electrical pulse. However, random noise from thermally generated
electrons (dark counts) has to be accepted, as well a specific dead time after each detection
event during which no additional photons can be registered. Beyond a saturation thresh-
old of detectable events per time, a nonlinear response occurs at high count rates. In the
experimental usage of this work the photon detection rate of APDs is kept below 1 MHz,
to avoid this saturation effect.

In TCSPC, each detected photon event is time-stamped relative to a reference signal,
typically derived from the laser’s repetition rate. The electronics operate by initiating a
voltage ramp upon photon detection at the APD and stopping it at the arrival of the next
laser pulse. The resulting voltage, proportional to the time difference, is then digitized and
accumulated into a histogram.

The accuracy of such measurements depends on the instrument response function (IRF),
which describes the minimal temporal resolution, i.e. the temporal broadening of an δ-peak
signal, introduced by the detector and electronics. The IRF can vary slightly with intensity
and wavelength, as the photon absorption can take place at varying depths of the material
and charge carriers from outside the avalanche region result in uncorrelated events. For the
time-correlated experiments in Section 3.4 the IRF was determined to ∼ 30 ps (FWHM)
by using TCSPC to measure the temporal width of the excitation laser pulse.

3.3.3. Tip-enhanced near-field optical microscope setup
For the tip-enhanced time-correlated PL experiments in this section an inverted confocal
microscope was combined with a sharp gold nano-tip in close distance to the sample. The
feedback mechanism for the z-position control of the antenna was based on the detection of
the resonance frequency of the lateral oscillation of a tuning fork, on which the antenna was
glued to, highly sensitive to the shear-force applied by short-ranged interactions with the
sample. A detailed description of the feedback mechanism can be found in [130, 131, 137].
For excitation, a tunable pulsed fiber laser, operating at a repetition rate of 40 MHz
was employed to achieve resonant excitation of the E22 transition of semiconducting (6,5)
SWCNTs with 570 nm laser pulses. The laser is based on spectral broadening of a infrared
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1560 nm fs pulse in a photonic-crystal-fiber and subsequent frequency doubling of selected
spectral components. To avoid multiple sequential excitations in the SWCNT within the
same pulse, the laser pulse duration of 1 ps was substantially shorter than the correspond-
ing exciton lifetime of 10-50 ps [138]. The SWCNTs sample, deposited on top of thin
borosilicate glass coverslip (80 µm), was placed in the focus of a high NA microscope ob-
jective (Nikon CFI apochromat TIRF NA=1.49 60x). The setup is illustrated in Figure 3.5.

Figure 3.5.: Schematic overview of the tip-enhanced PL setup with HBT
configuration. The (6,5) SWCNT sample is excited by a tunable ps fiber laser, oper-
ating at a wavelength of 570 nm and converted into a radially polarized donut mode.
A gold nano-tip is brought into close distance to the sample controlled by a shear-force
based tuning fork feedback. After spectral filtering the tip-enhanced PL from the E11
transition of the SWCNTs at 980 nm is sent to a HBT-setup of two time-correlated
single photon detectors.

The linear polarized TEM00 mode of the fiber laser doesn’t have any vertical polarization
components in the focus. In order to efficiently drive LSPRs in the gold tip, vertical
out-of-plane field components in the focus were generated by conversion of the transversal
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laser mode into a radially polarized donut mode. For this purpose, a Liquid Crystal
(LC) polarization converter (ARCoptix) was employed, operating at wavelengths between
400 nm and 1700 nm. The key component is a radial polarization converter based on
a twisted nematic LC cell, as described in [139]. The alignment of the LC molecules is
defined by surface rubbing with a linearly rubbed entrance plate in a fixed direction and a
circularly rubbed exit plate. This creates a spatially varying twist in the LC orientation,
such that the total twist angle depends on the angular position with respect to the axis of
the cell. The wavelength of the light must be small compared to the twist and thickness
of the LC cell so that the polarization can track the twist gradually.

d · ∆n ≫ λ (3.29)

In Equation 3.29, d is the thickness of the cell, ∆n is the difference between extraordinary
and ordinary refractive indices and λ is the wavelength of the particular light. When
a linearly polarized light beam enters the cell under polarization-guiding conditions, its
polarization follows the local twist of the LC molecules. As a result, the output polarization
is not uniform but varies across the beam profile, enabling the generation of spatially
structured polarization states such as radial or azimuthal polarization.
Figure 3.6 illustrates the polarization rotation procedure. If the incident light is polarized
parallel to the cell axis, azimuthally polarized light is achieved. Radially polarized light is
achieved for an incident polarization perpendicular to the cell axis. Subsequently, a spatial
filter after the polarization converter is used to clean up residual inhomogenities in the
intensity profile.

Azimuthally
 Polarized

Radially
Polarized

Figure 3.6.: Schematic illustration of the operating principle of a radial po-
larization converter. Linear polarized light enters a twisted nematic liquid crystal
cell, whose entrance and exit plates are treated with linear and circular rubbing, re-
spectively. The local polarization follows the twisted LC molecules, resulting in Left:
azimuthally polarized light for parallel incident polarization and Right: radially polar-
ized light for perpendicular incident polarization. Adapted with permission from [139].
© 1996, Optical Society of America.
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The generated radiation was collected by the same high NA objective in epi-detection con-
figuration, transmitted through the beamsplitter and reflected out of the microscope body.
PL radiation at 980 nm from the first excitonic resonance (E11) was detected after spectral
filtering of the fundamental laser radiation, using an optical longpass filter (LP633nm), by
two APD single photon detectors in a Hanbury-Brown-Twiss (HBT) configuration.
In a HBT setup, the second order intensity correlation function g(2)(τ) is measured by
detecting coincident events between two single-photon detectors placed at the outputs
of a 50:50 beam splitter, using TCSPC electronics, as illustrated in Figure 3.1. This
allows to assess the statistical properties of the light, depending on the time delay. In
the experiment, a photon detection event at APD 1 serves as the start signal for time
measurement, while a subsequent detection at APD 2 provides the stop signal. To ensure
that the TCSPC electronics correctly registers the time interval, which requires the start
signal to arrive before the stop, a delay to the stop channel is inserted via unmatched
cable length. This introduces a well-defined time offset, guaranteeing the correct order of
signal arrival regardless of the actual detection sequence. The distribution of measured
time intervals is then used to construct the g(2)(τ) histogram, presented in Figure 3.8 of
Section 3.4.
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3.4. Experimental antenna-controlled antibunching in
SWCNTs

In this section the tip-enhanced near-field optical microscopy (TENOM) setup, introduced
in Section 3.3.3, was employed to investigate the influence of an optical antenna on the
photon statistics of the PL from a single (6,5) SWCNT, emitted from the lowest exciton
state E11. Nanotubes were deposited on a borosilicate microscope cover slip, as described
in Section 3.3.1, and placed in the focus of the NA 1.49 objective. The sample was excited
by a tunable ps fiber laser, tuned to an excitation wavelength of 570 nm, resonant with
the E22 exciton transition of the (6,5) nanotubes. Single (6,5) SWCNT were identified by
spectral analysis, retrieving the characteristic E11 PL emission peak at ∼ 980 nm, and
confocal microscopy as well as tip-enhanced near-field microscopy, as illustrated by the
example in Figure 3.7.

200 nm

Tip-enhanced PL

Figure 3.7.: Experimental antenna-enhanced PL microscope image of a (6,5)
SWCNT. The PL intensity, measured at low excitation power for photon-correlation
experiments, is enhanced in the near-field of the metal tip. The width of the enhanced
PL signal indicates an optical near-field confinement of approximately d ≈ 20 nm.
Adapted from [99] with permission from the Royal Society of Chemistry..

Subsequently, the second-order correlation function g(2)(τ) of the nanotube’s PL emission
signal was determined using two APDs in a Hanbury-Brown Twiss configuration, as in-
troduced in Section 3.3.3. The sharp metal tip nano-antenna was constantly placed in
the focus of the laser beam, closly above the nanotube. Thermal drift of the tip position
was compensated manually by restoring the tip-enhanced PL count rate. Upon photo-
excitation of the SWCNT by 1 ps pulses with a repetition rate of 40 MHz (25 ns), the
number of correlated photon-detection events of the emitted PL was recorded with respect
to the delay time between the events. The 1 ps pulse length ensures that no multiple
sequential excitations, with lifetimes of 10-50 ps, occurred within the same laser pulse
[138].
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Figure 3.8.: Time-correlated photon counts and g(2)(τ) data for two different
SWCNTs. The data shows antenna-controlled antibunching at room temperature
in the PL of two individual (6,5) SWCNTs. (a) and (b) present recorded correlated
photon detection events in the HBT-setup as a histogram with respect to the delay
time τ in the presence of an optical antenna. The peaks marked by the ∗ are artifacts
arising from the combination of two APD photo-detectors. (c) and (d) presents the
same without the optical antenna. (e) and (f) shows the corresponding normalized
second-order correlation function derived from the data above. g(2)(0) is clearly reduced
through the effect of the antenna. Adapted from [99] with permission from the Royal
Society of Chemistry.
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In Figure 3.8, the recorded data for two exemplary SWCNTs is presented. The panels
(a) and (b) show the recorded data with the optical antenna, while panels (b) and (d)
show the results for a confocal measurement without the optical antenna at the same
nanotube position. Separated count number peaks with an equidistant spacing of 25 ns,
corresponding to the laser’s repetition rate, can be observed. In both cases the peak height
at zero time delay is clearly reduced by the optical antenna ((a) and (b) ) compared to the
measurement without the antenna ((c) and (d)). The dotted horizontal line represents the
average number of registered correlated events at all other times.
The peak at zero time delay is flanked by two broader peaks, not matching the regular
time spacing of 25 ns. These are measurement artifacts attributed to afterpulsing of the
APDs, caused by trapping of charges during the avalance process. The following photon
emission by relaxation of these charges can be detected by the second APD resulting in
mistaken correlated photon emission events [140].
To extract the second-order correlation function g(2)(τ) from this data, the total number
of correlated events per delay-time interval was determined by integrating over a time
window of ±1.5 ns around each individual peak. The normalized g(2)(τ) function was then
obtained by dividing these integrated counts by the average of all peaks, excluding the one
at zero time delay.
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Figure 3.9.: Histogram of g(2)(0) values with and without an optical antenna
for 7 individual (6,5) SWCNTs. Different symbols mark the g(2)(0) values for
the same nanotube with and without the antenna in the lower and the upper part,
respectively. The effect of the antenna is a reduction of g(2)(0) by approximately 0.2.
Adapted from [99] with permission from the Royal Society of Chemistry.
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The results for both exemplary nanotubes are presented in Figure 3.8 (e) and (f), respec-
tively. Antenna-controlled antibunching is clearly observed as a tip-induced reduction of
g(2)(0) by 0.17 from 0.96 to 0.79 in (e) and by 0.24 from 0.72 to 0.48 in (f). The red and
blue shaded areas represent the standard deviation of g(2)(τ) values, excluding g(2)(0).
Comparable antenna-induced reductions in g(2)(0) of approximately 0.2 were consistently
observed for additional (6,5) SWCNTs, as presented in the histogram in Figure 3.9. How-
ever, even in the absence of a near-field probe, SWCNTs were observed to exhibit varying
degrees of antibunching due to an interplay of exciton diffusion, EEA and natural localiza-
tion effects [5, 111, 117]. This is consistent with the confocal measurements presented in
the upper part of Figure 3.9, where g(2)(0) values scatter between 0.7 and 1. The optical
antenna further enhances the degree of antibunching by about 0.2.
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3.5. Numerical approach - exciton diffusion and decay in
1D

To further explore the potential of controlling the degree of antibunching in 1D emitters
through the near-field interaction with an antenna, Monte-Carlo simulations of exciton
generation and decay together with a random walk in 1D were designed and performed
by Dr. Richard Ciesielski from the research group of Prof. Achim Hartschuh at the LMU
Munich.

A one-dimensional nanostructure, representing a single (6,5) SWCNT, is discretized into
256 spatial steps of 1.1 nm, corresponding approximately to the exciton Bohr radius in
these systems, resulting in a total structure length of 281.6 nm [141].
An initial exciton population is created randomly along the nanotube, with the spatial
probability weighted according to the local excitation intensity profile, which is a superpo-
sition of the confocal spot and the localized near-field contribution, as illustrated in Figure
3.10 (a). The local near-field enhancement is modeled as a scalar field enhancement factor
f = E/E0, neglecting the vectorial character of the fields for simplicity [132]. The aver-
age number of excitons Nx = ⟨nx⟩ created per time step represents the excitation power,
whereas the actual number of excitons nx follows the Poisson distribution,

p(nx)Nx = (Nx)nx

nx! e−Nx . (3.30)

A schematic illustration of this exciton creation process is shown in Figure 3.10 (a).

At each time step, excitons perform a random walk along the 1D lattice, modeling exciton
diffusion, with the probability for a step to the right and to the left, Pright and Pleft,
respectively.

Pright = 0.5 = 1 − Pleft. (3.31)

A time step ∆t is determined such that the exciton moves by one spatial unit (1.1 nm) per
time step, based on the lifetime τ and diffusion length LD. The lifetime τ is the inverse of
the sum of all decay rates k.

τ = 1
krad + knon−rad

(3.32)

The diffusion of excitons after pulsed excitation for a single Monte-Carlo computation is
shown in Figure 3.10 (b) as an example. For every time step, each exciton has a probability
to decay either radiatively or non-radiatively, with the rates krad and knon−rad, respectively.
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Figure 3.10.: Schematic illustration of the 1D Monte Carlo simulation. (a)
shows the excitation intensity profile, composed of the diffraction-limited confocal spot
and the additional locally enhanced near-field contribution from the antenna, repre-
sented by the field enhancement factor f = E/E0. The SWCNT is indicated at the
bottom. Excitons (green ellipses) are generated randomly along the nanotube’s axis,
with their positioning weighted according to the combined intensity profile. In (b) dif-
fusion in 1D is illustrated, as excitons perform a one-dimensional random walk with
one spatial step per time step. If two excitons encounter, EEA occurs with only one
exciton remaining. Otherwise, excitons decay radiatively or non-radiatively, governed
by their respective decay rates. (c) shows the development of the relative number of
decay events with respect to the field enhancement. At low field enhancement factors,
the non-radiative decay dominates the relaxation dynamics. With increasing field en-
hancement, both radiative decay and, in particular, EEA become more prominent, at
the expense of the non-radiative process. Adapted from [99] with permission from the
Royal Society of Chemistry.
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At the end of the nanotube, excitons get quenched. Upon the encounter of two excitons at
the same spatial position, they undergo exciton-exciton annihilation (EEA), leaving only
one remaining exciton behind [16]. The ratio of the radiative decay rate relative to the total
decay rate is determined by the PL quantum yield (QY) in the absence of the antenna.

QY = krad

krad + knon−rad
(3.33)

In the presence of the antenna’s near-field the radiative decay rate is locally enhanced,
scaling with the field enhancement factor f , according to:

krad(x) = QY

τ
·
[
1 + (f 2 − 1) · exp

(
−4 · log(2) · x

2

d2

)]
, (3.34)

where d denotes the spatial near-field confinement of the antenna.

Each Monte Carlo run simulates the full decay process of the initial population and records
the number of radiative and non-radiative emission events, together with the number of
EEA events, per excitation cycle. For the next run, a new initial exciton population is
generated and the process repeats. For each parameter set, the simulation was carried
out approximately 1012 times in parallel. From the statistics, the second-order intensity
correlation function g(2)(0) was calculated as [111]:

g(2)(0) = ⟨n(n− 1)⟩
⟨n⟩2 = ⟨n2⟩ − ⟨n⟩

⟨n⟩2 , (3.35)

where n is the number of radiative emission events per pulse or per simulation cycle and
⟨..⟩ denotes the average.

The relative contributions of the exciton decay channels are strongly affected by the local
field enhancement. As shown in Figure 3.10(c), at low field enhancement factors, the non-
radiative decay dominates the relaxation dynamics. With increasing field enhancement,
both radiative decay and, in particular, EEA become more prominent, at the expense of
the non-radiative process.

In the following, the simulation is used to investigate how certain parameters influence
g(2)(0). The analysis considers the effects of the field enhancement factor f , the average
number of excitons per pulse N , the quantum yield QY, the near-field confinement d, the
exciton lifetime τ and the diffusion length LD.
Figure 3.11 (a) presents the simulation results for g(2)(0) as a function of the field enhance-
ment factor f and for selected excitation intensities, expressed by the average number of
created excitons. The remaining parameters are kept constant, with values of QY = 0.001,
τ = 50 ps, LD = 300nm and d = 10 nm, which are realistic for (6,5) SWCNTs and
electrochemically etched gold tips [132, 142]. g(2)(0) decreases significantly with increasing
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field enhancement and drops below 0.5 at values of f > 6 for all simulated average exciton
numbers. In general, the trend is consistent for all simulated N , with lower values of g(2)(0)
achieved at lower excitation intensities. Antibunching is enhanced by the antenna’s field
enhancement due to the locally increased likelihood of both, EEA and radiative recombi-
nation, as seen in Figure 3.10(c). More specifically, the antenna increases the local exciton
generation probability within the near-field confinement region, where both EEA and the
probability for PL emission are raised. At high f , the reduction of g(2)(0) saturates around
0.4, for the given parameter set. This can be attributed to the remaining non-zero proba-
bility that excitons leave the near-field interaction region, effectively escaping the influence
of the antenna without undergoing annihilation or radiative recombination.
Following, the effect of the near-field confinement is investigated and presented in Figure
3.11 (b) for selected enhancement factors. In general, lowest values of g(2)(0) are achieved
for a tight field localization and high enhancement factors. A potential reduction by the an-
tenna down to values below 0.3 is predicted. Interestingly, at moderate field enhancement,
a counterintuitive increase of g(2)(0) is predicted for decreasing d. This can be explained
by considering the effect of smaller d on the excitation intensity profile, presented in Figure
3.10 (a). As f is kept constant, a decrease in d results in a unphysical reduction of the
contribution of the near-field to the excitation profile. Effectively, the reduction of the
nearfield confinement leads to an relative increase of the excition generation probability in
the diffraction limited region. Alltough the trend suggests potentially even lower values of
g(2)(0), the simulation is limited to d ≥ 5. Achieving such tight confinement would require
tip-sample distances in the same range, where quenching effects at the metal antenna be-
come significant [143].

The influence of the diffusion length on g(2)(0) is presented in Figure 3.11 (c) for selected
enhancement factors. The results indicate that high exciton mobility is beneficial for ef-
ficient antenna-controlled antibunching. This is because EEA becomes more probable for
mobile or long-living excitons.

The extreme case of a tube length of 10 µm, strong field enhancement (f = 20), long
exciton lifetimes (τ = 350 ps) and diffusion length up to 105 nm is simulated and shown in
Figure 3.11 (d). At these parameters, g(2)(0) can be reduced by the antenna down to 0.1,
which highlights the potential for the efficient control of SPE in 1D emitters. However, at
this parameter set, g(2)(0) is already strongly reduces even in the confocal case without the
antenna.

It must be noted that the field enhancement factor can differ for excitation and detection,
as it typically depends on the optical wavelength. When the energy difference between ex-
citation and emission is large, it is possible that only one of the two processes is resonantly
enhanced by the optical antenna. In that scenario, the antenna enhances either the exciton
creation through light absorption or the rate of radiative emission. Figure 3.12 compares
these two scenarios. The blue curve represents the double-resonant case, where both ex-
citation and detection are enhanced by the antenna. The red curve represents the case
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Figure 3.11.: Monte-Carlo simulation results for antenna control of g(2)(0).
(a) Simulated dependence of photon antibunching on the field enhancement factor f for
selected average numbers of created excitons. (b) Impact of the near-field confinement d
for selected values of f , showing optimal antibunching at tight spatial confinement and
high f . (c) Role of the exciton diffusion length LD. Increased exciton mobility enhances
antenna-controlled antibunching. (d) Under conditions of strong field enhancement,
long exciton lifetimes and extended diffusion length, the antenna reduces g(2)(0) to
vales as low as 0.1, highlighting its potential for efficient control of SPE in 1D emitters.
Adapted from [99] with permission from the Royal Society of Chemistry.
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where only the excitation wavelength is resonant, while the radiative rate enhancement is
neglected and f = 1 is set in Equation 3.34. While in the later case the general trends with
respect to field enhancement, near-field confinement and exciton diffusion length remain
consistent with the discussion above regarding Figure 3.11, the absolute decrease of g(2)(0)
is substantially weaker. Specifically, the radiative rate enhancement in the double reso-
nance case leads to an additional decrease in g(2)(0) by approximately 0.2 - 0.3 on average,
compared to the case with only excitation enhancement.

10 100 1000

Diffusion length LD (nm)

g
(2

) ( 0)

0.0

0.2

0.4

0.6

0.8

1.0

QY
f
N
t
d

0.25

0.001

50ps
10nm

10

=
=

=
=
=

with krad enhancement
without krad enhancement

5 10 15 20 25

Near-field confinement d (nm)

g
(2

) ( 0)

0.0

0.2

0.4

0.6

0.8

1.0

QY
f
N
t
L

0.25

0.001

50ps
300nm

7

=
=

=
=
=

with krad enhancement
without krad enhancement

g
(2

) ( 0)

0.0

0.2

0.4

0.6

0.8

1.0

1 2 3 4 5 6 7 8 9 10

Field enhancement factor f

QY
d
N
t
L

0.5

0.001

50ps
300nm

10nm

=
=

=
=
=

with krad enhancement
without krad enhancement

(b)(a) (c)

Figure 3.12.: Monte-Carlo simulation results for the influence of radiative
rate enhancement on the antenna control of g(2)(0). The double-resonant case
(blue) is compared to the case where only the excitation is enhanced by the antenna
(red), for (a) varying field enhancement factor f , (b) varying field confinement d and (c)
varying diffusion length LD. Adding the enhancement of the radiative rate significantly
reduces g(2)(0) by 0.2 - 0.3 on average. Adapted from [99] with permission from the
Royal Society of Chemistry.

The numeric Monte-Carlo model confirms that the antenna can reduce g(2)(0) in one-
dimensional emitters and turn the emission statistic towards that of a SPS. As key mech-
anisms, control over the number of excitons through enhanced EEA and the radiative
recombination rate were identified. The experimentally observed reduction in g(2)(0) by
the antenna of about 0.2 can be attributed to a field enhancement factor of 3 - 4 which is
realistic for the electrochemically etched gold tips, used in the experiments. These results
show that optical antennas can actively steer emission statistics toward ideal single-photon
behavior through the control of spatial distribution and the radiative decay dynamics.
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3.6. Conclusion and Outlook
In conclusion, effective control over the photon emission statistic of one-dimensional emit-
ters has been demonstrated using an optical antenna as a near-field probe. Experimentally,
the second-order correlation function at zero time delay, g(2)(0), in the PL of seven (6,5)
SWCNTs was reduced by approximately 0.2 through the antenna interaction. This serves as
a proof of concept experiment for antenna-controlled antibunching in quasi one-dimensional
emitter.
Numerical simulations were used to investigate the influence of various parameters on
the degree of antibunching. The results reveal that, under realistic conditions, a strong
and spatially confined optical field can significantly enhance antibunching behavior in 1D,
potentially reducing g(2)(0) from around 0.9 to below 0.3. High field enhancement, tight
near-field confinement and long exciton diffusion lengths were identified as key factors
favoring the emission of single photons. In extreme cases, with high field enhancement and
optimized material parameters, values as low as g(2)(0) = 0.1 are theoretically achievable.
This antenna-control mechanism crucially relies on the locally enhanced radiative recombi-
nation rate, which increases PL emission from the small interaction region where excitons
are favorably created and EEA of multiple excitons becomes highly probable. The exper-
imentally observed reduction of g(2)(0) by approximately 0.2 aligns well with theoretical
predictions, if a realistic field enhancement factor of 3 - 4 is assumed. Although this reduc-
tion by ∼ 0.2 is insufficient for applications demanding high purity SPE, the simulation
results indicates potential to further reduce g(2)(0).
While the focus of this work was on SWCNTs, the concept is expected to be transferable
to other 1D systems with efficient EEA, such as inorganic semiconductor nanowires [144–
146]. However, its applicability to 2D materials is expected to be more limited, as excitons
in these systems can more easily diffuse out of the near-field interaction region due to
the larger phase space, resulting in reduced EEA efficiency. For these higher-dimensional
systems, additional perturbations of the energetic landscape, like strain or chemical mod-
ifications, might be necessary to localize excitons and achieve comparable antibunching
effects.
The use of optical antennas to enhance antibunching offers several advantages. In contrast
to inducing trap-states through chemical doping or mechanical strain, the antenna-control
method is non-invasive and reversible, as it does not alter the electronic state energies of the
emitter. Furthermore, the position of the antenna, and thus the location of the SPS, can
be precisely controlled with nanometer accuracy, enabling spatial tuning of the emission
behavior. The same concept can also be implemented with static nanoantenna designs,
such as bow-tie structures, offering the potential of new nanophotonic single-photon devices
[147].



4. Phase Control of the Nonlinear
Responses in Monolayer TMDs

”The following chapter is based on the publication: Ultrafast Phase-Control of the
Nonlinear Optical Response of 2D Semiconductors” by Lange et al., published in ACS
Photonics (2024) [73]. Parts of the text and figures are reproduced.

The strong many-body interactions in TMDs make them an ideal platform for exploring
fundamental condensed matter phenomena and quantum effects at the nanoscale. Addi-
tionally, the large oscillator strength associated with these excitonic resonances leads to
enhanced nonlinear optical effects, making TMDs particularly promising for applications
in ultrafast optics and photonics. Nonlinear optical processes such as SHG, SFG and FWM
are greatly enhanced when the generated nonlinear optical field is resonant with excitonic
transitions [1–3, 64, 65]. Furthermore, the possibility of controlling the excitonic response
and population via coherent control techniques opens up exciting opportunities for ma-
nipulating the nonlinear optical response and for studying condensed matter physics in
2D systems. Under resonance conditions, light-matter interaction in monolayer WSe2 was
shown to become strong enough to drive Rabi flopping in the SHG spectra at cryogenic
temperatures [32]. At similar conditions, the influence of excitonic resonances on the tem-
poral dynamics of SHG and FWM intensities was demonstrated, revealing the potential
for controlling the excited state population through pulse amplitude and pulse-to-pulse
time delay [148]. Modern possibilities in pulse shaping, i.e. tailoring broadband optical
pulses by manipulating their spectral amplitude and phase, enable the optimization of
quantum pathway interference in multiphoton excitation processes, as well as the control
of quantum state interference through the formation of coherent superpositions, thereby
enhancing specific nonlinear optical phenomena.
Coherent control of quantum systems through their interaction with light is a fundamen-
tal concept in modern quantum physics, quantum information and quantum chemistry.
The ability to manipulate quantum states has the potential to transform areas such as
chemical synthesis, enabling the precise steering of chemical reactions, targeted bond dis-
sociation and the control of population dynamics within quantum systems [31, 149]. A
quantum system can be driven towards a desired state by exploiting quantum interference
between competing transition pathways. This interference can be carefully managed to
either enhance or suppress transition probabilities, depending on the intended outcome.
For instance, Meshulach and Silberberg demonstrated the generation of ”dark pulses” in
cesium atoms, effectively controlling a two-photon transition [150]. In multi-photon pro-
cesses, the interaction between virtual and resonant pathways can induce phase shifts,



77

leading to partial destructive interference. This interference can be attenuated by blocking
specific spectral components or compensating for the phase shift through precise control of
the spectral phase [150–152]. Recently, the FWM signal intensity of monolayer WSe2 was
enhanced by a factor of 2.6 at ambient conditions by Meron et al. using a π-step spectral
phase [153].
This chapter investigates the impact of shaping optical pulses on the generated nonlinear
signal intensity at room temperature, utilizing a broadband laser spectrum that overlaps
with the first excitonic resonance of two monolayer TMDs - WSe2 and MoSe2. A key factor
in these experiments is that the coherence time of the excitonic excitation is significantly
longer than the temporal duration of the laser pulses to allow for coherent light-matter
interaction. This ensures that the excitonic system retains phase memory throughout
the optical excitation, enabling the coherent control over quantum states. If temporal
pulse length of the laser pulse would be too long, the system cannot respond coherently,
suppressing interference effects and reducing the efficiency of coherent control and signal
generation. This is guaranteed by the 12 fs laser pulses, with a spectral width of more than
300 meV, compared to the width of the A-exciton resonance of ∼ 20 meV, as presented in
Figure 4.21.
Section 4.1 discusses the principles of optical pulse shaping, focusing on how the spectral
phase influences the temporal shape of laser pulses for a given spectrum. It also covers
the experimental implementation of pulse shaping and concepts for pulse compression to
achieve a transform-limited pulse as a well-defined starting condition for further phase
control experiments. Section 4.2 provides a detailed description of the sample preparation
procedure and the two microscope setups employed for the experiments in this chapter.
Section 4.3 outlines the pulse compression process and presents detailed pulse character-
ization measurements. Section 4.4 introduces the sample characterization measurements
(4.4.1), the ultrafast phase-control experiments (4.4.2) for FWM, complemented by fluence-
dependent absorption measurements (4.4.3). To provide deeper insight into the underlying
physical mechanisms, Section 4.4.4 presents a classical model for calculating the nonlinear
optical response of TMDs. The model assumes a Lorentzian lineshape for the A-exciton
resonance and investigates the influence of the spectral phase. To complement this ap-
proach, in Section 4.4.5 a second, quantum-mechanical model, based on time-dependent
density-matrix calculations for either a single or an ensemble of two-level systems, was
adapted from [32]. Adaptation and execution of this model, which captures the population
dynamics of the excitonic states, was performed by Dr. Sebastian Bange from the research
group of Prof. John M. Lupton at the Department of Physics, University of Regensburg.
Based on the shape of the resonance, used in the classical model, Section 4.4.6 describes
the application of a certain spectral phase profile. Specifically, the model indicates that a
π-step arctan phase function is theoretically optimal for addressing the excitonic resonance.
In Section 4.4.7, the experiments and numerical models are applied on the SFG response of
the two TMDs. Finally, Section 4.5 provides a concluding summary of the results obtained
from the experiments and numerical models employed, along with the key procedures and
effects investigated in this section.
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4.1. Principles of optical pulse shaping
The first reliable generation of femtosecond laser pulses was achieved in 1981 with the
invention of a modelocked ring dye laser [154]. Modelocking synchronizes multiple longitu-
dinal modes of the laser cavity to oscillate in phase, thereby creating a pulse train with high
peak intensities. This was accomplished by applying a periodic modulation to the laser's
gain or cavity, which maintains a stable phase relation between the multitude of modes.
For a given laser spectrum, the spectral phase profile of a laser pulse has great impact on
the resulting temporal pulse shape, as will be discussed in 4.1.1. Through the remarkable
progress in ultrafast optics during the past decades, the manipulation of this phase profile
became possible, allowing for a wide range of applications by forming ultrashort optical
pulses with widely tunable temporal shape [155, 156].
Key techniques in pulse shaping are methods to modify the amplitude and phase of the
pulse in both the time and frequency domain. These techniques include the use of spatial
light modulators (SLMs), acousto-optic devices and michro-mirror arrays [157]. Accurate
shaping of femtosecond pulses allows for precise control over their interactions with matter,
opening up experimental access to the unique coherent properties of quantum systems. To-
day pulse shaping is used in a variety of fields such as ultrafast spectroscopy, high-resolution
imaging and nonlinear optics [73, 158, 159].

4.1.1. Spectral phase
The electric field E of a laser pulse can be described either in the time (t) or in the frequency
(ω) domain. Both domains are connected via the complex Fourier transform (F):

E(ω) = F
(
E(t)

)
=

∞∫
−∞

E(t)e−iωtdt = A(ω)eiφ(ω)

E(t) = F−1
(
E(ω)

)
= 1

2π

∞∫
−∞

E(ω)eiωtdω

(4.1)

In equation 4.1, A(ω) = |E(ω)| represents the spectral amplitude, while φ(ω) denotes the
spectral phase. From these relations the temporal pulse length ∆τ and the spectral width
∆ω can be determinded. These quantities are interconnected through the time-bandwidth
product (TBD) and cannot vary independently of each other [160]. In the TBP,

∆t · ∆ω ≥ 2π · cTBP = const. (4.2)

cT BP is a numerical constant typically on the order of unity [30]. The minimum achievable
time-bandwidth product depends on the specific pulse shape and is attained for transform-
limited pulses. These pulses are characterized by a perfectly flat spectral phase profile,
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which can be mathematically expressed as a constant first derivative of the phase with
respect to angular frequency:

dφ(ω)
dω

= const. (4.3)

Expanding the spectral phase as a Taylor series around the central frequency ω0 where the
pulse spectrum is centered, provides valuable insight into how the various phase contribu-
tion terms influence the shape of the laser pulse.

φ(ω) = φ(ω0)

+ dφ(ω)
dω

∣∣∣∣∣
ω0

(ω − ω0)

+ 1
2!
d2φ(ω)
dω2

∣∣∣∣∣
ω0

(ω − ω0)2

+ 1
3!
d3φ(ω)
dω3

∣∣∣∣∣
ω0

(ω − ω0)3

+ O((ω − ω0)4)

(4.4)

In equation 4.4 the first term φ(ω0) describes a constant phase offset which shifts the carrier
wave relative to the envelope wave. The second term is a linear phase function, which is
associated with a temporal shift of the pulse and is commonly refered to as group delay (τg).
Notably, these first two phase terms do not alter the temporal pulse shape, as they leave the
intensity envelope of the pulse in the time domain unaffected and Equation 4.3 is still valid.

Figure 4.1 shows the spectral phase profile for a given laser spectrum in the left col-
umn, alongside the corresponding calculated temporal pulse shape in the right column.
In the top row, the phase is zero, resulting in a pulse shape that is transform-limited.
In the middle row the phase is set to a constant value of φ

(
ℏ
e

· ω
)

= π. This constant
phase affects only the carrier wave while the envelope remains unaffected. Consequently,
the pulse shape remains transform-limited. For this reason, a constant phase term is re-
ferred to as the carrier-envelope phase (CEP). In the bottom row a linear phase function
φ
(
ℏ
e

· ω
)

= c · (ω − ω0) is applied, with c = 20 fs. As a result, the pulse shape remains
unchanged but the pulse is shifted in time by exactly 20 fs, consistent with the input pa-
rameter of the linear phase function.
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Figure 4.1.: Phase and pulse shape for constant and linear phase profiles.
In general, for a given spectrum the phase profile determines the temporal shape of
the laser pulse. Here in the left column the laser spectrum (grey shaded area) and the
spectral phase (orange dashed line) are shown together with the corresponding temporal
pulse shape in the right column, with the red envelope and the blue carrier wave. The
top, middle and bottom rows show the cases of zero spectral phase, constant spectral
phase and linear spectral phase, respectively.
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The third term in equation 4.4 corresponds to a quadratic frequency dependence of the
phase, which can also be interpreted as a linear frequency dependence of the group de-
lay. This term is referred to as group delay dispersion (GDD) because it describes how
different frequency components of a pulse experience varying delays. This variation in the
instantaneous frequency within the laser pulse is referred to as chirp because the effect
is similar to the chirping sound of a bird. Specifically, a positive chirp occurs when the
instantaneous frequency increases with time, placing the lower frequencies on the leading
edge of the pulse. For consistency with the other terms, this phase term will be referred
to as second-order dispersion (SOD) in this work.
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Figure 4.2.: Phase and pulse shape for second and third order dispersion
phase profiles. The phase profile determines the temporal shape of a laser pulse
for a given spectrum. In the left column, the laser spectrum (gray shaded area) and
the spectral phase (orange dashed line) are shown, while the corresponding temporal
pulse shape is displayed in the right column, with the red envelope and the blue carrier
wave. The top row illustrates the effect of a quadratic spectral phase function, which
symmetrically stretches the temporal pulse shape. The bottom row visualizes the impact
of a third-order spectral phase function, introducing asymmetrical changes to the pulse
shape.

The fourth term describes a cubic frequency-dependent phase contribution, which leads to
more complex and asymmetric distortions of the pulse. This is referred to as third-order
dispersion (TOD).
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Equation 4.4 can now be written as:

φ(ω) = CEP + τg · (ω − ω0) + 1
2 · SOD · (ω − ω0)2 + 1

6 · TOD · (ω − ω0)3 + ... (4.5)

In Figure 4.2 the impact of second- and third order phase phase terms on the pulse shape
is illustrated. The left column displays the spectral phase profiles for a given laser spec-
trum, while the right column shows the corresponding calculated temporal pulse shapes.
In the top row, the phase profile is a quadratic function φ

(
ℏ
e

· ω
)

= 1
2 · SOD · (ω − ω0)2

with SOD = 100 fs2, while the bottom row shows the results for a cubic phase function
φ
(
ℏ
e

· ω
)

= 1
6 · TOD · (ω − ω0)3 with TOD = 500 fs3.

In the following experiments, the optimal spectral phase or pulse shape for nonlinear
signal generation is investigated. To achieve this, the SOD and TOD parameters of the
phase function are scanned while recording he resulting nonlinear signal intensity. These
SOD or SOD/TOD scans are performed for laser pulse characterization in 4.3 and for the
investigation of the nonlinear signal generation in 2D TMDs in 4.4.

4.1.2. Concept of pulse shaping
In this work, pulse shaping was realized by the use of a spatial light modulator (SLM)
which allows for Fourier waveform synthesis by spatial masking of the spatially dispersed
optical frequency spectrum [157, 160].
Figure 4.3 shows the basic setup for pulse shaping with the SLM as the central compo-
nent. The incident femtosecond pulse is decomposed into its spectral components by a
reflective grating and then focused into the modulator array. The SLM is positioned in the
Fourier plane, where all spectral components are adequately separated. It consists of liquid
crystal cells arranged in an array, which are controlled by a voltage applied to change the
alignment of the individual crystals. These liquid crystal cells act as phase modulators,
changing the refractive index for light passing through them, thereby modifying the phase
of the transmitted light at specific locations. A double-cell array, as utilized in this work
(see Section 4.2), enables additional attenuation of the spectral amplitude by partially ro-
tating the polarization of selected spectral components. A following polarization analyzer
ensures the corresponding attenuation of these components.

Behind the Fourier plane, the spectral components of the pulse are recombined by an
identical configuration of a focusing element1 and an optical grating. The setup needs to be
carefully aligned in order to ensure optimal recombination and avoid frequency variations
across the spatial dimensions of the beam, an aberration which is known as spatial chirp.

1In the experiments of this work (described in Chapter 4.2 and 4.4) instead of a lens a reflective spherical
mirror is used as focusing element.
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f f ff

SLM

LENS LENS
GRATING GRATING

Figure 4.3.: Schematic setup of a Spatial Light Modulator in 4f configuration
The incoming laser pulse of arbitrary shape is decomposed into it’s frequency compo-
nents by a diffraction grating and focused into the liquid crystal array. The manipulated
spectral components are transmitted and recombined by an identical configuration of
focusing lens and grating.

4.1.3. Pulse compression

The application of ultrafast laser pulses often critically relies on precise control over their
temporal and spectral characteristics. The ability to generate arbitrarily shaped laser
pulses, essential for femtochemistry, coherent control of chemical reactions and quantum
communication, requires an accurate knowledge of the spectral phase profile. Transform-
limited pulses are typically desired as they feature a flat spectral phase and provide an
ideal starting point for further pulse manipulation. Achieving this generally involves two
key steps: pulse characterization and pulse compression.

The temporal intensity profile of an optical signal can be accurately determined through
cross-correlation (CC) with a shorter reference pulse of known shape. This process involves
temporally scanning the signal with the reference pulse, using a time delay and recording
the nonlinear signal generated by their temporal overlap [160].
As such a reference pulse, much shorter than the optical pulse being analyzed, is not avail-
able in most practical cases, the signal itself can be used as reference in an autocorrelation
(AC). However, since in an AC the pulse is scanned with itself, it is inherently symmet-
rical, which limits the amount of information it can provide about the pulse shape [30].
These intensity correlation techniques share a common limitation: they do not provide any
information about the phase of the laser pulse.

Frequency-Resolved Optical Gating (FROG) is a widely used method to reconstruct the
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full electric field of the laser pulse, combining temporal and spectral information. Like
in an AC the pulse is being scanned by itself in a nonlinear crystal while the generated
nonlinear optical (usually SHG) spectra are recorded. From the nonlinear intensity as a
function of the frequency and the delay time the complex electric field can be reconstructed
[161].
Spectral Phase Interferometry for Direct Electric-field Reconstruction (SPIDER) is another
technique used to fully characterize ultrashort laser pulses by directly retrieving their spec-
tral phase and amplitude. The method relies on a self-referencing interferometric measure-
ment between the pulse and a time-delayed, spectrally sheared replica, which are mixed in
a nonlinear medium. To achieve the spectral shearing, the pulse pair is overlapped with
a third, highly chirped, stretched copy of the pulse, ensuring each replica interacts with
a different spectral component of the streched pulse. The resulting frequency-converted
pulse pair generates a spectral interferogram, which is recorded and analyzed via Fourier
analysis. This maps the spectral phase difference to a measurable quantity. Any dispersion
in the original pulse manifests as slight deviations in the interferogram's nominal fringe
spacing, enabling the retrieval of the spectral phase [162].

The characterized spectral phase can be compensated using suitable dispersive elements
which can be classified into bulk dispersion (homogeneous materials like glass), geometrical
dispersion (prism and grating arrangements), microstructured dispersion (fiber Bragg grat-
ings, chirped mirrors, quasi-phase-matched crystals) and dispersion from interferometric
effects [163–165]. A limitation of these elements is that they impose their fixed dispersion
profile on the spectral phase of the laser pulse, which is always a predetermined combina-
tion of second-, third- and higher-order phase contributions.

The following sections describe two alternative methods used for pulse compression in
the experimental part of this work. These techniques use the SLM to combine the phase
characterization with the corresponding correction.

Multiphoton Intrapulse Interference Phase Scan

Multiphoton Intrapulse Interference Phase Scan (MIIPS) was introduced by Lozovoy et
al. in 2004 [166] as a technique that combines the characterization of the spectral phase
distortion with the necessary phase compensation for efficient pulse compression. It is
based on the application of a well-defined spectral reference phase f(ω), which reduces
phase distortions in some regions of the spectrum. The subsequent analysis of the resulting
series of SHG spectra enables the determination of the unknown spetral phase ϕ(ω) of the
laser pulse.

φ(ω) = ϕ(ω) + f(ω) (4.6)
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In general, the SHG intensity spectrum at the frequency 2ω can be calculated as the
convolution of the input field spectrum E(ω) with itself. This reflects the fact that, in
SHG, multiple frequency pairs combine to generate the 2ω signal and connects the spectral
phase of the laser pulse to its SHG spectrum.

ISHG(2ω) ∝

∣∣∣∣∣∣
∞∫

0

χ(2)(ω) · E(ω + ∆) · E(ω − ∆) d∆
∣∣∣∣∣∣
2

=
∣∣∣∣∣∣

∞∫
0

χ(2)(ω) ·
∣∣∣E(ω + ∆)

∣∣∣ · ∣∣∣E(ω − ∆)
∣∣∣

· exp
(
i ·
[
φ(ω + ∆) + φ(ω − ∆)

])
d∆

∣∣∣∣∣∣
2

(4.7)

Here the complex electric field of the laser pulse E(ω) is decomposed in the real amplitude
term |E(ω)| and the complex phase term exp(iφ(ω)). In equation 4.7, χ(2)(ω) is the second-
order nonlinear susceptibility of the material. For a flat-phase reference material without
resonances in the range of the laser spectrum, χ(2)(ω) can be estimated as constant and it
can be taken out of the integral.
According to equation 4.7, the SHG intensity maximizes if φ(ω + ∆) + φ(ω − ∆) = 0.
This phase function can be expanded in a Taylor series around ω, with terms expressed in
powers of ∆.

φ(ω + ∆) = φ(ω) + φ′(ω)∆ + 1
2φ

′′(ω)∆2 + 1
6φ

′′′(ω)∆3 + 1
24φ

(4)(ω)∆4 + . . . (4.8)

Since the constant term and the first-order term in Equation 4.8 do not affect the pulse
shape, and therefore the SHG signal, they can generally be ignored in the context of non-
linear signal generation. Additionally, the odd-order terms in the expansion are irrelevant
because they cancel out in the interference term φ(ω + ∆) + φ(ω − ∆). So the condition
for maximum SHG intensity, neglecting higher even orders, reduces to:

φ(ω)′′ = ϕ(ω)′′ + f(ω)′′ = 0 (4.9)

This condition is met when the local second derivative (GDD) of the phase ϕ(ω) is com-
pensated by the reference phase f(ω). During a MIIPS scan the phase ϕ(ω) of the laser
pulse is modified by the well-defined cosine reference phase f(ω) = a · cos( b · (ω−ω0)+ c ),
with a and b being parameters to determine range and resolution of the procedure. Exper-
imentally, the SHG spectrum of a flat-phase reference material is collected while scanning
the parameter c over a range of at least 2π, which effectively moves the cosine phase over
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the laser spectrum. Since the second derivative of the reference function is known, ϕ(ω)′′

can be determined from the condition for maximized nonlinear signal generation (equation
4.9), the phase parameters (a, b) and the experimentally obtained offset cmax of the cosine
phase that results in maximal SHG intensity at the specific frequency.

ϕ(ω)′′ = −f(ω)′′ = a · b2 cos(b · (ω − ω0) + cmax(2ω)) (4.10)

Figure 4.4(a) illustrates the process of scanning the cosine phase across the laser spectrum,
while (b) displays the simulated two-dimensional MIIPS trace for the case of a flat spec-
tral phase. From this trace, cmax(2ω) can be determined. The pattern exhibits parallel
maximum intensity lines with a periodicity of π, as cmax(2ω) = b · (ω − ω0) ± π

2 , according
to equation 4.10, corresponding to the zero-crossings of the cosine function. Figure 4.4
represents the ideal scenario where the spectral phase of the laser pulses is perfectly flat,
which is the goal of pulse compression. If the initial phase is distorted, the pattern differ
from the one shown in Figure 4.4(b). A linear chirp (second order phase distortion) would
cause the parallel lines to be spaced no longer by π but asymmetrically, while a quadratic
chirp (cubic phase distortion) would change the slope of the maximum intensity lines. This
will be seen below in the experimental pulse compression section 4.3.
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Figure 4.4.: Principle of MIIPS and simulation for a flat spectral phase
profile. In MIIPS a cosine reference phase is applied by the SLM to modify the
unknown spectral phase of the laser pulses. By scanning the position offset parameter
c the reference phase is moved over the spectrum. (a) illustrates the reference spectral
phase (red cosine curve) relative to the laser spectrum (blue shaded area) and the
flat phase profile of the (here transform-limited) laser pulses (orange dashed line). (b)
presents the simulated spectrally resolved intensity of the resulting SHG signal for a flat
phase pulse, plotted as a function of the position offset c of the cosine reference phase.

Finally, the unknown spectral phase ϕ(ω) can be directly retrieved by performing a double
integration of ϕ(ω)′′ over the frequency ω. The integration constants, corresponding to
the constant and linear terms of the phase, are usually set to zero. The spectral phase
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ϕ(ω) can then be compensated by applying a corresponding correction phase profile −ϕ(ω)
via the SLM, effectively compressing the pulse. This process must be repeated iteratively,
gradually reducing the parameters a and b step by step to narrow the GDD range and
improve accuracy.

However, the standard MIIPS accuracy is limited when higher-order phase terms are
present, as it assumes a locally quadratic spectral phase. Additionally, low modulation fre-
quencies require high modulation amplitudes, which can introduce spectral artifacts such
as phase wrapping due to pulse shaper limitations. Moreover, MIIPS assumes a slowly
varying spectral intensity profile, which reduces its effectiveness for pulses with structured
or rapidly varying spectra.
To address these limitations, Gated-MIIPS (G-MIIPS) is an improved MIIPS technique
that introduces a spectral amplitude gate to restricts the analysis to narrow spectral re-
gions. This improves the validity of the second-order approximation, reduces the influence
of higher-order phase terms, minimizes phase-wrapping effects and allows accurate correc-
tion even for structured spectral amplitudes. G-MIIPS therefore can achieve more accurate
phase retrieval and faster convergence than standard MIIPS [167].
Furthermore, a modified MIIPS algorithm has been developed to improve phase retrieval by
explicitly accounting for the spectral amplitude of the pulse. Unlike the phase-only MIIPS
approach, which can confuse amplitude variations with phase distortions, this technique
simulates MIIPS maps, according to Equation 4.7, using both the spectral amplitude and
phase. As a result, it can distinguish between pulses with identical MIIPS traces but dif-
fering spectral structures and retrieve the correct SOD in fewer iterations. This approach
offers faster and more reliable characterization from a single MIIPS scan [168].

The genetic algorithm

A Genetic Algorithm (GA) is a versatile and robust optimization technique inspired by
the principles of natural selection and evolution that can be used for complex problems,
like linear as well as nonlinear optimization problems. Initially proposed by Alan Turing
in 1950 as a ”learning machiene”, GAs were progressively developed by several researchers
[169, 170] and became well-known through the work of John Holland [171]. In essence, the
concept is to create a population of individuals, each defined as a set of specific properties
or genomes. These individuals serve as candidate solutions for the problem defined as a
mathematical function and are evaluated based on their ”fitness”. The fitness score reflects
the deviation of the received output compared to the optimal result, with low fitness indi-
cating high deviation. The least fit individuals are discarded, while the more fit members
of the population survive to contribute to the next generation. A new generation is created
by randomly selecting parents from the population using a scheme which favours higher fit-
ness scores. Strong individuals might be selected multiple times while weaker induviduals
may not be selected at all. The offspring individuals are created from the parents through
crossover, which combines genomes from both parents, and mutation, which introduces
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random variations of individual genomes. This iterative process of evaluation, selection
and reproduction continues until a satisfactory solution is reached or a predefined stopping
condition is met. The process is illustrated in Figure 4.5.
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Figure 4.5.: Schematic overview of the Genetic Algorithm principle. The
composition of the first generation is generated randomly. Each individual is evaluated
and marked by a fitness score. Here the evaluation process is the optical experiment
and the feedback signal is the nonlinear response of a reference material. The weakest
individuals are being discarded, while the strongest are selected to contribute to the next
generation. New offspring individuals are created through crossover of parent genomes
and random mutation of individual genomes. The process iteratively continues until
predefined conditions are met.

For pulse shaping and phase retrieval, GAs have been used since almost thirty years [172].
The LCM used in this work, described in Section 4.1, has 640 pixel that can be varied and
act as free parameters for the optimization problem. To reduce computational and experi-
mental demands, a number of nodal points are evenly distributed across the spectral range
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targeted for optimization. Between these nodal points, the phase values are interpolated
using cubic interpolation to ensure smooth transitions and continuous phase adjustments.
The nodal points act as genomes, with a set of nodal points collectively defining a single
individual in the optimization process. The generated nonlinear optical intensity of a ref-
erence material (here SLG for FWM) is employed as the feedback signal. Details on the
GA process used in this work can be found in [173, 174]. This GA procedure for pulse
compression is applied experimentally in Section 4.3.
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4.2. Experimental description
In this section, the experimental procedures and details are discussed, beginning with the
sample preparation methods of monolayer TMD samples and relevant reference materials in
Section 4.2.1. Subsequently, the experimental setups employed in this chapter are described
in detail. All phase-control measurements ( Sections 4.4.2 and 4.4.7) as well as the fluence-
dependent absorption measurements (Section 4.4.3) were performed on the pulse shaping
setup described in Section 4.2.2. The SHG intensity measurements, discussed in Section
4.4.7, were performed on the setup described in Section 4.2.3.

4.2.1. Sample preparation
As a reference material for SFG, iron iodate (Fe(IO3)3) nanocrystals were used These
nanocrystals, acting as local probes, exhibit high photostability and generate a phase-free
sum-frequency signal due to their lack of absorption in the near-infrared and visible spec-
tral regions [175]. For sample preparation, the Fe(IO3)3 nanocrystals were emulsified in
Milli-Q water and sonicated for 1 minute to ensure proper dispersion. Finally, the suspen-
sion was spin-coated onto a 130 µm thick borosilicate microscope cover slide. This process
ensures a high concentration of single, diffraction-limited nanocrystals.

As a reference material for FWM, commercially available single layer graphene (SLG) on
90 nm SiO2/Si was purchased from ”Graphenea”. The SLG was CVD-grown and trans-
ferred onto the substrate by a semi-dry transfer process, ensuring complete coverage.
SLG was shown to be an excellent reference material for FWM measurements due to its
inherently strong third-order nonlinear susceptibility, enabling efficient FWM signal gen-
eration [176]. Additionally, its broadband optical response and gapless linear electronic
dispersion allow for phase-free nonlinear interactions across a wide spectral range [174].

The TMD monolayer samples were fabricated and provided by Dr. Bárbara Rosa from the
research group of Prof. Stephan Reitzenstein at the Technische Universität Berlin. WSe2,
MoSe2 and h-BN flakes were obtained by mechanically exfoliating [177] commercial bulk
crystals onto polydimethylsiloxane (PDMS) stamps. PDMS provides a suitable adhesion
to TMD flakes, enabling efficient mechanical exfoliation with minimal damage. It is flexible
and elastic, ensuring good contact with bulk TMD crystals, improving exfoliation efficiency
and facilitating the transfer process. PDMS assisted exfoliation allows for the dry transfer
of monolayers onto different substrates without the need for additional solvents and, unlike
adhesive tapes, leaves minimal residue on the TMD monolayer [45]. Subsequently, TMD
monolayers were identified by optical contrast and photoluminescence spectroscopy, see
Section 4.4.1, and transferred to borosilicate microscope cover slides by the dry-transfer
method at 70◦C [45].

Bare TMD monolayer samples directly deposited on borosilicate microscope cover slides
were used for absorption measurements and low fluence phase scans, while for fluence-
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dependent and high intensity measurements, encapsulated monolayers were employed. For
encapsulated samples, the monolayer was deposited between two thin h-BN layers of less
than 15 nm as h-BN/TMD/h-BN.

Before the material deposition, the borosilicate microscope cover slides were carefully
cleaned by sonication (Hellmanex III, Sigma Aldrich) in isopropanol and ethanol for 5
min each. Afterwards, the residual ethanol was removed by nitrogen blow-drying.

4.2.2. Pulse shaping setup
For the phase-control experiments, presented in this chapter, a pulse-shaping setup in
combination with a confocal microscope was employed. For signal analysis an APD as single
photon detector and a CCD camera for spectrally resolved measurements were included.
A schematic overview is shown in Figure 4.6.

Figure 4.6.: Schematic overview of the pulse-shaping setup. Broadband mode-
locked laser radiation (300 nm, 7 fs) is provided by a Venteon Ti:Sa laser. Pulse shaping
is realized by a programmable liquid crystal spatial light modulator in reflective 4f con-
figuration

Broadband 7 fs laser pulses are provided by a modelocked 80 MHz Ti:Sa laser source (No-
vanta Photonics Venteon). The spectral width of the laser radiation ranges from 650 nm
to 950 nm. For minimal heat deposition, reflective attenuation filters are used to adjust
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the laser intensity. Cleaning the spatial laser mode was achieved by a spatial filter, fo-
cusing the laser radiation through a 50 µm pinhole and re-collimating it. This filters out
higher spatial modes and resulting in a clean Gaussian laser mode. Gold-coated off-axis
parabolic mirrors (Thorlabs MPD149-M01) are used instead of lenses to avoid additional
dispersion by transmittive through the optical components. A linear polarization filter
works as an analyzer for the input radiation and as a beam attenuator for the outgoing
radiation. This way a change in polarization induced by the SLM translates in a change
in intensity of the specific spectral component. The working principle of the SLM pulse
shaper is described in Section 4.1.2. Subsequently, the spectral components of the radiation
are seperated by an reflective optical grating (600 lines/mm, blazed at 750 nm) using the
first diffraction order. Next, a gold-coated concave spherical mirror (f = 300 mm) is used
to parallelize the spectral components and focus them on the SLM. The SLM used here
is a commercially available 640 pixel double mask liquid crystal light modulator (Jenoptik
SLM-S640d) allowing for simultaneous phase and amplitude shaping. The beams were
reflected at the back of the SLM and pass through the two liquid crystal masks a second
time. The applied voltage needs to accound for that double transmission. The spectral
components were re-collimated at the spherical mirror and recombined at the grating. This
process was adjusted carefully while controlling the focus position various spectral compo-
nents in the microscope objective. Through a minimal tilt of the mirrors at the back of
the SLM after passing the polarization filter on the way back the beam is reflected by the
D-shaped mirror and send to a second spatial filter to clean the mode again after the spec-
tral recombination. The second spatial filter also acts as a beam expander due to different
focal length of the off-axis parabolic mirrors. The beam enters the microscope body and
is reflected by the beamsplitter (Chroma 21017 Sputter-coated, non-polarizing 20/80) to
the high numerical aperture immersion oil microscope objective (Nikon CFI S-Fluor 100x
NA=1.3) with refracting index matching immersion oil (n = 1.51). The aperture of the
objectie is completely filled by the beam diameter to ensure the high NA. The sample is
placed on top of thin borosilicate glass coverslip (130 µm) and adjusted to the focus of the
microscope objective.
The generated radiation is collected by the same high NA objective in epi-detection con-
figuration, transmitted through the beamsplitter and reflected out of the microscope body.
Subsequently, the spectral detection window is restricted by suitable optical shortpass fil-
ters, 2.76 – 3.54 eV (450 – 350 nm) for SFG or to 1.77 – 2.02 eV (700 – 615 nm) for
anti-stokes FWM, respectively. For integrated intensity detection a silicon single-photon
APD (Laser Components Count 100C) was employed while the spectral analysis was per-
formed with a single-grating spectrometer (Aceton SpectraPro 2500i) combined with a
CCD camera (Andor iDus 401 BR-DD).
The spectral detection sensitivity of the experimental setup was calibrated using a reference
thermal light source (Thorlabs SLS201L), which provided a known and stable spectral
output. By comparing the recorded spectra of the light source to its calibrated emission
profile, the wavelength-dependent response of the detection setup has been determined.
All spectra taken during the experiments were corrected using this calibration curve.
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4.2.3. SHG intensity setup
For the SHG intensity experiments of WSe2 and MoSe2, presented in Section 4.4.7 two
tunable fs laser sources of narrow bandwidth NIR pulses with partially overlapping tuning
range are employed.

CCD APD
Microscope

BS

Filter

A�enua�on 

Flip

mirror

Mira 900

Tunable 

Ti:Sa laser

730-860nm

Tunable  

Raman 

Fiber laser

815-950nm

Figure 4.7.: Schematic overview of the SHG intensity setup. The intensity
of the SHG response of monolayer TMDs relative to a quartz reference is analyzed in
dependence of the excitation wavelength. Two laser sources (a Mira900, 730-860nm and
a tunable Raman fiber laser, 815-950nm) provide tunable NIR pulses with overlapping
spectral tuning range.

The laser radiation is focused onto the sample material in a concofal microscope. A
schematic overview is shown in Figure 4.7. The first laser source is a Ti:Sa oscillator
(Coherent Mira900), emitting pulses with a tunable center wavelength between 700 nm
and 900 nm at a repitition rate of 76 MHz. For the experiments in Section 4.4.7 the center
wavelength was tuned between 730 nm (1.70 eV) and 860 nm (1.44 eV) with a spectral
width of ∼5 nm corresponding to a pulse length of ∼400 fs. The second laser source is
a customized pump-probe fiber laser prototype system (TOPTICA Photonics AG) with
two output ports. The pump output emits a ∼300 fs pulse centered at 780 nm, while
the probe output provides ∼100 fs pulses with a spectral center wavelength tunable from
810 nm to 960 nm. The fiber laser prototype system is extensively described in [86].
For the experiments in Section 4.4.7 only the probe output was utilized and the tuning
range was used from 815 nm (1.52 eV) to 950 nm (1.31 eV) to achieve a sufficient spec-
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tral overlap of the tuning ranges of the Mira 900 and the fiber laser system. Both laser
beams were spatially overlapped, attenuated and guided into the confocal microscope. A
flip mirror was used to switch between the laser sources. As described in Section 4.2.2,
a highly transmittive beamsplitter (Chroma 21017 Sputter-coated, non-polarizing 20/80)
and a high NA objective (Nikon CFI S-Fluor 100x NA=1.3) in combination with refrac-
tive index matching immersion oil (n=1.51) were used to focus the laser radiation through
the substrate into the sample material, placed on top of a thin borosilicate glass coverslip
(130 µm). The generated SHG response of the material was collected by the same high
NA objective in epi-detection configuration, transmitted through the beamsplitter and re-
flected out of the microscope body. The fundamental laser radiation was blocked in the
detection pathway by a suitable optical shortpass filter (Edmund Optics, 650 nm, Short-
pass Filter). Subsequently, the spectral intensity of the generated SHG signal was analyzed
with a single-grating spectrometer (Acton SpectraPro 2500i) equipped with a CCD camera
(Andor Newton).
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4.3. Pulse-compression and pulse-characterization
For pulse shaping experiments, it is essential to begin with a transform-limited pulse as it
serves as the ideal reference point for further pulse-form manipulation. A transform-limited
pulse is the shortest possible pulse that can be created within a given spectral bandwidth
following the time-frequency uncertainty principle and is the result of a flat spectral phase
profile. This provides a clean baseline from which further pulse manipulation effects can be
accurately measured and analyzed. To achieve transform-limited intrafocus laser pulses,
the SLM was used to eliminate the pre-existing distortions of the spectral phase, intro-
duced by all transmittive optical elements (mainly the polarization filter and the high NA
objective, see Section 4.2.2). In Figure 4.8 the laser spectrum which propagates through
the SLM and ultimately reaches the focal point of the microscope objective is shown. The
edges of the spectrum are truncated by the aperture of the SLM, which is placed in the
Fourier plane of the spherical mirror (see Section 4.2.2). This cropping effect influences
the spectral profile that is transmitted, limiting it to a spectral width of ∼200 nm. Addi-
tionally, two phase profiles are shown in Figure 4.8, as blue dotted and dashed lines. The
dark blue dashed line illustrates the actual spectral phase of the laser pulse in the focus of
the microscope objective before any pulse compression correction was applied2 and must
be pre-compensated by the SLM. The light blue dotted lines illustrates the case of a flat
phase, associated with a transform-limited pulse. This is the goal for the following pulse
compression procedure.

Starting with a completely unknown phase relation, MIIPS was used to increase the SFG
response of diffraction limited iron iodate Fe(IO3)3 nanoparticles, as described in Section
4.1.3, and to progress towards a flat phase profile. Fe(IO3)3 nanoparticles are widely rec-
ognized as a standard reference material for SHG studies due to their strong nonlinear
optical response and their flat spectral phase in the relevant NIR spectral range [173, 175].
Figure 4.9 shows the result of a single MIIPS scan in panel (a) and a following second
MIIPS scan, with the resulting phase correction from the first scan applied, in panel (b).
While in panel (a) the intensity pattern shows a asymmetric and not equidistant course,
the pattern in panel (b) are already much more symmetrical, parallel and close to the
ideal course of a transform-limited pulse (white dashed lines). The process was repeated
iteratively until no further significant improvement was achieved. During each iteration,
the required correction phase term was calculated using Equation 4.10 and subsequently
added to the spectral phase profile applied by the SLM. This iterative approach allowed
for a progressive approximation of the optimal spectral phase correction.

As the intensity of the laser spectrum drops significantly at the edges, see Figure 4.8, the
corresponding SHG signal intensity in Figure 4.9 above 440 nm and below 380 nm dimin-
ishes into the dark noise floor. Therefore, compressing the edges using MIIPS becomes

2This phase profile naturally is unknown at this point before the pulse compression procedure. It is
shown here for clarity with the retrospective knowledge of the following procedure.
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Figure 4.8.: Spectral intensity of the laser pulses in grey as passing through the
pulse shaper and measured in the focus of the microscope objective. The dashed dark
blue line represents the spectral phase of the laser pulses before any correction is applied
by the SLM. The dotted light blue line represents the desired flat spectral phase of a
transform-limited pulse.
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Figure 4.9.: Example of SHG intensity MIIPS scans on diffraction limited
Fe(IO3)3 nanoparticles in the focus of a NA 1.3 microscope objectice. While in (a)
the maximum intensity lines are asymmetric and not equidistant to each other, after
the first MIIPS correction the pattern in (b) are much more symmetrical and parallel.
Compressing the edges of the laser spectrum using MIIPS turned out to be impractical,
as the SFG intensity drops significantly above 440 nm and below 380 nm.
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extremely challenging and impractical. To ensure optimal pulse compression by achieving
precise fine-tuning of the spectral phase, particularly at the edges of the spectrum, the
intensity of the FWM signal generated by SLG was further optimized. The third-order
nonlinear susceptibility χ(3) of SLG has been demonstrated to exhibit a flat response across
a wide spectral range [173, 174, 176], especially in the NIR which is is interest in this work.
This is reasonable, given that the physical origins of χ(3) are interband and intraband
electronic transitions and these transitions in graphene are not sharply resonant but dis-
tributed over a broad spectrum due to the unique electronic band structure (Dirac cone).
As there is no direct analytical method to deduce the required spectral phase adjustments
solely from FWM intensity measurements, a GA as an iterative approach is employed. As
described in chapter 4.1.3, a GA is a robust optimization technique that can be used for
linear as well as nonlinear optimization problems.
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Figure 4.10.: Example of the Genetic Algorithm Procedure Optimizing the
High-Energy Edge of the Laser Spectrum. The GA modifies the spectral phase
at the high-energy edge of the laser spectrum, as illustrated in panel (a). The feedback
signal used for optimization is the FWM intensity generated in the SLG. Panel (b)
shows the best and mean FWM intensities for the individuals in each generation. The
increasing trend in intensity plateaus after approximately 10 generations. The optimal
phase profile, shown in panel (a), determined as the best individual across all genera-
tions, is combined with the initial phase profile to create the new phase correction.

Here the FWM intensity of SLG is employed as a feedback signal which is to be optimized.
The additional phase profile is adjusted at 12 nodal points evenly distributed across the
spectral target optimization range. Between these nodal points, the phase values are filled
using cubic interpolation to ensure smooth transitions and continuous phase adjustments.
Figure 4.10 provides an example of phase optimization for the high-energy edge of the spec-
trum. Panel (a) shows the laser spectrum along with the additional phase profile obtained
after 20 generations of the genetic algorithm (GA). Panel (b) displays the FWM intensity,
recorded as counts from the APD, throughout the GA process. The black crosses indi-
cate the mean FWM intensity of all individuals in each generation, while the blue squares
represent the FWM intensity achieved by the best individual in a given generation. The
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rising trend in intensity saturates after approximately 10 generations, so the procedure was
terminated after the 20. generation. The optimized phase profile is determined by adding
the best correction phase from the entirety of individuals of all 20 generations to the initial
phase profile, which served as the starting point for the optimization process. This can
be repeated iteratively and for both edges of the spectrum to further optimize the pulse
compression.

The pulse quality was evaluated by performing specific characterization measurements and
comparing the results with corresponding theoretical predictions. For these experiments,
the SFG signal of small Fe(IO3)3 nanoparticles was employed as it is expected to be opti-
mized by a transform-limited pulse. The simulation was performed using Equation 2.40 for
a transform-limited pulse with a flat phase profile, based exclusively on the measured laser
spectrum. To model a flat dispersion relation of the reference material, the second-order
nonlinear susceptibility χ(2)(ω) was set constant.
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Figure 4.11.: Autocorrelation and SFG spectrum for pulse characterization.
For the evaluation of successful pulse compression in panel (a.1) the interferometric
autocorrelation scan of the laser pulse was compared to the simulated theoretical AC
result in panel (a.2). Additionally, in panel (b) the experimental SFG spectrum of
the laser pulse was compared to simulated SFG spectrum. For the simulation, using
Equation 4.7, second-order nonlinear susceptibility was set constant to model a flat
dispersion relation. Adapted with permission from [73]. Copyright 2024, American
Chemical Society.

Figure 4.11 (a.1) displays the result of an interferometric autocorrelation (AC) scan, which
aligns closely with the numerical simulation shown in (a.2). The interferometric AC scan
was performed using the SLM. A cosine amplitude mask, A(ω) = cos( τ

2 · ω), was applied
to split the laser pulse into two identical copies without any phase difference, temporally
separated by a delay time τ . Scanning τ causes the two pulse copies to partially overlap, as
required for an AC measurement. Figure 4.11 (b) exhibits the experimental SFG spectrum
(blue) of the same Fe(IO3)3 nanoparticle compared to the simulated SFG spectrum (red
dashed line), obtained from the fundamental laser spectrum. The results of both mea-
surements match the theoretical expectations for a transform-limited pulse well but they
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provide limited accuracy in the order of <100 fs2 remaining GDD[173].

Additionally, the SFG spectra of a Fe(IO3)3 nanoparticle were recorded relative to the
SOD parameter of the applied spectral phase of the laser pulse in a spectrally resolved
SOD scan (see Equation 4.5). Figure 4.12 presents the experimental result of this scan in
panel (a), alongside the theoretical prediction from the numerical simulation, assuming a
transform-limited pulse, in panel (b). The close agreement between the experimental data
and the simulation provides further evidence of successful pulse compression.
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Figure 4.12.: Spectrally resolved SOD scan for pulse characterization. For
the evaluation of successful pulse compression the experimental spectrally resolved SOD
scan in panel (a) was compared to the simulated spectrally resolved SOD scan in panel
(b) for a transform-limited pulse. Adapted with permission from [73]. Copyright 2024
American Chemical Society.

Finally, SOD/TOD phase scans according to equation 4.5 were conducted. As reference
materials, Fe(IO3)3 was employed for SFG measurements, while SLG served as reference
material for FWM measurements. The experimental results are compared to theoretical
predictions and presented in Figure 4.13. The resulting experimental intensity patterns
align closely with the numerical simulations, both in terms of the overall shape of the
patterns as well as the positioning of their centers at (SOD/TOD)=(0/0). These charac-
terization measurements are particularly meaningful, as they establish a precise reference
for the experiments, performed on the 2D TMD materials later in section 4.4.
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Figure 4.13.: Reference SOD/TOD scan for pulse characterization. In (a)
the experimental results for SFG, measured on Fe(IO3)3, are presented, compared to
the numerical simulation in (b). In (c) the experimental results for FWM, measured
on SLG, are presented, compared to the corresponding numerical simulation in (d).
Reproduced with permission from [73]. Copyright 2024 American Chemical Society.
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4.4. Phase shaping of the nonlinear signal intensity in
WSe2 and MoSe2

After introducing the fundamental concepts of optical phase shaping and successfully com-
pressing the pulses to the transform-limited case, this section presents phase-control exper-
iments on the two TMD monolayer materials, WSe2 and MoSe2, with their first excitonic
resonance overlapping with the laser spectrum.
A key factor in the experiments is that the coherence time of the excitonic resonance is
significantly longer than the temporal duration of the laser pulses to allow for coherent
light-matter interaction. This ensures that the excitonic system retains phase memory
throughout the optical excitation, enabling the coherent control over quantum states. If
temporal pulse length of the laser pulse would be too long, the system cannot respond
coherently, suppressing interference effects and reducing the efficiency of coherent control
and signal generation. This is guaranteed by the 12 fs laser pulses with a spectral width
of more than 300 meV compared to the width of the A-exciton resonance of ∼ 20 meV, as
presented in Figure 4.21.
First, comprehensive characterization measurements of the monolayer samples are per-
formed. This is followed by phase-control experiments, focusing on the intensity of the
FWM response in the two monolayer TMDs, and complemented by fluence-dependent
measurements. Based on these findings, two numerical models are introduced to describe
the experimental observations and provide deeper insight into the underlying excitonic ef-
fects. Subsequently, phase-control experiments with a specific phase shape are conducted
and compared to the general phase-control measurements. Finally, the phase dependence
of the SFG signal intensity is examined, following similar experimental and numerical ap-
proaches as those developed for FWM.

4.4.1. Monolayer characterization
TMD monolayers were initially localized by optical contrast and PL microscopy, followed
by further characterization via SFG and FWM intensity imaging. Figure 4.14 shows raster
scan intensity maps of a WSe2 monolayer obtained using the microscope setup described
in Section 4.2.2. For the PL imaging, the sample was excited by a cw laser source emitting
radiation at 473 nm (2.62 eV). The radiation was attenuated to approximately 1 µW/cm2

in the focal plane of the high-NA objective. To isolate the PL signal, a 615 nm (2.02 eV)
longpass filter (Chroma hq615lp) was used to block the excitation light in the detection
beam path.
The nonlinear signal images were taken using the broadband pulses of the modelocked Ti:Sa
fs laser source, described in Section 4.2.2 and specific optical filters to restrict the spectral
detection window and block the excitation light. For SFG a 650 nm (1.91 eV) together with
a 450 nm (2.76 eV) shortpass filter (Edmund Optics Techspec Shortpass Filters) were used,
while for FWM a 700 nm (1.77 eV) shortpass filter (Thorlabs FESH0700) together with a
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615 nm (2.02 eV) longpass filter (Chroma hq615lp) were employed. Figure 4.14 (a) shows
a clear PL signal from the monolayer, while surrounding flakes exhibit negligible emission.
As discussed in Section 2.3.1, in contrast to bulk crystals, TMD monolayers possess a
direct optical bandgap, making the PL intensity a clear indication of monolayer thickness.
In Figure 4.14 (b), the monolayer shows a pronounced SFG signal intensity, whereas weaker
signals are observed in some areas of the surrounding flakes. Since second-order nonlinear
processes require a non-centrosymmetric crystal structure, SFG is only present in flakes
with an odd number of layers, while those with even layer numbers exhibit negligible SFG
intensity.
Figure 4.14(c) presents FWM intensity imaging, revealing a spatially uniform response
from the monolayer, indicating a clean and homogeneous sample. In contrast, flakes with
additional layers generate a stronger FWM signal.

Figure 4.14.: Experimental raster scan images of a WSe2 monolayer and
surrounding. (a) PL intensity map: Due to the transition from an indirect to direct
optical bandgap in the monolayer limit, a strong PL signal is emitted from the mono-
layer. (b) SFG intensity map: As SFG requires inversion symmetry breaking, the signal
is observed only from flakes with an odd number of layers, with the monolayer exhibit-
ing the strongest response. (c) Anti-Stokes ND-FWM intensity map: In contrast, the
FWM signal is stronger in multilayer flakes compared to the uniform signal from the
monolayer. Adapted with permission from [73]. Copyright 2024 American Chemical
Society.
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The experimental optical spectra, shown in Figure 4.15, provide additional confirmation of
monolayer identification. Figure 4.15(a) displays a strong PL spectrum with a Gaussian-
like shape, which is a strong indicator for monolayer thickness [43, 44]. The broad asym-
metric spectral profile of the PL peak results from the presence of trions, which form at
slightly lower energies than excitons [3, 60]. Figure 4.15(b) presents the high energy edge
of the ND-FWM spectrum, which is located close to the excitation laser spectrum, along
with the SFG spectrum at twice the laser photon energy. The red line indicates the cutoff
position of the 700 nm (1.77 eV) shortpass filter used in the detection beam path. The ex-
perimental FWM spectrum was corrected for the hot linear PL contribution in the spectral
range from 1.8-2.0 eV , which originates from the pulsed laser excitation [6].
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Figure 4.15.: Experimental optical spectra of the monolayer shown in Figure
4.14. (a) PL spectrum of the monolayer, excited at 2.62 eV. (b) SFG and anti-Stokes
ND-FWM spectra of the monolayer, excited by the fs Ti:Sa laser source, introduced in
Section 4.2.2 with a flat phase profile. Adapted with permission from [73]. Copyright
2024 American Chemical Society.

Additionally, absorption spectra for both WSe2 and MoSe2 monolayers were recorded by
measuring the inverse relative transmission of the monolayer compared to the bare sub-
strate. Since the reflectivity of TMD monolayers is an order of magnitude weaker than their
absorption near excitonic resonances [54], this method provides a direct representation of
their absorption characteristics [178]. A calibrated white light source (Thorlabs SLS201L)
was used for illumination.
Figure 4.16 presents the resulting absorption spectra across the visible and near-infrared
spectral range (1.3 - 3.1 eV / 400 - 950 nm). Distinct absorption peaks corresponding
to excitonic resonances with common notations (A, B, C, D) are indicated in the figure.
The signal-to-noise ratio decreases at higher photon energies due to the decreasing output
intensity of the white light source.
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Figure 4.16.: Absorption spectra of WSe2 and MoSe2 monolayers. The trans-
mission spectra of the monolayer samples were measured relative to the bare substrate,
yielding the corresponding absorption spectra. Distinct excitonic resonances are clearly
visible. For clarity, the MoSe2 spectrum is vertically offset by 0.3. Reproduced with
permission from [73]. Copyright 2024 American Chemical Society.

4.4.2. Experimental FWM phase scans
In the following, the experimental setup introduced in Section 4.2.2 was employed to per-
form SOD/TOD scans of the FWM signal intensity in WSe2 and MoSe2 monolayers. For
this the FWM intensity was measured as a function of the second- and third-order disper-
sion parameters, as introduced in Section 4.1.1. The excitation laser intensity is given as
the laser fluence FLaser, defined as energy per laser pulse and focal spot area.
To isolate the spectral broadening at the anti-Stokes side caused by ND-FWM and to
block the fundamental laser spectrum, the spectral detection window was restricted to
1.77 – 2.02 eV (700 – 615 nm), using appropriate optical shortpass filters. To confirm
that the detected third-order nonlinear signal originates from FWM, additional double-
bandpass measurements were conducted. The procedure and corresponding results are
presented in Section A.2.
Figure 4.17 shows the SOD/TOD intensity pattern at a constant excitation density of
0.7 mJ/cm2 for WSe2 and MoSe2 in panel (a) and (b), respectively. These patterns pro-
vide key insights into how dispersion influences FWM signal generation in these materials,
if the laser spectrum is resonant with the excitonic transition. The tilted form of the scan
pattern is a result of the asymmetric laser spectrum (see Section A.3). Apparently, max-
imum FWM intensity is not observed for the shortest excitation pulse but for distinctly
phase-shaped pulses. The white cross marks the case of a transform-limited pulse, cor-
responding to zero second- and third-order dispersion. In the case of WSe2, the FWM
intensity patterns are clearly shifted to negative third-order (+8 fs2 / -326 fs3) and, in the
case of MoSe2, to negative second- and positive third-order (-52 fs2 / +148 fs3).
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Figure 4.17.: Experimental SOD/TOD scans of the FWM signal intensity of
(a) WSe2 and (b) MoSe2 monolayers at a fluence of 0.7 mJ/cm2. The intensity was
normalized to the maximum of each image. The strongest FWM intensity (marked by
the red ”+”) is not observed for the transform-limited shortest pulse (marked by the
white ”+”) but at (+8 fs2 / -326 fs3) for WSe2 and at (-52 fs2 / +148 fs3) for MoSe2.
Adapted with permission from [73]. Copyright 2024 American Chemical Society.

This indicates that the spectral phase shift introduced by the excitonic resonance needs to
be pre-compensated by the SLM in order to maximize the nonlinear signal intensity, causing
the laser pulse to deviate from the transform-limited shape. This allows for coherent
control over the fields involved in the multiphoton process in 2D TMDs by controlling
the spectral phase. A signal enhancement factor of 1.9 is achieved for WSe2 and of 1.5
for MoSe2, respectively, which is defined as the ratio of maximum FWM intensity to
the intensity generated by a transform-limited pulse. This effect can be interpreted as a
local pulse compression, driven by the dispersion associated with the excitonic resonance
of the material. This represents a solid-state, excitonic analogue to the phase-control
of destructive interference of quantum pathways in broadband excitation of two-photon
absorption, resonant with atomic states in rubidium gas [179], and of FWM generation in
plasmonic gold nanostructures resonant with the fundamental light field [29].
While these SOD/TOD scans were conducted at a fixed excitation density of 0.7 mJ/cm2

they provide valuable insights into the optimal phase conditions for maximizing the non-
linear signal intensity. However, aiming for a coherent control of the quantum system and
eventually entering the strong-coupling regime, higher excitation intensities are required.
To investigate how the nonlinear response of the system evolves with varying excitation
densities, fluence-dependent measurements were conducted, providing a more comprehen-
sive understanding of the system’s behavior under different excitation conditions.
Figure 4.18 presents the result of SOD/TOD scans for low excitation density at 0.4 mJ/cm2

in panel (a) and for high excitation density at 14.9 mJ/cm2 in panel (b). The low excitation
threshold was selected with respect to the limited detection sensitivity, so that the 2D scan



106 4. Phase Control of the Nonlinear Responses in Monolayer TMDs

T
h

ir
d

-o
rd

er
 d

is
p

er
si

o
n

 (
fs

3 )

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

1000

1500

-1500

500

-500

0

-1000

WSe2
Low power

Second-order dispersion (fs2)
1000 50-50-100

(a)

50

100

150

200

250

300

350

400

Second-order dispersion (fs2)
1000 50-50-100

WSe2
High power

(b)

Figure 4.18.: Fluence-dependent experimental SOD/TOD scans of the FWM
signal intensity of WSe2 in kHz for (a) low fluence (0.4 mJ/cm2) and (b) high fluence
(14.9 mJ/cm2). For low fluence maximum FWM intensity (marked by the red ”+”) is
observed at (-12 fs2 / -425 fs3), while for high fluence maximum FWM intensity is
observed at (-11 fs2 / -87 fs3). The FWM intensity generated by a transform-limited
pulse is marked by the white ”+”. Adapted with permission from [73]. Copyright 2024
American Chemical Society.

pattern was still clearly detectable above the noise floor. The high fluence threshold was
selected close to the damage threshold of the monolayer at ambient conditions, avoiding
irreversible material modifications. The results reveal that the shift in the optimal SOD
and TOD parameters of the spectral phase for maximizing FWM generation diminishes
with increasing excitation fluence. At the low fluence, the maximum FWM intensity is
achieved at (-12fs 2 / -425fs 3), while at the high fluence, the maximum occurs at (-11 fs2

/ -87 fs3). The full dataset of SOD/TOD scans for both WSe2 and SLG is provided in the
appendix A.1.
The same fluence-dependent series was not achieved for MoSe2 because of early photo-
damage. The reasons for this are significantly lower generated FWM intensities [3, 180]
and higher linear absorption due to more overlap of the laser spectrum with the A-exciton
resonance. These factors resulted in an unreasonably small excitation density window for
meaningful investigation.
The fluence dependence of the optimal phase for FWM generation in WSe2 is further
analyzed in Figure 4.19. Panel (a) illustrates the evolution of the optimal SOD and TOD
parameter pairs as a function of pump fluence. For comparison, the corresponding phase
parameter pairs for SLG, which remain close to zero across all intensities, are included as
a reference, intrinsically indicating sufficient pulse compression.
The results reveal that, in WSe2, deviations of the spectral phase from the transform-
limited flat phase are dominated by the third-order dispersion, while the deviation in
second-order dispersion remains negligible at all intensities. The third-order phase shift
is most pronounced at low excitation densities and gradually diminishes as the excitation
intensity increases.



4.4 Phase shaping of the nonlinear signal intensity in WSe2 and MoSe2 107

(a) (b)

0 5 10 15
-300

0

-500

-400

-300

-200

-100

100

-250

-200

-150

-100

-50

0

50
S

ec
o

n
d

-o
rd

er
 d

is
p

er
si

o
n

 (
fs

2 ) T
h

ird
-o

rd
er d

isp
ersio

n
 (fs

3)

SOD WSe2

SOD SLG
TOD WSe2

TOD SLG

Laser fluence (mJ/cm2)

F
W

M
 e

n
h

an
ce

m
en

t 
fa

ct
o

r 2.4

2.2

2.0

1.8

1.6

1.4

1.2

1.0

0 2 4 6 8 10 12 14
Laser fluence (mJ/cm2)

Figure 4.19.: (a) Fluence-dependent progression of the SOD and TOD values maxi-
mizing the FWM intensity of a WSe2 monolayer, compared to the SLG reference mea-
surement. For the SLG reference, at all fluences both optimal SOD and TOD values are
close to zero, representing a transform-limited pulse. Similarly, the optimal SOD values
for WSe2 are close to zero. The optimal TOD values, however, exhibit a significant off-
set, which decreases with increasing excitation density. These values were extracted as
center-of-mass determinations from the experimental SOD/TOD scans shown in Figure
4.18. (b) Corresponding fluence-dependent progression of the potential enhancement
factor for the maximized FWM intensity of a WSe2 monolayer, relative to the intensity
generated by a transform-limited pulse. While for low excitation densities a signal en-
hancement factor of up to 2.2 can be achieved, for increasing pump fluence the effect
diminishes and controllability is lost. Dotted and dashed lines are linear interpolations
and serve as guides to the eye. Adapted with permission from [73]. Copyright 2024
American Chemical Society.

This means that the impact of selectively distorted laser pulses on optimal FWM generation
is strongest at low excitation levels and, at ambient conditions, vanishes under higher
excitation conditions. This indicates a loss of controllability at high excitation densities
in WSe2. Figure 4.19(b) presents the achievable FWM enhancement factor in a WSe2
monolayer as a function of laser fluence. The enhancement factor is determined from the
SOD/TOD scan series as the ratio of the maximum measured FWM intensity to the signal
intensity generated by the transform-limited pulse. At low excitation densities, a signal
enhancement factor of up to 2.2 is observed. However, as the pump fluence increases, the
effect diminishes and ultimately the controllability is lost.

The measurement uncertainty for the SOD/TOD scans were evaluated as ∆SOD = 20 fs2

and ∆TOD = 23 fs3 based on the standard deviation of the SLG measurements. For clarity,
these error bars are not shown in Figure 4.19(a). The uncertainty of the enhancement factor
in Figure 4.19(b) is determined to 10%, obtained from the quadratic sum of the relative
uncertainties of the individual intensity measurements.
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4.4.3. Fluence-dependent absorption spectra
To further investigate this loss of phase-control of the FWM intensity, generated by a WSe2
monolayer at high excitation densities, fluence-dependent absorption spectra were recorded
using differential reflection ∆R/R spectroscopy. These experiments were conducted with
the same setup described in Section 4.2.2, utilizing the spectrometer while removing any
detection filters. Saturation of the CCD camera was prevented by placing neutral density
attenuation filters in the detection beam path. To cover the spectral range of the A-exciton
transition, the reflection of the broadband laser spectrum with a flat phase profile was used,
ensuring maximum peak intensity.

∆R/R[%] = 100 · RS −RTMD+S

RS
= 100 ·

(
1 − RTMD+S

RS

)
(4.11)

Equation 4.11 describes how the reflection contrast was determined from the reflected sig-
nal of the TMD monolayer on the glass substrate, RTMD+S, and the reflected signal from
the bare substrate, RS. Both signals were corrected for dark noise background.

For a monolayer on a glass-air interface a 2D sheet model for the thin film can be applied to
relate the reflection contrast ∆R/R at normal incidence to the sample absorption A [181].
In this model, the optical response is described by a complex sheet optical conductivity
σs. Since the reflection contrast ∆R/R is determined by the real part of the optical
conductivity, which is equivalent to the imaginary part of the dielectric function, it is
directly related to the sample absorption.

∆R/R ≈ 4
n2

g − 1Re[Z0σs]

A ≈ 4
|1 + ng|2

Re[Z0σs]

⇒ A ≈
n2

g − 1
|1 + ng|2

· ∆R/R ≈ 0.2 · ∆R/R (4.12)

Thus, Equation 4.12 provides an estimate for the absorption of the TMD monolayer based
on the reflection contrast. Here, ng = 1.51 denotes the refractive index of the glass sub-
strate and Z0 = 1/(ϵ0c) is the impedance of free space.

Finally, Figure 4.20(a) clearly shows the dependence of the A-exciton absorption peak
on the laser fluence FLaser. The left axis represents the measured differential reflection
contrast, determined using Equation 4.11, while the right axis shows the corresponding
relative absorption, calculated from Equation 4.12. The extracted peak absorption of
the A exciton in WSe2, approximately 4%, derived from a measured reflection contrast
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of 19%, is in good agreement with previously reported values for monolayers on a glass
substrate [54]. Note that the differential reflection contrast ∆R/R was repeatedly recorded
at the same sample position while incrementally decreasing the excitation density from the
highest (14.9 mJ/cm2) to the lowest (60nJ/cm2) laser fluence. This approach ensures
that the observed reduction in the absorption peak is not caused by any potential sample
degradation due to high laser fluences.
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Figure 4.20.: (a) Fluence-dependent absorption spectra of a WSe2 monolayer recorded
with a broadband excitation spectrum, derived from differential reflection measurements
∆R/R. Absorption amplitude and width were obtained by fitting an asymmetric peak
function to the spectra. (b) As the fluence increases, the absorption amplitude (blue
diamonds) decreases, while the spectral width (red circles) broadens. (c) Calculated
average spacing between excitons generated per pulse (green circles) and the corre-
sponding exciton density (purple diamonds), derived from the input photon density per
pulse and the absorption spectra shown in (a). Dotted lines in (b) and (c) are linear
interpolations and serve as guides to the eye. Reproduced with permission from [73].
Copyright 2024 American Chemical Society.

As the excitation density increases, the absorption amplitude decreases, while the width
(FWHM) of the peak broadens. Both parameters were determined by fitting an asymmetric
peak function to the data. Their evolution as a function of excitation fluence is shown in
Figure 4.20(b), with uncertainties derived from the fit.
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Ruppert et al. attribute the reduction in absorption and broadening of the excitonic
peak, in their experiments observed via femtosecond broadband pump-probe spectroscopy,
to Pauli blocking and excitation-induced dephasing (EID) [15]. Complementary two-
dimensional Fourier Transform Spectroscopy (2DFTS) measurements by Moody et al. re-
veal contributions from exciton-exciton and exciton-phonon interactions to contribute to
EID in monolayer WSe2. The enhanced role of Coulomb-mediated processes is consistent
with the reduced dielectric screening in these atomically thin systems [182]. Theoretical in-
vestigations by Katsch et al. identify exciton-exciton scattering as the primary mechanism
behind EID in monolayer TMDs [183].
To further understand this, the fluence-dependent absorption spectrum in Figure 4.20(a)
can be utilized to estimate the density of absorbed photons per pulse, which is assumed
to be equivalent to the density of created excitons. The exciton density is calculated by
convolution of the absorption spectrum A(ω) with the fundamental laser spectrum Ilaser(ω)
and normalizing this to the integral of the spectral laser intensity:

nX = FLaser

ℏω
·
∫
A(ω) · ILaser(ω)dω∫

ILaser(ω)dω (4.13)

Here, FLaser denotes the corresponding laser peak fluence (energy per pulse and area) while
ℏω is the photon energy. The calculated exciton density nX in Equation 4.13 gives the
number of excitons per unit area. The exciton spacing, i.e. the average distance between
individual excitons, gives an estimate of how closely packed the excitons are and therefore
is related to the area each exciton occupies. Assuming a uniform exciton distribution, their
positions can be approximated as forming a square lattice.

dX = 1
√
nX

(4.14)

Figure 4.20(c) shows both parameters, the average spacing between excitons created per
laser pulse (green cicles, left axis) together with the estimated density of excitons created
per pulse (purple diamonds, right axis) as a function of the laser peak fluence. At low
excitation conditions, the exciton density is on the order of 1012 cm−2, corresponding to
an exciton spacing of more than 10 nm. For comparison, the exciton Bohr radius in WSe2
typically ranges from 1 − 2 nm, so at nX = 1012 cm−2 excitons are still relatively well
separated [12, 13, 184].
At the highest excitation densities in this experiment, however, the exciton density reaches
2·1013 cm−2, reducing the nominal average exciton spacing to the order of the exciton Bohr
radius. This increased density leads to significant wavefunction overlap between neighbor-
ing excitons, enhanced Coulomb screening and effectively a reduction of the exciton binding
energies. As a result, the semiconducting monolayer undergoes a Mott transition, shift-
ing from an insulating excitonic regime to an electron-hole plasma, where excitons are no
longer bound states and their characteristic resonance vanishes [4, 6–9, 185].
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Additionally, the screening of Coulomb interactions between charge carriers results in a
bandgap renormalization [7], which can lead to a shift of the absorption peak position,
depending on the exciton density. Apparently, below a threshold of nX ≈ 2 · 1012 cm−2 the
absorption peak experiences a red-shift, due to an increased plasma screening and bandgap
renormalization. As the bandgap Egap decreases faster than the binding energy Eb, the
exciton resonance shifts to lower energies. This is accompanied by an exciton-exciton at-
traction, similar to the case of atomic van der Waals forces. Above this threshold, though,
the exciton density becomes so high that excitons repel each other due to the Pauli exclu-
sion principle of overlapping wavefunctions. Therefore, the energy cost to create an extra
exciton increases. This corresponds to a blue-shift of the resonance energy [4]. Conse-
quently, the absorption curves in Figure 4.20(a) also show a blue-shift of the peak position.

4.4.4. Classical model
The experimental results revealed that a non transform-limited pulse optimizes the FWM
signal generation of TMD monolayers for the first excitonic transition overlapping with
the fundamental laser spectrum and a strong fluence dependence of this effect. To further
analyze this, classical simulations based on the numerical prediction of the FWM intensity
in Equation 2.53 were carried out.
The measured fundamental laser spectrum, I(ω) was used as an input parameter, from
which the electric field in the frequency domain could be determined. To simulate the
SOD/TOD scan, the complex electric field was modified by adding a complex spectral
phase profile based on the corresponding SOD and TOD parameters.

E(ω) =
√
I(ω) · eiφ(ω) (4.15)

with
φ(ω) = 1

2 · SOD · (ω0 − ω)2 + 1
6 · TOD · (ω0 − ω)3 (4.16)

As this numerical simulation aims for the comparison of the effect of different phase profiles
on the generated FWM intensity, the absolute value is disregarded and any proportionality
constants are neglected in the simulation.

IFWM(ω) ∝
∣∣∣∣∫∫ ωmax

ωmin
χ(3)(ω) · E(ω1)E(ω2)E∗(ω3) dω1dω2dω3

∣∣∣∣2 (4.17)

The nonlinear response of the material for FWM generation is specified by the third-order
nonlinear susceptibility χ3(ωFWM;ω1, ω2, ω3). As this parameter depends on the frequen-
cies of all four interacting waves, the experimental determination over a broad frequency



112 4. Phase Control of the Nonlinear Responses in Monolayer TMDs

range, as used in this work, is highly challenging. No direct data was available for the
relevant spectral range.

For this reason, the nonlinear susceptibility χ(3), necessary for the determination of the
FWM intensity in Equation 4.17, was modeled using a Miller’s rule approach. As in-
troduced in Section 2.1.1, Miller’s rule is an empirical model to estimate the nonlinear
susceptibility χ(n) of a material based on its linear susceptibilities χ(1)(ω) at the corre-
sponding frequencies. It provides a simple way to approximate higher-order nonlinearities
when direct data is unavailable. Miller’s rule states that the nonlinear susceptibility can
be approximated as the product of the linear susceptibilities at the fundamental frequencies:

χ(3)(ωFWM;ω1, ω2, ω3) ∝ χ(1)(ω1) · χ(1)(ω2) · χ(1)(ω3) · χ(1)(ωFWM) (4.18)

Originally developed for SHG in transparent nonlinear materials [27], its applicability was
recently demonstrated for FWM in plasmonic nanoantennas [29]. It further suggests that
materials with a high linear susceptibility exhibit stronger nonlinear optical responses.
This is supported by studies indicating that both the second- and third-order nonlinear
susceptibilities, χ(2) and χ(3), become particularly large in the spectral range close to the
excitonic resonances [3, 64, 65, 72, 186].

As introduced in Section 2.1.1, the linear susceptibility χ(1)(ω) can be modeled as a single
Lorentzian resonance.

χ(1)(ω) ∝ 1
ω0 − ω − iγ

(4.19)

The center frequency ω0 and linewidth γ of the A-exciton resonance were extracted from
the absorption spectra, shown in Figure 4.16, by fitting a Lorentzian lineshape to the
corresponding peak. The resulting overlap of the modeled Lorentzian resonance with the
broadband laser spectrum is illustrated in Figure 4.21.
The function χ(1) behaves like a local complex field enhancement factor, combining the
resonant enhancement at the excitonic transition frequency with the associated arctan π-
step phase shift.

As the calculation of the FWM intensity in the frequency space takes great numerical
effort, in the model the FWM response of the material is calculated in the time domain
and the FWM spectrum is obtained via Fourier transformation. To include the material
response χ(1)(ω), the linear polarization was determined as:

P (1)(ω) = χ(1)(ω) · E(ω) (4.20)
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Subsequently, the corresponding pulse shape in the time domain was obtained using the
inverse Fourier transformation routine:

P (1)(t) = F−1
{
P (1)(ω)

}
(4.21)

In the time domain the third-order nonlinear polarization, responsible for FWM genera-
tion, was computed as:

P
(3)
F W M(t) =

[
P (1)(t)

]2
· P (1)(t)∗ (4.22)

Here, the ∗ markes the complex conjugate. Finally, the nonlinear polarization for the FWM
signal in the frequency domain is obtained by Fourier transformation:

P
(3)
F W M(ω) = F

{
P

(3)
F W M(t)

}
(4.23)
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To summarize the procedure outlined above, Equation 4.24 consolidates all steps described
in Equations 4.20-4.23, yielding a result equivalent to Equation 4.17. The integration in
the frequency domain was effectively carried out as a multiplication of the electric fields in
the time domain.

I
(3)
F W M(ω) ∝

∣∣∣P (3)
F W M(ω)

∣∣∣2 ∝
∣∣∣∣∣F{ (F−1

{
χ(1)(ω) · E(ω)

})2
· F−1

{
χ(1)(ω) · E(ω)

}∗}∣∣∣∣∣
2

(4.24)

P
(3)
F W M(ω) now provides the spectral information about the FWM signal generated by the

electric field E(ω) in a material with the linear susceptibility χ(1).
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Figure 4.22.: Nonlinear spectra produced by the classical model. The funda-
mental laser spectrum (black shaded area) causes a nonlinear polarization resulting in
a SFG and a FWM response (blue) of the material with the linear susceptibility χ(1).
Nonlinear spectra are not calibrated. Spectral integration over the relevant frequency
range yields the signal intensity. Red, yellow and green lines mark the integration
boundaries, representing optical filters in the experiment. Reproduced with permission
from [73]. Copyright 2024 American Chemical Society.

The resulting FWM spectrum is presented in Figure 4.22 alongside the corresponding SFG
spectrum, determined analogously using Equation 4.25. This will be discussed further in
Section 4.4.7.

I
(2)
SF G(ω) ∝

∣∣∣P (2)
SF G(ω)

∣∣∣2 ∝
∣∣∣∣∣F{ (F−1

{
χ(1)(ω) · E(ω)

})2 }∣∣∣∣∣
2

(4.25)
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The intensity of the nonlinear optical spectra for FWM and SFG is not calibrated, neither
in absolute terms nor relative to each other, since arbitrary proportionality constants were
used in the calculations to enhance clarity. The FWM spectrum envelopes the fundamen-
tal laser spectrum, being slightly broader and ranging up to 1.9 eV at the high-energy
edge. Spectral integration over the relevant frequency range (1.77-2.02 eV / 450-350 nm),
marked by red and yellow lines in Figure 4.22, yields the signal intensity. This result can
be directly compared with the experimental data presented in Section 4.4.2.
As a result, the SOD/TOD scan pattern, experimentally obtained in Section 4.4.2 and
shown in Figure 4.17, can be simulated. Figure 4.23 shows a comparison of the experimen-
tal (Flaser = 0.7 mJ/cm2) and the classical model results.
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Figure 4.23.: Comparison of experimental and numerical SOD/TOD scans
for optimal FWM signal intensity for WSe2 (a, b) and MoSe2 (c, d) monolayers.
The experimental results, obtained at a fluence of 0.7 mJ/cm2, were previously shown
in Figure 4.17. The numerical results were obtained from the classical model, consid-
ering only the fundamental laser spectrum along with the peak energy and linewidth
of the exciton resonance. The optimal FWM signal is indicated by the red ”+”, while
the transform-limited shortest pulse is marked by the white ”+”. A slight discrep-
ancy between the experimentally observed and theoretically predicted phase shifts for
maximum FWM generation is attributed to the fluence dependence of the phase shift.
Reproduced with permission from [73]. Copyright 2024 American Chemical Society.
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The classical model is seen to reproduce the experimental phase dependence of the FWM
intensity in WSe2 and MoSe2 notably well at low excitation densities. However, the exper-
imentally observed optimal phase shifts are slightly smaller than those predicted by the
model. This discrepancy can be attributed to the fluence dependence of the phase shift
observed in the experiments. Since the model operates without any free parameters, its
only inputs are the fundamental laser spectrum, along with the center energy and linewidth
of the A-exciton peak, obtained from low-intensity absorption spectra (Figure 4.16). Con-
sequently, a fluence dependence is not inherently included in the model. However, the
broadening of the A-exciton linewidth with increasing excitation density, as observed in
Figure 4.20(a), can be implemented to account for EID of excitons, effectively integrated
in the absorption spectrum.
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Figure 4.24.: Comparison of (a) classical model and (b) experimental SOD/TOD val-
ues for optimal FWM signal intensity in WSe2. The fluence dependence in the classical
model is incorporated by accounting for the broadening of the A-exciton absorption
peak with increasing excitation density, reflecting EID of the resonance. The optimal
SOD values (blue crosses) are close to zero for both, model results and experimental
results. However, although the model predicts a reduction in the TOD parameter (red
diamonds) with increasing fluence, it does not capture the strong experimentally ob-
served decrease. Dotted and dashed lines are linear interpolations and serve as guides
to the eye. Adapted with permission from [73]. Copyright 2024 American Chemical
Society.

Figure 4.24 compares the evolution of the SOD and TOD parameters in the classical
model (a) with the experimental results (b). While the model qualitatively reproduces the
experimentally observed reduction of the TOD parameter, the decrease is significantly less
pronounced within the investigated fluence range. This suggests that EID of the resonance,
manifested as broadening of the absorption peak, is, by itself, insufficient to fully account
for the diminishing influence of the excitonic resonance on the optimal spectral phase for
FWM generation.
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4.4.5. Quantum-mechanical model

To further explore the dependence of excitation density on the phase shift in SOD/TOD
scans, exciton population effects, such as phase-space filling, needs to be incorporated.
This requires a quantum-mechanical approach, going beyond the classical description. The
model used in this work is based on the time-dependent solution of density-matrix dynam-
ics, derived from the Von Neumann master equation. This approach utilizes a simplified
state description of specific two-level-systems and was recently applied to describe Rabi
flopping effects in SHG spectra, as well as the influence of delay time between two laser
pulses on SHG and FWM, in WSe2 at cryogenic temperatures [32, 148]. The simulations
of SOD/TOD scans were carried out by Dr. Sebastian Bange from the research group of
Prof. John M. Lupton at the Department of Physics, University of Regensburg.

The model calculates the material polarization in the time-domain P (t) ∝ ∑
j,k µjkρjk,

which is induced by the external laser field and serves as the source term for scattered
radiation, based on the induced dipole moment µ and the density matrix ρ. Spectral anal-
ysis of the nonlinear signal intensity for FWM is performed in the frequency domain. The
time evolution of the density matrix dynamics is solved numerically, based on the Lindblad
master equation. The concept has been introduced in Section 2.1.4.

dρ

dt
= − i

ℏ
[H, ρ] +

∑
j

(
LjρL

†
j − 1

2{L†
jLj, ρ}

)
(4.26)

The simplified state space consists of a ground state |1⟩ and higher energy states |j⟩ with
j = 2, 3, 4 to describe the first three excitonic excitaions.

<  1|

2 <  |
AX 3 <  |

BX 4 <  |
DX

12
μ 13

μ μ
14

Figure 4.25.: Schematic illustration of the simplified state space for the quantum-
mechanical model. The groundstate is labels as |1⟩. The first three excitonic excitation
states, referred to as AX, BX, DX are labeled |2⟩, |3⟩, |4⟩. The transition dipole moments
are labeled µ12, µ13, µ14.
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Quantum jump operators for spontaneous emission are given by Lj = √
γj |1⟩ ⟨j| with

the decay rate γj. These operators result in both off-diagonal dephasing and on-diagonal
probability redistribution within the density matrix. The Hamiltonian is constructed as
Hjj = Ej and Hjk = −µjkE(t) with j ̸= k, where Ej is the energy of the state |j⟩.
The transition dipoles µjk are linked to the the off-diagonal elements ρjk. E(t) is the
time-dependent electric field. For simplicity, vectorial properties of the electric field and
resulting polarization are neglected. The experimental laser spectrum for an unchirped
pulse serves as the basis for the time-domain electric field, which is modified by a spectral
phase in the SOD/TOD scans according to Equation 4.5. The time evolution is calculated
over an 800 fs interval with a resolution of 0.05 fs. By fitting the experimental absorption
spectrum of WSe2, shown in Figure 4.16, the exciton resonance energies and decay rates
were determined, as summarized in the table below:

Exciton Energy E (eV) Linewidth ℏγ (eV)
A 1.676 0.045
B 2.102 0.160
D 2.952 0.351

Table 4.1.: Exciton energies and decay rates of WSe2 for the quantum-mechanical
model

From the same absorption spectrum, the transition dipole moments µ13/µ12 and µ14/µ12
were determined relative to the first excitonic transition. For absolute calibration, µ12 was
extracted by comparing the simulated absorption spectra with the experimental fluence-
dependent absorption spectrum in Figure 4.20. From this procedure, the transition dipole
moments were determined.

Transition Dipole moment (e·nm)
µ12 0.046
µ13 0.065
µ14 0.187

Table 4.2.: Absolute values for the transition dipole moments of WSe2 for the quantum-
mechanical model

Figure 4.26 presents the simulated SOD/TOD scan patterns obtained from the quantum-
mechanical two-level model for the A-exciton resonance os WSe2 only. At low excitation
fluences in panel (a), the model qualitatively reproduces the optimal dispersion terms
observed in both the low-fluence experiments and the classical model. However, as the
excitation density increases to values similar to the experimental maximum in panel (b),
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the implicit fluence dependence of the two-level system, accounting for bleaching of the ex-
citonic transition, fails to fully capture the experimentally observed reduction of the TOD
parameter at high fluences. Notably, when the excitation fluence is numerically increased
to ten times the experimental maximum, in panels (c) and (d), the quantum-mechanical
model does predict a pronounced reduction of the third-order dispersion parameter quali-
tatively, aligning with the experimental trend. However, such extreme fluence levels exceed
the material’s damage threshold under ambient conditions.
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Figure 4.26.: Simulated SOD/TOD scan pattern for WSe2 from the
quantum-mechanical model for different laser fluences. The optimal SOD/TOD
value case is marked by an red ”+”, while the white ”+” markes the transform-limited
case. At a low excitation density (a), the model reproduces the experimentally observed
optimal phase shift towards negative TOD values. However, at the highest excitation
densities applied in the experiments (b), the model fails to predict the reduction of
the TOD value for the optimal spectral phase. This suggests that the implicit fluence
dependence of the model based purely on ground state bleaching seems is insufficient
to explain the effect. For excitation densities ten times higher than in the experiments,
(c) and (d), the model shows the reduction of optimal TOD, along with additional
features indicating the onset of Rabi flopping. Reproduced with permission from [73].
Copyright 2024 American Chemical Society.

The issue that the quantum-mechanical model fails to predict the trend of decreasing TOD
value with increasing excitation density as observed experimentally is further illustrated in
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Figure 4.27. Similar to the classical model compared to the experimental results in Figure
4.24, the quantum-mechanical model shows a slight decrease of the TOD values with in-
creasing laser fluence but does not reproduce the strong decrease experimentally observed
within the investigated fluence range.
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Figure 4.27.: Comparison of (a) quantum model and (b) experimental SOD/TOD
values for optimal FWM signal intensity in WSe2. While the resulting optimal SOD
values (blue crosses) are close to zero for both, model and experimental results, the
resulting decrease of the TOD parameter (red diamonds) does not match the experi-
mental observation. The model fully assigns the experimentally observed reduction in
absorption to ground state bleaching. Dotted and dashed lines are linear interpolations
and serve as guides to the eye. Adapted with permission from [73]. Copyright 2024
American Chemical Society.

Interestingly, in an extended fluence range, up to ten times the fluence that was exper-
imentally accessible, due to the damage threshold of the monolayer material at ambient
conditions, the quantum-mechanical model predicts a stronger decrease of the optimal
TOD value. This extended fluence range is presented in Figure 4.28.

Intriguingly, in this high-fluence regime, the density matrix approach predicts pronounced
and structured features in the SOD/TOD scan patterns shown in panels (c) and (d). These
features cannot be captured by the classical theory and are attributed to the onset of Rabi
flopping. As the excitation density increases, the Rabi frequency ΩR(t) = µ·E(t)

ℏ , defined
by the external electric field E(t) and the transition dipole µ, becomes sufficiently large
such that the coherence time exceeds the Rabi period, τcoh >

1
ΩR
. In this regime, Rabi os-

cillations become observable, as the system can undergo at least one coherent cycle within
its coherence time. This suggests that, beyond a certain excitation density, exceeding
the damage threshold of the material in the presented experiments at ambient conditions,
coherent population oscillations might become significant, adding further complexity into
the nonlinear optical response. However, as discussed in Section 4.4.3, higher excitation
densities also lead to enhanced EID, which counteracts the benefits of the increased Rabi
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frequency by reducing the coherence time.
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Figure 4.28.: Optimal SOD/TOD values from the quantum-mechanical
model as a function of laser fluence in an extended fluence range. The results
of the quantum-mechanical model are presented over an extended fluence range, approx-
imately ten times larger than what was experimentally accessible, due to the damage
threshold of the material. Within this range, the model predicts a more pronounced
decrease in the optimal TOD value (red circles), comparable to the experimental obser-
vations. The optimal SOD values (blue crosses) remain close to zero. Dashed lines are
linear interpolations and serve as guides to the eye. Reproduced with permission from
[73]. Copyright 2024 American Chemical Society.

The results of the quantum-mechanical model show that while it can qualitatively describe
the experimental findings, it fails to accurately predict the inherent power-dependence of
the TOD value. This behavior is crucially depending on the input parameters, particularly
the values of the transition dipole moments µ. The applied procedure likely overestimates
these values, as the experimentally observed reduction in absorption with increasing flu-
ence was entirely attributed to ground state bleaching. In fact, additional contributions
from attractive and repulsive exciton-exciton, exciton-charge and exciton-phonon interac-
tions also play a role and influence the power dependence of the absorption spectrum, as
discussed in Section 4.4.3.

For the highest excitation densities realized experimentally, Figure 4.20 shows that the
average exciton density reaches 1013 cm−2, meaning the average exciton spacing is on the
order of the exciton Bohr radius [12, 48, 184]. In this regime, the increased screening of the
Coulomb interaction leads to a transition from bound excitons to an electron-hole plasma,
known as the Mott transition [6–9, 185]. This transition likely reduces the dominance
of excitonic resonances over the optical properties of the monolayer and in particular the
phase shifts in the experimental SOD/TOD scans.
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4.4.6. Experimental π-step phase scans
The SOD/TOD phase scans to determine the optimal pulse shape for nonlinear signal
generation in 2D TMDs, as discussed experimentally in Section 4.4.2 and numerically in
the Sections 4.4.4 and 4.4.5 are a general approach without any restriction or pre-definition
of the spectral phase shape. The applied phase function was modeled as a Taylor series up
to the third-order.
However, in Section 2.1.1 and in the classical model (Section 4.4.4) the excitonic resonance
was successfully describes by a Lorentzian line shape. This lineshape of the excitonic
resonance, apparently influencing the optimal pulse shape, is directly associated with an
arctan-π-step phase function and indicates that, for optimal nonlinear signal generation,
this phase needs to be compensated by the SLM.

To complement the SOD/TOD phase scans, dedicated arctan-π-step phase scans were
carried out, using the setup described in Section 4.2.2, wherein the applied phase profile
was explicitly restricted to:

ϕ(ω) = − arctan
(
ω − ω0

γ

)
(4.27)

Here, ω0 and γ represents the central frequency and the width of the resonance function,
respectively. By scanning ω0 and γ, the phase profile that compensates best for the phase
shift, introduced by the excitonic resonance, was identified. When ω0 and γ matches the
excitonic resonance frequency and decay rate, respectively, the imprinted phase is supposed
to cancel the phase contribution of the excitonic resonance, leading to optimal local pulse
compression.
Figure 4.29 shows the experimental results of arctan π-step phase scans at a low laser
fluence (0.4 mJ/cm2), investigating the anti-Stokes ND-FWM signal of (a) WSe2 and (c)
MoSe2. A distinct signal enhancement was observed for both materials at this low fluence
when ω0 matches the resonance frequencies at 1.67 eV and 1.59 eV, respectively, with γ
remaining below 0.1 eV. As γ increases beyond 0.1 eV, the signal enhancement decays
gradually. The corresponding numerical results obtained from the classical model ((b),
(d)) exhibit the same behavior and are in good agreement with the experiments results.

In contrast, no such enhancement was detected for SLG (Figure 4.29 (e) and (f)), which
served as reference material without excitonic resonances. The vanishing FWM intensity
between ℏω0 = 1.35 - 1.7 eV and ℏγ = 0.0 - 0.1 eV across all results is a direct consequence
of destructive quantum interference within the structured laser spectrum, as shown by the
numerical simulations for SLG.

The enhancement factors of the optimal arctan phase profile compared to the transform-
limited pulse were lower than those obtained from the SOD/TOD scans. Specifically,
enhancement factors of 1.50±0.30 for WSe2 and of 1.66±0.33 for MoSe2 were determined.
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Figure 4.29.: Arctan π-step phase scans of the FWM intensity at low laser
fluence on (a) WSe2, (c) MoSe2 and (e) SLG, experimentally obtained at a laser
fluence of 0.4 mJ/cm2. The corresponding numerical results of the classical model are
shown in (b), (d) and (f), respectively. In WSe2 and MoSe2 a clear signal enhancement
is observed when the center frequency of the arctan phase function aligns with the A-
exciton resonance. In contrast no such enhancement is observed in SLG, serving as
reference material. Reproduced with permission from [73]. Copyright 2024 American
Chemical Society.
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This observation aligns with the fluence-dependent measurements shown in Figure 4.19,
which indicate that even at a low fluence of 0.4 mJ/cm2, excitation-induced attenuation
of the excitonic resonance alters the required phase profile for optimal FWM generation.

At high laser fluence (5.6 mJ/cm2), this signal enhancement was no longer observed, as
shown in Figure 4.30(b), and the results closely resembled those of SLG. This outcome
is consistent with the suppression of excitonic effects, as discussed in the previous Sec-
tions 4.4.3, 4.4.4, and 4.4.5. The loss of enhancement can be attributed to EID, ground
state bleaching, scattering interactions and screening mechanisms at high excitation densi-
ties. High-intensity measurements on MoSe2 were not feasible due to rapid photo-induced
damage.
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Figure 4.30.: Arctan π-step phase scans in WSe2 experimentally obtained at (a)
low fluence of 0.4 mJ/cm2 and (b) high fluence of 5.6 mJ/cm2. In the high fluence
measurement the signal enhancement at 1.67 eV vanishes. Reproduced with permission
from [73]. Copyright 2024 American Chemical Society.

Figure 4.31 illustrates the fluence-dependent evolution of the spectral phase profiles that
maximize FWM in WSe2. The laser spectrum is depicted as the gray-shaded background,
while the A-exciton resonance of WSe2 is indicated by the purple-shaded area. The cor-
responding phase profile of the resonance is represented by a purple dotted line. Experi-
mentally obtained SOD/TOD scan phase profiles are shown for different fluences as: blue
line for 0.4 mJ/cm2, green line for 2 mJ/cm2 and red line for 14.9 mJ/cm2. As the flu-
ence increases, the phase profile progressively converges toward the flat phase profile of a
transform-limited pulse, indicated by the black dotted line. Conversely, at lower fluences,
the optimal spectral phase profile closely resembles the arctan π-step phase profile (yel-
low dotted line), which effectively compensates for the Lorentzian phase response of the
excitonic resonance. Due to the arbitrary choice of phase offset and slope (as constant
and first-order terms do not affect the pulse shape), the SOD/TOD phase profiles were
normalized such that they intersect the theoretical Lorentzian phase step at π/2.
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Figure 4.31.: Experimental fluence-dependent evolution of spectral phase
profiles maximizing FWM in WSe2. The gray-shaded background represents the
laser spectrum, while the purple-shaded background highlights the A-exciton resonance
in WSe2. The corresponding modeled Lorentzian phase profile is shown as a purple
dotted line. The experimentally determined SOD/TOD scan phase profiles are displayed
in blue (0.4 mJ/cm2), green (2 mJ/cm2) and red (14.9 mJ/cm2). As fluence increases,
the phase profile gradually approaches that of a transform-limited pulse (black dotted
line). At lower fluences, the optimal spectral phase profile approaches the arctan π-step
phase profile (yellow dotted line), which compensates for the Lorentzian phase response.
Reproduced with permission from [73]. Copyright 2024 American Chemical Society.
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4.4.7. Phase shaping of the SFG signal
Following the analysis of the impact of excitonic resonances on the spectral phase depen-
dence of the FWM signal generation, in this section the influence on the SFG signal is
investigated. Since FWM and SFG both involve multipathway intrapulse interference and
share the same spectral overlap of the laser spectrum with the A-exciton resonance, one
might anticipate a similar dependence of the optimal spectral phase. However, the experi-
mental results reveal a distinct behavior, suggesting differences between the two processes.
To explore the influence of the excitonic resonance in 2D TMDs on the SFG signal, the pro-
cess was examined under the same experimental conditions and with the same numerical
models as employed above in the Sections 4.4.2, 4.4.4 and 4.4.5.
Analogue to the procedure in Section 4.4.2, systematic SOD/TOD phase scans were per-
formed on WSe2 and MoSe2 at a medium fluence of 2 mJ/cm2 using the same setup,
described in Section 4.2.2. The optical filters were replaced by a 450 nm (2.76 eV) short-
pass filter to isolate the SFG signal. The resulting intensity pattern, shown in Figure
4.32, reveal that, unlike FWM, the optimal spectral phase for SFG exhibits no significant
shift. This behavior remains consistent across different excitation fluences and is similarly
observed for both materials.
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Figure 4.32.: Experimental SOD/TOD scans of the SFG signal intensity of
(a) WSe2 and (b) MoSe2 monolayers at a fluence of 2 mJ/cm2. The intensity was
normalized to the maximum of each image. The strongest SFG intensity (marked by
the black ”+”) is observed closely to the transform-limited shortest pulse (marked by the
white ”+”) for both, WSe2 and MoSe2. Adapted with permission from [73]. Copyright
2024 American Chemical Society.

A notable difference between the SOD/TOD scans of FWM (presented in Figure 4.17) and
SFG is the broader response observed for SFG, particularly when considering the signifi-
cantly larger SOD and TOD range of the scans. This broader dependence arises from the
lower sensitivity of the second-order nonlinear process to the pulse shape, compared to the
third-order FWM process. The A-exciton resonance and the connected phase shift seem
to have no significant effect on the SFG signal intensity.
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To further investigate this discrepancy, numerical simulations based on the classical and the
quantum-mechanical model were performed for WSe2. The classical model was adjusted
to account for SFG by considering Equation 4.25.
The quantum-mechanical model was adjusted following the approach described in [32] and
[148]. An additional higher-energy state was introduced, which is essential because, in
a quantum-mechanical two-level system, any interaction with the excited state can only
lead to de-excitation, meaning the system undergoes a transition to the ground state.
Such higher-energy states may correspond to other excitonic states, such as the 2s, 2p,
... substates associated with relative electron-hole motion, or they may be linked to other
electronic bands [187]. Figure 4.33 illustrates the energy diagram of the modeled ladder-
type three-level system. The excitonic state was tested to be resonant with the A exciton
in panel (a) and the D exciton in panel (b) of WSe2. The additional state was placed 1.5 eV
above the excitonic state. The transition-dipole moments between the excited excitonic
state |2⟩ and |3⟩, respectively, and the additional state, |4⟩ and |5⟩, are labeled µ24 and µ35
and were chosen ten times the values for the transition between the ground state |1⟩ and
the higher-energy state (µ14 and µ15) to ensure an efficient population of this state.
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Figure 4.33.: Ladder-type three-level system for the quantum-mechanical
model to describe SFG The states |2⟩ and |3⟩ describe (a) the A exciton and (b) the
D exciton in WSe2, respectively. The higher-energy state is necessary to model SFG
and was placed 1.5 eV above the excitonic state.

The predictions from these models, shown in Figures 4.34 for the A-exciton of WSe2, (a)
and (c), fail to accurately reproduce the experimental results. Besides the overall pattern
that strongly differ from the experimental scan pattern in Figure 4.32, for both the classical
model and the quantum-mechanical model, the A exciton results predict a substantial shift
of the SOD and TOD parameters, as seen in the FWM results. However, when considering
the D-exciton, instead of the A-exciton, an agreement between theoretical predictions and
experimental data is achieved by both models (Figure 4.34 (b) and (d)) for the shape of
the pattern as well as the minimal phase shift. This suggests that the A-exciton resonance
does not account for the observed behavior in SFG. Instead, the SFG signal seems to be
affected by the higher-energy D-exciton, which is known to have a large oscillator strength
and to play a dominant role in the SHG process [63–65, 188].
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Figure 4.34.: Numerical model predictions for SOD/TOD scan of the SFG
intensity in WSe2. Considering the A exciton in (a) the classical model and (c) the
quantum-mechanical model leads to predicted scan patterns that do not align with the
experimental results in either shape or shift of the patterns. However, when only the D
exciton is considered, as shown in (b) for the classical model and (d) for the quantum-
mechanical model, the predictions closely match the experimental data. Adapted with
permission from [73]. Copyright 2024 American Chemical Society.

To assess the impact of these two excitonic resonances on the SFG process, small band-
width SHG measurements on WSe2 and MoSe2 were conducted using the setup described
in Section 4.2.3. The fundamental frequencies of two separate fs laser sources, a MIRA 900
and a tunable Raman fiber laser, were tuned to overlap and cover the excitation range
from 1.3 to 1.7 eV. The SHG intensity was referenced against the corresponding SHG sig-
nal intensity of a quartz crystal. As shown in Figure 4.35, the SHG efficiency reaches its
peak when the generated 2ω signal resonates with the D-exciton in WSe2 or the C-exciton
in MoSe2, respectively.

Importantly, no noticeable enhancement is detected when the fundamental frequency ω is
in resonance with the A-exciton. This observation aligns with the SFG SOD/TOD scan
results, reinforcing the speculation that the A-exciton resonance does not significantly in-
fluence the optimal phase profile for SFG intensity.
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Figure 4.35.: Experimental SHG excitation intensity for (a) WSe2 and (b)
MoSe2. The data was obtained by tuning the fundamental excitation frequencies of
two fs laser sources, a MIRA900 (blue circles) and a TRFL (red crosses), to jointly
cover the range from 1.3 to 1.7 eV. The results show a pronounced enhancement of
generated SHG intensity when 2ω resonates with the D exciton. Notably, no significant
enhancement is observed when the fundamental frequency ω is in resonance with the
A exciton. Adapted with permission from [73]. Copyright 2024 American Chemical
Society.
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Figure 4.36.: Schematic representation of the band structure of TMDs, high-
lighting potential pathways for resonant SFG and FWM at distinct locations within the
Brillouin zone. Adapted with permission from [73]. Copyright 2024 American Chemical
Society.
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It may seem counterintuitive that while the A-exciton resonance strongly influences the
optimal spectral phase for FWM, no such effect is observed for SFG. However, the results
presented in Figure 4.35 show that, for both investigated TMDs, the SHG/SFG signals are
primarily enhanced by the C exciton in MoSe2 and the D exciton in WSe2, whereas the A-
exciton plays a marginal role. Figure 4.36 provides a schematic representation of possible
quantum pathways leading to resonant SFG and FWM at different k-vector positions
within the band structure. The A-exciton is located at the K point of the Brillouin zone,
where it dictates the resonant behavior of FWM [44]. In contrast, SHG and SFG are
predominantly enhanced by the C- and D-exciton, which reside in the band nesting region
near the Γ point [54, 55, 57]. This higher-lying excitonic states possess a significantly
greater oscillator strength for two-photon transitions compared to the A-exciton, making
it the dominant contributor to SHG and SFG [63–65, 188].
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4.5. Conclusion and Outlook
In this chapter, room-temperature phase control of the nonlinear optical response of WSe2
and MoSe2 monolayers, based on the overlap of the A-exciton resonance and the broadband
laser spectrum, has been demonstrated. A significant enhancement of the FWM signal
intensity, reaching a factor of approximately 2 within the examined fluence range and
depending on the specific TMD material, was achieved by tailoring the spectral phase of
the laser pulse. The enhancement was a direct consequence of compensating for the phase
shift introduced by the excitonic resonance. This leads to the counterintuitive effect of
increased FWM intensity when the laser pulse is stretched compared to its transform-
limited shape. Recently, Meron and co-workers observed an enhancement factor of 2.6
in similar experiments, using an arctan phase profile, at comparable, yet lower excitation
intensities on WSe2 [153]. This aligns with the enhancement factor of 2.2 ± 0.2 determined
from the SOD/TOD scans presented in Section 4.4.2. Moreover, the trend shown in Figure
4.19(b) suggests that even higher enhancement factors may be achievable at further reduced
excitation intensities.
In contrast, no such enhancement was found for SFG, where the signal intensity is maxi-
mized for the transform-limited pulse. The primary reason for this difference likely is the
dominant role of the C- and D-exciton resonances on the resonant SFG process, whereas
the A-exciton at the fundamental frequency has only a negligible influence.
Furthermore, the influence of the A-exciton resonance on the optimal FWM phase profile
was found to decrease with increasing excitation density, as confirmed by differential re-
flection measurements on WSe2. Numeric simulations indicate that this effect is influenced
by excitation-induced processes such as ground state bleaching and dephasing of the ex-
citonic resonance. Since the employed models suggest that these effects are insufficient to
explain the strong reduction in TOD phase parameter, the onset of the Mott transition to
an electron-hole plasma is proposed as the dominating effect.
A clear trend in the optimal spectral phase profile as a function of excitation fluence was
identified. At low fluences, the optimal phase closely resembles an arctan π-step function,
which effectively compensates for the Lorentzian phase profile of the excitonic resonance.
However, as the laser fluence is increased, a gradual transition of the optimal phase toward
the flat phase profile of a transform-limited pulse was observed.
Finally, the results suggest that direct spectral phase control of the excitonic state popu-
lation via Rabi oscillations is hindered at room temperature due to exciton dissociation at
high excitation densities. However, performing similar experiments at cryogenic tempera-
tures, where excitonic coherence times are significantly longer, could provide a pathway to
achieving coherent control of the excited state population in TMD monolayers.
Complementary, future experiments could aim to directly manipulate the coherent many-
body dynamics of excitons in TMD monolayers. Recent theoretical work by Katsch
and Knorr [189] has shown that ultrafast exciton-biexciton oscillations can emerge from
Coulomb-mediated interactions in dense exciton gases, distinct from conventional Rabi os-
cillations. These oscillations are not driven by the external light field but arise from the
coherent evolution of a superposition state formed after photoexcitation. In particular,
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linear polarization facilitates biexciton generation, while circular polarization suppresses
it, enabling control over the coherent oscillation amplitude. To explore this regime exper-
imentally, polarization-resolved and excitation-tuned measurements of the FWM response
could be implemented to control biexciton formation and the coupling to the scattering
continuum.
Furthermore, performing similar experiments at cryogenic temperatures, where excitonic
dephasing is significantly reduced, may allow direct observation of exciton-biexciton popu-
lation dynamics. In this way, the current approach based on spectral phase shaping could
be extended to enable coherent population control of strongly interacting excitonic systems
in the solid state.



5. Summary
In summary, this work presents two projects that investigate the potential of exploiting ex-
citon dynamics in low-dimensional materials to control light-matter interactions and tailor
the optical response, addressing key challenges in emerging photonic and quantum tech-
nologies. While differing in their methods - one employing near-field spatial control via
optical antennas, and the other ultrafast spectral pulse shaping - both approaches demon-
strate how exciton dynamics can be utilized for precise control over photon emission at the
nanoscale.

The first project demonstrates antenna-controlled antibunching in the PL of SWCNTs,
providing a proof-of-concept for local control over SPE in quasi-one-dimensional systems.
By enhancing the local optical field, the optical antenna promotes efficient EEA and in-
creases the radiative recombination rate in a spatially confined region. This mechanism
leads to a measurable reduction in the second-order correlation function at zero time delay
g(2)(0), experimentally by approximately 0.2. Numerical simulations further indicate that
under realistic field enhancements, g(2)(0) could be reduced to around 0.3 and in optimized
conditions down to 0.1. These findings not only demonstrate the potential of non-invasive
and reversible spatial control over the photon emission statistics but also suggest that the
concept might be applicable to other quasi-1D systems, such as inorganic semiconduct-
ing nanowires. The ability to precisely control the position of the antenna and thus the
location of the SPS offers a highly tunable platform for nanophotonic device integration,
avoiding the limitations associated with chemical doping or mechanical strain methods.

The second project focuses on phase shaping of ultrafast laser pulses to control the coherent
nonlinear optical response of monolayer TMDs, specifically WSe2 and MoSe2, at room
temperature. By tailoring the spectral phase of the excitation pulse, it is demonstrated
to compensate for the phase shifts imposed by the A-exciton resonance, resulting in an
enhancement of the FWM signal intensity by a factor of about 2. The optimal spectral
phase profile was found to evolve with excitation fluence, transitioning from an arctan-like
profile at low intensities to a flat profile at higher fluences. This behavior is partially
attributed to excitation-induced effects such as ground state bleaching and dephasing, but
is suggested to be dominated by the onset of the Mott transition at higher densities, where
exciton populations dissociate into an electron-hole plasma. Corresponding experiments
at cryogenic conditions could extend this approach toward coherent population control of
excitons. Furthermore, the results provide a foundation for exploring coherent many-body
dynamics.
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Together, these two projects illustrate the potential of complementary spatial and temporal
control schemes for manipulating excitonic processes in low-dimensional materials. While
the SWCNT antenna-control project addresses localized enhancement of photon emission
via near-field engineering, the TMD phase-control project demonstrates coherent phase
control of exciton dynamics through spectral pulse shaping. Both approaches share the
ability to utilize intrinsic excitonic interactions to obtain tunable optical responses, which
is critical for applications ranging from SPS to nonlinear optical devices and quantum
photonics.
Looking forward, an interesting prospect seems to be the combination of these two ap-
proaches. By integrating antenna-enhanced local fields with spectrally shaped ultrafast
pulses, it may be possible to achieve simultaneous spatial and temporal control over exci-
ton populations. Such a hybrid strategy could exploit strong light-matter coupling between
resonant antennas and excitons to control the creation and time evolution of exciton states
in a predictable, phase-coherent way. This could lay grounds for ultra-efficient SPS, the
control of coherent nonlinear processes and steering of the population of strongly coupled
exciton-polariton states in low-dimensional systems.



A. Appendix

A.1. SOD/TOD scan power series data
Here, the full data series of the fluence-dependent SOD/TOD scans, discussed in Section
4.4.2 are presented for SLG in Figure A.1 and for WSe2 in Figure A.2. The data was
normalized to the maximum of each scan pattern. The optimal SOD and TOD values were
calculated by a center of mass C procedure using equation A.1.

CSOD =
∑n

i=1 SODi · IFWM,i∑n
i=1 SODi

CTOD =
∑n

i=1 TODi · IFWM,i∑n
i=1 TODi

(A.1)

Here, n is the total number of data points in a scan pattern. The second-order and third-
order values were weighted by the corresponding FWM intensity.
The obtained values are presented in Figure 4.19 and discussed in the corresponding section.

The SLG sample was photo-damaged during the measurement with the highest fluence of
14.9 mJ/cm2.
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Figure A.1.: SOD/TOD scan series of SLG for varying laser fluences. The
white cross markes the case of a transform-limited pulse, while the red cross markes
the optimal SOD and TOD value composition derived from Equation A.1. Reproduced
with permission from [73]. Copyright 2024 American Chemical Society.
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Figure A.2.: SOD/TOD scan series of SLG for varying laser fluences. The
white cross markes the case of a transform-limited pulse, while the red cross markes
the optimal SOD and TOD value composition derived from Equation A.1. Reproduced
with permission from [73]. Copyright 2024 American Chemical Society.
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A.2. Double bandpass measurements as FWM proof

To confirm that the observed third-order nonlinear signal, manifested as a spectral broad-
ening on the anti-Stokes side of the laser spectrum, originates from FWM, double-bandpass
scans were conducted on WSe2. In this experiments, the laser spectrum was split into two
spectral bands using the pulse shaper’s amplitude modulation function as a double band-
pass filter and block any undesired spectral components. One band was fixed within the
range of 900 - 907 nm (1.378 - 1.367 eV), while the other was scanned stepwise from a
center position at 765 nm to 801 nm (1.621 ev to 1.548 eV) in 4.5 nm steps and with
a bandwidth of 10 nm. This is illustrated in Figure A.3 (a). For FWM, the two spec-
tral bands generate new spectral components at higher energies, following the relationship
ωFWM = 2ωscan − ωfixed, and at lower energies for ωFWM = 2ωfixed − ωscan. Figure A.3 (b)
shows the resulting generated spectral components at the high-energy side of the laser spec-
trum. Shifting the ωscan to lower energies results in a corresponding shift of the generated
nonlinear signal to lower energies as well, which aligns with the expected FWM behavior.

1.7 1.75 1.8 1.85 1.9

Energy (eV)

In
te

n
si

ty
 (

a
.u

.)

1.3 1.35 1.4 1.45 1.5 1.55 1.6 1.65 1.7

Energy (eV)

In
te

n
si

ty
 (

a
.u

.)

(a) (b)

1.611eV

1.602eV

1.593eV

1.583eV

1.574eV

1.565eV

1.557eV

1.548eVBandpass center at:

1.621eV

Figure A.3.: Double-bandpass experiment on WSe2 to validate the origin of
the observed signal to be FWM. (a) Displays the laser spectrum with two selectively
applied spectral bandpass filters. These filters are implemented using the pulse shaper,
which blocks unwanted spectral components. The high-energy bandpass is gradually
shifted stepwise toward lower energies, while the low-energy bandpass remains fixed. (b)
Presents the resulting FWM spectra, where the newly generated spectral components on
the anti-Stokes side shift accordingly, in agreement with the expected FWM behavior.
Reproduced with permission from [73]. Copyright 2024 American Chemical Society.
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A.3. Origin of tilted SOD/TOD pattern
It may seem surprising that the SOD/TOD scan patterns, shown in Section 4.4.2, appear
tilted rather than symmetric relative to the vertical axis. To verify that this asymmetry
arises directly from the shape of the excitation spectrum, the classical model introduced
in Section 4.4.4 was employed to systematically investigate the effect.
Figure A.4 presents the simulated SOD/TOD scan patterns for two different spectral shapes
using the classical model. The excitation spectrum is modeled as a Gaussian, defined by:

E(ω) = exp
(

−(ω − ω0)2

σ2

)
(A.2)

with a central energy of ω0 = 1.4759 eV and a width of σ = 0.132 eV.
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Figure A.4.: Simulated SOD/TOD scan patterns illustrating the influence of spectral
asymmetry. (a) Symmetric Gaussian excitation spectrum centered at ω0 = 1.4759 eV
with σ = 0.132 eV. (b) The same Gaussian spectrum truncated at 1.61 eV to introduce
asymmetry. (c) SOD/TOD scan pattern resulting from the symmetric spectrum in
(a), exhibiting vertical elongation. (d) SOD/TOD scan pattern for the asymmetric
spectrum in (b), showing a pronounced tilt. These results confirm that asymmetry in
the excitation spectrum leads to a tilted SOD/TOD scan pattern.

Panel (a) shows a symmetric Gaussian spectrum, and the corresponding scan pattern in
panel (c) is elongated along the vertical (SOD) axis, as expected. In contrast, panel (b)
displays the same Gaussian spectrum but cut at 1.61 eV to mimic the asymmetry. The
resulting scan pattern in panel (d) is visibly tilted, confirming that the asymmetry in the
scan originates from the spectral shape. This clearly demonstrates that the tilt of the
SOD/TOD pattern is a direct consequence of an asymmetric excitation spectrum.
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and T. F. Heinz, “Observation of rapid exciton–exciton annihilation in monolayer
molybdenum disulfide,” Nano Lett., vol. 14, no. 10, pp. 5625–5629, 2014. https:
//doi.org/10.1021/nl5021975.

[19] X. Liu, Q. Guo, and J. Qiu, “Emerging low-dimensional materials for nonlinear optics
and ultrafast photonics,” Adv. Mater., vol. 29, no. 14, p. 1605886, 2017. https:
//doi.org/10.1002/adma.201605886.

https://doi.org/10.1021/acs.nanolett.8b04408
https://doi.org/10.1088/0031-9120/5/4/003
https://doi.org/10.1088/0031-9120/5/4/003
https://doi.org/10.1007/978-3-319-31450-1
https://doi.org/10.1103/RevModPhys.90.021001
https://doi.org/10.1103/RevModPhys.90.021001
https://doi.org/10.1038/nphoton.2015.282
https://doi.org/10.1002/9783527618040
https://doi.org/10.1021/acs.nanolett.6b03513
https://doi.org/10.1021/acs.nanolett.6b03513
https://doi.org/10.1103/PhysRevLett.94.157402
https://doi.org/10.1039/c5nr00383k
https://doi.org/10.1039/c5nr00383k
https://doi.org/10.1021/nl5021975
https://doi.org/10.1021/nl5021975
https://doi.org/10.1002/adma.201605886
https://doi.org/10.1002/adma.201605886


146 5. Bibliography

[20] I. Aharonovich, D. Englund, and M. Toth, “Solid-state single-photon emitters,” Nat.
Photonics, vol. 10, no. 10, pp. 631–641, 2016. https://doi.org/10.1038/nphoton.
2016.186.

[21] P.-Y. Wu, W.-Q. Lee, C.-H. Liu, and C.-B. Huang, “Coherent control of en-
hanced second-harmonic generation in a plasmonic nanocircuit using a transition
metal dichalcogenide monolayer,” Nat. Commun., vol. 15, no. 1, p. 1855, 2024.
https://doi.org/10.1038/s41467-024-46209-8.

[22] Paras, K. Yadav, P. Kumar, D. R. Teja, S. Chakraborty, M. Chakraborty, S. S.
Mohapatra, A. Sahoo, M. M. Chou, C.-T. Liang, and D.-R. Hang, “A review
on low-dimensional nanomaterials: nanofabrication, characterization and applica-
tions,” Nanomaterials, vol. 13, no. 1, p. 160, 2022. https://doi.org/10.3390/
nano13010160.

[23] S. Joseph, J. Mohan, S. Lakshmy, S. Thomas, B. Chakraborty, S. Thomas, and
N. Kalarikkal, “A review of the synthesis, properties, and applications of 2D transi-
tion metal dichalcogenides and their heterostructures,” Mater. Chem. Phys., vol. 297,
p. 127332, 2023. https://doi.org/10.1016/j.matchemphys.2023.127332.

[24] X. He, H. Htoon, S. Doorn, W. Pernice, F. Pyatkov, R. Krupke, A. Jeantet,
Y. Chassagneux, and C. Voisin, “Carbon nanotubes as emerging quantum-light
sources,” Nat. Mater., vol. 17, no. 8, pp. 663–670, 2018. https://doi.org/10.
1038/s41563-018-0109-2.

[25] H. Haug and S. W. Koch, Quantum Theory of the Optical and Electronic Properties
of Semiconductors. World Scientific, 2004. https://doi.org/10.1142/7184.

[26] M. Fox, Optical Properties of Solids. Oxford University Press, 2001. ISBN:
0198506139.

[27] R. W. Boyd, Nonlinear Optics. Academic Press, 2008. ISBN: 978-0-12-369470-6.

[28] R. C. Miller, “Optical second harmonic generation in piezoelectric crystals,” Appl.
Phys. Lett., vol. 5, no. 1, pp. 17–19, 1964. https://doi.org/10.1063/1.1754022.

[29] V. Giegold, K. Kolataj, T. Liedl, and A. Hartschuh, “Phase-selective four-wave mix-
ing of resonant plasmonic nanoantennas,” ACS Photonics, vol. 9, no. 11, pp. 3727–
3733, 2022. https://doi.org/10.1021/acsphotonics.2c01362.

[30] J.-C. Diels and W. Rudolph, Ultrashort Laser Pulse Phenomena. Elsevier, 2006.
https://doi.org/10.1016/B978-0-12-215493-5.X5000-9.

[31] D. Goswami, “Optical pulse shaping approaches to coherent control,” Phys. Rep.,
vol. 374, no. 6, pp. 385–481, 2003. https://doi.org/10.1016/S0370-1573(02)
00480-5.

https://doi.org/10.1038/nphoton.2016.186
https://doi.org/10.1038/nphoton.2016.186
https://doi.org/10.1038/s41467-024-46209-8
https://doi.org/10.3390/nano13010160
https://doi.org/10.3390/nano13010160
https://doi.org/10.1016/j.matchemphys.2023.127332
https://doi.org/10.1038/s41563-018-0109-2
https://doi.org/10.1038/s41563-018-0109-2
https://doi.org/10.1142/7184
https://doi.org/10.1063/1.1754022
https://doi.org/10.1021/acsphotonics.2c01362
https://doi.org/10.1016/B978-0-12-215493-5.X5000-9
https://doi.org/10.1016/S0370-1573(02)00480-5
https://doi.org/10.1016/S0370-1573(02)00480-5


147

[32] K.-Q. Lin, S. Bange, and J. M. Lupton, “Quantum interference in second-harmonic
generation from monolayer WSe2,” Nat. Phys., vol. 15, no. 3, pp. 242–246, 2019.
https://doi.org/10.1038/s41567-018-0384-5.

[33] J. J. Sakurai, Modern Quantum Mechanics. Addison-Wesley Publishing Company,
1994. ISBN: 978-0201539295.

[34] J. Frenkel, “On the transformation of light into heat in solids. i,” Phys. Rev., vol. 37,
no. 1, pp. 17–44, 1931. https://doi.org/10.1103/PhysRev.37.17.

[35] X.-F. He, “Excitons in anisotropic solids: The model of fractional-dimensional space,”
Phys. Rev. B, vol. 43, no. 3, p. 2063, 1991. https://doi.org/10.1103/PhysRevB.
43.2063.

[36] F. Wang, Y. Wu, M. S. Hybertsen, and T. F. Heinz, “Auger recombination of excitons
in one-dimensional systems,” Phys. Rev. B, vol. 73, no. 24, p. 245424, 2006. https:
//doi.org/10.1103/PhysRevB.73.245424.

[37] T. Ogawa and T. Takagahara, “Optical absorption and sommerfeld factors of one-
dimensional semiconductors: An exact treatment of excitonic effects,” Phys. Rev. B,
vol. 44, no. 15, p. 8138, 1991. https://doi.org/10.1103/PhysRevB.44.8138.

[38] H. W. Kroto, J. R. Heath, S. C. O’Brien, R. F. Curl, and R. E. Smalley, “C60:
Buckminsterfullerene,” Nature, vol. 318, no. 6042, pp. 162–163, 1985. https://doi.
org/10.1038/318162a0.

[39] S. Iijima, “Helical microtubules of graphitic carbon,” Nature, vol. 354, no. 6348,
pp. 56–58, 1991. https://doi.org/10.1038/354056a0.

[40] K. S. Novoselov, A. K. Geim, S. V. Morozov, D.-e. Jiang, Y. Zhang, S. V. Dubonos,
I. V. Grigorieva, and A. A. Firsov, “Electric field effect in atomically thin carbon
films,” Science, vol. 306, no. 5696, pp. 666–669, 2004. https://doi.org/10.1126/
science.1102896.

[41] H. Liu, A. T. Neal, Z. Zhu, Z. Luo, X. Xu, D. Tománek, and P. D. Ye, “Phosphorene:
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[99] L. Lange, F. Schäfer, A. Biewald, R. Ciesielski, and A. Hartschuh, “Controlling
photon antibunching from 1d emitters using optical antennas,” Nanoscale, vol. 11,
no. 31, pp. 14907–14911, 2019. https://doi.org/10.1039/C9NR03688A.

[100] M. Esmann, S. C. Wein, and C. Antón-Solanas, “Solid-state single-photon sources:
Recent advances for novel quantum materials,” Adv. Funct. Mater., vol. 34, no. 30,
p. 2315936, 2024. https://doi.org/10.1002/adfm.202315936.

[101] W. Luo, L. Cao, Y. Shi, L. Wan, H. Zhang, S. Li, G. Chen, Y. Li, S. Li, Y. Wang,
S. Sun, M. F. Karim, H. Cai, K. Chuan, and A. Q. Liu, “Recent progress in quantum
photonic chips for quantum communication and internet,” Light Sci. Appl., vol. 12,
no. 1, p. 175, 2023. https://doi.org/10.1038/s41377-023-01173-8.

[102] E. Meyer-Scott, C. Silberhorn, and A. Migdall, “Single-photon sources: Approaching
the ideal through multiplexing,” Rev. Sci. Instrum., vol. 91, no. 4, 2020. https:
//doi.org/10.1063/5.0003320.

[103] M. Koperski, K. Nogajewski, A. Arora, V. Cherkez, P. Mallet, J.-Y. Veuillen,
J. Marcus, P. Kossacki, and M. Potemski, “Single photon emitters in exfoliated
WSe2 structures,” Nat. Nanotechnol., vol. 10, no. 6, pp. 503–506, 2015. https:
//doi.org/10.1038/nnano.2015.67.

[104] J. Kern, I. Niehues, P. Tonndorf, R. Schmidt, D. Wigger, R. Schneider, T. Stiehm,
S. Michaelis de Vasconcellos, D. E. Reiter, T. Kuhn, and B. Rudolf, “Nanoscale
positioning of single-photon emitters in atomically thin WSe2.,” Adv. Mater., vol. 28,
no. 33, pp. 7101–7105, 2016. https://doi.org/10.1002/adma.201600560.

[105] R. Bourrellier, S. Meuret, A. Tararan, O. Stéphan, M. Kociak, L. H. Tizei, and
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photoluminescence spectra of a single carbon nanotube,” Phys. Rev. Lett., vol. 100,
no. 21, p. 217401, 2008. https://doi.org/10.1103/PhysRevLett.100.217401.

[109] M. S. Hofmann, J. T. Glückert, J. Noé, C. Bourjau, R. Dehmel, and A. Högele,
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and intensity correlations: The siegert relation and how to test it,” Am. J. Phys.,
vol. 88, no. 10, pp. 831–837, 2020. https://doi.org/10.1119/10.0001630.

[125] R. H. Brown and R. Q. Twiss, “Correlation between photons in two coherent beams
of light,” Nature, vol. 177, no. 4497, pp. 27–29, 1956. https://doi.org/10.1038/
177027a0.
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