Enhanced Area Laws for Entanglement
Entropies Corresponding to Half-Filled
Lowest Landau Levels

Dissertation

an der Fakultat fiir Mathematik, Informatik und Statistik
der Ludwig-Maximilians-Universitdt Miinchen

eingereicht von
Otto Leonard Wetzel

Miinchen, den 31. August 2025



Erstgutachter: Prof. Dr. Peter Miiller
Zweitgutachter: Prof. Dr. Wolfgang Spitzer

Tag der miindlichen Priifung: 16. Dezember 2025



Acknowledgements

First and foremost, I would like to express my deepest gratitude to my doctoral advisor,
Peter Miiller. He first introduced me to the fascinating fields of entanglement entropy and
Szegb-type asymptotics and came up with the promising research topic for this disserta-
tion. Despite his time-consuming service as the dean of the faculty, he invested hundreds
of hours in my education and consistently provided me with new ideas whenever I was
stuck. I could not have wished for a better advisor!

Secondly, I thank Wolfgang Spitzer very much for insightful discussions and for acting as
the second reviewer of this thesis.

A very big thank you goes out to Charlotte Dietze. I asked her for mathematical advice
many times during our studies and she always provided me with the perfect answer. 1
really appreciate the effort she put into explaining things to me.

Thanks to Florian Haberberger for being the coolest office mate I can think of and to Jonas
Peteranderl, together with whom being a teaching assistant and creating new exercise
sheets became a very fun experience.

I would like to give a special mention to Christian Hainzl, whose presence always brought
a breath of fresh air into the math department.

I am very grateful for my time working together with Erwin Schorner. Not just because he
kept my teaching hours at a limited amount, but also for the many enjoyable conversations.

Big thanks to Hannes Funk and Jago Silberbauer for our numerous chats on academia
and other topics, and to the former also for proofreading parts of this thesis.

Finally, I want to express my appreciation to all the other colleagues in the analy-
sis group and friends that made my doctoral journey an enjoyable one. In addition to
those mentioned above I am grateful to Leon Bollmann, Maximilian Duell, Rupert Frank,
Emanuela Giacomelli, Chokri Manai, Phan Thanh Nam, Jakob Neumaier, Larry Read,
Marco Schmid, Thomas Sgrensen, Jakob Stern, Arnaud Triay and Francois Visconti.

Last, but not least, I thank my family for their constant support.

iii






Zusammenfassung

Die Verschrankungsentropie ist ein wichtiges Maf flir den Grad an Verschrankung zwi-
schen verschiedenen Teilen eines zusammengesetzten Quantensystems. Fiir ein System
von Teilchen, das in einen beschrankten raumlichen Teilbereich und dessen Komplement
aufgeteilt ist, besteht eine gingige Methode zur Untersuchung der entsprechenden bipar-
titen Verschrankungsentropie darin, ihr Skalierungsverhalten fiir grofl werdende Teilbere-
iche zu bestimmen. Genauer gesagt ist das asymptotische Verhalten der Verschrankungsen-
tropie fir L — oo, wenn der rdumliche Teilbereich mit einem Parameter L > 0 skaliert
wird, von Interesse. Fiir d-dimensionale Vielteilchen-Quantensysteme in ihrem Grundzu-
stand wachst die Verschréankungsentropie typischerweise asymptotisch proportional zur
(Ober-)Fliche L1 der Teilregion, was als Oberflichengesetz bezeichnet wird. Ist das
physikalische System im Grundzustand delokalisiert beziehungsweise elektrisch leitend,
konnen auch sogenannte wverstdrkte Oberflichengesetze beobachtet werden, also Ober-
flaichengesetze mit einem zuséatzlichen Verstarkungsterm, welcher ebenfalls mit der Grofie
des raumlichen Teilbereichs wachst. In den meisten Féllen ist dieser Verstarkungsterm
durch einen Logarithmus gegeben, so dass sich die Verschrankungsentropie fiir grofie
Werte von L wie L9 1log L verhilt. Abgesehen von speziellen eindimensionalen Spin-
ketten sind zum Zeitpunkt dieser Arbeit nach unserem Wissen keine Systeme bekannt,
bei denen der Verstarkungsterm schneller als logarithmisch wachst. Das Hauptziel dieser
Arbeit liegt darin, eine neue Familie von Beispielen fiir den Grundzustand eines nicht-
wechselwirkenden Fermionensystems zu beschreiben, der einem verstiarkten Oberflachenge-
setz der Verschrankungsentropie unterliegt und bei dem der Verstarkungsterm — abhangig
von einem Modellparameter — Wachstumsraten starker als logarithmisch aufweisen kann.

Konkret handelt es sich bei dem von uns betrachteten System um das ideale Fermigas,
das aus Teilchen in der zweidimensionalen Ebene R? besteht, an die ein senkrechtes kon-
stantes Magnetfeld der Stdrke B > 0 angelegt ist, wobei ein einzelnes Teilchen durch
den Landau-Operator Hg auf L?(R?) beschrieben wird. Als niedrigstes Landau-Niveau
bezeichnen wir den unendlichdimensionalen Eigenraum zum niedrigsten Eigenwert B von
Hp. Die Verschrankungsentropie beziiglich eines voll gefiillten niedrigsten Landau-Niveaus
kann iiber den Spektralprojektor 1;py(Hp) ausgedriickt werden und folgt einem stren-
gen Oberflachengesetz ohne Verstirkungsterm. In dieser Arbeit befassen wir uns mit be-
stimmten halbgefiillten Varianten des niedrigsten Landau-Niveaus, womit Unterrdume des
niedrigsten Landau-Niveaus mit halber Teilchenzahl, d.h. halber Teilchendichte gemeint
sind. Solche halbgefiillten niedrigsten Landau-Niveaus sind durch geeignete Teilprojektoren
von 1yp)(Hp) charakterisiert. Wir zeigen, dass anstelle eines strengen Oberflichengesetzes
anomale Verstarkungen des Oberflichengesetzes der zugehorigen Verschrankungsentropien
auftreten, abhéngig von der jeweiligen Art der Halbfiillung. Genauer gesagt konstruieren
wir fiir jedes o € [1,2[ eine Halbfiillung des niedrigsten Landau-Niveaus, die zu einer
Skalierung der Verschrankungsentropie von L? log L fiihrt. Fiir den Fall 0 = 1, der einem
gewOhnlichen logarithmisch verstarkten Oberflachengesetz entspricht, sind wir zudem in
der Lage, den genauen asymptotischen Koeffizienten zu berechnen, welcher mit dem Koef-



fizienten der Verschrankungsentropie des Grundzustands freier Fermionen in einer Dimen-
sion und damit mit der eindimensionalen Widom-Formel zusammenhéngt. Schliefllich be-
weisen wir, dass eine Klasse an Halbfiillungen existiert, fiir die sich die Verschrankungsen-
tropie asymptotisch wie L? verhilt, was einem fiir Grundzustinde sehr untypischen Vol-
umengesetz entspricht.
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Summary

Entanglement entropy is an important quantifier for the amount of entanglement between
different parts of a composite quantum system. For a system of particles partitioned into
a bounded spatial subregion and its complement, one common way of studying the cor-
responding bipartite entanglement entropy is to determine its scaling behavior as the
subregion becomes large. More precisely, if we scale the subregion by a parameter L > 0,
we are interested in the asymptotic behavior of the entanglement entropy as L — oo. For
d-dimensional many-body quantum systems in their ground state, the entanglement en-
tropy is typically found to grow asymptotically proportional to the (surface) area L1 of
the subregion, which is referred to as an area law. When the physical system is delocalized
or electrically conductive in its ground state, so-called enhanced area laws can also be
observed, that is, area laws with an additional enhancement term that also grows with the
size of the spatial subregion. In most cases, this enhancement is given by a logarithm, i.e.
the entanglement entropy grows like L%~ !log L for large values of L. Apart from specific
one-dimensional spin chains, to our knowledge, no systems with enhancements stronger
than logarithmic are known at the time of publication of this thesis. The main goal of
this thesis is to provide a new family of examples for the ground state of a non-interacting
fermion system that is subject to an enhanced area law of the entanglement entropy and
where — depending on a model parameter — the enhancement can exhibit growth rates
stronger than logarithmic.

Specifically, the system we consider is the ideal Fermi gas consisting of particles in the
two-dimensional plane R? subject to a perpendicular constant magnetic field of strength
B > 0, where a single particle is described by the Landau Hamiltonian Hg on L?(R?). We
refer to the infinite-dimensional eigenspace of Hp corresponding to its lowest eigenvalue
B as the lowest Landau level. The entanglement entropy corresponding to the fully-filled
lowest Landau level can be written in terms of the spectral projection 1;py(Hp) and is
known to obey a strict area law without enhancement. In this thesis, we are concerned
with certain half-filled lowest Landau levels, that is, subspaces of the lowest Landau level
with only half the number of particles, in terms of particle density. Such half-filled lowest
Landau levels are characterized by suitable sub-projections of 1;gy(Hp). We show that,
instead of a strict area law, anomalous enhancements of the area law of the corresponding
entanglement entropies arise, depending on the particular way of half-filling. More pre-
cisely, for each o € [1,2], we construct a half-filling of the lowest Landau level that gives
rise to an entanglement entropy scaling of L? log L. In the case ¢ = 1, corresponding to a
regular logarithmically enhanced area law, we are able to calculate the precise asymptotic
coefficient, which is related to the coefficient of the ground state entanglement entropy of
free fermions in one dimension and therefore to the one-dimensional Widom formula. Fi-
nally, we prove that there exists a class of half-fillings for which the entanglement entropy
behaves asymptotically as L?, corresponding to a wolume law very uncommon for ground
states.
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Preface

The present thesis is divided into five chapters and two appendices. Chapter [1| provides
an introduction to the topics of this thesis. In Chapter [2| we collect some preliminaries
for the rest of the thesis. Chapter [3| then contains a detailed exposition of the two main
results, the proof of which can be found in the two subsequent Chapters ] and [5] The
first appendix, Appendix [A] contains some auxiliary inequalities and general properties.
Finally, in Appendix we provide some general information on entanglement entropy
that might be of independent interest.

The results presented in Chapters [3] to [5| were obtained in scientific collaboration with
Peter Miiller and will be part of a future publication (see below). This publication will
coincide in most part, both in content and writing, with the aforementioned chapters of
this thesis. The proofs of the results as well as the first draft of the publication were created
by the author of this thesis.

Published content

P. Miiller and L. Wetzel. Logarithmic and stronger enhancements of the area law for
entanglement entropies corresponding to half-filled lowest Landau levels. In preparation.

ix






Contents

|Acknowledgements|

|Zusammenfassung|
[Prefacel
(1. _Introduction|

[1.1. The notion of entanglement entropy and historical overview ot results|

D Preliminaries

[2.2. Singular values and Schatten-von Neumann classes| . . . . ... ... .. ..
[2.3. Entanglement entropy| . . . . . . . ... Lo

3. Main results|
13.1.  First result: Szego-type asymptotics| . . . . . .. .. ... ... ...
13.2. Second result: Anomalous enhancements of the area lawl . . . . . .. .. ..

4. Proof of the first main resultl

|4.4. Closing the asymptotics: Proof of Theorem|3.1.3] . . . . . .. ... ... ..
[4.5. Proving the general version| . . . . . . . . ... oo 0oL

[b.2. Upper bounds|. . . . . . . . . ..

|A. Auxiliary estimates|
|A.1. Properties of the function fi| . . . . . . .. ... ... ... ... ... ...
|A.2. Usetul estimates involving the sinc function| . . . . . . . ... ... ... ..
|A.3. Further auxiliary estimates| . . . . . .. ... ... ... ... . ...

[B. Entanglement entropy|
IB.1. Tensor products|. . . . . . . . . . . e
B.2. Partial tracesl . . . . . . . . ..
B.3. Fermionic Fock space|. . . . . . . . ... oo oo o oo
[B.4. Entanglement entropy and the single-particle formulal . . . . . ... .. ..

vii

11
11
17
21

25
25
27

29
29
30
41
48
o1

53
93
56

67
67
72
73

77
77
79
82
84

91

xi






1. Introduction

1.1. The notion of entanglement entropy and historical overview
of results

Quantum entanglement is one of the most striking features of quantum mechanics and
central to the fundamental disparity between classical and quantum physics. When two
or more quantum systems are entangled, their joint state is correlated in such a way that
the state of each subsystem cannot be fully described independently of the others, even
if separated by large distances. This quantum mechanical phenomenon that has no coun-
terpart in classical physics was first discovered by Einstein, Podolsky and Rosen [EPR35|
and investigated more profoundly by Schrodinger [Sch35, Sch36] shortly thereafter. It is
the object of intensive study in many branches of modern research such as statistical
mechanics, quantum information theory, quantum computing and many-body quantum
mechanics [HHHHO09).

While the notion of entanglement between a small number of well-defined subsystems (such
as a pair of qubits in quantum computing) already captures the essential departure from
classical correlations, the situation becomes considerably richer and more subtle as the size
of the system increases. In extended or many-body systems, one is often less interested in
whether entanglement exists at all—since it typically does—than in how it is distributed
across different parts of the system. A natural question that arises is how to reasonably
quantify the present quantum entanglement. Out of several quantities that try to answer
this question [PVO07], one of the simplest, yet most important, is the concept of bipartite
entanglement entropy. It serves as a measure for the degree of entanglement between two
parts of a composite quantum system |[AFOV08, (CCD09].

Given a bipartition of a system into two subsystems A and B, consider a pure state p
describing the full system. The bipartite entanglement entropy is defined as the entropy of
the state p4 := trp p reduced to the subsystem A. Here, trp(-) denotes the partial trace
with respect to the subsystem B and can be thought of as discarding any information about
the subsystem B encoded in p. Moreover, entropy refers to the von Neumann entropy

S(A) = S(A,p):=—tra(palogpa), (1.1)

where tr4(-) now is the usual trace on system A, or more generally to the v-Rényi entropies

1
5)(4) = 5,(A.p) 1= T
which satisfy lim,—1 Sy(A4,p) = S(A4,p). We have S(A) = 0 if and only if p4 is a pure
state, in which case no entanglement between A and B is present. In contrast, a large
value of S(A) indicates that the two subsystems A and B are significantly entangled. We
remark that the role of A and B above is interchangeable: as p4 and pp := tr4 p share the

logtrap), 7 €]0,00[\ {1}, (1.2)
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same non-zero eigenvalues (counted with multiplicity), their corresponding (von Neumann
or 7-Rényi) entropies coincide [BBPS96].

For systems involving many particles, the exact computation of the corresponding entan-
glement entropies is often not feasible. Even without interactions between the particles,
one can in general only hope for upper and lower bounds or asymptotic results. If we
partition a quantum system in d-dimensional space R? with respect to a bounded spatial
subregion A C R? and its complement A€, one common way of studying the corresponding
bipartite entanglement entropy S(A) is to determine its asymptotic behavior as A becomes
large. In other words, if we consider the scaled subregion Ay, := L - A for some scaling pa-
rameter L > 0, we are interested in how S(Ar) behaves asymptotically as L — oo. It turns
out that different types of scaling laws can occur |[ECP10, [Laf16]. Unlike the entropy of a
thermal state in statistical mechanics, for ground states of quantum many-body systems,
the entanglement entropy is generally not extensive, that is, does not grow proportionally
to the volume L% of Ay . Instead, ground state entanglement entropy is typically encoun-
tered to exhibit an area law S(Ar) ~ L', meaning that it grows proportionally to the
(surface) area of the subregion. For some systems, so-called enhanced area laws are ob-
served, referring to an area law scaling with an additional enhancement term that also
grows with the size of the subregion. In most of the known cases, this enhancement is
logarithmic, i.e. we have S(Az) ~ L4 !log L.

The rigorous mathematical study of scaling properties of the entanglement entropy has
received considerable attention over the last two decades, especially with regard to ground
states of non-interacting Fermi gases. An important milestone in these developments was
the discovery of a formula that allows to express the entanglement entropy of such ground
states @ purely in terms of the corresponding one-particle Hamiltonian H, see e.g. [K1i06].
Let us consider the special case where the underlying one-particle Hilbert space is given
by L?(T") for some bounded measurable I' C RY. Due to the Pauli exclusion principle for
fermions, the many-body ground state is obtained by adding particles to the system until
all stationary states (eigenfunctions) of H with energies up to a Fermi energy Erp € R
are occupied [Soll4]. If S(A, ®) denotes the bipartite entanglement entropy of the (pure)
state & = ®(FEp) with respect to the spatial subregion A C I" as defined in , we have
the formula

S(A, (I)) :trL2(F) h(lAl}foqEF[(H)lA)- (1.3)

Here, 1)_ ,.[(H) denotes the spectral projection of H called Fermi projection, 1, is the
operator of multiplication with the corresponding indicator function on R? and h: [0,1] —
[0,log 2] is the von Neumann entropy function defined by

h(A) := —Alog A — (1 — A)log(1 — \), A€ [0,1]. (1.4)

Throughout this thesis, log denotes the natural logarithm. A similar formula as holds
for the corresponding y-Rényi entropies , with the function h replaced by h, defined
in below. A detailed derivation of the one-particle formula is provided in
Appendix

When trying to define entanglement entropy for systems in infinite continuous position
space R%, d € N, one encounters the following obstacle: For such systems, a many-body
ground state ® in the strict sense as described above may not exist. In particular, this is the
case if the spectrum of the corresponding single-particle Hamiltonian is purely essential.
One important example is the free Fermi gas in R?, d € N at zero temperature, where the
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single-particle Hamiltonian is given by the negative Laplacian —A on L2(Rd). Another
example — which is the system central to this thesis — is the Fermi gas of particles confined
to the Euclidean plane R? perpendicular to a constant magnetic field, where the single-
particle Hamiltonian is the Landau Hamiltonian . An appropriate way of dealing with
this would be restricting the respective Hamiltonian to a finite volume I first, in which case
one obtains proper eigenfunctions for the resulting restricted Hamiltonian Hr to construct
a well-defined finite-particle ground state. In the end, one can then let ' * R? and define
the entanglement entropy for the full system as the limit

Fl}xlﬁd trrem) h(lAl},oqEF[(Hp)lA). (1.5)

Mathematically, it is a very difficult task to carry out this limit and to prove that it
equals (I.3) with I' = R%. We circumvent this issue by defining entanglement entropy for
self-adjoint Hamiltonians on L?(R%) in that way, i.e. we put

S(H, EF,A) = trLQ(IRd) h(lAl]—oo,EF[(H)lA)' (16)

For both of the mentioned examples, that is, free particles and particles in a magnetic field,
this quantity is indeed well-defined. The same definition is used for a much larger class of
non-interacting Fermi gases in R? with more general self-adjoint one-particle Hamiltonians,
to some of which we come back below.

The study of asymptotics of traces for A — R? similar to the right-hand side of
originated in the early 20th century with the work of Szeg6 on discrete variants of the
involved operators. In [Szel5|, he established an asymptotic formula for determinants
of truncated Toeplitz matrices as the truncation parameter tends to infinity. Successive
publications covered traces of more general test functions of such Toeplitz matrices [Sze20]
and provided the next term in the asymptotic expansion [Sze52|. For further reference and

discussion of these classical Szegd asymptotics in the discrete setting, see the survey article
[Krall].

More relevant to this thesis are the continuous analogues of truncated Toeplitz matrices,
namely truncated Wiener-Hopf operators of the form

Tr(a) = 1ALg*a91AL7 (1.7)

acting on the space of Schwartz functions &(R9). Here, % denotes the (unitary) Fourier
transform on L?(R?), a: R? — C is a function called symbol and A; C R? is some
sufficiently regular domain scaled by the parameter L > 0. A Szegd-type asymptotics for
such operators is an asymptotic expansion of the quantity

tI'L2(Rd) f(TL(a)) (1.8)

as L — oo for a preferably large class of test functions f. One can also consider more
general pseudo-differential operators in place of T (a).

Today, there exists a wide range of results regarding such Szegd-type asymptotics. For suffi-
ciently smooth symbols a: R — R and sufficiently nice A, one has a two-term asymptotic
expansion

trr2 ey f(TL(a)) = AgL? + A L1 4 o(L47Y) (1.9)

as L — oo with some explicit coefficients Ay = Ag(f,a,A) and A; = Ay(f,a,0A), where
OA denotes the boundary of A. The leading and subleading order terms are called volume
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term and surface term, respectively. Formula was first proved by Kac [Kacb4] in
dimension d = 1 for the case where f is the natural logarithm (yielding an expansion
for the determinant of 77 (a)) and then extended to higher dimensions in [Wid60, Lin75,
Wid74], each time under different assumptions. A very general version of allowing for
all analytic test functions f was proved in [Wid80|, where also matrix-valued symbols were
considered. With the increased interest in fermionic entanglement entropy, this result was
extended even further to a class of test functions which also includes entropy functions like
(1.4), see [Sob17] for the scalar-valued and [FL25] for the matrix-valued case. Depending on
the shape of the boundary dA and the smoothness of the test function, in some situations
it is possible to determine further lower-order terms in the asymptotic expansion [Roc84,
Wid85, |Diel8| |Pfil9].

The situation changes when the smooth symbol is replaced by a discontinuous one, more
specifically by one with a jump discontinuity. In this case, instead of ([1.7]), one considers
the truncated Wiener-Hopf operator

Tr(a) = 1o, F alpF 1, (1.10)

for some sufficiently regular, bounded domain I' ¢ R¢. While it is still assumed that a itself
is smooth, a (d—1)-dimensional jump discontinuity is introduced by multiplying a with the
indicator function 1r. The operator F*alpF is a generalization of 1j_ g,.[(—A), which
we will come back to below. In this situation, the corresponding Szegb-type asymptotics
has the form

troay f(Tr(a)) = AoL? + WiL* ' log L + o(L*1) (1.11)

as L — oo, with a different explicit coefficient Wy = Wi(f,a,dA,0T"). We see that the
previous area term of ([1.9)) is now replaced by a logarithmically enhanced area term.

The development of formula has a history ranging back to the 1980s and has been
substantially slower than in the smooth case (where no indicator 1r is present). In one
spatial dimension d = 1, a first result was given in [LW80] for the constant symbol a = 1.
This was followed shortly after by [Wid82|, where more general symbols were covered
and an improved error term for of constant order was provided, possible thanks
to a different proof strategy. Moreover, with the latter article, Widom was the first to
conjecture both the formula for general dimensions d € N and the corresponding
explicit expressions for the asymptotic coefficients. The initial step towards proving the
higher-dimensional case — then referred to as Widom’s conjecture — was made in [Wid90]
by establishing the result for the special case where I' is a half space. It took more than
two additional decades before Widom’s conjecture was finally proved for all dimensions
d € N and all smooth test functions f by Sobolev in his seminal works [Sob13| Sob15].
The formula is now known as Widom’s formula or Widom-Sobolev formula. A
generalization to the case of matrix-valued symbols was considered in [BM24].

Having discussed the history of Szegé-type asymptotics, we now return to the ground state
entanglement entropy of the free Fermi gas at zero temperature as defined by with
H := —A. Tt was suggested by various authors in the physics literature, notably in [Wol06],
that it should be subject to a logarithmically enhanced area law. With the discovery of
the single-particle formula for fermionic entanglement entropies, the connection to
Widom’s formula became apparent: the operator on the right-hand side of is
equal to the truncated Wiener-Hopf operator in with I' = {k € R4 : |k]?> < Ep}
and a = 1. The Widom formula in this special case asserts that for every Fermi energy
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Er >0,

trr2may f(1a, 1<mp (=A)1a,) = No(Er) f(1)|A|L? + o(Ep)I(f)|OAILY log L
+ o(L* tlog L) (1.12)

as L — oo, where 1<g, := 1j_ g,[ and the asymptotic coefficients are given by

1 1 2 Ep\@D/2
No(EFR) = %m<ﬂEF)d/2’ Yo(Er) == F(%) (47r> (1.13)
and
1 —
I(f) == 732/0 wdx. (1.14)

At the time when formula (1.3) was discovered, Widom’s conjecture had not yet been
solved. However, it provided strong evidence [GKO06, Gio06, [HLS11] that the ground state
entanglement entropy of the free Fermi gas should satisfy

S(—A,Ep,AL) = trr2(Ra) h(1a, lepn (—A)1A,)
= Yo(Er)I(hy)|OA|L og L + o(L¥ og L) (1.15)

as L — oo, where h is the von Neumann entropy function . A rigorous proof of
was given by Leschke, Sobolev and Spitzer in [LSS14], who extended the previously
mentioned result by Sobolev [Sobl13| for smooth test functions to also cover functions
merely Holder continuous at the endpoints A = 0 and A = 1, covering the entropy functions
hy. As a crucial ingredient for their proof served Schatten-von Neumann g-quasinorm
estimates with ¢ < 1 for pseudo-differential operators, which had recently been developed
by Sobolev in [Sob14]. In their later publications |[LSS17, [LSS22], the authors also consider
the case of equilibrium states at positive temperature, for which there is no logarithmic
enhancement.

The above result for the free Fermi gas led to a wide range of subsequent works covering
ground states of more general non-interacting Fermi gases in R?. A natural generalization
lies in moving from free fermions to fermions in an external field, which mathematically
amounts to studying the asymptotics of the operator on the right-hand side for a
more general class of self-adjoint Hamiltonians H.

First, there are various results for fermions in an external electric field, which can be de-
scribed by the single-particle Hamiltonian H = —A + V for some (electrical) potential
V:R?Y - R. In [MS20, MS23| a bounded, compactly supported potential V' was con-
sidered. Based on their intuition that a bounded potential should not yield significantly
stronger entanglement-induced correlations, the authors proved that stays valid for
H in place of —A, thereby establishing an enhanced area law with identical asymptotic
coefficient. They employed a perturbative approach which is expected to also work for
non-compactly supported potentials with decay sufficiently fast at infinity. In [PS18b], a
logarithmically enhanced area law was proved in the case of a smooth periodic potential
and d = 1, provided the Fermi energy Er falls into the interior of one of the spectral bands
of H. The proof strategy for the latter result follows that of the classical one-dimensional
Widom formula.

Another series of results of particular importance in the context of this thesis addresses
the case of fermions in an external magnetic field. In [LSS21], the ideal Fermi gas of



1. Introduction

non-interacting particles confined to the Euclidean plane R? perpendicular to a constant
magnetic field was considered. In this situation, a single particle is governed by the Landau
Hamiltonian Hp, see below, where B > 0 is the strength of the magnetic field. The
authors showed that the ground state entanglement entropy is subject to a strict area law.
In fact, they established the asymptotic formula

SA/(HB, EF,AL) = tI'LQ(Rd) h”/(lAL1<EF(HB)1AL) = ‘8A|My(h7)\/§L + O(L) (1.16)

as L — oo at any Fermi energy Er > B. The (explicit) coefficient M, (h-) depends on
B and EF only through the natural number v = v(EFp) := [(Er/B —1)/2] =1 € Ny
capturing the amount of Landau levels occupied in the Fermi gas (here [-] denotes the
ceiling function and Ny the set of natural numbers including 0). This central result was
followed by several related works: In [Pfe21] it was shown that remains stable under
small perturbations of the magnetic field and also under the influence of a small electric
field. The article [PS24a] is concerned with a three-dimensional generalization where the
particles are able to move freely in the direction of the magnetic field, resulting in a
logarithmic enhancement of the area law. The delicate situation of the joint asymptotics
with a vanishing magnetic field B — 0 and L — oo was considered in [PS24b].

Finally, we also mention the recent publications [FL25, FLS24, BM24, BM25| on the
entanglement entropy of free relativistic fermions, where the single-particle Hamiltonian
is given by the free Dirac operator.

1.2. Anomalous enhancements of the area law

For all the systems of non-interacting fermions discussed above, we encountered either
an area law or a logarithmically enhanced area law of the entanglement entropy. With
regards to the physical intuition, one expects an enhancement of the area law typically for
states in which there is quantum transport or conductivity at the Fermi surface. Common
examples for this are situations where the Fermi energy Er falls inside the absolutely
continuous spectrum of the single-particle Hamiltonian H. The generalized eigenstates in
the absolutely continuous spectrum are delocalized and are therefore able to contribute to
electrical conductivity. For the opposite situation when Er falls inside a spectral gap of H
or inside a spectral region of complete (Anderson) localization [GK04], no current is able
to flow and one expects to encounter a strict area law without any enhancement term.
We emphasize that this heuristic for the presence or absence of an enhancement has to be
treated with care. For example, the presence of continuous spectrum is not necessary for
a logarithmic enhancement to an area law [MPS20].

On the mathematical side, the occurrence of an enhancement to the area law is related to
the off-diagonal decay of the integral kernel of the Fermi projection 1«g, (H). If this decay
is sufficiently fast, e.g. exponential, we expect no enhancement to be present. In contrast,
if the decay is very slow, e.g. like 1/]-|**1/2 d being the spatial dimension, we expect
a logarithmic enhancement to the area law. To give just two examples from the systems
discussed so far, it is well-known that the kernel of 1.p,(—A) in in one dimension
for any Er > 0 satisfies

SN sinlVEp@@—y)] 1
1<EF( dw2>(’y)_ m(z —y) =y’ (L17)
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while the kernel of 1.5, (Hp) in (1.16) has Gaussian off-diagonal decay

log, (Hp)(z,y) ~ e 1#9° (1.18)

for any Fermi energy Fr > B, see [LSS21]|. With this intuition regarding the occurrence
of strict area laws versus enhanced area laws in mind, it is natural to ask the following
question:

Are there systems with enhancements to the area law stronger than logarithmic?

To our knowledge, such anomalous enhancements have only been observed for certain
one-dimensional spin chains, where any growth rate of the enhancement up to L can be
realized [MS16, RRS14, ZAK17|. These systems are of peculiar nature and have been
specifically designed to realize the desired anomalous behavior. In this thesis, we will
give an affirmative answer to the above question for a quasi-free Fermi gas with a highly
degenerate ground state.

As a starting point, we recall the result from the end of the previous subsection for
the ground state entanglement entropy of the two-dimensional Fermi gas perpendicular to
a constant magnetic field of strength B > 0. The corresponding single-particle Hamilto-
nian is the Landau Hamiltonian Hp, whose spectrum consists of evenly spaced, isolated
eigenvalues B(2n + 1), n € Ny, each of infinite multiplicity, see Chapter below. The
associated infinitely-degenerate eigenspaces are called Landau levels. If P, denotes the
projection onto the n-th Landau level, the Landau Hamiltonian can be written in terms
of its spectral decomposition

Hp=B > (2n+1)P,, (1.19)

neNg

which dates back to Fock [Foc28] and Landau [Lan30|. Consequently, for the Fermi pro-
jection 1)_ . ((Hp) we have

Yoo pp((HB) = Y Voo pp((B(2n 4+ 1))Py = Y~ P, = Py, (1.20)
n=0

neNp

where v := [(Er/B —1)/2] — 1. The amount of occupied Landau levels v depends on the
Fermi energy Er: The uninteresting case Er < B, where the Fermi projection is just the
zero operator, corresponds to a vanishing number of occupied Landau levels. Likewise, if
(2v +1)B < Ep < (2v + 3)B for some v € Ny, this means that the first v + 1 Landau
levels are occupied. A particular Landau level is thus either occupied fully (if Ep is larger
than the corresponding eigenvalue) or not at all.

From a physical point of view, in the infinite-particle ground state characterized by the
Fermi projection 1) EF[(H B), there is no conductivity or quantum transport present, as
it needs additional energy of 2B to excite a particle from the highest occupied Landau level
to the next. Therefore, the strict area law is expected from the heuristics described
above. The key idea for the results of this thesis is to consider ground states where a Landau
level is only “half-occupied” or “half-filled”. If only half of the eigenstates in a particular
Landau level are occupied, quantum transport within this Landau level is possible, and
we might observe a potential violation of the area law of the entanglement entropy. This
idea is in fact not restricted to half-filled lowest Landau levels, but more generally works
for different kinds of partial fillings. We here stick to half-fillings for simplicity.



1. Introduction

Let us briefly look at the construction of such half-fillings of a Landau level relevant
in the context of this thesis. Since we are dealing with an infinite-area ground state
and therefore infinitely many particles, we restrict the ground state to some bounded
measurable subregion A C R? and obtain the corresponding localized Fermi projection
IAY oo, Bp[(HB)1A = 17 P<,15. The (mean) number of particles N(A) inside A is obtained
by calculating the trace of this operator, which amounts to integrating the diagonal of its
integral kernel:

B
N(A) = trrzerey(1a Py 1) = / P (z,z)de = (v + 1)%|A\7 (1.21)
A

see [LSS21] for the explicit expression of the integral kernel for general v € Ny or
below for the case v = 0. By raising the Fermi energy Er and thereby the number v of
occupied Landau levels, the particle number inside the region A increases proportionally
with v. For the lowest Landau level, where v = 0 and P¢g = Fp, the particle number
equals %\A]. To obtain a half-filled lowest Landau level, we require the particle number

instead to be L B
N=—.—|A| (1.22)

2 27

How can this be achieved? To answer this question, we look for a sub-projection Py <P

onto a subspace of the lowest Landau level that satisfies

22y (Ia Poly) = % - 25\A|. (1.23)
i

It turns out that there are many ways of constructing such a sub-projection and not all
of them automatically lead to a different scaling behavior of the corresponding entangle-
ment entropies as in the case of a fully occupied Landau level. However, by exploiting
a particularly convenient way of parametrizing subspaces of the lowest Landau level as
described in Chapter we are able to construct sub-projections that lead to more in-
teresting asymptotic behavior of the corresponding entanglement entropies: The Landau
Hamiltonian in Landau gauge,

0 ) ?

has a family of generalized (non-normalizable) eigenfunctions (¢;)rer corresponding to
the lowest eigenvalue B of the form

eikxz B 1/4
i1, 2) :=m<w> IR (1.25)

indexed by the continuous momentum parameter k € R. Using these eigenfunctions, for
each measurable subset I' C R, the operator Pr with integral kernel

pr(z,y) = /F Te(@)ly) dk (1.26)

is a projection on some subspace Vr of the lowest Landau level. We will see in Chapter
that for suitable choices of I, the projection Pr satisfies ([1.23)) and gives rise to different
kinds of enhanced area laws of the corresponding entanglement entropies:

trr2re) hy(1a, Pola,) ~ L7 log L. (1.27)
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More precisely, for each o € [1,2], in the first part of Theorem we construct a
I' = T'(0) leading to an entanglement entropy scaling of L?log L. In the case o = 1,
which corresponds to a regular logarithmically enhanced area law, we are able to calculate
the precise asymptotic coefficient and thus establish a Szegé-type asymptotics, which is
the content of Theorem The asymptotic coefficient is related to that of the ground
state entanglement entropy of free fermions in one dimension, see with d = 1, and
therefore to the one-dimensional Widom formula. Finally, in the second part of Theorem
3.2.2] we consider a certain class of sets I' for which the entanglement entropy behaves
asymptotically as L?, corresponding to a volume law very uncommon for ground states.

Structure of the thesis. The thesis is structured as follows: In Chapter [2 we recall
some of the necessary preliminaries and concepts useful to understand the rest of the
thesis. The two main results of this thesis are given in Chapter (3] which is followed by
Chapters [4 and [5] containing the corresponding proofs in full detail. Appendix [A] collects
some auxiliary estimates and properties of functions that appear in the proofs of the
main results, but are sourced out for the sake of structure and readability. Appendix
which might be of independent interest, provides the proper mathematical definition of
entanglement entropy for many-body pure states, and follows up with a rigorous derivation
of the previously discussed one-particle formula for non-interacting Fermi gases.

Some remarks on notation. We follow standard notational conventions and describe
the relevant notation upon its first introduction. Large parts of the relevant notation are
introduced in Chapter 2l Many times when stating inequalities, we use the letter C for a
generic positive constant that may change from line to line. In cases where the dependence
of the constant C' on the involved variables is not clear from the context, we try to explicitly
state the variables the constant depends on after each inequality.






2. Preliminaries

In this chapter, we recall some of the necessary preliminaries and concepts that will be
used throughout the rest of the thesis. As most of the content is well-known, we will at
many places refrain from providing a proof and instead cite the relevant literature where
proofs can be found.

2.1. The Landau Hamiltonian

In this section, we give an overview of the Landau Hamiltonian and its spectral properties,
mainly following [FH10, Hell3].

2.1.1. Definition

In physics, the Landau Hamiltonian on L?(R?) is the Schrédinger operator for the energy
of a single particle in the plane subject to a perpendicular constant magnetic field of
strength B > 0. It is given by

Hp := (—iV — A)* = (—ia - A1>2 + <_Z,aa - A2)2 (2.1)

8561 €9

Aq

> : R?2 - R2 is a continu-
A

acting on some suitable dense domain D(Hp). Here, A = <

ously differentiable vector field satisfying
curld = — - — =B. (2.2)

We call A the vector potential. We will see below that the spectral properties of Hg depend
on A only through B, justifying the notation.

For a given vector potential A, the proper domain of self-adjointness of (2.1)) is the magnetic
Sobolev space H%(R?) of second order. It consists of all functions f € L?(R?) with existing
weak derivatives up to the second order such that

(cigm =) f (cige—da) £ (VAP PR (23)
o0x1 Oz

see [FH10, Chapter 1.2].

11



2. Preliminaries
2.1.2. Gauge fixing

For the moment, we will write H,4 instead of Hp to single out the underlying dependence
on the vector potential. There are obviously many different possible choices, called gauges,
for the vector potential A satisfying : given a real-valued function ¢ € C*®(R?),
the vector potential A + V¢ also satisfies , since curl V¢ = 0. Consider the gauge
transformation

Uy: L*(R?) — L*(R?), Ugf :=€"f. (2.4)

A straightforward calculation shows that U is unitary and that
UsHaUp = Hayvg, (2.5)

meaning H4 and H v, are unitarily equivalent (the latter with the obvious transformed
domain). Now assume that A, A: R? — R? are two continuously differentiable vector fields
both obeying , and thus

curl(A — A) = 0. (2.6)

Since R2 is simply connected, the Poincaré lemma implies that A and A only differ by a
gradient field V¢. By the above, this means that all choices of (continuously differentiable)
vector potentials satisfying lead to unitarily equivalent Landau Hamiltonians. In
particular, all the spectral properties of H4 do not depend on the chosen gauge.

In our spectral analysis we can therefore work with a particular choice of gauge that is
suitable for the respective calculations at hand. This process is called gauge fizing. Two
of the most common gauges are the symmetric gauge

B
Ay R2 5 R2 Ay(z) = 5(1’2, —x1), (2.7)
and the Landau gauge
Ap: R2 — RQ, AL(.QZ) = (O,Bazl). (28)
The function B
p: R* 5 R,  ¢(x1,10) := 5 ¥1%2 (2.9)

satisfies Vo (x1,x9) = g(xg, 1), so under the corresponding gauge transformation (2.4)),
we have UyH 4, U(’; = Hy,. In this thesis, we will mainly be concerned with the Landau
gauge , due to a particular useful way of describing subspaces of its lowest eigenvalue
eigenspace as described in Section |2.1.4

2.1.3. Spectrum

The following result on the spectrum of Hp is well-known. We give the proof for the
convenience of the reader and because we will later make use of the explicit expression of
the eigenfunctions in (2.18)).

Proposition 2.1.1. The spectrum of the operator Hp is purely essential and given by
evenly spaced eigenvalues of infinite multiplicity, called Landau levels. In formulas,

O’(HB) = Uess(HB) = {B(2n + 1) n e No}. (2.10)

12



2.1. The Landau Hamiltonian

Consequently, Hg can be written in terms of its spectral decomposition

Hp =B (2n+1)P, (2.11)

neNg

where P, denotes the projection onto the n-th Landau level.

Proof. We follow [Hell3|, Section 10.4.1] and work in the Landau gauge (2.8)), i.e.

02 ) 2
HAL = 8 2 + <—Za$2 — Bl’l) . (212)

We start by performing two unitary transformations, which leave the spectrum of the op-
erator and the respective multiplicities unaltered. For the sake of convenience, we omit the
domains of the transformed operators. First, let F2 denote the (partial) Fourier transform
on L?(R) with respect to the second variable 2. Upon conjugation, we obtain

82

HY = 7 H, 8$2+(k; Bxy)? (2.13)

o *
Arp * LJQ

acting on functions f = f(x1,k) € L?(R?). Secondly, let T be the unitary transformation
on L?(R?) given by
Tf(y.k) i= f(y + b/ B, k). (2.14)

Then

HY =TH T = + B2, (2.15)

62

acting on functions f = f(y,k) € L?(R?). The operator H( ) does not depend on the
variable £, and is a harmonic oscillator in the y-variable, see [FHIO Chapter 3.1]. We are
therefore able to write down an explicit orthonormal basis of eigenvectors of this operator:
Let ¢, be the n-th harmonic oscillator eigenfunction, given by

1

ALY

On(y) = W_%e_?ﬂ/an(y), n € Ny, (2.16)

where H,,,n € Ny, is the n-th Hermite polynomial defined by

d?’b
Hp(z) := (—1)"e" =~ zeR. (2.17)

dz™

It follows that for each g € L?(R) and n € Ny, the function

1/4
ey, k) == BY4g(k)pn(BY?y) = \/Qle <B> g(k)e~BYPH,(BY2y)  (2.18)

is an eigenfunction of the operator corresponding to the eigenvalue B(2n + 1).
In particular, the corresponding eigenspace is infinitely degenerate. Since (¢n)nen, iS an
orthonormal basis of L?(R) (cf. [Hel13, Section 1.3]), the eigenvalues of Hp are precisely
given by B(2n + 1), n € Ny and consequently, we have empty discrete spectrum. ]

13



2. Preliminaries
2.1.4. Lowest Landau level

In this subsection, we take a closer look at the lowest Landau level, that is, the eigenspace
of the operator Hp corresponding to the eigenvalue B. In Proposition we construct
a class of subspaces suitable to obtain “half-filled” lowest Landau levels as described in
the introduction.

We again work with the Landau Hamiltonian in Landau gauge (2.12)), in which the specific
form of the eigenfunctions will turn out to be very useful. Recall the eigenfunctions ([2.18))
of the operator H1(43L) in the proof of Proposition [2.1.1} The eigenfunctions of the lowest

Landau level, i.e. where n = 0, have the form

/
ok = (2) " gtrge (2.19)

with arbitrary g € L*(R). To obtain the corresponding eigenfunctions of Hy,, we first

change variables back from y to x; via the transformation (2.14]) and see that the eigen-
)

functions of H A, are of the form

B\ /4
PO a1, = Tl ) = oo = /B8 = (2 ) ahje DM 220)

Finally, we have to take the inverse Fourier transform in the variable k to obtain the
eigenfunctions ¢ of Hy, :

B 1/4 1 )
(,O(.Q?l,.l‘z) — (972*90(2)(1'17 )) (x2) _ <7T> \/7/ ezkxgg(k)e—g(m—k/Bp dk

/ VYr(z1,22)9(k) dk, (2.21)
where (¢)rer is the family of functions 1 : R? — R defined by
ezkxg 1/4 B 9
= = 2 (@=k/B) e R, 2.22
"IIZ)k (xla $2) \/% ( - > e 2 ) € ( )

This leads us to the following proposition.

Proposition 2.1.2 (Lowest Landau level in Landau gauge). (i) Let (¢x)rer be the fa-
mily of functions defined by (2.22). The lowest Landau level in Landau gauge has
the form

V :=ker(Hs, — B) = {/R¢kg(k:) dk:g ¢ LQ(R)} C L*(R?). (2.23)

The orthogonal projection P: L?(R?) — L?(R2) onto V' has an integral kernel given
by

pR2x R C, plz,y) / PnEbely) dk = e il et e i),
(2.24)

14



2.1. The Landau Hamiltonian

(ii) More generally, for each measurable ' C R, the set

Vr o= {/kag(k) dk: g€ LQ(R)} c L*(R?) (2.25)

is a subspace of the lowest Landau level. The orthogonal projection Pr onto Vr is
given by the integral operator with integral kernel

pr:R*xR* - C, pr(z,y):= /FW(CC)W(:U) dk. (2.26)

(i11) For any measurable T'1,Ty C R with Ty N Ty = (), we have
PF1PF2 =0, PF1 + PF2 = PFIUFQ' (227)

The proof of Proposition [2.1.2]is an easy consequence of the following lemma, which will
again be useful later in Chapter [4]

Lemma 2.1.3. Consider the transformation

Us IR = I2R), (U = [ du(o)ele)do. (2.28)
Then U is a bounded operator with adjoint U* given by

U*: L*(R) — L*(R?), (U*g)(z) = /Rz/zk(a?)g(kz) dk. (2.29)
Furthermore, we have the identities

Pr=U*lpU, UU* =ide). (2.30)

Proof. We first show that U is bounded. Indeed, for fixed £ € R, we get by the Cauchy-
Schwarz inequality

) = [ dulu)oly) dy

B 1/4 —B(y,—k/B)? 1 ik
== /Re 2 \/%/Re Y2p(y1, y2) dya dyr

B\ /4 . .
- () /6_2<yl—k/3) (F3(y1, ) (k) dys

™

R
1/2
<c ( i@t -))(k)\?dyl) , (2.31)

with a constant C' > 0 depending on B. By the Tonelli and Plancherel theorems, it follows
that

2
dk

ol = [ [ Aot ay
<c /R /R (5 (1, )R dy dk

= [ [ et m)P ddin = el < . (2.5

15



2. Preliminaries

since ¢ € L?(R?) by assumption. U* is the adjoint of U since
Up.g)om = [ TAIa(E) di = /R [ @) e@)a(h) dadk

/ [ De@ah) dide = (0.U7g) o) (2.33)

for all ¢ € L?(R?) and g € L*(R) by Fubini’s theorem. The last two identities (2.30)
follow from

(U 1 Up) (& / e /wk o (y) dy dk

= /RQ [/ka(x)wk(y) dk} p(y) dy
= [ e dy = (o) (231)

and

(UUg) /wk / e (2)g (') dk’ da

\/ / ~7 (@1 +k/B)? / ik / e W= S @ RIB (11 A dy day
R R
N V/ e~ 2 (1 Hk/B)? =g (w1 4h/B)? o (1 gy
™ JR
B
(k)2 /R =B duy = g(h), (2.35)

where we have used the Fourier inversion formula for the third equality. O

Proof of Proposition[2.1.9. Using the previous lemma, we show that for each measurable
I' € R, the projection defined in terms of the kernel satisfies ran Pr = Vr and
Plg = P} = Pr. The second claim is immediate from . As for the first, note that with
the notation from Lemma 2.1.3] we can rewrite

Vi = {U*(1rg) : g € L*(R)}. (2.36)

Since Pryp = U*1rUp and Uy € L*(R), it follows that ran Pr C Vi. Furthermore, if
¢ = U*(1rg) € Wt for some g € L?(R), then by (2.30)), we have

Pr(p = U*IFUU*(IFQ) = U*lrg = @, (237)

showing ran Pr = Vp. The expression (2.26)) for the kernel of the projection P = Pg onto
the lowest Landau level is obtained by calculating the Fourier transform of a product of
displaced Gaussians:

P, 1) /wk iy

B 1/2 B 2 _B 2
<> / ik(y2—w2) o — 5 (x1+k/B)? .= 5 (y1+k/B)* g1
27T R

B )
— %e%|wfy\267z§<yz—x2>(z1+y1>, (2.38)

as desired. O
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2.2. Singular values and Schatten-von Neumann classes

In this subsection we recall the definition of the singular values of a compact operator and
some of their important properties we will need throughout this thesis. We also introduce
the classes of Schatten-von Neumann operators and state some important estimates for
such operators. For a more detailed treatment of the material, we refer to [BS87, Chapter
11].

2.2.1. Singular values

Let & be a (separable) Hilbert space. For a positive compact operator S on &, that is,
a compact operator satisfying (¢, S¢) > 0 for all ¢ € #, we denote by (A;(S5))j=1,.. n
with N € NU {oo} the non-increasing sequence of positive eigenvalues of S counted with
multiplicities.

If T is an arbitrary compact, not necessarily positive, operator on #, |T| := (T*T)"/? is
a positive, compact self-adjoint operator. The positive numbers

s, (T) == \(IT)) = /M\(T*T), j=1,...,N (2.39)

are called singular values of T'.

An important result about singular values is the singular value decomposition of a compact
operator T: There exist (finite or infinite) orthonormal families (¢;)j—1,.. n, (¥;)j=1,..,.N
such that

N
T =Y s;(T){pj )5 (2.40)
j=1
It is immediate from (2.40) that
N
T =) s5{(T) (¥, )% (2.41)
j=1
and therefore
N N
TT =Y s5(T){ej, )i TT* = s5(T) Wy, - ). (2.42)
Jj=1 j=1

From ([2.42)), it follows that the non-zero eigenvalues of the operators TT* and T*T coin-
cide: 0 7é )\](T*T) = )\](TT*)

For the rest of this thesis, in the case N < oo, we put 5;(7') = 0 for j > N, so that we
always obtain a sequence (s;(7"));en of singular values.

2.2.2. Schatten-von Neumann classes G,

Let T' be a compact operator on a Hilbert space # and (s;(T));jen the sequence of singular
values of T'. We say that T" belongs to the Schatten—von Neumann class S, = &4(#') for

17
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some ¢q > 0, if

q

1T, = [ D> s(T)?| <o (2.43)
j=1

For ¢ > 1, (2.43) constitutes a norm on the vector space &, for ¢ < 1 only a quasi-norm.
We refer to ||-||ls, as the Schatten-von Neumann q-(quasi-)norm or only g-(quasi-)norm.

In the case ¢ < 1, however, one still has the g-triangle inequality of the form
173+ Tolll, < IT3, + T2l (2.44)
for all T7,T5 € &,.

Two of the most important examples are the following: The class &, is the standard space
of trace class operators and ||-||g, the trace norm, while G4 is the space of Hilbert-Schmidt
operators with |- ||e, being the Hilbert-Schmidt norm.

Finally, if we let G denote the space of compact operators on # and identify the norm
| [|&., with the usual operator norm |||, we have the Holder-type inequality

T T2lle, < IT1]e,, T3], (2.45)
for any p1,p2 € |0, 00] with 1/p; + 1/p2 = 1/p and the usual convention 1/0c0 := 0.

2.2.3. Characterization of trace class operators

The following proposition summarizes some well-known properties of trace-class operators
T € &;. Its proof and further properties of trace class operators can be found in [BS87,
Chapter 11.2].

Proposition 2.2.1. (i) A bounded operator T' belongs to the trace-class &1(#) if and

only if
Z [(en, Tbn)| < 00 (2.46)
neN
for all orthonormal families (@n)neN, (Un)nen in . In this case, the functional
trT =Y (P, Tibn), (2.47)
neN

called trace of T, converges for any orthonormal basis (Vn)nen of Z and does not
depend on the choice of the orthonormal basis. Moreover, there exist orthonormal
families (pn)nenN, (Vn)nen in F such that

ITlle: = D Hpn, Tebn) - (2.48)

neN

(it) If T is a bounded positive operator, then T € &1(#) if the series Y, cn{(Pn, TPn)
converges for some orthonormal basis (¢n)nen of Z and in this case

T =try T =|Tle, = D (tn, Ttn) (2.49)
neN

for any orthonormal basis (n)nen of X .

18



2.2. Singular values and Schatten-von Neumann classes
2.2.4. Estimates for singular values and Schatten norms of integral operators

The estimates of this subsection will be used in Chapter [ in the proof of our first main
result, Theorem where Schatten-von Neumann g-quasi norm bounds with ¢ < 1 are
needed to lift the asymptotics (3.4) from differentiable to Holder continuous functions.

In order to state the first estimate, we need the definition of fractional Sobolev spaces. Let
I C R be an open interval. For m € Ny, we denote by H™(I) the usual Sobolev space of
all functions u € L*(I) with weak derivatives /) up to order m such that the norm

1/2

[l grm 1y = E HUU)H%M (2.50)
(1)
j=0

is finite.

For a number o € ]0, 1] and a function u € L*(I), we define

u(z) — u(y)? 12
[u] o (1) = </I f wdd’c dy> . (2.51)

For general s > 0 with s ¢ N, we define the fractional Sobolev space H*(I) to be the space
of all functions u € H™(I) for which

1/2
[wllzrs(ry == (HUH%{’"(I) + [U(m)]%rsfmu)) < 00, (2.52)

where m := |s| denotes the integer part of s.

Remark 2.2.2. (i) It is straightforward to see that the norm ([2.52)) is equivalent to
the norm
lull gsry = llwllzmry + [u(m)]HS*m(I)v u € H*(I). (2.53)

By generalization of [Leo24, Theorem 5.8] to any s > 1 with s ¢ N, see |Leo24,
Exercise 5.9], it is also equivalent to the norm

" m 1/2
lullgeqry 2= (lul3aqry + W™ Breomery) (2.54)

(ii) For any 0 < s < s’ and v € H¥ (I) there exists a constant C' = C(I) > 0 such that
[ullgrs(ry < Cllull gor py- (2.55)
This can be seen in the following way: Write s = m + o and s/ = m/ + ¢/ with

m,m’ € Ng and o,0’ € [0,1[. In the case m = m/, by |Leo24, Lemma 2.6] we have
[u(m)]zsfm(l) < C[u(m)]zsl,m(l), which implies

ety = el ) + ™ B

< NelBgry + OBy gy = mas{L, O} ullZ - (2:56)
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In the other case m’ > m + 1, we in turn have

lullZrs oy = lel3m ry + ™ Fommry < NullFmry + Cle™ (3 0y
< C||U||12qm+1(1) < Cllulf? m’ ()

< C (Il gy + W2 ) = Clulrsy (257)

where for the first inequality we have used the continuous embedding H'(I) c H*~™,
see |[Leo24, Theorem 1.25].

The following is a special case of a much more general estimate from [BS80]. We present
it in a form adapted to our purposes.

Lemma 2.2.3. Let I C R be a bounded interval of length |I| > 1. Let Z: L*(R) — L*(I)
be an integral operator whose integral kernel z: I x R — C obeys

Ny(2) = [ LIl as]” < o0 (2.58)

for somey > 1/2. Let (5;(Z))jen be the sequence of singular values of Z. Then there exists
a constant C = C(y) > 0 such that

5e(Z) < C)I'k™ 277N, (2) (2.59)

for all k € N. The constant C is independent of I,k and the kernel z.
Proof. Apply |BS80, Corollary 3.5] with [ in place of Q, m=1,p=2,r=1,a=~. O

The second Schatten-von Neumann class estimate we present in this section requires an-
other definition. For a measurable function A: R — C and § > 0, we put

1
815
2

n—l—%
1hl]2.s = Z(/ 1 |h(x)|2dgg> € [0, o] (2.60)

nez T2

and denote by £°(L?)(R) the space of all such functions satisfying |h]l2,6 < 0o. Then ||-||2,5
constitutes a quasi-norm (a norm for § > 1) on ¢*(L?)(R). We refer to |- |25 as lattice
(quasi-)norm or Birman-Solomyak (quasi-)norm.

We remark that choosing differently centered unit intervals in (2.60), e.g. [n,n+ 1] instead
of [n — §,n + 1], results in equivalent (quasi-)norms.

Lemma 2.2.4. Let & denote the Fourier transform on L?*(R). For every 0 < & < 2
and f,g € LO(L?)(R), the operator fFgF* is in S5 and moreover there exists a constant
C =C(0) > 0 such that

1FF 97 |les < Clifll2.sllgll2s- (2.61)
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2.3. Entanglement entropy

Proof. Let E;, denote the operator on L?(R) with integral kernel

R? 3 (z,y) — f(z)e ™g(y). (2.62)

By [BS77, Theorem 11.1], there exists a constant C' = C(§) > 0, independent of f and g,
such that

1Efglles < Cllfll2sllg

We note that fFgF* = Ey,%*. From the unitarity of the Fourier transform and the
Holder-type inequality (2.45) with p; = p = §, pa = 0o we infer

2.6- (2.63)

| fF9F les < By g

|657 (264)

so the claim follows from (2.63). O

2.3. Entanglement entropy

This section provides the definition of entanglement entropy that we will work with for
the rest of the thesis. It is motivated by the formula (B.50]) derived in Appendix [B| valid
for fermionic ground states.

2.3.1. Definition of entanglement entropy

For v > 0, we define the entropy functions

—AlogA— (1 —=X)log(1—X) ify=1,

h~: (0,1 0,log2], h~y(A):= 2.65
7[ ]—>[ og] 7() 1i710g[)\v+(1_)\)7] if v £ 1 ( )

with the convention Olog0 := 0. We refer to h; as von Neumann entropy function and
to hy with v # 1 as y-Rényi entropy functions. Note that limy_1 hy(A) = hy(A) for all
A€ [0,1].

Definition 2.3.1 (Entanglement entropy). For a given Fermi energy Er € R and a
parameter v > 0, the (bipartite) ground state entanglement entropy of the quasi-free
Fermi gas governed by the single-particle Hamiltonian Hp with respect to a measurable
spatial subregion A C R? is defined by

S’Y = S’y(HBa EF,A) =tr h'y(lAl}—oo,EF[(HB)lA)- (2.66)

More generally, for any sub-projection P < 1y B}(H p) of the projection onto the lowest
Landau level, we define the entanglement entropy of the ground state corresponding to
the partial filling of the lowest Landau level determined by P as

Sy = S, (P,A) = trh (14 P1y). (2.67)

We refer to S as von Neumann entanglement entropy and to S, with v # 1 as y-Rényi
entanglement entropy.
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Remark 2.3.2. (i) Recall the expression 1), g, ((Hp) = P, from (1.20), where P,
is the projection onto the orthogonal sum of the lowest n+1 Landau levels. It follows
that

SW(HB,EF,A) Ztrhv(lAP@,lA) (2.68)

and in particular

SA/(HB,EF,A) :trhv(lAl{B}(HB)lA) (269)

for Fermi energies satisfying B < Er < 3B, which describe a Fermi gas where every
state in the lowest Landau level only is occupied.

(ii) If the sub-projection P satisfies

1 1 B
tI‘(lAplA) = B . tr(lAl{B}(HB)lA) = B . %|A|, (2.70)

we refer to S,(P,A) as ground state entanglement entropies corresponding to the
half-filling of the lowest Landau level determined by P. More general partial fillings

can be described by projections P satisfying (2.70) with a different factor p € ]0,1[
than 3.
2

(iii) Some motivation for the above definitions is provided in the introduction and in
Appendix [B]

2.3.2. Useful upper and lower bounds

The following estimates are taken from [HLS11 Equation (50)].

Lemma 2.3.3. Consider the situation of the previous subsection, let P be any sub-
projection of 1{3}(HB) and abbreviate Q) := 1A P1x. We then have the chain of inequalities

2trQ(1 - Q) < 52 <4log(2)trQ(1 — Q) < S1 <4trvV/Q(1 - Q). (2.71)

Proof. By the properties of the trace, all inequalities follow from the corresponding point-
wise bounds

A1 — \) < ha(N) < 4log(2)AL — A) < hi(A) <4V/AL—N), Ae[0,1].  (2.72)

The proof of the third inequality of (2.72)) can be found in [Top0l, Theorem 1.2]. For the
reader’s convenience, we provide proofs for the first, second and fourth inequality.

First inequality. For X\ € [0, 1], we define
FON) == ha(\) — 2X(1 — A) (2.73)
and claim that f(\) > 0. A simple calculation shows

) AN1 — 20)(1 — A
R

(2.74)

for all A € [0,1],s0 f/ > 0on [0,1/2] and f < 0on [1/2,1]. This shows that f is increasing
on [0,1/2] and decreasing on [1/2,1]. But f(0) = f(1) = 0, showing f(\) > 0.
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2.3. Entanglement entropy

Second inequality. The inequality follows from
—log(1 —2p) < 4(log2)p (2.75)

for all u € [0,1/4] by plugging in = A(1 — A) with A € [0, 1]. To prove (2.75)), we note
that the function defined by

f(p) == 4(log 2)p +log(1 — 2u), p € [0,1/4], (2.76)

satisfies
4

1"
== 2.
£ = =g <O (2.77)
and therefore is strictly concave. Since f(0) = f(1/4) = 0, we must have f(u) > 0 for all
p e [0,1/4].

Fourth inequality. Consider two auxiliary functions f, g: [0, 1] — [0, co[ defined by

FA) == =VAlog A, g(\) :i=—(1—=X)log(1—2X), Aelo,1]. (2.78)
Then 2 1 log A log A
/ o 0og an 1" _ 0g
(N = "o d fFN=15m (2.79)

which implies that f attains a unique maximum at Ay = e~2 with f(\g) = 2e~!. Therefore
f < 2e7! < 1. Secondly, we have

gd(\) =log(l—-X)+1<1 (2.80)
for all A € [0, 1], from which we infer

A
9(N) = g(\) — 9(0) = /0 )t <A<V (2.81)

It suffices to show the desired inequality for all A € [0,1/2] since both sides are symmetric
around 1/2. But for A € [0,1/2] we have v/1 — X > 1/+/2 > 1/2, so that

hi(\) = VAFN) 4+ g(\) < VA+ VA =2VA <401 - N, (2.82)

as desired. O
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3. Main results

We recall the situation of Proposition m Given a measurable subset I' C R, let Pr.
be the operator given by the integral kernel , which is the orthogonal projection of
L?*(R?) onto the subspace Vj of the lowest Landau level (2.25). Unlike in Chapter 2, we
want to single out the dependence of Py on the magnetic field strength B to keep track
of it in the asymptotic coefficients, so we write PB,f from now on.

The elements of T have the physical dimension of momentum. In the following it will
therefore be convenient to fix some unit £ > 0 of momentum and consider I' = sI" for a
dimensionless measurable subset I' C R.

3.1. First result: Szego-type asymptotics

Our first main result is a Szeg6-type asymptotics for the operator 1(_y, 12 Pp xrlj_p )2 as
L — oo, where I' C R is the union of infinitely many intervals of constant length and « > 0
is an arbitrarily chosen momentum parameter. The space of admissible test functions is

H:= {h : [0,1] — C piecewise continuous, h(0) = 0 and (3.1)
Holder continuous at the endpoints 0 and 1}. '

For h € H, the functional given by
1 [Yh(t) —th(1
I(h) = - / h(t) = th(1) 4, (3.2)
0

is well-defined.

Theorem 3.1.1. Let
T:=|]J<2n2n+1 CR. (3.3)
nez

For any test function h € H, we have the two-term asymptotics

1 B
trh(1;_z 12 Ppsrli 1 1p2) :;h(l)BLQ +1(h)—Llog VBL

3.4
+0ﬁ(\/ELlog\/§L) 4

as L — oo. The subscript of the error term indicates the dependence on the variables B
and K.
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3. Main results

Remark 3.1.2. (i) Our proof will show that all operators h(1;_r, 1j2 Pp xrli_r )2) with
h € H are trace class.

(ii) The asymptotic expansion (3.4) depends on L, B and x only through the dimension-

less quantities v/BL and %. Evidently, it is equivalent to write

1 B
trh(1_p 2 PBarli_p.12) =—h(1)BL? + I(h)—Llog kL
b b 7T /q/
+ 0%(/@[1 log kL)
as L — oo.

(iii) A simple proof similar to the one of (2.71)) shows that the functions h., with v # 1
satisfy
hy(X) S CX(1—=A)7, AXelo0,1], (3.6)

and thus h, € H for all v > 0. This implies the enhanced area law
B
S, (Pp r, |~L,L]?) = I(hy)—Llog VBL + 0 (V'BLlog VBL) (3.7)

for all v-Rényi entanglement entropies (2.67). The asymptotic coefficient can be
simplified further using I(hy) = (1 +v)/(67), see [LSS14].

(iv) By the calculations (4.176)) and (4.177)) below, the projection Pp ,r with the specific
choice (3.3) for I' satisfies

B 1 B
tr(L_p, 02 Pesrli—L.p2) = ;LQ =3 o [-L, L]?|
1
= B -tr (1[7L,L}2 1{3} (HB)l[—L,L]Q) (3.8)

and therefore corresponds to a half-filled lowest Landau level, cf. Remark We
point out that the Landau level being half-filled is not an essential assumption. In
fact, using sets I' similar to the one above, it is not difficult to realize the asymptotics
with any kind of partial filling of the lowest Landau level with the same proof.
The essential property of I' is rather the sufficient (infinite) amount of gaps.

Theorem [3.1.1] is a consequence of the following version, which reduces the statement to
the dimensionless case B =k =1 and to h(1) = 0 in (3.4).

Theorem 3.1.3. Let I' C R be the set defined in (3.3) and Pr := Py . Then for any test
function h € H satisfying h(1) = 0, we have

tr h(l[,uPPFl[,l’lP) = I(h)l lOgl + O(l lOg l) (39)

as | — oo, where the functional I is given by (3.2)).

The proof that Theorem follows from Theorem [3.1.3|is fairly straightforward — most
of the work will go into the proof of Theorem Both proofs are carried out in Chapter
21|
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3.2. Second result: Anomalous enhancements of the area law

Our second main result is formulated for the dimensionless case B = x = 1 right away
and addresses the behavior of trh(1j_;;2Prl_;;2) when I' C R consists of intervals of
decreasing length. We will only focus on one specific test function, namely

hi[0,1] = R, A(A) == A1 — ). (3.10)

The quantity tr h(l[—l,lel‘l[—l,lP) is interpreted as the particle number fluctuation in the
physics literature. By Lemma [2.3.3] it can be used to bound the 2-Rényi entanglement
entropy from above and below. In contrast to the first result, we will only be concerned
with asymptotic upper and lower bounds. Note that since 1(_; 2 and Pr are projections,

h(l[—l,l]2PF1[—l,l}2) = 1[—l,l}2PF1R2\[—l7l]2PF1[—l7l]2 = ‘1R2\[—Z,Z]QPF1[—Z,Z]2’2' (3.11)

Definition 3.2.1. Let a € [0,1] be a decay exponent and let (£,)nen, (an)nen, be the
real sequences defined by

n

1 1
&n = &n(a) == e’ an = ap(a) == T (3.12)
k=1
for each n € N and ag := 0. Finally, we let
2a,,2 , if n € No,
Poi= U Tn(a), In(a) = 4 2020 ol ifmeRo, g )
nez [—26_pn, —2a_p + &), ifne—N.
1 1 11 1 1 1 1 1 1
2= 2% 3@ 3a 4@ 4o 5o ba
L I L I L ‘Arﬁ/\ﬁ/\\ 1 R
T 1 T 1 T 1 T 1 T 1 1 ]
0 Iy L Is Is Iy - L

Figure 3.1.: The set I',.

For two functions f,g: R — R, we write f(z) = ©(g(z)) as  — oo if there exist constants
C4,C5, g > 0 such that

Cilg(x)] < |f (@) < Calg(2)] (3.14)

for all z > xy. We are now ready to state our second main result.

Theorem 3.2.2. Let T, be as defined in (3.13).
(i) If a« € [0, %[, then as | — oo,

tr]1R2\[_l7”2Ppa1[_l7l]2|2 = e(ll/(lia) IOgl) (315)

(ii) If a € [%, 1], then as | — oo,

tr|1[R2\[—l,l}2PFa1[—l,l]2‘2 = @(ZQ) (316)
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Here, we use notation (3.14)).

Remark 3.2.3. (i) In the case o = 0, i.e. where I' consists of intervals of the same

(i)

(iii)

length, (3.15)) is a consequence of (3.9) with test function h as in (3.10).

The factor [*/(1=2) in can be interpreted as the number of “band edges” in I'
between —I and I: Indeed, since a,, grows asymptotically like |n|'=® (in the sense of
(3.14))), the number of gaps between —[ and [ is up to a constant given by the number
of integers n such that |n|'~® < [, or equivalently, |n| < ['/(1=®) As the proof shows,

each band edge produces one log! term, leading to an overall asymptotic behavior
of [V/(1=) Jpg.

On the other hand, in the case a € [%, 1], the band edges are getting closer to each
other more quickly. They do not yield individual contributions anymore but start to
interact, resulting in a growth of order 2, cf. Remark

The theorem together with the inequalities (2.71]) imply for the corresponding 2-
Rényi entanglement entropy (2.67)) that

0= ogl), fO<a< %,
SQ(Psz [_la Z]Q) = 1 (317)
o(1?), if 5 <a<l

For the von Neumann entanglement entropy S1(Pr,,[—[,]?), one only obtains the
corresponding lower bounds using Theorem [3.2.2] Upper bounds require ¢-Schatten-
von Neumann quasinorm bounds with ¢ < 1 for the operator 1g2\(_; 2 Pr, 112,
which are more difficult to obtain. In this thesis, such a bound is only established in
the case where a« = 0 and T’ is given by , which is the subject of the first result.

The proofs of Theorems and are carried out in Chapters [4 and [5 respectively.
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4. Proof of the first main result

4.1. Reduction to a one-dimensional operator

The goal of this chapter is to prove Theorem We start with the simplified variant
Theorem which requires the most of the work. In the last section we then show how
it implies the general statement.

The first step in proving Theorem consists of reducing the statement (3.9) to the
equivalent “one-dimensional” formulation (4.2 below.

Let U: L*(R?*) — L*(R) be the transformation (2.28), which satisfies Py = U*1qU for
every measurable Q@ C R and UU* = idj2®) by Lemma The first equality in
particular implies that U*U = Pr and therefore that, as an operator on PrL?(R?), U is
unitary. Thus, for h € H and choosing 2 = IT" from , we obtain

tr (12 Prl_yg2) = tr h(Prij_ 2 Pr) = tr h(1pU 1 2 U*1r). (4.1)

Due to h(0) = 0, the trace in the middle is effectively only taken over PrL?(R?), while
the right trace is over L?(R).

Lemma 4.1.1. The statement of Theorem[3.1.5 is equivalent to
tr h(1rT1r) = I(h)llogl + o(llogl) (4.2)

as l — oo for every h € H with h(1) = 0, where the functional I is defined by (3.2)) and
the operator

ﬂ = U].[_ZJ]QU* (43)
s an orthogonal projection on LQ([R) for every [ > 0 with integral kernel given by
Y in[l(k — k)] k+E
(k) = e k24510 kK ER 4.4
l( ) ) € W(k — k,) fl 2 ) ) € ) ( )
with fi: R — [0, 1],
1 ! 2
fi(z) = / e~ de, zeR. (4.5)
VT

In (4.4) and what follows we use the convention that sin(10)/0 :=I.

Proof. In view of (4.1)), it remains to verify the expression (4.4]) for the kernel of 7;. By
definition of U and U™,

I iza(k—K) 1 ,
ik, k) = / na) e (@) do = —= / e e / el =RP o k)2 g
[_lvl}2 ™ —1 27T -1

1 sin[l(k — k)] [ /
B ﬁw /_l e (=R @ =k%1/2 gy (4.6)
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4. Proof of the first main result

for any k, k'’ € R. Completing the square as

(1 — k)2 4 (21 — k)2 = 222 — 22y (k + k') + k* + (K)?

E+k\? (k+K)2
:2<x1— +2 ) ! +2 ) + K+ (K)? (4.7)
k+KE\?  (k—k)?
the claim follows. O

4.2. Asymptotics for polynomial test functions
The first major step in proving the asymptotics (4.2)) is establishing it for test functions
h being symmetric, resp. anti-symmetric, polynomials defined by

37N =M1 =N]7 and @y(\):=X3;(0), JeN, xe[o,1]. (4.9)

More precisely, in this section we prove the following

Theorem 4.2.1. Consider a test function h € {37,y :J € N}. Then

tr h(1pTy1r) = I(h)llogl + o(llogl) (4.10)
as | — oo, where T} is the orthogonal projection on L?(R) with kernel (4.4) and the
functional I is given by (3.2)).

By linearity, the above theorem establishes for all polynomials p with p(0) = p(1) = 0.
As we will see in Section this together with a Schatten quasi-norm estimate for the
operator 1p7;1lpe can be used to prove for all test functions h € Hy by means of
a standard approximation argument. The rest of this section is devoted to the proof of
Theorem

4.2.1. Reduction to contributions from the diagonal

Throughout this section, we will use the abbreviations

Ly = 1pptr and 1o, = lovpnt) (4.11)

for n € Z and a measurable set {2 C R. Put

A=1rTilr = Y LG, and Bri= Y 1,Dily, (4.12)
nme27 ne2Z

so that B; contains only the diagonal contributions with n = m. Note that since 7} is a
projection, we have 0 < 4A; < 1 and 0 < B; < 1. This implies that

[21(A)[ <1 and |l51(By)[ <1 (4.13)
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in operator norm for the first symmetric polynomial, which will be useful later.

The goal of Section is to show trh(A;) = trh(B;) + o(llogl) as | — oo for h = 4,
and h = « for all J € N. This will be achieved by the following Lemmas and

But before, we introduce some notation.

Lemma 4.2.2. For each J € N, there exists C' > 0 such that for alll > 1 we have
135(A1) = 35(Bi)]ls, < CL. (4.14)
A core ingredient for the proof of Lemma is the following trace-norm estimate from

[LW80, Eq. (12)]. We formulate it in the more precise version from [PS18a Lemma 5.1],
where also a proof can be found.

Lemma 4.2.3. Let M C R be a Borel measurable set. For any z € M, let p,,q. €

L?(R) such that the mappings z — p, and z — q. are weakly measurable. The operator
T: L*(R) — L*(R) defined by the form

(u, Tv) := /M<u,pz)(qz,v> dz (4.15)

for all u,v € L*(R) satisfies the trace-norm estimate

ITle, < /Mllpzllzllqzlb dz. (4.16)

Proof of Lemma[{.2.3. Let 1 > 1.

Step (i). The case J € N\ {1} is reduced to the case J = 1 by a telescoping sum
argument. Since
J-1
X7 -v7 =" XX -Y)y (4.17)
j=0

for arbitrary bounded operators X and Y, we infer from (4.13) that
135(A) — 3 (B)llg, < JlI31(A1) — 31(B))lle, 5 (4.18)
and it remains to prove the statement for J = 1.

Step (ii). In order to deduce the desired estimate in the case J = 1 we recall that 77 = T,
so that

01(A) = A1 - A) =1rTi 1y — 1vT)r T 1y = 1vTy(1 — 1p)Tidr = IpT1pe Tyl (4.19)
and

21(B) = Bi(1—B)) = Z 1,11, — Z 1,T1,Ti1, = Z 1, Tl Tiln.  (4.20)
ne2Z ne27 ne27
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Combining both calculations yields

s1(A) = 01(B) = > L/TreTily — Y LTy Diln

nme27 ne2z
= > [Lhre = 1p)Tila] + ) LaTilreTilm
ne2Z n,me27
n#m
== > LhlrgDile+ ) 1TilpeTilnm
ne27 n,me27
n#m
Z LT Ti1,, + Z LTy 1reT) 1. (4.21)
n,me27 nme27
Consequently, we obtain the trace-norm estimate
191(4) = 51 (B)lley < Y IaTilwTilalle, + D [1aTilreTilnlls,- (4.22)
n,me27 n,me27
n#m n#m

We rewrite the terms in the first sum as a Hilbert—Schmidt norm

~ = 2 _ 2
1 2
1B Tty = 1Tl = [ toyPdedy,  (423)
[n,n+1]x[m,m+1]
and since
U (ron+1xmm+1]) c {(z,y) eR*: |z —y| > 1} = Q, (4.24)
nme27
n#Em

we conclude that

s a2
> Tl il </Me<W>2/2[fz(“y)]2dxdy
n,me27 1 Q 772(1'—3/)2 2

n#m

1 )
< [ [ f@dq<ar (4.25)

where the last inequality and the l-independence of the constant C follow from ||f[|3 <
Il filli = 2! thanks to 0 < f; < 1.

Therefore, it remains to show that the second sum in (4.22) is also bounded by a constant
multiple of [. To do so, we will apply Lemma We fix n,m € 2Z. The integral kernel
of the operator 1,,7j1pr1;1,, is given by

R? > (z,y) — Lp(@)ti(x, 2)Ln(y)ti(y, 2) dz. (4.26)
FC
Therefore, by (4.16),
T Ti1m]le, < / [t(-5 2)Lnll2l[t(-, 2) L |2 dz
FC

_ / 14(- 2 4 ) llallta(- 2 + n)Lonllo dz, (4.27)
FC
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where the equality is due to the translation invariance of I'® under even integers. We
proceed by first estimating ||¢;(-, z 4+ n)1,||2 for fixed z € T'°. Since 0 < f; < 1 it follows
that

n+1 ,:..2
. 5 sinll(x — 2 = n)] _(uosonyzjaf, (T F 2+ 0Y]?
[[#( ,z+n)1nHz—/n P@—z-n2 * [fl< 2 )] da

1
1 o2
g/o e @=2)" 4. (4.28)

x — z)?

Lemma |[A.3.1(i) implies the existence of a constant C' > 0 such that e~ (*=%)%/2 < Ce~v*/4
for every x € [0, 1] and every y € R. Applying this to the above we get

1
1 2 1
. 1a|I3 < ‘22/4/ e dr=Ce P 4.2
lti(-, z +n)l,|l5 < Ce Ay dz = Ce E— (4.29)
Now let us turn to
[t 2 + 1) L3
:/m-‘rlsln [l(y—z—n)] —(y—z—n)? /2[ (y—i—z—l—n)} dy
o m(y—z-n2
1
1 A 2 y+z+n+my\i2
< (y—z—n+m)%/2 )| dy. 4.30
/07r2(y—z—n+m)2e [fl( 2 )} 4 (4.30)

For the Gaussian we again use Lemma [A.3.1(i) to get

e~ ymemndm)?/2 o = (stn=m)?/4 (4.31)

)

for a universal constant C' > 0. The elementary inequality 2ab < %aQ + %bQ for a,b € R
implies
e—(z+n—m)2/4 _ €—z2/4€—(n—m)2/4 z(n—m)/2

< = A i Sz (439)
Next, we treat the fi-term in (4.30), this time using Lemma [A.3.1{(ii) which gives

AR <on (B, (433)

where the constant C' > 0 is independent of y € [0, 1],z € I' and m,n € 2Z. To simplify
the involved expressions, we introduce new summation variables

pi=n—m,v:=n+m, (4.34)

so that g # 0 in view of (4.22)). Combining (4.32)) and (4.31)), plugging the result and
(4.33) into (4.30]), gives

1
2 22/8 —u2/12 z+1v\12 -
. <
I, 2+ m) L3 < Ce*/oem/12] 1y (22 Y

= CerfRem/i2 [fl (z : V)} (z + u)(z1+ p—1)

(4.35)

W

We recall z € T and p € 2Z so that z 4+ p ¢ [0, 1], and the integral in the first line of
(4.35) exists.
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4. Proof of the first main result

Now we insert (4.35) and (4.29)) into (4.27)) and obtain

B 2/24 67z2/16
”1nTl1FCT‘llmH6’1 <Ce ™

z+v
re \/Z(Z—l)(2+u)(z+u—1)fl< 1 )dz' (4.36)

In order to proceed we introduce the unique v, € 2Z such that z := z — v, €] — 1,0].

Thus, we get
NI EDIDS fz< + 2 +v) <Cl (4.37)

ve2z veZ 0{0,1}

with a constant C' > 0 independent of [ > 0 and z € I'® by Lemma [A.1.1{(ii). Next we sum
(4.36)) over n # m € 2Z, use Tonelli’s theorem and (4.37). This results in

2 efz2/16
11, T 1re Tl ||, < Cl o—H2/24 .
’nm’lZGQZ . ugz Te \/Z(Z_l)(Z"F,u)(Z—i—,u—l)
nm p7#0
<l Z —pu?/24 Z —J /32j ,U ]) (438)
ne2Z je27+1
p7#0

where we used Lemma [A.3.1[i) for the second inequality and introduced the integral

L dz
I, J) /0\/(z_j)(z—j—1)(z—j+ﬂ)(z_j+:“_1)

for every 0 # p € 2Z and every j € 2Z + 1. In order to see the inequality in (4.39)), we
note that the singularities of the integrand are Z-valued. If a singularity is not located at
0 or 1, it amounts to a factor of the integrand that is bounded from above by 1. Thus,
depending on g and j, the integrand is bounded from above by either 1, z71/2, |z — 1\*1/2
or |z(z — 1)|7'/2 because a coincidence of different singularities is not possible at 0 nor at
1 due to the fact that p # 0 is even and j is odd. Taken together, (4.39)) and (4.38) imply

<7 (4.39)

> M TireTiln|les, < CL. (4.40)
nme2Z
n#m
Combining (4.40) and (4.25)), we see that both sums in (4.22)) are bounded by a constant
multiple of [, which proves (4.14)) in the case J = 1. O

Lemma 4.2.4. For each J € N,

|2 (A1) —as(Bi)lls, = 0(\/10gl) (4.41)

as | — oo.

Proof. We write

@ (A1) —a;(B) = AlA4(1 - A4))7 — A[Bi(1 - B))” + (4 — B)[Bi(1 - By))’
= Al(dJ(Al) — .ﬁJ(BZ)) + (Al — Bl)dJ(Bl) (4.42)

and estimate, using ||4;| < 1 and Lemma [4.2.2]

|2 (Al) —as(B)lls, < Cl+ A — Bills,ll35(Bi) s, (4.43)
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4.2. Asymptotics for polynomial test functions

The first factor of the second term is estimated as

|4 = Billg, = > tr(lnT1mTil,) < CL, (4.44)

n,me27
n#Em

where we have used (4.25|) for the inequality. For the second factor we combine (4.49) in
Lemma [4.2.7|and (4.71]) in Lemma below, which yield

135 (B)||%, = tr 325 (By) = I(35)1log 1 + o(llogl) = 6(llog1) (4.45)

as | — oo. O

4.2.2. Asymptotics of trs,(B;) and tr ¢ ;(B))

Definition 4.2.5. For | > 0 we introduce the bounded operator S; on L?(R) by

(Si0)(x) = /R sz —y)ew), @€ LXR), z R, (4.46)

where s; : R — R is defined by

si(z) := Slr;(alf)e_ﬂ/zl z € R. (4.47)
We also set
Xl = 1[0’1]S11|R\[0’1]Sll[071]. (448)

Remark 4.2.6. It is not true that 31(1j,1)Si1j0,1)) = X; because, unlike 7}, the operator
S; is not a projection.

Lemma 4.2.7. For every J € N we have
tray(By) =1 tr X/ + 0((logl)”), (4.49)
and
tras(Br) =1 tr {1j1S11j0, X/ } + 6((log 1)) (4.50)
as | — oo.

Proof. We fix J € N. To establish (4.49)) we recall (4.20]) so that

21(B) = [51(B)) = Y [Tl Tila)” . (4.51)
ne2Z

Observing #(z,y) = s;(z — y) fi(%52) for the integral kernel (4.4) of 7}, we deduce

trdy Bl / / H [Sl i Zj Sl( —x]+1)
[n,n+1]7 J(R\[n,n+1])

ne2z 7=t
AR

2
B /[o,w /aR\[o )7 ;

X f[ [ <x] R n)fl(M +n)] dzdz, (4.52)

2
ne2

T~

[sl(a:j —zj)si(z5 — l’j+]_):|

1

N

Jj=1
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4. Proof of the first main result

where we set x ;11 := x1 and, for the second equality, performed the change-of-variables
xj — xj +n, z; = zj +n and used Fubini’s theorem. Next, we evaluate the sum in the
last line of asymptotically for large . To this end, we introduce Q; = (2(j;1)/2 +
2(j+1)/2)/2 for odd j € {1,...,2J} and Q; := (2j/2 + ¥;/241)/2 for even j € {1,...,2J}.
Lemma [A.1.1]i) with o = 2 then yields

J
ST A5 ) (25 ) = ZHlej—i—n “1+R  (453)

ne2Z j=1 ne2Z j=1

where the error term R = R(J,Q1,...,Q2s,1) satisfies the bound |R| < C(1+ Z?il Q1)
with a constant C' > 0 depending only on J. Inserting (4.53)) into (4.52)), we obtain two
terms. The first term amounts to

J
l/ / H [sl(mj —zj)s1(z5 — :L‘J-H)} dzdr =1 tr Xj (4.54)
[0,1]7 J(R\[0,1])

and is the leading term in the claim (4.49)). Therefore we have to show that the second
term, which—up to a constant—is bounded in absolute value from above by

2J J
1+ Qj si(x; — z5)s1(z5 — x dz dzx, 4.55
/[0,1]J /(R\[o,l])J( ]Z:;’ j‘)]l;[l’ (25 = 212 J+1)’ (4.55)

is of order O((log!)”) as [ — oco. To see this, we argue first that
J

zw S S < 3 (1 ) (456)

7j=1 7j=1 7j=1
and that for every 0 <; <1,j€{1,...,J},

J

J J
<Z 1 + |Z] ) H@ (zj—25)% /4~ (2j—x;+1)* /4 < Z 1 + ’Z ’) (zj—2j)/4—(2j—xj41)? /4
j=1 j=1 j=

1
J

<O (L4 Izl)e /4, (4.57)
7j=1

where we used Lemma |[A.3.1(i), and the constant is universal. Recalling the definition

(4.47) of s; and taking the sup over all z; € R in (4.57), we deduce that, up to a J-
dependent constant, (4.55)) is bounded from above by

/ / ‘ sin[l(z; — z;)] H sin[l(z; — 33j+1)” dz da
o0 Jwyo.p7 25 = #les = 2yl

/ H/ [sin(z; — 2)|[sin(z — ;41)| dz | dx. (4.58)
0,17 ®\o0) 1 _Z”Z_xj“’

We claim that for every given j € {1,...,J} the z-integral is bounded from above by 9
times

log(14+1—xj41) —log(1 4+ 1 — ;) n log(1 + x;) — log(1 + xj41)
Tj— Tj+1 Tj— Tj+1

1 1
RV CE [ e oy Y/ ey [ B A
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4.2. Asymptotics for polynomial test functions

where

1 1 |
= = . 4
fult) max{1+l—t’1+t} i a0 (4.60)

To verify ([£.59), we employ the elementary estimate [sint/t| < 3/(1+|t|, see Lemma
below, split the z-integral into | — oo, 0] and [, co[, which resolves the absolute values and
evaluate the resulting integrals by a partial fraction decomposition. The first inequality in
follows from an application of the logarithmic-geometric mean inequality

(a—b)/(loga —logb) > Vab, (4.61)

which is valid for all a,b > 0 (see e.g. [Bur87)).

Inserting (#.59)) into (@.58)) and discarding the factor (9 -2)7, we get as an upper bound

J

/[071]ij[1 \/hl($j+1)\/hl(xj)dx = [/Ol h(t) dt] : (4.62)

By symmetry,

1+¢
ultimately showing that (4.55)) is of order O((logl)”) as I — ooc.

/l hu(t) dt = 2 /l/2 L g — 210814 1/2), (4.63)
0 0

Now we turn to the proof of (4.50)). The trace of « ;(B)) is given by

J
Z /[n,n+1].f+1 /(R\[n,nm (@41, 21 1;[ [ )si(zj — $j+1)}

ne2Z
() ﬁ (52 ) (321

J=1

(4.64)

(Note that this time x 41 is not defined as x1, but rather is an additional integration
variable.) By setting Q274+1 := zj4+1+ =1, we imitate the proof of (4.49), i.e. apply Lemma
[A.1.1[i) again to obtain two terms, where the first one is

J
l/ / si(zyp1 — x1) H si(xzj — z5)s1(zj — xj41) dz dx (4.65)
[0,1]7+1 J(R\[0,1])7 j=1

which equals [ tr{l[o,l]Sll[oﬂ X ZJ }, that is, the leading term in (4.50). The second term is
bounded in absolute value from above by

2J J
[ (i Q) e = T st = )z — 00| dedo. (4.66)
[0,1]7+1 J(R\[0,1])7 j=1 j=1

We will show that that it is of order O((log1)’*!) as I — oco. Using the same reasoning as
in (4.56)) and (4.57)), we find that (4.66) is bounded from above by a J-dependent constant

times

/ |sin(z 41 — 1) H/ |sin(z; — z)|[sin(z — xj41)| 2o | de (4.67)
o7+ [T+ — 2] (R\[0,]) |zj — 2||2 — 41|
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4. Proof of the first main result

The first factor of the integrand can be estimated with an application of Lemma
giving
|sin(zj411 — x1)] 3
@y — 21| 14|y — o]

(4.68)

As an upper bound for the the product of z-integrals we again obtain (9 - 2)‘] times the
integrand of the left-hand side of (4.62)). Thus, (4.67)) is bounded up to a J-dependent
constant by

L+ |21 — 21

— (2log(1 +1/2))7 /0 l /0 AICAERNVICY dz1 dz s, (4.69)

1+ |z 41 — 21|

Vi@ )@ 1 - —
/[o,z}Jﬂ jH2\/hl( g+1)\/hl( i) d

To estimate the double integral, we apply ab < %(a2+b2) to the numerator of the integrand
to get

/ WWd dy < /Om(w/ol

1+ |z —y|

1
dx dy
|z -yl

!
— [ (oe(1 +3) +1og(1 + 1 = y)huty) dy
l
< 2log(1+1) / hi(y)dy = 4log(1 4 1)log(1+1/2). (4.70)
0
Combining the previous calculations we see that (4.66)) is of order O((log!)’*1) as | — oo.

This finishes the proof. O

4.2.3. Application of the one-dimensional Widom formula

In view of Lemma we are left with the evaluation of tr Xl‘] and tr {1[071} Sll[o,l]XlJ}
asymptotically as [ — oo. This is the content of the next lemma.
Lemma 4.2.8. For every J € N, we have

tr X; = 1(s5)logl + o(logl) (4.71)

and
tr {1[071}811[0’1])([7} = I(ay)logl+ o(logl) (4.72)

as | — oco. Here, I is the functional defined in (3.2)).

Definition 4.2.9. For [ > 0 we introduce a further bounded operator K; on L?(R) by

(Kip)(e) == [ hla =)o), ¢ FR). v R, (173
with integral kernel defined by
sin(lz)
ki:R—=>R, kz):= : (4.74)
T
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4.2. Asymptotics for polynomial test functions

Remark 4.2.10. (i) We have s;(z) = k(z)e~""/4 for every z € R.

(ii) It will be convenient to describe the operators S; and K; by their action in Fourier

space: Let & denote the (unitary) Fourier transform on L?(R). Since Fk; =

and Fs; = \/%fl, we have

Sl = (o/"*fl(o} and Kl = g*l[_u]g.

1
W et

(4.75)

This means that S; and K; act in Fourier space by multiplication with the functions
Ji and 1;_yjj, respectively. From this, it is also immediate that K is an orthogonal

projection, while 5; is not.

Proof of Lemma[{.2.8. By the one-dimensional Widom formula [LW80, Proof of Theorem

1], for any polynomial function p with p(0) = p(1) =0, as [ — oo we have

trp(1j0,1)Kilp,1)) = I(p)logl + o(log!).
The claim thus follows from (4.76]) and Lemma 4.2.11 below.

Lemma 4.2.11. Let J € N. Then for eachl > 2,
I1X7 = 351y Kilp s, <C

and
111011510, X] — @1 (Lo Kilp ) lle, < Cy/logl

with constants independent of [.

Proof. We define operators Y; and Z; on L?(R) by

¥i 1= o051l 10125t o)
Zy = 1o, K1 opupn 21 Kiljo,1)-

We will successively show
1X7 =Y lle, <C, IV = Z/lle, <C, 11Z] — 3500 1K1l 1)]s, < C
with [-independent constants, from which follows.
First inequality of . We start with the case J = 1 and observe
Xi =Y+ 1 1Sry-12510.1] = Yi + [Ir\-12S1 0,1/

so that

But

tr Xy =trY] + | 1gy- 12051 0,1 |,
. 2
sinfl(z — @)/)] @07/ 4ray

1
2 _
Mr\-12051 0, lle, = /[R}—1,2[/0 Tz —y

< ! / /1 ! dedy < C
X 5 T o aray x U.
2 R\]-1,2[ J0O (x —y)?

(4.76)
O

(4.77)

(4.78)

(4.81)

(4.82)

(4.83)

(4.84)
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4. Proof of the first main result

We point out that the Gaussian factor was estimated from above by 1 and is not needed
for the integral to converge. For general J € N, we use a telescoping sum and the fact that
IX:]l, [|Y;]] <1 in operator norm:

J—1
I1X7 = ¥/ lle, < D_IXIP 12X = Yille, 1Yl < Jlry -1 2Sitjo &, < C- (4.85)
j=0

Second inequality of (4.81]). Denoting I :=]—1,0[ U |1, 2[, we have
Yi = 2y = 1oy K11 (S — Ki)ljo,1) + Lo, (St — Ki)11Si1 g y)- (4.86)

To estimate the trace norm of the above expression, we employ Lemma We obtain
for the first term

10,1 K:111(S1 — K1) 1o 1)lle,

< [ ki 2)ll2(s1(2, ) = Kz, ) 1oy ll2 dz
J
1/2 1/9
) /f </01 7T2($1_Z)2 dx) | (/01 7T2(zl— y)? s I6y)4 dy> | o

1
< o/}m dz < C. (4.87)

For the second inequality we have used 1 — e™¢ < ¢ for € > 0. The second term in
is treated in the same way, since the additional Gaussian term can just be bounded from
above by 1. Together this shows [|Y; — Zj||s, < C. The case of general J € N follows with
another telescoping argument as in .

Third inequality of (4.81). As K; is an orthogonal projection, we have

J
351Kl ) = (l[oyl]KllR\[m]Kll[D’l]) (4.88)

and the proof follows from that of the first equivalence by replacing S; with K; there.

Inequality (4.78). We write
Lo SilpyXi = @s(l Kilp)

+ Lo, (St — Ki)Ljo,1)3. (110,11 K1 1j0,1))

+ LS (X7 = 351y Kilpay)) (4.89)
so there are two error terms to be estimated. In the previous part of the proof we have
already shown that HXZJ_éJ(l[OJ]Kll[O,l})”61 <C uniformly in [. Since "1[0711511[071] H <1,
this implies that the second error term in (4.89) is bounded in trace norm independent of [.
For the first error term, we infer from the Cauchy-Schwarz inequality (or Holder inequality
(2.45) with p = 1,p1 = p2 = 2) that

1110, (S1 = ED)1po,y35 (Lo, Kiljo,))| s,
< Lo, (St — K)oy lle, 195 (Lo, K1 Ljo,)) [le, < Cv/logl, (4.90)
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4.3. A Schatten-von Neumann class estimate

where the last inequality is due to

Tpl qin2(7(m 9
\|1[01](SZ—KZ)1[01]H262_/ / M(e—u—ym_l) iz dy
’ ’ 0o Jo (z —y)

m2(x —
1,1
< C/ / (z —y)?dedy < C (4.91)
0 0
and the fact that
||4J(1[071]K11[071})||62 = \/tr 52J(1[0,1]Kl1[0,1]) < C\/ logl (4.92)
for I > 2 by Widom'’s formula (4.76]). This proves (4.78)). O

Proof of Theorem[[.2.1 We combine the results of Lemmas [£.2.2] [£.:2.4] [£.2.7] and [£.2.3
]

4.3. A Schatten-von Neumann class estimate

By Lemma and the previous section, the last step in proving Theorem [3.1.3| amounts
to lifting the validity of Theorem from polynomials p satisfying p(0) = p(1) = 0 to
all test functions h € H with h(1) = 0. This can be done with a standard approximation
method, which we carry out in Section [£.4] The method as a key ingredient requires a
Schatten ¢-quasi-norm estimate for the operator 1p7;1r, which we formulate in the next
lemma. The rest of the present section is then spent proving this estimate.

Theorem 4.3.1. Let q € ]0,1[. There exists a constant C = C(q) > 0 such that for all
1> 2,
Hlpﬂlrc“q@q < Cl logl (493)

Let us briefly describe the strategy to prove Theorem Firstly, Lemma allows
us to reduce proving (4.93)) for the operator T; with integral kernel ¢; (see (4.4))) to proving
it for the operator 7} with integral kernel

R2 5 (z,y) — t)(z,y) == e<xy>2/4w filz). (4.94)

This, loosely speaking, amounts to replacing the factor fl(%“y) in the kernel ¢; by the only

x-dependent factor f;(x). Secondly, we show that we may further drop the Gaussian term
in (4.94) at the cost of an error term of order O(1), leaving us with proving (4.93|) for the
operator T}’ with kernel

R? 3 (.9) o o) i= o ). (4.95)

Finally, in Lemma we prove the desired bound for the operator 7}’ by interpreting it
as a pseudo-differential operator (4.126]) and using a general Schatten-von Neumann class
estimate for such operators taken from [Sob14].
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4. Proof of the first main result

Lemma 4.3.2. Let T} be the operator on L*(R) with integral kernel (£.94). For every
q €0,1], we have
e (T; = T))1re|lg, = o(l) (4.96)

as | — oo.

Proof. Let | > 1. The aim is to utilize Lemma [2.2.3] To that end, we first apply the
g-triangle inequality to get
Ie(Ty = T) eI, < D sy (T = T e 1G, (4.97)
ne2z

The kernel of the operator 1p, ,17(7T1 — T})1re is given by
1[n,n+1] (iL’) [tl(.T, y) - t;(l‘, y)]1FC (y)v z,y € R. (498)

Under the scaling transformation V; given by Vi f :=1 3 f(1-) for f € L?*(R), this operator
is unitarily equivalent to the operator G, with kernel

gl,n(x7 y) = 1[ln,l(n+1)] (Cﬁ)gl(l‘, y)l(lF)C(y)a (499>
where
L SI(@ =) gy [ (THYY (2
aiosy) == e i fi (l) for z,y € R.  (4.100)

Considering G|, as an operator mapping L?(R) to L*([In,l(n + 1)]), by Lemma m its
singular values satisfy
1
51(Gun) < COR3 N, (g1,) (4.101)

for all £ € N and all v > 1/2 for which the kernel norm is finite. The constant C'
depends only on <, which in term is determined solely by ¢. In particular, C' is indepen-
dent of the kernel g; ,,. It follows from our estimates below that the kernel norm satisfies
N, (g1,n) < oo for any v > 0. We now choose 7 €1]1/q—1/2,1/q|, which implies v > 1/2
and that s3,(G) )9 is summable in k& by (4.101] . Therefore,

1G1nlls, < C17Ny(gin) (4.102)
with o := vg < 1, and consequently
e (Ty = ) 1ee|I§, < C17 Y7 Noy(gia)”. (4.103)
ne2z

The remaining task is to estimate the sum over n on the right. We fix n € 2Z. In order to
avoid fractional Sobolev norms in the definition (2.58)) of the kernel norm, we introduce
J := [~v], the smallest integer at least as big as <, and estimate according to Remark

2.2.2(ii) and Lemma as

(n+1) J
(o) < [ [ty } / |
ir)e Jin -:
(n+1) (z—y)2/(41%) 1 . 2
/ / e” 70 fﬂ+y f]>(>
irye Jin A+ o —y))2 |27 :

// +1 l2—zy/4 f(])<x+y 2
I'edn 1+l‘l’—y‘) !

2
dx dy

o9
gl(iE Y)

b

N
Q
- 7

<
Il
o

dx dy]

q
2

dx dy] ,

(4.104)

(Il}
M‘

) - (@)

<.
Il
o

42



4.3. A Schatten-von Neumann class estimate

where we used the inequality
(a+b)? <a? + P (4.105)

for p < 1 and a,b > 0 several times. The constants depend only on J, which in term
depends only on ¢. Next, we write the set I'“ as the disjoint union I'* = M,, UT¢\ M,,
where

M, :=In—1,n[Uln+1,n+2], (4.106)

that is, we separate I'“ into points close to the interval [n,n + 1] and those with positive
distance from the latter. Additionally, by the boundedness of fl(J ) we sce that

*f”(x+y> Iz <>r<67;ﬁ”<x+y> ﬁ”(ﬂ. (4.107)

2i
Thus, in view of (4.105]), we can estimate (4.104)) by a constant depending only on J times

q
+1 12,—(z—y) 2/4 1 (T+y ‘ “
[/M / (I +1z—y|)? f’(]) <2> — 17 (@)| dady (4.108)
J +1 l27:13 y)/4 1 ) m+y %
3 /c\M / (1+ ]z —y[)? ol ( ) @) dedy| . (4.109)
7=0 n

We will treat the terms (4.108)) and (4.109) separately.

Contribution of (4.108) to (4.103)). We will perform the estimate for the left interval
Jn —1,n[ of M, only, the right interval is treated identically. Performing the substitutions
T +— x+n,y+—y+n and estimating the Gaussian e~ (@=v)*/4 from above by 1, we arrive
at the contribution

FZZU/ (R

ne2Z j=0

g

dx dy} (4.110)

M

fz(j) (x;ty +n> — fz(j)(a? +n)

to an upper bound for (4.103)), neglecting a constant depending only on J. If j = 0 we
estimate the difference in (4.110) by the fundamental theorem of calculus as

Ji (+n> — filz +n)

</ D+ )|t
(

z+y)/2
<le—(z+y)/2 sup [fM(z+n)
ze]f%,l[

< swp [£V(2)] (4.111)
z€B1(n)

uniformly in z € ]0,1] and y € |—1,0[. For j € {1,...,J} we simply note that for every
z €10,1[ and y € |—1,0[ we have

1 A A A
@flw) (CC—;:y_Fn) —fl(])(w—i-n) < fl(J)< ;y+ )“f“fl(])(l‘-f—n)’
<2 sup ‘f(j)(z—i-n)‘
z€]-1,1]
<2 swp |19
z€B1(n)
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4. Proof of the first main result

Altogether, (4.110) is bounded from above by

[// +z:c— ]dzdy]g

q

2 J
X Z < sup l ) Z<2 sup) l])(z)|> < CI7(log(1+1))2, (4.112)

neZ Z€B1( ) ZEBl(

N

where we have again used (A.4) for the last inequality, and the constant depends only on
q and on J, which in turn also depends only on gq.

Contribution of (4.109)) to (4.103)). Since x € [n,n+1] and y € I'“\ M,, implies |z —y| > 2
we can estimate

12 1
< <1 4.113
(1o =2 S o=y )

Thus, neglecting a constant depending only on ¢, (4.109) leads to the contribution

PRI

neZ 3=0

2

N +y) — 19 () dydw} (4.114)

to an upper bound for (4.103). Again, we start with term corresponding to j = 0. As
proper indicator functions are easier to handle than the smoothed out versions f;, we
estimate

|filz +y) — fi(z)]
<l +y) =g @+ )|+ g @ +y) = Log@)] + (@) = fitz)]. (4.115)
In fact, for the middle term on the right-hand side of , we note that

Ly —g(@) + 1y y(z) ify >0,

' (4.116)
Ly —i—y(@) + 1y (z) ify <0

Ly +y) — Ly(@)] < {

with equality if |y| < 2. Let us focus on the case y > 0, the other case is treated analo-
gously. Recalling (a + b)P < a” + b for all p € [0,1] and a,b > 0, it suffices to estimate

[/nﬂ /oo ¢ Mty (@) + Ly (@) dy dx} %
[/nﬂ/ et dydm] [/nﬂ/ I )dydx . (4.117)

Notice that the first expression is 0 if n > —[ and the second if n > [. We start by estimating
the n-sum over the second expression. The single term of the n-sum corresponding to
n € |l — 1,1] is trivially bounded independent of [. If n < 1 — 1 and = € [n,n + 1], then
y =1 — (n+1) is necessary for the indicator function to be 1. Hence,

nez:

n+1
[/ / eyl -y (7 )dyd:v}
n<l—1

nez
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4.3. A Schatten-von Neumann class estimate

where C > 0 depends only on g. The n-sum over the first expression on the right-hand side
of is treated almost identically: The single term corresponding to n € |- — 1, —]
is bounded in [. If n < —[—1 the condition -l —y <n+1,i.e. y > —l —n—1, is necessary
for the indicator function to be 1. Therefore,

n+1
[/ / eyl[ly_l]()dydx]
nGZ

n+1
< Z e—a4n+1)?/4 [/ / o Y2/2 dy dm} <C, (4.119)

nez

by the same reasoning as before. This finishes the estimation of the contribution of the
middle term on the right-hand side of (4.115)) to (4.114). The contributions from the other
two terms in can be estimated directly using Lemma [A.1.1iv). It remains to treat
the terms where j € {1,...,J} in (4.114). We again start by estimating

1 . .
o 1 ) = 17 @)

<P+ + 110 @) (4.120)

The contribution from the second term to (4.114)) is bounded with the help of (A.4). For
that of the first term, we use inequality (A.22)) to deduce the upper bound

n+1
Clo [/ / —y? (= (z+y+1)?/2 + e (@ty=0) /2> dy dm}

ke

nez
q
—Cl° Z |:/ |: —(z+1)? /3 (m—l)2/3i| d$:| 2
ncz -0
< Clo’ Z [e—q(n+l)2/12 + e—q(n—l)2/12] g Cla, (4121)
nezZ

where we applied the convolution identity (A.29) from the first to the second line and
Lemma [A.3.1{i) from the second to the third. The constant C' changes from line to line,
but depends only on ¢q. We have thus shown

e (T — T))1re |, < CI7 flog(1 +1)]? = o(l) (4.122)

as | — oo, thereby completing the proof. O

The following lemma is a consequence of [Sob14, Theorem 4.6].

Lemma 4.3.3. Let | > 2, consider the symbol (4.125)) and let 3 := [¢~ '] + 1. Then we
have

q
Hl[n,nJrl]Tl//l[n’nJrl}cHqu < Clogl ( max sup |fl(k) (w)> (4.123)
BU’GBs/Q( )

with a constant C' > 0 depending only on q.
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4. Proof of the first main result

Proof of Lemma[{.3.3. Our aim is to utilize the Schatten-von Neumann estimate for pseu-
do-differential operators provided by [Sob14, Theorem 4.6]. To that end, for any [ > 0 and
a symbol a € C'(R x R), we introduce the pseudo-differential operator Op;(a) by

On@))@) = 5= [ [ e ala, ol dy e, (4.124)

where ¢ is a Schwartz function and x € R. A simple calculation shows that for the specific
choice of symbol

ai(z,§) == filz)l—1(8), =,§€R, (4.125)
which itself depends on I, we have

Op)(a)) =1T7'. (4.126)

By means of the unitary translation operator U, f := f(- —n), f € L*(R), n € R, the
operator

Lt Opi(a) g 1ges (4.127)

whose norm we want to estimate, is unitarily equivalent to
0.1 OPy(af) 101 (4.128)

where al(n)(x,ﬁ) = ai(x +n,§). Let ¢ = ¢Y(x),x = x(§) € CP(R) such that » = 1 on
[0,1], x =1 on [~1,1] and supp® C [—3, 3] = B1(3), supp x C [~2,2] = B2(0). Then
1[0,1] Opl(a’l(n))l[(],l]c = 1[071] Opl(bl(n))-P]—l,l[,l]-[O,l]c (4129)

where Pq; = Op;(1q) and

b (2, ) = () filz + n)x(€). (4.130)

The symbol bl(n) by construction satisfies the conditions of [Sob14, Theorem 4.6] with
¢ =1 (different ¢ than our scaling parameter [!) and p = 2. The theorem provides bounds
for operators of the form 15 Op;(a)Pq 1ac with basic domains A and €2, which in one
dimension are given by ]0, co[ and |—o0, 0[. To obtain such basic domains, we first note

10,1 O (0™ A 111 o, 1,
< Lo, Opl(bl(n))F)]fl,l[,ll]foo,()[Hqu + 110,11 Opl(bl(n))P]fl,l[,ll]l,oo[Hqu
< [11j0.00) OPu (™) P 111011 -so0(l1&, + I11)—0e,1) OB (0 ) Py a1, (4.131)

We only treat the first term, the second one is handled identically after applying the
unitary translation U;. To also obtain basic domains in the argument of P_; 1;, we start
by writing 111 1f = 1j_o0,1] — 1]—00,—1] and get

10,00 OPu (™) Pt 1101 —so0(I3,

< 110,00) O (") P 141001, + 110,001 OPU(b ™) Pl - 1101015, - (4.132)

We again only consider the left term, the other one can be handled the same way. For
n € R, we introduce another unitary operator U,, by

U,: L3(R) = LX(R), (U,f)(x) = ™ f(x). (4.133)
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4.3. A Schatten-von Neumann class estimate

Conjugating with this operator and n = [, we get
07 Opy(B™) B, 11201 = Opi(ef™) B o 01 (4.134)
with symbol
A" @,€) = b (@, € + 1) = Y(@) il + mX(E +1). (4.135)
Note that supp x(- + 1) C [-3, 3] = B3(0). Therefore, if we put v := [2¢~'] + 1, applying
[Sob14, Theorem 4.6] yields

Hlmmgopﬂém)ﬁ—mpuhﬂxm4%q
dk

M<w<x>fl<x+n>>\>q<max sup \xm(fu)\)q

< Clogl (max sup oo, S
' c 30

OSksh z€B1(3)

< Clogl | max sup
0sk<B zeBi ()

g q
fl(k)(a:+n)‘) < Clogl (max sup ‘fl(k)(a:)D , (4.136)

0<k<B m€B3/2(n)

which is the desired inequality. O

Proof of Theorem[{.3.1. We divide our proof into three steps.
Step (i): Replacing T; by T} .
By the g-triangle inequality and Lemma,
IeTitee ]G, < IeT{irelS, + 1e(T — T1rellS, = e Tire]S, +o(l)  (4.137)
as [ — o0, so it suffices to prove for T} instead of T;.
Step (ii): Replacing T, by T}’
Recall from Remark [4.2.10{ii) that

g2 /a8in(lz) I 41
e T T M) (4.138)

so the integral kernel (4.94) of the operator T} can be written as

x e_(x_y)2/4sin[l(x —yl_ ]
fl( ) 71’(.T — y) \/ﬂfl

while we can write the kernel (4.95)) of T} as

()& filx —y). (4.139)

filz) Sij‘f(lf_‘yi’” = =@ F (e =) (4.140)
so that
T/~ T = AF(fy— 1) T (4.141)

We can therefore apply Lemma with f:= fyand g := f; — 1| to obtain

10p10(p0) = Opy(ar)lls, < CIANZ N = L—rgll3q (4.142)
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4. Proof of the first main result

where the lattice norms on the right-hand side defined in (2.60). We will estimate them
by employing Lemma Firstly, since |f;(z)|? < fi(z), inequality (A.3)) yields

n+% % %
1£13, = (/1 Ifz(:c)\Qda:> <> | swp filz)| <CL (4.143)

zeB1 (n
nez 2 nez %( )

Furthermore, since 1j_;; and f; < 1, it follows that [1j_;; — fil? < 41—y — fil- Conse-

quently, by (A.5),

n+1 %
lh-telt, <X ([ @ - 1@ler) <c @)

neZ

where we have chosen differently centered intervals for the lattice quasi-norm, cf. the
remark after the definition 2.601 We conclude that

IeTfire S, < Ty 1ol + 170 — TS, < [10T)1re S, + CL. (4.145)
Step (iii): Estimating ||1pTl”1chq6q.
We have the elementary estimates

||1F,Tl//1FCHq6q < Z "1[n,n+1}1}//1Fc‘|q6q
ne27

< Z|’1[n,n+1]ﬂ/,1[n,n+l]c”(éq' (4146)
nez

The claim now follows from Lemma We combine (4.146[) and (4.123]) with (A.3]) to

obtain

3 q
1" q (k)
10T, Ipel|g, < Clogl E g < sup |f) (w)]) < Cllogl, (4.147)

k=0nez \WEBs/2(n)

as desired. ]

4.4. Closing the asymptotics: Proof of Theorem 3.1.3]
Recall the definitions and of the test function space H and the functional
h+— I(h), respectively. Let Hy denote the space of all h € H such that h(1) = 0.
The goal of this section is to finish the proof of Lemma that is,

tr h(1pTy1r) = I(h)llogl + o(llogl) (4.148)
as | — oo for every h € Hy, and thereby ultimately proving Theorem [3.1.3]

We follow the standard approximation method as for example presented in [PS18al Section
8.2], [LSS14] and [MS23, Proof of Theorem 2.1]. It consists of four steps for test functions
of increasing generality.
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4.4. Closing the asymptotics: Proof of Theorem

Step (i). h € Hy is a polynomial.
We define even and odd polynomials 4, and «,, n € N, by

50N = ML= A" and  @n()) == Aa()), A€ 0,1, (4.149)

and note that the set {4, @, : n € N} constitutes a basis of the space of polynomials in
Ho because the linear spans

span{sn, @n : n € N} = span{s1id* : k € Ng} (4.150)

coincide. We have shown in Section that an and 3y, satisfy (4.148)), so Step (i) follows

from the linearity of the trace.

Step (ii). h € Ho is continuous and differentiable at t =0 and t = 1.

Without loss of generality, we may assume that h is real-valued (otherwise we treat real
and imaginary part separately). The differentiability conidition at ¢ = 0 and ¢ = 1 implies
that h(A) = A(1 — A)g(A) for a continuous real-valued function g. Let ¢ > 0. By the
Stone-Weierstrafl theorem, we may choose a polynomial ¢: [0,1] — R such that

sup |g(A) — (M) < e (4.151)
A€[0,1]

Denoting C(t) := A(1 — A)C()A), we estimate

h(t) S AL =) () +€) = (V) + el = A) (4.152)
and

RO 2 AL = N — ) = C() — A1 = A). (4.153)
The monotonicity of the trace in combination with gives

tr h(1rTilr) < tr ((1rTilr) + e tr 1 (1T 1r). (4.154)

Since CN is a polynomial vanishing at 0 and 1, we get by the previous step

. tr h(ll"ﬂll") ~ ~ €
| — 2] I =7 —. 4.1
lei)ilolp llOgl (C) +e ('jl) (C) + 2 ( 55)
Since i i .
1) - 1Q)] = |1 - O] < 5. (4.156)
we thus obtain AL Ty Lr) )
. r rL;ir €
| —— 2 L I(h —. 4.157
PRSP T 0 (h)+ 3 (4.157)
In the same way, (4.153)) implies
. . tr h(lF’Tllp) €
1 f——=>1(h) — —, 4.1
e llogl (h) =22 (4.158)

and since € > 0 was arbitrary, we deduce the validity of (4.148)) for our choice of A in this
step.

Step (iii). h € Ho is continuous and Hélder continuous att =0 and t = 1.
Let g € (0, 1] be the corresponding Holder-exponent, so that

|R(A)] < CAI(1 = N)1 (4.159)
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4. Proof of the first main result

for all A € [0,1]. Let again € > 0 and choose a smooth function ¢ such that 0 < (. < 1
and

)1, Ae[0,e/2] U1 —€/2,1],
Ce(A) = {0, el (4.160)
Putting r := ¢/2, we observe that
(CBYN] < CINL = NP6 < G = AT, (4.161)

whence

1(Cch)(IrTilp)[ly < Ce"[|ls1(ArTilp)[; = Ce"[[1nTidre 3. (4.162)
Theorem implies || 1r7j1rc||d < Cllogl with C = C(q) > 0 independent of I, so we
infer . -
‘ r[(cf )( r+il F)” gCET (4163)
llogl

for all I > 1. On the other hand, the function g, := (1 — (¢)h vanishes in a neighborhood
of 0 and 1 and is consequently differentiable at ¢ = 0 and ¢ = 1. We may thus apply Step
(ii) to g and obtain

tr[ge(1rTi1r)] = llogl I(ge) + o(llogl), asl — oc. (4.164)

Finally,

€ 1
1I(ge) — I(h)| < C/ M- tat+C | N1 -0 dE < Ol (4.165)
0

1—e€
Combining (4.163), (4.164]) and (4.165]) gives
tr[h(lpTllp)]

lim sup Iog!

l—00

- I(h)’ < Ce + Cel < O, (4.166)
and letting € — 0 finishes Step (iii).

Step (iv). h € Hy.

Again assume without loss of generality that h is real-valued. Since h is piecewise contin-
uous and (Holder) continuous at 0 and 1, we find § € (0,1/2) such that h is continuous
on [0,26] U [1 — 26,1]. Then for given € > 0, there exist continuous functions hy, ha € Hy
such that

(1) h = hy = hy on [0,25] U [1 — 26,1,
(2) h1 < h < ha,
(3) [[h1 = hallpr <e

These properties imply that

|I(h1) — I(h)], |I(hy) — I(h)] < Ce. (4.167)
Furthermore, the monotonicity (2) implies
tr by (1rT1r) < trh(1rThlr) < trho(1r7i1r). (4.168)
Finally, by an application of Step (iii) to h; and hg, respectively, we infer
lhliigp W —2I(h)| < Ce. (4.169)

As € > 0 was arbitrary, this finishes the proof of (3.9)) for all h € Hy and consequently, as
discussed before, for all h € H.
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4.5. Proving the general version

4.5. Proving the general version
We are left with proving that Theorem [3.1.3] implies Theorem [3.1.1

Proof of Theorem[3.1.1. For r > 0, consider the unitary transformation
Vi L2(R?) = LA(R?), V,.f(x):=r'/2f(rz). (4.170)
It is straightforward to see that
V\/El[,LL]QPB,le[,L’L}zV\*/‘E = 1[—\/§L,fL}2P1 K pl[ VBLVEBL?" (4.171)

Therefore, by considering the dimensionless parameter | := v/ BL — oo, (3.4) is equivalent
to

1 VB
tr h(l[—l,l]Qpﬁrl[—l,l]Q) = ;h(l)l2 + I(h)il IOgl + 0 s (l logl) (4172)
For now, we abbreviate 5 = 3(k, B) := % Define h: [0,1] — R by
h()\) := h(\) — Ah(1). (4.173)

Then h € H, h(1) = 0 and
tr i’x(l[_lJ]?PBFl[_l,l]?) =tr h(l[—lalPPﬁFl[—lle) — h(l) tr(l[—l,lPPBFI[—l,l]Q)' (4.174)

To compute the trace of 1|_; ;2 Pgrl_; 2, we note that

(@, L2 Porl—i29)2 = (Parli—yape, Porliy2@)e = | Porli_ypel* >0 (4.175)

for any ¢ € L?(R?) and that we may therefore apply the criterion from Proposition m
To that end, let (uy)nen be an orthonormal basis of L?(R?). By definition of Psr, we
calculate

tr(l[fl,lPPﬁFl[fl,l]Q) = Z<un, 1[,[7”2P5F1[,l,l]2un>
neN

— z:/_”zun(ﬂﬂ)/[_”]2 un(y)/ Ui (2)Yr(y) dk dy da
= [ S0 vl = [ el

nGN

= 2dkdr = — k) dk. ,
/[_17”2 BFWLk(x)l T 77/61" fi(k) (4.176)

Here, we used Fubini’s theorem for the third and the fifth equality, Parseval’s identity for
the fourth equality and the function f; defined in below. Note that [, fi(k) dk = 21
and fi(—k) = fi(k) for all £ € R. Furthermore, by definition of I, we have the identity
AT U (—BT) = R. Since BT' N (—AT") consists only of the endpoints of the corresponding
intervals, it has measure zero. Consequently,

L f U filk dk+/ filk dk] 7T/Rfl(k)dk:iz?. (4.177)
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4. Proof of the first main result

Combining (4.174), (4.176) and (4.177), we get
1 ~
trh(1_g2 Parl—y2) = —h()I + tr h(Ly 2 Porlipp)- (4.178)

It thus suffices to prove

VB

tr h(l[_l,l]2pﬁrl[_l7”2) = I(h)—llogl +on (llogl) (4.179)
as | — oo for all h € H with h(1) = 0.

Without loss of generality, we may assume 3 = 1, or equivalently x = v/B. If this is not
the case, we replace all occurrences of I' in the sections below by SI'. This results in all
error terms with a dependence on I' to also depend on (3, which is incorporated in the

0 (llogl) term in (4.179).

The leading order coefficient in (4.179) arises (for the respective polynomials) by putting
together (4.49), resp. (4.50) and (4.71), resp. (4.72)). Introduce the operators

Big:= ) Lpnpoern Tilisn sy (4.180)
ne27
Xi.5 1= 110,851 1m\ 0,551 110,85 (4.181)

analogously to the operators Bl and X; that were defined in (4.12) and (4.48)), respectively.
The leading order term in comes from an apphcatlon of Lemma ( ) witha =1

0 , resulting in the term - ). Similarly for , where an apphcatlon of Lemma
[A.1.1[i) to (4.64) results in (4.65). To obtain the proper coefficients when I is replaced by
BT, we simply apply Lemma (1) with a = 3 instead, from where the almost identical
proof leads to

tr Xig + 0s(1), (4.182)

and
l
tr aJ(Blﬁ) = B -tr {1[0’5}851[0,5])([7]5} + O@(l) (4.183)

for any J € N as [ — oo. Finally, the leading order terms in (4.71) and (4.72)) stem from
Lemma [4.2.11| and the one-dimensional Widom formula (4.76). Since

log 8l = logl +log B = logl + 0p(1) (4.184)
as [ — 0o, the same procedure yields
tr X5 = tra5(Cip) + Os(1) = I(35) logl + og(log 1) (4.185)
and
tr {1[075]551[075])(1{/3} =trea (Cig)+ 05(l) = I(wy)logl+ os(logl) (4.186)
for any J € N as [ — co. Combining (4.182)) with (| and (| with (4.186)) yields

(4.179) for s; and «; for any J € N. ThlS generahzes to all adm1s51ble test functlons just
as in the case 8 = 1. O
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5. Proof of the second main result

The proof of the second main result, Theorem is divided into two sections, Section
and each dedicated to establishing the appropriate lower and upper bounds for

tr\le\[_lvl}sza 1[_u]2 ‘2.

Recall the setting of Definition We additionally set

2 2 f N
Jn _ Jn( ) _ [ an+§n+17 an—i—l]a or n € Ny, (51)
[—2a—p + &, —2a_p—1] form e —N.
Then (J,)nez is the collection of intervals “left out” in I',. Note that I_,, = —J,,—1 and
J_p=—1I,_1 forneN.

If « = 0, we have §, = 1 for all n € N and consequently a, = n for all n € Z. This
means we are in the situation of Theorem which has already been proven, see also
Remark i). For this reason, we assume « € ]0, 1] from now on.

In order to prove Theorem we rewrite the trace as in (4.1)), while observing ({3.11))
for h from ([3.10)). This gives

tr[ gy~ Pro L2 = trlir, Tilrg [ = |10, Tilrg [1&,, (52)

where T; is the operator (4.3) with integral kernel (4.4)).

5.1. Lower bounds

The following lemma proves the lower bound in Theorem for o € 10, 1].

Lemma 5.1.1. Let T, C R be as in Definition|3.2. 1| with o € 10, 1] being the corresponding
decay exponent. Then there exist constants ly = lo(a) = 2 and C' = C(«a) > 0 such that

1
ClV/O=NNogl, if 0<a< =,

||]‘Fa1—‘llra||262 > 1 2 (53)
o, if ;<a<l
foralll = p.
Remark 5.1.2. Let us briefly anticipate the core strategy of the proof: Writing
e Tilrglls = D Zum() (5.4)

(n,m)ezZ?
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5. Proof of the second main result

with
sin®[I(z — y)] —(a—y)?/22 (T 1Y dud
T T B e Y ) dyde,  (59)

it will turn out that the leadmg—order contrlbutlons to the asymptotics of the above double
sum for large [ come from different (n,m) € Z?, depending on «:

For o € |0, 2] these are the terms where the intervals I, and J,, touch, that is, where
n =m or n =m — 1. Each of such pairs of intervals yields a log! contribution, and there
are roughly ll/(lfa) many of them inside [, 1]?.

For a € ]%, 1] however, these pairs of intervals will no longer yield individual contributions
to the sum. Instead, more terms “near the diagonal” (where m and n are close) will
coalesce and give rise to a total contribution of order [?. The integration rectangles in the
first quadrant of the plane are illustrated in Figure
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Figure 5.1.: The areas of integration I,, X J,, in (5.5 where (n,m) € N3. Here we chose
a=1.

Proof of Lemmal[5.1.1l Case o € )0, 3]. According to Remark [5.1.2) H, we estimate the sum
- ) from below by keeping just the terms where m = n € N. We fix n € N and perform
the substitutions

x4+ 2an+Ent1, Y=Y+ 20, + Ent (5.6)

to arrive at

En+1 0 : 2l _ +
Zan(l) = /0 / we—@—yw?ﬁ? <”3 : Y 42, + §n+1> dydz. (5.7)

—&n+1 7T2(.%' - y)2
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5.1. Lower bounds

To simplify the above expression, we start by getting rid of some unnecessary terms. First,
note that there exists a constant C' > 0 such that f; > C1j_;; for each [ > 2. Furthermore,
since (z +y)/2 + &uy1 € [—1/2,3/2] independently of n € N, we have

T+
Ly <2y + 2a, + §n+1> = 1_y2,/2)(2an) = 11—y (4an) (5.8)

for every I > 3. Secondly, the values of e~ (@=9)?/2 are bounded away from 0 uniformly in
n for |z|,|y| € [0,&,+1]. This yields, up to a constant, the expression

l€n y)l
1y (4an) / / sin’ +1) y)2 dy dx (5.9)

as a lower bound for (5.7)). For A > 0, put

// sin” =y )]dyd:v (5.10)

Our aim is therefore to establish lower bounds for the expression

Z 1i_g(4an)g(l&ntr)- (5.11)

neN

By comparison to an integral, we have

an-1 < ap < nl= < 2nle (5.12)
for all n > 1, and thus 1;_; j(4an—1) > 1_;;(8n'~®). Since n < 11/(1=2) /64 implies
8nl= <1, we get

Z L1y (4an)g(l/(n+1)%) = Z Ly g(dan-1)g(l/n%) > Z g(l/n®). (5.13)

neN neN: neN:
n>2 2<ngIt/ (1-a) /64

In order to avoid empty sums, we require [ to be so large such that |[[1/(0=%)/64] > 2.
Note that for n < ll/(l_a)/64 we then have

l

ne

> 64°1' 7T > 8. (5.14)

For such arguments, the function g can be bounded from below by the natural logarithm,
see Lemma, which implies that

el 64°1

o = 1/(1—«
SRS I VIR U F1/0 1) = 1y t0g (o
2<n<It /(=) /64
1
log 8 ifa=-
I 1/0-a ’ 2’
> o5 ! /(1=a) (5.15)

— 1
1_(jlogl, if()<oz<§.

Case o € ]%, 1]. In this case, we estimate the double sum in (5.4]) from below by

DD D () = W W A () = Z Loniv(l).  (5.16)

neN meN: neN:  neN: neN:
n<m<n+n® n>(4l)t/ e« v<n® n>(4l)/« 1/<na/(4l)
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5. Proof of the second main result

For n,v in the given ranges and x € I, y € J,4,, we have

n+v+1
1 v+1 1 n® 1
Y—T < 20n40p4+1 — 20, = Z k—ag CESIC <ﬂ(n+1)a gﬂ. (5.17)
k=n+1

In particular, e=(@=v)?%/2 > ' > 0 for a constant C' > 0 independent of n,v and | > 1
Next, we notice that n + v < n + n® < 2n, which implies

T+ Yy < 2an41 + 20m41 < 4agpy1 (5.18)

T+ T+
72 ( y) > 01[1,”( ! y) > 11y (202011). (5.19)

Combining the previous inequalities, (5.16)) is, up to a constant, bounded from below by

> Lgazen) Y //J s l_ ))]dydw (5.20)

neN: veN: ntv
n>(4l)l/« v<n®/(4l)

and thus

To estimate the remaining double integral, note that (5.17) implies I(z —y) < & <
Using sin(z) > %x for all 0 <z < 7, this leads to

sin? [l(x )] 5 1 1 , 1
dydx > Cl 2> Cl"——. 5.21
/In /Jn+u - ) y x ( + ]-)a (n + v —|— 1)& ’)’LQO‘ ( )

Therefore, we may bound ([5.20) from below further by a constant times

1 1
Z 1[,“](20,2%’_1) Z l2 > (Cl Z 1[,17”(2(12“4_1)”7. (5.22)

neN: veN: neN:
n>(4l)l/e v<n®/(4l) n>(4l)t/«

SJE]

Finally, we distinguish between the cases % < a < 1 and a = 1. In the former case, by

(5.12) we have ag,1 < rn'~® for some r = r(a) > 0, implying that 1[4,1](2a2n+1) >
1i_yy(2rn' =) and hence

1 1 )
oy 1[_57”(2@%1)”—& > > — = CP, (5.23)
neN: neN:
ﬂ>(4l)1/& (4l)l/aéng(l/@r))l/(l—(")

provided that [ is sufficiently large, since 1/(1—a) > 1/a for 3 < a < 1. The same follows
if @« = 1 using the bound ag,+1 < C'log(n). O

5.2. Upper bounds

Lemma 5.2.1. Let o € |0, 1]. There exists a constant C = C(«) > 0 such that

1
C1MV=Nogl, if 0<a< =,
I1rTitrel|%, < 2 (5.24)
) o1
Cl, if 5 <a<l

foralll > 2

56



5.2. Upper bounds

Proof. We recall (5.4]) and (5.5)), i.e.

le ﬂlfc H2 - Z L%‘nm

(n,m)eZ2
/ / sin? l ] (@) /2f2 (x;y) dy dzx (5.25)

and split the sum into different sets of indices: Z? = & U &, U & U &4, where

(n,m)eZ2

& =N, & :={(0,-1)}, & :=(-N)? (5.26)
&1 = ((Ng x =N) U (=N x Ng)) \ &. (5.27)
Y
m e = e m E o
0 O B O IR B |
”‘7‘”‘ "" "’ijl o | "’i”i’ D %1
Jo O &
T AT
Jfl ] &
T o touching
BRI B diagonal
B'E B R
B 755 I b SN I A W
JE S E el = e

Figure 5.2.: The subsets &1,..., 8.

Let us start by estimating the contributions from &j. It s straightforward to see that

inf inf Jr—y| =2 (5.28)
(n,m)€&4 (x,y)ELn X Im
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5. Proof of the second main result

It follows that

_ (271r)2 /Re—f/? dq/Rf,?(Q) dQ < */?21. (5.29)

As to the contributions from &3, we argue that

/ /m sin?[l(x )] o~ (@) /2f2 <w—;—y> dy dx
/ /m sin?[l(x )] o~ (@) /2f2 (:c—é—y) dy dz (5.30)

because f; is an even function, —1I,, = J_,,_1, —J, = I_,—1 — see after (5.1)) — and the
integrand is symmetric under exchanging = and y. Thus it suffices to estimate the terms
where (n,m) € & U &,. These terms include the ones where the corresponding intervals
I, and J,, are close. We further subdivide & U &, into the “diagonal” part

(n,

(n,m)e&;

D :={(n,m)eNd:m=norm=n—1}U{(0,-1)}, (5.31)
the “near the diagonal” part
Ni={(n,m)eNZ:m<n+n*andn <m+m*+1}\ 2, (5.32)
and the “far away from the diagonal” part
A=\ (DUN)={(n,m)eNZ:m>n+n*orn>m+m*+1}. (5.33)

(i) We start with estimating the contributions from ¢/. We claim that in this case, the
distance |z — y| for x € J,, and y € I,, is bounded away from 0 independently of n,m.
Assume first that m > n + n® (which, in particular, implies m > n + 1). Notice that

|z —yl =2 —y = 2am + Emr1 — 200 — Ent1 = 20 — 20041 + Eng1- (5.34)

Let ng = no(a) € N be such that [n{| > 2. It follows for all n,m € N satisfying n > ng
and m > n + n® that

1 1
2am = 2an41 + &1 2 o = ([n%] 1)
N (n+ o ])e
[}
n® 1 1 1 11
>——— = — | =>2-—>0. 5.35
4 (n+nv)« 4<1+nf_a> 4 20 (5-35)
On the other hand, if n < ng, we simply estimte
1
2a1m — 2an41 + &ny1 = En1 > o+ 1) (5.36)
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5.2. Upper bounds

In the case n > m + m® 4+ 1 (which, in particular, implies n > m + 2), instead of ( -,
we have

|z —yl =y —x > 2a, — 2a4m11 = 24y, — 2am42 + 2642, (5.37)

from where we proceed the same way as before. This proves \:L‘ y| = C with C = C(«) >
independent of (n,m) € %3. Combining this again with sin?(z) < 1, we conclude

2
/ / sin lw = 9)] @iz (“y) dy d
(nm)EF3 w @) 2

<c ¥ / /m€<xy>2/2flz (f’i;fy) dydi

(n,m)eFs

< C/R/Re(xy)Q/zle (x;—y) dydx < CI. (5.38)

(ii) Let us now turn to the contributions from 9, i.e. the contributions close to the diagonal.
We first consider the indices (m,n) € @ where m = n, the other case will be treated
similarly. As before for the lower bound, we have to estimate

/ / SlIl } (ziy)2/2f2 T + y dy dw
71'2 (x — ! 2
neNg "

Z /£n+1/ sin® y)] —(z—y)? /2f2 (w ty + 2an, +§n+1) dydx
2

’I’LEN £n+1 )2
£n+1 l
<C Z F(con / / sin? : ))] dy dz, (5.39)
nENO §n+1

where we have estimated the Gaussian via e~ (*~%°/2 < 1 and f1 by writing

_.I_
T Yy 2ap, + &nt1 = 2log(n + 1) + Ty +2(an —log(n +1)) + &nt1 (5.40)

followed by an application of LemmalA.3.1|ii). To estimate the remaining integral in ([5.39)),
we use Lemma [5.2.2(ii) with n = m and get

£n+1 l
/ /5 sin” — ) )] dydz = g;nn < Clog(1l+ l2§g+1). (5.41)
n+1

Combining the above inequalites, we arrive at

Z/ / sm l }e (m_y)2/2fl2 <x+y> d da
2

neNp

<C Y fﬁ(ca,nﬂog(l +1282,)). (5.42)

neNp

Now to the indices (m,n) € & where m =n — 1, i.e. (n,n — 1) for n € Ny. Again using

99



5. Proof of the second main result

Lemma ii), we similarly to before get

Z// sm l.%'— )] _(1, y)/2f2<1'+y>d da
neNg ¥ In JIn—1 —y)? 2

/ / s )] @2/ (“‘y) dy da
Io JJ_1 LL‘ — 2

SV / Sf;(W U)oy (219)

neN y)

< Cfi(0 /10 / ] sin U )yQ)] dy d

+ CZ fl Ca,n / /Jn1 81:2(;(:6;)3/2)] dy dx

neN

= Cfl( )gl,0,0 +C Z fl(ca,n)gl,n,nfl

neN

< CH(0)log(1+1%) + C > filcan) log(1 + 16 i16n), (5.43)
neN

so it is enough to establish an upper bound to (5.42)). To that end, we distinguish the cases
% <a<land 0 < a< % In the former case, we simply use f; < 1 and log(1+ z) < « for
x> 0 to get

> f(can)log (1 + (wi)?a)

neNg

R G e R O )

n€Ng:|n|<it/@—1 n€Np:|n|>1t/a—1
[/ e] -1

< L (i) X e

=1t/ |-1

L1t/e] 9 < 12
<C 1 dr + 17 / —dr + ———
/0 0g < ) x + /e ] 220 T+ |11/ |20

21 /=] 1 o0
ol (@) o)) o ], o o
=0 - x=|11/|

which is in accordance with the lower bound for the diagonal.

We remark that in this case, the function f; did not play a role: the integrability of z~2¢
for all 1/2 < a < 1 resulted in a bound for the second sum that grows like I'/® and
in particular, not faster than /2. However, if 0 < o < 1/2, the aforementioned sum (or
integral) would no longer be finite, so in this case we need to utilize the fact that f

essentially cuts off (up to an error of order e*lz) the sum where n' = > [, or equivalently,
n > (1/(-a)

Assume now that 0 < a < 1/2. Recall that if |z| > 2] and |£] <

|

v =& = fz] = 1€ = = > (5.45)
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5.2. Upper bounds

and thus

l
iz = / o~ =074~/ —~a-%/2 & o /1 a8, (5.46)

— VT

Note that n > (20)/(1=®) guarantees n'~® > 2. Hence

l2
Z fZQ (nl_o‘) log (1 + (n+1)2a>

neNp:
n> (20 1—a)

< Ce P2 log(1 +1%) Z e A

neNp:
n>(20)/ (1)

< Ce " Plog(1+1%) 3 e A < Ce P log(1 + 12). (5.47)

n=1

The main contribution thus comes from the sum with indices n < (21)1/1=%) which again
is estimated in a straightforward way using f; < 1:

l2
Z f12 (’I’Ll_a) log (1 + (7”L—|-1)2a>

neNp:
n<(20)1/(1-a)

[(40) 1/ (=)
< Y log(l+1%) < C1M ) ogl. (5.48)

n=1

For a = 1/2 we can do better: in that case,

> 12 (vn)log (

neNp:
n<4l?

412

) CZlog< Gfl)

<C ( (6!71:) dx + log(6l2)>
<c ({ (1o () + gf“ 4o Gm)
2

= c< 512 log <5Ll2 +5(1%] — 1) <CE (5.49)

This finishes our analysis of the contributions to the sum from <.

Finally we consider the contributions “near the diagonal” from /. By Lemma we

have
sin? l ] —(e—y)2/2p2 (T Y
> /1 / fE\ =5 ) dyda

(n,m)EF2

a,n o, l
< Y e(Cammean)’ g2 <C re )// sin” ]dyd:r (5.50)

(n,m)EF2
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5. Proof of the second main result

Next, we need some appropriate bounds for the integral term. These are provided by
Lemma below, which we will apply next. We first estimate the terms where either n
or m is large, which will turn out to be exponentially small in [ because of the effective
cutoff coming from the function f;. Let us consider the case 0 < a < 1 first. Assume that
n > (40)Y1=%) or m > (41)Y/(1=9) In both cases,

nl=® 4 mi-o 41

— =2l 5.51
Then, by previous calculations and Lemma [5.2.2(1),

-« l1-a 102
9o (M4 m —(nla—ml-ay / / sin®[l(x — y)]
Z A < 2 > ‘ ), Tz —y)? dydr

(n,m)eFa:
> (A1) (100

- Z Z fl < —a +m a) 6_(n17a_m17a)2 dy du

neNp:
n> (4l)1/(1 a)

< Ce 2N TN en (o m /B2t mmITE e/, (5.52)
n=0 m=0

For symmetry reasons, the same bounds holds for the indices where m > (4l)1/ (- 1f
a = 1, a similar calculation shows that if n > e*, we have

.92 -
Z fl (log n + 1) + log(m + 1)) e—(log(n+1)—log(m+1))2 / / SlH2 [l(.%; y2)] dy da
L Js, ™@=y)

2
(n,m)eFa:
n>ell

< Ce P2, (5.53)

and accordingly for the case m > e. It thus remains to treat the indices where n,m <
(4= for 0 < a < 1 and n,m < e* for a = 1.

This time, by applying Lemma [5.2.2(ii), we get

Z —(Cam—cam) f2 <can+cam>// sin? l )] dy di
I’VL m

(n,m)eFa:
n,m<(4l)t/(1-)
(o —Com)? P&ni1€mat
(n,m)eFa: L

n,m<(4)1/ (=)

We now further distinguish the casesn <m <n+n®and m+1<n<m+m®+1. In
the former case, the task is to estimate

2
~(can—cam)® Péni1&mir
Z Z e log (1 + i+ ldn,m)z

n€eNp: meNp:
n<(4l)/ A=) n<m<ntn®
m<(4l)1/(1=e)

l2€n+l£m+l
S L X Tt (559
neNp: meNp: ’
n<(41)t/(1=e) n<m<n+n®
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5.2. Upper bounds

To get a bound on the double sum in (5.55)), we will estimate d,, ,,, in an appropriate way.
Note that for n < m < n + n%, we have
1 1 1 1 1

< =2¢ < 2¢ <20 —mr—. 5.56
(m+1)> " (n+1)2 (n+n+2) (n+n>+ 1) (m+ 1)« (5.56)

We also have

dn,m = 20y, — 2a, + gm—&—l - £n+1

— D — 2aps1 + Emit + Enir = 2am — 2ans1 + Ensr = 0. (5.57)
Hence
Péni1€mi 5
(It ldnm)® = () 4 1)20 (141 (2am — 241 + m))z
1

) 5 (5.58)
((n+1) +1+ M+, ki”‘)

where we interpret the sum to be 0 if m = n+ 1. We estimate the denominator further by

(n+1)* 1 _n® (n+ 1)«
f—f—l—i- 7’L+ E ?/T l—i-T(m—n—l)
n® 1
T+1+2a( —n—l). (5.59)

Thus, for (5.55)) we get the bound

Z Z l2§n+1€m+1

2
neNp: meNg: (1 - ldn’m>
n<(4l)t/ (1—e) n<m<n+n®

1
< XX
h o 1 2
neNg: meNg: (nT +1+sa(m—n— 1))
n<(4)t/ (1=) n<m<n+n®

2 2
neNp: veNp: +1+ 2‘1 )
n< (4[)1/(1 a) 0<rn®

N

. (5.60)

If n = 0, the inner sum only consists of the v = 0 term, which is just equal to 1. For n > 1
and v > 1, we can compare the inner sum to an integral to obtain an appropriate bound.
Indeed,

Znall Z/yn da

a 2
veNg: (T +1+ 2aV veNp: +1+ 20‘ )
1<v<n® 1<v<n®
[n*] 1
</ @ 1 2 dx
0 (" +1+4551)

[ne] .
= — LZJ . (5.61)
o (F 1) (1

)

204
N
T4 g
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5. Proof of the second main result

The last term will be estimated depending on «a. If o < %,

[0 o
<o (5.62)
(5 +1) (o7 + 1+ 152

and thus

reNp: + 1+ 20‘ )2
(4[)1/(1 a) 0<V<n

P ET o

2
neN: veNp: + 1+ 2“ )
n<(45)1/(17a) 1<v<<n®
< D) @+ <ot/ (5.63)

neN:
n<(4l)t/A-a)

Ifa> %, then

. LZ(XJ __< zaia, (5.64)
(Frn(Frieid)

so that this time

2. 2

2
veNp: + 1 + 20‘ )
(41)1/(1 a) O<r<n®

P E=p S

2
neN: veng: (o 14 5ev)
n<(4l)1/(—a) 1<v<n®
1 2
<@+29 Y — <CP. (5.65)
neN:

n<(4l)1/ (1)

This finishes the estimation of the contributions from %, and thereby the proof. O

Lemma 5.2.2. Letl > 1 and n,m € Ny and put

G = /I /m sin )] dy da. (5.66)

(1) If m # n and m # n — 1, we have g ,m < C independent of ,n,m.

Then:

(ii) Putting

2a,, — 2a, + — ) >n,
d, = Am, an, §m+1 €n+1 me n (5.67)
’ 2ap, — 20y — 2m 41 if m<n,
we have 2
Ginm < Clog (1 + M) . (5.68)
n,m
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5.2. Upper bounds

Proof. (i) We estimate the enumerator of the integrand using [sin(z)| < 1. Furthermore,
the distance between I,, and J,, must be at least

max{&n11 + Ent2, Smr1 + Emya} = 2max{&ny2, {myial,

(5.69)
SO
L — Y| z £4MAX\Gn+2; Sm+2 .
| | > 2max{&n+2, §mta} (5.70)
for all x € I,, y € Jn. If m > n, we therefore have
1 2
lnm S 02/ / dxdy = C§m+21€n+1 < ng—H, (5.71)
n+2 JIn JJIm n+2 fn—i—2
while if n < m — 1 we get similarly
2
Jin,m < C ZH_I- (572)
m—+2

Clearly, this expression is bounded by a constant for our respective sequences &, =
n % 0<a<l.

(ii) We first note that for general real numbers a < b < ¢ < d we have
b pd b d
1 1
l2// — 5 d d:v:l/ [—] dx
a Jc (1+l(y_$))2 Y a 1+l( ) =c
b 1 b

y—x
—l/ dw—l/ ;dx
Jo 1+1(c—x) o 1H+1U(d—2x)

= — [log(l + l(c — y))]g + [log(l + l(d - y))]z
B (1+1l(c—a))(1+1(d-0))
=05 (T oo+ 1= o))

B 2(b—a)(d—c) 2(b—a)(d—c)
=tos (1+ i S pia=a) <o (U e e) . 6

Now applying inequality (A.36) to g m and combining with the above, we obtain for

m>n

9 2an+£n+1 2am+2£'m+1 1
Ginm < Cl / / —— dydx
o 2an 2am+Em+1 (1+l|fL‘—y|)2
< Clog <1 + Poriibmi 2) : (5.74)
(1 +1(2am — 2an + &mt1 — nt1))
and similarly for m < n. O
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A. Auxiliary estimates

A.1. Properties of the function f

Lemma A.1.1. The function f; given by (4.5) has the following properties.
(i) Letl,a >0, NeNand Q; R for j=1,...,N. Then
N 21
S I (@) +an) = o (A1)
neZ j=1

where the error term R = R(N,Q1,...,QnN,l, ) satisfies

N
IRI<C 14 ]Qjl (A.2)
j=1

for some constant C > 0 depending only on N and .

(ii) For every q € ]0,1] and r > 0, there exists a constant C = C(q,r) > 0 such that for
all>1,

Z( sup fl(w)> < Ol (A.3)
nez

wEBy(n)

Furthermore, for every positive integer k € N and q,r > 0, there exists a constant
C =C(k,q,r) > 0 such that for all ] > 1,

q
> ( sup [f," <w>|> <cC. (A4)
nez \WEBr(n)
(iii) For every q € |0, 1] there exists a constant C = C(q) > 0 such that for alll > 1 we
have
n+1 q
> ([ 18w - 1g@ia) <c (A5)
nezZ "
and

> </nn+1 /R eV filz +y) — Ly (e +y)| dy dm)q <C. (A.6)

nez

Proof. (i) We start by replacing f; by the indicator function [y, at the cost of an error
term which is uniformly bounded in [. In fact, we infer from a telescoping sum argument,
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A. Auxiliary estimates

see , and 0 < fi, 1y <1 that

N

N N
1] /@ +=) - H (@i + )| <D AQ + 7) — Ly (@) + )] - (A7)

j=1 j=1 j=1

for every z € R. A proof similar to the one of (A.5) shows the existence of a constant
C = C(N,«) > 0 such that for all [ > 1

N
SN TAQ) + an) = 1(Q; + an)| < C. (A.8)

j=1nez

In fact, we show that there exists a constant C' > 0 such that

supZ\fl z+an) =1z +an)| <C. (A.9)
‘TERnGZ

To see this, fix x € R and split the sum according to indices where x+an > [, z+an < —I
and —! < x + an < [. In the first case

Z ’fl($+an)—1[ll]x+an = Z / —(z+an—¢)? jé;

nez: nez: -
z+an>l r4+an>l

gﬁ Z ef(z+omfl)2/2

nez:
z+an>l

<V2 Y ez (A.10)

neNp

The other cases work similarly. Thus (A.8]) follows and we have

ZHfl (Qj + an) ZHl[ (@) +an) + Ry (A.11)

neZ j=1 neZ j=1

with Ry = R1(N,Q1,...Qn,l, «) satisfying |R1| < C with a constant only depending on
N and a. For the product of the indicator functions, by Lemma below we have the

formula
N

H1 (@i +2) =1y 16,1 0)(®) = L Quin -~ Quaxl» (A.12)
]:

with Qmin == minlSjSN Qj7 Qmax = maxigj<N Qmax- This implies

N
Z H 1[fl,l}(Qj + CVTL) = #{n €Z:—l—Quin<an<l— Qmax}

nezZ j=1

= # <Z N |:—l - lQmina i - 1Qmax]> . (Al?’)
(87 (6% (87

«

Clearly, this number is zero, if the right limit of the interval is smaller than the left one,
that is, if
Q = Qmax - Qmin > 21. (A14)
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A.1. Properties of the function fj

On the other hand, if the interval in (A.13)) is non-empty, i.e. if Q <2, (A.13]) equals the
length of the interval plus an error in [—1, 1]. Taken together, there must exist a number

R2 = RQ(Ql, .. .,QN,Z,Oé) with |R2| < 1 such that

21 N
> H Lp(Qj +an) = ( - *Q + R2> 1jo,21 (@) (A.15)
neZ j=1
By putting R
2 .0 ) )
R:= R + El]Zl,oo[(Q) ~ 55 1021 (Q) + Raljp 9 (Q), (A.16)

we arrive at the desired identity (A.l) by combining (A.11)) with (A.15). The estimate

(A.2)) follows from

0w o
2 et @) < L@ < ¥ (A7)
and
. N
Q <2 max |Qif < 22|le- (A.18)
=

(ii) Proof of (A.3). We note that for every |z| > 2l and || < [, we have |z — &| >
|z|/2 + |z|/2 — |€] > |x|/2 and, hence,

! d¢ 20 [ 2/ dE 2
fiw) = / @622 @022 & a?/s / @92 5 o\ f5em?/5 (A19
o=/ NG L NG (4.19)

Now, we fix » > 0 and let ng € N be the smallest number such that ng > 2I + r. Then
if w € By(n), we have |w| > |n| — |w —n| > 2 for all n € Z with |n| > ng and thus the
validity of for x = w. For |n| < ng and w € B,(n) we simply estimate f;(w) < 1.
In summary, we get

q q
(L ) = 5 (e 0]+ 2 (L a0)

In|<no \n|>n0
<20+ V2 Y e t=YE <y (A.20)
neZ:
In|=no

where we used that ng < 2] + r + 1 and obtain a constant C' > 0 depending on ¢, r

Proof of (A.4). Fix k € N. By differentiating under the integral sign, we observe that for
each z € R

1) = 1 [ L g D [5k_1 (w£)1

l

-1 8§k6 NG afkfle e=—1
= (:/1; [H,H(x +0)e @D _H,(z — l)e_(x_l)z] (A.21)
with Hy being the k-th Hermite polynomial , whence
@) < \; (IHk-1 (@ + Dle™ D 4 |Hy o (2 — 1)]e”e07)
<C (@2 4 mel?2) (A.22)
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for a constant C' > 0 depending only on k. We conclude

q
Z( sup ’fz(k (w) ) <CZ< sup (e (wtn+1)?/2 | o—(w+n—1) /2))
neZ

wEBr(n) nez \WEl-rr|
<C Z (efq(H") 4 efq("*l)2/4> < C. (A.23)
nez

Here we have used Lemma i)and (a+b)2 < a?+b?forall a,b>0and 0 <g<1
in the penultimate step, and the final constant C' > 0 depends on k, g and r.

(iii) Proof of (A.5)). We start with those integers n € Z of the sum where n > [, so that
Ly (x) = 0 for x € [n,n + 1]. We can then estimate

n+1 (e dE
Z L )

n+ q
< Z e </ / e‘“—&)”ffdﬂ”) <202 3 e (A2)
n -1 ™

nezZ:n>l neNg

The case n < —I — 1 is completely analogous. If 0 < n <1 — 1, then = € [n,n + 1] ensures
1y (7) = 1. Hence

) (/”Hrfl@:) —udx)q

0<n<i-1

( /n+1 / e 4 )
o<1 R\[-L VT
n+1 df q
< o—a(-n—1)2/2 / / o022 9E
Z n R\[—1,]] VT

o<n<i—1

<202 N a2, (A.25)

neNp

The case — < n < 0 is again trated analogously. Finally, the two remaining terms of the
n-series are uniformly bounded in [ because |fi(z) — 1j_;;(z)| < 2.

Proof of (A.6]). For a fixed n € Z, we perform the substitutions x — z+n and y — y—z—n,
so that term to be estimated becomes

</01/R€—(y—n—m>2|fz(y) - 1[_l’l](y)|dyd$>q_ (A.26)

Next, we split the y-integration into the regions where |y| > [ and |y| < [, respectively.
Using the subadditivity (a + b)? < a? + b? for all a,b > 0 and Lemma ( ), we obtain

1 q
</ / 6_(y—n—x)2‘fl(y) — 1[_l,l] (y)’ dy dx)
0 JR

q 1 q
<c ( /R ) dy> e ( / Oy dy d:c) (A.27)
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with fi(y) = fR\HJ} e—(y—£)2%' We first estimate the left term (apart from the g-th
power) as

[ g
R\[-1,]]

2 12 2 ! 2 2 dg
< / o= (=)2/2,~(lyl-1)?/ / e—w—622 & 4
R\[~1,]] —1

NG
o0 0
< \/i/ e*(y+l*n)2/2€*y2/2 dy + \@/ ef(yflfn)2/267y2/2 dy
0 —00
<V (en (L (A.28)

where in the last line we have used the convolution identity

T _abe?
)(z) = P atb . a,b> 0. (A.29)

2

(e_a’( : )2 * e_b( : )

Taking ¢-th powers, using again the subadditivity (a + b)? < a? + b? and summing over
n € Z yields

q
- ( /R - e W21 (y) dy) < (@2m?y (e*q(”*m/‘l +e*q("+”2/4) < 0, (A.30)
h nez

nez

with a constant C' = C(g) > 0. The second term in (A.27) can be bounded in a similar
fashion:

l
/ /2 4) dy
-1

l
(el e e d¢
< o€l Z>2/2/ e~ /2~ w=0%/2 gy, %
/\[—ll VT

] -
1 / —(el-02/2 (,~()2/2 4 —~()2/2
< — e e xe n—§&)d¢
VT R\, < ) ( )

_ / e—(61-02 /2 ~(E=n)/4 g¢. (A.31)
R\[-1,]]
from where we are in an almost identical situation as in (A.28]). O

Lemma A.1.2. For N e N, let Q1,...,Qn € R. Then
N
=1 - Q1= Q] = [~ — Quuin, | — Qumas] (A.32)
j=1

with Qmin := Mini<j<n @, Qmax = Maxi1<j<N Qmax, where we put [a,b] := 0 for a > b.

Proof. 1t is clear that the intersection is empty if Qumax — Qmin > 2{. If not, we get

[l —Q1,l — Q1] N[l — Q2,l — Q2] = [max{—l — Q1, -l — Q2},min{l — Q1,1 — Q2}]
= [—l + max{—Ql, —QQ}, l + min{—Ql, —QQ}]
= [—l — min{Ql, QQ},Z - max{Ql, QQ}], (A33)
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and therefore

[l —Qu,l =N [l = Q2,1 — Q2] N[l — Q3,1 — Q3]
[l —min{Q1, Q2},1 — max{Q1,Q2}] N [~ — Q3,1 — Q3]

= [max{—l — min{Q1, Q2}, -l — @3}, min{l — max{Q1,Q2},! — Q3}]

[_l - min{le Q27 Q3}7l - maX{Ql? Q27 Q?’}]

The desired formula follows inductively.

A.2. Useful estimates involving the sinc function

In the following, we will use the usual convention sin(0)/0 := 1.

Lemma A.2.1. Let f: R — R be defined by

sinx
fla) =
For each x € R and k € Ny, we have
3
(k) ‘ <
‘f (z) 14 |z|

Proof. First we observe that we may write f(x) = fol cos(xt) dt, so that

1
) (2) —/ t* cos® (xt) dt
0

for arbitrary € R and k& € Ny. Consequently,

1
1
(k) ‘g/tkdt:<1
‘f () ) k1

On the other hand, for x # 0 and k£ > 1, an integration by parts in (A.37) shows

(k—1) 1 (k—1)
£0 () = cos (x) / Joh—1 608 (x) .
€T 0 x

from which we deduce that

1 ko[t 2
‘f(k)(x)’ <— 4 — [ tFlar= =
lz| x| Jo ||

Clearly, this also holds for £ = 0. Combining (A.38]) and (A.40)), we obtain

2 3
) (2)| < mi i

as desired.
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A.3. Further auxiliary estimates

Lemma A.2.2. Forl>1 and x,y € R, let

g(x,y) = we—(x—y)Z/(4l2) [fl (x;;y) s (?‘)] (A.42)

with the usual convention sin(0)/0 := 1. Then, for all s € Ny, there is a constant C =

C(s) > 0 such that

0* 1 2 (012 o
<ot ey
’8$Sgl(x’y)‘ \C1+’x_y|e =

Lo (rty ™) <~’C>
— - =). A4
Proof. By the product rule, the derivative % g1(x,y) equals

5 [aa:a sinaffl?_—y )] [3855 (xy)2/(412)] [ <fl <x+y> 4 (:;)ﬂ (A4

(a,8,7)ENG
a+B+y=s

Using the chain rule, we obtain

86 2 2 Xr — 2 2
07 ey _ L Y\ ~(a—y)?/(42) Ad
928 °¢ (2l) 5( 2 >e (A.45)

in terms of the Hermite polynomial Hg of order 3 (see (2.17)), so that

< e /) qup H s (2)e 2] < Cem @R/ (A 46)
(206 z€R

where C' only depends on 3. Combining (|A.44) with ( and inequality (A.36) - ) for the

derivatives of the sine kernel yields
0° 1 N2 (a2 1 T4y x
<O— ~—  ~(y?/@]) § : (7) ™)
’axsgl(:"y)‘ s¢ ¢ @ 2 n l (z)

a’B 2 2
Y (z—y)?/4?)
Bxﬁe Y <

1+ |z —y =
1 2 | 1 T —|—
e C 2 ) RV 1)) 2 (TTY (™)
v=0
with C' > 0 depending only on s. O

A.3. Further auxiliary estimates

Lemma A.3.1. Letr > 0. Then:

(i) There exists a constant C = C(r) > 0 such that for every x,y € R with |z| < r we

have , ,
e @ L CeV /2, (A.48)

(ii) There exists a constant C' = C(r) > 0 such that for every l > 0 and every x,y € R
with |z| < r we have

file +y) < Cfi(y/2). (A.49)
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Proof. (i) As |x| < r, we have for every y € R
e~ @9 oV 2l oV 2yl ¢ Y/
with C = 2 by completing the square in the exponential.

(ii) We use part (i) with the constant from (A.50)) to estimate

l
fl(m + y) < 2627"2/ e*(f*y)2/4 ﬁ < 2827‘2fl(y/2)7
-1

VT

which is the desired inequality.

Lemma A.3.2. Let g be the function defined in (5.10). Then
1
g(A) = 1 log A

forall A > 8

Proof. We start by substituting x — z/\, y — y/A and obtain

/ / sin? dac dy.

A straightforward integration by parts shows

/0 si’(e —y) {‘WE_J / 2sin(z — y) cos(z — y)

_ (LU—y)Q xr — - r—Yy
:ﬁﬁy_$¥@+AXﬁ/om@@_y”M.
y y+A -\ Ty

In view of conducting the y-integration, we calculate

2)
/ / sin[2 d:r dy =L / / sin(x diL‘ dy
22 Ty
2\ 22 2% 2X
//Sm“yd dy = ~ / / / @R g dz dy
r+y

1 2iM\k
e 1)2 sin? Ak 9k
=l gp= [ ER ATk gy
/ (22k)2 /_1 k2 €

1
_ / sin? )\k cos(2A) dk—/ cos(2/\k2))cos(2)\k) dk
0 k
Ae 3 4k
/ 2cos( )dk
0

A A
cos( 2k: 1 1 — cos(4k)
dkz — | ——————>dk
(A +2A )

A1— (4k)
/ cos( kdk‘)O.
A/2

I
>~

I
>

N’\y
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For y > 0, let Ci denote the cosine integral, that is,

r t—1 t
Ci(z) :=v +logx —I—/ % dt = —/ % dt. (A.56)
0 T

Here, v > % denotes the Euler-Mascheroni constant. One easily checks that the function
given by

F:(0,0) >R, F(y):= % (logy — Ci(2y)) (A.57)

satisfies F'(y) = sin?(y)/y. Furthermore, for y > 0 we calculate

Fle-+y) ~ F(e) = 5 (los(e +y) — Ci(2(c +9)) ~ loge + Ci(26))
2 cost —
;( (e+y)— (2(6+y))+7+log2+/0 71 1dt>
0~ (log(29) — Ci(2y) + 7). (A58)

Thus, integrating (A.54)) with respect to y and using inequality (A.55]) yields

A in2 2
g(A)}/ sin“y  sin®(y +A) dy
o Y y+A

= F(\) = F(2\) + lim(F(e + )) = F(e))

1 1
=3 (log A — Ci(2X) — log(2X) + Ci(4\)) + 3 (log(2)) — Ci(2)) + )
1 1
=~ Ci(2)) + 5 Ci(4)) + 5 log A + % (A.59)
Now |Ci(z)| < 3 for each z > 1, so that
1 1 1 1 1 1 11
> - -4 — == e > ,
g(A) = 5 4+2log)\+4 4log)\+4log)\ 2/410g/\ (A.60)
for all A > 2. Since e? < 8, this establishes the claimed inequality. O

Lemma A.3.3. Let I, J,, be the intervals defined in (3.13) and (5.1)), respectively. For
n € Ng, put

11—« ; 1
i n z'f0<a< ) (A.61)
log(n+1) ifa=1.
Then, for alln,m € Ny and x € I,y € J,,,, we have
6_(w_y)2/2 < Ce—(Ca,n—Ca,m)Q (A..62)
and
rT+y Can T Cam
ﬁ( )<Cﬁ<jz>. (A.63)

Proof. Straightforward bounds comparing sums to integrals show that, for & = 1 and each
m € N we have
log(m + 1) < ay, < 1+ log(m), (A.64)
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so that for all m € Ny,
0<aym—log(m+1) <1 (A.65)

On the other hand, for 0 < o« < 1 we obtain

(A1) = 1) Cap € (' = 1) 41, (A-66)

11—« 11—«

so that

1

0
< 11—«

(1+m™ - (14+m)) < (A.67)

With these bounds we aim to replace a,, and a, by their respective asymptotic expressions.
We start with the case « = 1. For n,m € Ny and z € I,,, y € J,, we write

z—y=2log(n+1) —2log(m+ 1) + Cp, ., (A.68)
where C, , = (x — 2log(n + 1)) + (2log(m + 1) — y). We can now estimate

|Crm| < & = 2log(n + 1) + [y — 2log(m + 1)]

(

<

<z —2ap| + [2an, — 2log(n 4+ 1)| + |y — 2am| + [2am + 2log(m + 1)
<& +2+26,01+2<T. (A.69)

On the other hand, if a =1,

2
T-y= a(nlfa —m) + Cym (A.70)
with
2 -« 2 -«
Cpnm = T " + —am ) (A.71)
Similarly to before,
2 2
ot <o 2oy 2
' — l1-«a
2
< ]a:—2an|+‘ n'=* - 2a, +]y—2aml+‘m1°‘—2am‘
l1-«a l1-—o
<34 (A.72)
= 1—a’ ’

We use Lemma [A.3.1)(i) and 1/(1 — «) > 1 for 0 < o < 1 to deduce that

2 Ce~(og(nt)—log(m+1))* ¢ — 1
e~ (@Y)?/2 e e (A.73)
Ce~ (W7 0—m™9) if0<a<l,
where the constants may depend on a. Equivalently,

e~ a0/2 ¢ Cemlenn—can). (A.74)

By a similar argument employing Lemma [A.3.1{(ii), we find
77 (x : y) <Cp? (C‘”” : C“””) . (A.75)
O
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B. Entanglement entropy

In this appendix, we give the precise mathematical definition of bipartite spatial entan-
glement entropy of a many-body quantum state and derive the convenient formula ({B.50))
for the case of the ground state of a non-interacting Fermi gas, which makes it possible to
express the corresponding entanglement entropy in terms of the underlying single-particle
Hamiltonian.

We assume all occuring Hilbert spaces to be separable.

B.1. Tensor products

B.1.1. Definition

We recall here the most important facts about the tensor product of Hilbert spaces. For
proofs and further properties, see |[Aral8, Chapter 2] and [RS80, Chapter I1.2].

Given two Hilbert spaces %, #5, the tensor product 7, ® 5 of #1 and 5 is a Hilbert
space together with a bilinear map

QX Ho — IR o, (B.1)
such that the inner products satisfy
(u1 ® uz,v1 ® v2) 09, = (U1, V1) (U2, V2) 7, (B.2)

for each uy,v1 € 74, ug,vo € 5 and such that

P ARSED, :Span{u1®uz Tul € A1, uz 67/2}, (B.S)

where the closure is taken with respect to the norm induced by the inner product on
1 ® 5. The elements u; ® ug € # ® o are called pure tensors.

The tensor product is unique in the following sense: If #; & % is another tensor product
satisfying the above conditions, then the map u; R ug — up @ us extends to an isometric
isomorphism.

If Ay and As are two bounded linear operators on #7 and 75, respectively, there exists a
unique tensor product operator A1 ® As on 1 ® 5> that acts on pure tensors uq ® ug €
R Ho as

Al ® Ag(ul & 'LLQ) = (Alul) & (AQUQ). (B4)

The above construction for the tensor product of two Hilbert spaces can be extended
naturally to the tensor product ®;V:1?{3 of N € N Hilbert spaces with N > 3, and
similarly for the tensor product of operators.
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B. Entanglement entropy
B.1.2. Anti-symmetric tensor products

Physically, the N-fold tensor product is used to describe a system of N particles. To
describe a system of indistinguishable particles, one uses either the symmetric (for bosons)
or the anti-symmetric (for fermions) tensor product. This thesis is concerned with fermion
systems, so we introduce only the anti-symmetric tensor product.

Let N € N, & be a Hilbert space and ®§V:1 Z the N-fold tensor product of # with itself.
Let Sy denote the symmetric group, i.e. the set of permutations of {1,..., N}. For each
o € Sy, there exists a unique unitary map

N N
Us: Q& — R (B.5)
j=1 j=1

that acts on pure tensors u; ® --- @ uy € ®;V:1 Z as
Ua(u1®--~®uN) = Ug(1) @+ D Ug(N)- (Bﬁ)

Clearly, it satisfies Uofl = U} = U,-1 and U,U; = U, for all 0,7 € Sy. We define the

anti-symmetrization operator Ay on ®§V:1 Z by

Ay = % 3 sen(o)U. (B.7)

geSN

The N-fold anti-symmetric tensor product of Z with itself is defined by

N N
N7 :=An Q| . (B.8)
j=1 J=1
We define the ezterior product or Slater determinant of vectors ¢, ..., 9N € # as
N
YA LAYy =VNIAN(h ® .. eyy) e \ . (B.9)
j=1

The Slater determinant has the important property that

¢0(1) A .../\¢U(N) :sgn(o)wl A ANYN (B.lO)

for any o € Sy and that ¢ A ... Ay = 0 whenever ¢; = 1); for some i # j (see |[Aral8,
Theorem 2.9(v) and Proposition 2.10] for proofs). We will later also need the following

Lemma B.1.1. Assume that ¢1,...,9oN is an orthonormal family in # and put & =
span{pi,...,on}t. If ¥1,...,00n € € is another orthonormal family spanning €, there
exists « € R such that

1/)1/\.../\¢N:€ia(p1/\.../\g0]v. (B.11)

Proof. Let U = (Uj)1<jk<n € CV*Y be the corresponding unitary transition matrix, i.e.

N
Vi =Y Ujkpr (B.12)
k=1
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for each j = 1,..., N. By definition of the Slater determinant,

N N
<Z U1k80k> AR (Z UNWk)
k=1 k=1

= Z Ulkl“'UNkNSDkl/\-u/\(PkN
ke{l,..,N}V

YL A AYN

= Z Uio1) " UNo(N)Po(1) N - - A\ Po()

=detU-p1 A... ANpN.

where we used that pp, A...Apy, = 0if k; = k; for some 4, j for the third equality, (B.10)
for the penultimate and the Leibniz formula for the determinant for the last equality. Since
|det U| = 1, the claim follows. O

B.2. Partial traces

B.2.1. Definition of the partial trace

For a given unit vector f € %, define an operator ®(f) by its action on pure tensors by

O(f)(u®v) = (f,v)u. (B.13)

Since ||®(f)]| = 1, ®(f) can be extended to a bounded linear map ®(f): 71 @ Ho — H.
Its adjoint is given by

(I)*(f)i H — R K, <I>*(f)u =u® f. (B.14)

Lemma B.2.1. For any trace-class operator T: 71 @ o — 1 Q@ H> and unit vector
f € %, the operator ®(f)T®(f)*: 1 — 1 is trace-class.

Proof. Let (on)neN, (¥n)nen be some arbitrary orthonormal families in %#7. By definition,

D Hom ®NTR(f) ) =D [(pn ® [, Tbn @ f)]. (B.15)

neN neN
Note that (¢n ® f)nen, (¥n @ f)nen constitute orthonormal families in #) ® %5, so the
claim follows from Proposition [2.2.1](1). O

Proposition B.2.2 (Partial trace). Let #, %> be two Hilbert spaces, # = H1 @ > and
T: X — X a trace-class operator. For every orthonormal basis (fp)nen of #a, the series

o (T) = Y D(fu) TP (fn)* (B.16)

neN
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converges in trace norm to some trace-class operator on 1, which is independent of the
choice of the orthonormal basis (fn)nen- It is the unique operator on &1(%1) satisfying

tr(T(B ®ids,)) = tr(trs, (T)B) (B.17)

for all B € B(H1), where B(H1) denotes the space of bounded operators on . We call
trog, (T') the partial trace of T

Proof. We start with proving the uniqueness assertion. Assume &(T),&(T') are two op-
erators on &1(%#7) satisfying (B.17). In particular, by linearity of the usual trace, this
implies

tr((§(T) — €(T))B) =0 (B.18)
for all B € %(#) and in particular for all compact operators B on #. By [BS87, Theorem

11.2.11], the map S +— tr(S-) is an isometric isomorphism from &; to &, where &}
denotes the dual of the space of compact operators. It follows that £(T") — &'(T) = 0.

By the previous lemma, for each n € N, the operator ®(f,)T®(f,)* is trace class and
there exist orthonormal families (¢pn m)meN, (¥n,m)men in 1 such that

(f)TR(f) "l = D Ky B(F)T(f) Wom)]

meN

= [{Pnm @ fo, Tonm ® fa) -

meN

The families (©nm @ fr)nmeN, (Vnm @ fn)nmen are orthonormal in 7 ® #> and T is
trace-class, so it follows that

Z [2(fr)TR(fn)"[l; = Z (nm ® fr, Thnm @ fa)| < [|T11 < o0 (B.19)

neN n,meN

Since &7 is complete, implies convergence of to some trace-class operator
on 7. Next, we prove that it satisfies (B.17)). Let B € 9(J:). To that end, let (g, )nen be
some orthonormal basis of #7. Then (gm ® fn)n,men is an orthonormal basis of %1 @ 7>
(see [Aral8, Proposition 2.1(iii)]) and thus, by definition of the trace,

(T(B®idm,) = Y (g @ fo, T(B @ idss) (gm © fn))

n,meN
= Z <gm ® fnyT(Bgm ® fn)>
n,meN
= > (G ®(£2)T(f2)" Bgim)
n,meN
=y <gm, > (I)(fn)TCD(fn)*Bgm> = tr (treg, (T)B) , (B.20)
meN neN

showing (B.17)). As we showed in the beginning, there is at most one map with this
property, so in particular (B.16)) must be independent of the chosen orthonormal basis.
This finishes the proof. O
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B.2.2. Some properties of the partial trace

Proposition B.2.3 (Properties of the partial trace). The partial trace has the following
properties.

(i) The map
tryy, : 61(%1 X %2) — 61(%1) (B.Ql)

18 linear and continuous with respect to the trace norm.
(i) T > 0 implies troe, T > 0.
(iii) If T =Ty ®@ Ty for some trace class operators Ty, Ts, we have trge, T = T} tr T5.
() tr(trge, T) = trT.
(v) If T = (1 @2, - )p1 ® 2 for some Y1 @ o, 1 @ 2 € 1 @ Ha, then
sy (T) = Y (fr 02) (fnr 02) (W01, o1 (B.22)

neN

for any orthonormal basis (fn)nen of #o.

Proof. (i) Linearity is clear. Since

[erse, Tlly < Y N@F)TR(S) Ny < I3, (B.23)
neN

continuity follows from (B.19).
(ii) Let ¢ € 1. Then

(@ trm To) = > (0, @(f)TR(f0)"0) = > (¢ & [, To @ fn) 20 (B.24)
neN neN

by the positivity of T'.
(iii) For ¢ € 2, we have

tro (11 @ Ta)p = Z P(fu)(Th @ T2) (¢ @ fn)

neN

= Z Q(fn)(Trp @ To fp)
neN

- Z(fn, Tof)Tip = Thptr Ts. (B.25)
neN

(iv) Follows from (B.17)) by choosing B = idg, .
(v) By definition,
oy (1) = Y _(D(fn)t1 @ 2, YO(fn) b1 @ 3

neN
= > (Fas2)tbr, ) Fnrp2dor = > (Fur 2} (fr 02) (W01, )1, (B.26)
neN neN
finishing the proof. O
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B. Entanglement entropy

B.3. Fermionic Fock space

B.3.1. Definition

For a sequence (#;,)nen, of Hilbert spaces, the set

P . = (Un)nen, : Un € #, for each n € No, > [[T,|* < 00 (B.27)

neNp neNg

equipped with the inner product

(U, ®) = > (U, ), ¥, e P % (B.28)
n=0 neNp

is a Hilbert space, called infinite direct sum Hilbert space.

Definition B.3.1 (Fermionic Fock space). Let # be a Hilbert space. The fermionic or
anti-symmetric Fock space associated to # is defined by

Fo() = P /n\ I, (B.29)

neNg 7=1

where we set /\?:1 x = C.

B.3.2. Vacuum vector, creation operator and further definitions

We define the vacuum vector by
Qw = (1,0,0,...) € Fu(X). (B.30)
For a given f € #, the fermionic creation operator a*(f) on F, (%) is defined by
(@ ()W) =0, (@ (F)W)n i= VA (f & Wy 1) (B.31)

for each ¥ in the domain

D(a*(f)) := {(‘Iln)neNo € Fo() : Y nl|An(f © Vn1)|® < 00} : (B.32)

neN

It is straightforward to see that for ¢1,...,ony € #Z and p > 1, we have

(@ (p1) - a™(pn)Qa)p = OnpP1 A A Pn. (B.33)

With a slight abuse of notation, we just write a*(y1) - - a*(¥n)Qw = dnpp1 A ... A @p.

Lemma B.3.2. Let (¢n)nen be an orthonormal basis of # . Then
{Qo,a" (@) - a*(¢,) :peNj1 < ... <jp,jieNji=1,...,p} (B.34)

is an orthonormal basis of Fo (¥ ).
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B.3. Fermionic Fock space

Proof. See |Aral8, Theorem 6.11]. O

Finally, we introduce the bounded self-adjoint operator (—1)" on %, () by
(=) w)™ = (—1)nw™) (B.35)

for all U € F,(#) and n € Ny (the notation ./ should be suggestive for the number of
particles).

B.3.3. Fermionic Fock space of a bipartition

For a direct sum & = %1 ® 7> of Hilbert spaces, there exists a natural identification
Fo(H) = Fo(H1) @ FoHa). (B.36)

We refer to [Aral8| Theorem 6.12] for a proof of this general result. Here, we will formulate
the result for the special case of L? spaces:

Let A ¢ T C R? be two measurable sets and A® := I' \ A. We then have L*(T) =
L?(A)® L?(A€) and the lemma below provides a natural identification of the corresponding
Fock spaces

FalLA(T)) = Fo(LA(A)) © Fu(LE(AY)). (B.37)

With slight abuse of notation, we will denote by a*(f) the creation operator on
either of the spaces F,(L%(T)), Fu(L2(A)), Fo(L?(A°)) (with a normalized function f €
L3(T), L?(A), L?(A°), respectively). Furthermore we consider any function f € L%(A) as a
function in L?(T") by setting f(z) = 0 for all x € A° and similarly for f € L?(A°).

Lemma B.3.3. There exists a unique unitary operator
U: Fu(LA(T)) = Fa(L*(A)) @ Fo( L2 (A°)) (B.38)

such that
UQL2(F) - QLZ(A) ® QLQ(AC)7 (ng)

and, for all n,m € Ny and f1,... fn € L*(A),g1,...,9m € L*(A°) we have

Ua*(f1)---a*(fn)a*(g1) -~ a*(gm)Qr2(r)
=a*(f1) - a*(fa)Qr2a) @ a*(g1) - - @ (9m)Q2(ae)- (B.40)

Moreover, the following holds: For any functions f € L?(A),g € L*(A°),
Ua*(f + g)U* = a*(f) ® idg, 12(acy) +(—=1)" ® a*(g), (B.41)

where (—1)" is the operator defined in (B.35)).

Remark B.3.4. We can write (B.40) in the more suggestive way

Ufin-NfaANga N ANgm=FN AN @g A AGgm. (B.42)
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B.4. Entanglement entropy and the single-particle formula

B.4.1. Definition for a general pure state

Given a trace-class operator T on %,(L?(I')), using the unitary map U from Lemmam
we obtain an operator UTU* on F,(L?*(A)) ® Fo(L?(A°)). We can thus naturally define
the partial trace of T as

trg:a(L2(Ac))(T) = tl"g;a(Lz(Ac))(UTU*), (B.43)

where the right hand side is the usual partial trace (B.16)).

Before introducing entanglement entropy, we give the general definition of a state.

Definition B.4.1 (States). Let # be a Hilbert space. A state p is a positive, self-adjoint
trace-class operator with tr p = 1. By the spectral theorem for compact operators, it can
be written as

p=> Ajluj, )y (B.44)

jEN

where (u;)jen is an orthonormal basis of eigenfunctions of p and (\;) jen the corresponding
sequence of eigenvalues (counted with multiplicity). A state is called pure if

p = {(u, yu (B.45)

for some normalized u € 7.

Definition B.4.2 (Entanglement entropy). Let ® € %,(L?(I')) be a many-particle wave-
function corresponding to a pure state (®, -)® on the fermionic Fock space %,(L?(T')). We
define the state reduced to the subsystem %,(L?(A)) by

p=p(®,A) = trg, r2ac)) (D, ) D). (B.46)

For v > 0, define the (spatially bipartite) entanglement entropies of the state p with
respect to the region A as

log trg 7y if 1,
S, =S, (®,A)={ L7 gtra, (L2(a)(p7) v #

—trg, 2y (plogp)  ify=1

(B.47)

We refer to Si(®,A) as von Neumann entanglement entropy and to Sy(®,A) with v # 1
as y-Rényi entanglement entropy.

Remark B.4.3. The reduced state p defined in (B.46]) is indeed a state in the sense of
Definition by Proposition [B.2.3|(ii) and (iv) and therefore the entanglement entropy
S, is a well-defined number in [0, oo].
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B.4. Entanglement entropy and the single-particle formula
B.4.2. Entanglement entropy of a many-particle fermion ground state

We are most interested in the case of (®, -)® being the ground state of a system of N
non-interacting fermions.

Let H: D(H) — L*(T) be a Hamiltonian on L?(T") describing a single particle of the sys-
tem. Assume that H has purely discrete spectrum, that is, o(H) consists only of isolated
eigenvalues of finite multiplicity. Let (\;)jen be the increasing sequence of eigenvalues
(counted with multiplicity) and denote by (¢;)jen the orthonormal sequence of corre-
sponding eigenfunctions. Given a Fermi energy Ep € R, let

N=N(Ep)={jeN: )\ <Ep}| <0 (B.48)

be the number of eigenvalues of H less than Er. The ground state of the Fermi gas with
Fermi energy EF is given by (®, -)®, with the N-particle wave function

N
®=®(Ep,T,H) = |[[a* ()| Q2qry =01 A ... Aoy € Fo(LX(TD)). (B.49)
j=1

The entanglement entropy of (®, -)® can be expressed purely in terms of the one-particle
Hamiltonian H:

Theorem B.4.4 (Single-particle formula). Let A C I' measurable. For each v > 0, we
have

Sy (@, A) = trpary hy(1alj_oo, g (H)14), (B.50)
where hy ts given by (2.65).

To prove the single-particle formula, we need the following lemma from linear algebra.
It allows us to find an orthonormal basis of the space spanned by the eigenfunctions
©1,-..,0n € L2(T) in terms of functions in L?(A) and L?(A€), respectively.

Lemma B.4.5. Let p1,...,pN be an orthonormal family in some Hilbert space # and
G :=span{pi,...,on}. Assume H = Y@®Y L for some closed subspace Y C % . Then there
exist a unitary map U: & — &, an orthonormal family fi,...,fny € Y, an orthonormal

family g1,...,95 € Y+ and numbers di,...,dy € [0,1] such that

Upj =V djfj ++/1—djg; (B.51)

foreachj=1,...,N.

Proof. Let Py denote the orthogonal projection onto Y. Note that the operator Pe Py : & —
g is self-adjoint. By the spectral theorem, we find an orthonormal basis ¥1,...,9Yny € &

of eigenvectors of PgPy and dy,...,dy € R such that
N
PgPy = di(yy, )iy (B.52)
j=1
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B. Entanglement entropy

Since ||P¢Py| < 1, we have d; € [0,1] for all j =1,..., N. Assume for the moment that
d; €10,1] and put

fj = Py¢j, gj = 7Py¢¢j (B53)

1—d,

1
Vd;
for each j =1,..., N. We claim that fi,..., fy and g1, ..., gy form orthonormal systems
in Y and Y, respectively. Indeed, since Pgt)y, = 1, we have

(Py i, Pyy)

=
&

{(fr f5) =
0,
= lk - (Pgti, Py i)

1
= id (Y1, PgPyipj) =

=9
&

(Vk, ) = 0wy, (B.54)

dJ
Vdrd;

5

and similarly, using Py-1. =1 — Py,

{9k, 95) = !
V(- dk)(l dy)
d]

(Y1, Pe(1 — Py )yy)

for every k,j = 1,..., N. Now if some d; = 1 for some j, it is immediate from that
PgPy1pj =1 € G and PgPy11j = 0. We then put f; := Py, g;j := 0 instead of
and the rest works exactly as before. Similarly, we proceed in the case d; = 0 for some j.
Finally, define Uyp; := 1, and extend by linearity to a map U: ¥ — ¥. By construction,

U is unitary and satisfies (B.51]). O

Proof of Theorem [B.4.4]. We apply Lemma with # = L*(T), Y = L?*(A), and &
the space spanned by the eigenfunctions ¢1,...,pn. We obtain orthonormal families
fi,-- s fv € L3(MN), g1,-..,9n € L*(A€), numbers dy,...,dy € [0,1] and a unitary map
U: % — & such that

Upj =/djf; +\/1—djg;, j=1,...,N. (B.56)

Next, Lemma allows us to write
=e*(Vdifi+V1—digi) A (Vdnfn + V1 —dngn)
N
[[e(Vadifi +V1=digi)| Q) (B.57)
j=1

for some o € R. By definitions (B.46)) and (B.43]), we first have to calculate the reduced
state

p = trg.a(m(Ac)) <q), >(I) = trga(Lz(Ac))<U<I>, >U(I) (B58)
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B.4. Entanglement entropy and the single-particle formula
Using properties (B.39) and (B.41)) of U, we obtain
e U =U Ha (Vdifi + /1= d;g;) | Qam

N
= HUCI* \/d?fj—I—\/l—djgj)U* UQLz(F)

7=1

N
= H [a \/>f3 ®1d97 (L2(Ac)) T+ 1)'/1/ ®a*(\/1 — djgj)} QLz(A) &® QLz(Ac)

7j=1
N .
= Y 11 {(a*(@fj) @id%(LQ(AC))) ¢
ve{0,1}N j=1

< Y ®a* (V1—d;gj ) j:| QLZ(A) ®QL2(A6)

[~ N
1—v; %
= > Vi H -0 @ | ] a"(9y) Q2a) @ Qp2(ae
ve{0,1}V ) Jj=1
[~ . i N
= > v H ()7 (0777 Qpea H i) Qreaey,  (B.59)
ve{0,1}V Jj=1 ] Jj=1
where we put 7, := va 1 d]V]( —d;)t% for v € {0,1}". With the abbreviations
[N -
Wi = H )7 (D7) Qrza), (B.60)
[~
1111(,2) = H _Vj QLQ(Ac), (B61)
]:1
the above calculation yields
<U®7 >Uq) = Z \% 771/7717<\111(/1) ® \111(/2)7 >\III(;1) ® \111(72) (B62)
ve{0,1}N
pe{0,1}N

Extend g1,...,gn to an orthonormal basis (g;)jen of L?(A€). Recall that the vectors
SIS [HjeN a* (gj)“J} Qr2(pey, where p € {0, 13N with only finitely many terms non-zero,
constitute an orthonormal basis of F,(L?*(A)). In particular, <:w o )) =1lifp;=1-vy;

for all 7 € {1,..., N} and 0 otherwise. Thus, using formula ) for the partial trace,
we get

trg, (12(ac)(UP, ) UP
= > vam Y, (Env)E. vy ed, el
ve{0,1}V ue{0,1}N
ve{0,1}V
= > aEd, el (B.63)
ve{0,1}N
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B. Entanglement entropy

Since (—1)"a*(f) = —a*(f)(—1)", we have

Ha (F)77 | Q2 (B.64)

for some p depending on v, which implies

N
P = Z 77,,< Ha*(fj)Vj QLQ(A)a'> Ha*(fj)l’j QLQ(A). (B65)
j=1

ve{0,1}N

Notice that this is just the spectral representation of the reduced state p, making it par-
ticularly convenient to calculate functions of its trace: Indeed, complete fi,..., fy to an

orthonormal basis (f;);jen of L?(A). By Lemma
{Q%a fjl) : a*(f]p)Q% 'pE ijl <... <jp7ji € N,l = Z?ap}
= H a*(f3)" | Qra(ay = v €10, 13N, v; = 0 for almost every j € N (B.66)
jeN

constitutes a basis of %, (L?(A)). Hence, by the continuous functional calculus and the
properties of the trace, for all continuous functions ¢: [0,1] — C we see that

tra, (22(a) € Z C(nw)- (B.67)
ve{0,1}N

For the calculation of the entropy S, ((®, -)®,A), we start with the case v = 1, where we
notice that

N
log 7, = log Hd”f (1—dp)'"™" | = vjlogd; + (1 —v;)log(1 — d;), (B.68)
j=1 J=1

and, for fixed j € {1,..., N},

N N
=[x+ 0—d))= > []dr—de)' ™ (B.69)
k=1 ve{0,1}, k=1
k73 1€{1,...N}\{j} *#

Using these identities and with ((x) = —zlogx, we get

S1(®,A) = —trg, (z2n)) plogp=— > mylogn,
ve{0,1}V

N N

=-> > [H dit(1 - dkﬂ—“k] (vjlogd; + (1 — v;)log(1 — d;))
J=lve{0,1}N Lk=1
N

=—> > ( )’ ”J>(leogdj+(1—Vj)10g(1—dj))
J=1v;€{0,1}
N N

:—Z (1—d;)log(1 — d;) + djlogd; = ha(dy). (B.70)

j=1
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Similarly, if v # 1, we have the identity

N N
[I@+a-dyy= > J[@)o(@-d))—, (B.71)
Jj=1 ve{0,1}N j=1
so using (B.67) with {(z) = 27 yields
(1 - 7)57(<q)7 >q)7A) log trg (LQ(A log Z 771/
ve{0,1}N
N
=log Y Jl@)(@—dy)n)—
ve{0,1}N j=1
N N
“Slog(d + (1 —dy)) = (1= Y hyldy). (B72)
j=1 j=1

Since the d; (counted with multiplicity) are by construction the eigenvalues of the
operator Pg1, on €, the eigenvalues of the operator Pgly Pg on L%(T) are given by the d;
(counted with multiplicity) and 0. Furthermore, the operators Pgly Py = (15 Pg)* (14 Pg)
and 1pPgly = (1pPg)(1pPg)* on L?(T') share the same non-zero eigenvalues (counted
with multiplicity), see . Thus, the eigenvalues of 15 Pl besides 0 are given by the
h(d;) (counted with multiplicity) and h(0) = 0. Therefore,

N
trpz) h(1aPgla) = > h(d;) (B.73)
7=1

which combined with (B.70]), (B.72)) gives
Sy (@, A) = trrz(ry hy (14 Pgla). (B.74)

Finally, by the assumptions on H we have Py = 1j_ g, ([(H), leading to the desired

formula (B.50]). O
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