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Zusammenfassung

Laser-Wakefield-Beschleuniger (LWFA) sind kompakte Teilchenbeschleuniger mit
hohen Feldgradienten, die in der Lage sind, ultra-relativistische Elektronenstrahlen
iiber Distanzen im Zentimeterbereich zu erzeugen. Durch das Anregen grofampli-
tudiger Plasmaschwingungen mittels intensiver Laserpulse konnen LWFAs Beschle-
unigungsfelder erzeugen, die um mehrere Groflenordnungen starker sind als jene
konventioneller Hochfrequenzbeschleuniger. Trotz ihres Potenzials fiir Anwendun-
gen in Medizin, Industrie und der ultraschnellen Wissenschaft werden LWFAs
derzeit durch Herausforderungen in Bezug auf Reproduzierbarkeit, Stabilitdt und
Steuerbarkeit eingeschrankt. Thre Leistung ist &uflerst empfindlich gegenitiber kle-
insten Anderungen der Laser- und Plasmabedingungen und zeigt ein komplexes,
nichtlineares Verhalten. Herkémmliche manuelle Abstimmung und heuristische
Optimierungsstrategien reichen nicht aus, um den hochdimensionalen Parameter-
raum zuverlassig zu erkunden und mehrere konkurrierende Strahleigenschaften wie
Energie, Ladung und spektrale Bandbreite gleichzeitig zu optimieren.

Diese Arbeit handelt diese Herausforderungen durch die Entwicklung und Imple-
mentierung von Optimierungsstrategien basierend auf Methoden des maschinellen
Lernens, insbesondere der Bayesschen Optimierung (BO), zur systematischen Steuerung
und Feinabstimmung von LWFAs. Nach einer Einfithrung in die theoretischen
Grundlagen der Bayesschen Optimierung wird ein neuartiger Multi-Objective-
Multi-Fidelity-Optimierungsrahmen namens Trust-MOMF vorgestellt. Diese Meth-
ode erlaubt eine stichprobeneffiziente Exploration komplexer, hochdimensionaler
Parameterraume unter Verwendung von Datenquellen unterschiedlicher Genauigkeit.
Im Gegensatz zu klassischen Ansétzen unterstiitzt diese Methode kontinuierliche
Treuestufen (Fidelities), ohne dass ein monotoner Leistungszuwachs zwischen den
Stufen vorausgesetzt werden muss, was sie besonders geeignet fiir Systeme mit
verrauschten, teuren und inkonsistenten Messungen macht.

Die Leistungsfihigkeit von Trust-MOMF wird zunachst in numerischen Simula-
tionen von LWFAs mit Hilfe von Particle-in-Cell-Codes demonstriert. Die Meth-
ode zeigt eine um eine Groflenordnung schnellere Konvergenz und reduziert damit
die Rechenkosten erheblich im Vergleich zu herkémmlichen multiobjektiven Opti-
mierungsverfahren. Das wihrend der Optimierung gelernte Surrogatmodell wird
anschliefend invertiert, um eine gezielte Einstellung der Elektronenstrahlenergie
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zu ermoglichen und Zielkonflikte zwischen konkurrierenden Anforderungen wie
Bandbreite und Effizienz zu untersuchen.

Im zweiten Teil der Arbeit wird das Verfahren auf reale LWFA-Experimente am
ATLAS-Lasersystem angewendet, einem Laser der multi-PW-Leistungsklasse. Die
Anzahl der Laserschiisse pro Konfiguration wird dabei als Fidelity-Variable in-
terpretiert, wodurch die Optimierung den Informationsgewinn gegen die exper-
imentellen Kosten abwédgen kann. Erstmals wird in dieser Arbeit eine multi-
objektive, multifidele bayessche Optimierung in LWFA-Experimenten demonstri-
ert, wobei qualitativ hochwertige Elektronenstrahlen mit deutlich weniger Laser-
schiissen als bei manueller Optimierung erzielt werden. Dartiber hinaus werden die
trainierten Modelle fiir Feinabstimmungen und a-posteriori-Einzelzieloptimierungen
eingesetzt, was eine reproduzierbare Abstimmung der Spitzenenergie im Bere-
ich von 150 bis 400 MeV innerhalb eines achtdimensionalen Parameterraums er-
moglicht.

Insgesamt etabliert diese Arbeit einen verallgemeinerbaren und effizienten Ansatz
zur Steuerung von LWFAs und ermdglicht eine automatisierte, datengestiitzte Be-
triebsweise, die auf die Anforderungen spezifischer Nutzer zugeschnitten ist. Die
vorgestellten Methoden stellen einen wichtigen Schritt in Richtung des praktischen
Einsatzes von Laser-Plasma-Beschleunigern dar, insbesondere in Nutzerzentren, in
denen eine flexible und schnelle Re-Optimierung von Strahleigenschaften erforder-
lich ist. Dies ebnet den Weg fiir Echtzeit-Abstimmungsstrategien, automatisierte
Regelungen und die zukiinftige Integration von LWFAs in wissenschaftliche Grof-
forschungsanlagen.



Abstract

Laser Wakefield Accelerators (LWFAs) are compact, high-gradient particle acceler-
ators capable of producing ultra-relativistic electron beams over centimeter-scale
distances. By driving large amplitude plasma waves with intense laser pulses,
LWFAs can achieve accelerating fields orders of magnitude greater than those in
conventional radiofrequency accelerators. Despite their potential for applications
in medicine, industry, and ultrafast science, LWFAs remain limited by challenges
in reproducibility, stability, and control. Their performance is highly sensitive to
small changes in laser and plasma conditions, and they exhibit complex, nonlin-
ear behavior. Traditional manual tuning and heuristic optimization strategies are
insufficient to reliably access the high-dimensional parameter space and optimize
multiple competing beam metrics such as energy, charge, and bandwidth.

This thesis addresses these challenges by developing and implementing machine
learning-based optimization strategies, specifically Bayesian optimization (BO),
for the systematic control and tuning of LWFAs. After reviewing the theoretical
foundations of Bayesian optimization, a novel multi-objective, multi-fidelity op-
timization framework termed Trust-MOMF is introduced. This method enables
sample-efficient exploration of complex, high-dimensional parameter spaces using
data sources with varying accuracy. Unlike traditional approaches, this method
supports continuous fidelities without requiring monotonic improvement across fi-
delity levels, making it especially suitable for systems where measurements are
noisy, expensive, and inconsistent.

The performance of Trust-MOMF is first demonstrated in numerical simulations
of LWFAs using particle-in-cell codes. The method shows an order of magnitude
improvement in convergence times, substantially reducing the computational cost
compared to standard multi-objective optimization techniques. The surrogate
model learned during the optimization process is then inverted to enable energy
tuning of the accelerator and uncover trade-offs between competing objectives such
as bandwidth and efficiency.

In the second part of the thesis, this framework is applied to real-world LWFA
experiments using ATLAS which is a petawatt-class laser system. The number of
laser shots per configuration is interpreted as a fidelity variable, allowing the op-
timization to balance information gain with experimental cost. For the first time,



X 0. Abstract

multi-objective multi-fidelity Bayesian optimization is demonstrated in LWFA ex-
periments, yielding high-quality electron beams with significantly fewer laser shots.
Furthermore, the trained models are used to perform fine-tuning and a posteriori
single-objective optimization, enabling reproducible energy tuning between 150
and 400 MeV by navigating an 8-dimensional parameter space.

Together, these results establish a generalizable and efficient approach for control-
ling LWFAS, enabling automated, data-driven operation tailored to specific user re-
quirements. This work represents a significant step toward deploying laser-plasma
accelerators in practical settings, including user facilities that require flexible and
rapid re-optimization of beam parameters. It will further enable real-time tun-
ing strategies, automated control, and eventual deployment of LWFAs in scientific
user facilities.
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1. Introduction

1.1. Particle accelerators

Particle accelerators have been essential tools in advancing our understanding
of the fundamental structure of matter. Since their inception in the early 20"
century, particle accelerators have become indispensable tools in both fundamental
and applied sciences. The concept of accelerating charged particles using time-
varying electromagnetic fields was first realized by Rolf Widerde in 1928 with
the development of the linear accelerator based on radio-frequency (RF) drift
tubes [1]. Shortly thereafter, based on Widerée’s ideas, Ernest Lawrence and
M. Stanley Livingston introduced the cyclotron in 1931, revolutionizing compact
particle acceleration [2].

Over the decades, these devices have evolved into large-scale scientific instruments,
culminating in monumental projects such as the Large Hadron Collider (LHC) at
CERN. The LHC uses superconducting magnets and high-frequency RF cavities
to accelerate protons to energies of 6.5 TeV per beam in a 27-kilometer circular
tunnel, facilitating groundbreaking discoveries such as the Higgs boson [3].

Beyond high-energy physics, particle accelerators are indispensable tools across
various scientific and technological domains. In photon science, synchrotron radia-
tion facilities and Free-Electron Lasers play a crucial role. The European XFEL [4]
and SLAC’s Linac Coherent Light Source (LCLS) [5], both powered by linear ac-
celerators, generate femtosecond X-ray pulses of unprecedented brightness. These
facilities have revolutionized structural biology through X-ray crystallography of
proteins [6-8] and enabled real-time studies of ultrafast chemical reactions [9]. In
medicine, conventional cyclotrons and synchrotrons are employed for proton and
carbon ion therapy, offering superior dose localization for treating tumors with
minimal damage to surrounding tissue [10, [L1].

Despite their immense utility, conventional radio-frequency accelerators are of-
ten prohibitively large and expensive, limiting their broader adoption outside of
large-scale national labs. This limitation arises fundamentally from the breakdown
threshold of metallic RF cavities, which are responsible for accelerating charged
particles via oscillating electric fields. These structures cannot sustain arbitrarily
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high field strengths and depending on the surface quality of the cavities, a vac-
uum breakdown occurs [12] when the fields exceed 100 MVm . Because of this
constraint, the energy gain per unit length is limited, requiring either long lin-
ear accelerators called linacs composed of many sequential RF cavities or circular
machines termed synchrotrons, such as the Large Hadron Collider (LHC), which
circulate particles repeatedly through accelerating modules to reach the desired
energies. However, synchrotrons are prone to the problem of relativistic particles
emitting synchrotron radiation when bent along curved trajectories, resulting in
energy losses that scale with the fourth power of the beam energy and inversely
with the radius of curvature |13]. Larger ring sizes are required to compensate,
significantly increasing construction costs and land requirements. As a result,
high-energy accelerators become megaprojects costing billions of dollars and oc-
cupying vast physical footprints. This challenge has led to significant interest
in exploring alternative acceleration mechanisms to develop compact, table-top
accelerators that can democratize access to high-brightness electron beams and
secondary radiation sources |14} |15].

1.2. Plasma wakefield acceleration

Wakefield acceleration, first proposed by Tajima and Dawson in 1979 [16], presents
a promising route toward compact, high-gradient accelerators. In this approach, an
ultra-intense laser pulse or a dense, relativistic charged particle bunch, referred to
as the driver, propagates through an underdense plasma, expelling electrons from
its path via its electromagnetic field. Since the much heavier ions remain essen-
tially stationary on the timescale of the interaction, this displacement of electrons
forms a positively charged ion cavity behind the driver. This three-dimensional
co-moving structure formed behind the driver is called a plasma wakefield and sup-
ports field strengths that exceed the breakdown limits of conventional RF cavities
by three to four orders of magnitude. For instance, at a typical plasma elec-
tron density of 10®cm™3, the longitudinal electric field can reach approximately
100 GV ™, enabling electron acceleration to the GeV scale within just a few cen-
timeters of plasma [17, |1§].

Although the concept of using lasers as the driver for wakefield acceleration was
proposed as early as 1979, its experimental realization was delayed by limitations
in laser technology. The intensities required to drive substantial wakefields de-
mand ultrashort laser pulses with Terawatt to Petawatt peak powers, which were
beyond the capabilities of lasers in the 1980s. A transformative breakthrough came
with the invention of chirped pulse amplification (CPA) in 1985 by Strickland and
Mourou [19], a technique that enables the amplification of ultrashort pulses with-
out damaging the gain medium. This method paved the way for the development
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of high-power lasers capable of delivering sub-picosecond pulses with peak powers
in the Terawatt regime and led to the first demonstration of electrons accelerated
by laser wakefields (LWFA) [20]. Following this, another milestone in the field
came in 2004 when three independent groups reported the production of quasi-
monoenergetic electron bunches from laser-driven wakefields[21-23]. Advances in
laser technology, target design, and diagnostics have enabled the production of
multi-GeV electron beams [24].

1.3. Challenges in stability and control of LWFA

Despite the significant progress made over the past two decades, several challenges
remain before LWFA can transition from a laboratory environment to a robust tool
for applied science and industrial use. The LWFA process is highly nonlinear and
sensitive to small variations in laser and plasma parameters. Parameters such as
plasma density, position of the laser focus and the laser dispersion intricately affect
the resulting electron beam properties. Moreover, laser systems operating at pow-
ers of multi-Terawatt often exhibit fluctuations that further complicate experimen-
tal repeatability. These factors collectively give rise to pronounced shot-to-shot
fluctuations as well as long-term drifts in beam parameters such as charge, energy,
and divergence that are difficult to model, predict, or control with conventional
manual tuning. These instabilities are compounded by the high dimensionality and
nonlinearity of the parameter space, where small changes in laser or target settings
can produce disproportionately large effects on accelerator performance. In this
context, traditional heuristic optimization, such as grid scans or manual tuning,
is often insufficient, particularly when multiple, often competing and correlated,
objectives must be satisfied simultaneously.

A further complication arises in the context of user-driven facilities, where the
demand for specific beam properties can change on short timescales depending on
the experimental needs. For instance, one user may request high-charge, broad-
band electron beams to drive ultrafast X-ray absorption spectroscopy [25], while
another may require narrow-bandwidth, quasi-monoenergetic beams for precision
radiotherapy [26]. In such scenarios, the LWFA must be re-optimized—ideally
within hours rather than days—to meet new performance targets. Achieving this
level of operational flexibility is currently hindered by the absence of fast, reliable
tuning strategies. Fine control over single-beam parameters, such as adjusting
the peak energy while keeping charge and bandwidth constant, remains partic-
ularly challenging, underscoring the need for more automated, intelligent, and
data-driven approaches to controlling LWFA systems.

Lastly, an often overlooked challenge in automation lies in the formulation of objec-
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tive functions that are mathematical descriptions of the goal of the optimization.
In many cases, it is not straightforward to express the desired beam characteristics,
such as "high quality,” "low divergence,” or "sufficient stability,” in precise mathe-
matical terms suitable for direct optimization. Different applications may demand
trade-offs between conflicting criteria, for example, maximizing beam charge while
minimizing energy spread or optimizing stability at the expense of peak energy.
Moreover, the users may find that the initially chosen objective functions do not
fully capture what is desirable in practice, necessitating iterative redefinition. This
ambiguity in specifying quantitative targets further complicates the development
of conventional optimization workflows. Addressing this challenge requires not
only efficient optimization algorithms but also building flexible models that allow
for rapidly deriving different objective functions as new insights emerge during
experimentation.

In principle, various optimization strategies could be envisioned to address this
challenge, including evolutionary algorithms and gradient-based methods. How-
ever, several practical constraints render these approaches largely unsuitable for
LWFA. Evolutionary algorithms typically require thousands of function evalua-
tions across multiple generations to converge on an optimum. Given that Petawatt-
class laser systems operate at low repetition rates, often delivering no more than
one shot per minute, acquiring sufficient data for such algorithms would take an
infeasibly long time and consume significant experimental beam time. Gradient-
based optimization is likewise impractical because the inherently stochastic and
chaotic behavior of laser—plasma interactions precludes the existence of smooth,
differentiable objective functions. These limitations rule out conventional gradi-
ent descent or quasi-Newton methods, motivating the development of alternative
optimization techniques capable of efficiently exploring complex, high-dimensional
parameter spaces with a limited number of experimental shots.

1.4. Bayesian optimization as a solution

Bayesian optimization (BO) has emerged as a powerful tool for sample-efficient
optimization of expensive-to-evaluate noisy objective functions such as an LWFA.
It has recently gained popularity since the 2010s in the context of hyperparameter
tuning of various machine learning methods [27] as it offers a principled strategy
to outperform random or grid search by orders of magnitude in computational
efficiency. Over the past decade, its versatility has led to widespread adoption
across diverse scientific and engineering domains, including materials science [28],
robotics [29] among others. At its core, BO operates by constructing a proba-
bilistic surrogate model to capture beliefs about the objective function based on
prior measurements. This model is updated iteratively as new evaluations are
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performed. Acquisition functions such as Expected Improvement, Probability of
Improvement, or Upper Confidence Bound then determine where to query next,
carefully balancing the trade-off between exploring uncertain regions and exploit-
ing promising candidates. Eventually, the optimization is terminated either when
the desired target performance is achieved or when the available budget of evalu-
ations is exhausted.

The successful application of BO to other experimental disciplines naturally at-
tracted interest from the laser wakefield community to assess whether it could
improve the efficiency and reproducibility of laser-wakefield accelerators. The first
demonstration of Bayesian optimization in this context was reported by Shalloo
et al. [30], who demonstrated that BO could autonomously optimize a single ob-
jective, where the authors performed two experimental runs using only the total
electron charge as an objective that was varied by adjusting the laser and tar-
get parameters in real time. This pioneering study established that BO could
drastically reduce the number of required shots to reach optimal operating condi-
tions compared to manual tuning, showing clear potential to improve the stability
and reproducibility of LWFA performance. However, the approach was limited to
scalar objectives and did not address the practical reality that accelerator users of-
ten care about multiple, sometimes competing, beam characteristics. For example,
maximizing charge alone can degrade energy spread or maximum achievable mean
energy, resulting in operating points that are suboptimal for different applications.
Furthermore, prior work [31] in this domain did not consider the additional dimen-
sion of measurement ﬁdelityﬂ or explore strategies for fine-tuning specific beam pa-
rameters such as peak energy. These limitations were the main motivators behind
the developments presented in this dissertation, which introduces multi-objective
and multi-fidelity Bayesian optimization methods tailored to the unique challenges
of LWFA experiments. By systematically addressing these gaps, this work aims
to advance the field toward more versatile, reliable, and user-configurable plasma
accelerators.

1.5. Scope and contributions of this thesis

This thesis aims to bridge the gap between algorithmic advances in Bayesian op-
timization and the experimental challenges of laser wakefield acceleration. The
main contributions of this work are as follows:

e Algorithmic Development: The first multi-objective multi-fidelity (MOMF)
Bayesian optimization method that can handle continuous fidelity levels was

'Fidelity refers to the accuracy of estimating beam properties from the number of shots, with
a higher number of shots indicating higher fidelity data or estimation.
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presented in this work. It is the first method that does not assume mono-
tonicity of objective values across fidelities as highlighted in a later chapter.
This approach significantly accelerates convergence, as validated on synthetic
test functions and simulations.

Numerical Demonstration: The first demonstration of using multi-fidelity
Bayesian optimization to numerical simulations using the pseudo-spectral
Particle-In-Cell code FBPIC [32]. An order-of-magnitude reduction in over-
all evaluation cost was achieved while maintaining optimization performance
by utilizing low-fidelity simulations to guide high-fidelity simulations. More-
over, it was shown that the surrogate models constructed during optimiza-
tion can later be reused for a posteriori tuning of the electron beam proper-
ties such as peak energies.

Experimental Application: The MOMEF optimization strategy is applied
for the first time in laser wakefield acceleration experiments. The fidelity is
defined by the number of laser shots per parameter setting, and the optimizer
dynamically allocates resources based on cost and expected improvement.
A model-based exploitation step is introduced to refine solutions to desired
performance targets.

Energy Tuning in Experiments: One of the most significant outcomes
is the real-time tuning of peak energies using surrogate models built during
optimization in a single iteration. Energy tuning has already been demon-
strated using different schemes within the realm of LWFA. However, so far,
demonstration of simultaneously moving eight different parameters to yield
electrons at desired energies has always required new optimization cycles.
Using the model generated during an optimization process enables tuning of
electron beams at target energies within a few additional iterations, offering
a powerful route toward control in future LWFA applications.

Physical Insights: The models built by Bayesian optimization reveal deeper
insights into the operational regimes of LWFA at CALA based on the under-
lying physics. Specifically, the underlying surrogate model can help elucidate
the physics behind the generation of electron beams with different properties.
Some of these insights are highlighted in chapter 5.

Together, these results demonstrate that Bayesian optimization, when appropri-
ately tailored, can transform laser wakefield accelerator operation from a manual
and empirical endeavor into a data-driven and controllable process. This paradigm
shift is essential for scaling LWFA into practical applications across scientific and
industrial domains.
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1.6. Outline of the thesis

The remainder of the thesis is structured into the following chapters:

Chapter 2: Fundamentals of Laser-Wakefield Acceleration

This chapter reviews the core physics underlying LWFA, including laser-
plasma interactions, wakefield generation, injection mechanisms such as self-
injection and density downramp injection, and the resulting beam dynamics.
It provides the theoretical background necessary to understand both the
experimental and computational aspects of plasma accelerators.

Chapter 3: Bayesian Optimization and the MOMF Framework
This chapter introduces the mathematical foundations of Bayesian optimiza-
tion, covering surrogate modeling with Gaussian processes, acquisition func-
tions, and optimization strategies. It also surveys recent advances in multi-
objective and multi-fidelity Bayesian optimization, culminating in the devel-
opment of the proposed Multi-Objective Multi-Fidelity (MOMF') framework
tailored for accelerator applications.

Chapter 4: Application to Numerical Simulations

This chapter demonstrates the use of the MOMF' framework in high-fidelity
numerical simulations of LWFA using the FBPIC code. It shows how the
proposed approach accelerates the search for optimal parameters, compares
different objective formulations, and highlights the ability to efficiently ex-
plore trade-offs in simulation-based studies.

Chapter 5: Experimental Implementation and Results

This chapter describes the integration of the MOMEF approach into exper-
imental campaigns on a Petawatt-class laser system. It details the experi-
mental setup, data acquisition pipeline, and optimization results, including
demonstrations of multi-objective multi-fidelity optimization, stability im-
provements, and the fine-tuning of electron beam energies.

Chapter 6: Conclusion and Outlook

This chapter summarizes the core results of this work and discusses the
broader implications of these findings for plasma accelerator development.
It also gives an outlook on future research directions that are currently under-
way to further enhance control, reproducibility, and performance in LWFA
systems.






2. Physics of Laser-plasma
Interactions

In this chapter, the fundamentals of laser—plasma interactions, which are crucial
to understanding a Laser Wakefield accelerator (LWFA) will be discussed. The
main components of an LWFA are the highly intense laser pulses and a gas that is
ionized by the laser pulses to generate underdense plasmas. The chapter will begin
by discussing laser light that can be described by Maxwell’s equations. Essential to
this work would be an understanding of the dispersion of the laser pulses that can
be described using Taylor’s expansion. Afterwards, the basics of plasma waves will
be outlined and the generation of the plasma wakefields by the intense laser pulses.
At the end, we would discuss the injection of the electrons into these wakefields
to accelerate them to the MeV regime. More detailed theoretical descriptions,
analytical derivations of the physics described in this chapter can be found in
textbooks such as [33-40] among others.

2.1. High intensity laser pulses

D(r,t
VxH(rt = Jrt+ 6({;:,)’ (Faraday’s Equation)  (2.1a)
B
Vx E(rt) = —w, (Ampere’s Equation)  (2.1b)
V-B(r,t) = 0, (Gauss’s equation)  (2.1c)
V-D(r,t) = peu(r,t), (Coulomb’s Equation)  (2.1d)

where E(r,t) is the electric field, H(7,t) is the magnetic field, D(r,t) is the
electric flux density, B(r,t) is the magnetic flux density, J(r,t) is the electric cur-
rent density, pes(7,t) is the external charge density and r is a generalized vector
in space. The pure microscopic form of Maxwell’s equations can only hold in a
vacuum for a limited number of external charges and currents. For the fields in
condensed matter, the description of the fields taking into account all the point
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charges would exceed all available computational resources. Thus, the macro-
scopic form of Maxwell’s equations averages the fields over subatomic distances
(between electrons or ions), which is acceptable in the field of optics since all of
the available experimental detectors are only able to resolve the fields on larger
than atomic scales. The material response is also an averaged response instead of
individual point charges or currents. Consequently, this results in two additional
fields H(r,t) and D(r,t) that are dependent on the material response through
the following equations [33]

D(r,t) = oE(r,t) + P(r,t), (2.2a)
fmm:;mqume (2.2b)

where P(r,t) is the dielectric polarization and M (r,t) is the magnetic polar-
ization, €y is the vacuum permittivity and pg is the vacuum permeability. The
vacuum permittivity and vacuum permeability are related to the speed of light ¢

via the following relation
9 1
c-=— (2.3)
HoEo
In the case of vacuum, assuming no condensed matter, the dielectric polarization
and the magnetic polarization become zero resulting in the following modified form

of equations [2.2al and [2.2b| [36]

D(r,t) =coE(r,t), (2.4a)
H(r,t) = ~B(r,1). (2.4b)
Ho

Substituting equations and in the equations and using [2.3] we
get the following modified Maxwell’s equations [35]

1 0FE

V x B = ,LL()J + 0*25, (25&)
0B
E=—— 2.5b
V x 55 (2.5b)
V-B=0, (2.5¢)
V.E ="t (2.5d)
€0

Please note that we dropped the explicit dependence of the fields on space and time
for the sake of brevity, however the fields are still dependent on these quantities.
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We can reduce the four first-order coupled Maxwell’s equations into two second-
order differential equations through the use of scalar ® and vector A potentials.
We can make use of the fact that V- (V x F') = 0 for vector fields F' to define B
in terms of a vector potential A

B=VxA. (2.6)

Substituting [2.12] into [2.5b| and using the fact that a vanishing curl of a vector
field implies the existence of a scalar potential we can write the following equation
0A

E=—-"--Vb. 2.
5~V (2.7)

Since the potentials are constructed using the homogeneous Maxwell’s equations
12.5b| and [2.5d], these are inherently fulfilled. The dynamics of the two potentials
are then determined by the two other inhomogeneous equations which contain the
source of charges and currents. Inserting Equations and into and
2.5d| using the vector identity V x (V x A) = V(V.A) — V?A results in two
second-order differential equations for the scalar and the vector potential

29 o2 — Pet
2 at2<b Voo 8, (2.8a)
1 0 5

The above two equations together form the wave equations for the scalar and
vector potentials. We can solve these equations for the special case of vacuum
assuming no free charges and currents the simplest solution to these equations is
of the form

o =0, (2.9a
A = —Apsin(wrt — kr + ¢), (2.9b
(2.9¢)

)
)

where wy, = 2mwc/AL is the angular frequency with the central wavelength A\p, k
is the wave vector and ¢ is a general phase offset. From the definitions of the
vector and scalar potential we can calculate the electric and magnetic fields of this
particular solution

E =wpAgcos(wrpt — kr + @), (2.10a)
B =k x Agcos(wpt — kr + ). (2.10b)
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Figure 2.1.: At the top we can see that the superposition of plane waves with different temporal
frequencies leads to a pulse in time domain. Similarly the superposition of plane waves with different
spatial frequencies or wave vectors leads to a beam in the spatial domain. A pulse can also be
described using an envelope function shown here in red and a carrier frequency shown here in green.

These solutions are known as plane waves, which travel in the direction of k which
is connected to the angular frequency through the dispersion relation in vacuum

|k |= L. (2.11)
c
The electric and magnetic fields are perpendicular to each other and both are

perpendicular to the wave vector, the amplitude of the fields is related by
c 1
|Al=—[Bl|=—|E|. (2.12)
Wwr, wr,

The magnitude of the electric field is ¢ times larger than the magnetic field. Since
Maxwell’s equations are linear with respect to the electric and magnetic fields, thus
an infinite linear superposition of plane waves with different angular frequencies
is also a solution to Maxwell’s equations and represents a more general solution.
These solutions can be written in the form of complex amplitudes

E(r,t) = /O:O E(k,w)expli(kr — wt)] d*kdw + c.c, (2.13)

where E(k,w) represents the amplitude of plane waves with different frequency
and different propagation direction in frequency domain and c.c represents the
complex conjugate. The above description is used to describe pulsed beams which
have a finite spatial and temporal width. A solution consisting of a single propaga-
tion direction and a single frequency results in a temporally and spatially infinite
wave. Thus, to form a short pulse the superposition of plane waves of different
frequencies is needed and to form a beam, the superposition of plane waves with
different wave vectors is needed as shown in Figure [2.1]



2.1. High intensity laser pulses 13

To simplify the description of ultrashort femtosecond pulses, the Slowly Varying
Envelope Approximation (SVEA) is used, where a pulse is described by an envelope
function V' (r,t) with rapid oscillations at a carrier frequency wy, [33]

E(r,t) - ;V(r, ) expli(kr — wit)] + c.c. (2.14)
Here the pulse is considered to be propagating in a medium, hence | k |= n(w)“-
The addition of a refractive index that is dependent on the carrier frequency
n(w) depicts the propagation of the pulse in a medium where the different wave
vectors experience different retardation factors. The SVEA holds if the fast carrier
frequency is at least an order of magnitude greater than the frequency with which
the envelope changes. For the laser pulses from ATLAS which typically have a
duration of 27 fs with an optical cycle of 2.6 fs, the SVEA can be applied without
measurable deviations.

If we assume that the pulse with a wide spectrum is centered around the frequency
wp, then we can apply Taylor’s expansion on the frequency dependent wave vector

k(w) [34]

ok 1 0%k

blw) = klwo) + 551~ T 55051,

(w — wp)?
. ) (2.15)
+ 6TOD(w —wp)® + ﬂFOD(W —wo)t + ...
The first coefficient of the above equation describes the phase velocity of the laser
pulse
wo C
v = — 2.16
) ) (210

where n(wp) is the refractive index of the dispersive material at the central fre-
quency wg, TOD is known as the third order dispersion and FOD refers to the
fourth order dispersion. The second coefficient defines the group velocity of the
pulse which can be thought of as the velocity of the pulse envelope

[6k
Vv =

C Cc

1
_ _ (2.17)
“’0] n(wp) + wag—gf) ng(w)

dw

wo

where n,(w) is known as the group index. The third coefficient is known as the
group velocity dispersion or GVD.

2
avp =2t

o (2.18)

wo
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When a pulse passes through a medium having a non-zero GVD, the pulse shape
changes. Similarly, we can define the third and fourth orders of dispersion which
affect the pulse shape in different ways. We will see later that the GVD, TOD
and FOD were parameters that were controlled during the optimization of the
laser-wakefield accelerator since they play a vital role in the evolution of the laser
pulse within the plasma. This will be demonstrated in Section [2.2]

So far we have restricted our discussion to the Gaussian pulse in time domain.
Another important consideration is the spatial profile and the propagation of this
profile in the spatial domain. For simplicity we will fix our coordinate system such
that the propagation of the beam is in z-direction and assume that the polarization
is in z-direction. We also assume that the spatial frequencies of the beam are
much smaller than the propagation distance leading to Fresnel approximation.
Solving the wave equation under Fresnel approximation leads us to the formalism
of Gaussian beams [36]

) 22 4 g2 Ke(22 4 o2 .
E(z,y,z) = 2E(z) exp _wQ(zz; exp Z(ZR(zi/) exp ip(z), (2.19)

where w(z) is called the width of the Gaussian beam, F(z) is the amplitude, R(z) is
the radius of curvature and ¢(z) is the Gouy phase shift. From the above equation
we can see that the Gaussian beam keeps its profile while its width, amplitude,
phase curvature and phase shift changes with propagation in z. Each of these
components can be written in the form of z as

B(2) = By (2.200)
1+(3)

w(z) = woy| 1 + (;0 2, (2.20b)

R(z)=z |1+ (;)2] , (2.20¢)

o(2) = arctan (-ZZO) , (2.20d)

Twa

where zg = * is called the Rayleigh length defined where the peak intensity of
the Gaussian beam drops to % of its maximum value. The width of the Gaussian
beam reaches a minimum value at z = 0 = w(z) = wy called the waist of the
beam. The radius of curvature at the waist or the focus of the Gaussian beam
becomes infinite implying flat wavefronts, and it reaches a minimum at z;. For
a large distance z the amplitude decreases and the width increases linearly with
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an asymptotic angle of § = 2;% Finally, we will now define the laser intensity in
terms of the Poynting vector and also outline how it is practically determined.

The energy flux of the electromagnetic field is given by the Poynting vector S and
in practice is always measured through a surface of a detector S - n where n is
the normal vector of the detector surface. The Poynting vector is related to the
electric and magnetic fields through the following relation

1
S=—FxB. (2.21)
Ho
The optical intensity of the electromagnetic field is defined as the temporal average

of the Poynting vector and is given by

1 €0C ~
I=(S)) = —(|B| x B) = eoc(B*) = “-E}. (2.22)
Ho
where I is the optical intensity, F, is the slowly varying envelope function of
the electric field. The intensity explicitly depends on the electric field magnitude
because it temporally averages over the fast oscillations and hence any phase in-
formation of the electric field is lost. In practice, a simple yet useful engineering

formula for calculating the laser intensity is given by

[ pulse enerqgy

: 2.23
pulse duration X focal area ( )

where the pulse duration is FWHM duration of the laser pulse and focal area is
calculated by considering the FWHM spatial width of the beam. This formula
assumes uniform distribution of the pulse energy within the temporal and spatial
widths, which is strictly not true as seen in Figure 2.1} For a Gaussian pulse there
is an additional scalar factor of 0.94 and for pulses shaped differently, this factor
would change. In the field of laser-plasma physics, the intensity of the laser pulses
is generally defined in units of Wem™2.

2.2. Plasma wakefields

After describing the laser light, we will now move to discuss the second important
component in building up a laser wakefield accelerator. We will start with a few
basic plasma definitions and then move onto discussing how the laser light behaves
when it propagates through a plasma. The evolution of the laser pulse and the
different focusing or defocusing effects that it is subjected to will be discussed.
Once we have all of these basics covered, we will move onto how the wakefields are
generated, which will be covered in the Section [2.3]
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2.2.1. Basic plasma definitions

We will start with a few basic concepts from plasma physics that describe this
often-called fourth state of matter. The plasma consists of ionized particles and
appears to be quasi-neutral and depicts a collective behavior dominated by the
electro-magnetic interaction of the ionized particles. Most of the behavior of the
plasma occurs because of this long-range Coulomb interaction between the charged
electrons and ions, which is not affected by the short-range interaction between
the neutral atoms or molecules. This interaction can be between single particles or
between an ensemble of particles which is then described by a distribution function
of particles.

One of the most important collective behavior of the plasma relevant for this work
is the plasma oscillations. Let us consider a plasma that has been formed from a
gas, as in the case of this work by a highly intense laser pulse via ionization [39,
41). The electrons comprising the plasma are displaced by a distance and move
against a positive and uniform ion background under the influence of an applied
external field. This displaced sheath of electrons and the uniform ion background is
similar to a plate capacitor with a charge density o = en.d where d is the distance
between the electron sheath and the ionic background. This charge separation
induces an electric field that pulls electrons back to the ionic background. By
using the equation of motion and the electric field

el e’n,

d= d, (2.24)

an equation for the harmonic oscillator is derived.

The characteristic frequency of such an oscillation is called the plasma frequency
and follows the following equation [38]

Ne€?
— 2.25
“p come’ ( )

The frequency depends on the density and the mass of electrons, and therefore
decreases when the electrons experience a relativistic mass increase. The different
effects arising from this dependency will be discussed in Section [2.2.3]

2.2.2. Electromagnetic fields in plasma

In this section, we will outline the basic equations that describe an electromagnetic
field and move on to the dispersion relation and the refractive index of the plasma.
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At the end we will look at the laser pulsed beam evolution when it travels through
the plasma.

The evolution of a plasma can be defined using a kinetic model, where the elec-
trons and the ions are defined using distribution functions f.(r,v,t) and f;(r,v,1)
respectively. The time evolution of these distribution functions can be described
by the following system of equations [42]

Ofe Ve B

- +'ve-foe—e{E+CxB]-foe—O, (2.26a)
dfi v;
at+v,~~foi+Zie[E+CxB]-foizo. (2.26D)

The above equations can then be coupled to Maxwell’s equations through the
source terms of charges and currents

J = [(Zifwi ~ fw)dp, (2.27a)
p=e / (Zifs — £.)dp. (2.27b)

This set of equations along with Maxwell’s equations completely describes the
behavior of the plasma where the binary collisions are not dominant. These equa-
tions are solved numerically by the different varieties of particle-in-cell codes. We
will later on see one such code termed Fourier-Bessel Particle-In-Cell (FBPIC)
[43] that was used extensively in this work. For now, we will restrict ourselves
to simpler analytical cases whereby we can gain insights into the interaction of
electromagnetic fields with the plasma.

We will consider a monochromatic plane wave of the form E(r,t) = E(k,w) exp[i(kr—
wt)], which acts like a driving field for a charge particle. The equation of motion
of this charged particle is given by

d
d’t’ — F;, = q(E+v x B), (2.28)

where p is the momentum of the charged particle and F7, is the Lorentz force.
When we are dealing with particles with velocities much less than the speed of
E|

light | v [< ¢, we can ignore the force component v x B since | B |~ ! and are

left with

m— = qF. (2.29)
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Taking the curl of Equation (2.5b|) and replacing the curl of B from Equation (2.5al)
we get the following equation

oJ 10°E

VXVXE:—MOE—EW

(2.30)
The current can be derived by integrating Equation (2.27a)) in velocity space and
results in J = —en,v, ignoring the contributions from ions since we assume that
ions are much heavier and not displaced by the electric field. This relation along

with Equation (2.29) allows us to evaluate the first term in Equation (2.30) and
using the definition of the monochromatic plane wave we get

2 2
kxkxE= (“’—“Oe ”) E. (2.31)

For the above equation to hold we need to satisfy the dispersion relation

(ke)? = w? — wf). (2.32)

Using the dispersion relation we can define the phase and group velocity similar
to how we defined it for a laser pulse in Equation (2.16) and Equation ([2.17)
respectively

w C C
v, = = = 2.33

w?

where we have Equation (2.32) and 7 is termed as the refractive index of the
plasma. Similarly the group velocity can be defined as

-1 9
v = [61{:] _ ok cn, (2.34)
w

Ow

where we have used Equation (2.33)) in the last step. From these expressions we
can see that the plasma refractive index is only real-valued for w > w, implying
a traveling wave inside the plasma. On the other hand when w < w), then the
refractive index is imaginary we have exponentially decaying evanescent waves.
Physically, we can imply that for frequencies above the plasma frequency the
electrons are too slow to follow these frequencies and hence the field penetrates the
plasma. For frequencies below the plasma frequency, the disturbance is perfectly
shielded and hence the electromagnetic wave is reflected.
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Usually it is convenient to express the plasma refractive index in terms of the
plasma electron density. In this case, an electromagnetic wave of a given frequency
w can only propagate in a plasma with a density n. less than

wegme (2.35)

Nerit = o2

which is called the critical density of the plasma for a given frequency w. Using
the critical and the plasma electron density the refractive index 1 becomes

Tle

n=,1- (2.36)

Nerit
A plasma with an electron density higher than the critical density is termed as
an overdense plasma while those with an electron density less than the critical
is called an underdense plasma and allows an electromagnetic wave to propagate
through it. For the frequency of the laser light dealt with in this work, the critical
density is on the order of 10?'cm ™3 while the hydrogen gas used in the work has
a plasma electron density of n. ~ 10%cm™3. Hence, the plasma in this work is
categorized as underdense and the laser light can propagate through it.

2.2.3. Relativistic non-linear effects

Once the motion of the electrons which are being driven by the laser light becomes
relativistic, we need to modify the equations derived earlier to take into account
the relativistic mass increase of electrons. Another important consideration is the
dependence of the refractive index on the local intensity n = n(I;) changes
which takes us into the domain of non-linear optics. Both of these effects are seen
when a highly intense laser pulse is propagating through the plasma in this work.
Since the plasma frequency is dependent on the mass of an electron we can directly
introduce the Lorentz factor into the equation of the refractive index of plasma

n=1- <;J>p; = n(I1), (2.37)

where (7) is the temporally averaged Lorentz factor and I}, is the local intensity
of the laser. The local intensity I, ((r),t) at the focus of a laser pulse varies with
position due to the Gaussian nature of the beam and changes over time because
the pulse envelope also follows a Gaussian shape. Equation implies that
the phase velocity and the group velocity of the laser pulse is also a function of
position and time. We can now expand Equation assuming relativistically

wp
)
factor and the local light frequency to be small [44]

< w? and assuming all perturbations of density, Lorentz

underdense plasma
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Figure 2.2.: The intensity profile in the focus of a laser beam is shown. The regions closer to the
central axis have a higher intensity than at the edges of the laser focus. Also in the longitudinal
direction a higher intensity is reached closer to the waist than at a region further away from the
focus. This variation of intensity in the laser focus consequently leads to a variation of the plasma
refractive index.

1w,? Sne 0w  a
0~ __wi<1+ e —w—@>. (2.38)
w

We will briefly look at the different spatio-temporal effects that result from this
modified refractive index [45].

Spatial focusing effects

The first transverse focusing effect that we discuss is known as the ionization-
induced defocusing. The focusing laser beam results in a higher on axis intensity
I;, than at the edges I;o as shown in Figure owing to the properties of a
propagating Gaussian beam (see Section . As a result, the plasma density is
higher at the center compared to the edges n.; > n.s resulting in a lower refractive
index at the center compared to the edges n; < 72. This implies that the phase
velocity of the laser pulse is higher at the center resulting in initially flat wave
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fronts to bulge. This leads to a defocusing of the beam [46] and hence the beam
would not converge to the achievable waist. This is one of the reasons that a
high vacuum is needed before a high-powered beam can be focused down to reach
high intensities. In this work, the gas used is primarily hydrogen, which has a low
ionization threshold and hence this effect is not seen by the main laser beam since
the edges of the beam also fully ionize the hydrogen gas. Moreover, for dense gases
the ionization-induced defocusing is countered by the effects of ponderomotive and
relativistic self-focusing that we discuss next.

Second spatial focusing effect is a result of a ponderomotive force [47-49] that
the electrons feel due to the inhomogeneity of the laser focus. Consider a parti-
cle situated in the focus of the laser beam, it experiences transversely a higher
magnitude of the electric field oscillation in the first cycle since it is in an area
of stronger fields. The force in the second cycle of an area of weaker fields is not
enough to offset the force in the first cycle. Hence, over a complete cycle the
particle ends up being pushed away from regions of higher intensity. This reduces
the density of the of the plasma in the center where the laser has the stronger
fields. Consequently, the refractive index is higher in the center than the edges
from Equation (2.36), implying a higher phase velocity of the laser pulse at the
edges compared to the center. The flat wave fronts of the pulse are bent inward
and lead to a focusing effect termed as the ponderomotive self-focusing, and it
counters the ionization-induced defocusing in dense plasmas.

The third and final spatial focusing effect that we will discuss is called relativis-
tic self-focusing. Similar to ponderomotive self-focusing, it counteracts ionization
defocusing but the mechanism and the physics behind it is different from pondero-
motive self-focusing. While the ponderomotive force change the plasma electron
density in different regions, the relativistic self-focusing arises due to the relativis-
tic mass increase of the electrons. This effect depends on the power of the laser
pulse rather than the intensity, and the threshold power can be found by balancing
the natural diffraction with the self-focusing effect and is given by [50-52]

Py~ 27 AGW. (2.39)
e
The relativistic self-focusing increases if for a similar plasma electron density the
power in the laser pulse is increased. Alternatively, the effect can also be increased
with a constant power by increasing the plasma electron density using a higher
gas pressure. Taking into account this relativistic self-focusing, Equation ([2.20b))
is modified and to first order approximation can be written as

w(z)? = w} [1 - (1 — P;) z;] : (2.40)
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Figure 2.3.: The evolution of the 2D envelope of a laser pulse is shown from a FBPIC simulation
after propagating 1.7um in a plasma with an electron density of n, = 5.5¢18cm 3. On the left is
the laser envelope at the start of the simulation before entering the plasma at z = Oum. On the
right is the laser pulse after propagating 1.7mm into the plasma. We see that the laser pulsed beam
has shrunk both transversely and longitudinally. The relativistic and ponderomotive focusing effects
dominate over the ionization defocusing effects.

For laser powers much greater than the critical power, higher orders need to be
taken into account that prevent the laser beam from converging to a non-physically
small spot size. For these much higher powers the dominant effect of focusing is
due to the ponderomotive force while for powers around the critical power, the
effect of relativistic self-focusing is more important [14, [52]. Some of these effects
can be seen from the result of an FBPIC simulation Figure [2.3| where the 2D
envelope of the laser pulse is shown. The laser power considered in this simulation
is on the order of 50TW while the critical power for the plasma electron density
in this case is on the order of P..;; = 5TW.

Temporal compression effects

The effects that we described above also hold true for the longitudinal variations in
the plasma electron density and consequently, the laser pulse. This results in local
variations in the pulse frequency and also pulse steepening or elongation effects.

The first effect that is a result of the longitudinal variation of the plasma electron
density arises from varying ionization degrees. In a particular gas of high atomic
number where a higher number of electrons can be ionized the front of the pulse
will experience a lower plasma electron density. The peak of the pulse would see
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Figure 2.4.: The effect of red-shift on the spectrum of the laser pulse before and after propagating
in the plasma is shown on the left. The ponderomotive and relativistic effect dominate over the
ionization effect leading to a net red shift. This leads to Self-Phase modulation increasing the
bandwidth of the input pulse. This effect also leads to a pulse compression and distortion as can be
seen on the right sub figure.

the highest plasma electron density since it is the most intense and can ionize
the gas to a higher degree. The back of the pulse (after the peak) will see a
constant plasma density since the recombination time is significantly longer than
the pulse duration under 100fs. Since the front of the pulse sees a higher refractive
index the phase velocity at the front is smaller than the phase velocity at the
back. This increased phase velocity at the back of the pulse results in a chirp
being introduced that blue shifts the laser pulse, which is why this effect is termed
as the ionization blue-shift. For experiments in this work, this ionization-induced
effect is not significant since hydrogen was primarily used, which can be ionized by
the leading edge of the pulse. The main pulse sees a more uniform plasma density,
and only the head of the pulse could be affected by the ionization blue-shift. In our
experiments the relativistic and ponderomotive effects are more prominent which
as in the spatial case work against the ionization induced effects and cause a red
shift. This can be seen in Figure where the initial spectrum and the output
spectrum of a pulse propagating in a plasma are shown. Moreover, because of the
red or blue shifts the spectrum of the pulse broadens which is known as self-phase
modulation (SPM) as can be seen in Figure [2.4]

The second effect is due to the expulsion of electrons by the ponderomotive force in
the forward direction from the leading edge of the laser pulse and in the backward
direction by the trailing edge of the laser pulse. This effect means that the rising
edge of the pulse will experience a density higher than that of the peak of the pulse.
Additionally the remaining electrons will have gained relativistic mass. Both of
these effects essentially mean that the trailing edge of the pulse would see a plasma
of higher refractive index and consequently would result in a higher group velocity
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according to Equation . On the other hand, the front of the pulse is slowed
down and leads to a steepening of the pulse front, consequently compressing the
pulse [53] as seen in Figure 2.4 This effect reduces the longitudinal length of the
pulse and can be seen in Figure 2.3 where the pulse envelope has shrunk.

2.3. Laser wakefield acceleration

In this section, we will discuss the basics of a laser wakefield accelerator. We have
already discussed how the axial and radial ponderomotive forces of the laser field
displace electrons into regions of low intensity. The much heavier ions of the gas
are not displaced directly by the field, so we create a charge separation. This
results in a potential that forces the electrons to return to the axis when the laser
has moved forward. Thus, the electrons oscillate collectively around the laser axis
resulting in a plasma wave excitation. This particular plasma wave is called a
wakefield owing to its similarity to a wake generated by a boat moving in water.
The axial fields in the wake can exceed TV /m which is many orders of magnitude
higher than conventional RF cavities and is the main motivation behind using
plasma waves for electron acceleration. Another advantage of this behavior of
the electrons is the radial fields that keep the electrons inside the structure while
they are being accelerated by the axial fields. In this section, we will go over the
generation of the wakefields, followed by mechanisms of injecting electrons into
this structure and then we will finally look at limitations of this process.

2.3.1. Linear wakefield generation

As previously described, an external field applied to a plasma can excite collective
electron oscillations in a plasma. A laser pulse can provide this external field and
for some cases this process can be described and solved analytically using a set of
three differential equations

V-E=—, Gauss’s Law (2.41a)
€o
0
6?55) +Vj =0, Continuity Equation (2.41b)
0
(9115) = Fg + Fpyona, Equation of Motion (2.41c¢)

where Fg and F),,; are the Lorentz and the ponderomotive forces respectively.
For the derivations and the discussions for the wakefields we will assume that the
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ions are immobile and create a stationary background which can be justified owing
to their much higher mass than the electrons. We also assume that the density
perturbations dn are small and hence can be written as n. = ng + dn, where ng is
the constant, unperturbed background plasma density and n. is the total plasma
electron density. The direction of travel for the laser pulse is assumed to be z. The
wave equation for the density perturbations dn in the case of a weak laser driver
(ap < 1) is [39, [54]

” 26 e (2.42)
— 4w’ |dén=n9—V-a .
otz r 4 ’

where V = — 2 + —#. For simplicity, we will apply a coordinate transformation

0z or

[50, 55] to a co-moving frame with the phase velocity of the plasma wakefield
§ = z—ct and 7 = t. The derivatives are then transformed to 0; = 0, and J; =
Or — 0y = —cO¢. The O vanishes since we assume quasi-static approximation.
The wave equation for the axial field in the direction of the laser propagation can
be attained using Equation and the equations for the density perturbations
and the axial field in the co-moving frame are

82
(agz + kzg) on — zov%ﬁ (2.43a)
82
(852 + k}j) E(r,&) = K2V ®,(r,§), (2.43b)

Mmec?

where @, (7, &) =

ponderomotive force of the laser pulse. We can recognize this equation as being
the equation of a harmonic oscillator driven by the ponderomotive potential V?a?.
The solution to these equations for a driver with a transverse Gaussian profile and
a sinusoidal squared axial profile was derived in [50]. The result also proposed
that the wakefield can be driven resonantly when the laser pulse axial length is
half the length of the plasma wavelength. The radial size of the wakefield is on
the order of the waist of the focused laser pulse. For a linearly polarized pulse,
the axial electric field and the density perturbation are given by [56]

a®(r, €) is the ponderomotive potential associated with the
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2 2 2 2 2
on = —no% [1 + 8 (1 i )] exp (— r ) sin k&, (2.44a)

8 k2w (z)? w(z)? w(z)?
ma} 272
E, = —EO?O exp <_w(z)2> cos k€. (2.44b)

The radial electric field can be derived from the axial field using the Panofsky-
Wenzel theorem and follows the same dependence as the density perturbations.
From Equation and Equation (2.44Db)) we can highlight some of the salient
features of the Wakefield. The Wakefield has a sinusoidal shape behind the laser
pulse with a wavelength associated with the plasma frequency. Hence, a higher
plasma electron density increases the plasma frequency, which decreases the plasma
wavelength. The density perturbations and the radial field are § phase-shifted with

respect to the axial field. The axial field provides regions % for both acceleration
and deceleration. However, because of the phase shift between the radial and
axial fields off-axis electrons would only see a focusing and accelerating field for

%, which is the favorable regime for electron acceleration.

2.3.2. Nonlinear wakefields and bubble regime

The laser energies considered in this work have a vector potential ag > 1 and hence
drive nonlinear wakefields where the assumption of small density perturbations no
longer hold. Nevertheless, we can still follow the same procedure as we did in the
linear case and derive the wave equation for the nonlinear wakefields [56, 57| using
Equations (2.41a)) to (2.41¢)

P 4, 1+a2/2 \ "
o¢2 Ky {ﬁp (1 - 221+ ¢)2) -1 (2.45)

where ¢ is the potential associated with the wakefield, k, is the plasma wave
>—1/2

vector, 7y, = (1 — 55 is the Lorentz factor associated with the phase velocity
v, of the plasma wave and (8, = v,/c. If the velocity of the plasma electrons which
are the constituents of the plasma wave becomes ultra relativistic we can simplify
Equation by using the following approximations
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Figure 2.5.: The difference between the two regimes of linear and non-linear wakefields is depicted.
The results are derived from FBPIC simulations where a laser with an ag of 0.3 is driving the wakefields.
On the other hand the laser aq for the bottom figure is around 3.0, hence driving nonlinear wakefields.
Both figures have the quantities normalized by those of the linear case. Hence for the nonlinear case
the density perturbations are much larger than the nonlinear case resulting in a sawtooth-like axial
field.

1+a%/2 \ _ 1+a%/2

By=1/1-72~1 L (2.46D)

2*)/3

Using Equation (2.46a)) and Equation (2.46b|) leads to a modified Equation ([2.45|)

_ 1.2

a2 2 U (1+49)
We can solve the Equations (2.45)) and (2.47) numerically for a Gaussian shaped
laser pulse and use the solution of the potential to calculate the radial and axial
fields. In Figure [2.5] we see the difference between the linear and nonlinear wake-
field regime where the axial fields and the density distribution is shown. The figure
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Figure 2.6.: Radial and axial electric fields are depicted in this figure with the left half showing the
linear wakefield case (ag = 0.3) while the figures on the right half depicting the nonlinear wakefield
case (ag = 1.5). The laser for the nonlinear case has been normalized for the sake of clarity, since on
a similar scale it would appear stronger than the laser for the linear case.

was generated from simulating the wakefields using a Particle-in-cell code known
as FBPIC that would be described in subsequent sections. The agy for the two
cases is 0.3 and 1.5, however, for the second case the power is above the critical
power required for self focusing and the pulse also compresses. This results in an
ag of about 3.0 within the plasma that results in non-linear wakefields. Compared
to the linear case the axial fields take on a "sawtooth” like shape where there is a
linear increase of the field between the peaked density perturbations. In contrast
to the linear wakefield, the nonlinear regime has a half plasma wavelength where
the electrons are both focused and accelerated. This can be seen in more detail in
Figure [2.6] where both axial and the radial fields are depicted. We also see that
the wakefields in the nonlinear case are curved towards the laser. We previously
discussed in Section how the local variations in intensity can result in local
variation in the relativistic mass of the electrons. With an increase in the rela-
tivistic mass the plasma wavelength increases. Hence, the electrons forming the
plasma wakefield on axis have a larger plasma wavelength than the electrons which
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are radially far from the axis. This results in the curvature seen in the wakefields
for the nonlinear case.

For a highly nonlinear wakefield with an ay > 1, all of the electrons around the
laser axis are pushed out by the ponderomotive force of the laser pulse. The follow-
ing analysis is a phenomenological treatment since a full 3D analytical derivation is
not possible in the nonlinear case. When the area behind the laser pulse becomes
devoid of electrons, it results in a blow-out or a bubble regime [58]. This ionic
bubble is surrounded by a thin sheath of electrons that fall back to the central
axis. This regime was studied using PIC simulations by Lu et al. [59-61] who
found the extent of the bubble to be related to the ag of the driving pulse and the
plasma wavelength

2, /@
Ry = V2, (2.48)
k
P

This extent of the bubble radius is valid in the case when the laser waist is matched
to the bubble radius waist ~ R,. The axial and the radial fields inside the bubble
vary linearly with z and r respectively and were also derived from PIC simulations

WpMeC

Vag (2.49a)

w,meck
E. ~ 2P
4e

Ez,maa: -

(2.49b)

It can be seen from the above equations that the maximum axial fields can be
increased by a higher laser intensity or by increasing the plasma electron density,
which results in an increased plasma frequency. This particular regime is attractive
for electron acceleration since the axial and radial fields are linear in the bubble
with a highly nonlinear behaviour at the edges of the bubble, resulting in less
beam distortion during acceleration. We will discuss the limitations of the energy
that can be transferred to the electrons in Section [2.3.4]

2.3.3. Electron injection

Once the laser pulse has established the plasma wakefield structure, a mechanism
is required to inject electrons into this accelerating region in order to exploit it
for particle acceleration. In the experiments presented in this work, the electrons
that are accelerated originate from the background plasma itself. These plasma
electrons are trapped and injected into the wakefield under particular conditions
that will be described in this section. Since an equation of the wakefield potential
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was derived in the last section Equation , we can use it to derive a Hamil-
tonian to examine the dynamics of individual electrons in the co-moving frame
of the plasma wave E| In this frame, the wakefield appears quasi-static, and the
electron trajectories can be described using the Hamiltonian of the system. The
Hamiltonian H (&, p,) governing the motion of a test electron in a one-dimensional,
electrostatic plasma wave with normalized quantities is given by [62]

H(E,p.) = /1 + a2(€) + p2 — Bypps — H(€) (2.50)

where p, = p/,/m.c is the normalized longitudinal momentum, §, is the normalized
phase velocity and ¢(&) is the normalized scalar potential of the plasma wave. This
Hamiltonian describes the phase space trajectories in the (&, p,) plane, and the
boundary between trapped and untrapped orbits is known as the separatrix. Only
electrons that cross into the region bounded by the separatrix can become trapped
in the Wakefield and subsequently accelerated. The condition for trapping can be
derived by comparing the electron’s Hamiltonian H to the value of the Hamiltonian
at the separatrix Hg given by

</ 2
Hs - & - ¢min (251>

Tp

where v, = 1/,/1 — 32 and ¢y, is the minimum of the normalized scalar potential.
When the condition H < Hj is achieved, the electrons are trapped in the Wakefield.
This implies that the electron needs to have a longitudinal velocity that is greater
than the velocity of the trailing end of the wakefield to be able to co-propagate
with it. In Figure 2.7, the phase space structure of the wakefield along with the
wakefield potential and the longitudinal field is shown in the comoving frame of
reference. The separatrix is shown in red while a trapped orbit is shown in violet.
Trapped electrons oscillate within the wake structure, periodically gaining and
losing kinetic energy as they are alternately accelerated and decelerated.

In contrast, electrons whose initial Hamiltonian exceeds or falls short of the sep-
aratrix threshold, represented in black, remain untrapped. These electrons either
outrun the wake or lag behind it in the co-moving frame. Their collective motion
constitutes the plasma oscillations that sustain the wakefield structure. To make
use of the accelerating structure of the wakefield, the acceleration process needs
to be terminated before the electrons enter the decelerating phase of the wake.

Many of the injection mechanisms change the trajectories of the electrons to trap
them inside the wakefield structure. From Equation (2.51]), we can see a slower

"However, this analysis fails to describe practical laser-wakefield accelerators, which are often
subjected to global perturbations that can change the structure of the wakefields.
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Figure 2.7.: The top part of the graph shows the different wakefield quantities with ag = 1. In
the bottom part of the graph the phase space is depicted in the comoving frame of reference. The
red contour defines the separatrix that distinguishes between trapped (violet) and untrapped (black)
orbits.

phase velocity (smaller v,) and a higher wakefield amplitude (higher ¢,;,) both
decrease the value of the separatrix Hamiltonian. This implies that trapping is
easier when a larger wakefield is driven by a higher intensity laser (higher ¢, )
or when the plasma electron density is increased, leading to lower phase velocities
(see Equation ([2.34))).

The injection mechanisms can both be uncontrolled, like self-injection [63], or con-
trolled, such as density down-ramp injection , shock injection , ionization
injection and colliding pulse injection [67, 68]. The most relevant injection
mechanisms will be described in the following section, which were used in this
work.

Self-injection

Previously, we examined how increasing the laser intensity drives the plasma wake
into the nonlinear regime (see Section [2.3.2)). However, this process reaches a phys-
ical limit when the velocity of electrons oscillating in the plasma wave exceeds the
phase velocity of the wakefield. At this point, the wakefield undergoes a break-
down, analogous to the breaking of a water wave near the shoreline, wherein the
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electric field reaches its maximum amplitude and can no longer sustain coherent
wave motion. This phenomenon enables a subset of fast-moving electrons to ac-
quire sufficient momentum to enter the accelerating phase of the wake, initiating
the process known as self-injection. The mechanism outlined above corresponds to
longitudinal self-injection, in which electrons originate near the laser axis and pos-
sess negligible transverse momentum. On the other hand, transverse self-injection
occurs when the electrons that were pushed away by the ponderomotive force
travel around the sheath of the electrons before being injected. This process of
injection is experimentally easy to implement since only a laser of sufficient power
is required to achieve the wakebreaking threshold. As we have already seen the
laser pulse can self-focus and compress thereby increasing the ay which can in
turn lead to self-injection. A threshold value can be derived for this self-injection
process from the following expression [69, [70]

Ryk, > 2\lln lijmt] — 1. (2.52)

Ne

Using Equation (2.48) we can reformulate this expression to

2ncrit 2ncrit

2\/a_0>2\llnl 3

] -1 = agp> ag,si = In — 1. (253)

Ne 3ne
For experiments involving lasers with a central wavelength of A = 800nm —
Nerit = 1.7 x 10?'em ™ and plasma electron densities in the range of 5 x 108cm ™3,
the threshold value becomes ag s ~ 4.5. This value can be routinely achieved in
typical LWFA experiments when taking into account the increase in the normalized
vector potential due to self-focusing and self-compression within the plasma during
pulse propagation. Since self-injection threshold depends on the plasma electron
density, it can be minimized or completely stopped by lowering the electron density.

While this is one of the simplest injection mechanisms requiring no special target
systems, it has a couple of disadvantages. Firstly, once the threshold value for
the laser vector potential is achieved, the electrons continue to inject at the back
of the bubble during the propagation of the laser pulse. The electrons injected
at earlier stages of propagation remain in the bubble for a longer duration and
hence are accelerated to higher energies in contrast to the electrons injected at
later stages. This naturally creates electron beams with a relatively large energy
bandwidth. Secondly, even more critical is the dependence of this scheme on the
laser pulse evolution in the plasma and the consequent nonlinear process of wave
breaking. This process is sensitive to small variations that arise from shot-to-shot
fluctuations of the laser parameters making it unstable and difficult to control.
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The controlled schemes of injecting electrons try to address these challenges by
localizing the injection to reduce bandwidth and making the injection process
independent of the pulse evolution in the plasma.

Density down-ramp injection

dn
When a laser pulse is propagating in a density down ramp — < 0, it leads to

an increasing bubble size from Equation and a reductionzin the local phase
velocity of the wake from Equation (2.33)). These effects can be exploited to inject
an electron beam into the bubble and can be understood by looking at the local
phase velocity [14]. The local phase of the wake is given by ¢ = k,(2)(2—ct), where
the influence of the density downramp on the group velocity of the laser pulse is
considered to be minimal v, ~ c. This can be used alongside the definitions of
effective plasma frequency wyrr = 0;¢ and wavenumber £, .ry = 0,¢ to yield the
following local phase velocity

vy = “pell ¢ ~c (1 — fazkp> ~c (1 - fﬁz”) - (2.54)
kperf + éa ky kp 2n
ky, ~

From the above equation, it can be seen that the phase velocity behind the laser
pulse (¢ < 0) will decrease for a density downramp (0.n < 0). This effect of
reduction in the phase velocity is more prominent the larger the distance is behind
the laser pulse and the steeper the density gradient. When the decreased local
phase velocity approaches the velocity of the plasma electrons, injection can occur.
This results in an injection mechanism that is independent of the pulse evolution.
This density downramp can occur naturally at the end of the gas jet when the gas
density tapers off [71], 72| or it can also be introduced through a shock wave in the
gas density flow that leads to a special case of density down-ramp injection known
as shock front injection.

Shock front injection

Shock front injection [65] is a specific type of density down-ramp injection where
a sharp, localized decrease in plasma density is used to inject electrons into the
Wakefield bubble. The localized reduction in the plasma density is achieved using
a shock front introduced by perturbing the supersonic flow of gas from a de Laval
nozzle [73| by a razor-sharp blade or a wire. This technique has a potential for
stable production of narrow bandwidth and high charge electron beams |74, |75].
The characteristic of a narrow bandwidth arises because of the small timescales
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Figure 2.8.: The evolution of the bubble and injection of an electron beam is shown using three
time snapshots when propagating through a density shock. In this instance, the normalized vector
potential is approximately ag =~ 2.5. The density downramp from 8.8 x 10'8cm ™3 to 5.5 x 10'8cm =3
occurs from 1000 pm to 1010 pm. The time elapsed between each snapshot is about 89fs. The
plasma wavelength increases because of lower density and the electrons forming the sheath of the
first bubble are trapped and then accelerated.

involved in the process and the small local region where the injection takes place.
From Equation (2.48), we see that the size of the bubble is inversely proportional
to the plasma electron density that implies a shorter bubble where the density is
higher and a longer bubble when the density is low. The density in a shock front
injection increases to a point of the shock after which it rapidly decreases. The
electrons that make up the sheath at the back of the bubble in a high density region
suddenly are captured at the back of the longer bubble as the density decreases in
the sharp downramp.

Figure [2.8] shows this behavior where three snapshots from a laser Wakefield ac-
celerator simulation is shown depicting the mechanism of shock front injection. In
the first picture a bubble in the region of high density region is formed before the
shock. The sharp density downramp occurs in the second graph where we see the
electrons forming the back sheath of the bubble being captured. In the last image,
these electrons are then accelerated. It can be noted that the length of the bubble
is longer in the last image compared to the first one. If the density is tuned such
that there is no self-injection before and after the shock, then the injection is only
restricted to this small spatial and temporal region. The energy of the electron
beam can be tuned by moving the shock along the gas jet resulting in variable
acceleration length. Other parameters of interest that influence the shock front
injection are the backing pressure of the gas jet and the movement of the blade
or wire that induces the shock in the gas flow. These parameters can be actively
controlled during an experiment resulting in beams with variable bunch properties
such as energy spread, mean energy and pointing [76].
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2.3.4. Acceleration limits

In the sections before, we outlined the generation of the plasma wakefields and
the consequent electron injection and acceleration in the trailing bubble. In this
section, we will outline the limitations of the process of electron acceleration in
the laser wakefields. Since the group velocity of the laser is lower in the plasma
than vacuum, eventually the electrons start to move forward in the bubble till they
reach the middle of the bubble after which they start to decelerate since the axial
field reverses sign (see Figure in a process termed as the dephasing. Another
effect known as depletion of the laser field is the reduction in the potential of the
laser because of the transfer of energy to the wakefields. Lastly, the acceleration
and the plasma wakefields can only be sustained when the laser has a high enough
intensity. The fundamental process of diffraction limits the distance over which
the wakefields can be maintained. These three effects will be elaborated in this
section.

Dephasing

To describe the effect of dephasing, we need to look at the typical velocities of the
laser pulses used in this work. The group velocity of a laser pulse with a central
wavelength (A &~ 800nm) propagating in a plasma with a plasma electron density
ne ~ 10%cm™ is around v, &~ 0.9997¢ from Equation (2.36). In the comoving
frame, an electron beam with an energy greater than 30 MeV would eventually
pass the middle of the bubble and enter the region of the wakefield where it would
experience the decelerating fields. The length in the laboratory frame which the
electron travels before it enters the second half of the bubble is termed as the
dephasing length Lgepn. For a highly underdense plasma and the bubble regime
results in an expression for the dephasing length [77]

w2 1, ag < 1
Ldeph ~ p)\p \/5@0 o> 1 (255)
p .
T

The different regimes result from the increase of the plasma wavelength in highly
nonlinear wakefields. From the above expression and the definition of the plasma
frequency Equation , the dephasing length is inversely proportional to the
plasma electron density Lgepn o< n, /2. Hence by decreasing the electron density,
one can increase the dephasing length. For case of nonlinear wakefields ag > 1,
the dephasing length is also increased by increasing the laser intensity. Although
dephasing is an inherent problem to the laser Wakefield accelerators, attempts
have been made to circumvent it by introducing a density upramp after injection
[78, [79]. This shrinks the plasma wavelength allowing the electron to remain in

the accelerating part of the bubble because of the accelerating wakefield phase.
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Depletion

When the laser pulse excites the plasma wakefields, it constantly transfers energy
from the laser to the plasma. This process eventually drains the driving laser
potential to a point where it is no longer strong enough to drive plasma wakefields.
As shown already in Section [2.2.3] the front part of the laser pulse driver sees the
highest plasma electron density and hence it is the part that loses the most energy
and etches away. The velocity at which this happens is given by [80]

w2

Vetch R c;g. (2.56)
The etching starts from the front of the laser and propagates to the back. The
time it takes for this effect to completely erode away a laser pulse is denoted by
teten, and the length is called the Depletion Length Lge,. Assuming a laser pulse
with an axial length cA7y, and a highly underdense plasma v, ~ c the depletion

length is given by

2
AT _ @ Ar (2.57)

Vetch WZ%

Ldep = Cleteh = C

From Equation ([2.57), we can see that the depletion length is directly proportional
to the pulse duration and is inversely proportional to the plasma electron density.
Hence by reducing the plasma electron density, one can increase the depletion
length. Another important effect of the etching is the decrease of the group velocity
of the laser pulse, resulting in the electrons entering dephasing earlier and reducing
the dephasing length. Both the depletion length and the dephasing length for the
parameters considered in this work is on the order of a few mm.

Diffraction

Finally, the last limiting factor in accelerating the electrons is the natural diffrac-
tion of the laser beam. To attain high intensities that can generate the plasma
wakefields the laser beam is focused and its size evolves according to Equation (2.20b)),
implying increasing size once the laser beam passes the focus spot at z = 0. The
increase in size diminishes the normalized vector potential, thereby inhibiting the
generation of wakefields. The focal spot size is generally not tunable during an
experiment and is a fixed parameter of the facility, where it is chosen to result
in high intensities and matched resonance conditions to drive wakefields. The ac-
celeration can still occur over several Rayleigh lengths, beyond which the laser
intensity becomes insufficient to sustain nonlinear wakefields. However, as dis-
cussed in Section the laser can experience self-focusing if it is above a certain
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power threshold. This self-focusing effect can counteract natural diffraction, al-
lowing the laser to maintain values of high a for an extended length. Due to the
laser depletion, the laser pulse eventually drops below the critical power required
for self-focusing. After this point, the natural diffraction of the laser pulse domi-
nates, reducing the intensities at the laser axis. One mechanism to overcome this
limitation is to guide the laser pulse through the plasma using external guiding
structures|81} |82]. The highest peak electron energies have been achieved using
these guiding structures that were able to maintain the focal spot size of the laser
on the order of tens of cm in length. In this work, to keep the experiment simpler,
no complex guiding structures were employed since the main goal was to optimize
the current available free parameters.

One primary goal of this work is to automate the procedure of finding good regimes
of laser wakefield acceleration. From this chapter, we can see that the complex
process of driving wakefields, injection, and acceleration can affect the resulting
electron beams from the LWFA. The laser normalized vector potential ag is one
of the most important parameters that has an impact on the acceleration of the
electrons. This parameter locally varies in the region of a laser pulse focus relative
to the target in experiments, one can change the value of agy at different positions
within the plasma. Another important parameter that influences the acceleration
of the electrons and the evolution of the laser pulse in the plasma is the plasma
electron density. A lower density increases the dephasing and depletion length at
the expense of weaker fields. In an experiment setting the density can be changed
by changing the backing pressure of a gas nozzle or by changing the distance of the
gas nozzle to the laser axis. In this work, all of the electrons are injected into the
plasma wakefields using shock front injection, hence controlling the upramp and
downramp profiles can also lead to widely different electron beams. Lastly, intro-
ducing chirp in the laser pulse by changing the second, third or fourth dispersion
can lead to different temporal profiles of the laser pulse. This in turn can affect
the value of ag at different positions within the plasma that can affect the electron
beams. From the theoretical framework laid in this chapter, we identified these
different parameters to optimize the electron beams coming out of a LWFA. This
is by far not an exhaustive list of parameters but the ones that have a significant
effect. In the next section we will discuss the basics of different components of
Bayesian optimization that is the other major part of this work.






3. Bayesian Optimization with
Multiple Objectives and Fidelities

In this chapter, the mathematical underpinnings of Bayesian optimization (BO)
starting with basics of conditional probabilities are described. We then discuss the
Bayes’ rule, its importance in constructing Gaussian processes (GP) that serve as
the surrogate model for our optimization schemes. After that, acquisition func-
tions, which are the second core component of Bayesian optimization would be
discussed. We will then introduce the novel trust-based optimization method that
was proposed during this work and show its effectiveness compared to other ad-
vanced state-of-the-art BO methods. This chapter aims to help the readers, who
encounter BO for the first time, understand the gist of BO methods.

The roots of Bayesian probability theory trace back to two early pioneers of statis-
tics: Thomas Bayes and Pierre-Simon Laplace. Thomas Bayes is credited with for-
mulating the foundational ideas of what we now call Bayesian inference [83]. He
introduced a method for updating probabilities based on new evidence, a principle
that underpins modern Bayesian analysis. Pierre-Simon Laplace greatly extended
and applied Bayes’ ideas to a wide range of scientific and practical problems, from
celestial mechanics to demography [84], 85].

These developments were crucial in the early foundations of statistics, which today
are dominated by two broad approaches, namely Bayesian statistics and frequentist
statistics. In frequentist statistics, developed in the early 20th century, probabil-
ities are interpreted as the long-run frequencies of events. This approach focuses
on repeated sampling from a population and defines probabilities as limiting fre-
quencies as the number of trials approaches infinity. Frequentist inference often
emphasizes hypothesis testing, p-values, and confidence intervals, with no direct
way to incorporate prior beliefs or uncertainty about parameters [86].

In contrast, Bayesian statistics interpret probabilities as degrees of belief, which
can be updated as new evidence is acquired. In this framework, the probability
of a hypothesis reflects the amount of our belief in the hypothesis, and these
beliefs are continuously updated via Bayes’ rule, which we will discuss later. The
Bayesian approach offers a coherent way to model uncertainty and incorporate
prior knowledge alongside new data [87].
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In this chapter, we will focus on the Bayesian approach, particularly because it
relates directly to Bayesian Optimization. By combining prior beliefs about a
model or system with new observations, Bayesian methods provide a powerful
framework for inference and decision making, which makes them well suited for
optimizing expensive-to-evaluate black-box functions such as a Laser Wakefield
accelerator.

3.1. Conditional probabilities

We will start by describing a formal model of a random process known as the
probability space. This probability space consists of the sample space denoted by
2, which is the set of all the possible outcomes of a random process. An event
space JF is another feature of the probability space, consisting of all events, where
each event is a subset of the sample space. The final component is a probability
function that assigns a probability to each event within the event space. Assuming
an event A € F, we denote this probability function by p(A) € [0,1], where 0
means event A is impossible and 1 means event A is certain. We can continue
to define another event B similarly with a probability p(B). In this context, we
can now talk about the joint probability distribution p(A, B) that quantifies the
probability that both events A and B will occur simultaneously. If both events A
and B are independent, we end up with p(A, B) = p(A)p(B). However, in cases
where event A and event B are not independent, the calculation of p(A, B) would
depend on the relationship between the two events. This leads us to the concept
of conditional probability.

Conditional probability refers to the probability of event A occurring given that
event B has already occurred. The joint probability then results in the expression

[38]

p(A, B)
p(B)

Another concept that is related to the joint distribution is known as marginal
probability distribution. Marginalization is the process of summing over the joint
probability distribution to recover the individual probabilities of events. Contin-
uing the example of events A and B, we can recover the marginal probability
distribution of A by summing over all possible outcomes of B [89)

P(A|B) = (3.1)

p(A) = %p(A, B). (3.2)
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For the case of a continuous probability distribution, the summation becomes an
integral |90]

= [ p(A, B)dB = [ p(A|B)p(B)dB. (3:3)

Marginalization effectively sums over all the possible ways B can occur while still
considering A, giving us the total probability of A while marginalizing out B. From
Equation (3.3]), we can also think of marginal distribution as an average of condi-
tional probability distribution over all possible values of event B. We can repeat
the same procedure and get the probability distribution of B by marginalizing out
A. This concept of marginalization is fundamental in Bayesian statistics, where
we often deal with joint distributions of multiple variables and use marginalization
to compute probabilities for subsets of variables.

To demonstrate the concept of conditional and marginal probabilities, consider
an experiment in which we measure two related physical quantities, such as the
position X and the momentum P,,,,, of a particle. We can write the joint prob-
ability distribution for these two random variables as p(X = &, Priom = Pmom)s
where x is the realized or measured value of the random variable X and p,.om
is the realized value of momentum. The probability that the particle is found
at any position x while having a particular momentum p;,om1 is given by the
conditional probability distribution p(X = z|Pom = Pmom1). If we are only in-
terested in finding the particle at any position = regardless of the momentum it
has, we can marginalize out the momentum. This is done by averaging out the
conditional probability distribution for all possible values of P, resulting in

p(X - x) - fp(X =, Pmom = pmom)dpmom-

Bayes’ rule

Next, we will derive the Bayes’ rule that is the underlying principle of the models

used in this work. The rule generally outlines the procedure for updating the

probability of a particular event A occurring, given some data labelled as the event

B. We can repeat the application of the Bayes’ rule to update the probabilities

after attaining more data sequentially. From Equation ’ we can write the
A

Since both

conditional probability of event B given A as p(B|A)

equations have the joint probability distribution, we can use both equations to
eliminate it and write [91]

p(B|A)p(A)

p(A[B) = oB)

(3.4)
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where p(A) is known as the prior probability that represents our belief of event
A occurring before any data B has been observed. p(B|A) is the likelihood that
represents how likely the observed data B is given that A is true and p(A|B)
is the posterior distribution that represents the updated probability of A after
taking into account the data B. The p(B) is the marginal likelihood that ensures
normalization of the posterior over all possibilities of A. Equation (3.4)) is essential
for Bayesian inference and modeling because it allows us to update our belief (the
prior distribution) after observing new data (event B) to yield the new belief (the
posterior distribution). Please note that in deriving Equation (3.4]), we utilized
the fact that the joint probability distribution is commutative by definition.

We can see the effects of applying Bayes’ rule in the context of particle physics
where we consider a colliding experiment to detect a new particle. Assume, we
have a theoretical model that predicts the existence of a new particle with a
very small probability. Based on this model and previous experimental results,
the probability of the particle existing is p(E) = 1% = 0.01, that is the prior
probability. Moreover, the experimental detector system has a true positive rate
of 90%, that implies that it can detect the particle if it exists with a probability of
p(D|E) = 0.9. Naturally, this means that the detector can also signal a detection
even when the particle does not exist p(D|-FE) = 0.1.

Now, we assume that the experiment results in the detector giving a signal that
could indicate the presence of the particle. We can use the Bayes’ rule to up-
date the probability that the particle exists based on this new detection signal.
The only missing component for applying the Bayes’ rule is p(D), the marginal
probability of the detector giving out a signal. This can be calculated by aver-
aging the conditional probability of the detector giving a signal both when the
particle exists and when it does not p(D) = p(D|E)p(E) + p(D|-E)p(-E) =
(0.9)(0.01) 4+ (0.1)(0.99) = 0.009 + 0.099 = 0.108. Now from Equation (3.4]), we
get p(F|D) = 0.9%0.01/0.108 = 8.3%, thus after detecting a signal, the probabil-
ity that the particle exists has increased from 1% to about 8.33%. While this is a
significant increase, it still shows that, due to the high false positive rate and the
initial low prior probability, the detection alone does not provide overwhelming
evidence for the particle’s existence. By incorporating both the prior knowledge
from theory and the new data from the experiment, Bayesian inference provides a
systematic way to quantify and refine uncertainty in scientific discovery.

If we repeat the experiment, we can now use this updated posterior distribution as
the prior distribution for the next experiment. Assuming another detection, the
probability that the particle exists rises from 8.3% to about 45%. This demon-
strates how accumulating evidence for the particle’s existence causes the posterior
probability to increase and shift our belief.
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Figure 3.1.: The figure on the left shows a number of sample functions derived from fy(x) =
0122 + B9z after sampling the vector parameter @ from a standard normal distribution N(0,1). For
each particular value of vector 8, a complete function fi(z) is generated. This two step method of
generating functions could be replaced by getting rid of the parametrization and directly defining a
prior distribution over the functions as shown on the right. The complete distribution of the functions
can be defined as a prior mean and an uncertainty which is shown here in the form of 2 standard
deviation confidence intervals.

3.2. Gaussian process regression

In the last section, we explored the foundational concepts of conditional probability
and Bayes’ rule, which provide the theoretical framework for updating beliefs based
on new data. These principles are at the heart of Bayesian inference, and their
power becomes even more evident when applied to more complex models. One such
model, the Gaussian process (GP), allows us to extend the Bayesian framework to
continuous function spaces, enabling us to make predictions with uncertainty. In
this section, we will delve into Gaussian process regression (GPR), a key tool in
Bayesian Optimization, where we use probabilistic modeling to predict unknown
functions and guide optimization strategies efficiently.

GPR is a non-parametric Bayesian approach to regression that allows us to make
predictions about unknown functions in a probabilistic manner. At its core, GPR
provides a flexible way to model complex relationships between inputs and outputs
without assuming a fixed functional form. Instead, GPR models the distribution
over possible functions that fit the observed data, capturing both the predicted
mean values and the uncertainty around them. This makes GPR particularly
powerful for tasks such as optimization, where understanding the uncertainty in
predictions is crucial for making informed decisions. Before venturing further
into the details of the GPR, we can first make an attempt to understand what a
distribution of functions entails.

Assume that we have a function fp(z) = 612% + o2 that is parameterized by
a vector 6. A different parameter value @ results in a slightly different version
of the polynomial function. We can generate a random sample of functions by
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sampling the values of @ from a standard normal distribution which has a zero
mean and a unit variance N (0, 1). These different values of @ are then used in the
polynomial equation to generate a function sample. This process of generating
functions in two steps can be replaced by generating the functions directly as
shown in Figure 3.1 We can define a prior distribution of functions and then
sample from this distribution to obtain the same samples. This prior distribution
is also non-parametric and as we will see later the shape of the functions is derived
from the data itself instead of assuming a parameterized functional form.

A Gaussian process in the context of regression, defines a prior over functions that
can be then updated using the available data. The GPR is fully characterized by
a mean function m(x) and a kernel function k(z,z’) |92

f(x) ~ GP(m(x), k(z,2")). (3.5)

The mean function m(z) captures our prior expectation of the value of the function
at each point.

m(z) = E[f(z)] (3.6)

In many applications, the prior expectation of the function value is assumed to be
zero m(x) = 0, if no specific prior knowledge exists about the function’s behavior.
This assumption that the function decays to zero at the boundaries simplifies the
model and centers the GP around zero, allowing the data to inform the function’s
shape entirely. However, if prior knowledge about the function exists, it can be
incorporated into a non-zero mean function. As a simplest case, if a linear trend is
expected from the underlying function, then a mean function m(x) = w’x, where
w is a vector of coefficients and @ is a vector of inputs, can be incorporated into
the GPR.

3.2.1. Kernel functions

The kernel function, also known as the covariance function, is a fundamental
component of GPR. It encodes our assumptions about the function that we want
to learn, dictating the shape, smoothness, and general behavior of the functions
that the GP can model. Essentially, the choice of kernel determines the class of
functions that the GP can represent, and thus, GPR can only estimate functions
that are consistent with the properties implied by the selected kernel. The kernel
function k(x,z’) defines the covariance between the function values at two input
points = and

k(z,2') = E[(f(z) — m(x))(f(z') —m(z))], (3.7)
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Figure 3.2.: The figure on the left shows a number of sample functions derived from a GPR that
has a non-stationary kernel while the figure on the right shows the sample functions derived from a
GPR with a stationary kernel. We can see that for the linear kernel case, the statistical properties
of the function depend on the location in the input space since the further we are from z = 0, the
higher the variance. In contrast with the non-stationary case, the GPR samples with the stationary
kernel oscillate around the zero mean with similar variance.

where m(z) is the mean function. It dictates how changes in the input space
translate to changes in the function values, thereby shaping the GP’s ability to
fit data and generalize to new inputs. By choosing an appropriate kernel, we
can tailor the GP to capture specific characteristics of the data, leading to more
accurate modeling and prediction.

Kernel functions can be broadly classified into stationary and non-stationary ker-
nels based on whether their properties depend solely on the relative positions of
the input points or on their absolute positions. This implies that the statistical
properties of the process are invariant under translations in the input space. More
formally, a kernel k(z,z') is stationary if it depends only on the difference |z — 2’|
and not on the actual values of x or /. Examples of stationary kernels include
squared exponential, periodic and Matern kernels, among others. On the other
hand, a kernel is non-stationary if it depends on the absolute positions of x and
2’. Non-stationary kernels can model processes where the behavior changes over
different regions of the input space and include linear or polynomial kernels. In
Figure[3.2] we can see a global trend that arises through the use of a nonstationary
kernel on the left portion of the figure. Another phenomenon is the increase in
variance as the distance from = = 0 is increased. This implies varying levels of
noise that is input-space dependent. On the other hand, with the use of stationary
kernel we see that the function samples are smooth and always vary with a similar
magnitude around the constant zero mean.

The kernel functions obey a number of nice properties that allows us to create
new kernel functions from existing ones (see [92] for more details). The addition
and product of two kernel functions result in a new valid kernel function. This
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applies even if the domain of both kernel functions is different since the new kernel
function then operates on the product space. As an example, if we suspect the
function that we are modeling to have some periodicity and a smooth structure
on top, we can model it using an addition of Matern and a periodic kernel. We
will now discuss some of the basic and simplest kernel functions that are used
frequently.

The first of the kernels is the Squared Exponential (SE) also known as the Radial
Basis Function (RBF) that is defined as [93]

krpr(z, ') = o exp [W] (3.8)

where o is the signal variance and [ is the length-scale hyperparameter that deter-
mines how quickly the correlations between function values decays with distance.
The functions that result from this kernel function are infinitely differentiable and
always smooth. Another reason for the popularity of the RBF kernel arises from
its property of being a universal function approximator [94]. This implies that
with appropriate hyperparameters, it can approximate any continuous function
on a compact domain to arbitrary precision.

In some applications, a control over the smoothness of the functions is required
which is the motivation for the Matern class of covariance functions defined as

. (39)

kMatern(xv x/) =0

2270 (Vaule — 2/ |\" . (V20le — 2]
F<v>( ! )K( ! )

where K, is the modified Bessel function, I'(v) is the gamma function and v > 0 is
the smoothness parameter. The degree of smoothness is governed by the parameter
v which defines the number of times the function can be differentiated. The
most common values for v are 3/2 and 5/2 implying once and twice differentiable
functions and are denoted as Matern 3/2 and Matern 5/2 kernels respectively. For
the case of v = oo the Matern kernel approaches the RBF kernel.

Finally we will outline another kernel that has a repeated correlation that does
not vanish to zero with increasing distance between = and /. This is the periodic
kernel and is defined as

2sin?(r|x — 2
k:Periodic(xy $/> - 02 exXp | — ( |12 |/p) s (310)

where p is the period of the function, [ is the length-scale parameter and o is the
signal variance. This type of kernel can be used with other kernels to model a
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Figure 3.3.: The effect of choosing different kernels and a kernel with a different hyperparameter of
lengthscale is shown. On the top left is a RBF kernel with a large lengthscale compared to the top
right where a smaller lengthscale RBF is shown. We can see that even though the smaller lengthscale
RBF varies faster than the larger lengthscale RBF, it is still quite smooth. On the bottom left is
the Matern 3/2 which can describe less smooth functions. The periodic kernel on the bottom right
shows functions that repeat after a certain period.

smooth function that is periodic on a longer timescale and smooth on a shorter
timescale.

Some samples derived from a GPR using the kernels described above can be seen
in Figure |3.3| where also the effect of a different length scale in the RBF kernel
can be seen. All of these sample functions are derived from the prior distributions
governed by the kernel functions. However, we are more interested in how these
functions change when we acquire data from our true function through evaluations.

3.2.2. Posterior distribution

In previous section, we talked about how our prior beliefs can be incorporated in
the framework of a GPR. In this section, we will consider observations through
which we update our prior distribution to result in a posterior distribution, which



48 3. Bayesian Optimization with Multiple Objectives and Fidelities

reflects both our prior beliefs and the information provided by the data. Let us
consider a dataset consisting of input-output pairs D = (x;, y;);_, where x; € R?
is the i-th input vector defined on a d-dimensional space and y; € R is a noisy
observation of the underlying black-box function f(x;). We will consider the case
where y becomes a vector of output values in a later section when discussing

multi-objective problems. For now, we restrict ourselves to the scalar output case

Y; = f(acz) + €, €; N N(O, 0'2), (311)

where €; represents independent and identically distributed (i.i.d.) Gaussian noise
with zero mean and variance o?. The goal for the GPR is to use the existing
dataset D to make predictions about the function f at new input points. Since the
prior distribution is used to build a GP, the function values follow a multivariate
normal distribution. Specifically, for the input points X = [x1, @2, ..., Ty], the
prior distribution of function values f = [f(x1), f(x2), ..., f(xn)] is

f ~ N (m,K), (3.12)

where m = [m(x1), m(xsz),...,m(xy)] is the mean vector and K is the n x n
covariance matrix with entries K;; = k(z;,z;) derived from the kernel function.
Since we assume that there is inherent or external noise present in the system,
we can deduce the distribution for the noisy evaluations from Equation (3.11),
resulting in

y ~ N(m,K + ¢°I), (3.13)
where I is the n x n identity matrix.

Now, we consider a new position in the input space x, where we want to probe our
black-box function. Using GPR, we can calculate the distribution of f, = f(x4)
at this point given the observed data D

(e ) ar

where m, is the mean function evaluated at @, ky = [k(x1, x.), k(x2, 24), ..., k(2p, 4)]
is the covariance vector between x, and the training inputs X and k., is the vari-
ance at position x,. To find the posterior predictive distribution of f,, given y, we
make use of the conditional distribution

f*|Y7X7m* NN(“%UE)? (315)
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Figure 3.4.: The effect of choosing different prior kernel functions and the data on the predictive
mean and the predictive variance is outlined. On the left are the prior distributions generated from
different kernel functions. The top is the white noise kernel that assumes no correlation between two
points = and x’. The second is an RBF kernel that generates smooth functions while the periodic
kernel has functions with repetitive behavior. On the right are the posterior distributions with top
with a RBF only kernel and we can see that the variance grows rapidly because the observations are
noisy. By including a noise kernel with the RBF we see an improvement in the middle graph. In
the regions where no data is observed we see that the periodic kernel is better since it can learn the
periodic shape and extrapolate it to regions with scarce or no data.

where the i, is the predictive mean and o2 is the predictive variance and are given
as

(e = my + k(K + 0%1) Yy — m), (3.16)
0 =k — ki (K 4 0%1) 7'k, (3.17)

The predictive mean represents our best estimate of the function value at .,
given the observed data and the prior whereas the predictive variance quantifies
the uncertainty associated with this prediction. This variance includes both the
uncertainty inherent in the predictions of the GP model and also includes the un-
certainty arising from the noise in the observations. An example of using different
kernels in the GPR and how that influences the prior and the posterior distribution
is shown in Figure[3.4] The figure shows how the data and the prior both influence



50 3. Bayesian Optimization with Multiple Objectives and Fidelities

the posterior distribution. Since our assumption of the underlying function being
periodic is correct, the choice of periodic kernel is better for extrapolation outside
the boundaries where no data is available. The RBF kernel also fits this periodic
function nicely because of its universal estimator properties but fails to extrap-
olate into the regions where no data is available. The uncertainty between data
points also increases for the only RBF kernel case, but it is considerably reduced
when a white noise kernel is added to the RBF kernel shown in the middle plot.

3.2.3. Hyperparameter selection

As we saw in the last section, the performance and predictive capabilities of the
GP model are heavily influenced by the choice of hyperparameters associated with
the mean and kernel functions. Hyperparameters include parameters such as the
length-scale [, signal variance o in the kernel function, as well as any parameters in
the mean function. Selecting appropriate hyperparameters is crucial for accurately
capturing the underlying patterns in the data and making reliable predictions. In
general, smaller length-scales can allow the GPR to model rapid changes while a
larger length-scale enforces smoother variation. The signal variance controls the
magnitude of the deviations from the mean function.

The hyperparameters of a Gaussian process are typically learned by maximizing
the marginal likelihood (also known as the evidence) of the observed data under
the GP model. The marginal likelihood integrates over all possible functions that
could explain the data, weighted by their prior probability under the GP. Again
considering a dataset D = (x;,y;);—, and for simplicity assuming a zero mean
function, the marginal likelihood is the probability of observing the outputs y =
(Y1, Y2, ..., Yn] given the inputs X = [x1, 2, ..., ], and the hyperparameters 6 of
the kernel function

p(yX.0) = [ plyl, X, 0)p(£|X, 0)dt, (3.18)

where p(f|X, 0) is the GP prior over the true function values f and p(y|f, X, 0)
is the likelihood of the data given the function values accounting for the noisy
observation. The logarithm of the marginal likelihood usually termed as the log
marginal likelihood is often used because of numerical stability and computational
convenience and is given by [95]

1 1
logp(y|X.0) = oy (K + 0Dy — - log|K + 0°1| - Zlog o (3.19)

where |K + o%I| denotes the determinant of the covariance and noise matrix. The
first term in the above expression measures the distance of the data from the
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model mean (here assumed 0) and becomes zero when the outputs align perfectly
with the model predictive mean. This term can be affected by changing the hy-
perparameters since the matrix K is different for different hyperparameters. The
second term penalizes complex models since it prevents the problem of overfitting
where the model can perfectly model the observed data but is unable to generalize
and predict new data accurately. Models with smaller length scales yield small
variances that can result in small determinant values. The log of such small deter-
minants result in large negative values hence decreasing the log marginal likelihood
values. The third term is a normalizing term since it does not depend on the hy-
perparameters of the model. Since we need a model that is relatively simple and
can model the data accurately the log marginal likelihood is maximized. The final
choice of the hyperparameters are those that maximize the log marginal likelihood
[96]

6* = arg maxlog p(y|X, 0). (3.20)

In practice, generally the gradients of the log marginal likelihood are available and
hence many of the gradient-based methods can be used to solve this optimization
problem.

We will end this section on GPR by outlining one core problem with using GPs for
functions which have a high dimensionality (n = 100) in the range of hundreds.
To find the predictive mean and the predictive variance from the GPR we have to
invert a n X n matrix. This requires a time that scales with the number of samples
O(n?), where O implies the asymptotic time complexity. For higher dimensions, a
larger number of samples is required to accurately model the underlying function
hence the calculations involved in building a GP become prohibitively expensive
[92]. There have been attempts to implement GPs for such high spaces using
sparse approximation methods [97] but those are out of the scope of this work
since the dimensionality in this work is restricted to under 10.

3.3. Acquisition functions

Bayesian Optimization leverages the predictive capabilities of GPR to make in-
formed decisions about where to next sample the black-box function also known as
the objective function. The key idea is to use the posterior distribution provided
by the Gaussian process to quantify the uncertainty in the function’s behavior
across the input space. This uncertainty quantification enables the optimization
process to balance the exploration of unexplored regions with the exploitation of
areas likely to contain the optimum. This exploration-exploitation tradeoff is a
key feature of the acquisition functions. We already discussed how the GPR are
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constructed and can efficiently model the underlying objective function. The next
core component of the Bayesian optimization (BO) is called the acquisition func-
tion, which are a class of functions that act on the predictive mean and variance
from the GPR and result in a new position z*. We will briefly outline the general
BO loop here before diving into the specific flavours of acquisition functions that
are traditionally used and the new functions proposed during this thesis work.

The BO loop consists of initializing by taking n random or grid measurements of
the objective function resulting in a dataset consisting of n input pairs (x,, y,)-
Using this dataset a GPR is fitted to it by optimizing the log marginal likelihood
and generating optimized hyperparameters. This GP provides a posterior mean
function and a posterior variance at each point in the input space. An acquisition
function then uses the posterior mean and variance to determine the next point
Tpe1 at which to evaluate the objective function. The objective function is then
evaluated at this selected point to yield the output y,,;. This new data point
(Tn+1, Yns1) is then added to the dataset and the GPR model is augmented with
this new dataset. Another optimization of the hyperparameters is performed to
better fit the data and the process of selecting a point is then carried out. This
process is repeated iteratively until either the optimization budget is fulfilled or
some predefined stopping criterion is reached. This general loop is outlined in
Figure |3.5 where also the different acquisition functions values are displayed that
would be discussed in the next sections.

The acquisition function plays an important role in the BO loop as demonstrated
by the different recommendations in Figure|3.5| It evaluates potential points in the
input space and quantifies their utility in terms of contributing to the optimiza-
tion goal. In the following sections, we will explore various acquisition functions
in detail and examine how they influence the optimization process. Understand-
ing acquisition functions is crucial for tailoring Bayesian Optimization to specific
problems and achieving optimal results.

3.3.1. Single-objective, single-fidelity acquisition functions

Acquisition functions encompass a broad class of functions that can be constructed
using the posterior distribution of the GP model. This acquisition function is then
optimized, often using gradient methods, to identify its maximum, which corre-
sponds to the next evaluation point for the black-box objective function. The
choice of the acquisition function significantly impacts the convergence of Bayesian
optimization towards the global optimum. This section provides an overview of
some widely recognized acquisition function policies in the existing literature. We
would like to note that the development of acquisition functions is still an active
area of research, with some recent contributions using for instance distance corre-
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Figure 3.5.: Iterations of a Bayesian optimization loop are shown in this figure. On the top the
true function, posterior GP mean, posterior GP variance, observations of the objective function and
the maximum of three different acquisition functions is shown. On the bottom graphs the values
of the acquisition functions across the input domain is shown. The maximum of these acquisition
functions shown in the top plot are the positions that are recommended by the BO loop. In this loop
the recommendation of the El acquisition function is taken. We can see that the BO was able to
reconstruct the true function near the peak in about 3 iterations starting from 3 random data points.

lation [98] or deep neural networks [99]. The design of the acquisition functions is
also influenced by the type of the problem that they intend to solve. We consider
first the simplest case of an objective function that is scalar-valued and has the
same cost of evaluation. Advanced cases where the objective function output is

a vector or the case where approximate values of the objective function can be
gained with a relatively cheaper and varied cost will be discussed later.

Assuming that the objective function has been evaluated n times generating a
data set D,, = {(x1,11), (®2,%2), .., (Tn,yn)}, these acquisition functions propose
the optimal choice for the subsequent evaluation point, denoted here as ;1.
This selection is achieved through the optimization of a derived metric, taking
into account the information from previously evaluated points. Specifically, the

next evaluation point is given by @, 1 = arg maxzecx a(x), where &' is the input
parameter domain and a(x) represents the acquisition function.

One of the widely used acquisition function is the upper confidence bound (UCB)

policy [100], which is alternatively referred to as the lower confidence bound for
minimization tasks. The UCB acquisition function is expressed as:
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avep(x) = pp(x) + Koy (x), (3.21)

where k is a parameter that balances exploration and exploitation, pu,(x) and
on(x) denote the GP mean and the GP standard deviation under the posterior
distribution p(y|x, D,), respectively. The hyperparameter r is used to balance
exploration and exploitation. A larger value of this hyperparameter encourages
regions with a higher degree of uncertainty while a smaller value prefers further
exploitation of explored regions. UCB is popular due to its simplicity, lower com-
putational cost and effectiveness in practice.

Another well-known acquisition function in Bayesian optimization is Expected
Improvement (EI) [101], which suggests the next evaluation point based on the
expected improvement over the current optimal objective value f*. The EI acqui-
sition function is expressed as:

apr(x) = B [max(f(x) — f7,0)], (3.22)
and with the GP posterior distribution f(z) ~ N (u(x),0%(x)), agr can be com-
puted analytically

as@) = (ue) - 0 (ML) v (MOZE) ey

() ()

where, ®(.)) is the cumulative distribution function (CDF) and ¢(.)) is the prob-
ability density function. The term p(z) — f* measures the magnitude of improve-
ment that can be gained over the current best value f* while the CDF measures
the probability of improvement. Higher uncertainty can also increase the value of
apr depicting that the acquisition function can potentially find better values of the
objective functions by exploring. Like UCB, EI also is computationally cheaper to
evaluate since it has a closed-form analytical expression.

A variation of EI is the Knowledge Gradient (KG) acquisition function [102, 103],
which relies entirely on the posterior model. KG selects the next evaluation point
based not on the best observable value but on the best value of the posterior mean.
The KG acquisition function is given by:

axg (@) = E max (jn41(2)) — max (un()) (3.24)
where the terms p,41(x) and p,(x) represent the posterior mean of the Gaus-
sian process (GP) after n + 1 and n evaluations, respectively. The term g, 1 ()
represents the posterior mean of the GP after including an additional data point
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(x, f(x)), where f(x) is the realization of the stochastic process at location .
This captures the updated belief about the function based on the new data point.
The term p,(x) represents the prior belief before the new data point is included.
KG is more exploratory than EI as it is influenced by posterior changes throughout
the domain. On the other hand, maximizing the axg requires solving an inner
optimization problem for each candidate z and thus is associated with higher
computational cost.

Information-theoretic acquisition functions utilize the mutual information I (x; x*)
between a specific location in the parameter domain and the observed data set.
One such function is Entropy Search (ES) [104], represented mathematically as:

aps(e) = H(p(x®|Dy)) — E(H (p(z”|Dn, z, f(2)))), (3.25)

where H denotes Shannon’s entropy and p(x*|D,,) refers to the probability distri-
bution for the position of the maximum given currently observed data. Moreover,
p(x*| Dy, x, f(x)) is the probability distribution for the position of the maximum
given data D,, as well as « and f(x), where f(x) is drawn from the GP trained on
D,,. The left term in the equation represents the entropy of the posterior distri-
bution of the maximizing location «*, while the right term depicts an expectation
over the entropy of the posterior after an additional sample. In higher-dimensional
input spaces, evaluating the mutual information between the point to be queried
and the maximizing location * becomes challenging. To address this, computa-
tionally more efficient variations have been introduced. Max-value entropy search
(MES) [105] utilizes the mutual information between the maximum value y* rather
than the maximizing location x*. The MES acquisition function is formulated as:

anps(x) = Hp(y*|Dyn)) — E(H (p(y*|Dn, z, f(x)))). (3.26)

MES offers comparable or even better performance than ES while being signifi-
cantly faster to compute [105]. It should be noted that MES may perform sub-
optimally in certain conditions since it assumes noiseless observations only [106].
In Figure [3.5] we can see the three different acugisition functions EI, UCB and
MES and how they differ when suggesting the new point. One can observe that
the UCB and MES favor exploration of the input space more than EI, which is
a greedier acquisition function and thus in higher dimensions with large spaces,
MES and UCB would perform better.
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Figure 3.6.: Pareto front. lllustration of how a multi-objective function f(x) = y acts on a two-
dimensional input space = (x1,x2) and transforms it to the objective space y = (y1,y2) on the
right. The Pareto front shown on the right in blue is the ensemble of points that dominate others,
meaning points that give the highest combination of y; and y2. The corresponding set of coordinates
in the input space is called the Pareto set shown in red on the left. Note that both the Pareto front
and the Pareto set may be continuously defined locally, but can also contain discontinuities when
local maxima get involved. In this example, f is a modified version of the Branin-Currin function
from [107} [108] that exhibits a single, global maximum in y, but multiple local maxima in y;. The
different colors denote these optimums and have the same color in the input space as in the output
space.

3.3.2. Multi-objective, single-fidelity acquisition functions

As we outlined at the start of this section, there exist many use cases in which the
objective consists of multiple sub-goals. In this case, the function that is being
maximized can be expressed as a vector of functions

These multi-objective optimization problems involve trade-offs between conflicting
objectives, and the goal is to find solutions that balance these objectives effectively.
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One can think of these sub-goals as a vector of solutions, which has to be reduced
to a scalar number to be compatible with conventional single-objective acquisition
functions. Before exploring the different ways to scalarize or to directly solve the
multi-objective optimization problem, we will first introduce some concepts that
make meaning of multi-objective optimization clearer. The optimum solution to
the multi-objective problem consists of a set of solution vectors each of which
defines the value of individual functions. A useful concept to describe the set
of solutions is thinking of all the solutions being points in the multi-dimensional
output objective space. This concept is termed as the Pareto efficiency [109],
which is visualized as the Pareto front (P). To describe the Pareto front, the
notion of domination is defined as following;:

Definition 1. A point p1 = (y1,%2,.-.,Ys) in an n-dimensional output space is
defined as non-dominated if there does not exist another point p5 = (y1, ¥4, ..., y.,)
such that p), satisfies both:

<3

n

AW =y)  and
i=1 i=1
where A ; represents the logical AND operation applied across all n conditions,
indicating that all inequalities y, > y; must hold simultaneously for i = 1,2,...,n.
The Vj_, represents the logical OR operation, meaning that at least one of these

inequalities must be strict.

The Pareto front is composed of a set of non-dominated points in the output space
as shown in Figure [3.6] All of the points and solutions that lie under the Pareto
front are termed as the dominated solutions. Thus the solution of a multi-objective
problem is to find the complete Pareto front. Several different methodologies exist
to tackle the problem of multi-objective optimization, the simplest of these is
scalarization of multiple objectives. Scalarization methods in general transform the
vector of multiple objectives into a single scalar objective function. This allows the
use of traditional single-objective optimization techniques to solve multi-objective
problems. Here, we provide a detailed description of some common scalarization
methods, including the weighted sum, weighted product, and epsilon-constraint
method.

The first method to scalarize a vector objective function with m outputs is known
as the weighted sum method [110]

M

yscalar(fv> = Z wmfm(x); (327)

m=1
where w,, are the non-negative weights reflecting the importance of each objective.
In weighted sum methods, differences in the scales of objectives can result in
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unfair weighting. One of the simplest algorithms using this approach for multi-
objective optimization is ParEGO (Pareto Efficient Global Optimization) proposed
by Knowles [111]. In this algorithm, scalarization is achieved using a weighted sum
of the objective functions with random weights generated at each iteration. The
main advantage of ParEGO over other scalarization methods is that the random
weights allow for exploring the Pareto front for a diverse set of solutions without
predefining the weights or relying on user preferences. By iteratively running this
algorithm with new weights, it becomes possible to approximate a convex Pareto
optimal set. The general problem with the weighted sum method is not being able
to find the non-convex regions of the Pareto front and running optimizations with
different weights is often computationally prohibitive.

When the objectives are of different scales and normalization is not possible, a
scalarization method that could be employed is the weighted product defined as
[112]

yscalar(x) = H [fm(x)]wm, (328)

m=1
or alternatively for computational ease the logarithm of the objective could be
used

M
108 Yscatar (T) = Y wi log fin (). (3.29)
m=1

This is generally more scale invariant compared to the weighted sum methodolo-
gies, but retains the problem of running the optimization multiple times to find
the points on the Pareto front.

Finally the last scalarization method that we discuss here is known as the epsilon-
constraint method where the problem of multi-objective optimization is reframed
as a constraint optimization problem. Here, only one objective is optimized sub-
ject to the constraint that the other objective values have at least a value greater
than epsilon. This method has the flexibility of controlling the acceptable values
of the different objectives but on the other hand this flexibility can result in chal-
lenging optimization scenarios where prior knowledge about the different objective
functions does not exist. There are other methods that are employed to scalarize
the objective that are not outlined here and the reader is referred to |[113] for more
details.

In general the scalarization process, is often not straightforward and the weights
or the epsilon values given to each sub-goal are usually assigned empirically. More-
over, one optimization with the scalarized objective results in a single point on the
Pareto front and to reconstruct the Pareto front a number of scalarized objective
optimizations need to be performed. This becomes computationally prohibitive



3.3. Acquisition functions 59

and the running one scalarized optimization results in a point on the Pareto front
that has an inherent bias attached to it. This bias comes with the choice of the
weights that was made during the scalarization process. A more potent strategy
for solving the class of multi-objective problems is directly trying to increase the
diversity of solutions during the optimization process.

The Hypervolume Indicator and the Expected Hypervolume Improvement (EHVT)
acquisition function offer powerful approaches to address this challenge by directly
working with the Pareto front and quantifying improvements in a way that con-
siders all objectives simultaneously.

Hypervolume (HV) is defined as the n-dimensional volume of the output subspace
covered from a reference point, always taken to be zero in this work, to a set
of points in the objective space. This metric considers both the convergence of
solutions towards the true Pareto front and the diversity of solutions along the
front and by integrating over the objective space, it inherently accounts for all
objectives without requiring weights or preferences. Using this definition of HV,
we can then proceed to define Hypervolume Improvement (HVI) as

HVI(P,y) = HV(PUy) — HV(P), (3.30)

where P is the current Pareto front and y is a new vector valued output. Equation
describes the difference between the current hypervolume and one with an
additional output point y [114]. If the set of points making up P already dominate
y then HVI = 0, because there is no hypervolume gained by adding the point
y. The hypervolume and the hypervolume improvement are shown in Figure 3.7
along with the true Pareto front and different solutions.

HVT can be used to generalize the expected improvement policy described in Sec-
tion to the multi-objective scenario. First proposed by Emmerich et al. [115],
this method is called Expected Hypervolume Improvement (EHVI). Following the
definition from Yang et al. [114], we can write this as

EHVI(z) = E(HVI(P,y)) = /HVI(P,y) p(ylz, Dy) dy. (3.31)

This criterion has been demonstrated to achieve a good convergence to the true
Pareto front |[116{118]. This method assumes a GP model for each different objec-
tive m that can provide a posterior mean and a posterior variance. Another point
that needs to be considered when using EHVI is the assignment of the reference
point from which the hypervolume is calculated. This point is usually chosen such
that it is dominated by all potential solutions.

A common criticism of the EHVT acquisition function has been the time complexity
involved in calculating it. A first closed-form calculation of EHVI was implemented
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Figure 3.7.: The concept of hypervolume and hypervolume improvement is shown in this figure. The
area covered between the set of non-dominated solutions here shown in red and the reference point is
the current amount of hypervolume. A potential new point shown in blue can result in a hypervolume
improvement which is the blue area that would be increased when the blue solution is achieved.

by Emmerich et al. [119] with a computational complexity O(n3logn) for a 2-D
output space. Over the years with efforts by Hupkens et al. [120], Emmerich et
al. [121] and Yang et al. [122] the time complexity for 2-D and 3-D case has
been reduced to O(nlogn). In this work an implementation of EHVI available
on BoTorch based on estimating gradients using auto-differentiation is used as
described by Daulton et al. [123]. This exploits the high number of cores that
are available with modern GPUs to make EHVI optimization fast and applicable
to real-world scenarios. While we have focused our discussion on EHVI, it should
noted that information theoretic acquisition functions such as entropy search can
also be adapted to multi-objective scenarios [124] 125].

3.3.3. Single-objective, multi-fidelity acquisition functions

In many real-world optimization problems, multiple information sources with vary-
ing degrees of fidelity are available. These sources can provide different levels of
accuracy, typically with a trade-off between data fidelity and cost. By intelligently
combining information from low-fidelity and high-fidelity sources, we can acceler-
ate the optimization process while controlling computational resources. [126-131].
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As before, we consider the input space with the vector inputs € X', but now we
additionally include special input parameters that we call the fidelity parameters
denoted by s € §. Here X and § are the input and fidelity spaces, respectively.
Importantly, in our Gaussian process (GP) model, fidelity s is treated as a regular
input dimension alongside . This means that fidelity s is accounted for in the
kernel of the GP, allowing us to make probabilistic inferences conditioned on both
x and s. We can also choose a different kernel to model the fidelity parameter and
then use a product of kernels as the total kernel for the GP. This method of different
kernels is often times required since the fidelity parameter is usually discrete. This
prohibits the use of kernels like the RBF which assumes the a continuous space. On
the other hand if the fidelity parameter can be treated as a continuous parameter
then a single kernel can be defined over the augmented input space. At the end,
the goal is to build a surrogate model that incorporates information from f(x,s).
The challenge in multi-fidelity optimization is to effectively balance the trade-off
between information and cost while ultimately finding a global maximum at the
target fidelity. This target fidelity usually corresponds to the highest fidelity which
is also the most expensive information source. To effectively utilize multi-fidelity
models, specialized acquisition functions are required to decide not only where to
sample next but also at which fidelity level.

One intuitive solution to this problem is the two-step approach proposed by Lam
et al. [132]. In this approach, the selection of the next point to probe in x is
done separately from the fidelity choice s. To achieve this, Lam et al. use an
Expected Improvement (EI) policy that is evaluated at the target fidelity only.
Lower fidelity measurements are implicitly incorporated into this process, as they
affect the surrogate model at the highest fidelity. Once a suitable position has been
identified in @, the ideal fidelity for probing this point is chosen by comparing the
predicted reduction in uncertainty or gain in knowledge with the computational
cost involved.

An alternative approach is to combine both the selection of the next point and
the weighting by the expected knowledge gain per unit cost in a single step. No-
tably, Max-Value Entropy Search (MES) and Knowledge Gradient (KG) acquisi-
tion functions can be adapted with minor changes for this kind of multi-fidelity
optimization. For KG [133, |134], the acquisition function is conditioned on the
best value of the posterior mean at the target fidelity s* (maxzex(f (2, s*))) rather
than the best value of the posterior mean. In the case of MES, the mutual infor-
mation between the maximum value y* at the highest fidelity and the data set is
maximized. This gain of information is then divided by the computational cost
that is a function of fidelity s [135]. The resulting multi-fidelity MES acquisition
function is then given by a simple modification to Equation (3.26]):
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MES(z|D,,)

MF-MES(x, s|D,,) = cost(s)

(3.32)

Similar multi-fidelity policies can be developed for other exploratory acquisition
functions, such as the Upper Confidence Bound [136] 137].

3.4. Multi-objective multi-fidelity optimization

So far we have reviewed established techniques for MOMEF optimization. How-
ever, these methods are typically applied independently. As we have observed,
MO optimization addresses problems where the objective consists of multiple
sub-objectives, aiming to find solutions that balance trade-offs between conflict-
ing goals. In contrast, MF optimization leverages data from various information
sources with differing levels of fidelity to optimize a single objective function more
efficiently.

Both techniques offer unique advantages in their respective domains. MO op-
timization enables decision-makers to consider multiple criteria simultaneously,
while MF optimization reduces computational costs by utilizing a hierarchy of
models with varying accuracies. Despite these benefits, many real-world problems
would greatly benefit from an approach that integrates both techniques.

This leads us to the concept of joint Multi-Objective Multi-Fidelity (MOMEF') op-
timization—a method that combines the strengths of MO and MF optimization
into a unified framework. By doing so, we can simultaneously handle multiple
conflicting objectives and efficiently utilize resources by incorporating models of
varying fidelity. Several compelling reasons motivate the pursuit of this integrated
optimization approach, including improved efficiency, robustness and improved
decision-making by the users. While efficiency is a feature of a MF technique, it
becomes much more important when multiple objectives are being optimized since
a number of low fidelity simulations can allow the optimizer to explore the different
objectives without incurring high cost. The robustness is a benefit imparted by the
MO technique since a prevalent issue in single-objective MF optimization arises
because of over-reliance on lower fidelity data. By incorporating multiple objec-
tives into the optimization process, the search strategy becomes more diversified,
leading to a more robust and reliable optimization outcome. Lastly, integrating
multi-objective and multi-fidelity optimization offers a deeper and more compre-
hensive understanding of the trade-offs inherent in complex optimization tasks. By
enabling decision-makers to examine the interactions between different objectives
across varying levels of fidelity, it provides valuable insights into how these factors
influence one another. This enriched understanding facilitates more informed and
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holistic decision-making, ultimately leading to improved optimization outcomes
and solutions that better align with the overall goals of the problem.

Despite these apparent benefits, MOMF optimization remains an emerging area
of research. A first paper reporting such an approach for discrete fidelity levels
was recently published by Belakaria et al [138]. Their MES for MO Bayesian
optimization is based on the maximization of mutual information between the
Pareto front and the search domain. Being mostly motivated by applications
in neural network training, the approach from this paper is however limited to
scenarios where higher fidelities yield higher objective values. The assumption
that the objective values at lower fidelities are always upper-bounded by the values
at the highest fidelity does not hold true for many use cases, such as numerical
simulations of physical systems.

During the course of this work, a method that targets simultaneous multi-objective
multi-fidelity optimization was proposed. This technique is able to work with con-
tinuous fidelity spaces and is furthermore much simpler to implement for practi-
tioners. To benchmark this novel method, another method that selects the input
parameters x and the fidelity parameter s sequentially was also proposed.

3.4.1. Trust - MOMF

Our proposed optimization scheme hinges on the joint optimization of the objec-
tive function and our ftrust in the information source that produces the results.
We use ‘trust’ to represent our confidence level in the outcomes generated by the
information source at varying levels of fidelity. This approach allows us to re-
frame multi-fidelity optimization problem as a multi-objective optimization prob-
lem, where trust 0(s) and output objectives f(a) become the two focal points of
optimization. Consequently, we aim to optimize the following function output:

x
flx,s) = (JQES))) , (3.33)
where f(x) is the output vector of the objectives.

The trust objective 0(s) is fundamental to the proposed optimization scheme. High
fidelity sources, usually more costly, are inherently more trustworthy than their low
fidelity counterparts due to their superior accuracy and reliability. Consequently,
trust is modeled as a function that increases monotonically with fidelity. In the
simplest case, one might assume a linear relationship where trust equals the fidelity
parameter itself, (s) = s. A more rigorous approach might involve quantifying
trust through measures like mutual information, thereby linking the notion of trust
to the information shared between fidelity levels. In such cases, the trust objective
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can be seen as an approximation that reflects the average mutual information
shared across fidelities. For numerous circumstances, such as simulations in which
the outputs at increasing fidelity converge, an appropriate trust curve may be
approximated by 6(s) ~ tanh(s). I would discuss the influence and design of the
trust objective on the optimizer in more detail in Section [3.5.2]

As discussed in Section [3.3.2 we can optimize a problem of the form Eq[3.33] us-
ing, for instance, Expected Hypervolume Improvement (EHVI). This acquisition
function seeks to increase the joint hypervolume encompassed by the Pareto front
of f(x,s). Due to the increasing nature of the trust function, the optimizer tends
to explore points with higher trust values. In a multi-fidelity context where com-
putational or experimental costs vary, the acquisition function can be normalized
by incorporating a cost penalty, specifically by dividing the value of the acquisition
function by the corresponding cost similar to what we discussed in Section [3.3.3]
This modification ensures that the optimization process selectively investigates
the point that maximizes the ratio of expected hypervolume improvement to the
associated cost. As a result, the acquisition function optimizes our knowledge of
the Pareto front and Pareto set on a per-unit-cost basis. The final acquisition
function is then written as

EHVI(z, s|D,)

Trust-MOMF (z, s|D,,) = ()
cost(s

(3.34)

where EHVI(z, s) signifies that the complete objective comprises both the normal
output objectives and the trust objective. The entire structure of this approach for
Trust-based Multi-Objective Multi-Fidelity (Trust-MOMF) optimization is out-
lined in Algorithm [}

The algorithm starts with a random initialization of n points that result in a data
set D, = {(x1, s1,¥1), (2, S2,Y2), ..., (Tp, Sp, Yn) }. Assuming that the number of
output objectives is k, we can use the data set D, to build k£ Gaussian process
models, fitted corresponding to k£ output objectives. The initial cost Ciy;; utilized
until this point is the cost undertaken to generate the initial dataset D,. Af-
ter the initialization, the acquisition function is optimized to yield both the new
input @, and fidelity position s, 11 where the objective function is then evalu-
ated resulting in a new objective vector y,,+1. This generates a new data sample
(Tn+1, Snt1, Ynt1) that is used to update the data set and re-fit the Gaussian pro-
cess models. The last step is to update the spent cost Cgpent and check whether
the computational budget Cioa was exceeded. The process is terminated when
the available computation budget Cyyail = Ctotal — Cspent becomes 0.

Figure reproduced from [139] exemplifies the optimization of a modified 1D
Forrester function by integrating information from lower fidelity data that incur
reduced cost. In this test scenario, we consider a linear trust function defined by
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Figure 3.8.: Application of trust-MOMF to an optimization of a modified Forrester function. On
the left is the mean and variance (shaded curve) of the fitted Gaussian process after 40 iterations of
Bayesian optimization. The ground truth function curves at different fidelity levels are indicated as
dashed lines. Note the small variance close to the maximum at all fidelity values. At the center the
input space consisting of both the position and fidelity values is shown. The dotted black line depicts
the Pareto set and the color indicates the iteration number of the sampled points. This illustrates how
the optimizer first explores at low fidelity and then moves along the Pareto set. Finally at the right,
the output objective space is shown, depicting how the optimizer tries to increase the hypervolume,
which is simply the area in 2D, below the Pareto front. The figure has been reproduced from the
work \\ conducted during this thesis.

6(s) = s and model the cost function as C'(s) = expla - s], with a = 5. This
formulation results in an evaluation at the maximum fidelity level (s = 1) be-
ing approximately 150 times more expensive than at the minimum fidelity level
s = 0. It is noteworthy that this cost function can be replaced with any other
monotonically increasing function as per the requirements of the specific applica-
tion and the effect of choosing different trust functions would be discussed in a
later section. A fundamental assumption of the Trust-MOMF method is that the
Pareto set, which underlies the Pareto front, remains within a similar region of the
search space across different fidelity levels. This enables efficient transfer of infor-
mation between different fidelities. However, it is important to acknowledge that
this method, akin to all multi-fidelity approaches that rely on knowledge transfer,
becomes less efficient if the Pareto set undergoes significant shifts between fidelity
levels.

Lastly, another important feature of this method is that it can be expanded to
include m fidelity dimensions s(m) This approach is especially advantageous for
multi-dimensional numerical models that have individual resolution parameters
for each dimension. Depending on the problem at hand, these individual fidelity
dimensions can be managed either through a single, unified trust objective or
by treating them as separate trust objectives within the optimization framework.
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Algorithm 1 Trust-based Multi-Objective Multi-Fidelity Optimization (Trust-
MOMF)
Inputs:
e Probed Dataset D,
o Gaussian Process Models GP,,...,GP;
« Fidelity function s, Cost function C(s)
o Total computational budget Clotal
Outputs: Optimal Pareto front P*
1: Initialization:
Generate ny,;; initial data points D,
Fit Gaussian Process models GPy,...,GP;
Initialize Pareto front P = ()
Initialize spent budget Cspent = Cinit
while Cypent < Ciotal dO
Optimization Step:
Optimize the Trust-MOMF acquisition function, Equation ((3.34))

EHVI(x,s)|D
(Tpt1, Sn+1) < argmaxy s {C((S)))

4: Probe problem at selected position and fidelity:
Yn+1 < Problem(x, 11, Sp41)

5: Data and Model Updates:
Update Dataset D11 « D, U{(®pi1, Sni1, Yni)}
Re-fit Gaussian Process models GP;,...,GP;
Update Pareto front P
Increment Cgpent by C(8p41) and n by 1

6: Terminate

However, it is important to note that the Expected Hypervolume Improvement
(EHVI) algorithm does not scale efficiently with a high number of output di-
mensions, as previously discussed. When numerous fidelity dimensions need to
be optimized individually, the sequential Multi-Objective Multi-Fidelity (MOMF)
method introduced in the next section may serve as a more suitable alternative.
Moreover, the different fidelity dimensions may be discrete or categorical in na-
ture, assuming finite values. While the trust-MOMF method remains applicable in
these cases, the optimization of the acquisition functions requires adaptation. For
instance, mixed acquisition function optimization, as implemented in BoTorch, can
handle input spaces that include both continuous and discrete input parameters,
accommodating the unique characteristics of each fidelity dimension.
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3.4.2. Sequential optimization

In the last section, we discussed the benefits and implementation of joint Trust-
based Multi-Objective Multi-Fidelity (Trust-MOMF) optimization. An alternative
approach that merits investigation is a sequential version of the Multi-Objective
Multi-Fidelity (MOMF) optimization. This sequential optimization scheme, in-
spired by the work of Lam et al. [132] on single-objective optimization, decouples
the selection of the next position to probe from the choice of fidelity level, effec-
tively partitioning them into two separate steps. In this section, this sequential
optimization scheme will be presented, detailing its fundamental principles, oper-
ational procedures, and potential advantages. This sequential MOMF approach
serves as a benchmark to evaluate the extent to which different multi-objective
multi-fidelity problems benefit from a joint optimization strategy.

In this scheme, we assume an initial dataset after which, the first step involves
selecting a candidate position in the input space, denoted as «,1;. This input
position selection process is identical to that in conventional multi-objective op-
timization (see section [3.3.2). In Algorithm [2] and the examples used throughout
this work, we employ the Expected Hypervolume Improvement (EHVI) method
for this purpose. It is still noteworthy to point out that this mechanism of select-
ing the input position is agnostic to the method used to get this input position.
One can use any other method that is used in the multi-objective optimization
to result in a input position. Once the candidate point has been identified, we
proceed to the fidelity selection phase.

For fidelity selection, the Gaussian process (GP) model needs to be scalarized for
the usual single-objective multi-fidelity approaches to be applicable. In this work,
the scalarization was achieved by summing all the objectives with equal weights,
thereby avoiding any preference between objectives. This method is justified by
the fact that all objective functions vary on a similar scale, due to a normaliza-
tion step in data processing that scales the outputs of all objectives to the range
[0, 1]. Alternatively, other scalarization techniques such as the weighted Chebyshev
method or penalty boundary intersection [140] could be utilized.

After obtaining a scalar output from the GP, we apply a multi-fidelity acquisi-
tion function (see Section to determine an appropriate fidelity setting s,,11.
In this context, we use the Multi-Fidelity Max-value Entropy Search (MF-MES)
method, which aims to maximize the information gain per unit cost as already
outlined in Section [3.3.3] Other methods based on knowledge gradient are also
suitable alternatives. Following the evaluation of the problem at the selected po-
sition and fidelity (2,41, Snt+1), we update the dataset and GP models. The opti-
mization loop then restarts and continues until the allotted computational budget
is exhausted.
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As we will discuss in Section [3.5] this relatively straightforward implementation of
a sequential MOMF policy already yields a significantly faster convergence com-
pared to pure multi-objective optimization. One notable advantage of this scheme
is the minimal computational overhead relative to pure MO optimization, since
the information gain across fidelities only needs to be computed at the already
selected candidate point.
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Algorithm 2 Sequential Multi-Objective Multi-Fidelity Optimization (Seq.
MOMEF)
Inputs:
e Probed Dataset D,,
o Gaussian Process Models GPy,...,GPy
o Fidelity function s, Cost function C(s)
o Total computational budget Clotal
Outputs: Optimal Pareto front P
1: Initialization:
Generate ny,;; initial data points D,
Fit Gaussian Process models GPy,...,GP;
Initialize Pareto front P = ()
Initialize spent budget Cspent = Cinit
2: while Cspent < Ctotal do
3: Position Selection Step:
Perform expected hypervolume improvement, Equation , at maximum
fidelity:
Tni1 < argmaxgey[EHVI(f(x)| Dy, s = 1)]
4: Fidelity Selection Step:
Normalize Data y — 3/’
Scalarize output objectives: Yscalar = b1 G4 - Y,
Fit a Gaussian Process model G Pyaar on scalarized output objective
Perform max-value entropy search, Equation (3.32)), on G Pialar at selected
position &, 41
Sp41 < argmaXses [MF_MES(mn—&-l)]
5: Probe problem at selected position and fidelity:
Yni1 < Problem(x,11, Spi1)
6: Data and Model Updates:
Update Dataset D11 < D, U{(®n+1, Snt1, Ynt1)}
Re-fit Gaussian Process models GPy, ..., GPy
Update Pareto front P
Increment Cgpent by C(8p4+1) and n by 1

7. Terminate
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3.5. Comparison and benchmark

In this section, we will describe the results of our proposed Trust-based and sequen-
tial MOMF algorithms on synthetic test functions before using them to accelerate
simulations and experiments. All of the benchmarking in this section was per-
formed by modifying and extending existing implementations of MES and EHVI
functions in the BoTorch package [141] to the multi-objective, multi-fidelity prob-
lem.

A brief discussion of the general procedure used to generate the benchmarks is
first described, after which a discussion of the results is presented. A descrip-
tion of the synthetic objective functions used to demonstrate the effectiveness of
the trust-MOMF is given first, following which the initialization and hypervolume
calculation procedure is outlined.

Test functions. To assess the performance of the methods and estimate the cost
reduction factors, we use multi-fidelity modifications of the popular maximizing
Branin-Currin (2-D) and Park (4-D) test functions. The function definitions for
the Branin-Currin and Park are given in the appendix. Since this is one of the
first study that deals with simultaneous multi-fidelity and multi-objective prob-
lems, many of the modifications of the synthetic functions are original contribu-
tions resulting from this work. For the results shown in this section, the cost
function for the different fidelities is modeled as an exponential function of the
form C(s) = expla - s] with a = 4.7 to result in a ratio of about 120:1 between
the highest (s = 1) and lowest (s = 0) fidelity. The number of iterations for the
MOMF algorithms was fixed to 120 while the multi-objective single-fidelity opti-
mization referred to as MO ran for 80 iterations. For the MO optimization, the
total cost was 9600 while the MOMF algorithms stopped at variable costs ranging
from 1500 to 4000.

Initialization. The MOMF algorithms start with five initial points randomly dis-
tributed within the input search space. In contrast, the single-fidelity multi-
objective optimizer is configured with just one starting point at the highest fi-
delity level s = 1, resulting in an initial cost of approximately C(1) ~ 120. For the
MOMF optimizers, the fidelity levels of the initial points are selected based on a
probability distribution that is weighted inversely by the cost p(s) o< 1/C(s), and
on average, reduces the initialization cost by a factor of five C'(1) ~ 25. Acknowl-
edging that initial points can significantly impact optimization performance, each
optimization was performed 10 times with different initializations to gather more
robust statistics on algorithm convergence.
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Hypervolume calculation. After completing an optimization run, the hypervolume
attained by each of the algorithm at every iteration is calculated. For this cal-
culation, the points obtained during the optimization run are used as training
inputs for a GP model. This GP model is then probed with a random sample
of 10,000 high-fidelity input points, from which the set of non-dominated points
is generated. This Pareto set is then used to compute the hypervolume at each
iteration.

It’s important to highlight that this hypervolume estimate is based on the expected
values from the GP model rather than on samples drawn from it. The model
confidence is not incorporated in this estimation, unlike methods such as expected
hypervolume improvement. Moreover, since all of the test points are fixed at the
highest fidelity and the GP model might have not many high fidelity points in
its training data, the hypervolume resulting from the calculation is stochastic in
nature. Consequently, the hypervolume estimate may fluctuate or even decrease
as new points update the model, see for instance sequential MOMF method at
cost ~ 600 in Figure[3.9) This variability reduces as the GP model becomes more
confident in its predictions.

In the first two iterations, the GP model does not have enough training points,
resulting in a large number of non-dominated points. This abundance makes the
hypervolume calculation computationally intensive and impractical at this early
stage. This calculation of the hypervolume is performed after the fourth iteration
to address this issue without sacrificing critical information. This adjustment ex-
plains why, in the subsequent figures, the graphs for multi-objective optimizations
start at a cumulative cost of 480. By delaying the calculation, we ensure compu-
tational efficiency while maintaining the integrity of the optimization process.

3.5.1. Results

Branin-Currin test function. In Figure an optimization of the multi-fidelity
versions of Branin and Currin [107, [108] functions is shown. From the ten trials
conducted, we selected a single representative trial based on how closely its hyper-
volume trajectory, plotted against cost, matched the mean hypervolume trajectory
of all trials. In the multi-objective (MO) optimization, the cost axis exhibits reg-
ular increments, reflecting a fixed evaluation cost at the highest fidelity level. In
contrast, both MOMF optimization methods display irregular step sizes along
the cost axis. This irregularity arises because the MOMF algorithms often select
several points at intermediate fidelity levels before conducting evaluations at the
highest fidelity. This can also be seen in the top right of the figure where the
distribution of selected fidelities for each algorithm is illustrated. Interestingly,
we observe distinct behaviors between the two MOMF algorithms. The sequen-
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Figure 3.9.: Benchmark with 2-D-Branin-Currin problem. Top Left: The hypervolume progression
of a single representative trial is presented, showing the percentage of the total hypervolume achieved
versus the total cost for both versions of the MOMF optimization and the single-fidelity MO opti-
mization.The greyed out dashed line represents the cost at which the two bottom Pareto fronts are
generated. Top Right: This subfigure shows the distribution of fidelities for the representative trial
run. The Trust-MOMF method allocates more iterations to intermediate fidelity levels compared to
the sequential MOMF method, which predominantly selects points at the minimum and maximum
fidelity levels.Bottom Left: The Pareto fronts obtained by each of the three algorithms at a cumu-
lative cost of 500 are depicted here. The dashed black line represents the estimated true Pareto
front. Bottom Right: At a cumulative cost of 1,000 for a single representative trial, the Pareto
front clearly demonstrates that the Trust-MOMF method has achieved an accurate approximation of
the estimated true Pareto front. Meanwhile, the conventional single-fidelity MO algorithm has only
uncovered a small portion of the Pareto front at this cost level. This highlights the efficiency of the
Trust-MOMF method in exploring and approximating the Pareto front more effectively within the
same or even reduced computational budget.

tial MOMF method selects significantly more points at the lowest fidelity level,
whereas the Trust-MOMF optimization favors more points at intermediate fidelity
levels. This difference may be attributed to the Trust-MOMF method’s joint op-
timization of both the input variables and the fidelity levels.

The bottom part of Figure depicts the behavior of the Pareto front at two
different costs. The black dashed line denotes the true Pareto front, calculated
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Figure 3.10.: Mean Hypervolume Results for 10 trials of optimization of Branin-Currin and Park
Functions. Left: Results for the Branin-Currin optimization is illustrated with the total cost shown
on a logarithmic scale to effectively represent the significant differences in cost magnitude. The
noticeable dips in the curve around a cost of 900 are due to the stochastic nature of the hypervolume
calculation. At a convergence hypervolume threshold of 90%, the Trust-MOMF optimization exhibits
a cost advantage of approximately one order of magnitude compared to the MO optimization. Right:
The mean hypervolume of 10 trials for the Park functions is shown. Here again, the Trust-MOMF
optimization demonstrates an order of magnitude more cost efficiency considering a 90% threshold
of hypervolume.

using 10,000 random sampling points. From this figure, it is evident that the
Trust-MOMF method has already achieved substantial coverage of the trade-off
region and has identified the maximum of the Currin function. In contrast, at
a cumulative cost of 500, both the standard MO optimization and the sequen-
tial MOMF' algorithms display significantly less hypervolume coverage. When the
cost increases to 1000, the MO optimization has successfully optimized the Branin
function but has yet to explore the trade-off region between objectives. The se-
quential MOMF' algorithm, at a cost of 1000, reaches a state comparable to that
of the Trust-MOMF optimization at a cost of 500. Meanwhile, the Trust-MOMF
optimization has attained nearly 97% hypervolume coverage.

To evaluate the cost advantage, we examined the mean hypervolume cost curves
obtained from ten independent runs, as illustrated on the left side of Figure [3.10]
Setting a convergence threshold at 90%, we found that the Trust-MOMF opti-
mization method demonstrates a cost advantage of approximately one order of
magnitude over the standard MO optimization. Specifically, the MO algorithm
reached 90% convergence at an estimated cost of 6000, while the Trust-MOMF
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method achieved the same level of convergence at a cost of 530. This results in a
cost reduction factor of approximately 11. Furthermore, the Trust-MOMF method
progressed to a higher final hypervolume percentage of 99%, compared to the MO
optimization’s final convergence at 94%.

Park test function. Figure shows the results of a representative trial of the
three algorithms when they are used to optimize modified Park functions [142].
The Park functions optimization problem is a more difficult problem than the
Branin-Currin functions, since they have two more input dimensions.

The top-left subplot in Figure shows the percentage of hypervolume covered
as a function of cost for both the MOMF and MO optimization runs. Similar to
the Branin-Currin problem, the sequential MOMF method focuses on evaluating
points at the minimum (s = 0) and maximum (s = 1) fidelity levels, whereas the
Trust-MOMF method selects a greater number of points at intermediate fidelity
levels.

The bottom two plots in Figure depict the evolution of the Pareto fronts for
the three optimization methods. Notably, the Trust-MOMF method has already
achieved a hypervolume coverage of 94% at a cost of 750, resulting in a Pareto front
that closely approximates the true Pareto front. The sequential MOMF method
has also begun to explore the trade-off region resulting in a Pareto front with
slightly less coverage than the trust-MOMF. In contrast, the MO optimization, at
a cost of 750, has located points near the maximum of the second Park function
and is just begining to explore the trade-off region at a cost of 1500.

Similar to the Branin-Currin, we can assess the cost advantage, by looking at the
mean hypervolume versus total cost curves generated from ten independent trials
presented in Figure[3.10] The MO algorithm converged to a hypervolume coverage
of 89.8% at an approximate cost of 7600, while the Trust-MOMF optimization
reached 90% hypervolume coverage at a significantly lower cost of about 560.
This results in a cost reduction factor of approximately 13, which is consistent
with the cost savings observed in the Branin-Currin problem.

3.5.2. Understanding trust objective

Optimization of synthetic functions depicts a significant reduction in the com-
putational cost required to find the Pareto front when using joint trust-based or
sequential MOMF' optimization methods. The trust-MOMF outperformed the
sequential approach, suggesting that it more effectively utilizes the available in-
formation within the combined search domain.

It is important to note that the extent of cost reduction is intrinsically linked
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Figure 3.11.: Benchmark with 4-D-Parky,2 problem. Top Left: Hypervolume of a single represen-
tative trial expressed as a percentage of the total hypervolume versus total cost for both MOMF
versions and single-fidelity MO. Top Right: The number of points taken at different fidelites for the
representative trials shown on the left. The Trust-MOMF method in this case has a higher number
of points taken at the highest fidelity. This is because once it has converged it takes 6 points at
the highest fidelity to increase hypervolume. The sequential MOMF optimization as seen in the
Branin-Currin case takes fewer intermediate fidelity points when compared to the Trust-MOMF op-
timization. Bottom Left: The Pareto front for each of the three algorithms for the same trial at
a cost of 750 (indicated by the dashed line in the figure on the top left). The area represents the
amount of Pareto front covered by each algorithm. The Trust-MOMF method has already converged
to almost 95% of the total hypervolume. The sequential MOMF optimization also converged but to
a lower overall hypervolume. The MO optimization at this cost has only found a maximum of Park
2 function.Bottom Right: The Pareto front for a cost of 1500 shows little changes in both MOMF
Pareto fronts, but a better coverage for the MO Pareto front. At this cost, the MO optimization still
has not reached the hypervolume that the Trust-MOMF optimization reached at a cost of 750

to the cost ratio between the lowest and highest fidelity levels. In the examples
shown before, this cost ratio was 1:120, implying that the maximum possible cost
reduction by exclusively using the lowest fidelity data points would be a factor
of 120. Mean fidelity values of 5 ~ 0.30 and 5§ ~ 0.32 for both the Branin-
Currin and Park functions optimizations respectively was achieved by averaging
across 10 trials and 150 iterations. This results in average costs per iteration
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Figure 3.12.: Benchmarks with Branin-Currin functions with two different cost ratios of an exponen-
tial cost function. On the left the cost ratio between the lowest and the highest fidelity is 1:120 while
it is 12 times less for the right graph. It is apparent from the figures that for such a cost function, a
decrease in cost benefit is seen.

of approximately 4.3 and 4.6, whereas the conventional MO optimization had a
fixed cost of 120 per iteration. Therefore, the maximum achievable cost reduction,
assuming the information gain is identical across all fidelity levels, is about 26.
However, this assumption generally does not hold, as lower-cost approximations
typically do not provide as much information as the highest fidelity evaluations.
In this instance, a cost reduction of roughly half of this theoretical maximum was
observed, resulting in a cost reduction factor of 13 in both test cases. The cost
reduction factor can be even greater when the ratio between the highest and lowest
fidelity costs is increased. For instance, with a maximum cost ratio of 1200:1 for
the Branin-Currin problem, a cost reduction factor of 44 was measured.

One important aspect of the trust-MOMF scheme is the trust objective that was
not yet discussed. In the case of the optimizations of Branin-Currin and the Park
functions, the trust objective was defined as a linear function of the fidelity pa-
rameter. The aim of the trust objective is to quantify the amount of information
that can be obtained through probing different fidelities. A linear function im-
plies a constant increase in information as the fidelity parameter is incrementally
raised. Combining a linear function 6(s) = s for the trust objective and an ex-
ponential cost function cost(s) = exp(—bs), we get a trust-versus-cost trade-off
in the Trust-MOMF objective of the form s - exp(—>5s). This trade-off reaches its
analytical maximum at s = 0.2, which is close to the mean fidelity adopted by
the Trust-MOMF method during optimization. However, the mean fidelity dur-
ing optimization was higher because the optimizer probed the objective functions
for a fixed number of iterations resulting in variance and would improve as the
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Figure 3.13.: Benchmarks with Branin-Currin functions with two different cost ratios of a linear cost
function. Since the linear cost function combined with the trust objective results in an analytical
expression independent of the fidelity, hence we see no effect with different cost ratios.

number of iterations is increased. We can think of the trust objective as giving an
approximate information content as a function of fidelity that the user assumes
for the optimization problem. This approximate behavior can still be rejected by
the optimizer given enough iterations, resulting in a lower cost benefit.

This trust objective can also be used to encapsulate the convergence behavior of
the optimization problem. As an example, a converging trust function such as
0(s) = sexp(—s) defined over the domain s € [0, 1] can be used. This function is
monotonically increasing but with diminishing returns. Note that the combination
with a cost function of the form cost(s) = exp(—4s) yields the same trust-versus-
cost trade-off and thus, the same optimum at s = 0.2. In all cases, this optimum
serves as an estimate for the potential speedup attainable when employing Trust-
MOMF with a specific trust objective function and cost function. We can see
this effect in practice when additional benchmarks with different cost functions
and various cost ratios were generated. All of these tests were conducted only
on the Branin-Currin functions and the results for the exponential cost function
can be seen in Figure [3.12] On the left side of this figure, the ratio between the
maximum and minimum cost was kept to 120 as in the previous benchmarks while
for the graph on the right, this ratio was reduced to 10. In this instance, the
analytical maximum is shifted to a higher value because of a lower cost ratio and
thus results in a higher mean fidelity. This results in an overall higher cost and
a lower speedup when using the Trust-MOMF method. In Figure [3.13] the cost
function is no longer an exponential but a linear function with two different cost
ratios between the maximum and minimum cost. The difference in the advantage
of using trust-MOMF between the cost ratios with a linear cost function is not as
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pronounced as in the case of exponential functions. In the case of a linear cost
function, there is no analytical maximum and hence the cost ratio does not affect
the outcome of the optimization. The choice of the fidelity in this instance would
only depend on the behavior of the objection functions as a function of the fidelity.



4. Numerical Experiments

In the domain of laser-plasma interaction, numerical simulations and methods play
a crucial role in understanding and predicting complex plasma behaviors that are
often inaccessible through analytical methods. The analytical framework is usu-
ally either restricted to a linear regime with laser intensities below the relativistic
limits or is based on simplifications such as reduction to a single dimension. For
this reason, numerical tools are indispensable and one of the most widely used nu-
merical techniques in this domain is the Particle-in-Cell (PIC) method [143-145].
The Particle-in-Cell method is a computational technique designed to simulate
the dynamics of charged particles interacting with electromagnetic fields in a self-
consistent manner. Initially developed for plasma physics applications [146-148],
the PIC method has become a cornerstone in the simulation of a wide range of phe-
nomena, including astrophysical processes [149], nuclear fusion [150], accelerator
physics [151], and space plasma interactions [152].

For the purpose of optimization, a PIC simulation can serve as an objective func-
tion by modeling complex plasma behaviors and providing high-dimensional out-
puts based on a set of input parameters. Bayesian optimization treats the PIC
simulation as a "black-box” function, where each simulation run yields an electron
beam on which different performance metrics can be defined. By using a surrogate
model, such as a Gaussian process, Bayesian optimization efficiently explores the
parameter space of the PIC simulation, minimizing the number of expensive simu-
lation runs while identifying the optimal conditions. This approach is particularly
effective for expensive, high-fidelity simulations like PIC, where each evaluation is
computationally intensive. Moreover, this is an apt testbed for the Multi-fidelity
Multi-objective scheme developed in this work, since lower-fidelity simulations can
be executed quite easily as it would be discussed in the next sections. In the fol-
lowing, the general PIC method would be discussed and its variants particularly
FBPIC that was used in this work. A discussion on the optimization of a numerical
LWFA using FBPIC simulations and how multi-objective multi-fidelity optimiza-
tion benefits current state-of-the-art in the domain of numerical experiments will
follow.
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4.1. PIC method

Macroparticles. At its core, the PIC method combines aspects of both particle-
based and grid-based computational approaches. The plasma is represented by a
large number of macroparticles, each symbolizing a large collection of physical par-
ticles such as electrons or ions. The basic rationale behind using a macroparticle
is to reduce the computational load since tracking each particle for plasma densi-
ties in the range of 10cm =3 is prohibitively expensive. Hence, a large number of
identical real particles in phase space are bunched together into a macroparticle.
The macroparticle is a computational particle and in itself is not a physical ob-
servable. These macroparticles carry properties like position, velocity, charge, and
mass similar to the large collection of particles that they represent. The particles
have a definite momentum and the position is the average over the positions of
the real particles indicating a certain spatial extent around the average position.
The macroparticles follow the same trajectory as the real particles it represents,
provided the scattering processes between the real particles do not have a chaotic
behavior. This is an approximation since the individual momentum and posi-
tion of the particles can change; however, if the particles remain close in the phase
space then the approximation remains valid. The Lorentz force experienced by the
computational particle is similar to the real particles since it is only dependent on
the charge-to-mass ratio.

Fields. The electromagnetic fields are computed on a spatial grid that discretizes
the simulation domain, with field quantities such as electric and magnetic fields
defined at grid points. By coupling the motion of particles with the evolution
of fields, the PIC method self-consistently solves the Vlasov-Maxwell (see Equa-
tions and ([2.26b))) system of equations, capturing the intricate interplay
between particles and fields in plasmas. In the context of LWFA, PIC simulations
are particularly well-suited for modeling because they can capture the highly non-
linear interactions between the laser pulse and plasma. This involves resolving
fine-scale phenomena such as particle trapping, beam loading, and handling com-
plex geometries inherent in plasma environments.

The PIC algorithm advances the simulation through a series of computational
steps, repeated at each time increment to evolve the system over time. These
steps are designed to model the self-consistent evolution of particles and fields
accurately and the temporal resolution of the simulation is determined by this
time-step. In each of these time-steps the macroparticle momenta and positions
are calculated along with the magnetic and electric field. Each of these time-steps
is called a PIC cycle, and the important steps are outlined below while the com-
plete PIC cycle is shown in Figure [4.1]
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Figure 4.1.: lllustration of the important steps in a PIC cycle. Completing the four steps of the
PIC cycle represents an increase in the time step. One can recursively repeat the steps to simulate
the self-consistent time evolution of the particles and the fields. Additional steps such as filtering
source terms or applying external fields are often used between the four fundamental steps.

Initialization. To describe a single PIC cycle, we assume that both the grid and
the particles have been initialized. The spatial domain is defined and discretized
into a grid appropriate for the problem’s dimensionality. Particles are then initial-
ized by assigning positions and velocities that reflect the desired plasma density
and temperature profiles. Each macroparticle is assigned a charge and mass, rep-
resenting a group of real particles. We assume that the fields are known on the
grid and the next step is to determine the fields and the position, momenta of the
particles at a next time step.

PIC cycle. The first step in the PIC cycle is determining the fields at the position
of the macroparticles. To achieve this, the electromagnetic fields on the grid are
interpolated to the positions of the particles. This field gathering process ensures
that each particle experiences the appropriate local fields based on its position
within the grid. The Lorentz force acting on each particle is calculated using
the interpolated fields, incorporating both electric and magnetic contributions.
Once the Lorentz force is determined from the fields, the second step is to use the
equations of motion to advance the particles in time and is generally called the
particle pusher.

Once the particles have been pushed, the third step is to project their charges onto
the grid to compute the charge density at each grid point. This process, known as
charge deposition, uses weighting schemes such as the nearest grid point method
or linear weighting to distribute the particle charges onto the grid. Similarly, the
current density resulting from particle motions is calculated and assigned to the
grid. With the charge and current densities known on the grid, the last step
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involves solving Maxwell’s equations to update the electromagnetic fields. Numer-
ical methods such as the finite-difference time-domain method or spectral methods
are employed to compute the electric and magnetic fields at each grid point. This
step is crucial, as it determines how the fields evolve in response to the charge and
current distributions in the plasma. After the fields have been calculated on the
grid, the process is repeated recursively at each time step to determine the time
evolution of the plasma and the electromagnetic fields.

Throughout the PIC simulation process, diagnostics are performed to collect data
for analysis. This includes recording particle distributions and snapshots of the
field distributions at each time step. These diagnostics are essential for interpret-
ing the results of the simulation and for validating the model against experimental
or theoretical predictions. A number of different PIC codes implementing different
methods for solving the electromagnetic fields and for particle pushers are avail-
able. Some of them that are relevant for the field of laser-plasma interactions
include OSIRIS [153], WarpX [154], EPOCH [155], QuickPIC [156], CALDER-
Circ [157], PIConGPU [158] and FBPIC [32]. In this work and chapter FBPIC
was used as a test bench to showcase the advantage of the trust-MOMF technique.
Hence a brief introduction to FBPIC is given in the following section.

4.2. FBPIC

Traditional fully 3D PIC codes typically discretize the spatial simulation domain
using a Cartesian grid, representing electromagnetic fields and particles across all
three spatial dimensions. While this approach is general and accurate, it becomes
computationally expensive for high-resolution simulations, especially when mod-
eling relativistic particles that require fine temporal and spatial discretization to
maintain accuracy.

FBPIC addresses this challenge by exploiting the quasi-rotational symmetry often
present in laser-plasma interactions. Instead of a full 3D Cartesian grid, FBPIC
uses a cylindrical coordinate system (r,¢,z) and decomposes the fields into az-
imuthal modes using a Fourier-Bessel series. This method captures deviations
from perfect rotational symmetry by including higher-order modes, effectively re-
ducing a 3D problem to a series of 2D problems. The computational savings
are significant. In cylindrical coordinates, the number of grid points scales as
Niotar = m X N, x N, where m is the number of modes, /N, is the number of radial
grid points and N, is the number of longitudinal grid points. Typically, only a few
modes m ~ 2 to 4 are sufficient to accurately model the physical system, leading
to orders-of-magnitude reductions in memory usage and computational time com-
pared to Cartesian grids, which scale as Nypqr = N X N, X N,. Another effect
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usually seen in common PIC codes using finite-difference time-domain (FDTD) as
field solver relates to the handling of particles and fields propagating close to the
speed of light. These solvers usually result in spurious vacuum dispersion relation
[159] where they artificially slow down the group velocity of the laser pulse leading
to spurious dephasing of the electron beam if the spatial and temporal resolu-
tion is not chosen carefully [160]. This results in an artifact known as Numerical
Cherenkov radiation (NCR) [161]. This effect can be mitigated by increasing the
spatial resolution of the simulation and adhering to the Courant-Friedrichs-Lewy
(CFL) condition [162] that defines the largest time step possible.

Spectral Solvers. As opposed to the FDTD solvers, FBPIC employs spectral solvers
that take a different approach to solving Maxwell’s equations. The core innova-
tion of FBPIC lies in its use of the Fourier-Bessel decomposition, which expresses
the fields as a sum of orthonormal Bessel functions. The fields are then trans-
formed to the spectral space by employing Fourier transform in the longitudinal
direction and Hankel transform in the radial direction. In the spectral space the
time integration can be performed analytically and hence this field solver is not
subject to the CFL limit allowing the time step to be chosen freely. At each PIC
cycle the FBPIC transforms the fields to the spectral space, advances them in
time and reverts them to the real space. Due to all of the features of FBPIC dis-
cussed thus far, it was chosen to represent the numerical accelerator since all of the
laser-plasma interactions discussed in this work are quasi-rotationally symmetric.
FBPIC is optimized for modern computational architectures, including multi-core
CPUs and Graphics Processing Units (GPUs). Certain steps of the PIC cycle
are easily parallelizable like particle pushing since each push of a macroparticle is
independent. The same is true for field solvers and thus GPUs offer massive par-
allelism with thousands of cores capable of handling simultaneous computations.
FBPIC leverages this by offloading computationally intensive tasks, such as spec-
tral transforms and particle pushing, to GPUs, resulting in significant speedups
over CPU-only implementations. All of the FBPIC simulations in this work were
run on GPUs either on Tesla V100 or RTX 3090 GPUs from NVIDIA.

Another important factor to consider when working with FBPIC is the weighting
factor of the macroparticles. As already discussed before, macroparticles repre-
sent a large number of physical particles to make computations tractable. In a
cylindrical coordinate system, the volume element increases with radius r, mean-
ing that macroparticles located further from the axis represent a larger physical
volume and, consequently, more real particles. This weighting needs to be taken
into account when analysing particle beams resulting from FBPIC simulations.
This weighting also ensures that the particle density and current are correctly cal-

culated when mapping particles to the grid and when computing electromagnetic
fields.
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FBPIC simulations: computational parameters. Setting up an FBPIC simulation
involves specifying a range of technical and physical parameters that define both
the computational framework and the physical phenomena being modeled. The
technical parameters establish the computational foundation of the simulation.
One of the primary considerations is the spatial resolution that can be set by
the grid parameters, which involves determining the number of grid points in the
radial N, and longitudinal IV, directions, as well as the number of azimuthal modes
m. Selecting higher resolutions in these dimensions enhances the accuracy of the
simulation but also increases the computational cost. In the case of laser-plasma
acceleration, the spatial resolution can be set by recognizing the smallest length
scale of interest. Longitudinally, this is the wavelength of the driving laser pulse
and radially is the dimension of the bubble.

Another crucial parameter is the time step size At, which dictates the temporal
resolution of the simulation. Although the spectral methods employed in FBPIC
permit larger time steps compared to traditional finite-difference methods, the
time-step must still be chosen carefully to accurately capture the fast dynamics
inherent in relativistic plasma phenomena. For full 3D simulations, the number of
macroparticles is usually on the order of 10 while for quasi-3D simulations such as
FBPIC it is typically 10° macroparticles. As already described before, the particle
pusher is a very parallelizable operation, hence a huge speedup is observed when
running FBPIC on GPUs instead of CPUs. Correctly, determining all of the pa-
rameters of the FBPIC simulations can be done using convergence studies where
reproduction of known physical phenomena can be used to judge the accuracy of
the simulations. One example could be looking at the total charge of the accel-
erated beam while changing the amount of macroparticles used or while changing
the grid resolution. When the total charge converges to a particular value, increas-
ing the macroparticle count further does not result in significant improvement in
accuracy. This particular value of macroparticles is then enough to simulate the
relevant physics and further increases in macroparticles result in diminishing re-
turns at the cost of significantly higher computational cost. Moreover, the nature
of simulations can be exploited to further reduce the computational cost. In this
work, the primary mechanism to inject electrons is shock-assisted injection there-
fore, it is sufficient to sample the region around the shock with a large number of
macroparticles to accurately simulate the accelerated beam [163]. Similarly, the
linear wakefields forming in regions of lower laser intensity result in a nearly lam-
inar flow of particles, allowing us to decrease the macroparticle density far away
from the laser axis [164]. The outer regions of the bubble are then sampled with
a lower number of macroparticles resulting in different macroparticle density in
different regions of the plasma. This reduces the computational cost while still
maintaining the accuracy of the simulations. Since the trust-MOMF technique
was used to optimize the numerical accelerator, a simulation fidelity parameter x
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was also introduced to control the spatial resolution of the simulation. The lowest
possible value of this parameter 1 results in simulations that take around 40 — 60
seconds to complete, while the highest possible value 4 can result in simulations
of over 2 hours. This parameter along with other physical parameters that are
discussed in the next section are controlled by the Bayesian optimizer.

Lastly, another important concept in reducing the computational load is simulating
the LWFA in a different Lorentz frame, that moves with the laser and is generally
called the boosted frame. The boosted frame is characterized by a boost factor v,
which is also used to transform the different space metrics into the boosted frame.
In the boosted frame of reference, the Lorentz transformation causes the laser pulse
to become elongated and its wavelength to increase. This elongation permits the
PIC loop to utilize larger time steps and increased spatial grid spacing, as the
stretched laser fields can be adequately resolved with a coarser grid. Moreover, in
the boosted frame the plasma becomes shorter, hence the time needed for the laser
to propagate through the plasma is also reduced. In general, the total number of
iterations required in the boosted frame is reduced by a factor of ~ (1 + 3)*7
[165]. All of the simulations performed in this work were conducted using the
boosted Lorentz frame.

FBPIC simulations: physical parameters. The physical parameters directly influ-
ence the behavior of the simulated plasma and laser interactions. Laser properties
are particularly significant in simulations of laser-plasma interactions. The inten-
sity and amplitude of the laser determine the strength of the electromagnetic field
and its capability to drive plasma waves as already discussed in [2 The spot size
and focusing parameters control the transverse profile and peak intensity of the
laser beam, which are critical for both injection and subsequent acceleration of the
electron beams.

Many of the plasma parameters are equally crucial. The density profile specifies
how the electron density varies spatially within the simulation domain, which is
vital for matching conditions in wakefield acceleration and for accurately modeling
plasma dynamics. Information about the species and ionization states defines
the types of particles present in the simulation and their initial charge states,
influencing the plasma’s response to electromagnetic fields. Since many of the laser
parameters are not easily modified such as Laser power, laser waist, laser duration,
laser wavelength, they are kept fixed in this work to the parameters of the ATLAS-
3000 laser. Other parameters that are often variable in an experiment setting are
allowed to be modified by the Bayesian optimizer. These parameters include the
plateau plasma density, the position of laser focus, as well as the lengths of the up-
and downramps of the plasma density close to the density transition. The ranges
of these parameters are chosen so that different kinds of electron beams can be
generated from the numerical accelerator. A summary of all free and dependent
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Variable input parameters

min. value mazx. value

Plateau Plasma density n, 2-108%cm™  9-10%¥cm™3
Upramp length Lup 0.25 mm 1.75 mm
Downramp length ldown 0.0 pm 50 pm
Focus position 20 —0.5mm 2.5mm
Simulation fidelity X 1 4

Fixed input parameters
Laser wavelength Ao 800 nm
Laser power P 50 TW
Laser waist (FWHM) wlWHM | 20 pm
Laser duration (FWHM) At 30fs

Dependent variables

Plasma wavelength Ap 2mey/me€g/e®ne
Plasma wavenumber kp 27/ Ap
Critical density Ne (2mc/Ng)?(meeo/€2)
Critical power P, 2mec®ne/(rene)
Peak intensity Iy 2P/ (mwd)
Peak potential agp V2Io/eoc - (e/kymec?)

Matched peak potential ag
Matched bubble radius T
Rayleigh length 2R
Waist w
(Gaussian beam in vacuum)

2(P/P)"V?

/2a8mtched/kp

7T’w(2)/)\0

\/1 + (2 — 20)/2R)?

Simulation mesh parameters

Transverse box size l,
Longitudinal box size [,
Simulation length Ly maz
Transverse resolution Ar
Longitudinal resolution Az
Boost factor Yboost

2.5 -w(z=0)
25 pm + 1y,
3.5mm

600 nm/x
60nm/y

\/ lz,max/lz/x

Table 4.1.: Simulation and scan parameters.
four simulation parameters and their ranges that are used in the optimization
problem. In addition to those, a fidelity parameter y is introduced that allows
the optimizer to choose between low and high numerical resolution. Based on the
scan parameters and the fixed problem parameters, several dependent variables are
calculated that can provide estimations for the correct box size for the simulations.

The top section shows the
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[ne]

Plasma density

Position z [mm]

Figure 4.2.: lllustration of the four variable input parameters from Table The three different
ramps show the minimum and the maximum values of upramp length [, and the downramp length
lgown- The value after the downramp is the plasma plateau density n. and the focus position of the
laser can be modified in the region depicted by the white line zy. The figure is reproduced from the
work of the author [166].

parameters of the simulations and the range in which the variable parameters are
scanned is given in Table [4.1] and illustrated in Figure [4.2]

4.3. Single-objective optimization of FBPIC
simulations

This section will present and discuss the results from the numerical optimization of
the LWFA. The advantages of Bayesian optimization, in general, and trust-MOMF,
in particular, will also be highlighted. One of the main strengths of Bayesian op-
timization compared to other methods is its ability to efficiently locate the global
optimum of a function using a minimal number of samples. Moreover, Bayesian
optimization is adaptable; by modifying the acquisition function and the model,
it can transition from optimizing a single objective to handling multiple objectives
simultaneously. This adaptability is realized in multi-objective optimization (see
Section , where Bayesian optimization can implicitly optimize multiple com-
binations of objectives by optimizing the ezpected hypervolume improvement [114,
123].

Despite the high sample efficiency of Bayesian optimization, solving a multi-
dimensional problem still demands a substantial number of evaluations. In the
case of the laser-plasma accelerator with four adjustable input parameters, 100
evaluations were typically needed to find the optimum. Considering that each
simulation, as discussed in Section [£.2] requires several hours to run, a complete
optimization process would take several days to compute.

To address this challenge and enable multi-dimensional optimization, the opti-
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mization process can be accelerated by utilizing low-resolution simulations that
employ a coarser numerical grid and a higher boost factor (see Table [4.1)). These
simulations capture the essential physics of injection and acceleration but have
not fully converged regarding final charge, energy, and other parameters. Despite
their approximate nature, these solutions can be computed in just a few minutes
on a GPU, providing valuable insights for the optimization process. Crucially,
the variability in simulation resolution, and thus its fidelity, can be directly in-
corporated into the optimization process by introducing a new fidelity variable, x
(see Table . In a process called multi-fidelity optimization (see Section ,
a Gaussian process that models the objective function over the four input dimen-
sions (Ne, lup, ldown, 20) as well as the fidelity parameter x is constructed. The
decision regarding the next position to probe is taken by the trust-MOMF ac-
quisition function defined earlier in Section [3.4] which is based on the common
optimization of the different objectives and an additional trust objective. Regard-
ing the latter, the algorithm also considers the computational cost associated with
the fidelity parameter. By conducting a convergence study of PIC simulations,
it was found that the computing time of these simulations approximately scales
with cost(x) o x>°. By integrating this cost and fidelity information into the
optimization process, an average speed-up of about an order of magnitude was
achieved in this work. Consequently, a complete multi-fidelity optimization run
typically requires around 10 hours to compute.

Although the MOMF acquisition function is primarily designed for multi-objective
optimization, it is also capable of optimizing a single objective across multiple fi-
delity levels as demonstrated in Section[3.4.1} To ensure a fair comparison between
different optimization schemes, the results in this and the following sections, are
thus obtained using the same algorithm. The specific optimization parameters
used in these simulations are summarized in Table [4.2] Notably, both types of ob-
jectives were subjected to the same constraints in terms of the maximum number
of iterations and the computational budget. Additionally, to assess typical per-
formance, each optimization was executed five times, starting from five different
random initial points.

4.3.1. Defining single-objectives

The optimization conducted in this study aims to produce quasi-monoenergetic
electron beams with a high total charge concentrated around a specific target en-
ergy Fy. From a statistical perspective, achieving this involves minimizing the
difference between the beam’s central energy tendency and the target energy,
reducing the statistical dispersion or energy spread, and maximizing the total
charge, which is represented by the integral of the electron beam spectrum. These
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Optimization parameters

Number of Trials NTRIALS | D

Max. number of Iterations ngarcy | 150

Maximum Cost Chotal 50 GPU hours

Number of initial points NINIT 5

Input Dimensions dim, )

Output Dimensions dim,, 1 (single objective) or
3 (multi-objective)

Cost Function cost(x) | o< x>°

Table 4.2.: Summary of optimization parameters used for numerical ac-
celerator. Some of the key parameters when running the trust-MOMF algorithm
are summarized here. To terminate the optimization process efficiently, two upper
thresholds have been established: the maximum number of iterations and the total
computational cost. The optimization was concluded once either of these limits
was reached. In the case of single-objective runs, the output dimension was set to
one, whereas for the multi-objective case, trust-MOMF algorithm simultaneously
optimized three objectives. It’s important to note that, due to the use of adaptive
meshes in this work, the cost function was approximated rather than calculated
exactly.

characteristics can be quantified using various statistical measures, including stan-
dard deviation, median absolute deviation, mean energy, median energy, and total
charge [167]. This variety means there is considerable flexibility in how these ob-
jectives can be encoded into a single scalarized objective function. Each choice of
objective function tends to emphasize certain outcomes, which can lead to signifi-
cant differences in the optimization results. In the subsequent paragraphs, several
different objective functions are introduced, that are designed to achieve the same
overarching goal: to simultaneously maximize the total charge, minimize the spec-
tral width, and reduce the deviation from the target energy. By exploring these
different formulations, the influence of scalarization on the optimization process
and the resulting beam characteristics can be highlighted.

Examples. An objective function based on the mean energy and the standard
deviation can be defined as follows

_QF

O = —=
! AEQ-O'E

(4.1)

where () denotes the total charge of the electron beam and op represents the
standard deviation of the energy spectrum. The term AE? is calculated as |E —
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Ey|* + €, where E is the mean energy of the spectrum, Ej is the target energy
and € is a small offset introduced to prevent the objective function from becoming
infinite when the mean energy approaches the target energy. Specifically, I used
e = 1 MeV, considering that beams within 1 MeV of the target energy are deemed
sufficiently optimized.

A characteristic property of the mean is that it tends to be influenced by values
that are far from the target, especially in datasets with outliers. As a result, in the
presence of noise, it is often more suitable to use median-based descriptors instead
of mean-based ones. An objective function that leverages median statistics can be
formulated as:

NI

_ . Q
|AE| - Eyap’

Os (4.2)

where Q represents the total charge of the electron beam, F is the median energy of
the spectrum, Ej is the target energy, |AE| = |E — Ep|4¢ is their absolute distance
(plus offset) and Ejr4p is the median absolute deviation around the median. In
this instance, a square root is applied to the total charge to decrease its emphasis
within the objective function. This scaling ensures that while charge remains an
important factor, it does not overwhelmingly dominate the optimization process.

The use of Q2 in the previous objective function is entirely empirical, and one
can just as effectively define alternative versions by applying different exponential
weights to the charge (). For instance, the following two objective functions can
be considered:

Q2

Ogpy= —— , 4.3

> |AE|- Eyap (43)
and ,
Q

Oop = _ 4.4

"7 |AE[- Exap’ (4.4)

which should incentivize the optimizer to find beams with higher total charge.

Previously, we touched upon the general issue that objective functions involving
division can become unbounded as the denominator approaches zero. Instead of
mitigating this problem by introducing offsets, it may be more advantageous to
reformulate the objective function by eliminating the division operation. One way
to achieve this is by implicitly optimizing for the target energy and energy spread
by maximizing the charge within a specific energy window. This approach can be
expressed as

O3 = 2Qin — Q, (4.5)
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Objective definitions

Objective 1 01 | Q" ((AE*)og)~!, Equation (4.1)
Objective 2 Oy | Q"*((|AE|)Eyap)~", Equation (4.2
Objective 2, O | Q*((JAE|)Eyrap)~", Equation (4.3
Objective 2, O | Q*((|AE|)Errap)~", Equation (4.4
Objective 3 O3 | 2Q;n — @, Equation (4.5))

Charge-related metrics

Q Total integrated charge
Qin Charge within an energy interval Fy + AFE
Central tendency metrics
E Mean energy
E Median energy
Ey Target energy (300 MeV)
AE? Mean-squared difference of median and target energy
|AFE] Absolute difference of median and target energy

Statistical dispersion metrics

R standard deviation
Eyap median absolute deviation

Table 4.3.: Summary of single-objective functions. The five single-objective
scalarized functions that are optimized in this study are shown at the top. The
middle and lower parts of the summary display the metrics related to charge, cen-
tral tendency, and statistical dispersion employed to construct these single objec-
tives. These are also used later in the multi-objective multi-fidelity optimization.

where (Q;, denotes the charge within a specified energy range AFE centered around
the target energy Ejy. Mathematically, @Q);, is given by
Eo+AE/2
Qin= | Q(E)dE. (4.6)

Ey—AE/2

A summary of the single objectives and definitions of metrics used to define them
is outlined in Table (4.3l

4.3.2. Optimization results

The various “logical” objectives described in the preceding section were each ap-
plied to optimize the simulated laser wakefield accelerator, and the outcomes of
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Figure 4.3.: Single-objective optimization spectra. On the left is the final spectra obtained
after single-objective optimization of FBPIC simulations using three different objectives (O, O-
and O3) to optimize beam charge, beam distance from target energy (300 MeV) and energy spread.
Median energy E and mean energy E of each spectrum is indicated using diamond and cross markers
respectively. On the right is a demonstration of the effect of changes in objective weight. Variations
of Oy objective with charge squared (O2,) or charge to the power of three (O2}) was used, leading
to higher overall charge in the beam and - without explicit optimization - more peaked spectra.

these optimizations are presented here. In Figure .3 the final spectrum of the
three scalarized objectives O1, Oy and O3 is shown on the left sub figure. The first
objective relies on mean energy, making it more sensitive to outliers when com-
pared with the second objective. This explains why the first spectrum tends to
have a suppressed high or low-energy tail. On the other hand, the second objective
using median energy and median absolute deviation allows for a high-energy tail
while still keeping the median near 300 MeV. Since this spectrum has a longer tail
the mean of this spectrum is higher than 300 MeV. The third objective in Fig-
ure yields a noticeably higher peak charge because it places additional implicit
emphasis on the total charge near this region. The beam here has an even shorter
tail since it explicitly penalizes any beam charge outside the 250 — 350 MeV range.
Overall, these results demonstrate how different ways of scalarizing the statistical
measures produce distinct energy spectra. Furthermore, when beams are implic-
itly optimized to remain near the target energy similar to the third objective, it
often yields more favorable outcomes than explicitly targeting that energy.

In the next step, the comparison of different forms of the second objective (Os,
O, and Oy) where the total charge () is weighted by Q'2,)? and Q? respectively
is shown in Figure [£.3] As expected by design of the objective, the higher weight
increases the total charge in the optimized beam spectrum. We also see that
this choice of hyperparameters results in objectively better beams than the O,
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and Oy, variations when considering the energy and bandwidth of the beams.
However, it is not possible to know the right choice of hyperparameters in advance.
This choice of different hyperparameters adds another layer of complexity to the
optimization process. Consequently, for each new problem, operators or users must
carry out multiple optimization runs to identify the most appropriate objectives
and parameter combinations when using single-objective optimization schemes.

Another notable aspect of these spectra is that the energy with the highest spectral
charge density, which is referred to as peak energy Epcqx, is farther from the
target energy than either the mean or median energies. This discrepancy arises
because highly charged electron beams cause beam loading effects in laser wakefield
accelerators, leading to skewed spectra [163]. In such asymmetric distributions,
the peak does not coincide with the mean or median, making explicit optimization
of the peak energy necessary. The problems of hyper-parameter choice and the
explicit optimization of the peak energy are discussed in the next section.

4.4. Multi-objective optimization of numerical
accelerator

As demonstrated in the previous section, a central difficulty in single-objective
optimization of complex systems is that the optimal weighting of hyperparameters
is not known a priori. Achieving a higher value in one particular objective often
involves a trial-and-error process of adjusting weights. In addition, multi-objective
problems can exhibit trade-offs among different objectives. Consequently, changing
the weight for one objective can inadvertently benefit or harm other objectives.
Single-objective optimization is thus invariably biased toward one particular trade-
off, and it is generally hard or impossible to detect this bias beforehand. As a
result, the final solution may fail to deliver the balance of parameters that a user
or operator desires.

A more versatile strategy is to directly explore the trade-off among different objec-
tives and then select the most appropriate combination of objectives a posteriori.

This approach produces the Pareto front (see Section in the output space,
and the Pareto set in the input space. As a reminder, a point is said to dominate
another if it is at least as good in every objective and strictly better in at least
one. Consequently, the Pareto front consists of all non-dominated solutions. The
region covered by these points in objective space is quantified by the hypervolume,
which serves as an indirect measure of solution diversity. In Bayesian optimization
the expected hypervolume improvement can therefore be used to optimize different
objectives simultaneously. In this work, the mean energy difference AE = |E—Ey|,
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Figure 4.4.: Multi-objective optimization. (a) This figure illustrates the Pareto surface defined
by the non-dominated solutions across the three objectives. Figures (b—d) show 2-D projections of
this surface, showing the Pareto front for the following objective pairs: charge versus energy distance
(b), charge versus energy spread (c), and energy spread versus energy distance (d). This result
demonstrates that a single multi-objective optimization produces either similar or better outcomes
than all of the single-objective runs. (The figure has been reproduced from a publication generated
during this work by the first author) [166]

the standard deviation o and total charge in the beam () were chosen as individual
objectives spanning the output space.

Results and discussion. Figure 4.4] presents the outcome of a representative run
of the multi-objective Bayesian optimization. By querying the Gaussian process
model, a collection of solutions were acquired that can be displayed as a Pareto
surface, representing all non-dominated points in the three-dimensional output
space. Panels (b—d) in the figure illustrate the corresponding projections of the
Pareto surface resulting in Pareto fronts for the different objective pairs. The red
triangles indicate the beam parameters obtained from the optimizations discussed
in the preceding section. These results demonstrate that multi-objective optimiza-
tion achieves performance on par with the combinations of objectives introduced

in Section [4.3.1].

Figure 4.4 illustrates several typical trade-offs found in multi-objective problems,
many of which can be understood through underlying physical processes. One
clear example is visible in Figure [4.4p, where an increase in the distance to target
energy is seen when the total charge exceeds 500 pC. This effect arises primarily
from beam loading [163]: as the charge of the electron bunch increases, it reduces
the strength of the wakefields, which consequently leads to lower mean energy and
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Figure 4.5.: Selected spectra obtained via one multi-objective optimization run. On the left
are the spectra selected as optimal lower confidence bound solutions for the objectives O; and Os.
On the right are solutions optimized for peak energies of 250 MeV, 275 MeV and 300 MeV.

thus, an increase in the distance to the target energy.

where higher total charge leads to a broader energy spectrum, reflecting the dif-
ferent input parameters needed to produce a high-charge beam as opposed to
a quasi-monoenergetic beam. This phenomenon, also reported in earlier studies
(e.g., Gotzfried et al.[163]), underscores the difficulty of simultaneously maximiz-
ing charge and maintaining a narrow energy spread.

Another trade-off is apparent in Figure |4.4c where higher total charge leads to a
broader energy spectrum. This indicates that the input parameters that yield a
beam with a higher total charge are different from the ones that produce quasi-
monoenergetic beams, an effect reported in earlier studies, e.g. in Gotzfried et
al.[163]. Finally, another notable result, albeit not directly visible from the plots,
is the absence of any high-energy beams with low charge. This is a result of the
design of the three objectives used in this work. None of the objectives benefit
from high-energy beams with lower charge. The total charge objective worsens and
the optimization prefers higher charged low energy beams. Higher mean energy
also has a negative impact on the distance to the target energy objective since as
the energy increases, the distance to Ey = 300 MeV also increases. Hence, most
beams are restricted to energies near or lower than the target energy.

Multi-objective Bayesian optimization proves particularly valuable because it un-
covers the inherent trade-offs within a system, such as a laser-plasma accelerator,
and provides two key advantages. Firstly, it allows for a thorough characterization
of the system’s performance with regard to each objective. Secondly, it delivers
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a set of solutions that are not strongly biased toward specific objective combina-
tions. By using hypervolume as the objective measure, this approach avoids issues
that can arise in single-objective optimization, such as the inclusion of offset values
in denominators. Since hypervolume only increases modestly when focusing on a
single objective, multi-objective optimization does not disproportionately exploit
any one objective at the expense of the others.

As noted earlier, a key advantage of this optimization approach is that the Gaus-
sian process model can be queried efficiently, providing immediate predictions of
the means and variances for each individual objective (here @, o and AE) based
on a chosen set of input parameters x (i.e. 1, lgown, lup and 2g). These predictions
can be combined to form a new objective function O(z) and its overall uncertainty
can be estimated by propagating the variances from the individual objectives.ﬂ A
conservative solution candidate & can then be identified by considering the lower
confidence bound

& = argmax{p(O(z)) — o(O())}. (4.7)

Figure depicts such inferred solutions for the previously defined objectives O,
and O,, see Equation and Equation (4.2), respectively. Due to the increased
charge in these beams, the value of O is approximately 40% higher than its single-
objective counterpart result (see Figure [4.3). Meanwhile, the result for O, aligns
with prior observations, with the multi-objective approach reaching about 90% of
the corresponding single-objective value. This lower value is likely explained by
the fact that the optimizer focuses on mean energy as an objective rather than
exclusively targeting the median energy.

It is worth noting that in these candidate solutions, the spectral peaks occur
at approximately 230 MeV and 272 MeV, respectively, placing them significantly
below the “target” energy of Ey = 300 MeV. As previously discussed, this happens
because, in highly skewed spectra, neither the mean nor the median coincides
with the peak energy E,.q;. This issue can be addressed without starting a fresh
optimization by leveraging the existing multi-objective scan to build a Gaussian
process that predicts Epqr for any given input x. Then, suitable candidates can
be selected by using

& = argming || Eo — p(Epear())[| + 0(Epear(w))}- (4.8)

where the lower confidence bound is adopted for minimization, making use of both
prior solutions and uncertainty estimates.

'For a generic objective of the form O(x) = z1/(z2 - x3) the uncertainties o(z;) propagate as

(0o o (S’ 4 (2822)’ + (2les))’
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In most cases, promising results are found immediately or after 1 — 2 additional
iterations, which refine the Gaussian process with the outcomes of a new can-
didate. The results of this process are shown in Figure |4.5b, showing that the
multi-objective results can even translate to objectives that differ substantially
from the three objectives directing the hypervolume search. Consequently, multi-
objective Bayesian optimization greatly simplifies the process of locating both
optimal parameter settings and optimal objective formulations. The latter can be
evaluated a posteriori at negligible computational cost and can inform subsequent
single-objective optimizers focused on refining a specific objective. This procedure
is especially suitable for systems that are not yet well understood, such as newly
established experiments or simulations. For systems that are already well charac-
terized, however, a carefully chosen objective—like Equation (4.5)) with a suitably
defined energy window—can deliver competitive results.

Finally, the benefit of incorporating lower-fidelity simulations becomes clear in
Figure [4.6f With the same computational budget, the Trust-MOMF algorithm
attains a hypervolume of about 85%, while the multi-objective (MO) optimization
only reached roughly 58%. Even when the MO optimization is extended by an
additional 480 minutes, it fails to exceed 68% hypervolume. The fidelity distri-
bution displayed in Figure further demonstrates that Trust-MOMF frequently
uses simulations at fidelities below 0.5, thereby making efficient use of faster, low-
resolution simulations. Comparing costs shows that Trust-MOMF reduces the
overall cost by a factor of approximately 7, closely matching the improvements
observed with test functions in Section [3.5.1] These promising outcomes highlight
the value of joint MOMF for computationally expensive numerical simulations in
physics.
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Figure 4.6.: Benchmark with PIC simulations of laser wakefield accelerator using a 4-D input space.
On the left, the mean hypervolume, across ten trials, is plotted for Trust-MOMF and MO optimiza-
tions as a percentage, plotted against the elapsed time in minutes. The shaded area denotes the
standard deviation over those ten trials, and each optimization run was capped at a 30-hour com-
putational budget. On the right, the number of sampled points at varying fidelity levels for a single
trial of both Trust-MOMF and MO optimizations is depicted.

4.5. Input-space analysis

In the previous section, the focus has mainly been on how single- and multi-
objective optimization perform. Another important strength of Bayesian opti-
mization lies in analyzing the model that emerges from the optimization itself,
which can reveal physical insights and parameter dependencies of the system. In
this section, we examine how different input parameters specifically affect each ob-
jective by training a Gaussian process model using data from our multi-objective
runs.

In Figure [£.7, the influence of input parameters on the objectives, either viewed
in pairs or considered individually, is depicted. To create them, the pairwise
combinations of input parameters are taken while averaging over the remaining
two, consequently producing six two-dimensional plots. The color scale in each plot
represents the corresponding objective’s value. The effect of individual parameters
can also be investigated by averaging over the other three parameters and repeating
this process for each objective and parameter. From these visualizations, certain
trends emerge, which can in some cases be explained through physical reasoning.

Density (n.): Increasing the plasma electron density initially increases the total
beam charge, but then, somewhat unexpectedly, starts to drop. Examining the
underlying PIC simulations confirms that while higher densities initially lead to
greater injection, part of the injected electron population is lost toward the end of
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the accelerator region due to dephasing and defocusing fields at higher densities.
Interestingly, the density yielding optimal energy aligns with the density yielding
optimal charge, implying that there is a density at which beam loading is ideal
for achieving the target energy of 300 MeV. Meanwhile, the energy spread tends
to grow with density and exhibits an intriguing correlation with the focal plane.

Upramp length (l,,): A nearly linear increase in injected charge is observed as
the upramp length increases. This phenomenon is likely connected to laser self-
focusing, since a more extended upramp allows the laser to self-focus more strongly,
producing higher laser intensities at the injection point. The data also suggest that
having a longer upramp can help the beam reach the target energy. A larger energy
spread observed at shorter upramp lengths likely arises from broadband electron
beams lacking a pronounced spectral peak, as evidenced by the notably low charge
at these shorter upramp lengths.

Downramp length (ljown): Varying the downramp length directly affects the in-
jected charge, since shorter downramps translate to a faster expansion of the wake-
field and thereby enhance electron injection. Meanwhile, within the parameter
ranges explored in this study, the downramp length does not appear to influence
the mean energy significantly, which makes sense given that the downramp pri-
marily influences the injection point rather than the effective acceleration length.

Focus position (zfoc): There is a particular focus position that maximizes the total
charge and yields a beam energy closer to the target energy. However, the energy
spread at this position is relatively larger than the smallest possible values, likely
due to the increased beam loading that accompanies a higher charge.

For some parameter combinations, some trends can also be observed. For instance,
when the plasma density is higher or the upramp length is longer, the optimal
focus position for achieving maximum charge shifts upstream. These combinations
can be detected by observing the 2D pair plots and can offer insights into the
acceleration process for the users running the accelerators.
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After establishing the utility of Bayesian optimization for numerical FBPIC simu-
lations in the previous chapter, I will now extend these methods to an experimen-
tal laser wakefield accelerator setting. As in the numerical case, the experimental
setup can be modeled as a black-box system with adjustable input parameters
that elicit a measurable system response, which is subsequently fed back into the
Bayesian optimizer. A schematic illustrating the feedback loop is provided in Fig-
ure |5.1,, where a closed-loop feedback diagram outlines the optimization cycle.
Given the basic similarities between the numerical and experimental workflows,
the optimization strategies developed in the computational domain can be applied
directly to experimental studies with relatively few modifications.

However, key distinctions exist between numerical LWFA simulations and real-
world experiments, particularly in the nature of controllable inputs, the types of
measurable outputs, and the presence of experimental fluctuations arising from
variations in the laser and plasma conditions. In contrast to simulations, where
parameters such as the upramp and downramp lengths can be precisely controlled,
experimental setups typically allow only indirect manipulation of these quantities.
Furthermore, while simulations operate under idealized and repeatable conditions,
real experiments are subject to shot-to-shot variations, particularly in high-power
laser systems. These fluctuations necessitate the development of noise-mitigation
techniques to ensure robust optimization performance.

To address these challenges, the chapter begins with an overview of the ATLAS-
3000 laser system, which is built upon the ATLAS-300 platform. This discussion
aims to provide context for understanding the sources of experimental noise and
variability. For a more comprehensive technical description of the ATLAS-300 and
ATLAS-3000 systems, readers are referred to the dissertations of M. Gilljohann
[168] and F.M. Foerster [169]. Following this, I describe the experimentally con-
trolled input parameters and how they correspond to the variables optimized in the
numerical framework. This section also provides a detailed account of the commu-
nication protocol used to interface the Bayesian optimizer with the experimental
hardware, ensuring seamless data exchange and real-time feedback for efficient op-
timization. A crucial aspect of experimental optimization is the measurement of
electron beams, which requires the use of an electron spectrometer for objective
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Figure 5.1.: The general experimental Bayesian loop where the optimizer treats the experimental
setup and the laser system as a black-box function. The electron spectrometer captures the system's
response, while a post-processing module extracts relevant features that inform the optimizer. These
extracted features are then structured as a vectorized objective function, guiding the optimization
process toward improved performance.

evaluation. Under certain conditions, electron beams appear in pairs, necessitat-
ing the implementation of a data-cleaning approach based on a Gaussian Mixture
Model to accurately cluster and distinguish beam features.

The subsequent sections present the results of various multi-objective optimiza-
tion strategies applied to the experimental LWFA, followed by an extension to
multi-fidelity, multi-objective optimization. Finally, I will highlight one of the
most significant contributions of this work—the demonstration of systematic peak
energy tuning in an experimental LWFA by simultaneously adjusting eight differ-
ent parameters within 1-3 iterations, marking an important step toward precision
control in laser-plasma acceleration.

5.1. ATLAS-3000 laser system

The experiments were conducted using the ATLAS-3000 Titanium-Sapphire chirped-
pulse amplification (CPA) laser system, at the Center of Advanced Laser Appli-
cations (CALA) in Garching, Germany. Chirped Pulse Amplification [19] is a
fundamental technique employed in laser science to generate ultra-intense laser
pulses while mitigating the risk of damage to optical components during amplifi-
cation. The process begins with pulse stretching, where a short laser pulse is tem-
porally expanded using a dispersive optical system, such as diffraction gratings.
This stretching spreads the pulse’s frequency components over time, significantly
lowering its peak power and minimizing nonlinear effects or material damage in
subsequent amplification stages. Once stretched, the pulse undergoes amplifica-
tion in a laser gain medium, where its energy is increased through multiple stages
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of amplifiers while maintaining a reduced power. Finally, the amplified pulse is
recompressed using a second dispersive optical system with opposite dispersion in
a process known as pulse compression. This restores the pulse to its original short
duration while preserving the amplified energy, resulting in an ultra-high-power
laser pulse. CPA is the foundation of modern high-intensity laser systems, en-
abling petawatt-scale peak powers that are crucial for driving nonlinear wakefields
in plasma acceleration. This technique is fully implemented in the ATLAS-3000
laser system, illustrated in Figure [5.2]

The system begins with seed pulses of approximately 6 fs generated from a mode-
locked Titanium-Sapphire oscillator operating at a repetition rate of 80 MHz. A
Pockels cell reduces this repetition rate to 10 Hz, after which the pulse energy is
increased to 500 nJ through an initial multipass amplifier. Before undergoing fur-
ther amplification, the pulse is stretched to approximately 800 ps using a grating
stretcher. To enable fine dispersion control and spectral shaping, the stretched
pulse is then directed through an acousto-optic programmable dispersive filter
known as DAZZLER [170]. This filter allows for pre-compensation of high-order
dispersion accumulated throughout the amplifier chain, ensuring optimal pulse
quality at the end. The dispersion orders of the laser pulse, which influence its
shape and ultimately its duration, are among the key parameters optimized us-
ing Bayesian optimization. The DAZZLER is controlled via proprietary software
provided by Fastlite, through which the Bayesian optimizer adjusts the dispersion
parameters in real time.

Following dispersion management, the pulse undergoes further amplification in a
regenerative amplifier and a multipass amplifier before passing through a second
Pockels cell, which further reduces the repetition rate to the final 1 Hz. The pulse
energy is subsequently increased to its final value of 20 J through a series of mul-
tipass amplifiers. To maintain beam quality, spatial filters are incorporated after
the third, fourth, and fifth multipass amplifiers to remove high-spatial-frequency
components. These filters are housed within telescopes, which also expand the
beam to a diameter of 9 cm before entering the last amplifier, thereby reducing
the fluence and preventing optical damage. In addition, deformable mirrors cou-
pled with wavefront sensors are utilized within a closed-loop system to correct
wavefront distortions and ensure a high-quality beam profile.

The pulse is expanded to a final diameter of 27 cm and then compressed in a
vacuum using a grating compressor, achieving a final full-width-at-half-maximum
(FWHM) duration of 30fs. Diagnostics of the compressed pulse are performed
using a self-referenced spectral interferometer, WIZZLER [171], and a frequency-
resolved optical gating (FROG) device, GRENOUILLE [172]. To optimize pulse
compression, a closed feedback loop is implemented between the WIZZLER and
DAZZLER, wherein the spectral phase measured by the WIZZLER is corrected
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by adjusting the dispersion settings in the DAZZLER. Once the pulse has been
optimally compressed, it is directed via a series of mirrors into the Electron and
Thomson Test Facility (ETTF) beamline, where laser-plasma acceleration exper-
iments are conducted.

One issue identified during the course of this study was the severe blackening of
beamline mirrors, which progressively reduced the transmitted energy reaching the
ETTEF. Since transmission measurements were not performed before each exper-
imental session, a conservative estimate of transmission was assumed. However,
this did not significantly affect the Bayesian optimization process, as the degra-
dation occurred over several experimental days, whereas the optimizer operates
on an hourly timescale during each session. The primary consequence of mirror
degradation on the electron beams in this work was a reduction in the total charge
and energy of the accelerated electron beam rather than a fundamental limitation
of the optimization approach. Based on available transmission measurements, the
overall energy transmission through the compressor and beamline was estimated
to be (50 + 10)%. Despite these challenges, the optimization process remained
effective in adapting to experimental conditions and improving the performance
of laser wakefield acceleration experiments.
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Figure 5.2.: Sketch of the ATLAS 3000 Laser system adapted from [169]. The DM refers to the
deformable mirrors within the laser chain to correct wavefront errors accumulated during propagation.
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Figure 5.3.: Schematic of the experimental setup and optimization workflow. The laser is focused in
an f/44 geometry onto a movable gas target and shock-inducing blade, with an inset showing a fluid
simulation of the perturbed flow. A dipole magnet spectrometer serves as the main diagnostic. For
each setting, 5—10 shots are recorded, cleaned using a Gaussian Mixture Model, and objective values
are extracted. A Gaussian Process model is updated and queried for the next input via expected
hypervolume improvement, with the optimal setting applied through the Tango control system.

5.2. Experimental setup and diagnostics

This section describes the experimental setup used to generate relativistic electron
beams and the associated diagnostics. A general schematic of the setup and the
data processing pipeline is shown in Figure|5.3] Following an overview of the beam
focus and target system, the electron spectrometer is introduced as the primary
diagnostic for characterizing the accelerated beams. The spectral data recorded
by the spectrometer is then processed through a dedicated pipeline that extracts
key beam parameters from raw images. Lastly, the various optimization strategies
employed during the experiments are outlined, providing the foundation for the
subsequent analysis and discussion of performance results.

5.2.1. Beam focusing

The beam from ATLAS-3000 is directed through a series of turning mirrors and
ultimately focused onto the target using a spherical mirror with a focal length of
10 meters, resulting in an f-number of 37. Moreover, to improve beam quality
and experimental stability, an aperture of 9.2cm is positioned 6 m downstream
of the spherical mirror. At this point, the beam diameter is estimated to be
10.8 cm, meaning the aperture symmetrically clips about 0.8 cm from each side of
the beam, leading to a modified f-number of 43. This clipping serves to remove the
outermost, higher-order spatial modes, which in this work degraded focus quality
and reduced the reproducibility of the electron beam generation. Although the
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Figure 5.4.: Two representative reconstructed HDR images of focus are shown in this figure. The
left image of the focus is without an aperture in the beam path while the right focus represents a
focus with a 9.2 cm aperture in the beam path. The focus with the aperture has more uniform widths
in both x and y dimensions compared to the focus without the aperture.

aperture reduces the total transmitted laser energy by approximately 27.7%, this
has no adverse effect on the Bayesian optimization process. Instead, it primarily
limits the achievable charge and energy of the resulting electron beams, while
enhancing shot-to-shot consistency.

Before each experimental run, the wavefront and focus quality of the laser beam
were measured under vacuum conditions and actively corrected using a closed-loop
feedback system comprising a deformable mirror and a Shack-Hartmann wavefront
sensor. While using the focus diagnostics, the beam is attenuated and sent to a
beamsplitter that directs the two parts of the beam to a far-field camera and
a Shack-Hartmann wavefront sensor. The far-field camera recorded the spatial
intensity distribution of the focal spot using different neutral density filters with
varying attenuation levels. These individual exposures were subsequently stitched
together to produce a high dynamic range (HDR) image of the focus, capturing
intensity variations across four orders of magnitude. This HDR image was then
used to determine the focal spot size and estimate the corresponding on-target
intensity.

Two representative HDR images of the focus are shown in Figure |5.4], comparing
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the £/37 focusing geometry without an aperture (left) and with a 9.2 cm aperture
introduced into the beam path (right). The impact of the aperture on beam quality
is clearly visible with a more symmetric focus profile. Without the aperture, the
full-width at half maximum (FWHM) spot size was measured to be 41 um and
38 um in the x and y direction, respectively. When the aperture was introduced,
the FWHM spot size slightly increased to 45 pm and 46 pm in the x and y direction,
respectively. However, this modest increase in spot size was accompanied by a
more uniform and symmetric focal profile, highlighting the aperture’s beneficial
effect on focus quality.

5.2.2. Targetry

The target used in the experiment was a 7-mm-long axisymmetric supersonic de
Laval nozzle, commonly referred to in this work as a gas jet, which was filled
with either pure hydrogen or a mixture containing 4% nitrogen dopant. This
gas jet was mounted on a hexapod stage, enabling precise positioning in three
dimensions relative to the laser focus. To introduce a shock within the supersonic
gas flow, a silicon wafer was positioned atop the nozzle and mounted on a motorized
translation stage with degrees of freedom in both the x and z directions. The
insertion of this wafer into the gas flow creates a shock front, which plays a critical
role in the electron injection process.

Translating the gas jet along the laser propagation axis (z) enables control over
the peak intensity of the laser at the point of interaction with the gas. Movement
in the vertical direction (x) adjusts both the plateau plasma density and the local
density profile near the shock, which strongly influences the injection mechanism
and thereby the characteristics of the resulting electron beam. The position of the
silicon blade along the gas jet determines the injection point, effectively tuning
the acceleration length available to the electrons. Moving the blade further into
the gas jet, the acceleration length is shortened; retracting it increases the length,
thereby providing control over the final electron energy. However, the change in the
electron energy by changing the acceleration length can influence other parameters
of the beam. Hence, there is a need to establish a method for changing the energy
while keeping other beam properties constant, and is later demonstrated using the
surrogate model. The blade can also be vertically translated to modify the shape
of the shock front, a technique shown to impact beam quality and stability [173].
The Hexapod (PI H-824.V) is used to control the position of the gas jet and the
blade both while the translation stages (Newport NSA12) only affect the blade
positions. These motors and the hexapod have minimal backlash (on the order
of a micrometer or less), which is insignificant compared to the step sizes that
influence accelerator performance in this work.
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Variable input parameters

min. value max. value

Gas Jet Longitudinal Zjet 0Omm 9mm
Gas Jet Transverse Tjet 0Omm 4 mm
Blade Longitudinal Zblade 0Omm 2.5mm
Blade Transverse Thlade 0 mm 1.5 mm
Backing Pressure Gas Jet pg,, 2 bar 8 bar
Second Order Dispersion 3®? Béizm - 150 fs” ﬁgi)m + 150 fs?
Third Order Disperion 363) B 25006  BY 4+ 2500 fs°
Fourth Order Dispersion 34 BY 500006 8L .+ 50000 fs!
Number of Shots Nishots 3 15

Fixed input parameters
Laser wavelength Ao 800 nm
Laser power P 200 TW
Laser waist (FWHM) wiWHAM |46 pm
Laser duration (FWHM) At 30 fs

Table 5.1.: Experimental scan, fixed and dependent parameters. The top
section shows the different input parameters that were controlled and scanned
during the experimental optimization run. The bottom section shows some of the
fixed laser parameters that could not be controlled and are a function of the laser
facility being used.

The plasma density is further tunable via the backing pressure applied to the noz-
zle, while the temporal characteristics of the laser pulse are controlled through an
acousto-optic programmable dispersive filter DAZZLER, which adjusts the second-
, third-, and fourth-order dispersion terms. Together, these experimental controls
define an eight-dimensional input parameter space optimized using Bayesian op-
timization. All of the different parameters along with the ranges in which they
were moved are summarized in Table [5.11

The entire system is integrated into the Tango Controls framework, allowing for
automated and remote adjustment of all relevant parameters, including the gas jet
longitudinal and transverse positions, blade position and height, backing pressure,
and the three dispersion orders of the laser pulse [174, |175]. This level of control
enables precise, real-time exploration of the complex parameter space governing
laser wakefield acceleration.
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Figure 5.5.: This is a basic schematic of the electron spectrometer that was used in this work. The
trajectories of different monoenergetic electron beams are shown. Three cameras view the two lanex
screens shown in this figure and the images from all three are calibrated and stitched together to give
the final complete spectra.

5.2.3. Electron spectrometer

After the target area, a magnetic dipole spectrometer situated 2.9 m downstream is
used as the main diagnostic tool to ascertain the charge, energy, bandwidth and the
divergence of the electron beam as shown in Figure 5.5 A 80 cm long permanent
magnet with a magnetic field strength of 0.85T is used to deflect electron beams
entering it at a nominal height of 325 mm. The electron trajectories are governed
by the Larmor radius 7 given by

. YMele - YmeC
€BJ_ €BJ_

TrL (51)

where v is the Lorentz factor, B, is the bending magnetic field and the v, is
the velocity of the electrons. Based on this relation, electrons with different en-
ergies follow distinct curved paths and are spatially separated according to their
momenta. Their impact positions are recorded using scintillating screens (lanex)
placed at specific locations along the deflection axis. In this work, two lanex screens
were employed: one placed directly beneath the magnet to capture lower-energy
electrons, and another positioned downstream to detect higher-energy electrons.
When electrons strike the screens, they emit visible fluorescence light, which is im-
aged using 12-bit CMOS cameras. This arrangement allows for the reconstruction
of the full energy spectrum of the electron beam across a wide energy range.

One significant source of measurement uncertainty arises from fluctuations in the
vertical pointing of the electron beam. A vertical deflection of the beam prior to
entering the magnet can lead to a systematic shift in the detected energy. This
effect can be mitigated by introducing a movable pointing screen to monitor the
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electron beam trajectory before entering the magnet. For the electron beams and
the spectrometer used in this work, a change of £1 mrad in the electron pointing
resulted in an error of about 2 — 3% [176] in the energy ranges considered in this
work. Since this error is energy-dependent and increases with electron energy, the
effect of the pointing variation needs to be taken into account for accurate electron
energy calculations from the spectrometer at higher energies [177]. However, since
the primary objective of this work was to demonstrate the effectiveness of Bayesian
optimization, and the pointing-related errors were within acceptable limits for the
energy range studied, the pointing screen was omitted to simplify the experimental
setup.

5.2.4. Post-processing spectra

Once an electron spectrum was obtained from the individual images of the lanex
screens, it was passed through a dedicated data post-processing pipeline before
being fed to the Bayesian optimizer. During this step, key beam output param-
eters such as the total beam charge @, median energy F, peak energy FEpeq; and
energy spread op are extracted from the spectrum. While these quantities are
sufficient to characterize an idealized, normally distributed energy spectrum, real
laser-accelerated electron beams often exhibit strong deviations from normality. In
particular, the actual energy distributions are frequently multimodal or skewed,
which reduces the accuracy and interpretability of aggregate metrics such as the
mean or standard deviation. For instance, in gas mixture targets, shock-assisted
ionization injection [178] commonly leads to spectra with multiple distinct elec-
tron bunches, often featuring low-energy tails and secondary peaks. In such cases,
computing global statistical metrics over the entire spectrum can obscure the char-
acteristics of the most relevant bunch and mislead the optimizer.

To address this challenge, a Gaussian mixture model (GMM) approach [179] was
employed to isolate the contributions of individual electron bunches in real time.
This method enables more accurate estimation of metrics like the median, mean,
and energy spread in the presence of complex or multi-peaked distributions. Fig-
ure illustrates a representative example of such a multimodal spectrum, gen-
erated from a LWFA experiment using a gas mixture. Here, shock-assisted ioniza-
tion injection produces an unstable combination of low- and high-energy features.
While it would appear to the optimizer that this particular position in the input
space x; produced stable electron beams at 350 MeV, the spectrum among different
shots is quite unstable, with most charge contained in a beam fluctuating in energy
between 200 MeV and 350 MeV. The GMM-based decomposition enables a robust
and efficient separation of these spectral components. For training the GMM, 1000
samples were drawn from a probability distribution derived from the raw spectrum.
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Optimization parameters

Number of shots per position ngpots 3-15 (fixed 10 for 4D)

Max. number of Iterations Niter User-Defined

Number of initial points NINIT 5-10

Input Dimensions dim, 4-8

Output Dimensions dimy, 3-4 (multi-objective)

Cost Function cost(Nshots) Mshots + fized.cost
rep.rate

Table 5.2.: Summary of optimization parameters used for experiments
Some of the key parameters used during the experimental optimization are sum-
marized here. In this instance, the optimization process was terminated by the
user owing to limited experimental beam time. In the case of 4D optimization
number of shots was kept fixed to 10 while for the 8D optimization the optimizer
adaptively selected between 3 and 15 shots. The fixed cost in the cost function is
simply the time taken by the slowest motor to reach a set value.

The number and position of local intensity peaks within a 100 MeV window were
used to initialize the model. Subsequently, the Expectation-Maximization (EM)
algorithm [180] was employed to fit a multi-component Gaussian distribution to
the data. The EM algorithm iteratively estimates the likelihood that each portion
of the spectrum belongs to a particular Gaussian mode, effectively partitioning
the total charge across distinct energy bands. The effect of this filtering procedure
is demonstrated in the lower sub-figures of Figure [5.6, where both low- and high-
energy features are clearly separated and can be selectively retained or excluded.

Following this decomposition, physical metrics are recalculated for the targeted
electron bunch, enabling a more precise and meaningful evaluation of beam qual-
ity. This selective post-processing step not only prevents contamination of objec-
tive metrics by irrelevant features but also enhances the reliability of the feed-
back provided to the Bayesian optimizer. As shown in Figure [5.6, the resulting
GMM-segmented spectra allow for cleaner identification of performance trends and
support more accurate analysis for the Bayesian optimizer.
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Figure 5.6.: Reconstructed raw electron spectra from the lanex images (top) and spectra after 'clean-
ing’ using a Gaussian mixture model. The third plot shows the last spectrum among the 10 shots as
an example, demonstrating the different electron bunches that the Gaussian mixture model predicts
from the raw black spectrum. The orange shaded line in the bottom plot shows the average cleaned
spectrum versus the average original black spectrum.

5.3. Multi-objective optimization of LWFA

This section presents the results of various multi-objective optimization strategies
applied to experimental laser wakefield acceleration. It begins with a brief overview
of the general optimization parameters and procedures used across multiple exper-
imental campaigns, followed by a discussion of specific results organized by opti-
mization type. In the final part of the section, I will demonstrate how results from
a multi-objective optimization can be repurposed for single-objective exploitation,
allowing targeted refinement within specific regions of the input space. These re-
sults serve as the basis for energy tuning of LWFA electron beams, which is one
of the key outcomes of this work.

A summary of the experimental optimization parameters is provided in Table [5.2]
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Figure 5.7.: Pareto-optimal configurations of the laser wakefield accelerator obtained from 4D multi-
objective optimization of mean energy, charge and energy spread. The absolute energy spread is
indicated by color, while grey shaded regions denote areas of equal total beam energy, corresponding
to constant accelerator efficiency. Although the Pareto front lies on a 3D surface, only its 2D
projection onto the charge—mean energy plane is shown.

At each setting & in the input space X', the optimizer collects n shots, denoted
as (71(Z), ..., ¥n(T)), and computes the average response ji(Z) = n~t S0, 4:(T).
This averaging step is critical for mitigating the impact of shot-to-shot fluctuations,
which are inherent in high-power laser-plasma experiments. In the first optimiza-
tion run, which involved only multi-objective Bayesian optimization (MO), the
number of shots per input parameter setting was fixed at 10. In all subsequent ex-
periments, trust-MOMF was employed, hence, the number of shots was adaptively

chosen by the optimizer within a predefined range.

At each evaluated input setting, multiple beam parameters such as total charge,
energy spread, and mean or median energy were extracted, making each mea-
surement inherently multi-dimensional. The results that follow provide a detailed
account of how these vector-valued outputs were optimized to explore and exploit
the complex, high-dimensional performance landscape of LWFA.
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5.3.1. 4D optimization

As an initial test, a multi-objective optimization was conducted in a reduced 4-
dimensional input space. The optimization comprised a total of 60 evaluated
configurations Z, including an initial set of 5 randomly selected points, which are
necessary to initialize the Bayesian optimization process. Upon completion of
the run, 35 configurations were identified as Pareto-optimal, and are visualized in
Figure .7 The product of total beam charge and mean energy yields the total
energy of the beam and can therefore be used to measure the energy transfer
efficiency from the laser to the electron bunch.

This initial experiment clearly recovered the well-known trade-off between the
beam charge and energy. As shown in Figure [5.7, most of the Pareto-optimal
solutions cluster around contours of similar energy transfer efficiency (~ 4%).
Two different regions of operation can be identified by looking at the beams on
both sides of 900 pC. Below this threshold, higher-charge solutions tend to exhibit
slightly greater efficiency, likely due to increased beam loading, which enhances
energy extraction from the wakefield. However, as the charge approaches 1nC, a
substantial drop in efficiency is observed, suggesting a transition into a different
acceleration regime. Interestingly, this high-charge regime is also where electron
beams with the lowest absolute energy spread are found. A plausible physical
interpretation is that energy spread accumulates over longer acceleration distances.
Thus, minimizing energy spread under these experimental conditions required a
shorter acceleration length, which in turn led to a lower mean energy E(F). This
outcome illustrates the optimizer’s ability to identify and exploit complex trade-
offs in beam quality metrics across multiple physical regimes.

5.3.2. 8D optimization

After demonstrating the usefulness of Bayesian multi-objective optimization for
experimental LWFA, the input parameter space was expanded from 4D to 8D by
including gas pressure and the three orders of laser dispersion terms. Alongside a
higher input dimensionality, the optimization strategy was further enhanced by in-
troducing a multi-fidelity formulation, allowing the optimizer to balance precision
and time cost more effectively. In the context of experimental LWFA, fidelity was
interpreted as the number of laser shots taken at a given input configuration. This
approach is based on the assumption that averaging over a greater number of shots
provides a more reliable estimate of the beam metrics, albeit at the expense of in-
creased time per evaluation. Since experimental beam time is inherently limited,
there is a trade-off between data quality and the number of unique configura-
tions that can be explored. To manage this trade-off, the Trust-MOMF algorithm
[139] was employed, which has previously demonstrated accelerated convergence
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in numerical simulations (see Chapter 4).

In this implementation, the trust objective was defined as \/En), a monotonically
increasing function of the number of shots n, capturing the idea that additional
measurements increase confidence in the result. The cost model combined three
components: the number of shots, the laser repetition rate, and a fixed cost asso-
ciated with hardware actuation. The latter was estimated empirically as the time
required for the slowest motor in the system to traverse its full range between
two consecutive input configurations. For this experimental run, the minimum
and maximum number of shots per input setting were user-defined and set to 3
and 15, respectively, allowing the optimizer to dynamically allocate measurement
resources based on the expected increase in utility and the total cost.

In this 8D optimization run, a total of 95 parameter configurations were evalu-
ated, including 10 randomly sampled initial points used to initialize the Bayesian
optimizer. This increased number of evaluations was necessary due to the larger di-
mensionality of the 8D input space compared to the earlier 4D case. The resulting
Pareto front consisted of 35 non-dominated configurations, shown in Figure [5.8]
When compared with the 4D optimization results presented in Figure 5.7} a clear
improvement in laser-to-beam energy transfer efficiency is observed. On average,
the efficiency increased from approximately 4% to 6.5%, with a maximum value
of 8.25% achieved in one configuration.

As in the 4D case, a trade-off between mean energy and energy spread, where
low-bandwidth beams tend to be produced at lower beam energies. Additionally,
in the case of LWFA at CALA, the efficiency must be decreased with an overall
lower injected charge to attain beams with low energy bandwidth. This highlights
the subtle interplay between charge, energy, and spectral quality in laser-plasma
acceleration.

The four right-hand panels of Figure display representative spectra correspond-
ing to four selected Pareto-optimal configurations, illustrating the diversity of
beam profiles produced by a single multi-objective optimization. These results
demonstrate a practical advantage of this approach: users can select solutions
a posteriori based on specific application requirements, such as beam energy or
spectral width, without needing to re-run the optimization. Additionally, the error
bars in the left panel of Figure represent the shot-to-shot standard deviations
in beam charge and energy, providing a measure of experimental stability. These
fluctuations motivated subsequent optimization tasks that explicitly included sta-
bility as an optimization objective.
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Figure 5.8.: Pareto-optimal configurations of the laser wakefield accelerator obtained from an 8-
dimensional multi-objective optimization with beam energy, charge, and energy spread as outputs.
The absolute energy spread is color-coded, while error bars indicate the standard deviation of charge
and energy due to shot-to-shot fluctuations. Grey shaded regions represent contours of constant beam
energy, corresponding to equal accelerator efficiency. Compared to the 4D case, the 8D optimization
yielded higher efficiencies by exploiting additional degrees of freedom—namely gas pressure and laser
dispersion parameters. Panels (a—d) show representative electron spectra corresponding to marked
points on the Pareto front, each exhibiting beam properties close to the respective local average.
Greyed-out regions in the spectra denote low-energy tails, identified and removed using the Gaussian
Mixture Model described earlier.

5.3.3. 8D optimization with target energy

In addition to optimizing standard beam quality metrics such as charge and en-
ergy spread, multi-objective optimization can also be extended to target a specific
desired beam energy. To achieve this, an additional objective defined as the dis-
tance to a target energy AF(T) = |Ey — E(Z)| was introduced, which is minimized
the closer the expectation value of beam energy is to the target energy. Moreover,
as noted at the end of the previous section, shot-to-shot fluctuations in beam
properties can be explicitly addressed within the optimization framework by in-
troducing an objective function that rewards input configurations yielding more
stable electron beams. In this work, this was achieved through the definition of an
instability parameter, which quantifies relative fluctuations in key beam metrics
and serves as an additional objective in the multi-objective optimization. The
instability parameter S(Z) is computed as the root sum of squares of the relative
standard deviations for the total charge (), energy spread og and deviation from
the target energy AFE :

so- (a2 () () e

N

8y
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This formulation can be interpreted as a measure of aggregate relative variability
across the three beam quality metrics. Minimizing S(¥) effectively reduces the
joint uncertainty in charge, energy spread, and distance to target energy, thereby
favoring input conditions that produce more consistent output. However, it is
important to acknowledge that this definition has limitations. One known issue is
that relative standard deviations tend to increase as absolute values of parameters
such as energy spread or distance to the target energy become small. This can
result in disproportionately large contributions to the instability parameter in oth-
erwise favorable operating regimes. While this definition provides a practical and
interpretable starting point for incorporating stability into the optimization pro-
cess, future work could benefit from more robust formulations that better account
for scale-dependent behavior in beam metrics.

The full objective vector is then given by

y(&) = (Q(7), op(), AE(T), 5(T)).

with the optimizer aiming to maximize () and minimize the remaining three quan-
tities. The number of shots per input configuration was chosen dynamically via
multi-fidelity optimization, allowing for improved efficiency by allocating more
measurements to regions of interest while conserving beam time.

This optimization run consisted of 65 evaluated input positions, including 5 ran-
dom initial points, and yielded a Pareto front composed of 20 non-dominated
configurations. Due to the complexity of visualizing four-dimensional objective
spaces, a three-dimensional projection is shown in Figure [5.9] illustrating trade-
offs between total charge, energy spread, and instability.

The results confirm a persistent trade-off between beam charge and energy spread,
consistent with well-documented beamloading effects in LWFA [163, 181}, 182]. In
addition, the optimization reveals a secondary trade-off between performance and
stability: more stable beams tend to have lower charge or broader spectra, whereas
higher-performance beams exhibit increased shot-to-shot variability. These find-
ings highlight the necessity of explicitly including stability and target energy as
optimization objectives when precision and reproducibility are essential.

5.3.4. Exploitation phase

After a successful multi-objective optimization run that yielded Pareto optimal
points, the model can be used to exploit a certain region of a Pareto front to obtain
a desired solution. While multi-objective optimization is ideal for exploring trade-
offs and identifying Pareto-optimal configurations, there are situations where a
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Figure 5.9.: Pareto-optimization of a laser wakefield accelerator targeting a beam energy of 250 MeV.
A clear trade-off is observed between energy spread and total charge, consistent with beamloading
effects in the wakefield. Additionally, the results reveal a compromise between high-performance
configurations with greater shot-to-shot variability and lower-performance configurations exhibiting
improved stability.

single, refined solution is desired, particularly if none of the Pareto-optimal points
fully satisfy a user’s specific performance criteria. In such cases, the Pareto front
serves as a rich database of solutions that can be selectively refined through single-
objective optimization. To perform this exploitation phase, a custom scalarized
objective function is defined as

Osing () = Q(Z) + a - op(T) +b- AE(T), (5-3)

where a and b are the scalar weights applied to each objective. Importantly, a
is constrained to be a negative real number, while b is restricted to be a positive
real number. This choice of positive or negative weights depends on whether the
objective is maximized or minimized. This formulation allows us to convert a
multi-objective landscape into a tailored single-objective function that emphasizes
user-defined priorities.

The process begins by selecting a specific point p € P C )Y on the Pareto front
that the user wishes to locally exploit. The aim is to determine the values of
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Figure 5.10.: An example spectrum obtained during the exploitation phase following multi-objective
optimization. This run was initialized by selecting a Pareto-optimal point near a median energy of
200 MeV. The resulting shot exhibits a median energy of 208 MeV with a relative energy spread of
5% defined by the median energy and the median absolute deviation.

a,b that make this point optimal for the scalarized objective. This problem can
be reformulated into a loss function which, when optimized, yields the suitable
hyper-parameters.The loss function was defined as

E( q?ﬁ) = ﬂ,g“%{osing(ﬁ)} - Osing(ﬁ); (54)

p

which measures the discrepancy between the scalar objective at the chosen point
and the maximum attainable value across the entire Pareto front. By minimizing
this loss function, the values of a and b that ensure p'is the most favorable solution
according to the constructed single-objective criterion.

Once the hyperparameters are identified, they are used to define a custom single-
objective function, as in Equation , and initiate a new round of Bayesian
single-objective optimization. For this, a lower confidence bound (LCB) acquisi-
tion function |166] was used, which emphasizes exploitation by converging toward
local optima near the region of interest on the Pareto front.

The result of this focused optimization is shown in Figure [5.10} It yields a high-
quality electron beam with a charge density of up to 18 pC/MeV at a median
energy of 208 MeV, and a relative energy spread of only 5% defined by the median
energy and the median absolute deviation. This demonstrates the effectiveness of
combining multi-objective exploration with targeted single-objective refinement to
achieve application-specific performance in laser wakefield acceleration.
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Figure 5.11.: Energy tuning of the LWFA. Left: Example electron spectra obtained using the iter-
ative tuning strategy, producing beams with mean energies ranging from 100 MeV to 400 MeV. An
additional spectrum at 600 MeV illustrates the optimizer's attempt to extrapolate beyond its training
range. Right: Comparison of experimental tuning results with the ideal target energy (blue line).
Iterative tuning points are shown in black, while single-shot tuning points are shown in red with the
error bars indicating the standard error of the mean. The results demonstrate that the optimizer
reliably tunes the electron beam energy across the range of 100 MeV to 400 MeV.

5.4. Tuning of a LWFA

Once the Pareto front is established to a sufficient degree, the trained model can
be leveraged for its predictive capabilities to cater to changing user preferences
dynamically without running new optimizations from the start. In contrast to
initiating a single-objective optimization from scratch, this strategy is both more
efficient and more flexible, as it is informed by a multi-objective landscape that
avoids bias toward any particular solution. By clearly decoupling the phases of
multi-objective exploration and single-objective exploitation, a versatile method-
ology was established that is capable of meeting diverse experimental goals such
as energy tuning or targeting specific beam parameters. Specifically, different
solutions can be selected via a posteriori scalarization of the objectives, guided
by user-defined performance criteria. Again, acquisition functions using confi-
dence bounds (UCB in this case) were used, which consider both the probability
of yielding beams at a particular target energy and the uncertainty of the pre-
diction. This acquisition function is minimized using a gradient-based optimizer
[183], yielding an updated 8-dimensional configuration that is predicted to produce
electron beams near a user-defined energy target.

To demonstrate the effectiveness of this approach, an iterative tuning was per-
formed by acquiring 10 shots at each recommended configuration, appending the
results to the GP training data, and repeating this procedure three times for each
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target energy. In parallel, a single-shot tuning strategy was also evaluated in which
no new data was incorporated after the initial prediction. The results are shown
in Figure , where iterative (and single-shot) scans were performed for target
energies ranging from 150 MeV to 400 MeV, in steps of 50 MeV (and 25 MeV for
single-shot). The tuning results demonstrate that our model-based approach en-
ables accurate and continuous energy control over an octave in energy, spanning
from 150 to 400 MeV. Also shown on the left panel of Figure are example
spectra from the iterative tuning, where the energy was tuned from 100 MeV to
400 MeV.

The success of the single-shot tuning highlights the efficiency of the model in en-
abling low-latency accelerator control, while the iterative tuning demonstrates its
adaptability to evolving system conditions, such as long-term drifts or environ-
mental changes. Notably, the optimizer navigates an 8-dimensional parameter
space—beyond what could reasonably be explored by even the most experienced
human operators.

To assess the generalizability of the GP model, it was asked to predict a configura-
tion for a target energy of 600 MeV, well beyond its original training range centered
around 250 MeV. Remarkably, although the model was not explicitly optimized
for this regime, it successfully produced several shots with energies approaching
the 600 MeV target as shown in the left panel of Figure[5.11] On average, however,
the resulting beam energy was around 470 MeV. This outcome underscores both
the predictive power and limitations of the model. While extrapolation beyond
the training distribution remains challenging, significant shifts in energy output
can still be achieved using the existing multi-objective optimization framework.

Beyond achieving the desired energy, the GP model can also be used to provide
physical insights into how different experimental parameters were adjusted to reach
the desired energies, as illustrated in Figure [5.12] Several systematic trends can
be observed. For instance, the gas pressure and consequently the plasma electron
density is increased steadily to reach higher target energies. This higher plasma
electron density enhances the axial fields (see Section , resulting in the elec-
trons gaining higher energy in the same lengthﬂ The subtle movement of the other
parameters is harder to explain because of the complex nature of the physics in-
volved. However, these patterns underline the fact that the model is not merely
interpolating between known configurations, but actively navigating a complex,
high-dimensional control space to achieve the desired goal.

A more general and intuitive approach to tuning beam energy or other perfor-
mance metrics can be achieved by inverting the mapping between the input and

'Tn this instance, the dephasing length is estimated to be larger than the length of the gas jet;
otherwise, increasing the gas pressure would result in lower energy beams.
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Figure 5.12.: Energy tuning inputs. Shown are the input configurations proposed by the GP model
for tuning the median electron energy across the range 100-400 MeV. Each subplot corresponds to
one of the eight experimental control parameters. A positive displacement of Zy;,4. corresponds to
the silicon blade moving further into the gas jet. An increase in the x dimension of either the gas jet
or the blade brings them closer to the laser axis. The zero points of the different orders of dispersion
represent the values that resulted in the shortest possible pulse.

output domains. In this framework, the desired beam properties—such as total
charge, energy, and energy spread—are treated as inputs, while the experimen-
tal control parameters—the eight tunable degrees of freedom in the system—are
treated as outputs. A model is then trained to learn the inverse relationship from
the objective space ) to the input parameter space X which is termed the inverse
model.

This inversion offers a more natural and user-friendly perspective for experimental
control. Instead of exploring the input space to discover acceptable outcomes, the
user can directly specify a desired set of beam parameters, and the inverse model
will return one or more configurations of control parameters likely to yield the
requested performance. This approach not only simplifies the tuning process but
also allows for rapid adaptation to new experimental goals without requiring full
re-optimization.

This inverse modeling approach represents a promising direction for future work
and is currently the focus of an ongoing research project. While the present study
demonstrates forward modeling and optimization using Gaussian processes, ex-
tending the framework to learn the inverse mapping opens the door to a more
interactive and goal-oriented control strategy. By enabling users to query desired
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beam outcomes and receive corresponding experimental configurations in real time,
this method has the potential to significantly enhance both usability and efficiency
in laser-plasma accelerator operation.



6. Summary and outlook

Particle accelerators have long been at the heart of scientific and technologi-
cal progress, driving discoveries across high-energy physics, materials science,
medicine, and beyond. Yet despite their transformative impact, conventional
radio-frequency accelerators face fundamental limits to the achievable accelerating
gradients imposed by vacuum breakdown, resulting in facilities that are often pro-
hibitively large and expensive. LWFA has emerged as a promising candidate for
overcoming these constraints, offering orders of magnitude higher field gradients
and the potential for compact, cost-effective accelerators. However, while proof-
of-principle experiments have demonstrated GeV-class acceleration in centimeter-
scale plasmas, realizing the full potential of LWFA in applied settings has been
hindered by challenges in stability, reproducibility, and controllability. This disser-
tation was motivated by the observation that conventional heuristic tuning strate-
gies are increasingly inadequate for such complex systems, and demonstrates how
machine learning approaches, specifically Bayesian optimization, can be leveraged
to systematically and efficiently improve LWFA performance.

The first major contribution of this work is the development of the Trust-MOMF
optimization method. Prior research applying Bayesian optimization to accelerator
control had primarily focused on single-objective formulations, which are often too
restrictive to capture the real-world trade-offs between competing performance
metrics, such as beam energy, charge, and energy spread. The Trust-MOMF
framework unifies multi-objective and multi-fidelity Bayesian optimization in a
single coherent approach that enables efficient exploration of the Pareto front
and intelligent allocation of limited experimental resources across different fidelity
levels. This is especially important in LWFA, where measurement fidelity can be
traded off against cost by averaging over different numbers of shots.

In controlled numerical experiments, this framework was shown to significantly
outperform conventional optimization strategies. When applied to synthetic test
functions with cost ratios exceeding two orders of magnitude between fidelity levels,
Trust-MOMF consistently converged to higher-quality solutions at substantially
reduced computational expense (see Section . In practice, we observed over
an order of magnitude reduction in the effective cost to achieve comparable hyper-
volume performance compared to single-fidelity strategies (see Section . These
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results underline the generality and scalability of Trust-MOMF and suggest its
applicability to a wide range of physics and engineering optimization problems.

The second major result of this work was applying Trust-MOMF to the optimiza-
tion of LWFA electron beams in variable-fidelity numerical simulations using the
FBPIC code. This implementation allowed for systematic exploration of the mul-
tidimensional accelerator parameter space, yielding detailed Pareto surfaces that
map out the trade-offs between beam charge, mean energy, and bandwidth while
also revealing important physical insights. For example, it was observed that max-
imum efficiency was consistently associated with operation at higher charge and
higher energy spread, while producing more monoenergetic beams required a de-
liberate reduction of injected charge. Critically, the Gaussian process surrogate
models produced during optimization also enabled post-hoc interrogation of the
system, allowing inverse predictions of input settings that are likely to yield tar-
get beam characteristics. This capability is particularly relevant for applications
requiring fine control, such as tuning the peak energy without substantially alter-
ing other beam properties, or for supporting user-driven operation where target
specifications may change dynamically.

The experimental realization of multi-objective multi-fidelity Bayesian optimiza-
tion constitutes perhaps the most significant and novel aspect of this dissertation.
While previous demonstrations had shown that BO could optimize scalar objec-
tives such as total beam charge in LWFA, no prior study had integrated multi-
objective and multi-fidelity optimization into a live experimental accelerator cam-
paign using the ATLAS-3000 laser system. In these experiments, performed using
the ATLAS-3000 laser system, the number of shots per parameter configuration
was treated as an adjustable fidelity variable, reflecting the improved statistical
confidence from averaging more measurements. The optimizer dynamically allo-
cated more shots to promising regions, achieving faster convergence while making
efficient use of limited beam time. In practice, this strategy enabled rapid identi-
fication of Pareto-optimal solutions trading off charge, energy, and stability, with
cost reductions and convergence rates surpassing simpler Bayesian optimization

(BO) baselines.

A particularly noteworthy outcome of this experimental work is the demonstra-
tion of precise energy tuning of the electron beam from approximately 150 MeV to
400 MeV. By inverting the forward model constructed during the multi-objective
optimization, it was shown that it is possible to propose new parameter con-
figurations achieving user-specified target energies while preserving other beam
properties within acceptable bounds. Furthermore, this approach to energy tun-
ing represents a departure from previous methods, as it achieved target energies
in at most three iterations, with many instances reaching the desired values on the
initial attempt. This capability is highly relevant for user-driven facilities, where
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experimental demands can shift from day to day and operators must be able to
reconfigure accelerator performance without resorting to manual trial-and-error
tuning.

Beyond these primary contributions, this work carries broader implications for
the role of data-driven methods in experimental science. As laser-plasma accel-
erators mature, the parameter spaces involved in their operation will only grow
more complex, and the expectations for reproducibility and flexibility will become
more stringent. The success of Trust-MOMF demonstrates that Bayesian opti-
mization is not merely a theoretical construct but also a practical tool that can be
deployed in real time to improve performance and accelerate discovery. Moreover,
the methods demonstrated here can also be adapted to other experimental domains
characterized by expensive, noisy, and high-dimensional optimization problems.

Several promising directions for future research emerge from this work. One im-
portant limitation of current Bayesian optimization strategies, including Trust-
MOMF, lies in their reliance on Gaussian processes as surrogate models. While
GPs offer excellent uncertainty quantification in small-data regimes, they scale
poorly with large datasets and high-throughput experiments. Addressing this
challenge will require exploring alternative surrogate models such as Bayesian
neural networks or scalable approximations to GPs that retain uncertainty es-
timates while improving computational efficiency. Developing techniques making
GPs more scalable through sparse approximations also remains an active and
promising area of research.

Another direction lies in moving beyond fixed, user-specified objectives. In real-
world applications, users may struggle to define the mathematical form of their
ideal beam properties precisely. Future optimization frameworks could incorporate
interactive learning of objectives that dynamically refine the optimization targets
through dialogue or preference elicitation with the experimenter. This would make
Bayesian optimization even more flexible and accessible to non-expert users.

A further avenue is the use of warm-starting, where optimization can be accelerated
by leveraging prior data from simulations or previous experimental campaigns. For
example, historical data collected on similar plasma densities or laser parameters
could be used to inform priors and thereby reduce the number of shots required to
converge in a new session. This integration of offline and online learning has the
potential to significantly improve efficiency and consistency across experiments.

In summary, this dissertation has introduced and validated a comprehensive frame-
work for the multi-objective, multi-fidelity Bayesian optimization of laser-wakefield
accelerators. Through a combination of theoretical development, extensive nu-
merical benchmarking, and experimental demonstration, it has established that
intelligent, data-driven optimization can meaningfully advance the reproducibil-
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ity, flexibility, and performance of LWFA systems. As the field continues to evolve,
these methods and insights provide a foundation for the next generation of com-
pact plasma accelerators and illustrate the broader potential of machine learning
to transform experimental science.



A. Test Functions

In this section, the different analytical functions that were used to benchmark the
performance of the trust-MOMF technique are described. Since this work was one
of the first studies on combined multi-objective and multi-fidelity optimization,
many of the test functions from the literature could not be used. They all had
to be modified to incorporate an additional fidelity input dimension and exhibit
trade-off behavior between the different objectives.

Modified Multi-Fidelity Forrester Function

The original Forrester function is

f(z) = (62 —2)% - sin(12x — 4) 4+ 7.025

and it was modified to a multi-fidelity use case:
f(l',S) = D(S) ’ [E - g(]?,S)]
where
g(x,8) = A(s) - f[t —02(1 —z-s)]+ B(s) - (x —0.5) — C(s)

with A =0540.5s, B=2—-2s,C =5s—5, D =15—-0.5s and E = 25. The
most important differences to other multi-fidelity versions of this function are that
it contains a fidelity- and position-dependent shift Z(x,s) = x — 0.2(1 — z - s), is
inverted for maximization (F — g(x,s) term), the value of the maxima along the
fidelity is decreasing (D(s) term) and the maxima are continuously connected from
the low to high fidelity.

Modified Multi-Fidelity, Multi-objective
Branin-Currin Function

Two popular functions that are used for benchmarking optimization techniques
are the Branin-Currin functions. The usual form of the Branin function is

B(x) = a(xy — baf + cxy —r)* + p(1 —t) cos (21) + p,
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where values of the constants were taken to be a = 1, b = 5.1/(47?%), ¢ = 5/,
r=6,p=10,t=1/(8r) and the form of Currin function is

1 )1 230023 4 190022 + 2092z, + 60

Clz) = |1 N
(@) l P < 10043 + 50027 + 42 + 20

21’2
Both of these functions were modified to restrict the domain and range to a unit
hypercube implying z;,y; € [0,1] Vi = [1,2]. The modified form that was used for
the Branin is

B(z,s) = —[a(xay — b(s)z2, + c(s)z11 — 7)* 4+ p(1 — t(s)) cos (x11) + P

where x17 = 1521 — 5, 192 = 1529, a = 1, b(s) = 5.1/(47%) — 0.01(1 — s), c(s) =
5/m—0.1(1—s), 7 =6, p =10, t(s) = (1/(87))+0.05(1 —s) was used. The rescaled
x11 and xgg are used to normalize the original domain of the Branin to [0,1]. The
main difference is the addition of fidelity parameter s which for a value of 1 yields
the original Branin function and results in approximations to the original Branin
function for values less than 1. Since we are maximizing the problem the function
is also inverted here. The modified form for the Currin function is

1 \] 230023 + 1900z% + 20921 + 60
10023 + 50022 + 41 + 20

C(z,5) = - Hl — (0.1)(1 — s) exp <_

21’2

where again the main difference is the addition of fidelity term 1 — s and the
inversion necessary for maximization.

Modified Multi-Fidelity Multi-Objective Park
Functions
For bechmarking the multi-objective multi-fidelity problem in higher dimensions,

multi-fidelity versions of Park 1 and Park 2 functions were used. The original form
of the Park functions is

Pi(x) = x; l\/l + (22 + x%)i;l — 1| + (z1 + 3z4) exp [1 + sin(z3)]
1

2
Py(z) = 3 €XP (x1 + m2) — x4 sin (z3) + x3

As with previous modifications, the fidelity dimension s was also introduced here.
To achieve a reasonable Pareto front for optimization, the two functions were also
slightly modified. The location of the Pareto set was also modified to not have
all the optimizing points in the corners of the 4-D hypercube. A last modification
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is shifting the Pareto front of the Park functions by subtraction to place a higher
importance on the trade-off region. The final form of the two modified Park
functions is

Pl(ilf, S) = A(S) [Tl + 15 — B(S)] /22 —0.8

. [x1+0.081(1 —s)] | N1+<x2+x§)i;j

Ty = (x1 + 3z4) exp[l + sin(x3)]

Py(x,s) = A(s) lS — gexp (X1 + x9) — (x4) sin (z3)A(s) + x3 — B(s)] /4 —0.7

where A(s) = (0.94-0.1s) and B(s) = 0.1(1 —s). Both Park functions now contain
a fidelity parameter s. These Park functions are evaluated on a transformed input
space

(21, T, T3, 24] — [1 — 2(z1 — 0.6), 29,1 — 3(z3 — 0.5)%, 1 — (x4 — 0.8)?].
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