
Statistical Methods leveraging Uncertainties
in Machine Learning

Dissertation
an der Fakultät für Mathematik, Informatik und Statistik

der Ludwig-Maximilians-Universität München

eingereicht von
Stefan Michael Stroka

am 12.06.2025



Statistical Methods leveraging Uncertainties in Machine Learning

Erstgutachter: Prof. Dr. Christian Heumann,
Institut für Statistik, LMU München

Zweitgutachter: Prof. Dr. Volker Schmid,
Institut für Statistik, LMU München

Drittgutachter: Prof. Dr. Martin Spieß,
Institut für Psychologie, Universität Hamburg

Vorgelegt von: Stefan Stroka
Tag der mündlichen Prüfung: 14. November 2025



Danksagung

Zu Beginn möchte ich mich herzlichst bei all jenen bedanken, die mich bei
meiner persönlichen und fachlichen Weiterentwicklung gefördert und unter-
stützt haben. Ohne diese Unterstützung wäre die vorliegende Arbeit in dieser
Form nicht möglich gewesen.
An erster Stelle möchte ich mich ausdrücklich bei meinem Doktorvater, Prof.
Dr. Christian Heumann, bedanken, der sich die Zeit genommen hat, mit
mir die komplexen Aufgabenstellungen zu erarbeiten und mich während der
gesamten Arbeit stets mit wertvollen Anregungen, seiner fachlichen Exper-
tise und geduldiger Unterstützung begleitet hat.
Mein besonderer Dank gilt meinem Vater Wolfgang Stroka, meinem Bruder
Christian Stroka und Janina Wanzke, die mir durch ihre unermüdliche Un-
terstützung, ihren Zuspruch und ihren festen Glauben an mich maßgeblich
ermöglicht haben, die Promotion anzustreben und schließlich diese Arbeit
zu vollenden. Darüber hinaus danke ich auch meiner gesamten Familie und
meinen Freunden, die mir stets Rückhalt gegeben und mich ermutigt haben.
Ihre Geduld, ihr Verständnis und ihre fortwährende Unterstützung haben mir
geholfen, auch herausfordernde Zeiten zu meistern.
Mein Dank gilt auch meinen Kollegen bei ams Osram, die mich durch ihre
Zusammenarbeit und ihr offenes Ohr stets unterstützt haben. Ihr Feedback
und das gemeinsame Arbeiten haben mir in vielen Phasen der Promotion
sehr geholfen.
Abschließend danke ich allen, die auf unterschiedliche Weise zum Gelingen
dieser Arbeit beigetragen haben.



Abstract

In today’s data-driven landscape, machine learning methods are increasingly
applied in domains that demand high levels of safety, reliability, and inter-
pretability. However, hidden influencing factors and limited data availability
can significantly impair model performance and amplify predictive uncer-
tainty. Recognizing, quantifying, and—where possible—reducing uncertain-
ties such as aleatoric and epistemic uncertainty has therefore become a central
concern. This is particularly true in critical fields like autonomous driving,
medical diagnostics, finance, weather forecasting, and industrial production,
where dependable predictions are not merely advantageous, but essential.
Despite its relevance, the broader adoption of uncertainty quantification in
practice is often hindered by high computational demands and growing model
complexity. Furthermore, aleatoric uncertainty—stemming from noise and
imperfections in the data itself—poses a fundamental challenge to the reli-
ability of data-driven models. This dissertation explores multiple strategies
for uncertainty quantification across four publications. These contributions
examine both the necessity and the practical implementation of probabilis-
tic techniques, while also introducing novel, less computationally intensive
methods that reduce model complexity without sacrificing robustness.

Publication 1:
The first study addresses epistemic and aleatoric uncertainties in the pre-
processing phase of industrial production modeling. Aleatoric uncertainties
are predefined based on expert experience, setting the bounds for acceptable
input variation. Given the limited spatial distribution of measurement data,
uncertainty-aware interpolation is applied for data augmentation. Probabilis-
tic Gaussian Process Regression is employed to model prediction intervals and
serve as a basis for generating synthetic input data. Results using real pro-
duction data from ams OSRAM show that even with sparse measurements,



highly accurate models can be constructed.
Publication 2:

The second study introduces a novel modeling approach that combines two
types of target variables: a continuous regression target and an ordinal clas-
sification target. A customized loss function, paired with fuzzy logic, enables
the model to optimize regression estimates while simultaneously improving
classification performance. The method shows particularly strong perfor-
mance in imbalanced data scenarios, leading to a significant reduction in
latent uncertainty. Applied to housing market data in the United States, the
approach yields up to a 17.1% improvement in F1-score.

Publication 3:
The third publication investigates the integration of data-independent, expert-
derived knowledge into data-dependent learning models. Unmeasured or
unquantified latent uncertainties can reduce model robustness. This ap-
proach trains models using both observed data and qualitative expert as-
sessments—without requiring expert input at inference time. Results using
synthetic data generated via variational autoencoders (VAEs), based on real-
world use cases from ams OSRAM, demonstrate improved optimization even
with a marginal increase in mean absolute error (MAE).

Publication 4:
The fourth study addresses the challenge of training with small datasets. A
probabilistic modeling approach is presented that estimates the latent dis-
tribution of a target variable using ordinal class labels. This enables the
generation of additional, reliable input data to support model training. With
only 5–10% of the original training data, the method achieves notable im-
provements: up to 10% in mean squared error (MSE), 5–10% in coefficient
of determination (R2), and approximately 8% in prediction coverage.



Zusammenfassung

In der heutigen datengetriebenen Welt werden Machine-Learning-Methoden
zunehmend in sicherheitskritischen und hochzuverlässigen Anwendungsbere-
ichen eingesetzt. Verdeckte Einflussfaktoren sowie begrenzte Datenverfüg-
barkeit können jedoch die Modellgüte erheblich beeinträchtigen und die Vorher-
sageunsicherheit erhöhen. Die Erkennung, Quantifizierung und – wo möglich
– Reduktion von Unsicherheiten, insbesondere aleatorischer und epistemis-
cher Art, hat daher zentrale Bedeutung gewonnen. Dies gilt insbesondere
für Anwendungsfelder wie autonomes Fahren, medizinische Diagnostik, Fi-
nanzwesen, Wetterprognose und industrielle Produktion, in denen verlässliche
Vorhersagen nicht nur wünschenswert, sondern essenziell sind. Die breite An-
wendung von Unsicherheitsquantifizierung scheitert jedoch häufig an hohen
Rechenaufwänden und zunehmender Modellkomplexität. Zudem stellt die
aleatorische Unsicherheit – verursacht durch zufällige Messfehler und Daten-
rauschen – eine grundlegende Herausforderung für die Verlässlichkeit daten-
basierter Modelle dar. Diese Dissertation untersucht verschiedene Strate-
gien zur Quantifizierung von Unsicherheiten anhand von vier begutachteten
Publikationen. Die Beiträge beleuchten sowohl die Notwendigkeit als auch
die praktische Umsetzung probabilistischer Verfahren und schlagen darüber
hinaus neuartige, rechenökonomische Alternativen vor, die ohne signifikante
Steigerung der Modellkomplexität eine robuste Modellierung ermöglichen.

Publikation 1:
Die erste Studie thematisiert epistemische und aleatorische Unsicherheiten in
der Vorverarbeitung industrieller Produktionsdaten. Aleatorische Messun-
sicherheiten werden auf Basis von Erfahrungswerten vordefiniert, um einen
Rahmen für die Eingabedatenunsicherheit zu schaffen. Aufgrund der räum-
lich begrenzten Messpunktverteilung werden Interpolationsverfahren mit Un-
sicherheitsberücksichtigung zur Datenanreicherung eingesetzt. Eine proba-



bilistische Gaussian-Process-Regression dient zur Modellierung von Progno-
seintervallen und zur Generierung zusätzlicher Eingabedaten. Die Anwen-
dung auf Produktionsdaten der Firma ams OSRAM zeigt, dass auch mit
wenigen Messwerten präzise Modelle realisierbar sind.

Publikation 2:
Die zweite Studie stellt einen innovativen Modellierungsansatz vor, der zwei
Zielgrößen kombiniert: eine kontinuierliche Regressionsgröße und eine ordi-
nale Klassifikationsgröße. Eine angepasste Verlustfunktion in Kombination
mit Fuzzy Logic ermöglicht eine gleichzeitige Optimierung beider Zielgrößen.
Der Ansatz zeigt insbesondere bei unausgeglichenen Klassenverteilungen sig-
nifikante Verbesserungen und reduziert latente Unsicherheiten durch die Kom-
bination beider Ziele. Die Anwendung auf US-Immobiliendaten zeigt eine
Verbesserung des F1-Scores um bis zu 17,1 %.

Publikation 3:
Die dritte Veröffentlichung befasst sich mit der Integration von datenneu-
tralem Expertenwissen in datenabhängige Lernmodelle. Nicht gemessene
oder nicht quantifizierbare Unsicherheiten können die Modellstabilität gefährden.
Der vorgestellte Ansatz kombiniert trainingsseitig beobachtete Daten mit
qualitativen Experteneinschätzungen – ohne dass Expertenwissen zur Vorher-
sagezeit erforderlich ist. Ergebnisse mit synthetischen Daten, erzeugt mittels
Variational Autoencoders (VAE) auf Basis realer ams-OSRAM-Anwendungsfälle,
zeigen eine verbesserte Modelloptimierung trotz eines geringen Anstiegs des
mittleren absoluten Fehlers (MAE).

Publikation 4:
Die vierte Studie widmet sich der Problematik kleiner Stichprobenumfänge.
Ein probabilistischer Modellierungsansatz wird vorgestellt, bei dem die Verteilung
der Zielgröße über ordinale Klassen abgeschätzt wird. Dadurch lassen sich
zusätzliche, zuverlässige Eingabedaten für das Modelltraining erzeugen. Bere-



its mit 5–10 % der ursprünglichen Trainingsdaten lassen sich deutliche Verbesserun-
gen erzielen: eine Reduktion des mittleren quadratischen Fehlers (MSE) um
bis zu 10 %, eine Steigerung des Bestimmtheitsmaßes (R2) um 5–10 % sowie
eine um rund 8 % verbesserte Abdeckung der Prognoseintervalle.
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1 Introduction

The digital era, driven by the exponential growth in computational capabili-
ties, has significantly accelerated the evolution of machine learning. The fu-
sion of mathematical and statistical methodologies with computer science has
enabled the practical implementation and further development of previously
intractable theoretical models [Aggarwal et al., 2022]. In this context, arti-
ficial intelligence (AI), particularly machine learning, has experienced rapid
advancement and found impactful applications across domains once deemed
beyond the reach of automation. Today, AI-powered systems—ranging from
language assistants and image recognition to predictive analytics, personal-
ized recommendations, autonomous vehicles, and smart manufacturing within
the framework of Industry 4.0—have become integral to everyday operations
[Sarker, 2021]. The development of these systems has reached a point where
limitations are increasingly defined by the quality and quantity of input data,
rather than by model architecture itself [Chen et al., 2021]. Consequently,
the demands on trustworthiness and interpretability of AI-driven predictions
have intensified [Alam et al., 2023, Bostrom et al., 2024]. As models grow
in complexity and autonomy, the risk of reduced transparency and oversight
escalates [Holzinger, 2021]. Reliable decision-making therefore hinges not
only on model performance but also on the ability to quantify uncertainty
in predictions [Begoli et al., 2019, Jalaian et al., 2019]. Uncertainty quan-
tification (UQ) methods, gaining prominence in recent years [Abdar et al.,
2021, Psaros et al., 2023], aim to capture both aleatoric and epistemic un-
certainty, thus providing a comprehensive framework for assessing predictive
reliability. Aleatoric uncertainty pertains to the inherent noise in the in-
put data [Sullivan, 2015]. Despite technological progress, data acquisition
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CHAPTER 1. INTRODUCTION

remains vulnerable to both systematic and stochastic errors. In contrast,
epistemic uncertainty arises even with reliable data, as models are funda-
mentally conditioned on the information available during training [Sullivan,
2015]. Uncertainty from unobserved or unmeasurable sources poses a chal-
lenge to model trustworthiness. This dissertation is motivated by the im-
perative to identify effective methodologies for quantifying and incorporating
both types of uncertainty into the modeling process. Specifically, it examines
potential applications of uncertainty-aware methods, such as Gaussian Pro-
cess Regression (GPR), and introduces novel techniques aimed at improving
data quality and model interpretability.

1.1 Data Augmentation under Uncertainty Using Gaussian
Processes

Quantifying uncertainty is a crucial aspect of data modeling, particularly in
industrial applications where data may be limited, noisy, or collected asyn-
chronously. GPR is a Bayesian inference method that enables the quantifica-
tion of epistemic uncertainties while also accounting for aleatoric uncertainty
[Schulz et al., 2018a]. Unlike traditional regression techniques that yield
only single point estimates, GPR produces full predictive distributions, al-
lowing for the derivation of uncertainty intervals based on prior knowledge
or prior distributions. Although GPR is a well-established and extensively
studied approach, recent research has shifted its focus toward practical ap-
plications—specifically, the generation of data that inherently incorporates
uncertainty—rather than on methodological innovation itself [Santoni et al.,
2024, Triggiano and Romito, 2024, Tang et al., 2022, Wang et al., 2023].
Within the context of Industry 4.0, GPR has been applied to address imbal-
ances in the availability of input and target data [Gardner et al., 2021]. For
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CHAPTER 1. INTRODUCTION

example, in the case study presented in our first paper, a supervised learn-
ing model is employed where initial process measurements serve as input to
predict final product measurements. Often, these datasets are imbalanced: a
limited number of initial input measurements contrasts with a significantly
larger volume of final product observations. Although these measurements re-
fer to the same underlying process and product, they are collected at different
stages of production and at different points in time. This discrepancy in data
availability, coupled with the risk of information loss during preprocessing,
motivates the use of approximation techniques capable of generating reliable
input data from limited observations. However, to maintain the integrity
of the data and avoid introducing ambiguity into the model, the generation
process must account for uncertainty in a principled way. The associated
publication proposes a novel approach for generating additional input data
while explicitly constraining epistemic uncertainty during the augmentation
process. This method ensures that augmented data do not dilute the in-
formation content of the original inputs, thus preserving the reliability of
subsequent model training. By integrating uncertainty directly into the data
generation process, the methodology improves both the theoretical soundness
and the practical applicability of the model in real-world scenarios.

1.2 Enhancing Regression Models through
Classification-Guided Objectives

While traditional regression methods such as Gaussian Process Regression
(GPR) have been widely applied, this thesis proposes a novel approach that
enhances regression performance by incorporating an additional classification
target. To this end, a custom regression loss function [Hastie et al., 2001]
is employed to bias the mean estimates, thereby improving the model’s ca-

3



CHAPTER 1. INTRODUCTION

pacity to capture deviations that are better aligned with the classification
objective. This loss function is convex and twice differentiable, allowing it
to be implemented with any regression technique based on gradient descent
optimization [Boyd and Vandenberghe, 2004]. Commonly, regression models
assume that the training data are reliable and accurate [Gleser, 1992], ne-
glecting the potential influence of unsupervised factors. However, if aleatoric
uncertainty is present in the target data—such as measurement errors—the
reliability of the resulting predictions can be substantially diminished [Yazdi
et al., 2021]. To address this challenge, the proposed method introduces a
second, independent classification target. By jointly optimizing a combined
loss function that integrates both the potentially biased regression target and
the classification target, the model is able to leverage "weak" supervision sig-
nals to enhance overall accuracy. This approach is particularly motivated
by practical production scenarios, where data collection can be improved
without necessitating fundamental changes to measurement processes. More-
over, non-data-dependent information—such as subjective expert knowledge
or other non-quantifiable insights—can be utilized as a secondary classifica-
tion target. This additional target biases the mean regression estimator and
improves classification accuracy by combining two possibly weak targets into
a single, optimized model. The model thereby identifies a trade-off that yields
the best possible representation of the underlying data. The overarching goal
is to integrate both observed input data and non-data-dependent knowledge
to capture unobserved and potentially immeasurable factors, thus reducing
model and prediction uncertainty. This concept is realized through a novel,
customized regression loss function that enables optimization of pointwise re-
gression estimators with respect to a categorical target. A key innovation of
this method is the ability to compute the loss between a continuous (metric)
target and ordinal classes by leveraging continuous evaluation metrics. This
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CHAPTER 1. INTRODUCTION

is achieved through a unique treatment of the ordinal classification target as a
pseudo-continuous variable via fuzzy logic. Consequently, continuous metrics
can be applied within the classification space, where disjoint ordinal classes
partition the continuous value range. Each class is defined by explicit bound-
aries within this continuous range, allowing clear determination of when a
point prediction belongs to a particular class. Unlike conventional optimiza-
tion strategies, this approach performs optimization iteratively within each
model training step, which reduces computational effort—thanks to gradi-
ent descent—and decreases model complexity when compared to combined
multi-output learning frameworks. Furthermore, the interpretability of each
learning step is enhanced relative to black-box methods or multi-output
model ensembles, enabling traceable and reliable regression estimates that
are specifically optimized for the classification target.

1.3 Reducing Epistemic Uncertainty by Incorporating
Aleatoric Uncertainty

Building on the previously introduced approach, the custom loss function
methodology is further extended to explicitly incorporate aleatoric uncer-
tainty in the regression target. Known measurement inaccuracies and pre-
sumed stochastic fluctuations characterize the quality of the input data [Hüller-
meier and Waegeman, 2021]. Comparable methods—such as Bayesian infer-
ence [Li et al., 2021] and Monte Carlo simulations [Swiler et al., 2009]—model
such uncertainty by means of probability distributions derived from prior
knowledge, statistical analysis, or expert input. While these techniques it-
eratively approximate optimal estimators, they often come at the cost of
substantial computational overhead. In contrast, more practical machine
learning strategies seek to classify and incorporate sources of uncertainty
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CHAPTER 1. INTRODUCTION

directly into the modeling process [Kläs and Vollmer, 2018]. The method
proposed in this thesis introduces a deterministic approach based on a “best-
guess” estimation to account for aleatoric uncertainty. This allows for the
joint modeling of systematic and random errors, while considerably reduc-
ing computational complexity. Within this framework, the metric regression
target is extended to include a classification target that reflects uncertainty.
Specifically, when the continuous value range is divided into disjoint classes
with defined boundaries, an overlapping region arises between the metric and
classification targets. The presumed uncertainty is then used to augment the
point estimate with an uncertainty interval. While the point estimate can
only be assigned to a single class, its surrounding interval may span multiple
classes. This becomes particularly valuable near class boundaries, where im-
precise measurements provide meaningful insight into the confidence of the
observed value. As a result, classification based on the point estimate and
that based on the uncertainty interval may diverge—creating two contrast-
ing but complementary optimization objectives. Notably, this uncertainty-
aware formulation does not require explicit sampling of the distribution it-
self. The assumed uncertainty is incorporated into the regression model via
a tunable hyperparameter, thereby allowing for flexible adjustment. This en-
hances both the interpretability and adaptability of the model—particularly
in settings where measurement accuracy and uncertainty quantification are
of central importance.

1.4 Addressing Sample Size Limitations through
Distribution-Based Feature Augmentation

Another central challenge addressed in this thesis is the small-sample-size
problem, which poses significant difficulties for both deterministic and prob-
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CHAPTER 1. INTRODUCTION

abilistic machine learning methods [Chapelle et al., 2002]. Limited datasets
often lead to underfitting and poor generalization performance [Pothuganti,
Aliferis and Simon, 2024, Montesinos López et al., 2022]. To address this
issue, a novel method is proposed that enhances generalization by leveraging
statistical probability modeling, even when only sparse input data are avail-
able. In many practical applications, generalization is impaired by latent
impact factors—that is, influences from partially measured or entirely unob-
served features—which introduce hidden variability into the modeling process
[Malik, 2020]. Optimized model selection strategies aim to mitigate this effect
through established techniques such as Gaussian Process Regression [Ferber
et al., 2025], Gaussian Mixture Models (GMMs) [Arora et al., 2021], boot-
strapping [Gao et al., 2019], mixtures of experts [Gao et al., 2023], and hier-
archical Dirichlet processes [Munro and Ng, 2022, Traunmüller et al., 2015].
These approaches help to model and compensate for uncertainty arising from
unobserved data-generating processes. The proposed approach reduces the
influence of such unknowns by using probability distributions to interpolate
feature spaces and augment input data, with a focus on quantifying uncer-
tainty. It extends latent variable regression models [Burnham et al., 1999]
through the integration of modeled probability distributions [Zhou et al.,
2014], incorporating Gaussian Mixture Models in combination with Bayesian
linear regression to improve the robustness and reliability of predictions. At
the core of this method is the reduction of uncertainty in the input data. This
is achieved by observing known ordinal classes—combined with available fea-
ture information—which segment the continuous value range of the metric
target variable. Based on this segmentation, a Gaussian Mixture Model is
constructed with a separate normal distribution for each class. The result-
ing class-conditional distributions allow for interpolation and extrapolation
within and between classes, thereby enabling the augmentation of new input
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CHAPTER 1. INTRODUCTION

data and improving predictive accuracy.

1.5 Objective of the Dissertation

This dissertation aims to enhance conventional machine learning methodolo-
gies by systematically integrating uncertainty modeling through statistical
techniques. The overarching goal is to improve the robustness and reliability
of predictions by addressing both aleatoric and epistemic uncertainty. The
contribution is twofold: (1) leveraging uncertainty intervals to augment and
evaluate input data quality, and (2) improving prediction reliability without
the explicit estimation of uncertainty via prediction or confidence intervals,
which often increase model complexity and computational cost. While the
first aspect targets aleatoric uncertainty by refining the input data space, the
second focuses on epistemic uncertainty by improving model generalization
through structural enhancements.

1.5.1 Primary Goals of the Work

The primary goal of this work is to improve state-of-the-art machine learn-
ing models by incorporating statistical methods that explicitly account for
aleatoric and epistemic uncertainty. Aleatoric uncertainty—stemming from
noise or imprecise measurements—is mitigated through uncertainty-based
data generation and augmentation strategies. Epistemic uncertainty—resulting
from limited or incomplete information—is addressed by embedding proba-
bilistic models that improve inference under sparse data conditions. Together,
these strategies aim to produce more reliable, interpretable, and efficient ma-
chine learning models.

8



CHAPTER 1. INTRODUCTION

1.5.2 Hypotheses and Research Questions

The central hypotheses guiding this dissertation are as follows:

• Uncertainty-aware data generation in the preprocessing phase improves
both the quality and quantity of input data, thereby increasing model
accuracy.

• The integration of coarser, categorical, or expert-derived information
enables an optimization process between regression and classification
objectives. This trade-off leads to improved classification accuracy at
the cost of a marginal bias in the regression estimate.

• Modeling latent probability distributions using GMMs enhances learning
in scenarios with very limited training data.

The key research questions investigated are:

• How reliable are the generated input data, and what are the practical
limits of their use in model training?

• To what extent can unobserved or coarsely quantified information be
meaningfully incorporated into the learning process?

• How effective is the use of aleatoric uncertainty bounds in constraining
subjective or weak knowledge, and what is the optimal balance between
introducing bias in the regression estimate and improving classification
performance?

1.5.3 Structure of the Dissertation

The remainder of this dissertation is structured as follows: The next sec-
tion introduces the theoretical background related to uncertainty modeling
and outlines its relevance to the application domain. This is followed by an
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CHAPTER 1. INTRODUCTION

overview of the individual research papers and a discussion of the original
contributions presented in this work.
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2 Methodology and General Background

Uncertainty quantification is obviously or latently important for most AI ap-
plications nowadays. This applies not only to obvious and highly topical use
cases, such as autonomous driving, where even the smallest uncertainty can
have fatal consequences, but also to many other, sometimes less conspicuous
areas, like production optimization or cost minimization.

2.1 Aleatoric and Epistemic Uncertainty

Uncertainty quantification is divided into irreducible (aleatoric) and reducible
(epistemic) uncertainty, which can be further subdivided. In general, a dis-
tinction is made between the uncertainty of the input data (aleatoric un-
certainty) and the uncertainty of the model and prediction (epistemic un-
certainty) [Der Kiureghian and Ditlevsen, 2009, Hüllermeier and Waegeman,
2021]. Figure 2.1 provides a visual illustration of the distinction between
aleatoric and epistemic uncertainty in a regression setting.

11



CHAPTER 2. METHODOLOGY AND GENERAL BACKGROUND

Figure 2.1: Illustration of aleatoric and epistemic uncertainties using a standard Gaussian
Process Regression applied to simulated example data with input variability. The
prediction intervals (blue bands) represent the model’s epistemic uncertainty,
incorporating the observation noise depicted by black error bars.

Aleatoric uncertainty can be further subdivided into random and system-
atic influences [Shaker and Hüllermeier, 2020]. Aleatoric uncertainty is often
described simply as random error; however, distinguishing between the two
is frequently impractical. In the case of aleatoric uncertainty, one considers
systematic measurement errors, which arise from inaccurate measurements
or inadequate measurement procedures, as well as stochastic uncertainty.
Stochastic uncertainty cannot be mitigated by improved measurement tech-
niques and can arise from various causes such as natural variation, inherent
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randomness, or environmental, process, or demographic stochasticity [Glick
et al., 2001, Helton, 1997]. Consequently, random (stochastic) errors can only
be estimated using statistical or other methods. In contrast, epistemic un-
certainty concerns model-dependent uncertainties such as parameter, model,
or prediction uncertainties. Epistemic uncertainty is also known as a lack
of information [Swiler et al., 2009, Large et al., 2017]. This suggests that
improved data quality can result in reduced epistemic uncertainty. However,
this uncertainty can also come from subjective judgments. In specific areas
where modeling is based on expert opinions or evaluations, uncertainties may
arise due to human influences. Therefore, when modeling under uncertainty,
the primary focus is on exploring epistemic uncertainty, as the reliability of
predictions depends on the level of confidence in this aspect.

2.1.1 Quantification Techniques & Methods for Quantifying and
Managing Uncertainty

A wide range of methods are available for quantification [Abdar et al., 2021,
Soize, 2017, Kabir et al., 2018, Zhang et al., 2020, Psaros et al., 2023]. The se-
lection of the optimal methodology depends on several factors. These include
data availability with measurement errors and variability, model complex-
ity and the number of potential parameters, assumptions and simplifications
(which may directly impact the uncertainties), resources and time, and finally
the complexity of the uncertainties themselves.

2.1.2 Confidence, Prediction and Certainty Interval

Depending on the prerequisites mentioned and the limitations of uncertainty
quantification, the ultimate goal is to determine confidence intervals (CI)
[O’Brien and Yi, 2016], prediction intervals (PI) [Khosravi et al., 2011], or
credible intervals (CRI) [Whitener, 1990, Eberly and Casella, 2003]. Depend-
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CHAPTER 2. METHODOLOGY AND GENERAL BACKGROUND

ing on the methodology, these intervals can be determined deterministically,
frequentistically, or probabilistically and can therefore vary according to the
complexity of the model, existing as intervals for point predictions or intervals
based on distributions [Berleant et al., 2005]. CI, PI, and CRI should not be
confused, as they convey fundamentally different information. CIs are deter-
mined by symmetric interval bounds around a central estimator, depending
on a α parameter. The interval indicates, with a certain percentage, how
likely it is that the central estimator falls within the interval. PI indicates,
with a certain percentage, how likely it is that the model predictions will fall
within this interval, given the input data and prediction values, as well as an
α parameter. Figure 2.2 illustrates the conceptual and quantitative distinc-
tion between confidence and prediction intervals in the context of Gaussian
Process Regression.
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Figure 2.2: Example of Gaussian Process Regression applied to noisy data (black dots). The
solid line depicts the mean prediction, the light orange shaded area represents
the 95% CI of the model’s mean estimate, and the wider light blue shaded area
indicates the 95% PI, which accounts for both model uncertainty and observation
noise. The PI is consistently wider than the CI, reflecting the added uncertainty
from noise in future observations.

The CRI is the Bayesian interval, where the interval represents the uncer-
tainties over the parameters of a model [Whitener, 1990, Eberly and Casella,
2003]. These intervals are directly dependent on the posterior distribution
and, therefore, indirectly on the chosen prior distribution. They indicate how
likely it is that a parameter value lies within a certain range.

15



CHAPTER 2. METHODOLOGY AND GENERAL BACKGROUND

2.2 Gaussian Process Regression

Gaussian Process Regression is a probabilistic regression method based on
the Gaussian Process. Through its probabilistic application, a probability
distribution of estimation functions is determined, which defines both the
mean estimator function and the PI functions [Schulz et al., 2018b, Williams
and Rasmussen, 1995].
A Gaussian Process (GP) is equivalent to a stochastic process in probabil-
ity theory [Pavliotis, 2014]. The finite-dimensional Gaussian distribution
consists of a combination of multidimensional normal distributions and is
uniquely determined by its mean function and covariance function. Unlike a
single Gaussian distribution (also called a normal distribution), the character-
istic parameters—mean and standard deviation—are distribution functions
in the case of a GP. The distinct feature of a GP is the definition of a proba-
bility distribution for all finite-dimensional Gaussian distributions of the GP
[Wang, 2023, Chen et al., 2023].
Let (Xt)t∈T be a stochastic process of multidimensional normal distributions
on the index set T with n ∈ N dimensional normal distributions for each
index t ∈ T . Let X ∼ GP (µ(t), γ(s, t)) be a Gaussian Process, then it is
uniquely determined by the mean function µ(t) = E(Xt), t ∈ T , and the
covariance function γ(s, t) = Cov(Xs, Xt), s, t ∈ T .
GPR is a regression analysis based on the concept of Gaussian Processes.
This Bayesian regression approach combines samples from a kernel function
(prior) with given data, resulting in a probability distribution for possible
posterior sample functions.
For later applications, we focus on a three-dimensional scenario. Let D =
(X, Y, Z) represent the observations, and let k be any kernel function with θ

as the hyperparameter vector. Assuming the relationship z = f(xi, yj) + ϵi,j,
where ϵi,j ∼ N (0, σ2

ϵ ), we compute the mean vector µ((x, y)) = E(z(x, y))
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and the covariance matrix Kij = k((xi, yi), (xj, yj)). We then randomly sam-
ple prior functions dependent on the given data, p(θ|z), where z ∼ N (µ, K)
in the three-dimensional space.
Assuming z ∼ N (µ, σ2), the likelihood can be described as the product of
the densities of the individual normal distributions for all observations. Thus,
the likelihood becomes:

p(z | X, θ, σ2) =
N∏

i=1
N (zi | µi, σ2) (2.1)

Using maximum likelihood estimation (MLE), the parameters θ and σ2 can
be found by maximizing the likelihood. This leads to:

θ̂, σ̂2 = arg max
θ,σ2

log p(z | X, θ, σ2) (2.2)

as the best estimators. Based on the likelihood LH(z | X, θ, σ2) and the prior
functions p(X | θ), the posterior distribution over possible functions can be
determined as:

p(θ, σ2 | z) ∝ LH(z | (x, y), θ, σ2) × p(θ, σ2) (2.3)

The key advantage of GPR is its high efficiency in hyperparameter optimiza-
tion through algebraic computation. On the other hand, runtime can be a
disadvantage, depending on the number of observations due to the need to
invert the kernel matrix, which has a computational complexity of O(N 3)
[Tripathy et al., 2016].
The posterior as a GP is defined differently from a univariate normal dis-
tribution, using distribution functions for mean and covariance. This allows
determining CIs and PIs as functions of these distribution functions. Both
intervals depend on a critical value z from the standard normal distribution
[Schulz et al., 2018b].
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Given f̂ as the mean estimate function and σpost2 as the variance of the
posterior distribution, the CI is given by:

[
f̂ − z ·

√
Var(f̂), f̂ + z ·

√
Var(f̂)

]
(2.4)

And for the PI:
[
f̂ − z ·

√
Var(f̂) + σ2

post, f̂ + z ·
√

Var(f̂) + σ2
post

]
(2.5)

Gaussian Process Regression (GPR) is a well-researched algorithm. Further
research primarily focuses on reducing runtime. Regarding the research con-
ducted in this work, the focus is not on further investigating GPR itself but
rather on its application for data augmentation under uncertainty consider-
ations.

2.3 Reduction of Uncertainties without Explicit
Quantification

In addition to conventional methods for parametric or non-parametric quan-
tification of uncertainties, we explore approaches that implicitly address and
reduce uncertainty without explicit quantification. Drawing on the Bayesian
approach, we use data-independent information as potential prior knowledge
and examine a new methodology for incorporating this knowledge into the
model training of standard models with minimal additional effort. Data-
driven models are ultimately limited by the quality and quantity of the data
[Yao, 2021]. These limitations correspond to data and model uncertainties.
The approach presented here is therefore motivated by the possibility of re-
ducing these limitations and improving the model with respect to its un-
certainties. In practice, data quality or quantity cannot always be easily
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improved or increased. High structural costs, such as improved measurement
methods or a greater number of measurements, are often not cost-effective
in terms of the value generated. On the other hand, there are also stochas-
tic errors or other uncontrollable or unmeasurable influences. To address
this lack of data, the proposed methodology allows for the incorporation of
data-independent knowledge from, for the model unknown, sources such as
statistical methods, expert experience or even physical restrictions into the
training process. The use of such knowledge is often hindered by the difficulty
of quantifying it. Therefore, the following approach enables the quantification
of this knowledge into ordinal classes, which can then be used as classification
targets during the training process.
A customized loss function is a self-defined loss function used in supervised
learning tasks to influence and control the model training process. In the case
of a convex loss function, GD optimization can even be applied [Ebert-Uphoff
et al., 2021]. The new customized loss function combines a metric regression
loss and a pseudo-classification loss based on fuzzy logic as a linear combi-
nation. Both components are weighted by a new hyperparameter, α. The
fundamental idea behind this linear combination is to enable the simultane-
ous training of a supervised regression target and a supervised classification
target within a regression model. For the regression loss, we use the Mean
Squared Error (MSE), which is a common regression loss that measures the
mean squared distance between the metric prediction and the observation
(target value). The result, also referred to as pseudo-residuals, is used in the
model for prediction evaluation and iterative improvement, depending on the
learning rate.
Let matrix X represent the set of n observations and y be a vector of the
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newly defined metric target variable. As a regression problem, we assume:

y = f(x) + ϵ with ϵ ∼ N (0, σ2). (2.6)

The MSE with ŷ as model predictions is defined as:

MSE = 1
n

n∑

i=1
(yi − ŷi)2. (2.7)

The second component for classification is a pseudo-classification loss based
on fuzzy logic [Bothe, 2013]. We first define the implementation of fuzzy
logic and then the pseudo-classification function. A classification loss is typ-
ically not comparable on a metric scale. To make the two components of the
linearly combined custom loss function applicable and comparable, the classi-
fication target is quantified through fuzzy logic. Specifically, ordinally scaled
and ascendingly ranked classes can be redefined on a metric scale using clas-
sification boundaries. Ordinal classes typically have a rank order but do not
provide information about the distances between classes. Therefore, classifi-
cation boundaries are defined based on selected properties to define and make
the ordinal classes comparable on a metric scale. These boundaries can be
determined either based on natural properties or set randomly or deliberately
according to specific objectives. Figure 2.3 illustrates the transformation of a
continuous metric space into ordinal classes through predefined classification
boundaries.
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Figure 2.3: The figure illustrates how the metric space is partitioned into ordered classes.
The class thresholds divide the continuous space into disjoint ordinal categories.

As visible in the figure, the thresholds of a class can be used as a metric rep-
resentative for the class and compared with the metric target on a normalized
domain. Through the fuzzy logic adjustment, both components of the loss
function are thus compatible and computable within a common domain. The
piecewise-defined function for the pseudo-classification loss follows, where ŷ

is the predicted value and classthreshold represents the closest threshold of the
actual class.

dist2trClass(ŷ) =





(ŷ − classlower b.
y ), classŷ < classy

(ŷ − classupper b.
y ), classŷ > classy

0, classŷ = classy

(2.8)

The function, referred to as distance to true class, represents the absolute
distance between the metric point estimate or regression prediction and the
nearest threshold of the actual class. By minimizing this loss, the model
learns to reduce the absolute distance to the true class, eventually reaching
the point where dist2trClass(ŷ) = 0, meaning the regression prediction lies
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within the correct class and matches the actual class. For the new custom
loss function, the complete form with both components is:

customloss = α ∗ MSE + (1 − α) ∗ dist2trClass(ŷ)2 (2.9)

The parameter α is used as a hyperparameter in the custom loss function and
defines the convex linear combination. Depending on this new hyperparam-
eter, the model is influenced, and the components are weighted accordingly.
α is particularly important as a hyperparameter because, like other hyper-
parameters, it can be tuned based on the training data during the tuning
process. The convex combination, due to its twice differentiable nature, al-
lows the application of GD for optimized model training.
Unlike conventional approaches to epistemic uncertainty, this concept does
not involve directly quantification. By incorporating data-independent infor-
mation, which would without this approach be difficult to quantify, a purely
data-dependent model is provided with the necessary input to implicitly ac-
count for uncertainties. It is assumed that the data-independent information
either confirms the uncertainties present in the data or increases the un-
certainties when there are significant deviations between the data and the
data-independent information. Epistemic uncertainty is equivalent to a lack
of information, and the unknown information to the model is intended to
reduce this gap. In principle, these new pieces of information could also be
introduced into the model as a new feature. However, in model training, this
feature—partly generated from subjective information—would not be directly
controllable and could have an unpredictable impact on the training process,
particularly when using standard regression methods. In contrast, using our
concept, the influence is directly controlled by the α hyperparameter, and the
weighting of this data-independent information is tuned based on the data.
The weighting can also be manually set, allowing direct influence on the train-
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ing process. An example of this would be quantifying expert knowledge on
output classification based on quality thresholds (epistemic), providing the
model with new information on uncertainties. This indirectly reduces model
uncertainty without requiring explicit quantification. The optimization of
model training with respect to new information and the acceptance of bias in
data-dependent regression thus depends on the quality of the new, potentially
subjective information. Subjective knowledge from experts or similar sources
can vary and, unlike data, may not always be easily comparable. To mitigate
this variability, the previous concept is extended in the next step by adding
restrictions. Specifically, data-independent information, such as subjective
expert assessments, is still used, but its acquisition is now restricted.
As before, the concept involves quantifying uncertain information through the
use of fuzzy logic. Previously, it was possible to entirely reclassify any output.
For example, in the earlier concept, an output deterministically classified into
(quality) class 2 (on a scale from 1 to 5) based on measurements could be
reclassified into class 4 based on further data-independent knowledge. This
subjectivity presents risks, which the new concept aims to reduce. The new
approach not only treats the output as a deterministic result and target of
modeling but also incorporates known measurement uncertainties. These un-
certainties can be determined by experts or using statistical methods. In this
concept, reclassification based on subjective information is restricted by mea-
surement inaccuracy. Specifically, only outputs near the threshold of their
classes and whose measurement uncertainty exceeds these threshold regions
can be reclassified. Thus, measurement uncertainty is represented, for in-
stance, as a boxplot to show whether it is theoretically possible that the
measurement inaccuracy could lead to misclassification, and whether reclas-
sification is justified. Figure 2.4 illustrates this concept of uncertainty-based
reclassification, using measurement uncertainty to determine the permissibil-
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ity of class boundary transitions.

Figure 2.4: The figure shows a one-dimensional continuous measurement range divided into
two ordinal classes based on a quality threshold. A measured value lies on the left
side, within class 1. Due to measurement uncertainty, the value is represented
probabilistically rather than deterministically, illustrated by whiskers of a boxplot
extending left and right. The right whisker crosses the threshold, indicating that,
probabilistically, the measurement can belong to class 2 with a certain likelihood.

GD is an optimization technique used to find a local minimum of a convex
function [Ruder, 2017]. In machine learning, GD is employed to find the
parameter values that minimize a given loss function. For optimization using
the GD method, the first derivative (gradient) is necessary. Second-order
methods, such as Newton’s method, additionally require the second derivative
(Hessian matrix). GD aims to determine the minimum of a loss function
through iterative steps. In each iteration, the current position a is updated
using the learning rate γ and the value of the gradient function at a to
calculate the next position b. This is expressed mathematically as:

b = a − γ ∗ ∇f(a) (2.10)

In the specific case of the customized loss function for machine learning, the
update step becomes:

θnew = θold − γ ∗ ∇customloss(θ) (2.11)
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where θ represents the model parameters, and customloss is the combined loss
function as defined earlier:

customloss = α ∗ MSE + (1 − α) ∗ dist2trClass(ŷ) (2.12)

The gradient of the customized loss function is computed with respect to
the model parameters. This enables the iterative adjustment of the model’s
weights or parameters to minimize the combined loss function, balancing
the contributions of the regression loss (MSE) and the pseudo-classification
loss (dist2trClass) according to the α hyperparameter. The structure and
behavior of the customized loss function are graphically illustrated in Figure
2.5, providing a visual representation of its key characteristics.

Figure 2.5: 3D plot of an upward-opening paraboloid illustrating a twice-differentiable loss
function used for gradient descent optimization in regression training. The loss
function is composed as a linear combination of two individual loss components,
representing the final objective to minimize. The red curve depicts the optimiza-
tion path following the gradient descent method along the paraboloid.
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The convex custom loss function is designed for use with gradient descent
(GD) in a supervised learning regression framework. It supports the applica-
tion of various regression methods, including linear regression, random forest,
and XGBoost. Among these, linear regression is particularly well suited as an
illustrative example due to its simplicity and analytical tractability. While a
detailed explanation is omitted here, the method serves to demonstrate how
the custom loss function integrates with standard regression models during
training. Figure 2.6 illustrates how a linear regression model can be applied
to a realistic dataset and how continuous target values are discretized into
ordinal classes.

Figure 2.6: Linear regression model fitted to a realistic example dataset representative of the
intended application context. The red line shows the estimated regression func-
tion, while the dashed horizontal lines illustrate the discretization of continuous
target values into ordinal output classes.

Linear regression, therefore, allows for the application of the customized loss
function. As described, this directly influences the learning process by biasing
the best linear unbiased estimator (BLUE) — represented by the red line —
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to achieve higher accuracy on the classification target. This is only feasible
when the metric and classification targets are based on different distributions.
If the distributions are identical, the classification target merely constitutes
a coarse approximation of the metric target, leaving no potential for further
optimization. As with standard linear regression, model training with the
custom loss is accomplished by successively minimizing the loss. Since both
components of the loss are weighted during training depending on α, this
enables a direct influence on the biasing of the BLUE estimator. Figure 2.7
visualizes the effect of varying the α parameter in the custom loss function
on the regression outcome.

Figure 2.7: A family of regression lines fitted to a realistic example dataset representative of
the intended application context, illustrating the optimization process governed
by the α parameter in the custom loss function. The green lines represent model
fits for different values of α ∈ [0, 1), while the dashed horizontal lines indicate
ordinal class boundaries derived from continuous target values. The red line
corresponds to α = 1 and represents the standard linear regression fit based
solely on the metric target.
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2.4 Enhancing Model and Uncertainty Predictions with
Latent Probability Distributions for Ordinal Classes of
a Metric Target

Having previously described methods that incorporate non-latent influences
through ordinal classes in supervised regression learning in conjunction with
uncertainty quantification, we now consider latent influences [Borsboom,
2008]. Metric target variables can be categorized and approximated by or-
dinalization (as a form of sorting metrical values into ordinal classes). This
approach offers benefits such as privacy and anonymity, but also drawbacks,
such as information loss depending on the number of classes into which the
metric information is approximated [Ghinita et al., 2007]. Using these classes
(e.g., one-hot encoding) as feature in a regression model may adequately rep-
resent the inherent information in case of low complexity. However, with
higher complexity, categorical variables may not provide the same value as a
metric variable. In cases where a highly relevant variable, potentially with a
direct causal relationship to the target, is only available in ordered categories,
the model may not optimally utilize this information [Liddell and Kruschke,
2018]. Analyzing data using common machine learning methods often already
yields good results and predictions. The limitation of such methods is often
the need for a sufficiently large training dataset to make generalized state-
ments [Rajput et al., 2023]. In this approach, we consider the case where only
a relatively small, precise sample is available for training (the small-sample-
size problem). Depending on the complexity, it can be challenging to identify
latent distributions of the metric target variable (i.e., underlying, unobserved
patterns) with this very small sample. We distinguish between two use cases.
In the first case, in addition to the metric target, the training dataset also
includes coarse ordinal classes directly related to the metric target for both

28



CHAPTER 2. METHODOLOGY AND GENERAL BACKGROUND

test and training data. These classes, for example, anonymize the target vari-
able. In the second case, no classes are given. These are classified based on
the training sample and existing class boundaries to determine the previously
provided information retrospectively. The main difference from the first case
is that no class information is available for the test data. Therefore, it must
be estimated using standard regression methods, such as linear regression.
In both cases, this results in a training dataset with categories and metric
targets and a test dataset with categories. In the case of a small sample
size problem (i.e., challenges arising from limited training data), there is a
possibility that the model overgeneralizes and thus underfits [Aliferis and Si-
mon, 2024]. To ensure that the model still considers the latent distribution of
the metric target instead of only the ordinal category, we approximate these
distributions based on the classes. The proposed methodology extends the
input feature to include ordinal classes to represent the probability that the
observation or target could belong to each class. Thus, we provide the model
with the latent target variable distribution based on classes and the small
sample, enhancing the model. Regarding uncertainty quantification, this ap-
proach allows us to model the uncertainty of this feature and, consequently,
the indirect latent distribution, which may also directly affects the epistemic
uncertainty of the prediction.
Since the newly obtained distribution information is incorporated into the
model as an input feature, the method can be applied to any supervised re-
gression learning scenario.
The application of this methodology extends to any small-sample-size prob-
lems where additional modeling of the latent distribution based on classes is
feasible. Essentially, the method was developed to trace anonymized data,
back to the metric target using a very small training dataset through ap-
proximation. The idea is that it is possible to accurately trace seemingly

29



CHAPTER 2. METHODOLOGY AND GENERAL BACKGROUND

anonymized data back to the metric target with very few data points, thereby
revealing the anonymity.
In addition to its advantages, the method also has limitations. Machine learn-
ing methods are very effective at detecting latent distributions of the target
variable, there is a sufficiently large and generalizable dataset [Aliferis and
Simon, 2024]. Our method, therefore, offers added value primarily in cases
of very small datasets, where additional modeling using ordinal classes is
beneficial. However, the method also faces limitations when dealing with ex-
tremely small datasets beyond a certain point. For instance, if no meaningful
distribution can be approximated due to imbalanced class data.
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3 Discussion and Outlook

State-of-the-art machine learning and statistical methods overlap in many ar-
eas, but there are fundamental differences in their objectives and approaches.
Combining these two fields offers promising synergies and remains an excit-
ing area for future research. In this work, we explored approaches that can
improve both the application of machine learning to input data and the reli-
ability of its results.

We first examined how Bayesian methods can assess and improve the qual-
ity and quantity of input data, particularly concerning aleatoric uncertainties.
Building on this, we developed a new loss function that optimizes for scenarios
where the metric and categorical target variables diverge. This optimization
is based on the insight that, due to aleatoric uncertainties, target objectives
may differ even within the same underlying population. The assumption of
differing frequency distributions between a dependent regression target and
an ordinal classification target led to an approach where the latent probability
distribution is modeled and used as additional input to influence the regres-
sion model directly. This also allows for a more comprehensive assessment of
predictions and their epistemic uncertainties under these distributional shifts.

The papers included in this dissertation address the impact of aleatoric
and epistemic uncertainties on modeling, prediction, and evaluation. The
methods we developed follow an end-to-end approach for machine learning
applications, focusing on optimization and uncertainty quantification. Start-
ing with the expansion of input data while accounting for uncertainties, im-
proving model fitting when metric and categorical targets diverge, and finally
incorporating latent probability distributions to enhance both modeling and
uncertainty quantification.
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This dissertation contributes to the current literature by combining ma-
chine learning with statistical methods. It specifically explores how scale
levels and data aggregation impact input data and how statistical probabil-
ity distributions can improve forecasting and reduce uncertainty.

However, the methods presented also have limitations. For instance, gen-
erating input data based on Bayesian approaches should only be applied
to a certain extent, as excessive uncertainties may limit the usefulness of
the data. When optimizing for two targets with potentially different dis-
tributions, these distributional differences must be explicitly present. The
approach is therefore only applicable under specific conditions. Moreover,
the research on handling multiple distributions due to aleatoric uncertainties
shows that prior knowledge about these uncertainties is required or needs to
be estimated using other methods.

Each method presented in the papers proves beneficial in its respective use
case. Nevertheless, there are several research questions that could be explored
further to enhance and generalize the findings. In the first paper, it would be
valuable to investigate how universally applicable a prior distribution can be
across different problems, and to determine the level of uncertainty at which
the generated data begins to degrade model performance. The second paper
could benefit from a larger baseline study to evaluate how effectively the new
hyperparameter can be tuned alongside others. It might also be useful to
introduce a dependency constraint to prevent classification from overshad-
owing regression in cases of imbalanced class data. The third paper raises
the question of whether aleatoric uncertainty, without prior knowledge, can
be estimated using statistical methods. Finally, the fourth paper prompts
further investigation into whether the use of modeled probability distribu-
tions is only effective for small-sample-size problems. Besides the available
data, the choice of algorithm also plays a crucial role, so examining different
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supervised learning methods across a broader range of datasets would be a
valuable next step.

This dissertation was conducted in collaboration with ams Osram, and the
research and applications were therefore driven by practical considerations.
The results have practical relevance but are constrained by the increased
complexity of the methods, which must be carefully weighed in terms of
cost-benefit optimization.

Looking forward, the use of probability distributions instead of point esti-
mates holds significant potential. Although the increased complexity and
computational requirements remain a challenge, future developments are
likely to address these issues, making probabilistic approaches and uncer-
tainty quantification even more relevant. In practice, a prediction is only as
good as its reliability.
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 This paper presents a probabilistic machine learning approach to approximate wavelength 

values for unmeasured positions on an opto-semiconductor wafer after epitaxy. Insufficient 

information about optical and opto-electronic properties may lead to undetected 

specification violations and, consequently, to yield loss or may cause product quality issues. 

Collection of information is restricted because physical measuring points are expensive and 

in practice samples are only drawn from 120 specific positions. The purpose of the study is 

to reduce the risk of uncertainties caused by sampling and measuring inaccuracy and provide 

reliable approximations. Therefore, a Gaussian process regression is proposed which can 

determine a point estimation considering measuring inaccuracy and further quantify 

estimation uncertainty. For evaluation, the proposed method is compared with radial basis 

function interpolation using wavelength measurement data of 6-inch InGaN wafers. 

Approximations of these models are evaluated with the root mean square error. Gaussian 

process regression with radial basis function kernel reaches a root mean square error of 

0.814 nm averaged over all wafers. A slight improvement to 0.798 nm could be achieved by 

using a more complex kernel combination. However, this also leads to a seven times higher 

computational time. The method further provides probabilistic intervals based on means and 

dispersions for approximated positions.  

 

  

  

 

  

  

 

 

1. Introduction 

Nowadays, the Bayesian analysis is already being 

successfully applied in many research areas, like social 

sciences, ecology, genetics, medicine and more [1]. The 

particular characteristics of this probabilistic approach is 

that both observed and unobserved parameters receive a 

joint probability distribution. The Bayesian approach, 

which is based on the Bayes’ theorem, is thus not only a 

model based on input data but also extends this with 

available knowledge about known model parameters [1]. 

After epitaxy of an opto-semiconductor wafer (wafer), 

important properties, like brightness or forward voltage, are 

measured by a destructive method, whereas other properties, 

for example the wavelength, can be measured non-

destructively. The sampled measurements of the destructive 

process usually cannot completely and accurately reflect 

the properties of the entire wafer. To reduce the risk due to 

non-measured wafer positions, an approximation method is 

proposed. In the context of production, the given data fulfil 

the properties of spatial data. Many forms of approxi-

mations of spatial data have been used in the past. These 

algorithms are divided into deterministic methods, such as 

kernel approximation or spline interpolation, and stochastic 

methods, like spatial structure functions or radial basis 

functions (RBFs) [2]. Other frequently used algorithms are 
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the local neighbourhood approach and the variational 

approach [3]. Although these established methods usually 

provide decent results, all methods are only able to provide 

approximations for certain wafer positions. However, 

production is affected by uncertainties due to measurement 

inaccuracy. A pointwise interpolation method does not 

consider variability in measuring. Thus, only measurement 

points are used instead of intervals considering input data 

uncertainty. Gaussian process regression (GPR) as a 

Bayesian approach can include uncertainties within the 

observed data and within the model itself through the joint 

probability distribution and, thus, constitute an approxi-

mation considering aleatoric and epistemic uncertainties.  

1.1. Application-based GPR for approximation of a wafer 

The basis of GPR is the selection of a prior mean and a 

covariance matrix or a covariance kernel function. This 

allows subjective knowledge about the wafer measurement 

to be used as prior information. At this point, it is also 

possible to consider input uncertainties as normally 

distributed errors within the prior. Based on the prior 

probability distribution and the likelihood, the algorithm 

results in a posterior probability distribution. This posterior 

follows a multivariate normal distribution which can be 

used to approximate values for unknown positions on the 

wafer. The prediction is made by weighting all possible 

predictions with the posterior distribution. The results are 

conditionally normally distributed predictions defined by 

their means and covariances [4]. 

1.2. Related research 

In 2020, Barnes and Henn [5] compared machine 

learning (ML) algorithms such as RBF interpolation and 

GPR with a straightforward library lookup method for 

optical critical dimension (OCD) metrology. In this work, 

it is described that already 32 training points are sufficient 

for the ML method to be better than a library search. 

Schneider et al. [6] considered a Bayesian optimisation 

approach based on a GPR. Numerical simulation is used to 

reproduce measurement results of periodic micro- or 

nanostructures. These simulated structures are then 

described by optimised geometry parameters (geometry 

reconstruction). An earlier approach from 2015 by 

Henn et al. [7] attempts to obtain reliable estimates for 

quantitative characteristics of three-dimensional structures 

and associated realistic uncertainties by optimisable hybrid 

measurement techniques. A measurement method with a 

probabilistic prior and an approach with measurement 

methods combined through regressions are compared. 

Chen et al. [8] use an approach to increase the measurement 

accuracy of an optical scatterometry by using a fitting error 

interpolation-based library search method. A fitting error 

value is used to describe the wafer for a library search. 

Reference wafers are then those with the minimum 

difference in fitting error. 

1.3. Aim of the paper 

Destructive measurement methods can determine the 

opto-electronic properties of a wafer very well, but they are  

correspondingly cost-intensive and, therefore, increasing 

the number is not feasible. In practice, as well as in theory, 

methods for approximating or improving measurements in 

the field of opto-semiconductors are already being 

considered and applied. These approaches are mostly based 

on point estimators. The complex production of these 

wafers through the epitaxial process is difficult to control 

and measurement inaccuracies can also bias these values. 

A point estimator can deliver decent results compared to 

the test data but is not able to consider variability in 

measuring or systematic uncertainty. The aim of this work 

is, therefore, to get reliable approximations for the wafer 

measurements based on a probabilistic ML approach. The 

ML method focused on is the GPR, which is expected to 

provide robust point estimators and further quantifies 

uncertainty in the input data, as well as in the model. 

Comparisons are made with a state-of-the-art baseline 

method. 

1.4. Paper organization 

First, the necessity of new approaches in the context of 

production is shown in section 2. Second, the GPR and the 

baseline method are described in section 3. The experi-

mental set-up is presented theoretically and practically in 

section 4. In section 5, results are presented and discussed, 

before a summary and an outlook for the future steps are 

given in section 6. 

2. Front-end production optimisation with a Bayesian 

approach 

Production at ams-OSRAM aims to manufacture high-

quality opto-electronic semiconductors. Therefore, the 

front end of the production uses an epitaxy process to 

produce an epitaxial wafer from a substrate wafer as base 

carrier material. In the following sections, the paper 

focuses exclusively on a nitride-based process. This 

production process uses silicon carbide (SiC) as a base 

substrate or carrier material, respectively and grows gallium 

nitride (GaN)-based devices on it using metalorganic 

vapour phase epitaxy (MOVPE) [9]. According to  

Härle et al. [9], it is important for industrial production that, 

in addition to a stable epitaxy process, also a cost-effective 

chip technology is developed. 

2.1. General idea and description 

In the context of the opto-semiconductor process in a 

front-end production, different measurements are used to 

monitor the production step and achieve the best possible 

yield in subsequent further production steps. Measurement 

procedures are not part of the value chain. Hence, the goal 

of manufacturers is a maximum information gain with a 

minimum effort. The fundamental idea is to solve the 

problem of increasing the amount of information that is 

making predictions on unmeasured wafer positions, at the 

lowest possible additional cost using a state-of-the-art ML 

method and at the same time providing information about 

the reliability of the predictions based on a Bayesian 

approach.  
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2.2. Measuring systems 

This paper considers the process steps after epitaxy and 

the subsequent measuring before further processing. In this 

regard, several tests are carried out to gain necessary 

information for further production steps. The main one is 

the so-called quick test (QT). The QT is a time-consuming 

and destructive procedure that provides information about 

the opto-electric properties. Since QT measured points are 

destroyed during the process, only a few points on the 

wafer (approximately 120) are tested. Increasing the 

number is, therefore, often not feasible. A non-destructive 

method is the photoluminescence (PL) measuring, which 

measures optical properties, like the wavelength. Here, 

information is obtained by irradiating the epitaxial surface 

of the wafer by photoexcitation [10]. PL measuring does 

not destroy the measured point but is also less accurate 

compared to the QT measuring. 

3. Machine learning algorithms 

In terms of application, a multivariate regression is 

needed to infer information from a higher dimensional 

space. These dimensions separate in our case into a spatial 

basis and associated measurements of a wafer. GPR is an 

approximation algorithm based on spatial dependencies of 

measurement points [11]. Therefore, the methodology of 

GPR and its probabilistic properties are described below. 

Furthermore, a multivariate approximation method based 

on RBFs is introduced and used as a comparison algorithm 

[12]. In general, the proposed algorithms can be applied to 

destructive and non-destructive measurement methods. To 

evaluate the analysis, the data set with (non-destructive) PL 

wavelength measurements is chosen. 

3.1. Gaussian process regression 

GPR is a non-parametric, probabilistic ML approach. 

The method is determined by Gaussian processes (GP) and 

uses Gaussian probability distributions. Instead of 

pointwise estimators, the probabilistic properties result in a 

distribution for the predictions. This allows to quantify 

uncertainties [13]. GP are stochastic processes with a finite 

set of random variables. Each random variable is a linear 

combination of normally distributed random variables and 

has, therefore, also a multivariate normal distribution. The 

paper applies the module Scikit-learn in Python [14], which 

is based on the presentation of Rasmussen [13]. The goal 

of GPR is to extract the information inherent in the 

observation without noise. For this purpose, the GP as 

multivariate normal distribution is used to model the 

observation without noise 𝜀. The probabilistic GPR is 

defined by a posterior probability distribution. According to 

the Bayes’ theorem, the posterior is determined by a prior 

distribution and the likelihood of actual observations 𝑍.  

Let 𝑍 = {𝑍𝑖}𝑖∈𝐼 = {𝑍𝑖 = (𝑥𝑖 , 𝑦𝑖)}𝑖𝜖𝐼 be the observed data 

with 𝑥𝑖 and 𝑦𝑖 as the coordinates for the wafer position,  
𝐼 the associated finite index set and 𝑓 the GP. Assuming 

that the observations without inherent noises can be 

represented by 𝑓(𝑍), it follows: 

∀𝑖∈𝐼: 𝑤𝑖 = 𝑓(𝑍𝑖) + 𝜀𝑖 = 𝑓((𝑥𝑖 , 𝑦𝑖)) + 𝜀𝑖, (1) 

with 𝑤𝑖  as the wavelength measurement. The prior 

distribution for each 𝑖 in the sequence of random variables 

{𝑤𝑖}𝑖∈𝐼 is normal since the error terms 𝜀𝑖 are normal and, 

therefore, defined by a mean and a variance. Thus, for the 

multivariate GP, the prior means are given by the expected 

value function 𝑚𝑖 = 𝐸(𝑤𝑖) = 𝑓(𝑍𝑖) of the observations 

𝑤𝑖 , while the prior variance must be predefined as a 

covariance matrix, also called a kernel. For the application, 

two different kernels are considered with different levels of 

complexity which are introduced in section 4.1. 

3.2. Radial basis function interpolation 

RBF interpolation is a method for smoothing or 

multivariate interpolation of higher-order unstructured data 

[12]. The algorithm is based on RBFs or, equivalently, 

radially symmetric basis functions. According to Buhmann 

[12], a function is radially symmetric if the function value 

depends solely on the Euclidean distance from the origin. 

It follows that every function for which 𝜑(𝑥) = 𝜑(‖𝑥‖) 

occurs is an RBF. Let 𝑍 be again the set of observations 

and 𝑓 the inherent function without error 𝜀𝑖. The aim of the 

RBF interpolation method is a continuous function 𝑠 with 

the property 

𝑠(𝑍𝑖) = 𝑓(𝑍𝑖) ∀𝑖∈𝐼 (2) 

which means that every training point 𝑍𝑖 as support point 

is met by the interpolation function 𝑠 and 𝑠 evaluated at 𝑍𝑖 

equals the true value 𝑤𝑖  without error 𝜀𝑖 for every 𝑍𝑖. The 

algorithm defines the function 𝑠 as a linear combination of 

basis functions. Let every 𝜑𝑖 be a basis function, which 

fulfils the condition of an RBF function, then  

𝑠(𝑧) = ∑ λ𝑖𝜑𝑖(𝑧),

𝑖∈𝐼

 (3) 

with the scalar 𝜆𝑖 for every 𝑧 within the interpolated value 

range. According to Fasshauer [15], this linear system can 

be solved uniquely only if the basis functions used are 

radially symmetrical. For the practical evaluation, the 

implementation of Scikit-learn [14] in Python is applied. 

3.3. Uncertainty quantification 

The key aspect of this paper is the quantification of 

uncertainty. While there are methods like 5-fold cross-

validation that allow point estimation algorithms, such as 

RBF interpolation, to determine prediction uncertainty, 

these are not feasible in practical applications in the context 

of the experiment because of data sparsity. Measuring 

points are expensive and, therefore, only few data points 

per wafer are available. Hence, this paper focuses solely on 

the uncertainty quantification by GPR. Uncertainty 

quantification in a Bayesian approach is divided into two 

categories. The uncertainty within the data is called 

aleatoric uncertainty. In a physical approach, this is directly 

related to the measuring inaccuracy resulting from the 

measuring process. The second is the model uncertainty, 

also called systematic uncertainty. This quantifies the lack 

of knowledge, which is missing from the in theory perfect 

model [16]. 
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3.3.1. Confidence interval 

A confidence interval is defined by two bounds which 

are random variables and depend on a confidence level  
𝛾 = (1 − 𝛼) and a population of random samples. The 

confidence interval states that at a confidence level  
𝛾 ∙ 100% the unknown parameter 𝜃 (e.g., the mean) is 

covered by the confidence interval at 𝛾 ∙ 100% for all 

repeatedly, randomly drawn samples of this distribution. In 

practice, the confidence interval depends only on a given 

population, meaning the training data. It can only quantify 

the aleatoric uncertainty. 

3.3.2. Prediction interval 

The prediction interval, like the confidence interval, is 

in this case a symmetric interval around the mean, defined 

by an upper and lower bound. Unlike the confidence 

interval, the limits of the prediction interval are determined 

based on the prediction error. The prediction interval uses 

the given information to describe which future observations 

of the same population are covered by the interval with a 

certain probability 𝛾 = (1 − 𝛼) [13]. In the case of this 

paper, the prediction interval will be generated by sampling 

functions from the optimised GP. After fitting the posterior 

conditional distribution on the training data, it results in a 

family of not necessarily identical normal distributions 

equivalent to GP. From this family, an appropriate number 

of distribution functions are drawn as samples to describe 

which value ranges are covered by the interval to a fixed 

probability with the help of percentiles. The interval 

boundaries are defined by continuous functions, which also 

provide information about new observations of the same 

total population beyond the training data. This enables the 

quantification of uncertainties in both measurement and 

model accuracy.  

4. Experimental setup 

In the following, the ML-model setup and the practical 

application setup are presented before they are applied in 

section 5. 

4.1. ML model setup 

This section describes the structure of the application in 

a practical case and which fundamentals must be 

established for a reasonable implementation. For the 

practical part, there is a tuple of independent variables, the 

position data 𝑍 = (𝑥, 𝑦) on the wafer, and the dependent 

variable 𝑤 as the measurement value. In practice, the only 

task necessary for the application of the GPR is the 

selection of a prior kernel. The prior represents the 

subjective view on the dependent variable and, therefore, 

cannot be unambiguously determined or at least not 

without very high additional effort. Consequently, two 

promising kernels were selected for this evaluation. The 

RBF kernel (squared exponential kernel) 𝑘𝑅𝐵𝐹  as a 

standard kernel with an optimizable scalar 𝜆 and the length 

scale 𝑙 

𝑘𝑅𝐵𝐹(𝑍𝑖 , 𝑍𝑗) = 𝜆 ∗ exp (−
𝑑(𝑍𝑖 , 𝑍𝑗)

2

2𝑙2
) (4) 

is considered at first for the simple model. A linear 

combination of squared exponential kernel, rational 

quadratic kernel, and maternal kernel with likewise 

optimizable scalars  

𝑘𝑐(𝑍𝑖 , 𝑍𝑗) = 𝑎 ∙ exp (−
𝑑2

2𝑙2
) + 𝑏 ∙ (1 +

𝑑2

2𝛼𝑙2
)

−𝛼

 

+ 𝑐 ∙
1

Γ(𝜈)2𝜈−1
(

√2𝜈

𝑙
𝑑)

𝜈

𝐾𝜈 (
√2𝜈

𝑙
𝑑) 

(5) 

is considered next for the complex model. Thereby, the 

hyperparameters to be optimised are the length scale 𝑙, the 

smoothness 𝜈, the scale mixture 𝛼 and 𝑎, 𝑏, 𝑐 as associated 

scalars. Further applies 𝑑 ≔ 𝑑(𝑍𝑖 , 𝑍𝑗) as a short form for 

the Euclidean distance, Γ as the gamma function, and 𝐾𝜈 as 

the modified Bessel function. The kernel combination can 

be generated by matrix addition and multiplication since 

each kernel satisfies the conditions as a covariance matrix 

[17]. Figure 1 shows the potential sample functions from 

GP for the respective prior distribution (kernel function). 

Comparing the GP sample function with a simple and 

complex kernel, a different degree of the GP functions 

variability can be seen. For more details regarding the 

kernels, it is recommended to compare with Rasmussen [13]. 

4.2. Practical application setup  

For the practical application, measurement data for a 

chip type in the blue colour range with nitride-based 

production processes were selected as an arbitrary 

prototype for the evaluation. The analysed wafer property 

in this paper is the wavelength. The QT measurement used 

in practice cannot be evaluated directly, as all up to 120 

measurement points are necessary for training. For this 

reason, the PL measurement data set is used in the 

following showcase, as this is larger and thus test data are 

also given. To recreate the actual use case as realistically as 

possible, the PL data set is divided into test and training data. 

The wavelength values are measured for all given wafers of 

this chip type and used as the statistical population 

 

Fig. 1. Sampling y-values from GP with a given prior 

distribution (kernel). The GP is not yet trained and 

depends on mean and covariance function (kernel). 

Figure shows a two-dimensional prior distribution with 

one independent variable as an example, but more 

independent variables are also feasible.  
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respectively as training and test data. For each wafer, an 

equidistant grid is used to declare approximately 120 

measurement points of the data set per wafer as training 

data. This grid is identical to the pattern used for QT 

measuring. The remaining approximately 3000 measure-

ment points are the test data. Due to the lack of several 

measured values for the same position, a measurement 

inaccuracy cannot be estimated directly. However, experts 

assume a certain uncertainty in the measurement of the 

wavelength with QT, which is confidential and may not be 

specified precisely. For transparency, an inaccuracy of 

0.5 nm is used throughout the paper. This measurement 

error is constant and not wafer position-dependent, as the 

measurement of the edge point is carried out identically to 

the point within the inner area of the wafer. The used GPR 

implementation allows to define a specific measuring 

uncertainty as prior. Hereby, 0.5 nm will be added to the 

diagonal of the covariance matrix of the GPR. In the 

process of method application, each GPR is optimised 

individually for each wafer, resulting in a point estimate 

(mean vector) and a prediction interval (variance vector as 

the diagonal of a covariance matrix). The evaluation of the 

GPR with two different kernels is carried out in comparison 

to the described interpolation method as the baseline. 

5. Results and discussion 

Firstly, the results are evaluated based on a single, 

randomly selected wafer and uncertainties are quantified. 

Secondly, the evaluation is carried out empirically by 

considering the data of all wafers.  

5.1. Results for an arbitrary wafer 

Due to instability of the epitaxial growth, higher 

fluctuations occur in the edge region. In Table 1, a 

distinction is made between evaluation on the inner wafer 

area and evaluation on the complete wafer to represent the 

performance of the GPR more accurately. The inner wafer 

area is covered by the equidistant grid consisting of training 

data. Each measurement point in the complete test data set 

is part of the inner test data set if it lies within or on the 

perimeter line passing through the outer points of the 

equidistant grid. An insight into the results for one arbitrary 

wafer is given in Table 1.  

Table 1. 

Results of model fitting and prediction for an arbitrary wafer.  

Method LMLHa 
RMSE (nm) 

CTb (s) 
inner area wafer 

RBF (baseline) – 0.478 2.001 2.07 

GPR  

(simple kernel) 
−159.99 0.844 2.156 7.11 

GPR  

(complex kernel) 
−158.15 0.807 2.038 21.07 

a log marginal likelihood 

b computational time 

Table 1 shows that based on the root mean square error 

(RMSE); the RBF interpolation model is performing best 

on both test data sets. The second-best model here is the 

GPR with a complex kernel. Comparing the two GPRs with 

different complexity, the high deviation in computational 

time (CT) is remarkable. Even though the GPR with the 

complex kernel performs better than the GPR with the 

simple kernel based on the RMSE and the optimised log 

marginal likelihood (LMLH) for both data sets, the CT 

almost triples. Comparing the ratio determined from RMSE 

divided by the wavelength median of the training data, it 

becomes clear that the proportional deviation and differences 

between them are small. The highest difference between 

proportional deviations is between the baseline and the 

GPR with simple kernel on the inner area test data set with 

0.08%. It is noteworthy that exactly this difference in 

proportional deviation decreases when evaluating the 

complete test data set. The difference here is 0.034%. Thus, 

the GPR seems more stable than the baseline on the more 

difficult outer wafer area. Regarding the hypothesis, the 

RBF interpolation as the fastest method with the lowest 

RMSE can, therefore, dominate the comparison evaluations 

of point estimators. The disadvantage is obvious when 

considering uncertainty quantification, as the baseline 

interpolation method does not consider uncertainties. The 

lack of uncertainty quantification allows the method to 

compute the point estimator much faster than the GPR. 

Generally, GPR should still be preferred for practical 

purposes, since firstly, the deterioration in RMSE for point-

wise regression is relatively small and secondly, a higher 

computational effort can be justified by a description of the 

model reliability. The following cross-sections from the 

wafer surface are used to obtain an insight into the 

regression and uncertainty quantification. These chosen 

sections are marked with red (vertical cross-section) and 

blue (horizontal cross-section) coloured lines within 

Fig. 2(b) and illustrated within Fig. 3. A cross-section 

considers the model and its results reduced by one 

dimension by setting one of the two independent variables 

𝑥, 𝑦 to zero. For the following graphical evaluation, the 

GPR model of the simple kernel is used for demonstration 

purposes. However, the same evaluation can be done with 

the complex kernel. Figure 2 shows all given historical data 

of this selected wafer in Fig. 2(a) and the uncertainty 

quantification with GPR for the same wafer in Fig. 2(b). 

The uncertainty is evaluated by using the standard deviation 

of the respective covariance matrix. A small standard 

deviation indicates a rather high certainty of the GPR 

model. Furthermore, those two certain cross-sections of the 

GPR will now be focused on. In addition to a point 

estimate, the GPR provides an uncertainty quantification in 

the form of a covariance matrix related to the wavelength 

as dependent variable, conditional on the position data. 

Figure 2(b), therefore, shows the top view of the model 

uncertainties of the GPR resulting from the regression on a 

selected wafer. This illustrates that the position dependence, 

respectively the direct distance to the closest training data 

point, is decisive for the reliability of the model. The 

position (𝑥, 𝑦) = (0, 1.1), in the outer area in Fig. 2 for 

example, shows that less training data in the area around 

the position results in a prediction with much higher 

prediction uncertainty. This can be seen in Fig. 2 by 

comparing the standard deviation value between the 

position (𝑥1, 𝑦1) = (−1, 0.59) for which measured values 

are available and the position (𝑥2, 𝑦2) = (1, 0.59), which 

is unknown during model training. In terms of practical 

application, this aspect is crucial, as measurement points 
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may be missing in the production and the measurement 

process for undefined reasons. Information about the 

reliability of the model at these and surrounding mea-

surement points is therefore essential. Now, the graphical  

observation is reduced to a section, for this purpose the 

longitude 𝑥 = 0 in Fig. 3(a) and the latitude 𝑦 = 0 in 

Fig. 3(b) are set to display the results in a side view. Both 

models are trained with the complete training data set (not 

only with data of each cross-section). Figure 3(a) and 

Fig. 3(b) show the point estimation and the confidence and 

prediction intervals resulting from the GPR. The graphical 

comparison of the RBF interpolation curve and the GPR 

prediction curve for the vertical cross-section in Fig. 3(a) 

shows that both are almost identical for most of the 

definition range. Deviation can only be observed in the 

boundary areas [−1.21, −1.0] and [1.0, 1.21]. These 

deviations become more obvious when comparing these 

point estimators to the test data. Looking at the model 

uncertainties, the right border area [1.0, 1.21] has high 

uncertainties, which results from a missing measurement 

point at 𝑦 = 1.21. The model, therefore, extrapolates at this 

point. The same applies to the horizontal cross-section in 

Fig. 3(b). Both methods are often visually approximately 

congruent, yet both cannot completely reproduce the test 

data without deviation. The right border [0.5, 1.21] is 

noticeable. Here, the RBF interpolation and the GPR 

prediction diverge strongly in some cases, and yet both fail 

to recognise the actual trend. This results from the fact that 

 

Fig. 3. Two different cross-sections of the same wafer. Both figures show the RBF interpolation (green line), the GPR (orange 

line), and the real observation, respectively the test data (left: darkblue/right: red dotted line). The results of the green 

and red line methods are similar for a large part of the range of values where the lines overlap. Each model is trained 

with the identical training data set. Squared points indicate the PL train data on the cross-section (left: darkblue/right: 

red squares). Horizontal lines through the training data indicate the fixed measuring inaccuracy (0.5 nm). The narrow 

interval across the value range (orange) shows the confidence interval for 97.5% probability, whereas the broader 

intervals (different shades of blue) mark the prediction interval for different probabilities (from the inside out: 90%, 

95%, and 97.5%). 

 

Fig. 2. Train and test data as ground truth (for this arbitrary wafer) (a) and position-based uncertainty quantified by GPR (b) in 

top view. Figure 2(a) displays the heterogenity of the wavelength for the given observations. GPR provides a standard 

deviation for every prediction, which indicates the certainty of the model for exactly this predicted position in Fig. 2(b). 

GPR is based on the PL train data (darkgreen dots). 
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both models aim to consider the relatively low wavelength 

value at 𝑥 = 1.21 from the training data. It is also 

noteworthy that in Fig. 3(b) in comparison to Fig. 3(a), 

there is another training point at the right-hand border, from 

which it follows that the model uncertainty in this area is 

significantly lower. The relevance of the prediction intervals 

for the application should be pointed out once again. By 

method application, there is no longer only one measured 

value in production that is close to reality only in the 

optimal case, but an interval range that covers reality with 

a fixed probability compared to the GPR model. Further-

more, it also becomes graphically clear that the difference 

between the baseline and the GPR is only small in relative 

terms and can be neglected regarding the added value due 

to the prediction interval. 

5.2. Limitation of the ML methods regarding the 

practical application 

In section 5.1, it is assumed, that approximately 120 

measuring points of a wafer are used as model training 

points. In practice, measurement points can get destroyed 

during production or measuring. Figure 4 shows that each 

method needs a certain minimum number of training points 

to achieve good results. 

The evaluated models and kernels are trained with 

different numbers of input data. For this purpose, the 

respective number of training points is randomly drawn 

from the training data used in section 5.1. For each fixed 

number of training points, 20 identical models are trained 

with different samples and then the mean RMSE is 

computed. This is necessary because the random sampling 

of training points for each model has a strong influence on 

the prediction model. Figure 4 thus shows the tendency of 

all three approaches to worsen when the number of input 

data is reduced. In the range above 100 training points, 

there is hardly any decrease in RMSE value resulting from 

fewer points. With less than 100 training points, however, 

a strong deterioration of the RBF interpolation becomes 

apparent. This worsens up to a maximum RMSE of approx. 

14 000 nm, for that reason it cannot be illustrated nicely in 

Fig. 4 and is therefore truncated. In the comparison of the 

two GPRs with different kernels, a slight tendency towards 

deterioration is recognisable in both. It is also noticeable 

that the more complex kernel cannot deliver an improve-

ment compared to the simple kernel below the minimum 

number of points. Even though the RMSEs are averaged, 

the variability of the results increases for smaller numbers 

of training points. Although this is a limitation for the GPR, 

the RBF interpolation becomes significantly worse and 

unreliable at less than 100 training points and below. This 

is one major advantage of the GPR over the baseline, since 

in practical application not every single wafer can be 

checked on its own. GPR provides reliable results even if 

the number of wafer measurements is exceptionally below 

100 points. 

5.3. Empirical results over all wafers 

Table 2 shows the lowest RMSE and subsequently the 

best overall point estimation achieved by the baseline 

model. Comparing the GPR models, the smaller LMLH 

value shows that the model with the complex kernel 

achieved a much better model fit on train data. However, 

this is not reflected by the mean of RMSE values related to 

the test data where both results are similar. When looking 

at the CT, GPR with the simple kernel takes about 53 times 

longer than RBF interpolation. The ratio is even higher for 

the GPR with complex kernel, where it needs about 366 

times as much CT as the baseline. It also follows that using 

the complex kernel instead of the simple kernel takes 

approximately seven times more CT.  

Table 2. 

Results of model fitting and prediction for all wafers from the 

given population.  

Method LMLHa 
RMSE (nm) CTb (s) 

inner area wafer  

RBF (baseline) − 0.224 0.766 0.06 

GPR  

(simple kernel) 
−116.65 0.303 0.814 3.18 

GPR  

(complex kernel) 
−100.82 0.273 0.798 22.01 

a log marginal likelihood 

b computational time 

Figure 5 shows the RMSE between measured values 

and predictions of the models for the inner and the complete 

wafer test data sets. In relation to the evaluation results of 

other wafers in the population, the results for the randomly 

selected wafer from Table 1 are in the upper outlier range. 

The overall best performing algorithm in Fig. 5 is the 

RBF interpolation with the lowest RMSE median for both 

test data sets. The GPR with a simple kernel and the model 

with a complex kernel are worse than the baseline at the 

 

Fig. 4. Evaluation based on averaged RMSE with different 

numbers of input data. Each model is trained with a 

fixed number of random sampled training points 

(x-axis). To obtain robust results, 20 runs are performed 

for each number of random sampled training points. 

Sampling is done to simulate the loss of a training point. 

The evaluation is based on the complete wafer test data 

set with about 3000 points. The figure shows the RBF 

interpolation (green line), the GPR with simple kernel 

(blue line), and the GPR with complex kernel (orange 

line). 
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median by 0.059 nm and 0.041 nm for the inner area test 

data set and 0.032 nm and 0.015 nm for the complete wafer 

test data. This is further confirmed by comparing the mean 

values from Table 2. It is noteworthy that the relative 

difference between the baseline and the GPR models 

regarding the point-wise prediction error decrease from the 

application on the inner area to the application on the 

complete wafer. This indicates a tendency, as in section 5.1, 

where the GPR is more stable on data with higher variability 

than the baseline. In summary, the RBF interpolation 

empirically performs better as a point-wise estimator than 

the GPR. Based on the results in Table 2, it is evident that 

the model fitting with a more complex kernel performs better 

on the training data but hardly represents an improvement 

compared to the actual test data, especially when considering 

the longer CT. This indicates an overfitting of the model and, 

consequently, a possibly unnecessarily high kernel 

complexity. As already stated in section 5.1, the differences 

in the mean and median are small in relative terms. These 

are also significantly lower than the measurement 

inaccuracy (aleatoric uncertainty). In terms of production, 

it can be considered not significant. The apparently very 

high CT compared to the baseline is not particularly 

noticeable in terms of a real-world application, considering 

that the regression of a wafer with a simple kernel only 

takes approximately 3 s. Nevertheless, it must be noted that 

this modelling was not done using powerful computers and 

yet a reasonable time was achieved considering the good 

results for the point estimator and the additional value for 

production through uncertainty quantification.  

6. Conclusions and outlook 

Highly complex industrial manufacturing relies on 

meaningful measurements in the production process to 

achieve the highest possible and most qualitative yield. 

Stable and reliable measurements are highly time-

consuming and costly, which is why production must get 

along with sparse measurements and, therefore, accept 

uncertainties. The proposed probabilistic GPR provides 

point estimates considering uncertainties of measurement 

and model. The normally distributed GPR gives a 

continuous wafer map regarding the measured properties 

with equally continuous uncertainty quantification for the 

whole wafer. Although the analysis is carried out for 

wavelength, any other property can also be investigated in 

further research. The empirical evaluation for the 

wavelength shows that a GPR with an RBF kernel as simple 

kernel is sufficient to achieve an average RMSE of 

0.303 nm on the inner area and 0.814 nm on the complete 

wafer. In relative comparison to the specified measurement 

accuracy of 5 nm, the fitting error is low and not significant 

in terms of production. The RBF interpolation as baseline 

method and the GPR with complex kernel surpass this 

result only barely with an RMSE of 0.224 nm (inner area) 

and 0.766 nm (complete wafer), and 0.273 nm (inner area), 

and 0.798 nm (complete wafer). A point estimator has often 

little significance when used productively, as it cannot 

always provide a reliable prediction. This fact poses a great 

risk to the goals of scrap minimisation, compliance with 

specification limits, and yield maximisation. A high 

variability due to the measuring process after epitaxy of a 

wafer increases this risk significantly. In detail, outliers that 

exceed the accepted variability limits equivalent to the 

prediction interval based on measurement and model 

uncertainties can highlight possible specification failures 

and thus serve as an alarm system. Measurement and model 

uncertainties are, therefore, important selection criteria in 

chip production to estimate dimension of the problem and 

amount of chips that will be out of specification and the 

associated yield loss in later production steps. Wafers are 

selected according to uncertainties for the best possible 

further processing or also for certain specifications. The 

GPR, unlike the baseline, has a probabilistic uncertainty 

quantification. Therefore, GPR directly enables a 

meaningful uncertainty-based classification of the output to 

meet the needs of the production. Against the clear 

advantages stands a higher CT. A GPR with a simple kernel 

takes on average 53 times longer than baseline inter-

polation for a complete wafer. Regression with a complex 

kernel takes even longer, at around 366 times the runtime 

of the baseline. In productive terms, however, GPR with a 

RBF kernel can determine a continuous point estimator 

with uncertainties of a whole wafer in about 3 s, which is 

why the computing times can be accepted in current 

applications. Even a GPR with a low-complexity kernel 

thus offers all the advantages necessary for production, 

both through exact point estimators and through the 

determination of uncertainties in measurement and model. 

Besides the focus on a safety-based categorisation of the 

output, it is equally important to extend the view to the 

overall production. The results from GPR are wavelength 

measurements or intervals of a whole wafer after epitaxy. 

These are only the results of an intermediate process step. 

 

Fig. 5. Evaluation of the empirical results of all models with 

RMSE for the wavelength for 239 wafers. Each model is 

trained and tested using the measurements of a specific 

wafer of the inner area (a) or of the complete wafer (b). 
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From an overall production perspective, the GPR results 

should further be used to optimise the subsequent process 

steps for chip production. Currently, the approximately 120 

measuring points considered in the paper are used to 

conclude the resulting number and quality of the chips with 

the help of a regression approach. Viewed holistically, the 

GPR can thus be seen as a pre-processing step for this 

regression. Building on the probabilistic approach, a 

Bayesian regression model, such as a Bayesian neural 

network can also be used. Possibly, even the prediction 

intervals respectively to the inherent standard deviation of 

the GPR model could find further use as a meaningful prior 

distribution. Furthermore, the significantly higher number 

of input measurement points resulting from the model 

should also offer an improvement for any regression. Thus, 

it can be pointed out that the probabilistic GPR approach 

provides a solid improvement opportunity for the studied 

area and offers a clear potential concerning the further 

process optimisation. 
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1 Introduction

Modeling data-dependent correlations between dependent variables to infer
multiple targets is crucial to generalize and understand real-world problems.
Multiple Machine learning (ML) targets are, therefore, often essential to find
suitable solutions for highly complex applications, where combining SL ap-
proaches is required. MTL is an approach to jointly model a combination of
SL methods, for example, regression and classification, with objectives that are
related but not identical [32]. Typical application fields for a combined regres-
sion and ordinal classification target include image- or video-based computer
vision [31]. For instance, in the context of numerical age estimation based on
an image, combining it with a classification into age groups of the same per-
son can lead to improvements. Another application area is disease prediction
[31]. For example, heart diseases could be forecasted based on blood pressure
readings. Such a prognosis could be enhanced by an ordinal classification of
the patient into risk groups for heart diseases, relying on expert assessments
(e.g., moderate risk for heart diseases). Application is also possible in the field
of fraud prevention [8]. For example, a computer-based continuous risk scoring
can potentially be optimized through expert classification of the risk. Addi-
tionally, there are several further examples, such as quality control in health
treatment [7] or industrial processes [22]. In essence, applications are feasible
whenever two less reliable target variables (metric and ordinal) describe the
same output based on partly different influences, and their reliability can be
enhanced through optimization. In this paper, we focus on the application of
a MTL model to optimize the model output based on a continuous regression
and a multiclass classification on ordinal classes. This work aims to develop a
method that minimizes the trade-off between conflicting objectives and, conse-
quently, to introduce a shared loss function. To be more specific, we determine
a point estimate that is optimized conditional on the classification target,
thereby accepting a bias in regression estimation for improved classification
accuracy. The influence of each target on the prediction is tunable as a hy-
perparameter. Nevertheless, challenges arise from combining losses of different
SL applications, as these fundamentally differ in their definition, purpose, and
computation. For instance, loss functions for classification are not designed to
be applied to a continuous metric space. These ML approaches target distinct
outcomes, yet they are assumed to be codependent, making a shared model
training process necessary. Further challenges may emerge due to the data dis-
tribution in the case of imbalanced class data, which requires additional model
or data processing to achieve accurate and unbiased classification results. The
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Multi-Task Learning for Regression and Ordinal Classification

joint training poses a challenge for most multi-target methods, as often only
a random search in a given setting space is conducted. However, ML meth-
ods using GD allow simultaneous joint training with progressive improvement
under the condition of a convex target function. To effectively train such a
regressor for multi-target scenarios with this approach, it is required to use a
convex regression loss function that combines the targets on an identical value
range. While a standard loss function for a comparable regression is convex
and differentiable over the defined, shared value range, a classification model
seeks to maximize the class accuracy between predictions and observations,
and thus, is often non-differentiable over the same value range. To make these
two objectives comparable, we employ fuzzy logic. Fuzzy logic enables the
mapping of an ordinal-scaled, linguistic value scale (”low,” ”medium,” ”high,”
”very high”) onto a metric value range through the use of characteristic func-
tions [5,30]. This approach allows us to consider the non-convex loss based
on the ordinal classes as pseudo-metric and pseudo-continuous, bridging the
gap between regression and classification. Following this concept, we introduce
our novel loss function. This function enables the simultaneous optimization
and combined training of regression and classification on ordinal classes. It is
a weighted combination of a metric (L2 loss) and a fuzzy logic-based pseudo-
metric loss function (distance-to-nearest-class). While the metric component
aims to minimize the empirical distance between estimation and observation,
the second component determines the distance of the point estimate to the
value of the nearest observed class boundary. By utilizing the weighting pa-
rameter as an additional hyperparameter, the optimal model setting with the
minimal trade-off can be found through hyperparameter tuning. We apply this
loss function and showcase the improvements through experiments conducted
with publicly available and real datasets (Ames Housing, Boston Housing),
comparing with state-of-the-art baseline models. In addition to a sequentially
optimized model training process and improved results compared to baselines,
this concept offers a further crucial advantage. By treating ordinal classes as
pseudo-metric, class data are also considered metrical. This eliminates the need
to process the imbalanced class data. Nevertheless, the baseline classification
is processed and optimized on imbalanced class data for a reasonable compari-
son. In the following sections, we will proceed with a review of related research
and alternative approaches. Subsequently, we will explain the methodology in
detail, conduct the experiments, and show the results achieved.

2 Related Work

Applying a loss function to model a target aims at minimizing a certain loss
value, eventually leading to an optimal fitted model. These functions are not
method-specific. In the training process with GD, their gradients are used to
calculate pseudo-residuals (deviation errors or classification deviations), which
only depend on the ML target and not necessarily the method. In the field
of SL, there are several established standard loss functions for regression and
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classification. Depending on the task and data distribution, a loss function can
be chosen to be more robust for a specific scenario [15]. A detailed overview can
be found in [27]. A data-tailored loss function can have various forms, given
the condition that it is convex and differentiable when we want to use the GD
method for optimization. Customizing a loss function enables a model to adapt
more flexibly to data characteristics. Regarding this, we differentiate between
symmetric functions and non-symmetric functions, and function combinations
with weighting parameters. In scenarios involving asymmetric data distribu-
tions, adapting and using asymmetric loss functions can significantly impact
the model’s quality [12][3]. However, MTL can be addressed using various ap-
proaches [33]. A common approach is a weighted linear combination of per-task
loss functions [23]. Such an approach as an example includes the custom-log-
loss function, which aims to minimize the false alarm rate of a classification
by penalizing only directly relevant false positives through a weighting param-
eter [13]. Another solution aims to optimize the loss function itself within a
defined loss function space throughout the training process [25]. Nevertheless,
the main challenge of our paper is to achieve an optimized solution between
imbalanced data classification and regression without coarsening the metric
measurement data by discrete classification. Common methods, like ordinal
regression (OR), assign a ranking to a set of ordinal classes to benefit from
the order [1]. Another approach, known as chain maximizing ordinal metric
learning (CMOML), extends this methodology to establish a metric, allowing
for the determination of distances between classes [24]. One drawback is that
due to the lack of convexity in the function, a black-box method must be used
for optimization. Both ordinal regression and CMOML use the ranking to im-
prove classification and thus do not determine point estimators optimized for
ordinal class classification. A similar approach involves sequential execution,
where binary classification is performed in the first step, followed by regression
with a customized loss in the subsequent step [29]. Further ideas involve a cus-
tom loss function based on Mean Squared Error (MSE) as a classification loss
within classes. This approach aims to achieve higher accuracy on imbalanced
class data using a minibatch logic [21]. A similar approach used previously was
the introduction of a novel mean false error loss function [28]. The Mutually
equidistant separation loss is another methodology that employs a deep met-
ric learning loss function to enhance model fitting in a highly discriminative
feature space. This is achieved by minimizing distance metrics to attain as ho-
mogeneous classes and optimal inter-class separation as possible [6]. Further
related approaches involve parallel [4][20][17] and sequential execution [36][9],
as well as the combination of model estimation with a discriminative classifier
as posterior probability [26]. Many of these state-of-the-art ML applications
utilize evolutionary algorithms for optimization, where random model settings
are experimented with, and the best one with the least compromise between
objectives is selected [2]. However, this approach has the drawback of often
progressing more slowly because it cannot learn sequentially. Nonetheless, a
further advantage of our MTL loss function is its robustness against imbal-
anced class data. Other approaches tackle this imbalance through a combina-
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Multi-Task Learning for Regression and Ordinal Classification

tion of data processing and stacked generalization [11], minority oversampling
[35], an iterative oversampling approach [19], a Bayes cost as loss for ordinal
classification of imbalanced data [18], or even a weighted k-nearest neighbor
method that employs class membership with quantiles of estimated class prob-
abilities [16].

3 Classification-Optimized Regression Loss (COR Loss)

The introduced COR-loss function serves as a metric loss function to solve cer-
tain MTL problems comprising regression and ordinal classification targets. It
allows for optimization between codependent point estimation and classifica-
tion on multiple ordinal-scaled classes, without discretizing the metric data
with information loss through coarsening. This is possible due to considering
ordinal classes as pseudo-metric using fuzzy logic. It enables the calculation
of distances between the pseudo-metric observed class and the regression es-
timate. Using this metric, we can reduce a combined, weighted loss and ap-
proximate true classes which eventually leads to an accurate classification.
Furthermore, the convexity of the function satisfies the prerequisites for GD
application, enabling sequential optimization. Even though the COR-loss is
only usable with a regression model, its specific function definition allows an
optimization process between point estimation and classification while model-
ing a regression. To balance these targets for an optimal result, it is possible to
tune the weighting parameter within the COR loss. Thus, the ML algorithm
sequentially minimizes the loss, eventually achieving an optimal trade-off be-
tween regression and classification prediction.

3.1 Problem Formulation

In this paper, our approach focuses on the joint modeling of regression and
classification. These ML targets are codependent, whereby both the ordinal
classes (classification target) and the metric values (regression target) depend
on the same value range. The latter is no restriction, as, in principle, any met-
ric variable can be transformed to the interval [0,1] and an ordinal variable
can be seen as a discretization of a latent metric variable on the interval [0,1].
Real-world application problems are diverse and typically optimization prob-
lems. Some examples include maximizing production output though measuring
uncertainty while meeting quality thresholds (manufacturing), forecasting ac-
curate disease diagnoses while determining the actual severity (healthcare),
or predicting future air quality while considering pollutant limits (environ-
mental science). Summarizing all, these diverse applications are optimization
problems where achieving the best possible classification is crucial, while also
maintaining a sufficiently accurate point estimation for real observations. The
key requirement for decent results in these problems is, therefore, to consider
both the target variables of regression and classification, as well as the poten-
tially conflicting objectives. However, independent training of these models can
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already result in competitive forecasts for the combined target. Yet, it can also
yield entirely contrary outcomes if their objectives are conflicting and codepen-
dent. To summarize, a higher complexity of inherent correlations among the
target variables requires more than a simple combination and optimization of
two independent model outcomes, instead a shared training process is manda-
tory. When considered separately, regression seeks an optimal unbiased point
estimator using a standard L2 loss, whereas, in classification, the focus lies on
the accuracy of class predictions. In detail, we want an optimum that allows a
biased point estimation to enhance classification. Alternative MTL approaches
might, in part, offer competitive forecasts with an optimized compromise be-
tween these objectives. However, they have the drawback of exploring random
settings for optimization steps, unlike the sequential optimization character-
istic of gradient descent (GD). Comparable classification approaches, such as
ordinal regression, are also comparable and can provide good classifications,
but no regression predictions. In addition, the treatment of imbalanced class
data becomes necessary. Imbalanced class data is a general problem anyway,
which poses a challenge for most classification algorithms. Hence, a lack of
data or model processing leads to bias and improperly weighed models, sub-
sequently resulting in less accurate class predictions.

3.2 Loss Function Definition and Derivatives

To begin with, we now define notations and prerequisites for the theoretical
exposition. To optimize a multi-task supervised learning (MTSL) problem,
labeled data is required. Let X = (X)n,k represent the input matrix with
n observations and k features. The defined MTSL target variable is a tuple
consisting of a metric regression target yreg and a classification target yclf
on ordinal classes. Both variables are defined on an identical value range. It
follows that y = (yregi , yclfi )ni=1. The goal of the MTSL solution is to achieve
the minimal combined loss for a metric prediction ŷ, optimized based on the
ordinal target variable. The loss function itself is a metric, convex combination
of functions. For selected ML applications, it is possible to use non-continuous
loss functions, if a given loss value describes the quality of the prediction
relative to reality for the target variable. Therefore, obtaining a minimizable
value (loss) without sequential optimization is often sufficient. In our case,
the minimization of the loss can be complex and computationally intensive.
Therefore, we use GD as an iterative optimization approach. In this process,
a quadratic approximation of the at least twice-differentiable loss function is
conducted. The approximation is represented using the Taylor expansion with
the first and second derivatives. For the Taylor expansion follows:

L(ŷ, y) ≈ L(ŷ, y) +∇L(ŷ, y)T +
1

2
HL(ŷ, y) (1)

with function L(.), gradient ∇L(.) and Hessian matrix H(.). However, the
COR-loss function is a combination of two distinct distance metrics. The first
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Multi-Task Learning for Regression and Ordinal Classification

component (for regression) consists of the L2-loss (equivalent to the MSE)
measuring the average squared distance between the estimation ŷi and the ac-
tual value yregi . The second component (for classification) measures the mean

squared distance between the estimation ŷ and its true class yclfi . In detail,
the distance from the prediction to the nearest boundary of the correct classes
is thus determined. This distance indicates when the prediction meets its true
class, aligning the predicted class with the actual class. Ordinal-scaled classes
typically do not comply with a metric system and cannot be metrically opti-
mized. Since both target variables are defined in the same value range, class
boundaries, and estimators are metric values and thus comparable. Using fuzzy
logic, the classes can be sorted in ascending order of rank and treated in a
pseudo-metric manner. Through logical sorting and the metric class bound-
aries defined on the identical value range as the target variable, the distance
of the prediction to the class boundary and thus the class can be determined.
The influence of each component on the final target is determined by a weight-
ing parameter α. This additional hyperparameter can be tuned for an optimal
solution. Thus, it follows:

L(ŷ, y) = αL2
1 + (1− α)L2(ŷ)

2 (2)

with

L2
1(ŷ, y) = MSE(ŷ, y) = (ŷ − y)2 (3)

and

L2(ŷ) =

{
(ŷ − classlower b.

y ); classŷ < classy

(ŷ − classupper b.
y ); classŷ > classy

(4)

as well as the gradient with:

∇L(ŷ, y)2 = 2α(ŷ − y) + (1− α)L2(ŷ) (5)

and the Hessian matrix

H(ŷ, y) = 2. (6)

Finally, Figure 1 shows two examples of how the components of the loss gradi-
ent are computed. The calculation example in Figure 1 reveals that in the first
scenario (1), no optimization is required. This implies that achieving the re-
gression target automatically satisfies the classification target. In contrast, the
second scenario necessitates loss minimization, conditional on the weighting
parameter α. In general, regardless of the learning rate (lr) and the pseudo-
residuals r, it follows

ri−1 = −L(ŷi−1, yi−1) = −[2αL1(ŷi−1, yi−1) + 2(1− α)L2(ŷi−1)] (7)

the updated prediction

ŷi = ŷi−1 − ri−1 ∗ lr. (8)
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Fig. 1 The shared value range ([0,1]) for the targets is exemplarily separated by four
equidistant, ascending classes (e.g. “low”, “medium”, “high”, “very high”). These are cho-
sen randomly for this example and may vary in other cases. We distinguish between two
examples. The first case (1) illustrates the scenario in which the observed metric target value
y and the observed class classy align. In the other case (2), contradictory goals are implied,
as the observed metric target values y and the observed ordinal class classy do not align.
For both examples, the presented calculations describe how the components L1 and L2 are
computed.

3.3 Training Process

Following this brief example of loss function calculation, we will now examine
the training process in detail. The goal of the training process is to sequentially
improve model fit and reach minimal loss, resulting in an optimized prediction
for each test data observation. To achieve this, the algorithm provides an
initial prediction ŷm=0 for all observations, which is the mean of the train
data of the target variable. However, the initial estimate is not influenced by
the classification target yclf . Instead, it is the mean of the regression target
yreg used as the initial prediction. In the case of normalized data, the following
applies:

ŷm=0 = F0(x) = argminγ

n∑

i=1

L(yi, γ) = [0.5, ..., 0.5] (9)

with γ as predicted values. In each iteration m ∈ 1, ...,M , the pseudo-residuals
rim for all observations n are calculated based on the gradient of the loss
function ∇L(ŷ, y). It holds that:

rim = −
[
∂L(ŷi, yi)

∂ŷi

]
= −∇L(ŷi, yi) = −[2αL1(ŷi, yi) + 2(1− α)L2(ŷi)] (10)
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(compare with equation 5) is the pseudo residual for the observation i in iter-
ation m. Following, terminal regions Rjm (region j in iteration m) are formed
by using a chosen base learner. Base learners are typically generated from
training data using a base learning algorithm, which can be a decision tree, a
neural network, or another type of machine [34]. In the case of decision trees
(as base learner), the terminal regions correspond to the leaves. Each region
Rjm is defined by the averaged loss γjm per region of the pseudo-residuals rim
for all leaf-inherent observations xi(∈ Rjm). Therefore:

γjm = argminγ

∑

xi∈Rjm

L(yi, ŷm−1 + γ) (11)

For the updated prediction ŷm, it holds:

ŷm = ŷm−1 + λ ∗
Jm∑

jm=1

γjm(x ∈ Rjm) (12)

with ŷm = Fm(x), learning rate λ and the number of regions Jm in iteration
m. Depending on α, the weighted gradient is used to calculate the pseudo-
residuals and finally to update the prediction. Thus, the hyperparameter α,
similar to learning rate λ, has a significant impact on the model training and
the learning process at each algorithm step or decision tree, as it determines
the influence of each targets.

4 Experiment

In this section, we present our results using both simulated and real-world data
examples. In the first experiment, we apply the loss function in conjunction
with linear regression to gain a basic understanding of the optimization process
without much model complexity. The second experiment demonstrates the
application of the methodology with the more complex XGBoost algorithm on
two publicly available datasets. Results are compared with common evaluation
metrics of supervised learning.

4.1 Application Scenario

To demonstrate improvement by optimization, we require data with conflicting
objectives. Therefore, we use simulated data (for linear regression) and real
datasets (for XGBoost). In the first case, we utilize normal distributions for
each target variable to sample from. Two similar yet distinct normal distribu-
tions are employed to create the desired optimization problem in each case.
In the second scenario, real datasets are expanded with a classification target
variable for application without altering the real problem or other data. In
Detail, the real datasets, presented below, focus on house prices and potential
influencing factors. Specifically, the designed use cases are structured to find
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an optimum between the seller’s desired house price yreg and a rough estimate
by a real estate agent yclf represented as a class (with upper and lower lim-
its). Each target variable alone is not reliable, as the price may be set by an
untrained person (seller) or estimated cheaply and vaguely by an expert. The
aim of the application is to find an optimum by combining both information,
enabling the determination of a reasonable selling price without the need for
a detailed and expensive house price determination of an expert.

4.2 Data Structure, Preprocessing and Descriptive Analysis

The generated data consists of one input variable X = (X1, ..., X1000) with
1000 observations, a metric, normally distributed target variable yreg, and the
classification target variable yclf . yreg is generated using themake regression()-
function from the Python package sklearn. It follows the equation yreg =
f(X)+ ϵ (with f normally distributed, and error ϵ ∼ N(0, 20)). From this dis-
tribution, we draw the samples for yreg = (yreg1 , ..., yreg1000). The classification
target samples are drawn from a modified distribution (yclf ∼ N(5, 65)). They
are then sorted based on predetermined classes and corresponding thresholds,
resulting in the class variable for the classification target. For the real data

Fig. 2 The left graph displays the density of the normally distributed regression target
along with a histogram of 1000 drawn samples. The right graph illustrates the density of
the modified, biased normal distribution with a higher variance compared to the left. Drawn
samples are sorted into a predetermined grid to represent the frequency distribution across
classes (on the right). Grid thresholds are depicted by vertical dashed lines.

application, we use two well-known and publicly available datasets: Boston
Housing (housing) [14] and Ames Housing [10]. These data sets are typ-
ically used for validating statistical multivariate regression approaches with
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continuous target variables (in Dollars). The described goal of the experi-
ment is the application of the methodology to real data. Since there is no
natural classification target in both cases, we design one based on the ex-
isting regression target to create realistic optimization examples. To achieve
this, classes are generated that depend on the distribution of yreg but are not
identical and, therefore, can also be contrary. This is achieved by fitting a
two-parameter Gamma distribution (Gamma 1 ) to the metric target variable
yreg. Changes in the resulting parameters yield a new Gamma distribution
(Gamma 2 ) that biases the reflection of the regression target. Finally, random
samples are drawn from the new distribution and classified into predefined
classes based on their thresholds. These approaches simulate MTSL problems
with codependent regression and generated classification targets. These exam-

Fig. 3 Illustration of the given data yreg (histogram and density (PDF)) and the generated
discrete class data yclf . Every target is displayed with a histogram and density (PDF) for
both data sets. Dashed lines (—) show the thresholds of the defined ordinal classes.

ples illustrated in Figure 3 have four defined classes for each data set. These
price classes are ordinally scaled and could be described as low, medium, high,
and very high for instance. The number and width of the classes are again
randomly chosen for the experiment and therefore subject to change. Note-
worthy, Figure 3 depicts the right-skewed distribution of the regression target
and notably highlights a class imbalance for both data sets. This imbalance is
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important to demonstrate the side effect of our solution and how it handles
imbalanced classification without additional data or model processing.

4.3 Evaluation Metrics

We introduce the used evaluation metrics for regression and classification tar-
gets. The Mean Absolute Error (MAE)

MAE =
1

n

n∑

i=1

|yi − ŷi| (13)

serves as the regression metric with ŷi as predicted value for the unseen i-
th observation yi of all n observations. The classification accuracy is assessed
using two metrics based on the multiclass confusion matrix. The multiclass
accuracy (ACC) measures the proportion of predicted classes that match the
actual classes from the test data across all classes n. Hence

ACC =
TP + TN

TP + TN + FN + TN
=

1

n

n∑

i=1

χclass(yi)=class(ŷi), (14)

with χ as the Indicator function. The F1 score supports the ACC since the
latter can be biased, because of imbalanced class data. The weighted F1 score
of precision and recall per class is given as

F1 scoreweighted =
1

C

C∑

c=1

wc ∗
2

Recall−1
c + Precision−1

c

(15)

and is more robust for imbalanced classes.

4.4 Analysis and Results

In the following section, we examine the results of the optimization using the
novel COR-loss function in comparison to defined baselines.

4.4.1 Settings

For the first part, we implemented an object class for a linear regression model,
which allows the use of our loss function. For this application, we utilize a 5-
fold cross-validation to avoid potential overfitting. Hyperparameter tuning is
not required. In the second part, we apply the ”eXtrem Gradient Boosting”
(XGBoostt) with an XGBoost Regressor from the Python package xgboost
in combination with the COR-loss. The implementation also includes prepro-
cessing with the generating of ordinal classes based on the drawn sample val-
ues, model training with 5-fold cross-validation and Bayesian hyperparameter
tuning (hyperopt), as well as the final class-optimized regression predictions.
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As imbalanced data often presents a classification challenge, all train, test,
and validation splits are performed stratified. To effectively avoid overfitting
with XGBoost, an early-stopping approach with an evaluation loss function
additional to the hyperparameter tuning is applied. Our focus is on classi-
fication accuracy rather than unbiased point estimations. Therefore, we use
the F1 scoreweighted as an evaluation metric for early-stopping and hyperpa-
rameter tuning. We could also use our COR-loss or MAE as an evaluation
function, which focuses on different targets and hence results in a slightly dif-
ferent outcome. To ensure stable and valid results, a test and training data
split (out-of-sample ratio: 20/80) is implemented, along with a 5-fold cross-
validation (CV) on the remaining training data (in-sample data). Tunable
hyperparameters are for each CV pair separately optimized using a Bayesian
hyperparameter optimization approach (python: Hyperopt) to achieve the best
results. The top resulting hyperparameter settings per CV are then used to
conduct an out-of-sample evaluation on the test data with the entire training
data. The results of these five optimized models provide a stable mean (µ) as
well as a standard deviation (σ), offering a comprehensive view. Seeds are set
to ensure reproducibility.

4.4.2 Basic Experiment with Linear Regression

Linear regression, as a fundamental statistical methodology, includes fewer
tunable hyperparameters compared to other methods (e.g., XGBoost). There-
fore, variabilities introduced by the model can be minimized to represent the
loss function comprehensibly. The implemented approach is thus limited to
three tunable hyperparameters: the learning rate (λ), the number of iterations
(n iters), and the new weighting parameter (α).

Improvement by varying the number of iteration (n iters)

In the initial analysis, we focus on the impact of the number of iterations
while keeping the other two hyperparameters fixed. Therefore we refer to Fig-
ure 4. With a higher number of iterations, the model achieved better results
in out-of-sample predictions. The baseline (standard linear regression with or-
dinary least squares with variable number of iterations) improved in terms of
the F1-score by an average of 10% (at iteration 500), coupled with a signifi-
cant reduction in MAE. In comparison, our custom loss function achieved an
improvement of approximately 20%. As intended, this enhancement in clas-
sification comes at the expense of a biased point estimate, resulting in the
MAE being 17% (at iteration 500) worse than the baseline’s MAE. The fore-
cast uncertainties of the models (see prediction interval (PI) in Figure 4) are
comparable for the MAE, whereas, in the F1-score, the baseline has a much
narrower PI.
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Fig. 4 The figure illustrates the evaluation of out-of-sample predictions with a baseline
model (color: ’blue’) and a model using the custom loss function. The analysis is conducted
on the generated example data, with the hyperparameters α = 0.1 and lr = 0.1 held
constant. Both plots display the mean and the 95 % prediction interval.

Importance of Tuning the Learning Rate (lr)

To illustrate the influence of the lr, we now present a similar model setting
with a changed but again fixed lr (with fixed α = 0.1). The lr, as a hyperpa-
rameter, plays a crucial role in the learning process and can lead to overfitting
if chosen incorrectly. It determines the size of learning steps and, consequently,
the extent of prediction changes in each iteration. In Figure 5, we can see that
the use of the COR loss function with a high learning rate (lr) can lead to
significantly poorer point estimation. The low α value significantly weights
classification over regression. Through the combination with a high lr, classi-
fication is learned in larger steps, and the point estimate is nearly neglected.
Nevertheless, the initial estimate in iteration 0 is comparatively good because
optimization with our loss function only starts in the first iteration and is not
used for the initial estimation.

Influence of α Values on Modeling

In this analysis, we focus on the weighting parameter α. We again fix the
other two parameters. Figure 6 leads to the conclusion that changing the α-
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Fig. 5 The figure illustrates the evaluation of out-of-sample predictions with a baseline
model (color: ’blue’) and a model using the custom loss function. The analysis is conducted
on the generated example data, with the hyperparameters α = 0.1 and lr = 0.8 held
constant. Both plots display the mean and the 95% prediction interval.

value allows weighting the optimization towards regression or classification.
Hence, the trade-off between improved classification and less bias of regression
can be minimized. An optimal α thus results in a metric regression estimator
optimized with respect to the contrary class target. However, it is also evident
that a decrease in α leads to more uncertain model prediction and accuracy,
as indicated by a higher standard deviation and, therefore, an enlargement of
the prediction interval.

4.4.3 Advanced Experiment with Decision Tree-based XGBoost Regression

In the following section, we investigate the more complex XGBoost regression
application. Since XGBoost has significantly more hyperparameters that need
to be tuned for optimal model fitting, we focus on the weighting parameter α
and optimize the rest using a Bayesian optimization method.

Analysis of Hyperparameter α

The tuneable, weighting hyperparameter α fundamentally describes the influ-
ence of both components in our loss function. In detail, a high α value (α ≈ 1)
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Fig. 6 The figure illustrates the influence of the weighting parameter α for compareable
models. A decreasing α-value indicates a higher weighting of the classification component
within the loss function. The standard linear regression, as baseline (color: blue) is identical
to linear regression with COR loss (color: orange) and α = 1 (with the same hyperparameter
settings). However, the baseline model is independent of the α-value. The filled areas display
the 95% prediction intervals.

mainly uses the L2-loss, approximating regression, and aiming to minimize
MAE, whereas a small α value implies the mainly use of the other gradi-
ent component for classification. Therefore, a strictly monotonic decreasing α
values theoretically imply strictly monotonic increasing metric (e.g., MAE,
ACC, or (1 − F1score)). In practical terms, however, all MTSL models are
trained separately and independently for each α value with highly variable
decision trees. This implies that other stochastic effects exist, which cannot be
fully excluded and only tendencies can be shown. Consequently, the results of
practical evaluations are not strictly monotonic (as in 4.4.2) and are subject
to natural fluctuations. In both application cases, a significant improvement
in the F1− score with a rising bias of MAE is evident as α decreases. For the
Boston Housing dataset, the F1-score increased by approximately 11% when
comparing α = 0 to α = 1. As anticipated, the MAE worsens, increasing by
75%. Visually, we suspect a minimal trade-off at α = 0.1, as it exhibits the
best classification accuracy with the smallest degradation of MAE. The predic-
tion uncertainty is also minimal in the surrounding range (α ∈ 0.3, 0.1, 0.05).
It is noteworthy that the application of the COR-loss function with α = 0
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Fig. 7 Out-of-the-sample evaluation for list of discrete α-values illustrating the outcome
with MAE and F1 scoreweighted for both data sets. Insets show the mean estimation (color:
orange, blue, green) and the 95% prediction interval (filled area) for every metric, resulting
from evaluating each fold of the 5-fold CV. The horizontal line (and filled area) displays
the baseline classification (color: green). The vertical dashed lines (color: grey) display a
possible trade-off minimum.

achieved a better F1-score than the baseline. For the Ames Housing dataset,
an improvement in the F1-score of approximately 17% was achieved when
comparing α = 1 to α = 0. The regarding MAE increases by a factor of 2.3.
The optimum again seems to be near α = 0.1. At this point, there is a 49%
increase in MAE with an improvement in classification of approximately 6%.
The results of the baseline classification were not surpassed here. Further is
noteworthy that as α decreases, the forecast uncertainty increases for both
point and classification estimators. In addition to the evaluation metrics, Ta-
ble 1 illustrates differences in computation time (CT). The application of the
COR loss function requires, on average, 2 times as much CT for the Boston
Housing dataset and 1.1 times for the Ames Housing dataset compared to the
baseline regression.
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Table 1 Out-of-sample results of XGBoost with 5-fold cross-validation and hyperparameter
tuning for selected alpha values. α = 1 corresponds to the regression baseline with L2-loss,
and clf represents the classification baseline (without our loss function). The mean and
standard deviation are derived from results based on the best settings for each fold of the
5-fold CV.

Metrics
α

1.0(a) 0.75 0.5 0.3 0.1 0.05 0 clf (b)

B
o
st
o
n
H
o
u
si
n
g MAE

µ
(σ)

2.03
(0.01)

2.03
(0.034)

2.10
(0.07)

2.17
(0.05)

2.45
(0.10)

2.54
(0.09)

3.48
(0.28)

-

ACC
µ
(σ)

69.46
(1.00)

69.46
(0.76)

72.22
(1.29)

73.17
(1.67)

76.41
(1.50)

75.93
(1.67)

78.68
(2.92)

76.77
(1.79)

F1-
score

µ
(σ)

67.26
(1.14)

67.41
(1.00)

70.42
(1.54)

71.51
(1.94)

75.61
(1.46)

75.00
(1.78)

78.38
(3.03)

76.84
(1.70)

CT 12.0 27.5 21.6 21.8 24.0 22.3 22.4 2.9

A
m
es

H
o
u
si
n
g MAE

µ
(σ)

15,36
(0,08)

15,92
(0,30)

18,19
(0,44)

19,88
(0,38)

22,94
(0,68)

23,76
(0,48)

35,84
(4,01)

−

ACC
µ
(σ)

70,36
(0,53)

71,29
(0,42)

72,6
(0,74)

75,02
(0,82)

78,61
(0,49)

79,54
(1,60)

84,32
(3,35)

90,38
(0,40)

F1-
score

µ
(σ)

66,97
(0,67)

68,12
(0,50)

69,96
(0,97)

73,03
(1,02)

77,15
(0,57)

78,43
(1,80)

84,03
(3,22)

90,36
(0,35)

CT µ 49.8 64.6 63.5 63.8 64.2 52.2 34.9 29.40

(a) regression
(b) classification

5 Conclusion

The proposed new loss function serves as an optimized solution for super-
vised multi-task learning problems. It allows for sequential progressive train-
ing (with GD) of regression and ordinal class classification within a shared
regression model. It effectively minimizes the trade-off between unbiased point
estimation (regression target) and high classification accuracy (classification
target). In this paper, we used two publicly available datasets to determine
the optimal solution between regression and ordinal classification on a com-
mon target value range. Comparisons were performed using standard evalu-
ation metrics and baseline regression and classification models. The models
were further hyperparameter-tuned with a Bayesian optimization method and
a 5-fold cross-validation. Analyses revealed that our solution, in the case of
weighting for an optimal classification, led to a maximum improvement in ac-
curacy of on average 14.1% (Boston Housing: 11.1%, Ames Housing: 17.1%)
compared to regression baseline. This is possible due to on average two times
higher MAE (Boston Housing: 74%, Ames Housing: 133%). In the case of
Boston Housing, the classification result could even surpass the baseline clas-
sification. However, in the scenario with a minimal trade-off, the optimum
was achieved with an improvement in classification of approximately 9.8%
(Boston Housing: 9.3%, Ames Housing: 10.2%) with a significantly lesser
biased MAE of approximately 35% (Boston Housing: 21%, Ames Housing:
49%). The increase in complexity due to the new loss function inevitably leads
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to higher computational costs. Compared to baseline regression, this means an
average increase of approximately 54% (Boston Housing: 94%, Ames Hous-
ing: 15%) (depending on hyperparameter tuning). The analysis has shown
that despite increased CT, the application can achieve very good results de-
pending on the target weighting. Especially noteworthy is the optimized, joint
estimator, which, unlike common methods, allows for both classification and
point estimation. Another significant advantage is the joint training of both
targets, allowing for sequential learning optimization with GD. The metric
consideration of class boundaries also allows for the neglect of imbalanced
class data processing as a side effect. The idea that emerged from a practi-
cal optimization case will be further developed in future work to demonstrate
the potential application in multidimensional multi-task learning problems in
real-world applications.
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Abstract 
Unobserved measurement errors can significantly affect the reliability of outcome prediction. Biased and highly 

variable predictions make it challenging to optimize the yield based on set quality thresholds. Although progress 

has been made in the use of statistical methods to detect and reduce these errors, significant challenges remain. 

These include the need for multiple measurements with few outliers, and the risk of neglecting systematic errors. 

A further challenge arises from the input uncertainties caused by random stochastic errors that cannot be 

eliminated. This is influenced by factors beyond control, such as the measurement methods and technology. In this 

paper, we propose an approach that leverages aleatoric uncertainties instead of reducing them. This allows for 

optimized modeling of uncertainty and observations. In production, the yield and quality depend on meeting 

predefined thresholds for product properties in a logistical delivery grid. The goal is not just an unbiased forecast, 

but also ensures that the delivered quantity aligns with the ordered quantity within the defined property boundaries. 

Measurement uncertainties create an optimization problem because the expected value may deviate from the actual 

delivery. Our method trains a machine learning model using observations and optimizes it with prior knowledge 

for the best possible delivery. The aim is to achieve unbiased statistical predictions while maximizing the actual 

yield. Prior information (from expert or external knowledge from other data or models) can be incorporated based 

on a weighting parameter. To demonstrate the value of the method, we used data generated by a variational 

autoencoder from measurements in an opto-semiconductor production. Promising results show significant 

improvements in optimization with respect to data-independent information, and delivery boundaries. Despite the 

slightly higher normalized Mean Absolute Error (MAE) of +0.0073, an average improvement of approximately 

+17.78% was achieved across all examples when comparing baseline and optimized models (with 𝛼 = 0).  

Keywords Knowledge-embedded Optimization, Machine Learning, aleatoric uncertainty, logistical grid 

 

 

Introduction 
 

In recent years, machine learning (ML) has become 

a valuable tool across various fields, particularly in 

dealing with complex and voluminous data that is 

challenging for human understanding. This has led 

to improvements in production processes and 

enhanced precision in quality and yield. However, 

the optimization potential of ML methods is limited 

by the quality of input data, characterized by 

aleatoric uncertainty encompassing systematic, 

reproducible measurement inaccuracies and 

stochastic errors (Bland & Altman, 1996; 

Hüllermeier & Waegeman, 2021; Oberkampf & 

Ferson, 2007; Segalman et al., 2014; Taylor & 

Thompson, 1982). While systematic errors may be 

mitigated through technical enhancements, random 

errors persist, contributing to aleatoric uncertainties 

(Saris & Revilla, 2016).  

Despite advancements in error estimation, complete 

elimination of random errors using statistical 

methods remains elusive (Buonaccorsi, 2010; Fuller, 

2009; Hamidzadeh & Moradi, 2020; Krippendorff, 

1970; Oberski & Satorra, 2013). Probabilistic 

methods such as Gaussian Process Regression 

(Schulz et al., 2018; Shi & Choi, 2011; Williams & 

Rasmussen, 1995) and Bayesian Neural Networks 

(Izmailov et al., 2021; Lampinen & Vehtari, 2001; 

Neal, 2012) offer uncertainty estimates, but their 

high computational complexity hampers practical 

applications, especially in productive environments 

(Elishakoff, 2000). Consequently, current research 

also focuses on developing computationally efficient 

non-probabilistic approaches to address 

uncertainties and enhance robust and resilient 

production optimization (Einbinder et al., 2022; 
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Hammer & Villmann, 2007; Xue & Deng, 2021). 

Quantifying uncertainties in optimization is a crucial 

research area, as the reliability of forecasts is 

exceptionally important in productive applications. 

Novel approaches (Einbinder et al., 2022; Psaros et 

al., 2023; Zhao & You, 2019) and method overviews 

(Y. Chen et al., 2018; Grossmann et al., 2016; 

Mohammadi & Farsijani, 2023; Ning & You, 2019; 

Sahinidis, 2004) highlight both benefits and 

challenges. Even with advanced optimization and 

error pattern recognition, random errors persist, 

primarily due to limitations in data input, which 

often represents only a subset of influential factors. 

Current research explores augmenting objective data 

with data-independent information, such as physical 

correlations (Greis et al., 2023; Jirasek & Hasse, 

2023; Karniadakis et al., 2021; Y. Lu et al., 2017; 

Willard et al., 2022), expert knowledge (Y. Chen & 

Zhang, 2022; Farbiz et al., 2023; Guevara et al., 

2019; Link et al., 2022; Malliaraki & 

Berditchevskaia, 2023; Wikner et al., 2020; Zhou et 

al., 2022), or mathematical constraints (Chuang et 

al., 2020; Kotłowski & Słowiński, 2009; 

Kurnatowski et al., 2021; Ma et al., 2021; 

Mangasarian & Wild, 2008; Sideris et al., 2023), to 

capture unnoticed features.  

This paper introduces a novel optimization approach 

that incorporates data-independent knowledge about 

measurement uncertainty during training. The goal is 

to enhance supervised regression modeling and 

prediction of the target variable, considering the 

optimal delivery on logistic grids based on experts. 

Unlike other methods aiming to avoid measurement 

errors, this approach leverages additional 

information as prior knowledge to optimize 

production output. A hyperparameter allows manual 

weighting of the influence of data or data-

independent knowledge.  

The paper details the optimization approach and 

methodologies, emphasizing mathematical 

principles. The proposed approach assumes that a 

regression model based on deterministic 

measurements without considering uncertainties is 

often insufficient to adequately represent real-world 

variations. To demonstrate this, the paper presents 

the application and evaluation of the methodology 

using real production data from ams Osram 

International Group, anonymized through de- and 

encoding with a standard Variational Autoencoder 

(VAE) in a Python implementation. 

 

Problem Formulation 
 

The goal of an optimization method is to increase 

production yield while complying with a predefined 

delivery grid (by quality thresholds), without 

causing negative impacts on factors like computation 

time. Optimization involves striking a balance 

between conflicting objectives. In our case, this 

involves addressing the discrepancy between 

deterministic-viewed measurements with potential 

inaccuracies (metric value) and additional 

information from experts for assessing aleatoric 

uncertainties (assessed in ordinal classes). The 

challenge is to minimize discrepancies between 

these elements and find the optimal solution for 

improved production yield. 

 

General Problem 
 

Considering the assumed measurement inaccuracy, 

which contributes to the observed discrepancy 

between the delivery class based on the 

measurement and the true delivered class based on 

expert assessment, allows us to consider the 

deterministic measurement in a manner similar to a 

probability distribution. From a deterministic 

standpoint, a measured value (refer to Fig. 1) is 

always assigned to a specific logistic bin, which may 

deviate from the actual bin if there is considerable 

measurement uncertainty.  

In non-probabilistic methodologies, a measured 

value (point measurement) is regarded as 

deterministic. However, the empirical repetition of 

measurements unveils fluctuations due to 

measurement errors, thereby exposing an uncertainty 

interval. In a deterministic perspective of the 

measured value taken once (without considering 

uncertainties), the measurement point is classified 

within the delivery bin ([40;60]). In the statistical 

view, considering empirically repeated 

measurements, the measured value can be treated as 

a probability-distributed random variable. This 

allows us to infer that other delivery bins ([0;20], 

[20;40], …, [80;100]) would also be statistically 

plausible from an empirical standpoint. Therefore, 

neglecting the measurement error inevitably results 

in a generalized interpretation of potential outputs. 

This challenge is prevalent in all statistical, non-

probabilistic methods, which provide an expected 

value estimation without uncertainty quantification 

as a forecast. Figure 1 illustrates the drawback of a 

purely deterministic view of the measured value. 

 
Fig. 1. Repeated measurements (with approximately 

normally distributed measurement error) are 

represented as a box plot with the delivery grid and 

limits indicated by grey dashed lines. The red cross 
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depicts an example for a deterministic measurement 

(measured only once). 

Application Example in Opto-Semiconductor 
Production 
 

In opto-semiconductor production, the process 

begins with the epitaxial growth of prefabricated 

silicon wafers, which undergo further intricate steps 

to produce a wafer containing completed LED chips 

(Härle et al., 2000). An epitaxial wafer can serve as 

the foundation for various chip types (1:n 

relationship), distinguished by light color, 

temperature, and luminosity. However, only one chip 

type can be produced for each epitaxialized wafer. 

The choice of further processing (production 

steering) directly influences chip properties, 

quantitative yield, and indirectly impacts quality. 

Consequently, the final product's yield and quality 

depend on the quality and characteristics of the 

epitaxial wafer. 

Epitaxy, as a form of crystal growth, is inherently not 

entirely reproducible, despite strict production 

regulations, and introduces stochastic deviations due 

to its nature (Kimoto, 2016; Larkin, 1997; 

Matsunami & Kimoto, 1997). The subsequent 

processing of wafers is not uniformly standardized 

across all epitaxial wafers of the same production 

type. Instead, decisions for each wafer are made 

based on preliminary measurements or forecasts. To 

maximize yield and quality, determining the optimal 

production steering for each individual wafer is 

crucial. 

The logistic grid, defined by two features—

wavelength and brightness, is used to determine the 

optimal steering. Due to the two-dimensional nature 

of the grid, the measured value tuple can deviate in 

2D directions (refer to Fig. 2). The precise direction 

and magnitude of the measurement error cannot be 

easily determined without complex procedures or 

repeated measurements. 

 

Solution for Application Example 
 

To ensure optimal wafer processing, it is crucial to 

evaluate outcomes in relation to the input of 

historical wafers and their corresponding steering. 

However, an input corrupted by measurement 

inaccuracies complicates a reliable forecast. One 

potential solution involves employing precise yet 

costly and complex measurement methods. 

Nevertheless, the high costs and time-intensive 

reorganization outweigh the benefits for a 

production-wide implementation. Alternatively, we 

can enhance the limited ability to reduce 

measurement inaccuracy through statistical methods 

by incorporating further information (unknown to 

the model). 

Our solution leverages experience gained from 

previously produced wafers, combining it with data-

independent information like expert or other external 

knowledge to optimize steering for deliveries. Using 

metrically scaled measured values as the target 

variable, a pointwise regression can identify inherent 

data correlations, possibly providing an unbiased 

expected value estimation. In the context of delivery 

grid-oriented production, the focus is not solely on 

the precise forecast of measured values. Instead, it 

centers on accurate deliveries while adhering to grid-

defined thresholds, which define ordinal 

classification-classes. 

Optimal steering for more accurate classification 

requires finding a balance between potentially 

conflicting regression and classification targets 

during the learning process. Therefore, the objective 

of this paper is to introduce the custom loss (CL) 

function, as combined regression and classification 

loss. This function allows regression training for 

improved classification on logistic delivery bins, 

providing minimal biased point estimation. 

 

Method and Theoretical Application 
 

The suggested CL function serves as a regression 

loss applicable to all ML methods facilitating 

iterative model training through loss minimization. 

Generally, ML methods utilize a loss function to 

guide model training by quantifying the disparity 

between predictions and actual outcomes. For 

instance, in standard regression, this involves 

measuring the difference between the estimated 

expected value and the observed value. 

Given the convexity of the loss function, algorithms 

can seamlessly integrate with iterative optimization 

techniques like gradient descent. Prominent 

examples encompass Convolutional Neural 

Networks (CNN) (Du et al., 2018; Gupta et al., 

2018), Recurrent Neural Networks (RNN) (Pascanu 

et al., 2013), Long Short-Term Memory Networks 

(LSTM) (Anh et al., 2023), and Reinforcement 

Learning (Baird, 1999) within the area of deep 

 
Fig. 2. Repeated measurement of two properties 

(each with a normally distributed measurement 

error). The probabilistic view shows the distribution 

over the logistic bins, while the deterministic view 

only indicates one possible bin. 
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learning. Additionally, support vector machines 

(SVM) (S. Lu & Jin, 2017; Zeyuan et al., 2009), 

logistic regression (Zou et al., 2019), and gradient 

boosting (Natekin & Knoll, 2013) are examples from 

various ML methodologies. 

The main emphasis of this paper is on the 

methodology and its application, particularly in the 

context of modeling with measurement uncertainty. 

Our attention is not directed towards exploring 

potential ML applications. Consequently, we have 

chosen to exclusively employ eXtreme Gradient 

Boosting (XGBoost) (T. Chen et al., 2019) as the 

foundational framework for our analysis. 

 

Fundamental Concept of 2-Target Feature 
Grid-Steering in Opto-Semiconductor 
Manufacturing 
 

In the given application scenario, our objective is to 

meet delivery targets based on (intern) customer 

specifications. To achieve this, delivery grids are 

established using thresholds, primarily focused on 

critical properties such as wavelength and 

brightness. These grids represent an ordinal 

classification system for the two continuous 

measurement value ranges, essentially creating a 

two-dimensional measurable space. 

 
Fig. 3.  Example of a logistical two-target delivery 

bin set. Critical properties are wavelength and 

brightness. Bins are defined for each target as ordinal 

classes. 
 

It is assumed that deterministic measurements, 

(without considering measurement errors) may not 

accurately capture the true delivery quantity. Point 

measurements are categorized using the defined bin 

set, leading to the determination of delivery 

quantities. However, considering measurements 

with potential errors suggests that in certain cases, 

especially at the boundaries, misclassifications may 

occur, presenting an opportunity for optimizing 

yield. Since measurement errors cannot be precisely 

determined, they could be estimated using statistical 

methods, expert assessment, or other reliable 

approaches. For instance, a measured value might be 

reclassified within the range of the measurement 

error (standard deviation). 

Given this consideration, when applied to all 

provided training data for the targets, a partially new 

classification within the range of the measurement 

error might lead to differences between 

measurement-based classes and actual delivery 

classes. Consequently, it becomes essential to 

predict potential deliveries not only pointwise, 

without considering measurement errors 

(regression), but also in an optimized manner 

considering the actual delivery to the grid 

(classification). 

 

Optimization of 2-Feature Grid Steering 
 

As a result, both measured values and ordinal 

delivery classes play a crucial role in optimization. 

The CL function enables training the regression 

under the condition of delivery classes, ensuring an 

optimal classification. This means achieving a 

simultaneous minimally biased expected value 

estimation for the delivery quantity forecast per bin. 

As a disclaimer, it is crucial that we need to train an 

optimized model for each target. Consequently, we 

do not engage in multi-target optimization, as the 

ordinality operates solely in one dimension.  

The CL as combined loss is formulated as follows: 

𝐶𝐿 = 𝛼 ∗ 𝑅𝑒𝑔𝑟𝑙𝑜𝑠𝑠 + (1 − 𝛼) ∗ 𝐶𝑙𝑓𝑙𝑜𝑠𝑠. 

The regression loss function is built on the mean-

squared-error (MSE), which calculates the mean 

square distance between the estimated point 𝑦̂ and 

the actual measurements 𝑦. Specifically, 
 

𝑅𝑒𝑔𝑟𝑙𝑜𝑠𝑠 = 𝑀𝑆𝐸(𝑦̂, 𝑦) = 𝐸[(𝑦̂ − 𝑦)2] 

≈
1

𝑀
∑ (𝑦̂𝑚 − 𝑦𝑚)

2
𝑀

𝑚=1

𝑖𝑖𝑑
⇔ (𝑦̂ − 𝑦)2 

and 

𝑀𝑆𝐸′(𝑦̂, 𝑦) ≈ 2 ∗ (𝑦̂ − 𝑦) 
 

where dim(𝑦) = dim⁡(𝑦̂) = (𝑀, 1) with M 

observations. The second part of the loss (𝐶𝑙𝑓𝑙𝑜𝑠𝑠) is 

the distance to the true class (dist2trClass), 

determined by the distance between the prediction 𝑦̂ 

and the upper or lower threshold of the true class 

𝑐𝑙𝑎𝑠𝑠𝑦  (the threshold depends on the piecewise-

defined function) using Fuzzy logic. The class of the 

prediction, denoted as 𝑐𝑙𝑎𝑠𝑠𝑦̂, corresponds to the 

class in which the prediction falls. This can be 

expressed as: 
 

𝐶𝑙𝑓𝑙𝑜𝑠𝑠 = 𝑑𝑖𝑠𝑡2𝑡𝑟𝐶𝑙𝑎𝑠𝑠(𝑦̂, 𝑦)2 
 

with 
 

𝐶𝑙𝑓𝑙𝑜𝑠𝑠
′ = 2 ∗ 𝑑𝑖𝑠𝑡2𝑡𝑟𝐶𝑙𝑎𝑠𝑠′(𝑦̂, 𝑦)

= {
2 ∗ (𝑦̂ − 𝑐𝑙𝑎𝑠𝑠𝑦

𝑙𝑜𝑤𝑒𝑟⁡𝑡.); 𝑐𝑙𝑎𝑠𝑠𝑦̂ < 𝑐𝑙𝑎𝑠𝑠𝑦

2 ∗ (𝑦̂ − 𝑐𝑙𝑎𝑠𝑠𝑦
𝑢𝑝𝑝𝑒𝑟⁡𝑡.

); 𝑐𝑙𝑎𝑠𝑠𝑦̂ > 𝑐𝑙𝑎𝑠𝑠𝑦
 

 

In this context, a classification prediction is 

considered correct when the estimated value 

surpasses the threshold, placing it in the correct 

class. Ordinal classes cannot be directly measured 

using a metric distance measure, but fuzzy logic 

allows us to treat ordinal classes as pseudo-metric, 

facilitating distance determination. 
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In addition to the loss function, the gradient and the 

Hessian matrix of the same function are fundamental 

for optimization using the gradient descent 

optimization method. The focus is not on explicitly 

minimizing the loss function, but rather its gradient. 

Hence, the gradient is defined as: 
 

𝐶𝐿′(𝑦̂, 𝑦) = 2 ∗ 𝛼 ∗ (𝑦̂ − 𝑦) + 2 ∗ (1 − 𝛼) ∗
𝑑𝑖𝑠𝑡2𝑡𝑟𝐶𝑙𝑎𝑠𝑠′(𝑦̂, 𝑦). 

A metric measurement as well as a delivery 

classification (class) is therefore a prerequisite for 

optimization. It is not important whether these 

targets are contradictory. In the scenario illustrated 

in Fig. 4, measurements and the delivered bin align, 

eliminating the need for optimization

 

 
Fig. 4.  Example of an iteration in the training process and the calculation of the CL. Measured values and information 

about true delivery match on the same bin. 
 

In the second case, we examine the scenario depicted in Figure 5. It illustrates a discrepancy arising from 

measurement inaccuracies between the measurement and the actual delivered bin. This discrepancy is addressed 

by the hyperparameter 𝛼, which plays a crucial role in weighting the CL. 
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Fig. 5.  Example of an iteration in the training process and the calculation of the CL. Measured values and information 

about true delivery differ. 

 

While the CL function facilitates both classification 

and point estimation in a joint model training 

framework, it is designated as a regression loss 

function. Additionally, the CL function exhibits 

convexity as a notable property. Unlike optimization 

methods that rely on repeated random execution, the 

convex nature of the function allows for the 

utilization of the gradient descent method to attain 

optimal results. 

 

 
 

Gradient Descent 
 

The gradient descent optimization method offers the 

advantage of sequential progressive improvement 

based on the gradient function and Hessian matrix. 

When dealing with a twice-differentiable loss 

function, expressed as a Taylor approximation, 

numerical approximation of the complex function 

becomes feasible. In practical applications, this 

method employs a convex loss function to assess the 

deviation between the estimate and the measured 

value, enhancing the estimate through a fixed 

learning rate (lr). This iterative process continues 

until the absolute minimum of the gradient, 

represented by the first derivative of the loss 

function, is reached. While the optimization process 

is primarily designed for convex functions, it is 

theoretically applicable to non-convex functions. 

However, in the case of non-convex functions, there 

is no singular, uniform absolute minimum.  

The upper inset in Fig.6 provides a 3D illustration of 

the CL value range with a fixed 𝛼 = 0.5 (the 

function’s illustration varies depending on the 𝛼 

value). The lower inset presents a cross-section of 

the CL function, representing the gradient of MSE 

and illustrating a potential optimization process. 

 

 
Fig. 6.  3D & 2D visualization of the combined loss 

function with weighting parameter 𝛼 = 0.5. Upper 

inset shows the combined loss resulting from both 

parts of the loss function. The lower inset shows the 

gradient descent (red line) process, which reduces 

the loss, resulting in a better model fit for a cross 

section of the upper inset. 

 

XGBoost 
 

This paper employs the tree-based xGBoost 

regression as a powerful and computationally 

efficient methodology. XGBoost is known for its 

flexibility and stands as a state-of-the-art approach, 

offering the advantage of comprehensible modeling 

and intuitive integration of customized loss 

functions. 

XGBoost is a supervised learning method, which 

servs both classification and regression purposes. 

The algorithm builds upon an ensemble of 

independent decision trees, where each tree 

categorizes input features into nodes and leaves, 

eventually providing estimations. While a single 

decision tree (considered a weak learner) might have 
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limitations in capturing complex data correlations, 

the ensemble of multiple trees (a strong learner) 

averages estimates, yielding a more robust and valid 

result (T. Chen & Guestrin, 2016).  
The XGBoost regression is designed to sequentially 

enhance the initial forecast over a fixed number of 

iterations. Given its nature as a supervised learning 

approach, labeled data in tabular form is essential, 

where dependent target variables and independent 

input variables are clearly defined. 

This paper specifically explores an application 

involving two target variables. However, for clarity, 

we focus on describing the boosting methodology 

within the context of one target variable, with the 

understanding that the insights gained are applicable 

across both targets. 

In the initial step, the model establishes the mean 

value of the target variable and uses it as the starting 

prediction for each observation in the training data. 

Let 𝑋 (dim(𝑋) = 𝑚⁡𝑥⁡𝑛) be the set of 𝑚 

observations with 𝑛 independent variables and 𝑦 

(𝑑𝑖𝑚(𝑦) = 𝑚) the measurements of the target 

variable. It follows that 𝑦̂𝑖=0 = 𝑚𝑒𝑎𝑛(𝑦) is the first 

estimate in iteration 𝑖 = 0. As iterations progress, the 

model attempts to find predictions with smaller 

deviations from the true values in the training data 

and eventually minimizes the loss. This involves 

creating a regression decision tree for each iteration 

𝑖 and calculating pseudo residuals 𝑟𝑖 . The pseudo 

residuals, denoted as 𝑟𝑖 = (𝑟𝑘
𝑖)𝑘∈{1,…,𝐾}, are 

computed for each 𝑘-th end node of the current 𝑖-th 

decision tree. These residuals represent the mean 

deviation between the current estimate 𝑦̂𝑖 and the 

actual measurement 𝑦. Thus, for the 𝑖-th decision 

tree with 𝐾 end nodes, and considering the set of 

observations 𝑀𝑘 in the 𝑘-th end node, the calculation 

is expressed as follows: 

𝑟𝑖 = (
𝑟1
𝑖

…
𝑟𝐾
𝑖
) = (

1

|𝑀1|
∑ CL′(𝑦̂𝑖, 𝑦𝑖)𝑚∈𝑀1

…
1

|𝑀𝐾|
∑ 𝐶𝐿′(𝑦̂𝑖 , 𝑦𝑖)𝑚∈𝑀𝐾

). 

The final step in each iteration 𝑖 involves updating 

the estimates using the calculated pseudo residuals 

𝑟𝑖  and a fixed learning rate 𝑙𝑟: 

𝑦̂𝑖 = 𝑦̂𝑖−1 + 𝑟𝑖 ∗ 𝑙𝑟 

with 𝑙𝑟 ∈ (0,1].  
Eventually, we achieve the best possible mean 

expected value, which is optimized by applying the 

CL function with regard to the actual classes or 

delivery bins. To ensure the best model fit, avoiding 

overfitting or underfitting and providing accurate 

forecasts, the hyperparameters of the models 

undergo successive tuning via Bayesian 

optimization. Additionally, 5-fold cross-validation is 

employed to validate and refine the model's 

performance across different datasets.  

 

Experiments 
 

In this section, we demonstrate the practical 

application and validation of our approach (in 

combination with a XGBoost regressor) within the 

context of real-world examples. 

 

Experimental Objectives 
 

The upcoming experiment highlights the substantial 

impact of neglecting measurement errors in the 

modeling process. It aims to illustrate, through 

various realistic examples, how incorporating and 

correcting measurement errors can lead to a 

noticeable increase in yield with relatively low bias. 

Additionally, we assess the impact on computational 

time to provide a comprehensive understanding. The 

comparison involves a standard regression (baseline) 

and a regression model optimized specifically for the 

measurement error classes, evaluated using standard 

metrics. This investigation allows us to gauge the 

significance of accounting for measurement errors in 

improving model performance and overall yield. 

 

Evaluation Metrics 
 

We assess our experiment using standard metrics for 

both classification and regression. For classification, 

we use the weighted F1-score due to imbalanced 

class distribution. In regression, we measure the 

performance with the mean-absolute-error (MAE), 

which we normalize with the mean value of the 

target variable to ensure comparability between the 

data sets with different value ranges. The MAE is 

appropriate in this context for several reasons. 

Firstly, it allows for an absolute comparison, 

considering bin limits and measurement error values. 

Secondly, employing MAE avoids potential 

confusion with the MSE (training metric). The 

evaluation is carried out independently for each 

target. In our specific use case, a distinct model is 

trained for each target (WL and IP). Both models are 

then evaluated individually using MAE. The final 

MAE utilized for comparing the combined model 

output is computed as the mean of the normalized 

MAE of both models.  

Beyond these technical metrics, we also consider a 

practical performance indicator crucial for the 

company's operations. This key indicator is the 

𝐵𝑖𝑛𝐾𝑃𝐼, which evaluates how well our deliveries on 

the bins align with target requirements in terms of 

characteristics and quantity. It quantifies the ratio 

between the predicted and actual deliveries within 

bins after processing. The 𝐵𝑖𝑛𝐾𝑃𝐼   does not 

necessitate an exact match of classes for each 

observation but instead centers on the overall 

relationship between the predictions and the actual 

delivered results. A match of the classes per 

observation is not explicitly necessary (likewise 

classification accuracy), the main goal is a 

quantitative match of predicted and true classes over 
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all bins (likewise the intersection ratio of two 

overlapping histograms).  

Given a logistic grid represented as 𝑔 with 

𝑑𝑖𝑚(𝑔) = 𝑘⁡𝑥⁡𝑙, the grid consists of (𝑘⁡𝑥⁡𝑙) −bins. 

Each bin has two values after classifying the 

pointwise prediction values into the bins. For the 

𝑘𝑙 −bin, 𝐵𝑖𝑛̂𝑘𝑙 represents the count of predicted 

values within the 𝑘𝑙 −bin (#|{∀𝑚=1
𝑀 : 𝑦̂𝑚 ∈ 𝐵𝑖𝑛𝑘𝑙}|) 

(predicted classes), and 𝐵𝑖𝑛̅̅ ̅̅ ̅
𝑘𝑙 indicates the number 

of measured values in the same bin (#|{∀𝑚=1
𝑀 : 𝑦𝑚 ∈

𝐵𝑖𝑛𝑘𝑙}|) (true classes). 𝐵𝑖𝑛𝐾𝑃𝐼 is defined as follows: 

𝐵𝑖𝑛𝐾𝑃𝐼 =
∑ min(𝐵𝑖𝑛̂𝑘𝑙 , 𝐵𝑖𝑛̅̅ ̅̅ ̅

𝑘𝑙)𝑘,𝑙

∑ 𝐵𝑖𝑛̅̅ ̅̅ ̅
𝑘𝑙𝑘,𝑙

 

Fig. 7 illustrates an example for this calculation. 

 

 
Fig. 7.  Example of 𝐵𝑖𝑛𝐾𝑃𝐼 calculation based on a 

quantity-based delivery in logistical bins. For each 

logistical bin, the minimum value represents the 

quantitative accuracy rate. Hence, Bin-KPI is the 

sum of the quantitative accuracy in relation to the 

number of given classes. 

 

In the calculation of 𝐵𝑖𝑛𝐾𝑃𝐼 , the quantitative match 

value is determined for each bin, represented by the 

minimum of the predicted and true values within that 

specific bin. Quantitative agreement implies that the 

observation and its prediction does not need to match 

explicitly, but rather the quantity distributed over the 

grid. The sum of these minima across all bins yields 

the quantitative agreement in the overall grid. 

Finally, the quantitative agreement on the grid is put 

in relation with respect to the total quantity of all 

observations, providing the percentage of hits. 

 

Data Collection 
 

For our evaluation, we utilize data generated through 

a Variational Autoencoder (VAE), trained on 

authentic production data from four distinct opto-

semiconductor products. This approach enables the 

modeling of the production data and inherent 

structures, preserving data confidentiality. The 

underlying data comprises measurements of 

wavelength and brightness before (independent 

feature) and after processing (target feature). 

Measured features are wavelength and brightness for 

fixed number of sample positions per wafer (for pre 

and final measurements). The delivery grid, its 

quality thresholds and the true delivery in Bins are 

chosen based on expertise. Therefore, each target 

variable (wavelength or brightness) has a direct 

target value (feature measurement) and a latent 

ordinal-scaled target class (delivery bin based on 

expert assessment). Additional information about the 

real data and the VAE model can be found in the 

appendix. 

 

Sample Description (Descriptive Analysis) 
 

In the production of opto-semiconductors, various 

measurement methods are employed at specific 

production stages for monitoring and optimizing the 

process. The data presented in this section originates 

from authentic production measurements, utilizing a 

VAE model to simulate real data while ensuring 

confidentiality. 

 

 
Fig. 8.  (In-Output) Scatterplot comparing pre- and 

final-measurements for wavelength and brightness 

(depicted in blue). The error bars (in red) represent 

the assumed measurement uncertainty, particularly 

for final measurements. 
 

The spread of measurement errors within the value 

range is depicted in Figure 8, showcasing variations 

in measurement accuracy based on the method and 

measured product type. The focus lies on the 

measurement error of the final stage, given its direct 

impact on delivery and influence on the model 

learning process. A high, unnoticed measurement 

error can lead to a higher error rate in the final 

product delivery. 

A detailed example of the Product 1 dataset (ground 

truth) is presented in Figure 9. It illustrates the 

distribution of measured values (1) and the actual 

delivery represented in bins (4) for both features, as 

showcased in the insets. The histograms (2,3) 

visually depict the disparity in classes, revealing 

instances of incorrect delivery (due to unnoticed 

impact factors like aleatoric uncertainties). Overlaid 

on the scatterplot is a 2D histogram, constructed with 

grid thresholds for the given values. The displayed 

percentage values represent the ratio within the 

histogram bins. Inset 4 provides information about 
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the true delivered classes based on expert 

assessments, also represented by a 2D histogram. 

 

 
Fig. 9.  Descriptive visualization of the model input, incorporating measurement data (depicted in blue) and additional 

delivery-related information (depicted in orange). The scatterplot (inset 1) illustrates measurements for two targets 

with possible variance and the percentage of deliveries based on these measurements. Histograms (insets 2 and 3) 

offer a quantitative comparison between the quantity in bins based on measurements (blue) and expert assessments 

(orange) for Brightness and Wavelength. Inset 4 presents a confusion matrix of the two targets divided into logistic 

delivery bins as a percentage, relying solely on expert assessments. The distribution of measured values (1) and actual 

delivery in bins (4) is depicted in the insets, highlighting discrepancies in classes and, consequently, instances of 

incorrect delivery. 

Model Training, Optimization and Evaluation 
 

We use a tree-based XGBoost for our application, 

incorporating a custom loss function. The model 

undergoes training and validation using 5-fold cross-

validation on the training dataset, and its 

performance is evaluated on the out-of-sample test 

data. The dataset undergoes random partitioning into 

test (20%) and train (80%) sets. Within the training  

set, a further division is made into validation (20%) 

and a smaller train (80%) subsets. The CL function 

incorporates prior information obtained from expert 

or external knowledge, representing an ordinal class. 

In our example, this ordinal class corresponds to a 

bin in the 2D grid during the training process. 

Our method models the correlations between pre-

measurements and final measurements (post-wafer 

processing) and optimizes predictions based on the 

ordinal delivery class, considering a defined 

weighting parameter 𝛼. Given the multitude of 

tunable hyperparameters in XGBoost, we conduct 

Bayesian hyperparameter optimization using the 

training and validation data. We employ the 

hyperopt (Bergstra et al., 2013) package for this 

purpose. To assess performance, we compare our 

approach with a baseline model, also tuned for 

hyperparameters. The baseline model employs 

XGBoost regression with a mean squared error 

(MSE) loss function (, which corresponds to the CL 

function with 𝛼 = 1). 

 

Results and Interpretation 
 

Next, we assess the results for four generated sample 

datasets. To gain detailed insights, our analysis 

concentrates on the graphical evaluation of Product 

1. Initially, we examine the impact of the new 

weighting parameter, followed by a comparison of 
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the optimized results with the baseline. 

Subsequently, we present a comprehensive table 

detailing the outcomes for the remaining products, 

comparing the baseline with the best-performing 

model. 

 

Results and Evaluation 
 

As a weighting parameter, the new hyperparameter 

𝛼 serves as a weighting parameter that directly 

influences the model training process. To evaluate its 

impact, a comprehensive analysis was conducted 

below, utilizing a list of decreasing α values. While 

the α value is defined on a continuous range, it must 

be fixed before training a model. Each point in the 

analysis represents the outcomes of an independent 

and optimized model. 

 

 
Fig. 10.  In-sample (blue) and out-of-sample 

(orange) evaluation of distinct models for a range of 

𝛼-values. Results are depicted using mean 

expectation estimates (line) and standard deviations 

(colored area). 
 

When examining the models with decreasing 𝛼 

values (see Fig. 10), the normalized Mean Absolute 

Error (MAE) experiences a relatively modest 

increase, while the classification results, as measured 

by the F1-score, exhibit a significant improvement. 

The comparison between in-sample and out-of-

sample data further validates that the optimized 

models are not overfitted. 

 
Fig. 11.  Out-of-sample evaluation of the actual, 

quantitative delivery compared to the forecast on the 

defined logistical delivery grid. Expected values 

based on the model and α-value, along with standard 

deviation intervals. Bin-KPI plot for wavelength, 

brightness, and the mean of both, including the 

standard regression with 𝛼 = 1 (baseline; green). 
 

In a productive application, the main optimization 

goal is often on maximizing yield. Figure 11 

illustrates how adjusting the 𝛼-value can influence 

the prediction, leading to improved Bin KPI. The 

strictly monotonic nature of the mean curve 

demonstrates a maximum improvement in the 

combined Bin KPI of approximately +26% at the 

high point (𝛼 = 0) compared to the baseline (𝛼 =
1). In this scenario, the normalized MAE increases 

by 0.0108 (refer to Fig. 10). 
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Fig. 12.  Percentage delivery quantity forecast in logistical delivery grids for comparable models with⁡𝛼 =
1⁡(baseline) and 𝛼 = 0 for the dataset of Product 1. 
 

The considerable improvement in classification results, despite a moderate impact on the expectation estimate, is 

depicted in Figure 12 through a direct comparison. When comparing 𝛼 = 1 (baseline) with 𝛼 = 0, we observe a 

more dispersed distribution across logistic bins for the lower alpha. The choice of alpha can be tailored based on 

the optimization goal and the reliability of data-independent information regarding the quantity of delivery. 

Finally, Table 1 offers an overview for a direct comparison with other example datasets. 

 
Table 1  
Comparison of the baseline and the model with optimal 𝛼-values for four selected products (= data input samples). Various metrics used for 

training/validation and evaluation on in- and out-of-sample are presented. Each metric is reported as the mean and standard deviation from 

simulation, representing repeated identical training with only hyperparameter optimization varied, reflecting the model uncertainty. 

 

On average, considering all product examples, an enhancement in Bin KPI Accuracy of approximately +17.8% is 

attained by accepting a bias, with an increased MAE by 0.0073, when comparing the values for 𝛼 = 0 to the 

baseline. 

 

Interpretation for Application Field 
 

The usage of data-independent information for further evolving or refining a data-based model always involves 

risks, primarily due to the sometimes untraceable reliability, such as the subjective nature of expert assessments. 

Nevertheless, in real-life applications, this independent assessment has often proven beneficial and valuable for 

optimization. Unlike data, expertise is not restricted to a limited sample of the actual ground truth and may account 

for unnoticed influencing factors. Consequently, it is promising to apply this methodology productively, 

optimizing for reliability and incorporating biased forecasts. 
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A deterministic approach to conditions, such as measurements in a variable and uncertain environment like 

production, may come with the disadvantage of potential loss and reduced yield. Above all, it is frequently 

observed that purely data-based models possess limited understanding of the true nature of production and may 

reveal correlations that are biased or misleading from an expert's perspective. 

 

 

Conclusion 
 

In this paper, we presented an ML-based 

optimization methodology that extends and 

improves data-driven models with data-independent 

information (such as expert knowledge about 

measurement uncertainties).  

In the past, data-based approaches have clearly 

proven themselves in a productive environment. Due 

to the purely data-dependent modeling, model 

quality and improvements are limited by the given 

data and its quality. Aleatory uncertainties, such as 

reproducible measurement inaccuracy or stochastic 

measurement errors, therefore have a significant 

influence on model reliability and forecast accuracy. 

Neglecting unobserved influences, such as 

measurement uncertainties, can lead to a model 

determining an optimal mean estimator but does not 

learn the actual inherent spread (variance). In order 

to model both targets simultaneously and optimized, 

a combined learning on the training data in 

combination with data-independent information is 

necessary.  

For this purpose, we used a customized loss function, 

which biases a metric regression estimation towards 

an improvement of the classification accuracy on 

logistic grid. The impact on the regression estimation 

depends on an additional hyperparameter, which can 

be optimized. The customized loss combines a 

metric loss with a classification loss, which can be 

determined as a distance metric by applying fuzzy 

logic. 

The key advantage of our methodology is therefore 

that we can incorporate data-independent 

information, such as expert knowledge about 

measurement uncertainties, into the model training 

in order to introduce possibly unobserved influences.  

introduce possibly unobserved influences to the 

model. Furthermore, the hyperparameter in the CL 

function allows the target influences to be weighted 

in order to determine the trade-off minimum for the 

most accurate (delivery quantity) classification with 

the lowest possible bias in the mean forecasts. A 

further advantage arises from considering the 

additional information as classes. Metric, non-metric 

information or even subjective estimates can thus be 

used for model training.  

The CL function is also robust despite the 

classification of imbalanced data due to the fuzz 

logic approach. 

For the evaluation, we used real production data with 

two target variables, which were anonymized with a 

variational autoencoder. Delivery quantities and 

two-dimensional logistic delivery grids were 

specified based on experts, which showed, 

descriptive analysed, a deviations from measurement 

data. The goal was a data-based regression 

estimation, which was biased with respect to data-

independent information in the form of actual 

delivery quantities in classes/bins of a logistic grid. 

The acceptance of a slightly biased estimation led to 

a significantly better average classification accuracy 

of the actual deliveries on the given logistic bins. The 

optimized models were evaluated in comparison to 

the standard regression (baseline) with regression 

(MAE) and classification metrics (weighted F1-

score, Bin-KPI). In the out-of-sample evaluation of 

the data sets of the four sample products, an average 

improvement of +~17.78 % in the productive metric 

Bin-KPI was achieved with a deterioration in the 

MAE of +0.0073.  

A practical application, as in the example case at ams 

Osram International GmbH, arises when there are 

supposedly measurement errors in the measurement 

data and a deviating quantity delivery. In practice, 

the production is expected to deliver the quantity in 

accordance with predefined quality limits 

represented by a logistical grid. In reality, products 

that are at or near the thresholds can be classified 

differently based on expert assessments or within the 

standard deviation of measurement inaccuracy in 

order to cover the requested quantity delivery more 

optimally.  

In this paper, the optimization methodology has 

focused exclusively on the deviation due to aleatoric 

uncertainty on the measurement of the target 

variable. Future research could extend this by 

considering and incorporating the uncertainties in 

the input feature data. Also, with regard to epistemic 

uncertainty, we only consider the simulated model 

uncertainty through repeated training. In order to 

incorporate the actual epistemic uncertainty, the 

optimization could be extended to include common 

methods for determining the prediction intervals. A 

Bayesian approach, i.e. a combination of the prior 

(data-independent information) and the likelihood 

(measurement-based model), could also provide an 

approach for developing PI with regard to the 

optimization procedure shown.  
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Appendix 
 

Table 2 
VAE generated data for four products using real data from opto-semiconductor production. This includes details about the size and 
characteristics of the real data, the settings of the VAE model including the loss function, and the size of the generated data sample. 
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Abstract: The growing interest in data privacy and anonymization presents challenges, as traditional
methods such as ordinal discretization often result in information loss by coarsening metric data.
Current research suggests that modeling the latent distributions of ordinal classes can reduce the
effectiveness of anonymization and increase traceability. In fact, combining probability distributions
with a small training sample can effectively infer true metric values from discrete information,
depending on the model and data complexity. Our method uses metric values and ordinal classes to
model latent normal distributions for each discrete class. This approach, applied with both linear and
Bayesian linear regression, aims to enhance supervised learning models. Evaluated with synthetic
datasets and real-world datasets from UCI and Kaggle, our method shows improved mean point
estimation and narrower prediction intervals compared to the baseline. With 5–10% training data
randomly split from each dataset population, it achieves an average 10% reduction in MSE and a
~5–10% increase in R² on out-of-sample test data overall.

Keywords: re-identification; modeling latent class distribution; ordinal class; Bayesian inference;
uncertainty quantification; supervised learning regression enhancement

1. Introduction

Today, both private and business data are incredibly valuable and are targeted by
various interest groups at every possible junction. As a result, data privacy has become a
highly relevant issue affecting both individuals and organizations. Often, however, data
are handled carelessly, with an overreliance on existing anonymization methods, leading to
potential risks.

The permanent recording and insufficiently regulated sale of anonymized data present
significant risks of re-identification [1], which, according to current research, cannot be
completely ruled out despite protective measures [2]. Experts in data governance warn
against the false sense of security provided by data anonymization. Advanced machine
learning models and statistical techniques, such as modeling probability distributions,
are increasingly uncovering methods to re-identify supposedly anonymized data, thereby
compromising anonymity [3].

Common challenges in this field include the small sample size problem, whereby
the sample size has a significant impact on the generalizability of research findings [4].
According to common recommendations, it should not be less than 10% in pilot studies [5].
Additionally, computational complexity and the reliability of model predictions pose
hurdles, as the forecasts depend on the reliability of the given data [6] and the quantification
of uncertainties in the predictions [7].

This paper addresses the traceability and reversibility of anonymized metric data
or target values through discretization, which may lead to security or information loss.
Techniques such as ordinalization [8] and rounding [9] coarsen the metric space into
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adjacent ordinal classes, leading to information loss depending on the number of ordinal
classes. Previous research has explored the evaluation of data based on discrete classes,
considering the uncertainty of data [10], the optimum between data usability and maximum
anonymity [11], and data diversity and characteristic details [12]. It has also investigated
applying k-anonymization for de-identification [13], the conversion of ordinal classes back
to metric values, focusing on assumptions about underlying distributions [14], and an
unsupervised learning approach combined with discriminative information [15]. Other
approaches have examined how rough set theory, as an example, benefits from discretizing
continuous value ranges [16], the conditions under which it makes sense to convert the
data [17], and how ordinal classes can be treated as a continuous space [18].

Recent studies have also shown improved methods for enhancing data privacy and
anonymity [19–25], where the main focus is on providing a systematic overview of existing
anonymization techniques, especially in light of the increasing availability of data from
social networks [19], as well as a comparative study of five current techniques for anonymiz-
ing collected data, assessing their strengths and weaknesses [20]. Further research has
reviewed existing methods such as generalization and bucketization [21], compared sup-
pression with slicing with other common techniques [22], highlighted weaknesses related
to the compatibility of independently generalized data [23], and explored anonymization
through pseudonymization [24] and a pseudo creation technique [25]. Furthermore, it
is interesting to note how the use of latent influencing factors based on ordinal classes
improves Bayesian analysis [26] and generates more accurate classifications compared to
traditional classification methods [27].

Modeling probabilistic distributions for latent categorical variables suggests that
assuming a continuous latent distribution within ordinal classes allows for precise value
derivation from limited data using machine learning models. This implies that probability
distributions for ordinal classes, even with small datasets, can provide a good distributional
model and a reliable approximation of the underlying continuous latent distribution. This
paper aims to demonstrate that data coarsening for anonymization can be misleading and
not fully reliable. We propose a new approach that enables high prediction accuracy of
true metrics values from anonymized data using deterministic or probabilistic supervised
learning regression models. The re-anonymized results are also analyzed for uncertainties.

In the following sections, we apply our approach to simulation studies on both low-
and high-complexity synthetic data and conduct a benchmarking study with publicly
available datasets from various application domains.

2. De-Anonymization of Metric Data

To ensure anonymity in surveys or, in general, in data protection, data discretization
is an often-applied approach. This approach involves dividing metric or continuous data
into classes, thereby coarsening it into discrete information. In this section, we describe
our novel methodology for reliably reverting anonymized information to its true (metric)
values, highlighting the issues of this anonymization technique.

2.1. Introduction to the Method

Our methodology is based on the assumption that even a small set of precise, non-
discretized information (a very small training dataset with metric values) is sufficient
to train models that are capable of de-anonymizing coarsened data and inferring the
metric values of out-of-sample data, considering uncertainties. In the process, we model
latent distributions (of each class) with normal distributions based on the available precise
information and use these to generate probabilities for the discretized observations. The
goal is to retrospectively reverse the discretization with minimal bias.

2.2. Process of Discretization

The new approach promises that reliable inferences for the entire discrete ordinal class
can be drawn from just a few metric data points per class and their distributions. This
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logic describes the partitioning of the distribution of the entire metric space into ordered,
discrete classes, each associated with a specific sampling distribution. Consequently, the
division and choice of class boundaries significantly influence the sampling distribution
within each class.

The grouping of data inevitably leads to a loss of information. However, statistical
clustering methods that minimize squared errors can assist in optimally establishing group
boundaries, thereby facilitating an optimal classification of normally distributed data
concerning the frequency distribution within the class [28]. Other methodologies aim to
reduce the complexity of continuous distributions while preserving as much information as
possible through Representative Points (RPs). RPs can be generated using techniques such
as Monte Carlo sampling, deterministic point selection, or MSE-based clustering, thereby
optimizing classification by minimizing a loss function. The commonly used k-means
algorithm can also be employed as an approach in this context [29].

In contrast to statistical grouping, there is also the possibility of a predefined, data-
independent, or random classification into ordered classes. In practical applications, it
may occur that existing classes are utilized by the methodology. Therefore, the objective
of this paper is to model existing classes and boundaries that may contradict an optimal
statistical clustering.

2.3. Theoretical Formulation

Let X = {x1, x2, x3, . . . xm} be the feature matrix of m independent variables, where
each variable is assumed to be independently and identically distributed (i.i.d.). Let y be
the dependent target variable with the value range Wy. We address a regression problem

f : Rm → W ⊆ R
f : X → y

with a very small training sample relative to the test data (i.e., small sample size problem).
We sloppily define the grid with K + 2 subclasses as

grid | y = {class0, class1, class2, . . . , classK, classK+1 | y}, |grid| = K + 2

comprising disjoint ordinal classes that depend on the target variable y. The grid refers
to a finite set of ordered, ordinally scaled classes {0, 1, 2, . . . , K + 1}. Consequently, the
following holds:

{class0, class1, class2, . . . , classK+1} = {0, 1, 2, . . . , K, K + 1}.

Each class k from the set {0, 1, 2, . . . , K + 1} is defined by two threshold values, ak and ak+1.
These thresholds satisfy the following conditions:

−∞ = a0 < a1 < . . . < aK < aK+1 < aK+2 = ∞.

As a result, the following holds:

∀K+1
k=1 ∀n

i=1 : yi ∈ classk → yi ∈ [ak, ak+1] → ak ≤ yi < ak+1

and for k = 0:

∀n
i=1 : yi ∈ class0 → yi ∈ [a0, a1] → −∞ = a0 < yi < a1.

K + 2 classes are defined by K + 3 thresholds. Hence, each class has a lower threshold
ak and an upper threshold ak+1, which partition the continuous value range W of y into
discrete, adjacent subgroups. Specifically, this can be expressed as:

grid|y = [a0, a1, . . . , aK, aK+1, aK+2] ⊆ W.
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In the following application, we focus on a selected finite subset of the classes and their
associated thresholds. Consequently, we disregard the outer classes classo = [a0, a1] and
classK+1 = [aK+1, aK+2]. This restriction does not impact the results because:

∀n
i=1 : yi ∈ [a1, . . . , aK+1] ⊆ [a0, a1, . . . , aK, aK+1, aK+2] ⊆ W.

In the transformation T, the metric values y are mapped to classes based on these thresholds:

T : W ⊆ R → {class1, class2, . . . , classK} ⊆ N0
T : y → {1, . . . , K}

The resulting vector classy is defined as a new, optionally applicable feature Xm+1, which
is subsequently used as an ordinal-scaled variable and one-hot encoded.

Following, each class for each observation represents a discretized continuous value y.
Now, we split the given data with observations {1, . . . , n} into training data {1, . . . , l} and
test data {l + 1, . . . , n}. For each k-th ordinal class classk, a normal distribution N

(
µk, σ2

k
)

is fitted by estimating its parameters using the mean and standard deviation formulas to
approximate the histogram of the training data for y ∈ classk. With mean µk and standard
deviation σk of the normal distribution for the k-th class from k = {1, . . . , K}, it follows that:

(
∀l

i=1 : ytrain
i ∈ classk

)∣∣∣classk ∼ N
(

µk, σ2
k

)
.

The parametric modeling of the normal distributions allows for determining the
parameters µ and σ for each class, and thus, the densities for each observation can be
calculated. While random sampling from the distribution could be used to capture the
properties of the density function as an input feature, we aim to provide more precise
information for each observation. Therefore, we determine the absolute fi and relative
frequency pi of yi based on the density of its class. For each k-th class, we determine the
mean and standard deviation as follows:

∀K
k=1 : µ(y ∈ classk) = µk ∧ σ(y ∈ classk) = σk.

Then, we calculate the probability density function (PDF) value for the given train data
ytrain

i given the k-th class:

f
(

ytrain
i

∣∣∣classk

)
=

1
σk
√

2π
exp

(
−
(
ytrain

i − µk
)2

2σ2
k

)
= fik

The PDF indicates how densely the random variable ytrain
i is distributed around a specific

value. For the relative frequency density, we have:

ptrain
ik =

f train
ik

Ntrain
k

where Ntrain
k is the total number of training samples in class k, and:

K

∑
k=1

Nk =
K

∑
k=1

Ntrain
k +

K

∑
k=1

Ntest
k =

K

∑
k=1

(
Ntrain

k + Ntest
k

)
= n.

The relative frequency ptrain
ik thus provides a value that is proportional to the probability

density at yi, indicating how likely it is that yi lies in a small interval around the given
point. By integrating the density over a continuous range

[
b − ϵ

2
, b +

ϵ

2

]
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with a sufficient small ϵ, the actual probability can be approximated by:

P
(

b − ϵ

2
≤ yi ≤ b +

ϵ

2

∣∣∣classk

)
=
∫ b+ ϵ

2

b− ϵ
2

f (yi|classk)dy.

Since f (yi|classk) is nearly constant within a sufficiently small interval around b, it fol-
lows that:

P
(

b − ϵ

2
≤ yi ≤ b +

ϵ

2

∣∣∣classk

)
≈ ϵ ∗ f (b|classk),

where ϵ is independent of the density function f .
To enable this for out-of-sample applications where y-values are not available, we

employ a simple linear regression model as a transfer learning method. In the first step,
we predict the ytest- values for the out-of-sample data. In the next step, we determine the
proportional probabilities with PDF-values that the i-th prediction ŷtest

i for i = {l + 1, . . . , n}
falls within the given classes. With the linear prediction model

ŷtest = Xβ̂ + ϵ, ϵ ∼ N(0, σϵ)

and the class distribution based on the training data ytrain (with µk, σk), we generate K new
input features for the test data for these K classes as follows:

f
(
ŷtest

i
∣∣classk

)
=

1
σk
√

2π
exp

(
−
(
ŷtest

i − µk
)2

2σ2
k

)
= f test

ik

and

ptest
ik =

f test
ik
Nk

with Ntest
k as the total number of test samples in class k. Finally, this results in a new feature

matrix P with n observations for K classes, and therefore:

P =




p11 · · · p1K
...

. . .
...

pn1 · · · pnK


 =




p11 · · · p1K
...

. . .
...

pl1 · · · plK


⊕




p(l+1)1 · · · p(l+1)K
...

. . .
...

pn1 · · · pnK


 =

(
Ptrain

Ptest

)

with ⊕ as the row-wise binding operator.

2.4. Features and Model Definition

The choice of regression model is flexible and independent of our proposed method.
For demonstration purposes, this paper uses linear regression, but other supervised learn-
ing regression models can also be employed. We differentiate between four models based
on the features used. Each of these models is evaluated using both linear regression and
Bayesian linear regression approaches.

2.4.1. Linear Regression

Let Xtrain be the (l × m)-Matrix of the training data, classtrain(= classtrain
∣∣y
)

as the
(l × K)-matrix of ordinal classes dependent on the target variable train data (classtrain is
a one-hot-encoded (l × 1)− vector), and Ptrain as the ( l × K)-probability matrix (with the
probably for each k-th class of all K for all training data observations l). In the following,
we modify the input feature matrix X∗ for four different model approaches. For all models,
the following applies:

ytrain = X∗β + ϵ, ϵ ∼ N(µϵ, σϵ)

where X∗ (∗ ∈ {1, . . . , 4} ) serves as a placeholder for the respective input feature matrix.
It follows that:
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Model 1:
X1

l×(1+m) =
(
1l×1 Xtrain

l×m
) (

with β(1+m)×1

)

Model 2:

X2
l×(1+m+K) =

(
1l×1 Xtrain

l×m Ptrain
l×K

) (
with β(1+m+K)×1

)

Model 3:

X3
l×(1+m+K) =

(
1l×1 Xtrain

l×m classtrain
l×K

) (
with β(1+m+K)×1

)

Model 4:

X4
l×(1+m+2K) =

(
1l×1 Xtrain

l×m classtrain
l×K Ptrain

l×K

) (
with β(1+m+2K)×1

)
.

2.4.2. Bayesian Linear Regression

Following a deterministic analysis, it is essential to consider whether uncertainties
behave similarly. Therefore, we extend the models to a probabilistic perspective by in-
corporating prior distributions for β in each model. Therefore, we use standard prior
distributions with

β ∼ N
(

0, 102 I
)

and σ ∼ Hal f − N(1).

The linear prediction is then given by

µ = X∗β

with the likelihood
y|β, σ ∼ N

(
µ, σ2

)

Finally, the posterior distribution is derived as:

p(β|y) ∝ LH ∗ p(β) ∗ p(σ)
with LH : p(y | β, σ) = ∏n

i=1 N
(
yi | βX̌, σ2).

2.5. Evaluation Metrics

In the following sections, we examine various use cases and compare them based on
selected metrics. For deterministic analysis, we use the Mean Squared Error (MSE) and the
coefficient of determination (R2). The evaluation is conducted using a train-test data split,
which enables the assessment of the model’s performance (in-sample evaluation) and its
predictive accuracy (out-of-sample evaluation) using MSE and R2.

In the probabilistic analysis, we extend these metrics to include the Coveragerate, the av-
erage width of the prediction interval (PI width), and the ratio of coverage to width (ratio).

The Bayesian linear regression enables sampling M prediction vectors ŷ(1), . . . , ŷ(M)

from the posterior predictive distribution, where each draw ŷ(m) = (ŷl+1
(m), . . . ., ŷ(m)

n

)

represents an out-of-sample forecast using the same parameter. This results in the following
out-of-sample prediction matrix:

ŷpost =




ŷ(1)l+1 · · · ŷ(1)n
...

. . .
...

ŷ(M)
l+1 · · · ŷ(M)

n




T

.
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From this matrix, we calculate the vector of posterior mean estimates by taking the row-
wise mean:

meanpost =




yl+1
...

yn


 =




1
M ∑M

m=1 ŷ(m)
l+1

...
1
M ∑M

m=1 ŷ(m)
n




The vector of standard deviations is then given by:

stdpost =




std(ŷl+1)
...

std(ŷn)


 =




√
1
M ∑M

m=1

(
ŷ(m)

l+1 − yl+1

)2

...√
1
M ∑M

m=1

(
ŷ(m)

n − yn

)2




.

For a 95% prediction interval (PI), the interval boundaries are calculated as:

PI : meanpost ± 1.96 ∗ stdpost

Due to the simplicity of the regression problem, using a small M is sufficient for the normal
approximation of the PI. However, for more complex data problems, M should be large
(e.g., M ≥ 100) to accurately determine the credibility interval for the 2.5% and 97.5%
quantiles of the M values with respect to the model parameters. The coverage rate is
calculated as:

coveragerate =
∑n

i=1 1{ŷ∈PI}
n

Thus, the PI boundaries are based on discrete forecast values. Using these boundaries, the
mean distance between them is calculated as follows:

width =
∑n

i=l+1
[(

meanpost + 1.96 ∗ stdpost
)
−
(
meanpost − 1.96 ∗ stdpost

)]
i

n − l + 1

Finally, the ratio is given by:

ratio =
coveragerate

width
This ratio represents the number of predictions within the PI divided by the mean width of
the PI boundaries.

3. Explanatory Application Example

To gain a deeper understanding of probability distributions and models, we start with
a straightforward regression problem. We compare various test-training data ratios for
standard and Bayesian linear regression.

3.1. Application Example Design

For the multivariate application problem, 10,000 observations are drawn i.i.d. with
X ∼ N(0, 1) and the target variable is determined using the function:

y = f (x) = 4 + 3 ∗ X + ϵ, ϵ ∼ N(0, σϵ)

Ordinal class boundaries dependent on y are randomly set (boundaries = {−8.9, 0, 5, 10, 16.8}
with K = 4 classes), which determine the ordinal class for each observation. The generated
population is divided into different ratios of test and training datasets for the analysis. The
split is stratified based on the original classes to ensure that the class distribution remains
proportional and all classes are represented in the training data. Each ordinal class thus has
training data used to estimate the parameters (mean and standard deviation) of a normal
distribution for that class.
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In the subsequent analysis, X and the ordinal classes for the population are assumed
to be given. The goal is to achieve the best possible out-of-sample prediction for the
target variable (for the test data), taking uncertainties into account. We compare the four
models mentioned with their respective input feature combinations for both standard linear
regression and Bayesian linear regression.

3.2. Input Features

The given input features for the population are the observations X and the ordinal
class classy. To account for the probability distributions of the classes P, we use the target
variable from the training data ytrain to determine the probability of being in a class. Since
the target variable for the test data ytest is unknown during model training, we use a simple
linear model to obtain an estimate of the target variable and, based on this estimate and the
probability distributions, determine the probabilities approximately.

Thus, the prediction is:

ŷtest = Xtest ∗ β̂ → ∀K
k=1Ptest

k

This results in new input feature variables with probabilities for the test data, depending
on the number of classes (and also introducing variability in the prior distribution).

3.3. Models to Compare

We compare standard and Bayesian linear regression using the following feature settings:

Model 1 (Standard) 2 (Baseline) 3 4

X* X1 X2 X3 X4

3.4. Descriptive Statistics

The goal of our new methodology is to provide robust out-of-sample predictions
with limited training data. A critical factor in this is the test-training data ratio. Figure 1
illustrates the Mean Squared Error (MSE) and the Jensen-Shannon Divergence between
the Kernel density estimation (KDE)-modeled distribution of the training data and the
distribution of the target variable in the entire population. Various ratios ranging from 0 to
1 are evaluated. The idea is to compare the approximated distribution of the small sample
training dataset with the distribution of the ground truth.
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Figure 1. Mean squared error (MSE) and Jensen-Shannon divergence (J-S divergence) as evaluation
metrics for comparing KDE-modeled distributions between test data proportions and the population.
The train-test split is performed based on the x-range values. The blue line represents the mean result
of the evaluation based on repeated train-test splits, while the orange line indicates the corresponding
standard deviation.
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Figure 1 indicates that, in the case of low complexity, there is no significant increase
in discrepancy up to a test proportion of approximately 95%. This suggests that beyond a
certain size of the training dataset, the distribution from the training data, despite the small
sample size, can probably closely approximate the ground truth. Based on this evaluation,
we next examine training data proportions of 5%, 10%, 20%, and 50% from the population.

The following figures display the described data in x-y plots, showing the corre-
sponding probability distributions for each class based on the training-test split with 5/95
(Figure 2) and 80/20 ratios (Figure 3).

Stats 2024, 7, FOR PEER REVIEW  9 
 

 

Figure 1 indicates that, in the case of low complexity, there is no significant increase 
in discrepancy up to a test proportion of approximately 95%. This suggests that beyond a 
certain size of the training dataset, the distribution from the training data, despite the 
small sample size, can probably closely approximate the ground truth. Based on this eval-
uation, we next examine training data proportions of 5%, 10%, 20%, and 50% from the 
population. 

The following figures display the described data in x-y plots, showing the corre-
sponding probability distributions for each class based on the training-test split with 5/95 
(Figure 2) and 80/20 ratios (Figure 3). 

 
Figure 2. Comparison of KDE-modeled distributions for a 5/95 train-test split of the population (de-
picted by the gray distribution). The distributions are modeled based on values within the respective 
thresholds for each ordinal class using training data (middle inset) and test data (right inset). The 
test and training datasets are split randomly but with class stratification. Despite the visually appar-
ent lower dispersion in the training data, the variability of both datasets is similar. 
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Figure 2 visually demonstrates that even with just 5% of the training data, the proba-
bility distribution is similar to that based on the entire dataset. Increasing the proportion of
training data to 80% leads to an even closer approximation of the class distribution from
the total data, as shown in Figure 3. However, despite the significantly larger training
dataset, there is no exceptionally strong visual improvement in the comparison between
Figures 2 and 3. This supports our hypothesis for this application case: with a less complex
frequency distribution of y, having as little as 5% of the training data can already yield
comparably good results for predicting the true value of y.

3.5. Analysis and Evaluation

In the detailed analysis, we examine how well the models fit depending on the given
features. Figure 4 displays the test and training data along with the linear regression
predictions for the out-of-sample forecasts across all feature settings. It is important to note
that while linear regression can appear non-linear in the subsequent figures, this is due to
the graphical representation being limited to a 2D x-y view. Other influencing factors are
still incorporated into the predictions. Therefore, several dimensions (influencing factors)
used in the analysis are reduced to two for visual clarity.
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Figure 4. Comparison of four linear regression models based on different input features for a 5/95
train-test split. The insets show a 2D cross-section of the multivariate models, where all features
are used. The test and training datasets are split randomly but with class stratification. Despite the
visually apparent lower dispersion in the training data, the variability of both datasets is similar.
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Figure 4 illustrates the significant impact of including probability features and, es-
pecially, class features on model performance. A visual comparison in 2D between (1)
and (4) shows that our method allows for a more flexible (and even seemingly nonlin-
ear) modeling compared to standard linear regression. This is because the hyperplane in
multivariate standard linear regression is extended by 2K additional planes, where K is
the number of classes. In the following Table 1, we prove this statement with regression
evaluation metrics.

Table 1. Comparison of the different feature input settings (with linear regression) based on the
training data proportion for in- and out-of-sample predictions. Evaluation metrics are MSE, R2, and
the computational time (CT). The best results per comparison are highlighted in bold.

Train Data
Proportion

[in %]
Model

MSE R2 [%]
CT [s]

in * out ** in * out **

5

1 0.876 1.001 89.47 89.39 1.27
2 0.646 0.893 92.24 90.53 1.39
3 0.499 0.594 94.00 93.71 1.90
4 0.427 0.527 94.86 94.41 1.99

20

1 1.011 0.991 88.41 89.62 1.50
2 0.724 0.873 91.70 90.85 1.66
3 0.527 0.544 93.95 94.30 1.45
4 0.459 0.501 94.73 94.75 1.47

50

1 1.066 0.921 88.19 90.54 1.22
2 0.739 0.864 91.82 91.11 1.23
3 0.465 0.594 94.85 93.89 1.25
4 0.426 0.547 95.28 94.38 1.14

80

1 0.998 0.977 89.09 90.52 1.08
2 0.730 0.987 92.02 90.42 0.95
3 0.485 0.691 94.69 93.30 0.87
4 0.467 0.616 94.89 94.02 0.91

* in-sample. ** out-of-sample.

The out-of-sample results in Table 1 indicate that expanding the model from input
feature setting (1) to (2) leads to a significant reduction in MSE (approximately 5–10%) and
an average improvement in R2 of about 1% across all proportions. Notably, as the propor-
tion of training data increases, the benefit from the probability distributions diminishes.
This, combined with the in-sample results, suggests that a higher proportion may increase
the likelihood of overfitting. However, the new features provide substantial benefits in
out-of-sample evaluation, especially when training data are limited (i.e., in small sample
size problems). This advantage is also observed in the comparison between settings (3) and
(4). The comparison between (1) and (3) is less relevant because the additional categorical
variable has a significant impact on the model, making such a comparison less meaningful.

In the next step, we examine the same evaluation considering uncertainties. For
Bayesian linear regression, we extend point estimates with a PI. Figure 5 shows, similar to
Figure 4, how different feature combinations (1)–(4) affect out-of-sample predictions.

Comparing Figure 5 to Figure 4, the average predictions remain nearly identical.
However, when examining the PIs, it becomes apparent that adding probability features
increases the uncertainty, as seen in the comparison between models (1) and (2) and between
(3) and (4). Nevertheless, the very narrow PI for (1) seems to underestimate the actual
uncertainty of the test data.

Regarding Figure 5, Table 2 confirms that while the absolute coverage rate increases
in comparisons between (1) and (2) and between (3) and (4), the coverage relative to the
width of the PI (Ratio) generally decreases.
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Figure 5. Comparison of four Bayesian linear regression models based on different input features
for a 5/95 train-test split. The insets show a 2D cross-section of the multivariate models, where
all features are used. The test and training datasets are split randomly but with class stratification.
Despite the visually apparent lower dispersion in the training data, the variability of both datasets
is similar.

Table 2. Comparison of different feature input settings (using Bayesian linear regression) was
conducted by evaluating the coverage of model predictions within the PI (out-of-sample). Evaluation
metrics are coveragerate, PI width, ratio, and the computational time (CT). The best results per
comparison are highlighted in bold.

Train Data
Proportion

[in %]
Input Feature Settings

Pl Metrics
CT
[s]Cov. Rate

[in %] PI Width Ratio
[in %]

5

1 31.68 1.31 24.25 53.94
2 53.89 3.75 14.38 56.27
3 96.21 3.25 29.61 78.09
4 97.89 3.43 28.55 97.43

20

1 15.13 0.56 27.14 50.89
2 24.63 1.57 15.66 55.21
3 96.00 2.96 32.49 96.06
4 95.63 2.83 33.78 138.68

50

1 9.80 0.40 24.79 50.48
2 20.80 0.89 23.45 53.81
3 94.00 2.71 34.66 118.48
4 93.2 2.62 35.55 191.8

80

1 7.50 0.31 24.34 49.81
2 15.00 0.62 24.10 54.81
3 94.00 2.75 34.15 154.44
4 93.50 2.72 34.37 215.88
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4. Simulation Study

In this section, we examine a more complex simulation study, oriented on a real-
world application with respect to variable names and ranges. This approach allows us to
gain comprehensive insights into the entire population, unlike using potentially biased or
skewed samples. As before, the data are divided into training and test sets.

4.1. Simulation Design

The generated synthetic data include four input features that influence the log-
normally distributed target variable. Let X be the feature matrix. This multivariate data
problem is designed to simulate a real-world application where, in a street survey, individ-
uals are asked about their age, work experience, education level, weekly hours, and the
target variable, salary. A relatively small portion is asked for their exact salary (training
data), while the remainder are asked to categorize their salary into ranked (ordinal) classes
based on predefined thresholds (test data), such as ‘low income’ or ‘high income’.

For dataset 1, the following equation applies:

salary = 0.02 ∗ X1 + 0.05 ∗ X2 + 0.1 ∗ X3 + 0.03 ∗ X4 + ϵ1

and for dataset 2:

salary = 0.03 ∗ X1 + 0.06 ∗ X2 + 0.04 ∗ X4 + 0.1 ∗ X5 + ϵ2

with
salary ∼ Log − N

(
µ, σ2

)

and
X1 : age [in a] ∼ U(20, 65)

X2 : experience [in a] ∼ U(0, 40)

X3 : educational level ∼ U(1, 5)

X4 : hours per week [in h] ∼ U(20, 60)

X5 : per f ormance rating ∼ U(1, 6)

ϵ1 : noise ∼ N(0, 0.1)

ϵ2 : noise ∼ N(0, 0.2).

The coefficients are chosen randomly. In the simulation, n samples are drawn such
that the input matrix dim(X) = (n × 4). Samples are also randomly drawn and evaluated
for n = 3000 and n = 5000 for each dataset. For reproducibility, a random seed is used per
dataset. Figure 6 shows a simulation example (n = 3000) with the correlations between
the independent and dependent variables on the left and the approximately log-normally
distributed target variable (salary) in detail on the right.

The simulation allows us to apply the methodology to a known and thoroughly
understandable ground truth. We compare different train-test split ratios of 5/95, 10/90,
and 20/80. This simulates the applicability to small sample size problems to re-anonymize
ordinal data. Only for the training data, the exact salary values are provided. In the next
step, we evaluate the simulated datasets for the application of the methodology.
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on the data complexity and the SL regression model used, further improvements are pos-
sible by incorporating probabilities even when using categories as features. Regarding the 
MSE, it is also very clear that using probabilities (2) results in a 3–5 times lower MSE com-
pared to standard linear regression (1). 

Table 3. Comparison of the different feature input settings (with linear regression) and training data 
proportion based on the simulation study data for in- and out-of-sample. Evaluation metrics are 𝑀𝑆𝐸 and 𝑅ଶ. The best results per comparison are highlighted in bold.  

Dataset Train Data  
Proportion Model 

MSE R2 
in * out ** in * out ** 

1 
(# 3000) 

5 

1 0.00246 0.00358 84.97 80.85 
2 0.00050 0.00118 96.97 93.72 
3 0.00055 0.00113 96.65 93.97 
4 0.00048 0.00130 97.06 93.03 

10 
1 0.00366 0.00352 80.16 81.09 
2 0.00111 0.00098 93.98 94.73 

Figure 6. Heatmap and histogram with an approximated log-normal distribution for a simulated
example with n = 3000.

4.2. Simulation Results

Table 3 shows the evaluation of the six different datasets. Notably, in all cases, using
the linear baseline model (2) instead of the standard model (1) provides a significant im-
provement. This confirms that even without including the ordinal class (3) as a categorical
feature, exceptional out-of-sample results can be achieved. In the comparison between
models (3) and (4), no substantial improvement was observed. Often, model (4) tends to
overfit, indicating that model (3) is sufficiently trained. However, in some cases, such as
dataset 3 with 5% training data, an improvement in the out-of-sample R² value by 0.5% was
achieved despite the already very good result of ~95%. We conclude that, depending on
the data complexity and the SL regression model used, further improvements are possible
by incorporating probabilities even when using categories as features. Regarding the MSE,
it is also very clear that using probabilities (2) results in a 3–5 times lower MSE compared
to standard linear regression (1).

Table 3. Comparison of the different feature input settings (with linear regression) and training data
proportion based on the simulation study data for in- and out-of-sample. Evaluation metrics are
MSE and R2. The best results per comparison are highlighted in bold.

Dataset
Train Data
Proportion Model

MSE R2

in * out ** in * out **

1
(# 3000)

5

1 0.00246 0.00358 84.97 80.85
2 0.00050 0.00118 96.97 93.72
3 0.00055 0.00113 96.65 93.97
4 0.00048 0.00130 97.06 93.03

10

1 0.00366 0.00352 80.16 81.09
2 0.00111 0.00098 93.98 94.73
3 0.00104 0.00098 94.39 94.71
4 0.00092 0.00102 95.00 94.51

20

1 0.00342 0.00354 80.17 81.30
2 0.00104 0.00108 93.95 94.30
3 0.00099 0.00099 94.27 94.75
4 0.00094 0.00093 94.56 95.07
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Table 3. Cont.

Dataset
Train Data
Proportion Model

MSE R2

in * out ** in * out **

2
(# 3000)

5

1 0.00488 0.00528 66.18 65.13
2 0.00054 0.00121 96.25 92.00
3 0.00059 0.00114 95.92 92.49
4 0.00053 0.00113 96.32 92.54

10

1 0.00474 0.00534 66.99 64.89
2 0.00087 0.00119 93.92 92.20
3 0.00093 0.00109 93.55 92.84
4 0.00084 0.00110 94.15 92.80

20

1 0.00517 0.00523 66.32 65.31
2 0.00084 0.00138 94.51 90.84
3 0.00095 0.00109 93.78 92.75
4 0.00083 0.00130 94.59 91.37

3
(# 5000)

5

1 0.00311 0.00285 80.75 81.05
2 0.00107 0.00093 93.41 93.86
3 0.00086 0.00081 94.71 94.59
4 0.00073 0.00074 95.46 95.10

10

1 0.00297 0.00287 80.54 81.02
2 0.00085 0.00082 94.40 94.56
3 0.00090 0.00080 94.13 94.72
4 0.00083 0.00075 94.58 95.01

20

1 0.00316 0.00278 80.19 81.32
2 0.00124 0.00080 92.20 94.64
3 0.00104 0.00074 93.50 95.02
4 0.00098 0.00072 93.88 95.19

4
(# 5000)

5

1 0.00501 0.00497 67.83 66.18
2 0.00096 0.00107 93.86 92.69
3 0.00105 0.00103 93.24 92.97
4 0.00095 0.00107 93.87 92.70

10

1 0.00403 0.00502 70.46 66.24
2 0.00052 0.00113 96.17 92.40
3 0.00062 0.00108 95.46 92.76
4 0.00051 0.00111 96.28 92.54

20

1 0.00480 0.00492 66.17 66.91
2 0.00117 0.00116 91.76 92.24
3 0.00095 0.00100 93.32 93.30
4 0.00089 0.00094 93.76 93.69

* in-sample. ** out-of-sample.

5. Benchmarking

To evaluate real-world applicability, we use multiple datasets from the UCI Database
and Kaggle to conduct a benchmark study comparing various feature combinations
and models.

5.1. Datasets

For a comprehensive analysis, we select datasets that differ in terms of the ratio
between the number of observations and the number of features. We examine two
datasets for each category: average, low, and high sample/feature ratio. Table 4 shows
the settings for class size and thresholds for each dataset, and Table 5 provides additional
descriptive information.
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Table 4. Descriptive information about class size and thresholds for the multivariate Benchmark datasets.

Descriptive Analysis
of the Target Class

Size
Class

Thresholds
Min Mean Max

AutoMPG 9 23.52 46.6 4 [8, 16, 24, 32.5, 48]
Boston Housing 5 22.53 50 4 [4, 15, 25, 35, 51]

Student Performance 0 11.91 19 4 [−1, 9, 12, 15, 20]
Automobile * - - - 2 [−3.5, 1, 3.5]

California Housing 14,999 206,855 500,001 4 [14,998, 136,249, 257,500,
378,751, 500,002]

Bike Sharing 1 189.46 977 4 [0, 150, 350, 500, 1000]

* Automobile has an ordinal-scaled regression target. The target does not have to be metric scaled to further
coarsen into classes.

Table 5. Descriptive information for the normalized multivariate Benchmark datasets.

Samples
Size

Features
Size

Sample/
Feature-

Ratio
Target Target

Unit
Target
Mean

Target
IQR

AutoMPG 398 8 49.8 MPG
[

miles
gallon

]
0.3860 0.3059

Boston Housing 506 14 36.1 MEDV [1k USD] 0.3896 0.1772
Student Performance 649 57 11.4 G3 Points 0.6266 0.2105

Automobile 205 69 3.0 Risk Level 0.5668 0.4000
California Housing 20,640 14 1474.3 MHV [USD] 0.3956 0.2992

Bike Sharing 17,379 14 1241.4 Count Bikes 0.1931 0.2469

5.2. Evaluation

In the evaluation, we use models (1) and (3) as benchmarks for models (2) and (4),
respectively, because models (1) and (2) and models (3) and (4) are comparable based on
the given input. Looking at Table 6, it is evident that the use of probability distributions
as additional input in model (2) often provides a significant improvement compared to
standard models (1). This also holds true in comparisons between (1) and (3). However,
when comparing models (2) and (3), their performance is often comparable. Specific
exceptions include the Boston Housing dataset for 5% and 10% training data, where
the use of probability distributions with models (2) and (4) confuses the model, which
results in worse results. Comparing models (3) and (4) confirms that overfitting is a
concern, particularly with model (4). The datasets for Automobile and Student Performance
highlight a key limitation of both linear regression and our new approach: models with a
low sample-to-feature ratio struggle to produce reliable results, even when probabilistic
features are incorporated. In these cases, our method combined with linear regression
reaches its limits. This limitation is particularly evident in the Student Performance dataset,
where increasing the proportion of training data leads to improved model results. This
suggests that a low sample-to-feature ratio significantly restricts performance. A similar
trend is observed in the AutoMPG and Boston Housing datasets, which have a moderately
higher sample-to-feature ratio. While we observe improvements from model (1) to (2) and
even (3), model (4) appears to overfit, occasionally yielding exceptionally poor results.
In contrast, model (4) achieved the best results across all evaluations for the California
Housing and Bike Sharing datasets. This demonstrates that, when well calibrated, the use
of probabilistic features can marginally improve performance compared to the categorical
variable model (3).
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Table 6. Comparison of the different feature input settings (with linear regression) and training data
proportion based on the Benchmark datasets for in- and out-of-sample. Evaluation metrics are MSE
and R2. The best results per comparison are highlighted in bold.

Dataset
Train Data
Proportion Model

MSE R2

in * out ** in * out **

AutoMPG

5

1 0.00273 0.01178 92.92 72.77
2 0.00079 0.00975 97.96 77.47
3 0.00087 0.00507 97.75 88.28
4 0.00041 0.03101 98.93 28.36

10

1 0.00642 0.00938 85.46 78.14
2 0.00249 0.00398 94.37 90.73
3 0.00231 0.00362 94.76 91.57
4 0.00202 0.00528 95.42 87.71

20

1 0.00625 0.00852 86.02 80.04
2 0.00155 0.00439 96.52 89.71
3 0.00167 0.00380 96.27 91.10
4 0.00130 0.00424 97.10 90.08

Boston
Housing

5

1 0.00318 0.01769 92.32 57.55
2 0.00216 >1 94.79 < 1 × 10−5

3 0.00057 0.01033 98.63 75.21
4 0.00037 0.01878 99.11 54.95

10

1 0.00349 0.02233 88.87 47.85
2 0.00147 0.01741 95.32 59.35
3 0.00122 0.00656 96.11 84.69
4 0.00093 5.82780 97.03 < 1 × 10−5

20

1 0.00653 0.01684 83.81 59.93
2 0.00258 0.00642 93.59 84.72
3 0.00185 0.00329 95.40 92.18
4 0.00165 0.00373 95.91 91.12

Automobile

5

1 < 1 × 10−5 0.07078 100.00 −12.98
2 < 1 × 10−5 0.07211 100.00 −15.10
3 < 1 × 10−5 0.06992 100.00 −11.61
4 < 1 × 10−5 0.07121 100.00 −13.66

10

1 < 1 × 10−5 0.08464 100.00 −36.34
2 < 1 × 10−5 0.08549 100.00 −37.70
3 < 1 × 10−5 0.05165 100.00 16.80
4 < 1 × 10−5 0.05027 100.00 19.04

20

1 < 1 × 10−5 0.17308 100.00 −181.87
2 < 1 × 10−5 0.14112 100.00 −129.83
3 < 1 × 10−5 0.16912 100.00 −175.43
4 < 1 × 10−5 0.14078 100.00 −129.27

Student
Performance

5

1 < 1 × 10−5 0.08539 100.00 −197.44
2 < 1 × 10−5 0.07496 100.00 −161.09
3 < 1 × 10−5 0.02395 100.00 16.56
4 < 1 × 10−5 0.02728 100.00 4.99

10

1 0.00910 0.07507 66.09 −158.08
2 0.00186 0.03561 93.05 −22.41
3 0.00151 0.01194 94.37 58.95
4 0.00100 0.02383 96.27 18.07

20

1 0.01423 0.03304 47.32 −12.67
2 0.00403 0.01178 85.06 59.82
3 0.00312 0.00659 88.43 77.53
4 0.00305 0.00676 88.70 76.95
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Table 6. Cont.

Dataset
Train Data
Proportion Model

MSE R2

in * out ** in * out **

California
Housing

5

1 0.01949 0.02040 65.61 63.96
2 0.00497 0.00532 91.23 90.60
3 0.00382 0.00389 93.27 93.12
4 0.00381 0.00389 93.28 93.13

10

1 0.01783 0.02049 68.19 63.84
2 0.00455 0.00518 91.87 90.87
3 0.00366 0.00384 93.48 93.22
4 0.00363 0.00386 93.52 93.19

20

1 0.01969 0.02027 64.68 64.32
2 0.00521 0.00523 90.65 90.80
3 0.00371 0.00381 93.35 93.29
4 0.00369 0.00380 93.37 93.31

Bike
Sharing

5

1 0.02051 0.02143 40.93 37.93
2 0.00343 0.00339 90.13 90.17
3 0.00255 0.00297 92.65 91.41
4 0.00249 0.00296 92.84 91.43

10

1 0.02122 0.02117 39.20 38.63
2 0.00333 0.00347 90.47 89.94
3 0.00282 0.00294 91.93 91.48
4 0.00280 0.00292 91.98 91.53

20

1 0.02141 0.02111 39.42 38.52
2 0.00411 0.00371 88.36 89.19
3 0.00295 0.00291 91.65 91.54
4 0.00291 0.00289 91.78 91.60

* in-sample. ** out-of-sample.

6. Conclusions and Discussion

This paper aimed to explore the feasibility of tracing anonymized data from very small
sample sizes. We developed a methodology that combines latent probabilistic distributions
over ordinal classes—i.e., anonymized data—with a small sample approach. This combi-
nation enables significantly improved predictions of actual values using linear regression,
applicable to both simple and complex data structures. In the context of increasing data pro-
tection concerns, our new method demonstrates how standard anonymization techniques,
such as discretizing metric data in street surveys or similar contexts, can be accurately
reversed. While it might seem counterintuitive to infer exact values from discrete classes
using latent distributions, this approach aligns with existing methodologies. The use of
distributions to describe latent relationships within a class provides notable advantages.

Our application results show that even a small training dataset can outperform stan-
dard linear regression when using latent probabilistic distributions. However, when
comparing models that include ordinal class variables, probabilistic distributions often
do not provide substantial additional benefits and may even lead to overfitting. This
methodology is particularly versatile for any supervised learning regression task. While
data quantity and quality can be limited, the approach remains effective. One limitation
is that latent probabilistic distributions require a minimum amount of data, which, in our
cases, did not need to be excessively large.

Future research should focus on a more detailed examination of the distribution of
latent influencing factors, while considering the potential for optimizing class boundaries.
Considering the significant impact of class boundaries, combining the optimal clustering
solution and given class boundaries could further improve the methodology.
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This paper used normally distributed modeling of ordinal classes and considered
these as influencing features. Future work could explore more detailed modeling with
Gaussian mixture models or other distributions.

Overall, beyond data protection and anonymization, our approach offers universal ap-
plicability and could improve various supervised learning regression problems, particularly
when latent probabilistic distributions are not independently or sufficiently recognized by
the model.
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