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Zusammenfassung

Die Analyse der Quantendynamik von Mehrteilchenzustianden in Quantenfeldtheorien ist,
iiber ihre allgemeine Relevanz hinaus, grundlegend fiir bestimmte Systemklassen wie schwarze
Locher und andere saturierte Zusténde.

Die Erforschung der Physik schwarzer Locher hat jingst zur Identifizierung einer neuen
Klasse von Zustanden in nicht-gravitativen Quantenfeldtheorien gefiihrt, der sogenannten
Saturonen. Diese sind durch die Sattigung der Grenze fiir eine maximale quantenfeldthe-
oretische Mikrozustandsentropie gekennzeichnet. Zahlreiche Beispiele zeigen, dass Saturo-
nen Eigenschaften besitzen, die schwarzen Lochern vollstandig analog sind.

Im ersten Teil dieser Arbeit untersuchen wir ein 1+ 1-dimensionales Beispiel eines Sat-
urons in einer renormierbaren Quantenfeldtheorie mit grofer SU (N )-Symmetriegruppe. In
diesem Rahmen erscheint das Saturon als Vakuumblase einer spontan gebrochenen SU (N )-
Symmetrie im Symmetriegrundzustand.

Die Blase ist klassisch stabil, zerfallt jedoch quantenmechanisch bei Kopplung an mas-
selose Fermionen. Dank der Einfachheit des modells analysieren wir den Evaporationsprozess
detailliert und reproduzieren eine Hawking-artige Zerfallsrate, die umgekehrt proportional
zur Blasengrofle ist. Das Evaporationsspektrum bestimmen wir semiklassisch tiber die
Analyse der Bogoliubov-Koeffizienten des fermionischen Feldes sowie quantenmechanisch,
indem wir die Blase als hochbesetzten Zustand von Goldstone-Bosonen der gebrochenen
Symmetrie behandeln. Damit folgt der Prozess aus der quantenmechanischen Zerfallsrate
der konstituierenden Goldstones und reproduziert im geeigneten Grenzfall das semiklassis-
che Resultat.

Im zweiten Teil analysieren wir die Quantendynamik eines homogenen Superfluids in
einer relativistischen U(1)-Theorie. Klassische Zustdnde erscheinen quantenmechanisch
als eingekleidete kohédrente Zustinde mit grofer mittlerer Besetzungszahl. Ublicherweise
treiben Quanteneffekte Mehrteilchensysteme durch Riickstreuungen von der Klassizitét
weg. Hier zeigen wir, dass geladene Superfluide — im Gegensatz zu ihren ladungslosen
Gegenstiicken — ihre interne Kohérenz in der Quantentheorie dauerhaft bewahren. Die
Stabilitat belegen wir, indem wir den passenden Zustand als Vakuum des modifizierten
Hamiltonoperators H — ,LLQ konstruieren und seine Dynamik untersuchen; p wirkt als
quantenmechanisches chemisches Potential, Q als U(1)-Ladung. Wir erkliren die Rolle
der nicht-gaufischen Einkleidung, um Stabilitdt jenseits des Baum-Niveaus zu gewéahrleis-
ten. SchlieBlich bestimmen wir das Fluktuationsspektrum von dem Superfluid und priifen
explizit die Existenz einer masselosen Goldstone-Mode bis zur ersten Loop-Ordnung.
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Abstract

The analysis of the quantum dynamics of multiparticle states in quantum field theories,
beyond its general relevance, is of fundamental importance for some particular systems,
such as black holes and other saturated states.

The study of black hole physics has recently led to the identification of a new class
of states in non-gravitational quantum field theories, the so-called saturons. Such states
are characterized by the saturation of the bound for a maximal quantum field theoretic
microstate entropy. It was shown in many examples that saturons exhibit properties com-
pletely analogous to black holes.

In the first part of this work, we study in depth a 1 4+ 1 dimensional example of a
saturon in a renormalizable quantum field theory with a large SU(N) symmetry group.
In this context, the saturon appears as a vacuum bubble of spontaneously broken SU(N)
symmetry within the symmetric vacuum.

The bubble is classically stable, but decays quantum mechanically if coupled to massless
fermions. Thanks to the simplicity of the model, we are able to analyze the evaporation
process in great detail and to reproduce a Hawking-like decay rate inversely proportional
to the bubble size. We compute the evaporation spectrum semiclassically, by performing
an analysis of the Bogoliubov coefficients of the fermionic field, as well as quantum me-
chanically. The latter approach is carried out by studying the bubble at the quantum level
as a highly occupied state of Goldstone bosons of the broken symmetry. Then, the evap-
oration process can be understood in terms of the quantum decay rate of the constituent
Goldstones and reproduces the semiclassical result in the appropriate limit.

In the second part of the thesis, we proceed to analyze in detail the quantum dynamics
of a homogeneous superfluid state in a relativistic U(1) theory. Classical states are resolved
quantum mechanically as dressed coherent states with a large average occupation number.
Generically, one expects that quantum effects drive multiparticle systems away from clas-
sicality due to rescattering of the quantum constituents. Here, we show that, contrary to
their zero-charge counterparts, charged superfluids retain their internal coherence indefi-
nitely in the quantum theory. Stability is shown by explicitly constructing the appropriate
state as the vacuum of the modified Hamiltonian H — ,u@, with p the full-fledged quantum
chemical potential and Q the U (1) charge, and by studying its dynamics. We clarify the
role of the non-Gaussian dressing of the state in order to guarantee its stability beyond
tree level. Finally, we study the spectrum of the fluctuations on top of the superfluid, and
we explicitly check the existence of a gapless Goldstone mode at one-loop order.
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Introduction

The interplay between the quantum dynamics of field theories and their classical counter-
parts is a topic of great interest in its own right. Indeed, a consistent description of the
world requires classicality to emerge autonomously from the more fundamental quantum
field theoretic description of nature, in the appropriate regime. Generally, in quantum
field theory, a classical regime is understood as a weak coupling limit for states with a
large number of constituents [4-6]. For such a class of states, quantum effects are highly
suppressed, while the classical nonlinear dynamics controlled by a finite collective coupling
emerges as a good approximation to the behavior of the system. However, the role of
quantum corrections is far from trivial, and becomes of paramount importance for certain
systems.

The most striking example is probably offered by black hole physics. Classical black
holes are objects of great interest in their own right. Discovered shortly after the formu-
lation of General Relativity, they were established as a robust prediction of the theory
by Penrose’s singularity theorems [7]. Indeed, a black hole is formed whenever a given
energy FE' is localized within a physical size equal to its gravitational radius EG, where G
is Newton’s constant. Classical black holes are characterized by a simple set of proper-
ties. Powerful no-hair theorems restrict their characterization to a handful of parameters,
namely their mass, angular momentum, and gauge charges. It seems that, classically, a
black hole captures a gigantic load of information, which then hides beyond a horizon
whose size can never shrink [8].

Although classical black holes are remarkable objects, they become even more central
in quantum gravity. In a quantum setting, black holes are not only fascinating entities, but
they also play a fundamental role in the UV-completion of the theory itself. If we try to
probe shorter and shorter distances, let us say by scattering two particles, the uncertainty
principle tells us that we necessarily pay an energy price, which gets higher the smaller the
size we are probing. On the other hand, General Relativity tells us that energy gravitates.
Once we put the two together, a fundamental minimal scale, the Planck length L, = VhG,
emerges. Whenever we try to probe smaller distances, the required energy price is so large,
that we necessarily create a black hole, whose size grows larger and larger the smaller the
distance we were originally trying to probe. This sets the Planck length as the minimal
scale of a quantum gravitational theory. Therefore, gravitational UV physics is controlled
by black hole physics [9,10]. At this stage of the discussion, it remains to be understood
the microscopic process that can lead to the formation of a large macroscopic object from
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even a few energetic constituents.

At the same time, the quantum dynamics of black holes turns out to be much richer
than its classical counterpart. Quantum mechanically, black holes are endowed with a
huge entropy, which scales as their area in units of Planck length squared [11]. Moreover,
they are not as black as they are in the classical limit. Semiclassically, Hawking discovered
that black hole radiates thermally, with a temperature inversely proportional to their
radius [12]. This raised many puzzles on how the information stored inside a black hole
could be recovered, the so-called information paradox.

The understanding of all these very surprising aspects of quantum black holes requires
a careful investigation of their quantum dynamics. Indeed, although black holes seem large
macroscopic objects for which quantum corrections are naively negligible, one can argue
that these apparent mysteries can be attacked only by considering them as fully quantum
states within the gravitational, quantum effective field theory. In [13,14], Gia Dvali and
Cesar Gomez offered a fully quantum description of a black hole, the N-portrait, as an
N-gravitons bound state held together by collective interactions at a critical point of a
quantum phase transition. In such a model, one can reproduce all the key properties
of quantum black holes. Classicality emerges in the limit of an infinite number N of
constituents, while the quantum dynamics generates 1/N corrections that are paramount
for the understanding of the quantum properties listed above [15]. For example, these are
the corrections that allow for a consistent retrieval of the black hole information.

Shortly after, it was understood that the key properties of quantum black holes are
shared by a larger class of states in non-gravitational theories, the so-called saturons [16-
21]. Saturated states are multi-particle states that emerge when some theories are pushed
towards their unitarity limit. Saturons can be defined as states that carry the maximal
possible microstate entropy, which is bounded by the relevant inverse quantum coupling
constant, evaluated at the scale of the state. It turns out that they exhibit properties
completely analogous to those of black holes. Their entropy follows an area law, where the
area is measured in units of the Goldstone decay constant of the broken Poincaré symmetry.
Semiclassically, they exhibit an information horizon and radiate at a rate inverse to their
size. Quantum mechanically, information can be retrieved in a macroscopically long time
thanks to 1/S corrections. Most importantly, saturons clarify the role of the area law
entropy. Their large degeneracy perfectly balances the generic exponential suppression
for the creation of multi-particle states from a few energetic particles, leading to their
unsuppressed production in scattering processes at the correct kinematic window. This,
in turn, clarifies the role of black hole entropy in unitarizing the gravitational scattering
amplitudes [17].

Given the discussion above, it is clear that for a generic saturon, as for black holes,
even if they are multiparticle states in a seemingly classical regime, the quantum aspects
of their dynamics are of fundamental importance.

In the first original part of this work, following [2], we study a specific instance of a
saturon in a renormalizable 1 + 1 dinemsional theory. In this controlled setting, we are
able to precisely demonstrate all the relevant properties of saturation, such as the area law
for the microstate entropy. In particular, we reproduce the typical saturon radiation rate
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both with semiclassical and quantum mechanical methods, and we estimate the relevant
quantum corrections, thereby confirming in our setting the universality of the physics of
saturated states. Moreover, this allows us to clarify how the semiclassical dynamics emerges
from quantum mechanical processes, which in turn supports the black hole quantum N-
portrait.

The relevance of quantum corrections to classical dynamics, first considered for grav-
itational systems as black holes and de Sitter [22, 23], was also underlined in many other
physical systems in a classical regime. It was argued on general grounds that quantum
dynamics deviates from its classical trajectory at a quantum timescale named quantum
break-time [23,24]. This phenomenon can be understood as originating from the internal
rescattering of the quantum constituents of a multi-particle "classical" state, which causes a
loss of coherence. For black holes, it was argued that the cumulative effect of such quantum
corrections leads to a complete departure from classicality at Page’s time, and the onset
of the so-called memory burden effect [25-27].

A rigorous understanding of these important phenomena also led to the analysis of such
quantum effects in prototypical systems, initiated in [28,29]. There, Berezhiani, Cintia, and
Zantedeschi resolved a homogeneous real condensate in a relativistic theory of a real scalar
field with quartic interactions as a quantum coherent state of zero momentum particles.
The authors applied the systematic approach of the background field method [30] to confirm
the emergence of a quantum deviation from the classical evolution due to the rescattering of
the constituent particles. There and in subsequent works, they also clarified the importance
of appropriate non-Gaussian dressing in defining a state with physical properties, such as
finiteness of the energy [31].

In the second part of this work, we extend the analysis to a complex U(1) superfluid [3].
We show how the special symmetry properties of a homogeneous superfluid allow for the
definition of a state that is fully stable quantum mechanically. We clarify the role of non-
Gaussianities in preserving coherence, and we discuss the spectrum of fluctuations at one
loop in a consistent approach.

To conclude, we give a quick outline of the thesis.

o In the first chapter, we utilize the kink, the Gross-Neveu model [32] at large- N, and Q-
balls [33,34] to review some fundamental concepts of nonperturbative quantum field
theory and of large-N physics, which shall set the basis for the following discussions.

o In chapter two, we introduce the phenomenon of saturation. First, we give an exten-
sive review of black hole physics, both classically and quantum mechanically. Then,
we discuss the quantum N-portrait, as a quantum mechanical description of black
holes [13]. We proceed to introduce the concept of saturation, highlighting the role
of black holes as prototypical examples of saturated states. Finally, we discuss two
examples of saturons in non-gravitational quantum field theories, as bound states in
the aforementioned Gross-Neveu model and baryons in large-N QCD [16, 19].

e The third and fourth chapters are the core of the thesis. In the third chapter,
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0. Introduction

following [2], we discuss in great depth a model of a saturon as a vacuum bubble in a
1+ 1 dimensional theory with a large global SU(N) symmetry group. We derive all
the characterizing features of saturation. Then, we focus on its radiation properties,
and in the semiclassical large-N limit we reproduce a Hawking-like decay rate, in
full analogy with black holes. We conclude by discussing the quantum timescale of
information retrieval to complete the picture of the bubble as a saturated state.

In the fourth and last chapter, we move to the rigorous study of the quantum dy-
namics of a homogeneous superfluid in a U(1) theory with quartic interactions [3].
After a short review of the background field method as a systematic expansion for
the dynamics of multiparticle states, we apply it to the theory under consideration.
We give a fully quantum definition of the superfluid state; then we proceed to prove
its stability and the finiteness of all its parameters under quantum corrections. We
move on to discuss alternative choices, and we clarify the importance of our specific
choice to ensure stability. Finally, we analyze the one-loop spectrum of fluctuations,
confirming the existence of a gapless Goldstone mode.



Chapter 1

Non-perturbative configurations in
quantum field theories

In this chapter, we introduce many of the basic ingredients that we are going to need in
the rest of the thesis. Namely, we are going to discuss some instances of non-perturbative
classical configurations in various relativistic field theories, and their quantization. On one
hand, states of this kind are prototypical examples of bound-states kept together by self-
interactions in a regime where strong classical nonlinearities are important. On the other
hand, such configurations exist at weak quantum coupling, and hence are amenable to a
perturbative quantum description in terms of a large number of weakly coupled quantum
constituents.

First, we will focus on the theories that admit topological solitons, namely solitonic con-
figurations whose stability can be understood in terms of the conservation of a topological
charge. In particular, we will explore two 1+ 1 dimensional examples, the A¢?* theory and
the Gross-Neveu model at large N [32]. These offer a perfect opportunity to introduce all
the necessary concepts to understand the key features of topological configurations, and
the connection between the classical profiles and the quantum states to which they are
connected in the corresponding quantum field theory.

Subsequently, we will discuss Q-balls [33], the prototypical example of non-topological soli-
tons. Albeit similar to the previous examples for the role that classical nonlinearities play
in ensuring their stability, Q-ball-like solutions are protected not thanks to topology but
thanks to a Noether charge with which they are endowed. Their description will be impor-
tant to offer an easier understanding of the example of a saturon which is the main focus
of chapter 3.



2 1. Non-perturbative configurations in quantum field theories

1.1 The 1+1 dimensional kink

To introduce the concept of topological solitons, in this chapter, we will study at length a
very specific 141 dimensional theory of a single scalar field ¢. The Lagrangian reads:

Lo A
L= 50,60"0 — (& — ). (L1)

Since the mass squared parameter m? = \v? is negative, the theory admits two degenerate
vacua, ¢ = +v. The Zy symmetry is then spontaneously broken. Perturbatively, the theory
consists of fluctuations around one of the two vacua. However, the classical equations
of motion admit static solutions ¢ (z) that asymptotically interpolate between different
vacua, namely ¢y (£o00) = tv. These solutions represent stable, non-perturbative objects
which strongly enrich the spectrum of the theory, both classically and, as we will see,
quantum mechanically.
To find such solutions, one can consider the equations of motion:

O¢p —V'(¢) =0, (1.2)

and restrict oneself to the static configurations with ¢ = 0. The minimization of the action,
for static configurations, reduces to the minimization of the static energy:

fo / dx [ 2L v(e)| (1.3)

which leads to the equation

26 —V'(¢) =0. (14)

An equation of this kind can be interpreted as a one-dimensional mechanical system, where
the x coordinate plays the role of the "time". Then, the energy plays the role of an integral
of motion, and the solution can be obtained explicitly. "Energy" conservation gives,

¢'(x) =2V (z), (1.5)

which leads to
(1.6)

x—xo—/xo \/T

After integration, we obtain the so-called kink (or respectively anti-kink) solution:

(@) = ivtanh<ﬁ<x—mo)> (1.7)

Here, xq is an arbitrary parameter, which represents the position of the object. To
obtain a finite energy state, we needed to impose the boundary conditions ¢(+00) = +v.
The mass is readily obtained by integration:

M, = /dx By p)? /deV _2‘!72, (1.8)
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Figure 1.1: The classical kink (blue) and its energy density (green).

where we made use of the equations of motion.

The non-perturbative nature of the kink can be seen from the behaviour of its mass.
Indeed, we can observe that its mass is inversely proportional to the dimensionless coupling
of the theory, M ~ m?/\. This shall have an important meaning when we analyze the
quantum theory. In particular, this means that if the theory is weakly coupled, the kink
becomes a highly massive, rigid object, whose mass scale is much higher than the mass of
the fundamental particle of the theory. On the other hand, the kink can become light if the
theory approaches strong coupling. We will comment on this further in the next sections.
To sum up, we found a fully non-perturbative static inhomogeneous field configuration.
Now, we turn on investigating its properties, beginning with its stability properties.

1.1.1 Stability of the kink and topological charge

In this section, we prove the stability of the kink solution under perturbations, and we
comment on the underlying fundamental reasons beyond it. First, let us observe that, in
order to have finite energy, we needed our solution to go asymptotically to a point in the
vacuum manifold Zy. Once this is established, let us consider its stability properties. In
the specific case of a kink, we can prove its stability explicitly thanks to its saturation
of the so-called Bogomolny bound on the energy [35]. Let us consider the energy of an
arbitrary, static configuration:

E= i [;(W +V(0)] (1.9)

By adding and subtracting ¢’'v/2V, we can rewrite the energy as a perfect square, plus a
residual term:

B [ae{y (0 =V o 2@ = | aayavio) = | [ a0 Vo)
)

(1.10
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This shows immediately that the energy is minimized, for the given boundary conditions,
by solutions of the first-order equation:

¢ F\2V(0) =0, (1.11)

namely, the kink itself. Of course, the bound then gets saturated by the kink mass.
Solutions that saturate Bogomolny-type of bounds are called BPS solutions [35, 36], and
play a special role in many theories, thanks to their inherent simplicity. Moreover, the deep
property of them satisfying a first-order equation has deep connections to supersymmetry
[37]. For the moment, however, we will not comment further in this direction.

Having proved the kink stability, let us now give a more powerful argument (see, for
example, [38,39] for a review), which will also furnish us with a clear picture of the generic
reason beyond this type of stable solutions. Let us consider the topological structure of
the vacuum manifold. In particular, let us imagine a process where the kink were to decay
in any finite energy state on top of one of the vacua of the theory. Since the asymptotic
values of the field at infinity for the kink are not continuously connected to the ones of
a symmetry-broken vacuum of the theory, such a process would require overcoming an
infinitely high energy barrier. Indeed, the field would need to be outside of a vacuum
for an infinitely large volume; this of course costs infinite energy and makes the process
impossible, both classically and quantum mechanically. A solution that is stable thanks to
the topological properties of the vacuum manifold of the theory is said to be a topological
soliton.

We can make the stability evident by defining a topological current, and its associated
topological charge. Let us consider the quantity

Jy = €0 (1.12)

Such a current may, at first sight, appear trivial, since it is conserved without the field
necessarily being on-shell:
o"J,=0. (1.13)

However, when considering the associated charge, we observe that it captures the nontrivial
information about the asymptotic behaviour of the filled profiles:

Q= /O:O dzJ0 = /O:O 10,6 = [3(00) — $(—00)] . (1.14)

We see that the charge can take values in Z,. Its conservation shows that a kink acquires
a conserved topological number, which supports its stability against decaying into the
vacuum. In other words, fluctuations on top of a kink live in a different superselection
sector with respect to vacuum fluctuations. It can be shown how, quantum mechanically,
this type of topological stability can be rephrased in terms of an infinite occupation number
of zero-momentum quanta [40].

We close this section with a discussion on how to generalize the concept of a topological
charge to a generic theory in an arbitrary number d = D+ 1 of dimensions. Let us suppose
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that a given theory of a field ¢ has a potential whose vacuum manifold is given by the
manifold U. Normally, nontrivial vacuum manifolds appear thanks to symmetry breaking.
Then, by symmetry, U will be a so-called symmetric space, namely, it can be written as a
coset space U = G/H, where G is the symmetry group of the theory and H the unbroken
subgroup. Finiteness of energy requires the field to approach the vacuum manifold asymp-
totically. In analogy to what has been discussed before, a configuration can be stable if
it is impossible to continuously deform it into another one without remaining in the vac-
uum manifold. Thus, we can classify topological sectors by the group of continuous maps
from the sphere at spatial infinity to the vacuum manifold, ¢(z) : S — U, quotiented
by continuous transformations. This is, by definition the D-th Homotopy group of the
vacuum manifold U, usually denoted by 7p(U). In the case of theories with gauge fields,
similar considerations lead to an analogous classification for gauged topological defects like
Nielsen-Olesen strings [41] or 't Hooft-Polyakov magnetic monopoles [42,43].

1.1.2 Zero modes and Poincaré symmetry breaking

In this section, we analyze the properties of the kink solution with respect to Lorentz
invariance. A kink, like all localized stable configurations, spontaneously breaks Poincaré
invariance. In particular, it breaks both translations and boosts. At the classical level,
indeed, the kink is parametrized by its center of mass, xy, whose variation gives rise to
a one-parameter family of distinct solutions, degenerate in energy. Moreover, by Lorentz
invariance, we can boost the kink profile to obtain a kink moving at an arbitrary velocity
v:
m

?(x) = tovtanh (T — vt — . 1.15
5i(x) (T3 ) (115
This boosted kink has the corresponding energy

E} =~,Mj . (1.16)

We already see from this analysis that we should be able to effectively describe the kink
with an effective Lagrangian of a relativistic particle, as long as the interactions with other
modes of the field can be neglected. We will show below that indeed this is the case.

Since there is a broken symmetry, we should identify the corresponding Goldstone mode.
We can identify it by expanding around our "vacuum' kink solution, in the direction of
the broken symmetry. Since we are breaking translational invariance, this amounts to an
infinitesimal shift of the kink in the x direction. We are thus led to consider the following
mode:

Or(z +1(t) = du(z) + ¢ (z)n(t). (1.17)

This shows that the Goldstone mode emerging from the broken translational invariance
has a wavefunction proportional to the derivative of the kink solution. Its significance is
clear: the Goldstone mode characterizes the motion in space of the kink itself. For this
reason, we will refer to it, as customary, as the translational modulus, since it is the mode
that parametrizes the position in space of an arbitrary moving kink state. Let us show
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that its dynamics matches the physical picture. We can expand the original field-theoretic
Lagrangian in the direction in field space corresponding to the translational modulus. Since
the kink is a classical solution, its first-order variation vanishes. Expanding at quadratic
order and integrating over the x coordinate, we obtain:

Szfiwﬂ—(;f+VwW)+;@@%ﬂciﬂﬁP@CJ+;ﬁﬂ- (1.18)

This is the Lagrangian of a slowly moving, non-relativistic particle of the mass of the kink!
It represents the low-energy effective Lagrangian of the zero-mode of broken translational
invariance. In the next sections, we will discuss its cutoff in terms of the energy gap of the
zero modes with respect to the other excited modes on top of the kink.

Let us make an important remark. Normally, in theories where the broken symme-
try commutes with Lorentz invariance, the low-energy effective field theory lives on the
same space where the original field theory lives. However, this changes for low-energy
theories emerging from broken translational invariance. In full generality, let us imagine
an arbitrary defect in a D + 1-dimensional quantum field theory, which breaks p of the
D translational directions. For example, we can think about a domain wall, or a string-
theoretic D-brane. Then, the zero modes correspond to fluctuations of the object itself in
the directions orthogonal to it. Namely, there are gapless fields living on the D — p + 1
dimensional world-volume theory of the objects. In our examples, these would be trans-
verse relativistic "sound waves' for the domain wall, or a subset of open string modes on
the D-brane DBI theory. The usual shift-translational invariance, which translates into
derivative interactions, reflects the fact that the position of the defect itself is arbitrary,
and cannot influence the dynamics. For the kink, the only remaining unbroken direction
is time translations. Therefore, the corresponding Goldstone mode lives on a 0 4 1 dimen-
sional, quantum mechanical theory. Finally, let us remark that the meaning of gaplessness
needs to be interpreted appropriately in the light of the lower-dimensional theory: in the
kink case, gaplessness means that the energy of a moving kink reduces to the "ground
state" energy of the static kink continuously, in the zero momentum limit.

Let us now describe the symmetry-breaking process in quantum mechanical terms. Let
us denote the quantum state corresponding to a localized kink by |¢y). Let us also consider
the kink as a very heavy object, in such a way that a localized state in a region of order of
its size L is a good approximate vacuum. As we will show later, this amounts to considering
the kink in the weak coupling limit, where it is highly classical. Then, as customary, we
define the order parameter for a broken symmetry as the variation 60, of an operator O,
which has non-zero expectation value on the vacuum under consideration:

(0x]00] 1) # 0. (1.19)
The relevant operator is clearly the field itself 0= c;AS Indeed, its variation &CQAS satisfies
(dk|0=0|¢1) # 0. (1.20)

Correspondingly, the integrated quantity
Mf:/m@mm, (1.21)
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is exactly the norm (squared) of the associated zero mode, and together with the size of
the object L ~ 1/m it sets the scale fp of the broken Poincaré symmetry: f3 = N, L.
This can be shown even more explicitly from the quantum field theoretic definition of
Goldstone decay constant: given a broken symmetry with current J, and a Goldstone
state with momentum p |7(p)), we define a generic decay constant f as:

(01,(0) |7 (p)) = ifpy - (1.22)

For us, the current is the space-translation part of the energy momentum tensor: 7),;. The
(approximate) vacuum state is the localized kink solution, so we want to evaluate T},; along

the normalized zero mode direction, namely for ¢(x) = ¢y (x +n(t)/\/ ¢ (a:)) Since our
theory lives on the world-volume, the quantity to consider is the charge. We get at first
order, for canonically normalized 7n:

Tor = (Ou ) (1.23)

Comparing with the usual expression for the decay constant for a Goldstone boson T,
J, = fd,m, and taking into account that [(¢')? = M), = /\/’772, we obtain the formula above:

fp=N,L. (1.24)

1.1.3 The quantum kink

In this section, we discuss the meaning of the kink solution within the quantized version
of the theory. There are many ways to understand the role that kink states play in the
quantum theory, all of which are different points of view that turn out to be equivalent
to each other in the appropriate regime. First, we discuss the standard background field
method, namely the quantization of the kink fluctuations on the top of the kink background
[44]. We shall comment on its connection to the coherent state picture for multiparticle
configurations. In the last part, we will discuss a semiclassical, WKB-like approach to
obtain the quantum spectrum of a theory with classical bound states. Then, we will show
how to apply it to non-perturbative solutions in a theory closely related to the A¢* theory,
the so-called Sine-Gordon theory, where such methods can be fruitfully used to obtain its
complete spectrum [45].

The first way to analyze the kink is through the quantization of its fluctuations. This
amounts to expanding our original quantum field in a generic profile perturbing the kink
classical background

o(z) = ¢i(x) + 5¢(x). (1.25)
Before proceeding, let us remark that at weak coupling the kink is indeed a quasi-
classical object. Indeed, an object can be expected to be classical if its Compton wavelength

Ae is much smaller than its actual size L. For the kink, the ratio between the two is
controlled exactly by the coupling of the theory:

L~ < (1.26)
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Correspondingly, the kink can be understood as a highly occupied "classical" state, kept
together by collective interactions [13,38,40].

In the background field method, we want to quantize the operator 5(&. Let us take
a perturbative, weak-field approach. To this end, we expand the original Lagrangian for
small d¢ (we drop the hat from now on). Since we are expanding around a classical solution,
there can be no linear tadpoles, and we obtain a quadratic theory for the fluctuation field:

Lsy = /dzx B (8M6¢)2 — ;V” (¢r) 00*| + Lins - (1.27)

To quantize, we need to obtain the mode expansion that corresponds to harmonic oscilla-
tors. Therefore, we expand a generic profile as:

0p(x,t) = c;fi(x)e ™" +h.c.. (1.28)

Note that since the kink is breaking translational invariance, the index j, is not labelled
by momentum. It can, of course, have both a continuum and a discrete range. The mode
wavefunctions f; solve the static equation:

Vo] ) =20 (1.29)

dax?

Then, one can promote the coefficients c;’s to ladder operators, which satisfy the canon-
ical commutation relations, and the Hamiltonian assumes the canonical form

1
H = ij (2 + c;c]) + Hyp . (1.30)
J

Let us analyze the spectrum further. First, we know there cannot be any negative
wjz. Modes with imaginary frequencies would correspond to tachyons, and would signal an
instability of the background. However, we proved above that the kink is stable; therefore,
these types of modes are excluded. There has to be, however, a zero frequency mode: this
is exactly the zero mode coming from the breaking of translational invariance discussed in
the previous section. By taking the z derivative of the equations of motion for the kink

p V(o) =0, (1.31)

we see that the zero mode fy = n = ¢'(z) is indeed a zero frequency solution:

& + V" (o) d¢ =0 (1.32)
dx? M) deF T '
We remark again that this mode does not correspond to an oscillator; instead, its Hamil-
tonian is that of a free particle on mass M),

1

Hy = 5M,g?'f. (1.33)
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The zero mode dynamics gives us a first confirmation of the classicality condition. The
ground state of the center of mass coordinate of the kink 7 is, by translational invariance,
completely delocalized for any finite mass of the kink. However, for very large values of the
mass, the energy cost of localizing the wavepacket gets increasingly smaller, and a localized
classical kink is a progressively better approximation of the associated quantum state.

As the next step, let us clarify what the physical meaning is beyond a decomposition
of the form (1.25). Such a splitting of the quantum field into a classical solution and a
fluctuation field can be seen as a canonical transformation:

6= r + 00 (1.34)
A=7. (1.35)

[e%)

In particular, there exists a unitary operator that relates the fluctuation field (5& to the

original field ¢. Under this transformation, the Hamiltonian transforms accordingly [46]:

oH (
T

H(py, + 0¢,07] = By + (;I;(qbk, T3)060 + < (0r, T)OF + H[6, 7], (1.36)

where H[6¢,0%] is the Hamiltonian for the fluctuation fields. This corresponds to the
Hamiltonian that one obtains by plugging the field transformation into the Lagrangian
and dropping the total derivatives that appear using the equations of motion, and is the
one governing the evolution for d¢ and the corresponding momentum. Thanks to the
Hamilton equations and the staticity of the solution, the linear terms vanish, so we end up
with:

H(¢p + 00,07 = Ey, + H[66, 7). (1.37)

This allows us to define the kink state as the ground state of the operator H. Then,
equation (1.37) tells us that the kink state as defined is indeed an eigenstate of the original
Hamiltonian H, with classical energy E,. Note that this refers to the true ground state of
H, which, as commented, has the zero mode sitting in a momentum eigenstate. A localized
kink should be thought of as a wave packet with a typical size of the order of the kink size.
Note also the role of the stationarity of the kink solution: for a nontrivial, time-dependent,
classical solution, the linear terms in (1.37) in general have a nontrivial effect. Moreover,
for more generic profiles, H is itself time-dependent, and as such, no clear definition of a
ground state exists. This will become important in chapter 4, when discussing relativistic
superfluids.

In a perturbative approach, we can approximate the vacuum of H as the vacuum of the
quadratic theory of the fluctuations. In this setting, we can explicitly understand the kink
as a squeezed coherent state |¢x) on top of the fundamental vacuum [31]. Such a state
satisfies <<Z5k|<23|¢k> = ¢, and minimizes the energy of quadratic fluctuations.

It is instructive to use our previous discussion to show how one can calculate loop
corrections to the kink mass [44]. We will follow the review of [39]. As expected, it will turn
out that these are finite, once we add the counterterms used to regulate UV-divergences
to the bare Lagrangian.
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By looking at (1.30), the one-loop shift in the kink energy is naively divergent, and
given by:

1
0B =52 w. (1.38)
J

However, we need to remember that the vacuum of the theory has itself a divergent vacuum
energy. Hence, the quantity of interest is:

1 v
0By = (Z wi— S wh )) , (1.39)
J k

where w,(f) = v/2m? + k? are the frequencies given by the dispersion relations for the modes
in the vacuum. To proceed further, we need more details on the spectrum of fluctuations
around the kink, these can be found, for example, in [39]. Here, we just state the results.
Besides the zero mode, there’s a single bound state with frequency w? = 3m?/2, and
then a continuum of modes with frequencies w, = v/2m? + k? labelled by the asymptotic
momentum k. The details of the continuum modes are unimportant; the only property
that is relevant for our purposes is that, compared with free plane waves, they undergo a
phase shift at infinity given by

5(k) = —2arctan (mmk> |

14
2 m?2—k? (1.40)

Let us now regulate the space with an IR cutoff L. Then, the momenta of the continuum
modes for the kink excitations and for the vacuum get discretized as:

koL — 6(k,) = mn (1.41)
kWL = 7. (1.42)

We see that the difference of the two respective momenta labeled by the same n is
infinitesimally small for large L: Ak, = k, — k") = §(k,)/L. We can now calculate (1.39):

B =Y (,/Qm2 R —om? + kﬁf’”) . (1.43)

Expanding in series for small §(k,)/L and converting the sum back to an integral in the

L — oo limit, we obtain:
1 g0 ké(k)
- dk ———. 1.44
27 Jo VEZ2 + 2m? ( )
This integral can be evaluated. Taking into account also the contribution of the bound
state, it can be shown that one obtains:

V6 3v2 3v2m oo dk
5 = (L2 B2 B .
20 Jo  Ak?2 4+ 2m?

1.4
12 2m (1.45)
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Observe that, in addition to a finite term, a divergent contribution is still present. Nicely
enough, this perfectly cancels with the divergent contribution coming from the countert-
erms. Indeed, the counterterm Lagrangian is

1
Lo = / da Somg* (1.46)
which leads to an energy contribution of the form:
1
0B, = —iémz/daﬁ or(z)?. (1.47)

The counterterm dm? can be obtained by the one-loop correction to the propagator,
and it reads:

om? (1.48)

_3A /00 dk

2o VEZ+om2
We observe that dFE.; conspires to exactly cancel the divergence in the one-loop kink

energy (1.45). We can state the final, finite correction to the energy in the dimensionless

coupling \/m?
2\/§ m3 (\/6 3\/§>
= - T m.

1.4
12 2m (1.49)

B =2V

T30

This notable result shows, among other things, how a consistent definition of a non-

trivial quantum state results in finite-energy properties even when taking into account loop

corrections. We will see how something similar happens for a time-dependent non-trivial
U(1) superfluid state in chapter 4.

1.1.4 Quantum kinks: the WKB approximation

In this section, we discuss an alternative way to connect a class of classical solutions
to corresponding quantum bound states in the corresponding quantum field theory. The
approach, due to Dashen Hasslacher and Neveu (DHN) [44,45,47,48], consists of developing
an extension of the WKB approximation to a quantum field theoretic setting. This allows
us to connect periodic, "bounded" solutions in the field space to actual bound states in the
theory. As it is common for semiclassical approximations, in general, it is expected to be
more precise the larger the classical action of the solution under consideration is in units
of h. Nevertheless, in some situations it can even lead to exact results.

In this section, we will introduce the method in the context of the 14+1 dimensional
Sine-Gordon theory, a close relative of the A\¢* theory discussed above. Compared to the
latter, the Sine-Gordon theory has a richer nontrivial spectrum, where WKB methods can
be exemplified with more clarity. The Sine-Gordon Lagrangian is that of a bosonic field,
endowed with a periodic potential:

m

1 4 A
L= iaugb@qb“ - (cos <\T/n_¢> — 1) ) (1.50)
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It is immediately clear that the vacuum manifold of this theory is Z; correspondingly,
topologically nontrivial configurations that interpolate between different vacua carry a Z-
valued topological charge. It can be shown by trivial integration, that the Sine-Gordon
equivalent of the kink solution in A¢? is given by:

o(x) = 2—vtaun_1 [em(””_x(’)] . (1.51)
T

However, Sine-Gordon admits more nontrivial nonperturbative solutions. In particular,
by considering a kink anti-kink superposition, one can obtain a family of classical profiles
that represent classical bound states of a kink and an anti-kink: the so-called breather
solutions. They are parametrized by a continuous parameter s, and they read:

~1
2v 1)1 mst mx
s(r,t) = —tan " { —sin [ ——| |cosh | —— . 1.52
ds(e:1) T {S <\/1—|—52>[ (\/1+82>] } (1.52)
These solutions carry no topological charge, and correspondingly they need to have a
nontrivial time dependence in order to be non-dispersive. However, their time evolution is
purely periodic with period T' = 27v/1 + s%/ms, i.e., they track closed orbits in the field

space. Their mass is

M, = (1.53)
Intuitively, one would expect that, once we move to the quantum theory, this continuous
family of closed orbits would translate into a discrete set of bound states. We now introduce
the WKB formalism needed to show it. In the following, we will mainly follow the original
papers and [39)].

First, let us understand intuitively how a semiclassical quantization procedure works.
Let us consider a one-dimensional quantum mechanical system, whose classical counterpart
admits periodic solutions of energy F and period T(E). Let us denote the action of these
solutions as S(F). Semiclassically, such a family of orbits will generate a discrete set of
bound states satisfying the condition:

/Tp(q)dq =27mn, (1.54)

where the integration is taken on one period of oscillation. Note, that the above con-
dition can be rewritten in terms of the action. From

/Tpdq - /qu'dt - /T (H + £)dt = ET(E) + S(E) = 2mn. (1.55)

Now, we immediately see how the WKB condition can be extended to field theory. For a
family of periodic solutions of energy E, period T'(E) and action S(E), we need to impose:

/T drdt (H + L) = ET(E) + S(E) = 2mn . (1.56)
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Let us apply this condition to the breather. The on-shell action reads:

S(T) = 327;7”2 {cosl (ZTT) _ l(”;:)Q _ 1] _1} . (1.57)

The quantization condition (1.56) gives us the following spectrum for the breathers:

16m3 . n
M, = Y sin <16m2> : (1.58)

Before proceeding with a more formal argument for (1.56), we can ask ourselves as a
trivial check if we can reproduce the continuum of states corresponding to the kink itself
moving with velocity v using the approach above. Indeed, such a treatment is possible. To
this end, let us for a moment compactify the space in a torus or radius L. Then, we expect
the momenta to become discrete. Indeed, let us consider a kink in motion. This will be
a periodic solution, with energy £ = My, and period T" = L/v. Then, a straightforward
application of (1.56), gives us the quantization condition for momenta:

re—— 2mn

Now, we can turn on proving (1.56) more rigorously. The idea of DHN in [47], was to
consider the trace of the resolvent operator:

| 1 S
GE) =Tr e = Y o = iTr/O dTelE-HT (1.60)

The quantity Tre 7 can itself be represented through a path integral with periodic

boundary conditions of period T'. This allows us to write the resolvent as:

G(E) = /0 Sar /T Dg]lSW+ET) (1.61)

Bound state energies correspond to poles of the resolvent. To obtain them, we can
proceed semiclassically, evaluating the integral above in a saddle point approximation.
The full proper WKB requires expanding the action at quadratic order around all classical
solutions ¢, which have periodicity T, or an integer divisor of T', and performing the
Gaussian integral. This has to be performed case by case, and gives one-loop corrections
to (1.56). Here, we perform a cruder approximation. We can estimate the dominant
contribution to both integrals as the value of the integrand at the saddle. Then, we
estimate the path integral as [ D[¢]e’® ~ e¥#al. The second integral gives us a condition
that connects the energy with the classical action: dSy(T')/dT = —E,. This forces the
period T' to be the one corresponding to the solution ¢.. Finally, we need to take into
account that each classical solution of period T, also contributes to all the path-integrals
with periodic boundary conditions equal to nT', for an arbitrary integer n. Consequently,
we can express G(FE), modulo a dimensionful scale, as:



14 1. Non-perturbative configurations in quantum field theories

o nlSa(B)-ET(B)] _ N~ guw(E) _ )
~ M[Scl - . mn —
G(E) N;e .—;e = v (1.62)
We can now identify the poles of G(E): they appear exactly when:
Sa(F) — ET(E) = 2mn. (1.63)

This proves (1.56). Of course, the full WKB treatment would require the evaluation of the
Gaussian integral. That would amount to correcting the tree-level classical energy with
the one-loop contribution given by the sum of the zero point energies w;/2 for the sum
of all the i-th modes on top of the classical background, and treating the UV-divergences
with the counterterm Lagrangian, similar to what we did for the static kink profile in the
previous section, but taking into accunt the periodicity in time of the solution [49]:

S(pa) + Set(pa) + T (E(¢cz) + Et(¢a) + ; sz> =2mn, (1.64)

where we included in E.; also the counterterm that renormalizes the zero point energy. In
the case of the Sine-Gordon model, DHN [45] were able to show that this amounts only to
a redefinition of the coupling constant in (1.58):

RN <1 A>1 | (1.65)

m m 8mm?2

In the next chapter, we will report how the same method has been used by the same
authors in another interesting 141-dimensional model, the so-called Gross-Neveu model at
large N, to obtain the exact spectrum of bound states. This will be relevant for chapter 2,
when we will discuss the phenomenon of saturation and give some examples of saturated
states.

1.2 The 1+1-dimensional Gross-NNeveu model

In this section, we briefly discuss the basic properties of another non-trivial 1+1-dimensional
model, the Gross-Neveu model [32]. The reasons for dedicating some time to it are numer-
ous. First, it will endow us, in chapter 2, with a prominent example of a theory exhibiting
the phenomenon of saturation in a controlled setting. Second, it allows us to briefly discuss
the power of large-N physics. Large-IN theories, as we will see, will play an important role
in both chapter 2 and chapter 3. Finally, it is a beautiful example of an integrable theory,
where the methods exposed in the previous subsection had a great impact in understanding
its properties [48]. The Gross-Neveu model is defined by the following Lagrangian of a set
of N fermionic Dirac fields 1 in the fundamental representation of a global SU(N) group.

£ =it + L (Ga)’ (1.66)
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It becomes of particular interest in the limit where the number of flavours N goes to
infinity. Indeed, the so-called large-N limit makes the theory simpler. To understand the
essence of this phenomenon, we first need to clarify how the N — oo limit is taken. Indeed,
a perturbative analysis immediately shows that perturbative unitarity would be lost if N
were taken to infinity at fixed coupling ¢?. This follows from the structure of the loop
expansion: adding additional loops leads to additional factors of N from the traces over
the flavour space. Clearly, this implies that the series explodes, and the loop expansion
breaks down immediately. To define a sensible limit, we are thus led to the renowned 't
Hooft limit [50], where we take simultaneously:

N — o0, ¢>—0, ¢°N:=)\ finite. (1.67)

The quantity A is called the 't Hooft coupling, and controls the now convergent (actually,
asymptotic) loop expansion in the large-N limit. Let us now clarify the significance of
such a limit and why it is so convenient. This can be shown in a simple form in the path
integral approach. Let us consider, for example, the partition function:

Z = /D[zp]e%sm. (1.68)

We can perform a rescaling of the fields, to bring the quantum coupling outside of the
action. From now on, we omit the flavour index 7. If we consider ¢’ = g, the action takes
the form

S = 912 / e [izb’@w’ + ; (&%) 2} - ]AV / e [m'é%// + ; (@z)’@z/f] . (1.69)

This implies that, in the limit of N — oo at fixed A\, we are actually making the theory
semiclassical! The path integral will be strongly dominated by saddle points, and higher-
order quantum corrections will be suppressed by powers of 1/N. In the next chapter 2,
we will briefly see how a similar approach allows us to gain great control also in a QCD
setting, in the limit with a large number of colors.

Here, we can use the power of large-N to show that the Gross-Neveu model exhibits
the important phenomenon of dimensional transmutation. At the same time, we will show
that the fermion bilinear condenses in the vacuum, and that correspondingly the fermions
acquire a mass. To this end, it is useful to introduce an auxiliary field o, performing a
so-called Hubbard Stratonovic transformation [51]. We rewrite the Lagrangian as:

The field o is non-dynamical, and integration over D[] gives the constraint: o = i and
restores the original Gross-Neveu Lagrangian. The advantage of such a formulation is that
the Lagrangian is now quadratic in the fermionic fields. We can use this property to argue
that o, or equivalently the fermionic bilinear ;9", develops a vacuum expectation value.
At the same time, we will see that the effective potential tells us how to renormalize the
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coupling, making the theory asymptotically free. Let us calculate the effective potential for
0. Assuming a constant field configuration ¢ = const and integrating over the quadratic
Lagrangian for the fermionic fields, we obtain:

/D D[, ) exp [iS] = /D exp{ ;\;\02} /D[@,w] exp [1/1; (i$+a) 2/1] (1.71)
= /D[J] exp {—i/ é\;\gQ + Trln <1$ + O’):| . (1.72)

Taking the fermionic trace gives us the effective potential:

V()*—a —N/ d2p1 (p t”) (1.73)

Notice that the potential is controlled by an N prefactor. This shows that a saddle
point around the minimum of such a potential has fluctuations suppressed by 1/N, which
vanish in the large- N limit. Thus, the minimization of the effective potential gives the exact
result for N ' — oco. It remains to renormalize V. The integral (1.73) is logarithmically
divergent as

(0 /47) [1 4+ In(A*/0?)] | (1.74)
in terms of a UV cutoff A. It can be made convergent by defining the renormalized 't Hooft

coupling at scale u:
111 12
——=—+—1 — . 1.75

Ng) A an s <A2> (1.75)

Then, the effective potential takes the finite form:

ol o

This tells us two things. First, it exhibits the phenomenon of dimensional transmutation
very transparently. By minimizing (1.76), we see that ¢ develops a vacuum expectation
value at a scale exponentially smaller than the cutoff:

oo = pe ™AW (1.77)

By imposing that the scale oy is physical, and hence a RG-invariant quantity, we traded
a dimensionless coupling with a dimensionful scale. This allows us to rewrite the effective
potential in terms of the physical scale:

V(o) = No® (maz - 1) . (1.78)

2
dr op

Note that the v.e.v of ¢ also gives a mass to the fermionic fields.
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Moreover, the invariance of oy under changes of i defines the beta function:

BN

= dinp W) = . (1.79)

Since [ is negative, the coupling constant decreases with energy. The Gross-Neveu
model is thus asymptotically free, and a well-defined theory at all energies.

One can do more: Dashen Hasslacher and Neveu were able to find explicit space-
dependent solutions for profiles of the o field, coupled to the fermions [48]. This allowed
them to apply the WKB method discussed in the previous section to obtain the semiclassi-
cal bound-state spectrum of the theory. In large- N, the semiclassical spectrum is expected
to become exact. We do not report here the derivation since it is extremely technical;
however, we report the results. It turns out that the model exhibits an N-controlled tower
of bound states, labelled by n = 1,...N, with masses

2N n T
M, = op—sin | —— | . 1.80

g o (N 2) ( )
Of course, the mass of the fundamental fermion, m; = oy, is recovered for n = 1. These
bound states are degenerate, with high degeneracy. Their entropy is:

T nl2N — )l (1.81)

e

This fact, as we will see in the next chapter, was crucial for Dvali and Sakhelashvili to
connect the top bound state to the phenomenon of saturation [19].

1.3 Non-topological solitons: Q-balls

In this section, we discuss the basics of another type of non-perturbative configurations,
so-called Q-balls, that appear in field theory. Their characteristics carry many similarities
with the type of solutions that are the main focus of chapter 3, and as such are a good
setting to demonstrate some of their properties. Q-balls are stable solutions of interacting
quantum field theories, which, unlike the topological solitons discussed above, are protected
by a Noether charge. They were first introduced by Lee and Wick, and others [33,52]. In
this section, we mainly follow the discussion of Coleman in [34], and the very nice review
of Lee and Pang [53]. The prototypical example of a theory admitting Q-balls is one of a
complex scalar ¢, admitting a U(1) symmetry. For the moment, let us leave the potential
U(|¢|) fairly generic. The Lagrangian is:

L=0,0'0"6—-U(9l). (1.82)

Let us also set ourselves in d = 3 + 1. We look for charged solutions of the form:

dla) = e“o(r), (1.83)



18 1. Non-perturbative configurations in quantum field theories

V(9)

Figure 1.2: A typical potential that admits Q-ball solutions

where w is a frequency of oscillation, which for the moment we leave unspecified, and we
assume spherical symmetry. Intuitively, such solutions can be imagined as a multiparticle
state with a high number of charged particles, held together by collective self-interactions.
In particular, for any configuration one can use the U(1) charge to count the particle
number:

N=Q-= i/d% (676 — d0) . (1.84)

For a Q-ball-like profile, the expression above specifies to

Q= w/d3x<p2(r) : (1.85)

To understand the appearance of Q-ball profiles with finite size, let us plug the ansatz
(1.83) in the original Lagrangian to obtain an effective Lagrangian for ¢. The effect of the
phase rotation is to generate an effective potential )V, by the addition of an extra term of
the form w(@), which resembles a grand-canonical potential:

Leg = 0,010"p = U(p) + w?p? = 0,010"0 = V() . (1.86)
We can readily obtain the equations of motion in spherical coordinates. They read:

0? 20 , s

w@‘F;E@—U(@)—Fw gO—O. (187)
The existence of a Q-ball solution is reduced to a one-dimensional mechanical problem
of a particle moving in the inverted potential —U + p?w?/2 with respect to the "time" 7.
The first derivative term can be understood as a "time" dependent friction contribution.
For a generic potential, the existence of a Q-ball amounts to the existence of a solution
to eq (1.87) which starts at a certain value of the field ¢* at r = 0, and reaches ¢ = 0
at infinite "time" r = oo with zero velocity. For this to happen, we need some conditions
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on the potential U and on w. To have any hope, we would like the shape of the potential
to look similar to Fig. 1.2, namely to have a metastable minimum at a given |¢| # 0. To
this end, we require the coefficient of the quadratic term, let us call it m?2, to be positive
and to dominate over w, m > w. This is of course not sufficient, since we also want the
new minimum to be metastable and not absolutely stable. If we denote by ¢y the new
minimum, the latter condition amounts to requiring

w? > 2U o)/t := wp . (1.88)

Under these conditions, the existence of a solution with the properties described above can
be seen from Coleman’s undershoot/overshoot argument [34]. If we imagine releasing a
ball at a given starting point ¢* in our auxiliary one-dimensional system, the ball will start
rolling down the potential hill, and then climb up again. Clearly, releasing it where ¥V < 0
doesn’t allow it to climb back up all the way to V = 0 at infinity. On the other hand, if
we start sufficiently close to the high maximum of the inverted potential (corresponding
to the metastable minimum discussed above), the energy loss induced by friction becomes
negligible, and the ball can roll with sufficient energy to reach » = 0 with nonzero speed,
thereby overshooting. By continuity, there has to exist a value ¢* such that the field rolls
exactly to 0 at » = oo. This value is the v.e.v. of the Q-ball, and the corresponding
solution is the radial profile of the Q-ball solution.

It is instructive to understand what happens to the profile of the Q-ball while we vary
w. In particular, let us try to push w towards its minimum value U(pg)/@2. Then, the two
maxima of the inverted potential become degenerate. In this limit, to avoid undershooting
the field needs to stay for a long "time" very close to its maximum value. The Q-ball radius
correspondingly becomes infinite, as does the charge Q ~ Ly*%w.

Lastly, one can address the question of stability. The proof of absolute stability has
been given in Coleman in the large @ limit [34]. Kusenko analyzed the thick-wall, large
w case [54]. Here, we shortly argue for the stability with respect to its disassembly into
N = @ fundamental quanta of mass m. Let us work in the large Q limit. By what we said
above, this is also a large size limit, where the size R is much larger than the thickness.
Then, we can imagine that up to surface terms, the energy for the bubble is of order

1
E ~ 590*23%2 + U(¢"R?. (1.89)
The radius R, or equivalently the volume V', can be obtained by minimizing E for a given

Q ~ ©*?R3w. This leads to the volume V ~ Q/,/20*2U(p*), and energy:

E = QZUEW. (1.90)
¢

Also, for large Q we can assume thin-wall bubbles satisfying ¢* ~ . Then, we can
calculate the energy-to-charge ratio:

E_VWU@) (1.91)

Q e T
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by the condition w < m. This shows us that for the bubble it is inconvenient to disassemble
into its constituent quanta. We conclude by noting that, even if Q-balls are stable, they
can be made to evaporate if coupled to other fields that offer an appropriate decay channel.
This was studied in particular by Cohen, Coleman, Georgi and Manohar for the case of a
massless fermionic field [55]. There, they coupled the Q-ball field ¢ to a Weyl spinor ¢ by:

L, = iyiotd,n — igeioay™ + hec.. (1.92)

In the thin-wall limit and at weak coupling, they obtain that the Q-balls evaporate,
with a decay rate proportional to their area, and with a depletion rate per unit area of [55]:

dN 9o WS

dtdA "y 10212 (1.93)

In chapter 3, we will discuss a similar scenario, of the evaporation of a 1+1-dimensional
bubble in a theory endowed with a large-N symmetry, and we will connect it to the
phenomenon of saturation.



Chapter 2

The phenomenon of saturation

In this chapter, we introduce the phenomenon of saturation. First introduced by Dvali
in [16-18], saturated states, so-called saturons, are in essence quantum field theoretic
states which possess the maximal possible entropy allowed by unitarity. These states, of
which black holes are one but far from the only example, arise in several quantum field
theories as self-sustained multi-particle configurations when a relevant collective coupling
becomes of order one. Such states, albeit being in a deeply classical region of the Hilbert
space, nevertheless exhibit paramount quantum aspects which are lost in the classical limit.
In particular, they are characterized by a huge, maximal, microstate entropy. Their fully
quantum field theoretic characterization is thus essential for an adequate description of
their dynamics and of the phenomena for which they are responsible.

In the first section, we start with an introduction to the semiclassical theory of black
holes. Then, we discuss the quantum N-portrait description of black holes [13], and we
show how it can be seen as an invitation to the phenomenon of saturation.

In the second section, we give a general overview of the phenomenon of saturation,
and we describe its implications for generic quantum field theoretic systems. Then, in the
following sections we discuss specific examples from various physically relevant theories, at
the same time introducing the necessary background for a self-contained discussion of the
example at hand.

2.1 Black holes

Black holes are one of the most fascinating objects predicted by general relativity. Already
at the classical level, they are home of great interest for many both theoretical as well
as phenomenological reasons. However, their role becomes even more prominent once we
regard general relativity as a quantum, effective theory of gravity. In a quantum setting,
as we shall see, black holes are not only objects of interest, but they become an inescapable
ingredient for the consistency of the theory itself. In the following, we shall denote by G
the Newton’s constant, and by M, = \/h/G the Planck mass (with the associated Planck
length L, = 1/My).
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Figure 2.1: The Penrose diagram of a black hole. Picture taken from [1]

2.1.1 Classical black holes

Before adventuring in the quantum realm, let us start by reviewing the fundamental prop-
erties of classical and semi-classical black holes. The starting point of a classical black hole
is the Schwarzschild solution, which describes a chargeless and spinless static black hole:

2GM 2G M\ !
d32:_(1_ G )dt2+(1— G ) dr? + r2dQ* . (2.1)

T r

As it is well known, a Schwarzschild black hole has a horizon at radius R ~ GM, and a
physical curvature singularity at » = 0. Let us remark that, at the horizon, the metric
can be made arbitrarily weakly curved by increasing the black hole mass. Classically,
everything that is beyond the horizon is doomed to fall into the singularity, and cannot
reach future infinity, as shown, for example, by the Penrose diagram description of a black
hole in Fig. 2.1. In terms of the asymptotic coordinates of an observer at infinity, we
can understand the Horizon as the region of spacetime where the weak-field approximation
of general relativity around the Minkowski vacuum breaks down. To explain this, let us
consider the Einstein Hilbert action S = Mgl J+/—gR expanded around the Minkowski
metric 7, in the canonically normalized graviton field g,,, = 1, + hy/Mp1. Schematically,
the action has the form

o* A"
S = Stree + —2) * <22)
zn: M§1 MIE? 2)

The horizon develops exactly when the dimensionless A is of order 1, or equivalently when
the canonically normalized graviton is of the order of the Planck mass, h ~ M. This
is precisely the regime where the linearized approximation breaks down, and classical
nonlinearities become all equally important. Note that, even if they are all non-negligible,
they are still subdominant with respect to the kinetic term, thereby safely in the weak
coupling regime.
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In a theory where, besides pure gravity, we allow gauge fields with associated gauge
charges, black holes can carry fingerprints of such charges @, consistently with the fact
that their conservation is expressed in the form of a flux at infinity by Gauss’s law. If,
moreover, we take into account the angular momentum charge J = aM, associated to the
asymptotic Poincaré symmetry of asymptotically flat spacetimes, we arrive at the most
general black hole solution, described by the Kerr-Newman metric [56] :

A—a2sin29dt2 2asin? 6 (r* +a* — A)
) Y
r? 4+ a®)? — a?Asin? 6 N
[( ) S } sin20d¢2+gdr2+2d62
A=7r?—2Mr +a*+ Q% Y =r?+a%cos’d.

Despite its complication, such a solution is an essentially unique description of black
holes. In particular, Birkhoff’s theorem proves that every spherically symmetric solution
to the vacuum Einstein’s equations reduces to the Schwarzschild metric, or its charged
extension, the Reissner-Nordstrom metric. Moreover, every axially symmetric stationary
vacuum solution belongs to the Kerr-Newman class of metrics. Of course, realistic black
holes, when they form, are neither stationary nor spherically symmetric. However, their
nontrivial dynamics, described for example by quasi-normal mode physics, quickly settles
at equilibrium into one of the cases above. Let us remark on the importance of such results,
which are commonly known as classical no-hair theorems: irrespectively of the details that
lead to back hole formation, or of the matter content that actually creates the black hole
itself, once a classical black hole is formed, it is essentially characterized only by its mass,
its gauge charges and its angular momentum.

Another fundamental result of the theory of classical black holes is the Penrose singu-
larity theorem: essentially, Penrose proved that black hole will be created under a very
general set of assumptions, making them an unavoidable prediction of general relativity.
Intuitively, we can say that we expect to form a black hole every time a certain mass M is
localized in a region of physical size R smaller than its own Schwarzchild radius: R < GM.

In the seventies, it was observed that classical black holes follow laws that resembled
closely the laws of thermodynamics. In particular, the first law states that every infinites-
imal change of the mass M, charge () or angular momentum J of a black hole are related
to each other by the so-called Smarr law [57]:

ds® = —

dt do
(2.3)

dM = TdS + QdJ + ®dQ, (2.4)

where T' = Mgl /M is an energy scale soon to be identified with the Hawking temperature,
S=A/ 4L1231 is the black hole area in Planck length units, €2 is a quantity connected to the
angular velocity at the horizon and ® the electric potential. Note that, even if we wrote
the law in a form ready for its quantum mechanical interpretation, at the classical level
the proportionality constants of the various quantities are not fixed.

Even more important is the second law of black holes’ dynamics, rigorously proven by
Hawking [8]: under appropriate conditions, the area of a black hole can never decrease in
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time:
dA
= >
dt —
Classically, we see that a black hole looks like a featureless object that swallows information
and never releases it. However, once we turn on quantum mechanics the whole story
changes.

0. (2.5)

2.1.2 Semiclassical black holes

Once we turn on quantum mechanics, black hole physics becomes extremely richer. Before
briefly describing the main points of semiclassical black hole physics, and before detailing
the quantum description given by the N-portrait, let us briefly comment on the utmost
importance of black holes in quantum gravity. At the heart of the role that black holes
play in gravity is the combination of the uncertainty principle and the universal properties
that govern black hole formation.

In classical physics, there is no intrinsic price to probe shorter and shorter length scales:
one can always, for example, engineer a classical wave with arbitrarily high frequency, but
arbitrarily low energy, by reducing its amplitude appropriately. This is not the case in
quantum physics: the Heisenberg uncertainty principle, in a relativistic setting, tells us
that in order to probe a lengthscale L there is a minimum energy price to pay E ~ 1/L.
Now, let gravity enter the game. First, let us recall that gravity is by definition universal,
so it couples democratically to all forms of energy. Let us imagine that we try to probe
a smaller and smaller length scale in a quantum theory of gravity. To this end, we need
to localize a certain energy E ~ 1/L in a size L. Without gravity, there would be no
obstruction to such a procedure. However, we now encounter an inescapable limit: we
will reach the point when the size L becomes smaller than the Schwarzschild radius of the
associated energy F ~ 1/L:

L~1/E~GE. (2.6)

At this point, we have no hope to proceed further: we have just created a black hole,
and every increase of energy will only result in a bigger and bigger black hole, thereby
shielding us even more from the short distances that we were trying to probe. Black holes
gave us an intrinsic bound on the shortest scales that we can probe, the celebrated Planck
length L. What quantum mechanics and general relativity together are telling us is that
the high-energy region of quantum gravitational physics is inevitably dominated by black
hole physics.

Moreover, since the more we push into the UV, the larger the black hole, we naturally
come to the conclusion that a complete theory of quantum gravity needs to be a theory
formulated in terms of states at spacetime infinity, namely an S-matrix theory [58]. The
other side of the coin of the fact that black holes forbid probing distances smaller than
the Planck length, is that black holes also furnish a maximal value for the mass of every
elementary particle. Indeed, consider an elementary particle of mass m. There is a quantum
length-scale associated with it, its Compton length A. ~ 1/m. On the other hand, it is
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E

Figure 2.2: A plot of the Compton wavelength (in dark green) and of the gravitational radius (in blue) of
an object as a function of its mass E. They intersect at the Planck mass Mp;.

also endowed with a gravitational radius, R, ~ Gm. For proper elementary particles, the
gravitational radius is smaller than the Compton wavelength, so the particle never probes
strong field gravity by itself. However, if the mass of the particle were trans-Planckian,
then the Compton wavelength would become smaller than the gravitational radius: the
particle has become a black hole. Therefore, black holes also tell us that there is a maximal
mass, My, for elementary species. Above it, the spectrum has to be controlled by black
holes.

Now that we have clarified the fundamental importance of black holes in quantum
gravity, let us discuss their properties. From the so-called laws of black holes thermody-
namics, people were speculating that black holes could be endowed with a real entropy,
proportional to the area, and with a corresponding temperature. However, the nature and
the validity of these proposals were not fully clear. The situation changed with the semi-
nal work of Hawking [12] in 1975: By a semiclassical computation, Hawking showed that
semiclassically, black holes radiate with a thermal spectrum and a quantum mechanical

temperature:
1

T = )
STGM
This, in turn, put on firmer ground the hypothesis made by Bekenstein a few years earlier
[11], that a quantum black hole has an entropy proportional to the area:

A
ALy

(2.7)

S (2.8)

To obtain this result, Hawking considered a quantum field in the fixed background of
a classical black hole. A black hole is not a static solution: there is no globally defined
timelike Killing vector field, since at the horizon the vector 0, that generates translations
with respect to asymptotic time switches sign and becomes spacelike. Correspondingly, the
effective quantum theory in the background of the black hole sees a time-dependent Hamil-
tonian, which in turn leads to particle creation. Hawking showed that in the asymptotic
future, the spectrum of created particles is universal and independent of the details of the
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black hole formation; it corresponds to a thermal spectrum where (for bosonic particles)
the number of particles ng at energy F is:

1

nE:ieE/T—l.

(2.9)

Here we do not report the derivation, which can be found in many books, for example,
see [1]. We want to stress, however, the precise limit taken by Hawking in his calculation
[13,59]. In order to be allowed to keep the black hole background fixed, one needs to
decouple quantum gravitational effects. The only way to do so is by sending the Planck
mass to infinity, while at the same time we send the black hole mass to infinity, keeping
the radius finite. The double scaling limit is then:

M — oo, M,—0, R= ]\]\442 finite. (2.10)
pl

In this limit, the black hole becomes an infinite reservoir, that can radiate eternally
thanks to its infinite mass. Of course, in a fully quantum theory, the Planck mass is finite,
and black holes radiate, losing their mass in the process. It is of the utmost importance to
keep in mind the assumptions beyond Hawking computation, in order not to extrapolate
its results beyond their regime of validity.

Let us now comment on the black hole entropy. Surprisingly enough, in stark contrast
to the classical picture, we discovered that quantum black holes carry a huge entropy,
S~ AMgl. This entropy is an intrinsic quantum feature, as it is clear from the appearance
of the Planck mass in its definition. Moreover, the entropy follows an area law. Even though
its existence is already apparent from semiclassical physics, its nature is fully quantum,
and it requires every quantum description of a black hole to come up with the proper
microstate degeneracy to account for such behaviour.

Starting from black hole physics, Bekenstein imagined a scenario where an object of
size R energy E and entropy Sop; is thrown into a black hole [60]. Imposing the validity of
the generalized second law,

ASgen = ASp, + ASor; >0, (2.11)

he obtained a bound for the maximum entropy content of a field-theoretic localized object.
The bound reads:

S < 27ER. (2.12)

In the next section, this bound will be explained in terms of a more fundamental bound
emerging from untarity. Finally, let us note that in the classical limit, the value of the
black hole entropy doesn’t go to zero as one could naively expect; instead, it explodes to
infinity. One could wonder how one can reconcile an infinite entropy with the featureless
classical black holes constrained by the no-hair theorems. The only way out is that these
modes decouple in the classical limit, thereby freezing their dynamics and becoming im-
possible to excite. In section 2.2, we will interpret the black hole entropy in light of the
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general phenomenon of saturation. There, on one hand we will be able to understand the
appearance of the area law in terms of the fundamental concept of unitarity of quantum
field theories, and on the other hand we will show how black holes are not the only objects
that follow such a law.

2.1.3 Black hole evaporation and information retrieval

The existence of a Hawking temperature implies that black holes evaporate. If one were to
trust the (semi)-classical description of a black hole, as a state without any hairs, he would
immediately be led to an apparent paradox. Indeed, the naive treatment of black hole
evaporation describes the decay process through a self-similar effective equation, where
the mass of the black hole is the unique parameter. One uses the Stefan-Boltzmann law
to relate the variation of the mass to the total radiated power P ~ T*, to obtain

dM 1

This equation predicts the evaporation of a black hole in a finite time
t~MS. (2.14)

On the other hand, it looks like the black hole had no way to radiate the information
associated to the initial conditions that led to its formation, since the radiation is assumed
to be thermal. This discrepancy constitutes the so-called information paradox. However,
let us point out that such reasoning is misleading. First, the no-hair theorem holds for
classical black holes, which, as such, do not evaporate. On the contrary, the area law
formula tells us that quantum black holes are highly entropic states. Therefore, this fact
alone should make us think that their quantum dynamics, even when remaining within
the gravitational EFT at sub-Planckian scales, should be much richer than a self-similar
"semiclassical" evaporation [59]. In particular, scrambling and inner entanglement are
expected to play an important role [61-63]. Indeed, as we shall argue below, a self-similar
evolution is actually incompatible with the evaporation rate (2.13) itself on general grounds
[59]. Therefore, the assumption of self-similar evaporation up to the Planckian regime is
completely unjustified. In the next section and in Chapter 4, we will discuss how the
quantum dynamics of a semiclassical state can deviate significantly from its own classical
counterpart, in a manner that cannot be captured just by semiclassical quantities. Indeed,
for large times, all correlation functions become important, and a semiclassical description
in terms of a few parameters such as the mass becomes inadequate [23,64].

The other side of the same coin is that the exact thermality of the black hole spectrum
is obtained in the very specific limit of (2.10). However, this is a limit where there is no
backreaction, and the black hole does not evaporate. The question then becomes, how
large the corrections to thermality in the finite mass case are? We can estimate them by
checking the rate of departure from thermality in the semiclassical evaporation law [59]:

T 5 1
i T ~ g (2.15)
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Such corrections, integrated over the long lifetime (2.14), cumulate to deviations of order
one. Therefore, the rate (2.13) itself gives us information about the structure of the neces-
sary corrections. In particular, it forbids self-similarity, since quantum corrections of order
1/S cannot be captured classically. Let us also note that exponentially small corrections
of the form e~ are incompatible with the weak coupling regime of the gravitational EFT,
where the thermalization rate is related to weakly coupled rescattering processes [59] (see
also [65] for a string-theoretic argoument).

In accordance with what was discussed above, in 1993, Page showed that, generically,
one can expect information to start to come out at most at the so-called Page’s time, which
corresponds to the black hole half-life [66]:

t, ~ RS. (2.16)

Beyond this timescale, semiclassical evolution cannot be trusted, and we need a fully
quantum description.

All the generic features discussed above find a concrete realization in the fully quantum
description of black holes given by the so-called quantum N-portrait [13,63,67]. In the
next section, we introduce the N-portrait, and outline its main characteristics.

2.1.4 The quantum N-portrait

The quantum N-portrait is a microscopical quantum description of a black hole, proposed
by Dvali and Gomez in [13]. Here, we discuss the basic features following the original
papers [13-15], and explain the implications for the semiclassical puzzles that were hinted
at in the section above.

The starting point of the N-portrait is Einsteinian gravity as an effective field theory
(EFT). Let us observe that large black holes, at least at the scale of the horizon, are fully in
a weakly curved regime of gravity. This implies that the dimensionless quantum coupling
that controls the gravitational interactions,

p2

Qgr ~ Migl, (217)

is much smaller than one. Therefore, we are fully within the EFT regime of validity (with
one small caveat for the modes responsible for the entropy, which we will discuss later). As
a consequence, irrespective of the UV-completion of gravity, we should be able to describe a
black hole within the degrees of freedom of the EFT itself. Since the black hole solution is a
quantum state which, to a good approximation, is well-approximated at least for the early
stages by the classical Schwarzschild metric, its quantum mechanical counterpart should be
a multi-graviton state that in expectation value reproduces the classical metric. Obviously,
in case the black hole is formed in a theory where there are also non-gravitational species,
there can be subleading contributions encoding the matter constituents that created the
black hole itself. Therefore, the N-portrait describes the black hole as a multiparticle state
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with a large but finite occupation number of gravitons N, with typical energy set by the

inverse size of the black hole,

1
E~—. 2.18
. (218)

It turns out, that these gravitons form a loose bound state held together by collective
interaction exactly at the moment of black hole creation. Therefore, a black hole can be
seen as a condensate at the critical point of a quantum phase transition. This property
allows us to describe all relevant properties in terms of the fundamental quantity N, the
occupation number of gravitons. The criticality properties that emerge are exactly the
ones needed to understand many black holes mysteries.

Let us now substantiate the claims above. If we consider gravitons of energy E ~ 1/R
for a macroscopic radius R > Ly, their individual pairwise interactions are extremely
small. Indeed, the gravitational coupling at the relevant scale is g, ~ (Lp/R)* < 1.
However, we know that classical nonlinearities can still be very important also at weak
coupling. At the quantum level, they emerge as collective effects from many graviton
states. In these settings, we can describe interactions through a mean-field like approach,
where every particle feels the collective potential generated by all the other particles. This
is similar to what happens in the Hartree approximation for many-body multiparticle
systems.

For a moment, let us consider a generic set of N particles of energy F ~ 1/R, whose
interactions are controlled by a weak coupling a. These particles can form a bound state
if the individual kinetic energies are balanced by the collective binding energy £, = aN/R
generated by the system. This leads to the condition:

1 aN
———=0 2.19
R R Y ( )

or
aN =1. (2.20)

Note that the bound state condition (2.20) is not specific to gravitational systems, and
describes generically the condition to obtain multiparticle bound states at weak coupling.
This same condition will appear again in the next section. Thanks to the weak coupling
condition, we can also estimate the total energy of the bound state to be of the same order
as the sum of the kinetic energies of the constituent quanta:

N 1
Etot ~ E ~ /. (221)

Let us now focus on the gravitational case. Since gravity is coupled to the energy
momentum tension, its quantum coupling is momentum dependent as discussed above.
Therefore, equation (2.20) can be solved for an arbitrary radius R. This allows us to fix
all the relevant quantities in terms of the parameter N:

Bt ~ MaV'N, R~ V/N/My ~ M/M?. (2.22)
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In particular, we see that the bound state condition is satisfied exactly whenever the size
of the bound state coincides with the gravitational radius associated to the total energy!
Therefore, we can identify the creation of a loose bound state with the process of black
hole creation.

This matches exactly with a back-of-the-envelope estimation for the number of gravitons
associated with a classical metric profile that matches the one of a black hole. Let us
consider the classical gravitational field generated by a static source of energy Fi, and
size R. It generates a gravitational potential ¢4(r) ~ GM/r. By Fourier analysis, such
a potential gets its dominant contribution to the energy of the system from gravitons of
wavelength A ~ R. Since the total energy is Fio, ~ N/R, their number is:

N ~ M? /M. (2.23)

Again, we see that we recover eq (2.22) exactly when the size matches the gravitational
radius R ~ Ry ~ M /Mgl. Finally, we can ask what happens if one tries to add more
energy to the black hole. The semiclassical intuition tells us that it should result in a black
hole of a larger size. At the quantum level, this is encoded in the concept of maximal
packing. Indeed, the uncertainty principle tells us that the minimal energy price to pay
for localizing a quantum in a given size R is E ~ 1/R. Therefore, the minimal energy to
localize N quanta in such a size is Fi,, ~ N/R. As a consequence, gravitons in a black
hole are maximally packed, N ~ MR. This implies that every increase in the graviton
number has to be accompanied by an increase in the black hole size. Finally, let us point
out what the classical limit is for a black hole state in the N-portrait. It corresponds to
the N — oo limit, while keeping the radius fixed:

N =00, Ly —0, R=+/NL, finite. (2.24)

Note that in this limit the entropy S ~ N diverges as expected.

Now that we have established the foundations of the N-portrait, let us dive deeper into
its consequences. As we discussed above, the black hole is understood as a bound state
at the critical point of a phase transition. It is the property of criticality that allows us
to explain the appearance of a huge number of almost gapless modes, responsible for the
huge entropy.

To elucidate this aspect, we will discuss the role of criticality in a toy model of interact-
ing bosons, introduced in [14], and then expanded in subsequent works [63,68-70]. In the
next section, we follow the original treatment. The type of phase transition that we are
concerned with is a transition at a given particle number between a homogeneous state and
a localized configuration. For example, in [71,72], the authors studied the vacuum structure
of an attractive system of bosons on a circle. There, they showed that for a critical value of
the parameters, one can develop a quantum phase transition: the ground state moves from
a uniform phase to a nonuniform phase where translations are spontaneously broken, in
the form af a so-called bright soliton. At the point of the phase transition, the Bogoliubov
modes of the uniform phase collapse and become gapless up to 1/N corrections: this leads
to a highly degenerate state where, thanks to criticality, it becomes extremely cheap to
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excite the condensate. To illustrate, we briefly illustrate a variation of said model [14]. Let
us consider the following Lagrangian of a complex scalar field in a box of size R:

H = Ly [ dop(@)'V20(@) - g [ dele)le)ib@) ). (2.25)

Here, Ly is a parameter of dimension length, and ¢ is the (dimensionful) coupling
constant. In terms of ladder operators, the Hamiltonian reads:

H=Y" k2alay, — ia > aLeraL,_pakak/ , (2.26)
k k,p K/

with o = 4gR?/V Ly. Let us study the system at a finite occupation number N. In the

homogeneous phase, the ground state is a Bose-Einstein condensate of zero-momentum

particles. Therefore, we can apply the Bogoliubov approximation for ag; ag = ag ~ V/N.

The quadratic Hamiltonian that follows represents the excitations on top of the condensate:

H=>" (k;2 + aN/Q) aay — fOzN Z (aka p +aga_ k) . (2.27)
k40
Its form is however not diagonal. Its diagonalization through a Bogoliubov transformation
ap = ugpby + v,’;b}; identifies the Bogoliubov modes. In [14], it is shown that they satisfy the
dispersion relation:

H =" e(k)blby (2.28)

e(k) = \/k? (k* — aN). (2.29)

From here, we can identify the critical point at N = 1. Here, the first Bogoliubov mode
becomes gapless and turns tachyonic for larger values of a. Correspondingly, the system
undergoes a phase transition. The black hole is expected to lie exactly at a quantum critical
point of this sort. The gaplessness up to 1/N of the first R? modes gives an explanation for
the huge entropy: if we imagine mildly populating these modes, the combinatorics gives
S ~ N. Note that the number of gapless modes becomes infinite in the N — oo limit.
However, at the same time, they decouple since their coupling goes as 1/N. In subsequent
works [70,73,74], it was clarified that the equivalent of these Bogoliubov modes for black
holes are higher angular momentum modes of the black hole of Planckian energies. These
modes, that in the vacuum would be extremely heavy to excite, become almost gapless in
the black hole background thanks to the phenomenon of assisted gaplessness [25].

Finally, let us explain how the N-portrait addresses Hawking radiation. Recall that the
black hole should be considered as a multigraviton state with N constituents of momentum
1/R. Such constituents can rescatter among themselves, and the rescattering permits them
to leave the condenstate. Each single rescattering event is strongly suppressed by the
quantum coupling a® ~ 1/N?. However, at the same time, there is an enhancement due
to the high multiplicity or particles involved. The total scattering rate reads:

11 1
Lot ~ N202E ~ N2ﬁ§ o (2.30)
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Therefore, the condensate depletes with a spectrum peaked at momentum 1/R, with rate
1/R. If we want to produce gravitons with a higher momentum, we would need to consider
N — 2 processes to accommodate for the kinematics; these processes are known to be
exponentially suppressed as e~"V. This gives the illusion of a thermal Boltzmann-like tail.
Finally, note that since gravity couples democratically to all species, analogue processes
exist that can mediate the emission of quanta of every species of the theory within the
allowed kinematic regime. Finally, note that the rate remains finite in the semiclassical
limit N — oo. To sum up, the process of quantum depletion reproduces all aspects of the
Hawking evaporation.

However, the N-portrait can do more. If we remain in the fully quantum regime
at finite N, we can estimate corrections to the leading emission rate. They come from
rescattering processes that involve a graviton with another constituent whose multiplicity
is not enhanced by a factor of N [15]. This identifies the leading corrections as 1/N
corrections, in accordance with the general arguments given in the previous section. Such
corrections allow us to retrieve information, albeit in a macroscopically long time. The
timescale of retrieval,

twt ~ R/N ~ RS, (2.31)

is exactly the one predicted by Page (2.35).

This concludes our description of the N-portrait. In the next section, we will discuss
of the above features of black hole physics can be understood in terms of the more general
phenomenon of saturation.

2.2 Saturation in QFT

In the previous section, we discussed the main features of semiclassical and quantum black
holes. In particular, we showed how a huge entropy emerged for a black hole, which has
the form of an area law. Moreover, we discussed how in a quantum model of a black hole,
the N-portrait, such entropy can be understood as emerging from the existence of a huge
number of gapless modes up to 1/5, supported on the black hole. All of this brought us
a long way; however, there are still some questions that one could imagine asking. Some
may seem unique from the context of black hole physics: is there any particular role that
this huge entropy plays? Is there any reason at all for which it should scale as the area of
the black hole in Planck units? Another set of questions, which, as we will see, are deeply
connected to the first set, regards the extent of the generality of these peculiar properties of
black holes. In particular, we could wonder if there are any other states, in other quantum
field theoretic non-gravitational theories, that can exhibit a behaviour analogous to the
one of black holes. If this were the case, then it may be possible to connect the surprising
area law entropy to some deeper and more general principle.

These questions have indeed been recently discussed by Gia Dvali and collaborators [16—
18]. Answering these questions resulted in the understanding of the area law as emerging
from a more fundamental bound. Such a bound is valid for any quantum field theoretical
object localised in a size R, and it bounds the maximal microstate entropy of said object
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in terms of the relevant, dimensionless quantum coupling « of the theory:

S< = (2.32)

Q=

It turns out that, whenever this absolute bound is saturated, the maximal entropy also
assumes the form af an area law, expressed in units of the Goldstone decay constant of the
Poincaré symmetry broken by the localisation of the object, fp:

S < AfE2. (2.33)

This bound is also equivalent to the Bekenstein bound (2.12). However, it turns out
that the above bounds are more fundamental. There are cases where the Bekenstein
bound is less stringent than the coupling and area law bound. In these cases, the theory
is still inconsistent because of violations of unitarity [17]. The set of objects that saturate
these bounds have been called saturons. They appear in many different non-gravitational
theories [16, 18-21,75]. In section 2.3 and in the next Chapter 3, we will discuss some
examples.

The reformulation of the area law entropy bound in terms of the quantum coupling,
besides its intrinsic interest, gives it a deeper meaning. As we will show, saturated objects
emerge when the theory under consideration is at the boundary of perturbative unitarity.
This bound can therefore be understood as emerging from the most fundamental principle
of unitarity. The surprises do not stop here. One can check that, whenever a saturon exists
in a given theory, it exhibits properties that are completely analogous to the ones of black
holes. In particular, at the classical level such states are stable, and the maximal amount
of information encoded in the modes responsible for the huge entropy becomes infinite, but
its retrieval at the same time is impossible. Quantum mechanically, such states radiated
with a rate completely analogous to the Hawking rate

1
I'~—. 2.34
- (234)

The information content, in full analogy with black holes, is shielded in the semiclassical
limit, and quantum mechanically can be retrieved thanks to 1/S corrections only after a
timescale that matches Page’s time:

bret ~ SR. (2.35)

One can therefore say that black holes can be interpreted as one instance of a more
general universality class of objects, saturons.

The value of this point of view feeds back in both directions between quantum field
theory and black holes physics. On the one hand, the phenomenon of saturation, inspired
by black holes, allows us to single out new exciting phenomena. On the other hand, the
study of saturons in easier, more controlled settings than quantum gravity, combined with
the input given by the universality properties of saturation, can function as a powerful
tool to understand new aspects of black hole physics. One instance of this is the so-called
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memory burden effect [25,26], which is associated with the later stage of the evaporation
process of a saturon. It was shown how a saturon, after Page’s time, dramatically changes
its behaviour under evaporation. In particular, it turns out that the huge information load
stored in the entropy modes resists the decay of the saturon. This results in a complete
departure from the semiclassical evolution, and a system can effectively be stabilized or
slow down its evaporation rate significantly. Let us remark that such a process is due to the
quantum backreaction of the almost gapless modes, of pure quantum origin, on the saturon
itself. As such, this type of effect requires the knowledge of the full quantum dynamics,
and it is impossible to capture in a semiclassical description where the saturated state, in
all its complexity, is approximated by a semiclassical profile, say the one-point function of a
field operator. This type of phenomena therefore offer an opportunity to make predictions
about the later stages of black hole life, which is of clear interest both theoretically and
phenomenologically [27, 76-81]. Finally, the study of saturation has led to the realization
of the importance of understanding the full quantum dynamics beyond many strong-field
classical phenomena. This corpuscular picture has led to important results, for example in
the context of the quantum exclusion of de-Sitter states [22,23,75], and has been extended
to many non-gravitational systems [16-21,28,29,31,82-84]. In recent years, many instances
of saturons have been found in different, non-gravitational theories, supporting the picture
of black holes as part of a broader universality class of states [16,19-21].

In the next section, we explain how the bounds (2.32) and (2.33) emerge in a generic
quantum field theoretic setting from the requirement of unitarity.

2.2.1 Entropy bounds and unitarity

Let us now discuss how we can obtain the bound (2.32). We will mainly follow the treat-
ment given in [17]. To understand the connection between highly entropic objects and
unitarity bounds, let us focus on a general quantum field theoretic example. We consider,
without loss of generality, a scalar field with attractive interactions, controlled by a quan-
tum coupling a. We shall focus on multi-particle states of such a theory, with a large
occupation number n. Moreover, we shall endow the field with some highly degenerate
quantum numbers, in quantity N. For example, we could think about a scalar field in the
fundamental representation of a large flavour group SU(N), with quartic self-interactions.
Furthermore, let us consider n quanta of the given field. Let us define both the 't Hooft
coupling )\; := Na, which controls the loop expansion of the theory, and the collective cou-
pling A, := na, which controls the strength of the collective interaction of the n quanta.

There are two key observations that we shall make. The first one is that there’s a price
to pay to create a bound state of n fundamental quanta at a given size R, held together by
collective interaction, while remaining at weak coupling. In particular, for the quanta to
generate collective effects strong enough to hold themselves together, their number needs
to satisty the self-sustainability condition

na=1. (2.36)

We can understand such a condition by imagining a mean field approximation, valid for a
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Figure 2.3: A 2 — n scattering process at tree level.

large number of constituents n > 1. In this framework, a bound state originates when the
kinetic energy E ~ 1/R of a single quantum balances the collective potential V' ~ an/R,
leading to the condition (2.36). Note that this is exactly the condition imposed in the
N-portrait at the threshold for black hole formation. Let us observe that a similar relation
is also satisfied by solitons and other "non-perturbative" configurations at weak coupling.

The second observation is that, once a bound state is formed, it will participate as a,
possibly approximate, asymptotic state in the S matrix of the theory. Therefore, we shall
ask ourselves what the probability is of creating such an object in a scattering process. For
simplicity, we will consider a 2-particle scattering. At first sight, it looks like a 2 — n pro-
cess needed to create a bound state of this kind gives a completely negligible contribution.
Indeed, one can generically prove that a 2 — n process is inevitably suppressed at large n
by the non-perturbative factor [85-89]:

O9_yn " e . (237)

Let us prove the bound above. Perturbatively, a process like the one above requires a
number of vertices of at least order n. Therefore, it may seem that the amplitude explodes
due to the multiplicity of the Feynman diagrams:

Oosp ~ a'n!. (2.38)

However, we shall recall that the perturbative series is asymptotic Therefore, its regime of
validity is limited to the point where successive contributions start diverging. Moreover,
the series better approximates its real, nonperturbative value when it is summed up to the
point of optimal truncation. Such a point can be estimated by imposing the stationarity
of (2.38) with respect to n. This happens when:

an=1. (2.39)
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Consequently, for a 2 — n process at the limit of perturbative unitarity, the amplitude is
exactly controlled by the point of maximal truncation. By evaluating (2.38), and using
the Stirling approximation, one recovers (2.37). Notice that this is an upper bound; the
nonperturbative value could receive further suppressions.

Given all of the above, the natural question to ask is whether there is any way in which
such a ridiculously small probability can be enhanced to the point where such a bound state
can be produced with an order one probability. We shall show that this happens exactly
when the 't Hooft coupling of the theory is of order one. The corresponding bound state is
the saturon. The enhancement comes through the means of a large entropy. Indeed, even
if each single instance of the saturon is highly suppressed, the total production rate needs
to weigh in the enhancement coming from the different configurations of the same saturon,
namely, its microstate entropy S.

Let us now estimate such an entropy. In the setting discussed above, the saturon
is a bound state of n constituents, each of which can come in N different, degenerate
flavours. For example, let us consider for definiteness a classical profile ¢’;(x) representing
the bound state, where 4 is some internal index. One can imagine it as a coherent state!
with constituents of typical momentum k ~ 1/R, of the form:

exp [ / dk;\/E(pg(k)aﬂ 0) = exp [ / dl{:\/nzag] 0) . (2.40)

Therefore, our bound state will live in the large fully symmetric representation of n tensor
products of the internal symmetry group. In large N, the degeneracy of states ng is

Mgt =~ (” ;“VN> . (2.41)

By using the self-sustainability condition (2.36), one can write the entropy in terms of the
't Hooft coupling;:

S = In(ng) ~ ;m ((1 ) (1 4 ;)A> . (2.42)

We observe that, when
Ae ~aN ~ 1, (2.43)

the entropy reaches the value S ~ 1/a. Therefore, the probability of producing a saturon
in a scattering process becomes of order 1:

Oosm ~ e Vet 1 (2.44)

If the entropy were to increase any further, unitarity would be violated nonperturbatively.
Notice that a resummation of perturbative diagrams cannot cure this violation, since the

LAs we will discuss in Chapter 4, strictly speaking, such a state would require appropriate dressing.
We shall not enter here in these subtleties.
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latter arises from a fully nonperturbative production probability. We can then state the
absolute bound on microstate entropy for a localized object:

S< = (2.45)

QI

This is saturated when both the t Hooft coupling and the collective coupling of the
state are of order 1, N ~n ~ 1/a.

At the same time, we can show that the entropy takes the form of an area law, in units
of the decay constant of the broken Poincaré symmetry fp. Indeed, any object that is
localized in space breaks translational invariance with a strength

1 VN

= = —. 2.46

fr=sm= "7 (2.46)
It is immediately clear that at saturation, we obtain

S < R*fp. (2.47)

The connection with the inverse coupling bound is explained by the fact that the de-
cay constant enters into the definition of the quantum coupling of the modes that break
Poincaré symmetry spontaneously. The dimensionless coupling for such a mode is mo-
mentum dependent as p?/f3, with a momentum p ~ 1/R of the order of the inverse size
of the saturon. Therefore, the relevant quantum coupling for such a mode scales as an
area, from which the bound follows. Notice that in the saturation limit the same decay
constant controls also the coupling a¢ of the entropy modes, which in our example emerge
as Goldstone excitations of the global symmetry SU(N), through the scale of the breaking
of the internal symmetry fo = fp.

Next, we can remark on the role of black holes in this picture. Black holes are the
prototypical example of a saturon. By the discussion in section 2.1.4, they saturate both
the coupling bound (2.32) and the area law. In particular, notice that since at the horizon
black holes break Poincaré symmetry at the Planck scale, (h,,) ~ My, the area law is in
complete accordance with the general form (2.33). Moving to their connection to unitarity,
normally one assumes that, for every trans-Planckian scattering process in a quantum
gravitational theory, the dominant channel is black hole production. This follows directly
from the generic principle that every process in which a given energy is localized in a size
smaller than the corresponding Schwarzschild radius produces a black hole, as discussed in
the previous section. Nevertheless, from a microscopic point of view, the actual realization
of such a process may seem mysterious. For example, one could wonder how it is possible
that a two-graviton scattering, albeit sufficiently energetic, could produce a huge, classical
object like a macroscopic black hole. This discussion clarifies how this can happen: the
2 — N graviton process needed to create a black hole is enhanced thanks to the entropy of
the black hole. This is further supported by explicit calculations both in the effective field
theory and string theory [90]. This clarifies the paramount role of the black hole entropy
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in appropriately enhancing the production process in order to overcome the exponentially
suppressed probability: the circle closes.

Finally, we point out that black holes play a peculiar role in gravity, compared to other
theories that admit saturons. In particular, let us consider the self-sustainability condition
(2.36). In a renormalizable theory, the coupling runs only logarithmically. Therefore,
equation (2.36), together with the condition (2.43) on the 't Hooft coupling, determines the
momentum scale at which unitarity is saturated, and consequently the size and energy of
the saturon. In particular, in these cases, saturons appear only at a very specific kinematic
window. It can be shown that, correspondingly, the saturation of scattering amplitudes
through saturon production happens only as a narrow resonance of width a.

For gravity, this is fundamentally different. Here, the quantum coupling is itself mo-
mentum dependent. Thus, we can obtain saturated states for an arbitrary size. In other
words, gravity admits a (quasi)-continuum spectrum of saturons. This remarkable property
is essential to clarify the role that black holes play in unitarizing the high-energy behaviour
of quantum gravity. In gravity, high-energy, trans-Planckian physics is shielded by black
hole creation [10,91,92]. Namely, the theory protects itself from violating unitarity in the
deep UV by trading high energy quanta for high multiplicity, low energy classical states,
in the form of larger and larger black holes. In other words, scattering trans-Planckian
gravitons (or any other particle) can only produce a larger and larger, more classical black
hole. Since the latter are controlled by IR physics, they are under full control and pre-
serve unitarity. This shows how black holes make the UV-IR correspondence possible, and
in doing so unitarize the theory. Theories of this kind are named classicalizing theories,
after [10].

2.2.2 Evaporation and information retrieval

We have seen that generic saturons have information properties in all aspects similar to
those of black holes. Now, we discuss how they behave with respect to the possible retrieval
of this information. The upshot is that even in this aspect, their behavior is analogous
to black holes. Let us begin with the analogue of the semiclassical Hawking limit. In our
setting, this corresponds to sending:

a—0, N — oo, \; =1 finite. (2.48)

In this limit, the entropy of a saturon becomes infinite. At the same time, the quantum
coupling a that controls the interaction of the memory modes responsible for the entropy
vanishes, ag ~ 1/(fgR)> — 0. Therefore, the information patterns become unreadable
for a classical observer. Notice that the theory remains interacting, since the collective
coupling remains nonzero in this limit. However, all the interactions become insensitive
to all the modes whose excitation levels do not scale appropriately with N. In this limit,
if an appropriate channel allows it, the saturon can decay. Its decay rate is completely

analogous to that of a black hole:

1
'~ —. 2.49
- (2.49)



2.3 Two examples of a saturon in large-N theories 39

The reason for this behaviour also strictly follows the analogue discussion made for the
N-portrait in 2.1.4. Namely, the evaporation is the result of a rescattering of constituents
of momentum 1/R at weak coupling «, enhanced by the multiplicity N? of pairs of the
saturon. Therefore, I' ~ a®N?/R ~ 1/R.

In order to efficiently retrieve the information content of the saturon, we need to relax
the semiclassical limit and keep both N and « finite. The information can thus be retrieved
through 1/N ~ 1/S corrections to the leading order process in N. The information retrieval
time matches the Page’s time for black holes:

tret ~ RS (2.50)

Notice that the same 1/a correction that leads to a finite timescale for the extraction
of information can be interpreted in terms of the quantum coupling of the memory modes
responsible for the saturon entropy.

With this, the discussion on the general properties of saturated systems is complete. As
we have shown, it turns out that saturons exhibit properties completely analogous to those
of black holes. This shed new light both on black hole physics and on the phenomenon of
saturation itself. In the next section, we proceed by briefly summarizing two examples of
saturons in large- N, renormalizable theories. Then, in the next Chapter 3, we will focus
on a third 1 + 1 dimensional example in great detail, to demonstrate explicitly how such
properties arise in a concrete example.

2.3 Two examples of a saturon in large-N theories

Up to now, we have only discussed saturated states in general terms. In this section, we
will give two concrete examples in calculable theories. For both, the power of large-INV
physics is instrumental in creating the necessary conditions for a saturon to emerge.

2.3.1 Saturons in Gross-Neveu

As a first example, let us report here about the findings of [19]. In 2021, Dvali and
Sakhelashvili observed that a saturon can be found even in an integrable theory, namely
the Gross-Neveu model at large N. We have already presented the basics of the model in
section 1.2. Here, we just follow the original work and we detail the saturon characteristics.
Let us recall that in the Gross-Neveu model there is a tower of bound states (1.80) labelled
by an integer n = 1...N. Moreover, their multiplicity is given by (1.81). It turns out that
the maximally entropic bound state is the one lying in the top multiplet, with n = N. Its
entropy scales as

S~ 2N, (2.51)

up to logarithmic factors. It can be shown that, while the mass of such a bound state
scales with the fermion mass as Nmy in large-N, its size remains /N-independent and is
set by the fermion mass.

R~ 1/my. (2.52)
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Now, recall that the 't Hooft coupling is A = a/N. Moreover, the phenomenon of dimen-
sional transmutation tells us that it becomes of order one at the scale of the fermion mass,
which is exactly the scale associated with the localization of the bound state under con-
sideration. This is the defining relation for the entropy of a saturon: since at the relevant
scale 't Hooft coupling is of order one, the bound state saturates the coupling bound (2.32).
At the same time, the entropy follows an area law. To clarify it, observe that the scale of
Poincaré symmetry breaking in d dimensions is

fp~ N/R?. (2.53)

Therefore, in 1+ 1 dimensions, the area law has to be interpreted as a factor of order one,
multiplying the inverse coupling N. This shows that, as expected, the area law bound
(2.33) is also matched. Furthermore, Dvali and Sakhelashvili showed that the decay, in
the large N, semiclassical limit, happens with a 1/R when allowed. To this end, they
coupled the fermionic field of Gross-Neveu to an external adjoint "pion" field m;; with the
interaction

m —

Jﬂijwi%)wj : (2.54)
fr

Taking into account that unitarity bounds the "pion" decay constant f, ~ /N, they

estimate the rescattering rate of two of the saturon constituents into a "pion" to obtain:

my
[~ Fg‘lN?’ ~1/R. (2.55)
Corrections in the form of 1/N effects allows us to retrieve information at the timescale

(2.35). This concludes the analysis, and shows that the Gross-Neveu model at large-N
contains an instance of a saturon.

2.3.2 Baryons in large-N QCD

The second example we want to discuss is the one of baryons in large-N QCD. We shall
show how, in a specific limit connected to the saturation of unitarity, baryons are perfect
examples of saturons.

QCD in large-N has been famously introduced by 't Hooft [50,93], who first considered
the number of colours N, := N as an ideal expansion parameter for non-abelian gauge
theories. We shall see that, in order to build a connection with saturation, we will later
need to consider the Veneziano limit [94], where the number of flavours Ny is also large
Ny ~ N, ~ N. The advantage of the large-N limit is similar in spirit to the one that
we explained for the Gross-Neveu model in 1.2. One trades a large number of degrees of
freedom for a theory that becomes "semiclassical" in spirit. Here, we do not give a full
treatment of QCD at large N, since it would be beyond the scope of the current thesis.
However, we feel it may be interesting to briefly state its basic properties, before focusing
on the Baryon spectrum.
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As 't Hooft showed in his seminar paper [50], the perturbative expansion in large-IN
is organized in the form of a topological expansion. The theory is dominated by planar
diagrams, while diagrams of more complicated topologies get additional suppression of 1/N
in powers of the genus of the Riemann surface where they lie.

This very characteristic property allows for the extraction of a great deal of information
on the theory [50,95,96]. In particular, it turns out that

o In the N — oo limit, the theory is a free theory of mesons and glueballs.
e The particles are infinite in number.

o At finite but large N the heavy glueballs have decay rates suppressed by 1/N, and
interactions suppressed by 1/N?2. Mesons have decay rates suppressed by 1/v/ N, and
interactions suppressed by 1/N.

o Chiral symmetry is spontaneously broken. The pion decay constant f, scales with

N (in units of Agep) as VN [95,97].

Large-N QCD admits also baryonic states, whose nature we will discuss now. It turns
out that, in the Veneziano limit, baryons in large N are perfect examples of saturons
[16,17]. Compared to their N = 3 relatives, baryons in large- N share many similarities, but
also notable differences. In particular, in large-N baryons are semiclassical, multiparticle
states. This can be understood from the fact that color confinement implies that baryons
need to be completely antisymmetric in color. Therefore, they need to be built by N
quarks. Moreover, since they are fully antisymmetrized in the color indices, their spatial
wavefunctions are symmetric. Their multiparticle nature makes them perfect candidates
for an analysis based on a mean-field approach. Indeed, Witten showed [95] that they
can be understood in a Hartree approximation, where each constituent interacts with the
collective potential of all the others. This has several immediate consequences:

» As expected from the analysis above, their mass scales as N in units of Agep.
o Their size, however, remains constant in N and set by R, ~ AéICD.

o The baryon baryon scattering rate scales as N thanks to the multiplicity of the baryon
constituents. Taking into account that the mass also scales as N, this results in a
finite scattering rate.

e The baryon anti-baryon production rate from meson meson scattering is exponen-
tially suppressed non-perturbatively as e™". This follows generally from the multi-
particle nature of baryons, analogously to what has been discussed in section 2.2.1.

Moreover, it is interesting to note that baryons in large-N have a representation in the
chiral effective theory as topological solitons, the so-called Skyrmions [95,98,99].

To connect baryons to saturation, we need to endow them with the necessary entropy.
Therefore, we shall consider the limit of a large number of flavours Ny > 1. This greatly
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enhances the baryonic degeneracy ngiates, Since baryons transform as a symmetric tensor

of rank Ny [16,17]:
NC =+ Nf — 1)
Nstates ™~ . (256)
< Ny

If we introduce the 't Hooft couplings for both flavours and colour numbers A\; ~ ¢?N;
and A\, ~ g?N., the entropy goes as [17]:

(o) (%) 2

Such an entropy saturates the coupling bound (2.32) exactly when the number of
flavours matches the number of colours Ny ~ N, ~ N. This is precisely the unitarity
limit for the theory, since for N. < N the beta function changes sign, and the theory
loses asymptotic freedom. Therefore, baryons at the unitarity limit are saturons. Notice
that the entropy is such that it balances the exponential suppression for meson-meson
scattering into baryon/anti-baryon. Thus, in the same limit, one can expect a saturation
of the meson cross-section at the scale R, ~ Aélc p by baryon pairs. At the same time, the
baryons satisfy the area law form of the bound (2.33). Taking into account the baryon size
and the scaling of the pion decay constant, we get

1
3271n
g

S = (Rofx)” (2.58)

which is precisely the area of the baryon in units of the appropriate decay constant. To con-
clude, we have shown that large-IN QCD offers us another textbook example of saturated
states. In the next Chapter, we will study in great detail another fully controllable saturon
in a 1 4+ 1 dimensional theory, with particular emphasis on its evaporation properties.



Chapter 3

A model of a saturated soliton and
its evaporation

In this chapter, following [2], we discuss in great detail a specific example of a saturon in a
renormalizable 14 1 dimensional theory. This theory, first studied in its 3 4+ 1 dimensional
version in [20], allows us, thanks to its simplicity, to demonstrate all the properties discussed
in the previous chapter in a fully controlled manner. In particular, after having proven
that the theory under consideration actually contains a saturon in the form of a thick-wall
bubble, and having exhibited all its characteristic features, we will focus on retrieving the
Hawking-like evaporation rate (2.34). Thanks to the simplified setting, we shall be able to
calculate the evaporation rate for a generic bubble both semiclassically, in an analogue of
the Hawking computation, as well as in a fully quantum mechanical approach. Namely,
in the first approach, we consider the saturon as a fixed background sourcing particles,
in a zero backreaction limit. In the latter, we resolve the saturon as a fully quantum
multiparticle state, and we obtain its evaporation rate from the quantum decay process of
its constituent quanta. In both cases, we shall obtain analytical results, that match in the
appropriate limit. This constitutes a strong support both for the general phenomenon of
saturation, and for the corpuscular picture of a black hole given by the N-portrait. Finally,
thanks to the quantum picture, we shall discuss corrections to the semiclassical behaviour.

3.1 A model of a saturon

3.1.1 The classical soliton

The model under consideration is the one of a vacuum bubble originally introduced in [17],
and then studied in depth in its stabilized version in [20].
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The theory is defined by the following Lagrangian:

L= tr[(9,8) (9"D)] — V[D] (3.1)

OO N

I 2
_ 2 2
V[®] = = tr [(f(b—(l) ot @ ]) ] : (3.2)
where @ is a scalar field in the adjoint representation of the SU(N)-group. Since we are

in 1 + 1 space-time dimensions, ® and f are dimensionless, while the parameter « has
dimensionality of [mass]?. We shall denote the dimensionless coupling as a:

a_l
T

a (3.3)

We shall work in the limit of large N and large f. This is a weak quantum coupling
regime. At large N we also define the collective ('t Hooft) coupling as A := N/f% The
coupling is bounded by unitarity as

N/fPST, (3.4)

To obtain saturated states, we shall consider the theory close to the unitarity bound for
the collective 't Hooft coupling.

The potential (3.2) admits the SU(N)-invariant vacuum, together with a family of
degenerate vacua where the SU(N) symmetry undergoes spontaneous symmetry breaking
to maximal subgroups of the form SU(N — K) x SU(K) x U(1), with 0 < K < N. Here,
we will examine two nearby cases: the symmetric SU(N) vacuum and the vacuum in
which the symmetry is broken to SU(N — 1) x U(1). While in the former the field v.e.v is
obviously zero, in the latter the field gets a v.e.v. given by

/ .
¥ = e diog((¥ =1, 35)

Notice that in the SU(N)-symmetric vacuum, all excitations are massive, with a mass
m ~ y/af. In contrast, the SU(N —1) x U(1) vacuum hosts 2N gapless Goldstone degrees
of freedom.

The theory supports vacuum bubble solutions connecting the two vacua, separated by
a wall of thickness of order m™1.

In 1 + 1 dimensions, a bubble corresponds to a kink and an antikink positioned a

distance 2L apart. In the limit of infinite separation, a kink (or antikink) centered at

x = 0 has the form
é(z) = ch (1 + tanh (";x)) , (3.6)

while its energy is

E, = 67 - < - (3-7)
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We consider bubbles where the interior is in the broken-symmetry vacuum while the ex-
terior remains in the symmetric one. For L > m™!, the field profile approaches ¢(z) ~ f
inside (|z| < L) and ¢(z) = 0 outside (Jx| > L). The bubble core thus contains the 2N
massless Goldstone excitation species mentioned above. If none of these modes are present,
a bubble of finite size is unstable: the kink and antikink attract and eventually annihilate.
On the other hand, if the Goldstone species are populated the bubble can be stabilized, as
shown in [20]. Stable bubbles are given by the following profiles:

@ = (Uvu) (3.8)

U(t) = exp [—160°(t)T?] (3.9)

Vi(z) = ﬂdiag(w—l),—l,...,—l), (3.10)
N(N —1)

where T* are the SU(N) generators, and both the time-independent profile ¢(x) and
the time-dependent Goldstone field 6(t) satisfy appropriate equations. In particular, ¢(x)
is a profile interpolating between different vacua inside and outside of the bubble, while
0(t) represents a rotation in the internal flavour space of the bubble, which makes the
solution charged under SU(N).

If we specialize, without loss of generality, the ansatz (3.8) to a single-flavour uniform
rotation, #* = ¢fwt, and we insert into the Lagrangian, the bubble profile ¢ solves the
effective equation

970 +V'(¢) =0, (3.11)
where

V(¢) = ;(bQ (w*—a(o— 1)) . (3.12)

Stationarity is specified by ¢(0) = ¢o # 0, with ¢/(0) = 0, and the asymptotic condition
o(z) — 0 as |z| — oc.

To prove that such a solution exists, in the 3 + 1 dimensional model, Dvali, Valbuena
and Kaikov [20] proceeded along the lines of the undershoot-overshoot argument given by
Coleman for the Q-ball case, which we discussed in section 1.3 of chapter 1. Here, we adapt
such an argument to the 1 + 1 dimensional problem. Thanks to the lower dimensionality,
it is possible to obtain analytical profiles for the bubble solutions, similarly to the two-
dimensional Q-balls discussed in [53].

Interpreting = as a fake "time" maps the problem to a particle with coordinate ¢ moving
in the potential (3.12). For w?/af? < 1 (or, equivalently, for w? < m?), the above potential

has two maxima, ¢ = 0 and @ = %(3 +./1+ i”—i), separated by a minimum at ¢, =

£(3 —4/1+ %) In addition to ¢ = 0, the potential also becomes zero at the points
$o=[f% 75
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Figure 3.1: The effective potential for the ¢ field. The bubble solution corresponds to the field rolling
down from the zero value at "time" r = co to the finite value ¢g at "time" r = 0, and back to ¢ = 0.

Within this parameter range the motion is that of a bounce: from rest at ¢ = 0 at
r = —o00, the trajectory rolls down, climbs to ¢g = f — %, stops, and goes back to ¢ = 0
as © — +o00. The turning point

w
oo =f (1 f\/a> (3.13)
fixes the v.e.v. of the field at the center of the bubble, therefore, its height. Also, the
bubble size R is the effective “time” of the complete trip, which in turn is set by w.

In the limit w — 0, the bounce point becomes the maximum, ¢y = ¢ax = f, and the
particle remains there for an infinite duration before returning. Consequently, the kink
and anti-kink are at infinite distance, and the bubble becomes a superposition of a kink
and anti-kink with an infinite size R — oo.

To sum up, choosing a certain frequency w for the Goldstones in the bubble interior
uniquely fixes the size R and the height ¢y of the bubble profile as in (3.13). Also, the

SU(N)-charge of the bubble is given by

Q= / dr(é(1))? w. (3.14)
In the 1 + 1 dimensional case, for w — 0 the size of the stationary bubble R increases
only logarithmically. Namely, in the thin-wall approximation m > w, we have
1
R~ —In <m) . (3.15)

m w

We can understand this behaviour since, in the thin-wall approximation, the bubble
size (3.15) can be found by extremizing the R-dependent potential energy

1
V(R) = i fAw? — 2B e ™k, (3.16)



3.1 A model of a saturon 47

subject to the fixed charge constraint, which in the thin-wall regime implies f?Rw ~ Q.
The second term in the potential comes from the attractive force between a kink and an
anti-kink, which in 1 4 1 dimensions is suppressed exponentially. This is in contrast with
the 3 4+ 1 dimensional bubble studied in [20], where the size goes quadratically with the
inverse frequency.

Thus, in the thin-wall limit, ¢y ~ f. Moreover, we have

Rw~ < In (m> <1 (3.17)
m w
and w
Y <. (3.18)
b0

For thick-wall bubbles, on the other hand, all the scales in the game become comparable.
Such bubbles are characterized by w ~ m, Rw ~ 1 and ¢y < f.

Thanks to the low dimensionality, we can do more: the bubble profile ¢y(z) can be
obtained analytically. This follows from the existence of an integral of motion similar to
the one coming from the Bogomolny bound in the case of the kink, discussed in section
1.1.1. Indeed, the bubble profile satisfies the first-order equation:

duty = \/ —2V(¢s) - (3.19)

which can be integrated explicitly to obtain !:

om—w m —+ w
Hlr) = Vo (m+wcosh (\/mz—oﬂr)) . (3.20)

Correspondingly, the energy of the bubble is
B, = / (duths)? , (3.21)

which, after integration, leads to

2 2 3/2 2
By=—mf? (1= 5] +mf1- 25+
3 m2 m2

+w2f2 In (m M “’2) . (3.22)

m w o w m2

In the thin-wall limit (w/m — 0) this energy is equal to twice the energy of a static
kink (3.7),

1m

1
By ~2E, ~ —vaf®=-—,
3 3 a

as expected from the previous discussion. However, the order of magnitude of the energy
also stays the same in the thick-wall limit w ~ m.

(3.23)

'In a different context, this solution was previously obtained by Juan Sebastidn Valbuena Bermudez.
We thank him for sharing it.
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Figure 3.2: The bubble profile for the ¢ field.

3.1.2 The Goldstone modes

It is of great importance for connecting the bubble to the phenomenon of saturation, to
analyze its gapless excitations. They originate from the symmetries broken by the bubble
itself, namely, Poincaré symmetry and the internal SU(N) symmetry. We shall discuss
both of them.

Breaking of Poincaré symmetry

The breaking of translational invariance is described by a translation modulus 7(t), which
corresponds to an infinitesimal translation of the bubble without a change in its shape.
This is completely analogous to the case of the kink discussed in section 1.1.2. Its profile
follows from differentiating the background:

Go(x +n(t)) = ¢o(x) + (D)) n(t) + ... (3.24)
The mode’s norm is
N, = / 0uhn)?, (3.25)
and, combined with the size R, sets the Poincaré-breaking scale as in 1.1.2:
mR
fa= Nk~ T ) g (3.26)

Breaking of the internal symmetries

Now, we focus on the SU(N) Goldstone modes. To this end, without loss of generality, we
parametrize a rotation along one of the broken generators with 6(z,). The resulting mode
has the effective action:
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Sy = / P22 (2)(,0)° . (3.27)

To analyze the modes, we decompose the field using separation of variables:
O(z,t) =D On(x)Gr(t) , (3.28)
k

where the time amplitudes satisfy ¢ = —k2¢. The spatial modes therefore obey the equa-
tion:

/
+ 2¢—”@;€ +k*0, =0, (3.29)
b

with prime denoting 0.
We can observe that a normalized zero mode exists at & = 0:

O = (/ dxgzﬁz(x))_é = \/1Né (3.30)

Its norm links to the bubble charge as Ny = Q/w. Its meaning is clear: together with
analogous modes for the remaining broken generators, it accounts for the SU(N) flavor
degeneracy, obtained by uniformly rotating the bubble in flavour space.

Notice that there is also a non-normalizable k& = 0 solution [100]:

~ z dy
O(z) = / , 3.31
D=k Fw (&30
for which f;7*° dx(ﬁgé% = 00. Obviously, such a mode is nonphysical.

Let us remark that in the thick-wall regime, (mR) ~ 1, the scales of Poincaré and
SU(N) breaking match. This is a crucial fact to explain the bubble’s entropy saturation
and its connection with the black-hole entropy.

3.1.3 An interesting non-zero mode

Among the non-zero excitations, we can identify a breathing mode, with a gap set by w. We
shall show its existence in the thin-wall limit. In this regime, the bubble is approximated by
a kink and an anti-kink at a distance R. As discussed in the section above, the configuration
is stabilized by a repulsive SU(NN) charge countering the exponentially weak attraction.
Linearizing small displacements around the equilibrium point gives

5t 10%V )
> Taarz|, W

E =2E, (3.32)

where the potential comes from the quadratic expansion of equation (3.16),

1
V(L) = 5L fAw? — 2Bt (3.33)
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about the minimum defined by OV/OL =0, L = R at fixed Q .
This expression can be understood as emerging for small velocities from its relativistic
generalization

Lo = 2E\/1 — (R)2 = V(R), (3.34)
after an expansion for R(t) = L + 4(t).
Therefore, we have that

2V"(R) = —m*Ege " = —mQ*/ [*R* = —mf*w?, (3.35)

and the oscillations in size around the bubble minimum are controlled by: V" (R)/Ej ~
w? . Consequently, the canonically normalized fluctuation then obeys the harmonic equa-
tion

S(t) +wis(t) =0, (3.36)

with ws ~ w.

3.1.4 The quantum picture

Up to now, we have discussed the classical properties of the bubble. However, as argued
at length in the previous chapters, any classical configuration should be interpreted as a
proper quantum state in the QFT. This shall also be central in chapter 4. In particular, as
discussed in section 2.2, in order to capture the phenomena relevant for saturation one is
especially interested in the quantum resolution of a saturon candidate, since many of the
peculiar properties are apparent only beyond the classical limit. Therefore, we dedicate
this paragraph to describing the quantum resolution of the bubbles under consideration.
Quantum mechanically, as argued in 2.2, the bubble is a coherent bound state sustained
by collective interactions [17,20]. In the non-stationary realization of [17], Goldstone modes
remain unexcited and the state is composed chiefly of quanta of the radial degree of freedom
¢(z). For the stationary configuration of [20], the case relevant here, Nambu—Goldstone
modes constitute a relevant part of the state, since they play a crucial stabilizing role.

We shall consider the two constituents separately. First, we consider the radial field.
Its main contribution to the total energy comes from the energy of the wall, which scales
as Ey ~ [|V¢|* ~ mg¢. Each of the quanta has energy of order m, while the size of the
wall sets their wavelength as m~!. Therefore, their occupation number is

Ny~ =2 2. (3.37)

On the other hand, the Goldstone charge is encoded in the interior Goldstone quanta,
oscillating with frequency w. The associated energy is Eg ~ [ ¢* ~ ¢2w?R. This gives an
occupation number

E
Ng ~ =% ~ WwR$?. (3.38)
w
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Using (3.14) one recovers the identity

Ne =Q, (3.39)

as expected since the charge resides in Goldstone excitations.
For a generic bubble, we observe that
Ng
— ~wR. 3.40
v (3.40)
Consequently, in the thin-wall regime Rw < 1, radial quanta dominate. In the thick-wall
case, instead, Ng ~ Ny, implying an approximately even redistribution between radial and
Goldstone constituents.

The microstate entropy of the bubble

Similarly to the case of the black hole and the other examples of saturons discussed in
sections 2.1 and 2.3, a fundamental difference between the classical and quantum picture
emerges in the entropy of the state. Indeed, also in our scenario, the quantum bubbles are
endowed with a large, but finite entropy. As we shall shortly see, the modes responsible
for this huge degeneracy have small gaps suppressed by the number of constituents, which
also control the strength of their coupling. In the classical limit, at the same time, the
entropy becomes infinite, and the gap vanishes, decoupling the modes.

To analyze the entropy of the bubbles, we follow the counting given in [17,20] for the
3 4+ 1 dimensional case, since the same logic applies essentially unchanged to bubbles in
1 + 1 dimensions. This shall allow us to identify thick-wall bubbles as saturons.

The microstate degeneracy can be obtained in two equivalent ways. One is the interior
viewpoint, where we understand the bubble degeneracy in terms of possible configurations
of the Goldstone particles. The other is the exterior viewpoint, which observes the bubble
residing in the symmetric vacuum. There, the bubble appears as a multiparticle state
transforming in a large tensorial representation of SU(N), so the entropy is governed by
the representation’s dimension. As discussed in [20], for our scenario the representation is
the totally symmetric irreducible representation included in the tensor product of adjoint
representations, in number equal to the total occupation number. This directly mimics,
for example, the degeneracy counting of baryons in the Veneziano limit of section 2.3.2.

From the interior viewpoint, the vacuum is a Goldstone vacuum with Ny, ~ 2N gapless
species. The fixed total occupation number Ng can be distributed among these modes with-
out altering the macroscopic bubble, so the states are labeled by patterns |ni,...,ny,,)
summing to Ng, and the entropy becomes a combinatorial count.

Both approaches lead to the entropy [17,20]:

ON\Z¥ [ Ng
s (14 3) 7 (14 5)| (3a)
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To obtain a saturated state, we shall consider the entropy above at the unitarity limit
f? = N, and look for the saturation of the bounds (2.32) and (2.33). Notice that in the
same limit also the occupation number of Goldstones becomes of order Ng ~ N. The
counting of equation (3.41) shows that, at the critical t Hooft coupling, the bound is
saturated by thick-wall bubbles:

S~ 2N ~ f2. (3.42)

Thus, thick-wall bubbles at the unitarity limit are saturons.

Since saturated bubbles are thick-wall, this will be our primary regime of interest. The
thin-wall case will also be analyzed, since its tractability allows precise results that we then
extrapolate to the thick-wall limit.

Approximate gaplessness

We close the section on the quantum description of the bubbles with a remark on the
gaplessness of the modes discussed in section 3.1.2. It is important to note that the exact
gaplessness for both the translational and the "rotational" zero modes holds only in the
classical limit or at infinite N. Quantum mechanically, which in our setting is equivalent
to finite IV and finite occupation numbers, all these modes are lifted by a tiny gap of order

1
Awg ~ — . 3.43
Wo NR ( )
Such a lift is of fundamental importance and reflects the consequence of the breaking of
translational invariance by the localized bubble configuration. As discussed also in section
1.1.2, such a breaking can only be exact in the classical limit. Therefore, for a localized
configuration, this necessarily leads to a non-zero gap in the quantum theory.

Let us now explain how this gap can be understood for both sets of modes. For the
translational mode, the solution wavepacket localized in a radius R will necessarily spread
in a superposition of solitons at different locations, with a characteristic time of

1
_AO.)O

At ~ NR. (3.44)

This spreading lifts the gaplessness of the translation mode by (3.43). At the same time,
this spread affects the spatial profiles of all other localized modes, lifting every would-be
zero mode to the minimal gap set by (3.43).

In particular, the modes of broken SU(N) symmetry also get lifted, since they are them-
selves localized on the bubble. We can understand such a lift as a spreading in the SU(N)
space: at finite N, since we are in a localized region set by R, the would-be degenerate
“vacua” obtained by rotating the bubble are not exactly orthogonal. Consequently, their
Goldstones also exhibit gaps of order (3.43). Notice that the 1/N gaplessness is strikingly
similar to the entropy modes of black holes [15,68], and has the same physical origin.
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In thick-wall saturated bubbles, the two gaps track each other because N controls both
the internal SU(N) and the Poincaré sectors. On the other hand, in under-saturated
cases the corresponding gaps need not to coincide: they scale with the relevant occupation
numbers and localization radii. Finally, let us stress that the smallness of the gap leaves
the saturation of (2.32) and (2.33) unaffected, since the entire microstate manifold lies
within the energy window ~ 1/R.

3.1.5 Coupling to fermions

The bubble solutions that we discussed up to now are stable, both classically and quantum
mechanically. Their stability is due to charge conservation, similar to the Q-ball stability
discussed in section 1.3 [33,52,53,55]. The decay requires exporting that charge to the
exterior. However, since the exterior is the SU(N)-invariant vacuum, all charge carriers
have a mass gap set by the mass of the fundamental particle m. Therefore, there is an
unavoidable energy price to pay, which ensures stability. At the same time, the stability
can be understood as an instance of the so-called memory burden effect [25,27], as shown
in [19,20,27]. Indeed, the charge content of the bubble is encoded in the Goldstones con-
figurations, which, as discussed above, contain a large amount of information encoded in
their almost-gapless modes. Therefore, we can understand the stability in terms of infor-
mation: the bubble represents a system with a high capacity of information storage. Such
information requires the existence of the bubble in order to be stored cheaply: outside of
the bubble there are no gapless modes. Therefore, an eventual decay of the bubble would
enforce different microstates to unload their information content in different asymptotic
states. However, this creates a huge energy barrier, thereby ensuring the stability of the
bubble.

In order to enable the decay of the bubble, we shall couple it to a field that can extract
the Goldstone charge from the bubble interior without paying the high energy price. To
this end, we couple the adjoint field ¢ to a massless fermionic field in the fundamental
representation of SU(N), 1,, via the following terms in the original Lagrangian:

L= Lo+ Pha — g @05 . (3.45)

This offers an efficient decay channel for the bubble, and, as we shall see, it leads to
the bubble evaporation. The dynamics of the particle-creation process is in some aspects
similar to the decay of a non-topological soliton with U(1)-charge discussed in [55, 101].
The goal in the present case is the understanding of the universal features of the process

in the regime of saturation which, in particular, allows establishing a clear parallel with
the decay of a black hole.

3.1.6 The large-N limit

In this paragraph, we want to specify the equivalent of the semiclassical limit for the bubble,
and the conditions that the model should satisfy in order to preserve unitarity. We have
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already discussed how the 't Hooft coupling shall remain smaller than one: \ := N/ f? < 1.
The introduction of fermionic fields defines an additional interaction between the fermions,
mediated by the @ field. By analyzing the 2 — 2 tree-level scattering among the fermionic
particles, we note that it is controlled by the dimensionless coupling constant g?/af2. The
corresponding 't Hooft coupling is defined and constrained as 3 := ¢?N/af?* < 1.

We are now in the position to discuss the semiclassical limit. This is the N — oo limit
analogous to the one discussed in the case of baryons in large-N QCD and in Gross-Neveu
in sections 2.3.2 and 2.3.1 respectively. Therefore, the double scaling limit is:

2
1
2 N = 00 %N%Nﬁ—m (3.46)
m? ~ aN = finite. (3.47)

In particular, this implies that the quantity g¢g, which effectively controls the strength
of the interaction between the bubble and the fermionic field, remains finite, as it should.
In this limit, the interactions of the theory are fully controlled by the 't Hooft couplings
A and (. Unitarity is saturated when A ~ § ~ 1. This is the limit where, as shown in
section 3.1.4, a thick-wall bubble becomes a saturon. Notice, that at the unitarity bound
the limit N — oo and the requirement that we keep the bubble radius R (and hence m)
finite, completely determines the behaviour of the system

2 m2

2 m 2
~ N, ~—, ~ . 3.48
f e A (3.48)
Notice that in full analogy to the general discussion of section 2.2, in this semiclas-
sical limit the entropy modes decouple, and the bubble becomes an infinite reservoir of

inaccessible information.

3.1.7 Analysis of the fermions-bubble system

After establishing how the theory’s parameters relate in the large-/N limit, we classify the
interaction regimes between the bubble and the fermions. The scales that remain finite as
N — oo are the bubble size R, the frequency w, and the effective fermion mass inside the
bubble m, ~ g¢o. At the unitarity bound, this mass behaves as

m¢~g¢0~m<1—w>:m—w. (3.49)
m

For any value of the coupling, the inequality m,, < m holds, and the equality is reached
in the thin-wall limit stated above.

Let us first discuss thin-wall bubbles, Rw ~ 1, for the various allowed values of the
fermion coupling g. We have the following regimes:

» For the fermion coupling at the unitarity limit, the fermion mass inside the bubble is
both larger than the Goldstone frequency: m, ~ g¢o ~ m > w, and than the inverse
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my/m =0
I/M¢ > l/w >R

my/m =w/m
ljw>1/my >R

my/m = In"!(m/w)
Ljw> R>1/my

my/m =1

Figure 3.3: Possible regimes for a thin-wall bubble.

my/m =0
1/m¢ > 1/w ~ R

my/m S 1 ljw~R~1/my

Figure 3.4: Possible regimes for a thick-wall bubble.

length Rmy > 1. The latter condition follows from Rm, ~ (my/m)ln(m/w) ~
In (m/w). This in turn implies that, for a fermion of energy of order w, the penetration
length inside the bubble, Ay ~ 1/my,, is also much smaller than the bubble size. In
section 3.3, we shall see how this implies that the fermion production can only happen
close to the boundary of the bubble.

o To proceed, we can modify the effective fermionic mass by lowering the coupling
below the unitarity bound. As m, decreases, when m,/m ~ In~"(m/w), the fermion
penetration length becomes larger than the bubble size: Rmy ~ 1.

» Next, if we further decrease my, the mass becomes also smaller than the Goldstone
frequency w.

The situation is different for thick-wall bubbles, where Rw ~ 1.

o Let us first consider thick-wall bubbles with the fermionic coupling at the unitarity
bound. Here the effective mass is smaller, albeit of the same order, than the energy
of the Goldstones: my ~ gpo ~ m —w S w. Therefore, fermions are almost allowed
to be on shell also in the bubble core.

« By further lowering g, we enter a regime where m, < 1/R ~ w, while R and w of
course remain of the same order.

The list above encompasses all the regimes of mutual interaction among the bubbles
and the fermions. When investigating the bubble evaporation in the following section, we
shall take into account the various hierarchies of scales that can appear.



56 3. A model of a saturated soliton and its evaporation

3.2 The semiclassical evaporation rate

In this section, we discuss the bubble’s evaporation rate, as obtained with semiclassical
methods. This means that we shall consider the bubble as a fixed, rigid, background which
sources fermions. This approximation becomes exact in the large-N limit (3.46), since for a
bubble with an infinite number of constituents, any backreaction to an emission at a finite
rate is negligible. Therefore, the bubble becomes an eternal, time-dependent background
that is an infinite reservoir for fermion production. This means that for N — oo we can
consider the bubble as a good vacuum for the fermions, and quantize the fermionic fields
on top of it. The time-dependent vacuum will induce an effective time dependence in the
Hamiltonian for the fermions, thereby leading to particle creation.

This limit can be investigated both for thin-wall and thick-wall bubbles. Of course, the
most relevant case for saturation is the one of thick-wall bubbles. However, their exact
profile does not permit an analytic solution for fermionic modes. Therefore, we shall first
focus on thin-wall bubbles, where the modes can be obtained analytically in the approxi-
mation of an infinitely steep wall. Afterwards, we shall extrapolate the analytic form of the
spectrum to the thick-wall bubble. Obviously, by approximating a bubble with a double
Heaviside Theta function-like profile, we are committing to an approximation where the
validity of the calculation is restricted to the modes with a momentum k < m smaller
than the wall-thickness. However, the result still gives the correct parametric behaviour
as a function of the relevant parameters of the theory. We will investigate the radiation
of a thin-wall bubble both in the regime g¢g < w or in the opposite one, g¢g > w, by an
appropriate expansion in the relevant small quantity.

Now, we shall proceed to the derivation of the spectrum. Without loss of generality,
we shall consider a bubble with a macroscopically occupied Goldstone mode: 6% = §{wt.
In the N — oo limit relevant for our calculation, the v.e.v of the field inside the bubble
simplifies, taking the following form:

VN=) B(g) = ¢y(x) diag(1,0,...,0). (3.50)

Notice that the quantity g¢g, which controls the interaction between the bubble and the
fermions, remains finite in this limit. Therefore, all the quantities remain regular as well.

The origin of particle creation can be understood as the consequence of the time-
dependent Hamiltonian for the fermionic fields induced by the oscillating bubble back-
ground. As it is customary, a time-dependent Hamiltonian induces a nontrivial mixing
in the ladder operators, associated to the time dependence of the vacuum state in the
non-trivial background. The ladder operators at early and late times are connected by
a Bogoliubov transformation, whose coefficients encode the radiation rate of the bubble
itself. In what follows, we shall denote the two-momentum components by ky = € and
k1 = k. Also, by flavour symmetry, the particle production will be non-trivial in the two
flavors that non trivially rotate under the chosen flavour 77, to which we shall restrict our
attention. Moreover, unless stated otherwise, for convenience we shall use a unique index ¢
which runs over the tensor product of the spinor and the flavor spaces since our calculation
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will mix the two types of indices. Conventionally, we label with ¢ = 1,3 the two spinor
components of the first flavor and with ¢ = 2,4 the two spinor components of the second
flavor.

Finally, there is a time-dependent symmetry of the fermionic system in the background
of the bubble, generated by a simultaneous time-translation and an SU(2)-rotation in the
flavor space, Q = 0, — wT;. This allows us to label the modes according to the associated
charge, which can be interpreted as the energy e of the modes after a time-dependent
fermion redefinition ¢ = U, with U(t) given by equation (3.8). Since on the other hand
translational invariance is broken by the bubble itself, we shall express the asymptotic and
internal momentum k of the modes as a function of ¢, and not vice-versa, as it is customary.
This will make the matching of the mode behaviour between the different regions more
transparent.

Let us now consider the fermionic modes. We can generically expand the fermionic
field as:

Y => c,f"(z,1), (3.51)

where n is an index that runs over the eigenvectors of the quadratic operator describing the
equation of motion of the fermion in the bubble background and f" are the corresponding
eigenmodes. We left the expansion generic, since as discussed above both space and time-
translations are broken by the bubble. On the other hand, at spatial asymptotic infinity
the fermions do not feel the presence of the bubble. Therefore, their mode expansion is
the one of a free theory. Then, we can expand in plane waves as:

1 ‘ e i(k*(e)x—e
w_/o de EZ 7_2Wk0[/ﬁuie(k() t)

—l—/o dez Lc“ ucel* (Oz—et)
o 2 L/rRUYi )
where u; are the polarization spinors, which take into account also the choice of direction
in flavour space.

To define the in- and out-vacua appropriately, we shall consider the asymptotic behav-
ior of the mode functions. Indeed, even if the background makes the Hamiltonian time
dependent and changes the instantaneous ground state, far from the bubble the field ap-
proaches stationary regions, which select preferred ground states at infinite time t — +oo.
This is because in the infinite past or future all the scattering states have dispersed to
infinity. Therefore, they do not feel the presence of the bubble anymore, and they behave
as free wave-packets governed by the free Hamiltonian outside of the bubble.

Hence, we decompose each mode into incoming and outgoing components according
to their momentum. On the left of the bubble, incoming waves with positive frequency
carry positive momentum, while incoming waves with negative frequency carry negative
momentum. On the right, the assignments switch.

This decomposition matches the evolution of normalizable wavepackets. Incoming
modes create or annihilate a packet at t = —oo and are responsible for its propagation to-



58 3. A model of a saturated soliton and its evaporation

wards the bubble at early times, and outgoing modes determine the content at ¢t = +o00 and
control the late time evolution. Therefore, we define the asymptotic vacuum at ¢t = +o00 as
the state annihilated by all the ladder operators with positive momentum from z — —oo
and with negative momentum from x — +o0o0. This corresponds to the physical fact that
no incoming particles appear from either side. Similarly, we define the late-time vacuum
as the state without any outgoing particles from either side. Let us remark that if there
were no bubble, these two vacua would be equivalent to each other and to the usual Fock
vacuum.

Now, let us discuss the role of the bubble. Due to its presence, the fermionic modes mix
in time. A purely incoming mode at ¢ = —oo evolves into a superposition of incoming and
outgoing modes by ¢t = 4o00. This by itself wouldn’t be sufficient to have particle creation.
However, the SU(2) rotation generated by the bubble evolution:

igg
ww:gmn:w(ijéﬁy>wh (3.53)

with W a matrix diagonalizing U, mixes a mode of frequency € to another with frequency

€ —%. For || < %, this leads to a nontrivial Bogoliubov relation between in- and out-

operators of the form:
CiOUt = Z OéijCjin + 5ijCjin s (354)
J

which signals particle production. To obtain the rate, we shall compute the precise coeffi-
cients of (3.54).

The mode analysis simplifies after a change of variables that eliminates the explicit time
dependence. As suggested by the symmetry of the system discussed above, we perform the
fermionic redefinition ¢y’ = Uv. With this choice, the original equation of motion

gy + gU'V (2)Usp =0, (3.55)

became the time-independent equation

—YowT™ ) + iy + gV (z)h = 0. (3.56)

A closed analytic solution does not exist for arbitrary V(z). On the other hand, as
anticipated, the thin-wall limit, in which the bubble is modeled by a double Heaviside
Theta profile, allows for an analytic treatment. This is because, in that limit, the continuity
of the mode profile at the interface at the boundary of the bubble fixes the fermionic modes
completely. Therefore, from now on we shall focus on this regime.

Here we can write the modes of Eq (3.56) as:

~j e i(kj(e)z—et
Vel t) = {Zjduje( ) el <R (3.57)

Zj Ci/Ru5-61(kj(€)$_6t) ’x‘ > R.
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We denote quantities related to the solution inside the bubble with a tilde, and we sum
over both spin and flavor indices.

In the two regions far from the bubble, the dispersion relation is the one of a two-
flavor massless fermion, with a flavour-dependent frequency shift produced by the fermionic
rotation:

k1jo(€) = e & g (3.58)

Within the bubble, both fermions develop an effective mass m,, ~ g¢o and couple to the
excited Goldstones, which yields a more complicated flavor-dependent dispersion relation:

My 2 w\2 1
kf/Q S — <2¢> + <2> + 5\/4w262 + mfp - mefp. (3.59)

Notice that the polarization vectors are also modified accordingly inside the bubble. We
observe that, for a range of frequencies, the corresponding momenta can turn imaginary in
the bubble core, indicating that on-shell propagation is kinematically forbidden inside the
bubble. This is because the energy falls below the effective mass. Even so, these modes,
which are analogous to tunneling modes between the two asymptotic regions in quantum
mechanics, are of course perfectly legitimate.

This decomposition has been written in terms of the frequency e, which is a conserved
quantity. The frequencies € can be both positive and negative. The coefficients ¢ have to
be interpreted either as creation or annihilation operators, depending on their frequencies.
This is crucial for understanding how particle creation from the vacuum can occur, since
particle creation can occur only when the Eq (3.54) mixes modes with positive and negative
frequencies. If we undo our time-dependent fermionic field redefinition, it is clear from the
equation (3.58) that this happens for ¢ < %. Indeed, given that e is conserved, the only
mixing that can take place is among the modes that in the time-dependent basis have
frequencies € and € — 5. Consequently, positive and negative frequencies overlap only in
the range discussed above. Outside of this range, particle creation from the vacuum is
excluded in the semiclassical limit. However, we still have a non-trivial scattering against

the bubble.
By imposing the necessary continuity conditions, we can obtain ¢} as a function of ¢,

ki =81 ek, (3.60)

€

Such a matrix contains all the necessary ingredients for extracting the coefficients of the
Bogoliubov transformation (3.54). The complete expression for S;; is quite lengthy and
was obtained analytically with the help of Mathematica; we do not report it here. Instead,
we consider its asymptotic series in two regimes, expressed either for gpy < w or for
goo > w. For illustrative purposes, we write explicitly the Bogoliubov coefficients for one
of the outgoing ladder operators in the small g¢y/w regime:
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CfTout i (iggbo sin(R(2e — w))) Lt (igqbo sin(2Re)>
’ 2e —w ’ 2e
Rt 2i€%(ggo)2e B sin(4Re)  8ie®(ggo)? sin( Rw)
T Clin ¢ <_ ( 2 _ 4e2)2 w(w? — 4€2)?
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(3.61)

The spectrum of evaporation follows directly from the Bogoliubov coefficients. Let us
discuss it in both regimes g¢y < w and g¢y > w. Since, as discussed in section 3.1, the
regime relevant for saturation is gy < w, let us begin with this region of parameters. Recall
that even if we considered the evaporation process for a thin-wall bubble, the spectrum
can be extrapolated to a thick-wall, saturated bubble in its parametric scaling.

In this regime, the density of created particles per frequency per unit volume at the
leading order in a series expansion in the small parameter g¢g/w is given by:

g*®3 sin?(2Re)

4€? ’

pe = (3.62)

for |e| < %.

Moreover, it turns out that, as it should, the radiation conserves the SU(N) flavor
and is democratic in particles and antiparticles. The fact that the first-order expression
does not contain w explicitly is an "accident" of the first-order truncation, and explicit w
dependence reappears in higher orders.

The total particle density can be obtained by integration over the frequencies in the
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allowed range:

I“:/idep6
0

_ 9*¢% (2RwSinIntegral(2Rw) + cos(2Rw) — 1)
B 4w

From the rate above, we can finally obtain the evaporation rate for a saturated bubble,
in which Rw ~ 1. It reads:

. (3.63)

g°e 1
I~ w "R (3.64)
As expected from the universality properties of saturons, the particle emission rate is
given by the inverse size of the bubble. Also, the typical energy of the radiation is £ ~ 1/R.
These features, surprisingly similar to the Hawking rate for black holes, and in agreement
with the results obtained in [19,20] for the decay of different models of saturons in the
language of QFT S-matrix scattering amplitudes, strongly support the connection between
black holes and generic saturons. The next section shall be devoted to reproducing in this
model the same result in a fully quantum language.
In the complementary regime relevant for a thin-wall bubble at unitarity, the spectrum
admits an expansion in the small parameter w/g¢y. Using the same semiclassical method
introduced earlier, the decay rate takes the form

I' = wtanh? (Rggy) . (3.65)

This result matches with the decay rate of the thin-wall bubble at weak coupling,
equation (3.63), namely I' ~ ¢2¢2 R?w, within the window w < goo < 1/R. The agreement
indicates a smooth crossover between the two parameter regimes.

The same expression, even if strictly speaking is valid for g¢y > w, also supports an
extrapolation toward a thick-wall saturated bubble. The extrapolation proceeds by tuning
gpo ~ 1/R and w ~ 1/R at the same time. In this limit, equation (3.65) reproduces the
expected saturon evaporation rate (3.64) up to factors of order unity.

The overall picture that emerges describes the decay across all the regimes and links
them to each other consistently. In the next section, we shall reproduce these phenomena
in a quantum picture of the bubble, and show that the semiclassical features are correctly
captured in the appropriate limit.

3.3 The quantum description of evaporation

In this section, we consider the bubble as a quantum coherent state, and we derive its
evaporation from the quantum rescattering of its constituents. This is similar in spirit to
the approach taken in the N-portrait [13], and in other works on other saturons [19,20],
as discussed in section 2.2. We shall demonstrate, that the quantum analysis correctly
reproduces the semiclassical results. Obviously, the quantum picture is nevertheless more
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fundamental, and allows us to estimate the necessary corrections to the semiclassical limit,
in the form of 1/N corrections. The latter is recovered in the large-N limit (3.46) as
discussed in the previous section.

In the quantum picture, the dominant process is a decay of a Goldstone particle of
frequency w into a fermion-antifermion pair.

<

Figure 3.5: The dominant channel that leads to the bubble evaporation.

In an ordinary Goldstone vacuum, an on-shell massless Goldstone boson does not de-
cay. The situation changes for a Goldstone mode confined to the bubble. As we will show
below, this happens because the bubble spontaneously breaks spatial translations. There-
fore, the localized Goldstone obeys a dispersion relation that is different from that of a
massless particle in a Poincaré-invariant vacuum. Since the vacuum with a spontaneously
broken SU(N) exists only inside the bubble, for an observer at infinity, a Goldstone mode
of frequency w localized on the bubble appears as an internal excited level of the massive
bubble. Such an excitation can relax by decaying into a pair of free fermions, and no
kinematical obstruction arises thanks to the broken Poincaré invariance.

We can now estimate the quantum decay rate. First, let us consider the one-Goldstone
process. Later, we shall take into account the enhancement factor coming from the multi-
plicity of Goldstone constituents.

For a single particle of frequency w, the decay rate in terms of the dimensionless quan-
tum coupling g/w is:

e

'~ =—. 3.66
i (3.66)

Notice that the above rate omits the effect caused by the localized spatial overlap of
the Goldstone and fermionic modes. Within the bubble, where the Goldstones are living,
the fermions get an effective mass my ~ g¢o, which, for a low-energy mode, restricts the
penetration length of its wavefunction to a size of order 1/m,. Consequently, an efficient
decay of a bubble Goldstone into fermions occurs only in a region of thickness of order
the penetration length, near the bubble boundary. This gives rise to a suppression factor
coming from the wavefunction overlap, which depends on which of the regimes discussed
in section 3.1.7 we are considering.

Let us discuss such factors generically, by estimating the decay rate of a Goldstone par-
ticle 8 of energy w into a pair of asymptotic fermions of energy w; and ws and corresponding
momenta |p;| = w; and [ps] = ws.
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The total decay rate at tree level is:

I — 1 dpy dp; |(Blg | dPx69 ||
B T 2&)1 2(,02 <0|¢9>

We shall denote by 6, the mode function that corresponds to a Goldstone particle with
frequency w, and by 1; the mode associated with an asymptotic fermion of energy w;.
Now, we discuss the normalization of such modes. Since the Goldstone field is localized
within the bubble size R, the modes of the Goldstone particles which live on the bubble are
normalized by a factor 1/ VwR. On the other hand, the fermionic field in the background
of the bubble is expanded in a continuum of modes, since the fermion is massive inside the
bubble but massless outside. Therefore, they follow the usual continuum normalization,
< iy >= (2m)w;0(0) = (2m)w;V, where V' denotes the spatial volume and - ~ dp.

(3.67)

Next, we discuss the spatial profiles of the modes. As already stated above, the Gold-
stones live on the bubble. The fermionic modes, however, can have different behaviours.
Outside of the bubble, they always oscillate freely. Inside, there are two different regimes.
For energies smaller than the fermionic mass, the modes will be exponentially decaying in-
side with the penetration length [, ~ 1/m,. This is because, inside the bubble the modes

behave approximately like ¢;(z) ~ exp (ix, Jw? — mi) On the other hand, if the energy
w is larger than the fermionic mass induced by the bubble, the fermion also propagates on
shell within the bubble, carrying an effective momentum of order k ~ |/w? — mfp.

We now have all the ingredients to estimate the decay rate. Summing over polarizations,
we obtain:

dx 0% 1)
Rw Wy Wo / ate
To obtain the wavefunction overlap, let us distinguish between the various scenarios.

First, we look at the thin-wall limit, Rw < 1. Here, close to the unitarity bound for
fermions, my, > w, the integral is approximately independent of the value of the asymptotic
momenta and equal to

i wiwe O(w — Zwl) : (3.68)

‘ / 050 nts| ~ ’ / d -] (3.69)
= my >1/R
w1 (3.70)
R? my K 1/R

The w;-dependence of the wavefunction-overlap factor can be recovered from w/m, cor-
rections, which are contributing to the phase space integral. However, energy conservation
keeps them suppressed compared to the leading-order contribution. When w > my, the
fermions can be produced on-shell. Such a regime is relevant both for thin-wall and thick-
wall bubbles, and leads to a similar overlap factor as

2 (g2 w<1/R

’/dx0:¢1¢2 w~1/R.

(3.71)
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Therefore, after estimating the phase space integral, we finally obtain the parametric scaling
for the decay rate of a single Goldstone:

(3.72)

This rate is enhanced by the Goldstone occupation number Ng ~ ¢3 Rw. Correspond-
ingly, the total decay rate is given by:

I~ T'Ng ~ T(wR)g - (3.73)

We are now ready to obtain the full rate, and compare with the semiclassical results.
In the regime where gog > w, relevant for thin-wall bubbles when the fermionic coupling
is close to its unitarity bound, the penetration length is much smaller than 1/w as well as
the size of the bubble R. Therefore, the small overlap induces a suppression of the order
(w/R)(my) 2, leading to the total rate:

gos W gPdw
~N —— — Y ~ W

r
2 2
W my, my,

(3.74)

This fully matches the corresponding semiclassical one (3.65), once we take into account
that for thin-wall bubbles at the unitarity bound g¢y ~ m > 1/R holds.

Now, we consider thin-wall at weak coupling, where g¢y < w. Here, as shown above
the fermionic penetration length is of the same order or larger than the size of the bubble,
gpo < 1/R. Therefore, the dominant suppression comes from the localization of the
Goldstone mode within the size R, which leads to a rate suppressed by a factor of order

Ruw:
(9¢0)2
w

I' ~

(Rw)? ~ w(Rmy)? . (3.75)

Again, the decay rate matches with the one obtained by the semiclassical computation in
(3.63). Such a rate can be extrapolated to saturated thick-wall bubbles with Rw ~ 1 to
obtain:

r W — (3.76)

R )

that reproduces the generic decay rate of saturated states.

g L
w

3.3.1 An analytic regime for the de-excitation of the bubble
Goldstones
After the generic analysis of the quantum decay rate, we shall focus in this section on a

specific regime, where we can give a clear analytic treatment of the decay process. We will
consider the deep thin-wall regime, when the bubble walls are far apart and w is smaller
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Figure 3.6: A graphical representation of the fermionic and Goldstone modes in the background of the
bubble.

than all the other scales in the game, so that the system can be considered static for an
exponentially long time:
Ljw>R, w<my. (3.77)

In this regime, the relevant Goldstone and fermion modes are the ones with frequencies
wr < w.

Generically, the spectrum of arbitrary modes is obtained by analyzing the linearized
theory around the background. A generic configuration is expanded in a tower of states
characterized by the frequencies wy:

A

0(a,t) = 3 Ou(@)Cu(t) = 3 Op(x) €' -2 4 e, (3.78)
k k Wk
1 N
)= =3 Qs (@) bpseHtus + hec. . 3.79
Y(z,t) NG % ki (2) e uy + hoc (3.79)

We are denoting as O (z), Qk+(z) the mode functions for the Goldstone and the fermion
field respectively, as uy the fermion polarization spinors in the dimensionless normaliza-
tion, and as ay, Bki the corresponding ladder operators. Also, for clarity, we are using a
normalization for the modes within a box of finite size L, which later must be taken to
infinity.

If we focus on the low energy modes in the regime (3.77), we can obtain the profiles of the
relevant wavefunctions analytically. Let us first consider fermionic modes, with frequencies
wr < w. Under our assumptions, we can approximate their profiles by the profiles of
their wy = 0 counterparts. In particular, in the w — 0 limit, the polarization spinors u.
correspond to +i eigenvalues of v,, and the mode functions Q4 (z) are eigenfunctions of

Vo, Vath = Ei: N
Q(r) = LuFoc)exp (Fg [ o)y (3.50)
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where ¢y (z) is the bubble wall profile (3.20).

Similarly, the mode for the Goldstone of frequency w can also be approximated as the
associated zero mode, weighted by the bubble profile. As we discussed in section 3.1.2,
the Goldstone mode with wy = 0 is normalized as ©y(z) = 1/v/Nj, according to equation
(3.30).

Their overlap in the interaction Lagrangian follows directly (we drop the label w because
of the weak w-sensitivity):

/d:cgasb ) Q2 (x /da: dy Qe (1)?) (3.81)
— Q. (£00)? — Q. (Fo0)?, (3.82)

and it is of order one for 1/my < R, and of order myR for 1/my > R.

The knowledge of the modes’ profiles allows us to obtain the effective Hamiltonian
describing their interaction, and consequently, the transition rate of the bubble.

Let us denote by 131,2 the ladder operators of the fermions of frequencies w; and ws
into which the excited Goldstones decay. Similarly, we denote by a, the ladder operator
referring to the Goldstone modes of the bubble with frequency w, which are the excited
modes constituting the bubble. For both of them, as we already said, due to the condition
(3.77), the profiles closely match the ones of the respective zero modes.

Also, let us remark that the kinetic term for the Goldstone mode is normalized canon-
ically as:

H> /dmg@?( )C2(t) = wal ., . (3.83)

The interaction term in the Hamiltonian is (we omit the spinorial structure for simplic-
ity):

|
/ Az gbpfin) — / dr g0 7 Ltta, s (3.84)
= (2*(2o00) — Q*(Fo0)) 5~ 1 a biby

2L/ Rwet

where we used that the kinetic term for the Goldstone mode is normalized canonically:

Ho / dr $202(2)(2(t) = wala., (3.85)

Therefore, we can obtain the interaction Hamiltonian for the modes under considera-
tion. In the regime 1/m, < R, when expressed in terms of the properly normalized mode

operators, it reads:
1

1‘{[0%1/) B Z 2L\/w:7\_/

w1,w2

bibba,, . (3.86)

In the regime 1/m, > R, it receives a correction by a factor of my,R. We have all the
ingredients to evaluate the matrix element between the initial state |i) = |Ng) and the
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final state |f) = |[Ng — 1) x |15, 1y):

A 1 1
(fI Hopp 1) ~ | Ng—7—=—= ~ —, (3.87)
- LJwrsg L

where we used that the Goldstone occupation number is Ng = Rw@?. Again, in the
1/my > R regime, we get an additional m, R factor. The decay rate can be obtained by
integrating the squared amplitude over the phase space. Recalling that 1/L ~ dp;, and
integrating in [ dp; dps 6(w — >, w;) lead us to the total rate

1 R
T~ Y fmy < (3.88)
wRmeb 1/my > R,

The rate matches completely with the previous sections.

3.4 Understanding the spectrum

The similarity between the radiation spectrum of saturated bubbles and black holes is
striking, as they both radiate with a rate and a typical energy set by the inverse size of

the system:
1 1

FNR, ENR. (3.89)

However, there are also important differences in the characteristics of the spectrum.
In particular, while in the case of a black hole, the production of particles with energy
E > 1/R is exponentially suppressed but not zero, in the case of a saturated stationary
bubble, particles of energy F > 1/R are not radiated at all. This discrepancy can naturally
be understood in terms of charge conservation.

Quantum mechanically, as we argued in section 2.1.4, a black hole is a multi-graviton
state with a particle distribution peaked around the frequency 1/R. Higher frequencies
E > 1/R are also present in exponentially suppressed numbers ~ e E2. The exponential
tail of the black hole spectrum emerges, quantum mechanically, from two contributions.
The first is the decay of highly energetic gravitons, which is exponentially suppressed since
their number is. The second is a N — 2 type of rescattering of AN ~ ER of the main
constituents with energy 1/R into a few energetic quanta of energy F > 1/R. These rates,
for reasons analogous to the ones discussed in section 2.2.1, are exponentially suppressed
as e PR [13,82,90]. In the saturated bubble case, however, neither of these processes can
happen. On one hand, the Goldstones are all at the frequency w ~ 1/R, therefore the de-
cay channel analogous to the black hole one is not available. The second type of process is
forbidden by charge conservation. Since Goldstones are charged particles, the rescattering
of AN = ER > 1 of them into few energetic particles would force these particles to have
a charge AN. Such particles, of course, do not exist in the theory, therefore the process is
strictly impossible.
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Figure 3.7: A would be N — 2 process depicting the annihilation of N Goldstones into a pair of highly
energetic fermions. Processes of this kind are forbidden by charge conservation.

Of course, this does not forbid other types of 1/N corrections when we depart from
the semiclassical limit (3.46). For example, since for finite- N the bubble has a finite mass,
the spectrum will be corrected due to a non-zero recoil, or the bubble can radiate higher
frequency modes when excited [82]. All in all, we have identified the similarities between
the radiation of the bubble and a black holes, as well as its own peculiarities.

3.5 Time-scale of information retrieval

In this final section, we discuss the time-scale of the information retrieval for the saturated
bubble. It turns out that also in this regard the behaviour is analogous to the black hole case
of section 2.1. The question of the retrieval of information has already been investigated for
the 34 1 dimensional version of this system and other saturons in [17,19,20,102]. Here, we
report the conclusions. For our bubble, the information is encoded in the SU (V) quantum
numbers of the Goldstones. On general grounds, the retrieval time requires the resolution
of the memory modes, and therefore it is equivalent to the time-scale (3.44) associated to
the inverse gaps of the memory modes themselves (3.43), since this is the minimal time
required to resolve modes with a gap (3.43).

Let us show this explicitly by analyzing the possible ways to extract information from
a saturated bubble [17].

The first approach is the so-called passive approach, where we wait for the result of the
decay of the bubble, and we analyze its content. Notice, that it is extremely important
to keep in mind that, since everything is made by quantum fields, the detector itself is a
quantum object subject to the same rules and unitarity constraints as any other system.

To analyze the information content of the radiation, a detector needs to interact with the
individual flavour of the emitted spectrum. Let us assume that the detector has capacity
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Nget- Such a capacity is bounded by unitarity to be Ngot < N. Since for a saturated
bubble the emitted radiation has a frequency w ~ 1/R and it interacts via the coupling
constant & ~ 1/N ~ 1/S, the interaction rate for resolving a quantum of the radiation in
a detector is,

Fdet ~ *7Ndet . (390)

Therefore, even for a detector of maximal capacity, the minimum retrieval time for
beginning to extract the information of a single quantum is

~ SR. (3.91)

This rate is completely analogous to Page’s time [66] that sets the information retrieval
scale for a black hole, discussed in section 2.1 [17,19-21].

Moreover, the scaling of the retrieval time clarifies that the information extraction is
encoded in 1/N effects, which disappear in the semiclassical limit. This is in accordance
with the picture of the black hole N-portrait [13-15,64].

We now move to the active approach to information retrieval. Here, we shall imagine
that we probe the nature of the saturated bubble by scattering on it quanta sensitive to
its flavour content [17]. For example, we could consider massive quanta of the adjoint field
or the massless fermion species that are coupled to it. Let us consider a quantum of the
fermionic field of energy ~ 1/R. Its scattering rate on the bubble is of order one, since the
suppression by the coupling 1/N is compensated by the occupation number of Goldstones
Ng ~ N. However, this scattering sees the bubble as a rigid object, and is insensitive to
the bubble’s SU(N)-flavor content. This is similar to a meson-baryon scattering in large- N
QCD. If we want to resolve the flavor quantum numbers, we need to pay an additional
1/N price, leading to the rate (3.90), amounting to the time-scale (3.91).

Notice that this analysis is valid in the initial phase of the evaporation, before the
memory burden takes place [25,26]. Once the bubble enters the memory-burden phase,
new effects invisible to the semiclassical description kick in, and the emission is further
suppressed. Therefore, the active retrieval of information becomes the most effective way
of reading the information. However, as explained in [27], the retrieval rate becomes
sensitive to the particularities of the system and can be different for black holes and other
saturons.

To conclude, we have shown how the timescale of extraction of the information content
of a saturated bubble is infinite in the semiclassical large- N limit, and becomes finite, albeit
1/N suppressed, once we consider a fully quantum treatment. The information retrieval
scale (3.91) is equivalent to the black holes’ Page time. This underlines the universality of
this behaviour, and connects it to the general phenomenon of saturation.
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3.6 Conclusions

In this chapter, we have investigated a controllable example of a saturon in a renormalizable
theory in 1+ 1 dimensions. This saturon is a thick-wall bubble of a vacuum with a broken
SU(N) symmetry with large-N, in the symmetric vacuum.

We have shown that, consistently with the generic phenomenon of saturation discussed
in section 2.2, a saturon bubble saturates both the coupling bound (2.32) and the area law
(2.33) at the same time, thanks to the emergence of a large number of gapless Goldstone
modes. These bounds are all different forms of the same physical law, and set the maximally
allowed entropy for any state in a consistent QFT [16-18]. Consistently, the bubble under
study becomes a saturon when the theory hits the unitarity limit.

Then, we have focused on the evaporation properties of the saturated bubble by coupling
it to a massless fermionic field. Thanks to the controlled setting, we were able to calculate
the dominant radiation rate both semiclassically in the large-N limit and quantum me-
chanically. Semiclassically, the evaporation rate is obtained from the explicit computation
of the Bogoliubov coefficients of the fermionic field at asymptotic times. Quantum mechan-
ically, we resolved the bubble in terms of its quantum constituents, and we calculated the
rate of the dominant decay process that leads to evaporation, in terms of the decay of the
constituent Goldstones. The latter approach has been taken for other saturated systems
in [17,19-21]. In this work, thanks to the simplicity of the model, we can derive the decay
more explicitly, and we manage to show the full agreement of the two approaches.

Our results have two main implications. First, it allowed us to confirm the identical
physics between black holes and generic saturated states. In particular, we obtained that
the bubble radiates at a rate given by equation (3.89), where both the rate and the typical
energy of the radiated particles are set by the inverse size 1/ R of the system. This parallels
the Hawking radiation for black holes, and further establishes the understanding of black
holes as belonging to the universality class of saturons.

Second, the matching of the semiclassical and the fully quantum corpuscular approach
offers strong support for the quantum description of a black hole given by the black hole
N-portrait [13], discussed in section 2.1.4, as well as for the generic understanding of the
quantum nature of classical profiles as multiparticle states [20,23, 28,29, 40,64, 83,84,103].

Finally, the model allows us to understand very clearly the processes of information
storage and retrieval. In particular, it makes the semiclassical limit and the quantum
timescale of information very transparent. Information is stored in 1/N-gapless Goldstones,
whose coupling is also controlled by 1/N. Therefore, information cannot be retrieved
semiclassically, while quantum mechanically the retrieval rate is given by equation (3.91),
in line with the results obtained in other saturated systems [17,19-21]. Again, this is in
complete correspondence with Page’s time [66] discussed in section 2.1.3. To conclude, the
identical physics between the saturated bubble and a black hole in all the relevant aspects
confirms the universality of the physics of saturons and supports the picture of a black
hole as a saturated state.



Chapter 4

Quantum dynamics of a relativistic
U(1) superfluid

In this chapter, we move away from the phenomenon of saturation, to discuss the connection
between the classical and quantum dynamics in a different setting, along the lines of [3]. Of
course, at a fundamental level classical dynamics should emerge from the quantum Hilbert
space obtained by quantizing around a well-defined vacuum, for a given set of states in
an appropriate regime of parameter space. The quantum dynamics of the states should
also automatically take care of deviations from classicality. First, in the introduction,
we briefly expose the general framework of the background field method [28,29]. This
approach allows us to analyze the dynamics of quantum states in a controlled semiclassical
approximation, where one can clearly understand how the dynamics of the "classical" one-
point function of a highly occupied coherent state receives quantum corrections from higher-
order correlation functions in a controlled manner. We also briefly discuss the role of
coherent states as good quantum field theoretic states to obtain an approximately classical
dynamics, as well as the importance of dressing in order to properly define a quantum state
that really tracks the classical motion in the most accurate way [30,31,104]. We show how,
generically, genuinely quantum contributions necessarily spoil classicality for long enough
times, at a quantum timescale set by the so-called quantum-break-time [22-24,63, 105].
This has clear connections to black hole physics, since such generic corrections clearly
show how the Hawking self-similar evaporation picture needs to receive 1/N modifications
at finite quantum coupling [13,15,59,67]. Beyond black holes, the concept of quantum
break time has also been extremely relevant for cosmic inflation [64, 103,106, 107], and
de Sitter states in quantum gravity [13, 14,22, 23,64, 103, 108]. Then, we move to the
main focus of this chapter, based on [3]. Here, we study the stability of a fully quantum,
homogeneous superfluid state in a U(1) theory with quartic interactions. We show how,
with an appropriate definition of the state, the symmetries of the theory can preserve
the stability of such a state, in such a way that it retains full coherence at all orders in
perturbation theory. We clarify the great specificity of the state under consideration, and
why all the right ingredients need to come into place in order to ensure coherence. Finally,
we study the spectrum of the theory at one-loop order, and we show that as expected from
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Goldstone’s theorem [109,110], it admits a gapless Goldstone mode. Thus, we demonstrate
the importance of a consistent loop expansion to preserve the gaplessless, clarifying how
some truncations in the Hartree approximation can lead to the spurious gap that sometimes
appears in the literature [111-114].

4.1 Introduction

4.1.1 States and classicality

Let us begin by discussing the concept of classicality in quantum field theories in general
terms. In a quantum field theory, a generic configuration is described by a quantum state,
which we shall generically denote by |¥). Such a state generates an infinite set of correlation
functions, the n-point functions, of the quantum field operators, which we shall collectively
name (;3(1’, t), e.g.

and similar correlators involving the conjugate momenta.

These can be associated, with some limitations, with all the moments of the probability
distribution for the associated observables. For example, the one-point function gives the
expectation value of the field operator on a given state.

On the other hand, in a classical theory, a state is described by a single c-number field
configuration (and its time derivative), which we shall denote by ®(z,t) .

Clearly, the two sets of initial data for solving the initial value problem look very
different from each other. In particular, the quantum state in principle provides infinitely
more information in terms of the whole set of correlation functions.

Therefore, it is a meaningful question to ask under which conditions the full quantum
dynamics can be reduced to its classical counterpart, and to which extent such an ap-
proximation is justified. In general, classicality emerges in the limit of large occupation
numbers, or equivalently large field values. In such a regime, one can hope that, approxi-
mately, the dynamics of the one-point function capture the leading contribution to the time
evolution. In particular, one can define the classical profile as the one-point function of a
relevant operator' (¥|¢(x,t)|¥) = ®(z,t). Classicality emerges if, on the relevant scales
of the problem under consideration, the higher-order correlation functions are dominated

'We remark that classicality can in general also be measured by a different matrix element of the field
operator, beyond the expectation value, as understood for example in [64]. Nevertheless, in the subsequent
discussion we shall assume the classicality is measured by the one-point function. This is the case, e.g.,
for (dressed) coherent states, which are the main focus of this chapter.
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by their disconnected contributions, i.e.

This entails that, approximately, the one-point function alone is sufficient to capture the
full dynamics. It is important to keep in mind the limitations of such statements. First,
they are scale-dependent, due to the fact that at sufficiently short scales the connected
contribution will always dominate. This indicates the unavoidable breakdown of classicality
at short-enough distances, where quantum fluctuations will inevitably dominate over the
background. Furthermore, even if the system is initially prepared in a state with such
classical features, the maintenance of classicality in time is connected to the preservation of
the above-mentioned relations under the Hamiltonian flow. This is by no means guaranteed,
and on the contrary, it can only hold in very specific instances.

The prototypical example of "classical" states are coherent states [4,5,115]?, which we
shall now discuss, together with their limitations. Let us set ourselves, for the moment, in
Schrodinger picture.

Both in non-interacting theories, or alternatively as asymptotic states of an interacting
theory, their construction is carried on straightforwardly by using the field displacement
operator on the vacuum. In an exemplar scalar theory, a coherent state is defined by

|\I/> _ efifd3x(¢>C1(x)fl(x)fﬂcl(x)&x)) |0> ) (41)

Notice that the field displacement operator is a unitary operator that implements a trans-
lation in field space. This is analogous, for example, to the form of the operator that
implements a translation in quantum mechanics. One can easily check that the initial
expectation value of canonical variables is indeed given by ¢ and Il.. Also, if we study
its dynamics, in a free theory it trivially follows from the commutation relations with the
Hamiltonian that its evolution preserves coherence, namely that it can be obtained by re-
placing in the displacement operator the classical profiles by the time-dependent solution
to the classical equation of motion with the corresponding initial conditions.

The story however changes once we turn on interactions [28,29,31]. First, in an in-
teracting theory we shall be inclined to construct coherent states starting from the full
vacuum:

by = e*ifdgw(¢cl(x)ﬁ(x)*ncl(5’3)‘$($))|Q> . (4.2)
This corresponds to the initial conditions

(CIOICH(E = 0) = fula). (4:3)
(CIHIC)(E = 0) = Ha(a). 4

2See also [116,117].
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The two-point functions are determined by

(C16(,0)6(3, 0)C) = ba(w)éaly) + (Ud(z, 005(3, 0)1) (15)
(€I 0y, 0)[C) = Ma(@)aly) + (@ OM(p 0. (46)

and higher n-point functions follow similarly. More importantly, it turns out that the
vacuum 2-point function contribution in the correlator above, results in an infinite average
energy density of the configuration under consideration [29], even after renormalization.
This can be intuitively understood from the fact that a coherent state shifts the one-
point function, but, modulo the classical contribution, leaves the higher-order correlation
function as the ones set in the vacuum. Therefore, in general the fluctuations around the
one-point function do not minimize the energy around the one-point function, effectively
leading to the equivalent of highly excited states around the given expectation value. To fix
this, one needs to upgrade the definition of coherent states to a more general class of dressed
coherent states, order by order in perturbation theory. In particular, the vacuum of the
theory |2) must undergo a background-dependent squeezing to ensure one-loop consistency
at one loop. At higher loops, even non-Gaussian modifications are required [31]. In the
proceedings of the chapter, we shall see how in our scenario one can encode all the dressing
consistently by considering as an initial state the ground state of the Hamiltonian for
fluctuation fields around the given background, similarly to what was discussed for the
kink state in chapter 1. Of course, generically, such a Hamiltonian will be time-dependent,
and this definition holds only at the initial moment in time.

4.1.2 Time-evolution and the background field method

We can use coherent states to show at a first glance how the quantum dynamics in general
departs from its classical counterpart. This has been discussed, for example, in [28,29,64].
Even if, as discussed above, coherent states exhibit some shortcomings, it is a good place
to start in order to investigate this class of purely quantum effects. Then, we will move to
the more efficient approach of the background field method, which offers more flexibility
in practical uses.

To study the departure from classicality of a coherent state, one can directly analyze
its time evolution:

|\I/>(t) — efiI:Ite—ifd3x(qﬁd(x,O)ﬁ(x)—ﬂd(a:,O)qB(z)) |Q> 7 (47)
and compare it with a state following a "purely classical" evolution, defined as:
|\I/C1> (t) _ efifd3x(¢cl(az,t)fr(x)77rcl(x,t)¢3(x)) |Q> ) (48)

This allows us to directly assess the departure from classicality, for example from the
overlap among the states, which can be expanded as a time series:

[(TaT)P() =1 = ant”. (4.9)
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The overlap is not one except for a free theory. The so-called quantum break time
timescale [22-24,118], where the quantum dynamics departs significantly from classicality,
emerges as the time scale at which the time-dependent contribution dominates the overlap.
This has been investigated, for example, in [28,29]. However, the implementation of this
approach can be challenging for physically interesting cases. Instead, it is generically
convenient to think about the state in terms of its correlation functions. As we have already
pointed out, the two descriptions are equivalent. As a result, instead of equation (4.7), we
can analyze the coupled infinite-dimensional system of equations of motion for correlation
functions. The choice of a classical state is then encoded in the initial conditions for the
full tower of correlation functions. This approach goes under the name of background field
method. As we shall see, this approach becomes significantly more practical than the full
quantum evolution of the state when there is a certain hierarchy among the correlation
functions, as it is the case for "classical" states. In such a setting, at a desirable order of
the loop expansion the system of equations simplifies to the point that effectively only a
finite number of correlators are sourcing each other.

We shall now briefly exemplify this method in the easy example of a real scalar field
with quartic interactions. From now on, we will work in Heisenberg’s picture. Then,
the full quantum dynamics is governed by Heisenberg’s equation of motion, which for the
quartic theory at hand is

(~o+m?)ét =0, (4.10)

The next step is to consider as the background the one-point function of the field
operator on a given state, ® = (U|¢(x,¢)|¥). Notice that this is not just a classical
background, and its dynamics can differ significantly. We also define an operator which
characterizes fluctuations around the one-point function, z/; = é— ®. Such an operator has
by definition zero expectation value on the chosen state |¥). We can obtain an equation
of motion for the one-point function by substituting this decomposition in equation (4.10)
and taking the expectation value:

<_m +m? 4 ;wW(x,t)ym) O(z,t) + ?/)\!q)?’(:c,t) + ;!@W(x, HE)=0. (4.11)

This equation has important differences from the equation of motion for a classical con-
figuration, as it contains quantum corrections to the dynamics of the background sourced
by higher-order correlation functions. These higher correlation functions, as we shall see
shortly, themselves satisfy their own equations of motion, creating an infinite tower of cou-
pled differential equations. However, in a semiclassical limit, we have a hierarchy where
the one-point function remains finite in the A — 0 limit, while each n-point function carries
with it greater powers of h the higher n is. Therefore, if, for example, we are interested in
leading order quantum corrections to the classical dynamics, we can ignore the last term
of equation (4.11), since it becomes relevant at 2-loops. In other words, at one-loop, the
above equation requires only the knowledge of the two-point function. Let us now obtain
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the equation that governs the dynamics of the two-point function. By plugging the de-
composition & = qAB — & into equation (4.10), subtracting the equation of motion for the
one-point function, multiplying by a power of ¢(z’,t'), and finally taking the expectation
value over |U), one obtains:

0: (_D(m 28, t>) ([, ) (!, )| )

5 0w P, 00, 1) + 2 I i ) (112)

This equation is in turn sourced by higher correlators, whose equations of motion can be
obtained in a similar way.

Let us now explain how quantum corrections can be incorporated iteratively in the A
expansion. For example, to find the one-loop corrected ® from equation (4.11), we shall
solve equation (4.12) at the tree level, which corresponds to the first line with ® replaced
by the classical background. On the other hand, to obtain the one-loop corrected two-point
function we need to evaluate equation (4.12) using the one-loop corrected background field
®. Also, at the same time the second line of equation (4.12) gives additional one-loop
corrections sourced from higher order correlators at tree-level. This procedure can be
iterated at any loop order.

Finally, let us clarify once more the role of the choice of a state in the above construc-
tion. The initial quantum state of the system provides initial conditions for all correlation
functions which can then be used to solve the coupled system of equations (4.11), (4.12)
and similar ones for higher order correlators. Moreover, for a state with a macroscopic
one-point function, the results at a given order in loop expansion simplify to the point that
only a finite number of correlators affect each other. This is the reason why the background
field method is so practical.

Let us observe that in the background field method one could also specify the state using
the fluctuation field 1& order-by-order in perturbation theory and piece-wise in terms of their
correlation functions. However, since fluctuations live on a time-dependent background, in
general the Hamiltonian which governs the evolution of 1/; is also time dependent. Therefore,
no absolute notion of a vacuum exists, and one needs to resort to the instantaneous vacuum
at a given time. In practice, one should keep in mind that these approaches are equivalent
to each other, and to the choice of a given initial state. Its identification in terms of the
original degree of freedom qg or of the fluctuation Qﬂ depends on the problem at hand.

Before proceeding to the superfluid system which will be central in this chapter, let us
make a short remark on black hole physics. In this picture, a purely self-similar Hawking
evaporation would correspond to truncating the dynamics of the one-point function at one
loop, where the two-point function for the fluctuation field in the black hole background
would encode Hawking’s radiation. Then, this approach clarifies explicitly the necessity
of 1/N ~ g, corrections to the quantum dynamics of black holes: they are the quantum
corrections coming from higher order correlation functions, which necessarily spoil the
exactness of the semiclassical dynamics.
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After this short remark, we now move to the superfluid state that shall be the main
focus for the rest of this chapter. In the next section, before diving into the core of the
work, we shall give a short summary of the main points of our analysis.

4.1.3 Summary of the chapter

The analysis of this chapter will be focused on a homogeneous condensate of an interacting
U(1) invariant complex scalar field with quartic interactions, hereafter called a superfluid
state. As discussed in the previous section, one could provide the fundamental description
for such a state by a coherent state, suitably adjusted by squeezing. In general, because
coherent states are not Hamiltonian eigenstates, they evolve in time. As shown in the
introduction, while coherence remains intact in a free theory, in nonlinear theories it is
typically lost due to quantum effects. In this chapter, we shall show that there is a proper
definition of the homogeneous superfluid state under study, such that complete coherence
is maintained order by order in perturbation theory.

The theory is defined by the following Lagrangian of a complex scalar with quartic
interactions:

L=0,010"d —m? o — \|d|*, (4.13)

Its equations admit a stable, spatially uniform superfluid for A > 0 and m? > 0,

P = \}ﬁvei“t, with % =m? + . (4.14)
The classical superfluid can be characterized by its VEV v, or equivalently by its chem-
ical potential p. The solution spontaneously breaks at the same time the global U(1)
symmetry responsible for number conservation and spacetime symmetries, through its ex-
plicit time dependence and nonzero energy and charge densities. The charge density reads
n = pv?. Let us remark that the classical relation between p and v given by equation
(4.14) shall receive quantum corrections. Therefore, for the time being, we will keep the
quantum versions of these parameters in equation (4.15) as free independent variables.
In general, a superfluid state shall be considered as an appropriately dressed coherent
state of the form:

’\IJ>SF _ e—ivdex(f[+iu<f>+h.c.>‘S> 7 (415)

where |S) is an appropriately dressed state in which canonical degrees of freedom have
vanishing expectation values. For example, in a perturbative analysis as discussed in the
introduction, at one loop |S) has to be chosen as a nontrivially squeezed vacuum, and
not merely as the vacuum of (4.16). Generically, a state of the form (4.15) will undergo a
time evolution which approximately tracks the classical solution (4.14), but with nontrivial
quantum corrections. We shall show, however, that we can choose an appropriate state
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such that the only impact of quantum effects is to correct the classical relation between u
and v given in equation (4.14), but that beyond this retains coherence at all orders.

Another approach could be that of applying the background field method outlined
above, and defining a superfluid state (4.15) as a sort of a vacuum for fluctuations around
the classical background (4.14). We should note, however, that a decomposition of the
form & = veitt +1/; leads to explicit time-dependencies in the Hamiltonian that governs the
evolution of @/AJ Our approach is somehow a unification of both approaches, where on one
hand our state is easily understood as a vacuum of fluctuations, albeit around a quantum
corrected one-point function, and on the other hand can be clearly connected to a specific
state written in terms of the fundamental degrees of freedom of the theory.

We shall obtain our explicit definition of a stable superfluid state going through a
procedure that bears substantial similarities with the definition of a kink state discussed
in section 1.1.3. First, let us consider the Hamiltonian of the theory:

fl:/d3x(|ﬂ|2+ VO +m?|* + A[$]") . (4.16)

The stable superfluid state is characterized most easily after we perform the following
canonical transformation, corresponding to the time-dependent change of variables gener-
ated by the U(1) charge Q in the fundamental theory, with a "speed" controlled by the
parameter u, yet to be specified. Notice that at this stage we have not yet introduced any
background.

=000, MN=00,01, with U=wQ (4.17)

As we shall show in the following sections, by a trivial analysis of the time-dependent
canonical transformation above, the new variables ¢ and II, are governed by the Hamil-
tonian

0= 0= pQ = [ @ (1, —ing! P+ [VoP + (m? = i) 62+ Agl") . (4.18)

This Hamiltonian is both time-independent and bounded below. Let us remark that
these are extremely peculiar properties that do not usually hold for generic time-dependent
field redefinitions.

Consequently, the Hamiltonian (4.18) has a well-defined vacuum state |v). It is easy to
see that it spontaneously breaks the U(1) symmetry, and carries a nonzero charge density.
With a usual choice of the phase, the vacuum expectation value can be pointed to the real
direction in the field space

(v[@lv) = —=v, (4.19)
Notice that the vacuum expectation value v is in one-to-one correspondence with u. Let

us also remark that we can of course rewrite the Hamiltonian (4.18) also in terms of
fluctuations around its VEV, by another trivial, time-independent field reparametrization.
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Classically, they are connected exactly by equation (4.14). However, quantum mechanically
corrections emerge, analogously to the case of spontaneous symmetry breaking in the
vacuum, where the effective potential receives Coleman-Weinberg corrections that modify
the vacuum expectation value.

In the following sections, we shall review the known fact that, as expected from the
properties of the Hamiltonian (4.18), the kinetic matrix for perturbations around |v) can
be diagonalized with time-independent wavefunction coefficients. To show the connection
with the background field method, we shall also explicitly construct |v) from the vacuum
of the (Lorentz-violating) free theory of superfluid perturbations.

Let us remark that the state |v) is only a vacuum for H', not for H. As we shall show
in later sections explicitly, it is a suitably dressed coherent state. This had better be the
case, if we hope to reproduce classical evolution given in equation (4.14). The (non-trivial)
time evolution of |v) can be easily described explicitly, given the relation between H and
H’, and reads:

e Hlt|y) = e iute—intQy) (4.20)

where FE, is the background energy, which is infinite in the infinite volume limit. In
other words, there exists a one-parameter family of coherent states parameterized by pu,
corresponding to a different U(1) charge density, whose time evolution is purely generated
by the symmetry operator. In [119], such states were named symmetry probing states.
Therefore, in particular, our superfluid state remains coherent at all orders, and follows a
"classical" time evolution, albeit with quantum-corrected relations between v and . It also
follows from the transformation properties of the original fields under the U(1) symmetry
that the time-evolution of equal-time correlators is a simple phase rotation which goes as

N1 R No . ) N1 R No .
(oI TT @ (s, t) T] @y, 0) .. 0) = 00| T (s, 0) [ @ (2,0 o) . (4.21)
i=0 =0 =0

1=0

To summarize, we have shown that, thanks to charge conservation, a non-excited super-
fluid state, which can be thought of as the vacuum for perturbations around the superfluid
background, maintains its coherence eternally. This can also be understood in terms of
constituent particles, as the superfluid is a condensate of zero-momentum fundamental
particles of mass m. In this language, it is clear how stability comes from charge conserva-
tion: such particles cannot annihilate, and thanks to homogeneity there are no rescattering
processes that are kinematically allowed. Notice that, in the real scalar field case, quantum
depletion was instead allowed since in that case there are no constraints on 4 — 2 processes
coming from charge conservation [29].

In the remainder of the chapter, we shall analyze the state using the background field
method, confirming its stability perturbatively and giving its explicit construction. This
approach allows us to compute the one-loop quantum correction to the chemical potential.
Then, we shall clarify how the specific choice of dressing that comes from its definition
in terms of the vacuum of the Hamiltonian H’ is key in ensuring stability, by studying
an explicit counterexample. Finally, still applying the background field method, we shall
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analyze the spectrum of the fluctuations of the superfluid state at one-loop. We show that
a proper account of the quantum corrections indeed confirms the existence of a gapless
mode as expected from Goldstone’s theorem [109, 110].

4.2 From the semiclassical to the quantum descrip-
tion of superfluids

In this section, we first review the classical and semiclassical description of superfluids, and
then we move on to the quantum description.

4.2.1 Classical and semiclassical superfluids

As shown in the introduction, homogeneous classical superfluids are described by solutions
of the form y
Py (t) = —=etet | 4.22
se(t) 7 (4.22)
with
p2=m?—+ M’ (4.23)

where the chemical potential . sets the energy required to add a particle to the system.
As discussed above, superfluid solutions break both U(1) and time-translational invariance,
even though they preserve the combination generated by H' = H — uN.

In a semiclassical approach, one can study the fluctuations around a superfluid by
expanding the original field as:

1 :
d(x :{v—i—h x) +im m}el‘“t, 4.24
(@) = 5 {v+ holo) + im(a) (4.24)
and quantizing the fluctuations around their vacuum. This analysis only holds in the
semiclassical limit, which is a large occupation number limit where the coupling is sent to
zero, keeping the collective coupling constant:

A 2
A — 0, (v/pe)* = o0, % — const . (4.25)
i

C

In the same limit, ng is divergent. Physically, this implies that h. and 7. can be mean-
ingfully interpreted as genuine fluctuations around the classical solution only when the
number density of superfluid constituents becomes infinite. Beyond this limit, as we shall
show shortly, the fields h.(x) and 7.(z) defined above do not represent proper quantum
fluctuations, as they develop tadpoles. Therefore, their expectation values do not vanish
on the vacuum state describing the unperturbed superfluid, and this requires an update of
the background.

With the assumption above, starting from the original theory and plugging the field
redefinition into equation (4.13), we can obtain the Hamiltonian for the fluctuation fields:
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1 ) . by 2
H = 5 {(HZL + [j,c’]TC)Q + 0;h0"h, + (117 — /lclhc)Q + @m‘cﬁlwc} + 1 (hz + 7Tg + QUhc> ,
(4.26)
written in terms of the canonical momenta
7 = 7, 4 piche, 0P = he — pere. (4.27)

Since the resulting Hamiltonian is time independent, the theory of fluctuations can be
quantized by the standard procedure around the vacuum of the fluctuation fields [€2} )
(see, for example, [120,121]). Therefore, |Q2; ) represents the unexcited superfluid state in
this approximation.

To obtain the spectrum of the fluctuations, we solve the linearized theory [122] and get
the following dispersion relations

(Wh)e = k> + \® +2u2 £ \/4/{:2/13 + (W2 +2u2)* . (4.28)

Here, we just report the result, not to repeat ourselves. We shall give more details once
we move to the analogous spectrum of the quantum superfluid.

As expected, since the configuration (4.22) spontaneously breaks the U(1) symmetry,
the theory admits a gapless mode [109,110] given by the negative branch of the dispersion
relation (4.28).

This gapless mode in the non-relativistic limit has the dispersion relation of a sound

wave:
s AP
T2u
This corresponds to the phonon, which is the only low-energy degree of freedom of the
superfluid. The parameter ¢, reduces to the sound speed of the superfluid in the non-
relativistic limit. By comparing with (4.25), we see that the sound speed remains finite in
the semiclassical limit.

Beyond the semiclassical limit, the superfluid background receives quantum corrections.
In the semiclassical expansions, they are captured by tadpoles in the fluctuation fields: the
condition (h.(z)) = (m.(z)) = 0 cannot be consistently maintained beyond the tree level.
In perturbation theory, this is seen by considering loop corrections, at finite A to the
one-point function of the fluctuation fields.

For example, one can show that the cubic vertex hn? in the Hamiltonian (4.26) induces
the following one-loop correction to the expectation value of the radial fluctuation

w_ =~ c.k with c

(4.29)

(h(z)) D —A*v*Im /_too d*z (12 o(2)) (heo(2)heo()) (4.30)

where the expression has been evaluated using the in-in formalism in the interaction pic-
ture (46,123, 124] as discussed in appendix A, and h.o(z) and 7.(x) are the fluctuation
fields of the quadratic theory. We shall give more details on this approach in section 4.2.3.
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Figure 4.1: Example of tadpole diagrams. The first corresponds to a correction to the one-point function
of the fluctuation field h. The second is a reducible diagram that appears in the computation of loop
corrections to the (m(x)m(y)) correlation function. Diagrams of this type signal an incorrect choice of
background and can be consistently reabsorbed into a shift from the classical solution to the quantum-
corrected one.

Notice the appearance of an additional quantum coupling A next to the classical collec-
tive coupling Av2. The above correction is pictured as a tadpole diagram, represented by
the left panel of Fig. 4.1, and signals that the expansion is organized around the incor-
rect background. Tadpole diagrams play a significant role in quantum field theory. On
one hand, they encode information about the physical quantum-corrected background, as
exemplified by the case of a real scalar condensate [29]. On the other hand, they also
affect the dynamics of the fluctuations. For instance, tadpole contributions are crucial for
ensuring that the Goldstone mode remains gapless beyond tree level, in agreement with
non-perturbative results [109,110]. In order to give a proper analysis of the superfluid be-
yond the semiclassical approximation, it is therefore convenient to apply the background
field method consistently [29,30], treating the superfluid solution as a one-point function
over a properly defined state from the beginning. In the next section, we discuss the correct
procedure to go beyond the semiclassical limit.

4.2.2 Quantum superfluids and the background field method

Quantum mechanically, an (unperturbed) superfluid is a state in the Hilbert space, which
we shall denote by |v). As discussed in the introduction, at every time it defines both a one-
point function and all the higher correlators. Let us first keep |v) fairly generic, by fixing
only its one-point function at the initial time. Then, we shall obtain the relevant equations
that shall describe the full dynamics. Finally, we clarify how the specific choice of state
described in the introduction, namely the vacuum for the Hamiltonian of the fluctuations
around the one-point function, correctly initializes time-independent correlation functions
for the fluctuation fields, thereby providing a stable superfluid state.
To begin, we perform the following reparameterization of the scalar field

1 .
O(z) = —= (v + h(z) + in(z)) . 4.31
(z) 7 (v + h(z) +im(z)) (4.31)
where we shall call h(z) and w(z) radial and angular fluctuation fields respectively. The
quantities v and p are real parameters. We impose our condition on the one-point function
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by taking the expectation value of the above relation over the state |v) and imposing:

(h(z)) = (m(z)) =0 = (D(z)) = =", (4.32)
V2

This guarantees that the full dynamics of the one-point function is encoded in the parame-
ters v and p, while h and 7 are proper fluctuations [29,125], with vanishing tadpoles in the
fully quantum theory. Also, the condition (4.32) fixes the initial condition for the one-point
function of the field operator and its conjugate momentum at the time of definition of the
state, with the first set by v and the second by pu. Let us remark that, in general, v and u
are time-dependent parameters, whose dynamics is specified by the equation of motion for
the one-point function. However, we shall demonstrate that for a superfluid, they can be
chosen to be time-independent. We will proceed as follows: at this stage, we assume that
both v and p are time-independent, as we are interested in a stable quantum superfluid
configuration. Then, we will show that this assumption is consistent with the full quantum
equations of motion, provided the state |v) is appropriately defined as in section 4.1.3. In
other words, there exists a state for which a constant amplitude and chemical potential
solve the full quantum Heisenberg equations of motion. In section 4.5, we will show that
for different choices of the superfluid state, the time-independence property does not hold
and one is forced to allow for a time dependence of the parameters.

Also, let us point out that unlike in the classical case where their relation is fixed by the
classical equations of motion, v and yu are a priori independent, and they shall be connected
with the quantum equation of motion for the one-point function.

Let us now determine the relation between the amplitude and the chemical potential
in the full quantum theory. We apply the same approach discussed in section 4.1.2. The
equations of motion for the field operator ®(z) in the Heisenberg picture are:

O + m?® + 2X\|®*® = 0. (4.33)

We shall substitute the field redefinition (4.31) in the above equation, still assuming that
v and p are time-independent functions. This leads to a set of two equations for the real
and imaginary parts respectively:

Oh+ (—p? +m? + 3\0?) h — 2pi + (m? + \o? = p?) v+ Mo(3h? + 72) + X (h* + ha?) = 0
(4.34)
Or + (—,u2 +m? + /\1)2) T+ 2uh + A (7?3 + hm + 21}h7r) =0. (4.35)

To obtain the equations for the one-point function, we consider the expectation value
of equation (4.34) and equation (4.35) over |v), and use the tadpole conditions:

p? = m? + M? + 3A(R?) + \Mx?) + 2(h3) + 2(h7r2> : (4.36)

A [(h) + 21(7rh2—|—7r3> = 0. (4.37)

v
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As in section 4.1.2, this equation receives contributions from the equations for higher-
order correlation functions. We kept the factor of A explicit in equation (4.37) to make
the loop expansion around the semiclassical limit (4.25) clearer. However, we shall drop it
from now on.

Equation (4.36) gives us the quantum relation between v and p for a stationary super-
fluid. It is the non-perturbative definition of the quantum chemical potential, and defines
the quantum background that resums all tadpole diagrams that were emerging when ex-
panding around the classical solution in the previous section. Notice that in the classical
limit it reduces to the classical relation between the amplitude and the chemical potential.
equation (4.37) is an identity that in the classical limit is trivial. We shall prove that it
also vanished for a stationary superfluid. In section 4.5, we shall clarify its connection to
the stability of the solution.

We remark again that the equations above have been obtained by assuming the time
independence of 1 and v. It remains to be proven that the above relations, coupled to the
equations for the dynamics of the higher-order correlation functions, can indeed be satisfied
by a constant ;1 and constant v provided that the state |v) is chosen appropriately. In
particular, we have to understand the dynamics of the n-point functions of the fluctuations
on the state |v), and show that there is a choice that makes all the correlators that enter
in (4.36) time-independent. Notice that only a specific choice of the initial conditions for
fluctuations guarantees this property, as we show in section 4.5.2.

The dynamics of the fluctuation fields is governed by a second set of equations, which
in turn determines also the behavior of the correlation fluctuations in the fluctuation fields.
These are obtained by plugging the relation back into equations (4.34) and (4.35), and read

(O + MAHh + 2usr + M(3h* — 3(h*) + 7% — (1%)) + A (h3 — (h®) + hn* — <h7r2>) =0,

(4.38)

(O + M2+ 2ph + A (7 + hPm + 2vh) =0 . (4.39)
Here, we defined

M2 = 2002 — 3A(h2) — \(72) — 2<h7r2) - 2<w3> , (4.40)

M2 = —\(x%) — 3)\(h%) — 2<7r3> - 2<;m2> . (4.41)

Before proceeding, some comments are due. First, we point out that these equations
are coupled to the one that governs the one-point function (4.36), since the definition of
the parameter p needs also expectation values of the fluctuation field, whose dynamics in
turn depend on . In a generic case, where both the equation for fluctuations and for the
background are dynamical equations, it is possible (although technically difficult) to solve
this system perturbatively, as shown for a real scalar field in [29,30]. However, thanks to
the time independence of the superfluid ansatz, in our case the situation is considerably
simpler, as equation (4.36) is non-dynamical, and simply defines the chemical potential as a
function of the amplitude. To sum up, the system of equations (4.36)—(4.39) fully encodes
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the quantum dynamics of the background and its fluctuations, under the assumption of a
constant amplitude and chemical potential.

Second, the operatorial equations of motion here depend explicitly on the expectation
value of the operators themselves in the quantum state of the system. These additional
terms are important, for example, in guaranteeing the tadpole condition (h(x)) = (w(z)) =
0 and making the formalism we defined self-consistent. They also source physical quantum
effects. Third, notice that naively the angular mode seems to acquire a mass gap from the
quantum contributions at one-loop. This might suggest that the would-be Goldstone boson
becomes massive. However, we shall show in section 4.6 that this apparent gap is exactly
canceled in the equation for the two-point function by non-linear interactions contributing
at the same order, thereby guaranteeing the gaplessness of the Goldstone mode. Finally, in
the classical limit, all contributions from correlation functions at time coincidence vanish,
since (after proper renormalization) they carry contributions proportional to the coupling
constant. Therefore, one recovers the treatment of the previous section.

To obtain a system of equations for correlation functions, we can take two approaches.
First, as discussed in the introduction, we can multiply equations (4.38) and (4.39) by
arbitrary products of m(y;) and h(y,), and then take the expectation value in the state
|v). The result is an infinite, coupled hierarchy of ordinary differential equations for cor-
relation functions, commonly referred to as the Schwinger—-Dyson equations. We provide
an example in section 4.6, where we study the two-point functions of the fluctuations to
demonstrate the one-loop gaplessless of the angular mode. Alternatively, we can study
the quantum theory of the fluctuation fields around the one-point function, and evaluate
correlation functions perturbatively order by order on a given state. This is the approach
that we shall use, as the choice of our superfluid state makes it particularly natural.

Indeed, as discussed in the introduction, we define our stable superfluid state as the
vacuum state for the Hamiltonian that governs the dynamics of the fluctuation fields. This
is a very natural definition, as the ground state for fluctuation fields is the state that
minimizes the energy given the chosen one-point functions. In the next section, we discuss
the quantum dynamics of the fluctuations, and we show how to evaluate perturbatively
general correlation functions. Then, we proceed to prove the stability of our superfluid
state using the background field method, in accordance with what we have discussed in
section 4.1.2.

4.2.3 The dynamics of fluctuation fields and the interaction pic-
ture

To discuss the dynamics of the fluctuations, let us start by obtaining their Hamiltonian.

We begin by inserting the field redefinition (4.31) into the fundamental Lagrangian (4.13),
from which we calculate the canonical momenta

" =h—pr, 0" =7+ uh. (4.42)
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Figure 4.2: In the background field method, tadpoles in the interacting Hamiltonian are cancelled by those
arising from nonlinear interaction terms. For instance, in the figure above, the vertex h(r?) cancels the
tadpole diagram that is generated by the cubic vertex hm2.

We then impose the canonical equal-time commutation relations,
[h(#,0), I1"(7,0)] = [x(7,0), IT"(§,0)] = i6(Z — ) , (4.43)

with all other commutators vanishing. Finally, we derive the full Hamiltonian H = Hy +
Hint, where

Ho = ; {(H” — ph)? 4+ Oimd'm + (" + pm)? + 0;hO'h + 2)\v2h2} : (4.44)
Hine = 2(72 + h? + 4hv) (h? = 3(h?) + 72 — (7%)) . (4.45)

The procedure is analogous to the one carried on in section 4.2.1; however, here we are
expanding around the quantum one-point function. Notice that the Hamiltonian coincides
with equation (4.18), when expanded in fluctuations around the one-point function, and is
time-independent and bounded below.

Several points about the Hamiltonian are worth emphasizing. First, the terms pro-
portional to p? in the interaction Hamiltonian (4.45) have been removed by using the
background equation (4.36). Second, notice that the interaction Hamiltonian H,, still
contains tadpole terms. However, these cancel precisely against tadpole diagrams gener-
ated by cubic and higher-order vertices, as displayed in Fig. 4.2. This is the same pattern
that removes the apparent Goldstone mass. As we shall discuss in section 4.6.5, even if
the quadratic terms in 7 within H;,, suggest a gap, loop corrections from higher-order
interactions cancel this artifact once the expansion is treated consistently. Finally, we
split the Hamiltonian into a free and an interacting part. One may object that we could
express the chemical potential p that appears in the free Hamiltonian (4.44) through .
and expectation values of fluctuations, and then move those expectation-value terms into
Hine. However, this rearrangement obscures the physics, because it is y, and not ., that
represents the renormalized, physical parameter of the superfluid. The same logic applies
to the linear and quadratic pieces in H;,: while they could be absorbed into Hg, their role
in canceling tadpoles together with non-linear vertices is clearest if they remain within the
interaction sector.
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The Hamiltonian can be quantized perturbatively. Let us start by analyzing the free
part. We shall denote by my(z) and ho(z) the fields evolving with the free equations of
motion. This notation will be useful once we introduce the interaction picture.

In the quadratic Hamiltonian (4.44), the radial and angular fields are kinetically mixed.
Therefore, we cannot directly expand hy(x) and m(z) in ladder operators. Instead, in order
to identify the two independent degrees of freedom, we shall diagonalize the quadratic
kinetic operator. Then, we obtain two degrees of freedom described by a mixing of hg(x)
and my(x), with a dispersion relation analogous to (4.28), albeit with p. replaced by pu.
We shall now describe the quantization following [120, 121], where one can find all the
necessary details. We introduce the ladder operators for the diagonal modes, defined as
a. (k) with a = +, and impose that they satisfy the following commutation relations

laa(k), al(K)] = (2m)36,56®) (k — k') . (4.46)

The ladder operators above are connected to the free radial and angular quantum fields
by the following expansion:

4’k N
4z) = (g Z%e Wt 4, 4.47
o3 () a;_/ N (a ce + c), (4.47)

a . dgkj : a a —iwat—&-il;m
HO(JJ‘) = a;_ / m ((—lWaZa + /,LEQQZIB) A€ + hC) 3 (448)

with ¢! = 7 and ¢* = h. The wavefunction coefficients required for the compatibility of
the commutator (4.46) with the canonical commutation relations read

1 1 2 - 2
Z1(k) = (—i)# |12 26 , (4.49)
\ 2 2\/4k2ﬂ2 + (A2 + 2p2)?
1 2 2 2
Zh(k) = (—0)3Fh |-+ oA . (4.50)
202 /Ak2y2 + (W + 242)?

The non-trivial wavefunction coefficients Z¢ appear because of the kinetic mixing.

The free vacuum of Hy, |0p~) is, as always, the state annihilated by all the a,(k), for
every k.

In the last part of this section, we introduce the interaction picture for the fluctuations,
as in [120,121]. The interaction picture fields evolve only under the time evolution set by
Hy. These are related to the Heisenberg picture fields by

m(x) = Ul(t, t.)mo(2)U(t, t.), h(x) = Ul(t, t)ho(z)U(t, L) . (4.51)

Here, t, is the standard fiducial time at which the interaction and Heisenberg picture
coincide. The operator U(ty,t5) is the interaction picture evolution operator, determined
as "

Ul(ti,ts) = T exp {—i d*z ’Hl(z)} : (4.52)

t2
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where Hi(2) = Hint[ho(2), mo(2)] and with d*z = d2°d3z.

The interaction picture formalism allows for an easy perturbative computation of (equal-
time) correlation functions. A generic, time-dependent correlator of Heisenberg operators
on a state |v) can be expressed as:

(v|O[h, 7)|v) = (V|UT(t,t,)O[hg, m] U(t,t,)|v). (4.53)

Of course, this requires an explicit form for the state |v). In the next section, we apply the
interaction picture to discuss how our choice of the superfluid state as the ground state of
‘H translates into appropriate, time-independent correlators.

4.3 The stable superfluid state

In this section, we present the explicit expression for the stable superfluid state and discuss
its various descriptions in different languages.

The equations that we have derived up to now are valid with the only assumption
that the state |v) is characterized by a constant radial amplitude and a time-independent
chemical potential. Such a state is uniquely identified with the interacting vacuum of the
fluctuation Hamiltonian (the sum of equations (4.44) and (4.45)), |[v) = |Qp.x)-

The interacting vacuum can be written in terms of the interaction-picture evolution of
the free vacuum |0, ), namely the ground state of the quadratic Hamiltonian (4.44), as 3:

0) = |Qpr) = Ults, —00-)|0nx), (4.54)

with cop = oo(1 + ie).
Next, we prove that the correlation functions on the state in question have the following
properties:

(i) Equal time correlation functions of the fluctuation fields h(z) and = (z) in their in-
teracting vacuum are time-independent.

(ii) All the correlation functions containing an odd power of 7(z) vanish.

These two properties are sufficient to show, respectively, that the equations for the back-
ground equation (4.36) and (4.37) are satisfied. Therefore, they guarantee that the state
|v) describes a stable superfluid.

The property (i) is trivially satisfied given the definition of the superfluid state and the
time independence of the full Hamiltonian density governing the fluctuation theory. To see
it explicitly in interaction picture, let us write a generic expectation value involving the
fluctuation fields, as in equation (4.53), in the form

(v|O[h, 7][v) =(0nq|U" (t, —00-)Olho, m] U (t, —00-)|0n,z) - (4.55)

3This last identity is the standard projection of the interacting vacuum on the free vacuum (see chap-
ter 4.2 of [123]).
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The expression above is a standard in-in correlator evaluated on a stable vacuum. Its time
independence holds under two conditions: that the mode wavefunctions of the quadratic
theory do not depend on time, and similarly that the couplings appearing in the interaction
Hamiltonian are also time-independent. The first condition is trivial. The second condition
requires more care because, in the background-field method, the interaction coefficients are
themselves functions of equal-time correlators. Therefore, one could imagine that there’s
a circularity in assuming them to be time independent. However, everything is clarified
by the structure of the loop expansion: at each order, the interaction coefficients are fixed
entirely by correlators computed at lower orders. Consequently, by induction, if tree-level
correlators are time independent, no spurious time dependence appears at any finite order
in perturbation theory.

Next, we consider property (ii). Such a property is similar in spirit to what happens
in the case of spontaneous symmetry breaking (SSB) in a vacuum. There, the underlying
Zo symmetry of the m-sector guarantees that all correlators involving an odd number of
Goldstone fluctuations vanish. For a superfluid, however, due to the kinetic mixing between
radial and angular modes such a symmetry is broken. For example, one can check that the
mixed correlator (h(z)m(y)) doesn’t vanish for ¢, # t,.

However, we can prove that all correlators of the type considered vanish at equal times.
This is guaranteed by a symmetry of the fluctuation Hamiltonian, which reflects the CT
symmetry of a stable superfluid. In terms of the 7 field, it reads:

T — —, t— —t. (4.56)

It is easy to check that the kinetic mixing term is invariant under the transformation above.
Obviously, the vacuum of H, |v) = |2 ) is also invariant under this symmetry.
As a result, equal-time correlators obey

(v[™ (z, 1), 7" (Z, t)|v) = (=1)"(v|h™ (z, =t), 7" (Z, —t)[v) = (=1)" (| (z, ), 7"(Z,1)|v),
(4.57)
where in the last step we used the time-independence of equal-time correlators, as estab-
lished in (i). If n is odd, equation (4.57) implies that correlation functions involving an
odd number of 7 vanish when evaluated at the same time.
Thus, we have proven that the vacuum state for the fluctuation fields around the one-
point function (4.32), namely, the state which minimizes the energy of fluctuations around
such a background, indeed describes a stable homogeneous superfluid.

4.3.1 Defining the superfluid state without the fluctuation fields

In this paragraph, we clarify the meaning of the state discussed above in terms of the
fundamental field of the theory. First, we show how to reconstruct it in terms of its
correlation functions. Then, we give an explicit expression in terms of an appropriately
dressed coherent state, which can be obtained by acting on the vacuum of the theory with
specific operators built out of the original field operator and its conjugate momentum.
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In the previous section, we performed a field reparametrization to define the quantized
fluctuation fields h(x) and m(x), and we defined the superfluid state starting from their
dynamics. On the other hand, clearly one should also be allowed to first quantize the theory
in terms of the fundamental field ®(z), and then directly select the state representing a
given configuration, such as the superfluid state above. Let us first clarify the connection
between the two approaches in terms of the correlation functions of the superfluid state. In
order to do so, we demonstrate how to define the stable superfluid state directly in terms
of ®(z), without reference to the Hilbert space of h(x) and 7 (z).

We shall characterize the state by providing all the correlation functions of the field
operator and its conjugate momentum at the time of its definition ¢ = 0. Here, we obtain
them from the definition given above. Clearly, one is free to take them as a definition of
the state, and use the fluctuation fields just as auxiliary tools to obtain the proper set of
initial conditions at initial time.

First, we determine the one-point functions of the field operator and its conjugate
momentum in the superfluid state |v). These follow directly from its definition:

(v]@(7,0)[v) = (v]@!(7,0)]v) = ;5 ([IL(Z,0)[v) = —(u[II"(, 0)|v) = —iu\/vﬁ-
(4.58)

In order to obtain a coherent dynamics, the chemical potential 1 must be related to v
through equation (4.36). This requires higher correlation functions of the fluctuation fields,
which are ultimately only c-number functions of the parameters m, A, and v and can be
taken as given as part of the initial conditions for the quantum state.

Next, we describe the higher correlators. We concentrate on the two-point function;
the rest follows analogously. To characterize the higher-order correlation functions of the
original field ®(x), we rewrite it by the transformation (4.31). Since we know the correlation
functions in terms of fluctuations, this allows us to reconstruct the correlators that we desire
to obtain. For example, the two-point function is characterized by

<U|(I)(f7 O)Q)T(y_’, 0)|U> = % + ; {<Qh,7r|h<f7 0)h<ga 0>|Qh,7r> + <Qh,7r|7r(f7 0)71'(@: O)IQh,ﬂ'>} )
(4.59)

(0[B(F, 00 (G, 0)0) = 5 (¢ + (e A, A, 0[5} — (e (7, 0)7(7, 0l )
(4.60)

Similar conditions apply to the conjugate momenta and to the complex conjugates of the
expressions above. We have used once more that the correlators with an odd number of 7
fields vanish at equal times. The extension to higher-order correlators follows straightfor-
wardly.

As a consistency check, let us show that in the limit of v — 0, where the superfluid
disappears, the state |v) = |, ,) reduces to the fundamental vacuum of the theory. We
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exemplify it by considering the tree-level two-point function:

lim (v|®(Z, 0)®T (7, 0)|v) = 1/d3k’< 1+ 1 )eifc‘-(f—g) :/d%eiﬁ-(f—ﬁ)
v—0 ) ) 2 2wk(2ﬂ_)3 \h,./ ~— (271')32Wk )

™

v—0

. = N 1 d3k i_‘- =
lim (v|®(Z, 0)P (7, 0)|v) = 2/W<\1/—\1/)ek( 9 =0, (4.62)
h

™

where w? = k* + m? is the standard vacuum dispersion relation.

With this correlation functions at initial time as the set of initial conditions, the Heisen-
berg equation for ®(z), as given by equation (4.33), will describe the same stationary su-
perfluid configuration previously characterized using the fluctuation fields. This gives an
equivalent way of characterizing the superfluid, in terms of correlators of the fundamental
field and conjugate momenta.

4.3.2 The superfluid as a dressed coherent state

After having described the superfluid state from its correlation functions, we can give an
explicit formula to express it as a state built of the perturbative free vacuum of the full
theory. Of course, if needed, it can also be connected to the full vacuum through the Gell-
Mann Low formula. This approach, for instance, is particularly useful when constructing
a coherent state in an interacting quantum field theory, as demonstrated in [28,29]. In
this case, the corresponding operator is simply an exponential, with an exponent that is
linear in the field content. In contrast, if the exponent is quadratic in the field content, it
generates a squeezed state [31].

To obtain the superfluid state explicitly, it is enough to connect the free vacuum for
the fluctuation fields h and 7, with the free vacuum of the original field . In particular,
|0n,x) is a squeezed coherent state on top of the free vacuum |0), defined in terms of the
free Hamiltonian of ® and ®'. A squeezed coherent state is obtained by acting on |0) by
operators of the form f and S

|C) = e if1®i] o—iS[®4]

0), (4.63)

where,

f= [ {1@) bi(7) - 11(7) 05()} (4.64)
7 i 11, (%)
)(p) o

D= — (D) +iDy) . (4.66)
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The operator f , called the displacement operator, generates a pure coherent state and
shifts the one-point function of the field and its canonical momentum to the profiles ®¢!
and II¢. The operator S , the squeezing operator, is more easily understood in terms of
ladder operators:

S:/d3k > (ou-aéajﬂ%—hc) (4.67)
2(2m)? ij=1,2 YRR - '
and generates the Bogoliubov transformation that correctly diagonalizes the quadratic
Hamiltonian for fluctuations around the new background. All in all, it holds that

(ClO[®;, IL)IC) = (0]O[®f + ¥ die ™, TI! 4 ¥IT,e7][0), (4.68)
Therefore, imposing
P =v, O¢=0 ~ I¢=0, II=puw. (4.69)

gives the correct expectation value. The action of S with appropriately chosen coefficients
takes care of the Bogoliubov transformation. For more details, one can refer, for example,
to [31], where they consider a real scalar field.

All the above implies that the interacting vacuum for fluctuations can be written as

o) =Texp{ i [ s 3tute). (o)1} 0,0

=T exp {—i L Ooo_d4z Hilho[®(2), 1 (2)], m0[®(2), cp*(z)n} exp {if[@, @]} exp {iS[@, @]} |0).
(4.70)

It is important to remark that the stationary superfluid state is intrinsically a non-
Gaussian state. In section 4.5.2, we shall show that neglecting these non-Gaussianities and
representing the superfluid state merely as a squeezed coherent state leads to a configura-
tion unstable at the quantum level.

4.3.3 The superfluid state as the ground state of H - ,uN

Finally, let us further clarify the dynamics of our stable superfluid state. We have already
discussed in the introduction how, although it is not an eigenstate of the Hamiltonian, its
evolution is nevertheless trivial in the sense that the time dependence of all correlation
functions of the field operator ®(z,t) (and conjugate momentum) simply reduces to an
overall oscillating phase.

The essence of this phenomenon is that the superfluid state satisfies the relation

(H - pQ)lc) =0. (4.71)

Thus, while it is not an eigenstate of the Hamiltonian, it is an eigenstate of the modified
operator H — p@). In [119], these states have been referred to as spontaneous symmetry
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probing (SSP) states. For states satisfying this identity, the dynamics is controlled by the
generator of the symmetry ). Therefore, this leads to a preservation of coherence, since
the only effect of the time evolution is a motion along the orbits of the symmetry under
consideration.

We now expand on the procedure followed in the introduction to further clarify the
nature of |v).

As discussed in the previous section, |v) is the state that minimizes the Hamiltonian
for fluctuations, obtained from the Lagrangian (4.13) after performing the field redefini-
tion (4.31). This field redefinition is implemented by a canonical transformation, which we
decompose into two steps:

D(z,t) = HQP (1, ¢)e Q= P! (1, 1), (4.72)
O'(t) =v+h+ir . (4.73)

Here, Q is the charge associated with the U (1) symmetry. A similar relation applies to
the conjugate momentum. For a time-dependent canonical transformation implemented
on the field content by a unitary operator of the form

D — O = T peia)T (4.74)
the Hamiltonian transforms as *
H[®] — H[®| = H[®] — 0,(a(t)T[®']). (4.75)

If we now consider the case in (4.72), the modified Hamiltonian that controls the evolution
of @ is: )
H = H[?'] — pQ[P']. (4.76)

After a second, time-independent shift to the fluctuations around the v.e.v given by equa-

tion (4.73), this Hamiltonian coincides with equations (4.44)-(4.45). Therefore, the state |v)

indeed is the ground state of the Hamiltonian (4.44)-(4.45), and satisfies the relation (4.71).

Let us point out that, from the general behaviour of correlation functions given in

equation (4.21), it follows in particular that the one-point function tracks the classical
behaviour: .

_ it
(v(t)]o(2)[v(t)) = Vo (4.77)

To sum up, in this section we showed how the superfluid state can be described from
the various possible perspectives, and we made explicit the connection between its stability
and its peculiar properties under the U(1) symmetry of the theory. In the next section,
we shall use the power of the background field method to compute one-loop corrections to
the chemical potential.

4This can be proven by substituting the field redefinition in the Heisenberg equation of motion, ® =
i[H, ®]. Then, one obtains that the new field variables and respective conjugate momenta evolve according
to the modified Hamiltonian (4.75).
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4.4 The renormalized one-loop chemical potential

In this section, we study the equations (4.36) and (4.37), that define the relations between
v and pu, at one-loop order. In particular, we compute the one-loop corrections to the
classical relation (4.23). We show that the divergences that appear can be renormalized
just with the counterterms needed for the standard renormalization for processes around
the vacuum. This is similar to what happens for the one-loop correction to the kink
mass discussed in section 1.1.3, and it is an important consistency check of the validity of
our definition. In general, it happens that coherent states without appropriate dressings
develop physical infinities that cannot be cured by renormalization [29,31,104], we show
that our definition gives rise to a physical state where all the quantities of interest are
finite.

The one-loop corrections to the chemical potential appear as expectation values of
powers of the fluctuation fields. In particular, we shall evaluate the correlation functions
appearing in equation (4.36) at coincidence. To this end, we use the identity given in
equation (4.55), and we expand the Dyson operator in powers of the interaction Hamilto-
nian. The in-in version of the S-matrix computation is discussed in [124], and reviewed
in Appendix A. For correlation functions of Hermitian operators at time coincidence, one
obtains:

(v|O(z)|v) = (Op(x)) — 2Im _tood421 (Hi(21)O(z)) + t d*z _tood422 (H1(21)O0(z)H (22))

—004

t t1
—2Re d422 d421 <H[(21>H[(ZQ)O()(I)> + ... s (478)
—004 —004
where Oy(z) = O[ho(x), mo(z)], and all expectation values of the right-hand side of (4.78)
are taken over the free vacuum. The interaction Hamiltonian is given by (4.45). Here, we
report it split into cubic and quartic terms

HP = (B* = 3(h*)h) + M(hn® — (x)h) (4.79)
HY = 2 (n?+ 7% = 3(h?) — (%) (7? + h?). (4.80)

Therefore, we apply equation (4.78) to evaluate the equation for the chemical poten-
tial in equation (4.36). Perturbatively, at a generic order, the correlators in (4.78) can
be calculated by rewriting them as products of two-point functions at tree level, using
Wick theorem. The latter are quickly obtained from the modes decomposition provided in
section 4.2.3.

Notice that there are two parameters controlling the interactions. One is the classical
collective coupling Av?, the other is the true quantum coupling A. In the classical limit,
only the first survives. Instead, the quantum perturbative expansion is organized in powers
of A alone. For example, two insertions of the cubic vertex 7-[%3) shall contribute with a
weight of order A (Av?), which is the same loop (or equivalently, \) order of one insertion

)

of the quartic vertex 7—[%4 , similarly to what happens in perturbation theory around the

vacuulll.
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At one loop, we just need the first term of (4.78), which singles out the quadratic
correlators. The two-point functions at coincidence read:

i) :/(262)@2 <|i++| * |i__| ) (i) :/(er)k?’Q <|ii+| * |ii_| ) (4.81)

One obtains the following one-loop chemical potential:

3o
472

feg =G Uze) [t LY, (eF Lo (4.83)
ST c2 32) S\ e ) |

and where the non-relativistic adiabatic sound speed c¢; is given by equation (4.29).
The expression (4.82), has been made finite by the renormalization of the mass and the
coupling, as

A\ 2 2N A2 2A
mih:m2+{A2+m—m2lOg<>}, >\ph:)\_5log< )7 (484)

oy = i, + Ay {1 Loy f(csn}, (1.82)

with

272 2 m

with A an ultraviolet regulator.

Notice that all the divergences can be cured by the same counterterms that are needed
to renormalize the theory in the vacuum and no additional infinities appear. Let us stress
again that not all states have their dynamics regularized by the same counterterms used
in the vacuum theory. As shown in [29,31, 104], discrepancies in this direction often hint
at issues with the chosen configuration, such as a divergent energy density of the system.
Let us also remark that the one-loop chemical potential is time-independent as expected,
and that in the semiclassical limit (4.25), the one-loop correction vanishes, recovering the
classical relation (4.23) for the relativistic chemical potential as a function of v.

The procedure to obtain the chemical potential can be systematically extended at
arbitrary loop orders. For example, the chemical potential at two-loops can be obtained
from equation (4.36) by evaluating at one-loop quadratic correlation functions (h*) and
(%), and at tree-level the correlation functions (h3) and (hm?).

To conclude, we point out that our result matches with the analog derivation performed
in [126], where the authors evaluated the one-loop corrections to the effective potential in
a general U(1)-invariant theory, and found that field-independent prescriptions are enough
to make the effective potential finite.

4.5 Two-loops (in-)stability

In this section, we clarify the importance of choosing our specific superfluid state in order to
guarantee stability at all orders. In particular, we show that not all states whose one-point
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function reproduces the classical behaviour (4.22) at early times remain stable quantum
mechanically. On the contrary, the precise highly non-Gaussian structure of the interacting
vacuum in equation (4.54) is pivotal in ensuring stationarity.

To prove our point, first we analyze the conditions for a stationary superfluid (4.36)
and (4.37) explicitly at two-loop level in perturbation theory, for the stable superfluid state
|v). Even if the stability is clear and already proven at all orders, we shall analyze it in
a perturbative approach to point out what can (and indeed, will) go wrong for different
choices of the superfluid state. Then, we examine what happens when the interacting (non-
Gaussian) vacuum is replaced with a Gaussian state, such as a squeezed coherent state. We
show that such a state, even if it looks semiclassically stable, develops instabilities starting
at two-loop order. In particular, the one-point function of the field operator begins to
deviate from the stationary profile (4.32). Thus, we prove that in interacting field theories
undressed coherent states are not optimal in tracking the classical dynamics, and should
be replaced by properly dressed states. Also, we clarify how our formalism can be applied
to non-equilibrium situations where there is a non-trivial quantum dynamics.

It goes without saying that, for a general time-dependent classical profile, even the
optimal choice for a quantum state, represented by the instantaneous ground state of
the Hamiltonian for fluctuations around the one-point function, shall deviate from the
classical dynamics due to quantum effects sourced by higher-order correlation functions.
Full stability can only be obtained under very specific circumstances, as the one under
consideration in this chapter.

4.5.1 Explicit check of the two-loop stability

The explicit perturbative evaluation of the two-loop contributions to the chemical potential
is quite cumbersome and not instructive. However, it is straightforward to show for the
very definition of the superfluid state |v) that the resulting correlation functions are time-
independent. The key element to this fact is that the definition of the superfluid as the
interacting vacuum (4.55) extends the time integration in the Dyson series (4.78) all the
way to —oo, thus mimicking a vacuum process.

We shall demonstrate it, without loss of generality, by considering the cubic correlator

(h3):

t

) S [ dhidhs [ b fo (b ha)e eGR4 55)

o,B,y=%
~ Z / d3k1d3k2 /0 d{faﬁ,}/(k’l, k2)e—i(wa(k1)+w5(k2)+w’y(k1+k2))f’ (486)
o, By=+ —(co+t)+(i€)oo

where we introduced the shifted integration variable ¢ = ¢; — t. Also, f,s, are the time-
independent functions of the spatial momenta k; and ky that emerge from the Wick con-
tractions. The time-independence of fus,(k1, k2) follows from the time-independence of
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both the wavefunction coefficients of the quadratic theory and the coefficients in the inter-
action Hamiltonian. We see that, after performing the shift in the time integration variable,
the contribution from the lower limit is exponentially suppressed by the imaginary time
rotation at infinity, and therefore vanishes. Consequently, the correlation function is time
independent.

This is general: for an arbitrary correlation function, integrands will only depend on
time differences of the form ¢; — ¢, where t; are internal times. By redefining the time inte-
gration variables, the explicit dependence on the external time ¢ can always be completely
shifted to the lower integration limits. Since the time contour begins at —oo., shifting
the contour by a finite and real amount does not affect the damping behavior and these
contributions vanish, making the correlator time-independent. This confirms, for example,
that quantum corrections to the chemical potential remain time-independent.

To ensure stability, we should also examine equation (4.37), and show that the corre-
lators identically vanish. Again, this has already been proven in section 4.3 thanks to the
CT symmetry. However, we shall obtain the same result perturbatively. This will be im-
portant when moving to an unstable superfluid state. Let us then consider equation (4.37)
at order h%. First, we consider the one-loop dynamics. At one-loop, the relevant correc-
tions are obtained by evaluating the quadratic correlation function at the leading order in
the interaction Hamiltonian. Therefore, we reduce to consider the free two-point function
(mo(z)ho(z)). Since the free two-point functions are the building blocks of the perturbative
expansion and we shall need them in the next section, we report them here:

Eh (17T o 12T e e
— —iw4 (t—t") —iw_ (t—t") ik-(Z—9) 4.87
(mo(x)m0(y)) / 2ny2 <w+ e + e e : (4.87)
ek (|28 N VAL N\ e
h h, :/ + —iwy (t—t") — —iw_(t—t") ik-(Z—7) 4.
(ho(z)ho(y)) (2752 ( o, e +7w_ e e ) (4.88)

(haa) o)) = ~(rohofe) = | 5is D (eien o) o) )
(4.89)

Going back to what is of interest now, we notice that in equation (4.89), when t = ¢, the
off-diagonal correlation function vanishes. Therefore, equation (4.37) is satisfied at order
h.

At two loops, we need to consider both the cubic and the quadratic correlation functions.
We start with the cubic correlation functions. Their first-order correction is determined
by the first term of equation (4.78)

(rh? + ) = —2)0 Im /O: d'z { (hi(z) = 3(hgYho(2) + ho(2)m(2) — 2(w3) ho(2))

x (mo(x)hi(x) + 7 (x))). (4.90)

Let us argue why the correlator vanishes. First, we notice that the fact that since
equation (4.90) contains an odd number of 7 fields, after expanding in Wick contractions,



98 4. Quantum dynamics of a relativistic U(1) superfluid

we will always obtain at least one off-diagonal term as (ho(z), mo(z)). Such terms carry
an overall factor of i, since the product ZTZ" is purely imaginary. This is different from
diagonal contractions, which are proportional to squared norms of the Z-factors. Then one
needs to evaluate the time integral after plugging equation (4.87)-(4.89) into (4.90). Then,
the integral produces two contributions. The one at ¢t = —oo again vanishes. We remain
with the one from the upper limit of the integration, which gives a factor i/(w; + ws + ws),
where w; = w(k;) denote the frequencies associated with internal momenta k;. At equal
times, the oscillatory terms become unity. Therefore, by the previous observations, the
integral is real. Since we have to take the imaginary part, the entire term vanishes.

Observe that this cancellation does not hold for correlators with an even number of 7
fields, where some contractions can be fully real, nor for correlators that are not at time
coincidence, where the oscillatory prefactors no longer trivialize.

Finally, we consider the one-loop corrections to the quadratic correlation function (h).
They are generated by contractions with a single insertion of the quartic vertex ?—l§4), or
by two insertions of the cubic vertex 7—[33). However, they both vanish by arguments along
the lines of the ones that we gave for cubic correlation functions.

For example, the contribution from the last integral of equation (4.78) vanishes, since
the integral is purely imaginary due to the additional time integration, that generates an
additional power of i compared to the previous order. The third term of equation (4.78)
also vanishes, since it can be written as

/_too diz, /_tood422<HI(21)ho(x)7T0(x))H1(z2)>
— 2Re/_too d421 /_t; d422<H1(21)hg(l’)ﬂ'o(gj))”]-[l(z2)>’ (491)

and then we can apply the argument above.

This completes the check that correlation functions entering equation (4.37) vanish
individually up to order h%. Notice that the definition of |v) was instrumental for the
perturbative realization of stability. In the next paragraph, we explicitly show that with a
different choice stability is not guaranteed.

4.5.2 Beyond equilibrium: Gaussian states and unstable super-
fluids

At this point, it is clear that the choice of the superfluid state as the interacting vacuum
for fluctuations provides a state which is stable in its quantum dynamics. In particular,
correlation functions of the fluctuation fields are time-independent, self-consistently with
the properties of the background. However, not all states whose classical dynamics repro-
duce the classical solution (4.22) retain this property once quantum corrections are taken
into account. In particular, different states could share the same (semi)-classical limit,
but could have a completely different quantum evolution. In this paragraph, we analyze
a particular example, namely the Gaussian coherent state which corresponds to the free
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vacuum for fluctuations: o
0) = |0p) = e Te5)0). (4.92)

As we discussed in section 4.3.2, this state can be seen as a squeezed coherent state built
on top of the free vacuum of the theory. At the initial time, it has the correct one and
two-point functions to look like a good candidate for a superfluid. However, we shall show
that while such a state approximates well a stable superfluid configuration up to order
h, it nevertheless fails to fully track the classical evolution in the quantum theory. This
is to be expected: in [31], the authors pointed out that states as the one above develop
pathologies starting from two-loop corrections to the background in interacting theories,
such as a divergent energy density of the system. This can be taken as a signal that the full
dynamics shouldn’t be the optimal one once quantum corrections are taken into account.
In this sense, one can understand the divergences above as a signal that the state chosen
is not properly minimizing the fluctuations on top of the background, and consequently
it induces a nontrivial time evolution. Again, while in our case an optimal choice for
fluctuations ensures full stability, for a generic background a deviation from the classical
dynamics is unavoidable, and an optimal choice can only avoid spurious, additional effects
beyond the quantum effects intrinsic in the given background.

Since we expect the state |0) to develop quantum time-dependencies in its one-point
function, we generalize from the beginning the framework of the previous section to more
general time-dependent configurations. Therefore, we parametrize the field as:

1

O(z) = 7 (v(t) + h(z) + ir(z)) eH O, (4.93)

As in the stationary case, we impose tadpole conditions on h(x) and 7(z):

1 .
(0lh(z)[0) = (0|r(x)]o) =0 = (0|®(x)[0) = ﬁv(t)el“(“t- (4.94)
At the classical level (so ignoring fluctuation fields), this configuration describes a
general time-dependent configuration with a net charge density

na(t) = V(1) (). (4.95)
(Classically, the quantity above is conserved on-shell. In particular, the imaginary part
of the classical equation of motion yields precisely the constraint n. = 0.
Now we move on to the quantum theory. By the same procedure described in the
section 4.2.2, we take the expectation value of the Heisenberg equations on the state |0).
This leads to the equations analogous to equation (4.36) and equation (4.37):

) \ \
(i + fit)? — % = m? 4+ 20”4 BAR) + M) + S (h%) + () (4.96)

gtn(t) + 200 (ht) + Mo (rh? + 1) = 0. (4.97)
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Notice that these equations allow for a coupled time evolution of the one-point functions
and the higher correlation functions, consistently with the fact that for a general state the
classical profile can be imposed only at the initial time, and it is the quantum dynamics
that controls its evolution.

Equation (4.96) generalizes the radial equation (4.36) by introducing an additional
term which takes into account a time variation of the amplitude. However, the most
interesting generalization is provided by equation (4.97), which now contains an additional
contribution proportional to the time derivative of n(t) = v*(t)<% (ut).

Let us comment on equation (4.97). We shall call the quantity n(t) = v?(t)<(ut) the
background charge density, and the associated charge () the background charge. Notice
that, since we are in a translational invariant setting, the two are related at all times
simply by multiplication by a volume factor, and we shall use them interchangeably. This
quantity is the quantum equivalent of the classical charge, since it has the same functional
form but depends on the quantum one-point function of the field operator. As such, it
represents (in expectation value) the charge stored in the background. However, once
quantum corrections are included, the background charge is generally no longer conserved
on its own: its time evolution is coupled to higher correlation functions of the fluctuation
fields, which can also store charge themselves. Let us clarify this point. In the full quantum
theory, the U(1) symmetry is reflected in the conservation of the charge operator at the
operatorial level. Consequently, it is the expectation value of the charge operator over the
full quantum state that remains conserved. We can obtain the charge operator in the field
parametrization in terms of fluctuations (4.93). Therefore, the quantum conservation of
the charge leads to the following identity °:

8t<@> = Q + Qﬁuct = 07 (498)
with

Qe = [ d' ({7 (2)h(2) — (" (@)m(a))) - (4.99)

We shall call Qquet the fluctuation charge.

Equation (4.98) offers a clear picture of the physics of a quantum superfluid. On
one hand, we have the background charge, which corresponds to the charge stored in the
condensate and represents the number density of particles at zero momentum. On the
other hand, there is the fluctuation charge, which is the charge carried by excitations
propagating on top of the condensate in the form of ®-particles with finite momentum.
In a stable superfluid, the fluctuation charge needs to remain zero at all times, and the
background charge is conserved in its own. That held, for the state |v), thanks to the
discrete symmetry in the 7 field discussed in section 4.3, which guaranteed the vanishing
of the fluctuation charge.

However, as we see from equations (4.97) and (4.98), the separate conservation of back-
ground and fluctuation charges is not guaranteed in general. In a more general superfluid

SHere, we restrict to states that do not break rotations and spatial translations. Therefore 9;(Q) = 0.
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state, the fluctuations evolve in time coupled to the background, leading to a charge ex-
change between the condensate and its excitations. In such cases, the background charge
itself evolves to guaranteed total charge conservation, and this leads to a departure of the
quantum dynamics of the one-point function from its classical trajectory. An easy exam-
ple to build intuition can be obtained by introducing, let us say, a non-trivial fluctuation
mode a (k) on top of the vacuum. This can lead to a rescattering with the zero-momentum
particles in the condensate, which implies a transfer of momentum to the background. Con-
sequently, the configuration of the zero-momentum component gets modified itself, leading
to a joint non-trivial time-evolution.

Now, we show that the free vacuum for fluctuations |0, ) has a non-trivial quantum
dynamics. To this end, we compute the correlators over |0) in equations (4.96) and (4.97).
If we apply the interaction picture as in equation (4.53) to |0), (we set the reference time
to zero, t, = 0), we get from the Dyson series:

(B]O(2)|8) =04 UT(0,1)Og(x) U(0,)|04+) =~ (Op(x)) — 2Im/0t d*zy (Hi(21)Op(z)) + ... .
(4.100)

The crucial point to observe is that, compared to the correlators over |v), here the
early-time boundary of the evolution operator is £, = 0, instead of t, = —oo_. This dif-
ference originates from the missing non-Gaussian dressing and shall be instrumental for
generating a quantum instability. Another fundamental point is that, comparing the per-
turbative expansion over the two states, namely equations (4.100) and (4.78) respectively,
their leading quantum contribution is identical, and differences only emerge at order h? or
higher. Therefore, both classically and semiclassically, these states may seem equivalent in
describing a good superfluid. The instability of the Gaussian state |0) is a genuinely quan-
tum phenomenon, which is manifest only when we consider loop corrections to quadratic
correlation functions or tree-level contributions to cubic and higher-order correlators.

Notice that one could understand this phenomenon with a parallelism to what would
happen if, in the standard perturbative analysis of vacuum processes, one were to forget to
properly connect the free vacuum to the full one at the appropriate order in perturbation
theory.

Of course, at higher orders, the interaction picture decomposition and the equations
for the fluctuations should be modified to include the explicit time dependence of p(t) and
v(t), since, for example, the true mode expansion now is in terms of a time-dependent
background. However, since the leading order effects arise at h2, these modifications shall
enter in higher order effects, which we are not considering here. At higher loops, they
should be taken into account, and they lead to a further complication of the dynamics.

Let us now proceed to show explicitly that the fluctuation charge does not vanish, and
that it indeed acquires a time dependence. Therefore, we consider the leading quantum
correction to the cubic correlators in equation (4.97). Using equation (4.100), we obtain
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schematically:

(ol + 7)) = - 21 [ d (P 2) mo(a) (o) + m(2))

= Z /d3k1d3k2 gaﬁ'y<k17 ]{]2) sin[(wa(kl) -+ C()ﬂ(kQ) -+ wv(kl + kz))t] .
o,B,y=%
(4.101)

Here, we have captured in the functions g.g,(k1,k2) the momentum dependence of the
field decompositions, analogously to equation (4.86). Such functions are just appropriate
combinations of the wave-function coefficients and the frequencies associated with the
mode expansion. Also, we performed the integral over the internal time, where the crucial
difference compared to the stable superfluid arises. Since the integration starts at t, = 0,
in this case we cannot shift the time integration variable as before to remove the explicit
time dependence, which instead remains as in the second line of (4.101). Therefore the
cubic correlator at equal time |0) responsible for the fluctuation charge is both nonzero for
t > 0 and explicitly time-dependent.

Observe that, exactly at ¢ = 0, the correlator still vanishes. This is also immediate from
the fact that |0) is a Gaussian state at ¢ = 0. Therefore, at that time, all the connected
higher-order correlators are null. Nevertheless, the quantum dynamics forces it to evolve
in time into something non-trivial at later times.

To sum up, we have shown that beyond the leading order, the time-derivative of the
background charge for the state |0) is non-zero, indicating a transfer of the charge density
from the one-point function to higher-order correlation functions, and therefore departure
from the classical dynamics.

Obviously, a complete proof would require the full evaluation of the integral above
to check the final result explicitly. However, luckily, this has already been investigated
numerically in [127, 128], where the authors studied the dynamics of a superfluid in a
complex scalar field in 141 dimensions, initialized precisely on the state |0). There, it has
been shown that a Gaussian superfluid departs from the classical dynamics exactly at the
two-loop order discussed above 6.

The stability of |v) can be understood, as we discussed, in a particle language. The state
|v) is a condensate of fundamental charged particles at zero momentum. If we minimize
fluctuations, no number-changing process can take place due to charge conservation, and
no rescattering among the constituents can happen for kinematic reasons (see also [73] for
similar scenarios). On the other hand, in the state |0) fluctuations are not fully controlled,
and this effectively populates the state with some particle content on top of the condensate.
This, in turn, leads to a non-trivial dynamics.

Therefore, we clarified the importance of taming the fluctuations around the background
in order to maximize the stability of a superfluid state quantum mechanically. In the next

6 As previously discussed, this approach breaks down beyond the leading order due to its failure to reg-
ularize key observables. Nonetheless, it remains informative for probing certain aspects of the background
evolution, as discussed in [29] in the case of a real scalar condensate.
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section, we shall finally analyze the proper spectrum of modes on the stable superfluid
state.

4.6 One-loop gaplessness of the Goldstone

We conclude the chapter by studying the spectrum of fluctuations around the superfluid,
and in particular we check that the one-loop spectrum of perturbations exhibits a gapless
Goldstone mode. Indeed, it has been proven that even for non-Lorentz invariant configu-
rations, the Goldstone theorem [109] continues to hold nonperturbatively [110].

However, some doubt arose that this feature could be lost in perturbation theory, the so-
called Hohenberg-Martin dilemma. Indeed, several perturbative computations suggested
that the Goldstone acquires a gap once loop corrections are included. These analyses are
typically performed in the two-particle-irreducible (2PI) formalism [129, 130], using the
Hartree approximation (see e.g. [131]). Although most of these studies are in a finite tem-
perature setting, their gap persists even in the zero-temperature limit [111-113], the case
under consideration in this chapter. Within the 2PI formalism, several prescriptions have
been advanced to eliminate the emergent gap. These proposals rely on ad-hoc modifi-
cations of the generating functional [114,132,133] and, as a consequence, they abandon
self-consistency.

Here, we show that, in a consistent loop expansion, gaplessness is preserved also order
by order in perturbation theory, in agreement with the non-perturbative result. There-
fore, we give a perturbative check of the validity of the Goldstone theorem beyond the
semiclassical limit (4.25), where loop corrections cannot be neglected anymore. We show
that, to preserve the gaplessness, it is crucial to properly take into account all the vacuum
polarization diagrams at a given order, including the one emerging from nonlinear terms
7

Additionally, in the process, we shall also confirm that all the one-loop corrected two-
point correlation functions are finite when the renormalization conditions (4.84) are applied.

4.6.1 Equations of motion for quadratic correlation functions

Our strategy to verify the gaplessness of the Goldstone mode is to show that the one-loop
propagator exhibits a simple pole at zero momentum, namely, that the correlation function
scales as ¢! in momentum space for ¢ — 0. Since Lorentz boosts are spontaneously
broken, we shall work in the (q,t) representation of the correlators, taking the Fourier
transform. For convenience, we drop the vector symbol on momenta in the leftover of this
section.

7An additional issue arises when using the 2PI formalism: specifically, unlike the standard 1PI effective
action, the 2PI generating functional loses its U(1l) invariance when truncated at a given loop order.
Consequently, spurious contributions to the Goldstone mass may still appear, even when cubic vertices are
included [114].
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Also, we introduce the following notation for the (spatial) momentum representation
of correlators:

(O, y))y = [ EFO@, y)e 7D, (4.102)

The subscript ¢ indicates that the Fourier-transformed correlation function is a function of
the external momentum ¢. The coordinates x and y are intended to include also the time
component, which is not Fourier-transformed.

Let us start by considering the operatorial equations of motion (4.34) and (4.35). From
them, we can obtain the associated equations for the quadratic correlation functions by
multiplying by h(y) and 7(y), and taking the expectation value over the stable superfluid
state |v). This leads to four coupled equations of motion. The diagonal ones read:

{Dm () - A<w2>}<w<y>w<w>>+2uat<w<y>h<x>> £ Dofr(y)m(a)h(a))
A v{m(y)m(z)?) + Mr(y)m(2)?) + Ma(y)n(z)h(x)?) +... =0, (4.103)

and

{Dx Fon? - 3A<h2>—x<w2>}<h<y>h<a:>> — 20, ((y)r(e) + X0 (h(y)h(a)?) +

+ Mv(h(y)m(2)?) + Mh(y)h(z)?) + Mh(y)h(z)7(x)?) 4+ ... = 0.
(4.104)

Here, we truncated the equations at the quartic order in fluctuations, since higher-order
terms carry additional powers of h and contribute only at higher loops. We can obtain the
two off-diagonal equations by replacing

h(y) — 7(y) and =(y) — h(y) (4.105)

in the first and second equation respectively.

Then, we move in momentum space. Also, we perform the Wick contractions on the
quartic terms. This reduces them to the products of the two-point function on the free
vacuum, times other two-point functions on the free vacuum at coincidence. However, even
if the contraction of quartic diagrams yields the correlator (mo(y), mo(x)), we promoted it
back to the full interacting correlator (7w (y), 7(x)). They begin to deviate from each other
only at higher loop orders, so the substitution is consistent. We shall see that, expressed
this way, the quartic correlators make the emergence of an effective Goldstone gap more
explicit. All together, we obtain:

{83 g+ 2A(d) — 2A<h3>}<w<y>w<x>>q 2B (y)h(x))y + 230l () () ()} = O,
(4.106)

{83 +q¢* + 2Av2}<h<y>h<x>>; — 200, (h(y)7(x))g + v (3(h(y) A(2)?)g + (Aly)m(x)2),) = 0.
(4.107)
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We also write the equations for the non-diagonal correlation functions, which read

{83 g+ 2D — 2A<h3>}<h<y>w<x>>q 2B (y)h(x)g + 200y (2)h(z))y = O,
(4.108)

{af TP 2Av2}<w<y>h<x>>q — 200y (n(y)m(@))g + Ao (B{(h())y + (w(y)7(2)%),) =0,
(4.109)

We now have all the ingredients to move on to evaluating the equations above pertur-
batively at one-loop.

4.6.2 Quartic correlation functions and the anomalous average

To begin, we consider the correlation function (72 — h2), which enters in equations (4.106)
and (4.108).

We evaluate it by performing the Wick contractions and using the ladder expansion for
the radial and angular fields:

d3l€ |Z7T|2_|Zh|2 |Z7T|2_|Zh|2
2 _ 2y + + - —
(o = o) / (27)32 ( o

2.2
_,LL Cs 2 _ 2A
£ {cs (1 _Jite z) +log <M> ~log (\/1 e +cs)} . (4.110)

The result is logarithmically divergent, as can be seen by employing cutoff regularization
and introducing the UV regulator A. However, we observe that the result vanishes for v = 0.
This is consistent with the fact that in the absence of a superfluid, the correlator reduces
to

(Opxlme(z,t) — ha(z,1)|0hx) ~ e 20| ®(z,1)P(z,1)]0), (4.111)

which is zero by charge conservation.

If we neglect the cubic correlation functions from the system of equations (4.111), it
seems that this term introduces a logarithmically divergent gap in the Goldstone dispersion
relation. As an aside, notice that in the non-relativistic limit of the theory, the analogue
of the term above is called the anomalous average, and generates the gap of the Goldstone
in the Hartree approximation [112].

Moreover, this (spurious) gap is physically divergent, and contrary to what happened,
for example, to the one-loop corrections to the chemical potential, it cannot be renormalized
by the counterterms of the theory.

These two problems are two faces of the same coin, and arise because it is not consistent
to neglect contributions of the same order coming from the cubic correlators. We now
proceed to show that, when everything is properly taken into account, at the same time
the divergence is cured and the gaplessness of the Goldstone is restored.
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4.6.3 Evaluating the cubic correlation functions in the diagonal
equations of motion

We now turn to the perturbative evaluation of the cubic correlation functions that appear
in the equations of motion (4.106) ®. The nontrivial superfluid background makes these
contributions impossible to evaluate analytically for all momenta. However, we studied
them in a series expansion for small external momenta ¢g. The first order of this expansion
is proportional to the zero momentum limit of the tree-level massless two-point function
(m(y)m(x)),, which diverges as ¢~'. In addition, there are finite time-dependent contribu-
tions which we denote by ellipses:

lim (m(y)m(2)h(z)), = om2(m(y)m(z))y + ... . (4.112)

q/p—0

The coefficient dm?2 is given by the following expression

sm2 =Y | @k [1Z5P1Z5° | |ZLP1ZTP + |20 P\ 22| 12512 (s — w0 )?
T ot 2(2m)3 3

w} w_wy (w_ +wy) 2wiw w_(w- +wy)
1

= ——(x2—h2), (4.113)

[

and exactly reproduces the anomalous average, with the opposite sign. Also, the residual
terms that go to a constant in the ¢ — 0 limit are UV-finite. Therefore, the only UV-
divergent contribution of the cubic correlation functions in equation (4.106) is enclosed in
dm?.

The details of the computation are given in Appendix B. To keep the expression above
readable, we suppressed the E—dependenee in wy and in the wavefunction factors Z"™ that
enter (4.113). We checked the equality in the last line by explicitly evaluating the integral.
In section 4.6.5, we show that the finite terms do not change the Goldstone dispersion
relation in the small momentum limit.

Thus, we showed that, as announced, the cubic correlation functions exactly cancel the
spurious mass term in equation (4.108), and at the same time they cure the unphysical
divergence. This is the most important step in proving the gaplessness of the Goldstone.

We now move on to evaluate also the cubic correlators in the equation of motion for
(h(y)h(zx)), equation (4.108).

This amounts to computing the quantity (3h(y)h(z)? + h(y)w(x)?). Again, we extract
the zero momentum limit (see Appendix B for details):

(3h(y)h(x)* + h(y)m(x)*)g = (5mi) _(ho(y)ho(x))g + .- , (4.114)
with
(6mp) = —2:2’ log (ii) . (4.115)

8These are the terms that would be missed in the Hartree approximation in the 2PI analysis, where in
the effective action the setting sun diagram is neglected.
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In this case, there are no terms that scale as ¢~!, and the ¢ — 0 gives a finite contribution,
proportional to (ho(y)ho(x)),-

Similarly to the case above, the other contributions in the ellipses are UV-finite, and
the UV-divergence is fully captured by (4.115). However, differently from the anomalous
average, this divergence can be renormalized by a shift of the coupling constant, coming
from the vacuum counterterm (4.84).

4.6.4 Evaluating the cubic correlation functions in the off-diagonal
equations of motion

Last, we consider the cubic correlation functions of the non-diagonal equations (4.108)
and (4.109). As above, we extract the leading low-g behavior. Again, it turns out that
the remaining terms are UV-finite and the UV-divergences are completely encoded in the
leading terms.

The low-momentum limit of the cubic correlation function in equation (4.108), reads

lim (h(y)m(z)h(z))y = omZ{hym)y + ... . (4.116)
q/p—0
This cancels the anomalous average also in equation (4.108), and removes the unphysical
UV-divergence.
For the cubic correlators of equation (4.109) we find

3(m(y)h(x)*)g + (m(y)m(2)*)g = (mi) _ (mo(y)ho(x))g + - (4.117)

with (0m3)__ given by equation (4.115). As above, this UV-divergence can be renormalized
by the coupling constant renormalization.

4.6.5 Omne-loop finiteness of the spectrum and gaplessness of the
Goldstone

Now that we have calculated all the necessary ingredients, we can write the complete
system of equations for the two-point functions, in the zero momentum limit. We shall
write it in the following matrix form:

atQ 21u6’t . ;
( —2ip0, 0 + 2\pnv? (G)g = Jy(t = 1), (4.118)

where the matrix (@), (@)
m(y)m(x h(y)m(x
G), = 1 7 4.119
@u={ COmn iomen) 19
is the matrix of the four two-point functions built from the radial and angular fields.

The matrix J, is a matrix that encodes the contributions that are finite (but nonzero)
in the limit ¢ — 0. For example, it contains the finite terms of equation (4.112). We kept
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the momentum ¢ since we want to confirm that we are taking the limit precisely; however,
the expression above shall be intended for ¢ — 0.
This matrix can be parametrized as follows:

Job = 7 glbeiealt' D), (4.120)
a=%

The precise form for the coefficients 02 is not known. However, we will show that we can
constrain them by symmetry considerations.

Let us remark that the system above is UV-finite: the anomalous average, and the
associated unphysical UV-divergence, canceled exactly. The divergent contribution in
(r(y)h(x)) and (h(y)h(zx)), has been absorbed by the renormalization of the coupling con-
stant, (4.84), which replaced A by App.

Also, the Goldstone gap multiplying the (7 (x)7(y)) canceled exactly together with the
anomalous average. Therefore, it is almost proven that the (w(z)w(y)) correlator has a
pole at zero momentum, and consequently that the Goldstone remains massless.

However, one could wonder if the finite terms that survive at zero momentum could
conspire to spoil the result. We argue that this is impossible.

First we show that for the (m(x)m(y)) correlator, the only possible low-momentum
modifications come from ¢!'. In order to do so, we solve for (7 (z)7(y)) with a convolution.
We obtain that:

(m@r(y))a =(mo@mo@))y + X [ dt. {otmoly), mo(2 ) + o2 [hofy), mo(=)])g} e

|2 11
_ 1 |Z,’ (1 N 0_ e*iw_(t/*t) 4+ .. ) eiiw_(tlit) 4+ ... . (4121)

In the last line, we singled out the only term that scales as ¢~2, namely, the one
originating from o!!. This is due to the appearance of two w_ factors.

While this may seem an awkward contribution, this term is not associated with the
appearance of a gap. Indeed, the emergence of a mass gap from the expansion around a
massless theory arises from contributions that scale as ¢~3. This is exactly the behavior we
would obtain if the anomalous average were retained. For example, perturbing a massless
theory by treating the mass of the scalar field as a perturbation, we would find the following
expansion of the propagator

d3q

- S m? G (F—177 d3q G (F—if

On the contrary, if nonzero, this term could be interpreted as a ¢-dependent correction
to the leading phonon dispersion relation, which lies beyond the approximation employed
here. A precise derivation of this contribution is left to future work.

This concludes this section and verifies that the existence of a gapless Goldstone mode
is not spoiled by one-loop corrections.
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4.7 Conclusions

In this chapter, we have investigated the quantum dynamics of a relativistic homoge-
neous superfluid in a U(1)-invariant theory. In general, the understanding of the interplay
between a classical solution and its quantum mechanical counterpart in regimes where clas-
sical non-linearities play a substantial role is of great interest for many physical systems,
from black holes to de Sitter space, to cosmological scenarios [13,22,24,82]. The study
of prototypical systems such as our superfluid state, beyond its intrinsic interest, is there-
fore important to firmly establish the basics for a thorough analysis of more complicated
settings.

On general grounds, quantum field theories enter a classical regime in the limit of
high occupation number of constituents [4-6,134], and the quantum state associated with
a classical profile is a highly occupied coherent state. Semiclassically, nonlinearities are
controlled by a collective coupling that remains finite in the infinite occupation limit. In
interacting theories, purely quantum processes mediated by the quantum coupling in the
form of rescattering of the constituents give rise to deviations from classicality and cause a
loss of coherence of the classical state and deviations from the classical dynamics [23,30].

However, there might be some situations where specific properties of the theory and the
state at hand can prevent such deviations. In this chapter, we proved that the superfluid
under consideration falls within these exceptions. Thanks to the special role of the U(1)
symmetry, we proved that there exists a well-defined superfluid state which retains coher-
ence at all orders in perturbation theory. Such a state requires an appropriate and specific
non-Gaussian dressing, which is naturally interpreted as originating from the minimization
of the energy of fluctuations around its one-point function. To ensure stability, it is crucial
that the state is invariant under a combination of time translations and U(1) rotations.
We showed that the aforementioned state is free from spurious divergences at one loop by
calculating the one-loop corrections to its chemical potential. This further supports its
physicality.

Subsequently, we clarified the role of non-Gaussianities in enforcing stability, comparing
the quantum dynamics of the stable superfluid state with the one of a Gaussian coherent
state. We showed that the Gaussian state loses coherence and develops non-trivial quantum
deviations from classicality.

Finally, we analyzed the spectrum of the fluctuations on top of the stable superfluid
state at one-loop order. We showed that the equations for the two-point functions are
made finite after renormalization, without the need for additional counterterms besides
the vacuum ones. More importantly, we clarified the role of nonlinearities in preserving
the gaplessness of the Goldstone mode of the broken U(1) symmetry, which we showed
explicitly.

To conclude, the existence of a quantum-mechanically stable superfluid state clarifies
the possibility of the preservation of classicality under quantum corrections, and at the same
time helps to understand what the restrictive conditions are to make such a phenomenon
possible.
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Appendix A

The in-in formalism in the
interaction picture

In this appendix, we derive the formulas (4.78) and (B.1) used to calculate the correla-
tors of Hermitian operators perturbatively in interaction picture. Hermiticity is a natural
assumption for the in-in formalism, since expectation values of observable quantities are
real. Also, this is all we need for the relevant correlators of chapter 4.

Let us start with equation (4.78). We shall follow [124] (see also [135]). The starting
point is (4.55), which combines the standard interaction picture formula for operators
(4.53) with the definition of the state as the interaction vacuum (4.54), to express a general
correlator in the following form:

(v|O[h, 7][v) =(0nq|U" (t, —00-)Olho, m] U (t, —00-)|0n.z) - (A1)

Then, one calculates the correlator by expanding the evolution operator U in the Dyson
series of H, starting from the usual definition:

U(t,—oo_) = Te o MO (A.2)

Notice that, compared to the usual in-out expansion, in (A.1) both the evolution operators
from the left and from the right are going from —oo to the given time ¢. This requires care
in the expansion. The hermiticity of H; and O implies that (H;O)" = OH;. Therefore,
at zero and first order, we obtain:

t

(O(x)) = (Oo(2)) —2Im | d*z (H1(21)O(x)) -
The second-order contribution, again using the hermiticity of the operators, can be
written as:

O =+ [ s toodfz2<m<z1)oo(x)%,(22)>

—oo4 —

“oRe [ diz [ die (Hy(a1 ) Ha(2) O () (A3)

—O04 —O04
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Then, we move to equation (B.1), for two-point functions of Hermitian operators at
different times. Let us denote the two operators as O(y) and W(z), consistently with the
notation used in Appendix B, with x = (Z,t) and y = (7,t'). The procedure hardly bears
any difference from the previous analysis. We express the original correlator in interaction
picture, to obtain:

(©|OW)W()[v) = (0nx U (t, —00-)Oo(m)U (t,tYWo(2)U (t', —00-) O r) - (A.4)

Then, we expand at first order, where U (t1,t5) ~ 1—1i tt; H;. Again, we use the hermiticity
of O, W and H; to extract imaginary parts. It is straightforward to obtain

(O(y) W) =(Ooly) Wolw)) —21m [ d' (H1(2)Ou() Wo())
i /tt' d4z<<00(?/)7'[l(2)Wo(x)> - <7—[1(z)(90(y)W0(x)>> C(A5)

which is equation (B.1).



Appendix B

Evaluating the cubic correlation
functions

This appendix provides details on the procedure adopted to evaluate cubic correlation
functions of section 4.6. In particular, we extend the Dyson series for the in-in formalism
of section 4.4 to the case where operators are not necessarily at time coincidence. Let
us consider two generic local operators O and W, functions of space-time coordinates
x = (#,t) and y = (¢,t'). The in-in correlator on the interacting vacuum for hermitian
operators can be expanded perturbatively as follows, as discussed in appendix A:

(O(y) W(x)) =(Oo(y) Wo(z)) —2Im /too_ d*z (H1(2)Oo(y)Wo(z))
—i /tt’ d4z<<00(y)HI(Z)Wo(:U)> - (HI(z)Oo(y)Wg(m))>. (B.1)

Following the notation in the chapter 4, we are denoting the fields in interaction pictures
with a null subscript. Also, by convention, we intend all the expectation values of inter-
acting fields as taken over the free vacuum |0y, ), while the ones involving full Heisenberg
fields are evaluated on |v).

Moreover, in what follows we shall denote the tree-level quadratic correlation functions
provided by the expressions (4.87)-(4.89) as:

Grr(i — 25) = (mo(@i)m0(75))  Grnlzi — x5) = (ho(zi)m0(25)) (B.2)
Gon(wi — x5) = (mo(wi)ho(x;))  Gan(xi — 25) = (ho(zi)ho(z;)) -

First, we calculate the correlation function (m(y)m(z)h(z)). This is the relevant corre-
lator for the equation (4.103), for the (77) two-point function. At one loop, it reads:

(r(@)r@h(a)) =~ [ a* {{mo)H (@) moleho(a)) — (HP) mo()mola)ho()

~otm [ s () moly)mo(a)ol)), (B.4)
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where the cubic interaction Hamiltonian is given by equation (4.79).
The expression above is simplified by performing the Wick contractions. It reduces to:

(r(x)m(x)h(z)) = —4 v Im /_too d4z{GW(z —v) {th(z —2)Gap(2 — ) + Gpp(2 — 2)Grn (2 — a:))}
+ Ghr(z — y) [Gﬁh(z — 2)Gar(z — ) + 3Gpp(z — ) Ghr(z — a:)] }
— 2i\v /tt, dtl{ (Gm(y —2) — Grn(z — y)) {Ghﬂ(z —2)Gop(z — ) + Gun(z — ) Grn (2 — a:)]

+ (Ganly = 2) = Gun(z = 1)) [Grn(2 — 2)Gan(z — 3) + 3G (2 — )G (2 — )] }
(B.5)

The next step is to go in momentum space, and to perform time integrals. As in the
main body, we denote the external three-momentum by q. Schematically, each contraction
takes the form

(m(y)m(z)h(x))y ~ /d3k1d3k2 SO (g4 ky + ko) fq, ky, kst — 1), (B.6)

where f is the integrand after the time integration is performed.

Then, we move on to considering the small-¢g regime. Consequently, we can drop the ¢
in the delta function before integrating over one of the internal momenta. Finally, we check
the low-¢g behavior of each contraction. We denote the terms in equation (B.5) proportional
to Gr(z — y) and Gqp(2z — y) respectively A and B for convenience. The first reads:

oS O iy [ 2|28 P25 oo — 0,)°
(2m)*2wa(q) (2m)% \ Wi ((walq) + 2w-)(wa(q) + 2w1)(walg) +w- + wy)
|ZM 2|27 ]2 |20 2T + 1281 27 24?1272
W2 (Wa(q) +2w_)  wWiwi(walq) +w- +wi)  wi(wa(q) + 2wy)

(B.7)

while the second is given by

Zh( ) —iwe (' —t dgk |Z§|2 - 3|Z[I’3L|2
. Z e <2w>3wwwzzi(<w<q>+2w><w+<q>+2wg>

|Z5* — 3] Z5)

 (wilg) Fom +wy)(w-(g) + oo +w+))(z+)*zi. (B.8)

For simplicity, we do not explicitly write the dependence of frequencies and wavefunction
coefficients on internal momenta.

The last step is to expand the integrands in a series of w, (¢) and w_(q). It turns out
that B approaches a constant in the limit ¢ — 0. Therefore, it only contributes to the
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constant terms o in equation (4.120). In particular, at the leading order in the expansion,
B approaches the correlation function i9,(h(y)m(z)), and hence provides a loop correction
to the kinetic mixing.

On the other hand, A contains the terms diverging as ¢~!. These contain a contri-
bution that diverges as ¢!, in the small g-limit. We isolated them with the help of
the symbolic computational software Mathematica, to obtain the expression dm?2 given in
equation (4.113). In the last section, we were also interested in the subleading corrections
that go to a constant for ¢ — 0. In particular, one can also show that the ones oscillating
with frequency w_ can be reassembled in the time derivative of the two-point correlation
function of m. The other finite contributions enter the o, terms. Therefore, we find

lim (7(y)m(x)h(x)), = (5mfr +ia0y) (mo(y)mo(x))q — 0+e_i“’+(t,_t) (B.9)

q/mhg)o

Second, we consider the correlation functions (3h(y)h(z)? + h(y)m(z)?) that enter the
equation of motion for the (h(z)h(y)) correlator. With an analogous procedure, we can
expand them with Wick’s theorem:

(3h(y)h(x)* + h(y)m(x)*) = (B.10)

t
— 4\ Im/_ d4z{th(z—y) [9th(z—:c)2 + 3Ghr(2—2)* + 3G (2—2)* + Ghﬂ(z—xﬂ

}

— 2i\v /tt, dt1{<th(y—z) — th(z—y)) [9th(z—x)2 + 3G hr(2—2)* + 3G (2—2)* + G;m(z—xf]

+ Gan(2—v) {GGﬂh(z—m)th(z—x) + 2G 1 (2—2)Grn(2—1x)

+ (Ghﬁ(y—z) — Gﬁh(z—y)) {6G7rh(z—x)th(z—x) + 2G;m(z—x)Gm(z—x)} }
(B.11)

Again, the expression above is evaluated by going in Fourier space and taking the zero
external momentum limit. It turns out that the only terms which contain UV-divergences
are the ones proportional to Gpp(z — y) and Gpp(y — z)). Moreover, they arise from the
t integration boundary. They can be extracted by expanding all the wavefunction factors
and frequencies for big k, with & the residual internal momentum, and then integrating in
time, to obtain the result of equation (4.115). This has also been done with the help of
Mathematica. The procedure to obtain the correlator (37 (y)h(x)? + m(y)w(x)?) is analo-
gous.
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