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Abstract

In recent years, the dramatic improvement of computer hardware, as well as remarkable
algorithmic advances, enabled accurate computer simulations of ever-growing molecular sy-
stems. Nowadays, with the help of composite quantum-mechanical/molecular-mechanical
(QM/MM) methods, it is possible to model ‘electronic’ processes, like chemical reaction
mechanisms that involve covalent bond rearrangements, in extended biological macromo-
lecules with thousands of atoms. Such systems are frequently characterized by remarkable
structural flexibility and potential energy surfaces full of local minima. Therefore, to enable
the calculation of accurate ensemble properties, representative sampling of their configu-
rational landscape is required, usually employing molecular dynamics (MD) simulations.
However, it is crucial that the trajectories obtained are sufficiently long to resolve rare
events, i.e., phenomena that occur on macromolecular timescales and are beyond the re-
ach of conventional all-atom molecular dynamics (MD) simulations. Hence, importance
sampling techniques are applied to accelerate transitions between metastable states. In ad-
dition to accelerating sampling, such methods must provide accurate estimates of reaction
free energy differences and kinetic rates of chemical transitions, such that the most likely
reaction mechanisms can be found.

In this dissertation, several improvements of importance sampling techniques are pre-
sented. The focus lies on highly efficient algorithms, which are suitable for use together
with an accurate QM/MM treatment of the electronic structure based on density functional
theory (DFT), which still limits MD simulations to timescales of only a few hundred pico-
seconds due to their computational demand. The result is a versatile toolbox of sampling
algorithms, which is made publicly available in the open-source adaptive-sampling Py-
thon package, that is highly useful for modeling intricate biocatalytic reaction mechanisms
in explicit protein environments. This is demonstrated by its application to the simulation
of challenging enzymatic systems that catalyze intricate biochemical transitions, such as
ribonucleic acid (RNA) modification, adenosine triphosphate (ATP) hydrolysis, or long-
range biological protonation dynamics.
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Chapter 1

Introduction

In recent years, biomolecular simulations have become an invaluable tool for the under-
standing of biological systems. Their worth is demonstrated by significant contributions to
diverse fields such as drug discovery and development [1–4], biocatalysis [5–7], biotechno-
logy [8, 9], nanotechnology [10], and chemical biology [11]. In all these research domains,
physics-based simulations serve to complement experimental methods, thereby facilitating
a robust understanding of biological processes at the molecular level.

Due to the sheer size and structural flexibility of macromolecules in both the protein
and nucleic acid worlds, for reliable in-silico predictions it is essential to shift the para-
digm from studying single structures to analyzing conformational ensembles [12]. For this
purpose, over the years, molecular dynamics (MD) [13–15] simulations have emerged as a
mature tool [16, 17], which generate time-dependent trajectories of atomic configurations.
To make such simulations practical, several severe approximations are commonly employ-
ed. For example, for many biochemical problems, classical molecular mechanics (MM) is a
reasonable choice, assuming that molecules always remain in the instantaneous electronic
ground state [18]. Hence, molecular motion is viewed as dynamics on a static potential
energy surface (PES). It is this most powerful idea that makes the simulation of exten-
ded biological macromolecules feasible by empirically approximating the PES with simple
mathematical functions (i.e., force fields) that model atomic interactions and fully replace
electronic degrees of freedom, like for example demonstrated in the pioneering AMBER
protein force fields [19, 20].

However, the accurate description of processes that involve significant electronic rear-
rangements still requires quantum mechanics (QM). Examples are chemical reactions that
involve covalent bond breaking and/or formation. Fortunately, such processes are usually
rather local, such that it is often sufficient to use QM/MM hybrid schemes [21], for the
development of which Karplus, Levitt, and Warshel share a Nobel prize [22]. Therefore,
only the reaction center of moderate size must be investigated by using expensive QM
methods, while the much larger rest of the system can be modeled using less expensive
empirical force fields. In recent years, it has become possible to perform density functional
theory (DFT) based QM/MM MD trajectories spanning hundreds of picoseconds thanks
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1. Introduction

to algorithmic advances in the Ochsenfeld [23–28] and other groups [29–33], e.g., employ-
ing density fitting approximations and seminumerical integration techniques together with
massively parallel implementations to harness the power of modern computer hardware
optimally.

Despite these successes, the brute force MD simulation of chemical transitions that
cross high barriers and, hence, occur on macroscopic time scales remains elusive. Therefo-
re, it is key to accelerate target processes in MD simulations using importance sampling
techniques, which are the main focus of this work. The most popular class of methods relies
on the definition of collective variables (CVs) (i.e., reaction coordinates), which provide
a low-dimensional description of the given process, focusing the sampling on the rele-
vant parts of configuration space. Popular examples are Umbrella Sampling (US) [34, 35],
(Well-tempered) metadynamics (WTM/MtD) [36, 37] or the adaptive-biasing force (ABF)
method [38, 39]. In this thesis, extended-Lagrangian techniques [40, 41] like the extended-
system ABF (eABF [42, 43]) are applied, which, instead of applying a bias directly to CVs,
couple the CV to a fictitious particle that is biased vicariously. The induced algorithmic
flexibility is harnessed by highly effective hybrid methods, like the WTM-eABF propo-
sed by Fu et al. [44, 45], which can further be combined with Gaussian accelerated MD
(GaMD) [46] to reduce the CV dependence [47]. Generally, all these methods aim for the
characterization of target processes in terms of their reaction and activation free energy by
calculating the associated potential of mean force (PMF) (i.e., free energy surface).

This cumulative dissertation is based on five publications, which are summarized below
and provided in full in Chapter 3. Furthermore, a thorough theoretical discussion on the
sampling problem is given in Chapter 2, putting the presented works into perspective, while
Chapter 4 concludes this work and gives a brief outlook..

Publication I builds the foundation for the later works. Its goal is to show that extended-
system-based importance sampling methods (e.g., eABF, WTM-eABF, or GaWTM-eABF)
can be combined with the multistate Bennett acceptance ratio (MBAR) [48] estimator,
which enables the recovery of unbiased statistical weights of individual simulation frames.
For the example of nuclear magnetic resonance (NMR) shieldings, it is demonstrated how
this extends the application of these methods from the computation of the PMF alone
to the calculation of ensemble averages of arbitrary properties. Additionally, it is shown
how PMF reweighting is enabled, i.e., mapping the probability density on different reac-
tion coordinates, a concept that the further publications will heavily rely on. Lastly, as
part of this project, the open-source adaptive-sampling program package was initiated,
which grew to a versatile toolbox for importance sampling simulations over the following
years [49].

Publication II addresses one of the biggest practical challenges in the application of
most importance sampling algorithms, which is their inherent dependency on the a priori
choice of a suitable set of CVs that can capture all slow degrees of freedom of the target
process. To mitigate this problem, we apply path CVs (PCVs) [50–52], which replace the
choice of the CVs with the choice of a path of discrete nodes that connect the reactant
and product states. Suitable guess paths can systematically be obtained from interpolation
between metastable states or from minimum energy path optimization approaches like the
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1. Introduction

Nudged Elastic Band (NEB) method [53]. Additionally, the guess path can iteratively
be converged to the minimum free energy path (MFEP) on-the-fly in an adaptive PCV
formalism. With a new stabilization algorithm, we can combine extended-system-based
sampling algorithms with adaptive PCVs. Further, we show that the WTM-eABF method,
which is able to rapidly adapt to changes in the PCV, together with the MBAR estimator,
which allows for reweighting of the whole simulation data to any path, is highly beneficial
in combination with adaptive PCVs. The motivation for this project is the investigation
of the reaction mechanism of pseudouridine synthases (PUS), where in the process of
transforming the uridine C1’-N1 into a C1’-C5 bond, the unbound uridilate ion undergoes
a non-linear rotating motion, which is hard to capture using conventional linear CVs. Using
the proposed path WTM-eABF method, the first step of the PUS reaction mechanism was
successfully simulated in line with the experimental evidence for a reaction that runs over
a glycal intermediate.

In Publication III, a workflow including path WTM-eABF simulations is applied to
study the reaction mechanism of adenosine triphosphate (ATP) hydrolysis by p97, a mem-
ber of the AAA+ protein family. In these simulations, the catalytic role of highly conserved
protein residues in the active site is deduced, providing a complete understanding of the
catalytic process. Experimental results like kinetic turnover rates, cryo-EM structures of
the final state, and phosphate NMR chemical shieldings are compared to calculated proper-
ties and show good agreement. Overall, this project highlights how the developed methods
enable the in-depth understanding of catalysis in extended biological systems.

In Publication IV, the presented sampling approaches are taken to their limit on the
highly challenging problem of biological long-range proton transfer (pT). These water-
mediated processes are catalyzed by titrable amino acids and can cover distances of tens
of Angstrom. Hence, the excess proton might undergo a high number of different proto-
nation pathways involving all participating water molecules and amino acids. With the
application of the modified center-of-excess charge (mCEC) [54] as a CV, which provides
a global description of pT pathways, together with fast sampling of transitions using the
WTM-eABF method, we aim for the on-the-fly exploration of new protonation pathways.
At the same time, the efficient exploration of parallel pathways naturally prohibits the con-
vergence of PMF estimates, as whenever new regions of configurational space are visited,
the PMF changes. Therefore, it is important to be able to obtain sufficient sampling along
protonation pathways that were only sparsely visited during the WTM-eABF simulation.
Hence, we show that US windows can be added in such regions to obtain focused samp-
ling. In contrast to performing the exploration using conventional MtD/WTM, both the
WTM-eABF and US data are processed all in one using the MBAR estimator, such that
no sampling data is lost. Under the line, a workflow is presented that, by combining global
and local sampling approaches, provides a promising basis for the reliable simulation of
highly challenging long-range pT processes.

Finally, PublicationV suggests further improvements to the WTM-eABF method by re-
placing WTM with the more recent on-the-fly probability enhanced sampling (OPES) [55],
which converges more rapidly. Additionally, an algorithm is devised to obtain suitable coup-
ling widths for the extended system from short unbiased MDs, which is the most critical
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parameter for all extended-system-based methods. We show that the resulting OPES-eABF
converges faster than its predecessors WTM-eABF and OPES, requires minimal user in-
put, and is highly robust. Three test cases are discussed, starting with the case of high
reaction free energy barriers, for which we identify a weakness in OPES that is resolved by
OPES-eABF. Further, results for sampling poor CVs and parallel reaction pathways are
shown. Altogether, we show that OPES-eABF unites the benefits of its building blocks,
providing a unified tool to mitigate diverse sampling problems.
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Chapter 2

Theoretical Background

We begin this chapter with a brief introduction to the basics of statistical mechanics as they
can be found in many standard textbooks [40, 56–58]. Particular emphasis is given to the
connection of statistical mechanics to molecular dynamics (MD), which builds the theore-
tical foundation of this work. Later, an overview of the ideas behind importance sampling
is given, followed by a thorough discussion of the practical problem of dimensionality re-
duction and a deep dive into adaptive importance sampling techniques. Throughout these
sections, the new developments of this thesis are illuminated with a focus on the application
to (bio)catalysis.

2.1 Molecular Dynamics and Statistical Mechanics

In this work, the classical Hamiltonian description of the nuclear motion will be applied.
Assuming the adiabatic Born-Oppenheimer approximation holds, the lighter electrons ad-
just adiabatically to the nuclear motion, always remaining in their instantaneous ground
state. Compact vectorial notations will be frequently employed for an N particle system
in IR3 with Nc = 3N cartesian coordinates x and corresponding velocities ẋ = v.

With the diagonal mass matrix M and some potential energy function U the Hamilto-
nian is defined as the sum of kinetic and potential energies

H(x,p) :=
pTM−1p

2
+ U(x), (2.1)

where p = Mv is the conjugate momentum vector. Thus, the complete microscopic state,
i.e., microstate, of a system can be described by a point in phase space {x,p}, which is the
set of all coordinates and momenta for which H(x,p) is finite. We refer to the configuration
space when only looking at the configurations of the system, ignoring the momenta. From
the Hamiltonian, the dynamic equations

{
δx = M−1p δt

δp = −∂U
∂x

δt = −∇xU(x) δt
(2.2)
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2. Theoretical Background

are obtained, which are numerically integrated in time with a discrete time step δt. Note
that more sophisticated integration schemes are used in practice, which increase the accu-
racy and stability [56]. This is the foundation for molecular dynamics (MD) calculations,
which is a means of investigating the dynamic motion of molecular systems.

From the above, given a potential energy function U(x) and initial conditions, time
trajectories of microstates can be obtained. In practice, however, one is instead often in-
terested in macroscopic observables that can be regarded as the statistical average over a
subset of microstates S, i.e., an ensemble, that is constrained by macroscopic variables such
as volume V , pressure P , absolute temperature T , total energy E, or number of partic-
les N . The statistical distribution of microstates associated with a system with constant N ,
V , and E is called microcanonical ensemble. Here, as the energy is conserved, all possible
states have the same probability.

However, the most important statistical ensemble is the canonical ensemble, as it is
relevant for most experimental setups. The canonical ensemble represents all possible mi-
crostates of a system that are in thermal equilibrium with a heat bath at a fixed tempe-
rature. Therefore, instead of the total energy, the temperature is conserved. Analogous,
Eq. 2.2, which on its own would sample from the microcanonical ensemble, has to be mo-
dified to include a thermostat that models an external bath with target temperature T .
One example of such isothermal dynamics is Langevin dynamics





δx = M−1p δt

δp =

(
−∇xU(x)− γp+

√
2γM
β δt

G

)
δt ,

(2.3)

where β = 1/(kBT ) is the inverse temperature and kB the Boltzmann constant. Here, com-
pared to Hamiltonian dynamics, in the second line forces are modified with a damping
constant γ, also known as collision frequency, and a Gaussian-distributed stochastic vector
G [59]. Note that Hamiltonian dynamics is exactly recovered for γ = 0, while fully sto-
chastic Brownian dynamics is retrieved for γ → ∞. In this work, underdamped Langevin
dynamics is always employed, using small values of γ. Hence, by sampling from the ca-
nonical ensemble, the probability ρ(xi,pi) of individual states i is Boltzmann distributed,
and depends on the energy via

ρ(xi,pi) =
e−βH(xi,pi)

∑
j∈S e

−βH(xj ,pj)
= Q−1e−βH(xi,pi) (2.4)

where Q is called canonical partition function. It acts as a normalization constant such
that ∑

i∈S
ρ(xi,pi) = 1 (2.5)

and is the central quantity of statistical thermodynamics. As an alternative to the sum
over all accessible microstates, one can write Q in terms of an integral over phase space.

Q =
1

N !

1

h3N

∫∫
dp dx e−βH(x,p) (2.6)
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2. Theoretical Background

Here, the factor h−3N , where h is the Planck constant, is necessary to obtain a dimensionless
quantity, while division by N ! accounts for individual particles being indistinguishable,
which would otherwise lead to over-counting of microstates. Inserting Eq. 2.1, where the
potential energy is assumed to be independent of the momenta, the integral over phase
space can be split into separate integrals over the kinetic and potential energy.

Q =
1

N !

1

h3N

∫
dp e−

β
2 (pTM−1p)

∫
dx e−βU(x) (2.7)

Since in the canonical ensemble the temperature is conserved, one can take advantage of the
fact that the momentum distribution obeys a Maxwell-Boltzmann distribution at thermal
equilibrium to compute the momentum integral analytically, which is only an additive
constant as long as no atoms are destroyed, created, or change their mass. Hence, we will
often focus on the configurational integral

Z :=

∫
dx e−βU(x). (2.8)

From the above, ensemble averages, which will be denoted by ⟨...⟩, of any observable O
can be calculated as

⟨O⟩ =
∑

i∈S
ρ(xi,pi)Oi , (2.9)

and the (Helmholtz) free energy, one of the most important properties connected to the
partition function, is given by

A = ⟨H⟩ − TS = −β−1 lnQ, (2.10)

where ⟨H⟩ denotes the inner energy and S the entropy. The free energy is one of the
central quantities of statistical thermodynamics, as according to the minimum free energy
principle, systems will always tend to the state that minimizes A. Therefore, in the context
of catalysis, one is often interested in calculating the relative free energy difference of two
metastable states, e.g., reactant R and product P of a chemical reaction,

∆AR→P = AP − AR = −β−1 ln
ZP

ZR

, (2.11)

where ZR and ZP are obtained by only integrating over the configuration space associa-
ted with R and P , respectively. Note that the momentum integral cancels out such that
QP/QR = ZP/ZR. Exothermic reactions are characterized by a negative free energy diffe-
rence, while positive values are obtained for endothermic reactions.

Unfortunately, looking at Eq. 2.6, which involves an integral over the enormous phase
space, one can grasp the daunting challenge of computing the partition function and, hence,
all the above properties. Indeed, it is virtually impossible to fully explore the configuration
space for most chemical systems. Instead, in practice, one relies on the concept of ergodicity,
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2. Theoretical Background

which states that the integral over configuration space can be replaced by a simple average
over time trajectories, as obtained through MD simulations.

Z =

∫
dx e−βU(x) = lim

t→∞
1

t

∫ t

0

dt′ e−βU(x(t′)) (2.12)

Ergodicity is often assumed to be valid for experiments as well as simulations, but can only
rarely be proven. For MD trajectories, ergodicity is generally not fulfilled, as according to
Eq. 2.4, visiting higher energy regions becomes exponentially more unlikely. Thus, simula-
tions are trapped in metastable states from which they cannot escape on computationally
feasible time scales. This problem motivates the field of importance sampling, which tries
to restore ergodicity in MD simulations at least for selected target regions of configuration
space.

2.2 Importance Sampling and Catalysis

In the following sections, the field of enhanced sampling is reviewed in order to put the pre-
sented work into perspective. Generally, one has to distinguish purely exploratory methods,
discovering uncharted regions in configuration space, from those that allow quantitative
estimation of probability distributions and free energies from the sampled space. The hyper-
reactor dynamics, which we introduce in Publication VII, falls into the former category as
it allows for efficient exploration of reaction networks from a given starting point, but does
not directly provide the free energy of the investigated processes. However, the main focus
of this thesis lies on the latter. Specifically, methods are discussed that can characterize
(bio)catalytic reaction mechanisms in terms of their reaction and activation free energy.

For this purpose, one relies on the subclass of importance sampling techniques, which
can accurately recover the original probability distribution, while sampling from another
biased distribution. This is achieved by modifying the potential energy to behave a certain
way by adding some biasing potential Ubias to the physical potential energy

Ũ(x) = U(x) + Ubias(x) , (2.13)

which gives rise to the new bias force −∇xU
bias(x). Exceptions are expanded ensemble

approaches [60] like replica exchange MD [61], which will not be covered in this thesis. These
methods follow an orthogonal strategy by preserving the original probability distribution
while exploiting transitions to other ensembles, e.g., at higher temperature.

From the modified potential Ũ(x) one obtains the biased configurational probability
distribution

ρ̃(x) =
e−β(U(x)+Ubias(x))

∫
e−β(U(x)+Ubias(x))dx

=
1

Z̃
e−βU(x) e−βUbias(x) =

=
1

Z
e−βU(x) Z

Z̃
e−βUbias(x) = ρ(x)

Z

Z̃
e−βUbias(x) ,

(2.14)
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2. Theoretical Background

with biased configurational integral Z̃. Therefore, from Eq. 2.14 the unbiased probability
distribution can be recovered from the biased distribution as

ρ(x) = ρ̃(x)
Z̃

Z
e+βUbias(x). (2.15)

The main difficulty of computing Eq. 2.15 is the evaluation of the ratio of original and
biased configurational integrals, for which, after a few transformations, one arrives at

Z

Z̃
=

∫
e−βU(x) dx∫
e−βŨ(x) dx

=

∫
e−βU(x) e−βUbias(x) dx∫
e−βŨ(x) e−βUbias(x) dx

=

∫
e−βŨ(x) e+βUbias(x) dx∫

e−βŨ(x) dx
=
〈
e+βUbias(x)

〉
Ũ
,

(2.16)
with the ensemble average under the biased distribution denoted by ⟨...⟩Ũ . Hence, the true
ensemble average can be recovered from biased simulations via

⟨O(x)⟩ =
∫

O(x) ρ(x) dx =

∫
O(x) ρ̃(x)

Z̃

Z
e+βUbias(x) dx =

=

〈
O(x)

Z̃

Z
e+βUbias(x)

〉

Ũ

=

〈
O(x) e+βUbias(x)

〉
Ũ〈

e+βUbias(x)
〉
Ũ

.

(2.17)

One of the most important concepts of importance sampling methods are collective varia-
bles (CVs), which are functions ξ : IRNc → IRd with d << Nc, that map high dimensional
configurations onto a low-dimensional representation

z = (z1, z2, ..., zd) = ξ(x) . (2.18)

The marginal probability density ρ(z) is defined by the integral over all variables except z

ρ(z) =

∫
δ[z− ξ(x)]ρ(x) dx = ⟨δ[z− ξ(x)]⟩ , (2.19)

where δ[...] denotes the multivariate Dirac delta distribution. The potential of mean force
(PMF), which is also often referred to as the free energy surface (FES), is defined via

A(z) = −β−1 ln ρ(z) . (2.20)

Although by itself not gauge invariant against the choice of CV, ρ(z) and A(z) are of central
importance for the simulation of (bio)catalytic reaction mechanisms, as they are related
to the reaction and activation free energy, as will be shown further below. The unbiased
PMF can be recovered from biased simulations by again inserting Eq. 2.15

A(z) = −β−1 ln

[
ρ̃(z)

Z̃

Z
e+βUbias(z)

]

= Ã(z)− Ubias(z)− β−1 ln
Z̃

Z

= Ã(z)− Ubias(z) + ∆AU→Ũ ,

(2.21)
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with biased PMF Ã(z). Here, apart from Ubias(z), the free energy difference between the
biased and unbiased systems appears as a second correction term. If only one biasing po-
tential is considered, this term is only an additive constant that can be neglected. However,
for example, in Umbrella Sampling (US) [35] (see section 2.4.1), one runs multiple simu-
lations with different biasing potentials, each contributing only a fragment to the PMF.
Therefore, statistical estimators are required that can recover a continuous PMF, ideally
globally with similar precision for all contributing simulations.

For this purpose, many popular methods were developed, which can roughly be divided
into two main categories. Methods of the first category yield fast and accurate estimates of
the PMF, but are not able to recover other ensemble properties. Examples are techniques
based on thermodynamic integration like Umbrella Integration (UI) [62], which instead of
the PMF computes its derivative to avoid the unknown third term of Eq. 2.21.

∂A(z)

∂z
=

∂Ã(z)

∂z
− ∂Ubias(z)

∂z
=

β−1 ∂ ln ρ̃(z)

∂z
− ∂Ubias(z)

∂z
(2.22)

Subsequently, Eq. 2.22 is integrated to obtain the PMF up to an additive constant, which
remains elusive.

In contrast, methods of the second category explicitly calculate the critical free energy
differences of biased ensembles and are hence able to recover the full statistical information
from biased simulations. Popular examples are the weighted histogram analysis method
(WHAM) [63] or the multistate Bennett acceptance ratio (MBAR) [48], a bin-less version
of WHAM. The MBAR is also the multi-state generalization of BAR [64], which aims at
a minimization of the variance in the free energy estimate from only two states. As BAR
for two states, MBAR is the lowest variance unbiased estimator for both free energies and
ensemble averages from multiple thermodynamic states. Since it is of central importance for
this work, the MBAR equations are derived below based on the new derivation published
by Michael Shirts [65], which is more intuitive than the one presented in the original
publication (Ref. [48]).

Assume M samples have been collected from biased potential Ui proportional to their
configurational probability distribution

ρi(x) =
e−βUi(x)

Zi

. (2.23)

Then ensemble averages of observables can be obtained from ρi via Eq. 2.9. Dividing and
multiplying by a second normalized and well-behaved distribution ρj(x) leads to

⟨O⟩i =
M∑

m=1

O(xm)

(
ρi(xm)

ρj(xm)

)
ρj(xm) . (2.24)

If samples are instead picked proportional to ρj(x), the same average can be calculated
from the Monte Carlo integration

⟨O⟩i =
1

M

M∑

m=1

O(xm)

(
ρi(xm)

ρj(xm)

)
. (2.25)

10
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At this point, a similar problem as in Eq. 2.21 arises, namely that ρi(x) and ρj(x) are
only known up to the unknown constants Zi and Zj. A solution can be found by simply
choosing the artificial observable O(x) = 1, which yields, after a few transformations

⟨1⟩i =
1

M

M∑

m=1

(1)

(
ρi(xm)

ρj(xm)

)

1 =
1

M

M∑

m=1

(
e−βUi(xm)Z−1

i

e−βUj(xm)Z−1
j

)

Zi

Zj

=
1

M

M∑

m=1

(
e−βUi(xm)

e−βUj(xm)

)
.

(2.26)

From the definition of the free energy, one can insert Zi = e−βAi . Taking the logarithm,
one arrives at the standard reweighting method by Zwanzig from 1954 [66], which today is
well known as the free energy perturbation (FEP) method.

ln

[
e−βAi

e−βAj

]
= ln

[
1

M

M∑

m=1

(
e−βUi(xm)

e−βUj(xm)

)]

Aj − Ai = −β−1 ln

[
1

M

M∑

m=1

e−β(Ui(xm)−Uj(xm))

]

∆Aij = −β−1 ln
〈
e−β∆Uij(xm)

〉
j

(2.27)

Now the key step is to realize that the MBAR can be seen as reweighting from a mixture
distribution. Assume Mk samples have been collected from K distributions, e.g., by means
of US, the mixture distribution is obtained by simply combining all M =

∑K
k=1 Mk samples

ρmix(x) =
1

M

K∑

k=1

Mkρk(x) =
1

M

K∑

k=1

Mk
e−βUk(x)

Zk

. (2.28)

Note, that if all individual distributions ρk(x) are normalized, ρmix(x) must also be norma-
lized and that there is an Mk/M chance to draw a sample from any distribution k. Using
the same trick as above, but for reweighting from ρmix(x) to ρi(x), one obtains

1 =
1

M

M∑

m=1

(
ρi(xm)

ρmix(xm)

)

1 =
1

M

M∑

m=1

(
e−βUi(xm) Z−1

i

M−1
∑K

k=1Mke−βUk(xm)Z−1
k

)

Zi =
M∑

m=1

e−βUi(xm)

∑K
k=1 Mke−βUk(xm)Z−1

k

,

(2.29)
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where before solving for Zi in the second line Eq. 2.23 and Eq. 2.28 are inserted. Finally,
after again inserting Zi = e−βAi , one arrives at the MBAR

e−βAi =
M∑

m=1

e−βUi(xm)

∑K
k=1Mkeβ(Ak−Uk(xm))

, (2.30)

which is a system of K equations that can be solved for A = (A1, A2, ..., AK). Typically,
as one is only interested in relative free energies, one chooses A1 = 0 and solves the
remaining K−1 equations. Note, that as A enters both sides Eq. 2.30 has to be solved self-
consistently, or can alternatively be recast into a minimization problem [48]. Reweighting
(i.e., importance sampling) of observables at any state from the mixture distribution can
be written

⟨O⟩i =
1

M

M∑

m=1

O(xm)
ρi(xm)

ρmix(xm)

=
M∑

m=1

O(xm)
eβ(Ai−Ui(xm))

∑K
k=1Mkeβ(Ak−Uk(xm))

=
M∑

m=1

O(xm)Wim

(2.31)

Therefore, the full statistical information is recovered as equilibrium expectations of any
observable can be obtained.

Independent of the statistical estimator of choice, if the CV space is capable of distin-
guishing two metastable states like the reactant R and product P of a chemical transition,
the reaction free energy ∆AR→P can be obtained by integrating the marginal probability
density over the corresponding domains of CV space [67].

∆AR→P = −β−1 ln

∫
P
ρ(z) dz∫

R
ρ(z) dz

= −β−1 ln
ZP

ZR

(2.32)

Additionally, for a one dimensional CV space ξ(x) = z, an expression that relates the
activation free energy ∆A‡

R→P to ρ(z) is provided in Publication VI:

∆A‡
R→P = −β−1 ln

ρ(z‡) ⟨λξ⟩z‡
ZR

, (2.33)

where z‡ denotes the transition state (TS) in CV space and ⟨...⟩z‡ denotes averages over the
transition state ensemble (TSE). λξ =

√
βh2/2πmξ is the thermal de-Broglie wave length

of the pseudo-particle associated with the CV with mass

m−1
ξ = (∇xξ)

T M−1 (∇xξ) (2.34)

Note that m−1
ξ depends on the gradient of the CV and is only constant if the CV is linear

in Cartesian coordinates. Therefore, besides accounting for the mass of atoms involved
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in the transition, capturing, for example, kinetic isotope effects, it removes distortions of
the Cartesian space by non-linear CVs. The frequently employed difference of maxima
and minima of the PMF ∆A‡

R→P ≈ A(z‡) − A(zmin) can be seen as an approximation of
Eq. 2.32, ignoring distortions of the coordinate system and the influence of mass while
assuming the probability density to be sharply peaked in the reactant minimum. Reaction
rate constants kR→P , which are often experimentally accessible as well, can be obtained
from the ∆A‡

R→P via Eyring’s equation

kR→P =
1

τR→P

=
κ

βh
e−β∆A‡

R→P , (2.35)

where κ is the transition coefficient, which is often ignored under the assumption that
all trajectories that reach the transition state also cross it (κ = 1). This corresponds to
computing an upper bound to the true reaction rate constant.

A different strategy for estimating kinetic rates can be found by directly observing the
first passage time τR→P from multiple biased simulations that cross the barrier. Inserting
Eq. 2.33 into Eq. 2.35 one obtains

1

τR→P

∝ ZTS

ZR

. (2.36)

Now, think of adding a biasing potential that only affects the reactant state, reducing the
effective barrier, but is zero at the TSE. Looking at Eq. 2.36, such a bias only affects
ZR. Therefore, as everything else cancels, one obtains the ratio of unbiased to accelerated
escape times

α =
τR→P

τ̃R→P

=
ZR

Z̃R

=

∫
R
e−βU(x)dx∫

R
e−βŨ(x)dx

=
〈
e+βUbias(x)

〉
Ũ ,R

, (2.37)

which is also known as acceleration factor. Note that Eq. 2.37 is identical to Eq. 2.16
except for the configurational integral that now only runs over the reactant state. Hence,
once transitions are observed, biased transition times can be rescaled via

τR→P =
Mtot∑

i=1

∆t eβU
bias(xi) , (2.38)

with discrete time step ∆t and total number of steps until a transition is observed Mtot.
While such an approach was first introduced in 1997 by Voter in the context of hyperdyna-
mics [68], today there are many methods for constructing adequate flooding bias potentials
that leave the TSE bias free [69–73]. The advantage is that, in contrast to Eq. 2.33, no
extensive sampling at the TS is required as TSEs enter in no form [74]. On the other
hand, compared to 2.33, significant computational overhead might arise as the estimation
∆AR→P requires a separate calculation. Additionally, before constructing the flooding bias,
one often still has to approximately compute ∆A‡

R→P anyway to obtain an initial estimate
of barrier heights one wishes to overcome and ensure that the TSE remains bias-free. Note
that because of the exponential in Eq. 2.35, the underlying potential energy has to be
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obtained very precise to get quantitative results of kR→P . Therefore, independent of the
chosen approach, in practice, a qualitative agreement of experimental and predicted rate
constants is often the only achievable goal.

Hence, the general strategy for investigating reaction mechanisms in terms of import-
ance sampling is summarized in Fig. 2.1. While the third step, reweighting, was thoroughly
discussed in this section, a comprehensive discussion of the first two steps is still missing.
Therefore, in the following section, we will take a closer look at step 1, dimensionality
reduction, giving some insight into the practical choice of CVs and their implications for
the results of simulations. Thereafter, step 2 will be reviewed, which involves the actual
sampling. Here, we dive into the large and sometimes confusing zoo of different sampling
algorithms to illuminate their similarities and differences.

Step 1
Dimensionality reduction: Choose a low dimensio-
nal representation of the given process (i.e., CV space).

Step 2
Sampling: Choose the sampling algorithm and extensi-
vely sample the target transition using MD simulations.

Step 3
Reweighting: Compute ∆AR→P and kR→P , ob-

tain ensemble properties, and compare to experiment.

Fig. 2.1. General workflow for the characterization of (bio)chemical reaction mechanisms
through importance sampling.

2.3 Dimensionality Reduction

The definition of a suitable CV space that includes all slow degrees of freedom is often
crucial for successful sampling. Many methods apply only low-dimensional bias potentials
because of the steep rise in computational cost associated with sampling higher-dimensional
spaces. In such cases, bias forces are given by the chain rule

−∇xU
bias(ξ(x)) = −∂Ubias

∂ξ

∂ξ

∂x
, (2.39)

which illuminates that metastability will only be removed along ξ. Important characteristics
that have to be fulfilled for optimal CVs include that they

(a) distinguish between long-lived metastable states,

(b) are orthogonal to the dividing surface between both metastable states to correctly
capture the TSE,
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(c) provide a separation of timescales, such that the dynamics of remaining fast variables
is unmixed and negligible,

(d) are not degenerate, such that each CV describes a different slow mode,

(e) are Markovian, such that the slow dynamics are described as an evolution in a free-
energy landscape with a configuration-dependent diffusion coefficient,

(f) are smooth and differentiable, such that they can be applied together with importance
sampling algorithms according to Eq. 2.39.

One always has to consider that results obtained with poor CVs might be wrong and
misleading. For example, in Publication VI we show, that while the ∆A is relatively robust
to suboptimal CVs, ∆A‡ is highly sensitive. This is because the latter explicitly depends
on the probability density at the TSE (Eq. 2.33), which is only estimated correctly if point
(b) is fulfilled. The robustness of the former can be understood by considering that the
probability density is commonly sharply peaked in metastable states, such that Eq. 2.32 is
accurate as long as the CV successfully discriminates metastable states.

The quality of CVs can be tested based on computing the committor function qP(x),
as first introduced by Kolmogorov [75], which is a statistical measure of how committed a
trajectory is to state P on an energy surface with metastable states R and P. Specifically,
it gives the probability of a trajectory starting in x, ending in state P without having first
passed through R. Hence, for the TSE it must be fulfilled that

qP(x) ≃ qR(x) ≃
1

2
(2.40)

However, the computation of qP(x) is challenging, as it has to be numerically estimated
from selected snapshots of the sampled TSE via committor analysis [76]. For this purpose,
many short trajectories are started from configurations at z‡ with Maxwell-Boltzmann
velocities, and the number that reaches P before R is counted. This approach is expensive
and depends on the criteria that are applied to choose which basin a trajectory is committed
to.

Therefore, in Publication VI, a different criterion is proposed to check if it is safe to
calculate activation free energies from the PMFs along the chosen CV

Ds(z) =

〈 ∣∣∣∣
∇xξ(x)

| ∇xξ(x) |
· ∇xU(x)

| ∇xU(x) |

∣∣∣∣
〉

z

, (2.41)

which is related to an earlier measure introduced by Dietschreit et al. [67]. Later, in Publi-
cation II, Ds(z) is successfully applied to monitor the quality of an adaptive CV on-the-fly.
For an ideal CV Ds(z

‡) = 0, which indicates that the CV is orthogonal to the dividing
surface (i.e., gradients of U and ξ are perpendicular). In practical cases, Ds(z) should at
least show a clear minimum at z = z‡. An illustration of both the committor and Ds(z) is
given in Fig. 2.2.
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𝑞𝑅(𝒙) = 𝑞𝑃(𝒙) = 0.5
𝐷𝑠 𝒛 > 0 

P

R

∇𝑥𝜉

∇𝑥𝜉

𝐷𝑠(𝒛) = 0 

Fig. 2.2. Illustration of analyzing the transition state ensemble (TSE). Probability densi-
ties of two metastable states, R and P, are indicated in gray. Their dividing surface is given
in red, for which Eq. 2.40 holds. Green lines denote trajectories from commitor analysis
that start from a point on the dividing surface and half commit to each state. In contrast,
the CV measure Ds(z) is only zero where the gradient of the CV ∇xξ, indicated by a blue
arrow, is orthogonal to the dividing surface.

CVs are commonly chosen a priori based on the chemical intuition of the practitioner.
For example, a linear combination of the breaking and forming bond lengths might be
considered for a simple chemical reaction where one covalent bond is broken and another
is formed. Unfortunately, for complicated biochemical transitions, the process of manually
identifying suitable CVs can be highly cumbersome or even impractical. For example, in
Publication II we show that applied to an inherently non-linear transition, such a simple
linear combination of breaking and forming bond distances leads to significant sampling
artifacts.
Alternatively, for some processes, physics-inspired CVs might be considered. One example
is our study of biological long-range proton transfer (pT) reactions in cooperation with the
group of Ville R. I. Kaila (Publication IV). These highly intricate processes are catalyzed by
titratable amino acids that form proton wires together with water molecules, as indicated
in Fig. 2.3. Water-mediated proton transfer occurs via bond rearrangement in a Grotthuss-
type mechanism. Therefore, the CV can intuitively be chosen as a linear combination of
all breaking and forming covalent bonds of hydrogen atoms. However, such a CV explicitly
includes only one hydrogen atom per water molecule, while the other cannot participate in
the pT. Additionally, pT pathways must be selected manually before the simulation, and
each pathway must be probed in a unique simulation. As an alternative, we decided to
apply the modified center of excess charge coordinate (mCEC), as introduced by König et
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al. [54]:

ζCEC(x) =

NH∑

i

xi −
NX∑

j

wjxj −
NH∑

i

NX∑

j

fSW(| xi − xj |)(xi − xj), (2.42)

where NH , NX are the number of involved protons and proton acceptors, respectively, and
xi denotes the Cartesian coordinates of atom i. The weights wj are given by the minimal
number of protons associated with atom j during pT, and fSW is the switching function

fSW(r) =
(
1 + e(r−rSW)/dSW

)
(2.43)

where rSW controls the switching distance and dSW how fast the function switches from one
to zero. Note that ζCEC is a three-dimensional quantity. Therefore, we choose to project
ζCEC onto the direction of pT via

ξCEC(x) = (ζCEC − xd) ·
xa − xd

| xa − xd |
, (2.44)

with coordinates of first donor and last acceptor atom xd and xa, respectively. The first
two terms of Eq. 2.42 reflect the position of the excess proton in a water wire, while the
third term is a correction that removes all contributions from the CEC that are irrelevant
to pT. Thus, in contrast to the unmodified CEC (first two terms), the mCEC coordinate
is close to zero if there is no excess proton. The advantage of ξCEC is that it provides a
global description of all possible pT pathways. Thus, one can explore new pT pathways
on-the-fly during the simulation without manually adapting the CV.

Fig. 2.3. Chemical drawing of long-range pT in the mammalian respiratory Complex I,
as investigated in Publication IV. Three possible reaction pathways are marked, denoting
direct pT between titrable amino acids (red), water-mediated pT between amino acids
(blue), and pure solvent pT (orange). Unlike traditional CVs, the mCEC provides a global
description of all these processes and their permutations, enabling the on-the-fly exploration
of low-energy pT pathways through importance sampling.
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As a third strategy towards dimensionality reduction, one can use adaptive CVs that
learn to describe the given process more and more accurately before or during the simu-
lation. Here, two main strategies were developed by the community [77]: adaptive path
CVs (PCVs) and machine-learning-derived CVs. In publications II and III, the former are
applied in a highly efficient manner to resolve the intricate reaction mechanisms of RNA
modification by PUS and ATP hydrolysis by p97. As first demonstrated by Weinan et. al.
in the string method [50], the idea is to connect two metastable states with a path, which
is represented by a discrete string of nodes. The CVs are given by a progress parameter,
often denoted s(x), and a distance metric, often denoted z(x), for which arithmetic [51] or
geometric [52, 78] formulations exist. Additionally, there are combinations of PCVs with
machine learning [79, 80]. The biggest advantage is that even non-linear transitions are
trivial to describe by non-linear paths. For this thesis, mainly the geometric PCV was
applied, which is a function of a pre-defined CV space z that has to include all important
degrees of freedom. The geometric PCV is given by the progress parameter

s(z) =
m

M
± 1

2M

(√
v1 · v3)2 − |v3|2(|v1|2 − |v2|2)− (v1 · v3)

|v3|2
− 1

)
, (2.45)

and the distance to the path

z(z) =

∣∣∣∣v1 +
1

2

(√
v1 · v3)2 − |v3|2(|v1|2 − |v2|2)− (v1 · v3)

|v3|2
− 1

)
v4

∣∣∣∣ , (2.46)

with index of the first, second and third-closest nodes m, n, k, respectively, and vectors
v1 = zm−z, v2 = z−zm−1, v3 = zm+1−zm and v4 = z−zm−1. The ± in Eq. 2.45 is negative
if z is left of the closest path node, and positive otherwise. The path can be refined during
the simulation by moving nodes closer to the average transition path in an iterative manner,
which yields convergence to the minimum free energy path (MFEP) [52]. This classifies
adaptive PCVs as a sort of ‘self-learning’ algorithm [77] and, thus, as an alternative to
machine-learning CVs. However, in contrast to many machine learning approaches, no
initial data is required, such that the simulation can be started directly using any guess
path, which can easily be obtained, e.g., from linear interpolation or minimum energy
path optimization methods [81]. The former strategy was used in Publication II, where
linear guess paths were adaptively converged towards the MFEPs. The latter strategy was
employed in Publication III, where PMFs were computed along a static path that was
optimized beforehand using the improved nudged elastic band (NEB) method [82]. An
illustration of one of the obtained reaction pathways is given in Fig. 2.4.

2.4 Importance Sampling Algorithms

In the last section, the problem of dimensionality reduction was addressed. Now, assuming
a good CV that describes the full slow dynamics of the given process has been identified,
methods are discussed that can remove metastability along this CV. Note that all the
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Fig. 2.4. Illustration of the rebound mechanism of PUS as investigated in Publication II.
In gray, a path connecting uridin with the rebound intermediate is shown, in the space of
the breaking C1’-N1 bond on the x-axis and the forming C1’-C5 bond on the y-axis. The
reactant and product nodes are marked in green, while the node located at the transition
state (TS) is marked in red. The inserts show chemical drawings of configurations that
correspond to the respective path nodes.

discussed approaches were publicly implemented in the open-source adaptive-sampling

package as part of this thesis.

2.4.1 Static Biasing Methods

The simplest sampling strategy is the application of static biasing potentials, which increase
the probability of visiting certain regions of configuration space. Such an approach was first
introduced by Torrie and Valleau in 1976 under the term Umbrella Sampling (US) [34].
Today, typically harmonic potentials are applied

UUS
i (z) =

ki
2
(z− z0i )

2 , (2.47)

with force constant ki and equilibrium value of the CV z0i [35]. Hence, for sufficiently
strong coupling (large ki), each simulation, which in US is also often referred to as window,
will be in a local equilibrium close to z0i , and one can simply place multiple overlapping
windows i to sample selected regions of CV space. In Publication IV, US is applied to
obtain local sampling in regions of configuration space that were only sparsely visited by
a second sampling approach, which, on the contrary, is designed to explore new transition
pathways. As described in section 2.2, the PMF can be recovered by several different
methods, including UI [62], WHAM [63], or MBAR [48].

19



2. Theoretical Background

A significant drawback of this approach is that local constraints naturally lead to quasi-
nonergodic effects, particularly when multiple competing reaction pathways are present.
In other words, by design, UUS

i limits the search space, which is generally detrimental to
efficient sampling. As a result, free energies might seriously depend on initial conditions, as
demonstrated in a recent study by Aho et al. [83] that found differences of 2–20 kcal/mol
in computed binding free energies for repeating a workflow based on US with changing
starting configurations. Additionally, already in their original paper Torrie and Valleau [34]
note, that there is no straightforward way to determine good biasing (or in their language
weighting) functions and conclude, that

”
A possible embellishment of the technique would

be to program the computer to carry out itself the trial-and-error development of a good
weighting function“. Addressing both problems is the aim of adaptive sampling techniques,
which are the main focus of this work and will be discussed in the following sections.

But first, a special case of static biasing potentials will be addressed. These sampling
approaches, instead of depending on any CV, only depend on the potential energy itself.
This idea originates from the hyperdynamics method by Voter [68], which on its own is un-
feasible for large systems because of its explicit dependence on the Hessian matrix. Today,
several more efficient methods have been developed, including accelerated MD (aMD) [84],
Gaussian accelerated MD (GaMD) [46], and Sigmoid accelerated MD (SaMD) [85]. All of
them modify the potential energy below some threshold E with an energy-dependent boost
potential ∆U :

UaMD(x, U) =

{
U(x) if U(x) ≥ E,

U(x) + ∆U(U(x)) if U(x) < E .
(2.48)

Hence, the underlying topology of the energy surface is roughly preserved, but all energy
barriers are lowered, and MD simulations can escape from kinetic traps. Again, reweighting
of such simulations to obtain unbiased probability distributions and reaction rate constants
is possible using standard importance sampling (see section 2.2). Often, to remove energetic
noise in PMF estimates, instead of directly reweighting from Eq. 2.17, one approximates
z-conditioned ensemble averages of the boost potential with a cumulant expansion

〈
eβ∆U(U(x))

〉
∆U,z

= exp

[ ∞∑

k=1

βk

k!
Ck

]
, (2.49)

with expansion coefficients Ck, that for the first two orders are given by the mean and
standard deviation of the sampled boost potential [46]. Usually, the cumulant expansion is
truncated after the second order, essentially assuming a Gaussian distribution of the boost
potential at z. In Publication I, we show that if GaMD (and in principle also the other
forms of the boost potential) is combined with CV-dependent sampling approaches that
allow for the application of the MBAR, it is more accurate to also directly incorporate the
boost potential into the MBAR equations. Additionally, in Publication VII, we combine
aMD, GaMD, and SaMD with a pressure-inducing potential as inspired by the ab initio
nanoroeactor [86, 87] to devise a much more efficient and robust approach for reaction
network exploration, which we term hyperreactor dynamics (HRD) [88].
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2.4.2 Adaptive Biasing Potential Methods

In this section, methods are discussed that learn the biasing potential during the simulation
based on information from the trajectory. Therefore, the biasing potential depends on the
statistical properties of the trajectory and is progressively updated as more information be-
comes available. A large zoo of different methods is available to build such time-dependent
biasing potentials. To name only a few of the more exotic ones, there is local elevation [89],
self-healing umbrella sampling [90], basis function sampling [91], artificial neural network
sampling [92]. The interested reader is referred to the LiveCoMS perpetual review on en-
hanced sampling [93], which is a continuously maintained and updated review on sampling
methods. All of these methods share common ideas, but differ in the concrete way the
biasing potential is built. Hence, for the sake of this thesis, we will focus on metadynamics
(MtD), which was first introduced by Laio and Parrinello [36], and has since become an
invaluable tool for molecular simulation [37, 94, 95].

The core idea of MtD is to introduce a repulsive biasing potential, which is written as
a superposition of Gaussian hills

UMtD(z, t) =
∑

t=0,τG,2τG,...

hGe
−(z−zi)

2/2σ2
G , (2.50)

where hG is the hill height and σG = (σ1, ..., σd) are standard deviations corresponding to
the CVs. Note that one could also apply Gaussians with a non-diagonal variance matrix.
Hills are deposited during the simulation in fixed time intervals τG. Hence, the system is
pushed away from regions that were already visited, and minima on the PMF are gradually
filled. After enough time has passed, the biasing potential becomes quasi-stationary, fluc-
tuating around the negative PMF, and the dynamics will effectively experience a random
walk on the PMF. To ensure smooth convergence, Well-Tempered MtD (WTM) [37] was
introduced, which scales down the height of the new Gaussian hills based on the previously
deposited potential

hWTM
G (z, t) = hG e−

β
γ−1

UMtD(z,t−1) , (2.51)

where γ is a parameter called the bias factor. Normal MtD is exactly retrieved for the limit
γ → ∞. As the scaling factor decreases over time, hWTM

G (z, t) goes to zero. For MtD and
WTM, it has been mathematically proven [96, 97], that the biasing potential eventually
converges to the asymptotic solution

UMtD(z, t) = −
(
1− 1

γ

)
A(z) + β−1 ln

∫
dz e−βA(z)

∫
dz e−β(A(z)+UMtD(z,t))

= −
(
1− 1

γ

)
A(z) + β−1 ln

Z

Z̃(t)

= −
(
1− 1

γ

)
A(z) + C(t) ,

(2.52)

with time-dependent constant C(t). Solving Eq. 2.52 for the PMF leads to the unbiased
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estimate

A(z) = −
(

γ

γ − 1

)
UMtD(z, t) + C(t)

= −
(

γ

γ − 1

)
UMtD(z, t) + β−1 ln

Z

Z̃(t)
.

(2.53)

At this point, it becomes obvious that C(t) again corresponds to the problematic third

term of Eq. 2.21, with the only difference that Z̃ now is time-dependent because of the
time-dependence of the biasing potential. Note that the overall estimate of A(z) is time-
independent, as the time-dependencies of both terms cancel [98]. While C(t) is typically
ignored for calculating the PMF, where one is only interested in relative free energy dif-
ferences, it can be used to monitor the local quality of convergence of the PMF, as was
shown by Tiwary and Parrinello [98]. Additionally, from Section 2.2 we know that it has to
be considered for proper reweighting of other observables from the biased to the original
probability distribution [94], for which, analogous to Eq. 2.17, one obtains

⟨O(x)⟩ =
〈
O(x)eβ(U

MtD(z,t)−C(t))
〉
Ũ
. (2.54)

In recent years, many methods have been devised for calculating C(t) (e.g., [98–101]),
which will not be further discussed here.

Note that in WTM, the PMF is only partially canceled by UMtD, such that instead of a
uniform distribution, in the long time limit, one samples from the so-called well-tempered
distribution

ρ̃WTM(z) =
e−β(A(z)−(1− 1

γ
)A(z))

∫
dz e−β(A(z)−(1− 1

γ
)A(z))

=
e−β 1

γ
A(z)

∫
dz e−β 1

γ
A(z)

=
[ρ(z)]

1
γ

∫
dz [ρ(z)]

1
γ

. (2.55)

Only for the limit γ → ∞, one again samples from a uniform distribution, as in normal
MtD. Historically, instead of γ often the bias temperature ∆T was used as parameter,
which is related to γ via γ = (T + ∆T )/T . Therefore, one might view the well-tempered
distribution as sampling the CVs at higher temperatures while keeping the PMF fixed.

One conceptual drawback of the metadynamics potential is that it has to be carefully
parametrized. If the bias potential adapts too slowly, sampling will be inefficient. On the
other hand, one also has to make sure that its growth rate is not too high. In this case,
the system is pushed out of equilibrium by the harsh and discontinuous repulsion from its
current state, which will introduce artifacts [102]. This is especially critical for reweigh-
ting via Eq. 2.54. Hence, for such a non-static bias, the initial non-adiabatic part of the
trajectory where the biasing potential is still changing drastically often has to be discar-
ded, and reweighting is only performed for the remaining part of the trajectory. In this
regard, a significant improvement over MtD/WTM was recently introduced by Invernizzi
and Parrinello with the on-the-fly probability enhanced sampling (OPES) method [55],
where instead of the PMF the probability density itself is estimated by the kernel density
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approximation

ρ̃(z, t) =

∑
t=τG,2τG,... wtG(z, zt)∑

t=τG,2τG,... wt

(2.56)

with Gaussian kernels G and weights wt = eβU
OPES(zt,t−1). The biasing potential UOPES is

obtained from ρ̃(z, t) as

UOPES(z, t) =

(
1− 1

γ

)
β−1 log

(
ρ̃(z, t)

Zt

+ ϵ

)
(2.57)

where the normalization factor Zt is given by the integration over the currently explored
configuration space

Zt =
1

|Ωt|

∫

Ωt

ρ̃(z, t)dz . (2.58)

The term ϵ of Eq. 2.57 ensures that the logarithm is always defined.

By choosing ϵ = e−β∆E/(1−1/γ), the parameter ∆E defines an upper bound to the bias
potential, such that only transitions crossing barriers that are smaller or equal to ∆E are
efficiently induced. Note that already the first kernel gives rise to a bias potential that is
in the order of ∆E, such that OPES provides a very fast initial build-up of the biasing
potential, which in later stages is gradually refined. For this reason, the OPES potential
is quasi-stationary, and reweighting is possible via Eq. 2.17 without explicitly taking into
account any time-dependence as in Eq. 2.54. Additionally, the chosen height of the Gaussian
hills only changes the normalization, and the variance of the Gaussian hills can be obtained
adaptively from the trajectory [103], such that ∆E and τG are the only remaining free
parameters, making OPES much easier to parameterize than its predecessors.

2.4.3 Adaptive Biasing Force Methods

An alternative to adaptive potential methods are adaptive biasing force (ABF) methods,
first introduced by Darve and Pohorille [38], where instead of adding an artificial biasing
potential, the system forces are directly modified to ensure ergodic sampling. Note that
although it might seem arbitrary at first glance, there is a fundamental difference between
biasing the potential or force. Namely, while potentials and probability distributions are
global properties, gradients are defined locally. Therefore, to build an efficient biasing po-
tential, knowledge of a wide range of the configuration space is required, while building
the biasing force only requires local knowledge, which in principle enables faster adaptati-
on [42]. Additionally, from a conceptual standpoint, ABF methods have a high appeal due
to their practical simplicity, requiring minimal user intervention.

The idea of ABF is that applying the negative gradient of the PMF as a biasing force
exactly cancels associated free energy barriers, such that the average force acting on the CV
is zero. Thus, the system only experiences random fluctuations of the environment, which
leads to a random walk on the flattened PMF and, in the long term, uniform sampling.
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To estimate the gradient of the PMF, one relies on calculating the ensemble average of
instantaneous force samples

∇zA(z) = −⟨Fξ(x)⟩ξ(x)=z . (2.59)

Hence, one just needs to find an algorithm for estimating Eq. 2.59 on-the-fly from the
trajectory. Assuming ergodicity orthogonal to the CV, this is typically done on a grid with
bin width ∆z from Mk currently available samples in bin k by the simple unweighted
average

Fz(Mk, k) =
1

Mk

Mk∑

i=1

Fk
i , (2.60)

with instantaneous force samples Fk
i . Care has to be taken in the initial phase of the si-

mulation, where Eq. 2.60 is a poor estimate of the true gradient of the PMF, and large
fluctuations in the running average might drive the system away from equilibrium. There-
fore, the biasing force initially has to be slowly scaled up, e.g., by a linear ramp where the
force is proportional to Mk/Mfull if Mk < Mfull [39]. Hence, apart from the grid resolution,
the ABF method only depends on Mfull as a single empirical parameter, which controls
how fast the bias force is scaled up.

The remaining open question is how to compute force samples Fk
i . To derive the original

expression for the instantaneous force, one needs to explicitly transform Cartesian coordi-
nates with a set of N − d functions q = (q1, q2, ..., qN−d), such that (ξ1, ..., ξd, q1, ..., qN−d)
is a complete set of generalized coordinates together with CVs. The Jacobian J of the
transformation from Cartesian to generalized coordinates is

J :=




∂ξ1
∂x1

... ∂ξ1
∂xN

... ... ...
∂ξd
∂x1

... ∂ξd
∂xN

∂q1
∂x1

... ∂q1
∂xN

... ... ...
∂qN−d

∂x1
... ∂qN−d

∂xN




=

(
Jξ
Jq

)
. (2.61)

From this, Carter et al. [104] obtain for the instantaneous force the expression

Fξi = −∇xU(x) · ∂x
∂ξi

+ β−1∂ ln |J |
∂ξi

(2.62)

where the force is projected into the direction of the inverse gradient ∂x
∂ξi

of CVs. In plain
words, the inverse gradient corresponds to the vector along which a change in ξ is propaga-
ted in Cartesian coordinates, keeping other generalized coordinates q constant. This is the
reason why the explicit coordinate transformation is needed. Note that the concrete choice
of generalized coordinates is arbitrary, but yields a uniquely defined mean force [42]. Un-
fortunately, the requirement of a complete coordinate transformation and the computation
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of second derivatives in the form of the Jacobian derivative render the implementation of
Eq. 2.62 highly cumbersome.

To address these issues, the freedom of choice of generalized coordinates was harnessed
by the idea of Den Otter [105] to replace the inverse gradient with an arbitrary vector
field. Generalized to a multidimensional case and in the presence of a set of holonomic
constraints of the form σk(x) = 0, the vector field vi just has to satisfy

vi · ∇xξj = δij , (2.63)

vi · ∇xσk = 0 , (2.64)

for all j and k, meaning that it has to be orthogonal to the gradients of all other CVs
and constraints, respectively [106]. From this, a much easier-to-compute expression of the
instantaneous force can be obtained.

Fξi = −∇xU(x) · vi + β−1div (vi) (2.65)

Still, second derivatives are required in the form of the divergence of the vector field, but
one can take advantage of the relative freedom of choice of vi to make it practical. Usually
one chooses

vi =
∇xξi

|∇xξi|2
, (2.66)

which is always valid, but certainly not an optimal choice for every CV [42].
For a one-dimensional CV, a time-dependent estimate of the PMF in bin k can be

obtained from numerical integration, e.g., using the rectangular rule

At(k) = −
k∑

i=1

F z(Mk, k)∆z + C . (2.67)

Note that more sophisticated multidimensional integration schemes are available [39, 107].
Hence, other than in static or adaptive biasing potential methods, the constant C originates
from the integration and is generally unknown. Therefore, only relative free energies can
be recovered from ABF simulations, while general reweighting of the biased probability
distribution remains elusive.

Other formulations of ABF methods exist, e.g., using time derivatives [39] or projec-
ted forces [108], which are not further discussed here. Instead, in the following section,
the extended-system ABF is introduced, which can lift all technical requirements on CVs
and, as will be shown, combines the advantages of all the previously discussed sampling
approaches.

2.4.4 Extended-System Dynamics

Above, static and adaptive importance sampling strategies based on biasing potentials and
forces were discussed, all of them with their unique strengths and weaknesses. Now, the
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extended-system dynamics will be presented, which combines ideas from all of them and
is applied throughout this thesis. In the literature, this method was first introduced in the
context of extended-system ABF (eABF) in a book by Leliévre et al. [40], but a similar
idea was also reported under the name dynamic reference restraining by Yang et al. in the
orthogonal space tempering (OST) method [41].

Generally, the term extended-system dynamics refers to methods where Langevin dyna-
mics simulations are performed for the extended system (x, λ). The additional, nonphysical
degrees of freedom λ ∈ IRd are harmonically coupled to the CVs such that the extended
potential energy function reads

U ext(x, λ) = U(x) +
d∑

i=1

1

2βσ2
i

(ξi(x)− λi)
2 , (2.68)

where σi =
√
1/βki is the thermal coupling width, which is related to the coupling force

constant ki. Thus, for sufficiently strong coupling (small σi), one can achieve improved
sampling of CV i by only biasing λi. As each λi is, by construction, orthogonal to all other
degrees of freedom, Eq. 2.63 and Eq. 2.64 are always fulfilled. Therefore, the ABF can
trivially be applied to the fictitious particles, with instantaneous force samples given by

Fλi
=

∂

∂λi

U ext(x, λ) =
1

βσ2
i

(ξi(x)− λi) . (2.69)

However, the true strength of extended-system dynamics lies in the decoupling of the
problem of sampling acceleration from the problem of reweighting and free energy com-
putation. Recalling the previously discussed adaptive sampling approaches, which may be
based on biasing potentials of forces, it is striking that the free energy estimates always
explicitly depend on the time-dependent bias. Hence, the convergence of free energy esti-
mates is directly linked to the convergence of the adaptive bias. This is no longer the case in
extended-system dynamics, where the coupling term can act as a buffer such that, indepen-
dent of the biasing algorithm, the physical system only experiences the time-independent
coupling potential. This key insight is harnessed in many of the developments presented in
this thesis.

In terms of sampling acceleration, one gains high flexibility in the choice of algorithm.
As shown by Fu et al. in the MtD-eABF [44] and WTM-eABF [45] methods, particularly
efficient are combinations of complementary sampling strategies. The MtD/WTM pushes
away from already visited regions, while the ABF flattens free energy barriers along the
way, together allowing for highly efficient adaptation to the underlying PMF.

In terms of reweighting, in Publication I we show how importance sampling techniques
like the MBAR can be applied to extended-system dynamics to recover the full statisti-
cal information. In the literature, in the spirit of conventional ABF only thermodynamic
integration-based estimators were suggested, namely UI [41, 109] and the corrected z-
averaged restraint (CZAR) [43]. Both of them yield fast and accurate on-the-fly estimates
of the unbiased PMF, but, like previously discussed, are unable to recover other ensem-
ble properties. Comparing Eq. 2.47 and Eq. 2.68, one can observe the similarity of the
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extended system potential to the US potentials, both using a harmonic coupling term.
Hence, one might alternatively view the extended-system dynamics as a special case of
US with moving windows. Therefore, splitting the continuous trajectory of the extended
system into biased states with constant λi = λj

i , one can obtain a similar set of K biased
windows as would be obtained by performing K US simulations for each λj

i . In practice,
states are defined by collecting frames with λj

i −∆λi/2 ≤ λi < λj
i +∆λi/2 on a grid with

bin width ∆λi. Hence, in one window λi is approximated as always remaining fixed at bin
centers λj

i , which, as we show numerically in Publication I, does not introduce any error if
∆λi ≤ σi. Hence, the MBAR estimator applies to extended-system dynamics in the same
manner as to US, and the problem of accurately reweighting extended-system dynamics
is solved. Note that, unlike in US, biasing functions do not have to be placed manually,
and sufficient overlap of windows is always ensured as they are built from one or multiple
continuous trajectories. Additionally, unlike for the direct reweighting from MtD or WTM,
as the adaptive biasing potential does not enter the post-processing in any form, it is not
necessary to cut the initial phase of the trajectory where the biasing potential still changes
drastically.

In Publication II, we show that combining extended-system dynamics with adapti-
ve PCVs is particularly useful. In the literature, adaptive PCVs are often combined with
MtD/WTM, e.g., by Branduardi et al. [51] or Leines et al. [52]. For these approaches, MtD/
WTM is run along a continuously changing PCV, such that the PCV converges to the mini-
mum free energy path (MFEP), before the biasing potential converges to an unbiased esti-
mate of the PMF along the quasi-static final MFEP. We show that applying WTM-eABF
instead has two big advantages. Firstly, due to the application of two complementary bia-
sing strategies, adaptation of the bias to changes in the PCV is much faster, and secondly,
one can use the MBAR to easily project the sampled data onto any reaction coordinate (or
path) of choice. Hence, instead of waiting for convergence of the biasing potential, one can
map the full trajectory to the final PCV to obtain an accurate PMF. The only problem
with this approach is that extended-system dynamics are not stable in combination with
discontinuous CVs. This is prohibitive to its application in combination with PCVs, as they
can show discontinuities due to path short-cutting or path updates, which cause the sudden
appearance of large coupling forces. Therefore, we propose a stabilization algorithm, which
at time step t − 1 corrects positions of λi for the discontinuities before integrating to t.
The position of λi is updated according to

λt−1
stable,i =

{
ξi(x

t) + (λt−1
i − ξi(x

t−1)) if |ξi(xt)− ξi(x
t−1)| > ∆ξmax

i

λt−1
i otherwise ,

(2.70)

where ∆ξmax
i is the maximum allowed step size of ξi before considered as discontinuous.

Finally, in Publication V, we propose to replace the WTM potential in WTM-eABF
with the more recent OPES, which yields the new OPES-eABF sampling method. Whi-
le OPES-eABF inherits all the above-discussed benefits of WTM-eABF, the quasi-static
nature of the OPES potential introduces additional advantages. Most importantly, if the
WTM potential is not parametrized carefully, WTM-eABF can induce artifacts by too
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harsh repulsion from the current state, or be inefficient by too slow buildup of the bias
potential, similar to stand-alone WTM. This is not the case for OPES, where only a single
intuitive parameter has to be manually set, while the rest can be obtained from the trajec-
tory itself, e.g., using an adaptive bandwidth algorithm [103]. Additionally, we show that
OPES-eABF is much more robust against user parameters, as inefficiency by too slow build-
up of the bias potential or artifacts by too harsh repulsion from the current state cannot
occur. Hence, as the coupling widths σi of the extended system are the remaining critical
parameters of OPES-eABF simulations, we derive an automatic algorithm for obtaining
suitable coupling widths based on a short initial MD. The performance of OPES-eABF is
benchmarked against WTM, WTM-eABF, and OPES on three test systems, where OPES-
eABF is always the most efficient if appropriate CVs are chosen. Additionally, challenging
cases of systems with very high ∆A (where a weakness of OPES is identified that is re-
moved by OPES-eABF), poor CVs, and the occurrence of parallel reaction pathways are
analyzed.
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Publications

3.1 Publication I: Statistically optimal analysis of the

extended-system adaptive biasing force (eABF)

method

Abstract: The extended-system adaptive biasing force (eABF) method and its newer va-
riants offer rapid exploration of the configuration space of chemical systems. Instead of
directly applying the ABF bias to collective variables, they are harmonically coupled to
fictitious particles, which separates the problem of enhanced sampling from that of free
energy estimation. The prevalent analysis method to obtain the potential of mean force
(PMF) from eABF is thermodynamic integration. However, besides the PMF, most infor-
mation is lost as the unbiased probability of visited configurations is never recovered. In
this contribution, we show how statistical weights of individual frames can be computed
using the Multistate Bennett’s Acceptance Ratio (MBAR), putting the post-processing of
eABF on one level with other frequently used sampling methods. In addition, we apply
this formalism to the prediction of nuclear magnetic resonance shieldings, which are very
sensitive to molecular geometries and often require extensive sampling. The results show
that the combination of enhanced sampling by means of extended-system dynamics with
the MBAR estimator is a highly useful tool for the calculation of ensemble properties.
Furthermore, the extension of the presented scheme to the recently published Gaussian-
accelerated molecular dynamics eABF hybrid is straightforward and approximation free.

Reproduced from

A. Hulm; J. C. B. Dietschreit; C. Ochsenfeld. “Statistically optimal analysis of the extended-
system adaptive biasing force (eABF) method.” J. Chem. Phys. 2022, 157, 024110.
URL: https://pubs.aip.org/aip/jcp/article/157/2/024110/2841454,

with the permission of AIP Publishing.
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ABSTRACT

The extended-system adaptive biasing force (eABF) method and its newer variants offer rapid exploration of the configuration space of chem-
ical systems. Instead of directly applying the ABF bias to collective variables, they are harmonically coupled to fictitious particles, which
separates the problem of enhanced sampling from that of free energy estimation. The prevalent analysis method to obtain the potential of
mean force (PMF) from eABF is thermodynamic integration. However, besides the PMF, most information is lost as the unbiased probabil-
ity of visited configurations is never recovered. In this contribution, we show how statistical weights of individual frames can be computed
using the Multistate Bennett’s Acceptance Ratio (MBAR), putting the post-processing of eABF on one level with other frequently used sam-
pling methods. In addition, we apply this formalism to the prediction of nuclear magnetic resonance shieldings, which are very sensitive
to molecular geometries and often require extensive sampling. The results show that the combination of enhanced sampling by means of
extended-system dynamics with the MBAR estimator is a highly useful tool for the calculation of ensemble properties. Furthermore, the
extension of the presented scheme to the recently published Gaussian-accelerated molecular dynamics eABF hybrid is straightforward and
approximation free.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0095554

I. INTRODUCTION

Exploring high-dimensional potential energy surfaces of com-
plex molecular systems poses a great challenge, as it often involves
extensive sampling of regions separated by free energy barriers.1,2

Molecular dynamics (MD) or Monte Carlo (MC) simulations usu-
ally remain trapped in free energy wells, leading to non-ergodic
sampling. Therefore, it is paramount to use importance-sampling
algorithms to improve sampling efficiency.3–8 Many of these meth-
ods rely on the definition of a low-dimensional set of collective
variables (CVs) that are sufficient to discriminate between the
states of interest. Typically, one to three-dimensional variables are
chosen, because of the massive growth of sampling needed in

higher-dimensional space, known as curse of dimensionality,9
which, in turn, leads to immense computational cost.

The adaptive biasing force (ABF)4,10,11 method is one such
algorithm that achieves uniform sampling along the CV. Here, a
running estimate of the mean force is applied as bias. Subsequently,
the potential of mean force (PMF) can directly be obtained from
thermodynamic integration (TI)12 of the biasing force. Despite its
outstanding stability and beneficial formal convergence properties,
the application of ABF has been limited by stringent technical
requirements on CVs to be usable for ABF.13,14 These could be
lifted by Lesage et al.15 in the extended-system ABF (eABF) method.
Instead of directly applying a biasing force to the physical system,
each CV is coupled to a fictitious particle, extending the system.

J. Chem. Phys. 157, 024110 (2022); doi: 10.1063/5.0095554 157, 024110-1
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In addition to removing all technical constraints on the CV,
this framework separates the problem of sampling from free energy
estimation. The resulting flexibility in the choice of bias force
applied to the fictitious particle has been exploited by combin-
ing ABF and metadynamics,16–18 termed well-tempered metady-
namics extended-system ABF (WTM-eABF),19,20 a highly potent
enhanced sampling scheme, which stands out due to its efficiency
and robustness.21 In line with the original ABF method, the PMF is
typically obtained via thermodynamic integration of the estimated
free energy gradient.15,22 Very recently, Gaussian-accelerated WTM-
eABF (GaWTM-eABF) was introduced by Chen et al.,23 where
WTM-eABF is coupled with Gaussian-accelerated MD (GaMD),24

which helps to overcome barriers orthogonal to the CV.
Many CV-based advanced sampling techniques not only offer

access to the PMF but also provide access to the unbiased proba-
bility of a configuration. The original weight of a trajectory frame
can be obtained, e.g., for umbrella sampling3 by means of Multi-
state Bennett’s Acceptance Ratio (MBAR).25–27 While formalisms
have been derived for metadynamics by which one regains the unbi-
ased probability of a visited configuration,28–31 for the classes of
ABF methods, such an algorithm is missing, barring users from
computing unbiased ensemble averages.

In this contribution, we close this gap for the aforementioned
family of eABF-based algorithms. We show that MBAR can be
applied to extend the scope of eABF-based enhanced sampling from
pure PMF calculation to the calculation of ensemble averages in
general. By solving the MBAR equations, Boltzmann weights of
individual configurations are obtained, which enables the direct
reweighting of any coordinate-dependent observable of interest.
Because no histograms or other form of finite numeric grids are
introduced, MBAR also provably yields the lowest variance free
energy estimate.26,32

In the following, we will first revise the theory behind enhanced
sampling using the ABF and eABF algorithms. We then show how
MBAR can be applied to the statistical analysis of eABF simulations
and demonstrate through several numerical examples how eABF-
trajectories are unbiased by means of MBAR. Finally, we showcase
for a real chemical system how advanced sampling and unbiased
averages can be useful for calculating equilibrium nuclear mag-
netic resonance (NMR) shieldings. Due to their sensitivity to the
molecular geometry, the accurate prediction of NMR shieldings
is particularly challenging and often requires extensive sampling
of molecular configurations.33,34 Further, we demonstrate how by
reweighting, eABF-biased simulations can even yield CV-resolved
NMR shieldings.

II. THEORY

We consider a system consisting of Na atoms with Cartesian
coordinates xT = (x1, . . . , x3Na), whose physical distribution for the
potential energy surface (PES) U(x) is the Boltzmann-distribution
ρ(x) at absolute temperature T.

We assume that a reaction coordinate can be represented by
a collective variable (CV) ξ(x) : R3Na → R, which has the marginal
probability distribution,

ρ(z) = ∫ δ[ξ(x) − z]ρ(x) dx = ⟨δ[ξ(x) − z]⟩, (1)

where ⟨⟩ denotes the ensemble average and δ[x] the Dirac delta dis-
tribution.1 The PMF A(z), i.e., free energy profile, along a CV is
usually defined as

A(z) = −β−1 ln ρ(z), (2)

where β = (kBT)−1 and kB is the Boltzmann constant. Note that the
shape of the PMF is not gauge invariant against the choice of CV
function ξ. Therefore, features of the PMF like minima or transi-
tion barriers have no CV-independent meaning.35 This is, however,
not problematic for the calculation of free energy differences as
long as the CV can discriminate between configurations of states
R and P, because the CV-dependent local features are integrated
out to obtain the probabilities of the system occupying either state
R or P,36

ΔAR→P = −β−1 ln ∫P ρ(z) dz

∫R ρ(z) dz
. (3)

In the case of chemical reactions, there often exist several metastable
states that are separated by free energy barriers much larger than the
thermal energy kBT,1 which are not surmounted within the typical
time scale of molecular dynamics simulations. For the exploration of
chemical space, it is, therefore, crucial to accelerate sampling, e.g., by
means of ABF, which we will revise in the following.

A. Adaptive biasing force
The ABF algorithm enhances sampling of low probability states

by introducing a force ∂A(z)
∂z ∇ξ(x) that cancels the unbiased mean

force and leads to uniform sampling along the CV.11

Often, one has no prior knowledge of the free energy derivative,
and, thus, ABF uses an on-the-fly estimate of the mean force. For
this purpose, the CV is divided in L equally spaced bins of size dz.
The approximation of the bias force F(zi) in bin i is the average of
collected force samples Fμ

i ,11

F(zi) = 1
Ni

Ni∑
μ=1

Fμ
i . (4)

Assuming ergodicity, F(zi) will converge to the z-conditioned
ensemble average ⟨F⟩ξ(x)=zi for a sufficiently large sample size N i.

Taking a more general perspective, this corresponds to bias-
ing the system dynamics with a time-dependent approximation of
the free energy surface projected onto a low-dimensional collec-
tive variable, At(x) ○ ξ(x).11 Although this approximation is very
poor at the beginning of a simulation and the bias based on
the running average has to be downscaled in the low-sampling
regime, it systematically improves over the course of the simula-
tion. This biasing strategy connects ABF to metadynamics and its
well-tempered variant, which follow a similar idea, but push the
system away from visited regions with a time-dependent repulsive
potential. However, both algorithms change the bias potential and,
thereby, also the weights of each frame over time. Recovering the
statistical information of the underlying unbiased system is, there-
fore, difficult. While reweigthing schemes have been proposed for
metadynamics,28–31 to our knowledge none has been reported for
ABF simulations.

J. Chem. Phys. 157, 024110 (2022); doi: 10.1063/5.0095554 157, 024110-2

© Author(s) 2022

 22 M
ay 2024 14:06:05

3. Publications

32



The Journal
of Chemical Physics ARTICLE scitation.org/journal/jcp

Free energy surfaces can directly be recovered from F(zi)
by TI.10 Despite its appealing theoretical simplicity and effi-
ciency, the application of ABF is hindered by some practi-
cal limitations: When using multiple CVs, they are required
to be mutually orthogonal as well as orthogonal to any addi-
tional constraints on the system. Additionally, a Jacobian term
depending on the second derivative of the coordinates has to be
calculated.11

B. Extended-system ABF
To circumvent the technical requirements of ABF, Lesage

et al.15 proposed the extended-system ABF (eABF) method, where
a fictitious particle λ is coupled to the CV by a harmonic spring. The
extended system (x, λ) evolves according to the potential

Uext(x, λ, t) = U(x) + 1
2βσ2 (ξ(x) − λ)2 +Ub(λ, t), (5)

with thermal coupling width to the extended system σ. The key intu-
ition behind this choice of potential is that in the tight coupling
(low σ) limit, efficient sampling of λ will result in efficient sampling
of ξ. Therefore, it is sufficient to bias the dynamics of λ to accel-
erate sampling along ξ with any choice of bias potential Ub(λ, t).
This opens up great flexibility for the choice of the importance-
sampling algorithm. As each CV is coupled to its own fictitious
particle, orthogonality conditions are fulfilled by construction, and
the application of ABF is trivial. An especially useful variant is the
combination of eABF with (Well-Tempered) Metadynamics (meta-
eABF, WTM-eABF), which offers rapid exploration of free energy
surfaces.19,20 An asymptotically unbiased estimator of A(z), which
is independent of Ub(λ, t), can be derived by correcting the free
energy gradient, obtained from the biased distribution ρB(z) of the
extended system, with the average harmonic force on z,

∂A(z)
∂z

= −β−1 ∂ ln ρB(z)
∂z

+ 1
βσ2 (⟨λ⟩z − z). (6)

This estimator is called corrected z-averaged restraint (CZAR) and
can be calculated from the trajectories of ξ and λ alone.15 In the
spirit of the original ABF method, the CZAR estimator yields the
free energy gradient, which is integrated using TI.

However, none of these algorithms are able to accelerate sam-
pling of degrees of freedom orthogonal to the CV. In recent years,
great effort went into the development of CVs that contain all
slow degrees of freedom to circumvent this inherent problem, for
example, by means of machine learning.37–41 Chen et al.23 recently
reported an alternative approach by combining WTM-eABF with
Gaussian-accelerated MD (GaWTM-eABF). The GaMD potential,
which is only a function of the potential energy itself, reduces free
energy barriers along all degrees of freedom. Then WTM-eABF gives
sampling a specific direction on this modified potential. The full
GaWTM-eABF potential reads

Uext(x, λ, t) = U(x) + ΔU(x) + 1
2βσ2 (ξ(x) − λ)2 +Ub(λ, t), (7)

where the GaMD potential ΔU(x) is given by

ΔU(x) = ⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
2

k0(E −U(x))2, U(x) < E,

0, U(x) ≥ E.
(8)

Parameters E = Umax and k0 = min(1, σ0
σU

Umax−Umin
Umax−Uavg

) are obtained
from an equilibration calculation, the only free parameter being σ0,
which defines the upper bound for the standard deviation of ΔU(x).
Umax, Umin, Uavg, and σU denote the maximum, minimum, average,
and standard deviation of U(x) in the equilibration stage, respec-
tively. The PMF is obtained by summing the contributions of both
biases,

A(z) ≈ −β−1 ln ρB(z) + 1
βσ2 ∫ (⟨λ⟩z − z)dz − C1(z) − 1

2
βC2(z),

(9)

where the CZAR estimate is used for WTM-eABF and the GaMD
bias is approximated by a second order cumulant expansion with
average and variance of ΔU, C1 and C2, respectively. This approx-
imation requires the distribution of ΔU to be Gaussian-shaped,
which can be ensured by an appropriate choice of σ0.

For all methods discussed thus far, the unbiased Boltzmann
weight of individual frames is lost. In Sec. II C, we will show how
the MBAR estimator can be applied to recover statistical weights
and calculate any ensemble average of interest from all eABF-based
methods.

C. Statistically optimal analysis of eABF-biased
trajectories

To gain a statistically optimal analysis of eABF-biased trajecto-
ries, we will make use of MBAR.26 In eABF simulations, the physical
system is effectively sampled under harmonic restraint for each value
of the fictitious particle λ. We take advantage of this to split the
extended-system Uext(x, λ, t), where λ is a dynamic variable, into
M biased systems U i(x) with constant λ = λi. Configurations of the
continuously sampled trajectory are separated post hoc into M biased
states. The modified potential in window i reads

Ui(x) = U(x) + ΔU(x) + 1
2βσ2 (ξ(x) − λi)2, (10)

where the GaMD potential ΔU(x) is only added for GaWTM-
eABF. The biased probability distribution ρB(z) of the eABF tra-
jectory is converted to a mixture distribution of M overlapping,
λ-conditioned, biased distributions ρB(z∣λi) (see also Sec. S1 of the
supplementary material).

Note that one could obtain a similar set of biased windows by
means of umbrella sampling3 with M harmonic biasing potentials.
However, this has several disadvantages: Overlap of biased proba-
bility distributions ρ(z∣λi) has to be ensured by hand prior to the
simulation with an appropriate choice of λ windows. This can be far
from trivial and often requires significant experience from the user,
whereas eABF ensures a uniform distribution of ρ(z) automatically.
Moreover, when using eABF, the physical system diffuses between
states, which does not happen in standard umbrella simulations that
have a static λi value. For systems with parallel valleys, this freedom
of motion helps overcoming orthogonal barriers,11 especially when
paired with multiple-walker techniques42,43 or GaMD.23
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To obtain an estimate of the reduced free energy differences fi
between λ-states, one can solve the MBAR equations,26

e−βf̂i = N∑
n=1

e−β(Ui−U)(xn)
∑M

m=1 Nmeβ f̂ m−β(Um−U)(xn) , (11)

with Nm samples in the mth λ-state such that N = ∑M
m=1Nm. Because

we are only interested in relative free energies, f̂ 1 is typically fixed
to zero. Note that unlike before [compare Eq. (9)], no Gaussian
distribution of ΔU is required.

By solving the MBAR equations iteratively, we obtain the
weights W(xn) of individual samples as

W(xn) = N
∑M

m=1 Nmeβ f̂ m−β(Um−U)(xn) , (12)

where N is a normalization constant to ensure that ∑nW(xn) = 1.
As noted by Shirts and Ferguson,27 it is no longer relevant which
sample belongs to which state as the normalized probability of each
sample is known. An unbiased equilibrium ensemble average of a
position-dependent operator O(xn) from all collected samples is
obtained via reweighting,

⟨O⟩ = N∑
n=1

W(xn)O(xn). (13)

The unbiased probability density ρ(z) (and therefore the PMF)
along some CV can be obtained by calculating the expectation of
the indicator function27

ρ(z) = N∑
n=1

W(xn)I(z, Δz, xn)Δz−1, (14)

where

I(z, Δz, xn) =
⎧⎪⎪⎪⎨⎪⎪⎪⎩

1, ξ(xn) ∈ [z − Δz
2

, z + Δz
2
],

0 otherwise
(15)

with bin centers zi and bin width Δz. Note that the indicator function
can potentially map to any K-dimensional CV (which might be dif-
ferent from the original bias CVs). Similarly, free energy differences
are directly computed from weights W(xn), instead of numeric
integration of ρ(z) [compare Eq. (3)],

ΔAR→P = −β−1 ln
∑xn∈PW(xn)∑xn∈RW(xn) , (16)

where R and P denote two metastable states divided by a free energy
barrier.

III. COMPUTATIONAL DETAILS

All sampling algorithms and numerical simulations are imple-
mented, performed, and analyzed using NumPy. PMFs are calcu-
lated by post-processing the MD trajectories of ξ and λ. The TI of
the CZAR estimate is computed with the trapezoid rule. The MBAR

equations are solved self-consistently and the PMF is computed as a
combination of Eqs. (2) and (14). The starting guess for all βf̂ i’s is
zero and f̂1 is set to zero after every cycle. Convergence is reached
when the largest change of βf̂ i compared to the last cycle drops
under 10−6. Subsamples in λ-windows with window size Δλ are
obtained by selecting all frames where λ ∈ [λ − Δλ/2, λ + Δλ/2] from
the full biased trajectory. Error bars for both estimators are calcu-
lated via bootstrapping.32,44 For this purpose, the data are resampled
100 times with replacement and equilibrium ensembles are calcu-
lated for each bootstrap sample. A generalized Python class for
various adaptive sampling methods and their analysis methods is
available at https://github.com/ochsenfeld-lab/adaptive_sampling;
the numerical examples from this study can be found there as well.

A. Numerical tests in a 2D potential
For numerical tests, we consider a single particle of mass 10 a.u.

moving on two different two-dimensional double-well potentials
given by

U1(x, y) = a(x − c)2(x + d)2 + by2, (17)

U2(x, y) = −ϵ ln[e−a(x−c)2−b(y−d)2 + e−a(x+c)2−b(y+d)2], (18)

where (x, y) are particle coordinates and a, b, c, and d are free
parameters of the potential, respectively (reported in Table I). The
particle evolves according to Langevin dynamics45 with friction con-
stant 0.001 fs−1. The system was propagated using a Velocity Verlet46

integrator with a step size of 5 fs for 2 × 106 steps (10 ns) for simula-
tions in U1 and 4 × 106 steps (20 ns) for simulations in U2. The initial
momenta were drawn randomly from the Maxwell–Boltzmann dis-
tribution at 300 K. Analytic reference PMFs were obtained by
numerical integration of exact probability densities.

Sampling along x was enhanced using eABF,15 WTM-eABF,20

or GaWTM-eABF23 with σ = 2.0 Å and mλ = 20 a.u. The fictitious
particle was confined to the range of interest by harmonic walls with
a force constant of 500 kJ/(mol Å2). The ABF force was scaled with a
linear ramp and fully applied in bins with more than 100 samples.
For the metadynamics potential, Gaussians with a standard devi-
ation of 6.0 Å were added every 20 steps with an initial height of
1.0 kJ/mol and scaled down over the course of the simulation in the

TABLE I. Parameters of numerical potentials U1 [Eq. (17)] and U2 [Eq. (18)].

U1 U2

a 8 × 10−6 kJ
mol Å4 5 × 10−3 Å−2

b 5 × 10−1 kJ
mol Å2 4 × 10−2 Å−2

c 80 Å 40 Å
d 160 Å 20 Å
ϵ ⋅ ⋅ ⋅ 1 kJ mol−1
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well-tempered framework47 applying an effective temperature of
4000 K. To obtain parameters for the GaMD potential, the sys-
tem was equilibrated for 4 × 105 steps, including 5 × 104 initial steps
where no boost potential is applied. σ0 was set to 3.5 kJ/mol. PMFs
along the x-axis and free energy difference were calculated with the
MBAR and CZAR estimator as described above.

B. Computing equilibrium NMR shifts
To demonstrate the calculation of unbiased ensemble averages

of observables in real chemical systems, we compute the equi-
librium NMR shieldings of gaseous ammonia. For this purpose,
ab initio simulations are carried out with the Python interface of our
in-house quantum-chemical program suite FermiONs++48–51 at the
level of ωB97M-V/def2-TZVP.52,53 The molecule was heated from
0.1 to 310 K over 3100 time steps with a step size of 0.1 fs. Initial
momenta were randomly drawn from the Maxwell–Boltzmann dis-
tribution. Velocities were rescaled every 10 time steps to increase
the temperature by 1 K. For the production run, the heated system
was simulated for 30 ps with a time step of 0.5 fs. The temper-
ature was controlled with the Langevin thermostat at 310 K with
a friction coefficient of 0.001 fs−1. The dynamics of the ammonia
inversion was biased with the WTM-eABF algorithm.19,20 The mean
of the three improper torsional angles χ was chosen as collective
variable,

ξ(x) = 1
3
[χ(rH3, rH2, rH1, rN) + χ(rH1, rH3, rH2, rN)
+ χ(rH2, rH3, rH1, rN)], (19)

where rN denotes the position of the nitrogen atom and rH1 to rH3

the hydrogen atom positions, respectively. For the WTM potential,
Gaussians with an initial height of 1 kJ/mol and variance of 4○ were
deposited every 10 fs. The effective temperature was set to 1000 K.
The fictitious particle had a mass of 20 a.u. and was coupled to the
CV with a thermal width of 2○. The WTM force and ABF were col-
lected on a grid with bin size 2○. The ABF was scaled with a linear
ramp and fully applied in bins with more than 500 samples. Absolute
isotropic NMR shieldings were calculated for all MD frames and for
the optimized geometry using B97-2/pcSseg-2.54,55

IV. RESULTS AND DISCUSSION
A. Numerical tests

The CZAR and MBAR estimators are tested for extended-
system dynamics by simulations of a single particle on potential
energy surfaces U1 and U2. In both potentials, two metastable states
are separated by barriers of roughly 8 kBT (20 kJ/mol). As CV,
ξ1(x, y) = x is chosen for all test simulations. We start with potential
U1, which is shown in Fig. 1(a) together with data points of an eABF-
biased trajectory of the particle. Figure 1(b) shows the trajectory of
the CV, which frequently crosses the transition state and gives an
overall uniform probability density of z and λ. The resulting PMFs
as obtained from MBAR and CZAR are shown in Fig. 1(c), both
are almost identical with the analytical PMF and the bootstrapped
standard deviations of both estimates are negligible because of the
large sample size along the x-axis. As both estimators are asymp-
totically unbiased, this is what we expected in the limit of large
sample sizes. Figure 1(d) shows PMF RMSDs for increasing distance

FIG. 1. (a) Every 10th data point of the eABF trajectory. The color indicates the
time progression by gradually changing from yellow to red over the course of the
simulation. Potential U1 [Eq. (17)] is shown as contour plot. (b) Left: eABF trajec-
tory along ξ(x, y) = x. Right: Probability densities of ξ and λ. (c) PMFs obtained
with either analysis method, analytical reference in green. Error bars indicating the
standard deviation of 100 bootstrap runs are smaller than the linewidth. (d) RMSD
of PMFs with respect to the analytic reference. The MBAR PMF is computed for dif-
ferent distances between discrete λ-states. The PMF RMSD obtained with CZAR
is shown as orange line. All PMFs are computed for a bin size of Δz = 2 Å.

between discrete λ-states Δλ, hereafter referred to as “window size.”
The corresponding PMF RMSD from CZAR is shown in orange.
Interestingly, the PMF RMSD of the MBAR estimator is constant at
about 0.1 kJ/mol if the window size is below or equal to the thermal
coupling width σ of λ to the CV, which was 2 Å in this simulation.
This can be rationalized by the fact that σ is the standard devia-
tion of the CV for a given λ-state. Thus, it provides an intuitive and
robust choice for Δλ. For larger windows of up to 5 Å, the PMF
RMSD rises moderately to about 0.3 kJ/mol. Only for window sizes
larger than 6 Å (3 σ), the error rises above 1 kJ/mol. The CZAR esti-
mate has no Δλ-dependence and is, therefore, visualized as a line in
Fig. 1(d).

We next turn to WTM-eABF and GaWTM-eABF simulations
on potential U2, where we again choose ξ1(x, y) = x. Figure 2(a)
shows the PMF obtained from WTM-eABF. As before, CZAR and
MBAR estimates are almost identical and bootstrapped standard
deviations are negligible. However, both computed PMFs are very
different from the analytical result. The reason becomes clear when
looking at the sampling of the potential U2(x, y), as depicted in
Fig. 2(b). Because of the chosen collective variable, sampling is only
accelerated along the x-axis, missing the y-component of the transi-
tion between both minima. Therefore, the system rarely crosses the
transition state, but rather samples both parallel valleys. As shown
in Figs. 2(c) and 2(d), PMFs estimated with GaWTM-eABF are
much closer to the analytic reference because the dividing surface
between both states is much better sampled. Here, the MBAR esti-
mate slightly underestimates the analytical reference; an error in this
region is expected as both valleys are still sampled more densely than
the transition state. The CZAR estimate overestimates the PMF at
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FIG. 2. [(a) and (c)] PMFs obtained from WTM-eABF and GaWTM-eABF sim-
ulations, respectively, using ξ(x, y) = x and either analysis method; analytical
reference in green. Error bars indicating the standard deviation of 100 bootstrap
runs are smaller than the linewidth. All PMFs are computed with bin and window
size 2 Å. [(b) and (d)] Every 20th data point of the WTM-eABF and GaWTM-eABF
trajectory. The color indicates the time progression by gradually changing from yel-
low to red over the course of the simulation. Potential U2 [Eq. (18)] is shown as
contour plot.

the transition state. This can be attributed to the additional second
order cumulant expansion of ΔU [Eq. (9)], which accounts for the
contribution of GaMD to the PMF. The implied approximation only
holds if ΔU obeys a near-Gaussian distribution (see also Sec. S2 of
the supplementary material). For larger values of σ0, this approx-
imation breaks down because the distribution of ΔU is no longer
Gaussian. For the MBAR estimator, no such approximations are
made. Obtained PMFs are not affected by the harmonicity of ΔU
and are, therefore, insensitive to the choice of GaMD parameters,
making the analysis of GaWTM-eABF simulations much more
robust.

Finally, to demonstrate how MBAR can be used to recover
unbiased ensemble averages, we will reweight the PMF of WTM-
eABF/MBAR and GaWTM-eABF/MBAR simulations shown in
Fig. 2 to a new CV, ξ2(x, y) = 0.25x + y, and we also compute the
conditional average ⟨U2⟩z . Figure 3(a) shows the reweighted PMF.
Because ξ2 is orthogonal to the dividing surface of both states, it
constitutes the ideal CV for the given transition.36 Because ξ1 was
chosen as CV during the simulations, using WTM-eABF, the tran-
sition state is barely sampled, again causing large deviations from
the analytical PMF along ξ2. GaWTM-eABF reproduces the analytic
PMF remarkably well. For ⟨U2⟩z , the difference between both sam-
pling algorithms is less severe. Not only does the conditional average
computed from GaWTM-eABF/MBAR match the analytic reference
almost exactly, but also the result from WTM-eABF/MBAR is only
slightly distorted. The reason is that with both methods, minima of
the potential energy are sampled sufficiently, which carry the by far
highest statistical weight for the mean potential energy along the
x-axis. Overall, both examples demonstrate the ability of MBAR to

FIG. 3. (a) Reweighting of WTM-eABF and GaWTM-eABF simulations shown
in Fig. 2: (a) to a different collective variable ξ2(x, y) = 0.25x + y, (b) to the
conditional average of the potential energy of U2 along the x-axis.

produce accurate ensemble and conditional averages, if the underly-
ing configuration space is sampled sufficiently. In Sec. IV B, we show
how the same technique can be applied to a real chemical system, i.e.,
for the prediction of NMR shieldings.

B. Equilibrium NMR
To showcase the usefulness of computing equilibrium observ-

ables from biased trajectories of a real molecular system, we calculate
NMR shieldings for ammonia. Figure 4(a) shows the WTM-eABF-
biased trajectory of ammonia using a linear combination of the
three improper torsional angles as CV [Eq. (19)]. The transition
state at z = 0○, where the molecule is planar, is frequently crossed
and the probability density is roughly uniform between −50○ and
50○. Figure 4(b) shows the PMF and its error bars obtained from
100 bootstrapping runs with the MBAR or CZAR estimator, respec-
tively. Using a grid size of 1○, numerical errors of the CZAR estimate
due to thermodynamic integration are negligible and both PMFs are
almost identical with bootstrapped standard deviations of roughly
0.3 kJ/mol.

Absolute isotropic shieldings are calculated for all data frames
of the WTM-eABF-biased trajectory and reweighted according to
Eq. (13) in order to obtain unbiased averages. Figures 5(a) and 5(b)
show probability densities of 15N and 1H shifts. Blue and orange
histograms represent the biased and reweighted probability density,
respectively. For 1H, shieldings of all three protons are averaged for
each data point. Mean chemical shifts are given as vertical lines.

Biased probability distributions are slightly skewed and broader
due to enhanced sampling, which deliberately overestimates the

FIG. 4. (a) Left: WTM-eABF trajectory. Right: Probability densities of ξ and λ.
(b) PMFs obtained from WTM-eABF/MBAR and WTM-eABF/CZAR. Error bars
indicate the standard deviation from 100 bootstrapping runs.
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FIG. 5. [(a) and (b)] Absolute isotropic 15N and 1H shieldings, respectively. The
distribution of chemical shifts as obtained from an WTM-eABF-biased trajectory
is shown in blue and the MBAR reweighted distribution in orange. The vertical
lines of the same color indicate mean values. The green line is positioned at the
shielding value of the minimum energy geometry. [(c) and (d)] Conditional average
of absolute isotropic 15N and 1H shieldings along the CV, respectively. Error bars
indicate the standard error of the mean of the conditional average.

probability of configurations that are located in high energy (low
probability) regions. Reweighting the probability of individual data
frames with the unbiased probability as obtained from MBAR recov-
ers the expected Gaussian-shaped Boltzmann distributions for the
equilibrium NMR shieldings. Figures 5(c) and 5(d) show conditional
averages of isotropic shieldings along the CV. For 15N, ⟨σ⟩z has the
same shape as that of the PMF, local minima and maxima of the
chemical shielding curve occur at the same z values as those of the
PMF. Therefore, the 15N shielding for the optimized structure is
almost identical to the unbiased mean. The biased mean is shifted
by about 4 ppm, due to overestimation of the probability of transi-
tion state configurations. In contrast, the conditional average of 1H
shieldings has a V-like shape, where the minimum is located at the
transition state. Since high energy geometries correspond to z values
that can have both lower or higher isotropic shieldings, the biased
and unbiased mean are much more similar than in the case of 15N
[compare Figs. 4(a) and 4(b)].

To summarize, we have shown how MBAR can be applied to
post-process extended-system dynamics simulations of molecular
transitions. Thus, having recovered the full unbiased statistical infor-
mation of the given dataset, equilibrium properties such as NMR
shieldings, are recovered seamlessly by reweighting the probability
of each data frame.

V. CONCLUSION

We have shown that MBAR is a suitable and robust estima-
tor of statistical information for the family of eABF-based enhanced
sampling algorithms. While the CZAR estimator already yields fast
and accurate on-the-fly estimates of PMFs, MBAR supplements it by

offering a statistically optimal analysis in post-processing. By com-
puting the unbiased statistical weight of each frame, it extends the
application of eABF and its variants from the computation of PMFs
to ensemble averages in general. The presented framework, there-
fore, enables the application of this highly efficient class of enhanced
sampling algorithms without any loss of statistical information. We
have shown how this can be useful for the prediction of equilibrium
properties, such as NMR shieldings, which are highly sensitive to
the molecular geometry and, therefore, have to be calculated from
ensemble averages accounting for all contributing configurations.
Additionally, we have shown how PMFs can be reweighted to other
collective variables of interest, which might yield mechanistic insight
into complex chemical processes.

We expect the recently published GaWTM-eABF to be partic-
ularly useful in this regard, as it reduces the dependence of sampling
efficiency on the choice of collective variables. Here, MBAR addi-
tionally removes the requirement on the distribution of the GaMD
boost potential to be Gaussian-shaped, making estimations of free
energies significantly more accurate and robust against the choice of
GaMD parameters.

SUPPLEMENTARY MATERIAL

The supplementary material contains a pdf file with a
detailed discussion of the separation of the distribution of ξ into
λ-dependent subsamples and the different dependence of the esti-
mated PMF on GaMD parameters when using MBAR or a cumu-
lant expansion. Additionally, a zip archive containing all scripts
to perform the numerical simulations of Sec. IV A is given.
A maintained and updated version of the code is available at
https://github.com/ochsenfeld-lab/adaptive_sampling.
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1 Separation of the Distribution of ξ into λ-dependent
Subsamples

To understand the nature of subsamples of eABF trajectories that are introduced in the application
of MBAR to extended-system simulations, let us derive their λ-conditioned probability density. In
the extended-system potential Uext(x, λ, t), the physical system is coupled to fictitious particles λ
with harmonic potentials.[1] The z-conditioned probability distribution of Uext can be obtained by
inserting eq. (5) into eq. (1) of the main manuscript to obtain

ρext(z, λ, t = ∞) ∝
∫

δ[ξ(x)− z] exp
[
− βUext(x, λ, t = ∞)

]
dx

=

∫
δ[ξ(x)− z] exp

[
− βU(x)

]
exp

[
− 1

2σ2
(ξ(x)− λ)2

]
exp

[
− βUb(λ, t = ∞)

]
dx

= exp
[
− 1

2σ2
(z − λ)2

]
exp

[
βA(λ)

] ∫
δ[ξ(x)− z] exp

[
− βU(x)

]
dx

= Z ρ(z) exp
[
− 1

2σ2
(z − λ)2

]
exp

[
βA(λ)

]
(S1)

where we assume that Ub(λ, t) converges to a potential −A(λ) in the long time limit and Z is the
configuration integral of the unbiased, non-extended ensemble. Finally, fixing λ to some value λ = λi

gives the λ-conditioned probability density of z

ρB(z|λi) ∝ ρ(z) exp
[
− 1

2σ2
(z − λi)

2
]

, (S2)

which is proportional to ρ(z) contracted with a Gaussian kernel of variance σ2. In practice λ-
windows are constructed on a grid with window size ∆λ, which automatically yields M states with
overlapping probability distributions, as shown in Fig. S1 for ∆λ = 2 Å and ∆λ = 6 Å.

(a) (b)

80 100 120 140 160

z / Å
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Figure S 1: Kernel density approximation of conditional probability densities ρB(z|λi) in separate λ
windows for simulations shown in Fig. 1 in the main manuscript. Probabilities densities are normalized
to the original samples size. λ windows are located every (a) 2 Å and (b) 6 Å. The blue line denotes
the mixture distribution of all combined λ windows, which corresponds to the original probability density
ρB(z) of the eABF simulation and is equal for both plots.
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2 Different Dependence of CZAR and MBAR on the GaMD
Parameters

Let us recall the principles of energetic reweighing using a cumulant expansion, which is commonly
applied in GaMD simulations.[2] The biased probability distribution ρB(z), where in the case of
GaWTM-eABF the eABF bias has already been removed by means of CZAR,[3] can be reweighed
with the boost potential denoted as ∆U(x)

ρ(z) = ρB(z)
⟨eβ∆U(x)⟩∆U,ξ(x)=z

⟨eβ∆U(x)⟩∆U

, (S3)

with the conditional average of Boltzmann factors of the boost potential in the GaMD biased
ensemble ⟨eβ∆U(x)⟩∆U,ξ(x)=z, which can be approximated by a cumulant-expansion[4]

⟨eβ∆U(x)⟩∆U,ξ(x)=z = exp

[ ∞∑

k=1

βk

k!
Ck

]
, (S4)

where Ck are the expansion coefficients. Usually, the cumulant expansion is truncated at the second
order, assuming that the boost potential follows a near-Gaussian distribution. In this case it is more
accurate than, e.g., the exponential average, as it reduces the energetic noise.

Therefore, in GaMD a Gaussian distribution of ∆U that is narrow enough for accurate reweighing
is ensured by introducing the free parameter σ0 as an upper bound to its standard deviation.
However, this is obsolete using MBAR for analysis of GaWTM-eABF as no such approximation is
made. The MBAR equations are solved for the full bias including ∆U , which directly gives unbiased
probabilities of individual frames as for normal eABF. It is generally possible, however, to separate
the GaMD-reweighting for MBAR just as is done for CZAR.

Figure S2 shows the convergence of eq. (S4) for the GaWTM-eABF simulation shown in Fig. (2)
of the main manuscript. The analytical reference obtained by numeric integration of the exact prob-
ability density is shown in green. As discussed in the main manuscript the second order cumulant
expansion, which is commonly applied in GaMD and GaWTM-eABF simulations, overestimates the
PMF at the transition state significantly, as it fails to capture the anharmonicity of ∆U . The 3rd
order of the cumulant expansion underestimates the PMF at the transition states but improves the
PMF RMSD, shown in table S1, significantly. The 4th order expansion is closest to the analytical
reference at the transition state, but increases the overall noise in the estimate which again raises
the PMF RMSD. The MBAR estimate shown in blue is by far the most accurate, as it incorporates
no such expansion.

Table S1: PMF RMSDs for the MBAR estimate as well as CZAR estimates with different orders of
cumulant expansions to the analytical PMF for GaWTM-eABF simulation shown in Figure 2 of the main
manuscript.

Estimator PMF RMSD / kJ mol−1

MBAR 0.16
CZAR, k = 2 0.64
CZAR, k = 3 0.34
CZAR, k = 4 0.42
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Figure S2: PMFs obtained from the GaWTM-eABF simulation shown in Figure 2 of the main manuscript
using the MBAR and CZAR estimator; analytical reference in green. CZAR estimates are corrected with
cumulant expansions of order 2, 3, and 4, respectively. All PMFs are computed with bin and window size
2 Å.
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3.2 Publication II: Improved Sampling of Adaptive

Path Collective Variables by Stabilized Extended-

System Dynamics

Abstract: Because of the complicated multistep nature of many biocatalytic reactions,
an a priori definition of reaction coordinates is difficult. Therefore, we apply enhanced
sampling algorithms along with adaptive path collective variables (PCVs), which converge
to the minimum free energy path (MFEP) during the simulation. We show how PCVs
can be combined with the highly efficient well-tempered metadynamics extended-system
adaptive biasing force (WTM-eABF) hybrid sampling algorithm, offering dramatically in-
creased sampling efficiency due to its fast adaptation to path updates. For this purpose, we
address discontinuities of PCVs that can arise due to path shortcutting or path updates
with a novel stabilization algorithm for extended-system methods. In addition, we show
how the convergence of simulations can be further accelerated by utilizing the multistate
Bennett’s acceptance ratio (MBAR) estimator. These methods are applied to the first step
of the enzymatic reaction mechanism of pseudouridine synthases, where the ability of path
WTM-eABF to efficiently explore intricate molecular transitions is demonstrated.

Reprinted with permission from

A. Hulm; C. Ochsenfeld. “Improved Sampling of Adaptive Path Collective Variables by
Stabilized Extended-System Dynamics” J. Chem. Theory Comput. 2023, 19, 9202-9210.
URL: https://doi.org/10.1021/acs.jctc.3c00938.
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ABSTRACT: Because of the complicated multistep nature of
many biocatalytic reactions, an a priori definition of reaction
coordinates is difficult. Therefore, we apply enhanced sampling
algorithms along with adaptive path collective variables (PCVs),
which converge to the minimum free energy path (MFEP) during
the simulation. We show how PCVs can be combined with the
highly efficient well-tempered metadynamics extended-system
adaptive biasing force (WTM-eABF) hybrid sampling algorithm,
offering dramatically increased sampling efficiency due to its fast
adaptation to path updates. For this purpose, we address
discontinuities of PCVs that can arise due to path shortcutting
or path updates with a novel stabilization algorithm for extended-
system methods. In addition, we show how the convergence of
simulations can be further accelerated by utilizing the multistate Bennett’s acceptance ratio (MBAR) estimator. These methods are
applied to the first step of the enzymatic reaction mechanism of pseudouridine synthases, where the ability of path WTM-eABF to
efficiently explore intricate molecular transitions is demonstrated.

■ INTRODUCTION
The computation of reliable reaction and activation-free
energies of biocatalytic reactions requires extensive sampling
of molecular transitions,1,2 which is typically obtained using ab
initio molecular dynamics (MD) simulations on composite
quantum mechanics/molecular mechanics (QM/MM) level of
theory.3 Using these highly costly simulations, only time scales
of up to several 100 ps can be reached, whichmeans that reactive
events that are separated by high free energy barriers can never
be observed in conventional MD trajectories. It is therefore
paramount to apply importance-sampling strategies that speed
up the exploration of high-energy regions.4

Many of these methods rely on the definition of a low-
dimensional set of collective variables (CVs) that discriminate
between reactant and product states.5−8 For example,
metadynamics (MtD) accelerates the exploration of predefined
CVs with an adaptive bias potential that builds up during the
simulation.7,9 However, a bad choice of CV results in hysteresis
and poor convergence of the free energy estimate.10 For simple
transitions, it can be straightforward to find sufficient CVs based
on chemical intuition, but for complicated enzymatic processes,
the definition of good CVs that contain all the slow degrees of
freedom of the given process can become exceedingly difficult.
Additionally, CV space is typically limited to up to 3 dimensions
because of the exponential growth of computational cost with
the number of dimensions,11 which is insufficient for
complicated multistep transitions.

This problem motivates large research efforts to design one-
dimensional CVs that can describe transitions with many slow
degrees of freedom, for example, utilizing machine learning
methods12−15 or path CVs (PCVs).16−19 For the latter, a path is
defined by a string of discrete nodes that connect metastable
states, and the CV is given by a progress parameter. This not
only allows for a smooth, one-dimensional parametrization of
complex transitions but also provides the opportunity for
systematic on-the-fly improvement by iteratively moving a guess
path closer to the minimum free energy path (MFEP).

In this contribution, we will build on path MtD as formulated
by Ensing and co-workers.18,19 We show how MtD can be
replaced with the more efficient well-tempered metadynamics
extended-system adaptive biasing force (WTM-eABF)20,21

hybrid algorithm. Additionally, we show how postprocessing
of path WTM-eABF with the multistate Bennett’s acceptance
ratio (MBAR)22 estimator, which recovers the unbiased
statistical weight of each simulation frame, can further improve
the convergence of adaptive path simulations. To this end, after a
short theoretical overview of the path WTM-eABF algorithm,
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we compare its performance to that of conventional path MtD
on a numerical Müller−Brown (MB) potential. Afterward, we
showcase the application of path WTM-eABF on the
biocatalytic reaction mechanism of pseudouridine synthases
(PUS), which involves a challenging rotating motion of an
unbound uridine.

■ THEORY
Let ξ(x) be someCV that represents the reaction coordinate and
connects two metastable states. For a finite value z of the CV, it
has the marginal probability distribution

z z zx x x x( ) ( ) ( )d ( )= [ ] = [ ]
(1)

where ⟨⟩ denotes the ensemble average and δ[x] denotes the
Dirac delta distribution.1 Our goal is to efficiently estimate ρ(z),
which defines the potential of mean force (PMF) (i.e., free
energy profile), according to

A z z( ) ln ( )1= (2)

where k T( )B
1= and kB is the Boltzmann constant.

For this purpose, MtD builds a repulsive potential

U t hx( ( ), ) e
t

x
bias
MtD

0, ,2 ,. ..
G

( ( ) ) /2t

G G

2
G
2

=
= (3)

by adding Gaussian hills with height hG and variance σG in
regular time intervals τG, pushing the system away from already
explored regions of CV space.23 To ensure smooth convergence
of Ubias

MtD, WTM adds an exponential scaling factor
e U t k Tx( ( ), )/bias

MtD
B with an effective bias temperature ΔT to

decrease the height of new Gaussians over time.9 Upon
convergence, the PMF can be directly obtained from the inverse
of the bias potentials.

In contrast, in the closely related WTM-eABF sampling
algorithm,20,21 a MD simulation of the extended system (x, λ) is
performed in the potential

U t U U U t

U U t

x x x

x x

( , , ) ( ) ( ( ), ) ( , )

( )
1

2
( ( ) ) ( , )

ext bias

2
2

bias

= + +

= + +
(4)

where the molecular potential energy function U(x) is coupled
to an extended variable λ by a harmonic potential with thermal
coupling width σ. Typically, small values of σ are chosen to
ensure a tight coupling of λ to ξ(x). This framework offers high
flexibility and robustness against the choice of bias potential,
Ubias(λ, t), which only acts on λ and has no direct impact on the
physical system. In WTM-eABF, a combination of the WTM
bias potential and an adaptive biasing force (ABF8,24), which is
obtained as the average force acting on λ at a certain value of the
CV, is applied to ensure fast exploration of the reaction
coordinate.21

In practice, the biggest shortcoming of both MtD/WTM and
WTM-eABF is their dependence on the choice of CVs, which
are usually defined a priori. Bad choices of CVs lead to significant
artifacts of sampling and free energy estimates.10 In addition, it
was shown that activation free energies and reaction rates are
particularly vulnerable,25 which are among the most important
targets of mechanistic studies. One promising direction to
mitigate this problem is the development of systematically
improvable CVs like adaptive PCVs, which exist in various

different flavors.17−19,26 Here, we apply geometric PCVs as
proposed by Ensing and co-workers,18,19 although the presented
framework is also valid for other formulations. A path is defined
by M discrete, equidistant nodes that are placed along the
reaction coordinate. The progress s(z) along the path in the
space of some selected CV space z = (ξ1(x), ξ2(x), ...) can be
defined by

s
m
M M

z

v v v v v v v

v

( )
1

2

( ) ( ) ( )
11 3

2
3

2
1

2
2

2
1 3

3
2

= ±

· | | | | | | ·
| |

i

k

jjjjjjj
y

{

zzzzzzz
(5)

where m is the zero-based index of the closest node and vectors
v1, v2, and v3 are defined by v1 = zm − z, v2 = z − zm−1, and v3 =
zm+1 − zm. The ± in eq 5 is positive if z is left of the closest path
node and a negative sign otherwise.

Thus, in eq 4, λ is now coupled to the progress parameter s(z)
instead of a simple CV. We note that this definition does not
completely eliminate the problem of manually selecting relevant
CVs but rather replaces it with the more flexible choice of an
appropriate CV space. To avoid the definition of a CV space, one
could alternatively apply the arithmetic PCV as formulated by
Branduardi and co-workers.17 More details on our PCV
implementation are given in Section S1 of the Supporting
Information.

To converge the path to the MFEP, initial guess nodes are
adapted to the average CV density perpendicular to the path by
updating the node positions according to

w

w
z z

z P z( ( ))

e
i
t

i
t k

N
i
k t t

k
N

i
k

1
ln(2)/

j j
j j

= ++

(6)

where zi
tj denotes node positions after the last update and the

weight of the update for node i in step k is given by

w
z P z

z z
max 0, 1

( )
i
k i

t t

i
t

i
t

1
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i

k
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É

Ö

ÑÑÑÑÑÑÑÑÑÑÑÑÑ (7)

which is only nonzero for the two closest nodes.19 The half-life
of the weight of the original path can be chosen with the
parameter τ. P(z) denotes the projection of z on the path. In
practice, weights wi

k and the average distance from the path are
accumulated between updates, which are applied for every N-th
step. The initial path might be obtained, for example, by linear
interpolation between end points or with some zero-temper-
ature path optimization method (e.g., nudged elastic band
method27). The latter might additionally already provide some
mechanistic information that supports the user in the manual
selection of a suitable CV space. After every update, the path is
reparametrized to ensure equidistant spacing of nodes, as
described in the Supporting Information. To judge the
convergence of the PCV, we monitor the quantity
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which approaches exactly zero at the transition state (TS) for an
ideal CV.25

In this framework, nonphysical jumps in s(z) can occur at path
updates or in regions of the path with high curvature when the
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system shortcuts the path. While in WTM simulations, this only
causes mild heating due to the discontinuity of the bias potential,
it can cause numerical instability with theWTM-eABF sampling
algorithm due to the coupling to the extended variable. We solve
this problem by correcting the position of λ at time step t − 1
before integrating its position to time step t according to

s s s sz z z z( ) ( ( )) if ( ) ( )

otherwise

t
t t t

tstable
1

1 1 t t 1

1
=

+ | |>l
mooo
nooo (9)

We always use the thermal coupling width σ as a threshold for
corrections of λt, which we find to be a very robust choice. A
numerical example of the effect of eq 9 is given in Figure 1.

Without the correction, large fluctuations of the extended
variable, shown in red on the left, arise after the CV (gray) is
stepped. In contrast, by correcting the position of the extended
variable, its dynamics (green) are not affected, and the harmonic
coupling potential, shown on the right, is continuous, which
results in the superior stability of path WTM-eABF simulations.

Additionally, it was shown that a mild confinement of the
distance d(z) from the path, defined by
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where v4 = zm − zm−1 connects the closest to the second-closest
path node, can reduce path shortcutting28,29 and speed up the
convergence of specific reaction channels.18

The central idea of path MtD/WTM is that once the path
converges, the bias potential self-corrects as new Gaussians bury
artifacts of sampling along the wrong path. Due to the
complementary nature of both biasing strategies of the
composite WTM-eABF method, simultaneously filling free
energy basins and removing barriers,20 we expect this self-
correction to be much faster. In addition, to further accelerate
the convergence of simulations along adaptive paths, we propose
a reweighting procedure. For this purpose, the continuously
sampled WTM-eABF trajectory is divided into N biased states
with constant λ = λi and a time-independent potential energy
function

U U s Ux x z x( ) ( )
1

2
( ( ) ) ( )i i2

2
conf= + +

(11)

where Uconf(x) denotes some additional confinement potential,
as for the distance from the path d(z).30 This post hoc separation
of the biased probability density ρB(z) into overlapping λ-
conditioned distributions ρB(z|λi) allows for the application of

popular estimators of the unbiased statistical weights of
individual frames like the MBAR.22 Note that technically the
windows λi must be built separately for each intermediate path if
it changes in updates. Besides removing potential artifacts that
arise due to the application of confinements on d(z), this allows
for reweighting of the PMF to anyCV of choice. In the context of
adaptive PCVs, we suggest applying this formalism to accelerate
convergence of the PMF by mapping all data points to the final
MFEP. Therefore, assuming that the underlying phase space is
already sufficiently sampled, one instantly obtains the correct
PMF for a new path without waiting for convergence of the
WTM-eABF bias potential. Additionally, other properties like
ensemble averages can be recovered independently of the CV,
and path updates do not slow down their convergence.

■ COMPUTATIONAL DETAILS
Numerical Simulations. As a numerical test, we apply path

WTM-eABF to the dynamics of a particle in a 2D MB potential,
which is given by
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with B = 1 kJ/mol. Other numerical parameters are given in the
Supporting Information. For each simulation, a single particle of
mass 200 au was evolved in UMB(x, y) for 500 ps (1,000,000
steps) according to Langevin dynamics at 50 K with a friction
constant of 0.001 fs−1. MtD bias potentials were built from
Gaussians with a standard deviation of 0.05 and an initial height
of 0.01 kJ/mol, which were added every 25 steps. For WTM
potentials, the height of new Gaussians is scaled down over the
course of the simulation with an effective temperature of 5000 K.
For path WTM-eABF, a fictitious particle was coupled to PCVs
with σ = 0.01 and mass 25 au. The ABF was scaled with a linear
ramp and only fully applied in bins with more than 50 samples.
In all simulations, the bias force was accumulated on a grid with a
bin width of 0.01. A guess path with 30 nodes was generated by
linear interpolation between both minima. For adaptive path
simulations, the path was updated every 10 ps according to eq 6.
The minimum energy path (MEP) was obtained as a reference
by optimizing the guess path with the nudged elastic band
(NEB) method.27 Scripts to repeat all numerical simulations are
given in the Supporting Information.

Reaction Mechanism of PUS. The initial configuration of
the enzyme−substrate complex was taken from the crystal
structure of Pyrococcus furiosus box H/ACA PUS.31,32 Two
different crystal structures (PDB codes: 3HJW and 3HAY) were
combined to minimize possible errors. The full enzymatic
system contains 4 protein subunits (Cbf5, Gar1, Nop10, and
L7Ae), as well as a guide and a substrate RNA. The uridine (U)
unit in the active site was manually modified from 5-
fluorouridine to native U. Charged amino acids were titrated
to neutral pH using the H++ program33 and placed in a cubic
water box containing about 17,000 water molecules. To
neutralize the system and set the physiological salt concen-
tration, Mg2+ and Cl− ions were added to the water box.

For classicalMD simulations, the AMBER-ff19SB force field34

was applied together with improved RNA parameters by Tan et
al.35 and the OPC 4-point water model.36 MD simulations were
performed with the OpenMM program package.37 Electrostatic
interactions were calculated by using periodic boundary
conditions and particle mesh Ewald summation with a cutoff

Figure 1. Numerical example for sampling a discontinuous CV with
extended-system dynamics. On the left, the trajectories of s(z) and λ are
indicated by solid and transparent lines, respectively. After a step in the
PCV, the conventional and stabilized trajectories are given in red and
green, respectively. On the right, the corresponding coupling potential
Uext mediated by harmonic coupling of λ to s(z) is shown.
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of 12 Å. Water molecules and H-bonds were constrained using
the SETTLE38 and SHAKE39 algorithms, respectively. Time
integration was performed at 300 K with a Langevin integrator
using a time step of 2 fs and a friction constant of 1 ps−1.
Atmospheric pressure was set using a Monte Carlo Barostat.40

The initial system was minimized to a tolerance of 10 kJ/mol
and carefully heated from 5 to 300 K over 60 stages, 1000 steps

each. Afterward, the system was simulated for 600 ns. In the
period from 100 to 300 ns, the temperature was increased to
320 K to enhance sampling and enable penetration of water into
the active site. Further details are provided in the Supporting
Information.

QM/MM simulations were performed in our in-house
program package FermiONs++.41−45 The QM system was

Figure 2. Fully functional P. furiosus box H/ACA PUS. The protein−substrate complex contains 4 protein subunits (red: catalytic Cbf5, orange: Gar1,
yellow: Nop10, and gray: L7ae), as well as a H/ACA guide and substrate RNA, shown in light and dark blue, respectively (explicit water not shown).
On the right, the active site is enlarged. All solid atoms are treated quantum mechanically in QM/MM simulations, while the rest of the protein−
substrate complex is included in theMM region. Besides the substrate U, the QM region includes all charged protein residues of the active site, namely,
Asp85, Lys111, Arg184, and Arg205.55 To balance the charge of the QM region, two phosphates of the RNA backbone are included.

Figure 3. Sampling of a 2D MB potential with adaptive PCV and four different sampling algorithms, MtD and WTM in the first two columns and
conventional WTM-eABF and stabilized WTM-eABF in the third and fourth column, respectively. In the top row, the MB potential is shown as a
contour plot, with the initial path guess in red and the optimized MEP in green. Snapshots of the adaptive path in 100 ps intervals are shown in blue,
losing transparency over time. In the second and third rows, the trajectory of the PCV and rolling temperature average taken over 1 ps are shown,
respectively. The last row shows the current PMF estimation every 100 ps, earlier PMFs being more transparent, the potential energy along the MEP
shown in green.
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centered inside the simulation box, and interactions between the
QM and MM subsystems were treated with electrostatic
embedding using a cutoff of 10 Å.46 For technical reasons, the
TIP3P water model47 was applied instead of the OPC. For
efficient evaluation of the QM/MM Hamiltonian Grimme’s
PBEh-3c DFT functional48 was applied. Significant further
speed-ups were achieved by fast evaluation of seminumerical
exact exchange with the sn-LinK method45,49 and evaluation of
the Coulomb energy in the RI-J approximation.50 Additionally,
SCF convergence acceleration was achieved by using accurate
guess densities obtained from the previous nine density matrices
according to the extended-Lagrangian extrapolation meth-
od.51,52 The final QM/MM system, which is shown in Figure
2, contained a total of 99 QM and more than 100,000 MM
atoms. Geometry optimizations of the QM/MM system were
performed in a PyChemshell53,54 interface to FermiONs++.

Unconstrained ab initioMD simulations were performed with
a time step of 0.5 fs. The temperature was controlled with a
Langevin thermostat at 300 K. All atoms farther than 20 Å from
the QM region have been frozen. A benchmark of the influence
of the PBEh-3c functional, the QM size, and the electrostatic
cutoff on the reaction energy of C1′−N1 bond cleavage and
proton transfer from H2′ to Asp85-O is given in the Supporting
Information.

For the calculation of PMFs, our own Python-based
implementation of the path WTM-eABF-enhanced sampling
algorithm and MBAR was applied. The full source code is
available in the adaptive-sampling package30 at https://github.
com/ochsenfeld-lab/adaptive_sampling. PMFs were calculated
from 10 independent walkers starting from different protein
conformations that were picked from the last 100 ns of the MM
MD trajectory in an equidistant manner. Trajectories of
simulations of the rebound and glycal schemes extend to a
combined total of >600 ps and >500 ps, respectively. Reaction
and activation-free energies were obtained from the PMF as
proposed by Dietschreit and co-workers.25,56 More details are
given in the Supporting Information.

■ RESULTS AND DISCUSSION
Path WTM-eABF on a Numerical Potential. We first

demonstrate the benefits of the path WTM-eABF algorithm
compared to conventional MtD/WTM for a 2D MB potential.
We simulate the dynamics of a single particle at 50 K for 500 ps
with MtD, WTM, WTM-eABF, and the stabilized variant of
WTM-eABF. The MB potential energy surface is shown as a
contour plot in the first row of Figure 3. We apply an adaptive
PCV as described in Section 2. The initial path, colored red, is a
linear interpolation between both minima. We note that for the
MB potential the MEP and MFEP are identical, except for small
thermal fluctuations of the latter, since the MB energy surface is
harmonic in orthogonal direction to the MEP. For the same
reason, the analytical probability density is sharply peaked along
the MEP and the PMF along the MFEP is approximated well by
the potential energy curve along theMEP. Therefore, we use the
MEP as a reference, which is shown in green. In blue, snapshots
of the adaptive path indicate its evolution over the course of the
simulation. The lower rows of Figure 3 show trajectories of the
PCV, running temperature averages, and the evolution of the
PMF in 100 ps intervals with reference to the MEP potential
energy curve (green). The system is initialized in the left
minimum at s(z) ≈ 0. Note that the initial path guess is
orthogonal to the MEP. Therefore, in MtD and WTM
simulations, a steep bias potential is built initially until this

orthogonal barrier can be crossed. The system escapes the first
minimum at about 50/100 ps for MtD/WTM, respectively.
With MtD, large temperature fluctuations are observed
throughout the simulation because of the constant addition of
repulsive Gaussian hills that drive the system out of equilibrium.
In contrast, theWTM simulation is stable after the first 100 ps, as
new Gaussians are scaled down. However, the artificial bias
potential that builds up in the initial 100 ps hinders the back
reaction to the first minimum, which occurs only shortly before
the end of the simulation. Therefore, the adaptive path and also
the PMF, which are estimated directly from the bias potential,
are both not fully converged after 500 ps. Without stabilization
(third column of Figure 3), the WTM-eABF simulation shows
large temperature fluctuations as well that cause significant
artifacts to the adaptive path and hinder the convergence of the
PMF. As discussed in Section 2, these fluctuations are caused by
the heating of the extended variable due to the discontinuous
nature of the PCV at the path updates. In contrast, with the
proposed WTM-eABF stabilization (eq 9), the adaptive path as
well as PMF converge rapidly and reproduce the reference
almost exactly after less than 200 ps. The dramatically increased
performance compared to MtD/WTM can be attributed to the
faster adaptation of the WTM-eABF algorithm to path updates
due to the combination of two complementary biasing
strategies. We note that it is still advisable to perform frequent
path updates to avoid the accumulation of large bias potentials
along a bad initial guess path. Overall, this shows that the
(stabilized) path WTM-eABF is able to significantly outperform
MtD/WTM both in terms of robustness and sampling
efficiency.

In the following, we discuss additional benefits that arise from
the combination of WTM-eABF sampling with postprocessing
using the MBAR. To this end, we sample along a static, linear
PCV using WTM-eABF. On the left of Figure 4, the MB

potential is shown along with the PCV and the reference MFEP.
Additionally, data points of the trajectory are given in blue. The
PMF along the PCV in red on the right of Figure 4, shows large
deviations from the reference PMF along the MFEP. However,
MBAR allows for the mapping of data points to any reaction
coordinate of choice. Therefore, by reweighting the simulation
to the MFEP, the reference PMF can be largely recovered. Only
at s(z) ≈ 0.2 an artifact arises, where the sampling has no overlap
with theMFEP. In general, this shows that, as theMBAR returns
the unbiased weight of each data frame, properties like reaction
free energies or ensemble averages are calculated from data
frames alone. Therefore, there is no strict need to converge the

Figure 4. WTM-eABF sampling along a static linear path. On the left,
the MB potential energy surface is shown as a contour plot, with PCV
nodes in red and the converged MFEP in green. Data points of the
WTM-eABF simulation are given in blue. On the right, a reference PMF
is shown in green, together with the PMF along the linear guess path in
red. The PMF along theMFEP, obtained by reweighting the simulation
with MBAR, is given in blue.
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bias potential after path updates, which, in turn, does not reduce
the convergence rate of WTM-eABF/MBAR. In the next
section, we will show the beneficial properties of the pathWTM-
eABF sampling algorithm on a real biocatalytic reaction
mechanism.

Reaction Mechanism of PUS. To show how the path
WTM-eABF method can be applied to explore enzymatic
reaction mechanisms, we investigate the first step of the catalytic
mechanism of PUS, which enables the site-specific modification
of U to pseudouridine (Ψ) in various types of RNA. Because of
the highly conserved active site of this family of proteins, which
always includes an essential aspartate (Asp85), it is assumed that
all PUS enzymes operate by one uniform reaction mechanism.55

Recently, in products of PUS, besides the major ribo sugar, an
arabino isomer, which differs in the stereochemistry at C2′, was
observed.57 Additionally, a large kinetic isotope effect for the
proton at C2′ was reported.58 Both observations could be
explained by the reaction over a glycal intermediate.58,59

However, it was also suggested that the reaction instead
proceeds over a direct rebound scheme and that the catalytic
role of Asp85 is merely to provide conformational strain to the
ribo sugar.60 An overview of both reaction mechanisms is given
in Figure 5.

We apply path WTM-eABF together with QM/MM MD to
explore the formation of both intermediates using the relatively
cost-effective PBEh-3c DFT functional and 99 QM atoms. This
setup is chosen to reach total simulation times of hundreds of
picoseconds, which are necessary to converge PMFs for such a
large system. However, we note that due to the inherent
inaccuracy of the PBEh-3c functional and the limited QM region
size, absolute reaction barriers tend to be overestimated. CV
spaces for the calculation of PCVs contain 3 or 5 bond distances,
respectively. The breaking U C1′−N1 and forming Ψ C1′−C5
bonds are always included. Additionally, we add the C1′−N3
bond to gain optimal control over the rotation of U. To describe
the mechanism over a glycal intermediate, additional slow
degrees of freedom that account for proton transfer from C2′ to
Asp85 are taken into account. A schematic representation of the
CV spaces is given in Figure 6.

Rebound Mechanism. First, we consider the rebound
mechanism, as proposed by Kiss et al.,60 where C1′−N1 bond
cleavage is followed by direct formation of the characteristic Ψ
C1′−C5 bond. In Figure 7, on the left, the final path is projected

on the C1′−N1 and C1′−C5 bond distances, with trajectory
data points shown in blue. On the right are the obtained PMF
together with the CV criterion DS(z) (eq 8). The obtained
reaction mechanism can be divided into three steps. First, both
the C1′−N1 andC1′−C5 bonds elongate as U unbinds from the
glycase backbone building an uridilate ion. For this step, we
obtain a high activation-free energy of about 69 kcal/mol, which
can be rationalized by the involved charge separation. At a C1′−
N1 bond distance of about 2.5 Å, the uridilate ion begins to
rotate under shortening of the C1′−C5 bond distance. Finally,
the C1′−C5 bond forms, building the stable rebound
intermediate. The CV criterion has three clear minima at the
reactant, product, and TS, respectively. That it is zero at the TS
indicates the good quality of the obtained PCV and confirms
that the TS is successfully located. We note that this rotating
motion cannot be fully captured by a simple linear combination
of the form dC1′−N1 − dC1′−C5, which we mark in red in Figure 7.
On the contrary, the application of this very common choice of
CV leads to sampling defects. Due to the wrong projection of the
bias force, simultaneous dC1′−N1 elongation and dC1′−C5
shortening are enforced, which leads to a bending motion
until rapid breaking of the C1′−N1 bond occurs. Also, various
irrelevant side reactions are observed, like the formation of C1′−
O2 bonds, which make simulations unstable. With a mild
confinement on the distance from the path such side reactions
are fully suppressed in PCV simulations.

GlycalMechanism.The large activation-free energy obtained
for the formation of the rebound intermediate indicates that in
this mechanism, the catalytic role of Asp85 is not correctly

Figure 5. Suggested reaction mechanisms for the conversion of U to Ψ
catalyzed by PUS. The reaction might run over (a) a rebound
intermediate, where the C1′−C5 bond forms directly after C1′−N1
bond cleavage, and (b) a glycal intermediate involving deprotonation of
C2′ by Asp85.

Figure 6. Illustration of the CV space for the calculation of PCVs for the
PUS reaction mechanism. For the rebound mechanism, three bond
distances marked in red are used. The glycal mechanism additionally
involves proton transfer from C2′ to Asp85, with corresponding bond
distances marked in green.

Figure 7. On the left, a 2D projection of path nodes on dC1′−N1 and
dC1′−C5 is shown in green, with every 20th data point of all combined
path WTM-eABF trajectories in blue. Red points denote data points
obtained for sampling along a CV of the form ξ(x) = dC1′−N1 − dC1′−C5
(indicated by the dashed red line). On the right, the PMF obtained
from all combined simulations is shown in blue; in green, the
orthogonality measure DS(z) (eq 8). Light blue area denotes the 95%
confidence interval.
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captured. Recently, a large kinetic isotope effect was shown for
exchanging H2′ with deuterium, an observation that might be
explained by H2′ proton transfer to Asp85, forming a glycal
intermediate. Therefore, we build a new path guess, where parts
of the final path of the rebound mechanism (without C1′−C5
bond formation) are coupled to proton transfer from C2′ to
Asp85. A 2D projection of the new CV space is shown in Figure
8 on the left, with every 20th data point of the simulation shown

in blue and the final path in green. Clearly, a sequential
mechanism is observed, where proton transfer from C2′ to
Asp85 (up direction) is followed by C1′−N1 bond cleavage (left
to right). The new PMF and corresponding CV criterion are
given in Figure 8, on the right. Two distinct TSs and one
intermediate minimum, resembling the deprotonated ribo sugar
before C1′−N1 bond cleavage, are observed. Each of them is
confirmed by the clear minima of DS(z). With an activation-free
energy of about 35 kcal/mol, the initial proton transfer is the
rate-limiting step and significantly activates sequential C1′−N1
bond cleavage, for which a small remaining activation-free
energy of around 10 kcal/mol is obtained. The significant
relative reduction of the activation-free energy compared to the
rebound mechanism by over 30 kcal/mol displays the large
catalytic effect on C1′−N1 bond breaking. At the same time, we
concede that the absolute activation barrier obtained is still too
high to be crossed on relevant time scales under biological
conditions. However, we also expect it to be overestimated due
to the inherent inaccuracy of the PBEh-3c functional and the
limited size of the QM subsystem (see Supporting Information).

Overall, this shows how adaptive PCVs enable the detailed
study of nonlinear, multistep molecular transitions. The above
example depicts how their application, together with the highly
efficient path WTM-eABF algorithm, facilitates the systematic
exploration of reaction mechanisms, even using costly QM/MM
simulations. In addition, we show how the adaptive path can
directly yield mechanistic information, like the activation of
C1′−N1 bond breaking by deprotonation of C2′ in PUS
enzymes.

■ CONCLUSIONS
We have shown the benefits of combining the highly efficient
WTM-eABF sampling algorithm with adaptive PCVs. To this
end, we provide an implementation of path WTM-eABF with a
new stabilization algorithm that ensures the temperature
stability of simulations even if path shortcutting or path updates
cause sudden jumps in the PCV. Additionally, we show how
reweighting data to an updated path with theMBAR can be used
to speed up the convergence of PMFs along adaptive paths.
Overall, we argue that WTM-eABF, PCVs, and the MBAR

estimator elegantly complement each other and together offer a
highly competitive approach to the systematic investigation of
reaction mechanisms in complicated biochemical systems.

We apply these methods to investigate the reaction
mechanism of PUS and show how path WTM-eABF enables
the exploration of challenging nonlinear molecular motions like
uridine rotation in the rebound mechanism. Furthermore, we
obtain a significantly reduced activation free energy for a glycal
mechanism where proton transfer of H2′ to the essential Asp85
activates C1′−N1 bond breaking, a result that is in line with the
experimental observation of a large deuterium kinetic isotope
effect for H2′.58 In a future study, we plan to use the presented
framework to provide a full mechanistic picture of PUS.
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1 Implementation of Path Collective Variables

In practice, to avoid numerical problems if the system leaves the path (s(z) < 0 or s(z) > 1) we add
one boundary node at each side by linear extrapolation of the outer two nodes. Therefore, eq. 5 of
the main manuscript is calculated including the boundary nodes and m/M is replaced by (m−1)/M
to ensure that s(z) = 0 if z is equal to the first original node vector and s(z) = 1 if z is equal to
the last original node vector. Additionally, to keep the system in the range of interest in path
WTM-eABF simulations, the fictitious particle λ is always confined to the range 0 <= s(z) <= 1
with harmonic wall potentials.

One inherent problem of PCVs is there dependence on the definition of path nodes. If the nodes
along the path are ill-defined, for example due to large kinks in the path or cluttering of parts of the
path with multiple nodes, the PCV will be ill-defined as well. Therefore, it is necessary to perform
a reparametrization step after every path update [1]. First, the path is smoothed according to

z∗i = (1− s)zi +
s

2
(zi−1 + zi+1) (S1)

where s denotes a damping factor for the smoothing which ranges from 0 (no smoothing) to 1 (linear
interpolation between neighbor nodes). Second, equidistant spacing of nodes is ensured via

z∗∗i = z∗j−1 + (s(i)− L(j − 1))
z∗j − z∗j−1

|z∗j − z∗j−1|
. (S2)

Here s(m) = (m − 1)L(N)
N−1

, with total length of path L(N), denotes the position of node m on the
path under equidistant spacing and L(m) is actual position of node m along the path. Index k is
such that L(k−1) < s(m) ≤ L(k). Eq. S2 is iterated until the change in the total path length drops
below some tolerance (e.g. 0.001).
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2 Numerical Parameters for the Müller-Brown Potential

The 2D Müller-Brown potential energy surface is defined by

UMB(x, y) = B
4∑

i=1

Ai exp
[
αi(x− xi)

2 + βi(x− xi)(y − yi) + γi(y − yi)
2
]

(S3)

with B = 1 kJ/mol and other numerical parameters given in Table S1.

Table S1: Applied parameters of MB potential.
i Ai αi βi γi xi yi
1 -40.0 -1.0 0.0 -10.0 1.0 0.0
2 -10.0 -1.0 0.0 -10.0 0.0 0.5
3 -34.0 -6.5 11.0 -6.5 -0.5 1.5
4 3.0 0.7 0.6 0.7 -1.0 1.0

3 Initial MM Simulation of the Enzyme-Substrate Complex

It has been shown experimentally that deprotonation or reprotonation of C2’ is partially rate limiting
for the reaction mechanisms of PUS. Furthermore, experimental evidence points towards direct
deprotonation by the nearby catalytic Asp85 [2]. Therefore, we consider the AspO-C2’H distance
as a first indicator of potential reactivity. Specifically, only configurations where this distance is
smaller than 4Å are considered as suitable starting points for further QM/MM investigations of the
reaction mechanism.

The top left panel of figure S1 shows the rolling average of the temperature over the course of
a 600 ns MM-MD simulation. Between 100 and 300 ns the temperature is increased to enhance
sampling and enable penetration of the water into the active region. The backbone RMSDs of
individual protein subunits shown in the bottom left panel are not affected by the heating period
and always below 2Å. Finally, the top right panel shows the AspO-C2’H distance. During the first
100 ns the system is trapped in a metastable unreactive state because of electrostatic attraction of
the negatively charged Asp85 to the nearby positively charged Arg184. After 100 ns upon heating of
the system to 320 K the mobility of Asp85 increases, and it enters a second metastable configuration.
The electrostatic attraction of Asp85 to Arg184 is reduced by water that has penetrated the active
site in the first few hundred ns of the simulation, while a stabilizing H-bond to O2’H of the nucleoside
backbone forms. Thus, 10 equidistant snapshots are taken from the last 100 ns of the MM MD
simulation for further QM/MM simulations. Overall, the final structure agrees well with the X-Ray
structure of the active site, which confirms that these configurations can be regarded as realistic
starting point for the mechanistic study.
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Figure S1: On the top left the rolling average of the temperature during 600 ns MM-MD simulation is shown.
In the time period from 100 to 300 ns the system is heated from 300 to 320 K to enhance sampling. The bottom
left panel shows the rolling average of the individual backbone RMSDs of all 4 protein subunits. Cbf5 in blue,
L7Ae in orange, Nop10 in green and Gar1 in red. On the top right the rolling average of the O-H distance
between Asp85-O1/O2 and U-C2’H during 600 ns MM-MD simulation. To take into account the rotation of the
carboxyl group always the distance to the closer carboxylic oxygen is plotted. The active site of the protein is
shown on the bottom right, with the target U, the negatively charged catalytic Asp85 and the nearby positively
charged Arg184. The dashed line shows the AspO-C2’H distance.
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Figure S 2: Benchmark calculations on minimum energy paths (MEPs) of the C1’-N1 bond cleavage and
proton transfer reaction of H2’ to AspO. (a,b) For different DFT functionals on a single ribo-nucleotide implicitly
solvated in water (COSMO [3]). For (b) also all charges residues in 5Å proximity and two phosphates of the
RNA backbone are added. Shown are MEPs computed using the highly accurate ωB97M-V functional [4, 5], the
popular B3LYP-D3 functional [6, 7] (both with the triple-ζ basis set def2-TZVP [8]), and Grimme’s cost-effective
PBEh-3c functional [9]. Due to its much higher cost efficiency we will use PBEh-3c for ab-initio molecular
dynamics simulations, which tends to overestimate both reaction barriers. By this choice resulting reaction (free)
energies might safely be regarded as upper bound to the true energy. (c) For the number of QM atoms used in
QM/MM simulations. The smallest region with 99 atoms contains the ribo-nucleotide in the active site together
with all charged residues in 5 Å proximity, while the largest QM region with 1039 contains all atoms within 5Å.
The medium sized QM region with 178 atoms is designed to contain all important interactions in the active
site and reproduce the energy of the largest QM region. No cutoff is used for electrostatic interactions with the
MM system. (d) For the influence of the cutoff of electrostatic interactions with the MM subsystem. With a
cutoff of 0Å the electrostatic interaction of the QM region with the environment is switched off, while using no
cutoff corresponds to inclusion of electrostatic interaction with all MM atoms. Using a cutoff of 10Å preserves
high accuracy while offering about 4-fold speedup of the calculation with reference to no cutoff. All QM/MM
calculations are performed on one snapshot of the full system taken from the last 100 ns of an MM-MD using
the PBEh-3c functional. For (d) the medium-sized QM region with 178 atoms is applied.
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5 Details on Calculations of PUS Reaction Mechanisms

Reaction free energy profiles are calculated using QM/MM-MD simulations. A time step of 0.5 fs is
used, and the temperature is controlled at 300 K using Langevin dynamics with a friction constant
of 0.001 fs−1. The exploration of reaction coordinates is accelerated with the Well-Tempered Meta-
dynamics extended-system Adaptive Biasing Force (WTM-eABF) hybrid algorithm [10]. For the
WTM potential, Gaussian’s with an initial height of 1 kJ/mol and variance of 0.03 were deposited
every 10 fs. The effective temperature was set to 4000 K. The fictitious particle had a mass of 40 a.u.
and was coupled to the CV with a thermal coupling width of 0.01. The WTM and ABF forces were
collected on a grid with bin width 0.01. The ABF force was scaled up with a linear ramp and fully
applied in bins with more than 200 samples. Our own implementation of adaptive PCVs [11, 12]
is used to describe transitions associated with different reaction mechanisms. The distance from
the path is confined with a harmonic potential with a force constant of 100 kJ/molÅ2 to suppress
potential side reactions. For the glycal mechanisms still side reactions are observed due to the high
mobility of H2’, which are filtered out in post-processing. Observed side reactions include protona-
tion of the uridine N1 with H2’ and exchange of the hydroxy O2’H (which is hydrogen bonded to the
catalytic Asp85) with H2’. Additionally, frames with a confinement force to the path larger than
60 kcal/mol are removed to only consider conformations that are reasonably close to the path. This
leads to a slightly reduced total initial simulation time of around 530 ps compared to the rebound
mechanism with over 600 ps.

Table S 2: Bond distance thresholds for filtering of frames in post-processing of simulations of the glycal
mechanism.

Threshold
dH2′−N1 < 2.00
dO2′−O2H′ > 1.25

To get optimal control over path convergence 10 walkers are simulated for 5-20 ps each at a time
and the update is calculated manually from the full data. PCVs are defined in the space of a small
set of bond distances, that are suitable to describe the slow degrees of freedom of the given process
(see Table S3). Here, the distances of H2’ to Asp85 oxygens is defined as

dAspO−H2′ = min
[
dAsp85O1−H2′ , dAsp85O2−H2′

]
(S4)

Note, that dAspO−H2′ is smooth even if Asp85 rotates during the simulation and the proton acceptor
oxygen changes.

Table S3: Bond distances that build the CV space for calculations of PCVs.
Rebound Glycal

C1’-N1
√ √

C1’-C5
√ √

C1’-N3
√ √

C2’-H2’ × √
AspO-H2’ × √

Final free energy profiles are obtained from WTM-eABF biased trajectories using the MBAR esti-
mator [13], as proposed in Ref. [14]. The MBAR equations are solved self-consistently. The starting
guess for reduced free energies βf̂i is zero and f̂1 is set to zero after every cycle. Convergence is
reached when the largest change of βf̂i compared to the last cycle drops under 10−6. Reaction and
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activation free energies are estimated from the PMF as proposed in Refs. [15, 16]. Confidence inter-
vals are calculated from the standard deviation between independent simulations. The full source
code is available on Github under https://github.com/ochsenfeld-lab/adaptive_sampling.
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3.3 Publication III: On the Molecular Mechanism of

ATP Hydrolysis Catalyzed by p97: a QM/MM

Study

Abstract: A computational study of p97/VCP ATPase using hybrid quantum mecha-
nics/molecular mechanics (QM/MM) simulations is presented that explores the conforma-
tional landscape of the active site and hydrolysis-competent states of the crystallographic
water molecules. Our investigation focuses on the reaction mechanism, particularly the
events of the rate-determining first reaction step, which we study using extensive samp-
ling with the path well-tempered metadynamics extended-system adaptive biasing force
(WTM-eABF) enhanced sampling method. We identify the highly conserved glutamate
(Glu305) from the Walker B motif as a catalytic base that activates the lytic water mo-
lecule for nucleophilic attack on the γ-phosphate in the first reaction step, while the final
product is formed in a second step that involves proton transfer and rearrangements in
the Mg2+ coordination sphere. We show that phosphate bond formation and breakage oc-
cur concertedly in the first reaction step. The findings gained through versatile QM/MM
approaches are validated against recent cryo-EM and NMR data for the post-hydrolysis
protein state, elucidating the role of amino acids from conserved motifs across the AAA+
protein family. To the best of our knowledge, this is the first in silico exploration of ATP
hydrolysis in p97/VCP or any other AAA+ protein.
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ABSTRACT: A computational study of p97/VCP ATPase using
hybrid quantum mechanics/molecular mechanics (QM/MM)
simulations is presented that explores the conformational landscape
of the active site and hydrolysis-competent states of the
crystallographic water molecules. Our investigation focuses on
the reaction mechanism, particularly the events of the rate-
determining first reaction step, which we study using extensive
sampling with the path well-tempered metadynamics extended-
system adaptive biasing force (WTM-eABF) enhanced sampling
method. We identify the highly conserved glutamate (Glu305)
from the Walker B motif as a catalytic base that activates the lytic
water molecule for nucleophilic attack on the γ-phosphate in the
first reaction step, while the final product is formed in a second step
that involves proton transfer and rearrangements in the Mg2+ coordination sphere. We show that phosphate bond formation and
breakage occur concertedly in the first reaction step. The findings gained through versatile QM/MM approaches are validated
against recent cryo-EM and NMR data for the post-hydrolysis protein state, elucidating the role of amino acids from conserved
motifs across the AAA+ protein family. To the best of our knowledge, this is the first in silico exploration of ATP hydrolysis in p97/
VCP or any other AAA+ protein.

1. INTRODUCTION
The conversion of chemical energy in the form of ATP to exert
mechanical force is one of the fundamental riddles of
biochemistry. An example is p97, also known as valosin-
containing protein (VCP), a hexameric motor complex and
member of the AAA+ (ATPases associated with diverse
cellular activities) protein superfamily that binds, hydrolyzes,
and releases ATP to regulate various cellular pathways.1

Extensive research has been carried out on the conformational
changes of the global p97 protein structure during the ATPase
cycle,2−8 but no previous study has elucidated the molecular
mechanism of ATP hydrolysis catalyzed by p97. ATP
hydrolysis in solution can proceed through multiple path-
ways,9,10 and the conformational landscape becomes even
more complex at the active site of a protein. Despite their
functional diversity, nucleoside triphosphate (NTP) hydro-
lyzing enzymes (NTPase proteins) often share a common
nucleotide binding fold. For instance, P-loop NTPases use a
highly conserved loop to bind and efficiently hydrolyze
nucleotides.11 Here, computer simulations that capture protein
structure and dynamics using a hybrid QM/MM framework
can provide full atomic details at high temporal resolution and
have, in several studies, elucidated the catalytic mechanism of
P-loop NTPases to which p97 belongs. For example, recent
QM/MM studies on Ras-GTPases�whose malfunction drives
many cancers�have revealed how oncogenic mutations alter

the catalytic activity12 and uncovered how the structural
complexity of the active site, involving different side-chain
tautomers, facilitates phosphate hydrolysis.13

Given the complexity of enzyme-catalyzed reactions, a
comprehensive understanding of factors such as the roles of
amino acids, water molecules, and metal ions at the active site
is essential and guides the computational exploration of the
reaction mechanism. Therefore, we build on insights gained
from the existing literature on ATPases and GTPases,14 as well
as kinetic and mutational studies on the AAA+ protein family
and other P-loop NTPases to which p97 belongs. For our
theoretical study, amino acids that are close to the substrate
and whose mutations affect nucleotide binding or ATP
hydrolysis rates are crucially important. These include
glutamate (Glu305) from the Walker B motif, a highly
conserved residue in the nucleotide binding pocket of several
AAA+ proteins.1,15−17 Upon mutation to glutamine, ATP
binding is preserved, but hydrolysis is hindered15,18−20 in
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various members of this protein family. More precisely,
experimental findings in p97 show that this mutation leads
to a 20-fold decrease in enzymatic activity,20 suggesting that it
must play a crucial role in the reaction mechanism of ATP
hydrolysis.
Another important feature of the AAA+ family is the Sensor

1 motif (typically asparagine, serine, threonine, or aspartate),
which was hypothesized to help orient the water molecule for
the nucleophilic attack.15,19,21−24 Experimental evidence from
kinetic studies on AAA+ Sensor 1 mutants revealed decreased
catalytic activity after mutating the Sensor 1 unit,25,26 the
typical mutation being asparagine to alanine.1 Other amino
acids of high relevance are the conserved arginine residues,24,27

which, as positively charged residues, are thought to stabilize
the transition state28 and help in the intersubunit communi-
cation.3 R359 and R362 residues are also called trans-acting
arginine fingers, as they are located at the subunit interface,
extending from one subunit into the active site of the
neighboring one. Furthermore, a recent high-resolution cryo-
EM study8 showed that threonine (Thr252) from the P-loop
of p97 plays a key role in coordinating the Mg2+ ion, which
neutralizes negative charges of the nucleotide’s phosphate
groups. The Mg2+ ion is also an important protagonist in ATP
catalysis, as it has previously been shown that the presence of
metal ions at the active site can alter the reaction mechanism of
phosphate ester hydrolysis.10,29,30 The full hexameric p97
complex and key residues of the active site are shown in Figure
1.
In addition to amino acids and metal ions, buried water

molecules contribute to the mechanistic complexity of ATP
hydrolysis. Previous QM/MM studies of other P-loop
NTPases have shown that multiple water molecules can
participate in the reaction, posing challenges for the computa-
tional exploration of reaction pathways. In ABC transporters, a
single water molecule was found to be sufficient for ATP
hydrolysis.32 In contrast, myosin, kinesin, and F1-ATPase
require multiple water molecules. In myosin, two catalytic
water molecules were found: an attacking and a helping water,
which are positioned by a dense hydrogen bonding network.33

ATP hydrolysis in F1-ATPase occurs with the help of three
water molecules, which are directly involved in the reaction
process.34 This raises the important question of how many

water molecules are involved in the catalytic mechanism of
p97.
Our interest lies not only in gaining mechanistic insight but

also in understanding how 31P chemical shifts evolve during
hydrolysis. This is motivated by our previous study,35 where
we observe a drastic change in the chemical shifts of the Pβ
nucleus for pre- and post-hydrolysis protein states, which can
only fully be explained by direct investigation of the
mechanism of p97.
In this work, we present a detailed investigation of the p97

reaction mechanism, using extended QM/MM calculations.
For this purpose, we followed a three-step computational
workflow. We start by exploring possible reaction mechanisms
in the active site by testing reactions of nearby water
molecules. Second, the reaction paths that lead to stable
intermediates are optimized to obtain minimum energy
pathways. Lastly, after a thorough benchmark of the reliability
of the QM/MM setup, enhanced sampling MD simulations are
performed to obtain accurate reaction and activation free
energies of the rate-limiting step. We discuss the structural
rearrangements at the active site during product formation and
finally predict NMR chemical shifts along the reaction
pathway, always thoroughly relating our findings to the
experimental data. In this way, we aim to provide a complete
picture of ATP hydrolysis in p97 and similar members of the
AAA+ protein family.

2. METHODS
For the QM/MM study on the reaction mechanism, we build
on insights gained from our recent computational study35 on
p97 ATPase, as well as experimental NMR,20 cryo-EM, and
MM-MD studies8 on this protein. The crystal structure (PDB
4KO831) of p97 originally contains the hydrolysis-resistant
ATPγS at the active site, which was transformed into ATP,
followed by QM/MM structure optimizations, and served as
educt structure and starting point for exploring the reactivity.
The conversion of ATPγS to ATP, system preparation,
protonation state assignment of titratable groups, and
equilibration of the ATP-bound p97 protein were performed
by Shein et al.,8 who provided us with the resulting
equilibrated educt structure. Compared to the hydrolysis-
resistant substrate analogue (ATPγS), the presence of the true

Figure 1. Left: Structure of the hexameric p97 featuring the N-terminal domain and the D1 nucleotide binding domain (PDB 4KO831). Two
adjacent subunits are highlighted in dark gray, which are selected for our computations. Right: schematic representation of the binding site with
ATP, the Mg2+ ion, and crystallographic water molecules. Walker A, B, and the Sensor 1 motif, as highly conserved regions across AAA+ proteins,
are highlighted with colors.
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substrate (ATP) at the active site prompts the reorientation of
key protein residues such as the trans-acting R359 and R362
arginine fingers and Glu305 (see Figure S2 in the Supporting
Information (SI)). The functional p97 machine assembles
from six identical subunits, also called protomers, from which
we chose two neighboring protein subunits as subsystem with
ca. 30000 atoms for our simulations (see Figure 1). Events
such as substrate binding, inorganic phosphate release, and
ADP unbinding involve complex conformational changes in
the global structure of p97,20 and for the in silico study of these
steps, intersubunit communication must be explicitly modeled,
requiring analysis of the entire hexamer. However, our focus is
on the chemical mechanism of ATP hydrolysis; therefore, only
a subsystem comprising two neighboring subunits was selected
for our study.
All QM/MM calculations were performed using the PBEh-

3c36 DFT functional on 120−160 QM atoms, the rest of the
system being described by the MM part using the Amber
ff14Sb.37 Before choosing the DFT functional used for the
QM/MM calculations, we performed a DFT functional
benchmark study on the minimum energy pathways. Here,
we observed a good agreement within 1−2 kcal/mol between
the efficient PBEh-3c/def2-mSVP method and the DLPNO−
CCSD(T)/def2-QZVP38,39 coupled-cluster approximation.
Therefore, we decided to use the PBEh-3c hybrid DFT
functional, which was developed for efficient geometry
optimizations and reaction energy evaluations in large
molecular systems using a smaller DZ basis set to balance
accuracy and cost. The influence of different DFT functionals
and basis sets is presented in Section 4 of the SI.
For the QM/MM calculations, the FERMIONS++40−42

quantum chemistry program package in combination with
the LibXC43 library of exchange-correlation functionals, the
OpenMM44,45 library, and the Adaptive-Sampling Python
package46,47 were employed.

FERMIONS++ enables hybrid DFT applications on extended
biomolecular systems, due to its efficient implementations of
the sn-LinK48,49 and RI-J50 methods, and also supports the
linear-scaling computation of NMR chemical shieldings.51

QM/MM interactions were treated with an additive scheme
using electrostatic embedding,52 and QM/MM NMR calcu-
lations were conducted at the B97−2/pcSseg-253,54 level of
theory. Complete computational details on the used methods
and benchmark studies are provided in the Supporting
Information, while in the following, a brief summary of the
employed workflow is given.
Our methodology is based on the steps, as summarized in

the overview above (Figure 2), followed by the final relation of
the results to experimental studies. We begin the initial
exploration using adiabatic mapping (AM) to test the
nucleophilic attack of crystallographic water molecules close
to the Pγ and Pβ atoms of the ATP molecule. AM pathways
were obtained from a sequence of energy minimizations along
selected reaction coordinates. It is important to note that
reaction coordinates involve only the forming of the OWat-Pγ
and/or dissociating Pγ-O3B distances, while water protons
migrate to the best suited acceptor in an unbiased fashion. In
our workflow, AM was used solely to identify the next local
minimum on the potential energy surface (PES). Once a
minimum was found, the Nudged Elastic Band (NEB)
method55 was applied to determine the minimum energy
path (MEP) between the optimized metastable states. Next, we
carried out a thorough benchmark study to determine the
appropriate QM region size, as shown in Sections S5−S6 of
the SI.
To obtain accurate activation and reaction free energies, we

explore the potential of mean force (PMF) (i.e., free energy
surface) of the rate-determining step by sampling the
underlying PES. This is the most computationally demanding
step of our approach, as the time step is 0.5 fs, and the total
sampling time exceeds 2 ns. This extensive sampling was

Figure 2.Workflow overview, which builds on the FERMIONS++40−42 quantum chemistry software and the Adaptive-Sampling Python package.46,47
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achieved through the high efficiency of our in-house
FERMIONS++40−42 quantum chemistry code, enabling the
computation of statistically robust free energy profiles of the
rate-limiting reaction steps.
The choice of the collective variable (CV), which provides a

measure of the reaction progress, is crucial for successful
importance sampling simulations, as a poor selection of the CV
can drastically influence the obtained activation free energy.56

Therefore, we used the NEB optimized reaction pathway as a
path collective variable (PCV)57 for sampling with the well-
tempered metadynamics extended-system adaptive biasing
force method (WTM-eABF).58−60 We choose WTM-eABF
over static sampling methods like Umbrella Sampling (US),
because it facilitates the free diffusion of the system along CVs,
resulting in the broad and reliable sampling of transition
pathways.61 The CV space for the PCV was defined a priori by
selecting breaking and forming bond distances involved in the
corresponding step, ensuring that the CVs clearly differentiate
key states and remain minimal in number. For further details
on the parameters used in the QM/MM-MD sampling, see
Section S7 of the SI. Finally, we validate our results by
comparison with recent cryo-EM8 and experimental NMR
data,20 which capture the ADP.Pi post-hydrolysis protein state
prior to the release of inorganic phosphate (Pi).

3. RESULTS AND DISCUSSION
The X-ray structure with PDB 4KO831 reveals buried water
molecules at the active site (see Figure S3 of the SI), which
form a highly conserved and integral part of the structure of
the p97 protein. In the computational modeling of the reaction
mechanism, the first challenge is identifying the catalytic water
molecule responsible for cleaving the phosphate group as well
as the role of key catalytic amino acids such as conserved
Glu305 and Sensor 1 Asn348 in the process, as discussed in
Sections 3.1−3.3, respectively. After the initial nucleophilic
attack, the final product is built in a second reaction step that

involves proton transfer and rearrangement of the Mg2+
coordination sphere (Section 3.4). Finally, both reaction
pathways are compared to solid-state NMR measurements
(Section 3.5).
3.1. Walker B Glu305 Acts as a Catalytic Base. We

started by testing the influence of differently oriented
crystallographic water molecules on the activation barrier of
the first step in ATP hydrolysis. Close to the reaction center,
we observe the same number of water molecules as in the
crystal structure, occupying well-defined locations throughout
the long-timescale MD simulation of the educt structure
reported by Shein et al.,8 as shown in Figures S10 and S11 of
the SI. We identified three water molecules as likely candidates
for the nucleophilic attack, based on their proximity to the Pγ
atom or to a suitable proton acceptor. In the first step of
phosphate hydrolysis, the H+ of the lytic water molecule is
transferred to a nearby proton acceptor, OH− attacks the Pγ,
and the Pγ-O3B bond breaks. Our exploration using adiabatic
mappings (see Section S2 of the SI) shows that the proton can
be accepted by either a protein group acting as a base (base-
assisted) or by the phosphate itself (substrate-assisted).
Additionally, one or two water molecules can be involved.
An overview of the obtained reaction mechanisms is given in
Figure 3.
From the MEPs presented in Figure 4, which are obtained

by NEB optimization of AM reaction pathways, we conclude
that the base-assisted (Glu305) mechanisms with the
participation of a single water molecule are more favorable
than the two water or the substrate-assisted (phosphate-as-a-
base) mechanisms, whose activation energy barrier is more
than 20 kcal/mol higher. For the Glu305-assisted, single water
path, we identify two distinct reaction channels (channel A and
B), as further discussed below. Furthermore, we can conclude
that a single water molecule can hydrolyze ATP in p97.
However, for enzymes where the catalytic base is positioned
farther away from the Pγ or the nucleophilic water molecule,
the proton transfer may require a longer pathway, potentially

Figure 3. Observed reaction mechanisms using adiabatic mapping.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.5c00928
J. Chem. Theory Comput. 2025, 21, 9459−9469

9462

3. Publications

68



involving one or more bridging water molecules.33,62,63 That
the substrate-assisted mechanism is not feasible is supported by
previous QM/MM studies32,64 on P-loop NTPases, which
likewise identify the base-assisted pathway as the more
favorable route�reported to be 10 kcal/mol32 or 26 kcal/
mol lower in energy.64

The observation that glutamate plays a direct role in ATP
hydrolysis aligns well with experimental findings in p97, which
show that mutating this conserved glutamate to glutamine
alters the catalytic rate constant and abolishes ATP
hydrolysis,31,65 more specifically resulting in a 20-fold decrease
in enzymatic activity.20 Additional support for the proposed
glutamate-assisted mechanism comes from experimental and
computational studies on nucleotide triphosphate (NTP)
hydrolysis in other NTPases,34,63,64,66,67 which, like AAA+
proteins, share the Walker B motif and a highly conserved
glutamate in this region.
3.2. Orientation of the Catalytic Water by Sensor 1.

For the glutamate-assisted mechanism, we identify two
reaction channels. Channel A, where a water molecule attacks
that is stabilized and oriented by hydrogen bonds to Sensor 1
Asn348, and channel B, which involves a different water
molecule. In Figure 5, both water molecules are shown in blue
and orange, respectively, together with the key interatomic

distances to Pγ and Glu305. The channel A water molecule
(blue) is further away from Pγ than the channel B water, but
already well positioned for nucleophilic attack, resulting in a
smooth reaction energy profile (blue curve in Figure 4).
Additionally, the channel A water molecule is stabilized by a
strong H-bond formed with the amide of the peptide bond
between Asn348 and Thr347 and a weaker H-bond, as well
(see also Figure S11). This buried water molecule is also part
of the crystal structure, located within 3 Å from the H-donor N
of the asparagine and 5.3 Å away from the Pγ atom (see Figures
S3, S10, and S11).
The channel B water molecule (orange) is closer to Pγ, but it

is not well positioned for hydrogen transfer to Glu305 (see also
Figures S9−S11 in the SI). Hence, the corresponding MEP of
Figure 4 (orange) shows two reaction barriers, where the first
corresponds to the reorientation of the water molecule to a
hydrolysis-competent state, where the attacking angle is more
optimal. Active site configurations for the tested water
positions and the resulting adiabatic mapping pathways are
shown in Section S2 of the SI.
Figure 6 shows the minimum energy pathways as obtained

from NEB calculations together with key interatomic distances
(OWat-Pγ in red, O3B-Pγ in green, and proton distance to
Glu305 in blue). The first nine images of the channel B NEB
path capture the reorientation of the water molecule to a
position where it is closer to the proton acceptor, while the
OWat-Pγ distance does not change. At the same time, the H+
approaches Glu305 to 1.8 Å. This distance of the OGlu305-HWat
does not change for channel A as the preoriented water
molecule only needs to get closer to the Pγ. Another important
structural characteristic that distinguishes the two channels is
the attack angle (Figure S9) that needs to reach a nearly
collinear state before hydrolysis occurs. After reorientation of
the channel B water, for both channels, the O3B-Pγ bond
cleavage (green) and OWat-Pγ bond formation (red) occur
concertedly in an SN2-like reaction mechanism and with a
similar reaction energy barrier.
Therefore, we conclude that the reaction requires a water

molecule that is well positioned for the nucleophilic attack as
well as hydrogen-bonded to the proton-accepting Glu305. The
Sensor 1 Asn348 provides perfectly preoriented water
molecules, whereas the nucleophilic attack of other waters
involves an additional reorientation step, reaching an activated
intermediate configuration. In line with our observation of the
Asn348 residue’s role in p97, a recent QM/MM study on
helicase-catalyzed ATP hydrolysis64 similarly reported that a
hydrogen bond involving the backbone of a glycine residue at
the active site helps to orient the nucleophilic water molecule
for the attack.
3.3. QM/MM-MD Conformational Sampling Lowers

the Activation Barrier. In the next step, the optimized MEP
serves as PCV for free energy simulations. Because of the high
cost of these simulations, we select only the most promising
MEP, the one corresponding to the attack of the Sensor 1-
oriented water molecule in a base-assisted (Glu305)
mechanism. MD simulations are initiated from every image
of the optimized NEB path and a reaction free energy profile is
computed from QM/MM-MD simulations using the path
Well-Tempered Metadynamics extended-system Adaptive
Biasing Force (WTM-eABF) algorithm as implemented in
our Adaptive-Sampling package.60

In Figure 8, the resulting PMF (right), as well as trajectories
(left) and histograms (middle) of the PCV for the two

Figure 4. First step of ATP hydrolysis. Minimum energy profiles
(MEPs) were obtained for the substrate- and base-assisted reaction
mechanisms.

Figure 5. Binding pocket: two water molecules close to Glu305 and
the Pγ atom. The water molecule marked by violet blue is oriented
and stabilized by hydrogen bonds with the Sensor 1 Asn348 (channel
A). The water molecule marked by orange is the closest to the Pγ
atom (channel B).
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simulations that start from both minima, are shown. The
trajectories of 14 additional simulations are shown in Section
S10 of the SI, reaching a total sampling time of 2 ns. A PMF
from the data of all combined simulations is shown in gray on
the right side of Figure 8. The trajectories (left) show how the
system is reversibly driven from one basin to another. The first
transition in the forward direction occurs after 23−30 ps as the
system has to overcome a high energy barrier in this direction,
while the first transition in the backward direction takes place
in less than 25 ps. The histograms of the PCV show a
sufficiently uniform distribution over the sampled 200 ps,
during which four full transitions occur between the educt and
the intermediate structures. This suggests that the employed
WTM-eABF algorithm effectively enhances sampling. It drives
the system across the free energy landscape, allowing even
exploration of the reactant, transition state, and product
regions. For further details, see Figures S24−S25, which
illustrate the evolution of key interatomic distances during
sampling. Efficient enhancement of the QM/MM-MD
sampling was essential for two reasons: the large size of the
QM region (Figure 7) and the extended simulation time. The
QM region consists of 164 atoms, selected around the reaction
center defined by the attacking water molecule, the Pγ atom,
and the catalytic base E305, as illustrated in Figure S16 of the
Supporting Information.
The free energy barrier (25 kcal/mol) obtained from PMF is

significantly lower than the static NEB result (35 kcal/mol).
Furthermore, the intermediate is also strongly stabilized, as
evidenced by the local minimum corresponding to the ADP +
HPO42− state at about 10 kcal/mol in contrast to the 20 kcal/
mol located on the MEP (see Figure 6).
From the experimentally measured reaction rate constant for

ATP hydrolysis in p97,8,20 we estimate the activation free

energy using the Eyrings equation k expk T
h
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‡
, where κ

is assumed to be 1, kB is the Boltzmann constant, T is the
temperature used in the experiment, h is Planck’s constant, and
ΔG‡ is the activation free energy. According to this, a free
energy barrier of at least 19.67 kcal/mol corresponds to the
experimentally measured khydrolysis = 20 min−1 (50 °C) rate

constant,20 which is in reasonable agreement with the obtained
results. It is important to note that while a 2−5 kcal/mol error
can be standard for hybrid DFT applications,68 the slight
overestimation of the barrier in our case can be attributed to
the confinement of the path CV. When including the harmonic
confinement potential into the MBAR analysis, the free energy
barrier is reduced and closer to the experimentally derived
value (see Figure S22 and the discussion in Section S7).
3.4. Forming the Product under the Rearrangement

of the Mg2+ Coordination Shell. After the first step, we
reach a high-energy intermediate at the active site, which
corresponds to ADP, HPO42−, and the protonated Glu305.
The last step consists of a H+ transfer from the Glu305 to the
O atom of the Pγ atom, forming H2PO4−, the inorganic
phosphate (Pi). An optimized NEB path together with key
interatomic distances is shown in Figure 9. In black, the MEP
for this reaction is shown, which has a low activation barrier of
7 kcal/mol and is strongly exothermic by about 19 kcal/mol.
The reaction is characterized by two structural rearrangements:
first, the proton from the catalytic base is transferred to the

Figure 6. MEPs for channel A and channel B reactions are shown in black. Colored lines denote key interatomic distances for the base-assisted
mechanism, with the corresponding axis given on the right.

Figure 7. First step: the QM region consist of 164 atoms: the
phosphate backbone of the ATP molecule, the 12 closest water
molecules (blue), Glu305 and Asp307 from the Walker B motif (red),
Ala346, Thr347, and Asn348 from the Sensor 1 motif (purple),
Gly248, Thr249, Gly250, and Lys251 from the Walker A motif
(green), as well as Arg359 from the adjacent protein subunit
(orange). Gray spheres indicate carbon atoms at the QM/MM
boundaries, where hydrogen link atoms were introduced; only
nonpolar C−C bonds were cut to define the QM region.
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O2G oxygen atom of Pγ (gray line of Figure 9), which
coordinates Mg2+ (see Figure 10), likely due to steric proximity
or the high electron density of this oxygen atom. This
assumption is supported by a 19F NMR study on GTP
hydrolysis,69 showing that the oxygen atom coordinated to
Mg2+ has the highest electron density among the oxygens of Pγ
and is the proton acceptor.32 Second, the proton transfer step
also requires a rearrangement of the divalent ion coordination
shell, as shown by the purple and blue lines that denote the
evolution of the Mg2+-O3B and Mg2+-OThr252 distances.
As shown in Figure 10, both in the intermediate and product

states, Mg2+ is tightly coordinated by six ligands, forming an
octahedral geometry. A key event in the second step is the
reorganization of the Mg2+ coordination shell. In both the
educt and intermediate states, Thr252�a highly conserved

residue across many P-loop NTPases11�strongly coordinates
to Mg2+. However, upon H2PO4− formation, the threonine
leaves the ion’s coordination shell and O3B becomes part of it.
This observation aligns with the high-resolution cryo-EM
structure,8 which captures the ADP·Pi state of human ATPase
p97 just before the release of the inorganic phosphate from the
binding site. The cryo-EM density of this study also indicates
that compared to the ATP-bound state in the product, the
Mg2+ ion has already dissociated from the threonine. The
rearrangement in the coordination shell leads to a 3-fold
connection between Mg2+, ADP, and Pi which remains stable
for 10 ps in an unbiased QM/MM-MD simulation of the
product state (see Section S8 of the SI), after which a water
molecule enters the coordination shell.
As shown in Figure 11, in addition to the coordination shell,

a strong H-bonding network stabilizes the product state. The
Walker A residue Lys251�the immediate neighbor of
Thr252�acts as a tridentate, contacts O3G and O2B, and
thus bridges ADP and Pi. The inorganic phosphate is further
stabilized by forming H-bonds with the H+ donor Glu305 and
Arg359, which are stronger than those of the educt state (see
Section 8 of the SI).
We conclude that the minimum energy pathway of the

proton transfer step leads to a product state, where the
strongest electrostatic interactions between the substrate and
protein residues occur with the Mg2+ ion and the Lys251 side
chain, both of which were identified as key stabilizers of the
post-hydrolysis ADP·Pi state.8 The unbinding of the inorganic
phosphate has a high kinetic barrier20 and will be anticipated
by a rearrangement in the Mg2+ coordination shell, where the
inorganic phosphate detaches and the vacant places are
occupied by neighboring water molecules. However, studying
the detachment process of the inorganic phosphate is outside
the scope of this paper.
3.5. Comparison to Solid-State NMR Measurements.

In our previous work,35 we have discussed computed NMR
shifts as ensemble properties predicted from microseconds-

Figure 8. Left: Trajectories and histograms of the PCVs started from the educt (gold) and intermediate structure (purple). Right: PMF profiles
were computed for QM/MM-MD trajectories initiated from the respective NEB images. The gray free energy profile was computed from the
cumulative data of all 16 trajectories started from different NEB images. The PCV represents the hydrolysis reaction progress along the minimum
free energy path, i.e., “0” corresponds to ATP and “1” to the ADP + HPO42− intermediate.

Figure 9. MEP of the second reaction step is shown in black (left
axis) and key interatomic distances in gray, purple, and blue (right
axis).
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long MM-MD trajectories of the educt and the product state
without studying the reaction mechanism of ATP hydrolysis.
The product state in this case featured ADP bound to p97
without the cleaved inorganic phosphate, which had already
detached from the binding site. Here, we have observed that

pre- and post-hydrolysis chemical shifts of the nucleoside differ
the most for the Pβ nucleus.

35 The chemical shift computed for
this nucleus undergoes a drastic downfield shift of more than
12 ppm, showing a good agreement with experimental NMR
measurements.20 After the reaction mechanism of ATP
hydrolysis is studied, NMR calculations are performed using
a QM/MM DFT framework, allowing the computation of
NMR chemical shifts along the reaction pathway as one
transitions from the educt to the product structure. Compared
to NMR measurements, which capture averaged chemical
shifts over the acquisition time, this enables direct observation
of the influence of cleavage of the phosphate bond in the first
step, as well as proton transfer and Mg2+ coordination in the
second step on chemical shifts.
The results of this analysis are shown in Figure 12 in

combination with key interatomic distances. There are more
factors that contribute to these changes in the chemical shifts;
here, however, we restrict our discussion to the key events that
are observed during the first and second reaction steps. For the

Figure 10. Second step: Mg2+ coordination shell in the intermediate (left) and product (right) states.

Figure 11. Key protein residues stabilize the product state.

Figure 12. Monitoring 31P NMR chemical shifts along the two-step reaction progress. The dashed lines show the chemical shifts of the Pα (gray)
and the Pβ nucleus (red). Continuous lines with points represent the measured interatomic distances during the 1st and 2nd reaction steps (Pγ-O3B
in green and Mg2+-O3B in purple).
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Pα nucleus, which is not directly involved in the reaction,
chemical shifts barely change during the two reaction steps. In
contrast, for the Pβ nucleus, a 16 ppm downfield shift is
observed upon hydrolysis, showing an excellent agreement
with the experimentally observed difference between the shift
measured before (ATP: −20 ppm) and after hydrolysis (ADP:
−4 ppm) (see Figure 2 of the experimental NMR study20).
The contribution of the second reaction step to the overall
downfield shift of the Pβ nucleus is significant (see the right
panel of Figure 12). This is not surprising as we have already
observed how the Mg2+ coordination sphere in the immediate
proximity of the Pβ nucleus changes as the reaction progresses
toward the product state (see Figure 10). The O3B atom enters
the coordination shell, while Thr252 leaves it, as captured by
the MEP.
Further, as the scissile Pγ-O3B bond elongates (green line in

Figure 12), the Pβ shift immediately moves toward the
downfield region, eventually reaching −5 ppm, such that the
intermediate state already has a drastically changed Pβ shift.
The wild-type ADP-bound spectra show a downfield-shifted Pβ
signal, and based on the computed NMR chemical shifts along
the reaction progress, we conclude that this change happens
already upon hydrolysis, rather than only during the inorganic
phosphate (Pi) release. Therefore, the experimental observa-
tion of a Pβ shift in the upfield region near −15 ppm in the
post-hydrolysis ADP.Pi state

20 remains elusive, likely due to
the use of the E305Q mutation needed for the ADP.Pi NMR
measurements, which could lead to a mixture of ATP-bound
and hydrolyzed species.

4. CONCLUSIONS
In this work, we applied a hybrid QM/MM approach that
combines minimum energy pathway optimizations and
enhanced sampling methods to provide mechanistic insights
into the protein-mediated ATP hydrolysis catalyzed by p97.
Our findings clarify the role of various amino acids at the
binding site:

• Glu305 from the Walker B motif, a highly conserved
feature in many AAA+ proteins, catalyzes the reaction by
accepting a proton from the catalytic water, which is
later transferred back to the inorganic phosphate to form
the final product.

• The Asn348 residue of the Sensor 1 motif, also present
in all AAA+ proteins, orients the attacking water
molecule. A crystallographic water molecule is posi-
tioned near a strong proton acceptor (Glu305),
stabilized by hydrogen bonds, and aligned almost
collinearly with the P−O bond that is about to be
cleaved.

• The coordination shell of the Mg2+ ion stabilizes the
transition state and product together with positively
charged protein residues such as Lys251 of the Walker A
motif and Arg359 of the Walker B motif. To form the
product, the Walker A Thr252 leaves the Mg2+
coordination shell in favor of the O3B of Pβ.

Furthermore, we show that a single water molecule can
hydrolyze ATP and that phosphate bond breaking and bond
formation occur concertedly in a single reaction step. For
studying the rate-limiting step of hydrolysis, we apply extensive
sampling and obtain an activation free energy barrier that is in
reasonable agreement with the experimental catalytic turnover
rates. Starting from the pre-hydrolysis crystal structure, our

computational exploration of the reaction mechanism finally
leads to a conformation that is consistent with the cryo-EM
structure of the post-hydrolysis protein state. Finally, we
complement our mechanistic insights by exploring how 31P
NMR chemical shifts evolve along the proposed ATP
hydrolysis pathway, linking their drastic changes, which are
also observed in experimental NMR studies,20 to key structural
rearrangements. Overall, our contribution provides a full
picture of the chemical step of ATP hydrolysis catalyzed by
p97.
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of a transient reaction intermediate illuminates the mechanochemical
cycle of the AAA-ATPase p97. J. Am. Chem. Soc. 2020, 142, 14472−
14480.
(21) Schmidt, H.; Gleave, E. S.; Carter, A. P. Insights into dynein
motor domain function from a 3.3-Å crystal structure. Nat. Struct.
Mol. Biol. 2012, 19, 492−497.

(22) Schmidt, H.; Carter, A. P. Review: Structure and mechanism of
the dynein motor ATPase. Biopolymers 2016, 105, 557−567.
(23) Afanasyeva, A.; Hirtreiter, A.; Schreiber, A.; Grohmann, D.;
Pobegalov, G.; McKay, A. R.; Tsaneva, I.; Petukhov, M.; Käs, E.;
Grigoriev, M.; Werner, F. Lytic water dynamics reveal evolutionarily
conserved mechanisms of ATP hydrolysis by TIP49 AAA+ ATPases.
Structure 2014, 22, 549−559.
(24) Hänzelmann, P.; Schindelin, H. Structural basis of ATP
hydrolysis and intersubunit signaling in the AAA+ ATPase p97.
Structure 2016, 24, 127−139.
(25) Karata, K.; Inagawa, T.; Wilkinson, A. J.; Tatsuta, T.; Ogura, T.
Dissecting the role of a conserved motif (the second region of
homology) in the AAA family of ATPases: site-directed mutagenesis
of the ATP-dependent protease FtsH. J. Biol. Chem. 1999, 274,
26225−26232.
(26) Hattendorf, D. A.; Lindquist, S. L. Cooperative kinetics of both
Hsp104 ATPase domains and interdomain communication revealed
by AAA sensor-1 mutants. EMBO J. 2002, 21, 12−21, DOI: 10.1093/
emboj/21.1.12.
(27) Wang, Q.; Song, C.; Irizarry, L.; Dai, R.; Zhang, X.; Li, C.-C. H.
Multifunctional roles of the conserved Arg residues in the second
region of homology of p97/valosin-containing protein. J. Biol. Chem.
2005, 280, 40515−40523.
(28) Ogura, T.; Whiteheart, S. W.; Wilkinson, A. J. Conserved
arginine residues implicated in ATP hydrolysis, nucleotide-sensing,
and inter-subunit interactions in AAA and AAA+ ATPases. J. Struct.
Biol. 2004, 146, 106−112.
(29) Kamerlin, S. C. L.; Wilkie, J. The role of metal ions in
phosphate ester hydrolysis. Org. Biomol. Chem. 2007, 5, 2098−2108.
(30) Mateeva, T.; Klähn, M.; Rosta, E. Structural dynamics and
catalytic mechanism of ATP13A2 (PARK9) from simulations. J. Phys.
Chem. B 2021, 125, 11835−11847.
(31) Tang, W. K.; Xia, D. Altered intersubunit communication is the
molecular basis for functional defects of pathogenic p97 mutants. J.
Biol. Chem. 2013, 288, 36624−36635.
(32) Prieß, M.; Göddeke, H.; Groenhof, G.; Schaäfer, L. V.
Molecular mechanism of ATP hydrolysis in an ABC transporter. ACS
Cent. Sci. 2018, 4, 1334−1343.
(33) Kiani, F. A.; Fischer, S. Stabilization of the ADP/
metaphosphate intermediate during ATP hydrolysis in pre-power
stroke myosin: quantitative anatomy of an enzyme. J. Biol. Chem.
2013, 288, 35569−35580.
(34) Hayashi, S.; Ueno, H.; Shaikh, A. R.; Umemura, M.; Kamiya,
M.; Ito, Y.; Ikeguchi, M.; Komoriya, Y.; Iino, R.; Noji, H. Molecular
mechanism of ATP hydrolysis in F1-ATPase revealed by molecular
simulations and single-molecule observations. J. Am. Chem. Soc. 2012,
134, 8447−8454.
(35) Szántó, J. K.; Dietschreit, J. C.; Shein, M.; Schütz, A. K.;
Ochsenfeld, C. Systematic QM/MM Study for Predicting 31P NMR
Chemical Shifts of Adenosine Nucleotides in Solution and Stages of
ATP Hydrolysis in a Protein Environment. J. Chem. Theory Comput.
2024, 20, 2433−2444.
(36) Grimme, S.; Brandenburg, J. G.; Bannwarth, C.; Hansen, A.
Consistent structures and interactions by density functional theory
with small atomic orbital basis sets. J. Chem. Phys. 2015, 143,
No. 054107, DOI: 10.1063/1.4927476.
(37) Maier, J. A.; Martinez, C.; Kasavajhala, K.; Wickstrom, L.;
Hauser, K. E.; Simmerling, C. ff14SB: improving the accuracy of
protein side chain and backbone parameters from ff99SB. J. Chem.
Theory Comput. 2015, 11, 3696−3713.
(38) Riplinger, C.; Sandhoefer, B.; Hansen, A.; Neese, F. Natural
triple excitations in local coupled cluster calculations with pair natural
orbitals. J. Chem. Phys. 2013, 139, No. 134101, DOI: 10.1063/
1.4821834.
(39) Riplinger, C.; Pinski, P.; Becker, U.; Valeev, E. F.; Neese, F.
Sparse maps�A systematic infrastructure for reduced-scaling
electronic structure methods. II. Linear scaling domain based pair
natural orbital coupled cluster theory. J. Chem. Phys. 2016, 144,
No. 024109, DOI: 10.1063/1.4939030.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.5c00928
J. Chem. Theory Comput. 2025, 21, 9459−9469

9468

3. Publications

74



(40) Kussmann, J.; Ochsenfeld, C. Pre-selective screening for matrix
elements in linear-scaling exact exchange calculations. J. Chem. Phys.
2013, 138, No. 134114.
(41) Kussmann, J.; Ochsenfeld, C. Preselective screening for linear-
scaling exact exchange-gradient calculations for graphics processing
units and general strong-scaling massively parallel calculations. J.
Chem. Theory Comput. 2015, 11, 918−922.
(42) Kussmann, J.; Ochsenfeld, C. Hybrid CPU/GPU integral
engine for strong-scaling ab initio methods. J. Chem. Theory Comput.
2017, 13, 3153−3159.
(43) Lehtola, S.; Steigemann, C.; Oliveira, M. J. T.; Marques, M. A.
L. Recent developments in libxc�A comprehensive library of
functionals for density functional theory. SoftwareX 2018, 7, 1−5.
(44) Eastman, P.; Pande, V. OpenMM: A hardware-independent
framework for molecular simulations. Comput. Sci. Eng. 2010, 12, 34−
39.
(45) Eastman, P.; Swails, J.; Chodera, J. D.; McGibbon, R. T.; Zhao,
Y.; Beauchamp, K. A.; Wang, L.-P.; Simmonett, A. C.; Harrigan, M.
P.; Stern, C. D. e. a.; et al. OpenMM 7: Rapid development of high
performance algorithms for molecular dynamics. PLoS Comput. Biol.
2017, 13, No. e1005659.
(46) Hulm, A.; Dietschreit, J. C.; Ochsenfeld, C. Statistically optimal
analysis of the extended-system adaptive biasing force (eABF)
method. J. Chem. Phys. 2022, 157, No. 024110, DOI: 10.1063/
5.0095554.
(47) Hulm, A.; Lemke, Y.; Johannes, D.; Glinkina, L.; Stan-
Bernhardt, A. adaptive_sampling. https://github.com/ochsenfeld-lab/
adaptive_sampling.
(48) Laqua, H.; Thompson, T. H.; Kussmann, J.; Ochsenfeld, C.
Highly efficient, linear-scaling seminumerical exact-exchange method
for graphic processing units. J. Chem. Theory Comput. 2020, 16,
1456−1468.
(49) Laqua, H.; Dietschreit, J. C.; Kussmann, J.; Ochsenfeld, C.
Accelerating Hybrid Density Functional Theory Molecular Dynamics
Simulations by Seminumerical Integration, Resolution-of-the-Identity
Approximation, and Graphics Processing Units. J. Chem. Theory
Comput. 2022, 18, 6010−6020.
(50) Kussmann, J.; Laqua, H.; Ochsenfeld, C. Highly efficient
resolution-of-identity density functional theory calculations on central
and graphics processing units. J. Chem. Theory Comput. 2021, 17,
1512−1521.
(51) Ochsenfeld, C.; Kussmann, J.; Koziol, F. Ab initio NMR spectra
for molecular systems with a thousand and more atoms: a linear-
scaling method. Angew. Chem. 2004, 116, 4585−4589.
(52) Field, M. J.; Bash, P. A.; Karplus, M. A combined quantum
mechanical and molecular mechanical potential for molecular
dynamics simulations. J. Comput. Chem. 1990, 11, 700−733.
(53) Wilson, P. J.; Bradley, T. J.; Tozer, D. J. Hybrid exchange-
correlation functional determined from thermochemical data and ab
initio potentials. J. Chem. Phys. 2001, 115, 9233−9242.
(54) Jensen, F. Segmented contracted basis sets optimized for
nuclear magnetic shielding. J. Chem. Theory Comput. 2015, 11, 132−
138.
(55) Henkelman, G.; Jónsson, H. Improved tangent estimate in the
nudged elastic band method for finding minimum energy paths and
saddle points. J. Chem. Phys. 2000, 113, 9978−9985.
(56) Dietschreit, J. C. B.; Diestler, D. J.; Hulm, A.; Ochsenfeld, C.;
Gómez-Bombarelli, R. From free-energy profiles to activation free
energies. J. Chem. Phys. 2022, 157, No. 084113, DOI: 10.1063/
5.0102075.
(57) Díaz Leines, G.; Ensing, B. Path finding on high-dimensional
free energy landscapes. Phys. Rev. Lett. 2012, 109, No. 020601.
(58) Fu, H.; Zhang, H.; Chen, H.; Shao, X.; Chipot, C.; Cai, W.
Zooming across the free-energy landscape: shaving barriers, and
flooding valleys. J. Phys. Chem. Lett. 2018, 9, 4738−4745.
(59) Fu, H.; Shao, X.; Cai, W.; Chipot, C. Taming rugged free
energy landscapes using an average force. Acc. Chem. Res. 2019, 52,
3254−3264.

(60) Hulm, A.; Ochsenfeld, C. Improved Sampling of Adaptive Path
Collective Variables by Stabilized Extended-System Dynamics. J.
Chem. Theory Comput. 2023, 19, 9202−9210.
(61) Aho, N.; Groenhof, G.; Buslaev, P. Do all paths lead to Rome?
How reliable is umbrella sampling along a single path? J. Chem. Theory
Comput. 2024, 20, 6674−6686.
(62) Kiani, F. A.; Fischer, S. Comparing the catalytic strategy of ATP
hydrolysis in biomolecular motors. Phys. Chem. Chem. Phys. 2016, 18,
20219−20233.
(63) McGrath, M. J.; Kuo, I.-F. W.; Hayashi, S.; Takada, S.
Adenosine triphosphate hydrolysis mechanism in kinesin studied by
combined quantum-mechanical/molecular-mechanical metadynamics
simulations. J. Am. Chem. Soc. 2013, 135, 8908−8919.
(64) García-Martínez, A.; Zinovjev, K.; Ruiz-Pernía, J. J.; Tuñón, I.
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1 QM/MM calculations

QM/MM simulations were performed in our in-house program package FermiONs++[1–
3]. Unless otherwise noted, for the QM part Grimme’s PBEh-3c DFT functional was
used [4]. Significant speed-ups were achieved using the sn-LinK method [5–7] and the
RI-J approximation [8] for fast evaluation of exact exchange and Coulomb energy terms,
respectively. An automatic workflow was employed to place H-atoms as links between
the MM and QM region. These link atoms were introduced between Cβ and Cα atoms if
single amino acids were selected into the QM region (Figure S1 a) and between Cα and
C atoms in case of amino acid sequences (Figure S1 b). The QM/MM boundaries were
chosen such that peptide bonds along the protein backbone and polar bonds were not
cut.

a) b)

  QM region
MM region

QM region

link 
atom

link 
atom

  QM regionMM region

link 
atom

MM region

link 
atom

Figure S1: Representation of QM/MM partitioning scheme: a) Bonds between the Cα

and Cβ atoms were cut when including single amino acids in the QM region
and b) Bonds between the Cα and C atoms were cut when including a series
of amino acids.
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QM/MM calculations were carried out with the equilibrated educt structure, which in
contrast to the static X-Ray structure contains amino acids in a catalysis-ready confor-
mation.

  

O2G

Pγ
ATPγSGlu305

Asp333 Arg359
Arg362

ATPPγ
Owat

Owat

Asp333 Arg359
Arg362

Glu305
O2G O1G Θ = - 160º  Θ = - 60º

Figure S2: Comparison of the active site conformations in p97. Right: X-ray struc-
ture (PDB: 4KO8) with the non-hydrolyzable ATP analog ATPγS. Left:
ATP-bound protein state. Key residues involved in nucleotide sensing and
catalysis (E305, R359, R362, D333) are shown to illustrate conformational
differences.

2 Structure optimizations and adiabatic mappings

For the adiabatic mappings (AMs), snapshots were extracted from the MM-MD simula-
tions of the ATP-bound state of p97 [9, 10], followed by QM/MM structure optimizations.
The DL-Find library [11] implemented in PyChemShell [12] was used for structure op-
timizations connected to the Python-interface of FermiONs++. Convergence criteria
for DFT QM/MM structure optimizations were set as follows:

The optimized structures were used as starting points for the adiabatic mapping path-
ways, where reactants were stepwise optimized while pulling along a predefined collective
variable (CV) using harmonic restraints with a force constant of 1 kJ/molÅ2. The used
collective variable is the d(Owat − Pγ) distance (see Fig. S7 and Fig. S6) or the linear
combination of the bond formation (d(Owat − Pγ)) and bond cleavage (d(Pγ − O3B))
(see Fig. S5), as implemented in the colvars module of the adaptive-sampling python
package[13]. The proton transfer from the nucleophilic water is not explicitly biased,
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Table S1: Convergence criteria for structure optimization of ATP in p97
Criteria Threshold
Energy 4× 10−4 Eh

RMS gradient 1× 10−3 Eh

Max. gradient 8× 10−3 Eh

RMS step 5× 10−3 Eh

Max. step 5× 10−1 Eh

allowing the proton to migrate freely without being constrained by the reaction coordi-
nate. Constrained optimizations were performed along the chosen reaction coordinate.
In each step, the CV value is, changed and then fixed, while the system was minimized.
All residues in a radius of 10 Å around the ATP molecule were relaxed. The QM region
contained 126 atoms from amino acids which were found within 3.5 Angstroms around
the Pγ , the two O atoms in the GluE305 side group and the attacking water molecule:
Gly248, Thr249, Gly250, Lys251, Glu305, Asn348, Arg359, the Mg2+ ion at the bind-
ing site, and the closest water molecules. From the ATP molecule only the phosphate
backbone is included in the QM region, the adenosine remains in the MM subsystem.

Within 6 Å around the Pγ atom, the X-Ray structure contains 8 stable water molecules,
without the resolved positions of the protons. Therefore, the first question to answer is
which water molecule is a good candidate for the nucleophilic attack.

  

5.5 Å

3.6 Å
3.8 Å

Pγ
PβO3B

Glu305

Asn348

Mg2+

3.8 Å

Figure S3: Oxygen atoms of buried water molecules resolved in the X-Ray structure
of ATPγS-bound p97 (PDB 4KO8 [14]) and the phosphate backbone of the
substrate. The colors of the water molecules correspond to the color coding
used in the main manuscript (see Fig. 4-5 in the main text).
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In the first approach, we have tested the nucleophilic attack of the closest water
molecules to the Pγ and Pβ atoms.

  

OWat

Pγ
O3B

Figure S4: Adiabatic mapping pathway - substrate-assisted mechanism
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In the second approach, the two water molecules closest to the Asn348 and the two
O atoms of the GluE305 were considered as candidates for the nucleophilic attack. In
this simulation, the lytic water molecule is the one closest to the Pg atom and a second,
assisting water molecule is the proton donor to the GluE305. A linear combination with
decreasing d(OWat−attack − Pγ) and d(HWat−attack −OWat−assist) distances was used as
collective variable.

  

Glu305

OWat-attack

Asn348

PγOWat-assist

Figure S5: Adiabatic mapping pathway - Base-assisted mechanism (Glu305) - 2 water
mechanism

For the single water mechanism the d(Owat − Pγ) distance was used as collective vari-
able.

  

Glu305

OWat Pγ

Figure S6: Adiabatic mapping pathway - Base-assisted mechanism (Glu305) - 1 water
mechanism (channel B)

S7

3. Publications

83



  

Glu305

OWat

Asn348

Pγ

Figure S7: Adiabatic mapping pathway - Base-assisted mechanism (Glu305) - 1 water
mechanism (channel A)

After finding adiabatic mapping pathways for the first reaction step, NEB simulations
were performed and the glutamate-as-base mechanism was selected as a plausible mech-
anism. To explore the last step of the reaction and reach the product state, the adiabatic
mapping was started from the intermediate reached in the first step. The collective vari-
able for the proton transfer step was defined as the distance between the H+ and the
closest O of the Pγ atom. The CV was decreased by 0.04Å in each step, and then fixed,
while the energy of the system was minimized.

  

O2G
Glu305

HWat

Figure S8: Adiabatic mapping pathway of the second reaction step

There are several key features that influence reactivity, but for this initial exploration,
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we used a single distance as the collective variable (CV) or the linear combination of the
breaking and forming bond. In all adiabating mapping simulations, the proton migrates
freely to GluE305 or to the substrate without being constrained by the CV. AM is highly
sensitive to the CV and the initial configuration[15], the pathways we have found using
adiabatic mapping show discontinuities, which are very frequent and typical for this
approach [16].

3 Finding minimum energy pathways using the nudged
elastic band method

NEB simulations were performed using FermiONs++[1–3] together with the FENEB
module of the adaptive-sampling package[13]. For each MEP 16 equidistant NEB im-
ages were created using linear interpolation between the two optimized endpoints of the
adiabatic mapping. 1000 steps of steepest descent optimization were carried out for all
NEB images, including the two extreme points corresponding to the reactant and the
educt structure. Adjacent images on this path are connected by springs with a force
constant k to ensure an equidistant spacing along the pathway. Here, the improved tan-
gent force estimate as described by Henkelmann and Jonsson was applied[17]. The NEB
force was used only for selected substrate atoms while the environment was allowed to
relax freely. Additionally, in each optimization step the spring force is fully optimized to
enforce equidistant spacing of NEB images. This ensured that the resulting MEPs are
well suited to serve as path CVs[18] for path WTM-eABF free energy simulations[19–21].
Hence, each image of the optimized minimum energy path was heated and equilibrated
for subsequent free energy simulations, confining each MD simulation to its corresponding
path node using a harmonic potential with force constant 120 kcal/mol.

For the Glu305 base-assisted mechanisms both reaction channels we observe an almost
collinear alignment of the Owat, Pγ and O3B atoms around the TS, before the nucleophilic
attack occurs. For channel B the water molecule forms a Ψ = 135◦ angle in the reactant
state, whereas the channel A water molecule forms a Ψ = 150◦ angle, making it better
positioned for the attack.
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Figure S9: Base-assisted mechanism (Glu). Top: the binding site of p97 with ATP, two
water molecules corresponding to channel A and B, Sensor 1 Asn348 and
the proton acceptor GluE305. Atoms marked with purple have an almost
collinear alignment before the nucleophilic attack. Bottom: Ψ(Owat−Pγ−
O3B) angle values for images of the channel A and channel B NEB paths.
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Figure S10: 2D hexbin plot depicting orientations of the closest buried water molecules
to the Pγ atom in the active site during the 1-microsecond 1 µs MM-
MD trajectory [9]. Black crosses indicate the median values of the
Ψ(Owat − Pγ −O3B) angle and Owat−Pγ distance, while red crosses mark
the educt structure used in this study. The nucleophilic attack of the water
molecule found at Ψ(Owat − Pγ −O3B) = 100◦ in the hexbin plot leads to
the substrate-assisted mechanism.
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Figure S11: Rolling averages (window size = 10 frames) over the MM-MD trajectory[9]
capturing the educt state. Shown are: Owat−Pγ distances, H-bonds formed
with Asn348 and the Ψ(Owat − Pγ −O3B) and the attacking angle for the
channel A and channel B water molecules. Shaded areas indicate the range
of ±1 standard deviation around the rolling average.

4 Benchmark calculations - the influence of different DFT
functionals and basis sets

We computed the single point energies of the images from the refined NEB path with
various DFT functionals and basis sets using ORCA [22]. We used the following DFT
functionals: PBEh-3c, ωB97M-V, B3LYP-D3(BJ) with double-ζ and triple-ζ basis sets.
The images of the NEB optimized path obtained with PBEh-3c were used to estimate
the electronic energies at different theory levels.
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Figure S12: Benchmarking the energetics of the first step, channel A.
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Figure S13: Benchmarking the energetics of the first step, channel B.

For both channels PBEh-3c[4] underestimates the barrier compared to ωB97X-3c[23]
by 5 kcal (channel A) and by 10 kcal/mol (channel B). The ωB97X-3c range-separated
composite method builds on the ωB97X-V functional, using a molecule-optimized polar-
ized valence double-zeta (vDZP) basis set and a tailored D4 dispersion correction. We
find a strong basis set influence. Using triple-ζ basis sets we get very close to the DLPNO-
CCSD(T)[24] and ωB97X-3c barrier. We chose the PBEh-3c approach with the double-ζ
basis set to enable extensive sampling. Additionally, for all functionals, the activation
barrier of channel B is higher than that of channel A, and the intermediate in channel
B (6 kcal/mol), representing a shallow minimum, is less stable than the intermediate in
channel A (12 kcal/mol).
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Figure S14: Benchmarking the energetics of the second step.
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5 Benchmark calculations - the influence of the cutoff of
electrostatic interactions with the MM subsystem
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Figure S15: The influence of the cutoff used for the QM–MM electrostatic interactions.

We maintain high accuracy by applying a 10 Å cutoff (black curve) and achieving ap-
proximately a 4-fold speedup with respect to those calculations, where the electrostatic
interactions between the QM and the MM subsystem were not cut off (red curve). The
overall small consequence of fully neglecting the electrostatic interaction with MM atoms
(cutoff 0 Å) indicates that the QM region captures the electrostatics of the active site
sufficiently well.
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6 Benchmark calculations - QM region size

We recomputed the refined NEB path with various QM regions. Water molecules, amino
acids or series of amino acids were selected in the QM region is any atoms of these
molecules fall within the d distance defined around the reaction center formed by four
key atoms from the first reaction step: the two O atoms of Glu305, the Owat atom of
the attacking water molecule and Pγ . The cut between the QM and MM regions and the
placement of link atoms was made as shown in Figure S1.

  

Figure S16: Increasing the QM region around the reaction center defined by the two O
atoms of Glu305, Owat and Pγ
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Figure S17: First step: Benchmark calculations for the number of QM atoms used in
the QM/MM simulations.

The QM region was systematically increased, including more amino acids and neigh-
boring solvent molecules. All QM regions include the phosphate backbone of the ATP
molecule, the nucleophilic water molecule, Glu305, the Mg2+ ion, the nucleophilic water
and Arg (R359). The smallest QM region (d = 2 Å) does not contain Asn348, with-
out this key residue the minimum corresponding to the intermediate cannot be located.
Nevertheless, for cutoff 4 Å(138 atoms) or larger the energy curve is largely conserved,
suggesting that the NEB QM region of 164 atoms is a safe choice.

Energy barriers slightly increase for all tested QM regions compared to the QM region
used in NEB optimizations. This can be understood by considering that for the test QM
regions only single-point energies were computed without re-optimizing the NEB path.
The 4.3 kcal/mol difference between the barriers of the converged paths with 138–438
QM atoms and the NEB path with 164 QM atoms can be attributed to the effect of the
NEB optimization. The 1000 iterations refer to 1000 steps of the Nudged Elastic Band
(NEB) method. During these steps, the reaction path and the images along the path are
iteratively refined. The first and last NEB images were frozen during this re-optimization,
only focusing on replacing the energy barrier. As shown in Fig. S18 and Fig. S20, this
gradual optimization improves the minimum energy path and reduces the energy barrier
by approximately 4 kcal/mol, such that the energy gap between the NEB-optimized and
recalculated pathways disappears.
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Figure S18: First step: the effect of 1000 NEB iterations on the minimum energy path

Below the same benchmark is shown for the second step: proton transfer from GluE305
to a phosphate oxygen. However, the influence of the QM region on results is less severe
than for the first step, and the H+ transfer process observed in the second step is more
local. Therefore, we choose a smaller QM region, consisting of 123 QM atoms.
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Figure S19: Second step: Benchmark calculations for the number of QM atoms used in
the QM/MM simulations.
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Figure S20: Second step: the effect of 1000 NEB iterations on the minimum energy
path.
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Figure S21: Second step: the QM region consist of 123 atoms - the phosphate backbone
of the ATP molecule, the six closest water molecules (blue), Glu305 from
the Walker B motif (red), Asn348 from the Sensor 1 motif (purple), Gly248,
Thr249, Gly250, and Lys251 from the Walker A motif (green), as well as
Arg359 from the adjacent protein subunit (orange). Grey spheres indicate
carbon atoms at the QM/MM boundaries, where hydrogen link atoms were
introduced; only non-polar C–C bonds were cut to define the QM region.
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7 Enhanced sampling using the WTM-eABF method

Reaction free energy profiles were computed from biased QM/MM-MD simulations using
the path Well-Tempered Metadynamics extended-system Adaptive Biasing Force (WTM-
eABF) algorithm as implemented in the adaptive-sampling package [21]. In the extended-
system formulation, the bias forces are not applied directly to the collective variable (CV)
but to a fictitious particle. This particle, with a mass of 40 a.u., is coupled to the CV
via a harmonic spring, with a thermal width set to 0.01. The CV space is discretized
with a bin width of 0.01, and the WTM and ABF forces are accumulated on this grid.
The ABF force was scaled up using a linear ramping scheme, where the force applied in
each bin was proportional to the number of collected samples with the full force applied
only in bins with 200 samples or more. For the metadynamics potential, 4000 K was
set as the WTM bias temperature and every 10 fs a new Gaussian hill with a height of
0.1 kJ/mol and with a variance of 0.03 was deposited. The initial height of the Gaussian
hills decreases over time due to the well-tempered scaling.
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Figure S22: Effect of removing the confinement to the path CV on the PMF profile.

During sampling, harmonic walls with a force constant of 100 kJ/molÅ2 are applied
to confine the CV to the range of interest, thus preventing the system from exploring
unwanted configurations. The Multistate Bennett’s Acceptance Ratio (MBAR) was used
as estimator to compute ensemble averages and PMFs using the unbiased weights of the
simulation frames [25, 26]. The MBAR equations are solved self consistently and the
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PMF profiles are computed. The PMF can be reconstructed without the bias introduced
with the confinement of the path CV, by removing the harmonic confinement potential
from the PMF. We apply the geometric path CV definition [18], which requires the
selection of an appropriate CV space. While the environment is not confined, the four
breaking and forming bond distances (show in Fig. S23) that are included in the CV
space of the path CV are forced to stay close to the MEP during the simulation.

  

d1 d2 d3 d4

Glu305

Figure S23: Enhanced sampling of the 1st step in ATP hydrolysis: bond distances
employed to build the CV space in the WTM-eABF simulations.

As shown in Fig. S24 and S25, the process starts with the cleavage of the scissile
O3B−Pγ , followed by the nucleophilic attack of a water molecule, concerted with its
deprotonation by Glu. We see that the distance to the path remains relatively constant
over the duration of the sampling period, suggesting that the MEB and minimum free
energy path (MFEP) are well aligned.
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Figure S24: The evolution of key interatomic distances and the distance from the path
CV along the sampling time. The WTM-eABF sampling is started from
the educt structure (0th NEB image), the dashed lines mark the distances
measured in the intermediate structure (15th NEB image), where the H+

from the water molecule gets transferred to the Glu305, the Owat - Pγ bond
is formed and the O3B - Pγ bond is broken.
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Figure S25: The evolution of key interatomic distances and the distance from the path
CV along the sampling time. The WTM-eABF sampling is started from
the intermediate structure (15th NEB image), the dashed lines mark the
distances measured in the educt structure (0th NEB image), where the
O3B - Pγ bond forms again and the water goes away from the terminal
phosphate.
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8 The educt and the product state - H-bond networks at
the binding site
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Figure S26: Educt state: H-bond network formed between the substrate, Arg359,
Lys251, and Thr252 with the Mg2+ coordination sphere.
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Figure S27: Product state: the Mg2+ coordination sphere bridges ADP3− and H2PO−
4 .

H-bond network formed between the substrate and key amino acids:
Glu305, Arg359, and Lys251.
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Figure S28: Product state: the Mg2+ coordination sphere bridges ADP3− and H2PO−
4 .

H-bond network formed between the substrate, Thr252 and Lys251.

In the product state (see Fig. S27), the Mg2+ ion is tightly coordinated by oxygen
atoms of ADP, Pi (O2G, O3B, O1B) and three water molecules forming an octahedral
arrangement.
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The NEB pathway that leads to the product state captures two events: the O3B atom
enters the Mg2+ coordination shell and Thr252 leaves it.
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Figure S29: Mg2+ coordination in the product state over 100 ps.

The 100 ps long unbiased QM/MM-MD simulation of the product state shows that
the O3B atom remains strongly coordinated to the Mg2+, while Thr252 stays outside the
coordination sphere. The 3-fold Mg2+ coordination to the ADP + Pi is stable for 10 ps,
after which the O1B atom leaves the coordination shell.

9 DFT NMR calculations

The chemical shift of the Pα atom barely changes as we transition from the educt to
the product structure; therefore, this nucleus was used as a reference to convert absolute
magnetic shieldings (σ) into chemical shifts (δ). All computed isotropic shieldings along
the reaction path were shifted such that the Pα from the educt (0th NEB image of the
first step) matches the experimentally measured Pα shift of the ATP at the active site
of p97[27].

ref = σcalc. (Pα in ATP) + δexp. (Pα in ATP)
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10 Enhanced sampling using the WTM-eABF method -
trajectories and histograms for the first reaction step
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Figure S30: Minimum Energy Pathway from NEB optimizations for channel A. Arrows
indicate QM/MM-MD trajectories initiated from NEB images, with bias
applied to the path collective variable for sampling. The 0th (gold) and the
15th NEB image (purple) correspond to the educt and the ADP + HPO2−

4

intermediate structure.

Sampling data from trajectories started from the 5th and 6th NEB image (Fig. S28 and
S29) were excluded from the PMF profile calculation, because these trajectories were
trapped in the product state after the first transition.

Figure S31: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 0.
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Figure S32: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 1.

Figure S33: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 2.

Figure S34: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 3.
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Figure S35: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 4.

Figure S36: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 5.

Figure S37: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 6.
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Figure S38: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 7.

Figure S39: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 8.

Figure S40: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 9.
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Figure S41: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 10.

Figure S42: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 11.

Figure S43: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 12.
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Figure S44: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 13.

Figure S45: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 14.

Figure S46: Trajectory and histogram of the path CV for QM/MM-MD sampling
started from the NEB image 15.
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11 Evaluation of the PMF profile uncertainties

Uncertainties associated with the computed free energy profiles are analyzed in the follow-
ing ways. Firstly, the variation of the PMF profile as obtained from individual trajectories
is computed (shaded region in Figure S47).
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Figure S47: PMF profile uncertainty predicted from individual trajectories. The shaded
region illustrates the 95% confidence interval.
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Secondly, we use a subsample bootstrap approach to create Nsample = 100 datasets,
each containing as many data points as a single trajectory (200 ps), and recalculate the
PMF using the same MBAR protocol.
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Figure S48: PMF computed from 100 bootstrap subsamples.

In this second approach, the uncertainty can be estimated as the standard deviation
across the resulting ensemble of PMFs (Figure S48). The obtained error bars are vanish-
ingly small, reflecting the statistical robustness of the PMF estimation from the global
data.
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3.4 Publication IV: QM/MM Free Energy Calculati-

ons of Long-Range Biological Protonation Dyna-

mics by Adaptive and Focused Sampling

Abstract: Water-mediated proton transfer reactions are central for catalytic processes in
a wide range of biochemical systems, ranging from biological energy conversion to che-
mical transformations in the metabolism. Yet, the accurate computational treatment of
such complex biochemical reactions is highly challenging and requires the application of
multiscale methods, in particular hybrid quantum/classical (QM/MM) approaches com-
bined with free energy simulations. Here, we combine the unique exploration power of
new advanced sampling methods with density functional theory (DFT)-based QM/MM
free energy methods for multiscale simulations of long-range protonation dynamics in bio-
logical systems. In this regard, we show that combining multiple walkers/well-tempered
metadynamics with an extended system adaptive biasing force method (MWE) provides a
powerful approach for exploration of water-mediated proton transfer reactions in complex
biochemical systems. We compare and combine the MWE method also with QM/MM um-
brella sampling and explore the sampling of the free energy landscape with both geometric
(linear combination of proton transfer distances) and physical (center of excess charge)
reaction coordinates and show how these affect the convergence of the potential of mean
force (PMF) and the activation free energy. We find that the QM/MM-MWE method can
efficiently explore both direct and water-mediated proton transfer pathways together with
forward and reverse hole transfer mechanisms in the highly complex proton channel of
respiratory Complex I, while the QM/MM-US approach shows a systematic convergence
of selected long-range proton transfer pathways. In this regard, we show that the PMF
along multiple proton transfer pathways is recovered by combining the strengths of both
approaches in a QM/MM-MWE/focused US (FUS) scheme and reveals new mechanistic
insight into the proton transfer principles of Complex I. Our findings provide a promising
basis for the quantitative multiscale simulations of long-range proton transfer reactions in
biological systems.

Reprinted with permission from

M. C. Pöverlein, A. Hulm, J. C. B. Dietschreit, J. Kussmann, C. Ochsenfeld, V. R. I. Kaila.
“QM/MM Free Energy Calculations of Long-Range Biological Protonation Dynamics by
Adaptive and Focused Sampling.” J. Chem. Theory Comput. 2024, 20, 5751–5762.
URL: https://doi.org/10.1021/acs.jctc.4c00199.
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ABSTRACT: Water-mediated proton transfer reactions are central for catalytic
processes in a wide range of biochemical systems, ranging from biological energy
conversion to chemical transformations in the metabolism. Yet, the accurate
computational treatment of such complex biochemical reactions is highly challenging
and requires the application of multiscale methods, in particular hybrid quantum/
classical (QM/MM) approaches combined with free energy simulations. Here, we
combine the unique exploration power of new advanced sampling methods with density
functional theory (DFT)-based QM/MM free energy methods for multiscale
simulations of long-range protonation dynamics in biological systems. In this regard,
we show that combining multiple walkers/well-tempered metadynamics with an extended system adaptive biasing force method
(MWE) provides a powerful approach for exploration of water-mediated proton transfer reactions in complex biochemical systems.
We compare and combine the MWE method also with QM/MM umbrella sampling and explore the sampling of the free energy
landscape with both geometric (linear combination of proton transfer distances) and physical (center of excess charge) reaction
coordinates and show how these affect the convergence of the potential of mean force (PMF) and the activation free energy. We find
that the QM/MM-MWE method can efficiently explore both direct and water-mediated proton transfer pathways together with
forward and reverse hole transfer mechanisms in the highly complex proton channel of respiratory Complex I, while the QM/MM-
US approach shows a systematic convergence of selected long-range proton transfer pathways. In this regard, we show that the PMF
along multiple proton transfer pathways is recovered by combining the strengths of both approaches in a QM/MM-MWE/focused
US (FUS) scheme and reveals new mechanistic insight into the proton transfer principles of Complex I. Our findings provide a
promising basis for the quantitative multiscale simulations of long-range proton transfer reactions in biological systems.

■ INTRODUCTION
Proton transfer reactions are essential for many biological
processes, ranging from catalytic transformations in the
metabolism to cellular respiration and photosynthesis, which
are responsible for biological energy conversion.1,2 Biological
proton transfer reactions are often catalyzed by titratable
amino acids (His, Lys, Asp, Glu) buried within the protein
core that together with water molecules form “proton wires”
that facilitate proton transfer via bond-rearrangement in a
Grotthuss-type transfer reaction.3 Respiratory and photo-
synthetic enzymes employ such water-mediated proton transfer
reactions to create a proton motive force across a biological
membrane, powering the synthesis of adenosine triphosphate
(ATP) and active transport in cells.4 Yet, despite major
advances in understanding these complex biological systems,
the mechanistic principles of several bioenergetic enzymes
remain unclear and highly debated. In this regard, multiscale
simulations provide a key understanding of how the
protonation reactions are controlled by the protein structure
and dynamics.1 The mechanistic principles of different proton
transfer reactions in several bioenergetic systems have indeed
been addressed by various multiscale methods in recent

years.5−8 Yet, long-range biological proton transfer reactions
that can extend across large distances still pose major
challenges for modern multiscale methods due to a high
computational cost, challenges in converging free energy
profiles of different reaction pathways, together with the
need for the accurate treatment of the electronic structure of
the system.
The accurate computational treatment of protonation

dynamics requires modeling of both bond-breaking and
bond-formation reactions, as well as the conformational
dynamics of the system. To lower the computational cost,
semi-empirical approaches (e.g., DFTB, SCC-DFTB, PM7) as
well as reactive force field methods (e.g., EVB, MS-EVB) have
been developed. Although these methods can provide valuable
insight into various biological reactions,8−15 they require pre-
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parametrization that can be difficult to achieve.16 In this
regard, density functional theory (DFT)-based methods often
provide a good compromise between the computational cost
and accuracy for many complex systems,17,18 together with
hybrid quantum mechanics/classical mechanics (QM/MM)
methods that allow for modeling complex interactions of the
biological surroundings at an approximate atomistic force field
level.1,19 Since the protonation reactions can involve significant
charge rearrangements that lead to conformational changes in
the protein surrounding, they must be sampled by explicit
molecular dynamics or enhanced sampling methods on time
scales that are often challenging to capture by first principles
methods due to the high computational cost.
Recent developments in electronic structure methods, e.g.,

prescreening of integrals and various linear scaling ap-
proaches,20 can provide a significant reduction of the
computational costs, thus allowing modeling of large extended
QM systems. Together with new hardware and implementa-
tions, such as the accelerations provided by graphics processing
units (GPU),21 they provide new opportunities for the
exploration of longer time scales and rare events.
Here, we introduce, implement, and benchmark QM/MM

enhanced sampling methods in combination with different
reaction coordinates for simulations of long-range proton
transfer reactions. More specifically, we study the recent
shared-bias well-tempered metadynamics extended adaptive
biasing force (MWE) method,22 and both compare and
combine this with umbrella sampling (US) in the context of
multiscale QM/MM simulations. We study the performance of
geometric [linear combination (LC) of bond-breaking and
bond-formation process] and physically motivated [modified
center-of-excess charge, mCEC23] representations of the
transferred proton as reaction coordinates/collective variables
(CVs). The former CV is defined a priori by manual selection
of the involved bond distances, while the global nature of the
latter aims for a unified description of all possible proton
transfers, which may open up the exploration of new
mechanisms on-the-fly.
We show how the unconfined diffusion along CVs in the

MWE approach can accelerate the conformational sampling
and exploration of various reaction mechanisms relative to the
US approach, which by construction confines the simulations
to a single reaction channel. However, we also discuss
challenges in obtaining converged free energy profiles using
MWE due to the sampling of a larger conformational space,
which may require combination of multiple simulations and
manual tuning of the sampling parameters.
To address the convergence of such challenging potentials of

mean force (PMFs), we combine the QM/MM-MWE and
QM/MM-US simulation methods to systematically recover the
multidimensional PMF along different reaction mechanisms. In
the following, after a short theoretical review of the US and
MWE methods, we discuss the performance of both sampling
strategies on a model system. Finally, we apply the presented
framework to the protonation dynamics of respiratory
Complex I, a highly challenging biological system, where the
different sampling strategies are explored.

■ THEORY, METHODS, AND MODELS
The potential of mean force (PMF) along a reaction
coordinate or collective variable (CV) is defined as

=A z k T z( ) ln ( )B (1)

with the Boltzmann constant kB, the temperature T, and the
probability density function ρ(z) of finding the system in a
certain state z along the CV ξ(x), defined by

= [ ]x xz z x( ) ( ) ( )d (2)

where δ denotes the Dirac delta function. The efficient
estimation of ρ(z) often requires application of importance
sampling strategies.24−27 The US simulations27 aim to achieve
a uniform exploration of the PMF by performing several
equilibrium simulations with predefined restraints B(ξ(x)),
often modeled as harmonic biasing potentials. Similarly, in the
MWE method, the CVs are coupled to harmonic potentials
B(ξ(x),λ), while the diffusion of the simulation windows along
the CV is achieved by the coupling to a fictitious particle λ.28
The full potential energy of the extended system (x,λ) can be
defined as

= + +x x xU t U B B t( , , ) ( ) ( ( ), ) ( , )0 MWE (3)

where U0(x) is the potential energy of the system. To ensure
uniform sampling of the CV along λ, a time-dependent bias
potential BMWE(λ,t) can be added. In this regard, the MWE
uses two complementary strategies, simultaneously filling the
free energy wells (well-tempered metadynamics) and removing
the barriers (extended adaptive biasing force). Postprocessing
allows recovering the restrained simulation windows Bi(ξ(x))
analogous to US windows by separation of the extended
system into states with constant λ = λi.

29

As the biasing potentials are known, the unbiased
probabilities are obtained via

= +A z k T z B z F( ) ln ( ) ( )i i
b

i iB (4)

where the integration constants, Fi, for each window, i describe
the vertical position of the individual unbiased PMF, while ρi

b

are the probability distributions obtained from the biased runs.
In practice, the unbiased PMF is obtained by the weighted-
histogram analysis method (WHAM)30 or by the multistate
Bennett’s acceptance ratio (MBAR),31 a histogram free/zero
bin width version of WHAM. The unbiased probabilities in
MBAR are obtained by

=
= =

F
e

N e
ln

x

xi
n

N B

k
K

k
B F

1

1

( ( ))

1
( ( ( )) )

i n

k n k (5)

with K simulation windows comprising Nk samples and data
points from the pool of all simulations xn. The unbiased
weights of the individual frames can thus be recovered as

=
=

xp
N e

( )
xn

k
K

k
B F

1
( ( ( )) )k n k (6)

where the normalization constant is introduced to ensure
that ∑np(xn) = 1. Recent developments, such as the transition-
based reweighting (TRAM,32 dTRAM33) and the dynamic
histogram analysis extended to detailed balance (DHAM,34

DHAMed35), which account for the transitions between the
restrained simulation windows, can also be used to obtain the
free energy estimate Fi as a function of the CV.
Accurate activation free energies, which define the reaction

rates, can be determined from the PMF by using a definition
yielding consistent energies for CVs with parallel gradients,36
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z

RP B
(7)

where ρ(z‡) is the probability density at the dividing surface,
P(R) is the probability that the system resides in the reactant
state (obtained by integration over the PMF), and ⟨λξ⟩z is the
conditional average of the de Broglie wavelength36 related to
the mass of the pseudoparticle associated with the CV, mξ (see

Figure 1. Sampling of water-mediated proton transfer reaction in a His-water model system with QM/MM umbrella sampling (US) and the
multiple walker/well-tempered metadynamics/extended system adaptive biasing force (MWE) method. The PMF was explored using a linear
combination (LC, panel A) of geometric distance and the modified center of excess charge (mCEC, panel D) as reaction coordinates. (A, D)
Definition of the reaction coordinates. (B, E) The PMFs obtained using the LC and mCEC definitions with US and MWE. R, reactant, P, product,
and ‡ transition state region. (C, F) Convergence of the max-min difference with increasing sampling time. Representative conformations sampled
in the transition state region are shown as an inset.
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Extended Methods). A comparison of this expression with the
often-employed harmonic approximation is given in the SI.
Equation 7 removes possible distortions of the Cartesian space
by nonlinear CVs and accounts for the mass of the atoms
involved in the transition, while apparent free energy barriers
obtained from difference between maxima and minima on the
PMF (ΔARP‡,app = A‡ − AR) do not include such corrections. The
former treatment correctly reproduces, e.g., isotope effects.36

Computational Methods. All QM regions were described
at the B3LYP-D3/def2-SVP level of theory,37−40 which has
shown a good balance between computational cost and
accuracy for many biological systems (see Figure S15, and
ref 41 for detailed benchmarking).6,42−47 The currently
employed density functional level is likely to underestimate
barriers by a few kcal mol−1 relative to ab initio theory (Figure
S15, see also refs 48,49). The surroundings of Model 1 were
described with COSMO at ε = 4,50 while those of Model 2
were described explicitly (see below for details on Model 1/2).
MD simulations were performed at T = 310 K with a time step
of 0.5 fs. PMFs were calculated using MBAR,31,51 as described
in ref 29. For the QM/MM sampling, activation free energies
(ΔARP‡ ) were obtained based on the z-averaged inverse mass of
the reaction coordinate.36 All simulations were implemented in
Python and performed with the GPU-accelerated QM code
FermiONs++20,21,52−54 coupled to OpenMM55 via a QM/MM
interface. Significant speed up of QM(/MM)-MD calculations
on GPUs was achieved by accelerating evaluations of exact
exchange with the sn-LinK method53,56 and by using the RI-J
approximation of the Coulomb energy.57 To accelerate the
sampling, we further applied the multiple walkers (MW)/
shared-bias approach, where parallel simulations synchronize
the time-dependent bias potential UMWE(λ,t) in regular time
intervals. Initial system setup and minimization of the reaction
pathways were performed using TURBOMOLE v. 7.4.58,59

Visual molecular dynamics (VMD)60 and PyMOL61 were used
for visualization.
Model 1: Model System for Water-Mediated Proton

Transfer. A system containing two histidine residues
(modeled as methyl imidazole), hydrogen-bonded by two
water molecules, was employed as a model system to study the
free energy profile of proton transfer reactions. To this end, we
studied the performance of two different reaction coordinates
(Figure 1A,D): (I) a geometric reaction coordinate, defined as
a linear combination (LC) of bond-breaking and bond-
formation distances (Figure 1A).
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and (II) a modified center of excess charge (mCEC, see also
Figure 1D)
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The delta nitrogen (Nδ) of the first histidine was defined as the
proton donor (d), while the Nδ of the second histidine residue
was defined as the proton acceptor (a) (Figure 1D). NH

denotes the number of involved exchangeable protons, and NO
and NN are the number of oxygen and nitrogen proton
acceptors. The weights, wj, were set to wN = 0 and wO = 2,
which describe the minimum number of protons bound to
atom j in the reactant or product state. The modification term
fs(dab) introduces a logistic function to provide a smooth
switching between the cross-terms and is defined as
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where dab is the distance between a heavy atom a and proton b,
both participating in the reaction coordinate. The parameters rs
and ds, define the location and width of the switching regime
and were set to 1.3 and 0.05 Å, respectively, unless stated
otherwise (Figure S6).
Initial coordinates were obtained by geometry optimization

at the B3LYP-D3/def2-SVP level,37−40 while keeping the
distance between the Cβ atoms of the histidines fixed to 15 Å.
The US simulations were performed using 18 windows
sampled for 50 ps with a harmonic bias [Bi = 1/2 k (z −
zi)2] centered at LC coordinates [−2.07, +2.18 Å] every 0.25 Å
with a force constant of k = 100 kcal mol−1 Å−2. The MWE
simulations were carried out using two walkers, each sampled
for 48 ps. The extended variable was coupled to the system
with a coupling width σ = 0.1 Å, and adaptive forces were
accumulated on a grid with a bin width of Δ = 0.05 Å. Well-
tempered metadynamics was applied to the extended system
with a Gaussian hill width of 0.1 Å and a hill height of 0.12 kcal
mol−1 (0.5 kJ mol−1) added every 10th fs. The bias factor γ =
ΔT/(T + ΔT), which ensures a smooth hill decay, was set to
0.866.
To explore the mCEC coordinate, US simulations were

performed with 33 equally spaced windows, each simulated for
20 ps with a harmonic bias placed on the mCEC reaction
coordinate, between [0, 8.75 Å] every 0.25 Å, and a force
constant of k = 100 kcal mol−1 Å−2. MWE simulations along
the mCEC were performed with two walkers, each sampled for
50 ps. To this end, the extended variable was coupled to the
system with σ = 0.1 Å and adaptive forces were accumulated
on a grid with Δ = 0.1 Å. In the MWE, well-tempered
metadynamics was applied to the extended system with a
Gaussian hill width of 0.2 Å, a hill height of 0.239 kcal mol−1
(1 kJ mol−1), and a frequency of hill creation 10 fs, using a bias
factor of γ = 0.866.
Additional convergence tests of the MWE sampling were

performed using 10 walkers each sampled for 50 ps at the
semi-empirical GFN2-xTB level.62,63

Model 2: Water-Mediated Proton Transfer Reactions
in Complex I. The proton channel in Complex I was modeled
based on the cryoEM structure of the mouse enzyme (PDB
ID: 6ZTQ64) that was embedded in a POPC/POPE/
cardiolipin (2:2:1) membrane and solvated with water
molecules and NaCl (150 mM). The system was relaxed
over 1 μs with classical MD simulations, followed by
construction of the QM/MM model system. The QM region,
comprising 114 atoms, included Lys237, His319, His293,
Glu378, Ser289, Ser290, Ser323, Asn366, Asn374 of subunit
ND4, as well as 12 water molecules [Figure 3A, inset (ii)]. The
QM region was coupled to the MM system via the link atom
approach, introduced between the Cα and Cβ bonds. The
surroundings were described with the CHARMM36 force
field65 and the QM-MM interaction via an additive electro-
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static embedding scheme. The QM/MM system was geometry
optimized at B3LYP-D3/def2-SVP level prior to QM/MM free
energy sampling.
The water-mediated proton transfer from Lys237 to Glu378

was modeled using the mCEC reaction coordinate with rs and
ds set to 1.3 and 0.03 Å, respectively, accounting for 27 protons
on 17 possible donor/acceptor atoms and including also the 12
nearby water molecules. The US windows were placed
between [0.5, 13.75 Å] every 0.25 Å, with a force constant
of 100 kcal mol−1 Å−2, with additional windows placed in
regions of low overlap, resulting in a total simulation time of
300 ps.
The QM/MM-MWE simulations were carried out with a bin

width and coupling width of 0.1 Å each with 12 walkers, each
sampled for 25 ps. For the well-tempered metadynamics, new
Gaussians were added every 10th fs with a bias factor γ =
0.866, a hill height of 0.096 kcal mol−1 (0.4 kJ mol−1), and hill
width of 0.2 Å. Additional focused US simulations were
performed starting from manually selected snapshots of the
MWE simulations in chemically interesting and undersampled

regions (cf. Figure 4A). To this end, windows were confined to
the initial mCEC value of the selected snapshots with a
harmonic bias and a force constant of k = 100 kcal mol−1.
Simulations of the proton transfer reaction were also

performed with a smaller QM region, comprising 65 atoms
(Lys237, His319, His293, and E378, together with six water
molecules) to speed up the sampling. The QM region was
restrained with positional restraints using a harmonic force
constant of 23.9 kcal mol−1 Å−2 (100 kJ mol−1 Å−2) placed on
the heavy atoms to limit the sampling along water-mediated
pathways in both the US and single-walker/well-tempered
metadynamics extended system adaptive biasing force (SWE)
simulations. In the SWE, a coupling width of 0.1 Å was
employed. A conformational search of the system was
additionally carried out using the conformer-rotamer ensemble
searching tool (CREST, see Extended Methods for further
details).66

Convergence of the PMF profiles was assessed by
monitoring barrier heights ΔARP‡,app as well as free energy

Figure 2. (A) Representative intermediate geometries extracted from the mCEC/MWE sampling with corresponding mCEC (red) and LC (blue)
values. (B, C) Free energy A, internal energy U, and entropy T·S profile for the His-water array, sampled with MWE as a function of the LC
coordinate and mCEC coordinate, respectively. (D) PMF sampled with mCEC projected onto the modified LC in comparison with LC-sampled
data, also shown in Figure 1B. (E) PMF profiles obtained from mCEC/MWE sampled data mapped onto the mCEC definitions with different ds
values.
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profile differences ΔARPapp = AP − AR a function of the sampling
time.

■ RESULTS
Potential of Mean Force Profiles for Water-Mediated

Proton Transfer along a Histidine−Water Array. To test
and compare the performance of US and MWE sampling, we
first studied a model system (Model 1) of a water-mediated
proton transfer reaction using a quasi-one-dimensional water
wire connecting two histidine residues (Figure 1). Similar and
related model systems have previously been used to explore
mechanisms of proton transfer reactions.11,67−69 The sampling
of the proton transfer reaction was performed using (i) the LC
(eq 8, Figure 1A) and (ii) the mCEC (eqs 9, 10, Figure 1D)
reaction coordinates. Combining these reaction coordinates
with both sampling methods (US and MWE) resulted in four
conditions tested for Model 1 (Simulations 1−4, see Table
S1). The reaction coordinate space was well-sampled and
yielded converged PMF profiles for all models (see Figures S1
and S2). Convergence was also probed at the semi-empirical
GFN2-xTB level of theory, which supports that the PMF and
the apparent free energy barrier converge around 300 ps, in
good agreement with the DFT-based sampling (see Figure
S2G−I).
Comparison of the sampling methods shows that the MWE

method outperforms the US method by reaching convergence
in a shorter simulation time. While the US requires around 200
ps of sampling to reach full convergence along the LC reaction
coordinate (Figure 1C), we obtain a statistically converged
PMF in around 40 ps with MWE. Moreover, for the mCEC
coordinate, the convergence with MWE is twice as fast as with
US. However, we also note that the apparent free energy
barrier (ΔARP‡,app = A‡ − AR) (Figure 1C,F) changes by <5%
(0.5 kcal mol−1) after extending the sampling beyond 20 ps per
window with US. Both sampling methods predict a transition
state that comprises a Zundel ion (H5O2+) hydrogen-bonded
to both histidine residues, with a similar conformational space
explored by both approaches (Figures S3−S5). Both methods
also predict activation free energies ΔARP‡ ∼ 11.1 kcal mol−1
along the LC coordinate, and ΔARP‡ ∼ 8.5 kcal mol−1 along the
mCEC coordinate. This shift could arise from sampling
differences in the transitions along the LC and mCEC,
although we also observe differences in the predicted entropy
profile (Figure 2B,C).
We note that the shape of the PMF is somewhat different

along the CVs, which could affect, e.g., the prediction of mean-
free passage times.70,71 Along the LC coordinate, we obtain a
PMF profile resembling a Gaussian hill, whereas for the
mCEC, the PMF profile has a double-well shape with a broad
maximum in the transition state region and steep rise near the
reactant and product minima. The saddle points along the
MWE profile correspond to configurations where the proton is
shared between the histidine and the water molecule (Figure
1E). The MWE minima are also flatter relative to those
obtained using US along the LC coordinate, an effect that
could arise from the enhanced rotation of the imidazole-ring in
the MWE sampling.
Projection of the mCEC sampled conformations onto the

LC reaction coordinate suggests that the latter does not
uniquely cluster the conformations into reactant and product
states. In this regard, we note that sampling along the mCEC
coordinate leads to an exchange of the “off-pathway” protons
(i.e., protons not directly involved in the Grotthuss wire) with

the “on-pathway” protons (Figures S3B and S4A). Such an
exchange improves the estimation of entropic effects that are
not easily captured when the sampling is performed along the
LC coordinate and may in turn lead to an overestimation of
the activation free energy (see above).
By accounting for the protons considered for each sampled

conformation, we find that a projection of the mCEC
conformations onto the LC reaction coordinate can be
achieved in post hoc analysis. By applying this projection
procedure, we recover both the separation between reactant
and product regions that remaps the LC coordinate onto the
physically relevant range between [−3, +3 Å] (Figure S4B).
Moreover, the resulting PMF shows a clear separation between
reactant and product minima and the characteristic double-well
shape (Figure 2D). However, we note that the profiles still
differ in their apparent barrier height, an effect that could arise
from sampling differences. To further test the origin of these
differences, we computed entropy and internal energy profiles,
according to ref 72, by extending the sampling to 300 ps
(Simulation 5, see Table S1). For the mCEC coordinate, we
observe three peaks in the entropy profile at ξ = 2.5, 3.8, and
5.0 Å (Figure 2C) that arise from the increased combinatorial
sampling of atoms in the protonated water species. The four
minima on the entropy curve correspond to the restricted
configuration space when bonds are broken or formed, as only
few orientations are energetically feasible during the proton
transfer reaction. Analysis of the O−O distances and the O/H
positions reveals that the entropy maxima correspond to
hydronium (H3O+) and Zundel (H5O2+) species (Figures 2A
and S3A). The Zundel ion together with the lateral motion of
both O atoms (Figure S3C,D) suggest that the process follows
a semiconcerted, Grotthuss-like mechanism, with a subtle
diffusive component, possibly arising from the constrained His-
His distance. Interestingly, the internal energy profile peaks
around ξ = 4.0 Å, with the monotonous decreases toward the
reactant and product regions, suggesting that the Zundel ion is
energetically unstable (Figure 2C). In contrast, for the LC
coordinate, the entropy profile shows only one maximum
(Figure 2B), as by construction, the PMF along the LC is a
superposition of all bond-formation and bond-breaking
reactions. Therefore, configurations that comprise Zundel or
hydronium ions are mapped to the same LC value around 0 Å.
The LC may thus favor a concerted mechanism, while the
mCEC would in principle also allow for sequential proton
transfers, an aspect that could also contribute to the better
estimation of entropic effects along the mCEC coordinate.
We also probed the character of the modification term (eq 9,

third term) in the mCEC by mapping the mCEC/MWE data
onto the mCEC definitions by testing the effect of different
values of the switching width ds (see eq 11). With an increase
in this parameter, we observe a change in the shape of the PMF
profile, an increase in the mass of the quasi-particle associated
with the CV, and a noticeable decrease of the apparent barrier
ΔARP‡,app from 10.5 to 9.6 kcal mol−1 (Figure 2E and Table S1).
By increasing ds, the switching function becomes smoother,
which further affects ξ, mξ, as well as the shape of A(ξ) (Figure
S6). In contrast, we find that the activation free energy ΔARP‡ is
independent of the switching width parameter and remains at
8.5 kcal mol−1.
Protonation Dynamics in the Respiratory Complex I.

We next probed the performance of both QM/MM-MWE and
QM/MM-US methods on the lateral proton transfer reaction
in the membrane domain of respiratory Complex I (Model 2).
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This system is central for understanding biochemical processes
underlying cellular respiration. Its mechanistic principles
remain elusive and highly debated despite significant efforts
over the past decade.1,73−75 To this end, we explored the
proton transfer reaction in a conformational state where the
proton transfer reaction is endergonic (“closed ion-pair form”,
see refs 5,44 for further details). Moreover, we chose to
investigate the proton transfer reaction along the mCEC
coordinate due to the enhanced sampling properties obtained
for Model 1. In this regard, we modeled the proton transfer
along the 14 Å water-mediated hydrogen-bonded wire
connecting the proton donor Lys237 via His319 and His293
with the proton acceptor Glu378 (Figure 3A).
Both the QM/MM-US and QM/MM-MWE simulations

(Simulations 6 and 7, see Table S1) capture the uphill PMF for
the proton transfer from Lys237 (ξ < 1 Å) to Glu378 (ξ > 10
Å), favoring the protonated form of Lys237 by around 10 to 12
kcal mol−1 (Figures 3B and S7), but with some differences in
the shape of the PMF and relative barriers predicted by the two
methods. We find that both methods capture the free energy
minima for all intermediate states featuring the protonation of
Lys237 (ξ = 1 Å), His319 (ξ = 5 Å), His293 (ξ = 8 Å), and
Glu378 (ξ = 12 Å). Moreover, both PMF profiles suggest that
the initial water-mediated proton transfer from Lys237 to
His319 has a ΔARP‡,app of ca. 9 kcal mol−1, while the barrier
between His319 and His293 is ca. 5 kcal mol−1 and shifted
toward lower CV value for the MWE PMF (ξ = 5 Å vs ξ = 7 Å
for US). The last proton transfer step from His293 to Glu378
is isoenergetic in the US PMF and has an apparent barrier of 2
kcal mol−1, while the MWE PMF suggests that the step is
endergonic with an apparent barrier of 8 kcal mol−1.
To understand the differences in the PMF profiles, we

compared the conformations, as well as protonation and
hydration states. In general, we observe that MWE samples a
wider range of states (see below), while the protonation
probabilities along the CVs are overall similar for both
methods (Figure S8), despite somewhat different protonation
profiles around the two intervening histidine residues (Figure

S8A,B). In this regard, the saddle point regions comprise
Zundel- (H5O2+) and Eigen- (H3O+)-like species that can be
extracted from the US and MWE after clustering the
simulation trajectories (Figures 3C−E and S9). Essential
dynamics analysis also shows differences in the conformational
sampling (Figure S10).
Interestingly, for the initial proton transfer step between

Lys237 and His319, the MWE method samples water-
mediated conformations (Figure 3C, left), as well as
conformations where Lys237 directly donates a proton to
His319 (Figure 3C, right). As a consequence, the distance
between Lys237 and His319 is reduced, which could explain
the shift of the free energy minimum linked to protonation of
His319 toward lower values along the reaction coordinate
(Figure 3B). Both methods sample a large conformational
change featuring a rotation of the His293 ring toward Lys237
(“downward conformation”, see Figure 3D for definition) that
involves rearrangements of side chains and water molecules.
However, with US, this conformation is only sampled for ξ =
12 Å, whereas MWE additionally explores such conformation
in the ξ = 3−6 Å regime (Figures 3D and S9), opening an
alternative proton transfer pathway, in which His293 could
serve as the first intermediate proton acceptor, and thus
bypassing His319. These findings suggest that the proton
transfer reaction involves conformational changes in His293,
which could bridge gaps in the proton wire in Complex I
isoforms where His319 is not present.5,44

The conformational changes in His293 are further supported
by a conformer search conducted using conformer-rotamer
ensemble sampling (CREST) (see Extended Methods, Figure
S11).66 Other alternative conformations sampled by MWE
involve a hole transfer, comprising an initial exchange of a
proton between the two His residues, and leading to the His−/
His+ configuration, which is then followed by proton transfer
from Lys237 to His− (on His319) and from HisH+ (on
His293) to Glu378 (Figure S9). Although energetically feasible
in the sampling, it remains unclear if these states are physically
realistic or result, e.g., from DFT charge transfer artifacts.17

Figure 3. Free energy sampling of proton transfer reactions in the membrane domain of respiratory Complex I (subunit ND4). (A) The mouse
Complex I with highlighted core subunits of the membrane domain. Inset i: Overview of the QM/MM system consisting of ND4 and its
environment. Inset ii: The QM region with central residues participating in the proton transfer reaction. Blue arrows indicate the proton pathways
sampled in the QM/MM free energy calculations. (B) PMFs of the proton transfer reaction obtained with the US and MWE methods. (C−E)
Representative conformations for the CV values indicated in panel B, with US (in blue) and MWE (in orange). Due to the explorative sampling by
MWE, two representative conformations are shown for the selected states. Additional conformations are shown in Figure S8.
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In general, we note that in addition to the forward proton
transfer and reverse hole transfer pathways, the MWE method
samples both direct proton transfer between protein residues
and water-mediated proton pathways (see above and Figures
S9, S12, and S13). Microsecond classical MD indeed supports
that the proton pathways in Complex I undergo changes in the
overall hydration levels that further affect the free energy of
proton transfer and in turn provide possible gating principles
(cf. Figure S8 of ref 5). In this regard, the conformational space
sampled at the MWE level provides a clear benefit in exploring
such alternative reaction mechanisms. However, we note that
the direct proton pathways could also arise from the changing
biasing force applied to the fictitious particle that may lead to a
partial displacement of the intervening water molecule.
To facilitate a better comparison between QM/MM-US and

QM/MM-MWE, both sampling methods were constrained to
the same reaction mechanism by positionally restraining the
heavy atoms participating in the reaction (Simulations 9 and
10, Table S1). This constraint is by construction unphysical
but necessary for the direct comparison. As expected, we
obtain highly similar PMF profiles for both methods with the
constrained sampling (Figure S14). However, the constraints
as well as the smaller QM region used to enhance the sampling
result in a more endergonic reaction as compared to the
unrestrained sampling.
Combining the Advantages of MWE and US�the

Hybrid MWE/Focused US Approach. The MWE approach
shows a powerful exploration of the reaction phase space, while
US has the advantage to systematically show convergence of a
given reaction path. We therefore suggest to combine MWE
with a focused US to enhance the sampling of phase space
regions of special interest or poorly sampled regions. This
hybrid MWE/focused US scheme (MWE/FUS, Figure 4A)

could improve the accuracy of the obtained PMF for complex
systems. To this end, the workflow could involve the following
steps, applicable for a biological proton transfer reaction similar
to those studied here: (I) system setup, where the QM/MM
model is prepared and the residues participating in the mCEC
reaction coordinate are selected; (II) an extensive QM/MM-
MWE sampling with multiple walkers; (III) clustering of
sampled conformations and computation of Boltzmann
weights of the microstates using the MBAR; and (IV) compute
an initial one-dimensional potential of mean force (1D-PMF)
based on the Boltzmann weights and visual inspection to
identify further degrees of freedom that are relevant for the
process, e.g., characterization of distances between residues or
dihedral angles that change during the sampling. These
additional degrees of freedom can be used to create two-
dimensional potential of mean force (2D-PMF), in which
poorly sampled regions of the phase space are identified. (V)
Based on the MWE conformations of poorly sampled regions,
perform focused US simulations; (VI) derive a refined PMF
using MBAR that combines the data from MWE and focused
US; (VII) compute new weights that are used to derive refined
1D- and 2D-PMFs. The additional sampling from US improves
the reliability of the PMFs, as suggested by sampling the
different proton transfer pathways in Complex I (Figure 4E,F).
To illustrate the approach, we next applied the MWE/FUS

scheme to study the proton transfer step from His319 to
His293, where we observed distinct conformations of Lys237
with His319. This region could be of particular interest as the
water-mediated Lys237−His319 connectivity seems to lower
the barrier for the His319−His293 reaction relative to the
direct proton transfer between Lys237 and His319 (Figure
4B,E). To this end, we initialized five/seven US windows
(along low/high dKH values, lysine−histidine distance) for the

Figure 4. Hybrid MWE/focused US free energy sampling scheme of proton transfer reactions in the membrane domain of Complex I (subunit
ND4). (A) Suggested workflow of the MWE/FUS approach. (B−G) Analysis steps as indicated in the flowchart, based on simulation results of
Complex I (Model 2). (B) Two-dimensional PMF from MWE trajectories. The two dimensions are the mCEC CV and the distance between
Lys237(Nζ) and His319(Nδ) distance (here dKH). (C) 2D-PMF overlaid with initial reaction coordinates of focused US windows and their
trajectories. (D) 1D-PMF along the mCEC coordinate before and after addition of the focused sampling. (E) 2D-PMF of combined data from
MWE and focused US. (F) PMFs determined for dKH < 3 Å (green) and dKH > 3 Å (cyan). Minima are indicated by a−f. (G) 2D-PMF with
minima a−f indicated. The arrows denote possible reaction mechanisms along the a to e pathway.
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two respective connectivity states (Figure 4C, Simulation 8, see
Table S1). The Lys237−His319 distance was not constrained
to provide an unbiased sampling of the region (Figure 4D).
We find that the focused US indeed improves the 2D-PMF

along this region (Figure 4E) and allows the derivation of
conformation-dependent 1D-PMFs for the initial reaction
steps (Figure 4F). The resulting 2D-PMF reveals that long
Lys237−His319 distances are slightly preferred when Lys237
is protonated. Moreover, the apparent barrier is lowered by 1.5
kcal mol−1 when the two residues come in close contact, while
deprotonation of Lys237 results in longer His−Lys con-
formations. We therefore propose that the initial proton
transfer between Lys237 and His319 could occur by either
water-mediated or by direct contact, followed by breaking of
the contact and proton transfer from His319 to His293 (Figure
4G). The histidine residues show additional benefits as proton
conductors as they can not only exchange protons (e.g., with
Nδ as acceptor and Nε as donor) but also show a high
conformational flexibility.

■ DISCUSSION
Our findings suggest that combining accelerated sampling
provided by the MWE method with the generalization of the
proton transfer reaction through the mCEC reaction
coordinate yields a powerful tool for QM/MM free energy
calculations of complex (bio)chemical reactions. For our
model system of water-mediated proton transfer, we found that
the PMF converges faster at the MWE level as compared to
US, whereas in the highly intricate proton wires of Complex I,
the MWE showed a slower convergence due to the significantly
larger conformational space explored. In contrast, QM/MM-
US showed a systematic convergence for a given reaction
pathway and allowed for an easier parallelization. We also
found that by combination of both approaches, the QM/MM-
MWE/FUS scheme improves both sampling and accuracy
relative to MWE and US (see below).
In this regard, we found that the description of the long-

range proton transfer reactions with the mCEC reaction
coordinate provides an improved exploration of different
regions of conformational space as water molecules along the
water array could both reorient and undergo drying/wetting
transitions. While conformational sampling with US was
locked into predefined pathways, the MWE approach allowed
us to map both direct- and water-mediated reaction pathways.
This enhancement could provide a benefit in modeling
different reaction mechanisms in complex systems, although
it also leads to a significantly increased computational cost.
We also found that the system can be biased along the

mCEC reaction coordinate such that the sampling displaces
intervening water molecules from the “Grotthuss chain”. As a
consequence, barriers orthogonal to the reaction coordinate
are more easily overcome by MWE as compared to US. By
introducing positional restraints on the groups participating in
the proton transfer reactions, we could show that the US PMF
is consistent with the SWE PMF (Figure S14). Indeed, the
QM/MM-US method requires also preknowledge of suitable
biasing potentials to achieve uniform sampling of the free
energy landscape. In this regard, improved initial guesses of the
optimal biasing potentials, e.g., from a MWE simulation could
significantly enhance the rather slow exploration of the
reaction in the QM/MM-US simulations.
To address the sampling and convergence issues, we propose

a hybrid MWE/focused US approach for exploration of

complex reaction mechanisms. To this end, QM/MM-MWE
are performed to explore various putative reaction mecha-
nisms. After identifying different pathways, the PMF is
converged using QM/MM-US, while the PMF of the
combined data set is obtained using MBAR or related
techniques. The high degree of conformational changes and
hydration variability in biological systems as observed in
atomistic MD simulations highlights the necessity of exploring
a wide region of conformational space during free energy
sampling and provides a significant challenge particularly for
DFT-based QM/MM free energy calculations.
In contrast to previous approaches in which, e.g.,

metadynamics-explored pathways are subsequently sampled
with US,76,77 the current scheme developed here enables the
incorporation of information gained from both MWE and
FUS. This combination has the benefit of providing good
initial estimates of the PMF with MWE, which can then be
greatly improved in the FUS step. Usage of computational
resources is thus enhanced, as both extensive and intensive
sampling are performed. Nevertheless, FUS also requires a
detailed understanding of the studied system in conjunction
with a clearly defined target region of the reaction coordinate.
Since the MBAR is employed as reweighting procedure, an
arbitrary number of US windows can be simulated, allowing for
the selection of multiple target regions.
In addition to providing barriers and driving forces, data

obtained from free energy calculations can be used to describe
the structures of relevant intermediates along the reaction
pathways. We suggest that reaction intermediates obtained
from the MWE sampling can be extracted using clustering
methods. However, the direct time-ordering of physically
realistic intermediates for derivation of reaction mechanisms is
perhaps more straightforward in the QM/MM-US simulations,
as the biasing force reaches a local equilibrium in each
simulation window, thus allowing for the characterization of
reaction steps along the collective variable. The mCEC/MWE
approach suggests that some of the protonation reactions in
Complex I may occur via multiple competing reaction
pathways, possibly modulated by the hydration and proto-
nation states of the surrounding groups. Although this requires
further detailed exploration, it suggests interesting gating
principles that could be used to modulate proton conduction,
e.g., during reversal of the proton pumping machinery, which
takes place during hypoxic conditions in mitochondria.

■ CONCLUSIONS
We have introduced, implemented, and compared here the
multiple walker/well-tempered metadynamics/extended adap-
tive biasing force (MWE) and umbrella sampling (US)
methods for GPU-accelerated QM/MM free energy calcu-
lations of water-mediated proton transfer reactions in a
complex (bio)chemical system. To this end, we studied the
performance of both MWE and US in combination with a
geometric and a physical description of the proton transfer
reaction coordinate. Our combined findings show that the
MWE approach combined with the modified center of excess
charge (mCEC) reaction coordinate can efficiently sample the
protonation dynamics and orthogonal hydration dynamics,
while the US method effectively sampled conformations
containing the hydration pattern of the starting conformation.
In contrast, we found that the mCEC/MWE approach
achieves a multi-pathway exploration of the reaction
coordinate that, for the studied model systems, converges
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within a time scale similar to that of the US method. For the
proton transfer reactions in Complex I, we observe that
convergence of the MWE sampling is increased relative to the
US method, while combination of both approaches (QM/
MM-MWE/FUS) provide an improved exploration of the 2D-
PMF profiles. Our study provides key insights into the
application of first-principles-based QM/MM free energy
methods for mechanistic studies of protonation dynamics in
highly intricate biochemical systems and highlights new
mechanistic insight into protonation dynamics in Complex I.
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Extended Methods 
 
Essential Dynamics Analysis 
Essential dynamics analysis (EDA) for the His-water model (Model 1; Figure 1) was 
performed on the Cartesian coordinates of all atoms in the system. For the proton transfer 
reaction in Complex I (Model 2), the EDA was performed on the Cartesian coordinates of 
the QM atoms of the QM/MM system (Figure 3). The EDA was performed using ProDy.1 
Similar to principal component analysis (PCA), the EDA orthogonalizes the covariance 
matrix to obtain principle modes of motion. The eigenvectors corresponding to the largest 
eigenvalues are interpreted as the dominant modes of motion.2 
 
Semi-Empirical Conformer Search 
Based on the initial conformation obtained from free energy sampling of the proton 
transfer reactions in Complex I, a conformational search was performed using the 
conformer-rotamer ensemble sampling tool (CREST).3 The conformational search was 
performed on the QM region and its immediate surroundings, by extending the QM region 
from 114 atoms to 216 atoms (Figure S7A). The sidechains of amino acids were modeled 
by replacing the Cα atoms by hydrogen atoms, which were fixed to the Cα positions in the 
reference structure. After geometry optimization at the GFN2-xTB level of theory,4 the 
conformational search was also performed at the GFN2-xTB level.4 
 
CV mass and de Broglie thermal wavelength  
The inverse mass of the pseudo-particle associated with the reaction coordinate can be 
defined as (cf. also Ref. 5, Eqn. 27), 
 

𝑚!
"# = #∇%%⃗ 𝒙𝜉(

T
M"𝟏#∇%%⃗ 𝒙𝜉( =*𝑚'

"# +
𝜕𝜉
𝜕𝑥'

.
()*

'

 (	1	)	

 
where ∇%%⃗ 𝒙𝜉 denotes the gradient of the reaction coordinate with respect to the nuclear 
coordinates and M is the 3𝑁 × 3𝑁 diagonal matrix of atomic masses. The de Broglie 
thermal wavelength of the reaction coordinate-associated pseudo-particle (Eqn. 7, cf. also 
Ref. 5) is defined as, 
 𝜆! ≡

ℎ
92𝜋𝑚!𝑘+𝑇

 (	2	)	

 
where 𝑇 is the temperature of the system.  
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Derivation of Eqn. 7. for the activation free energy for a 1D harmonic oscillator 
 
Let us assume that the potential at the reactant minimum (Rmin) and transition state (TS) 
can be approximated harmonically by, 
 
 

𝐻,!"# = 𝑈,!"# +
1
2 (𝑘𝑞

( +
𝑝(

𝑚)													𝐻-. = 𝑈-. 

 
(	3	)	

where 𝑞	is the normal mode and 𝑝 the conjugate momentum and 𝑈/ the potential energy 
of configuration, with the imaginary mode for the transition state excluded from the 
Hamiltonian. The activation free energy is the difference of the transition state and 
reactant free energies, 
 
 Δ𝐹‡ =	𝐹-. − 𝐹, = −𝛽"# ln

𝑄-.
𝑄,

= −𝛽"# ln
𝑍-.	Λ,
Λ-.	𝑍,

 

 
(	4	)	

Using the harmonic Hamiltonians, the analytical configuration integrals 𝑍/ and product of 
thermal wavelengths Λ1 for reactant and transition state are, 
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(	6	)	

𝑍, and 𝑍-. differ by the dimension of one normal mode, and 	Λ, 	and Λ-.	by exactly one 
thermal wavelength. Hence, the argument of the logarithm in the equation for the 
activation free energy retains the thermal wavelength, 
 
 

Δ𝐹‡ = −𝛽"# ln S
𝑒"23&' 			9𝛽ℎ(/2𝜋𝑚
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(	7	)	

Comparing the harmonic approximation with Eq. 7 yields the corresponding terms, 
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Supplementary Figures 
 

 
 
Figure S1. Sampling of the proton transfer reaction in the His-water model along the linear 
combination (LC) reaction coordinate. (A) Convergence of the PMF obtained from US. (B) 
Convergence of the PMF from MWE. (C) Sampling of the reaction coordinate using QM/MM-US. 
(D) Sampling of the reaction coordinate using QM/MM-MWE. (E) Sampling of the extended 
variable (eABF) reaction coordinate in MWE. (F) 2D histogram of the instantaneous difference 
between the extended system variable and the reaction coordinate as a function of the reaction 
coordinate.  
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Figure S2. Sampling of the proton transfer reaction in the His-water model system using the 
modified center of excess charge reaction coordinate. (A) Convergence of the PMF obtained from 
US. (B) Convergence of the PMF from MWE. (C) Sampling of the extended variable reaction 
coordinate by US. (D) Sampling of the reaction coordinate using QM/MM-MWE. (E) Sampling of 
the extended variable (eABF) reaction coordinate in MWE.  (F) 2D histogram of the instantaneous 
difference between the extended system variable and the reaction coordinate as a function of the 
reaction coordinate. (G) Convergence of the PMF from MWE at the GFN2-xTB level of theory. (H) 
Convergence of apparent barrier height (Δ𝐴!"

‡,%&& = 𝐴‡ − 𝐴!) and (I) evolution of the PMF RMSD 
both with respect to final PMF profile.  
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Figure S3. Conformational sampling of proton transfer in the His-water model. (A) Weighted 
average of O-O distance. (B) Histogram of the proton positions projected onto the donor-acceptor 
vector. (C) Projection of the water-O1 and water-O2 positions onto the reaction coordinate vector 
plotted versus reaction coordinate value. Error bars indicate 5th and 95th percentile. (D) Relative 
position of the O atoms projected onto the donor-acceptor vector. (E) Projected relative positions 
of the H atoms. (F) Derivative of the projected positions of the H atoms H1, H3, and H5. MWE 
data shown in A-F were obtained from 300 ps run of MWE. 
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Figure S4. Projection of the mCEC-CV on the LC-CV. (A) Mapping of the mCEC sampling onto 
LC reaction coordinate. Reactant and product minima are indicated by dashed lines. Proton 
exchange during mCEC sampling leads to absence of separation between reactant and product 
state for the LC RC. (B) Projection of a modified LC reaction coordinate re-maps the reactant and 
product state to the physical RC range. (C) Free energy A, internal energy U, and entropy T·S 
profile of the His-water model as a function of the mCEC coordinate sampled with MWE. 
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Figure S5. Essential dynamics analysis of the His-water model with the modified center of excess 
charge reaction coordinate using (A-D) US, (E-H) MWE. (I-L) Combination of the data from US 
and MWE. (A, E, I) Fractional variance of the first 20 principal components. (B, F, J) Projection of 
the trajectory data onto PC 1 and PC 2. (C, G, K) Projection of the trajectory data onto PC 1 and 
PC 3. (D, H, L) Visualization of the movements described by PC 1, PC 2, and PC 3. 
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Figure S6. Effect of switching parameter on mCEC-CV and PMF. (A) Illustration of the of a O-H-
O test system. (B) Sum of the mCEC correction terms as a function of the hydrogen position rH 
for different ds. (C) mCEC-CV value as a function of rH. (D) Gradient of the mCEC with respect to 
rH. (E) Mass of the mCEC. (F) PMFs A(ξ;ds) when the model system is sampled assuming a 
double-well potential (red) U(x)=565.8436 (x4 - 5.2x3 + 9.9518x2 - 8.2987x + 2.5469), which was 
obtained by fitting a fourth degree polynomial to the points ((0.7,40), (1,0), (1.3,5), (1.6,0), 
(1.9,40)). 
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Figure S7. Sampling of the proton transfer reactions in the membrane domain of Complex I with 
the US and MWE methods. (A,D) Convergence of the PMF obtained from US and MWE, 
respectively. (B,E) Convergence of the mean force profile obtained from US and MWE, 
respectively. (C,F) Sampling of the reaction coordinate using US and MWE. 
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Figure S8. Sampling of protonation states in the membrane domain of Complex I with the US and 
MWE methods. (A,B,C) Protonation probability of the titratable residues as a function of the 
collective variable for US, MWE, and MWE/FUS, respectively. (D,E,F) Protonation state PMF 
profile of His319 (top) and His293 (bottom) for US, MWE, and MWE/FUS, respectively. 
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Figure S9. Intermediate structures sampled during proton transfer in Complex I from US and 
MWE. RC values (in Å) are indicated for each conformation. 
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Figure S10. Essential dynamics analysis of proton transfer reactions sampled in the membrane 
domain of Complex I with the modified center of excess charge reaction coordinate using (A-C) 
US, (D-F) MWE, (G-I) combination of the data from US and MWE. (A, D, G) Fractional variances 
of essential dynamics analysis of the QM region. (B, E, H) Projection of the trajectory plotted onto 
principal components 1 and 2 (left) and 1 and 3 (right). (C, F, I) Projection of the trajectory onto 
principal components 1/2/3 as a function of collective variable.   

3. Publications

141



 
Figure S11. Conformer-rotamer search obtained in CREST sampling for the Complex I model. 
(A) Input conformation and residue numbering. (B) Structure obtained after optimization at the 
GFN2-xTB level. (C) Relative energies of the 196 conformers found below the threshold of 6 kcal 
mol-1. (D) Every 10th conformer from the initial 100 conformers, labeled with their respective 
energy differences in comparison to the lowest energy conformer. The lowest energy conformer 
is highlighted in green. 
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Figure S12. Sampled hydration states during proton transfer in the Complex I model as a function 
of mCEC-CV value. N stands for no water-mediated connection between two residues, D stands 
for a direct connection between two residues. (A) Water connectivity sampled with US. (B) Water 
connectivity sampled with MWE. 
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Figure S13. Sampling of protonation states during proton transfer in the Complex I model. (A) 
Reaction mechanism scheme sampled by MWE. Water-mediated reaction steps are denoted by 
a cartoon water molecule, hole transfer is denoted by a dashed circle, direct protonation. Direct 
protonation is denoted by an unadorned arrow. (B) 2D-PMF along the mCEC-CV and the 
protonation states of the protein residues participating in the pT. Intermediates and arrows 
correspond to mechanism scheme in A. Additional protonation states are annotated in grey using 
the following scheme: protonation state of Lys237, His319, His293, and Glu378. (C) Protonation 
states plotted according to their weighted mCEC-CV average and their free energy. Transitions 
between two states during sampling are depicted as connections between the two respective 
states. Thicker lines denote more frequent transitions. Intermediate states are annotated using 
arrows. 
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Figure S14. Sampling of proton transfer reactions in the Complex I modeled, using a smaller QM 
region and positional restraints. (A) Structure of the QM region. (B, C) Convergence of the PMF 
profile obtained with US and SW-WTM-eABF, respectively. (D) Convergence of PMF difference 
between reactant and product state. (E, F) Convergence of mean force profile obtained with US 
and SWE, respectively. (G) Sampling of the reaction coordinate using SWE. (H) Sampling of the 
extended variable reaction coordinate using SWE. (I) 2D histogram of the instantaneous 
difference between the extended system variable and the reaction coordinate as a function of the 
reaction coordinate. 
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Figure S15. Benchmarking the proton transfer energetics for the His-water model (model 1). (A) 
Minimum energy profiles and (B) barriers at different theory levels. B3LYP-D3/def2-SVP 
geometries were used for estimation of electronic energies with the def2-TZVPPD basis set at 
the B3LYP-D3,6-8 ωB97X-D3,9 BMK,10 B1LYP,11 and compared against PNO-based CCSD(T) and 
MP2 level of theory. 
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Table S1. List of simulations.  
Simulation Model Reaction 

Coordinate  
Sampling 
Algorithm 

Sampling Time (ps) Total 
Sampling Time (ps) 

1 1 LC US 18 × 50 900 
2   MWE 2 × 48 96 
3  mCEC US 33 × 20 660 
4   MWE 2 × 50 100 
5   MWE 10 × 30 300 
6 2 mCEC US 60 × 5 300 
7   MWE 12 × 25 300 
8   FUS 12 × 10 120 
9 3 mCEC US 48 × 5 240 
10   SWE 1 × 220 220 
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Table S2. Apparent barriers and activation free energies for Model 1 for different switching 
parameter ds. 

𝒅𝒔	(Å) 𝒎𝒛‡ 	(a.m.u.) 𝚫𝑨‡	1kcal	mol-16 𝐀‡ − 𝐀𝑹 = 𝚫𝐀𝑹𝑷
‡,𝐚𝐩𝐩1kcal	mol-16 

0.03 0.017 8.4 10.5 
0.05 0.026 8.5 10.4 
0.10 0.049 8.7 10.0 
0.20 0.086 8.6 9.6 
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3.5 Publication V: Combining Fast Exploration With

Accurate Reweighting In the OPES-eABF Hybrid

Sampling Method

Abstract: On-the-fly probability enhanced sampling (OPES) has recently been introdu-
ced [Invernizzi, M.; Parrinello, M., J. Chem. Theory Comput. 2022, 18, 3988–3996], with
important improvements over the highly popular metadynamics methods. In our work, we
introduce a new combination of OPES with the extended-system adaptive biasing force
(eABF) method. We show that the resulting OPES-eABF hybrid is highly robust to the
choice of input parameters, while ensuring faster exploration of configuration space than
the original OPES. The only critical parameter of OPES-eABF is the coupling width to
the extended-system, for which we introduce an automatic algorithm based on a short
initial unbiased simulation, such that the OPES-eABF requires minimal user intervention.
Additionally, we show that due to the decoupling of the physical system from the time-
dependent potential, unbiased probabilities of visited configurations are recovered highly
accurately.
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A. Hulm; R. P. Schiller; C. Ochsenfeld. “Combining Fast Exploration With Accurate Re-
weighting In the OPES-eABF Hybrid Sampling Method” J. Chem. Theory Comput. 2025,
21, 6434–6445.
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ABSTRACT: On-the-fly probability enhanced sampling (OPES)
has recently been introduced [Invernizzi, M.; Parrinello, M. J.
Chem. Theory Comput. 2022, 18, 3988−3996], with important
improvements over the highly popular metadynamics methods. In
our work, we introduce a new combination of OPES with the
extended-system adaptive biasing force (eABF) method. We show
that the resulting OPES-eABF hybrid is highly robust to the choice
of input parameters, while ensuring faster exploration of
configuration space than the original OPES. The only critical
parameter of OPES-eABF is the coupling width to the extended-
system, for which we introduce an automatic algorithm based on a
short initial unbiased simulation, such that OPES-eABF requires
minimal user intervention. Additionally, we show that due to the
decoupling of the physical system from the time-dependent potential, unbiased probabilities of visited configurations are recovered
highly accurately.

■ INTRODUCTION
Molecular dynamics (MD) has become a most powerful tool
for the characterization of many-particle systems, and is able to
provide significant insights into the dynamics of various
chemical systems, ranging from biological macromolecules
such as enzymes or nucleic acids1−3 to solid state systems.4−6
However, as many processes only occur on macroscopic time
scales that are out of reach for conventional MD, importance
sampling algorithms must be applied, that are able to
selectively accelerate rare transitions.7,8

For this purpose, highly successful techniques have been
developed over the years, many of which are based on biasing
potentials which are applied to low dimensional collective
variables (CVs) that represent reaction coordinates. Such
approaches trace back to umbrella sampling (US), where
simulations are encouraged to visit high free-energy regions
with static biasing potentials.9,10 Today, adaptive potential
methods like the (well-tempered) metadynamics (WTM) and
its variants are highly popular, which use a memory kernel to
build suitable biasing potentials based on information on the
trajectory and encourage the exploration of undersampled
regions of CV space.11−13 Recently, on-the-fly probability
enhanced sampling (OPES) emerged, significantly improving
upon WTM by shifting the focus from iteratively estimating
the potential of mean force (PMF) (i.e., free energy surface),
to directly reconstructing the underlying probability distribu-
tion based on a kernel density estimation.14

In contrast to WTM, OPES very quickly converges to a
quasi-static biasing potential. This entails two major advan-

tages: First, the reweighting of the configurations to the
unbiased probability distribution can be done in the same way
as for US. The reweighting of WTM is more complicated
because the time dependence of the bias potential must be
taken into account.15 Second, OPES eliminates the danger of
pushing the system into high free-energy transitions by too
harsh repulsion from the current state, as it can occur in WTM.
However, the downside of this is that for the case of imperfect
CVs, transitions can still be relatively slow compared to
WTM.16 For this reason, a complementary variant of OPES
was introduced, termed OPES explore (OPESE), where the
biasing potential is designed to continuously change and push
the system out of equilibrium.17 Naturally, from OPESE one
cannot obtain accurate equilibrium properties.
An alternative to adaptive biasing potential based methods is

the adaptive biasing force (ABF), where instead of the PMF
one obtains an on-the-fly estimate of the mean force acting
along CVs, which is integrated to obtain the PMF.18,19 By
applying the negative of this force estimate as a bias one aims
for uniform sampling. To circumvent the associated strict
technical requirements on CVs, the ABF is commonly applied
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to fictitious particles that are coupled to CVs, which yields the
extended-system ABF (eABF).20−22 Even more, the eABF
enables remarkable algorithmic flexibility that can be harnessed
to obtain highly efficient hybrid methods like the WTM-
eABF,23,24 or to accurately retrieve probabilities of the sampled
states based on the multistate Bennett acceptance ratio
(MBAR) estimator,25,26 making use of the decoupling of the
physical system from time-dependent biasing potentials and
forces.
In this contribution, we introduce a new OPES-eABF hybrid

method, that combines many of the advantages of its
predecessors. On three test examples, namely the asymmetric
double-well potential, the Müller−Brown potential, and the
alanine dipeptide system in vacuum, we show that OPES-eABF
is highly robust to the choice of parameters as well as CVs,
provides fast sampling without pushing the system to high-
energy transitions, and preserves accurate reweighting from the
extended-system trajectories. Additionally, we provide an
algorithm to automatically obtain suitable coupling width for
the extended-system from short unbiased MDs, which is the
most critical parameter for eABF, WTM-eABF, and OPES-
eABF. Overall, we show that OPES-eABF can serve as unified
tool for diverse sampling problems.

■ THEORY
We consider the classical dynamics of an N particle systems in

3 with 3N Cartesian coordinates xT = (x1, ···, x3N), momenta
pT = (p1, ···, p3N) and potential energy U(x), whose probability
density follows the Boltzmann-distribution

= =
Z

x
x

( )
e
e d

1
e

U

U
U

x

x
x

( )

( )
( )

(1)

with inverse temperature β = (kBT)−1, Boltzmann constant kB,
and configurational integral Z. Ensemble averages, indicated by
⟨···⟩, of any observable O(x) are given by

=O Ox x x x( ) ( ) ( )d (2)

In principle, estimates for ρ(x) can be obtained from molecular
dynamics (MD) or Monte Carlo (MC) simulations under the
assumption of ergodicity, which states that trajectory averages
will eventually converge to the ensemble average. However,
from eq 1 it is clear that visiting configurations with higher
potential energy is exponentially less likely, such that
simulations are often trapped in certain regions of config-
uration space. For this reason conventional MD simulations
are quasi-nonergodic, and accurate estimates of ρ(x) are hard
to compute. Importance sampling techniques aim to circum-
vent this problem by modifying the potential energy with some
biasing potential

= +U U Ux x x( ) ( ) ( )bias (3)

such that energy barriers are reduced and ergodicity can at
least partially be restored. The modified probability density
reads
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where Z̃ is the modified configurational integral. By insertion
into eq 2, biased ensemble averages can be reweighted to the
physical distribution via
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where ⟨···⟩Ũ denotes averages over the biased ensemble.
Most importance sampling techniques rely on the definition

of collective variables (CVs), which are functions : N d3

with d ≪ N that map high dimensional systems onto a low
dimensional representation z = (z1, z2, ···, zd) = ξ(x) which
serves as reaction coordinate. The marginal probability
distribution along z is defined via

= [ ] = [ ]z z x x x z x( ) ( ) ( )d ( ) (6)

with multivariant Dirac delta distribution δ[···]. From ρ(z) one
obtains the potential of mean force (PMF), or free-energy
surface

=A z z( ) ln ( )1 (7)

which is the main target of most importance sampling
algorithms, as it allows for the calculation of the reaction
and activation free energy of the underlying process. Assuming
that the CV space provides a good separation of two
metastable states A and B, the reaction free energy can simply
be obtained from

= =A
Z
Z

z z

z z
ln

( )d

( )d
lnA B

1 B

A

1 B

A (8)

integrating over the corresponding domains of CV space.27

More involved is the calculation of the activation free
energy, for which recently an analytical expression was
provided by Dietschreit et al.28

=‡ ‡

A
Z

Z
ln z

A B
1 TS

A (9)

Here, z‡ denotes the position of the transition state ensemble
(TSE) of a one-dimensional CV and = h m/22 with
Planck constant h is the thermal de-Broglie wavelength of the
pseudoparticle associated with this CV

=m M( ) ( )x x
1 T 1

(10)

where M is the diagonal mass matrix. Besides accounting for
the mass of atoms involved in the transition, for example
reproducing isotope effects, ⟨λξ⟩ removes distortions of the
Cartesian space by nonlinear CVs. Note that instead in the
literature the simple difference of maxima and minima on the
PMF is frequently employed, which can be seen as
approximation of eq 9, ignoring distortions of the coordinate
system and the influence of mass while assuming the
probability density to be sharply peaked in the reactant
minimum. Reaction rate constants, which are of high interest
as they are often experimentally observable, can be obtained
from Eyring’s equation

= =
‡

k
h

1
e A

A B
A B

A B

(11)

where τA→B is the first passage time from metastable state A to
B and κ the transmission coefficient, which is often taken to be
one assuming that all trajectories that reach the TS also cross
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it. In practice, it is assumed that ZTS = ρ(z‡), which is the
reason for the high sensitivity of results on the choice of CV, as
it needs to correctly capture the TSE. Alternatively, there are a
number of methods for the estimation of kinetic rates that are
based on directly observing the first passage time from multiple
simulations, avoiding the computation of TSEs. The under-
lying assumption is, that the TSE remains bias free, which
means that only ZA is modified in eq 9. This allows for the
rescaling of biased passage times τÃ→B via

= te dU tx
A B

0

( ( ))A B bias

(12)

However, such simulations do not allow for the simultaneous
computation of the ΔAA→B as the PMF is never computed.
Hence, in this contribution we want to analyze the
convergence of both eq 8 and 9, filling a gap in the importance
sampling literature that often exclusively focuses on the
ΔAA→B.
Adaptive Biasing Potential Methods. Adaptive poten-

tial methods aim to learn a good biasing function on-the-fly
from information from the trajectory. Although many strategies
are reported in literature, the today by far most influential is
(well-tempered) metadynamics (WTM).11,12,29 Here, a time-
dependent repulsive potential is built from the superposition of
Gaussian hills

=G hz z( , ) et
z z

G
( ) /2t

2
G
2

(13)

with Gaussian height hG, standard deviation σG = (σ1, ···, σd),
and Gaussian center zt. New hills are created in fixed time
intervals τG according to

=
= ···

U t Gz z z( , ) e ( , )
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(14)

where to ensure smooth convergence, the height of Gaussian
hills is scaled down depending on the previously deposited
bias, such that bias factor γ > 1 controls how much the original
distribution is smoothed out.12 Note that for γ → ∞ the
scaling factor is 1 and the Gaussian height remains constant,
such that conventional metadynamics (MtD) is recovered. It
can be mathematically proven,30 that the WTM potential
converges to
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such that an unbiased estimate of the PMF can directly be
obtained from UWTM. Here, C(t) is a time-dependent constant,
which can be ignored for estimating the PMF, as we are only
interested in relative free energies, but is important for proper
reweighting.15 Most importantly, after an initial transient the
time dependencies of UWTM(z,t) and C(t) cancel, such that a
time-independent statistical estimator is given by

=O Ox x( ) ( )e U t C t
U

z( ( , ) ( ))WTM

(16)

Recently, on-the-fly probability enhanced sampling (OPES)
emerged as a new alternative to WTM, shifting the focus from
estimating the biasing potential to directly estimating the
underlying probability density.14,17 The estimate of the

probability density is obtained from the kernel density
estimation

= = ···

= ···
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with wt = eβUd

OPES(zt,t−1). Note that unlike for WTM the height of
Gaussians is given by =h ( 2 )i iG

1 and changing it
would only lead to a change in the normalization. The biasing
potential is given by
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where Zt is a norm factor, normalizing over the explored space|Ωt| via
=

| |
Z tz z1

( , )dt
t t (19)

and ϵ ensures that the logarithm is always defined. By choosing
ϵ = e−βΔE/(1−1/γ), OPES allows for setting an upper bound to
the biasing potential, which is given by the parameter ΔE.
Note that in contrast to WTM, where the biasing potential
builds up slowly, already at the beginning of the simulation
UOPES is in the order of ΔE. Therefore, one obtains fast initial
transitions after which the bias quickly becomes quasi-static
and the details of the PMF are slowly refined. As opposed to
WTM, reweighting is simply possible via eq 5 and much more
stable, especially for the initial part of the trajectory where
UWTM would still change drastically.14

Extended-System Dynamics. We use the term exten-
ded‑system for methods in which artificial particles are coupled
to CVs. These additional degrees of freedom are subject to the
same dynamics as the physical system and serve as a proxy for
the application of adaptive potential methods.20,22−24 The full
extended-system potential thus reads

= +

+ ···
=

U U

U t

x x x( , ) ( )
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d

i
i i

i d

ext

1 ext,
2

2

bias
(20)

where fictitious particles (λi, ···, λd) are tightly coupled to CVs
with coupling widths = k1/( )i iext, , ki being harmonic
force constants. Thus, the physical system just experiences the
time-independent harmonic coupling potential, and any time-
dependent biasing potential Ubias(λi, ···, λd, t) can be applied to
fictitious particles to accelerate sampling. An especially efficient
method has emerged by combining two complementary
biasing strategies in the WTM-eABF hybrid method, where
WTM pushes the system away from the already sampled states
and an adaptive biasing force (ABF) removes barriers along the
way.23,24 In spirit of the WTM-eABF, we introduce a new and
most efficient variant, replacing the WTM with the more
recent OPES to yield the OPES-eABF hybrid method.
For reweighting only information from the trajectories of

CVs and λ’s is required. This means that results are
independent of the convergence of Ubias, making results robust
against the choice of parameters of the chosen sampling
accelerator (WTM, OPES, and/or ABF). Previously, we have
shown that accurate reweighting is always possible using
standard importance sampling techniques like the MBAR,25,26
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while fast on-the-fly estimates of the PMF are available based
on thermodynamic integration.22,31 Overall, because of these
properties we are convinced that the combination of OPES
with extended-system dynamics provides an ideal foundation
for the development of a unified importance sampling
algorithm, as outlined below.

■ COMPUTATIONAL DETAILS
Implementation of the OPES and OPES-eABF

Method. A python based implementation of the OPES
method is provided in our in-house adaptive-sampling
package,26,32 following the original implementation of
Invernizzi and Parrinello, which includes a kernel compression
algorithm, a shrinking bandwidth to converge details of the
PMF, and an algorithm for the efficient numeric computation
of the norm factor (eq 19).14 We provide the option to store
biasing potentials and forces on a grid instead of computing
the sum of kernels in every step. Note that while this is highly
efficient in low dimensional CV spaces it may become
disadvantageous in higher dimensional spaces because of the
“curse of dimensionality”, which is elegantly circumvented by
the kernel compression algorithm of OPES. If no bias factor γ
is provided, it is set to γ = βΔE.14 An adaptive bandwidth
algorithm is implemented based on an exponentially decaying
average using Welford’s online algorithm with decay time
τ.17,33 Similarly, the initial kernel bandwidth can be obtained
from a short unbiased simulation over τ steps. Hence, the only
parameters that have to directly be set are the frequency of
kernel creation and the barrier factor ΔE. Although not further
discussed here, we also provide an implementation of the
explore variant of OPES (OPESE).

17

We leveraged the extended-system formalism to develop a
modular approach for OPES-eABF (respectively, OPESE),
analogous to the WTM-eABF.23,24 The fictitious particle is
propagated using a Langevin integrator34 identical to that of
the physical system. It experiences a combined bias composed
of OPES and/or ABF, which are evaluated on the same grid.
For ABF, Nfull is the only input parameter, which describes a
linear ramp function that controls how fast the ABF force is
scaled up. To set up the extended-system one has to choose
two empirical parameters for each CV: masses mλdi

of fictitious

particles (or the oscillator periods = m k2 /i ii
), which

have only a marginal influence on results, and coupling widths
σext,i.22 The latter are critical, as too loose coupling will result in
insufficient sampling of the physical system, which does not
remain coupled, and too tight coupling will hinder
convergence. The parameters of UOPES, respectively UWTM,
are not as critical, as they do not enter reweighting and only
control how fast the CV space is explored. Therefore, we aim
to obtain an automatic algorithm for the estimation of suitable
coupling widths σext,i to make the methods as easy to use as
their non-extended counterparts. To motivate our approach,
we start by approximating the probability density in metastable
state A with a Gaussian

z( ) e
z z

A

1
2

( )
A
2 0

2

(21)

with equilibrium position z0 and standard deviation σA.
Inserting into the definition of the PMF (eq 7), we obtain
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To ensure tight coupling as long as (z − z0) ∼ (z − λ), we
require the force along the PMF A z( )

z
to be less than the

coupling force,

<z z z
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1

( )
A
2 0

ext
2 (23)

from which we obtain the condition σext < σA, serving as an
upper bound for the choice of coupling width. This follows
from the intuition that for (z − z0) ≫ (z − λ) eq 21 does not
hold, and instead, as desired, one escapes to another
metastable state. Hence, a suitable σext can be found by
estimating σA from a short initial MD and scaling by a factor
smaller than 1 (0.5 is used throughout this work, unless
otherwise noted). Note that for this the probability density is
assumed to be Gaussian-shaped, which is accurate for a wide
range of processes, e.g., chemical reactions that require bond
breaking, but is not always the case. Starting from a diffuse,
non-Gaussian-shaped state may lead to estimates of σext that
are too loose. Hence, for multiple states (A, B, ···), we propose
to use the minimum of all (σA, σB, ···) to ensure tight coupling
in all states. For open exploration runs, where intermediate
metastable states are not known beforehand, it is advisable to
choose a more tight coupling width, either by reducing the
scaling factor of the automatic algorithm, e.g., to 0.1, or by
manually setting a tight parameter. As discussed further below,
this slightly reduces the speed of convergence by introducing
more noise in the coupling force, but ensures that the system is
always able to efficiently escape from different metastable
states. Further, the algorithm extends to multidimensional
CVs, by separately obtaining σext for all degrees of freedom.
Numerical Potentials. As simple test cases, we consider

the Langevin dynamics of a single particle on numerical 2D
potentials. We start with the asymmetric double-well (ADW)
potential

= + + +U x y ax bx cx dy e( , )ADW 2 3 4 2 (24)

with the empirical parameters given in the Supporting
Information (SI). MD simulations are initialized at the global
minimum according to Boltzmann statistics and run for 500 ps
with 1 fs time step (500,000 steps) and a friction constant of
1 ps−1 at an equilibrium temperature of 300 K. Unless
otherwise noted, WTM potentials are updated every 100th
step with initial hill height 0.239 kcal/mol (1 kJ/mol), kernel
standard deviation 0.07, and bias factor 15 (which is equivalent
to a bias temperature of 4200 K). For OPES, comparable
parameters are used, but hills are only created every 500 steps,
as due to the normalization for OPES the pace of hill creation
has no influence on how fast the biasing potential grows. The
barrier factor ΔE is set to 30.4 kcal/mol, which corresponds to
the analytical barrier for the forward reaction starting from the
global minimum. The mass of fictitious particles for extended-
systems is set to 20 a.u., and the coupling width is obtained
from 5000 steps of unbiased MD with a scaling factor of 0.5,
unless otherwise noted. The ABF force is scaled up with a
linear ramp and fully applied in bins with at least 500 samples.
The x-axis is always employed as CV, such that the reference
PMF is given by numerical integration of the analytical
probability density along the y-axis.
As a second test case, we consider the Müller−Brown

potential
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with B = 1 kJ/mol, and all other numerical parameters given in
the SI. Langevin dynamics simulations are performed as before,
but for 10 ns. WTM potentials are updated every 500 steps
with Gaussian hills of height 1.0 kJ/mol, standard deviation 0.1
and bias factor 15. For OPES, the barrier factor is set to 5 kcal/
mol, always applying an adaptive bandwidth using a running
average with a decay time of 5000 steps. Extended-systems are
parameterized exactly like for the ADW potential. The ABF
force is scaled up with a linear ramp and fully applied in bins
with at least 500 samples. Again, the x-axis is employed as CV,
computing the reference PMF by numerical integration of the
analytical probability density along the y-axis. Furthermore, to
test sampling along a good CV for the MB potential, path CVs
(PCVs)35,36 are employed, as described in our previous study37

and detailed in the SI. Both potential energy surfaces are
shown in Figure 1.

Alanine Dipeptide. Simulations of alanine dipeptide in
vacuum are performed using the OpenMM molecular
dynamics library38 and AMBER ff14SB parameters.39 For
this purpose, a python interface to the adaptive-sampling
package is developed based on the CustomExternalForce
module of OpenMM. The Langevin integrator as implemented
in OpenMM is employed at 300 K with a time step of 2 fs and
damping of 1 ps−1, keeping covalent bond distances of
hydrogen atoms constrained. For each sampling method, 11
independent simulations are performed, 10 ns each. For WTM
and OPES hills are created every 500 steps. An initial hill
height of 1.2 kJ/mol, kernel standard deviation of 0.35 radians
and bias factor 15 was used for WTM potentials. For OPES,
the parameters of ref 14. are reproduced, such that results are
comparable, and our implementation can be verified. Most
importantly, the barrier factor is set to 50 kJ/mol (∼12 kcal/
mol). The extended-system is initialized exactly like for
numerical potentials and for eABF hybrids WTM and OPES
parameters are identical to nonextended simulations. Again, for
1D simulations the ABF force is fully applied in bins with at
least 500 samples. However, for 2D simulations this parameter
is reduced to 100 samples. Additionally, for 2D simulations the
mass of fictitious particles for the extended-system is increased
to 200 a.u. To ensure tight coupling it is better to estimate σext
from the C7ax state. Estimating σext from the non-Gaussian
shaped and more diffuse C7eq state results in only loose
coupling, as discussed in the Implementation of the OPES and
OPES-eABF Method section. In Figure 2 on the left, the
alanine dipeptide molecule is shown, where the Φ and Ψ

dihedral angles are marked, which are employed as CVs. On
the right, a reference PMF is given, as obtained from the
combined data of 10 independent 10 ns OPES simulations.

■ RESULTS AND DISCUSSION
In the following we discuss the performance of WTM, WTM-
eABF, OPES, and OPES-eABF on three different scenarios:
first, the ADW potential, representing a system with high ΔA,
where an optimal reaction coordinate is given by the x-axis.
Second, the MB potential, which is a prototypical example for a
system with a more complicated nonlinear reaction coordinate,
and last, the C7eq to C7ax transition of alanine dipeptide, which
can undergo two competing reaction channels.
The Case of High ΔA: Asymmetric Double-Well

Potential. We start by analyzing the performance of different
sampling algorithms for a particle on an asymmetric double-
well (ADW) potential where the x-axis represents an optimal
CV. The potential energy surface is shown in Figure 1 on the
left. In Figure 3a,b we compare the performance of WTM and
WTM-eABF, respectively, where all parameters of WTM
potentials are identical. On the left, the mean final PMFs, in
the middle the convergence of the reaction free energy, and on
the right the convergence of the activation free energy are
shown, averaged over 11 simulations with standard deviations
given by light areas. As it is well-known in the literature, the
convergence of WTM strongly depends on its parameter-
ization.13 For example, since with smaller values of γ the hill
height of new Gaussian’s decreases faster, the WTM potential
grows more slowly, as it is also evident in Figure 3a. Figure 3b
shows that due to the additional ABF, WTM-eABF is much
more robust against the choice of WTM parameters and all
simulations converge already after about 20 ps to the analytic
result with vanishing standard deviations. The application of
extended-system dynamics with an ABF or WTM bias alone
leads to dramatically reduced convergence (Figure S1), which
underlines the advantage of combining two complementary
biasing strategies. Overall, this demonstrates the robustness of
the WTM-eABF method, for which the main critical parameter
is the coupling width σext.
Therefore, we aim to further simplify the process of setting

up the extended-system by automatically obtaining a suitable
σext from the CVs standard deviation in a short initial MD. As
discussed in the Computational Details section we use the CVs
unbiased standard deviation as an upper bound to the coupling
width, and to ensure tight coupling, propose to scale it with a
factor smaller than 1 to obtain the final estimate of σext. In
Figure 4, we compare results for scaling factors 0.1 (blue), 0.5

Figure 1. Asymmetric double-well (left) and Müller−Brown potential
(right). Inline numbers denote the potential energy in kcal/mol.

Figure 2. On the left, the C7eq state of alanine dipeptide is shown.
The ϕ and ψ dihedral are marked, which represent the most
important CVs, involved atoms shown as balls. The graphic was
Graphic created with VMD.40 On the right, a reference PMF is shown
as obtained from long OPES simulations. Inline numbers on contours
denote energies in kcal/mol.
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(orange), and 1.0 (green). The resulting values for σext
obtained from 5000 initial MD steps are shown as inset on
the right. For direct use of the unscaled σext (green), the PMF
at the transition state and the activation free energy are slightly
underestimated, showing that the coupling is barely tight
enough. Using scaling factors of 0.5 (orange) or 0.1 (blue), the
PMF fully converges to the analytic result. However, with the
smallest σext the initial convergence begins to deteriorate as the

coupling forces become larger and more noisy. Therefore, we
always use a scaling factor of 0.5 in this work, which seems to
provide a good balance between tight coupling and fast
convergence. The broad validity of this choice for other
systems is shown by its application to simulations of the MB
potential and alanine dipeptide system further below.
We next switch from WTM to the more recent OPES. In

Figure 5a,b we compare the performance of OPES (upper

Figure 3. On the left the mean PMFs from 11 independent 500 ps MD simulations are shown, with standard deviations denoted by light areas.
Additionally, the convergence behavior of ΔA (middle column) and ΔA‡ (right) are shown. Dashed gray lines denote analytic results.

Figure 4. On the left the mean PMFs from 11 independent 500 ps WTM-eABF runs with different coupling widths are shown, with standard
deviations denoted by light areas. Coupling widths were obtained from the CVs standard deviation from 5000 initial MD steps, and scaled with 0.1
(blue), 0.5 (orange), and 1.0 (green), respectively, mean and standard deviation of the resulting coupling width shown as inset. Additionally, the
convergence behavior of ΔA (middle column) and ΔA‡ (right) are shown. Dashed gray lines denote analytic results.

Figure 5. On the left, the mean PMFs from 11 independent 500 ps MD runs are shown, with standard deviations denoted by light areas.
Additionally, the convergence behavior of ΔA (middle column) and ΔA‡ (right) are shown. Dashed gray lines denote analytic results. Dashed gray
lines denote analytic results.
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row) to the new OPES-eABF counterpart (lower row). We
note that as discussed by Invernizzi and Parrinello,14 OPES has
only a small sensitivity on the choice of bias factor (see also
Figure S2) as it does not influence the growth rate of the
OPES potential. However, in OPES the barrier parameter ΔE
is introduced, which should be chosen as the height of barriers
one wishes to overcome as it sets roughly an upper bound to
the OPES potential. If ΔE is chosen too small (blue),
transitions are rare, as the difference to ΔA‡ remains as
effective barrier. On the other hand, choosing ΔE too high, the
OPES biasing potential initially overshoots and convergence is
slowed down as well. In orange, results are shown for setting
ΔE to the analytic activation free energy. As expected, this
enables almost instant convergence of ΔA‡. However, because
of the high analytic ΔA of the asymmetric double-well
potential, convergence of ΔA is still relatively slow. This is
because for the higher-energy state (left minimum) ΔE is
chosen much too high, which leads to an initial overshooting of
the OPES potential for this state. Again, as shown in Figure 5
we do not observe the same sensitivity to ΔE for OPES-eABF
simulations, which always converge to the analytic result
relatively quickly. For smaller values of ΔE convergence is
reached a bit faster as here the OPES potential does not
overshoot, quickly reaching a quasi-static regime, such that the
ABF can gently remove the remaining barrier.
A similar but more severe effect arises for initializing

simulations in the higher-energy state (local minimum). The
reason is that after the first transition to the global minimum,
due to the mechanism of OPES the effective barrier for the
back transition is roughly given by ΔA + ΔE. Hence, since the
bias potential is still limited to ΔE, simulations get trapped in
the global minimum. Figure 6 demonstrates this effect by

showing obtained CV densities for simulations that start from
the global (left of Figure 6), or local (right of Figure 6)
minimum. As shown in blue on the left, only if the OPES
simulations start from the global minimum, the biased CV
density correctly converges to the well-tempered distribution
defined by γ, showing two Gaussian-shaped distributions for
the two metastable states. However, if simulations start from
the higher-energy state, after the first transition, the global
minimum is exclusively sampled, and the resulting CV density
is one-sided, as shown in blue on the right. This also
introduces errors in the PMF, as shown in Figure S3. In
contrast, as shown in orange, for OPES-eABF the biased CV
density always converges to a uniform distribution due to the
additional ABF, regardless of the starting configuration.
Overall, we have shown how combining WTM and OPES

with eABF yields increased robustness against input parame-

ters. Additionally, for this simple test case, WTM-eABF and
OPES-eABF yield significantly improved convergence to the
analytic result, which is always reached after less than 100 ps.
We mainly attribute this to the more accurate reweighting of
extended-system dynamics, where sample weights are
decoupled from time-dependent potentials. Furthermore,
OPES-eABF is capable of eliminating weaknesses of OPES
for systems with high ΔA, where the barrier factor is always
well chosen for only one of the two basins, and removes the
dependence of OPES on the starting configuration for such
cases. In the next sections we move to more realistic test
systems, where CVs are imperfect, like it is frequently the case
in practice.
The Case of a Bad CV: Müller−Brown Potential. The

Müller−Brown (MB) potential is a prototypical example for a
system with a nonlinear reaction coordinate, which is a
function of both the x and y-coordinates. A good CV can for
example be obtained by using path collective variables
(PCVs).37 Figure 7 shows results for sampling the MB
potential along an optimal PCV using OPES and OPES-eABF.
The OPES potentials are parameterized identically. Details on
the PCV, as well as a picture of the MB potential together with
path nodes and sampling points are given in the SI. In line with
the above results for the ADW potential, the OPES-eABF
converges faster and with smaller standard deviation than the
OPES.
However, in practice optimal CVs are frequently not

available, and one might even be challenged with cases of
bad CVs that miss important degrees of freedom. For example,
in the MB potential using only the x-axis as a CV is insufficient,
and cannot correctly capture the TSE. In Figure 8 we analyze
how WTM, WTM-eABF, OPES, and OPES-eABF can cope
with such situations, results of which are shown from the left-
hand column to the right-hand column, respectively. The
upper row shows a contour plot of the MB potential together
with combined sampling points from 11 independent
simulations. As expected, due to the poor choice of CV
there is a gap in the sampling of configurations at the transition
state for all sampling algorithms. As already discussed by
Dietschreit et al.,28 the analytic activation free energy ΔA‡, as is
shown in the lowest row, must therefore be underestimated,
which is indicated by the blue vs green dashed lines that show
the expected value from ρ(x) vs the analytic ΔA‡ from the
PCV.37 However, the reaction free energy ΔA, which is shown
on the fourth row, can still correctly be obtained,28 as shown
by the alignment of the blue and green dashed lines, which
again represent the analytical and expected results, respectively.
Indeed, all methods except WTM converge to the analytic
references within 10 ns. WTM-eABF initially tends to slightly
overestimate the PMF and shows slower convergence and
higher standard deviations compared to OPES and OPES-
eABF. The latter two methods show similar convergence
behavior, as indicated by similar error bars for the PMF, ΔA
and ΔA‡. Both methods converge to the analytic results in the
first nanoseconds, over the remaining time only reducing the
standard deviation, which is shown by light areas. Thus, both
methods make the best of the poor choice of CV, which
remains a limiting factor to the simulations. The better
performance of OPES and OPES-eABF compared to WTM
and WTM-eABF, can be attributed to the quasi-static nature of
the OPES potential, which avoids pushing the system to high-
energy transitions. The occurrence of much more transitions
with WTM and WTM-eABF than with OPES aligns with this

Figure 6. CV density plots for simulations initialized in the global or
local minimum. Results from OPES are shown in blue and from
OPES-eABF in orange. For all simulations the parameter ΔE is set to
30.4 kcal/mol.
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observation, as can be seen in the second column of Figure 8
where prototypical trajectories are shown (remaining trajecto-
ries shown in the SI). Interestingly, OPES-eABF shows almost
as many transitions as WTM-eABF without compromising
accuracy. For real chemical systems, where the configurational
space that needs to be sampled is much larger than for 2D
potentials, this is highly important in order to enable the
convergence of simulations within affordable time scales.16

Hence, we successfully reproduce the highly beneficial
properties of OPES for sampling along bad CVs,17 out-
performing WTM(-eABF). We show that OPES-eABF inherits
these strengths, but at the same time is able to increase the
transition rate more effectively than OPES, combining fast
exploration with accurate convergence. Hence, OPES-eABF is

a promising alternative to OPESE, as the latter focuses only on
fast exploration while sacrificing accuracy.17

The Alanine Dipeptide System. Finally, we turn to
alanine dipeptide in vacuum, which is one of the most popular
test systems for importance sampling methods. It is well-
known that the slow dynamics of alanine dipeptide are mainly
governed by the Φ and Ψ dihedral angles, which discriminate
between the C7eq and C7ax configurations. Figure 9 shows 2D
OPES and OPES-eABF simulations, where both Φ and Ψ are
employed as CVs. Snapshots of PMFs after 0.2, 0.5, and 2.0 ns
are shown. Again, OPES-eABF converges significantly faster, as
indicated by smoother PMFs at all stages. After 2 ns PMFs
from both methods approach the reference PMF as shown in
Figure 2, with OPES-eABF being more reliable in high-energy

Figure 7. Sampling of the MB potential using the optimal path collective variable (PCV) as a CV and the OPES (orange) or OPES-eABF (green)
sampling methods, respectively. Analytic results denoted by blue dashed lines and standard deviations from 11 independent runs by light areas.

Figure 8. Sampling of a Müller−Brown potential using the x-axis as CV and four different sampling algorithms, WTM and WTM-eABF in the first
two columns and OPES and OPES-eABF in the third and fourth column, respectively. In the top row, the MB potential is shown as a contour plot
together with data points from 11 independent 10 ns runs. The second row contains prototypical trajectories, while the third row shows the mean
final PMFs. The standard deviation from the 11 runs is indicated by light areas. In the fourth and fifth row the corresponding convergences of ΔA
and ΔA‡ are shown, respectively. Dashed blue lines indicate the reference obtained by numerically integrating the analytic probability density over
the y-axis, while the dashed green lines show results for an optimal CV.37
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regions. Along the same lines, as in OPES-eABF one samples
from a uniform distribution instead of a well-tempered one, the
PMF is already fully explored after 0.5 ns, including high-
energy regions.
After again showing the beneficial speed of exploration and

more accurate convergence of OPES-eABF as compared to

OPES for the case of very good CVs, we will turn to only using
the Φ coordinate as a CV, which still represents a relatively
good choice, but lacks the Ψ degree of freedom. In Figure 10
we compare results from the WTM, WTM-eABF, OPES, and
OPES-eABF methods, which are shown from the left-hand
column to the right-hand column, respectively. To obtain a 1D

Figure 9. Sampling of the (Φ, Ψ) transitions of alanine dipeptide in vacuum (Ramachandran plot). The top row shows PMFs as obtained from
OPES and the lower row from OPES-eABF. From left to right snapshots after 0.2, 0.5, and 2 ns of conformational sampling are given.

Figure 10. Sampling of alanine dipeptide in vacuum using the Φ torsion as CV and four different sampling algorithms, WTM and WTM-eABF in
the first two columns and OPES and OPES-eABF in the third and fourth column, respectively. In the top row, data points from 11 independent 10
ns runs are shown in the (Φ, Ψ) plane. The third row shows the mean final PMFs, standard deviation from the 11 runs indicated by light areas. In
the third and fourth row the corresponding convergences of ΔA and ΔA‡ are shown, respectively.
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reference PMF, the probability density as obtained from the
2D reference simulation is numerically integrated over the Ψ
degree of freedom. On the top row the sampling of the (Φ, Ψ)
plane is shown, with the reference PMF indicated by a contour
plot where the C7eq and C7ax states are labeled. We focus on
transitions over the TS at Φ ∼ 0°, which can occur through
two different reaction channels, where the lower one (Φ < 0) is
favored by about 1 kcal/mol. All methods except WTM-eABF
predominantly sample the lower energy transition channel.
This can be attributed to harsh pushing of the WTM-eABF in
the Φ direction. Note that one might be able to avoid this by
changing the parameterization of the WTM potential for
WTM-eABF, but that OPES(-eABF) naturally avoids such
effects due to the quasi-static nature of OPES, which by
construction does not push on the CV. This is a fundamental
property of OPES(-eABF) and not only an effect of the chosen
parameters, which can be shown by using a much higher value
of ΔE, still leading to dominant sampling of the lower energy
transition as shown in Figure S9 of the SI. The second row of
Figure 10 shows the final PMFs, while the third and fourth row
show the convergence of ΔA and ΔA‡, respectively. The final
PMFs from WTM, OPES, and OPES-eABF are qualitatively
similar, while WTM-eABF overestimates the PMF for the C7ax
state, which also leads to overestimation of the ΔA and ΔA‡.
This is caused by the dominant sampling of the wrong
transition channel, as discussed above. The standard deviation
for A(Φ), ΔA, and ΔA‡ is higher for OPES-eABF than for
WTM and OPES, with the latter showing the fastest
convergence, reproducing results from the original OPES
implementation by Invernizzi and Parrinello.14 The higher
standard deviation of results from OPES-eABF can be
understood by considering the broader sampling of config-
uration space, frequently observing both possible transitions
while still overall converging to the correct result.
Overall, the results again show the better exploration

capabilities of OPES-eABF compared to OPES, while high
accuracy in reweighting is maintaining. For sampling the
Ramachandran plot OPES-eABF emerges as significantly more
efficient than OPES. However, if only Φ is chosen as CV the
alanine dipeptide example also sheds light on a paradox:
broader sampling of the configuration space frequently
increases the statistical uncertainty of results, simply because
configurations that are never visited in more local sampling
cannot contribute to statistical errors. An ideal adaptive-
sampling algorithm has to balance two competing goals: high
accuracy in free-energy estimates can only be obtained if the
system is not disturbed too much, but high efficiency in
sampling, especially for the real-life scenario of suboptimal
CVs, is only possible if the system is pushed to undergo
transitions. We show on the example of WTM-eABF, that
focusing on the latter can lead to artifacts in free-energy
estimates. OPES is designed to focus on the former, resulting
in almost exclusive sampling of the lower energy transition.
With OPES-eABF we try to find a balance between the two
extremes, as for more complicated reaction mechanisms the
ability to efficiently explore multiple parallel reaction pathways
can provide significant additional insight and yield more robust
free-energy estimates, as the danger of missing important
configurations is smaller.41 Both reaction channels are
frequently sampled, providing a full picture of the process at
hand, but overall still converging to the correct result within
chemical accuracy (1 kcal/mol) almost from the start.

■ CONCLUSIONS
In the spirit of the WTM-eABF hybrid method,23,24 we
introduce a new OPES-eABF hybrid and show that it unites
multiple favorable properties of its building blocks:

• Combining WTM/OPES with the complementary ABF
obscures weaknesses of the former, such that simulations
become highly robust against the choice of input
parameters. We observe that while OPES is highly
efficient in many cases, it can be difficult to choose a
good barrier factor for systems with high ΔA, as
demonstrated in the ADW potential.

• Due to its quasi-static nature, OPES is very well suited
for combination with eABF. Especially for safe choices of
ΔE, smaller than the targeted barriers, OPES very
quickly converges, leaving the remaining barrier to be
cautiously removed by ABF. Therefore, the system is not
pushed into high-energy transitions, that may arise in
WTM or WTM-eABF if parameters are chosen too
harshly.

• While OPES-eABF always converges faster and is more
accurate for sampling along good CVs, both OPES and
OPES-eABF show favorable convergence of PMFs and
reaction free energies along incomplete or even poor
CVs compared to WTM or WTM-eABF. Additionally,
with OPES-eABF more transitions are observed than
with OPES, representing a good balance between
sampling efficiency and accuracy. Hence, OPES-eABF
is a promising alternative to OPESE, which is highly
efficient for fast exploration, but cannot provide accurate
equilibrium properties.17

• The extended-system decouples the physical system
from time-dependent biasing potentials, may it be WTM
or OPES. Therefore, the problem of time dependence of
statistical weights never arises, and unbiased proba-
bilities can accurately be recovered using MBAR.25,26

Hence, OPES-eABF provides a promising basis for the
development of a black-box sampling tool that does not require
manual parameterization. To this end, we introduce a method
to automatically obtain a suitable coupling width σext from a
short unbiased MD, which is the only critical parameter for
setting up the extended-system. We show for the three
discussed systems that this method is robust for a wide range
of applications, although there is room for improvement of the
method especially for states with diffuse probability density,
where the obtained coupling width may be too loose. Together
with the adaptive bandwidth algorithm for OPES,17 the only
remaining parameter that is manually set is the barrier factor
ΔE, which can safely be set to 20 kcal/mol for biochemical
applications as the ABF will always remove remaining barriers.
The ABF introduces a single additional parameter, which
controls how fast the biasing force is scaled up and can always
safely be set e.g., to 500 samples,21 resulting in what resembles
an out-of-the-box algorithm. Altogether, we expect that the
simplicity of setting up OPES-eABF simulations will be
appealing to practitioners from diverse fields. Both our
implementations of OPES and OPES-eABF are publicly
available in the adaptive-sampling python package.32

Throughout this work, we have shown the convergence of
both the reaction and activation free energy, hoping to obtain
both quantities with similar precision, such that complex
transitions can be fully characterized from a single simulation.
However, as observed in the MB potential and also discussed
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by Dietschreit et al.,28 the latter requires a careful choice of CV
that today is still far from trivial and requires significant
experience. Despite the impressive progress made in the field
of trainable CVs in recent years,35,37,42−46 there is still much
room for improvement, especially in the development of
methods that are not based on manual feature selection. We
envision that together with innovations in the field of chemical
reaction space exploration,47−51 it will be possible in the future
to discover complicated reaction mechanisms in an automated
way using adaptive importance sampling.
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Sobez, J.-G.; Müller, C. H.; Mörchen, M.; Klasovita, V.; Grimmel, S.
A.; Eckhoff, M.; et al. SCINE-Software for chemical interaction
networks. J. Chem. Phys. 2024, 160, No. 222501, DOI: 10.1063/
5.0206974.

Journal of Chemical Theory and Computation pubs.acs.org/JCTC Article

https://doi.org/10.1021/acs.jctc.5c00395
J. Chem. Theory Comput. 2025, 21, 6434−6445

6445

3. Publications

164



Supporting Information
Combining Fast Exploration With Accurate Reweighting In the

OPES-eABF Hybrid Sampling Method

Andreas Hulm,1 Robert Schiller,1 Christian Ochsenfeld1,2,∗

1Chair of Theoretical Chemistry, Department of Chemistry,

University of Munich (LMU), Butenandtstr. 7, D-81377 München, Germany
2Max Planck Institute for Solid State Research, Heisenbergstr. 1, D-70569 Stuttgart, Germany

∗E-Mail: christian.ochsenfeld@uni-muenchen.de

Contents

1 Asymmetric double-well potential S2

2 Müller-Brown potential S3

3 Alanine dipeptide S7

S1

3. Publications

165



1 Asymmetric double-well potential

The asymetric double well potential is defined by

UADW(x, y) = ax2 − bx3 + cx4 + dy2 + e , (S1)

empirical parameters given in Table S1.

a 62.75
b 64.84
c 15.81
d 12.55
e 16.29

Table S1: Empirical parameters for the asymmetric double well potential (kcal/mol).

Figure S1: On the left the mean PMFs from 11 independent 500 ps extended-system runs using eABF (blue),
eWTM (orange), and WTM-eABF (green) bias are shown, with standard deviations denoted by light areas. The
convergence of the reaction free energy is shown in the middle and the activation free energy on the right. Dashed
gray lines denote analytic results.

Figure S2: On the left the mean PMF from 11 independent 500 ps OPES runs with bias factors γ = 15
(blue), γ = 25 (orange) and γ = ∞ (green) is shown, with standard deviations denoted by light areas. The
corresponding convergence of the reaction free energy is shown in the middle and the activation free energy on
the right.
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Figure S 3: On the left the mean PMFs from 11 independent 500 ps OPES runs with barrier parameter
∆E = 30.4 are shown starting in the lower energy (foreward reaction, blue) or higher energy (backward reaction,
orange) minimum, with standard deviations denoted by light areas. The convergence of the reaction free energy
is shown in the middle and the activation free energy on the right. Dashed gray lines denote analytic results.

2 Müller-Brown potential

The Müller-Brown potential is given by

UMB(x, y) = B
4∑

i=1

Ai exp
[
αi(x− xi)

2 + βi(x− xi)(y − yi) + γi(y − yi)
2
]
, (S2)

with B=1 kJ/mol and other empirical parameters given in Table S2.

i Ai αi βi γi xi yi
1 -40.0 -1.0 0.0 -10.0 1.0 0.0
2 -10.0 -1.0 0.0 -10.0 0.0 0.5
3 -34.0 -6.5 11.0 -6.5 -0.5 1.5
4 3.0 0.7 0.6 0.7 -1.0 1.0

Table S2: Empirical parameters for the Müller-Brown potential.

To obtain an optimal CV, a path is optimized using the nudged elastic band (NEB) method [1],
and used for PCV simulations [2, 3]. The distance to the path is confined with a harmonic constraint
with force constant 100 kcal/mol Å2. The extended-system is stabilized against discontinuous jumps
in the PCV due to path short cutting [4]. Below, path nodes are shown on the MB potential together
with sampling points from 500 ps OPES and OPES-eABF simulations, with barrier factor 5 kcal/mol,
as well as automatic estimation of σext and σG from 5000 unbiased MD steps (see also Fig. 6 of the
main text).
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Figure S4: Path nodes (red) on the MB potential (blue), sampling points from path OPES (left) and path
OPES-eABF (right) simulations shown in orange.

Figure S5: The remaining 10 trajectories of WTM simulations in the MB potential, that are not shown in Fig 6
of the main text.
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Figure S6: The remaining 10 trajectories of WTM-eABF simulations in the MB potential, that are not shown
in Fig 6 of the main text.

Figure S7: The remaining 10 trajectories of OPES simulations in the MB potential, that are not shown in Fig 6
of the main text.
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Figure S8: The remaining 10 trajectories of OPES-eABF simulations in the MB potential, that are not shown
in Fig 6 of the main text.
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3 Alanine dipeptide

Figure S9: OPES (upper row) and OPES-eABF (lower row) simulations of alanine dipeptide along the ϕ angle.
All parameters are identical to the main text, except ∆E, which is now set to 100 kJ/mol.
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Chapter 4

Conclusion and Outlook

In this thesis, several advancements in MD simulations of (bio)catalytic processes have
been developed and applied. The biological systems studied, namely the PUS enzyme, the
p97 enzyme, and the mammalian respiratory complex I, provide examples of the challenges
one faces in this field of research. In short, these challenges originate from the spatial and
temporal dimensions of such macromolecules, and overcoming them requires innovative
and creative approaches. Focus lies on the temporal problem, which is addressed by im-
portance sampling techniques, that can already restore ergodicity in time trajectories of
only moderate length. Combined with empirical force fields that allow for the brute-force
all-atom MD simulation of timescales up to milliseconds, as demonstrated by the D. E.
Shaw consortium on specifically designed computer architectures [110], such methods have
already had a long and fruitful history. In contrast, explicit MD simulations for macro-
molecular processes that require more elaborate QM/MM descriptions have only recently
gained popularity, as trajectories of sufficient length have become routinely affordable.

Until today, in such large-scale QM/MM simulations, each data point is valuable be-
cause of its significant cost, and it is important to devise sampling schemes that are as
data-efficient as possible. This goal is a recurring theme in this thesis, where initially in
Publication I it is shown that the highly efficient WTM-eABF sampling algorithm (and
also extended system dynamics in general) can be combined with the MBAR estimator
to recover the full, bias-free, statistical information. This combination results in a ver-
satile sampling tool, which is employed throughout the further works. In Publication II,
WTM-eABF/MBAR is combined with adaptive PCVs to yield the path WTM-eABF sche-
me, which mitigates the difficulty of manually choosing appropriate CVs and enables the
simulation of non-linear transitions like the reaction mechanism of PUS. A further ex-
ample of the successful application of path WTM-eABF is provided in Publication III,
where the reaction mechanism of ATP hydrolysis by the p97 enzyme is investigated. In
Publication IV, the natural contradiction between ergodic sampling and fast convergence
is addressed by combining global and local sampling strategies to mitigate the highly chal-
lenging long-range pT processes in biological proton pumps like the respiratory Complex I.
Finally, in Publication V, an even more efficient sampling method is derived by replacing

173



4. Conclusion and Outlook

WTM with the new OPES. All the innovations discussed above extend to the resulting
OPES-eABF method, as it is also based on the extended system dynamics. Additionally,
the new method requires minimal user intervention and is easy to parameterize even for
non-expert practitioners.

For future projects, the presented works build a highly robust basis to devise even more
autonomous sampling schemes that enable the qualitative and quantitative exploration
of reaction mechanisms of catalytic systems. Especially promising is the combination of
efficient reaction network discovery, as shown by hyperreactor dynamics in PublicationVII,
with the semi-automated calculation of associated free energies as provided by OPES-eABF
in PublicationV. Still, to address reaction mechanisms as complicated as many biochemical
processes using such a workflow, further innovations have to be made for both the reaction
space exploration and free energy refinement. The hyperreactor dynamics exploration has
to be extended to QM/MM simulations by adapting the boost potentials to only affect
the QM region while avoiding artifacts in the MM environment. Also, care has to be
taken to provide mild conditions that prevent exploration of unrealistic reaction pathways.
For OPES-eABF-based reaction refinement, the remaining difficulty consists in obtaining
CVs that apply to diverse reactions without manual feature selection. PCVs, as applied
in Publication II, are convenient in this regard, as in principle they only require a guess
reaction pathway, which can be obtained by minimum energy path optimization methods as
shown in Publication III. Note that such path optimizations are already performed in the
refinement step of hyperreactor dynamics, such that OPES-eABF simulations using PCVs
can be applied without additional effort. Alternatively, one might resort to the magnitude
of recently developed machine-learning (ML) CVs, which provide new opportunities for
all CV-based sampling methods [111–114]. While those matured over recent years, they
still face two drawbacks: firstly, training data needs to be obtained before the simulation,
resulting in the famous chicken-and-egg problem of ML CVs. While this can be addressed,
e.g., by recursive application of ML CVs starting from a guess CV, it would be highly
interesting to explore if the hyperreactor dynamics trajectories are suitable for a priori
training. Secondly, most ML CVs need the manual selection of a lower-dimensional feature
space. Here, careful analysis of hyperreactor dynamics trajectories might provide unified
ways to select CV spaces based on principal component analysis (PCA) [115] or other
dimensionality reduction techniques [116].

To conclude, the developments presented in this thesis offer new opportunities for si-
mulating highly intricate reaction mechanisms in explicit catalytic environments using
importance sampling at a QM/MM level.

174



Bibliography

[1] D. B. Kitchen, H. Decornez, J. R. Furr, J. Bajorath, Nat. Rev. Drug Discov. 2004,
3, 935–949.

[2] J. D. Durrant, J. A. McCammon, BMC Biol. 2011, 9, 1–9.

[3] G. Sliwoski, S. Kothiwale, J. Meiler, E. W. Lowe, Pharmacol. Rev. 2014, 66, 334–
395.
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