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Zusammenfassung

Effektive Feldtheorien (EFTs) haben sich als unverzichtbare Werkzeuge in der Suche nach
Physik jenseits des Standardmodells (BSM) etabliert. Sie erméglichen eine modellunab-
hangige Parametrisierung der indirekten Effekte neuer Physik. Um konsistente Vorher-
sagen zu erhalten, ist es jedoch entscheidend, die zugrunde liegenden Annahmen klar zu
formulieren und die EFTs systematisch anzuwenden. Im Bereich der BSM-Physik sind
zwei EFTs besonders weit verbreitet: die Standardmodell-Effektive-Feldtheorie (SMEFT)
und die elektroschwache chirale Lagrangedichte, oft als Higgs-Effektive-Feldtheorie (HEFT)
bezeichnet. Diese basieren auf unterschiedlichen Ordnungsprinzipien. Diese Arbeit wid-
met sich der systematischen Anwendung beider Ansétze.

Fir die SMEFT argumentieren wir, dass eine Powercountingvorschrift, die sich aus-
schlieBflich auf kanonische Dimensionen stiitzt, unzureichend ist. Sie muss durch eine
Zahlung der Schleifenordnung ergédnzt werden, die sich durch die Einfithrung chiraler Di-
mensionen darstellen lasst. Die gleichzeitige Berticksichtigung kanonischer und chiraler
Dimensionen fiihrt zu einer klaren Hierarchie der Operatoren und erlaubt es, dominante
Beitrage in Hochenergieprozessen gezielt zu identifizieren. Als konkretes Beispiel un-
tersuchen wir das Zusammenspiel beider Zahlweisen durch das Matching des schwach
gekoppelten Zwei-Higgs-Doublett-Modells (2HDM) auf die SMEFT.

Ein einfaches Modell auf Basis des SO(4) linearen Sigma-Modells dient zur weiteren
Verdeutlichung der beiden Entwicklungsparameter. Durch das Ausintegrieren des schw-
eren Freiheitsgrads leiten wir die entsprechende Niederenergie-EFT her und vergleichen
das Ergebnis fiir schwache und starke Kopplung.

Danach kehren wir zum 2HDM zurtick, diesmal im Nicht-Entkopplungsregime. Durch
das Ausintegrieren der schweren Skalarfelder zeigen wir, wie HEFT als Niederenergie-
Grenzfall entsteht. Mithilfe funktionaler Methoden leiten wir die chirale Lagrangedichte in
fithrender Ordnung der chiralen Zahlweise auf effiziente und transparente Weise her. Dies
umfasst auch lokal generierte Schleifenbeitrage wie h — vy und h — vZ, die in derselben
Ordnung wie ihre Standardmodell-Gegenstiicke auftreten. Dariiber hinaus présentieren
wir einen Algorithmus zur Berechnung der charakteristischen Koeffizientenfunktionen bis
zur beliebigen Ordnung im Higgsfeld h.

Abschlielend untersuchen wir die Produktion longitudinaler Z-Bosonenpaare in Gluon-
fusion mit anomalen HEFT-Kopplungen. Unter Betonung der Rolle des Organisation-
sprinzips analysieren wir detailliert die fithrenden und néchstfithrenden EFT-Beitriage
zur Streuamplitude. In fithrender Ordnung héngen die Beitrage neuer Physik von drei
EFT-Kopplungen ab, die sich auf zwei unabhédngige Parameter reduzieren lassen. Effekte
héherer Ordnung werden innerhalb des Giiltigkeitsbereichs der EFT als vernachlissigbar
erwartet.

Die vorliegende Arbeit stellt heraus, dass eine konsistente Powercountingvorschrift notwendig
bei der Anwendung von EFT Methoden ist.
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Abstract

Effective Field Theories (EFTs) have become indispensable tools for physics beyond the
Standard Model (BSM) to parameterize new physics in a model-independent way. To
obtain consistent predictions, the underlying assumptions have to be specified, and the
EFT has to be applied systematically. For BSM physics, two particular EFTs are widely
used: the Standard Model Effective Field Theory (SMEFT) and the electroweak chiral
Lagrangian, often referred to as the Higgs Effective Field Theory (HEFT). These two
approaches are based on distinct organizing principles. This thesis is dedicated to inves-
tigating the systematic application of both frameworks.

For SMEFT, we argue that a power-counting scheme based solely on canonical dimensions
is insufficient. It must be supplemented by a loop-order counting scheme, conveniently
expressed through the assignment of chiral dimensions. By accounting for both canon-
ical and chiral dimensions, a clear hierarchical structure emerges among the operators,
enabling a more meaningful identification of potentially dominant contributions in high-
energy processes. As a concrete example, we explore the interplay between these two
counting schemes by matching the Two-Higgs Doublet Model (2HDM) to SMEFT in the
decoupling limit.

To further illuminate the role of the two expansion parameters, we analyze a toy model
based on the SO(4) linear sigma model. By integrating out the heavy degrees of freedom,
we derive the corresponding low-energy EFT and compare the resulting theories in both
the strongly and weakly coupled regimes.

Subsequently, we revisit the 2HDM, this time focusing on the non-decoupling regime.
We integrate out the heavy scalars and demonstrate how HEFT naturally arises as the
low-energy EFT. Using functional methods, which provide a transparent and efficient
approach, we derive the chiral Lagrangian at leading order in the chiral counting. We
include loop-induced local terms such as h — vy and h — vZ, which appear at the same
order as their SM counterparts. Additionally, we present an algorithm that allows us to
compute the characteristic coefficient functions to all orders in the Higgs field h.

Finally, we investigate the production of longitudinal Z boson pairs via gluon fusion with
anomalous HEFT couplings. Emphasizing the role of power counting, we perform a de-
tailed analysis of the leading and next-to-leading EFT contributions to the amplitude
at leading order in QCD. We demonstrate that the new physics effects at leading order
depend on three EFT couplings, which can be reduced to two independent parameters.
Subleading corrections are expected to remain small within the range of validity of the
EFT.

The thesis shows that a consistent power counting prescription is crucial when using EF'T
methods.
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1. Introduction

“Dass ich erkenne, was die Welt / Im
Innersten zusammenhalt.”

Johann Wolfgang von Goethe
Faust T

The timeless question posed by Goethe’s Faust has been a driving force for humanity
throughout the centuries, trying to understand “what holds the world together in its in-
most folds.” Since the Presocratic philosophers of the 6th and 5th centuries BCE, the
question of the basic constituents of matter has remained at the forefront of scientific
inquiry.

In essence, modern particle physics continues this quest, now armed with sophisticated
theoretical frameworks and powerful experimental tools. Many of the most significant
experimental advances of the past century have come from high-energy particle colliders,
where subatomic particles such as protons are accelerated and collided to probe the struc-
ture of matter at ever-smaller scales.

The two cornerstones of modern physics, special relativity (SR) and quantum mechanics
(QM), are needed to theoretically describe such processes. They can be combined in a
single mathematical framework known as quantum field theory (QFT). QFT predicts the
existence of antiparticles and the spontaneous pair creation of particles from the vacuum
and explains the connections of spin and statistics. None of these phenomena can be
explained by quantum mechanics alone. For instance, the uncertainty principle tells us
that energies can fluctuate over short time scales. Yet, we need the insight from relativity
that energy can be converted into matter and vice versa to explain the phenomenon of
pair creation. Elementary particles are described as excitations of matter fields by QFT.
Despite its successes, early QFT was plagued by the appearance of infinities in calcu-
lations involving interacting particles, leading to doubts about its consistency. It was
later understood that these divergences arise from the idealization of local interactions
at arbitrarily small distances. The infinities can be tamed by regularizing the divergent
integrals. Then, the divergences can be removed by systematically redefining the physical
observables, a procedure known as renormalization. Used in such a way, QFTs provide
the most accurate predictions of any scientific theory. For instance, the quantum elec-
trodynamics (QED) [4H6] prediction for the anomalous magnetic moment of the electron
agrees with the experimentally measured value to within 10 significant figures [7].

All known elementary particles and their interactions can be described within a QFT
framework, the Standard Model of particle physics (SM). It combines the theory of the
strong interaction, quantum chromodynamics (QCD) [8-11], and the theory of electroweak
interactions [12-14], that unifies the electromagnetic and weak interactions. So far, it has
withstood all experimental tests and is rightfully known as the most successful scientific
theory in history. For the theory to remain consistent at high energies and facilitate the
breaking of the electroweak symmetry, the SM contains the Higgs mechanism [15-19] and
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the corresponding particle, the scalar Higgs boson. With the discovery of the Higgs boson
at the LHC collider [20, [21] in 2012, the last missing puzzle piece of the SM was experi-
mentally discovered.

However, not all open questions were answered with the discovery of the Higgs boson.
It opened a wide range of questions regarding the nature of the discovered boson and
the precise mechanism of electroweak symmetry breaking. While all the experiments so
far are consistent with a SM-like Higgs, deviations from the SM in the Higgs sector of
O(10%) are still possible.

Evidence for new physics can come from direct or indirect sources. Since there have been
no direct discoveries, i.e., new particles, since the Higgs, we depend on the indirect effects
of new physics. From the theory side, we need a calculational framework to constrain
the effects of new physics. This is where effective field theories (EFTS) come into play.
EFTs are not renormalizable as QFTs in the traditional sense, i.e., an infinite amount of
counterterms is required to remove all divergences. For this reason, the pioneers of QFT
discarded EFTs as viable theories, as their goal was to formulate fundamental theories
valid up to arbitrarily high energies. Steven Weinberg, in his seminal article "Phenomeno-
logical Lagrangians” [22], rehabilitated EFTs. He noted that the most general, analytic,
unitary, Lorentz invariant, and cluster decomposition satisfying Lagrangian will yield
the most general S-matrix elements consistent with these principles. Thus, an EFT La-
grangian contains all possible terms consistent with the aforementioned principles and, as
a result, contains an infinite tower of operators parameterizing the effects of new physics.
However, not all operators are equally important. This is where the power counting pre-
scription enters. It defines an expansion parameter 6 < 1 and tells us which operators
are required for consistent calculation up to O(d™). A consistent power counting scheme
is, therefore, vital to obtain meaningful predictions from an EFT. The consistent and
systematic application of EF'T methods is the subject of this thesis.

To illustrate our argumentation, we employ two widely used EFT frameworks that are
particularly suited for physics beyond the SM. The Standard Model Effective Field The-
ory (SMEFT) [23-28] is the most general theory with the SM matter content and gauge
symmetry. The Electroweak Chiral Lagrangian (EwChL, also known as HEFT) [28-46],
on the other hand, is the most general EFT to describe electroweak symmetry break-
ing and contains the physical Higgs boson as a gauge singlet. The underlying ordering
principle for the two EFTs is different. We will highlight the differences and discuss the
consistent application of both EFTs by examining several examples.

The structure of this thesis is as follows. The first three chapters serve as an introduction,
where all the necessary foundations on which this thesis rests are covered. In Chapter
2] we give a brief overview of the Standard Model and its Lagrangian. The Higgs sector
of the SM and the description of electroweak symmetry breaking are covered in more
depth, as the Two-Higgs-Doublet Model (2HDM), a model for an extended scalar sector,
is featured prominently in this thesis. We motivate the use of EFT methods for Higgs
physics by discussing the experimental and theoretical indications for new physics beyond
the SM. Chapter (3| serves as an introduction to EFTs in general and the SMEFT and
HEFT in particular. We specifically point out how the Higgs sectors of both EFTs differ.
A convenient and efficient framework for one-loop matching using functional methods, de-
veloped in [47], is presented in Chapter , which we frequently employ in the subsequent
chapters. After covering the foundations, we turn to applications. All the applications
serve as examples of a systematic and consistent usage of the SMEFT and the HEFT.



Introduction

First, we discuss the power-counting prescription for the SMEFT in Chapter [5|and argue
that power counting based solely on canonical dimension is incomplete. It has to be ex-
tended to include loop orders or, equivalently, chiral dimensions. In Chapter [6 we take
the SO(4) linear o-model and integrate out the massive degree of freedom at one loop
to obtain nondecoupling EFT effects. We also study nondecoupling effects in Chapter [7]
which is dedicated to matching the 2HDM in the strongly coupled, nondecoupling regime
to the HEFT. The study of the process gg — Z;Z; with anomalous couplings in Chap-
ter |8 showcases the systematic application of HEFT for a phenomenologically interesting
high-energy process. Finally, in Chapter [0 we conclude.






Part |I.

Foundations






2. The Standard Model

Our goal in this section is to provide a brief, yet self-contained, review of the Standard
Model of particle physics (SM). Readers already familiar with the SM are free to skip
this section and jump directly to the next section on EFTs. However, the notation used
throughout the thesis will be largely set in this chapter.

2.1. The SM Lagrangian

Since the advent of modern science, the goal of physics has been to understand what holds
the world together at its core on increasingly smaller scales. Specifically, this meant iden-
tifying the fundamental building blocks of nature and understanding their interactions
with one another. The road to such a unitary framework of elementary particle inter-
actions was not straightforward. It took decades of groundbreaking experimental and
theoretical work, beginning with the pioneers of quantum mechanics, to develop a theory
that describes all known elementary particles and their interactions with astonishing pre-
cision. That framework, finalized in the 1970s, is the Standard Model of particle physics
(SM). Except for gravity, it describes all known fundamental particles and interactions.
Furthermore, all measurements performed at energies accessible to current colliders are
in excellent agreement with its predictions. It is fair to regard the SM as the foundational
achievement of physics in the 20th century.

The SM is formulated as a Quantum Field Theory (QFT) based on 19 input parameters.
Although the SM describes such a wide range of particles and interactions, its mathe-
matical description is relatively simple. Hence, its Lagrangian fits nicely on a coffee mug
(albeit in a highly simplified form). To formulate the SM Lagrangian, all the necessary
theoretical input is the underlying symmetries and the particle content, making it a tri-
umph of theoretical elegance and empirical success. The SM is a gauge theory based on
the gauge group

Here SU(3)¢ is the gauge group of quantum chromodynamics (QCD) the theory of strong
interactions [8-11] and SU(2), x U(1)y the gauge group of the electroweak interactions
[12-14] which is broken by the Higgs mechanism [15H19] to U(1)e,. Pedagogical introduc-
tions to the SM can be found e.g. in [48-53]. To finally write down the SM Lagrangian
one has to write down all renormalizable (up to canonical dimension 4), Lorentz and
gauge invariant terms

1 1 1 ~
= (GG — (W W) — 1B, B GG
ESM 2< M 7> 2< I > fl Iz +327T2<HG >
+ qrilPqr, + liDly, + ugilDug + drilpdg + erilDer

A
+ (Du9) (D) + 42616 — 5 (810)°




The SM Lagrangian

- <§LYUUR ¢+ qLYadr ¢ + 1 Yeer o + h‘C-> (2.2)

where we introduce the complex conjugate of the Higgs doublet 5 as &Sj = gjk(o%)* (e12 =
1). Here and in the following (M) denotes the trace of any matrix M. The covariant
derivative acting on a generic field y is given by

Dyx = Oux + ig TAG X + igT*Wix +ig'Y By.x (2.3)

Here T4 = A4 /2 and T = 0/2 are the generators of the fundamental representations of
SU(3)¢ and SU(2);, respectively, where A are the Gell-Mann matrices an 0 the Pauli
matrices. The generators are normalized in the usual way (T%7°) = §%°/2. The gauge
fields for SU(3)¢c and SU(2), are Lie algebra valued matrix fields G,, = G5, T and
W = Wi, T The gauge field strength tensors are constructed as follows

Gf}l, = GHG‘;‘ — 81,Gf} — gSfABCGfo
Wi, =0.Wg — W — ge™ W We
Bw/ - aMBV - auB,u (24)

For a generic field strength X we define the dual field strength tensor X w = %quaX pa
(€o123 = +1).

The first line comprises the kinetic terms of the gauge fields and the theta term. The
interactions, induced by the local SU(3)c x SU(2), xU(1)y gauge symmetry are mediated
by spin 1 vector bosons. Here G/‘;‘ denotes the gluon field, the gauge bosons corresponding
to the SU(3)c gauge group, W denotes the SU(2)r, gauge boson. The third gauge boson
B,, mediates the U(1)y hypercharge interactions. The last term in the first line is known
as the theta term; it is a total derivative, and thus neither appears in the equations of
motion nor perturbation theory. However, it has non-perturbative implications for the
vacuum structure of QCD [54].

The second line of gives the kinetic terms for the chiral spin—% fermions. They can
be divided into quarks and leptons that transform in different representations of Ggy,.
Only the quarks carry color charge and transform as the fundamental representation of
SU(3). Every quark and lepton comes in three copies, known as generations, only differing
by the strength of their Yukawa couplings. In the broken electroweak phase, they then
acquire different masses. The SM is a chiral theory i.e., it distinguishes particles of
different chirality. For massless particles, chirality is equivalent to helicity and is the
sign of the projection of the spin vector on the momentum vector. The quarks can be
further divided into left-handed and right-handed quarks. Only the former carry SU(2),
charge and participate in the weak interaction. Once the quarks acquire mass through
the Higgs mechanism, the resulting Dirac mass term mixes the chiralities. It should
be noted that quarks and gluons are only good degrees of freedom at energies above
Agep ~ 200MeV where perturbation theory is applicable. QCD exhibits asymptotic
freedom [55), |56] meaning that the effective SU(3) coupling constant decreases for large
energy scales. Below Agcp the theory becomes strongly coupled, and one must use
nonperturbative EFTs such as Chiral Perturbation Theory (ChPT) [57, [58].

The third line of is the Higgs Lagrangian, where the mass parameter p? is the
only dimensional input in the SM, hinting at physics beyond the SM (see Section .
When spontaneous symmetry breaking occurs (SSB), the Higgs doublet acquires a vacuum
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expectation value, splitting into the physical Higgs boson and the would-be Goldstone
bosons that become the longitudinal W* and Z modes. Fermion masses then arise from
Yukawa couplings to this vev. The phenomenology of electroweak symmetry breaking is
discussed in Section 2.2l The full SM matter content is summarized in Table

Quarks Leptons Higgs
field q% = ULy uf, | d, lip _ | erp | & = ¢*
Lp €Lp ¢’
SU(3)¢ rep. 3 3 |3 1 1 1
SU(2)r, rep. 2 1 1 2 1 2
hypercharge Y : 2 | -3 -1 1 1

Table 2.1.: The matter content of the SM. Here 7 = 1,2 is an isospin index, a = 1,2, 3 is
a color index and p = 1,2, 3 is a generational index.

2.2. Higgs Sector in the SM

Although exhibits an SU(2), xU(1)y gauge symmetry, the same symmetry is broken
in the ground state of the theory. If the symmetry were present in the ground state,
four massless electroweak gauge bosons should be in the spectrum. Phenomenologically,
however, the W*- and Z bosons are observed to be massive, whereas only the photon,
mediating the electromagnetic interaction, remains massless. In other words, at energies
below v = 246GeV the SU(2); x U(1)y symmetry of the SM is spontaneously broken to
U(D)em-

As a result of spontaneous symmetry breaking (SSB) the fermions obtain their masses.
However, it should be noted that the Higgs particle is not strictly needed to explain the
fermion masses. It is needed to unitarize the theory, since theories with massive vector
bosons are known to be inconsistent at high energies. In the SM, electroweak symmetry
breaking SU(2), x U(l)y — U(1)ey, is achieved through the Higgs mechanism, where
an SU(2);, doublet ¢ with hypercharge Y = 1/2, the Higgs doublet, is introduced. In
unitary gauge, ¢ is given by

o=1, ’ (2.5)

where h is the physical Higgs particle. The Higgs potential in the SM is given by

V(9) = —6t6 + 5 (616)° (2.6

Note that in the broken electroweak phase the mass term has the "wrong” sign such that
the minimum of the potential is no longer at zero but rather the Higgs doublet acquires



Higgs Sector in the SM

a vacuum expectation value.
0 . 7
() = — ,  with v = 27 (2.7)

After SSB the Higgs Lagrangian is given by

1 202 T /N2 /B\® 1 /h\*]
ﬁHiggs — 5(9#]18“]1 — mhv (;) + <;) —+ Z (;)
(v + h)? J ’]
+g2T (W) + (W22 + EB# - w? (2.8)

where m? = \v?. To diagonalize the mass-terms, the gauge fields can only be rotated and
not rescaled since the kinetic terms for B, and W7 are already canonically normalized.
Only one linear combinations of B, and Wi’ picks up a mass whereas the orthogonal
combination remains massless. These are the massive Z boson and the massless photon
A,. They are related by the rotation matrix

7Z cosfy —sind w3
"= v v g (2.9)
A, sinfy,  cos Oy B,
where 6y, is the Weinberg angle with
g/ ) g/2
tanfy = =, sinfy = ——— 2.10
q /92 + 9/2 ( )
The kinetic terms for the Z-boson Z,, and the photon A, are then given by
1 v 1 uv 1 2 7
Ekin = _ZLF/U/F - ZZMVZ + §mZZ Z,u (211)

with my = gv/2cosbw, Z,, = 0,4, — 0,4, and F,, = 0,A, — 0,A,. While the photon
and Z boson do not carry U(1).,, charge, the remaining two gauge degrees of freedom
do. The couplings of the gauge bosons among themselves are determined by commutators
and since Wj’ contains the photon we have

D,W, D g[WiT? W,] D gsin by AW [T° T (2.12)
We can read off the electromagnetic charge
e = gsinfy = ¢ cos Oy (2.13)

Defining the combination of generators T+ = \%(Tl +iT?) that satisfies [13,T%] = £T*

we can deduce that Whoson that couples to 7 has electric charge +1. Writing WeT® =
WHT+ + W=T~ + W3T? we observe that the linear combinations
Wl xiw?
I/VMi _ T (2.14)
V2

10
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have charges +1. Inserting the mass eigenstates into (2.8) we arrive at

1 202 L R\® (R\? 1 /h\?
,CHiggs:aauha“h—mgv [(;) +<;) +Z<;)

h\? m? h\?
+miy, (1 + ;> W,Ww=r + TZ (1 - ;> zZ,7" (2.15)

The gauge boson masses are given by

gv mwy
mw = —/— myz =
27 cos Oy

(2.16)

The SM predicts therefore that the W* bosons should be lighter than the Z boson which
is also realized in nature [59] (mw = 80.37 GeV and mz = 91.19 GeV). It is reasonable
to wonder if the tree-level relation of the gauge bosons masses my, /my cosfy = 1 has a
deeper origin. The next section is dedicated to this question.

2.2.1. Custodial Symmetry

In the SM, the Higgs potential in the unbroken electroweak phase is invariant under a
global SO(4) ~ SU(2) x SU(2) symmetry. To see this introduce the Higgs bi-doublet

o = % (5 ¢) (2.17)

where ¢ = ios¢* is the conjugated doublet, such that (®T®) = ¢T¢p. Writing the Higgs
potential as

V(®) = % <<<I>T<I>> — %2)2 (2.18)

it is easy to see that the potential is invariant under the global symmetry transformation
D — g bgl, = e LT PR (2.19)

where gr/r € SU(2)1/r. The SM gauge group SU(2),, x U(1)y is a subgroup of SU(2), x
SU(2)g and acts on the bi-doublet ® as

O — LT Pl T’ (2.20)

where now ey (z) are functions of spacetime. The U(1)y gauge coupling ¢, thus, also
violates custodial symmetry but the effect is very small. If we had ¢ = 0 then W-
and Z-bosons would have equal masses. When the Higgs bi-doublet acquires a vacuum
expectation value

)

(2.21)

N | —
o <
=4

11



Higgs Sector in the SM

the global symmetry SU(2);, x SU(2)g is broken to the diagonal subgroup SU(2)y since
the vacuum is only invariant if g;, = gr. This residual symmetry is known as custodial
isospin or custodial SU(2) [60]. Custodial symmetry protects the p parameter

2
Tw (2.22)

P cos? Oy m?%
from receiving large corrections. Note that the custodial-symmetry violating effect of ¢
is already incorporated in the definition of p. Plugging in the tree level values of mz and
mw we see that pg = 1 in the SM. At the loop level there are deviations from
this value mainly due to top-quark loops. Custodial symmetry is explicitly broken by
the Yukawa sector, which is a small effect with the exception of the top quark Yukawa
coupling (y; ~ 1).

Even if there were no Higgs sector altogether, there would be electroweak symmetry
breaking and custodial symmetry through nontrivial nonperturbative effects in QCD.
Taking the limit of massless u and d-quarks, the QCD Lagrangian has a SU(2), x SU(2)r
symmetry where the left- and right-handed fields transform independently. Due to the
quark condensate (ggq), this symmetry is broken to the diagonal subgroup SU(2), X
SU((2)g — SU(2)y, where the SU(2)y symmetry is precisely the custodial symmetry
relating the gauge boson masses to the gauge charges. In this case, the pions play the role
of would-be Goldstone bosons, which would end up as the longitudinal degrees of freedom
for the gauge bosons. This suggests that the Higgs and QCD vacuum structure may be
more deeply connected [50, 61].

2.2.2. Experimental Constrains

At present experimental accuracy, the SM solution to electroweak symmetry breaking
is consistent with experiments. However, there is still much room for deviations from
the SM. In contrast to electroweak precision data, the Higgs sector is relatively weakly
constrained, especially the Higgs self-couplings. The Higgs boson trilinear self-coupling
is the most important direct probe of the Higgs potential and can give insight into the
nature of the electroweak phase transitions [59]. The trilinear self-coupling may be probed
by double Higgs production. The signal process involves a virtual single Higgs produced
from a top quark loop, which splits into two Higgs bosons in the final state through the
triple self-coupling. The experimental constraints are usually reported using the "kappa-
framework” [62] where the SM coupling is multiplied by a coupling modifier x; (k;=1 in
the SM). The ATLAS [63] and CMS [64] results for the triple self-coupling are

kx € [—0.6,6.6] (ATLAS), ry € [—1.2,6.5] (CMS) (2.23)

where the bounds correspond to the 95% confidence limit. To measure the quartic self-
couplings would require a hhh final state, which is out of reach for the LHC. In addition,
the ATLAS measurements [65] for the hhV'V coupling are

Koy € [0.1,2.0] (2.24)

where again the bounds correspond to the 95% confidence limit. In contrast, the modifier
for the gauge boson coupling hV'V is rather well constrained [66]

Ky = 1.035 + 0.031 (2.25)

12
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Given the loose constraints on many couplings in the Higgs sector, there is still ample
room for models of extended Higgs sectors, such as composite Higgs models [67]. We
will, however, pursue a model-independent EFT approach in this thesis. The Electroweak
Chiral Lagrangian (EwChL) is the most general EFT that describes electroweak symmetry
breaking and allows for O(1) deviations from the SM in the Higgs couplings. We introduce
the EwChL in the next chapter.

2.3. Beyond the SM

Even though the SM is an extremely successful theory, there are several theoretical and
experimental indicators for physics beyond the SM (BSM) which we will discuss in the
following.

2.3.1. Experimental hints for BSM physics

While neutrinos in the SM are massless, they are, in fact, massive. Neutrino masses were
first observed indirectly in oscillations of solar neutrinos [68-70]. The observation consti-
tuted the first direct evidence of BSM physics. The number of measured electron neutrinos
was only a third of the expected number, indicating that flavor eigenstate neutrinos os-
cillate as they propagate through spacetime. Only in the mass basis, the propagators are
diagonal. Note that oscillation experiments cannot measure the absolute masses but are
only sensitive to differences in squares of neutrino masses. Therefore, the mass hierarchy
is not fixed.

To give mass to neutrinos via the Higgs mechanism, right-handed or sterile neutrinos can
be added to the SM. Since the electroweak symmetry does not forbid a Majorana mass
term, neutrinos could be Dirac or Majorana fermions. Neutrino oscillation experiments
alone cannot determine whether neutrinos are Dirac or Majorana fermions. A Majorana
mass term would violate lepton number L. A lepton number violating process that could
establish the Majorana nature of neutrinos is neutrinoless double 3-decay in which two
neutrons inside a nucleus turn into two protons with the emission of two electrons and
zero neutrinos, violating L by two units [71]. So far, neutrinoless double S-decay has not
been observed.

To generate the observed matter-antimatter asymmetry of the universe, the three Sakharov
conditions must be satisfied [72]. First, baryon number B violation is required. Second,
both charge conjugation symmetry C' and the combined symmetry of charge conjugation
and parity C'P must be violated. Third, the universe must undergo a period of departure
from thermal equilibrium. At first glance, these conditions seem to hold in the SM. B is
violated in the SM by the chiral anomaly and the weak interaction breaks C'P through
the non-zero phase in the CKM phase. Additionally, the universe naturally experiences
periods out of thermal equilibrium during its cooling history. It turns out, however, that
the extent to which these conditions are satisfied is not enough. There needs to be more
baryon number violation, C'P violation and the electroweak phase transition needs to be
first order to explain baryogenesis. For these reasons, baryogenesis remains a compelling
motivation for exploring BSM physics [50].

13
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2.3.2. Theoretical hints for BSM physics

Additionally, from the theoretical perspective, there are several indicators that SM should
not be viewed as a fundamental theory, but rather as the leading term in an effective
description. First of all, the SM does not include gravity, and the formulation of gravity
as an EFT [73] breaks down at the Planck scale Mp; ~ 10' TeV. Thus, new physics
has to enter at the latest at that scale. The discrepancy between the Planck and the
electroweak scales is also known as the hierarchy problem, which we will discuss in the
following. The hierarchy problem relies on the notion of naturalness, and as an example
for an unnaturally small parameter, we also briefly discuss the #-angle and the strong CP
problem.

Naturalness and the Hierarchy problem

First of all, one may regard the large number of input parameters of the SM as theo-
retically unappealing as their deeper origin is not explained by the theory. Accepting
this, one may still want to explain the smallness of certain parameters. To do so, t’Hooft
introduced the notion of technical naturalness [74).

A small parameter p in a physical theory is said to be technically natural if radiative
corrections to said parameter are multiplicative, implying that the quantity stays small
under radiative corrections. This is the case if there is custodial symmetry protecting the
parameter in the sense that setting p = 0 would lead to an enhanced symmetry prohibit-
ing radiative corrections from inducing a nonzero value of the parameter |75].

For instance, in two-flavor QCD, setting the up- and down-quark masses to zero restores
the chiral symmetry SU(2), x SU(2)g rotating left- and right-handed quarks indepen-
dently. In the massless limit, chiral symmetry forbids the radiative generation of quark
masses. In the massive case, all radiative corrections will be proportional to the bare
mass, which stays small as long as the bare mass was once set small. For the gauge
bosons, the gauge symmetry plays the role of custodial symmetry.

There is, however, no custodial symmetry to explain the value of the Higgs mass pa-
rameter. Recall that there are only two fundamental scales in the SM: the Higgs mass
parameter p? ~ 102GeV and the Planck scale Mp; ~ 101%GeV. The hierarchy problem
refers to the vast discrepancy between the two scales, which has no theoretically satisfying
answer. In principle, a fundamental scalar could enjoy a shift symmetry ¢ — ¢+ f, which
would render its mass technically natural. However, the Higgs sector of the SM explicitly
breaks any such shift symmetry in multiple interaction terms. This absence of a custodial
symmetry for 2 is the essence of the electroweak hierarchy problem.

Strong CP problem

While the weak interaction violates C'P invariance through a non-zero phase in the CKM
matrix, it is a relatively small effect referred to as weak C'P violation. The strong inter-
actions, on the other hand, should exhibit strong C'P violation, which, however, is not
realized in nature. This discrepancy is known as the strong C'P problem. The origin of
this problem can be traced back to the subgroup U(1)4 of the chiral symmetry, which
acts on the quark fields as 1) — €"5%). While this constitutes a symmetry of the classical
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theory, the path integral is not invariant

/ DYDY — / DYDy exp (i@ / 357%2 G;‘,,GAW) (2.26)

The symmetry is said to be anomalous, since the path integral is not invariant under a
chiral rotation. Instead it generates the theta term that we encountered previously and is
also generated non-perturbatively by QCD. The theta terms corresponding to the gauge
groups SU(2), and U(1)y can be rotated away. Phenomenologically relevant is the basis
invariant combination

2
Ly= G%G@GA‘“’, [ — (2.27)
where 0y = arg det(Y;Y,). Y, are the Yukawa matrices for up- and down-type quarks
respectively. The parameter is related to the electric dipole moment of the neutron and
the experimental current limits give |§] < 107 [76]. Since there is no symmetry protecting
the theta parameter, it is considered technically unnatural. The Peccei-Quinn solution
[77. 78] solves the CP problem by introducing axions.
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3. Effective Field Theories

We now turn to the subject of effective field theories (EFTS), focusing especially on the
SMEFT and the HEFT. In Sec. we elucidate the basic philosophy behind EFTs and
in Sec. we discern top-down and bottom-up EFTs. The SMEFT and explicit operator
bases of dimension five and six operators are discussed in Sec. 3.3} Sec. is devoted
to a brief review of the Electroweak Chiral Lagrangian also known as the HEFT and the
corresponding power counting based on chiral dimensions. In the last Sec. we take
a glance at the difference between HEFT and SMEFT comparing their respective Higgs
sectors. Pedagogical introductions to EFTs may be found in |79, |80].

3.1. The EFT paradigm

Despite the conceptual elegance of the SM, practical calculations involving its degrees
of freedom, particularly in systems with complex bound states, can become increasingly
difficult or even straight up impossible. Fortunately, it is not necessary to fully resolve the
microscopic details of a system in order to accurately describe its macroscopic behavior.
To put it drastically: when designing a bridge, the dynamics of the Higgs boson are
entirely irrelevant. What matters instead is identifying the appropriate energy scales and
degrees of freedom for the problem at hand. This is the essential idea behind effective
field theories (EFTs).

EFTs exploit the existence of a hierarchy of scales by systematically separating the physics
of light and heavy degrees of freedom. The heavy fields associated with a high-energy
scale A are integrated out, and their effects are encoded in a tower of higher-dimensional
operators involving only the light fields. The resulting low-energy theory is constructed
to reproduce the same infrared (IR) observables as the full theory, up to a given accuracy
in m/A, where m is the characteristic IR scale of the physical process.

Consider an observable A(m, A) depending on two scales, with m < A. The EFT allows
for an expansion of the form

A(m, ) =mM a (%) , (3.1)
where [A] denotes the mass dimension of the observable. The function a(m/A) can include
logarithms and is typically not a Taylor series but an asymptotic series. In this way, EFTs
may be understood as a sophisticated form of dimensional analysis, controlled by the small
power-counting parameter § = m/A < 1. Observables can therefore be computed in a
systematic and predictive expansion in §, with uncertainties quantifiable by the size of
omitted higher-order terms.

EFT methods also appear throughout classical physics. For instance, general relativity
itself can be understood as the leading-order term in an EFT valid below the Planck scale
[73]. Also problems in classical mechanics that exhibit scale separation can be treated in
an EFT framework. For an illustrative example of EFT methods applied to a classical
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mechanical system, see [81].

The well-known multipole expansion of an electrostatic potential serves as a great model
to illustrate important features of EFTs |61} |80]. We consider the electrostatic potential
due to a complicated charge distribution p(r), which is given by the well-known expression

1

" (3.2)

(r) = / &/ p(r)
The integral can be very hard to solve in practice but fortunately it is not necessary to

do so if the observer sits far away from the charge distribution. To first approximation
the charge distribution is simply a point charge

~ @

D) ~ -

(3.3)

where Q = [|, d*zp(x) is the total charge. As we get closer we can resolve more details

il i 775
d(r) = Q. q_g 4 LTty

3.4
r r 7o + (3.4)

This is of course nothing else than the familiar multipole expression, which can be written
schematically

B(r) = - 3 b i) (35)

where the Y},,(€2) denote the spherical harmonics. Assuming that p is enclosed by a sphere
with radius a we can write

a(r) = -3 e (2) Vil (3.6)

where we introduced the dimensionless coefficients by, = ¢ma’ This example illustrates
several key points about EFTs [80]

« The expression (3.6)) contains two scales, the infrared (IR) scale a and the ultraviolet
(UV) scale r where a < r. The multipole expansion is an expansion in the ratio
d = a/r which is the power counting parameter in this case. In high-energy physics
it is common to work in momentum space. Here the IR scale in momentum space
is p ~ 1/r and the UV scale A ~ 1/a and § = p/A. In an EFT treatment of BSM
physics the IR scale is v ~ 246 GeV and mass of new resonances A serves as the UV
scale

o An observer located far away can determine the dimensionful short-distance coef-
ficients by, = ciynal ~ cpn/Al by Fourier analyzing the measured potential. With
increasing [ the coefficients become more and more suppressed. In a high-energy
physics context, the Wilson coefficients (the analog of the ¢, ) of operators at higher
order in the EFT expansion are more strongly suppressed by the new physics scale

A.
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e Including more multipole moments will result in more accurate value for the po-
tential. Since the experimental resolution is finite, the UV coefficients can only
be determined up to some finite maximum value [,,,,,. On the theory side the ex-
pression for the potential can be consistently expanded up to O(§'=). The
error is then of O(d'e=T1). Also in the SMEFT it is vital to calculate observables
consistently in the 1/A expansion to obtain a meaningful prediction that can be
compared with experiments.

3.2. Top-Down vs. Bottom-Up Approach to EFTs

There are two general approaches to EFTs. If the underlying theory is not known, then
a bottom-up EFT may be used to parametrize the effects of the unknown sector. Such an
EFT is the most general nonrenormalizable QF T with the assumed symmetries and parti-
cle content [82]. If the underlying UV theory is known, it can still be helpful to construct a
top-down EFT. The procedure to obtain a top-down EFT is known as integrating out the
heavy degrees of freedom. The path integral over the heavy fields has to be performed to
derive the Lagrangian of a top-down EFT. Hence the name "integrating out.” At the tree
level, this is equivalent to solving the classical equations of motion for the heavy fields.
At the one-loop level, a Gaussian integration over the heavy field fluctuation is needed.
We discuss this topic in detail in Chapter 4 Top-down EFTs are used, e.g., if the funda-
mental theory contains too many scales and unsuitable degrees of freedom. Sometimes,
the EFT has an emergent low-energy symmetry, and the EFT can be used to resum large
logarithms. For instance, top-down EFTs are often used for QCD as calculations within
perturbative QCD are limited. Examples include Heavy Quark Effective Theory (HQET)
[83], Soft Collinear Effective Theory (SCET) [84], and Chiral Perturbation Theory for
mesons and baryons (ChPT) [57, [58]. The basic idea behind top-down and bottom-up
EFTs is summarized in Fig. 3.1]

E UV Theory is known ) LUV Theory is not known }

Integrate out heavy
degrees of freedom
and match to EFT

"top-down" "pottom-up” Use most general
EFT to

paramterize NP
effects

L Effective Field Theory )

Figure 3.1.: General concept underlying top-down and bottom-up EFTs

3.3. SMEFT

As discussed, the SM should not be seen as a fundamental theory valid up to arbitrary
high energies but rather as an effective theory valid up to some energy scale A where new
physics should enter. The direct detection of new physics resonances might be out of reach
for the current generation of colliders. To parametrize indirect new physics effects in a
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model independent way an EFT framework is necessary. It is, therefore, well-motivated to
construct a bottom-up EFT based on the SM gauge group and the SM particles as degrees
of freedom. This EFT is known as the Standard Model Effective Theory (SMEFT) [23-
28]. The SMEFT contains the renormalizable SM as the leading term and adds higher
dimensional operators, which are suppressed by powers of the new physics scale A. The
EFT operators are constructed out of the SM degrees of freedom and are singlets under
the SM gauge group. Schematically we may write

_ 1 GG, L (6) (6) 1
ESMEFT_55M+K;Ci Q) +FZCZ- Q7 +0 (5 (3.7)

7

Here C’i(dc) are the dimensionless Wilson coefficients of the d.-dimensional EFT operators
dic). The effects of new physics are encoded in the Wilson coefficients of the higher-
dimensional operators. Definitively establishing C; # 0 for a single Wilson coefficient
would imply a deviation from the SM and an indirect discovery of new physics. Although
is not renormalizable in the traditional sense, it may be renormalized consistently
order by order in 1/A. In practice, this implies calculating matrix elements up to a fixed
order in the 1/A expansion, e.g. O(A~2). The divergences of such diagrams may then be
removed by other dimension-six operators that act as counterterms. The SMEFT is an
example of a decoupling EFT [85]; sending A to oo recovers the SM.

Integrating out the heavy degrees of freedom of mass M > v from a weakly coupled new
physics model, the resulting effective Lagrangian can always be brought into a SMEFT
form with A ~ M. There can be, of course, several new physics scales A;. In that case,
the parameter A in should be identified as the smallest such scale. The leading
deviations from the SM are given by dimension five and six operators, which we discuss
in the following.

3.3.1. Dimension 5

At mass dimension 5 there is only one possible operator structure, the so-called ”Weinberg
operator” [22],

Qu = (Gl (311,) € (311, (3.8)

where C' is the charge conjugation matrix. The Wilson coefficient of C,, is a 3x3 matrix
in flavor space assuming three lepton generations. This operator violates lepton number
and after SSB generates a Majorana mass term for left-handed leptons

U2

Mypy = (Cuu)prﬁ

(3.9)

An explicit model where the operator arises in an EFT treatment of right-handed neu-
trinos. Right-handed neutrinos can have a Dirac mass term and a Majorana mass term.
If the latter is large they can be integrated out and the Weinberg operator is generated.
This is known as the Seesaw Mechanism [86]. Experimental constraints inferred from
neutrino masses indicate a very high effective scale A ~ 10 GeV [59] |87-90].
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3.3.2. Dimension 6

The leading effects of new physics (NP) at energies F < A can be parameterized by
dimension-six operators,

C;
Lsyerr D Z FOi- (3.10)

For most applications, the new-physics scale A is taken to be in the range of several TeV.
Note that only the combination C;/A? can be constrained and not the C; or A individu-
ally. Global fits [91] of the Wilson coefficients C; remain compatible with zero, indicating
that present data are not yet sensitive to NP effects.

At a given operator dimension, bases are not unique: integration by parts and field re-
definitions (via the equations of motion) can eliminate redundant structures. We employ
the “Warsaw basis” [24], which, assuming baryon-number conservation, contains 59 inde-
pendent operator classes. With three fermion generations this yields 2499 independent
Wilson coefficients; allowing baryon-number violation adds four more classes. We display
the Warsaw basis in Tabs. and

To reduce this parameter space, one often imposes additional flavor-symmetry assump-
tions. A standard choice is Minimal Flavor Violation (MFV) [87,(92], which postulates
that the only sources of breaking of the SM’s global flavor symmetry

Gr=UB)yxUB)uxUB)axU(3)xU(3). = SU(3)° x U(1)° (3.11)

are the Yukawa matrices Y, Yy, and Y,, treated as spurions. In the limit Y, 4. — 0, Gy
is exact; turning them on breaks it to

U(1)eep x U(1)y— x U(L)p x U(1)p x U(1)y . (3.12)

Under MFV, higher-dimensional operators must include Yukawa spurion insertions, sup-
pressing flavor-changing effects. At leading order in this expansion, off-diagonal CKM
entries can be neglected in four-fermion operators.

Often only the expansion in inverse powers of A is made explicit when writing the SMEFT
Lagrangian. Accordingly, the Wilson coefficients C; are treated as O(1) numbers. Such
a power counting prescription is, however, not entierly consistent. As we show in Chap-
ter [5| if the ultraviolet (UV) completion is weakly coupled and renormalizable, operators
involving gauge field strengths are further suppressed by loop factors [1].

Here we defined

6' Dy = ¢' D, — (D) (3.13)

and

D! 6 = 617 D6 — (Do) 7o (3.14)

In the Higgs sector the operators g, Qgn preserve custodial symmetry whereas Qgp
contains a custodial symmetry violating part. Sometimes it is convenient to eliminate

Qup
Qup = —i (QHD + (¢TBM¢)<¢T5M¢)) (3.15)

21



SMEFT

X3 ¢6 w2¢3
Qo | [APCGIGBrGS | Qp (61e)” Qerr (¢10) (lperd)

G | FAECGIGEGS || Quo | (6'0) O (¢7¢) | Qua (61)(@uro)
Qw | e"FWIWIPWEE | Qup | (6TD"¢)*(¢" D" ) || Qan (070) (Gpdro)
Qp | EEWIWew ke

X2g? WX 462D
Qe | #10GAGW | Quv | Gowe)rloWl, | QW | (¢1iD,e) ()
Qua | #'6CGACY™ | Qus | (Goe)o B | Q%) | (@Bueirn)
Quw | SoWLWI | Quo | (Go TAu)dGA, | Que | (61iD,0)(E"e,)
Quiv | WL | Quy | @o™u) dWL, | QB | (6'iDue)@"ar)
Qus | 60BuB™ | Qus | (@o™u)dBu | QP | (61iD",0) (@ e)
Quz | 90B"Bu | Quo | @o™TAd)6Gh, | Qou | (61iD,) (@,

)
Quws | o oWLBY | Quv | (@0 d) oW | Qua | (61iD,0)(d,
QHWB ¢T7J¢ W/{VB/W QdB (Qpaﬂyu’r‘)d) B,Lw QHud Z(;gj[ D,u¢) ﬂply'u

Table 3.1.: Dimension-six operators other than the four-fermion operators taken form [24]

(LL)(LL) (RR)(RR) (LL)(RR)
Qu (vl ) (1s7¥12) Qee (Epyuer) (e er) Qe (L yulr) (€™ er)
o (@p79r) (37" q1) Quu (i) (T ) Quu (Ll ) (s uy)
O @ e @ a) | Qu | (dyrud)(ditd) | Qua (vl ) (dsydy)
QY | () (@7"a) | Qe | @en) @ w) | Que | (@na) (@ er)
QY | Gt L)@ ') | Qea | (Evuer)(diydy) D (@vea) @y u)
Qud (Yt ) (dsy"dy) & (GruT qr) (" TAuy)
Q4 | @y TAu)(dA TAd) | Q4 | (Guar) (diy'dy)
QW | (G, T4q.) (dyTAdy)
(LR)(RL) and (LR)(LR) B-violating
Qiedq (Ber)(dsg’) Quug e7e, [(d2)TCul] ()Tl
Q| (@un)ejn(@d) | Quou ey [(g27)T O] ()" Cel]
QW (@THu)ejn(@TAdL) | Qg e e [(029)T o] [(m)T O]
Quowe|  Bee(@w) | Quun e [(d2)TCuf] [(u))TCe,]
Q. | (Bower (@ o uy)

Table 3.2.: Four-fermion dimension-six SMEFT operators taken from [24]
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The electroweak T and S parameters are directly related to the Wilson coefficients of two
Warsaw basis operators [93]

1
ol = —§’UQCHD (3.16)

aS = 4v% sin Oy cos O Cryw s (3.17)

The renormalization group equations for dimension 6 operators have been computed |94
98] and have the general structure

—C; =7 C: 3.18
dln 122 Vij Y (3.18)
The parametric size of the RGE effects is ~ 1/1672 - v?/A?, thus they are subleading
compared to the insertion of dimension six operators in tree level diagrams. Feynman
rules for the Warsaw basis have been compiled in [99].

3.3.3. Dimension 7 and above

Operators of canonical dimension seven and above are suppressed with respect to dimen-
sion six operators and can therefore be expected to be phenomenologically negligible in
most cases. There are, however, certain processes where the leading new-physics effects
are given by dimension eight operators. The number of basis elements at every dimension
can be derived using Hilbert series [100]. The construction of operator bases for a given
mass dimension can be automatized [101} [102]. All odd-dimensional operators violate
B — L. Explicit bases have been worked out for dimension 7 [103H105|, dimension 8 [106,
107] and dimension 9 [108| [109] SMEFT operators.

3.4. HEFT

As we explained in the first chapter the SM solution to electroweak symmetry breaking
appears for many reasons to be unsatisfactory and therefore one expects new physics to en-
ter the picture. Although, at present, the SM Higgs mechanism appears to be an accurate
description of electroweak symmetry breaking there are several theoretical shortcomings.
The electroweak hierarchy problem motivated the construction of numerous new-physics
models with new dynamics typically around the TeV scale. To study electroweak symme-
try breaking in a model independent way one is inevitably drawn to EFT methods. The
most general EFT for electroweak dynamics with the SM matter content and the Higgs
particle as a gauge singlet under SU(2);, ® U(1)y is known as the electroweak chiral
Lagrangian (EwChL) or Higgs effective field theory (HEFT) [28-46].

3.4.1. Leading order chiral Lagrangian

The construction principle for this EFT is reminiscent of Chiral Perturbation theory
(ChPT) for mesons and parametrizes the minimal coset SU(2), X U(1)y /U (1)ep, in a non-
linear manner. The Goldstone matrix U then transforms linearly under SU(2), x SU(2)r

U—gUglh, h—h (3.19)
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whereas the physical Higgs boson h is an electroweak singlet, implying that the covariant
derivative reads

DU =0,U +igW,U —ig'B,UT;, D,h=0,h (3.20)
The leading-order HEFT Lagrangian can be written as
Lro = Lsmo + Luna (3.21)

where

1 1

1
Lou = —7Gu,GN = JWL W — 2B, B

4 4
+ QLUDQL + ZLZJDZL -+ ﬂRilDuR + CZRZ'de + éRz'ZDeR (3.22)
The Lagrangian in the Higgs sector reads

Ry

1
Loz =—(DUTDMU) (1+ Fy(h) + 50,hd"h — V()

A oo R\ ™ A o B\
= m) [* 7 (n) (2
qr <Yu+;Yu (v) >UP+Qr+QL (Y(H-;Yd (,U> )UPC]R
W, (KJFZ};Z(@(
n=1

—v

)n> UP_lp + h.c. (3.23)

< | >

where

Fu(h) = an (%)n V(h) = m§”2 (%)2 + gvn (%)n] (3.24)

The function Fy(h) is sometimes known as the Flare function and encapsulates the
couplings of a pair of (longitudinal) gauge bosons to any number of Higgs fields (and
Goldstone fields) [44]. Here, the right handed quark fields and leptons are collected as
qr = (ugr,dr)’ and lgr = (vr, er)’ respectively and the projectors
1
P, = 5 + T3 (3.25)

are used. The SM is recovered in the limit

R (O ORO)

v=v", v =0 (3.26)

The relation between the matrix U and the Goldstone fields ¢ is

2z'g0“T“) — ¢ V2"
) 2 -5
2\V2pm —¢°

where T% = ¢%/2 are the generators of SU(2) and ¢* = 1/v/2(p" F ip?). The anomalous
couplings in contain at least one Higgs fields such that all couplings without Higgs
fields like the fermion-gauge couplings are SM like at LO. Pure fermionic operators only
appear in the NLO in the form of four-fermion operators.

U = exp ( (3.27)
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3.4.2. Power Counting and NLO operators

The leading order EwChL is not renormalizable and contains operators of arbitrary mass
dimensions. It is a nondecoupling EFT similar to ChPT for mesons. Thus, in contrast to
the SMEFT, its power counting is not governed by canonical dimensions. It is governed
by a loop expansion, which can be conveniently grasped by chiral dimensions. The power
counting for the EwChL was discussed in [110, [L111]. It is similar to the power counting
for ChPT coupled to photons [112]. To see how chiral dimensions arise, consider a generic
L-loop diagram D built from (3.21)), with H external Higgs fields, B external Goldstone
bosons, F 118%)) external left-/right-handed (anti)fermions, and V' external gauge fields,
which can only appear as field-strength tensors X,,,. Such a diagram scales as [37, [40]

OV (g2t tuts pd s va B /p\H
D~ e i (T) () (2) e
Here m is the total number of gauge-boson-Goldstone vertices, v the number of Yukawa
vertices with Goldstones and/or Higgs bosons, u(z) the total number of cubic (quar-
tic) gauge-boson vertices, r the number of vertices of type Xﬁ(ps, w the number of
Higgs self-interaction vertices and 27, the number of fermion-gauge-boson interactions
Y1 /rYL/rRX . The power of external momenta p or superficial degree of divergence is

Fy, + Fg

d=2L+2—
+ 2

—V—-—v—m-2r—-2r—u—z-—2w (3.29)
Note that the number of external Higgs and Goldstone bosons does not enter d. Therefore,
counterterms with an arbitrary number of Goldstone and Higgs bosons are required.
Rearranging this formula gives

Fr + Fgr

2L+2=d,+ X + +V+rv+m+2r+2r4+u+2+4+2w=y (3.30)

The right-hand side of (3.30]) for any given operator can be grasped by assigning it a chiral
dimension d, = 2L 4 2. Chiral dimensions are defined as

XK= Bh=leh =0, Wh=5 B=lgh=1 (331)

i.e. fermion bilinears, small couplings and derivatives each carry one unit of chiral di-
mension. Bosonic fields do not carry chiral dimension. It is straightforward to verify that
the leading order EwChL has [Lyp2], = 2. The operators in the next-to-leading order
Lagrangian at chiral dimension d,, = 2L + 2 = 4 or equivalently at loop order L = 1 have
been compiled in [37, 40] and can be divided into several classes schematically given by

UhD* ~X?Uh, XUhD? *UhD, «*UhD?* *Uh (3.32)

3.5. SMEFT vs. HEFT

Assuming the SM symmetry and field content, the SMEFT contains the physical Higgs
as part of an electroweak doublet. HEFT, on the other hand, as the most general EFT
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parameterizing the minimal coset SU(2)r, x U(1)y /U (1), with the physical Higgs h as an
electroweak singlet, is more general than SMEFT in the sense that the anomalous Higgs
couplings are uncorrelated and O(1) numbers a priori. In the SMEFT these couplings
are correlated. The relation of SMEFT and HEFT has been discussed extensively in
the literature [28, [113]. Geometric methods have been developed to make statements
independent of the chosen field basis [43] [114]. The Geometric Standard Model Effective
Field Theory (GeoSMEFT) [115117] can be regarded as an interpolating case between
the SMEFT and the HEFT where certain operator structures are summed to all orders
in ¢'¢. Positivity constraints [118] on amplitudes can also serve to clarify the distinction
between the two EFTs.

Thus, the relation between SMEFT may be characterized in a schematic way

SMEFT C HEFT (3.33)

As a result the SMEFT Higgs sector can always be cast in HEFT-like form [44]. However,
the contrary is not true. In the remainder of this section, we illustrate this statement up
to O(1/A?). To achieve this we use the exponential parametrization for the doublet

v+ h 0
- U (3.34)
V2 1

where U is the Goldstone matrix and A the physical Higgs. Working with the exponential
parameterization, we make use of the following identity

¢

(0 1) ™ (1) :%(M(1—2T3)> (3.35)

In the Warsaw basis, there are three operators containing only the Higgs doublet

On = (¢'0)°, Oun = (¢'¢)0 ('), Oup = (¢'D,p)” (¢ D*¢) (3.36)

where Oy is a contribution to the Higgs potential whereas Ogn and Oyp modify the
kinetic term. Using the exponential parametrization and (3.35)) we obtain

v R\ °
On 3 ( + v) (3.37)
B\ 2
Opo = —v? (1 + ;) 9,ho"h (3.38)
v? h\ > v? R\ >
=—(1+—=) 9,h0"h+— 1+ - L,)? 3.39
Our =4 (1+2) ot (142 () (3.39
where we used integration by parts in the case of Oyg. We used the notation [40]
L,=iUDU", 7, =UTU" (3.40)
The operators Oy, Oyp with derivatives affect the kinetic term
1 v? h\?
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where we defined the combination

1
Cugin = Cuo — ZLCHD (3.42)

To bring the kinetic term to its canonic form (up to O(A™*) terms) the field redefinition

v? h? h?
h— h+ PCH,km (h + m + @) (3.43)

is needed. Inserting the field redefinition and including O in the potential we obtain the
SMEFT predictions (up to O(1/A?)) for the Higgs functions in (3.23)). The potential

A% . L\ (RN (1 25 A%
(5) + (esemn =) (5) + (G gema—s0ig) (5)
v my v 4 6 my v

_ 3 2\ /h\° 1 1- 02\ /h\®
2CH 1w — 2Cpy— | [ = —Cypin — -Cry— | [ = 44
+( Ctfin 20Hmi> (v) - (30}[’% 4 Hmi) (v) ] (3.44)

the flare function

2,2
_ M
2

v

_ h _ 2 8. R\? 2. h\*
Fy(h) =14 24+ 2Chkin)— + 1 4+4Chkin) | =) + =Cukin | = | + zCrkin | —
v v v 3 v

and the Yukawa Higgs function

_ h o - A\>  Crrin (h\°
L+ (14 Crrgin) =+ Ci pin (5) 4 Lk (—)] (3.46)

M(h) = My s (=

receive correction from O, Opo, Oy p where use the short-hand notation C' = Cv? /A2 Tt
is easy to see that the Higgs self-couplings are correlated as opposed to the EwChL where
the potential coefficients are O(1) parameters. However, these correlations are modified
when including higher dimensional operators The Higgs mass in terms of the potential
parameters is given by

Our result can be validated using the linear EFT Lagrangian in [119] and setting Cr yin =
—1/2a2.
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4. Functional matching techniques

Constructing a top-down EFT from an extension of the SM allows for the parametrization
of indirect effects of new physics as an expansion in inverse powers of the heavy scale.
Tasked with integrating out the heavy degrees of freedom from a particular UV model
to obtain the Wilson coefficients of the low-energy EFT, there are two approaches one
can choose. The diagrammatic matching approach involves calculating Green functions
with light particle external legs in the full theory, where heavy fields can only appear as
internal lines, and then calculating the same Green function in the EFT. By equating the
two (matching condition), the expressions for the Wilson coefficients are obtained. The
functional matching approach, on the other hand, does not reference Green functions or
diagrams. Instead, the functional integral over the heavy fields is directly performed at
the level of the path integral. In this way, the effective action can be calculated directly.
The functional approach has obvious advantages; there is no need to compute specific
diagrams or consider symmetry factors. The matching calculation becomes, therefore,
much more efficient and transparent. Additionally, we do not need to work out an EFT
operator basis in advance to perform the matching; everything follows from the functional
integration. As we repeatedly employ the functional matching approach, we dedicate this
chapter to a brief review of the technique. In addition, we will discuss the Universal
One-Loop Effective Action.

4.1. A simplified approach to One Loop Matching

In [47] an efficient and systematic functional matching procedure has been developed, that
includes the one-loop contributions, where heavy and light quantum fluctuations appear
in the same loop. Since we employ the technique in the following chapters, we summarize
the most important ingredients. We start by considering a general theory with heavy
(nm) and light (1) degrees of freedom, which we denote collectively by n = (g, nz). Our
task is to calculate the one-loop effective Lagrangian resulting from integrating out 7.
As is well known, the first step is to split each component of n — 1 + 7 into classical
background fields 7 satisfying the classical equations of motion and quantum fluctuations
7. To compute the one-loop effective action, the Lagrangian needs to be expanded up to
quadratic order in 7).

L= L)+ L7 + O>i) (4.1)

The zeroth order term is just the classical tree-level Lagrangian and the term linear in
7 is proportional to the classical equations of motion and can thus be discarded. The
quadratic term can be written as

7O (4.2)
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where the fluctuation operator has the generic form

Ay X!
0_ H ALH (4.3)
XLH AL

The fluctuation operator depends only on the classical background fields. To obtain the
one-loop effective action the Gaussian integral over the heavy fluctuation fields have to
be computed

e :N/DﬁLDﬁH exp {i/dd‘xﬁ(’?)} (4.4)

The fluctuation operator is not block diagonal and thus the path integral over the heavy
fields does not include the contributions that correspond to diagrams with heavy and light
particles in the loop. Therefore, we proceed in the following to diagonalize the fluctuation
operator in order to perform the functional integration. The field transformation

1 0
P= (4.5)
A Xy I

transforms the fluctuation operator into block-diagonal form

Ay 0
rfop=|"" (4.6)
0 A
with
Ag=Ap— X AT Xy (4.7)

We can now perform the functional integration over the heavy fields ny yielding
) ~ —c 1
oS — <det AH) N/dnL exp li/dxanzALnL} (4.8)

where ¢ = 1/2, (—1) for bosonic (fermionic) heavy fields and N is an unimportant multi-
plicative constant. The determinant factor in front represents the one-loop effective action
coming from loops involving heavy fields

exp [iSy] = (det §H> B (4.9)
or equivalently
Sy =iclndet Ay (4.10)
Using the identity det A = exp Trln A we arrive at

Sy =icTrinAy (4.11)
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where Tr denotes the full trace of the operator including the integration over spacetime.
In the next step we insert momentum eigenstates to compute the trace

. d? ~
SH:ZCtl"/ (ZWZ))d(p|lnAH|p)

d
= ictr/ddx(;ZTp;de_ipx In (AH(x, 896)) P (4.12)

d ~
= z‘ctr/dda: (Z;;d In (AH(QZ, Or + 2p)> 1

As Ay contains the kinetic term of the heavy fields and in the special case of scalar fields
it takes the generic form

Ay=-D*—m% -U (4.13)
Then performing the shift 9, — 0, + ip one arrives at
. dd R R
Sy = itr/d%/ P <p2 —m2 — 2ipD — D? — U(x, 8, + ip)) 1 (4.14)
2 (2m)d

To obtain the final expression, we expand the logarithm and obtain the effective La-

grangian
i1 [ dp 2ipD + D? + Uz, d, +ip) \
Lorr = F—= - t d 1 4.15
rf ﬂFQ;H/(%)dr{( o (4.15)

H

where the (minus) plus corresponds to a (bosonic) fermionic fluctuation operator For
determinants of fermionic fluctuation operators of the general form

O=il) —M-% (4.16)

further care is needed. The matrix U in this case is given by
Ujerm = _%Uw [[)w ﬁy] i [ip, Ee} n z{zp 20} Fomp S 55— 8,)  (4.17)

Here ¥ = ¥, + X, and X, ,) contains an even (odd) number of gamma matrices. To
evaluate (4.15]) we need to determine the inverse of Ay, which can be formally expanded
in a Neumann series expansion

A =Y (=) (ﬁgle) A7 (4.18)
n=0
Here Ay, :~5 .+ X1, where A 1, corresponds to the fluctuations coming from the kinetic
term, i.e. A7 is the light field propagator.
The methods can be generalized to two loops [120, [121].

4.2. Universal One Loop Effective Action

In case the matrix U does not contain any derivatives, can be computed up to the
desired order in the 1/M expansion. The resulting expression is known as the Universal
One Loop Effective Action (UOLEA)[122126]. The UOLEA is universal in the sense that
it is applicable for any given UV model. Only the quadratic fluctuation operator has to
be computed and the resulting expression for U has to be plugged into the UOLEA. In
the following, we sketch how the UOLEA can be computed efficiently.
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4.2.1. Covariant diagram method

Dl D2

Figure 4.1.: Covariant diagrams corresponding to dimension six operators

In this section we present an efficient method to compute the integral (4.15). We
slightly adapt the trick explained in the appendix of [127] and evaluate (4.15) in the
special configuration 9,X, = 9,U = 0, allowing us to drop all derivatives. In this case

DG = %G|, X = %X (4.19)

where D, = 0, + XM and G is any matrix-valued function of U and X 4. In the final
result, we can then express everything again in terms of D and X,,. Furthermore, we
may choose a gauge condition, where

X, Xt =0 (4.20)
For this specific choice of gauge, (4.15)) becomes

© 1 ayntl 2ip X“—U)n
1) — ﬁt /< . 1 4.21
L CSZ - r | : CESYER (4.21)

n=1

Certain operator structures can be summed to all orders in n. Setting X x = 0 we easily
sum the operators of type U™
2

2
Cs o A 1. p -

N (D v\
g S 1><n—2><<W> >
n=3

where the divergent operator coefficients were renormalized in the MS scheme. In Chapter
We are interested in the terms of the form U”XMVX“”. Setting [XM, U] = 0 automatically
removes all terms containing DMU . The terms with 4 derivatives (i.e. 4 factors of X,,)
in and n factors of U then reduce to the terms of interest due to the formal gauge
invariance of the functional integral. Finally, we obtain

(4.22)

o N R Cs U
L= X XPU") = ——= X, X" In | 1+ — 4.23
(47)2 2 Tona K )= " igam ! ( i MQ) 423

n=1
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where we assumed X p = X, -1 and U = U -1 are scalar valued in the last step. The
pure gauge operators may be computed from 1' by setting U = 0 and we obtain the
expression

Je— 1 2"(n — 3)! .
L=l 2 ey e K Xi) (4.24)

n=3

Here S, is the completely symmetric tensor with 2n indices constructed purely from the
metric tensor g,,. For instance Shk2 — glpz and SHUHRHSHL — gramz glistia 4 gRaks gliapa
ghtaghais - In contains (2n — 1)!! terms in general. The term with n = 2 has a divergent
coefficient and has to be treated separately. The covariant diagram method [128| 129] is
a convenient way to evaluate . We illustrate this method by evaluating the n = 3
term in the sum i.e. computing the coefficients of dimension six operators. There
are two linearly independent trace structures
ce 1 1 7/~ &~ & oA A & AA A A A A

L= @W@ <<Xu1Xu2Xu3Xu1Xuqu3> + 3<XmXu2Xu1Xuqu2Xus>> (425)
These two strings of Xs can be visualized by two circle diagrams, known as covariant
diagrams. We have displayed the two diagrams

Dy = <XH1XH2X#3XM1X#2XM3>7 Dy = <XM1XM2XH1XH3XH2XIJ3> (4-26)

in Fig. 4.1} The diagrams correspond to the two linearly independent pure gauge operator
structures. They read

Q1 = (XW XXM, Qo= (J.J") (4.27)
where we defined
J, = D,X"" (4.28)

Making use of our special gauge configuration (X M)A( k= 0)we can write the operators as
our string of Xs

Q1 =3Dy — Dy (4.29)
Q2 = 4D (4.30)
Inverting this relation, we arrive at
3 1
Dy = ZQZ —Q1, Dy= ZQQ (4.31)

such that the effective Lagrangian up to O(1/M?) reads

g 1 1, 1,6 oue 1
g | (0% = SUDUOP) = SOX2) + (XK XPXE) = (T ")

where we include the operators involving U. This example can be generalized to higher
dimensions. First, one needs to evenly distribute 2n nodes on a circle and connect all

33



Universal One Loop Effective Action

nodes pairwise with each other. Connecting two neighboring nodes is forbidden since
this corresponds to trace structures involving X Xn , which vanish for our chosen gauge
configuration. Additionally, diagrams related by point reflection with respect to the center
of the circle are equivalent, reflecting the cyclicity of the trace. All the independent
diagrams are then multiplied by a symmetry factor. For instance, the "pizza” diagram
D, gets a factor 1 since there is precisely one such structure for every n. The diagram
D5, on the other hand is less symmetric than D; and gets a factor 3, i.e. there are three
terms in the sum S50 (X, ... X, ) that correspond to this diagram. After drawing all
independent diagrams, one has to work out all possible independent operator structures,
write them as linear combinations of covariant diagrams, and then invert the relation to
compute the operator coefficients.

4.2.2. Effective Lagrangian

Using the covariant diagram methods allows the computation of the UOLEA up to the
desired order in the 1/M? expansion. We display here the UOLEA up to O(1/M*) [129)

11 A g 1 A~ A 1 1
L . X HY . 2 —(XVXPXH
M26[ W) = GUXW X = gt ?) 5 (K ’J>1
1 1 A4 9 9 4 29 O ANV 1 2
+ 3597 |01 = (O(D°0) + (0P X, X)) + (0 X))
= 20D, 0) I + (I — S (DPURE) 4 = (D))
5 n 5 T ol g TR
4 8 N 16
1 v p Y p P YV HnoJv
FUXIXIXS) = (DuD U)X X)) + (X I T7)
17 A 1 SRR 2 2
g
+210<<X X“") >+420<<X“”X”" )+ 35<<X X ) )
1 16 5 e O
X, X7 X, XPH D, J)X"XH 4.
105< )+ 1o5<( o) "ﬁ} (4:3)

where again the divergent operator coefficients were renormalized in the MS-scheme. For
a real scalar we have ¢, = 1/2, a complex scalar ¢, = 1 and a fermion ¢; = —1.

4.2.3. Example: Euler-Heisenberg Lagrangian

To illustrate our result we integrate out a first scalar and then a Dirac fermion coupled
to electromagnetism using the UOLEA. We then obtain the familiar Euler-Heisenberg
Lagrangian [130] for (scalar) spinor QED up to O(1/M?). We can neglect operator struc-
tures with factors of .J, since those can be reduced using the equations of motion for
the gauge field. First, we take scalar QED and the Lagrangian for a scalar ¢ coupled to
electromagnetism is

Loy = —iFWF‘“’ L (—D?— M) & (4.34)
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where D,, = 0, + teA, and F,, = 0,A, — 0,A,. The scalar QED example is particularly
simple since U = 0. Using (4.33) the effective Lagrangian is given by [131]

et 1 1 1
Lopr=——5— |— (F,F" — P E FF 4.35
17 ()2 M {288< W)+ 55 } (4.35)
where we set J, = 0. Using the dual field strength tensor F = eu,,ng P7 our result
takes the form
et 17 2, 1 2
Lepp = — F, F™ <F FW) 4.36
T (4m)? M {1440 Ft™)+ im0 1 (4.36)
Here we used the useful relation
v o 1 v 1 [V 2
Fu P Fpo F7 = = (B ) 4 5 (£ ™) (4.37)

Next, we consider a heavy Dirac fermion ¥ coupled to a non-abelian gauge field A, i.e.
we have

1 _

Lyy = —§<GWG“”> + W (i) — M)V (4.38)
where D, = 0, — igA, and [D,,D,] = —igG,,. The one-loop effective action is then
given by

SLlow — _iTrlog (il) — M) = —%Tr log (D2 + M2 — gGwa’W) (4.39)

where 0, = (i/2) [y, 7]. The pure gauge operators without derivatives at mass dimen-
sion eight read

LG LT gy B4 L2
424
vo PH
105<GWG G,,G )} (4.40)

Note that the trace over the identity matrix in Dirac space gives a factor 4. Specializing
to U(1) as a gauge group, we can compute the Dirac traces using the identities

(0 F"™)? = F1 +i7G (4.41)
L5]
v\2n _ n k Tn—2k 52k
tr (0, ) =4 (%)(—1) Frokg (4.42)
k=0
with
F =2F,F"  G=2F,F" (4.43)
and obtain (setting g = e and M = m,)
et 1 1 7
Liims = — F ., F" —F, F"PF,,F" 4.44
dim8 (47T)2m§|: 36( ) +90 14 P :| ( )

Using (4.37)), we recover the well-known Euler-Heisenberg Lagrangian up to dimension
eight operators

64

171 7 2
= v 122
Lams = Fr [90 (Fu ™) + o <FWF )} (4.45)
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5. Loop Counting in SMEFT

We have introduced the SMEFT in Chapter [3|as a widely used and well-motivated frame-
work for parameterizing the indirect effects of new physics. In this chapter, we take a
closer look at its organizing principle: the power-counting prescription. A clear and con-
sistent power-counting scheme is essential for systematically expanding and truncating
the EFT. In particular, it should guide whether a given operator should be included or
omitted in a bottom-up EFT calculation at a specified order of approximation.

The power counting relies on general assumptions about the underlying UV theory. While
these assumptions and the resulting power-counting rules are not unique, they must be
explicitly stated to consistently use the EFT. This is especially important for SMEFT.
In most applications, only the expansion in inverse powers of the scale of new physics A is
made explicit where each operator of canonical dimension d. is suppressed by a factor of
A% As a result, operators of higher dimension are increasingly suppressed. However,
as previously noted, a power-counting prescription based solely on canonical dimensions
may lead to inconsistencies. To be consistent, it must be supplemented by specifying
whether the SM particles are weakly or strongly coupled to the UV sector.

Effectively, this implies a counting of loop orders. Loop orders can be systematically
accounted for by assigning a chiral dimension d, to each operator. By "inconsistent”
we do not mean that a canonical-dimension-based SMEFT with O(1) Wilson coefficients
is nonviable as an EFT under perturbative renormalization. Rather, such an approach
may fail to match a broad class of weakly coupled UV completions and fails to provide a
justification for the expected size of operator coefficients.

In this chapter, we review the fundamental rules of power counting. Although these rules
are not new, they are often left implicit or applied inconsistently in the literature. We
emphasize the importance of loop counting in SMEFT and illustrate its role through con-
crete examples and calculations.

This chapter is structured as follows. In Section [5.1], we introduce a toy model featuring
a fermion, the "top quark” ¢, coupled to a heavy scalar S. We construct a top-down EFT
by integrating out the scalar and analyze the process ete™ — tt both in the full theory
and in the EFT.

This example demonstrates how a magnetic-moment-type operator, myto,, tF*, and a
four-fermion operator, ¢t tt, contribute at the same order in the EFT expansion (both be-
ing dimension-six operators), even though the former appears at tree level and the latter
at one loop. We show that this distinction is naturally explained by loop counting. A
complementary analysis within a bottom-up EFT confirms these findings.

In Section [5.2] we discuss the general power-counting rules of SMEFT, emphasizing the
importance of loop-order counting. This can be conveniently expressed using the concept
of chiral dimensions d,. To illustrate the counting scheme in practice, we examine Higgs
boson production via gluon fusion (g9 — h), a process that elegantly highlights the in-
terplay between canonical operator dimensions and loop orders in SMEFT. The general
SMEFT power-counting formula can also be derived by distinguishing between couplings
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and scales in the EFT Lagrangian, as discussed in Section [5.3]

In Section we consider a more realistic scenario and analyze the process uti — tt in a
decoupling Two-Higgs Doublet Model (2HDM) as the UV completion of SMEFT, thereby
connecting our discussion to SMEFT in a phenomenologically relevant context. Finally,
we summarize and conclude in Section [5.5

The discussion in this chapter follows closely Ref. [1], where the author of this thesis is
a co-author. A similar treatment also appeared in the Ph.D. thesis of another co-author
[132].

5.1. Toy Model analysis of ¢ ¢ — it

To illustrate how loop counting enters standard EFT calculations we consider a toy UV
model and show that certain effective low-energy EFT operators are loop suppressed.
The toy model consists of two fermions coupled to electromagnetism, an electron ¢ with
mass m, ~ 0 and a heavy "top quark” ¢t with mass m. They which represent ”standard”
physics. In addition, the role of "non standard” physics is taken by a real scalar field S
with mass M > m which has renormalizable self-interactions and a Yukawa coupling to
the "top-quark” t. The toy model Lagrangian is given by

L= (0 —me) b+ E (D —m) t— [ Fyu ™

1 1 b A _
- mS — —M?S* — =53 — =81 gt 5.1
+28u58 S 5 S 3!5 4!5 gttS (5.1)
where
. 2
D, =0,+teqr Ay, q=-1, ¢ = 3 F. =0,A,—0,A, (5.2)

The first line of our toy model is simply quantum electrodynamics with two fermions.
The scale of "new physics” M is assumed to be much larger than m and the typical
energies /s accessible in experiments. The dimensionful coupling b can be O(M), while
the dimensionless couplings A, g are of O(1). Integrating out the heavy scalar produces
new-physics effects modifying the top quark dynamics, suppressed by powers of s/M?. A
similar toy model has been discussed in [133].

5.1.1. Diagrammatic matching

To illustrate our argumentation we examine the process e~ (ki)et(ks) — t(p1)t(p2) and
compute the amplitude in the full theory and in the EFT, thus we perform diagram-
matic matching. At tree-level the amplitude for the process arises form s-channel photon
exchange shown in Fig. (a). The tree-level amplitude is given by

2

Aro = —z‘%v(kmwkl>u<p1>wv<p2> (5.3)

where ¢ = ki + ky = p1 + pe and s = ¢?. Let us now consider the leading corrections
to this amplitude due to the heavy scalar. Due to the Yukawa coupling S modifies the
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et t et t
|
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| -5
| t I/ \\
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>\/<vd)\/\< t _ ((i) t

e

e

Figure 5.1.: efe™ — tf in a toy model. (a) Lowest-order amplitude. (b), (¢): Leading
corrections from S-scalar exchange in the full theory. (d), (e): Contributions
needed to reproduce the 1/M? corrections of the full theory within the EFT,
where the black dots represent the local dimension 6 EFT operators. ), and
Q)3 enter at tree-level in (d), whereas ()1 contributes at one loop in (e).

tt-photon vertex function. The corresponding one-loop diagram is depicted in Fig. [5.1
(b) and the amplitude is

2
.€7q _ _
Ao +6A = —@q—gtv(kg)vuu(kl)u(pl)F“v(pg) (5.4)
We write the one-loop vertex function as
[H = A"+ 6T+ (5.5)

where JI'* contains the effect of S-boson exchange. To compute JI'* we need to compute
the following one-loop integral

_ woo o [ A% ulp)(F+ g+ m)y (K — g+ m)v(p)
u(p1)5r U(p2) =19 / (27T)d (k2 o MQ)((k +p1)2 _ mQ)((k _ p2)2 _ m2)

Up to O(M~2) the correction to the vertex function due to the heavy scalar is given by

(5.6)

2

H = _ 9 L ].H_T é 2,1 z . Nz
or 1672 M2 [( 3t )] @+ (e ot ha(z) | imaa, | (5.7)

where we defined

m2 e
and (z = (1 —2))
! 11 1
hi(z) = / dr2xzIn(l — 4axz —in) = (— + —) hao(z) + = (5.9)
; 3" 62 9
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! VI—z 141
ho(2) = / dr In(1 — 4a7z —in) = -2+ V1 —21In \/% i 1 (5.10)
; — 1 _

In the Euclidean region z < 0 the second expression for hs(z) is immediately applicable.
For z > 0 it holds with the prescription z — z + in. The function hy(z) comes from the
Passarino-Veltman scalar bubble function ([E.4))

1 2
Boy(q*;m*,m?) = -+ ln% — hy(2) (5.11)

5.1.2. Strategy of regions

In this section, we demonstrate how the expression in can be obtained without
computing the exact all-orders result in M first, as discussed in [132]. Specifically, we
evaluate in two distinct momentum regions, thereby illustrating key features of EFTs.
In particular, this analysis highlights how the EFT reproduces the nonanalytic terms in
the infrared (IR) scale that appear in the full theory. This approach is equivalent to the
method of regions [84} |134] in this context.

Since the full theory and the EFT share the same IR degrees of freedom, their results
must agree in the soft region, where k? < M2. In this momentum region, the heavy scalar
can be integrated out, which amounts to expanding its propagator as

1 1 k? E*
EE VA vEA G Ve VR (5.12)

Expanding in the UV scale M using dimensional regularization isolates the momentum
region k* < M? in (5.6). Each term in the series corresponds to the IR contribution of
higher-dimensional operators.

Working to O(M~2), we retain only the first term in the expansion, corresponding to
operators of canonical dimension six. In the soft momentum region (k, p;, p2, m < M),
the integral becomes

u(p1)ol g prv(p2) = (5.13)

—ig? / d u(pr) (K + p, +m)y"(k — p, +m)v(ps)
M2 ) 2m)d ((k+p1)? = m?)((k = p2)? —m?)

Since we have expanded in the UV scale M, this result does not contain any nonanalytic
dependence on M, such as In M terms, that appear in the full theory. The order of
expansion and integration matters clearly matters here.

Evaluating the integral in the EFT region yields

2 2 2
g 1 1. m 9 1 m , Y
Lppr = RT=IVE K—§ + glnu— + ha(z )) Y+ (_E —HHF + ha(z) | imo™q, |
(5.14)

where ji? = p?4me=7®. The divergences here are formally IR in origin. Crucially, the
logarithmic IR terms Inm? in (5.14), which are nonanalytic in m, agree exactly with
those in , as required since the EFT must reproduce the IR behavior of the full
theory.

To fully reconstruct the amplitude, we must also evaluate in the hard momentum
region (k ~ M > m,p1,ps). This contribution is known as the matching contribution,
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as it determines the Wilson coefficients in the EFT by matching the UV behavior and
nonanalytic terms in M.

The matching contribution 6"}, can be computed by expanding 6I'* in the IR scale m.
We can safely set m = 0 in the propagators:

. : Wk u(p:) (ky"F + dmk* + 4m*y*)v(ps)
orh = ig® / 5.15
u(pl) Mv(pQ) tg ( ) (k ) (1 + 2k- p1) (1 _ 2122131) ( )
To extract the O(M~2) terms, we expand the integrand up to O(k~°):
FA g + dmkH + dm2yH i 5 8mktk - (p1 — p2)
= + dm " —
T A A
AfAyE (k- p1)* + (k- p2)? — (k- p1) (k- pa)] 1
- i +0( 5 (5.16)
Evaluating the integral in d dimensions gives:
T+ = —2 — dM2fy” + S—d -1 mioct’q, + Ad—4)(d - 1)m2fy“ + —2 ey )1
M d d(d + 2) v d(d+2) d+2 b
(5.17)

where the basis integral is

ddk 1 2 1 ,[62
s = / (27)e (k2 — M?)k4 = 16202 <‘ +In W) (5.18)
Thus, the matching contribution becomes
2 2 _9 L,
[ Lo ! g (Lyom T
oIy, = 16n QMQ[Q’Y ( +lnM2+2 —maot¥q, +nM2+6

> 4 7> 1 ji2 4
— In-— 5.19
+m*y 37(+nM2+3” (5.19)

Adding the soft and hard contributions yields:

2 1 4 7
Oy pp + 0T, = —— 9 1 (Zmr + =4+ hi(2) ) A"+ (Inr + = + hao(2) | mic*q,
16m2M2 | \ 3 9 6
M? 1 o> 1
—myt — 77“ (g +In % + 5) ] (5.20)

One might worry that the intermediate momentum region m < k < M has been double-
counted by summing 0"z, and dI'y,. However, this region corresponds to scaleless
integrals when is expanded in both 1/M and m. Scaleless integrals vanish identically
in dimensional regularization so that the intermediate region does not contribute.

This is consistent with the interpretation of dimensional regularization as a generalization
of residue calculus. The integrand of has both UV poles at M and IR poles at m.
Expanding in 1/M isolates the IR poles (EFT), while expanding in m captures the UV
structure (matching). Their sum gives the full result [80].
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To cancel the remaining divergence, we renormalize the vertex function. The contribution
of the heavy scalar to the top-quark self-energy [Fig. [p.1] (c)] is:

=2 2

1 1 1 /~L m - p2
= 7673 /0 dx (zp +m) (E +1In 7 In <x + Tym T xxm)) (5.21)

Using the Ward identity, the renormalization constant ds in the on-shell scheme is:

_ M‘
.

%(p)

by = (5.22)

which evaluates to

2 -2 1 2 2 1 o=
g 1/1 i / ,m m / 2z(1 + )
dy = — —|l-4+h— |- [ dxzl — — | da——
2= T i6r [2 <e+nM2> o CER\TTEAE) T )y e

(5.23)
Expanding &, to O(M~?) gives:
0y = ! M = i L) e +O(M™ (5.24)
2T 06 |2 \e a2 2) ‘

Adding this counterterm to (5.20]) cancels the remaining divergence and reproduces the
full result:

ST# = 6T% o + 07" + Gy (5.25)

5.1.3. Top-down EFT

Knowing the full UV result, we can match onto an EFT operator basis at canonical
dimension six in a top-down approach. This requires calculating the vertex function to
order 1/M? in both the full theory and the EFT. By comparing the two, the expressions
for the Wilson coefficients can be extracted. To reproduce the full vertex function within
the EFT, we need a complete basis of dimension-six operators:

1

Typically, one constructs a complete basis of EFT operators, derives the corresponding
Feynman rules, and identifies which operators are required to match the full theory result.
In our case, however, the relevant EFT operators can be essentially inferred directly from
the functional form of the vertex function in :

Qu=1Ftit, Q=0 F"int, Qs =mio,t "™ (5.27)

The operator )2 can be eliminated using the equation of motion for A,, yielding an
equivalent form involving four-fermion operators:

QY = —e vy Yyt + eq Tyt Ey,t (5.28)
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It is straightforward to verify that the local four-fermion operator —ey”1)ty,t gives
the same contribution to the vertex function as (). Using these three operators we
can reproduce 6I'* up to O(M~2). Their coefficients are determined by equating the
amplitudes in the full theory and the EFT:

[

C
T (ig*") + =2 (20" q,m) (5.29)

—ieqoT" = —ieq, 0T, + e

Note that ¢); must be inserted into the one-loop diagram shown in Fig. [5.1] (e), yielding

the vertex function:

1 20,
1672 M?2

m2 2

[(1 n hl(z)> "+ (m % + hg(z)) ia“”q,,m] (5.30)

5Tl = .

This expression matches and correctly reproduces all non-analytic terms in the
infrared scale m as seen in . Since the local operators Q2 and Q3 generate only ana-
Iytic terms, the one-loop contribution from Q) is essential to reproduce the full O(1/M?)
amplitude in the EFT.

The vertex function in is renormalized in the MS scheme. The matching condition

in (5.29)) then implies:

2 2 —2 2 =2
g g (1. p° 4 g (1. [ 7
=L, 0y=- D), o= o+ L) 531
A (3 Ve +9>’ T (2 nEty) 63

Here we see explicitly how the factorization of IR and UV scales in the EFT works. The
physics from large momentum regions (k ~ M) is encoded in the Wilson coefficients Cs
and (5. Together they form the matching contribution

—teqolh, = —=(—ig™y") + %(—QJWQVm) (5.32)
whereas contribution from small scales are reproduced by the matrix element of the local
operator 1. The two regions are separated by a renormalization scale i that cancels when
adding the two. Together with and , the relations f reproduce the
leading 1/M? corrections to the process ete™ — tt in the EFT.

Under renormalization, the operator ()7 mixes into ()2 and ()3, and the corresponding
renormalization group equations can be extracted from (5.31):

dc; 4
iy = 2= —56%01, B3 = 2eq:;Cy (5.33)

B; = 1672

Additionally, the Wilson coefficients Cy and C5 act as counterterms that absorb the UV
divergences originating in .

Even in this simple toy model, it becomes clear that relying solely on canonical dimension
is insufficient. Although all three operators have canonical dimension six, they appear at
different loop orders in the calculation: all contribute corrections of order ~ ¢*/(167*M?)
to the amplitude, but ()1 appears at the one-loop level, while ()5 and ()5 contribute at tree
level, as shown in Fig. 5.1/ (d) and (e). The loop suppression of @2 and @3 distinguishes
them from ()i, despite sharing the same canonical dimension. This demonstrates the
necessity of chiral dimensions d, to account for loop orders. In our example:

dx[ClQl] — 4, dX[CQQQ] — dX[C3Q3] — 6 (534)
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We will examine the assignment of weak couplings to dimension-six operators in detail
in Sec. For the present discussion, it suffices to recall that each gauge field strength
contributes at least one weak coupling, a tensor fermion current contributes two, and a
vector current contributes one. Counting chiral dimension correctly captures the relative
suppression of Q93 with respect to Q1 by a loop factor 1/(4m)>.

5.1.4. Bottom-Up EFT

Typically one uses the SMEFT as a bottom-up EFT where the Wilson coefficients of the
higher dimensional operators are unknown. Assuming a power counting scheme based on
canonical dimensions alone would result in treating all coefficients C; as O(1) numbers.
We again point out the inconsistency of such an approach by constructing a bottom-
up EFT in the context of our toy model. We assume the standard physics at energies
~ m is still given by the first line of but we have no knowledge this time of the
heavy sector presumed to reside at M > m. Working again to order 1/M? the EFT
Lagrangian has the form of , where the operators remain to be determined. To
perform a consistent bottom-up calculation we need a complete EFT operator basis.
At canonical dimension six there are two operator classes; four-fermion operators and
magnetic-moment type operators. Starting with the four-fermion operators we have to
write down all possible combinations while eliminating redundant operators using Fierz
identities. The independent structures are given by

Qs1 =Y, Qso=ilthysy, Qss =iyt vy, Qsi=tyst ysy, (5.35)

Qvi = Lyt vy, Qva = Tyt vy st

Qvs = Y5tV Y, Qua =ty yst Yy sy (5.36)
QTI = to""t on-,uuqﬁu QT2 = ito"'t &Uw%iﬁ (537)
and, with n =t, 1,
Qns1 =mmnm,  Qus2 = 1M Nysn,  Qusa = 7Y51 17750 (5.38)
Quv1 =TV, Quva = TN (5.39)

The magnetic moment type operators are given by
Qur = mto tF™,  Qur = meo,, Y F" (5.40)

Note that all operators with F),, and derivatives may be reduced via the equations of mo-
tion to those listed above. Out of those three independent combinations give corrections
to the vertex function: Q1 = Qis1, @3 = Qur and Q) = —eQyy + 2/3eQyy1. We now
try to parametrize the leading order corrections to the ete™ — ¢t amplitude using our
bottom-up EFT. We would write (0 = 0(ky) etc.)

M2 Z Ci{Q;) = v%u uotv 2@emq—C’tF + — vy uuyo Cyy + . (5.41)

M2
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where (Q;) denotes the matrix element of @);. Here Cyq serves as a representative for
all four-fermion operators of the type ((¢...¢)(t...t)) contributing at tree level. Four-top
operators, on the other hand, such as Q.51 = tttt would contribute to A at one loop.
Assuming Cys1 = O(1) would imply dA4;51 ~ 1/1672M? which would appear to be sub-
leading with respect to the terms ~ 1/M? in (5.41)). Several conclusions can be drawn
from our example. While the toy model is a specific realization of a UV sector it clearly
demonstrates that counting canonical dimensions alone is not enough. A bottom-up EFT
constructed as the most general low-energy theory should be able to reproduce any spe-
cific model of new-physics at the scale M at any given order in the EFT approximation.
Furthermore, the distinction between ;51 and @), is generic in the sense that any model
with a heavy boson coupled to the top quark will induce four-top interactions such as
Q:s1 at tree level and generate Oy at one loop.

While the toy model assumed weak coupling to the heavy sector the ratio of the coeffi-
cients of the magnetic-moment operator and the four-top operator Cs5/C; = O(1/167%)
is independent of the coupling g. For strong coupling g ~ 47 we could have C5 = O(1)
but only at the price of a four-fermion coefficient C} = O(167?).

It is, of course, not necessary to assume a weakly-coupled UV completion for an EFT.
We illustrate this by assuming that the top quark is strongly coupled to the new physics
at scale M. The vertex function in its full generality can written as

10t q,
2m

where Gy, are formfactors where G; = 1+ O(M™2), Gy = O(M~2). The leading
new-physics effects which enter at O(M~2) can be parameterized by a bottom up EFT

I = 4*Gyi(¢*) + Ga(q°) (5.42)

1 _ _ _
ALg = e (Chtttt + Cy 0, F*ty,t + Csmto tFH + . (5.43)

where the ellipsis denotes the remaining four-fermion operators in the full basis One then
finds

2 2
o _ g, ¢ |C_ G (L mT
Gi(g") =1+ Ve [eqt 5 (3 In 2 + hl(z)) + ] (5.44)
2 2
oy _m 1, G G omT
Ga(q”) = Ve [46% + 3 (ln 2 + hg(Z)) + } (5.45)

Assuming the top-quark is strongly coupled no weak couplings are associated with C} and
the first term in has d,, = 2. The second and third terms in will have d, = 4
since Uy 3 will come with at least a factor of e that is necessarily associated with F,, in
(Q2,3. Again Cy3 will have a loop suppression with respect to C; and all coefficients will
contribute at the same order in and . A similar reasoning may be applied to
the remaining terms in (5.43). For instance, four-top operators (¢...t) (¢...t) contribute
analogously to Q1. The amplitude e*e™ — £t will also receive contributions from operators

of the type (¢ ..10) (t...t).

5.1.5. Functional matching

For completeness we include the complete one-loop matching results employing the func-
tional approach. Integrating out the heavy scalar S at the tree level amounts to solving
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the equation of motion

(O+M?)S = —%SQ - 253 —gtt (5.46)

iteratively in inverse powers of M. To first order the solution is given by

g _
Plugging this solution back into the Lagrangian generates the tree-level effective La-
grangian up to canonical dimension 6

1 v 92 74\ 2
—F,, F*" + —Z—(it) (5.48)

Litstn = 0 (iD= me) 6+ (i —m) t — e

To perform the one-loop matching, the formalism laid out in Chapter [ can be used. The
formalism has been automatized in the software package Matchete [126]. Implementing
our toy model in Matchete produces the effective Lagrangian

- _ 1
Lyt =0 (il —me) ¥+ £ (i) —m) t = ZFu F™
-+ Cl(ft)2 + CQF'LLV t_O'W,t + Cg(t_’}/“t>2 —+ C4<t_0'wjt>2 -+ 05(5’}/#15) (’IZ"}/“’(/J) (549)

where the Wilson coefficients up to one loop in the MS-scheme are given by

2 2 —2 =2
g g A f 2 (3, B O
O, = 2 1) -2 (2m 42
! 2M2+167T2M2[4<DM2+> g(an2+4

2 1 572 7 2 1 72 4
ngqteﬂg—(—lnﬂ——i——), C3 = —q}e’ J <—1n'u—+—)

167202 \2 "2 T 12 “Terzaz \3 Mz T o

2 1. p? 3 g* 1. p? 4
O =—-—9 (“mP 12} c=ger—d _(-mt 2 5.50
1= w g ee oM 1) T gep (3™ ar Ty (5.50)

where we neglected factors of m, in the matching results. These results agree with (5.31)),
confirming the equivalence between the functional and diagrammatic approaches.

5.2. SMEFT

While bottom-up EFTs such as SMEFT aim to remain as general as possible, certain
assumptions are unavoidable and must be applied consistently. In particular, the following
key ingredients must be specified to construct and apply a bottom-up EFT coherently:

(a) the low-energy degrees of freedom (particle content),
(b) the relevant local and global symmetries,
(c) the power-counting scheme.

The power-counting prescription plays a central role in establishing a hierarchy among
new-physics effects and enables a systematic expansion and truncation in a well-defined
expansion parameter. Assumptions about the UV completion directly impact the power-
counting rules. Frequently, only the existence of a mass gap between the known particles
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and the new physics scale is assumed, which justifies an expansion in inverse powers of
that scale. However, it is equally important to specify whether SM particles are weakly
or strongly coupled to the UV sector, as we discuss in the following.
In general, any relativistic EF'T can be organized as a double expansion in powers of the
heavy scale A and loop orders [135]. For SMEFT, the natural expansion parameters are:
2

% and #, (5.51)
where E is the typical energy scale of the process, usually of the order of a few times the
electroweak scale v, and 1/(167?) represents the loop factor in four dimensions.
In most applications, only the expansion in 1/A is made explicit when writing the SMEFT
Lagrangian. Up to order 1/A?, it takes the form:

Cj
Lsverr = Lsm + Z FQz’- (5.52)

Here, we neglect the lepton-number violating dimension-five Weinberg operator. The
operators (); are of dimension six, constructed from SM fields, and respect the full SM
gauge symmetry. Additional simplifying assumptions, such as baryon and lepton number
conservation or minimal flavor violation (MFV), may also be imposed. Notably, the “tra-
ditional” SMEFT formulation does not account for the loop expansion. This constitutes
a limitation that, as we will show, can lead to inconsistencies. We illustrate this with the
example of SMEFT corrections to Higgs production via gluon fusion.

5.2.1. Example: Higgs Production via Gluon Fusion

To illustrate our reasoning, we examine the O(1/A?) corrections to Higgs production via
gluon fusion, which is the dominant Higgs production mechanism at the LHC. This process
is loop-induced in the SM, with the top-quark loop providing the leading contribution
(Figh.2(a)). Fig. (b)—(g) shows sample SMEFT diagrams with single insertions of
dimension-six operators. The relevant operators (see Tabs. and are:

(b): Qua, () Quir, (A): Quey () Quuy 4y, O, QL) QR
(f) : Qu, Quo, (8): Qo (5.53)

A consistent power-counting scheme should dictate which operators must be included at
a given order in the 1/A? expansion. Importantly, the diagrams shown span tree-level,
one-loop, and two-loop topologies, and therefore differ in the number of explicit loop fac-
tors. This strongly suggests that loop-order counting should be incorporated into SMEFT
power counting; just as it is in the SM, where perturbative expansions are organized in
powers of loop factors or equivalently weak couplings. Fig. (1)-(3) illustrates how the
perturbative and the EFT expansion have to be combined to obtain radiative corrections
to the leading diagrams.

One might naively attempt to include all contributions from dimension-six operators (i.e.,
all diagrams in Fig. (b)—(g)) regardless of topology. This would imply treating the
Wilson coefficients C; as arbitrary dimensionless numbers that compensate the loop sup-
pression. However, such an approach is unsatisfactory: it makes any consistent truncation
of the EFT impossible, as dimension-eight or higher operators with large coefficients could
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Figure 5.2.: Higgs production through gluon fusion. (a) SM amplitude at leading order
(two diagrams with opposite fermion flows are understood). (b)—(g): Repre-
sentative SMEFT diagrams with insertions of dimension-six operators (black
dots). (1)—(3): Examples of radiative corrections.

generate effects of similar or even larger size. Without power-counting assumptions, the
EFT expansion loses predictive power.

The standard SMEFT power-counting approach, based solely on canonical dimensions,
assumes C; = O(1), and considers only suppression by powers of A. In this scheme, di-
agram (e) in Fig. would appear to be subleading relative to diagram (d), due solely
to its loop topology. However, as shown in our previous toy model, such a classification
fails to capture the effects of a heavy resonance (weakly or strongly) coupled to the top
quark. For a framework intended to be model-independent, this is a serious shortcoming.
Additionally, the same logic would suggest that diagram (b) provides the leading SMEFT
correction to gg — h, as it is the only tree-level diagram. Yet, this conclusion is at
odds with common new-physics scenarios 136} |137], where corrections arise at loop level.
We thus conclude that assuming C; = O(1) is inadequate. A meaningful and consistent
power-counting prescription must incorporate loop-order counting alongside the EFT ex-
pansion.
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5.2.2. Power Counting in General EFTs

Before specializing to the SMEFT, we first review general power counting rules for rela-
tivistic EFTs. As noted in our previous discussion, it is essential to keep track of both
the expansion in powers of E?/A? and loop factors of 1/1672. This can be systematically
achieved by considering both the canonical and chiral dimensions of EFT operators. This
framework, discussed in [111], is equivalent to well-known results in the literature on EF'T
power counting [82} 110} 138, |139).

We consider a general relativistic EFT of scalar fields ¢, gauge fields A, and fermions ),
valid at energies well below a cutoff scale A. It is convenient to define a reference energy
scale

f= % (5.54)

which is well within the domain of validity of the EFT (f < A). This scale allows us to
treat the expansions in F?/A? and 1/1672 on an equal footing: at energies E = f, the
energy expansion parameter becomes f2/A? = 1/167% equal to a loop factor.

We now estimate the size of the coefficient for a generic EFT operator of the form

ONe pNe ANAYNv 1 Ne (5.55)

involving N, derivatives, IV, scalar fields, N4 vector fields, IV, fermions, and IV, insertions
of weak couplings, denoted generically by .

To estimate the coefficient, both the canonical and chiral dimensions of the operator
must be taken into account. Since the Lagrangian must have canonical dimension 4,
dimensional analysis gives a factor f4~%. Meanwhile, loop factors 1/1672 are associated
with loop order L = (d, — 2)/2, where d,, is the chiral dimension. The general form of
the coefficient is therefore

f47dc
cd.,d,) = ——— 5.56
( X) (47T)d><—2 ( )
For the operator above, the canonical and chiral dimensions are given by
3
dc:Np—i-ijLNA—l—é ¥ (5.57)
1
dy = Np+ =Ny + N, (5.58)

2

These formulae are valid for general EFTs, regardless of whether the UV completion is
weakly or strongly coupled. However, the interpretation of f differs in each case. In weakly
coupled EFTs, f = A/4x serves primarily as a bookkeeping device. In strongly coupled
theories, however, f acquires a physical meaning. For example, in chiral perturbation
theory (ChPT), f = f, is the pion decay constant, related to the QCD scale via the NDA
relation Aqep = 47 fr [138].

Focusing now on the SMEFT, we may rewrite equation in terms of the cutoff scale
A as

1 1 (dy—dc)/2+1
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As expected, powers of A are determined by canonical dimension, while loop factors are
governed by

24+dy—d. 2+ N,— Np
2 N 2

where we used equations and , and introduced the total number of fields
Np = Ny + Ny + Ny. Thus, the number of loop factors is dictated by the difference
between the chiral and canonical dimensions, or equivalently, by the difference between
the number of weak couplings and the number of fields.

For dimension-6 operators, such as those in the Warsaw basis, this formula simplifies to

L/ 1\ (e
0(6,d,) = 5 <1 w) (5.61)

(5.60)

To determine the expected size of an operator coefficient, knowledge of its chiral dimension
(or equivalently, the number of weak couplings N,,) is essential. Without this information,
power counting remains incomplete. While the general formula[5.56|applies to both ChPT
and SMEFT, the two differ in how weak couplings are assigned to fields and interactions.
Therefore, any consistent power-counting prescription must specify which fields are weakly
or strongly coupled to the heavy sector. Various assignment schemes can be considered,
but such a classification is unavoidable. The exactly solvable model in [140] nicely illus-
trates this fact. The parametric size of the operator coefficients obtained from a weakly
or strongly coupled heavy sector are consistent with the general power-counting rules. In
the next section, we discuss the assignment of weak couplings to dimension-6 SMEFT
operators.

5.2.3. Loop counting in SMEFT

Let us now consider the standard scenario underlying SMEFT. In this setting, SMEFT
arises as the low-energy EFT valid at the electroweak scale, after integrating out the
heavy degrees of freedom associated with a UV extension of the SM. These heavy fields
are characterized by a scale A > v, where v is the electroweak scale. We assume a generic
extension of the SM with new physics at the scale A, weakly coupled to the SM fields
and describable by a renormalizable Lagrangian (in the traditional sense). Weak coupling
implies that the characteristic mass scale of the heavy particles aligns with the cutoff scale
A.

Of course, a weakly coupled UV sector is not a necessary assumption. As discussed in
Sec. (3.4} if the Higgs sector is strongly coupled, the resulting EFT at the electroweak
scale takes the form of an electroweak chiral Lagrangian (HEFT). A typical example is
provided by composite Higgs models with a characteristic scale f. When expanded in the
parameter v/ f, such models yield a SILH-type version of SMEFT [141], as discussed in
[135].

In the following, we focus on SMEFT under the assumption of a weakly coupled UV sector
and aim to determine the minimal number of weak couplings associated with dimension-six
operators. This classification enables us to distinguish operators that may be generated at
tree level from those that necessarily arise at loop level. In part, we rederive the results of
[142], employing the convenient formalism of chiral dimensions. A comprehensive classi-
fication of potentially tree- and loop-level generated operators up to canonical dimension
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eight can be found in [143].

A generic UV theory of this type is a renormalizable QFT involving bosons (scalars and
gauge bosons) and fermions. The field content includes the SM bosons b and fermions
f, as well as new heavy bosons B and fermions F'. Weak coupling implies that the SM
fields f and b interact with the heavy fields F' and B through coupling constants of order
unity. In a renormalizable theory, only a limited set of interaction vertices is allowed.
Denoting a generic fermion (boson) by W = f, F' and § = b, B, the allowed interaction
classes include: WU g3, 33, B* and B208.

We summarize the possible vertices involving both heavy and light fields in Table [.1]
For triple boson vertices the mass scale u is required by dimensional analysis which may

wUE: | ffB fFb  Ffb fFB FfB FFb| [x]
g | B bB* [kl
gt | BB ®*B*  bB3 (k7]
320p: | bObB  BOBb (K]

Table 5.1.: Possible interaction vertices coupling heavy and light fields in a generic, renor-
malizable UV theory and the associated coupling

be taken as a heavy or light scale. In addition, there are vertices that consist only of
heavy or light fields such as B3. For a given operator we need to determine the number
of weak couplings N,,. We use the notation A ~ k™ indicating that a building block A is
associated with (at least) n powers of weak couplings. From Tab. we can read off

bk, U~k bOb~K, b~ K (5.62)

For fermion bilinears we have to differentiate between scalar, vector and tensor currents.
In a renormalizable theory only scalar and vector fermion currents are allowed. As a
result, only those may come with a single weak coupling, tensor currents carry at least
two factors of weak coupling

fTlf~k, for T =19" fo'™f~k? (5.63)

The (minimal) number of weak-couplings for the various operator classes in the Warsaw
basis is given by

('), KA O'DO)?, Koo b oy, wHTDe)Y, k(Y1) (5.64)

The assignment of weak couplings can be understood by drawing sample diagrams in a
generic UV theory with the vertices described in Tab. that generate the operator
classes after integrating out the heavy particle(s). Consider e.g. diagram (a) in Fig. [5.3
which consists of three vertices of type b?B and one vertex B3. Integrating out the heavy
boson gives, assuming pu ~ M, the Wilson coefficient of an operator of the class (¢'¢)?
would scale as

01 4 1

C(a) ~ K WW ~ K W (565)

93



/ \ \ / N ' s \ %
/ \ N /7 \ | /7 \ Vs
, \ \ ’ N s \ ’ \/
AN /7 AN /7 N\ /
--= F——- Y Y Y
2 7
N s Il I [ [
N 7 Il I [ [
S Il I [ [
I Il I I [
I AN /\ /\ /\
A Ve N
/ AN / N\
7/ \ 7 AN
7 N
(a) (b) (© (d) (e)

Figure 5.3.: Sample diagrams in a generic UV theory that generate the various operator
classes after integrating out the heavy fields: (a): k*(¢7¢)3, (b): k*(¢'D¢)?,
(c):k3pT gy, (A): k2T D), (e): K2(Yap)2. The dashed double line de-
notes a generic heavy boson

The generalization to the other operator classes is straightforward. While the operators
listed in (5.64) are potentially generated at tree level this is not the case for the operator
classes with field strengths

RXYX)OXE KT XWX, o X ¢ (5.66)

Those operators cannot be generated from tree-level diagrams in a renormalizable UV
theory. Sample one-loop diagrams generating the classes in ([5.64) are displayed in Fig.
(5.66) Diagram (c) nicely illustrates that a fermionic tensor current comes with at least

’\/\/\/V\n\ ’\/\/\/\/\n\\ e NNNVNF = = = 5———
THEN THNEN 1
T AVAVAY: i \/,</ i
n 7 (AN [
AN AN N
(@) (b) ©

Figure 5.4.: The (dashed) double line denotes a generic heavy (boson) fermion

two factors of weak couplings since there is no vertex of type B?ff in a renormalizable
UV theory.
It is now easy to read off the chiral dimensions of the various operator classes.

dy [k (¢79)"] = dy[K* (6T D9)?] = d\[*¢¢ b ¢ ] = d\ [K*(¢T DP) ] = dy [ (V1))?] = 4
dx[’fSX:Xu/\X;] = dx[’f4¢T¢XWXW] = dx[’fllija;w@b XH gl =6 (5.67)

Using the power-counting formula this implies coefficients of order 1/A? for the
operators in and coefficients of order 1/1672A?. Equivalently, assuming weak cou-
pling to the heavy sector, all Warsaw basis operators with gauge field strength factors are
additionally suppressed by a loop factor [24] 142].
Returning to our example process gg — h from Sec. we can assign a clear ordering
to the SMEFT contributions
1 1 1 1
672 (a), T6-2A2’ (0), (c), W(d)a (e), (f), W(g)

(5.68)
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The leading contribution comes from the SM in Fig. (a) contains a loop factor but
is unsuppressed in 1/A. An additional factor of 1/A? carry the SMEFT corrections in
(b),(c). Diagram (b) is a tree level graph but the operator Qg carries an implicit loop
factor while diagram (c) is a genuine one-loop graph. Similarly, (d) - (f) have the same
power counting size despite their different topology. In accordance with our toy model the
magnetic-moment type vertex in Fig. (d) enters at the same order as the 4-fermion
operators in Fig. (e).

A power-counting prescription that incorporates both canonical and chiral dimensions
enables a consistent truncation of the SMEFT expansion. For instance, if we aim to
compute only the leading SMEFT corrections to the Standard Model, then only the
diagrams shown in Fig. 5.2/ (b) and (c¢) need to be considered, while the contributions from
diagrams (d)—(f) can be systematically omitted. Radiative corrections to these leading
SMEFT contributions, as illustrated in Fig. (1)—(3), can also be consistently included
within the same power-counting framework, up to the desired level of accuracy.

The power-counting scheme discussed here is broadly applicable to a wide range of high-
energy collider processes and observables. It provides a systematic means of identifying
potentially dominant SMEFT effects. Moreover, by enforcing a consistent truncation
of subleading terms, the scheme helps reduce the number of free parameters in practical
SMEFT analyses, thereby enhancing the interpretability and predictive power of the EFT
framework.

Examples for the application of the power-counting scheme can be found in the literature.
Single Higgs production in SMEFT has been studied in [117] 144-147]. Studies of Higgs-
boson pair production at NLO and beyond include [148-156]. In [153] the systematic loop
counting for SMEFT has already been discussed for the process under consideration. A
systematic discussion of top-quark pair production via gluon in SMEFT has appeared in
[157]. The pattern of SMEFT effects in ¢ — hh or h — gg is similar in h — vy decay
which has been treated in [158-160]. Zh production in pp collisions including SMEFT
corrections was investigated in [161, [162]. A systematic study of h — gg and h — v
with anomalous HEFT couplings including NLO QCD effects has appeared in [163].

5.2.4. Amplitude for gg — h with leading dim 6 corrections in
SMEFT

Having identified the leading dimension-six SMEFT corrections in Fig. (b) and (c), we
now present the explicit gg — h amplitude including these contributions as an illustrative
example of a consistent application of SMEFT. The relevant operators for the process
gg — h in the Warsaw basis (Table are:

Oun, Oup, Our, Onc (5.69)

After performing the field redefinition to canonically normalize the Higgs kinetic term
(3.43), the anomalous couplings relevant for Higgs boson production via gluon fusion can
be parameterized by the interaction Lagrangian [153]:

h 4

h_ o 5
A'Ch = —tht;tt + 8—7nggh;GH GAM (570)

v

The same interaction Lagrangian is also applicable in the HEFT framework, where the
anomalous couplings ¢; and ¢y, are O(1) parameters. In SMEFT, however, deviations
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from the SM are assumed to be small. The relation between the anomalous Higgs cou-
plings and the SMEFT coefficients in the Warsaw basis is given by:

1Y Y =148 5.71

Cct = +F H,km—\/iTtA2 wH = 1+ 0¢,, (5.71)
v? 8

Cggh = FQ_CHG (572)

Note that the deviations from the SM values are suppressed by powers of the new physics
scale A. We observe that three Warsaw basis operators contribute to d.,. While ¢; and
cggn are invariant under QCD renormalization, the SMEFT coefficients C, i and Cyq are
not [94) 96, 98]. Additionally, the operators Cpxin, Cun, and Cpe carry different chiral
dimensions, d, = 2, 3, and 4 respectively; that is, they are not homogeneous in d,. Nev-
ertheless, under the assumption of a weakly coupled SMEFT power counting, both o,
and c,gp are effectively of chiral dimension d, = 2. For a consistent EF'T treatment, the
amplitude involving vertices from AL; must be expanded to leading order in v?/A?, with
all higher-order terms discarded.

Numerically, the corrections from d., and ¢4y, are expected to be small. For a represen-
tative value of A = 3 TeV, we obtain v?/A? ~ 7-1073, without yet accounting for further
suppression due to weak couplings. Current global fits show that ., and c,g, are still com-
patible with zero, indicating that current experimental precision is insufficient to detect
these SMEFT effects rather than pointing to a need to include dimension-8 operators.
The amplitude for the process g(k1, ) + g(k2,v) = h(q) can be decomposed as:

MAB = §48¢ (ke (k) MM (5.73)
R 5.74
M 8rv” ! (5.74)
where A, B are color indices, €,, €, are gluon polarization vectors, and
kY kb
T = g — == 5.75
ok (5.75)

The form factor F; is given by [164-167]:

Fi = 2¢ {(1 + 0c, )Tt {1 —(1—m) f(f)} + cggh} (5.76)

where 7, = 4m?/q¢* and ¢* = 2k; - ko = m for on-shell Higgs production. The loop
function f(7) is defined in (E.10)).

In addition to the SMEFT corrections above, the amplitude also receives v?/A? contribu-

tions from the operators Q% and @Q}?*', which modify the muon decay rate and thus the

Fermi constant G used to determine v. Denoting G as the Fermi constant measured
from muon decay and defining Gy = 1/(v/2v?), the relation is expressed as [160, [168]:

Gro = Gr(1 — 26¢) (5.77)
with
2
v 3 3
25(; = p (CJ(LH),1 + CJ(LH),Q - Cil221> (5-78)

where the numerical subscripts denote lepton generation indices.

Phenomenologically, the impact of this correction to from first- and second-generation
fermion operators is negligible, being constrained to well below the percent level [169].
Consequently, d., and cyq, remain the leading SMEFT corrections to the gg — h process.
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5.3. Heuristic approach to chiral dimensions

We rederive the chiral counting formula for SMEFT carefully differentiating between
masses and scales. Here we follow the concept explained in [61]. Essentially, this concept
can be derived when trying to restore the appropriate factors of A in calculations. Factors
of A not only appear due to loops, they are also present in the propagator; this can be
already seen in the Klein-Gordon equation of a real scalar field ¢ with explicit factors of
h and ¢

m2c?

hZ

0—12@% — A¢ + ¢=0 (5.79)
Unlike in natural units we do not set A = 1 but retain it in the following. Upon setting
¢ = 1 we see that the mass parameters are conveniently written as m = m/h. When
retaining A we distinguish between units of energy (E) and length (L). The quantities of
interest for a canonically normalized 4d Lagrangian (£) with scalars (), gauge bosons
(A,) and fermions (¢) including small couplings, which we collectively denote as x have
the following energy and length units

B =EL, [L=EL? [g=[A)=ELT"? [p]=E"L" (5.80)
0] =[] = L7, [k] = E7Y2L71/2 (5.81)

Here gauge and Yukawa couplings are considered small couplings whereas quartic scalar
couplings are of order x2. The bottom line is that now not only masses are dimensionful
quantities but couplings as well. We introduce the following convenient units of mass
M = L' and coupling C = E~V2L71/2,

We consider a generic EFT operator

ONv Mo AlYa pNu N (5.82)

with a certain number of fields (p, A, ¢), derivatives and weak couplings. The canonical
dimension d. and chiral dimension d, of this generic operator are given by

3
de = Ny + N, + Ny + 5]\@, (5.83)
1
dy = Np + 5Ny + Ny (5.84)

Our task is to estimate the size of the coefficient of this operator. From naive dimensional
analysis our generic operator is suppressed by some mass 1/A%~* and following general
considerations by some power of the loop factor in four dimensions 1/167%. Counting the
loop factors amounts to counting the explicit factors of A since every loop is proportional
to h/1672. Other factors of /i are taken care of by our choice of mass unit. We associate
A in the SMEFT with the mass of some heavy particle that originates from expanding
its propagator; thus [A] = L~!. We may then write the generic operator including its
coefficient as

A" 1
(f5) qa=?™ o™ Aot (5.55)
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To find x we just compute the length and energy dimension of the generic operator, which
has to be equal to [£] = E L73 i.e.

K_16h2) g0 e A8 e N | = (L) B0 [0 LB L (5.86)
7T C

where we used the relations

[8Np oo ANA 3Ny FGNN] — E(Ne+Na+Ny—N)/2 [ —(2Np+2Ny+Np+Na+Ny)/2
°w

— E'(dc_dx)/2L_(dx+dc)/2 (587)
R (5.88
Ade—4| . )
It is now easy to see that
d, —d.
T = XT +1 (5.89)

In conclusion, we have rederived the known power counting formula for the SMEFT,
which estimates the coefficient of an EFT operator C'(d,, d,) with canonical dimension d.
and chiral dimension d,

1 1 ) (dy—dc)/2+1

5.4. Example for SMEFT in a UV Model: uu — ¢t via
gluon exchange in the 2HDM

As discussed in the introductory chapters, it is well motivated to consider the SM Higgs
sector as an effective description only and thus consider extensions of the scalar sector.
See e.g.[170] for a comprehensive review of extended scalar sectors. Therefore, we employ
a Two-Higgs-doublet model (2HDM) [170-172] as the UV completion of SMEFT. In con-
trast to the SM, this model (2HDM) contains not one, but two independent scalar SU(2)
doublets. In this discussion we will not consider a general 2HDM model; for simplicity
we consider a model where the scalar sector is CP-conserving and most importantly the
model contains a CP-even neutral scalar h that is considerably lighter than a new physics
scale v < Aogpwm characterizing the masses of the additional 2HDM states. In other
words, the model has a well-defined decoupling limit [172] and it is therefore possible to
integrate out the states with masses of O(Ayupm). As is characteristic for a decoupling
EFT all new physics effects vanish in the limit A — oo and the SM Higgs sector is recov-
ered.

5.4.1. 2HDM in the decoupling limit

Integrating out the scalars in this limit we match the 2HDM to SMEFT at the electroweak
scale in terms of dimension six SMEFT operators.
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The 2HDM scalar sector consists of two complex doublets &, P, in the fundamental
representation of the weak gauge group SU (2) with hypercharge Y = 1/2. The Lagrangian
reads

Loypy = D@ DF®, — Voypur (5.91)

The potential for a generic 2HDM model is the most general potential consitent with the
symmetries

1 2 1 2
Varroas = m2, @10, + m2,8]0, — [mg@{@z + h.c.} +5h (cb{cl>1> + 5 (q>;<1>2>
+ s (2]@,) (af@,) + n (2]@,) (ale,)
1 o) i i f
{5 (oloe) "+ P (ofo) + 1 (okou)] (ofa) + b } (5.92)

The coefficients A5, A\ and A7 can be complex in principle. However, we take all coefficients
A; to be real to exclude any explicit CP violating effects in the Higgs sector. In addition,
the A\; have to satisfy several conditions for the potential to be bounded from below, see
e.g. [172]. Furthermore, we assume that the mass matrix m;; has at least one negative
eigenvalue so that spontaneous symmetry breaking occurs. Hence, the two Higgs doublets
obtain vacuum expectation values

<I>—1 ! @—1 ! 5.93
-zl ] el ) (593)

where we can always choose the phases of the doublets such that v; and vy are positive.

Determining the spectrum and masses

Minimizing the potential we arrive at the following conditions
1
mi, = mf2t5 - §U2 [)\16[23 + )\34552 + 3X¢spcs + )\78%155} (5.94)

1
mis = misty" — Sv* Aash + Aawsch + Aecity' +3Arsscs] (5.95)

allowing us to eliminate the parameters m?, and Here we defined
Aags = A3+ Ay + X5, v =0 + 02 = (246GeV)? (5.96)
and the mixing angle (3

v ) v v
tgztanﬁz—z, sg=sinff = 2 !

T = cos f = ——
U1 VU + U3 U+ U5

The mixing angle (§ is one of the most important realizations of any 2HDM model. Ex-
panding around the expectation values, it becomes clear that a rotation by 5 diagonalizes
the mass matrices of two neutral pseudoscalar degrees of freedom and the two charged
scalar fields. The two Higgs doublets contain in total eight degrees of freedom. Out of
those eight, three are identified as Goldstone bosons (G* and G°) which are absorbed by

(5.97)
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the W¥ and Z bosons. The five remaining particles are two neutral scalars h and H° with
my < Mgo = My. There remains a pseudoscalar A and a charged scalar H*. Expanding
around the vacuum expectation values, a rotation by the mixing angle § diagonalizes the
mass matrix of the pseudoscalar and charged scalar degrees of freedom. Their masses are
given by

mi, v’ -1

—2 — — (25 + 15" X6 + 1pA7) (5.98)

M3 =
4 5505 2

2
M2, =M% = M2+ % (s — \a) (5.99)

The remaining two neutral scalar degrees of freedom mix according to the following mass
matrix

S% —8565

M? = M3 + B? (5.100)

—sgcs (3
with

B = 2 )\10% + 2Xgspcs + )\58% (A3 + Ay)spes + /\60% + )\73% (5.101)
()\3 + /\4)5505 + )\GC% + )\78% )\28% + 2)\78505 + )\56%3

To diagonalize M? a second mixing angle is introduced. It is defined via the relation

M? 0 Co  Sa M3 M? Co —S5a
0 _ 11 12 (5.102)
0 m2 —S4 Ca Mi, M3, Sa  Ca

and demanding My > my,. The explicit expression for o and the masses My, m; are given
in Appendix [B]

The two Higgs doublets written in terms of physical states and Goldstone bosons take the
form

(I) 65G+ — Sﬁ]’]+
=1 | | (5.103)
7 (U1 + co H — soh + icgG — isgA]
sgGT + cgH™
D, = g o (5.104)

[Ug + SaH + Cah + iSﬁG + iCBA]

-

2

Higgs basis

For matching calculations to SMEFT) it is more convenient to work with a different basis
of Higgs doublets where only one doublet picks up a vacuum expectation value and all
the heavy fields are contained in one doublet in the alignment limit. This is realized in
the Higgs basis [173], which is just a rotation by the mixing angle /3

Hl _ (&% S8 (I)l (5 105)
Hg —Sg € q)g
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H, and H, have the explicit form

Gt
H, = (5.106)
5 [0+ cpol + s5_ah + iG]
H+
H, = . (5.107)
\/Li [—Sﬁ,aH + cg_oh + iA]

We see explicitly that only H; has a non-zero vacuum expectation value. Taking the limit
cg—a — 0 and sz_, — 1 H; is identical to the SM Higgs-doublet whereas all the heavy
degrees of freedom are contained in Hs.

1y Higgs bazls

f‘ 4
r h 1
r
K 8 I masselzenstates

' = ?:"j_

Figure 5.5.: Three bases for the neutral scalar degrees of freedom taken form [170]

Scalar quark couplings

The 2HDM Higgs couplings to fermions are model dependent. The most general Yukawa
Lagrangian (this is usually referred to as type I1I) reads

—Ly = @Yy ur + .81 Ya1dr + GrPeYyour + G ®1Yaodg + hec. (5.108)

with &, = too®;. Here Y, 1,Y,2,Yy1, Yy are the Yukawa couplings in flavor space. We
will not work with the most general type-III model. Rather, we restrict ourselves to a
type II model, where Y, ; = Y2 =0, i.e.

—Ly = q®1Yg1dR + @1 P2Yuour + hoc. (5.109)

In a type-II model, the neutral member of one Higgs doublet couples the up-type quarks,
whereas the neutral member of the other Higgs doublet couples to down-type quarks.
This has the advantage that flavor-changing neutral currents (FCNCs) mediated by Higgs
bosons are automatically absent [174} [175]. For instance, a type-11 2HDM model is realized
in the Higgs sector of the MSSM [176]. Rewriting in the Higgs basis, we arrive at

—,CY == CBQLHIYd,ldR — SBCILHQYVd’ldR + SﬁgL-HIYu,QUR + CBQL_FIQYU’QUR + h.c. (5110)

The terms proportional to H; and H; are the usual SM Higgs couplings, which include
the fermion mass terms if we replace H; by the Higgs vacuum expectation value v.

0 = VIVt P = vyt (5.111)
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1 D 1 D
— o, My = ——uv
\/5 1771 U \/5 2772

Integrating out the heavy Higgs doublet Hj at tree-level produces the effective operators

Mp = (5.112)

2 2 _
Liferm = #ﬂRYuQQLQLYu,QuR + V%dRYdJQLQLYd,ldR (5.113)
S S
Using the Fierz identity
_ _ 1 - _
ARDLCLBR == _EAR’YMBRCL’VMDL (5114)
we arrive at
1 tEZmZ B - 1 t%mfl - -
£4ferm = —iquVuuRQL”Y qrL — §WdR7udRQL7 qr (5-115)

Alignment and decoupling limit

Since our goal is to write down a low-energy EFT consisting of the Warsaw basis dimen-
sion six operators, we have to investigate the proper limits in which the light Higgs h
has identical couplings to the SM Higgs hgy, and the heavy 2HDM degrees of freedom
(H°, A, H*) become infinitely heavy and thus decouple.

The first condition can be achieved by taking the alignment limit, which is defined by
cg—a — 0 resp. sg_o — 1. Since the couplings of h to vector boson pairs are identical
to those of hgy times sg_,, h has the same couplings as hgy;. Closely related to the
alignment limit is the decoupling limit.

Taking the decoupling limit amounts to integrating out one of the Higgs doublets so that
the resulting low-energy effective theory is the SM Higgs sector with one weak hypercharge
Y = 1/2 scalar doublet. The limit is formally defined as the limit in which M3 > |\;|v2.
At the same time the coupling constants \; in are held fixed so that |\;] < O(1) and
the \; stay small enough so that the theory remains weakly coupled, i.e. |o;| = % <1
The parameters defined in help us to define the relevant mass scales. It is easy to
see that the masses of the H, A and H* are of O(Mg). More precisely [172]

mp = O(v) (5.116)

Mo, M4, My = Mg + O <U—> . (5.117)
Ms

The hierarchy of energy scales is easily seen as v < Mg and we integrate out all the
particles of O(Mg). The connection to the alignment limit is given by the relation

cos(f—a) =0 (L—E) (5.118)

Therefore, the decoupling limit automatically implies the alignment limit. It should be
stressed, however, that the converse is not true in general. If |\;[v? > M3, then we speak
of alignment without decoupling.
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5.4.2. Top-Down EFT

Similar to the toy model of Sec. [5.1] we analyze the process u(k)u(ko) — t(p1)t(p2) via
s-channel gluon exchange. The relevant diagrams are the same as in the toy model in Fig.
with the internal photon replaced by a gluon. We take only the top quark as massive,
which implies that Y; = v/2m, csc 8/v is the only non-vanishing Yukawa coupling matrix
element and that the heavy states couple exclusively to third-generation quarks. Defining
g = my cot /v, the relevant interaction Lagrangian is given by

Line = gtt H + gltinst A+ V2gt br HT + h.c. (5.119)

where ¢ and b are the Dirac fields of the top- and bottom quarks with ¢z, = Pg/rt, etc.
and Ppg/y, the right- or left-handed projector, respectively. With the notation of Sec. ,
the correction to the amplitude can be written as

2
SA = Z'Z—;@(kg)’yuTAu(kg)ﬂ(pl)(5F“TAU(p2) (5.120)

where T4 = A\ /2 are the generators of SU(3) with A the Gell-Mann matrices and g, is
the QCD coupling constant. Here and in the following, we strictly work at order g and
subsequently drop terms of higher order without further comments.

The relevant diagrams are displayed in Fig. 5.6l Summing up all three contributions, we

u

Figure 5.6.: One loop diagram for u(k;)u(ks) — t(p1)t(p2) with one loop correction due
to heavy 2HDM states to the top quark vertex function

end up with
2 2
g 1 ) 2 2 q 21\
oTH = — o, 4 (== Sn o i np
1672 M2 [mtw ‘-’+(9 3tz iy )e R
2 m? 8
_ <§ In ﬁtg g+ 2h1(2)> qzw] (5.121)

where on-shell renormalization of the t-quark has been employed as in [177] and we ex-
panded to first order in 1/M2. Pure gauge terms proportional to ¢* have been dropped
as they cannot be represented by gauge invariant local operators and do not contribute
to physical processes.
Expression (5.121)) can be reproduced by an effective field theory specified by the La-
grangian
)
Lojs =L+ LGT =D V%Qi (5.122)

i=1
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where

4
?}efe = M2 tRALALLR (5.123)

arises when the heavy fields are integrated out at tree level with C; = 2¢® and

C. Cs Cy :
L5} = Fp D GAIT " Pat + 4 DU GLIT N 0+ s GLET o (5.124)

is generated at one loop, where GAV is the gluonic field strength tensor and ¢ the left-
handed third generation quark doublet. The loop diagram associated with Eé’}ef is dis-
played in Fig. (e) and gives

4 5 1. ¢ .« 1. m?
Tt = — (S —ZIn= 4i- )@y Pr— (=In— +h 2yh 5.125
& = Tgrap {(9 g +ig | Pr—(3n—g + 1(2) | ¢ (5.125)

and the tree-contributions from Ele?of in Fig. (d) read

&

1 C 2C,
T =— { 2Py thza‘“’qy] (5.126)
w7

2T T2

Performing the matching procedure reveals that the coefficients are given by

92 (2 @8 g1
Oy =92, Cym Cye 50 (—1 a +—>, Oy =99 (5.127)

1672 \ 3 ]\42 9 1672 2

As before, the artificial dependence on u cancels when both contributions are added and
the full result is restored.

Note that the four effective operators we found in (5.122)) - (5.124)) can be matched to the
Warsaw basis [24] by virtue of Fierz identities and the equations of motion for the gluons.
Dropping terms that do not contribute to the process at hand, the relevant expressions
are given by

Q — — (Q(8)3333 Q(l 3333) (5.128)
Q2 — g (Q(s 1133 Q1331 1 115’3) (5_129)
1
Q3 — s (Q(S 3311 + Qqu 1133 i Q1331 6 1133 4 Qqq 1331 4 Qqq 1331 Q(1)1133)

(5.130)
2
Qs — \/;mt (Qi + Qued) (5.131)

Note that in the Warsaw basis, the operators Q2 and Q3 introduce an extra factor of g;.
This has to be so, as treating the four-fermion operators introduced in this manner on
the same footing as ()1 would spoil the underlying systematic expansion in g;. This is
analogous to in the toy model. It is now straight forward to identify the relevant
Wilson coefﬁ(:lents of the Warsaw basis operators to order g2 for the process at hand. The
explicit expressions are given below.
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5.4.3. Bottom-Up SMEFT calculation

Without referring to the UV model, we could have started with a new-physics scale A
and the complete set of Warsaw basis operators that are relevant for the process under
consideration. We have to distinguish between four-fermion contributions entering at tree
or one-loop level, respectively. We display the contributions in Fig. 5.7

u t
u t wu t
>Mx&qmﬂ< w
u t u t u t

Figure 5.7.: Contributions needed to reproduce the 1/M? correction to the full theory
within the EFT. The black square represents the insertion of a SMEFT di-
mension 6 operator.

The tree contribution is given by the plain four-fermion vertex (here v = v(ky),u =
u(ky),u = u(p) and v = v(py))

1
A2
-2 (C’é;)lg?’l 0(3)1331) vy, Prouy” Pru
+ 2C 1335y, Pruiiy” Pru — 2C 1330y, Protiy" Pru

0(1)11331)7 Pruuy" Pru + C’ 3311117 Pruu~" Prv
— 0(1)13311}7 Prvuy* Pru — C(1)3“3v'y Prvu~" Pru
+ Céi 11331}TA%PLuuT v Pru + Céi dgllvTA”yuPRuuTA’y“PLv

O0Airee = (2 (C((;;)n:a?, + C'((j;)lmg) vy, Pruury” Pro

qu

— 052)13311_)TA’)/#PLUETA7“PRU — 0(8)311317TA%PRMZTAVMPLU)

whereas the one-loop contribution yields

O loop = — 16732 (7 Fi + miio™q, Fy) (5.132)
with
P = <g _ %1 % +z§> <<C$1)3333 +C¢§i)3333) P+ (052)3333 +8Q§2)3333> PL)
— (% In Z—f + ha(z )) (C33335 4 4 (CL3333 1 OL33833) P+ ACH5 Pr)
- 2 ey sogmy b+ cipy)
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Discussion

1
Fy=2 (0533333 — 6C§§>3333> (5.133)

In addition, the chromomagnetic operator enters at tree-level as before. Its contribution
is given by

V2u
gs\?

0The = ———510"q, (Ci&' P + Cyt; Pr) (5.134)
Note that we have implicitly assumed the new physics sector to couple to the third
particle generation only as we neglected generation mixing four-fermion operators in
the one-loop contribution. For a comparison to the previous section, it is advanta-
geous to rewrite the four-fermion tree contribution by virtue of Fierz identities like
(k) Pro(p2)a(py)y" Pruk:) = —0(ka)y, Pru(k:)a(p)y" Pro(pe) and 27575 = daadve —
5abécd/3-

Comparing (5.132)) - (5.134)) with the top-down result in Sec. [5.4.2f reveals that when
identifying A with Mg, the non-vanishing SMEFT Wilson coefficients are given by

CLE = 6C[)% = —2g° (5.135)
Ciim _ _301111133 _ Cq(2)3311 _ %Céi)ns?, _ 4052)1331 _ —60(5;)1133 _ 401%)1331
2.2 2

959" (2, n 8
=— “Inte 4+ = 5.136
1672 (3 "zt 9) (5.136)

2
1

033, — 33 — _9s9 T 5.137

The p-dependence matches the known results for the renormalization-group equations in
SMEFT [94-9§].

5.5. Discussion

A consistent power-counting scheme is indispensable when working with an EFT to control
the EF'T expansion. While EFT methods for physics beyond the SM aim to be as general
as possible, a set of minimal assumptions about the relationship between low- and high-
energy physics needs to be specified. The coupling strength between heavy and light
fields directly influences the power counting. For the SMEFT, assuming a weakly coupled
heavy sector, this implies counting both canonical dimensions and loop orders.

In this chapter, we discussed several examples to illustrate the drawbacks of considering
only canonical dimensions. First, we illustrated this thesis by using a toy model involving
a heavy scalar singlet. Here, we compared by explicit calculation the full theory with a
bottom-up and top-down EFT treatment. We saw there that treating the EFT operator
coefficients as O(1) numbers fails to reproduce the full theory result. As the new physics
effects of the toy model are fairly generic, a bottom-up EFT should be able to reproduce
such a scenario. Furthermore, we have discussed general power-counting rules and showed
how the notion of chiral dimensions can be used to count loop orders. We provide explicit
examples for SMEFT corrections to Higgs production in gluon fusion and a calculation
matching a two-Higgs doublet to the SMEFT as applications of the proposed power-
counting scheme.
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Weakening the assumption of a weakly coupled UV sector, it is, of course, possible to
construct alternative power-counting schemes. However, the underlying presumptions
and counting rules must, in any case, be stated and consistently applied. For example,
in the case of a strongly coupled Higgs sector, SMEFT may be replaced by HEFT, which
follows a different power counting (see Sec . Finally, assumptions about the flavor
structures, such as Minimal Flavor Violation (MFV), are, of course, permissible but should
not be considered power-counting assumptions and should thus be treated as separate
topics.
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6. Linear Sigma Model: Nondecoupling
EFT

Our aim in this chapter is to illustrate features of nonlinear EFTs and, in particular, to
investigate the relation between the EFT expansion in inverse mass powers and the loop
expansion. To that end, we take a simple SO(4) symmetric linear o-model and integrate
out the massive degree of freedom. The Higgs Lagrangian in the SM is a realization of a
SU(2) x U(1) gauged linear o-model. This toy model serves as a simple yet instructive
example for illustrating the transition from a linear to a nonlinear EFT description. This
structure is closely mirrored in the relation between SMEFT and HEFT when considering
the decoupling or nondecoupling of heavy degrees of freedom in realistic scenarios such
as extended Higgs sectors.

We integrate out the massive scalar at tree level and compare the resulting EFT with the
nondecoupling terms in the one-loop effective action. For a strongly coupled scalar with
mass M ~ 4mv, the respective contributions are of comparable size, and both are needed
to get a renormalization-scheme-independent result. The authors of [178] have derived
nondecoupling effects in the SU(2) gauged linear o-model using functional methods. In
comparison with [178], we make the underlying EFT assumptions more explicit. In this
chapter, we rederive parts of their results using the more modern methods outlined in
Chapter [4, which makes the calculations more efficient and transparent. In addition,
we discuss the renormalization scheme dependence and analyze the resulting low-energy
EFT, the nonlinear o-model, in the strongly and weakly coupled regions of its parameter
space.

The chapter is organized as follows. In Sec. we discuss basic features of the linear
o-model and introduce the exponential parametrization of the Goldstone fields as the
adequate parametrization to integrate out the heavy scalar. In addition, we show how
the nonlinear o-model emerges after decoupling the heavy degree of freedom from the
spectrum. This sets the stage to integrate out the massive scalar at tree level in Sec. [6.2]
which takes the form of a chiral Lagrangian. In Sec. we then derive the one-loop
effective action. The renormalization of the one-loop effective action and the elimination
of the background scalar to obtain the nondecoupling O(1/1672) effects is discussed in
Sec. We explicitly show that the combination of tree-level and one-loop-level effects
gives a result that does not depend on the scalar mass renormalization scheme. In Sec.
6.5 we consider Goldstone scattering at one loop and verify that the previously obtained
Wilson coefficients provide the necessary counterterms to give a finite result. Finally, in
Sec. [6.6] we discuss the results and conclude the chapter.
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The model

6.1. The model

We consider the Lagrangian of an SO(N)-invariant linear o-model containing N scalar
fields (bl

5:% M¢n8“¢n—%(¢n¢n—v2)2, n=1,...,N (6.1)

The model is invariant under a global SO(N) symmetry acting on the scalar fields. How-
ever, the minimum of the potential that corresponds to the ground state of the theory
lies at

|§bvac|2 - U2 (62)

As is well known, the model exhibits spontaneous symmetry breaking SO(N) — SO(N —
1), which gives rise to N — 1 Nambu-Goldstone bosons [179-H182], along with one massive
scalar degree of freedom. Using the parametrization

¢ =mi(x), (i=1,...,N—1), oy =v+o(x) (6.3)

this structure becomes explicit in the Lagrangian:

L= % (0um; 0" + D000 — M?0®) — %va (0® +mm;) — % (0% + 7T,'7Ti)2 (6.4)
Here, the fields 7; represent the N — 1 massless Goldstone bosons, while ¢ is the massive
scalar with mass m2 = 2. In (6.4), the full SO(N) symmetry is no longer mani-
fest, though it remains encoded in the structure of the interaction terms. The unbroken
SO(N — 1) symmetry, acting on the Goldstone fields, remains explicit.

According to Goldstone’s theorem, there is one massless Goldstone boson for each spon-
taneously broken generator. In this case, SO(N) has N(N — 1)/2 generators. Of these,
(N —1)(N —2)/2 generators remain unbroken in the vacuum, leaving N —1 spontaneously
broken generators, corresponding to the N — 1 Goldstone bosons.

For simplicity, we now specialize to the case N = 4, making use of the isomorphism
SO(4) ~ SU(2)L x SU(2)r. The symmetry-breaking pattern is

SU2);, x SU2)r — SU2)y (6.5)

To make the SU(2) x SU(2) g symmetry manifest, we use the exponential parametrization
and write the complex scalar doublet as

v+ S 0
= U 6.6
V2 1 (6:6)

where S is the massive scalar and the matrix U encodes the Goldstone fields ¢* through

¢

U =exp (?) ) O = "1 (6.7)

Here, 0 denote the Pauli matrices, and T* = ¢/2 are the SU(2) generators. With this
parametrization, the Lagrangian in (6.4) becomes

) 2
[ — UZ(@“UW#U} (1 + %) + %@S@“S - V(9) (6.8)
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where M? = \v?, and the potential is

\dS):AFﬁ[%(%)é+%(g)é+%(§)1 (6.9)

Although contains interaction vertices of arbitrarily high mass dimension, the theory
remains renormalizable since it is related to via a field redefinition. Our toy model is
equivalent to the Higgs sector of the SM in the gaugeless limit, i.e. with gauge couplings
set to zero and no fermions present.

Nonlinear o-model

After integrating out the heavy scalar S, the resulting EFT takes the form of a nonlinear
o-model. The nonlinear o-model can be formally derived from the linear model by taking
the decoupling limit m, — oo while keeping v fixed [183]. In this limit, the dynamics
of the Goldstone bosons are constrained to lie on the SO(N — 1) vacuum manifold. The
corresponding constraint reads:

9> =1 & "*+2v0+0°=0 (6.10)
The Lagrangian of the nonlinear o-model then becomes [184]

1 (m0!'m;) (m;0,m;)
2 v2 — 72

1
L= -0,mo'm; +

5 (6.11)

In the following, however, we will use the exponential parametrization, which is more
suitable for our matching calculation. From , it is clear that taking the limit S — 0
yields

2
(%
£:ZWW@ﬁ> (6.12)

as the effective theory. The two parameterizations of the Goldstone fields (6.11)) and
(6.12)) are related by a field redefinition [29, 185, |186].

6.2. EFT

After integrating out the heavy scalar at one loop, the resulting EFT takes the form of
a chiral Lagrangian. The most general chiral Lagrangian up to chiral dimension d, = 4
(corresponding to loop order L = 1) is given by

2
Lopr = %(8“UT8MU> + OO U, U + Cy(,UT0,U N (0" U0 U) (6.13)

The Lagrangian exhibits a manifest global SU(2); x SU(2)g symmetry acting linearly on
the Goldstone matrix:

U— gUgl,  gr.r€SUQ2)LR (6.14)

In the following, we compute the coefficients C; and Cy by performing a matching calcu-
lation using functional methods. Specifically, we focus on the O(1/1672) nondecoupling
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one-loop effects, neglecting terms of order O(1/M? 167?). We compare these nondecou-
pling contributions with the tree-level terms of order O(v?/M?). For a strongly coupled
theory with M ~ 4mv, both contributions are of comparable size. For a consistent EFT
treatment, both O(v?/M?) and O(1/1672) terms must be included, as only their sum is
renormalization-scheme independent with respect to the mass parameter M. We intro-
duce the following shorthand notation for the NLO operators:

O, = (0"UT9,U)?, Oy = (0,UT0,U)(0"UT0"U) (6.15)

6.2.1. Tree-Level EFT

We now proceed to integrate out the heavy degree of freedom at tree level. The Lagrangian
can be written in the form:

Lg = %S (—82 — MQ) S+ LS + JoS* + J35° + Ju8* (6.16)
with the currents J; given by
Iy = g(a“UTauU), Ty = i@#maﬂw,
Jy3=———, Jy=——-= (6.17)
The equation of motion for S then reads:
(0% = M? 4+ 2J5) S+ J1 + 3J38% +4J,8° =0 (6.18)
We solve this equation iteratively as an expansion in powers of 1/M?:
S=8+S+ S5+, Sy =01 /M) (6.19)

The first two terms in the expansion are given by:

J v
1= 3 = g U100, (6.20)
1 v 1
Sy = el [—825’1 + 2,51 + 3J35ﬂ - M4 (82<8“UT(9”U> + §<8“UT8MU>2> (6.21)

The effective Lagrangian can be systematically expanded in terms of chiral dimensions,
which correspond to the number of derivatives acting on the Goldstone fields:

Lepp = L +£® L £6 ... (6.22)
The first two terms read:
2
Lo = %WUT@U), (6.23)
M2 2
£0 = =551+ 1S = G O U0V (6.21)
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Calculating the effective tree-level Lagrangian at chiral dimension 6 requires a bit more
work. The relevant terms are schematically given by:

£0 — %sl(—a?)s1 — M?*8,85 + J1Sy + J55? + J3S3 (6.25)

Since J; = M?2S;, the contributions involving S, cancel, leaving:

U2

YR

Note that the terms J55? + J35% vanish identically. Thus, the resulting tree-level EFT
up to chiral dimension four is given by:

£© CREZUBRN (6.26)

02
8M?

2
L= %(8“UT8MU> +—(0"Ut,U)? (6.27)

6.2.2. SMEFT-like EFT

We now investigate for a weakly coupled (A = O(1)) scenario in which M and v
are of comparable size, i.e. v/M = O(1). Although this example is of a more academic
nature, it nicely illustrates the relation between linear and nonlinear EFTs. The resulting
EFT will be organized in terms of mass dimensions. We take and expand up to
terms of mass dimension eight

1 a a 1 a a a a 1 a a
L=50,0" 0" + (90,0 0" 0" — "0, " 0") + = (9,0 0" p")*

6v? 202 M2
_1 o, Aa a, b b c c a a, b b c, c 1 1 1
g5t (09" 0u0" 0% — 900" 0 %") + O 5 s = ) (6.28)

A striking feature of this limit is that all the interaction vertices are power-suppressed.
The first four-Goldstone interaction term is here a dimension six operator suppressed
by a factor 1/v? and expanding O; produces a mass dimension eight operator as a first
term. Taking the decoupling limit here (v, M — 0o) would yield a free theory. To further
illustrate the differences between the linear and nonlinear EFT consider the s-channel
amplitude for Goldstone scattering via scalar exchange

M=——2_ ;= (6.29)

21 — s _z
vl — 55 -3

where we defined x = s/v?. An EFT description is valid for z < A where the denominator
can be expanded. Depending on the size of A\ we can discern two scenarios

e A~ 1: weak coupling, SMEFT-like scenario
e 1672 > X\ > 1: strong coupling, HEFT-like scenario

The size of \ is constrained by perturbative unitarity bounds [187]. Similar to the Lee-
Quigg-Thacker bound [188], 189] for the Higgs mass in the SM, one can derive through a
coupled channel analysis

8

A< 5 838 (6.30)



Integrating the scalar out at the one-loop level

6.3. Integrating the scalar out at the one-loop level

To integrate the heavy scalar out at the one-loop-level we compute the one-loop effective
action using the method outlined in Chapter 4| based on [47]. First of all, we split the fields
into classical background fields and quantum fluctuations and retain then only terms up
to quadratic order in the fluctuation fields, i.e.

S—S+S (6.31)
U—UU (6.32)

where we defined
U = exp (i¢c® /v) (6.33)

and the fluctuation fields are 77 = (S, $%)7. We expand here the Goldstone kinetic term
to quadratic order in the fluctuation fields ¢*. Under U — UU the derivative terms
transform as follows

0,U — 9,UU + U3,U (6.34)
0,U" — 0,UUT + U9, UT (6.35)

Then the Goldstone kinetic term becomes
(0*U0,U) — (0*U0,U) + (0*U10,0) + (0,UTUTo*UU) 4+ (U9, UtUO*TU)  (6.36)
Expanding the Goldstone kinetic term to quadratic order in the fluctuation fields yields
(0"U0,U) — (0*UT0,U) + 20,8 0"¢" — 10,3 (0. (UTO"U — 0*UTU)) (6.37)
Plugging this parameterization into (6.8) we get the following expression

‘C(()Da7 ()ba7 S? S) = L((Pa’ S)

2 3

& a2 Y SN vanrria iy oz (S L3 (SN L1 (S

+8 8S+2<1+v)<8U0MU> MU<U+2 —) 515
v S\ ? S

| v S W S .
o[5S a (12 as]

1 2 2 s 3(8Y L gugrt S
+25 —-0°—M <1+3U+2(U +2(0 uo,uy| S

S S\ 1. S\ . S\? "
+850,p° T (1+ 2 ) + ¢ [=0" (142 ) 0.0 — (1+5) eJra,| ¢

v 2 0, v
+0(¢,5%,¢°3,55°) (6.38)
where we defined the current
i , 2. .
Jr = §<aa(8ﬂUTU ~U'9,U)) = —ilo,(UT9,U)) = ~Oup" £ (6.39)
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Here the terms linear in the fluctuation fields are just the classical equations of motion
for the background fields. Therefore, they vanish, since the (classical) background fields
satisfy the classical equations of motion. In the next step, we identify the corresponding

expressions for the fluctuation operator O

1
ﬁ(nQ) _ 577(0 7

with

2
Ay =—0%— M? (1 - 35 43 (%) ) + %WU*@MU)

S Qac C
—) e Jreq,

<

(6.40)

(6.41)

(6.42)

(6.43)
(6.44)

(6.45)

In the following, we proceed to diagonalize the fluctuation operator in order to perform
the functional integration. Concretely, we need to compute the inverse of Ay to obtain

the shifted fluctuation operator in the hard region
Ay=Ag— X[ A Xy = —82—M?>—U

In our case, the general formula for the one-loop effective action reads

i [ Nn L [ A [(2ipd 40+ Ulr 0, +ip)\"
Spy = 2/dx;n/(27r)dtr{( pER Ve 1

It remains to determine U up to the required order in perturbation theory.

6.3.1. Inverting A},

Our Ay is a 3x3 matrix in isospin space and has the form

(AL(.CE,ax + Z-p))ab — CY(Sab + eabC/BC

B S\? , 0 puo" L (S S ,
04—(14—;) p (1—]§—22 - )—28 (;) <1+;)(8u+zpu)
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(6.46)

(6.47)

(6.48)

(6.49)



Integrating the scalar out at the one-loop level

and

S 2
g = (1 + ;) T4 (8, + ip,.) (6.50)

The find the inverse of this matrix we first write down the most general form the inverse
can have

(Azl)ab — A(Sab + Beachc + Cﬁaﬁb (651)
The coefficients can be determined from the condition (A7) (A;N)® = §:

1 —1 1
A=———— B=——— (O=—" 6.52
Oé—i—’Bﬁ @2+ﬁcﬁc Oé3+046666 ( )

«

Expanding the coefficients up to O(p~°) we get

Lopope 1 0” PO pappd*d’ Bp°
A=—— =—(14+—+2 —4 — 6.53
a P p2<+p2+2p2 p* P° (6:53)
1 1
6.3.2. Calculation of Ly
In order to compute ZH(a:, O + ip) we need to shift X,y as well
. . S
Xru(z,0p +ip) = — (0, + ipy) (1 + ;) J (6.55)
t _ S .
X y(z, 0, +ip) = 1+ " JI (0, +ipy) (6.56)

We employ the counting p,, v ~ ¢ where ( is the hard scale. Keep in mind that S/v ~ (2.
We neglect operators that are suppressed by 1/167%M?2. The effective Lagrangian in our
case is given by

i dip U(z,0, +ip) i dp U(z,d, +ip)?
Lyg=—= — 5 (6.57)
2) @i o 1) @nd 2o
£ £

It remains to determine U(z, d, + ip) up to the desired order. First of all, in our case

Uz, 0y +ip) = W+ X| , AT Xy (6.58)
where
S 3/S5\*\ 1
—M?[324+2 (2 _ Z(akrrt ‘
W <3U+2(U> ) S(0U0,U) (6.59)
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To compute E%) we need to expand U(z, 9, + ip) up to order (2

1 0? A0 app0%0°
U, 0t ip) = W = Ji 0 + i) - <1+ Z 42 ;2 4P p/;4 > 0, + ipy)J"
+ eegra (9)]0) JAC% (6.60)
=W + J/Lap#];’/ Jve + J,uapﬂ%zl’aZJVa _ 4Juapﬂp;§5pl’aaaﬁjua
+ e g (9,7 JAC% (6.61)
1L (9,J%) (orJ") (1 4 1
=W JHa 7 — — Ky - abCJ,ua ayjb JveZ
S g 2 i aary) T )
(6.62)
Here we made use of 9,J** = 0. Performing the momentum integral we get for ES)
1\ M? 1 1 4
LY = (W)= ) — (N.+1 8,J%) (9" ( = — N +1
o ( bt ) s (N 1) = 2 (0,0 (= 2 ) (k)
11
abc na b ve N 1 )
Jre(8,J0,) J 32W2d( +1) (6.63)
M? M? 3 1 5
Ne+1 Mo T e——= | Ne + = ("I | Ne+ =
W322( c+1)+J J“a1287r2( €+2) 3842(0J)(8J )( 6+6>
11 3
abc Ha b ve N. hd 64
Jre(8,0,) J 3224( 6+2) (6.64)
Here we defined
1 ji2
Ne=— + In e (6.65)

The expression involving the current J; can be reduced to the basis operators O » using
SU(2) identities. All the necessary Calculatlonal steps can be found in Appendix @ Here
we just state the final result

L (auUfaU)M21+<3S+§<§)> M (N.+1)

1672 8 20 ' 4 1672
11 11
(O, —0)) [N+ = 6.66
+167r26(1 2)( +6) (6.66)

For Eg) it is enough to use U up to order (%, i.e
- _ uap#pl’ va
p
Squaring this expression gives

2 2 apﬂplf va apﬂp’/ va abpapﬁ 5b
Us=Ww=+2WJ" p_2J + JH ?J J FJ
(JH T 0 )? ) (Juadva) (JHET?)

2
— 2 = pa
Wor W e i) d(d+2)

d

(6.68)

77



Renormalization

After performing the momentum integrals we have

1 1 1
N+ WJr Jg——— ( N. + =
Ganz T 119872 ( * 2)

11 , 5\ 1 1 . 5
gt (N2 L (Taadva) (7200 (N 42 6.69
167296 7" ) ( +6>+167r248(“ ) )( +6> (6.69)

Eg) — W2

+

Again using the identities in Appendix [D] this can be reduced to basis operators

g) - 161W225_z et 161W2§M2§<8HUT8“U>
_ 1617r2%01 (NE + %) + 617T2%(92 (Ne + g) (6.70)
The full effective Lagrangian is then given by
L= (0"U0,U) 1]\647:% +1 617T22M2§(8“UT8“U)
4 2 374
g% %Tz (Ne+1) + 3%% (NE + i)
., 1617r2 O, <%N€ 4 15_8) _ 1617T2%02 (Ne + %) (6.71)

Our result agrees with [178]. The result still contains the background scalar S. Be-
fore S can eliminated via the equation of motion, the effective Lagrangian needs to be
renormalized. That is the subject of the next section.

6.4. Renormalization

To understand the renormalization of the linear o-model, we start with the bare La-
grangian

L = 8"$}0, 0y + mieldy — % (¢g¢b)2 (6.72)

where we use the subscript b to denote the bare fields and couplings. Introducing the
renormalized parameters

Op = \/Zsb, M= Zpem® Ny = p*Z\\ (6.73)
we write the renormalized Lagrangian
£= 60,6+ mP6'6 - 2 (810)’ (6.74)
(2= ) PG00+ (ZZye — )60 — (222, 1) 5 (610)  (675)
Using the parametrization we observe

Zy =Ty = Zs (6.76)
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Since the scalar S is integrated out we can set Zg = 1 and instead perform a finite field shift
after renormalizing the other quantities. Plugging in the exponential parameterization

U2 t S 2 1 m2 2 A 4
L=—(0"UOU) |1+ =) +20,50"+—w+S5)"—<(v+9)
4 v 2 2 8
2
A
+ 5m2m7 (v +5)7 =03 (v +9)* (6.77)
where
=2y —1, Opp=Zpp—1 (6.78)

From here, we can read off the counterterm Lagrangian, keeping in mind that we only
need terms up to S?
M?v 1 M?

o 2
’s S5 (35— 6,2) S (6.79)

The divergent part of the renormalization constant can be found in the literature e.g., in
[98] and are given by

Ler = (Om2 — 0y

3 .1 3 .1
o= =—=A— m2 = ———=A— 6.80
AT g2 e 1672 € (6.80)
so that the counterterm Lagrangian is given by
3 M 4 1 5 M?*1M?
Loty =— ———52 finit 6.81
- 3272 v € + 3272 v +Hinite (6.81)

We chose a renormalization condition such that the terms linear in S (tadpole) vanish,
Le.

Ec.t. = -

3 MY/1 5 M21M?
= 1 il 82
o ( )s S? (6.82)

€ +3221}2€2

6.4.1. Background scalar self-energy

Before we can eliminate the background scalar S we first need to compute its mass renor-
malization. Following [178] we calculate the background scalar self-energy. Since in the
on-shell scheme, the renormalized mass is identified with the pole mass at p* = M3, the
renormalization constant has to be calculated diagrammatically. As we substitute the
background scalar S in the end by the leading term in its equation of motion suppressed
by M?, we consider only contributions to the self-energy of O(M*). The diagrams con-
tributing to the scalar self-energy O(M*) are displayed in Fig. [6.1, The background
scalar self-energy is given in terms of Passarino-Veltman scalar functions by

4 4
Ss(r?) = g g [Ao(M?) + 8Bolo?s M2, M) + 22T
The scalar tadpole function Ay and bubble function By are defined in and re-
spectively. Within the EFT’s domain of validity for 0 < z = p?/4M? < 1, the background
scalar self-energy takes the explicit form

3 M4
Ys(p?) = 39,2 AN 4+ 7 — 6V 2z~! — larcsin \/_]

= By(p*;0,0) (6.83)

[NE +2—1Indz —in|
(6.84)
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Figure 6.1.: Background scalar self-energy diagrams of O(M*)

In the on-shell scheme, the renormalization condition is
dM* = Re (Xs(M?)) (6.85)
Evaluating the self-energy at p? = M2, we end up with

sS(M?) = 5 M [5N€ +9— 3 — fm} (6.86)

C 3272 92

and thus, the mass counterterm is given by

3 M*

2
OMos = g r

[SNE +9- \/37?] (6.87)
This result agrees with [178]. The divergent part of §M? is the same in every renormal-
ization scheme, but in each scheme, the finite part is different a priori. In general, we
may write
3 M*
SM? = — [BN. + Q] (6.88)

© 3272 g2

with the constant €2 depending on the renormalization scheme. The renormalized mass is
thus given by

3 M? 3\
2 2 o 2
M2 =M (1 ~ Sy Q) - M (1 ~ 333 Q) (6.89)

Note that in the MS scheme = 0 and in the on-shell scheme = 9 — /3.

6.4.2. Elimination of the background scalar S
Adding the counterterm Lagrangian ((6.81]) to the the effective Lagrangian ([6.71]) we obtain

the "renormalized” Lagrangian

1 M?S
= ZorUTe U
1672 4 v<8 %)

1 M4 3 v? M2
— (3N, + = - 81— S?
+167T21)2( T3 7TM2M2)

1 7 5 11 17
O | =N.+— ) — — Oy [N+ — 6.90
T2 (48 * 18) 167212 ° ( MG ) (6.90)

2%“ == ‘Ceff + ‘Cc.t. =
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This Lagrangian still contains the background scalar S. As we aim to calculate the
O(1/167?) terms in the effective action, we can integrate out S at tree level. To integrate
out S we just substitute the first term in the expansion in 1/M? (6.20):

v

S =53z (oUto,U) (6.91)
We end up with
1 1 8 9 1 1 17
ren __ _O Ne _ - O —O ]\/Y6 — 6.92
of 1672 24 1( 6 2 ) 1672 12 2( +6> (6.92)
Plugging in Q = 9 — v/3 for the on-shell scheme we reproduce the result of [178]
1 1 79 27w 1 1 17
ﬁren,OS _ _ —O, | N.+—=— ————0Oy | N, + — 6.93
off 167224 ( 3 2\/§) 167212 ° ( MG ) (6.93)

However, the scheme-dependent parameter drops out of physical predictions since O, is
generated at tree level with a coefficient that depends on M. Explicitly, we have

v? 1 3 11 85
= - - —— (N -2 94
Y VR T =R TR T ReD < NG ) (6.94)

Plugging in the renormalized mass ((6.89)), we see that the scheme-dependent constant
drops out

sz 13_v2+13 13_1}2
Y VE 167216 SM?2 ' 167216 167216 SM?

TEN

C

(6.95)

i.e. the coefficient (; is indeed scheme-independent. Finally, the results for the Wilson
coefficients are

2 1 11 1
oV <N€_§), C, = (Nﬁ%) (6.96)

T /M2 16224 6 T16m212

6.5. Goldstone scattering at NLO

We have seen in the previous sections that integrating out the heavy scalar from the linear
o-model generates a nonlinear o-model which takes the form of a chiral Lagrangian

1}2

Less = J{OU10V) + CLOL + G204 (6.97)

where the coefficients 'y 5 are given in . These coefficients act as counterterms for
one-loop amplitudes computed from the first d, = 2 term in . To illustrate this,
we examine the 4-Goldstone amplitude M (¢(pa)®(py) = ¢°(pe)?(pa)) in this section.
We employ the standard Mandelstam variables

s=(patm)?’, t=Pa—p), u=(pa—pa)° (6.98)
Bose and crossing symmetry imply that the amplitude may be decomposed as |190]

M (go“gob — @Cgod) = Oaplcd A(S, t, 1) + dqcpg A(t, S, 1) + 0aqdpe Alu, t, s) (6.99)
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where the function A is symmetric in the last two arguments A(s,t,u) = A(s,u,t).
First of all, we have to extract the four-Goldstone vertex from

2
Q:Jiwﬂﬂ@U> (6.100)

Expanding (6.100|) to fourth order in ¢ we obtain

1 a a 1 a a a a
Loy = 50u0"0"0" + =5 (9" 00" 0" — """ ") + - (6.101)

It is straightforward to derive the Feynman rule for the four-point vertex (see (F.6)),
giving rise to the tree-level amplitude

t
M = busSea— + acli—s + Saaboe—s (6.102)
v v v
Thus, the function A at leading order is given by
5
ALo(S, t, ’LL) = ﬁ (6103)

Working up to O(p?) requires the calculation of the Goldstone amplitude at one loop

\\ ' \\ ,/ ~ /
- T~ 4 /
N ’ ~ -
> " 2 s SN
I \ / v N
7 N\ N
V] ~ Pid N | | | | >\
, ~—-- N \ / \ VAN
4 N \ 7/ \ g \
4 \ \./ \._/ - \
g ~ I
-7 S -7 \
- ~ -, \

(@ (b) ()

Figure 6.2.: One-loop diagrams for ¢ — @¢ scattering. Black circles denote vertices
from the LO Lagrangian.

using (|6.100]). The three one-loop diagrams are depicted in Fig. 6.2 and evaluating them
gives

1 1 (2 1 4 -5
1loo _ 2 2 2 2 2 2
A(p2)p(8’t7u> _3271‘2F |:§ (S +t°+u ) (g—f-g) +t"4+u —s hlﬁ
1 (3t = s*+u*) In -t (3u® — s*+1*) In U (6.104)
6 p* 6 T '

and therefore, the full one-loop amplitude reads [53]

1 1 2,5 5 o (1 4 9 9 9, —S
Mabcd:WF(sabécd {5(8 +1 +u)(z+§ +t"+u"—s lnﬁ
—1(3t2—32+u2)ln_—t—1(3u2—32+t2)1n_—u
6 w6 2
11 200, 0, (L 4 o 2 o —t
+@E5acdbd {5(8 +1 +u)(;+§ +s t+u -t IDE
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(33 — 2+ u2) In ;—f — % (3u2 —t2 4+ 52) In ;—g}

CDI»—A

11 2, o, (1 4\ —u
+Wﬁéad5bc|:§(s +1 —f—u)(z—i-g + 1 +S ulnﬁ
—1(332—u2+t2)1n_—5—1(3t2—u2—|—s2)1n_—t (6.105)
6 p 6 T '

The amplitude is divergent and contains 1/e poles, which need to be removed by coun-
terterms. The coefficients of the d, = 4 operators

Ly = C1{0"UT9,U)? + C2(0,U10,U) (0"UT0"U) (6.106)

that we calculated in a top-down matching calculation are precisely those counterterms.
They absorb the divergences coming from one-loop graphs with vertices £,2). The opera-
tors Oy o give rise to a four-point contact vertex, and their contribution to the A function
is

2 t2
AU (s, u) = [801 B ToRamal } (6.107)
The full amplitude is
52 t2 —|— u t? s? 4+ u
Mnyro = dapded {SCIF +4C, } + 0acObd [801— +4Cs " ]
2 t2
+ S 0ae {801— 440, 2 } (6.108)
Plugging in our explicit results yields
AT (s 1. 1) s? 1 1[s*+4u? (1 ! i 85s% 1Tt + u?
4 S? 7u = - o - EwD) - = 4 —
®%) vIM? 16723 v ¢ M2 504 6 ol
(6.109)
and adding this result to (6.104))
2 2
oo S 1 1,31 s -5
Apty (550 =Ty + Tga2 o { TR VE
1 2 2 —t 1 2 2 | 42 —u

cancel all 1/e poles, and the result is finite as required. The matrix elements for Goldstone
scattering can be decomposed according to their isospin (I = 0,1, 2)

(I', I| M, Is) = M 61106, (6.111)
The isospin amplitudes |57, |190] are given by

M= = 3A(s, t,u) + A(t,u, s) + A(u, s, t)
M= = At u, ) — A(u, s, 1) (6.112)
M=2 = A(t, u, s) + Au, s, 1)

For example ¢Tp~ — 1y~ scattering corresponds to the M=% amplitude.
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6.6. Discussion

In this chapter, we used the SO(4) linear o-model as a prototype to showcase the emer-
gence of a nondecoupling EFT. We integrated out the massive degree of freedom and
performed the matching to the resulting low-energy EFT, the nonlinear o-model or chi-
ral Lagrangian. At the one-loop order, we calculated the one-loop nondecoupling effects
of O(1/167%) (i.e., those that survive in the limit M — oo) using functional methods.
Here, we found that both the tree-level and one-loop contributions are necessary for a
renormalization-scheme independent result . That fact can also be understood by
considering that in a strongly coupled theory with M ~ 4mv, the tree-level Wilson coef-
ficients of O(v?/M?) and the nondecoupling contributions at one loop of O(1/167?) are
parametrically of the same size. From this example, a general lesson can be drawn. When
constructing a top-down EFT framework, it is vital to take the underlying assumptions
seriously, particularly the parameter space of the UV theory, which will have direct im-
plications for the organizing principle of the EFT. The conclusions from Chapter [5] also
hold in this case.
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7. 2ZHDM: Nonlinear EFT

After discussing the Two-Higgs Doublet Model (2HDM) [171] in Chapter[7]as a well-known
extension of the SM, we return to it in this chapter. Recently, there has been renewed
interest in the 2HDM, particularly in the context of EFT approaches around the elec-
troweak scale [191-194]. The motivation for this section is twofold. First, we investigate
the 2HDM in a particularly interesting region of its parameter space, the nondecoupling
limit, which corresponds to a strongly coupled scenario. In addition, we demonstrate
how the Higgs-Electroweak Chiral Lagrangian (Higgs-EwChL) naturally emerges as the
low-energy effective description after integrating out the heavy scalar degrees of freedom
in this regime.

We employ functional matching techniques, which streamline the calculation and enhance
transparency. The functional approach allows us to go beyond existing results in the lit-
erature [194] by computing higher-order terms in the Higgs function and deriving certain
all-order expressions in powers of the Higgs field h. The technique we use was originally
developed in [119] in the context of matching the Standard Model singlet extension to the
Higgs Effective Field Theory (HEFT).

We include a brief analysis of the decoupling limit, where the heavy scalar fields are in-
tegrated out in a weakly coupled regime. We compare the resulting linear EFT with the
previously obtained nonlinear EFT and point out the key differences. This chapter is orga-
nized as follows. In Section [7.1] we introduce a convenient parametrization of the 2HDM
scalar sector that is tailored for matching onto the Higgs-FElectroweak Chiral Lagrangian
(HEFT). In Section [7.2] we perform the tree-level functional matching of the nondecou-
pling 2HDM to the leading-order electroweak chiral Lagrangian. Section extends this
analysis to the one-loop—-induced local EFT operators for h — ~v and h — vZ. We
rederive parts of the results diagrammatically to highlight the efficiency of the functional
approach. In Sec. [7.4] we compute the one-loop coefficient of the custodial-symmetry—vi-
olating operator ()g,. Sec. discusses the viable 2HDM parameter space for TeV-scale
heavy scalars, covering the decoupling, nondecoupling, and alignment regimes. Sec.
then briefly explores the phenomenological implications of our EFT results. In Sec. [7.7]
we take a look at the decoupling limit and perform the matching to SMEFT at canonical
dimension six, where we briefly comment on the differences to the nonlinear EFT. In Sec.
[7.8] we conclude. Finally, the Appendix[7.9]to this chapter presents the all-orders solution
Hy(h) to the leading-order equation of motion for the heavy scalar field.

This chapter draws in part on the results of [2], to which the author of this thesis con-
tributed as a co-author.

7.1. Nondecoupling Regime - Higgs-EWChL

We have already introduced the 2HDM in Section and discussed the potential ([5.92))
and the mass eigenstates. In this chapter, we shall work with the same model but perform
a convenient field redefinition in the scalar sector. Instead of working with the doublets
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®,,, it is useful to employ a non-linear parametrization for the matching to HEFT. To this
end, we define the conjugate doublets ®,, = i09®}, with n = 1,2 and the matrix fields

S, = (®,,d,) (7.1)

Using these matrix fields we may write the Lagrangian of the scalar sector as
1
Ls= §<DuSILD“Sn> -V (7.2)

where (---) denotes the trace, a sum over n is understood, and V' is the 2HDM potential
(5.92) (with A\¢ = A7 = 0) expressed in terms of the matrix fields S,. Following the
discussion in [195] we write the S, in polar coordinates as

S, =UR,, Ry, — % (0 + ) 1+ iCh0ape] (7.3)

Here o, = 2T,,,a = 1,2, 3 are the Pauli matrices and U = exp (2ip,T,/v) is the matrix of
the electroweak Goldstone bosons. The v, are, as before, the respective vevs of the two

Higgs doublet fields ((5.93) and
Ci = —sin f3, Cy = cos 3 (7.4)

where the mixing angle § was defined in . As before in the doublet representation
the non-linear parametrization ([7.3)) comprises eight real degrees of freedom expressed
through the real fields ¢,, p, and h,,. From the electroweak quantum numbers of S, and
U we can deduce that the covariant derivatives are given by

D,® = 0,® +igW,® —ig'B,®T3; for &=25,U (7.5)

where W# = WHT, and B* are the gauge fields of SU(2); and U(1)y. From these
expressions, we can derive the covariant derivatives for the physical fields. Using (7.3)) it
follows

D, R, = 0,Ry +ig B, [Ts, Ry] (7.6)

As a result, hyo and p3 are electroweak singlets, whereas p; o are SU(2), singlets yet
charged under U(1)y. Therefore,

D h, = d,h, and D,pa = Oupa + 9 By abs Po (7.7)

It is convenient to trade p;o for the eigenstates p* of charge and hypercharge (with
Q=Y ==1)

. 1 ,
D,.p* = 0,p g B.p*, pt = E(pl F ip2) (7.8)

Inserting ([7.3) into ([7.2]), the kinetic term takes the form

1
L3 pin = §<D#SILD“S> =
1 1
— Z(D#UTD#U> (U + B)? + papa) + §DupaDupa
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+ (GUTDLUT,) [Eabeps D" pe + Con(pa0" b — D" pohyy)] (7.9)
Expressed in terms of the matrix fields S,, the potential reads [195]

2
Moo

vV =—1(515)) + 5

A A A
+ (51507 + (5182 + T (5151)(819)

A
+ M(S1S2Py)(SS:Py) + 3 (<5152P+>2 + <S{s2p,>2) (7.10)

(S3S2) — miy(S1Ss)

Here Py = (1 + 03) /2 are projection operators. Note that we have set A\¢ = A7 = 0 with
respect to the most general potential thereby assuming invariance under the discrete
symmetry S; — —S1,S2 — Sy only softly broken by the dimension 2 operator m?,.
This choice prevents flavor-changing neutral currents (FCNCs) at tree-level. Choosing
A6 = A7 = 0 and m?, # 0 generates finite Higgs-mediated FCNCs at one loop [172)].

As before, we assume CP invariance, such that all parameters are real. It is now obvious
that the polar coordinate parametrization has the advantage that the Goldstone
matrix U disappears from the potential, which is entirely a function of the h, and p,.
The Goldstone fields only enter the kinetic term. The terms in the potential linear in the
fields vanish due to the definition of v 5. The mass terms quadratic in the fields p, are
already diagonalized by p4, ps, for the h, mass terms a further rotation in fieldspace is
necessary

HO Cq Sa hl
= (7.11)
h —S4 Co ho

Thus, the mass eigenstates in the scalar sector are given by h, which we identify as the
observed Higgs boson at m;, = 125GeV, and the additional scalars H = H,, H* =
+ip*t and the pseudoscalar Ay = —p3;. We trade in the eight potential parameters
m2,, may, M3y, A1, ..., s for the vevs, particle masses and soft breaking term

v, V9, mp, Mo=Mpy,, Myg=Mys, My= My, Sa, mfg (7.12)

or equivalently

2
o m
v, tﬁ? mp, M07 MHa MA7 CB—a m2 = —12 (713)
SpCp

It is instructive to display the 2HDM scalar Lagrangian in terms of the physical fields
h,H, Ay, H*

1 1 1
L =50uh0"h + SO, HO" H + 50,400 Ay + D' H™ DyH* =V (b, H, Ao, H*) + Ly
v? h H h* H?
+ Z (1 + 2557(1; + 205704; + ﬁ + ?> <D“UTDMU>
b Y [iHO,HY — iH 0,H™ + 5 (h0, Ao — Agduh) + 55 (AgdH — HI,Ag)]

+ J¥ [Aod, HT — H0, Ao — ics_o (HOuh — hO,HY) +isg_o (HT0,H — HO,H")]
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+ J" [A00,H™ — H 0, Ao+ icg—o (H Oyh — hO,H™) —isg_o (H 0,H — HO,H™)]
(7.14)

where Ly denotes the Yukawa Lagrangian, which we discuss below. Here we introduced
the currents

Ji = GU'D,UTs), J¢=(U'D,UTL) (7.15)
where Ty = 1/+/2 (T} & 4T3). The full scalar potential in terms of the physical fields reads
1 1 1
1% zamiif + 5Mgﬂ2 +MiHTH™ + 5MjAg
—dih® — dyh*H — dshH? — dyH? — dshHH™ — dghA} — d;HYH™ H — dgH A}
— 2ht — 2oh3H — 23h*H? — 24hH® — 25 H* (7.16)
— 2h®HYH™ — zhHHYH™ — 2 H?H H™ — zo (H*H™)” — 2, A2h?
— leAth — 212H2A3 — 213A3H+H7 — 214143
The explicit expression for the d;, z; in terms of the input parameters ([7.13)) can be found
in appendix [A]
Yukawa couplings

The scalar sector couples to the fermions through Yukawa terms. There exist several
possible Yukawa sectors. Here we choose for definiteness a type II Yukawa sector which
is given by the Lagrangian [171]

,Cy = _QchlxiP—QR — CYLCBQYUP+QR - Z_Lq)l}/;P_lR + h.c. (717)
In terms of the matrix fields S,, it can be written as
Ly = —=q1YsS1 Poqr — q1YuS2Prqr — 1LY S1 P-lg + h.c. (7.18)

It is useful to express the Yukawa Lagrangian in terms of the physical fields

«H «h A o H ~h A
£Y:_ <1+C———S———Zt570) Jfl— <1+S——+C——— tﬁl—o) Jfg

Cﬁ v Clg v 8/3 v 85 v v
HT o H™
—i—\/ﬁtﬁ chl —l—\/§t5 T 2+ h.c. (719)
Here we defined the fermion currents
Jfl = (jLMdUP,qR—i-l_LMeUP,lR, Jfg = q_LMuUPJqu (720)
Joa = GpMaUPiaqr + L MUPRlR,  Jo = G MUPoqr (7.21)

where we employed the projectors
P12 = T1 + iTQ, P21 = T1 — ZTQ (722)
The fermion mass matrices M, can be expressed through the Yukawa matrices
o v v
V2 V2 V2

The generalization to other types of Yukawa sectors follows easily and will be discussed
below.

Mu Yu55, Md = Yd05, Me }/;CB (723)
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7.2. Tree-level matching in the nondecoupling regime
We write the full Lagrangian of the 2HDM as
Lorpy = Lo+ Lsgin —V + Ly (7.24)

where Ly denotes the unbroken SM

1 1 1
£0 - — §<GW,G#V> - §<W#VW’MU> - ZBHVBW/

+ (jLiIDqL + Z_Li]DlL + ﬂRiqu + CZRiIDdR + éRZlDGR (725)

We now proceed to integrate out the heavy scalars at tree level and compute the O(1)
effective Lagrangian. The procedure of integrating out a heavy scalar in the nondecou-
pling has been described in detail in [40, [119]. We shall follow this procedure and adapt
it accordingly.

7.2.1. Algorithm for tree-level matching

First of all, we notice that the potential contains the heavy fields Ay and H* only
at the quadratic order and higher, as they can appear exclusively as the uncharged and
CP-even combinations H™H~ and A%, respectively. As a result, there can be no tree
diagrams with only internal lines from those fields. Integrating out these fields at tree
level and to LO (O(M2)) therefore implies Ay = H* = 0. This constitutes an important
simplification. Even though the 2HDM contains more scalar degrees of freedom than
the singlet extension, in both cases just one real scalar needs to be considered to obtain
the leading order effective Lagrangian in the nondecoupling regime. The part of the
Lagrangian that depends on H is given by

1
Ly, = B (—32 — MOQ) H+ J1H + JoH? + J3H® + J,H* (7.26)

where the J; are given by

c_ajfl—i—J}kl B S_an2+J}<2
(&% v S v

Ty = doh? + 2h® + gcﬂ_awwmum -
1

Jo = dsh + 21* + H(D'U'D,U)

Jg = d4 -+ Z4h, J4 = Z5 (727)

Making the dependence of the J; and the potential parameters d;, z; on the heavy mass
My explicit to consistently perform the EFT expansion we write

Ji= M)+ Ji,  di = MZdig+di, 2= MG 2o+ Z (7.28)

Note that zq,...,25 and ds, ..., ds do not depend on M4, M. Integrating out the field H
at tree level amounts to solving its equation of motion

(=0 = M +2J9)H + Jy + 3J3H? + 4J,H* =0 (7.29)
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and inserting the solution Hy(h) back into the Lagrangian. The equation of motion ([7.29)
can be solved iteratively in inverse powers of M,

H=Hy+H +Hy+---, H=0(1/M (7.30)

We insert the ansatz ((7.30)) into (7.29)) to obtain algebraic equations for the H;. Retaining
only terms of O(M¢) gives an equation for Hy

JO 4 (=14 2J9)Ho + 3JYHZ + 4J,HE = 0 (7.31)
Keeping only the terms of O(1) gives an equation for H; in terms of H,

(=02 +2Jy)Ho + Jy + 3J3HZ + 4J,H}

H, =
! MZ(1—J9 —6J9Hy — 12.J9H?)

(7.32)

Similarly, equations for the H;>s may be derived.

The coefficients J? in ([7.31)) are functions of i only and therefore we compute the solution
Hy(h). Although can be solved analytically it is convenient to expand Hy(h) in an
infinite power series in h

o0

Hy(h) =Y ryht (7.33)

k=2

where all the coefficients are of O(1). For our matching calculation we only need the first
few coefficients

T2 = dag

T3 = daod3o

1y = daodsy + daodao

75 = daodyy + 3d3dsodag (7.34)

For the reader’s convenience we display the relevant potential parameters

vdoy = _Cﬁz—a iiz (7.35)
2
vdsy = sﬁa‘ziz (7.36)
2
Ch—a Sa+8
vdio = == = Sha 32; (7.37)

Inserting H = Hy + H; into (7.14)) and retaining only the O(Mg) and O(1) terms we get
the leading order effective Lagrangian. The terms with H; vanish due to the equation of
motion for Hy. In addition, we will show in the appendix to this chapter that all O(M2)
cancel up to an irrelevant constant

1 2 1 _ _ _ _
Lomio = 5 (0,h)? — Zh2 + dyh® + 50t + 3 (0.Ho)? + JyHy + JyH2 + JoHE + JyHE

2
v? h  h? . Sa h
+ Z<DMUTDHU> (1 +2857a; + F) —U(Jfl + Jfl) (1 — ——)

Cﬁ’U
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—o(Jp2 + %) <1 + C—“ﬁ) (7.38)

851)

where Hy = Hy(h). The kinetic term for h takes the form
1 1 1
Lh jin = 3 (0,h)* + 3 (0,Ho)* = ) (8,h)? (1 + Fy(h)) (7.39)

where

Fu(h) = (%3}“”)2 (7.40)

To bring the kinetic term to its canonical form (9h)?/2 the field redefinition

- h 2
h = / V1+ Fy(s)ds=h (1 + grghQ + ;rgrgh?’ + (’)(h4)) (7.41)
0

is required. Inverting this we arrive at

- - 2 .~ 3 - -
h(h) = h <1 — §r§h2 - §r2r3h3 + (’)(h4)) (7.42)
After eliminating h in favor of & and dropping the tilde in the end, the result takes the
form of an electroweak chiral Lagrangian with a light Higgs (3.23) and we can calculate
the general functions in (3.23]) up to the desired order in h.

The parameters of the Higgs potential (3.24]) are given by

2d11)

Vs = o7 (7.43)
16 2 v? (UJQ) (vdy)
203 - - .
Vi = — (2d50d1 — dsd3y — Zadag — dadagdsg) — 3d5ydsov® (7.45)
h

The cubic coefficient is not affected by the field redefinition ([7.42)). Moreover, the coeffi-
cients of the Flare function Fy(h) (3.24]) can be written as

4
Fl = 28/3,0“ F2 =1+ QCg,aUdQ[), Fg = QCB,QU2d20d30 — gslgfoﬂ)zdgo (746)

da)? 4
Fy = _% + 2c5_q0° (d20d§0 + d3ydao — gdgo) — 30 d3d305p—a (7.47)
Here, the field redefinition (7.42]) plays no role for the coeflicients fy; and fyo. Making
use of ([7.35)) - (7.37) and trigonometric identities the potential and the Flare function
take the form

h So R\? 452 n\?
Fy(h) =285_o0— 1 — 2222 -] = 222g, P =
ulh) =255 v +< swcﬁ“) (v) 353585 et <v)

C%—a 5% h ! 5
— o é (1082a - 3825 — 7S4a_25) (;) + O(h ) (748)
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2.2 A 2 2¢2 N —92 h 3
v = " {(_) + [sBﬁ—%j;% <1_%)} <_)
283 h

1 &, /1 m? h\*
+ [4_1 _ B <6(7 — 1262(5-1-04) — 1904&) — (1 — 202,1025 — 364&)@)] (—)

43%5 2 "
02 82 mQ h 5
B—a®2a .
_ 283,8 |:Cﬁ+a + 305—311 - (2654_0{ + 3635_a + 1165_3a)m:| (;> + (’)(h )

(7.49)

It is easy to see that the SM is recovered in the alignment limit cg_, — 0. It remains to
calculate the Yukawa Higgs function

Fyi(h) = M; + i M (%)n =M, (1 + i me (%>n> (7.50)

n=1

804 COL 2 SOC ca
p === ) = (vdy),  pl) = 2= (vda)? + = (vdao) (vdso) (7.51)
cp cs 3 ¢s s
and
Ca Sa 2¢q Sa
pd == pD = Z(vdy),  p) = = (vda)® + == (vdao) (vdso) (7.52)
Sa S8 3 Sp Sp

The Higgs-fermion couplings for a type II Yukawa sector are given by the following ex-
pressions

M, + ZIMS‘) (%)n _

Cah  Cha5iCa (B Co_a 52 NS
Mu 1+ ——— 2 — — 7(282‘3‘ — (1 — 2C2o¢)tlg ) — + (753)

S8V 2 sgep \v 6 s34 v
Mq+ i/\/l(”) (@)n -

¢\
n=1
Sah Ca_a SaCl (D 2 Ch—o S5 n\*
|- Salt  Gafale (R, Cmaaige (1 4o )ts) (2) 4| (7.54

Ma cg U 2 spch (v) 7% sgﬁ( S2a = (14 26a)t) o) T (7.54)

Using functional methods we have reproduced the results of |[194] and obtained several new
expressions, the cubic and quartic coefficients of Fy;(h), the coefficient of A° in V(h) and
the fermionic couplings. Higher orders may be easily calculated following the procedure
in this section and making use of the all-orders expression Hy(h) derived in Section [7.9]
This defines an algorithm to extend the tree-level matching to all orders in h.

Our discussion may be extended to include the NLO terms of O(1/M2) in the effective
Lagrangian

Eeff = LLO + ALNLO + O <M§4) ) £LO = Eo + EUh,LO (755)
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At this order also the pseudoscalar A, and charged scalar H* generate four-fermion
operators (see Section ([7.2.3]) for further details)

(=0 + 2J2)Hy + Jy + 3J3HE + 4J, HY)?
2ME(1 — J9 — 6JYHy — 12JVHZ)

1 * * — * *
— g7z LaWn + I = 20 ) + 15 (Tp + i = 212 )
A

+ 2(Jfl - J}kl)(Jﬁ - J}(Qﬂ +

ALNro =

(t5Te oy + 52 e Ty + JerJea + 5T )
(7.56)

2,2
Miwv

We end the discussion in this section with some general remarks:

o We have shown that upon integrating out the heavy scalars in the nondecoupling
limit the resulting EFT takes the form of a nonlinear EFT. Characteristic for a
nonlinear EFT are all-order Higgs function F'(h) which arise here due to the con-
tributions of the function Hy(h).

o Although the LO Lagrangian is of O(1) in the 1/Mg expansion, it contains terms
of arbitrary canonical dimensions because the nonlinear EFT is organized by chiral
dimensions. It is easy to check that every term in the LO Lagrangian has chiral
dimension 2 where m;, comes with one unit of chiral dimension.

e The NLO terms in all have chiral dimension four and are suppressed by
v?/M2. To cover all NLO terms, the contributions from one-loop diagrams in the
full model would need to be included. They are suppressed by a loop factor 1/167>
that is of similar size as v*/M32 in the nondecoupling limit (Mg ~ 4mv).

7.2.2. Other Yukawa interactions

Apart from the type II Yukawa sector there are three other possibilities without FCNCs
at the tree level. We have

(a) Typel

Ly = —q1Y3S2P_qr — q1YuS2Prqr — 1.Y;S2P_lz + h.c. (7.57)
(b) Type-X (lepton specific)

Ly = —q1YqS2P_qr — q.YuSoPrqr — 11,81 P_lp + h.c. (7.58)
(c) Type-Y (flipped)

Ly = —q1YyS1P_qr — qLYuSoPrqr — 1Y;S,P_lg + h.c. (7.59)

The matching for the other Yukawa structures can be easily inferred from our matching
results. For example, in a type I 2HDM all fermions couple exclusively to S5 such that
the matching will have the same form as the up-type terms

[e'S) . h n
Mu,d,e + Z Mi’;’e (;) =
n=1
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cah  Ca_oS2co (R 2 Cl—q S2 h\?
Myae |1+ 2= — L2 <—) — a2 (95, — (1 — 2024151 (—> +o
S8V 2 sgeg \v 6 s34 v

(7.60)

7.2.3. Four-fermion operators in the alignment limit

We have already seen that the NLO Lagrangian at O(Mg?) contains four-fermion opera-
tors. From the explicit solution to the leading-order equation of motion (see Section
we know that Hy(h) vanishes in the alignment limit (cs_, = 0). In that case the leading
EFT effects are four-fermions operators of canonical dimension 6 and chiral dimension 4
that arise from integrating out the heavy scalars at tree level. We can use and set
Hy(h) =0 and get

B Ji !
M1 —2J9) T MG

H, (=ts (Jpr + J51) + 15" (Jr2 + J}a) (7.61)

where we retain only the fermion currents in the following. Since we are working at
O(Mg?) the pseudoscalar Ay and the charged scalar H* also contribute. Their equations
of motions can be solved iteratively as well and we find

l

Ay= ——
T 2 M2

(tﬂ (Jf1 — J}kl) + tgl (Jf2 — J;Q)) + O(Mg‘l) (7.62)

and

V2

H = Y2
vM%

(tgder + 15" J0) + O(My*) (7.63)

The fermion currents were defined in ([7.20)).
Plugging these solutions back into the Lagrangian and keeping only four-fermion operators
we get

1 * * — * *
Lafermion RGIET [t5(JH + J5 + 200 d5) + t,32(<]]%2 + 55+ 2J205)
0

* * ]' * *
A

57 (TG + 55 = 20520 o) + 251 — T31) (T2 = )]

+ (thJa iy + 157 T2y + Jar Jer + T3 T5) (7.64)

2.2
Miv

To see which independent four-fermion operators appear we evaluate the various terms
and reduce them to the basis operators in [37].

Ji = Mg @ MyOpys + M @ MOpyio + 2Mq @ McOpyo (7.65)
J5 = My @ M,Opyy (7.66)

~ 1 1 1
JpJp = =My M,y |:EOLR3 + EOLRZL - EOLRH - OLRl?)}

- 1 1 ~ 1 1
— M6®Me |:ZOLRS — §OL317:| — ./\/ld@./\/le |:ZOLR9 — §OLR18 + h.C.:| (767)

94



2HDM: Nonlinear EFT

- 1 1 1
Jpadpy = —MuQM, |:EOLR1 + §0LRQ + 6©LR10 + OLR11:| (7.68)
Jflj;z =M;M,Opys + M, @ M, Opyr (7.69)
JpiJre = Mg @ M, Osrs + M, @ M., Ogrg (7.70)

- 1 1 1
| Ja|* = —My&My [EOLR:& + §OLR4 + EOLRIZ + OLR13:|
~ 1 1 ~ 1 1
- M6®Me ZOLRg —f‘ EOLRN - Md®./\/le ZOLRQ + §OLR18 + h.C. (771)

~ 1 1 1
| Jea|? = =M, M, |:EOLR1 + EOLRQ - EOLRH) - OLR11:| (7.72)
JerJea = Maq @ My Ogrg + Me @ My, Osrio (7.73)

where we employ the notation of Ref. [196]

FO @ FP0 = .Egl)f,gf)ilji Pk -ty
FORFOO = FVFD G apjiy, .y (7.74)

for a four-fermion operator O = ...wjzﬁk .. and 4,7, k,[ are generation indices. In
addition, we took the fermion mass matrices as hermitean. Summarizing we can conclude
that the following operators (and their hermitean conjugates) are generated at tree level

Orr1,01r2, Orrs, Orra; Orrs, Orry, Orrio, Orrit, Orriz, Orris, Orrit, Orris,
Osts, Osre, Oste, Osr10, OFyi, Orys, Orys, Ory7, Orye, Oryio (7.75)

In addition to the operators generated in the heavy Higgs model [40] and the singlet
extension [119], there are two additional operators with explicit factors of P and Py
due to charged scalar exchange

Osr6 = LU PouqraqrUPiaqr,  Osrio = LU PaqrlpU Pralg (7.76)

Moreover, the result will serve as a cross check for our matching result from Section [5.4.2]
In the decoupling limit we can treat the heavy scalar masses as degenerate when working
up to the canonical dimension 6 as My, Ma, Mg = m + O(v). As a result several terms
cancel between the three contributions and we obtain the compact expression

2 _
[’4fermion = % (t%(‘Jfllz + |Jc1|2) + tBQ(‘JfQ‘z + |Jc2’2) + Jf1Jf2 + Jc1Jc2 + hC)

(7.77)

Plugging in our results from ((7.65) to ([7.73)) we end up with

2

~ 1 -
Lifermion = — 7 {Md®Md {gOLRg + ZOLRLL} + M M. Opps

m2v?

-2

- t - 1
+ MM, [Opry + h-C-}} - mgvzf\/lu@)/\/lu |:§OLR1 + 2OLR21
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+ Ma M, [Osrs + Osre + hoc] + M. @ My, [Osrg + Osrio + h.c.]
(7.78)

Picking out the term o< t[§2 and focusing only on third generation quark reproduces our
result from ((5.127))

tymmy (1, -
Lafermion D —— —5 (_QL'VMQLtR'VMtR +2q." T qrtpy"T tR) (7.79)

3

7.3. Nondecoupling effects at one loop

While the calculation of the complete one-loop effective Lagrangian resulting from inte-
grating out the heavy scalars is beyond the scope of this work, we calculate in the following
a particularly important class of one-loop effects. Integrating out the heavy charged scalar
H? at one-loop generates local operators inducing h — vy and h — vZ transitions. Since
these processes are loop-suppressed in the SM, the EFT corrections appear at the same
chiral order as the leading contributions.

7.3.1. Functional matching

To perform the functional integration over the H* fluctuations we use the methods dis-
cussed in chapter . Expanding the Lagrangian up to quadratic order in H* gives us

LY =[*AH~, A=-D*-M4-U (7.80)
where D, = 9, + X, and

X, = ied, +i-2—(1 - 2s%)2, (7.81)
QCW

—U = dsh + d7H + 26h® + 2;hH + 25 H? (7.82)

Here e is the electromagnetic coupling, sy = sinfy, cy = cosfy with the Weinberg
angle 6y, A the photon and Z the Z-boson field. We have seen in Chapter that the
Gaussian integration results in the following expression

=1 d*p 2ip- D+ D>+ U\"
Eeff = —ZCSZE/ (274><( p2 — M?{ ) (7.83)
n=1

It is important to realize that for a strongly-coupled scenario the series in does not
converge in the sense that only a finite number of terms will contribute at any given order
in the 1/My expansion. Since U ~ M% in our case, which is of the same order as the
denominator p? — M%, an infinite number of terms in the sum over n contributes at a
given order in the 1/Mpy expansion. However, there are only finitely many terms at any
given order in the Higgs field h, since U™ = O(h™). As a result, every EFT operator @
is accompanied by a Higgs-function Fy(h) as is characteristic for the Higgs-electroweak
chiral Lagrangian. At any given order in h" the operator coefficient is well-defined and
calculable.

In a weakly-coupled model of the heavy sector, on the contrary, a generic matrix U scales
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as O(Myg) such that only a finite number of terms contribute at a given order in the 1/My
expansion.

The relevant terms of the UOLEA contain two field strengths and, a priori, arbitrary
powers of h. Here we neglect, however, contributions with four or more powers of h and
thus need to retain only terms of order U and U2 The corresponding terms of the UOLEA
are [129]

C ~ A N 1 4 Ao~ A 1 -
= —= |- Xy X1 (U X0 X") + —(UX)?
£eff (47T)2 |: ]-2M[?[<U 12 >+24M24{ <5<U H >+5<(U H ) >)
1 2 fo S N A
- [ S(UX, UXH™ (X )2 .84

We can specialize to our case with ¢, = 1 for a complex scalar and U, X, o< 1

X, X [ vt Ul

— + + O(h‘*)] (7.85)
19272 | M%  2MY  3MG

Legr = —

To capture the nondecoupling effects we only need the part of U ~ M% and express H
through h via the LO equation of motion

U

5 = —dsuh — dzyg Ho(h) = 2011 — zehHo(h) — s Ho(h)? (7.86)
H

Here we introduced the notation

where
dsg = — 258—a, drg = —2Cs—a, Z6H = —S%_w
210 = —28-0Ch-a, Z8H = _sza (7.88)

Note that the dependence of ds, d; and zg, 27, 25 on My cancels at every order of h in U.
In addition, & needs to be expressed in terms of the canonically normalized Higgs field A
using h(h) . However, for the first two terms of F'y(h) through order h? the field
redefinition plays no role. Inserting Hy(h) and retaining terms up to O(h?®) we get

U(h) 2 ?
MIQ{ = _Ud5H; —v*(zem + d?HdQO)F
3(2 5 h? 4
+v §d20d5H — d20d30d7H — d2027H ﬁ —+ O(h ) (789)

which gives the effective Lagrangian

X, XM h d? h?
Eeff = — 1;27T2 |:—Ud50; —? (571{ + zeg + d7Hd20) ﬁ (7.90)
3 2 2 h’3 4
“+v §d20d5H - d20d30d7H — d2027H ﬁ + O(h ) (791)
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Finally, plugging in the explicit expressions and using trigonometric identities

e? w1 2%, »
'CX,4 = W A,uVA + WAMVZ Fx(h) (792)
2
sg_ah 1 [, 520 o h
Fx(h) = - — = = -
x(h) 6 v 12 (S —a 025650‘> <v
Lo 42 20 (g4 4% h 3+O(h4) (7.93)
— — |25 Co oSpa— | — — — :
36 |fa T Bt So8 So8 v

where A, = 0,A, — 0,A,, Z,, = 0,4, — 0,2, We have shown in (4.23]) that the terms
of the form X2?U™ can be calculated for arbitrary n in the case U « 1 and the sum can
be performed

I &< (=1 — X, XHV U(h)
_ "X, XY = —E In|1 .94
Eeff 167T2 ; ]-an[?]n <U H > n ( + (7 9 )

19272 M2,

In the alignment limit, this permits us to give a closed form expression of to all
orders in h. We show in the appendix to this chapter (Sec. that Hy(h) vanishes in
the alignment limit and U, therefore, reduces to U/M% = 2h/v + (h/v)? since vdsg = —2
and v?zgy = —1. Then takes the form of with the function F'x(h) given by

Fy(h) = é In (1 + %) (7.95)

which corresponds to the well-known low-energy theorems [197]. In contrast to the tree-
level nondecoupling effects, the loop induced h — vy and h — vZ terms survive in this
limit, which makes them phenomenologically interesting [194, [198] (see Sec. [7.6)).

7.3.2. Diagrammatic matching

We now briefly reflect on the preceding calculation. We employed the functional approach
to integrate out the charged scalar H* at one loop and presented an algorithm to cal-
culate the coefficients of Fx(h) to arbitrary order in h. All the necessary information
came from performing the path integral. Diagrammatic matching on the other hand is
much more cumbersome, especially for couplings of the form h"A,A"" for large n, since
many diagrams and combinatoric factors need to be taken into account. To illustrate this
fact, we calculate the coefficient ¢, using the diagrammatic approach. This will serve
as a cross check for our result and showcase the elegance and relative simplicity of the
functional approach in comparison. A similar matching calculation can be found in [194].

h — vy

Let us therefore compute the amplitude for the decay h(q) — v(u,p1) + (v, p2) in the
full 2HDM and in the EFT. At the one-loop order in the 2HDM we have to consider two
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types of diagramsﬂ

+ v
/( : /’H;‘\
ho-------- m’: H*y — 4 \
A RN
\\L\/\/\N\/\/\/\/\/’y Hi Y

where second triangle graph with reversed momentum flow is understood. The expression
for the triangle graph is

=M = e (7.96)

hyy A2

where the loop integral is given by

T _ / d’k KR (7.97)
o) w2 (k2 = MEV[(k + p1)? — ME][(k — pa)? — M7] '

The tensor integral can be reduced to Passarino-Veltman scalar integrals, e.g. using
Package-X [200, 201]

2 1 Vo pv
" = _HCO(0707q27M12{7M]2{aM12{)+_ guu_& +Bo(q27MEI7M12{)g_
2 4 2Ry 4

(7.98)

where we made use of the Ward identities (¢, (p1)p} = € (p2)py = 0). The scalar functions

are defined in appendix [E] The diagram with reversed momentum flow gives the same

(1)

result due to charge conjugation invariance. The divergent part of M, is canceled by

hyy
the bubble diagram so that the final amplitude is finite as required
Hi Y
e - ”‘ = )
/ \\ . (4 v
B = iMY), = edsg Bolg®; M, M) (7.99)
\\ - v
H* ¥
In total, we have
v _opq e @ _ @ y_ PhpY
M,u - 2Mh'y'y + Mh'y'y = —%d5FHi (T) <g# - pl—pQ) (7100)

where the form factor is given by

1 in?
Fys(r) =14 210y WOTVT

(7.101)

!The diagrams in this section of been drawn with TikZ-Feynman [199).
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The loop function f(7) is defined in (E.10) and 7 = mj /4M3,. For 7 < 1 we expand

8
Fys(s) = —g — 00 (7.102)
which yields
2 Mo v
pl/:gd my uyo PaD1 7.103
M 27 512M12{ g D1 Po (7.103)
To capture the nondecoupling effects we need to take the limit My — oo
d5 SB—a
such that the 2HDM h — ~+ amplitude in the nondecoupling limit reads
2 v
M — L T (s AP (7.105)
2 6w P1 P2

This result has to be equated with the corresponding EwChL amplitude. There the
process is given by the local operator at d, = 4

o h 5
‘Ch'y'y = EC’Y’Yh;A#VA“ (7106)
giving rise to the amplitude
a m2 pupu
MW = ——c B g - 2L 7.107
27TC’Y’Yh v (9 D1 Do ( )
Comparing ((7.105) and ([7.107)), we can read off
SB—a
Cyph = BT (7.108)

which gives the same result as before ([7.92)).

h—~Z

For the process h — vZ we can proceed in a similar way but now one of the bosons in
the final state is massive. We have to consider the diagrams

+ v
v .
hoommmmee- «  H*y R A
A A N
\\L\/\/\N\/\N\/\tf)/ -E[i Z

Again a triangle graph with reversed momentum flow is understood. The expression for
the triangle graph is

a 1 1 — 252 y
=M, ,=- = chWW ds I (7.109)
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where now the triangle diagram gives rise to the tensor integral

/ d'k AkMRY — 2kt
im 2 [k — My][(k + p1)? = Mg [(k — p2)* — M]

m
]2 —

(7.110)

Reducing the tensor integral to Passarino-Veltman scalar integral using Package-X we get

2
= (1 — L (By(m2, M, M) — Bo(m, M, M)
my —mz

2 9
my —my

+ g" Bo(m3, M3, M%) (7.111)

VM
M (0, m, my, M2, M M2)) (gw - z&)

As before the bubble diagram cancels the divergent part of the amplitude such that the
final result is finite as required

H:I: Y
o | ,1— 257
: N a3t gl = Sy v 2. 072 Af2
| 4\\ / —ZM,H,YZ— 87?26 p—— dsg"" Bo(my,; My, M)
\};;
Y

(7.112)

The amplitude for the decay process h(q) — v(u, p1) + Z(v, p2) for on-shell Higgs is given
by

MEDY = (D)€ (p2) M (7.113)

M = Fl (7, o) T (7.114)

Here €,,¢€, are the photon and Z polarization vectors respectively, 7 = m3 /AM7 |, o =
m?%/4M? and we define the tensor

2pTrh
ne a A1
T" =g o —— (7.115)
The form factor .7-",{{;;(7, o) is given by
ot ads 1 —2sk, m%
S 1 § R L0 S NOR
Filalr.) = =22 1 - M () = (o)

M () - o) (7.116)
e ——; T o :

where the loop-functions f(7) and h(7) are defined in the appendix in eqs. (E.10) and
(E.6). Expanding the formfactor up to O(My*) we get

2 2 2
gt ads1l—2sy 1 my —my

Frrg = — 7117
MZ 7 o swew 12 M% ( )
Taking the nondecoupling limit (7.104])) we end up with
a1l —2s% s5_,m2 —m>
FHE 2 W 2B=a h z 7.118
vz 27 swew 6 v ( )
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To perform the matching in the EwCHL we have the d, = 4 operator

al—2s? h

Lprg = ——"We 0= AL, ZH 7.119
hyZ 17 swew C'yZhU o ( )

giving rise to the amplitude

a 1l—2s3 m2 — m?2 phpY
M — e We gn—t—=>% (g’“’ — 2%) (7.120)
Comparing we get

e 35(;0‘ (7.121)

Let us recap what we just did; we rederived our matching result for the linear coefficient of
Fx(h) this time using the diagrammatic approach which turned out be much more
cumbersome since we had to calculate the full amplitude in each case and then expand
in inverse powers of the heavy mass. In the functional approach no such complications
are necessary and moreover it provides an algorithm to compute Fx(h) up to arbitrary
orders in h

7.4. Custodial symmetry breaking

The scalar potential violates custodial symmetry since it contains the term
AVesp = (A5 — M) (S18,T5)? (7.122)
Recall that the custodial symmetry group acts on the matrix fields as
Sig — LS ,LT, L e SU(2) (7.123)
When the heavy scalars are integrated out, the two-derivative operator
Ls, = B (UTD,UT;)? (7.124)

is generated.

The parameter (31 is related to the parameter T' of oblique electroweak corrections [202,
203, 1 = aT'/2 where « is the Sommerfeld fine structure constant. This can be most
easily seen in unitary gauge (U = 1) where it takes the form

g%0?
Loy =—~Piz-2.2" (7.125)

W
which is effectively a correction to the Z-mass of dm% = —283;m%. Thus, the p-parameter

gets a correction

2
My

= =142 7.126
p e (m% + om?%) b ( )

The parameter T of oblique electroweak corrections is defined as

~1
T=L"" (7.127)
«
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which gives the desired result.

Naively it would seem that Lg, is a LO effect since it has chiral dimension 2. However, it
would produce O(1) corrections to the electroweak T-parameter. Therefore, it cannot be
a leading order effect, since empirically such corrections do not exist. Accordingly L, is
counted as a NLO operator with chiral dimension 4 [40].

In the following, we compute 5, explicitly and show that it is generated at the one-loop
level. To compute /31 we employ the functional matching procedure [47] that was discussed
in Chapter [4. The relevant part of the 2HDM Lagrangian for our matching calculation is
given by

1 1 1
L = 50.h0"h + 50, HO"H + 50, A00" Ag + 0, H 0" H ™
+ JY [iH 0,H" —iH 0,H™ + cg_a (h0, Ao — AgOuh) + 8p—a (Ae0,H — HO,A))
+ JU [Ay0,HY — H0,Ag —icg_o (HTOuh — hO,HT) +isg_o (H 0,H — HO,H")]

+ J" [A0,H™ — H 9, A0 +icg_a (H Ouh — hO,H™) —isg_o (H 0,H — HO,H™)]
(7.128)

Now we expand the scalar fields into classical background fields and quantum fluctuations
b=+ (7.129)
Expanding ([7.128)) up to quadratic order in the fluctuations we arrive at

A 0 —Xa -XI, —-XT, h

1/ -~ - . . -
£o =2 (h i Ay B )| Xan Xan Aaa Xao Xao || A
X Xon —Xao Ap_ 0 H-
X, Xy —Xay O Al Ht
(7.130)
The entries of the fluctuation operator are given by
App = —0* —mj (7.131)
Apy = —0* — M; (7.132)
Ayp = —0*— M3 (7.133)
Ay =0 - M} +2iJ40, (7.134)
XAh = —QCﬁ,aJ:éLa‘u (7135)
XAH = 28/3_(1(]58“ (7136)
X:th = :FZQC,B_QJ:/éau (7137)
Xy = +i255_4J40, (7.138)
Xia=—-2J10, (7.139)
The fluctuation operator has the schematic form
Ap —X]
o-|~F L (7.140)
Xin Ay
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Custodial symmetry breaking

Following [47] the fluctuation operator can be brought into block-digaonal form

R
= . (7.141)
0 Ay

with Ay = Ay — (—X}JH)AZIX - In our case the modified fluctuation operator for the
heavy fields reads

Agg —Xam —XIH -x',

. X A X X

A, = AH AA ° A A+ (7.142)
Xog —Xa A 0

Xy —Xar O Al

with
AAA:AAA—FXA;LA;,%XA;L (7.143)
A=A+ XA X (7.144)
Here A, is given by
1
At =—— 7.145
h pg . m% ( )

It is casy to see that Ay has the generic form
Ay =-01-M>-U (7.146)
with
MZ 0 0 0
M? = 0 Mz 00 (7.147)
0 0 Mi 0
0 0 0 M3

It remains to perform the shift 0, — 0,+ip. We will drop henceforth all partial derivatives
in U after the shift, since we only need terms of the form J3. Since the heavy masses are
not degenerate the master formula for the EFT Lagrangian in [47] needs to be modified
slightly

Lrtooy = —% ni; % / (;ijf;dtr{ ((p2 — M) U(z,0, + ip))n ]1} (7.148)

where

1

7 0 0 0

_ 0 ! 0 0

(P> —M?) " = PG (7.149)
0 0 L 0
p?=Mpy
0 0 0 1
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To perform the calculation we need the relations
1
i T3, = —(UTD,UT)?,  JLJ , = §<UTDMUT3)2 (7.150)

For the contributions arising from heavy-heavy loops we need the integral [204]

d'p 4ptp”

I"(4,B) = / 2 —A) (7 —B)

i 1 i 1 i’
= 163 {A (6 + log 1 +1) + B (6 + log 7 11 + F(A, B) (7.151)

where the function F is given by

T W (7.152)
2 r—y Y

F(z,y) =
On the contrary for the heavy-light loop contribution we need

(2m)* p? (p* — M?) @2m)ipt (0 — M?)  (4m)? 4 \e M2 2

(7.153)

We will get contributions to Og, from the n =1 and n = 2 terms in the sum. The first
term is

L= _ i / dp X anj)} Xan n 2X Apr Xy
oo 2(mdﬁ%ﬁ P — M3
o 'D,UT
T 3202 (U'DUT)’
2 2y (1 2 i 2 i 2 22 2 72
[(MH_MA) <— +1) +MH10gW _MAlogW —i—F(mh,MH) _F<mh7MA)
€ H A
(7.154)
The n = 2 contribution is given by
n= —1 v v
L0 = = (255 ST 1 (M3, MG) + AT L (M, M3)
Hdsh_o JE T Ly (M, M) + 205 J5 1 (M, M) (7.155)

Inserting the integrals we end up with

L0 = — L wip,umy) [sﬁ a{F(M(?,Mé) —F(MiaMg)}JrF(MiM@
2 2

1
— a{(MH M?2) <Z ) + M3log 2 M2 ~ M3log £ e }] (7.156)
We see that the divergent parts cancel precisely between the n = 1 and n = 2 terms so
that the final result reads

1
3272

Lo = = winumy [c%_a{ﬂmi, MZ) - F(m2, Mi)}
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t55o{ F(ME, ME) — F(M3, M) } + F (M3, M) (7.157)

Our result agrees with the previously obtained expressions in the literature [204, |205]. The
phenomenological requirement of approximate custodial symmetry indicates the treat-
ment of the mass difference M% — M3% = (v?/2)(A\s — \4) as a small coupling with chiral
dimension 2. Expand the coefficient of O, to first order in M7 — M3 we end up with

2 A5 — Ay & 1 M

Ls = UtD,UT)? |22 4 &2 {——
b=V gz (UTDWUT) { 3 e\ T (M= M)

1 _
SME T (ME - M)

(7.158)

Mg Mg My }}

7.5. Parameter Range - Decoupling vs. Nondecoupling
Limit

After making use of the decoupling limit various times in this chapter we now offer a
detailed discussion of the 2HDM parameter range carfully distinguishing the decoupling
and nondecoupling limits.

For the construction of a low-energy EFT, we consider the phenomenologically viable
scenario where the masses of the BSM scalar degrees of freedom in the 2HDM are taken
to be much larger than the electroweak scale, i.e.

MSNMo,MH,MA>>thU (7159)

Depending on the numerical values of the parameters, we can discern two basic scenarios,
corresponding to weak and strong coupling, respectively. They are given by

(I) Nondecoupling regimd?| (strong coupling, nonlinear EFT)
1< N S167%, my~v~m < Mg = ¢ =0(1) (7.160)

While ¢g_,, is a priori unconstrained in this regime, we will also consider the case
cg_q < 1, referred to as the nondecoupling regime with (quasi-)alignment. We note
that calculating the leading EFT effects in this limit is equivalent to setting m = 0,
recovering the Z, symmetric 2HDM without soft breaking. It is well known that
this model has no decoupling limit [206, |207].

(II) Decoupling regimd’| (weak coupling, linear EFT)

A= O(l), mp~vLmn~Mg = - K 1 (7.161)

In the strong-coupling case, we require the \; to be somewhat below the nominal strong-
coupling limit Mg =~ 4mv corresponding to |\;| ~ 1672 Otherwise a description of the
heavy scalar dynamics in terms of resonances would no longer be valid. To be more
precise, the magnitude of the couplings is constrained by perturbative unitarity [209-
215]. For loop corrections to the constraints, see [216, 217]. Generally speaking, these

2 Although not stated explicitly, this limit was used to derive nondecoupling effects in [194].
3This limit has been studied extensively in [208]. The model we consider in this work is simpler because
of the additional, softly broken, Zs symmetry S; — —S; we imposed.
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give much stronger bounds, namely |\;| < 47. Furthermore, the couplings are constrained
such that the potential is bounded from below and that the symmetry breaking vacuum
is the global minimum of the potential. For the 2HDM with (softly broken) Z, symmetry,
the necessary and sufficient conditions on the couplings read [218-222]

M>0, A>0, A==V, A+ — A > =V A (7.162)

To satisfy these bounds, the absolute values of the couplings have to be taken large
uniformly, which limits the possible mass splitting between the heavy scalars. Especially
the perturbative unitarity constraints severely restrict the possible parameter space of the
nondecoupling regime. Nevertheless, masses of Mg < 1 TeV are still possible for m ~ v,
which clearly fulfills the power counting of the nondecoupling regime.

In the decoupling regime, all new physics effects are suppressed by powers of the heavy
mass scale Mg as formalized by the Appelquist-Carazzone decoupling theorem [85]. A
decoupling regime automatically implies the alignment limit cg_, = 0. In this limit, the
h-couplings approach their SM values [208]. An explicit calculation then gives

4
v
C%_a = ngﬁ [)\1 — /\2 + 025(>\1 + )\2 — 2)\345)}2 + O(UG/mﬁ) (7163)

with A3y5 = A3+ A4+ 5. When 2 > v, this indeed approaches zero. As mentioned above,
there is no similar relation in the nondecoupling regime, and thus, cs_, is unconstrained
a priori.

There exist various matching calculations in the decoupling limit, see e.g. 193} 223
224]. In 193], the authors performed matching calculations in the 2HDM to SMEFT and
HEFT and reported that they found agreement in the predictions of both EFTs. This
is, however, unsurprising since they assumed a decoupling scenario for both the SMEFT
and HEFT calculation. In such a weakly coupled scenario, SMEFT and the HEFT are
guaranteed to give identical predictions as they differ only by a field redefinition. In
particular, SMEFT and HEFT can not be distinguished by whether the heavy degrees of
freedom are integrated out before or after spontaneous symmetry breaking.

To illustrate the the two regimes discussed above, we take the hHZ-coupling ds as an
example. It reads

ds = =22 [(mf + 203 — 37)(1 = 26}, + 255 aCs-a c0t 26) + 7] (7.164)
In the nondecoupling regime My ~ Mg > my,, m, so d3 = O(M2), whereas in the decou-
pling regime, the masses and parameters of the model scale as

MZ, M3, M3 =m? + O(v?), m; = O(v?), oo = O(v?/m?) (7.165)

so ds reduces to

2
ds = —% —vs5c5 (A 4 Ag — 2X345) + O(v° /m?) (7.166)

Evidently, all heavy mass dependence has canceled. Similar calculations show that this
cancellation works for all d; and z;. It is now straightforward to see that all nondecoupling
effects vanish in the decoupling-regime. Obviously, all tree-level nondecoupling effects
vanish in the decoupling limit, since they are all proportional to c¢g_,. Also the anomalous
hyy— and hZZ—couplings disappear as the ratio d; as z;/M2 goes to zero in the limit
M g —> Q.
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Tree Level Loop Level
Cv SB—a Cy Sﬁﬁ_ .
Cu Sﬁ_a—i-CB_atEl Cyz %%T‘a
Cq S8—a — Ca—alp | Cq 0

Table 7.1.: LO matching results for the type II 2HDM.

7.6. Phenomenological considerations

To gain insight into the experimental validity of the nondecoupling limit, it is convenient
to compare our matching results with a global HEFT fit. Using LHC run I and II data the
authors of [225] performed such a fit to constrain the following effective HEFT couplings

_ 1 h -
‘Cfit = 20\/ (mwiju + §m2ZZNZ“) ; — ZCf mﬂnﬁ
f

o) Jh o« Jho s N

+ ECWAMVAM ; + ECWZAMVZM ; + E%(GWG“ >; (7167)

with ¢ € {t,b,¢,7,u}. We summarize our matching results in table 7.1} From [225]
several conclusions can be drawn. First of all, the (quasi-) alignment limit appears to
be valid, since the fit result for the Higgs-vector boson coupling ¢y gives a constraint for

SB—a

ey =1.01£0.06 = s5_ > 0.95 (7.168)

~J

where the error is given in the 68% probability interval. Thus, we can infer ¢s_, < 1 and
see that the (quasi-)alignment limit is phenomenologically realized. Using our matching
result for the anomalous Higgs-photon coupling and the constraint for sg_,, we find

¢, € 0.16,0.17] (7.169)

This coupling is bounded from below in the alignment limit (¢, = 1/6) and as such
particularly important. The global HEF'T fit cites the following bound for ¢,

¢, =0.05 + 0.20 (7.170)

We see that our matching result lies within the error bounds and, thus, consistent. If
the constraints on ¢, could be further narrowed, e.g. with more data from the LHC, the
nondecoupling regime could be excluded experimentally. In principle, a photon collider
could probe local couplings of the form h?A,, A" through processes such as yy — hh.
Much stronger bounds for sz_, can be obtained by using global fits for the 2HDM [226,
227) instead of using an EFT approach. However, a detailed analysis lies beyond the
scope of this work.

7.7. Linear EFT

After tackling the nondecoupling limit, let us now consider the decoupling limit. Here
it is convenient to work in the Higgs basis ((5.105)), since to leading order in the EFT
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expansion the heavy states are all contained in the doublet Hy while the doublet H; can
be identified with the SM Higgs doublet. Thus, to obtain the low-energy EFT we can
easily integrate out Hj at tree level, i.e. solve its (classical) equation of motion and plug it
back into the Lagrangian. The resulting linear EFT is SMEFT and we can thus compute
the matching to the Warsaw basis [24]. The dominant EFT effects arise from canonical
dimension 6 terms. This has already been discussed in [193, 224, 22§].

In the Higgs basis the potential takes the following form

V = YiH{H, + Y,H Hy + Y3 <H1TH2 + Hng)

7 7
+ S (H{H))? + TQ(HQHQQ + Zy(H{H\)(HY Hy) + Zy(H] Ho)(HS H,)

21
2

+ [%H;w + (Zo(HHY) + Zo(HH) ) (HIH) + h] (7.171)

where the coefficients are given by

2 2

c
Y, = —% + L2 (m} — M) (7.172)
. mp 1o, 2
Yo =m” — 5 §(M0 — M} )Co—a(Co—a — 255_q cOt(253)) (7.173)
1
Y; = 535_a05_a(M()2 —m3) (7.174)
s3 . mi+c3 M2
7, = Bzah - f-a’ 70 (7.175)
v
2
Zs=— (M} —Ys) (7.176)
MZs%  +mick  + M2 —2M?
Z4 _ 0°8—a h B2a A H (7177)
v
MZs% . +mich , — M3
Zs=—20a  hPra ~ 4 (7.178)
v
2 — M2 —atf—-a
7, = M Ogsﬁ % (7.179)
v
The potential stability conditions imply
Ly L,
Y, = —5v 7, Y3= —5v Zg (7.180)

which can be verified by the explicit expressions. Working in the decoupling limit implies
cg—o < 1 and from ((7.163)) we know

2
Cho=0 (%) (7.181)

Identifying A = m as the heavy scale we can trade Y; for m? since Y, = m? + O(v?).
Now we can integrate out H, at tree level following the usual steps. The solution to the
tree-level equation of motion is given by

Zﬁ 'U2 1
Hy = _ﬁHl (H}LHl — 3) +0 (%) (7.182)
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Plugging this back into the Lagrangian (assuming as before a type II Yukawa sector)

L 72 , 72 Z2
L=D,HID"H, — (Y, —v* =5 ) (HIH)) — = [ 20 + 2028 ) (HIH)? + 28 (HTH))?
4Y, Y5 Y)

_ Z 2
— ((jLCBHlydP_QR + lL65H1§/eP_lR + hC) |:1 + tg (HTHl — %):|

~ 7 2
— (QLSBHIYLLP—QR + hC) |:1 — t_lmG <HTH1 — 3):| (7183)

At the order we are working we can identify H; with the SM Higgs doublet ¢. Comparing
with the Warsaw basis it is easy to see that the following dimension six operators are
generated

CHu

L= % (¢T¢)3 [ (¢T¢) (CYLUR§Z~5> + % (¢T¢) (qrdro)

C

He
+ A2

(¢7¢) (Irerg) + h.c.] (7.184)

Note that the operators Qyn and QQup are absent. Therefore, it is not necessary to
perform a field redefinition to canonically renormalize the kinetic term. The Wilson
coefficients for the SMEFT operators are

Cy  Z§g o, ™ 1

Ty, TG O\ (7159)
C d Cp— 1

S —f—tﬁ— \/——tg e 0 (P) (7.186)
CHe o M ZG M 1

2O 2 (+) (7.187)
Conu _ sMu, 1 Zs _ M 1 Chea 1

= Vas 2=t e 0 (7.188)

To bring the Lagrangian to a HEFT-like form we use the exponential parameterization

0
ot hy (7.189)

H, =
V2 1

The complete EFT Lagrangian up to terms of order 1/M3 is given by

1 m2 02 h  h?
= —9,hdo"h — —2h?2 + —(D, U D" 1+2— 4+ —
L £0+28#a 5 +4<#U U>(+U+U2)

o o () (o) ()38 e ()

. h\ 3 M\’ 1 n\?
—(Jp+J5) [T+ (1 —tscp-a) (;) — 5t8C-a <;) — 5t8C-a (;) ]

. A\ 3 AN h\*?
— (Jfg + JfQ) 1 + (1 + t,B CB ) (Z) + §t6 Cﬁ—oz (;) + 575/3; Cﬁ—oc (;)
' (7.190)
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where we defined

m

=yt 7.191
§=cp _— ( )

Tree level corrections to this Lagrangian are of O(Mg ). We observe that the Higgs cou-
pling in are reduced with respect to their SM values. In contrast to SM singlet extension
the coefficients of the Flare function does not receive corrections since no field redefinition
is necessary (Cp in = 0). Also now the Higgs self-couplings are correlated which was not
the case before in the nonlinear EFT. In addition, the linear EFT only contains terms up
to h® in the potential, since it is organized by canonical dimensions and we work up to
dimension six. We can further illustrate the difference between linear and nonlinear EFT
by looking at the hh — hh amplitude [119] at tree level. In the full 2HDM the amplitude
is M = My + Ms, where

(7.192)

1 1 1

Py v VALV

consists of the local, quartic h self-coupling and Hy boson exchange. Here s,t,u denote
the usual Mandelstam variables. The nonlocal contribution from h-exchange is given by

1 1 1 }

My = —36d; { + (7.193)

+
2 2 2
s—m; t—m; u—my

M, is the same in the full theory and in the EFT, which is why we concentrate on M
in the following. Integrating out a heavy resonance in the diagrammatic picture implies
expanding the propagator

1 1 o= s"
_:__E:_ 7.194
s — M Mg & Mg ( )

Making use of the property s+t +u = 4m? and keeping in mind that in the nondecoupling
limit vdy ~ M2 we find

d? d2m?
=24z +12—% + 1621 7.195
Ml 21+ Mg + Mé ( )
Inserting the parametrization dy = MZ2dy + do, 2y = M2z10 + 21
Mg 2 2 _ 720 1
0

The term oc M vanishes and taking the limit M, — oo gives

4 43%5 6 mj
(7.197)

m; |1 G, (1 m2
Ml = —12— |- — —(7 — 1262(5+a) — 19C4a) — (1 — 202a625 — 364a)—2

which reproduces the amplitude from the local h*-amplitude coming from (7.44). In the
linear EFT on the other hand the couplings scale as

3 m> 1m? 5 1
dg = —§Cg_a7, 21 = —gﬁ (1 - 35 +0O <_>) (7'198)
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Here v ds is of O(1) and z; includes dimension six corrections such that the expression for
the amplitude becomes

d; mj, (1 2

which reproduces the amplitude from the local, quartic hA-vertex in the nonlinear theory

(7-190).

7.8. Discussion

In this chapter, we have derived the low-energy EFT at the electroweak scale for the
2HDM in the nondecoupling regime. In this strongly coupled region of parameter space,
the resulting EFT takes the form of an electroweak chiral Lagrangian, also known as
HEFT or nonlinear EFT. Employing functional methods throughout the matching pro-
cedure, we present an algorithm to compute the Higgs-dependent functions characteristic
of a nonlinear EFT to arbitrary orders in the Higgs field h. In addition to the results of
[2], we include a discussion of tree-level generated four-fermion operators and explicitly
compute the coefficient of the custodial symmetry-violating operator (J3,. To highlight
the advantages of the functional approach, we contrast it with the diagrammatic match-
ing procedure by deriving the loop-induced local operators contributing to h — v and
h — ~Z using both methods. These anomalous Higgs—gauge boson couplings exhibit
nondecoupling behavior that persists even in the alignment limit, making them promising
targets for future experimental tests.

7.9. Appendix: Exact solution for Hy(h)

In this appendix, we integrate out the heavy scalar field H by solving its equation of
motion. We present an exact analytic solution for the leading-order term Hy(h) of O(1),
that arises from solving the equation of motion at O(M2). This implies that we can set
A = H* = 0 in this approximation. The calculation is analogous to the one presented in
the Appendix of [119]. To calculate Hy only terms of O(M2) need to be retained in the
Lagrangian. In this limit reads

A A
Lor = —mi ¢ — mey} — 01 = 565 — hande} (7.200)
while ¢? = (v, + h,)?/2 and

M2 2 M2 2 M2 ata

)\1:_200_37 >‘2:_208_gv )\3455>\3+)\4+)‘5:_2OSC

v? g v? s v SpCp
m?, — Mo <C§ + M) oz, = Mo <5§ + M) (7.201)

2 Sg 2 Sp

Expressing the ¢,, through h and H we obtain

01 = (cgv + coH — s4h)

1
V2
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1
P2 = 72 (850 + 8o + cah) (7.202)

For convenience we define the combination

R? = Z—"‘gb% + 2o g2 (7.203)
B Sp

The Lagrangian ((7.200)) then takes the form

M2 M2
L = 70 (SaSp + Cacs) R* — 2—1)‘;}‘{4 (7.204)
The equation of motion for H reads
oL oL OR?
SH = 3R OH (7.205)

The question is now to determine which factor of the product %%—Iﬁ contains the relevant

solution Hy(h). Here we are integrating out H at tree level using functional methods, i.e.
we solve the equation of motion and reinsert the solution Hy(h) back into the Lagrangian
to obtain an effective Lagrangian. This is equivalent to matching all possible tree level
diagrams with internal H lines to an effective, low-energy Lagrangian for h. Let us
therefore consider a general diagram with H lines only. Recalling the form of the H
Lagrangian , such a general diagram contains a number V,, of vertices J,H"(n =
1,...,4), P H-field propagators, and L Loops. From the standard topological identities

2P = Vi +2Va + 3V3 + 4V,
L=P—-WVi+Va+Vs+Vy)+1 (7.206)

we can deduce

Vs -V

L=Vi+ +1 (7.207)

As we are working at tree level we may set L = 0 and obtain
Vi=Vs+2V,+2 (7.208)

This relation tells us that Vi > 2 since V3,V, > 0. As a result, the tree-level effective
Lagrangian has to start at O(J?) and Hy accordingly at O(J;). Since J; = O(h?) we
know that Hy(h) = O(h?).

Following these considerations we can discard the solution for Hy(h) of the form

OR? s2c S C2 33
= — = aa  %a h = = H 2
0 Vi 1)—1—( 5 p ) +<35+Cﬁ> (7.209)

since it is linear in h.
The relevant solution to the equation of motion, therefore, follows from AL/0R* = 0,
which is quadratic in H. It can be written as

v? v?

R* = 5 (SasSp + CaCs) = 5 Co-a (7.210)
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This result confirms that the absence of any non-trivial terms of O(M32) in the effective
Lagrangian. From it follows that the Hy(h) satisfies R?(h, Hy(h)) = const., which,
reinserted into , gives a field-independent, irrelevant constant. From we
can finally deduce

3 3 2
Sa + Ca s2c SaC2

Zaax  ZQTa
sg cs (’U + < sg s h

Furthermore, we note that the combination

52 ca B SaC2 ﬁ i SaC s2cq 2
Ho(h U+(55 Cﬂ)h (Sﬁ+cﬁ)<56 T Cﬁ>h
o(h) = 1 —1 (7.211)

2 2

Pafa | Bala o 1= 205 + 205 a85acot(28)] (7.212)
Sp cp
vanishes in the alignment limit. The square root in (7.211]) then reduces to 1 and as
a result Hyo(h) = 0. In conclusion, all tree-level nondecoupling effects vanish in the

alignment limit.
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8. Anomalous HEFT couplings for
Off-shell Higgs in g9 — Z; 7}

In the last chapter, we performed a top-down matching calculation and matched the
2HDM in the nondecoupling limit to the Electroweak Chiral Lagrangian. Now, we turn
to an example where the HEFT is used as a bottom-up EFT in a high-energy process to
parametrize the effects of an unknown UV sector. In this chapter, we analyze (longitu-
dinal) Z-boson production via gluon fusion gg — Z;Z; with anomalous couplings from
the EwChL. Using this process, we illustrate how the EwChL is systematically applied,
emphasizing the role of loop orders and chiral dimensions in the selection of operators. In
our analysis, we focus especially on the kinematic region where the virtual Higgs boson in
the s-channel is highly off-shell. This kinematic region is of particular interest since the
effects of some new physics operators grow sharply with increasing center-of-mass energy.
We will demonstrate, however, that this behavior should not be taken at face value since
EFT corrections should remain small for the effective description to be valid.

Vector boson production via gluon fusion has been widely discussed in the literature. It
was suggested to use off-shell Higgs events in pp — ZZ to constrain the Higgs decay
width [229]. The process pp — ZZ has also been studied in a SMEFT context [230].
Recently, there has been renewed interest in HEFT treatments for gg — ZZ where the
Higgs boson is off-shell [231]. To our knowledge, however, there are no studies in the lit-
erature where the HEF'T is applied systematically with a non-redundant operator basis.
Therefore, our motivation in this chapter is to showcase the consistent application of the
Higgs-EwChL rather than providing a detailed phenomenological study. While we do not
provide a complete next-to-leading order (NLO) calculation in the EFT, we explain which
contributions would be required for such an undertaking.

We calculate the corresponding Goldstone process gg — %@ in this chapter and find
that at leading order in the EFT, only three anomalous couplings are needed.

The chapter is organized as follows. In Sec. we introduce the anomalous couplings
from the electroweak chiral Lagrangian relevant for the process gg — ZZ and classify
them by their order in the EFT expansion, distinguishing leading from subleading con-
tributions. In Sec. [8.2] we present a warm-up analysis of the tf — ZZ amplitude, which
gives insight into the full gg — ZZ amplitude and exposes potential unitarity-violating
effects in the EFT. Sec. is devoted to the computation of the gg — Z;Z; amplitude:
we include the anomalous couplings, study its asymptotic behavior at large s, and provide
a quantitative estimate of the next-to-leading order effects. We discuss phenomenological
implications in Sec. [8.4] and Sec. collects additional technical details of the calcula-
tion as an appendix. This chapter is based on the publication [3|, where the author of
this thesis is a co-author.
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Effective field theory framework for gg — ZZ

8.1. Effective field theory framework for g9 — 77

8.1.1. Electroweak chiral Lagrangian

We employ the Electroweak chiral Lagrangian (HEFT) in this chapter. The HEFT La-
grangian at leading order is defined in and (3.23). At next-to-leading order in the
chiral counting several new operators enter the process. A basis of NLO operators with
chiral dimension four has been compiled in [40], where the operators are divided into seven
classes: UhD? UhD*, X%h, XUhD? 1)?UhD,¢¥*UhD?, and ¢*Uh. Out of these we list all
the operators than can contribute to the process gg — ZZ at leading and next-to-leading
order in the chiral counting

UhD?: Qg = (T3U'D,U)*p (8.1)

UhD?: Qp,=(D"U'D,U)? Qps= (D, UD,U){D'U'D"U)
Qpr = (D"U'D,U)YO,m0"n, Qps = (D, U'D,U)"n0"n
Qp11 = (6%775’“77)2 (8.2)

th : QXhl = QIQBWBW% QXhQ = 92<Wuuwuy>n
QXhZS = g§<GuuGuy>7] (83)

XURD?: Qxu1 =g 9B, W UTUYY,  Qxur = 2ig B, (TsD*UTD*U)n
Qxvur = 2ig(WWD“UD”UT>77 (8.4)

¢2UhD . Q¢V1 = CYL’}/MC]L Z<T3UTDMU>, szVQ = (jL’)/MUTgUTqL'L<T3UJrDMU>
Qwv4 = Z_LR’VMURi<T3UTDNU>, Qwvg, = C{R’}/udRZ'<T3UTDMU> (85)

Y2URD :  Qus1 = GLUPqr (D,UDMUY,  Qusa = GLUP_qr (D, UTD*U)  (8.6)

where we used the notation n = h/v.

We have omitted to write down the four-fermion operators of class ¥*Uh, since they
contribute only at NNLO. Our operator selection is based on the premise of CP conser-
vation and we have selected the terms with powers of the Higgs field h" relevant for the
process under consideration. In addition, we need to include two NNLO operators at
chiral dimension 6 in our analysis

Qcur = g2(GuwG"™ Y (D\UTDU),  Qeuz = g2(GGr)(DFUTD U) (8.7)

which give rise to local ggZ 7 interactions.

The authors of Ref. [231] use a different set of (redundant) HEFT operators to parametrize
new-physics effects in ZZ production. We have explicitly checked that their set can be
reduced to our selection of operators using integration by parts and the equation of motion.
In addition, they have included d, = 4 operators with the explicit custodial-symmetry
breaking factor 7. Since those factors are accompanied with additional weak coupling
factors, we take them as subleading and do not consider them in our analysis.

In the following, we discuss at which order in the EFT the operators listed above enter
the amplitude for gg — ZZ.
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Anomalous HEFT couplings for Off-shell Higgs in g9 — Z1Z1,

8.1.2. EFT applied to g9 — ZZ - overview

To define the leading order in the EFT expansion it is important to keep in mind that the
process is induced at the one-loop order, which therefore constitutes the LO in the EFT.
At LO we have to consider all one-loop topologies with any number of LO vertices and all
tree diagrams with a single insertion of a NLO vertex. The corresponding diagrams for
99 — ZZ at LO in the EFT are shown in Figure [8.1] There are the one-loop topologies
(a),(b) whereas diagram (c) is a tree graph with a single insertion of a NLO vertex. In

RS

ES

(@ (b) (©

Figure 8.1.: Diagrams for gg — ZZ at leading order in the chiral counting. Black circles
and black squares denote vertices from the LO and NLO Lagrangian, respec-
tively. Additional diagrams with permutations of the external legs are not
explicitly shown.

all diagrams any number of vertices from the LO d, = 2 Lagrangian is allowed, but note
that diagram (b) does not contain any anomalous couplings, since the gluon-quark and
Z-boson-quark interactions are SM-like at LO. It obvious to see from Fig. that new
physics in gg — ZZ is described by three parameters.

Although we will not attempt to provide a complete calculation of EFT corrections at
next-to-leading order for gg — ZZ we still would like to present an overview over all
contributions that would be required in such an analysis. Here next-to-leading order is
equivalent to two-loop order in the chiral counting. Representative contributions can be
found in Fig. 8.2 The NLO contributions can be divided into three classes: (I) two-loop
topologies with an arbitrary number of LO vertices (diagrams (f) and (g)), (II) one-loop
topologies with one insertion of a NLO vertex and any number of LO vertices (diagram
(a),(b),(c)) and (III) tree graphs with either two insertions of NLO vertices (diagram (d))

or one NNLO vertex (diagram (e)). The operators listed in (8.1)-(8.6) and (8.7)) enter the
various graphs in Fig. as follows

(a) : Qxn1, Qxnz, Qxuvt (d) : Qxnz, Qxni, Qxnz, Qxu1
(b) : Qust, Qus2 (e) : Qout, Qavr (8.8)
(c): Quvi, Quva, Quva, Quvs

We have omitted the NLO effect coming from (), since the corresponding vertex has the
same form a the hZZ coupling c at leading order and can, therefore, the coefficient Cpg,
can be absorbed into ¢z as a NLO correction.

Some d, = 4 operators contribute to the gg — ZZ amplitude only beyond next-to-
leading (2-loop) order and, as a result, should be dropped at our level of approximation.
Representative example of such cases have been compiled in Fig. They come from
operators in the class UhD* (a), from Qxy7 and Qxps of class XUhD? (b), and from the
4-fermion interactions of class ¥*Uh (c). In the chiral counting, these graphs are all of

117



Effective field theory framework for gg — ZZ

P

P
T T

(9)

(©

Figure 8.2.: Representative diagrams for gg — ZZ at next-to-leading order in the chiral
counting. Black circles, black squares and crossed squares denote vertices
from the LO, NLO and NNLO Lagrangian, respectively.

(@) (b)

Figure 8.3.: Sample diagrams for gg — ZZ with operators from the Lagrangian at chiral
dimension 4, which would only contribute at next-to-next-to-leading (3-loop)
order to this process. Black squares denote vertices from the NLO Lagrangian,
respectively.

three-loop order since a NLO operator is inserted in a two-loop topology diagram.
In principle, higher-order QCD corrections [232, 233] could be included. QCD corrections
are based on an expansion in the strong coupling g; and can be discussed independently
of the EFT loop expansion. However, this is beyond the scope of this work, which is
based on the systematics of the EFT expansion.

The relevant terms form £y and L4 entering the gg — ZZ amplitude at leading order
are

h

h
L10int = = m% 2, 7" — Zcfmfff = ngh_GA Ay (3.9)

And next-to-leading order terms from L4 + Lg,

Lint.nro = Cs,Qp, + Cxni@xn + Cxn2Qxne + Cxin@xui
+ Cyvi1Quvi + CyvaQuva + CyvaQyva + CyuvsQuvs

+ Cys1(Qys1 +h.c.) + C¢S2(Q¢82 +h.c.) + Cav1Qcuvr + Cav2Qcu2  (8.10)

h h
D) C@lmz ZZ —I— CZZh_Z Viad

2

— —Z (CwVL t_L’}/utL + Cq/,VR Z?R’)/MtR) + g—zc¢51ZMZH Et
2wy 2¢qy
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+ %—CGUIGA GAW 7, 7 + 94 CGUQG“G A (8.11)

where the terms with Cgyq 2 have d, = 6, the others d,, = 4, and
2 /

(6%
8_7TCZZh = 9/28‘24/0Xh1 + %C%/V'CX}LQ — %chWcXUl (812)

1
C'va = Cwm + §C¢V27 C¢VR = Cwm (8-13)

In we have only retained the top-quark contributions from the operators with
fermions since those dominate for longitudinal Z-bosons at high energy. The anomalous Z-
fermion gauge couplings, parameterized by Cyy; are constrained by electroweak precision
LEP measurements [234].

8.2. Anomalous Higgs couplings in tt — ZZ

It is instructive to first investigate the subprocess tt — ZZ to study perturbative unitarity
violation in the full process. The relevant diagrams are displayed in Fig. [8.4l The matrix
element for the process t(ky)t(ks) — Z(p1, p)Z(pa, v) is given by

M = gy e e, MM (8.14)
Here €,, €, are the Z-polarization vectors and

MMV _ @(k@) (Ut + at’Y5) 71/ (]?/1 - 9/1 + mt) (Ut —+ at'75) ’Y“U<k1)

t —m?
B 0(ks) (v + ayys) v* (/ifl —pe+ mt) (v + ayys) v u(ky)
u—m3
m m
+ thvct—s g miﬁ(ké)u(kl) (8.15)
Here we defined [235]
g my 1 2 1
97= C=20 w=goghw a=g (8.16)

In the limit m; — 0 the amplitude satisfies the Ward identities p;, M"" = py, M* =0
The leading contribution to the squared spin-averaged matrix element that is propor-
tional to s is given by

1
—Z M2 = 22"; (1 - ciey)? + O(s°) (8.17)
spins

It is obvious that this perturbative unitarity violating contribution vanishes in the SM
(¢t = ¢y = 1). In the SM the leading term is the O(s") contribution

4
}1 > Mgyl = %2%% (16275 (£* + u?) (645}, — 96s%;, + 108sy, — 5dspy,)

spins
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+144xy 57y (4shy — 3) 87 + 162 (2 + 2% + 1) (£ + ) —81s*] + O (s77)
(8.18)

where we used the notation z; = m;/m;. We may use Goldstone equivalence to study the
behavior of the amplitude for large values of s. In the Goldstone limit the amplitude is
given by

my S
M :U—;v(kg)u(/ﬁ) (1 — ey mg)

- R

N m} <77(/€2)75(k1 — P, + mu)ysulkn) N (ko) s (ky — p, + mt)%“(kl)) (8.19)

v? t —m? u—m?

Here the the unitarity violating part of the amplitude is directly visible.

ST

(a) (b) (©

Figure 8.4.: Diagrams for tt — ZZ at leading order in the chiral counting. Black circles
denote vertices from the LO Lagrangian.

8.3. Anomalous Higgs couplings in gg — 7,7}

In this section, we investigate the process gg — ¢, which is by the Goldstone equiva-
lence theorem [188, 236] equivalent to the original process in the high energy limit. We
show the diagrams for gg — ¢"0° at leading order in Figs. and . Note the addi-
tional topology in diagram (b) of Fig. that is not present in the process gg — ZZ. It
reproduces the large s behavior of the box diagrams (b) of Fig. and is vital to cancel
the unitarity violating part o In?s of the amplitude in the SM.

@ (b) ©

Figure 8.5.: Tree-level and triangle graphs. Black circles and black squares denote vertices
from the LO and NLO Lagrangian, respectively. Additional diagrams with
permutations of the external legs are not explicitly shown.
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7z
7’
7
7
7z
7z

| FA N

(d) (e) )

Figure 8.6.: Box graphs, Background

We have collected the relevant couplings entering the leading order Goldstone amplitude
in the form of an interaction Lagrangian.

my — my — h h- o h
Lint.LO = z'—tt%tgoo + —ttt(goo)2 + ¢y 8#<p08“300— — e my—tt + — Cggn— GAZ,GA‘“’
’ v V2 v v R v P

2
(8.20)

8.3.1. General Structure
The amplitude for the process g(ky, €1) g(ka, €2) — ©°(p1) ¢"(p2) can be decomposed as

MAB = §AB M ¢y ey, (8.21)
uv Qs mz% uv uv
MHP = — (Ar(s, t,u) T + Ag(s, t,u) T5") (8.22)

Here ki, ko are the gluon momenta and pq, ps the Goldstone momenta, where
K=ki=pi=p3=0 (8.23)
and we introduced the usual Mandelstam variables
s=(ki+k)? t=(ki—p)’ u=(ky—p1)’ (8.24)

The amplitudes with longitudinal polarization €7 (p) of the Z boson at high energy are
related to the Goldstone limit through the replacement ¢} (p) — ip*/my. A, B are the
color indices and €;,, €5, are the polarization vectors of the gluons. We define the two
linearly independent tensor structures

kY kY
W = g — 12 8.25
1 g ey - o ( )
ki - ko kypy kY
T,ul/ — uv + Ho v 211 _ 11 826
? g (k1 -p1) (k2 - p1) P ky-p1 ki-p ( )
They satisfy

Ty-T,=0, Tv-Ty=T-Ty=2, K'T,;?=kT,=0 (8.27)

The two factors correspond to two independent helicity configurations. The part propor-
tional A; corresponds to the case where the gluon helicities have the same sign, that is,
++4 or ——, and As encodes the opposite helicitiy amplitude, i.e. +— and —+. This can
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be seen by considering an explicit representation of the momenta in the center-of-mass
frame

= \/75(1,0,0, DT, k= ?(1,0,0, —T, ph = ?(1,0,Sin«9,cos 0T (8.28)
Here 6 is the scattering angle. The gluon polarization vectors with positive and negative
helicity
1

(0,1,7,0), € (k1) = i (ky) = E(o, 1,—i,0)7" (8.29)

ehhn) = (k) =

Thus,
Ei(kl)éi(kﬁg)Tluy = —1, Ei(k’l)ﬁi(k’g)Tguy = O (830)

and
61(14)1)6%(]62)75/“, = —1, Ei(kl)E;(kQ>T1/W =0 (831)

The helicity amplitudes do not interfere and the spin- and color averaged matrix element
squared reads

2 4
s Ty

M| = 1672 ot (J 41> + |A2)?) (8.32)
The differential cross section is then given by
do 11—
dcos® 327rs|M| (8.:33)

8.3.2. Form factors at leading order

The two form factors at LO in the EFT are given by

Ay(s, ) =— ({1 . %C’(s)s (1 - 4m3)} [s (1= crey) —m2] — Mﬁ)

2
s —mj s

_ % [2+ dm2C(s) + sm? (D(s,t) + D(s,u) + D¢, u))] (8.34)

11
As(s,t,u) = — i 25 (£ +u®) C(s) +26°C(t) + 2u*C(u) — st>D(s, t) — su’D(s, u)

+2stumf (D(s,t) + D(s,u) + D(t, u))] (8.35)

Our results are consistent with [235] in the limit m; — 0. For parts of the calculation
and cross-checks FeynCalc [237-240] and Package-X [200, [201] proved useful. The precise
definitions of the loop functions C, D are given in the Appendix ,. The first
line of comes from the diagrams in Fig. m while the second line stems from the
box diagrams of Fig. [8.6l Only the box diagrams of Fig. contribute to As. Details
of the calculation are given at the end of this chapter in Sec. [8.6] The impact of the
anomalous couplings is most clearly seen in the asymptotic behavior of the form factors
for large s. Keeping the scattering angle 6 fixed, the variables ¢t and u scale with s for
s — o0. In this limit one finds

1 —s s +m3 1
Ay(s) = -1+ {_é_l log? s + 1} (1 —cey) — cygnev pr h 0O (;) (8.36)

122



Anomalous HEFT couplings for Off-shell Higgs in g9 — Z1Z1,

Note that the first term leading to a log® s growth of the amplitude is absent in the SM
(¢; = ¢y = 1), since it will lead to unitarity violation. In the SM the leading term decays

like @. The asymptotic expression of A, is given by

1t s t S 1
Ay(s,t,u) = —=—log? — +im [ — log — t - 8.37
o(s,t,u) 10108 _t+z7r<2u og_t>+{ @u}—l—(’)(s) (8.37)
This expression is of order unity and takes the special values
K
As(s = o0)|i0 = i5
1
As(s = 00)|ymiz—s/2 = -5 In?2 +irIn2 = —0.240 + 2.18i (8.38)

8.3.3. Subleading EFT corrections

Having discussed the various local operators entering gg — Z; 2, at next-to-leading order,
we analyze how they enter the amplitude. We reiterate that we do not attempt a full
NLO calculation, but rather take the corrections from these operators as representative
for the other terms. To remain within the range of validity of the EFT these effects need
to be subdominant. Typical next-to-leading order terms carry a parametric suppression
of

v? B v? €

M2 1672f2 1672
where f is the scale of the (strongly-coupled) Higgs sector, M = 4xf a typical resonance
mass acting as the EFT cut-off, and the vacuum tilting parameter £ = v?/f2. For nu-
merical estimates we will assume f a~ 0.7TeV and M ~ 8TeV as representative values.
We emphasize that these values should be understood as rough order-of-magnitude es-
timates. The nonlinear EFT is valid for energies sufficiently below the cut-off scale, i.e.
s~ f2< M

In the following we discuss how the different operators enter the amplitude.

(8.39)

d, = 4 operator ¢*y, Z, Z"tt : Cys
In the Goldstone limit, this operator gives a contribution to the Lagrangian of the form
2 O 0=
£¢51 = Cd}SlF 3ug0 8“(,0 it (840)

The insertion of this operator in diagram (b) of Fig. gives rise to a correction of the

form factor A; (8.34) by
1 4m?
AAYS = [1 - 580(8) (1 ~ )} (—2s) Cust

S my

1 —S C S1
= 2% — + 1| (—25) =25 L O(s” 8.41
s 20 o) (8.41)
where the second line is the leading term in the asymptotic expansion for large s. The
typical size of the coefficient Cyg1 can be estimated by considering a toy model with a
heavy scalar H with Higgs-like couplings of the form

1

L= —5M*H? + g(a“UTauU)H - %H it (8.42)
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Integrating out H at tree level, generates the operator ()ys1 + h.c. with a coefficient

Cos1 1 ¢ 1

m;  2M? 16m2u?

(8.43)

where £ = v?/f? and M = 4xf, in agreement with the power counting expectation. In
the 2HDM (see Chapter [7)) the corresponding Wilson coefficient is given by

Cysi Ch—a 1
= - —a T —« t ~ T3
my 2M02 (CB S,B co 6) QMg

(8.44)
which follows the same power counting.

d, = 4 operators ¢°Z, i7"t g : Cyvir

The operators in this class modify the coupling of the Z boson to top-quarks and enter
the box diagrams as shown in Fig. 8.2 (¢). In the Goldstone limit these operators lead to
an interaction Lagrangian of the form

Lovir = —Cuvrtints 0,9 — Cyvrtry*tr 0,¢° (8.45)

Using integration by parts to shift the partial derivative and using the equation of motion

idt, = my(1+iotr, i@t = my(1 — ")ty (8.46)
leads to
.y oy 07 my 0N2 T
Lyvir = —i- = ¢ tyst + 5 50v (p)" 1t (8.47)
where
(SV = 2(C¢VL — C¢VR) (848)

In the Goldstone limit these couplings enter the box diagrams (d)-(f) in Fig. and the
triangle diagram (b) in Fig. [8.5, which reproduces the high-energy behavior of the box
diagram (b) for the full Z case in Fig. and give a correction factor of

140y (849)

for the entire box contribution (the contributions to A,/ in (8.34) and (8.35)). The
correction from Jdy has an impact on the terms that grow with s in A;, entering the
asymptotic amplitude as

1. .,—s s +m? 1
Aq(s,t,u) = 2 In? " 1+ dy — ciev] — cey — cggney 2 h 4O (;) (8.50)
t t

0y thus contributes to the logarithmic growth of A; in addition to 1 — ¢;¢yy. Parametri-
cally, &y ~ £/(167?), which is subleading to 1 — ¢;cy ~ & and numerically negligible.
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Z prime

The operators in this class are generated within a model featuring a heavy Z’ boson.
We consider a general framework in which the Standard Model (SM) is extended by a
U(1) symmetry, and the associated Z’' boson is a singlet under the SM gauge group.
Different classes of Z’ models are distinguished by the U(1)" charges assigned to the SM
fields. The mass of the Z’ boson can arise either via spontaneous breaking of the U(1)’
symmetry or through the Stiickelberg mechanism [241-243]. A summary of the various
model realizations is provided in [244]. To account for the coupling of the Z’' to the
Goldstone matrix U, we extend its covariant derivative as follows:

where gp denotes the U(1) gauge coupling, and @; = O(1) represent the U(1)" charges
of the SM fields. Following [244], we consider the general Lagrangian:

1 M2/
L=—32,2" +—2,2" = Z,]" (8.52)

and integrate out the Z’ boson at tree level. For simplicity, we neglect kinetic mixing
effects. The current J, is defined as:

‘]M = —igDU2<UTDMUT3> + ap (QtLEL’VutL + QtRLTR’)/MtR) (853)

where we retain only the Z’ couplings to the Goldstone bosons and the top quark. Inte-
grating out the Z’ yields the effective Lagrangian:

g, JH*
Log = — £ 8.54
T o, (8.54)
which generates the operators QQyyv1/4 with coefficients:
2
vt 9 §
va1/4 = M_%IQDQUQtL/R ~ @ (8-55)

in agreement with our power counting expectations. Here, gp = O(1) reflects the as-
sumption that SM fermions couple weakly to the heavy sector.

d,, = 6 operator g>g*(G*)?*Z%: Carijo

The d,, = 6 operators lead to a NLO contribution in the form of a purely local interaction
as illustrated in Fig. [8.1] (e). To compute the relevant matrix elements we expand

2 2
Qaun 2 3 (DAL A = 9, AL AM) 03" (8.56)

2

2
Qcvs O % (20, A0, A2 — O\ AADP AL — 9,40, AL) 9PV (8.57)

The matrix elements can then be computed

0.0 _ 9_§5AB4_52TW
("’ |Qanlgg) = 5077 ST eruean (8.58)

125



Anomalous Higgs couplings in g9 — Z1 2y,

2
S 1 14
<900§00‘QGU2|99> = %MBF [—SQTfL + 2utT2“} €1u€20 (8.59)

The formfactors including our specific NLO and NNLO effects reads

1 4m?
ANEO(5) = —2th¢51% {1 - 580(8) <1 ~ )] (8.60)

n S

Their coefficients can be estimated following the above considerations yielding

1 1
C ~ = 8.61
U2~ (167r2)2€ (8.61)
This leads to a form factor correction of
AAGU 22 ! AAGU 2 U
1 (S) = 8w W CGUl - ZOG’U2 y 92 (3) =4m WCGU2 (862)
t t

Again we estimate the typical size of the coefficients from a toy model with a heavy scalar

H
H 4

1oy 0 ¥ Qs Apv
Lyg= —§M H* + 5(5’“U 0,U)H + 8_7rcggH;G“”G ’ (8.63)
which gives
CaogH 1
C =9 ~ C =0 8.64
R < VERRE 7 =) VEMN (8.64)
This shifts A; by
GU,H s 8
AAl = MWCQQH (865)
which can be interpreted as a correction to the cygncy term in Ay
s
CgghCv — CgghCv — CQQHW (866)

The relative correction is of order s/M? ~ f?/M? and again small. Naively, the contact
interactions in Fig. (e) leading to a quadratic s-dependence would seem to
dominate over the leading-order results. However, our discussion of the toy model reveals
that these contributions remain subleading for large s, as long as we stay within the range
of validity of the EFT, i.e. /s < M. For smaller values of s, on the other hand, the
quadratic s dependence implies a particularly strong suppression.

8.3.4. Toy models for c ),

To get an idea of the typical size of the coefficient c,4, we investigate two toy models
where c,gp, is generated from the exchange of heavy resonances.

First of all, we consider a heavy, vector-like Dirac fermion () that can couple directly to
the Higgs singlet

Lo = Qi — Ma)Q —yhQQ (8.67)
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where Mg =~ 4r f is the resonance mass, and y ~ 47 is the (strong) coupling of the Higgs
boson to the vector-quark. Similarly to the top quark, a vector-like quark gives rise to
triangle diagrams at one loop, generating the local coupling c,g, as a first approximation.
Integrating out () at one loop gives a contribution to A; that we implement by replacing

Cgh — Cogn(s) = M Fo(s) (8.68)
Q
where the function Fy is given by
Fo(s) = 1 [1+(1—T‘1)arcsin2\/ﬂ = g+17+i72+--- (8.69)
N T 345 63 '

and 7 = 5/4M. The matching result for ¢y, is therefore

2yqu
Cagh = 5]\/[&@ ~VE (8.70)

in accordance with our power counting expectation. For values of s well below the pro-
duction threshold /s = 2Mg the local approximation of cy.u(s), corresponding to the
7 = 0 limit, is rather reliable even for sizable values of 7 [230]. This is analogous to the
well-known fact in the SM that the Higgs-gluon coupling mediated by a top-quark-loop is
well approximated by a local coupling for energies below 2m; [245]. For instance, even for
a large energy /s = My already outside the range of validity of the EFT, Fy(0) = 0.6667
is changed only to Fyp(1/4) = 0.7101. For lower energies where the EFT is valid the
difference between the local approximation and the full s-dependence become almost neg-
ligible. Specifically for /s = 1TeV and My = 8TeV, we have Fy(r) = 0.6673 which is
basically unchanged compared to the s = 0 limit. Treating the Higgs-gluon coupling from
new physics as a local operator with coefficient ¢4, should, therefore, be an excellent
approximation throughout the range of validity of the EFT. As a second example, we
consider a model with a heavy, colored scalar S in a representation R of SU(3) coupled
to the Higgs singlet h

Ls=D,STD"S — M2S'S — kh STS (8.71)

where the color indices have been suppressed. We allow x ~ 47 Mg in the strong-coupling
case. The covariant derivative here is given by

D,S = (0, +ig,THG1)S (8.72)

where T} are the SU(3) generators in the representation R. The effects of integrating
out S at the one-loop level on the leading order form factor A; are taken into account by
replacing

KU

oo = 33T (R) Fs(5) (8.73)

Here T'(R) is the index of the representation R and the loop function

1 in? 1 4 272
=2—(M—1)=-+—T+ LT (8.74)
T T

F -
s(5) 6 45 ' 35
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where 7 = s/4M3. To obtain the matching result for the local operator gy, only the
leading term in the expansion in 7 is relevant. For a scalar octet (T'(8) = 3) we get

kvl
Cosh = 325~ Ve (8.75)

which agrees with our power counting expectation. Again for /s = 1TeV and Mg =
8 TeV, we have Fg(7) = 0.1670, which is very close to Fs(0) = 0.1667.

8.3.5. RGE effects

Another class of NLO contributions arises from the renormalization-group (RG) running of
the leading-order anomalous couplings. The one-loop renormalization of the Higgs—Elec-
troweak Chiral Lagrangian was computed in [196, 246] (see also [247]). At this order, the
beta function for cyg, vanishes, so we only need to consider the RG evolution of ¢y and
¢;. The beta-function of the coefficient ¢; is defined by

dCi
dln p

B., = 1672 (8.76)

At one loop f,, and ., read (retaining only the top-quark contribution from the Yukawa
sector)

3 v? 2
ﬁcv = gm—CV( %/ — Cgv)(3g4 + 2929/2 -+ g ) + %CV [37(02\/ — C%/) + 17(1 — 62v)]
h

3

2
2 2 my
2 1 —
+ —g ey ( o)+ 55 202 [

1 V — Cgv) + 4(02V — 1)) + 603\/}

(10(
+ 24 z i(cay — b)) + 6?—5[(@ —1)(cF + 1)+ (¢ — 1) (8.77)

and

17¢* + 9™

v?
—evlale —ov) = 26a](3¢" + 20%" + ¢) + — a1l —¢})

3
Bct - =
8 mj,
2
+ F [ ¢ (3rs(c — ev) + 265 + cav — 209) — 3y + Gey]
ma m2
+ 24m}211}2 ¢ [2e0 + a(ey — )] + 6—Ct( — 14 2cy) (8.78)

Note that all three couplings, cy,c; and cgqp, are scale invariant under QCD. This sim-
plifies their interpretations in the presence of QCD radiative corrections. We employ the
definitions

F1 = QCv, FQ = Cavy, Fg = C3y Vé = K3 (879)
My =my, Mﬁ” = My, MEZ) = MyCoy, MEP’) = MyC3t (8.80)

which relate the parameters of the Lagrangian in (3.24]) to the phenomenological couplings.
Both 3., and f3,, vanish in the SM-limit

cv=Cy=¢=kK3=1, 3y =coy=c3 =0 (8.81)
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With numerical values for the parameters, the beta functions in (8.77)) and (8.78|) become

Be, =22.69¢;(coy — ) — 5.92¢; + 3.1d ¢y +2.96 ciey
—1.03 cayey +0.849 ¢ + 0.773 cap (8.82)

and

Be, =50.78 cicop + 23.65 cicy — 19.73 ¢ — 2.27 ¢, + 0.258 ¢ycay — 1.93 cyey
— 1.15¢,¢} + 1.55 ¢3¢ + 0.773 (¢i(cy — ey )ks — cy) (8.83)

The large numerical coefficients are dominated by the terms carrying a m} dependence in
(8.77) and (8.78)), which are formally leading in the limit of large top-quark masses.
Solving the RG equation ({8.76)) to linear order in the beta functions, we have

ﬁc H1
; ~ ¢ S, 8.84
We imagine a scenario where the new physics resides at a scale of y; = 8TeV (the

EFT cut-off), whereas the coefficients ¢y and ¢; are determined in experiments at a scale
fo = 1TeV.

Numerically, retaining only the m} terms in the beta functions , , we find for
the evolution in ([8.84))

ev () = ey () +0.30 ¢i(cay — ) (8.85)
ci(pr) = ei(po) +0.30 ¢ [er(cy — ) + 209 (8.86)

These results indicate that RGE running effects could have a sizable impact on the anoma-
lous couplings, when comparing their values at the scale of LHC measurements with those
at the EFT cut-off. Experimentally ¢, and ¢y are close to 1 (within 10%) [225] but ¢y
and coy could still deviate from their SM values (coy = 1, ¢ = 0).

8.4. Phenomenological considerations

my my my, as(my) Gr=1/v20?
173GeV | 91.19GeV | 125GeV | 0.1179 | 1.166 - 1075 GeV 2

Table 8.1.: Input parameter used in the analysis taken from [59)

This section contains an exploratory analysis of the corrections to the SM cross section
due to anomalous couplings. Our input parameters are collected in Table [8.1] Although
our primary goal is to elucidate the EFT systematics rather than perform a detailed
phenomenological study, we nonetheless provide rough numerical estimates of new-physics
effects. Concretely, we plot the partonic differential cross section

do

dcosf
O0=m/2

(8.87)
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as a function of the partonic center-of-mass energy /s, varying one anomalous coupling
at a time and setting all others to their SM values. While a complete phenomenological
analysis would require convolution with the gluon parton-distribution functions, the par-
tonic cross section alone already captures the leading dependence on /s and thus offers
a useful first estimate of the size of new-physics corrections. The numerical evaluation of
the loop functions in our analysis was performed using the LoopTools package [24§].
While the NLO operators remain largely unconstrained we can be more specific about
the LO anomalous couplings, which have been constrained in a global fit [225]

cy = 1.014£0.06, ¢ =1.01709, c,gn = —0.017003 (8.88)
where the error bars correspond to the 68 % probability interval. Therefore, the combi-
nation ¢;y = ¢y can still deviate from unity by roughly 10 %. For the NLO operators
we use our power counting expectations for the analysis

f my ngH

T16n2 020 GUY T 390202 (8.89)

Cys1 ~
The results are given in Figs. |8.7h8.10, We make several comments:

e In Fig. we analyze the effect of the LO coupling ¢,y = ¢;cy. These couplings
impact the cross-section most strongly for small y/s ~ 500GeV. The relative In® s
growth with respect to the SM amplitude only becomes noticeable for center-of-mass
energies far outside the range of validity of the EFT.

« The leading new-physics effect at larger /s is due to cgy, as can be seen in Fig.
8.7bl For values of cyq, close to central values of the global fit, we remain within
the range of validity of the EFT and the deviations from the SM increase for large

NG

e The corrections to the cross-section coming from )ys1 are rather small as is char-
acteristic for a NLO effect. Although the ()51 corrections exhibit the same large-s
behavior as those from ¢, they are numerically much smaller due to the additional
loop factor.

o The corrections from Cgyy (Fig. are enhanced by a factor s? with respect to the
SM amplitude. As we discussed this behavior should not be taken at face value if
the EFT is to remain applicable. For energies below the EFT cutoff M ~ 8 TeV and
typical values of the coefficient c4qr ~ 0.1 the correction due to Cgrq to the cross-
section is characteristic for a NLO correction. The behavior of Cgps is expected to
be similar.

o In Fig. 8.10| we compare the SM amplitudes for gg — ¢°¢? and gg — Z;,Z; using
the formulae in [235]. We find excellent agreement between the two; the deviation
for /s = 500 GeV is already below 1%. This is not surprising since the deviations
from the Goldstone limit scale as ~ m?%/s and thus become negligible for large \/s.
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Cagh

infb

do
dcosé

1 1 1 1 1 1 1 | I L I I I I . .
500 1000 1500 2000 2500 3000 3500 4000 500 1000 1500 2000 2500 3000 3500 4000

s in Gev Vs in GeV
(a) ety = cey (b) cggn
Figure 8.7.: Energy dependence of the scattering cross section at cos# = 0 in units of fb.

Here only the LO anomalous couplings are varied while all other coefficients
are set to their SM values.

infb

do
dcosé

I I I I I I I e
500 1000 1500 2000 2500 3000 3500 4000

V§>N|Gev

Figure 8.8.: Energy dependence of the scattering cross section at cos# = 0 in units of fb.
Here only the HEFT coefficient Cyg1 = —&my /167202 is varied while all other
coefficients are set to their SM values.

8.5. Discussion

We presented a systematic discussion of EFT corrections to longitudinal Z-boson pair
production via gluon fusion. We focus the kinematic region in which the Higgs boson
is highly off-shell. The most appropriate EFT for this process is the electroweak chi-
ral Lagrangian (nonlinear EFT), whose power counting is organized as a loop expansion
captured by counting chiral dimensions. We show that the leading EFT effects arise at
one loop and depend on three anomalous couplings, which reduce to two independent
parameters. We then identify the NLO operators contributing at two-loop order in the
chiral counting and outline the additional terms that a complete NLO calculation would
require. In the Goldstone limit, the LO amplitude can be compactly written in terms
of two form factors. We present explicit expressions for these form factors and derive
subleading corrections induced by local NLO operators. To validate our power-counting
assumptions, we study several illustrative new-physics scenarios that generate specific
anomalous couplings. Although some NLO contributions exhibit a pronounced growth
with the partonic center-of-mass energy s, we demonstrate that they remain subdomi-
nant throughout the domain of validity of the EFT. Furthermore, we find that the local
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in fb

do
dcosé

I I I I I I I 1
500 1000 1500 2000 2500 3000 3500 4000

Vs in Gev

Figure 8.9.: Energy dependence of the scattering cross section at cos# = 0 in units of fb.
Here only the NLO anomalous couplings Cey1 = cgen/ 3212 M? varied while
all other coefficients are set to their SM values.

Comparison Goldstone vs. Z;
06F T T T T

— gg-> 00 ]

051 — 99->227 ]

in fb

do
dcosé

I I I I I I I I
500 1000 1500 2000 2500 3000 3500 4000

V§>leeV

Figure 8.10.: Energy dependence of the scattering cross section at cos# = 0 in units of fb.
Here we plot the SM scattering cross section for the processes gg — ¢%°

and g9 — Z;Z1. For large /s we find good agreement between the two
processes validating our choice to use the Goldstone limit.

anomalous Higgs-gluon coupling c,g,, which enters at leading order in the chiral count-
ing, provides an excellent approximation for heavy-resonance—mediated new physics. A

brief phenomenological study confirms that cy4, dominates the new-physics effects at large
center-of-mass energies.

8.6. Appendix: Details of the calculation

In this section we provide the detailed expressions for the diagrams in Figs. and 8.6
For diagrams (a) and (b) in Fig. we need the following loop integral

oo [ A TRt R Bt (i)
@)t 12 = [k + Fa)? = w7 [(k — ko)? — 7]

i kv kY 1 Am?
= am (g’“’ - ﬁ) [1 -3 ( - Tt> C(s)s] (8.90)
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where we dropped terms proportional to kf and k% that vanish due to the Ward identities
and the loop function C(s) is defined in (E.9)). The explicit expressions for the different
diagrams in Fig.

iMZV = —g, ; CiCy 2[/“’
v h
2 2
o s oLy dme
= —i— 5 ey P [1 5 < . )C(s)s] (8.91)
2 2
R 1L BTN P (L 1 4ms;
Qg S S
M“ = 247TCVngh mﬁ (893)

Next we provide expressions for the box diagrams in Fig. [8.6] The diagrams with reversed
momentum flow give the same result due to charge conjugation invariance. We start with
the s-channel box diagram (omitting the prefactors)

M _/ dlq tr[y" (g +m)y” (g — Ko+ ma)vs(d + Ky — g+ m)vs(d + K+ me)]
U

21)4 (% —mF)((q + k1)> = mF)((q — k2)? —m7)((q + k1 — p1)? — m7)
(8.94)

The t-channel graph is given by

M, / ddq e[y (¢ + me )y (¢ — Ky + me)ys (4 + k- Pyt m)7ys (¢ + ki 4+ my)]

(¢ = m{)((q + k1)? = m{)((q — k2)2 — m7)((q + k1 — p2)? — m)
(8.95)

The u-channel graph is given by

M, — / (ddq tr[ys (g + ma)y” (d — Ko +ma)ys (g + Ky — g, +ma)y™ (g — p, + ma)

2m)® (¢* —m7)((q — p1)? = m7)((q — k2)? —m7)((q + k1 — p1)* — m7)
(8.96)
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9. Conclusion and Qutlook

In this work, we investigated the systematic application of effective field theories at the
electroweak scale. Given the lack of new resonances after the Higgs discovery in 2012, i.e.,
direct observations of new physics, one must settle for the indirect effects of new physics.
Therefore, EFT frameworks are vital since they permit the description of those indirect
effects of new physics in a model-independent way. Two such frameworks are widely used
for that purpose. The Standard Model Effective Field Theory (SMEFT) comprises the
Standard Model (SM) degrees of freedom as building blocks for higher-dimensional opera-
tors suppressed by powers of the new physics scale A, according to their mass dimensions.
As a result, the SMEFT has the physical Higgs boson h as part of an SU(2) doublet as
in the SM. The h self-couplings are, thus, correlated and close to their SM values.

The Electroweak Chiral Lagrangian (EwChL, also known as HEFT), on the other hand,
is the most general EFT that parametrizes electroweak symmetry breaking SU(2) X
U(1l)y — U(1)em and contains the physical Higgs as a gauge singlet. As a nondecoupling
EFT based on an expansion in loop orders, its organizing principle differs from SMEFT.
It also allows for O(1) deviations from the SM in the couplings in the Higgs sector. This
thesis presents illustrative examples demonstrating the systematic and consistent use of
both EFT frameworks, alongside general insights applicable to all EFTs.

First, we took a closer look at the power-counting prescription for SMEFT. Commonly,
only the expansion in inverse powers of A is made explicit, and, as a result, in many
applications, all Wilson coefficients C; are assumed to be O(1) numbers. We showed,
however, that such an approach may lead to inconsistencies and is incomplete. What is
missing is information about the other EFT expansion parameter 1/1672, the loop factor.
The number of implicit loop factors, the loop order L, associated with a SMEFT opera-
tor can be conveniently grasped using the notion of chiral dimensions d, = 2L 4 2. To
assign chiral dimensions to operators, it is necessary to determine the minimum number
of weak couplings that are associated with this operator. We determine the assignment of
weak couplings to dimension-six operators and rederive the familiar result that operators
with field strength tensors are suppressed by a loop factor. Naturally, variations of the
proposed power counting scheme are permissible. However, the underlying assumptions
must be clearly specified, and the resulting consequences for the power counting must be
consistently applied. This statement holds for general ETFs.

As a second application, we moved away from the realm of decoupling EFTs and turned to
the SO(4) linear o-model. We integrated out the massive degree of freedom at one loop
and derived the nondecoupling contributions (O(1/1672)) to the effective Lagrangian,
which takes the form of a nonlinear o-model. However, the tree-level contributions of
O(1/M?) are also needed to obtain a renormalization-scheme independent result, a direct
consequence of the strongly coupled region of parameter space.

In Chapter |7, we illustrate how the EwChL emerges as the natural low-energy EFT after
integrating out the heavy scalars in the nondecoupling regime of a Two-Higgs-Doublet
Model (2HDM). Using functional methods throughout enables us to derive the matching
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to the leading order EwChL in a transparent manner. We also derived the loop induced
h — vy and h — vZ local terms. Our algorithm allows for the computation of the
coefficient functions up to arbitrary orders in h, which are, however, of less phenomeno-
logical relevance. Furthermore, our calculation could be extended to a full NLO matching
calculation with tree-level effects of O(1/M2) and loop-level effects of O(1/1672). The
dominant new physics effects are nevertheless expected to be found in the leading-order
(LO) couplings. We found that the predictions for an anomalous hy7y coupling in the
nondecoupling regime are still compatible with experiments and could be confirmed or
ruled out experimentally.

As a final exercise, we considered the production of (longitudinal) Z-bosons via gluon
fusion g9 — Z;Z; with anomalous HEFT couplings to showcase the systematic appli-
cation of the EwChL. We pointed out that at LO, the new-physics effects are given by
three anomalous couplings, which reduce to two independent parameters. Subsequently,
we discussed in detail which d, = 4 operators would be required for a complete NLO
calculation, emphasizing the interplay of loop topologies and implicit loop factors. These
general considerations are also helpful for the HEFT treatment of other processes. Our
study lays the groundwork for a future comprehensive phenomenological analysis, includ-
ing a full NLO calculation. To achieve collider-level predictions for pp — Z;Z;, other
partonic channels and convolution with parton distribution functions will be required.
With current computational tools, such a project is a promising direction for future re-
search.
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A. Parameters of the 2HDM potential

The appendix of [2] presents expressions of the coefficients of the scalar potential ((7.16))
in terms of the input parameters

v, mp, MO7 MA7 MH7 m7 t,@? Cl—a (Al)

where m? = m2,/sgcg. The cubic couplings read

2

m
vdy = cG_, (M* —mj) (Sp—a + Ca-a cOt(28)) — 7’1857& (A.2)
Cha _
vdy = ﬁ2 [(2m} + MG — 3m?) (1 — 2¢5_,, + 25p—aCp—a cOt(253)) — M| (A.3)
vds = _852704 [(2Mg +mj —3m?) (1 — 26?3_a + 285_aCh—a cot(28)) +m°] (A.4)
2 (2 2 Mg
vdy = s5_,, (M* — M) (¢g—a — Sp—a cot(203)) — — Ch-a (A.5)
2
vds = 2S5_q (m2 - M} — %) + 2¢5_q cot(283) (M* — m}) (A.6)
2
vdg = Sp_q <_2 — M? — 7'1) + Cp_q cot(28) (M* — mj) (A.7)
M2
vdy = 2c5_4 (m2 — M7, — 70> + 285_4 cot(28) (Mg —m?) (A.8)
M2
vdg = ca_q <m2 — M3 — 20) + Sg_a cot(283) (M5 —m?) (A.9)

The expression cot(23) can be expressed in terms of tg via the trigonometric identity

2

cot 283 =
2t

(A.10)

The quartic couplings are given by

m2 —a — 2
= 58 [4s§,am2 + (=34 4ch o )my — (1-2¢5.,)" My

+ 4cs_aSp—a cOt(28) (2m (1 +2¢5_) mp — (1 —2¢5_,) M{)
+4c5_, cot?(28) (M* — G_omi, — s5_oM;)] (A.11)
2 Sp—aCp—a

V=T (1 — QCB_O) [mh + M7 — QCé_a (Mg — m,zl) — sz}

+ G_q cot(28) [mj, (1 + 2¢5_, — 4c5_,)
F2M§ (1= 3¢5_ + 2¢5_) +m° (=3 +4c5_, )]
1268 a0 cot®(28) [M2 — T — & (M2 —m2)] (A12)

U221 = —
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0?2 :% (2 —12¢5_, +12¢5_,) m°

+(1=2¢_,) ((—1 = 3ch_q + 65 a) mj, + (=2 +9¢5_, — 6c5_,) My)

+ 2¢5_aSp—a cot(283) ((6 — 1205_a) m’ + (=1 —6c5_o + 120%_a) m;

+ (=54 18¢5_, — 12¢5_,) MJ)

+12¢5_ 55, cot’(28) (M? — s5_ M§ — c5_mj)] (A.13)
vy =R (1 2d) ) [ — M + 2ch_,, (M — mi?) + 2]

+ 55_q cot(28) [m} (2¢5_, — 4¢5_,)

R (16, b dch) £ (1 44,

+ 2050 Sh_o cOt?(20) [M§ —m* — c;_, (Mg — mj)] (A.14)
V225 :é [43570((:5%@2 — S%fa (1 — 26670{)2 m; — c%fa (3 — 20%70{)2 M;

+ 4cg_aSh_q cot(28) (—2m* + (=1 + 2c5_,) mj + (3 — 2¢5_,) M{)

+4s5_, cot?(28) (M* — M§ + ci_, (M3 —m3))] (A.15)

vizg =t (265, (70— D) — i+ (1 2¢h ) (M3 — m})

+ 2¢5_aSp—a cOL(20) (2m2 —my — M§ +3c;_, (M§ —mj))

—{—405 . cot?(28) (m* — $5_o Mg — cﬁ «mi)] (A.16)
vz =CB-aS8-a (2m — QMH (1 — QCB_Q) (M2 mi))

+2cot(28) (My —m* + 2¢5_m° + c5_o Mg (—4+ 3¢5_,)

+c5_omi (2 - 3¢5_,))

+ 4cs_aSp_a cot?(28) (Mg —m* — c%_a (Mg —m;j)) (A.17)
Vo =g [mi 4+ B (2 (07— M3) + (M —m?) (~3+2,))

+ 2030 5p—a cOt(203) (—2m* — 2mj, + AMG — 3c5_,, (M§ —m}))

—{—435 . cot?(28) (m* — sﬁ JME — cﬁ oM7) ] (A.18)
v? 2 :% [—s5_ami, — Ch_o MG + 4cot(26)cs_ass—a (M; —mj)

+4 cot?(28) (m — MG + Cg,a (M02 — mh))] (A.19)
Vg = [255q (17~ M3) —md (1 + Gy —26h_,) + o MZ (1263,

+ 203 5p—a cOt(20) (2m° — mj, — Mg + 3c5_, (Mg —mj}))

+4c5_, cot’(28) (M* — s5_ Mg — c5_omi,)] (A.20)

v2z —% [CB_QSB_Q (2m2 — 2Mi + (202704 - 1) (Mg — mi))

+2cot(28) (Mg —m* + 2¢5_m° + c5_o Mg (—4+ 3¢5_,,)
+c&_omi (2—3c5_,))
+4cs_aSg—a cot*(28) (M —m* — c%_a (Mg —m3))] (A.21)

Vo = [—m2 + & (22 + 3m2 — 2M2 — 3MZ) + 24 (M2 — m2)

7l
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Parameters of the 2HDM potential

+ 205-aSp—a cOt(20) (AM{ — 2mj — 2m”* — 3c5_, (Mg —m}))

+43%_a cot?(20) (m2 — M + c%_a (Mg — mi))} (A.22)
vi23 =4vPzyy = ; [—s5_ami — Ch_o MG + 4 cot(28)cp—ass—a (M5 —m;)
+4cot®(28) (Mm* — Mg + c3_o, (Mg —mj))] (A.23)

In the alignment limit (c¢s_, — 0) the coupling constants simplify to

2 2
vdy = —2h udy =0, vdy =T — M2 — b
2 2
2 mh
vds = 2m?> — 2M% —m3, wvds = m> — M35 — 5
1 M2 —2
dy = —d7 =dg = cot(QB)g (A.24)
v
2 1 2 2
viz = —%, 2 =0, vz = 3 (WQ — Mg — %) , Vg =m — Mj — %
M —m 1 2
Zy = Z; =2z = COt@ﬁ)—( 02 )7 V20 = 3 (fo - m2) - %
2 2 _ 2
W _ _ _ My, 2 (M )
425 = 28 — 29 — 2212 = 213 = 4214 = —2—1}2 — 2cot (Qﬂ)T (A25)

It is convenient to express the original potential parameters in ([7.10]) in terms of the scalar
masses and the mixing angles. The relations read

1 5% Sou,
m?, = $3m? — = (AMZ + s2m2) — 222 (M2 —m?) (A.26)
2 2 S28
2 o9 Lo 0 o o C% S2a 2
2 2 S2p
1 .
A\ = W (2 MG + s2mj, — sym?) (A.28)
1
Ay = % 5 (s2M§ + 2mi, — czm?) (A.29)
1 2
A3 = 2o (M2 —m?) (A.30)
825
( — 2M} +m?) (A.31)

The absence of a decoupling limit for 2 = 0 follows immediately from these equations.
In that case the \; cannot be of O(1) which corresponds to the weak coupling regime.
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B. Explicit computation of the scalar
masses in the 2HDM

Here we give an explicit computation of the scalar masses in the 2HDM following [172].
To that end we parametrize the Higgs doublets ®; as follows

.
®; = g (B.1)

\% [vi + pi + ;]

Plugging in the parametrization in the potential and collecting the quadratic terms we
derive the mass matrices for the various fluctuations. The mass term for the pseudoscalars
reads

1 m2 )\60% /\78% tﬁ -1 m
V77 = —U2 (U_;Q — 5 — )\55505 — 9 ) (771 172> 1 tfl (BZ)
—L g Up

The mass matrix is easily diagonalized. A rotation by the angle 5 does the job.

m . Cg —S/g GO (B 3)
72 S@ (6% A
The eigenvalues, i.e. masses, are
_5 1 _
méo = O, Mi = m2 — 52)2 (2)\5 + )\(ﬂfﬁl + )\7255) (B4)

so that the mass term reads in terms of the physical state A and the Goldstone G°

1, 0 0 GY
V,=3Mi (G0 A) (B.5)
0 1 A
The mass term for the charged scalars reads
2 XeCE  A7s? tg —1 T’
2 [ Mg 6¢3 798 _ B 1
V¢i = (7 — 8565(/\4 + )\5) - 5 — 5 ) <¢1 ¢2> 1 N (BG)
3 2
The mass matrix is diagonalized as before.
T g —8 G+
3 sg cg ) \H"
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The eigenvalues, i.e. masses, are

UQ

1
mi. =0, Mi=m?— §fu2 ((Aa+Xs) + Xatg' + Artg) = M3 + 5

(s — A1), (BS)
Again there is a massless eigenstate G+ which is just the Goldstone corresponding to the
W boson. The other massive state is heavy scalar H*. Thus, the quadratic term in the
potential in terms of mass eigenstates reads

) 00\ (ct
Vo =M} (6 H) N A (B.9)

The mass term for the neutral scalars reads

1 M% /\/@2 P1
Vi =3 (Pl ,02> ) ) (B.10)
My, My, P2
3 1
M3, =miyts + v? (c%)\l + 53505)\6 - 5tﬂ$%)\7> (B.11)
3 1
J\/l%Q = m%zt[}l + 02 (8%)\2 + 53505)\7 — 51651026)\7) (B.12)
3 3
M%Q = —m%z + U2 (3505)\345 + 56?3)\6 + 58%)\7) (BlS)

The mass matrix for the neutral scalar degrees of freedom is more complicated. It can be
written in the form

2
Mmr=m3| BT

+ B? (B.14)
—8,305 C%
with
B — o2 AMcG + 206555 + As57 (As + Aa)spes + Xech + Ars | (B.15)
(A3 + Aa)sgcs + Aech + Ars Aash + 2\rspc5 + AsCh

Similarly as before we introduce a mixing angle a to diagonalize the mass matrix M?
2 2 2
Mg 0 Ca  Sa M3 Mi, Ca —Sa
2 2 2
0 my —S4 Ca My, M3, Sa  Ca

M3+ 250Ca My + M3ys7, M3y = 82) + (M3y — M3))saca (B.16)
M%z(ci - 52) + (MSQ - M%l)saca M%lsi + 25acaM%2 - M%zci
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Ezxplicit computation of the scalar masses in the 2HDM

The angle « is determined by demanding that the off-diagonal matrix elements in ({B.16)
vanish and that My > my. This lifts the sign ambiguity for o and we arrive at the
expressions

MM, 2M;, |
VM = M+ M

Coq =
MR = M) + A(ME,)?

(B.17)

Plugging a back in (B.16)) results in an expression for the neutral CP-even scalar masses

1
= 5 [ M+ M O = ) (M (B18)

1
Mg = 9 |:M%1 + ./\/132 + \/(M%l - M%2)2 + 4(/\/@2)2] (B.19)

From these result we can express the original Higgs doublets ®; in terms of the physical
Higgs states and the Goldstones

(ﬁ[ = CgGi - SﬁHi (BQO)
¢F = 3G + cgH™ (B.21)
It is convenient to define the following combinations of parameters
m% = 8%1832 - (8%2)27
m% = B%lc%’ + 8323% + 8%25219:
m%“ = B%l + 6327
M2 = M3 +mk = M3, + M3, (B.22)
The square root term in (B.18]) can thus be written as
VM — MB)2 4+ 4(MB)2 = \Jm — AMZm3 — 4 (B.23)
Hence, a more useful expression for the scalar masses reads
1
mi =2 [Mg —\ME— adm? 4m;g} (B.24)
1
M = 3 [Mg + \/ ME —4M2m?2 — 4m‘}3} (B.25)
Additionally, we have
2 2 2 2
2 my —my, My —my, 1
= = o— B.26
=T~ 0 () (020

where we used the trigonometric identity c%_a = % (14 canCap + S205283)-
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C. Useful relations for one-loop
integrals

Loop Integrals

At various points in this thesis we have to compute one-loop integrals using dimensional
regularization. Here we list a compendium of useful formulae for that purpose. Similar
collections can be found in every standard QFT book [48-51]. To evaluate one-loop
integrals we make use of the master formula

(- A (mf At IO ()

/ dk k(=)™ 1 T+ yr-a-9) (C.1)
( .

Here the gamma function is defined as
I(z) = / dt et ¢ (C.2)
0

Useful gamma function identities are

1 2n)!
F'n)=m-1)!, T (n + 5) = ELL)I\/E (neN), T'(z+1)=2I(2) (€ C) (C.3)
"n:
The gamma function has poles at negative integers. Expanding the gamma function
around negative integers —n(n > 0) gives

I(—n+e¢)= <_n1!)" (% + 9O 4+1)+ O(e)) (C.4)
Expanding around positive integers gives
T(n+e)=(n—1)(1+4vOn)e+0(?)) (C.5)
Here
96 = 13 (©6)

is the Digamma function with the special values
PO1) = —vp, P0Q2) =1-19p (C.7)

and ~yg is the Euler-Mascheroni constant

. — 1
= lim (ZE - lnn> ~ 0.5772 (C.8)

k=1
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Frequently used special cases of these formulae are

1 1
(e) = o ve+0(€), T(-1+4¢)= —C +9e—14+0(@), T(l+e)=1—yge+0O(?)

(C.9)
The Euler beta function can be expressed in terms of gamma functions
' ['(20)T'(22)
B(z,20) = | dtt?* (1 —t)2t = 22222 C.10
Grom) = [t - G2 (10

The gamma function also appears in the expression for the d-dimensional solid angle 2,4

27rd/2

2

dQq = dQy_1sin"26 df (C.11)
For tensor integrals we may replace tensor structures due to Lorentz invariance as follows

kL Er2 L R — T ( ) (k2) Sffl'"m" (C.12)
r ( + n)

where SH1F2n js the totally symmetric tensor with 2n indices. For n = 1,2 we have

/{32
KR — g (C.13)
— —d(d 1 2) g g gg g g .

Various frequently used special cases of the master formula are

d

/ (jjrl;;d (k2 —1A)" Efm)dn (?(;)g) ( %)M d (C.15)
/ (;er];d (k2 fl)n 22473));/21 ;zr (nr_@;)_ ) <%>n_2_ d (C.16)
/ (;ljr];d (k? ﬁ4A)” Ez(m)ld)ﬂ (d: 2 (nr_(f)_ ) (%);2 (C.17)
/ (;li];d (k?kik;)n ZE47:))d gzi <nr_(§)_ ) (%)M (C.18)
[t - e (e
(C.19)
and specializing to d = 4 — 2¢ dimensions we have (up to O(e) terms):
/ (;ljr];;d (k2 — Z tie) 1(7;2A (% * 1“%2 + 1) (#* = p*ame ") (C.20)
/ (gjrlid (k2 — Al +ig)? 16;2 (1 o %) (C.21)
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Useful relations for one-loop integrals

/ (;i];d (k2 — ZZ+ ie)? 16;2A (g +1+2kn %) (C.22)
/ (;ijrl;d (k2 — Z4+ €)? 1277;2 A* (é + ln“g + ;) (C.23)
d »
/ (;Zwl;d (k? — Al + ig)? - 32;2% (C.24)
d 2 ~ 9
/ (;lw];d (k2 — Z + ig)3 - 16Z7T2 (% - % +1n %) (C.25)
Note that scaleless integrals vanish in dimensional regualization
/ (ngk)d ﬁ =0 (C.26)

Feynman parameters

Denominators in loop integrals may be combined using Feynman parameters

1 F(a1+---+an)/1du /ldu O (1= 3 p ) uf ™ g
- i
0 0

A% Aan T T(ay) - T(ay) (3, ukAk>ZZ=1ak

(C.27)

Combining two propagators gives

1 ! 1
AB /0 M A (B Ay (C.28)

For three and more propagators it is particularly convenient to decouple the parameter
integrals. Such expressions are given by

1 ! ! 2
—:/d:p/ dy 3
ABC 0 o [A+z(C—A)+zy(B-C0C)

(C.29)

for three propagators and

1 1 1 1 6l‘2y
= d d d C.30
ABCD /0 x/o y/o Z[A+:C(C’—A)+xy(B—C)—I—xyz(D—B)]4 ( )

for four propagators.
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D. SU(2) identities and operator
reduction

In this section we show how various expressions involving
°w

J? = %(aa(auUTU —Uta,u) (D.1)

in Chapter [6] can be simplified. The Pauli matrices o, have the following properties.
Traces identities:

<0aab> = 25ab (D2)
(0a0b0¢) = 2i€ape (D.3)
<0a0bacad> =2 (6ab50d - 5a05bd + 5ad5bc) (D4)
(Anti-)commutators:
(04, 0b] = 2i€4pc0 (D.5)
{Jaa Ub} = 25ab ]12:1:2 (D6)

In addition, we have for arbitrary 2x2 matrices A, B the following useful identity

(AB) — 1(A)(B) (D.7)

(T A)(T,B) = |

Here the T, = 0,/2 are the SU(2) generators and we used the SU(N) completeness
relation to derive this identity

AT A/\_1 « 1 a
[T4]% [T }a_éagag—ﬁaﬂag (D.8)

Using the identity we obtain

JiJ =2(0,U78,U) (D.9)
(J9)* = 2("U%0,U) (D.10)
(Jogg) (J*J™) = 40,UT8,U)(0"UT0"U) (D.11)

In addition, we have for traceless 2x2 matrices A, B, C'
e"*(0,A) (0, B){0.C) = —4i(ABC) (D.12)

From (D.4]) we deduce for traceless 2x2 matrices A, B, C, D

(ABCD) = = ((AB)(CD) — (AC)(BD) + (AD)(BC)) (D.13)

N —
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In addition, we have for traceless 2x2 matrices A, B,C, D, E, F

(ABC)(DEF) = = ((AE)(BD)(CF) + (AD)(BF)(CE) + (AF)(BE)(CD))

N o] =

((AE)(BF)(CD) + (AD)(BE)(CF) + (AF)(BD)(CE)) (D.14)
Our aim is to reduce the structure 9,J;0"*J* and write it in terms of the basis operators

O, = (0,U0rU)?, Oy = (0,UT0,U)(0"UT0"U) (D.15)
We calculate

0, 00T = —A(T,(0,(UND,U)NT.(0"(UT0'V))) = —2(0,(Ua,0)0" (U1 1)

= —2(0,U'0,U0"U0"U) — 2(U'0,0,UU 0" 0" U) — 4(0,U0,UUT 0" 0" U)
(D.16)

The first term is easily reduced by inserting UUT = 1 twice into the trace and using
(0,U0,U0"U'0°U) = ((0,U'U) (U'O,U) (9*U'U) (U'"U)) = Oy — %(91 (D.17)
For the second term we integrate by parts and obtain
(U9,0,UU " 0"U) = —2(0,U'0,UU0*0"U) — (0,UT0*Ud,UT0"U) (D.18)
where the second term can be identified as
(0,U0rU0,UT0"U) = %(91 (D.19)
Thus,
Oy 0" J" =2(0; — Oy) (D.20)
Additionally, we need to reduce the structure

e g (9,J)) IV = —4(0,UT0,U0" U0 U) — 4(0,U"0,UUT9*0"U) = 2 (01 — Os)
(D.21)
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E. Scalar Integrals

In this appendix we collect relevant Passarino-Veltman scalar integrals [249] where we
used the notation of [250]. Parts of this appendix appeared in [3]. The scalar tadpole
integral is given by the integral

4—d

A(m?) = 42 /ddk[kQ L (E.1)

iT2rp —m?2 +in]

The factor rr was included to remove the overall constant that appears in d-dimensional
integrals

= 2 (1Fz1€>—réi)+ 2 =l—eyp+e {% 7;2] +0(e) (E.2)

In d = 4 — 2¢ dimensions it is given by

A(m?) :mQ( i ) <1+1) (E.3)

m? —in €

The general scalar bubble integral is given by

4—d

H d 1
B(¢*; m?,m?2 /d k E.4
) = g ] e e e g7 - ) ()

For equal masses we get the expression (7 = ¢?/4m?)

1 >
2. 2 2y _
B(q,m,m)—{z—Flnﬁ—l—Q—h(T)} (E.5)
where h is defined as
V1—7- 1log\/;vi:_i+} for 7 <0

h(t) = { 2V/771 — larcsin /7 for0 <7 <1 (E.6)
V1i—771 [log }+\/7m — ZW] for 7> 1

For vanishing internal masses we have

2 1 p
B(q%0,0) = +ln—q+2 (E.7)
The general scalar triangle integral is given by
d*k 1
l2 l2 I l 2, 2 2 2 — / -
LB (ot RS s ) = [ 5 B o [+ 17 — ] [ + s + o — ]

(E.8)
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We need several special cases in this thesis. First of all, we need the case with equal
internal masses and two massless external lines

C(¢*) = C(0,0,¢* m? m*,m*) = QLqu (1) (E.9)

where we defined 7 = ¢?/4m? and

log? %:jﬂ for 7 <0
f(r)y=+¢—4 arcsin® /7 for0<7<1 (E.10)
2
logi\/—%:i—m forv>1
For ¢> = 0 we obtain
1
For 0 < 7 < 1 we have
1 S
For |7| > 1 we can expand
2
Ol = 2 log? —L 1 0(g9) (E.13)
€)= 5al08" 13 q -

The other case we need is

1

2 9y 2 2. 2 92 9y
O(T,Q)—C(Oarvqam7m7m)_m

(f (1) = f(o)) (E.14)

where we introduce o = r?/4m?. The general scalar four-point function is given by

D(li l%a Z?Q,a li? (ll + l2)27 (l2 + l3)2; mi mgv mg,a mi) =

- / g ! ~ (E.15)

ir2 g2 —m3] [(q+ 1) —m3] (g + b + )2 — m3] [(q + [y + o + 13)2 — m]

Again we need a special case where all external lines are massless and the internal masses
are equal

2 1

WBQ(T,U
where we defined
Bi(z) =V1—2z71, Bo(y,2)=1—-yt—z1 (E.17)

and
2

g(1,0) = Ii(1,0) + Li(o,7) + Ir(1,0) — % (E.18)
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Scalar Integrals

with
Ii(7,0) = 2Liy (7 [B1(0) — 1] [B1(0) — Ba(7,0)]) — 2Liy (=7 [B1(7) — 1] [Ba(7) — Ba(T, 0)])
—log? (7 [B1(0) + 1] [B1(0) — Ba(T, 0)]) (E.19)

and

Ly(1,0) = I3(0,7) =log (—a [B1(T) — BafT, 0)]2) log (—7’ [B1(0) — Ba(T, a)]Q)
+2log? (7 [Bi(7) + Ba(7, 0)] [B1(0) — Ba(T, 0)]) (E.20)
The expression for ¢g(7,0) is immediately applicable in the region 7,0 < 0. For 7,0 > 0

it holds with the prescription 7 — 7 +in and 0 — o + i1 respectively. Setting one of the
arguments to zero the box function takes the form

1—71-1
D(¢?,0) = 24++V1—71"1lo —) E.21
(00 = gz (24 VI 7 Thog e (B.21)
Setting both arguments to zero one has
1
D(0,0) = — E.22

Expanding the box function asymptotically for large |7],|o| > 1 we have

D(g%,r?) = qzr {log ( mQ) log (;:2) - ”ﬂ (E.23)

Explicit calculation

Let’s start by calculating C'(7) for 7 < 0, the result for 7 > 0 can be inferred by proper
analytical continuation 7 — 7 + 1. Employing the appropriate Feynman parameter
identity

212
— = dr [ d E.24
ABC /0 /0 y[A+x(C—A)+xy(B—C)]3 (E:24)
one has to deal with the double integral
Inl—4xx7
/ dxx/ dy1—4mxy7'__/ dx——m (E.25)

= <L12 (27 (1 BV )) + Lis (27 (1 TV p— ))) (E.26)
At this stage one has to use the dilogarithm identity
. , 1 1,
Lig(1—2)+Lis (1 ——-) = —§1n z (E.27)
z
with 2z =1 —27(1 + v/1 — 771), which yields

C(r) = — In? (1 —or(1+ V1 7—1)> (E.28)

2¢?
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or equivalently
L VI 141
= — NN —
2¢? Vvi—71-1

We want to calculate the special case of the scalar box integral with massless legs and all
identical internal masses, i.e.

C(r) (E.29)

D(0,0,0,0, (I; +15)?, (I + I3)%;m?, m*, m* m?) =

_ / dq 1 (E.30)

i [ —m? [(q+ 1)2 —m?][(q+ L + )2 —m?] [(q + I + lo + 13)? — m?]

We need to discern two cases: (i) D(s,t) or D(s,u) respectively and (ii) D(u,t). For case
(i) we have one invariant strictly positive and the other negative whereas in case (ii) there
are two negative invariants. To calculate the integral we need the Feynman parameter
identity

1 1 1 1 61’21/
=/ d d d E.31
ABCD /0 x/o y/o Z[A+x(C’—A)+xy(B—C’)+;Eyz(D—B)]4 (E:31)

and

diq 1 11
—1 =-— E.32
/m?(k2—A+¢6)4 6 A2 (E-32)

For 7,0 < 0 we get

_ 1 1 T x? 1 id
D<T’U)‘m4/o I / W de( — o)y [ = 4y — )] (E.33)
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F. Feynman Rules

In this appendix we collect the relevant Feynman rules for the models covered in the
thesis.

Sigma Model

First of all, we derive the Feynman rule for the quartic Goldstone vertex in SU(2) linear
sigma model. To get the Feynman rule we need to expand the U matrices

P <p 490
4 3
UT—1—22“D—290 +i §£+ (F.2)
8 0 0 46 0 20
4 2
aNUT:—z'za““’ _Q@Mwﬂo@mmr Oup? + ©0upp + 3u90+ N (F.4)
v V2 3 v3

where p = *T* = ¢"0%/2. Using these expansion one can derive the quartic part of the
Lagrangian. The contribution quartic in ¢ can be compactly written as

1 1 an a a
E;l“’ _ ﬁq%@u@] [0, 8,]) = o (90 ne (,Obau@b — 0"p"0,p gobgob) (F.5)

The Feynman rule for the quartic vertex

p7/,/
Pr\
w
A

is given by [190]

iM= [ ab0cd (Pa + Db)° + Sacba (Pa + Pe)” + Gaadye (Pa + pd)ﬂ

Z
32 (8ab0ca + GacOba + daadse) (P2 + Py + P2 + D) (F.6)
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2HDM

The relevent Feynman rules for the h — vy and h — yZ amplitudes in the 2HDM are

[194]
H~ ey
\‘\
= Qiegguy
/‘/
H* TV
H~ s M
\‘\
N 1 2 2
= 2ie? “w s
, SwCw
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Ht 4,V
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\\
D2 \ .
Iy Vi =ie(py + ph)
/e
-
H+
N :
D2 \ 1—2s
YV VN Z = W K K
pl/ ) = em (P} +1pb)
4
17
g9 — 47

(F.7)

(F.9)

(F.10)

We make use of the following Feynman rules coming form the interaction Lagrangian
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Feynman Rules

Qggh
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Qaui
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(F.11)

(F.12)

(F.13)

(F.14)
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