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Zusammenfassung

Diese Doktorarbeit besteht aus vier Artikeln, die sich mit Eigenwertabschatzun-
gen und Eigenwertasymptotiken, isoperimetrischen Ungleichungen und Funktional-

ungleichungen befassen.

Wir beweisen eine universelle Abschiatzung fiir die Anzahl der negativen Ei-
genwerte von Schrodingeroperatoren auf Holder-Gebieten mit Neumann-Randbe-
dingungen. Anschliefsend benutzen wir diese Abschétzung, um eine semiklassische
Asymptotik fiir die jeweiligen Schrodingeroperatoren zu zeigen. Wir diskutieren

auerdem Félle, in denen diese Abschétzung und Asymptotik nicht gelten.

In einem anderen Artikel zeigen wir verschiedene Weyl-Asymptotiken fiir den
Laplace-Beltrami-Operator auf singuldren Riemannschen Mannigfaltigkeiten. Die
Motivation fiir das betrachtete Modell stammt von der Untersuchung der Ausbreit-

ung von Schallwellen in Gasplaneten.

Zudem zeigen wir eine isoperimetrische Ungleichung fiir das Massentréigheitsmo-
ment von der Menge aller Punkte in einem Gebiet mit festem Abstand zum Rand.
Mithilfe dieser Ungleichung kann man eine isoperimetrische Ungleichung fiir den

ersten Eigenwert von magnetischen Robin-Laplace-Operatoren zeigen.

Aufserdem beweisen wir eine stéarkere Version der Hardy-Ungleichung. Alle Ter-

me in unserer Ungleichung haben dasselbe Skalierungsverhalten.
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Abstract

This thesis consists of four works that deal with estimates and asymptotics for

eigenvalues, isoperimetric and functional inequalities.

We prove a universal bound for the number of negative eigenvalues of Schrodinger
operators on Holder domains with Neumann boundary conditions. This bound is
used to deduce semiclassical asymptotics for those operators. We also discuss a class

of examples where those bounds and asymptotics fail.

In another work, we prove Weyl asymptotics for the Laplace-Beltrami operator
on a class of singular Riemannian manifolds. This model is motivated by the study

of the propagation of sound waves in gas planets.

We also show an isoperimetric inequality for moments of inertia of inner parallel
curves. This inequality can be used to prove an isoperimetric inequality for the first

eigenvalue of the magnetic Robin Laplacian.

Furthermore, we prove an improved version of Hardy’s inequality. Our inequality

only contains terms that scale in the same way.
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Chapter 1
(zeneral introduction

One of the great early successes of quantum mechanics was its rigorous proof of
atomic stability, a phenomenon that classical physics could not explain. In the
simplest case of the hydrogen atom, the question of stability asks whether there
exists a constant C' > 0 such that for all u € H*(R?) with [Jul|zz = 1, we have

2

|Vul? —/ [u()] dr > —C. (1.1)
R3 g |zl

Here the left-hand side of (1.1) represents the energy of the wave function describ-

ing an electron in a hydrogen atom. Put differently, we ask if the energy for L*-

normalised wave functions u is bounded from below.

In the case of the hydrogen atom, the optimal constant in (1.1) is known to be
C' = 1/4 using explicit computations. In the following, I would like to explain an
alternative approach of proving (1.1) for some (non-optimal) C' > 0 that relies on
Hardy’s inequality, which can be seen as an uncertainty principle. Hardy’s inequality
states that for every function u € H'(R?)

L[ |u(z)]?
Vul> > = dr. 1.2
[ 194l /4/RB S (1.2)
Now note that

2
0< (1 ! 1 1+1 1<1+1 (1.3)
< - =1-—+ ==, s0 — < ——F . .

2|z| lz| - 4fx|? 2|~ 4fx|?

We obtain using (1.3) and (1.2) that for all u € HR?) with |lul|z: =1

u(z)]? 1 u(z)]?
/RS|VU|2—/RS%CZZE>/RS|VU|2—Z—L/RS%— RS|u|2>—1. (1.4)
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This shows that the hydrogen atom is stable in the sense of (1.1).

The quantity

2
inf ( |Vu|2—/ de) (1.5)
weH(R3),|lufl 2=1 \ Jg3 rs |7

is equal to the lowest eigenvalue (which is usually called the ground state) of the
Schrédinger operator! —A — 1/|x|. The eigenfunctions of —A — 1/|z| correspond
to the bound states of the hydrogen atom. The eigenvalues of —A — 1/|x| can be

computed using the min-max principle, see Section 2.3 below.

More generally, one may consider Schrédinger operators —A + V' on domains
Q CcRY deN, where V : Q — R is usually called a potential. The corresponding

quadratic form describing the energy of L?-normalised wave functions u is

Q(u) ::/Q|Vu\2—|—/QV(x)\u(a:)\2dx. (1.6)

If @ ¢ R? is a domain and we consider Q(u) for all u € H'(Q2), we say that we take
Neumann boundary conditions?. If we only consider all v € H}(Q) (where H} ()
denotes the closure of all smooth compactly supported functions in 2 with respect

to the H(2) norm), we refer to this as Dirichlet boundary conditions.

Similarly to (1.5), the lowest eigenvalue® of —A + V is characterised by the
infimum of Q(u) taken over all u in the quadratic form domain (here H'(Q) or
H3 () with ||u]|zz = 1. Thus, the lowest eigenvalue of Schrédinger operators with
Neumann boundary conditions is less than or equal to the lowest eigenvalue of the
corresponding Schrédinger operator with Dirichlet boundary conditions. This is
also true for higher eigenvalues. Thus, the number of eigenvalues below a certain
threshold, say A, of a Schrédinger operator with Neumann boundary conditions is
larger than or equal to this number for the corresponding Schrodinger operator with

Dirichlet boundary conditions.

In a seminal work, Weyl proved in 1911 [50] that for any bounded domain © C R?

the number of eigenvalues below A of the Dirichlet Laplacian —A on €2, which we

'For simplicity, we ignore domain issues and the question of self-adjointness here.

?Strictly speaking, we would like to assume that V is such that [, V|u|* < oo for all u € H* ()
here in order to ensure that Q(u) < oo for all u € H ().

3Since we do not know in general if the operator has discrete spectrum, we should rather speak
of the lowest min-max value.
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denote by N(\), satisfies the following asymptotics
N(A) = Co QX2 + 0 (M?) as A — oo, (1.7)

where Cy > 0 is a constant that only depends on the dimension d.

Since then, deducing similar asymptotics has remained an active field of research.
For instance, one can ask if similar asymptotics hold in the case of the Neumann
Laplacian. There the situation is more complicated, and in fact, there are bounded
domains such that the corresponding Neumann Laplacian has zero in its essential
spectrum [29]. Furthermore, instead of considering a Laplace operator —A, one can
ask for asymptotics for the number of negative eigenvalues of Schrodinger operators
—A + AV as A — oo. The result is well-known for Lipschitz domains, see for
example [22]. My work [14] described in Section 2 below studies this question for

the Neumann Laplacian on Ho6lder domains.

Another direction is to prove Weyl asymptotics for the Laplace-Beltrami operator
on Riemannian manifolds. In [9] with Yves Colin de Verdiére, Maarten de Hoop
and Emmanuel Trélat, see Section 3 below, we prove Weyl asymptotics for the
Laplace-Beltrami operator on a singular Riemannian manifold. Our model comes
from the study of the propagation of soundwaves in gas planets and has links to

sub-Riemannian geometry.

In certain cases, geometric inequalities can be useful to deduce properties of the
spectrum. Together with Ayman Kachmar and Vladimir Lotoreichik [16], we proved
weighted isoperimetric inequalities for smooth, bounded, and simply connected do-
mains. More precisely, we show that the moment of inertia of inner parallel curves
for domains with fixed perimeter attains its maximum for a disk. This inequal-
ity, which was previously only known for convex domains, allows us to extend an

isoperimetric inequality for the first eigenvalue of the magnetic Robin Laplacian.

One can also investigate other functional inequalities and their properties. In a
joint work with Phan Thanh Nam [17], we derive a family of interpolation estimates
which improve Hardy’s inequality (1.2) and are critical in some sense. We also
determine all optimisers among radial functions in the corresponding radial problem

and discuss open questions.

This thesis contains the works [14, 9, 16, 17]. In this introduction, we give a
brief overview of each of the papers. We also explain the context, mention the most

relevant known results and references, and describe how they are linked to the paper.
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Furthermore, for each paper, we choose to explain or emphasise certain aspects,
which we find useful to simplify the reading or to give additional background inform-
ation. In particular, we will explain the concept of min-max values and Dirichlet-
Neumann bracketing in Section 2. In Section 3, we give an alternative proof sketch
of the main result of [9] using Dirichlet-Neumann bracketing. In Section 4, we ex-
plain the intuition and key steps of the elementary geometric construction we used
in [16]. In Section 5, we focus on different counterexamples and give an outlook on

the remaining open question of existence of optimisers for our functional inequality.



Chapter 2

Semiclassical estimates for
Schrodinger operators on Holder

domains

2.1 Overview of [14]

In a work of mine [14], I considered Schrédinger operators —A + V' on bounded
Holder domains 2 C R? (that is, the boundary of 2 is locally the graph of a Hélder-
continuous function) with Neumann boundary conditions, where the potential V' is
a non-positive function on . My work [14] was motivated by the detailed study
[41] of Weyl asymptotics for the Laplacian —A on bounded Hoélder domains with

Neumann boundary conditions.

I proved the validity of the same leading order eigenvalue asymptotics as for
Schrodinger operators on Lipschitz domains, under certain assumptions on the po-
tential V' in the optimal range of Holder exponents. More precisely, if N(—A + AV)
denotes the number of negative eigenvalues of the Schrédinger operator —A + AV,
then

N(=A+\V) = Cd)\d/Q/ V|2 + 0 (A?) as A — o0, (2.1)
Q

where C; > 0 is a universal constant only depending on the dimension d. My result
is valid in all dimensions d > 2, but for simplicity, let us assume d > 3 in the

following explanations.

Furthermore, I provided an example, which shows that the assumptions on the
potential V' in the setting of Hélder domains indeed need to be stronger than in the

case of Lipschitz domains (where V' € L%¥2(Q) is sufficient). This is a surprising
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result since the condition V' € L¥2(Q) seems very natural in view of (2.1).

The proof of (2.1) relies on the new universal bound for the number N(—A+V)

of negative eigenvalues of Schrédinger operators —A + V
/2
N(=A+V) < V™, (2.2)

where [||-||| is a weighted LP-norm for p > d/2 with a weight that grows near the
boundary 0€2. The proof of (2.2) is inspired by the proof of Rozenblum of the “clas-
sical” Cwikel-Lieb-Rozenblum inequality [45], but I made substantial modifications

and adaptations.

I covered the domain €2 by smaller domains, which are carefully chosen rectangles
intersected with 2 such that each of the smaller domains supports at most one
negative eigenvalue of the Schrodinger operator —A + V. To this end, I proved a
new Poincaré-Sobolev inequality and a new Besicovitch-type covering theorem for
those smaller domains. The proof of the Poincaré-Sobolev inequality uses a Sobolev
embedding for Holder domains [34]. The key ingredient for the Besicovitch-type
covering theorem is that the smaller domains are chosen such that the ratio of the
side-lengths of each rectangle are comparable for all chosen rectangles intersecting
each other. The number of negative eigenvalues N(—A + V') can then be estimated
by the number of smaller domains chosen using the min-max principle, see Section
2.3 below.

One of the main challenges in this problem was to get an exponent of d/2 on the
right-hand side of (2.2). This is essential for deducing (2.1). Previous results, see
for example [23], could only get an exponent that is strictly larger than d/2. On the
technical side, the careful choice of the smaller domains, an application of Holder’s
inequality for sums of real numbers and the use of the weighted LP-norm [|-|| made
it possible to obtain (2.2) with the exponent d/2.

2.2 Context for [14]

For the Dirichlet Laplacian on domains £ C R¢ with finite measure, we always have
the leading-order Weyl asymptotics (1.7) [50, 44]. For the Neumann Laplacian,
the situation is much more delicate. Intuitively speaking, the eigenfunctions of
the Neumann Laplacian can grow near the boundary and if the boundary is very
rough, in particular with many outward pointing cusps, then many eigenfunctions

can accumulate near the boundary leading to a larger number of eigenvalues than
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what one would expect from (1.7). There are bounded domains that have zero in
the essential spectrum of the Neumann Laplacian, and one can even construct for
any closed S C [0,00) bounded domains such that the essential spectrum of the

Neumann Laplacian is given by S [29].

If the domain Q is an H'-extension domain, that is, we can extend functions
in H*(Q)) to H!-functions on the entire space R? in such a way that their H'(R?)-
norm is comparable with their H'(£2)-norm, and similarly for the L?-norms, then
a classical argument shows that the Neumann Laplacian has discrete spectrum and
the leading-order Weyl asymptotics (1.7) hold, see for example [22, Theorem 3.20)].
Lipschitz domains are extension domains, but Holder domains for a Hélder exponent
v < 1 are in general not extension domains. Thus, it is a priori unclear if we have
(1.7) for Holder domains.

In [41], the authors considered the Neumann Laplacian on bounded Hélder do-
mains ) C R, d > 2. Denoting the Holder exponent of the function locally describ-
ing the boundary by =, they showed that if v € ((d — 1)/d, 1), then the usual Weyl
asymptotics (1.7) as in the case of Lipschitz domains hold. Note that a Holder ex-
ponent 7 = 1 means that 2 is a Lipschitz domain. Furthermore, if v € (0, (d—1)/d],
then they provided an explicit counterexample for a domain  C R? with Holder
exponent vy and such that (1.7) fails. It is remarkable that they could identify a

critical value (d — 1)/d, where the asymptotic behaviour changes drastically.

My work [14] treats similar questions in the case of Schrédinger operators —A+V

on bounded Hélder domains € C R? with Neumann boundary conditions.

In the following, I will explain the min-max principle and Dirichlet-Neumann

bracketing, which have been important tools for my work [14].

2.3 The min-max principle

This section is devoted to an explanation of the min-max principle, which goes back
to 43, 20, 13]. It is a very powerful technique in spectral theory, see [37, Theorem

12.1] for an overview.

Let us first introduce the min-max principle in a general setting [37, Theorem
12.1, Version 3|. If H is a Hilbert space and A : D(A) — H is a self-adjoint operator
on H with domain D(A) and with A > —C for some C' > 0, then we define by

tn(A) = inf sup  (u, Au) (2.3)

MCD(A), dim(M)=n y e, |jul|=1
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the n-th min-max value for all n € N. The M in the infimum in (2.3) is a subspace
of D(A) of dimension n. If A has at least n discrete eigenvalues below its essential
spectrum, then p,(A) agrees with the n-th lowest eigenvalue of A, counted with

multiplicity.

In particular, if A has compact resolvent, then (2.3) gives a variational charac-
terisation of the eigenvalues of A. More generally, instead of considering M as an
n-dimensional subspace of D(A) in (2.3), we can also take M as an n-dimensional
subspace of a form core of the corresponding quadratic form Q(+), and replace (u, Au)
by Q(u). This is very convenient as we need not know the domain of A explicitly,

but it suffices to work on the level of quadratic forms.

While we can refer to the u,(A) from (2.3) as min-max values (think of the
infimum as a minimum and the supremum as a maximum), there is also a version

of max-min values [37, Theorem 12.1, Version 2|

vn(A) == sup inf  (u, Au). (2.4)
LCD(A), dim(L)=n—1uEL™, [lul|=1
Again, one can alternatively work with the corresponding quadratic form and a
quadratic form core, and furthermore, by the proof of [37, Theorem 12.1, Version
2|, it suffices to assume that L is an n — 1-dimensional subspace of our Hilbert space
H, which is sometimes referred to as Glazman’s lemma [22, Theorem 1.26]. One can
show that for all n € N

fin(A) = vn(A), (2.5)

see |37, Theorem 12.1, Version 2, 3]. Thus, we have two very different variational
characterisations of the n-th eigenvalue below the essential spectrum of an operator.

Both of them are very helpful in applications (see also Section 2.4).

For instance, the second characterisation can be useful when estimating the value
of the second eigenvalue for a Neumann Laplacian: Suppose that we consider a box
Q :=[0,1]¢ in dimension d > 3 and we consider the Schrédinger operator —A + V
with Neumann boundary conditions and V' € L%2(2). Assume that we have shown

that

/ |Vul? + / VIul>* >0 for all u € H'(Q) with / u = 0. (2.6)
Q Q Q

Note that the corresponding quadratic form Q(u) is the left-hand side of (2.6) with
quadratic form domain H'() (since we consider the Neumann Laplacian). Then
defining L as the subspace of H'(f2) that is spanned by the constant function on
Q, the condition [, u = 0 is equivalent to saying u € L*. Thus, (2.6) states that
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Q(u) = 0 for all u € Lt. We deduce that vp(—A + V) > 0, or put differently,
the number of negative eigenvalues of —A + V' is at most one. The argument we
presented here is classical [45] and we also use it in different variations in [14],
for instance in the proof of [14, Lemma 1.8|. In practice, if © is a box as in our

example, a sufficient condition for (2.6) is a sufficiently small negative part of V' in
the L%?(Q)-norm.

2.4 Dirichlet-Neumann bracketing

In this section, we explain Dirichlet-Neumann bracketing. A historically particularly
relevant work is due to Weyl [50]. We would like to refer to [47, Theorem 7.5.28] for

a more recent source that also includes historical remarks.

I will explain Dirichlet-Neumann bracketing for a domain €2 in euclidean space
that is decomposed into two smaller domains €2; and €. I will allow for mixed
boundary conditions for €2; and s, which appear naturally when imposing Dirich-
let or Neumann boundary conditions on 2 and performing the Dirichlet-Neumann
bracketing. More generally, this technique can also be used for Schrédinger oper-
ators or for the Laplace-Beltrami operator on a Riemannian manifold. We used
Dirichlet-Neumann bracketing in both [14] and [9].

Let us consider an open set Q C RY, d € N. Recall that
H'(Q) = {u € L*(Q) | u weakly differentiable and Vu € L*(Q)} . (2.7)

Then the Neumann Laplacian on 2 is the unique self-adjoint operator that corres-

ponds to the quadratic form

/ |Vul?  for u € HY(RQ). (2.8)

Let us now define for every £ C R? the space Ag(f) of H'(Q)-functions that
vanish near F as follows: u € Ag(Q) if and only if v € H'(2) and there exists an
open neighbourhood V' C R? of E such that u(z) = 0 for almost every x € V N Q.
Note that for any F C R we have Ag(Q) = A 5(Q). A similar definition to the

spaces Ag(Q2) can be found for instance in [26].

Then the Dirichlet Laplacian on € can be defined as the unique self-adjoint
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operator that corresponds to the (closeable) quadratic form

/ (Vul?  for u € Agqa(9). (2.9)
Q

Note that the closure of Ayo(€2) with respect to the H'(Q)-norm (which is in this
case also the quadratic form norm) is equal to the closure of C2°(£2) functions with
respect to the H'(2)-norm, which is usually denoted by Hj(€2).

Using a quadratic form with form domain Ag(Q2) for different sets £ C 02
allows us to define Laplace operators with mixed boundary conditions. The closeable
quadratic form [, [Vul? with u € Ap(Q) gives rise to a unique self-adjoint operator,
which we refer to as having Dirichlet boundary conditions on E and Neumann

boundary conditions on the rest of the boundary.

Denote for A € R and measurable £ C R? by NF(\) the number of eigenvalues
(counted with multiplicity) below A of the operator that corresponds to the quadratic

form

/ Vul?  for u € Ag(Q), (2.10)
Q

and let NF(\) = oo if X is greater than or equal to the infimum of the essential

spectrum of that operator.

Proposition 2.1 (Dirichlet-Neumann bracketing). Let Q C R? be an open subset
and let Q1,Qs C Q be open and disjoint such that ¥ = Q\ (21 UQs) has zero
Lebesgue measure. Then for any A € R, we have a two-sided estimate for the

Dirichlet Laplacian on €2
Ny (A) + Ngg? (A) < NGP (V) < NGV + NG (V) (2.11)
and a two-sided estimate for the Neumann Laplacian on €
Na, (M) + Ng, (\) < Ng () < N, (M) + Ng, (V). (2.12)

More generally, if S C OS2 denotes a measurable set, then we have a two-sided estim-
ate for the Laplacian on 2 with Dirichlet boundary conditions on S and Neumann

boundary conditions elsewhere
NGE ) + NG < NG(A) < Ng, (V) + Ng, (V). (2.13)

(2.11) and (2.12) show that one can estimate the eigenvalues for a Laplacian with

Dirichlet or Neumann boundary conditions on 9€2 by the sums of the number of the
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corresponding eigenvalues on the two subdomains €2y, (2 after putting additional

Dirichlet and Neumann boundary conditions on the interface >.

Proof. For concreteness, we stated the two most commonly used versions where
we have Dirichlet or Neumann boundary conditions on the entire boundary of €2
separately, but of course, it suffices to show (2.13) and then set S = JQ or S = &
to obtain (2.11) or (2.12).

First note that

The proof of this is a contradiction argument that involves the construction of small
open balls completely contained in >, which is a contradiction to X having zero

Lebesgue measure. We omit the details here.

Estimate with extra Dirichlet conditions on ¥. Let us first show that
Na= () + Ny = (A) < NG(). (2.15)

To this end, we will use the min-max characterisation of eigenvalues (2.3). For
k € {1,2}, we denote K}, := N3-*()) and note that by the version of (2.3) with a

quadratic form core, there exists a subspace M) C Agus () with

IVur|* < A [ |ug|*  for all 0 2 uy, € M,. (2.16)
(o (o

By extending the functions wuy by zero on Q\ Q, we can think of them as functions
in Ag(€2). Here we used that the uy vanish in a neighbourhood of S U X. Define

M = {u1 + Ug | uy € My, ug € MQ}, (217)

and note that K := dim(M) = K; + K. Writing every 0 # u € M as u = u; + uy
with u, € My, k=1,2 and 0 Z uy or 0 # uy, it follows that

/\Vu|2: Va2 + [ [Vusf? < A \u1]2+)\/ |u2\2:)\/ W, (2.18)
Q N Qo 971 Q2 Q

so N§(\) > K = K, + K. Using the definition of K; and K, we deduce (2.15).

Estimate with extra Neumann conditions on Y. Next, let us show that

NG(A) < NG (V) + N5 (). (2.19)
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In order to see this, we will use the second characterisation of min-max values, which
we referred to as max-min values above. For k € {1,2}, we define K := N§ ().
By (2.4), or more precisely its version with a quadratic form core and L a subspace
of the corresponding Hilbert space, see for example [22, Theorem 1.26|, there exists
a subspace Ly C L*(€,) of dimension K} such that for every u, € Ag(£) with
ug € Lif, we have
Vur> > X [ |url? (2.20)
Q. Q
Next, we identify functions I, € L; with functions in L?(2) by extending them
by zero on € \ Q. Define

L= {l =1+ | I, € Ly, I, € LQ} (221)

and note that L is a subspace of L?(2) of dimension K := K; + K.

Let u € Ag(Q) with uw € L. In particular, for any k € {1,2} and any [, € Ly,

978 Q

where we used that we extended the l;, by zero on Q\ €. Thus, the restriction of
to Q, which we denote by u; € Ag() satisfies ux € Li-. By (2.20), it follows that

we have

Vurl> > X [ |url? (2.23)
Putting everything together and using that > has zero Lebesgue measure, we obtain
/ VaP = [ Vvl + [ Vel + )\/ s = /\/ W (2.24)

Q o Q2 ™ Q2 Q

Thus, N§(A\) < K, which completes the proof of (2.19). O



Chapter 3

Weyl formulae for some singular
metrics with application to acoustic

modes in gas giants

3.1 Overview of |9]

Seismology for gas planets plays an important role in understanding their interior.
Astrophysicists use for instance ring seismology for Saturn when measuring eigenfre-
quencies of soundwaves inside the planet [38]. A particularity of gas planets is that
the speed of sound goes to zero near the boundary of the planet. Physicists use a
model for this behaviour that includes a parameter o depending on the density pro-
file of the planet near the boundary, which depends on the chemical decomposition

of the planet.

The propagation of sound waves in gas planets can be modelled by the Laplace-
Beltrami operator on a compact Riemannian manifold X with boundary with a
certain class of Riemannian metrics that become singular at the boundary. Near

the boundary 09X, these Riemannian metrics are of the form
g=u g, (3.1)

where w is a suitable coordinate transverse to the boundary with « = 0 at the
boundary, g is a smooth Riemannian metric on our manifold up until its boundary
and 0 < a < 2. It has been shown in [30] that the spectrum of the corresponding

Laplace-Beltrami operator is discrete.

Our work with Yves Colin de Verdiére, Maarten de Hoop and Emmanuel Trélat

14
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[9] provides a proof of the asymptotics of the eigenfrequencies of gas planets for any
0 < a < 2, which are the physically relevant cases 9, Theorem 1]. Furthermore, we
show how most of the eigenfunctions are distributed inside the planet |9, Theorem
2].

When « is larger than a certain critical parameter, then the Hausdorff dimension
of (X, g) is strictly larger than its topological dimension and we proved in 9] that
the Weyl asymptotics are determined by « and the metric g at the boundary. In
this case, the Weyl measure, which describes the limiting averaged distribution of
the eigenfunctions, is the uniform distribution on the boundary. Below this critical
parameter, the Weyl asymptotics agree with the usual Weyl asymptotics on smooth
Riemannian manifolds and the Weyl measure is a uniform distribution on X. We

also covered the case of the critical value of «.

We have two different proofs; one of them uses heat kernel asymptotics and the
other one uses Dirichlet-Neumann bracketing. Both in the critical and supercritical
parameter range of «, it is crucial that our metric near the boundary is quasiisometric

to a metric that has nice scaling properties.

3.2 Context for [9]

It is a classical result that for smooth compact Riemannian manifolds X of dimension
d € N with a smooth non-degenerate Riemannan metric g, the associated Laplace-
Beltrami operator Ay has discrete spectrum and the eigenvalues satisfy the leading-

order Weyl asymptotics
N(A) = Cqvol(X, g)A7? + 0 (A¥?) as A — oo, (3.2)

where N(A) denotes the number of eigenvalues of A, that are less than A counted

with multiplicity, and vol(X, g) the corresponding Riemannian volume.

In [40], the authors gave a full asymptotic expansion of the corresponding heat
kernel, which can be used to deduce (3.2) by a Karamata theorem [19, Chapter
XIII, Theorem 2|. More generally, we still have (3.2) if X has a smooth boundary,
for instance with Dirichlet boundary conditions, see for example [25] and references
therein for a review of different techniques for heat kernel asymptotics in the case

with and without boundary.

More generally, one can ask for eigenvalue asymptotics in the case of singular

metrics, where the singularity could be both on the boundary of the manifold or in
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its interior.

In the case of domains in euclidean space with a certain power-type singularity at
the boundary, Métivier [39] gave an extensive description and derived Weyl’s law in
different settings. In his proofs, he worked with weighted Sobolev spaces. Using his
results, one can also derive the Weyl law in our setting (3.1) after suitably localising
near the boundary and using local coordinates, though the constants in [39] are not
explicit. We learnt about [39] after the completion of our work [9] from Bernard
Helffer, who we would like to thank for this very helpful comment. We would also
like to thank an anonymous referee for pointing out the reference [49], which also

includes the Weyl law in our setting (3.1) in suitable coordinates.

More recently, in [4], the authors considered the example of a Grushin cylinder
and a Grushin sphere where they computed the eigenvalues and corresponding ei-
genfunctions explicitly, thereby also establishing a Weyl law. The Weyl law in their

example is a special case for our setting (3.1) with a critical value of a.

We would also like to mention the recent work [8]|, which considered singular
Riemannian manifolds with a singularity at the boundary under different assump-
tions on the metric. The authors identify subcritical, critical and supercritical cases
depending on the behaviour of the Riemannian volume of the set of points with
distance at most 1/ VA for A\ = oo and derive a corresponding Weyl law in the
subcritical and critical case. In the supercritical case, they derive corresponding

bounds.

We would also like to refer to [12, 10, 11| for various results on asymptotic
expansions of heat kernels in sub-Riemannian geometry and local Weyl laws. In

particular, these papers treat the Grushin case, which corresponds to o = 1 in (3.1).

In [9, Theorem 2|, we showed that in the supercritical regime, most of the ei-
genfunctions accumulate at the boundary. In [18|, I showed with Larry Read that
this happens at scale A™/(2~®)and we also identified a profile that emerges after

zooming in at that scale.

In the following, I would like to give more details on the statement and the proof
of [9, Theorem 1] using Dirichlet-Neumann bracketing [9, Remark 2]. Some of the
proof ideas we explain here were rewritten in |18, Section 2| in the critical case for
sums of eigenvalues and with a rescaled test function. After the completion of this

work, we realised that very similar ideas were also used in [49].
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3.3 Normal form and change of variables

We let n € N such that the Riemannian manifold X is of dimension n + 1. The
part of X near the boundary is diffeomorphic to [0, 1] x M, where M is a smooth n-
dimensional Riemannian manifold that is diffeomorphic to the boundary; we identify
{0} x M with 0X. Near the boundary X, we can choose our coordinates such that

g can be expressed as

g = u—la(du2 + go(u) for (uy) € [0,1] x M, (3.3)

which is referred to as a normal form, see [30, Lemma 5.2]. Here (go(u))ueoq is a
family of smooth non-degenerate Riemannian metrics on M that depend continu-

ously on wu.

We can then perform a change of variables = 1/(1 — a/2)u'~*/2 and obtain

2a

—

g=da? + 2 Pg(x) for (z,y) €[0,1] x M, where § := 5 (3.4)
Again, (g1())zep,1) is a family of smooth non-degenerate Riemannian metrics on M

that depend continuously on .

3.4 Statement of |9, Theorem 1] in the subcritical,

critical and supercritical case

Denote by A, the Laplace-Beltrami operator on X with Dirichlet boundary con-
ditions on X (consider the corresponding quadratic form for smooth compactly
supported functions). We would like to understand the asymptotics for the number
N(A) of eigenvalues of A, that are less than A for A — oo. For the parameter
0 < o < 2 1in (3.1), there is a subcritical regime o« < 2/(n + 1), a critical value

a=2/(n+1), and a supercritical regime « > 2/(n + 1).

In the subcritical case a < 2/(n+ 1), we show in |9, Theorem 1| that we have

the asymptotics
N(A) = Cryavol(X, ) ATD/2 4 o (A TD/2) - ag N — o0 (3.5)

Here C), 1 denotes a universal semiclassical constant depending on the dimension
n+1, and vol(X, g) is the Riemannian volume of X with respect to g. These asymp-

totics (3.5) agree with the leading order Weyl asymptotics for non-singular smooth
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Riemannian metrics on compact Riemannian manifolds, possibly with boundary.

In the critical case a = 2/(n + 1), we show in [9, Theorem 1] that
N(A) = K,vol(M, gi(0)A" ™2 1og(A) + 0 (A2 1og(N)) as A — o0 (3.6)

for some explicit constant K, only depending on n. Here vol(M, g;(0)) denotes the

Riemannian volume of M with respect to ¢1(0).

In the supercritical case a > 2/(n + 1), [9, Theorem 1] states that
N(\) = K, ovol(M, g1 (0))A ) 4o ()\”/(2_“)) as A — 00, (3.7)

where K, , is an explicit constant only depending on n and «.

3.5 Hausdorff dimension

The exponents appearing in (3.5), (3.6) and (3.7) are linked to the Hausdorff di-
mension of (X, g). For a < 2/(n+ 1), the Hausdorff dimension of (X, g) agrees with
its topological dimension and is equal to n 4+ 1. For a > 2/(n + 1), the Hausdorff
dimension of (X, g) is given by d := 2n/(2 — «). Hence, up to the logarithmic factor
in the critical case, we always have a behaviour like \?#/2 if dy; denotes the Haus-
dorff dimension of (X, g). This is not surprising in view of the modified Weyl-Berry
conjecture [35] (which is however false in general [36]) and that in our case, the

Hausdorff dimension and the Minkowski dimension agree.

3.6 Discreteness of the spectrum

As we have mentioned previously, the discreteness of the spectrum of the Laplace-
Beltrami operator A, for ¢ given in (3.1) with 0 < a < 2 was shown in [30, Proposi-
tion 29]. For critical and supercritical «, that is, 2 > a > 2/(n+1), the Riemannian
volume vol(X g) is infinite. It might at first sight be a bit surprising that we never-
theless have discrete spectrum in this case. Morally speaking, I would say that the
discrete spectrum for a < 2 seems more linked to the fact that for a < 2, every point
in X has a finite distance to the boundary measured with respect to the metric g.
By contrast, for a« > 2, every point in the interior has an infinite distance to the
boundary. This infinite distance is helpful in the construction of Weyl sequences
that can show the existence of essential spectrum. Note that o = 2 corresponds to

the case of hyperbolic geometry.
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3.7 Quasi-isometric metric

Let us use the notation Xz = [0,£], x M, for any € > 0. Here the indices z and y
indicate that we work with coordinates (z,y) € [0,£] x M as in (3.4), and we identify
this set with the corresponding part of X. Since the family of metrics ¢;(x) on M
is continuous in z (see (3.4)), we can find for any 6 > 0 an £ > 0 (which we fix in

the following) and a smooth metric g. on X such that
g =dx® + 17 Pgi(x =0) on Xa,

and
(14+6)'g<g-<(1+6)g onX. (3.8)

From (3.8), we obtain

(1 + 05)_1Ag < Ag < (1 + C(;)Ag

€

in the sense of quadratic forms for some ¢s > 0 with ¢s — 0 as 6 — 0. In particular,
the leading order Weyl asymptotics for A, and A, will only differ by a factor of at
most (1+c¢s). Since we can choose d arbitrarily small, it suffices to prove the desired
asymptotics for A, . For simplicity of notation, we assume in the following without

loss of generality that g = g..

3.8 Change of function and change of measure

The change of functions consists in replacing any function f € L*(X,dv,) by a
function f which is 27 #"4f on X,. and is equal to f on X \ X3, and f is some
interpolation of the two behaviours on X3, \ Xs.. We also make a change of measure
such that this transformation becomes unitary. In particular, on Xs., the Rieman-
nian volume measure dv,(z,y) = v7"#/2dzdvg(y) is replaced by dwxdvg(y), where

G = g1(z = 0) is a metric on M. In particular, for any f,h € L*(X,., dv,), we have

/ fhdv,(z,y) = fgdzdus(y). (3.9)
Xoe Xoe
On X, in local coordinates, the operator Ay (which we from now on refer to as A,
since we assume without loss of generality g = ¢.) is of the form

Bn Bn

C
2 B B ; —
-0, + — +a2"Ay with Cg = 1 (1+ 1 ) (3.10)
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Recall that g was defined in (3.4). Aj; denotes the Laplace-Beltrami operator on
M with respect to the metric G = ¢;(0). Notice that the operator in (3.10) allows

to separate the variables x and y. This will be used in Section 3.9 below.

3.8.1 Splitting of the Riemannian manifold

The next step in the proof consists in splitting the Riemannian manifold X into a
part close to the boundary X, and the rest X \ X..

The number N(A) := Nx(\) of negative eigenvalues of the Laplace-Beltrami
operator A, (which is a nonnegative operator for us) on X less than A > 0 can then
be estimated using Dirichlet-Neumann bracketing by the sum of the corresponding

numbers of eigenvalues of the Laplace-Beltrami operator on the two parts:
N (N) + N2yx. (\) S N(A) < Ny (A) + Nxyx, (V) (3.11)

Here the D or N stand for Dirichlet or Neumann boundary conditions at the bound-
ary of X_ in the interior of X, namely at {¢} x M. Strictly speaking, we will first
perform the change of function and change of measure from Section 3.8 and then
put the Dirichlet or Neumann boundary conditions.

We then examine the asymptotics of the terms in (3.11) separately. The parts
corresponding to the interior of X, namely N)[<)<§s(/\) can be treated using classical
results since the metric g is non-singular there. We have

NE (N = Cuavol (X \ Xe, A2 40 (APTD2) as X 500, (3.12)

The main contribution is a precise understanding of the asymptotics for the term
near the boundary N)?E/N()\).

3.9 Separation of variables and the one-dimensional

operator P,

Note that when considering A, on X, in local coordinates (both with Dirichlet or
Neumann boundary conditions at {¢} x M), we can find an orthonormal basis of

eigenfunctions of A, with eigenvalue n > 0 that are of the form

(z,y) = p(x)(y), (z,y) €[0,e] x M (3.13)
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where ¢, 1 are L?-normalised, v is an eigenfunction of A,; with eigenvalue p > 0,

and ¢ is an eigenfunction of
Cs

on [0,¢] with eigenvalue 1. Here we used (3.10).

Using the notation N~/ [0, ]()\) for the number of eigenvalues of P, less than A with
Dirichlet or Neumann boundary conditions at x = € and always Dirichlet boundary
conditions at © = 0 (since we have Dirichlet boundary conditions for A, at 0.X), we

obtain
o0

DN
/ Z Ke (3.15)

=0

Here we denote by (1) en, the eigenvalues of Ay, counted with multiplicity.

3.10 Application of the Weyl asymptotics for M

Note that for any pu > 0, P, > —92, and therefore, from the explicit theory for the

one-dimensional Laplacian on an interval,

D/N
N, o]

1
(M) <14 =eVA = oA/} a5 X — 0. (3.16)
m

Thus, any of the terms in (3.15) individually is of subleading order.

At the same time, from the Weyl asymptotics on M, we know that
pi = e (1+0(1)) as j — oo,

where ¢y = (|B}|(2m) " vg(M))~2/" and | B?| denotes the volume of the unit ball in
dimension n. For any § > 0 we can find K € N large enough such that

(1+46) " e <y < (14 8)eaj?™ (3.17)

for all ; > K. Replacing p; by the estimates in (3.17) only changes the leading
order asymptotics for N XE/ (M) by at most a factor that converges to 1 as § — 0.
Since we can take ¢ arbitrarily small, we can without loss of generality assume that

i = carf?/m for all j > K.

Combining these two aspects, we see that for the leading order asymptotics of
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N )[()S/N(/\), it suffices to find the leading-order asymptotics of
D/N
Z NCMj2/",[O,e] (A) (318)
j=K

3.11 Unitary equivalence of P, and scaling

For any p > 0 and a > 0, the operator P, on [0,a] is unitarily equivalent to
uﬁ Py on [0, wt/ (2+5)a], see |9, Proposition 5|. This can be seen through the unitary

transformation

(Uf)(x) v 2o f (uﬁ@ : (3.19)

It follows from this and (3.18) that we need to understand the leading-order

asymptotics of

o0 o0

D/N o D/N 2/n\—2/(2+8
D Netrn o) = D0 Nyozeygormrsan (eag® ") 7/ E2A) (3.20)

=K =K

The scaling we use here is one of the key steps in the proof. In particular, it is
essential for the proof in the critical and supercritical case to obtain asymptotics

instead of leading-order bounds with non-matching constants.

In the subcritical case, we will show that (3.20) is an arbitrarily small factor
times the leading order term. In the critical and supercritical case, it will be the
main order term and it does not depend on . By replacing € by S(CM)_I/ (2+8) and
replacing A by (car) 2@+ ), on can check in those cases that the sum (3.20) is
proportional to vg(M), as in (3.6) and (3.7), and one can also keep track of the

constants. Therefore, it suffices to understand the asymptotics of

Z NPV (YN (3.21)

1[0, EJl/d]

where we use the notation d := n(1 4+ §/2). Note that we have d > n for all § > 0.

3.12 Removing zero and subleading contributions

Note that there exists some ¢ > 0 (depending on /3) such that

C
—5 +2° > ¢ forall z > 0. (3.22)
T



23 Chapter 3. Weyl formulae for some singular metrics

This expression appears in the definition of Py, see (3.14), and shows that P, > ¢,
independently of the interval on which we consider P; or which boundary conditions

we pick. Hence, there exists Cy > 0 such that for all j > CoA%?, we have

D/N ._2/d .
N\ 0.t/ (57%4N) = 0. (3.23)

Thus, by (3.23), we can express (3.21) as

o Cord/2

D/N D/N —2/d
§ Nz o (A § N, ogjw A). (3.24)
j=K

Furthermore, for any L > 0 we have by (3.16)

LA"/2

Z ND/N (j72/d)\) <L>\n/2 (1+_€\/_) SL)\ TL+1 /2+ ()\(n+1)/2> (325)

1,[0,e51/4]
Jj=K

as A — oo.

In the subcritical case, we will first choose L > 0 very large and then we only
need to choose € = ¢(L) > 0 small enough (namely we want L to be small). Then
we get a term of leading order, but with arbitrarily small prefactor. In the critical
and supercritical case, this term will be of subleading order, and we may choose

L = L(e) > 0 large depending on ¢ > 0.

Thus, for L > 0, we will need to understand the asymptotics of

CQ)\d/2
D/N _
> N () (3.26)
j= Lan/2

which is a sum of counting functions for the operator P;, which was defined in
(3.14), considered on intervals of different sizes. Continuing from this point, we give

a separate end of proof in the subcritical, critical and supercritical case.
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3.13 End of the proof in the critical case

In the critical case, we have 8 = 2/n. For some E > 0 small and L > 0 to be chosen,

we split the sum (3.26) as follows:

Co)\d/Q
D/N .—92/d
Z Nl,[O,ajl/d} (4 / )
J=LAn/2
I Coris2 (3.27)
. D/N .—92/d D/N .—92/d .
o Z Nl,[o,sjl/d} (j / )‘) - Z Nl,[O,ajl/d] (~7 / >‘) =T +5,
j=LAn/2 j=EXd/241
where we assume without loss of generality that EA%2 Co %2 € N.
Let us first estimate 7. We use the notation w := j~%/¢\ and note that for
LA"? < j < EX?, we have
L2ANBICHB) > ) > B4, (3.28)

If L = L(g) > 0 is chosen large enough depending on ¢, then we have e/ /w > w'/?
for all j with LA\"/? < j < EAY¥? and thus, by Dirichlet-Neumann bracketing,

D/N - B
Nl,[O,Ejl/d] (] 2/d>\) < Nle[07w1/B] ((A)) + N1N,[w1/ﬂ75 ol (w) = NIZ\,[[O,wl/ﬁ} (w) , (329)

where N stands for additional Neumann boundary conditions at = = w'/?. Here we
used that P, > w on [w'/? e\/A\/w] in the last step. Similarly, we get
D/N .
Nl’[(/)’ajl ja (70N) = Njg ) (). (3.30)
Next, we claim that for any v > 0, we can find £ > 0 small enough such that
for all w := j72/4)\ with LA"? < j < EA¥? and L = L(g) > 0 chosen as above, we

have

N sy (@) € [(147) T AWM, (14 ) Al #H/7] (3.31)

where

1
A= l/ V1-—2z8dz. (3.32)
T Jo

The proof of (3.31) follows along the lines of the proof of |9, Proposition 4|. Using
Dirichlet-Neumann bracketing, we can split the interval [0, w'/#] into smaller inter-
vals. On each of those smaller intervals, we estimate the potential Cyz~2 + 2 in

the definition of P, by a constant from above and below. Then we use estimates for
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eigenvalues for the Dirichlet and Neumann Laplacian on intervals. We omit further

details here.

By (3.31), we get

ENd/2 ENd/2
j= L>\n/2 j= L/\n/2

Since 8 = 2/n, we have (1/2+1/8) = (n+1)/2 and 2/d(1/2 + 1/8) = 1. Thus,

EXY/? EXY/? 1
D) R (L T NS (3.34)
J=LAn/2 j=LAn/2 J
Recall that
R d
> = =log(EX?) +0(1) = 5108() +0O(1) as A — o0 (3.35)
— J
7j=1
and similarly,
L)\n/Q
Z == log )+ O(1) as A — oc. (3.36)

Using d =n+1,s0d/2 —n/2 =1/2, it follows from (3.35) and (3.36) that

EX/2 1 1
Z - = §log()\) +0O(1) as A — oc. (3.37)
J=LAn/2

Combining (3.33), (3.34) and (3.37), we get
A
Tell+v) 1+ 5)\("“)/2 log(A) + O (A2} as A — oco. (3.38)

Recall that v > 0 can be chosen arbitrarily small, and this will give us the leading-

order asymptotics for (3.26) in the critical case.

In order to complete the proof of (3.6) in the critical case, it remains to show
that S is of subleading order. To this end, note that if j > FEA%? and /\ > 0 is
large enough (depending on ¢ and E), then we always have E~2/(4%) L ¢j'/4 and by
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Dirichlet-Neumann bracketing, we have

Nyt (G72) < NPT (B72)
S N 1,[0,E=2/(49)] (E 2/d) + NiN,[E—z/wﬂ),ejl/d} (Eiz/d)

= N [OE 2/(dﬂ)} (E72/d) = C(E),

where we used that P, > E~%4 on [E~%/(@) ¢j1/4] Tt follows using d = n + 1 that

Co)\d/z
S= D Noow v (770 < CAPC(E) = CoC(B)AT?, (3.39)
j=EXd/241
and thus,
S=o ()\ (nt+1)/2 log(\)) as A — oo. (3.40)

This completes the proof of (3.6) in the critical case.

3.14 End of the proof in the supercritical case

_2
Recall that by the unitary equivalence of P, on [0,a] and % P, on [0, u*/?+#q]
via (3.19),
NP LGN = NN (O, (3.41)

1,[0,e51/4] 3%/™,[0.e]

which is monotone decreasing in j. Using this monotonicity and that each of those

terms is of subleading order, see (3.16), we can interpret our sum as a Riemann sum

and obtain
CO/\d/Q
: —d/2 D/N —2/d
Jim XY NS G
j=LA\n/2
Co)\d/2
— Tim \~9/? NP ((jxdﬂ)*?/d) (3.42)
A—00 1,[0,a(j)rd/2)l/dﬁ}
j:L)\"/2
co D/N /d
1 -2
= lim S N (o.est/ay (s7%) ds.

In a similar way to the proof of (3.31), one can also show that there exists a
(non-optimal) constant C' depending only on Cj such that for any A > 0, ¢ > 0 and

for any w > Cy~ %, we have

D/N 1/2+1/8
Nl,[O,s\/)\/_w] (w) < Cw . (3.43)



27 Chapter 3. Weyl formulae for some singular metrics

Applying (3.43) with w = 572/ for s < Cj and using 3 > 2/n, we obtain

Nt aragy (572) € Os72102000 = 0572/00 € IX(0.C)). (344

Thus, the limit in (3.42) is finite and we have found a dominating function, which

we will later use to apply the dominated convergence theorem in (3.42).

We claim that

. D/N - _
)\h_)rgo N1,[(/),asl/dﬁ] (s7%) = Ny o0 (s7%?)  for almost every s > 0. (3.45)
Note that we cannot expect pointwise convergence since N X [é /a3 ( —2/ d) € Np.

For (3.45), it suffices to show that for every k € N, the k-th eigenvalue of P, on [0, a
converges to the k-th eigenvalue of Py on [0,00) as a — oo. In the case of Dirichlet
boundary conditions, this can be seen using the min-max principle. In the case of
Neumann boundary conditions, one can show an Agmon-type estimate to get the

convergence. We will omit the details here.
Using (3.44), (3.45) and the dominated convergence theorem, we obtain

C 0 CO

: D/N —2/d\ _ —2/d
)\11_{20 Ln/2—d/2 Nl,[O,z—:sl/dﬁ] (S ) o 0 Nl,[(),oo) (S ) < (O’OO)’ (346>

and by (3.42), this completes the proof of (3.7).

3.15 End of the proof in the subcritical case

Using (3.44) and multiplying everything in (3.42) by A%/2, we get

Cord/2 Co
Z ND{)]Z]W (57%N) < )\d/Q/ Cs™ 20 ds + o(AY?) as A — oo.
j=LAn/2 An/2md/2
(3.47)
Note that

C
NG / R gg < OXU (LAn/R-4i2) YO i k)2 (3 48)
\n/2—d/2
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and since B < 2/n, the factor L'=%(%) can be arbitrarily small if we choose L > 0
large enough. Since we have d < n + 1, we find that

Co)\d/Q
> Nﬁé];l/d] (j729\) < OLY7HEAINMED2 L o(AMFED/2) ag X = 00, (3.49)
J=LAn/2

Combining this with (3.25) and (3.12), we obtain (3.5).



Chapter 4

Isoperimetric inequalities for inner

parallel curves

4.1 Overview of [16]

Together with Ayman Kachmar and Vladimir Lotoreichik [16], we studied an iso-
perimetric problem that was motivated by a previous paper of theirs [32]. We proved
the following statement: Let @ C R? be a smooth simply connected domain. Let
B C R? be the ball centred at the origin with |[0B| = |0Q|. Denote for all ¢ > 0

Sy(Q) :={x € Q| dist (z,00) =t}

and similarly for Sy(B). Define the centroid of S;(2) by
o) = S, / vdH (z) (41)
Se(2)

Then

/ |z — c(t)PdH (z) < / |z|?dH* (z) for almost every t > 0, (4.2)
$H(9) Si(B)
where H' denotes the one-dimensional Hausdorff measure. Note that [y g |2[*dH'(2)

is not the variance of x for S;(B) since we do not divide by |Si(B)|.

(4.2) was the missing ingredient to extend an isoperimetric inequality for the low-
est eigenvalue of the magnetic Robin Laplacian with negative boundary parameter
for convex domains in [32] to all smooth simply connected domains in R? with finite

perimeter.

29



30 Chapter 4. Isoperimetric inequalities for inner parallel curves

The case t = 0 of (4.2) is a classical result due to Hurwitz |31] relying on Fourier
techniques. In order to extend this result to ¢ > 0, we used in [16] an explicit
construction of a closed curve ¥, with S;(2) C 3; and |%;| < |S;(B)] for almost
every t > 0.

We also studied a related question: Fix p > 0. Let I' C R? be a closed Lipschitz
curve with the origin as its centroid, and let B C R? be a ball centred at the origin
with |I'| = |0B]. Then do we always have

/ ePdH (z) < / ePdH (2)?
T OB

We could give a partial answer to this question, namely yes for all p < 2, and no
for all p > 3. Using a Fuglede-type argument, we could show that if 2 <p <3 in a
suitable sense, for nearly circular domains €2 locally near a ball, the answer is yes.

The case 2 < p < 3 in its full generality remains an interesting open problem.

In the following, we focus on (4.2). We first consider the example of a dumbbell
in Section 4.3. In Section 4.5 and Section 4.6, we explain the strategy of how to
define the closed curve 3; with S;(2) C ¥; and 3| < |S¢(B)] for almost every ¢ > 0.

In Section 4.4, we explain why this is enough to conclude (4.2).

4.2 Context for [16]

Using Fourier analysis, Hurwitz |31, pp. 396-397| showed that for any closed curve

I' of fixed length with the origin as its centroid, one has

/ 22 dH (x (|F|) (4.3)

with equality if and only if the curve is a circle around the origin. Recently, general-

isations of (4.3) to higher dimensions and corresponding quantitative versions were
shown in [33].

For inner parallel curves, Hartman [28, Corollary 6.1] showed that |S;(2)] <
|S¢(B)| for almost every t > 0.

Combining the two results |31, 28|, one can show that if S;(£2) is a closed curve,
then (4.2) holds, see for instance the proof of [32, Proposition 4.4| or our explanation
in Section 4.4 below. For instance, S;(£2) is a closed curve for all £ > 0 if Q is convex,

see [32, Proposition 4.4]. Our main contribution in [16, Theorem 1.1] is to generalise
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this result to general smooth, bounded, simply connected domains (the smoothness

assumption is technical and can probably be relaxed).

Our work [16] was motivated by [32|. Assuming (4.2), the authors of [32] proved
an isoperimetric inequality for the first eigenvalue of the magnetic Robin Laplacian
[32, Theorem 4.8]. They left as an open question for which domains €2 one has
(4.2). Using (4.2) for all smooth, bounded simply connected domains with finite
perimeter, we could straightforwardly extend this isoperimetric inequality for the

first eigenvalue of the magnetic Robin Laplacian [16, Theorem 1.5].

There are many results in the literature on weighted isoperimetric inequalities.
In [3], the authors consider weighted integrals over the boundary of the domain for
different domains with the same Lebesgue measure. In [1] a similar setting is con-
sidered, but the Lebesgue measure is replaced by some weighted Lebesgue measure
with a power-type weight. Another result on weighted isoperimetric inequalities we

would like to mention is [6].

4.3 The dumbbell example

Let us consider the example where €2 is a dumbbell, such as in Figure 4.1. Ayman
Kachmar mentioned this example to me when we started working on the project.
By symmetry of the dumbbell, we have ¢(t) = 0 for all ¢ > 0. Let us without loss of
generality assume that [0Q| = 27, so we need to compare €2 with a ball of radius 1

centred at the origin.

Figure 4.1: This picture shows an example where €2 is a dumbbell-shaped region.
The set S;(§2) =: S; for some ¢ > 0 is drawn in blue. Note that it consists of two
connected components.

For t in a certain range, S;(€2) consists of two connected components that are far
away from each other. We know that |S;(€2)| < |S;(B)| for almost every ¢ > 0 by [28,
Corollary 6.1]. However, only using this information is not enough to conclude since

the two parts of S;(2) are very far away from the origin, so the |z|? for z € S;(2)
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in (4.2) can be larger than 1. Note that the two connected components of S;(€2)
cannot be arbitrarily far away from the origin since they are a subset of {2 and we
have |0 = 27, so we always have |z| < 7 for z € S;(2) (using the symmetry of
the dumbbell around the origin). Also note that in the case of a dumbbell with a
very long middle axis, |S;(€2)| is much smaller than |S;(B)]|, see Figure 4.1.

4.4 General proof strategy

In this section, we explain why for the proof of (4.2), it is sufficient to construct a
closed curve ¥; with S;(2) C ¥; and of length |%;| < |S;(B)| for almost every ¢t > 0.
This result can be deduced from [31, pp. 397-397|. The following explanation can
also be found in [16, Section 4].

Fix ¢t > 0 and suppose we have already constructed such a curve ¥; of length
L = %] < |Si(B)|. Let o : [0,L] — R? be a parametrisation of that curve by
arc-length. Assume without loss of generality that the centroid of ¥; is the origin,
that is,

/OL o(s)ds =0 (4.4)

(otherwise shift the whole coordinate system). Then

/St(m lz—c(t)PdH () </ lz|2dH (z) < [ |z*dH  (x) :/0 ()2 ds. (4.5)

S(Q) 3t

Note that the first step can be shown by a short computation that uses the definition
of ¢(t) as a centroid and the fact that the power is equal to 2. Next, we apply the

Poincaré inequality using (4.4), see for example |27, Section 7.7|, to get

| teras< gz [P = g (1.6)

where we used the arc-length parametrisation of o, that is, |0’(s)] = 1 for all s, in

the last step.

By scaling in (4.2), we may without loss of generality assume that |0} = |0B| =
27, that is, B is a ball of radius 1 around the origin. In particular, we have |S;(B)| =
27(1 —t). Then

/ 2dH (2) = (1 — t)2r. (4.7)
St(B)

Thus, if
L<(1—t)2r = |S(B), (48)
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then by (4.5), (4.6), (4.7) and (4.8), we obtain (4.2).

This shows that in order to complete the proof, it suffices to find a closed curve

Et with St(Q) C Et and of length |Zt’ < |St(B)|

4.5 A first naive try for the construction

Since € is assumed to be simply connected and we assume without loss of generality
that |0Q)] = 27, we can parametrise its boundary by a curve v : [0,27] — R?
that is parametrised by arc-length. Moreover, we may assume that v has positive
orientation. We denote by n : [0,27] — R? the corresponding inward pointing

normal vector

n(5) = (—74(s), 7 ()T = J/(5), where J = ((1) _01) (4.9)

and by & : [0,27] — R the curvature defined by

v"(s) = K(s)n(s). (4.10)

Since 7 is a positively oriented non-self-intersecting closed curve, we have by [2, Satz
2.2.10]

/QTF K(s)ds = 2m. (4.11)

Using the above notation, we have |16, Lemma 2.3]

S, (Q) € {7(s) +tn(s) | = € [0,27]} . (4.12)

In view of (4.12), a natural guess for a closed curve containing S;(£2) and with

length less than or equal to |S;(B)| is given by the curve A; parametrised by
a:[0,27] = R?  a(s) =y(s) + tn(s). (4.13)

The curve A; for the dumbbell-shaped region that was shown in Figure 4.1 is illus-

trated in Figure 4.2.

The following results and explanations for A; can be found in [16, Lemma 2.3|.



34 Chapter 4. Isoperimetric inequalities for inner parallel curves

Figure 4.2: This image shows an example where €2 is a dumbbell-shaped region. The
curve A; for some t > 0, which is parametrised by (4.13) is drawn in cyan. Note
that we have S;(2) C A;(Q2), compare with Figure 4.1. In this example we have
k(s) < 1/t for all s € [0,27] and thus, by (4.16), we have |A;| = |Si(B)|.

We have

d / / "
3 U7 (8) =7(s) +1J7(s) (4.14)

=7'(s) + tJr(s)n(s) =7/ (s) + tJk(s)J7 (s) = (1 — tr(s))7'(s)

a/(s) =7'(s) +tn'(s) = 7'(s) + ¢

Here we used (4.9) in the second step, (4.10) in the fourth step, and J? = —Id in
the last step. Thus, the length of the curve A; is

|At|:/OW|a’(s)|ds:/0W|1—m(s)|ds, (4.15)

where we used (4.14) and that - is parametrised by arc-length.

Note that using (4.11), we have

/QW(l —tr(s))ds =2m(1 —1), (4.16)

so if 1 —tk(s) > 0 for all s € [0,27], then |A;| = 27 (1 —t) = |S¢(B)|, which is the
desired length, see (4.8). Thus, for ¢ small enough, the construction of the curve A,

and the considerations from Section 4.4 yield (4.2).

By contrast, for ¢ such that |{s € [0,27] | 1 —tk(s) < 0}| > 0, we see from (4.15)
and (4.16) that |A;| > 27(1 — t) = |S;(B)|, which is not enough to conclude. Such

an example is shown in Figure 4.3.
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=)=y

Figure 4.3: These images show the same example of a dumbbell 2 as in Figure 4.1
and Figure 4.2. Here we consider a larger value of ¢ and these images show the
corresponding inner parallel curve S;(€2) =: S; on the left and the curve A; on the
right. In this example we have x(s) > 1/t for some s € [0, 27] and thus, by (4.16)
and (4.15), we deduce |A;| > |S:(B)|.

4.6 General ideas on the modification of the closed

curve

In the case where [{s € [0,27] | 1 — tr(s) < 0}| > 0, that is, where k(s) > 1/t on a
set of positive measure, a natural idea is to try to modify the curve A; in such a way
that its length decreases to at most 27 (1 — t) = |\S;(B)| while still covering S(€2).

Recall that the circle of radius 1/k(s) that is tangent to the curve at y(s) is the
circle that approximates the curve best at this point, namely up to second order
in the Taylor expansion, see for example [16, Lemma 2.2|. If k(s) < ko for all
s € [0,27], then for any s € [0,2n] the ball of radius 1/kq that is tangent to the
curve at y(s) is contained in €. On the other hand, if for some s € [0, 27|, we have
k(s) > 1/t, then we do not have v(s) + tn(s) € S;(€2) in general.

Thus, we would like to discard all points from the construction of our curve Ay,
where r(s) > 1/t. There are two restrictions we should keep in mind here: First,
the resulting curve %; should be a closed continuous curve, so in particular, we
cannot allow for any jumps. Second, we need to make sure that the new curve ¥,
has a length of at most 27(1 —t) = |S;(B)|. For the second point, note that if
{s €[0,27] | 1 —tr(s) < 0} > 0, then

/ 11— ti(s)| ds > 2(1 — #) (4.17)
{s€[0,27] | k(s)<1/t}

by (4.16). Thus, just removing those points a(s) in the curve for which x(s) > 1/t

is nmot enough.
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4.7 Construction of the closed curve X,

In order to deal with the two restrictions we explained in Section 4.6, we proceed as

follows.

We will first remove all points «a(s) from our curve that satisfy a(s) ¢ S:(€2).
For almost every t > 0, we will obtain a finite number of curve segments, see |16,
Proposition 2.1] and the references therein. More precisely, there is m € N and there
are 0 < a; <by <ay <by <...<ay, <b, <2msuch that

Si(2) = {y(s) +tn(s) | s € [ag,b] for some 1 <k <m}. (4.18)

The result from [46, Theorem 4.4.1] we use here assumes smoothness of the curve,

which could probably be relaxed.

Then, we will add some straight line segments to connect those curve segments
v(s)+tn(s), s € [ax, bx] and obtain a closed curve ;. More precisely, we add straight
lines connecting y(by) + tn(by) with y(axy1) + tn(ags1), where we use the notation
amy1 := ap. The details on the construction of ¥; can be found in the proof of |16,

Theorem 3.1]. An illustration of ¥, is shown in Figure 4.4.

Figure 4.4: This picture shows the same setting as in Figure 4.3. The closed curve
> is drawn in red. Note that the straight line in the middle is doubly covered by
Y. Four straight line segments from the construction of ¥; just consist of a single
point.

Finally, we need to show that |¥;| < |S:(B)], see [16, Theorem 3.1]. To this end,
we use a lemma [16, Proposition 2.7| that estimates the length of a curve outside
two disks starting and ending tangently to those by the distance of the centres of
the two disks and the integral over the curvature. More precisely, [16, Proposition

2.7] states the following:

Suppose that we have two disks with radius ¢, possibly intersecting each other,
with distance R of the two centres, and a smooth curve I' parametrised by arc-length

by v : [a,b] — R? that always stays in the complement of the two disks and starts
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at v(a) tangently in a positively oriented way to the first disk and ends at (b)

tangently in a positively oriented way to the second disk, then
b
IT| > R+t/ k(s) ds, (4.19)

where £(s) denotes the curvature of I" at (s). (4.19) is very intuitive, but until now,
we only have proofs using relatively technical and powerful results from the literature
[7, Theorem 3.3] (see the proof of |16, Proposition 2.7]) or tedious elementary proofs
(see for example [15, Appendix A.2]).

With %] < |S;(B)|, we can conclude (4.2) by our explanations in Section 4.4,
see |16, Section 4].



Chapter 5

Hardy-Sobolev interpolation

inequalities

5.1 Overview of [17]

Recall that the classical Hardy inequality states that in any dimension d > 3, we
have for all u € H'(R?)

(d—2)% [ |u(z)]”
e IVUP > 1 y |$’2 dx. (51)

Using the ground state representation, see for example [24, Eq. (2.14)], and radial
decreasing arrangement, one can show that for u # 0, the inequality is strict.

One might thus ask for improvements of (5.1) that involve an error term. Note
that by translation, from (5.1), one also gets for all u € H'(R?%) with u # 0

|Vul? — M sup / ()l dx > 0. (5.2)

4 y€eR4 J R4 |£L’ - y|2

Previous results estimated the left-hand side in (5.2) by a subcritical LP-norm [5],

see (5.6) below, or a subcritical Sobolev norm [21], while fixing the L?-norm of u.

In a joint work with Phan Thanh Nam [17] we prove an inequality, see (5.3)
below, that involves the left-hand side in (5.2) and is critical in the sense that all

terms scale in the same way. More precisely, we show [17, Theorem 1] for d = 3 and

38
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6 = 1/3 the following Hardy-Sobolev inequality: For all u € H'(R?), we have

0 1-6
— 92)2 2 2
|Vu|*> — =27 sup [u(2)] dx sup [u(z) dx > COl|ul|?,-,
4 — 2 — 2 L
R4 yerd Jra |2 — Y| yerd Jra [T — Y|
(5.3)

where C' > 0 only depends on d,60 and 2* = 2d/(d — 2). We also show that (5.3)

does not hold if d > 4 or if § # 1/3. Furthermore, we show a more general analogue

of (5.3) involving LP-spaces for p € [2,d) and Lorentz spaces |17, Theorem 2|. The
new point of (5.3) with respect to previous estimates, see for example [5] or (5.6)

below, is the appearance of the critical exponent 2* on the right-hand side.

Our proof relies on a Morrey-type inequality going back to Palatucci-Pisante
[42], the ground state representation for the Hardy inequality, symmetric decreasing
rearrangement and an optimal estimate in the radial case. In fact, we can determine
all the optimisers of the corresponding radial problem explicitly [17, Theorem 3(i)],
which are given by the family

1
(=7 (1 o f?)) =202

ul(x) = n € (0,00), (5.4)

up to dilation and multiplication by a constant. It remains an open problem to

prove whether there exist minimisers for the full non-radial inequality (5.3).

5.2 Context of [17]

Brezis and Vazquez [5, Theorem 4.1 and Extension 4.3| showed that if
d>3, 2<q<2'=— 9:d<———), (5.5)

then there exists a constant C' > 0 such that for all u € H'(R?)

0
d— 2 2 )
( [ v - (d-27 Sup/ Mdm) 1290 > 2, (5.6)

4 yeRd JRd |1‘ - y|2

Note that the ¢ in (5.5) is subcritical with respect to the Sobolev critical exponent
2*. More recently, a corresponding version involving the corresponding subcritical

Sobolev norms was shown in [21, Theorem 1.2].

As we show below in Section 5.3, a corresponding version of (5.6) does not hold

in the critical case. One of the main points of [17] is that we do have a corresponding
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inequality only involving quantities with critical scaling behaviour if we replace the

L?-norm in (5.6) by a suitable Morrey-type norm.

A related Morrey-type inequality, which we also use in our proof, is the following
inequality for all d > 3 and 1 —2/d < 6 < 1 that goes back to Palatucci and Pisante
[42, Theorem 1]

0 1-6
(/ |Vu|2> sup R™? |u)? > Clluf|2, for all u € H'(R?).
R4 R>0,zeR? Bgr(x)
(5.7)
We would also like to refer to [48] for a recent simplified proof of (5.7) involving the

use of maximal functions.

Below we explain a radial example from [17, Section 2| in Section 5.3 and a
bubbling example from [17, Section 3.1| in Section 5.5 in detail. Both examples
combined explain why (5.3) does not hold if d > 4 or if § # 1/3, see Section 5.4
and Section 5.5. Furthermore, the radial example is important for understanding
why (5.6) can only work for subcritical norms. The bubbling example exhibits a key
feature that makes it challenging to answer the question of existence of optimisers
for (5.3) with d = 3 and 6 = 1/3, see Section 5.6.

5.3 Radial example

This section is devoted to an explanation of why the inequality estimating the first
factor in (5.3) by a subcritical LP-norm, see (5.6) [5, Theorem 4.1 and Extension
4.3], does not hold for critical LP-norms. The understanding of the counterexample

explained below was the starting point our work in [17].

For our counterexample, we will consider radial functions u € H'(R?Y) and write

f(l=])

" Jal@272°

them as

which corresponds to the ground state representation for Hardy’s inequality, see for
example [24, Eq. (2.14)]. With this notation, we have

—jst [ L

d— 2)2 2 V[ (z)?
Ve = “ /R |u|i’2| dx_/RJ |x|§ e = 15" 1’/ frs

(5.8)
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where [S?71| is the surface area of the unit sphere in R%.

For our counterexample, we choose f = f. depending on a parameter ¢ > 0

(which we will later send to zero) as follows:

fe(r) = r, re0) (5.10)

r=, re |l o0).

The idea is to consider very flat profiles f., which correspond to € small. If 0 < ¢ <
(d — 2)/2, then the function

u(z) = f-(|ja)e| = = (5.11)

is radially symmetric decreasing, and hence,

sup/R =@ ) /Rd |“€(x2)|2 dz. (5.12)

yere Jra |2 —y|? |

With this choice of f = f., we have for any p > 0

/Oor|fé(r)|2dr:5, /der: 3 (5.13)

0 0 r pe

By (5.9) and (5.13), we get for any £ > 0 for the corresponding function . defined
by (5.11)

d—22 - 2
v 2 - 4=2 sup/ @)l 1) (5.14)
Rd

4 yeRd JRd |1‘ - y|2

L
R4

Sending £ — 0, we find that (5.6) cannot hold with a constant C' > 0 independent
ofuifd>3,¢q=2%0=1.

and

* _ 2
¥ = |8 1|275' (5.15)

5.4 Application of the radial example to (5.3)

Note that in our example defined by (5.11), we also have for 0 < e < (d — 2)/2

Sup/ |ue ()] :/Rd |ue(@)] dx:lSd—l‘/O Mdr:@d—l%, (5.16)

yeRd JRd |z —y|? ||
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where we used (5.12) in the first step and (5.13) in the last step. Having noted this,
it seems natural to ask if (5.3) holds for a suitable range of #. Plugging in (5.14),
(5.15) and (5.16) into (5.3), we get (for a different constant C')

g0 > Ce2/2" (5.17)

and since we may send € — 0, (5.3) can only hold if

1 2 1
<-[1-=)=-=. .
9\2(1 2*) . (5.18)

5.5 Bubbling example

In this section, I would like to explain a bubbling example from [17, Section 3.1].
Combined with 0 < 1/d, see (5.18), this example shows that (5.3) can only hold
for d = 3, 6 = 1/3. Furthermore, this bubbling example seems to be the main
obstruction in showing existence of an optimising function u # 0 for (5.3) with the

optimal constant C' > 0 for d = 3, § = 1/3, see Section 5.6 below.

We take N € N identical bubbles travelling away from each other. Later we will
let N — co. Fix any 0 # ¢ € C>°(B;(0)), 0 # 2z € R? and define

un(z) = ng(m—l—n]\fz) (5.19)

n=1

for every N € N. Note that for N large enough, the individual bubbles {p(- +

nNz)}Y_, have disjoint support and are far away from each other.

Thus, for N large enough, we have

/ lun|* = N/ o], (5.20)
Rd Rd

2 2
Sup/ M dr = Sup/ 201 Sdr+o(1) as N — oo (5.21)
yeR? J R4 |x - y| yeR? J R4 |x - y|

and

d — 2)? 2
|VuN\2—usup/ Mdaz:]\f Vo> +O(1) as N — oo.
Rd 4 yeRd J R |z —y| R

(5.22)

The estimate in (5.21) indicates that a single term, which corresponds to one bubble,

dominates the full integral, while the term in (5.22) is well approximated by the sum
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of the corresponding terms for all the bubbles.

Thus, (5.3) can only hold if (for a different constant C'), we have for all N € N

large enough

N > CN?*. (5.23)

It follows that we need ) 5
0> —=1——. 5.24
A d ( )

Combining (5.24) with (5.18) for d > 3, we find that (5.3) can only possibly hold
ford=3,0=1/3.
5.6 Outlook: Existence of optimisers?

One may ask if (5.3) for d = 3 and 6 = 1/3 admits nonzero-optimisers: Namely if

C > 0 is the optimal constant in

1/3 2/3
1 2 2
|Vul? — = sup [u(2)] dx sup [u()| dx > Clul|Zs,
e 2 2 L
R3 yers Jrs [T — ] yers Jrs [T — ]

(5.25)
then is there a function v € H'(R?) with u # 0 such that we have equality in (5.25)?

We solved the corresponding radial problem in |17, Theorem 3(i)]. We showed
that for the inequality

1 2 1/3 2 2/3
( yvqu—-/ |“(”“2‘ d:z:) (/ |“(9‘2‘ dx) > O, (5.26)
R3 4 Jrs |7 rs 7]

for radial u € H'(R?) with the optimal constant C' > 0 (possibly a different one than

in (5.25)), all optimisers (up to scaling and multiplication by constants) are given
explicitly by (5.4) above. By contrast, the full non-radial problem (5.25) remains

open.

A standard strategy for showing the existence of an optimiser is to take an
optimising sequence (uy)nen € H'(R?) that is normalised in a suitable sense, for
example fR3 |[Vu* = 1, and to show that up to a subsequence, translation and
scaling, it converges weakly to a candidate for an optimiser w # 0, and then to
show that « is indeed an optimiser. A key difficulty in our case is to show that u
is non-zero, or put differently, to exclude the vanishing case in the concentration-

compactness method.

Let us elaborate a bit more on this problem in a related setting, namely the
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inequality

2
2
Vu? sup/ @ ) s jup (5.27)
_ 2
R3 yers Jrs [T — Y| R3

for all uw € H'(R?), which can be deduced from (5.7). Note that all three terms in
(5.27) scale in the same way when replacing u(z) by au(b(z — ¢)) for a,b > 0 and
¢ € R3. Therefore, using a rescaling of u, it is only possible to fix the value of one

of these three terms.

Moreover, if p € C° (R?) is an almost-optimiser, then taking an arbitrarily large
number of copies of ¢ and sending them far away from each other by translation is
also an almost-optimiser of (5.27). This bubbling phenomenon is the key challenge

to overcome when trying to understand if (5.27) admits non-zero optimisers.

More precisely, for any given § > 0, there is § > & > 0 and 0 # ¢ € O (R3)
depending on € such that

Lo (e e e o

Furthermore, if we take N € N copies of ¢ and send them far away from each other,

namely to define uy as in (5.19), then

un (2)]? 2
. fR3 |VUN’2 <Supy€R3 fRS ‘|;3V,(y‘)2| dl’)
lim 5 =C—e. (5.29)
N—o0 fR3 |UN|

If we define iy := N /2uy in order to fix the H'-norm, then fRS |Vayx|* =

Jgs I[V|? for all n € N large enough. At the same time,
] = N—2/ Pf =0 as N —0. (5.30)
R? R3

Thus, any translated and rescaled subsequence of (@, ),en that is weakly convergent

in H'(R?) has zero as its weak limit.

Using the above example with different ¢ and a diagonal sequence argument, one
can construct different minimising sequences of (5.27) that consist of an arbitrary
number N € N of bubbles that are smooth and compactly supported. Furthermore,
these sequences, which are normalised in the H'(R*)-norm, vanish in any L?(R?)

norm for p > 2.

The main reason why this bubbling phenomenon occurs is a lack of strict convex-
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ity in the problem. By contrast, for a strictly convex problem, such as the Sobolev

(/R |W|2>3 > C/Rg ful® (5.31)

taking two or more copies of a compactly supported function are always far away
from being an optimiser. In (5.31), the ratio of the left-hand side divided by the
right-hand side will be at least N? if we take N disjoint bubbles. This shows that

minimising sequences for (5.31) cannot exhibit a bubbling phenomenon as described

inequality

above.
In our inequality (5.25), one can expect that the term

! sup/ |UN(x)|2dx (5.32)

s | —y)?

in the first factor could prevent the bubbling phenomenon. However, it is less clear
than in the case of strict convexity how to make this idea work in a proof. This

remains a problem for future works.
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SEMICLASSICAL ESTIMATES FOR SCHRODINGER OPERATORS
WITH NEUMANN BOUNDARY CONDITIONS ON HOLDER
DOMAINS

CHARLOTTE DIETZE

ABSTRACT. We prove a universal bound for the number of negative eigenvalues of Schro-
dinger operators with Neumann boundary conditions on bounded Hoélder domains, under
suitable assumptions on the Holder exponent and the external potential. Our bound
yields the same semiclassical behaviour as the Weyl asymptotics for smooth domains.
We also discuss different cases where Weyl’s law holds and fails.

1. INTRODUCTION

The celebrated correspondence principle, which goes back to Niels Bohr in the early days of
quantum mechanics, states that quantum systems exhibit classical behaviour in the limit
of large quantum numbers. In the context of spectral analysis of Schrodinger operators,
this leads to the semiclassical approximation, which suggests that any bound state can be
related to a volume of size (2m)? in the phase space R?x R? [1, Section 4.1.1]. In particular,
the number of negative eigenvalues N (—Ag — \) of —Ag — A on a domain Q C R? with
suitable boundary conditions can be approximated by its semiclassical analogue

ﬁ‘{(p,x) ERIx Q| |p2 - )\<OH “(91())‘

in the large coupling limit A — oo, with |B;(0)| the volume of the unit ball in R?. More
generally, for a general potential V' : Q@ — (—o0, 0] one might expect that

N (=Ag = \) ~ QIAE (1)

N(—AQ—F)\V)zﬁH(p,x)GRdXQ‘|p\2—i—/\V( )<o |Bl ‘/\AV\

Rigorous justifications of (1) and (2) have been shown for a large class of smooth domains
) and potentials V. On the other hand, in general, implementing the semiclassical ap-
proximation for rough domains and potentials is difficult. In this paper, we will discuss
the validity of (2) for Hoélder domains 2 and suitable LP-integrable potentials V. We will
focus on Neumann boundary conditions as Dirichlet boundary conditions have been well
understood.

1.1. Main results. Let d € N, d > 2 and let Q C R? be a domain, that is, an open
bounded and connected subset of R%. For v € (0,1], a y-Holder domain is a domain
Q C R4 which is locally the subgraph of a y-Holder continuous function f, that is, there
exists a constant ¢ > 0 such that

[f(@) = f)] < clz =yl (3)

Date: July 3, 2023.
2020 Mathematics Subject Classification. 35P15, 35P20.
Key words and phrases. Neumann Laplacian, Hélder domains, Cwikel-Lieb-Rozenblum inequality, Semi-
classical asymptotics, Weyl’s law.
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2 CHARLOTTE DIETZE

for all 2,y in the domain of f, which is an open subset of R4~1. In the case v = 1, we call
Q a Lipschitz domain. See Section 2.1 for details.

Denote the Dirichlet Laplacian on €2 by —Ag and the number of negative eigenvalues of
—Ag —Aby N (—Ag — )\), where A > 0. One of the fundamental results of spectral theory
is Weyl’s law [2, 3, 4, 5], which states that

N (-af -3 = 20

thus rigorously justifying (1), see also [6] for a second order result. This asymptotics also
holds for the Neumann Laplacian! —Ag for Lipschitz domains 2, or more generally for
extension domains, see [7] and also [8, Theorem 3.20].

|Q\)\% +o ()\%> as A — 0o, (4)

In general, the Weyl asymptotics for the Neumann Laplacian does not hold for arbitrary
domains Q. It is well-known, see for example [9], that there are domains §2 such that zero
is contained in the essential spectrum of —Ag . Interestingly, Netrusov and Safarov showed
that the Weyl asymptotics (4) holds for the Neumann Laplacian —AY, with any y-Hélder
domain 2, if and only if v > (d — 1)/d (see [10, Corollary 1.6 and Theorem 1.10]).

In the present paper, we are interested in N (—Ag + V) with a potential V' : Q — (—o0,0]
on a Holder domain 2. Unlike the case of constant potentials, the problem with a general
potential V' is more subtle as the following theorem shows.

Theorem 1.1 (Example with non-semiclassical behaviour). Let d > 2. For every v €

(d%‘ll, 1) there ezists a y-Hélder domain Q@ C R? and V : Q — (—00,0] with V € Lg(Q)
such that

lim sup A~%2N (=AY + V) = . (5)

A—00

We prove Theorem 1.1 by constructing a y-Holder domain €2 in the same way as Netrusov
and Safarov in [10, Theorem 1.10], and we choose the potential V' to be growing to infinity
near the boundary in such a way that —Ag + AV can support significantly more than %
bound states, see Section 7.1 for more details.

Our next result is a universal bound on the number of negative eigenvalues of the Schro-
dinger operator —AY + V on L?(2) with a suitable potential V on a Hélder domain 2.
The Cwikel-Lieb-Rozenblum inequality [11, 12, 13| states that for any open set  C R? for
d > 3, there exists a constant C' = C'(d) > 0 such that for every V' : Q — (—o0, 0], we have

N(—A£+V)§C/Rd\‘/\%. (6)

Here [|V||, is the L” norm of V. In the case of the Neumann Laplacian on a Lipschitz
domain €, if d > 3, then

N (-AY +V) < Cq <1 +/Rd |V|3> (7)

for a finite constant Cq > 0 independent of the potential V|, see for example |8, Corollary
4.37|. In dimension d = 2, (6) and (7) still hold, provided that ||V'||4 is replaced by the
2

Orlicz norm ||V'||5 [14, 15].

Here —AY is the self-adjoint operator generated by the quadratic form Jo |Vul? for all u € H'(Q).
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On the other hand, Theorem 1.1 implies that (7) cannot be extended to Holder domains.
Our main result is a replacement of (7) for Holder domains under suitable assumptions on
the potential V. We need to use a weighted LP-norm with a weight that grows to infinity
as one approaches 0. A simplified version of our result reads as follows.

Theorem 1.2 (Cwikel-Lieb-Rozenblum type bound). Let d > 2. Let v € [d%dl, 1) and let
Q be a y-Holder domain. Then there exists a constant Cq = Cq(d,~,Q) > 0 such that for
every V : Q — (—o0,0] with ||V|| < oo, we have

d
N (-AF +V) < Co (T+IVIIF). (8)
Here the norm ||V|| = [[V||5 5 ts given in Definition 2.4, with 8 and p chosen as in (22).

Moreover, if v € [%g:?,l), then ||V can be replaced by ||[V||,, where p = pg > 4 isa

constant depending only on d and vy satisfying
d

%Lml Ddy = 3 9)

A more precise statement is given in Theorem 1.4 below. The norm ||V|| is stronger than
IV|la (in particular, the potential V' in Theorem 1.1 satisfies ||V|| = co). Nevertheless, by
2

(8), we still get the correct semiclassical behaviour as soon as |||V < oo, namely

N (-AF +AV) =0 (A%) as A= oc, (10)

On the technical level, our norm |[||V]|| is chosen carefully to capture the correct leading order
behavior of the number of bound states close to the boundary. By following Rozenblum’s
method [13], it is possible to obtain the following bound

N(—AngV)glJr/Q\V\ng/l t m'wﬁ (11)

for some § > 4 (this bound could also be obtained from the analysis in [16] and [17]).
However, (11) is insufficient to deduce (10).

As a consequence of Theorem 1.2, we are able to come back to sharp semiclassics.

Theorem 1.3 (Weyl’s law for Schrodinger operators on Holder domains). Let d > 2. Let
v € [%, 1) and let Q C RY be a y-Hélder domain. Let V : Q — (—00,0] be measurable

and such that ||V || < oo, where the norm |||-||| is the same as in Theorem 1.2. Then
N (“AY + AV) = (21) 7 B (0)| A%/ VI3 +0(A8) as A= ox. (12)
Q
Let us remark that Weyl’s law for constant potentials fails for v = d%dl [10, Theorem 1.10].
This does not contradict Theorem 1.3 since ||—1ql| = oo for v = %.

1.2. Main ingredients of Theorem 1.2. Now let us explain the proof strategy of our
main result Theorem 1.2. Let us focus on the case d > 3.

Our general approach is inspired by the method of Rozenblum [13| where the number of
bound states is bounded using techniques from microlocal analysis. The main idea is to
first localize the Schrodinger operator —A + V' in small domains such that it has at most
one bound state in each domain, and then put these local bounds together by a covering
lemma. In the present paper, since we have to deal with Holder domains with Neumann
boundary conditions, we need to deal with “oscillatory domains” when working close to the
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boundary, and in particular we need to introduce a new Poincaré-Sobolev inequality and
a new Besicovitch-type covering lemma for those domains.

To be precise, while Rozenblum [13] works with cubes @ C R? we will work with “os-
cillatory domains” D C ) which are given either by cubes if they are far enough away
from 0€), or rectangles intersected with €2 if they are close to the boundary. Since € is a
~v-Holder domain, the classical Poincaré-Sobolev inequality fails in general for oscillatory
domains D with D N 9Q # (). Therefore, we will develop a Poincaré-Sobolev inequality
for those domains (see Corollary 3.3), which involves the ratio of the two side-lengths of
the rectangle and a LP -norm for some p* = p*(d,v) > %l. Consequently, we show that for
oscillatory domains D that are small enough in a suitable sense, we have

N (=AY +KV1p) < 1. (13)

Here, K = K(d,7) € N is the constant from our Besicovitch-type covering theorem for
oscillatory domains (see Lemma 4.1). Then the total number of bound states is controlled
by a counting argument, eventually leading to the weighted norm

IVIF=1Viiz5.0 = IVlg p + Vips.0, (14)
27

where § = p(d,v) > %, B = B(d,y) > 0 and |V|;p is a weighted LP(2)-seminorm with
a weight supported near the boundary of 2 that grows at a rate determined by (3 as one
approaches the boundary, see (22) and Definition 2.4 for the precise definitions.

In (14) we need a p > p* for the following reason. Due to the Holder-regularity of 052,
our oscillatory domains close to the boundary will in many cases look like very narrow
rectangles intersected with €2, so the ratio of the two side-lengths of these rectangles is
very far away from one. This influences the constant in the Poincaré-Sobolev inequality
(Corollary 3.3). Using Holder’s inequality, we get

v

p*,D <V

1
‘ﬁ,D 11 ‘F,D = ||V||p,D |D|7 (15)

for 1% = % + % The quantity \D|1?, which is relatively small for these narrow rectangles,

cancels the effect of a growing constant in the Poincaré-Sobolev inequality as the rectangle
gets more narrow.

At this point, it seems natural to measure the “size” of oscillatory domains close to the
boundary by [|V||; p. Following [13], we would get (11) but it does not capture the correct
semiclassical behaviour. In order to get the desired semiclassical behaviour for the parts
close to the boundary as well, the key idea is to count the number of oscillatory domains
{Dj}je J5» With some index set J3, which are narrow rectangles intersected with § close
to the boundary, by using a convexity argument. More precisely, we introduce coefficients
A; > 0 depending only on the larger side-length of the corresponding rectangle and the
distance of the centre of the oscillatory domain D; to the boundary measured in a suitable
sense. Now for suitably chosen s, s" € (1,00) with % + % = 1, we apply Holder’s inequality
for sums of products of real numbers to get
1 1
=3 Ay < (o 47) T (D 45)

VISDE VISDE JEJ3

(16)

The coeflicients A; will be chosen in such a way that

AWV, (17)
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for all j € J3. Therefore,
p P P
2 AR VEsn, SIVEsSIVIGs: (18)
VISE JEJ3
In the proof of Rozenblum, the cubes @ were chosen such that [[V|4 o, < 1. By contrast,
27
here the oscillatory domains {D;}, ;. are chosen such that ||V]|; p, 1s significantly larger

than one if the distance of the centre of the oscillatory domain D; to the boundary is
significantly larger than the largest side-length of the corresponding rectangle. This is

possible, even though we need to ensure N (—A%J_ + KV1 D].> < 1 since in fact, we gain
something in the Poincaré-Sobolev inequality for oscillatory domains because we consider
an LP-norm instead of an LP -norm. The fact that || V|| 5,0, can be significantly larger than

one in certain circumstances combined with the weight that grows near the boundary in
the definition of [V|; 3 allow us to choose A; so large that

, _1
2 A7 SVl (19)
JE€J3
while (17) holds. We choose all parameters in such a way that
p 1 d
g_ - _Z 2
s 2 2 (20)
so by (18) and (19),
A7 s . . .
[Tl < | DA DA SIVIGE VI =1VIZs, (21)
VISE JEJ3

which has the desired semiclassical behaviour.
Combining these computations with the computations for oscillatory domains far enough
away from the boundary, we obtain the following.

Theorem 1.4 (Precise version of Theorem 1.2). Let d € N with d > 2, v € [d%dl,l),
c>0,0<hg<1, LeNandlet) #QC (0,1) be a y-Hélder domain with parameters
¢, ha, L. Define

1 [(d—1 1/d—1 2 1 /(d—1 2 4
= () = (== 4f1) - = — ([ ——+1 Z(22
0 d+1(v+>[d<'y+> d]>0’p 2d<7+>>2()

Let V : Q — (—00,0] be measurable and such that [|V||5 5 < co. Define

_(h -1
8 == 6o(V) := min (7% \V\ﬁ) <1. (23)
Then
N (-A§ +V) <659, (24)

where the constant in the inequality may depend on d, 7y, ¢, hq, L.

The definition of a “y-Holder domain with parameters ¢, hq, L” will be given in Definition
2.1. The condition  C (0,1)¢ is not a restriction since we can recover the same result for
all (bounded) y-Hélder domains by scaling.

Note that from (24) in Theorem 1.4, we can deduce the first claim (8) of Theorem 1.2.
Moreover, the second claim of Theorem 1.2 follows from the following corollary.
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Corollary 1.5. If~v € [22(3:1)

1.4, then

,1) and p > %, where p and 5 were defined in Theorem

d
N(=AG+V) S1+V]3 (25)
where the constant in the inequality may depend on d, v, ¢, hq, L, p.

The details of the proofs of Theorem 1.4 and Corollary 1.5 can be found in Section 5. Let
us give the key ingredients of the proof of Theorem 1.4 below. First, we have

Lemma 1.6. There exists K = K(d, v, L) € N such that for any measurable V : Q —
(—o0,0] with ||VH;5,,B < oo there are families Fi,...,Fk of oscillatory domains D C
such that the following properties are satisfied:

(a) The oscillatory domains D in every Fi, with k € {1,...,K} are disjoint and

K .
a=J UD. (26)

k=1 DeFy
(b) For every k € {1,...,K} and every D € Fy, we have
N (-Aj+V) <1. (27)

(¢) Moreover, for an implicit constant depending on d, =y, ¢, hq, L,
K
> 1Tkl S 6y (28)
k=1

To prove Lemma 1.6, we need a new covering lemma (see Lemma 4.1 for details). From
Lemma 1.6, we can deduce the following two lemmata.

Lemma 1.7 (Selfadjointness of the operator —AY + V). Let V : Q — (—00,0] be mea-
surable and such that ||V||; 5 < oo. Then the operator ~AXN +V is a selfadjoint operator,
which is bounded from below and has the H*(Q)) norm as quadratic form norm.

Lemma 1.8. Let V : Q — (—00,0] be measurable and such that [|V| ;5 < oo. Let
K = K(d, v, L) € N and the families Fi,...,Fi of oscillatory domains be chosen as in
Lemma 1.6. Then

1
N (—Ag + Ev) <65 (29)

The proofs of Lemmas 1.6, 1.7 and 1.8 can be found in Section 5.1. We are now ready to
prove Theorem 1.4 assuming those lemmata.

Proof of Theorem 1.4. Let K = K(d, v, L) € N be chosen as in Lemma 1.6. Now apply
Lemma 1.8 to KV to get

1
N (- +) = N (08 + £KV) S 8KV S (V) (30)

where we used that K only depends on d, v, L in the second last step. O

Structure of the paper. Sections 2 to 5 are devoted to proving the Cwickel-Lieb-
Rozenblum type bound (Theorem 1.2). In Section 2, we introduce some preliminaries,
including the definition and some basic properties of oscillatory domains. We prove several
estimates for oscillatory domains in Section 3. In Section 4, we prove a covering lemma
for oscillatory domains. In Section 5, we combine the results from Sections 2 to 4 and
prove Theorem 1.2. In Section 6, we prove Weyl’s law for Schrédinger operators on Holder
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domains (Theorem 1.3). In Section 7, we construct an example with non-semiclassical
behaviour and therby prove Theorem 1.1.
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Notation. For two numbers A, B > 0, we write A < B if A < CB for some constant

C > 0 which may depend on d, v, ¢, hq, L (see Definition 2.1). Similarly we write A ~ B
if A< Band A> B.

2. PRELIMINARIES

In this section we collect some technical definitions and preliminary results.

2.1. Holder domains. We often write elements in R? as = = (z',z4), where 2/ € R?~!
and z4 € R. We denote the infinity norm on R4~ by |-|__. We have the following technical
definition which agrees with the definition of Holder domains given around (3).

Definition 2.1 (y-Holder domain with parameters ¢, hq,L). Let d € N with d > 2,
v € (0,1],¢>0, hg >0, L €N and let ) # Q C R? and be a bounded open set. We call
Q) a v-Holder domain with parameters ¢, hqg, L if there exists a collection {Ol}lL:1 C R? of
open sets covering 0S) with the following properties:

(i) For every l € {1,...,L} there exists an orthogonal map Ry and a translation map T,
such that for ; := O; N Q) we have

O = TiR, {(:c’,:cd) ERIXR [z eV 0 <z < fl(x')} (31)
and
O\ C TR, {(x’,xd) eR™ xR |z e fi(a) < xd} (32)
for some open sets Ql(dfl) C R and for a function f; : Ql(dfl) — (3hg,00) with
@) = 7| < cla’ =y |1, for alla',y € QY. (33)
(ii) For everyl e {1,...,L} define
di_l) = {x’ € Ql(d_l) ‘ dist (:U’,GQl(d_l)) > 2hQ}, (34)
where dist (:L" ,8Ql(d_1)) denotes the distance from ' to GQl(d_l) with respect to the
FEuclidean norm in R*1, and
O, .= TR, {(:c',xd) eRIXR |2 € QY 2hg < 24 < fl(x’)} . (35)
Then

L _
o c . (36)
=1
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Definition 2.2 (Ql(d_l) and ). For every | € {1,...,L} define

Ql(d_l) = {:L‘/ € Ql(d_l) ‘ dist <x’,8Q§d_1)) > hg}, (37)
0 = TR, {(x',xd) eR“I xR |2 € QY hg < 34 < fl(a:’)} , (38)
Q= {z € Q|dist (z,00) <e}, (39)

where dist (x,00) denotes the distance with respect to the Euclidean norm in RY,

Lemma 2.3. Let Q; and Qb be defined as in Definition 2.2. Then
L ~
U, (40)
=1

Proof. Let x € Q with dist (z,0Q) < hg. Then there exists y € 090 with |z — y| =
dist (z, 012). By in Definition 2.1(ii), we know (36), so there exists [ € {1,...,L} with y €
6@1. Without loss of generality, we may assume that 71;, R; are the identity map. Hence,
we have y = (1, fi(y')) with y' € ™V It follows that dist (y', an(d*”) > 2hq by (34).

(d-1)
!

By the triangle inequality, we obtain dist (x’ , 8Ql(d71)) > hq,sox’ € Q . Furthermore,

by the definition of f;, we have f;(v’ )~> 3hq. Again, by the triangle inequality, this implies
xq > 2hq > hq. It follows that = € €);. O

Definition 2.4 (hy, ||, 5 and [|-[|, 5). Let d > 2 and let Q C RY be a y-Hélder domain
with constant ¢ > 0 and parameters hg > 0 and L € N for some v € (0,1]. In the following,
we use the notation from Definition 2.1.

(i) For anyl € {1,...,L} and x = T)Ry(2',x4) € y, define
hy = hyy = fi(z') — x4 > 0. (41)
Moreover, for any x € U1L:1 Q, we let

ha . (42)

z,min ‘= n’lll’l x,l
le{1,...,L}with ze

(i) For B >0 and p € [1,00), define the seminorm Hp,g by

= [, il @F (13)

121

for all measurable functions f: Q) — C.
(ii1) Define the norm [|-||, 5 by

1A llp s = M lla o+ 1 flps @ d=3, 5= Ifllsa+Iflpe fd=2 (44)
for all measurable functions f : Q — C. See [14, p. 1] for the definition of 1 f1l5.0-

2.2. Oscillatory domains. In this subsection we define oscillatory domains and prove
several properties of oscillatory domains.

Definition 2.5 (cg, ¢1 and c3). Let ¢ > 0 be as in Definition 2.4. We define

T (12 1 \]" 6 el 15
Co = [(Inin a, @, 27—_’_30 s Cc1 = s C2 1= CpCq - ( )
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Definition 2.6 (Oscillatory domain D). For every l € {1,...,L}, x € Q and 6 € (0, do]
define

a = ay = a;(0) := ay(0) := min (5 co max (hg 1, c10) %> (46)
where ¢y, c1 were defined in Definition 2.5. Define D := D, := Dy(8) := D ;(9) by

_ 1
D m{@/,yd) R xR ||y ~ 2 < Sa. lya -zl < 36 i) >yd}. (47)

Lemma 2.7. Letl € {1,...,L}, x € Q; and ¢ € (0,80]. Then
(i) D = D, is well-defined and D C .
(i1) For ally =TiR;(v',yq) € D, we have

i) > aa- 3 (13)

Proof. Proof of (i). Lety € D. Then y = TyR;(y,yq) for some (v/,yq) € R x R
with |y — 2'| < 3a < Lha, |ya — 24| < 36 < thg and fi(y') > ya4. Here we used that
a<d<§y < h—\/% < hgq. Since 2’ € Ql(dfl) and |y — 2| < %hg, W? get 1 € Ql(dfl). Thus,
fi(y') is well-defined and therefore, D is well-defined. Since x € €, we have x4 > hgq, so
(d—1)

using |yqg — x4] < %hg, we get yqg > 0. To sum up, we have shown that y' € € and
f1y) > ya > 0,50y € Q by (31).
Proof of (ii). Let y = T} R;(v/,yq4) € D. Then
1\" c
) = ] < el =yl <e50) = £, (19)
SO
c c
fiy') = file) = 1fila") = fily)| = fil@) = 570" = h +2a = a7, (50)
where we used (41). Thus, in order to show (48), it suffices to show that
1) c
hd _ S
4—|—h 2wa >0, (51)
Ifa = coh% ora= 00(015)%, then (51) holds by
) 1
max (27“003, 0620—761) < i (52)
If a =9, then 6 < coh% by the definition of a, and it reduces to the case a = coh%. O

Lemma 2.8. Letl e {l,...,L}, z € Q and 6, € (0,60]. Then the following holds true:

1
(i) If ay = 0, or ay = cohyg , then Dy is a cuboid, namely

1 1
50 lwg — xq| < 551} - (53)

(ii) In addition, let y,z € Q with 8y, 0, € (0,00] and assume that

D, :=TR, {(w’,wd) eR“I xR | lw' —2'| <

1

aw = cohay for allw € {x,y, 2} . (54)
Furthermore, assume that 0, < 20, 0, < 20,, Dy N Dy # 0 and D, N D, # (. Then

1
§hy < hy < 2hy for allw € {x, 2} . (55)
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1
(iii) If ay = cohg , then

1
§h$ < hy < 2hy for allw € D, . (56)
1
(iv) If ay = c204 , then
|hyw — hy| < 6y for allw € D,,. (57)
(v) If az = copmax (hx,clé)% and f : Q@ — C is measurable, then
|f|§,ﬁ,Dz 2 max (hm>015m)_6 Hf”gpz : (58)

Proof. For simplicity of notation, we write a := ay, 6 := 0, h := hy, D := D, in the proof.
1
Proof of (i). Since cpe{ <1 and §p < 1, we know by the definition of a and by a = § or

1
a = coh? that h > ¢14. For all w = Ty R)(w', wq) with [w' — 2'| < Fa and |wg — 24| < 30,
we have
' _ L _° ( l)y
filw') > h+xq4 ik >h+ x4 > coh~
9

cc, 1 c1 (59)
:$d+h<1—2—$> Zxd—l-§h2xd+§5:1‘d+852wd+757

1
where we used (50) in the first step, a = ¢ or a = cph” in the second step, (52) in the
fourth step, and ¢; = 16 in the second last step. By (47), we get w € D.
1

Proof of (ii). First note that by a, = cohy, we have hy > 18, for all w € {x,y, z}.
Also note that in order to show (55), it suffices to show that

1
|y — hy| < 5 max (hw, hy) (60)
Let us begin by showing (60) for w = . Since D, N Dy # (), we have
1 1 1 1
and
’ ’ 1 1 Co % % 1

lz' — | < Jtet ey =3 hi 4+ hy | < co[max (hy, hy)]7 . (62)

We obtain

\ha — hy| = |fi(2") —za = (i) — ya) | < |fila") = fil))| + |za — yal < cla’ —y'|7 + 29,

2 2 1
< ced max (hy, hy) + ahy < <ccg + a) max (hg, hy) < 5 max (hg, hy) -

Here we used hy, > c1d, in the second last step and we used (52) and ¢; = 16 in the last
step. This shows (60) for w = =.

Next, let us show (60) for w = z. Since D, N Dy # () and D, N D, # (), we have
1 1 1 1

‘Zd — yd| S |Zd — CCd| + |CCd — yd| < 552 + (51 + 553/ S 52(53,, + 2(5y + §5y S 45y (63)

and
/ / < / / / / 1 1 <
|2/ =y | < |z = 2|+ |2 = | < Qaz—i-ax—kgay < 2max (az, ay, az)
1 1 1 141 1

> < 2¢p max ((th)v ,h;,h;) < 25 ¢o max (h;,h

1 1 1

= 2¢ max (h;  hy b2

R =
v
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where we used h;, < 2h, in the second last step. We obtain
|he = hy| = fi(') — za — (1Y) = wa) | < 1iZ") = fiy)] + |2a — ydl
<clZ —y'["+ 46, < c <21+%Co [max (hy, hy)]%)7 + 40,

4 4 1
< 27 e max (hy, hy) + —hy, < <27+1ccg + —) max (hg, hy) < 5 max (has hy) .
C1

C1
where we used (52) and ¢; = 16 in the last step. This shows (60) for w = z.
1
Proof of (iii). Let w € D,. By a = cph7, we have h > ¢16. As in the proof of (ii), we
get
\hw — b = [ fi(w") —wqg — (fi(2") — za) | < |fi(w") = fi(@)] + |wa — z4]

1 1 1 1\” ccy 1
<cw -2+ z6<ec| = —h— —coh —h— —Yh+ —h<—
Scw =o' +3 —C<2“> * o C<2CO 7) R TR L

where we used (52) and ¢; = 16 in the last step. This shows (55).

h,

1
Proof of (iv). Let w € D,. By a = 367, we have h < ¢10. As in the proof of
(iil), we get

hw = b = [ fi(w') = wa = (filz") = za) | < [filw") = fil2")] + |wg — 24|

1 1\ 1
§c|w’—x'\7+§5§c<§a> +§5 ccOCch— 5<5

where we used (52) and ¢; = 16 in the last step.

Proof of (v). Let w € D,. Then
= |fi(w') —wq| < h+[fi(w) —wg— (fi(z") —zq) | < h +|fl( ") = fle")| + |wa — 24

1 1 1
<h+cw -2 + 55 <h+c <§co max (hy, ¢10) W> 5 < max (h, ¢10) ,
By the definition of \f\gﬂ p» we have

0= [ duhylal )7 2 mas (h.cad) 111G . (64)

3. ESTIMATES FOR OSCILLATORY DOMAINS

3.1. Poincaré-Sobolev inequality for oscillatory domains. In this subsection we
prove a Poincaré-Sobolev inequality for oscillatory domains. The following Lemma and
its proof is a version of [17] for oscillatory domains (Corollary 3.3).

Lemma 3.1 (Sobolev inequality for oscillatory domains). Let ¢ > 0, v € (0,1) and
5€(0,1). Leta> 0 and let f : [—a/2,a/2]* " — (0,8) be such that

f(@) = F()] <ela’ —y| foralla',y' € [-5.5
Define q* € (2,00) by

147t (65)

1_ 1 1 (66)
T 9 d=1 . 1
q 2 T+1
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and define

D= {(m/,xd) e [-2,2]"" x (0,0)

f@) > 2a} (67)
Define the “straight part I'm nots of the boundary of D” by
% (0,9)| f(a') = wa} (68)

Then there exists a constant Cs = Cs(d, c,y) > 0 such that for allu € HY(D) with u [5=0
in the trace sense, we have

B:=0D\{(@ 24 € [-5,5]""

lul?. < Cs[IVul2 5 - (69)

Proof. We first consider the case of smooth functions u and later deduce (69) for all u €
H'(D) with u [ 5= 0 in the trace sense. Let u € C*°(D) N H*(D) with u [ 3=0. Let

b (0,00) 5 R, (s)=c Vs, (70)
Fix & € D. For simplicity of notation, we shift the coordinate system and reflect the last

coordinate by replacing every = € R? by (z1 — #1,...,0q-1 — Zq_1, —2q + T4) € R%, s0
without loss of generality, we may assume & = 0. Define

K= {(a:',:cd) ER™IXR[0< 24, 0< |2'] < w(xd)} . (71)

and note that wu it is well-defined on K since we can extend it by zero on K \ D due to
u [ 5= 0 in the trace sense. Let y’ € R9! with |y/| < 1 and note that (y'1(z4),z4) € K for
all z4 € (0,9). Since u is smooth, we can apply Newton’s theorem and u((y'1(9),d)) =0
to obtain

5
—u(0) :/0 dzg %u(yllb(ﬁd)ﬁd)
a1

5
:/0 dzg | Y (05u)(y/(xa), za)yjt (xa) + (Oqu) (Y (2a), z4)

=1

Here 1/ denotes the derivative of 1) while 3/ € R~!. Integrating over 3/ € Bgd_l)(O) and
using the notation wy_ 1 = \B§d_1)(0)|, we get

— wg—1u(0)
/ b — / /1/)( ) / /
-/ oy @ | e Xty lea) 2a) e )+ Q) (). )
1 d—1 '
= - - : i
- [ @ Y )5 0 + Qo))
where we used the change of variables x = (y'{(z4),z4). Note that
’ 11 1 4
= ——87 . 72

P'(s) T3¢ (72)

x] ’ 11 1_1 111 1
)| = ——-wg7 < -6 <1. 73
i | < 90| = 3™ < (73)
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Therefore, by (73) and the Cauchy-Schwarz inequality on R,

d

v ) S W ()2
aalu(0)] < [ oo Z\ O] 5 [ do s 3. 06
1
5/}{de|VU(JC)|.
We get .
u(0)] < /K o s Vu(a)l, (74)

where the constant in the inequality only depends on d, v, ¢. Let us now undo the change
of variables, which was convenient for the above computation. In the old coordinate system
(74) reads

r r ! = 1 * |Vu| ) (z
@) 5 [ (s - ) V)] = ((m ¢<-d>d—1> v |>< ) (1)

for all # € D. Here we used the rotational symmetry of K with respect to the first d — 1
variables. We define r € (1,00) by

1 1 1 1 1
1+ — =1+ == f =, 76
+ q* + 2 d;l 41 2 + r ( )
By the weak Young inequality and (74), we get
1
L S Vully (Mg ———— 7
q H ||2 ¢(_d)d_1 o ( )

Here [|[|,.,, denotes the weak L"-norm. From the definitions of ¢ and K in (70) and (71),
we have

1
lxk—7=| =<1 (78)
YCa)
which completes the proof for smooth u. The claim for general u follows a standard density
argument. O

Lemma 3.2 (Poincaré inequality for oscillatory domains with Neumann boundary con-
ditions). Let § > 0, let a € (g,d) and let f : [—a/2,a/2]""" — [6/4,6) be continuous.
Define

A a a1d—1
D = {(:c’,:cd) € [—5 5] —§,5 ‘f ') >xd} . (79)
Then, there exists a constant Cp = Cp(d) > 0 such that for all u € H'(D) with Jpu=0,
we have
CP52 lully 5 < IVull3 5 - (80)

Proof. The proof can be found in [10, Lemma 2.6(2)| for slightly different side lengths of
the domain. 0

Corollary 3.3 (Poincaré-Sobolev inequality for oscillatory domains). Let M > 1, 6 €
(0,1) and let f: [—6/(2M),8/(2M)] " — [6/4,8) be such that

d—1
1f (") = FO) <cla' =y |1 foralla’,y' € [~ 537) (81)
for some ¢ >0, v € (0,1). Define ¢* € (2,00) by
1 1 1
AP S S (82)

d—1
q 2 T+1
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and define
D= {(x’,xd) € (=2, %)d L (0,4) ‘ fa') > xd} . (83)

Then there exists a constant Cps = Cpg(d,c,y) > 0 such that for all u € HY(D) with
fDu =0, we have

d—1)(1-=2
e p < CpsM @ P0) 2, (84)

Proof. We combine Lemma 3.1 and Lemma 3.2. Define M as the largest odd number such
that M < M and note that M < M < 3M, so

=20 ¢ (34). (85)
We define
Fo[-aim ]t (86)

. - 1d—1
by reflecting f: We can write every z’ € [—% ﬂM} as

=L+ (87)
with 2/ = (21,...,29-1) € Z4 " and w' = (w1, ..., w4_1) € [—LM, LM]d_l. Define f by
fa') = F(~D)Pwr, . (21 wg)) (88)
Note that f is well defined, continuous and
Fla') ~ F& < ela! —y/|7, forall of, ' € [308 358] " (39)
Define
5 ~ ~ o\ d—1 ~
D= {(:c',xd) c (—%, %) x (=2,0) ’f(x’) > xd} (90)
and

D= {(:c',xd) c (—QZ—A;, gz—ﬂg)dfl % (0,8) | f() > xd} . (91)

Note that D consists of M9 1 reflected copies of D. Moreover, D consists of less than
2(3M )41 reflected copies of D in the sense that DN{zgq > 0} consists of (3M )41 reflected
copies of D but D N {z4 < 0} is only contained in (3M )" reflected copies of D. Let

. o\ d-1
3MS§ 3MS )
peCx ((‘W»W) x (—1, )>

with0< o<1, o] =1 and [|[Vy|

)

1
-~ - ad—1 N .
[7%,%} % [0,0] > (5
It is possible to choose such a ¢ by scaling. Note that ¢ [ 5= 1 by the definition of D. Let

u € H'(D) with [, u =0 and define the corresponding reflected version @ € H'(D D) by
a(z) = u (=) wi, ..., (—1)* " wg_1, |wql)) . (92)
for every x = %z +w € D with z = (#1,...,24-1,0) € Z% and w = (w1, ...,wy) €
[—ﬁ, ﬁ] =1y (_f_u oo). Note that @ is well-defined because H' functions are defined up
to almost everywhere equality and since reflections of H* functions are again H ! functions.
Moreover, by @ [ p= u, we know that @ [ 5 consists of less than 2(3M )4=1 reflected copies of
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u, and @ [ p consists of M1 reflected copies of u. Also note that i) p U= 0. Furthermore,
ot € HY (D), ¢u [ 5=t and @u [ z= 0, where

B:=aD\ {(:L'/,xd) c [—%, ?’Q—Aﬂd_l x (=2,0] ‘f(x') - xd} . (93)

Since ff) u=0,a¢€ (%, (5) and D satisfies the assumptions of Lemma 3.2, we can apply
Lemma 3.2 to get

. . - - 1 -
IVl S [ 1ePIval + [ avet s [ var e [ jap
D D D D
1 -
<2.31 </ \va|2+5—2[ W) 5[ \Va|2:Md1/ |Vul®.

In the third step we used that 0 < ¢ <1 and ||V||
used that @ [z consists of M1 reflected copies of u. On the other hand, ¢ | 5= 0 and

oS 67 and in the second last step we

D satisfies the assumptions of Lemma 3.1, so by Lemma 3.1, we obtain

2

2
o (o) (o )
T D D

2
2 A\ T
_ v ( /D W) = S1VFE .,

IV ()3 5 2

To sum up, we get

M /D Vul? 2 [V (pa)|3 5 2 MV HUIlq D (94)

SO
A 2 p (95)
Now recall that M ~ 3M , S0 we obtain the desired result. O

3.2. Choice of the oscillatory domains. In this subsection, we choose depending on V'
for every = € € close to 92 an oscillatory domain D, with centre x such that

N (-AF, +V) <1. (96)

For the proof, we use the Poincaré-Sobolev inequality for oscillatory domains (Corollary
3.3). At the same time, we choose the oscillatory domains D, such that a certain norm of
V on D, is not too small. This will be needed in the following subsection.

Lemma 3.4. Letl € {1,...,L} and let x € Q;NQY Let § € (0,60] and let D := D,(9).

iVdso
(i) Suppose az(8) =6 and |Vl|a p S1ifd >3 and |V|zp S 1if d > 2. Then
27 )
(ii) Suppose a,(d) = cp max (hx7015)% and
- he 7
VI, S max (25.1) (08)
Then
N (-AY+V) <1. (99)

All the constants in < in this Lemma only depend on d, v, ¢
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Proof. Proof of (i). Let 0% u e H'(D) with [, u = 0. Then using Holder’s inequality
and the Poincaré-Sobolev inequality for cubes, see [18, Theorem 8.12|, we get for d > 3

J ek [ viep = [ 19uf = Vi luley 2 190l (1~ Cos Vg p) -
D D D 2 d-2> g,

Hence, since Vu # 0, we get [, [Vul? + [, V]ul? > 0 if HV||%’D < C%)S. If d = 2, we use
the Poincaré-Sobolev inequality for Orlicz norms, see [14, Proposition 2.1].
Proof of (ii). Choose M := ¢/a and note M > 1. By Lemma 2.7(ii), we know that D is

an oscillatory domain as in Corollary 3.3. In order to show N (—A% + V) < 1, it suffices
to show that for all 0 # v € H'(D) with fD u = 0, we have

/ Vul? + / V0u > 0. (100)
D
To this end, let 0 # u € H'(D) with [, u = 0. Define p* by
1 1 1 2 2
1=—+ —, namel —=1—-—= . 101
[ o ¢ Syl (101)

By Hoélder’s inequality and the Poincaré-Sobolev inequality for oscillatory domains, see
Corollary 3.3, we get

/\wm/ V|u\2>/ Va2 — V..
D D D

Hence, since Vu # 0, the left-hand side is strictly positive if

< 1
p*,D Cps

1 2d-1) (1
_E_WG_Q’ (103)

where p* and p are given in (101) and (22). Using Hoélder’s inequality with (103), |D| ~
§¢M~@=1) and M = §/a, it follows that

2 2 a1
202 IVul3p (1= CosM ™ VIl p) -

d—1
M »*

(102)
We define 7 € (1,00) by

1 1
T p*

d—1
My Ve p S pD<5dM (d— 1))

1

1 = d—1 =

a1 N7 (o AN
~|Vlspdr <5 7 max (—015, 1> ) = (\VH@D max <_Cl(57 1 <1,

where we used that

d—1 1
SMT V5 plDIF < M
d—1

d d—1
-+ <1 — —) — =0 (104)
r v p
in the third step and the assumption (98) in the last step. Hence, if the constant in (98)
is chosen small enough, we can deduce (102), which is what we wanted to show. |

Lemma 3.5 (Choice of the oscillatory domains). Letl € {1,...,L} and let x € NQ,
Then there exists 6, € (0,00] such that for D := D, := D,(0,) we have
N(-AF+V) <1 (105)

and at least one of the following properties is satisfied:

(1) 5, = .

1\/76
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(2) a; = 0, and
VIl

D Lifd>3 and ||VlgpzZlifd=2. (106)

(8) a; = comax (hy,c10, )% and

h a1
x v
HVHPDZmaX <015 ,1> . (107)

All the constants in = in this Lemma only depend on d, =, ¢

1

Proof. Let us first explain how to choose § if cp max (h, ¢ 50)% > dg. It follows that a(d) = ¢
for all 6 < dg. Pick 6 < g such that

d
IVII3 gy~ Lifd >3 and  |[Viigpe ~1ifd=2. (108)

holds, so (2) is satisfied. By (108) and Lemma 3.4(i), we get N (—AN +V) < 1.

==

Let us now assume that ¢y max (h, 0150)% < ¢g. Define §, := coh% < dp, 80 ¢o max (h, c10.)
de. We have a(d) = co max (h, 015) for all & € [0, 9] and a(d) = 0 is for all § < d.. If

d—1
h T
||VHp Dz((SO < max <E, 1) 5 (109)

pick & := 0y and note that (1) is satisfied. Furthermore, by Lemma 3.4(ii), we have
N (=AY + V) < 1. Else, if there exists § € [d.,do] such that

d—1

~

5 h
p ~ o
||VH@D(5) max<015,1> , (110)

where the constant in ~ only depends on d, v, ¢, pick this §. By (110), (3) is satisfied and
moreover, we have N (—AN + V) <1 by Lemma 3.4(ii). Else, since the left hand side of
(110) is increasing in § and the right hand side of (110) is decreasing in ¢, we have (107)
for 6 = d.. Now if d > 3 and HVHd <1or1fd—2and Vg .. <1 pick 6 := 6.

and note that (3) is satisfied and N( AN +V) <1 by Lemma 3.4(i). Else, pick § < 4,
such that (108) holds. Thus, (2) is satisﬁed and N (—AN + V) <1 by Lemma 3.4(i).
O

4. COVERING LEMMAS

4.1. Covering of the part close to the boundary by oscillatory domains. In this
subsection, we prove a Besicovitch type covering lemma for oscillatory domains. It is one
of the key ingredients of the proof of Theorem 1.2 since it allows us to choose a family
of oscillatory domains as in the previous subsection, which cover the part of € close to
L), but which do not overlap too much. Using this result, we show that the number of
oscillatory domains we choose is bounded by a constant times ¢, d

Lemma 4.1 (Covering lemma). Let [ € {1,...,L} and suppose that for every x € QN
le\/édo we are given a 6, € (0,0p]. We define the oscillatory domains Dy := Dy () as
2

in Definition 2.6. Then there exists K; = Ki(d,vy) € N and subfamilies F1,...,Fg, of
oscillatory domains D, := Dy (0;) C ;N Q\/_d such that

(i) For every k € {1,..., K} all oscillatory domains in Fy, are disjoint.
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(i)

K

' ~ b
U Uy DoMND g (111)
k=1DeFy

Proof. Recall that for every z € N Qli Vs, e are given a 0, € (0,dp] and the corre-
2
sponding a, is given by

a; = min <5m, co max (hg i, 0151)%> : (112)

Furthermore, the oscillatory domain D, = D,(d,) is given by

_ 1 1
D= Tt { () € RO <R |1y = < G = < 300, 6> vaf - (113)

Without loss of generality, let us assume that T} R; is the identity map. To begin with, we
> ) .
decompose £; N Q% Vo into three parts
Qmagﬂ% = A; U Ay U Az (114)
such that
1 1
Al = {a;c = Coh;g} s AQ = {aw = 62532{} s A3 = {CL;C = 517} .

For each of these sets, we will prove a corresponding covering theorem with a constant K {,
K}, K:l)) depending on d, v. Combining these results, we will get the desired result with
K':=K{+K}+ K} eN.

The beginning of the proof for A, with b € {1,2} will be similar to the proof of Besi-
covich’s covering theorem for cubes, see for example. Let b € {1,2}. We will denote
families of oscillatory domains D, with 2 € Ay by (Fi)cy. At the beginning of our con-
struction, the Fj, are all assumed to be empty. We put oscillatory domains inside those Fj
according to the following procedure:

First, choose 1 € A, with

—_

6y =0z, > = sup &, (115)
2 TEA
and denote the corresponding domain by D := Dz, . Put Dy in Fi. Then, if possible,
choose Ty € Ap \ Dy such that
by 1= 0z, > sup Oy (116)
xGAb\D1

NN

and denote the corresponding domain by Dg = Dj,. If Dg N Dl = (), put Dg in Fq.
Otherwise, put Dg in Fo. More generally, if Z1,...,Z,_1 have already been chosen for
some n € N, we proceed as follows: If

n—1

U Dm D 4, (117)

m=1

then stop. Else, we can choose Z,, € Ay \ Uzl_:ll D,, such that
b = 03 sup O (118)

w25
2 JZEAb\U:Ln_:ll bm
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and denote the corresponding domain by D, = D;, . Put D, in Fi., where k is the lowest
natural number such that D, N D = () for all D € F;. Note that by construction, we know
that all oscillatory domains in each Fj are disjoint.

We are done if we can show that there exists Kll7 = Kll,(d, v) € N such that 7, = 0
for all £ > K, é + 1. For the moment, let us assume we had already shown that.

The oscillatory domains, which we have chosen in the above construction, cover Ay, namely,

U Duo (19)
neN

where we use the convention that D,, = 0 if we have to stop before the n™ step in the

procedure above. In order to see this, note that (119) is clear from the construction above

if we have to stop after a finite number of steps. If the number of steps is infinite, we claim
lim 4, = 0. (120)
n—oo

By construction, we know that 4, < 20, for all n > m. Thus, in order to show (120), it

suffices to show that for every € > 0 there exists n € N with 4,, < €. Suppose this was

wrong, that is, there exists € > 0 such that for all n € N, we have §,, > . It follows that

> |Dp| =00. (121)

neN

On the other hand, we have D,, C ;N Ql\)/g(so for allm € N, | N le/aéo‘ < |9| <1 and by

assumption, all F, with &k > K ,f) + 1 are empty. Since the oscillatory domains in each Fy
are disjoint, we get

K
DDl <IN | <K, (122)
neN k=1

which contradicts (121). This proves (120). Now suppose (119) was wrong, that is, there
exists € Ay \ Upeny Dn- By (120), there exists n € N with 8, < 705, which contradicts
(118), and thereby proves (119).

It remains to show that there exists K = K}(d,vy) € N such that 7 = ( for all
k > Ké + 1. Let m € N with F,, = 0. Let D,, € F,,. By the above construction,
for every k € {1,...,m — 1} there exists Dy € Fy with Dy N D,;, # 0 and such that
Dy, ..., Dy were all chosen before D, in the construction. By relabelling the families
Fi and the corresponding domains Dy, we may without loss of generality assume that
Dy, was chosen before D, for all k,n € {1,...,m} with k& < n. We denote the centres of
Dy,....,Dp by x1,...,2m € Ay, the corresponding § by d1,...,d,, and the corresponding
h by hi,...,hs,. Note that by construction, we have

On < 20y for all k,n € {1,...,m} with k <n. (123)
Note that the Dy do not agree with the Dy, from the construction above but we have
Dy, € U, en D for all k € {1,...,m}.

Our goal is to show that m < K} for some K| = Kl(d, v) € N, and we will show this
for b =1 and b = 2 separately.

Proof of m < K! < oo for A;. By Lemma 2.8(i), we note that the Dy, k € {1,...,m}
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are all cuboids contained in €. Applying Lemma 2.8(ii) with = x,,, y = z1 and z = z,
we get for all k € {1,...,m — 1}

1
co (4hm) 7 + =cohat < %CO ¥ (124)

N =

. , 1 1 1 1
|xk - xm‘oo < §coh,z + 500h7¥1 <

with a = [4% + 1] € N. Now define the lattice G by

gd_(xm)de{_%na_éfmvoaéfma%} and }

1
/ /

G:=14(¢,9a) ERT' xR b
g — Ty, = f—aCOhgn for some ] € Zd_l with ‘j|oo S 20[2

Here (z,,), is the d™ coordinate of z,. Note that

Gl =5-(2-2a2+1)"", (125)
which only depends on d, v. For every k € {1,...,m — 1}, we associate a g € G to xg,
which is chosen such that

|9 — | oo+ 19a — (1), (126)

is minimal among all ¢ € G. Note that by the choice of G, if g € G is associated to x,
then by (124), h,, < 4hj and the definition of «, we obtain

1

1 1 L
[k — '] < goco (hi)T < <coly (127)

Furthermore, we claim that

1
190 = (zk)q | < 50 (128)
If | (#m)y — (2k) 4| = 26, then by the triangle inequality and D, N Dy # 0, we get (128).
If | (@), — (21) g | < $0m, we use the definition of G and 26y, > &,, to get (128). Combining
(127) and (128), we obtain that if g € G is associated to xj, then g € Dy.

Now, if g € G is associated to both z and z, for k,n € {1,...,m — 1} with k£ < n,
then by (127) and h,, < 4hy,
1

1 o 5
= 0 < e =/ 19—l < b+ greohh < g (129

where we used o := [4%—1—1} in the last step. Since k < n, we have z,, ¢ Dy, by construction.
Using (129) and z,, ¢ Dy, we deduce that

1
| (@n)g — (TK)g | = §5k : (130)
Claim. Fix g € G. Then there are at most two indices k,n € {1,...,m — 1} with k # n
such that (z1); > g4 and (x,),; > gq and such that g is associated to both xj and z,,.

Proof of the claim.  Suppose there were k,n,7 € {1,...,m — 1} with k < n < j
such that g is associated to xj, x, and z; and such that (xy); > g4, (xn); = 94 and
(), = ga- Without loss of generality, let us assume that g3 = 0. By g € D; for all
i€ {k,n,j}, we have

1
0< (xz)d < 551 (131)
By (130) and k < n, we have
1
(@n)g 2 (k) + 50 (132)
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Note that 0 < (2,,); < (%), is not possible since this would imply x, € Dy by (129),
g € Dy, and the fact that Dy, is a cuboid. Similarly, we find that

(), > (@n), + %5n. (133)

Combining (131), (132) and (133), we obtain

1 1 1
5(5]- > (x5), > (2n)g + §5n > (zg), + 5k + 5 25 (134)
which is a contradiction. In the last step we used that 25k > 5]- and 24, > 0; since k,n < j.

This finishes the proof of the claim.

Similarly, we can show that there are at most two indices k,n € {1,...,m—1} with k #n
such that (z); < gq¢ and (,); < gq and such that g is associated to both zj and .
Hence, for every g € G there exist at most four different indices j1, jo, j3,74 € {1,...,m—1}
such that g is associated to xj, for all ¢ = 1,2,3,4. This shows that m — 1 < 4|G|, where
the right hand side only depends on d, «y. It follows that a possible choice is

K!:=4|G| + 1. (135)
Proof of m < Ké < oo for As. Define the lattice G by
- e 7__7 7_m7 and
g — (gl’gd) c Rdfl <R 9d { 4072 } ,
q —ZL‘;n = %025” for some j € Z47! with |j| < o

where « 1= [2%] € N. Note that G C D,, and

Gl =5-(2a+1)%", (136)

which only depends on d, v. For every k € {1,...,m — 1}, we associate a g € G to x,
which is chosen such that

9" = 2| + 192 — (z1)q] (137)

is minimal among all g € G. We may also say that xj is associated to g € G. Note that if
g € G is associated to xj, then

1
l9a — (x1) 4] < §5k- (138)

If 23, ¢ D,y, this follows from D,, N Dy # () and G C D,,. If x}, € D,,, this follows from
Om < 205 and the choice of G. Furthermore, we have

1
‘l‘k g ‘ 5025” (139)
If 21, ¢ Dy, this follows from D, N Dy # 0 and G C D,y,. If ), € D,y,, this follows from
1
1 i1 om\> 1 1
ECQ(S% S ZCQ <7m> S ZCQ(SI;/ . (140)

Combining (138) and (139), we get g € Dy.

Fix g € G and consider all £k € {1,...,m — 1} such that g is associated to zj. With-
out loss of generality, we may assume that we chose our coordinate system in such a way
that g = (0,...,0). For each coordinate i € {1,...,d}, we distinguish between two cases:

(0) (xg); >0 and (1) (xx), <0,

and associate a o = (01,...04) € {0,1}¢ to x; such that condition (o;) is satisfied for
(zy); for all i € {1,...,d}. Fix o € {0,1}? and assume without loss of generality that



22 CHARLOTTE DIETZE

o = (0,...,0). Otherwise, rotate and reflect the coordinate system accordingly. In the
following, we would like to count the number of x; such that xj is associated to g and to
o=1(0,...,0).

Let k1 € {1,...,m — 1} be the smallest number such that xj, is associated to g and
to o = (0,...,0). For n € N, if it exists, let k, € {1,...,m — 1} be the n'" smallest
number such that zj, is associated to g and to o = (0,...,0). By construction, we have

Ok, < 20k, for all n > 1, and moreover, we also have g € Dy, as we have noticed before.
Hence, with the notation S, := [0,00)%, we have by &, < 20,

1 d—1 a1 1 d—1
|Dkn NSy < |:0, 025];{n:| X [0,5kn] < 95 1 <025];’1> Ok, (141)

for all n > 1. Let n > 1. We claim that dx, > dx,. To see this, recall that zy, € S, but
Zr, ¢ Dy, since ky > k1. Therefore, there exists ig € {1,...,d} with

(@h )iy 2 ()i + 528y, i € {1,....d 1} (142)
and
(t5,)a > (ox,)g + 50k, i i = d. (143)
At the same time, since g € Dy, , we have
(@h,); < %cﬁ,i forallie {1,...,d—1} (144)
and (z,), < $0k,. We deduce that d, > d,. For all n > 1, we have by 8, > dj, and

xn & Dj for j < n,

n—1 d—1
1 1
(Dk, NS\ | D, | = o <CQ5,;;1) Ok, - (145)
Jj=1

Now assume that xg,,...,zy, are all associated to g and to o = (0,...,0). By (145),

N
So 0 Dk,

n=1

N n—1 1 1 d—1
= Z (Dg, N'Sy) \ U ij > Nﬁ <025,31) Ok, - (146)

n=1 J=1

On the other hand, we have (141) and thus,
N <25t (147)
Repeating the same argument for every g € G and every o € {0,1}%, we find by (136) that
KLi=5.-2a+ 1%t .25 2 1N (148)
is a possible choice. Note that the right-hand side only depends on d, 7.

Covering theorem for Az. This is simply the Besicovitch covering theorem for cubes
and here K4 = Kl(d) € N. O

Definition 4.2 (Choice of a subfamily of oscillatory domains). Let I € {1,...,L} and
for every x € ;N Qli\/ado let 0, € (0,00], and hence also Dy := D,(0;), be chosen as
2
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m Lemma 8.5. Now apply Lemma 4.1 to this collection of oscillatory domains to get
subfamilies F1,. .., Fk, of oscillatory domains, where K; = K;(d,~) € N. Write

K
U Fe = {Dj},e, - (149)
k=1

where J = Jy U Jy U J3 is an index set such that for every m € {1,2,3} and all j € Jy, the
oscillatory domain Dj satisfies condition (m) in Lemma 3.5. In the following, for every

m € {1,2,3} and every j € Jp, the point x; € QN is such that Dj = Dy..

1V/dso
Definition 4.3. Let v € [%,1). Define s,s',w, by
2
1 (d-1
1 _a(TH) —d d+1 (150)
s' 1 (d-1 2 s 1 (d1 2
L +1) +1 L 41) 41
and
1 d_1—|—1 2 d
d—1 b +1) - 1 d—1
w::< +1> ! 5 ) (:z;(—ﬁ—l——). (151)
7 L& +1) +1 v

We are now ready to prove that the number of oscillatory domains we choose is bounded
by a constant times d, a

Lemma 4.4. Let 1 € {1,..., L} and let {D;},.; be chosen as in Definition 4.2. Then
1S 65 (152)

Proof. Recall that J = J; U Jy U Js, where each J,,,, m € {1,2,3} is chosen such that all
D; with j € J,, satisfy condition (m) in Lemma 3.5. We will show for all m € {1,2,3}

that [J,| < 6%

Notation. If j € J and D; = Dy, (d,;) for some z; € QN Q%\/ﬁéo’ write

0j =0y, , hj=hg, aj:=ay =min <5j,co max (hj,cldj)%) , K:=K;. (153)

Estimate for J;. Recall that if j € Ji, then §; = dg. We have

1 1
‘J1| S‘{jEJl |aj:50}|+|{j€J1|aj:coh]}‘+‘{j€<]1|aj20258}‘
=: |Jia| + | 12| + [ T3]

Estimate for J;;. Note that if a; = o, then |D;| = 6¢ since by Lemma 2.7(i) and
Lemma 2.8(i), D; is a cuboid contained in €;. Thus,

ial =€ I lay=do} | = 5" Y Dl S o5t |unely, [ S, (15)
J€J1,1

where we used the covering lemma (Lemma 4.1) and D; C ;N Qf/% for all j € J in the
0
second last step . In the last step, we used that ‘Ql N QZ\)/E(S ‘ <9 < 1.
0
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1 d—1
Estimate for Ji5.  Recall that if a; = coh;, then hj > c1dp and |Dj| ~ doh;” by
Lemma 2.8(i). Using these properties, Lemma 2.8(iii) and Lemma 4.1, we get

1
|J1,2|=‘{j€J1|aj:coh;’}‘~(5_ > DIk 5 ~ o5t Z/ dw hy,

Jj€J1,2 Jj€J1,2

a1
<ot / dwhy 7 .
{weﬂmﬁ%é hw %Cléo}
0

Note that d;—l > 1 since d > 2 and v < 1. We estimate using % <dand § <1

|J12] S 501/
{wEQzﬂQ’:@;
0

d—1 o0 _d-1 _d—1
dwhy 7 S 6" dhh™ 7 ~§, 7 <85
Ay %6150} %cl&)

1
Estimate for J; 3. By a; = 29, we have h; < ci6p for all j € J; 3. Furthermore,

d=1q
IDj| ~ Goa " ~ 5,7 (155)

By Lemma 2.8(iv), we have |h,, — h;| < dg for all j € J; 3 and all w € D;. Since h; < ¢1dp,
we get

hy < hj + |hw — hj‘ < c10p+ 6y = (Cl + 1)(50 for all w € Dj . (156)
We obtain
1 _ u-{-l
| J1,3] = HJ €Ji|a 20253}| :50( =) > 1Dl
j€J1,3

—(4=t41 _d-1
550(” )HwteﬂQi’/&%‘hwg(c1+1)50}‘~50 T <o,

where were used (155) in the second step, the covering lemma (Lemma 4.1) and (156) in
the third step, and dv;l < d and §yp <1 in the last step.

d
Estimate for J;. Recall that if j € J5, then [V ) 2 1ifd >3 and |[V]zp, 2 1if
227 ’

d = 2. Using the covering lemma (Lemma 4.1), we obtain for d > 3

4 4 4 B
[l =) 15 Y IV ip SIVIEgae  SIVIEG S 5 °. (157)
jedr  jeh T B .
For d = 2, using |14, Lemma A.1| we get
[Tl =D 15> WVlsp, S HVHBQmQ’z/_ SVl <67 (158)

JE€J2 JE€J2

Estimate for J;. Recall that if j € J3, then a; = co max (hy, cléj)% and

d—1

N h =~
HVH;DJ_ 2 max (ﬁ, 1> . (159)
In the following, we will use s, s, w and ¢ as defined in Definition 4.3. By
1 1
-+-==1 (160)
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and Holder’s inequality, we have

—C hs ¢
. w —UJ J
|J5| = E 0% max < 1> ¢, max <—015j , 1>

J€J3
1 4 1
/ s —1 s
iy hp ¢ hp N\ 7T
< Z 8,7 max <;5j, 1> Z f max <015j 1 . (161)
VISDE cJs
where we used
ws' =1+ -1 and ws=0 (162)
Y

and the definition of ¢, see Definition 4.3, in the last step. By (159) and Lemma 2.8(v),
we have for every j € J3

3 hi \ TR
5; max<$,1> S max (hy,e165) " |VIE . S IVIE 5 p, - (163)
J

Using the covering lemma (Lemma 4.1), we get by (23)

h —5+d%
S ot max (1) TS S Vs, SVIGES VEao 57 o)
Jj€J3 J€J3

If we can show that
d—1 1 h 743,
S5 U max (—,1) <4, (165)
‘ J 01(5]'
J€J3
then we get by (161) and (164) that

v 2Pt d
|J3| S 05709 " =607,
where we used

1 1
—2p—+—=-d 166
Pt (166)

1
in the last step. Hence, it remains to show (165). First note that by a; = ¢o max (h;, c10;)7
and by Lemma 2.7(ii), we have

d—1

1\ d-1 =14 h; S
‘D]| ~ 6oad_1 = 60 (CO max (h], Cldy)'ly) ~ (50’\{ " max —J> 1 ’ (167)
J 61(5]'

for all j € J3. Thus,

a—1 .9 h.; -
Rl J
g Ly max<015j,1> g \D|max<

j€J3 jGJg

> 1Dyl ( g 1><Cs+d”1)
= ] max —',
j€J3, hy =10 €19,

=:51+955.

Estimate for Si. If j € J3 with hj > ¢1dp, then we have h; > ¢109 > ¢10; since dg > 6;.
Thus,

)(48’“#)

hy
+ Z ‘D‘]|maX <E,1

JEJ3, h]' <c100

1
aj; = CpInax (hj,cldj)% = Coh]. (168)
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By Lemma 2.8(iii), it follows that

Sis 3 ||<C?5)_<cs’+%)~ > aw <_5><<—)

Jj€J3, hj>c1d0 Jj€J3,h;>c160

_(¢g'rd=1 o _(¢s'+d=1
</ dw<h_w>(<+w></ dh<h><<+v)
~ {weﬂmﬂb A %0160} 0150 ~ %0160 0150

Vdég
00 (i, d—1
261(50/; dtt <§s+ R ) §50

2

Here we used h; > c16p, 69 > d; and
d—1
(s +——>1 (169)
Y

in the second step. We explain (169) below. In the fourth step, we used Lemma 2.8(iii)
to get hy > 2hj > 1¢16) and moreover we applied the covering lemma (Lemma 4.1). In
the second last step we used the change of variables t = 11§0 and in the last step we used
(169) to deduce that the integral is finite.

In order to show (169), note that we have

d—1 1 d—1 d—1 d—1 d+1
_54__

S ——=1-2+ —. (170

v To1(d=1
3<T+1) —d

Therefore, (169) is equivalent to

d—1 2 |1 (d-1 2 24 |1 (d—1 2
- 1) —d| =— | (Z=—+1) —-1]. 171
'y>d+1d<'y+> ]d+1d2<7+> ] (71
Define
1/d-1
Y =-(—+1 172
d< gl +> (172)
and note that since v € [%, 1), we have d=1 ¢ (d —1,d] and therefore, Y € (1, d%ll].
The inequality (171) now reads
2d
Ay —1> ——[y?-1]. 173
Ublngdi % f1>1andd22,wehave
2d 2 2d
[V -1 <=Y? - S — <2V —1<dY — 1, 174
LA 2 o (174)

which shows (173) and hence, (169) holds.

Estimate for S;. By (169), we get

hy
SQ = Z |Dj\max (@,1

VISDER hj<6150

(o)
) < Y . 0w

VISDER hj<6150
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1 1
Let j € J3 with h; < ¢1d9. By the definition of J3, we have a; = cohjf’ or a; = 025;’. If
1
aj = coh; , then by assumption h; < ¢1dp, so we get by Lemma 2.8(iii)
hy <2hj <2c16g forall weD;j. (176)
1
If a; = c4] , we get by Lemma 2.8(iv)
hw < hj + [hy — hj| <100 + 5j < e10g+ 6p < 2¢169 forall we Dj. (177)

In both cases we get hy, < 2¢16p for all w € D;. Using this fact, (175) and the covering
lemma (Lemma 4.1), we obtain

Sy < Z |Dj| S Hw en le/ﬁéo ‘ hy < 20150}‘ S oo - (178)
jEJg,hj<6160
O
4.2. Covering of the interior by cubes. In this subsection, we consider the part of {2

far enough away from 02 and show that we can choose a family of cubes D, with centre
x € () far enough away from 0f2 such that

N (-Ap, +V) <1 (179)

and such that the number of cubes we choose is bounded by a constant times d, 4 This
part of the proof mimics the proof strategy of Rozenblum [13], [8, Section 4.5.1].

Definition 4.5. For all z € Q\ Q4 Vs’ define 6, € (0, 0] by
b 0
~ d
5y = sup{5€ ©.8)|IVIZ 51} ifd>3 (180)
27 xT

and R

§y := sup {5 € (0, 5] ‘ WVliso.6 S 1} ifd=2 (181)
where )

D, (8) := {y eERY ||y —=| < 55} (182)

and where |-| ., denotes the co-norm on RZ. Here the constants in < have to be chosen
small enough depending on d.

Lemma 4.6. Let x € Q\ le\/ﬁéo and let 6, € (0,00] be as in Definition 4.5. Then
2

D:= D, :=D,(§;) CQ and

N (-Ap+V) <1. (183)

Proof. Since xz € O\ le\/Eéo and 0, < dg, we have dist (z, 02) > %\/850. By the definition
2

of D, we obtain D C Q. The bound (183) can be proved as in Lemma 3.4(i). O

Lemma 4.7 (Covering lemma for the interior of Q). For every x € Q\le\/ado let 6, € (0, do]
and Dy, := D, (0,) be as in Definition 4.5. ’

(i) Then there exists Ko = Ko(d,y) € N and subfamilies F,...,Fk, of oscillatory
domains Dy = D, (0;) C QlﬂQl\’/Eéo such that for every k € {1,..., Ky} all oscillatory
domains in Fy, are disjoint, and moreover,

Ko

' b
U UDDQ\Q%\@SO. (184)
k=1 DeF;
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(ii) Let Jy be an index set and denote

Ko
U Ze = {D} ;e - (185)
k=1
Then
| Jo| < 65 (186)

Proof. Proof of (i). In order to get the desired result, it suffices to apply the Besicovitch

covering lemma for cubes to the family {Dx}meﬂ\ﬂb1 P
2 0

Proof of (ii). For every j € Jo, let 6; be such that D; := D, (d;) for some z; €

Q\ le\/%o. Write Jy = Joo U Jo,1, where Jy o and Jy 1 are chosen such that ¢; = ¢y for all
2
J € Joo, [VIlla p, ~1forall je Jyyifd=>3, and HV||BDj ~ 1forall j€Jyiifd=2.
270 )
This is possible by the definition of §, for z € Q '\ Ql;l\/%o. By (i), |D;| = 6¢ and Q| < 1
for all j € Jy o, so we get |Joo| S 5ad. Using (i), we obtain
d d d
doal= 1S S WVIE, SIVIEge  SIVIE S&t (87
J€Jo,1 Jj€Jo,1 3 Vddo
if d > 3 and
Joal= > 15 > Vlsp, S VIsae s SIViga S 6 ° (188)
Jj€Jo1 j€Jo1 2veeo
if d = 2. Thus, we get (186). O

5. CONCLUSION OF THEOREM 1.2 AND THEOREM 1.4

In this section, we conclude Theorem 1.4 and we also prove Corollary 1.5. We remarked
in Section 1.2 that these two results imply Theorem 1.2.

5.1. Proof of Theorem 1.4. In this subsection, we combine the results from the previous
subsections to prove Lemma 1.6. From this, we deduce Lemma 1.7 and Lemma 1.8. As
we have already shown in Section 1.2, we obtain Theorem 1.4 from these lemmata.

Proof of Lemma 1.6. Define K := Ky + Ky + ... K, where Ky was defined in Lemma
4.7(1) and K for [ € {1,...,L} was defined in Lemma 4.1. Note that K only depends on
d, v, L. Denote by .7:,2 with [ € {0,...,L} and k € {1,..., K;} the corresponding families
of oscillatory domains. By Lemma 4.7(i) and Lemma 4.1(i), the oscillatory domains in
each ]:,i are disjoint and moreover,

QDLLJ@ UDD(Q\Q%ﬂéo)u<o<flm§2%ﬂdo>>DQ, (189)

1=0k=1peF! =1

where we used in the last step that by hg > Vdéy and Lemma 2.3, we have Ulel Ql D

Qli\/ado' This shows (a). For (b), note that by Lemma 4.6 and Lemma 3.4, we have
2

N(-AF+V) <1lforallle{0,...,L}, ke {l,....,K;} and D € F}. (190)

For (c), we obtain by Lemma 4.4 and Lemma 4.7(ii)
L K

DDA (191)

=0 k=1
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O

Proof of Lemma 1.7. By Friedrich’s extension, it suffices to prove that —Ag +V is bounded
from below with the quadratic form domain HY(Q). Let K = K(d, v, L) € N be as in
Lemma 1.6. Denote V := 4KV and recall [|V|; 5 < oco. Let Fi,..., Fk be the families of

oscillatory domains D C 2 which we got from Lemma 1.6 applied to V. We compute

K K

1 1(1

—A§¥+V2—§Ag+§ §Z(—A§¥)+Z > 2vip

k=1 k=1 DEF, (192)

1 1 & 1

N N 7
> —5Af +ﬁz > (—AD+§V1D> .
k=1 DeFy

Letke{l,...,K},D € F,u € H'(Q) and up := ﬁfDu € R. Note that for v := u—up,
we have v € HY(Q), [,v=0and [, |Vul|? = [, |Vv|2. We get using V < 0

1~ 1~
/\vu|2+/ va?z/ \vu\2+/ SV (2P +2lu )
D D D D

. 1 2 1 -
= Vv2+/Vv2+‘—/u/V2—/V/u2.
/D‘ | D i |D[ Jp D D[ Jp DH

In the fourth step we used that [, Vo[> + [, V|v|2 > 0 by the choice of the family F,

and | pv = 0 for the first two summands, and we used Jensen’s inequality and V <0 for
the last summand. We deduce that in the sense of quadratic forms,

1. - 1 -
~AN + 51oVip > - (W/ \V\) 1p. (193)
D

We obtain by (192) and (193),

K
1 1 1 ~
—AY > - (=AY) - —§ § —/ 1 194
k=1 DEF}

where the constant in the last part is finite since Zszl |Fe] < 60(V)™¢ < oco. Tt follows
that the quadratic form for —AY + V' with domain H*(2) is well-defined, bounded from
below and its form norm is given by the H'(Q))-norm. This finishes the proof of the
self-adjointness of —AY + V. O

Proof of Lemma 1.8. As at the beginning of the proof of Lemma 1.7, in the sense of qua-
dratic forms, we have

K
~AN + %V > %Z > (AN +Vip), (195)
k=1 DEF},

where we used V' < 0 and ) = Uszl Upe 7 D in the first step. In the second step, we used
that for every k € {1,..., K} the oscillatory domains D € Fj, are disjoint and therefore,
Jo IVul> >3 per [p|Vul? for all w € H'(Q). By Lemma 1.6(b), we have

N (=AY +V) <1 (196)
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for every k € {1,..., K} and every D € Fj. Hence, by the min-max principle [18, Theorem
12.1, version 2|2, for every k € {1,...,K} and D € Fj there exists a function u” €
HY(D) c L*(Q) such that

/ |Vul? + / Viu|?> >0 for all uw € H*(Q) with / uPu=0. (197)
D Q

It follows that if w € H'(Q) is in the orthogonal complement in the L?(Q) sense of
span {u” | D € Fi, k=1,... K}, then

/Q|Vu|2+/ V|u|2>—z 3 / <|vu|2 /DV|u|2> >0, (198)

k=1 DeFy,

Since the orthogonal complement of span {uD |D e Fr,k=1,...K } is a subspace of

L?(9) of dimension at most Zle | F&|, we obtain by the min-max principle [18, Theorem
12.1, version 2| and (195)

K

1
N <_Ag + Ev> < RN S 654, (199)

k=1

where we used Lemma 1.6(c) in the last step. O

5.2. Proof of Corollary 1.5. For the proof of Corollary 1.5, we need the following lemma.
Lemma 5.1 (A subset of the v with § < 1). Let d > 2.
(i) If v € [255,’:}),1}, then

ﬁ:ﬁ(d,y):ﬁll@%H) [% <%+1>2—d] <1 (200)

(i) If v € (0,1) is such that B <1, then |-||; 5 S II|l,, for allp > 5

B

Proof. Proof of (i). Let v ¢ |41}, 1]. Note that

1/d-1 1/2d—-1 1
== — < - — = —
v () ) L -

soY?—-1< é (1 + ﬁ). Hence, we have

d? d? 1\ 1 1
= y([v2-1]< 1+—)=(1 1.
b=yl ]d+1<+2d>d<+4d><

Proof of (ii). Letq::i—3>1 B>1andn0tethat 1—%>1—(1—5):5, S0
B¢ < 1. By Holder’s inequality, we get
1 1
~ ~ / 5 q
Vs = / o deh V)P < ( / ) dxhxﬁin) ( / ) dx|v<x>|pq>
Uiz 12192 121§

SV

2As the proof [18, Theorem 12.1, version 2| shows, in fact, the subspace M need not be a subset of
H'(Q) but it suffices to take M C L*(1Q).
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where we used 8¢’ < 1 and pg = p in the last step. Furthermore, since |2] < 1 and
p>p> %l, we can apply Jensen’s inequality to get

wig= [ e =g [(vi9) T 215 [ 18 ) = P F VI 2 VI

For d = 2, we have |V|| = ||V by [19, Chapter 5.1, Theorem 3, p. 155| and p > p >
p ~ B,Q2

% = 1. Using Definition 2.4(iii), we obtain [|V||; 5 < [[V]|, for any d > 2. O
Proof of Corollary 1.5. By Lemma 5.1, we have [|-[|; 5 < [|-[|, Therefore, by Theorem 1.4,
. [ ha = ha\ :
N(-AJ+V) < [mln <ﬁ, |V |p‘,,§>} = max <<ﬁ , VIS
S1+ HVllpg STV -
g

6. WEYL’S LAW FOR SCHRODINGER OPERATORS (THEOREM 1.3)

In this section, we deduce Theorem 1.3 using Theorem 1.2. The main idea is to first reduce
to Weyl’s law for continuous compactly supported potentials, namely

N (=A{ + W) = (2m)~4|B1(0) / |W|2 +o ()\2) as A — oo. (202)

for all W € C.(92) with W < 0. Using (202) combined with the Cwikel-Lieb-Rozenblum
type bound (Theorem 1.2), we can then deduce Theorem 1.3.

6.1. Reduction to compactly supported potentials. Let V' be as in Theorem 1.3.
Assume that we have (202) for 0 > W € C,(2). Since [|-[|| := [|-||; 5 is a weighted LP-norm
on  with p < oo, there exists a sequence (Vj,)nen C Ce(2) with V,, < 0 such that

Vi =Vlla SV = Vil = 0 as n — oc. (203)
2

Let 6 € (0,1). Recall that from the min-max principle |18, Theorem 12.1, version 2|, one
can deduce that

N(A+ B) < N(A) + N(B) (204)

for any two self-adjoint operators A and B defined on the same Hilbert space with the
same quadratic form domain. We have for every n € N and A > 0

N (=A§ +AV) < N ((1=0) (—AJ) + AVa) + N (6 (-AF) + A (V = V3))

Vi, V-V,
:N<— 5 1_5)+N<—Ag+/\ = > (205)

Va a4 a
SN(— y 1_5>+CQ(1+5 DRIV - Vall?),
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where we used Theorem 1.2 in the last step. Using (203), (205), (202) for W = " and
the definition of |||-|||, we get

lim sup AEN (—Ag +AV)

A—00

< lim sup lim sup limsup A~ 2 < < > + Cq <1+5 2)\2|||V Vil 2 ))
0—0 n—oo  A—o00 -9

< lim sup lim sup ( 21)~4|B1(0 / |—| +Cqdé™ 2|HV Va |H2>
6—0 n—00

|4
-0

= (2m) "¢ |B1(0)) hrnsup/Q 1

6—0

— 20 B0)] [ VIE,
Q
(206)
which is the desired upper bound. For the corresponding lower bound, we replace V by
(1 =)V, and we replace V;, by (1 —9)V in (205) to get

ii
2)\2

N (=AY 4 AV) > N (=AY + A1 = §)V,)—Cq (1+5—%(1— SEAS||V — Va2 ) (207)

and then proceeding as above.

6.2. Weyl’s law for compactly supported potentials. Now we prove (202) for 0 >
W € C.(Q). This result can also be found in [8, Theorem 4.29] for the Laplacian on R¢.
For the reader’s convenience, we explain the proof below since our setting is slightly dif-
ferent. We follow the proof strategy of Weyl, namely we cover the support of W by small
cubes of side-length independent of A such that each cube is completely contained in §2.
We then apply Weyl’s law for constant potentials on cubes.

Let my € N be such that

Vd27m < dist (supp W, 8Q) . (208)
Then every cube of side-length at most 270 intersecting supp W is contained in 2. For
every m € N, j € Z¢ let

Qri=2m (j + (0, 1)d) (209)

be the open cube of side-length 2~ whose bottom left corner is at 2~™j € R?. For every
m € N let

I = {jeZd’Q}nﬂsuppW;é@}. (210)
Upper bound. We claim that for every m > mg, we have
N (-AF +2W) < 3° N (~AF +aw). (211)
J€EIm

This can be seen as follows. By the min-max principle [18, Theorem 12.1, Version 2],
we know that for every j € J,, there exists an N(— AN + AW)- dlmenmonal subspace of

LQ(Q;-”), which we call M;, such that

/ |Vu|? +/ AW ul* > 0 (212)
i Qo
for all u € H' (Q;”) that are in the orthogonal complement of M; with respect to L? (Q;”)
Let M C L?*(Q) be the span of all M; for j € Jp,, where we extend functions in LQ(Q;")
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by zero on Q\ Q'". Note that M has dimension at most
SN <—Ag§n + )\W) . (213)
JE€EJIm

By (212), Q D Ujey,,@Q; D supp W and since the cubes Q; are disjoint, we get for every
u € HY(Q) in the orthogonal complement of M with respect to L%(Q)

/|vu\2+/ AWl > 3 (/ |vu\2+/ )\W|u\2> >0, (214)
o o Qy Qy

j€Im
By the min-max principle [18, Theorem 12.1, version 2|, we obtain (211). Therefore, for
every m € N, m > my

N(-A§+xW)< > N (—Agm +)\W) <> N <—Agm — X sup \W(@\) . (215)
§E€Im ’ §€Im ’ z€QT"

By Weyl’s law for constant potentials with Neumann boundary conditions on cubes, see
for example [8, Theorem 3.20],

lim sup AEN (—Ag +AW) < Z lim sup AEN (—Agm — A sup \W(x)\)
J

A—00 JE€Tm A—00 ;I;GQ;_"

= > | @m)B1(0)]|QF] (Sup \W(fv)\>
jE€Jm veQy

Since W € C.(€), the right hand side agrees with (202) as m — co.

Lower bound. For every m € N, m > mg, we have
N D
N (-AF +2W) = 3 N (=A8 +aw). (216)
JE€Im
For the proof of (216), note that by the min-max principle [18, Theorem 12.1, Version

3] for every j € J,, there exists an N (—ADm + )\W)-dimensional subspace of H (@),
J
which we call M, such that

/ |V’LL]'|2 +/ )\W|u]\2 < O0forall 0 §é Uu; € Mj. (217)
Qr Qr

J

Since the cubes QF', j € Jy, are disjoint and each M; C H&(Q;") C HY(Q), if we denote
by M the span of all M;, then M C H'() is a subspace of dimension

SN (—Agzn + )\W) . (218)
jEim

By suppW C Ujey,Q; and (217), we obtain for every 0 # u = ZjeJm u;j € M with

uj € Mj for each j € Jp,,
(/ \Vujm/ )\W|uj|2> <0, (219
Qj Qj

w%/quﬂ:
/Q\I RUTEDS

J€JIm
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By the min-max principle [18, Theorem 12.1, Version 3|, we get (216). Using (216) and
Weyl’s law for constant potentials on cubes [2, 3|, we get
liminf A2 N (=AY +AW) > liminf A2 S N (=AD, + W)
A—00 A—00 — J
J m

> N liminf A2 N (-Agm — X inf |W(x)|>
J

A—00 mGQ}"

v

= (e Bi0)]]Q) ( inf IW@)I)

3€7m eQr
Taking m — oo, we conclude (202). The proof of Theorem 1.3 is complete.

Remark 6.1. In dimension d > 3, we can obtain the lower bound in Theorem 1.8 for all
d

potentials V- € L2(Q), V < 0 by comparing with —Aga + AV and using Weyl’s law for

Schridinger operators on R? [8, Theorem 4.46]. However, this is not true in dimension

d =2, see [8, Remark after Theorem 4.46].
7. EXAMPLE WITH NON-SEMICLASSICAL BEHAVIOUR (THEOREM 1.1)

In this section we prove Theorem 1.1. We explain the proof strategy in Section 7.1 and
the details are given in Section 7.2.

7.1. General strategy. In this subsection, we explain for fixed v € (d%‘ll,l) how to
construct a y-Holder domain 2 C R? and a potential V : Q — (—o00,0] with V € Lg(Q)
such that (5) holds. We construct the y-Holder domain € in the same way as Netrusov
and Safarov [10, Theorem 1.10]. The potential V' will be chosen such that it grows near
the boundary of ). This will allow us for certain values of A going to infinity to find
significantly more than % negative eigenvalues of —Ag + AV.

We start by fixing M := 2™, where m € N is chosen large enough depending on ~. The
main part of €2 will be given by the subgraph

{(x’,xd) eR“I xR ’ eV o<, < f(x')} (220)

of a y-Hélder continuous function f on the (d — 1)-dimensional unit cube Q41 that van-
ishes on the boundary of Q@1 . For every 7 € N we can decompose Q=1 into Md—1i
small cubes of side-length M ~7. The function f will be chosen in such a way that for any
j € N it oscillates on the order of magnitude M ~77 on each of the small cubes of side-length
M~ Intuitively speaking, f looks no better than a y-Hélder continuous function on each
of the small cubes for every length scale M7, j € N.

The potential V' will be chosen such that it is large close to the boundary of 2. We define
2
1% (x',:cd) = —c (f(:c') - xd);(—l—ks) for (x',xd) EQCRI xR (221)

for a suitably chosen 0 < ¢ < (d —1)(1/y —1) and a constant ¢ = ¢(d,~,c) > 0. Note

that V' € Lg(Q) since € > 0. In the following, for fixed j € N, we can for simplicity think
of f as a j-dependent constant c(j) > 0 plus a small spike of height M 77 on each of the
M(@=15 (d — 1)-dimensional small cubes of side-length M 7. We denote these small cubes
of side-length M7 by Q(j,k), k € {1, .. ,M(dfl)j}. Moreover, we define

Q= {(x’,:cd) €Q(j, k) xR ‘ c(j) <xg < f(x')}, (222)
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and u;, € H'(Q) by
ujk (2, 2q) = sin (M7 (z4 — c(j))) lo,, («',2q) . (223)

Note that for fixed j € N, the interior of the support the {Uj,k}kzl V7 are disjoint. One
can show that for

A(G) = M2i(Fa(-14e) (224)
we have for every k € {1,..., M@-1i}
/ |VUj,k‘2 +/ AV \uj,k\Q < 0. (225)
Q Q
Hence, for every j € N
N (=A§ +A(G)V) > M@-D7, (226)
A computation shows that since e < (d —1)(1/y — 1),
lim A(j)~ 2 M@ DI = o, (227)
]—}OO
It follows that ,
limsup A"2N (—A{ + AV) = 0. (228)
A—r00

7.2. Details of the proof of Theorem 1.1. Let us now come to the details of the proof
of Theorem 1.1. For the definition of 2 and of the orthogonal set of test functions, we
closely follow [10, Theorem 1.10].

) cmd let m € N be large enough such that my > 1

Definition 7.1. Letd > 2, vy € (42,
= (0,1)%! and

and m(1 —~) > 4. Define QU4=1 .
¥R 5 (0,1/2], 2 % _ | - <%%> ‘OolQ(d_n(x’).
For every j € Ny let
K;={0,1,2,3,...,2m—1}*"" (229)
and for k € K; define
Q3. k) == {:c' e RI! ‘ 2imyl ke Q<d—1>} c QU (230)
Define for j € Ny the functions
g9; QW) = 10,172, 2’ >y (2! — k), (231)
keK;
forn e NgU{-1}
fa: QU 5 00,00) , 2 — 22 mg (). (232)

We also denote f_1 =0 and f =lim,, o fr. Also deﬁne for every n € Ng, k € K,

ang = sup fn_1(2'). (233)
z'eQ(n,k)

Lemma 7.2. (i) f: (QWV, || ) — [0,00) is y-Hdlder continuous with constant 3.
(i1) For every n € Ng, k € K,, and 2,y € Q(n, k), we have

|fr-1(2") = far(¥)] < %2‘7’””. (234)
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(iii) For every n € No, k € K,, and 2’ € Q(n, k) with 2"z’ — k € [1/4,3/4*", we have
Fa) = ange > G2 (235)
(iv) For every n € Ny, k € K, and 2’ € Q(n, k), we have
Fl@') — apy < 277N (236)

Proof. Proof of (i). Let 2/, ¢y € Q41 with 2/ # 3 and denote by n’ the largest number
in No such that 277%™ > |2/ —4/|__. In particular,

o—('+1)m ‘l‘/ . y/‘oo < 9—n'm (237)
We have

f() = FOO =D 27 ™gi(a) = > 2™ gi(y)
j=0 Jj=0

n’ oo
<D 27 gi(a') = gi W)+ Y 27 gi(a) = gi ()]
j=0 j=n'+1
For the first term, we use the Lipschitz continuity of g;, (237) and m(1 —v) > 4 by
Definition 7.1 to get

nl

7,7‘/
Z Q—ij‘gj(x/) — gy < Z 9—Ymj , 9jm {:c' . y/{oo
j=0 j=0

n' n'
< |x' . y/|zo g—m(1=y)n’ Z om(1—v)j < ’x' _ y,’Zo Z 9—m(1-7)j <2 ‘x' _ y/‘zo )
=0 =0

For the second term, we use the Lipschitz continuity of g;, (237) and m~y > 1 to get
VM| g (2! (a) —-ymj _ Zo9— '+1 —ymyj / Y
Z 2vmj‘gj(;p)—gj(y)\§§‘Z 2’ij_§2 ym(n )22 ijg‘x—y‘oo.
j=n'+1 Jj=n’+1 J=0

Combining these two estimates, we obtain the claim.

Proof of (ii). Let n € Ny, k € K, and 2/,y' € Q (n, k). We have

n—1 n—1 n—1
[fao1(2') = facr () = D277 gi (') =Y 27 gi(y)| <27 gi(af) — g;(0))
=0 j=0 =0
n—1 n—1
, , 1
— . P - (1—) To—
sj}‘aﬂm 2™ |a y1m§2m"j202 Vi< T,

where we used Lipschitz continuity of g; in the third step, and m(1—+) > 4 in the last step.

Proof of (iii).  First note that for all y € [1/4,3/4]"", we have 1(y') > 1/4. Let
n €N, k€ K, and 2’ € Q(n, k) with 27"z’ — k € [1/4,3/4]"". Then,

) =Y v (2”%’ - k:) = ¢ (2" — k) > i. (238)

k€K,
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Therefore, we have

f(x/) - an,k Z fn(x/) — Qpk = fn(‘r,) - fn—l(x/) + fn—l(xl) - an,k

1 1 1

where we used (238), (ii) and (233) in the fourth step.

Proof of (iv). Let n € Ny, k € K,,, 2’ € Q(n,k). Then by (233), a,r > fo_1(z’). By

gj(x') < % and my > 1, it follows that

F') = ang < &) = faa( zz gy (af) < T2y gmmi < g,

7=0

Definition 7.3 (2 and an) Define the y-Hélder domain
0= {:13 = (2/,zq) e RTI xR |2’ € QU 0<xy < f(x’)} U ((—2,2)‘171 X (—2,0))
and for all n € Ng, k € K,, define
Qi ={z Q|2 € Qn,k), zqc (faur(a'), f(z))}. (239)
Definition 7.4 (uyk,b2,by,by and V). (i) For n € Ng, k € Ky, let up 1 : Q@ — R with

in (9ymn —ap, f / k), > ap,
i (2) = 4SBT (@ = ang))  for 2 € Qn k), 74 2 ang (240)
0 else.
(i1) Define
1 1
b= 200 [P, voi= [ atleosOP and by =22 )
0 0 2

(iii) Let e € (0,1). Define V : Q@ — R depending on € by

_ o %(—1 6) / _ ’
V()= {o ) me T o € QER 05 < S o)
else.

Lemma 7.5 (Estimates for u, ;). Let n € Ng and k € K,,. Let e € (0,1).
(i) Then u, € HY(Y). Moreover,

/ |ty |2 > bp2 7 (d-Lmn . g=ymn. / Vit |2 < b2~ (d=Dmn gymn.
(ii) For al?A > 0, we have ’
/Q|Vun,k|2 + /Q AV |ty |2 < bg2™(d=Dmn  gymn ( —ga2=2mn  g=ymnd(= 1+8>) . (243)
Proof. Proof of (i). A direct computation shows that u,; € H'(). Next, we compute

f(xl)_an,k
/ [un.k]? = / da’ / ds | sin (27"s) |2
Q Q(n,k) 0

1g—ymn

2/ dx'/8 ds | sin(27™"s)|?
{x/eQ(n,k)‘2mnx'—ke[1/4,3/4}d*1} 0

1

= g~ (d=Vmn  9—(d-1) / ® dt | sin(t)]|227 7 = py2~(d-Lmn  g=ymn
0
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where we used Lemma 7.2(iii) in the third step. Moreover, by Lemma 7.2 (iv),

f(x/)_an,k
/ |V, k| :/ dx’/ ds 227 | cos (27Ms) |2
Q Q(n,k) 0

2—ymn
< / da’' / ds 227mn| COS (2ymn$) |2 _ bv2—(d—1)mn . 2ymn,
Q(n,k) 0

where we used the change of variables ¢t = 27™"s.

Proof of (ii). Let A > 0. For all x € Q(n,k), we have x4 € (fn—1(2'), f(2)), so
by 0 < g; < % for all 7 € Ny, we get as in the proof of Lemma 7.2 (iv)

f(@') —xa < f(2') = far(a!) =Y 277 g(a)) <277 (244)
j=n

For all z € supp (V|up x|*) C Q. k, we have by (244) and € < 1

‘V(ZC)‘ _ bV (f(x’) _ xd)%(*l+ﬁ) > bv2f’ymn%(fl+s)' (245)
Using (ii) and (iii), we get by (241)

/ |vunvk|2 +/ )\V‘Un,kP < bVQ_(d_l)mn Loymn )\bVQ_Vm”%(—1+6)b22—(d—1)mn2—vmn
Q Q
= bvg—(d—l)mn . gymn (1 _ 2)\2—7mn%(—1+6) ) 2—2’ymn) .

g

Remark 7.6. Lemma 7.5(i1) will be the starting point for the example that satisfies (5)
we are looking for in this subsection. If we choose for n € Ny

2
A = 22ymn gymnig(=1+e) (246)
in Lemma 7.5(i1), then for all k € K,,, we have

2
/ Veanl +/ AV Juy 1 < b2 (@ Dme . gomn (1 —oxgmrmng(=1te) 227’””) <0
Q 9)

Now suppose —Ag—i—)\v was a self-adjoint operator with quadratic form domain H' (). In
fact, this will be shown under suitable assumptions in Lemma 7.7. Then, we deduce by the
min-maz principle [18, Theorem 12.1, version 3] and since the {u”:k}kEKn have disjoint
interior of their support that

N (=AY + V) > |K,| = 2@d-Dmn, (247)

Ife = (d—1)(1/y—1), then |K,| = A%, But we can apply Lemma 7.5 with 0 < & <
(d—=1)(1/y—=1) <1 and X as in (246), then we get

ATEN (AN +AV) > A 2K, = A 220 0m0 5 o6 as 1 — oo, (248)
Since A — 0o as n — oo, we have shown (5).
Lemma 7.7 (Self-adjointness of —AY + AV and [Vl55 =00). Lety € (%, 1).

(i) Then there exists 0 < ¢ < (d — 1) (1/y — 1) such that V € LP" (Q) C L%(Q) and for
every A > 0 the operator —Ag+/\v s bounded from below, has finitely many negative
eigenvalues and it is self-adjoint with quadratic form domain H'(S2).

(ii) For every 0 <e < (d—1)(1/y—1), we have ||V][; 5 = cc.
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Remark 7.8. Lemma 7.7(ii) shows that this example does not contradict Theorem 1.4.

Proof. Proof of (i). Let us first find 0 < € < (d — 1) (1/y — 1) such that V € LP" (Q) C

L%(Q). Note that LP" () C L%(Q) since § is bounded and p* > £. By (242), the definition
of V and the boundedness of 2, it suffices to find 0 < e < (d — 1) (1/v — 1) such that

2
p(-1e) > -l (249)

By a continuity argument, it suffices to show that (249) holds for ¢ = (d — 1) (1/y — 1),
namely p(p — (d+ 1)) > —d with p:= d;—l + 1€ (d,d+ 1), which is true.

Fix ¢ = ¢(d,~y) as above and let A > 0 be arbitrary. In order to show the self-adjointness
of the operator —Ag + AV, we show that the corresponding quadratic form on H'(Q) is
well-defined, bounded from below and that it has the H'(2)-norm as its quadratic form
norm, hence it is closed. The claim then follows from Friedrich’s theorem.

For every = € Q with x4 > 0 and § > 0, let the oscillatory domain D, () and a, = a be
defined as in Definition 2.6. Let M := ¢/a as in the proof of Lemma 3.4(ii). Then

5 y 5
IVIG- p.s) < 0™ / dt by td " = A Dy / dt 7" 5 (-14e)
0 0

(250)
= C(d,y)M D gtp 5(-12) 0 a5 5 — 0.

In the third step we used that p*, by, € only depend on d and . We also used (249) to
ensure that the integral is finite.

Let K = K(d,~) be the constant in the covering theorem for oscillatory domains (Lemma
4.1)). By (250), we can choose ¢ > 0 small enough such that

*

p
ANK)P" C/(d, y)otP a(-1+e) < <CLPS> . (251)

Note that § only depends on d, «, A but not on . For each x € Q with x4 > 0 let
D, := D,(6) with § defined in (251). By (251) and (250),

*

[AAKV|P. , MTP < ([ —) (252)
Pt Cps
so for every v € H'(Q) with [, v =0, we have by (102)
/ |Vol? +/ 4K NV |v|* > 0. (253)
Dy Dy
Let Fi,...,Fk be the families of oscillatory domains we get from applying the covering

theorem for oscillatory domains (Lemma 4.1) to {Dz},cq with 2,50- Note that

K
U U D > supp (V). (254)

k=1 DeFy

Using (253) and (254), we obtain in exactly the same way as in (192) in the proof of Lemma
1.7

K
1 1
N N N
—AY 4OV 2 S(-AY) + 5 k§ 1j D%f: (—AN + 20KV1p)
= k
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K
1. N 1
I DOD R L] BT

k=1 DeF;
For each k € {1,..., K} and D € Fj, we have

1 1 N S B
DI 2 160" = 26 (eofed)T) = e ley 8T (255)

Since the domains D € Fy, for each k € {1,..., K} are all disjoint and 2 is bounded, we
deduce that Zle | Fi| < oo. Thus, since V € LP"(Q) c L'(Q), we get

K
> /D\V\ﬁ < o0, (256)

k=1 DeFy,

so —AY + AV is a well-defined quadratic form on H'(f2) that is bounded from below and
has the H!(€)-norm as its quadratic form norm. We can deduce as in the proof of Lemma
1.8 that —Ag + AV has finitely many negative eigenvalues.

Proof of (ii). By the definition of V' and of |[V|; 5, it suffices to consider the case
g:=(d—1)(1/y—1). Recall that

supp (V) = {ZL‘ = (¢, zqy) e RTI X R ‘ xTq > 0} N Q. (257)
For all x € 2 with x4 > 0 we use the shorthand notation
hy = f(2') — z4. (258)
By the definition of ||V'[|; g, it suffices to show \V\g 5 = 00. Recall that
~ . =2 e
ViEs = [ anlv@ph? = [ oePaliC 0, (259)

Now, recall that by (238), we have

(260)

RN

fa') =) 279 gi(a") 2 gola') =
j=0

for all 2/ € [1/4,3/4]77! so

. f@y . Lo

> \bv|p/1 37d-1 dx’/ de¢pa(=1+e) =8 > |bv|p2_(d_1)/ dg P2 (~1+e)—B
1] 0 0

Hence, if we can show that

\]

p=(=1+¢) - B <1, (261)

S

then we have |V|§5 = 00, 80 [|V[|; 5 = 00. Recalling (22), the bound (261) is equivalent to

1 1 1
) = g (= @+ 1) = i ] <1 (262)
with p:= %1 +1 € (d,d + 1). Note that
3 2(d+1) d
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is a convex function with f/(d) < 0 and f’(d+1) < 0. Therefore, f is monotone decreasing
in (d,d + 1), and hence (262) follows from the fact that f(d) = —1. The proof of Lemma
7.7 is complete. O

Proof of Theorem 1.1. Remark 7.6 combined with Lemma 7.7(i) show Theorem 1.1. [
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Weyl formulae for some singular metrics with application to
acoustic modes in gas giants
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Abstract

This paper is motivated by recent works on inverse problems for acoustic wave propaga-
tion in the interior of gas giant planets. In such planets, the speed of sound is isotropic and
tends to zero at the surface. Geometrically, this corresponds to a Riemannian manifold with
boundary whose metric blows up near the boundary. Here, the spectral analysis of the corre-
sponding Laplace-Beltrami operator is presented and the Weyl law is derived. The involved
exponents depend on the Hausdorff dimension which, in the supercritical case, is larger than
the topological dimension.

AMS classification: 11F72, 58C40.

1 Introduction

1.1 Seismology on gas giant planets

Seismology has played an important role in revealing the (deep) interiors of gas giant planets in
our solar system [0, 24]. Indeed, the acoustic spectra and free oscillations have been studied for
Saturn and Jupiter over the past few decades [33, 20, 18]. The excitation of acoustic modes in gas
giant planets presumably occurs through convection in their interiors. The observation of acoustic
eigenfrequencies, that is, the discrete spectrum can be realized, in principle, through visible pho-
tometry, thermal infrared photometry, Doppler spectrometry, and ring seismology for nonradial
oscillations [25, 26] (in particular, in the case of Saturn). In ring seismology and with the Cassini
mission, one measured the “resonances” in the inner C ring of Saturn with visual and infrared map-
ping spectrometer (VIMS) stellar occultations [22, 14, 17]. The rings are gravitationally coupled
to the acoustic modes of the planet (taking self gravitation into account). Detection of Jupiter’s
acoustic eigenvalues has been attempted with ground-based imaging-spectrometry (seismographic
imaging interferometer for monitoring of planetary atmospheres or SYMPA) by measuring line of
sight velocity [32, 18]. Recently, Juno spacecraft gravity measurements have provided evidence for
normal modes of Jupiter [15].
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1.2 Singular Riemannian metrics

On a gas giant planet, unlike a rocky planet, the speed of sound goes to zero at the boundary.
In the geometric mathematical model that we employ hereafter, the rate at which this happens
follows a power law which determines a specific conformal blow-up rate of a Riemannian metric,
thus defining a singular metric. This rate happens to be slower than on asymptotically hyperbolic
manifolds and the boundary is at a finite distance from interior points. The rate is implied by
an equation of state in the upper part of the planet, in general, in the sense of a fit. (For some
models of the speed of sound of Jupiter and Saturn showing this behavior, see [20, Figure 1]
and [23, Figure 1].) Only for a polytrope is the rate exact. Polytropes, for which the pressure
is proportional to a power of the density of mass, have been viewed as relevant simplifications;
models with variable polytrope index have indeed been applied to planet and material models
[34]. Typically, an equation of state is computed numerically using density functional molecular
dynamics simulations with mixtures of chemical elements: The dominant elements in terms of
mass fraction are hydrogen and helium, but also heavy elements are important. The equation of
state is different for the upper part and the deep interior as the helium fraction can be higher
in the interior due to helium rain (helium becoming immiscible with hydrogen at high pressure).
Equations of state play a vital role in the evolution and realization of structure of gas giant planets
[28, 29].

More specifically, if g. is the Euclidean Riemannian metric on a smooth domain X ¢ R"™!, then
the speed of sound ¢ can be encoded by the conformally Euclidean Riemannian metric g = ¢~ 2g,.
In local coordinates where the boundary of X is (locally) described by u = 0, the polytropic model
suggests that ¢ ~ u'/2. Indeed, the natural generalization is ¢ ~ u®/2, that is, ¢~ 2 ~ u~; through
previous analysis [13] it appears that restricting « according to o € (0, 2) guarantees the presence of
a discrete spectrum as it has been observed. Thus, the Riemannian geometry lies between standard
geometry with boundary and asymptotically hyperbolic geometry. Some of the phenomena in this
geometry are unlike those seen at either end. The extreme case o = 0 corresponds physically
to solid bodies and mathematically to manifolds with boundary, and the other extreme o = 2
corresponds to asymptotically hyperbolic geometry but is far from all planetary models.

Therefore, following [13, Section 1.1], we model a gas giant planet as a smooth manifold X
with a boundary, endowed with a Riemannian metric ¢ on X \ X such that, near X, we have
g = g/u® where g is a well-defined Riemannian metric up to the boundary, and X = {u = 0}
locally. The fact that g is neither zero nor infinite at X implies a specific blow-up rate for g near
0X. This conformal power-law blow-up is the key geometric feature of gas giant metrics. The
speed of sound might contain jump discontinuities where phase transitions occur (see [27]), that
is, the metric can contain conormal singularities while the manifold consists of multiple “layers”.
A key interior boundary in gas giants corresponds with the transition from molecular to metallic
hydrogen. Accounting for discontinuities in an asymptotic formalism for gas giant seismology was
developed a few decades ago (see [30]).

The mathematical study of the spectrum associated with gas giants’ acoustic modes was initi-
ated in [13]. In this paper, we analyze the relevant Laplace-Beltrami operator and we compute the
Weyl law. The study of Weyl asymptotics, which reflects some properties of the singular metric,
is a preliminary step towards analyzing some inverse problems, in view of reconstructing some
features of the internal structure of gas giant planets.



2 Mathematical model and main results

2.1 Mathematical model

Let X be a smooth compact manifold of dimension n + 1 with a boundary 0X. Near 0X, X is
diffeomorphic to [0,1) x M, where M is a smooth compact manifold of dimension n > 1 and 90X is
identified with {0} x M and also with u = 0 where wu is a transverse coordinate, locally near 90X,
ranging over [0, 1). As discussed in Section 1.2, we consider on X a singular Riemannian metric g
that is a smooth metric on X \ X, written near 90X as

g=g/u”

where 0 < @ < 2 and g is a smooth (non-singular) Riemannian metric on X, up to the boundary.
Following [13, Proposition 2], which uses a normal form for the metric near the boundary, due to
[19, Lemma 5.2], we have
g =u"*(du® + go(u))
where go(u) is a smooth Riemannian metric on M (pulled back to the level set © = Cst) depending
smoothly on w € [0,1).
We make a change of variable. Setting z = z(u) = [ s72ds = (1 — 2) 1ul~%, we get

2c

—

g =dx® + 27 Pgi(x) where § = 5 (1)
and g1 = gi(z) is a smooth Riemannian metric on M (pulled back to the level set © = Cst)
depending smoothly on = € [0,1). We note that, since o € (0,2), 8 can take any positive value.
We also note that a polytrope (for any index) corresponds to 8 = fpory = 2. We have that
g1(z) = C(a)go(u) for some constant C'(a) > 0.
For any = € [0, 1), denoting by dv{ the volume measure on M associated to the metric g1 (z),
the g-volume is dv, = =P/ |dx| dv¥. The volume is finite if and only if 8 < f., where
2
== — 2
fe== 2)
is a critical value of 8. We will see later that this critical value plays a role in the Weyl asymptotics.
At this point, we can note that Byor, > . for n = 2.
The following three propositions were proved in [13]. The first proposition concerns the Hauss-
dorff dimenion.

Proposition 1. The Hausdorff dimension of (X, g) is

dH:max<n+1,n(1+§>>.

We define g = n(1 + g), and note that dg > n+ 1 (n+ 1 is the topological dimension of X)
if and only if 5 > B.. We give in Appendix A.5 a sketch of the proof of Proposition 1, in which we
also show that dy coincides with the Minkowski dimension of (X, g).

Proposition 2. The Laplace-Beltrami operator Ay, with core C§°(X \ 0X), is essentially self-
adjoint if and only if B > Be.

For 8 < f, there exist several extensions of Ay, with core C§°(X\0X). In the further analysis,
we consider its Friedrichs extension (that is, “Dirichlet extension”).

Proposition 3. For every 8 > 0, the spectrum of Ay is discrete.



We denote the eigenvalues of Ay by 0 < A < Ay < --- < Aj < -+ with associated eigenfunc-
tions ¢;, j € IN*, normalized in L?*(X,dv,). We note that, if the volume of X is infinite, i.e., if
B = B, we have A\; > 0, in contrast to the usual Riemannian case. The Weyl counting function is
defined by

NO) = #{j €N | A <}

where the eigenvalues are counted with their multiplicity. Our objective is to derive a Weyl law
describing the asymptotics of N(\) as A — +oo.

Remark 1. The following fact will be used in Section 3.5. For any ¢ > 0, there exists 6 > 0
such that the metric g is e-quasi-isometric (see Appendix A.1) to a singular Riemannian metric g
on X, smooth on X \ 0X and given by § = dz? + 27 %¢1(0) on (0,8) x M. In order to derive a
Weyl law for (X, g) it suffices to derive the corresponding Weyl law for g for any £ > 0 (see, again,
Appendix A.1 for details). This remark is important, because it implies that we mainly have to
work within the so-called separable case.

Separable case. We say that we are in the separable case if the metric g1 (x) on M (defined by
(1)) does not depend on z, ie., gi(z) = ¢1(0) for any = € (0,1); we still denote this metric by
g1- In the sequel, we consider [0,1) x M instead of [0,0) x M for simplicity of notation, while the
proofs are similar in both cases.

We denote by Ay the Laplace-Beltrami operator on (M, g1). We denote the eigenvalues of
Ay by 0 €wp Swy < -+ <wj < -+ with an associated orthonormal basis of eigenfunctions
(1j)jen+. The Weyl counting function for A is defined by

Ny (w) =#{k e N* | wp <w}.

Since g1 is a smooth Riemannian metric on M, the classical Weyl law for (M, g;) yields that
Nt (w) = 7, Volg, (M)w™? + O (w™/?) as w — +0o where

"= ! 3)

4m)n/2T (% + 1)
(see [3, Chapter 3E]| for the heat trace and then apply the Karamata tauberian theorem, i.e.,
Theorem 3 in Appendix A.2).

Denoting by dv; the volume measure on M associated to the metric g1 = ¢1(0), the g-volume
is dvy = x~P"/2 |dx| dv,. Making the change of function f ~ 2= #"/%f we get the new volume
form |dz| dvy; the Laplace-Beltrami operator on X7 = (0,1) x M is now given by

C
Ag:—ai—l—x—f%—xBAM

where z € (0,1) and

05254—”<€Tn+1>.

The proof is straightforward by performing an integration by parts with respect to x in the Dirichlet
form defining the Laplace-Beltrami operator, using the Dirichlet boundary condition at = 0. We
note that Cz > 3/4 if and only if the volume of X is infinite. Using the Weyl criterion (see
Appendix A.3), this inequality also implies that P, defined by (5) below is essentially self-adjoint
for any w > 0, but not for w = 0.



We will need to work first on the non-compact conic manifold X, = (0,+00) x M endowed
with the metric g = da? + 27%g;. Let A, stand for the Laplace-Beltrami operator on (X0, ).
Invoking a separation of variables, we have

—+oo
Noo = 2 (id ® 1) (Po, ®id) (id ® m,) (4)
where o
P, = —(?i + x—g + wa’ (5)

is a Schrodinger operator on L?((0,+00),dr) for any w > 0, and where 7 is the orthogonal
projection of L2(M,dv;) onto the subspace generated by 1, and id denotes the identity operator

+
on L?( X, |dz| dvy) (vesp., on L?(M,dv1)). Hence, Ay is unitarily equivalent to E]Sonk.
k=1

2.2 Main results

Recalling that g; is defined by (1), we set G = ¢1(0) and denote by vg the corresponding volume
form on M. We also recall that . is defined in (2) and that v, is defined in (3).

Theorem 1. (Weyl asymptotics)

o If 3> (. then
N(X) ~ A(B, n)vg (M) X¥#/2

as A — 400, with

_ _mm(B+2) /+°° iy
A(B,n) = T +dn/?) /), Zi(r)r= “ldr
where Z1 (1) = Tr(exp(—7P1)) and Py is the Schrédinger operator on L?((0, +00), dz) defined

by (5).
o [f f=0.=2/n then
N(\) ~ Crog(M)A™HD/2 1 \

as A\ — 400, with
o _ 1
" (n+ DM EHDRT ((n+1)/2)

In particular, C, = 1/8x.

o If B < B, then
N(A) ~ ’Yn+1Ug(X) Alt1/2
as A — +o0.

Remark 2.

e When M = IR/27Z and X is diffeomorphic to the hemisphere, endowed with the so-called
Grushin metric, the authors of [4] derived the Weyl law using an explicit computation of the
spectrum. We recover their result as a particular case with n =1 and 5 = 5. = 2.

e To prove Theorem 1, we make use of heat kernels. Alternatively, it is possible to use Dirichlet-
Neumann bracketing. Both methods allow to treat conormal jump singularities of the metric
g inside X that model layering in the gas planet.



Remark 3. A natural question is whether 5 can be determined from the Weyl asymptotics.
Indeed, when n is known, 3 can be determined in the case where 8 > .. When 8 < . the
question remains open. To shed light on this, it would be useful and interesting to get the next
term in the small-time heat trace expansion (see Section 3.2.2) when 8 < ..

We next compute the Weyl measures, which are the probability measures w, on X, defined, if

the limit exists, by
. 1 2
J sty = tim s S0 [ ey

<A

for any function f : X — IR that is continuous up to the boundary of X. Such measures have been
introduced in [9, 11] in the framework of sub-Riemannian geometry in order to provide an account
of how the high-frequency eigenfunctions concentrate.

Theorem 2. (Weyl measures)
o If > [ then the Weyl measure is §z=o ® dvg/va(M).

o If B < (. then the Weyl measure is the uniform probability distribution given by the normal-
ized volume of (X, g), that is dvg/vg(X).

Using [11, Corollary 7.1], we obtain the following consequence.

Corollary 1. If B > (. then there exists a density-one subsequence (¢, )ken+ of the sequence of
eigenfunctions that concentrates on 90X, meaning that for any compact subset K C X \ 0X, we
have

tim [ 16, du, =0.
K

k—+o0

3 Proofs of Theorems 1 and 2

Our strategy of proof is the following. We first treat the separable case (Sections 3.1 to 3.4). As a
preliminary, we perform in Section 3.1 a spectral study of the 1D Schriédinger operator P,, defined
by (5), deriving exponential estimates for truncated heat traces. Then, in Section 3.2, we estimate
the small-time asymptotics of the truncated heat trace of A4, near the boundary (actually, on a
cone); the three cases 8 > (., 8 = B¢, § < B, must be treated in different ways. In Section 3.3,
using a heat parametrix, we glue together the heat kernel near the boundary and the Riemannian
heat kernel far from the boundary. Finally in Section 3.4 we prove Theorem 1 in the separable
case.

In Section 3.5, we show how to pass from the separable to the general case by using the fact
that the metric g is quasi-isometric to a separable metric. In Section 3.6, we prove Theorem 2.
Our approach uses again heat traces.

3.1 Spectral study of the 1D Schrodinger operators
We consider the family of Schrodinger operators,
P1 = —85 + qc,g(x)

where g p(z) = Cx=2 + 28, C > 0 and B > 0, acting on L?((0,+0c0),dz). The operators P; are
essentially self-adjoint if and only if C' > 3/4; when C' < 3/4 we consider the Friedrichs extension
of P, with core C§°((0,+00)) (see Appendix A.3). The spectrum of P; is discrete; we denote it by



0 < pp < pg < ps < ---. We derive precise semi-classical asymptotics for the associated truncated
heat trace.
Let x : [0,+00) — [0, 1] be a smooth decreasing function with x = 1 on [0, a] with a > 0 and
X' < 0 everywhere. We note that y = 1 is included. We define the corresponding truncated heat
trace by
Z (1) =Tr (e 7") V1 > 0.

Let v = max(1/3,1/2).

Proposition 4. Given any 0 < 7 < 1, we have

Z(r) = 7 (@)dz + 0 (777)

1 too
— e
vAarT /0
and for T > 1,

Z (1) =0 (e7"7)
uniformly with respect to x in both cases.
1 1
The counting function Ny(p) = #{j € N* | u; < p} satisfies Ni(p) ~ Au2% as p — +o0

with A = \/E%B(?)/Q, 1+ 1/8) where B is the Beta function.

Proof of Proposition 4. We first establish an elementary lemma. We denote by QV (resp., Q)
the self-adjoint operator —9? on an interval of length 1 with Neumann (resp., Dirichlet) boundary
condition.

Lemma 1. For 0 <7 <1 and x € {D, N}, we have Tr(exp(—7Q*)) = (4n7)~1/2 + O(1).

Proof of Lemma 1. The estimate does not depend on the chosen interval. The spectrum of Q¥ is
{n%7? | n € N} and the spectrum of QP is {n?72? | n € N*}. Hence both traces differ by 1, and
it suffices to prove the estimate for Q. Writing

Tr(exp(—7QN)) = % (1 + Zem2*>

nez
and applying the Poisson summation formula gives the result. (I

We now prove the proposition. We first consider the case where 7 < 1. We are going to apply
Dirichlet-Neumann bracketing with the decomposition (0, +oc) = Uj:og Ji where the intervals J
are defined below.

Let xg be defined by qos(z9) = minge g(z). Then gop(z) = Cx~2 + 2P is increasing on
[xo,+00). Let Jp = [xo + k,xo + k + 1] with & > 1 and Jy =]0, 20 + 1]. We have the following
estimates for the Dirichlet and Neumann heat traces Z,:’X on Ji: for k> 1,

1 1 Tot+k
2 < (@ *O(”) T < (@ +O(1)>/ ¢
ro+k—

and

= 0(1)> eI TRy (g 4 s+ 1)
T

1 xo+k+2
= < +O(1)>/ e~ 908y (z)d,
zo+k+1

(6)

N
;
\]



while
2y (r) = 0(r /%),

The minimax principle implies that each eigenvalue p; is larger than the j''-eigenvalue of the
union for all k£ of the Neumann problem on the intervals Ji. In this way, we obtain the following
upper bound for the trace with y = 1:

Zi(1) <0 <%> + (ﬁ + 0(1)> /m e 7108 @) gy, (7)

“+o00
/ (eichvﬁ(w) — efmﬂ) dx
0

1 oo 8
Z1(1) € —— e ™ de+0O(rt77).
< o= (=)

Similarly, using the fact that the Dirichlet heat kernel is smaller than the global kernel (see [12,
Theorem 2.1.6]), we get from (6) the following lower bound:

Noting that
= 0(1)7

we infer that

1
VarT

Note that the same lower bound is valid when replacing x by 1 — x.
Now, we use a variant of the fact that

+oo
Z.(1) = /0 e_mﬂx(x)dz +0 (7'_7) . (8)

(A+B=A+B,A>A, B>B) = (A=A, B=B.
We take A = 2y, B = 21y, A' = (dn7) "} [ e x(2)dz and B' = (dwr) =5 [ e (1 -
X(z))dz. By (7), we have
A+B=A+B+0(r7")

and, from (8),
A>A+0(r7), BB +0(r 7).

It follows that A = A"+ O (777) and B = B+ O (r~7). In particular,

1 Feo
Zi(1) ~ —1/ e dg.
(4rT)z Jo

Using the Karamata tauberian Theorem (recalled in Appendix A.2), we get
Ni(n) ~ Aptt5

as ji — +00, with the constant A defined in Proposition 4.
We now prove the exponential upper bound for 7 > 1. We note that Z, (1) < Z;(7). Moreover
all eigenvalues p1; of P; are larger than the minimum ¢(x¢) of ¢. Then, for 7 > 1, we have

—+o0 —+o0
Zl (T) — e*ﬂh Z e*T(l‘fj*MI) < e*Tltl Z e*(Hj*Ml).
Jj=1 Jj=1

The Weyl law applied to P; implies that the sum at the right-hand side converges and thus
Z,(1) < ce” ™ for some ¢ > 0. O



Corollary 2 There exists Ch > 0 only depending on C' and B but not on x, such that, setting
f x)dx, we have, for every T > 0,

G ~1/8
< — .
Z,(1) < NG min (J,T )

Proof. The bound involving .J follows from the estimate e(7,z,z) < (477)~ 2 which is valid for
any positive potential ¢ (see [12, Theorem 2.1.6]). The other bound follows from Proposition 4
and from the estimate f0+oo e~ dr =0 (7*1/3). O

Given any w > 0, we set
P,=—0?+Cz~? +waP. 9)

Proposition 5. For any w > 0, the operator P,, is unitarily equivalent to w*/C+P) Py, In partic-
ular, the spectrum of P, is w* 18 times the spectrum of P;.

Proof. Considering the unitary map U : L*(R",dz) — L?*(R",dz) defined by
Uf() = w™ f(we7a),

we find that U*P,U = w?/C+8) p,. O

3.2 Truncated heat asymptotics for the cone X

In this subsection, we compute the small-time asymptotics of the truncated heat trace,

Zooy(t) =Tr (e’tAQX)

where y is as in Section 3.1 and moreover is compactly supported in [0, 4+00), and ¢ is the metric
g = dx®> + 27 Pg; on the cone Xo, = (0,+00) x M. The manifold M is equipped with the metric
g1 that is independent of x. Here, we do not assume that 0M is empty: this will be useful in the
proof of Theorem 2. We will only use the Weyl asymptotics on M.

Using the direct sum decomposition given in (4), we have

ZTr (e7MFerx) (10)

where we recall that the wy, are the eigenvalues of Ay and P, is defined by (9).
We make the following two preliminary observations:

e For k fixed and ¢t — 07, we have Tr(e *Fer ) = O(t~1/2). This term will be negligible in the
sequel because the global trace is not less than C/¢ for some C' > 0 (since dim(X) > 2).

e For t > 0 fixed, the smooth function f : w + Tr(e "t~ y) has a fast decay at infinity: by
Proposition 5,
2/(2
J@) < Tr(e o) = T(e M),

The claim then follows from the second assertion given in Proposition 4.
We split the sum (10) into two parts,

=Y+ > =20 1)+ 2L ().

wEp<l  wip>1



The first part, Z3,  (t), is O(t~/2) by the first preliminary observation and we thus only have to
estimate the second part, Z;O,X(t). Using Proposition 5 and its proof, we have

12/ A p,
Zéo,x(t) = Z Tr (e bk P X(-/wi/(%ﬁ)) = Z ZX(‘/wi/(Frﬁ))(twi/(2+ﬂ))

wi =1 w>1

and we remark that, for w > 1, the function x(-/w'/ ) is identically equal to 1 on [0, a] (where
a was introduced Section 3.1), so that we can use the estimate of Section 3.1.
Converting this sum into an integral (see Appendix A.2), using the Weyl law on M, we obtain

#{wp <w} ~ Vol (M)w™? as w — +oo.
Using Proposition 7 and the definition of f, we get

. M Vol(M) / o~ 2/(240)) 31 gy,
2 1

Z;O’X(t) ZX(A/wl/(2+B))(tOJ

Making the change of variable 7 = tw?/ (?+#) we arrive at the following lemma, recalling the 0
was introduced below Proposition 1.

Lemma 2. The following holds,

nyn (B +2)Vol(M) [+°° Sp
Zéo,x(t) ~ ( 4t5H)/2 (M) ) Zx(.\/t/_r)(T)T > ldr ast — 0t .

The integral,
400 o,
I(t) :/t Zx(- /—t/T)(T)T 2 dr (11)

is convergent at 7 = oo for all § > 0 but, in general, not at 7 = 0 because if § < [, then
‘STH —-1< % + % — 1. We can compare this with the estimate in Corollary 2.

3.2.1 Case > f.

We estimate the small-time behavior of I(t) defined by (11). By the monotone convergence theo-

rem, we have
+o0 +oo
lim e(r,z,x)x(ex) dx = / e(r,z,z)dx
0

e—0t 0

where e is the heat kernel of P;. Hence, for any 7 > 0,

lim ZX(A\/t/_r)(T) = Z1(7).

t—0+
Using, again, the monotone convergence theorem, we conclude that
. toe SH _q
lim I(¢) :/ Zy(m)T 2 " dr.
t—0t 0

From Corollary 2, we get

Z1<T)7’5H/2_1 < CT%(Hg)*l*%*% e M7

and > f. = 2/n implies 2(1+5) —1-1 — % > —1. Thus, the corresponding limit is finite:

—+o00

lim I(t) = Zl(T)TSTH_l dr < +o0.
t—0t 0

10



3.2.2 Case < 0.

By the second estimate in Proposition 4, the contribution to the integral from 1 to +oc in the
expression for I(¢) (which was introduced in Lemma 2) is O(1) uniformly with respect to ¢t and,
hence, the corresponding part of Z1, | (t) is O(¢t~°#/2), which will be negligible. We only need to

estimate the asymptotics of
1 -
J(t) = /t ZX(.\/t/—T)(T)T dr.

Sub-case § < B.. We prove that there exists a § > 0 such that
Tr (e—mgx) -0 (Jét—(n+1)/2) (12)

as t — 07. We split the integral,
1 S T0 1
J(t) = / Tr (efrplx (Vt/r)) 72 Ydr = Ji(t) + Ja(t) = / +/
t t 7o

where 7¢ satisfies TO_I/B = J\/70/t,ie, 10 = (t/JQ)B/(2+m with J = fo+oo x(z) dx as in Corollary 2.
We get upper bounds for J; and J; using the upper bounds given in Corollary 2 as follows. Using
the first argument in the minimum, we have

Ji(t) < \‘]f /2 = 0 i=(nB/2)ymB/4H)-(1/2)

Similarly, using the second argument in the minimum, we find that

1
J(t) < C / VB Gr/2=(3/2) g < ¢ 1= (B/2)(nB/H)=(1/2)

70

Finally,
t*5H/2[(t) < O Jt—(nB/2)4—(n+1)/2

so that we can take § =1 — (n/3/2). We will use this further in Section 3.4 by choosing J small.
Sub-case 8 = (.. When § = 2/n, we have to estimate the asymptotics of
J(t) = /1 Tr ( —Th x(: \/7)) (=172 g
t
Using the estimate of Proposition 4, we get

J(t)N\/%—W t TgldT/owe” X(@\/ET) da

modulo terms of smaller order in 7. Using the change of variable y = 72%/™

dr
Yo, 5 —(n+1)/2 n/2 _ (n+1)/2 1/2
t4f/ /y (vir )dy4f/ )

where the function F', defined by

+oo
F(X) :/ e vyl (y”/2/X) dy
0 9

, we get

11



is smooth and satisfies F'(X) = Ox_ (X) and limx_, F(X) =I'(n/2). Using the new variable

u=r1MTD/2 /112 we get
1—1/2

n du
D~ — Flu) —
) 2(n + 1)/ Jyns2 () u’
and finally
nl'(n/2)

ast — 0.

3.3 The heat parametrix in the separable metric case

We adapt the method of [5] and we use Appendix A.4. We denote by z,z’ some generic points of
X and by z = (z,m), 2/ = (2',m’) generic points of [0,1) x M C X. Let x be as in the previous
sections, vanishing near = 1 and extended by 0 inside X. Let n € C§°([0,1)) so that n = 1 near
the support of x, and ny € C§°(X), vanishing near 0X and equal to 1 near the support of 1 — x.
We choose a > 0 so that 79 vanishes for z < 2a. We claim that

p(t; 2, 2") = n@)eco (t; 2, 2))x(2") + mo()eo(t; 23 2) (1 — x(2'))

where e is the heat kernel on the cone X, and ey the Riemannian heat kernel generated by the
Laplacian Ay on X \ {z < a} with Dirichlet boundary conditions, is a good approximation of the
heat kernel on X as ¢t — 0.

Proposition 6. Let P(t) be the operator of Schwartz kernel p(t,-,-). We have
Tr (P(t) — e "29) = O (t™)
ast— 0.

Proof. We set r(t,z,2") = (0y + (0g)2) p(t, z,2"). The kernel r vanishes if « is small enough. By
the local nature of the small-time asymptotics of Riemannian heat kernels (see Appendix A.4),
€co(t,-, ) and eg(t, -, -) are O(t>°) close in C* topology on [0, 1) x M. Moreover, if € supp(n’) or
x € supp(ng), p(t,-,-) and eg(t,-,-) are O (t°°) in the C*° topology, because z # z’. It follows that
r(t,-,-) = O(t*°) in C™ topology. Therefore, denoting by R(t) the operator of Schwartz kernel
r(t,-,-), the trace norm of R(t) is a O (¢t*°). By the Duhamel formula, using that P(t) — id as
t — 07, we have

t
P(t) — e tha = / e (=980 (5) ds.
0

tA

The result follows because the operator norm of e™*~9 is not greater than 1. O

3.4 Completion of the proof of Theorem 1 in the separable metric case

Thanks to the previous section, we only have to estimate the trace of P(t). We use the local nature
of the heat asymptotics to show that the contribution of the term ngeq(t)(1 — x) is equivalent to
(4rt)=(n+1)/2 Jx (1 = x) dvy. We are left to estimate the term that corresponds to the truncated
cone as in Section 3.2. This gives the conclusion when 5 > ..

When § < f,, the first term can be made smaller than et~ ("*1/2 for any £ > 0 by choosing

J = f0+oo X(x) dz small enough as mentioned in Section 3.2.2.

12



3.5 From the separable to the general case

We prove that, for any given € > 0, the metric g on X is e-quasi-isometric to a separable metric
gs. We choose ¢ > 0 so that
|90(u) — go(0)] < e(du® + go(u))

for any u € [0,6]. Then, we choose n € C§°(]0,9)), identically equal to 1 near v = 0. We consider
the separable metric g5 which coincides with g outside u < § and is given near 0X by

gs = nu* (du® + go(0)) + (1 — n)g.
Then

gs 1‘ _‘ go(U)—go(O)‘ <e.
g du? + go(u)

Using Appendix A.1, this concludes the proof of Theorem 1 in the general (non-separable) case.

3.6 Proof of Theorem 2
3.6.1 Case (< f,.

We consider the heat traces Z¢(t) = Tr (e’mgf) where f : X — IR is continuous. Let ¢ > 0.
We choose a smooth function x : X — [0, 1] that is identically equal to 1 near X and such that

Jx xdvg < e. Writing g = xf + (1 — x) f, we get
Tr (e_tﬁgf) =Tr (e_tAg(l — X)f) + Tr (e_tAgxf) = J(t) + K(t).
By the local nature of the heat trace asymptotics (see Appendix A.4), we have

1
J(t)NW/X(l—X)fdvg

as t — 07. Besides,
K () <[ fllooTr (e7"%7x) .

By (12), and since we can choose ¢ > 0 arbitrarily small, it follows that

1
Zy(t) ~ W/devg

as t — 0T, which gives the expected result.

3.6.2 Case > [,

We give the proof in the case 5 > .. The case § = f. is treated similarly. Let us first prove that
the support of the Weyl measure is contained in dX. If supp(f) N9X = @, we get again by the
local nature of the heat asymptotics that

Tr (e*tﬁgf) — O(f("*l)/Z)
while, by the Weyl law given in Theorem 1, we have
/2 — (Tr (eitAg))
as t — 0. Hence, it suffices to consider functions f of the form f = 1p where D = [0,a] x D

with D; a piecewise smooth domain in M.

13



We recall that, according to [12, Chapter 5, Theorem 2.1.6], we have
0 <ep(t,m,m) < ex(t,m,m) Ym € D (13)

where ep is the Dirichlet heat kernel on D.
We set D' = [0,a] x (M \ D) and D" = X \ [0,a] x M. For any domain K, we denote by Zx
the Dirichlet heat trace and by Zj(t) = [, Zx(t,m, m)dvg(m). We have

Zp(t) ~ CVol(Dy)t~41/2, Zp/(t) ~ CVol(M \ Dy)t~ /2 (14)

and Zpn(t) = o(t~%/2) as t — 0F. Note that for (14), we used the proofs in Section 3.2 for
the case where the n-dimensional manifold M (here: D; and M \ D;) can have a boundary.
The sum (Z}, + Z0, + Z,)(t) = Zx(t) is equivalent to C Vol(M)t~?#/2 by Theorem 1. Hence,
(Z1y + Z5,)(t) ~ CVol(M)t=/2. On the other hand, thanks to (13) we have

Zp <Zp,  Zp <Zp,  Zpr < Zp.

It follows that
Zp(t) ~ OVol(Dy )t~ 4/?

as t — 07, which yields the desired result.

4 Discussion and open problems

In this article, motivated by the propagation of acoustic waves in gas giant planets, we derived the
Weyl law for the Laplace-Beltrami operator on a smooth compact Riemannian (n + 1)-dimensional
manifold X with boundary whose metric blows up near the boundary. Many new questions emerge.
We present some of them.

Quantum Ergodicity and Quantum Limits. We have seen in Corollary 1 that, if 8 > S,
then a density-one subsequence of eigenfunctions concentrates on 9X. This is a preliminary result
towards Quantum Ergodicity (QE).

Recall that, on a locally compact space U endowed with a probability Radon measure y, given
a self-adjoint nonnegative operator T on LQ(U7 w), of discrete spectrum A; < A < -+ < Aj <
-+ — 400 associated with an orthonormal eigenbasis ® = (¢;);en- of L?(U, i), a Quantum Limit
(QL) of @ is a probability Radon measure v on U that is a weak limit of a subsequence of the
probability measures |¢;|? , i.e., there exists a subsequence (jj)ren+ such that

| roulan = [ rav et (15)

We say that QE holds for (T, ®) if there exists a QL v on U and a subsequence (ji)gen+ of density
one such that (15) holds.

One may wonder whether, when 8 > 8., a QE property on M would imply a QE property
on X. Proving this fact certainly requires fine spectral properties of Schrédinger operators (see
[1]). Besides, inspired by [, Theorem B], we wonder what can be said on QLs supported on
0X = {0} x M: are they invariant under the geodesic flow of (M, G) (where G = ¢1(0))? Defining
QLs on T*M will already be a challenge.

Inverse problems on spectra. A natural question is: does the spectrum of X determine the
spectrum of M7 Attacking this problem certainly requires developing appropriate trace formulas,
as in [3].

14



Closed geodesics. Recalling that G = ¢1(0) where g; is defined by (1), it is natural to view
geodesics on (M, G) as limits, in an appropriate sense, of geodesics on (X, g). A natural question is
then: do there exist some closed geodesics of X accumulating on (converging to) closed geodesics
of 90X = M? We refer to [7] for a similar question investigated in the framework of contact
sub-Riemannian 3D manifolds. Here again, having appropriate trace formulas might be useful.

Observability properties. The study of the Weyl asymptotics is a first step towards solving
some inverse problems. As explained in Section 1, the knowledge of spectrum properties can already
be used to check the validity of some models, but the main objective in the physical context would
be the ability to reconstruct some features of the internal structure of the planets, based on the
observation of acoustic waves. The feasibility of such an inverse problem is mathematically modeled
by an observability inequality, which can be settled as follows for half-waves. Given any T > 0
and any subset w of X, we say that the observability property holds true for (w,T) if there exists
a positive constant Cr(w) such that

T . 2
/ ey dt > Cr@)|6l2acea, V6 € L3(X, duy). (16)
i .

L2(X,dvg)

— When 3 < ., we expect that (16) holds as soon as w is open and (w,T) satisfies the Geometric
Control Condition (GCC, see [2]), like in the classical case of a non-singular Riemannian metric.

— When § > ., an obvious necessary condition for (16) to hold is that w contain an open neigh-
borhood of a subset of 9X. Indeed, take ¢ in (16) to be a highfrequency eigenfunction and apply
Corollary 1. We think that this condition is sufficient if moreover (w, T') satisfies GCC.

We note that, when X is a closed ball in R™™! (an idealized situation for an exactly round
planet), GCC is never satisfied unless w contains an open neighborhood of the whole boundary of
X, which is certainly not relevant for applications from the physical point of view. In this case
where X is a round ball, it is more interesting to take a small observation subset w, containing
a small open subset of 9X. But, as soon as w is a proper subset of a half-ball, GCC (and thus
(16)) obviously fails due to trapped rays, propagating along a diameter never meeting w. In
this deteriorated context, we wonder, however, whether (16) is anyway satisfied if we restrict the
inequality to radial waves or to surface waves, which are the most physically meaningful waves to
be observed.

Metrics that are singular on larger codimension submanifolds. In this paper, we have
considered a class of singular metrics blowing up at the boundary of X, where the boundary can
be seen as a codimension-one submanifold of X.

In more general, let X be a smooth compact manifold and let Z be a submanifold of X of
codimension m € IN*, and consider the class of singular metrics g on X that are smooth on X \ Z
and that, near Z, are written as

g=h+gz(x)yr™"’
in a neighborhood of Z assumed to be diffeomorphic to Z x B,, where B,, is the unit ball of
R} (this holds if the normal bundle of Z is trivial) equipped with the Euclidean metric h and
the polar coordinates (r,0), and gz(x) is a metric on Z, parametrized by x € B,, and depending
smoothly on z. The techniques developed in our paper can certainly be extended to compute the
Weyl asymptotics in such cases.

15



A Appendix

A.1 Quasi-isometries

Let X be a smooth manifold of dimension n + 1, with boundary. Two metrics ¢g; and g2, smooth
on X \ X, are said to be e-quasi-isometric if

g1
g2

1'<5

uniformly on X \ 0X. For i € {1,2}, let Ay, be the Friedrichs extension of the Laplace-Beltrami
operator on (X, g;) with core C§°(X \ 0X).

If Ag, has a discrete spectrum (A})jen+ then Ay, has also a discrete spectrum (A?)jen+ and,
for e < % (this condition is to get bounds on the inverse of g;), there exists C'(n) > 0 such that,
for every j € IN*,

Indeed, this estimate follows from the minimax characterization of the eigenvalues and from the
comparison of the Rayleigh quotients, i.e., of the volumes and co-metrics.

A.2 Karamata tauberian theorem and converse

We recall the Karamata tauberian theorem (see [16, Chapter XIII, Theorem 2]).

Theorem 3. Let j1 be a positive Radon measure on RT. If there exists a > 0 such that
+oo
/ e~ du(\) ~ A= (resp., A|Int[t™%)
0

ast — 07, then
A

[e3 A [e3
w1([0, A]) ~ T+l 1))\ <resp., T+l 1))\ In )\)
as A\ — +oo0.

We need a converse of Theorem 3. Let f : R™ — R™ be a nonincreasing function of class
C*, such that f and f’ have a fast decay at infinity. Let (\;)jen+ be a nondecreasing sequence
of positive real numbers. We define the counting function N(A\) = #{j € N* | X; < A}, for any
A € IR. The objective is to estimate the sum

+oo
§ =2 fy).

Proposition 7. Assume that there exist C > 0 and a > 0 such that N(X) ~ CA¥ as A — +o0.
For any € > 0, there exists K(g) > 0, depending on the counting function N but not on f, such

that
“+oo

“+o0
‘S - C’a/ FA)AT d)\’ < K(e)f(M\) + a/ FOOAL AN
A A

1 1

Proof. Given any € > 0, let Ay > 0 such that, for every A > Ay,

(1—)CA* < N(N) < (1+¢)CA%. (17)
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Noting that dN(\) = ;F:fo dy,, using the Stieltjes integral, we have

+oo
S= 3 fou)+ / S AN(A).

/\_7' <Aoo Ao

Now, since Z/\j<A0 F(A;) S N(Ao)f(A1), we get by integration by parts, using the fast decay of f
at infinity, that

“+oo
S < N(ho) (F(M) — F(Ao)) - /A SN

We derive an upper bound for S. A lower bound is obtained similarly. Using (17), integrating
by parts and using that f(Ag) < f(A1), we obtain

[ FNOA) X < —(1+¢e)C - F A dA
Ao AO
+o0

<t (f(AnAa* o [ e dA) .

0

Therefore,
+o0

S < ) (N(Ag) + C(1+e)AG) + (1 + e)ca/A FOON AN

and the result follows with K (g) = N(Ag) + C(1 4 )A§. O

A.3 Weyl circle-point limit criterion

We consider the Schrodinger operator P = —32 + ¢(x) on C§°((0,+00)), where ¢ is a smooth
function on (0,4+00). According to the Weyl circle-point limit criterion (see [31, Theorem X.7]),
P is essentially self-adjoint if and only if there exists at least one solution of Pu = 0 that is not
square integrable at 0 and at least one solution of Pu = 0 that is not square integrable at +oc.
When ¢(z) = Cox~2 + wa? for some C > 0, f > 0 and w > 0, there is only one solution of
Pu = 0 that is square integrable at +o0o. Near 0, the solutions of Pu = 0 are equivalent to linear
combinations of 7+ and z7- where 74+ and y_ are the two solutions of —y(y — 1)+ C = 0. It
follows that P is essentially self-adjoint if and only if v_ < f%, that is, if and only if C > 3/4.

A.4 Local nature of the small-time asymptotics of heat kernels

Let (U, g) be a smooth Riemannian manifold and let A be the Laplace-Beltrami operator. For our
needs (see Section 3.3), U = X \ 0X with the metric g .

Let e; and ez be two solutions of (9; + Az)e;(t,z,y) = 0 for ¢ > 0, satisfying e;(t,x,y) =
ei(t,y,x) for all t > 0 and (z,y) € U x U and

fim, J eilt,z,y)f(y)dvg(y) = f(x)  VeeU  Vfelg(U),

t—0+t
for i € {1,2}.

Lemma 3. We have e1(t,-,-) —ea(t,-,-) = O(t>®) ast — 0T in C topology on U x U. Moreover,
denoting by D the diagonal of U x U, for i € {1,2}, we have e;(t,-,-) = O(t>®) as t — 0" in C
topology on U x U \ D.
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This result reflects Kac’s principle of “not feeling the boundary”, showing that the small-time
asymptotic behavior of heat kernels is purely local. A detailed proof can be found in [10, Section
3.2.1]. The idea comes from the paper [21]. The proof uses the fact that the Hérmander operator
P =20, + A, + A, is hypoelliptic. Extending the kernels e; by 0 for ¢ < 0, we have Pe; = 0 on
RxUxU\D and Pleg —e2) =0 on R x U x U, in the distributional sense. The result then
follows by hypoellipticity.

A.5 A, as a nonsmooth Hormander operator

Based on the mathematical model provided in Section 2.1, near any point of the boundary of
X we have X ~ [0,1) x R" with a local system of coordinates (z,y), with € [0,1) and y =
(y1,-.-,yn) € R™, and we can write (locally)

Dg==> XIX;+V (18)
i=0
where V (z,y) = % is a potential and the X;’s are vector fields given by

Xo = ao(z,y) O, X, = xB/Qa,;(w,y) Oy, 1€{1,...,n}.

The functions C and a;, 7 € {0,...,n} are smooth on R x R™ and C(0,-) = Cg and q,(0,-) =1
(they can be expressed in terms of the coefficients of the smooth Riemannian metric g1 (x) on M
defined by (1)). The separable case corresponds to ap = 1 and a; not depending on z.

Expressed as (18), the operator A, is then a Hérmander operator, however nonsmooth unless
B € 2IN*. Because of this lack of smoothness, many classical results cannot be applied here.

When § € 2IN*, the above vector fields are smooth and define an almost-Riemannian geometry,
in which the Weyl asymptotics of the almost-Riemannian Laplacian A,p = — Z?:o XrX; (e,
(18) with V' = 0), of Grushin type, has been established in [11].

With these preliminary remarks in mind, we then mention a few interesting facts hereafter.

Homogeneity. In the above local coordinates, given any € > 0, we define the dilation
Se(w,y) = (ez, e P%y)  V(x,y) € [0,1) x R™.

In the separable case where ag = 1 and a; does not depend on z, for any i € {1,...,n}, we define
X; =lim. 06X, = xﬁ/Qai(O) 0y,, and we have

€0 Xo = Xo and aég)AQ:)A(i vie{l,...,n}.

In sR geometry, X; is the nilpotentization of the vector field X; at the point identified with
(0,0). Extrapolating results of sub-Riemannian geometry that one can find in [10] to the case
of B > 0, denoting by d, the g-distance on X, one can show that d4((0,0), (z,y)) divided by
|z + 320 |y (1+8/2) is bounded above and below by some positive constants in a neighborhood
of (0,0). Noting that 1/(1 4 5/2) = 1 — /2, we thus recover [13, Proposition 13] and thus the
result of Proposition 1 and the fact that Hausdorff and Minkowski dimensions coincide. In the
non-separable case, we obtain the result by using quasi-isometries.

Weyl law when § € 2IN*. When 8 € 2IN*, we always have 8 > ., and 8 = . if and only if

n = 1. Since the potential 1/2? is homogeneous, combining results of [10, 11], we recover the Weyl
law established in Theorem 1.
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Weyl law when § ¢ 2IN*. To establish the Weyl law in general sub-Riemannian cases, the
approach developed in [11] consists of estimating singular integrals involving the heat kernel, by
performing the so-called (J + K)-decomposition. Applying this approach to the nonsmooth op-
erator in (18) cannot be done directly because we miss a general hypoellipticity theory, valid for
nonsmooth vector fields as above, and a generalization of Lemma 3 (see Appendix A.4) to that
context.
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Isoperimetric inequalities for inner parallel curves

Charlotte Dietze, Ayman Kachmar, and Vladimir Lotoreichik

Abstract. We prove weighted isoperimetric inequalities for smooth, bounded, and simply-
connected domains. More precisely, we show that the moment of inertia of inner parallel curves
for domains with fixed perimeter attains its maximum for a disk. This inequality, which was
previously only known for convex domains, allows us to extend an isoperimetric inequality for
the magnetic Robin Laplacian to non-convex centrally symmetric domains. Furthermore, we
extend our isoperimetric inequality for moments of inertia, which are second moments, to p-th
moments for all p smaller than or equal to two. We also show that the disk is a strict local
maximiser in the nearly circular, centrally symmetric case for all p strictly less than three, and
that the inequality fails for all p strictly bigger than three.

1. Introduction

Let Q C R? be a smooth, bounded and simply-connected domain. For any ¢ > 0, we
define the corresponding inner parallel curve S; by

S = S/(Q) = {x € Q : dist(x, 9Q) = 1. (1.1)

The systematic study of the geometric structure and regularity of inner parallel curves
was initiated in [4, 11, 16], see also [27, 28] and references therein.

By [28, Theorem 4.4.1] and [27, Proposition A.1], the inner parallel curve S; is a
finite union of piecewise smooth simple curves for almost every ¢t > 0. Hartman [16,
Corollary 6.1] showed that

|S¢| < |02]| — 27t for almost every ¢ > 0 with S; # O, (1.2)

where |S;| and |0€2| denote the length of S; and 0€2, respectively.

Mathematics Subject Classification 2020: 49Q10 (primary); SIM15, 28A75, 35P15,
58J50 (secondary).

Keywords: inner parallel curves, isoperimetric inequalities, moments of inertia, spectral
inequalities.
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The moment of inertia of the inner parallel curve S; computed with respect to its

centroid .
c(t) := —/xd&’fl(x) (1.3)
| St
St
is given by
/lx—c(t)|2dJ€1(x), (1.4)
St

where #! denotes the one-dimensional Hausdorff measure. In this paper, we address
the following question.

Question. Fixing the perimeter of 2, what shape of 2 maximises the moment of
inertia of the inner parallel curve Sy as defined in (1.4) for givent > 0?

Our main result states that the optimal shape is attained for a disk.

Theorem 1.1 (An isoperimetric inequality for moments of inertia). Let Q C R? be a
smooth, bounded and simply-connected domain. Then, for almost every t > 0,

/|x—c(t>|2d%1<x) < / X2 d g (). (1.5)

S () St (8B)

where B is the disk centred at the origin and with the same perimeter as 2. Here Sy (-)
and c(t) are defined in (1.1) and (1.3), respectively. When t € [0, %), the equality
in (1.5) is attained if and only if 2 is a disk.

Note that ¢(¢) = 0 if Q2 is a disk centred at the origin. In the setting where S;
is a closed curve, the statement of Theorem 1.1 can be deduced from a result due to
Hurwitz [18, pp. 396-397] combined with (1.2). For instance, this argument applies
for convex domains €2, see [19, p. 12] for further details. In general, S; can consist of
several connected components, see for example Figure 1.1, and Theorem 1.1 is novel
in this case. The classical result by Hurwitz itself provides an isoperimetric inequality
for the moment of inertia of the boundary of a planar domain under fixed perimeter
constraint and essentially coincides with the statement of Theorem 1.1 in the special
case t = 0. The recent contribution [23] proves a quantitative version of the inequality
by Hurwitz and addresses the higher-dimensional setting.

The smoothness assumption for the domain is not optimal. It is used in the proof
for Proposition 2.1 below, see [16], see also [28, Theorem 4.4.1] and [27, Propos-
ition A.1]. For piecewise C2-domains satisfying a similar result to Proposition 2.1
below, we can also obtain (1.5) using the same rest of the proof. In general, The-
orem 1.1 fails for non-simply-connected domains; see Remark 4.1 below.
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Figure 1.1. A schematic representation of the Figure 1.2. A schematic illustration of the con-

inner parallel curve S; in a dumbbell-like nected curve X; in the case of a dumbbell-like

domain. Note that S; can be disconnected. domain. The proof of Theorem 1.2 will show
that the segment connecting the two connected
components of S; is doubly covered.

Our proof of Theorem 1.1 relies on an explicit construction of a closed curve ;.
An illustration for X; is shown in Figure 1.2 (where X, inherits the symmetry of €2).

Theorem 1.2 (Covering inner parallel curves with a closed curve). Let Q C R? be
a smooth, bounded and simply-connected domain. Then, for almost every t > 0 with
S; # O, there exists a closed and piecewise smooth curve ¥, with

S; C Xy and |Xs| <|0RQ2] —2mt,

where S; was defined in (1.1).

The technical result Theorem 1.2 is of independent interest as we obtain an
improved version of (1.2) taking the distance between different connected compon-
ents of S; into account, see Corollary 7.1 below.

More generally, we can consider p-th moments and ask for which p € (0, o) we
have

/ Ix —c@)|PdH(x) < / |x|?dH(x) for almost every ¢ > 0, (1.6)
S:(R2) S:(B)

where c(t) is the centroid of S;(€2) and B is a disk centred at the origin with |dQ2| =
|08|. For t > 0 small enough, we have |S;(Q2)| = |S;(8B)| and S;(2) is a closed
curve, see Lemma 2.3 (i) below, so (1.6) reduces to

2m)?

|S:(R)[7+!

f Ix —c@)|PdH(x) <1.
St ()
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So we may ask if we have

p
%/W’d}el(x)gl (1.7)
r
for all closed Lipschitz curves I" with the origin as its centroid.

Note that the centroid ¢ () is independent of # for all centrally symmetric domains
2, or for example for domains with two not necessarily orthogonal axes of symmetry.
To keep things simple, we focus on the centrally symmetric case.

Theorem 1.3 (An isoperimetric inequality for p-th moments). The followings state-
ments hold.

(1)  The statement of Theorem 1.1 extends to (1.6) in the case p € (0,2].

(i) For p < 3, the boundary of a disk is a strict local maximiser among nearly
circular, centrally symmetric closed Lipschitz curves I" of the left-hand side
in the inequality (1.7).

(1) For p > 3, (1.7) does not hold, not even locally near boundary of the disk.
More precisely, there exists a sequence of nearly circular, centrally symmet-

ric closed Lipschitz curves (I'y)nen converging uniformly to the boundary
of the disk for which

(2n)?
[T |71

/|x|de€1(x) > 1.
Iy

This naturally leads to the following conjecture.

Conjecture 1.4. (1.7) holds for all p < 3 and all closed Lipschitz curves I" with the
origin as its centroid.

In the case p € (0, 2], Theorem 1.3 follows from Theorem 1.1 and Theorem 1.2
using Jensen’s inequality. For the local optimality for p < 3 in Theorem 1.3 (ii), we
follow a Fuglede-type argument [12]. From these computations, we also obtain The-
orem 1.3 (ii1), where symmetry breaking occurs for p > 3.

Theorem 1.1 and Theorem 1.3 are of general interest as (weighted) isoperimetric
inequalities have recently received great attention [1, 3,7, 10], see also [5, 9, 13, 24,
25] on quantitative isoperimetric inequalities. In the present paper, we consider the
moment of inertia of the inner parallel curves S; and compare it with the correspond-
ing quantity for a disk of the same perimeter. This is a relatively unusual setting as
our constraints do not involve the area of the domain €2, but only its perimeter. Note
that under fixed area constraint the p-th moment of the boundary is minimised by the
disk for all p > 1 (cf. [3, Theorem 2.1]), which is in contrast to our result under fixed
perimeter.
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In the case of centrally symmetric domains, or more generally for domains €2
for which the centroid c(¢) defined in (1.3) is independent of ¢, we can deduce from
Theorem 1.1 a result going back to Hadwiger [14], see (7.1) by integrating over ¢.

As an application of Theorem 1.1, we obtain an isoperimetric inequality for the
magnetic Robin Laplacian. More precisely, considering the magnetic Robin Lapla-
cian with a negative boundary parameter 8 and a sufficiently small constant magnetic
field b, the ground state energy is expressed as follows:

ABb@) = egllf(m (/|(—iV—bA)u|2—|—ﬁ/|u|2d5‘€1(x)),
u
”u”LZ(Q):l Q 0Q

where A is a vector field in €2 with curl A = 1. It was shown in [19, Theorem 4.8] that
the corresponding ground state energies for convex and centrally symmetric domains
2 and a disk B of the same perimeter satisfy Af’b ()< Af’b (B). Using Theorem 1.1,
we can remove the convexity assumption on £2.

Theorem 1.5 (An isoperimetric inequality for the magnetic Robin Laplacian). Let
Q C R? be a smooth, bounded and simply-connected domain. Assume that Q is cent-
rally symmetric or, more generally, that the centroid of S;(S2) is independent of t
for all t > 0 with S;(2) # @. Let B < 0 be the negative Robin parameter, and let
0 < b < bo(|0R2|, B), where by(|02|, B) depends on |02| and B. Then the lowest
eigenvalue of the magnetic Robin Laplacian on Q with constant magnetic field of
strength b and Robin boundary conditions with parameter B satisfies

by < aFP(8), (1.8)

where B C R? is the disk having the same perimeter as Q. Equality in (1.8) occurs if
and only if Q2 is a disk.

If |02| = 2m, then we have the explicit expression bo(|0€2], 8) = min(1, 4,/—p).

Structure of the paper. The rest of the paper is organised as follows. In Section 2,
we introduce some notation and auxiliary results on inner parallel curves. In Section 3,
we prove Theorem 1.2. We use this in Section 4 to prove Theorem 1.1. In Section 5,
we show Theorem 1.3. More precisely, the proof and the precise statement of The-
orem 1.3 (i) can be found in Corollary 5.1 and for Theorem 1.3 (ii), (iii) we refer
to Proposition 5.6. Some background material on the magnetic Robin Laplacian and
the proof of Theorem 1.5 are given in Section 6. In Section 7, we present two simple
applications of Theorem 1.1 and Theorem 1.2, namely Corollary 7.1 on an improved
version of (1.2), and Section 7.2 on moments of inertia of domains.
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2. Preliminaries

2.1. Notation

We introduce for a piecewise-C ! mapping y: [0, L] — R? the length of the closed and
not necessarily simple curve parametrised by y,

L
ty) == [ Iy'(s)lds.
[

We also use the notation y([a, b]) = {y(s):s € [a, b]} fora,b € [0, L], a < b. We
say that vy, y»: [0, L] — R? parametrise the same curve if there exists a continuous
bijection v: [0, L] — [0, L] such that y; = y, o ¥. A subset U C R? is said to be
centrally symmetric if it coincides with its reflection {—x:x € U} with respect to the
origin.

2.2. Inner parallel curves

Let Q C R? be a bounded, simply-connected smooth domain. In this subsection we
recall some properties of the inner parallel curves of €2.

Parametrisation of the boundary. Let us denote by L = |0€2| the perimeter of 2.
Consider the arc-length parametrisation of d<2 oriented in the counter-clockwise
direction,

s €R/(LZ) — y(s) = (y1(5), y2(s)) " € R?,

which identifies 02 with R/(LZ) ~ [0, L); the function y is smooth which matches
with the smoothness hypothesis we imposed on 9€2.

The vector y'(s) = (y}(s), y4(s)) T is the unit tangent vector to dQ at y(s) and
points in the counter-clockwise direction. The unit normal vector at y(s) pointing
inwards the domain €2 is given by

n(s) = (—y5(s), ¥{(s) .

We introduce the curvature

U

k(s) =5 (5)y1(s) — ¥{ (5)y3(s) 2.1)
of 02 at the point y(s). In particular, the Frenet formula

y"(s) = Kk(s)n(s), (2.2)
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holds. Recall that, since d€2 is a smooth closed simple curve, the total curvature iden-
tity [20, Corollary 2.2.2] yields

L

/K(S) ds = 2m. (2.3)

0

We remark that within the chosen sign convention the curvature of a convex domain
1S non-negative.

Properties of inner parallel curves. We define the in-radius of €2 by
ri(2) := max p(x),
X€ER
where p is the distance function given by

p:Q2—> Ry, px):= inf |[x—y|. (2.4)
yei

Recall that the inner parallel curve for €2 is the level set of the distance function
S; ={x e Q:pkx)=t}, tel0,ri(RQ)).

For almost every ¢ € (0, r;(£2)), the inner parallel curve S; is a finite union of disjoint
piecewise smooth simple closed curves, and the curve S; admits a parametrisation as
in Proposition 2.1 below, which was proved in [16], see also [28, Theorem 4.4.1] and
[27, Proposition A.1] for more modern presentations and further refinements.

Proposition 2.1. There exists a subset £ C [0, ri(2)), whose complement is of
Lebesgue measure zero, such that for any t € £, there exist m € N and

O<ar<bi<ay<by<---<ayu<b, <L,

such that the inner parallel curve S; consists of the union of finitely many smooth
curves parametrised by

l[ak,br] 2 s — y(s) +tn(s), ke{l,2,...,m},

which forms a union of finitely many piecewise-smooth simple closed curves.

Consider the mapping
(s,1) € R/(LZ) x (0,7i(R)) > D(s,1) := y(s) + tn(s) € R? (2.5)

According to [21, Theorem 5.25], there exists ¢, € (0, ;(€2)) such that the restriction
of the mapping ® in (2.5) to the set R/(LZ) x (0, t,) is a smooth diffeomorphism
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onto its range. The range of this restriction is then given by a tubular neighbourhood
of d€2. It is not difficult to verify that S; = ®(R/(LZ),t) forall ¢ € (0, ¢.). However,
for t > ¢, the same property, in general, does not hold. It can also be easily checked
that for all ¢ € (0, t,), the inner parallel curve S; is connected and |S;| = L — 27¢.

Lemma 2.2. Lett € &£ and the associated numbers m € N, {ax }7"_,, {bx}i—,, be as
in Proposition 2.1. Then, for any k € {1,2,...,m} and any sq € |ay, br], it holds that
k(s0) < 7.

Proof. Let us introduce the notation
m(t) := y(so) + tn(so).

By the Frenet formula (2.2), one has y”(sg) = «x(so)n(sg) and by Taylor’s formula
near so we get

1
y(s) = y(s0) + (s — s0)¥(s0) + E(S — 50)°K(s0)n(s0) + O(Is — s0%), s — 0.
Consequently, using orthogonality of y’(sg) and n(sg), we get
dist(y(s), m(t))? =12 + (1 — tk(s9))(s — 50)> + O(|s — s0|3), s — s0.

Since m(¢) € S;, then dist(y(s), m(¢)) > t for s in a neighbourhood of s¢, which is
possible only when 1 — tk(sg) > O. n

In the next lemma we provide a simple construction of a closed but not necessarily
simple curve which contains S;. The geometric bound as in Theorem 1.2 on its length
will only hold for 7 not larger than the inverse of the maximum of the curvature for
the curve y:

Kmax(§2) ;= max «(s
&) seR/(iZ) (5)

Lemma 2.3. Fort € (0,r;(2)), the mapping
s € R/(LZ) — a;(s) := y(s) + tn(s) € R?

parametrises a smooth closed, not necessarily simple curve such that
1) Sy Co([0,L]) forallt € £;
(i) L) =L —2nt forallt < s,

mDZwQ>L—%Uﬁnmaﬁm<t<n@)

Remark 2.4. According to [26], the domain €2 contains a disk of radius m In

other words, it holds that
1

&)z

(2.6)
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The equality occurs for some special types of domains such as a disk or (going beyond
smooth domains) for a convex hull of two disjoint disks of equal radius. The original
work [26] is hardly available and the complete proof can be found in [17, Proposi-
tion 2.1]. Inequality (2.6) shows that, in general, a more sophisticated method than in
Lemma 2.3 is needed to construct for any ¢ € (0, r;(£2)) a closed curve of length not
larger than L — 27¢, which contains the inner parallel curve S;.

Proof of Lemma 2.3. Notice that smoothness of y on R/(LZ) ensures that «; is
smooth on R/(LZ) as well. It is also clear from Proposition 2.1 that S; C «; ([0, L])
forallt € L.

Using the identity (2.3), we get for any ¢ < m

L L L
E(oct):/|o'z(s)|ds=/|1—t/<(s)|ds:/(l—tlc(s))dSZL—2nt.
0 0 0

Analogously, we get for any ¢t € (m ri(Q))

L L L

Z(at):/|o'z(s)|ds:/|1—tl<(s)|ds>/(1—tK(s))ds:L—2nt. u

0 0 0

In the remainder of this subsection we will discuss the properties of S; for a
centrally symmetric domain 2. The central symmetry of €2 is inherited by d€2. Con-
sequently, if y = y(s) € 02, we know that —y € 02 too; moreover the centroid of

02 is the origin, so
L

/y(s)ds = 0.

0

Lemma 2.5. Let Q@ C R? be a bounded, simply-connected, centrally symmetric
smooth domain. Then, for all t € (0, r;(S2)), the inner parallel curve S; C 2 is cent-
rally symmetric.

Proof. Let x € S; be fixed. Then p(x) = t and there exists a point y € d€2 such
that |[x — y| = ¢. Observe now that p(—x) < ¢, because —y € 9€2. In the case that
p(—=x) < t, there would exist a point z € 92 such that |z 4+ x| < t. Since —z € 0€2,
we would get that p(x) < t, leading to a contradiction. Thus, we infer that p(—x) = ¢
and hence —x € §;. [ ]
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2.3. An auxiliary geometric inequality

The aim of this subsection is to provide a geometric inequality, which will be used in
the proof of Theorem 1.2.

Hypothesis 2.6. Let ¢1,c> € R? and ¢ > 0 be fixed. Let a smooth simple non-closed
curve I' C R? be parametrised by the arc-length via the mapping y: [s1, s2] — R?,
§1 < $2. Assume that the following properties hold:

D) pj=y(s;) € 9B (cj) for j =1,2;
(ii)  y’(sj)istangent to 3B, (c;) in the counterclockwise direction for j = 1,2.y;

(iii) T can be extended up to a closed simple curve so that B;(c1) U B(cz) is
surrounded by this extension.

Proposition 2.7. Under Hypothesis 2.6 the following geometric inequality holds:

52

Tl = |e1 — el +z/x<s)ds, @7

51
where k is the curvature of " defined as in (2.1).

Proof. The proof relies on an abstract result due to Chillingworth [8, Theorem 3.3],
which states that two closed homotopic curves are regularly homotopic if the curves
are direct, that is, the corresponding curves in the covering space are simple.

The curve I is homotopic to its projection X on the convex hull of the two disks.
After modifying X sultably so we avoid nullhomotopic loops, we can extend I" and X
to closed direct curves F )y using the same extension. By [8, Theorem 3.3], [and &
are regularly homotopic, so the integral over their curvatures agree: fF k=[5 5 K, see
for example [30]. Since I and X were extended using the same extension, we also
get [r k = [y k. Finally, one can check that ¥ satisfies (2.7) and by |I'| > |X|, we
obtain (2.7) for I. m

3. Proof of Theorem 1.2 — Covering inner parallel curves

The aim of this section is to prove the following theorem, which yields Theorem 1.2.

Theorem 3.1. Let Q C R? be a smooth, bounded and simply-connected domain and
let S; for t > 0 be the corresponding inner parallel curves defined in (1.1). Then
there exists a subset £ C [0, ri(2)) such that (0, ri(2)) \ £ is of Lebesgue meas-
ure zero, and for any t € L, there exists a piecewise smooth continuous mapping

0::R/(LZ) — R? such that
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) S¢ Co([0, L)),
(i) 4L(o;) <L —2mt,

(iii) for centrally symmetric domains 2, the curve o,([0, L)) is centrally sym-
metric too.

In the following, let the set &£ be as in Proposition 2.1. Let ¢ € &£ be fixed. Then,
there exist m € N and

O0<air<bi<ay<by<---<ayu<b, <L

such that the inner parallel curve S; is given by

St = {Jtyr() +1m(s):s € lag, bl
k=1

Without loss of generality, we can always reparametrise the boundary of €2 so that
a; = 0. In the following we assume that such a re-parametrisation is performed
and that a; = 0. Moreover, for the sake of convenience we also set a,,+1 := L and
bm+1 = br.

The inner parallel curve Sy, t € £, is not necessarily connected and, in general,
it consists of finitely many piecewise-smooth, simple, closed curves. Note that, while
St consists of finitely many piecewise smooth simple closed curves, the pieces Cy :=
{y(s) +tn(s):s € [ag, bx]} are not necessarily closed curves. Our aim is to construct a
piecewise smooth, closed, not necessarily simple curve, which contains S; and whose
length is not larger than L — 27r¢. The idea is to connect the terminal point of {y(s) +
tn(s):s € [ag, br]} with the starting point of {y(s) + tn(s):s € [ag+1,br+1]} for all
ke{l,2,...,m}.

Using the computation in the proof of Lemma 2.3, and that x(s) < % for all s €
[ak, br] by Lemma 2.2, we get the following expression for the length of S;:

m bk m bk
MEDS /|1 —tk(s)|ds =) /(1 — tk(s))ds. (3.1)
k=14, k=14,
Let us define the points
P = v(ag) +tn(ag), ar:=y(bg)+itn(by), fork e {l1,2,...,m+ 1},
and the line segments connecting them

I ={(1 =s)ax + spr+1:5 €[0,1]}, k e{l,2,...,m}.
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In the case that b,, = L, the line segment I, reduces to a single point. Note that, even
when by < agy1, the line segment I could reduce to a single point. The piecewise
smooth continuous mapping o;: R/(LZ) — R? defined by

y(s) + tn(s), s € |ag, by] fork € {1,...,m},
0:(8) =3 aps1—S s — by,

R e —— pii1, s € [br.aks] fork e{l,....m),

ag+1 — b ag+1 — bk

parametrises a closed, not necessarily simple curve in R2. The property (i) in the
formulation of Theorem 3.1 follows from Proposition 2.1 and the construction of the
mapping o;.

Note that the curve y([bk, ar+1]), k € {1, ..., m}, satisfies Hypothesis 2.6
with ¢y = g and ¢ = pg+1. Thus, it follows from Proposition 2.7 and since y is
parametrised by arc-length that for any k € {1,2,...,m}

ax+1 ag+1
Tl < Iy (k. apsr)] —zjx(s)ds = g1 —bk—r/us)ds.
by by

Combining formula (3.1) for the length of S; with the upper bounds on the lengths of
line segments { I }7"_, we get

Ak +1
6(0,)—|S;|+Z|Ik|<z /(l—t/c(s))ds—|—Z /(l—tlc(s))ds
k=1 g, k=1
L
<L-—t | k(s)ds =L —2nt,
/

where we used the total curvature identity (2.3) in the last step. Hence, we get the
property (ii) in the formulation of Theorem 3.1.

Finally, if €2 is centrally symmetric, then by Lemma 2.5 so is S;. Consequently,
to every piece Cy of S; joining pg to g, there corresponds a curve Cg+ which is
the symmetric of Cy about the origin. This forces the number m of the curves Cy
to be even, unless it is equal to one, and therefore we get that the corresponding
joining segments (I)1<k<m constitute a centrally symmetric set. This proves that
the image of o; is centrally symmetric, thereby establishing (iii) in the formulation of
Theorem 3.1. This proves Theorem 1.2.
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4. Proof of Theorem 1.1 — An isoperimetric inequality for moments of
inertia

Let ¢t € &£ and the mapping o; be as constructed in the proof of Theorem 3.1, which
defines a closed curve X;. Since the moment of inertia of a curve about a point p
is minimal when p is the centroid of the curve, it suffices to prove (1.5) with c¢(¢)
the centroid of X;. Let us introduce the notation L, := £(0;) and re-parametrise the
curve X, by the arc-length via the mapping &,:R/(L,Z) — R?. Clearly, we have &, €
H'(R/(L;Z)) thanks to the regularity of o,. Furthermore, by centring the coordinates
at the centroid c(¢) of X;, we can assume that c(¢) = 0, and consequently

L;

/&(s)ds = 0. 4.1)

0

Using the inclusion S; C S, and applying the Wirtinger inequality [15, Section 7.7],

i L |
/|5’t(s)|2ds < 4;2 /|&;(s)|2ds, (4.2)
0 0

we get

L3 L—2m1)3
N

L;
2 1 ~ 2
d#H < ds <
[xpaseie < [Bords < P < S5
St 0

where we employed that L; < L — 27t in the last step. Therefore, (1.5) is proved.

Assuming that there is equality in (1.5), then we get from (4.3) that L; = L —2mt
and there is equality is (4.2). Under the conditions (4.1) and |6;(s)| = 1, equality
happens in (4.2) if and only if 6,(s) = é—;eiiz”(s_s(’)/l" for some 59 € R and ¥; is
a circle (here we identify C and R?). Moreover, knowing that L, = L — 2t and
S: = X, we get that S; is the circle of centre 0 and radius % — t, and consequently,
the domain 2 with perimeter L contains the disk B of radius %, hence Q@ = Bisa
disk, thanks to the geometric isoperimetric inequality.

Finally, if €2 is a disk, then S; is a circle of radius % — ¢t and equality in (1.5)
occurs.

Remark 4.1. The hypothesis of simple connectivity is necessary in Theorem 1.1 as

we demonstrate in the following example. Let a € (O, %) be a parameter, which we

will send to zero later. Consider the annulus 2, := B1_4(0) \ B;(0), where we denote

by B,(x) the open disk centred at x € R? of radius r > 0. Then the corresponding
1

B with the same perimeter as 2, is B := B;(0). Furthermore, for all ¢ < 7, we
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have S;(24) = 0B4+4:(0) U 0B1_(441)(0), and S;(B) = 0B1-(0). Also note that the
centroid of each S;(€2,) is the origin. Then

1
= [|x|2d%1<x)=<a+r)3+<1—<a+r)>3
T
St (R24)
and

1
— /|x|2dJ€1(x) = (1 —t)3.
21
S:(B)

Letting a — 0, we find that

1 1
— /|x|2dJ€1(x)—>t3+(1—t)3>— /|x|2dj€l(x),
2 2

St(R24a) S:(B)

where the convergence is uniform for ¢ € [t1, ;] forany 0 < ¢; <t < %. This shows
that Theorem 1.1 cannot hold in this case.

S. Proof of Theorem 1.3 — An isoperimetric inequality for p-th
moments

In this section, we study p-th moments of inner parallel curves and prove Theorem 1.3.
We show Theorem 1.3 (1) (extension of Theorem 1.1 to p-th moments, for 0 < p <2)
in Corollary 5.1 with the help of Jensen’s inequality. Proposition 5.6 yields The-
orem 1.3 (ii) and (iii).

Corollary 5.1. Let p € [0,2] and suppose that Q C R? is a smooth, bounded and
simply-connected domain. Then, for almost every t > 0,

[x=cwranic = [1rane. 5.1)

S1(Q) S1(B)
where c(t) € R? is the centroid of S;(2) and where B is the disk centred at the
origin and with the same perimeter as Q. Here S;(-) is defined in (1.1), and H ! is the

one-dimensional Hausdorff measure. For p # 0 andt € [O, %), the equality in (5.1)
is attained if and only if Q2 is a disk

Proof. For p = 0, (5.1) reduces to the well-known bound |S;| < L — 2xt, see (1.2).
Let us take p € (0, 2]. Since % > 1, we write by Jensen’s inequality,

2/p )
/ x —c<z)|PdJ€1(x>) < 1S,(@]F ! [ x — ()P d 7 ().

St(R2) St(2)
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To finish the proof, we use that |S;| < L — 2xt, apply Theorem 1.1, and note that

L 1+p
p 1 - = _
/|x| d#H ' (x) = 271(271 t) .

St(B)

Since the inequality in Theorem 1.1 is strict for all ¢ € [O, %) when €2 is not a disk,
this also holds for (5.1). [ ]

Secondly, we formulate the corresponding variational problem to Theorem 1.3.

Definition 5.2. Given p > 0, we define

/|x|f’dJ€1<x>

T
Cp :=sup
r /|x|f’d3€‘(x)

08

= sup
r

21)P
I(Flj;)“ /|x|pd5‘€1(x), (5.2)
r

where the supremum is taken over all centrally symmetric, closed Lipschitz curves I'
and B is a disk centred at the origin with [08| = |I|.

Remark 5.3. By scaling, we find that C,, € (0, 00). By testing with I' = 08, we find
C, > 1 for all p. We have already shown that C, = 1 for all p € (0, 2], see the end of
the proof of Theorem 1.1 (or alternatively the result by Hurwitz [18]) combined with
Jensen’s inequality as in the proof of Corollary 5.1. In fact, using Jensen’s inequality
as in the proof of Corollary 5.1, one can show that C), is non-decreasing in p.

Remark 5.4 (Existence of an optimising curve in (5.2)). We only sketch a way of
proving the existence of an optimising curve in (5.2) here. First note that by scaling,
we can restrict ourselves to smooth centrally symmetric curves satisfying |I'| = 1.
We can approximate these curves by piecewise linear centrally symmetric curves with
|II'| = 1, so we can take the supremum over such curves instead. Using a finite-step
mirroring argument, the supremum stays the same if we only consider convex piece-
wise linear centrally symmetric curves with |I'| = 1. More precisely, in this context
we say that a piecewise linear curve is convex if it is the boundary of a convex poly-
gon.

Now, consider a sequence of such curves (I';),en such that the correspond-
ing expression in the supremum in (5.2) converges to C,. Assume that the I', are
parametrised by arc-length by y,: [0, 1] — R2. By |I';| = 1 and the central sym-
metry, we have I, C B1(0). Due to the arc-length parametrisation of the y,,, we obtain
that up to a subsequence, they converge uniformly to a Lipschitz continuous function
y:[0, 1] = R? with Lipschitz constant at most one. To see this, one can for instance
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use the Arzela—Ascoli theorem. Since the I',, are convex, the corresponding curve I"
1S convex, too.

Furthermore, we have |I'| = 1. Proving this is the key step and it uses the convex-
ity. It can be seen by approximating I" by piecewise linear convex centrally symmetric
curves with the same length as I', and then showing that the lengths of these piecewise
linear convex curves have to be close to |I';| = 1. Finally, using that y is Lipschitz
continuous with Lipschitz constant at most one and |I"| = 1, we get |y’(s)| = 1 almost
everywhere, so

1 1
lim [|x|de€1(x)= lim /lyn(s)|pds=/|y(s)|pds=/|x|pd5‘€1(x).
n—>o0 n—>oo

T, 0 0 r

Together with |I"| = 1, this proves the optimality of the convex curve I'. Also note
that any optimal curve needs to be convex.

The next proposition shows that C,, is not constant.
Proposition 5.5. We have C, > 1 for all p large enough.
Proof. Consider the curve I' parametrised by y: [0, 1] = R2, ¥(s) = (y1(s), y2(s)) "
with y,(s) = 0 for all s € [0, 1] and

L fors e [0.4]
—— 4+ ors , = |,
4 2

yi(s) = 3 1
) forse[—,l]
4 2

I is a closed curve that is parametrised by arc-length, centrally symmetric, its shape
is the doubly covered interval [—%, %] x {0}, and its length is |[I'| = 1. We have

1/p 1 1/p 1

lim (/|x|f’d3€1(x>) — lim (/m(s)wds) — sup @) =

p—>00 pP—>00 4
T 0

s€[0,1]

and therefore, by |I'| = 1,

1
lim ((27[),, /|x|PdJ€1(x)) LA
I

P—>00 |F|P+1 4

This proves C, > 1 for all p large enough. |
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This leads to the question of determining the critical value
px :=sup{p:p>0and C, = 1}.

The following proposition shows that p, < 3, see (ii), which we conjecture to be
optimal (see Conjecture 1.4) since the disk 1s a local optimiser for p < 3, see (1)
below.

Proposition 5.6. The following statements hold.

(1) Let p < 3. Then the disk is a local optimiser among centrally symmetric curves
in the following sense. If r:R /21 7. — R is continuous with r(0) = r(6 + m)
for all 0, and the curve Ty is parametrised by y,: R /217 — R? with

y(e)z(i((g))‘;f;((g))) where Ro(0) = 1 + er(0),  (5.3)

then

p
257 fvasin =

for all € > 0 small enough; furthermore, the inequality is strict if r is non-con-
stant.

(i) Let p > 3. Then the disk is not optimal, not even locally: There exists a
sequence of nearly circular, centrally symmetric closed Lipschitz curves
(T'y)nen converging uniformly to the boundary of the disk for which

(2m)P
T, [P /|x|de€1(x) > 1.
n
I'n

Proof. Consider the curve I'; defined by the parametrisation of I'; in (5.3). Since we
assume that (6) = r(6 + ), the curve I'; is centrally symmetric.
It is straightforward to check that with y, defined as in (5.3),

2
ve(O)1” = 1+epr(0) + —p(p —DIr@O) + 0(),

lyi(0) =1 +er(9) + —|r’(9)|2 + 0O(),
21

T —2n—|—s/r(9)d9—|— /|r (0)2d 6 + O(e?).

0
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With the above formulas in hand, we get

2r
TP F!
am)? =2r +e(p+ 1)/r(9)d9
2n 5
—|-82(p—|—1)( |7 (9)|2d9+—( r(@)d@) ) + O(3),
Frovas(]
and i1
/|x|1’d5‘€1(x)— 'f;'r)p _ & S (F () +0)), (5.4)
where
2n 2n
Fry=(p+1 |r(9)|2d9——( (9)d9) — | |F'(©))*de
[ fros) ]

2w | 2w 5
:/[(p+ 1)(r(9)—Efr(9)d0) — (9)|2]d9.
0 0

We expand r as a Fourier series and notice that the coefficients of the odd indices will
vanish, thanks to the symmetry condition on r. More precisely, we have

2
r(0) — i/r(e)de =Y "ancos(nf) + Y _ by sin(nd),
0 n>2 n>2
r'(0) = =) naysin(n) + Y " nby, cos(nd).
n>2 n=2

By Parseval’s identity, we write

2 2

1 2
[ (0= 57 [r®a0) a0 = S i+ )
0 0

n>2
/|r @240 =3 n?(lanl? + 1bal?).
n>2

Hence,
27 2 2

2
/|r’(9)|2d9 > 4/(r(0)— %/r(@)d@) de, (5.5)

0 0 0
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and consequently, for p < 3

27

2w 5
37(1’)§(p—3)/(r(9)—%/r(9)d9) do <.
0 0

For p < 3, ¥ (r) vanishes if and only if the function r is constant. To conclude the
proof of (i), we take ¢ — 0 and note that the disk is a strict local maximiser if and
only if we have for all non-constant  and ¢ small enough

r.|pt1

IT| <0.

(2m)P

/|x|l’d3€1(x>—

Taking ¢ — 0 and using (5.4), we obtain the desired result.
For (ii), note that choosing r () := sin(26), we have equality in (5.5), which leads

to
2w

2
1 2
F(r)=(p—23) (r(e)—— r(@)de) do.

And for p > 3, we get ¥ (r) > 0, which yields the claim by (5.4) for & small enough.
u

Remark 5.7. Proposition 5.6 does not address the case p = 3 since it is a degenerate
case: the quantity F (r) is zero for the optimal choice r () := sin(26).

Note that, by Remark 5.3, C, is non-decreasing in p. Furthermore, we deduce that
C, is left-continuous by the continuity in p of the expression inside the supremum
in (5.2) for every fixed I'. Hence,

{p € [O’ OO) : CP = 1} = [07 p*]

So in order to prove Conjecture 1.4, namely that p, = 3, it suffices to show C, =1
for all p < 3.

Remark 5.8 (Optimal curve for large p). The curve I' considered in the proof of
Proposition 5.5 is the optimal curve in the case p = oo when replacing the L? norms
by the corresponding supremum norms. For values of p € (3, 00), we conjecture the
optimal curve to be a deformed circle that degenerates into the curve from the proof
of Proposition 5.5 as p increases, compare also with the proof of Proposition 5.6 (i1)
above.
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6. Proof of Theorem 1.5 — Applications to the magnetic Robin
Laplacian

In this section, we show that Theorem 1.1 can be used to relax the assumptions on
the domain in the isoperimetric inequality for the lowest eigenvalue of the magnetic
Robin Laplacian on a bounded domain with a negative boundary parameter, recently
obtained in [19] by the second and the third authors of the present paper.

The operator we study involves the vector potential (magnetic potential)

AW = 5o (= ().

and two parameters, b > 0 standing for the intensity of the magnetic field and 8 < 0,
the Robin parameter, appearing in the boundary condition. Let 2 C R? be a bounded
simply-connected smooth domain. Our magnetic Robin Laplacian, H2 ’b, is the self-
adjoint operator defined by the closed, symmetric, densely defined and lower semi-
bounded quadratic form

bt . b
a6 1] == [(V = bAU[} 2 g2 + B} 250y domag” := H'(Q),
and it is characterised by

dom H‘gz’b ={u € H'(Q) : there exists w € L?() such that
qg’b[u, v] = (w,v)2(g) for all v € dom qg’b ,
Hg’bu = —(V—ibA)*u = w.
Denoting by v the unit inward normal vector on 02, we observe that functions in
dom H’é’b satisfy the (magnetic) Robin boundary condition

v-(V—ibA)u = fu on dR2.

The isoperimetric inequality obtained in [19] concerns the lowest eigenvalue of H2 ’b,
which we express in the variational form as follows:

b
aP P

b
ABb(Q):=
ue HL(Q)\{0} |ul

5 .
L2(Q)

Denoting by B the disk in R? centred at the origin, with radius R and having the same
perimeter 27 R = |0€2| as the domain €2, it is known that the following inequality
holds (see [19, Theorem 4.8, Corollary 4.9]):

MBb @) <280 (3),

provided that
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(i) B <0and0<b <min(R72,4/—B R73/2) (i.e., the magnetic field’s intens-
ity b is of moderate strength); and

(i)  the inner parallel curves of €2 obey the condition

(L —2nt)?

o 6.1)

/|x—x0|2dJ€1(x) <
St

for some fixed point xo € R? and almost all ¢ € (0, ;(2)). This condition
holds for instance, when 2 C B or when €2 is convex and centrally sym-
metric (see [19, Proposition 4.4])

Proof of Theorem 1.5. In view of Theorem 1.1, the condition in (6.1) holds with
xo = 0 for all bounded centrally symmetric simply-connected smooth domains or,
more generally, with x¢ being the centroid of all S;(£2) for all simply-connected
smooth domains 2 such that the centroid of the inner parallel curve S;(2) is
independent of 7. Thus, we relaxed the convexity assumption on the domain 2. We
obtain Theorem 1.5 with the choice by (|dS2|, B) = min{R~2, 4,/—BR~3/2}, where

. |02}
R = S ]

7. Some direct consequences of Theorems 1.1 and 1.2

7.1. A refined bound on the length of the disconnected inner parallel curve

In this subsection we use Theorem 3.1 to get a refined upper bound on the length
of the inner parallel curve S; in the situation when S; consists of several connected
components.

Let Q C R? be a bounded simply-connected smooth domain with perimeter L > 0.
Let the inner parallel curve S; C Q2 be asin (1.1). For any ¢ € £, we have by Propos-
ition 2.1 for some N € N

N
Se=JTw. IS]=L-2m1,

n=1

where {I',, }flv=1 are piecewise-smooth closed simple curves that are pairwise disjoint.
In the case that S; is connected, one has N = 1. However, in general, N can be an
arbitrarily large integer number. In the case that N = 2, we immediately get as a
consequence of Theorem 3.1

|S¢| + 2dist(I'y, I2) < L —2mt.

This observation can be generalised to the case of arbitrary N € N to improve Hart-
man’s bound (1.2), see [16], on the length of the inner parallel curve S;.
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Corollary 7.1. Forallt € &£, it holds that

N
Se] + > dist(Ty. S\ Ty) < L — 21

n=1

Proof. The length of the closed piecewise-smooth curve parametrised by the mapping
o; constructed in the proof of Theorem 3.1 is given by

Loy) =1Sil+ Y 1Tkl

k=1
Every Iy connects some I’ k) with some I',x +1), and for each n € {1, ..., N} there
is at least one k € {1,...,m} such that n = n(k). Hence, we get that

m m N
D 1Tkl = dist(Tugey. Tuesn) = D dist(Ty, Sy \ T).
k=1 k=1 n=1

Thus, we conclude that

N
|S:] 4+ Y dist(Ty. S, \ ) < £(07) < L — 2t n

n=1

7.2. Moments of inertia of domains

In this subsection, we apply Theorem 1.1 to recover an isoperimetric upper bound on
the moment of inertia for the domain €2 itself leading to an alternative proof of a result
due to Hadwiger [14].

Assume that  C R? is a bounded, simply-connected, centrally symmetric domain.

Then
/|x|2dx§/|x|2dx, (7.1)

Q B
where 8 C R? is a disk centred at the origin with the same perimeter as 2.
Remark 7.2. The isoperimetric inequality (7.1) can be derived from the inequality
by Hadwiger [14], where only convex domains were considered. Let X C R? be a

bounded convex domain with a Lipschitz boundary. We can translate the domain X
so that the origin becomes the centroid of X in the sense that

/xdx:O.

K
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Let B8’ C R? be the disk centred at the origin of the same perimeter as K. It is proved

in [14] that
/|x|2dx §/|x|2dx. (7.2)
K B’

Let us define the domain K as the convex hull of the bounded simply-connected
centrally symmetric smooth Q C R2. Then, the perimeter of K does not exceed the
perimeter of 2. This is a well-known fact, whose proof can be found, e.g., in [29].
Moreover, the convex domain X is centrally symmetric as well. Therefore, the origin
is the centroid of K. Hence, we get from (7.2)

/|x|2dx§/|x|2dx§/|x|2dx§/|x|2dx,
Q X 8’ 8

where we used that the perimeter of €2 is larger than or equal to the perimeter of K,
so the radius of B’ does not exceed the radius of 8.

Remark 7.3. If we furthermore assume that €2 is smooth, we have the following
proof of (7.1) using Theorem 1.1. Recall that Q2 C R? is a bounded simply-connected
smooth domain with the perimeter L > 0 and the origin being the centroid of S; for
almost every ¢ € (0, r;(R2)), and that B C R? is the disk of radius R = %, having
thus the same perimeter as 2. By the geometric isoperimetric inequality, we have
|2 < | 8| and therefore it holds that R > r;(2).

Recall the co-area formula in two dimensions (see [2, Theorem 4.20] and [22]).
If A C R? is an open set, f: 4 — R is a Lipschitz continuous real-valued function,
and g: A — R is an integrable function, then we have

/ gV f()]dx = / / g(x)d e (x) dr. (73)
A R F=1@)

Applying the co-area formula (7.3) with A = Q, g(x) = |x|? and f(x) = p(x) (the
distance function to the boundary of €2 defined in (2.4)) we get using the inequality in
Theorem 1.1,

ri(R2) ri(2) 3
L —2mt
/|x|2dx= / /|x|2dJ€1(x)§ / (L=2m1)”
472
Q 0 0
L —2nt)3 nR*
§/ﬂdz —27r/(R—t)3dt = =/|x|2dx.
472 2
0 B
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Abstract

We derive a family of interpolation estimates which improve Hardy’s inequality and cover
the Sobolev critical exponent. We also determine all optimizers among radial functions in
the endpoint case and discuss open questions on nonrestricted optimizers.

Mathematics Subject Classification 35A23 - 35Q55

1 Introduction

The classical Hardy inequality states that for every dimension d > 3,
(d —2)° / u@)?

4 Re |x|?
In this short article we are interested in interpolation inequalities involving the quadratic form

hlu] and LP-norms of u. A classical result in this direction is the Gagliardo—Nirenberg type
inequality

dx >0, Vue H'(RY). (1)

hu] ::f IVu(x)|? dx —
Rd

hud? ull35 " = Cllull,, Yu e H'RY) 2)

for a constant C > 0 independent of u, which holds for every
2d I 1
d>3, 2 =—o, O=d|{=-——).
B == d—2 (2 Q)

The inequality (2) can be deduced from the results of Brezis and Vazquez [3, Theorem 4.1
and Extension 4.3]; see [23] for related results. The bound (2) can be also derived from
Sobolev’s embedding theorem and the kinetic estimate

Rl Jull3" 7 = Cl(=8)ul3, Yu e H'(RY, (3)

for s € (0, 1) and & = 6(s), which was proved by Frank [6, Theorem 1.2]. Both of (2) and
(3) have been extended to the fractional Laplacian in [6], motivated by applications in the
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asymptotic behavior of large Coulomb systems [20] and the stability of relativistic matter [0,
8].

Note that the restriction ¢ < 2* in (2) is necessary, namely the quadratic form A [u] is
really weaker than ||Vu ||i2. Here we are interested in a replacement of (2) which covers the

critical power ¢ = 2*, with the expense that the L?-norm is replaced by the energy associated
with the inverse square potential. We have

Theorem 1 (Hardy-Sobolev interpolation inequality) If d = 3 and 6 = 1/3, then the
inequality

(7 1-6
d—2)2 2 2
/ vup ~ 4= sup/ &)'zdx sup/ |u(x)|2dx > Clull? -
R4 4 yere Jrd [x =Y yeRd JRY X — Y|
“4)

holds with a constant C = C(d, 0) > 0 independent of u € H! (RYY. Moreover, (4) does not
holdifd > 4 orif6 # 1/3.

Remark 1 The bound (4) is invariant under translations and dilations. Note that for the first
term on the left-hand side, Hardy’s inequality (1) is equivalent to

d —2)? 2 :
/ vup — 4220 sup/ &)lzdxzo, Vu € H'(RY).
R 4 Jepa Jrd [x =y

For the second term, it is important to include sup, cga since otherwise this term can be made
arbitrarily small by translation u +— u(- — z) with |z| — oo.

Remark2 Foralld >3 and 1 —2/d <6 <1 we have

9 2 1-6
f Vu|? sup/ O 4) > ClulPa. Vi e H'®Y. (5)
R yerd JRA X — ¥ L

This is a consequence of the improved Sobolev inequality involving Morrey norms

0 1-0
(/ |Vu|2) sup R_Z/ |u|? > Cllull3y, YueH'R), (6)
R R>0,xeR B(x,R)

which was proved by Palatucci—Pisante [17, Theorem 1], using subtle weighted L”-estimates
for Riesz potentials in [19] and Calderén-Zygmund type techniques in the spirit of the
Fefferman—Phong argument [5]. The bound (6) is helpful to obtain the compactness of
minimizing sequences of the critical Sobolev inequality; see [17, Theorem 3] for details.
In contrast, our inequality (4) is stronger than (5) and it only holds for the special case
d=1/0 =3.

In the next result, we extend (4) by replacing the gradient term ||Vul|;2 by ||[Vul/rr, as
well as replacing the L% -norm by the L? "’ _Lorentz norm. Recall that (see [9, Definition
1.4.6 and Proposition 1.4.9])

(p [ s™lul > s}r/Pds)"", 0 <r < oo,

lullprr = ullp, =
; 1
sup,_o s|{lu| > s} P, r = oc0.

@ Springer
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Theorem 2 [Hardy-Sobolev inequalities with Lorentz norms] Letd > 2, p € [2,d), p* =
pd/(d — p), r € [p, oo] and
1 1
0e [—p — - —] . (7)

min(r, p*)" p 7

Then

6 1-6
— p\? p p
/ Vul? — <d_p> sup / OO 4} [ sup / LACVI I Cllul” .,
Rd P yeRd JRA X — y|P yeRrd JRA X — y|P Ly
()
with a constant C = C(d, p,r,0) > 0 independent of u € Wl’p(]Rd). The bound (8) does

not hold if 6 < p/min(r, p*) (with arbitrary p > 2), orif0 > 1/p — 1/rand p = 2. In
particular, when p = 2, the range of 0 in (7) is optimal.

Theorems 1 and 2 naturally lead to the question of determining optimizers of the relevant

inequalities. We expect that in the non-endpoint cases

_r e, T

min(r, p*) p r
the existence of optimizers of (8) follows from the standard concentration compactness
method. Below we focus on the endpoint cases. While the existence of optimizers in this
case is open in general, we are able to give a partial answer under the restriction to radial
functions. We will limit ourselves to the choice p = 2 and r € {2*, oo}, for which the right-
hand side of (8) becomes either the usual L?" -norm or the L2 -®-weak norm. The relevant
functional space is

Hrlad R ={ue H®RY :uis radially symmetric}.
In the radial case, we can work directly with the quadratic form A[u] in (1). We have

Theorem 3 (Radial optimizers) Letd > 3 and p = 2.

(i) Let r = 2* = 2d/(d —2)and 0 = 1/p — 1/r = 1/d. Then all optimizers of the
inequality

0 Ju(x)|? = 2 71 d
h[u] Rd |X|2 dx Z Crad,2* ”u”LQ* ) Vu € Hrad(R ) (9)

are given by the family

1
(a1 + [Py @D
up to dilation u, (x) — au,(bx) witha € C, b > 0. Furthermore, (9) does not hold if

0 £1/d.
(ii) Letr =occand @ = 1/p — 1/r = 1/2. Then all optimizers of the inequality

U (x) n € (0, 00), (10)

0 Ju ) 0 2 71 md
W’ (| S ) 2 Cracolulfanns Vi€ Hig®) (D)
are given by the family
o (x) = |2 e < 1 ce,d/2—1], (12)
x| 742 x> 1,
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up to dilation.

Remark 3 The classification of all optimizers in Theorem 3 (i) is consistent with Terracini’s
study in [21] where all radial positive solution of the Euler-Lagrange equation

(d—=2)° 2, U(X)

—A _ "1 =pH L

ux) = = (=

with a given constant n > 0, were derived. In particular, according to [21, Eq. (4.6)], the only

regular solutions (i.e., belonging to LY ), up torescaling, are of the form (d(d —2) nz) d=2)/ 4u,7

with u, given in (10).

= uz*_l(x), x e RY, (13)

Remark 4 We leave the following open questions: Do optimizers of (4) exist? And if exist,
are they radial? The same questions for the simpler inequality (5) in the endpoint case
0 = 1 — 2/d remain unsolved. Note that both in (4) and (5), all quantities scale in the same
way. Moreover, by taking several bubbles travelling far from each other, one can construct
optimizing sequences that do not converge weakly to a nonzero limit after any choice of
dilations and translations. It seems that a novel concentration-compactness argument will be
needed to resolve the existence problem of optimizers for these inequalities.

We prove Theorem 3 in Sect. 2, and then prove Theorems 1 and 2 in Sect. 3.

2 Radial case

In this section we prove Theorem 3. Let u € Hrlad (R?) with d > 3.
Proof of (i): Using the ground state representation for Hardy’s inequality (see e.g. [7, Eq.
(2.14)]), we denote

S xD)

and rewrite

00 2% 2 00 2
f = |Sd—1|/ | f ()] ar. / |M(X;| dr — |Sd—1|/ | f(r)] ar,
Rd 0 r R |X] 0 r
o2 2 2 0
/ Vil — d—-2) / Iu(xgl d :/ WJC% dr — |Sd—1|/ )P dr
Rd 4 Rd x| Re x| 0

Here |[S?~!] is the surface area of the unit sphere in R¢. Thus (9) is equivalent to

</ rlf’(r)|2dr> (/ 7)) dr) > Crag. o+ |S971 P21 (f |f ()] dr)
0 0 r 0 .

(15)

The bound (15) can be interpreted as a Caffarelli-Kohn—Nirenberg type inequality [4],
namely

11 29 £ 12 X2 F o,y = Va2 ST 2 f @ (16)

with r = 2* = 2d/(d — 2), y = —1/r. Actually it is a limiting case as 1/r + y/n = 0 in
dimension n = 1, which does not seem available from the literature (see [13, Theorem 3.1],
[14, Theorem 1.2] and [15, Theorem 2.2] for recent results in the limiting case).

@ Springer
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Inspired by [21], we make the following changes of variables

d
f(r)=v(ogr), s=IlogreR, ds=—,
.

which give

00 2 o° z
/ F ()l dr:/ ¥ ()| ds, / 7)) dr:/ ¥ () ds,
0 R 0 K

r r
o0
/ | (") Prdr = / v/ (s) ds.
0 R
Therefore, (15) is equivalent to the Gagliardo—Nirenberg interpolation inequality

0 1-6 22"
( / |w/(s)|2ds) ( / |w(s>|2ds> > Craa e[S P2 ( f () ds) |
R R R

(17)

The optimal constant of the one-dimensional inequality (17) was already obtained by Nagy
in 1941 [16], with 2* = 2d/(d — 2) replaced by a general positive power. The existence and
uniqueness of optmizers of the analogue of (17) in higher dimensions are also well-known;
we refer to the classical works of Weinstein [24] and Kwong [11] for instance. The uniqueness
of optimizers of (17) can be translated straightforwardly to the classification of optmizers of
(9) as stated in Theorem 3 (i); we refer to [21, Eq. (4.6)] for a similar analysis.

Remark 5 In the special case d = 3 (which is relevant to Theorem 1), the interpolation
inequality (17) with 2* = 6 goes back to the (1D, one-body) Lieb-Thirring inequality
[12] as well as Keller’s lower bound on the lowest eigenvalue of the Schrodinger operator
—d? / dx?+ V(x)on L? (R) [10]; see also [1, Section 2] for a simple derivation of the optimal
constant in this special case.

Unique choice of 6 for (9): Consider (15) with the trial function

£r) = {rg, re (0,1], (18)

r=¢, rell, o00),

where ¢ > 0 is a parameter. Then we have

00 00 2 0 2%
f IR dr = e, f |f(r)] dr:l, f |f(r)] dr:i. (19)
0 0 0

r e r 2*g

Therefore, (15) requires to have
g~ 1-0) > co=2/% (20)
for all ¢ > 0. By letting ¢ — 0 and ¢ — o0, we find that

1—2/2* 1
0= ——— = —.
2 d
Thus, (9) holds only if 6 = 1/d.
Proof of (ii): Let us consider (11). Using again the ground state representation (14), we
have

lull ;2500 = sup|{x : [u(x)| > 1}|'/* =supr|{x : | f(x)| > t]x|¥> YV
>0 t>0

@ Springer



184 Page6of 14 C. Dietze, P.T. Nam

<supt|{x: | fllLee > tlx| Y2 Y2 = |BO, DIV || fll L. (21)

t>0

Here | B(0, 1)| is the volume of the unit ball in R¢. Therefore, (11) holds if we can show that

00 00 2
(/0 rlf/(r)lzdr> (/0 EAGl dr>zCr2ad’oo|Sd_1|_2|B(0, DY fl3 . (22)

r

From (14)and u € H! (R?), we deduce that the function f :(0,00) — [0, 00) is continuous
and satisfies

lim f(r)=0, lim f(r)=0.
r—0 r—00
Therefore, up to dilation, we may without loss of generality assume that

J@) = lflre.

By the Cauchy-Schwarz inequality and the fundamental theorem of calculus, we have

° | £ ()2 <, 2
(/0 L] dr)(/o ! dr)z(/o If(r)f(r)ldr>

) (23)
1 "o 2 *la 2 4 4
- (5 / SR dr+f D qrom|dar)) = 17OF = 171
0 r 1 ar
Thus (22) holds, and consequently (11) holds, with
Cla oS BO, DY = 1. (24)

To have the equality in (11), we need to ensure all equalities in (21) and (23). The bound
(23) contains two inequalities where the first equality occurs if there exists a constant ¢ > 0
such that

| f(DI?

rlf > =c — a.e.r € (0, 00),

while the second equality occurs if | f |2 is monotone increasing on (0, 1) and monotone
decreasing on (1, co). Thus, we have all equalities in (23) if and only if

re,re(0,1]
—c

r , r €1, 00). 25)

o-|

It remains to determine the range of ¢ in (25) to get the equality in (21). If 0 < ¢ <
(d — 2)/2, then the function

d=2

_d=2 Ix|“77 L X[ =,
wx) = fxDIx[7 2 =4 a2 (26)
X777 L x[ =1
is radially symmetric decreasing, and the equality in (21) occurs since

lull 200 = sup|{x : Ju(x)| > ]V = |fx : ux)| > 131V = |BO, DIVZ.  (@27)

t>0

On the other hand, if ¢ > (d — 2)/2, then the inequality in (21) is strict: since u defined in
(26) is bounded by 1, we have

2% 2% .
lwll} 2 0o = sup 27 [{x : Ju(x)[ > 1}
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= Osuplfz* (H{xl = 12 fu@)] > g} + x| > 12 [u(x)] > 2}])
<t<

2 _ 2
= sup > (l{x 21> x| > 2@ H 4 |{x 1t 22 > x| > 1}|)
O<r<1

% 2d
= |B(0, 1)| sup ;2 (t—szﬁ_z — t2c—(d—2)> < |B(0, 1)],

O<r<l1
where the latter estimate can be easily seen using the fact that

2d 2d
= > .
d—2 2c+4+d-2

2*
Thus, in summary, (11) holds with the optimal constant Ciaq,0c given in (24), and all
optimizers are uniquely characterized up to dilation by (26) with ¢ € (0, (d — 2)/2].
The proof of Theorem 3 is complete.

3 General case

In this section we prove Theorem 1 and Theorem 2.

3.1 Proof of Theorem 1

We divide the proof into two parts. First, we prove (4) for d = 3 = 1/6. Then we show that
the condition d = 3 = 1/6 is necessary.

Proof (Proof of (4) ford =3 = 1/6) Letu € H'(R%) and denote

d_22 2
A:f wup, B=4"2" sup/ |u(x)|2dx.
Rd 4 yepa Jre [x — Y

‘We consider two cases.
Case 1: (1 —0)A > B. Then using

—2)2 2
L @-2 Sup/ ) 1 :

B d —
1 X sup lu

_ 2 ~ 2
B(y.r) [x =¥l r>0,yeRd = JB(y,r)

’

r>0,y€Rd

and A — B > 6 A, we conclude from (6) (see [17, Theorem 1]) that
| 1-6
A=B)!B" > ||Vulf, [ sup = ) 2l
r>0,yeRd = JB(y.r)

Case 2: (1 —0)A < B. Then B — (A — B)? B'~% is monotone decreasing since
d
E((A — BB =(1-0)A-—B)A-B) B <0.

Moreover, by the Hardy-Littlewood and Pélya-Szego rearrangement inequalities (see e.g. [2,
Lemma 1.6 and Theorem 4.7]) we have

_(d—z)zf |u*(x)|?
4 e xP

B* dx > B, A*=|Vu*|}, < A,
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where u* denotes the radially symmetric decreasing rearrangement of u. Therefore,

Thus it remains to consider (4) in the case when u is radially symmetric decreasing. In this

case,
2 2
[ O [ o o
yeRrd JRA X — Y| Rd | x|

by the Hardy-Littlewood rearrangement inequality. Now the desired bound has been already
proved in Theorem 3 (i).
Thus in all cases, (4) holds ford =3 = 1/6. O

Proof (Proof of the necessity of d = 3 = 1/60) Let us show that (4) fails if d > 4 or if
6 # 1/3. First, the necessity of 6 < 1/d can be seen from the radial case as explained in
Theorem 3 (i). To be precise, we consider the example in (18) with & > 0 small. In this case,
u is radially symmetric decreasing, and hence (28) holds. Therefore, (4) requires (20) for
¢ > 0 small, which implies that 6 < 1/d.

In order to complete the proof, we consider another (non-radial) example. Fix ¢ €
C°\{0}, z € R¥\{0} and choose

N
uy(0) =) ¢(x+nN2)

n=1
with N — oo. Then by replacing u by u, we find that
A~N, B~1, |ul*~N.
for large N. Therefore, (4) requires

which implies that 0 > 2/2* = 1 — 2/d. Combining with the upper bound 6 < 1/d and the
constraint d > 3, we find that the only possibility isd = 3 and 6 = 1/3. O

The proof of Theorem 1 is complete.

3.2 Proof of Theorem 2
We first prove (8) and then explain the necessity of the constraint of 6.

Proof (Proof of (8)) Letd > 2 and p € [2, d). Assume that r € [p, o] and

11
P g<-_2 (29)

min(r, p*) — T p r

Fix a small constant ¢ = ¢(d, p, r, 0) € (0, 1). We consider two cases.
Case 1: Assume

d—p\? P
(1—8)/ IVulP > <—p> sup/ LCICO (30)
Rd p yerd JRE [X — y|P
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From [17, Theorem 1], see also [18, Eq. (1.4)], we have

p/p* 1 I=p/p*
</ IVul”) sup - —— lu(x)|? dx 2 Null? e (31)
Rd yerd,R>0 R” JB(3.R)

A simplified proof of (31) based on sharp maximal functions can be obtained by following
the analysis in [22]. We can extend this bound to the Lorentz norm on L? 7 withr € (p, p*1,
namely

p/r 1 I=p/r
(/ |Vu|l’> sup - —— lu(x)|?P dx e ||u||€p*’r. (32)
R yerd, R>0 R? JB(3.R)

To prove (32), let us use the standard dyadic decomposition: recalling that ¢ : R — Risa
smooth function supported on the annulus 1/2 < |¢| < 2 such that

Y @ =1, VteR\{0},

JEZ
we write
u= Zuj, uj=up2™/|ul).
JEZ
Then
p*/r
p*
Nl e, ~ D Nl
JEZ
*
v/t | r/d\ P/"
S Z(f |v“j|p) sup - — Juj (x)]7 dx ,
jez R yeRd, R>0 B(y.R)

where we used (31) for u; and the fact that (1 — p/p*)r/p =r/d (as 1/p —1/d = 1/p*).
On the other hand, using

L )P dx < mi P L Pq
sup luj(x)]” dx < min [Vu;|¥,  sup lu(x)|¥ dx
yerd, g0 R? JB(y,R) Rd yerd, g0 R? JB(y,R)

and splitting the power

r/d=r(1/p—1/p") =0 —r/p")+/p—1),

we find that

r/d
1
sup  — luj(x)|? dx
verd, k=0 R? JB(y.R)

l_r/p* 1 r/p—l
S |Vuj|? sup  — lu(x)|? dx .
R4 yeR4,R>0 R? JB(y.R)
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Here we used the constraint » € [p, p*] to ensure that both (1 —r/p*) and (r/p — 1) are
nonnegative. Thus, we obtain

1 r/p—1
lll” . < (/ |wj|f’> sup ()| dx
Lr Z R yerd g=0 R? JB(y,R)

JEZL

p*/r

| r/p—1\ P°/"
N (/ IVu|p> sup  — ()P dx ,
R verd, g0 R? JB(y.R)

which is equivalent to (32).

From (31), (32) and the obvious bound ||u||IL)p* > ||u||§*7r forr > p*, we get

P 1_#*
W ulx p min(r, p*)
|Vul|? sup &dx > ull? .. (33)
R yeRrd JRA |X = y|P o

By Hardy’s inequality and the condition 6 > p/min(r, p*), we also get

o ) 1-6
/ |Vul? SUP/ O 4 Z Null?s .. (34)
Y r
R yeRd JRd [x — [P P

Combining (30) and (34), we obtain

d—p\’ ueorr ' weot?
f |Vu|p—(—p> sup/ —dx sup/ ——dx
R p yerd JRE [X = y|P yerd JRE [X — y|P
’ woorr  \'
u
> (8/ IVMIP) Sup/ ——dx 2 lullbe,-
Rd yeRrd JRA |X — y|P ’

Case 2: Assume

d—p\? P
(1 —s)/ [Vu|P < (_p) sup / de
Rd p yeRrd JRA |X — y[P

Then by a monotonicity argument as in the proof of Theorem 1, we can reduce to the case when
u is radially symmetric decreasing. We have for radially symmetric decreasing functions u,

S ()l
fully .~ | dx (36)
Rd

x|

(35)

ifs/g =1 —«/d (see e.g. [7, Lemma 4.3] for the case ¢ = p*, s = p). In particular, for
g =p*=dp/(d— p)ands = a = d, we obtain

. “’fRd f P dx~/0°° FOF -

|x]4 r

with u(x) = |x|'=4/P f(x). Moreover,

/ |u(x)|? dx:/ | f(x)|P de/oo |f(r)]P ar.
R |x[P rd  |x|4 0 r

and by the ground state representation [7, Eq. (2.14)] (here we use that p > 2)

_ p o)
/ Vu|P — <_d p) / J@I? 0 > / —lvffﬁ)'p dx ~ / 1 7/(s)|PsP~ ds.
Rd p Rd |x|P Rd |x[|¢7P 0
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By Holder’s inequality, we have, with 1/p + 1/p’ =1,

o0 1/p o0 1/p'
_ | f(s)]P
/ p.p—1
(fo [ f(s)|Fs ds) (/0 . ds)

Z/ L OINFEIP = P_lf (PP ) 1ds Zp 11 f Il (38)

0 0

Under the constraint (29), there exists 7 € [p, r] suchthatd = 1/p — 1/r. Let § > 0 such
that 7 = p(1 4+ B). Then

0 B/p oo 1+8/p'
Vonipap—1 | f(s)]P )
(/(; £ (s)|Ps ds) (/0 . ds

0 0 F
_ | f(s)]? _ | f(s)] 7 7
=y i [ ds = p~! ds ~ Nullo > 2 Nulle s (39)
0 S 0 § ’
where we used (37) with s = 7 and 7 < r. This implies (8) by the choice of . |

Proof (Proof of the necessity of the range of ) Let us explain why (8) fails for certain values
of 0 as indicated in Theorem 2. First we consider 6 < p/min(r, p*) for general p > 2
where we split into two cases r > p* and r < p*, and then we focus on the case p = 2.

Counterexample for the case r > p* and 6 < p/min(r, p*) = p/p*. The idea is to
consider N € N identical bubbles that travel away from each other and to let N — oo. Let
0 # ¢ € CX(B(0, 1)), 0 # z € RY and choose

N
un(x) =Y @(x+nNz) (40)
n=1
for every N € N. The translation by Nz ensures that the functions {¢(- + nN z)}fl\’=l have
disjoint support for N large. We have
p p
sup/ de:supf de-l—o(l) as N —> o 41
yeRd R4 |x - ylp ye]Rd R4 |'x - Y|p
and
d—p\’ p
/ Viy|? — (—p> sup / luy @OV 4 N/ IVol? + 0(1) as N — oo.
Rd p yerd JRE [X — y[P Rd
(42)
Moreover, it is straightforward to see that for N large
[0, ¢] % % o0 *
el =" [ 57 ] = )77 ds = N7 [l = )07 s,
0 0
(43)
if r < oo, and
lunllpr.oc = supsiflun| > s}"7" = NV supsi{lp| > s}|'/7". (44)
s>0 s>0
if r = o0o. Hence, if (8) holds, then by taking u = uy, we get
0 v
N? > N»* (45)
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for N large, which implies that 6 > p/p*.
Counterexample for the case r < p* and 6 < p/min(r, p*) = p/r.Let0 # ¢ €
C2(B(0, 1)), 0 # z € R? and define

N
vy (x) = Y 21921 (x + jNz)) (46)
j=1
for every N € N. The scaling is chosen such that |2/ (27 //4.)|| , » @y = 9]l g, for

all j, and similarly all relevant terms in (8) are invariant when changing ¢ +— 2/ ¢ (27 fid.y,
Again, the translation by Nz ensures that the supports of the functions {2/ ¢(2p*j (. 4

JN z))}j.v=1 are far away from each other for N large. Then

" p p
/ |Vuy|? = Nf [Vo|?, sup f de ~ sup / de ~ 1
Rd Rd yeRd JRE [X = Y|P yeRd JRE X — y[P

and
p/r
lonll? e, ~ | D12 0@P TN e gay |~ NP
J
Thus inserting vy in (8), we find that for N large,
N? > NPIT,

which requires 6 > p/r.
Counterexample for the case p =2 and 6 > 1/p — 1/r. Define u : RY — R by

JxD)

where f(r) is chosen as in (18) with ¢ > 0 small. Then u is radially symmetric decreasing
and hence (28) holds. Therefore,

-y dx:|Sd_1|/°° SO 4 i 2
R4 0 r

yeRrd JRE [x = y|P |x|d ep
(43)

We also have by the ground state representation for p = 2,

d—p\” P P 2
/ Vu|? — ( P) sup / [u(x)| dx=/ |f(|;c|)| dx=8p_1|Sd_l|—.
Rd p yeRrd JRE |X = Y|P Rd |x|47P p

(49)

Note that the analogue of (49) is more complicated for p # 2 (see [7]), which is why our
counterexample only works for p = 2.
By (36), we have for r < oo

r o0 r 2
el *,=/ = dX=|S"‘1|/ IO 45 = 511 2.
Ly rd |x|4 0 s er

Moreover, for r = oo, by (21) and (27),

lull .00 = |B(O, 1)]VP".
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Therefore, if (8) holds, then

g(P=10=(1=60) > =p/r. (50)

for ¢ > 0 small, which requires that p6 — 1 > —p/r namely

1

r

0>

SRR

The proof of Theorem 2 is complete. O
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