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Abstract

Studying the low-temperature phases of doped Hubbard models, including the emergence of
collective order and exotic normal phases, is at the heart of strongly correlated physics. This
thesis offers new theoretical insights into the low-energy physics of doped Hubbard models,
with a particular emphasis on leveraging quantum simulation as a powerful investigative tool.
We explore the emergence of collective order driven by many-body interactions, by predicting
and observing stripe-like structures in quantum gas microscopes of engineered Hamiltonians.
These fluctuating stripe patterns are developed into a theoretical framework for the pseudogap—
a highly enigmatic phase in hole-doped cuprates—where we show how fluctuating domain walls
yield effective toric code descriptions. Ultracold atoms in optical lattices provide a unique plat-
form for directly probing and testing this theory. We further investigate unconventional bilayer
nickelate superconductors, predicting an exceptionally stable superfluid state in a single-band
Hubbard model at experimentally accessible temperatures. By proposing schemes to observe
coherent pair-pair correlations, this advances the long-standing goal of realizing and observ-
ing long-range superconducting order in ultracold atomic systems in optical lattices. On non-
bipartite lattices, we examine kinetic magnetism in Hubbard models and moiré heterostructures.
Additionally, the low-temperature regime of doped Hubbard models with enhanced symmetries
is analyzed, revealing exotic phenomena such as sub-dimensional polaronic particles. We de-
velop machine learning techniques to extract key physical insights from many-body snapshots,
offering a new avenue for understanding intricate quantum phases. Finally, we go beyond the
Fermi-Hubbard paradigm and show how non-local strongly correlated models can be leveraged
to address classical optimization problems through quantum annealing.
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Zusammenfassung

Das Studium der Tieftemperaturphasen dotierter Hubbard-Modelle, einschließlich des
Auftretens kollektiver Ordnung und exotischer Normalphasen, steht im Zentrum der stark
korrelierten Physik. Diese Dissertation liefert neue theoretische Einblicke in die Niedrigen-
ergiephysik dotierter Hubbard-Modelle, mit besonderem Schwerpunkt auf der Nutzung der
Quantensimulation als leistungsstarkes Untersuchungswerkzeug. Wir untersuchen die Entste-
hung kollektiver Ordnung, die durch Vielteilchenwechselwirkungen angetrieben wird, in-
dem wir stripe-artige Strukturen in Quantengas-Mikroskopen für konstruierte Hamiltonoper-
atoren vorhersagen und beobachten. Diese fluktuierenden Muster werden zu einem theoretis-
chen Rahmen für die Pseudogap entwickelt—einer äußerst rätselhaften Phase in lochdotierten
Cupraten—, in dem wir zeigen, wie die fluktuierenden Domänenwände effektiver Toric-Code-
Beschreibungen unterliegen. Ultrakalte Atome in optischen Gittern bieten eine einzigartige Plat-
tform, um diese Theorie direkt zu untersuchen und zu testen. Darüber hinaus analysieren
wir bilagige Nickelat-Supraleiter und sagen einen außergewöhnlich stabilen Superfluidzus-
tand in einem Einband-Hubbard-Modell bei experimentell zugänglichen Temperaturen vo-
raus. Mit vorgeschlagenen Methoden zur Beobachtung kohärenter Paar-Paar-Korrelationen
wird ein langjähriges Ziel vorangetrieben: die Realisierung und Beobachtung von langreich-
weitiger supraleitender Ordnung in ultrakalten atomaren Systemen in optischen Gittern. Auf
nicht-bipartiten Gittern untersuchen wir kinetischen Magnetismus in Hubbard-Modellen und
Moiré-Heterostrukturen. Darüber hinaus analysieren wir das Tieftemperaturregime dotierter
Hubbard-Modelle mit erweiterten Symmetrien, das exotische Phänomene wie sub-dimensionale
polaronische Teilchen offenbart. Mithilfe von maschinellen Lerntechniken entwickeln wir An-
sätze, um aus Vielteilchen-Schnappschüssen zentrale physikalische Erkenntnisse zu gewinnen
und so neue Wege zur Erforschung komplexer Quantenzustände zu eröffnen. Abschließend
geben wir einen Ausblick darauf, wie nicht-lokale Systeme genutzt werden können, um klassis-
che Optimierungsprobleme durch Quanten-Annealing zu lösen.
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1
Introduction

The theory and understanding of weakly interacting quantum particles have led to funda-
mental insights that shape modern society. For example, the study of band structures in period-
ically modulated potentials (e.g., when weakly interacting electrons move through an ionic lat-
tice) has directly contributed to the development of the transistor, a cornerstone of the digitized
world. During what is now referred to as the first quantum revolution, the wave nature of parti-
cles play a crucial role in their quantum mechanical description, leading to the physics of band
insulators, conductors, and semiconductors. The emergent behavior of many-body systems in
this regime is well understood, with the most famous theory being that of a Fermi liquid. Fermi
liquids can be characterized by a small number of parameters and provide a robust quasiparti-
cle picture where excitations behave like weakly interacting fermions. This drastically simplifies
the numerical complexity required to describe their entanglement structures, and methods such
as density functional theory (DFT), mean-field approximations (e.g., Hartree-Fock), and pertur-
bative approaches (e.g., the random phase approximation) yield remarkably accurate results in
many cases.

However, when interaction effects are so strong that they dominate the physics, correspond-
ing wavefunctions involve highly entangled superpositions of many-body states that cannot be
well approximated by Slater determinants or weak perturbations around them1. In the past
decades, this has revealed a broad plethora of emergent phenomena in many-body quantum
systems, shaping the field of modern quantum physics. Prominent examples of the breakdown
of the quasiparticle picture and emergence of collective behavior include high-temperature su-
perconductivity, fractionalized excitations, non-Fermi liquid behavior, topological order, and
quantum criticality [16].

Historically, the first experimental signatures of strongly correlated effects in condensed mat-
ter systems were observed in dilute magnetic impurity systems, where an anomalous behavior of

1Fermi liquids can be described with O(N) states (with N the number of particles), whereas strongly correlated
systems generally scale exponentially with N.
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resistivity as a function of temperature was detected—this phenomenon is known as the Kondo
effect2 [17]. With the development of theoretical approaches to describe the formation of local
moments, the range of materials exhibiting strong correlation effects rapidly expanded. These
include heavy fermion metals [18] and superconductors [19], (topological) Kondo insulators [20],
non-Fermi liquid systems [21], fractional quantum Hall systems [22], and high-temperature su-
perconductors [23, 24].

In particular with regard to the latter, the two-dimensional (2D) Fermi-Hubbard (FH)
model—consisting of only two terms, the kinetic energy and short-range interactions between
particles—has emerged as a paradigmatic model that captures the bare essentials of strongly
correlated physics. While its study has led to significant insights into many features of strong
correlations over the past decades, numerous phases of matter and their microscopic origins
remain enigmatic. Understanding, classifying, and predicting these emergent, collective phe-
nomena driven by correlation effects remains a central goal of modern quantum physics.

The failure of perturbative methods to account for strong correlation effects necessitated the
development of alternative theoretical tools. For instance, the discovery of the Kondo effect
resulted in renormalization group calculations [25], parton constructions [16], and the Bethe
ansatz [26]. Furthermore, a variety of numerical algorithms have been developed to handle
systems featuring strong correlations. Among the most notable examples are quantum Monte
Carlo methods [27], variational tensor network methods (including the density matrix renor-
malization group [28–30], which will be extensively used in this thesis), dynamical mean field
theory (DMFT) [31], and neural network quantum states [32]. While these approaches are ca-
pable of taming and capturing the strongly correlated nature of certain systems to a significant
extent (surpassing the limitations of exact diagonalization), they come with inherent constraints.
For example, quantum Monte Carlo methods suffer from the sign problem, severely limiting
their applicability to fermionic and frustrated systems. Similarly, while DMRG excels in one di-
mension, its effectiveness diminishes in higher-dimensional systems. Thus, studying 2D doped
quantum magnets, both in the ground state and at finite temperature, in most cases remains
intractable with current numerical techniques.

To overcome these challenges, the vision of simulating quantum systems using real-world
quantum particles has emerged [33]. For a long time, this remained a conceptual dream of
physicists. However, a series of breakthroughs in cooling, trapping, controlling, and manip-
ulating atoms over the past decades has transformed this vision into a practical reality, giving
rise to quantum simulation as a tangible tool. Quantum simulation platforms that enable the
study of strongly correlated systems in the laboratory include a diverse range of systems, from
neutral atoms [34, 35] and ions [36] in optical and quadrupole traps, respectively, to supercon-
ducting qubit devices [37] and solid-state materials such as moiré heterostructures [38]. The
development of these quantum hardware devices is commonly viewed as the second step in
the quantum revolution, where, in addition to exploiting the wave-like nature of particles, the
entanglement of quantum systems is harnessed3.

2In particular, the resistivity features a minimum at low temperatures, below which a logarithmic increase is
observed; the resistivity converges to a constant when T → 0.

3From a different perspective, digital quantum computing devices aim to perform universal computations by
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Figure 1.1: Overview of ultracold atom experiments. Many experiments have explored the 2D
FH model on the square lattice. Notable experiments from various groups (marked by color) are
highlighted in the upper part of the figure in the (conjectured) phase diagram of the FH model;
Figure taken and adapted from Ref. [40]. Harvard group (dark blue): Mazurenko et al 2015. [41],
Chiu et al 2019. [42], Bohrdt et al. 2019 [43], Ji et al. 2021 [44], Parsons et al. 2016 [45]. Munich
group (light blue): Koepsell et al. 2019 [46], Salomon et al. 2019 [47], Koepsell et al. 2021 [48].
Princeton group (green): Brown et al. 2019 [49], Brown et al. 2017 [50]. ETH Zurich group
(red): Greif et al. 2013 [51]. MIT group (orange): Cheuk et al. 2016 [52], Nichols et al. 2019 [53].
Bonn group (yellow): Gall et al. 2020 [54]. While a broad range of interesting physics around
individual dopants has been unraveled in these experiments, the temperatures achieved to date
remain too high to observe collective ordering behavior, such as charge- and spin-density waves
or superconductivity. Experiments of systems that go beyond the plain-vanilla 2D square lattice
FH model paradigm are highlighted in the lower part of the figure. These include experiments
on the triangular lattice (Lebrat et al. 2024 [55], Prichard et al. 2024 [56]), mixed-dimensional
FH models (Hirthe et al. 2023 [57], Bourgund et al. 2025 [2]), SU(N) symmetric FH models
(Hofrichter et al. 2016 [58], Ozawa et al. 2018 [59], Taie et al. 2022 [60], Pasqualetti et al. 2023 [61]),
and the 3D cubic FH model (Hart et al. 2015 [62], Shao et al. 2024 [63]). Works from the Kyoto,
Rice and Hefei groups are shown in purple, grey, and pink, respectively.

leveraging entanglement as a resource [39]. In this thesis, we will, however, mainly focus on devices that perform
quantum simulation in an analog manner.



4 1. Introduction

1.1 Quantum gas microscopes: Milestones and Roadmap

What has been achieved with ultracold atoms in optical lattices so far? As will be discussed in
more detail in Chap. 4, the remarkable technological progress in quantum simulation platforms
now enables the controlled realization of a broad variety of quantum states. Specifically regard-
ing the physics of the FH model, (a subset of) notable experiments are presented in Fig. 1.1.

One of the first major breakthroughs has been the preparation and observation of Mott in-
sulating states with antiferromagnetic order [41, 51, 64–66], reaching up to ∼ 8 sites at the cold-
est temperatures [41]. As the energy scale for magnetic ordering is set by the superexchange
J = 4t2/U (with t the hopping amplitude and U the on-site interaction strength), spin or-
dering emerges for T/J ≲ 1, which corresponds to temperatures achievable in state-of-the-art
ultracold atom experiments. Upon doping these spin-ordered Mott insulators, quantum gas
microscopes have provided significant insights into the formation and evolution of magnetic
polarons—mobile holes dressed with spin excitations [41–54] at intermediate temperatures, as
illustrated in Fig. 1.1 and reviewed in detail in Ref. [40].

What are the open problems and milestones yet to be achieved? Current studies of the doped
Fermi-Hubbard model using ultracold atom experiments focus on the intermediate temperature
regime (see Fig. 1.1), where individual mobile dopants and their dressing can be studied in de-
tail. However, state-of-the-art temperatures (reached by the end of 2024) are not low enough to
access the collective orders dominating the low-energy physics of the FH model, such as charge-
and spin-density waves and superconductivity. This is because these phases emerge from the
intricate competition between kinetic and interaction energies, resulting in much lower critical
temperatures compared to observing spin order at one particle per site, where the superexchange
is the only dominant energy scale. Hence, realizing these states remains a decade-old dream,
with the potential to uncover the microscopic origin of strongly correlated phases of matter and
to gain a unified theory of doped Mott insulators. Beyond studying symmetry-breaking order,
reaching these regimes also promises microscopic insights into exotic normal phases, such as
the pseudogap phase in the Hubbard model (prominent in particular in hole-doped cuprates),
from which symmetry-breaking orders emerge.

However, the technological challenges involved in lowering effective temperatures T/J to
an extend that allows for the observation of collective order renders these milestones extremely
challenging to achieve. Can we make progress nevertheless and gain insights into the formation
of collective order in doped quantum magnets with current state-of-the-art simulators? One
possible path, which will be central throughout this thesis, involves implementing closely re-
lated, adjusted models to realize "parent Hamiltonians" of symmetry-broken ordered states in
strongly interacting fermionic systems. These models can be (i) theoretically motivated or (ii)
directly inspired by certain classes of strongly correlated materials.

Enhanced energy scales for collective behavior in these systems then facilitate their quantum
simulation, allowing for microscopic insights into their formation, properties, and potentially
their relation to other collective orders. In this thesis, we will present how this enables the real-
ization and observation of states exhibiting stripe and superconducting order, two of the most
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Figure 1.2: Handshake of theory and experiment. Theoretical predictions based on numeri-
cal calculations or phenomenological considerations inspire experimental realizations of model
Hamiltonians, often necessitating the development of novel experimental techniques or se-
quences. Conversely, observations of many-body phases in quantum simulation experiments—
particularly in regimes that are inaccessible numerically—drive the development of theoretical
models, leading to a deeper understanding of strongly correlated phases of matter.

prominent phases of matter in hole-doped cuprates and the Hubbard model. In particular, we
will see how typical associated energy scales of these ordered states directly fall within the reach
of optical lattice experiments.

Directions of interest beyond the 2D square lattice Fermi-Hubbard paradigm include the
study of frustration in doped quantum magnets on non-bipartite lattices, such as the triangular
lattice. In these systems, kinetic effects can give rise to exotic magnetic behaviors. While these
phenomena have been theoretically extensively studied over the past decades, the realization
of ultracold atom experiments using triangular optical lattices, see also Fig. 1.1, has brought
renewed attention and interest to the field in recent years [55, 56, 67].

Another promising direction in the field of ultracold atoms in optical lattices is the study
of fermionic Hubbard models with higher symmetries, where theoretically predicted intricate
magnetic structures in Mott insulating states suggest the emergence of exotic physics upon dop-
ing. This avenue is particularly motivated by the pristine realization of SU(N) symmetric Hub-
bard models using alkaline-earth atoms (AEAs) in optical lattices [58–61], see also Fig. 1.1; such
advancements pave the way for exploring a plethora of exotic phenomena in doped SU(N) quan-
tum magnets, and may help to gain a unified understanding of doped Mott insulators.

The above insights illustrate how the modern field of strongly correlated electronic systems
is characterized by an intricate interplay between theoretical considerations and practical exper-
imental implementations, as illustrated in Fig. 1.2. While the theoretical exploration of many-
body phases of matter motivates their extensive study in quantum simulators in the laboratory,
the results of these experiments, in turn, inspire novel theoretical developments to explain the
observed phenomena. This dynamic creates a close "handshake" between theory and experi-
ment, where each influences and drives the other forward. This thesis closely follows this phi-
losophy, and in the following, we briefly outline its scope, goal, and structure.
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1.2 Outline and goal of this thesis

We begin by introducing strongly correlated solid-state systems and their minimal model Hamil-
tonians in Chap. 2. In Chap. 3, we review numerical approaches used to calculate or approximate
the properties of these Hamiltonians, focusing on matrix product state methods, in particular
the density matrix renormalization group (DMRG). In Chap. 4, we describe how quantum gas
microscope experiments with ultracold atoms in optical lattices (and, furthermore, moiré mate-
rials) offer pristine platforms for studying these systems in the laboratory.

Then follows the main part of this thesis. In many chapters, we perform large-scale numer-
ical simulations of strongly correlated systems, complemented by phenomenological theories
that provide physical intuition. Beyond gaining insights from these numerical and phenomeno-
logical (mostly semi-analytical) approaches, our considerations and physical settings maintain
a strong emphasis on ultracold atom experiments. Ultimately, the aim is to gain a deeper un-
derstanding of the low-temperature phases of doped Hubbard models, while motivating and
leveraging new experiments that push the boundaries of quantum simulation platforms.

First, we shall address the question of simulating collective order in optical lattice experi-
ments with ultracold, repulsively interacting fermions. In Chap. 5, we study the Fermi-Hubbard
model in the strongly interacting regime (i.e., the t-J model) while suppressing hopping of mo-
bile holes in one spatial direction. As we demonstrate numerically, this leads to a stable stripe
phase (i.e. a coupled charge- and spin-density wave) at temperatures directly accessible with
current quantum gas microscopes. This part of the chapter is based on publication Ref. [1].
Afterwards, we analyze experimental results from the Lithium experiment at the Max Planck
Institute of Quantum Optics (MPQ), which realizes this setting through optical superlattice en-
gineering. We study the interplay of charge and spin degrees of freedom, as well as the formation
of individual stripes at intermediate temperatures, making a significant step toward experimen-
tally realizing long-range, collective spin- and charge-order in Fermi-Hubbard systems. This
part of the chapter is based on the publication Ref. [2].

To understand the interplay of spin and charge degrees of freedom at low temperatures,
it is useful to first quantitatively study this interplay at elevated temperatures, away from any
collectively ordered state. In Chap. 6, we reconstruct effective spin Hamiltonians by effectively
removing the hole degrees of freedom. Using numerical gradient descent methods, we find
that the resulting system is accurately described by a Heisenberg model on the square lattice
with longer-range interactions, introducing strong frustration in the spin background. In a sim-
ilar spirit, through these Hamiltonian reconstruction schemes, we further observe how the spin
background mediates an effective attractive interaction between hole dopants, which can give
insights into the microscopic nature of pairing in doped Hubbard models. Chap. 6 is based on
the publication Ref. [3].

Motivated by these theoretical and experimental insights, in Chap. 7, we construct a phe-
nomenological theory for the pseudogap phase in hole-doped cuprates, based on the intuition
of fluctuating domain walls when melting away stripes. In the scenario discussed in Chap. 7,
fluctuating stripes efficiently hide the magnetic order and lead to the formation of a Z2 quantum
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spin liquid. This, in turn, results in fractionalization and the emergence of a small Fermi surface.
Notably, this theory—characterized by the hallmark of hidden order—can be directly tested us-
ing large-scale snapshots from ultracold atom experiments, provided these experiments reach
temperatures deep within the pseudogap phase. Chap. 7 is based on the preprint Ref. [4].

Certainly, one of the major goals of analog quantum simulation is the realization of a super-
conducting state in Fermi-Hubbard-type model Hamiltonians—a vision that has been shaped
more than two decades ago [68]. As with other collective orders such as stripes, however, the
critical temperatures below which seizable coherent pairing correlations exist in the plain Hub-
bard model are far below the current capabilities of ultracold atom experiments. In this context,
certain bilayer Fermi-Hubbard models have been proposed [69], and real-space pairing has in-
deed been observed in tailored ladder geometries [57]. Shortly thereafter, a new class of high-
temperature superconductivity was discovered in bilayer nickelate compounds [70], which have
been argued to be described by precisely these minimal models previously proposed in Ref. [69].

In Chap. 8, we study these bilayer systems numerically. By analyzing limiting cases of strong
inter-layer interactions, we find that these models exhibit extraordinarily high critical tempera-
tures to form a coherent superfluid state, peaking at a crossover from a BEC-to-BCS state. The
numerical results presented in Chap. 8 are based on the publication Ref. [5]. As a striking con-
sequence of the high critical temperatures, preparing states with long-range pairing order in
ultracold atom experiments is in direct reach.

However, observing this type of order requires measuring operators that are non-diagonal
in the Fock basis. In Chap. 9, we address this challenge and provide a detailed proposal for
measuring coherent pair-pair correlations through a partial particle-hole transformation. Fur-
thermore, we demonstrate that applying gate sequences in optical lattice setups enables the mea-
surement of pairing correlations in the plain-vanilla Fermi-Hubbard model. This positions hy-
brid digital-analog approaches as a highly promising direction for extending the scope of optical
lattice experiments, and facilitates the observation of both s- and d-wave superconducting order
in Fermi-Hubbard bilayers and single layers, respectively. Chap. 9 is based on the publication
Ref. [6].

Going beyond the square lattice paradigm, introducing geometric frustration into the com-
petition between kinetic and magnetic energy (e.g., the Fermi-Hubbard model on non-bipartite
lattices such as the triangular lattice) is a central theme that can lead to exotic physics. In the
first part of Chap. 10, we study a single dopant introduced into the triangular lattice t-J model.
As the model lacks particle-hole symmetry, the resulting physics strongly depends on whether
a hole or an electron is doped into the system. In the case of electron doping, magnetic inter-
actions (which favor an antiferromagnetic alignment of spins) compete with kinetic frustration
(which favors ferromagnetic spin alignment), leading to a non-trivial dependence of magnetic
correlations on temperature. This part of Chap. 10 is based on the publication [7].

Beyond ultracold atoms in optical lattices, moiré materials offer a promising platform to sim-
ulate effective Fermi-Hubbard physics on the triangular lattice. In the second part of Chap. 10,
we explore stacked MoSe2/WS2 and discuss how their unique charging behavior effectively
simulates a bilayer Fermi-Hubbard model. To gain a qualitative understanding of the underly-
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ing physics, we employ two-particle self-consistent theory, classical Monte Carlo methods, and
DMRG simulations. This second part of Chap. 10 is based on the preprint Ref. [8].

Studying model Hamiltonians that extend beyond the Fermi-Hubbard model with spin-1/2
degrees of freedom is yet another promising direction for gaining deeper insights into the com-
petition between kinetic and interaction energies. Motivated by the properties of ultracold
alkaline-earth atoms, the SU(N) symmetric Fermi-Hubbard model has become a popular frame-
work. In this model, fermions hopping on a lattice possess N colors and interact symmetrically.
At one particle per site, it has been established that exotic magnetic structures emerge, stabilized
by quantum fluctuations. However, the behavior of these systems upon doping remains largely
unexplored.

In Chap. 11, we take a first step in this direction by studying a single hole doped into the
SU(3) t-J model. By comparing our results with phenomenological theories, we demonstrate
that magnetic polarons that form upon doping are constrained to move along a single effective
dimension. This finding suggests the potential for exotic physics in doped SU(N) symmetric
models and strongly motivates quantum gas experiments as powerful tools to systematically
explore these systems on a microscopic level. Chap. 11 is based on the publication Ref. [9].

The natural output of quantum gas simulators consists of many-body snapshots in the mea-
surement (Fock) basis. These snapshots contain an enormous amount of information, as any
(local and non-local) observable can, in principle, be evaluated within the measurement basis.
In particular, for phases characterized by non-trivial, non-local observables, it is crucial to de-
velop analysis schemes that can extract and highlight the physical features encoded in these
snapshots for a given quantum phase of matter.

With their immense success in fields such as image classification, natural language process-
ing, and many others, neural networks have become indispensable tools in numerous areas of
research. Consequently, their application to the analysis of many-body snapshots holds signifi-
cant promise. In Chap. 12, we use a specific neural network architecture coupled with a tailored
training procedure to develop a robust toolkit for unsupervised analysis of quantum phases of
matter. We further look at transformer and autoencoding architectures, setting the stage to an-
alyze intricate many-body phases using machine assisted schemes. Chap. 12 is based on the
publication Ref. [10].

What are interesting models of strongly interacting fermions that lie fully beyond the Fermi-
Hubbard paradigm? One particularly prominent example is the Sachdev-Ye-Kitaev (SYK)
model, which has emerged as a paradigmatic framework for studying non-Fermi liquid behav-
ior. The SYK model features highly entangled low-energy states and is characterized by fast
scrambling of quantum information, saturating certain theoretical bounds. These properties
make it not only relevant to condensed matter physics but also to the field of quantum gravity,
as connections between the quantum description of black holes and the SYK model have been
established. Consequently, the quantum simulation of the SYK model is highly anticipated.

In Chap. 13, we take a look at the SYK model from a different angle and investigate their
efficiency in quantum annealing settings. Quantum annealing aims to find the ground state
of a classical optimization problem through adiabatic state preparation. We demonstrate that
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incorporating non-local terms of the SYK model as part of the driver Hamiltonian significantly
improves the ability to solve hard optimization problems. Finally, we explore potential digital
quantum simulation approaches for the SYK model. Chap. 13 is based on the preprint Ref. [11].

In Chap. 14, we briefly summarize and conclude the findings and progress made in this
thesis, and discuss possible future directions.



10 1. Introduction



Part I

Theory and Methods





2
Strongly correlated systems

Summary. This chapter provides a brief overview of strongly correlated systems, with a
particular focus on cuprate and nickelate high-temperature superconductors. We examine
their electronic structure and summarize the phases of matter observed in these materials.
Effective descriptions based on Fermi-Hubbard models are motivated, and we introduce
relevant descendants of these models, such as the t-J model and the SU(N)-symmetric
Fermi-Hubbard model, which are central to this thesis.

Central to the emergence of strong correlation effects is the electronic structure in solid-state
systems, where, under certain conditions, many-body interaction energies dominate over kinetic
energies—leading to significant changes in the macroscopic properties of the material. Before
introducing the electronic structure of high-temperature superconductors in more detail, let us
build some intuition about when correlation effects are expected to play a significant role.

Strong electronic interactions are anticipated when orbitals are localized: small overlaps of
orbitals localized around a nucleus with their nearest neighbors result in narrow electronic
bands, while local interactions between electrons within the same and neighboring orbitals
remain strong. Many classes of strongly correlated materials exhibit partially filled d- and f -
orbitals. Two trends can be observed when considering the degree of orbital localization as a
function of the principal and angular quantum numbers of electronic orbitals. First, orbitals
with a higher principal quantum number n contain more radial nodes, making them less local-
ized1. Second, as the d-shell fills and transitions into f -orbitals, the increasing nuclear charge
pulls the electrons closer to the nucleus, effectively squeezing the orbitals and making them
more localized. Thus, quite generally, the degree of localization increases in the following se-
quence [71]:

5d < 4d < 3d < 5 f < 4 f . (2.1)
1An analogy are the states in an harmonic oscillator, which feature a spread σ2

x = ⟨x̂2⟩ = h̄
2mω (2n + 1).
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Crystal field splitting

Figure 2.1: Copper oxide planes and active orbitals. (a) A single copper-oxide plane, which in
cuprates are layered and separated by spacer layers that can act as charge reservoirs. (b) Due
to crystal field splitting caused by the oxygen octahedra around Cu2+ sites (light grey) and the
Jahn-Teller effect (dark grey), the active orbital is the half-filled 3dx2−y2 orbital. As the orbitals
are strongly localized, interaction effects dominate, and in the undoped parent compound, the
3dx2−y2 electrons form an antiferromagnetic Mott insulator. Through atomic substitution, holes
can be doped into the 2p orbitals. These holes form Zhang-Rice singlets centered at the copper
sites (see ocher diamond in the inset of (a)), leading to an effective single-band description of
hopping electrons in the 3dx2−y2 orbitals with a filling that deviates from one particle-per-site.

In actinide and rare-earth compounds, the 5 f and 4 f shells are partially filled, respectively, re-
sulting in strong localization and correlation effects. Consequently, these systems often form
Mott insulating antiferromagnets, where insulating states with spin order emerge, even though
their non-interacting band structure would suggest metallic behavior [71].

At the crossover between heavily localized orbitals and itinerant bands, as seen in materials
dominated by electrons in 5d orbitals, other classes of intriguing many-body phases arise, such
as heavy-fermion metals and iron-based superconductors. In heavy-fermion metals, localized
moments interact with itinerant electrons, giving rise to fermionic quasiparticles with effective
masses that exceed the bare electron mass by factors of up to 1000. In iron-based supercon-
ductors, multiple active 3d bands and moderate interaction strengths lead to unconventional
superconductivity and magnetic ordering tendencies [71].

2.1 Cuprates

Next to the above-mentioned examples, doped copper oxide compounds (cuprates) are arguably
one of the most famous classes of strongly correlated materials, discovered by Bednorz and
Müller in 19862 [23]. The cuprates’ fame primarily stems from their extraordinarily high critical
temperatures for superconductivity, which in some compounds surpass the boiling point of liq-
uid nitrogen. However, next to superconductivity, they host a plethora of intriguing correlated
states that, from their discovery to the present day, fuel intense theoretical debates and research.
In the following, we will first introduce the atomic structure of cuprates and their single-band
Fermi-Hubbard description, before briefly traversing the phase diagram to summarize the most
important features of this class of materials.

Cuprates are layered materials characterized by copper oxide planes forming a Lieb lattice,
2For their discovery, Bednorz and Müller were awarded the Nobel prize in physics already one year later, in 1987.
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where copper atoms reside on a square lattice and oxygen atoms occupy the links of the square
lattice, see Fig. 2.1 (a). Although copper in isolation has an electronic configuration where the
3d shell is completely filled ([Ar]4s13d10), in the crystal structure, two electrons from the copper
atom are donated when binding with oxygen, leaving an effective Cu2+ atom with a [Ar]3d9

configuration. The crystal field further lifts the degeneracy of the 2L + 1 = 5 d-orbitals due
to geometrical distortions of the ionic lattice3, see Fig. 2.1 (b). As a result, the five orbitals are
split into dxz, dyz, dxy, d3z2−r2 , and dx2−y2 , with increasing energy. Filling these orbitals with nine
electrons results in all orbitals being fully occupied except for the 3dx2−y2 orbital, which hosts one
electron per site (see Fig. 2.1 (b)). Through hybridization of the 3dx2−y2 orbitals of copper with
the in-plane 2p orbitals of oxygen, the d-shell electrons can hop across the square lattice. While
a non-interacting system would result in conducting properties, the localized nature of the 3d
orbitals instead leads to the formation of local moments, where interaction energies dominate
over kinetic energies, forming a Mott insulator.

By substituting atoms in the spacer layers between the CuO2 planes, electrons can effectively
be added to or removed from the CuO2 planes. A typical cuprate compound is the lanthanum-
based La2CuO4, where the spacer layers are composed of lanthanum and oxygen atoms. Replac-
ing La with Sr to a certain extent introduces hole doping, as Sr2+ replaces La3+, absorbing an
electron from the CuO2 planes. Similarly, the copper-oxide planes can be electron doped when
replacing La by Ce atoms.

2.1.1 Phase diagram

In the undoped parent compound, cuprates exhibit long-range antiferromagnetic (AFM) corre-
lations driven by superexchange interactions among localized electrons in the 3dx2−y2 orbitals,
a characteristic shared by many strongly correlated Mott insulators. The wide variety of many-
body phases hosted by cuprates upon doping the system is summarized in the schematic phase
diagram shown in Fig. 2.2, and it is widely accepted that strong correlations play a pivotal role
in these phases [72, 73]. In the following, we briefly summarize the various observed phases in
both electron- and hole-doped cuprates. While the electron-doped side is generally considered
relatively well understood, many open questions persist on the hole-doped side. Therefore, we
begin by reviewing the physics of electron-doped cuprates before summarizing the hole-doped
side of the phase diagram.

This section provides only a brief description of the qualitative physics and experimental
signatures of the various phases. In particular, the prominent pseudogap phase appearing in
hole-doped cuprates will be discussed in much more depth in Chap. 7, where we also take a
close look at Luttinger’s theorem, which is a fundamental result in Fermi liquids that relates the
Fermi surface to the particle density.

3The crystal field splitting occurs in two steps: First, the presence of oxygen octahedra around the copper sites
splits the 3d orbitals into eg and t2g orbitals. Then, the Jahn-Teller effect lifts the degeneracy of these orbitals due to
geometrical distortions in the lattice.
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Figure 2.2: Schematic phase diagram of cuprates. Phases in electron-doped (left) and hole-
doped (right) cuprates. Electron-doped side: A broad AFM metallic region with commensurate
order leads to a metallic phase with a small Fermi surface (top row). Superconducting order (d-
wave symmetry) peaks where AFM fluctuations vanish at zero temperature, transitioning into a
Fermi liquid with a conventional, large Fermi surface. Experimentally, the doping level at which
Fermi surface reconstruction occurs can be measured through Hall conductivity measurements,
yielding δFSR ≈ 15%. Above the superconducting phase, an extended region of strange metal-
licity is observed, characterized by non-Fermi liquid metallic behavior. One proposed scenario
is that AFM fluctuations act as the glue for superconductivity, peaking at a quantum critical
point. This quantum criticality, in turn, leads to an extended region of non-Fermi liquid behav-
ior around the critical doping. Hole-doped side: The AFM phase rapidly vanishes upon dop-
ing, persisting only up to a few percent doping, δAFM ≈ 2%. In many cases, superconducting
and AFM phases do not overlap, forming disjoint phases. In numerous compounds (particularly
La-based cuprates), prominent stripe phases emerge between the AFM and SC phases, featuring
coupled charge- and spin-density waves. Most notably, hole-doped cuprates exhibit an extended
pseudogap region, encompassing a wide range of enigmatic observations. In this phase, no clear
symmetry breaking is observed, yet signatures of a small Fermi surface are detected (top row).

Electron-doped side

Fermi liquid. Starting in heavily electron-doped cuprates, the system exhibits metallic behavior
and adheres to Fermi-liquid theory across all observables. In particular, these materials display
clear signatures of standard (large) Fermi surfaces (FS), consistent with Luttinger’s theorem for
metals with no broken symmetry. This is illustrated in the upper part of Fig. 2.2.

AFM Phase. At low to intermediate levels of electron doping, extensive antiferromagnetic (AFM)
correlations persist away from one particle per site, although the critical temperature for achiev-
ing long-range correlations decreases with increasing doping. In a broad doping range, these
AFM correlations remain commensurate at Q = [π, π] and are not qualitatively affected by
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electron doping. The presence of local moment order introduces the concept of Fermi surface
reconstruction (FSR). Here, electrons scatter off the potential background induced by the AFM
order, coupling momenta q with q + Q. This is illustrated in Fig. 2.2, where the dashed blue
line in the large Fermi surface picture corresponds to a FS shifted by Q. This coupling results
in points in the Brillouin zone (BZ) where the two bands cross, gapping out the spectrum at
these hotspots. Consequently, small hole pockets (from the lower band in the symmetry-broken
metal) and electron pockets (from the upper band) form. Notably, the size of the Fermi surface
reduces during this process and is now determined by the doping level δ rather than 1+ δ (where
the latter represents the full electronic density). This reduction complies with Luttinger’s theo-
rem, which permits a small Fermi surface when the metal’s translational symmetry is broken,
as discussed in more detail in Chap. 7. In electron doped cuprates, this change of carrier density
can be detected e.g. in Hall measurements, where the Hall resistivity as a function of doping
gives direct access to the active carrier density, which shows a jump at δFSR [73].

Superconductivity. At intermediate doping values, around δ ∼ 15%, superconductivity
emerges with critical temperatures of approximately Tc ≈ 30 K. One of the most remarkable
features of cuprates is that this superconducting state emerges from an insulating state at lower
doping, in stark contrast to standard BCS-type superconductors, which arise from Fermi-liquid
metallic states. While early experiments suggested s-wave symmetry for the superconducting or-
der parameter in electron-doped cuprates, higher-quality samples and techniques such as angle-
resolved photoemission spectroscopy (ARPES) have revealed a d-wave character [74].

The disappearance of AFM order4 at optimal doping, where superconductivity reaches its
maximum Tc, suggests a close connection between AFM fluctuations and the origin of supercon-
ductivity in electron-doped cuprates. In this view, electron interactions mediated by AFM spin
fluctuations give rise to d-wave superconductivity. This perspective further implies that, upon
suppressing superconductivity, a quantum critical point (QCP) exists on the doping axis where
long-range AFM correlations vanish. This QCP suggests the presence of a quantum critical fan,
where non-Fermi liquid behavior dominates at zero temperatures. Indeed, a broad region of
strange metallicity is observed in electron-doped cuprates, consistent with this scenario, as ex-
plained next (see also Fig. 2.2).

Strange Metal. The hallmark of strange metals is the absence of well-defined quasiparticles,
unlike in regular metals. This is particularly evident in transport properties, where strange met-
als exhibit a linear temperature dependence of electrical resistivity, ρ ∝ T, in contrast to the
ρ ∝ T2 dependence of Fermi liquids. This behavior extends over a wide temperature range,
even surpassing the Mott-Ioffe-Regel (MIR) limit, which sets an upper bound on resistivity in
conventional metals when the mean-free path becomes comparable to the atomic lattice spac-
ing. In particular, in conventional metals, resistivity saturates beyond the T2 scaling at higher
temperatures. In contrast, in the strange metal phase of doped cuprates, resistivity significantly
exceeds the MIR limit, a clear hallmark of non-Fermi liquid behavior.

The above findings suggest that non-Fermi liquid behavior emerges near the quantum critical

4Regions of true long-range order and regions of strong AFM fluctuations are often distinguished [73]. For sim-
plicity, we mark the region of strong AFM fluctuations as the AFM phase.
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point (masked by the superconducting phase without external magnetic fields). However, alter-
native scenarios for the strange metal phase have also been proposed, including marginal Fermi
liquids and Planckian dissipation. We will not go into more detail of these possibilities here,
but instead turn to the phases observed in hole-doped cuprates. For comprehensive reviews of
electron-doped cuprates, we refer the reader to Refs. [73, 75].

Hole-doped side

While the phase diagram of hole-doped cuprates shares some similarities with the electron-
doped side, there are also profound differences that clearly set apart hole- from electron-doping.
While a phase with long-range AFM order exists at very low doping, it vanishes extraordinarily
quickly at only a few percent of hole doping. This stands in striking contrast to the electron-
doped side, where AFM order persists up to ≈ 15% doping.

Stripes. Instead of AFM order, charge order emerges at low temperatures and finite doping
in a broad range of cuprate families, often5 in the form of stripes: a simultaneous charge- and
spin-density wave, where AFM order experiences a domain wall at regions of enhanced hole
density [76–78]. This results in a transformation from commensurate to incommensurate mag-
netic order, as the domain walls shift the magnetic structure factor away from Q = [π, π].
Stripes have been shown to be particularly prominent around δ = 1/8 doping [79–81]. More
subtle stripe-like signatures, predominantly in the charge sector, have further been shown to
exist in Bismuth [82–84] and Yttrium-based [85] cuprate families through scanning-tunneling-
microscope (STM) and nuclear magnetic resonance (NMR) measurements. In particular, by ap-
plying magnetic fields that suppress superconductivity, stripe order can be induced in samples
where static order without additional fields is absent [85, 86]. We again emphasize the stark
contrast to electron-doping, where no charge order is observed. In Chap. 7, we interpret the
appearance of charge order in hole-doped cuprates as a symptom of hidden AFM correlations at
higher temperatures.

Pseudogap. As a result of the rapid disappearance of the AFM phase at low doping, the super-
conducting and AFM domes do not overlap on the hole-doped side in most compounds, forming
two disjoint phases. Instead, these phases are sandwiched by the pseudogap phase, widely re-
garded as one of the most puzzling and enigmatic phases of cuprate materials. Sec. 7.3 discusses
the most prominent features of the pseudogap phase in much more detail. Here, we will restrict
its introduction to brief overview of experimental findings and theoretical descriptions. The
following overview is based on the introduction given in Ref. [4], partially with textual overlap.

The pseodugap phase is characterized by a partial depletion of low-energy excitations, most
prominent in spectroscopic observables, resulting in notorious "Fermi arcs" [87–90]. While pho-
toemission experiments suggest the absence of coherent fermionic quasiparticles, quantum os-
cillations advocate the opposite, i.e., the existence of Fermi-liquid-like fermionic quasiparticles
moving on closed semiclassical orbits around small Fermi pockets [91–94]. This is corroborated
by Hall [95–97], optical conductivity [98] and magnetoresistence [99] measurements, showing

5Specifically, in lanthanum based cuprates.
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Fermi liquid behavior consistent with a small Fermi surface, i.e., with carrier density δ (where
δ is the hole doping away from the Mott insulating state), and not 1 + δ as expected from Lut-
tinger’s theorem [100].

While antiferromagnetic (AFM) order that breaks the lattice translational symmetry consti-
tutes a simple possible explanation for several characteristics of the pseudogap phase [16,101], it
is inconsistent with experimental data across broad families of cuprates, where only short-range
AFM correlations that span a few lattice sites are observed beyond ∼ 5% doping [24, 102]. Nev-
ertheless, spin-wave like excitations (paramagnons) with dispersions and spectroscopic char-
acteristics similar to those of magnons in antiferromagnetic (AFM) Mott insulators exist in the
entire pseudogap phase [103–105]. The question of how doping concentrations of a few percent
can diminish long-range AFM order in such an efficient way while preserving spin-wave-like
excitations remains an unsolved problem. Furthermore, a significant open question in the field
is how to unify the various phases in the underdoped6 region of the phase diagram.

Recent theoretical attention has thus shifted towards understanding the pseudogap’s role as
the normal phase out of which superconductivity arises, in contrast to electron-doped cuprates,
where the normal state is a relatively well understood AFM metal. In particular, the observation
of stripes in broad classes of copper oxides has motivated studies of the relation between the
pseudogap phase and symmetry breaking order [106]. This is supported by NMR measurements
on various La-based compounds, which indicate that intertwined spin- and charge stripes are
inherently present up to a critical doping δc, beyond which stripe order as well as signatures of
the pseudogap phase vanish [107–109].

On the one hand, it has been put forward that the nature of quantum oscillations in the pseu-
dogap at low temperature is linked to translational symmetry breaking, whereby density-wave
order reconstructs the (large) conventional Fermi surface into small electron pockets [110–113].
It has been argued, however, that the disruption of a large Fermi surface by conventional (ther-
mally fluctuating) order unlikely explains universal Fermi liquid-like observations with carrier
density δ in the pseudogap phase [101, 114]. One particular objection is that the transition into
the pseudogap at temperature T∗ does not seem to be captured by a thermodynamic phase tran-
sition, though Berezinskii–Kosterlitz–Thouless-type transitions with weak thermodynamic sig-
natures can not be ruled out [106].

On the other hand, the pseudogap has been described as a precursor of superconductiv-
ity, whereby the formation of incoherent, preformed Cooper pairs leads to a partial depletion
of fermionic spectral weight. While support of this idea has been reported in a variety of ex-
periments [115–118], temperatures where evidence of preformed pairs has been found are sig-
nificantly below the pseudogap temperature T∗. Furthermore, recent measurements of iridates
revealed that the pseudogap can exist in broad parameter regimes without the appearance of
superconductivity at lower temperatures, which supports a disparate nature of the the two
phases [119, 120].

This has led to a third class of proposed scenarios, where the symmetry-breaking orders

6All doping below the optimal doping, where superconductivity peaks, is referred to as underdoped. In contrast,
the Fermi-liquid side of the phase diagram is called overdoped.
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found at low temperatures are interpreted as instabilities of a distinct "pseudogap" phase of
matter [101, 114, 121]. A prominent scenario is the formation of a fractionalized Fermi liquid
(FL∗) [122], which features well-defined fermionic quasiparticles in the absence of symmetry-
breaking order while violating Luttinger’s theorem. In the single-band Hubbard model, this
scenario can be realized when assuming that local moments form an odd spin liquid with topo-
logical excitations (visons) [123,124], into which mobile hole carriers are doped [125–130]. While
dopants in a spin liquid can decay into fractionalized spin and charge constituents [131], assum-
ing bound states of the latter leads to a metal with a small Fermi surface [114]. On technical
grounds, this apparent violation of Luttinger’s theorem is caused by topological excitations of
the spin liquid, which can absorb momentum in Oshikawa’s flux insertion protocol (discussed
in detail in Sec. 7.2) that corresponds exactly to unit density (leading to a Fermi surface of volume
∝ δ instead of ∝ 1 + δ).

In Chap. 7, we will discuss the above theoretical scenarios in detail and propose as a possible
description for the pseudogap phase the formation of a geometric fractionalized Fermi liquid. The
essential idea is that long-range order in the pseudogap phase is not entirely absent but is in-
stead hidden by fluctuations of domain walls in the AFM background. As we will demonstrate,
this allows for a possible unification of the AFM, stripe, and pseudogap phases: in all cases, the
symmetry of the spin background is spontaneously broken, albeit manifesting in different ways.
We will show that the formation of percolating string nets of AFM domain walls naturally leads
to the emergence of an odd Z2 quantum spin liquid at low temperatures, enabling the formation
of a small Fermi surface composed of magnetic polarons that exist in the (ordered) background.

Strange metal. As in the electron-doped case, hole-doped cuprates also exhibit an extended
strange metal region around optimal doping [132,133], which may suggest the existence of quan-
tum criticality. With regard to scenarios where symmetry breaking order takes the main role,
the existence of a quantum critical point as a function of doping has been proposed to explain the
anomalous transport properties found in the high-temperature region of the pseudogap regime.
Here, the corresponding critical doping corresponds to the point where the critical temperature
of a putative symmetry-breaking order that competes with superconductivity vanishes. Extend-
ing these arguments, in Chap. 7 we propose that the strange metal regime is driven by the loss
of hidden order, suggesting the existence of a hidden quantum critical point. As we will discuss
in detail in Chap. 7, this may provide a unifying framework for understanding various phases
in the cuprate phase diagram and may even hint at a deeper connection between the hole- and
electron-doped sides.

2.2 The Fermi-Hubbard model

Considering the electronic and orbital structure, a three-band model involving the 3dx2−y2 and
2px, 2py orbitals emerges as a natural candidate to capture the low-energy description of the
copper-oxide planes. In particular, when the system is hole-doped, electrons are typically re-
moved from the oxygen 2p orbitals, further supporting the three-band model. However, the
formation of Zhang-Rice singlets (singlets formed between a hole in a 2p orbital and the localized
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electron in the 3d orbital) has been argued to reduce this description to an effective single-band
model.

Originally introduced by John Hubbard in 1963 [134] and later proposed to capture the es-
sential physics of high-temperature superconductors by Anderson [135], this single-band, SU(2)-
symmetric Fermi-Hubbard model (FH) has become a paradigmatic framework for strongly cor-
related electronic systems. The Hamiltonian is given by

Ĥ = −t ∑
⟨i,j⟩,σ

(
ĉ†

i,σ ĉj,σ + H.c.
)
+ U ∑

i
n̂i,↑n̂i,↓. (2.2)

Here, ĉ(†)i,σ are fermionic creation and annihilation operators acting at site i with spin σ =↑, ↓. The
particle densities are given by n̂i,σ = ĉ†

i,σ ĉi,σ, and particles on the same site experience an on-site
repulsion U. In the undoped parent compound with one particle per site, the superexchange
mechanism leads to long-range antiferromagnetic correlations between the 3dx2−y2 copper elec-
trons7.

What do we know about the solution of the FH model? Despite its conceptual simplicity,
the long-standing goal of understanding the ground- and low-temperature physics of the model
within a universal framework remains an unsolved task. Nevertheless, tremendous numeri-
cal progress has been made over the past decades. In the strongly interacting limit U ≫ t, all
state-of-the-art numerical methods broadly agree on the emergence of stripes in the ground state,
where charges accumulate around AFM domain walls, forming a charge density wave [136–143].
However, very small energy differences between stripe states with different ordering wave-
lengths are observed, making their study challenging numerically [144]. Large-scale simulations
have further revealed that, in the plain-vanilla square lattice FH model as described in Eq. (2.2),
superconducting order is absent, and stripe order is dominant [145]. However, this balance
can be altered through the introduction of next-nearest neighbor (NNN) terms, enabling the
co-existence of d-wave superconductivity and stripes [146, 147]. At elevated temperatures, the
FH model displays a pseudogap characterized by short-range AFM correlations [148–154] and
a reconstructed Fermi surface [155]. Interestingly, the doping and interaction regimes where
pseudogap and stripe phases emerge at high and low temperatures, respectively, align pre-
cisely [154,156]. This suggests an intricate connection between the stripe and pseudogap phases,
a relationship that we will explore in detail in Chap. 7.

2.2.1 The t-J model

In most strongly correlated materials, the interaction energy U is much larger than t (typically,
t/U ∼ 10). In this limit, sites are rarely doubly occupied, and primarily only virtual doublon-
hole pairs exist, which then recombine into two singly occupied sites. This virtual exchange of
particles leads to an effective antiferromagnetic interaction, as adjacent particles with the same

7In truly two-dimensional systems, the Mermin-Wagner theorem prohibits long-range order at finite tempera-
tures for systems with continuous symmetries. However, since cuprates are layered materials, the coupling between
layers—although negligible for essential physics—plays a role in stabilizing order due to the three-dimensional struc-
ture.
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spin cannot participate in virtual exchange due to the Pauli exclusion principle. By fully project-
ing out states with double occupancy, perturbation theory up to order t2/U via a Schrieffer-Wolff
transformation yields the following Hamiltonian in the strongly interacting limit,

Ĥ = −t ∑
σ,⟨i,j⟩

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

n̂in̂j

4

)
− J

8
T̂corr. hop. (2.3)

Here, Ŝi =
1
2 ∑σ,σ′ ĉ†

i,σσσ,σ′ ĉi,σ′ are spin operators on site i, and P̂GW is the Gutzwiller operator
that projects out states with double occupancy. The term T̂corr. hop is a correlated hopping term
involving a sum over a series of nearest neighbors ⟨i, j, k⟩.

Although T̂corr. hop is part of the perturbation theory up to order t2/U, it is often neglected
in practice. The primary purpose of the t-J model is to describe the competition between ki-
netic energy (hopping) and spin exchange (superexchange), which the additional three-site term
does not qualitatively change. Though it becomes more relevant at higher doping levels, where
three-site processes are more probable, in the low-to-moderate doping regime (relevant for many
cuprate studies), its contribution is minor. In particular, neglecting the three-site term simplifies
the t-J model, making it more tractable for analytical and numerical studies without significantly
affecting the qualitative accuracy of most physical predictions.

Note that at one particle per site, this model reduces to the standard SU(2) symmetric Heisen-
berg Hamiltonian that describes an antiferromagnet,

Ĥ = J ∑
⟨i,j⟩

Ŝi · Ŝj. (2.4)

2.2.2 The SU(N) symmetric Fermi-Hubbard model

The Fermi-Hubbard model in Eq. (2.2) is symmetric under SU(2) rotations of the spin degree of
freedom, i.e.,

Ĥ = ÛĤÛ†, Û |σ⟩i = ∑
σ′=↑,↓

Uσ,σ′ |σ′⟩i . (2.5)

This symmetry arises directly from the unitarity of Û, leaving all bilinears composed of creation
and annihilation operators invariant. Technically, this symmetry can easily be generalized to an
SU(N) symmetry by considering fermions of N colors (indexed by α) instead of just the two spin
states. The corresponding Hamiltonian reads

Ĥ = −t ∑
⟨i,j⟩,α

(
ĉ†

i,α ĉj,α + H.c.
)
+

U
2 ∑

i
∑

α ̸=β

n̂i,αn̂i,β. (2.6)

Here, the interaction term penalizes configurations where multiple particles of different colors
occupy the same site, with the factor of 1/2 introduced to remove double-counting. Similar to
the SU(2) case, the Hamiltonian in Eq. (2.6) is symmetric under SU(N) rotations in the color
subspace,

Ĥ = ÛĤÛ†, Û |α⟩i =
N

∑
β=1

Uα,β |β⟩i . (2.7)
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It is worth noting that this non-abelian SU(N) symmetry is global rather than a gauge symmetry,
as encountered in the standard model of particle physics.

Why is the SU(N) symmetric FH model interesting to study? After all, electrons in real ma-
terials exhibit an effective SU(2) symmetry. The goal of understanding the phases of the SU(2)
symmetric FH model is to gain insight into the competition between kinetic and strong interac-
tion energies. However, the SU(2) model is also a pathological case with special band structure
effects unlikely to play a role in real materials. This already becomes evident when considering
weak interactions: in the random phase approximation, the interacting spin susceptibility χsp

reads [157]
χsp(iω, q) =

χ0(iω, q)
1 − 1

2Uχ0(iω, q)
, (2.8)

where χ0(iω, q) is the non-interacting susceptibility,

χ0(iω, q) = −2
T

Nk
∑

iωn,q

nF(ϵk − µ)− nF(ϵk+q − µ)

iωn + ϵk − ϵk+q
. (2.9)

Here, ϵk is the non-interacting energy dispersion, and nF(x) = 1/(1+ ex/T) is the Fermi function
at temperature T with kB set to unity. At q = Q = (π, π), the static susceptibility χ0(iω = 0, q =

Q) thus scales as

χ0(iω = 0, q = Q) ∝
∫

dϵ
nF(−ϵ)− nF(ϵ)

ϵ
∝ |logT|. (2.10)

The logarithmic divergence of the susceptibility results in a Mott insulating instability with an-
tiferromagnetic (AFM) order for any arbitrarily small U > 0. This is due to the perfect nesting
property of non-interacting fermions on the square lattice, where ϵ(q) ∝ ∑µ=x,y cos(kµa) =

−ϵ(q + Q). In SU(N) systems with N > 2, perfect nesting is not fulfilled at one particle per site,
requiring a finite on-site interaction U to drive a metal-to-Mott-insulator transition [158]; this
allows for tuning strong correlation effects independently from single-particle physics.

Apart from this, understanding Fermi-Hubbard type models with higher symmetries is in-
trinsically interesting in its own right. If exotic physics emerges in simple SU(2) FH models,
even more exotic phenomena can be expected in systems with higher symmetries. This sim-
ply arises from particle statistics: particles of the same color prefer to be far apart, maximizing
delocalization and lowering energy8.

Moreover, against possible naive expectations, large N FH systems do not become classical,
as in SU(2) systems with large spin. This distinction is illustrated in Fig. 2.3. In SU(2) systems,
quantum fluctuations ∝ Ŝ+

i S−
j are negligible for large spins, as the number of states is much

larger compared to the amount of states coupled through quantum fluctuations. In contrast,
the symmetric interactions of the SU(N) FH model lead to an exchange mechanism where all
particle colors interact equally. The superexchange mechanism works identically to the SU(2)
counterpart, resulting in the following magnetic Heisenberg Hamiltonian in the strongly inter-

8Consider three particles of the same color. The outer particles create a box potential for the central particle.
Greater separation allows greater delocalization, lowering the energy.
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Figure 2.3: Large spin vs. large N. In the SU(2) FH model with large spin, the effective magnetic
model at one particle per site raises and lowers angular momentum states by ±1. For large
spin, quantum fluctuations are negligible, and the system is well described by a classical spin
model. In contrast, in the SU(N) symmetric Heisenberg or FH model, symmetric interactions
lead to exchange interactions among all colors. Quantum fluctuations remain significant at all
N, stabilizing exotic magnetic structures.

acting limit,
Ĥ = J ∑

⟨i,j⟩
∑
α,β

|αiβj⟩ ⟨βiαj| . (2.11)

In particular, the symmetric exchange stabilizes quantum fluctuations even at large N, see
Fig. 2.3. At one particle per site, numerical and semi-analytical techniques such as infinite pro-
jected entangled-pair states (iPEPS), exact diagonalization, and flavor-wave theory have been
employed to study magnetic ordering in SU(N) FH models [159–161]. This has revealed a broad
variety of magnetic order, illustrated in Fig. 2.4. In the case of the SU(3) symmetric FH model, the
strongly interacting limit replaces the usual Néel pattern seen in the SU(2) case with a spin-stripe
pattern, where the three colors align diagonally [159]. For finite U, away from the Heisenberg
limit, constrained path quantum Monte Carlo simulations revealed that the system exhibits even
richer behavior, with various ordering patterns emerging as a function of U/t [162]. In SU(4)
and SU(5) symmetric systems, further intriguing ground states are realized [160, 161], such as
valence bond solid-like states in the SU(4) case [160].

While the intricate magnetic structures of SU(N) Heisenberg magnets have garnered increas-
ing interest [159–165], the physics of doped SU(N) Mott insulators remains largely unexplored.
This is primarily due to the immense computational complexity associated with the exponential
growth of the Hilbert space, which scales as D ∼ NL, where L represents the number of lattice
sites. Nevertheless, overcoming these challenges could be very rewarding; in particular, gaining
a deeper understanding of doped SU(N) Mott insulators may shed further light on the competi-
tion between spin and motional degrees of freedom and contribute to a unified understanding
of doped Mott insulators in general.

This motivation to study the doped SU(N) FH model is further supported by advances in
ultracold atom experiments. When trapping and cooling alkaline-earth-like atoms (AEAs), the
absence of electronic hyperfine structure allows for the implementation of the SU(N) FH model
with extraordinary precision; we refer to Sec. 4.1.3, where this will be discussed in more detail.
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FIG. 3. Energy spectra (in units of J) for SU(5) (20 sites),
SU(8) (16 sites) and SU(10) (20 sites), plotted as a function of the
quadratic Casimir C2 (See [28, 35]). Different irreps with the same
C2 ( e.g. C2 = 2 for SU(5)) are represented with different colors.
Below the SU(5) tower of states, sketch of the long-ranged color
ordered pattern consistent with the real-space correlations of Fig. 2
and with flavor-wave theory.

neous dimerization with columns or rows of dimers. This pos-
sibility is clearly confirmed by the dimer-dimer correlations
of Fig.4, which point to well developed long-range dimer or-
der. These correlations are very similar to those of SU(4), in
which case iPEPS simulations have been able to further con-
firm the nature of the instability[19]. So ED clearly point to
spontaneous dimerization for SU(8). Of course, since it takes
eight (or a multiple of eight) sites to build a singlet for SU(8),
the dimers are not singlets, but they build an irrep of dimen-
sion N(N � 1)/2 = 28. Whether these effective degrees of
freedom develop some kind of order cannot be decided on the
basis of the present results.

Finally, the case of SU(10) is again quite different. In that
case, dimer-dimer correlations do not point to any kind of
dimer order, and there are several low-lying singlets below the
first non-singlet excitation. This is reminiscent of the situation
observed in SU(2) quantum spin liquids, such as the kagome
antiferromagnet[39–41]. So the most likely possibility is that
this system is a quantum spin liquid.

To summarize, we have introduced a simple and explicit
formulation of the quantum permutation Hamiltonian sepa-
rately in each irreducible representation of SU(N). We have
illustrated the power of the method on a problem of con-
siderable current interest, the properties of ultra-cold multi-
component fermionic atoms loaded in an optical lattice, open-
ing the way to the investigation of much larger values of N
than accessible so far. This approach is also expected to be
very powerful on other problems. For instance, it should
be competitive even for smaller values of N in the presence
of disorder since there is no spatial symmetry to reduce the
size of the Hilbert of standard exact diagonalizations. The
method can also be extended to the general case of the SU(N)
Heisenberg model with any irrep at each site, a model relevant
e.g. to Mott phases with more than one fermion per site. Work
is in progress along these lines.

The authors acknowledge P. Corboz, M. Hermele, A.
Läuchli, K. Penc, N. Schellekens and J-B. Zuber for useful
discussions. This work has been supported by the Swiss Na-
tional Fund.

FIG. 4. . Dimer-dimer correlations hPijPrefi � hPrefi2 for SU(8)
(16 sites) and SU(10) (20 sites). The reference bond is shown in
black while positive (negative) correlations are shown as solid blue
(dashed red) lines, with a thickness proportionnal to the dimer-dimer
correlation.
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[9] T. A. Tóth, A. M. Läuchli, F. Mila, and K. Penc, Phys. Rev.

Lett. 105, 265301 (2010).
[10] B. Bauer, P. Corboz, A. M. Läuchli, L. Messio, K. Penc,
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Figure 2.4: Magnetic order in SU(N) systems. Magnetic structures in the SU(N) FH model
at one particle per site in the strongly interacting limit. (a) Checkerboard pattern in the SU(2)
model, corresponding to a Néel state, taken from Ref. [159]. (b) Spin stripes in the SU(3) FH
model for U/t ≫ 1, taken from Ref. [159]. (c) The SU(4) model realizes a state reminiscent of a
valence bond solid; taken from Ref. [160]. (d) Exotic magnetic order in the SU(5) model, taken
from Ref. [161].

For now, we highlight these advancements as further motivation, showcasing the potential for
analog quantum simulation platforms to provide a significant quantum advantage.

In Chap. 11, we take a first step toward exploring the physics of doped SU(N) FH systems
by examining the behavior of a single hole in the symmetry-broken background of the SU(3)
Heisenberg model. As we will demonstrate, doping a hole into the spin stripes results in the
formation of exotic magnetic polarons, which are strongly constrained to move only along one
effective dimension. This suggests the emergence of exotic physics at finite doping, where we
propose the existence of a Luttinger liquid state of magnetic polarons propagating along the
ordered diagonals.

2.2.3 Mixed-dimensional systems

Coming back to the study of the doped SU(2) FH model, its analysis is particularly challenging
due to the property that different orderings, such as superconductivity and stripes with various
orientations and fillings, are very close in energy. This motivates the study of slightly modified
Hamiltonians, which bias certain orders over others, allowing for valuable insights into strongly
correlated phases of matter while circumventing the difficulty posed by tiny energy gaps be-
tween different symmetry-breaking orders.

In Chap. 5, we propose the mixed-dimensional t-J model as a parent system that realizes
stable stripe phases. In this model, tunneling is turned off along one direction, while superex-
change interactions remain intact in 2D. The resulting Hamiltonian reads

Ĥ = −t ∑
σ,⟨i,j⟩x

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

n̂in̂j

4

)
, (2.12)

where ⟨i, j⟩x denotes nearest neighbor (NN) sites along the x-direction only. Intuitively, elimi-
nating hopping along one direction reduces the Pauli repulsion of holes along this axis, favoring
the formation of correlated, extended structures of holes. As we show in Sec. 5.2, our numeri-
cal simulations predict high critical temperatures for the stripe phase, approximately Tc ∼ J/2,
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which are realistic for ultracold atom experiments. Indeed, in Sec. 5.3, in an experimental collab-
oration we report the observation of individual, fluctuating stripes in this mixed-dimensional
setting.

From another perspective, a mixed-dimensional model that promotes the formation and con-
densation of spin-singlet pairs can be constructed. Originally proposed theoretically in Ref. [69],
this model consists of two coupled 2D layers, where inter-layer hopping is prohibited. The
Hamiltonian reads

ĤBL = −t∥ ∑
⟨i,j⟩,σ,α

P̂
(
ĉ†

i,σ,α ĉj,σ,α + h.c.
)
P̂ + J∥ ∑

⟨i,j⟩,α

(
Ŝi,α · Ŝj,α −

n̂i,αn̂j,α

4

)
+ J⊥ ∑

i

(
Ŝi,1 · Ŝi,2 −

n̂i,1n̂i,2

4

)
,

(2.13)

where α = 1, 2 is the layer index. Using potential energy offsets, mixD ladders have been realized
in ultracold atom experiments, where real-space pairing has been observed [57].

Apart from applications in ultracold atom settings, the above mixed-dimensional model has
also gained attention in the solid state community. Indeed, as introduced in the following sec-
tion, the mixD bilayer model Eq. (2.13) arises naturally in minimal descriptions of certain classes
of nickelate materials.

2.3 Nickelates

With extraordinarily high critical temperatures in copper oxide compounds, the question arises
whether similar physics can be observed in other materials characterized by partially filled 3d
orbitals. Nickel, being adjacent to copper in the periodic table, has the same 3d9 configuration for
Ni+ as Cu2+, and has long been considered a candidate for high-temperature superconductivity.
In recent years, a variety of layered nickelate materials have been synthesized and studied. These
materials are typically characterized by an integer m, corresponding to the number of nickel-
oxide planes separated by insulating spacer (usually rock-salt) layers. For example, Fig. 2.5 (a)
illustrates the atomic configuration of a bilayer nickelate compound (m = 2) [70], where two
nickel oxide layers are strongly coupled through vertical, apical oxygen atoms, and these bilayers
are separated by spacer layers (here, lanthanum).

Infinite-layer nickelates correspond to an electron count of Ni+, and are thus comparable
in their electronic structure as parent compounds of copper oxides. Remarkably, when doping
these systems, superconductivity emerges [167]. Moving away from the infinite-layer case has a
similar effect to hole doping: the spacer layers absorb some electrons from the nickel oxide layers,
leading to hole-doped coupled m-layer systems. Simple electron counting of the nickel atoms for
varying m reveals that the doping levels of m = 5, 6 nickelates correspond to the electron count
of optimally doped cuprates. Indeed, these materials exhibit superconductivity, albeit at much
lower critical temperatures compared to optimally doped cuprates [168].

In bilayer systems, such as La3Ni2O7 (LNO), the formal electron count is Ni7.5, meaning that
each unit cell containing two nickel atoms has, on average, 15 electrons. When comparing this
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(c)

Figure 2.5: Bilayer nickelates. (a) Atomic structure of LNO. Nickel oxide layers form bilayer
systems separated by rock-salt layers. Figure taken and adapted from Ref. [70]. (b) At ambient
pressure, the two vertically stacked octahedra with Ni atoms in their center and O atoms at their
edges are not fully aligned. At high pressures, a structural transition to an Fmmm point group
takes place, aligning the orbitals vertically. Figure taken and adapted from Ref. [70]. (c) Experi-
mentally measured phase diagram of LNO. In the high pressure phase (i.e. beyond the structural
transition point), high-temperature superconductivity emerges. At temperatures beyond Tc, a
large extended region of linear in T resistivity appears, i.e., the system features strange metallic-
ity. Figure taken from Ref. [166].

electronic structure to cuprates, it corresponds to heavily overdoped systems, at δ = 50%, where
a standard Fermi liquid metal is expected. Consistent with this expectation, the system does
not exhibit superconductivity at ambient pressure. However, under externally applied pressure,
the point group symmetry of the underlying atomic lattice transitions from an Amam structure
to an Fmmm structure, as illustrated in Fig. 2.5 (b). The critical change involves the alignment
of orbitals along the vertical direction, forming an angle of 180◦ in the high-pressure phase,
compared to 168◦ at ambient pressure.

This structural transition has profound consequences for the observed physics. In the high-
pressure phase, superconductivity emerges with remarkably high critical temperatures, reach-
ing an onset temperature of Tc = 80 K. The measured phase diagram of LNO is shown in
Fig. 2.5 (c). Moreover, above the superconducting phase, an extended regime of linear-in-T resis-
tivity is observed. As we shall propose in Chap. 8, this strange metallic behavior likely does not
originate from quantum criticality but may instead result from the emergent hard-core bosonic
transport of inter-layer singlets.
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Figure 2.6: Bilayer Nickelates. (a) Atomic structure of a unit cell in the high-pressure phase of
the bilayer nickelate LNO. Nickel atoms with active 3dz2 and 3dx2−y2 orbitals are shown in yellow
and orange, respectively. Oxygen atoms with their 2p orbitals are depicted in blue. (b) Crystal
field splitting and electronic structure of the upper and lower nickel atoms, where each atom is,
on average, in a 3d7.5 configuration. (c) When the electrons in the 3dz2 orbitals (singly occupied
per site) form a rung singlet Mott insulator, atomic Hund’s coupling elevates AFM interactions
to the 3dx2−y2 orbitals. (d) To a first approximation, integrating out the 3dz2 orbitals results in an
effective single-band, mixed-dimensional t-J model at 50% hole doping in each layer, Eq. (2.13).
Inter-layer hopping is suppressed (t⊥ = 0), whereas t∥, J∥, and J⊥ are positive.

2.3.1 Bilayer t-J model

The strong dependence of the observed physics on the vertical alignment of the nickel and apical
oxygen atoms suggests that inter-layer couplings in the bilayer play a crucial role in the low-
energy physics. To construct effective models, let us analyze the electronic configuration of the
upper and lower nickel atoms within a unit cell in the crystal field. Similar to cuprates, the oxygen
octahedra surrounding the nickel atoms lift degeneracies at the first level, followed by Jahn-Teller
splitting (see Fig. 2.6 (a) and (b)). The number of vertically stacked lines in Fig. 2.6 (b) represents
the number of d orbitals, each of which can be occupied by up to two electrons.

When filling electrons into the 3d orbitals, two active orbitals take the main role: the 3dz2

and 3dx2−y2 orbitals. While the z2 orbital is singly occupied at each site, the 3dx2−y2 orbital is
quarter-filled, corresponding to one electron per unit cell of two nickel atoms. Due to the strong
localization and correlations of the d orbitals, the z2 orbitals are expected to form a Mott insu-
lating state with antiferromagnetic (AFM) correlations driven by superexchange J⊥ along the
vertical direction, leading to a rung singlet insulator.
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Electrons in the 3dx2−y2 orbitals can hop in-plane through hybridization with the apical oxy-
gen atoms, but inter-layer hopping is heavily suppressed. Due to strong on-site repulsion, these
electrons experience in-plane AFM interactions J∥. Furthermore, it has been proposed that via
the AFM interaction of the 3dz2 orbitals, the 3dx2−y2 electrons acquire a vertical interaction J⊥
through Hund’s coupling (see Fig. 2.6 (c)). When two electrons occupy the upper and lower
nickel 3dx2−y2 orbitals, their spins tend to align with the respective 3dz2 orbital spin [169–171].
Importantly, Hund’s coupling operates at atomic energy scales (on the order of ∼ eV), effec-
tively transferring the vertical AFM alignment to the 3dx2−y2 electrons. Therefore, this suggest a
minimal, single-band description of bilayer nickelates in mixed dimensions.

In this thesis, we will numerically study the mixD bilayer t-J model Hamiltonian Eq. (2.13),
illustrated in Fig. 2.6 (d). While both inter- and intralayer superexchange terms are present, the
orbital structure of the material suppresses hopping between different layers. To describe LNO,
the quarter filled dx2−y2 band corresponds to a doping level of δ = 0.5 in the mixD t∥-J⊥-J∥ model
compared to the half-filled state with one particle per site.

In Chap. 8, we analyze this model numerically in detail and predict extraordinarily high
critical temperatures of Tc ∼ J⊥/2. This, in turn, strongly suggests the preparation and ob-
servation of a superconducting state with currently achievable temperatures in ultracold atom
experiments, which we propose in detail in Chap. 9.
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3
Numerical techniques

Summary. This chapter provides a brief overview of the numerical techniques used in this
thesis to study strongly correlated electronic systems. Following a general introduction,
we discuss matrix product states and the density matrix renormalization group (DMRG)
algorithm, one of the central methods employed throughout this thesis. Additionally,
we describe time evolution methods, which enable the simulation of dynamics and finite
temperatures through purification. Finally, we introduce the two-particle self-consistent
theory, a perturbative approach with certain vertex corrections that has been shown to
perform remarkably well across broad parameter regimes of the Fermi-Hubbard model.

Due to the complexity of strongly correlated systems, which feature intricate, highly entan-
gled superpositions of many-body wavefunctions, exact diagonalization of the exponentially
growing Hilbert space becomes intractable even for systems with just tens of sites. As Carlton
M. Caves famously remarked, Hilbert space is a big place. Along similar lines, in his 1999 Nobel
lecture, Walter Kohn stated, In general the many-electron wavefunction for a system of N electrons is
not a legitimate scientific concept [172].

What mitigates this catastrophe of dimensionality, at least to some extent, is that the full
complexity of the Hilbert space is often an illusion: While in general quantum mechanics permits
superpositions of vastly different microscopic states (such as Schrödinger’s cat), such states rarely
arise naturally in physical systems. This dramatically restricts the portion of the Hilbert space
relevant to real-world observations.

Formally, this can be attributed to the concept of locality—reasonable physical systems do not
exhibit true long-range interactions. It can be rigorously shown that, in (local) one-dimensional
(1D) gapped systems, the entanglement entropy of two subsystems follows an area law, meaning
the entanglement entropy of a region is proportional to the area of its boundary [173]. In 1D, this
area corresponds to a constant (or logarithmic) scaling in gapped (or gapless) systems. For low-
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energy states in higher-dimensional systems, the area law is similarly applicable1, significantly
narrowing the portion of Hilbert space relevant to physical systems.

Intuitively, the area law arises from the concept of local entanglement. Consider a d-
dimensional spin system forming an antiferromagnet. The system’s energy can be minimized
locally through the formation of singlets, due to its local interactions. The contribution to the
entanglement entropy is then determined by the number of singlet bonds crossing the bound-
ary of a subsystem, which is proportional to the area of the hypersurface in the d-dimensional
system.

Thus, numerical tools should be developed that inherently capture the area law to efficiently
address ground states of local Hamiltonians. Tensor networks achieve this goal by representing
quantum states as products of tensors, providing an efficient way to represent and compress
the quantum states of interest. Among the various tensor network methods, we will focus on
matrix product states (MPS) in this discussion. Further tensor network architectures, such as
PEPS (projected entangled pair states) [174], MERA (multiscale entanglement renormalization
ansatz) [175], tree tensor networks [176], and others, have distinct applications in various set-
tings, depending on the dimensionality, structure, or type of quantum system being studied.

Using MPS, a wide range of optimized algorithms have been developed in the past decades
for finding ground states, thermal states, and performing time evolution. In the following, we
will provide a brief overview of MPS and the algorithms utilized throughout this thesis. How-
ever, as the focus of this work lies on the physical interpretation of numerical simulations, we
will not dive deeply into technical details but rather emphasize intuitive concepts that facilitate
a qualitative understanding of the numerical tools relevant to this thesis. For additional details,
we refer to the excellent reviews Refs. [29,177]. Throughout this thesis, we will utilize the SyTen
toolkit [178, 179] for simulations based on MPS.

3.1 Matrix product states

Consider a general quantum state of N particles, each with D internal degrees of freedom labeled
by σ = 1, . . . , D,

|Ψ⟩ = ∑
σ1,...,σN

Ψσ1,...,σN |σ1, . . . , σN⟩ . (3.1)

Here, |σ1, . . . , σN⟩ corresponds to the tensor product basis states of N particles, and Ψσ1,...,σN is a
tensor with N indices, each having D states, that describes the superposition of the many-body
state. As a concrete example, consider two spins with internal degrees of freedom |↑⟩j , |↓⟩j on
sites j = 1, 2. For a separable state,

|Ψ⟩ = (A↑1 |↑⟩1 + A↓1 |↓⟩1)⊗ (A↑2 |↑⟩2 + A↓2 |↓⟩2), (3.2)

1Exceptions include models like the Sachdev-Ye-Kitaev model, which features all-to-all connectivity and exhibits
volume-law entanglement scaling.
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the corresponding tensor Ψσ1,σ2 can be written as

Ψσ1,σ2 = Aσ1 Aσ2 , (3.3)

i.e., the wavefunction coefficients are simply the product of the coefficients of the local states.
This represents a mean-field-like wavefunction with no entanglement. In contrast, consider the
state (neglecting normalization)

|Ψ⟩ = |↑, ↑⟩+ |↓, ↓⟩ . (3.4)

For this state, the tensor Ψσ1,σ2 can be expressed as

Ψσ1,σ2 = ∑
i=1,2

Aσ1
i Aσ2

i = Aσ1 · Aσ2 , (3.5)

where the tensor is written as a product of two vectors with internal indices i,

A↑1 = A↑2 =

(
1
0

)
, A↓1 = A↓2 =

(
0
1

)
. (3.6)

Importantly, in Eq. (3.5), the summation over multiple values of the index i indicates that the
state is non-separable and hence entangled.

In general, it can be shown that the coefficients Ψσ1,...,σN can always be rewritten as [29]

Ψσ1,...,σN = ∑
i1,...iN

Aσ1
i1

Aσ2
i1,i2

· · · AσN
iN−1

, (3.7)

or equivalently,
Ψσ1,...,σN = Aσ1 · Aσ2 . . . AσN . (3.8)

In the above representation, we assume open boundary conditions, where the first and last A are
vectors, while all others are matrices (i.e., they carry two external indices). What is particularly
appealing about this form is its ability to naturally and efficiently compress information in a
quantum state, as will be discussed later; this compression is especially effective for states that
satisfy the area law for entanglement entropy.

To illustrate how to manipulate MPS and to apply algorithms, graphical representations of
tensor networks are very useful. The MPS from Eq. (3.8) can be graphically represented by the
following network

Ψσ1,...,σN = Aσ1 · Aσ2 . . . AσN =
i1 i2 iN−1

σ1 σ1 σ1 σ1
. (3.9)

Here, the nodes correspond to the site index. Vertical open lines are the physical indices,
σ1, . . . , σN , and the horizonal connected lines between nodes are the internal indices. Connec-
tions between the nodes indicates summation over the corresponding internal indices.

Operators act as maps between many-body basis states and, similar to quantum states, can
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be expressed as
Ô = ∑

σ1,...,σN
σ′

1,··· ,σ′
N

Oσ1,...,σN
σ′

1,...,σ′
N
|σ1, . . . , σN⟩ ⟨σ′

1, . . . , σ′
N | . (3.10)

Here, the corresponding tensor Oσ1,...,σN
σ′

1,...,σ′
N

has two physical indices for each site: σ for the ket and
σ′ for the bra. This tensor can, in general, be rewritten as

Oσ1,...,σN
σ′

1,...,σ′
N
= ∑

i1,...,iN−1

Wσ1σ′
1

i1
Wσ2σ′

2
i1i2

· · ·WσNσ′
N

iN−1
=

i1 i2 iN−1

σ1 σ2 σN−1 σN

σ′
1 σ′

2 σ′
N−1 σ′

N

. (3.11)

In analogy to Eq. (3.7), this is the general form of a matrix product operator (MPO). In the last
step of Eq. (3.11), the corresponding graphical representation is shown, where the tensors Wσkσ′

k
ik

are connected through their virtual indices ik, representing the internal structure of the MPO.
MPOs, like matrix product states (MPS), provide an efficient representation of operators that act
on quantum many-body systems, especially those that satisfy locality.

The graphical representation of matrix product states (MPS) and matrix product operators
(MPO) provides an intuitive way to visualize their applications and inner products. For instance,

⟨Ψ|Φ⟩ =
⟨Ψ|

|Φ⟩
,

Ô |Ψ⟩ =
|Ψ⟩

,

⟨Ψ|Ô|Φ⟩ =
⟨Ψ|

|Φ⟩
.

(3.12)

As previously, the circles (squared) represent tensors for the MPS (MPO), with physical indices
extending vertically and virtual indices connecting horizontally. Lines connecting the tensors
correspond to contracted indices, while unconnected lines represent open indices.

Up to now, we have only formally rewritten quantum states and operators in matrix product
form. How is this done in practice? The answer lies in performing a series of singular value
decompositions (SVDs), a cornerstone of linear algebra and one of the most powerful tools for
data compression. By breaking down the large tensor Ψσ1,...,σN into smaller tensors through SVDs,
we can efficiently represent the quantum state in terms of its most significant components, which
allows for an efficient truncation of less relevant contributions. In essence, MPS representations
naturally isolate the relevant states in the Hilbert space, compressing information while retaining
the essential physics of the system.

For a general two-component tensor, the singular value decomposition reads

Ψσ′
1,σ′

2 = ∑
i

Lσ′
1

i siR
σ′

2
i = (L · s · R)σ′

1,σ′
2

, (3.13)
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where s is a diagonal matrix containing the singular values si; L and R are orthogonal matrices
satisfying

∑
σ

(Lσ
i )

†Lσ
j = ∑

σ

Rσ
i (Rσ

j )
† = δij, (3.14)

with δij the Kronecker delta. We can now start at one end of the MPS and interpret the indices
in Eq. (3.13) as σ′

1 = σ1 and σ′
2 = {σ2, . . . , σN}. Proceeding sequentially and moving all the way

to the other side of the chain yields (graphically)

Ψσ1,...,σN = ︸ ︷︷ ︸
Vidal gauge

= ︸ ︷︷ ︸
Left canonical

= ︸ ︷︷ ︸
Right canonical

= ︸ ︷︷ ︸
Mixed canonical

. (3.15)

In the above, the orange diamonds represent the diagonal singular value matrices si. When sum-
ming over a contracted index i, the singular values si are multiplied. There is a gauge degree of
freedom of MPS that we very briefly mention: Leaving the singular value matrices explicitly in
the MPS corresponds to the Vidal gauge. Absorbing the singular values into the left (L) or right
(R) matrices results in the right canonical or left canonical gauges, respectively. In Eq. (3.15), this
results in updated nodes shown in orange. Lastly, choosing a reference site and applying the left
and right canonical gauges on either side yields the mixed canonical gauge. The mixed canonical
gauge simplifies variational optimization algorithms significantly, as it allows efficient calcula-
tions of physical quantities and facilitates algorithms like density matrix renormalization group
(DMRG). This heavily reduces the computational complexity of MPS-based methods, which we
will discuss in the following sections.

3.1.1 Variational compression

Before explaining concrete algorithms for ground state search and unitary time evolution, let
us first understand how a quantum state |Ψ⟩ can be systematically compressed into a truncated
state |Ψ̃⟩. One straightforward approach is to locally retain only the χ largest singular values of
the state after performing the sequence of SVDs, while discarding all others. This constitutes a
simple local update rule, which minimizes the truncation error at the given link by discarding
contributions with small singular values. However, one might already anticipate that truncating
the singular values on the first link may affect the optimal compression process for subsequent
links.

To address this, variational compression algorithms are employed, where the compression of
each link considers the full environment of the state. This approach allows for a global optimiza-
tion of the truncated state and ensures that errors introduced at one link are accounted for when
compressing the others; it is therefore usually referred to as a full environment algorithm. The
power of variational compression becomes apparent when we consider its application to prac-
tical algorithms. For instance, the celebrated density matrix renormalization group (DMRG)
algorithm can be viewed as a natural extension of variational compression.

To optimize compression, we would like to adapt the MPS parameters of |Ψ̃⟩ (which has
some fixed maximal dimension of its matrices, referred to as the bond dimension χ) to minimize
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the norm of the difference between the two wave functions,

min|Ψ̃⟩
(
⟨Ψ| − ⟨Ψ̃|

)(
|Ψ⟩ − |Ψ̃⟩

)
= min|Ψ̃⟩

[
− 2 ⟨Ψ̃|Ψ⟩+ ⟨Ψ̃|Ψ̃⟩

]
, (3.16)

where we have assumed real overlaps ⟨Ψ̃|Ψ⟩ = ⟨Ψ|Ψ̃⟩ for simplicity. Graphically, the objective
function which has to be minimized corresponds to

−2
⟨Ψ|

|Ψ̃⟩
+

⟨Ψ̃|

|Ψ̃⟩
, (3.17)

where the goal is to optimize over all entries of the blue matrices. However, this represents a
highly multi-linear problem with a complex optimization landscape, making direct minimiza-
tion computationally expensive and unreliable. To address this, we instead perform a variational
minimization with respect to a single matrix in the MPS representation. Let us evaluate the gra-
dient of the objective function with respect to the vectorized representation a of the matrix at
site m, where the entries of a are given by aσm,i,j = Aσm

i,j . Setting the gradient to zero reduces the
problem to a linear algebra problem by identifying parts of the tensor network as matrices and
vectors,

⟨Ψ|

|Ψ̃⟩︸ ︷︷ ︸
=b

=
⟨Ψ̃|

|Ψ̃⟩︸ ︷︷ ︸
=M·a

. (3.18)

Here, the red tensor corresponds to the one over which we optimize; note that the second term of
Eq. (3.17) is quadratic in a, leading to an additional factor of two that cancels out in the gradient
equations. When using the mixed canonical MPS form for optimizing the tensor Aσm

ij , the above
linear algebra problem is trivially solved as the matrix M reduces to the unit matrix Mij = δij.
Therefore, the update rule reduces to a simple assignment,

a → b. (3.19)

After optimizing the tensor a at site m, a SVD decomposition is applied to bring the MPS back
into the mixed canonical form with respect to the next site, m + 1. Repeating this process across
the entire chain—referred to as sweeping—updates one tensor at a time locally. After multi-
ple sweeps, the MPS is likely to converge toward the optimal compressed representation of the
wavefunction |Ψ⟩2. Variational compression is particularly efficient for MPS. However, in other
tensor network architectures, such as PEPS, full environment algorithms are computationally
much more intensive, and often local updates must be employed.

Lastly, we note that efficient compression is a necessary step in any MPS algorithm involving
manipulations of MPS, such as the application of operators or the addition of MPS. To illustrate
with two key examples: when applying an MPO with bond dimension χO to an MPS with bond
dimension χS, the resulting state has a bond dimension of χ = χOχS. Similarly, when adding
two matrix product states with bond dimensions χ

(1)
M and χ

(2)
M , the resulting bond dimension

2This assumes the algorithm avoids becoming trapped in local minima, a challenge we briefly comment on later.
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becomes χ = χ
(1)
M + χ

(2)
M . Consequently, after manipulating matrix product states, the afore-

mentioned compression is routinely performed to restore the MPS to the desired maximal bond
dimension χ.

3.1.2 Density matrix renormalization group

We would now like to use similar strategies to minimize the energy of a variational state |Ψ⟩
given a Hamiltonian Ĥ, i.e., we aim to find the MPS |Ψ⟩ for a given bond dimension χ that
minimizes the variational energy

min|Ψ⟩
⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩ ≥ E0, (3.20)

where the last inequality corresponds to the variational principle of quantum mechanics, stating
that any variational energy is greater than or equal to the true ground state energy E0 [180].
Eq. (3.20) is equivalent to minimizing the following objective function

min|Ψ⟩
(
⟨Ψ|Ĥ|Ψ⟩ − λ ⟨Ψ|Ψ⟩

)
, (3.21)

where λ is a Lagrange multiplier that ensures the normalization of the optimized wave function.
Writing the optimization problem as in Eq. (3.21), we observe a bilinear form similar to that in
variational compression. Following the same strategy, we can again sweep through the system
tensor by tensor and update the matrix entries accordingly. Evaluating the gradient of the tensor
at site m and setting it to zero yields graphically:

|Ψ⟩

|Ψ⟩︸ ︷︷ ︸
=H·a

= λ
⟨Ψ|

|Ψ⟩︸ ︷︷ ︸
M·a=a in mixed canonical form

. (3.22)

In mixed canonical form, we see that updating the red tensor at site m corresponds to finding the
lowest eigenvalue eigenstate of the superblock Hamiltonian H. This can be efficiently achieved
using Lanczos methods [181], with tensors iteratively updated by sweeping through the system.
Since the Hamiltonian MPO alters the bond dimension of the MPS, after each optimization, the
state is compressed back to bond dimension χ, and a sequential SVD is performed to restore the
MPS to the desired mixed canonical form.

The above corresponds to single-site update DMRG, which is presented here for its concep-
tual simplicity. However, strict single-site DMRG is susceptible to getting stuck in local minima.
More robust numerical optimization methods include two-site updates or the addition of weak
perturbations to the optimized MPS in a strictly single-site algorithm. In this thesis, we adopt
the latter approach (referred to as DMRG3S), see Ref. [182] for details.
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Figure 3.1: 2D MPS mapping. Mapping of a 2D square lattice to a 1D MPS. To keep long-range
interactions at a minimum, a Z-like mapping of often employed, illustrated by the grey line and
site numbering. For width Ly and NN interactions on the square lattice, this introduces couplings
of sites with distance Ly in the mapped system.

Higher dimensional systems

The MPS formulation as introduced above is particularly suited for local 1D Hamiltonians, as
MPS naturally capture the entanglement properties of those systems. However, in many cases,
simulating higher-dimensional systems, like the 2D Fermi-Hubbard model, is desired. To this
end, the same MPS formulation as in 1D can be used by mapping the target system to a 1D
MPS chain. Note that this necessarily introduces longer-range couplings in the Hamiltonian,
and hence larger bond dimensions are needed to capture the entanglement structure of higher
dimensional systems. In most applications, a Z-like mapping is employed, which minimizes the
number of long-range bonds in the system, illustrated in Fig. 3.1.

How do we need to choose the maximum bond dimension χ to capture the entanglement of
the system? To see this, note that the maximum entanglement an MPS can capture is given by

S ≤ log2χ. (3.23)

In particular, this results in the following scalings of the bond dimensions as a function of system
size L:

▷ 1D: In gapped systems, S = const. → χ > 2const.. In critical systems, there are logarithmic
corrections to the entanglement entropy S = const. × log2(L), resulting in a power law
S ∼ Lconst..

▷ 2D: Here, the area law reads S ∼ L, resulting in an exponential scaling of the bond dimen-
sion with system size, χ > 2L.

▷ Generally, in d dimensions, χ > 2Ld−1 .

Therefore, DMRG works exceptionally well in a single dimension, where it has a clear scaling
advantage over exact diagonalization. However, in higher dimensions, DMRG (unfortunately)
faces again an exponential scaling with system size. Hence, to study 2D systems, we are restricted
to shallow systems, and usually simulate cylindrical lattices of size Lx × Ly with Ly ≪ Lx.
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3.1.3 Symmetries

Symmetries play a crucial role in accelerating numerical calculations by effectively reducing the
dimensionality of the diagonalization problem encountered in the DMRG algorithm. For U(1)
symmetries, which are primarily used in this thesis, their implementation at the MPS level is as
follows, see Refs. [179,183]: The MPS tensors are adapted to include quantum number labels for
both physical and bond indices. The full tensor then becomes a direct sum of all block tensors
within a given symmetry sector q,

A =
⊕

Aq. (3.24)

Intuitively, the quantum numbers of the bond indices (which themselves carry no physical
meaning) can be understood as representing how quantum numbers are transferred between
neighboring sites. Specifically, for quantum numbers qim−1 and qim associated with the bond
indices im−1 and im, and the quantum number qσm associated with the physical index σm, the
quantum conservation rule reads

qσm + qim−1 = qim . (3.25)

This rule must be satisfied for the matrix element to be nonzero. If a ground state in a spe-
cific symmetry sector is searched for, only the block corresponding to that sector needs to be
diagonalized in the DMRG routine. Similarly, MPOs can be adapted to explicitly incorporate a
block-diagonal structure.

In the following chapters, we will specifically consider scenarios where the system possesses
multiple U(1) symmetries. By specifying the quantum numbers for each symmetry, the com-
putational efficiency is significantly improved, as the additional constraints further reduce the
effective dimensions of the tensors and operators involved in the calculations.

3.1.4 Time evolution

In addition to finding ground states of Hamiltonians, MPS techniques can also be employed to
perform time evolutions of quantum states. This can be achieved in both the real and imaginary
time domains: While the former describes the unitary time evolution of a quantum state under a
Hamiltonian, imaginary-time evolution can be used to simulate finite-temperature properties of
quantum systems. In the following, we provide a brief overview of commonly used MPS tech-
niques for time evolution, followed by an introduction to finite-temperature simulations through
purification. Again, we will only focus on the bare essentials of the algorithms. For a full techni-
cal overview, benchmarks and comparisons between various methods, we refer to the excellent
review in Ref. [177].

Trotterization (Time-Evolving Block Decimation)

The solution of the time-dependent Schrödinger equation (for time-independent Hamiltonians)
can formally be expressed as the task of applying the unitary time-evolution operator Û(t) to an
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initial quantum state |Ψ(t = 0)⟩,

|Ψ(t)⟩ = Û(t) |Ψ(t = 0)⟩ = e−itĤ |Ψ(0)⟩ . (3.26)

There are various strategies to numerically approximate Eq. (3.26). One of the most straight-
forward methods, widely used in many contexts including time evolution in digital quantum
simulations, is trotterization. In this approach, the goal is to approximate the time-evolution
operator Û(t) directly.

As an illustration of the method, consider a one-dimensional, local model with nearest-
neighbor interactions, which can be decomposed into terms ĥi,i+1 including operators of sites
i and i + 1,

Ĥ = J ∑
i

ĥi,i+1. (3.27)

To evaluate the time-evolution operator, Trotterization divides the time evolution from t = 0 to
T into N small time steps δ, 2δ, . . . , Nδ = T. Since the terms in the Hamiltonian do not generally
commute, this introduces errors. In numerical implementations of Trotterization, the property
of the Hamiltonian that it can be decomposed into clusters of commuting operators (i.e., all op-
erators within a cluster commute with each other), is used. For local Hamiltonians, a straight-
forward decomposition involves separating even and odd bonds,

Ĥ = Ĥeven + Ĥodd. (3.28)

The time evolution for a short time slice δ can then be approximated as

Û(δ) = e−iδĤeven e−iδĤodd e−iδ2[Ĥeven,Ĥodd] ≈ e−iTĤeven e−iTĤodd , (3.29)

where in the first step the Baker-Campbell-Hausdorff formula is applied. As all terms within
Ĥeven and Ĥodd commute, the exponentials of the even and odd parts of the Hamiltonian are
easy to evaluate,

e−iδĤeven = ∏
i∈even

e−iδĥi,i+1 . (3.30)

The error per time step is thus proportional to ϵ ∝ δ2. After N = T/δ steps, the accumulated
error scales as O(δ).

Using the above decomposition in the MPS and MPO language, each trotter step can be im-
plemented through applying the two series of local time evolutions in the following way,

|Ψ(δ)⟩ ≈
|Ψ(t = 0)⟩

. (3.31)

After each application of an MPO to MPS, the state is truncated, before proceeding with the next
operator application. Note that higher-order algorithms can be constructed to reduce the error
rate, for which we refer to more detailed review articles such as Ref. [177].
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Global Krylov Subspace Expansion

Instead of directly approximating the time-evolution operator Û(t) as done in the Trotterization
approach, one can approximate the action of Û(t) on a given quantum state without explic-
itly evaluating or approximating the operator itself. Krylov subspace methods are well-known
techniques in linear algebra and have been adapted for time-evolution problems. For the case
considered here, the method closely follows the Lanczos time-evolution method used in exact
diagonalization [184].

The general idea is to construct a Krylov subspace starting with the initial state |K0⟩ = |Ψ(0)⟩,
and iteratively generate orthonormalized vectors by successively applying the Hamiltonian Ĥ
to |Ki−1⟩. For N such states {|K0⟩ , . . . , |KN⟩}, the action of the time-evolution operator can be
approximated as [177]

|Ψ(δ)⟩ ≈ K̂†
Ne−iδT̂N K̂N |Ψ(0)⟩ , (3.32)

where K̂†
N is the column matrix of the Krylov vectors {|K1⟩ , . . . , |KN⟩}, and T̂N is the represen-

tation of the Hamiltonian in the N-element Krylov subspace with elements (T̂N)i,j = ⟨Ki|Ĥ|Kj⟩.
In most cases, the error of the Krylov subspace expansion scales as O(δN). Thus, as with

Trotterization, smaller timesteps result in smaller errors. Additionally, errors can be reduced by
increasing the dimension of the Krylov subspace.

Time dependent variational principle

As seen in the previous sections, MPS algorithms based on variational approaches provide pow-
erful tools to study equilibrium properties of quantum systems. In a similar spirit, the time-
dependent Schrödinger equation can be reformulated into a variational form, known as the
Dirac-Frenkel time-dependent variational principle (TDVP). Here, the idea is that when using a
variational ansatz for the wave function, such as MPS, the time evolution of the true state is best
approximated by projecting the Schrödinger equation onto the tangent space of the variational
manifold (with projection operator P̂T),

P̂T

(
∂

∂t
|Ψ(t)⟩+ iĤ |Ψ(t)⟩

)
= 0. (3.33)

The tangent space of a variational state |Ψ⟩ is defined through infinitesimal variations of the
matrices Ai, i.e.,

|δΨ⟩ = ∑
i

∂ |Ψ⟩
∂Ai

δAi. (3.34)

By definition, the term ∂t |Ψ(t)⟩ belongs to the tangent space of |Ψ(t)⟩. However, the action of
the Hamiltonian typically rotates |Ψ(t)⟩ out of the tangent space, introducing projection errors
when computing P̂TĤ |Ψ(t)⟩3.

We can now formally solve the equations of motion for the variational parameters of the

3The projection can be interpreted as a necessary step to ensure variational consistency. The action of the Hamil-
tonian moves the state outside the variational tangent space, requiring projection back onto the tangent space to find
the best variational state that describes the system’s time evolution.
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MPS4. This can be done either for one tensor at a time (1-TDVP) or for multiple adjacent sites
simultaneously (in most practical implementations, two sites are chosen, corresponding to 2-
TDVP). In 1-TDVP algorithms, the bond dimension remains constant as the time evolution pro-
gresses, while in 2-TDVP, the bond dimension can increase due to the tangent space projection.
For technical details on how the projection operators are implemented using MPS, we refer to
Ref. [177].

Note that the projection error incurred during time evolution with TDVP strongly depends
on the bond dimension of the MPS. For small bond dimensions, the tangent space forms a low-
dimensional subspace of the full Hilbert space, capturing only low-entanglement states. Ap-
plying the Hamiltonian to these states typically increases the entanglement significantly, which
cannot be captured with a low bond dimension, resulting in large projection errors. Conversely,
when time-evolving states with significant entanglement and correspondingly large bond di-
mensions, projection errors are much more controlled (i.e., the tangent space better approximates
the Hilbert space).

Due to these considerations, special care must be taken when starting the time evolution with
states that have low entanglement, such as product states. In such cases, global methods (e.g.,
the Krylov subspace expansion) are often employed initially until the bond dimension reaches
a threshold where TDVP becomes reliable. Alternatively, enhanced TDVP algorithms with en-
riched basis states by averaging over Krylov vectors (called the "global subspace expansion",
GSE) can be used [185]. In this thesis, we will primarily use the Krylov method followed by the
2-TDVP approach.

3.1.5 Purification

While time evolution in the real domain enables the study of unitary dynamics, applying imagi-
nary time evolution can simulate finite-temperature properties of quantum states. Various meth-
ods based on imaginary time evolution exist; however, in this thesis, we will focus on the purifi-
cation scheme, which is outlined below5.

To implement purification, the Hilbert space is augmented with an auxiliary (often referred
to as ancilla) site for each physical site. This allows mixed states in the physical subset of the
Hilbert space to be represented as pure states in the enlarged Hilbert space. The algorithm
begins with a purified infinite-temperature state |Ψ(β = 0)⟩ of the system, which consists of
a product of maximally entangled states between the physical and corresponding ancilla sites.
This initialization depends on the Hilbert space and symmetry sector of the quantum system
under consideration. Whenever purification is utilized in this thesis, the corresponding infinite-
temperature state and its matrix product state (MPS) representation are explicitly stated6.

Using time evolution methods (as e.g. given above), the state can then be evolved in imagi-

4Typically, this is achieved by decomposing the projection operators in a manner similar to a Trotterization pro-
cedure, enabling efficient implementation through a sequence of small time evolution steps.

5In addition to purification, another prominent method utilizes a class of states known as minimally entangled
typical thermal states (METTS), as proposed in Ref. [186].

6We will mostly use ground state searches of tailored entangler Hamiltonians to find the maximally entangled
states, which allows to target a given symmetry sector [187].
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nary time, resulting in
|Ψ(β)⟩ = e−βĤ/2 |Ψ(β = 0)⟩ , (3.35)

where τ = β/2 corresponds to the imaginary time, and β is the inverse temperature.

Thermal expectation values at temperature β−1 can then be represented as quantum averages
over the time evolved pure state,

⟨Ô⟩β =
⟨Ψ(β)|Ô|Ψ(β)⟩
⟨Ψ(β)|Ψ(β)⟩ . (3.36)

Here, O is an operator acting on the physical sites only (i.e., all auxiliary degrees of freedom
are traced out in the evaluation of the expectation value). Note that this is indeed an exact for-
mulation of the usual form ⟨Ô⟩ = 1

Z Tr(ρÔ), where Z = dim(H) ⟨ψ(β)|ψ(β)⟩ with dim(H) the
dimension of the Hilbert space. Thus, the problem boils down to an imaginary time evolution
from the infinite temperature, maximally entangled state |Ψ(β = 0)⟩.

3.2 Two-particle self-consistent theory

While (quasi-)exact numerical methods are indispensable for studying strongly correlated sys-
tems, perturbative methods often provide valuable insights into the essential physics. One such
example is the two-particle self-consistent theory (TPSC), which extends the random phase ap-
proximation by incorporating specific vertex contributions for improved accuracy. In the follow-
ing, we skech the main ideas behind the TPSC method. In Sec. 10.4 and Sec. 11.4, we will apply
TPSC to analyze a bilayer triangular SU(2) FH model and the SU(N) FH model, respectively. For
a more rigorous derivation of the TPSC equations, we refer to Appendix A and Refs. [188, 189],
where general arguments based on Luttinger-Ward functionals and Bethe-Salpeter equations
are outlined.

Let us start by a brief recap of the random-phase approximation (RPA), a standard perturba-
tive technique to account for interactions in weakly interacting systems. Within the RPA frame-
work, the spin and charge susceptibilities for the Fermi-Hubbard model in momentum and Mat-
subara space are given by [157]

χsp(q, iωn) =
χ0(q, iωn)

1 − 1
2Uχ0(q, iωn)

,

χch(q, iωn) =
χ0(q, iωn)

1 + 1
2Uχ0(q, iωn)

.
(3.37)

Here, χ0(q, iωn) is the non-interacting susceptibility, i.e., the bubble diagram (see also Eq. (2.9)),

χ0(q, iωn) = −2
T

Nk
∑
k

nF(ϵk − µ)− nF(ϵk+q − µ)

iωn + ϵk − ϵk+q
. (3.38)

Nk is the number k-points in the BZ (i.e., the number of lattice sites), nF(x) = (1+ ex/T)−1 is the
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Fermi-Dirac distribution, and µ is chosen such that the particle density per spin nσ is given by

nσ =
1

Nk
∑
k

nF(ϵk − µ). (3.39)

The non-interacting susceptibility is thus determined by T, ϵk and nσ.

While RPA in weakly interacting systems and at large electronic density (such as graphene)
is a fantastic approximation, it has several drawbacks that severely reduce its predictive power.
For one, being a mean-field theory, it heavily overestimates the appearance of long-range order.
For instance, in the 2D FH model, a finite transition temperature to an antiferromagnetic Mott
insulating phase is predicted, violating the Mermin-Wagner theorem. Furthermore, it does not
conform with Pauli’s principle, which is a bit more subtle to see and will be outlined in the
following.

Pauli’s principle generally states that, for fermions, ⟨n̂σn̂σ⟩ = ⟨n̂σ⟩. This can be used to derive
certain sum rules that the interacting susceptibilities must fulfil (see Appendix A),

T
Nq

∑
q,iωn

χsp(q, iωn) = n − 2 ⟨n̂↑n̂↓⟩ ,

T
Nq

∑
q,iωn

χch(q, iωn) = n − n2 + 2 ⟨n̂↑n̂↓⟩ .
(3.40)

Summing both equations in Eq. (3.40) and using the RPA results Eq. (3.37) leads to

T
Nq

∑
q,iωn

χ0(q, iωn)

1 − 1
2Uχ0(q, iωn)

+
χ0(q, iωn)

1 + 1
2Uχ0(q, iωn)

= 2n − n2. (3.41)

As χ0(q, iωn) is the non-interacting susceptibility, it by itself fulfills the sum-rule

T
Nq

∑
q,iωn

χ0(q, iωn) = 2n − n2. (3.42)

By expanding the denominators in Eq. (3.41), we see that for a general U, Eq. (3.41) is not guar-
anteed to be fulfilled.

This above stated problem can be mitigated through a simple trick, which will lead us to the
TPSC equations. The core idea is that in the RPA, appropriate vertex corrections Usp and Uch can
always be chosen to fulfill the sum rule (and hence Pauli’s principle) by construction. Hence, we
make the ansatz

χsp(q, iωn) =
χ0(q, iωn)

1 − 1
2Uspχ0(q, iωn)

χch(q, iωn) =
χ0(q, iωn)

1 + 1
2Uchχ0(q, iωn)

,
(3.43)

which, together with the sum rule Eq. (3.40), defines the TPSC equations. If the correlator ⟨n̂↑n̂↓⟩
is known for a given system, we can self-consistently solve Eq. (3.40) for the irreducible spin
and charge vertices, Usp, Uch. However, in most practical situations the number of on-site pairs,
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⟨n̂↑n̂↓⟩, is unknown.
In order to arrive at a fully solvable, self-consistent theory for the Hubbard model, Vilk and

Tremblay introduced the following relation between ⟨n̂↑n̂↓⟩ and Usp via the bare Hubbard-U,

Usp

U
=

⟨n̂↑n̂↓⟩
n2

σ

. (3.44)

As was demonstrated in a variety of settings, this ansatz works astoundingly well for the SU(2)
case away from half-filling [188–191]. On a fundamental level, it can be motivated by the equa-
tions of motion of the Green’s function, which include highly local four-point correlators. By
doing a Hartree-Fock type factoring in a way such that it becomes exact when the correlators are
truly local, the ansatz Eq. (3.44) is retrieved.

For details on the numerical implementation, including the consideration of symmetries, we
refer to Appendix A.
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4
Quantum simulation

Summary. Quantum simulation refers to the process of studying a quantum system of
interest by implementing a controlled quantum system in the laboratory. For instance,
in exploring the physics of the Fermi-Hubbard model, the goal is to create a controlled
physical system in the laboratory that closely replicates the behavior of the target system.
In this chapter, we provide a brief overview of the working principles behind quantum
simulation using ultracold atoms in optical lattices. This includes the processes of cool-
ing, trapping, state preparation, and imaging of atomic clouds. Additionally, we discuss
how moiré materials offer a tabletop experimental platform to study Hubbard physics on
triangular lattices.

4.1 Ultracold atoms in optical lattices

The unique capabilities of studying inherently fermionic, strongly interacting atoms in optical
lattice experiments have positioned them as a primary tool for studying strongly correlated sys-
tems in an analog setting1. In this chapter, we provide a basic overview of the working principles
behind analog quantum simulation of the fermionic Hubbard model. The following discussion
is not intended to comprehensively describe the sophisticated experimental apparatus used in
quantum simulation but rather to serve as an introduction and overview from a theorist’s per-
spective, highlighting concepts that will be relevant in later chapters. For a more in-depth discus-
sion of the physical principles discussed here, we refer the reader to the excellent review articles

1Note that implementing a system that is described by a certain Hamiltonian is typically called analog quan-
tum simulation. In contrast, using gate-based quantum computing to simulate the physics governed by an arbitrary
Hamiltonian is referred to as digital quantum simulation. These terms are borrowed from classical analog comput-
ers, where a specific machine is designed to perform tailored computational tasks, while digital computers modify
classical bits using a gate-based scheme.
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Refs. [192–194] and theses [195, 196]. For the particular experimental sequence of the Lithium
quantum gas microscope at the Max Planck Institute of Quantum Optics (MPQ), we refer to the
PhD thesis by Joannis Koepsell [197].

4.1.1 Basics

The working principle of optical lattice experiments is based on trapping atoms in counter-
propagating lasers creating a standing wave that generates a crystal-like structure of varying light
field intensity. This spatially modulated lattice of light serves as a direct analog to the (attractive)
ionic potential experienced by electrons due to Coulomb interactions with localized ions. For
neutral atoms, the corresponding force that traps atoms in a lattice arises from dipolar interac-
tions. Although neutral atoms lack a permanent dipole moment, exposure to an external field
polarizes the atom, inducing a dipole moment proportional to the (generally time-dependent)
applied electric field,

p(t) = αE(t). (4.1)

Here, α represents the polarizability of the atom. The induced dipole interacts with the applied
field itself, leading to an interaction energy given by

Udip(t) ∝ −p(t) · E(t) = −α|E(t)|2 ∝ −αI(t), (4.2)

where I(t) is the intensity of the light field. This relationship implies that the interaction gener-
ates an attractive (repulsive) potential for α > 0 (α < 0).

The magnitude and sign of the polarizability, and thus the direction of the induced dipole
moment relative to the external field, depend on the frequency of the applied field. A simple
classical picture provides useful intuition: consider an electron in a two-level system modeled
as a classical oscillator with eigenfrequency ω0, corresponding to the energy difference between
the atom’s two levels. When the oscillator is driven by an external electric field with frequency
ω, the response differs based on the detuning. For ω < ω0 (red-detuned), the electron motion is
in phase with the external field, resulting in α > 0. In contrast, for ω > ω0 (blue-detuned), the
oscillator experiences a π-phase shift relative to the external field, oscillating out of phase and
yielding α < 0. Consequently, the potential is attractive in the former case and repulsive in the
latter. Thus, in a red-detuned setting, atoms are trapped at the intensity maxima, whereas in a
blue-detuned scenario, atoms are confined to the local intensity minima (i.e. the nodes of the
standing wave).

This driven harmonic oscillator model also provides insight into the damping rate Γ, which
corresponds to the imaginary part of the polarizability and accounts for the radiation loss of
the oscillating electrons. Quantum mechanically, this loss is determined by the dipole matrix
element between the ground (|0⟩) and first excited (|1⟩) states,

Γ ∝ | ⟨0|d̂|1⟩ |2, (4.3)

where d̂ = −ex̂ is the dipole operator. This damping rate corresponds to the spontaneous decay
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rate of the first excited state into the ground state. In this semi-classical framework, by transi-
tioning into the "rotating frame" of the laser light, we can find an explicit expression for the
polarizability and hence the dipolar interaction from Eq. (4.2),

Udip(r) =
3πc2

2ω3
0

Γ
∆

I(r), (4.4)

where c is the speed of light, ∆ = ω − ω0 is the detuning, and the spatial dependence of the
intensity is given by the lattice modulations of the standing laser light wave.

Another important property of atoms in an optical lattice potential is the off-resonant scat-
tering rate of photons from the laser beams by the atoms,

Γsc =
⟨E · ∂tp⟩

h̄ω
=

3πc2

2h̄ω3
0

(
Γ
∆

)2

I(r). (4.5)

This quantity characterizes the rate at which atoms trapped in the optical lattice heat up due
to the laser source, and is one of the main sources of decoherence. Notably, while the dipole
potential scales as ∝ I/∆, the scattering rate scales as ∝ I/∆2. Therefore, a balance must be found
between using strong fields and large detunings to create a sufficiently deep lattice potential
while minimizing heating effects caused by scattering. In particular, it is preferable to limit the
experiment to time scales < 1/Γsc. In far-detuned lattices, this time scale is typically of the order
of seconds [196].

By adjusting the angles of multiple laser sources, one can engineer a wide variety of lattice
potentials through Fourier synthesis. For instance, two aligned but counter-propagating laser
waves along the x-axis with wavelength λ create a lattice potential described by

V(x) = V0 cos2
(πx

a

)
, (4.6)

where a is the lattice constant of the light-induced lattice, which in this case equals λ/22.
Notably, in optical lattice experiments, lattice constants (when using optical frequencies) are

on the order of O(1 µm), which is approximately four orders of magnitude larger than the ionic
lattice spacings in solid-state systems, typically of the order of Å (i.e., 10−10 m). This is illustrated
in Fig. 4.1. This significant difference in length scales leads to drastically different time scales
for the microscopic constituents: while electrons in solids typically hop with frequencies on the
order of THz, the natural time scale for atoms in optical lattices is in the kHz range; this extended
time scale enables the modeling and study of phenomena such as quench dynamics in electronic
systems, which is completely out of range with solid state materials.

However, this substantial increase in length scales—and consequently, a density of atoms
many orders of magnitude lower than air—raises the question of whether quantum effects
remain significant. To reach the quantum degenerate regime, the (thermal) de Broglie wave-
length λdB of the microscopic particles and their average spacing a must be comparable. Since
λdB ∝ T−1/2, achieving this regime requires much lower temperatures in optical lattice experi-

2In general, when two beams interfere at a relative angle β, the lattice spacing is given by a = λ/[2 sin(β/2)].
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Figure 4.1: Solids and cold atoms in optical lattices. A comparison of scales in solids and
ultracold atoms in optical lattices. Due to the significant difference in lattice spacing and cor-
responding densities, much lower temperatures are required to reach the quantum degenerate
regime, where the thermal de-Broglie wavelength becomes comparable to the lattice spacing,
a/λdB ∼ 1. This drastic change in spatial and temporal scales enables the microscopic study of
strongly correlated phases of matter both in and out of equilibrium.

ments. The Fermi temperature in solid-state materials is on the order of TF = O(10, 000 K). In
ultracold atomic systems, by contrast, TF = O(100 nK), see Fig. 4.1.

Hence, while the enhanced spatial and temporal scales offer entirely new ways of studying in
situ quantum systems, they come at the cost of requiring temperatures extremely close to absolute
zero. Addressing this challenge—cooling atomic clouds to such extreme extents—has been a
central focus of past and ongoing experimental efforts.

To simulate fermionic systems with both charge and spin degrees of freedom, the spin degree
of freedom is typically encoded in the hyperfine structure of alkali atoms, such as Lithium and
Potassium3. In optical lattices, these atoms interact via two-body van der Waals interactions.
At the ultralow temperatures considered here, only scattering in states with the lowest angular
momentum (in the relative motion) are possible4. For spinless fermions, for instance, only p-
wave scattering is allowed due to Pauli’s principle, realizing a non-interacting fermionic gas at
low temperatures. For bosons and spinful fermions, on the other hand, s-wave scattering will
lead to an interacting gas. These interactions between atoms i and j at positions xi and xj can be
modeled as a contact potential with a scattering length asc,

Ĥint
i,j =

4πh̄2asc
m

δ(xi − xj). (4.7)

Due to Pauli’s exclusion principle, this contact interaction allows only atoms in different hyper-
fine states (i.e., with different spins) to interact.

3In particular, fermionic isotopes 6Li and 40K are used.
4Pictorially, for low temperatures the wave packet of an atom extends beyond the spatial extent of the atom itself,

meaning the detailed shape of the van der Waals potential is negligible, and only s-wave scattering plays a significant
role
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At this point, it is useful to introduce a typical energy scale in optical lattices, the recoil energy,

ER =
h̄2k2

2m
. (4.8)

It equals the momentum an atom of mass m gains when absorbing a photon from the lattice
potential with momentum h̄k. If the potential depth V0 is sufficiently large (V0 ≳ 5ER), the
system can be described using maximally localized Wannier orbitals centered at the minima of
the optical lattice potential. For a finite potential depth, the band structure of the imposed lattice
potential becomes gapped, allowing the system to be described—at sufficiently low temperatures
and with at most two particles per site—by the single-band, SU(2)-symmetric Fermi-Hubbard
model, Eq. (2.2). The scalings of the Fermi-Hubbard parameters in terms of the optical lattice
are given by

t
ER

∝
(

V0

ER

)3/4

e−2
√

V0/ER ,
U
ER

∝
asc
a

(
V0

ER

)3/4

. (4.9)

The on-site interaction strength U can be tuned in two primary ways. First, increasing the lat-
tice depth V0 directly increases U. Second, manipulating the scattering length asc of the contact
interaction provides an additional tuning mechanism. It is worth noting that for Lithium, the
background scattering length is typically only a few nanometers, whereas a ∼ 0.1 − 1 µm. This
large disparity heavily suppresses the interaction strength, resulting in only weakly interacting
fermionic gases. To reach the strongly correlated regime in dilute quantum gases, it is necessary
to enhance the scattering length relative to the average inter-particle distance.

This can be achieved through so-called Feshbach resonances. Such a resonance occurs in
a two-particle collision when a bound state in a closed channel is coupled resonantly with the
scattering continuum of an open channel. For instance, the two channels can represent different
spin configurations of the atoms. By applying an external magnetic field near a Feshbach reso-
nance, the interactions can be highly tunable. For example, the two commonly used hyperfine
states of Lithium exhibit a broad Feshbach resonance, making Lithium a promising candidate
for fermionic quantum simulations5. This potential is further corroborated by Lithium’s small
atomic mass, which leads to fast thermalization times and thus lower heating rates6.

We highlight once again that the above approach allows for the direct simulation of fermionic
models, such as the Fermi-Hubbard system, using fermionic atoms. This capability is a unique
feature of cold atoms in optical lattices and sets it apart from other platforms, such as Ryd-
berg atoms in tweezer arrays, ions in Paul traps, or superconducting qubits. In these systems,
the intrinsic degrees of freedom are of bosonic nature, and the particles are distinguishable.
In contrast, optical lattice experiments involve fermionic atoms whose wave function centers
of mass significantly overlap. This overlap naturally enforces fermionic statistics without re-
quiring any additional overhead, making it a very powerful platform for simulating fermionic
systems. Though control over this external degree of freedom is theoretically possible using

5Other alkali atoms with Feshbach resonances used in quantum gas experiments include fermionic and bosonic
Potassium (K) as well as bosonic Rubidium (Rb).

6As a comparison, for identical lattice geometries, the dynamics of 6Li is 7 times faster compared to 40K. Studying
the FH model with 40K is thus significantly more influenced by heating effects [198].
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tweezer arrays, where coherent tunneling between adjacent tweezers can be engineered, it re-
mains a challenging task. However, if achieved, this control could be utilized to realize universal,
error-corrected fermionic quantum computing [199–201].

4.1.2 Experimental sequence

In each cycle, the experimental sequence consists of three main steps: cooling and trapping,
quantum simulation, and obtaining many-body snapshots through imaging. As the final step
collapses the quantum state, the entire sequence must be repeated for each obtained snapshot.
In the following, we will trace the path of a Lithium atom from its source to its eventual disposal
after imaging, providing a brief overview of the various steps involved in simulating the Fermi-
Hubbard model. The experimental sequence to obtain a single spin and charge resolved many-
body snapshot is summarized in Fig. 4.2. While other fermionic atoms can also be used for
quantum simulation, we focus here on 6Li and, in particular, the experimental setup at MPQ in
Garching. For more details, we refer the reader to the PhD Thesis by Joannis Koepsell [197]. Note
that most of the following concepts and sequences are widely used in quantum gas microscopy,
though specific details (especially regarding cooling strategies and imaging) may vary.

Cooling and trapping

In the first step, hot Lithium atoms are directed into a magneto-optical trap (MOT), which con-
sists of an inhomogeneous magnetic field (vanishing at the center and increasing away from
it) and pairs of counter-propagating lasers in all three spatial dimensions, which are slightly
red-detuned from an atomic resonance. The combination of magnetic field gradients and red-
detuned lasers achieves two main effects:

1. Zeeman trapping. The Zeeman effect shifts atomic energy levels depending on the atom’s
position in the magnetic field. This shift causes atoms at different spatial locations to pref-
erentially absorb photons from laser beams that push them toward the trap center, pro-
viding the restoring force needed for trapping. Note that this restoring force is velocity-
independent. While it confines atoms near the MOT’s central region, it does not reduce
their kinetic energy and therefore does not directly cool the atoms.

2. Doppler cooling. Doppler cooling, in contrast, leverages the velocity-dependent Doppler
shift of atoms. Counter-propagating laser beams, slightly red-detuned from an atomic res-
onance, interact with the atoms. In Lithium, cooling typically involves the D1 or D2 lines,
corresponding to transitions near λ ∼ 671 nm, a wavelength range where lasers are com-
mercially available.7 The Doppler effect slightly alters the resonance frequency of these
transitions. An atom moving toward one of the lasers preferentially absorbs photons from
the opposing beam, reducing its momentum by an amount corresponding to one recoil
energy of the cooling laser. After spontaneous emission, the atom regains momentum in
a random direction, resulting in net heating when averaged over many cycles.

7This is yet another reason why Lithium is a popular atom for quantum simulation.
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Experimental sequence per snapshot

Figure 4.2: Experimental sequence. Overview of the experimental sequence used to obtain a
single (spin- and charge-resolved) quantum many-body snapshot of the FH model in ultracold
atom experiments. The sequence begins by loading hot Lithium atoms from a source into a
magneto-optical trap (MOT), where Doppler laser cooling (typically on the D1 or D2 transition)
reduces the atomic temperature. A magnetic field gradient generated by anti-Helmholtz coils
traps the atoms at the center of the MOT. The atoms are then transferred to a dipole trap, which
transports them to a vacuum cell, where they are loaded into a single sheet of an optical lattice
formed by crossed dipole traps. After final evaporative cooling, the lattice depth is ramped up
non-adiabatically, projecting the wavefunction onto one of its Fock states. Using optical super-
lattices along the vertical direction, each sheet is split into a double-well bilayer. Strong magnetic
field gradients are applied to physically separate the |F = 1/2, mF = ±1/2⟩ spin states into the
upper and lower layers. Charge pumping further separates the two layers, which can then be
imaged independently. During the imaging process, active laser cooling (Raman sideband cool-
ing) is employed to reduce vibrational quanta, ensuring that atoms remain in the optical lattice
despite scattering many imaging photons. Finally, images captured by a CCD camera are used
to reconstruct the full (spin- and charge-resolved) many-body snapshot of the system. The se-
quence is repeated many times, and resulting snapshots are used to estimate correlation func-
tions of the underlying wavefunction.
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The rate at which laser photons are absorbed and re-emitted is characterized by the
linewidth Γ of the relevant atomic transition:

TD =
h̄Γ
2kB

. (4.10)

At equilibrium, the heating effect from spontaneous emission balances the cooling effect of
the laser, preventing further cooling. This fundamental limit, known as the Doppler cool-
ing limit, sets a lower bound on the temperature achievable in a MOT. For instance, laser
cooling on Lithium’s D2 transition can cool atoms down to TD ∼ 300 µK, corresponding to
Γ ∼ 2π · 5.87 MHz8.

Through the combination of Zeeman trapping and Doppler cooling, a cold atomic cloud
is created, reaching temperatures within the quantum degenerate regime. Hyperfine states of
6Li are used as a pseudospin degree of freedom; in most experimental settings, the two spin-
projections of the 2S1/2 hyperfine states with F = 1/2 are used, |F = 1/2, mF = ±1/2⟩ (see
Fig. 4.2). Repumping after laser cooling ensures a spin-balanced mixture of mF = ±1/2 atoms
for the next step.

Simulation

The quantum simulation of the Fermi-Hubbard model takes place in a high-fidelity vacuum
glass cell. From the MOT, the spin-balanced atomic cloud is trapped in a focused laser beam
(dipole trap) and physically transported into the glass cell. A crossed dipole trap is then ramped
up to confine the atoms in the glass cell, providing strong confinement within the xy-plane with
a Gaussian waist of approximately one micron. After this step, the Lithium atoms form a cold
quasi-2D degenerate Fermi gas.

Final cooling is usually achieved through evaporative cooling. Several strategies can be em-
ployed here; one common approach involves using strong magnetic field gradients to tilt the
potential experienced by the atoms, allowing the hottest particles to escape the trap9. After
losing the hottest atoms, the system re-thermalizes through collisions. This highlights a funda-
mental difference between cooling fermions and bosons: for bosons, the absence of Pauli’s exclu-
sion principle allows for s-wave scattering even at very low temperatures, while higher angular
momentum states are frozen out. For fermions, however, scattering and hence thermalization
can only occur between different spin states, making evaporative cooling slower and more chal-
lenging. Further reducing the temperature of fermionic gases is a key focus for next-generation
quantum gas microscopy. Techniques such as sympathetic cooling [202], entropy redistribution
schemes [41], and Sisyphus cooling [203] are among the promising approaches.

The 2D Fermi gas is now ready to be loaded into the optical lattice. For lattice loading, sheets
of 2D optical lattices are created, with a large lattice spacing along the z-direction. By aligning
one of these sheets with the 2D Lithium gas, the atoms populate only this specific layer. The

8Through additional Doppler cooling in an ultraviolet MOT using the 2S-3P transition, temperatures as low as
TD ∼ 60 µK can be achieved due to the long lifetime of the 3P state.

9By tuning the magnetic field to specific regimes, the nuclear spin can be decoupled from the angular momentum
of the valence electrons. This ensures that both hyperfine states experience the same force, preserving spin balance.
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optical lattice depth is typically ramped up quasi-adiabatically10 to V0/ER ∼ 7. At this depth,
the system reaches the tight-binding limit in the lowest band, effectively realizing the single-
band Fermi-Hubbard model. Typical simulation parameters are U/t = 8 and t/J = 2. For
simulating the lowest possible temperatures, imaging occurs immediately. However, holding
the atoms in the lattice for some time before imaging allows systematic tuning of the simulation
temperature11.

On top of the optical lattice potential, the 6Li atoms experience an overall radial harmonic
confinement force due to the Gaussian beam profile of the laser beams used. This results in
a radially inhomogeneous particle density across the lattice, as the harmonic potential is min-
imized at the center of the lattice. To mitigate this effect, digital mirror devices (DMDs) can
be employed. DMDs allow for the application of a site-resolved repulsive potential imprinted
on the optical lattice, which counteracts the harmonic confinement and creates a flat potential
landscape. In addition to flattening the energy potential, DMDs can also be used to engineer
arbitrary potential landscapes, such as ladder geometries [57].

Detection and imaging

How can the prepared many-body quantum state be observed? One significant advantage of the
enhanced length scales in cold atoms in optical lattices compared to solid-state systems is that the
inter-particle distances, on the order of ∼ 1 µm, can be readily resolved using cameras placed
below the glass cell. To image the system, the lattice depth is non-adiabatically ramped up to
maximum intensity (typically on the order of 50 ER in less than a hopping time 1/t ∼ 1 ms).
This process freezes the degrees of freedom and projects the many-body quantum state onto one
of its Fock basis states. The atoms in this state are then imaged using resonant light. The atoms
absorb the imaging light, and their fluorescence is captured by the camera. However, imaging
presents a challenge: detecting the atoms requires them to absorb and emit many photons, often
exceeding the lattice depth in units of the recoil energy. Therefore, to prevent atoms from leaving
the lattice during imaging, active cooling techniques must be employed.

Raman sideband cooling is a widely used method to remove energy from the atoms through
interactions with light fields via two-photon Raman transitions, routinely used in ion traps [204],
optical lattices [198, 205], and optical tweezers [206]. After ramping up the lattice depths for
imaging, the atoms are approximately harmonically confined to their lattice sites. Excited states
in this configuration correspond to motional excitations of the Lithium atoms in the deep trap,
referred to as sidebands.

A two-photon Raman transition is employed to transfer the atoms from the F = 1/2 to F =

3/2 hyperfine state. The lasers are carefully tuned such that the final state after the transition
has one quantum less vibrational excitation. Following the removal of one vibrational quantum,
the atoms are optically pumped to an excited state. If the system is in the Lamb-Dicke regime,
the vibrational excitation remains conserved during the optical pumping sequence. When the

10In a many-body system, gap closures may hinder full adiabaticity. Typically, ramp times on the order of a tenth
of a second are used.

11Mechanisms such as photon absorption, three-body losses, collisions with background particles in the glass cell,
and other effects contribute to a constant heating rate.
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atoms de-excite through spontaneous emission, they return to the F = 1/2 hyperfine state (in a
lower vibrational state compared to the beginning of the sequence). The light emitted during this
scattering process is then collected with a CCD camera. By repeating this cooling and imaging
process over many cycles, a large number of fluorescence photons (on the order of 1000) can be
collected, enabling imaging of the atomic distribution.

Bilayer techniques. Traditional quantum gas microscopes lack the ability to distinguish
between (i) doublons and holes, and (ii) the two |F = 1/2, mF = ±1/2⟩ states. The former limi-
tation arises from parity projections: during imaging, atom pairs on a single lattice site are lost
due to light-induced collisions, resulting in measurements of the particle number modulo two
on each site. The latter limitation stems from the insensitivity of fluorescence light to the angular
momentum projection mF = ±1/2. A common workaround for measuring spin-spin correla-
tions is to prepare a Mott insulating state with one particle per site and then selectively remove
one spin species. This is achieved by driving cycling optical transitions for either spin state using
a spin-removal beam, causing one of the spin species to appear as holes [45, 52]. However, in a
doped setting, this method significantly restricts the range of accessible observables in single-
shot measurements; eliminating parity projections and enabling spin-resolved measurements
are therefore highly desirable improvements for quantum gas microscopes.

Bilayer imaging techniques can be employed to achieve full spin- and charge resolution. To
this end, a second optical lattice along the vertical direction, with half the lattice spacing of
the original lattice and a tunable and stable phase shift, is adiabatically ramped up to high in-
tensities after the dynamics in the xy-plane have been frozen out. This second lattice in the
z-direction creates an optical superlattice, effectively splitting each 2D sheet into two coupled
sheets. This structure can be visualized as a double well, as illustrated in Fig. 4.2. By applying
strong magnetic field gradients, one spin species is directed into one of the double wells, while
the other species occupies the other well. The phase shift of the two lattices and their intensi-
ties provide tuning knobs for the energy difference between the two sites in the double well.
Time-dependent modulation of these superlattice parameters is then used to spatially separate
the "up" and "down" sheets, dynamically transporting them to layers with a larger separation.
Once sufficiently separated, both layers can be imaged individually. By imaging the same con-
figuration twice in a row, the imaging fidelity of around 98% can be estimated [57].

In addition to enabling spin resolution, this method inherently resolves the issue of parity
projections. Below the band-insulating limit of the lowest band, there will be at most one spin
species per lattice site. Therefore, after Zeeman separating the species and transferring them into
separate xy sheets of the optical lattice, each lattice site contains either zero or one particle. This
allows for full resolution of holes, doublons, and both singlon states.

4.1.3 SU(N) symmetry in alkaline-earth atoms

Most of the above analog quantum simulation schemes have been optimized for alkali atoms,
which feature a single valence electron and exhibit broad Feshbach resonances, enabling ad-
vanced quantum control techniques. Moving one step beyond alkali atoms in the periodic table,
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we encounter alkaline-earth atoms (AEAs)12, characterized by two valence electrons occupying
an s-orbital. In the following, we briefly summarize the special physical features of AEAs, and
refer to the review article Ref. [207] as well as Ref. [208] for details.

Due to their completely filled s-shells, these atoms possess a unique electronic structure,
where the ground state forms a spin singlet with total angular momentum J = S + L = 0 (i.e.,
the ground state is the 1S0 state). Many AEAs also have stable excited states with J = 0 and
extremely narrow linewidths, such as the 3P0 state in 173Yb. For instance, the 1S0 ↔3P0 transi-
tion has a linewidth of Γ ∼ 2π · 10 mHz [207]. In contrast, the D1 line in 6Li has a lifetime of
Γ ∼ 2π · 1 MHz [209], which is eight orders of magnitude larger. This makes AEAs promising
candidates for atomic clocks [210]13 and quantum memories [211].

One of the most striking consequences of a vanishing J in the ground state of AEAs is the
absence of hyperfine structure, which typically arises from the multipole coupling between the
electron cloud and the nucleus. As a result, the scattering length a is identical for all total spin
states F (whose contribution comes solely from the nucleus), and the interaction potential sim-
plifies to:

V(r) =
4πh̄2

m
aδ(r). (4.11)

This leads to an effective SU(N) symmetry of the interactions, which is realized in AEAs with
remarkable precision. The symmetry is directly given by the nuclear spin, with the relation
N = 2I + 1. For example, in the ground state of 173Yb, I = 5/2, leading to N = 6. However,
using optical pump techniques, all values N < 2I + 1 can be accessed, by depleting certain nu-
clear projection states through optical pulses [61]14. Notably, the deviation from perfect SU(N)

symmetry is only of the order δa/a ∼ 10−9. While certain materials, such as graphene, can ex-
hibit approximate SU(N) symmetries (e.g. due to spin- and valley degeneracies), the precision
achieved in ultracold AEAs is unparalleled.

The unique properties of AEAs, including their electronic structure and highly symmetric
interactions, position them as powerful platforms for exploring complex quantum phenomena
and for use in analog quantum simulations. In terms of the experimental setup, quantum sim-
ulation experiments operate very similarly to what was described in the previous section. Us-
ing fermionic isotopes of 87Sr and 173Yb, recent ultracold atom experiments have successfully
observed Mott insulating states [58, 213, 214], nearest-neighbor (NN) antiferromagnetic corre-
lations [59, 60], and have measured the equation of state in the SU(6) Fermi-Hubbard (FH)

12AEAs include Be, Mg, Ca, Sr, Ba, and Ra, as well as the rare-earth element Yb. Yb has the electronic configuration
[Xe]4 f 146s2.

13Here, a laser is carefully tuned and locked to the frequency of the atomic 1S0 →3P0 transition. Since this is
an electronic dipole-forbidden transition, it exhibits extremely narrow linewidths (long lifetimes). To ensure the
laser is locked to the unperturbed atomic transition, atoms are cooled to minimize Doppler shifts and are trapped at
magic wavelengths, where the two relevant states experience no relative AC Stark shift due to the laser light. Once
calibrated with the atom, the laser is sent for interference into a photodetector with a frequency comb. This allows
optical frequencies to be bridged to radio frequencies; standard techniques then enable precise measurement of the
locked laser frequency, which can subsequently be used for timekeeping.

14For instance, to realize an SU(4) symmetric system, the two states mF = ±1/2 are depleted. For SU(3), an ad-
ditional pulse depletes the mF = −3/2 state. The spin distribution can then be tested using optical Stern-Gerlach
techniques, where a spin-dependent Gaussian potential leads to different forces acting on the different spin states.
By applying the potential and performing (e.g. absorption) imaging after a given time, the atomic clouds have sepa-
rated [212].
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model [61].
Most cooling, trapping, and imaging techniques used in state-of-the-art quantum gas simu-

lators are tailored for alkali atoms. Achieving single-site resolution for cold AEA gases in optical
lattices remains an active field of research; in particular the narrower transitions in AEA atoms
and their more complex electronic structure pose significant challenges for imaging. However,
techniques such as singlet-triplet oscillations enable the study of magnetic structures of SU(N)
magnets even in the absence of single-site resolution. In these experiments, a spin-dependent
field gradient that is adiabatically turned on induces coherent oscillations between spin-singlet
and spin-triplet states on neighboring sites. By recombining the two atoms into a single poten-
tial minimum using optical superlattice techniques, spin-singlets form doubly occupied sites
due to the symmetry of the wave function, whereas spin-triplets occupy the ground and first ex-
cited bands. Photoassociation pulses can then transform doubly occupied sites into molecules,
which leave the trap. This process allows the detection of the imbalance between singlets and
triplets, providing insights into the short-range magnetic tendencies of the system [59, 60, 212].
In recent years, significant progress has been made in realizing quantum gas microscopy with
AEA atoms. For example, single-site resolution has been demonstrated for bosonic isotopes of
Strontium [215] and Ytterbium [216], paving the way toward fermionic microscopy.

Notably, for a fixed entropy per site of the cold atomic gas (comparable to, for example, cold
Lithium gases), the entropy distributes among a greater number of spin projections. This results
in significantly lower temperatures T/t achievable in SU(N) Fermi-Hubbard simulations, with
temperatures as low as T ∼ 1nK, corresponding to T/t ≲ 0.1, being attainable15. This enables
the simulation and study of FH physics at very low temperatures, which, together with the exotic
physics to be expected (see Sec. 2.2.2 and Chap. 11), makes AEAs a highly promising platform
for exploring quantum magnetism and doped Mott insulators with analog quantum simulation.

Apart from AEAs, polar molecules have been proposed as promising candidates for simulat-
ing SU(N) symmetric Hubbard models with possible N > 30 [217]. While AEAs are restricted
to fermionic systems, for which I > 0 is needed, ultracold molecules can realize both fermionic
and bosonic models. Furthermore, polar molecules offer the advantage of controllable interac-
tions, whereas in AEAs, the background scattering lengths are positive, resulting in interactions
that are always repulsive.

4.2 Moiré materials

Another direction for controlling, simulating, and studying strongly correlated physics is the
use of stacked van der Waals materials [38]. These materials feature weak coupling along one
spatial dimension, which allows for the synthesis of genuine 2D materials, i.e., single atomic 2D
layers. When isolating and stacking layers composed of different atomic compositions, a lattice
mismatch causes interference between the constituent lattices, leading to enlarged superlattices
with a periodicity ã, which differs significantly from the atomic lattice spacing a. This lattice
interference pattern, which arises when stacking two 2D material layers, gives these systems the

15This effect is often referred to as the Pomeranchuk cooling effect.
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Figure 4.3: TMD moiré materials. (a) Geometric interference pattern arising when stacking two
lattices with the same hexagonal lattice structure but a mismatch of lattice constants (here chosen
to be 4%, a typical value in moiré materials). Bright spots that appear periodically (where atoms
align) correspond to a triangular lattice with lattice constant ã ≫ a; the resulting unit cell is
underlined with the black dashed line. (b) Typical band structure with type-II band alignment
of TMD heterostructures. The left and right bands correspond to the two layers. When doping
the system into the (blue) valence or (red) conduction band, the effective model reduces to a
single-band FH model, whose parameters are determined by the moiré scale ã and Wannier
orbital localization aW . Valley degeneracies of the bands lead to an effective pseudospin degree
of freedom, in turn realizing an SU(2) symmetric effective model.

name "moiré materials"16. Fig. 4.3 (a) shows the geometric interference effect for two aligned
hexagonal lattices with a lattice mismatch of 4%. The resulting moiré lattice (see the bright spots
in Fig. 4.3 (a)) encloses many atomic sites, and forms a triangular lattice. Similarly, a moiré super-
lattice can be created by stacking two layers with a relative twist angle [218]. Next to twisted bi-
layer graphene, typical moiré materials are composed of transition metal dichalcogenide (TMD)
heterobilayers (HBL), e.g., WSe2/WS2.

As seen in Fig. 4.3 (a), the resulting superlattice constant ã ∼ 10 nm can be hundreds of times
larger than the atomic lattice spacing a ∼ 1 Å. It is determined by the lattice mismatch d and the
relative rotation angle Θ between the two layers, with ã ≈ a√

d2+Θ2 [218]. This stark difference in
length scales allows for a separation of low-energy, long-wavelength physics on the scale ã from
high-energy physics on the scale a. Electrons can be described as moving in a smooth lattice
potential defined by ã, while short-wavelength modulations at the scale of a can be neglected at
low energies. Correspondingly, the moiré density ∝ ã−2 is many orders of magnitude smaller
than real atomic densities ∝ a−2 [218].

As length scales are enhanced, the Brillouin zone (BZ) is folded down into a mini-BZ, giving
rise to a multitude of bands. Interlayer hybridization then leads to a splitting of these mini-
bands, resulting in the formation of nearly dispersion-less flat bands [38, 218]. TMDs often fea-

16The term "moiré" originates from the French textile industry, where two layers of textile are pressed together
when wet. Imperfect spacing of threads creates geometric interference patterns.
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ture a type-II band alignment, as illustrated in Fig. 4.3 (b). When hole (electron) doping the
system into the nearest valence (conduction) band, the quenched dispersion drastically reduces
the effective kinetic energy scales, pushing the system into interaction-dominated regimes. No-
tably, in TMD bilayers, degeneracies from the spin and layer degrees of freedom are lifted by
strong spin-orbit coupling and layer displacement, respectively, leaving only the valley degree
of freedom degenerate. This results in an effective single-band Fermi-Hubbard (FH) model on
the moiré lattice, describing a single isolated flat band whose dispersion is governed by the
smoothly varying moiré potential. Here, the pseudospin exhibits SU(2) symmetry and acts as
the spin [219].

The hopping term of the Fermi-Hubbard model is determined by the bandwidth W of the
flat mini-band, which in turn depends on the moiré scale, t ∝ W ∝ ã−2 ∼ 1 − 5 meV [218, 219].
In contrast, the on-site interaction U is related to the width aW of maximally localized Wannier
orbitals of the electronic wave functions in the moiré lattice potential, such that U ∝ a−1

W ∼
100 − 200 meV (with typical aW ∼ 2 nm). The doping level δ (holes per moiré unit cell) can be
tuned using electrostatic gating, which allows control over the filling of individual mini-bands
and hence the doping level of the effective FH model that describes the low-energy physics.

Note the conceptual similarity between the enhanced length scales in moiré materials and
ultracold atoms. Similar to the latter, enhanced scales in moiré materials enable the direct use
of optical spectroscopic methods to probe local properties of these systems [38]. While van der
Waals materials are less isolated than ultracold atom systems, their broad tunability and the
ability to achieve temperatures significantly lower than the effective hopping energy17 allow for
the exploration of a wide variety of phases of matter in strongly correlated model Hamiltonians,
both in and out of equilibrium. Furthermore, interactions in these systems can be flexibly tuned,
including long-range and screened Coulomb interactions [38]. External electric and magnetic
fields, which are readily accessible experimentally, provide additional tunability.

A straightforward method for probing the properties of moiré materials is electrical trans-
port. For example, the quantum Hall effect has been observed in graphene stacked on hBN,
evidenced by the appearance of Hofstadter butterflies [220]. Correlated Mott insulating [221]
and unconventional superconducting [222] phases have also been discovered in moiré twisted
bilayer graphene near certain (so-called magic) angles, where flat band emerge18. More recently,
correlated physics have been explored in stacked TMD materials, which are effectively described
by a single-band FH model (see the discussion above). To name one concrete example, in stacked
and aligned WSe2/WS2 layers, a moiré pattern due to a lattice mismatch forms. Hole doping the
lowest valence band of WSe2 revealed that at unit filling of the valence band, resistivity peaks
sharply, indicating an interaction-driven Mott insulator [223]. Interestingly, these resistivity
peaks are accompanied by peaks in the reflection contrast [223]. The latter measures the energy-
resolved reflectivity of a sample compared to a reference, and signals the existence of excitons
with enhanced oscillator strengths. It has been argued that in the Mott insulating state, screening

17With J = 4t2/U ≈ 0.02 − 1 meV, temperatures as low as T/J ≤ 1/10 can be reached.
18In twisted bilayer graphene, flat bands only emerge at very specific angles. In contrast, in TMD materials, flat

bands appear much more generically, often also for aligned stacking due to lattice mismatches and inherent energy
gaps in transition metals.
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of electron-hole interactions is reduced, leading to a partial regain of oscillator strength, which
is suppressed when free carriers screen interactions [223].

Probing excitons in a magnetic field can further illuminate the magnetic structure of local
moments at half-filling. A magnetic field B breaks the valley degeneracy (acting similarly to a
Zeeman splitting on pseudospins). As each handedness of circularly polarized light couples ex-
clusively to one valley degree of freedom, measuring the energy difference ∆Z between left- and
right-handed light as a function of B yields the exciton valley g-factor, where g ∝ limB→0 ∆Z/B.
Furthermore, excitons serve as sensors for the magnetic environment of localized holes: the
overall exciton Zeeman splitting reflects both the applied magnetic field and the magnetization
of local moments. This allows for direct measurement of magnetization and magnetic suscepti-
bility χ = limB→0 M/B, which can be extracted from the measured g-factors [223],

χ ∝ g + const. (4.12)

The resulting susceptibility can be fitted to the Curie-Weiss law,

χ ∝
1

T − Θ
. (4.13)

A negative Weiss constant Θ < 0 signals antiferromagnetic correlations between localized mo-
ments, which can be described by a valley pseudospin Heisenberg model with antiferromagnetic
exchange couplings J ∝ 4t2/U. Indeed, negative Curie temperatures have been experimentally
confirmed in TMD moiré materials [223]. However, note that due to the Mermin-Wagner theo-
rem, true long-range order is only achieved in the ground state at absolute zero temperature.

Excitons can also serve as delicate sensors for their dielectric environment. They can be
modeled as 2D hydrogen-like atoms, where the hole and electron interact through an attrac-
tive Coulomb potential. The ground state exciton corresponds to the 1s state, with excited states
given by the 2s, 3s, and higher states. Notably, excited states with n ≥ 2 possess Bohr radii
much larger than the thickness of a monolayer. Conceptually, this is akin to the large radius
of Rydberg atoms. This property makes excitons highly sensitive to the dielectric environment
of, for instance, a TMD heterobilayer when a monolayer is brought into close proximity to the
probe. By measuring the resonance frequency and oscillator strength of the sensing monolayer,
insights into the nature of correlations—such as charge order—in the probe material can be ob-
tained. This approach avoids complications arising from large contact resistance effects that may
occur when directly probing moiré bilayers. In WSe2/WS2, this method has uncovered a rich
variety of insulating states, which are attributed to charge-ordered Wigner crystals at numerous
commensurate filling factors [224].

Quantum simulation of the triangular lattice FH model has garnered significant interest in
recent years. Here, in addition to the competition between hole motion and magnetic order,
geometric frustration exists even in the undoped Mott insulating state. As discussed above, cold
atom and condensed-matter quantum simulators can provide valuable insights into the result-
ing physics: For instance, in TMDs, the effective moiré potential forms a flat-band triangular
lattice, making them promising candidates for studying the effects of geometric (and kinetic)
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frustration in strongly correlated systems [38]. In Chap. 10, we will explore a single hole doped
into a triangular lattice t-J model, focusing on cold atom implementations in triangular optical
lattices. Furthermore, we will develop a theoretical framework for interpreting measurements
in moiré heterostructures, where a combination of induced RKKY-type interactions and kinetic
frustration effects may play a crucial role.



Part II

Applications





5
Stripes in mixed dimensions

Summary. The stripe phase is one of the key collective phases in strongly correlated
systems. Emerging from the intricate competition between spin and motional degrees
of freedom, the critical temperatures required to observe stripes in quantum gas micro-
scope experiments of the plain-vanilla Hubbard model, however, remain beyond reach
with current techniques. In the first part of this chapter, we propose the doped mixed-
dimensional (mixD) variant of the t-J model as a parent Hamiltonian for the stripe phase.
In this system, charge carriers are restricted to move in only one direction, while magnetic
SU(2) interactions remain two-dimensional. We demonstrate the existence of a stable ver-
tical stripe phase across a broad range of doping levels, with high critical temperatures
on the order of the magnetic coupling. This renders the stripe phase directly observ-
able with quantum simulation platforms. In the second part of this chapter, we micro-
scopically investigate the formation of extended stripe-like charge structures in a mixed-
dimensional Lithium Fermi-Hubbard simulator, comparing the experimental results to
MPS and mean-field calculations.

5.1 Introduction

Correlated phases of matter featuring charge-density waves are a prominent characteristic of
hole-doped cuprates, which, as introduced in Sec. 2.1, distinguishes them from their electron-
doped counterparts. Particularly in Lanthanum-based copper-oxides, charge- and spin-density
waves appear simultaneously, forming a stripe phase that is most prominent around doping
δ = 1/8, see Refs. [79–81] and Sec. 2.1.

A simplified illustration of the stripe phase is shown in Fig. 5.1. Charges organize into a
density wave along one direction, explicitly breaking the C4 symmetry of the underlying square
lattice. Simultaneously, the spins align antiferromagnetically. To maintain AFM alignment even
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Figure 5.1: Stripes and the mixed-dimensional t-J model. Illustration of the stripe phase on the
square lattice. Holes form a density wave along the x-direction, while the AFM spin background
features domain walls across lines of holes. In this chapter, we focus on a mixD setting: while
superexchange interactions are present in both the x- and y-directions, the tunneling of dopants
is restricted to the x-direction. This corresponds to the standard 2D t-J model with ty = 0.

as holes fluctuate, magnetic domain walls form along the lines of charges. As a result, the system
exhibits both a charge-density wave and incommensurate long-range magnetic order. The latter
is characterized by an ordering vector shifted away from Q = (π, π), a consequence of the finite
density of domain walls within the system.

Though the specific characteristics of stripe phases are well understood, their relationship
to superconducting order and the pseudogap phase at higher temperatures remains an open
question. For instance, it is yet to be clarified whether stripes and superconductivity are com-
peting phases or if they represent different manifestations of a common origin [145, 225–227].
Furthermore, both experimental [107–109] and numerical [154, 156] results suggest a profound
relationship between the pseudogap and the stripe phase, a topic we will discuss and explore in
detail in Chap. 7.

As introduced in Sec. 4.1, quantum gas microscopes provide a unique platform to simulate
Fermi-Hubbard physics in a scalable and controllable manner. Coupled with the capability to
take spin- and charge-resolved many-body snapshots, these simulators offer a promising avenue
to address the above questions, specifically to gain a microscopic understanding of the formation
of stripes and their relation to other phases of matter. However, accessing states that exhibit col-
lective spin- and charge order remains beyond the reach of current analog quantum simulators
due to temperature limitations.

This challenge highlights the need to propose, implement, and analyze modified but closely
related Fermi-Hubbard models that push the energy scales for certain phases of matter, making
their quantum simulation feasible. In this chapter, we will study stripe formation in the t-J model
in mixed dimensions (mixD), illustrated in Fig. 5.1. The model describes mobile fermions whose
motion is restricted to be along one dimension, while their spin is coupled through 2D SU(2)
invariant superexchange interactions. The Hamiltonian reads (see also Sec. 2.2.3)

Ĥ = −t ∑
σ,⟨i,j⟩x

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

n̂in̂j

4

)
, (5.1)

where ĉ(†)i,σ , n̂i and Ŝi are fermionic annihilation (creation), particle density, and spin operators
on site i, respectively; ⟨i, j⟩(x) denotes nearest neighbor (NN) sites on the 2D square lattice (with
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subscript x indicating NN sites along the x-direction only), and P̂GW is the Gutzwiller operator
projecting out states with double occupancy.

In Sec. 5.2, we focus on the general physical aspects of stripe order in the mixD setting. Specif-
ically, we analyze the order for various hole densities and map out the phase diagram. Using
finite-temperature MPS methods via symmetry-conserving purification schemes, we predict the
thermal properties of the system with high accuracy. Our results indicate high critical temper-
atures for stripe formation, where incommensurate order becomes visible on finite-size geome-
tries. This part of the chapter, including the above introduction, is based on and closely follows
the following publication, partially with textual overlap:

[1] HS, U. Schollwöck, A. Bohrdt, and F. Grusdt. Robust stripes in the mixed-dimensional
t-J model, Phys. Rev. Research 5 L022027 (2023)

The results presented in Sec. 5.2 render the stripe phase readily observable in ultracold
atom experiments using optical lattices, where the mixD setting can be realized experimentally
through the application of potential gradients or superlattice engineering. In Sec. 5.3, we dis-
cuss and analyze experimental results in a collaboration with the Lithium experiment at MPQ.
Special acknowledgements go to Dominik Bourgund, Immanuel Bloch, and Timon A. Hilker,
who led the experimental realization. The author of this thesis further acknowledgements Ti-
tus Franz, Thomas Chalopin, Petar Bojović, Si Wang, and Sarah Hirthe for the collaboration.
The experimental results of the 6Li experiment demonstrate how the quantum simulator ac-
cesses regimes where individual stripes begin to form, paving the way toward the observation
of long-range charge- and spin-density wave order at lower temperatures. After introducing the
experimental setup, Sec. 5.3 focuses on comparing these experimental findings with predictions
from both MPS and mean-field descriptions, to which the author of this thesis has significantly
contributed. Sec. 5.3 is based on the following publication, partially with textual overlap in the
theory discussions:

[2] D. Bourgund, T. Chalopin, P. Bojović, HS, S. Wang, T. Franz, S. Hirthe, A. Bohrdt, F.
Grusdt, I. Bloch, and T. A. Hilker. Formation of stripes in a mixed-dimensional cold-
atom Fermi-Hubbard system, Nature 637, 57–62 (2025)

5.2 Robust stripes in the mixed-dimensional t-J model

In this section, we will numerically analyze the mixD t-J model, Eq. (5.1), to gain insights into its
ground state and finite-temperature properties. We find that the ground state is characterized
by fully filled stripes, i.e., Ly holes form a single stripe in a system of width Ly. In particular,
we demonstrate how the resulting charge-density wave fundamentally differs from Friedel os-
cillations at open boundaries, showing that it is stabilized by the (incommensurate) spin-spin
correlations.

At finite temperatures, we uncover a crossover from a chargon gas, where no order is present,
to the stripe phase, where spin- and charge correlations extend across the entire system. Notably,
the temperatures required to observe the emergence of extended stripe correlations are extraor-
dinarily high, on the order of the coupling J/2. This stands in stark contrast to the FH model at

https://journals.aps.org/prresearch/abstract/10.1103/PhysRevResearch.5.L022027
https://www.nature.com/articles/s41586-024-08270-7
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Figure 5.2: Computational resources for different implemented symmetries. CPU time per
DMRG step as a function of bond dimension χ when using a global U(1) charge conservation
symmetry (blue circles) and when including the U(1)⊗Ly symmetry in the ground state search
(red circles). For χ = 5, 000, we gain a speedup of a factor ∼ 6, for χ ≳ 10, 000, speedup factors
are > 10. Enforcing particle conservation makes large scale computations significantly more
efficient, allowing to study the ground state of arbitrary hole configurations with high precision.

strong coupling, where tiny energy differences between various stripe filling factors and other
symmetry-breaking orders, such as pairing, result in very low critical temperatures of the order
T/J ≲ 0.1 [228].

When analyzing many-body snapshots of the ground state and thermal MPS, commensurate
spin correlations are revealed upon removing the holes from the quantum many-body snapshots.
We argue that these hidden spin correlations contribute to the predicted resilience of the stripe
phase against quantum and thermal fluctuations.

5.2.1 Ground state properties

Using DMRG and the SyTen toolkit, we calculate the ground state of the doped mixD t-J model
Eq. (5.1) on cylinder geometries with dimensions Lx × Ly, where Lx (Ly) is the number of sites
in the x- (y-) direction. Due to the additional constraint of hole motion in purely one dimension,
the mixD model features an enhanced

(⊗
l U(1)Nℓ

)
⊗ U(1)Stot

z
symmetry. Therefore, denoting

the number of particles in each leg ℓ by Nℓ, and the total spin of the system by Stot
z , the conserved

quantum numbers are [N1, N2, . . . , NLy , Stot
z ].

By targeting a smaller subspace in the Hilbert space fulfilling the constraints imposed by the
quantum numbers, DMRG sweeps can be done more efficiently during the ground state search,
see also Sec. 3.1. This is exemplified in Fig. 5.2, where the average time per sweep as a function of
maximum MPS bond dimension χ is shown with and without using the extended symmetries.
The computational cost for each DMRG sweep generally scales asO(χ3); however, implementing
additional symmetries can reduce the matrix sizes by a substantial constant factor, leading to
slower growth of computational resources as a function with χ. Comparison of a global U(1)
charge conservation symmetry with the U(1)⊗Ly symmetry in the ground state search indeed
leads to a substantial reduction of computational costs—for instance, the DMRG ground state
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<latexit sha1_base64="tmTWngh8VBqdRRTRf4VvA0A2C0A=">AAACIHicbVBNSwMxEM36Wetn9egluAieSldEPYpePFa0VdguJUln29AkuyZZtSz7E7zq3V/jTTzqrzGtPdjWgYHHezO8mUdTwY2t1b68ufmFxaXl0kp5dW19Y3Orst00SaYZNFgiEn1HiQHBFTQstwLuUg1EUgG3tH8x1G8fQBueqBs7SCGSpKt4zBmxjrq+bz+1t/xatTYqPAuCMfDRuOrtirfc6iQsk6AsE8SY8DS1UU605UxAUW5lBlLC+qQLoYOKSDBRPjq1wPuO6eA40a6VxSP270ZOpDEDSd2kJLZnprUh+Z8WZjY+jXKu0syCYr9GcSawTfDwb9zhGpgVAwcI09zdilmPaMKsS2fChWrSB+v+UPDIEimJ6uQtSoswiPK8NXSmMfaDoii76ILpoGZB87AaHFePro78s/NxiCW0i/bQAQrQCTpDl6iOGoihLnpGL+jVe/PevQ/v83d0zhvv7KCJ8r5/APGkorc=</latexit>qx

<latexit sha1_base64="ouIjxoVjEGlGAXhQajg5vF+eeM8=">AAACHnicbVDLSgMxFM3UR2t9tbp0EyyCq9IR0S5cFNy4bME+oB1Kkt6xoUlmSDJKGeYL3Orer3EnbvVvTB8Lbb1w4XDOvZx7D40FN7ZW+/ZyG5tb2/nCTnF3b//gsFQ+6pgo0QzaLBKR7lFiQHAFbcutgF6sgUgqoEsntzO9+wja8Ejd22kMgSQPioecEeuo1nRYqtSqtXnhdeAvQQUtqzkse/nBKGKJBGWZIMb067ENUqItZwKy4iAxEBM2IQ/Qd1ARCSZI54dm+MwxIxxG2rWyeM7+3kiJNGYqqZuUxI7NqjYj/9P6iQ3rQcpVnFhQbGEUJgLbCM++xiOugVkxdYAwzd2tmI2JJsy6bP64UE0mYN0fCp5YJCVRo3RAadb3gzQdzJxpiCt+lhVddP5qUOugc1H1r6qXrctK42YZYgGdoFN0jnx0jRroDjVRGzEE6Bm9oFfvzXv3PrzPxWjOW+4coz/lff0APuqhzg==</latexit> y

<latexit sha1_base64="cStGoHahU1iUvZEQb14S+g6ew8A=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IevAgePGo4K5CWyRJpxo2SUuSqkvpL/Cqd3+NN/Gq/8bsbg9+DQw83pvhzTxaCG5sEHx6U9Mzs3PzrYX24tLyyupaZ71v8lIz6LFc5PqKEgOCK+hZbgVcFRqIpAIu6eBkpF/egTY8Vxd2WEAiyY3iGWfEOur84XrND7rBuPBfEDbAR02dXXe8+TjNWSlBWSaIMdFhYZOKaMuZgLodlwYKwgbkBiIHFZFgkmp8aI23HZPiLNeulcVj9vtGRaQxQ0ndpCT21vzWRuR/WlTa7DCpuCpKC4pNjLJSYJvj0dc45RqYFUMHCNPc3YrZLdGEWZfNDxeqyQCs+0PBPculJCqtYkrrKEyqKh450wz7YV23XXTh76D+gv5uN9zv7p3v+cdHTYgttIm20A4K0QE6RqfoDPUQQ4Ae0RN69l68V+/Ne5+MTnnNzgb6Ud7HFz0woc0=</latexit>x

<latexit sha1_base64="uAuT+0icAqiGx3poiTxt0zuhB/Q=">AAACInicbVBNSwMxEM36Wetn9eglWAQvll0R9eCh4MWjgv2AdilJOtuGJtklyWrLsr/Bq979Nd7Ek+CPMa092NaBgcd7M7yZRxPBjfX9L29peWV1bb2wUdzc2t7Z3Svt102cagY1FotYNykxILiCmuVWQDPRQCQV0KCDm7HeeARteKwe7CiBUJKe4hFnxDqqNjwddvzOXtmv+JPCiyCYgjKa1l2n5K23uzFLJSjLBDGmdZXYMCPaciYgL7ZTAwlhA9KDloOKSDBhNjk2x8eO6eIo1q6VxRP270ZGpDEjSd2kJLZv5rUx+Z/WSm10FWZcJakFxX6NolRgG+Px57jLNTArRg4Qprm7FbM+0YRZl8+MC9VkANb9oeCJxVIS1c3alOatIMyy9tiZRrgc5HnRRRfMB7UI6meV4KJyfn9erl5PQyygQ3SETlCALlEV3aI7VEMMcfSMXtCr9+a9ex/e5+/okjfdOUAz5X3/AOlAoyk=</latexit>x− x0

<latexit sha1_base64="vsV8mqtBYSnpVIojWd/vbEFkAAI=">AAACK3icbVDLSgMxFM34rPWtSzfBIrixzEhRFy4KblwqWBU6oyTpHQ1NMkNyRynD/Idb3fs1rhS3/odp7cLXgcDhnHs5N4fnSjoMw9dgYnJqema2NlefX1hcWl5ZXTt3WWEFdESmMnvJmQMlDXRQooLL3ALTXMEF7x8N/Ys7sE5m5gwHOSSa3RiZSsHQS1cxSg2ORuFVubNbXa80wmY4Av1LojFpkDFOrleD2biXiUKDQaGYc92DHJOSWZRCQVWPCwc5E312A11PDfNhSTm6uqJbXunRNLP+GaQj9ftGybRzA839pGZ46357Q/E/r1tgepCU0uQFghFfQWmhKGZ0WAHtSQsC1cATJqz0t1JxyywT6Iv6kcIt6wP6fxi4F5nWzPTKmPOqGyVlGQ+TeUobUVXVfXXR76L+kvPdZrTXbJ22Gu3DcYk1skE2yTaJyD5pk2NyQjpEEEseyCN5Cp6Dl+AteP8anQjGO+vkB4KPT5Cupos=</latexit>

×10−2

<latexit sha1_base64="lObTlorPh2dSp5YZjzTgkwaKrWc=">AAACIXicbVBNSwMxEM361Vq/Wj16CRbBU9kV0R48FLx4rGBboV0kSWfb0CS7JFmlLPsXvOrdX+NNvIl/xqzuwaoDIY/3ZngzjyaCG+v7797S8srqWqW6XtvY3NreqTd2+yZONYMei0WsbygxILiCnuVWwE2igUgqYEBnF4U+uANteKyu7TyBUJKJ4hFnxBaU3/L923qz+IrCf0FQgiYqq3vb8CqjccxSCcoyQYwZthMbZkRbzgTktVFqICFsRiYwdFARCSbMvnbN8aFjxjiKtXvK4i/250RGpDFzSV2nJHZqfmsF+Z82TG3UDjOuktSCYt9GUSqwjXFxOB5zDcyKuQOEae52xWxKNGHWxbPgQjWZgXV3KLhnsZREjbMRpfkwCLNsVDjTCDeDPK+56ILfQf0F/eNWcNo6uTppds7LEKtoHx2gIxSgM9RBl6iLeoihKXpAj+jJe/ZevFfv7bt1yStn9tBCeR+fJouiMQ==</latexit>

0.00

<latexit sha1_base64="wZuZZNJIn7O8xcNtN82PxKxwr80="></latexit>

S2(qx)

<latexit sha1_base64="wZuZZNJIn7O8xcNtN82PxKxwr80="></latexit> S 2
(q

x
)

<latexit sha1_base64="cJmAxBQfr/bWBWX77kL43jm6xzQ="></latexit>

S 2
(q

m
a
x

x
)

<latexit sha1_base64="d+M5tgsGUTKiW/zNV5p9hgf+8r0="></latexit>

〈Ŝz
i0 Ŝ

z
j 〉

<latexit sha1_base64="NLpvZgg2qDlwMz/2zJkSqSqlxQc="></latexit>

〈Ŝ+
i0
Ŝ−
[x,y0]

+ h.c.〉
<latexit sha1_base64="hENp5fOs1r7Z6zG3x+Ll3+epnyo="></latexit>

4 〈Ŝz
i0 Ŝ

z
[x,y0]

〉

<latexit sha1_base64="VizGdNw3vnCOhXEkxhx6bI9v2JM=">AAACKXicbVDLSgMxFM3UR2t9tbp0EyyCqzIjRV0W3bisYFuhM5QkvaOhSWZIMkoZ5jfc6t6vcadu/RHTOgtfBwKHc+7lnhyaCm6s7795laXlldVqba2+vrG5td1o7gxMkmkGfZaIRF9TYkBwBX3LrYDrVAORVMCQTs/n/vAOtOGJurKzFCJJbhSPOSPWSWEoib2lcc6LsT9utPy2vwD+S4KStFCJ3rjpVcNJwjIJyjJBjBmdpjbKibacCSjqYWYgJWxKbmDkqCISTJQvMhf4wCkTHCfaPWXxQv2+kRNpzExSNznPaH57c/E/b5TZ+DTKuUozC4p9HYozgW2C5wXgCdfArJg5QpjmLitmt0QTZl1NP65QTaZg3T8U3LNESqImeUhpMQqiPC+bw62gKOquuuB3UX/J4KgdHLc7l51W96wssYb20D46RAE6QV10gXqojxhK0QN6RE/es/fivXrvX6MVr9zZRT/gfXwCU86mhw==</latexit>

i0
<latexit sha1_base64="HjEC2jiP034TzceR2C2wgi6+NMw="></latexit> sp
in
-c
or
r.

<latexit sha1_base64="OHwTXgWNsqX9Rgf5dB8pBIPu2Lg="></latexit>

(a)

<latexit sha1_base64="dvGvXpbY70LRQFUWR5EIAciC5Nc="></latexit>

(b)

<latexit sha1_base64="+55WtFhy+3Aw2Vs7ZS+aCmiWSYY="></latexit>

(c)

<latexit sha1_base64="G9stVVOo6t2cti3dDghndc2K8+k="></latexit>

(b)

<latexit sha1_base64="pEZMe0zPbOPaboFGrg7cC0vxUi0="></latexit>

(a)

Figure 5.3: Ground state properties. (a) Spin-spin correlations ⟨Ŝz
i0

Ŝz
j ⟩ with reference site

i0 = [x0 = 21, y0 = 2] for a 40 × 4 system with nh = 0.1. Boundaries are open (closed) in
x- (y-) direction. Correlations are color coded using a symmetric logarithmic scale, with linear
scaling between −10−4 . . . 10−4. Average hole densities ⟨n̂h

i ⟩ are shown in grey. (b) correlation
functions 4 ⟨Ŝz

i0
Ŝz
[x,y0]

⟩, ⟨Ŝ+
i0

Ŝ−
[x,y0]

+ h.c.⟩, which are indistinguishable on the scale of the plot.
Dash-dotted grey lines connecting the data points underline the incommensurate peak struc-
ture of spin-correlations. (c) static spin structure factor along y = 2, Eq. (5.2), with peaks located
at qx = π(1 ± nh).

search is around six times faster for a bond dimension of χ =5,000, and around ten times faster
for χ =10,000. The solid lines in Fig. 5.2 correspond to a fit to a third order polynomial, giving
good agreement in both cases. In order to guarantee sufficient convergence for ladders of large
width, the bond dimension must be increased exponentially in Ly, see the discussion in Sec. 3.1.

For the following ground state calculations, we choose bond dimensions χ = 10, 000, which
become accessible through the additional symmetries. This allows for a high level of convergence
of our results, e.g. the ground state of the Lx × Ly = 40 × 4 system studied below features
expectation values ⟨Ŝz

i ⟩ ∼ O(10−7) and 4 ⟨Ŝz
i Ŝz

j ⟩ − ⟨Ŝ+
i Ŝ−

j + h.c.⟩ ∼ O(10−5), which are both
expected to vanish for SU(2) symmetric states. In fact, we note that explicit implementation of the
separate U(1) symmetries is essential to guarantee convergence in the correct symmetry sector;
when only conserving the total particle number conservation, tunnel events during the DMRG
sweeps may nevertheless couple states with varying quantum numbers {Nℓ}. Thus, explicitly
implementing the full mixD symmetry allows us to study the mixD system with arbitrary hole
configurations with high precision.

From now on, we use an equal number of holes in each leg, i.e., Nℓ = Nh for all ℓ = 1 . . . Ly,
and choose t/J = 3. The color coded background in Fig. 5.3 (a) shows spin-spin correlations
⟨Ŝz

i0
Ŝz

j ⟩ with fixed reference site i0 in the center of the second leg for a system of size Lx × Ly =

40 × 4 with open (periodic) boundaries along x (y). Grey filled lines depict local hole densities
⟨n̂h

i ⟩ in each leg. In the ground state, we see clear indications for the formation of fully filled
stripes, by observing (i) a periodic modulation of hole densities, and (ii) the appearance of AFM
domain walls at positions of maximum hole density.



70 5. Stripes in mixed dimensions

<latexit sha1_base64="Zc27/klUlSynKztMOAslKTNddA8=">AAACIHicbVBNSwMxEM361Vq/Wj16CS6Cp9IV0R6LXjxWtCp0V0nS2TY0yS5JVinL/gSvevfXeBOP+mtMaw/aOjDweG+GN/NoKrixjcant7C4tLxSKq9W1tY3Nreqte1rk2SaQYclItG3lBgQXEHHcivgNtVAJBVwQ4dnY/3mAbThibqyoxQiSfqKx5wR66hLdTe4r/qNemNSeB4EU+CjabXva14p7CUsk6AsE8SYbjO1UU605UxAUQkzAylhQ9KHroOKSDBRPjm1wPuO6eE40a6VxRP290ZOpDEjSd2kJHZgZrUx+Z/WzWzcjHKu0syCYj9GcSawTfD4b9zjGpgVIwcI09zditmAaMKsS+ePC9VkCNb9oeCRJVIS1ctDSotuEOV5OHamMfaDoqi46ILZoObB9WE9OK4fXRz5rdNpiGW0i/bQAQrQCWqhc9RGHcRQHz2hZ/TivXpv3rv38TO64E13dtCf8r6+Ac8VoqM=</latexit> n
h

<latexit sha1_base64="Zc27/klUlSynKztMOAslKTNddA8=">AAACIHicbVBNSwMxEM361Vq/Wj16CS6Cp9IV0R6LXjxWtCp0V0nS2TY0yS5JVinL/gSvevfXeBOP+mtMaw/aOjDweG+GN/NoKrixjcant7C4tLxSKq9W1tY3Nreqte1rk2SaQYclItG3lBgQXEHHcivgNtVAJBVwQ4dnY/3mAbThibqyoxQiSfqKx5wR66hLdTe4r/qNemNSeB4EU+CjabXva14p7CUsk6AsE8SYbjO1UU605UxAUQkzAylhQ9KHroOKSDBRPjm1wPuO6eE40a6VxRP290ZOpDEjSd2kJHZgZrUx+Z/WzWzcjHKu0syCYj9GcSawTfD4b9zjGpgVIwcI09zditmAaMKsS+ePC9VkCNb9oeCRJVIS1ctDSotuEOV5OHamMfaDoqi46ILZoObB9WE9OK4fXRz5rdNpiGW0i/bQAQrQCWqhc9RGHcRQHz2hZ/TivXpv3rv38TO64E13dtCf8r6+Ac8VoqM=</latexit>

nh

<latexit sha1_base64="2ydjgYY13nf0SA+V/ZmrmybosIk=">AAACK3icbVBNTwIxFOz6heIX6NFLIzHBC2ENUY5ELx41ESFhV9KWt9LQdjdtV0M2+z+86t1f40nj1f9hQQ6CTtJkMvNe5nVoIrix9fq7t7S8srpWWN8obm5t7+yWynu3Jk41gzaLRay7lBgQXEHbciugm2ggkgro0NHFxO88gDY8Vjd2nEAoyb3iEWfEOukuSDiu+kEisbobHvdLlXqtPgX+S/wZqaAZrvplrxAMYpZKUJYJYkyvmdgwI9pyJiAvBqmBhLARuYeeo4pIMGE2vTrHR04Z4CjW7imLp+rvjYxIY8aSuklJ7NAsehPxP6+X2qgZZlwlqQXFfoKiVGAb40kFeMA1MCvGjhCmubsVsyHRhFlX1FwK1WQE1v1DwSOLpSRqkAWU5j0/zLJgkkwjXPHzvOiq8xeL+ktuT2r+aa1x3ai0zmclrqMDdIiqyEdnqIUu0RVqI4Y0ekLP6MV79d68D+/zZ3TJm+3sozl4X98EvaZB</latexit>

π(1± nh)

<latexit sha1_base64="tmTWngh8VBqdRRTRf4VvA0A2C0A=">AAACIHicbVBNSwMxEM36Wetn9egluAieSldEPYpePFa0VdguJUln29AkuyZZtSz7E7zq3V/jTTzqrzGtPdjWgYHHezO8mUdTwY2t1b68ufmFxaXl0kp5dW19Y3Orst00SaYZNFgiEn1HiQHBFTQstwLuUg1EUgG3tH8x1G8fQBueqBs7SCGSpKt4zBmxjrq+bz+1t/xatTYqPAuCMfDRuOrtirfc6iQsk6AsE8SY8DS1UU605UxAUW5lBlLC+qQLoYOKSDBRPjq1wPuO6eA40a6VxSP270ZOpDEDSd2kJLZnprUh+Z8WZjY+jXKu0syCYr9GcSawTfDwb9zhGpgVAwcI09zdilmPaMKsS2fChWrSB+v+UPDIEimJ6uQtSoswiPK8NXSmMfaDoii76ILpoGZB87AaHFePro78s/NxiCW0i/bQAQrQCTpDl6iOGoihLnpGL+jVe/PevQ/v83d0zhvv7KCJ8r5/APGkorc=</latexit>qx

<latexit sha1_base64="H/rQl+2VO3SbqZdW6bnAMZF2wPw="></latexit>

〈n̂h〉

<latexit sha1_base64="tmTWngh8VBqdRRTRf4VvA0A2C0A=">AAACIHicbVBNSwMxEM36Wetn9egluAieSldEPYpePFa0VdguJUln29AkuyZZtSz7E7zq3V/jTTzqrzGtPdjWgYHHezO8mUdTwY2t1b68ufmFxaXl0kp5dW19Y3Orst00SaYZNFgiEn1HiQHBFTQstwLuUg1EUgG3tH8x1G8fQBueqBs7SCGSpKt4zBmxjrq+bz+1t/xatTYqPAuCMfDRuOrtirfc6iQsk6AsE8SY8DS1UU605UxAUW5lBlLC+qQLoYOKSDBRPjq1wPuO6eA40a6VxSP270ZOpDEDSd2kJLZnprUh+Z8WZjY+jXKu0syCYr9GcSawTfDwb9zhGpgVAwcI09zdilmPaMKsS2fChWrSB+v+UPDIEimJ6uQtSoswiPK8NXSmMfaDoii76ILpoGZB87AaHFePro78s/NxiCW0i/bQAQrQCTpDl6iOGoihLnpGL+jVe/PevQ/v83d0zhvv7KCJ8r5/APGkorc=</latexit>qx

<latexit sha1_base64="ouIjxoVjEGlGAXhQajg5vF+eeM8=">AAACHnicbVDLSgMxFM3UR2t9tbp0EyyCq9IR0S5cFNy4bME+oB1Kkt6xoUlmSDJKGeYL3Orer3EnbvVvTB8Lbb1w4XDOvZx7D40FN7ZW+/ZyG5tb2/nCTnF3b//gsFQ+6pgo0QzaLBKR7lFiQHAFbcutgF6sgUgqoEsntzO9+wja8Ejd22kMgSQPioecEeuo1nRYqtSqtXnhdeAvQQUtqzkse/nBKGKJBGWZIMb067ENUqItZwKy4iAxEBM2IQ/Qd1ARCSZI54dm+MwxIxxG2rWyeM7+3kiJNGYqqZuUxI7NqjYj/9P6iQ3rQcpVnFhQbGEUJgLbCM++xiOugVkxdYAwzd2tmI2JJsy6bP64UE0mYN0fCp5YJCVRo3RAadb3gzQdzJxpiCt+lhVddP5qUOugc1H1r6qXrctK42YZYgGdoFN0jnx0jRroDjVRGzEE6Bm9oFfvzXv3PrzPxWjOW+4coz/lff0APuqhzg==</latexit> y

<latexit sha1_base64="cStGoHahU1iUvZEQb14S+g6ew8A=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IevAgePGo4K5CWyRJpxo2SUuSqkvpL/Cqd3+NN/Gq/8bsbg9+DQw83pvhzTxaCG5sEHx6U9Mzs3PzrYX24tLyyupaZ71v8lIz6LFc5PqKEgOCK+hZbgVcFRqIpAIu6eBkpF/egTY8Vxd2WEAiyY3iGWfEOur84XrND7rBuPBfEDbAR02dXXe8+TjNWSlBWSaIMdFhYZOKaMuZgLodlwYKwgbkBiIHFZFgkmp8aI23HZPiLNeulcVj9vtGRaQxQ0ndpCT21vzWRuR/WlTa7DCpuCpKC4pNjLJSYJvj0dc45RqYFUMHCNPc3YrZLdGEWZfNDxeqyQCs+0PBPculJCqtYkrrKEyqKh450wz7YV23XXTh76D+gv5uN9zv7p3v+cdHTYgttIm20A4K0QE6RqfoDPUQQ4Ae0RN69l68V+/Ne5+MTnnNzgb6Ud7HFz0woc0=</latexit>x

<latexit sha1_base64="uAuT+0icAqiGx3poiTxt0zuhB/Q=">AAACInicbVBNSwMxEM36Wetn9eglWAQvll0R9eCh4MWjgv2AdilJOtuGJtklyWrLsr/Bq979Nd7Ek+CPMa092NaBgcd7M7yZRxPBjfX9L29peWV1bb2wUdzc2t7Z3Svt102cagY1FotYNykxILiCmuVWQDPRQCQV0KCDm7HeeARteKwe7CiBUJKe4hFnxDqqNjwddvzOXtmv+JPCiyCYgjKa1l2n5K23uzFLJSjLBDGmdZXYMCPaciYgL7ZTAwlhA9KDloOKSDBhNjk2x8eO6eIo1q6VxRP270ZGpDEjSd2kJLZv5rUx+Z/WSm10FWZcJakFxX6NolRgG+Px57jLNTArRg4Qprm7FbM+0YRZl8+MC9VkANb9oeCJxVIS1c3alOatIMyy9tiZRrgc5HnRRRfMB7UI6meV4KJyfn9erl5PQyygQ3SETlCALlEV3aI7VEMMcfSMXtCr9+a9ex/e5+/okjfdOUAz5X3/AOlAoyk=</latexit>x− x0

<latexit sha1_base64="vsV8mqtBYSnpVIojWd/vbEFkAAI=">AAACK3icbVDLSgMxFM34rPWtSzfBIrixzEhRFy4KblwqWBU6oyTpHQ1NMkNyRynD/Idb3fs1rhS3/odp7cLXgcDhnHs5N4fnSjoMw9dgYnJqema2NlefX1hcWl5ZXTt3WWEFdESmMnvJmQMlDXRQooLL3ALTXMEF7x8N/Ys7sE5m5gwHOSSa3RiZSsHQS1cxSg2ORuFVubNbXa80wmY4Av1LojFpkDFOrleD2biXiUKDQaGYc92DHJOSWZRCQVWPCwc5E312A11PDfNhSTm6uqJbXunRNLP+GaQj9ftGybRzA839pGZ46357Q/E/r1tgepCU0uQFghFfQWmhKGZ0WAHtSQsC1cATJqz0t1JxyywT6Iv6kcIt6wP6fxi4F5nWzPTKmPOqGyVlGQ+TeUobUVXVfXXR76L+kvPdZrTXbJ22Gu3DcYk1skE2yTaJyD5pk2NyQjpEEEseyCN5Cp6Dl+AteP8anQjGO+vkB4KPT5Cupos=</latexit>

×10−2
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Figure 5.4: Incommensurate order. (a) Spin structure factor of the central leg as a function
of doping nh for a 40 × 3 system. A narrower system size is chosen to keep numerical costs
reasonable. Open boundaries are taken to avoid magnetic frustration of the ladder. (b) Peak
height S2(qmax

x ) at qmax
x = (1 − nh)π as a function of doping nh.

The latter is further underlined in Fig. 5.3 (b), where the spin-spin correlations are shown for
the central y = 2 region. Correlations are observed to be incommensurate with the lattice, i.e.,
the total number of peaks in the spin-correlation function in each ladder leg—given by Np = 18
in Fig. 5.3 (a)—is incommensurate with the length of the system, Lx = 40. This corresponds to a
modulation of spin-correlations with wavelength λ = (1− nh)−1, where nh = Nh/Lx. Emerging
incommensurate antiferromagnetic order is further revealed in the static spin structure factor
along leg y,

Sy(qx) =
1
Lx

∑
x1,x2

⟨Ŝz
[x1,y]Ŝ

z
[x2,y]⟩ exp

[
iqx(x1 − x2)

]
, (5.2)

which features a double-peak structure at points qmax
x = π(1± nh), depicted in Fig. 5.3 (c). When

increasing the doping level, incommensurate magnetic order and stripes persist, as shown in
Fig. 5.4 (a), where the peak of the structure factor, qmax

x appears consistently at (1 − nh)π (black
dashed lines). However, the overall magnetic order decreases due to the enhanced disturbance
by the holes, as shown in Fig. 5.4 (b). Beyond nh ≳ 0.5, no clear signs of stripe formation are
visible anymore.

As we consider quasi-1D systems in our finite-size numerics, the question arises whether the
charge-density wave-like correlations capture features of a genuine phase in the thermodynamic
limit, or if they arise due to the imposed open boundaries. After all, charge-density wave-like
correlations are also expected in purely 1D systems with open boundaries. The oscillation am-
plitudes of such Friedel oscillations away from the edges decay as r−K, with K the Luttinger
exponent [229]. Note that in the 1D t-J model, charge alternations correspond to 2kF oscillations
of free chargons—which is why we use the term "Friedel oscillations" also in the context of the
mixD system. In order to clarify the difference between 1D and mixD, consider Fig. 5.5, where
the hole density in the ground state is shown for (i) a 100 × 1 t-J model and (ii) a 100 × 3 mixD
t-J system, each with nh = 0.2, i.e., 20 holes (per leg).

In the purely 1D system, Friedel oscillations are expected with density modulations decaying
like x−K far away from the boundary, with K the Luttinger parameter of the system. Focusing
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Figure 5.5: Charge density oscillations in 1D and mixD systems. The hole density distribution
as a function of position x for both a purely 1D t-J system of length 100 (red connected dots)
as well as a 100 × 3 mixD t-J system (blue connected dots). In the mixD system, the mean hole
density ⟨n̂h

[x,y=2]⟩ of the central leg is shown. Lower panel: charge density oscillation amplitude
as a function of peak position x. In the 1D case, the oscillations decay with increasing distance
from the boundary, whereas constant amplitudes signal stable charge density order in the mixD
setting.

first on the red curve in the upper panel of Fig. 5.5, we observe this typical decay of charge density
wave amplitude with increasing distance from the boundary. This is underlined by the lower
panel of Fig. 5.5, where we explicitly show the peak height as a function of its position. The decay
of charge density wave order in 1D is in stark contrast to the oscillations observed in the stripe
phase in the mixD system, where the oscillations are seen to quickly converge towards a finite
plateau, see the blue curve in Fig. 5.5. This underlines that, though pinning the charge density
order, the boundaries are not responsible for the formation of charge density waves. Instead, the
magnetic background and arising linear string potential [230] ultimately lead to the formation
of stripes.

To corroborate the stability of the vertical stripes, we now show that in the mixD setting,
intraleg hole pairing is heavily suppressed, while stripe formation is in turn strongly favored.
We illustrate this by calculating the binding energy of two holes doped into the central leg of
Ly = 4 cylinders. If E(Nh) corresponds to the ground state energy of the mixD t-J model with
Nh holes in the central ladder leg, the binding energy of a hole pair is given by

Eb = [E(2)− E(0)]− 2[E(1)− E(0)]. (5.3)

Hence, for negative binding energies Eb < 0, a bound state is formed between the two holes. By
computing the ground state energies E(0), E(1), E(2), we evaluate the binding energy for a 20× 4
mixD t-J system with PBC (OBC) in y- (x-) direction, which we find to be Eb/t ∼ −O(10−3). In
the thermodynamic limit, in fact, we expect the binding energy to exactly vanish, ultimately
supporting the absence of pairing in the mixD t-J model.
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Figure 5.6: Charge-charge correlations. The g(2)2 function of holes along a single ladder leg
y = 2, cf. Eq. (5.4), for the 40 × 4 system studied in Fig. 5.3 in the main text. Values close to
−1 at short short distances d ≳ 1 signal the strong tendency of holes to repel each other, and
instead arrange themselves in stripes – signaled by the peak at d = 1/nh = 10 and the following
modulation of g(2)2 .

To further underline the suppression of hole pairing, we study the g(2)y function of the holes
along ladder leg y, given by

g(2)y (d) =

[
1

Lx − d

Lx−d

∑
i=1

⟨n̂h
i+dn̂h

i ⟩
⟨n̂h

i+d⟩ ⟨n̂h
i ⟩

]
− 1. (5.4)

Given a hole at position [i, y], the summand evaluates how likely the existence of a hole at site
[i + d, y] is. Thus, if g(2)y (d) is negative, it is less likely to find holes at positions separated by
distance d, whereas a positive correlator signals a larger likelihood. Fig. 5.6 shows gh

2(d) of a
40× 4 system. Strong negative values close to the lower bound of g(2)y (d), i.e., −1, underlines the
tendency of holes avoiding each other. Upon increasing the distance, the connected correlator
g(2)2 (d) increases, until reaching a maximum at the mean stripe-stripe distance d = 1/nh = 10.
Visible modulations for further growing distance d signal the presence of a charge-density wave
in the ground state, in accordance to the results presented in Fig. 5.3.

5.2.2 Finite temperature crossover

In order to estimate critical temperatures for stripe formation, we use mixed state purification
and imaginary time evolution schemes while conserving the system’s symmetries, see Sec. 3.1.5.
In order to target our desired subspace also for finite temperature calculations, we need to incor-
porate the symmetries in the enlarged Hilbert space, i.e. we would like to perform a calculation
in the canonical ensemble while conserving the number of charges in each ladder leg.

In particular, during the time evolution we conserve the particle number in each phys-
ical leg Nℓ, ℓ = 1..Ly, as well as the total spin Sz,tot

phys.+aux. (the latter allowing for finite to-
tal magnetizations of the physical system at finite temperate). Note that we do not conserve
the particle number in each ancilla ladder leg individually1, but instead conserve only the
total particle number in the auxiliary system Ntot

aux.. Thus, conserved quantum numbers are

1This is, in fact, redundant and merely increases computational costs when sorting the density matrix.
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Figure 5.7: Purification in mixD. Cartoon of the physical and ancilla system to emulate a thermal
bath for finite temperature calculations. Physical sites and bonds are illustrated by grey filled
circles and black lines, auxiliary sites and their artificial connection to the physical system are
shown by crosses and wavy lines. There exists no physical connection between the two Hilbert
spaces, nevertheless ancilla sites can act on physical sites implicitly through their entanglement.

[N1, N2, . . . , NLy , Ntot
aux., Sz,tot

phys.+aux.], resulting in Ly + 2 conserved quantities. The structure of the
system employed in our calculations is depicted in Fig. 5.7.

In the subset of the Hilbert space that fulfils the particle number constraints, the maximally
entangled state at infinite temperature reads

|Ψ(β = 0)⟩ = ∏
ℓ

P̂Nℓ

L−1⊗
i=0

(
|0, 0⟩+ ∑

σ=↑,↓
|σ, σ̄⟩

)
. (5.5)

Here, ℓ is the physical chain index, L = LxLy the total number of physical sites in the ladder
system, {|0⟩ , |↑⟩ , |↓⟩} is the single particle basis of the t-J model with ↑̄ =↓, ↓̄ =↑, and P̂Nℓ

is the projector to the subspace with Nℓ dopants in the ℓth physical chain; the first and second
entries in the kets correspond to physical and auxiliary sites, respectively.

To get the MPS representation of the maximally entangled state, we perform a ground state
search of a specifically tailored entangler Hamiltonian, given by

Ĥent. = −∑
y

∑
x<x′
x ̸=x′

∆†
[x,y]∆[x′,y] + h.c., (5.6)

where ∆†
x = 1√

2

(
c†

x,↑c†
a(x),↓ − c†

x,↓c†
a(x),↑

)
creates a singlet on site x = [x, y] paired with its corre-

sponding ancilla site a(x). It is instructive to think of Eq. (5.6) as a tight-binding Hamiltonian of
hopping singlets on enlarged sites including both the physical and its auxiliary site, from which
it can be proven that the ground state of Hamiltonian Eq. (5.6) is given by Eq. (5.5) (see e.g. [187]
for a discussion of the 1D t-J model).

A technical remark: since the entangler Hamiltonian Eq. (5.6) blocks into parts where the
physical and ancilla sites are correctly or incorrectly paired in the sense of the maximally entan-
gled ground state, it is important to choose an initial DMRG MPS state that fulfills the pairing for
the ground state search of Eq. (5.6) (for example, a site in the state |0, ↑⟩ is not paired correctly).
A DMRG run will then yield Eq. (5.5) as the ground state, with eigenvalue −(Lx − Nh)Nh. For
our system sizes and hole dopings, we notice good DMRG convergence, whereby the variational
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ground state search results in representations of Eq. (5.5) with typical maximal bond dimensions
χmax ∼ 100. We can now employ imaginary time evolution techniques to evolve the state away
from β = 0 towards finite temperatures.

Since the projected product states are of rather low bond dimension, local approximations
of the Hamiltonian (and subsequent exponentiation) will suffer from large projection errors and
are of low quality, see the discussion in Sec. 3.1.4. Hence, we start by employing global methods
to cool the system to moderate temperatures, after which the entanglement in the system (and
the bond dimension of the thermal MPS) has sufficiently increased to switch to local methods.

In particular, we start with the global Krylov scheme, where we let the bond dimension ex-
pand until χmax = 1024, after which we switch to the local two-site TDVP method. For the imag-
inary time evolution, we choose time steps of ∆τ = 0.05. We fix weight and truncation cutoffs to
10−7 and 10−8, respectively, and use an overall maximum bond dimension of χ = 10, 000. When
reaching τ = 2, we switch to time steps ∆τ = 0.1. Around the transition into the stripe phase,
we choose ∆τ = 0.02. Using the scheme outlined above, we cool the system down to τ = 4,
which lets us evaluate convergence to the ground state—a crucial step to assess the quality of
the moderate temperature states where the transition from chargon gas to stripes happens.

Low temperature convergence is illustrated exemplary for a 40 × 2 system and Nh = 6, i.e.
nh = 0.15, in Fig. 5.8. Upon cooling the system from the β = 0 state, the energy ⟨Ĥ⟩T approaches
the energy of a ground state DMRG calculation for β → ∞, see Fig. 5.8 (a). In Fig. 5.8 (b), the
charge density profile ⟨n̂h

[x,1]⟩T
is shown for the lowest temperature T/J = 1/8 compared to the

ground state results. Good convergence is observed between the τ = 4 and ground state. The
same holds for spin-spin correlations, where we show ⟨Ŝz

[1,1]Ŝ
z
[x,1]⟩ for T/J = 1/8 and T/J =

0. Again, convergence of ground state and low-temperature purification results is observed.
When comparing the density profiles along the two ladder legs, we find that hole densities are
indistinguishable for y = 1, 2, cf. Fig. 5.8 (d). This underlines good convergence of the two-leg
systems.

Upon cooling the ladder, the entanglement of the system grows rapidly, which results in
large bond dimensions of the thermal MPS. With weight and truncation cutoffs as introduced
above, we reach the maximal value of χ = 10, 000 at around T/J = 1. From these magnitude
of bond dimensions, it is evident that using the U(1) symmetries in each ladder leg renders
an accurate evaluation of the transition from a disordered to a stripe phase significantly more
feasible. Furthermore, we note that purification approaches for systems with Ly > 2 with the
same accuracy is a challenging task. In these cases, using maximally entangled typical thermal
states (METTS) might be more advantageous, as demonstrated e.g. in [228]. We note, however,
that when aiming to reach temperatures of the order T/J ∼ 1, the number of needed sampled
METTS is expected to drastically increase (i.e., long auto-correlation times are expected), making
the intermediate temperature regime particularly challenging.

Before analyzing the finite-temperature transition towards the ordered ground state in more
detail, let us look at wider systems. We implement a 30 × 3 lattice with open boundaries and
run the cooling process identically to the ladders, with maximal bond dimension χ = 15, 000.
We then analyze the density distribution in the low-temperature regime. Fig. 5.8 (e) shows finite
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<latexit sha1_base64="8NEc2R2oKZt/X/C5phbaQTCY6BQ=">AAACIHicbVDLSgMxFM3UR2t9VpdugkVwVTpS1I1QdOOyon1AO5QkvVNDk8yQZJQyzCe41b1f405c6teYPhbaeuHC4Zx7OfceGgtubLX65eVWVtfW84WN4ubW9s7uXmm/ZaJEM2iySES6Q4kBwRU0LbcCOrEGIqmANh1dT/T2I2jDI3VvxzEEkgwVDzkj1lF340u/v1euVqrTwsvAn4MymlejX/LyvUHEEgnKMkGM6V7ENkiJtpwJyIq9xEBM2IgMoeugIhJMkE5PzfCxYwY4jLRrZfGU/b2REmnMWFI3KYl9MIvahPxP6yY2vAhSruLEgmIzozAR2EZ48jcecA3MirEDhGnubsXsgWjCrEvnjwvVZATW/aHgiUVSEjVIe5RmXT9I097EmYa47GdZ0UXnLwa1DFqnFf+sUrutletX8xAL6BAdoRPko3NURzeogZqIoSF6Ri/o1Xvz3r0P73M2mvPmOwfoT3nfP0oYolY=</latexit>

y = 1
<latexit sha1_base64="iQYhexJPnl1ay9XkrmI6peVETfg=">AAACIHicbVBNSwMxEM3Wr1q/Wj16CRbBU+mWor0IohePilaFdilJdrYNTbJLklWWZX+CV737a7yJR/01prUHrQ4MPN6b4c08mghubLP54ZUWFpeWV8qrlbX1jc2tam37xsSpZtBlsYj1HSUGBFfQtdwKuEs0EEkF3NLx2US/vQdteKyubZZAIMlQ8YgzYh11lR23BtV6s9GcFv4L/Bmoo1ldDGreSj+MWSpBWSaIMb1OYoOcaMuZgKLSTw0khI3JEHoOKiLBBPn01ALvOybEUaxdK4un7M+NnEhjMkndpCR2ZOa1Cfmf1ktt1AlyrpLUgmLfRlEqsI3x5G8ccg3MiswBwjR3t2I2Ipow69L55UI1GYN1fyh4YLGURIV5n9Ki5wd53p840wjX/aKouOj8+aD+gptWwz9stC/b9ZPTWYhltIv20AHy0RE6QefoAnURQ0P0iJ7Qs/fivXpv3vv3aMmb7eygX+V9fgFL0qJX</latexit>

y = 2

<latexit sha1_base64="kXqqJMNzsHvnR//wquLkj1sVG5g="></latexit> hn̂
h [x
,y
]i

<latexit sha1_base64="KBrA4nb1lxOBXetZrHvkwAnT/Yc="></latexit>

Lx ⇥ Ly = 30⇥ 3, nh = 2/15, T/J = 0.25
<latexit sha1_base64="Q5XuMQGsxZ3ylqukfMWaEZiUkQE="></latexit>

Lx ⇥ Ly = 40⇥ 2, nh = 0.15, T/J = 0.25

<latexit sha1_base64="ZMn/dQXvIWfTScw4uWWceikLVhw="></latexit> h
Ĥ
i
T

<latexit sha1_base64="nXbDqgs8sDiINgrPjGhLxowAEuI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4ql0p6kkKXsSTom2FdpEkna2hSXZJskpZ9id41bu/xpt41F9jtu3Btg4MPN6b4c08GgtubK327S0sLi2vFIqrpbX1jc2t7fJOy0SJZtBkkYj0PSUGBFfQtNwKuI81EEkFtOngItfbT6ANj9SdHcYQSNJXPOSMWEfd3h1dPWxXatXaqPA88CeggiZ1/VD2Ct1exBIJyjJBjOmcxTZIibacCchK3cRATNiA9KHjoCISTJCOTs3wgWN6OIy0a2XxiP27kRJpzFBSNymJfTSzWk7+p3USG54FKVdxYkGxsVGYCGwjnP+Ne1wDs2LoAGGau1sxeySaMOvSmXKhmgzAuj8UPLNISqJ6aZfSrOMHadrNnWmIK36WlVx0/mxQ86B1XPVPqvWbeqVxPgmxiPbQPjpEPjpFDXSJrlETMdRHL+gVvXnv3of36X2NRxe8yc4umirv5xcbqKI4</latexit>

T/J <latexit sha1_base64="SBTK0hN+WZGU2DTp85fMw4iqfEw=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IehLBi0cFdxXaIkk61bBJWpJUXUp/gVe9+2u8iVf9N2Z3e/BrYODx3gxv5tFCcGOD4NObmp6ZnZtvLbQXl5ZXVtc6632Tl5pBj+Ui11eUGBBcQc9yK+Cq0EAkFXBJBycj/fIOtOG5urDDAhJJbhTPOCPWUecP12t+0A3Ghf+CsAE+aursuuPNx2nOSgnKMkGMiQ4Lm1REW84E1O24NFAQNiA3EDmoiASTVONDa7ztmBRnuXatLB6z3zcqIo0ZSuomJbG35rc2Iv/TotJmh0nFVVFaUGxilJUC2xyPvsYp18CsGDpAmObuVsxuiSbMumx+uFBNBmDdHwruWS4lUWkVU1pHYVJV8ciZZtgP67rtogt/B/UX9He74X5373zPPz5qQmyhTbSFdlCIDtAxOkVnqIcYAvSIntCz9+K9em/e+2R0ymt2NtCP8j6+AD3Koc8=</latexit>x

<latexit sha1_base64="8BhvlduFUYQ4+dPDINyxtEx29Xk="></latexit> hŜ
z [0
,1
]Ŝ

z [x
,1
]i T

<latexit sha1_base64="j9TR1zmXjVVKXoxIHezG4ypdTHs="></latexit> hn̂
h [x
,1
]i T

<latexit sha1_base64="VvBevC27Y8VRrGlOBnhhd/8O4Wc=">AAACK3icbVDLSgMxFM34rPWtSzfBIrixzEhRV1Jw41LBqtAZJUnvaGiSGZI7ShnmP9zq3q9xpbj1P0xrF74OBA7n3Mu5OTxX0mEYvgYTk1PTM7O1ufr8wuLS8srq2rnLCiugIzKV2UvOHChpoIMSFVzmFpjmCi54/2joX9yBdTIzZzjIIdHsxshUCoZeuopRanA0Cq/Knd3qeqURNsMR6F8SjUmDjHFyvRrMxr1MFBoMCsWc6x7kmJTMohQKqnpcOMiZ6LMb6HpqmA9LytHVFd3ySo+mmfXPIB2p3zdKpp0baO4nNcNb99sbiv953QLTg6SUJi8QjPgKSgtFMaPDCmhPWhCoBp4wYaW/lYpbZplAX9SPFG5ZH9D/w8C9yLRmplfGnFfdKCnLeJjMU9qIqqruq4t+F/WXnO82o71m67TVaB+OS6yRDbJJtklE9kmbHJMT0iGCWPJAHslT8By8BG/B+9foRDDeWSc/EHx8ApFIpo0=</latexit>

⇥10�2

<latexit sha1_base64="yvrHQ2/KQuTKbhM1h4WwTBHW0Zs=">AAACJnicbVDLSgMxFM34tr516SZYBFdtR0S7UQQ34qpCX9IOJUnv1NAkMyQZpQzzFW5179e4E3Hnp5g+Frb1woXDOfdy7j00FtzYUunbW1hcWl5ZXVvPbWxube/s7u3XTZRoBjUWiUg3KTEguIKa5VZAM9ZAJBXQoP2bod54Am14pKp2EEMgSU/xkDNiHfVQLd7hS+wXy53dfKlQGhWeB/4E5NGkKp09b7XdjVgiQVkmiDGtcmyDlGjLmYAs104MxIT1SQ9aDioiwQTp6OAMHzumi8NIu1YWj9i/GymRxgwkdZOS2Eczqw3J/7RWYsNykHIVJxYUGxuFicA2wsPvcZdrYFYMHCBMc3crZo9EE2ZdRlMuVJM+WPeHgmcWSUlUN21TmrX8IE3bQ2ca4ryfZTkXnT8b1Dyonxb888LZ/Vn++moS4ho6REfoBPnoAl2jW1RBNcSQRC/oFb15796H9+l9jUcXvMnOAZoq7+cX4C2jiQ==</latexit>

T/J = 1/8
<latexit sha1_base64="jzKtG2ucpvo0pwnmRt2ZeZv33Xs=">AAACJHicbVBNSwMxEM3Wj2r9rB69BIvgqe5KUS+K4EU8KdhWaBdJ0tk2NMkuSVYpy/4Ir3r313gTD178LaYfB9s6MPB4b4Y382giuLG+/+0VFhaXlosrq6W19Y3Nre3yTsPEqWZQZ7GI9QMlBgRXULfcCnhINBBJBTRp/2qoN59AGx6reztIIJSkq3jEGbGOat4f3eBz7D9uV/yqPyo8D4IJqKBJ3T6WvWK7E7NUgrJMEGNaZ4kNM6ItZwLyUjs1kBDWJ11oOaiIBBNmo3NzfOCYDo5i7VpZPGL/bmREGjOQ1E1KYntmVhuS/2mt1EZnYcZVklpQbGwUpQLbGA9/xx2ugVkxcIAwzd2tmPWIJsy6hKZcqCZ9sO4PBc8slpKoTtamNG8FYZa1h840wpUgz0suumA2qHnQOK4GJ9XaXa1yeTEJcQXtoX10iAJ0ii7RNbpFdcRQH72gV/TmvXsf3qf3NR4teJOdXTRV3s8v3xujDQ==</latexit>

T/J = 0

<latexit sha1_base64="yvrHQ2/KQuTKbhM1h4WwTBHW0Zs=">AAACJnicbVDLSgMxFM34tr516SZYBFdtR0S7UQQ34qpCX9IOJUnv1NAkMyQZpQzzFW5179e4E3Hnp5g+Frb1woXDOfdy7j00FtzYUunbW1hcWl5ZXVvPbWxube/s7u3XTZRoBjUWiUg3KTEguIKa5VZAM9ZAJBXQoP2bod54Am14pKp2EEMgSU/xkDNiHfVQLd7hS+wXy53dfKlQGhWeB/4E5NGkKp09b7XdjVgiQVkmiDGtcmyDlGjLmYAs104MxIT1SQ9aDioiwQTp6OAMHzumi8NIu1YWj9i/GymRxgwkdZOS2Eczqw3J/7RWYsNykHIVJxYUGxuFicA2wsPvcZdrYFYMHCBMc3crZo9EE2ZdRlMuVJM+WPeHgmcWSUlUN21TmrX8IE3bQ2ca4ryfZTkXnT8b1Dyonxb888LZ/Vn++moS4ho6REfoBPnoAl2jW1RBNcSQRC/oFb15796H9+l9jUcXvMnOAZoq7+cX4C2jiQ==</latexit>

T/J = 1/8
<latexit sha1_base64="jzKtG2ucpvo0pwnmRt2ZeZv33Xs=">AAACJHicbVBNSwMxEM3Wj2r9rB69BIvgqe5KUS+K4EU8KdhWaBdJ0tk2NMkuSVYpy/4Ir3r313gTD178LaYfB9s6MPB4b4Y382giuLG+/+0VFhaXlosrq6W19Y3Nre3yTsPEqWZQZ7GI9QMlBgRXULfcCnhINBBJBTRp/2qoN59AGx6reztIIJSkq3jEGbGOat4f3eBz7D9uV/yqPyo8D4IJqKBJ3T6WvWK7E7NUgrJMEGNaZ4kNM6ItZwLyUjs1kBDWJ11oOaiIBBNmo3NzfOCYDo5i7VpZPGL/bmREGjOQ1E1KYntmVhuS/2mt1EZnYcZVklpQbGwUpQLbGA9/xx2ugVkxcIAwzd2tmPWIJsy6hKZcqCZ9sO4PBc8slpKoTtamNG8FYZa1h840wpUgz0suumA2qHnQOK4GJ9XaXa1yeTEJcQXtoX10iAJ0ii7RNbpFdcRQH72gV/TmvXsf3qf3NR4teJOdXTRV3s8v3xujDQ==</latexit>

T/J = 0

<latexit sha1_base64="ZMn/dQXvIWfTScw4uWWceikLVhw="></latexit>

hĤiT

<latexit sha1_base64="uLnxbEcTvvGZ6eliE0rHJctLVO4=">AAACIHicbVBNSwMxEM3Wj9b6VfXoJVgET2VXivYkgggeK1oV2qUk6WwbmmSXJKuUZX+CV737a7yJR/01ZmsPVh0YeLw3w5t5NBHcWN//8EoLi0vL5cpKdXVtfWOztrV9Y+JUM+iwWMT6jhIDgivoWG4F3CUaiKQCbun4rNBv70EbHqtrO0kglGSoeMQZsY66Ou/7/Vrdb/jTwn9BMAN1NKt2f8sr9wYxSyUoywQxpttKbJgRbTkTkFd7qYGEsDEZQtdBRSSYMJuemuN9xwxwFGvXyuIp+3MjI9KYiaRuUhI7Mr+1gvxP66Y2aoUZV0lqQbFvoygV2Ma4+BsPuAZmxcQBwjR3t2I2Ipow69KZc6GajMG6PxQ8sFhKogZZj9K8G4RZ1iucaYTrQZ5XXXTB76D+gpvDRnDUaF4266cnsxAraBftoQMUoGN0ii5QG3UQQ0P0iJ7Qs/fivXpv3vv3aMmb7eygufI+vwAn0KI/</latexit>

E0

<latexit sha1_base64="SBTK0hN+WZGU2DTp85fMw4iqfEw=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IehLBi0cFdxXaIkk61bBJWpJUXUp/gVe9+2u8iVf9N2Z3e/BrYODx3gxv5tFCcGOD4NObmp6ZnZtvLbQXl5ZXVtc6632Tl5pBj+Ui11eUGBBcQc9yK+Cq0EAkFXBJBycj/fIOtOG5urDDAhJJbhTPOCPWUecP12t+0A3Ghf+CsAE+aursuuPNx2nOSgnKMkGMiQ4Lm1REW84E1O24NFAQNiA3EDmoiASTVONDa7ztmBRnuXatLB6z3zcqIo0ZSuomJbG35rc2Iv/TotJmh0nFVVFaUGxilJUC2xyPvsYp18CsGDpAmObuVsxuiSbMumx+uFBNBmDdHwruWS4lUWkVU1pHYVJV8ciZZtgP67rtogt/B/UX9He74X5373zPPz5qQmyhTbSFdlCIDtAxOkVnqIcYAvSIntCz9+K9em/e+2R0ymt2NtCP8j6+AD3Koc8=</latexit>x <latexit sha1_base64="SBTK0hN+WZGU2DTp85fMw4iqfEw=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IehLBi0cFdxXaIkk61bBJWpJUXUp/gVe9+2u8iVf9N2Z3e/BrYODx3gxv5tFCcGOD4NObmp6ZnZtvLbQXl5ZXVtc6632Tl5pBj+Ui11eUGBBcQc9yK+Cq0EAkFXBJBycj/fIOtOG5urDDAhJJbhTPOCPWUecP12t+0A3Ghf+CsAE+aursuuPNx2nOSgnKMkGMiQ4Lm1REW84E1O24NFAQNiA3EDmoiASTVONDa7ztmBRnuXatLB6z3zcqIo0ZSuomJbG35rc2Iv/TotJmh0nFVVFaUGxilJUC2xyPvsYp18CsGDpAmObuVsxuiSbMumx+uFBNBmDdHwruWS4lUWkVU1pHYVJV8ciZZtgP67rtogt/B/UX9He74X5373zPPz5qQmyhTbSFdlCIDtAxOkVnqIcYAvSIntCz9+K9em/e+2R0ymt2NtCP8j6+AD3Koc8=</latexit>x

<latexit sha1_base64="13sVF6xpPhiuHl/OFrVXVXiCcVA="></latexit>

(e)
<latexit sha1_base64="Yr9cE/dMnMjvN+KaIIDHlGYxQbU="></latexit>

(d)

<latexit sha1_base64="s7BRrMDS2B4A4vfHfO3mNBfMYX8="></latexit>

(c)

<latexit sha1_base64="dvGvXpbY70LRQFUWR5EIAciC5Nc="></latexit>

(b)
<latexit sha1_base64="OHwTXgWNsqX9Rgf5dB8pBIPu2Lg="></latexit>

(a)

Figure 5.8: Convergence of finite temperature calculations. (a) Energy ⟨Ĥ⟩T as a function of
temperature T/J for a 40 × 2 system at hole doping nh = 0.15. ⟨Ĥ⟩T approaches the energy
E0 from a DMRG ground state search (red line) when T/J → 0 for a system with identical
parameters. (b) Particle density along the lower leg, i.e., ⟨n̂h

[x,1]⟩T
for temperatures T/J = 1/8

(blue dots) and in the ground state T/J = 0 (red squares). The density profile converges towards
the ground state result for temperatures approaching zero. (c) Spin-spin correlations ⟨Ŝz

[1,1]Ŝ
z
[x,1]⟩,

again for T/J = 1/8 (blue dots) and T/J = 0 (red squares). Correlations are seen to converge
towards the ground state result. (d)&(e) Mean hole density profile ⟨n̂h

[x,y]⟩T
along each ladder

leg for a two-leg (d) and three-leg (e) ladder at temperature T/J = 0.25. Specifically, the system
sizes are Lx × Ly = 40 × 2 for (d) and Lx × Ly = 30 × 3 for (e), with hole doping nh = 0.15 and
nh = 2/15, respectively. In both cases, boundaries are open (OBC). In the two-leg ladder, results
along both y = 1 and y = 2 are indistinguishable. For the three-leg ladder, charge-density wave
patterns are visible, but density distributions are asymmetric. Maximum bond dimensions are
10, 000 and 15, 000 for (d) and (e), respectively.

temperature expectation values ⟨n̂h
[x,y]⟩T

at hole doping nh = 2/15, i.e., Nh = 4, along each
ladder leg y = 1, 2, 3 at temperature T/J = 0.25. Though showing clear signs of charge-density
wave features, the resulting hole distributions are not fully converged—leading to asymmetric
densities as in Fig. 5.8 (e). In particular, density profiles for y = 1, 3 are expected to be identical,
but show visible deviations. We have checked that the spin structure factor shows a split peak
with maxima at qx = (1 − nh)π in the three-leg ladder in the stripe regime, but refrain from
showing this here.

As we will show in Sec. 5.3, it is possible to reach convergence of wider systems at low doping.
For instance, we analyze the formation of a single stripe in a Lx × Ly = 8 × 4 system in Sec. 5.3.
However, when attempting to study the onset of incommensurate order for a variety of doping
values, we restrict our considerations in the following to 2-leg ladders.

Detailed results for a 40× 2 physical system with open boundary conditions (OBC) are shown
in Fig. 5.9. Starting from high temperatures, we measure the static spin structure factor, localize
its peak position ±qmax

x and calculate the peak split parameter defined by ∆T = Sy(qmax
x ) −
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<latexit sha1_base64="3gPNz/RPOwUe8kCmEIdRB/bZQMk=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4j5gXJEmYns8mQ2dllplcIS8Af8Kp/4E28+iv+gN/h5HEwiQUNRVU33V1BIoVB1/12chubW9s7+d3C3v7B4VHx+KRp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTf3WE9dGxKqO44T7ER0oEQpG0UqP9R7rFUtu2Z2BrBNvQUqwQK1X/On2Y5ZGXCGT1JiO5yboZ1SjYJJPCt3U8ISyER3wjqWKRtz42ezUCbmwSp+EsbalkMzUvxMZjYwZR4HtjCgOzao3Ff/zOimGt34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpLWwJNRxwnBRuMtxrDOmlelb3rcuWhUqpWFxHl4QzO4RI8uIEq3EMNGsBgAC/wCm/Os/PufDif89acs5g5hSU4X79GQZYd</latexit>

Tc

<latexit sha1_base64="UPF/n+FlXa/hInY5Fi/SJSks0ps=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKW4kaI5BL+IpYl6QLGF20psMmX0w0yuEJfgFXvULvIlXv8UP8D+cJHswiQUNRVU33V1uJIVG2/62MmvrG5tb2e3czu7e/kH+8Kipw1hxaPBQhqrtMg1SBNBAgRLakQLmuxJa7uh26reeQGkRBnUcR+D4bBAIT3CGRnqsX9z38gW7aM9AV0kpJQWSotbL/3T7IY99CJBLpnWnEqGTMIWCS5jkurGGiPERG0DH0ID5oJ1kdumEnhmlT71QmQqQztS/EwnztR77run0GQ71sjcV//M6MXoVJxFBFCMEfL7IiyXFkE7fpn2hgKMcG8K4EuZWyodMMY4mnIUtrmIjwEnO5FJaTmGVNC+Lpati+aFcqN6kCWXJCTkl56RErkmV3JEaaRBOBuSFvJI369l6tz6sz3lrxkpnjskCrK9fZ9+Vpw==</latexit>

T/J

<latexit sha1_base64="GK5sxMQmCenhh9Rdu+aPy3TwoWc=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgadkNQb0IAS8eI5iHJGuYnUySITOzy8ysEJZc/QGv+gfexKv/4Q/4HU6SPZjEgoaiqpvurjDmTBvP+3Zya+sbm1v57cLO7t7+QfHwqKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqZ+s0nqjSL5L0ZxzQQeCBZnxFsrPQgH4foGnluuVssea43A1olfkZKkKHWLf50ehFJBJWGcKx12/diE6RYGUY4nRQ6iaYxJiM8oG1LJRZUB+ns4Ak6s0oP9SNlSxo0U/9OpFhoPRah7RTYDPWyNxX/89qJ6V8FKZNxYqgk80X9hCMToen3qMcUJYaPLcFEMXsrIkOsMDE2o4UtocIjaiYFG4y/HMMqaZRd/8Kt3FVK1WoWUR5O4BTOwYdLqMIt1KAOBAS8wCu8Oc/Ou/PhfM5bc042cwwLcL5+AQrpl4Q=</latexit>

nh = 0.2
<latexit sha1_base64="JKv0HXN/Jvd84jo4Ld21WR86rhg=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgadnVoF6EgBePEcxDkjXMTmaTITOzy0yvEJZc/QGv+gfexKv/4Q/4HU4eB5NY0FBUddPdFSaCG/C8bye3srq2vpHfLGxt7+zuFfcP6iZONWU1GotYN0NimOCK1YCDYM1EMyJDwRrh4GbsN56YNjxW9zBMWCBJT/GIUwJWelCPfXyNPfe8Uyx5rjcBXib+jJTQDNVO8afdjWkqmQIqiDEt30sgyIgGTgUbFdqpYQmhA9JjLUsVkcwE2eTgET6xShdHsbalAE/UvxMZkcYMZWg7JYG+WfTG4n9eK4XoKsi4SlJgik4XRanAEOPx97jLNaMghpYQqrm9FdM+0YSCzWhuS6jJgMGoYIPxF2NYJvUz179wy3flUqUyiyiPjtAxOkU+ukQVdIuqqIYokugFvaI359l5dz6cz2lrzpnNHKI5OF+/DIGXhQ==</latexit>

nh = 0.3

<latexit sha1_base64="u5X+CkFT4MVKLrarhR8xZBfa7fU=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgadkV0VyEoBePEcxDkjXMTibJkJnZZWZWCEuOfoFX/QJv4tUP8QP8DyfJHkxiQUNR1U13Vxhzpo3nfTu5ldW19Y38ZmFre2d3r7h/UNdRogitkYhHqhliTTmTtGaY4bQZK4pFyGkjHN5M/MYTVZpF8t6MYhoI3Jesxwg2VnqQjwN0hTzX7xRLnutNgZaJn5ESZKh2ij/tbkQSQaUhHGvdKscmSLEyjHA6LrQTTWNMhrhPW5ZKLKgO0um9Y3RilS7qRcqWNGiq/p1IsdB6JELbKbAZ6EVvIv7ntRLTKwcpk3FiqCSzRb2EIxOhyfOoyxQlho8swUQxeysiA6wwMTaiuS2hwkNqxgWbi7+YwjKpn7n+hXt+d16qXGcJ5eEIjuEUfLiECtxCFWpAQMALvMKb8+y8Ox/O56w152QzhzAH5+sXnf6XVg==</latexit>

nh = 0.1

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit> ⇤<latexit sha1_base64="nXbDqgs8sDiINgrPjGhLxowAEuI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4ql0p6kkKXsSTom2FdpEkna2hSXZJskpZ9id41bu/xpt41F9jtu3Btg4MPN6b4c08GgtubK327S0sLi2vFIqrpbX1jc2t7fJOy0SJZtBkkYj0PSUGBFfQtNwKuI81EEkFtOngItfbT6ANj9SdHcYQSNJXPOSMWEfd3h1dPWxXatXaqPA88CeggiZ1/VD2Ct1exBIJyjJBjOmcxTZIibacCchK3cRATNiA9KHjoCISTJCOTs3wgWN6OIy0a2XxiP27kRJpzFBSNymJfTSzWk7+p3USG54FKVdxYkGxsVGYCGwjnP+Ne1wDs2LoAGGau1sxeySaMOvSmXKhmgzAuj8UPLNISqJ6aZfSrOMHadrNnWmIK36WlVx0/mxQ86B1XPVPqvWbeqVxPgmxiPbQPjpEPjpFDXSJrlETMdRHL+gVvXnv3of36X2NRxe8yc4umirv5xcbqKI4</latexit> T
/J

<latexit sha1_base64="aYxlry9UlctRuaWCRAPkKNLyWJc="></latexit>

Chargon gas

<latexit sha1_base64="iOQvXhaMLU2ANG5PQtr278mijcc=">AAACK3icbVDLSgMxFM3Ud33r0k2wCK5KR0RduBDcuFS0WuiMkqR32tAkMyR31DLMf7jVvV/jSnHrf5jWLnwdCBzOuZdzc3impMNG4zWoTExOTc/MzlXnFxaXlldW1y5dmlsBTZGq1LY4c6CkgSZKVNDKLDDNFVzx/vHQv7oF62RqLnCQQaxZ18hECoZeuo4Q7rE4RyszcOXNSq1Rb4xA/5JwTGpkjNOb1WAm6qQi12BQKOZc+yDDuGAWpVBQVqPcQcZEn3Wh7alhGlxcjK4u6ZZXOjRJrX8G6Uj9vlEw7dxAcz+pGfbcb28o/ue1c0wO4kKaLEcw4isoyRXFlA4roB1pQaAaeMKElf5WKnrMMoG+qB8p3LI+oP+HgTuRas1Mp4g4L9thXBTRMJkntBaWZdVXF/4u6i+53KmHe/Xds93a0eG4xFmyQTbJNgnJPjkiJ+SUNIkgljyQR/IUPAcvwVvw/jVaCcY76+QHgo9P2Tin2g==</latexit>

Stripes
<latexit sha1_base64="fCFaBpWZZtbU5MK8WF/PRLNQ01c=">AAACIHicbVBNSwMxEM3Wj9b6VfXoJVgET6Uroj14ELx4rGhV6C4lSWfb0CS7JFmlLPsTvOrdX+NNPOqvMVv3oNWBhMd7M7yZRxPBjW23P7zKwuLScrW2Ul9dW9/YbGxt35g41Qx6LBaxvqPEgOAKepZbAXeJBiKpgFs6OS/023vQhsfq2k4TCCUZKR5xRqyjrtqt9qDRdP+s8F/gl6CJyuoOtrxqMIxZKkFZJogx/U5iw4xoy5mAvB6kBhLCJmQEfQcVkWDCbLZqjvcdM8RRrN1TFs/YnxMZkcZMJXWdktixmdcK8j+tn9qoE2ZcJakFxb6NolRgG+PibjzkGpgVUwcI09ztitmYaMKsS+eXC9VkAtbdoeCBxVISNcwCSvO+H2ZZUDjTCDf9PK+76Pz5oP6Cm8OWf9w6ujxqnp2WIdbQLtpDB8hHJ+gMXaAu6iGGRugRPaFn78V79d689+/WilfO7KBf5X1+Aa3wofc=</latexit>

0.0

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit>⇤
<latexit sha1_base64="RVHy+7yK8wmL3IkzR7VRzsME69k="></latexit>

S1(qx)
<latexit sha1_base64="zncHjbvJHM9DBDsH/xb4K9FuX90=">AAACIHicbVDLSgMxFM34aq3P6tJNcBBclY6IupKCG5cVbStMh5Kkd2pokhmTjFqG+QS3uvdr3IlL/RrTx8LXhQuHc+7l3HtoKrix9fqHNze/sLhUKi9XVlbX1jc2q1ttk2SaQYslItHXlBgQXEHLcivgOtVAJBXQocOzsd65A214oq7sKIVIkoHiMWfEOurytvfQ2/Trtfqk8F8QzICPZtXsVb1St5+wTIKyTBBjwpPURjnRljMBRaWbGUgJG5IBhA4qIsFE+eTUAu85po/jRLtWFk/Y7xs5kcaMJHWTktgb81sbk/9pYWbjkyjnKs0sKDY1ijOBbYLHf+M+18CsGDlAmObuVsxuiCbMunR+uFBNhmDdHwruWSIlUf28S2kRBlGed8fONMZ+UBQVF13wO6i/oH1QC45qhxeHfuN0FmIZ7aBdtI8CdIwa6Bw1UQsxNECP6Ak9ey/eq/fmvU9H57zZzjb6Ud7nF/BworM=</latexit>qx

<latexit sha1_base64="cStGoHahU1iUvZEQb14S+g6ew8A=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IevAgePGo4K5CWyRJpxo2SUuSqkvpL/Cqd3+NN/Gq/8bsbg9+DQw83pvhzTxaCG5sEHx6U9Mzs3PzrYX24tLyyupaZ71v8lIz6LFc5PqKEgOCK+hZbgVcFRqIpAIu6eBkpF/egTY8Vxd2WEAiyY3iGWfEOur84XrND7rBuPBfEDbAR02dXXe8+TjNWSlBWSaIMdFhYZOKaMuZgLodlwYKwgbkBiIHFZFgkmp8aI23HZPiLNeulcVj9vtGRaQxQ0ndpCT21vzWRuR/WlTa7DCpuCpKC4pNjLJSYJvj0dc45RqYFUMHCNPc3YrZLdGEWZfNDxeqyQCs+0PBPculJCqtYkrrKEyqKh450wz7YV23XXTh76D+gv5uN9zv7p3v+cdHTYgttIm20A4K0QE6RqfoDPUQQ4Ae0RN69l68V+/Ne5+MTnnNzgb6Ud7HFz0woc0=</latexit>x

<latexit sha1_base64="SgHDm3WGCsm37hKmiAHjYULnn2I=">AAACJHicbVBNSwMxEM3Wj9b6WT16CRbBU+lKUS9KwYvHCrYVuktJ0lkNTbJrklXLsj/Cq979Nd7Egxd/i9nag18DA4/3ZngzjyaCG9tsvnulufmFxXJlqbq8srq2vlHb7Jk41Qy6LBaxvqTEgOAKupZbAZeJBiKpgD4dnxZ6/xa04bG6sJMEQkmuFI84I9ZR/Zvh/XGQ8OFGvdloTgv/Bf4M1NGsOsOaVw5GMUslKMsEMWZwlNgwI9pyJiCvBqmBhLAxuYKBg4pIMGE2PTfHu44Z4SjWrpXFU/b7RkakMRNJ3aQk9tr81gryP22Q2ugozLhKUguKfRlFqcA2xsXveMQ1MCsmDhCmubsVs2uiCbMuoR8uVJMxWPeHgjsWS0nUKAsozQd+mGVB4UwjXPfzvOqi838H9Rf09hv+QaN13qq3T2YhVtA22kF7yEeHqI3OUAd1EUNj9IAe0ZP37L14r97b12jJm+1soR/lfXwCCwOkTQ==</latexit>qx = ⇡

<latexit sha1_base64="grWjb4UTY0sXPnI4ydDF2J2Dqdk="></latexit> hn̂
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=
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<latexit sha1_base64="BMGiPOqt3tKWwEjvu286Jw31r18=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwUXwVHZFtAcPBS8eK1ordBdJ0tk2NMkuSVYpy/4Er3r313gTj/prTGsPVh0YeLw3w5t5NBPc2CD48CoLi0vLK9XV2tr6xubWdn3nxqS5ZtBhqUj1LSUGBFfQsdwKuM00EEkFdOnofKJ370EbnqprO84glmSgeMIZsY66Chrh3bYfNIJp4b8gnAEfzap9V/dWon7KcgnKMkGM6TUzGxdEW84ElLUoN5ARNiID6DmoiAQTF9NTS3zgmD5OUu1aWTxlf24URBozltRNSmKH5rc2If/TerlNmnHBVZZbUOzbKMkFtime/I37XAOzYuwAYZq7WzEbEk2YdenMuVBNRmDdHwoeWColUf0iorTshXFRRBNnmmA/LMuaiy78HdRfcHPUCE8ax5fHfutsFmIV7aF9dIhCdIpa6AK1UQcxNECP6Ak9ey/eq/fmvX+PVrzZzi6aK+/zC6+qofg=</latexit>

0.1

<latexit sha1_base64="LVkO+BcoanQ8XqRYTGv+obJRPLc=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwSJ4KrtStAcPBS8eK1ortEtJ0tkammSXJKuUZX+CV737a7yJR/01ZmsPtjow8HhvhjfzaCK4sb7/6ZWWlldW18rrlY3Nre2d3ererYlTzaDDYhHrO0oMCK6gY7kVcJdoIJIK6NLxRaF3H0AbHqsbO0kglGSkeMQZsY669usng92aX/enhf+CYAZqaFbtQdVb6w9jlkpQlgliTK+Z2DAj2nImIK/0UwMJYWMygp6DikgwYTY9NcdHjhniKNaulcVT9vdGRqQxE0ndpCT23ixqBfmf1ktt1AwzrpLUgmI/RlEqsI1x8Tcecg3MiokDhGnubsXsnmjCrEtnzoVqMgbr/lDwyGIpiRpmfUrzXhBmWb9wphGuBXlecdEFi0H9Bbcn9eC03rhq1FrnsxDL6AAdomMUoDPUQpeojTqIoRF6Qs/oxXv13rx37+NntOTNdvbRXHlf37Fkofk=</latexit>

0.2

<latexit sha1_base64="LYvRZFfcbF2ZCuZAf8C+CZi8NeI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4Krta1IOHghePFa0ttEtJ0tkammSXJKuUZX+CV737a7yJR/01ZmsPah0YeLw3w5t5NBHcWN//8BYWl5ZXSuXVytr6xubWdnXn1sSpZtBmsYh1lxIDgitoW24FdBMNRFIBHTq+KPTOPWjDY3VjJwmEkowUjzgj1lHXfv14sF3z6/608DwIZqCGZtUaVL1SfxizVIKyTBBjemeJDTOiLWcC8ko/NZAQNiYj6DmoiAQTZtNTc3zgmCGOYu1aWTxlf25kRBozkdRNSmLvzF+tIP/TeqmNzsKMqyS1oNi3UZQKbGNc/I2HXAOzYuIAYZq7WzG7I5ow69L55UI1GYN1fyh4YLGURA2zPqV5LwizrF840wjXgjyvuOiCv0HNg9ujenBSb1w1as3zWYhltIf20SEK0ClqokvUQm3E0Ag9oif07L14r96b9/49uuDNdnbRr/I+vwCzHqH6</latexit>
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<latexit sha1_base64="mpVY8UWPMhtWjmBcAEtnbd9xtKI="></latexit> �
T
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T
=
0

<latexit sha1_base64="BMGiPOqt3tKWwEjvu286Jw31r18=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwUXwVHZFtAcPBS8eK1ordBdJ0tk2NMkuSVYpy/4Er3r313gTj/prTGsPVh0YeLw3w5t5NBPc2CD48CoLi0vLK9XV2tr6xubWdn3nxqS5ZtBhqUj1LSUGBFfQsdwKuM00EEkFdOnofKJ370EbnqprO84glmSgeMIZsY66Chrh3bYfNIJp4b8gnAEfzap9V/dWon7KcgnKMkGM6TUzGxdEW84ElLUoN5ARNiID6DmoiAQTF9NTS3zgmD5OUu1aWTxlf24URBozltRNSmKH5rc2If/TerlNmnHBVZZbUOzbKMkFtime/I37XAOzYuwAYZq7WzEbEk2YdenMuVBNRmDdHwoeWColUf0iorTshXFRRBNnmmA/LMuaiy78HdRfcHPUCE8ax5fHfutsFmIV7aF9dIhCdIpa6AK1UQcxNECP6Ak9ey/eq/fmvX+PVrzZzi6aK+/zC6+qofg=</latexit>

0.1

<latexit sha1_base64="62Bw6zkCZNDiwF1EQW4WnaiwsTM=">AAACIHicbVDLSgMxFM3UR2t9tbp0EyyCq9IRqV0W3LisaB/QDiVJ77ShSWZIMkoZ5hPc6t6vcScu9WtMHwu1Xkg4nHMv595DY8GNrdU+vdzG5tZ2vrBT3N3bPzgslY86Jko0gzaLRKR7lBgQXEHbciugF2sgkgro0un1XO8+gDY8Uvd2FkMgyVjxkDNiHXVXq9aGpYr7F4XXgb8CFbSq1rDs5QejiCUSlGWCGNNvxDZIibacCciKg8RATNiUjKHvoCISTJAuVs3wmWNGOIy0e8riBftzIiXSmJmkrlMSOzF/tTn5n9ZPbNgIUq7ixIJiS6MwEdhGeH43HnENzIqZA4Rp7nbFbEI0Ydal88uFajIF6+5Q8MgiKYkapQNKs74fpOlg7kxDXPGzrOii8/8GtQ46F1W/Xr28vaw066sQC+gEnaJz5KMr1EQ3qIXaiKExekLP6MV79d68d+9j2ZrzVjPH6Fd5X9+sIqHx</latexit>

0.0

<latexit sha1_base64="evZSftFdz09qmvzIlkFRFq6bcTQ="></latexit>

T/J = 0.4, nh = 0.3
<latexit sha1_base64="qMz2VRZoV1wSNwJjJ2WYs+gEjYU="></latexit>

T/J = 0.4, nh = 0.1

<latexit sha1_base64="62Bw6zkCZNDiwF1EQW4WnaiwsTM=">AAACIHicbVDLSgMxFM3UR2t9tbp0EyyCq9IRqV0W3LisaB/QDiVJ77ShSWZIMkoZ5hPc6t6vcScu9WtMHwu1Xkg4nHMv595DY8GNrdU+vdzG5tZ2vrBT3N3bPzgslY86Jko0gzaLRKR7lBgQXEHbciugF2sgkgro0un1XO8+gDY8Uvd2FkMgyVjxkDNiHXVXq9aGpYr7F4XXgb8CFbSq1rDs5QejiCUSlGWCGNNvxDZIibacCciKg8RATNiUjKHvoCISTJAuVs3wmWNGOIy0e8riBftzIiXSmJmkrlMSOzF/tTn5n9ZPbNgIUq7ixIJiS6MwEdhGeH43HnENzIqZA4Rp7nbFbEI0Ydal88uFajIF6+5Q8MgiKYkapQNKs74fpOlg7kxDXPGzrOii8/8GtQ46F1W/Xr28vaw066sQC+gEnaJz5KMr1EQ3qIXaiKExekLP6MV79d68d+9j2ZrzVjPH6Fd5X9+sIqHx</latexit>

0.0

<latexit sha1_base64="BPfTh5CD+hw7e+o7MLljbuyr4cQ=">AAACG3icZVBLSwMxGEx81vqqevQSLIKn0hUfPQpevAgVrQrtIkn6rQ3NY0mySln2L3jVi7/Gm3j14L8xW3uwOhAyTDKZL8NSKZxvNr/wzOzc/MJiZam6vLK6tl7b2Lx2JrMcOtxIY28ZdSCFho4XXsJtaoEqJuGGDU/L85sHsE4YfeVHKcSK3muRCE59KUWN/cO7Wr3ZaI5B/pNoQupogvbdBsa9vuGZAu25pM51W6mPc2q94BKKai9zkFI+pPfQDVRTBS7Ox7MWZDcofZIYG5b2ZKz+duTn+nKkmJFT7+RUOUX9IPjLzU1n+KQV50KnmQfNfyKSTBJvSPll0hcWuJejQCi3IkxJ+IBayn0oZiqFWToEH5I1PHKjFNX9vMdY0Y3iPO+VySwh9agoqqG06G9F/8n1fiM6ahxcHNRPWpP6Kmgb7aA9FKFjdILOUBt1EEcD9ISe0Qt+xW/4HX/8XJ3BE88WmgL+/AbKgJ/k</latexit>

1.25
<latexit sha1_base64="c3VXqJ/DOp1Bou2zsqYSpHqSpHA=">AAACGnicZVBLSwMxGEx8W19Vj16CRfBUdkW0x4IXL4KiVaFdJEm/raF5LElWKcv+BK968dd4E69e/DemdQ9WB0KGSSbzZVgmhfNR9IVnZufmFxaXlmsrq2vrG/XNrWtncsuhw4009pZRB1Jo6HjhJdxmFqhiEm7Y8GR8fvMA1gmjr/wog0TRgRap4NQH6TJqxnf1RtSMJiD/SVyRBqpwfreJca9veK5Aey6pc91W5pOCWi+4hLLWyx1klA/pALqBaqrAJcVk1JLsBaVPUmPD0p5M1N+O4kxfjhQzcuqdgiqnqL8P/vHmpjN82koKobPcg+Y/EWkuiTdk/GPSFxa4l6NAKLciTEn4PbWU+9DLVAqzdAg+JGt45EYpqvtFj7GyGydF0Rsns5Q04rKshdLivxX9J9cHzfioeXhx2Gi3qvqW0A7aRfsoRseojU7ROeogjgboCT2jF/yK3/A7/vi5OoMrzzaaAv78Bkcpn6M=</latexit>
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<latexit sha1_base64="HVJReQEToyIpJL6AI1C5nX0KyZk=">AAACGnicZVBLSwMxGEx8W9969BIsgqfaFdEeBS8iCIq2FtpFkvTbGprHkmSVsuxP8KoXf4038erFf2P6OFg7EDJMMpkvw1IpnK9Wf/DM7Nz8wuLScmlldW19Y3Nru+FMZjnUuZHGNhl1IIWGuhdeQjO1QBWTcM9654Pz+yewThh95/spxIp2tUgEpz5It3eHlw+b5WqlOgSZJtGYlNEY1w9bGLc7hmcKtOeSOteqpT7OqfWCSyhK7cxBSnmPdqEVqKYKXJwPRy3IflA6JDE2LO3JUP3ryK/0bV8xIyfeyalyivrH4B9sbjLDJ7U4FzrNPGg+ikgySbwhgx+TjrDAvewHQrkVYUrCH6ml3IdeJlKYpT3wIVnDMzdKUd3J24wVrSjO8/YgmSWkHBVFKZQW/a9omjSOKtFJ5fjmuHxWG9e3hHbRHjpAETpFZ+gCXaM64qiLXtAresPv+AN/4q/R1Rk89uygCeDvX7EKn+E=</latexit>

T �J<latexit sha1_base64="WKP3ZcxIjO2RQ7ZaosVEoaY9itk="></latexit>

(a)
<latexit sha1_base64="+T3gOKCgdPKaqpV7qbdIA1kaxjc="></latexit>

(b)

<latexit sha1_base64="0VuZ/bDgyKdlBCp+1zw0RtU5ksQ="></latexit>

(c)

Figure 5.9: Finite temperature properties. (a) Lower panel: Phase diagram of the mixD t-J
model for a 40× 2 system (OBC). In the stripe phase, charge- and spin-density waves are present,
whereas in the chargon gas phase holes can move freely and AFM spin correlations are short-
range. We define the critical temperature Tc(nh) as the point where the double peak of the spin
structure factor washes out into a single broad peak, illustrated for nh = 0.15 in the upper panel
of (a) and marked by an asterisk. Temperatures T/J = 1.25, 0.83, 0.4, 0.35, 0.25, 0.1 are shown,
ranging from yellow to dark red upon lowering the temperature. (b) Peak split ∆T/∆T=0, with
∆T = S(qmax

x ) − S(π), as a function of temperature. (c) Hole density profiles ⟨n̂h
[x,y=1]⟩T

for
nh = 0.1, 0.3 at constant temperature T/J = 0.4 (solid dots connected by dashed line in (a)). In
the stripe phase, clear charge oscillation signals in the hole density profile are visible, whereas
in the chargon gas the profile is flat.

Sy(π). The upper panel of Fig. 5.9 (a) shows the structure factor for various temperatures. At
high temperatures, correlations are short-range and in particular commensurate with the lattice,
i.e., the structure factor is characterized by a broad peak around qx = π and ∆T>Tc is strictly
zero. Upon lowering the temperature to the critical value Tc, a finite split in the structure factor
is observed, i.e., incommensurate magnetic features emerge. The transition point is marked by
an asterisk in the upper panel of Fig. 5.9 (a).

Fig. 5.9 (b) underlines the definition of the critical temperature, where the peak split becomes
finite, i.e., ∆T<Tc > 0. The corresponding critical temperatures as a function of hole doping are
plotted in the lower panel of Fig. 5.9 (a), for hole densities ranging from nh = 0.1...0.3. Note how
critical temperatures are of the order of magnitude ∼ J/2, rendering the stripe phase signifi-
cantly more robust against thermal fluctuations in the mixD setting compared to its analog in
2D [144, 228].

We illustrate the emergence of stripes further by showing the average hole density profile for
two different doping levels while keeping the temperature constant, Fig. 5.9 (c). For T/J = 0.4
and nh = 0.1, the hole density forms a flat plateau, i.e. there is no charge order and holes are
in a deconfined chargon gas phase (i.e. holes are not confined within stripes and move freely
through the magnetic background) [230]. In contrast, clear charge oscillations are visible for
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<latexit sha1_base64="3gPNz/RPOwUe8kCmEIdRB/bZQMk=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4j5gXJEmYns8mQ2dllplcIS8Af8Kp/4E28+iv+gN/h5HEwiQUNRVU33V1BIoVB1/12chubW9s7+d3C3v7B4VHx+KRp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTf3WE9dGxKqO44T7ER0oEQpG0UqP9R7rFUtu2Z2BrBNvQUqwQK1X/On2Y5ZGXCGT1JiO5yboZ1SjYJJPCt3U8ISyER3wjqWKRtz42ezUCbmwSp+EsbalkMzUvxMZjYwZR4HtjCgOzao3Ff/zOimGt34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpLWwJNRxwnBRuMtxrDOmlelb3rcuWhUqpWFxHl4QzO4RI8uIEq3EMNGsBgAC/wCm/Os/PufDif89acs5g5hSU4X79GQZYd</latexit>

Tc

<latexit sha1_base64="UPF/n+FlXa/hInY5Fi/SJSks0ps=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKW4kaI5BL+IpYl6QLGF20psMmX0w0yuEJfgFXvULvIlXv8UP8D+cJHswiQUNRVU33V1uJIVG2/62MmvrG5tb2e3czu7e/kH+8Kipw1hxaPBQhqrtMg1SBNBAgRLakQLmuxJa7uh26reeQGkRBnUcR+D4bBAIT3CGRnqsX9z38gW7aM9AV0kpJQWSotbL/3T7IY99CJBLpnWnEqGTMIWCS5jkurGGiPERG0DH0ID5oJ1kdumEnhmlT71QmQqQztS/EwnztR77run0GQ71sjcV//M6MXoVJxFBFCMEfL7IiyXFkE7fpn2hgKMcG8K4EuZWyodMMY4mnIUtrmIjwEnO5FJaTmGVNC+Lpati+aFcqN6kCWXJCTkl56RErkmV3JEaaRBOBuSFvJI369l6tz6sz3lrxkpnjskCrK9fZ9+Vpw==</latexit>

T/J

<latexit sha1_base64="GK5sxMQmCenhh9Rdu+aPy3TwoWc=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgadkNQb0IAS8eI5iHJGuYnUySITOzy8ysEJZc/QGv+gfexKv/4Q/4HU6SPZjEgoaiqpvurjDmTBvP+3Zya+sbm1v57cLO7t7+QfHwqKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqZ+s0nqjSL5L0ZxzQQeCBZnxFsrPQgH4foGnluuVssea43A1olfkZKkKHWLf50ehFJBJWGcKx12/diE6RYGUY4nRQ6iaYxJiM8oG1LJRZUB+ns4Ak6s0oP9SNlSxo0U/9OpFhoPRah7RTYDPWyNxX/89qJ6V8FKZNxYqgk80X9hCMToen3qMcUJYaPLcFEMXsrIkOsMDE2o4UtocIjaiYFG4y/HMMqaZRd/8Kt3FVK1WoWUR5O4BTOwYdLqMIt1KAOBAS8wCu8Oc/Ou/PhfM5bc042cwwLcL5+AQrpl4Q=</latexit>

nh = 0.2
<latexit sha1_base64="JKv0HXN/Jvd84jo4Ld21WR86rhg=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgadnVoF6EgBePEcxDkjXMTmaTITOzy0yvEJZc/QGv+gfexKv/4Q/4HU4eB5NY0FBUddPdFSaCG/C8bye3srq2vpHfLGxt7+zuFfcP6iZONWU1GotYN0NimOCK1YCDYM1EMyJDwRrh4GbsN56YNjxW9zBMWCBJT/GIUwJWelCPfXyNPfe8Uyx5rjcBXib+jJTQDNVO8afdjWkqmQIqiDEt30sgyIgGTgUbFdqpYQmhA9JjLUsVkcwE2eTgET6xShdHsbalAE/UvxMZkcYMZWg7JYG+WfTG4n9eK4XoKsi4SlJgik4XRanAEOPx97jLNaMghpYQqrm9FdM+0YSCzWhuS6jJgMGoYIPxF2NYJvUz179wy3flUqUyiyiPjtAxOkU+ukQVdIuqqIYokugFvaI359l5dz6cz2lrzpnNHKI5OF+/DIGXhQ==</latexit>

nh = 0.3

<latexit sha1_base64="u5X+CkFT4MVKLrarhR8xZBfa7fU=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgadkV0VyEoBePEcxDkjXMTibJkJnZZWZWCEuOfoFX/QJv4tUP8QP8DyfJHkxiQUNR1U13Vxhzpo3nfTu5ldW19Y38ZmFre2d3r7h/UNdRogitkYhHqhliTTmTtGaY4bQZK4pFyGkjHN5M/MYTVZpF8t6MYhoI3Jesxwg2VnqQjwN0hTzX7xRLnutNgZaJn5ESZKh2ij/tbkQSQaUhHGvdKscmSLEyjHA6LrQTTWNMhrhPW5ZKLKgO0um9Y3RilS7qRcqWNGiq/p1IsdB6JELbKbAZ6EVvIv7ntRLTKwcpk3FiqCSzRb2EIxOhyfOoyxQlho8swUQxeysiA6wwMTaiuS2hwkNqxgWbi7+YwjKpn7n+hXt+d16qXGcJ5eEIjuEUfLiECtxCFWpAQMALvMKb8+y8Ox/O56w152QzhzAH5+sXnf6XVg==</latexit>

nh = 0.1

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit> ∗<latexit sha1_base64="nXbDqgs8sDiINgrPjGhLxowAEuI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4ql0p6kkKXsSTom2FdpEkna2hSXZJskpZ9id41bu/xpt41F9jtu3Btg4MPN6b4c08GgtubK327S0sLi2vFIqrpbX1jc2t7fJOy0SJZtBkkYj0PSUGBFfQtNwKuI81EEkFtOngItfbT6ANj9SdHcYQSNJXPOSMWEfd3h1dPWxXatXaqPA88CeggiZ1/VD2Ct1exBIJyjJBjOmcxTZIibacCchK3cRATNiA9KHjoCISTJCOTs3wgWN6OIy0a2XxiP27kRJpzFBSNymJfTSzWk7+p3USG54FKVdxYkGxsVGYCGwjnP+Ne1wDs2LoAGGau1sxeySaMOvSmXKhmgzAuj8UPLNISqJ6aZfSrOMHadrNnWmIK36WlVx0/mxQ86B1XPVPqvWbeqVxPgmxiPbQPjpEPjpFDXSJrlETMdRHL+gVvXnv3of36X2NRxe8yc4umirv5xcbqKI4</latexit> T
/J

<latexit sha1_base64="aYxlry9UlctRuaWCRAPkKNLyWJc="></latexit>

Chargon gas

<latexit sha1_base64="iOQvXhaMLU2ANG5PQtr278mijcc=">AAACK3icbVDLSgMxFM3Ud33r0k2wCK5KR0RduBDcuFS0WuiMkqR32tAkMyR31DLMf7jVvV/jSnHrf5jWLnwdCBzOuZdzc3impMNG4zWoTExOTc/MzlXnFxaXlldW1y5dmlsBTZGq1LY4c6CkgSZKVNDKLDDNFVzx/vHQv7oF62RqLnCQQaxZ18hECoZeuo4Q7rE4RyszcOXNSq1Rb4xA/5JwTGpkjNOb1WAm6qQi12BQKOZc+yDDuGAWpVBQVqPcQcZEn3Wh7alhGlxcjK4u6ZZXOjRJrX8G6Uj9vlEw7dxAcz+pGfbcb28o/ue1c0wO4kKaLEcw4isoyRXFlA4roB1pQaAaeMKElf5WKnrMMoG+qB8p3LI+oP+HgTuRas1Mp4g4L9thXBTRMJkntBaWZdVXF/4u6i+53KmHe/Xds93a0eG4xFmyQTbJNgnJPjkiJ+SUNIkgljyQR/IUPAcvwVvw/jVaCcY76+QHgo9P2Tin2g==</latexit>

Stripes
<latexit sha1_base64="fCFaBpWZZtbU5MK8WF/PRLNQ01c=">AAACIHicbVBNSwMxEM3Wj9b6VfXoJVgET6Uroj14ELx4rGhV6C4lSWfb0CS7JFmlLPsTvOrdX+NNPOqvMVv3oNWBhMd7M7yZRxPBjW23P7zKwuLScrW2Ul9dW9/YbGxt35g41Qx6LBaxvqPEgOAKepZbAXeJBiKpgFs6OS/023vQhsfq2k4TCCUZKR5xRqyjrtqt9qDRdP+s8F/gl6CJyuoOtrxqMIxZKkFZJogx/U5iw4xoy5mAvB6kBhLCJmQEfQcVkWDCbLZqjvcdM8RRrN1TFs/YnxMZkcZMJXWdktixmdcK8j+tn9qoE2ZcJakFxb6NolRgG+PibjzkGpgVUwcI09ztitmYaMKsS+eXC9VkAtbdoeCBxVISNcwCSvO+H2ZZUDjTCDf9PK+76Pz5oP6Cm8OWf9w6ujxqnp2WIdbQLtpDB8hHJ+gMXaAu6iGGRugRPaFn78V79d689+/WilfO7KBf5X1+Aa3wofc=</latexit>

0.0

<latexit sha1_base64="/9YM41ItDeu/62oivW/w9BLsvY0=">AAACJHicbVBNSwMxEM3Wj2r9rB69BIvgqe5KUQ8KghfxpGBboV0kSWfb0CS7JFmlLPsjvOrdX+NNPHjxt5h+HGzrwMDjvRnezKOJ4Mb6/rdXWFhcWi6urJbW1jc2t7bLOw0Tp5pBncUi1g+UGBBcQd1yK+Ah0UAkFdCk/auh3nwCbXis7u0ggVCSruIRZ8Q6qnl/dIMvsP+4XfGr/qjwPAgmoIImdftY9ortTsxSCcoyQYxpnSU2zIi2nAnIS+3UQEJYn3Sh5aAiEkyYjc7N8YFjOjiKtWtl8Yj9u5ERacxAUjcpie2ZWW1I/qe1UhudhRlXSWpBsbFRlApsYzz8HXe4BmbFwAHCNHe3YtYjmjDrEppyoZr0wbo/FDyzWEqiOlmb0rwVhFnWHjrTCFeCPC+56ILZoOZB47ganFRrd7XK5fkkxBW0h/bRIQrQKbpE1+gW1RFDffSCXtGb9+59eJ/e13i04E12dtFUeT+/3oGjCw==</latexit>

T/J = 0

<latexit sha1_base64="74IEhIdtXuMM12npyCj8nVQYSm4=">AAACJHicbVBNSwMxEM3Wj9b6WT16CRbBU+2Woh4UCl7Ek4K1QrtIks5qaJJdkqxSlv0RXvXur/EmHrz4W8y2PdjWgYHHezO8mUdjwY2t17+9wsLi0nKxtFJeXVvf2NyqbN+aKNEM2iwSkb6jxIDgCtqWWwF3sQYiqYAOHZzneucJtOGRurHDGAJJHhQPOSPWUZ2bw0t8hhv3W9V6rT4qPA/8CaiiSV3dV7xirx+xRIKyTBBjuiexDVKiLWcCsnIvMRATNiAP0HVQEQkmSEfnZnjfMX0cRtq1snjE/t1IiTRmKKmblMQ+mlktJ//TuokNT4KUqzixoNjYKEwEthHOf8d9roFZMXSAMM3drZg9Ek2YdQlNuVBNBmDdHwqeWSQlUf20R2nW9YM07eXONMRVP8vKLjp/Nqh5cNuo+Ue15nWz2jqdhFhCu2gPHSAfHaMWukBXqI0YGqAX9IrevHfvw/v0vsajBW+ys4Omyvv5BeH1ow0=</latexit>

T/J = 2

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit>∗
<latexit sha1_base64="RVHy+7yK8wmL3IkzR7VRzsME69k="></latexit>

S1(qx)
<latexit sha1_base64="zncHjbvJHM9DBDsH/xb4K9FuX90=">AAACIHicbVDLSgMxFM34aq3P6tJNcBBclY6IupKCG5cVbStMh5Kkd2pokhmTjFqG+QS3uvdr3IlL/RrTx8LXhQuHc+7l3HtoKrix9fqHNze/sLhUKi9XVlbX1jc2q1ttk2SaQYslItHXlBgQXEHLcivgOtVAJBXQocOzsd65A214oq7sKIVIkoHiMWfEOurytvfQ2/Trtfqk8F8QzICPZtXsVb1St5+wTIKyTBBjwpPURjnRljMBRaWbGUgJG5IBhA4qIsFE+eTUAu85po/jRLtWFk/Y7xs5kcaMJHWTktgb81sbk/9pYWbjkyjnKs0sKDY1ijOBbYLHf+M+18CsGDlAmObuVsxuiCbMunR+uFBNhmDdHwruWSIlUf28S2kRBlGed8fONMZ+UBQVF13wO6i/oH1QC45qhxeHfuN0FmIZ7aBdtI8CdIwa6Bw1UQsxNECP6Ak9ey/eq/fmvU9H57zZzjb6Ud7nF/BworM=</latexit>qx

<latexit sha1_base64="cStGoHahU1iUvZEQb14S+g6ew8A=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IevAgePGo4K5CWyRJpxo2SUuSqkvpL/Cqd3+NN/Gq/8bsbg9+DQw83pvhzTxaCG5sEHx6U9Mzs3PzrYX24tLyyupaZ71v8lIz6LFc5PqKEgOCK+hZbgVcFRqIpAIu6eBkpF/egTY8Vxd2WEAiyY3iGWfEOur84XrND7rBuPBfEDbAR02dXXe8+TjNWSlBWSaIMdFhYZOKaMuZgLodlwYKwgbkBiIHFZFgkmp8aI23HZPiLNeulcVj9vtGRaQxQ0ndpCT21vzWRuR/WlTa7DCpuCpKC4pNjLJSYJvj0dc45RqYFUMHCNPc3YrZLdGEWZfNDxeqyQCs+0PBPculJCqtYkrrKEyqKh450wz7YV23XXTh76D+gv5uN9zv7p3v+cdHTYgttIm20A4K0QE6RqfoDPUQQ4Ae0RN69l68V+/Ne5+MTnnNzgb6Ud7HFz0woc0=</latexit>x

<latexit sha1_base64="SgHDm3WGCsm37hKmiAHjYULnn2I=">AAACJHicbVBNSwMxEM3Wj9b6WT16CRbBU+lKUS9KwYvHCrYVuktJ0lkNTbJrklXLsj/Cq979Nd7Egxd/i9nag18DA4/3ZngzjyaCG9tsvnulufmFxXJlqbq8srq2vlHb7Jk41Qy6LBaxvqTEgOAKupZbAZeJBiKpgD4dnxZ6/xa04bG6sJMEQkmuFI84I9ZR/Zvh/XGQ8OFGvdloTgv/Bf4M1NGsOsOaVw5GMUslKMsEMWZwlNgwI9pyJiCvBqmBhLAxuYKBg4pIMGE2PTfHu44Z4SjWrpXFU/b7RkakMRNJ3aQk9tr81gryP22Q2ugozLhKUguKfRlFqcA2xsXveMQ1MCsmDhCmubsVs2uiCbMuoR8uVJMxWPeHgjsWS0nUKAsozQd+mGVB4UwjXPfzvOqi838H9Rf09hv+QaN13qq3T2YhVtA22kF7yEeHqI3OUAd1EUNj9IAe0ZP37L14r97b12jJm+1soR/lfXwCCwOkTQ==</latexit>qx = π

<latexit sha1_base64="grWjb4UTY0sXPnI4ydDF2J2Dqdk="></latexit> 〈n̂
h [x
,y
=
1
]〉 T

<latexit sha1_base64="BMGiPOqt3tKWwEjvu286Jw31r18=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwUXwVHZFtAcPBS8eK1ordBdJ0tk2NMkuSVYpy/4Er3r313gTj/prTGsPVh0YeLw3w5t5NBPc2CD48CoLi0vLK9XV2tr6xubWdn3nxqS5ZtBhqUj1LSUGBFfQsdwKuM00EEkFdOnofKJ370EbnqprO84glmSgeMIZsY66Chrh3bYfNIJp4b8gnAEfzap9V/dWon7KcgnKMkGM6TUzGxdEW84ElLUoN5ARNiID6DmoiAQTF9NTS3zgmD5OUu1aWTxlf24URBozltRNSmKH5rc2If/TerlNmnHBVZZbUOzbKMkFtime/I37XAOzYuwAYZq7WzEbEk2YdenMuVBNRmDdHwoeWColUf0iorTshXFRRBNnmmA/LMuaiy78HdRfcHPUCE8ax5fHfutsFmIV7aF9dIhCdIpa6AK1UQcxNECP6Ak9ey/eq/fmvX+PVrzZzi6aK+/zC6+qofg=</latexit>

0.1

<latexit sha1_base64="LVkO+BcoanQ8XqRYTGv+obJRPLc=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwSJ4KrtStAcPBS8eK1ortEtJ0tkammSXJKuUZX+CV737a7yJR/01ZmsPtjow8HhvhjfzaCK4sb7/6ZWWlldW18rrlY3Nre2d3ererYlTzaDDYhHrO0oMCK6gY7kVcJdoIJIK6NLxRaF3H0AbHqsbO0kglGSkeMQZsY669usng92aX/enhf+CYAZqaFbtQdVb6w9jlkpQlgliTK+Z2DAj2nImIK/0UwMJYWMygp6DikgwYTY9NcdHjhniKNaulcVT9vdGRqQxE0ndpCT23ixqBfmf1ktt1AwzrpLUgmI/RlEqsI1x8Tcecg3MiokDhGnubsXsnmjCrEtnzoVqMgbr/lDwyGIpiRpmfUrzXhBmWb9wphGuBXlecdEFi0H9Bbcn9eC03rhq1FrnsxDL6AAdomMUoDPUQpeojTqIoRF6Qs/oxXv13rx37+NntOTNdvbRXHlf37Fkofk=</latexit>

0.2

<latexit sha1_base64="LYvRZFfcbF2ZCuZAf8C+CZi8NeI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4Krta1IOHghePFa0ttEtJ0tkammSXJKuUZX+CV737a7yJR/01ZmsPah0YeLw3w5t5NBHcWN//8BYWl5ZXSuXVytr6xubWdnXn1sSpZtBmsYh1lxIDgitoW24FdBMNRFIBHTq+KPTOPWjDY3VjJwmEkowUjzgj1lHXfv14sF3z6/608DwIZqCGZtUaVL1SfxizVIKyTBBjemeJDTOiLWcC8ko/NZAQNiYj6DmoiAQTZtNTc3zgmCGOYu1aWTxlf25kRBozkdRNSmLvzF+tIP/TeqmNzsKMqyS1oNi3UZQKbGNc/I2HXAOzYuIAYZq7WzG7I5ow69L55UI1GYN1fyh4YLGURA2zPqV5LwizrF840wjXgjyvuOiCv0HNg9ujenBSb1w1as3zWYhltIf20SEK0ClqokvUQm3E0Ag9oif07L14r96b9/49uuDNdnbRr/I+vwCzHqH6</latexit>

0.3

<latexit sha1_base64="mpVY8UWPMhtWjmBcAEtnbd9xtKI="></latexit> ∆
T
/∆

T
=
0

<latexit sha1_base64="BMGiPOqt3tKWwEjvu286Jw31r18=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwUXwVHZFtAcPBS8eK1ordBdJ0tk2NMkuSVYpy/4Er3r313gTj/prTGsPVh0YeLw3w5t5NBPc2CD48CoLi0vLK9XV2tr6xubWdn3nxqS5ZtBhqUj1LSUGBFfQsdwKuM00EEkFdOnofKJ370EbnqprO84glmSgeMIZsY66Chrh3bYfNIJp4b8gnAEfzap9V/dWon7KcgnKMkGM6TUzGxdEW84ElLUoN5ARNiID6DmoiAQTF9NTS3zgmD5OUu1aWTxlf24URBozltRNSmKH5rc2If/TerlNmnHBVZZbUOzbKMkFtime/I37XAOzYuwAYZq7WzEbEk2YdenMuVBNRmDdHwoeWColUf0iorTshXFRRBNnmmA/LMuaiy78HdRfcHPUCE8ax5fHfutsFmIV7aF9dIhCdIpa6AK1UQcxNECP6Ak9ey/eq/fmvX+PVrzZzi6aK+/zC6+qofg=</latexit>

0.1

<latexit sha1_base64="62Bw6zkCZNDiwF1EQW4WnaiwsTM=">AAACIHicbVDLSgMxFM3UR2t9tbp0EyyCq9IRqV0W3LisaB/QDiVJ77ShSWZIMkoZ5hPc6t6vcScu9WtMHwu1Xkg4nHMv595DY8GNrdU+vdzG5tZ2vrBT3N3bPzgslY86Jko0gzaLRKR7lBgQXEHbciugF2sgkgro0un1XO8+gDY8Uvd2FkMgyVjxkDNiHXVXq9aGpYr7F4XXgb8CFbSq1rDs5QejiCUSlGWCGNNvxDZIibacCciKg8RATNiUjKHvoCISTJAuVs3wmWNGOIy0e8riBftzIiXSmJmkrlMSOzF/tTn5n9ZPbNgIUq7ixIJiS6MwEdhGeH43HnENzIqZA4Rp7nbFbEI0Ydal88uFajIF6+5Q8MgiKYkapQNKs74fpOlg7kxDXPGzrOii8/8GtQ46F1W/Xr28vaw066sQC+gEnaJz5KMr1EQ3qIXaiKExekLP6MV79d68d+9j2ZrzVjPH6Fd5X9+sIqHx</latexit>

0.0

<latexit sha1_base64="evZSftFdz09qmvzIlkFRFq6bcTQ="></latexit>

T/J = 0.4, nh = 0.3
<latexit sha1_base64="qMz2VRZoV1wSNwJjJ2WYs+gEjYU="></latexit>

T/J = 0.4, nh = 0.1

<latexit sha1_base64="62Bw6zkCZNDiwF1EQW4WnaiwsTM=">AAACIHicbVDLSgMxFM3UR2t9tbp0EyyCq9IRqV0W3LisaB/QDiVJ77ShSWZIMkoZ5hPc6t6vcScu9WtMHwu1Xkg4nHMv595DY8GNrdU+vdzG5tZ2vrBT3N3bPzgslY86Jko0gzaLRKR7lBgQXEHbciugF2sgkgro0un1XO8+gDY8Uvd2FkMgyVjxkDNiHXVXq9aGpYr7F4XXgb8CFbSq1rDs5QejiCUSlGWCGNNvxDZIibacCciKg8RATNiUjKHvoCISTJAuVs3wmWNGOIy0e8riBftzIiXSmJmkrlMSOzF/tTn5n9ZPbNgIUq7ixIJiS6MwEdhGeH43HnENzIqZA4Rp7nbFbEI0Ydal88uFajIF6+5Q8MgiKYkapQNKs74fpOlg7kxDXPGzrOii8/8GtQ46F1W/Xr28vaw066sQC+gEnaJz5KMr1EQ3qIXaiKExekLP6MV79d68d+9j2ZrzVjPH6Fd5X9+sIqHx</latexit>

0.0

<latexit sha1_base64="BPfTh5CD+hw7e+o7MLljbuyr4cQ=">AAACG3icZVBLSwMxGEx81vqqevQSLIKn0hUfPQpevAgVrQrtIkn6rQ3NY0mySln2L3jVi7/Gm3j14L8xW3uwOhAyTDKZL8NSKZxvNr/wzOzc/MJiZam6vLK6tl7b2Lx2JrMcOtxIY28ZdSCFho4XXsJtaoEqJuGGDU/L85sHsE4YfeVHKcSK3muRCE59KUWN/cO7Wr3ZaI5B/pNoQupogvbdBsa9vuGZAu25pM51W6mPc2q94BKKai9zkFI+pPfQDVRTBS7Ox7MWZDcofZIYG5b2ZKz+duTn+nKkmJFT7+RUOUX9IPjLzU1n+KQV50KnmQfNfyKSTBJvSPll0hcWuJejQCi3IkxJ+IBayn0oZiqFWToEH5I1PHKjFNX9vMdY0Y3iPO+VySwh9agoqqG06G9F/8n1fiM6ahxcHNRPWpP6Kmgb7aA9FKFjdILOUBt1EEcD9ISe0Qt+xW/4HX/8XJ3BE88WmgL+/AbKgJ/k</latexit>

1.25
<latexit sha1_base64="c3VXqJ/DOp1Bou2zsqYSpHqSpHA=">AAACGnicZVBLSwMxGEx8W19Vj16CRfBUdkW0x4IXL4KiVaFdJEm/raF5LElWKcv+BK968dd4E69e/DemdQ9WB0KGSSbzZVgmhfNR9IVnZufmFxaXlmsrq2vrG/XNrWtncsuhw4009pZRB1Jo6HjhJdxmFqhiEm7Y8GR8fvMA1gmjr/wog0TRgRap4NQH6TJqxnf1RtSMJiD/SVyRBqpwfreJca9veK5Aey6pc91W5pOCWi+4hLLWyx1klA/pALqBaqrAJcVk1JLsBaVPUmPD0p5M1N+O4kxfjhQzcuqdgiqnqL8P/vHmpjN82koKobPcg+Y/EWkuiTdk/GPSFxa4l6NAKLciTEn4PbWU+9DLVAqzdAg+JGt45EYpqvtFj7GyGydF0Rsns5Q04rKshdLivxX9J9cHzfioeXhx2Gi3qvqW0A7aRfsoRseojU7ROeogjgboCT2jF/yK3/A7/vi5OoMrzzaaAv78Bkcpn6M=</latexit>

0.1
<latexit sha1_base64="HVJReQEToyIpJL6AI1C5nX0KyZk=">AAACGnicZVBLSwMxGEx8W9969BIsgqfaFdEeBS8iCIq2FtpFkvTbGprHkmSVsuxP8KoXf4038erFf2P6OFg7EDJMMpkvw1IpnK9Wf/DM7Nz8wuLScmlldW19Y3Nru+FMZjnUuZHGNhl1IIWGuhdeQjO1QBWTcM9654Pz+yewThh95/spxIp2tUgEpz5It3eHlw+b5WqlOgSZJtGYlNEY1w9bGLc7hmcKtOeSOteqpT7OqfWCSyhK7cxBSnmPdqEVqKYKXJwPRy3IflA6JDE2LO3JUP3ryK/0bV8xIyfeyalyivrH4B9sbjLDJ7U4FzrNPGg+ikgySbwhgx+TjrDAvewHQrkVYUrCH6ml3IdeJlKYpT3wIVnDMzdKUd3J24wVrSjO8/YgmSWkHBVFKZQW/a9omjSOKtFJ5fjmuHxWG9e3hHbRHjpAETpFZ+gCXaM64qiLXtAresPv+AN/4q/R1Rk89uygCeDvX7EKn+E=</latexit>

T /J
<latexit sha1_base64="WKP3ZcxIjO2RQ7ZaosVEoaY9itk="></latexit>

(a)
<latexit sha1_base64="+T3gOKCgdPKaqpV7qbdIA1kaxjc="></latexit>

(b)

<latexit sha1_base64="0VuZ/bDgyKdlBCp+1zw0RtU5ksQ="></latexit>

(c)

<latexit sha1_base64="pURBPnP8gDJh9OpFNqHIEslFLKk="></latexit>

(d)

1-2
2-3
3-4

1-3
2-4
1-4

<latexit sha1_base64="3gPNz/RPOwUe8kCmEIdRB/bZQMk=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4j5gXJEmYns8mQ2dllplcIS8Af8Kp/4E28+iv+gN/h5HEwiQUNRVU33V1BIoVB1/12chubW9s7+d3C3v7B4VHx+KRp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTf3WE9dGxKqO44T7ER0oEQpG0UqP9R7rFUtu2Z2BrBNvQUqwQK1X/On2Y5ZGXCGT1JiO5yboZ1SjYJJPCt3U8ISyER3wjqWKRtz42ezUCbmwSp+EsbalkMzUvxMZjYwZR4HtjCgOzao3Ff/zOimGt34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpLWwJNRxwnBRuMtxrDOmlelb3rcuWhUqpWFxHl4QzO4RI8uIEq3EMNGsBgAC/wCm/Os/PufDif89acs5g5hSU4X79GQZYd</latexit>

Tc

<latexit sha1_base64="UPF/n+FlXa/hInY5Fi/SJSks0ps=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKW4kaI5BL+IpYl6QLGF20psMmX0w0yuEJfgFXvULvIlXv8UP8D+cJHswiQUNRVU33V1uJIVG2/62MmvrG5tb2e3czu7e/kH+8Kipw1hxaPBQhqrtMg1SBNBAgRLakQLmuxJa7uh26reeQGkRBnUcR+D4bBAIT3CGRnqsX9z38gW7aM9AV0kpJQWSotbL/3T7IY99CJBLpnWnEqGTMIWCS5jkurGGiPERG0DH0ID5oJ1kdumEnhmlT71QmQqQztS/EwnztR77run0GQ71sjcV//M6MXoVJxFBFCMEfL7IiyXFkE7fpn2hgKMcG8K4EuZWyodMMY4mnIUtrmIjwEnO5FJaTmGVNC+Lpati+aFcqN6kCWXJCTkl56RErkmV3JEaaRBOBuSFvJI369l6tz6sz3lrxkpnjskCrK9fZ9+Vpw==</latexit>

T/J

<latexit sha1_base64="GK5sxMQmCenhh9Rdu+aPy3TwoWc=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgadkNQb0IAS8eI5iHJGuYnUySITOzy8ysEJZc/QGv+gfexKv/4Q/4HU6SPZjEgoaiqpvurjDmTBvP+3Zya+sbm1v57cLO7t7+QfHwqKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqZ+s0nqjSL5L0ZxzQQeCBZnxFsrPQgH4foGnluuVssea43A1olfkZKkKHWLf50ehFJBJWGcKx12/diE6RYGUY4nRQ6iaYxJiM8oG1LJRZUB+ns4Ak6s0oP9SNlSxo0U/9OpFhoPRah7RTYDPWyNxX/89qJ6V8FKZNxYqgk80X9hCMToen3qMcUJYaPLcFEMXsrIkOsMDE2o4UtocIjaiYFG4y/HMMqaZRd/8Kt3FVK1WoWUR5O4BTOwYdLqMIt1KAOBAS8wCu8Oc/Ou/PhfM5bc042cwwLcL5+AQrpl4Q=</latexit>

nh = 0.2
<latexit sha1_base64="JKv0HXN/Jvd84jo4Ld21WR86rhg=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgadnVoF6EgBePEcxDkjXMTmaTITOzy0yvEJZc/QGv+gfexKv/4Q/4HU4eB5NY0FBUddPdFSaCG/C8bye3srq2vpHfLGxt7+zuFfcP6iZONWU1GotYN0NimOCK1YCDYM1EMyJDwRrh4GbsN56YNjxW9zBMWCBJT/GIUwJWelCPfXyNPfe8Uyx5rjcBXib+jJTQDNVO8afdjWkqmQIqiDEt30sgyIgGTgUbFdqpYQmhA9JjLUsVkcwE2eTgET6xShdHsbalAE/UvxMZkcYMZWg7JYG+WfTG4n9eK4XoKsi4SlJgik4XRanAEOPx97jLNaMghpYQqrm9FdM+0YSCzWhuS6jJgMGoYIPxF2NYJvUz179wy3flUqUyiyiPjtAxOkU+ukQVdIuqqIYokugFvaI359l5dz6cz2lrzpnNHKI5OF+/DIGXhQ==</latexit>

nh = 0.3

<latexit sha1_base64="u5X+CkFT4MVKLrarhR8xZBfa7fU=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgadkV0VyEoBePEcxDkjXMTibJkJnZZWZWCEuOfoFX/QJv4tUP8QP8DyfJHkxiQUNR1U13Vxhzpo3nfTu5ldW19Y38ZmFre2d3r7h/UNdRogitkYhHqhliTTmTtGaY4bQZK4pFyGkjHN5M/MYTVZpF8t6MYhoI3Jesxwg2VnqQjwN0hTzX7xRLnutNgZaJn5ESZKh2ij/tbkQSQaUhHGvdKscmSLEyjHA6LrQTTWNMhrhPW5ZKLKgO0um9Y3RilS7qRcqWNGiq/p1IsdB6JELbKbAZ6EVvIv7ntRLTKwcpk3FiqCSzRb2EIxOhyfOoyxQlho8swUQxeysiA6wwMTaiuS2hwkNqxgWbi7+YwjKpn7n+hXt+d16qXGcJ5eEIjuEUfLiECtxCFWpAQMALvMKb8+y8Ox/O56w152QzhzAH5+sXnf6XVg==</latexit>

nh = 0.1

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit> ∗<latexit sha1_base64="nXbDqgs8sDiINgrPjGhLxowAEuI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4ql0p6kkKXsSTom2FdpEkna2hSXZJskpZ9id41bu/xpt41F9jtu3Btg4MPN6b4c08GgtubK327S0sLi2vFIqrpbX1jc2t7fJOy0SJZtBkkYj0PSUGBFfQtNwKuI81EEkFtOngItfbT6ANj9SdHcYQSNJXPOSMWEfd3h1dPWxXatXaqPA88CeggiZ1/VD2Ct1exBIJyjJBjOmcxTZIibacCchK3cRATNiA9KHjoCISTJCOTs3wgWN6OIy0a2XxiP27kRJpzFBSNymJfTSzWk7+p3USG54FKVdxYkGxsVGYCGwjnP+Ne1wDs2LoAGGau1sxeySaMOvSmXKhmgzAuj8UPLNISqJ6aZfSrOMHadrNnWmIK36WlVx0/mxQ86B1XPVPqvWbeqVxPgmxiPbQPjpEPjpFDXSJrlETMdRHL+gVvXnv3of36X2NRxe8yc4umirv5xcbqKI4</latexit> T
/J

<latexit sha1_base64="aYxlry9UlctRuaWCRAPkKNLyWJc="></latexit>

Chargon gas

<latexit sha1_base64="iOQvXhaMLU2ANG5PQtr278mijcc=">AAACK3icbVDLSgMxFM3Ud33r0k2wCK5KR0RduBDcuFS0WuiMkqR32tAkMyR31DLMf7jVvV/jSnHrf5jWLnwdCBzOuZdzc3impMNG4zWoTExOTc/MzlXnFxaXlldW1y5dmlsBTZGq1LY4c6CkgSZKVNDKLDDNFVzx/vHQv7oF62RqLnCQQaxZ18hECoZeuo4Q7rE4RyszcOXNSq1Rb4xA/5JwTGpkjNOb1WAm6qQi12BQKOZc+yDDuGAWpVBQVqPcQcZEn3Wh7alhGlxcjK4u6ZZXOjRJrX8G6Uj9vlEw7dxAcz+pGfbcb28o/ue1c0wO4kKaLEcw4isoyRXFlA4roB1pQaAaeMKElf5WKnrMMoG+qB8p3LI+oP+HgTuRas1Mp4g4L9thXBTRMJkntBaWZdVXF/4u6i+53KmHe/Xds93a0eG4xFmyQTbJNgnJPjkiJ+SUNIkgljyQR/IUPAcvwVvw/jVaCcY76+QHgo9P2Tin2g==</latexit>

Stripes
<latexit sha1_base64="fCFaBpWZZtbU5MK8WF/PRLNQ01c=">AAACIHicbVBNSwMxEM3Wj9b6VfXoJVgET6Uroj14ELx4rGhV6C4lSWfb0CS7JFmlLPsTvOrdX+NNPOqvMVv3oNWBhMd7M7yZRxPBjW23P7zKwuLScrW2Ul9dW9/YbGxt35g41Qx6LBaxvqPEgOAKepZbAXeJBiKpgFs6OS/023vQhsfq2k4TCCUZKR5xRqyjrtqt9qDRdP+s8F/gl6CJyuoOtrxqMIxZKkFZJogx/U5iw4xoy5mAvB6kBhLCJmQEfQcVkWDCbLZqjvcdM8RRrN1TFs/YnxMZkcZMJXWdktixmdcK8j+tn9qoE2ZcJakFxb6NolRgG+PibjzkGpgVUwcI09ztitmYaMKsS+eXC9VkAtbdoeCBxVISNcwCSvO+H2ZZUDjTCDf9PK+76Pz5oP6Cm8OWf9w6ujxqnp2WIdbQLtpDB8hHJ+gMXaAu6iGGRugRPaFn78V79d689+/WilfO7KBf5X1+Aa3wofc=</latexit>

0.0

<latexit sha1_base64="/9YM41ItDeu/62oivW/w9BLsvY0=">AAACJHicbVBNSwMxEM3Wj2r9rB69BIvgqe5KUQ8KghfxpGBboV0kSWfb0CS7JFmlLPsjvOrdX+NNPHjxt5h+HGzrwMDjvRnezKOJ4Mb6/rdXWFhcWi6urJbW1jc2t7bLOw0Tp5pBncUi1g+UGBBcQd1yK+Ah0UAkFdCk/auh3nwCbXis7u0ggVCSruIRZ8Q6qnl/dIMvsP+4XfGr/qjwPAgmoIImdftY9ortTsxSCcoyQYxpnSU2zIi2nAnIS+3UQEJYn3Sh5aAiEkyYjc7N8YFjOjiKtWtl8Yj9u5ERacxAUjcpie2ZWW1I/qe1UhudhRlXSWpBsbFRlApsYzz8HXe4BmbFwAHCNHe3YtYjmjDrEppyoZr0wbo/FDyzWEqiOlmb0rwVhFnWHjrTCFeCPC+56ILZoOZB47ganFRrd7XK5fkkxBW0h/bRIQrQKbpE1+gW1RFDffSCXtGb9+59eJ/e13i04E12dtFUeT+/3oGjCw==</latexit>

T/J = 0

<latexit sha1_base64="74IEhIdtXuMM12npyCj8nVQYSm4=">AAACJHicbVBNSwMxEM3Wj9b6WT16CRbBU+2Woh4UCl7Ek4K1QrtIks5qaJJdkqxSlv0RXvXur/EmHrz4W8y2PdjWgYHHezO8mUdjwY2t17+9wsLi0nKxtFJeXVvf2NyqbN+aKNEM2iwSkb6jxIDgCtqWWwF3sQYiqYAOHZzneucJtOGRurHDGAJJHhQPOSPWUZ2bw0t8hhv3W9V6rT4qPA/8CaiiSV3dV7xirx+xRIKyTBBjuiexDVKiLWcCsnIvMRATNiAP0HVQEQkmSEfnZnjfMX0cRtq1snjE/t1IiTRmKKmblMQ+mlktJ//TuokNT4KUqzixoNjYKEwEthHOf8d9roFZMXSAMM3drZg9Ek2YdQlNuVBNBmDdHwqeWSQlUf20R2nW9YM07eXONMRVP8vKLjp/Nqh5cNuo+Ue15nWz2jqdhFhCu2gPHSAfHaMWukBXqI0YGqAX9IrevHfvw/v0vsajBW+ys4Omyvv5BeH1ow0=</latexit>

T/J = 2

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit>∗
<latexit sha1_base64="RVHy+7yK8wmL3IkzR7VRzsME69k="></latexit>

S1(qx)
<latexit sha1_base64="zncHjbvJHM9DBDsH/xb4K9FuX90=">AAACIHicbVDLSgMxFM34aq3P6tJNcBBclY6IupKCG5cVbStMh5Kkd2pokhmTjFqG+QS3uvdr3IlL/RrTx8LXhQuHc+7l3HtoKrix9fqHNze/sLhUKi9XVlbX1jc2q1ttk2SaQYslItHXlBgQXEHLcivgOtVAJBXQocOzsd65A214oq7sKIVIkoHiMWfEOurytvfQ2/Trtfqk8F8QzICPZtXsVb1St5+wTIKyTBBjwpPURjnRljMBRaWbGUgJG5IBhA4qIsFE+eTUAu85po/jRLtWFk/Y7xs5kcaMJHWTktgb81sbk/9pYWbjkyjnKs0sKDY1ijOBbYLHf+M+18CsGDlAmObuVsxuiCbMunR+uFBNhmDdHwruWSIlUf28S2kRBlGed8fONMZ+UBQVF13wO6i/oH1QC45qhxeHfuN0FmIZ7aBdtI8CdIwa6Bw1UQsxNECP6Ak9ey/eq/fmvU9H57zZzjb6Ud7nF/BworM=</latexit>qx

<latexit sha1_base64="cStGoHahU1iUvZEQb14S+g6ew8A=">AAACHnicbVBNS8QwEE39XNfP1aOXYBE8La2IevAgePGo4K5CWyRJpxo2SUuSqkvpL/Cqd3+NN/Gq/8bsbg9+DQw83pvhzTxaCG5sEHx6U9Mzs3PzrYX24tLyyupaZ71v8lIz6LFc5PqKEgOCK+hZbgVcFRqIpAIu6eBkpF/egTY8Vxd2WEAiyY3iGWfEOur84XrND7rBuPBfEDbAR02dXXe8+TjNWSlBWSaIMdFhYZOKaMuZgLodlwYKwgbkBiIHFZFgkmp8aI23HZPiLNeulcVj9vtGRaQxQ0ndpCT21vzWRuR/WlTa7DCpuCpKC4pNjLJSYJvj0dc45RqYFUMHCNPc3YrZLdGEWZfNDxeqyQCs+0PBPculJCqtYkrrKEyqKh450wz7YV23XXTh76D+gv5uN9zv7p3v+cdHTYgttIm20A4K0QE6RqfoDPUQQ4Ae0RN69l68V+/Ne5+MTnnNzgb6Ud7HFz0woc0=</latexit>x

<latexit sha1_base64="SgHDm3WGCsm37hKmiAHjYULnn2I=">AAACJHicbVBNSwMxEM3Wj9b6WT16CRbBU+lKUS9KwYvHCrYVuktJ0lkNTbJrklXLsj/Cq979Nd7Egxd/i9nag18DA4/3ZngzjyaCG9tsvnulufmFxXJlqbq8srq2vlHb7Jk41Qy6LBaxvqTEgOAKupZbAZeJBiKpgD4dnxZ6/xa04bG6sJMEQkmuFI84I9ZR/Zvh/XGQ8OFGvdloTgv/Bf4M1NGsOsOaVw5GMUslKMsEMWZwlNgwI9pyJiCvBqmBhLAxuYKBg4pIMGE2PTfHu44Z4SjWrpXFU/b7RkakMRNJ3aQk9tr81gryP22Q2ugozLhKUguKfRlFqcA2xsXveMQ1MCsmDhCmubsVs2uiCbMuoR8uVJMxWPeHgjsWS0nUKAsozQd+mGVB4UwjXPfzvOqi838H9Rf09hv+QaN13qq3T2YhVtA22kF7yEeHqI3OUAd1EUNj9IAe0ZP37L14r97b12jJm+1soR/lfXwCCwOkTQ==</latexit>qx = π

<latexit sha1_base64="grWjb4UTY0sXPnI4ydDF2J2Dqdk="></latexit> 〈n̂
h [x
,y
=
1
]〉 T

<latexit sha1_base64="BMGiPOqt3tKWwEjvu286Jw31r18=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwUXwVHZFtAcPBS8eK1ordBdJ0tk2NMkuSVYpy/4Er3r313gTj/prTGsPVh0YeLw3w5t5NBPc2CD48CoLi0vLK9XV2tr6xubWdn3nxqS5ZtBhqUj1LSUGBFfQsdwKuM00EEkFdOnofKJ370EbnqprO84glmSgeMIZsY66Chrh3bYfNIJp4b8gnAEfzap9V/dWon7KcgnKMkGM6TUzGxdEW84ElLUoN5ARNiID6DmoiAQTF9NTS3zgmD5OUu1aWTxlf24URBozltRNSmKH5rc2If/TerlNmnHBVZZbUOzbKMkFtime/I37XAOzYuwAYZq7WzEbEk2YdenMuVBNRmDdHwoeWColUf0iorTshXFRRBNnmmA/LMuaiy78HdRfcHPUCE8ax5fHfutsFmIV7aF9dIhCdIpa6AK1UQcxNECP6Ak9ey/eq/fmvX+PVrzZzi6aK+/zC6+qofg=</latexit>

0.1

<latexit sha1_base64="LVkO+BcoanQ8XqRYTGv+obJRPLc=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwSJ4KrtStAcPBS8eK1ortEtJ0tkammSXJKuUZX+CV737a7yJR/01ZmsPtjow8HhvhjfzaCK4sb7/6ZWWlldW18rrlY3Nre2d3ererYlTzaDDYhHrO0oMCK6gY7kVcJdoIJIK6NLxRaF3H0AbHqsbO0kglGSkeMQZsY669usng92aX/enhf+CYAZqaFbtQdVb6w9jlkpQlgliTK+Z2DAj2nImIK/0UwMJYWMygp6DikgwYTY9NcdHjhniKNaulcVT9vdGRqQxE0ndpCT23ixqBfmf1ktt1AwzrpLUgmI/RlEqsI1x8Tcecg3MiokDhGnubsXsnmjCrEtnzoVqMgbr/lDwyGIpiRpmfUrzXhBmWb9wphGuBXlecdEFi0H9Bbcn9eC03rhq1FrnsxDL6AAdomMUoDPUQpeojTqIoRF6Qs/oxXv13rx37+NntOTNdvbRXHlf37Fkofk=</latexit>

0.2

<latexit sha1_base64="LYvRZFfcbF2ZCuZAf8C+CZi8NeI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4Krta1IOHghePFa0ttEtJ0tkammSXJKuUZX+CV737a7yJR/01ZmsPah0YeLw3w5t5NBHcWN//8BYWl5ZXSuXVytr6xubWdnXn1sSpZtBmsYh1lxIDgitoW24FdBMNRFIBHTq+KPTOPWjDY3VjJwmEkowUjzgj1lHXfv14sF3z6/608DwIZqCGZtUaVL1SfxizVIKyTBBjemeJDTOiLWcC8ko/NZAQNiYj6DmoiAQTZtNTc3zgmCGOYu1aWTxlf25kRBozkdRNSmLvzF+tIP/TeqmNzsKMqyS1oNi3UZQKbGNc/I2HXAOzYuIAYZq7WzG7I5ow69L55UI1GYN1fyh4YLGURA2zPqV5LwizrF840wjXgjyvuOiCv0HNg9ujenBSb1w1as3zWYhltIf20SEK0ClqokvUQm3E0Ag9oif07L14r96b9/49uuDNdnbRr/I+vwCzHqH6</latexit>

0.3

<latexit sha1_base64="mpVY8UWPMhtWjmBcAEtnbd9xtKI="></latexit> ∆
T
/∆

T
=
0

<latexit sha1_base64="BMGiPOqt3tKWwEjvu286Jw31r18=">AAACIHicbVBNSwMxEM3Wr1o/q0cvwUXwVHZFtAcPBS8eK1ordBdJ0tk2NMkuSVYpy/4Er3r313gTj/prTGsPVh0YeLw3w5t5NBPc2CD48CoLi0vLK9XV2tr6xubWdn3nxqS5ZtBhqUj1LSUGBFfQsdwKuM00EEkFdOnofKJ370EbnqprO84glmSgeMIZsY66Chrh3bYfNIJp4b8gnAEfzap9V/dWon7KcgnKMkGM6TUzGxdEW84ElLUoN5ARNiID6DmoiAQTF9NTS3zgmD5OUu1aWTxlf24URBozltRNSmKH5rc2If/TerlNmnHBVZZbUOzbKMkFtime/I37XAOzYuwAYZq7WzEbEk2YdenMuVBNRmDdHwoeWColUf0iorTshXFRRBNnmmA/LMuaiy78HdRfcHPUCE8ax5fHfutsFmIV7aF9dIhCdIpa6AK1UQcxNECP6Ak9ey/eq/fmvX+PVrzZzi6aK+/zC6+qofg=</latexit>

0.1

<latexit sha1_base64="62Bw6zkCZNDiwF1EQW4WnaiwsTM=">AAACIHicbVDLSgMxFM3UR2t9tbp0EyyCq9IRqV0W3LisaB/QDiVJ77ShSWZIMkoZ5hPc6t6vcScu9WtMHwu1Xkg4nHMv595DY8GNrdU+vdzG5tZ2vrBT3N3bPzgslY86Jko0gzaLRKR7lBgQXEHbciugF2sgkgro0un1XO8+gDY8Uvd2FkMgyVjxkDNiHXVXq9aGpYr7F4XXgb8CFbSq1rDs5QejiCUSlGWCGNNvxDZIibacCciKg8RATNiUjKHvoCISTJAuVs3wmWNGOIy0e8riBftzIiXSmJmkrlMSOzF/tTn5n9ZPbNgIUq7ixIJiS6MwEdhGeH43HnENzIqZA4Rp7nbFbEI0Ydal88uFajIF6+5Q8MgiKYkapQNKs74fpOlg7kxDXPGzrOii8/8GtQ46F1W/Xr28vaw066sQC+gEnaJz5KMr1EQ3qIXaiKExekLP6MV79d68d+9j2ZrzVjPH6Fd5X9+sIqHx</latexit>

0.0

<latexit sha1_base64="evZSftFdz09qmvzIlkFRFq6bcTQ="></latexit>

T/J = 0.4, nh = 0.3
<latexit sha1_base64="qMz2VRZoV1wSNwJjJ2WYs+gEjYU="></latexit>

T/J = 0.4, nh = 0.1

<latexit sha1_base64="62Bw6zkCZNDiwF1EQW4WnaiwsTM=">AAACIHicbVDLSgMxFM3UR2t9tbp0EyyCq9IRqV0W3LisaB/QDiVJ77ShSWZIMkoZ5hPc6t6vcScu9WtMHwu1Xkg4nHMv595DY8GNrdU+vdzG5tZ2vrBT3N3bPzgslY86Jko0gzaLRKR7lBgQXEHbciugF2sgkgro0un1XO8+gDY8Uvd2FkMgyVjxkDNiHXVXq9aGpYr7F4XXgb8CFbSq1rDs5QejiCUSlGWCGNNvxDZIibacCciKg8RATNiUjKHvoCISTJAuVs3wmWNGOIy0e8riBftzIiXSmJmkrlMSOzF/tTn5n9ZPbNgIUq7ixIJiS6MwEdhGeH43HnENzIqZA4Rp7nbFbEI0Ydal88uFajIF6+5Q8MgiKYkapQNKs74fpOlg7kxDXPGzrOii8/8GtQ46F1W/Xr28vaw066sQC+gEnaJz5KMr1EQ3qIXaiKExekLP6MV79d68d+9j2ZrzVjPH6Fd5X9+sIqHx</latexit>

0.0

<latexit sha1_base64="BPfTh5CD+hw7e+o7MLljbuyr4cQ=">AAACG3icZVBLSwMxGEx81vqqevQSLIKn0hUfPQpevAgVrQrtIkn6rQ3NY0mySln2L3jVi7/Gm3j14L8xW3uwOhAyTDKZL8NSKZxvNr/wzOzc/MJiZam6vLK6tl7b2Lx2JrMcOtxIY28ZdSCFho4XXsJtaoEqJuGGDU/L85sHsE4YfeVHKcSK3muRCE59KUWN/cO7Wr3ZaI5B/pNoQupogvbdBsa9vuGZAu25pM51W6mPc2q94BKKai9zkFI+pPfQDVRTBS7Ox7MWZDcofZIYG5b2ZKz+duTn+nKkmJFT7+RUOUX9IPjLzU1n+KQV50KnmQfNfyKSTBJvSPll0hcWuJejQCi3IkxJ+IBayn0oZiqFWToEH5I1PHKjFNX9vMdY0Y3iPO+VySwh9agoqqG06G9F/8n1fiM6ahxcHNRPWpP6Kmgb7aA9FKFjdILOUBt1EEcD9ISe0Qt+xW/4HX/8XJ3BE88WmgL+/AbKgJ/k</latexit>

1.25
<latexit sha1_base64="c3VXqJ/DOp1Bou2zsqYSpHqSpHA=">AAACGnicZVBLSwMxGEx8W19Vj16CRfBUdkW0x4IXL4KiVaFdJEm/raF5LElWKcv+BK968dd4E69e/DemdQ9WB0KGSSbzZVgmhfNR9IVnZufmFxaXlmsrq2vrG/XNrWtncsuhw4009pZRB1Jo6HjhJdxmFqhiEm7Y8GR8fvMA1gmjr/wog0TRgRap4NQH6TJqxnf1RtSMJiD/SVyRBqpwfreJca9veK5Aey6pc91W5pOCWi+4hLLWyx1klA/pALqBaqrAJcVk1JLsBaVPUmPD0p5M1N+O4kxfjhQzcuqdgiqnqL8P/vHmpjN82koKobPcg+Y/EWkuiTdk/GPSFxa4l6NAKLciTEn4PbWU+9DLVAqzdAg+JGt45EYpqvtFj7GyGydF0Rsns5Q04rKshdLivxX9J9cHzfioeXhx2Gi3qvqW0A7aRfsoRseojU7ROeogjgboCT2jF/yK3/A7/vi5OoMrzzaaAv78Bkcpn6M=</latexit>

0.1
<latexit sha1_base64="HVJReQEToyIpJL6AI1C5nX0KyZk=">AAACGnicZVBLSwMxGEx8W9969BIsgqfaFdEeBS8iCIq2FtpFkvTbGprHkmSVsuxP8KoXf4038erFf2P6OFg7EDJMMpkvw1IpnK9Wf/DM7Nz8wuLScmlldW19Y3Nru+FMZjnUuZHGNhl1IIWGuhdeQjO1QBWTcM9654Pz+yewThh95/spxIp2tUgEpz5It3eHlw+b5WqlOgSZJtGYlNEY1w9bGLc7hmcKtOeSOteqpT7OqfWCSyhK7cxBSnmPdqEVqKYKXJwPRy3IflA6JDE2LO3JUP3ryK/0bV8xIyfeyalyivrH4B9sbjLDJ7U4FzrNPGg+ikgySbwhgx+TjrDAvewHQrkVYUrCH6ml3IdeJlKYpT3wIVnDMzdKUd3J24wVrSjO8/YgmSWkHBVFKZQW/a9omjSOKtFJ5fjmuHxWG9e3hHbRHjpAETpFZ+gCXaM64qiLXtAresPv+AN/4q/R1Rk89uygCeDvX7EKn+E=</latexit>

T /J
<latexit sha1_base64="WKP3ZcxIjO2RQ7ZaosVEoaY9itk="></latexit>

(a)
<latexit sha1_base64="+T3gOKCgdPKaqpV7qbdIA1kaxjc="></latexit>

(b)

<latexit sha1_base64="0VuZ/bDgyKdlBCp+1zw0RtU5ksQ="></latexit>

(c)

<latexit sha1_base64="pURBPnP8gDJh9OpFNqHIEslFLKk="></latexit>

(d) 1-2
2-3
3-4

1-3
2-4
1-4

<latexit sha1_base64="3gPNz/RPOwUe8kCmEIdRB/bZQMk=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4j5gXJEmYns8mQ2dllplcIS8Af8Kp/4E28+iv+gN/h5HEwiQUNRVU33V1BIoVB1/12chubW9s7+d3C3v7B4VHx+KRp4lQz3mCxjHU7oIZLoXgDBUreTjSnUSB5KxjdTf3WE9dGxKqO44T7ER0oEQpG0UqP9R7rFUtu2Z2BrBNvQUqwQK1X/On2Y5ZGXCGT1JiO5yboZ1SjYJJPCt3U8ISyER3wjqWKRtz42ezUCbmwSp+EsbalkMzUvxMZjYwZR4HtjCgOzao3Ff/zOimGt34mVJIiV2y+KEwlwZhM/yZ9oTlDObaEMi3srYQNqaYMbTpLWwJNRxwnBRuMtxrDOmlelb3rcuWhUqpWFxHl4QzO4RI8uIEq3EMNGsBgAC/wCm/Os/PufDif89acs5g5hSU4X79GQZYd</latexit>

Tc

<latexit sha1_base64="UPF/n+FlXa/hInY5Fi/SJSks0ps=">AAAB/XicbVDLSgNBEJyNrxhfUY9eBoPgKW4kaI5BL+IpYl6QLGF20psMmX0w0yuEJfgFXvULvIlXv8UP8D+cJHswiQUNRVU33V1uJIVG2/62MmvrG5tb2e3czu7e/kH+8Kipw1hxaPBQhqrtMg1SBNBAgRLakQLmuxJa7uh26reeQGkRBnUcR+D4bBAIT3CGRnqsX9z38gW7aM9AV0kpJQWSotbL/3T7IY99CJBLpnWnEqGTMIWCS5jkurGGiPERG0DH0ID5oJ1kdumEnhmlT71QmQqQztS/EwnztR77run0GQ71sjcV//M6MXoVJxFBFCMEfL7IiyXFkE7fpn2hgKMcG8K4EuZWyodMMY4mnIUtrmIjwEnO5FJaTmGVNC+Lpati+aFcqN6kCWXJCTkl56RErkmV3JEaaRBOBuSFvJI369l6tz6sz3lrxkpnjskCrK9fZ9+Vpw==</latexit>

T/J

<latexit sha1_base64="GK5sxMQmCenhh9Rdu+aPy3TwoWc=">AAACBHicbVDLSgNBEOyNrxhfUY9eBoPgadkNQb0IAS8eI5iHJGuYnUySITOzy8ysEJZc/QGv+gfexKv/4Q/4HU6SPZjEgoaiqpvurjDmTBvP+3Zya+sbm1v57cLO7t7+QfHwqKGjRBFaJxGPVCvEmnImad0ww2krVhSLkNNmOLqZ+s0nqjSL5L0ZxzQQeCBZnxFsrPQgH4foGnluuVssea43A1olfkZKkKHWLf50ehFJBJWGcKx12/diE6RYGUY4nRQ6iaYxJiM8oG1LJRZUB+ns4Ak6s0oP9SNlSxo0U/9OpFhoPRah7RTYDPWyNxX/89qJ6V8FKZNxYqgk80X9hCMToen3qMcUJYaPLcFEMXsrIkOsMDE2o4UtocIjaiYFG4y/HMMqaZRd/8Kt3FVK1WoWUR5O4BTOwYdLqMIt1KAOBAS8wCu8Oc/Ou/PhfM5bc042cwwLcL5+AQrpl4Q=</latexit>

nh = 0.2
<latexit sha1_base64="JKv0HXN/Jvd84jo4Ld21WR86rhg=">AAACBHicbVDLSgNBEJyNrxhfUY9eBoPgadnVoF6EgBePEcxDkjXMTmaTITOzy0yvEJZc/QGv+gfexKv/4Q/4HU4eB5NY0FBUddPdFSaCG/C8bye3srq2vpHfLGxt7+zuFfcP6iZONWU1GotYN0NimOCK1YCDYM1EMyJDwRrh4GbsN56YNjxW9zBMWCBJT/GIUwJWelCPfXyNPfe8Uyx5rjcBXib+jJTQDNVO8afdjWkqmQIqiDEt30sgyIgGTgUbFdqpYQmhA9JjLUsVkcwE2eTgET6xShdHsbalAE/UvxMZkcYMZWg7JYG+WfTG4n9eK4XoKsi4SlJgik4XRanAEOPx97jLNaMghpYQqrm9FdM+0YSCzWhuS6jJgMGoYIPxF2NYJvUz179wy3flUqUyiyiPjtAxOkU+ukQVdIuqqIYokugFvaI359l5dz6cz2lrzpnNHKI5OF+/DIGXhQ==</latexit>

nh = 0.3

<latexit sha1_base64="u5X+CkFT4MVKLrarhR8xZBfa7fU=">AAACA3icbVDLSgNBEOyNrxhfUY9eBoPgadkV0VyEoBePEcxDkjXMTibJkJnZZWZWCEuOfoFX/QJv4tUP8QP8DyfJHkxiQUNR1U13Vxhzpo3nfTu5ldW19Y38ZmFre2d3r7h/UNdRogitkYhHqhliTTmTtGaY4bQZK4pFyGkjHN5M/MYTVZpF8t6MYhoI3Jesxwg2VnqQjwN0hTzX7xRLnutNgZaJn5ESZKh2ij/tbkQSQaUhHGvdKscmSLEyjHA6LrQTTWNMhrhPW5ZKLKgO0um9Y3RilS7qRcqWNGiq/p1IsdB6JELbKbAZ6EVvIv7ntRLTKwcpk3FiqCSzRb2EIxOhyfOoyxQlho8swUQxeysiA6wwMTaiuS2hwkNqxgWbi7+YwjKpn7n+hXt+d16qXGcJ5eEIjuEUfLiECtxCFWpAQMALvMKb8+y8Ox/O56w152QzhzAH5+sXnf6XVg==</latexit>

nh = 0.1

<latexit sha1_base64="0bm5F3q10dBB3OZ4wPatHPFTAmY=">AAAB/HicbVDLSgNBEJyNrxhfUY9eBoMgHsKuBPUY8OIxAfOAZAmzk95kyOzsMtMrhBB/wKv+gTfx6r/4A36Hk2QPJrGgoajqprsrSKQw6LrfTm5jc2t7J79b2Ns/ODwqHp80TZxqDg0ey1i3A2ZACgUNFCihnWhgUSChFYzuZ37rCbQRsXrEcQJ+xAZKhIIztFL9qlcsuWV3DrpOvIyUSIZar/jT7cc8jUAhl8yYjucm6E+YRsElTAvd1EDC+IgNoGOpYhEYfzI/dEovrNKnYaxtKaRz9e/EhEXGjKPAdkYMh2bVm4n/eZ0Uwzt/IlSSIii+WBSmkmJMZ1/TvtDAUY4tYVwLeyvlQ6YZR5vN0pZAsxHgtGCD8VZjWCfN67J3U67UK6VqNYsoT87IObkkHrklVfJAaqRBOAHyQl7Jm/PsvDsfzueiNedkM6dkCc7XL4MKlR0=</latexit> ∗<latexit sha1_base64="nXbDqgs8sDiINgrPjGhLxowAEuI=">AAACIHicbVBNSwMxEM361Vo/q0cvwSJ4ql0p6kkKXsSTom2FdpEkna2hSXZJskpZ9id41bu/xpt41F9jtu3Btg4MPN6b4c08GgtubK327S0sLi2vFIqrpbX1jc2t7fJOy0SJZtBkkYj0PSUGBFfQtNwKuI81EEkFtOngItfbT6ANj9SdHcYQSNJXPOSMWEfd3h1dPWxXatXaqPA88CeggiZ1/VD2Ct1exBIJyjJBjOmcxTZIibacCchK3cRATNiA9KHjoCISTJCOTs3wgWN6OIy0a2XxiP27kRJpzFBSNymJfTSzWk7+p3USG54FKVdxYkGxsVGYCGwjnP+Ne1wDs2LoAGGau1sxeySaMOvSmXKhmgzAuj8UPLNISqJ6aZfSrOMHadrNnWmIK36WlVx0/mxQ86B1XPVPqvWbeqVxPgmxiPbQPjpEPjpFDXSJrlETMdRHL+gVvXnv3of36X2NRxe8yc4umirv5xcbqKI4</latexit> T
/J

<latexit sha1_base64="aYxlry9UlctRuaWCRAPkKNLyWJc="></latexit>

Chargon gas

<latexit sha1_base64="iOQvXhaMLU2ANG5PQtr278mijcc=">AAACK3icbVDLSgMxFM3Ud33r0k2wCK5KR0RduBDcuFS0WuiMkqR32tAkMyR31DLMf7jVvV/jSnHrf5jWLnwdCBzOuZdzc3impMNG4zWoTExOTc/MzlXnFxaXlldW1y5dmlsBTZGq1LY4c6CkgSZKVNDKLDDNFVzx/vHQv7oF62RqLnCQQaxZ18hECoZeuo4Q7rE4RyszcOXNSq1Rb4xA/5JwTGpkjNOb1WAm6qQi12BQKOZc+yDDuGAWpVBQVqPcQcZEn3Wh7alhGlxcjK4u6ZZXOjRJrX8G6Uj9vlEw7dxAcz+pGfbcb28o/ue1c0wO4kKaLEcw4isoyRXFlA4roB1pQaAaeMKElf5WKnrMMoG+qB8p3LI+oP+HgTuRas1Mp4g4L9thXBTRMJkntBaWZdVXF/4u6i+53KmHe/Xds93a0eG4xFmyQTbJNgnJPjkiJ+SUNIkgljyQR/IUPAcvwVvw/jVaCcY76+QHgo9P2Tin2g==</latexit>

Stripes
<latexit sha1_base64="fCFaBpWZZtbU5MK8WF/PRLNQ01c=">AAACIHicbVBNSwMxEM3Wj9b6VfXoJVgET6Uroj14ELx4rGhV6C4lSWfb0CS7JFmlLPsTvOrdX+NNPOqvMVv3oNWBhMd7M7yZRxPBjW23P7zKwuLScrW2Ul9dW9/YbGxt35g41Qx6LBaxvqPEgOAKepZbAXeJBiKpgFs6OS/023vQhsfq2k4TCCUZKR5xRqyjrtqt9qDRdP+s8F/gl6CJyuoOtrxqMIxZKkFZJogx/U5iw4xoy5mAvB6kBhLCJmQEfQcVkWDCbLZqjvcdM8RRrN1TFs/YnxMZkcZMJXWdktixmdcK8j+tn9qoE2ZcJakFxb6NolRgG+PibjzkGpgVUwcI09ztitmYaMKsS+eXC9VkAtbdoeCBxVISNcwCSvO+H2ZZUDjTCDf9PK+76Pz5oP6Cm8OWf9w6ujxqnp2WIdbQLtpDB8hHJ+gMXaAu6iGGRugRPaFn78V79d689+/WilfO7KBf5X1+Aa3wofc=</latexit>

0.0

<latexit sha1_base64="/9YM41ItDeu/62oivW/w9BLsvY0=">AAACJHicbVBNSwMxEM3Wj2r9rB69BIvgqe5KUQ8KghfxpGBboV0kSWfb0CS7JFmlLPsjvOrdX+NNPHjxt5h+HGzrwMDjvRnezKOJ4Mb6/rdXWFhcWi6urJbW1jc2t7bLOw0Tp5pBncUi1g+UGBBcQd1yK+Ah0UAkFdCk/auh3nwCbXis7u0ggVCSruIRZ8Q6qnl/dIMvsP+4XfGr/qjwPAgmoIImdftY9ortTsxSCcoyQYxpnSU2zIi2nAnIS+3UQEJYn3Sh5aAiEkyYjc7N8YFjOjiKtWtl8Yj9u5ERacxAUjcpie2ZWW1I/qe1UhudhRlXSWpBsbFRlApsYzz8HXe4BmbFwAHCNHe3YtYjmjDrEppyoZr0wbo/FDyzWEqiOlmb0rwVhFnWHjrTCFeCPC+56ILZoOZB47ganFRrd7XK5fkkxBW0h/bRIQrQKbpE1+gW1RFDffSCXtGb9+59eJ/e13i04E12dtFUeT+/3oGjCw==</latexit>
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Figure 5.10: Full counting statistics. (a) Full counting statistics of hole distances along a single
ladder leg for nh = 0.1 and T/J = 2 and T/J = 0. The notation i-j corresponds to the distance
r between hole i and hole j along x. In the stripe phase (b), the probability distributions are
symmetric, whereas in the chargon gas (a), hole-hole distance probability distributions acquire
long tails. We use 20,000 snapshots of the (thermal) MPS.

nh = 0.3, underlining how in the stripe phase both charge and spin density waves are present.
By computing the charge structure factor, we have checked that charge order is present over the
whole range of temperatures T < Tc(nh), in fact setting in at slightly higher temperatures than
incommensurate magnetic order. This is characteristic for a crossover driven by the charges [231,
232], as is the case for the chargon gas to stripe transition observed here.

Note that the Néel temperature of the SU(2) symmetric 2D Heisenberg model is strictly zero,
however with a magnetic correlation length scaling as ∼ eT0/T. Akin to the cold atom antifer-
romagnet realized in [41], we argue that stripe features—that is, the emergence of charge- and
spin-density wave patterns—become visible on the length scale of the system size for temper-
atures below Tc. For sufficiently strong magnetic correlations, we expect that true long-range
charge order (breaking the discrete translational symmetry of the system) is stabilized at finite
temperatures also in the thermodynamic limit Lx, Ly → ∞.

5.2.3 Snapshots and hidden correlations

In quantum gas microscopy experiments, projective measurements are taken in the Fock basis
of the many-body state. These snapshots contain a plethora of information about the system
beyond averages and local observables, allowing for further insights into the quantum many-
body wave function. Using (thermal) matrix product states, we sample independent snapshots
via the perfect sampling approach [233, 234].

First, let us analyze the stripe-chargon gas crossover by full counting statistics of hole-hole
distances within a single ladder leg. In particular, for each snapshot, we start from one side
of the system and count the distance from the i’th to the j’th hole. We then collect these dis-
tances for many snapshots and approximate corresponding probability distributions, presented
in Fig. 5.10. In the stripe phase, probability distributions for hole-hole distances are symmet-
rically peaked around a maximal distance probability, Fig. 5.10 (b). On the other hand, in the
chargon gas phase, Fig. 5.10 (a), the discrete probability distributions develop long tails, i.e.,
mean and maximum are far separated from another. These kind of rare event distributions of-
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ten govern the physics of the system [235], here indicating a phase of freely moving, deconfined
holes through the magnetic background.

As a direct consequence of the restricted charge motion to 1D, spins can be relabeled by
the new positions they have after moving all holes to the right in each chain—resulting in a
distinct definition of squeezed space, a concept originally formulated in 1D settings [236, 237].
This is illustrated explicitly in Fig. 5.11 (a). After removing the holes from snapshots, spins are
shuffled around, and can be relabeled as spins living in squeezed space. As this concept will
repeatedly appear throughout this thesis, we will in the following define it more formally in the
mixD setting, see also Refs. [230, 238].

Squeezed space in mixD

Consider a Fock state ⊗
y

|σ[1,y], σ[2,y], . . . , σ[Lx ,y]⟩ ,

where σx,y ∈ {0, ↑, ↓} is the single particle basis of the t-J model. These local spin charge
configurations are relabeled upon squeezing, whereby each Fock state is now given by

⊗
y

|σ̃[1̃,y], σ[2̃,y], . . . , σ[L̃x ,y]⟩ ⊗ ĥ†
[x1,y] . . . ĥ†

[xNy ,y] |0⟩ .

Here, σ̃[x̃,y] =↑, ↓ (but note that σ̃[x̃,y] ̸= 0) denotes spins on the squeezed lattice x̃ =

1, . . . , Lx − Ny, where Ny is the number of holes in rung y, and ĥ[x,y] creates a hard core
fermionic chargon at site i = [x, y]. By squeezing the spins out, spins on the squeezed and
real space lattice relate as

σ̃(x̃, y) = σ(x̃ + ∑
j<x̃

nh
[j,y], y),

where nh
[x,y] refers to the number of chargons at real space lattice site [x, y]. The process is

illustrated in Fig. 5.11 (a). Spatially separating occupied and unoccupied sites by squeez-
ing allows to analyze the interplay between hole motion and magnetism in more detail,
explicitly utilizing non-local information contained in snapshots of the many-body wave
function.

Fig. 5.11 (b) shows the spin structure factor along y = 1 of a 40 × 2 mixD t-J model in the
ground state (i.e., in the stripe phase) in real (black circles) and squeezed (red squares) space after
removing holes from the snapshots. When transforming ground state snapshots to squeezed
space, hidden AFM correlations are revealed, i.e., the double peak structure turns into a sharp
peak around qx = π. Indeed, when comparing to the pure Heisenberg model2 with J = 1, both
structure factors agree on a quantitative level, showing how the holes confined within the stripes

2We compare the magnetic mixD system in squeezed space with the Heisenberg model, given by the Hamiltonian

Ĥ = J ∑
⟨i,j⟩

Ŝi · Ŝj,

where J is the magnetic coupling constant and ⟨i, j⟩ denotes nearest-neighbour pairs on a square lattice.



5.2 Robust stripes in the mixed-dimensional t-J model 79

<latexit sha1_base64="iOQvXhaMLU2ANG5PQtr278mijcc=">AAACK3icbVDLSgMxFM3Ud33r0k2wCK5KR0RduBDcuFS0WuiMkqR32tAkMyR31DLMf7jVvV/jSnHrf5jWLnwdCBzOuZdzc3impMNG4zWoTExOTc/MzlXnFxaXlldW1y5dmlsBTZGq1LY4c6CkgSZKVNDKLDDNFVzx/vHQv7oF62RqLnCQQaxZ18hECoZeuo4Q7rE4RyszcOXNSq1Rb4xA/5JwTGpkjNOb1WAm6qQi12BQKOZc+yDDuGAWpVBQVqPcQcZEn3Wh7alhGlxcjK4u6ZZXOjRJrX8G6Uj9vlEw7dxAcz+pGfbcb28o/ue1c0wO4kKaLEcw4isoyRXFlA4roB1pQaAaeMKElf5WKnrMMoG+qB8p3LI+oP+HgTuRas1Mp4g4L9thXBTRMJkntBaWZdVXF/4u6i+53KmHe/Xds93a0eG4xFmyQTbJNgnJPjkiJ+SUNIkgljyQR/IUPAcvwVvw/jVaCcY76+QHgo9P2Tin2g==</latexit>

Stripes

<latexit sha1_base64="aYxlry9UlctRuaWCRAPkKNLyWJc="></latexit>

Chargon gas

<latexit sha1_base64="Vu93YnwSjoLfsN0VJyh97lOcw8E=">AAACIHicbVBNSwMxEM36WetXq0cvwUXwVLoitUfBi8eKtha2S0nS2RqaZNckq5Zlf4JXvftrvIlH/TWmtQetDgw83pvhzTyaCm5svf7hLSwuLa+sltbK6xubW9uV6k7HJJlm0GaJSHSXEgOCK2hbbgV0Uw1EUgHXdHQ20a/vQBueqCs7TiGSZKh4zBmxjrq87T/0K369Vp8W/guCGfDRrFr9qrfaGyQsk6AsE8SYsJnaKCfaciagKPcyAylhIzKE0EFFJJgon55a4APHDHCcaNfK4in7cyMn0pixpG5SEntj5rUJ+Z8WZjZuRjlXaWZBsW+jOBPYJnjyNx5wDcyKsQOEae5uxeyGaMKsS+eXC9VkBNb9oeCeJVISNch7lBZhEOV5b+JMY+wHRVF20QXzQf0FnaNa0KgdXxz7p41ZiCW0h/bRIQrQCTpF56iF2oihIXpET+jZe/FevTfv/Xt0wZvt7KJf5X1+Ae4Ioqs=</latexit>qx

<latexit sha1_base64="RVHy+7yK8wmL3IkzR7VRzsME69k="></latexit> S 1
(q

x
)

<latexit sha1_base64="5IGWfbBxcBdfozZhcZGp/aWqtRo=">AAACKHicbVC7SgRBEJz17fnW0GTwEIyOXRE1FEwMFTwVdleZmevV4eaxzPQqx7KfYaq5X2Mmpn6Jc+cFvhoaiqpuqrt4qaTHOH6PJianpmdm5+ZbC4tLyyura+sX3lZOQFdYZd0VZx6UNNBFiQquSgdMcwWXvH881C/vwXlpzTkOSsg1uzWykIJhoNIMpQZPk/h692a1HXfiUdG/IBmDNhnX6c1aNJv1rKg0GBSKeZ8elpjXzKEUCppWVnkomeizW0gDNCw45fXo5IZuB6ZHC+tCG6Qj9vtGzbT3A83DpGZ4539rQ/I/La2wOMxracoKwYgvo6JSFC0d/k970oFANQiACSfDrVTcMccEhpR+uHDH+oDhDwMPwmrNTK/OOG/SJK/rbOjMC9pOmqYVokt+B/UXXOx2kv3O3tle+2h/HOIc2SRbZIck5IAckRNySrpEEEseyRN5jl6i1+gtev8anYjGOxvkR0Ufnxk8pUI=</latexit> ⇥
10

2

<latexit sha1_base64="QbLTi7wKLECzxbHlVGIxGiw8F8U="></latexit>

S1(qx)
<latexit sha1_base64="DHGIUJ6sdIP4HImgE8sd7N3JjdA="></latexit>

S1(qx)
sq.

<latexit sha1_base64="n+v9alstOI5yTE7HS6YssVCKDyI="></latexit>

S1(qx)
Heis.

<latexit sha1_base64="+T3gOKCgdPKaqpV7qbdIA1kaxjc="></latexit>

(b)

<latexit sha1_base64="0VuZ/bDgyKdlBCp+1zw0RtU5ksQ="></latexit>

(c)

<latexit sha1_base64="WKP3ZcxIjO2RQ7ZaosVEoaY9itk="></latexit>

(a)

1 2
3

4
5

1
3

4
5

<latexit sha1_base64="mznwYtUM/PSf2wzRG3vxez0SID8="></latexit>

real space
<latexit sha1_base64="BEx542muD+y2kLBgbObHxKSka40="></latexit>

squeezed space
6 6

7 10
8

9 7
8

10

Figure 5.11: Correlations in real and squeezed space. (a) Illustration of squeezed space. Left
panel: Snapshot of holes moving through a Néel background. Right panel: Upon squeezing out
the holes, Néel order is restored in the magnetic background. (b) Spin structure factor S1(qx) for
a mixD t-J system in the striped ground state with nh = 0.1, featuring a double peak structure in
real space (black circles). Squeezing snapshots reveals hidden AFM correlations (red squares),
being in quantitative agreement with the J = 1 Heisenberg ground state (blue circles). (c) The
same for the chargon gas phase at T/J = 5/7 ≈ 0.71, nh = 0.15. Upon squeezing, the peak
around qx = π becomes considerably sharper. Compared to the pure Heisenberg model with
J = 1 and T/J = 5/7 ≈ 0.71 (light blue circles), the spin structure in the chargon gas phase
has a shifted weight towards FM correlations. For both cases above, the mixD system is of size
40 × 2.

leave the underlying magnetic state in squeezed space almost undisturbed.

In the chargon gas phase, on the other hand, the movement of the holes distorts the mag-
netic background in a more notable manner. Black circles in Fig. 5.11 (c) show S1(qx) evaluated
via the thermal MPS at T/J = 5/7 ≈ 0.71. When transforming snapshots to squeezed space,
the initially broad peak around qx = π again becomes significantly sharper, showing how AFM
correlations are reduced due to the holes’ motion through the Mott insulator. Compared to the
Heisenberg model with J = 1 at T/J = 5/7 ≈ 0.71 (blue circles in Fig. 5.11 (c)), the squeezed
mixD system has shifted weight from AFM (qx = π) to more FM (qx = 0, 2π) correlations. En-
hanced FM signals in squeezed space emerge due to the frustrating effect of hole motion on spins
in squeezed space, whereby the hole motion induces effective longer-range couplings between
spins in squeezed space. We will not go into more depth of hole-motion-induced frustration at
this point, and point to Chap. 6, where it will be analyzed in detail using Hamiltonian recon-
struction schemes. Now, we will proceed to discuss and analyze experimental results from a
Fermi-Hubbard quantum simulator, which implements the mixD setting at intermediate tem-
peratures where individual stripes can be seen to form.
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5.3 Stripe formation in cold atom simulators

Our insights from Sec. 5.2 strongly motivate the exploration of stripe phases in ultracold atom
experiments. Here, the mixD setup can be realized by simulating the Fermi-Hubbard model in
the large U/t limit with a y-directed on-site potential tilt ∆, i.e., Vtilt(y) = ∆y.

The potential gradient ∆ here effectively suppresses resonant tunneling along y, which re-
sults in freezing the projected density on the y-axis. On the other hand, virtual particle exchanges
(and hence spin superexchange) remain intact—hence realizing the mixD t-J setting. In partic-
ular, if t̃x, t̃y denote parallel (along x) and perpendicular (along y) hopping parameters in the
simulated FH model, standard perturbation theory in the limit t̃x, t̃y ≪ U yields effective spin
couplings (see also Refs. [239–241]),

Jy = ∑
±

2t̃2
y

U ± ∆
, Jx =

4t̃2
x

U
. (5.7)

Pictorially, this becomes clear when considering a single double well, as illustrated in Fig. 5.12 (a)
and (c). Note that this tunability can even result in ferromagnetic couplings for ∆ > U, and
diverges when |U| = |∆|. Using Eq. (5.7), the ratio Jy/Jx reads

Jy

Jx
=

(
t̃y

t̃x

)2 U2

U2 − ∆2 . (5.8)

For t̃y < ∆ < U, tunneling along the perpendicular direction in the effective t-J model is sup-
pressed, ty = 0, while parallel hopping remains approximately unchanged, i.e., tx = t = t̃x.

Let us illustrate the above arguments through a 1D example, Fig. 5.12. We simulate the time
dynamics of a 1D Fermi-Hubbard model using exact diagonalization with a single hole and half-
filled sites elsewhere, in the strong repulsive regime, and with varying potential tilts. Specifi-
cally, we initialize a system with eight sites in the product state |↑↓↑↓ ◦ ↑↓↑⟩ and focus on the
time evolution of the particle occupation ∑σ ⟨n̂σ

◦⟩ (t) of the initially empty site. As the potential
gradient ∆ increases, the density profile rapidly freezes to the initial configuration, whereas in
the ∆ = 0 limit, the hole delocalizes on very short time scales. This demonstrates that apply-
ing tilts suppresses resonant tunneling in the y-direction on intermediate to large time scales,
thereby stabilizing the mixD setup in this meta-stable state.

In this section, we discuss experimental results obtained in collaboration with the Lithium
team at MPQ, lead by Dominik Bourgund, Immanuel Bloch, and Timon A. Hilker. We begin
by describing the experimental setup, where the engineering of superlattices results in an effec-
tive suppression of vertical hopping events, realizing the mixD setting. We then describe how
the effective temperature of the experiment is estimated by comparing spin correlations to MPS
calculations, followed by a discussion of various observables that indicate the formation of in-
dividual, fluctuating stripes in the system. One of the major advantages of quantum simulators
is their ability to access a vast array of observables that are entirely inaccessible in solid-state ex-
periments. To this end, we analyze stripe length distributions from many-body snapshots and
compare these results to mean-field theories of single, fluctuating stripes.
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Figure 5.12: Realizing the mixD setting through potential gradients. (a) Schematic of the space
directed tilt procedure (indicated by the slope and gradient background), here shown for a 1D
Fermi-Hubbard model in the Mott insulating regime U/t ≫ 1. While virtual spin exchanges still
take place, hopping of spins/holes is suppressed. (b) Time evolution after initializing an eight-
site system as shown in (a). Here, U/t = 8, and ∆/U (∆/t) is varied to values 0, 0.5, 1.5 (0, 4, 12).
For strong tilts, e.g. ∆/U = 1.5, the density profile is locked in space for exponentially long times,
whereas quick delocalization of the hole takes place for both ∆/U = 0, 0.5. (c) While hopping
along the field gradient is suppressed, the super-exchange mechanism is intact. In particular,
perturbation theory yields the expressions in Eq. (5.7).

5.3.1 Experimental setup

One way to experimentally implement the spin-independent energy tilt ∆ is by imprinting it
on the system through DMDs, as demonstrated for ladder systems in Ref. [57]. In the follow-
ing realization of a (single layer) 2D mixD system at MPQ as described by Eq. (5.1), instead
of implementing an overall energy shift, a superlattice is utilized instead. This is depicted in
Fig. 5.13. While the lattice in the y-direction is uniform in the 2D setup (Fig. 5.13 (a)), utilizing
a second laser in the y-direction and carefully calibrating its phase3 creates the configuration
shown in Fig. 5.13 (b). In this configuration, neighboring sites always have an energy difference
of ±∆, realizing the mixD setup on intermediate time scales. In the following, we will work with
∆/U = 0.65(5) in the experiment.

While nearest-neighbor (NN) hopping is suppressed (ty ≈ 0), next-nearest-neighbor (NNN)
hopping t(2)y along y remains resonant and finite. The bare NNN tunneling t̃(2)y ≈ 0 in the optical
lattice can be neglected, so the NNN contribution from resonant tunneling is given by the second-
order process,

t(2)y =
t̃2
y

∆
≈ 1.54

t̃2
y

U
. (5.9)

This NNN term introduces a Pauli-repulsion between NNN legs, which may destabilize fully

3This is achieved by loading atoms into decoupled double wells along the y-direction. By varying the phase
between the lattice and the superlattice and measuring the imbalance of atoms on the two sides of the double well,
precise offset calibration can be performed [197].
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Figure 5.13: Implementing the mixD FH model with ultracold atoms. (a) Schematic illustra-
tion of the isotropic 2D Fermi-Hubbard model. Holes delocalize and disturb the surrounding
spin background, forming magnetic polarons at intermediate temperatures. The overall hole
density remains uniform, and holes repel each other due to their fermionic statistics at exper-
imentally accessible temperatures of T ≲ J. At very low temperatures, however, stripe order
becomes energetically favored. (b) By increasing the potential on every other lattice site along
the y-direction by ∆, nearest-neighbor tunneling along this direction is suppressed while pre-
serving the superexchange coupling Jy. In this configuration, holes form stripe structures at
significantly higher temperatures, as indicated by the enhanced hole density at specific posi-
tions and the alternating antiferromagnetic parity across the stripe (⊕ and ⊖ symbols). Figure
adapted from Ref. [2].

filled stripes and favor other filling fractions. In the experiment, however, Jy ≈ 6.9t̃2
y/U, so

Jy/t(2)y ≈ 4.5. (5.10)

Thus, the effect of t(2)y is negligible compared to the effect of Jy, which provides the binding glue
for stripe structures. In the limit of strong interactions, the ultracold atom setup in the optical
superlattice hence realizes the Hamiltonian

Ĥ = −tx ∑
σ,⟨i,j⟩x

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + Jx ∑

⟨i,j⟩x

(
Ŝi · Ŝj −

n̂in̂j

4

)
+ Jy ∑

⟨i,j⟩y

(
Ŝi · Ŝj −

n̂in̂j

4

)
.

(5.11)

Through a DMD, a flat-energy landscape is imprinted on the optical lattice, which is sur-
rounded by a low-density reservoir at higher energies. The resulting physical system has ≈ 110
sites, illustrated in Fig. 5.14. For imaging, charge pumping methods are used to Zeeman split
the two hyperfine mF = ±1/2 states and image them separately, as discussed in Sec. 4.1. The
parameters of Eq. (5.11) in the experiment read

U
tx

= 27(2),
Jy

tx
= 0.6(2),

Jx

tx
= 0.15(3). (5.12)

For comparisons with numerical data, we simulate the system Eq. (5.11) with parameters
Eq. (5.12) at finite temperature using imaginary time evolution as described in Sec. 5.2.2. For
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Figure 5.14: Experimental system and snapshot. (a) Spin-resolved sample snapshot of the mixD
system in the 6Li experiment at MPQ. The left-hand side are images directly from the CCD cam-
era for both layers, the right is the corresponding reconstruction (the purple site corresponds
to a doubly occupied site). (b) The potential imprinted by the DMD, generating a flat potential
landscape in the center inside a box potential. Outside the box potential, a low-density particle
reservoir exists. Figure adapted from Ref. [2].
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Ŝz

i0Ŝ
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Figure 5.15: Finite temperature numerics. DMRG calculations for a Lx × Ly = 8 × 4 system
with periodic boundaries along the short direction, temperature T/tx ∼ 0.4, and Hamiltonian
parameters as in the experimental setup. Shown are the on-site hole density distributions in
each leg, ⟨n̂h

i ⟩ (grey lines), as well as spin-spin correlations ⟨Ŝz
i0

Ŝz
j ⟩ (colour coded) for reference

site i0 = [x = 3, y = 2] (white frame). At the maximum hole density distribution in the center
of the chain, a domain wall of the AFM background forms, i.e., a single stripe is observed.

doping scans, we limit the system size to Lx × Ly = 8 × 3 with open boundaries, and hole con-
figurations Nℓ = 1, 2, 3 for each ℓ = 1, 2, 3. For a single hole per chain, we simulate systems up
to Ly = 4. We here stress again that, as this mixD model suffers from the Fermion sign problem,
these limited system sizes at finite temperature are state-of-the-art for numerical calculations;
they thus mostly allow for general qualitative comparison to the much larger experimental sys-
tem.

We follow the same purification scheme in our mixD setting as in Sec. 5.2.2. In particular,
we start by evolving the infinite-temperature state |Ψ(β = 0)⟩ using global Krylov schemes by
a single step tx∆τ = 0.01. Weight cutoffs are set to 10−10, expanding the bond dimension to
χ(τ = ∆τ) ∼ O(1000). From here on, we switch to the local two-site TDVP method, with
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(b)

Figure 5.16: Thermometry. Nearest-neighbor spin correlations along x (a) and y (b) for differ-
ent doping levels. The experimental data (grey markers) are compared to numerical data for
Css(1, 0) and Css(0, 1) at various temperatures obtained from simulations on Lx, Ly = 8, 3 (color-
bar). This provides an estimate for the effective temperature of the experiment. Figure adapted
from Ref. [2].

time steps of tx∆τ = 0.03, weight and truncation cutoffs of 10−10 and 10−12, respectively, and
cutting edge maximum bond dimensions of χTDVP = 30000. We evolve the system to τtx = 2.0,
corresponding to a temperature of T/tx = 0.25.

As an example, we show spin-spin correlations as well as hole distributions in each leg in
Fig. 5.15, for T/tx ∼ 0.4 and for a system of size Lx × Ly = 8 × 4 with periodic boundaries along
the short direction and Nℓ = 1 for all ℓ = 1 . . . 4. At the center of the chains, where the hole
density peaks, an AFM domain wall forms, signalling the formation of a single, fully filled stripe
at experimentally accessible temperatures.

Thermometry

Before discussing experimental and theoretical results in detail, let us first focus how the ef-
fective temperature of the experiment is estimated. To this end, we compare spin-spin corre-
lations obtained from DMRG calculations at varying temperatures and doping levels, down to
T/tx = 0.25. Since we aim to resolve correlations as a function of doping, we use the Ly = 3
data. However, we have verified for δ = 0.125 that the temperature estimations below are not
significantly influenced by the finite-size effects of the DMRG calculations.

We estimate the system’s temperature using the connected spin correlations,

Css(d) =
1
Nd

∑
i

〈
Ŝz

i Ŝz
i+d

〉
−
〈
Ŝz

i
〉 〈

Ŝz
i+d

〉
σ(Ŝz

i )σ(Ŝ
z
i+d)

, (5.13)

where Nd is a proper normalization, i.e., the number of bonds with distance d in the system, and
σ(Ŝz

i ) is the standard deviation of the spin projection at site i. We evaluate Css(d) as a function
of doping, and compare this to matrix product state (MPS) calculations in Fig. 5.16. We fit the
experimental data for individual doping bins to the numerical data to extract the corresponding
temperatures. To this end, we simulate systems with varying number of holes per leg, such that
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we can access a finer doping grid. Since the short y-direction may exhibit finite-size effects in the
DMRG calculations, we independently determine the temperatures along x and y. By extracting
temperatures per doping level, we estimate an effective temperature of T/tx ≈ 0.3(1) along x
and T/tx ≈ 0.4(1) along y.

5.3.2 Formation of stripes

To test and study microscopically the formation of extended stripe-like structures, we will look
at both charge and spin sectors. This in particular includes charge-charge correlations for the
former and spin-charge correlations for the latter. We will see that extended hole like structures
can be identified, which as we will see can be captured in mean-field-like descriptions of holes
bound to an individual stripe.

Charge sector

We analyze tendencies for charge ordering by evaluating the connected, normalized two-point
hole-hole correlator, defined as

g(2)hh (d)− 1 =
1
Nd

∑
i

(
⟨n̂h

i n̂h
i+d⟩

⟨n̂h
i ⟩⟨n̂h

i+d⟩
− 1

)
, (5.14)

where n̂h
i is the hole density operator at position i, and the normalization factor Nd corresponds

to the number of bonds with distance d. In the experiment, a global, doping-dependent offset is
corrected in Eq. (5.14), as discussed in more detail in Ref. [2].

The hole correlation map for doping δ = 0.18 is shown in Fig. 5.17 (a). Following the direc-
tions (dx, 0) and (0, dy), we observe clear positive signals along y, while along x anti-bunching is
visible due to Pauli repulsion. This observation is corroborated in Fig. 5.18, where correlations
along the two cuts (dx, 0) and (0, dy) are explicitly shown. Notably, correlations along y remain
positive for extended regions well beyond dy = 1, suggesting the formation of vertically aligned
hole structures. In contrast, in the 2D system (which was implemented with similar parameters
as in the mixD setting for comparison in the experiment), both directions show clear negative
signals due to Pauli anti-bunching. The positive correlations in the mixD setting indeed appear
to form vertical fans in Fig. 5.17 (a), which we interpret as signs of charge fluctuations along x in
weakly bound stripes. Additionally, the positive signals observed at dx = ±5 may indicate the
formation of a second, vertically aligned stripe-like hole structure.

We compare this correlation map to DMRG theory calculations for a system of size Lx × Ly =

8 × 3, with a single hole doped into each leg. When comparing the absolute values of hole-hole
correlations to simulations, care must be taken due to differences in doping, fluctuations, and
boundary conditions. For Ly = 3, all calculations are performed with open boundary conditions
along x and y to avoid frustrating spin couplings on a cylinder. In contrast, the finite width of
the potential at the experimental edges causes charge features to fluctuate and wash out. Conse-
quently, in the experiment we observe signals in g(2)hh (d) but not in the density, unlike in theory
where stripes appear prominently as density features. Using connected correlators on theoreti-
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Figure 5.17: Charge correlations. (a) Hole-hole correlation map g(2)hh (d) as a function of d in the
experiment, post selected on dopings δ = 0.18. Clear anti-bunching is visible in the x-direction,
whereas positive signals are observed in a vertical fan centered around (0, dy). The latter indi-
cates the formation of extended hole structures, forming a fluctuating stripe. Correlation maps
are symmetrized around the (dx, 0) and (0, dy) cuts, indicated by the black dashed lines. (b)
Hole-hole correlations obtained from MPS calculations, in a Lx × Ly = 8 × 3 system with a sin-
gle hole per leg, i.e., δ = 0.125. Signatures are very similar to the experiment, with negative
signals along x and an extended positive vertical region. Boundary effects lead to negative sig-
nals for |dy| > 6. (c) Doping dependence of g(2)hh for several d, see the inset. In a doping region
δ ≳ 0.15, all vertically aligned correlations are positive. The reduction of NN correlations is
compatible with a reduction of spin-spin correlations with increasing doping, which is respon-
sible for hole bunching. (d) Theory calculations show consistent behavior, though the observed
sign change of (0, 2) is not captured. The two data points per correlator correspond to Nℓ = 1, 2,
i.e., one and two holes per leg in the 8 × 3 system. Figure adapted from Ref. [2].

cal data reduces the correlations accordingly.

To analyze numerical results, we thus employ a slightly modified correlator g̃(2)hh (d), defined
as

g̃(2)hh (d)− 1 =
1
Nd

∑
i

(
⟨n̂h

i n̂h
i+d⟩

nhnh − 1

)
, (5.15)

where, compared to Eq. (5.14), the normalization uses the global doping level nh instead of the
local densities. This approach assumes a homogeneous density distribution across the system,
facilitating a more direct comparison with the experimental results. The resulting correlation
map is shown in Fig. 5.17 (b). The experimental observations qualitatively match the theoretical
hole-hole correlations well, though the theory calculations are heavily limited by their small
width. Strong negative signals for |dy| ≥ 6 arise from the open boundaries.

By binning the experimental snapshots according to their hole-doping, we can further study
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Figure 5.18: Charge correlations along x and y. Hole-hole correlations g(2)hh (d) along d = (dx, 0)
and d = (0, dy) for the mixD setting (main panel, green) and the 2D setting with ∆ = 0 but
otherwise unchanged parameters (inset, ocher). While in 2D both directions show clear anti-
bunching tendencies, in the mixD case vertically aligned correlations are positive. In both cases,
snapshots binned to doping δ = 0.18 are used, cf. Fig. 5.17 (a). Figure adapted from Ref. [2].

the doping dependence of charge-charge correlations. The results, shown in Fig. 5.17 (c), indicate
that both the nearest-neighbor and diagonal correlations remain positive across the entire doping
range, though their magnitude decreases with increasing doping. This behavior is consistent
with the decrease in spin-spin correlations with doping, cf. Fig. 5.16, which act as the binding
glue for holes forming stripes. Additionally, a non-trivial dependence is observed for the d =

(2, 0) and (3, 0) correlations: around δ ≈ 0.15, these correlations transition from negative to
positive. This may suggest a shift in the system from individual pairs to extended stripe-like
structures.

While DMRG captures the main qualitative features of the NN and diagonal correlations,
it does not account for the sign change in more distant hole-hole correlators, as shown in
Fig. 5.17 (d). This discrepancy may stem from subtle effects, such as next-nearest-neighbor hop-
ping events and a statistical distribution of holes in each ladder leg, which we do not consider
in our idealized numerical model.

Besides the hole-hole correlators studied above, higher-order correlations such as two-point
pair-hole and pair-pair as well as three-point hole-hole-hole correlations all show a consistent
behavior, i.e., they are in line with the formation of fluctuating, stripe-like charge structures.
Details analysis of these fully and partially connected correlators of the experimental data can
be found in Ref. [2], but shall not be of further focus here.

Signals of extended charge structures beyond hole pairing motivates to analyze fluctuating
charge structures in more detail. For this, we define a vertical stripe as a consecutive cluster of
holes where each hole has at most a distance of dx = 1 to its neighboring holes in y-direction.
By counting the occurences of these structures, we would like to compare the experiment to
effective, mean-field descriptions of fluctuating holes. In the following, we first describe two
theories of fluctuating stripes, before analyzing snapshots generated from these theories to the
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Figure 5.19: String potential. Illustration of the effective potential between chain y with its
neighbouring chain y + 1. Grey lines illustrate energy contributions ∼ JµCµ

1 , µ = x, y; green
lines denote diagonal correlations with energy ∼ JyC2 starting at |Σ| ≥ 2. Intra-chain energy
corrections from the Néel state ∼ JxCx

1 are constant and not written down explicitly in the po-
tential.

experiment.

Mean field theory

We start by setting up a mean field theory for the stripe phase in the mixD t-J model. We focus
on describing an individual stripe in y-direction with exactly one hole per chain, bound by the
magnetically mediated confining potentials. In particular, we neglect the interaction between
multiple stripes at positions i1 and i2, i.e., we focus on the low doping regime. To illustrate the
concept, we first consider a mean field description of the ground state, before generalizing to
finite temperature.

For t ≫ Jx, Jy, quantum correlations between strongly fluctuating holes and spins in
squeezed space can be neglected. Hence, we make the ansatz

|ψ⟩ = |ψ⟩sq ⊗ |ψ⟩c , (5.16)

where |ψ⟩sq is the spin state of the undoped Heisenberg model in squeezed space, and |ψ⟩c is
the chargon wave function. Our starting point for the description of the single-stripe phase is
the variational Gutzwiller wave function, given by

|ψ⟩c =
∞⊗

y=−∞
|ϕ(0)⟩y , (5.17)

i.e., we describe the charge sector by the product of identical single-leg wave functions |ϕ(0)⟩y in
chain y. Assuming that the stripe is centered around x = 0, we express |ϕ(0)⟩y within the string
basis,

|ϕ(0)⟩y =
∞

∑
Σ=−∞

ϕ
(0)
Σ |y, Σ⟩ , (5.18)

where Σ can be understood as the length of the string measured relative to the center of the
stripe.

Within this variational ansatz, coefficients ϕ
(0)
Σ can be found by minimizing the trial state’s
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energy, ⟨Ĥ⟩0 = ⟨ψ|Ĥ|ψ⟩ =
(
⟨ψ|sq ⊗ ⟨ψ|c

)
Ĥ
(
|ψ⟩sq ⊗ |ψ⟩c

)
,

⟨Ĥ⟩0
Ly

=
E0

Ly
− t ∑

Σ

(
ϕ
(0)∗
Σ+1ϕ

(0)
Σ + c.c.

)
+ ∑

Σ,Σ′
|ϕ(0)

Σ |2|ϕ(0)
Σ′ |2Vpot(Σ − Σ′). (5.19)

Here, Vpot(Σ) is the inter-chain potential defined by the potential energy of two holes in neigh-
boring chains separated by the string Σ,

Vpot(Σ) = Jy

[(
|Σ| − 1 + δΣ,0

)
C2 −

(
|Σ|+ 1

)
Cy

1

]
, (5.20)

where Cµ
1 = ⟨ψs|Ŝi · Ŝi+eµ

|ψs⟩, µ = x, y, are nearest neighbor, and C2 = ⟨ψs|Ŝi · Ŝi+ex+ey |ψs⟩
diagonal spin-spin correlations in the undoped Heisenberg model in the ground state. Note that
there are also intra-chain contributions, which, however, are constant and only lead to a trivial
energy shift on top of the Heisenberg ground state energy E0, cf. Fig. 5.19.

By averaging over the upper and lower chain for a given leg, we can reformulate the varia-
tional problem, Eq. (5.19), as a self-consistent ground state search of the mean field Hamiltonian
per chain,

ĤMF =
E0

Ly
− t ∑

Σ,Σ′

[
ĥ†

Σ′ ĥΣ + h.c.
]
+ ∑

Σ
ĥ†

ΣĥΣVeff(Σ), (5.21)

where ĥ†
Σ |y, 0⟩ = |y, Σ⟩ and

Veff(Σ) = 2 ∑
Σ′

|ϕ(0)
Σ′ |2Vpot(Σ′ − Σ). (5.22)

Note the factor of 2 in the potential energy, arising from energy contributions between chains
y± 1 with chain y. When considering the total energy of the variational wave function, Eq. (5.19),
however, there is no additional factor to not double count inter-chain energy contributions.

In practice, we set a maximal cutoff for the string length, here chosen as |Σmax| = 15. By exact
diagonalization and self-consistently solving for Eq. (5.21), the string length distribution |ϕ(0)

Σ |2

within the mean field picture can be calculated.
At finite temperature, we generalize the ansatz to a product of density matrices,

ρ̂ = ρ̂sq ⊗
(

∞⊗
y=−∞

ρ̂
(0)
MF

)
, (5.23)

where
ρ̂
(0)
MF =

1
Z

e−βĤMF(ρ̂
(0)
MF,T) (5.24)

defines the self-consistency equation via

ĤMF(ρ̂
(0)
MF)

Ly
=

E0

Ly
− t ∑

Σ,Σ′

[
ĥ†

Σ′ ĥΣ + h.c.
]
+ ∑

Σ
ĥ†

ΣĥΣVeff(Σ; ρ̂
(0)
MF, T)

Veff(Σ; ρ̂
(0)
MF, T) = 2 ∑

Σ′
⟨Σ|ρ̂(0)MF|Σ⟩Vpot(Σ′ − Σ; T).

(5.25)
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Figure 5.20: Two-point correlators of the squeezed background. Thermally averaged two-point
correlations of the undoped Heisenberg model Cµ

1 (T) = ⟨Ŝi · Ŝi+eµ
⟩T, µ = x (grey), y (red) and

C2(T) = ⟨Ŝi · Ŝi+ex+ey⟩T (blue) calculated from DMRG calculations for Jx/Jy = 0.3 on a 12 × 4
lattice with PBC applied along the short (y-) direction.
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Figure 5.21: String length distribution. Thermally averaged string length distribution
⟨Σ|ρ̂(0)MF|Σ⟩ for temperatures T/tx = 0.2 . . . 0.625, and tx/Jy = 2 using the thermal correlations
in the Heisenberg model in Fig. 5.20.

Here, Cµ
1 (T) = ⟨Ŝi · Ŝi+eµ

⟩
T

, µ = x, y and C2(T) = ⟨Ŝi · Ŝi+ex+ey⟩T
entering Vpot in Eq. (5.20) are

thermally averaged two-point correlators of the 2D Heisenberg model. Given the self-consistent
solution of ρ̂

(0)
MF, the mean field string length distribution is determined by the diagonal elements

of ρ̂
(0)
MF, i.e., pΣ = ⟨Σ|ρ̂(0)MF|Σ⟩.

We use finite temperature DMRG methods to calculate thermally averaged nearest-neighbour
and diagonal correlations of the undoped Heisenberg model with Jx/Jy = 0.3 on a Lx × Ly =

12 × 4 lattice with periodic boundaries along y, see Fig. 5.20. Results for the corresponding
mean field estimates of the string length distributions in the stripe phase are shown in Fig. 5.21
for tx/Jy = 2 and temperatures T/tx = [0.2, 0.625].
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Figure 5.22: Counting stripes. (a) Normalized histogram of the stripe length distribution ζ(ℓ)
for mixD (green points) and 2D (ocher points). Snapshots are counted as containing a structure
of length ℓ if they feature at least one continuous "stripe" where ℓ holes on neighboring legs
in the y-direction differ by at most 1 site along x. The result of randomly placing holes (while
accounting for anti-correlations due to Pauli repulsion, see text), is shown in grey. Results from
mean field calculations at T/tx ≈ 0.35 are shown in solid green. Panel (b) provides a detailed
illustration of ζ(ℓ) for varying temperatures in the MFT. For T/tx ≈ 0.35, there is the best agree-
ment between the MFT and mixD snapshots. Figure adapted from Ref. [2].

Counting charge stripes

The MFT described above enables sampling of charge snapshots according to the self-
consistently determined stripe length distribution, which we compare to the hole-channel of
experimentally obtained snapshots. To this end, we define a fully filled "stripe" as a connected
line of holes along y, where the pairwise distance along x between holes in neighboring chains
is at most 1. The length ℓ of this structure is defined by the number of holes involved. This is
depicted in the inset of Fig. 5.22 (a) for ℓ = 3, 4.

The fraction ζ(ℓ) of (theoretical or experimental) snapshots containing such a stripe structure
of at least length ℓ is then evaluated. We highlight at this point again that these types of observ-
ables are entirely inaccessible to solid-state experiments, emphasizing quantum simulation as a
unique tool for studying the microscopic properties of strongly correlated phases of matter.

In Fig. 5.22 (a), we compare the mixD (green) case with the 2D system (ocher) at a doping level
of δ = 0.111, analyzed on a subsystem of 9× 9 sites. This doping level corresponds to snapshots
containing 9 holes, which, for fully filled stripes, represents a single stripe. This configuration
can then be directly compared to our MFT calculations. For further comparison, we calculate the
stripe length distribution for randomly placed holes. Rather than using fully random placement,
we incorporate experimentally observed anti-correlations along x, accounting for the effects of
Pauli repulsion. This approach provides a more genuine comparison of the charges’ tendency
to form stripe-like structures.

From Fig. 5.22 (a), it is evident that the 2D data closely follows the random distribution with
Pauli anti-correlations, indicating no significant formation of extended structures in 2D at the
simulated temperature. In contrast, mixD shows significantly higher probabilities of forming
extended charge structures along the y-direction. This is corroborated in the lower inset of
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Fig. 5.22 (a), where the difference δζ(ℓ) between the random distribution and the mixD and 2D
data is displayed. Particularly for structures containing 3-5 holes, mixD exhibits substantially
higher signals.

We now compare stripe length distributions with snapshots obtained from mean field the-
ory, shown in Fig. 5.22 (b) (see also the solid line in the lower inset of Fig. 5.22 (a)). The resulting
stripe length distributions for various temperatures in the MFT are color-coded in Fig. 5.22 (b).
At T/tx ≈ 0.35, there is a strong match between MFT predictions and experimental snapshots.
Notably, this temperature aligns with the thermometry derived from pure spin correlations,
which estimated T/tx ≈ 0.3.

Müller-Hartmann-Zittartz estimate

In the MFT, stripes, although fluctuating, are pinned to the center of the system. This means that
all holes follow the same string length distribution around a fixed position of the single stripe.
We now aim to describe stripes in a way that more naturally captures situations where these
structures are not pinned to a specific position x0, as illustrated in the inset of Fig. 5.23 (a).

To this end, we reduce the mixD system to a 1D, purely classical model of fluctuating holes
bound together by the effective potential V, Eq. (5.20). Denoting with xℓ the x-position of the
doped hole in leg ℓ (we again consider one hole per chain, i.e. a single fluctuating domain wall),
the effective Hamiltonian (excluding quantum fluctuations from the hopping of the holes) for a
system of size (Lx + 1)× (Ly + 1) reads

ĤMHZ =
Ly

∑
ℓ=1

Vpot(|xℓ − xℓ+1|; T), (5.26)

where again the temperature dependent correlators Cµ
1 (T) = ⟨Ŝi · Ŝi+eµ

⟩
T

, µ = x, y and C2(T) =
⟨Ŝi · Ŝi+ex+ey⟩T

enter the effective potential Vpot(|xℓ − xℓ+1|; T) in Eq. (5.20).
The partition function, Z, decouples when being expressed solely by distances dℓ = xℓ −

xℓ+1,

Z = ∑
{xℓ}

Ly

∏
ℓ=1

exp
[
−βVpot(|xℓ − xℓ+1|; T)

]
=

Lx

∑
d1=−Lx

· · ·
Lx

∑
dLy=−Lx

Ly

∏
ℓ=1

exp
[
−βVpot(|dℓ|; T)

]

=

[
Lx

∑
d=−Lx

exp
[
−βVpot(|d|; T)

]]Ly

= [Z1]
Ly .

(5.27)

The probability of finding two adjacent holes at a distance of d in chains ℓ, ℓ+ 1 is hence given
by

p(d) = exp
[
−βVpot(|d|; T)

]
/Z1, (5.28)

shown for various temperatures T/Jy in Fig. 5.23 (a).
Fixing the first hole at the center and sampling distances according to Eq. (5.28), we gen-

erate snapshots of the hole configurations. The results are compared to experimental data in
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(b)

Figure 5.23: MHZ estimate. (a) Hole distance distributions, Eq. (5.28), for various tempera-
tures T/Jy. Inset: When sampling snapshots according to the distance distributions, fluctuat-
ing stripes that are not pinned to the center are captured. Hole positions are sampled accord-
ing to the red probability distributions, whereby the distribution for position xℓ+1 is centered
around xℓ. (b) Stripe length histograms using the classical MHZ estimate for temperatures of
T/Jy ∈ [0.4, 1], showing qualitatively similar results to the MFT and capturing the experimental
data well for T/Jy ≈ 0.8. Figure adapted from Ref. [2].

Fig. 5.23 (b). For T/Jy ≈ 0.8, we observe matching behavior between the classical theory, the
experiment, and the MFT results at T/tx ≈ 0.35.

Spin sector

Apart from the charge structures appearing as stripes, the stripe phase also exhibits specific
properties in the spin sector. Across regions of enhanced hole density, the underlying AFM
forms domain walls. While measuring long-range incommensurate order is not currently fea-
sible due to temperature limitations, the experiment’s microscopic resolution in both spin and
charge sectors allows us to evaluate real-space spin observables around holes. In particular,
short-range AFM correlations across extended charge structures can be revealed through non-
local and higher-order spin-charge correlators.

We begin by evaluating a string correlator, which measures spin-spin correlations along
the x-direction while explicitly accounting for sign changes introduced by holes between two
spins [236, 242]. This reveals domain walls in the short-range AFM order caused by the charge
structures. The string correlator is defined as

Cstr(d) =
1
Nd

∑
i

〈
Ŝz

i

(
∏d−1

j=1 R̂i+j

)
Ŝz

i+d

〉
−
〈
Ŝz

i
〉 〈

Ŝz
i+d

〉
σ(Ŝz

i )σ(Ŝ
z
i+d)

, (5.29)

where R̂i = eiπn̂h
i , and we normalize by the spin standard deviation σ(Ŝz). If R̂i = 1, the usual

spin-spin correlator is recovered, which we compare to the case R̂i = eiπn̂h
i in Fig. 5.24 (a).

Evaluating NNN spin-spin correlations directly in real space reveals positive signals at low
doping, transitioning to weakly negative signals for δ ≳ 0.15. At low doping, AFM correlations
remain largely undisturbed, producing positive signals across NNN. Across holes, however, the
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(b)

Figure 5.24: String correlator and squeezed space. (a) Standard two-point spin correlations
(light green points) and the spin-string correlator, Eq. (5.29) (dark green points), for distance
d = (2, 0). A sign change consistent with domain walls in short-range AFM correlations across
holes is observed. Experimental results are compared to MPS calculations for a Lx × Ly = 8 ×
3 system at T/tx = 0.3, showing consistent behavior. (b) Spin-spin correlations in squeezed
space, showing qualitatively identical behavior to the spin-string correlator. Figure adapted from
Ref. [2].
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Figure 5.25: Hole-spin-spin correlations. (a) Bare hole-spin-spin correlations, Eq. (5.30). Gen-
uine three-point hole-spin-spin correlations induce a sign change in the vicinity of the hole,
where NNN correlations across the hole are negative. (b) Fully connected hole-spin-spin corre-
lations, Eq. (5.31). By subtracting contributions from the AFM-ordered background, the primary
effect of the hole becomes evident: strong negative signals at the diagonals and horizontal bonds
around the hole. (c) MPS theory snapshots of the Lx × Ly = 8× 4 system at δ = 0.125 reveal sim-
ilar structures. Slight asymmetries stem from a finite size data set. Figure adapted from Ref. [2].

AFM parity changes, leading to negative signals. These domain walls wash out real-space corre-
lations, especially at higher doping. The spin-string correlator accounts for these domain walls,
showing consistently strong positive signals across all doping levels. MPS calculations for a
Lx × Ly = 8× 3 system at T/tx = 0.3 corroborate these findings (solid lines in Fig. 5.24 (a)), with
a qualitative (and, to some extend, quantitative) match between theory and experiment.

Similarly, we can directly transform the snapshots into squeezed space by removing holes
and relabeling the spins, as described in Sec. 5.2.3. The NNN correlations in squeezed space
are shown in Fig. 5.24 (b), exhibiting qualitatively identical behavior to the spin-string correlator
defined in Eq. (5.29).
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Lastly, we analyze 3-point hole-spin-spin correlators, beginning with the normalized, bare
correlator,

Chss(ds, dh) =
1

Nds,dh
∑

i
j=i+dh−ds/2

⟨n̂h
i Ŝz

j Ŝz
j+ds⟩

⟨n̂h
i ⟩σ(Ŝz

j )σ(Ŝ
z
j+ds)

, (5.30)

where ds is the spin bond vector, dh is the distance of the bond from the dopant, and nor-
malization is performed using the hole density ⟨n̂h⟩ and the spin standard deviation σ(Ŝz).
The corresponding correlation map of the experimental mixD data in Fig. 5.25 can be inter-
preted as follows: For a hole located at some position i, diagonal (ds = (±1,±1)) and NNN
(ds = (2, 0), (0, 2)) spin-spin correlations around the hole are plotted. Previous studies in 2D
have shown that a single hole is surrounded by a dressing cloud of spin excitations, leading to
reduced correlations [46, 48, 243]. These magnetic polarons have been analyzed across a broad
doping range, revealing a transition from a collection of magnetic polarons at low doping to a
Fermi liquid state at high doping [48].

In the mixD setting, we observe strong negative signals across the hole (Fig. 5.25 (a)), consis-
tent with the presence of an AFM domain wall across the charge structures. Similarly, diagonal
correlators near the hole are negative. NNN correlations along y remain largely unaffected by
the presence of a hole and exhibit positive signals, as expected in a system with AFM order along
y.

To further assess the effect of mobile dopants on the spin background, we analyze the con-
nected hole-spin-spin correlator, which subtracts all lower-order contributions. This allows to
disentangle signals arising from genuine higher-order correlations versus those stemming from
lower-order contributions. For instance, if a hole is located at position i, local AFM correlations
may exist far from the hole; these correlations, however, are independent of the hole and do not
reflect genuine 3-point hole-spin-spin correlations. Since 2-point correlations are significant in
our system, we analyze the fully connected 3-point hole-spin-spin correlator,

Cc
hss(d

s, dh) =
1

Nds,dh
∑

i
k−j=ds,

(k+j)/2−i=dh

1
⟨n̂h

i ⟩σ(Ŝz
j )σ(Ŝ

z
k)

(
⟨n̂h

i Ŝz
j Ŝz

k⟩ − ⟨n̂h
i ⟩⟨Ŝz

j Ŝz
k⟩ − ⟨n̂h

i Ŝz
j ⟩⟨Ŝz

k⟩

− ⟨n̂h
i Ŝz

k⟩⟨Ŝz
j ⟩ +2⟨n̂h

i ⟩⟨Ŝz
j ⟩⟨Ŝz

k⟩
)

.

(5.31)

Results for the experimental data are shown in Fig. 5.25 (b), and for Lx × Ly = 8 × 4 MPS cal-
culations at δ = 0.125 in Fig. 5.25 (c). Prominent negative signals across the hole are evident,
dominating over the AFM background. This dominance results in a full sign change of the cor-
relator, even in the bare correlator (Fig. 5.25 (a)). Signals farther from the hole in the connected
correlator are negligible, indicating that the contributions observed in the bare correlator are pri-
marily due to the AFM background, rather than the presence of a hole. MPS calculations exhibit
the same key features, with strong negative correlations across the hole’s vicinity. Note that
the correlations from MPS simulations are evaluated using thermal snapshots; the finite data
size leads to slight asymmetries in hole-spin-spin correlations in regions where correlations are
weak, as seen in Fig. 5.25 (c).
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5.4 Outlook

In this chapter, we presented numerical DMRG results that demonstrate the formation of stable
stripes in the t-J model of mixed dimensionality. Above critical temperatures Tc on the order of
J, we find commensurate, short-range antiferromagnetic correlations together with deconfined
holes. Below the critical temperature, incommensurate order as well as charge density waves
emerge on long length scales of the numerically accessible system size, i.e., stripes form in the
system.

By implementing the model in an ultracold atom quantum simulator, in an experimental col-
laboration with the 6Li team at MPQ we presented first evidence of the formation of extended,
stripe-like structures at intermediate temperatures. This regime allows for the microscopic ex-
ploration of the formation of collectively ordered states, paving the way to gain a detailed under-
standing of the physics underlying low-temperature phases in strongly correlated systems. In
particular, our results set the stage for more detailed studies of stripes, including the extraction
of their precise periodicity, fluctuations, and filling. Moreover, gaining a microscopic under-
standing of how stripes form and melt can give insights into exotic phases of matter such as the
pseudogap phase, a prospect we discuss in detail in Chap. 7.

Observations of strong AFM correlations in three dimensional (3D) realizations of the FH
model [62] further motivate the existence of resilient sheets of stripes in a possible generalization
of the mixD t-J model to 3D, where—in contrast to 2D—true long-range magnetic order appears
also at finite temperature.

Previously, the mixD t-Jz model including solely Ising-type interactions has been ana-
lyzed [230]. There, an exact mapping revealed an emergent Z2 lattice gauge structure, which
allowed to draw analogies with gauge theories and distinguish phases by emergent properties.
The mixD t-Jz model has been shown to exhibit a rich phase diagram when restricted to a sin-
gle gauge sector (i.e. a fixed AFM Néel background), including stripes, a deconfined chargon
gas as well as a meson gas, where in the latter holes form pairs at low hole concentrations and
temperatures slightly above Tc. It remains to be analyzed whether a confined phase of mesonic
character exists also in the mixD t-J model (including spin fluctuations as well as gauge mixing
in comparison to [230]), and if any conclusive connections can be drawn in the context of Z2

lattice gauge theories.



6
Effective models: Hamiltonian reconstruction

Summary. When holes move through an antiferromagnetic spin background, they dis-
place the positions of spins, which induces effective frustration in the magnetic environ-
ment. In this chapter, we present a Hamiltonian reconstruction scheme that allows for
a precise quantification of this effect. We access non-local correlation functions through
projective measurements of the many-body state, from which effective spin-Hamiltonians
can be recovered after detaching the magnetic background from dominant charge fluctua-
tions. The scheme is applied to systems of mixed dimensions, where we demonstrate that
hole-motion drives the spin background into a highly frustrated regime, which can quan-
titatively be described by an effective J1-J2-type spin model. Similarly, we use Hamiltonian
reconstruction to quantify the net attraction of hole dopants mediated by the spin back-
ground. Lastly, we exemplify the applicability of the reconstruction scheme to ultracold
atom experiments by recovering effective spin-Hamiltonians of experimentally obtained
1D Fermi-Hubbard snapshots.

6.1 Introduction

In the last chapter, we identified a crossover between a chargon gas (a phase without charge
and spin order) and a stripe phase, which was corroborated by experimental evidence of the
formation of extended stripe-like structures at temperatures at the edge of the onset of charge
and incommensurate spin order.

As already demonstrated in Sec. 5.2.3, holes displace spins along their way when hopping
through an insulating spin environment, which effectively frustrates the magnetic background.
In particular, we saw that in the chargon gas phase, while AFM correlations can be restored when
removing the holes, spin-spin correlations have a shifted weight from AFM to FM correlations,
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cf. Fig. 5.11 in Sec. 5.2.3. It is this arising competition of kinetic energy gain via delocalization
and associated magnetic energy cost that is believed to be at the heart of the formation of strongly
interacting many-body phases [24, 72].

In this chapter, we demonstrate that this effect can be precisely quantified using tailored
machine learning routines. We show that the analysis of many-body snapshots, which contain
a huge amount of information, can be utilized to disentangle spin and charge sectors through
non-local correlation functions, which allow us to recover emergent effective spin-Hamiltonians
for parts of the system. In particular, we present a snapshot-based Hamiltonian reconstruction
scheme for the spin channel alone, which removes dominant charge fluctuations [236,242] from
individual snapshots. This allows us to quantify the effective spin-Hamiltonian, which includes
the back-action of mobile dopants on the spin environment. We exemplify the proposed method
by considering mixD t-J model introduced in the previous chapter. In Sec. 6.3, we find that
hole hopping drives and stabilizes the spins in a highly frustrated regime, which we show to be
accurately described by a J1-J2-type spin-Hamiltonian. Similarly, in Sec. 6.4, we demonstrate that
when reconstructing effective Hamiltonians for the charge sector alone, attractive interactions
arising from the spin background can be quantified precisely.

The Hamiltonian reconstruction method is directly applicable to experimental data obtained
from ultracold quantum gas microscopes. In Sec. 6.5, we showcase this by reconstructing effec-
tive Hamiltonians from 1D measurements of the FH model [242], where spin-charge separation
governs the physics of the chains. Furthermore, our insights could be used to effectively simu-
late the highly frustrated J1-J2 model in ultracold atom experiments by implementing the mixD
setting and post-processing the measurements.

The content presented in this chapter including the above introduction is based on the fol-
lowing publication, and contains textual overlap:

[3] HS, T. Hilker, I. Bloch, U. Schollwöck, F. Grusdt, and A. Bohrdt. Quantifying hole-
motion-induced frustration in doped antiferromagnets by Hamiltonian reconstruction,
Commuications Materials 4, 64 (2023)

6.2 Hamiltonian reconstruction

Our aim will be to reconstruct effective Hamiltonians of doped Mott insulators in the spin- or
charge sector, for which we will use Hamiltonian reconstruction schemes. Before applying the
latter to data from the mixD t-J model, let us introduce how a system’s underlying Hamilto-
nian can be reconstructed from many-body snapshots in the Fock basis. As a specific example
relevant for our application later on in this chapter, we consider the Jx

1 -Jy
1 -J2 Heisenberg Hamil-

tonian [244],
Ĥ{KH} = ∑

µ=x,y
Kµ

1 ∑
⟨i,j⟩µ

Ŝi · Ŝj + K2 ∑
⟨⟨i,j⟩⟩diag

Ŝi · Ŝj. (6.1)

Here, Ŝi is a spin-1/2 operator at site i, and {KH} = {Kx
1 , Ky

1 , K2} are the coupling strengths of
neighboring spins in x- and y-direction, and diagonal spins on a 2D square lattice, respectively.

Given a set of measurements sampled from the equilibrium Gibbs state at finite temperature

https://www.nature.com/articles/s43246-023-00382-3
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at fixed (target) couplings {KH}, we now aim to reconstruct the coupling values of the underlying
Hamiltonian. This can be achieved by following the procedure introduced in [245]. To this end,
we write down an objective function G, which depends on (now variable) coupling strengths
{JH} = {Jx

1 , Jy
1 , J2} and takes the following form,

G = ln Z(β, {JH}) + 3β
(

Jµ
1 M1 + J2M2

)
. (6.2)

Here, Z = Tr[e−βĤ{JH} ] is the partition function of Hamiltonian Eq. (6.1) with couplings {JH} =

{Jx
1 , Jy

1 , J2}, and
Mµ

1 = ∑
⟨i,j⟩µ

⟨Ŝz
i Ŝz

j ⟩K, M2 = ∑
⟨⟨i,j⟩⟩diag

⟨Ŝz
i Ŝz

j ⟩K (6.3)

are the summed correlations along nearest- and diagonal neighbors of Hamiltonian Eq. (6.1)
with couplings {KH} = {Kx

1 , Ky
1 , K2} (here underlined by the subscript K). The objection func-

tion, Eq. (6.2), is then minimized over all possible values of {JH}. Intuitively, this procedure
corresponds to minimizing the differences of expectation values of the various terms appearing
in the Hamiltonian. For instance,

∂G
∂Jµ

1
= 3β ∑

⟨i,j⟩µ

⟨Ŝz
i Ŝz

j ⟩K − β ∑
⟨i,j⟩µ

⟨ŜiŜj⟩J︸ ︷︷ ︸
3 ∑⟨i,j⟩µ ⟨Ŝ

z
i Ŝz

j ⟩J

. (6.4)

When setting ∂G/∂Jµ
1 = 0, we thus see that minimization of G leads to the reconstructed Hamil-

tonian to match correlations from the original measurements. Due to the model Hamiltonian’s
SU(2) symmetry, which ensures equal ⟨Ŝµ

i Ŝµ
j ⟩ for all µ = x, y, z, measurements in the z-basis are

sufficient to fully reconstruct the Hamiltonian.
We note that, as quantum states are generally non-Markovian in nature, it is a priori unclear

whether measured correlations are sufficient to learn the quantum interactions of the underlying
Hamiltonian [246]. However, it has been shown that the strongly convex property of the free
energy with respect to the interaction parameters renders the Hamiltonian learning problem
feasible [245]. We will, however, not go into more detail at this point, but will rather demonstrate
the Hamiltonian reconstruction scheme in practice.

From MPS purification simulations, we take snapshots of the thermal state of the Jx
1 -Jy

1 -J2

Heisenberg model Eq. (6.1). We choose Jy
1 /Jx

1 = 0.7, J2/Jx
1 = 0.3, and for now focus on a fixed

temperature T/Jx
1 = 5/3. In a first step, we sample snapshots of the thermal state, which we

utilize to estimate spin-spin correlations. To get a feeling for how many snapshots are needed to
accurately approximate the relevant correlations, we show corresponding estimates of Mx,y

1 ,M2

as a function of sampling size in Fig. 6.1. Measurement outcomes using snapshots (solid lines)
are seen to converge towards the exact MPS result of the simulated system (dashed lines) after
an order of O(1000) measurements; nevertheless, already a few hundred snapshots seem to be
sufficient to get access to good approximations of the relevant (local) correlations.

Having estimated correlations of our target system, we reconstruct the underlying coupling
parameters. The minimization process of the objective function, Eq. (6.2), is done using standard
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Figure 6.1: Estimating correlations. Approximation of correlations Mx,y
1 ,M2 with randomly

sampled snapshots (solid lines) together with an exact evaluation using the underlying ther-
malized MPS (dashed lines). Errors to the mean are indicated by the colored background. The
Jx
1 -Jy

1 -J2 system is of size Lx × Ly = 20 × 4, with Jy
1 /Jx

1 = 0.7, J2/Jx
1 = 0.3, and T/Jx

1 = 5/3.

gradient descent (GD) methods, where in each iteration the parameters are updated according
to the gradient ∇G (where ∇ = [∂/∂Jx

1 , ∂/∂Jy
1 , ∂/∂J2]). We sample 3000 snapshots, estimate

correlations Mx,y
1 ,M2, and initialize the GD with randomly chosen couplings. In each GD step,

the partition function and relevant correlations are computed directly from the MPS. Due to
the resulting numerical complexity, we do not consider advanced GD methods with varying
step size e.g. given by the Amijo rule, but stick to a straightforward optimization using a fixed
descent step. In particular, we choose the update step d to be 20 % of the objective gradient, i.e.
d = 0.2∇G. When the norm of the gradient reaches a certain threshold, here chosen as |∇G| <
10−6, we stop the descent and assume converged results. The above procedure is repeated seven
times, each time sampling new snapshots of the underlying state, to estimate errors resulting
from sampling inaccuracies of Mx,y

1 ,M2.
Fig. 6.2 (a) shows GD trajectories of the absolute value of the three parameters, |JH | =√
(Jx

1 )
2 + (Jy

1 )
2 + (J2)2 for all seven repetitions. We observe how each trajectory rapidly flows

into the region of the correct (absolute value) of interaction parameters, i.e. |KH |, illustrated by
the red solid line in Fig. 6.2 (a). By averaging the final parameters of all trajectories after seven
GD steps, the estimated couplings are seen to all lie within one standard deviation to the correct
interaction strengths, cf. the inset in Fig. 6.2 (a). Note that we have verified that the descent
converges to identical values independent of the initially chosen parameters—including initial
points lying very far away from the true values.

As mentioned and analyzed in the original proposal of reconstructing Hamiltonians from
many-body measurements [245], the algorithm’s accuracy depends on the system’s temperature.
We repeat the process for several different temperatures βKx

1 = 0.2, 0.4, 0.6, 0.8 and measure
the ℓ2 norm between the true {KH} and learned {JH} interaction strengths, ϵ = [∑µ=x,y(Jµ

1 −
Kµ

1 )
2 + (J2 − K2)2]1/2, again for multiple repetitions and after achieving GD convergence. The

resulting ℓ2 error as a function of inverse temperature is shown in Fig. 6.2 (b). We observe that
reconstructions work best around intermediate temperatures βJx

1 ∼ 0.6.
This can be intuitively understood by considering a simple ferromagnetic (FM) Ising model,

which features a FM ground state for any non-zero interaction strength. Therefore, at low tem-
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Figure 6.2: Hamiltonian reconstruction. (a) Learning the Hamiltonian’s coupling parameters
using GD. We start the GD from randomized positions in coupling space and plot the resulting
paths of |JH | =

√
(Jx

1 )
2 + (Jy

1 )
2 + (J2)2 during the GD. For each run, correlations are approxi-

mated using 3000 measurements. The actual Hamiltonian’s parameters are marked by the red
solid line. The green line results from averaging |JH | after 7 GD steps. The inset shows in more
detail the resulting averages of {JH} (green asterisk), with their corresponding errors (black box).
For all three parameters, the actual parameters (red asterisk) match the predicted ones. (c) ℓ2
error of the learned and actual parameters for a 12 × 2 system after reaching convergence for
varying temperature βKx

1 ∼ 0.2 . . . 0.8. Errors to the mean are indicated by the colored back-
ground. Intermediate temperatures are found to work best for a reconstruction.

peratures close to the ground state, the energy landscape G is nearly flat, resulting in bad recon-
structions. Similarly, for T/J ≫ 1 measured correlations only weakly depend on the underlying
coupling parameters (e.g. the infinite temperature state is identical for all interaction strengths),
which hinder precise reconstructions.

This illustrates that, when attempting to reconstruct the Hamiltonian from ground state mea-
surements, the above method is not applicable. For such cases, tailored ground state schemes
have been developed, where solving an eigenstate problem of a correlation matrix enables the
reconstruction of the underlying Hamiltonian using only local measurements [247]. However,
here we will primarily be interested in reconstructing effective Hamiltonians in the mixD t-J
model at elevated temperatures, where the charges do not bind into stripes, and hence the above
gradient descent methods can be applied.

Lastly, we note here that, in different contexts, the problem of reconstructing a Hamiltonian
from measured correlations via machine learning schemes [248–251] has attracted considerable
interest in recent years, including certifying quantum simulation devices [247].

6.3 Spin Hamiltonian reconstruction

In Chapter 5, we analyzed the mixD t-J in detail. For completeness, we reprint the model’s
Hamiltonian,

Ĥ = −t ∑
⟨i,j⟩x ,σ

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

n̂in̂j

4

)
, (6.5)



102 6. Effective models: Hamiltonian reconstruction

<latexit sha1_base64="8nMklWXdBu8o/V7dsyS04bxgE1E="></latexit>

[S(⇡,⇡) + S(0,⇡)]/2
<latexit sha1_base64="15uqGbrzT+NYc83sdjFYG1WksYI=">AAACHnicbVBNSwMxEM3Wr1q/9egluAieyq6I9iSCF48V7Ae0iyTZ2TY0yS5JVinL/gKvevfXeBOv+m9Maw/WOjDweG+GN/NoJrixQfDlVZaWV1bXquu1jc2t7Z3dvf22SXPNoMVSkeouJQYEV9Cy3AroZhqIpAI6dHQ90TsPoA1P1Z0dZxBJMlA84YxYR90G97t+UA+mhRdBOAM+mlXzfs9b68cpyyUoywQxptfIbFQQbTkTUNb6uYGMsBEZQM9BRSSYqJgeWuJjx8Q4SbVrZfGU/b1REGnMWFI3KYkdmr/ahPxP6+U2aUQFV1luQbEfoyQX2KZ48jWOuQZmxdgBwjR3t2I2JJow67KZc6GajMC6PxQ8slRKouKiT2nZC6Oi6E+caYL9sCxrLrrwb1CLoH1aD8/rZ7dn/tXlLMQqOkRH6ASF6AJdoRvURC3EEKAn9IxevFfvzXv3Pn5GK95s5wDNlff5DcFroYc=</latexit>

0 <latexit sha1_base64="JTkDqBu3ljhDAVBOmWQ00Rf/7Es=">AAACJ3icbVBNSyNBEO1x/YzfevTSGARPISOiOYngZY8KRsXMINWdGm3S3TN016hhmH+x1927v2Zvosf9J9uJOfhVUPB4r4pX9UShlad2+zWa+jE9Mzs3v9BYXFpeWV1b37jweekkdmWuc3clwKNWFrukSONV4RCM0HgpBicj/fIenVe5PadhgamBW6syJYECdZ0QPlJl4LG+WWu2W+1x8a8gnoAmm9TpzXo0l/RzWRq0JDV43+sUlFbgSEmNdSMpPRYgB3CLvQAtGPRpNb645juB6fMsd6Et8TH7fqMC4/3QiDBpgO78Z21Efqf1Sso6aaVsURJa+WaUlZpTzkfv875yKEkPAwDpVLiVyztwICmE9MFFOBgghT8sPsjcGLD9KhGi7sVpVSUjZ5HxZlzXjRBd/Dmor+BirxUftPbP9pvHR5MQ59kW22a7LGaH7Jj9ZKesyySz7Bf7zf5ET9Hf6Dl6eRudiiY7m+xDRf/+A1xqphA=</latexit>max

<latexit sha1_base64="H+/hg5yItjJO3pZ62OQsantDqfA=">AAACJnicbVBNSwMxEM361Vo/q0cvwSJ4qt1S1JMUvEhPFawftGtJ0tk2NMkuSVYty/4Kr3r313gT8eZPMa09aHVg4PHeDG/m0VhwYyuVD29ufmFxKZdfLqysrq1vbBa3Lk2UaAYtFolIX1NiQHAFLcutgOtYA5FUwBUdno71qzvQhkfqwo5iCCTpKx5yRqyjbhrd6kGj698+dDdLlXJlUvgv8KeghKbV7Ba9XKcXsUSCskwQY9rHsQ1Soi1nArJCJzEQEzYkfWg7qIgEE6STgzO855geDiPtWlk8YX9upEQaM5LUTUpiB2ZWG5P/ae3EhsdBylWcWFDs2yhMBLYRHn+Pe1wDs2LkAGGau1sxGxBNmHUZ/XKhmgzBuj8U3LNISqJ6aYfSrO0HadoZO9MQl/wsK7jo/Nmg/oLLatk/LNfOa6X6yTTEPNpBu2gf+egI1dEZaqIWYkiiR/SEnr0X79V7896/R+e86c42+lXe5xdXFqRh</latexit>

J2/J
x
1

<latexit sha1_base64="RjgsBwrk9uini+3BCJepDWJCnIY=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqdqRoVyK4EVcK1hamY0nSOxqax5Bk1DLMZ7jVvV/jTtz6JWZqF74uJBzOuZdz76Gp4NY1Gu/B1PTM7Nz8wmJlaXllda26vnFldWYYtJkW2nQpsSC4grbjTkA3NUAkFdChw5NS79yBsVyrSzdKIZbkRvGEM+I8FZ31w+vRXvk/9Ku1Rr0xLvwXhBNQQ5M6768H872BZpkE5Zgg1kat1MU5MY4zAUWll1lICRuSG4g8VESCjfPxygXe8cwAJ9r4pxwes98nciKtHUnqOyVxt/a3VpL/aVHmklacc5VmDhT7MkoygZ3G5f14wA0wJ0YeEGa43xWzW2IIcz6lHy7UkCE4f4eCe6alJGqQ9ygtojDO817pTBNcC4ui4qMLfwf1F1zt18ODevOiWTs+moS4gLbQNtpFITpEx+gUnaM2YkijR/SEnoOX4DV4C96/WqeCycwm+lHBxycaHKVL</latexit> J
y 1
/J

x 1

<latexit sha1_base64="nwsTZF34YzpxEiuJpHgxYqicsio=">AAACJ3icbVDLSgNBEJz1GeMzevQyGARPISuiHn2AeBEUjIrZRWYmvTpkZnaZ6VXDsn/hVe9+jTfRo3/iJObgq6GhqOqmuotnSjpsNt+DkdGx8YnJylR1emZ2bn6htnjm0twKaIlUpfaCMwdKGmihRAUXmQWmuYJz3t3v6+e3YJ1MzSn2Mog1uzYykYKhpy4jhHssdg+OyquFerPRHBT9C8IhqJNhHV/Vgsmok4pcg0GhmHPt7QzjglmUQkFZjXIHGRNddg1tDw3T4OJicHFJVz3ToUlqfRukA/b7RsG0cz3N/aRmeON+a33yP62dY7IdF9JkOYIRX0ZJriimtP8+7UgLAlXPAyas9LdSccMsE+hD+uHCLesC+j8M3IlUa2Y6RcR52Q7jooj6zjyh9bAsqz668HdQf8HZeiPcbGycbNR39oYhVsgyWSFrJCRbZIcckmPSIoIY8kAeyVPwHLwEr8Hb1+hIMNxZIj8q+PgEl9alog==</latexit>

AFM

a

b

<latexit sha1_base64="rccxXhHpKUaOWDZIso2j4npJC7k=">AAACJ3icbVBNSwMxEM36Va1frR69BIvgqeyWor2IBS8eFawV21WSdNaGJtklySpl2X/hVe/+Gm+iR/+Jae3Btg4MPN6b4c08mghurO9/eQuLS8srhdW14vrG5tZ2qbxzbeJUM2ixWMT6hhIDgitoWW4F3CQaiKQC2nRwNtLbj6ANj9WVHSYQSvKgeMQZsY66VXd9fIL9as2/L1X8qj8uPA+CCaigSV3cl71CtxezVIKyTBBjOo3EhhnRljMBebGbGkgIG5AH6DioiAQTZuOLc3zgmB6OYu1aWTxm/25kRBozlNRNSmL7ZlYbkf9pndRGjTDjKkktKPZrFKUC2xiP3sc9roFZMXSAMM3drZj1iSbMupCmXKgmA7DuDwVPLJaSqF7WpTTvBGGWdUfONMKVIM+LLrpgNqh5cF2rBkfV+mW90jydhLiK9tA+OkQBOkZNdI4uUAsxpNAzekGv3pv37n14n7+jC95kZxdNlff9AwGzpCM=</latexit>

nh = 0.20

<latexit sha1_base64="PqugM1WnSvM/aSoRLaNPf0mcJ9U=">AAACJ3icbVBNSwMxEM3Wr1q/qh69BIvgqexK1V7EghePClaL7VqSdLYNTbJLklXKsv/Cq979Nd5Ej/4T09qDVgcGHu/N8GYeTQQ31vc/vMLc/MLiUnG5tLK6tr5R3ty6NnGqGTRZLGLdosSA4AqallsBrUQDkVTADR2ejfWbe9CGx+rKjhIIJekrHnFGrKNu1d0An2C/Ghx2yxW/6k8K/wXBFFTQtC66m95SpxezVIKyTBBj2vXEhhnRljMBeamTGkgIG5I+tB1URIIJs8nFOd5zTA9HsXatLJ6wPzcyIo0ZSeomJbEDM6uNyf+0dmqjephxlaQWFPs2ilKBbYzH7+Me18CsGDlAmObuVswGRBNmXUi/XKgmQ7DuDwUPLJaSqF7WoTRvB2GWdcbONMKVIM9LLrpgNqi/4PqgGhxVa5e1SuN0GmIR7aBdtI8CdIwa6BxdoCZiSKFH9ISevRfv1Xvz3r9HC950Zxv9Ku/zCwiapCc=</latexit>

nh = 0.15

<latexit sha1_base64="N1dE5M2R03KXKYlCEQc8FcQ9M4I=">AAACJ3icbVBNSwMxEM3Wj9b6VfXoJVgET2VXRHsRBS8eK1grtqsk6WwbmmSXJKuUZf+FV737a7yJHv0nprUH2zow8HhvhjfzaCK4sb7/5RUWFpeWi6WV8ura+sZmZWv7xsSpZtBksYj1LSUGBFfQtNwKuE00EEkFtOjgYqS3HkEbHqtrO0wglKSneMQZsY66U/d9fIr9WuA/VKp+zR8XngfBBFTRpBoPW16x041ZKkFZJogx7Xpiw4xoy5mAvNxJDSSEDUgP2g4qIsGE2fjiHO87poujWLtWFo/ZvxsZkcYMJXWTkti+mdVG5H9aO7VRPcy4SlILiv0aRanANsaj93GXa2BWDB0gTHN3K2Z9ogmzLqQpF6rJAKz7Q8ETi6Ukqpt1KM3bQZhlnZEzjXA1yPOyiy6YDWoe3BzWguPa0dVR9fxsEmIJ7aI9dIACdILO0SVqoCZiSKFn9IJevTfv3fvwPn9HC95kZwdNlff9A//ppCI=</latexit>

nh = 0.10

<latexit sha1_base64="QlI89/CkXPO4n2RMmaISK2whdvU=">AAACJ3icbVDLSgMxFM34qtZXq0s3wSK4Kh3x0Y0ouHGpYB/YjpKkd2xokhmSjFKG+Qu3uvdr3Iku/RMztQvbeiHkcM69nHsPjQU3tlb78ubmFxaXCssrxdW19Y3NUnmraaJEM2iwSES6TYkBwRU0LLcC2rEGIqmAFh1c5HrrEbThkbqxwxgCSR4UDzkj1lG36q6PT3GtWju6L1XcNyo8C/wxqKBxXd2XvUK3F7FEgrJMEGM69dgGKdGWMwFZsZsYiAkbkAfoOKiIBBOko40zvOeYHg4j7Z6yeMT+nUiJNGYoqeuUxPbNtJaT/2mdxIb1IOUqTiwo9msUJgLbCOfn4x7XwKwYOkCY5m5XzPpEE2ZdSBMuVJMBWHeHgicWSUlUL+1SmnX8IE27uTMNccXPsqKLzp8OahY0D6r+cfXw+rByfjYOcRntoF20j3x0gs7RJbpCDcSQQs/oBb16b9679+F9/rbOeeOZbTRR3vcPBt+kJg==</latexit>

nh = 0.05

<latexit sha1_base64="1Rohz2nIB2n0c4maGZaF9yZW0Qk="></latexit>

reconstruction
<latexit sha1_base64="kgtN6Sc6h7RN65lFwsrSJD00/nU="></latexit>

pred. ⇢̂s ⌦ ⇢̂c

FINAL FIG1

<latexit sha1_base64="Ho3uLYWaI4BdpTYLJ3Fs8fghP68=">AAACMXicbVDLSgMxFM34rPVVdekmWARXpSOiLkU3LitYFTpDSTJ3NDTJDMkdtQzzK25179e4E7f+hGmt4OtA4HDOvdyTw3MlHbbbL8HU9Mzs3Hxtob64tLyy2lhbv3BZYQV0RaYye8WZAyUNdFGigqvcAtNcwSUfnIz8y1uwTmbmHIc5xJpdG5lKwdBL/cZ6hFIlUEaa4Q1PS1lV/Uaz3WqPQf+ScEKaZIJOfy2Yj5JMFBoMCsWc6x3mGJfMohQKqnpUOMiZGLBr6HlqmAYXl+PsFd32SkLTzPpnkI7V7xsl084NNfeTo4jutzcS//N6BaaHcSlNXiAY8XkoLRTFjI6KoIm0IFANPWHCSp+VihtmmUBf148r3LIBoP+HgTuRac1MUkacV70wLr+Ko82wquq+uvB3UX/JxW4r3G/tne01j44nJdbIJtkiOyQkB+SInJIO6RJB7skDeSRPwXPwErwGb5+jU8FkZ4P8QPD+Ab0uqcs=</latexit>

ĩ
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frustrated

Figure 6.3: Hole-motion-induced frustration. Schematic of how hole hopping induces frustra-
tion in the spin background. Upper panel: Snapshot of holes moving through a Néel back-
ground. Spatial separation of holes on neighboring legs lead to the formation of geometric
strings (green wiggly lines) costing magnetic energy. Lower panel: Upon transforming the snap-
shot to squeezed space, originally vertical bonds Jy

1 in between two holes on neighboring legs
become effective diagonal couplings J2. The resulting energy penalty of aligned diagonal spins
leads to frustration in the magnetic background.

where hopping only takes places along the x-direction, but spin-exchange is two-dimensional.
In particular, we have demonstrated in Chapter 5 how hidden AFM correlations in the mixD
t-J model result in the formation of a remarkably resilient stripe phase (i.e. a coupled charge-
and spin-density wave), with critical temperatures on the order of the magnetic coupling J/2.
Above these critical temperatures of charge- and spin-density wave formation, holes were found
to form a deconfined chargon gas, i.e., a phase without order.

In the following, we focus on the latter regime, and study in detail how hole motion distorts
the spins in the background. The effect is qualitatively depicted in Fig. 6.3. The upper panel
shows an (idealized) real space snapshot of holes moving through an AFM Néel background.
Bonds correspond to AFM interactions in the instantaneous charge configuration, illustrated
by gray lines. In between holes on neighboring legs, spins are aligned, leading to a linearly
increasing magnetic energy penalty via the formation of geometric strings (depicted by green
wiggly lines). When squeezing out the holes, Fig. 6.3, the initial Néel order is restored in the
isolated spin background. However, interactions on diagonal bonds emerge (ocher lines), which
cause geometric frustration of the spins in squeezed space. From now on, we refer to lattice sites
in real and squeezed space by i and ĩ, respectively, as also indicated in Fig. 6.3.

6.3.1 Quantifying frustration

In order to quantify the arising frustration on the squeezed lattice, we simulate the mixD t-J
model, Eq. (6.5), at finite temperature and fixed doping using imaginary time evolution schemes
(purification) via matrix product states, see also Chapter 5. For faster, more controllable nu-
merics and to prevent post-selection of snapshots, we again implement the system’s full U(1)
symmetries in each ladder leg, i.e., we work in an ensemble where we allow for thermal spin
fluctuations but keep the number of holes in each ladder leg constant. In particular, we simulate
the mixD t-J model at intermediate temperature T/J = 5/3 (βJ = 0.6), which lies inside the
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Figure 6.4: Correlations in squeezed space. (a) Spin-spin correlations ⟨Ŝz
ĩ Ŝz

j̃ ⟩ on the squeezed
lattice of an initially 20 × 2 mixD t-J ladder, with nh = 0.2, T/J = 5/3 ∼ 1.67, and using 20000
snapshots. In the bulk of squeezed space, hole motion distorts the spin background, leading
to negative correlations across diagonals. In this region, effective J1-J2 physics is expected, as
captured by the Hamiltonian Eq. (6.6). As holes are rarely located at the open boundaries of
the system, correlations are left almost undisturbed and are of AFM type. Correlations along
nearest neighbors in x go beyond the cutoff of the colorbar. (b) Rung Cy

1(x̃) = ⟨Ŝz
[x̃,0̃]Ŝ

z
[x̃,1̃]⟩ and

diagonal C2(x̃) = ⟨Ŝz
[x̃,0̃]Ŝ

z
[x̃+1,1̃]⟩ + ⟨Ŝz

[x̃+1,0̃]Ŝ
z
[x̃,1̃]⟩ correlations. In the central bulk region of the

ladder, correlations are approximately constant, the average being used as the input for Jx
1 -Jy

1 -J2
Hamiltonian reconstructions. In particular, we discard the two outer sites in squeezed space, as
illustrated by the yellow box. Dashed-dotted lines correspond to rung and diagonal correlations
for a nearest-neighbor Heisenberg model with βJx

1 = βJy
1 ∼ 0.44, which captures the physics at

the edges, but fails to describe the correlations in the bulk of squeezed space. The introduction of
diagonal (frustrating) bonds is hence an essential step to describe the spin system on the squeezed
lattice

chargon gas phase (i.e. no charge- and spin-density waves form) and, furthermore, is within
the operating temperature regime of quantum gas microscopes. Additionally, as discussed in
Sec. 6.2, intermediate temperature regimes yield best reconstruction results from projective mea-
surements.

From the thermal MPS at inverse temperature β, we sample uncorrelated snapshots of the
corresponding Gibbs state. After post-processing the individual measurements by squeezing out
the holes, spin-spin correlations ⟨Ŝz

ĩ Ŝz
j̃ ⟩ can directly be evaluated in squeezed space. In Fig. 6.4 (a),

nearest-neighbor as well as diagonal spin-spin correlations are shown on the squeezed lattice. In
the bulk of the squeezed ladder, both nearest neighbor as well as diagonal correlators are negative
and comparable in magnitude, signaling strong frustration in the spin background induced by
the motion of the holes. In contrast, at both edges of the ladder, low average hole concentrations
lead to only marginal perturbations of the spin background—resulting in AFM type correlations
that are negative (positive) along nearest (diagonal) neighbors.
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Figure 6.5: Correlations from snapshots. Summed correlations in the boxed bulk in Fig. 6.4
along rungs, legs and diagonals for varying snapshot set sizes. Light regions correspond to the
standard error to the mean. After a few thousand measurements, convergence of the correlator
proxies is reached. For the Hamiltonian reconstruction of the effective spin model in squeezed
space, we use 7000 snapshots.

Fig. 6.4 (b) shows nearest-neighbor rung (blue) and diagonal (red) correlators in more detail.
Dashed-dotted lines correspond to rung and diagonal correlations for a Heisenberg ladder with
solely nearest-neighbor couplings (where βJx

1 = βJy
1 = 0.44), which describe the physics at the

edges qualitatively well, but fail to reproduce the measured correlations in the bulk. Due to
the frustrating effect of the hopping holes, diagonal couplings need to be taken into account to
accurately capture the physics of the squeezed background. To this end, we introduce an effective
Jx
1 -Jy

1 -J2 Heisenberg model on the squeezed lattice

Ĥ{JH} = ∑
µ=x,y

Jµ
1 ∑
⟨ĩ,j̃⟩µ

Ŝĩ · Ŝj̃ + J2 ∑
⟨⟨ĩ,j̃⟩⟩diag

Ŝĩ · Ŝj̃. (6.6)

As in Eq. (6.1), the Hamiltonian is defined through (variable) parameters {JH} = {Jx
1 , Jy

1 , J2},
corresponding to coupling strengths of neighbouring spins in x, y and diagonal direction on the
squeezed lattice (underlined by the indices ĩ in Eq. (6.6)).

To quantitatively pin down the strength of the arising frustration, we perform a Hamiltonian
reconstruction with input Hamiltonian Ĥ{JH}, Eq. (6.6), together with the measured spin-spin
correlations in squeezed space. Couplings in Ĥ{JH} are chosen to be homogeneous throughout
the bulk of squeezed space, justified by the approximately constant behavior of correlations in
the bulk region of Fig. 6.4 (b)—solid lines are averages of the correlations over the marked box.
Akin to the discussion in Sec. 6.2, many-body snapshots along a single spin axis—here chosen
along z—are sufficient to reconstruct the full effective Hamiltonian, which is a consequence of
the underlying SU(2) symmetry of the mixD t-J model.

We follow the procedure introduced in Sec. 6.2, and minimize the objective function G
over all possible coupling parameters {JH}, see Eq. (6.2). In this case, Mµ

1 = ∑′
⟨ĩ,j̃⟩µ

⟨Ŝz
ĩ Ŝz

j̃ ⟩,
M2 = ∑′

⟨⟨ĩ,j̃⟩⟩diag
⟨Ŝz

ĩ Ŝz
j̃ ⟩ are the summed correlations along nearest- and diagonal neighbors within

the considered window in the bulk of squeezed space, underlined by the yellow box in Fig. 6.4.
Fig. 6.5 shows how approximations for Mx,y

1 ,M2 quickly saturate with the number of used snap-
shots, suggesting a qualitatively satisfactory proxy for the spin-spin correlators after a few thou-
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Figure 6.6: Hamiltonian reconstruction. (a) A single Hamiltonian reconstruction run of the ef-
fective spin Hamiltonian in squeezed space of an originally 20× 2 mixD t-J ladder, with nh = 0.2
and at T/J = 5/3 ∼ 1.67. Results show perfect agreement between the correlations emerging
from a reconstructed effective Jx

1 -Jy
1 -J2 Heisenberg model (black crosses) and bulk averaged cor-

relations of the doped mixD model in squeezed space (solid lines). The shown data corresponds
to the boxed region in Fig. 6.4 (b). (b) The corresponding GD path for couplings Jx

1 /J, Jy
1 /J, J2/J.

The GD is initialized with parameters Jx
1 /J = Jy

1 /J = J2/J = 1. Only every second data point is
shown for illustrative purposes. Convergence is reached after ∼100 GD steps.

sand projective measurements. For the rest of the analysis, we use sample sizes of 7,000 snap-
shots for each approximation of the correlations.

Given a size Lx × Ly of the mixD system, the dimensions of the reconstructed Jx
1 -Jy

1 -J2 Heisen-
berg ladder on the squeezed lattice is given by L̃x × L̃y = (1 − nh)Lx × Ly. The temperature β−1

of the Jx
1 -Jy

1 -J2 Heisenberg Hamiltonian is chosen identically to the underlying simulations of
the mixD t-J system during the GD. Note that this choice might not reflect the actual effective
temperature of the spin background. However, the relevant ratios Jy

1 /Jx
1 , J2/Jx

1 that quantify
the frustration in the system are independent of the true temperature of the squeezed magnetic
environment.

Hamiltonian reconstruction results for a single run are presented in Fig. 6.6 (a). Evaluated
correlations of the best fitting Jx

1 -Jy
1 -J2 model are seen to perfectly match the measured mean

correlations in the bulk of squeezed space, hence strongly supporting that the physics of the
magnetic background in the mixD t-J model is well captured by Jx

1 -Jy
1 -J2 Heisenberg interactions

on a square lattice. We have explicitly checked that independent of the initially chosen parameter
values for the GD, {JH} always converge to identical points in parameter space, underlining the
robustness of the GD scheme. One example where initial parameters are set to equal values (i.p.
Jx
1 /J = Jy

1 /J = J2/J = 1) is shown in Fig. 6.6 (b). Converge is observed after ∼ 100 GD steps.
To characterize and classify the reconstructed spin states in squeezed space as a function of

doping, we perform ground state calculations of the Jx
1 -Jy

1 -J2 Heisenberg model and evaluate the
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free chargon gas

Figure 6.7: Hole-motion-induced spin frustration. Hamiltonian reconstruction results (blue)
for hole dopings nh = 0.05 . . . 0.2 of a mixD t-J ladder with t/J = 3, Lx × Ly = 20 × 2 and
T/J = 5/3 ∼ 1.67. Reconstructions of squeezed space according to the input Jx

1 -Jy
1 -J2 Heisenberg

Hamiltonian, Eq. (6.6), are presented in a Jy
1 /Jx

1 , J2/Jx
1 diagram. Light regions in the background

signal the presence of either AFM or stripe AFM order in the purely magnetic Jx
1 -Jy

1 -J2 model in
the ground state by plotting the sum of the spin structure factors S(π, π)+ S(0, π). Dark regions
correspond to a highly frustrated regime without apparent order. Upon doping the system,
the background spins are driven into a strongly frustrated state. Error bars correspond to the
standard error to the mean when averaging over ten reconstruction runs. Red connected symbols
show theoretical expectations assuming no spin-hole correlations in the mixD t-J model, i.e.,
ρ̂ = ρ̂s ⊗ ρ̂c, evaluated via Eq. (6.8) and (6.9). Green data points show evaluation of Eq. (6.8)
and (6.9) for a free chargon gas (non-interacting spinless fermions).

static spin structure factor (SSSF) given by

S(qx, qy) =
1

L2
xL2

y
∑
i,j

eiq·(i−j) ⟨Ŝi · Ŝj⟩ . (6.7)

For Jx
1 = Jy

1 = J1, it has been demonstrated that a highly frustrated magnetic regime exists
for 0.4 ≲ J2/J1 ≲ 0.6 that is sandwiched by a Néel and stripe AFM phase [252–257]. Though
the exact nature of the non-magnetic ground state in the frustrated regime is still controversial,
it remains a promising candidate for the realization of a quantum spin liquid phase possibly
described by Anderson’s resonating valence bond (RVB) paradigm [131, 135, 258–263].

We evaluate the hybrid order parameter S(π, π) + S(0, π) in the Jy
1 /Jx

1 − J2/Jx
1 parameter

space, signaling whether AFM or stripe AFM order exists in the system. Dark regions in the
background of Fig. 6.7 (b) correspond to no apparent spin ordering, and hence signal the exis-
tence of a strongly frustrated spin state akin to the observations in the homogeneous J1-J2 model.

The reconstruction process, consisting of (i) approximating correlations in squeezed space
using snapshots and (ii) performing the GD, is repeated a total number of ten times. Averag-
ing over the converged results of all runs leads to the main result of this chapter, presented in
Fig. 6.7 by blue connected symbols. We observe how the spin state in squeezed space rapidly
approaches the highly frustrated regime upon increasing the doping level, until seemingly sat-
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urating within it to a certain configuration {J∗H}. We note that at the considered system sizes,
boundary effects become especially pronounced at low hole concentrations nh = 0.05, 0.1. This
leads to a slow saturation of the correlations in the bulk of squeezed space, which in turn shifts
effective couplings averaged within the fixed window to smaller (larger) values of J2/Jx

1 (Jy
1 /Jx

1 ).
In the thermodynamic limit, we in fact expect any finite hole doping in the chargon gas phase
to drive the squeezed spin system into a highly frustrated state. We will, however, not go into
more detail here, and refer to the Sec. 6.7.1 for a more quantitative discussion and an analysis of
longer ladders of size 40 × 2.

The reconstruction scheme as introduced above takes into account spin-spin correlations di-
rectly measured in squeezed space, hence providing an unbiased platform for the analysis of
the spin background by explicitly including the back-action of hole motion on the spins. Mo-
tivated by the separation of energy scales in the mixD t-J model with t/J ≫ 1, we make the
ansatz of a fully decoupled thermal density matrix given by separate spin (s) and charge (c) sec-
tors, ρ̂ = ρ̂s ⊗ ρ̂c, and aim to test the resulting predictions against the unbiased reconstruction
output.

Within the separation ansatz, interaction strengths in squeezed space are obtained by condi-
tioned probabilities in real space [242]. Two nearest neighbors along x in squeezed space interact
only if the corresponding sites are nearest neighbors along x in real space, leading to an effective
coupling strength (assuming homogeneous hole density ⟨nh

i ⟩ = nh)—see also the supplemen-
tary materials of Ref. [242],

Jx
1 /J ∝ ⟨(1 − n̂h

i )(1 − n̂h
i+ex

)⟩ = 1 − 2nh + g(2)x . (6.8)

Here, g(2)µ = ⟨n̂h
i n̂h

i+eµ
⟩ with eµ the unit vector in direction µ = x, y. Vertical and diagonal bonds

are obtained similarly by conditioning the correlators by the total number of holes to the left of
site i, νh

i=[x,y] = ∑x′<x Nh
[x′,y], with Nh

i the number of holes on site i. Diagonal coupling strengths
Jn spanning a distance of ∆x = n − 1 (vertical bonds Jy

1 correspond to J1 in this notation) are
then given by

Jn/J ∝ ⟨(1 − n̂h
i )(1 − n̂h

i+ey
)⟩

|νh
i −νh

i+ey |=n−1
. (6.9)

We evaluate the estimated effective couplings, Eqs. (6.8) and (6.9), using the mixD t-J snap-
shots. Results are shown by red connected symbols in Fig. 6.7. We observe that the theoretically
predicted expectations for Jx

1 , Jy
1 , J2 within the separation ansatz agree remarkably well with the

full reconstruction. Deviations from the above description, in particular the consistent underes-
timation of relative diagonal coupling strengths J2/Jx

1 , are likely caused by non-trivial spin-hole
correlations in the mixD t-J model, which are implicitly included in the reconstruction analysis
but discarded in the separation ansatz.

We note that the conditioned correlators Eqs. (6.8) and (6.9) calculated from mixD t-J snap-
shots are numerically almost identical to calculations of free spinless fermions (free chargon
gas). We take snapshots of free fermions hopping on a lattice, and evaluate the same hole-hole
correlators as above. This yields numerically almost indistinguishable results from the mixD
snapshots, as illustrated in Fig. 6.7, where effective parameters Jx

1 , Jy
1 , J2 are estimated both from
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<latexit sha1_base64="8nMklWXdBu8o/V7dsyS04bxgE1E="></latexit>

[S(⇡,⇡) + S(0,⇡)]/2
<latexit sha1_base64="15uqGbrzT+NYc83sdjFYG1WksYI=">AAACHnicbVBNSwMxEM3Wr1q/9egluAieyq6I9iSCF48V7Ae0iyTZ2TY0yS5JVinL/gKvevfXeBOv+m9Maw/WOjDweG+GN/NoJrixQfDlVZaWV1bXquu1jc2t7Z3dvf22SXPNoMVSkeouJQYEV9Cy3AroZhqIpAI6dHQ90TsPoA1P1Z0dZxBJMlA84YxYR90G97t+UA+mhRdBOAM+mlXzfs9b68cpyyUoywQxptfIbFQQbTkTUNb6uYGMsBEZQM9BRSSYqJgeWuJjx8Q4SbVrZfGU/b1REGnMWFI3KYkdmr/ahPxP6+U2aUQFV1luQbEfoyQX2KZ48jWOuQZmxdgBwjR3t2I2JJow67KZc6GajMC6PxQ8slRKouKiT2nZC6Oi6E+caYL9sCxrLrrwb1CLoH1aD8/rZ7dn/tXlLMQqOkRH6ASF6AJdoRvURC3EEKAn9IxevFfvzXv3Pn5GK95s5wDNlff5DcFroYc=</latexit>

0 <latexit sha1_base64="JTkDqBu3ljhDAVBOmWQ00Rf/7Es=">AAACJ3icbVBNSyNBEO1x/YzfevTSGARPISOiOYngZY8KRsXMINWdGm3S3TN016hhmH+x1927v2Zvosf9J9uJOfhVUPB4r4pX9UShlad2+zWa+jE9Mzs3v9BYXFpeWV1b37jweekkdmWuc3clwKNWFrukSONV4RCM0HgpBicj/fIenVe5PadhgamBW6syJYECdZ0QPlJl4LG+WWu2W+1x8a8gnoAmm9TpzXo0l/RzWRq0JDV43+sUlFbgSEmNdSMpPRYgB3CLvQAtGPRpNb645juB6fMsd6Et8TH7fqMC4/3QiDBpgO78Z21Efqf1Sso6aaVsURJa+WaUlZpTzkfv875yKEkPAwDpVLiVyztwICmE9MFFOBgghT8sPsjcGLD9KhGi7sVpVSUjZ5HxZlzXjRBd/Dmor+BirxUftPbP9pvHR5MQ59kW22a7LGaH7Jj9ZKesyySz7Bf7zf5ET9Hf6Dl6eRudiiY7m+xDRf/+A1xqphA=</latexit>max

<latexit sha1_base64="H+/hg5yItjJO3pZ62OQsantDqfA=">AAACJnicbVBNSwMxEM361Vo/q0cvwSJ4qt1S1JMUvEhPFawftGtJ0tk2NMkuSVYty/4Kr3r313gT8eZPMa09aHVg4PHeDG/m0VhwYyuVD29ufmFxKZdfLqysrq1vbBa3Lk2UaAYtFolIX1NiQHAFLcutgOtYA5FUwBUdno71qzvQhkfqwo5iCCTpKx5yRqyjbhrd6kGj698+dDdLlXJlUvgv8KeghKbV7Ba9XKcXsUSCskwQY9rHsQ1Soi1nArJCJzEQEzYkfWg7qIgEE6STgzO855geDiPtWlk8YX9upEQaM5LUTUpiB2ZWG5P/ae3EhsdBylWcWFDs2yhMBLYRHn+Pe1wDs2LkAGGau1sxGxBNmHUZ/XKhmgzBuj8U3LNISqJ6aYfSrO0HadoZO9MQl/wsK7jo/Nmg/oLLatk/LNfOa6X6yTTEPNpBu2gf+egI1dEZaqIWYkiiR/SEnr0X79V7896/R+e86c42+lXe5xdXFqRh</latexit>

J2/J
x
1

<latexit sha1_base64="RjgsBwrk9uini+3BCJepDWJCnIY=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqdqRoVyK4EVcK1hamY0nSOxqax5Bk1DLMZ7jVvV/jTtz6JWZqF74uJBzOuZdz76Gp4NY1Gu/B1PTM7Nz8wmJlaXllda26vnFldWYYtJkW2nQpsSC4grbjTkA3NUAkFdChw5NS79yBsVyrSzdKIZbkRvGEM+I8FZ31w+vRXvk/9Ku1Rr0xLvwXhBNQQ5M6768H872BZpkE5Zgg1kat1MU5MY4zAUWll1lICRuSG4g8VESCjfPxygXe8cwAJ9r4pxwes98nciKtHUnqOyVxt/a3VpL/aVHmklacc5VmDhT7MkoygZ3G5f14wA0wJ0YeEGa43xWzW2IIcz6lHy7UkCE4f4eCe6alJGqQ9ygtojDO817pTBNcC4ui4qMLfwf1F1zt18ODevOiWTs+moS4gLbQNtpFITpEx+gUnaM2YkijR/SEnoOX4DV4C96/WqeCycwm+lHBxycaHKVL</latexit> J
y 1
/J

x 1

<latexit sha1_base64="xbD2zxUjadC0nI0b4DcV2vxs2VY="></latexit>

stripe AFM

<latexit sha1_base64="nwsTZF34YzpxEiuJpHgxYqicsio=">AAACJ3icbVDLSgNBEJz1GeMzevQyGARPISuiHn2AeBEUjIrZRWYmvTpkZnaZ6VXDsn/hVe9+jTfRo3/iJObgq6GhqOqmuotnSjpsNt+DkdGx8YnJylR1emZ2bn6htnjm0twKaIlUpfaCMwdKGmihRAUXmQWmuYJz3t3v6+e3YJ1MzSn2Mog1uzYykYKhpy4jhHssdg+OyquFerPRHBT9C8IhqJNhHV/Vgsmok4pcg0GhmHPt7QzjglmUQkFZjXIHGRNddg1tDw3T4OJicHFJVz3ToUlqfRukA/b7RsG0cz3N/aRmeON+a33yP62dY7IdF9JkOYIRX0ZJriimtP8+7UgLAlXPAyas9LdSccMsE+hD+uHCLesC+j8M3IlUa2Y6RcR52Q7jooj6zjyh9bAsqz668HdQf8HZeiPcbGycbNR39oYhVsgyWSFrJCRbZIcckmPSIoIY8kAeyVPwHLwEr8Hb1+hIMNxZIj8q+PgEl9alog==</latexit>

AFM

<latexit sha1_base64="L/6s3e4VmNgPbvEwKNaiSxaJrlw="></latexit>

frustrated

reconstruction - J2

prediction ̂ρs ⊗ ̂ρc

<latexit sha1_base64="rccxXhHpKUaOWDZIso2j4npJC7k=">AAACJ3icbVBNSwMxEM36Va1frR69BIvgqeyWor2IBS8eFawV21WSdNaGJtklySpl2X/hVe/+Gm+iR/+Jae3Btg4MPN6b4c08mghurO9/eQuLS8srhdW14vrG5tZ2qbxzbeJUM2ixWMT6hhIDgitoWW4F3CQaiKQC2nRwNtLbj6ANj9WVHSYQSvKgeMQZsY66VXd9fIL9as2/L1X8qj8uPA+CCaigSV3cl71CtxezVIKyTBBjOo3EhhnRljMBebGbGkgIG5AH6DioiAQTZuOLc3zgmB6OYu1aWTxm/25kRBozlNRNSmL7ZlYbkf9pndRGjTDjKkktKPZrFKUC2xiP3sc9roFZMXSAMM3drZj1iSbMupCmXKgmA7DuDwVPLJaSqF7WpTTvBGGWdUfONMKVIM+LLrpgNqh5cF2rBkfV+mW90jydhLiK9tA+OkQBOkZNdI4uUAsxpNAzekGv3pv37n14n7+jC95kZxdNlff9AwGzpCM=</latexit>

nh = 0.20

<latexit sha1_base64="PqugM1WnSvM/aSoRLaNPf0mcJ9U=">AAACJ3icbVBNSwMxEM3Wr1q/qh69BIvgqexK1V7EghePClaL7VqSdLYNTbJLklXKsv/Cq979Nd5Ej/4T09qDVgcGHu/N8GYeTQQ31vc/vMLc/MLiUnG5tLK6tr5R3ty6NnGqGTRZLGLdosSA4AqallsBrUQDkVTADR2ejfWbe9CGx+rKjhIIJekrHnFGrKNu1d0An2C/Ghx2yxW/6k8K/wXBFFTQtC66m95SpxezVIKyTBBj2vXEhhnRljMBeamTGkgIG5I+tB1URIIJs8nFOd5zTA9HsXatLJ6wPzcyIo0ZSeomJbEDM6uNyf+0dmqjephxlaQWFPs2ilKBbYzH7+Me18CsGDlAmObuVswGRBNmXUi/XKgmQ7DuDwUPLJaSqF7WoTRvB2GWdcbONMKVIM9LLrpgNqi/4PqgGhxVa5e1SuN0GmIR7aBdtI8CdIwa6BxdoCZiSKFH9ISevRfv1Xvz3r9HC950Zxv9Ku/zCwiapCc=</latexit>

nh = 0.15

<latexit sha1_base64="N1dE5M2R03KXKYlCEQc8FcQ9M4I=">AAACJ3icbVBNSwMxEM3Wj9b6VfXoJVgET2VXRHsRBS8eK1grtqsk6WwbmmSXJKuUZf+FV737a7yJHv0nprUH2zow8HhvhjfzaCK4sb7/5RUWFpeWi6WV8ura+sZmZWv7xsSpZtBksYj1LSUGBFfQtNwKuE00EEkFtOjgYqS3HkEbHqtrO0wglKSneMQZsY66U/d9fIr9WuA/VKp+zR8XngfBBFTRpBoPW16x041ZKkFZJogx7Xpiw4xoy5mAvNxJDSSEDUgP2g4qIsGE2fjiHO87poujWLtWFo/ZvxsZkcYMJXWTkti+mdVG5H9aO7VRPcy4SlILiv0aRanANsaj93GXa2BWDB0gTHN3K2Z9ogmzLqQpF6rJAKz7Q8ETi6Ukqpt1KM3bQZhlnZEzjXA1yPOyiy6YDWoe3BzWguPa0dVR9fxsEmIJ7aI9dIACdILO0SVqoCZiSKFn9IJevTfv3fvwPn9HC95kZwdNlff9A//ppCI=</latexit>

nh = 0.10

<latexit sha1_base64="QlI89/CkXPO4n2RMmaISK2whdvU=">AAACJ3icbVDLSgMxFM34qtZXq0s3wSK4Kh3x0Y0ouHGpYB/YjpKkd2xokhmSjFKG+Qu3uvdr3Iku/RMztQvbeiHkcM69nHsPjQU3tlb78ubmFxaXCssrxdW19Y3NUnmraaJEM2iwSES6TYkBwRU0LLcC2rEGIqmAFh1c5HrrEbThkbqxwxgCSR4UDzkj1lG36q6PT3GtWju6L1XcNyo8C/wxqKBxXd2XvUK3F7FEgrJMEGM69dgGKdGWMwFZsZsYiAkbkAfoOKiIBBOko40zvOeYHg4j7Z6yeMT+nUiJNGYoqeuUxPbNtJaT/2mdxIb1IOUqTiwo9msUJgLbCOfn4x7XwKwYOkCY5m5XzPpEE2ZdSBMuVJMBWHeHgicWSUlUL+1SmnX8IE27uTMNccXPsqKLzp8OahY0D6r+cfXw+rByfjYOcRntoF20j3x0gs7RJbpCDcSQQs/oBb16b9679+F9/rbOeeOZbTRR3vcPBt+kJg==</latexit>

nh = 0.05

reconstruction - J3

a b

<latexit sha1_base64="NgGUiy9SYAih8hJXYoopk3CpWp0="></latexit>

squeezed space

<latexit sha1_base64="3vDxx53SKIQTy8K4ZYzHY5gov3s="></latexit>

real space
<latexit sha1_base64="f5gFkzkqbacYuXrKpJ2KPlV7r+0="></latexit>

t� J model

<latexit sha1_base64="xitdUFCzf74fVI5tk0dktCOn/Fs="></latexit>

e↵. J1 − J2 − J3 model

FINAL FIG S2
<latexit sha1_base64="8nMklWXdBu8o/V7dsyS04bxgE1E="></latexit>

[S(⇡,⇡) + S(0,⇡)]/2
<latexit sha1_base64="15uqGbrzT+NYc83sdjFYG1WksYI=">AAACHnicbVBNSwMxEM3Wr1q/9egluAieyq6I9iSCF48V7Ae0iyTZ2TY0yS5JVinL/gKvevfXeBOv+m9Maw/WOjDweG+GN/NoJrixQfDlVZaWV1bXquu1jc2t7Z3dvf22SXPNoMVSkeouJQYEV9Cy3AroZhqIpAI6dHQ90TsPoA1P1Z0dZxBJMlA84YxYR90G97t+UA+mhRdBOAM+mlXzfs9b68cpyyUoywQxptfIbFQQbTkTUNb6uYGMsBEZQM9BRSSYqJgeWuJjx8Q4SbVrZfGU/b1REGnMWFI3KYkdmr/ahPxP6+U2aUQFV1luQbEfoyQX2KZ48jWOuQZmxdgBwjR3t2I2JJow67KZc6GajMC6PxQ8slRKouKiT2nZC6Oi6E+caYL9sCxrLrrwb1CLoH1aD8/rZ7dn/tXlLMQqOkRH6ASF6AJdoRvURC3EEKAn9IxevFfvzXv3Pn5GK95s5wDNlff5DcFroYc=</latexit>

0 <latexit sha1_base64="JTkDqBu3ljhDAVBOmWQ00Rf/7Es=">AAACJ3icbVBNSyNBEO1x/YzfevTSGARPISOiOYngZY8KRsXMINWdGm3S3TN016hhmH+x1927v2Zvosf9J9uJOfhVUPB4r4pX9UShlad2+zWa+jE9Mzs3v9BYXFpeWV1b37jweekkdmWuc3clwKNWFrukSONV4RCM0HgpBicj/fIenVe5PadhgamBW6syJYECdZ0QPlJl4LG+WWu2W+1x8a8gnoAmm9TpzXo0l/RzWRq0JDV43+sUlFbgSEmNdSMpPRYgB3CLvQAtGPRpNb645juB6fMsd6Et8TH7fqMC4/3QiDBpgO78Z21Efqf1Sso6aaVsURJa+WaUlZpTzkfv875yKEkPAwDpVLiVyztwICmE9MFFOBgghT8sPsjcGLD9KhGi7sVpVSUjZ5HxZlzXjRBd/Dmor+BirxUftPbP9pvHR5MQ59kW22a7LGaH7Jj9ZKesyySz7Bf7zf5ET9Hf6Dl6eRudiiY7m+xDRf/+A1xqphA=</latexit>max

<latexit sha1_base64="H+/hg5yItjJO3pZ62OQsantDqfA=">AAACJnicbVBNSwMxEM361Vo/q0cvwSJ4qt1S1JMUvEhPFawftGtJ0tk2NMkuSVYty/4Kr3r313gT8eZPMa09aHVg4PHeDG/m0VhwYyuVD29ufmFxKZdfLqysrq1vbBa3Lk2UaAYtFolIX1NiQHAFLcutgOtYA5FUwBUdno71qzvQhkfqwo5iCCTpKx5yRqyjbhrd6kGj698+dDdLlXJlUvgv8KeghKbV7Ba9XKcXsUSCskwQY9rHsQ1Soi1nArJCJzEQEzYkfWg7qIgEE6STgzO855geDiPtWlk8YX9upEQaM5LUTUpiB2ZWG5P/ae3EhsdBylWcWFDs2yhMBLYRHn+Pe1wDs2LkAGGau1sxGxBNmHUZ/XKhmgzBuj8U3LNISqJ6aYfSrO0HadoZO9MQl/wsK7jo/Nmg/oLLatk/LNfOa6X6yTTEPNpBu2gf+egI1dEZaqIWYkiiR/SEnr0X79V7896/R+e86c42+lXe5xdXFqRh</latexit>

J2/J
x
1

<latexit sha1_base64="RjgsBwrk9uini+3BCJepDWJCnIY=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqdqRoVyK4EVcK1hamY0nSOxqax5Bk1DLMZ7jVvV/jTtz6JWZqF74uJBzOuZdz76Gp4NY1Gu/B1PTM7Nz8wmJlaXllda26vnFldWYYtJkW2nQpsSC4grbjTkA3NUAkFdChw5NS79yBsVyrSzdKIZbkRvGEM+I8FZ31w+vRXvk/9Ku1Rr0xLvwXhBNQQ5M6768H872BZpkE5Zgg1kat1MU5MY4zAUWll1lICRuSG4g8VESCjfPxygXe8cwAJ9r4pxwes98nciKtHUnqOyVxt/a3VpL/aVHmklacc5VmDhT7MkoygZ3G5f14wA0wJ0YeEGa43xWzW2IIcz6lHy7UkCE4f4eCe6alJGqQ9ygtojDO817pTBNcC4ui4qMLfwf1F1zt18ODevOiWTs+moS4gLbQNtpFITpEx+gUnaM2YkijR/SEnoOX4DV4C96/WqeCycwm+lHBxycaHKVL</latexit> J
y 1
/J

x 1

<latexit sha1_base64="xbD2zxUjadC0nI0b4DcV2vxs2VY="></latexit>

stripe AFM

<latexit sha1_base64="nwsTZF34YzpxEiuJpHgxYqicsio=">AAACJ3icbVDLSgNBEJz1GeMzevQyGARPISuiHn2AeBEUjIrZRWYmvTpkZnaZ6VXDsn/hVe9+jTfRo3/iJObgq6GhqOqmuotnSjpsNt+DkdGx8YnJylR1emZ2bn6htnjm0twKaIlUpfaCMwdKGmihRAUXmQWmuYJz3t3v6+e3YJ1MzSn2Mog1uzYykYKhpy4jhHssdg+OyquFerPRHBT9C8IhqJNhHV/Vgsmok4pcg0GhmHPt7QzjglmUQkFZjXIHGRNddg1tDw3T4OJicHFJVz3ToUlqfRukA/b7RsG0cz3N/aRmeON+a33yP62dY7IdF9JkOYIRX0ZJriimtP8+7UgLAlXPAyas9LdSccMsE+hD+uHCLesC+j8M3IlUa2Y6RcR52Q7jooj6zjyh9bAsqz668HdQf8HZeiPcbGycbNR39oYhVsgyWSFrJCRbZIcckmPSIoIY8kAeyVPwHLwEr8Hb1+hIMNxZIj8q+PgEl9alog==</latexit>

AFM

<latexit sha1_base64="L/6s3e4VmNgPbvEwKNaiSxaJrlw="></latexit>

frustrated

reconstruction - J2

prediction ̂ρs ⊗ ̂ρc

<latexit sha1_base64="rccxXhHpKUaOWDZIso2j4npJC7k=">AAACJ3icbVBNSwMxEM36Va1frR69BIvgqeyWor2IBS8eFawV21WSdNaGJtklySpl2X/hVe/+Gm+iR/+Jae3Btg4MPN6b4c08mghurO9/eQuLS8srhdW14vrG5tZ2qbxzbeJUM2ixWMT6hhIDgitoWW4F3CQaiKQC2nRwNtLbj6ANj9WVHSYQSvKgeMQZsY66VXd9fIL9as2/L1X8qj8uPA+CCaigSV3cl71CtxezVIKyTBBjOo3EhhnRljMBebGbGkgIG5AH6DioiAQTZuOLc3zgmB6OYu1aWTxm/25kRBozlNRNSmL7ZlYbkf9pndRGjTDjKkktKPZrFKUC2xiP3sc9roFZMXSAMM3drZj1iSbMupCmXKgmA7DuDwVPLJaSqF7WpTTvBGGWdUfONMKVIM+LLrpgNqh5cF2rBkfV+mW90jydhLiK9tA+OkQBOkZNdI4uUAsxpNAzekGv3pv37n14n7+jC95kZxdNlff9AwGzpCM=</latexit>

nh = 0.20

<latexit sha1_base64="PqugM1WnSvM/aSoRLaNPf0mcJ9U=">AAACJ3icbVBNSwMxEM3Wr1q/qh69BIvgqexK1V7EghePClaL7VqSdLYNTbJLklXKsv/Cq979Nd5Ej/4T09qDVgcGHu/N8GYeTQQ31vc/vMLc/MLiUnG5tLK6tr5R3ty6NnGqGTRZLGLdosSA4AqallsBrUQDkVTADR2ejfWbe9CGx+rKjhIIJekrHnFGrKNu1d0An2C/Ghx2yxW/6k8K/wXBFFTQtC66m95SpxezVIKyTBBj2vXEhhnRljMBeamTGkgIG5I+tB1URIIJs8nFOd5zTA9HsXatLJ6wPzcyIo0ZSeomJbEDM6uNyf+0dmqjephxlaQWFPs2ilKBbYzH7+Me18CsGDlAmObuVswGRBNmXUi/XKgmQ7DuDwUPLJaSqF7WoTRvB2GWdcbONMKVIM9LLrpgNqi/4PqgGhxVa5e1SuN0GmIR7aBdtI8CdIwa6BxdoCZiSKFH9ISevRfv1Xvz3r9HC950Zxv9Ku/zCwiapCc=</latexit>

nh = 0.15

<latexit sha1_base64="N1dE5M2R03KXKYlCEQc8FcQ9M4I=">AAACJ3icbVBNSwMxEM3Wj9b6VfXoJVgET2VXRHsRBS8eK1grtqsk6WwbmmSXJKuUZf+FV737a7yJHv0nprUH2zow8HhvhjfzaCK4sb7/5RUWFpeWi6WV8ura+sZmZWv7xsSpZtBksYj1LSUGBFfQtNwKuE00EEkFtOjgYqS3HkEbHqtrO0wglKSneMQZsY66U/d9fIr9WuA/VKp+zR8XngfBBFTRpBoPW16x041ZKkFZJogx7Xpiw4xoy5mAvNxJDSSEDUgP2g4qIsGE2fjiHO87poujWLtWFo/ZvxsZkcYMJXWTkti+mdVG5H9aO7VRPcy4SlILiv0aRanANsaj93GXa2BWDB0gTHN3K2Z9ogmzLqQpF6rJAKz7Q8ETi6Ukqpt1KM3bQZhlnZEzjXA1yPOyiy6YDWoe3BzWguPa0dVR9fxsEmIJ7aI9dIACdILO0SVqoCZiSKFn9IJevTfv3fvwPn9HC95kZwdNlff9A//ppCI=</latexit>

nh = 0.10

<latexit sha1_base64="QlI89/CkXPO4n2RMmaISK2whdvU=">AAACJ3icbVDLSgMxFM34qtZXq0s3wSK4Kh3x0Y0ouHGpYB/YjpKkd2xokhmSjFKG+Qu3uvdr3Iku/RMztQvbeiHkcM69nHsPjQU3tlb78ubmFxaXCssrxdW19Y3NUnmraaJEM2iwSES6TYkBwRU0LLcC2rEGIqmAFh1c5HrrEbThkbqxwxgCSR4UDzkj1lG36q6PT3GtWju6L1XcNyo8C/wxqKBxXd2XvUK3F7FEgrJMEGM69dgGKdGWMwFZsZsYiAkbkAfoOKiIBBOko40zvOeYHg4j7Z6yeMT+nUiJNGYoqeuUxPbNtJaT/2mdxIb1IOUqTiwo9msUJgLbCOfn4x7XwKwYOkCY5m5XzPpEE2ZdSBMuVJMBWHeHgicWSUlUL+1SmnX8IE27uTMNccXPsqKLzp8OahY0D6r+cfXw+rByfjYOcRntoF20j3x0gs7RJbpCDcSQQs/oBb16b9679+F9/rbOeeOZbTRR3vcPBt+kJg==</latexit>
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Figure 6.8: Hamiltonian reconstruction including longer-range couplings. (a), Schematic illus-
tration of how longer-range bonds appear in the effective magnetic system in squeezed space.
(b), Reconstruction results when including terms up to J2 (blue connected symbols) and J3 (green
connected symbols). Though small corrections are visible, qualitative results in comparison to
the separation ansatz (red connected symbols) remain unchanged.

mixD (red) as well as free chargon (green) snapshots. This lets us conclude that holes, while be-
having like free fermions in the chargon gas phase of the mixD t-J model, nevertheless correlate
non-trivially with the spin background.

6.3.2 Longer-range interactions

So far, our approach has been to restrict the effective Hamiltonian Eq. (6.6) to first order di-
agonal couplings J2. We now aim to assess the systematic error related to this approximation.
Fig. 6.8 (a) qualitatively depicts how longer-range diagonal couplings J3 enter the effective de-
scription in squeezed space. When two holes on each ladder leg are separated by some real
space distance, geometric strings overlap in a given region. Original vertical bonds that are cut
by two (in general n) geometric strings lead to effective couplings spanning a distance of ∆x = 2
(∆x = n), corresponding to bonds J3 (Jn). This is formalized by the conditioned correlators in
real space, which take into account that a non-zero difference between holes on neighboring legs
lead to multiple geometric strings cutting vertical bonds, cf. Eq. (6.9).

We now reconstruct the effective spin-Hamiltonian from measurements in squeezed space,
here by explicitly including bonds up to J3 on the squeezed lattice. The corresponding J1-J2-J3

type Hamiltonian that we reconstruct reads

ĤJx
1 ,Jy

1 ,J2,J3
= ∑

µ=x,y
Jµ
1 ∑
⟨ĩ,j̃⟩µ

Ŝĩ · Ŝj̃ + J2 ∑
⟨⟨ĩ,j̃⟩⟩diag2

Ŝĩ · Ŝj̃ + J3 ∑
⟨⟨ĩ,j̃⟩⟩diag3

Ŝĩ · Ŝj̃. (6.10)

Reconstruction results are presented in Fig. 6.8 (b). We observe that corrections of the recon-
structed parameter values when considering terms up to J3 are very minor—underlining how
the physics in squeezed space is well captured by nearest-neighbor and diagonal frustrating cou-
plings, i.e., Jx

1 , Jy
1 , J2.

To corroborate the above, we estimate the magnitude of longer-range couplings Jn by eval-
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Figure 6.9: Significance of longer ranged couplings. By evaluating the conditioned correlators,
Eqs. (6.8) and (6.9), we estimate the strengths of longer ranged couplings up to J4. In units of
the strongest interaction Jx

1 , first order diagonal bonds J2 are of the order of ∼ 10%, whereas
couplings J3 reach relative magnitudes of a few percent. Due to the finite system size, J3 (J4) and
higher order couplings drop to zero for nh = 0.05 (nh = 0.1), as the corresponding conditioned
probabilities Eq. (6.9) vanish for a single (two) hole(s) per leg.

uating the conditioned correlators Eq. (6.9) for n ≥ 3. Relative strengths of couplings up to J4

are depicted in Fig. 6.9, where a rapid decrease with real space distance is observed. The rel-
ative strength of J2 in units of Jx

1 is of order ∼ 10%, cf. Fig 6.7. J3, on the other hand, reaches
only a few percent in terms of Jx

1 , suggesting that n ≥ 3 couplings are negligible for the effective
description.

6.4 Charge Hamiltonian reconstruction

The previous section has focused on Hamiltonian reconstruction schemes to learn about the
effective spin physics in the background. Conversely, we can ask what effective interactions the
spin background imposes on the charges. In particular, this approach may provide insights into
the nature of pairing in Fermi-Hubbard-type models by reconstructing the pairwise attraction
between dopants.

To this end, we use finite-temperature simulations of mixed-dimensional (mixD) ladders of
size Lx × Ly = 12 × 2, focusing on a single doping level with Nh

ℓ = 2 holes on each ladder leg.
We compute charge-charge correlations of the dopants by evaluating the g(2) function between
the two legs (∆y = 1) for varying ∆x, given by

g(2)(∆x) = ∑
x

∑
±

(
⟨n̂h

[x,0]n̂
h
[x±∆x,1]⟩

⟨n̂h
[x,0]⟩ ⟨n̂

h
[x±∆x,1]⟩

− 1

)
. (6.11)

The goal is to describe the holes as interacting spinless particles and reconstruct the inter-
actions such that the resulting g(2) function of the spinless fermions matches that of the mixD
system. To achieve this, we define the following ansatz Hamiltonian with spinless fermionic
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Figure 6.10: Charge Hamiltonian reconstruction. Effective attractions reconstructed from the
mixD t-J model as a function of gradient descent steps for temperatures T/t = 1.0 and T/t =
0.38. In both cases, the system size is Lx × Ly = 12 × 2, and t/J = 3.

operators ĉi and densities n̂i,

Ĥslf = −t ∑
⟨i,j⟩x

(
ĉi ĉ†

j + H.c.
)
− ∑

x
∑
∆x

U∆x ∑
±

n̂[x,0]n̂[x±∆x,1]. (6.12)

Here, the sign convention of the interaction terms is chosen such that positive U∆x corresponds
to attractive interactions. Additionally, we neglect interactions between holes along each leg,
focusing instead on interactions between holes in neighboring legs. Since hopping is suppressed
in this direction, any finite interaction must arise from the spin background.

The results of the gradient descent procedure are presented in Fig. 6.10. Starting with an
initial value of U∆x = 0.5 and reconstructing interactions up to ∆x = 2, we observe that af-
ter convergence, effective attractions between particles on neighboring rungs emerge at both
temperatures. While U2 remains consistent with zero, U0 and U1 attain finite values, with their
magnitude increasing as the temperature decreases. This observation is corroborated in Fig. 6.11,
which shows the converged values of U∆x across a range of temperatures.

Short-range spin correlations appear to induce an attractive potential between holes even for
T/J > 1. Below T/J < 1 (or equivalently T/t ≲ 0.33), this induced attraction grows signif-
icantly. These results highlight how, in the mixD ladder, spin-spin interactions facilitate the
formation of strongly bound hole pairs along the y-direction. This mechanism ultimately pro-
vides the glue for the formation of stable stripe phases at lower temperatures, T/J ≲ 0.5, in
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Figure 6.11: Charge Hamiltonian reconstruction. Effective attractions reconstructed from the
mixD t-J model as a function of temperature. The system size is Lx × Ly = 12 × 2, and t/J = 3.
While U2 remains negligible across all temperatures, significant NN and NNN attractions across
the rungs are observed.

wider systems.
The outlined scheme for extracting effective interactions between dopants presents a promis-

ing route to deepen our understanding of hole pairing mechanisms in the 2D Fermi-Hubbard
model. Preliminary results based on experimental data from the MPQ Lithium quantum gas
simulator similarly suggest an effective attraction between dopants compared to free fermions.
However, the presence of significant doublon-hole pairs in the system complicates the analysis,
as these unphysical dopants influence hole-hole correlations. A refined approach is required for
quantitative accuracy, and we leave this as an outlook for future work, refraining from a more
detailed discussion in this thesis.

6.5 Spin-charge separation in 1D

Lastly, we apply the above concepts to experimental snapshots from an ultracold atom experi-
ment. In particular, we shall apply our squeezed space Hamiltonian reconstruction scheme and
recover the effective spin-Hamiltonian of the doped 1D FH model using experimentally obtained
snapshots in the Lithium ultracold Fermi gas at MPQ [242]. The author of this thesis particularly
acknowledges Timon A. Hilker and Immanuel Bloch for providing the data.

In the 1D FH model, the ground state wave function is known to factorize into fully sepa-
rated spin and charge channels in the strongly interacting limit, leading to the celebrated phe-
nomenon of spin-charge separation (i.e., the exact absence of spin-hole correlations) [237]. In
1D, is has been demonstrated that hidden spin correlations—distorted in real space by the mo-
tion of holes—can be revealed by transformation to squeezed space, effectively described by
a 1D Heisenberg Hamiltonian with nearest neighbor interaction Jx

1 (n
h) on the squeezed lat-

tice [242, 264], cf. Fig. 6.12 (a),
ĤJx

1
= Jx

1 ∑
⟨ĩ, j̃⟩

Ŝĩ · Ŝ j̃. (6.13)

Results are shown in Fig. 6.12 (b) by blue data points, where a consistent decrease of effec-
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Figure 6.12: Reconstructing 1D systems from experiments. (a) Illustration of snapshots of the
1D FH model in real (top) and squeezed (bottom) space. (b) Evaluation of 1D FH snapshots
of a cold atom experiment [242]. Reconstructions of the effective spin-Hamiltonian Eq. (6.13)
in squeezed space for varying hole densities are shown by blue data points. Red data points
correspond to reconstructions of the 1D t-J model, which we simulate using MPS for parameters
as estimated in [242], i.e., t/J = 1.82 and T/J = 0.87. Results are compared to theoretical
predictions (dashed lines) assuming spin-charge separation, Eqs. (6.14), (6.15), showing a good
match with the reconstructed data. In particular, higher order hopping processes lead to the
FH measurement reconstructions of Jx

1 /J to consistently lie above predictions for the t-J model.
Error bars are too small to be visible for the t-J reconstructions on the scale of the plot. The
T = ∞ limit is shown by the grey dashed line, where a linear decrease Jx

1 = 1 − nh is expected
for both the FH and t-J model.

tive coupling strength Jx
1 (n

h) is observed upon increasing the hole doping—as expected from
Eq. (6.8). For comparison, we further simulate the 1D t-J model with identical parameters as
estimated in the experiment (t/J = 1.82, T/J = 0.87) and use sampled thermal snapshots in
squeezed space for reconstructions, shown by red squares in Fig. 6.12 (b).

Effective interactions Jx
1 /J reconstructed for an underlying 1D t-J model are seen to con-

sistently lie below recovered coupling strengths of the 1D FH model. This discrepancy can be
explained by higher order virtual processes in the FH model, which we illustrate by comparing
the reconstructions to theoretical predictions within a separation ansatz. In the 1D t-J model,
effective spin interactions in squeezed space can be calculated via Eq. (6.8), yielding

Jx
1 /J = 1 − nh − 1

1 − nh [G(1)]2 . (6.14)

Here, G(d) = 1
π

∫ π
0 dk cos(kd)nF(nh, T) with nF(nh, T) the Fermi-Dirac distribution of free char-

gons hopping on a 1D lattice at temperature T. When generalizing the t-J model to include
next-nearest neighbor hole hopping processes mediated by doubly occupied virtual states as
possible in the FH model, the effective coupling reads [242]

Jx
1 /J = 1 − nh + G(2), (6.15)
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with J = 4t2/U and U the Hubbard interaction.
Reconstructed values of Jx

1 /J are observed to match the theoretical predictions for spin-
charge separated systems well, depicted by red and blue dashed lines corresponding to
Eqs. (6.14) and (6.15), respectively. This illustrates the (approximate) presence of spin-charge
separation in the 1D FH and t-J model away from the T = 0 and strongly interacting limit,
ultimately being mediated by their separation of energy scales.

6.6 Discussion

Using Hamiltonian reconstruction schemes, we have proposed a method to quantify hole-
motion-induced frustration in a doped antiferromagnet by exploiting the full information stored
in many-body snapshots. An advantage of the reconstruction process as introduced above is that
the effective Hamiltonian—defined on the squeezed lattice—describes a reduced number of de-
grees of freedom, i.e., its local Hilbert space dimension is smaller than the one of the original sys-
tem. In particular, the effective spin-Hamiltonian in squeezed space is of local dimension d = 2,
rendering reconstructions for a given set of snapshots feasible even for larger system sizes. Ex-
perimental data of 2D systems that are inaccessible with classical simulations but within reach
of current experiments could be used as input for a computational reconstruction of the spin
background.

By analyzing a setting in mixed-dimensions, we have firmly established a quantitative con-
nection between the doped mixD t-J model and the paradigmatic frustrated J1-J2 model. In par-
ticular, we demonstrated how hole motion drives the spin background into a highly frustrated
state, whereby effective diagonal, frustrating magnetic bonds are induced on the squeezed lat-
tice formed by the spins alone. Our results match theoretical predictions based on spin-charge
separation reasonably well, differences being likely caused by weak remaining spin-hole corre-
lations that deserve further investigation in the future. We note that due to the formation of
stripes below temperatures T ∼ J/2 in the mixD t-J model (see Sec. 5.2), its ground state is not
directly related to a quantum spin liquid phase. Nevertheless, the ordered stripe phase at lower
temperature may be merely covering a disordered quantum phase that dominates the physics
of the model once the stripe order is melted away above the stripe critical temperature. As we
will discuss in detail in the following chapter, this may lead to the appearance of peculiar hid-
den quantum critical points, where spin order in the squeezed background vanishes, and the
pseudogap phase transitions into a regular Fermi liquid phase.

The reconstruction scheme can be generalized and applied to a variety of many-body phases.
In the stripe phase, for instance, fluctuating holes bound into stripes are expected to lead to
spatial modulations of the couplings between spins which can be reconstructed using the scheme
we described. Furthermore, we have demonstrated that by reconstructing the charge sector,
valuable insights into the effective interactions between dopants can be obtained. In particular,
we have demonstrated that in the mixD setting, spin correlations lead to an effective attraction
between hole dopants, ultimately providing the glue to form tightly bound pairs in ladders or
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stripes in wider systems.
The presented method can be extended from mixD to fully 2D settings with homogeneous

charge motion, where e.g. a weak easy-axis anisotropy of the Heisenberg interactions can enable
string retracing [265] to remove dominant charge fluctuations and define a squeezed lattice. Ap-
plying the presented scheme to such snapshots could provide a microscopic perspective on the
doped FH model and its relation to putative topological order in his enigmatic model. Making
explicit use of all accessible correlation functions in squeezed space to further enhance the accu-
racy of the reconstructions is a promising direction for future research, for instance by directly
comparing the distributions of measured and reconstructed snapshots.

Utilizing snapshots of a cold atom experiment simulating the 1D FH model, we already
demonstrated the direct applicability of the reconstruction method to existing experimental data.
From a converse experimental point of view, the above insights could further be utilized to ef-
fectively simulate the highly frustrated J1-J2 model by implementing the mixD setting and post-
processing the measurements.

6.7 Additional data

We here present additional data to supplement the discussion in this section. First, we examine
finite size effects in our numerical simulations, followed by a more detailed discussion of the
finite-temperature numerics.

6.7.1 Finite size effects

We have argued in Sec. 6.3 that the observed flow into the highly frustrated regime when in-
creasing the doping level (cf. Fig. 6.7) results from the finite size of the simulated ladders, and
that in the thermodynamic limit we in fact expect any hole doping nh > 0 to drive the spin back-
ground into a frustrated state. Fig. 6.13 shows correlations in squeezed space for all considered
hole dopings nh = 0.05, 0.1, 0.15, 0.2 in analogy to Fig. 6.7.

Solid lines illustrate averaged correlations in the fixed bulk window in squeezed space by
discarding the outer two sites. For low hole concentrations, nh = 0.05, 0.1, boundary effects
are particularly noticeable. Correlations in squeezed space only slowly saturate, which in turn
shifts effective couplings averaged within the fixed bulk window in squeezed space to smaller
(larger) values of J2/Jx

1 (Jy
1 /Jx

1 ). This effect ultimately results in the observed flow into the highly
frustrated region when increasing hole doping as discussed in the main text.

To underline the former arguments, we simulate a long ladder of size 40 × 2, with t/J = 3
and at T/J = 5/3. Correlations in squeezed space are shown in Fig. 6.14 (a) for nh = 0.05.
When averaging the correlations in the bulk of squeezed space, we discard the outer eight sites,
as illustrated by the yellow box. The larger system size leads to saturated correlations in the
considered bulk window also for low hole concentrations.

After reconstructing effective Jx
1 -Jy

1 -J2 Hamiltonians for the long ladder, we observe that even
for small hole doping, nh = 0.05, the spin system is reconstructed to lie inside the frustrated
regime, as illustrated by blue symbols in Fig. 6.14 (b). We again observe that a separation ansatz
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<latexit sha1_base64="z7Z1NN2dDdXLdJ6q04w8veNk9sw="></latexit>

hC2(x̃)i
<latexit sha1_base64="qsp3U4+q3hlKyotPC/uvbg40kj8="></latexit>

hCy
1 (x̃)i

<latexit sha1_base64="4+WoQDmCJDv5rmRMIwVqY7t2rFg="></latexit> C
y 1
(x̃
),
C

2
(x̃
)

<latexit sha1_base64="4+WoQDmCJDv5rmRMIwVqY7t2rFg="></latexit> C
y 1
(x̃
),
C

2
(x̃
)

<latexit sha1_base64="PqugM1WnSvM/aSoRLaNPf0mcJ9U=">AAACJ3icbVBNSwMxEM3Wr1q/qh69BIvgqexK1V7EghePClaL7VqSdLYNTbJLklXKsv/Cq979Nd5Ej/4T09qDVgcGHu/N8GYeTQQ31vc/vMLc/MLiUnG5tLK6tr5R3ty6NnGqGTRZLGLdosSA4AqallsBrUQDkVTADR2ejfWbe9CGx+rKjhIIJekrHnFGrKNu1d0An2C/Ghx2yxW/6k8K/wXBFFTQtC66m95SpxezVIKyTBBj2vXEhhnRljMBeamTGkgIG5I+tB1URIIJs8nFOd5zTA9HsXatLJ6wPzcyIo0ZSeomJbEDM6uNyf+0dmqjephxlaQWFPs2ilKBbYzH7+Me18CsGDlAmObuVswGRBNmXUi/XKgmQ7DuDwUPLJaSqF7WoTRvB2GWdcbONMKVIM9LLrpgNqi/4PqgGhxVa5e1SuN0GmIR7aBdtI8CdIwa6BxdoCZiSKFH9ISevRfv1Xvz3r9HC950Zxv9Ku/zCwiapCc=</latexit>

nh = 0.15

<latexit sha1_base64="QlI89/CkXPO4n2RMmaISK2whdvU=">AAACJ3icbVDLSgMxFM34qtZXq0s3wSK4Kh3x0Y0ouHGpYB/YjpKkd2xokhmSjFKG+Qu3uvdr3Iku/RMztQvbeiHkcM69nHsPjQU3tlb78ubmFxaXCssrxdW19Y3NUnmraaJEM2iwSES6TYkBwRU0LLcC2rEGIqmAFh1c5HrrEbThkbqxwxgCSR4UDzkj1lG36q6PT3GtWju6L1XcNyo8C/wxqKBxXd2XvUK3F7FEgrJMEGM69dgGKdGWMwFZsZsYiAkbkAfoOKiIBBOko40zvOeYHg4j7Z6yeMT+nUiJNGYoqeuUxPbNtJaT/2mdxIb1IOUqTiwo9msUJgLbCOfn4x7XwKwYOkCY5m5XzPpEE2ZdSBMuVJMBWHeHgicWSUlUL+1SmnX8IE27uTMNccXPsqKLzp8OahY0D6r+cfXw+rByfjYOcRntoF20j3x0gs7RJbpCDcSQQs/oBb16b9679+F9/rbOeeOZbTRR3vcPBt+kJg==</latexit>

nh = 0.05

<latexit sha1_base64="rccxXhHpKUaOWDZIso2j4npJC7k=">AAACJ3icbVBNSwMxEM36Va1frR69BIvgqeyWor2IBS8eFawV21WSdNaGJtklySpl2X/hVe/+Gm+iR/+Jae3Btg4MPN6b4c08mghurO9/eQuLS8srhdW14vrG5tZ2qbxzbeJUM2ixWMT6hhIDgitoWW4F3CQaiKQC2nRwNtLbj6ANj9WVHSYQSvKgeMQZsY66VXd9fIL9as2/L1X8qj8uPA+CCaigSV3cl71CtxezVIKyTBBjOo3EhhnRljMBebGbGkgIG5AH6DioiAQTZuOLc3zgmB6OYu1aWTxm/25kRBozlNRNSmL7ZlYbkf9pndRGjTDjKkktKPZrFKUC2xiP3sc9roFZMXSAMM3drZj1iSbMupCmXKgmA7DuDwVPLJaSqF7WpTTvBGGWdUfONMKVIM+LLrpgNqh5cF2rBkfV+mW90jydhLiK9tA+OkQBOkZNdI4uUAsxpNAzekGv3pv37n14n7+jC95kZxdNlff9AwGzpCM=</latexit>

nh = 0.20

<latexit sha1_base64="N1dE5M2R03KXKYlCEQc8FcQ9M4I=">AAACJ3icbVBNSwMxEM3Wj9b6VfXoJVgET2VXRHsRBS8eK1grtqsk6WwbmmSXJKuUZf+FV737a7yJHv0nprUH2zow8HhvhjfzaCK4sb7/5RUWFpeWi6WV8ura+sZmZWv7xsSpZtBksYj1LSUGBFfQtNwKuE00EEkFtOjgYqS3HkEbHqtrO0wglKSneMQZsY66U/d9fIr9WuA/VKp+zR8XngfBBFTRpBoPW16x041ZKkFZJogx7Xpiw4xoy5mAvNxJDSSEDUgP2g4qIsGE2fjiHO87poujWLtWFo/ZvxsZkcYMJXWTkti+mdVG5H9aO7VRPcy4SlILiv0aRanANsaj93GXa2BWDB0gTHN3K2Z9ogmzLqQpF6rJAKz7Q8ETi6Ukqpt1KM3bQZhlnZEzjXA1yPOyiy6YDWoe3BzWguPa0dVR9fxsEmIJ7aI9dIACdILO0SVqoCZiSKFn9IJevTfv3fvwPn9HC95kZwdNlff9A//ppCI=</latexit>

nh = 0.10

<latexit sha1_base64="lMyJ5v2C7ymkfwNb9OR6+hFJp8g=">AAACJnicbVDLSgNBEJz1FY3P6NHLYBA8hawEzVHw4lHB+CC7yMxsrw6ZmV1metWw7Fd41btf403Em5/iJObgq6GhqOqmuovnSjpst9+DqemZ2bna/EJ9cWl5ZXWtsX7mssIK6IlMZfaCMwdKGuihRAUXuQWmuYJzPjgc6ee3YJ3MzCkOc4g1uzYylYKhpy4jlCqB8r66Wmu2W+1x0b8gnIAmmdTxVSOoRUkmCg0GhWLO9bs5xiWzKIWCqh4VDnImBuwa+h4apsHF5fjgim57JqFpZn0bpGP2+0bJtHNDzf2kZnjjfmsj8j+tX2DajUtp8gLBiC+jtFAUMzr6nibSgkA19IAJK/2tVNwwywT6jH64cMsGgP4PA3ci05qZpIw4r/phXJbRyJmntBlWVd1HF/4O6i84222Fe63OSad50JmEOE82yRbZISHZJwfkiByTHhFEkwfySJ6C5+AleA3evkangsnOBvlRwccnUSClew==</latexit>

x̃

<latexit sha1_base64="8Y24iRxnhWBHO7JBcs+MquZ+2/8="></latexit>

(b)

<latexit sha1_base64="2mgZOyLScx1hm+VLcS5EPfD1TBQ="></latexit>

(a)
<latexit sha1_base64="b844jsDnjCFvv6CjoeyNfNUISmM="></latexit>

(c)

<latexit sha1_base64="mQJ/y5dNTtSOmvbEYYUUxcKPCZU="></latexit>

(d)

Figure 6.13: Spin-spin correlations in squeezed space. Correlations Cy
1(x̃) = ⟨Ŝz

[x̃,0̃]Ŝ
z
[x̃,1̃]⟩ and

C2(x̃) = ⟨Ŝz
[x̃,0̃]Ŝ

z
[x̃+1,1̃]⟩+ ⟨Ŝz

[x̃+1,0̃]Ŝ
z
[x̃,1̃]⟩ for nh = 0.05, 0.1, 0.15, 0.2. Parameters are chosen iden-

tically to Fig. 1 in the main text. Solid lines show averaged values over the window when dis-
carding the outermost two sites. Correlations Cy

1(x̃) (C2(x̃)) are seen to strengthen (weaken) by
averaging over non-saturated configurations.

<latexit sha1_base64="8nMklWXdBu8o/V7dsyS04bxgE1E="></latexit>

[S(⇡,⇡) + S(0,⇡)]/2
<latexit sha1_base64="15uqGbrzT+NYc83sdjFYG1WksYI=">AAACHnicbVBNSwMxEM3Wr1q/9egluAieyq6I9iSCF48V7Ae0iyTZ2TY0yS5JVinL/gKvevfXeBOv+m9Maw/WOjDweG+GN/NoJrixQfDlVZaWV1bXquu1jc2t7Z3dvf22SXPNoMVSkeouJQYEV9Cy3AroZhqIpAI6dHQ90TsPoA1P1Z0dZxBJMlA84YxYR90G97t+UA+mhRdBOAM+mlXzfs9b68cpyyUoywQxptfIbFQQbTkTUNb6uYGMsBEZQM9BRSSYqJgeWuJjx8Q4SbVrZfGU/b1REGnMWFI3KYkdmr/ahPxP6+U2aUQFV1luQbEfoyQX2KZ48jWOuQZmxdgBwjR3t2I2JJow67KZc6GajMC6PxQ8slRKouKiT2nZC6Oi6E+caYL9sCxrLrrwb1CLoH1aD8/rZ7dn/tXlLMQqOkRH6ASF6AJdoRvURC3EEKAn9IxevFfvzXv3Pn5GK95s5wDNlff5DcFroYc=</latexit>

0 <latexit sha1_base64="JTkDqBu3ljhDAVBOmWQ00Rf/7Es=">AAACJ3icbVBNSyNBEO1x/YzfevTSGARPISOiOYngZY8KRsXMINWdGm3S3TN016hhmH+x1927v2Zvosf9J9uJOfhVUPB4r4pX9UShlad2+zWa+jE9Mzs3v9BYXFpeWV1b37jweekkdmWuc3clwKNWFrukSONV4RCM0HgpBicj/fIenVe5PadhgamBW6syJYECdZ0QPlJl4LG+WWu2W+1x8a8gnoAmm9TpzXo0l/RzWRq0JDV43+sUlFbgSEmNdSMpPRYgB3CLvQAtGPRpNb645juB6fMsd6Et8TH7fqMC4/3QiDBpgO78Z21Efqf1Sso6aaVsURJa+WaUlZpTzkfv875yKEkPAwDpVLiVyztwICmE9MFFOBgghT8sPsjcGLD9KhGi7sVpVSUjZ5HxZlzXjRBd/Dmor+BirxUftPbP9pvHR5MQ59kW22a7LGaH7Jj9ZKesyySz7Bf7zf5ET9Hf6Dl6eRudiiY7m+xDRf/+A1xqphA=</latexit>max

<latexit sha1_base64="H+/hg5yItjJO3pZ62OQsantDqfA=">AAACJnicbVBNSwMxEM361Vo/q0cvwSJ4qt1S1JMUvEhPFawftGtJ0tk2NMkuSVYty/4Kr3r313gT8eZPMa09aHVg4PHeDG/m0VhwYyuVD29ufmFxKZdfLqysrq1vbBa3Lk2UaAYtFolIX1NiQHAFLcutgOtYA5FUwBUdno71qzvQhkfqwo5iCCTpKx5yRqyjbhrd6kGj698+dDdLlXJlUvgv8KeghKbV7Ba9XKcXsUSCskwQY9rHsQ1Soi1nArJCJzEQEzYkfWg7qIgEE6STgzO855geDiPtWlk8YX9upEQaM5LUTUpiB2ZWG5P/ae3EhsdBylWcWFDs2yhMBLYRHn+Pe1wDs2LkAGGau1sxGxBNmHUZ/XKhmgzBuj8U3LNISqJ6aYfSrO0HadoZO9MQl/wsK7jo/Nmg/oLLatk/LNfOa6X6yTTEPNpBu2gf+egI1dEZaqIWYkiiR/SEnr0X79V7896/R+e86c42+lXe5xdXFqRh</latexit>

J2/J
x
1

<latexit sha1_base64="RjgsBwrk9uini+3BCJepDWJCnIY=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqdqRoVyK4EVcK1hamY0nSOxqax5Bk1DLMZ7jVvV/jTtz6JWZqF74uJBzOuZdz76Gp4NY1Gu/B1PTM7Nz8wmJlaXllda26vnFldWYYtJkW2nQpsSC4grbjTkA3NUAkFdChw5NS79yBsVyrSzdKIZbkRvGEM+I8FZ31w+vRXvk/9Ku1Rr0xLvwXhBNQQ5M6768H872BZpkE5Zgg1kat1MU5MY4zAUWll1lICRuSG4g8VESCjfPxygXe8cwAJ9r4pxwes98nciKtHUnqOyVxt/a3VpL/aVHmklacc5VmDhT7MkoygZ3G5f14wA0wJ0YeEGa43xWzW2IIcz6lHy7UkCE4f4eCe6alJGqQ9ygtojDO817pTBNcC4ui4qMLfwf1F1zt18ODevOiWTs+moS4gLbQNtpFITpEx+gUnaM2YkijR/SEnoOX4DV4C96/WqeCycwm+lHBxycaHKVL</latexit> J
y 1
/J

x 1

<latexit sha1_base64="xbD2zxUjadC0nI0b4DcV2vxs2VY="></latexit>

stripe AFM

<latexit sha1_base64="nwsTZF34YzpxEiuJpHgxYqicsio=">AAACJ3icbVDLSgNBEJz1GeMzevQyGARPISuiHn2AeBEUjIrZRWYmvTpkZnaZ6VXDsn/hVe9+jTfRo3/iJObgq6GhqOqmuotnSjpsNt+DkdGx8YnJylR1emZ2bn6htnjm0twKaIlUpfaCMwdKGmihRAUXmQWmuYJz3t3v6+e3YJ1MzSn2Mog1uzYykYKhpy4jhHssdg+OyquFerPRHBT9C8IhqJNhHV/Vgsmok4pcg0GhmHPt7QzjglmUQkFZjXIHGRNddg1tDw3T4OJicHFJVz3ToUlqfRukA/b7RsG0cz3N/aRmeON+a33yP62dY7IdF9JkOYIRX0ZJriimtP8+7UgLAlXPAyas9LdSccMsE+hD+uHCLesC+j8M3IlUa2Y6RcR52Q7jooj6zjyh9bAsqz668HdQf8HZeiPcbGycbNR39oYhVsgyWSFrJCRbZIcckmPSIoIY8kAeyVPwHLwEr8Hb1+hIMNxZIj8q+PgEl9alog==</latexit>

AFM

<latexit sha1_base64="L/6s3e4VmNgPbvEwKNaiSxaJrlw="></latexit>

frustrated

b
<latexit sha1_base64="PqugM1WnSvM/aSoRLaNPf0mcJ9U=">AAACJ3icbVBNSwMxEM3Wr1q/qh69BIvgqexK1V7EghePClaL7VqSdLYNTbJLklXKsv/Cq979Nd5Ej/4T09qDVgcGHu/N8GYeTQQ31vc/vMLc/MLiUnG5tLK6tr5R3ty6NnGqGTRZLGLdosSA4AqallsBrUQDkVTADR2ejfWbe9CGx+rKjhIIJekrHnFGrKNu1d0An2C/Ghx2yxW/6k8K/wXBFFTQtC66m95SpxezVIKyTBBj2vXEhhnRljMBeamTGkgIG5I+tB1URIIJs8nFOd5zTA9HsXatLJ6wPzcyIo0ZSeomJbEDM6uNyf+0dmqjephxlaQWFPs2ilKBbYzH7+Me18CsGDlAmObuVswGRBNmXUi/XKgmQ7DuDwUPLJaSqF7WoTRvB2GWdcbONMKVIM9LLrpgNqi/4PqgGhxVa5e1SuN0GmIR7aBdtI8CdIwa6BxdoCZiSKFH9ISevRfv1Xvz3r9HC950Zxv9Ku/zCwiapCc=</latexit>

nh = 0.15

<latexit sha1_base64="N1dE5M2R03KXKYlCEQc8FcQ9M4I=">AAACJ3icbVBNSwMxEM3Wj9b6VfXoJVgET2VXRHsRBS8eK1grtqsk6WwbmmSXJKuUZf+FV737a7yJHv0nprUH2zow8HhvhjfzaCK4sb7/5RUWFpeWi6WV8ura+sZmZWv7xsSpZtBksYj1LSUGBFfQtNwKuE00EEkFtOjgYqS3HkEbHqtrO0wglKSneMQZsY66U/d9fIr9WuA/VKp+zR8XngfBBFTRpBoPW16x041ZKkFZJogx7Xpiw4xoy5mAvNxJDSSEDUgP2g4qIsGE2fjiHO87poujWLtWFo/ZvxsZkcYMJXWTkti+mdVG5H9aO7VRPcy4SlILiv0aRanANsaj93GXa2BWDB0gTHN3K2Z9ogmzLqQpF6rJAKz7Q8ETi6Ukqpt1KM3bQZhlnZEzjXA1yPOyiy6YDWoe3BzWguPa0dVR9fxsEmIJ7aI9dIACdILO0SVqoCZiSKFn9IJevTfv3fvwPn9HC95kZwdNlff9A//ppCI=</latexit>

nh = 0.10

<latexit sha1_base64="QlI89/CkXPO4n2RMmaISK2whdvU=">AAACJ3icbVDLSgMxFM34qtZXq0s3wSK4Kh3x0Y0ouHGpYB/YjpKkd2xokhmSjFKG+Qu3uvdr3Iku/RMztQvbeiHkcM69nHsPjQU3tlb78ubmFxaXCssrxdW19Y3NUnmraaJEM2iwSES6TYkBwRU0LLcC2rEGIqmAFh1c5HrrEbThkbqxwxgCSR4UDzkj1lG36q6PT3GtWju6L1XcNyo8C/wxqKBxXd2XvUK3F7FEgrJMEGM69dgGKdGWMwFZsZsYiAkbkAfoOKiIBBOko40zvOeYHg4j7Z6yeMT+nUiJNGYoqeuUxPbNtJaT/2mdxIb1IOUqTiwo9msUJgLbCOfn4x7XwKwYOkCY5m5XzPpEE2ZdSBMuVJMBWHeHgicWSUlUL+1SmnX8IE27uTMNccXPsqKLzp8OahY0D6r+cfXw+rByfjYOcRntoF20j3x0gs7RJbpCDcSQQs/oBb16b9679+F9/rbOeeOZbTRR3vcPBt+kJg==</latexit>

nh = 0.05

<latexit sha1_base64="1Rohz2nIB2n0c4maGZaF9yZW0Qk="></latexit>

reconstruction

a

<latexit sha1_base64="lMyJ5v2C7ymkfwNb9OR6+hFJp8g=">AAACJnicbVDLSgNBEJz1FY3P6NHLYBA8hawEzVHw4lHB+CC7yMxsrw6ZmV1metWw7Fd41btf403Em5/iJObgq6GhqOqmuovnSjpst9+DqemZ2bna/EJ9cWl5ZXWtsX7mssIK6IlMZfaCMwdKGuihRAUXuQWmuYJzPjgc6ee3YJ3MzCkOc4g1uzYylYKhpy4jlCqB8r66Wmu2W+1x0b8gnIAmmdTxVSOoRUkmCg0GhWLO9bs5xiWzKIWCqh4VDnImBuwa+h4apsHF5fjgim57JqFpZn0bpGP2+0bJtHNDzf2kZnjjfmsj8j+tX2DajUtp8gLBiC+jtFAUMzr6nibSgkA19IAJK/2tVNwwywT6jH64cMsGgP4PA3ci05qZpIw4r/phXJbRyJmntBlWVd1HF/4O6i84222Fe63OSad50JmEOE82yRbZISHZJwfkiByTHhFEkwfySJ6C5+AleA3evkangsnOBvlRwccnUSClew==</latexit>

x̃

FINAL FIG S4

<latexit sha1_base64="fkGiXunhuk01vtREEOJiMyONvsM=">AAACIXicZVDLSgMxFE181vrWpZtgEVyVjvjaKIIbN0JFq2I7SpLesaF5DElGKcP8hVvd+DXuxJ34M6a1C6sHwj3c5Nxzc1gqhfO12iceG5+YnJouzZRn5+YXFpeWVy6dySyHBjfS2GtGHUihoeGFl3CdWqCKSbhi3eP+/dUDWCeMvvC9FGJF77VIBKc+tG70bYcckFq1tnO3VAllAPKfRENSQUPU75YxbrUNzxRozyV1rrmf+jin1gsuoSi3Mgcp5V16D81ANVXg4nywcUE2QqdNEmPD0Z4Mur8V+ak+7ylm5MicnCqnqO8Efb+4UQ+f7Me50GnmQfMfiySTxBvS/zhpCwvcy14glFsRtiS8Qy3lPsQz4sIs7YIPzhoeuVGK6nbeYqxoRnGet/rOLCGVqCjKIbTob0T/yeVWNdqtbp9tV44Oh/GV0BpaR5soQnvoCJ2gOmogjjR6Qs/oBb/iN/yOP36ejuGhZhWNAH99A5OuodQ=</latexit>

nh = 0.05

<latexit sha1_base64="q2pkWTi+Yo5j8dO0qEr7Cnz9x2U="></latexit>

Cy
1 (x̃)

<latexit sha1_base64="n3t+l/2nIjqhMZXjyX8yqBm7+D0=">AAACK3icbVDLSgMxFM34tr516SZYBN2UjtTHUnDjUsGq0BlLkrmjoUlmSO6oZZj/cKt7v8aV4tb/MK1d+DoQOJxzL+fm8FxJh83mazA2PjE5NT0zW5ubX1hcWl5ZPXdZYQW0RaYye8mZAyUNtFGigsvcAtNcwQXvHQ38i1uwTmbmDPs5xJpdG5lKwdBLV0fdna0IpUqgvK+2u8v1ZqM5BP1LwhGpkxFOuivBdJRkotBgUCjmXOcgx7hkFqVQUNWiwkHORI9dQ8dTwzS4uBxeXdFNryQ0zax/BulQ/b5RMu1cX3M/qRneuN/eQPzP6xSYHsSlNHmBYMRXUFooihkdVEATaUGg6nvChJX+VipumGUCfVE/UrhlPUD/DwN3ItOamaSMOK86YVyW0SCZp7QeVlXNVxf+LuovOd9phHuN1mmrfrg7KnGGrJMNskVCsk8OyTE5IW0iiCUP5JE8Bc/BS/AWvH+NjgWjnTXyA8HHJxTRptM=</latexit>

C2(x̃)
<latexit sha1_base64="z7Z1NN2dDdXLdJ6q04w8veNk9sw="></latexit>

hC2(x̃)i

<latexit sha1_base64="qsp3U4+q3hlKyotPC/uvbg40kj8="></latexit>

hCy
1 (x̃)i

<latexit sha1_base64="4+WoQDmCJDv5rmRMIwVqY7t2rFg="></latexit> C
y 1
(x̃
),
C

2
(x̃
)

<latexit sha1_base64="kgtN6Sc6h7RN65lFwsrSJD00/nU="></latexit>

pred. ⇢̂s ⌦ ⇢̂c

<latexit sha1_base64="G9stVVOo6t2cti3dDghndc2K8+k="></latexit>

(b)

<latexit sha1_base64="8nMklWXdBu8o/V7dsyS04bxgE1E="></latexit>

[S(⇡,⇡) + S(0,⇡)]/2
<latexit sha1_base64="15uqGbrzT+NYc83sdjFYG1WksYI=">AAACHnicbVBNSwMxEM3Wr1q/9egluAieyq6I9iSCF48V7Ae0iyTZ2TY0yS5JVinL/gKvevfXeBOv+m9Maw/WOjDweG+GN/NoJrixQfDlVZaWV1bXquu1jc2t7Z3dvf22SXPNoMVSkeouJQYEV9Cy3AroZhqIpAI6dHQ90TsPoA1P1Z0dZxBJMlA84YxYR90G97t+UA+mhRdBOAM+mlXzfs9b68cpyyUoywQxptfIbFQQbTkTUNb6uYGMsBEZQM9BRSSYqJgeWuJjx8Q4SbVrZfGU/b1REGnMWFI3KYkdmr/ahPxP6+U2aUQFV1luQbEfoyQX2KZ48jWOuQZmxdgBwjR3t2I2JJow67KZc6GajMC6PxQ8slRKouKiT2nZC6Oi6E+caYL9sCxrLrrwb1CLoH1aD8/rZ7dn/tXlLMQqOkRH6ASF6AJdoRvURC3EEKAn9IxevFfvzXv3Pn5GK95s5wDNlff5DcFroYc=</latexit>

0 <latexit sha1_base64="JTkDqBu3ljhDAVBOmWQ00Rf/7Es=">AAACJ3icbVBNSyNBEO1x/YzfevTSGARPISOiOYngZY8KRsXMINWdGm3S3TN016hhmH+x1927v2Zvosf9J9uJOfhVUPB4r4pX9UShlad2+zWa+jE9Mzs3v9BYXFpeWV1b37jweekkdmWuc3clwKNWFrukSONV4RCM0HgpBicj/fIenVe5PadhgamBW6syJYECdZ0QPlJl4LG+WWu2W+1x8a8gnoAmm9TpzXo0l/RzWRq0JDV43+sUlFbgSEmNdSMpPRYgB3CLvQAtGPRpNb645juB6fMsd6Et8TH7fqMC4/3QiDBpgO78Z21Efqf1Sso6aaVsURJa+WaUlZpTzkfv875yKEkPAwDpVLiVyztwICmE9MFFOBgghT8sPsjcGLD9KhGi7sVpVSUjZ5HxZlzXjRBd/Dmor+BirxUftPbP9pvHR5MQ59kW22a7LGaH7Jj9ZKesyySz7Bf7zf5ET9Hf6Dl6eRudiiY7m+xDRf/+A1xqphA=</latexit>max

<latexit sha1_base64="H+/hg5yItjJO3pZ62OQsantDqfA=">AAACJnicbVBNSwMxEM361Vo/q0cvwSJ4qt1S1JMUvEhPFawftGtJ0tk2NMkuSVYty/4Kr3r313gT8eZPMa09aHVg4PHeDG/m0VhwYyuVD29ufmFxKZdfLqysrq1vbBa3Lk2UaAYtFolIX1NiQHAFLcutgOtYA5FUwBUdno71qzvQhkfqwo5iCCTpKx5yRqyjbhrd6kGj698+dDdLlXJlUvgv8KeghKbV7Ba9XKcXsUSCskwQY9rHsQ1Soi1nArJCJzEQEzYkfWg7qIgEE6STgzO855geDiPtWlk8YX9upEQaM5LUTUpiB2ZWG5P/ae3EhsdBylWcWFDs2yhMBLYRHn+Pe1wDs2LkAGGau1sxGxBNmHUZ/XKhmgzBuj8U3LNISqJ6aYfSrO0HadoZO9MQl/wsK7jo/Nmg/oLLatk/LNfOa6X6yTTEPNpBu2gf+egI1dEZaqIWYkiiR/SEnr0X79V7896/R+e86c42+lXe5xdXFqRh</latexit>

J2/J
x
1

<latexit sha1_base64="RjgsBwrk9uini+3BCJepDWJCnIY=">AAACKHicbVDLSgMxFM34tr6qLt0Ei+CqdqRoVyK4EVcK1hamY0nSOxqax5Bk1DLMZ7jVvV/jTtz6JWZqF74uJBzOuZdz76Gp4NY1Gu/B1PTM7Nz8wmJlaXllda26vnFldWYYtJkW2nQpsSC4grbjTkA3NUAkFdChw5NS79yBsVyrSzdKIZbkRvGEM+I8FZ31w+vRXvk/9Ku1Rr0xLvwXhBNQQ5M6768H872BZpkE5Zgg1kat1MU5MY4zAUWll1lICRuSG4g8VESCjfPxygXe8cwAJ9r4pxwes98nciKtHUnqOyVxt/a3VpL/aVHmklacc5VmDhT7MkoygZ3G5f14wA0wJ0YeEGa43xWzW2IIcz6lHy7UkCE4f4eCe6alJGqQ9ygtojDO817pTBNcC4ui4qMLfwf1F1zt18ODevOiWTs+moS4gLbQNtpFITpEx+gUnaM2YkijR/SEnoOX4DV4C96/WqeCycwm+lHBxycaHKVL</latexit> J
y 1
/J

x 1

<latexit sha1_base64="xbD2zxUjadC0nI0b4DcV2vxs2VY="></latexit>

stripe AFM

<latexit sha1_base64="nwsTZF34YzpxEiuJpHgxYqicsio=">AAACJ3icbVDLSgNBEJz1GeMzevQyGARPISuiHn2AeBEUjIrZRWYmvTpkZnaZ6VXDsn/hVe9+jTfRo3/iJObgq6GhqOqmuotnSjpsNt+DkdGx8YnJylR1emZ2bn6htnjm0twKaIlUpfaCMwdKGmihRAUXmQWmuYJz3t3v6+e3YJ1MzSn2Mog1uzYykYKhpy4jhHssdg+OyquFerPRHBT9C8IhqJNhHV/Vgsmok4pcg0GhmHPt7QzjglmUQkFZjXIHGRNddg1tDw3T4OJicHFJVz3ToUlqfRukA/b7RsG0cz3N/aRmeON+a33yP62dY7IdF9JkOYIRX0ZJriimtP8+7UgLAlXPAyas9LdSccMsE+hD+uHCLesC+j8M3IlUa2Y6RcR52Q7jooj6zjyh9bAsqz668HdQf8HZeiPcbGycbNR39oYhVsgyWSFrJCRbZIcckmPSIoIY8kAeyVPwHLwEr8Hb1+hIMNxZIj8q+PgEl9alog==</latexit>

AFM

<latexit sha1_base64="L/6s3e4VmNgPbvEwKNaiSxaJrlw="></latexit>

frustrated

b
<latexit sha1_base64="PqugM1WnSvM/aSoRLaNPf0mcJ9U=">AAACJ3icbVBNSwMxEM3Wr1q/qh69BIvgqexK1V7EghePClaL7VqSdLYNTbJLklXKsv/Cq979Nd5Ej/4T09qDVgcGHu/N8GYeTQQ31vc/vMLc/MLiUnG5tLK6tr5R3ty6NnGqGTRZLGLdosSA4AqallsBrUQDkVTADR2ejfWbe9CGx+rKjhIIJekrHnFGrKNu1d0An2C/Ghx2yxW/6k8K/wXBFFTQtC66m95SpxezVIKyTBBj2vXEhhnRljMBeamTGkgIG5I+tB1URIIJs8nFOd5zTA9HsXatLJ6wPzcyIo0ZSeomJbEDM6uNyf+0dmqjephxlaQWFPs2ilKBbYzH7+Me18CsGDlAmObuVswGRBNmXUi/XKgmQ7DuDwUPLJaSqF7WoTRvB2GWdcbONMKVIM9LLrpgNqi/4PqgGhxVa5e1SuN0GmIR7aBdtI8CdIwa6BxdoCZiSKFH9ISevRfv1Xvz3r9HC950Zxv9Ku/zCwiapCc=</latexit>

nh = 0.15

<latexit sha1_base64="N1dE5M2R03KXKYlCEQc8FcQ9M4I=">AAACJ3icbVBNSwMxEM3Wj9b6VfXoJVgET2VXRHsRBS8eK1grtqsk6WwbmmSXJKuUZf+FV737a7yJHv0nprUH2zow8HhvhjfzaCK4sb7/5RUWFpeWi6WV8ura+sZmZWv7xsSpZtBksYj1LSUGBFfQtNwKuE00EEkFtOjgYqS3HkEbHqtrO0wglKSneMQZsY66U/d9fIr9WuA/VKp+zR8XngfBBFTRpBoPW16x041ZKkFZJogx7Xpiw4xoy5mAvNxJDSSEDUgP2g4qIsGE2fjiHO87poujWLtWFo/ZvxsZkcYMJXWTkti+mdVG5H9aO7VRPcy4SlILiv0aRanANsaj93GXa2BWDB0gTHN3K2Z9ogmzLqQpF6rJAKz7Q8ETi6Ukqpt1KM3bQZhlnZEzjXA1yPOyiy6YDWoe3BzWguPa0dVR9fxsEmIJ7aI9dIACdILO0SVqoCZiSKFn9IJevTfv3fvwPn9HC95kZwdNlff9A//ppCI=</latexit>

nh = 0.10

<latexit sha1_base64="QlI89/CkXPO4n2RMmaISK2whdvU=">AAACJ3icbVDLSgMxFM34qtZXq0s3wSK4Kh3x0Y0ouHGpYB/YjpKkd2xokhmSjFKG+Qu3uvdr3Iku/RMztQvbeiHkcM69nHsPjQU3tlb78ubmFxaXCssrxdW19Y3NUnmraaJEM2iwSES6TYkBwRU0LLcC2rEGIqmAFh1c5HrrEbThkbqxwxgCSR4UDzkj1lG36q6PT3GtWju6L1XcNyo8C/wxqKBxXd2XvUK3F7FEgrJMEGM69dgGKdGWMwFZsZsYiAkbkAfoOKiIBBOko40zvOeYHg4j7Z6yeMT+nUiJNGYoqeuUxPbNtJaT/2mdxIb1IOUqTiwo9msUJgLbCOfn4x7XwKwYOkCY5m5XzPpEE2ZdSBMuVJMBWHeHgicWSUlUL+1SmnX8IE27uTMNccXPsqKLzp8OahY0D6r+cfXw+rByfjYOcRntoF20j3x0gs7RJbpCDcSQQs/oBb16b9679+F9/rbOeeOZbTRR3vcPBt+kJg==</latexit>

nh = 0.05

<latexit sha1_base64="1Rohz2nIB2n0c4maGZaF9yZW0Qk="></latexit>

reconstruction

a

<latexit sha1_base64="lMyJ5v2C7ymkfwNb9OR6+hFJp8g=">AAACJnicbVDLSgNBEJz1FY3P6NHLYBA8hawEzVHw4lHB+CC7yMxsrw6ZmV1metWw7Fd41btf403Em5/iJObgq6GhqOqmuovnSjpst9+DqemZ2bna/EJ9cWl5ZXWtsX7mssIK6IlMZfaCMwdKGuihRAUXuQWmuYJzPjgc6ee3YJ3MzCkOc4g1uzYylYKhpy4jlCqB8r66Wmu2W+1x0b8gnIAmmdTxVSOoRUkmCg0GhWLO9bs5xiWzKIWCqh4VDnImBuwa+h4apsHF5fjgim57JqFpZn0bpGP2+0bJtHNDzf2kZnjjfmsj8j+tX2DajUtp8gLBiC+jtFAUMzr6nibSgkA19IAJK/2tVNwwywT6jH64cMsGgP4PA3ci05qZpIw4r/phXJbRyJmntBlWVd1HF/4O6i84222Fe63OSad50JmEOE82yRbZISHZJwfkiByTHhFEkwfySJ6C5+AleA3evkangsnOBvlRwccnUSClew==</latexit>

x̃

FINAL FIG S4

<latexit sha1_base64="fkGiXunhuk01vtREEOJiMyONvsM=">AAACIXicZVDLSgMxFE181vrWpZtgEVyVjvjaKIIbN0JFq2I7SpLesaF5DElGKcP8hVvd+DXuxJ34M6a1C6sHwj3c5Nxzc1gqhfO12iceG5+YnJouzZRn5+YXFpeWVy6dySyHBjfS2GtGHUihoeGFl3CdWqCKSbhi3eP+/dUDWCeMvvC9FGJF77VIBKc+tG70bYcckFq1tnO3VAllAPKfRENSQUPU75YxbrUNzxRozyV1rrmf+jin1gsuoSi3Mgcp5V16D81ANVXg4nywcUE2QqdNEmPD0Z4Mur8V+ak+7ylm5MicnCqnqO8Efb+4UQ+f7Me50GnmQfMfiySTxBvS/zhpCwvcy14glFsRtiS8Qy3lPsQz4sIs7YIPzhoeuVGK6nbeYqxoRnGet/rOLCGVqCjKIbTob0T/yeVWNdqtbp9tV44Oh/GV0BpaR5soQnvoCJ2gOmogjjR6Qs/oBb/iN/yOP36ejuGhZhWNAH99A5OuodQ=</latexit>

nh = 0.05

<latexit sha1_base64="q2pkWTi+Yo5j8dO0qEr7Cnz9x2U="></latexit>

Cy
1 (x̃)

<latexit sha1_base64="n3t+l/2nIjqhMZXjyX8yqBm7+D0=">AAACK3icbVDLSgMxFM34tr516SZYBN2UjtTHUnDjUsGq0BlLkrmjoUlmSO6oZZj/cKt7v8aV4tb/MK1d+DoQOJxzL+fm8FxJh83mazA2PjE5NT0zW5ubX1hcWl5ZPXdZYQW0RaYye8mZAyUNtFGigsvcAtNcwQXvHQ38i1uwTmbmDPs5xJpdG5lKwdBLV0fdna0IpUqgvK+2u8v1ZqM5BP1LwhGpkxFOuivBdJRkotBgUCjmXOcgx7hkFqVQUNWiwkHORI9dQ8dTwzS4uBxeXdFNryQ0zax/BulQ/b5RMu1cX3M/qRneuN/eQPzP6xSYHsSlNHmBYMRXUFooihkdVEATaUGg6nvChJX+VipumGUCfVE/UrhlPUD/DwN3ItOamaSMOK86YVyW0SCZp7QeVlXNVxf+LuovOd9phHuN1mmrfrg7KnGGrJMNskVCsk8OyTE5IW0iiCUP5JE8Bc/BS/AWvH+NjgWjnTXyA8HHJxTRptM=</latexit>

C2(x̃)
<latexit sha1_base64="z7Z1NN2dDdXLdJ6q04w8veNk9sw="></latexit>

hC2(x̃)i

<latexit sha1_base64="qsp3U4+q3hlKyotPC/uvbg40kj8="></latexit>

hCy
1 (x̃)i

<latexit sha1_base64="4+WoQDmCJDv5rmRMIwVqY7t2rFg="></latexit> C
y 1
(x̃
),
C

2
(x̃
)

<latexit sha1_base64="kgtN6Sc6h7RN65lFwsrSJD00/nU="></latexit>

pred. ⇢̂s ⌦ ⇢̂c

<latexit sha1_base64="pEZMe0zPbOPaboFGrg7cC0vxUi0="></latexit>

(a)

Figure 6.14: Reconstruction of long ladders. (a), Correlations Cy
1(x̃) = ⟨Ŝz

[x̃,0̃]Ŝ
z
[x̃,1̃]⟩ and C2(x̃) =

⟨Ŝz
[x̃,0̃]Ŝ

z
[x̃+1,1̃]⟩ + ⟨Ŝz

[x̃+1,0̃]Ŝ
z
[x̃,1̃]⟩ in squeezed space for a 40 × 2 mixD t-J ladder, with t/J = 3,

nh = 0.05 at T/J = 5/3 and using 20,000 snapshots. In the bulk of squeezed space, saturation of
the correlators is observed for all considered hole dopings, as illustrated by the solid lines cor-
responding to averages within the boxed region. (b), Hamiltonian reconstruction results reveal
that for all hole concentrations, hole motion drives the spins into a highly frustrated state (blue
symbols). We discard the outer eight sites in squeezed space when reconstructing the effective
Hamiltonians, as illustrated by the yellow box in (a). The separation ansatz yields similar results
as the full reconstruction, illustrated by red symbols.
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Figure 6.15: Finite temperature convergence. Convergence properties of finite-T simulations
of a Lx × Ly = 40 × 4 Jx

1 -Jy
1 -J2 Heisenberg model. To evaluate convergence of spin-spin corre-

lations, we compute the static spin-structure factor (SSSF) along a single ladder leg y, given by
Sy(q) = 1√

Lx
∑xi ,xj

e−iq(xi−xj) ⟨Ŝz
[xi ,y]

Ŝz
[xj,y]

⟩. Purely local TDVP evolution schemes starting from
the maximally entangled state, Eq. (6.16), perform poorly compared to global evolution meth-
ods (Krylov). A single global step with ∆τ = 0.1 followed by TDVP imaginary time evolution
(denoted by "Hybrid") is observed to be sufficient to reach convergence towards to the fully
global result.

ρ̂ = ρ̂c ⊗ ρ̂s yields similar qualitative results as the full reconstruction, cf. the red symbols in
Fig. 6.14 (b).

6.7.2 Finite temperature simulations

We use purification schemes within the MPS framework to simulate both mixD t-J and Jx
1 -Jy

1 -J2

Heisenberg models at finite temperature. In the spin sector, we employ a grand-canonical en-
semble, allowing for thermal spin magnetizations. In the mixD model, we conserve its additional
symmetries in the charge sector, namely the separate U(1) charge conservation symmetries in
each ladder leg (i.e. in the charge sector, calculations are canonical in each leg separately).

The maximally entangled state, which is the initial state of the imaginary time evolution un-
der the purification scheme, for the Heisenberg model at infinite temperature and in the grand-
canonical ensemble reads

|Ψ(β = 0)⟩ =
L−1⊗
i=0

(
∑

σ=↑,↓
|σ, σ̄⟩

)
. (6.16)

Here, {|↑⟩ , |↓⟩} is the single particle basis of the Heisenberg model with ↑̄ =↓, ↓̄ =↑. On the
other hand, in the mixD system, whose local Hilbert space dimension is larger by one degree, the
maximally entangled state in the "leg-canonical" ensemble in the charge sector and the grand-
canonical ensemble in the spin sector is given by Eq. (5.5).

After retrieving the maximally entangled state, we employ imaginary time evolution tech-
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niques to evolve the state away from β = 0 towards finite temperatures. As done repeatedly
throughout this thesis, we employ global methods for a single step in imaginary time, after
which the entanglement in the system (and the bond dimension of the thermal MPS) has suffi-
ciently increased to switch to local methods for computational speed. Convergence of the spin-
structure factor in a 40 × 4 Heisenberg model for various evolution schemes and cutoff param-
eters is shown in Fig. 6.15. Starting solely via TDVP from the maximally entangled state shows
poor convergence towards the global Krylov result (purple curve), even for low weight cutoffs of
wT = 10−10 (blue curve). A single Krylov step followed by TDVP steps (denoted here the hybrid
scheme) is seen to be sufficient to converge towards the purely global evolution.

For our mixD calculations, we fix weight cutoffs to wK = 10−7 and wT = 10−10 for the Krylov
and TDVP imaginary time evolution, respectively, where convergence is observed. Reconstruc-
tions of the spin-Hamiltonian in squeezed space using the Jx

1 -Jy
1 -J2 Heisenberg model are done

with identical truncation parameters. For the Jx
1 -Jy

1 -J2 Heisenberg model of size 20× 4, we choose
wK = 10−6 and wT = 10−9 for both the initial simulation as well as the reconstruction.
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7
Geometric fractionalized Fermi liquid: A theory
for the pseudogap

Summary. One of the central mysteries of hole-doped cuprates is the pseudogap phase,
whose unusual properties are believed to be essential for understanding high-temperature
superconductivity. While a broad variety of theoretical proposals have been put forward
in the past decades (some of which are reviewed in this chapter), a unified view connect-
ing the pseudogap to other observed phases, like AFM and stripe phases, has remained
elusive. In this chapter, we propose a scenario in which these phases all have a common
origin: The spins in the material form an ordered AFM background, on top of which fluc-
tuating domain walls exist that can disrupt and obscure long-range order. We suggest
that these fluctuating domain walls are at the heart of the pseudogap phase. They break
down magnetic order in real space, leaving only short-range AFM correlations detectable
in experiments. Additionally, we propose that these domain wall fluctuations lead to a
topological phase (an odd Z2 spin liquid), which supports the formation of a small Fermi
surface, aligning with experimental observations. At a critical point, the hidden AFM
order fully dissolves, restoring spin symmetry without a divergent correlation length.

7.1 Introduction

As introduced in Sec. 2.1, one of the key features of hole-doped cuprates is the presence of an
extended pseudogap phase, whose microscopic origin has been the subject of intense investiga-
tion since its discovery. Various explanations have been proposed for the pseudogap, including
links to symmetry-breaking orders such as stripes or pairing, and the emergence of novel frac-
tionalized Fermi liquid (FL*) phases. The topological nature of the FL* phase has been identified
as a scenario compatible with a small Fermi surface without symmetry breaking, as suggested
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experimentally. In the following, we will introduce Luttinger’s theorem—a result central to the
discussion of the pseudogap— in Sec. 7.2. We then give a brief overview of key experimental
results in Sec. 7.3, and review some of the main theoretical scenarios that shape our current
understanding of the pseudogap phase in Sec. 7.4.

With recent experimental and numerical studies supporting an intricate relationship be-
tween stripe order and the pseudogap phase, we then propose an alternative FL* scenario in
Sec. 7.5: a fractionalized Fermi liquid with a geometric origin (GFL*) driven by fluctuating do-
main walls. The essential mechanism behind our proposal is hidden order, where the prolif-
eration of domain walls stabilized by charge fluctuations obscures the underlying long-range
antiferromagnetic order in real-space, but order is preserved in the reference frame of the back-
ground spins. As a result, well-defined fermionic quasiparticles in the form of magnetic polarons
exist, which couple to Z2 topological excitations of the domain wall string-net condensate in the
ground state and constitute a small Fermi surface. At a critical doping value, we argue that hole
motion frustrates the spin background (see also Chap. 6) to an extend where hidden order is lost,
driving a transition to a regular Fermi liquid at a hidden quantum critical point (hQCP) featuring
quantum critical transport properties. By relating our theory to the experimental observations
introduced in Sec. 7.3, we conclude this chapter in Sec. 7.6.

This chapter, in particular Sec. 7.5, is based on the following preprint, with partial textual
overlap:

[4] HS, A. Bohrdt, and F. Grusdt Geometric fractionalized Fermi liquids: Hidden anti-
ferromagnetism and pseudogap from fluctuating stripes, arXiv 2411.03419 (2024)

7.2 Luttinger's Theorem

To begin our discussion on the pseudogap phase, we first examine Luttinger’s theorem, which
connects the volume of the Fermi surface in an interacting Fermi liquid to the particle density of
the system. Initially, Luttinger’s theorem was established using perturbative methods, applicable
when interactions are weak enough to allow expansions around non-interacting fermions [100].
Later, it was generalized to strongly correlated systems by defining the Fermi surface via the
zeros of the Green’s function [266].

In 2001, M. Oshikawa proposed an elegant topological approach based on a flux insertion
protocol for systems wrapped on a torus. Here, we will focus on this method and briefly re-
derive Oshikawa’s proof, based on Ref. [130]. Following this, we will explore how the Luttinger
count can be modified when a Fermi liquid couples to certain quantum spin liquids, leading to
the fractionalization of the Fermi surface. This forms the foundation for our discussion of the
geometric fractionalized Fermi liquid in the main part of this chapter. The following derivation
is based on Refs. [16,130], which we refer to for a detailed introduction into fractionalized Fermi
liquids.

Consider a many-body system described by the Hamiltonian Ĥ on a lattice, which we wrap
on a torus with dimensions Lx × Ly (and unit lattice spacing), see Fig. 7.1 (a). The first assumption
of Oshikawa’s topological proof is that the system features translational invariance; in particular,

https://arxiv.org/abs/2411.03419
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Figure 7.1: Luttinger’s theorem. (a) Flux insertion protocol when gauging a global U(1) sym-
metry for a (lattice) system on a torus. Assuming translational invariance results in the very
general expression Eq. (7.2) for the change of the total momentum of the gauged wave function.
(b) When assuming that all low-energy excitations are given by fermionic quasiparticles forming
a Fermi surface, their absorbed momentum can be calculated through a surface integral over the
Fermi surface. This again leads to an expression for the change of momentum (by adding up all
contributions from the Fermi surface), leading to Eq. (7.5). These two assumptions ultimately
lead to Luttinger’s theorem, Eq. (7.7).

this means that interactions preserve the total momentum of the state, which will be crucial
for what follows. Furthermore, let us assume that the many-body system features a set of U(1)
symmetries, e.g. charge and/or spin conservation.

Consider the ground state of the Hamiltonian, |Ψ0⟩, which is, accordingly, invariant under
lattice translations. This implies that

T̂x |Ψ0⟩ = eiPx |Ψ0⟩ , (7.1)

where T̂x is the operator for translations along the x-direction, and Px is the momentum of the
state modulo 2π. Furthermore, |Ψ0⟩ has a well-defined total U(1) charge, which we label by the
integer N.

What happens when we gauge this global U(1) symmetry? To probe this, we adiabatically
introduce a flux Φ through one cycle of the torus, as illustrated in Fig. 7.1 (a). The result-
ing Hamiltonian is modified to Ĥ → Ĥ(Φ). For each Φ, the instantaneous ground state is
given by |Ψ0(Φ)⟩, with energy ϵ0(Φ). Specifically, when inserting a 2π flux, the resulting state
|Ψ′

0⟩ = |Ψ0(2π)⟩ is gauge equivalent to the state without inserted flux, |Ψ0⟩, i.e., there exists a
gauge transformation Û that maps |Ψ′

0⟩ = Û |Ψ0⟩. Nonetheless, |Ψ′
0⟩ generally differs from |Ψ0⟩;

specifically, the flux insertion shifts the momentum Px by an amount ∆Px, given by

∆Px =
2π

Lx
N (mod 2π). (7.2)

We can easily see that the above is the case for non-interacting particles. Consider, for in-
stance, free electrons on a periodic 1D lattice with Lx sites, such that energy levels are given by
ϵ(kx) = −2t cos(kx); allowed momenta are kx = 2π

Lx
M, with M = 0, . . . L − 1. Inserting a 2π

flux through the 1D ring modifies the energy levels to ϵ(kx) = −2t cos(kx − 2π/Lx). Hence, the
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Figure 7.2: Momentum shift upon flux insertion. Change of energy levels upon threading a
periodic 1D tight-binding hopping chain with a 2π flux. Though each single-particle state is
shifted in its momentum by 2π/Lx, the set of eigenstates stays invariant, i.e., Ĥ(0) and Ĥ(2π)
are gauge-equivalent.

set of energy levels of Ĥ and Ĥ(2π) are equivalent, but the momentum of each single-particle
state has been shifted by 2π/Lx, see Fig. 7.2. Therefore, for a many-body wave function with
N particles, the momentum shift is given by Eq. (7.2). As translationally invariant interactions
preserve the systems’s total momentum modulo 2π, the result remains valid even for interacting
systems and is thus very general.

This reasoning so far only assumes translational invariance and global U(1) symmetry, with-
out specifying further details about the system. Let us now assume that the ground state is that
of a Fermi liquid, where low-energy excitations are fermionic quasiparticles near the Fermi sur-
face. Including the spin degree of freedom (σ =↑, ↓) introduces two global U(1) symmetries:
one for total particle number and another for Sz. Each symmetry independently satisfies Lut-
tinger’s theorem. The quasiparticles, represented by operators f̂k,σ (with σ = ± corresponding
to spin-up and spin-down), are described by the following effective action,

SFL =
∫

dτ
∫ dk

(2π)2 ∑
σ=±

f̂ †
k,σ

(
∂τ −

i
2

σAs
τ − iAe

τ + ε(k − σAs/2 − Ae)

)
f̂k,σ. (7.3)

Here, τ represents imaginary time, ε(k) is the quasiparticle dispersion, and the gauge fields
Ae

µ = (Ae
τ, Ae) and As

µ = (As
τ, As) couple to the two conserved U(1) charges: particle number

and Sz, respectively. We now consider the system under a specific flux insertion, where a 2π

flux couples to only the up-spin electrons. This corresponds to choosing As
µ = 2Ae

µ ≡ Aµ. The
momentum shift for this configuration from Eq. (7.2) is

∆Px =
2π

Lx
N↑ (mod 2π) =

2π

Lx

N
2
(mod 2π), (7.4)

assuming an equal number of spin-up and spin-down electrons (N↑ = N↓ = N/2). Now let us
calculate ∆Px of the spin-up quasiparticles using the Fermi liquid description. Each quasiparticle
near the Fermi surface acquires a momentum shift of δpx = 2π/Lx due to the flux insertion, see
Fig. 7.1 (b). To compute the total momentum shift, we sum over all quasiparticles near the Fermi
surface. Using the divergence theorem, this surface integral is equivalent to integrating over the
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volume enclosed by the Fermi surface, and we find

∆Px =
2π

Lx

(
LxLy

VFS

(2π)2

)
(mod 2π), (7.5)

where VFS represents the momentum space area enclosed by the Fermi surface. Note that while
the calculation extends to the entire momentum space for mathematical convenience, the phys-
ical contributions arise solely from the region near the Fermi surface where quasiparticles are
well-defined. Naively equating Eq (7.4) and Eq. (7.5) yields Luttinger’s theorem1:

VFS

2π2 =
N

LxLy
(mod 2). (7.6)

Finally, for hole-doped cuprates, where the hole density from the fully occupied band is 1 + δ,
this result implies for the hole-like Fermi surface

VFS

2π2 = (1 + δ) (mod 2). (7.7)

As we will introduce in the following section, while experiments are consistent with this picture
in the overdoped FL region of cuprates, Luttinger’s theorem seems to be violated in the pseu-
dogap phase: Here, the volume of the Fermi surface is consistent with a density of δ, and not
1 + δ as in Eq. (7.7), which is one of the central mysteries surrounding the pseudogap phase in
hole-doped cuprates.

7.3 A brief experimental survey of the pseodogap phase

Ever since its discovery, there has been an overwhelmingly vast number of experiments in the
pseudogap phase. In this section, we shall focus on some key results to build up an understand-
ing of the enigma of the pseudogap phase in hole-doped cuprates. Therefore, the following is by
no means a comprehensive study of experimental findings, but should rather be interpreted as
a brief survey of experimental evidence for various properties of the pseudogap which by now
are well established. For recent reviews, we refer to Refs. [101, 267]

Magnetic correlations

Early experiments in the pseudogap regime heavily focused on its magnetic properties, primar-
ily due to its proximity in the phase diagram to long-range antiferromagnetic (AFM) order. To
probe magnetic properties, inelastic neutron scattering (INS) experiments have been instrumen-
tal [24]. This technique measures the spin structure factor with full momentum and energy
resolution, providing a direct window into magnetic correlations and fluctuations. By analyz-
ing the position and width of intensity peaks in momentum space, one can gain insights into
magnetic order and fluctuations within the pseudogap regime.

1For the complete argument, one has to carefully handle (mod 2π) terms, which includes to choose Lx and Ly to
be mutual prime numbers.
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Figure 7.3: Magnetic properties in the pseudogap phase. (a) Antiferromagnetic correlation
length as a function of hole-doping δ in a Lanthanum-based cuprate using neutron scattering.
Figure taken and adapted from Ref. [268]. (b) Paramagnon dispersions from X-Ray scattering
of an undoped parent compound (black) and in several underdoped systems (colorful). Figure
taken and adapted from Ref. [103].

Fig. 7.3 (a) shows the AFM correlation length as a function of hole-doping δ in La2−xSrxCuO4,
taken from Ref. [268]. One of the most striking characteristics when entering the pseudogap
from the AFM phase is the sharp drop in AFM correlations: Beyond a few percent doping, the
correlation length falls below approximately 15 Å, corresponding to just 2-3 lattice sites. The
efficiency with which magnetic order is disrupted in this doping range remains one of the central
puzzles of the pseudogap phase [24].

Paramagnons

INS experiments have mostly detected spin excitations in a narrow energy range and momen-
tum region of the Brillouin zone, with limited spectral weight. The limitations of INS, including
weak magnetic scattering signals and the need for large single-crystal samples, have hindered
the exploration of high-energy and broad momentum-range spin excitations [103]. To this end,
high-resolution resonant inelastic X-ray scattering (RIXS) have enabled a more detailed study of
magnetic excitations across various doping levels in hole-doped cuprates. These experiments
reveal dispersive spin-wave-like excitations (paramagnons) with energies up to 300 meV and
spectral weights comparable to those of undoped parent compounds, suggesting that signifi-
cant magnetic spectral weight persists even in doped systems. A a result, it has been established
that spin-wave-like excitations are well defined even within the pseodogap regime; a RIXS study
showing the paramagnon dispersions of various doped compounds in comparison to a proto-
typical undoped material is shown in Fig. 7.3 (b), taken from Ref. [103]. For further resonant
X-ray scattering experiments underlining the existence of paramagnons, see e.g. Refs. [104, 105].

Partial suppression of spectral weight

One of the most well-known features of the pseudogap is the partial suppression of spectral
weight observed in angle-resolved photoemission spectroscopy (ARPES) measurements [87–90].
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Figure 7.4: ARPES in hole-doped cuprates. (a) ARPES spectrum in overdoped Tl2Ba2CuO6+δ

at δ = 0.25, revealing a closed, large hole-like Fermi surface. Image taken from [269]. (b) ARPES
spectrum of underdoped Ca2−δNaδCuO2Cl2 at δ = 0.1. A closed Fermi surface is replaced by
Fermi arcs around the node; spectral weight at other parts of the BZ is heavily suppressed. Image
taken and adapted from Ref. [87].

In these experiments, photons are directed at the material, causing the ejection of electrons. By
analyzing the in-plane momentum (determined by the ejection angle) and the energy of the
emitted electrons, ARPES provides a direct probe of low-energy fermionic excitations.

In a conventional Fermi liquid, regions of high intensity in ARPES spectra correspond to the
Fermi surface of the underlying electrons. This behavior is observed in overdoped cuprates deep
within the Fermi liquid regime. For example, in the overdoped Tl2Ba2CuO6+δ (see Fig. 7.4 (a),
adapted from Ref. [269]), ARPES reveals a large hole-like Fermi surface centered around Q =

(π, π), consistent with the band structure of free carriers hopping on a 2D lattice.
In stark contrast, the underdoped regime exhibits a markedly different behavior. Here, spec-

tral weight is predominantly observed near the nodal regions2, resulting in the characteris-
tic "Fermi arcs"—broad arc-like features around (π/2, π/2), as shown for Ca2−δNaδCuO2Cl2

at δ = 0.1 in Fig. 7.4 (b) (adapted from Ref. [87]). Around the antinodal regions3, the spec-
trum is partially gapped, and no clear closed Fermi surface is observed, giving rise to the term
"pseudogap". The emergence of Fermi arcs without evidence of a closed Fermi surface is one of
the most intriguing and unresolved aspects of the pseudogap phase in hole-doped cuprates.

Quantum oscillations

The partial suppression of spectral weight in specific regions of the Brillouin zone raises a crit-
ical question: do coherent, fermionic quasiparticles exist in the pseudogap phase? Specifically,
is the suppression caused by (i) a partial gap in the spectrum, or (ii) evidence of anomalously
small Fermi pockets, with parts of the ARPES signal being suppressed on their back sides? To
address this, quantum oscillation experiments have provided valuable insights into the pseudo-

2The nodal region corresponds to momenta close to (π/2, π/2).
3The antinodal region corresponds to momenta close to (0, π) and (π, 0).
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Figure 7.5: Quantum oscillation experiments and Fermi surface volumes. (a) Comparison of
quantum oscillations in the overdoped regime of Tl2Ba2CuO6+δ and the underdoped regime of
YBa2Cu4O8. Image taken and adapted from Ref. [92] (b) Fermi surface fit to ARPES data in the
overdoped region of Tl2Ba2CuO6+δ under the constraint of fixing VFS to the value as given by
quantum oscillations. Image taken from Ref. [91], see also Ref. [269]. (c) The same as in (b) for
the underdoped region of Ca2−δNaδCuO2Cl2. Quantum oscillations are consistent with small
Fermi surface pockets, enclosing a volume ∝ δ. Image taken from Ref. [91], see also Ref. [87].

gap phase.

In these experiments, strong magnetic fields quantize electronic states into Landau levels.
The passage of Landau levels through the Fermi surface causes oscillations in observables cou-
pled to the density of states as a function of the inverse magnetic field strength. These oscillations
offer direct evidence of coherent quasiparticles and, if fermionic, reveal information about the
Fermi surface, including its volume and geometry [91–94].

Fig. 7.5 (a) shows quantum oscillation measurements of magnetic torque for overdoped
Tl2Ba2CuO6+δ and underdoped YBa2Cu4O8 (YBCO). In the overdoped compound, high-
frequency oscillations are observed, consistent with a large Fermi surface. The frequency ν of
these oscillations corresponds to the extremal cross-sectional area A of the Fermi surface, given
by the Onsager relation [92]

A = 2π
eν

h̄
, (7.8)

where e is the elementary electronic charge. The Fermi surface area derived from these oscil-
lations matches the surface inferred from ARPES measurements in the overdoped regime, as
shown in Fig. 7.5 (b).
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Figure 7.6: Hall coefficient measurements. The doping dependence of the Hall number, nH =
V/eRH, which directly reflects the carrier density in hole-doped cuprates. Figure taken from
Ref. [96]. Shown are data for La2−x Srx CuO4 (circles, Ref. [95]) and YBCO with δ < 0.08 (gray
squares, Ref. [270]), and δ > 0.15 (red squares, Ref. [96]). The red and blue lines show nH =
δ and nH = 1 + δ, respectively. The green shaded region highlights the range of doping in
YBCO where Fermi surface reconstruction due to CDW order occurs, where the Fermi surface is
electron-like (i.e., RH < 0). As doping decreases from the overdoped regime, the carrier density
transitions sharply from 1 + δ to δ at the critical doping δ∗ ≈ 0.19 (black dashed line), which
precisely corresponds to the onset of the pseudogap phase in YBCO. Above the plot, schematic
representations of the Fermi surface illustrate the changes across doping regions: small nodal
hole pockets (red) for δ < 0.08 under magnetic order (SDW); small electron pockets (green) for
0.08 < δ < 0.16 associated with charge order (CDW); and a single large hole surface (blue) for
δ > δ∗, corresponding to a Fermi-liquid state (gray region). Between 0.16 < δ < 0.19, the carrier
density is consistent with a small Fermi surface, albeit no broken symmetries. This may facilitate
a region where a fractionalized Fermi liquid is realized, see Sec. 7.4.

In the underdoped regime, quantum oscillations are also observed, though with a much
lower frequency. Indeed, the observed frequencies are consistent with the the presence of co-
herent fermionic quasiparticles enclosing a small Fermi surface ∝ δ instead of ∝ 1+ δ. Fig. 7.5 (c)
illustrates how the small Fermi pocket inferred from quantum oscillation experiments can be fit
to the ARPES data, where the observed spectral weight may be interpreted as the front side of a
hole pocket. The overlays are taken from Ref. [91] (see also Refs. [87, 269]).

Hall measurements

The picture of fermionic quasiparticles forming a small Fermi surface is further supported by
carrier density measurements, such as Hall effect experiments [95–97]. Fig. 7.6 illustrates the
Hall carrier density nH as a function of doping δ in (mainly) YBCO across a wide doping range,
taken from Ref. [96].
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At small doping values, spin- and charge-density wave order reconstruct the Fermi surface,
leading to a modified Luttinger count and hence a small Fermi surface, as discussed in Sec. 7.4.1.
For large doping levels (δ > 0.2), Hall coefficient measurements align with the presence of a
large Fermi surface, consistent with Luttinger’s theorem of a metal without symmetry breaking,
where nH ∝ 1 + δ. As the system enters the pseudogap regime from the overdoped FL phase
at δ < 0.19, Hall measurements suggest the presence of small Fermi pockets, with nH ∝ δ,
although no broken symmetries are apparent. This transition in Hall response provides further
compelling evidence for a reconstruction of the Fermi surface in the pseudogap phase, evident
in Fig. 7.6 between 0.16 < δ < 0.19. As we will discuss in Sec. 7.4.3, this suggests the existence
of a non-trivial topological structure of the metal, which can modify Luttinger’s count without
any broken symmetry.

The above results are corroborated by optical conductivity [98] and magnetoresistence [99]
measurements, which all show strikingly accurate vanilla Fermi liquid behavior consistent with
a small Fermi surface.

Summary

To conclude, we summarize the key experimental observations discussed above. While this list
is somewhat subjective and not exhaustive, any comprehensive theory of the pseudogap phase
should account for the following features:

□ Short-range antiferromagnetic (AFM) correlations are present, but there is no evi-
dence of long-range AFM order.

□ Well-defined paramagnons, or spin-wave-like excitations, are observed.

□ A partial suppression of the single-particle spectral function occurs, manifesting as
the emergence of Fermi arcs.

□ Coherent fermionic quasiparticles are evident.

□ The system exhibits plain Fermi liquid behavior with a small Fermi surface area
scaling as VFS ∝ δ.

□ No local order parameter has been identified that drives a thermal or quantum phase
transition into or out of the pseudogap phase.

7.4 Theoretical scenarios for the pseudogap phase

Over the past decades, numerous theories have been proposed to explain the pseudogap phe-
nomenon, each shaped by the evolving body of experimental data. A particularly intriguing
conceptual challenge emerged with the observation of coherent quantum oscillations: how to
reconcile the existence of a small Fermi surface with the absence of symmetry breaking. In what
follows, we provide a brief overview of the key ideas that have influenced theoretical investiga-
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tions of the pseudogap phase. Again, note that this is not intended to be an exhaustive list, but
rather a summary of foundational concepts that are relevant for our discussion in Sec. 7.5.

7.4.1 Symmetry broken metal

One of the most straightforward explanations for several characteristics of the pseudogap phase
arises from a scenario that does involve long-range antiferromagnetic (AFM) order that breaks
lattice translational symmetry in a metallic state [16, 101]. To this end, we will treat the Fermi-
Hubbard model using a mean-field approximation. In its particle-hole symmetric formulation,
the FH Hamiltonian reads

ĤFH = −t ∑
⟨i,j⟩

∑
σ=↑,↓

ĉ†
i,σ ĉj,σ + h.c. + U ∑

i

(
n̂i,↑ −

1
2

)(
n̂i,↓ −

1
2

)
. (7.9)

Anticipating a metallic state close to an AFM instability at half filling, the system can be de-
coupled in the particle-hole channel by introducing the bosonic collective mode Φ (Hubbard-
Stratonovich field), often referred to as the "paramagnon field" [16]. The (exact) partition func-
tion then reads

Z =
∫

∏
i,σ

Dciσ(τ)∏
i
DΦi(τ) exp

(
−
∫

dτ

{
∑
k,σ

c̄k,σ

[ ∂

∂τ
+ϵk

]
ck,σ

+ ∑
i

[
3

8U
Φ2

i − Φi · Si

]})
,

(7.10)

where we have used the local identity U
(
n̂i,↑ − 1

2

) (
n̂i,↓ − 1

2

)
= − 2U

3 S2
i +

U
4 with the spin defined

as Si =
1
2 ∑α,β c̄i,ασα,βci,β.

Condensation of paramagnons leads to a spin-density wave instability with wave vector Q =

[π, π] on the square lattice, resulting in a metallic state with spontaneous spin polarization that
has opposite orientation Φi∈A/|Φi∈A| = −Φi∈B/|Φi∈B| on A and B sublattices, i.e.,

Φi = Ωi exp(iQ · i), (7.11)

with ⟨Ωi⟩ ̸= 0 and Ωi the alignment of the Néel field. Explicitly plugging Eq. (7.11) into Eq. (7.10)
and describing the AFM symmetry breaking in a standard Ω4 theory yields the following long-
wavelength field theory (the "spin-fermion" model, see also Ref. [101]),

Z =
∫

∏
i,σ

Dciσ(τ)∏
i
DΩi(τ) exp

(
−
∫

dτ

{
∑
k,σ

c̄k,σ

[ ∂

∂τ
+ ϵk

]
ck,σ

− λ ∑
i,α,β

c̄i,αΩi · σα,βci,βeiQ·i +
∫

dr

[
v2

2
(∇rΩ)2 +

1
2
(∂τΩ)2 +

s
2

Ω2 +
u
4

Ω4

]})
.

(7.12)

Here, the part proportional to λ is the spin-fluctuation induced scattering of fermions from one
side of the Fermi surface to the other.

When AFM order establishes below s < sc, the Fermi surface is reconstructed due to the
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coupling of momenta k with k + Q. In particular, hole pockets are formed close to hot-spots
where the spin-density wave gaps out the electronic spectrum [16, 101]. This realizes the well-
understood scenario where the pseudogap emerges from a spontaneously broken translational
symmetry.

We can see this concretely when analyzing the FH Hamiltonian within Hartree-Fock theory,
where the Hamiltonian with long-range AFM order [i.e., for s < sc in Eq. (7.12)] can be expressed
in a Nambu-like basis [271],

ĤMF = ∑
k

(
ĉ†

k,↑, ĉ†
k+Q,↓

)(ϵk ∆
∆ ϵk+Q

)(
ĉk,↑

ĉk+Q,↓

)
. (7.13)

Here, ϵk = −2t[cos(kx) + cos(ky)] − 4t′ cos(kx) cos(ky) is the single-particle dispersion for
electrons on a 2D lattice with nearest-neighbor (t) and diagonal (t′) hopping terms. The mean-
field gap ∆ is determined self-consistently in the half-filled case, while in the doped case, ∆ gen-
erally depends on doping. For simplicity, we focus on the properties of the mean-field Hamil-
tonian Eq. (7.13) for varying ∆ and chemical potential µ, rather than a full self-consistent deter-
mination of ∆.

To compute the spectral function, we first evaluate the Green’s function,

Gij(ω, k) =

[
(ω + iη)−

(
ϵk ∆
∆ ϵk+Q

)]−1

ij

, (7.14)

where η is an artificial broadening, and i, j = 0, 1 label the matrix elements of G. For ∆ = 0, the
single-particle spectral function reads A(ω, k) = −2Im [G(ω, k)] = −2Im

[
(ω + iη − ϵk)

−1].
Hence, for finite ∆, we evaluate A(ω, k) = −2Im

[
G(ω, k)i=0,j=0

]
to obtain the single-particle

spectral function of the AFM metal.

Following Ref. [271], we fix the dispersion parameters as t = 1, t′ = −0.35, and η = 0.05,
and compute A(ω = 0, k) for varying µ and ∆, shown in Figure 7.7. The white lines indicate
where ϵk − µ = 0 and ϵk+Q − µ = 0. For slight hole doping (µ = −0.6), hole pockets appear
around q = (π/2, π/2), along with electron pockets originating from the upper band after
band folding, Fig. 7.7 (a). As hole doping increases, the electron pockets vanish, leaving only
hole pockets, Fig. 7.7 (b). Notably, the spectral weight on the backsides of these pockets, arising
from the ϵk+Q band, is suppressed.

This suppression can also be understood by directly diagonalizing Eq. (7.13). Further follow-
ing Ref. [271], this gives

Û†ĤMFÛ = ∑
k

∑
s=∓

Ek,s â†
k,s âk,s, (7.15)

where Ek,∓ are the quasiparticle energies, given by

Ek,∓ =
ϵk + ϵk+Q

2
∓
√

1
4
(ϵk − ϵk+Q)

2 + ∆2. (7.16)



7.4 Theoretical scenarios for the pseudogap phase 131

Figure 7.7: AFM metal: Single-particle spectral weight. (a) At slight hole doping, hole and
electron pockets emerge from the hybridization of the ϵk and ϵk+Q band. Parameters are chosen
as t = 1, t′ = −0.35, ∆ = 0.4, µ = −0.6, and η = 0.05. (b) At higher hole doping levels, only hole
pockets remain, located around (0,±π) and (±π, 0). Parameters: t = 1, t′ = −0.35, ∆ = 0.63,
µ = −1.2, and η = 0.05. White lines indicate where ϵk − µ = 0 (open lines) and ϵk+Q − µ = 0
(closed, centered lines).

The transformation to the diagonal basis is achieved through the matrix Û, such that

(
ĉk,↑

ĉk+Q,↓

)
=

 ∆√
∆2+(ϵk−Ek,−)2

∆√
∆2+(ϵk−Ek,+)2

−∆√
∆2+(ϵk−Ek,+)2

∆√
∆2+(ϵk−Ek,−)2


︸ ︷︷ ︸

=Û

(
âk,−
âk,+

)
. (7.17)

Using this diagonalization, the spectral function is given by

A(ω, k) =
∆2

∆2 + (ϵk − Ek,−)2 δ(ω − Ek,−) +
∆2

∆2 + (ϵk − Ek,+)2 δ(ω − Ek,+). (7.18)

For A(ω = 0, k) under hole doping, only the first term in Eq. (7.18) contributes, with a prefactor

∆2

∆2 + ϵ2
k

, for Ek,− = 0. (7.19)

This reveals that the spectral weight is anisotropic: it is maximized where ϵk = 0 and suppressed
elsewhere. This explains the regions of high spectral weight in Fig. 7.7 (b) near the open white
lines (corresponding to ϵk = 0) and the suppressed weight near regions where ϵk+Q = 0.

How is the formation of a small Fermi surface in the AFM metal consistent with Luttinger’s
theorem? Looking back at Sec. 7.2, we see that the proof crucially builds on translational sym-
metry. When this invariance is broken, e.g. if the system forms an antiferromagnetic metal, the
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size of the unit cell and hence the size of the BZ changes, wich we need to account for4. After
going through similar arguments as presented in Sec. 7.2, Luttinger’s theorem in the presence of
an AFM ordered background reads

VFS

2π2 = δ (mod 2). (7.20)

This indeed corresponds to a small Fermi surface with the volume proportional to the doping
level δ. Therefore, a small Fermi surface naturally arises ("legally" under Luttinger’s theorem)
when the system features symmetry breaking.

In this symmetry breaking scenario, the existence of a quantum critical point as a function
of doping has been proposed to explain the anomalous transport properties found in the high-
temperature region of the pseudogap regime, i.e. linear-in temperature resistivity [132, 133].
Here, the corresponding critical doping corresponds to the point where the critical temperature
of the putative symmetry-breaking order that competes with superconductivity vanishes. It has
been argued, however, that the disruption of a large Fermi surface by conventional (thermally
fluctuating) order unlikely explains universal Fermi liquid-like observations with carrier density
δ in the pseudogap phase [101,114]. One particular objection is that the transition into the pseu-
dogap at temperature T∗ does not seem to be captured by a thermodynamic phase transition,
though Berezinskii–Kosterlitz–Thouless-type transitions with weak thermodynamic signatures
can not be ruled out [106].

Building on the above discussion, one can also consider electrons coupling to and scattering
off a different potential, such as one imposed by stripe order, see e.g. Ref. [106]. In this case, the
unit cell becomes larger than two lattice sites, resulting in an N × N mean-field Hamiltonian,
where N depends on the specific type of stripe order. Similar arguments apply, leading to Fermi
surface reconstruction and, in certain cases, the emergence of small hole pockets. However, the
size of these hole pockets is highly sensitive to the microscopic details of the theory, including
doping level, stripe periodicity, and gap size. This sensitivity complicates efforts to explain the
universal features of the pseudogap phase observed in hole-doped cuprates.

The preceding discussion focused on electrons on a 2D lattice, starting from the band struc-
ture of free particles coupled to and scattered by the potential of a long-range ordered back-
ground. This approach begins with non-interacting particles and introduces an instability to-
wards long-range order, leading to Fermi surface reconstruction. Alternatively, one can adopt
a strong-coupling perspective, beginning with an AFM Mott insulator at zero doping and de-
veloping a theory for doped holes in this state. When doped holes delocalize, they disrupt
the background spin order, frustrating the AFM alignment. This process gives rise to mag-
netic polarons—heavy fermionic quasiparticles that gain kinetic energy through superexchange
processes. The resulting theory describes magnetic (or spin-) polarons, with hole pockets
forming around q = [π/2, π/2], consistent with low-energy charge excitations at low dop-
ing [265, 272–279].

In the above scenarios we must, however, address the elephant in the room: the assumption
4In particular, the unit cell is enlarged in each dimension by a factor of a =

√
2, such that we need to modify

Lµ → aLµ for µ = x, y.
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of a symmetry-broken metal with long-range AFM order fundamentally contradicts experimen-
tal observations across a wide range of cuprate families. Beyond approximately 5% doping,
only short-range AFM correlations—spanning a few lattice sites—are observed, as discussed in
Sec. 7.3. Thus, while the symmetry-broken metal captures some key features of the pseudogap
phase, such as the formation of a Fermi liquid with a small Fermi surface, it fails to account for
the lack of long-range order evident in the pseudogap phase.

7.4.2 Preformed pairing

The partial suppression of single-particle spectral weight in ARPES experiments around the
nodal point has motivated the interpretation that the pseodogap can is a precursor of super-
conductivity. In this scenario, the formation of incoherent, preformed Cooper pairs in a subset
of the BZ leads to a partial depletion of fermionic spectral weight around the anti-nodes, whereas
the nodal region remains gapless. While support of this idea has been reported in a variety of
experiments [115–118], temperatures where evidence of preformed pairs has been found are
significantly below the pseudogap temperature T∗. Furthermore, recent measurements of iri-
dates revealed that the pseudogap can exist in broad parameter regimes without the appearance
of superconductivity at lower temperatures, which supports a disparate nature of the the two
phases [119, 120].

7.4.3 Fractionalized Fermi liquid

Neither the picture based on symmetry breaking, nor the preformed pairing scenario can give a
satisfactory explanation for the experimental observations that suggest the formation of a small
Fermi surface without any observable long-range order. This has led to a third class of proposed
scenarios, where the symmetry-breaking orders found at low temperatures are interpreted as
instabilities of a distinct "pseudogap" phase of matter [101, 114, 121]. A prominent scenario is
the formation of a fractionalized Fermi liquid (FL∗) [122], which features well-defined fermionic
quasiparticles in the absence of symmetry-breaking order while violating Luttinger’s theorem.
In the single-band Hubbard model, this scenario can be realized when assuming that local mo-
ments form an odd spin liquid with topological excitations [123, 124], into which mobile hole
carriers are doped [125–130]. While dopants in a spin liquid can decay into fractionalized spin
and charge constituents [131], assuming bound states of the latter leads to a metal with a small
Fermi surface [114]. As we will show below, this apparent violation of Luttinger’s theorem is
caused by topological excitations of the spin liquid, which can absorb momentum in Oshikawa’s
flux insertion protocol [280] that corresponds exactly to unit density (leading to a Fermi surface
of volume ∝ δ instead of ∝ 1 + δ).

Toric code

Before exploring how a quantum spin liquid coupled to fermionic degrees of freedom can frac-
tionalize the Fermi surface, we first review the foundational concepts of a paradigmatic Z2 quan-
tum spin liquid (QSL): the toric code. This exactly solvable model, introduced by A. Kitaev as a
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Figure 7.8: Toric code. (a) Illustration of the toric code Hamiltonian in Eq. (7.21). Qubits are
placed on the links of a square lattice. The Hamiltonian includes products of τ̂x and τ̂z operators,
represented by the green cross and red square, respectively. (b) Applying τ̂z

ℓ locally (green dots)
creates pairs of e-particles, where the star term violates the condition ∏ℓ∈+ τ̂x = η+, highlighted
by the green regions. (c) Similarly, applying τ̂x

ℓ locally (dark red dots) creates pairs of m-particles,
where the plaquette term violates the condition ∏ℓ∈□ τ̂z = η□, indicated by the red regions. The
e-particles reside on the original lattice (green dashed lines in (b)), while m-particles reside on
the dual lattice, i.e., at the centers of the plaquettes (red dashed lines in (c)).

framework for topologically protected quantum computing [281], has significantly advanced our
understanding of quantum spin liquids and topological phases of matter, and offers an intuitive
understanding on how topological ground state degeneracies can alter the Luttinger count.

Consider a square lattice with Z2 degrees of freedom (qubits τ̂) placed on the links ℓ of the
lattice, as shown in Fig. 7.8 (a). The toric code Hamiltonian consists of two terms: first, a product
of spin-flip operators on the "star" terms around a lattice site, ∏ℓ∈+ τ̂x

ℓ , represented by the green
cross in Fig. 7.8 (a). Second, a product of operators on the plaquettes of the lattice, ∏ℓ∈□ τ̂z

ℓ ,
represented by the red square in Fig. 7.8 (a). The Hamiltonian is given by

ĤTC = −η+K+ ∑
+

∏
ℓ∈+

τ̂x
ℓ︸ ︷︷ ︸

:=Â+

−η□K□ ∑
□

∏
ℓ∈□

τ̂z
ℓ︸ ︷︷ ︸

:=B̂□

.
(7.21)

Here, η+, η□ = ±1 are the signs of the two terms. Notably, the two terms in the Hamiltonian
commute, [Â+, B̂□] = 0. For K+, K□ > 0 in Eq. (7.21), the ground state |Ψ0⟩ satisfies

Â+ |Ψ0⟩ =
(

∏
ℓ∈+

τ̂x
ℓ

)
|Ψ0⟩ = η+ |Ψ0⟩ , B̂□ |Ψ0⟩ =

(
∏
ℓ∈□

τ̂z
ℓ

)
|Ψ0⟩ = η□ |Ψ0⟩ , (7.22)

for all plaquette and star terms on the lattice. While individual spins fluctuate, as [ĤTC, τ̂
µ
ℓ ] ̸= 0,

the products Â+ and B̂□ are fixed to ±1 in the ground state.
Excited states then correspond to locally violating the conditions in Eq. (7.22). On the one

hand, we can locally apply τ̂z
ℓ operators, as illustrated in Fig. 7.8 (b). In the x-basis, these oper-

ations flip the corresponding qubits, resulting in a pair of star terms violating Â+ = η+. This
operation always generates a pair of star term violations, denoted as e-particles5. Fig. 7.8 (b)
depicts two scenarios involving e-particles: in the first, a single τ̂z

ℓ operator is applied, while in

5The toric code is essentially a Z2 gauge theory; the e-particle represents an electric particle/excitation, while the
m-particle corresponds to a magnetic excitation.
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Figure 7.9: Berry phases and braiding statistics. (a) Depiction of braiding an e-particle around
an m-particle. Both particles are created in pairs and are connected by lines of flipped τ̂z or
τ̂x operators, represented by the dashed lines. During this process, when the e-particle crosses
the line connecting the m-particle pair, it acquires a Berry phase of π, indicating that spinons
and visons are mutual semions. (b) Moving an m-particle around a lattice site (indicated by the
orange cross) corresponds to applying the star operator at that site, resulting in the ground state
acquiring a Berry phase of η+.

the second, a line of three operators is used, increasing the separation between the e-particles.
Note that e-particles are always located on the vertices of the square lattice, as indicated by the
light green dashed lines in Fig. 7.8 (b).

Similarly, we can locally apply τ̂x
ℓ operators, which flip the spins in the z-basis. This action

locally violates the constraint for B̂□, resulting in the creation of a pair of m-particles (or visons),
as shown in Fig. 7.8 (c). Visons reside on the dual lattice of the square lattice (i.e., at the centers
of the plaquettes), as illustrated by the red dashed lines.

These e- and m-particles exhibit intriguing fractionalized statistics. Consider the case of mov-
ing a spinon (e-particle) around a vison (m-particle), as shown in Fig. 7.9 (a). When a spinon
crosses the τ̂x string of a vison pair, it acquires a minus sign (as the vison string flips the spins
in the z-basis). After completing a full loop around the vison, the final state is identical to the
initial state, except for the π Berry phase acquired during braiding; this shows that spinons and
visons are mutual semions, behaving as particles with statistics intermediate between fermions
and bosons. Specifically, a full rotation of one particle around another produces a Berry phase
of π (in contrast to indistinguishable fermions, where a single exchange suffices to introduce a
minus sign).

Another property of visons, relevant to later discussions, is their braiding statistics when
encircling a single lattice site, as shown in Fig. 7.9 (b) and (c). Moving a vison around the orange
cross corresponds to applying the star term, ∏ℓ∈+ τ̂x

ℓ , at the corresponding lattice site. This
operation results in a state (Fig. 7.9 (c)) equivalent to the original state (Fig. 7.9 (b)), up to a sign
of η+. For η+ = −1, this implies a π Berry phase, signifying an odd Z2 quantum spin liquid
(QSL) ground state. The "odd" designation refers to the presence of a unit Z2 background charge
in the gauge theory, causing magnetic visons to acquire a minus sign when encircling this charge.
As we will discuss later, this property allows an odd QSL to absorb flux corresponding to unit
density in the flux insertion protocol from Sec. 7.2, modifying the Luttinger count.

Finishing our discussion of braiding statistics, consider bound states of e- and m-particles.
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The exchange statistics of these bound states are fermionic, meaning a minus sign is acquired
when their positions are swapped (a process often called e&m fusion). This is a striking result:
although the original Hamiltonian does not include fermionic degrees of freedom, the fused
excitations exhibit fermionic statistics, showcasing a classic example of fractionalized statistics.

Before proceeding to the discussion on fractionalized Fermi liquids, let us study the ground
state properties of the toric code Hamiltonian in more detail. We shall here fix η□ = 1, but keep
η+ variable. To find a valid ground state, we need to find a state that satisfies Eq. (7.22). An
obvious choice that satisfies the plaquette constraint is given by the all-up state,

|⇑⟩ =
Lx×Ly⊗
ℓ=1

|↑⟩ℓ . (7.23)

However, this state does not satisfy the gauge constraint, Â+ |⇑⟩ ̸= η+ |⇑⟩. We can fix this by
introducing a superposition of closed loops (where a loop corresponds to a connected line of
flipped spins) through application of the Â+ term,

|Ψ0⟩ = ∏
ℓ

(1 + η+ Â+ℓ
) |⇑⟩ . (7.24)

It can be easily shown that the above state Eq. (7.24) satisfies the gauge constraint imposed by
the star term,

Â+m ∏
ℓ

(1 + η+ Â+ℓ
) |⇑⟩ = Â+m(1 + η+ Â+1) . . . (1 + η+ Â+m) . . . (1 + η+ Â+Lx×Ly

) |⇑⟩

= (1 + η+ Â+1) . . . (Â+m + η+) . . . (1 + η+ Â+Lx×Ly
) |⇑⟩

= η+ |⇑⟩ ,

where in the last step η+ = η−1
+ was used.

The ground state Eq. (7.24) corresponds to the equal superposition of all closed loops, with
a prefactor of η

Np
+ where Np is the total number of plaquettes enclosed within the loops. Note

that the condition B̂□ = 1 is still ensured, as on each plaquette the number of flipped spins is
even for closed loops. Two interesting side notes: First, one can show that the toric code ground
state is stable under arbitrary local perturbations, even those which break all symmetries. This is
because the topological order of the toric code is encoded in its entanglement structure, which
is fundamentally different from the symmetry breaking paradigm. Only closing the gap of e-
and m-particles can break and "unwind" the topological structure [16]. Second, the toric code
ground state can be exactly mapped to Anderson’s resonating valence bond picture: when in-
terpreting closed loops in the toric code as transition graphs from one dimer packing to another
dimer packing on the dual lattice (i.e. one assigns each line of the loop with one out of two colors),
the resulting state is equivalent to a superposition of dimer coverings as in the RVB state [16].

To see the topological nature of the model and its associated ground state degeneracy, con-
sider wrapping the lattice in Fig. 7.8 (a) on a torus. We can now define Wilson loop operators
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Figure 7.10: Wilson loop operators. Illustration of topological Wilson loop operators acting on
closed loops through one of the cycles of the torus. For instance, one can define V̂x = ∏ℓ∈Cx

τ̂x
ℓ ,

V̂y = ∏ℓ∈Cy
τ̂x
ℓ .

that wrap around the two cycles of the torus along paths Cx and Cy, as depicted in Fig. 7.10,

V̂x = ∏
ℓ∈Cx

τ̂x
ℓ , V̂y = ∏

ℓ∈Cy

τ̂x
ℓ . (7.25)

Notably, these operators commute with the Hamiltonian (and can’t be written just in terms of the
Â+ operators); their action hence transforms one ground state to another topologically distinct,
but energetically degenerate ground state. As V̂2

x = V̂2
y = 1, this results in a four-fold degeneracy

of the ground state,
{|Ψ0⟩ , V̂x |Ψ0⟩ , V̂y |Ψ0⟩ , V̂xV̂y |Ψ0⟩}. (7.26)

Note that, in analogy, operators Ŵµ = ∏ℓ∈Cµ
τ̂z
ℓ commute with the Hamiltonian6. However,

these do not lead to any additional ground state degeneracy, as the V̂ and Ŵ operators do not
commute,

ŴxV̂y = −V̂yŴx

ŴyV̂x = −V̂xŴy.
(7.27)

This property will be a crucial ingredient at a later stage when we repeat Oshikawa’s flux in-
sertion argument for a Z2 spin liquid: The application of V̂y will insert a π flux through the
torus.

Luttinger's theorem revisited

The major assumption in Oshikawa’s flux insertion protocol to proof Luttinger’s theorem is that
all low-energy excitations are given by fermionic quasiparticles close to the Fermi surface. If,
however, we consider a system that has a topological ground state degeneracy, we must carefully
consider how these low-energy states play into the flux insertion protocol.

We can do so by describing the Z2 QSL with a Chern-Simons field theory, by carefully ensur-
ing that the ground state degeneracy, operator algebra of Wilson loop operators, and the braiding
statistics of visons and spinons are fulfilled. An important point for the following result is that
the e-particles of a QSL within an RVB description are fractionalized excitations (spinons) that

6These Wilson loop operators, V̂ and Ŵ, are the only non-trivial gauge-invariant observables of the toric code
Hamiltonian.
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Figure 7.11: Translation of a QSL. Odd QSLs give rise to exotic commutation relations between
Wilson loop operators and translation. Consider translation along x by one lattice site of the
state V̂y |Ψ0⟩, which moves the Wilson loop from the solid to the dashed orange line. This can
be achieved by applying star operators A+ on all vertices next to the original position of the
Wilson loop, see the green crosses. Due to the gauge constraint, during this process a sign of η

Ly
+

is picked up.

carry spin Sz = 1/27.

Introducing probe gauge fields that couple to, say, only spin-up particles, one can show that
adiabatically inserting a 2π flux through the x-cycle of the torus (denoted by Ûx) corresponds to
inserting a Wilson loop operator to the ground state [130],

Ûx |Ψ0⟩ = V̂y |Ψ0⟩ . (7.28)

The intuition here is as follows: As spinon excitations carry a fractionalized U(1) charge Sz =

1/2, piercing a 2π flux through the torus will lead to the spinons seeing a π flux. When trans-
forming the Hamiltonian back to the original gauge where the vector potential is zero, one has
to account for this by adding a Wilson loop through the y-cycle of the Torus, i.e., V̂y.

If flux insertion leads to the application of a Wilson loop operator (i.e. it transfers one ground
state to another, topologically distinct ground state), we need to test what happens under trans-
lation. In particular, this will tell us how the total momentum of the wave function will change
when inserting the flux—a crucial ingredient to Luttinger’s theorem. The process is shown in
Fig. 7.11: We start from the state V̂y |Ψ0⟩, depicted by the orange line on the left-hand side of
Fig. 7.11. When acting with the translational operator on this state, we must move the Wilson
loop line by one lattice site along the x-direction. This can be achieved through the application
of Â+ on all vertices immediately to the right of the Wilson loop. In the case of an odd QSL with
η+ = −1, this leads to a non-trivial commutation relation between V̂y and T̂x, namely

T̂xV̂y − η
Ly
+ V̂yT̂x = 0. (7.29)

7Microscopically, this can be argued as follows: When spin-1/2 particles form an RVB-type QSL, spinon excitations
correspond to unbound spins. These can be described by Schwinger-bosons, and correspond to fractionalized spin-
1/2 excitations. The resulting Hamiltonian can nevertheless be described by an Ising gauge theory as done above,
but with the additional property that the e-particles carry a spin-1/2 degree of freedom.
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Finally, we can analyze the momentum of the state after flux insertion, i.e., |Ψ′
0⟩ = V̂y |Ψ0⟩.

With the momentum of the original state, T̂x |Ψ0⟩ = eiPx |Ψ0⟩, and setting η+ = −1 now, we get

T̂x |Ψ′
0⟩ = T̂xV̂y |Ψ0⟩ = (−1)Ly V̂yeiPx |Ψ0⟩ = ei(πLy+Px) |Ψ′

0⟩ . (7.30)

The contribution to the momentum change from the spin liquid is thus

∆Px = πLy (mod 2π) =
2π

Lx

(
LxLy

2

)
(mod 2π). (7.31)

The same can be done for spin-down particles; we now see that the QSL can absorb flux that,
expressed in the language of a Fermi liquid, corresponds to exactly unit density.

In particular, consider a system composed of a Fermi liquid and the Chern-Simons field the-
ory of an odd quantum spin liquid, described by the action S = SFL + SoQSL. The momentum
balance consequently involves a sum of both the Fermi liquid and QSL, where according to the
above arguments the latter absorbs flux that corresponds to exactly unit density. Hence, the sum
of the Fermi liquid contribution Eq. (7.5) and the QSL contribution Eq. (7.31) must add up to the
general result Eq. (7.2), i.e., ∆Px = 2π

Lx
N↑ (mod 2π). Doing so and naively solving for VFS, we

find that Luttinger’s count is modified from Eq. (7.7) to

VFS
2π2 = δ (mod 2). (7.32)

Therefore, the presence of an odd Z2 QSL allows for the formation of a small Fermi surface
without symmetry breaking!

The FL*

The above was first pointed out in Ref. [122], which led to a whole plethora of scenarios where the
presence of a spin liquid fractionalizes the Fermi surface and forms a fractionalized Fermi liquid
(FL*). Here, to gain an intuitive understanding how such an FL* can be realized in a one-band
model, we shall focus on a toy description based on doping a quantum dimer model [114].

Imagine a situation where doping the AFM Mott insulator quickly leads to a destruction of
magnetic order, and the local moments in the background form resonating singlet pairs. The
dopants in such a scenario corresponds to "holons", which carry charge but no spin. Further-
more, spinon excitations exist in the quantum spin liquid formed by the local moments. Now,
assume that there is an attractive potential between a holon and a spinon (which is larger than
the energy needed to break apart a spin singlet to form two spinons), leading to a bound state.
One indeed expects such an attractive potential from microscopic arguments: When a holon sits
right next to a spinon, the spinon can gain kinetic energy by delocalizing over the two sites i.e. by
forming a bonding orbital, 1√

2
(|↑, 0⟩+ |0, ↑⟩). This composite particle now features the quantum

numbers of a fermion, i.e., charge e from the holon and spin-1/2 from the spinon.
We now have a mixture of two types of dimers in the system: spin singlets and fermionic

bound states of a holon and a spinon, illustrated in Fig. 7.12. These states will resonate with each
other, such that the fermionic dimers can delocalize and form a metallic state. However, the
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Figure 7.12: Doped quantum dimer model. Pictorial illustration of a doped quantum dimer
model, leading to a fractionalized Fermi liquid (FL*), see i.p. Ref. [114]. The toy model is com-
posed of two species of dimers: spin-singlets and bound states of holons and spinons, the latter
forming a particle that carries the quantum numbers of a fermion. Through resonating, these
fermionic dimers can gain kinetic energy, leading to a metallic state. Resonance of the spin-
singlets in the background lead to a low-energy topological sector, which in turn allows for the
formation of a small Fermi surface of the fermionic dimers.

presence of fermionic dimers will not disrupt the resonances of spin-singlet in the background,
which can be analytically formulated through emergent gauge fields. The fermions in the system
now are themselves dimers, they must be neutral under the gauge field, leading to a non-minimal
coupling. Due to this coupling and the low-energy topological excitations of the resonating spin-
singlets, the fermions form a small Fermi surface with volume ∝ δ.

Much work has been done in the literature to understand the FL* phase from a field-theoretic
perspective, from which the structure of the Fermi surface as well as low-temperature instabili-
ties of the pseudogap phase can be analyzed. One approach is to again start with the Hubbard-
Stranonovich decoupled spin-fermion model, Eq. (7.12). The key to end up in an FL* phase is
to "quantum disrupt" spin-density wave order, e.g. by restricting the AFM fluctuations to pure
phase fluctuations [101],

Ω → n̂ , |n̂| = 1. (7.33)

It can be shown that by replacing Ω by n̂ in Eq. (7.12) leads to an intermediate phase between a
Fermi liquid with and without symmetry breaking, where nevertheless the volume of the Fermi
surface is small—this is the FL* phase [101].

7.5 The geometric FL∗

We now pick up upon the theoretical ideas underlying Fermi surface fractionalization and dis-
cuss a scenario where, instead of the microscopic spins themselves, a string net of fluctuating
domain walls give rise to a Z2 quantum spin liquid. As we will discuss in the following, this
will allow for a compelling unification of correlated phases of matter in hole-doped cuprates,
including the AFM, stripe, and pseudogap phase.

Our description of the pseudogap phase builds upon the idea that domain walls of the un-
derlying AFM—i.e. individual stripes—can be held together by strong spin-charge correlations,
even in a regime where interactions between neighboring stripes can be overcome by thermal
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or quantum fluctuations. This prevents the formation of charge-density wave order and results
in a low-energy theory of string-like fluctuating stripes that leads us to propose an alternative
scenario for an FL* phase: A string-net condensate of stripes introduces topological order which
lends an emergent gauge charge to the magnetic polaron excitations of the underlying AFM. This
fractionalizes their Fermi surface and geometrically suppresses long-range AFM correlations, in
a state with an underlying spontaneously broken SU(2) symmetry. In particular, our proposed
scenario consists of the following, summarized in Fig. 7.13:

1. The mechanism behind the efficient disruption of the AFM phase close to half-filling is
hidden order, caused by fluctuating domain walls of the spin-background linked to charge
fluctuations. Specifically we propose that, while the SU(2) symmetry of the AFM back-
ground is broken, the order is hidden through fluctuations of closed loops that enclose
areas where the AFM order switches its sublattice. The transition between visible and
hidden order is governed by an Ising* criticality characterized by highly non-local observ-
ables.

2. Hidden order allows for the existence of well-defined fermionic quasiparticles, i.e., mag-
netic (or spin-) polarons, as well as bosonic Goldstone modes (paramagnons). The lat-
ter live in the space of the ordered spin background, which is the 2D generalization of
squeezed space.

3. At low temperatures, interactions between fluctuating domain walls drive a transition to
the stripe phase, where individual stripes align that break the C4 lattice symmetry. In this
case, magnetic order reappears in the lab frame through long-range incommensurate spin
correlations.

4. At zero temperature and enhanced doping (and strong magnetic fields), where neither
stripes nor superconductivity appear in the ground state, the pseudogap phase is the real-
ization of a loop gas of fluctuating domain walls. String-net condensation leads to hidden
order and the formation of an odd Z2 spin liquid.

5. Magnetic polarons couple to the geometric spin liquid formed by the fluctuating domain
walls, acquire an emergent gauge charge, and form a small Fermi surface. The broken
SU(2) symmetry together with sublattice fluctuations define what we call a geometric frac-
tionalized Fermi liquid (GFL*), which features topologial excitations that absorb momen-
tum in Oshikawa’s flux insertion protocol.

6. At a hidden quantum critical point (hQCP) on the doping axis, hidden order disappears
and the SU(2) symmetry is fully restored as spin-interactions in squeezed space become
frustrated. Signatures of this transition are detectable only through highly non-local ob-
servables or quantum critical transport properties. We conjecture these to underlie the bad
metallicity observed in cuprates.

The picture of hidden order allows to naturally unite the AFM and stripe phases with the
pseudogap: In all cases, the SU(2) symmetry of the spin background is spontaneously broken—
it is merely hidden in the experimentalist’s frame of reference within the pseudogap phase. We
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Figure 7.13: Proposed phase diagram of hole-doped cuprates. Interpretation of the phase dia-
gram of hole-doped cuprates at strong magnetic fields, where superconductivity is suppressed.
Around half-filling, long-range AFM order exists. Upon doping, the string tension h of domain
wall loops decreases, driving an Ising* transition to a hidden ordered state (green arrow). At
zero temperature, we propose that cuprates realize a geometric FL* (GFL*), whereby topological
excitations of the fluctuating domain walls lead to the formation of a small Fermi surface con-
stituted by magnetic (or spin-) polarons. At a critical doping, hidden order vanishes through
a frustration mechanism governed by fluctuations of microscopic holes, resulting in a hidden
quantum critical point (hQCP) that drives a topological transition from a GFL* (with a small
Fermi surface) to a Fermi liquid (with a large Fermi surface).

argue that by postulating hidden order in the system, a geometric fractionalized Fermi liquid
constituted by magnetic polarons naturally emerges. It further directly suggests the presence of
spin-wave-like excitations, i.e. paramagnons (see Sec. 7.3), which, in contrast, should be absent
when the physical spins in the system form the spin liquid [114].

Due to the inherent real-space nature of relevant observables, hidden order can be directly
probed with ultracold atom experiments. In particular, by looking for signs of hidden order in
spin-resolved snapshots of analog quantum simulation platforms, our scenario can be explored
with existing experimental setups. This further stresses the potential of analog simulation of
the FH model at finite temperatures, which may help to differentiate between various theoretical
proposals of the pseudogap phase and pin down its microscopic nature.

In the following, we motivate the origin of hidden antiferromagnetism and the geometric
fractionalized Fermi liquid starting from the microscopic two-dimensional (2D) FH model and
the Hubbard-Stratonovic-decoupled partition function Eq. (7.10). As discussed in Sec. 7.4, con-
densation of paramagnons leads to Fermi surface reconstruction due to translational symmetry
breaking. In the FL* scenario, see also Sec. 7.4, it has been argued that a fractionalized Fermi
liquid (FL*) can be realized by restricting fluctuations of Φ only to its angle [126,127]. The spin-
density wave can then become "quantum disordered" [101], stabilizing an exotic state of small
hole pockets but without AFM order, i.e. ⟨Ωi⟩ = 0. Nevertheless, the local magnitude of AFM
order is finite, which can be formalized by a Higgs field in an SU(2) gauge theory after trans-
formation of the underlying electrons to a rotating frame [101, 130, 282–286]. Similarly, an FL*
phase can be realized when the background spins form a quantum spin liquid e.g. through res-
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onances of spin-singlet dimers (analytically represented by emergent gauge fields) [101]. This is
in particular motivated by exploring possible ground states of the undoped parent Hamiltonian
(e.g. a Z2 spin liquid), which is then doped to form a fractionalized Fermi liquid under certain
assumptions, see the discussion in Sec. 7.4.3.

In the following, we take an alternative approach and include stripe-like AFM domain wall
defects in an effective description of the FH model. These correspond to spatially well-localized
sign-changes (π-phase slips, Ω → −Ω) across line-like defects corresponding to individual
(fluctuating) stripes [287], see Fig. 7.14. Fluctuations of these defects will then lead us to the
geometric fractionalized Fermi liquid (GFL*) scenario. Before discussing the latter, we describe
how fluctuating domain wall structures efficiently hide AFM correlations in real-space, which
is the essential mechanism behind the GFL* at low temperatures and explains the quick demise
of AFM at temperatures above the stripe ordering transition.

7.5.1 Hidden order from fluctuating stripes

We consider low-energy contributions to Eq. (7.10) that are directly motivated by the low-
temperature phases of the FH model at finite doping: In the strongly interacting limit U ≫
t, all state-of-the-art numerical methods broadly agree on the appearance of stripes in the
ground state, where charges accumulate around AFM domain walls and form a charge density
wave [138–145,147]. This results in long-range charge and incommensurate long-range magnetic
order, in accordance with broad experimental evidence in cuprate materials [79–81]. Though
quantum fluctuations of the microscopic holes lead to deformations of the lines of stripes, they
are locked in place, i.e., individual stripes align and explicitly break the C4 symmetry of the
underlying square lattice. This scenario is schematically illustrated in Fig. 7.14 (a), showing a
representative low-energy configuration in the stripe phase. Here, the indicated arrows repre-
sent the direction of Ω, i.e., they specify the sublattice parity [288] of the underlying AFM state.

Upon raising the temperature, stripes melt, and the FH model displays a pseudogap with
only short-range AFM correlations present [148–154] and a reconstructed Fermi surface [155].
We particularly highlight Ref. [154], where the fate of the pseudogap in the FH model when
tuning the temperature towards the ground state has been analyzed through a "handshake" of
wave-function and finite temperature based methods. Quoting Ref. [154]: The range of density and
coupling strength where a pseudogap is found precisely coincides with that in which ground-state studies
find a stripe phase with long-range spin and charge order. This further aligns with experimental find-
ings of various La-based cuprates with different balances between superconductivity and stripe
order, where the overarching conclusion is that the pseudogap and stripe phases are closely linked [109].
This suggests an intricate interplay between the stripe and pseudogap phase in the FH model,
with a possible common microscopic origin—it is this scenario that we work out in depth in the
remainder of this chapter.

Specifically, we now propose a set of microscopic configurations that may be relevant for
an effective description of the doped FH model at elevated temperatures. To this end, we note
that the formation of stripes can be associated with two energy scales: (i) The energy gain for
binding a doped hole into an (undirected) (d − 1)-dimensional AFM domain wall structure,
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Figure 7.14: Fluctuating stripes. (a) Schematic illustration of ordered stripes, breaking the dis-
crete C4 lattice symmetry. Along lines of enhanced hole density, π-phase slips of the AFM order
parameter Ω appear, illustrated by the arrows. (b) Upon melting stripes, we propose a scenario
where domain walls form closed loops and fluctuate. While magnetic order is obscured in real
space, hidden order survives, which can be revealed through non-local spin-string-spin corre-
lations by explicitly considering the domain walls that occur along a path C (dashed lines in (a)
and (b)), cf. Eq. (7.38). (c) We describe fluctuating domain walls by introducing strings (red wig-
gly line) τ̂z that live on the links (grey dots) of the lattice. The classical Hamiltonian Eq. (7.35)
describes thermal fluctuations of domain wall loops and includes plaquette terms ∝ ∏ τ̂z of the
τ̂z-field (green square). Adding quantum fluctuations ∝ ∏ τ̂x (purple diamond) to the Hamil-
tonian leads to an effective description of fluctuating domain walls through a perturbed toric
code, Eq. (7.40).

i.e., sub-dimensional regions of accumulated charge density across which the AFM develops
π-phase slips, and (ii) the interaction strength between such individual stripes, resulting in the
formation of charge-density waves where individual stripes lock into place in the ground state.
Generally, it is conceivable that either of the two energy scales is larger, which then governs the
important contributions to Eq. (7.10) at intermediate temperatures.

We shall here focus on the scenario where the first energy scale is larger, i.e., breaking up
stripe-like domain wall structures is associated with a higher energy cost compared to them
locking into place. This is generally expected at low doping where the typical distance between
individual stripes is large, and is supported by the cold-atom experiment discussed in Sec. 5.3,
which suggest the formation of fluctuating, stripe-like structures at elevated temperatures, on
the order of J, in (mixed-dimensional) FH systems.

We specifically focus on closed loops that enclose regions where the AFM order parameter
is flipped, which we argue constitute a minimal scenario to describe the low-energy physics of
domain wall fluctuations at temperatures above the stripe ordering transition. An exemplary
configuration is shown in Fig. 7.14 (b); any closed loop encloses a region where the AFM order
parameter Ω is sign-flipped.

We note that in the ground state, it has been established that kinetic effects lead to directed
stripes being energetically favorable over undirected configurations [138,289]. However, at finite
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temperatures a scenario where the charge-density wave stiffness vanishes and loop defects pro-
liferate is conceivable, as proposed in Ref. [290]. From a microscopic point of view, we propose
that mobile holes in the form of magnetic polarons form a Fermi sea, and local spin-charge cor-
relations arising from microscopic interactions stabilize closed-loop domain wall configurations
of the AFM background.

Our starting point is hence a state with broken SU(2) symmetry, where Ω points in a partic-
ular direction; thermal fluctuations of the AFM background are described through a non-linear
σ model (NLSM) [291]. On top of this we allow for closed loop domain wall excitations where
the AFM order parameter is flipped, i.e., Ω → −Ω. Our aim is to simplify the full description
of the field Ω(x) to string configurations τ̂(x) that describe the π-phase slips of Ω. To this end,
we introduce operators τ̂z

ℓ that live on the links of the lattice, where ℓ = ⟨i, j⟩ is the link that
connects sites i and j. For sharp domain walls of width ≲ a (with a the lattice constant), we
define

τ̂z
ℓ=⟨i,j⟩ = sgn(Ωi · Ωj). (7.34)

These local Z2 degrees of freedom then capture the structure of domain walls on the two-
dimensional square lattice, illustrated in Fig. 7.14 (c).

Focusing on classical (thermal) fluctuations for now, this motivates the following Hamilto-
nian to describe the thermodynamic properties of closed line domain walls at elevated temper-
atures,

Ĥcl = −K□ ∑
□

∏
ℓ∈□

τ̂z
ℓ − h ∑

ℓ

τ̂z
ℓ , (7.35)

where the sum runs over all plaquettes on the square lattice and τ̂z
ℓ |q⟩ℓ = ± |q⟩ℓ with q = 0, 1 a

Z2 degree of freedom defined on links ℓ. The K□ > 0 term energetically favors an even number
of strings per plaquette, which suppresses open string configurations and favors closed loop
structures (cf. the green plaquette in Fig. 7.14 (c)). h takes the role of a chemical potential, i.e.
it relates to the density of strings, and corresponds to a linear string tension of the loops (with
energy 2h|Σ| where |Σ| is the length of the loop). Assuming that hole dopants provide the glue
that stabilize AFM domain walls, i.e.

1 − ⟨τ̂z
ℓ ⟩ ∝ δ, (7.36)

we can expect h to decrease with increasing doping δ.

We now analyze thermal fluctuations of the classical model in Eq. (7.35); the effect of quan-
tum fluctuations and emergence of a small Fermi surface is addressed further below. In the
subspace of closed loops (i.e. in the pure gauge scenario K□ → ∞), the Hamiltonian Eq. (7.35) is
dual to the 2D Ising model [292, 293],

ĤIsing = −h ∑
⟨i,j⟩

σ̂z
i σ̂z

j + const., (7.37)

where σ̂z
i are qubit operators that live on sites i of the lattice. By construction of the duality map-

ping, σ̂z
i = sgn(Ωi · Ω0), where Ω0 denotes the Néel order parameter at an arbitrary reference

site. We thus see that line-defects of π-phase slips in an AFM with spontaneously broken SU(2)
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symmetry lead to an effective Ising description of the Néel order parameter.
The dual Ising Hamiltonian ĤIsing has a phase transition at the critical temperature Tc/h ≈

2.27, which separates a ferromagnetic from a paramagnetic phase. In terms of the Hamilto-
nian Eq. (7.35), for T < Tc domain wall loops are confined and non-percolating. In the high-
temperature phase, T > Tc, strings deconfine, i.e., loops span the whole system and perco-
late [294]. The Ising ferromagnetic (paramagnetic) phase of the dual model can hence be identi-
fied with a long-range (short-range) ordered Ω field in the doped Mott insulator. Though no lo-
cal order parameter can be defined in terms τ̂z

ℓ that characterizes the confined-deconfined phase
transition of Eq. (7.35), it is governed by an Ising criticality through the dual mapping (and is
hence denoted by Ising∗) [293].

The high-temperature deconfined phase defines the concept of hidden order in our scenario:
While real space correlations of Ω become short range for T > Tc, the order is merely hidden
efficiently through the existence of a percolating string net. In other words, for a given snapshot
of the physical system, one can reconstruct the loop configuration by tracking the sublattice
parity of each spin. This is akin to our discussion of hidden order and squeezed space in 1D and
mixed-dimensional systems, where the latter captures the non-local structure of correlations, cf.
Chapter 6.

In Ref. [288], squeezed space has been generalized to uni-directed stripes in two dimensions.
Sublattice parity order has been identified as the stripes’ defining characteristic, which is defined
by long-range properties of the non-local, topological correlation function (here written in the
continuum limit and using our link variable τ̂z

ℓ introduced above),

Otop(x − x′, C) = ⟨Ψ|Ω(x)eiπ
∫
C dy[1−τ̂z

⟨y,y+dy⟩]Ω(x′)|Ψ⟩ , (7.38)

where C is a path connecting points x and x′. The contour integral ensures that domain walls
are captured in the magnetic correlations, see Fig. 7.14 (a), and it becomes independent on the
choice of C (i.e. topological in nature) when τ̂z’s from closed loops. When all dopants are bound
into stripes, τ̂z in Eq. (7.38) can be expressed in terms of the electron density operator n̂(y), with
different relations for fully and partially filled stripes [288].

The notion of hidden order through fluctuating, closed domain wall loops is a natural ex-
tension of this concept: By identifying loops of flipped AFM order parameter, one can recon-
struct the original symmetry broken state with long-range order by flipping the spins within
each closed loop, as illustrated in Fig. 7.14 (b). Using spin- and charge-resolved snapshots, cold-
atom quantum simulators at state-of-the-art temperatures can directly search for these structures
by evaluating Eq. (7.38), which highlights the potential of exploring the intermediate tempera-
ture regime of doped antiferromagnets with ultracold atoms.

The phase diagram of the Hamiltonian Eq. (7.35) is shown in Fig. 7.15, featuring an Ising∗

transition from an AFM to hidden AFM phase at Tc/h = 2.27, see the black line in Fig. 7.15.
We propose that this mechanism of hidden AFM correlations ultimately leads to the fast disap-
pearance of the AFM phase in doped cuprates. At elevated temperatures, the Ising∗ criticality
drives a transition from the AFM phase with long-range order to the hidden AFM phase with
only short-range correlations in real space. A schematic phase diagram of doped cuprates at
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Figure 7.15: Classical phase diagram of fluctuating domain walls. Schematic phase diagram of
Eq. (7.35). We propose a scenario in which doping leads to the formation of fluctuating closed
loop domain walls across which the AFM order parameter switches its sign, leading to an ex-
tended phase that features hidden order. At elevated temperatures, we argue that thermal fluc-
tuations of string loops are captured by the (classical) Hamiltonian Eq. (7.35), which features a
dual Ising criticality (Ising∗) that describes a transition from long-range AFM to hidden AFM
order due to percolating string nets (green arrow). This corresponds to the regime in the T-h
plane where Tc/h = const., illustrated by the dotted grey line.

strong magnetic fields, i.e. where the d-wave superconducting phase is suppressed, is presented
in Fig. 7.13. Starting at half-filling, doping leads to an increase of string density Eq. (7.36), in
turn reducing the string tension in the loop gas. We can therefore expect that the doping level
δ of the microscopic system and the string tension h of the effective classical model Eq. (7.35)
are inversely related, resulting in a sharp drop of the critical temperature of the AFM phase in
Fig. 7.13. The transition to the hidden order phase at elevated temperatures is then governed by
the same Ising∗ criticality as in Eq. (7.35), as indicated in both Fig. 7.13 and Fig. 7.15 by the green
horizontal line. This picture is consistent with experimental signatures of an Ising-type order
parameter found in the pseudogap regime [295].

Upon decreasing temperature, we propose that a transition from hidden order to long-range,
incommensurate stripe order appears, whereby individual stripes lock into place and break both
translational and rotational lattice symmetries. This corresponds to an ordering transition of the
τ̂z fields, and is akin to mean-field ground state considerations in Ref. [288].

To summarize, the partition function Z in Eq. (7.10) so far is expressed in terms of a path
integral over fermions c coupled to the Néel-order parameter Ω. Above we have argued that the
relevant low-energy configurations in the pseudogap regime correspond to domain-wall lines
of the Néel order, supplemented by long-wavelength fluctuations of the hidden AFM state. This
motivates the expression of the partition function, after integrating out fermions, as

Z =
∫

∏
i
DΩ̃i(τ)∏

ℓ

Dτz
ℓ (τ)e

Seff . (7.39)

Here Ω̃ is the hidden Néel order field in (the 2D generalization of) squeezed space, and τz de-
scribes the line-like AFM domain wall defects; together these determine Ω. So far the effective
action Seff consists of the NLSM for Ω̃ and the thermal fluctuations governed by the classical
loop-gas Hamiltonian from Eq. (7.35).

In the above discussion of the loop gas, we have focused on zero matter density, i.e., we
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Figure 7.16: Half-vortex excitation. Winding of the Ω field around an open domain wall string,
corresponding to a half-vortex excitation. We identify these excitations as magnetic visons in the
effective toric code description. Across the domain wall, the discontinuity of Ω is described by a
rotation in the continuum limit on scales around the lattice spacing, see the grey arrows. When
adiabatically following a closed path that encircles an open string end, the field performs a full
2π rotation - leading to a Berry phase of π when a spin-1/2 defect (e.g. a magnetic polaron)
winds around an open domain wall end (along the green circle).

excluded open ends of domain wall strings in our description. In this setting, the percolating
(hidden order) phase extends up to infinite temperature, though the stiffness and correlation
length of the underlying SU(2) symmetry broken state (governed by a NLSM) is reduced with
rising temperature. In particular at elevated temperatures (and akin to previous considerations
of fluctuating stripes [287–290]), we expect that including open domain wall string excitations
constitutes an important step towards a more accurate description of the fluctuating stripe sce-
nario. Ends of strings then correspond to topological half-vortices of the Ω field, illustrated in
Fig. 7.16. We speculate that explicitly taking into account open ends and their interactions may
lead to a BKT-type transition from the hidden order to a disordered phase, driven by the unbind-
ing of (half) vortex-antivortex pairs connected by domain wall strings. Such a transition would
mark the edge of the pseudogap phase observed at T∗.

7.5.2 Berry phases and emergent toric code

Although we restricted our considerations to closed domain wall loops so far, analyzing the
braiding statistics of topological vortex charges will give us important insights into the nature of
gauge fluctuations that need to be included in the effective low-temperature theory that we con-
struct next. This will ultimately lead us to a Z2 lattice gauge theory (LGT) with unit background
charge, in turn realizing an odd Z2 quantum spin liquid in the ground state.

As a starting point, we revisit the step from Eq. (7.10) to Eq. (7.39) in which we have focused
on classical terms and ignored Berry phase effects. While this is justified at elevated tempera-
tures, including Berry phase terms associated with topological defects of Ω is crucial to obtain
the correct low-temperature description. As above, our goal is to express the microscopic field
Ω in terms of the smoothly varying hidden Néel field Ω̃—for which Berry phases are not im-
portant at low doping—and the fluctuating string field τz describing domain walls. The latter
contains information about topological excitations of Ω and must therefore reflect the associated
quantized Berry phases.
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Figure 7.17: Berry phase. Effect of adiabatically moving an open string end (unit Z2 magnetic
charge) around a lattice site. Encircled microscopic spins perform an in-plane rotation by 2π.
This leads to the lattice sites carrying a Z2 electric charge, i.e., there exists a background unit
charge that ultimately leads to the formation of an odd Z2 spin liquid.

To understand how this can be achieved, we discuss the gauge structure of τz and clarify
how it relates to Ω. In our description of string configurations τz, domain wall lines can be
interpreted as Z2 magnetic field lines on the dual lattice. Ends of domain wall lines give rise to
topological half-vortex excitations of the Ω field, where the parity of the AFM order parameter
continuously changes its sign. This is depicted in Fig. 7.16 for a particular rotation direction
on the Bloch sphere (we note, however, that in the path integral, the field is integrated over all
rotation directions, which restores the global Sz

tot symmetry via NLSM thermal fluctuations of
the hidden antiferromagnet).

We therefore identify the ends of domain wall lines as vison excitations (or Z2 magnetic
charges) of an effective Z2 LGT theory. We now ask what happens when adiabatically moving
such a vison around a site i of the physical lattice, see Fig. 7.17. Due to the vortex structure of the
associated Ω-configuration, this winds the spin on site i once around itself, Fig. 7.17. Thereby,
the many-body wave function picks up a topological Berry phase of φB = ΩS/2 = π, as one
microscopic spin-1/2 completes a full rotation around the Bloch sphere and hence encloses a
solid angle of ΩS = 2π.

Next we construct the effective action of the τz field. To this end we include quantum fluc-
tuations and make sure that the ground state of the field τz inherits the π-Berry phase derived
above, produced by the microscopic field Ω that we integrate out in going from Eq. (7.10) to
Eq. (7.39). Microscopically, quantum fluctuations of domain wall loops originate from fluctuat-
ing mobile dopants; here we capture them by the simplest effective Hamiltonian consistent with
the topology of closed loops.

We introduce the operator τ̂x
ℓ conjugate to the τ̂z

ℓ that flips the Z2 degree of freedom, τ̂x
ℓ |1⟩ℓ =

|0⟩ℓ. Including terms ∏ℓ∈+i
τ̂x
ℓ in the Hamiltonian, where +i includes all links around a site i,

thus constitutes a minimal scenario: When applying flips on the purple links in Fig. 7.14 (c),
the red domain wall loop is extended to surround the site connected by the purple links—thus
allowing the domain wall to fluctuate without introducing open strings. Within this scenario,
fluctuating stripes are described by a perturbed toric code Hamiltonian [281],

ĤTC =− K□ ∑
□

∏
ℓ∈□

τ̂z
ℓ − h ∑

ℓ

τ̂z
ℓ + K+ ∑

+
∏
ℓ∈+

τ̂x
ℓ − λ ∑

ℓ

τ̂x
ℓ . (7.40)

As in the case of classical fluctuations, we in this work focus on the limit of fully closed domain-
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Figure 7.18: Phase diagram of the perturbed toric code Hamiltonian. (a) Schematic phase
diagram of Eq. (7.40). At elevated temperatures, we argue that thermal fluctuations of string
loops are captured by the (classical) Hamiltonian Eq. (7.35), which features a dual Ising crit-
icality (Ising∗) that describes a transition from long-range AFM to hidden AFM order due to
percolating string nets (green arrow). This corresponds to the regime in the T-h plane where
Tc/h = const., illustrated by the dotted grey line. At low temperatures, quantum fluctuations
stabilize the hidden order phase, characterized by loop condensation (blue area).

wall loops. Therefore we set λ = 0 in the following, although we note that small non-vanishing
λ would not change our conclusions below.

What remains to be clarified is the sign of K+. To this end we note that the choice K+ > 0
that we make fixes the gauge sector to ∏ℓ∈+ τ̂x

ℓ = −1, ensuring a unit Z2 electric background
charge. The mutual braiding statistics of a vison around a Z2 electric charge corresponds to a
π-Berry phase in the topologically ordered ground state of the perturbed toric code Hamiltonian
Eq. (7.40). Therefore we conjecture that integrating out Ω-configurations associated with AFM
domain wall defects introduces a large, positive K+ term in the effective Hamiltonian of the
fluctuating domain-wall field τz that correspond to a topologically ordered ground state whose
vison excitations carry the required π-Berry phase of half-vortex defects, see Fig. 7.17.

The well-known phase diagram of Hamiltonian Eq. (7.40) as a function of λ, h and T (as-
suming K□ = K+) is shown in Fig. 7.18—see also Refs. [296–299]. Within the blue region at
T = 0, the ground state features topological order, realizing an odd Z2 spin liquid due to the
non-vanishing background charge [123]. In particular, this regime corresponds to a deconfined
phase characterized by loop gas condensation [296, 297], whereby quantum fluctuations lead to
the extension of the hidden AFM phase to the ground state. At elevated temperatures, quantum
fluctuations are negligible, and the system is effectively described by the classical Hamiltonian
Eq. (7.35).

While stripes are expected to be stabilized by weak string-string interactions (not explicitly
included in Eq. (7.40)) at zero temperature, we propose that the normal state with a small Fermi
surface observed around optimal doping (and in the presence of a magnetic field to suppress
superconductivity) [96] realizes a topologically ordered hidden AFM as described above, see
Fig. 7.13.



7.5 The geometric FL∗ 151

7.5.3 Geometric FL*

This finally brings us to the analysis of charge carriers in the hidden AFM phase. We argue that
these are constituted by magnetic (or spin-) polaron excitations [265,272–279] of the hidden AFM,
with a charge carrier density given by the number of free dopants δ. This suggests that they form
a small Fermi surface, and as we will show next by analyzing their coupling to gauge fluctuations,
this is in accordance with the generalized Luttinger theorem for fractionalized Fermi liquids [101,
122, 280] when the AFM domain walls τz form a topologically ordered string-net condensate.

From this perspective, the ordered stripe phase breaking the translational symmetry gaps
out the small Fermi suface and can lead to the formation of charge- and (incommensurate) spin-
density wave orders [79–81, 121]. Note that even in the hidden AFM phase with fluctuating
AFM domain walls we expect strong spin-charge correlations to stabilize such domain walls.
However, this does not require the charge carriers to be bound into these fluctuating structures,
see also Ref. [147]; our picture is rather that they simultaneously participate in a small-FS Fermi
sea while stabilizing the loop gas of the domain wall strings.

Our effective field theory in Eq. (7.39) is still lacking the degrees of freedom associated with
mobile dopants. At very low doping, before domain-wall strings proliferate, the AFM breaks
the SU(2) and translational symmetries of the system, and its elementary charged excitations
correspond to magnetic polarons. In the following we will denote them by fermionic operators
f̂i,σ carrying spin-1/2 and charge e, and include them in the partition function in Eq. (7.10) by
introducing an additional path integration

∫
∏i D fi,σ(τ). In the parent AFM, corresponding to

τ̂z ≡ 1 everywhere, magnetic polarons gain kinetic energy through spin-exchange processes in
the underlying quantum magnet, leading to effective next-to-nearest neighbor (NNN) hopping
and a corresponding dispersion that has its minimum around [π/2, π/2] [265, 272–279]. Note
that, since we start in a state with broken translational symmetry, opposite spin states live on
opposite sub-lattices.

Moving through a non-uniform AFM, the spin of a magnetic polaron adiabatically follows
the surrounding Néel field Ω(x). This has important consequences when AFM domain walls,
described by the field τz, proliferate, and dictates the coupling of f̂ -fermions to τ̂. To understand
this, we perform another Berry-phase analysis. As before, our starting point is an open domain
wall end, see Fig. 7.16. Across the domain wall, the continuous Ω field experiences a π-phase
slip; in a continuum description, this can be described by an in-plane rotation of the Ω field
on scales comparable to the lattice constant, illustrated by grey arrows in Fig. 7.16. Therefore,
when a magnetic polaron encircles the end of an open domain wall string its spin orientation
adiabatically follows the direction of the Ω field, and correspondingly it picks up a Berry phase
of φB = π (Fig. 7.16). Meanwhile, closed paths that do not encircle the end of an open string
result in a vanishing Berry phase.

Thus we find that magnetic polarons and open domain wall ends are mutual semions. Since
we identified the latter with Z2 magnetic excitations (visons) of the fluctuating string field τ̂,
we conclude that magnetic polarons must carry the corresponding Z2 electric charge: The mu-
tual semionic braiding statistics of Z2 electric and magnetic excitations reflects the topological
π-Berry phase of magnetic polarons that needs to be taken into account when expressing the
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microscopic field Ω by the AFM domain-wall strings τ̂.

These new insights lead us to the following effective Hamiltonian capturing the motion of
magnetic polarons in a quantum loop gas of fluctuating domain walls,

Ĥ = ĤTC + ∑
⟨⟨i,k⟩⟩

j∈NN{i,k}

[
tMP
⟨⟨i,k⟩⟩ f̂ †

i τ̂z
ℓ=⟨i,j⟩τ̂

z
ℓ=⟨j,k⟩ f̂k + H.c.

]
.

(7.41)

Here, fermionic operators f̂ (†)i create (remove) magnetic polarons on site i and ⟨⟨i, k⟩⟩ are NNN
pairs on the square lattice; the sum over j includes both NNN paths when coupling sites i ↔ k
with hopping strength tMP

⟨⟨i,k⟩⟩. The latter is proportional to the superexchange energy of the bare
Hubbard model, t2/U [265]. Note that we dropped the spin index of the polarons f̂i since the
latter is fixed by the sublattice of i together with the domain wall configuration {τ̂z

ℓ}. To capture
the semionic statistics between magnetic polarons and open string ends, the polarons couple to
electric field lines τ̂z when hopping on the lattice. In particular, this coupling to gauge fluctua-
tions does not disrupt the fermionic quasiparticle nature of magnetic polarons. Consequently,
both fermionic quasiparticles and the topological quantum field theory describing the Z2 spin
liquid contribute with a direct sum to Oshikawa’s momentum balance argument, as described
in Sec. 7.4.3. Repeating the arguments for an FL*, the spin liquid absorbs flux that corresponds
to unit density, which results in the formation of a small Fermi surface with carrier density δ

constituted by magnetic polarons.

The above arguments are akin to the doped quantum dimer scenario introduced in Sec. 7.4.3,
where the background spins form a quantum spin liquid that preserves the spin’s underlying
SU(2) symmetry. In this scenario, holon-spinon bound states that carry the same quantum num-
bers as fermionic holes then form a small Fermi surface. We emphasize that in our case, the back-
ground spins break the SU(2) symmetry. Their order is not disrupted by magnetic frustration
but instead by fluctuating domain walls, which form a string-net condensate with Z2 topological
order and fractionalized excitations: The broken symmetry together with the sublattice fluctu-
ations defines the geometric nature of the FL* in our scenario.

Finally, let us briefly recapitulate on the logic of our arguments: We started with the micro-
scopic FH Hamiltonian, and—motivated by experimental and numerical evidence—argued that
the important low-energy contributions to the path integral in Eq. (7.10) are given by fermions
coupled to closed loop configurations of domain walls. By going to the continuum limit, we
argued how microscopic Berry phase effects of fermionic as well as excitations of the closed do-
main wall structure naturally emerge. For this, it is important to assume that domain walls are
never sharp objects, but are smoothed out due to microscopic fluctuations. The Ω field hence
smoothly varies across domain walls and around half-vortex excitations, which directly influ-
ence the Berry phase effects. Finally, we wrote down an effective model that described (now
again sharp) fluctuating domain walls through an effective Z2 degree of freedom on the links
of the lattice, which captures the microscopic Berry phase effects. This model, in turn, has non-
trivial topological properties that lead to the formation of a small Fermi surface.



7.5 The geometric FL∗ 153

7.5.4 Hidden quantum criticality

When suppressing superconductivity in hole-doped cuprates using strong magnetic fields, the
pseudogap persists at low temperatures up to a critical doping of δc ∼ 19%, see Sec. 7.3. Around
this doping level, non-Fermi liquid transport characteristics have been observed, whereby the
resistivity grows linearly with temperature (strange metal) [300]. The location of the strange
metal phase in the phase diagram suggests that the non-Fermi liquid behavior is caused by a
quantum critical point [301], where the pseudogap metal becomes unstable and turns into a
plain-vanilla Fermi liquid, see Fig. 7.13. This transition is accompanied by a change of the Fermi
surface volume, and is hence believed to be of topological nature.

Within our fluctuating domain wall picture, we propose the following scenario for the ap-
pearance of a quantum critical point as a function of doping: For low dopings, in the pseudogap
regime, the ground state is characterized by hidden AFM order in (the 2D generalization of)
squeezed space, i.e. the state spontaneously breaks the SU(2) symmetry but long-range AFM
correlations are hidden by the proliferation of AFM domain walls. Eventually the SU(2) sym-
metry of the underlying spins must be fully restored, as in the Fermi liquid (with large Fermi
surface) observed beyond δc ∼ 19% doping. In between, this necessitates the existence of a quan-
tum critical point associated with the formation of the SU(2) broken AFM in squeezed space. Due
to the nature of correlations in the original lattice model, which are short-ranged on both sides
of this transition, the quantum critical point itself is "hidden" (hQCP) and cannot be directly
associated with a diverging correlation length.

To understand the microscopic origin of the hQCP, let us consider the effective Hamilto-
nian describing spins in 2D squeezed space. Since we work in the strong- coupling regime of
the Hubbard model, the tunneling energy of the mobile dopants, t, exceeds the AFM super-
exchange coupling, J, which introduces significant charge fluctuations. Both, for dopants bound
into stripe-like structures as well as mobile holes forming magnetic polarons, this has been ar-
gued to create significant frustration in the surrounding spin background [135,265,288,302]. As
we saw in a quantitative analysis in a mixed-dimensional setting in Chap. 6, the effective spin
system in squeezed space can be accurately described by a J1-J2-type Heisenberg antiferromag-
net, with a ratio J2/J1 that is doping dependent. It was argued that as hole-doping increases,
the effective squeezed spin system can be driven into a highly frustrated phase in the J1-J2 phase
diagram.

We propose that at the critical doping value δc ∼ 19%, the frustrating effect of charge fluc-
tuations becomes too large. In terms of our field theory, this means that the spin stiffness ρs

associated with the NLSM describing the AFM Ω̃ in squeezed space, Eq. (7.39), becomes small:
quantum fluctuations restore the hidden SU(2) symmetry. Without the diverging correlation
length in squeezed space, the fluctuating domain wall field τz, Eq. (7.34), becomes ill-defined
and our field theoretic description is no longer valid at higher dopings.

The hQCP itself can only be detected through highly non-local observables that capture
correlations in squeezed space. However, non-Fermi liquid behavior around the critical point
can still be observed in transport measurements, consistent with extensive experimental evi-
dence [303, 304]. In particular, we expect signatures of a quantum critical fan emerging from
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the hQCP with increasing temperature. It is also conceivable that right at the hQCP the spins in
squeezed space form an SU(2) symmetric quantum spin liquid, turning magnetic polarons into
a more conventional (non-geometric) FL* before topological order is lost in the FL regime. This
scenario is reminiscent of the physics of a doped quantum dimer model featuring an FL* at the
Rokhsar-Kivelson point [114], and suggests that the hQCP itself may be described by the field
theory of an FL* [122].

This points to an intricate relationship between QCP signatures in hole-doped cuprates and
those found in electron-doped cuprates [75], heavy-fermion metals [305], iron-based supercon-
ductors [306], and quasi-1D organic conductors [307]. In the latter systems, the QCP scenario is
well established, where the AFM phase terminates and a d-wave superconducting dome emerges
around the QCP [308–311]. In hole-doped cuprates, while strong evidence suggests that the
pseudogap critical point is a QCP based on specific heat and transport measurements, no di-
verging length scale related to quantum criticality has been identified thus far [311], see also
Sec. 7.3. In our domain wall scenario, hidden AFM correlations are implicated in the formation
of the pseudogap in hole-doped cuprates. We propose that these fluctuations lead to the hQCP
located within the Tc dome, which potentially offers new insights into the origin of supercon-
ductivity in these materials, driven by AFM spin fluctuations in squeezed space. This includes
scenarios where superconductivity has been proposed to arise from magnon exchange [312,313],
the spin-bag mechanism [276, 314], or an emergent Feshbach resonance [315].

7.6 Discussion

We proposed a theoretical framework for hole-doped cuprates where fluctuations of closed,
stripe-like structures give rise to hidden AFM order. At elevated temperatures and very low
doping δ ∼ 5%, we suggest that a transition occurs from long-range AFM to hidden order,
driven by an Ising* criticality where string nets percolate. In the ground state, we argue that
quantum fluctuations extend the hidden order phase down to T = 0, with topological proper-
ties naturally emerging from a minimal model – leading to magnetic (or spin-) polarons forming
a small Fermi surface coupled to topological excitations of a string-net condensate. At a critical
doping, we propose that hidden order vanishes, resulting in a transition from a geometric frac-
tionalized Fermi liquid (GFL*) to a conventional Fermi liquid at a hidden quantum critical point
(hQCP), which furthermore constitutes a scenario that explains signatures of quantum criticality
observed in hole-doped cuprates. These results are summarized in Fig. 7.13.

Our scenario unifies several puzzles in the cuprates, including the relation of the pseudogap
phase to stripes and antiferromagnetism, and paves the way for intriguing future directions.
One avenue involves exploring half-vortex excitations linked by domain wall strings (open string
ends), which could drive a Berezinskii-Kosterlitz-Thouless (BKT)-type transition; we speculate
that this might be related to the physics associated with the temperature scale T∗ revealed in var-
ious observables [24, 72, 101, 316, 317]. Running semi-classical numerical simulations that incor-
porate their structure and interactions may shed light on the fate of hidden order at higher tem-
peratures. Another promising direction is to quantify the frustration in squeezed space caused
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by fluctuations of closed loops within the hidden order phase. By employing Hamiltonian re-
construction methods as discussed in the previous Chap. 6, this could provide deeper insights
into the nature of a possible quantum phase transition at the hidden critical doping δc.

In the hidden order phase, the SU(2) symmetry of the underlying local moments is sponta-
neously broken, possibly explaining signatures of time-reversal symmetry-breaking in certain
families of cuprates [295,318,319]. This scenario is supported by the observation of pronounced
paramagnon peaks up to high doping values beyond the pseudogap regime [103–105]. How-
ever, we note that our scenario does not directly account for the missing backside of the Fermi
pockets, cf. Sec. 7.3. We propose that the suppression of spectral weight on the backside is of a
more subtle origin, which future experiments with high energy and momentum resolution may
be able to clarify [90]. We can summarize our findings in light of the experimental characteristics
of the pseudogap outlined in Sec. 7.3:

□3 Short-range antiferromagnetic (AFM) correlations are present, but there is no evi-
dence of long-range AFM order.

□3 Well-defined paramagnons, or spin-wave-like excitations, are observed.

□7 A partial suppression of the single-particle spectral function occurs, manifesting as
the emergence of Fermi arcs.

□3 Coherent fermionic quasiparticles are evident.

□3 The system exhibits plain Fermi liquid behavior with a small Fermi surface area
scaling as VFS ∝ δ.

□3 No local order parameter has been identified that drives a thermal or quantum phase
transition into or out of the pseudogap phase.

We note that our picture of fluctuating stripe-like structures differs fundamentally from other
proposals in e.g. Ref. [320], where thermodynamic and transport anomalies in cuprates are at-
tributed to Fermi surface reconstruction by static stripe order (see also Ref. [106]). Since quantum
oscillations and d.c. transport measurements are essentially static probes, fluctuating stripes (in
terms of symmetry-breaking order) likely do not lead to observable features in the pseudogap
phase of cuprates. In contrast, in our scenario, these features naturally arise from the topological
geometric structure of fluctuating stripes.

Finally, we highlight once more that ultracold atom simulation platforms offer a unique op-
portunity to test our hidden order scenario. By analyzing spin- and charge-resolved snapshots,
evidence of our extended definition of squeezed space in two dimensions could be explored,
possibly at temperatures which are within immediate reach of current experiments. If such pat-
terns are observed, the real-space nature of many-body snapshots allows for a direct calculation
of spin-spin correlations within squeezed space, which could be used to identify the transition
from the pseudogap to the Fermi liquid phase. Moreover, DMDs can be used to effectively de-
couple a 2D system into two parts. Sharp boundaries are expected to expel domain wall lines,
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leading to the reappearance of long-range spin-spin correlations. True long-range order is an-
ticipated to emerge along these 1D boundary lines, contrasting the power-law decay expected
in 1D systems. This will constitute the ultimate test of our proposed theoretical scenario, and
underlines ultracold atom experiments as unique tools to test and compare various microscopic
theories.



8
Superconductivity in bilayer t-J models

Summary. In this chapter, we investigate a minimal single-band bilayer FH model to
describe the essential physics of the high-temperature bilayer nickelates superconductor
La3 Ni2 O7 (LNO). We will utilize DMRG and analytically tractable perturbative limits to
establish a thorough understanding of the model and the magnetically induced pairing
through comparison to the perturbative limit of dominating inter-layer spin couplings. In
particular, this allows us to explain appearing finite-size effects, firmly establishing the
existence of long-range superconducting order in the thermodynamic limit. By analyz-
ing binding energies, we predict a BEC-BCS crossover as a function of the Hamiltonian
parameters, whereas LNO is anticipated to lie on the BCS side in vicinity of the transi-
tion. We find large binding energies of the order of the inter-layer coupling that suggest
strikingly high critical temperatures of the Berezinskii-Kosterlitz-Thouless transition, set-
ting the stage for the quantum simulation of unconventional superconductivity and rais-
ing the question whether bilayer materials possibly facilitate critical temperatures above
room temperature.

8.1 Introduction

In the past chapters, we have put our focus on the 2D FH model, the phases appearing in hole-
doped cuprates, and their quantum simulation. Very recently, in May 2023, the Ruddlesen-
Popper bilayer perovskite nickelate La3 Ni2 O7 (LNO) has joined the family of bulk supercon-
ductors above the boiling point of liquid nitrogen, with extraordinarily high critical tempera-
tures of Tc = 80 K at applied pressures above 14 GPa [70, 166, 321]. As discussed in detail in
Sec. 2.3, density functional theory (DFT) calculations suggest that the active degrees of freedom
near the Fermi energy in the layered LNO structure are given by the 3dx2−y2 and 3dz2 Ni or-
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bitals [322–328], whereby the four 3d orbitals in each unit cell (two in each layer) share three
electrons. The 3d character of the electronic structure together with the absence of perfect nest-
ing in the non-interacting model indicates the necessity of strong coupling approaches for an
accurate description of LNO [329], in line with recent experiments suggesting the vicinity of
LNO to a Mott transition [330].

In the limit of strong on-site repulsion and considering inter-atomic effects such as Hund’s
coupling, a minimal, single-band model can be derived from the electronic structure of LNO,
as outlined in Sec. 2.3. For readability, we here reprint the mixed-dimensional (mixD) bilayer
t∥-J⊥-J∥ model for describing the essential low-energy physics of LNO,

ĤBL = −t∥ ∑
⟨i,j⟩,σ,α

P̂GW
(
ĉ†

i,σ,α ĉj,σ,α + h.c.
)
P̂GW + J∥ ∑

⟨i,j⟩,α

(
Ŝi,α · Ŝj,α −

n̂i,αn̂j,α

4

)
+ J⊥ ∑

i

(
Ŝi,1 · Ŝi,2 −

n̂i,1n̂i,2

4

)
.

(8.1)

In particular, the quarter filled dx2−y2 band corresponds to a doping level of δ = 0.5 in the mixD
t∥-J⊥-J∥ model compared to the half-filled state with one particle per site, cf. Sec. 2.3.

In this chapter, we use matrix product state methods to study pair-pair correlations as well as
binding energies in the Hamiltonian Eq. (8.1) on finite width bilayer geometries. By comparison
to the limit of strong inter-layer spin-spin interactions, where the model can be mapped to a spin-
1/2 XXZ model, we gain a detailed understanding of the mixD t∥-J⊥-J∥ model even away from
this perturbative limit. In particular, this allows us to understand appearing finite-size effects
and the influence of the various coupling parameters on the long-range pairing order, where the
latter might permit to realize a certain tunability of experimental probes to favorable situations.

Through the computation of binding energies, we anticipate the emergence of a crossover
from a Bose-Einstein condensate (BEC) to Bardeen-Cooper-Schrieffer (BCS) state in the mixD
bilayer model as a function of t∥/J⊥, characterized by extended, overlapping pairs. We esti-
mate critical temperatures of the superfluid transition to be of the order of the magnetic cou-
pling, hence possibly facilitating superconductivity at temperatures beyond room temperature
in mixD bilayer systems. In addition, as the effective model of tightly-bound pairs in the limit
of strong spin couplings J⊥ ≫ t∥, J∥ yields a linear resistivity as a function of temperature above
the superconducting phase, we speculate that the resistivity in the bilayer model in vicinity to
the crossover is governed by the conduction of pairs.

We will present the perturbative limit of dominating inter-layer spin couplings as an impor-
tant case study that allows for an understanding of qualitative physical features even away from
this limit. This is in stark contrast to the Fermi-Hubbard model, where such controlled pertur-
bative limits are absent, and large scale numerical simulations are necessary to resolve the small
energy differences of competing phases, as discussed in Sec. 2.2.

Though the single-band model, Eq. (8.1), is not believed to quantitatively describe e.g. tran-
sition temperatures of pressurized bilayer nickelates, establishing a microscopic understanding
of simplified models by fully taking into account their correlation structure is an important step
towards developing a theory of bilayer superconductors. Our calculations suggest high critical
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(a)

Figure 8.1: Perturbative model. (a) In the limit J⊥ ≫ t∥, J∥, the bilayer mixD t∥-J⊥-J∥ model,
Eq. (8.1), reduces to a model of hopping singlets. Singlets hop on the bilayer structure via second
order processes (b), leading to a single layer interacting hard-core bosonic system, Eq. (8.2), in
the perturbative limit. A further mapping to a spin system yields an effective 2D XXZ model,
Eq. (8.4), where spin-spin correlations in the xy-plane map to coherent pair-pair correlations in
the bilayer system, (c).

temperatures of the single-band model, which facilitates the preparation of a state with (quasi)
long-range superconducting order in ultracold atom experiments with currently realistic tem-
peratures. This, in turn, may allow for a systematic exploration of novel materials using analog
quantum simulation platforms, and is discussed in Chapter 9 in detail.

The content of this chapter, including the above introduction, is largely based on the follow-
ing publication, partially with textual overlap:

[5] HS, U. Schollwöck, F. Grusdt, and A. Bohrdt. Superconductivity in the pressurized
nickelate La3Ni2O7 in the vicinity of a BEC-BCS crossover, Communications Physics 7,
366 (2024)

This chapter is structured as follows. In Sec. 8.2, we analyze the perturbative limit of strong
inter-layer spin couplings, which will serve as a guide throughout the succeeding sections. In
Sec. 8.3, we will look at numerical calculations of pair-pair correlations and analyze finite-size
effects in shallow systems. In Sec. 8.4, we compute binding energies of hole pairs, and esti-
mate critical temperatures to be expected in the thermodynamic limit. In Sec. 8.5, we propose a
mechanism for the observed strange metal phase in LNO, based on the intuition of conducting
hard-core bosons.

8.2 Perturbative limit

In the case of dominating spin couplings J⊥ ≫ t∥, J∥, the fermions pair into tightly bound inter-
layer singlets, where breaking apart a singlet is associated with energy cost J⊥ (Fig. 8.1). In
this limit, the low-energy physics of Eq. (8.1) is described by the restricted local basis consist-
ing of empty sites on site j in both layers, |0⟩j = |0⟩j,1 |0⟩j,2 (a chargon-chargon pair), as well
as paired singlets, |1⟩j = b̂†

j |0⟩j, where the (hard-core) bosonic operator b̂† creates an inter-

layer spin singlet, b̂†
j |0⟩j = 1√

2

(
ĉ†

j,↑,1ĉ†
j,↓,2 − ĉ†

j,↓,1ĉ†
j,↑,2

)
|0⟩j. By considering virtual processes to

https://www.nature.com/articles/s42005-024-01854-9
https://www.nature.com/articles/s42005-024-01854-9
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spinon-chargon states c†
j,σ,α |0⟩j in second order perturbation theory, and restricting the effec-

tive Hamiltonian to the low-energy subspace, the mixD bilayer model reduces to an interacting
hard-core bosonic system in a single 2D plane illustrated in Fig. 8.1. Let us go through the vari-
ous terms in the Hamiltonian Eq. (8.1) and see how they map to the effective low-energy space
(see also [40, 331, 332]):

▷ Hopping of singlets: Singlets can hop perturbatively. Through second-order processes
involving the constituents of the singlets, they can hop from site i → j with an ampli-
tude 2t2

∥/J⊥ (since both the upper and lower particles in the singlet can initiate the hop),

Fig. 8.1 (b). The hopping term is thus given by −K
2 ∑⟨i,j⟩

(
b̂†

i b̂j + h.c.
)

, where K = 4t2
∥/J⊥.

▷ Recombination of constituents: Constituents of a singlet can hop one site before recom-
bining into a singlet at the same site again, see also Fig. 8.1 (b). This results in the terms
−K

2 ∑⟨i,j⟩

(
b̂†

i b̂i + b̂†
j b̂j

)
.

▷ Blocked kinetic energy: When two singlets occupy neighboring sites, they cannot gain
kinetic energy through delocalization. This costs an energy K ∑⟨i,j⟩ b̂†

i b̂ib̂
†
j b̂j, which must

be added to the kinetic terms above.

▷ Interlayer interactions: The spin-spin interaction term J⊥ ∑i

(
Ŝi,1 · Ŝi,2 − n̂i,1n̂i,2

4

)
leads to

an energy of −J⊥ per singlet. This contributes the term −J⊥ ∑i b̂†
i b̂i.

▷ Intralayer interactions: The density-density interaction term − J∥
4 ∑⟨i,j⟩,α n̂i,αn̂j,α con-

tributes an additional nearest-neighbor (NN) interaction − J∥
2 ∑⟨i,j⟩ b̂†

i b̂ib̂
†
j b̂j. The factor of

two arises because the summation is over both layers; the spin-spin interaction ∝ J∥ does
not contribute, as two neighboring singlet states are disjoint.

Summing over all terms, we end up with the following Hamiltonian,

ĤHCB = −K
2 ∑

⟨i,j⟩
P̂GW

(
b̂†

i b̂j + h.c.
)
P̂GW − J⊥ ∑

i
b̂†

i b̂i + K ∑
⟨i,j⟩

(
∆b̂†

i b̂ib̂
†
j b̂j −

b̂†
i b̂i
2

−
b̂†

j b̂j

2

)
,

(8.2)
where we introduced the anisotropy ∆ = 1 − J∥/2K.

We can now associate the chargon-chargon pair and interlayer singlet with two spin states
described by spin-1/2 operators Ĵµ

i , µ = x, y, z (see e.g. Ref. [16]),

Ĵ+i = ηib̂†
i , Ĵ−i = ηib̂i

Ĵz
i = b̂†

i b̂i − 1/2,
(8.3)

where ηi is 1 (-1) on the A (B) sublattice. The effective boson model Eq. (8.2) can then be mapped
to a 2D XXZ spin system,

ĤXXZ = K ∑
⟨i,j⟩

(
Ĵx
i Ĵx

j + Ĵy
i Ĵy

j + ∆ Ĵz
i Ĵz

j

)
− J⊥ ∑

i
Ĵz
i −

J∥
4 ∑

⟨i,j⟩

(
Ĵz
i + Ĵz

j

)
, (8.4)
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where trivial constant terms have been dropped. Ĵµ
i , µ = x, y, z are spin-1/2 operators—not

to be confused with the spin operators Ŝµ
i of the fermionic bilayer Hamiltonian, Eq. (8.1). The

magnetization m of the spin model Eq. (8.4) maps to the filling δ of the bilayer model Eq. (8.1) as

m = δ − 1/2. (8.5)

Note specifically that the density-density term of the in-plane Heisenberg interactions in Eq. (8.1)
leads to the appearance of an anisotropy ∆ < 1. The last term in Eq. (8.4) is constant in periodic
systems, however induces non-trivial effects for open boundaries that we will discuss in the
upcoming section. For J∥ = 0, Eq. (8.4) reduces to the Heisenberg model with a Zeeman field.

In the perturbative regime, the bilayer system is hence a bona fide superconductor, featuring
long-range pairing order in the ground state that translates to long-range antiferromagnetic order
in the xy-plane of the XXZ model, see Fig. 8.1 (c). The controlled connection to the XXZ model
in the perturbative limit will prove to be useful in the following analysis of the appearing phases
in the mixD bilayer model.

8.3 Pair correlations and finite-size effects

We simulate the bilayer t∥-J⊥-J∥ system, Eq. (8.1), in the ground state using DMRG for various
parameters J⊥/t∥ at J∥ = 0 and doping δ = 0.5. We focus on systems of size l × w × 2, where w
and l are the width and length of each layer in the bilayer system, respectively. As in Chapters 5
and 6, we exploit the full U(1) symmetries in each layer and conserve the total magnetization,
such that the symmetry of the system is given by U(1)α=1⊗U(1)α=2⊗U(1)Sz

tot .
Fig. 8.2 shows coherent pair-pair correlations ⟨∆̂†

i ∆̂j⟩ as a function of distance along the
long direction x of the bilayer system, for varying J⊥/t∥ and for widths w = 1, 2, 3, 5. We ap-
ply open boundary conditions in all directions. In the ladder systems (w = 1), we find pro-
nounced algebraic signals of pair-pair correlations throughout the whole system for all param-
eters (Fig. 8.2 (a)), in line with previous findings presented in [170]. When tuning the system
towards the perturbative limit, pair-pair correlations are seen to converge towards spin-spin
correlations ⟨ Ĵ+i Ĵ−j ⟩ of the mapped XXZ model (with Ĵ±i = Ĵx

i ± i Ĵy
i ).

Notably, while the absolute values of pair-pair correlations rise for increasing J⊥/t∥, their
corresponding decay exponent remains almost unchanged even down to J⊥/t∥ ∼ 1, which is
the relevant regime for LNO [323]. In particular, fitted Luttinger exponents Ksc (with ⟨∆̂†

i ∆̂j⟩ ∝
|i − j|−Ksc ) are Ksc = 1.211(18) for J⊥/t∥ = 1 and Ksc = 0.946(3) for J⊥/t∥ = 20. Similarly to
the ladders, algebraic decay is observed for w = 3 throughout the range of J⊥/t∥, cf. Fig. 8.2 (c).
Here, the fitted Luttinger exponents are given by Ksc = 0.82(2) for J⊥/t∥ = 5 and Ksc = 0.89(1)
for J⊥/t∥ = 20.

For w = 5, we show results for δ = 0.5 and in the perturbative regime J⊥/t∥ = 20 for
varying bond dimensions in Fig. 8.2 (e). While insufficient bond dimensions lead to a natural
exponential decay of correlations, the extrapolation shows an algebraic signal that matches spin-
spin correlations of the perturbative XXZ model. Though going significantly away from the
perturbative regime is intractable for wide systems such as w = 5 with current state-of-the-art
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Figure 8.2: Pair correlations. Pair-pair correlation function ⟨∆̂†
i ∆̂j⟩ in the t∥-J⊥ model (J∥ = 0)

for varying J⊥/t∥ and width w; δ = 0.5 is used if not indicated differently. For w = 1 (a) and
w = 3 (c), correlations show algebraic signals, with increasing magnitudes for growing J⊥/t∥
while the decay exponents stay almost constant. Pair-pair correlations converge towards spin-
spin correlations ⟨ Ĵ+i Ĵ−j ⟩ of the XXZ model in the perturbative limit (black data). For w = 5, an
extrapolation to large bond dimension for J⊥/t∥ = 20 is shown, matching the prediction from
the XXZ model. For w = 2 at δ = 0.5 (b), the decay of ⟨∆̂†

i ∆̂j⟩ is exponential for all values of
J⊥/t∥, with decreasing correlation lengths for increasing J⊥/t∥. This is explained by a finite pair
charge gap ∆pair that corresponds to the spin gap of the SU(2) symmetric Heisenberg model in
the perturbative limit (f). Away from δ = 0.5 and for w = 2 (d), correlations decay algebraically
for all values of J⊥/t∥, as expected from the Heisenberg model at finite magnetization. We choose
reference sites i = [ix = 10, iy = 1] (l = 32) for w = 1, 2, i = [ix = 4, iy = 2] (l = 24) for w = 3
and i = [ix = 2, iy = 3] (l = 16) for w = 5.

techniques, the correspondence between the mixD bilayer t∥-J⊥-J∥ model and the XXZ model
for J⊥/t∥ = 20 and w = 5 suggests long-range pairing order also away from J⊥/t∥ ≫ 1.

In stark contrast to systems of odd widths, for w = 2 at δ = 0.5 we find at distances
jx − ix ≳ 10 exponential behavior of pair-pair correlations, which, notably, has not been men-
tioned in previous numerical studies of the mixD bilayer t-J model [170]. A comparison with
the perturbative XXZ model turns out as a useful tool to understand the origin of exponentially
decaying pair correlations: In SU(2) symmetric Heisenberg ladders of even width and at zero
magnetization, the formation of rung-singlets opens a spin-gap ∆s, which in turn leads to an ex-
ponential suppression of spin-spin correlations. In contrast, odd-width ladders have a vanishing
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spin-gap, and long-range correlations are observed [263, 333, 334]. Similarly, we demonstrate in
the following that the exponential decay of pair-pair correlations (even away from the perturba-
tive limit) is an artifact of finite-size effects along the y-direction, driven by a finite charge pair
gap ∆pair.

The spin gap is given by the singlet-triplet gap of the effective spin-1/2 model, i.e.

∆s = E(Stot = 1)− E(Stot = 0). (8.6)

In the limit of vanishing in-plane spin interactions J∥ = 0 and magnetization m = 0, Eq. (8.4)
reduces to the Heisenberg model with an emergent SU(2) symmetry, where both the total spin
Stot as well as the total magnetization along z, Sz

tot, commute with the Hamiltonian and are good
quantum numbers. However, the effective Zeeman field ∝ J⊥ ∑i Ĵz

i in Eq. (8.4) splits the energy
levels for total spin Stot = 1. In order to calculate the genuine singlet-triplet spin gap, we ex-
plicitly remove the Zeeman contribution, and compute ∆s = E(Sz

tot = 1) − E(Sz
tot = 0) of the

Heisenberg model,
ĤHeis = K ∑

⟨i,j⟩

(
Ĵx
i Ĵx

j + Ĵy
i Ĵy

j + Ĵz
i Ĵz

j

)
, (8.7)

where ∆s/K = const. Accordingly, to compare ∆s to the pair charge gap in the bilayer model, we
account for the above by computing

∆pair = E(N)− E(N + 2) + J⊥. (8.8)

Here, E(N) is the ground state energy at δ = 0.5, i.e., with a total particle number of N = l × w,
and E(N + 2) corresponds to the energy of the system with one more particle in each layer
compared to δ = 0.5.

Indeed, the charge pair gap is seen to be finite throughout the whole parameter regime for
w = 2 at δ = 0.5, as illustrated in Fig. 8.2 (f). Particularly, ∆pair falls below the singlet-triplet spin
gap in the Heisenberg model (where ∆s ∝ K) for increasing t∥/J⊥, signaling a weaker exponen-
tial decay of pair-pair correlations when tuning the model away from the tightly-bound limit,
matching observations in Fig. 8.2 (b).

Away from δ = 0.5, a finite magnetization in the effective model in the perturbative limit
prevents the formation of a spin-singlet state, which in turn results in algebraic decay of spin-spin
correlations even for finite, even-width systems. Likewise, pair-pair correlations in the bilayer
model are seen to decay algebraically for δ ̸= 0.5, as shown for δ = 0.44 in Fig. 8.2 (d). We
note that in LNO, the coexistence of a strongly correlated state and a hole pocket in the dz2 band
has been proposed to lead to self-doping between the dz2 and dx2−y2 orbitals, which is likely to
slightly shift the doping in the dx2−y2 away from δ = 0.5 [171,328]. In this case, the appearance of
long-range pair-pair correlations is expected for all system widths in the single-band description.

From our considerations, we conclude that in the thermodynamic limit, the model (with
J∥ ̸= 0 to break the emergent SU(2) symmetry) features quasi long-range pairing correlations
up to a critical temperature determined by the Berezinskii-Kosterlitz-Thouless (BKT) transition
TBKT where phase coherence occurs. We stress the direct correspondence of the decay of corre-
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Figure 8.3: Tuning pair correlations. Dependence of pair-pair correlations when tuning the
filling δ and the ratio J∥/J⊥, for fixed J⊥/t∥ = 1 (here shown for a system of size w = 1, l = 64).
Finite in-plane AFM spin interactions J∥ lead to an increase of pair-pair correlations. Doping the
system away from δ = 0.5 decreases pairing order and induces oscillatory boundary effects.

lations in the mixD bilayer and XXZ model: When the effective model in the perturbative limit
features an emerging SU(2) symmetry and forms spin singlets, correlations are exponential in
the mixD model even away from J⊥/t∥ ≫ 1; however, when a finite magnetization prevents the
formation of spin-singlets, correlations decay algebraically throughout the whole range of J⊥/t∥.
Furthermore, there is only an insignificant change of the decay of pair-pair correlations when
leaving the perturbative limit towards experimentally relevant regimes of J⊥/t∥ ∼ 1, strongly
suggesting that the key pairing physics of superconductivity in LNO is described by the XXZ
universality class of hard-core bosons constituted by s-wave singlet pairs. Such controlled lim-
its that capture the essential physics are absent in the plain-vanilla 2D Fermi-Hubbard model,
where the ground state (not to mention the finite temperature phase diagram) is still under active
debate due to the intricate competition between various phases, see also Sec. 2.2.

The comparison to the perturbative limit of tightly bound inter-layer pairs J⊥ ≫ t∥, J∥ fur-
ther gives us an intuitive understanding of all appearing terms in the mixD t∥-J⊥-J∥ Hamiltonian,
Eq. (8.1). Due to the in-plane magnetic interactions, an anisotropy ∆ < 1 is introduced in the
effective XXZ model. This strengthens superconducting correlations compared to the isotropic
case ∆ = 1: for small ∆, the Luttinger decay exponent of correlations ⟨ Ĵ+ix

Ĵ−jx ⟩ is proportional to
1 + 2∆/π, i.e., smaller anisotropies ∆ lead to slower power-law decay of correlations. Further-
more, doping the bosonic model away from δ = 0.5 translates to finite magnetizations along z
in the XXZ model, leading to suppressed pair-pair correlations. We confirm these tendencies in
DMRG simulations of the mixD bilayer model for experimentally relevant parameters, shown in
Fig. 8.3. Note that the oscillatory behavior of correlations for δ = 0.44 stem from Friedel mod-
ulations of the density that decay away from the open boundaries, and do not indicate charge
order in the system.

In the above, we have carefully checked convergence of our results. In particular, let us take
a closer look at the on-site particle density as well as pair-pair correlations in the bilayer sys-
tems. Fig. 8.4 shows ⟨n̂ix⟩ as well as ⟨∆̂†

ix
∆̂jx⟩ for bond dimensions χ = 2000, . . . , 6000. We see

that both observables converge for all considered system widths (χ = 4000 and χ = 6000 are
indistinguishable on the plot).
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Figure 8.4: DMRG Convergence. Convergence of the on-site particle density ⟨n̂ix⟩ (left panels) as
well as pair-pair correlations ⟨∆̂†

ix
∆̂jx⟩ (right panels) in the bilayer system for w = 1, 2, 3. t∥/J⊥ =

1 for w = 1, 2, and t∥/J⊥ = 10 for w = 3. In all cases, the particle densities as well as pair-pair
correlations are observed to converge for χ > 4000 (χ = 4000 and χ = 6000 are indistinguishable
on the plot).

Let us do some further comparison between the bilayer t∥-J⊥-J∥ model to the effective spin
description. Fig. 8.5 (a) shows the local expectation values of on-site pairs, ⟨∆̂†

ix
∆̂ix

⟩ for varying
J⊥/t∥, J∥ = 0 and widths w = 1, 2, as well as ⟨Ŝz

ix
⟩ + 0.5 in the XXZ model. For w = 1, the

number of on-site pairs is seen to converge towards the Heisenberg limit more quickly than for
w = 2.

Lastly, we compute the on-site number of pairs for the mixD t∥-J⊥-J∥ model for l = 32, w = 1,
J⊥/t∥ = 5, and finite in-plane coupling J∥/t∥ = 0.3, as shown in Fig. 8.5 (b). In the effective XXZ
description, this leads to coupling parameters K/t∥ = 0.8 and an anisotropy of ∆ = 0.8125. On-
site magnetizations ⟨Ŝz

ix
⟩ + 0.5 are shown in Fig. 8.5 (b) by black data points. The last term in

Eq. (8.4) leads to oscillations of the magnetization in the vicinity of the boundary, visible also for
the number of on-site pairs in the mixD t∥-J⊥-J∥ model. We stress that these effects are an artefact
of open boundaries imposed by our DMRG simulations, and disappear in the thermodynamic
limit. Nevertheless, the above further underlines our understanding of the appearing structure
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Figure 8.5: On-site pairs. (a) Number of on-site pairs ⟨∆̂†
ix

∆̂ix
⟩ for varying J⊥/t∥ and for w =

1 (left) and w = 2 (right), both for l = 32. In the perturbative regime, the number of pairs
converges to the density δ = 0.5, corresponding to m + 1/2 where m is the magnetization of the
mapped Heisenberg model. (b) ⟨∆̂†

ix
∆̂ix

⟩ in the t∥-J⊥-J∥ for J⊥/t∥ = 5, J∥/t∥ = 0.3 and for w = 1.
Oscillatory effects of the pair density in the vicinity of the boundary are captured within the
effective XXZ model, and stem from the last term in Eq. (8.4) (black data).

of pair densities in the t∥-J⊥-J∥ by mapping to the effective XXZ spin-1/2 system.

8.4 Binding energies and critical temperatures

Though long-range pair-pair correlations are necessary for any superconductor, their presence
does not give any further insights into the nature and structure of the ground state. For this
purpose, we compute inter-layer binding energies at δ = 0.5 by evaluating

Eb = 2E(N + 1)− E(N)− E(N + 2), (8.9)

and compare them to the spin gap

∆s = E(N; Sz
tot = 1)− E(N; Sz

tot = 0). (8.10)

The left panel in Fig. 8.6 shows results for mixD ladders, i.e. w = 1. In the perturbative
regime t∥/J⊥ ≪ 1, Eb ≈ ∆s ≈ J⊥; each chargon-chargon as well as chargon-spinon pair is associ-
ated with energy J⊥, while breaking up a singlet with fixed particle number also costs energy J⊥.
Away from the tightly-bound limit, the spin gap monotonously decreases, as growing sizes of the
chargon-chargon bound states induce increasing frustration in the spin background, see Chap. 6.
However, similar to the case of zero doping [69], where we compute Eb = 2E(1)− E(0)− E(2)
for a single hole pair (see grey solid lines in Fig. 8.6), the binding energy is observed to have
a minimum around t∥/J⊥ ≈ 0.5, after which it starts to increase for further rising t∥/J⊥. In
the low doping limit, it has been shown by some of us that this behavior is accurately captured
within the string picture [265,278,302] of the mesonic bound states: an increasing mobility of the
dopants leads to a significant kinetic contribution to the binding energy, resulting in an asymp-
totic scaling Eb/J⊥ ∼ (t∥/J⊥)1/3 [69]. Away from the perturbative limit, the monotonously
descreasing spin-gap hence falls below the binding energy. Our numerical results demonstrate
that the phenomenology is the same even at high doping δ = 0.5 of the mixD ladders, though
binding energies are renormalized to smaller values due to doping.
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Figure 8.6: Binding energies. Binding energies Eb/J⊥ (dark blue) and spin gap ∆s/J⊥ (red)
as a function of t∥/J⊥ at δ = 0.5 and J∥ = 0, for w = 1 (left) and w = 2 (right). For mixD
ladders w = 1, binding energies behave as predicted in the string picture [69], where a large
mobility of pairs for increasing t∥/J⊥ leads to enhanced binding energies. As a reference, binding
energies in the dilute limit of a single hole pair are shown by grey solid lines. Meanwhile, due
to the frustrating effect of moving charges, the spin gap decreases monotonously. For w = 2,
the binding energy in the zero doping limit features a similar structure as in the ladders. In
contrast, large doping levels δ = 0.5 permit the appearance of strongly overlapping chargon-
chargon pairs, leading to a distinct drop of Eb for t∥/J⊥ ≳ 0.6. The crossing point of estimated
critical temperatures of the BKT transition (corresponding to w → ∞) in the perturbative regime
(light blue line) with the binding energy coincides with the point of qualitative change of Eb,
suggesting a BEC-BCS crossover as t∥/J⊥ is tuned.

When considering bilayer systems with widths w > 1, the structure of the pairs fundamen-
tally changes. In contrast to w = 1 ladders, where the chargon-chargon bound states may overlap
without destroying their confining strings, adding a second dimension allows for string-breaking
processes. This is illustrated in Fig. 8.7: In Fig. 8.7 (a), two hole pairs are doped into the inter-
layer singlet background for a ladder system, shown by the orange and blue circles. When the
orange pair is separated, singlets are tilted in between the two holes, leading to the formation of a
geometric string with linearly growing energy cost (orange wiggly line, left panel of Fig. 8.7 (a)).
When a chargon of a second pair (blue circles) follows the path shown by the blue line in the left
panel in Fig. 8.7 (a), the bound states can overlap, but strings are not allowed to cross and hence
cannot break (Fig. 8.7 (a), right panel).

This structural restriction of strings appearing in ladders is lifted for w > 1. Here, strings
from separate chargon-chargon pairs can cross, as illustrated in Fig. 8.7 (b). For instance, if the
lower blue hole on the left-hand side in Fig. 8.7 (b) follows the path shown by the blue line, the
tilted singlets in between the extended orange pair can be re-traced, resulting in the state shown
in the right panel of Fig. 8.7 (b).

In particular, this effect is expected to strongly influence the physics when the size of the
bound pairs becomes comparable to the inter-pair distance for a given doping, where the string
picture based on linearly growing string energies breaks down and has to be extended to include
these processes. Results for the binding energy and spin gap are shown for w = 2 in the right
panel of Fig. 8.6. In the dilute limit with only two holes (grey line), the binding energy is observed
to feature a string-like behavior as expected. Likewise, in the perturbative regime t∥ ≪ J⊥ at



168 8. Superconductivity in bilayer t-J models

<latexit sha1_base64="Dht5klJknKMMlY9DDirGQ1+w19Y="></latexit>

(b)

<latexit sha1_base64="JWEAuGtwFVwxg8AY62ObD4bRieE="></latexit>

(a)

<latexit sha1_base64="B6ZD8awAgKsr10ITlumkO9qTCME="></latexit>→

<latexit sha1_base64="B6ZD8awAgKsr10ITlumkO9qTCME="></latexit>→

Figure 8.7: Re-traced strings. An initially extended (orange) and localized (blue) chargon-
chargon pair is shown both for a ladder, (a), and a system with width w = 2, (b). In the case of
the ladder, the upper blue hole can follow the orange string along the blue solid line, however
the resulting strings (wiggly lines) do not cross and hence do not break. In extended systems
along a second dimension, self-retracing paths are possible, leading to a fundamentally differ-
ent structure and ultimately driving a BEC-BCS crossover.

doping δ = 0.5, we find binding energies following the string prediction since string lengths d ≲
1 remain small compared to the average distance between hole pairs. Strikingly, this behavior
extends well beyond the perturbative limit, where binding energies at δ = 0.5 are seen to match
predictions in the dilute limit up to t∥/J⊥ ≈ 0.6. However, for t∥/J⊥ ≳ 0.6—where d ≳ 1 [69]—
the binding energy starts to decrease for growing t∥/J⊥, approximately approaching the spin
gap for large t∥/J⊥, which is expected in a BCS-like state. This, in turn, suggests the appearance
of a BCS phase beyond t∥/J⊥ ≳ 0.6, consisting of spatially extended pairs of holes.

We note that the above results are independent on the symmetries that we implement in our
MPS calculations. With the implemented U(1)α=1⊗U(1)α=2⊗U(1)Sz

tot symmetry, E(N + 1) corre-
sponds to a system with an additional particle in one layer compared to δ = 0.5, while the other
layer is doped with N/2 holes. We now compare resulting binding energies to a system where
only the total number of particles is conserved in the bilayer system, i.e., with a U(1)α=1,2⊗U(1)Sz

tot

symmetry. When simulating the mixD model with the latter (reduced) symmetry, we add a
small perpendicular hopping t⊥/t∥ = 0.01 between the planes, such that we calculate ground
state energies of the Hamiltonian

Ĥ = −t∥ ∑
⟨i,j⟩,σ,α

P̂GW
(
ĉ†

i,σ,α ĉj,σ,α + h.c.
)
P̂GW − t⊥ ∑

i,σ
P̂GW

(
ĉ†

i,σ,1ĉi,σ,2 + h.c.
)
P̂GW

+ J∥ ∑
⟨i,j⟩,α

(
Ŝi,α · Ŝj,α −

n̂i,αn̂j,α

4

)
+ J⊥ ∑

i

(
Ŝi,1 · Ŝi,2 −

n̂i,1n̂i,2

4

)
.

(8.11)

Results for the binding energies and particle densities are presented in Fig. 8.8 (a) and
(b), respectively, with χ = 6000 (χ = 5000) for the calculations with implemented
U(1)α=1⊗U(1)α=2⊗U(1)Sz

tot (U(1)α=1,2⊗U(1)Sz
tot) symmetry. While the density distributions are

different due to the odd number of particles in the system, binding energies are almost indistin-
guishable.
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Figure 8.8: Different symmetries in DMRG calculations. (a) Binding energies as a function of
t∥/J⊥ when conserving the particle number in each layer (blue) compared to conserving only
the total number of particles in the system (red). In the latter case, a small t⊥/t∥ is added to
reach convergence. (b) Local densities ⟨n̂ix⟩ for J⊥/t∥ = 1.6 and particle number N + 1. In the
left panel, the total number of particles is conserved, such that the densities in the lower (dark
red) and upper (light red—invisible) layers are identical. In the right panel, the particle number
in each layer is conserved; the upper layer (light blue) has one hole less compared to δ = 0.5, i.e.,
N/2 + 1 particles.

Critical temperature estimation

We further corroborate the appearance of a BEC-BCS crossover by estimating critical tempera-
tures of the BKT phase ordering transition in the perturbative limit. In the 2D XXZ model with
coupling K, extensive quantum Monte Carlo studies have quantified the phase transition, find-
ing TBKT/K ≈ 0.7 (0.6) for ∆ = 0 (0.95) [335, 336]. We estimate critical temperatures in the mixD
bilayer model by assuming a small in-plane superexchange coupling J∥, leading to an anisotropy
close to the Heisenberg point in the effective XXZ description, ∆ ≲ 1.0. Hence, following Eq. (8.4)
and assuming ∆ = 0.95, the BKT transition temperature is estimated by TBKT/J⊥ ≈ 2.4

(
t∥/J⊥

)2,
shown by the blue solid line in the right panel of Fig. 8.6. Indeed, we find that the critical tem-
perature TBKT for phase coherence surpasses the binding energy at t∥/J⊥ ≈ 0.6, matching the
point of qualitative change of Eb. Beyond this point, the superconducting transition is no longer
driven by phase fluctuations and should be of BCS-type. In the BCS regime, the binding energy
of a Cooper pair is given by Eb = 2∆ (with ∆ the superconducting gap in the ground state),
which implies critical temperatures of Tc ∼ 0.28Eb for t∥/J⊥ ≳ 0.6.

The resulting phase diagram of the mixD bilayer model is schematically shown in Fig. 8.9,
which is the main result of this chapter. In LNO, depending on the strength of the on-site
Coulomb repulsion U/t∥ ∼ 5 − 10, the predicted range of superexchange interactions is given
by t∥/J⊥ ∼ 0.7 − 1.5 [323], such that we predict the superconductor to be of BCS-type (though
multi-band effects may renormalize the energy scales [171, 337]). We note that a complemen-
tary mean-field study of a related model found a similar BEC-BCS crossover phenomenology,
however with quantitatively different results [338]. In order to experimentally verify the na-
ture of the condensate, we propose to measure the specific heat of LNO under pressure, where
a symmetric (asymmetric) shape is expected in a BEC-like (BCS-like) state as a function of the
temperature [339, 340]. Measuring the shift of spectral weight of the optical conductivity across
the superconducting phase transition may give additional insights into the nature of the con-
densate [338].
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Figure 8.9: Schematic phase diagram and effective model. (a) Schematic phase diagram of the
mixD t∥-J⊥-J∥ model, Eq. (8.1), at doping δ = 50% relevant to LNO. In the limit of dominating
inter-layer magnetic interactions, a BEC-type superfluid of tightly bound pairs is realized. When
the average sizes of pairs become larger, spatially extended pairs form a BCS-like superconduct-
ing state. Binding energies and estimated critical temperatures in vicinity of the crossover are of
the order of the magnetic coupling J⊥. In the BEC regime, the model shows linear in T resistivity
(ρ ∝ T) above the superconducting phase, which may extend to larger values of t∥/J⊥ above the
BCS regime. The relevant parameter regime for LNO depending on the strength of the on-site
repulsion is shown by the black hatched area, where t∥/J⊥ ∼ 0.7 − 1.5 (which may however be
renormalized when taking into account multi-band effects).

We speculate that the in-plane hopping t∥ for systems of widths w > 1 plays a similar role
as nearest-neighbor particle repulsion in mixD ladders, where a related crossover from tightly
bound pairs of holes (closed channel) at small repulsion to more spatially extended, correlated
pairs of individual holes (open channel) at large repulsion has been proposed and studied in de-
tail in [331, 332, 337]. There, it was argued that the attraction of holes is ultimately mediated by
the closed channel in analogy to a Feshbach resonance [315]. Our simulations of extended sys-
tems similarly suggests Feshbash mediated pairing in bilayer nickelates, resulting in an effective
attraction of spinon-chargon pairs due to the presence of the closed chargon-chargon channel.

Regardless of whether the constituents of the superfluid are tightly bound chargon-chargon
pairs (BEC) or overlapping Cooper pairs (BCS), binding energies of the order of the coupling
J⊥ suggest extraordinarily high critical temperatures in bilayer systems. Assuming an inter-
layer coupling of J⊥ ≈ 0.3 eV [323], our results propose transition temperatures of the order of
Tc ≈ 1000 K in the region of the BEC-BCS crossover, which is an order of magnitude larger than
measured in LNO. We note however that the multi-band nature of LNO likely leads to strong
suppressions of the condensation temperatures. For instance, a more sophisticated two-band
model that takes into account Hund’s coupling in a more rigorous manner has been shown to
effectively reduce the coupling J⊥ by a factor of four, which shifts the system deeper into the BCS
phase and reduces its critical temperature [171]. Nevertheless, we stress that the physics in the
perturbative limit (i.e. a description by an effective XXZ model) stays identical up to renormal-
ization of the parameters, supporting the view that the single-band model captures the essential
pairing physics. Considering both an effective reduction of J⊥ due to the multi-band nature of
LNO as well as the BCS prediction for Tc leads to estimated critical temperatures of the mixD
bilayer model that are indeed of the same order of magnitude as measured in LNO. Disorder
effects may further suppress Tc in bilayer nickelate materials, such that higher critical temper-
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atures may be reached for cleaner samples. Though the above effects likely play a major role
in determining the exact quantitative transition temperature of LNO, the high Tc of the order
of J⊥/2 in the single-band, mixD bilayer model Hamiltonian near the crossover is very striking
in its own right, and may open the path towards a more targeted design of materials possibly
facilitating superconductivity above room temperature.

Lastly, we note that there exist intriguing similarities between the condensation of electron-
hole pairs (excitons) [341, 342] in bilayer semiconductors and superconductivity in bilayer nick-
elates. For example, high-temperature condensation of inter-layer excitons with large binding
energies of Eb ≳ 100 meV has been demonstrated in bilayer transition metal dichalcogenide
(TMD) semiconductors [343]. Additionally, a BEC-BCS crossover between tightly and weakly
bound electron-hole pairs has been observed in bilayer quantum Hall systems by continuously
tuning the pairing strength through variation of the layer separation [344].

8.5 Strange metallicity

Above the superconducting critical temperature of LNO, an extended region of strange metal-
licity with linear resistivity ρ ∝ T has been reported [70, 166]. Indeed, it has been shown that
hard-core bosons on the 2D square lattice show a very similar behavior, with zero resistivity for
T < TBKT and asymptotic linear resistivity dρ/dT ∝ 1/ρs above TBKT, with ρs the phase stiff-
ness in the ground state [345]. We note that this is in stark contrast to weakly interacting Bose
gases, where the resistivity saturates at high temperatures. This shows that, within the pertur-
bative limit, the extended regime of linear in T resistivity above the superconducting transition
temperature as measured in LNO is captured in the effective model of tightly bound pairs, see
Fig. 8.9.

We propose that, away from the perturbative limit but in vicinity of the conjectured BEC-BCS
crossover, the behavior of the conductivity is nevertheless dominantly dictated by the conduction
of pairs, conceivably leading to linear in T resistivity in the bilayer system at experimentally
relevant parameters J⊥/t∥ ∼ 1, cf. Fig. 8.9. Further studies of the mixD bilayer system are,
however, necessary to pin down its properties away from the BEC-like limit.

8.6 Discussion

We have presented an extensive analysis of superconductivity in mixD bilayer systems by study-
ing the single band t∥-J⊥-J∥ model. By carefully analyzing finite size effects, we demonstrated
that long-range pairing correlations emerge in the ground state, and quasi-long range power-
law correlations below T < TBKT, in the thermodynamic limit. We presented an analytically
accessible limit of dominant inter-layer couplings, in which the model can be described by an
effective spin-1/2 XXZ model. This allowed us to make predictions even away from this limit.
Specifically, we proposed that the resistivity of the mixD bilayer system in the vicinity of the
perturbative regime is dictated by the conduction of pairs, possibly explaining the linear in tem-
perature resistivity measured in LNO above Tc.



172 8. Superconductivity in bilayer t-J models

Our study of binding energies at δ = 0.5 proposes the appearance of a BEC-BCS crossover
as the ratio t∥/J⊥ is tuned. This may lead to unexpected similarities with underdoped cuprates,
where a similar Feshbach scenario has recently been proposed [315]. With our understand-
ing of all appearing terms in the mixD model Hamiltonian, we suggest to tune bilayer nicke-
lates towards the BEC-BCS crossover point, e.g. through rare-earth substitutions as proposed
in [346]. Recent experiments suggest the appearance of superconductivity in trilayer nickelate
compounds [347–349]. Performing a similar analysis for minimal models to trilayer systems
and identifying relevant mechanisms may help to obtain a unified understanding of nickelate
superconductors [350, 351].

We note that in the plain-vanilla Fermi-Hubbard model, which has been in the spotlight of
fermionic quantum simulators in recent years, the strong competition between different phases,
low Tc’s or even absence of superconductivity in the ground state [145] renders an observation
of long-ranged pairing order with ultracold atoms a real challenge. The mixD bilayer model, in
turn, facilitates such an observation in state-of-the-art experiments owing to its large tunability
and high predicted critical temperatures of the order of J⊥/2. Furthermore, transport proper-
ties can be measured by relaxation of an imposed density modulation [49], enabling a direct
observation of the strange metal and superconducting phases in the mixD t∥-J⊥-J∥ model. This
would allow for the simulation of 2D bilayer systems for a generic choice of Hamiltonian param-
eters, ultimately enabling realistic simulations of materials using analog quantum machines. A
detailed experimental proposal will be discussed in the upcoming chapter.



9
Exploring superconductivity in optical lattices

Summary. The simulation of high-temperature superconducting materials by implement-
ing strongly correlated fermionic models in optical lattices is one of the major objectives
in the field of analog quantum simulation. In this chapter we show that local control
and optical bilayer capabilities combined with spatially resolved measurements create
a versatile toolbox to study fundamental properties of both nickelate and cuprate high-
temperature superconductors. Building on the previous chapter, on the one hand we
present a scheme to implement a bilayer model that captures the essential pairing physics
of pressurized bilayer nickelates. This allows for the long-sought realization of a state
with long-range superconducting order in current lattice quantum simulation machines.
On the other hand, we demonstrate that control of local gates enables the observation of
d-wave pairing order in the two-dimensional (single-layer) repulsive FH model through
the simulation of a system with attractive interactions. Lastly, we introduce a scheme to
measure momentum-resolved dopant densities, providing access to observables comple-
mentary to solid-state experiments—which is of particular interest for future studies of
the enigmatic pseudogap phase appearing in cuprates.

9.1 Introduction

The exploration of unconventional superconductivity and exotic normal phases, such as the
pseudogap, using ultracold atoms in optical lattices is a major objective in the field of quantum
simulation. Although the original vision of studying superfluid states in ultracold, repulsively
interacting fermionic gases was first proposed in 2002 [68], their realization remains elusive to
this day. What makes this observation so challenging?

1. Small energy differences between various collectively ordered phases lead to extremely
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low critical temperatures [144, 145, 228], which are currently out of reach for state-of-the-
art quantum simulators. As discussed in the introduction (Chap. 1), reaching temperatures
below T/J ∼ 0.5 presents significant technological challenges. Moreover, as mentioned in
Sec. 2.2, in the plain-vanilla square lattice Fermi-Hubbard (FH) model, superconducting
order is absent, with stripe order being dominant [145]. Although this balance can be
shifted by introducing next-to-nearest neighbor terms [146, 147], critical temperatures are
expected to remain on the order of a few percent of the hopping energy scale.

2. Even if a state with long-range pairing order were to be realized experimentally, measur-
ing it remains highly challenging. Superconducting order in quantum many-body states
cannot be directly probed using local densities, as the corresponding observables are off-
diagonal in the Fock basis. This requires the ability to coherently add and remove singlet
pairs from the system, posing a significant experimental hurdle.

3. For studying the exotic normal phases of cuprate superconductors, momentum-resolved
observables of dopants are crucial [24,101,316]. While momentum-space densities of par-
ticles can be accessed via time-of-flight measurements, this method is not applicable for
resolving the momentum of the system’s dopants.

As discussed in detail in Sec. 5.3, mixed-dimensional (mixD) systems that can be engineered
in optical lattices subject to potential gradients have emerged as a compelling tool to energetically
favor and study collective phenomena in strongly correlated models. The experimental setup to
engineer mixD systems consists of an optical superlattice, i.e. coupled double wells, with tunable
energy offset ∆ [see e.g. the left-hand side of Fig. 9.2 for an illustration]. This allows for the
realization of meta-stable states where the hopping along the potential gradient is suppressed,
while spin-exchange remains finite.

With the discovery of high-temperature superconductivity at Tc ∼ 80 K in pressurized bi-
layer nickelates, mixD systems have gained broad attention also in the condensed matter com-
munity. As discussed in previous chapters (see i.p. Sec. 2.3 and Chap. 8), mixed dimensions
are widely believed to play an essential role in the formation of superconductivity in the bilayer
nickelate La3Ni2O7 (LNO). Indeed, our simulations of minimal, single-band models in Chap. 8
suggest astonishingly high critical temperatures of the order of the magnetic coupling J⊥/2 in
certain parameter regimes, which are readily achievable in state-of-the-art quantum simulation
experiments.

In this chapter, we present how local control of gates and bilayer optical lattice capabilities
can be independently utilized to simulate minimal models and measure observables relevant
to both nickelate and cuprate high-temperature superconductors. In particular, we argue that
these methods overcome the challenges in microscopically studying superconducting and exotic
normal phases: We show how current state-of-the-art quantum simulators can be used to (i)
prepare and observe a state with superconducting order, i.e. (quasi) long-range pair coherence,
at realistic temperatures in the mixD bilayer t-J model, (ii) measure d-wave pairing correlations
in the 2D FH model, and (iii) access momentum-resolved dopant distribution functions in the
2D t-J model. This directly facilitates complementary measurements to solid-state experiments
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of both bilayer nickelate and cuprate high-temperature superconductors using analog quantum
simulation. After giving a brief overview and introduction in the following, the corresponding
proposals (i)-(iii) are detailed in Secs. 9.2,9.3,9.4.

In the context of nickelate superconductors, we present a scheme to simulate the 2D mixD
bilayer t-J model on the square lattice and adiabatically prepare states that feature quasi long-
range pairing correlations,

⟨∆̂†
i ∆̂j⟩ ≃

|i − j|−α 0 < T < Tc

const T = 0,
(9.1)

where ∆̂†
i = 1√

2

(
ĉ†

i,↑,α=1ĉ†
i,↓,α=2 − ĉ†

i,↓,α=1ĉ†
i,↑,α=2

)
creates an interlayer singlet between layers α =

1, 2 on site i. The experimental setup consists of two FH layers with energy offset ∆ in the strong-
coupling limit, giving rise to interlayer magnetic interactions, as well as intralayer tunneling and
magnetic coupling; hopping of particles between the two layers, however, is suppressed, making
the system mixed-dimensional. The setup is summarized in Fig. 9.1. An essential ingredient that
allows for the measurement of pair-pair correlations is to hole-dope one layer, while doublon-
doping the other layer (see also Refs. [331, 332] for related setups), illustrated on the left-hand
side of Fig. 9.1. In Sec. 9.2, we start by showing that, on bipartite lattices, the doublon-hole-doped
bilayer mixD t-J system is equivalent (up to tunable interlayer density-density interactions) to a
fully hole-doped description by a partial particle-hole transformation applied to one layer only
[see the right-hand side of Fig. 9.1].

We then present a minimal adiabatic preparation scheme of a quantum state featuring pair-
coherence. We propose a measurement protocol involving resonant global interlayer tunneling
π/2 pulses, which allows to access superconducting (pair-pair) correlations in the particle-hole
transformed Hamiltonian. These correlations map to density-density correlations in the physi-
cally implemented doublon-hole-doped system and are hence readily accessible, without requir-
ing to change the number of fermions. We propose to apply this scheme also to experimentally
accessible 2D mixD bilayers, in which the Berezinskii–Kosterlitz–Thouless (BKT) transition to
a superconducting state with quasi long-range pairing correlations around Tc ∼ J⊥/2 can be
explored, see Chap. 8.

In connection with cuprates, in Sec. 9.3 we present a related scheme that allows to measure
coherent pairing correlations in the 2D FH model on the square lattice. Following the ideas
of Ho, Cazalilla and Giamarchi [352], we consider an implementation of the FH model with
strong attractive interactions [353], which is equivalent to the repulsive system through a partial
particle-hole transformation, summarized in Fig. 9.9. Coherent pairing order in the repulsive
FH model can then be accessed through local basis-rotations in the implemented (attractive)
model. In particular, we show that local control of tunneling gates allows for the observation
of pairing correlations with different symmetries, e.g., the state can be probed on both s-wave
and d-wave pairing order. Thereby we extend the ideas from Ref. [352], where noise-correlation
measurements have been proposed to analyze the antiferromagnetic state on the attractive side.
With recent advances in local control in optical lattices [354], our scheme paves the way for the
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long-sought demonstration of d-wave pairing correlations in the plain-vanilla Hubbard model.
The toolbox of doped mixD bilayers additionally allows for the exploration of momentum-

resolved observables of mobile holes in 2D t-J models. In particular, in Sec. 9.4 we present a
protocol to measure the free-hole (dopant) density in an effective 2D t-J model in momentum-
space, ⟨n̂h(k)⟩, which is a particularly relevant observable for revealing the properties of exotic
normal phases (such as the appearance of a small Fermi surface in the pseudogap phase) of
cuprates. We note that this is in contrast to direct implementations of the hole-doped 2D t-J
model, which give access to momentum resolved particle—but not dopant densities.

To this end, we propose to implement a mixD bilayer system in the limit of strong interlayer
Kondo-type couplings, i.e. strong spin exchange J⊥ without tunneling t⊥ between the layers,
where mobile singlets can be mapped to holes in an effective 2D model, summarized in Fig. 9.11.
By coherently driving tunneling transitions between interlayer singlets and doublon-hole pairs
and the subsequent removal of one spin species, the momentum distribution of dopants ⟨n̂h(k)⟩
can be accessed through time-of-flight measurements. In particular, ⟨n̂h(k)⟩ does not depend
on the spectral weight at the respective momentum k, which can be advantageous compared to
angle-resolved photoemission spectroscopy (ARPES) in regions of the Brillouin zone with low
spectral weight, such as the backside of the Fermi arcs [87]. Furthermore, the effective 2D t-
J model features hopping and spin interaction amplitudes that originate from different layers.
This allows for an independent tuning of these parameters, and hence to simulate regimes that
cannot be accessed through a direct implementation of a 2D layer.

9.2 Measuring pairing correlations: Mixed-dimensional bilayers

In the following, we present how states with quasi long-range superconducting order can be
prepared and how coherent pairing correlations can be measured in realistic experimental setups
by implementing the mixD bilayer t-J model in a transformed basis, summarized in Fig. 9.1.

An essential ingredient to measure pairing correlations in the mixD bilayer t-J model is to
experimentally implement a partially particle-hole transformed Hamiltonian. Therefore, before
precisely defining the proposed model, we review the particle-hole symmetry of the standard
t-J model on bipartite lattices, retrieved from perturbation theory from the FH model. We note
that relevant models for bilayer nickelates are defined on the (bipartite) square lattice, where the
particle-hole symmetry and hence our proposed measurement scheme holds.

9.2.1 Particle-hole symmetry of the conventional t-J model

When hole-doping the FH model away from one particle per site and projecting out states with
double occupancy (valid in the strongly interacting limit U ≫ t), the Hamiltonian reads (ne-
glecting three-site, next-nearest neighbor terms ∼ J)

Ĥ = −t ∑
⟨i,j⟩,σ

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

n̂in̂j

4

)
. (9.2)
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i,�,↵ĉj,�,↵ + h.c.�P̂GW + J∥ ��i,j�,↵
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Figure 9.1: Exploring high-temperature superconductivity in mixD with optical lattices.
Scheme how to measure coherent pairing correlations in the mixD bilayer t − J model. We pro-
pose to implement the Fermi-Hubbard model in the strong-coupling limit on a bilayer geometry
(physical system). By applying a potential gradient ∆ between the two layers, interlayer tun-
neling is suppressed, such that t⊥ = 0, but J⊥ > 0. Up to tunable interlayer density-density
interactions, the model relates to a fully hole-doped mixD bilayer t-J model through a partial
particle-hole transformation (mapped system). In the physical, doublon-hole-doped system,
performing a global resonant tunneling pulse (∆ = U) after ramping up the lattice depth re-
sults in Rabi oscillations with frequency Ω0 between singlets and doublon-hole (dh) pairs on
the rungs. In a π/2 rotated basis (red cross), density-density correlations in the doublon-hole-
doped system then correspond to coherent pair-pair correlations in the fully hole-doped system.

Let us explicitly write out the Gutzwiller projector P̂GW that removes states with double occu-
pancy,

P̂GW = ∏
i

(
1 − n̂i,↑n̂i,↓

)
. (9.3)

The total particle number is given by N̂ = ∑i n̂i,↑ + n̂i,↓ = L − d, where L and d are the number
of sites and (hole) dopants in the system, respectively.

Similarly, we can consider doublon-doping the FH model. The perturbation theory works
identically, however now we project out empty states, denoted by the projector ˆ̃PGW ,

ˆ̃PGW = ∏
i

(
1 − (1 − n̂i,↑)(1 − n̂i,↓)

)
. (9.4)

Up to an overall doping dependent energy shift due to double occupancies, the Hamiltonian
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reads
ˆ̃H = −t ∑

⟨i,j⟩,σ

ˆ̃PGW
(
ĉ†

i,σ ĉj,σ + h.c.
) ˆ̃PGW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

ˆ̃ni ˆ̃nj

4

)
, (9.5)

where ˆ̃ni = 2 − n̂i,↓ − n̂i,↑ = 0 (1) for doublons (singly occupied sites).

We now map the doublon-doped t-J model, Eq. (9.5), to the hole-doped system, Eq. (9.2), and
describe both in the same Hilbert space. Consider for this the charge conjugation transformation
Ĉ, which maps particle creation to annihilation operators and vice versa,

Ĉĉi,σĈ−1 = ĉ†
i,σ

Ĉĉ†
i,σĈ−1 = ĉi,σ.

(9.6)

Let us evaluate how the single particle states {|0⟩ , |↑⟩ , |↓⟩} behave under the transformation
Ĉ. First, consider the action on the vacuum state, which is defined by ĉi,σ |0⟩ = 0 for all i, σ.
Applying the transformation yields

0 = Ĉĉi,σ |0⟩ = Ĉĉi,σĈ−1Ĉ |0⟩ = ĉ†
i,σĈ |0⟩ , (9.7)

such that the transformed vacuum state is the fully occupied state, Ĉ |0⟩ = ∏i,σ c†
i,σ |0⟩. Further-

more, we get for each i (we omit the lattice site index i for simplicity)

Ĉ |↑⟩ = Ĉĉ†
↑ |0⟩ = Ĉĉ†

↑Ĉ−1Ĉ |0⟩ = ĉ↑ ĉ†
↑ ĉ†

↓ |0⟩ = ĉ†
↓ |0⟩ = |↓⟩ (9.8)

and
Ĉ |↓⟩ = Ĉĉ†

↓ |0⟩ = Ĉĉ†
↓Ĉ−1Ĉ |0⟩ = ĉ↓ ĉ†

↑ ĉ†
↓ |0⟩ = −ĉ†

↑ |0⟩ = − |↑⟩ . (9.9)

The spin flips of the single particle states under the transformation as seen above are intu-
itive when considering a state in the subspace of single and double occupancies, |↑, ↓, ↑↓, ↑⟩.
Applying the hopping term ĉ†

2,↑ ĉ3,↑ |↑, ↓, ↑↓, ↑⟩ = − |↑, ↑↓, ↓, ↑⟩, we see that the hopping of
the ↑-spin maps to a hopping of a ↓-spin in the subspace of empty and singly occupied sites,
ĉ†

3,↓ ĉ2,↓ |↑, ↓, 0, ↑⟩ = |↑, 0, ↓, ↑⟩. Note that there is an additional sign change of the hopping term
after the transformation, as Ĉĉ†

i,σ ĉj,σĈ−1 = ĉi,σ ĉ†
j,σ = −ĉ†

j,σ ĉi,σ (for i ̸= j).

To account for the appearing spin and phase flips, we redefine the charge conjugation opera-
tion Ĉ and make it site- and spin-dependent (i.e., we add a unitary transformation to the charge
conjugation Eq. (9.6), Û ĈÛ † = Ĉ, representing another possible particle-hole transformation),

Ĉ ĉi,σĈ−1 = ηisgn(σ̄)ĉ†
i,σ̄

Ĉ ĉ†
i,σĈ−1 = ηisgn(σ̄)ĉi,σ̄.

(9.10)

Here, the sign factor ηi = eiπ·i with π = [π, π] is positive (negative) on sublattice A (B) on the
square lattice; note that Ĉ also switches spins σ ↔ σ̄.

Applying the transformation to single particle states on a given site (Ĉ |0⟩ = ∏i,σ ĉ†
i,σ |0⟩ still
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holds),
Ĉ |0⟩ = ĉ†

↑ ĉ†
↓ |0⟩ = |↑↓⟩

Ĉ |↑⟩ = Ĉ ĉ†
↑Ĉ−1Ĉ |0⟩ = −ĉ↓ ĉ†

↑ ĉ†
↓ |0⟩ = |↑⟩

Ĉ |↓⟩ = Ĉ ĉ†
↓Ĉ−1Ĉ |0⟩ = ĉ↑ ĉ†

↑ ĉ†
↓ |0⟩ = |↓⟩ ,

(9.11)

such that the singly occupied states map onto themselves, while doublons map to holes and
vice versa. Transforming the relevant operators in the Hamiltonian Eq. (9.5) for nearest neighbor
pairs ⟨i, j⟩ yields

Ĉ n̂i,σĈ−1 = ĉi,σ̄ ĉ†
i,σ̄ = 1 − n̂i,σ̄

Ĉ n̂iĈ−1 = ˆ̃ni

ĈP̂GW Ĉ−1 = ˆ̃P
Ĉ ĉ†

i,σ ĉj,σĈ−1 = −ĉi,σ̄ ĉ†
j,σ̄ = ĉ†

j,σ̄ ĉi,σ̄

Ĉ Ŝz
i Ĉ−1 =

1
2
Ĉ(n̂i,↑ − n̂i,↓)Ĉ−1 = Ŝz

i

Ĉ Ŝx
i Ĉ−1 =

1
2
Ĉ(ĉ†

i,↑ ĉi,↓ + ĉ†
i,↓ ĉi,↑)Ĉ−1 = Ŝx

i

Ĉ Ŝy
i Ĉ

−1 =
1
2

iĈ(ĉ†
i,↓ ĉi,↑ − ĉ†

i,↑ ĉi,↓)Ĉ−1 = Ŝy
i .

(9.12)

Furthermore, the total particle number transforms as Ĉ N̂Ĉ−1 = ∑i

(
2 − n̂i,↑ − n̂i,↓

)
= L − d,

such that ∑i n̂i,↑ + n̂i,↓ = L + d, i.e., the transformed system has a total of L + d particles (d
doublons).

Using Eq. (9.12), transforming the relevant operators in the Hamiltonian Eq. (9.5) for nearest
neighbor pairs ⟨i, j⟩ ultimately yields

Ĉ ˆ̃HĈ−1 = Ĥ, (9.13)

such that the description of the doublon-doped system in the subspace of singly and doubly
occupied sites is manifestly equivalent to a hole-doped description in the Hilbert space of singly
occupied and empty sites (i.e., the t-J Hamiltonian is particle-hole symmetric). Note that this is
relying on the fact that the underlying lattice is bipartite (hence, including the additional 3-site
term in the t-J model does not change this result); non-bipartite lattices (e.g. when considering
diagonal couplings t′ [147]) yield different signs in the hopping term after the charge-conjugation
operation, and are hence not particle-hole symmetric.

9.2.2 Partial particle-hole mapping of the mixD t-J model

We now consider the hole-doped mixD bilayer t∥-J⊥-J∥ model, which we propose to simulate,

Ĥ = ∑
α=1,2

Ĥα + Ĥ12. (9.14)
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Here, Ĥα denotes the Hamiltonian in layer α = 1, 2 alone,

Ĥα = −t∥ ∑
⟨i,j⟩,σ

P̂GW
(
ĉ†

i,σ,α ĉj,σ,α + h.c.
)
P̂GW + J∥ ∑

⟨i,j⟩

(
Ŝi,α · Ŝj,α −

n̂i,αn̂j,α

4

)
, (9.15)

and Ĥ12 is their interlayer Kondo-type coupling ∝ J⊥,

Ĥ12 = J⊥ ∑
i

(
Ŝi,1 · Ŝi,2 −

n̂i,1n̂i,2

4

)
. (9.16)

As discussed in Chap 8, this model features (quasi) long-range s-wave pairing order, with ex-
pected critical temperatures of Tc ∼ J⊥/2 for t∥/J⊥ ∼ 0.6 in the 2D limit.

The Hamiltonian Eq. (9.14) can be simulated in bilayer optical lattices described by the on-site
interaction U, intralayer (interlayer) tunnel couplings t̃∥ (t̃⊥), and a potential offset between the
two layers ∆ [2,57,355]. When choosing t̃∥, t̃⊥ ≪ ∆ < U, the mixD setting in Eq. (9.14) is realized,
with effective parameters t∥ = t̃∥, t⊥ = 0, J∥ = 4t̃2

∥/U and J⊥ = 2t̃2
⊥/(U + ∆) + 2t̃2

⊥/(U − ∆), cf.
Sec. 5.3.

Experimentally, we argue below that it is advantageous to simulate a closely related mixD bi-
layer model, with hole-doping in one and doublon-doping in the other layer. Using the notation
from above, this model is described by the Hamiltonian

ˆ̃H = Ĥ1 +
ˆ̃H2 +

ˆ̃H′
12. (9.17)

Here, layer 1 (2) is hole (doublon) doped and the coupling ˆ̃H′
12 contains additional interlayer

density-density interactions arising from the mapping of a Hubbard model with a strong po-
tential gradient between the layers, as discussed in more detail next. A similar setup has been
analyzed in Refs. [331, 332], where the original motivation was to utilize the additional inter-
layer density-density interactions in the doublon-hole-doped model to tune the system through
a crossover associated with a Feshbach resonance. Here we demonstrate another useful feature
of this setting that readily allows to measure coherent pairing correlations.

From now on, we assume that layer 1 is energetically offset from layer 2, i.e., holes (doublons)
are doped in layer 1 (2). We shall denote the layer with larger (smaller) on-site energy as upper
(lower) layer. On the left-hand side of Fig. 9.2, we schematically show a single double well with
energy offset ∆, where α = 1 (α = 2) correspond to the lower (upper) layer. We note that the
situation of doublon (hole) doping the upper (lower) layer instead leads to the same conclusions
as discussed in the following, however with a different sign of the additional density-density
interactions.

Density-density interactions

Before we apply a particle-hole mapping Ĉ in the doublon-doped layer in order to relate ˆ̃H to a
mixD bilayer system with hole-doping (Ĥ), we describe the origin of the additional interactions
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Figure 9.2: Interlayer interactions. Left panel: illustration of the double well geometry with
on-site interaction U and energy offset ∆; here, layer 1 (2) is the energetically upper (lower) layer.
In the doublon-hole-doped setting, virtual processes lead to the appearance of nearest-neighbor
interlayer interactions between particles. Contributions come from 1) a particle in the upper
(α = 1) and a doublon in the lower (α = 2) layer, 2) a hole in the upper and a particle in the
lower layer, and 3) a hole in the upper and a doublon in the lower layer.

in ˆ̃H,
ˆ̃H′

12 = J⊥ ∑
i

Ŝi,1 · Ŝi,2 +

(
V − J⊥

4

)
∑

i
n̂i,1 ˆ̃ni,2. (9.18)

Virtual tunnel couplings between the doublon and hole-doped layer lead to the appearance of
nearest neighbor (interlayer) interactions between dopants. The following contributions appear
when doublon-doping the energetically lower layer (α = 2) and hole-doping the upper layer
(α = 1) [331, 332], see Fig. 9.2 (we note that we always imply 0 < ∆ < U):

1) − t̃2
⊥
∆ n̂i,1(1 − ˆ̃ni,2) for a particle in the upper and a doublon in the lower layer,

2) − t̃2
⊥
∆ (1 − n̂i,1) ˆ̃ni,2 for a hole in the upper and a particle in the lower layer,

3) −2 t̃2
⊥

∆−U (1 − n̂i,1)(1 − ˆ̃ni,2) for a hole in the upper and a doublon in the lower layer.

Here, t̃⊥ denotes the hopping between layers in the bilayer Fermi-Hubbard model with a gradi-
ent. Adding up the above contributions, we find an effective interlayer nearest neighbor inter-
action of the form

V ∑
i

n̂i,1 ˆ̃ni,2, (9.19)

with V = 2t̃2
⊥
( 1

∆ + 1
U−∆

)
. For ∆ < U, interactions are repulsive, V > 0. The sign of V changes

when doublon (hole) doping the energetically upper (lower) layer instead: In this case, V =

−2t̃2
⊥
( 1

∆ − 1
U+∆

)
< 0 for all values of ∆, U > 0.

Now we apply the partial particle-hole mapping Ĉ2 ≡ 11 ⊗ Ĉ2, acting only on the doublon-
doped layer 2, in order to obtain the effective Hamiltonian in the Hilbert space with hole dopants
only. Since we are in mixed dimensions, no hopping terms t⊥ exist in the effective t-J description:
Hence after applying the transformation Ĉ from Eq. (9.10), the doublon-doped layer changes to
an equivalent hole-doped layer, Ĉ2

ˆ̃H2Ĉ−1
2 = Ĥ2. Moreover, using Ĉ2 ˆ̃ni,2Ĉ−1

2 = n̂i,2, the coupling
ˆ̃H′

12 transforms and we obtain

Ĉ2
ˆ̃HĈ−1

2 = Ĥ1 + Ĥ2 + Ĥ12 + V ∑
i

n̂i,1n̂i,2. (9.20)
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Therefore, the physical implementation of the doublon-hole-doped mixD bilayer FH model after
the particle-hole mapping corresponds to a fully hole-doped mixD bilayer system with interlayer
hole-hole interactions, i.e., the simulated Hamiltonian reads

Ĥ = −t∥ ∑
⟨i,j⟩,σ,α

P̂GW
(
ĉ†

i,σ,α ĉj,σ,α + h.c.
)
P̂GW + J∥ ∑

⟨i,j⟩,α

(
Ŝi,α · Ŝj,α −

n̂i,αn̂j,α

4

)
+ J⊥ ∑

i
Ŝi,1 · Ŝi,2 +

(
V − J⊥

4

)
∑

i
n̂i,1n̂i,2.

(9.21)

After the partial particle-hole transformation as specified above, the interactions in Eq. (9.19)
correspond to tunable interlayer density-density interactions. We note that in the case of hole or
doublon-doping both layers in the physical implementation, virtual tunnel couplings between
the two energetically offset layers merely lead to a constant energy shift; Hence, tunable density-
density interactions V are a particular feature of the doublon-hole-doped mixD bilayer system.

9.2.3 Phase-coherent pairing correlations

Finally we explain why working with a doublon and a hole-doped layer provides a major
experimental advantage. To this end, we note that resonant tunnel couplings between the
two layers, if added again, lead to the appearance of terms like ĉ†

i,σ,1ĉi,σ,2. In the particle-hole
transformed basis, these become Ĉ2ĉ†

i,σ,1ĉi,σ,2Ĉ
−1
2 ∝ ĉ†

i,σ,1ĉ†
i,σ̄,2, which create and destroy pairs in

the effective description of holes and singly occupied sites. In the mixD setting t̃∥, t̃⊥ ≪ ∆ < U,
such pair-creation and annihilation terms do not appear. By explicitly tunnel coupling the
two layers, the particle-hole transformed basis can be exploited to measure coherent pair-pair
correlations in the mixD bilayer model without changing the total number of fermions, which
we demonstrate in more detail in Sec. 9.2.5. In the following, we argue that the effective model
Eq. (9.21) features long-range pairing order for a wide range of parameters in the ground state
(as well as quasi long-range order at finite T < Tc). We then explain explicitly how pairing
correlations can be measured for a simple double-well building block, before presenting state
preparation and measurement protocols for mixD systems.

Long-range superconducting order in the simulated model: numerical results

In the following, we present numerical results for the ground state of mixD ladders across a
range of coupling strengths J⊥/t∥ and V/t∥. These simulations were done by Hannah Lange
and are included here for completeness.

For a typical experimental value of ∆ = U/2, we obtain |V| = 1.5J⊥. In the following,
we show that this is a moderate repulsion which does not qualitatively change the physics and
superconducting properties of the mixD model. To this end, DMRG calculations of Eq. (9.21)
are performed on a ladder geometry, for varying t∥/J⊥, V/J⊥ and hole doping δ = 0.5 in both
layers. The U(1)α=1 ×U(1)α=2 charge conservation symmetry is explicitly exploited in each leg.

Fig. 9.3 (a) shows pair-pair correlations ⟨∆̂†
i ∆̂i+x⟩ for a ladder of length Lx = 60, with
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Figure 9.3: DMRG simulations. (a) Coherent pairing correlations ⟨∆̂†
i ∆̂i+x⟩ in the ground state

of a mixD ladder of length Lx = 60 at hole doping δ = 0.5, for experimentally relevant couplings
J∥/t∥ = 0.5 and J⊥/t∥ = 1.5 [57] and for various interaction strengths V/t∥. Fits to algebraic
decay functions are shown by solid lines; for illustrative reasons, only odd distances are shown.
(b) Luttinger decay exponents K as a function of J⊥/t∥ and V/t∥. Contours denote extrapolated
lines of constant K, black dots the points evaluated for the extrapolation. The arrow with the
color gradient indicates the V/t∥ scan in (a) from attractive (blue) to repulsive (red) interactions.
Gray lines show typical interaction strengths for ∆ = U/2, V = 1.5J⊥, see Eq. (9.21). These
calculations were performed by Hannah Lange, and are included here for completeness.

J⊥/t∥ = 1.5 as approximately realized in Ref. [57] and for varying interlayer density-density
interactions V/t∥ = −3 . . . 3. In a gapless 1D system, pairing correlations decay algebraically,
⟨∆̂†

i ∆̂i+x⟩ ∼ x−K, with K the Luttinger parameter. Corresponding fits for i = 10 and x = 1, . . . , 42
are shown by solid lines in Fig. 9.3 (a). For a broad range of interaction strengths V/t∥, clear al-
gebraic signals are found. Only for strong repulsive interactions V > Vc ≈ 2.5t∥ ≈ 1.7J⊥, the
onset of an exponential decay for ⟨∆̂†

i ∆̂i+x⟩ is observed at large distances x. This is in agreement
with previous observations of a pair charge gap opening at commensurate doping δ = 0.5 and
intermediate repulsion V [332], see also Chap. 8.

Fig. 9.3 (b) presents K as a function of both V/t∥ and J⊥/t∥. Again, for most considered values
of V/t∥ and J⊥/t∥, Luttinger parameters K ≈ 1 are found. Only for large V > Vc ≈ 3.0t∥ = 2.0J⊥
and J⊥/t∥ < 1.5, K becomes significantly larger before the onset of an exponential decay. The
Kondo coupling J⊥/t∥ = 1.5 and the corresponding |V| = 1.5J⊥ (indicated by the gray lines
in Fig. 9.3 (b)) realized in the experiment [57] are deep in the K ≈ 1 regime for attractive V
(i.e. doublon-doping the energetically upper layer), and for repulsive interactions (i.e. doublon-
doping the energetically lower layer) K ≈ 1.5. Note that it is possible to tune J⊥/t∥ and V/t∥,
e.g. via the potential offset ∆, to the regime with smaller K, i.e. longer-ranged correlations.

We note that at finite temperature, correlations decay exponentially in ladder systems due
to their one-dimensional nature [356]. Nevertheless, in the same spirit as early observations
of antiferromagnetic order [41, 51, 62, 65, 242], measurable finite-range correlations are expected
in regimes realistically accessible to ultracold atom experiments. In particular, in Sec. 8.4 it was
shown that binding energies in ladder systems exceed Eb/J⊥ > 0.5 for all values of t∥/J⊥. There-
fore, for temperatures T/Eb ≲ 1, we expect sizable pairing correlations in ladder systems. In
contrast, in the 2D bilayer limit, we expect algebraic correlations up to relatively high critical
BKT temperatures even in the presence of interlayer density repulsions.
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Figure 9.4: Double well Rabi oscillations. (a) A single double well building block with energy
shift ∆ < U. The ground state with one particle per site is a singlet state. (b) When tuning ∆ = U
to resonance, coherent Rabi oscillations (in time T) between singlets and doublon-hole pairs are
induced, with holes (doublons) situated in the energetically upper (lower) site, labeled site 1 (2).

A single double well

As an experimental building block, consider a single double well with energy offset ∆ < U,
loaded with two fermions (N↑ = N↓ = 1). The ground state corresponds to a spin singlet,
|s⟩ = 1√

2
(|↑⟩1 |↓⟩2 − |↓⟩1 |↑⟩2), see Fig. 9.4 (a). When tuning the tunneling transition between

doublon-hole pairs |dh⟩ = |0⟩1 |↑↓⟩2 and singlets |s⟩ into resonance, i.e. setting ∆ = U, hopping
transitions are induced,

∑
σ

ĉ†
σ,2ĉσ,1 |s⟩ =

1√
2

(
ĉ†
↑,2ĉ↑,1 |↑⟩1 |↓⟩2 −ĉ†

↓,2ĉ↓,1 |↓⟩1 |↑⟩2︸ ︷︷ ︸
=+|0⟩1|↑↓⟩2

)
∝ |dh⟩ . (9.22)

Similarly,

∑
σ

ĉ†
σ,1ĉσ,2 |dh⟩ = 1√

2

(
ĉ†
↑,1ĉ↑,2 |0⟩1 |↑↓⟩2 + ĉ†

↓,1ĉ↓,2 |0⟩1 |↑↓⟩2︸ ︷︷ ︸
=−|↓⟩1|↑⟩2

)
∝ |s⟩ . (9.23)

This gives rise to Rabi oscillations between singlets and doublon-hole pairs, Fig. 9.4 (b). Double
well Rabi oscillations of single particles have been demonstrated with high fidelity in Refs. [354,
355, 357, 358].

When mapping the doublon-hole-doped system to the fully hole-doped mixD t-J ba-
sis via the partial particle-hole transformation, we now see that the tunneling operations in
Eqs. (9.22),(9.23) formally correspond to spin-singlet creation and annihilation operators,

Ĉ2(ĉ†
↑,1ĉ↑,2 + ĉ†

↓,1ĉ↓,2)Ĉ−1
2 = ĉ†

↓,1ĉ†
↑,2 − ĉ†

↑,1ĉ†
↓,2︸ ︷︷ ︸

∝∆̂†

Ĉ2(ĉ†
↑,2ĉ↑,1 + ĉ†

↓,2ĉ↓,1)Ĉ−1
2 = ĉ↓,1ĉ↑,2 − ĉ↑,1ĉ↓,2︸ ︷︷ ︸

∝∆̂

.
(9.24)

Therefore, the Rabi oscillations between doublon-hole and singlet states in the physical sys-
tem map onto coherent oscillations between a rung-singlet and a paired state of two holes af-
ter applying the partial particle-hole transformation Ĉ2 on the second (doublon-doped) layer.
Thus, measurements of singlet-to-doublon-hole oscillations in the physical system provide a di-
rect measurement of coherent pair creation in the corresponding Ĉ2-transformed system that we
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see Fig. 9.4

Figure 9.5: State preparation scheme. State preparation for simulating the mixD t-J model on
a ladder. 1) A band insulating state is prepared in deep double wells with ∆ > U. 2) Tuning
∆ = U for a given amount of time, singlets are created with a certain average density |β|2 (where
still t∥ = 0), cf. Fig. 9.4. Afterwards, ∆ is tuned to ∆ < U. 3) Hopping between double wells is
adiabatically turned on by ramping down the lattice potentials, which enables the simulation of
the mixD bilayer model on a ladder geometry in step 4).

ultimately propose to investigate. We finally note that tuning ∆ of the optical superlattice to
resonance has the advantage of high control, while avoiding lattice shaking induced transitions
which cause heating.

9.2.4 State preparation scheme

Based on coupled double-wells as building blocks, in the following we present a state prepara-
tion scheme for simulating the mixD system. We note that ultimately, the simulation of the full
2D bilayer model Eq. (9.21) is desirable. For this purpose, bilayer capabilities of existing quan-
tum gas microscope experiments [359, 360] used e.g. for spin-resolved imaging [66, 361] can be
utilized. Offsetting the two layers by an energy ∆ then implements the mixD model on a 2D
square lattice geometry. However, as a first step, we argue that implementing mixD ladders as
in Ref. [57] already constitutes a valuable setup that is readily available to measure coherent pair-
ing correlations in 1D systems. For this purpose, the state preparation consists of the following
steps, summarized in Fig. 9.5:

1) Loading doublon-hole pairs into multiple (separate) double wells with strong potential
gradients ∆ > U realizes the product state

⊗
i

|0, ↑↓⟩i , (9.25)

where i denotes the index of the double wells. Lattice potentials are sufficiently deep,
such that t∥ = 0. This can be achieved with low entropy starting from a band insulating
state [362] in the lower layer.

2) By globally tuning the optical superlattice to resonance (∆ = U), singlets are coherently
created. The fraction of doublon-hole pairs compared to singlets can be controlled depend-
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ing on the time Tres for which resonant tunneling is switched on. After Tres, ∆ is further
ramped down to ∆ < U. This allows for the preparation of e.g. a 50:50 mixture (50%
doublon/hole doping) as present in LNO.

3) When adiabatically ramping down the lattice depth, in-plane hopping t∥ is induced, simu-
lating the mixD bilayer system Eq. (9.21). When considering a ladder geometry, adiabatic
ramping of t∥ guarantees that a low-temperature Luther-Emery liquid of phase-coherent
pairs [331, 332] is realized.

This scheme can also be directly applied to a mixD bilayer constituted by two coupled 2D lay-
ers. Note that the phase-coherent creation of pairs in step 2) readily realizes the product state⊗

i (α |0, ↑↓⟩i + β |s⟩i), which has long-range pairing correlations and is hence adiabatically con-
nected to low-energy states of the mixD t-J model. We expect that after sufficient thermalization
times, the system reaches an equilibrium steady-state whose correlation functions correspond
to those of the mixD system, Eq. (9.21). This suggests high fidelities reachable in step 3).

The accuracy of the global π/2 pulse ultimately sets the doping value of the simulated mixD
bilayer model. We note that away from 50% doping, the system remains superconducting, with
only slight renormalization of pair-pair correlations [5]. Thus, we expect that the measurement
output is stable against infidelities of the state preparation scheme, e.g. due to local fluctuations
of the Hamiltonian parameters.

9.2.5 Measurement protocol

After the adiabatic state preparation of the doublon-hole-doped mixD system, coherent pair-
pair correlations can be measured. In particular, in the fully hole-doped target system that we
propose to realize in a particle-hole transformed basis, we would like to directly measure corre-
lations ⟨∆̂†

i ∆̂j⟩, where ∆̂†
i = 1√

2
(ĉ†

i,↑,1ĉ†
i,↓,2 − ĉ†

i,↓,1ĉ†
i,↑,2) creates an interlayer singlet on site i. This

requires measuring Ĉ2∆̂†
i ∆̂jĈ−1

2 in the physical system with doublon (hole) doping in the lower
(upper) layer.

In the following, we first describe the protocol in the limit of strong Kondo-couplings J⊥ ≫
t∥, J∥, where a mapping to an effective spin-1/2 system reveals how coherent pairing correlations
can be accessed through a basis rotation in the subspace of singlets and doublon-hole pairs.
Subsequently, we extend the discussion to situations away from the perturbative regime.

Perturbative limit

In the case of strong Kondo-couplings J⊥ ≫ t∥, J∥, fermions pair into tightly bound interlayer
singlets with associated binding energies J⊥. As described in Sec. 8.2, in this limit, the low-energy
Hilbert space of Eq. (9.14) is spanned by chargon-chargon pairs (i.e., holes on site i in both layers,
|0⟩i = |0⟩i,1 |0⟩i,2), and rung-singlets, |1⟩i = b̂†

i |0⟩i.
Describing these states through a spin-1/2 degree of freedom, the bilayer system at dominat-
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1) State preparation, see Fig. 9.5 2)
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Figure 9.6: Measurement protocol. After state preparation (cf. Fig. 9.5) in step 1), lattice po-
tentials are ramped up to freeze out t∥ = 0, 2). A π/2 basis rotation by tuning U = ∆ 3) and
consecutively measuring densities of singlets and doublon-hole pairs 4) then allows for evalua-
tion of pair-pair correlations in step 5).

ing interlayer couplings is effectively described by the XXZ Heisenberg model (see Sec. 8.2),

ĤXXZ = K ∑
⟨i,j⟩

(
Ĵx
i Ĵx

j + Ĵy
i Ĵy

j + ∆ani Ĵz
i Ĵz

j

)
, (9.26)

where K = 4t2
∥/J⊥ and ∆ani = 1 − J∥/2K1. We note that in Eq. (9.26), constant terms that arise

have been dropped.
Pair-pair correlations in the mixD t-J model map to in-plane spin-spin correlations of the

XXZ Hamiltonian, ⟨∆̂†
i ∆̂j⟩ → ηiηj ⟨ Ĵ+i Ĵ−j ⟩, where ηi is 1 (-1) on the A (B) sublattice. These

can be accessed through a basis rotation in the subspace of singlets and hole pairs, in anal-
ogy to measurements of in-plane (off-diagonal) spin-spin correlations in the FH model [50],
⟨ Ĵ+i Ĵ−j ⟩ = 2 ⟨ Ĵx

i Ĵx
j ⟩ = 2 ⟨ Ĵz

i Ĵz
j ⟩rot

. In particular, we propose the following measurement scheme,
summarized in Fig. 9.6:

1) State preparation, see Fig. 9.5.

2) Ramp up lattice depth to freeze in-plane degrees of freedom, t∥ = 0.

3) Rotate basis by a global π/2 tunneling pulse, see Fig. 9.4.

4) Measure densities (which corresponds to a measurement of the mapped spin Ĵ in the XXZ
model in the z-basis after the rotation (3), i.e., either a doublon-hole pair or singlet is mea-
sured at each site i).

1As we denote energy tilts in optical lattices by ∆, we have here added the subscript in the anisotropy for clarity.
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Figure 9.7: Allowed and blocked transitions. Applying a π/2 pulse by tuning ∆ = U leads
to the following effect depending on the local configuration: Transitions between local rung-
singlets and doublon-hole pairs are resonant. Meanwhile, transitions between local rung-triplets
and doublon-hole pairs are Pauli-blocked and interlayer hopping of single holes and doublons
is off-resonant.

5) Using Eq. (8.3), evaluate pair-pair correlations via

⟨∆̂†
i ∆̂j⟩ = 2ηiηj

〈
(n̂i − 1/2)× (n̂j − 1/2)

〉
dh+rot

(9.27)

Here, ⟨◦⟩dh+rot denotes measurement of the doublon-hole-doped system in the rotated ba-
sis and n̂i = 1 (0) for a measured singlet (doublon-hole pair) on site i in the rotated basis.

Away from the perturbative limit

When tuning the system away from the perturbative limit, hopping processes can break inter-
layer singlets. The basis states of a single rung hence not only include singlets and doublon-hole
pairs, but consist of d = 9 states {|0⟩1 |↑↓⟩2 , |σ⟩1 |↑↓⟩2 , |0⟩1 |σ⟩2 , |s⟩ , |t1,2,3⟩}, where |s⟩ , |t1,2,3⟩
denote the rung singlet and three triplet states, respectively. A global π/2 tunneling pulse as
described above realizes a basis rotation only in the subspace of the states {|dh⟩ , |s⟩}, as all other
transitions are either Pauli blocked or off-resonant as shown in Fig. 9.7.

When taking snapshots in the rotated basis, only contributions from singlets and doublon-
hole pairs contribute to Eq. (9.27). The two triplet states |↑⟩1 |↑⟩2, |↓⟩1 |↓⟩2 as well as the states
|σ⟩1 |↑↓⟩2, |0⟩1 |σ⟩2 are trivially identified in spin-resolved snapshots and have zero contribution
to Eq. (9.27). Spin-resolved measurements in the mixD setting have been demonstrated on ladder
geometries in Ref. [57], which can be extended to 2D bilayers with current technologies.

In order to also distinguish the triplet |↑⟩1 |↓⟩2 + |↓⟩1 |↑⟩2 from the singlet |↑⟩1 |↓⟩2 − |↓⟩1 |↑⟩2,
we propose to adiabatically ramp up a magnetic field gradient, which has the following effect:
Consider the Hamiltonian

Ĥ(Bz) = ĤFH(t, U) + BzŜz
2, (9.28)

where ĤFH(t, U) is the FH model with hopping (on-site repulsion) t (U), and Bz denotes the
magnetic field gradient strength. If Bz is ramped up adiabatically, |t1⟩ = |↓↓⟩ and |t3⟩ = |↑↑⟩
stay eigenstates of the Hamiltonian throughout the transformation. On the other hand, the sin-
glet state will adiabatically transform to |s⟩ → |↑↓⟩, and the triplet state |t2⟩ transforms to the
remaining product state |↓↑⟩. This is illustrated in Fig. 9.8 (a), where we show the instantaneous
eigenenergies of Ĥ(Bz) as a function of Bz/t for U/t = 12. Spin-resolved snapshots after rapidly
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Figure 9.8: Adiabatic magnetic field gradient ramp. Evolution of instantaneous eigenstate en-
ergies of Hamiltonian Eq. (9.28) as a function of Bz/t, with U/t = 12 [U/t = −12] in (a) [(b)].
For Bz/t = 0, triplet states are degenerate and energetically offset from the singlet state. While
|↑↑⟩ and |↓↓⟩ stay invariant under the adiabatic transformation, the singlet state transforms to
|↑↓⟩ (|↓↑⟩), and the triplet state to |↓↑⟩ (|↑↓⟩) in the repulsive (attractive) case. This allows to (i)
distinguish singlet from triplet states in spin-resolved snapshots, as required in measurement
scheme Sec. 9.2.5, and (ii) apply the transformation |↑↓⟩ → |t2⟩ through a reversed adiabatic
protocol as proposed in measurement scheme Sec. 9.3.3.

turning off the field then allow to distinguish between states that have originally been in a spin-
singlet and spin-triplet state. We note that (after freezing in-plane dynamics) the Hamiltonian
conserves Stot

z in each double well, such that diabatic transitions to other states in the triplet man-
ifold, e.g. |↑↓⟩ → |↓↓⟩, are suppressed. Thus, up to overall phases, applying the magnetic field
gradient has the following effect on the singlet and triplet states,

1√
2
(|↑⟩1 |↓⟩2 − |↓⟩1 |↑⟩2) → |↑⟩1 |↓⟩2

1√
2
(|↑⟩1 |↓⟩2 + |↓⟩1 |↑⟩2) → |↓⟩1 |↑⟩2 ,

(9.29)

while all other configurations remain unaffected.

We note that the adiabatic process is in contrast to singlet-triplet oscillations, where the state
is quenched under the magnetic field gradient Hamiltonian (i.e., the process is non-adiabatic).
In this case, the relative phase between the states |↑↓⟩ and |↓↑⟩ is dynamically changed, |↑↓⟩+
eiφ(t) |↓↑⟩, leading to coherent oscillations between singlet and triplet states [51, 240, 357, 363].

During the measurement scheme, infidelities of global basis rotations and adiabatic ramping
of the magnetic field gradient lead to quantitative deviations of the measurement signal to the
true pair-pair correlations. However, we stress that signals consistent with finite values away
from zero constitute evidence for the existence of pair-pair correlations in the system. Therefore
we argue that, while ultimately obtaining quantitatively accurate results is desirable, the quali-
tative interpretation of non-zero signals influenced by infidelities remains the same. This paves
the way towards a systematic exploration of superconducting phases in inherently repulsively
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Figure 9.9: Exploring high-temperature superconductivity in the 2D FH model with optical
lattices. In a similar spirit to the mixD setting, the 2D repulsive FH model relates to its attractive
counterpart by a partial particle-hole transformation. To measure pairing correlations of vari-
ous symmetries (including d-wave) ⟨∆̂†

r1
∆̂r2⟩ between bonds r1 and r2, we propose to implement

the attractive FH model and apply local gates with unitaries Ûφ
ri acting on bonds ri. This gives

rise to a Ramsey interferometer as a function of a controlled phase dependency φ, from which
pairing correlations can be accessed in the repulsive model. In particular, probabilities Pσ1σ2

ri of
measuring |↑, ↓⟩ and |↓, ↑⟩ states after applying the local gates correspond to pairing correlations
in the repulsive model.

interacting fermionic systems with state-of-the-art ultracold atom simulators.

9.3 Measuring pairing correlations: 2D Fermi-Hubbard model

We have demonstrated that in the mixD setting, coherent pair-creation and annihilation pro-
cesses can be naturally implemented through tunneling transitions between doublon- and hole-
doped layers. We now show that related ideas allow for the measurement of pairing correlations
in the 2D (single-layer) FH model, through a partial particle-hole transformation that maps the
attractive to the repulsive FH model. In particular, we show that local control enables access to
spin-singlet pairing correlations between both horizontal and vertical bonds, Pα,β

i,j = ⟨∆̂†
i,α∆̂j,β⟩,

where ∆̂†
i,µ = 1√

2

(
ĉ†

i,↑ ĉ†
i+êµ,↓ − ĉ†

i,↓ ĉ†
i+êµ,↑

)
with êµ the unit lattice vectors along µ = x, y. For

s-wave pairing, all combinations of α, β yield the same sign in the correlator, whereas a d-wave
pairing structure features different signs of Pxy compared to Pxx, Pyy. This way, our scheme
allows for a direct observation of the sign and nodal structure of the pair-pair correlations in the
2D doped FH model, which can be identified as a superconducting order parameter.

We note that pairing correlations between parallel bonds, i.e. α = β, are easier to access
experimentally compared to the case α ̸= β, where in the latter two optical superlattices with
different orientations need to be realized, e.g. by using local addressability. Nevertheless, in-
dependent of the pairing symmetry, Pα=β

i,j ̸= 0 at large distances |i − j| ≫ 1 if the system fea-
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tures superconducting order. Hence, working with a superlattice with one orientation and fixing
α = β, pairing correlations (including d-wave) can be detected in the 2D FH model (though the
symmetry can not be uniquely specified in this case).

Our proposed measurement scheme relies on a particle-hole symmetry of the 2D FH model,
which in turn requires the underlying lattice to be bipartite. State-of-the-art numerical calcula-
tions suggest the absence of long-range superconducting order in the ground state of the plain-
vanilla 2D Fermi-Hubbard model on the square lattice (i.e. without next-nearest neighbor terms
t′) [145]. While finite values of t′ are believed to stabilize superconductivity [147] in the ground
state, at typical temperatures of quantum simulation platforms correlations are expected to de-
cay exponentially in both the plain-vanilla and finite t′ FH model. Therefore, independent on the
(short- or long-range) pairing structure of the ground state, at first only exponentially decaying
pair-pair correlations can be accessed with currently available technologies. We argue that it is
these short-range correlations (including their symmetry) that can be probed with our measure-
ment scheme, which, in turn, constitutes first valuable steps towards simulating and probing
superconductivity in 2D FH-type models. Furthermore, we stress that even in this regime many
open questions can be addressed, including the microscopic nature of the formation of pairs
and the relation between the pseudogap and superconductivity. The scheme is summarized in
Fig. 9.9.

9.3.1 Partial particle-hole mapping of the 2D Fermi-Hubbard model

Consider the repulsive (U > 0) 2D FH model on the square lattice at finite doping which we
would ultimately like to simulate,

Ĥ(t, U) = −t ∑
⟨i,j⟩,σ

(
ĉ†

i,σ ĉj,σ + h.c.
)
+ U ∑

i
n̂i,↑n̂i,↓. (9.30)

On a bipartite lattice, a partial particle-hole mapping of one spin-species

Ĉ ĉi,σĈ−1 =

ĉi,↑ for σ =↑

ηi ĉ†
i,↓ for σ =↓

(9.31)

transforms (up to an overall constant) the repulsive to the attractive FH model [352] (see also
Refs. [54, 353]), i.e.,

Ĉ−1Ĥ(t, U)Ĉ = Ĥ(t,−U) + U ∑
i

ni,↑. (9.32)

Note that from Eq. (9.31) follows that the vacuum state of the repulsive model |0⟩ transforms as
Ĉ |0⟩ = ∏i ĉ†

i,↓ |0⟩. Thus, a hole-pair |0⟩1 |0⟩2 = |0, 0⟩ on neighboring sites 1, 2 in the repulsive
model corresponds to a spin-down pair Ĉ |0⟩1 |0⟩2 = |↓⟩1 |↓⟩2 = |↓, ↓⟩ in the attractive model.
Accordingly, hole doping the repulsive system translates to a finite magnetization on the attrac-
tive side, Ĉ−1N̂hĈ = N̂↓− N̂↑, where Nh,↑,↓ denote the total number of holes, up- and down-spins,
respectively.
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Furthermore, the spin-singlet state |s⟩ in the repulsive Hamiltonian maps to

|s̃⟩ = Ĉ |s⟩ = 1√
2
(|↑↓⟩1 |0⟩2 + |0⟩1 |↑↓⟩2) (9.33)

in the attractive model.
In the following, we show how the application of local unitary gates which map |t1⟩ =

|↓⟩1 |↓⟩2 and |s̃⟩ to the unmagnetized spin-triplet and singlet state, respectively, allows to mea-
sure the pairing operator. In particular, spin-resolved measurement statistics in the z-basis after
applying the gates give access to pair-pair correlations in the repulsive FH model.

9.3.2 Measurement protocol

Starting from a low-temperature state of the attractive FH model (U < 0) in an optical lattice,
lattice depths are ramped up globally to freeze any dynamics. The goal is to measure the pair
correlator in the repulsive FH model ⟨∆̂†

r1
∆̂r2⟩ on bonds r1 = (i, i + êµ) and r2 = (j, j + êµ′), each

of them aligned along the unit vectors êµ(′) .
To understand how this can be achieved we find it convenient to decompose the quantum

many-body wave function into the following (orthogonal) contributions: (i) States with two
holes at bond ri in the repulsive model, corresponding to |↓, ↓⟩i in the attractive model, (ii) the
states with a singlet pair at bond ri, corresponding to |s̃⟩i =

1√
2
(|↑↓, 0⟩i + |0, ↑↓⟩i) in the attrac-

tive model, and (iii) orthogonal contributions |ϕ⟩. Notably, applications of ∆̂ri only act within
the subspace spanned by (i) and (ii).

Therefore, a general pure state on bond ri in the repulsive model reads

|ψ⟩i = αi |0, 0⟩i + βi |s⟩i + |ϕ⟩ . (9.34)

Correspondingly, we get in the attractive model

|ψ̃⟩i = αi |↓, ↓⟩i + βi |s̃⟩i + |ϕ̃⟩ . (9.35)

To motivate how our measurement scheme works, we assume a product state |Ψ⟩ = |ψ⟩1 |ψ⟩2

that explicitly breaks the U(1) particle conservation symmetry next. Afterwards, we will provide
a proof for arbitrary correlated states; the scheme still works in the latter case since we only
employ unitary operations acting independently on the different bonds ri.

Expectation values of the pairing fields in the repulsive model yield

i⟨ψ|∆̂†
ri
|ψ⟩i = αiβ

∗
i ,

i⟨ψ|∆̂ri |ψ⟩i = α∗
i βi,

(9.36)

and therefore

⟨Ψ|
(
∆̂†

r1
+ ∆̂r1

)(
∆̂†

r2
+ ∆̂r2

)
|Ψ⟩ = (α1β∗

1 + α∗
1 β1)(α2β∗

2 + α∗
2 β2). (9.37)
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Hence, by measuring certain products of α
(∗)
1 , α

(∗)
2 , β

(∗)
1 , β

(∗)
2 in the attractive model, pairing cor-

relations in the repulsive model can be accessed.

In the following, we introduce a measurement circuit that realizes a unitary Ûφ = ∏i Ûφ
ri ,

which allows to extract such products α
(∗)
i β

(∗)
i from Fock-basis snapshots of the transformed

state. We design the measurement protocol such that the action of this unitary on the state real-
izes a Ramsey-type interferometer,

Ûφ
ri |ψ̃⟩i =

(
γ
+,φ
i |↑, ↓⟩i + γ

−,φ
i |↓, ↑⟩i

)
+ |ϕ⟩ , (9.38)

with γ
±,φ
i = 1√

2
(αi ± eiφβi).

Before we discuss the experimental realization of Ûφ in Sec. 9.3.3, we explain how it gives ac-
cess to the pair correlations Eq. (9.37): Consider the probability to measure |↑, ↓⟩ri

after applying
Ûφ

ri ,

P↑↓
ri
(φ) = |i⟨↑, ↓ |Ûφ

ri |ψ̃⟩i|2 =
1
2
|αi + eiφβi|2, (9.39)

and P↓↑
ri defined in analogy. The difference between these probabilities,

Pri(φ) = (P↑↓
ri

− P↓↑
ri
)(φ) = 2e−iφ

(
αiβ

∗
i + e2iφα∗

i βi

)
, (9.40)

evaluated at each of the two bonds ri hence gives, via Born’s rule, access to ⟨∆̂†
ri
+ ∆̂ri⟩ from the

measurement statistics of ↓↑ and ↑↓ configurations.

The phase dependency Pri(φ) gives rise to Ramsey fringes, i.e. oscillations between
±4|αi||βi|, with Pri(φ = 0) = αiβ

∗
i + α∗

i βi = ⟨∆̂†
ri
+ ∆̂ri⟩. Correspondingly, by computing

Pr1 Pr2 = ⟨Ψ|
(
∆̂†

r1
+ ∆̂r1

)(
∆̂†

r2
+ ∆̂r2

)
|Ψ⟩, pair-pair correlations can be computed.

We note that when the U(1) particle conservation symmetry is spontaneously broken,
the order parameter averaged over many independent experimental realizations vanishes,
i⟨ψ|∆̂(†)

ri |ψ⟩i = 0, and Pri = 0. Nevertheless, for general correlated states, the product of the
probabilities Pri Prj (corresponding to pair-pair correlations ⟨∆̂†

ri
∆̂rj + h.c.⟩) is finite at large dis-

tances |ri − rj| for states with superconducting order.

Let us look at this in more detail. For a general correlated state, expectation values are given
by ⟨∆̂†

r1
∆̂r2⟩ = tr

(
ρ̂sh

12∆̂†
r1

∆̂r2

)
, where ρ̂sh

12 is the reduced density matrix in the subspace of hole-
pairs and singlets on bonds r1, r2 (as ∆̂(†)

ri only acts on this subspace). The most general form
of ρ̂sh

12 in the basis {|00⟩1 |00⟩2 , |s⟩1 |00⟩2 , |00⟩1 |s⟩2 , |s⟩1 |s⟩2} reads (note that fermion number
conservation implies a1 = a2 = b1 = b2 = c2 = 0),

ρ̂sh
12 =


p1 a∗2 a∗1 c∗2
a2 p2 c∗1 b∗1
a1 c1 p3 b∗2
c2 b1 b2 p4

 , (9.41)
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with ∑4
j=1 pj = 1. Thus, pairing correlations are given by the anti-diagonal elements,

tr
[
ρ̂sh

12
(
∆̂†

r1
+ ∆̂r1

)(
∆̂†

r2
+ ∆̂r2

)]
= c1 + c∗1 + c2 + c∗2 . (9.42)

As we show now, these elements can be accessed by taking snapshots in the rotated basis (i.e.
after applying the attractive-to-repulsive mapping and the unitary Ûφ). Specifically, in analogy
to the strategy for a product state as outlined in the main text, we calculate the probability of
measuring the transformed state as |↑↓⟩1 |↑↓⟩2,

P↑↓,↑↓
r1,r2

= tr
[
ρ̂sh

12Ûφ |↑↓⟩1 |↑↓⟩2 ⟨↑↓|2 ⟨↑↓|1 Ûφ†
]

. (9.43)

For φ = 0, the transformed state Ûφ=0 |↑↓⟩1 |↑↓⟩2 ∝ Ûφ=0(|t2⟩1 |t2⟩2 + |t2⟩1 |s⟩2 + |s⟩1 |t2⟩2 +

|s⟩1 |s⟩2) corresponds to the equal superposition |00⟩1 |00⟩2 + |00⟩1 |s⟩2 + |s⟩1 |00⟩2 + |s⟩1 |s⟩2 in
the repulsive model. Extending this to the other possible states in the rotated basis, we find

Ûφ=0 |↑↓⟩1 |↑↓⟩2 ∼̂ |00⟩1 |00⟩2 + |00⟩1 |s⟩2 + |s⟩1 |00⟩2 + |s⟩1 |s⟩2 ,

Ûφ=0 |↑↓⟩1 |↓↑⟩2 ∼̂ |00⟩1 |00⟩2 + |00⟩1 |s⟩2 − |s⟩1 |00⟩2 − |s⟩1 |s⟩2 ,

Ûφ=0 |↓↑⟩1 |↑↓⟩2 ∼̂ |00⟩1 |00⟩2 − |00⟩1 |s⟩2 + |s⟩1 |00⟩2 − |s⟩1 |s⟩2 ,

Ûφ=0 |↓↑⟩1 |↓↑⟩2 ∼̂ |00⟩1 |00⟩2 − |00⟩1 |s⟩2 − |s⟩1 |00⟩2 + |s⟩1 |s⟩2 .

(9.44)

From this, it is straight-forward to show that

P↑↓,↑↓
r1,r2

+ P↓↑,↓↑
r1,r2

− P↓↑,↑↓
r1,r2

− P↑↓,↓↑
r1,r2

∼ c1 + c∗1 + c2 + c∗2 , (9.45)

which extends the results presented in the main text to arbitrary correlated many body states.
In particular, in this case Pri Prj only depends on the overall phase difference picked up during

the measurement scheme on the two bonds. When applying a control phase φcontrol to one of the
two bonds, Ramsey fringes as a function of φcontrol can be observed in Pri Prj(φcontrol). Though
pairing correlations can be directly accessed by setting φcontrol = 0, observation of the Ramsey
fringes constitutes a valuable experimental verification of the coherence of the interferometer.

9.3.3 The measurement circuit

The measurement protocol that we propose consists of a sequence of unitaries that is applied
locally on all bonds ri independently. We focus on the states that contribute to the pair correla-
tions, namely |↓, ↓⟩ri

and |s̃⟩ri
, that correspond to hole and singlet pairs on bond ri in the repulsive

model. The general idea of the measurement protocol is to apply a unitary Ûφ
ri that transforms

the states |↓, ↓⟩i and |s̃⟩i to spin-singlets and triplets (up to a controlled overall phase differ-
ence φ), respectively, from which pair-pair correlations can be accessed by taking spin-resolved
measurements in the z-basis. Note that all other contributions are orthogonal and remain or-
thorgonal during the sequence due to the unitarity of Ûφ

ri . The gate sequence that realizes Ûφ
ri

consists of the following steps, summarized in Fig. 9.10 (a).

1) First, by locally turning on tunneling (i.e. by reducing the lattice depth of double wells
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Figure 9.10: Measuring pairing correlations in the plain-vanilla FH model. (a) Circuit that
allows to measure coherent pair-pair correlations in the repulsive FH model between bonds r1,
r2 through implementation of the attractive FH model. The shown sequence in (a) consists of a
combination of local tunneling and spin gates. The former are realized by locally reducing the
lattice depth and tuning the superlattice offset ∆. Adiabatic tuning of a magnetic field gradient
∆Bz allows to map |↓, ↓⟩ (corresponding to the hole-pair state in the repulsive model) to a spin-
triplet, whereas |s̃⟩ (corresponding to |s⟩ in the repulsive model) is transformed to a spin-singlet.
After each step, relative phases between the two input states are picked up, with an overall phase
shift of φ by the end of the sequence. Spin-resolved measurements after applying the unitary
allow for the evaluation of pairing correlations Pα,β

i,j in the repulsive FH model. (b) The over-
all phase difference φ between the final output states gives rise to oscillations of measurement
probabilities Pri , from which ⟨

(
∆̂†

r1
+ ∆̂r1

)(
∆̂†

r2
+ ∆̂r2

)
⟩ = (α1β∗

1 + α∗
1 β1)(α2β∗

2 + α∗
2 β2) can be re-

constructed.

on sites connected by bonds ri), Rabi oscillations between the states |↑↓, 0⟩ and |0, ↑↓⟩ are
induced with effective doublon tunneling rate 4t2/|U|. Starting from |s̃⟩, a π/2 tunneling
pulse T̂Dπ/2 transforms the state to |↑↓, 0⟩. Meanwhile, tunneling transitions of |↓, ↓⟩ are
Pauli blocked, i.e. the state stays invariant (up to an overall dynamical phase) under T̂Dπ/2 .

2) Spin-flip pulses σ1
x on the first sites of the respective double wells (i.e. on sites i, j) trans-

forms |↓, ↓⟩ → |↑, ↓⟩, while |↑↓, 0⟩ remains unchanged.

3) By applying an adiabatic magnetic field gradient ramp along z, the transformation |↑, ↓⟩ →
|t2⟩ = 1√

2
(|↑, ↓⟩+ |↓, ↑⟩) is performed. In particular, the above can be realized through a

reversed adiabatic protocol as described in Sec. 9.2: A magnetic field gradient is rapidly
turned on, and then ramped down adiabatically to Bz → 0. The instantaneous eigenener-
gies of the double-well Hamiltonian Eq. (9.28) as a function of Bz are shown for U/t = −12
in Fig. 9.8 (b). During the adiabatic process, |↑↓⟩ → |t2⟩, while the doublon-hole state
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|↑↓, 0⟩ remains unaffected.

4) Lastly, resonant oscillations between doublons and singlets (∆ = |U|) allow to realize a
π-pulse between the doublon-hole and singlet state, T̂DSπ

|↑↓, 0⟩ ∝ |s⟩. The triplet state t2,
on the other hand, is Pauli-blocked from corresponding tunnel transitions.

During this sequence, a relative phase φ between the final singlet and triplet states is picked up.
By applying a potential gradient after the first tunneling unitary, this overall relative phase φ

can be varied and the Ramsey fringes observed, Fig. 9.10 (b). This, in turn, ultimately allows to
measure pair-pair correlations ⟨∆̂†

r1
∆̂r2 + ∆̂r1 ∆̂†

r2
⟩. In particular, by varying µ, µ′ for a given pair

of sites i, j, d-wave pairing correlations can be measured by evaluating

⟨∆̂†
i,x∆̂j,x + ∆̂†

i,y∆̂j,y − ∆̂†
i,x∆̂j,y − ∆̂†

i,y∆̂j,x + h.c.⟩. (9.46)

9.4 Measuring dopant properties in the 2D t-J model

While Secs. 9.2 and 9.3 focused on the preparation and observation of superconducting states,
studying exotic normal phases appearing in unconventional superconductors, such as the
pseodogap (see i.p. Chap. 7), is another central area of research. Here, we argue how a tilted
bilayer setup as used to realize the mixD setting in Sec. 9.2 allows to study properties of hole
dopants in the 2D t-J model, which in turn can give insights into the enigmatic properties of the
pseudogap phase. The following ideas were mainly developed by Hannah Lange, such that we
only very briefly sketch out the main ideas in the following. For more details, we refer to the
publication Ref. [6].

The main idea is that we use an enlarged Hilbert space comprising one mixD rung per site,
whose low energy states in the large J⊥, U ≫ t∥ limit can be mapped to the states of a 2D t-J
model. The scheme is summarized conceptually in Fig. 9.11.

In order to map the mixD bilayer to a 2D t-J model, we consider the mixD bilayer with layer-
dependent parameters Uα and tα

∥ in the large Uα, J⊥ ≫ tα
∥ limit. This realized the formation

of a Mott insulating state in one layer, coupled strongly with the dopants in the other later to
form singlets. To this end, we use the capability that the filling in each layer can be controlled
individually. Here, we consider an (energetically) upper layer at one particle per site (n̂i,α=1 = 1),
and n̂i,α=2 ≤ 1. In this case, the low energy states are either the (bosonic) rung singlets b̂†

i or
singly occupied rungs with an empty site in layer α = 2, represented by fermionic operators
ˆ̃c†
i,σ = ĉ†

i,σ,1b̂i.
Through perturbative arguments, this leads to the following low-energy, effective single-layer

description of the system,

Ĥeff = −t̃ ∑
⟨i,j⟩

P̂GW

(
ˆ̃c†
iσ ˆ̃cjσ + h.c.

)
P̂GW + J̃ ∑

⟨i,j⟩

[
S̃i · S̃j −

γ

4
ˆ̃ni ˆ̃nj

]
+

Jα=2
∥
2 ∑

i

ˆ̃ni, (9.47)

with t̃ = tα=2
∥ /2, J̃ = Jα=1

∥ and γ =
Jα=2
∥
J̃ , see Fig. 9.11. Here, the modified spin operators



9.4 Measuring dopant properties in the 2D t-J model 197

dh pair

singlet
<latexit sha1_base64="1O5VZgW4gwy89KkkAZuX0cOxgFY="></latexit>

T⌦0�⇡
remove one 
spin-species

ToF measurement

k1

k2

k3

<latexit sha1_base64="dnYVB1R+09v0caTXQAQSgOZxslg="></latexit>

�

<latexit sha1_base64="1RR0cgsBB7E6PEQec3Z0TFt6Dek="></latexit>

t∥

<latexit sha1_base64="H/WykxBGpU35GSbadzShoXY4Aew="></latexit>

J⊥
<latexit sha1_base64="PsPJSMnDzIXllmPnVuSStstgUIM=">AAACIHicZVDLThsxFLWhLZA+eC3ZWESVuooyVVtYIth0UwlUAlSZEbI9d8CKHyP7Diiy5ivYlg1f0x3qsnxNnZAFgSNZPjr28bk+otYqYL//jy4svnr9Zml5pfP23fsPq2vrGyfBNV7CQDrt/JngAbSyMECFGs5qD9wIDadidDA5P70CH5SzxziuoTD8wqpKSY5J+pWj0iVEbM/Xuv1efwr2kmQz0iUzHJ6vU5qXTjYGLErNQxju1lhE7lFJDW0nbwLUXI74BQwTtdxAKOJ04JZ9TErJKufTssim6lNH/GF/jo1weu6dyE0wHC+Tf7KF+QysdouobN0gWPkYUTWaoWOTf7NSeZCox4lw6VWakslL7rnE1M5civB8BJiSLVxLZwy3ZcyFaIdZEWM+SRYV62Zt20mlZc8reklOPveyb72vR1+6e/uz+pbJFtkmn0hGdsge+U4OyYBIYsgN+U1u6R39Q+/p38erC3Tm2SRzoA//AdN6ozU=</latexit>

t̃

<latexit sha1_base64="aJaPXzscrzZwafQy1iqWqSi+nM0="></latexit>

J̃
<latexit sha1_base64="xCT3EkqCd9rCqh5o5fywP6cTMEo="></latexit>

J↵=2∥

Detection 

scheme

Mapped systemPhysical system

Simulated Hamiltonian
<latexit sha1_base64="Ddc9zOytPD/ULuua1PSF2pLN8qQ="></latexit>
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Figure 9.11: Measuring dopant properties in the 2D t-J model. By preparing the upper layer of
a mixD setup at half-filling and loading (particle) dopants into the (initially empty) lower layer,
singlets can be mapped to holes in an effective 2D t-J model for J⊥ ≫ t∥, Jα=1,2

∥ . Singlet-to-dh
transitions then give access to momentum-resolved hole densities via time-of-flight measure-
ments in the lower layer.

correspond to

ˆ̃Si = ˆ̃c†
i,µ

σµν

2
ˆ̃ciν = Ŝi,1(1 − b̂†

i b̂i), (9.48)

which only act on the singly occupied rungs and not on the singlets.
In the effective t-J model, holes or dopants are represented by particles in an auxiliary layer,

allowing for a direct measurement of hole-related properties, such as the momentum-resolved
hole density ⟨n̂h(k)⟩. This is particularly compelling because ⟨n̂h(k)⟩ is independent of the spec-
tral weight at momentum k, providing access to regions of the Brillouin zone that are inaccessible
to ARPES, such as the backside of the Fermi arcs [87]. In contrast, direct realizations of the 2D
t-J model are restricted to measuring momentum-resolved particle densities.

The fact that doped holes in the t-J monolayer Eq. (9.47) correspond to particles in the phys-
ical bilayer model allows to measure the momentum-resolved density of holes ⟨n̂h(k)⟩ through
the following measurement sequence:

1) After state preparation, the dynamics is frozen by ramping up a deep lattice to start the
measurement procedure.

2) Similar to Sec. 9.2.5, the rung singlets are brought into resonance with doublons in the
lower layer for ∆ = U, see Fig. 9.7. Using a π tunneling pulse, singlets are transformed
into doublons in the lower layer. Then, the upper layer is spatially removed from the lower
α = 2 layer.
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3) The remaining α = 2 layer consists only of doublons or empty sites. Upon removing one
spin species from this layer and ramping down the intralayer lattice depth, the remaining
indistinguishable particles move freely, allowing for a time-of-flight (TOF) measurement
similar to Ref. [364] in order to determine their momentum resolved density n̂h(k).

As a slight modification of the above protocol, we note that it is also possible to prepare
a doublon-doped FH system in the (initially) energetically lower layer, while the other one is
empty. Doublons are then transferred to the other layer via two consecutive π-pulses (where
in the second step the sign of the energy offset is switched). In analogy to the above scheme,
one spin-species is removed to ensure indistinguishability and TOF measurements can be per-
formed. This way, the implementation of strong interlayer couplings J⊥ can be avoided; how-
ever, virtual doublon-hole fluctuations may have notable effects for moderately strong repul-
sions.

9.5 Discussion

Motivated by recent studies of high-temperature superconductivity in bilayer nickelates, we have
proposed a scheme to prepare and measure a state with (quasi) long-range pair coherence in ul-
tracold atom simulators. With estimated critical temperatures on the order of J⊥/2 in the mixD
bilayer t-J model, see Chap. 8 ,our scheme provides a directly realizable protocol for the observa-
tion of superconducting correlations in a system with strongly repulsively interacting fermions
with current state-of-the-art experimental platforms. Additionally, simulating minimal models
of bilayer nickelates may allow for an experimental observation of BEC-BCS-type crossovers as
a function of t∥/J⊥. Furthermore, differences between single- and multi-band models can be
studied by engineering tailored bilayer and ladder systems that mimic multiple orbitals. This
opens the door to directly simulate strongly correlated materials with ultracold atoms in optical
lattices, and may be a major step towards designing new materials with high critical tempera-
tures.

Moreover, local addressability of spin-flip and tunneling gates allows to measure both coher-
ent pairing correlations and momentum-resolved dopant densities in 2D FH models. While the
former utilizes a mapping of the repulsive FH to its closely related attractive cousin, the latter
is achieved by projecting mobile holes to interlayer singlets, whose momentum can be accessed
through time-of-flight measurements in the auxiliary layer. These capabilities directly bridge
solid-state and cold atom experiments, and may help to microscopically study the enigmatic
(normal and superconducting) phases appearing in copper-oxide compounds. Our work also
paves the way for a direct measure of d-wave pairing fluctuations in the plain-vanilla Hubbard
model using ultracold atoms in optical lattices, positioning digital-analog hybrid techniques and
access to only a few gates as promising future directions to enhance the scope of quantum sim-
ulation platforms.
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Doped frustrated lattices

Summary. On top of the competition between kinetic and many-body interaction ener-
gies, introducing geometric frustration leads to the appearance of additional, exotic ef-
fects. In this chapter, we first study the singly doped t-J model on the triangular lattice,
focusing on the competition between kinetic and magnetic frustration as a function of
temperature. In doublon-doped systems, we uncover a crossover between Nagaoka-type
ferromagnetic correlations at high temperatures and exchange-mediated antiferromag-
netic order around the doublon at low temperatures. We then discuss how frustrated FH
physics can be explored in moiré materials. For a bilayer MoSe2/WS2 stacked in a specific
alignment, a unique charging behavior emerges, leading to the realization of an effective
bilayer triangular FH model. We discuss the main experimental results and build a theo-
retical understanding of the observed magnetic structures.

10.1 Introduction

The study of strong correlations on frustrated geometries has a long history, dating back to An-
derson’s proposal that quantum magnets on triangular lattices form states of resonating spin
singlets [258], now known as a Z2 quantum spin liquid (see also Sec. 7.5). Although Anderson’s
idea has profoundly influenced modern condensed matter physics, the RVB state as the ground
state of the Heisenberg model on the triangular lattice was later shown to be incorrect. Instead,
as in classical systems, a long-range ordered magnetic spiral state with 120◦ order forms [365].

Numerous works have demonstrated that doping frustrated quantum magnets in the ab-
sence of particle-hole symmetry can lead to unique physical phenomena [67, 366–374], which,
with successful implementations of optical triangular lattices, can now be explored experi-
mentally [375–379]. In addition to ultracold atom experiments, solid-state platforms based on
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moiré heterostructures provide a promising complementary approach for quantum simulation
of Hubbard physics on triangular lattice geometries [38], as outlined in Sec. 4.2.

In this chapter, in Sec. 10.2, we give an overview of a particular form of magnetic order arising
through kinetic effects on non-bipartite lattices, called kinetic magnetism. In Sec. 10.3, we then
study a single hole doped into the triangular lattice t-J model. Secs. 10.2 and 10.3 are based on
the following publication, partially with textual overlap:

[7] HS, U. Schollwöck, A. Bohrdt, and F. Grusdt. Kinetic-to-magnetic frustration
crossover and linear confinement in the doped triangular t-J model, Phys. Rev. B 110,
L041117 (2024)

In Sec. 10.4, we introduce how kinetic effects play a role in moiré materials, before studying in
detail a particular heterostructure, which gives rise to peculiar triangular lattice bilayer physics.
Sec. 10.4 is the result of an experimental collaboration lead by Borislav Polovnikov and Alexander
Högele, who the author of this thesis specifically acknowledges. Further acknowledgements go
to Johannes Scherzer, Subhradeep Misra, and the rest of the moiré team in the group of Alexander
Högele. The author of this thesis has significantly contributed to the modeling and theoretical
interpretation of the measurements, which Sec. 10.4 focuses on. It is based on the following
preprint, partially with textual overlap in the theory discussion:

[8] Borislav Polovnikov*, Johannes Scherzer*, Subhradeep Misra*, Henning Schlömer,
Julian Trapp, Xin Huang, Christian Mohl, Zhijie Li, Jonas Göser, Jonathan Förste, Ismail
Bilgin, Kenji Watanabe, Takashi Taniguchi, Annabelle Bohrdt, Fabian Grusdt, Anvar S.
Baimuratov, and Alexander Högele, Implementation of the bilayer Hubbard model in a
moiré heterostructure, arXiv 2404.05494

10.2 Kinetic magnetism

The delocalization of particles associated with kinetic energy gain is of fundamental importance
when describing itinerant magnetism in strongly correlated systems. Effective antiferromagnetic
(AFM) spin-spin interactions arise in the Hubbard model via virtual exchange processes, which
favor Néel order in undoped and weakly doped systems on bipartite lattices [191].

In the infinitely interacting limit—where exchange processes are fully suppressed—kinetic
effects lead to interesting, and contrasting, magnetic ordering tendencies for single dopants. To
see this, consider the Hamiltonian of a doped system in the infinitely interacting limit,

Ĥ = −t ∑
σ,⟨i,j⟩

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW , (10.1)

for now on an arbitrary lattice with connectivity z. In the following, we fix the total particle
number to N = NL − Nd, with NL the number of lattice sites and Nd the number of dopants1. For
t > 0, Eq. (10.1) then describes a single hole hopping through a Mott insulator on the triangular
lattice.

1We will in the following often consider the case of a single dopant, Nd = 1.

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.110.L041117
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.110.L041117
https://arxiv.org/abs/2404.05494
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Doublon doping, on the other hand, is described by Eq. (10.1) still at N = NL − Nd but with
t < 0, which arises from a particle-hole transformation of the Hamiltonian Eq. (10.1). This can
be explicitly demonstrated by writing down the FH Hamiltonian with infinite interactions for a
doublon-doped system. Here, the perturbation mechanism works identically to the hole-doped
case, resulting in Eq. (10.1), with the only difference being [380]

P̂GW → ˆ̃PGW. (10.2)

The Gutzwiller operator P̂GW that projects out double occupancies is replaced by ˆ̃PGW, which
projects out empty sites. The Hilbert space therefore consists of single and double occupancies
only.

We can now apply the particle-hole transformation (see also Sec. 9.2.1),

ĉi,σ → ĉ†
i,σ ĉ†

i,σ → ĉi,σ, (10.3)

which reverses the sign of the hopping term t → −t.2 Under this transformation, the total par-
ticle number changes as

N = NL − Nd → NL + Nd. (10.4)

Thus, both doublon and hole doping in the strongly correlated FH model can be simulated
through the Hamiltonian Eq. (10.1) with a filling of N = NL − Nd. For hole doping, we set
t > 0, while for doublon doping, we set t < 0.

We can now analyze how the kinetic motion of dopants influences the magnetic environment.
In the following, we focus on a single dopant, Nd = 1. Consider first a single hole hopping on
a square lattice as depicted in Fig. 10.1 (a), i.e., we analyze Eq. (10.1) with t > 0. Starting at the
hole’s initial position and considering different paths to reach a final position (marked by the
red cross), we observe that whether reaching the final point requires an even or odd number
of hopping events depends solely on the final position and is independent of the chosen path.
This enables constructive interference of various paths with the same initial and final positions,
thereby lowering the hole’s kinetic energy. These interference effects are maximized when all
spins in the background are polarized in the same direction, rendering them indistinguishable.

By applying a particle-hole transformation that maps the hole to a particle and the polarized
background spins to the vacuum, the single hole can be described as a free particle on the square
lattice3. The resulting band structure for the single hole in a polarized background, along high-
symmetry points, is shown in Fig. 10.1 (b). The kinetic energy reaches its minimum of Ekin = −zt
at the M point, where z is the coordination number of the lattice (z = 4 for the square lattice).

Due to the particle-hole symmetry of the FH model on the square lattice, analogous argu-
ments apply to a hopping doublon. As argued above, the only difference lies in the overall sign
of the dopant’s hopping, which is swapped for doublons. This shifts the kinetic energy mini-

2Note that when performing the particle-hole transformation on the more general t-J model with finite J, the
Heisenberg spin-spin interactions remain invariant.

3Note that this second transformation introduces another minus sign in the hopping term. Consequently, the band
structure corresponds to the standard triangular tight-binding solution with an overall positive hopping amplitude.
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kinetic frustration

Figure 10.1: Kinetic magnetism. (a) On a square lattice, all possible paths from an initial posi-
tion (grey dot) to a final position (red cross) have the same path parity; for the shown example,
all paths are of odd length. Regardless of the overall hopping sign, this results in constructive
interference when all spins are aligned. Consequently, the motion of the dopant induces a fully
polarized, ferromagnetic spin environment (Nagaoka FM). (b) Single particle dispersion on the
square lattice, for a single hole (blue) and doublon (green). In both cases, the maximum kinetic
energy of Ekin/t = −4 is reached at the M and Γ point, respectively. (c) On a triangular lattice,
different paths can have different parities. For the doublon (overall positive hopping), Nagaoka
FM appears. However, for the doped hole, destructive interference happens as the overall hop-
ping sign is negative. As a result, the dopant cannot fully exploit the kinetic energy associated
with the geometry, see (d). Kinetic frustration can be relieved by ordering the spins in the back-
ground into an AFM 120◦ pattern (Haerter-Shastry AFM).

mum of the single doublon in a fully polarized background to the Γ point, where it minimizes its
energy, see Fig. 10.1 (b). Therefore, for both a single hole and doublon, and in the limit U → ∞,
kinetic effects favor ferromagnetic order in the spins. This phenomenon is known as the Na-
gaoka effect [381–383], which can indeed be proven analytically in this limit (and generally on
bipartite lattices) for single dopants [381].

However, on non-bipartite lattices, destructive interference of dopant paths can lead to the
phenomenon of kinetic frustration. For example, consider the above arguments on the triangular
lattice in Fig. 10.1 (c). Here, the non-bipartite nature of the underlying lattice allows for paths
between a fixed initial and final position with differing path parities (i.e., paths can have both
even and odd lengths). If the overall hopping is positive (as in the case of doublons, t < 0), this
does not have any effect, and the doublon’s paths can interfere constructively in a fully polarized
background. This is supported by the corresponding band structure of the doublon, shown in
Fig. 10.1 (d), which achieves the minimal kinetic energy of Ekin = −zt = −6t.

In contrast, for the case of the doped hole, various paths can interfere destructively (as they
can have different associated signs). This quantum effect, termed kinetic frustration, prevents the
mobile dopants from minimizing their kinetic energy in a fully spin-polarized background. This
becomes evident from the effective band structure of the single hole in a polarized background,
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which only reaches a minimum of Ekin = −3t > −zt, Fig. 10.1 (d). Note that this is a direct
consequence of the lack of particle-hole symmetry in the FH model on the triangular lattice,
where the upper and lower band edges have different (absolute) energies.

What is the resulting effect of this kinetic frustration on the background spins? Instead of
favoring indistinguishable spins, as in the case of Nagaoka ferromagnetism (FM), kinetic frustra-
tion can be released by making the spin background as distinguishable as possible. This reduces
the amount of destructive interference among various hole paths, allowing the hole to achieve en-
ergies in the range −6t < Ekin < −3t. This effect is maximized for (classical) antiferromagnetic
alignment of the spins, a phenomenon referred to as Haerter-Shastry magnetism [366, 368, 384].
On the triangular lattice, this corresponds to 120◦ order of the background spins. In Ref. [67],
both Nagaoka-type FM and Haerter-Shastry-type AFM has been observed numerically in the
single doped triangular lattice at U → ∞.

10.3 The single-hole doped triangular lattice

Though in the limit of U → ∞ (or, equivalently, J → 0 in the t-J model), magnetic ordering
driven by kinetic effects has been studied in detail, the question arises as to how these kinetically
driven effects compete with or support the superexchange mechanism, which (independent on
the hopping sign and hence the nature of the dopant) favors AFM order. In this section, we
study this interplay between kinetic and exchange mechanisms for itinerant magnetism in the
triangular t-J model for the experimentally relevant regime of finite temperature and interaction
strengths, focusing on single hole and doublon doping.

For hole doping, exchange and kinetic processes are in synergy with each other, both favoring
120◦ Néel order in the magnetic background, which strengthens AFM correlations. For doublon
doping, we find that the competition between Nagaoka-type FM and Heisenberg AFM gives
rise to crossovers between FM and AFM spin correlations around the doublon as a function of
temperature. Our results are summarized in Fig. 10.2.

In the ground state, where magnetic correlations are governed by exchange-mediated
Heisenberg interactions, we firmly establish the Brinkman-Rice picture [272, 385] of linear con-
fining potentials arising from the antiferromagnetically ordered spin background (geometric
string theory, see also Chap. 11 for more detail) for the doped doublon. For the doped hole, our
results are also consistent with the string picture, although the signatures we find are less strik-
ing. We map out the various regimes using ground state and finite temperature MPS techniques
on cylinders of the t-J model.

We consider the t-J Hamiltonian on the triangular lattice,

Ĥ = −t ∑
σ,⟨i,j⟩

P̂GW
(
ĉ†

i,σ ĉj,σ + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝi · Ŝj −

n̂in̂j

4

)
, (10.5)

in the symmetry sector of N = NL − 1 particles, and focus on a single hole (t > 0) and a sin-
gle doublon (t < 0). To reduce notational complexity, from this point onward, we will denote
the hopping strength as t for both hole- and doublon-doped systems, implicitly assuming the
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<latexit sha1_base64="U6bDy8WmOvFrFBeszAZDv2JQbWY=">AAACGXicZVBLSwMxGEzqu7716CVYBC+WroqKJ8GLF8FXq9AukqTftqF5LElWKcv+A6968dd4E6+e/DemtQerAyHDJJP5MiyVwvla7QuXJianpmdm58rzC4tLyyuraw1nMsuhzo009o5RB1JoqHvhJdylFqhiEm5Z73RwfvsA1gmjb3w/hVjRjhaJ4NQH6Wpn736lUqvWhiD/STQiFTTCxf0qxq224ZkC7bmkzjWPUh/n1HrBJRTlVuYgpbxHO9AMVFMFLs6HkxZkKyhtkhgblvZkqP525Of6uq+YkWPv5FQ5RX03+AebG8/wyVGcC51mHjT/iUgySbwhgw+TtrDAvewHQrkVYUrCu9RS7kMtYynM0h74kKzhkRulqG7nLcaKZhTneWuQzBJSiYqiHEqL/lb0nzR2q9FBdf9yv3JyPKpvFm2gTbSNInSITtAZukB1xFGCntAzesGv+A2/44+fqyU88qyjMeDPb9Ixn2w=</latexit>−3<latexit sha1_base64="dVFnqv011029Q93KdeoUhaDz0Pg=">AAACGXicZVBLSwMxGEx8W9969BIsghdLV4qKJ8GLF8FXW6FdJEm/raF5LElWKcv+A6968dd4E6+e/DemtQdrB0KGSSbzZVgqhfPV6jeemp6ZnZtfWCwtLa+srq1vbDacySyHOjfS2DtGHUihoe6Fl3CXWqCKSWiy3tngvPkI1gmjb30/hVjRrhaJ4NQH6Xr/8H69XK1UhyCTJBqRMhrh8n4D43bH8EyB9lxS51rHqY9zar3gEopSO3OQUt6jXWgFqqkCF+fDSQuyG5QOSYwNS3syVP868gt901fMyLF3cqqcov4h+AebG8/wyXGcC51mHjT/jUgySbwhgw+TjrDAvewHQrkVYUrCH6il3IdaxlKYpT3wIVnDEzdKUd3J24wVrSjO8/YgmSWkHBVFKZQW/a9okjQOKtFhpXZVK5+ejOpbQNtoB+2hCB2hU3SOLlEdcZSgZ/SCXvEbfscf+PP36hQeebbQGPDXD9dNn28=</latexit>−6

<latexit sha1_base64="e44mlbLdwX0A5xrpeUB1HKtjlG4="></latexit>

hole doping

<latexit sha1_base64="svcJencoqFNjLjJIQQPbio5cR5g=">AAACHXicZVDNbhMxGLRDCyWl0J8jF6urSpyiLIqgxwouXCoVtUkjZVeV7XzbmPhnZX8Lilb7DlzhwtP0VnGt+jb1pjkQOpLl0djj+Tyi1Cpgv39PO882Np+/2HrZ3X618/rN7t7+KLjKSxhKp50fCx5AKwtDVKhhXHrgRmi4FPPP7fnld/BBOXuBixJyw6+tKpTkGKVRpmyBi6vdpN/rL8GeknRFErLC2dUepdnUycqARal5CJPjEvOae1RSQ9PNqgAll3N+DZNILTcQ8no5bcOOojJlhfNxWWRL9V9HfWrPF0Y4vfZOzU0wHGfR325hPQOL47xWtqwQrHyMKCrN0LH202yqPEjUi0i49CpOyeSMey4xVrOWIjyfA8ZkCz+kM4bbaZ0J0UzSvK6zNlkULEmbphtLS/+v6CkZve+lH3qDr4Pk5NOqvi3ylhySdyQlH8kJ+ULOyJBI8o38JL/Ib/qH3tBb+vfxaoeuPAdkDfTuARfNocI=</latexit>∞<latexit sha1_base64="dVFnqv011029Q93KdeoUhaDz0Pg=">AAACGXicZVBLSwMxGEx8W9969BIsghdLV4qKJ8GLF8FXW6FdJEm/raF5LElWKcv+A6968dd4E6+e/DemtQdrB0KGSSbzZVgqhfPV6jeemp6ZnZtfWCwtLa+srq1vbDacySyHOjfS2DtGHUihoe6Fl3CXWqCKSWiy3tngvPkI1gmjb30/hVjRrhaJ4NQH6Xr/8H69XK1UhyCTJBqRMhrh8n4D43bH8EyB9lxS51rHqY9zar3gEopSO3OQUt6jXWgFqqkCF+fDSQuyG5QOSYwNS3syVP868gt901fMyLF3cqqcov4h+AebG8/wyXGcC51mHjT/jUgySbwhgw+TjrDAvewHQrkVYUrCH6il3IdaxlKYpT3wIVnDEzdKUd3J24wVrSjO8/YgmSWkHBVFKZQW/a9okjQOKtFhpXZVK5+ejOpbQNtoB+2hCB2hU3SOLlEdcZSgZ/SCXvEbfscf+PP36hQeebbQGPDXD9dNn28=</latexit>−6

<latexit sha1_base64="vzF9iNP7S5jNOmYWWJYPJzS19zs="></latexit>

Néel AFM
<latexit sha1_base64="IlHXMJLc6SyRU4t1NxIbe9gYlik="></latexit>

(exchange)

<latexit sha1_base64="U6bDy8WmOvFrFBeszAZDv2JQbWY=">AAACGXicZVBLSwMxGEzqu7716CVYBC+WroqKJ8GLF8FXq9AukqTftqF5LElWKcv+A6968dd4E6+e/DemtQerAyHDJJP5MiyVwvla7QuXJianpmdm58rzC4tLyyuraw1nMsuhzo009o5RB1JoqHvhJdylFqhiEm5Z73RwfvsA1gmjb3w/hVjRjhaJ4NQH6Wpn736lUqvWhiD/STQiFTTCxf0qxq224ZkC7bmkzjWPUh/n1HrBJRTlVuYgpbxHO9AMVFMFLs6HkxZkKyhtkhgblvZkqP525Of6uq+YkWPv5FQ5RX03+AebG8/wyVGcC51mHjT/iUgySbwhgw+TtrDAvewHQrkVYUrCu9RS7kMtYynM0h74kKzhkRulqG7nLcaKZhTneWuQzBJSiYqiHEqL/lb0nzR2q9FBdf9yv3JyPKpvFm2gTbSNInSITtAZukB1xFGCntAzesGv+A2/44+fqyU88qyjMeDPb9Ixn2w=</latexit>−3

<latexit sha1_base64="T/mDBNWDXiMe3WrStSUhGGHX/Nw="></latexit>

Nagaoka FM
<latexit sha1_base64="cRn2O2h1J6Sf9Nv1KHvPLRIxFWc="></latexit>

Néel AFM
<latexit sha1_base64="VjLni2eSGLUUkT+3m95mTtu6CG8="></latexit>

(direct & exchange)
<latexit sha1_base64="GAWmt6CEnxM+xky3LhOTgDQafTg="></latexit>

String-like

<latexit sha1_base64="rqdnQSBUQHjaj5zApuoaR4b70TE="></latexit>

doublon doping

Figure 10.2: Phase diagram. Schematic phase diagram of the triangular t-J model, indicating
different regimes of itinerant magnetism for a single dopant. For hole doping, both direct and
exchange mechanisms favor 120◦ Néel order (light red area). On the doublon doped side, Na-
gaoka FM and kinetic frustration compete, leading to AFM (FM) spin correlations around the
dopant in the orange (blue) regions. Dashed lines illustrate parameters of our numerical sim-
ulations. At low temperatures, singly doublon doped systems are well described by geometric
strings (grey hatched area; for holes at low temperatures the signatures of strings are less strik-
ing). At high temperatures, small AFM correlations are present for all values of t/J, leading to
reentrance phenomena between AFM and FM correlations on the doublon doped side.

<latexit sha1_base64="9R9Pg3RdETGFNEcvlJxtNHjNBaU="></latexit>

doublon

<latexit sha1_base64="aHlRococ+DWxz4lGJPgyGa77ayo=">AAACIXicZVBLSwMxGEx8W9969BIsgqfSFVGPohcvgqJVsV0kSb/V0DyWJKuUsP/Cq178Nd7Em/hnTOserH4QMkwymcmwXArnm81PPDY+MTk1PTNbm5tfWFxaXlm9dKawHFrcSGOvGXUghYaWF17CdW6BKibhivWOBudXD2CdMPrC93NIFb3TIhOc+kjddBT19ywLorxdrjcbzeGQ/yCpQB1Vc3q7gnGna3ihQHsuqXPt/dyngVovuISy1ikc5JT36B20I9RUgUvDMHFJNiPTJZmxcWlPhuxvRTjR533FjBx5J1DlBoGjfrC5UQ+f7adB6LzwoPmPRVZI4g0ZfJx0hQXuZT8Cyq2IKQm/p5ZyH+sZcWGW9sBHZw2P3ChFdTd0GCvbSRpC1RipJ2VZi6Ulfyv6Dy63G8luY+dsp35wWNU3g9bRBtpCCdpDB+gYnaIW4kijJ/SMXvArfsPv+OPn6hiuNGtoZPDXN4x8o5M=</latexit>

i
<latexit sha1_base64="sAPczFk4ZuoXlk7g6QkkH25xyZU=">AAACIXicZVDLSjMxGE2829+7SzfB8oOr0hFRl6IbN4KiVbEdJEm/0dhchiSjlDBv4VY3Po07cSe+jGmdhdUPQg4nOTknh+VSON9sfuCx8YnJqemZ2dq/ufmFxaXllXNnCsuhxY009pJRB1JoaHnhJVzmFqhiEi5Y72BwfnEP1gmjz3w/h1TRGy0ywamP1FVHUX/LsnBXXi/Vm43mcMhfkFSgjqo5vl7GuNM1vFCgPZfUufZu7tNArRdcQlnrFA5yynv0BtoRaqrApWGYuCT/I9MlmbFxaU+G7E9FONKnfcWMHHknUOUGgaN+sLlRD5/tpkHovPCg+bdFVkjiDRl8nHSFBe5lPwLKrYgpCb+llnIf6xlxYZb2wEdnDQ/cKEV1N3QYK9tJGkLVGKknZVmLpSW/K/oLzjcbyXZj62Srvrdf1TeD1tA62kAJ2kF76BAdoxbiSKNH9ISe8Qt+xW/4/fvqGK40q2hk8OcXjjGjlA==</latexit>

j
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k

<latexit sha1_base64="Qp/5L4K3DG2zLfpGceniV0xHOG4="></latexit>

hole
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i
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k

<latexit sha1_base64="wDPSYlRihELEcEL2UOGWW5vf5TU="></latexit>

undoped
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<latexit sha1_base64="G9stVVOo6t2cti3dDghndc2K8+k="></latexit>

(b)
<latexit sha1_base64="+55WtFhy+3Aw2Vs7ZS+aCmiWSYY="></latexit>

(c)
<latexit sha1_base64="pEZMe0zPbOPaboFGrg7cC0vxUi0="></latexit>

(a)

Figure 10.3: Considered correlators. Illustration of evaluated correlators C△ =
⟨P̂h

i Ŝj · Ŝk⟩T / ⟨P̂h
i ⟩T for (a) the doublon-doped and (b) the hole-doped triangular lattice,

as well as for (c) the undoped Heisenberg system, where C△ = ⟨Ŝj · Ŝk⟩T.

appropriate sign as per Eq. (10.5).

10.3.1 Finite temperature correlations

We simulate the doped triangular t-J model, Eq. (10.5), at finite temperature using imaginary
time evolution schemes. As in previous chapters, we implement the U(1) particle conservation
symmetry, but allow for thermal spin fluctuations. We simulate a cylinder of size Lx × Ly =

9 × 3, and apply open (periodic) boundaries along the x- (y-) direction, which can resolve 120◦

Néel order.
We focus on spin correlations around the dopant, and calculate the following thermal average

at temperature T,

C△ =
⟨P̂h

i Ŝj · Ŝk⟩T

⟨P̂h
i ⟩T

, (10.6)

where P̂h
i is a local projection onto the hole (dopant) at site i, i.e., P̂h

i = |0⟩i ⟨0|i. We choose
indices (i, j, k) to lie on a triangular plaquette in the bulk of the system, i.e., we focus on spin-
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<latexit sha1_base64="HZT3656TGnKgwU0+geTL1VxSuF4=">AAACGnicZVDLbhMxFLXbAiG80nbJxmqExCrMoArCrlI3bJCC2qSVklFke+4kVvwY2XdaRaP5BLZlw9ewQ92y4W9wHgtCj2T56NjH5/qIUquASfKH7u0fPHr8pPW0/ez5i5evOodHo+AqL2EonXb+WvAAWlkYokIN16UHboSGK7E4X51f3YAPytlLXJaQGT6zqlCSY5QuLt/htNNNeska7CFJt6RLthhMDymd5E5WBixKzUMY90vMau5RSQ1Ne1IFKLlc8BmMI7XcQMjq9agNexOVnBXOx2WRrdV/HfUXe7E0wumdd2puguE4j/7VFnYzsOhntbJlhWDlJqKoNEPHVj9mufIgUS8j4dKrOCWTc+65xNjLTorwfAEYky3cSmcMt3k9EaIZp1ldT1bJomDdtGnasbT0/4oektH7Xvqhd/r1tHv2aVtfi7wmJ+QtSclHckY+kwEZEklm5Bu5I9/pD/qT/qL3m6t7dOs5Jjugv/8C+N+gDA==</latexit>

T �t

<latexit sha1_base64="bptCWFeivXnDmFiKaKmWgRLFMjY="></latexit>

t�J = 3

<latexit sha1_base64="gf/MTZvYcZr753u/35RuIi6PYj4="></latexit>

(b)

<latexit sha1_base64="8FYLjat7pcOAICqZABYzF1+H4vo="></latexit>

t�J = 4

<latexit sha1_base64="J+lhO/wxiextb2n/fnyEaWXdOb8="></latexit>

t�J = 6

<latexit sha1_base64="HZT3656TGnKgwU0+geTL1VxSuF4=">AAACGnicZVDLbhMxFLXbAiG80nbJxmqExCrMoArCrlI3bJCC2qSVklFke+4kVvwY2XdaRaP5BLZlw9ewQ92y4W9wHgtCj2T56NjH5/qIUquASfKH7u0fPHr8pPW0/ez5i5evOodHo+AqL2EonXb+WvAAWlkYokIN16UHboSGK7E4X51f3YAPytlLXJaQGT6zqlCSY5QuLt/htNNNeska7CFJt6RLthhMDymd5E5WBixKzUMY90vMau5RSQ1Ne1IFKLlc8BmMI7XcQMjq9agNexOVnBXOx2WRrdV/HfUXe7E0wumdd2puguE4j/7VFnYzsOhntbJlhWDlJqKoNEPHVj9mufIgUS8j4dKrOCWTc+65xNjLTorwfAEYky3cSmcMt3k9EaIZp1ldT1bJomDdtGnasbT0/4oektH7Xvqhd/r1tHv2aVtfi7wmJ+QtSclHckY+kwEZEklm5Bu5I9/pD/qT/qL3m6t7dOs5Jjugv/8C+N+gDA==</latexit>

T �t

<latexit sha1_base64="6cOpT4KstIYIGBgfY6ZaM5H38v0="></latexit>

T �J = 1

<latexit sha1_base64="Zg+zZDESj6FtiYDLPJK8Cvie0ds="></latexit>

doublon
<latexit sha1_base64="ZdbT9p8CTEV+TxbTI5wzhJlTU+w="></latexit>

hole
<latexit sha1_base64="yJ4gpRM7fyIdbEy1KC/vw4Al4iY="></latexit>

undoped

<latexit sha1_base64="BHsGf4vl0o1NXEQu3xKbwHs/uao="></latexit> C △
<latexit sha1_base64="BHsGf4vl0o1NXEQu3xKbwHs/uao="></latexit> C △ <latexit sha1_base64="BHsGf4vl0o1NXEQu3xKbwHs/uao="></latexit> C △

<latexit sha1_base64="BHsGf4vl0o1NXEQu3xKbwHs/uao="></latexit> C △
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Figure 10.4: Finite temperature calculations. (a) We compute thermally averaged charge-spin-
spin correlations around the dopant, Eq. (10.6), as a function of temperature T/t, and for
i = [x = 5, y = 2]. (b) For t/J = 6 and doublon doping (blue data points), Nagaoka-type
kinetic FM leads to positive correlations at temperatures T ∼ t. At T ∼ J (grey dashed line), a
maximum of correlations is observed as exchange processes start to win over Nagaoka-type FM.
Ground state results of C△ for doublon doping are shown by blue arrows on the left. The inset
shows the region around the maximum for MPS calculations with bond dimensions χ = 3000
and χ = 5000, demonstrating convergence down to T/t ∼ 0.1. Two-point correlations in the un-
doped case are shown in salmon. Upon hole doping the system, both exchange and the release of
kinetic frustration favor 120◦ order, strengthening AFM correlations (red dots). For t/J = 4, (c),
correlations around the doublon are positive in the range 0.3 ≲ T/t ≲ 1, whereas for t/J = 3,
(d), AFM correlations win over Nagaoka-type FM and C△ is negative for all temperatures. Nev-
ertheless, kinetic effects manifest in the doublon case through a maximum of the correlator at
T/J ∼ 1. We do not show the full range of correlations for the hole doped case for illustrative
reasons, and show their convergence behavior down to low temperatures in Fig. 10.5.

spin correlations in the direct vicinity of the dopant, see Fig. 10.3. To compare to the undoped
case, we further calculate finite temperature two-point correlations of the Heisenberg model on
the triangular lattice, where C△ reduces to ⟨Ŝj · Ŝk⟩T, as illustrated on the right-hand side of
Fig. 10.3. Full spatial and spin resolution techniques in quantum gas microscopy allow for a
direct access of spin correlations around the mobile dopant [65, 66, 361].

Results showing C△(T) for t/J = 6, 4, 3 are presented in Fig. 10.4 (a)-(c). Two-point cor-
relations in the undoped Heisenberg model are shown in each case with salmon dots, where
Heisenberg interactions cause AFM correlations to build up as the temperature is lowered. In
Fig. 10.4 (a), t/J = 6 is simulated. When doping a hole into the system, both direct (t) and in-
direct (J) kinetic mechanisms are in synergy with each other, i.e., 120◦ Néel order is favored. In
particular, stronger AFM signals are visible in the hole doped system compared to its undoped
analog, shown by red data points in Fig. 10.4.

When instead doping a single doublon into the system, Nagaoka-type kinetic FM starts to
develop and overpower weak AFM correlations at T/t ≲ 1. FM correlations increase with de-
creasing temperature, until they reach a maximum at T/J ≲ 1, where Heisenberg interactions
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favoring AFM alignment visibly suppress positive correlations. In fact, in the ground state, corre-
lations around the hole are negative, as indicated by the blue arrow in Fig. 10.4 (a). The zoom-in
panel in Fig. 10.4 (a) shows the peak region for TDVP-2 calculations with maximal bond dimen-
sions χ = 3000 and χ = 5000. We observe that the peak is well converged for the two given bond
dimensions down to T/t ∼ 0.1. We note that the sharp drop of the correlator C△ towards the
ground state value at low temperatures is particularly hard to resolve using purification. Nev-
ertheless, energies are found to converge towards the ground state results at low temperatures,
as we will discuss later.

The competition between Nagaoka-type kinetic FM and Heisenberg AFM on the doublon
doped side is underlined in Fig. 10.4 (b) for t/J = 4. Here, next to an apparent maximum
at T/J ∼ 1 of C△, a sign change of these charge-spin-spin correlations around the doublon is
observed at T/J < 1. Small residual negative correlations at high temperatures, positive cor-
relations at T/t ∼ 1 and negative correlations at low temperatures hence lead to reentrance
phenomena of the Nagaoka-type regime as a function of temperature, see Figs. 10.2 and 10.4.
For t/J = 3, correlations are observed to be negative throughout all temperatures, as presented
in Fig. 10.4 (c). Nevertheless, kinetic effects and their interplay with Heisenberg-type AFM are
clearly visible—i.e., AFM correlations around a doublon are weakened and show a maximum at
T/J ∼ 1.

As in previous chapters, we start with two global Krylov steps with ∆τ = 0.01, after which
we switch to the local two-site TDVP method with ∆τ = 0.02. At τ = 2.0, we increase the
imaginary time step to ∆τ = 0.1 in order to evolve the system down to low temperatures and
compare to ground state properties. For our calculations, we fix weight cutoffs to wKry = 10−7

and wTDVP = 10−9 for the Krylov and TDVP imaginary time evolution, respectively, and limit
maximum bond dimensions to χKry = 1024, χTDVP = 3000 and χTDVP = 5000 to test convergence.

Convergence of the energy as a function of temperature T/t is shown for the 9 × 3 systems
in Fig. 10.5 (a)-(c). Energies are seen to converge towards the ground state results (dashed lines)
both for the hole (red data) and doublon (blue data) doped systems. The insets are zoom-in
panels showing the low-temperature region T/t = 0 . . . 0.1, where in particular for t/J = 3
convergence towards the ground state can be clearly established.

Fig. 10.5 (d)-(f) show spin-spin correlations around the dopant, C△, as a function of temper-
ature, where again convergence towards the ground state is established. However, we observe
that capturing the turnover from increasingly FM signals caused by kinetic effects to strong AFM
correlations on the doublon doped side is a difficult task. In the insets of Fig. 10.5 (d)-(f), we show
zoom-ins into the peak region—showing convergence down to T/t ∼ 0.1.

10.3.2 Ground state: linear confinement

We now turn to the ground state of the system. Using DMRG, we simulate Eq. (10.5) on a cylinder
and employ U(1) symmetries both in particle number and total magnetization. We focus on
system sizes Lx × Ly = 12 × 6 with open (periodic) boundaries along the x- (y-) direction, and
use bond dimensions of χ = 5500.

Fig. 10.6 (a) shows C△ as a function of t/J. In the hole doped case, AFM correlations are
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Figure 10.5: Convergence of finite temperature calculations. (a)-(c) Thermally averaged energy
⟨Ĥ⟩T as a function of temperature T/t for (a) t/J = 6, (b) t/J = 4, and (c) t/J = 3, for both a
doped hole (red) and doublon (blue). In all cases, convergence towards the ground state energies
(dashed red and blue lines) can be observed, underlined by the zoom-in panels showing the low
temperature regime. (d)-(f) Local charge-spin-spin correlator C△ as a function of T/t, evaluated
for i = [x = 4, y = 2] in the physical system. Down to T/t ∼ 0.1, convergence of maximal bond
dimensions χ = 3000 and χ = 5000 is observed, as illustrated by the insets.

significantly stronger compared to corresponding two-point spin correlations in the undoped
case (grey dashed line), with a subtle tendency towards weaker correlations for decreasing t/J.
On the doublon doped side (and away from the Nagaoka regime at t/J ≫ 1), strong AFM
correlations quickly develop for decreasing t/J, complementing the results at finite temperature.
In the limit t/J → 0, i.e. an immobile defect doped into a Mott insulator, surrounding AFM
correlations are expected to be stronger compared to the undoped case due to a local reduction
of frustration around the defect [373], see the dark blue diamond in Fig. 10.6 (a).

The observed strong AFM correlations in the ground state for both hole and doublon doping
and for a large range of t/J suggest linear confinement of the dopant, illustrated in Fig. 10.6 (b).
In particular, when hopping through a 120◦ ordered, frozen spin background, each hopping
process causes a magnetic energy cost of order J and creates a (partial) memory of the chosen
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Figure 10.6: Ground state calculations. (a) Ground state spin-spin correlations around the
dopant, C△, as a function of t/J for a doped hole (red) and doublon (blue), evaluated for
i = [x = 4, y = 3]. Two-point correlations in the triangular Heisenberg model are shown by
the grey dashed line; the blue diamond shows C△ surrounding an immobile dopant (t/J → 0).
(b) AFM correlations around the dopant in the ground state suggests a linear confining potential
imposed by the spin background. When the dopant hops through the system, it displaces the
spins, leading to a linearly growing energy penalty (red lines) as a function of the string length
|Σ| (purple line) and strong AFM correlations around the dopant (indicated by yellow ellipses).

trajectory. This is expected to lead to the formation of a geometric string Σ along which pairs
of spins are locally aligned. A hallmark of such string formation is the resulting scaling of the
dopant’s energy when J/t ≪ 1 as [272, 385]

E/t = −2
√

z − 1 + const. (J/t)2/3 +O(J/t), (10.7)

with z the connectivity of the underlying lattice. An intuitive proof of Eq. (10.7) is presented
in Ref. [386]. When assuming orthogonal states generated by the hopping of the hole, we can
model the dopant as a hopping particle on the Bethe lattice. Through unitary transformations
and by using the radial symmetry of the system (i.e. the string energy does not depend on the
direction that the hole hops), this problem can be reduced to an infinite collection of 1D chains,
where the on-site energies are given by the string tension and the effective hoppings depend on
the connectivity of the underlying lattice. Through a continuum approximation and re-scaling
of length and energy scales, Eq. (10.7) is obtained.

In order to test the prediction Eq. (10.7), we calculate ground state energies of a single dopant
as a function of (J/t)2/3, presented in Fig. 10.7 (a). For (J/t)2/3 ≳ 0.2, both hole and doublon
energies seem to be well approximated by a linear scaling law. Fig. 10.8 (a) corroborates the
scaling of the doublon energy by plotting the data against (J/t)α, for both α = 1, 2/3. In the case
of α = 1 (light blue triangles), positive curvature clearly remains visible, as underlined by the
solid line connecting the first and last data point in the plot. For α = 2/3, in turn, the curvature
almost completely vanishes (dark blue dots). Indeed, when treating α as an independent fit
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Figure 10.7: Ground state calculations. (a) Ground state hole and doublon energies in the singly
doped triangular t-J model as a function of (J/t)2/3. E1h (E0h) denotes the energy of the singly
doped (undoped) system. For intermediate J/t, both ground state energy curves show linear
behavior with extrapolated y-intercept close to −2

√
5 (grey arrow), as predicted by geometric

string theory, Eq. (10.7). At small values of J/t, the formation of the Nagaoka polaron is observed
for doublons by a kink in the energy, which is now approaching −6t for J/t → 0 (blue arrow).
The transition is underlined in (b), where C△ changes sign at around (J/t)2/3 ∼ 0.25 (light grey
dashed lines) followed by a sudden jump to strong FM signals at (J/t)2/3 ∼ 0.1 (dark grey
dashed lines).

parameter, we find α = 0.67, further stressing the predicted 2/3 scaling of the doublon energy.
The data for the hole doped system, Fig. 10.8 (a), is seen to be more consistent with α = 1,

whereby the energies plotted against (J/t)2/3 shows noticeable negative curvature. We speculate
that higher order terms O(J/t) in Eq. (10.7) may contribute stronger to the hole’s energy, making
it more difficult to isolate a possible α = 2/3 contribution. Finite size effects might further lead to
pronounced influences on the observed energies, such that we can not rule out a scaling of the
form Eq. (10.7) in the thermodynamic limit. For instance, the close proximity of the y-intercept
assuming a scaling of the form α = 2/3 to the theoretically predicted value −2

√
5 is in strong

support of major characteristics of the string theory prediction, Eq. (10.7).
Furthermore, in the relevant regime for geometric strings, 0.2 ≲ (J/t)2/3 ≲ 1.0, we observe

that both doublon and hole energies match up to only minor discrepancies. This, in turn, corrob-
orates linear confining behavior also for hole doped systems, as in first approximation the string
picture is independent of the hopping sign and only relies on locally present AFM correlations
around the dopant. For growing J/t, however, where the dispersion of spinons becomes more
prominent [302, 372], corrections are expected from the scaling behavior that do depend on the
dopant species, as also seen here for (J/t)2/3 ≳ 0.5.

In the doublon doped system, the onset of Nagaoka FM for J/t → 0 reveals itself by a clearly
visible kink of the doublon energy away from the string picture scaling at around (J/t)2/3 = 0.1
(J/t ∼ 30), see the dark dashed line in Fig. 10.7 (a). Once the Nagaoka polaron builds up around
the doublon, it can gain kinetic energy that, in case of a fully polarized background for J/t → 0,
approaches the value of a free dopant, Ekin = −6t = −zt.

For the hole doped system, in contrast, the minimal kinetic energy in a fully polarized spin
background is given by Ekin = −3t > −zt, i.e., it is kinetically frustrated. This limit lies above the
asymptotic value −2

√
5t ≈ −4.47t expected from the string picture. This is in agreement with

our numerics, which confirm hole energies < −3t for (J/t)2/3 ≲ 0.6 (where AFM correlations
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Figure 10.8: Single dopant energy scaling. Energies of a single dopant as a function of (J/t)α

for α = 1, α = 2/3 for a doped doublon, (a), and hole, (b). For doublons (a) the power-law
scaling ∼ (J/t)2/3 matches the string prediction, Eq. (10.7) to remarkable precision. The ground
state energies are shown as a function of (J/t)α for both α = 1 and α = 2/3. In the former case,
curvature is clearly visible, indicated by the solid light blue line connecting the first and last data
point in the plot. For α = 2/3, the curvature disappears. For hole doping, (b), our results are
more consistent with α = 1, though a scaling of the form Eq. (10.7) can not be ruled out in the
thermodynamic limit.

are present around the dopant), demonstrating that the hole can gain more kinetic energy by
instead moving in an AFM spin environment. For J/t → 0, the hole’s energy reaches roughly
−4.1t, supplementing numerical predictions presented in [366, 368].

Fig. 10.7 (b) shows charge-spin-spin correlations C△ for the doublon doped system. For de-
creasing J/t, we observe that C△ changes sign at around (J/t)2/3 ∼ 0.25 (t/J ∼ 8), before sud-
denly jumping to strongly positive FM correlations at (J/t)2/3 ∼ 0.1 (J/t ∼ 30)—coinciding with
notable deviations from the predicted energy scaling, see the dark and light grey dashed lines in
Fig. 10.7 (a) and (b). Pictorially, a Nagaoka bubble of positive correlations around the hole forms,
which grows with decreasing J/t until the fully polarized state is achieved (the radius of the Na-
gaoka bubble roughly scales as ∝ (t/J)1/4, as can be seen from variational arguments [383]). In
the thermodynamic limit, the local correlator C△ is expected to feature a similar behavior with
an observable sign change of correlations in direct vicinity of the dopant at intermediate J/t,
smoothly evolving towards the Nagaoka phase at J → 0, whereby the total spin of the system S
continuously grows from S = 0 to S = Smax in a series of phase transitions.

Finite size effects

In the above discussion, systems of widths Ly = 6 were analyzed for the ground state calcula-
tions. By comparing to systems of width Ly = 3, we here analyze trends when going towards the
thermodynamic limit. In Fig. 10.9 (a), we show the charge-spin-spin correlator C△ as a function
of (J/t)2/3, cf. Fig. 10.7 (b). We see that the sign change of C△ coincides both for Ly = 3 as well
as Ly = 6 at approximately (J/t)2/3 ∼ 0.25 (corresponding to t/J ∼ 8).

Shown in Fig. 10.9 (b) and (c) are the results of the doublon and hole energies, respectively, as
a function of (J/t)2/3 and for systems sizes Lx × Ly = 9 × 3 (light colors) and Lx × Ly = 12 × 6
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Figure 10.9: Finite size effects. (a) Charge-spin-spin correlations C△ for systems of sizes Lx ×
Ly = 9 × 3 (red) and Lx × Ly = 6 × 12 (blue), evaluated for i = [x = 4, y = 2] and i = [x =
4, y = 3], respectively. The dashed line indicates the sign changes of both systems, coinciding at
(J/t)2/3 ∼ 0.25, cf. Fig. 10.7 (b). Doublon, (b), and hole, (c), energies as a function of (J/t)2/3 and
for system sizes Lx × Ly = 9× 3 (light colors) and Lx × Ly = 12× 6 (dark colors). Extrapolations
to infinite system sizes are shown by black data points. Linear fits show corrections towards the
universal prediction of −2

√
5 for J/t → 0. Linear fits are done for (J/t)2/3 > 0.3 for doublons

and 0.3 < (J/t)2/3 < 0.6 for holes.

(dark colors). Extrapolations to infinite system sizes by a 1/Ly expansion are shown by black
data points. We note that the extrapolation to infinite system sizes by two cylinder widths is a
very crude procedure, and must be interpreted with lots of caution. Though a slight negative
curvature trend is visible in the extrapolation of the doublon energies, the presence of the Na-
gaoka regime at J/t → 0 suggests a dip towards energies −6t also in the thermodynamic limit.
This trend is, however, not visible in the extrapolation, and hence we attribute the slight positive
curvature to the rudimentary finite size extrapolation. In the thermodynamic limit, we hence
do not rule out a linear scaling of the doublon’s energy as a function of (J/t)2/3.

Though the data for the doped hole is more consistent with a linear scaling, we plot the hole’s
energy as a function of (J/t)2/3 in Fig. 10.9 (c) in order to identify possible trends when increas-
ing the system’s width. Though a slight negative curvature is still observable in the extrapolated
thermodynamic limit, we nevertheless see corrections of the y-intercept of fitted linear curves in
the approximatelty linear regime towards the universal prediction in Eq. (10.7). However, more
detailed work and larger system sizes are needed to distill the true scaling behavior of the doped
hole.
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Figure 10.10: Quasiparticle weight and hole density (a) Ground state quasiparticle weight Zgs
as a function of J/t for a single doped hole (red) and doublon (blue). For doublons, the Nagaoka
regime leads to strong suppression of the quasiparticle weight, suggesting a flat quasiparticle
dispersion. (b) This is underlined by the hole density ⟨n̂h⟩ (x), showing enhanced localization
of the doublon compared to the hole, here shown for J/t = 0.2.

Quasiparticle spectral weight and self-localization

In Ref. [372], it has been demonstrated that the quasiparticle properties of the magnetic polarons
in the hole and doublon doped triangular lattice significantly differ from one another. In the
hole doped case, the quasiparticle was found to be dispersive, while the magnetic polaron in
the doublon doped case is nearly flat with strongly suppressed quasiparticle weight Z(k). We
calculate Zgs for the ground state as a function of J/t, which can be accessed through the DMRG
MPS ground states by evaluation of

Zgs = ∑
σ

∑
i
| ⟨ψ1h|ĉi,σ|ψ0h⟩ |2, (10.8)

where |ψ1h⟩ (|ψ0h⟩) denote the ground state with a single and no hole, respectively.
Results are shown in Fig. 10.10 (a). In the hole doped case, strong AFM correlations (cf.

Fig. 10.6) suggest a large quasiparticle weight, as confirmed by our numerics. For doublons, on
the other hand, the quasiparticle weight is strongly suppressed at low J/t, where the build up
of Nagaoka FM leads to a vanishing overlap between |ψ1h⟩ and ĉi,σ |ψ0h⟩.

The hole density distribution, ⟨n̂h⟩ (x), is shown for J/t = 0.2 in Fig. 10.10 (b). In the case of
doublon doping, the density is noticeably more localized compared to hole doping, corroborat-
ing the picture of a heavy Nagaoka magnetic polaron on the doublon doped side and supple-
menting results presented in Ref. [372].

Density profiles

Fig. 10.11 (a) shows the dopant’s density distribution both for the doped hole (grey) as well as
doublon (blue) for the Lx × Ly = 6 × 12 system, for J/t = 0.2. Shown are cuts at constant y
(where all values of y are equivalent due to applied periodic boundary conditions). In contrast
to the doped hole, the doublon’s density distribution is seen to be asymmetric around the center
of the system, which does not significantly change upon increasing the bond dimension further
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Figure 10.11: Density profiles and hole-spin-spin correlations. (a) Density profiles for the sin-
gle hole (grey) and doublon (blue) for the Lx × Ly = 6× 12 system, at J/t = 0.2 along y = 2. The
doublon’s density distribution is observed to be asymmetric around the center of the system. We
apply strong repulsive potentials at the open edges along x of the system (with strength 100J),
which shifts the distribution closer to the center (though a slight asymmetry is still observed).
Spin-spin correlations around the dopant at the maximum of the distribution is shown with and
without repulsive potentials in blue and purple, respectively, in (b)—which are seen to remain
unchanged in the two cases.
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Figure 10.12: Odd-even effects. Charge-spin-spin correlations, C△ for doublon (blue colors) and
hole (red colors) doping, on two triangular plaquettes with i = [x = 4, y = 3] (dark colors) and
i = [x = 5, y = 3] (light colors). Notable effects are visible for t/J ≲ 2.5, presumably stemming
from the broken translational symmetry in the system.

(shown are results with χ = 5500). We apply strong repulsive potentials for the hole density
along the open edges of the system (with strength 100J), which shifts the distribution closer to
the center, see the purple curve in Fig. 10.11 (a). However, spin correlations around the dopant
remain unchanged, as shown in Fig. 10.11 (b), where we choose the reference site i0 to coincide
with the maximum doublon density along x. We note that for systems of width Ly = 3, the
doublon’s density does converge to a symmetric distribution, see Fig. 10.10 (b)—underlining
that there is no qualitative change expected from the asymmetry of the doublon’s density for
Ly = 6.

Odd-even effects of C△

Lastly, for the charge-spin-spin correlator C△, we take a look at its dependence on the position
of the triangular plaquette along the long side of the cylinder. Results for i = [x = 4, y = 3]
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(as shown previously) and i = [x = 5, y = 3] are shown in Fig. 10.12. For t/J ≲ 2.5, notable
odd-even modulations are visible in the correlator. We believe that these modulations of the
observable along the long direction originate from the broken translational symmetry, which
mixes the degenerate ground states existing at dispersion minima in the thermodynamic limit.

10.3.3 Kinetic magnetism in ultracold atoms in optical lattices

The emergence of Nagaoka polarons has recently been realized and analyzed in quantum gas
microscope experiments that realize the strongly interacting FH model on the triangular lat-
tice. In particular, in Refs. [55, 56], extended ferromagnetic bubbles around doublon dopants
were directly observed, whereas AFM polarons were seen to be promoted around hole dopants.
Higher-order correlations functions were further analyzed to give insights into the contributions
of superexchange and kinetic mechanisms, in-line with our theoretical predictions in this sec-
tion. In both Refs. [55, 56], ultracold 6Li atoms were used. The triangular lattice was generated
through a combination of two non-interfering lattices of different polarizations in [56], whereas
in Ref. [55], two interfering, actively phase-stabilized beams were used.

10.4 Bilayer triangular Fermi-Hubbard model in moiré materials

As introduced in Sec. 4.2, moiré heterostructures of transition metal dichalcogenides (TMDs)
provide a versatile platform to simulate the physics of the single-band FH model in the strongly
correlated regime U ≫ t. Due to the non-bipartite nature of most effective moiré lattices in TMD
materials, these systems also enable the study and probe the physics of geometric and kinetic
frustration effects as discussed in detail in the previous section.

For instance, in a parallel stacking of MoSe2/WS2 (commonly referred to as R-type stacking),
a deep moiré potential minimum arises at points in real space where the transition metal atoms
align. This forms a moiré triangular lattice, effectively realizing an FH model in the strongly
interacting regime when the moiré conduction band is doped [387]. By measuring the spin sus-
ceptibilities at various temperatures and fitting them to the Curie-Weiss law4, the strength and
sign of magnetic interactions can be extracted. For n = 1+ ϵ (doping doublons into the Mott in-
sulating state at one particle per site), positive Curie temperatures are observed [387], consistent
with our theoretical considerations in Sec. 10.3, where doublon doping leads to Nagaoka fer-
romagnetism. This is further supported by the suppression of ferromagnetic (FM) correlations
at commensurate fillings, where the system forms a Wigner crystal; in these insulating states,
kinetic effects are significantly suppressed.

In contrast, hole doping the Mott insulator in R-stacked MoSe2/WS2 (n = 1− ϵ) reveals para-
magnetic responses [387]. It has been argued that the absence of clear antiferromagnetic (AFM)
signals at unit filling (n = 1) and slight hole doping arises from weak exchange interactions as
U ≫ t; higher moiré potential depths than theoretically expected may further contribute to the
suppression of AFM correlations at n = 1 and at slight hole doping [387].

4When charging the HBL, dopants can form trion states (bound states of dopant charges and excitons) in the
potential minima; probing these excitations provides access to the spin susceptibility of the underlying moments, see
also Sec. 4.2.
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sity of states (DOS) and leads to a peculiar charging be-
havior: in a first step, the primary lattice in the MoSe2
layer is charged with one electron per moiré cell, and in
a second step, the electrons fill a vertically o!set and
laterally staggered secondary lattice in the WS2 layer.
This compound charge lattice implements a staggered bi-
layer Hubbard model in the strong interaction limit with
stabilized magnetic correlations in a wide range of elec-
trostatic gate voltages. We perform doping-dependent
spin-susceptibility measurements that indicate antiferro-
magnetic exchange interactions and suggest the presence
of RKKY-magnetism above one electron per moiré cell.
For small vacancy doping below one electron per moiré
cell, on the other hand, we observe the emergence of a
competing mechanism manifesting in the breakdown of
the temperature dependent scaling-collapse.

The e!ect is identified in field-e!ect devices consist-
ing of the MoSe2/WS2 heterobilayer (HBL) encapsulated
in symmetric hexagonal boron nitride (hBN) dielectric
spacers and sandwiched between top and bottom few-
layer graphene gates. One sample (S1) was assembled
from monolayers grown by chemical vapor deposition,
and another (S2) was fabricated from exfoliated mono-
layers (for data on further samples and fabrication de-
tails refer to the supplemental information). Similar to
WS2/WSe2 heterostacks, MoSe2/WS2 HBLs feature a
relatively large lattice mismatch of 4%, which impedes
lattice reconstruction [29–34] and stabilizes the canoni-
cal triangular moiré geometry shown in the left panel of
Fig. 1d. In this limit, the moiré pattern varies spatially
through the points of high-symmetry registries MM, MX
and XX [20] (M stands for metal and X for chalcogen
atoms). The periodically modulated moiré potentials for
electrons, holes and excitons [35–38] give rise to distinct,
energetically favored spatial positions as illustrated in the
right panel of Fig. 1d. In particular, umklapp-scattering
o! the long-range superlattice gives rise to pronounced
exciton mixing and the emergence of robust moiré exci-
tons as reported in a series of works [39–44].

Figure 1c shows the evolution of the di!erential re-
flectance (DR) signal of sample S1 as a function of sym-
metric gate voltage, VG = VTG = VBG. In the neutral
regime from 0.6 to →7.0 V, three bright moiré excitons
are observed close to the energy of the MoSe2 A-exciton.
At the boundaries of the neutral region, optical signa-
tures indicate transitions to both the electron (0.6 V)
and the hole (→7.0 V) doped regimes. On the p-doped
side, the lowest energy exciton M1 at 1.60 eV exhibits a
series of step-like red and blue-shifts before losing its os-
cillator strength and giving rise to a faint positive trion
M

+
1 with 25 meV red-shift, whereas the higher-energy

peaks M2 and M3 at 1.60 and 1.67 eV, respectively, dis-
appear as soon as charge doping into the valence band
sets on. On the n-doped side this behavior is reversed: in
a first charging step M1 converts abruptly into a negative
trion M

→
1 with a binding energy of 33 meV, whereas M2

FIG. 1. Charging characteristics of antiparallel
MoSe2/WS2. a, Device layout with top and bottom few-
layer graphite gates, hBN dielectric layers, and the TMD het-
erobilayer sandwiched in between. b, Type I alignment of
conduction and valence bands in antiparallel stacking, with
co-polarized spins in K and K→ valleys of MoSe2 and WS2,
respectively, indicated by the arrows. c, Evolution of the re-
flectance spectra as a function of symmetrically applied gate
voltages for both hole (p) and electron (n) doping. The neu-
tral moiré excitons M1, M2, and M3 show di!erent responses
to charge carriers, consistent with di!erent spatial localization
in the moiré cell. d, Schematics of the moiré lattice geometry
with high-symmetry points inside the unit cell (left) and the
magnitude of the moiré exciton potential (right).

evolves gradually into a slightly red-shifted peak M̃
→
2 be-

fore jumping abruptly to M
→
2 in a second charging step.

In particular, this second transition at 6.5 V coincides
with the emergence of a resonance between M2 and M3

which we identify as the charged exciton M
→
3 , and with

a similarly abrupt quench of the ground state trion M
→
1 .

Finally, in a third charging step around 13.0 V, both M
→
2

and M
→
3 red-shift and lose their oscillator strength.

Consistent with previous studies [43, 45, 46], the con-
trasting responses of M1 and M2 to positive and negative
charge doping can be attributed to distinct spatial posi-
tions of the two excitons within the moiré unit cell as
illustrated in Fig. 1d. The n-doped side is particularly
instructive: just as in the case of parallel alignment [44],
the charged trionM

→
1 indicates that doping-induced elec-

trons are co-localized with M1 at the moiré potential
minima at XX sites [43, 47] (cp. Fig. 1d). The second
exciton M2, on the contrary, was predicted to be located
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through the points of high-symmetry registries MM, MX
and XX [20] (M stands for metal and X for chalcogen
atoms). The periodically modulated moiré potentials for
electrons, holes and excitons [35–38] give rise to distinct,
energetically favored spatial positions as illustrated in the
right panel of Fig. 1d. In particular, umklapp-scattering
o! the long-range superlattice gives rise to pronounced
exciton mixing and the emergence of robust moiré exci-
tons as reported in a series of works [39–44].

Figure 1c shows the evolution of the di!erential re-
flectance (DR) signal of sample S1 as a function of sym-
metric gate voltage, VG = VTG = VBG. In the neutral
regime from 0.6 to →7.0 V, three bright moiré excitons
are observed close to the energy of the MoSe2 A-exciton.
At the boundaries of the neutral region, optical signa-
tures indicate transitions to both the electron (0.6 V)
and the hole (→7.0 V) doped regimes. On the p-doped
side, the lowest energy exciton M1 at 1.60 eV exhibits a
series of step-like red and blue-shifts before losing its os-
cillator strength and giving rise to a faint positive trion
M

+
1 with 25 meV red-shift, whereas the higher-energy

peaks M2 and M3 at 1.60 and 1.67 eV, respectively, dis-
appear as soon as charge doping into the valence band
sets on. On the n-doped side this behavior is reversed: in
a first charging step M1 converts abruptly into a negative
trion M

→
1 with a binding energy of 33 meV, whereas M2

FIG. 1. Charging characteristics of antiparallel
MoSe2/WS2. a, Device layout with top and bottom few-
layer graphite gates, hBN dielectric layers, and the TMD het-
erobilayer sandwiched in between. b, Type I alignment of
conduction and valence bands in antiparallel stacking, with
co-polarized spins in K and K→ valleys of MoSe2 and WS2,
respectively, indicated by the arrows. c, Evolution of the re-
flectance spectra as a function of symmetrically applied gate
voltages for both hole (p) and electron (n) doping. The neu-
tral moiré excitons M1, M2, and M3 show di!erent responses
to charge carriers, consistent with di!erent spatial localization
in the moiré cell. d, Schematics of the moiré lattice geometry
with high-symmetry points inside the unit cell (left) and the
magnitude of the moiré exciton potential (right).

evolves gradually into a slightly red-shifted peak M̃
→
2 be-

fore jumping abruptly to M
→
2 in a second charging step.

In particular, this second transition at 6.5 V coincides
with the emergence of a resonance between M2 and M3

which we identify as the charged exciton M
→
3 , and with

a similarly abrupt quench of the ground state trion M
→
1 .

Finally, in a third charging step around 13.0 V, both M
→
2

and M
→
3 red-shift and lose their oscillator strength.

Consistent with previous studies [43, 45, 46], the con-
trasting responses of M1 and M2 to positive and negative
charge doping can be attributed to distinct spatial posi-
tions of the two excitons within the moiré unit cell as
illustrated in Fig. 1d. The n-doped side is particularly
instructive: just as in the case of parallel alignment [44],
the charged trionM

→
1 indicates that doping-induced elec-

trons are co-localized with M1 at the moiré potential
minima at XX sites [43, 47] (cp. Fig. 1d). The second
exciton M2, on the contrary, was predicted to be located
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Figure 10.13: Antiparallel MoSe2/WS2. (a) Experimental setup: Stacked MoSe2/WS2 placed
on hBN, with top and bottom gates enabling the tuning of gate biases and electric fields. (b)
Type-I band structure alignment of MoSe2/WS2. (c) Atomic structure of the moiré unit cell in
antiparallel MoSe2/WS2, with highlighted zones of high symmetry: XX, MM, and MX. Figure
adapted from Ref. [8].

In the following section, we analyze MoSe2/WS2 with an antiparallel alignment. Here, one
layer is inverted relative to the other, such that the transition metal and chalcogen atoms in one
layer are aligned differently with those in the adjacent layer compared to a parallel stacking.
As we will see, this stacking configuration leads to drastically different physics compared to R-
stacked MoSe2/WS2 heterobilayers (HBLs). One particularly notable feature of the antiparallel
stacking is its charging behavior. In this configuration, the MoSe2 layer is charged first until the
moiré lattice reaches one particle per unit cell, at which point the WS2 layer begins to charge
a vertically offset and laterally staggered secondary moiré lattice. This section is based on an
experimental collaboration lead by Borislav Polovnikov and Alexander Högele. In the follow-
ing, we will summarize their main experimental results, and then focus on a theoretical scenario
to explain the peculiar physics found in antiparallel MoSe2/WS2. For more details in particu-
lar regading the experimental measurements, we refer to the preprint Ref. [8]. The theoretical
discussion will closely follow Ref. [8], partially with textual overlap.

10.4.1 Charging behavior of antiparallel MoSe2/WS2

In the experiment, a WS2 layer is stacked on top of a hexagonal boron nitride (hBN) dielec-
tric spacing substrate; a MoSe2 layer is then stacked antiparallel to the WS2 layer. Another
hBN spacer is placed on top, and separate top and bottom gate voltages connected to few-layer
graphene allow the application of bias voltages and electric fields between the two layers, as illus-
trated in Fig. 10.13 (a). The band structure of antiparallel MoSe2/WS2 is shown in Fig. 10.13 (b).
Without applied fields, this system follows a type-I band alignment5. Notably, the conduction
band edges exhibit a small energy difference ∆C ≈ 30 meV, which is smaller than the on-site
Coulomb repulsion of the effective FH model when doping the MoSe2 conduction band, where
U ≈ 60 meV. As we will describe below, this leads to a peculiar charging sequence in the het-
erobilayer (HBL). Fig. 10.13 (c) depicts the atomic alignment in the sample, highlighting regions
where transition metal (M) and/or chalcogen (X) atoms align (MM, XX, and MX alignment).

5A type-I band alignment corresponds to the situation where the valence and conduction band of one layer is
energetically in between those of the other layer, see Fig. 10.13 (b)
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To analyze the charging behavior, we consider measurements of the reflection spectrum of
the MoSe2 layer as a function of photon energy and gate voltage VG at zero electric field (i.e.,
equal top and bottom voltages), shown in Fig. 10.14 (a). For VG = −7 . . . 0.6 V, the HBL is in
the band gap of both layers (corresponding to a doping density per moiré unit cell of ν = 0, see
the right axis of Fig. 10.14 (a)), and three prominent excitons produce peaks in the differential
reflection spectrum. Previously, it has been argued that these excitons correspond to distinct
real-space positions in the moiré potential [388–390]: The M1 exciton is located near XX stacking
points, while the M2 exciton is associated with the shallow local minimum around MM align-
ment points, see Fig. 10.14 (b). These M exciton energies closely resemble those of monolayer
MoSe2, corroborating that they represent intralayer excitations within the MoSe2 layer, modu-
lated by the moiré potential.

When the system is hole-doped (into the valence band of MoSe2 at VG ≲ −7 V), holes
form charged (positive) trion bound states with the M1 exciton (M̃+

1 ), which rapidly lose os-
cillator strength with increasing bias. However, electron doping in the MoSe2 conduction band
produces much richer signals. The M1 exciton transitions into a charged (negative) electron-
exciton trion (M−

1 ), while the M2 peak evolves smoothly into a slightly red-shifted peak M̃−
2 .

The abrupt oscillator strength transfer from M1 to M−
1 signals electron doping in the MoSe2

layer, i.e., dopants form bound states in the XX moiré pockets. At ν = 1, the M1 exciton com-
pletely loses its oscillator strength, marking unit filling of the MoSe2 layer (upper orange line in
Fig. 10.14 (a)). This is schematically corroborated in the charging diagram in Fig. 10.14 (c), where
νMo rises linearly to unity, while νW stays at zero doping.

For 1 < ν < 2, both M−
1 and M̃−

2 resonances remain largely unchanged. This behavior
contrasts with the first charging step (0 < ν < 1), indicating that doping proceeds in the WS2

layer, see Fig. 10.14 (c), leaving excitations in the MoSe2 layer unchanged. In particular, this
suggests that moiré minima for WS2 electrons are spatially shifted from the XX and MM points,
forming a moiré bilayer system. This charging behavior aligns with the HBL’s band structure:
As the on-site repulsion U exceeds the conduction band edge difference between MoSe2 and
WS2, electron filling transitions from the MoSe2 layer (one particle per site) to the WS2 layer6.

Further doping reveals a transition from the M̃−
2 peak to the charged trion M−

2 , accompa-
nied by the simultaneous emergence of a new trion peak, M−

3 , see Fig. 10.14 (a). This indicates
additional charging of the MoSe2 layer (as well as the WS2 layer where the two trion peaks re-
main constant as a function of VG), see also Fig. 10.14 (c). Eventually, the oscillators lose their
strengths and are red-shifted, signaling further doping of the layer(s).

The physical understanding of the emerging bilayer is illustrated in Fig. 10.15. Two laterally
(and, in the physical system, also vertically) shifted triangular lattices lead to the formation of

6Applying an electric field between the layers modifies this behavior by altering the relative conduction band
positions. At a critical field, a transition occurs from a type-I to type-II band alignment, where the WS2 conduction
band edge falls below that of MoSe2. In this scenario, the M1 exciton persists until electron doping begins in the
MoSe2 layer, where it transitions to a trion. Conversely, further separating the conduction bands beyond the on-
site interaction energy causes electrons to fill only the MoSe2 layer. This latter behavior mirrors that of P-stacked
MoSe2/WS2, where charging occurs exclusively in the MoSe2 layer. Tracking the binding energy of the M̃−

2 trion
further supports the picture of a bilayer moiré system. For a more detailed discussion and corresponding data, we
refer to Ref. [8], and shall not go deeper into the specifics beyond the intuitive picture outlined above.
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sity of states (DOS) and leads to a peculiar charging be-
havior: in a first step, the primary lattice in the MoSe2
layer is charged with one electron per moiré cell, and in
a second step, the electrons fill a vertically o!set and
laterally staggered secondary lattice in the WS2 layer.
This compound charge lattice implements a staggered bi-
layer Hubbard model in the strong interaction limit with
stabilized magnetic correlations in a wide range of elec-
trostatic gate voltages. We perform doping-dependent
spin-susceptibility measurements that indicate antiferro-
magnetic exchange interactions and suggest the presence
of RKKY-magnetism above one electron per moiré cell.
For small vacancy doping below one electron per moiré
cell, on the other hand, we observe the emergence of a
competing mechanism manifesting in the breakdown of
the temperature dependent scaling-collapse.

The e!ect is identified in field-e!ect devices consist-
ing of the MoSe2/WS2 heterobilayer (HBL) encapsulated
in symmetric hexagonal boron nitride (hBN) dielectric
spacers and sandwiched between top and bottom few-
layer graphene gates. One sample (S1) was assembled
from monolayers grown by chemical vapor deposition,
and another (S2) was fabricated from exfoliated mono-
layers (for data on further samples and fabrication de-
tails refer to the supplemental information). Similar to
WS2/WSe2 heterostacks, MoSe2/WS2 HBLs feature a
relatively large lattice mismatch of 4%, which impedes
lattice reconstruction [29–34] and stabilizes the canoni-
cal triangular moiré geometry shown in the left panel of
Fig. 1d. In this limit, the moiré pattern varies spatially
through the points of high-symmetry registries MM, MX
and XX [20] (M stands for metal and X for chalcogen
atoms). The periodically modulated moiré potentials for
electrons, holes and excitons [35–38] give rise to distinct,
energetically favored spatial positions as illustrated in the
right panel of Fig. 1d. In particular, umklapp-scattering
o! the long-range superlattice gives rise to pronounced
exciton mixing and the emergence of robust moiré exci-
tons as reported in a series of works [39–44].

Figure 1c shows the evolution of the di!erential re-
flectance (DR) signal of sample S1 as a function of sym-
metric gate voltage, VG = VTG = VBG. In the neutral
regime from 0.6 to →7.0 V, three bright moiré excitons
are observed close to the energy of the MoSe2 A-exciton.
At the boundaries of the neutral region, optical signa-
tures indicate transitions to both the electron (0.6 V)
and the hole (→7.0 V) doped regimes. On the p-doped
side, the lowest energy exciton M1 at 1.60 eV exhibits a
series of step-like red and blue-shifts before losing its os-
cillator strength and giving rise to a faint positive trion
M

+
1 with 25 meV red-shift, whereas the higher-energy

peaks M2 and M3 at 1.60 and 1.67 eV, respectively, dis-
appear as soon as charge doping into the valence band
sets on. On the n-doped side this behavior is reversed: in
a first charging step M1 converts abruptly into a negative
trion M

→
1 with a binding energy of 33 meV, whereas M2

FIG. 1. Charging characteristics of antiparallel
MoSe2/WS2. a, Device layout with top and bottom few-
layer graphite gates, hBN dielectric layers, and the TMD het-
erobilayer sandwiched in between. b, Type I alignment of
conduction and valence bands in antiparallel stacking, with
co-polarized spins in K and K→ valleys of MoSe2 and WS2,
respectively, indicated by the arrows. c, Evolution of the re-
flectance spectra as a function of symmetrically applied gate
voltages for both hole (p) and electron (n) doping. The neu-
tral moiré excitons M1, M2, and M3 show di!erent responses
to charge carriers, consistent with di!erent spatial localization
in the moiré cell. d, Schematics of the moiré lattice geometry
with high-symmetry points inside the unit cell (left) and the
magnitude of the moiré exciton potential (right).

evolves gradually into a slightly red-shifted peak M̃
→
2 be-

fore jumping abruptly to M
→
2 in a second charging step.

In particular, this second transition at 6.5 V coincides
with the emergence of a resonance between M2 and M3

which we identify as the charged exciton M
→
3 , and with

a similarly abrupt quench of the ground state trion M
→
1 .

Finally, in a third charging step around 13.0 V, both M
→
2

and M
→
3 red-shift and lose their oscillator strength.

Consistent with previous studies [43, 45, 46], the con-
trasting responses of M1 and M2 to positive and negative
charge doping can be attributed to distinct spatial posi-
tions of the two excitons within the moiré unit cell as
illustrated in Fig. 1d. The n-doped side is particularly
instructive: just as in the case of parallel alignment [44],
the charged trionM

→
1 indicates that doping-induced elec-

trons are co-localized with M1 at the moiré potential
minima at XX sites [43, 47] (cp. Fig. 1d). The second
exciton M2, on the contrary, was predicted to be located
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cal triangular moiré geometry shown in the left panel of
Fig. 1d. In this limit, the moiré pattern varies spatially
through the points of high-symmetry registries MM, MX
and XX [20] (M stands for metal and X for chalcogen
atoms). The periodically modulated moiré potentials for
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regime from 0.6 to →7.0 V, three bright moiré excitons
are observed close to the energy of the MoSe2 A-exciton.
At the boundaries of the neutral region, optical signa-
tures indicate transitions to both the electron (0.6 V)
and the hole (→7.0 V) doped regimes. On the p-doped
side, the lowest energy exciton M1 at 1.60 eV exhibits a
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layer graphite gates, hBN dielectric layers, and the TMD het-
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conduction and valence bands in antiparallel stacking, with
co-polarized spins in K and K→ valleys of MoSe2 and WS2,
respectively, indicated by the arrows. c, Evolution of the re-
flectance spectra as a function of symmetrically applied gate
voltages for both hole (p) and electron (n) doping. The neu-
tral moiré excitons M1, M2, and M3 show di!erent responses
to charge carriers, consistent with di!erent spatial localization
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FIG. 2. Charging behavior upon electron doping. a, Hyper-spectral map of the DR signal, where the color of each
pixel represents the negative maximum of the derivative ωEDR(E) in the interval between 1.603 and 1.800 eV to highlight the
di!erent charging states. The left side represents the p-doped regime, the central vertical stripe the intrinsic, and the right
side the n-doped regime. The boundaries of the three distinct regions on the n-doped side (I, II and III) signify subsequent
charging steps in the MoSe2 layer. b, Line-cuts of the data in a for three representative electric fields. The onset of electron
doping shows a crossover from type I at negative and small positive fields (lines A1 and A2) to type II band alignment for
elevated positive fields (line A3). The charged excitons M→

1 and M̃→
2 are present throughout the region I and reflect the charge

distribution among the MoSe2 and WS2 layers. c, Simulation of the electron density in the MoSe2 layer as a function of Vµ

and F , reproducing the most pronounced experimental features on the n-doping side. d, Schematics of the DOS in both layers
obtained from the simulation. Doping of the layers proceeds in steps of n0, and the step-like extent of the region I implies
strong Coulomb repulsion of 60 meV between the first and the second electron charging event in the MoSe2 layer. Together
with the relatively small CB o!set of 30 meV this leads to peculiar charging behavior shown in e, with charging of the MoSe2
layer up to one electron per moiré cell and subsequent charge stability upon consecutive filling of the WS2 layer up to the same
filling factor. f, Experimental and theoretical binding energy of M̃→

2 , evaluated as the red-shift from the energy of its neutral
counterpart M2, as a function of electron filling factor along the line A2. The schematics on the right highlight the respective
sublattice fillings for selected filling factors.

while the charge density inside MoSe2 remains constant. Only after both layers host one electron per moiré site
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Figure 10.14: Charging behavior. Charging behavior of antiparallel MoSe2/WS2 under applied
gate voltage (at zero electric field, i.e., with equal top and bottom voltages). (a) Differential reflec-
tion spectrum; peaks indicate excitonic resonances. Within the band gap of both layers (between
the grey dashed-dotted lines), three prominent excitons are observed, originating from MoSe2
monolayer excitations subject to the moiré potential. These excitons correspond to distinct spa-
tial regions of the potential, with M1 (M2) excitons residing in the moiré pockets around XX
(MM) alignments, as illustrated in (b). Electron doping (positive bias voltages) and tracking
trion bound states of excitons and dopants reveal an intriguing bilayer charging behavior (see
text). Positions where the total particle number per moiré unit cell ν satisfies ν = 1, 2 are indi-
cated by orange dashed lines. (c) Schematic depiction of the charging behavior in the MoSe2 and
WS2 layers. Orange lines correspond to the same positions as in (a). The invariance of MoSe2
trions during WS2 layer charging in (a) suggests a lateral displacement of the two moiré lattices,
resulting in the realization of a bilayer FH system with various layer-imbalanced fillings. Figure
adapted from Ref. [8].

a bilayer. Due to the above discussed charging sequence, one of the two layers is doped until
unit filling; succeeding doping will start to fill the second layer, until at ν = 2 both are in a Mott
insulating regime with one particle per site.

10.4.2 Strongly correlated bilayer physics

Having established the charging behavior of the MoSe2/WS2 HBL, we would like to probe the
correlated physics for the whole range of ν. Particularly interesting here is the range 1 < ν < 2,
where one of the moiré bilayers is in a Mott insulating state, while the other is itinerant and
partially filled. To analyze spin correlations in the MoSe2 layer, the M̃−

2 peak can be used as a
sensor for its magnetic environment, i.e., intralayer excitons act as probes of local magnetization;
the latter can be measured through renormalized exciton g-factors. In particular, by measuring
the valley Zeeman effect by probing the HBL with exclusively right- or left-handed light gives
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Figure 10.15: Moiré bilayer. Emerging bilayer triangular lattice in antiparallel MoSe2/WS2. The
bilayer consists of two laterally shifted triangular lattices. The black layer is filled first up to
ν = 1, at which point the second (green) lattice is filled until ν = 2, where in each layer there
is one particle per moiré site. RKKY interactions: Two local spins at sites i and j in the Mott
insulating (black) layer interact by inducing a local magnetization profile in the metallic (green)
layer. Each site in the MI layer has three nearest neighbors in the metallic layer, such that a total
of nine terms contribute to RKKY contributions to magnetic interactions, see also Eq. (10.14).

access to the g-factors and hence the susceptibility.
Fig. 10.16 (a) shows the the g-factors for different temperatures. For all temperatures, we

observe a quick rise of |g| between 0 < ν < 1, until it reaches a maximum at one electron per
moiré cell in MoSe2. To qualitatively describe the first charging stage of MoSe2 (0 < ν < 1),
we simulate a single triangular lattice using the two-particle self-consistent theory, outlined in
Sec. 3.2. Specifically, we implement the triangular lattice by simulating a square lattice with
NNN interactions along a single diagonal.

Results for the spin susceptibility (which is proportional to the g-factor) are shown in the
inset of Fig. 10.16 (a) for 0 < ν < 1. As expected, when filling the lattice with electrons, the
susceptibility rises monotonously. This qualitatively explains the rise of |g| in the experimental
data in the regime 0 < ν < 1. However, TPSC does not capture the more subtle structures of
the g-factor. At filling factors ν between 0.7 and 0.9, we observe a small sub-plateau below 1 K in
the HBL, which vanishes at higher temperatures, see Fig. 10.16 (a). Similar to the R-type stacked
MoSe2/WS2, where kinetic magnetism has been observed for ν = 1 + ϵ [387], the release of
kinetic magnetism via Haeter-Shastry type AFM in the ν = 1− ϵ regime is a plausible candidat to
explain the observed behavior: At ν ≈ 2/3, the electrons in the MoSe2 layer become increasingly
frustrated, leading to a saturation of g. However, once kinetic effects become relevant for ν ≳ 0.9,
strong AFM correlations build up, which in turn boost the g-factor up to significantly higher
values.

We now analyze the g-factor in the regime 1 < ν < 2. Remarkably, in contrast to other
heterostructures, g reaches a maximum value around ν ≈ 1, after which it saturates for the
whole region where the sensing peak M̃−

2 is present. Throughout the plateau, the values of the
g-factors exhibit variations on the order of 10 - 15%, which we interpret as effects coming from
the emerging second, laterally shifted lattice. As can be seen in Fig. 10.16 (a), this behavior is
robust across all temperatures (and across various samples [8]), indicating a physical origin of
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factor at di↵erent temperatures; the di↵erence in g-factors at integer fillings ⌫ = 1 and 2, �|g|, is indicated by the black dashed
lines. Lower panel: Curie-Weiss temperature ✓ extracted from fits to the data in a. An increase (decrease) of ✓, highlighted
by grey (white) areas, corresponds to a weakening (strengthening) of the 120� antiferromagnetic (AFM) correlations. c, Left
panel: Schematics of spin sublattices at integer fillings ⌫ = 1 and 2 with intralattice and interlattice exchange coupling J

k

and J
?. Right panel: Temperature dependence of �|g| (top) and di↵erence of the respective magnetic susceptibility ��S in

MCMC simulations (bottom). d, Upper panel: Top-view schematic of the bilayer lattice for integer fillings ⌫ = 1 and 2, with
antiferromagnetic spin-exchange between rigidly locked Mott insulating electrons in the MoSe2 layer (with interactions among
the first, second and third nearest neighbors JRKKY

1 , JRKKY
2 and J

RKKY
3 ) and mobile electrons in the WS2 layer. Central panel:

Results for nearest-neighbor RKKY interactions in the MoSe2 layer at filling fractions ⌫ > 1 from simulations of non-interacting
fermions (light blue) and TPSC (dark blue). Lower panel: Longer-range RKKY interactions can act against (or in favor of) the
120� state depending on the filling factor as highlighted by the grey (white) areas. Close to the Mott insulating regime ⌫ = 2
(hatched area), the perturbative approach breaks down and other e↵ects such as kinetic magnetism are likely to dominate.

as remote sensors of the emerging secondary lattice. To
confirm this scenario, we consider M̃�

2 pinned on the MM
site of the moiré unit cell and subjected to Coulomb inter-
actions with electron lattices of varying geometry for dif-
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Figure 10.16: Strongly correlated bilayer physics. (a) Filling-factor dependent g-factor in the
regime where the M̃−

2 charged trion has pronounced peaks. The g-factor rises strongly when
willing the MoSe2 layer (0 < ν < 1), which is captures qualitatively by theory calculations: The
inset shows χs in arbitrary units of the FH model on the triangular lattice using TPSC (at U/t =
9.5, T/t = 0.1). For ν ≳ 1, a local maximum of the spin-susceptibility is followed by a decrease
on the order of 10 - 15 %; there is a subsequent increase to the maximum value around ν =
1.6 − 1.7, and another decrease to a local minimum around ν = 2. (b) Difference of the g-factors
∆g as a function of temperature in the Mott-insulating regimes ν = 1, 2. (c) Difference of spin
susceptibilities χs (arb. units) calculated from classical Monte Carlo simulations of mono- and
bilayer triangular Heisenberg models. For ν = 2, the presence of inter-layer couplings J⊥ leads
to an out-of-plane tilt of the magnetic order which results in a reduction of χs and g compared
to ν = 1. Figure adapted from Ref. [8].

the observed fluctuations.

To get a qualitative understanding of the observations, we shall first focus on the two cases
ν = 1, 2. Here, the system is in a fully Mott-insulating state and can be described by a spin
model with localized moments at every site of the triangular monolayer (ν = 1) and bilayer
(ν = 2). Fig. 10.16 (b) shows the difference of the g-factors, ∆g = g(ν = 1)− g(ν = 2), of both
Mott insulating regimes as a function of temperature. For T ≲ 1 K, the g-factor of the ν = 2
filled system is seen to consistently fall below the one at ν = 1. We qualitatively model the Mott
insulating regimes by classical Heisenberg models on the corresponding lattices. In particular,
for ν = 1 we model the system by a classical Heisenberg spin model on the triangular lattice
with Hamiltonian

Hν=1 = J∥ ∑
⟨i,j⟩

Si · Sj. (10.9)

Here, Si are classical vectors of length |Si| = 1 living at lattice site i. To compare this to the
bilayer case (ν = 2), we additionally define a Heisenberg Hamitonian defined on the triangular
bilayer lattice as presented in Fig. 10.15,

Hν=2 = ∑
α=1,2

J∥ ∑
⟨i,j⟩α,α

Si · Sj + J⊥ ∑
⟨i,j⟩1,2

Si · Sj. (10.10)
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Here, ⟨i, j⟩α,α′ denote NN between layers α, α′, see also Fig. 10.15.
Using Markov chain Monte Carlo methods, we compute the susceptibility, which can be cal-

culated by
χs = βV(⟨m2⟩ − ⟨m⟩2), (10.11)

where β is the inverse temperature and V is the number of lattice sites (we simulate a grid of
V = Lx × Ly× = 32 × 32 lattice sites with periodic boundary conditions); m is the absolute
value of the magnetization averaged over a snapshot, i.e.

m =
√

∑
µ=x,y,z

m2
µ, mµ =

1
V ∑

i
Sµ

i . (10.12)

We calculate the magnetic susceptibility for both cases ν = 1 and ν = 2 and evaluate their
difference ∆χ = χ(ν = 1)− χ(ν = 2), shown in Fig. 10.16 (c). In agreement with the measured
g-factors, the magnetic susceptibility of the bilayer at ν = 2 is consistently lower compared to
ν = 1. This aligns with intuitive expectations of the magnetic structure in the respective models:
Coupling two triangular lattices (where each layer is initially in a 120◦ state) by an inter-layer
coupling J⊥ results in an enhancement of frustration between the magnetic moments, tilting the
120◦-ordered spins out-of-plane. This suppresses correlations within each layer, which in turn
results in a reduction of the susceptibility (and correspondingly the g-factors) compared to the
case of a single Mott-insulating plane. This qualitative comparison of classical spin models with
the observed physics at ν = 1 and ν = 2 suggests a significant coupling J⊥ between the layers,
and supports the view that the material at hand is governed by bilayer Fermi-Hubbard physics.

We corroborate the above picture by explicitly looking at spin-spin correlations ⟨Si · Sj⟩ in the
classical simulations of a 16 × 16 lattice, see Fig. 10.17 (a) for ν = 1 and Fig. 10.17 (b) for ν = 2.
In the latter, we only show correlations within the plane of one of the two layers—this allows for
an evaluation on how the second lattice affects in-pane correlations. While 120◦ magnetic order
spans the whole system in the case ν = 1, correlations are much shorter range for ν = 2, where
tilting the spins reduces the in-plane correlations. We further underline the above by performing
ground state DMRG calculations of a bilayer t∥-J∥-J⊥ model, i.e., a system where one triangular
layer is filled with one particle per site and the filling in the other layer is varied from empty to
one particle per site (realizing the scenario 1 < ν < 2). Similarly, we see how doping the second
lattice to unit filling leads to a reduction of in-plane correlations, shown in Fig. 10.17 (c).

From the g-factor data at various temperatures in Fig. 10.16 (a), fitting the data to a Curie
Weiss law gives access to the nature of spin correlations in the system. The extracted Curie
temperatures θ as a function of filling factor are shown in Fig. 10.18 (a). Just as in the case of the
g-factors, θ presents pronounced variations across the range 1 < ν < 2 with two distinct maxima
around ν = 1 and ν ≈ 1.8. Physically, a negative θ is associated with an antiferromagnetic
(AFM) 120◦ state; an increase of θ towards 0 mK indicates a weakening of the AFM state and is
highlighted by the grey areas in Fig. 10.18 (a).

For 1 < ν < 2, the MoSe2 layer is in a Mott-insulating state, while the WS2 layer is partially
filled. In the regime of light WS2 particle doping (ν ≳ 1), the system can be described by a
weakly interacting Fermi-liquid coupled to local moments in a Mott-insulator. Here, inter-layer
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Figure 10.17: Spin correlations in single and bilayer triangular lattices. (a) Spin-spin correla-
tions ⟨Si0 Sj⟩T at temperature T, mapped on a square lattice, for the classical triangular lattice
Heisenberg model. Strong 120◦ correlations are observed. (b) The same correlations in the trian-
gular lattice layer when coupling an additional, laterally offset triangular lattice to the Heisen-
berg model with coupling J⊥. Shown correlations correspond to only a single layer; tilting of the
classical spins due to the second lattice leads to a reduction of correlations. (c) DMRG calcula-
tions in the ground state of a Lx × Ly × Lz = 6 × 3 × 2 bilayer triangular lattice t-J model. We
choose t/J⊥ = 2, and J⊥/J∥ = 1. While one layer is filled, the other is ranging between zero
and unit filling, i.e., we simulate the range ν ∈ [1, 2]. We then assess spin-spin correlations in the
Mott insulating layer, which are seen to be decreased in a monotonic fashion as ν approaches the
bilayer Heisenberg model, corroborating the frustrating effect of the second lattice on the first
lattice.

couplings J⊥ lead to the appearance of RKKY-type intra-layer interactions JRKKY [71,391] within
the MoSe2 layer (which are mediated by the metallic WS2 electrons). In particular, a magnetic
moment in the MoSe2 layer at site i induces a magnetization profile of the metal, which in turn
couples to another localized spin at position j. This results in the emergence of long-range inter-
actions between the localized spins, described by the Hamiltonian7 [71, 391],

ĤRKKY =
1
2 ∑

i,j
JRKKY
ij Ŝi · Ŝj. (10.13)

7The factor of 1/2 makes sure to avoid double counting.
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FIG. 3. Correlated magnetism upon electron doping. a, Zeeman splittings of M̃�
2 in �

+ and �
� polarization, with colors

indicating experimental temperatures. Right inset: same data as a function of the rescaled field B/T ; left inset: Curie-Weiss
fit (solid line) to the temperature-dependence of g-factors. b, Upper panel: Magnitude of the g-factor as function the filling
factor at di↵erent temperatures; the di↵erence in g-factors at integer fillings ⌫ = 1 and 2, �|g|, is indicated by the black dashed
lines. Lower panel: Curie-Weiss temperature ✓ extracted from fits to the data in a. An increase (decrease) of ✓, highlighted
by grey (white) areas, corresponds to a weakening (strengthening) of the 120� antiferromagnetic (AFM) correlations. c, Left
panel: Schematics of spin sublattices at integer fillings ⌫ = 1 and 2 with intralattice and interlattice exchange coupling J

k

and J
?. Right panel: Temperature dependence of �|g| (top) and di↵erence of the respective magnetic susceptibility ��S in

MCMC simulations (bottom). d, Upper panel: Top-view schematic of the bilayer lattice for integer fillings ⌫ = 1 and 2, with
antiferromagnetic spin-exchange between rigidly locked Mott insulating electrons in the MoSe2 layer (with interactions among
the first, second and third nearest neighbors JRKKY

1 , JRKKY
2 and J

RKKY
3 ) and mobile electrons in the WS2 layer. Central panel:

Results for nearest-neighbor RKKY interactions in the MoSe2 layer at filling fractions ⌫ > 1 from simulations of non-interacting
fermions (light blue) and TPSC (dark blue). Lower panel: Longer-range RKKY interactions can act against (or in favor of) the
120� state depending on the filling factor as highlighted by the grey (white) areas. Close to the Mott insulating regime ⌫ = 2
(hatched area), the perturbative approach breaks down and other e↵ects such as kinetic magnetism are likely to dominate.
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dominate.

suppresses correlations within each layer, which in turn results in a reduction of the susceptibility (and corre-

<latexit sha1_base64="5CRP9NNs6KN2ervpR8+b8pB8ZoQ="></latexit>

JRKKY
3

<latexit sha1_base64="+2Hh0agaBNpr3NIDwD/a3v+BU2M="></latexit>

JRKKY
2

<latexit sha1_base64="/hbOXbk0Lkz8UOs28QQNmNnBebs="></latexit>

JRKKY
1

<latexit sha1_base64="YLITJ4/b7MWx9KUs1RjtLXH2bzk="></latexit>

(c)

Figure 10.18: Curie temperature and TPSC. (a) Curie-Weiß temperatures θ extracted from the
data in Fig. 10.16 (a), showing similar oscillations as the g-factor. The filling-factors where θ in-
creases towards 0 mK (shaded in grey) correspond to a weakening of the 120◦ antiferromagnetic
(AFM) order, whereas a decrease of θ to higher negative values indicates a strengthening of the
120◦ state. (b) Schematic of RKKY-type interactions in the MoSe2 layer mediated by the metal-
lic WS2 electrons, see also Fig. 10.15. (c) Top panel: nearest-neighbor RKKY interactions in the
MoSe2 layer calculated from the susceptibility of the WS2 layer using free fermions (light blue)
and with TPSC (dark blue). The sharp correction of NN couplings for ν ≳ 1 leads to a distinct
drop of θ as seen in (a). Lower panel: Longer-range RKKY interactions can act against (or in favor
of) the AFM 120◦ state depending on the filling factor and are highlighted by the grey (white)
areas in the lower panel as in (a). Close to the Mott insulating regime ν = 2, the perturbative
picture breaks down and other effects (such as kinetic magnetism) are likely to dominate, illus-
trated by the hatched area in (c). Figure adapted from Ref. [8].
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The interaction JRKKY
ij is calculated from the susceptibility of the metal. As each site in the MoSe2

layer interacts with three sites in the WS2 layer (assuming NN inter-layer couplings), the contri-
butions to JRKKY

ij , see Fig. 10.18 (b), read

JRKKY
ij = −J2

⊥ ∑
a∈{1,2,3}

∑
b∈{4,5,6}

χ(a − b), (10.14)

with
χ(x) =

∫
q

dqeiq·xχ(iωn = 0, q). (10.15)

We approximate the strength of RKKY interactions using the picture of free fermions in the
WS2 layer as well as by using TPSC approach. The upper panel in Fig. 10.18 (c) shows RKKY
corrections JRKKY

1 to nearest-neighbor (NN) intra-layer interactions J1
∥ (i.e. the effective NN in-

teractions in the MoSe2 are given by J̃1
∥ = J1

∥ + JRKKY
1 ). For small doping ν ≳ 1, a rapid drop of

JRKKY
1 is observed. We argue that the sudden reduction of magnetic interaction strength J̃1

∥ likely
causes the jump of the Curie temperature around ν = 1, see Fig. 10.18 (a). This is consistent with
the observed initial drop of the g-factor for ν ≳ 1: When J̃1

∥ is reduced, the effective temperature
of the spins in the MoSe2 layer is increased, leading to a drop of the g-factor.

At larger doping ν ≳ 1.5, NN interactions are further renormalized, suggesting a strong rise
of θ as observed in Fig. 10.18 (a) towards 0 K. Comparison between free fermion and TPSC cal-
culations show that interactions in the WS2 layer further enhance this effect, see the light and
dark blue data in Fig. 10.18 (c). In between 1 < ν ≲ 1.8, the Curie temperature is non-monotonic
and shows an additional minimum at ν ≈ 1.4, which is in contrast to the behavior of NN RKKY
interactions. A possible scenario for this effect is the relevance of longer-range RKKY interac-
tions, shown in Fig. 10.18 (c) (lower panel) for second- and third-nearest neighbors JRKKY

2 , JRKKY
3 .

Indeed, the induced interactions show distinct oscillations that can act towards (de-)stabilizing
the 120◦ magnetic order. In particular, positive (negative) second- (third-) neighbor interactions
act in favor of the 120◦ state and imply a decrease in θ, whereas a reversed sign inhibits the
120◦ order as highlighted by the shaded areas in Fig. 10.18 (a) and (c). For 1.15 ≲ ν ≲ 1.4,
AFM correlations are favored, possibly leading to a reduction of θ in this regime as observed in
Fig. 10.18 (a).

Close to the regime ν ≲ 2 (grey hatched area in Fig. 10.18 (c)), the Fermi-liquid picture breaks
down and a bilayer Mott-insulator forms. Here, other effects of strongly-correlated origin likely
take over and dominate the physics. In particular, as demonstrated in the previous section, when
slightly hole doping a Mott insulator on a triangular lattice, kinetic effects lead to Hearter-Shastry
type antiferromagnetism which strongly favors the formation of a classical 120◦ state to minimize
the dopant’s kinetic energy. The sharp turnaround of θ at ν ≈ 1.8 may thus be the result of these
kinetic effects, which overcomes the trend of weakening couplings due to RKKY interactions and
pushes θ back to AFM signals when ν → 2. This argument is in-line with the observations of the
g-factor close to the bilayer Mott insulator: For ν ≲ 2, kinetic magnetism leads to a strengthening
of AFM correlations which in turn enhances g.
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10.5 Discussion

In the first part of this chapter, we have analyzed the competing interplay between kinetic and
magnetic frustration in the singly doped triangular t-J model, associated with energy scales t
and J, respectively, and at temperature T. We unveiled regimes of itinerant magnetism in the
vicinity of the dopant, which can directly be accessed and observed using state-of-the-art quan-
tum gas microscopy of ultracold atoms on triangular optical lattices. Remarkably, we predict an
increased stability of Nagaoka ferromagnetism at elevated temperatures, potentially facilitating
its observation with ultracold atoms. Studying Nagaoka FM at finite doping as well as on other
non-bipartite lattices are interesting directions for further research [392].

At low temperatures, we have presented strong evidence for the existence of linear confine-
ment of the dopants surrounded by 120◦ ordered spins on the triangular lattice. The strikingly
accurate scaling of the doublon’s energy ∼ (J/t)2/3 firmly establishes the picture of geometric
strings for frustrated systems. The role of enhanced quantum fluctuations as well as the non-
othogonality of classically ordered 120◦ spin states on the geometric string basis construction
is an interesting topic for future research. Particularly, our work further advocates a possible
significance of strings for pairing [57,393] and ro-vibrational excitations [265] in doped AFMs—
hinting towards a possible universal picture of the physics in doped Mott insulators.

In the second part of the chapter, we turned towards the analysis of a MoSe2/WS2 HBL. By
stacking the 2D sheets in an anti-parallel alignment, a unique charging behavior leads to the for-
mation of an effective bilayer FH model on the triangular lattice. These considerations motivate
H-type MoSe2/WS2 as a candidate system for manifestations of kinetic magnetism, providing
compelling motivation for future experimental and theoretical work on many-body phenom-
ena and magnetism in antiparallel MoSe2/WS2 heterostacks. We have proposed a theoretical
scenario where kinetic effects and induced RKKY interactions lead to magnetic tendencies that
align with the observations—nevertheless, further quantitative numerical studies are needed
to fully pin down the physical origin of the observed effects. Other possible scenarios include
the formation of Wigner crystal-type electronic charge order, which may lead to pronounced
maxima of the g-factor at certain doping values.
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SU(N) symmetric systems

Summary. The FH model with higher SU(N) spin symmetries gives rise to rich magnetic
ground states at a filling of one particle per site compared to the case of SU(2) spins.
In this chapter, we address the question of doping these systems by studying a single
hole in the SU(3) t-J model. By analyzing both ground state and dynamical properties
utilizing DMRG, we establish the appearence of magnetic polarons consisting of chargons
and flavor defects, whose dynamics is constrained to a single effective dimension along the
ordered diagonal. We will semi-analytically describe the system using geometric string
theory, where paths of hole motion are the fundamental degrees of freedom. We will see
that at N > 2, intricate ground states at finite doping are expected, which opens future
directions towards exploring a wealth of physics in doped SU(N) Fermi-Hubbard models
on various geometries. Lastly, we will use TPSC to gain insights into the thermodynamic
behavior of the SU(N) symmetric FH model, and compare results to determinant quantum
Monte Carlo calculations.

11.1 Introduction

As introduced in Sec. 2.2.2, FH models with higher spin symmetries, realized by SU(N > 2) in-
variant models, promise rich physics beyond the SU(2) paradigm [394–403]. Indeed, they have
established as important generalizations of the SU(2) symmetric FH model to describe systems
with, e.g., orbital degeneracy. In particular, N > 2 models are relevant to capture the essen-
tial physics of transition-metal oxides [404–406], the Kondo effect [407, 408] and heavy fermion
compounds [71, 409], as well as single and twisted bilayer graphene [410–413].

In addition to novel magnetic states and enhanced quantum fluctuations, SU(N) symmetric
models separate features that are linked in the vanilla SU(2) Hubbard model: perfect nesting
and van Hove singularities at one particle per site are absent, in contrast to the SU(2) FH model,
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see also the discussion in Sec. 2.2.2.
At unit filling ⟨n̂⟩ = 1, the SU(3) FH model has been shown to feature rich magnetic struc-

tures of various translation symmetry breaking patterns, where in particular finite repulsive
interactions U > 0 are necessary to open a charge gap and observe magnetically ordered Mott
insulating (MI) states [158, 162, 398, 399, 414]. This is in contrast to the SU(2) FH model, where
metal-to-MI transitions are absent. In the strongly coupled regime of the SU(3) FH model, ef-
fective mappings to SU(3) Heisenberg models at ⟨n̂⟩ = 1 reveal a 3-sublattice (3-SL), diagonally
striped magnetic order, stabilized by quantum fluctuations through an order by disorder mech-
anism [159, 415].

An important setting for the SU(N) FH model is ultracold alkaline-earth-atoms (AEAs),
where a highly precise SU(N) symmetry arises from the near-perfect decoupling of nuclear
spins from the electronic structure due to their closed shells [208, 416–419], as we discussed in
Sec. 4.1.3 in more detail. Using fermionic isotopes of 87Sr and 173Yb, recent ultracold atom ex-
periments have successfully observed Mott insulating states [58,213,214], nearest-neighbor (NN)
antiferromagnetic correlations [59,60], as well as measured the equation of state in the SU(6) FH
model [61].

While the intricate magnetic structures of SU(N) Heisenberg magnets have been studied
with increased interest [160,161,163–165], the physics of doped SU(N) Mott insulators remains
widely unexplored. Studying doped Mott insulators with higher spin symmetries promises
novel insights into the competition between spin and motional degrees of freedom, possibly
helping to unravel the microscopic nature of hole pairing in strongly correlated electronic sys-
tems.

In this chapter, we take a first step in this direction: in Secs. 11.2 and 11.3, we utilize ten-
sor network methods to study the undoped and singly doped SU(3) t-J model, the latter both in
and out of equilibrium. We establish the appearence of magnetic polarons consisting of chargons
and flavor defects (SU(3) spinons), whose dynamics is constrained to a single effective dimen-
sion along the ordered diagonal. We demonstrate how this sub-dimensional phenomenology is
qualitatively captured within non-linear geometric string theory after including both chargon
and spinon fluctuations of the magnetic polaron. Our results can be directly probed with ultra-
cold AEAs paired with quantum gas microscopes with single-site resolution [420–422], paving
the way towards exploring a wealth of exotic physics in doped SU(N) symmetric systems.

In Sec. 11.4, we will use the two-particle self-consistent theory to gain insights into the ther-
modynamic properties of the SU(N) FH model at one particle per site. After generalizing the
TPSC equations to SU(N) symmetric systems, we apply them to compute relevant quantities
such as the number of on-site pairs as a function of temperature. By comparing to determi-
nant quantum Monte Carlo and RPA calculations, we establish that while (standard) TPSC can
capture essential features of thermodynamic observables, it cannot capture the true SU(N) sym-
metric nature of the model.

This chapter is based on the results of a collaboration with Kaden Hazzard at Rice University.
Special acknowledgments go to Kaden for his hospitality during my stay and for his continuous
support beyond our collaboration. The following contents, along with the above introduction,
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are based on the following publication, with partial textual overlap:

[9] HS, F. Grusdt, U. Schollwöck, K. R. A. Hazzard, and A. Bohrdt. Sub-dimensional
magnetic polarons in the one-hole doped SU(3) t-J model, Phys. Rev. B 110, 125134
(2024)

11.2 Magnetic order in the undoped system

Before analyzing the effect of doping, let us consider magnetic ordering in the undoped model.
To this end, consider the SU(N) Heisenberg model,

Ĥ =
J
2 ∑

⟨i,j⟩
∑
α,β

|iα, jβ⟩ ⟨iβ, jα| = J
2 ∑

⟨i,j⟩
∑
α,β

P̂GWĉ†
i,α ĉi,β ĉ†

j,β ĉj,αP̂GW. (11.1)

The former Hamiltonain corresponds to the SU(N) Heisenberg model in first quantization,
where indices α, β = 1 . . . N correspond to the flavor index. The Hamiltonian consists of ex-
change terms that swap the flavors of two adjacent sites i, j. The factor of 1/2 is added for rea-
sons that become clear later on. In the latter formulation, we have introduced fermionic creation
(annihilation) operators ĉ†

i,α (ĉi,α) of flavor α on site i, and P̂GW is the Gutzwiller operator pro-
jecting out states with local occupancy > 1. From now on, we will focus on N = 3, and label the
flavors as α = {R,G,B}. Furthermore, we define n̂α

i as the local occupation number of flavor α at
site i.

In the following, we numerically implement the model using DMRG, on systems of size
Lx × Ly = 9 × 5, and use open boundaries along both directions. We explicitly break the SU(3)
symmetry of the Hamiltonian Eq. (11.1) by adding flavor-dependent pinning potentials along the
(short) edges of the system. We choose the potential to pin a 3-sublattice (3-SL) structure of the
spins, as has been established to correspond to the lowest energy state in previous works [415].
In particular, the Hamiltonian reads

Ĥ =
J
2 ∑

⟨i,j⟩
∑
α,β

P̂GWĉ†
i,α ĉi,β ĉ†

j,β ĉj,αP̂GW − µp ∑
i∈edge

n̂αi
i , (11.2)

where αi is chosen such that it corresponds to a 3-SL order.
We now calculate the resulting magnetic order for varying pinning field strength. To this end,

we evaluate on-site flavor occupations ⟨n̂α
i ⟩ in the undoped Heisenberg model for µp/J = 0.5

and µp/J = 1.0. Fig. 11.1 shows the full occupations on the 9 × 5 lattice (left-hand side) as well
as a cut through the central rung of the system (right-hand side). In both cases, clear spin-stripe
ordering along the diagonals is visible, cf. the schematic illustration of spin-stripes in Fig. 2.4.
Though directly at the boundaries (where the pinning field is finite) flavor occupations vary
as µp/J is changed, in the bulk of the system they are indistinguishable. Hence, we conclude
that the long-range order of the magnetic background and hence the physics of the magnetic
polaron in the bulk is independent on the pinning strength—it is merely needed to break the
SU(3) symmetry and pin the order.

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.110.125134
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Figure 11.1: Varying pinning field. On-site flavor occupations ⟨n̂α
i ⟩ in the undoped SU(3) sym-

metric Heisenberg model for µp/J = 0.5 and µp/J = 1.0, with OBCs. The colors in the pie
diagram correspond to the flavors R (red), G (green), and B (blue). Full occupations are shown
on the left-hand side, where the 3-SL order along the diagonals becomes evident. A cut through
the central rung of the system is shown on the right-hand side. While at the boundaries occu-
pations vary, the center of the system is independent on the pinning strength. Hence, while the
applied fields pin the order, they do not influence the physics in the bulk.

11.2.1 Role of boundary conditions in the SU(3) Heisenberg model

In the above, we have focused on OBCs in both directions in our simulations. Indeed, we find
that for the accessible system sizes OBCs are crucial to observe the three sublattice diagonal
stripe order in the ground state of SU(3) Heisenberg model, consistent with what was mentioned
in Ref. [415]. Fig. 11.2 (a) shows the on-site moments of the three flavors for a system of size
Lx × Ly = 8, 6 with periodic boundaries (PBC) applied along the short (y-) direction. Even with
the applied pinning (shown in Fig. 11.2 for µp/J = 1), the order rapidly disappears away from
the boundaries. Moreover, we have carefully checked that full projections of real-space patterns
do further not reveal any ordered state.

For the system widths considered here, the entanglement entropy reveals that the ground
state converges to a state of weakly coupled 1D (periodic) chains, as shown in Fig. 11.2 (b). We
conclude that the appearance of weakly coupled chains in periodic systems is an artifact of finite-
size effects, and that we expect diagonal stripe order to appear when Ly ≫ 1 becomes much
larger—which is, however, not accessible with current numerical techniques. Therefore, in the
following discussion of the doped SU(3) t-J model, we will keep OBCs in all our simulations.
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Figure 11.2: Periodic boundary conditions. On-site moments (a) and entanglement entropy
(b) for a system of size Lx × Ly = 8 × 6 with periodic boundaries along the y-direction. Both
boundaries pin the 3-SL diagonal order, with pinning strength µp/J = 1. The site index in (b)
indicates the border of the subsystem, following the standard snake indexing as illustrated by
dark gray lines in (a). Both entanglement entropy and on-site moments imply the absence of
magnetic order despite the applied pinning, and instead suggest the appearance of coupled 1D
(periodic) chains.

11.3 The one-hole doped SU(3) t-J model

In the limit of strong on-site repulsion, the hole-doped 2D SU(3) symmetric FH model as realized
by AEAs in sufficiently deep lattices at density ⟨n⟩ ≤ 1 reduces to the SU(3) symmetric t-J model
on the square lattice. Neglecting three-site terms1, the corresponding Hamiltonian reads

Ĥ =− t ∑
⟨i,j⟩,α

P̂GW

(
ĉ†

i,α ĉj,α + h.c.
)
P̂GW +

J
2 ∑

⟨i,j⟩

(
∑
α,β

P̂GW ĉ†
i,α ĉi,β ĉ†

j,β ĉj,αP̂GW − n̂in̂j

)
. (11.3)

where n̂i are the local particle densities given by n̂i = ∑α n̂α
i .

We note that in the case of N = 2, Eq. (11.3) is equivalent to the standard t-J model without
next-nearest neighbor terms,

Ĥ = −t ∑
⟨i,j⟩,α

P̂GW

(
ĉ†

α,i ĉα,j + h.c.
)
P̂GW + J ∑

⟨i,j⟩

(
Ŝx

i Ŝx
i + Ŝy

i Ŝy
i + Ŝz

i Ŝz
i −

1
4

n̂in̂j

)
. (11.4)

Using Ŝµ
i = 1

2 ∑αα′ ĉ†
i,ασ

µ
αα′ ĉi,α′ with σµ (µ = x, y, z) the Pauli matrices, the second part of Eq. (11.4)

reads

J
4 ∑

⟨i,j⟩
(ĉ†

i,↑ ĉi,↓ + ĉ†
i,↓ ĉi,↑)(ĉ

†
j,↑ ĉj,↓ + ĉ†

j,↓ ĉj,↑) + (ĉ†
i,↑ ĉi,↓ − ĉ†

i,↓ ĉi,↑)(ĉ
†
j,↓ ĉj,↑ − ĉ†

j,↑ ĉj,↓)

+ (ĉ†
i,↑ ĉi,↑ − ĉ†

i,↓ ĉi,↓)(ĉ
†
j,↑ ĉj,↑ − ĉ†

j,↓ ĉj,↓)− (ĉ†
i,↑ ĉi,↑ + ĉ†

i,↓ ĉi,↓)(ĉ
†
j,↑ ĉj,↑ + ĉ†

j,↓ ĉj,↓),

(11.5)

1At low doping as considered here, three-site terms are expected to have only a minor effect on the appearing
physics [423]. However, at finite doping, a systematic analysis of the terms may be necessary to draw direct connec-
tions to ultracold atom experiments.
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h

Figure 11.3: Single hole ground state. (a) DMRG results of the hole density distribution ⟨n̂h
i ⟩ for

a single hole (missing red atom) doped into a magnetic background pinned at the edges (indi-
cated by the colored circles along the edges), for a Lx × Ly = 9× 5 system with open boundaries,
t/J = 1.5, and pinning fields µp/J = 1. The hole distribution is anisotropic, such that the hole
spreads further along the diagonal spin stripes than perpendicular to them. The full on-site mo-
ment distributions ⟨n̂ f

i ⟩, f = h,R,G,B, are shown in gray, red, green and blue, respectively, in
(b). The 3-SL diagonal stripe order pinned by the local chemical potentials on the boundaries is
indicated by the solid colored lines in (b).

which can be rewritten to

J
2 ∑

⟨i,j⟩
ĉ†

i,↑ ĉi,↓ ĉ†
j,↓ ĉj,↑ + ĉ†

i,↓ ĉi,↑ ĉ†
j,↑ ĉj,↓ + ĉ†

i,↑ ĉi,↑ ĉ†
j,↑ ĉj,↑ + ĉ†

i,↓ ĉi,↓ ĉ†
j,↓ ĉj,↓

− (n̂i,↑n̂j,↓ + n̂i,↓n̂j,↑ + n̂i,↑n̂j,↑ + n̂i,↓n̂j,↓).

(11.6)

This , in turn, corresponds to the interaction term in Eq. (11.3).

11.3.1 Ground state

We simulate the ground state of the one-hole doped SU(3) t-J model, Eq. (11.3), using DMRG.
For a single hole, the density-density interaction in Eq. (11.3) merely leads to a constant energy
shift (up to boundary effects) and is neglected in the following. We implement separate U(1)
particle conservation symmetries for each flavor, and simulate systems of size Lx × Ly = 9 × 5.
As discussed in Sec. 11.2, we focus on OBC along both x- and y- directions in the following. As in
the undoped scenario, by introducing local chemical potentials −µp ∑i∈edge n̂αi

i at the short edges
of the system, we explicitly break the SU(3) symmetry and pin a 3-sublattice (3-SL) stripe order
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Figure 11.4: Ground state DMRG convergence. Hole densities nh
y(x) for horizontal cuts y =

0, . . . , 4 and bond dimensions χ = 1000 (a), χ = 2000 (b), χ = 3000 (c) and χ = 5000 (d).
Convergence is reached for χ > 3000. (e) Convergence of the energy per site, E/(LxLy), as a
function of bond dimension. Between χ = 5000 and χ = 6000, the relative difference in energies
is of the order of a tenth of a percent.

along the diagonal, indicated by colored lines in Fig. 11.3 (a). We here fix µp/J = 1; however, as
discussed in Sec. 11.2, magnetic correlations are independent of the pinning potential in the bulk
of the system. We introduce a single hole into the system by removing a particle corresponding
to the flavor of the central site i0 in a (classically) ordered background. For the pinning shown in
Fig. 11.3, this corresponds to the symmetry sector NG = NB = LxLy/3, NR = LxLy/3− 1, where
Nα is the total particle number of flavor α = R (red), G (green), B (blue).

The hole density distribution of the ground state determined by DMRG, ⟨n̂h
i ⟩ = 1 − ∑α ⟨n̂α

i ⟩,
is shown in Fig. 11.3 (a) for t/J = 1.5. The hole density features a pronounced anisotropy,
whereby its distribution has enhanced weight on the diagonals aligning with the pinned or-
der. On the other hand, the hole density is suppressed on the anti-diagonals, i.e, directions that
are perpendicular to the 3-SL order. This is corroborated in Fig. 11.3 (b), where the full on-site
moments ⟨n̂ f

i ⟩, for f = h (hole), R (red), G (green) and B (blue) are shown. Importantly, the
delocalization of the hole only slightly disturbs the magnetic background in its vicinity, leaving
the overall 3-SL order intact, as illustrated by the solid colorful lines in the lower left corner of
Fig. 11.3 (b).

Before proceeding to describe the single hole in the 3-SL background using non-linear string
theory, let us look at the convergence of the ground state results in Fig. 11.3. Fig. 11.4 (a)-(d)
shows the hole densities along horizontal cuts of the system with t/J = 3 for increasing bond
dimension χ = 1000, . . . , 5000. We observe convergence of the local hole density for bond di-
mensions χ > 3000, and use χ = 5000 throughout the calculations shown in the main text. Sim-
ilarly, we observe convergence of the energy per site with increasing bond dimension, shown in
Fig. 11.4 (e).
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NLST+TB

Figure 11.5: Non-linear string theory. (a) Illustration of hole motion through a classically or-
dered SU(3) background. When hopping, the hole leaves behind a string Σ of displaced spins.
The first hop is confining due to positive spin-spin correlations along the diagonal – leading to
the formation of a spinon, see the ocher ellipse in the lower left panel. Subsequent hops along the
diagonals, however, lead to classically degenerate configurations and paths of no additional en-
ergy cost (yellow). The full energy landscape is illustrated on the Bethe lattice in the right panel.
(b) We describe chargon fluctuations within the FSA. String state energies are determined by
a sum of particle exchange correlations C(i, j) of the undoped ground state, where i, j become
neighbors after the hole is displaced through the string (upper panel). Spinon fluctuations are
included by considering dominant off-diagonal couplings (lower panel), leading to an effective
1D spinon Hamiltonian on the diagonal.

11.3.2 Geometric string theory

In the following, we describe the doped hole in the 3-SL background using non-linear geometric
string theory (NLST) [265, 302] and establish the formation of a sub-dimensional magnetic po-
laron whose motion is predominantly aligned with the ordered background. The starting point
is a parton representation of the SU(3) t-J model, where the creation and annihilation operators
are decomposed into bosonic chargons (ĥi) and fermionic spinons ( f̂i,α),

ĉi,α = ĥ†
i f̂i,α. (11.7)

The spinon label α corresponds to the flavor of the particle that has been removed. The single
occupancy constraint in the t-J model is ensured via ∑α f̂ †

α,i f̂α,i + ĥ†
i ĥi = 1 for all i.

We describe the magnetic polaron within the geometric string basis: By doping a single hole
at position js into the ground state |Ψ0⟩ of the undoped SU(3) Heisenberg Hamiltonian, we
define the state

|js, α, Σ = 0⟩ = ĉα,js |Ψ0⟩ . (11.8)

To describe the partons, we work in the regime t/J ≫ 1, where fluctuations of the chargon and
the ordered background approximately decouple. In a first step, we fix the initial hole position
js, and describe the fast chargon fluctuations on time scales ∼ 1/t. Motivated by the separation
of energy scales, we work in the frozen spin approximation (FSA): When the hole fluctuates,
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the background spins are displaced and their positions change, however their quantum state is
assumed to remain unaffected. This generalizes the notion of squeezed space [236, 237, 288] to
two dimensions. By displacing particles in real space, the hole motion changes the underlying
geometry of the lattice in squeezed space, whereby nearest neighbor (NN) pairs in squeezed
space can become next-nearest neighbor (NNN) or even larger-distance pairs. String states are
defined by

|js, α, Σ⟩ = ĜΣ |js, α, Σ = 0⟩ , (11.9)

where the string operator

ĜΣ = ∏
⟨i,j⟩∈Σ

(
ĥ†

i ĥj ∑
α

f̂ †
j,α f̂i,α

)
(11.10)

displaces the background spins along string Σ.

The string states and the tunnel coupling between them can be mapped to a Bethe lattice,
illustrated in Fig. 11.5 (a) for a classical spin background. In particular, each string of displaced
particles Σ can be associated with a corresponding potential energy on the Bethe lattice, E(js, Σ)2.
Alignment of flavors along the diagonals surrounding the hole leads to an energy penalty ∆E ∼ J
when the hole leaves its initial position and moves by one lattice site, leaving behind a flavor de-
fect (spinon) at js (see the ocher ellipse in the lower left panel of Fig. 11.5 (a)). After its initial hop,
however, the energy landscape for subsequent chargon motion loses its isotropy. In particular,
paths along the diagonally ordered background merely lead to local flavor exchanges along the
string, which is classically degenerate with the initial 3-SL order. This, in turn, leads to the ex-
istence of string segments of no additional energy cost, illustrated by yellow paths on the Bethe
lattice in the right panel of Fig. 11.5 (a). Directions perpendicular to the diagonal stripe order, in
contrast, are associated with linearly growing magnetic energy (linear confinement), shown by
red paths in Fig. 11.5 (a). Negative energy differences (gray lines) result from loop effects.

In the case of a classical background, string states |js, α, Σ⟩ are mutually orthonormal ex-
cept for special loop configurations which restore the ordered background, known as Trugman
loops [424]. In the case of a (classical) diagonally striped background, these configurations
involve at least 12 string segments (corresponding to three loops around a square plaquette),
and are hence negligible compared to the exponential number of string states. Due to strong
diagonal-order correlations in the undoped SU(3) t-J model (see Sec. 11.2), we expect that the
approximation of mutual orthonormality of string states remains accurate away from the classi-
cal limit.

We include quantum fluctuations in two stages: First, we describe fluctuations of the chargon
moving in a frozen spin background. In a second step, we include fluctuations of the spinon
through a tight-binding description. The formalism is summarized in Fig. 11.5 (b) and explained
in detail in the following.

2Note that in the SU(2) case, where the background is ordered according to a 2-SL structure, all directions are
equally confining, i.e., the string energy only depends on the absolute length of the string, E(Σ) = E(|Σ|).



234 11. SU(N) symmetric systems

Chargon motion

Our first step to go beyond the classically ordered magnetic background is to use the FSA: Upon
creation of the hole, the background spins are labeled according to their original positions. When
the hole moves, the particles are displaced and their positions change, resulting in energies
E(js, Σ) of string states |js, α, Σ⟩. The crucial ingredient in order to describe fluctuations of the
chargon around its initial position js within NLST are magnetic correlations of the undoped
system,

C(i, j) = ∑
α,β

⟨Ψ0|P̂GW ĉ†
α,i ĉβ,i ĉ†

β,j ĉα,jP̂GW |Ψ0⟩ /2, (11.11)

where |Ψ0⟩ is the ground state with one particle per site. Fig. 11.6 shows correlations for a fixed
reference site i = [x = 4, y = 2] in the center of the finite-size system we study with DMRG.
Following the 3-SL order of the ground state, sites are correlated positively along every third
diagonal; nearest neighbor correlations, in contrast, show strong negative signals. When a hole
is added at initial position js and then hops away, assuming a frozen spin background it reshuf-
fles the particles in its vicinity, leading to an energy cost that can directly be evaluated from
correlations given by Eq. (11.11).

For instance, if a hole initially placed in the center js = [4, 2] moves up by one lattice site, the
corresponding change in magnetic energy is given by (see also Fig. 11.5) ∆E/J = C(i = [3, 2], j =
[4, 3]) + C(i = [5, 2], j = [4, 3]) + C(i = [4, 1], j = [4, 3]) − C(i = [4, 4], j = [4, 3]) − C(i =

[5, 3], j = [4, 3]) − C(i = [3, 3], j = [4, 3]) = 0.97. Using correlations Eq. (11.11), all energies
on the Bethe lattice are calculated this way, depicted in Fig. 11.6 (b) for js = [4, 2]. Note that
this includes the effect of open boundary conditions within NLST: if the hole moves outside the
finite system’s frame, the site is cut off from the Bethe lattice (in Fig. 11.6 (b), a Bethe lattice depth
of d = 3 is considered. The two sites corresponding to strings [up, up, up] and [down, down,
down] lie outside the frame and are thus cut off). Energies of string configurations (diagonal
matrix elements of a string configuration with itself) using the system’s correlations follow the
structure of a classical background as illustrated in Fig. 11.5 (a), whereby string energies along
the diagonal are lower compared to other paths.

The Hamiltonian of the chargon for an initial hole position js is then expressed within the
geometric string basis on the Bethe lattice,

Ĥcharge(js, α) = −t ∑
⟨Σ,Σ′⟩

|js, α, Σ⟩ ⟨js, α, Σ′|+ h.c.

+ ∑
Σ

E(js, Σ) |js, α, Σ⟩ ⟨js, α, Σ| .
(11.12)

The Hamiltonian Eq. (11.12) is diagonalized, yielding

|Ψcharge(js, α)⟩ = ∑
Σ

ψ
charge
js,Σ |js, α, Σ⟩ , (11.13)

as its ground state with eigenenergy E0
charge(j

s). Mapping the hole density back to real space,
⟨n̂h

j ⟩ = ∑Σ∈Qj
|ψcharge

js,Σ |2 where Qj is the set of paths leading from a hole initially at js to be located
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Figure 11.6: Chargon fluctuations within NLST. (a) Correlations C(i, j), Eq. (11.11), for a fixed
reference site i = [4, 2] calculated with DMRG with the same pinning fields as described in the
main text. These correlations are the essential ingredient for calculating the energy of string
states on the Bethe lattice, presented for lattice depth d = 3 in (b). The structure follows the
classical picture illustrated in Fig. 11.5 (a) in the main text. Finite size effects are taken into ac-
count by cutting off sites on the Bethe lattice that do not lie within the finite system’s frame. (c)
Density distribution in real space after diagonalizing the hopping Hamiltonian on the Bethe lat-
tice, Eq. (11.12). Though the anisotropic energy distribution on the Bethe lattice leads to slightly
larger hole densities on the diagonals compared to the anti-diagonals, differences are small (see
the numerical values).

at j, results in the density distribution shown in Fig. 11.6 (c) for js = [4, 2]. Though the anisotropic
energy distribution on the Bethe lattice leads to slightly larger hole densities on the diagonals
compared to the anti-diagonals, differences are small (see the numerical values in Fig. 11.6 (c)).

Comparing the result to the densities as acquired from DMRG calculations (Fig. 11.3), this
suggests that the magnetic polaron itself (built up from fast chargon fluctuations centered around
the fixed spinon) is only slightly influenced by the anisotropic energies on the Bethe lattice, but
instead the motion of the composite chargon-spinon object induces the observed anisotropy.

Spinon fluctuations

In the following we demonstrate that is the effect of spinon fluctuations on time scales ∝ 1/J
that lead to the observed alignment along the diagonal in Fig. 11.3 (a), which we include on
top of chargon fluctuations by using a tight-binding description of spinon motion (NLST+TB).
Concretely, we consider off-diagonal couplings Js(js, js′ ; Σ, Σ′) = ⟨js′ , α, Σ′|Ĥ|js, α, Σ⟩ within the
geometric string basis construction to describe spinon fluctuations. In the case of the SU(2) sym-
metric t-J model, major contributions are given by next-nearest neighbor (NNN) spinon hopping
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Figure 11.7: Spinon tight-binding description. Exchange processes as appearing in the Hamil-
tonian of the SU(3) t-J model lead to hopping processes of the spinon, as illustrated in (a). Dom-
inant contributions come from diagonal spinon hopping events, (b), resulting in a string state
|Σ′, js + d⟩ of length |Σ′| = |Σ| ± 2. The on-site energy Echarge(js) defines an effective potential
seen by the spinon, (c), here shown for νFC = 0.1.

processes isotropically in all spatial directions. In contrast, in the SU(3) t-J model, dominant con-
tributions are restricted to diagonal NNN spinon hopping processes along the 3-SL order. This
is owing to the Hamiltonian’s U(1)⊗N particle conservation symmetry: applying Ĥ to string
states |js, α, Σ⟩ conserves the flavor of the removed particle α.

Fig. 11.7 (a) illustrates the process. For a given string configuration |js, α = R, Σ⟩, exchange
of two neighboring particles (here given by the green and red flavors at the left edge of the
central leg) leads to a string configuration |js − ex + ey, α = R, Σ′⟩, with a resulting string length
|Σ′| = |Σ| + 2 and unit vectors ex, ey. More generally, the Hamiltonian couples off-diagonal
string states ⟨js, α, Σ|Ĥ|js ± d, α, Σ′⟩ with |Σ′| = |Σ| ± 2 and d = ex − ey pointing along the
diagonal stripe order, see also Fig. 11.5 (b).

Owing to the finite overlap of string states with different initial hole positions js, the effective
spinon hopping is given by

J∗(js, js′) = ∑
Σ,Σ′

Js(js, js′ ; Σ, Σ′)ψ
charge∗
js′ ,Σ′ ψ

charge
js,Σ . (11.14)

In the classical limit and for large system sizes, Js(js, js′ , Σ, Σ′) = J/2 if a single particle exchange
relates the two string states |js, α, Σ⟩ and |js′ , α, Σ′⟩. As the exact evaluation of Js(js, js′ , Σ, Σ′)

is cumbersome, we approximate J∗(js, js′) ≈ νFC J/2, where we treat the Franck-Condon factor
νFC as an effective fit parameter of the geometric string theory. In the limit of weak coupling,
t ≪ J, the Franck-Condon factor approaches νFC = 0. In the strong coupling regime, t ≫ J,
νFC → 0.5 [302].

We model diagonal hopping of the heavy polaron by an effectively 1D tight-binding system,
with hopping parameter J∗ = νFC J/2 and on-site energies E0

charge(j
s) calculated via NLST, with
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Figure 11.8: DMRG and non-linear string theory. The resulting hole density distribution when
including both chargon and spinon fluctuations in the NLST ansatz with νFC = 0.1 matches
DMRG results remarkably well. DMRG results are the same as in Fig. 11.3.

js lying on the diagonal D that includes the central site—illustrated in Fig. 11.7 (b) and (c). The
Hamiltonian is given by

Ĥspinon = J∗
(

∑
⟨i,j⟩∈D

c†
i cj + h.c.

)
+ ∑

j∈D
E0

charge(j)c
†
j cj, (11.15)

yielding coefficients ψ
spinon
js for spinon positions js. We note that, as both νFC and J are positive,

the effective spinon hopping is positive, J∗ > 0, resulting in a dispersion minimum of the spinon
at k = π reminiscent to 2D quantum magnets [238,302]. Finally, we combine charge and spinon
parts by a plane-wave ansatz, arriving at

|Ψ⟩ = ∑
js∈D

ψ
spinon
js |Ψcharge(js, α)⟩ = ∑

js∈D
ψ

spinon
js ∑

Σ
ψ

charge
js,Σ |js, α, Σ⟩ . (11.16)

The total hole distribution is given by a weighed sum with coefficients |ψspinon
js |2 of hole

distributions |ψcharge
js,Σ |2 for each mean chargon position js, i.e., it is determined by mapping

|ψspinon
js ψ

charge
js,Σ |2 back to the original real space lattice.

We note again that we treat νFC as an effective free parameter of the theory, matching DMRG
results strikingly well for νFC = 0.1, see Fig. 11.8. This agreement corroborates the validity
of NLST+TB, and supports the existence of a sub-dimensional magnetic polaron in the singly
doped SU(3) t-J model. Additional DMRG simulations presented in Fig. 11.9 further support
this picture, whereby the anisotropy in the hole density is seen to increase for rising exchange in-
teractions J/t, while a dominating hopping J/t ≪ 1 leads to the formation of a broad, isotropic
polaron cloud. Lastly, we note that while the Hilbert space spanned by the string states grows ex-
ponentially, a systematic cutoff of chargon states far away from their initial position on the Bethe
lattice allows for an efficient calculation of hole density distributions. This ultimately allows us to
make concrete comparisons between the phenomenological geometric string theory and finite-
size numerical calculations. While the latter is only possible for small system sizes, our effective
description provides strong evidence that the qualitative influence of the magnetic structure on
the polaron distribution survives in the thermodynamic limit. This is further corroborated by
large-scale calculations of the SU(3) FH model at one particle per site, which establish that the
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Figure 11.9: Varying t/J. (a)-(c) 2D hole density distributions for t/J = 1.0, 1.5, 3.0, respectively,
calculated with DMRG for Lx × Ly = 9 × 5 systems with OBC. (d)-(f) Hole densities along the
x-direction, for each of the five legs. When increasing t/J (i.e. increasing the ratio of hole fluc-
tuations compared to magnetic coupling strength), the anisotropy in the density is observed to
monotonously decrease.

magnetic order is present also in large systems [162].

11.3.3 Dynamics

To further study the behavior of the magnetic polaron in the SU(3) t-J model, we analyze
quenched hole dynamics, which is particularly accessible to ultracold atom experiments and has
been probed for a single hole doped into an SU(2) AFM background [44]. Specifically, we ana-
lyze the hole’s dynamics after doping it in the center i0 of the undoped ground state, i.e., at time
T = 0, the initial state is |Ψ(T = 0)⟩ = |i0, α, Σ = 0⟩. We note that global Krylov schemes have
trouble in capturing the fast entanglement growth of the charge sector (while the entanglement
in the spin sector is large already in the initial state). Global subspace expansion methods [185]
show much better convergence3, which we use for a single time step before switching to TDVP
calculations. During the time evolution, we track the Manhattan distance ⟨x̂m⟩ from i0 along the
diagonal and anti-diagonal.

At short times, fast chargon fluctuations lead to a symmetric, ballistic expansion of the hole,
see Fig. 11.10. At times Tt ∼ 1, a rapid slow down and apparent saturation of the hole’s spread
is observed, reminiscent of dynamics in the SU(2) t-J model [44, 425–427]. Here, it has been es-
tablished that the hole’s long-time dynamics is governed by spinon dynamics, i.e., by the motion
of the heavy composite magnetic polaron itself. The strong splitting between diagonal and anti-
diagonal distances appearing in the SU(3) system at times Tt ∼ 1, shown in Fig. 11.10, further
underlines the role of spinon delocalization in the observed anisotropy.

Fig. 11.11 shows the dynamics presented in Fig. 11.10 for the various bond dimensions. Along

3We choose a Krylov subspace order of 3, time steps ∆TJ = 0.02, and bond dimensions χmax = 5000.
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Figure 11.10: Hole dynamics. Time evolution of an initially localized hole at i0 = [4, 2]. Mean
Manhattan distances along the diagonal (anti-diagonal) are shown in blue (red) for a Lx × Ly =
9 × 5 system. Light red and blue lines show NLST+TB results for an infinite system with νFC =
0.5.
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Figure 11.11: Convergence of DMRG dynamics. Mean Manhattan distances along the diagonal
and anti-diagonal in a Lx × Ly = 9× 5 system with t/J = 1.5 as a function of time, for maximum
bond dimensions χ = 3000, 4000, 5000. While the mean Manhattan distance converges along the
diagonal, slight differences between χ = 4000 and χ = 5000 are seen along the anti-diagonal.
Nevertheless, the dynamical formation of the sub-dimensional magnetic polaron that leads to
the appearance of the anisotropy at early times is identical for all bond dimensions.

the diagonal, the mean Manhattan distance is seen to converge up to times Tt ∼ 1.3. Minor
deviations between bond dimensions χ = 4000 and χ = 5000 are visible starting from times
Tt ∼ 1.0 along the anti-diagonal. Nevertheless, the early time dynamics including the dynamical
appearance of the anisotropy between the diagonal and anti-diagonal mean distances is well
converged.

We describe the dynamics of the magnetic polaron within geometric string theory by again
assuming a product state ansatz with effective Hamiltonian

Ĥeff = Ĥcharge + Ĥspinon, (11.17)

such that dynamical properties are evaluated by calculating exp
(
−iĤeffT

)
|js, α, Σ = 0⟩; here,

Ĥspinon only acts on the spinon degree of freedom |js⟩, whereas Ĥcharge generates chargon dy-
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namics for a given spinon position. As the MPS calculations are limited to small system sizes
with OBC, we here focus on infinite systems (i.e. we do not consider the open boundaries when
constructing the string basis) to make predictions of the dynamical formation and motion of the
polaron in the thermodynamic limit.

Results are shown in Fig. 11.10 with blue and red solid lines, where all qualitative features
are in line with finite-size MPS simulations. At short times we find quantitative agreement.
However, the anisotropy developing later in time is seen to be underestimated within the string
theory, which is likely caused by significant finite size effects in the MPS dynamics (being par-
ticularly prominent as we are focusing on observables along the diagonal). In fact, motivated
by the picture of a polaron effectively constrained to 1D, in the thermodynamic limit we expect
a linear expansion (saturation) of x̂m along the diagonal (anti-diagonal) at large times, which is,
however, out of reach to simulate with current methods.

11.4 TPSC for the SU(N) symmetric Fermi-Hubbard model

In the previous section, we numerically studied small system sizes of the SU(3) symmetric t-J
model in the ground state. At finite temperature, methods like determinant quantum Monte
Carlo (DQMC)4 yield accurate results, which however become intractable below T/J ≲ 1 (with
J = 4t2/U the superexchange energy as usual). In particular, the sign problem is present even
at one particle per site for N > 2 (in fact becoming worse with increasing N), severely limiting
calculations at low to intermediate temperatures. This corroborates how in SU(N) symmetric
systems, numerical studies both at one particle per site and at finite doping pose a true challenge
to any known technique. This calls for testing and benchmarking approximative methods, such
as the random-phase approximation (RPA) and two-particle self-consistent theory (TPSC). In
particular, this could allow to learn about qualitative thermodynamic features of the SU(N) FH
model without the need of immensely expensive numerical computations.

In Appendix A.2, we generalize the TPSC equations introduced in Sec. 3.2 and derived in
Sec. A.1 to the case of the SU(N) Hubbard model, where N spin flavors (denoted by σ, τ = 1 . . . N)
enter the Hamiltonian,

Ĥ = −t ∑
⟨i,j⟩

N

∑
σ=1

(
ĉ†

i ĉj + H.c.
)
+

U
2 ∑

i
∑

σ ̸=τ

n̂i,σn̂i,τ − µ ∑
i

∑
σ

n̂i,σ. (11.18)

In particular, when using the Bethe-Salpeter equations for generalized susceptibilities of the
SU(N) symmetric system, we will find the following TPSC equation in the spin sector,

T
Nq

∑
q,iωn

χ0(q, iωn; N)

1 − 1
N Uspχ0(q, iωn; N)

= N[⟨n̂σ⟩ − ⟨n̂σn̂τ⟩] = n − N ⟨n̂σn̂τ⟩ . (11.19)

4For SU(N) symmetric systems, N(N − 1)/2 auxiliary Hubbard-Stratonovich fields can be introduced to obtain
averages of the thermal equilibrium observables
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Here, we defined

χ0(q, iωn; N) = −N
T

Nk
∑
k

nF(ϵk − µ)− nF(ϵk+q − µ)

iωn + ϵk − ϵk+q
. (11.20)

Note that the TPSC equation for the N-component system, Eq. (11.19), is equivalent to the SU(2)
symmetric case, when replacing all factors arising from spin degeneracies with 2 → N.

When using the same ansatz as in the two-component case,

⟨n̂σn̂τ⟩ =
Usp

U
n2

σ, (11.21)

we see how the TPSC equation becomes N-independent,

T
Nq

∑
q,iωn

χ0(q, iωn; 1)
1 − Uspχ0(q, iωn; 1)

= nσ −
Usp

U
n2

σ. (11.22)

In particular, Eq. (11.22) only depends on the filling per spin flavor nσ = ⟨n̂σ(r, τ)⟩. Consider,
for instance, a SU(6) system at n = 1, i.e., nσ = 1/6. The solution of the TPSC equation (11.19)
will be equivalent to a SU(2) system at filling n = 1/3, corresponding to the same filling per
flavor nσ = 1/6. Thus, the equation does not capture the true SU(N) nature of the system,
but rather solves the problem by effectively scaling down to two spin-components at a lower
filling. Ultimately, the N-dependence cancels out due to the form of the the ansatz made for
⟨n̂σn̂τ⟩ =

Usp
U n2

σ. It remains to be found out whether a different ansatz might be better suited
to capture the differences between various N. As Trembley and Vilk said themselves: We want
to stress, however, that this ansatz is not a rigorous result like sum rules [189]. Let us take a closer
look into the performance of the N-component TPSC, and try to collect possible ideas to make
predictions for the SU(N) system more accurate.

Comparison of TPSC with DQMC

We start by solving the "simple upscaling" of the TPSC equations, Eq. (11.19), and compare to
DQMC results presented in [428]. The latter has been produced by E. Ibarra-García-Padilla, who
kindly provided the data for the following comparison. Before comparing the methods, let us
briefly discuss the qualitative physics of the number of on-site pairs, D = N(N−1)

2 ⟨n̂σn̂τ⟩, as a
function of temperature and N, as calculated using DQMC [428]. Fig. 11.12 showsD as a function
of temperature T/t for N = 2, 3, 4, 6. Starting at high temperatures, DQMC demonstrates that
for N > 2, D initially decreases, reaches a minimum around T/t ∼ 1, and then saturates at a
constant value.

As detailed in Ref. [428], this behavior can be explained as follows. At T/U ≳ 1, double oc-
cupancies can be thermally excited, resulting in a large value of D at high temperatures. Upon
cooling, single occupancies begin to dominate, as they acquire significantly higher Boltzmann
weights, leading to a depletion of double occupancies. In this regime, where the physics is pri-
marily governed by singly occupied states, nearest neighbors can form either singlet or triplet
states. Singlet states include an admixture of doubly occupied states (with a weight proportional
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Figure 11.12: Comparison of the N-component TPSC (blue squares) and plain RPA (green dia-
monds) with DQMC data (red triangles) for the number of on-site pairs D = N(N−1)

2 ⟨n̂σn̂τ⟩, for
N = 2, 3, 4, 6 in panels (a), (b), (c), (d), respectively. DQMC data was taken from [428].

to t2/U2), which facilitates delocalization and a corresponding kinetic energy gain. Conversely,
triplet states exclude any doublon formation. As the temperature approaches the energy differ-
ence between singlet and triplet states, singlet states are favored, and hence double occupancy
increases. This effect corresponds to the development of local AFM correlations, which has been
directly observed through singlet-triplet oscillations in ultracold atom experiments [60].

Moreover, at high temperatures, the number of doublons increases with N, which can be
attributed to simple combinatorics: For larger N, there is a higher number of possible two-flavor
combinations for the formation of a doublon, leading to higher values of D.

Fig. 11.12 further shows corresponding TPSC results for the number of on-site pairs, D. For
high temperatures, both methods show a quantitative match—as expected for T/U ≫ 1, where
interaction effects are negligible and SU(N) systems are indeed equivalent to a SU(2) model at a
correspondingly lower filling. In the case of two spin-components, there is a quantitatively good
match down to rather low temperatures, in-line with results presented in Refs. [188, 189, 191].
Note, however, that we are here looking at the particularly difficult case of the SU(2) model at
half-filling, reducing the prediction accuracy at temperatures well below T/t ≪ 1 due to en-
tering the renormalized classical regime (where antiferromagnetic correlations grow exponen-
tially) [188]. For N > 2, deviations between TPSC and DQMC start to be noticeable at around
T/t ∼ 3 for e.g. N = 3. For increasing N, these deviations start to appear at growing tempera-
tures. For N = 4 (N = 6), discrepancies between TPSC and DQMC become visible at T/t ∼ 5
(T/t ∼ 7).

For further comparison, results when merely using the bare Hubbard-U (RPA) are shown by
green diamonds. Due to finite temperature phase transitions predicted within the RPA frame-
work, strong deviations to the DQMC data appear already at high temperatures, similar to the
high-temperature expansion used for comparison in [428].

On a qualitative level, TPSC seems to capture the appearing minimum of D with a succeeding
rise when lowering the temperature. However, we observe that the number of on-site pairs is
in general underestimated within TPSC. A possible explanation for this effect is that, becuase
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Figure 11.13: Comparison of the effective spin vertex Usp using the simple ansatz N-component
TPSC (blue squares) with fits of Eq. (11.19) to the DQMC data, resulting in the red triangles. Data
is shown for N = 2, 3, 4, 6 in panels (a), (b), (c), (d), respectively. The N-component TPSC is seen
to consistently overestimate the effective interaction Usp.
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Figure 11.14: After solving the TPSC equations, we subtract a constant correction term from
the self-consistently found effective interaction vertex, here we choose Usp → Usp − 0.1. After
having done so, the number of on-site pairs D is re-calculated with the updated effective Usp,
yielding the green diamond data points. Data presented here corresponds to SU(6), n = 1, cf.
Fig. 11.12 (d).

the TPSC generalization to N spin-components is equivalent to a SU(2) system at lower filling,
the effective interaction Usp tends to be overestimated. Using Eq. (11.19) without any ansatz for
⟨n̂σn̂τ⟩, but rather feeding into the TPSC equation the data for D from DQMC, we can find the
values Usp that reproduce the output of DQMC. Results for this fit are compared to solutions
using the simple ansatz in Fig. 11.13. As anticipated from the data shown in Fig. 11.12, effective
interactions are observed to be overestimated in TPSC for N ≥ 3.

A straight forward way to account for the overestimation of Usp would be to slightly shift
the self-consistent TPSC results by a constant correction term, and then re-calculate ⟨n̂σn̂τ⟩ with
the updated effective interaction. Looking at Fig. 11.13 (d), it indeed seems like between T/t =
1 . . . 10, the offset between TPSC and target solutions is approximately constant ∼ 0.1. Doing
this simple subtraction scheme for N = 6 and an offset of 0.1 results in Fig. 11.14. Though
quantitative improvements can be seen (the DQMC and corrected TPSC curves now noticeably
deviate at lower temperatures around T/t ∼ 2 instead of T/t ∼ 7), the above scheme is far
from being universally applicable, as it is unclear how to choose the shift. Apart from that,
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qualitatively we can not expect to gain any additional insights from this shift.
It could be insightful to check how well the SU(2) TPSC away from one particle per site

matches (quasi-) exact numerical methods. For instance, it would be interesting to see if the
SU(6) TPSC curve in Fig. 11.12 for n = 1 matches DQMC data for SU(2) at n = 1/3. If there
is a good match, the deviations we see really show the differences between SU(2) and SU(N)
physics. In particular, it is tempting to think that certain qualitative features—like the appearance
of a maximum of ⟨n̂σn̂τ⟩ at low temperatures—arise only in SU(N) systems and are absent for
their corresponding SU(2) cousin at lower filling. Furthermore, an open question in particular
regarding the SU(N) symmetric system is whether one can find a better ansatz for ⟨n̂σn̂τ⟩, with
an explicit non-trivial dependence on N.

11.5 Discussion

In the first part of this chapter we have studied the one-hole doped SU(3) t-J model both in-
and out of equilibrium. In the ground state, we observed anisotropic hole delocalization, and
established the formation of a sub-dimensional polaron by combining chargon and spinon fluc-
tuations in an effective theory. This picture was further corroborated in calculations of the dy-
namics initiated from a localized hole, which can provide a direct probe of the polaron physics
in SU(N) ultracold atom experiments once single-site resolution becomes available. In our set-
ting of a doped SU(3) AFM, we have demonstrated how sub-dimensional excitations naturally
emerge, reminiscent of mobility restricted fractons as appearing e.g. in three dimensional X-cube
models [429, 430].

Based on our study of a single hole, we propose that SU(3) AFMs on the square lattice at fi-
nite doping are described by weakly coupled Tomonaga-Luttinger (TL) liquids of bound spinon-
chargon polarons along the diagonals,

Ĥeff = ∑
Di

ĤDi + ∑
Di ̸=Dj

Ĥint
Di ,Dj

+ ∑
kn

∑
Di ̸=Dj

tDi ,Dj ĉ
†
kn,Di

ĉkn,Dj
+ h.c., (11.23)

where ĤDi is the Hamiltonian of a 1D TL liquid [431] on the i’th diagonal Di, Ĥint
Di ,Dj

is the
(weak) interaction between chains Di and Dj, and the last term describes particles with quasi-
momentum kn hopping between the diagonals. In particular, in the absence of inter-chain cou-
plings in Eq. (11.23) we predict the appearance of power-law correlations of charges along the
diagonal order, ⟨n̂h

x+ℓ,y−ℓn̂
h
x,y⟩ ∝ ℓ−α, while correlations perpendicular to the stripe order are

short-range with exponential decay, ⟨n̂h
x+ℓ,y+ℓn̂

h
x,y⟩ ∝ e−ℓ. Though inter-chain interactions are

a relevant perturbation of the TL liquid, we still expect these scalings over intermediate length
scales for finite couplings.

In the second part of this chapter, we focused on the thermodynamic properties of SU(N)
symmetric systems and benchmarked the TPSC approach against DQMC results. Specifically,
we examined the number of on-site pairs D and found that TPSC qualitatively captures all main
physical features. However, we demonstrated that a straightforward generalization of the TPSC
equations does not fully account for the SU(N) symmetric nature of the interactions. Future
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directions could include developing a more suitable, potentially physically motivated ansatz for
⟨n̂σn̂τ⟩ to better reflect the SU(N) symmetry. This can then be tested against experimental data
obtained e.g. in Ref. [60], in particular in regimes where state-of-the-art quantum Monte Carlo
methods fail.



246 11. SU(N) symmetric systems



12
Machine learning assisted snapshot analysis

Summary. Quantum many-body snapshots contain an extensive amount of information,
calling for the use of advanced analysis methods. In this chapter, we introduce three
strategies based on neural networks to analyze many-body snapshots in an interpretable
way. First, we combine confusion learning with correlation convolutional neural net-
works, and study thermodynamic properties of the 2D Heisenberg model. The trained
network is shown to pick up qualitative changes in the snapshots above and below a char-
acteristic temperature where magnetic correlations become significantly long-range. We
identify the full counting statistics of nearest neighbor spin correlations as the most im-
portant quantity for the decision process of the neural network, which go beyond aver-
ages of local observables. We then introduce an interpretable architecture based on the
transformer attention mechanism, which can inherently capture non-local correlations.
Finally, we discuss an autoencoder model that allows to learn characterizing patterns of
symmetry-broken states, which we exemplify with snapshots taken in the ground state of
the frustrated J1-J2 model.

12.1 Introduction

Next to revolutionizing applications in image and sequence processing, in recent years neural
networks have gained tremendous interest also in the field of quantum many-body physics [432–
435]. In strongly correlated systems, complex phases of matter can emerge in seemingly sim-
ple models – which, in many settings, still lack microscopic understanding [24, 72]. With their
powerful abstraction tools, neural networks have quickly opened a novel paradigm of analyzing
many-body phases of matter, which may help to gain deeper understanding of appearing phases
in strongly correlated systems [43,436,437], as well as act toward experimental image reconstruc-
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tion [438], enhanced Monte Carlo sampling [439–442], and efficient representations of quantum
states [443–445].

As a concrete example, deep neural networks have been increasingly utilized to predict phase
transitions in physical systems, the model’s input data types ranging from entanglement en-
tropy spectra [446–449] to quantum image data generated numerically [450–455] and experimen-
tally [43,456–458]. However, one major drawback of the neural network toolbox is their inherent
black-box nature, which limits interpretation—and in turn restricts their applicability towards
developing microscopic theories of yet unsolved physical regimes. For phase classification tasks
using standard feed forward neural networks, for instance, the models represent complicated
non-linear functions that are optimized to best represent the conditional probability P(y|s) of
assigning phase label y to data input s, however mostly without any deeper insights into the
decision making process of the network. This significant pitfall of neural networks in quantum
physics has triggered intensified research regarding reliable interpretability, such as for linear
and kernel [459–461], shallow [462,463] and engineered [436,464,465] models, as well as by using
Hessian based similarity measures [466, 467] and optimal prediction methods [468, 469].

Highly controllable analog quantum simulation platforms—e.g. via ultracold atoms—allow
for a systematic experimental exploration of paradigmatic Hamiltonians with strong correlations
like the Fermi-Hubbard model. As discussed in Sec. 4.1, these setups allow to perform genuine
quantum projective measurements and sample snapshots of the many-body state in the Fock
basis, which in turn allow for insights into the wave function beyond averages and local observ-
ables [242, 470], see also Chap. 6. Nonetheless, if order parameters are unknown or the physics
goes beyond the Landau paradigm of phase transitions, it is a difficult task to differentiate be-
tween different phases of matter when a whole zoo of possible correlation functions needs to be
considered.

To this end, neural network processing of quantum snapshots can act as a guiding hand,
where architectures are desirable that, apart from detecting qualitatively different physical
regimes, let us know which physical correlations are crucial to base a reliable decision on. For
this purpose, unsupervised-supervised hybrid machine learning approaches based on corre-
lation convolutional neural networks (CCNN) [436] have been proposed, where interpretable
phase detection has been demonstrated via data clustering and subsequent filtering of impor-
tant correlations in each cluster [437].

In this chapter, we propose and benchmark three methods for interpretable phase detection,
based on (i) the combination of confusion learning training schemes [446] with CCNNs (coC-
CNN), (ii) tailored transformer neural networks, and (iii) autoencoders (AE).

We start by describing the coCCNN in Sec. 12.2, and study numerically generated snapshots
of the Heisenberg model, whose temperature dependent magnetic properties share many sim-
ilarities with the low-energy features of the Fermi-Hubbard model at half filling. In this case, a
characteristic temperature T∗ exists where spin correlations become significantly long-range, re-
placing Fermi-liquid quasiparticles by a single-particle pseudogap [189,471]. In the Heisenberg
model, though no quasiparticle interpretation exists, a suppression of the spin susceptibility
can be observed below a characteristic temperature T∗ ∼ J [472–474] in analogy to the half filled
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Fermi-Hubbard model [475,476]. Similarly, both the Heisenberg and Fermi-Hubbard model fea-
ture a maximum of the specific heat at TC ∼ 2J/3 [477–479], signaling the thermal activation of
the spin degrees of freedom. We show that the trained confusion correlator convolutional neural
network is able to pick up upon qualitative changes of these thermodynamic properties in the
Heisenberg snapshot data sets above and below a characteristic temperature, broadly matching
both the peak of the susceptibility as well as the specific heat. We find that the network clas-
sifies snapshots by analyzing the full counting statistics of nearest neighbor spin correlations,
which directly contain information about higher moments of the distributions. By evaluating
the fluctuations of nearest neighbor correlators, the network uses indirect access to four-point
correlations to assess long-range properties of the snapshots.

Initiating the step towards fully long-range capabilities, in Sec. 12.3 we demonstrate that sim-
ilar features can be detected using transformer vision networks, which incorporate an attention
mechanism and capture correlations across the entire snapshot. Moreover, we discuss the Cor-
relater Transformer (CoTra) architecture, whose simplified and tailored attention mechanism
allows for an efficient extraction of important correlations of the system.

Lastly, in Sec. 12.4, we analyze an autoencoder model trained to efficiently compress snap-
shots of the frustrated J1-J2 model. By training the model in specific parameter regimes and
testing it across a broad range that spans several phases of matter, we observe that the model ef-
fectively learns the order parameter corresponding to the phase it was trained in. We show that
as a result, AE networks naturally filter out important physical patterns of ordered many-body
phases.

The methods discussed in this chapter may help towards gaining deeper microscopic in-
sights into strongly correlated phases. In particular, application of the fluctuation based detec-
tion scheme and the transformer based approaches promises novel perspectives onto non-local
properties of many-body systems. One particular example is the geometric fractionalized Fermi
liquid, which is characterized by hidden correlations, see Chap. 7.

Large parts of this chapter, including the above introduction, is based on the following pub-
lication, partially with textual overlap:

[10] HS and A. Bohrdt. Fluctuation based interpretable analysis scheme for quantum
many-body snapshots, SciPost Phys. 15, 099 (2023)

Part of Sec. 12.3, which (briefly) introduces the Correlator Transformer architecture, is based on
the following preprint:

[12] A. Suresh, HS, B. Hashemi, and A. Bohrdt. Interpretable correlator Transformer for
image-like quantum matter data, arXiv 2407.21502 (2024)

12.2 Correlation based confusion learning

Confusion learning is a training scheme which aims to identify phase transitions by learning the
best labeling of data, where the labeling is originally unknown [446]. Given an input dataset in

https://scipost.org/SciPostPhys.15.3.099
https://arxiv.org/abs/2407.21502
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some parameter space p ∈ [p1, p2], purposely mislabeling the data into two subsets and eval-
uating the performance of the network to distinguish between the two labels can give insights
into whether and where a phase transition occurs. Concretely, consider a physical system with
a phase transition at point pc. Within the confusion learning scheme, a neural network is trained
to distinguish whether the input is taken from p1 ≤ p ≤ p′ or p′ < p ≤ p2, with p′ an arbitrary
decision boundary. If we choose, for instance, p′ = p2, we train the model to assign label "A" to
the full dataset, which is a trivial task for the neural network and results in 100% accuracy. The
same argument holds if we choose p′ < p1, where now all inputs are predicted to belong to label
"B". Furthermore, assuming the model is capable of perfectly distinguishing the two phases,
we reach ideal performance also at p′ = pc. In between, the model is assigned to label data from
the same phase as coming from qualitatively different regimes, leading to a majority decision
and a reduced accuracy (hence the confusion of the network). As a result, a characteristic W-
shape of the network’s performance as a function of p is expected1. By identifying the maximum
of the network’s performance p′max upon varying the decision boundary, the critical parameter
pc = p′max can be estimated. If, on the other hand, no transition exists in the system, the network
will always make a majority decision – resulting instead in a V-shape of the accuracy.

12.2.1 Network architecture

With increasing efforts to interpret machine learning in the context of physical observables, a
neural network architecture based on non-linearities that directly correspond to measurable cor-
relations has been proposed in [436]. In particular, the uncontrolled mixing of correlations that
appears when using standard non-linearities is explicitly replaced by interpretable correlation
maps in the correlation convolutional neural network (CCNN) architecture. Here, by combin-
ing correlation based convolutions with confusion learning (co-CCNN), we detect qualitative
variations of quantum many-body snapshots while having direct access to the model’s decision
making process.

The network’s architecture is schematically illustrated in Fig. 12.1 (a). Many-body snapshots
for a range of parameters are divided into two subsets—i.e., above and below a given decision
boundary p′. In order to perform interpretable classification, convolutional filters generate a first
order correlation map of the snapshot (C1), from which higher order (i.e. non-linear) correlations
are evaluated up to order M (Cn, 1 < n ≤ M). In particular, for a snapshot with pixels Sc(x) for
channels c = {↑, ↓} and filter weights fc(x), the correlation maps are given by [436]

Cn(x) = ∑
(a1,c1) ̸=... ̸=(an,cn)

n

∏
j=1

fcj(aj)Scj(x + aj), (12.1)

where aj refers to the positions of the convolution window2. Hence, the n’th order correla-
tion map corresponds to n-point correlations within a given fixed convolutional window. Note

1Note that, in most realistic applications, the model is not perfectly able to distinguish between the two phases,
leading to a smeared out W-shape in the accuracy [446].

2C1 thus corresponds to the feature map of a standard convolutional operation; the non-linear part of the model
corresponds to all higher orders, Cn, n > 1.
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that the above can be easily generalized to multiple filters. However, for the sake of simplicity
and easier interpretability, we here restrict ourselves to a single filter per channel3. After post-
processing the correlation maps by normalizing and averaging4, the M-dimensional output is
fed into a single fully connected layer with weights w(n), which then makes a binary classifica-
tion based on the measured correlations. As the filters are trainable, the CCNN hence learns
which correlations give key information about the two subsets of snapshots when attempting
to distinguish between them. Upon sweeping the decision boundary through parameter space,
this allows for interpretable classification of snapshots within a single-step protocol in a fully
automated manner, whereby the model outputs regions of qualitatively differing snapshot sets
while at the same time yielding insights into which correlations are important to distinguish
these sets.

12.2.2 Application to the Heisenberg model

Using stochastic series expansion quantum Monte Carlo techniques [42,480,481], we take snap-
shots of the antiferromagnetic (AFM) Heisenberg model at temperature T, described by the
Hamiltonian

H = J ∑
⟨i,j⟩

Ŝi · Ŝj, (12.2)

where Ŝ is a spin-1/2 operator and ⟨i, j⟩ denotes nearest neighbor pairs on the 2D square lattice.
Though long-range antiferromagnetic (AFM) order is only present in the ground state (T = 0)
and there exists no phase transition at finite temperature, the 2D Heisenberg model features in-
teresting thermodynamic properties. For instance, a typical temperature scale T∗ exists at which
magnetic correlations become significantly long-range, indicated by a sudden suppression of the
uniform spin susceptibility [472–474],

χs =
1

NT ∑
i,j

⟨Ŝz
i Ŝz

j ⟩ , (12.3)

where N the number of spins in the system. The Heisenberg model is an effective low energy
description of the Fermi-Hubbard model at half filling and strong repulsion, where a similar
phenomenology of the spin susceptibility is observed [189,475]. Here, it has been proposed that
at T∗, the exponentially growing correlation length of spin fluctuations becomes comparable to
the quasiparticle de Broglie wavelength λB ∼ vF/T (with vF the Fermi velocity)—leading to the
formation of precursor AFM bands and the depletion of the electronic density of states at the
Fermi level (i.e., the pseudogap) [189]. Though subtle differences between the actual opening
of the pseudogap at the Fermi surface in the Fermi-Hubbard model and the peak of the mag-
netic susceptibility exist in cuprate materials [482], T∗—in this chapter defined as the maximum
of the susceptibility—constitutes a characteristic temperature below which significant magnetic
correlations develop.

3When including multiple filters, our findings do not change qualitatively.
4We assume translational invariance of the system, such that we can get meaningful quantities (i.e. measurable

n-point correlations) by spatially averaging over the correlation maps.
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Figure 12.1: Correlator based confusion learning. (a) Schematic architecture of the confusion
based [446] CCNN [436] network (co-CCNN). Correlation maps are computed via convolution
with learnable filters, which a coupled fully-connected discriminator bases its binary decision on.
We use a single 2× 2 filter for each channel, and cascade the first order correlation map to fourth
order, M = 4. (b) When changing the decision boundary T′ in the confusion learning scheme,
the network’s accuracy features a W-shape, signaling that two qualitatively differing regimes are
present in the data (red data points). Accuracies are averaged over 20 runs; errors are negligible
on the scale of the plot. The performance maximum at T′

max ∼ 0.8 is found to broadly match
peaks of the specific heat CV at TC ∼ 0.6 (light blue data points) and magnetic susceptibility χs
at T∗ ∼ 0.9 (light blue data points, taken from [472]). Values for χs and CV are re-scaled and
shifted to match the axis frame. (c) Top panel: regularization path analysis of the weights w(n)

at T′ = 0.7. Second order correlations are found to set in earliest, while all other correlations
stay insignificant for the whole range of λ. Lower panel: accuracy of the discriminator upon
tuning the regularization strength λ. When significant weight is on the second order correlation
neuron, maximum accuracy is reached. (d) The four most relevant two-point correlations that
the network utilizes to make its decision, with weights given by fc1(a1) fc2(a2) (normalized by the
highest value), cf. Eq. (12.1). Nearest neighbor correlators are seen to single out as the important
correlations.

Moreover, large correlation lengths at low temperatures and random, uncorrelated spins at
high temperatures lead to the appearance of a maximum of the specific heat at TC ∼ 2J/3 both
in the Heisenberg as well as Fermi-Hubbard model,

CV =
(
⟨Ĥ2⟩ − ⟨Ĥ⟩2

)
/T2 =

∂

∂T
⟨Ĥ⟩ , (12.4)

constituting a characteristic energy scale where spin degrees of freedom are thermally acti-
vated [477, 479]. At low temperature, it has been shown that CV ∝ T2 [478], as anticipated from
spin-wave theory.

The close correspondence of the low energy physics between the Heisenberg and the Hub-
bard model at half filling together with its non-trivial thermodynamic behavior render the
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Heisenberg model a valuable and, importantly, verifiable testing ground for machine learning
applications. In the following, we analyze simulated snapshots of the Heisenberg model at var-
ious temperatures using the co-CCNN scheme. We demonstrate that the network is capable of
picking up qualitative thermodynamic changes of the model, which we fully interpret in terms of
full counting statistics of correlation functions – paving the way to analyze many-body snapshots
in, e.g., temperature and density scans in the Fermi-Hubbard model away from half filling.

In our simulations, we take snapshots of the thermal ensemble of a 40× 40 Heisenberg model,
but use only the central 16 × 16 region for further processing to minimize boundary effects. In
the following, all energies are given in units of J, where we set J = 1. According to the scheme
outlined in Sec. 12.2.1, we train a CCNN to discriminate between temperatures T ≤ T′ and
T > T′ using binary cross entropy (BCE) loss and 2 × 2 convolutional filters. We use 2,000
snapshots for each temperature value between T = 0.1 and T = 1.5 in increments of ∆T = 0.1.
We utilize 90% of the data set for training; the remaining 10% is used for validation.

The accuracy after 50 training epochs averaged over 20 runs is shown in Fig. 12.1 (b). In
immediate vicinity to the boundaries T′ ≳ 0.1 and T′ ≲ 1.5, we see a linear reduction of accu-
racy, signaling that the network makes a majority decision. At intermediate decision boundaries,
however, the network’s performance reaches a local maximum located at T′

max ∼ 0.8—being in
broad agreement with both the maximum of the spin susceptibility at T∗ ∼ 0.9 (dark grey data
points in Fig. 12.1 (b)) as well as the peak of the specific heat at TC ∼ 0.6 (light grey data points in
Fig. 12.1 (b), evaluated by numerical differentiation of ⟨Ĥ⟩). As we show later, our results to not
alter qualitatively when choosing larger convolutional windows. However, generally, the filter
size shall be treated as a tunable hyperparameter of the CCNN, whereby the maximum order of
correlations accessible to the model is limited by the size of the kernel.

The observed performance maximum at T′
max suggests that the network picks up upon the

qualitative change of thermodynamic properties of the spin system below and above character-
istic energy scales TC, T∗, where magnetic correlations become significantly long-range. Impor-
tantly, we note that quantities such as CV and χs explicitly include long-range contributions,
cf. Eqs. (12.3), (12.4); the network, however, is restricted to evaluating local correlations within
the convolutional filter. Thus, the question arises how the model makes its decision and which
qualitative changes precisely the co-CCNN scheme detects.

Regularization path analysis

To classify which correlation maps are important for the decision process, we retrain the fully
connected layer of the model that directly leads to the decision neuron [436]. By explicitly adding
a L1 penalty to the weights w(n) between the post-processed correlation maps and the interpre-
tation bottleneck (see Fig. 12.1 (a)), we perform a regularization path that allows us to analyze
which correlation map is used first to reach maximum discrimination accuracies. In particular,
the retraining loss reads

Lreg = LBCE + λ
N

∑
n=1

|w(n)|, (12.5)
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Figure 12.2: Two-point correlations of the Heisenberg model. Nearest neighbor correlations c̄1,
(a), as well as diagonal correlations c̄d, (b), in the Heisenberg model as a function of temperature.
Correlations are approximated by evaluating c1, cd in each shot and averaging over all snapshots,
cf. Eq. (12.7). Both correlations show a monotonous behavior, with no qualitative differences
above and below T′

max ∼ 0.8.

where LBCE is the binary cross entropy loss that was used to train the convolutional filters and
λ is the regularization strength.

Weights w(n) for a given λ are shown in the top panel of Fig. 12.1 (c) for decision boundary
T′ = 0.7. We observe that for 1/λ ∼ 10−4, weights for the second order correlations first start to
deviate from zero. At the same time, the accuracy of the network shoots from ∼ 50% to ∼ 85%,
see the lower panel in Fig. 12.1 (c). Note that all other weights are vanishingly small throughout
the whole range of λ, and even when slightly deviating from zero do not lead to a performance
increase of the network. Hence, we conclude that it is indeed correlations of second order that
let the network reach its maximal accuracy shown in Fig. 12.1 (b).

To make it explicit which two-point correlators precisely the network measures, we plot
the four correlations with highest weights fc1(a1) fc2(a2) (normalized by the largest correlation
weight) when applying the learned convolutional filter, Fig. 12.1 (d). Nearest neighbor spin-spin
correlations in horizontal and vertical direction single out by their strong weights. Diagonal
correlations are found to be further calculated and analyzed by the network, however only with
marginal weight (around 5%) compared to the nearest neighbor correlations. Note that for all
decision boundaries T′, the results shown above are qualitatively identical—that is, second order
nearest-neighbor correlations are found to be used by the network to make its decision.

Full counting statistics

Based on these insights, we take a look at nearest neighbor and diagonal spin-spin correlations,

⟨ĉ1⟩ =
〈

1
Nb

∑
⟨i,j⟩

Ŝz
i Ŝz

j

〉
⟨ĉd⟩ =

〈
1

Nb
∑

⟨⟨i,j⟩⟩diag

Ŝz
i Ŝz

j

〉
, (12.6)

where Nb is the total number of nearest neighbor (diagonal) pairs ⟨i, j⟩ (⟨⟨i, j⟩⟩diag). We evaluate
correlations Eq. (12.6) by averaging over Ns snapshots,

c̄1 =
1

Ns

Ns

∑
s=1

c(s)1 c̄d =
1

Ns

Ns

∑
s=1

c(s)d , (12.7)
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Figure 12.3: Illustration of the network’s learning process. By analyzing the full counting statis-
tics of sets A = {c1 | T ≤ T′} and B = {c1 | T > T′}, the network learns a threshold c′1. For a
given, unseen snapshot with c(s)1 , the network then classifies it as belonging to T ≤ T′ (T > T′)
for c1 ≤ c′1 (c1 > c′1). When both distributions have no overlap, the network has perfect accu-
racy, (a); for finite overlap, the network’s performance decreases, (b). The ideal choice of c′1 that
maximizes the accuracy explicitly depends on the full distributions of A and B, including their
means and widths.

where c(s)1/d is the approximation of the correlator c1/d using snapshot s,

c(s)1 =
1

Nb
∑
⟨i,j⟩

Sz,s
i Sz,s

j c(s)d =
1

Nb
∑

⟨⟨i,j⟩⟩diag

Sz,s
i Sz,s

j , (12.8)

with Sz,s
i denoting the spin orientation of spin i in snapshot s. As depicted in Fig. 12.2, both cor-

relator strengths show a monotonous increase with decreasing temperature with no qualitative
difference above or below the temperature of maximum network accuracy.
If no structural change in the two-point correlators can be seen when passing T′

max, but the net-
work only utilizes nearest neighbor two-point correlations when learning to label the data, what
is it then that the network bases its decision upon?

To answer this question, we analyze the full counting statistics (FCS) of c1, given by the total
distribution {c1} = {c(1)1 , c(2)1 , . . . }, cf. Eq. (12.8). In contrast to merely using averages, Eq. (12.7),
the FCS directly gives information about higher moments of the distribution, such as its width
and skewness. In particular, given a bipartition of the data set with boundary T′, a corresponding
boundary c′1 can be learned by the network which assigns label T ≤ T′ (T > T′) to all snapshots
fulfilling c(s)1 ≤ c′1 (c(s)1 > c′1) such that its accuracy is maximized. If the network indeed estimates
c1 for each snapshot and bases its decision on the result, its accuracy will be flawless if the two
sets A = {c1 | T ≤ T′} and B = {c1 | T > T′} have no overlap, as illustrated in Fig. 12.3 (a). On
the other hand, increasing overlaps will result in decreasing accuracy of the network as a hard
decision boundary c′1 will inevitably lead to uncertain label predictions, cf. Fig. 12.3 (b).

For each shot, we calculate the snapshot’s approximation of c1, Eq. (12.8), and explicitly dif-
ferentiate whether or not the network makes a correct decision, C = {c1 | correct categorization}
and F = {c1 | false categorization}, shown in Fig. 12.4 (a) in blue and red, respectively. The accu-
racy of the classifier is hence given by a = |C|/|C|+|F|, with |C| (|F|) referring to the total instances
of correctly (incorrectly) categorized snapshots. Accuracies a as a function of T′ are shown on
the right hand side of Fig. 12.4 (a), matching Fig. 12.1 (b)5.

5Note that in Fig. 12.4 (a) we are showing the accuracy after a single run, whereas Fig. 12.1 (b) presents the mean
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<latexit sha1_base64="8BsNrFqxAvpPwtFmFerxrKH00nk=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVroh69HHxIlS0tdAuJUm/1dA8liSrlGV/gVe9+Gu8iVdv/hvT2oO1AyHDJJP5MiyVwvla7RvPzM7NLyyWlsrLK6tr6xubW01nMsuhwY00tsWoAyk0NLzwElqpBaqYhDvWvxie3z2CdcLoWz9IIVb0XotEcOqDdH3W3ajUqrURyDSJxqSCxqh3NzHu9AzPFGjPJXWufZL6OKfWCy6hKHcyBynlfXoP7UA1VeDifDRoQfaC0iOJsWFpT0bqX0d+pW8Gihk58U5OlVPUPwT/cHOTGT45iXOh08yD5r8RSSaJN2T4X9ITFriXg0AotyJMSfgDtZT70MpECrO0Dz4ka3jiRimqe3mHsaIdxXneGSazhFSioiiH0qL/FU2T5kE1OqoeXh9WTs/H9ZXQDtpF+yhCx+gUXaI6aiCOAD2jF/SK3/A7/sCfv1dn8NizjSaAv34AeoyfSw==</latexit>

A

<latexit sha1_base64="ahmPKTsxg5hz+RgsYqL1bnKdohw=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVroj2KHrxIlS0rdAuJUm/raF5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOy1nMsuhyY009o5RB1JoaHrhJdylFqhiEtpseDE+bz+AdcLoWz9KIVZ0oEUiOPVBuj7vbVVq1doE5D+JpqSCpmj0tjHu9g3PFGjPJXWuU099nFPrBZdQlLuZg5TyIR1AJ1BNFbg4nwxakIOg9ElibFjak4n625Ff6ZuRYkbOvJNT5RT198E/3txshk/qcS50mnnQ/CciySTxhoz/S/rCAvdyFAjlVoQpCb+nlnIfWplJYZYOwYdkDY/cKEV1P+8yVnSiOM+742SWkEpUFOVQWvS3ov+kdVSNTqrH18eVs/NpfSW0h/bRIYrQKTpDl6iBmogjQE/oGb3gV/yG3/HHz9U5PPXsohngz298QJ9M</latexit>

B

Figure 12.4: Full counting analysis. (a) We approximate the nearest neighbor correlator for each
snapshot, Eq. (12.8), and analyze whether the network correctly labels it for a given decision
boundary T′ after training. Shown are the full counting statistics, where blue (red) indicates a
correct (wrong) decision by the network. The right panel shows the total accuracy of the network,
cf. Fig. 12.1 (b). (b) Full counting statistics of c1 directly calculated from the Heisenberg snapshot
data for a given bipartition T ≤ T′ (red), T > T′ (blue). If basing the labeling decision on c1, finite
errors are expected when both distributions overlap (hatched areas). The shapes of the hatched
and non-hatched areas precisely match the FCS of the network’s performance as a function of c1
in (a), underlining the interpretation of the network’s decision making. The right panel shows the
ratio ã between the area spanned by the non-hatched distributions to the total area below both
hatched and non-hatched distributions, reproducing the W-shape of the network’s accuracy.

We now perform a similar analysis of the FCS of c1 directly from the raw Heisenberg snap-
shot data. To this end, we create bipartitions A = {c1 | T ≤ T′} and B = {c1 | T > T′} of the
snapshots and plot the corresponding distributions, in analogy to Fig. 12.3. Results are shown
in Fig. 12.4 (b), where A (B) is shown in red (blue). Overlaps of both distributions are illustrated
by hatched areas. Comparing the histograms in Fig. 12.4 (a) and (b), we find that the distribu-
tions match up almost perfectly. In particular, the hatched overlap of A and B in Fig. 12.4 (b)
corresponds to the distribution of false classifications of the network, F, see Fig. 12.4 (a). Cor-
rect instances C, in turn, match the distribution (A\B) ∪ (B\A), i.e., the non-hatched areas in

accuracy over multiple optimizations—leading to the two curves not to be identical.



12.2 Correlation based confusion learning 257

Fig. 12.4 (b). Indeed, when computing the accuracy analog of the raw Heisenberg histograms by
evaluating the ratio ã = |A\B|+|B|/|A|+|B| = |B\A|+|A|/|A|+|B|, the characteristic W-shape of the con-
fusion learning scheme is reproduced—even matching quantitatively the accuracy of the neural
network up to high precision, see the right panel in Fig. 12.4 (b).

For a given snapshot s to be categorized, we conclude that the network makes a majority
decision that is based on the snapshot’s nearest neighbor correlation estimate c1. In particular, the
network learns a threshold c′1 according to which it classifies a given snapshot with c(s)1 as T ≤ T′

or T > T′ for c(s)1 ≤ c′1 and c(s)1 > c′1, respectively. We note that, as the network has no information
about the temperature of the snapshots, it can not, for instance, estimate averages c̄1(T′) and make
a corresponding decision according to c′1 = c̄1(T′). Instead, the network leverages the FCS of the
distributions A and B, choosing c′1 in order to maximize the classification accuracy. Specifically,
c′1 corresponds to the point where the distributions A = {c1 | T ≤ T′} and B = {c1 | T > T′}
have maximum overlap, cf. Figs. 12.3 and 12.4. The learned threshold c′1 explicitly depends on
the widths σ of distributions A and B, which directly include information of the fluctuations of
nearest neighbor correlations c1. We note that the learned decision thresholds closely (though
not exactly) match the values of c̄1(T′), as illustrated in Fig. 12.4 by grey dashed lines.

To underline the network’s decisive mechanism, we compute c1 for each snapshot and create
two corresponding subsets by distinguishing between the two classification outcomes by the
network after training. Fig. 12.5 shows the distributions of c1 when being classified as T ≤ T′

(red) and T > T′ (blue) for T′ = 0.1 . . . 1.2. For T′ close to the lower boundary of simulated
temperatures, T′ = 0.1, we see how the network classifies (almost) all snapshots as T > T′,
hence locking in on a majority decision. However, for intermediate temperatures 0.3 ≲ T′ ≲ 1.2,
a sharp cutoff between samples classified as T ≤ T′ and T > T′ in terms of c1 is observed. Indeed,
the cutoff matches quantitatively the averages c̄1(T′), underlining that the network makes its
decision solely by comparing c(s)1 with (a learned) cutoff value given by c′1 = c̄1(T′).

Having identified the FCS of c1 as the decisive mechanism of the network to detect qualita-
tively differing snapshots in the Heisenberg model, we take a closer look at the widths σ1 of the
distributions {c1} as a function of temperature, i.e., we study the fluctuations of c1,

σ2
1 = ⟨ĉ2

1⟩ − ⟨ĉ1⟩2 . (12.9)

Results are shown in Fig. 12.6 (a). We observe that at high temperatures, the width of the dis-
tributions stay relatively constant. At roughly T ∼ T′

max ∼ 0.8, however, the standard deviation
starts to significantly increase, consistent with magnetic fluctuations becoming more prominent
at temperatures below T∗. As shown in Fig. 12.6 (a), this holds for both nearest neighbor as well
as diagonal two-point correlations.

Explicitly writing out Eq. (12.9),

σ2
1 =

1
N2

b
∑
⟨i,i′⟩

∑
⟨j,j′⟩

⟨Ŝz
i Ŝz

i′ Ŝ
z
j Ŝz

j′⟩ − ⟨ĉ1⟩2 , (12.10)

we see that σ1 in fact includes four-point correlations over two nearest neighbor spin pairs—
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Figure 12.5: Classification boundary c′1. After training, c1 is calculated and sorted into two
sets corresponding to their classification. Approximations c1 of snapshots classified as T ≤ T′

(T > T′) are shown in red (blue) for T′ = 0.1 . . . 1.2. For T′ = 0.1, (almost) all snapshots are
classified to belong to T > T′. For T′ ≥ 0.3, maximum accuracy is instead achieved by learning
a boundary c′1, below (above) which all snapshots are classified as T ≤ T′ (T > T′) – underlining
that the decisive process of the network is solely based on evaluation of c1. Though not exactly,
these cutoffs match averages of c1 at the decision boundary temperature, i.e., c̄1(T′) (grey dashed
lines).

which, for a given configuration of indices ⟨i, i′⟩ , ⟨j, j′⟩ might lie far apart from each other.
Hence, the width of the distribution of c1 directly includes information about long-range prop-
erties of the spin-spin correlations. Note that, while nearest neighbor two-point correlations
show monotonous behavior as a function of temperature, long-range two-point correlations as
appearing in the susceptibility, Eq. (12.3), do show signals of changes of the thermodynamic
properties, cf. Fig. 12.1 (b). However, as the network is by construction restricted to analyze
local correlations only, it has no access to evaluate these long range properties. By instead con-
sidering the FCS of c1, the network finds a back door to analyze long-range correlations via the
four-point correlator appearing in Eq. (12.10), which enables it to detect qualitatively different
thermodynamic characteristics of snapshots above and below T′

max.

In fact, the width of c1, Eq. (12.9), very closely resembles the form of the specific heat CV ,
Eq. (12.4). Concretely, σ2

1 corresponds to the Ising part of T2CV , where in particular cross-terms
such as ∼ ⟨Ŝx

i Ŝx
i′ Ŝ

z
j Ŝz

j′⟩ as appearing in CV are not present. Though there exists no pronounced
peak of σ1 as observed for the specific heat at TC ∼ 0.6, its strong alternation for T ≲ 0.8 is
highly suggestive of corresponding thermodynamic features appearing in CV , cf. Fig. 12.1 (b).
However, though similarities are present, there exists no direct correspondence between the
FCS signatures the network utilizes and thermodynamic properties such as CV or χs. By indi-
rectly evaluating long-range properties (as appearing in χs and CV) of four-point correlations
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Figure 12.6: Standard deviations and connected four-point correlations. (a) The empirical stan-
dard deviation σ1/d, Eq. (12.9), of c1, cd, showing a sharp increase below temperature T′

max ∼ 0.8.
(b) Averaged connected four-point correlator, Eq. (12.11), as a function of T. While being van-
ishingly small for T ≳ T′

max, for T ≲ T′
max the connected correlator gains significant weight.

(as appearing in CV), the network succeeds in detecting qualitative changes in the snapshots as a
function of temperature. These detected changes cannot, however, directly be attributed to orig-
inating from the peak in CV or χs, and shall rather be interpreted as a related but independent
indicator of qualitative change close to the pseudogap regime—as also suggested by the position
of the performance maximum lying in between the peaks of CV and χs. Nevertheless, the pres-
ence of pronounced signatures of σ1 as a function of temperature is very intriguing by itself, in
turn strongly encouraging the observation of similar indications at finite doping in spin-resolved
occupation number snapshots as accessed through quantum gas microscopes.

We conclude the above discussion by calculating explicitly the connected four-point spin
correlator,
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(12.11)

which we again approximate using the Heisenberg snapshots, c̄c
4. Eq. (12.11) gives information

about the genuine four-point correlations in the system, that in particular go beyond merely the
correlation length of the two-point correlators. Evaluation of c̄c

4 shows vanishingly small values
for T > T′

max, shown in Fig. 12.6 (b). However, as T drops below T′
max, c̄c

4(T) experiences a sharp
increase, indicating how long-range, four-point correlations gain significant weight below T′

max—
and correspondingly below the characteristic temperature, T∗, and the maximum of the specific
heat, TC.

Filter size

In the above discussion, we have focused on fixed convolutional filter sizes of 2 × 2 and demon-
strated that the FCS of two-point correlations enable the network to classify snapshots. To ana-
lyze possible dependencied on the filter size, we now retrain the model with a single 3 × 3 filter,
and again analyze the network’s performance and regularization path; results are illustrated in
Fig. 12.7. Though showing slight deviations in the network’s accuracy as a function of T′ from
2 × 2 filters, the qualitative W-shape including the position of T′

max remains unchanged when
considering larger filter sizes, Fig. 12.7 (a). As for the 2 × 2 filter, including solely two-point cor-
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2 × 2

Figure 12.7: Larger filter sizes. (a) The network’s performance as a function of decision bound-
ary T′ for 3 × 3 (red) as well as 2 × 2 filters as presented in the main text (grey). Though slight
quantitative differences are present, the qualitative shape including the position of the maximum
remains unchanged. (b) Regularization path analysis for 3× 3 convolutional filters. Inclusion of
two-point correlations lead to a saturation of the accuracy. Finite weights of higher-order corre-
lations as present at large 1/λ have no effect on the performance on the network, highlighting
the importance of the regularization path analysis to isolate the most important contributions.
(c) Two-point correlations of highest weights fc1(a1) fc2(a2), normalized by the maximum value.
As for the 2 × 2 filter, nearest neighbor correlations single out as the most important contribu-
tions for the network’s decision.

relations leads to maximum accuracy as a function of regularization strength λ, see Fig. 12.7 (b).
Note that, with increasing inverse regularization strength 1/λ, weights corresponding to higher
order correlations also light up, however without any noticeable effect on the network’s perfor-
mance. This highlights the importance of the regularization strength analysis, whereby solely
looking at weights of the last dense layer for λ = 0 is generally not sufficient to reliably learn
which correlations are important. In Fig. 12.7 (c), we show the four two-point correlations with
highest weights (corresponding to fc1(a1) fc2(a2), normalized by the highest value). As for the
2 × 2 filter, nearest neighbor spin-spin correlations single out as the most important contribu-
tions.

12.3 Transformer architectures

A general concern when using convolutional neural networks to classify phases as presented
above is the limitation of correlations to the convolutional window, which seemingly excludes
sensibility to long-range order. As seen above, performant characterization can nevertheless be
achieved by the network via analysis of the FCS of local correlations, which implicitly includes
longer-range contributions. Nevertheless, a network architecture that is able to intrinsically cap-
ture long-range correlations is desirable for future applications of machine vision techniques in
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T ′

Figure 12.8: Confusion transformer. (a) Schematic illustration of the transformer architecture
coupled to a confusion learning scheme. Snapshots are cut into small patches and linearly em-
bedded via learnable matrices. The classification token (shown in green) as well as positional
encodings are added to the sequence, before being encoded in two transformer blocks. The
classification token – now including information of all patches – is retrieved after the last self-
attention encoder and classified to belong to T ≤ T′ or T > T′. (b) Classification accuracy as a
function of T′. The W-shape signals detection of qualitative change between the regions T ≲ 0.6,
T ≳ 0.6. Light red areas correspond to the error to the mean of 20 repetitions.

many-body physics. Transformers are a promising candidate for this purpose, taking advantage
of non-local (and i.p. long-range) self-attention originally designed to capture interdependencies
in natural language processing (NLP) [483]. In particular, and in stark contrast to e.g. recurrent
neural networks (RNN) and long short-term memory models (LSTM) [484], transformer archi-
tectures explicitly avoid recurrent processing of sequential data. Instead, they compute similar-
ity scores between all constituents of a given input sequence (self-attention), allowing to capture
long-range dependencies by processing the input as a whole—i.e., they do not rely solely on past
hidden states in the sequence.

In the past years, extension of transformers to image processing (vision transformers) has
proven itself to be comparably powerful to convolutions [485], opening possible routes toward
their application in many-body physics [486–488]. The architecture of a vision transformer is
schematically illustrated in Fig. 12.8 (a). In the first step, input images are cut into smaller patches.
These patches are subsequently linearly transformed, i.e., d-dimensional representations of the
input patches, called tokens, are computed6. Importantly, as transformers do not sequentially
process the input, the tokens are further positionally encoded, i.e., the position of the patch
within the original image is stored. Thereafter follows the self-attention encoder, where all-to-
all inter-dependencies between tokens are computed. In particular, three linear transformations
are learned, resulting in three feature vectors per token, referred to as query, key and value
(QKV). Evaluation of dot-products between query-key pairs results in attention scores between
corresponding pairs of tokens, which is then used to efficiently store inter-dependencies of a
given token with the remaining sequence. By feeding the encoded output of a single transformer
block into another, independent encoder, this process is repeated multiple times. Additionally,
multiple QKV transformations can be learned and applied in parallel in each transformer block,

6In NLP, these tokens correspond to encodings of words.
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resulting in multi-head attention encodings.
In addition to the data tokens, a randomized classification token is added to the beginning of

the sequence, which, via the self-attention mechanism, stores all inter-dependencies between to-
kens while being processed through the various layers. After application of the encoding blocks,
the classification token is passed to a standard classifier. For a more detailed discussion of vision
transformer networks, we refer to its original proposal in [485]. For quantum-image process-
ing, the vision transformer’s intrinsic capability of capturing long-range dependencies promises
sensitivity to long-range and non-local (e.g. topological) order, potentially leading to significant
advantages over standard, convolutional approaches.

12.3.1 Confusion Transformer

We implement a vision transformer and combine it with the same confusion learning scheme
outlined in Sec. 12.2. The original snapshot images are cut into 4 × 4 patches, and are fed into
the first transformer encoder after a learnable linear embedding and positional encoding7 is ap-
plied. In particular, the 32-dimensional sequences (16 entries for each channel) are embedded
into an 8-dimensional space (tokens), and a classification token is inserted at the beginning of
the sequence (green box in Fig. 12.8 (a)). For simplicity, we use a single head within the encoder,
and limit the network to two transformer blocks. After applying self-attention and classifying
the auxiliary classification token, accuracies after training are presented in Fig. 12.8. Similarly
to using convolutional neural networks, a clear W-shape is visible in the accuracy as a func-
tion of decision boundary T′, with a pronounced maximum at T′

max ∼ 0.6—suggesting that also
the vision transformer detects the alternations of thermodynamic properties. Through access-
ing the model’s learned attention maps between various patches, their inter-dependencies can
be analyzed. In particular, tailored encoding blocks could allow for interpretation in terms of
correlation functions similar in spirit to CCNNs, whereby the order of encoded correlations in-
creases with each encoding layer in the transformer architecture. Importantly, the all-to-all self-
attention mechanism could surpass convolution based approaches, in particular when facing
systems characterized by long-range and non-local properties.

12.3.2 Correlator Transformer

Although the above architecture demonstrated the ability to differentiate between distinct
regimes, the interpretability of the transformer’s output remains challenging. This is primarily
due to the complex encoding layers, which do not directly compute physical correlation func-
tions. Consequently, there is a need for tailored architectures inspired by the transformer’s at-
tention mechanism but simplified to allow for physical interpretability. In the following, we
briefly outline the main idea and working principle of the Correlator Transformer (CoTra), de-
veloped by Abhinav Suresh during his Master’s thesis in Regensburg, under the supervision of
Annabelle Bohrdt and co-supervised by the author of this thesis.

The working principle of the CoTra is summarized in Fig. 12.9. As in the architecture outlined

7We use the same positional encoding as proposed in [483].
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�1 <latexit sha1_base64="qXJguK58uymugMFPgXSteTj3y2E=">AAACHnicZVBNbxMxFLQLLSGlpYUjF6sREqcoWxXosYILF6RUkKZSdls9O29bK/5Y2W9B0Wp/BFe48Gu4Ia703+CkOZB2JMujscfzPLIyOtJgcMM3Hjzc3HrUedzdfrKz+3Rv/9lZ9HVQOFLe+HAuIaLRDkekyeB5FRCsNDiWs/eL8/EXDFF795nmFRYWrpwutQJK0jiXSHDhLvd6g/5gCXGfZCvSYysML/c5z6de1RYdKQMxTo4rKhoIpJXBtpvXEStQM7jCSaIOLMaiWY7bipdJmYrSh7QciaX6v6P56D7NrfRm7Z0GbLRA18m/2OJ6BpXHRaNdVRM6dRtR1kaQF4tfi6kOqMjMEwEVdJpSqGsIoCh1s5YiA8yQUrLDr8pbC27a5FK2k6xomnyRLEvRy9q2m0rL7lZ0n5wd9rM3/denR72Td6v6OuwFO2CvWMbeshP2gQ3ZiCk2Y9/Yd/aD/+S/+G/+5/bqBl95nrM18L//AKj9ogs=</latexit>

�n

<latexit sha1_base64="Otdddpq0fD9uWOcZRXwl/r/+oRk="></latexit>

PE

<latexit sha1_base64="JWEAuGtwFVwxg8AY62ObD4bRieE="></latexit>

(a)
<latexit sha1_base64="Dht5klJknKMMlY9DDirGQ1+w19Y="></latexit>

(b)
<latexit sha1_base64="Web3XBifEEUl6R7eUUu46ziyabc="></latexit>

Transformer encoder

<latexit sha1_base64="K8O1IArSs/nUyTKIOrgXMJ+DIEk=">AAACGnicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4Ki1UK7SpJ+W0PzWJKsUpb9CV714q/xJl69+G9Maw9WB0KGSSbzZVgqhfONxheemp6ZnZsvLZQXl5ZXVivVtWtnMsuhyY00tsWoAyk0NL3wElqpBaqYhBvWPxme3zyAdcLoKz9IIVa0p0UiOPVBumzdRneVWqPeGIH8J9GY1NAY53dVjDtdwzMF2nNJnWsfpj7OqfWCSyjKncxBSnmf9qAdqKYKXJyPRi3IVlC6JDE2LO3JSP3tyM/05UAxIyfeyalyivr74B9ubjLDJ4dxLnSaedD8JyLJJPGGDH9MusIC93IQCOVWhCkJv6eWch96mUhhlvbBh2QNj9woRXU37zBWtKM4zzvDZJaQWlQU5VBa9Lei/+R6px7t1/cudmtHx+P6SmgDbaJtFKEDdIRO0TlqIo566Ak9oxf8it/wO/74uTqFx551NAH8+Q3g3aAG</latexit>

X1

<latexit sha1_base64="Otdddpq0fD9uWOcZRXwl/r/+oRk="></latexit>

PE

<latexit sha1_base64="dIbDV6v7qwXlIO/TjXqbsmnGtpI="></latexit>

Attention a2

<latexit sha1_base64="gmARfHM62R2KRU9I74cyy7CICxI=">AAACGnicZVBLSwMxGEx81vrWo5dgETyVrvg6il68CBVtFdqlJOm3NTaPJckqZdmf4FUv/hpv4tWL/8a09mB1IGSYZDJfhqVSOF+rfeGp6ZnZufnSQnlxaXlldW19o+lMZjk0uJHG3jLqQAoNDS+8hNvUAlVMwg3rnw3Pbx7AOmH0tR+kECva0yIRnPogXTU79521Sq1aG4H8J9GYVNAY9c46xu2u4ZkC7bmkzrWOUx/n1HrBJRTlduYgpbxPe9AKVFMFLs5HoxZkJyhdkhgblvZkpP525Bf6aqCYkRPv5FQ5Rf1d8A83N5nhk+M4FzrNPGj+E5FkknhDhj8mXWGBezkIhHIrwpSE31FLuQ+9TKQwS/vgQ7KGR26UorqbtxkrWlGc5+1hMktIJSqKcigt+lvRf9Lcq0aH1YPL/crJ6bi+EtpC22gXRegInaBzVEcNxFEPPaFn9IJf8Rt+xx8/V6fw2LOJJoA/vwFASaA+</latexit>

Vj

<latexit sha1_base64="6kBmG0+z4M0MBfqOSYM/DjxSQ/8=">AAACGnicZVBLSwMxGEx81vrWo5dgETyVrvg6il4EESpaFdqlJOm3NTaPJckqZdmf4FUv/hpv4tWL/8a09mB1IGSYZDJfhqVSOF+rfeGJyanpmdnSXHl+YXFpeWV17dqZzHJocCONvWXUgRQaGl54CbepBaqYhBvWOxmc3zyAdcLoK99PIVa0q0UiOPVBujxr37dXKrVqbQjyn0QjUkEj1NurGLc6hmcKtOeSOtc8TH2cU+sFl1CUW5mDlPIe7UIzUE0VuDgfjlqQraB0SGJsWNqTofrbkZ/ry75iRo69k1PlFPV3wT/Y3HiGTw7jXOg086D5T0SSSeINGfyYdIQF7mU/EMqtCFMSfkct5T70MpbCLO2BD8kaHrlRiupO3mKsaEZxnrcGySwhlagoyqG06G9F/8n1TjXar+5d7FaOjkf1ldAG2kTbKEIH6AidojpqII666Ak9oxf8it/wO/74uTqBR551NAb8+Q0td6Az</latexit>

Kj

<latexit sha1_base64="BxC1ng8gj+SqZbzK6Vf+53BrbdM="></latexit>

Xj+1
<latexit sha1_base64="lC83Chn1WV3SrQ6whMpgBndNhZs=">AAACHHicZVBLS2MxGE2ch7XzsB2XboJlwFXpHcbHUnTjZkDR2kJ7lST9bptpHpckVynh/ga3uplf407cCv4b09qFnR4IOZzk5Hw5LJfC+VbrBa98+Pjp82plrfrl67fv67X6jwtnCsuhzY00tsuoAyk0tL3wErq5BaqYhA4bH03PO9dgnTD63E9ySBUdapEJTn2U2t3L8Le8qjVazdYMZJkkc9JAc5xc1THuDwwvFGjPJXWut5/7NFDrBZdQVvuFg5zyMR1CL1JNFbg0zIYtyc+oDEhmbFzak5n63hH+6LOJYkYuvBOocor6UfRPN7eY4bP9NAidFx40f4vICkm8IdM/k4GwwL2cREK5FXFKwkfUUu5jMwspzNIx+Jis4YYbpagehD5jZS9JQ+hPk1lGGklZVmNpyf8VLZOLX81kt7lz+rtxcDivr4I20RbaRgnaQwfoGJ2gNuJIoFt0h+7xP/yAH/HT29UVPPdsoAXg51c1fKFL</latexit>

Xj
<latexit sha1_base64="BxC1ng8gj+SqZbzK6Vf+53BrbdM="></latexit>

Xj+1
<latexit sha1_base64="IPLNwJR3MEk0Vehml3J0s/qJSy4=">AAACHHicZVDNilMxGE2qjrWOY6tLN8EizKr0iqNdFmczG6Gi7RTaS0nS77ah+bkk352hXO4zuJ3Z+DTuxK3g25j+LKw9EHI4ycn5ckSuVcBu9w+tPXj46ORx/Unj6emzs+fN1otRcIWXMJROOz8WPIBWFoaoUMM498CN0HAtVpeb8+sb8EE5+xXXOaSGL6zKlOQYpeF07jDMmu1up7sFOybJnrTJHoNZi9JolIUBi1LzECa9HNOSe1RSQ9WYFgFyLld8AZNILTcQ0nI7bMXeRGXOMufjssi26r+O8pP9sjbC6YN3Sm6C4biM/s0WDjMw66WlsnmBYOUuIis0Q8c2f2Zz5UGiXkfCpVdxSiaX3HOJsZmDFOH5CjAmW7iVzhhu5+VUiGqSpGU53SSLjLWTqmrE0pL/Kzomo7ed5H3n4vO7dv/jvr46eUVek3OSkA+kT67IgAyJJIp8I3fknn6nP+hP+mt3tUb3npfkAPT3XzIooUk=</latexit>. . .

<latexit sha1_base64="7Y0nvEfKSoUo7Ri7csjEnjrShEw="></latexit>

X̄2
<latexit sha1_base64="fyAP+o0wLx4sSsyxn+41YG2Xxao="></latexit>

X̄n
<latexit sha1_base64="VAbXkTtjXrzk8b7LJw6qTX5+5eg="></latexit>

X̄1

<latexit sha1_base64="K8O1IArSs/nUyTKIOrgXMJ+DIEk=">AAACGnicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4Ki1UK7SpJ+W0PzWJKsUpb9CV714q/xJl69+G9Maw9WB0KGSSbzZVgqhfONxheemp6ZnZsvLZQXl5ZXVivVtWtnMsuhyY00tsWoAyk0NL3wElqpBaqYhBvWPxme3zyAdcLoKz9IIVa0p0UiOPVBumzdRneVWqPeGIH8J9GY1NAY53dVjDtdwzMF2nNJnWsfpj7OqfWCSyjKncxBSnmf9qAdqKYKXJyPRi3IVlC6JDE2LO3JSP3tyM/05UAxIyfeyalyivr74B9ubjLDJ4dxLnSaedD8JyLJJPGGDH9MusIC93IQCOVWhCkJv6eWch96mUhhlvbBh2QNj9woRXU37zBWtKM4zzvDZJaQWlQU5VBa9Lei/+R6px7t1/cudmtHx+P6SmgDbaJtFKEDdIRO0TlqIo566Ak9oxf8it/wO/74uTqFx551NAH8+Q3g3aAG</latexit>

X1

<latexit sha1_base64="Otdddpq0fD9uWOcZRXwl/r/+oRk="></latexit>

PE

<latexit sha1_base64="RTqDKgVGs1lFxH/kZljQFlRjW0Q="></latexit>

XjW jK

<latexit sha1_base64="YglPU8UEHxDaZJqaW6S97/d4dYY="></latexit>

(PE)W jV

<latexit sha1_base64="rpVC/fMSN8P9C/QzD61wcGea3gc=">AAACHHicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4KiVaFdS5J+q7F5LElWKcv+Bq968dd4E6+C/8a09mB1IGSYZDJfhqVSON9ofOGJyanpmdnSXHl+YXFpuVJduXQmsxya3Ehjrxl1IIWGphdewnVqgSom4Yr1jgbnVw9gnTD6wvdTiBW91SIRnPogNc869zdRp1Jr1BtDkP8kGpEaGuG0U8W43TU8U6A9l9S51n7q45xaL7iEotzOHKSU9+gttALVVIGL8+GwBdkISpckxoalPRmqvx35iT7vK2bk2Ds5VU5Rfxf8g82NZ/hkP86FTjMPmv9EJJkk3pDBn0lXWOBe9gOh3IowJeF31FLuQzNjKczSHviQrOGRG6Wo7uZtxopWFOd5e5DMElKLiqIcSov+VvSfXG7Vo936ztl27eBwVF8JraF1tIkitIcO0DE6RU3EkUBP6Bm94Ff8ht/xx8/VCTzyrKIx4M9veBqg3A==</latexit>

Q1
j

<latexit sha1_base64="bFrcmaGRcWvKVynTHR0wR9WQ3fI="></latexit>

Q1
jK

T
j√

d

<latexit sha1_base64="VbKDGpQy+fr+Oav0duu0nguvjpI="></latexit>

Q1
jK

T
j√

d
Vj

<latexit sha1_base64="qtPn08Rf1W/ETyrpqdaQQh+erL8=">AAACIXicZVA7TyMxGLR5HYQ3lDQWERJVlEUcR4m4hgYJBCERyYJs51vwxY+V7eUUWfsvaKHh19AhOsSfwQkpCIxkeTT2eD4Py6Vwvl5/wxOTU9Mzv2bnKvMLi0vLK6trF84UlkODG2lsi1EHUmhoeOEltHILVDEJTdb7Ozhv3oF1wuhz388hVfRGi0xw6qN02bpKSPMq/Dstr1eq9Vp9CPKTJCNSRSOcXK9i3OkaXijQnkvqXHs/92mg1gsuoax0Cgc55T16A+1INVXg0jCcuCRbUemSzNi4tCdD9asjHOuzvmJGjr0TqHKK+tvoH2xuPMNn+2kQOi88aP4ZkRWSeEMGHyddYYF72Y+EcivilITfUku5j/WMpTBLe+Bjsob/3ChFdTd0GCvbSRpCZ5DMMlJNyrISS0u+V/STXOzUkr3a79Pd6sHhqL5ZtIE20TZK0B90gI7QCWogjjS6Rw/oET/hZ/yCXz+vTuCRZx2NAb9/AEF7otQ=</latexit>

X1W jQ

<latexit sha1_base64="Web3XBifEEUl6R7eUUu46ziyabc="></latexit>

Transformer encoder

<latexit sha1_base64="J9NR2r4gESBwHfvFgxK/qHtuySA="></latexit>

Classification

<latexit sha1_base64="KhjMZWimop0TB5F8E7Wmz199ArE=">AAACGXicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4KvqtBdJEm/1dA8liSrlGX/gVe9+Gu8iVdP/hvT2oPVgZBhksl8GZZJ4Xyr9YUnJqemZ2Yrc9X5hcWl5Vp95cqZ3HJocyONvWHUgRQa2l54CTeZBaqYhGvWOxqcXz+AdcLoS9/PIFH0TotUcOqDdB6Xt7VGq9kagvwn0Yg00Aint3WM467huQLtuaTOdfYznxTUesEllNU4d5BR3qN30AlUUwUuKYaTlmQjKF2SGhuW9mSo/nYUJ/qir5iRY+8UVDlF/X3wDzY3nuHT/aQQOss9aP4TkeaSeEMGHyZdYYF72Q+EcivClITfU0u5D7WMpTBLe+BDsoZHbpSiulvEjJWdKCmKeJDMUtKIyrIaSov+VvSfXG01o93mztl24+BwVF8FraF1tIkitIcO0DE6RW3EUYqe0DN6wa/4Db/jj5+rE3jkWUVjwJ/foz2f7g==</latexit>}<latexit sha1_base64="kBVwEMcvhyt60hvUIFjOK85tkqQ=">AAACGHicZVBLSwMxGEzquz6rRy/BIngqXfF1LHrxIihaK7SLJNlvNTSPJckqZdlf4FUv/hpv4tWb/8a09mB1IGSYZDJfhmVSON9sfuHK1PTM7Nz8QnVxaXllda22fu1Mbjm0uZHG3jDqQAoNbS+8hJvMAlVMQof1T4bnnQewThh95QcZxIreaZEKTn2QLpLbtXqz0RyB/CfRmNTRGOe3NYx7ieG5Au25pM51jzIfF9R6wSWU1V7uIKO8T++gG6imClxcjAYtyXZQEpIaG5b2ZKT+dhRn+nKgmJET7xRUOUX9ffAPNzeZ4dOjuBA6yz1o/hOR5pJ4Q4b/JYmwwL0cBEK5FWFKwu+ppdyHViZSmKV98CFZwyM3SlGdFD3Gym4UF0VvmMxSUo/KshpKi/5W9J9c7zaig8b+xV69dTyubx5toi20gyJ0iFroFJ2jNuII0BN6Ri/4Fb/hd/zxc7WCx54NNAH8+Q22ep9v</latexit>

d

<latexit sha1_base64="K8O1IArSs/nUyTKIOrgXMJ+DIEk=">AAACGnicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4Ki1UK7SpJ+W0PzWJKsUpb9CV714q/xJl69+G9Maw9WB0KGSSbzZVgqhfONxheemp6ZnZsvLZQXl5ZXVivVtWtnMsuhyY00tsWoAyk0NL3wElqpBaqYhBvWPxme3zyAdcLoKz9IIVa0p0UiOPVBumzdRneVWqPeGIH8J9GY1NAY53dVjDtdwzMF2nNJnWsfpj7OqfWCSyjKncxBSnmf9qAdqKYKXJyPRi3IVlC6JDE2LO3JSP3tyM/05UAxIyfeyalyivr74B9ubjLDJ4dxLnSaedD8JyLJJPGGDH9MusIC93IQCOVWhCkJv6eWch96mUhhlvbBh2QNj9woRXU37zBWtKM4zzvDZJaQWlQU5VBa9Lei/+R6px7t1/cudmtHx+P6SmgDbaJtFKEDdIRO0TlqIo566Ak9oxf8it/wO/74uTqFx551NAH8+Q3g3aAG</latexit>

X1

<latexit sha1_base64="KhjMZWimop0TB5F8E7Wmz199ArE=">AAACGXicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4KvqtBdJEm/1dA8liSrlGX/gVe9+Gu8iVdP/hvT2oPVgZBhksl8GZZJ4Xyr9YUnJqemZ2Yrc9X5hcWl5Vp95cqZ3HJocyONvWHUgRQa2l54CTeZBaqYhGvWOxqcXz+AdcLoS9/PIFH0TotUcOqDdB6Xt7VGq9kagvwn0Yg00Aint3WM467huQLtuaTOdfYznxTUesEllNU4d5BR3qN30AlUUwUuKYaTlmQjKF2SGhuW9mSo/nYUJ/qir5iRY+8UVDlF/X3wDzY3nuHT/aQQOss9aP4TkeaSeEMGHyZdYYF72Q+EcivClITfU0u5D7WMpTBLe+BDsoZHbpSiulvEjJWdKCmKeJDMUtKIyrIaSov+VvSfXG01o93mztl24+BwVF8FraF1tIkitIcO0DE6RW3EUYqe0DN6wa/4Db/jj5+rE3jkWUVjwJ/foz2f7g==</latexit>}<latexit sha1_base64="kBVwEMcvhyt60hvUIFjOK85tkqQ=">AAACGHicZVBLSwMxGEzquz6rRy/BIngqXfF1LHrxIihaK7SLJNlvNTSPJckqZdlf4FUv/hpv4tWb/8a09mB1IGSYZDJfhmVSON9sfuHK1PTM7Nz8QnVxaXllda22fu1Mbjm0uZHG3jDqQAoNbS+8hJvMAlVMQof1T4bnnQewThh95QcZxIreaZEKTn2QLpLbtXqz0RyB/CfRmNTRGOe3NYx7ieG5Au25pM51jzIfF9R6wSWU1V7uIKO8T++gG6imClxcjAYtyXZQEpIaG5b2ZKT+dhRn+nKgmJET7xRUOUX9ffAPNzeZ4dOjuBA6yz1o/hOR5pJ4Q4b/JYmwwL0cBEK5FWFKwu+ppdyHViZSmKV98CFZwyM3SlGdFD3Gym4UF0VvmMxSUo/KshpKi/5W9J9c7zaig8b+xV69dTyubx5toi20gyJ0iFroFJ2jNuII0BN6Ri/4Fb/hd/zxc7WCx54NNAH8+Q22ep9v</latexit>

d

<latexit sha1_base64="KhjMZWimop0TB5F8E7Wmz199ArE=">AAACGXicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4KvqtBdJEm/1dA8liSrlGX/gVe9+Gu8iVdP/hvT2oPVgZBhksl8GZZJ4Xyr9YUnJqemZ2Yrc9X5hcWl5Vp95cqZ3HJocyONvWHUgRQa2l54CTeZBaqYhGvWOxqcXz+AdcLoS9/PIFH0TotUcOqDdB6Xt7VGq9kagvwn0Yg00Aint3WM467huQLtuaTOdfYznxTUesEllNU4d5BR3qN30AlUUwUuKYaTlmQjKF2SGhuW9mSo/nYUJ/qir5iRY+8UVDlF/X3wDzY3nuHT/aQQOss9aP4TkeaSeEMGHyZdYYF72Q+EcivClITfU0u5D7WMpTBLe+BDsoZHbpSiulvEjJWdKCmKeJDMUtKIyrIaSov+VvSfXG01o93mztl24+BwVF8FraF1tIkitIcO0DE6RW3EUYqe0DN6wa/4Db/jj5+rE3jkWUVjwJ/foz2f7g==</latexit>}<latexit sha1_base64="kBVwEMcvhyt60hvUIFjOK85tkqQ=">AAACGHicZVBLSwMxGEzquz6rRy/BIngqXfF1LHrxIihaK7SLJNlvNTSPJckqZdlf4FUv/hpv4tWb/8a09mB1IGSYZDJfhmVSON9sfuHK1PTM7Nz8QnVxaXllda22fu1Mbjm0uZHG3jDqQAoNbS+8hJvMAlVMQof1T4bnnQewThh95QcZxIreaZEKTn2QLpLbtXqz0RyB/CfRmNTRGOe3NYx7ieG5Au25pM51jzIfF9R6wSWU1V7uIKO8T++gG6imClxcjAYtyXZQEpIaG5b2ZKT+dhRn+nKgmJET7xRUOUX9ffAPNzeZ4dOjuBA6yz1o/hOR5pJ4Q4b/JYmwwL0cBEK5FWFKwu+ppdyHViZSmKV98CFZwyM3SlGdFD3Gym4UF0VvmMxSUo/KshpKi/5W9J9c7zaig8b+xV69dTyubx5toi20gyJ0iFroFJ2jNuII0BN6Ri/4Fb/hd/zxc7WCx54NNAH8+Q22ep9v</latexit>

d

<latexit sha1_base64="KhjMZWimop0TB5F8E7Wmz199ArE=">AAACGXicZVBLSwMxGEx81vpq9eglWARPpSu+jqIXL4KvqtBdJEm/1dA8liSrlGX/gVe9+Gu8iVdP/hvT2oPVgZBhksl8GZZJ4Xyr9YUnJqemZ2Yrc9X5hcWl5Vp95cqZ3HJocyONvWHUgRQa2l54CTeZBaqYhGvWOxqcXz+AdcLoS9/PIFH0TotUcOqDdB6Xt7VGq9kagvwn0Yg00Aint3WM467huQLtuaTOdfYznxTUesEllNU4d5BR3qN30AlUUwUuKYaTlmQjKF2SGhuW9mSo/nYUJ/qir5iRY+8UVDlF/X3wDzY3nuHT/aQQOss9aP4TkeaSeEMGHyZdYYF72Q+EcivClITfU0u5D7WMpTBLe+BDsoZHbpSiulvEjJWdKCmKeJDMUtKIyrIaSov+VvSfXG01o93mztl24+BwVF8FraF1tIkitIcO0DE6RW3EUYqe0DN6wa/4Db/jj5+rE3jkWUVjwJ/foz2f7g==</latexit>}<latexit sha1_base64="kBVwEMcvhyt60hvUIFjOK85tkqQ=">AAACGHicZVBLSwMxGEzquz6rRy/BIngqXfF1LHrxIihaK7SLJNlvNTSPJckqZdlf4FUv/hpv4tWb/8a09mB1IGSYZDJfhmVSON9sfuHK1PTM7Nz8QnVxaXllda22fu1Mbjm0uZHG3jDqQAoNbS+8hJvMAlVMQof1T4bnnQewThh95QcZxIreaZEKTn2QLpLbtXqz0RyB/CfRmNTRGOe3NYx7ieG5Au25pM51jzIfF9R6wSWU1V7uIKO8T++gG6imClxcjAYtyXZQEpIaG5b2ZKT+dhRn+nKgmJET7xRUOUX9ffAPNzeZ4dOjuBA6yz1o/hOR5pJ4Q4b/JYmwwL0cBEK5FWFKwu+ppdyHViZSmKV98CFZwyM3SlGdFD3Gym4UF0VvmMxSUo/KshpKi/5W9J9c7zaig8b+xV69dTyubx5toi20gyJ0iFroFJ2jNuII0BN6Ri/4Fb/hd/zxc7WCx54NNAH8+Q22ep9v</latexit>
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(a)

Figure 12.9: The correlator Transformer. (a) The overall flow starts from the 2D input data,
here illustrated by a snapshot with two channels. After cutting the input into patches, they are
linearly embedded to dimension d. The collection of d-dimensional vector tokens is denoted by
X1 (green box). Higher-order correlations are then generated in the Transformer encoder. To
analyze nth order correlations, n − 1 encoding steps are carried out. While the query remains
identical throughout all layers, keys (Kj) and values (Vj) are learned and computed in each layer,
shown in panel (b). In the jth layer, the attention then includes correlations up to order j + 1. By
multiplying with the value Vj, X j+1 is computed. PE denotes the absolute positional encoding.
Averaging the outputs results in the vector [X̄1, X̄2, . . . , X̄n], which is then used for classification.
Through a regularization path analysis, weights βℓ, ℓ = 1, . . . , n of the final layer give information
about which correlations are important for successful classification.

in Fig. 12.8, the snapshot is divided into patches and linearly embedded into vectors of dimension
d. This embedding corresponds to a linear transformation of the snapshot itself and can be
interpreted as a sum over individual pixels, i.e., first-order correlations. The main idea of the
subsequent steps is to generate maps of second, third, and higher-order correlations through a
tailored transformer encoder.

Initially, query and key matrices are applied to the embedded patches, denoted as X1. By
incorporating positional embeddings (see Ref. [12] for details), a second-order attention map X2

is constructed. This map represents a superposition of second-order terms, weighted accord-
ing to the learned key, query, and embedding matrices. Feeding X2 and X1 into the encoder
produces a third-order attention map X3, and this process can be iterated to generate higher-
order maps. The resulting maps Xj are then averaged, and a simple linear regression network
performs classification. Similar to the CCNN network, a regularization path analysis distills
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the most important correlations that the network uses for its decision-making. Importantly, the
attention maps provide insights into the explicit correlations utilized by the network.

The network reveals two types of contributions: intra-patch correlations, which arise from
correlations within individual patches of the snapshot, and inter-patch correlations, correspond-
ing to correlations between different patches. While the former highlights significant local infor-
mation in the data, the latter enables the detection of long-range dependencies in the snapshots.

As detailed in Ref. [12], the CoTra architecture is capable of learning various phenomena, such
as local AFM order, global gauge constraints in lattice gauge theories, and non-local structures
like the formation of Cooper pairs in momentum snapshots or distinguishing percolating from
non-percolating images. Due to the direct interpretability of the network, different correlation
orders can be characterized and identified in an unsupervised manner.

12.4 Autoencoders

Techniques initially created for data compression have further developed into popular tools to
analyze data of quantum systems. As an example, autoencoders (AE) have been proposed as
an unsupervised way to study the occurrence of phase transitions of quantum many-body sys-
tems [448, 449]. Here, the network is exposed and trained to compress and reconstruct certain
physical features in a given parameter regime. When then showing the model data from a dif-
ferent phase, it fails to reconstruct the data and hence notices sudden changes of physical prop-
erties. In this context, autoencoders so far primarily focused on quantities like the entanglement
spectrum [448,449], which contains a large amount of information about the quantum state and
hence qualifies as a good candidate to study sudden changes in the many-body wave function
when passing a phase transition. However, the entanglement spectrum is quite a theoretical
object, which lacks experimental accessibility.

Here, we propose the use of an autoencoder architecture to directly analyze many-body snap-
shots. For a certain parameter configuration of an underlying Hamiltonian, snapshots X (follow-
ing the probability distribution P(X)) are fed into the network, see Fig. 12.10 (a). They are then
compressed, with the goal that during training the model learns an abstract representation of
the probability distribution within the dimensionally reduced latent space. When again being
upscaled to the original size, the model is trained such that reconstruction losses between the
original and output snapshots are minimal, see Fig. 12.10 (a).

12.4.1 The J1-J2 Heisenberg model

We here study the frustrated J1-J2 Heisenberg model, given by the Hamiltonian

Ĥ = J1 ∑
⟨i,j⟩

Ŝi · Ŝj + J2 ∑
⟨⟨i,j⟩⟩diag

Ŝi · Ŝj, (12.12)

where ⟨i, j⟩ (⟨⟨i, j⟩⟩diag) signals nearest neighbors (diagonal next-to-nearest neighbors) on the
square lattice. The model features antiferromagnetic (AFM) ordering for J2/J1 ≲ 0.41, a stripe
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AFM phase for J2/J1 ≳ 0.61, and a non-magnetic region in between, being a promising candidate
for a quantum spin liquid [252–257], see also Chap. 6.

We simulate a 4× 8 J1 − J2 Heisenberg system DMRG with periodic (open) boundaries along
x- and y- direction. In order to project to the z-spin basis, we implement a global spin U(1)
symmetry instead of utilizing the full SU(2) invariance of Eq. (12.12). We take uncorrelated
snapshots of the converged matrix product state via the perfect sampling approach in the z-
basis, {|↑⟩ , |↓⟩}. Hence, our snapshots consist of a single channel (one-hot-vectors) with values
0, 1 for |↓⟩ , |↑⟩, respectively.

We start by analyzing the snapshots using a fully connected autoencoder with two en- and
decoding stages, as depicted in Fig. 12.10 (a). In each encoding step, we reduce the number of
nodes by a factor of two, leading to a latent space dimension of DZ = DX/4. The goal of the
network is to be able to reconstruct the snapshots within the training region.

We further add a skip connections between symmetric layers with equivalent dimensions,
allowing for the efficient transfer of encoded information [449]. We train the model to minimize
the mean square error (MSE) between input and reconstructed snapshot, given by

Lrec = ∑
i
(Xi − Yi)

2. (12.13)

During training, the model learns to represent the distribution of snapshots in the training set in
a low-dimensional latent space in an abstract way. Ideally, it picks up which patterns and corre-
lations are important to accurately represent the data set in a low-dimensional space. Hence, if
these correlations appear in a previously unseen snapshot of the same distribution as the training
set, the network will be able to spot and reconstruct these features, leading to a high reconstruc-
tion quality. On the contrary, when input snapshots are sampled from a different distribution
in a different physical phase, the network will fail to reconstruct the key features of the input
data and hence suffer from large reconstruction errors.

The upper panel in Fig. 12.10 (a) shows the dense AE architecture, where (i) the data is flat-
tened, (ii) compressed via two fully connected layers to latent dimension Dz = 8, and (iii) sym-
metrically upscaled to the input dimension. The mean square error loss is then computed be-
tween the input and output snapshots and used as a base for an ADAM gradient descent. A typ-
ical loss progression is shown in Fig. 12.10 (b), where we train the model for J2/J1 = 0.05 . . . 0.2.

After 50 epochs, we stop training and evaluate the MSE for the each J2/J1, shown in
Fig. 12.10 (c). The anomaly loss is defined as the MSE offset by the mean error in the train-
ing region, and afterwards rescaled to a maximum of unity. When training in the AFM region
(J2/J1 = 0.05 . . . 0.2), the anomaly score stays almost constant up until J2/J1 ∼ 0.4, where a sharp
rise signals a transition to a different regime. After this sharp rise, between J2/J1 = 0.6 . . . 0.95
the loss is again relatively flat, suggesting that there are in total three distinct regimes in the con-
sidered parameter span. When instead training the model to reconstruct snapshots within the
stripe AFM phase, similar features of the loss curve can be observed.

We evaluate the order parameters of the AFM and stripe AFM phases using the MPS, given
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Figure 12.10: Anomaly detection using dense Autoencoders. (a) Network architecture of a plain
dense AE. The data is flattened, downscaled in two steps to latent dimension Dz = Dimage/4,
and upscaled in a symmetric fashion. To test the AE, we use 2,000 snapshots of a 4 × 8 frus-
trated J1 − J2 Heisenberg model on the square lattice. We use ReLu nonlinearities in down- and
upscaling layers, except for the last layer, where a sigmoid function results in an output ∈ [0, 1]
for each lattice site. We use pixel wise mean square error loss and measure the accuracy by how
many pixels are reconstructed accurately (with pixel = |↑⟩ , |↓⟩ if the output is > 0.5 and < 0.5,
respectively). (b) Loss progression during training. The black solid line shows averages over one
epoch, blue lines in the background show losses per mini-batch (of size 24). (c) Anomaly score
when training the network in regions J2/J1 = 0.05 . . . 0.2 (J2/J1 = 0.05 . . . 0.2) shown in blue
(green). The MSE loss normalized to the respective maximum of the loss, and the mean recon-
struction error of the training set is subtracted. Grey dashed lines show the order parameters
in the AFM and stripe AFM phases, given by S(π, π) and S(0, π), respectively. (d) The same as
in (c), with the reconstruction accuracy shown for the two different training regimes. The grey
dashed line is the reconstruction accuracy of random snapshots.

by the spin-structure factor

S(q) =
1

LxLy
∑
i,j

ei(i−j)q ⟨Ŝi · Ŝj⟩ (12.14)

at q = (π, π) for AFM, and q = (0, π) for stripe AFM order. The order parameters (normalized
by their maximum values) are shown by black dashed lines in Fig. 12.10 (c). We observe a qual-
itative, but also astoundingly well quantitative match, between the anomaly loss and the order
parameter of the system. When plotting the reconstruction accuracy (that is, the ratio of pixels
that are predicted correctly by the network after rounding the output to one-hot-vectors) instead
of the anomaly score, we see how the reconstruction accuracy reaches ∼ 90% in the training
regime, and drops to ∼ 70% in the correspondingly “opposite” phase. Similarly, when feeding
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Figure 12.11: Reconstruction of the AE. Performance of the AE when training and evaluating
it in the AFM and stripe AFM phases. For each case, we look specifically at the reconstruc-
tion of a snapshot for J2/J1 = 0.1, 0.9. During training, the network learns which patterns and
correlations are important when compressing the snapshot. Upon decoding, these patterns are
correctly reconstructed, whereas fluctuations from the corresponding patterns are blurry after
upscaling the compressed image. The autoencoder hence naturally acts as a highlighter of the
important patterns and correlations in a given phase.

random data into the network, a reconstruction accuracy of ∼ 70% is achieved8, underlined by
the black dashed line in Fig. 12.10 (d).

By choosing representative snapshots in both the AFM and stripe AFM regimes, we visualize
the network’s performance in Fig. 12.11 after training in both phases. Specifically, we show input
snapshots together with their corresponding output of the autoencoder after training in a specific
phase. When training the system with snapshots in the AFM phase, the autoencoder picks up the
checkerboard pattern characterizing the phase, and reconstructs to high accuracy all patches in
the original snapshot that follow the AFM alternating pattern. Fluctuations from the Néel state
result in blurry pixels in the reconstruction, i.e., the network is not able to predict the patches
governed by fluctuations. When showing the autoencoder snapshots of the stripe phase after
training in the AFM regime, it further fails to reconstruct the stripy magnetic pattern, and instead
only is able to capture the local AFM features in the snapshot.

The same holds when reversing the training, i.e., stripe features can be reconstructed when
training inside the stripe AFM regime, whereas the network is not able to compress AFM type
patterns for low J2/J1. The above discussion suggests that the autoencoder—while accurately
predicting qualitative changes in physical properties—can further be used to highlight patterns
and correlations that the encoder picks up as common and important features within the trained
regime.

The above results position the AE as a promising toolkit to analyze data of FH quantum gas
simulators, and can be used to act as a marking tool that highlights characterizing patterns in the
snpshots. Depending on the use case, a variety of adjustments to the AE come to mind: mak-
ing the AE variational allows for a regularization of latent space, which may give interpretable
insights into the network’s mechanism. Training the AE in an adversarial way may further en-

8This is due to skip connections, which transport some extend of information between the encoding and decoding
layers. Hence, random snapshots have a reconstruction accuracy of >50%.
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hance its capabilites, at the same time reducing the focus on the network to output the exact
same snapshot, but rather comparing two snapshots that come from the same or different distri-
butions. However, in the latter case, we have not found any significant performance differences
to the standard AE, and hence refrain from showing the results here.

12.5 Discussion

In the first part of this chapter, we proposed the co-CCNN scheme as an approach based on
interpretable neural networks to detect distinct regimes in quantum many-body snapshots.
Specifically, by utilizing correlation-based convolutions in conjunction with a confusion learn-
ing scheme, it is possible to identify parameter regions that exhibit significant differences, while
maintaining complete interpretability through correlation functions.

We have applied the method to snapshots of a 2D Heisenberg spin system, where the build
up of magnetic correlations as the temperature is decreased leads to the appearance of, e.g., pro-
nounced peaks of the specific heat and spin susceptibility. Using our method, we found that
the network categorizes the snapshots into two regimes T ≶ T′

max, whereby T′
max was found

to broadly match temperatures of maximal specific heat and susceptibility—thus capturing the
variation of thermodynamic properties. We found that the network bases its decision solely
on nearest neighbor correlations, which by itself have featureless, monotonic characteristics as
a function of temperature. However, we presented strong evidence that the network indirectly
accesses long-range, four-point correlations in the system by analyzing the full counting statistics
of nearest neighbor correlations. This enables the network to detect alternations of thermody-
namic quantities, such as the peak of the specific heat and suppression of spin susceptibility,
which directly include contributions from long-range correlations.

With even subtle alternations being detected by the network, this opens up insightful fu-
ture directions in interpretable quantum image processing. With regard to analog simulation
of strongly correlated systems with quantum gas microscopes, the presented method can be
directly applied to detect regions of differing phases, with immediate access to correlation func-
tions which are important to characterize the respective regimes. Concretely, in the FH model
our work suggests to directly look for the four-point spin correlator identified here, both as a
function of doping and as a function of temperature at finite doping.

We note that for our numerical experiments, which consist of data sets similar in size to
realistic quantum gas microscope experiments, the confusion learning scheme demands only
low computational resource. Nevertheless, for larger data sets, the retraining for all possible
decision boundaries can quickly become expensive, for which extended schemes as proposed
in [489] combined with interpretable CCNN architectures pose a possible extension of our work.

Building a bridge toward networks with intrinsic capabilities for capturing long-range de-
pendencies, in the second part of this chapter we demonstrated that training a standard vision
transformer using the confusion learning scheme further supports the categorization T ≶ T′

max.
To enhance the interpretability of the transformer network, we summarized the working princi-
ple of the Convolutional Transformer (CoTra), whose attention maps can be directly interpreted
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as physical correlations. With its successful classification performance and the corresponding
physical interpretation of lattice gauge theories and snapshots characterized by non-local corre-
lations, it will be insightful to test this architecture in more complex scenarios, including snap-
shots of the FH model. Regarding the geometric fractionalized Fermi liquid discussed in Chap. 7,
the CoTra model can be directly applied to uncover potentially existing hidden order structures.
In particular, the attention mechanism may enable the identification of the best matching strings
of holes that form domain walls of the background antiferromagnet.

In the last part of this chapter, we benchmarked an autoencoding architecture applied to
snapshots of the frustrated J1-J2 Heisenberg model. By learning to compress snapshots of vari-
ous phases, the AE naturally highlighted significant structures, which were successfully recon-
structed, while fluctuations away from these structures appeared as blur. This capability al-
lows the separation of patterns from fluctuations, providing interpretable physical features in
symmetry-broken phases.
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13
Beyond Fermi-Hubbard: Quantum annealing
with chaotic driver Hamiltonians

Summary. Quantum annealing is a computational approach designed to leverage quan-
tum fluctuations for solving large-scale classical optimization problems. Although in-
corporating standard transverse field terms in the annealing process can help navigate
sharp minima, the potential for achieving a scalable quantum advantage for general opti-
mization problems remains uncertain. In this chapter, we examine the effectiveness of in-
cluding chaotic quantum driver Hamiltonians in the annealing dynamics. Specifically, we
investigate driver Hamiltonians based on a bosonic spin version of the Sachdev-Ye-Kitaev
(SYK) model, which features a high degree of non-locality and non-commutativity. Fo-
cusing on MaxCut instances on regular graphs, we find that a considerable proportion of
SYK model instances demonstrate significant speedups, especially for challenging graph
configurations. Additionally, our analysis of time-to-solution scalings for the low auto-
correlation binary sequence (LABS) problem suggests that SYK-type fluctuations can out-
perform traditional transverse field annealing schedules in large-scale optimization tasks.
Lastly, we evaluate the gate complexity of simulating dynamics under (various forms) of
SYK-like Hamiltonians using digital schemes.

13.1 Introduction

In this thesis, we have provided a range of perspectives on the low-temperature physics of Fermi-
Hubbard models. In this final chapter, we will extend our discussion beyond models with local
interactions to consider highly non-local systems, such as the Sachdev-Ye-Kitaev model. While
its unique physical properties give rise to a plethora of exotic and intriguing phenomena, our
focus here will shift to a different perspective: exploring whether non-local, chaotic systems can
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aid in solving classical optimization problems within quantum annealing setups.
This chapter is based on the results of an independent collaboration with Subir Sachdev at

Harvard University. Special acknowledgments go to Subir for his hospitality during my stay and
for his continuous support beyond our collaboration. In particular, the content presented in this
chapter is to large parts based on the following preprint, partially with textual overlap:

[11] HS and S. Sachdev Quantum Annealing with chaotic driver Hamiltonians, arXiv
2409.20538 (2024)

We begin by providing an introduction to quantum annealing in Sec. 13.2. Next, we introduce
the Sachdev-Ye-Kitaev (SYK) model and its bosonic descendants in Sec. 13.3. In Sec. 13.4, we use
a simple toy model to illustrate how the terms appearing in the SYK model can be advantageous
for quantum annealing. Subsequently, we apply these ideas to challenging MaxCut optimiza-
tion problems in Sec. 13.5 and to the Low Autocorrelation Binary Sequence (LABS) problem in
Sec. 13.6. Finally, in Sec. 13.7, we discuss the gate complexity of digitally simulating the SYK
model (including fermionic, bosonic, and sparse variants) and provide an outlook on potential
future experiments.

13.2 Quantum Annealing

Physically-inspired annealing approaches aim to use fluctuations as a resource to solve classical
optimization problems with highly complex energy landscapes and many local minima. Histor-
ically, the concept of "simulated annealing" was proposed as a numerical tool to optimize a clas-
sical cost function with many independent parameters by performing Metropolis Monte Carlo
simulations of an Ising model (whose energy landscape maps to the classical cost function [490])
at finite temperature. Systematically lowering the temperature by an annealing schedule then
utilizes thermal fluctuations to escape local minima, ideally freezing the system in the ground
state [491].

Kadowaki and Nishimori proposed to replace thermal by quantum fluctuations [492], where
a time-dependent transverse field (TF), called the driver Hamiltonian, is added to the Ising
Hamiltonian that describes the optimization problem. Indeed, it has been established that quan-
tum annealing shows convergence to the optimal (ground) state with larger probability than
simulated annealing in a variety of cases if the same annealing schedule is used [492–500]. The
intuition for the enhanced performance is that quantum fluctuations allow for tunneling events
through particularly spiky peaks of the energy landscape [501, 502], which in contrast are not
possible when using classical simulated annealing.

The typical time-dependent Hamiltonian that evolves according to a specified annealing
schedule s(t) as a function of time t reads

ĤQA = sĤC + (1 − s)ĤD. (13.1)

Here, ĤC is the classical Ising Hamiltonian whose ground state corresponds to the solution of an
optimization problem, and ĤD is the driver Hamiltonian that, importantly, does not commute

https://arxiv.org/abs/2409.20538
https://arxiv.org/abs/2409.20538
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with ĤC. The annealing schedule s(t) for a given total annealing time T is chosen such that s(0) =
0 and s(T) = 1. Ideally, the time evolution is adiabatic, i.e. when starting in the ground state
of the driver Hamiltonian, the system stays in the instantaneous ground state of the system and
finally evolves into a state that has large overlap with the ground state of the target Hamiltonian.

Naturally, the performance of the quantum annealing algorithm depends on the minimum
(instantaneous) gap of the system during the evolution. In particular, according to the quan-
tum adiabatic theorem [503], the annealing time T relates to the minimum instantaneous energy
gap ∆ as T ∼ 1/∆2. Fully solving the time-dependent Schrödinger equation for Sherrington-
Kirkpatrick (SK) spin glasses and evaluating their performance for different annealing times
reveals strong correlations between instances of the SK model that are particularly hard to solve
(from now on called "hard instances") and their corresponding minimum instantaneous energy
gap [504].

Following the definition in [505], such a hard instance is characterized by a "diabatic bump",
where the success probability to end up in the ground state of the optimization Hamiltonian
features a local maximum at intermediate annealing times, before increasing towards unity in
the adiabatic regime T ∼ 1/∆2 (see also Ref. [504]). Intuitively, diabatic transitions that happen
at short annealing times partially deplete the ground state occupancy before the instantaneous
gap minimum, hence reducing the transition probability from the ground to the excited state
at the gap closing. In contrast, for longer annealing times (but shorter than needed to be in
the adiabatic regime), the ground state occupancy before the instantaneous gap minimum stays
constant, and transitions to the first excited states are highly probable when approaching the
minimum energy gap.

Recent technological advances in designing and engineering special purpose quantum an-
nealing machines has sparked additional interest in quantum annealing, with the ultimate goal
of building a scalable quantum device that implements coherent and adiabatic time evolution
for Hamiltonians with flexible interactions [506]. With major efforts invested in superconduct-
ing qubit devices [502,507–512], neutral atom [513,514] and trapped ion [515,516] annealers are
promising alternative architectures offering several advantages, including long coherence times
and all-to-all connectivities.

The transverse field driver ĤX = ∑i σ̂x
i (with σ̂x

i the Pauli-x matrix on site i) constitutes the
Hermitian complete combination of operators that couple all binary sequences of the classical
problem, and has established as the paradigmatic choice both in theoretical and experimental
considerations [506]. However, a transverse field only couples states with Hamming distance
dH = 1, i.e., application of the driver results in a superposition of single spin flips for a given
product state. This, in turn, opens the question whether driver Hamiltonians that include (non-
local) multi-point interactions of degree > 1 may help to escape local minima and anneal to the
ground state more efficiently in complicated optimization landscapes.

Moreover, the transverse field is a "stoquastic" Hamiltonian, which results in all path in-
tegral configurations to have real and positive weight, ultimately rendering the system sign-
problem free [517]. Hence, properties of the annealing Hamiltonian can be efficiently calcu-
lated using classical techniques. Though Monte Carlo is designed to simulate the equilibrium



274 13. Beyond Fermi-Hubbard: Quantum annealing with chaotic driver Hamiltonians

Boltzmann distribution (and hence only equilibrium properties can be directly computed), it
has been shown that it can capture features of quantum dynamics and hence of the annealing
process [502,518,519]. Indeed, identical scalings of computational time with system size for gen-
uine and Monte Carlo simulated quantum annealing have been reported [502,518,519]. This may
suggest that if an instance of a problem is particularly hard to solve using classical Monte Carlo
methods, it is also hard to solve using quantum annealing with a TF driver. Utilizing driver
Hamiltonians that can not be efficiently simulated classically may hence enable performance
enhancements in particular for hard instances [520].

The effects of using non-stoquastic annealing schedules have been numerically analyzed in
Refs. [521, 522]. Hormozi et al. demonstrated that adding non-stoquastic terms to the driver
Hamiltonian can enhance the performance of hard instances by promoting diabatic transitions
at short annealing times (i.e. away from the adiabatic regime) [522]. Crosson et al. reported
similar findings, demonstrating that non-stoquastic terms do enhance the success rate, although
not significantly more than the addition of stoquastic terms [521]. Furthermore, it was shown
that by including non-stoquastic drivers that add antiferromagnetic quantum fluctuations to the
annealing schedule, first order phase transitions can be reduced to be of second order for specific
problems [523–526], enhancing the time to solution from scaling exponentially to polynomially
with system size. From a different perspective, it has been demonstrated that tailored (gener-
ally non-stoquastic) Hamiltonians can be used to solve optimization problems with additional
constraints, whereby the driver Hamiltonian is to be constructed such that it commutes with the
constraint operators [527, 528].

While progress has been made in understanding the effect of certain additional terms in the
driver Hamiltonian, analyzing which type of fluctuations leads to the best performance for gen-
eral optimization problems remains an open question. Following intuitive reasoning one may
argue that the inclusion of non-local terms that couple states with larger Hamming distance
dH > 1 can allow for a more efficient exploration of the optimization landscape, hence lead-
ing to a computational advantage compared to the regular transverse field. This is in particular
motivated by recent progress in neutral atom and trapped ion setups, which allow for the im-
plementation of long-range interactions [529, 530]. Additional quantum fluctuations by making
the driver Hamiltonian itself quantum may further enhance the annealing performance. This
motivates us to study optimization performances when implementing Sachdev-Ye-Kitaev-type
fluctuations into the annealing schedule, whose nature are highly chaotic. We demonstrate that
drastic computational enhancements can be achieved for general hard optimization problems.

13.3 The (bosonic) SYK model

Before analyzing the performance of quantum annealing with SYK-like driver Hamiltonians,
let us give a brief introduction to the SYK model itself. The SYK model is a strongly corre-
lated quantum many-body system that features highly entangled, non-Fermi liquid low-energy
states [531, 532] . It is chaotic, nearly conformally invariant, and exactly solvable in the thermo-
dynamic limit. Specifically, the SYK model constitutes a concrete model Hamiltonian that fea-



13.3 The (bosonic) SYK model 275

tures many-body quantum chaos, which is characterized by fast scrambling of quantum informa-
tion [533–535] that saturates universal bounds (formalized by the Lyapunov exponent) [536,537].

On the one hand, these special features allowed for valuable insights into the behavior of
non-Fermi liquid phases in solid state materials, e.g. strange metals [538]. On the other hand,
the SYK model is a non-relativistic, non-supersymmetric model that has been conjectured to
be holographically dual to charged black holes with 2D anti-de Sitter (AdS2) horizons [539],
making it a promising candidate to gain a consistent ultraviolet completion of classical gravity. In
particular, simulating the system for a large but finite number of particles, which is not tractable
with current classical numerical techniques, may give insights into (1/N) quantum corrections
of gravity due to the effect of loops of strings [540, 541].

The particle-hole symmetric Majorana formulation of the SYK model with q-local interac-
tions reads

ĤSYK = ∑
i1<···<iq

Ji1 ...iq χ̂i1 . . . χ̂iq . (13.2)

Here, χ̂i are N (hermitian) Majorana operators and Ji1...iq are independent Gaussian random vari-
ables with zero mean and variance

Var[Ji1...i4 ] =
(q − 1)!

Nq−1 . (13.3)

The latter ensures that the bandwidth of the model is of order unity for all N.

Due to its broad applications, there has been increasing interest in performing digital quan-
tum simulations of the SYK model on Noisy Intermediate-Scale Quantum (NISQ) processors,
which are, however, heavily limited by their gate error rates and coherence times. Nevertheless,
there have been recent attempts to simulate dynamics under (variants of) the SYK Hamiltonian
for small system sizes [542–544], with up to N = 8 Majorana fermions. To this end, the SYK
Hamiltonian Eq. (13.2) can be mapped to spin models that are implementable on quantum com-
puters through the Jordan-Wigner [545] or other non-local (e.g. the Bravyi-Kitaev [546] ) trans-
formations. For instance, for the former, N Majorana operators can be represented by Ns = N/2
spin-1/2 operators through

χ̂2k−1 ∝

k−1⊗
j=1

σ̂z
j

⊗ σ̂x
k ⊗ 1

⊗(N−2k)/2,

χ̂2k ∝

k−1⊗
j=1

σ̂z
j

⊗ σ̂
y
k ⊗ 1

⊗(N−2k)/2.

(13.4)

However, due to the overhead of encoding fermionic degrees of freedom in bosonic qubit sys-
tems, studying bosonic versions1 of the SYK model has been discussed as a promising avenue
simulate chaotic models with quantum computers [547, 548]. Following Refs. [549–551], we de-

1By bosonic we specifically mean that the system’s Hilbert space has a tensor product structure whereby operators
from different sites commute.
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fine the bosonic SYK model with q-local all-to-all interactions (from now on denoted by bSYKq)2,

ĤbSYKq = ∑
i1<···<iq

∑
α1,...,αq

Jα1 ...αq
i1 ...iq

σ̂α1
i1

. . . σ̂
αq
iq

. (13.5)

Here, αi = x, y, z; Jα1...αq
i1...iq

are again (real) random Gaussian variables with vanishing mean and
variance

Var[Jα1 ...αq
i1 ...iq

] =
(q − 1)!

Nq−1 . (13.6)

It has been shown that many of the defining features of the SYK model, such as power law
correlation functions and an extensive low-temperature entropy, are present also in the above
bosonic formulation [548]. Furthermore, at large q, the bSYKq model features the same four-point
functions as those of the SYKq Hamiltonian, leading to maximal chaos at low temperature [548].
This makes it an attractive candidate to study emergent gravitational descriptions and quantum
chaos using quantum computers, primarily because it removes the issue of non-local operators
when mapping fermionic degrees of freedom to spins. We will come back and address the gate
complexity of simulating various forms of SYK-type models in Sec. 13.7.

With implementations of (variants of) the SYK model becoming more realistic, in the main
part of this chapter we ask the following question: Can the chaotic and fast scrambling nature
of the system enhance quantum annealing approaches to solve classical optimization problems?
Building on the intuition above, non-locality combined with a high degree of non-commutativity
of the SYK model may lead to higher probabilities to escape local minima and find the global
minimum of the energy landscape. In Sec 13.4, we present a simple two-qubit energy landscape
that illustrates the advantage of the above on an intuitive basis.

In the following, we will focus on two ways of including SYK-type driver Hamiltonians into
the annealing schedule:

1. First, we study an annealing process where we start in the ground state of the bosonic SYK
model, which is then annealed to the classical optimization Hamiltonian, i.e.,

Ĥ(1)
QA = sĤC + (1 − s)ĤbSYKq , (S1)

with linear ramp s(t) = t/T. We note that the ground state preparation of ĤbSYKq is exper-
imentally challenging. However, including the chaotic driver in various ways allows us to
compare different settings of adding non-local fluctuations to the annealing process.

2. Second, we study the performance when adding SYK-type fluctuations on top of the TF
schedule,

Ĥ(2)
QA = sĤC+(1 − s)ĤX

+ 4s(1 − s)ĤbSYKq .
(S2)

In particular, here the system starts in the product state of the transverse field at s = 0.
2We note that a variety of bosonic versions of the SYK model have been proposed, including a two-component

spin model [547]. However, we expect that our results largely don’t depend on the details of the spin model; see also
the discussion in Ref. [548]
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Fluctuations of the SYK-type model are then added to the Hamiltonian (where the corre-
sponding strengths of the TF and SYK model are equal at s = 1/2), ending at the classical
Ising Hamiltonian at s = 1 (see also Refs. [521,522]). This approach is specifically motivated
by the design of hardware annealers, where the system is initialized in a product state and
then evolves dynamically under a time-dependent Hamiltonian, which can potentially be
engineered to include more terms beyond the transverse field.

Both schedules (S1) and (S2) are compared to the standard TF annealing approach,

ĤX
QA = sĤC + (1 − s)ĤX. (TF)

Specifically, we test the performance of SYK-type drivers for two classical optimization problems:
In Section 13.5, we look at MaxCut problems on random d-regular graphs, which can be mapped
to an Ising model with 2-body interactions on the respective graphs. We demonstrate that for
hard optimization problems, the SYK driver has a finite probability of performing significantly
better than the TF driver. In Section 13.6, we look at the Low Autocorrelation Binary Sequence
(LABS) problem, which aims to find a sequence of binary numbers with minimal autocorrela-
tions. In this case, the classical optimization problem can be encoded in an Ising Hamiltonian
that consists of non-local 4-body terms. All classical (exact and heuristic) algorithms known scale
exponentially with system size for LABS. By solving the time-dependent Schrödinger equation
for small system sizes, our results suggest that using chaotic drivers may lead to a scaling ad-
vantage compared to conventional annealing schedules.

13.4 Toy model

We start by constructing a simple energy landscape example that illustrates the advantage of
(i) non-localilty and (ii) additional quantum fluctuations. To illustrate how non-local interac-
tions can enhance the performance of quantum annealing, consider a system of two qubits and
a classical energy landscape described by the Hamiltonian

ĤC = −∆σ̂z
1 σ̂z

2 + δ(σ̂z
1 + σ̂z

2), (13.7)

with σ̂z
i the Pauli-z matrix on site i. For ∆/δ ≫ 1, the energy landscape consists of sharp peaks

for states |↑↓⟩ and |↓↑⟩, while |↓↓⟩ is the ground state with a gap of 4δ to the first excited state
|↑↑⟩ (see Fig. 13.1 (a)). The transverse field ground state, |++⟩ = 1

2 (|↑↑⟩+ |↓↓⟩+ |↑↓⟩+ |↓↑⟩),
has an equal weight on all four basis states. When using solely the transverse field driver (which
connects states with Hamming distance dH = 1), dynamically shifting the weight to the ground
state requires to pass through the spiky peaks. On the other hand, when additionally allowing
fluctuations of the form σ̂x

1 σ̂x
2 , a direct connection between the two low-lying states |↑↑⟩ and |↓↓⟩

exists, which can help to find the ground state faster.
We first focus on the following annealing path akin to schedule (S2),

ĤQA = sĤC + (1 − s)ĤX ± 4s(1 − s)σ̂x
1 σ̂x

2 , (13.8)
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Figure 13.1: 2-qubit toy model. (a) Energy landscape of Hamiltonian Eq. (13.7) for ∆/δ ≫ 1.
Relative to the ground state |↓↓⟩, states with Hamming distance dH = 1 are largely gapped
out, while a small splitting to |↑↑⟩ exists. (b) Ground state population after annealing schedule
Eq. (13.8) when including only the TF driver (blue circles), and when addition additional terms
±XX (yellow diamonds and orange squares, respectively). Purple triangles show results for
a particular instance of the bSYK2 model. (c) The same as (b) for the first excited state. (d)
Instantaneous eigenspectrum showing the gap to the first excited state, E1 − E0, for the different
annealing scenarios. While the −XX driver gaps out the spectrum, a gap closing exists for +XX.

where we choose additional drivers ±σ̂x
1 σ̂x

2 . The above schedule starts in the ground state of the
TF Hamiltonian; additional 2-point interactions are then added smoothly to the Hamiltonian.
At s = 1/2, the strength of both the TF and ±σ̂x

1 σ̂x
2 terms are equal. At s = 1, the Hamiltonian

corresponds to the classical model Eq. (13.7). We solve the time-dependent Schrödinger equa-
tion governed by Eq. (13.8) of two spins with ∆ = 103, δ = 10−1, and annealing time T (with
parameterization s = t/T).

The ground state (first excited state) population after the schedule with annealing time T for
the different paths is shown in Fig. 13.1 (a) (Fig. 13.1 (b)). Without additional driver Hamiltonians
(i.e. a schedule given by Eq. (13.1)), the population of both |↑↑⟩ and |↓↓⟩ slowly rise simultane-
ously, before splitting at larger annealing times and reaching the adiabatic regime at times of
the order of T = O(100) (blue dots in Figs. 13.1 (a) and (b)). This is corroborated in the instan-
taneous eigenspectrum as a function of annealing parameter s, shown in Fig. 13.1 (d). A small
instantaneous energy gap ∆X ∼ 0.04 leads to long annealing times where the process is adia-
batic, i.e. TX ≳ 600. In contrast, when adding the additional driver −σ̂x

1 σ̂x
2 , the energy gap of the

instantaneous eigenspectrum is significantly opened (∆−XX ∼ 0.25), leading to a faster entrance
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Figure 13.2: 2-qubit toy model. (a) Ground state and excited state populations after the anneal-
ing schedule using Eq. (13.10). The initial state has weight only on the two low-energy states,
which are directly coupled by the driver Hamiltonian. We note that in this case, using both signs
(±σ̂x

1 σ̂x
2 ) in the annealing schedule leads to identical results. (b) Instantaneous eigenspectrum.

While the state at s = 0 is two-fold degenerate, the spectrum features a large energy gap for any
0 < s ≤ 1.

into the adiabatic regime for T−XX ∼ O(10) (orange squares in Fig. 13.1 (b)). We note that the
annealing performance of the additional driver strongly depends on its sign: For ĤD = +σ̂x

1 σ̂x
2 ,

a gap closing emerges at s ∼ 0.02, leading to a large population of the first excited state instead
(while the ground state population depletes)—see the yellow diamonds in Fig. 13.1 (c).

The sign of the interactions are seen to play an important role in the above example. In a more
general setting, adding additional terms to the driver with randomly assigned weights may lead
to further quantum interferences that result in a faster convergence to the ground state. For the
simple 2-qubit landscape, we replace the σ̂x

1 σ̂x
2 term by

∑
α1,α2

Jα1,α2 σ̂α1
1 σ̂α2

2 , (13.9)

which precisely corresponds to the bosonic SYK Hamiltonian Eq. (13.5) for q = 2 and N = 2
spins. Indeed, for a subset of randomly drawn prefactors, the annealing performance can be
further enhanced, as illustrated in Fig. 13.1 (purple data). The (bosonic) SYK model with its
random combination of q-body spin interaction terms thus emerges as a natural candidate to
study in quantum annealing protocols.

Lastly, we look at performances when annealing schedule (S1),

ĤQA = sĤC ± (1 − s)σ̂x
1 σ̂x

2 . (13.10)

Here, we start in the ground state of the Hamiltonian ±σ̂x
1 σ̂x

2 and linearly anneal to the classical
Hamiltonian. We note that the ground state of ±σ̂x

1 σ̂x
2 is two-fold degenerate. In the following,

we choose as initial states |↑↑⟩ ± |↓↓⟩. Annealing performances for varying T are shown in
Fig. 13.2 (a).

Due to the structure of the initial state, the ground state population at t = 0 has a large over-
lap with the target state of 50%. The driver Hamiltonian then directly couples the two populated
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states, leading to a fast annealing to the ground state. This is corroborated in Fig. 13.2 (b), which
shows that the spectrum (apart from the degeneracy at t = 0) is fully gapped out throughout the
annealing schedule. We note that in the above example, a combination of large overlap of the
initial state with the target state together with the introduced coupling constitutes a highly ideal-
ized scenario for quantum annealing. Nevertheless, it underlines and motivates our perspective
that non-local terms can help to navigate through spiky energy landscapes.

13.5 MaxCut

Our first test case is the MaxCut optimization problem, where one aims to maximize the number
of weighted edges (given by the set E = {(⟨i, j⟩ , wij)}) in a graph that are "cut" by a given
partition of the vertices (V = 1, 2, . . . , N) into two sets. For a given graph with edges E and
vertices V, the problem can be mapped to finding the ground state ĤMC |Ψ0⟩ = EGS |Ψ0⟩ of the
following Ising Hamiltonian,

ĤMC = ∑
⟨i,j⟩

wijσ̂
z
i σ̂z

j . (13.11)

Here, σ̂z
i is the z-component of the spin-1/2 Pauli operator. While finding exact solutions for

general graphs is exponentially hard with increasing system size N, many heuristic algorithms
have been proposed. Here, one aims to design an algorithm that finds a bit string z with energy
E(z) such that

E(z)/EGS ≥ r∗. (13.12)

Indeed, it has been rigorously shown that beyond a certain approximation ratio r∗, MaxCut is
NP-hard [552]. The currently best known algorithm is the one by Goemans and Williamson,
with r∗ ≈ 0.88 [553]. When restricting the edges of the graph to be bimodal, this bound is
raised to r∗ ≈ 0.93 [554]. Farhi, Goldstone, and Gutman showed that the quantum approximate
algorithm (QAOA) has a guaranteed minimum approximation ratio of r∗ ≳ 0.69, and can in
principle reach r∗ = 1 for infinite depth [555]. Similarly, r∗ → 1 for the quantum annealing
approach at infinite annealing times, which makes MaxCut a promising testing ground for a
potential quantum advantage [556].

Here, we focus on the performance of quantum annealing when using both the paradigmatic
transverse field driver Hamiltonian as well as bSYKq drivers with schedules (S1) and (S2). We
shall restrict our considerations to hard instances of the MaxCut problem on d-regular graphs,
where every vertex is connected to d other vertices; specifically, we choose d = 3.

For a given graph size N = 14, we draw Ng = 3050 random instances, where the weights
wij are randomly chosen from a uniform distribution ∈ [0, 1]. To isolate the hard instances, we
calculate the instantaneous eigenspectrum of the annealing schedule using the TF driver (TF)
as a function of annealing parameter s and extract the minimum instantaneous energy gap ∆.
The resulting distribution of ∆ is shown in Fig. 13.3 (a). While most graph instances have an
instantaneous gap ∆ > 10−2, we isolate those configurations with ∆ < 10−2. As an example, we
show the instantaneous eigenspectrum decomposition for one random graph in Fig. 13.3 (b). The
minimum instantaneous gap is ∆ ≈ 2 · 10−3, which appears at s ≈ 0.85. The corresponding value
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Figure 13.3: MaxCut with transverse field driver. (a) Distribution of minimum instantaneous
energy gaps ∆ during adiabatic evolution under annealing schedule (TF) for Ng = 3050 random
instances of 3-regular MaxCut graphs with N = 14 vertices. (b) The instantaneous eigenspec-
trum (relative to the ground state energy) as a function of annealing parameter s for a single
hard graph instance. The corresponding minimum instantaneous energy gap of ∆ ≈ 2 · 10−3 at
s ≈ 0.85 is indicated by the black dashed line in the distribution of ∆ in (a). (c) Decomposition
of the dynamically evolved state with annealing time T into the eigenstates of the MaxCut Ising
Hamiltonian. Hard instances are characterized by a diabatic bump of the ground state weight at
small times. At times T ≳ ∆−2, the ground state weight approaches unity exponentially (adia-
batic regime, indicated by the black solid line).

of ∆ of the shown graph is underlined by the black dashed line in the distribution in Fig. 13.3 (a).
For all graph instances with small instantaneous gaps ∆ < 10−2, we calculate the annealing

performance for varying annealing time T. We note that the Hamiltonian (TF) commutes with
the parity operator P̂ = ∑i σ̂x, which we conserve during our simulations. For the random seed
presented in Fig. 13.3 (b), annealing results are shown for 10 ≤ T ≤ 106 in Fig. 13.3 (c).

A typical hard instance is characterized by a diabatic bump for short annealing times T,
where diabatic transitions during the annealing sweep lead to enhanced ground state popula-
tions by the end of the protocol. For times T > ∆−2, the annealing schedule reaches the adiabatic
regime, whereby the ground state population exponentially approaches unity (indicated by the
black solid line in Fig. 13.3 (c)). These observations are in line with previous definitions of hard
instances of MaxCut problems, see e.g. [504, 505].

For hard instances, we now compare the annealing performance of the TF driver to sched-
ules (S1) and (S2) that include the bosonic SYK model in the driver Hamiltonian. In contrast to
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Figure 13.4: TF vs. bSYK drivers with annealing schedule (S1). (a) The ratio of bSYK4 in-
stances that lie within the considered numerical annealing time window and that show better
performance compared to the TF driver. (b) T∗

bSYK4
for the successful instances (grey dots) in

comparison to T∗
X when using the TF driver. Mean values of T∗ for the bSYK4 driver are shown

with blue diamonds; the shaded blue region illustrates the error to the mean. The dashed line
is a guide to the eye signaling T∗

X = T∗
bSYK4

, and the beige region corresponds to the range we
consider numerically, i.e., T∗

bSYK4
≤ 2 · 104. (c) Annealing performance for a particularly hard

instance using the TF model. Around the longest considered annealing times, the ground state
population is barely entering the adiabatic regime. (d) An exemplary successful bSYK4 instance
showing significant enhancement of the annealing performance for the same MaxCut problem
as considered in (c). As parity is not conserved for the bSYK driver, the shown ground state pop-
ulation in (d) corresponds to the sum over both minimal energy parities of the classical MaxCut
Hamiltonian; in (c), only one parity sector is shown.

the TF schedule (TF), we need to solve the time-dependent Schrödinger equation for varying
annealing times T in the full Hilbert space of N spins, as no symmetries can be exploited for the
SYK model; furthermore, the matrices are dense, such that methods for sparse Hamiltonians
can’t be used. Therefore, in the following we focus on six representative hard graph instances,
and analyze the annealing performance for NbSYKq = 12 SYK realizations for annealing times
10 ≤ T ≤ 2 · 104. In particular, we use Runge-Kutta and exact diagonalization methods avail-
able in the QuSpin package [557, 558].

As a metric to compare the annealing performance of the TF and bSYK driver, we extract the
time T for which the ground state population reaches a value pGS(T∗) = 0.9 after the diabatic
bump. We note that this is in contrast to e.g. Ref. [522], where a short fixed annealing time of T =

100 was chosen for all graph instances. In particular, our metric relies entirely on adiabadicity of
the annealing schedule, i.e., enhanced success probabilities due to promoted diabatic transitions
before the gap closing are excluded.

Annealing schedule (S1). We start by analyzing the case where the initial state of the annealing
schedule is the ground state of the bSYKq model, i.e., the Hamiltonian as a function of annealing
parameter s is Ĥ(1)

QA = sĤMC + (1 − s)ĤbSYKq . We denote the bSYK4 realizations which result
in a T∗

bSYK4
that is lower than T∗

X and below our numerical time evolution threshold of 2 · 104 as
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successful instances. For q = 4, the fraction of successful instances is shown in Fig. 13.4 (a) as
a function of T∗

X for various hard graph instances. For graphs with solution times T∗
X ≲ 106,

success ratios are relatively constant and range between ∼ 55− 65%. For the hardest considered
instance, the success ratio is found to be considerably lower, with ∼ 35% of the bSYK realizations
leading to faster annealing.

For the successful instances, times T∗
bSYK4

are compared to corresponding times T∗
X when

using the TF driver in Fig. 13.4 (b). Grey crosses show results for various bSYK4 driver re-
alizations, blue dots show the mean over the successful instances. The black dashed line
shows where T∗

bSYK4
= T∗

X, and the beige shading displays our numerically considered range
of T∗

bSYK4
≤ 2 · 104. Indeed, successful instances are seen to result in solution times that stay ap-

proximately constant of the order T̄∗
bSYK4

∼ O(103), independent on the solution time T∗
X when

using the TF driver.

This is corroborated in Fig. 13.4 (c), which shows the eigenstate populations of the MaxCut
problem for varying T for a particularly hard instance using the TF driver. Around the largest
considered annealing times, the TF driver barely starts to gain a visible ground state popula-
tion. In stark contrast, for the bSYK4 driver, the optimal solution is found with high probability
p(T∗) = 0.9 already for T∗

bSYK4
≈ 2 · 103 (Fig. 13.4 (d)). We crudely extrapolate T∗

X to be 1010 for
the shown example, which corresponds to the outer right data point in Fig. 13.4 (b). The exact
time T∗

X is, however, only of secondary importance, the takeaway being that if an instance of
the bSYK model is successful, it allows to reach large ground state probabilities on significantly
shorter time scales. However, we note that smaller success ratios are observed for the hardest
considered optimization problem (though the small sample size of SYK instances lead to only
coarse resolutions).

The behavior of T∗
bSYK4

as a function of T∗
X suggests that a critical level of graph difficulty exists

where the bSYK driver starts to outperform the mere use of TF fluctuations. For the considered
3-regular MaxCut problem with N = 14 vertices, we read off an approximate threshold of T∗

X ∼
103, see Fig. 13.4 (b). This aligns with the intuition given above: For comparably easy instances
with large gaps, the transverse field efficiently navigates through the optimization landscape and
quickly finds optimal solutions. However, for hard instances with complex energy landscapes,
the non-local nature of the SYK model offers an advantage over the TF, whereby it can find the
global minimum more efficiently.

The enhanced adiabatic performance when using the SYK-type driver suggests that the gap
of the instantaneous eigenspectrum is widened (see also the simple toy model we presented
in Sec 13.4). Fig. 13.5 (a) and (b) show the instantaneous eigenspectrum of the annealing sched-
ule (S1) for two different random instances of the bSYK driver for the hardest considered MaxCut
graph, cf. Fig. 13.4. As the bosonic SYK Hamiltonian does not commute with P̂ = ∑i σ̂x

i , it can
couple states of different parities P̂. This is in contrast to the TF driver, which preserves the par-
ity during time evolution. Hence, in our numerical time evolution, the final states at s = 1 are
two-fold degenerate in the case of the bSYK driver, as seen in Fig. 13.5 (a) and (b). Correspond-
ingly, by the end of the annealing schedule, the ground state population corresponds to the sum
over the degenerate ground state subspace.
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Figure 13.5: Instantaneous spectra and minimum gaps for annealing schedule (S1). (a) and
(b) show the instantaneous eigenspectrum of (S1) as a function of annealing parameter s for
two random bSYK4 instances. In (a), a series of avoided crossings (indicated by the left and
center arrow) as well as a small instantaneous gap ∆bSYKq = E2 − EGS (right arrow) can lead
to a depletion of the ground state population. (b) shows the same random bSYK4 instance as in
Fig. 13.4 (d), where a wide gap opening of the instantaneous spectrum leads to an ideal annealing
performance. The classical gap of the MaxCut optimization problem at s = 1 is indicated by the
green arrow. (c) Comparison of the minimum instantaneous energy gaps when using the TF and
bSYK4 driver. Grey crosses show individual instances of the SYK-type driver, solid diamonds
show corresponding mean values. Green crosses indicate the classical gaps at s = 1, which
is an upper bound for the instantaneous gap ∆bSYK4 . Due to different conserved symmetries,
∆bSYK4 = E2 − EGS, while ∆X = E1 − EGS (see main text). In almost all cases, instantaneous gaps
are significantly opened.

The ground state population can thus be depleted via two main mechanisms: (i) The gap
between the ground and second excited state closes, as seen exemplary at the right arrow in
Fig. 13.5 (a). (ii) The appearance of a series of avoided crossings between the ground, first and
second excited state, see the left and center arrow in Fig. 13.5 (a). However, we find that in many
driver realizations, neither of the above appear and instantaneous gaps are significantly opened.
Fig. 13.5 (b) shows the spectrum for the bSYK driver realization presented in Fig. 13.4 (d). Indeed,
there is no avoided crossing of the ground and first excited state and a large instantaneous gap
is present throughout the whole range of 0 ≤ s ≤ 1. The minimum instantaneous energy gap
appears at s = 1, i.e., it is determined by the classical gap of the MaxCut spectrum itself (see the
green arrow in Fig. 13.5 (b)). This, in turn, leads to an ideal annealing performance presented in
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Fig. 13.4 (d).
In Fig. 13.5 (c), we compare the minimum instantaneous energy gaps ∆bSYKq = mins(E2 −

EGS) when using schedule (S1) to ∆X = mins(E1 − EGS) when using the TF driver (TF), for nine
hard instances and 50 bSYK realizations each. We see that for almost all instances of the SYK
model, the minimum instantaneous energy gap is indeed significantly widened. Mean values
are shown by blue diamonds, which, in line with calculations of T∗ in Fig. 13.4 (b), stay almost
constant independent of ∆X. Corresponding classical gaps of the MaxCut problems (i.e. the
instantaneous gap at s = 1) are shown by green crosses, which is an upper bound of ∆bSYKq that
indeed is saturated for a finite number of bSYK4 driver instances. Nevertheless, we again note
that a series of avoided crossings can lead to a depletion of the ground state population, even
for large minimum instantaneous gaps ∆bSYKq . As a result, this leads to lower fractions of bSYK
instances to be successful in our annealing simulations in Fig. 13.4.

Annealing schedule (S2). Experimental preparation of the bSYKq ground state with high fi-
delity is a very challenging task. Furthermore, the low-energy level spacings of the SYK model
become exponentially small for large N, rendering annealing schedules following Eq. (S1) unre-
alistic for large-scale optimization problems with N ≫ 1. Therefore, we now analyze annealing
schedule (S2), i.e., we implement time evolution under the Hamiltonian Ĥ(2)

QA = sĤMC + (1 −
s)ĤTF + 4s(1 − s)ĤbSYKq with s(t) = t/T.

Fig. 13.6 shows our numerical results for the same hard MaxCut graphs as in Fig 13.4, with
NbSYKq = 24 driver instances each. For q = 4, T∗

bSYK4
is shown in Fig. 13.6 (b), which features

a very similar behavior as the results for schedule (S1). It therefore seems like the details of
adding SYK-like fluctuations to the driver Hamiltonian play only a secondary role in the an-
nealing outcome: In both cases (S1) and (S2), significant ratios of SYK instances show enhanced
performances for all considered hard graphs.

Varying degree of interactions

We now analyze if the performance depends on the degree of interactions q. In Ref. [548], it has
been argued that for q > 4, the bSYK model features power-law correlation functions and an
extensive low temperature entropy, akin to the fermionic SYK model. For q = 2, 3, the ground
state is a spin glass; q = 4 has been identified as a marginal case. We analyze annealing sched-
ule (S2) with q = 2, i.e., we restrict the all-to-all interactions in the bosonic SYK Hamiltonian to
two-body terms3. Results are presented in Fig. 13.6 (a) and (c) with orange data points.

Successful instances of the bSYK2 driver show very similar performances compared to q = 4,
see Fig. 13.6 (b). For MaxCut instances with moderate 104 ≲ T∗

X ≲ 106, a seemingly larger
variation of T∗

bSYK2
leads to overall lower affected ratios, see Fig. 13.6 (a). This is corroborated by

the gap structure of the instantaneous eigenspectrum: Fig. 13.7 shows a comparison between q =

4 (a) and q = 2 (b). As previously, we focus on ∆bSYKq = mins(E2 − EGS) and ∆X = mins(E1 −
EGS) due to the different conserved symmetries. While ∆bSYKq > ∆X for most instances with both
q = 2 and q = 4, the case of two-body interactions has notably larger variations in particular for

3We here only consider annealing schedule (S2). However, akin to the results for q = 4, we expect similar results
to hold for general annealing schedules.
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Figure 13.6: TF vs. bSYK drivers with annealing schedule (S2). (a) The ratio of instances that
lie within the considered numerical annealing time window and that show better performance
compared to the TF driver. We consider NbSYKq = 24 driver instances for each hard graph, for
q = 4 (blue), q = 2 (orange), and a sparsified bSYK4 model that keeps only 4N interactions
terms (green). (b) T∗ for the successful instances (grey dots) in comparison to TF drivers for
q = 4. Mean values of T∗ for successful instances are shown in blue. The dashed line indicates
where T∗

bSYKq
= T∗

X, and the beige shading shows our numerically considered annealing time
range for the bSYK driver. The performance of driver (S2) is comparable to (S1), whereby the
average T∗ over successful instances remains approximately constant. (c) T∗ for q = 2. A larger
variation of T∗ leads to slightly lower success ratios, see (a). Nevertheless, the performance is
comparable to the case where q = 4. (c) T∗ for the sparse bSYK4 model. Only very few driver
realizations lead to an enhanced annealing performance, with notably larger T∗ for most MaxCut
graphs.

moderately small gaps ∆X. This underlines results of T∗ (see Fig. 13.6), where larger variations
for q = 2 lead to smaller success ratios within the considered annealing time windows.

Sparse drivers

Motivated by classical and quantum computational accessibility, next to the bSYK model there
has been a recent focus on sparse versions of the (fermionic) SYK model. Here, from all original
interaction terms in the Hamiltonian, only kN are chosen to be present in the sparse model. In-
deed, it has been shown that above a certain threshold kcrit = O(1), strong quantum chaos and
holographic properties of the model survive [559–561]. We finally study the quantum anneal-
ing performance when using sparse versions of the bSYK model, and may focus here on q = 4
and k = 4. Results are shown in Fig. 13.6 (a) and (c). Although we consider larger annealing
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classical gaps

Figure 13.7: Minimum instantaneous energy gaps. Comparison of minimum instantaneous
energy gaps when using the TF and bSYK4 driver (S1) for q = 4 (a) and q = 2 (b). (a) is the
same as in Fig. 13.5, and is reprinted here for easier comparison. Grey crosses show individual
instances of the SYK-type driver, solid diamonds show corresponding mean values (with their
error given by the shaded lines). Green crosses indicate the classical gaps at s = 1, which is an
upper bound for the instantaneous gap ∆bSYKq . Due to different conserved symmetries, ∆bSYKq =
E2 − EGS, while ∆X = E1 − EGS (see the discussion in the text). While gaps are significantly
opened in both cases, q = 2 features notably wider distributions in particular for problems with
moderately small gap sizes ∆X.

time windows 10 ≤ T ≤ 106 for the sparse bSYK model, very few instances result in an en-
hanced annealing performance. Furthermore, T∗ for the sparse bSYK realizations that do show
an enhancement are, in most cases, orders of magnitude larger compared to typical successful
instances for the dense drivers.

While the dependence of the annealing performance on the degree of interactions q was
found to be negligible, sparsifying the bSYK Hamiltonian significantly weakens the driver’s ca-
pabilities to navigate through complicated energy landscapes. We therefore speculate that is it
primarily the non-locality of the SYK-type drivers that lead to more efficient quantum annealing
solutions. Nevertheless, it is an interesting future research direction to study in more depth the
connections between annealing performances and quantum scrambling and chaos.

From a more practical point of view and assuming that all-to-all interactions can be engi-
neered in hardware setups, our perspective is that a cyclic annealing algorithm leads to best
results, akin to what has been proposed in [562, 563]: A given graph is repeatedly annealed
with randomly drawn bSYKq instances, where as many terms of the bSYK model as feasible are
included in the time evolution. From a large number of anneal results, the bit string that corre-
sponds to the lowest classical energy is then chosen as the annealing solution. We found that
the performance only weakly depends on how the bSYK model is included in the driver, i.e., the
exact functional form of the annealing schedule is only of minor importance and can be adapted
to what may be experimentally most feasible.
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13.6 LABS

Though finding optimal solutions of MaxCut problems is generally an NP-hard problem, so-
lutions can be found very efficiently for typical instances. In contrast, the low autocorrelation
binary sequence (LABS) problem does not feature such efficient heuristic algorithms. LABS was
originally developed to reduce the peak power of radiation and sonar pulses [564–567], which
has been used to e.g. optimize interplanetary radar measurements of spacetime curvature [568].
The objective of the LABS optimization is to minimize the so-called sidelobe energy of a binary
sequence, which can be found by finding the ground state of the classical Hamiltonian

ĤLABS =
N−1

∑
j=1

Ĉ2(j) =
N−1

∑
j=1

(
N−j

∑
i=1

σ̂z
i σ̂z

i+j

)2

. (13.13)

Here, Ĉ(j) = ∑
N−j
i=1 σ̂z

i σ̂z
i+j is the autocorrelation operator at distance j. The Hamiltonian

Eq. (13.13) features long-range 4-body interactions, but is fully deterministic, i.e., there is no
disorder as in glassy systems. Nevertheless, the energy landscape is highly complex, and the
system has similarities with disordered systems (i.e. it features self-induced disorder) [569]. At
high temperatures, variations of the replica method allow for an analytic treatment of the sys-
tem [570, 571]. However, at low energy (and in particular in the ground state at T = 0), exact
properties are not known.

All known classical algorithms feature an exponential run time in system size, and getting
exact (approximate) solutions are computationally possible for only N ≤ 66 (N ≲ 200). The best
known exact (heuristic) algorithm4 scales with system size as 1.73N (1.34N) [567]. In Ref. [572],
the LABS problem was studied using QAOA. Indeed, it was shown that when combining a con-
stant depth QAOA routine with quantum minimum-finding, the scaling of the time-to-solution
(TTS) with system size is 1.21N , which is lower than the best known classical heuristic.

Here, we study the performance of quantum annealing when applied to the LABS problem.
We again focus on varying annealing times and corresponding time-to-solutions, and compare
their scaling with N when using transverse field and SYK-type driver Hamiltonians. To approx-
imate the scaling of the annealing algorithm as N is varied, we calculate for each annealing time
T the time-to-solution,

TTS ∝
T

log
(
1 − pGS(T)

) . (13.14)

Here, pGS(T) is the probability to be in the ground state of the LABS Hamiltonian by the end of an
annealing schedule of length T. The derivation of Eq. (13.14) is straightforward: The probability
of failing to find the optimal state after R repetitions with annealing time T is (1 − pGS(T))R;
the probability of succeeding at least once within the R repetitions is hence 1 − (1 − pGS(T))R.
Given a target probability pT ≡ 1 − (1 − pGS(T))R (often taken to be 99%) and considering that
each repetition takes time T to run, Eq. (13.14) follows, see also Ref. [490].

We note that solutions to the LABS problem have varying degrees of degeneracy (D) for

4For a full survey of classical algorithms, see in particular the supplementary materials of Ref. [572].
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Figure 13.8: Solving LABS with quantum annealing. (a) Fitted scalings of the time-to-solution
TTS∼ bN for varying annealing time T. When fitting for a range of N = 9, 11, 13, at intermediate
T the SYK-type driver has a scaling advantage over TF driver schedules. The shaded regions
correspond to the uncertainty of the fits, which is notably large in the intermediate T region. (b),
(c), (d) show the TTS as a function of N for three annealing times T = 30, 127, 1390 (see the grey
dashed lines in (a)). Scaling fits are shown by the dashed lines.

varying system size. Therefore, we define pGS = ∑D
i=1 p(i)GS, with p(i)GS the wave function’s weight

on the i’th degenerate bit string of the classical Hamiltonian.
For varying annealing time T, we calculate the TTS for systems of sizes N = 9, 11, 13. An

exponential fit to the TTS as a function of N then yields the scaling TTS ∼ bN . The dependency
b(T) is shown in Fig. 13.8 (a). For three different annealing times, we show the dependence of TTS
on N together with the scaling fits in Fig. 13.8 (b)-(d). In particular for intermediate times, the fits
are very limited in accuracy, in particular as only three data points have been used. Comparisons
between the two different drivers should thus be interpreted as rough trends: While in the limit
of long annealing times both TF and bSYKq drivers reach the same value of b ∼ 1.1, at short
times the scaling of the bSYKq driver is advantageous over the TF schedule5.

While the TTS scaling of the two different drivers can be compared, we stress that a meaning-
ful comparison to classical heuristic algorithms is impossible with our considered system sizes.
To extract the scaling of the classical algorithms, N > 40 spins were used, whereas our system
sizes are significantly smaller. Larger systems and more data points are needed for the anneal-
ing results to see which algorithm decisively performs better at scale. Nevertheless, our results

5We note that we here focus on annealing schedule defined in Eq. (S1) with q = 4; however, akin to the above
discussion, we expect similar results to hold for other annealing schemes.



290 13. Beyond Fermi-Hubbard: Quantum annealing with chaotic driver Hamiltonians

corroborate that the use of non-local, chaotic Hamiltonians in quantum annealing can lead to a
computational speedup compared to standard TF drivers when solving classical optimization
problems.

13.7 Digital simulation

As mentioned previously, due to the overhead of implementing Jordan-Wigner strings to ensure
fermionic commutation relations, there has been increased recent interest in studying bosonic
versions of the SYK model [547,549–551], where the Hilbert space has a tensor product structure
such that operators from different sites commute. In particular, these models have been argued
to constitute a realistic path towards simulating minimal holographic models using quantum
computers. In Ref. [547], a particular bosonic model with q-local all-to-all interactions has been
studied, where Jordan-Wigner strings in Eq. (13.2) are replaced by unit matrices,

χ̂′
2k−1 ∝ 1

⊗(k−1) ⊗ σ̂x
k ⊗ 1

⊗(N−2k)/2,

χ̂′
2k ∝ 1

⊗(k−1) ⊗ σ̂
y
k ⊗ 1

⊗(N−2k)/2.
(13.15)

Constructing a Hamiltonian in analogy to Eq. (13.2) leads to (with ηi1...iq a properly chosen nor-
malization to ensure hermiticity of the Hamiltonian)

ĤbSYK = ∑
i1<···<iq

Ji1...iq ηi1...iq χ̂′
i1 . . . χ̂′

iq
, (13.16)

which has been shown to capture the essential features of the SYK model. Specifically, it does
not feature a spin-glass ground state, and its spectroscopic signatures are similar of those of the
full fermionic SYK model [547]. We note that this bosonic spin formulations slightly differs from
the one we used in the previous sections (see i.p. Eq. (13.5)), which also include Pauli-z terms in
the Hamiltonian6. However, we here focus on the formulation in Eq. (13.16), primarily because
it allows for a more intuitive comparison of the quantum computing resources needed for digital
time evolution, and for convenience, denote it by bSYKq in the following as well.

Similarly motivated by classical and quantum computational accessibility, next to the bSYK
model there has been a focus on sparse versions of the (fermionic) SYK model. Here, from the
original (N

4 ) interacting terms in the Hamiltonian, only kN are chosen to be present in the sparse
model. Indeed, it has been shown that above a certain threshold kcrit = O(1), strong quantum
chaos and holographic properties of the model survive [559–561]. In particular, above the critical
level of sparsity the two models share the same four-point functions in the limit of large q [559].

The combination of a sparse, bosonic model for k = N has been analyzed numerically
in [559]. In particular, it was found that the Edwards-Anderson order parameter (which, if finite,
signals the existence of a spin glass) vanishes in the thermodynamic limit for q ≥ qcrit = 4 (i.e.,
the ground state is not a spin glass). Consequently, it has been argued that the sparse bosonic
SYK model Hamiltonian thus constitutes a minimal model to study quantum holography.

6These models feature a total number of terms of (N
4 )3

q instead of (N
4 ) terms.
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We now aim to give realistic resource estimates for the simulation of both fermionic and
bosonic, dense and sparse SYK models. In particular, we will in the following consider (i) the
fermionic SYK model with q-body interactions (denoted by SYKq), (ii) the bosonic SYK model
(denoted by bSYKq), (iii) the sparse fermionic SYK model (denoted by skSYKq) as well as (iv)
the sparse bosonic SYK model (denoted by skbSYKq). We use a tailored optimization strategy
to obtain the necessary entangling gate operations per Trotter step, and comment on feasibility
using various quantum computing platforms.

In the following, we restrict ourselves to the simulation of quantum dynamics under the
SYK-type Hamiltonians introduced above, which can be decomposed as a sum of Pauli strings
Ĥ = ∑M

j=1 wjP̂j. Quantum time evolution can then be simulated through the first-order Lie-
Trotter decomposition7,

eiĤt = lim
k→∞

(
M

∏
j=1

eiwj P̂jt/k

)k

. (13.17)

Though there are various modalities of gate-based quantum computation, in all cases two-qubit
entangling gates constitute the ingredient with the highest error source. To make realistic esti-
mates for implementing SYK-type models on digital machines, we therefore seek to minimize
the number of entangling gates. In particular, we focus on minimizing the total application of (i)
CNOT (or equivalently CZ) and (ii) RZZ gates, which correspond to the native two-qubit gates
in (i) superconducting qubit and neutral atom and (ii) trapped ion devices.

13.7.1 Optimization strategies

Dense SYK models with four-body, all-to-all connectivity consist of (N
4 ) ≈ N4/4! Pauli strings. It

has been established that grouping terms into mutually commuting clusters and simultaneously
diagonalizing the clusters can lead to a substantial reduction of circuit depths [544,573,574]. We
closely adhere to the protocols presented in Refs. [573, 574] and use the following optimization
strategy for minimizing the number of entangling gates (summarized in Fig. 13.9):

▷ The set of Pauli strings for a given Hamiltonian is grouped into commuting clusters, where
within each cluster each terms commutes with all other terms. This can be done using stan-
dard graph coloring techniques, where two nodes (corresponding to two Pauli terms) share
an edge if and only if they do not commute. Using the package NetworkX [575], we utilize
several greedy graph coloring schemes, including largest_first, independent_set, and
DSATUR.

▷ After grouping, each cluster is diagonalized by the algorithms devoloped in Ref. [573]. This
results in the Pauli strings only consisting of identity and Pauli-z matrices, allowing for ef-
ficient cancellations in quantum circuits. In particular, we utilize algorithms cz, greedy1
and greedy2 from Ref. [573], and compare their performance for each graph coloring al-
gorithm.

7Though higher-order approximations can be applied, we here restrict our discussion to the first-order expression.
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Û†
c=1
�
�

m�
j=1

eiwj⇤̂j
�
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Figure 13.9: Optimization strategy. Scheme to minimize the number of entangling gates. The
Pauli strings in the Hamiltonian are first grouped into commuting clusters. Each cluster is then
diagonalized and ordered such that the maximal number of entangling gates cancel (green path).
We compare this to re-ordering the terms directly (orange path) and within each cluster without
diagonalization (blue path). The latter two strategies are found to be beneficial when clusters of
commuting Pauli strings are small, as e.g. the case for sparse formulations of the SYK model.
From the three paths, the one that minimizes the number of entangling gates NEG is chosen.

▷ The ordering in each cluster can be freely chosen without altering the Trotter error. We use
traveling salesperson heuristics as used in Ref. [574] to order the terms such that the max-
imal number of entangling gates cancel. Slight variations of the algorithm let us minimize
the number of CNOT (or CZ) gates as well as RZZ gates.

▷ The different clusters can then be ordered such that it minimizes the Trotter error, as elab-
orated in Ref. [574].

We compare the above to the scenarios where we directly order terms according to the trav-
eling salesperson heuristics before and after clustering, i.e., without diagonalizing each cluster
(see the orange and blue paths in Fig. 13.9, respectively). As we will see, this is beneficial in
particular for the sparse versions of the SYK model, where cluster sizes are small and direct re-
ordering may lead to enhanced gate cancellations. From these three protocols, for each case the
one that minimizes the number of entangling gates NEG is chosen.

13.7.2 Resource estimates

We first focus on the sparse fermionic and bosonic SYK models, i.e., Eqs. (13.2) and (13.16). To
understand the amount of resources needed for the diagonalization and Pauli string implemen-
tation respectively, we count the number of CNOT gates needed for the two separately. In par-
ticular, we sum the number of CNOTs needed over all clusters after optimizing the circuit for
the total number of entangling gates. Results are shown in the left panel of Fig. 13.10. While re-
sources to implement the diagonalized Pauli strings are seen to scale similarly for both bosonic
and fermionic versions, the diaginalization unitaries show clear differences. For the bosonic
SYK model, the lack of long Pauli strings leads to a roughly constant number of entangling gates
for implementing the diagonalization unitaries. In contrast, diagonalizing the full SYK clusters
requires more complex unitaries, leading to the scaling observed in the left panel of Fig. 13.10
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Figure 13.10: Optimized circuits of dense SYK models. CNOT count for a single Trotter step
using the optimizations scheme outlined in Fig. 13.9 as a function of N, where N corresponds
to the number of Majorana fermions in the standard SYK model Eq. (13.2). Left panel: CNOTs
needed for diagonalization (dark colors) and implementing the diagonalized Pauli strings (light
colors), for the fermionic SYK model Eq. (13.2) (blue) and the bosonic SYK model Eq. (13.16)
(red). While implementing the diagonalized Pauli strings uses roughly the same resources, the
diagonalization routine is significantly cheaper for the bSYK model for N ≥ 14. Right panel: The
total number of CNOT operations needed per Trotter step for the SYK and bosonic SYK model.

(dark colors).
Adding the cost of both diagonalization and implementing the Pauli strings is shown in the

right panel of Fig. 13.10. Though the scaling of the bosonic SYK model is favorable, significant
enhancements are only seen for system sizes N ≥ 14. Here, the number of needed CNOT gates is
already beyond NEG > 1000 per Trotter step. We thus conclude that bosonic verisons of the SYK
model do not help significantly in realizing near-term digital simulations, which are restricted
to a total circuit depth of roughly 1000.

It therefore seems essential to sparsify the model for realistic large-scale applications. We
here focus on randomly pruning all but k = 4 and k = N terms in the Hamiltonian, both for
the fermionic and bosonic SYK model. Results are presented in Fig. 13.11. For N > 10, the
advantages of the bosonic over the fermionic model become apparent. In particular, as expected,
the scaling for the sparse bosonic SYK model is linear in system size, with roughly NEG = 500
CNOT gates needed for a trotter step with N = 30. The green background signals an entangling
gate count of NEG < 333, such that at least three trotter steps can be computed with less than
1000 CNOT gates. More detailed numbers are displayed in Tab. 13.1.

13.8 Discussion

We have numerically studied the scenario of adding chaotic driver Hamiltonians to quantum an-
nealing protocols, and compared resulting performances in a variety of settings to the standard
transverse field. In particular, we focused on hard instances of classical optimization problems,
and showed that chaotic drivers can indeed significantly enhance the annealing performance
when compared to plain transverse field annealing.

While not all instances of SYK Hamiltonians were successful in reducing the annealing time,
those that do show an advantage were seen to reach high ground state populations independent
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Figure 13.11: Optimized circuits of dense and sparse SYK models. CNOT count for a single
Trotter step using the optimizations scheme outlined in Fig. 13.9 as a function of N, where N
corresponds to the number of Majorana fermions in the standard SYK model Eq. (13.2). Shown
are the fermionic and bosonic SYK models as well as their sparsified versions.

N SYK bSYK s4SYK s4bSYK
4 4 4 4 4
6 42 48 36 38
8 130 134 83 83
10 506 546 119 108
12 1368 1360 162 137
14 3186 2614 216 169
16 5574 4772 271 201
18 - - 335 238
20 - - 395 274
22 - - 464 311
24 - - 544 357
26 - - 622 394
28 - - 706 438
30 - - 787 474
32 - - 875 517
34 - - 959 555
36 - - 1055 595
38 - - 1147 -
40 - - 1244 -

Table 13.1: Entangling gates. Number of two-qubit entangling gates needed for a single Trotter
step for the full fermionic SYK model (SYK), its bosonic spin formulation (bSYK), as well as
corresponding sparse models with k = 4 (s4SYK, s4bSYK). In each case, various gate optimization
strategies were used, and the minimum CNOT gate number is shown. Highlighted in green are
models for which each Trotter step consumes less than 333 CNOT operations, such that at least
three time steps can be computed with less than 1000 entangling gates.
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on the instantaneous minimum energy gap when using the transverse field. For practical ap-
plications of large-scale optimization problems, it is an interesting question how these success
rates scale as a function of graph size N. Furthermore, it could be insightful to analyze the per-
formance of other quantum alhorithms, e.g. QAOA, when using chaotic driver Hamiltonians.

For the MaxCut problem on regular graphs, we have found comparable results for vary-
ing degree of interactions q, while sparsifying the Hamiltonian matrix led to significantly less
efficient annealing performances. It is an interesting future research direction to study if any
more direct connections between our numerical observations and the quantum chaotic and fast
scrambling nature of the SYK model, as well as the degree of sparsity can be drawn.

For practical quantum annealing setups, our results suggest that implementing additional
non-local fluctuations of degree q ≥ 2 to the transverse field lead to an enhanced performance,
even if implementing the fully dense bSYK model is currently out of reach. We have given es-
timates for the number of entangling gate operations needed to simulate SYK-like models in
Sec. 13.7.

With Rydberg atom arrays naturally implementing the TF Ising model in analog mode, hy-
brid digital-analog techniques could be used to implement quantum annealing with additional
(digitally engineered) terms. To this end, multiple particles could be brought into the same
entangling zone in a dynamic manner, allowing for an efficient implementation of multi-body
interactions (hence drastically reducing the number of gates as estimated in Sec. 13.7). Thus,
with recent advances in the control and coherence of neutral atom quantum processors, a digi-
tized annealing approach that includes SYK-like Hamiltonians during trotterized time evolution
may constitute a promising path towards practical quantum advantage.
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Discussion and future directions

This thesis has focused on the exploration of strongly correlated phases of matter in the low-
temperature regimes of doped Hubbard models, with an emphasis on their implementation us-
ing ultracold atoms in optical lattices. We began by analyzing modified Fermi-Hubbard models,
and in an experimental collaboration reported on the observation of emergent collective stripe
order in doped Mott insulators in Chap. 5. This observation of fluctuating stripes motivated
the development of a theory for the pseudogap in Chap. 7, wherein fluctuating domain walls
obscure magnetic order and lead to the formation of a small Fermi surface.

With efficient entropy redistribution schemes and decoupling of charge reservoirs from the
physical system, achieving much lower temperatures (T/t ≲ 0.1) is now within reach for ana-
log quantum simulators. This advancement will enable the study of regimes where stripes melt
in fully 2D settings, allowing our hypothesis of fluctuating domain walls causing the peculiar
pseudogap physics to be rigorously tested. In particular, we propose the use of DMDs to effec-
tively decouple a 2D system into two parts. Sharp boundaries are expected to expel domain wall
lines, leading to the reappearance of long-range spin-spin correlations. True long-range order is
anticipated to emerge along these 1D boundary lines, contrasting the power-law decay expected
in 1D systems. This makes it feasible to test our scenario in detail.

Our proposed hidden order scenario opens up a range of future research directions. With our
microscopically motivated model of domain walls coupled to gauge fields, the study of various
toy models can be envisioned. For instance, coupling Ising or XY spin models to toric code gauge
fluctuations can provide deeper theoretical insights into hidden order and hidden criticality. In
particular, theoretical and experimental studies of these systems may enable novel perspectives
on the interplay between symmetry-broken and topological order.

Furthermore, by incorporating Higgs fields that carry gauge charges into the theory, intrigu-
ing analogies to orthogonal semi-metals (OSMs) [576–578] can be explored. It would be particu-
larly interesting to investigate whether, similar to OSMs, convolutions of the Higgs and fermionic
dispersions give rise to Fermi arcs in our GFL* scenario of the pseudogap [578].
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Another focus of this thesis has been the exploration of superconductivity in analog quan-
tum simulators, a long-standing goal that has driven and inspired research in ultracold atoms
in the past decades. As we demonstrated in Chapters 8 and 9, measuring (quasi-)long-range co-
herent pair-pair correlations is now directly feasible using state-of-the-art quantum gas simula-
tors. These systems can simulate the minimal physics of nickelate superconductors, enabling the
study of intriguing BEC-BCS crossovers in repulsively interacting fermionic systems. This paves
the way for studying unconventional superconductivity in optical lattice experiments, and may
ultimately potentially help in designing novel materials with high critical temperatures.

Moreover, we demonstrated that the measurement schemes to access pairing order in bi-
layer systems can be generalized to the 2D FH model using local superlattice control and global
gate techniques. These hybrid analog-digital approaches open new possibilities: One the one
hand, they allow access to observables off-diagonal in the Fock basis, such as coherent pair-pair
correlations; on the other hand, hybrid approaches enable the digital engineering of additional
Hamiltonian terms. Applications include adding next-to-nearest neighbor hoppings to the ana-
log FH model or incorporating non-local terms like SYK-type interactions. Using Rydberg atom
arrays in analog mode to simulate the transverse-field Ising model, SYK-type interactions could
be sequentially engineered digitally, rendering annealing schemes as outlined in Chap. 13 real-
istic in the near future. Fully universal fermionic quantum computing also presents a promising
direction for simulating strongly correlated fermionic phases of matter [199–201].

Studying doped systems with higher symmetries, such as SU(N), in ultracold atom experi-
ments offers another promising path to gaining deeper insights into the low-temperature physics
of doped Mott insulators. Our theoretical considerations in Chap. 11 predict the emergence of
exotic physics in these systems. With ongoing efforts to develop quantum gas microscopes for
alkaline-earth atoms, these intriguing systems could soon be studied microscopically. As the
local Hilbert space dimension of SU(N > 2) systems grows much faster than that of SU(2) sys-
tems, AEAs in optical latttices represent analog quantum simulators that offer substantial quan-
tum advantage. Combined with the ultra-low temperatures achievable in AEA Fermi gases, this
may uncover a vast range of exotic physics much beyond current numerical capabilities.

Machine learning, with its powerful capabilities, finds applications across almost all scien-
tific fields. It is natural to apply machine learning approaches in the context of analog quantum
simulation. In this thesis, we (i) employed Hamiltonian reconstruction to quantitatively under-
stand the interplay between spin and motional degrees of freedom in Chap. 6, and (ii) utilized
and developed imaging-processing networks to analyze many-body snapshots in Chap. 12. Ap-
plying these techniques to analyze the FH model in interesting regimes, such as the pseudogap,
is a promising avenue for future research, possibly unraveling non-local, hidden structures.

This thesis marks a step in a new era of quantum gas microscopy, where collective or-
ders such as stripes and superconductivity, exotic phases like the pseudogap, and intriguing
ground states in SU(N) symmetric systems can be studied in microscopic detail. The combina-
tion of novel theoretical phenomenological theories, enhanced measurement schemes, and the
prospect to achieve colder temperatures paves the way for further extensive exploration of the
low-temperature regime of doped Hubbard models.



A
TPSC equations

In Sec. 3.2, we gave an intuitive derivation of the TPSC equations. For completeness, we here
derive then from a more fundamental point of view, based on Luttinger-Ward functionals
and Bethe-Salpeter equations. Closely following Ref. [188], we will start from general (non-
perturbative) many-body arguments, and then do appropriate approximations for the Hubbard
model. We first focus on the SU(2) symmetric case in Sec. A.1, before generalizing to SU(N)
symmetric systems in Sec. A.2. Finally, in Sec. A.3, we give details regarding the self-consistent
numerical implementation of the TPSC equations.

A.1 SU(2) FH model

In the following, we will use the notation of 1 = (r1, τ1) in position-imaginary time space, where
barred indices 1̄ indicate integration over space and imaginary time, f (1̄)g(1̄) =

∫
d1 f (1)g(1) ∝∫

d3r
∫

dτ f (r, τ)g(r, τ) [188]. We will separate out the spin indices σ to make them stand out
explicitly. The single-particle Green’s function reads

Gσ(1, 2) = − ⟨Tτ ĉσ(1)ĉ†
σ(2)⟩ , (A.1)

with ⟨◦⟩ the thermal ensemble average and Tτ the imaginary time-ordering operator (lowest
times to the right).

We will be interested in calculating response functions to external perturbations. Consider
for this the generating functional of the Green’s function, given by

ln Z[ϕ] = ln
〈

Tτ exp
(
− ĉ†

σ̄(1̄)ϕσ̄(1̄, 2̄)ĉσ̄(2̄)
)〉

. (A.2)

The single-particle Green’s function is calculated via functional derivatives,

Gσ(1, 2; [ϕ]) = − δ ln Z[ϕ]
δϕσ(2, 1)

. (A.3)



300 A. TPSC equations

<latexit sha1_base64="L8fgeYOeFW37RPI1dv5m5OqZ0+8=">AAACGHicZVBLSwMxGEx81vpq9eglWARPpSuiXoSiFy9Ci1aFdpEk/VZD81iSrFKW/QVe9eKv8SZevflvTGsPVgdChkkm82VYKoXzjcYXnpmdm19YLC2Vl1dW19Yr1Y0rZzLLocONNPaGUQdSaOh44SXcpBaoYhKu2eB0dH79ANYJoy/9MIVY0TstEsGpD1L7+LZSa9QbY5D/JJqQGpqgdVvFuNc3PFOgPZfUue5R6uOcWi+4hKLcyxyklA/oHXQD1VSBi/PxoAXZCUqfJMaGpT0Zq78d+bm+GCpm5NQ7OVVOUX8f/KPNTWf45CjOhU4zD5r/RCSZJN6Q0X9JX1jgXg4DodyKMCXh99RS7kMrUynM0gH4kKzhkRulqO7nPcaKbhTneW+UzBJSi4qiHEqL/lb0n1zt1aOD+kF7v9Y8mdRXQltoG+2iCB2iJjpDLdRBHAF6Qs/oBb/iN/yOP36uzuCJZxNNAX9+A3Rgn0k=</latexit>= <latexit sha1_base64="LzCorV3S627Omxq/yXs/LZ5NvRM=">AAACGHicZVBLSwMxGEx81vqsHr0EiyAIpSuiHkUvXgRFWwvtIkn6rYbmsSRZpSz7C7zqxV/jTbx689+YPg7WDoQMk0zmy7BUCufr9R88Mzs3v7BYWiovr6yurW9UNpvOZJZDgxtpbItRB1JoaHjhJbRSC1QxCXesdz44v3sC64TRt76fQqzogxaJ4NQH6Xr/fqNar9WHINMkGpMqGuPqvoJxp2t4pkB7Lqlz7ZPUxzm1XnAJRbmTOUgp79EHaAeqqQIX58NBC7IblC5JjA1LezJU/zryS33TV8zIiXdyqpyi/jH4B5ubzPDJSZwLnWYeNB9FJJkk3pDBf0lXWOBe9gOh3IowJeGP1FLuQysTKczSHviQrOGZG6Wo7uYdxop2FOd5Z5DMElKNiqIcSov+VzRNmge16Kh2dH1YPT0b11dC22gH7aEIHaNTdIGuUANxBOgFvaI3/I4/8Cf+Gl2dwWPPFpoA/v4FVbifNw==</latexit>+<latexit sha1_base64="Y3xS2RGWTx4rgjER0mw4MlYqdkM=">AAACGHicZVBLSwMxGEx81vqsHr0Ei+DF0hVRj6IXL4KirYV2kST9VkPzWJKsUpb9BV714q/xJl69+W9MHwdrB0KGSSbzZVgqhfP1+g+emZ2bX1gsLZWXV1bX1jcqm01nMsuhwY00tsWoAyk0NLzwElqpBaqYhDvWOx+c3z2BdcLoW99PIVb0QYtEcOqDdL1/v1Gt1+pDkGkSjUkVjXF1X8G40zU8U6A9l9S59knq45xaL7iEotzJHKSU9+gDtAPVVIGL8+GgBdkNSpckxoalPRmqfx35pb7pK2bkxDs5VU5R/xj8g81NZvjkJM6FTjMPmo8ikkwSb8jgv6QrLHAv+4FQbkWYkvBHain3oZWJFGZpD3xI1vDMjVJUd/MOY0U7ivO8M0hmCalGRVEOpUX/K5omzYNadFQ7uj6snp6N6yuhbbSD9lCEjtEpukBXqIE4AvSCXtEbfscf+BN/ja7O4LFnC00Af/8CWSCfOQ==</latexit>−
<latexit sha1_base64="jms22A7Ak4urPPiCrGnPKO5IRcQ=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVrkjtsejFi1DRtkK7SJJ+q6F5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOx1nMsuhzY009oZRB1JoaHvhJdykFqhiErpseDY+7z6AdcLoaz9KIVb0TotEcOqDdBndblVq1doE5D+JpqSCpmjdbmPcHxieKdCeS+pcr5H6OKfWCy6hKPczBynlQ3oHvUA1VeDifDJoQQ6CMiCJsWFpTybqb0d+oa9Gihk5805OlVPU3wf/eHOzGT5pxLnQaeZB85+IJJPEGzL+LxkIC9zLUSCUWxGmJPyeWsp9aGUmhVk6BB+SNTxyoxTVg7zPWNGL4jzvj5NZQipRUZRDadHfiv6TzlE1qlfrl8eV5um0vhLaQ/voEEXoBDXROWqhNuII0BN6Ri/4Fb/hd/zxc3UOTz27aAb48xtf8J89</latexit>

1

<latexit sha1_base64="fNdjc/RI2MXwZHKxlWh58G9jZdc=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVrkj1KHrxIlS0rdAuJUm/raF5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOy1nMsuhyY009o5RB1JoaHrhJdylFqhiEtpseDE+bz+AdcLoWz9KIVZ0oEUiOPVBuj7qbVVq1doE5D+JpqSCpmj0tjHu9g3PFGjPJXWuc5r6OKfWCy6hKHczBynlQzqATqCaKnBxPhm0IAdB6ZPE2LC0JxP1tyO/0jcjxYyceSenyinq74N/vLnZDJ+cxrnQaeZB85+IJJPEGzL+L+kLC9zLUSCUWxGmJPyeWsp9aGUmhVk6BB+SNTxyoxTV/bzLWNGJ4jzvjpNZQipRUZRDadHfiv6T1lE1qlfr18eVs/NpfSW0h/bRIYrQCTpDl6iBmogjQE/oGb3gV/yG3/HHz9U5PPXsohngz29hpJ8+</latexit>

2
<latexit sha1_base64="+0zQIHs6Ne/hr2z0nMgJbknAt2A=">AAACGHicZVBLSwMxGEx81vqsHr0Ei+CpdFW0x6IXL0KLVoV2kST9VkPzWJKsUpb9BV714q/xJl69+W9Maw9WB0KGSSbzZVgqhfP1+heemZ2bX1gsLZWXV1bX1jcqm1fOZJZDhxtp7A2jDqTQ0PHCS7hJLVDFJFyzweno/PoBrBNGX/phCrGid1okglMfpPbB7Ua1XquPQf6TaEKqaILWbQXjXt/wTIH2XFLnuo3Uxzm1XnAJRbmXOUgpH9A76AaqqQIX5+NBC7IblD5JjA1LezJWfzvyc30xVMzIqXdyqpyi/j74R5ubzvBJI86FTjMPmv9EJJkk3pDRf0lfWOBeDgOh3IowJeH31FLuQytTKczSAfiQrOGRG6Wo7uc9xopuFOd5b5TMElKNiqIcSov+VvSfXO3XoqPaUfuw2jyZ1FdC22gH7aEIHaMmOkMt1EEcAXpCz+gFv+I3/I4/fq7O4IlnC00Bf34DY1ifPw==</latexit>

3

<latexit sha1_base64="WO6itPy6/e9/D591T+A8rdTzmTg=">AAACHnicZVDNThsxGLQpUAiUAj1ysYiQOEVZVFGOqFx6QQKVEKTsCn12vgUr/lnZ3laRtQ/BtVx4mt4QV/o2dUIOBEayPBp7PJ+HV0r60O3+owsfFpeWP66sttbWP2183tzavvS2dgJ7wirrrjh4VNJgL8ig8KpyCJor7PPRyeS8/wudl9ZchHGFhYYbI0spICSpn3Nw8aC53mx3O90p2HuSzUibzHB2vUVpPrSi1miCUOD94KgKRQQXpFDYtPLaYwViBDc4SNSARl/E6bgN20vKkJXWpWUCm6qvHfHU/BxrbtXcOxG01xBuk3+y+fmMUB4VUZqqDmjES0RZKxYsm/yaDaVDEdQ4ERBOpimZuAUHIqRu5lK4gxGGlGzwt7BagxnGnPNmkBUx5pNkXrJ21jStVFr2tqL35PKgkx12Ds+/to+/z+pbITtkl+yTjHwjx+QHOSM9IsiI3JE/5J4+0L/0kT69XF2gM88XMgf6/B+Z7aID</latexit>

2̄

<latexit sha1_base64="1sLTNcdRFSxAN8rjXBk5uT4BO6A=">AAACHnicZVDNThsxGLRpaUNaWmiPXKxGlXqKslBRjoheuCAFQQhSdoU+O9+CFf+sbC8osvYhuJZLn6Y31Gv7NjghBwIjWR6NPZ7Pwyslfej1/tOVV69X37xtrbXfvV//8HFj89OZt7UTOBBWWXfOwaOSBgdBBoXnlUPQXOGQT37OzofX6Ly05jRMKyw0XBpZSgEhScOcg4s7zcVGp9ftzcFekmxBOmSB/sUmpfnYilqjCUKB96O9KhQRXJBCYdPOa48ViAlc4ihRAxp9EefjNuxrUsastC4tE9hcfeqIR+ZkqrlVS+9E0F5DuEr+2eaXM0K5V0RpqjqgEY8RZa1YsGz2azaWDkVQ00RAOJmmZOIKHIiQullK4Q4mGFKywRthtQYzjjnnzSgrYsxnybxknaxp2qm07HlFL8nZdjfb7e4ef+/sHyzqa5Et8oV8Ixn5QfbJIemTARFkQm7JL3JHf9M/9J7+fby6Qheez2QJ9N8Dm6KiBA==</latexit>

3̄

<latexit sha1_base64="rYA+TWDAO/R+2JWzlg2WvhB/81E=">AAACHnicZVDNThsxGLQpUAiUAj1ysYiQOEXZClGOqFx6QQKVEKTsCn12vgUr/lnZ3laRtQ/BtVx4mt4QV/o2dUIOBEayPBp7PJ+HV0r60O3+owsfFpeWP66sttbWP2183tzavvS2dgJ7wirrrjh4VNJgL8ig8KpyCJor7PPRyeS8/wudl9ZchHGFhYYbI0spICSpn3Nw8aC53mx3O90p2HuSzUibzHB2vUVpPrSi1miCUOD94KgKRQQXpFDYtPLaYwViBDc4SNSARl/E6bgN20vKkJXWpWUCm6qvHfHU/BxrbtXcOxG01xBuk3+y+fmMUB4VUZqqDmjES0RZKxYsm/yaDaVDEdQ4ERBOpimZuAUHIqRu5lK4gxGGlGzwt7BagxnGnPNmkBUx5pNkXrJ21jStVFr2tqL35PJrJzvsHJ4ftI+/z+pbITtkl+yTjHwjx+QHOSM9IsiI3JE/5J4+0L/0kT69XF2gM88XMgf6/B+dV6IF</latexit>

4̄

<latexit sha1_base64="9NT7lT4O4uxtRBgSKtT23k9ytNQ=">AAACHnicZVDNThsxGLRpaUNaWmiPXKxGlXqKsohSjoheuCAFQQhSdoU+O9+CFf+sbC8osvYhuJZLn6Y31Gv7NjghBwIjWR6NPZ7Pwyslfej1/tOVV69X37xtrbXfvV//8HFj89OZt7UTOBBWWXfOwaOSBgdBBoXnlUPQXOGQT37OzofX6Ly05jRMKyw0XBpZSgEhScOcg4vfm4uNTq/bm4O9JNmCdMgC/YtNSvOxFbVGE4QC70d7VSgiuCCFwqad1x4rEBO4xFGiBjT6Is7HbdjXpIxZaV1aJrC5+tQRj8zJVHOrlt6JoL2GcJX8s80vZ4Ryr4jSVHVAIx4jylqxYNns12wsHYqgpomAcDJNycQVOBAhdbOUwh1MMKRkgzfCag1mHHPOm1FWxJjPknnJOlnTtFNp2fOKXpKz7W6229093unsHyzqa5Et8oV8Ixn5QfbJIemTARFkQm7JL3JHf9M/9J7+fby6Qheez2QJ9N8DnwyiBg==</latexit>

5̄

<latexit sha1_base64="jms22A7Ak4urPPiCrGnPKO5IRcQ=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVrkjtsejFi1DRtkK7SJJ+q6F5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOx1nMsuhzY009oZRB1JoaHvhJdykFqhiErpseDY+7z6AdcLoaz9KIVb0TotEcOqDdBndblVq1doE5D+JpqSCpmjdbmPcHxieKdCeS+pcr5H6OKfWCy6hKPczBynlQ3oHvUA1VeDifDJoQQ6CMiCJsWFpTybqb0d+oa9Gihk5805OlVPU3wf/eHOzGT5pxLnQaeZB85+IJJPEGzL+LxkIC9zLUSCUWxGmJPyeWsp9aGUmhVk6BB+SNTxyoxTVg7zPWNGL4jzvj5NZQipRUZRDadHfiv6TzlE1qlfrl8eV5um0vhLaQ/voEEXoBDXROWqhNuII0BN6Ri/4Fb/hd/zxc3UOTz27aAb48xtf8J89</latexit>

1
<latexit sha1_base64="fNdjc/RI2MXwZHKxlWh58G9jZdc=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVrkj1KHrxIlS0rdAuJUm/raF5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOy1nMsuhyY009o5RB1JoaHrhJdylFqhiEtpseDE+bz+AdcLoWz9KIVZ0oEUiOPVBuj7qbVVq1doE5D+JpqSCpmj0tjHu9g3PFGjPJXWuc5r6OKfWCy6hKHczBynlQzqATqCaKnBxPhm0IAdB6ZPE2LC0JxP1tyO/0jcjxYyceSenyinq74N/vLnZDJ+cxrnQaeZB85+IJJPEGzL+L+kLC9zLUSCUWxGmJPyeWsp9aGUmhVk6BB+SNTxyoxTV/bzLWNGJ4jzvjpNZQipRUZRDadHfiv6T1lE1qlfr18eVs/NpfSW0h/bRIYrQCTpDl6iBmogjQE/oGb3gV/yG3/HHz9U5PPXsohngz29hpJ8+</latexit>

2
<latexit sha1_base64="+0zQIHs6Ne/hr2z0nMgJbknAt2A=">AAACGHicZVBLSwMxGEx81vqsHr0Ei+CpdFW0x6IXL0KLVoV2kST9VkPzWJKsUpb9BV714q/xJl69+W9Maw9WB0KGSSbzZVgqhfP1+heemZ2bX1gsLZWXV1bX1jcqm1fOZJZDhxtp7A2jDqTQ0PHCS7hJLVDFJFyzweno/PoBrBNGX/phCrGid1okglMfpPbB7Ua1XquPQf6TaEKqaILWbQXjXt/wTIH2XFLnuo3Uxzm1XnAJRbmXOUgpH9A76AaqqQIX5+NBC7IblD5JjA1LezJWfzvyc30xVMzIqXdyqpyi/j74R5ubzvBJI86FTjMPmv9EJJkk3pDRf0lfWOBeDgOh3IowJeH31FLuQytTKczSAfiQrOGRG6Wo7uc9xopuFOd5b5TMElKNiqIcSov+VvSfXO3XoqPaUfuw2jyZ1FdC22gH7aEIHaMmOkMt1EEcAXpCz+gFv+I3/I4/fq7O4IlnC00Bf34DY1ifPw==</latexit>

3

<latexit sha1_base64="jms22A7Ak4urPPiCrGnPKO5IRcQ=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVrkjtsejFi1DRtkK7SJJ+q6F5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOx1nMsuhzY009oZRB1JoaHvhJdykFqhiErpseDY+7z6AdcLoaz9KIVb0TotEcOqDdBndblVq1doE5D+JpqSCpmjdbmPcHxieKdCeS+pcr5H6OKfWCy6hKPczBynlQ3oHvUA1VeDifDJoQQ6CMiCJsWFpTybqb0d+oa9Gihk5805OlVPU3wf/eHOzGT5pxLnQaeZB85+IJJPEGzL+LxkIC9zLUSCUWxGmJPyeWsp9aGUmhVk6BB+SNTxyoxTVg7zPWNGL4jzvj5NZQipRUZRDadHfiv6TzlE1qlfrl8eV5um0vhLaQ/voEEXoBDXROWqhNuII0BN6Ri/4Fb/hd/zxc3UOTz27aAb48xtf8J89</latexit>

1

<latexit sha1_base64="+0zQIHs6Ne/hr2z0nMgJbknAt2A=">AAACGHicZVBLSwMxGEx81vqsHr0Ei+CpdFW0x6IXL0KLVoV2kST9VkPzWJKsUpb9BV714q/xJl69+W9Maw9WB0KGSSbzZVgqhfP1+heemZ2bX1gsLZWXV1bX1jcqm1fOZJZDhxtp7A2jDqTQ0PHCS7hJLVDFJFyzweno/PoBrBNGX/phCrGid1okglMfpPbB7Ua1XquPQf6TaEKqaILWbQXjXt/wTIH2XFLnuo3Uxzm1XnAJRbmXOUgpH9A76AaqqQIX5+NBC7IblD5JjA1LezJWfzvyc30xVMzIqXdyqpyi/j74R5ubzvBJI86FTjMPmv9EJJkk3pDRf0lfWOBeDgOh3IowJeH31FLuQytTKczSAfiQrOGRG6Wo7uc9xopuFOd5b5TMElKNiqIcSov+VvSfXO3XoqPaUfuw2jyZ1FdC22gH7aEIHaMmOkMt1EEcAXpCz+gFv+I3/I4/fq7O4IlnC00Bf34DY1ifPw==</latexit>

3

<latexit sha1_base64="fNdjc/RI2MXwZHKxlWh58G9jZdc=">AAACGHicZVBLSwMxGEx81vrWo5dgETyVrkj1KHrxIlS0rdAuJUm/raF5LElWKcv+Aq968dd4E6/e/DemtQerAyHDJJP5MiyVwvla7QvPzS8sLi2XVsqra+sbm1vbOy1nMsuhyY009o5RB1JoaHrhJdylFqhiEtpseDE+bz+AdcLoWz9KIVZ0oEUiOPVBuj7qbVVq1doE5D+JpqSCpmj0tjHu9g3PFGjPJXWuc5r6OKfWCy6hKHczBynlQzqATqCaKnBxPhm0IAdB6ZPE2LC0JxP1tyO/0jcjxYyceSenyinq74N/vLnZDJ+cxrnQaeZB85+IJJPEGzL+L+kLC9zLUSCUWxGmJPyeWsp9aGUmhVk6BB+SNTxyoxTV/bzLWNGJ4jzvjpNZQipRUZRDadHfiv6T1lE1qlfr18eVs/NpfSW0h/bRIYrQCTpDl6iBmogjQE/oGb3gV/yG3/HHz9U5PPXsohngz29hpJ8+</latexit>

2
<latexit sha1_base64="kuoi/tgo650vo43zUVYbxRYseeM="></latexit>

�ir<latexit sha1_base64="y6xqB3nN/iFG/BzRmVPMKYxhOJU=">AAACG3icZVBLSwMxGEx81vqsHr0Ei+CpdEXUo+jFi6BoVegukqTf2tA8liSrlGX/gle9+Gu8iVcP/huztQerAyHDJJP5MiyTwvl2+wtPTc/Mzs3XFuqLS8srq2uN9Wtncsuhw4009pZRB1Jo6HjhJdxmFqhiEm7Y4KQ6v3kA64TRV36YQaLovRap4NRXUsz74m6t2W61RyD/STQmTTTG+V0D47hneK5Aey6pc93DzCcFtV5wCWU9zh1klA/oPXQD1VSBS4rRrCXZDkqPpMaGpT0Zqb8dxZm+HCpm5MQ7BVVOUd8P/mpzkxk+PUwKobPcg+Y/EWkuiTek+jLpCQvcy2EglFsRpiS8Ty3lPhQzkcIsHYAPyRoeuVGK6l4RM1Z2o6Qo4iqZpaQZlWU9lBb9reg/ud5tRfut/Yu95tHxuL4a2kRbaAdF6AAdoVN0jjqIoz56Qs/oBb/iN/yOP36uTuGxZwNNAH9+AydtoLo=</latexit>� <latexit sha1_base64="y6xqB3nN/iFG/BzRmVPMKYxhOJU=">AAACG3icZVBLSwMxGEx81vqsHr0Ei+CpdEXUo+jFi6BoVegukqTf2tA8liSrlGX/gle9+Gu8iVcP/huztQerAyHDJJP5MiyTwvl2+wtPTc/Mzs3XFuqLS8srq2uN9Wtncsuhw4009pZRB1Jo6HjhJdxmFqhiEm7Y4KQ6v3kA64TRV36YQaLovRap4NRXUsz74m6t2W61RyD/STQmTTTG+V0D47hneK5Aey6pc93DzCcFtV5wCWU9zh1klA/oPXQD1VSBS4rRrCXZDkqPpMaGpT0Zqb8dxZm+HCpm5MQ7BVVOUd8P/mpzkxk+PUwKobPcg+Y/EWkuiTek+jLpCQvcy2EglFsRpiS8Ty3lPhQzkcIsHYAPyRoeuVGK6l4RM1Z2o6Qo4iqZpaQZlWU9lBb9reg/ud5tRfut/Yu95tHxuL4a2kRbaAdF6AAdoVN0jjqIoz56Qs/oBb/iN/yOP36uTuGxZwNNAH9+AydtoLo=</latexit>�

Figure A.1: Bethe-Salpeter equation. Diagrammatic representation of the Bethe-Salpeter equa-
tion, Eq. (A.9).

Gσ(1, 2) in Eq. (A.1) can then be retrieved by setting Gσ(1, 2; [ϕ ≡ 0]). The two-point suscepti-
bility χστ(1, 2) is defined as

χστ(1, 2) = −δGσ(1, 1+; [ϕ])
δϕτ(2+, 2)

∣∣∣∣∣
ϕ=0

. (A.4)

Using Eq. (A.2), (A.3) and (A.4) we find

χστ(1, 2) = − ⟨Tτ ĉσ(1)ĉ†
σ(1

+)ĉ†
τ(2

+)ĉτ(2)⟩ − ⟨n̂σ(1)⟩ ⟨n̂τ(2)⟩
= ⟨Tτ n̂σ(1)n̂τ(2)⟩ − ⟨n̂σ(1)⟩ ⟨n̂τ(2)⟩
= ⟨Tτ n̂σ(1)n̂τ(2)⟩ − n2

σ,

(A.5)

where we defined nσ = ⟨n̂σ(1)⟩ = ⟨n̂τ(2)⟩ as the occupation per spin-species. For the case of
SU(2), we have n↑ = n↓ = n/2, where n = ⟨n̂↑⟩+ ⟨n̂↓⟩. From these definitions, we can calculate
spin- and charge response functions χch/sp(1, 2), given in particular for a two-spin species system
by

χch(1, 2) = 2
[
χ↑↑(1, 2) + χ↑↓(1, 2)

]
= 2

[
⟨Tτ n̂↑(1)n̂↑(2)⟩+ ⟨Tτ n̂↑(1)n̂↓(2)⟩

]
− n2,

χsp(1, 2) = 2
[
χ↑↑(1, 2)− χ↑↓(1, 2)

]
= 2

[
⟨Tτ n̂↑(1)n̂↑(2)⟩ − ⟨Tτ n̂↑(1)n̂↓(2)⟩

]
.

(A.6)

Note that the above defined response functions (and when implying spin-rotational symmetry)
indeed correspond to density-density and spin-spin correlation functions,

χch(1, 2) = ⟨Tτ

[
n̂↑(1) + n̂↓(1)

][
n̂↑(2) + n̂↓(2)

]
⟩ − n2 = ⟨Tτ n̂(1)n̂(2)⟩ − n2

χsp(1, 2) = ⟨Tτ

[
n̂↑(1)− n̂↓(1)

][
n̂↑(2)− n̂↓(2)

]
⟩ = ⟨Tτ Ŝz(1)Ŝz(2)⟩ ,

(A.7)

where Ŝz(1) = n̂↑(1)− n̂↓(1) is the spin-polarization in z−direction.

Let us now consider generalized three-point susceptibilities χστ(1, 3; 2),

χστ(1, 3; 2) = − δGσ(1, 3)
δϕτ(2+, 2)

. (A.8)

The two-point susceptibility as introduced in Eq. (A.4) and used in Eq. (A.6) is then retrieved
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upon choosing 3 = 1+. For χστ(1, 3; 2), we can write down the Bethe-Salpeter equation (BSE)1

in the particle-hole channel, see Fig. A.1,

χστ(1, 3; 2) = −Gσ(1, 2)Gτ(2, 3)δστ + Gσ(1, 2̄)Γir
σῡ(2̄, 3̄; 4̄, 5̄)χῡτ(4̄, 5̄; 2)Gσ(3̄, 3). (A.9)

Here, Γir
στ is the irreducible vertex generated from the Luttinger-Ward functional Φ[G],

Γir
στ(1, 2; 3, 4) =

δ2Φ[G]

δGσ(2, 1)δGτ(3, 4)
, (A.10)

which is calculated via a Legendre transform on the generating functional ln Z[ϕ] using the
Kadanoff-Baym relation between the Green’s function and the self energy2. The sign of the first
term in the BSE, Eq. (A.9), is chosen as convention. With definition Eq. (A.6), we get for the spin
channel

χsp(1, 3; 2) = 2[χ↑↑(1, 3; 2)− χ↑↓(1, 3; 2)] = −2G↑(1, 2)G↑(2, 3) + G↑(1, 2̄)× . . .

· · · × 2
{

Γir
↑↑(2̄, 3̄; 4̄, 5̄)χ↑↑(4̄, 5̄; 2) + Γir

↑↓(2̄, 3̄; 4̄, 5̄)χ↓↑(4̄, 5̄; 2)

− Γir
↑↑(2̄, 3̄; 4̄, 5̄)χ↑↓(4̄, 5̄; 2)− Γir

↑↓(2̄, 3̄; 4̄, 5̄)χ↓↓(4̄, 5̄; 2)
}

G↑(3̄, 3).

(A.11)

Exploiting χστ = χ−σ−τ
3 as a result from the SU(2) symmetry, the part in the brackets (including

the factor of 2) reads

2
{

Γir
↑↑χ↑↑ + Γir

↑↓χ↑↓ − Γir
↑↑χ↑↓ − Γir

↑↓χ↑↑
}
= 2[χ↑↑ − χ↑↓]× [Γir

↑↑ − Γir
↑↓] = −χspΓsp, (A.12)

where in the last step we have defined Γsp = Γir
↑↓ − Γir

↑↑. Hence, the BSE for the spin susceptibility
reads

χsp(1, 3; 2) = −2G↑(1, 2)G↑(2, 3)− Γsp(2̄, 3̄; 4̄, 5̄)G↑(1, 2̄)G↑(3̄, 3)χsp(4̄, 5̄; 2). (A.13)

Similarly, for the charge susceptibility we get

χch(1, 3; 2) = −2G↑(1, 2)G↑(2, 3) + Γch(2̄, 3̄; 4̄, 5̄)G↑(1, 2̄)G↑(3̄, 3)χch(4̄, 5̄; 2), (A.14)

where Γch = Γir
↑↓ + Γir

↑↑.
We can now make an explicit approximation for the form of the irreducible vertices, which,

in their simplest form, are only parametrized by two constants, Γir
↑↓ and Γir

↑↑. In other words, the
irreducible vertex is chosen to be independent of momentum and frequency, corresponding to

Γir
στ(2, 3; 4, 5) = δ(3 − 4)δ(2 − 5)δ(4+ − 5)Γir

στ. (A.15)

1In its original formulation, the BSE considers generalized four-point susceptibilities, χστ(1, 3; 4, 2) = − δGσ(1,3)
δϕτ(4,2) ,

which are equivalent to our case by choosing 4 = 2+. When reducing to the two-point susceptibility after solving
the BSE, both give the same result. However, three-point susceptibilites already introduce some Kronecker-Deltas in
the equations, simplifying the expressions at an earlier stage.

2The Kadanoff-Baym relation reads G−1 = G−1
0 + ϕ + Σ, with Σ the self-energy.

3Indices with a (−) sign correspond to the opposite spin, i.e., − ↑=↓, − ↓=↑.
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Inserting into Eq. (A.13) and denoting G↑ = G↓ = G, we find for the two-point susceptibility

χsp(1; 2) = −2G(1, 2)G(2, 1)− UspG(1, 4̄)G(4̄, 1)χsp(4̄; 2), (A.16)

where we defined Usp = Γir
↑↓ − Γir

↑↑. With χ0(1, 2) = −2G(1, 2)G(2, 1), we arrive at the Dyson
equation for the two-point susceptibility,

χsp(1; 2) = χ0(1, 2) +
1
2

Uspχ0(1, 4̄)χsp(4̄; 2). (A.17)

In Matsubara-Fourier space, Eq. (A.17) turns into4

∑
q

e−iq(1−2)χsp(q) = ∑
q

e−iq(1−2)χ0(q) + ∑
q

e−iq(1−2) 1
2

Uspχ0(q)χsp(q). (A.18)

By approximating χ0(q) = −2 T
Nk

∑k G(k)G(k + q) ≈ −2 T
Nk

∑k G0(k)G0(k + q) with G0(k) the
non-interacting Green’s function G0(k) = (iωn − ϵk)

−1 with single-particle dispersion ϵk, we
have for χ0(q)

χ0(q) = −2
T

Nk
∑

k
G(k)G(k + q) = −2

T
Nk

∑
k

nF(ϵk − µ)− nF(ϵk+q − µ)

iωn + ϵk − ϵk+q
. (A.19)

Here, Nk is the number k-points in the BZ (= number of lattice sites), nF(x) = (ex/T + 1)−1 is
the Fermi-Dirac distribution, and µ is chosen such that the particle density per spin flavor nσ is
given by

nσ =
1

Nk
∑
k

nF(ϵk − µ). (A.20)

The non-interacting susceptibility is thus determined by T, ϵk and nσ. Finally, with Eq. (A.18),
we arrive at

χsp(q) =
χ0(q)

1 − 1
2Uspχ0(q)

. (A.21)

Similarly, for the charge sector, we get

χch(q) =
χ0(q)

1 + 1
2Uchχ0(q)

, (A.22)

with Uch = Γir
↑↓ + Γir

↑↑. In a final step to get to the TPSC equations, we enforce Pauli’s principle on
a two-particle level, i.e., we impose that ⟨n̂σ(r, τ)n̂σ(r, τ)⟩ = ⟨n̂σ(r, τ)⟩. In Eq. (A.6), we see that
we can exploit Pauli’s principle for the equal-time, equal-space response χsp/ch(1, 1+), yielding

χsp(1, 1+) =
T

Nq
∑

q,iωn

χsp(q, iωn) = n − 2 ⟨n̂↑n̂↓⟩ ,

χch(1, 1+) =
T

Nq
∑

q,iωn

χch(q, iωn) = n − n2 + 2 ⟨n̂↑n̂↓⟩ ,
(A.23)

4We use the notation q = (q, iωn).



A.2 SU(N) FH model 303

where Nq is the number of lattice sites, n̂σ = n̂σ(r, τ) and we used that ⟨n̂↑⟩ = ⟨n̂↓⟩ = n/2.
Together with the ansatz

Usp

U
=

⟨n̂↑n̂↓⟩
n2

σ

, (A.24)

this defines the TPSC theory.

A.2 SU(N) FH model

We now aim to generalize the TPSC equations derived in the previous section to the case of the
SU(N) Hubbard model, where N spin flavors enter the Hamiltonian,

Ĥ = −t ∑
⟨i,j⟩

N

∑
σ=1

(
ĉ†

i ĉj + H.c.
)
+

U
2 ∑

i
∑

σ ̸=τ

n̂i,σn̂i,τ − µ ∑
i

∑
σ

n̂i,σ. (A.25)

We will be interested in computing the generalized spin-susceptibility χsp (see also
Ref. [158]), given by

χsp(1, 2) = N(N − 1)
[
⟨Tτ n̂σ(1)n̂σ(2)⟩ − ⟨Tτ n̂σ(1)n̂τ ̸=σ(2)⟩

]
= N(N − 1)

[
χσσ(1, 2)− χστ ̸=σ(1, 2)

]
.

(A.26)

Note that Eq. (A.26) reduces to the spin-susceptibility in Eq. (A.6) for the case N = 2. We can
now write down the Bethe-Salpeter equation, see Eq. (A.9), for the three-point susceptibilities,
leading to

χsp(1, 3; 2) = N(N − 1)[χσσ(1, 3; 2)− χστ(1, 3; 2)] = −N(N − 1)G(1, 2)G(2, 3) + G(1, 2̄)× . . .

· · · × N(N − 1)
{

Γir
σσ(2̄, 3̄; 4̄, 5̄)χσσ(4̄, 5̄; 2) + (N − 1)Γir

στ(2̄, 3̄; 4̄, 5̄)χτσ(4̄, 5̄; 2)

− Γir
σσ(2̄, 3̄; 4̄, 5̄)χστ(4̄, 5̄; 2)− (N − 2)Γir

στ(2̄, 3̄; 4̄, 5̄)χστ(4̄, 5̄; 2)

− Γir
στ(2̄, 3̄; 4̄, 5̄)χττ(4̄, 5̄; 2)

}
G(3̄, 3).

(A.27)
Defining Γsp = Γir

στ − Γir
σσ and χ0(1, 3; 2; N) = −NG(1, 2)G(2, 3), we get

χsp(1, 3; 2) = (N − 1)χ0(1, 3; 2; N)− Γsp(2̄, 3̄; 4̄, 5̄)G(1, 2̄)G(3̄, 3)χsp(4̄, 5̄; 2). (A.28)

Similarly to the case for two spin flavors, we make the same simplified ansatz for the irreducible
vertex, Eq. (A.15). This leads to the Dyson equation for the SU(N) symmetric FH model,

χsp(1; 2) = (N − 1)χ0(1, 2; N) +
1
N

Uspχ0(1, 4̄; N)χsp(4̄; 2), (A.29)

where Usp = Γir
στ − Γir

σσ. Evaluating again the equal-time and equal-space correlation function
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χsp(1, 1+) from Eq. (A.26), we find the TPSC equation for the spin susceptibility

χsp(1, 1+) =
T

Nq
∑

q,iωn

χ0(q, iωn; N)

1 − 1
N Uspχ0(q, iωn; N)

= N[⟨n̂σ⟩ − ⟨n̂σn̂τ⟩] = n − N ⟨n̂σn̂τ⟩ . (A.30)

Note that the TPSC equation for the N-component system, Eq. (A.30), is equivalent to the SU(2)
symmetric case, with 2 → N. When using the same ansatz as in the two-component case,
⟨n̂σn̂τ⟩ =

Usp
U n2

σ, we see how the TPSC equation becomes N-independent,

χsp(1, 1+) =
T

Nq
∑

q,iωn

χ0(q, iωn; 1)
1 − Uspχ0(q, iωn; 1)

= nσ −
Usp

U
n2

σ. (A.31)

In particular, Eq. (A.31) only depends on the filling per spin flavor nσ = ⟨n̂σ(r, τ)⟩, see also the
discussion presented in Sec. 11.4.

A.3 Numerical implementation

From Eq. (3.40), it is evident that only the non-interacting susceptibility is needed to self-
consistently solve the equations for Usp, Uch. Hence, for a given grid in Matsubara-Fourier space
(q, iωn), χ0(q, iω) is computed and tabulated. This process scales as O(N2

kNω), with Nk and Nω

the number of points in the BZ mesh and number of Matsubara frequencies, respectively.
As a concrete example, let us specify for the case of the square lattice. For the summation, we

use the mesh by Monkhorst and Pack [579], whereby we choose to exclude all high-symmetry
points from the summation. Note that due to the symmetry χsp(q = [qx, qy], iω) = χsp(q =

[σqx, σ′qy], iω) for σ = ±1, σ′ = ±1, only 1/4 of the Brillouin zone (BZ) needs to be computed
(however, the k−sum in the definition of χ0(q, iωn) needs to span the entire BZ). Furthermore,
we only have to sum over positive Matsubara frequencies (plus the contribution from iωn = 0),
as χsp(q, iωn) = χ∗

sp(q,−iωn). Hence, we need to tabulate q ∈ 1Q, iωn ≥ 0 and compute

∑
q

∑
iωn

χsp(q, iωn) = ∑
q∈1Q

χsp(q, iωn = 0) + 8Re
[

∑
q∈1Q

∑
iωn>0

χsp(q, iωn)
]
, (A.32)

where 1Q denotes a single quadrant in the BZ. In order to approximate the Matsubara sum, we
evaluate Eq. (A.32) for various cutoffs Nω, and extrapolate the result linearly in 1/Nω to Nω → ∞.

We then compute Eq. (A.32) for a given interaction Usp, and self-consitently solve Eq. (3.40)
with the ansatz Eq. (3.44). In order to update Usp in each iteration, a simple mixing scheme
Un+1

sp = αŨn+1
sp + (1 − α)Un

sp is employed that ensures fast convergence, where

Ũn+1
sp =

U
2n2

σ

[
n − χsp(1, 1+; Un

sp)
]

. (A.33)

Note that the numerical complexity of solving the self-consistency equations is negligible com-
pared to tabulating the non-interacting susceptibilities. When doing so, the iteration over q
(which is usually the bigger mesh compared to the frequencies) can be parallelized.
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