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Zusammenfassung

In dieser Doktorarbeit werden zwei verschiedene Coulomb-Systeme im Vielteilchen-Limes
betrachtet. Zuerst wird das Tropfchenmodell fiir die Wechselwirkung von Nukleonen mit
einem Hintergrund von Elektronen untersucht. Dabei wird der Grenzwert betrachtet bei dem
das Verhaltnis der Elektronen- zur Neukleonenladungsdichte klein ist. In drei Dimensionen
wird gezeigt, dass der thermodynamische Limes der Grundzustandsenergie zur fiihrenden
Ordnung der eines einzelnen Atomkernes entspricht wenn die Ladungsdichte klein ist. In
zwei Dimensionen wird der Koeffizient der fithrenden Ordnung hergeleitet und es werden
Fehlerschranken bewiesen, die die GroBenordnung einer vermuteten Asymptotik der zweiten
Ordnung haben. Auflerdem wird ein Resultat bewiesen zur gleichméfigen Verteilung der
Energie im Raum mithilfe einer Methode, die Armstrong und Serfaty verwendeten um die
gleichméaflige Verteilung der Energie im Jellium Modell zu beweisen.

Das zweite Coulomb-System behandelt viele Polaronen in der Pekar-Tomasevich Nédherung.
Benguria, Frank und Lieb bewiesen 2015, dass die entsprechende Grundzustandsenergie
propotional ist zu —N7/5 fiir groe N. Sie bewiesen eine obere Schranke fiir den Koef-
fizienten und formulierten die Vermutung, dass diese scharf ist. In dieser Doktorarbeit
wird bewiesen, dass die Vermutung korrekt ist indem die entsprechende untere Schranke
hergleitet wird. Dabei wird ein geladenes Bose-Gas mit Coulomb-Wechselwirkung und
einem Hintergrund entgegengesetzter Ladung betrachtet. Mithilfe von Methoden von Lieb
und Solovej kann Bogolubov Theorie verwendet werden.
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Abstract

This thesis is concerned with two different Coulomb systems in the many-particle limit.
First of all, the liquid drop model for nuclei interacting with a neutralizing homogeneous
background of electrons is considered. The regime that is of interest is when the fraction
between the electron and the nucleon charge density is small. In three dimensions, it is
shown that in this dilute limit the thermodynamic ground state energy is given to leading
order by that of an isolated nucleus. In two dimensions, it is proven how the leading
order coefficient of the thermodynamic ground state energy is in the dilute limit and
error estimates are shown that reproduce the second order of a conjectured asymptotics.
Furthermore, a result is derived on the uniform distribution of energy in any dimension
which is based on a method Armstrong and Serfaty used to prove uniform distribution of
energy for the jellium model.

The second Coulomb system that is considered is the “neutral” case of the many-polaron
system in the Pekar-Tomasevich approximation. In 2015, Benguria, Frank and Lieb showed
that in this case the ground state energy goes as —N7/5 for large N. They proved an
upper bound for the coefficient and conjectured it to be the correct one. Here, it is
established that this is indeed true by proving the corresponding lower bound. To do
so, a one-component charged Bose gas with Coulomb interaction and a background with
variable charge distribution is studied. Adapting methods of Lieb and Solovej one can
justify Bogolubov theory for this model.
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Chapter 1

Introduction and Main Theorems

1.1 General Introduction

One of the most astonishing facts about nature is that it can be so precisely described
in terms of mathematics. Whether it is Newton’s mechanics describing the basics of how
we experience masses moving, accelerating or resting in every day life. Or whether it
is Maxwell’s equations describing electromagnetism. FEven the behavior of the smallest
particles we currently know can be described using rigorous mathematics. Well, at least
some of the description is rigorous.

There are four known interactions in nature. [44] The interaction with the smallest
coupling constant is gravity. Since this interaction is so weak it has the largest bound states,
namely us living on earth or our solar system within our galaxy. At the same time, there is
only one type of mass. So there is no neutrality which is why gravity can reach arbitrarily
far.

The strongest interaction that is currently known is - as the name says - the strong
interaction. Because of this, it has the smallest bound states, for example protons and
neutrons within an atomic nucleus.

The interaction which is not as strong as the strong interaction but still much stronger
than gravity is electromagnetism. This is why it has bound states which are much larger
than protons or neutrons within an atomic nucleus, but still much smaller than the bound
states of gravity. For example matter as we experience it in everyday life is a bound state
of the electromagnetic interaction. Or, much simpler of course, molecules as well.

This thesis is concerned with large systems with Coulomb interaction, i.e. purely
electrostatics. There are two kinds of electric charges, positive and negative ones. The
strength of the Coulomb interaction therefore enforces neutrality resulting in a far field
which decays much faster than the Coulomb field of one type of charge itself.

Why do we do mathematics? Apart from physics and natural sciences there are
many applications of mathematics like engineering. However, one might suggest that it
is interesting to study mathematics in and of itself. Just as people have always been
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wanting to explore the earth as one can experience it, from sailors in the sixteens century to
physicists colliding high energy particles in the 20th century, apart from many other reasons
also just out of curiosity, so one might be interested in the a priori world of mathematics
for its own sake apart from all applications that it has and will have in the future.

The area of mathematics that this thesis is concerned with is analysis. Roughly put it
presupposes an a priori understanding of space (and maybe also of time) and than studies
what one might be able to say about definitions on this space.

Maxwell equations In the second half of the nineteenth century Maxwell formulated his
theory of the electromagnetic interaction [45, p. 310]. A charge distribution f: R3 xR — R
where (z,t) € R?® x R denotes a position in space z at time ¢ induces an electric field
E € C'(R? x R,R?) and a magnetic field B € C'(R?® x R,R?) such that the system of
partial differential equations is fulfilled |45, p. 314] in suitable units

0B
E= E=——
\Y 1 V x T
OE
B: Bzi ..
\Y 0, V x 9 +1

Here, j denotes the electric current that fulfills Vj + %{ = (0 and it is assumed that the
electric polarization and the magnetization is zero. One observes that a magnetic field
that changes with time induces a rotational electric field and an electric field that changes
with time induces a rotational magnetic field. This is the mathematical description of
electromagnetic waves. Furthermore, the fact that the divergence of the magnetic field
vanishes implies that there are no magnetic monopoles.

In this thesis Coulomb systems are considered. So the charge distribution f is not
dependent on time, the electric current is zero and there are no rotational fields, neither
electric nor magnetic. This is why one can describe E in terms of a potential v € C*(R3, R)
such that —Vv = ¢4E. The resulting partial differential equation depending on the static
charge density f and the potential v can be formulated in any dimension d € N (let d > 2).
It is the Poisson equation

—Av =cyf in R,
v € HY(RY),

where ¢y := 27 and ¢g := (d — 2)|S?"!| with the d — 1 dimensional unit sphere S¢~!. For
Q CRY H'(Q) denotes the Sobolev space of functions in the Lebesgue space L*(Q) that
have weak derivatives which are in L?*(Q). One solution can be expressed in terms of the
fundamental solution of the Laplacian

o(e) = [ Gla—y)fy)dy.

for x € RY, where G(x) := 111%| for d = 2 and G(z) ;= —j= for d > 3.

\ ||
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Outline of this thesis In Chapters 2 and 3 the liquid drop model is considered in a
cube Qp := (—L/2, L/2)? with a charge distribution 1o , for Q,, C Q1 and a constant
background plg, where p € (0,1) and |Q| = pL?. The energy in d dimensions with whole
space boundary condition is

&) i= Pex() + 5 [ [ (Lo, () = p)Glx — y)(1,, () = p)dedy, (L)

where G(z) := @I% for d > 3 and G(z) :=1n ﬁ for d = 2. Note that when subsets of R?

are considered they are always assumed to be Lebesgue measurable.

In the following sections a more detailed motivation for this model is given. For now, just
note that there is an attractive short range term, the perimeter, and a repulsive long-range
term, the Coulomb energy of the system (see e.g. [32) [I, 25]). This thesis is concerned with
estimating the corresponding ground state energy

By =1inf{€,0(Q): @ C Q[0 = pL*}. (1.2)

In Chapter 2 the leading order for small densities p > 0 of the ground state energy is
derived in dimension d = 3 with explicit error estimates depending on the size of the whole
system L and the charge density of the background p € (0, %) It is assumed L > %. This
corresponds to first taking the thermodynamic limit . — oo and then, the dilute limit
p — 0. Note that these limits are taken separately. The challenge is that one does not
know whether the minimizer of the whole space problem is a ball.

In Chapter 3 further results on the liquid drop model are derived. First of all, the
ground state energy is considered in dimension d = 2. As one would expect the problem is
easier to solve than the three dimensional one. This is why the leading order of the limit
p — 0 of the ground state energy is deduced as well as error estimates that reproduce the
order of a conjectured second order asymptotics. The proof gives insight into how connected
components (droplets) of a minimizer look like.

If one sets f = 1q,, — plg, and integrates by parts, the energy can be written in terms
of the potential v

1
2Cd/Rd(—Av)vdx

1 2
= Per(Q, 1) + % /Rd |Vou|“dx.

Epr(Qpr) = Per(Q,1) +

In the second part of Chapter 3 a result on the uniform distribution of energy is derived
for d > 2 on smaller scales R € R with 1 < R < L. The local energy considered is

1 2
Per(Q2, 1, N Qr(a +7/ Vou|"dez,
©uNQe@)+5 [ 90l
where Qr(a) := a+ Qg. Note that a different scaling is used in this case without the factor

c;'. The proof follows an approach that Armstrong and Serfarty used to prove uniform
distribution of energy for the jellium model [2].
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(a) On the inside the nuclear force of the sur-(b) Close to the boundary there is an effective
rounding nucleons cancels. force to the inside.

Figure 1.1: Nuclear force between the nucleons.

In Chapter 4 a completely different Coulomb system is considered. To prove a lower
bound on a large polaron system the energy is linearized. This leads to the energy of a one
component charged Bose gas taking the infimum over all possible background distributions
of opposite charge. It is estimated similar to Lieb and Solovejs work on the one and two
component charged Bose gases by Bogolubov theory [36, [37].

In the following sections a more detailed introduction to these chapters is given and the
main theorems of this thesis are stated. For Chapter 4 some basic concepts of mathematical
quantum mechanics are reviewed.

1.2 The three dimensional Liquid Drop Model

Chapter 2 on the three dimensional liquid drop model has been published in [13] as joined
work with Rupert Frank and Tobias Konig.

An atomic nucleus consists of protons and neutrons. While protons have a positive
electric charge, neutrons are — as the name suggests — electroneutral. What keeps the
nucleons together is the nuclear force which is attractive but short ranged. It can be
described by the Yukawa potential [44, p. 518]

C wTr
Y, (r) = e
and it is effectively a nearest neighbor interaction. Inside of the nucleus the nuclear force
of the surrounding nucleons cancels. So effectively there is no nuclear force inside of the
nucleus. (See figure [1.1al) On the boundary, however, the nuclear force of the surrounding
nucleons does not cancel. So any nucleon on the boundary experiences a resulting force
directed to the inside of the nucleus. This is why the nuclear force can be modeled as a
surface tension. (See figure [1.1D])

Liquid Drop Model without background Gamow’s Liquid Drop Model [23] describes
an atomic nucleus in terms of an incompressible, charged liquid. It has recently attracted a
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lot of attention in mathematics, see, for instance, [9} [10] 6], 29, BT, 39, 16}, 32, [, 30} 17].
The energy of this simple model in nuclear physics consists of a surface tension which
is described by the perimeter term and an interaction which is described by the Coulomb
term. First of all, consider a single nucleus without background. Possible shapes of this
nucleus are (measurable) sets {2 C R? and their measure |(] is interpreted as the number of
nucleons in suitable units. The energy of such a nucleus is, again in suitable units,

&(Q) = Per(Q) + ;/Q/Q E i |

where Per(Q2) denotes the perimeter in the sense of De Giorgi

dzdy, (1.3)

Per(Q)) i— sup{/QVF dz: F € C' (R R?), [F| < 1},

(e.g. [15]). This leads to the variational problem of finding, for a given A > 0,
Ey(A) :=inf{&(Q) : Q C R* Q] = A} (1.4)

. Eo(A
and eg := inf 459 Olg ).

It is known [16] (see also [32]) that there is an A* > 0 such that ey = % and that
there is a minimizing set Q* C R? with [Q2*| = A* such that Ey(A*) = &(Q*). This set O
is strongly conjectured, but not known, to be a ball. Physically, it corresponds to a nucleus
with the greatest binding energy per nucleon, which is a certain isotope of nickel.

The perimeter term favors €2 to be concentrated at one point. It is optimized by a ball
(for a given nucleon number 2] = A > 0). In contrast, the Coulomb energy is maximal
for a ball. Since the perimeter term is heuristically proportional to v/A and the Coulomb
term to A? the perimeter term dominates for small A > 0. This is why, for small A > 0
the minimizer of & is a ball [3I]. It is conjectured in [10] that there is an A; > 0 such
that a minimizer of & exists and is a ball for any nucleon number A with 0 < A < A; and
such that there is no minimizer for A > A;. Furthermore, it is conjectured that A; fulfills
Eo(Q1) = 2&5(€41/2'/3). So one ball ; with |Q;] = A; has two times the energy of a ball
with mass A;/2. In [I5] Frank, Killip and Nam prove the nonexistence for A > 8. (See
Section 2 in [32] for an overview of the results.)

In the construction of the competitor set {2 that is used to prove the upper bound copies
of a ball are placed on a lattice and than it is shown how the proof has to be modified if
the minimizer of &, is not a ball.

Liquid Drop Model with background The Coulomb force is very long ranged. Since
the Coulomb potential 1/7 is not integrable at infinity, local neutrality is needed to consider
macroscopic systems. In nuclear matter it is a sea of delocalized electrons which provides a
background of opposite charge. Therefore, a background density p € (0, 1) is introduced
and the system is considered inside a cube Qr = (—L/2, L/2)? with L > 0.

The three dimensional energy functional is

&) =Per(s) + 5 [ [ (o, (@) = p)

m(lﬂp,L(y) —p)dady. (1.5)
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Here, Q0,1 C @y is assumed to be a neutral configuration, that is [, 1| = pL3. The goal
will be to derive the leading order of the ground state energy

E,; =inf{&,(Q):QC Q| =pL*} (1.6)

in the dilute limit p — 0.

The main result of Chapter 2 is the following theorem on the behavior for small p > 0
of the thermodynamic limit of the energy E, ;. It is proven for whole space boundary
conditions. However, in Chapter 3, Theorem it is deduced that the thermodynamic
limit exists and is equal for Dirchlet, whole space, periodic and Neumann boundary
conditions.

Theorem 1.1. Let # € {Dir, 0o, Per, Neu} and p € (0, %] Then, the thermodynamic limit

of the ground state energy for d = 3 is given by

_ Ey(A%)
A*

p+o(p) asp—0. (1.7)

In particular, it is equal for these boundary conditions

Remark 1.2. This result also holds for any boundary condition such that the potential
v,z of the minimizer Q, ;, fulfills [5,, v, v - Vv, dz’ <0 for all L > C and p € (0, %]

The leading order energy in the dilute limit comes from the energy of each droplet. The
interaction of different droplets, the interaction of droplets with the background and the
interaction of the background with the background only contribute to the energy at higher
order. In particular, this means that the nucleon number A of each connected component
is relevant for the leading order. The question of how droplets are arranged and whether
they are arranged in terms of a lattice or not is not relevant for the leading order.

[[The conjecture that for small p a minimizer is given by a periodic arrangement of
nearly spherical droplets guides the proof of the upper bound. Since the arrangement of
the droplets does not contribute to the leading order evaluating the energy of a set of balls
on a simple cubic lattice gives an upper bound for the ground state energy that is sufficient
for these purposes. In the dilute limit p — 0 these droplets should move infinitely apart.
Each one of the droplets should therefore be asymptotically equal to an energy-per-volume
minimizer of the full-space energy functional . This is why the energy per unit volume
should be given to leading order by info-jq<eo |2 E0(Q) = (A*) 1 Eo(A*).

It is a well-known open problem to prove the periodicity of minimizers in this and other,
multi-dimensional minimization problems (crystallization conjecture). The strongest result
about local order for the liquid drop model (in any dimension d € N) is shown in a work by
Alberti, Choksi and Otto [I].

Remarkably, in the physics literature [43, 28] it is proposed that there are phase
transitions at 0 < pe < pe2 < 1/2 < p3 = 1 — pea < paa = 1 — pa < 1, where the

IThe following part of this section is similar to what has been published in [I3] as joined work with
Rupert Frank and Tobias Konig.
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dimensionality of the periodicity changes. For 0 < p < p.1, minimizers are expected to be
sphere shaped and arranged in a three dimensional lattice, for p.; < p < peo, minimizers are
expected to be cylinder shaped and arranged in a two-periodic lattice and for p. < p < pes
minimizers are expected to be slab shaped with respect to a one-dimensional lattice. For
p > 1/2 the situation reverses (since p — 1 — p corresponds to 2 — R3\Q) and one expects
a transition to cylindrical holes and then to spherical holes. Numerically, one has p.; ~ 0.20
and pe ~ 0.35 [41]. In a recent result [24] the optimality of slab-like structures was
rigorously established in a multi-dimensional lattice model which, similarly to the present
model, contains an attractive short range term competing with a repulsive long-range term,
see also [12] [26].

Theorem improves a result of Kniipfer, Muratov and Novaga [32]. They prove
a similar asymptotic equality in the ultra-dilute limit p ~ L~2, where the background
density vanishes in the limit . — oco. In contrast, here one can perform first the limit
L — oo and then p — 0. In the regime p ~ L2 it does not play a role yet that the
Coulomb potential is non-integrable at infinity. Controlling this phenomenon is, in fact,
one of the accomplishments in this work. However, [32] also contains results about Gamma
convergence and about the droplet structure of minimizers.

The even more dilute situation where p ~ L~3 was considered by Choksi and Peletier [9].
Then, the leading order E(A*)/A* in and should be replaced by E(pL?)/(pL?).
In this situation the upper bound in this thesis is not applicable (at least not if pL? is
too small) and the lower bound in this thesis is not tight. However, a simple variation
of the arguments in this thesis would also cover this regime. Note that [9] also establishes a
lower order correction to the energy and contains results about Gamma convergence [

1.3 The two dimensional Liquid Drop Model

As it has been mentioned it is conjectured in the physics literature [43], 28] that there are
phase transitions in nuclear matter for certain values of p € (0, 1) where the dimensionality
of the periodicity of a minimizer changes. For p € (0, p.,) it is assumed that a minimizer
consists of nearly spherical droplets. For p € (p,, pe,) it is conjectured that a minimizer
consists of a parallel structure of cylinders. This phase can mathematically be described by
the two dimensional liquid drop model.

In two dimensions the Newtonian potential is minus the logarithm. Therefore, the
energy of the liquid drop model in Qp = (—L/2,L/2)?* is

1

1
£01(Q00) = Per(@) 45 [ [ (1, () —p)n P

(la,,(y) —p)dzdy, (1.8)

for Q, 1 C Qr with |Q, 1| = pL?. Consider the corresponding ground state energy

B,y =inf{€,.(Q):QC QL0 =pL*}.

2End of the part of this section that is similar to what has been published.
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Similar to what has been done in three dimensions the following theorem on the
thermodynamic limit of the ground state energy for small p > 0 is derived in dimension two.
As before this asymptotics of the thermodynamic limit also holds for Dirichlet, periodic and
Neumann boundary conditions by Theorem [3.22] The energy of these boundary conditions
is defined in Section [1.4l

Theorem 1.3. Let # € {Dir, oo, Per, Neu}. Then, for p € (0, %), the thermodynamic limit
of the ground state energy for d = 2 is given by

lim —g# —3( T2 v oL __ 0 (1.9)
e 2l T2\ g p Pt (In %)2/3 as p— U '
In particular, it is equal for these boundary conditions.

Remark 1.4. This expansion of the thermodynamic limit holds for any boundary condition
with a potential v, of the energy minimizer €2, ; that fulfills faQL v,V - Vo, da’ <0 for
all L>C and p € (0,3).

In the literature sometimes a screened version of this energy is considered with an
interaction that tends to zero exponentially at infinity. This avoids the difficulties that arise
since the Coulomb potential is not integrable at infinity. If one considers the unscreened
version &, 1, these difficulties can be solved by placing disks on a lattice for the upper bound
such that there is local charge neutrality and such that the dipole and the quadrupole
moment of each droplet with the background of one lattice cell vanish. Then, the remaining
interaction at large distances r > 0 is of order 7%3 which is integrable at infinity in two
dimensions. This is just the method that has been used in this thesis for the three
dimensional problem.

In [7] Chen and Oshita solve this issue for the upper bound by using an explicit formula
for the Green function for points on a lattice on the whole of R?. To get an idea of how a
minimizer of £, ;, might look like they calculate the energy of several states and compare the
results. They show that a state consisting of an arrangement of discs on a hexagonal lattice
has the lowest energy among several other lattice arrangements. Indeed, they calculate the
energy of discs with equal radius arranged on a lattice aZ + 7 where «, 8 € C\{0} and
Im(3/a) > 0. Here, R? is identified with C which simplifies calculations a lot. The lattice
with hexagonal unit cell for which they got the lowest energy corresponds to o = e~/6,
3 = €™/%. They do not prove a lower bound on the ground state energy and it does not
currently seem to be realistic to prove a lower bound that is equal to the upper bound
of a lattice arrangement in the thermodynamic limit since this would require proving the
periodicity of minimizers. As Alberti-Choksi-Otto point out, this currently is a formidable
task [1].

In this thesis, a lower bound is proven that is equal to the leading order of the upper
bound in (3.5 in the dilute limit p — 0. It might be possible to even prove a lower bound
that is equal to the second order, as well. Since the upper bound is stated in terms of the
jellium energy a corresponding lower bound does not need to make any assumption about
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whether the droplets are arranged in terms of a lattice or not. This will be discussed later
in greater detail.

Goldman, Muratov and Serfaty actually derive the second order asymptotics of the
ground state energy for an interaction which tends to zero at infinity exponentially fast
[25]. They consider the ultra-dilute limit where p < L~ (ln )1/3 converges to zero as L
tends to infinity. This is a remarkable result and their method of solving this problem has
been helpful for this work as well. To prove the lower bound they show that each connected
component either converges to a ball of a certain radius or becomes very small fast in the
limit p — 0.

The conjectured second order asymptotics Considering the unscreened version of
the energy without coupling the limits L — oo and p — 0, one can conjecture that the
second order of the energy for small p > 0 is

T\ 1/3 1 pL?
(4) (hlﬂ' + 3 + 4€Jeuium) W’

where €jeium is the thermodynamic limit of the ground state energy of the jellium model.
This is the second order of the upper bound proven in Theorem The lower bound
reproduces the order of the conjectured asymptotics but it does not have the conjectured
coefficient.

The leading order in Theorem comes from the part of the energy which can be

expressed as
1
> (\/47T|Qj| + 7/ / In
F 2 Ja; Jo,

with Q,; = U; Q;, pairwise disjoint €, N Q;, = 0 for j; # js, every §; connected and

diam(§2;) < C(In %)2/ 3. It actually does not depend on the shape of the €; but only on the

mass |€2;| and the perimeter Per ;. The contribution of the shape is of subleading order.
Consequently, the next order is contained in the energy

Z(Perm) 4w|sz) 3 [ (e @) =l (1a,,(0) - p)dedy

[z -yl
S

The first term gives control over the difference of each connected component and a ball by
the quantitative isoperimetric inequality. The second term is precisely the Coulomb energy
without the self-energy of the connected components.

Since the first term favors connected components to be like a ball one expects the second
term to be similar to the jellium energy. The advantage of this approach is that one only
has to get results about the mass and shape of the droplets and that one does not need to
make any assumption about whether the droplets are arranged in terms of a lattice. The
proof of the lower bound in Theorem actually shows that most droplets of a minimizer

dxdy)
|z —y|

dx dy .
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have mass less then C(In %)_2/ 3 and perimeter less then C(In %)_1/ 8. If droplets ; either
have mass larger than that or a perimeter that is larger than this, then their energy is
greater than Cp(In = )1/3|Q | with Cy > 3(Z)'/3. So the sum of these masses || fullfills

7T 1 1 O|Qp Ll
3(4 p) Z]QH—CO(IH ) Z|Q|<3( In > 1Q,2] + (In p)2/3
19
<:> ZZ| | S 71.
|Qp,L| ].I].;
Here, the sum over j denotes all droplets 2; that have mass less then C(In 1)_2/ 3 and

perimeter less than C(In p) 1/3. Their energy is bound from below by 3(%1 )1/ 1Q;] (as
the proof of the lower bound shows). One can improve on this argument snnllar to what
Goldman, Muratov, Serfaty show in [25] and deduce that most droplet masses asymptotically
converge to an optimal mass and that their shape converges to that of a ball. This is done
in Chapter 3 as well.

1.4 Concerning boundary conditions

This section is similar to what has been published in [13] with Rupert Frank and Tobias
Konig in three dimensions.

In the literature the liquid drop model energy is often considered with different
boundary conditions like Dirichlet, Neumann or periodic ones. To introduce the correspond-
ing energies, the liquid drop model energy is written in terms of the potential, first. For
Q,1 C Qp with |Q, 1| = pL?, let v59, be the solution of the whole space problem

(1.10)

— AU;OL = Cd(lgp’L —plo,) in R?,
vop € HY(RY),

where ¢q := (d — 2)|S¥!| for d > 3, ¢y := 27 and with G(z) =
and G(z) = In ﬁ in dimension d = 2. Integrating by parts gives

- ‘d > in dimension d > 3

1
Entl @) = Per(Q)+ 5 [ [ (o, () = plo, (@))Gla = y)(1a, , () = plo, (v) dedy
1 [e.9] o0
= Per(Q,1) + % /Rd /]Rd(_ Avyp)voy dx

1
0,0+ L
er( p,L)+20d Rd
Dir Neu c

To define the liquid drop model energy for different boundary conditions, suppose v, 7, v,
HY(Qr) and v7§ € H'(R?). For # € {Dir, Per,Neu} let v be the solution of

2
e}
val‘ dz.

- AUZ%L =ca(la,, —p) in Qp (1.11)
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with the corresponding boundary condition v} (x) = 0 and v - Vu)i(z) = 0 for z € 0Q,

and vy ¢ (x4 rL) = v, 5 (z) for all 7 € Z% and z € RY. Then, define the energy functional

1
E,(Q,1) = Per(Q,) + — /Q

# 2
e Vol | de, (1.12)

and denote the corresponding ground state energy by
Ef, :=f{€/,(Q):QCQr, |9 = pL'}. (1.13)

for # € {Dir, Per,Neu}. Note that sometimes for the whole space energy the analogous
notation is used £ := &, and E)7 = E, 1.

The energy of the Dirichlet problem is less than the one of the problem with whole
space or periodic boundary conditions which again are less than the energy of the Neumann
problem. Indeed, let # € {00, Per, Neu}, then

1 2
gjfL(QmL) > Per(Q, 1) + 2Cd/L ij’ﬁL‘ da
1
= Per(Q ) _|_ 7/ VUDH + VU T VUDlr dl‘

2¢q JQL P,

do + — ! [, Vi (Vof, - Vopt) do

do + — / D‘r — Ao? oL T A UD”) dz

1
> P Q / D1r
er(Q,r) + — 5es Jo, Vu,r

1
= Per(Q, 1) + —/ VUDH

QCd
1 Dir Dir
_'_Ti . U,V (VUPL Vo, )da:
since — Avl =1g , —p=—AvP¥ in Q; and vDi(z) = 0 for 2 € 9Q;. It is clear that

the specific form of boundary Condltlon for UZEL is not needed to bound the energy from

below by the Dirichlet energy.
Furthermore,

2
Voo | do = / v Av> ) dr — / v v - Voo da’
/Rd\QL Vo5 RUNQL (= 0n) oq. " it

= —/ ve v - Vo da’
QL

because —A vy =0 in R\ Q;, and for v being the outer normal vector of dQy.
Therefore, integrating by parts gives

2
ENeN(Q), 1) = Per(Q,, / Vo, + Vs — v [ da

> Per(Q,, )—i—;/ ‘VU ‘dx—i—l

1
— £ (Q _7/
ptl ) =50 feng,

> g;,OL(Qp,m

QL Vo - (VvNeu Vv;oL) dx

vaL’ dr + — & /acg VLY - (VUNeu Vv;fL> A’




12 1. Introduction and Main Theorems

since — Av)" =1q,, —p=—Av% in Qp and v - Vui§" =0 on 0Q.
LN : eu Per : Per Per /o
A similar calculation shows £77"(Q,1) > &£,7(,1) since [yo, v,5v - Vv, T da" =

0. Actually, the energy of any boundary condition can be bounded from above by the
Neumann energy if the potential v, 1, of the minimizer €, 1, fulfills the assumption [5, v, 1 V-
Vo, da’ <0 forall L > C and p € (0,3].

Thus, for # € {oo, Per} and for any Q,; C Qp, with |Q, 1| = pL? one has
Ept (1) < EFL Q1) < ET(p)- (1.14)

P P

Note that this inequality does not require to take the thermodynamic limit.

In Chapter 3 it is shown that the thermodynamic limit exists and is equal for Dirichlet,
whole space, periodic and Neumann boundary conditions. In particular this implies that
the results on the ground state energy for small p > 0 in dimension d € {2, 3} derived in
Chapters 2 and 3 are also valid for Dirichlet, periodic and Neumann boundary conditions
in the thermodynamic limit.

1.5 Uniform Distribution of Energy and Existence of
the Thermodynamic Limit

Having the correct leading order constant in the dilute limit p — 0 in two and three
dimensions, one might ask whether the energy of the liquid drop model is uniformly
distributed throughout )7, and what the minimal length scale is that one can prove this
uniform distribution of energy for.

Alberti, Choksi and Otto prove uniform distribution of energy in d dimensions with
d € N down to the constant scale (with respect to L) in [I]. However, it is not clear how
the constant depends on the charge density p > 0.

The expected length scale for the minimal distance of two connected components of a
minimizer is [ oc (In %)_1/ 8p~1/2 in two dimensions and [ o< p~!/3 in three dimensions. So
the result one would hope to prove is getting a minimal length scale of uniform distribution
of energy C’cg’;pfl/d for some large C' > 0. Here ¢, := (In %)1/3 and cq, =1 for d > 3.

In this thesis uniform distribution of energy (with correct leading order coefficient) is

—-1/2

proven down to scale Cci/ p2 p~ /2. So, in two dimensions the result is only by a factor of

(In 1)1/2 above the conjectured minimal length scale. In three dimensions it is a factor of

1;6
p e,

If d = 2 and if one does not want an error which is greater than the error in Theorem
that is Cp(In %)_2/3, the result requires a length scale greater than C(In %)5/3p_1/2.

The proof presented in this thesis is similar to the proof of Theorem 4 in [2]. There,
Armstrong and Serfaty prove uniform distribution of energy for the jellium model. The
techniques they use can be simplified in case of the liquid drop model.

Before sketching the idea of this proof, the following reformulation of the liquid drop
model energy is needed which Alberti, Choksi and Otto consider in [1]. Instead of writing
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the Coulomb energy in terms of the potential one just writes it in terms of the electric field
(which is denoted by b). This is essential for the proof of uniform distribution of energy
since it allows for cutting and pasting arguments.

Throughout this section it is assumed d € N with d > 2.

The energy in terms of the electric field Consider Q C R?, a set ) C R? representing
the nuclear matter and the corresponding electric field b € L?(Q,R%). As in [1], define

E(Q,b,Q) = Per(QN Q) + / Ib|? dz (1.15)

Often one sets Q = Qp = (—L/2,L/2)¢, so if Q C Qp, abbreviate £(Q,b) := £(Q,b, Q).

Uniform distribution of energy will be proven in case of Neumann boundary conditions

Axenlp, @) = {(.Q) | 2 € Q and b € L2(Q,R?) with |2] = p|Q| such that
Vbzlg—pinQandb-yzoonﬁQ}.

Furthermore, define the whole space boundary condition and the Dirichlet boundary
condition

As(p, Q) = {(,0, Q)| Q2 c Qand b € L*(RY RY) with || = p|Q| such that
Vb = 1o — plg in R},

Apir(p, Q) = {(p,Q) | 2 C Q and b € L*(Q,R?) with |Q| = p|Q)| such that
Vbzlg—pinQ}.

Denote the corresponding ground state energies by
Ey(p.Q) = inf {£(2,b,Q) : (2b) € Ay(p.Q)},

with # € {Neu, Dir} and E,(p, Q) := inf{€(, b,RY) : (2, b) € A(p,Q1)}.

Clearly, one has Epy(p, Q) < Ex(p, @) < Eneu(p, Q) because one can identify (Q2,b) €
Axeu(p, Q) with b € L*(R?) extended by 0 in RN\Q. Then, (Q,b) € A (p, Q). And one
can simply restrict (£2,b) € A (p, Q) to (2,b|g) € Api(p, Q).

Making use of the monotonicity of the Neumann and Dirichlet energies as in [1], later
on in Chapter 3 it is proven that the thermodynamic limits e4(0) := limy 0 77 E4(p, QL)
exist for # € {Neu, Dir} and that they are equal. This also implies the existence and
equality of the thermodynamic limit of the ground state energy with whole space or periodic
boundary conditions.

The main result of this chapter is the following theorem. The error is better if small
length scales R are considered. With a similar method a result for large length scales can
be proven such that the error term is of order O(R41).
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Theorem 1.5 (Uniform distribution of energy). Let (2,1, b, 1) be a minimizer of £(-,-, QL)
over Axeu(p, Q). Suppose p € (0,3] and L > R > 05_(d+1)/2c(11{5p_1/2. For a € Qr, such
that Qr(a) C Qr one has

E(Qp,,by1, Qr(a)) = Exen(p, Qr(a)) + O(dca,pRY), (1.16)
if the boundary can be estimated H*1(Q, 1, N 0Qr(a)\0QL) < Cdcy,pRY.

Remark 1.6. This condition on the boundary is always fulfilled if R is sufficiently large. If
smaller length scales are considered, one can make use of neutrality to find a good boundary
by averaging.

Note that this result is particularly interesting in the dilute limit which has been

considered so far in this thesis. Alberti, Choksi and Otto prove a remarkable result on the
uniform distribution of energy [I] but the dependence of the constant on the density p > 0
is not clear. If one tracks this dependence throughout their proof it becomes clear that
their constant actually gets worse for small p > 0, i.e. it tends to infinity like pin for some
n > 0. The error in this estimate actually gets better for p — 0.
Equivalence of the electric field and the Coulomb potential energies In the
introduction of [I] it is shown that the ground state energy is the same whether one
minimizes over electric fields or just writes the energy in terms of the Coulomb potential.
As it helps understanding this formulation this short proof is given below.

Let Q, 7 C Q with |, 1| = pL% and let v, ;, € H*(Qr) be such that — A v, = Lo, ., —p
in (1. Later it will be specified which boundary condition v, ; should fulfill. For any
b, € L*(Qr) with Vb, = lo,, —pin (1, in the sense of distributions, one has

1
E(Qpbpr) = Per(@n) + 5 [ bl da
QL
1
= Per(Q, 1) + 2/Q |-Vu,+b,+ va7L|2 dx
L
1
= PeI‘(Qp,L) + 2/Q <|VUp7L|2 — QVU/LL . (bp,L —|— VU/%L) + |bp,L —|— VUp,L|2> dl’
L

1
> Per(Q, 1) + 2/@ (]va7L|2 +2v,(Vb, 1, + AvpyL)> dz — /a vor(bor + Vo, ) vda
L

Qr

1
= Per(Q,1) + 7/ Vv, |* de — / vor(bor + Vo, ) -vda',
2JqQu 9QL

since Vb, = 1q,, —p = —Awv,r in Q. If both b, and v, fulfill the Neumann
boundary condition, that is if b, -v = 0 on 0@ and v - Vv, = 0 on 0@, then the
boundary integral is zero. If v, ;, fulfills Dirichlet boundary condition, that is if v, = 0 on
0Qr, then no assumption about the boundary of b, 1, is needed. The boundary integral
vanishes, anyway.

A similar calculation also holds for whole space boundary conditions. The integral over
Q. is simply replaced by an integral over R? and thus, there is no boundary term.
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If vjfL fulfills a given boundary condition # € {Dir, Neu} for some Q,; C Qp with
1Q,1] = pL%, clearly, one has ijfL € Ay(p, Q) and therefore,

5(QP,L7 VUj:L> QL) = inf{g(Qp,bbmb QL) : (Qp7L7bp7L) € A#(07 QL)} (1-17)

Similarly, £(Q,r, V3, RY) = inf{€(Qy1,b,r,RY) : (1. bpr) € Ax(p,Qr)}. This
justifies the previous definition of Ap;(p, @) which might not have been obvious.

Note that the ground state energy of the formulation in terms of electric field Ex(p, Q)
has to be rescaled compared to the definition of the ground state energy in terms of the

Coulomb potential E;%L. Indeed, for whole space boundary conditions one has E(p, Q1) =
d—1

ey’ E;OL _1ys With ¢p = 27 and ¢q = (d — 2)|S?™!| (not to be confused with cg,).
s LCy

Uniform distribution of energy To sketch the idea of the proof that is similar to the
proof of Theorem 4 by Armstrong and Serfaty in [2], let (2, b) be a minimizer of (-, -, Q1)
over Aneu(p, @r). One would like to prove the upper bound for R < L and a € @, such
that QR(G) Q QL

E(2.b.Qr(a)) < Exealp. Qr(a)) + Ccj,p' R,

without specifying n € R and € > 0 at the moment. As previously defined ¢ , := (In %)1/ 3

and cq, =1 for d > 3.
The basic idea of proving this is a cutting and pasting argument. Let (Q0,bg) be a
minimizer of £(-, -, Qr(a)) over Axeu(p, Qr(a)). Define Q := Q\Qgr(a) U2y and

E ) b(z) in QL\Qr(a),
b(z) : {bo(ﬂf) in Qg(a).

One would then like to do the simple calculation

E(Q,b,Qr(a)) + (b, QL\Qr(a)) = £(Q,b, QL)
= Exeu(p. Q) < E(Q,b,Q1) = E(Q, by, Qr(a)) + (2, b, QL\Qr(a))
= Exeu(p; Qr(a)) + £(,b, QL \Qr(a)).

This would imply the upper bound. Actually, the perimeter term is not quite additive.
One gets an additional surface term in 0Qg(a). But this is not the main difficulty. The
calculation above is wrong because one does not have (Q, B) € Aneu(p, Qr) in general. It
does not necessarily fulfill the charge neutrality condition [Q2] = pL?. One has Q| = pR?,
but there is no reason to assume |Q\Qgr(a)| = p(L? — R?).

The idea taken from the work of Armstrong and Serfaty [2] is to modify Q in Q. \Qz(a)
such that one has neutrality |2\Qg(a)| = p*(L?* — R?) and such that b - v is continuous
on 0Qg(a) where v is the outer normal vector of 0Qg(a). For this construction to work
one chooses a better boundary Qr(a) with T € [R + [, R + 2I] such that one is closer to
neutrality |Q U Qr(a)| ~ pT?.
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To make this connection between the boundary and charge neutrality more precise
remember that for (€2, 1,b,1) € Axeu(p, Qr) one has Vb, = 1q,, — p in Qr. Therefore,
the Gauss-Green theorem implies

1911 Qr(a)| — pR?| = (lo, . (z) = p) do
Qr(a)

/ Vb, 1 dz / b, - vda’
Qr(a) 0Qr(a)

< C\/Rd—l\// b, | da’.
0QR(a)

By averaging a T € [R + [, R + 2] is found such that Joor(a) |bﬁ77,-4|2 dz’ is not too large.
Then, one knows that ||, , N Qr(a)| — pT?| is not too large, either. So one has found a
cube that is not too far away from neutrality.

As in [2], the proof is based on a bootstrap of scales starting with Ly := L and then
arguing that uniform distribution of energy holds for all R > Ly/2. Iterating this argument
gives the desired result.

Large length scales A future project might be to derive a theorem that is particularly
suited for large scales R > p~! with the method by Armstrong and Serfaty [2]. Then,
factors depending on p are not important whereas the exponent of the error term R4! is
very important. The idea of this proof would basically be the same as for the one considered
in this thesis. However, the averaging argument has to be applied locally such that a
piecewise affine boundary is found that fulfills local energy estimates.

The thermodynamic limit Although the Coulomb potential is not integrable on R,
the thermodynamic limit of the ground state energy of the liquid drop model exists. This
fact can be explained by local charge neutrality (as one can explicitly see in the upper
bounds of the energy in dimensions two and three). The droplets and the background of
opposite charge cancel the leading orders of the Coulomb interaction. This effect is called
screening. So effectively any droplet only interacts with other droplets and the background
up to a range of C'(p) with interaction energy greater than a small €(p) > 0.

This is why the boundary condition should not matter in the thermodynamic limit. In
Chapter 3 a theorem is derived that shows that the thermodynamic limit exists and is
equal for Dirichlet, whole space and Neumann boundary conditions. Actually a whole range
of boundary conditions can be considered including periodic ones. One also expects the
structure of minimizers to be independent of the boundary condition in the thermodynamic
limit.
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1.6 Mathematical Quantum Mechanics

The second Coulomb system that is considered in this thesis is described by quantum
mechanics. (For a more detailed introduction to the quantum mechanics of many particles
e.g. refer to [35].)

Quantum mechanics is formulated in terms of a beautiful mathematical theory, namely
functional analysis. Every observable corresponds to a self-adjoint operator on a Hilbert
space H and the spectrum of this operator are the values one mighty possibly measure for
this observable in experiments. The operator corresponding to the energy of the system
is the Hamiltonian H. A physical state is a normalized vector 1) € H. The energy of the
system in the state 1 is given by (¢, H1)), where (-, -) denotes the inner product on H.

As a simple example consider just one particle in three dimensional Euclidean space
H = H?*(R®). Then [¢(z)| is the probability density for the particle being found at
x € R3. The kinetic energy is described by H = — A, so the energy of the system in v is
(¥, = AY) = [ V[ g

Starting with the Hilbert space H = H?(R3) of one particle and a one particle operator
like the kinetic energy H = — A, one can consider a system of N particles. The corresponding
Hilbert space is Hy := H?((R?)") and a one particle operator H = — A induces an operator
Hy by separately applying H to every particle, that is

N

Hy = Z(_ Alz)

i=1

where = (z1,...,zy) € (R3)V.

Similarly an interaction of two particles that is described by a potential V : R? — R
(for instance the Coulomb potential V' (z) = ﬁ) induces an operator on Hy by letting it
act on each pair of two particles separately. Thus, the total Coulomb energy of the system
is described by the multiplication operator

D

1<i<j<N

1
S — (1.18)
i — ;]
Symmetry One of the basics of quantum mechanics is that a wave function ¢» € Hy

describing N identical particles is either antisymmetric or symmetric. Indeed, let 4,5 €
{1,...,N},i < j, ¢ is called antisymmetric if and only if

w(gjla R axN> = (_1)S¢(x17 ey L1, Ly L1y v o5 L1 iy Tjg1y - - ,ZEN), (119)

for any (z1,...,zx) € (R®)Y and for s = 1. If this property holds for s = 0, 1 is called
symmetric.

The basic constituents of matter, protons, neutrons and electrons are particles described
by an antisymmetric wave function. They are called fermions. Some atomic nuclei are
fermions as well, some are described by a symmetric wave function. These are called bosons.



18 1. Introduction and Main Theorems

The direct sum of the Hilbert spaces of all possible particle numbers in case of bosons is
called bosonic Fock space

Fam(H) = Q. H (1.20)

where @2 is the symmetric N-fold tensor product. A one-particle operator H : H — H

sym
induces an operator Q(H)

Q(H) = i Hy (1.21)

on Feym(H) where Hy only acts on ®S]\y[m7-t. Q(H) is called the second quantization of H.
The fermionic Fock space is defined similarly with the antisymmetric tensor product of
the one-particle Hilbert space H.
In Chapter 4 of this thesis the Fock space Fyym(L?(R?)) is considered.
Let (uy)nen be an orthonormal basis of H (which is assumed to be separable) and let

f €H. For any ¢y € HY™ == QN H with

sym

wN = Z anl...nNunl ® e ® U’TLN7

N1yesWN

define the operator a(f) : HY™ — HY", by
a(f)n = VN Z Uy (' Uy YUy @+ @ Uy

ni,...,nN
and similarly a*(f) : Hy" — Hyiq by
. 1
a (f)wN = ﬁ nl;nN anl,...,an ®sym unl ®sym e ®sym unN-

For f, g € H this definition implies the canonical commutation relation

la(f),a"(9)] = (f,9)- (1.22)

Stability of matter FEarlier in this thesis it is mentioned that matter as it is experienced
in everyday life or much simpler molecules are bound states of the electromagnetic interaction.
Actually, it is not as simple as that. If there was only the electromagnetic interaction the
system would not be stable. The reason why matter in this mathematical model is stable is
that it consists of fermionic particles. The size of an atom is much larger than the size of
an atomic nucleus precisely because electrons are fermions. Roughly speaking this means
that only two electrons (one spin up and one spin down) can be in the same one-particle
state. (For a discussion of the stability of matter refer to [35].)

The many particle limit The question of stability is connected to the question whether
the thermodynamic limit exists. So, is the energy proportional to the particle number N or
not? The mathematical model of N polarons that is considered is not stable, the energy
is proportional to —N7/®. This is connected with the fact that the typical length scales
L oc N7+ and [ o« N=2/5+% tend to zero very quickly with increasing particle number
N.
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Nuclear matter The liquid drop model actually shows what happens if there is no
antisymmetry condition in the mathematical model that keeps things apart. Atomic nuclei
are much closer to each other. The typical distance is of a completely different order of
magnitude in nuclear matter. Now the nuclear force is the attractive part in the energy
while the Coulomb interaction describes the repulsive part of the energy.

Hartree state of N bosons Consider a system of N bosons with Hamiltonian

N
1
HN = Z(— Az) —+ ﬁ Z V(IZ — ZEj),
i=1 T I<i<<N
with some potential V' € L] _(R?). A simple upper bound for the energy of the system is
given by (¢, Hyv) for i(xy, ... zxn) := [IY, ¢(x;) where ¢ € H?(R?). So all particles are
in the same one particle state ¢. Then, the energy is

0, Hvo) = Np,—~ 8 o) + 5 [ [ 1@V~ y)lp()l dedy = Newe(p).

Eur is called Hartree-Fock functional. If there is Bose-Einstein condensation, then one
actually has

inf (4, Hyw) = N

inf & + o(N).
weD(Hy ), [[¥]=1 peped |y e (@) +o(N)

So the leading order of the ground state energy of the large system is attained by all N
particles being in the same one particle state. Bogolubov theory considers the excitations
of states around this Hartree state to derive the second order ground state energy. This is
explained in [34] in a very elegant setting.

The Bogolubov Hamiltonian In 1947 Bogolubov tried to explain superfluidity in terms
of a Bose-Einstein gas [5]. Since he assumed the number of particles in the condensate
No = ajap to be much larger than the commutator [ag, af] := apaf — ajag = 1 Bogolubov
had the idea to replace the operators aj and ay by the number /Ny to calculate the ground
state energy of the system.

Foldy used Bogolubov’s method in 1961 to study a charged Bose gas in the limit of high
densities [14]. Replacing ao# by /Ny and neglecting all terms that do not contain exactly
two a# € {ap, ay} Foldy diagonalized the resulting Hamiltonian to get an expression for the
ground state energy of the system. In [36] Lieb and Solovej confirm Foldy’s result rigorously.
They derive a lower bound for the thermodynamic ground state energy of the quantum
mechanical jellium model in the high density limit. Solovej also proves the corresponding
upper bound in [46].

Following Bogolubov’s approach, Lewin, Nam, Serfaty and Solovej show in [34] that
in a very general setting the second order of the energy is described by the Bogolubov
Hamiltonian if there is Bose-Einstein condensation. It is based on a unitary transform that
basically replaces the operators a} and ag by v/Ny. See also the recent works [27] [40].
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1.7 Large Polaron Systems and Bogolubov Theory

In a polar crystal there are phonons, i.e. modes of higher energy of atomic oscillations,
and electrons interacting with these phonons [4]. Frohlich describes this physical system in
terms of a Hamiltonian containing the phonons as quantized fields and the the electron
as a scalar wave function [21, 22]. An upper bound for the ground state energy is given
by the non-linear Pekar-Tomasevich energy functional. Lieb and Thomas also prove a
corresponding lower bound if only one polaron (i.e. one electron with the polarization that
is induced in the ionic crystal) is considered in the limit of strong coupling o — oo [38].
A system of N Frohlich polarons is considered by Frank, Lieb, Seiringer and Thomas in
[19, 20].

In Chapter 4 a sharp lower bound for the ground state energy of a polaron system
in the Pekar-Tomasevich approximation in the many particle limit is proven. Unlike the
liquid drop model in which the thermodynamic limit does exist, for this polaron system
the thermodynamic limit does not exist (at least in the case considered in this thesis that
is U = 1). The ground state energy in fact is proportional to N~7/° as Benguria, Frank
and Lieb show in [3]. They prove an upper bound which they conjecture to be sharp and a
lower bound which differs by a factor of 22/, In this thesis it is shown that their conjecture
is indeed true by proving the corresponding lower bound.

The Pekar-Tomasevich energy functional [42] is

£ - / (Z|Vﬂ/}|2+ u > M) dz — D(py, py), (1.23)

1<i<j<N |5 — @

where the particle density is defined

2
Z/ /RS)N ) .Cljl,...,xi_1,2,$i+1,...,$N)‘ dl’l...d$i_1d$i+1...d$N

and the Coulomb energy

1 y
D(p1, p2) = 9 Je R3pll(y)_z<’)d dz.

The term —D(py, py) is attractive. Minimizing the energy it favors polarons coming closer
I

T4
strength of these two terms is deslcribed by the parameter U. (The Pekar-Tomasevich
energy actually contains another parameter, the coupling constant «, which is eliminated
by rescaling.)

Chapter 4 is concerned with the many particle limit N — oo of the ground state energy

together. The sum >>, ., <y iz is the Coulomb term which is repulsive. The relative

E[(]b)(N) := inf {EI(JN)W] . symmetric ¢ € H*((R*)"), /(R3)N [v|* dz = 1}, (1.24)
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in case U = 1. At this value for U there is a phase transition. For U > 1 the thermodynamic
limit exists [I8], whereas for U < 1 the bosonic ground state energy E[(]b )(N ) goes as —68) I N3
with a constant eg)) as Benguria and Bley show in [4]. Benguria, Frank and Lieb [3] prove
in 2015 that for U =1

—2*5 A < liminf N"7PEP(N) < limsup N"PEP (N) < — A,

N—o0 N—oo

for a certain A > 0 and conjecture the upper bound to be sharp. The following theorem
shows that this is indeed true.

Theorem 1.7. In the bosonic case with U = 1,

lim. NBEP(N) = —A4, (1.25)
where
—A = inf {/R Vol*da — I /R P2 dz: ¢ e Hl(R?’),/RS 16]? dz = 1}, (1.26)
with

I = 2<2)1/4F<3/4) ~ 0.6 (1.27)

T 5\n/) T(5/4) 7
The proof is based on a linearization of the Pekar-Tomasevich energy functional

g [¢] = inf (v, Hyv)  where ¢ € Hl((R3)N) and

HNZ%(—A%L

1 o(y)o(z)
E: dy + */ / dydz.
j=1 ’ 1<i<j<N \xl /RS |25 — 1/| 2 Jrs Jrs |y — 2|

Here, the infimum is taken over all ¢ € L'(R3) such that [gs fps 2 |y_ 2Wlolz) 4y 4z < oo.
Therefore, the techniques applied are those of Bose gases, in particular Bogolubov theory.
The work is based on two remarkable papers by Lieb and Solovej on the one component
and the two component charged Bose gases [36], 37].

The first paper mentioned is about the quantum mechanical jellium model that is the
Hamiltonian Hy with o = plg, for a constant p > 0. It has some similarity to the problem
considered in this thesis because of the interaction of the wave function with a background
of opposite charge. However, due to the fact that this background is chosen to be constant,
the thermodynamic limit does exist.

The second paper is more similar to the problem considered in this thesis. In the two
component charged Bose gas particles of charge —1 can accumulate around particles of
charge 1. Similarly, in this thesis ¢ might be more concentrated at one spot than at another.
This is why, for the two component charged Bose gas the thermodynamic limit does not
exist, either. The system implodes as the particle number tends to infinity.
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The large length scale There are two relevant length scales of this problem - exactly,
the same es in [37]. Beginning with the system of N particles in the whole space R3, it is
then considered in a cube Qp = (—L/2,L/2)3. As will be seen, the ground state in this
cube is sub-additive in the particle number N. That is, (without specifying the energy F
at the moment)

E(N1+ Ny) < E(Ny) + E(Ns).

This is why the energy on the whole of R? can be estimated from below by the energy of the
system inside a cube of length scale L oc N='/5+9 for some small §;, > 0. So L describes
the size of the whole N particle system close to the ground state energy.

The small length scale As in [37] there is a small length scale I oc N=2/5+% where
there is local condensation, i.e. most particles in a cube of size [ are in the constant state.
This length scale [ is where Bogolubov theory is applied. Heuristically, Bogolubov theory
describes the second order energy. However, in this system it describes the leading order of
the energy because there is local charge neutrality. In cubes of size [ the difference of the
local particle number density n/=® and the background o is of subleading order. Proving
this is one of the challenges, but similar to what Lieb and Solovej have done one succeeds in
doing so. Actually, there are two terms in the lower bound which are difficult to estimate,
the non-neutrality term and the number of excitations.

The non-neutrality term is estimated by including it in the Bogolubov Hamiltonian that
describes the leading order. The number of excitations is estimated using the method of
localizing large matrices Lieb and Solovej developed in [36]. This is the major challenge
that Lieb and Solovej overcome, not by getting a good estimate for the wave function itself,
but by proving that there is a wave function of similar energy with a good estimate on the
local number of excited particles.



Chapter 2

Ground State Energy of the Three
Dimensional Liquid Drop Model

This chapter has been published [13]. It is joined work with Rupert Frank and Tobias Kénig.

In this chapter Theorem is proven which concerns the thermodynamic limit of the
ground state energy in the dilute limit. It basically says that lim; .. E, 1/ L3 is given to
leading order by the energy of an isolated nucleus that minimizes the energy & without a
background.

As usual in statistical mechanics, the system is considered in a cube Qr = (—L/2, L/2)3
for L > 0. Allowed nuclear configurations are described by measurable sets €1, ;, C Q) that
are electroneutral |, 1| = pL? and their energy is

&) =Per(us) + 5 [ [ (o, (@) = p)

|z —y

(la,,(y) —p)dzdy.  (2.1)

The parameter p € (0, 1) here describes the quotient between the electron and the nucleon
charge density. The ground state energy is given by

B, =inf{€,0(Q) : QC Q|| = pL*}. (2.2)

The main result of this chapter is the following theorem. It is crucial that this established
uniformly in L.

Theorem 2.1 (Ground State Energy Asymptotics). There is a constant C' > 0 such that
the following bounds hold.

(i) For all p € (0,%] and L > 0 such that p*/3L > C, one has

72

E/JL EO(A*) 1/3 c
< . 2.
oL S A +Cp/” + UL (2.3)
(ii) For all p € (0,1] and L > 0, one has
E Eo(A
oL 0( ) Cpl/S. (2 4)
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Remark 2.2. The bounds in Theorem give the asymptotics of the energy for p close to
0. By a simple symmetry argument this theorem yields analogous asymptotics for p close
to 1. Namely, for p € [1,1) and (1 — p)"/3L > C, one has

6 E,.  E(A) C
2 < Ps _ < EEASVE BT S
L~ (1—pL? A =~ Cl=p)7 (1—p)'/3L

—C(1—p)° - (2.5)

This follows from the fact that the energy fulfills for Q C Q.
Epi(Q) = E1-p(QL\Q) — (H(9Q1) — 2H*(0QL N Q)),

where the closure of () is taken in the measure theoretic sense. The term in parentheses is
bounded in absolute value by 6L%. Therefore, (2.5 follows from the bounds in Theorem
211

Remark 2.3. The power 1/5 of p in is technical. It is an interesting question to
decide whether the power 1/3 in is best possible. The assumption p'/3L > C and the
corresponding remainder term in are not severe restrictions in the thermodynamic
limit and are imposed mainly for a simple statement.

Remark 2.4. Note that this result implies the main theorem stated in the introduction,
namely Theorem [I.1]since in Chapter 3 the equality of the thermodynamic limit for Dirichlet,
whole space, periodic and Neumann boundary conditions is deduced in Theorem [3.22

Note that this result is valid independently of whether the energy-per-volume minimizer
Q" of the functional &, without background is a ball or not. This is particularly relevant
for the proof of the upper bound . If Q* is a ball, or more generally, if the quadrupole
moment of 2* vanishes, the proof of the upper bound is straightforward. If the
quadrupole moment of 2* does not vanish, one needs to distort the lattice to achieve the
required cancellation in the long range behavior of the Coulomb potential.

The remainder of this chapter consists of three sections. Section deals with the upper
bound of Theorem under the additional assumption that the energy-per-volume
minimizer 0* is a ball. In Section the necessary changes are described to remove this
assumption. Finally, Section deals with the lower bound .

Throughout this chapter it is assumed d = 3.

2.1 Upper bound if ()" is a ball

The purpose of this and the next section is to prove the first statement of Theorem [2.1]
which is restated here for convenience.

Proposition 2.5 (Upper Bound). There is a constant C' > 0 such that, if p*/>L > C and

p < %, one has

(2.6)
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In order to not obscure the simple underlying idea, throughout this section make the
additional assumption that the minimizer Q* of the whole space problem is a ball. As
explained in the introduction, this is strongly conjectured to be the case. In the following
Section the technical modifications of the proof are explained to treat the case of general
Q*.

Proof of Proposition when QF is a ball. For every pair (p, L) a suitable set Q, 1, for E, |,
is constructed. The idea is to take €2, to be given by a cubic lattice arrangement on ),
of sets €2*. The period length [ > 0 of the lattice will be chosen so that the requirement
19,1.] = pL? is fulfilled. Since each box of side length [ should contain one copy of Q, for
the mass density to be equal to p, assume pl® = A*, or equivalently

| = A*1/3p—1/3'

Let C, 1 == {r € IZ> : Q;(r) C Qr} be the set of lattice points r such that the cubes
Qu(r) are fully contained in (), and let N, := #C, ;, denote the number of these cubes.
Define the set €1, 1 to be the following disjoint union

Q,o,L = U (Ap,Lr + )\p,LQ*)a (27)

T‘ECML

where the rescaling factor A\, is given by

_ P
A*N,

XL (2.8)

Recall that it is assumed that 2* is a ball which is centered at the origin. Moreover, its
radius is denoted by r,.

Note that the union in (3.7]) is disjoint since p < % (Indeed, one has %l?’ > pl? = A* =
%’T'r’f and therefore, [ > 2r,.)

Informally, the construction of the set €2, ;, can thus be described as follows. Fill @,
with small boxes @;(r) of side length [ as full as possible, place a copy of 2* in the middle
of each box and enlarge the whole configuration slightly by the factor A, .

The definition of A\, ; now ensures that the boxes ) A, LA, Lr) cover @, completely and
that the mass constraint

|Qp,L| = Np,LA*A?),L = pL3 (29)

is fulfilled. Note also that with this choice, one even has local neutrality of €, on every
box Qx, ,1(Ap,L7), i.e. for every r € C, 1,

Q.. N Qx, i (Apor)| = X2 LA™ = pA3 1P = plQa, i(Ap.L7)]- (2.10)

Since the number of boundary boxes is of order %2, it is easy to see that N, satisfies

the bounds I3 I3 12
VE > N, > l—3—Cl—2, (2.11)
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for some C' > 0 independent of p and L. From ({2.8), one thus obtains the bound

L3 p 1 [
1<\ P _ <140= 92.12
= Ao = A*( C’L2> T A3 -CL U7 1-0t O (2.12)

L

and so, in particular, limy o A\, = 1.
In many situations below, to estimate subleading terms, the crude bound

1< AL <2, (2.13)

is enough. It follows from (12.12)) whenever % = ?1*/13/2 < %

The proof of the bound ([3.6)) consists in computing in three separate steps the self-energy,
the near-field and the far-field interaction energy of the set €, ;. That is, the energy is
expressed as the sum of three terms

gp7L(Qp7L) _ g (self) + g near) + g (far) : (214)

by partitioning the double integral from the interaction term of £, ;. To simplify notation,
write

l=Xpl, r=Xr, and s=\,1s (2.15)

throughout the remaining proof. Define

1
€540 . per(Q, ) + / / (1 _p)dedy, (216
() TE;LQ o) Jorg 102 @) = ) o= (10, () = p) dwdy, (2.16)
and
1

glrean) . / / ] —p)dedy, (217

p,L T'S)GVnear 2 Ql 7‘) Ql S) p’L p) |:L' - y| ( Qp,L (y) p) y ( )
where

Vaear 1= p(zear) = {(7", s)€Chr xCppand 1 < |r—s|e < M} (2.18)

Here, M € N is a number fixed throughout the proof (let us say M = 10).
Lastly, define

1
i = / / T\ —p)dzdy, 2.19
o rsevf 2 Jain Jauts p>\x—y\( 2, (¥) P) y (2.19)

where

Viar == p(yffr) = {(7‘, s) €Cpr xC,p and |r — s > M} (2.20)
Step 1: Self-Energy. Similar to [, write

OF = A, O (2.21)
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here and throughout the remaining proof. Since €, ;, consists of IV, ;, disjoint copies of £,
one has
gev = Nt dzd 2 dzd
T (e g L L)
pL oL 2o Jo eyl T2 Joidai e =y
aL ﬁlgL by (2.9), one has

S dzd
<()\ Per(Q°) + PL/ / Ty o dy+Cp2l5>

pL3 - Ax x —
E(A*) FE(A*
< 1(4* ) + 54* )()\th — 1)+ Cp*P®
B C 1/3
< T + RYEr) +Cp?,

where the bound A2, —1 < C(X3 — 1) < Ct = C’pl/%L from (2.12)) has been used for the
last inequality. Moreover, recall I < A, 1l < 2[, from (2.13)).

Step 2: Near Field Interaction. Due to the periodicity of 2, 1, one has

g(nLear 1
LT L 1 y) —p)drdy
pL3 L (r,s) EVmar 2 /Ql /Ql( oL p) ’x _ y’ ( Qp,L( ) P)
1 (1 : (1g:(y) — p) dzd
- * B )
L (r,s) EVnedr 2 Qi Qz o "I“l Lo —sl— y| o+\Y P Y
1
= ol / / drdy + dﬂc/ dy> 2.22
pL? (r,s) eVncar < Jor [rl+x — Sl Y| P o o [yl ( )
since the integral over the symmetric-decreasing function 1/| - | is largest on the cube

centered at 0. This follows from the observation that three Steiner symmetrizations with
respect to the coordinate directions ey, ey, e3 transform any cube (1) into the centered
cube Q;(0). Furthermore, for every r # s and x,y € Q* one has

rl+ax—sl—y|>|r—s|l—|z—y| >\, (I —diam(Q*)) > 1/C.

Here, it has been estimated 113 > pl* = A* = 4%, which implies [ — 2r, > [/C. Therefore,
the right hand side of ([2.22)) is bounded from above by

C L3173
e ( C 255> <OZ (7 ) < 0pF 2.23
pL%gc: ;e o () S 6P (2.23)
by bound (§ - For the last inequality, recall the choice pl* = |Q*| = A* and the bound
1 <A,z <2 from (2.13).
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Step 3: Far Field Interaction. Due to the periodicity of €2, 1, one has

1
glar) _ / / B , D D) dedy
o 2 Qi(r) JQ(s) pL p) ’x _ y’ ( Qp,L( ) P)

(rs )EViar
1
= 1Q

(rser 2 Q1 JQ |7“l—|—$—$l y|

(lo-(y) — p)dady. (2.24)

The Taylor expansion

1 1 b 13(a-b)?— a?b? b|3
- 48 +7(a) ‘ +0<||>, (2.25)

ja=bl lal  faf* 2 jal® |al*

is valid for a,b € R? with |a| > 4|b|. Choose a = (r — s)l + x and b = y.
By the assumption that Q* = B(0, ), the monopole, the dipole and the quadrupole

moments of 1o« — plg, vanish.
That is, for all @ € R*\{0}, the equation holds

[ o = ey + o+ 2 a0 220

This follows from the neutrality condition and the symmetries of a ball and a cube
centered at 0. More precisely, the function 1g«(y) — plg, (y) is invariant under the reflection
of one coordinate y; — —y; as well as under the exchange of two coordinates y; and y;.

These symmetries cause the dipole, respectively the quadrupole moment to vanish. Note
that this is one of only two places where the additional assumption Q* = B(0, r,) enters in
the proof. The other one is the fact that Q* = B(0,r.) C @, for p < Lif pi* = Q7. For
the necessary modifications to obtain an equation similar to in the absence of the
assumption Q* = B(0,r,) refer to Section 2.2}

By (2.26)), if one plugs in the expansion and sets a = (r — s)l +x and b = vy,
equation is bounded from above by

3
C X[ o) o)~ slaey

1
(2 Vi sl + x|

<C X /Ql T_( d/ (la-(y) + p)lyl> dy. (2.27)

= 3l—|—m|4

Furthermore, |z| < V31/2 for z € Q. Since |r — s| > M = 10, it follows |(r — s)] + x| >
llr — s| — |z| > $|r — s|. Equation (2.27) can thus be estimated from above by

24
[ (1 dr ([ WwPdy+p [ 3d>
¢ > Z4|T_S|4/Ql(a(w)+p) x(ﬂjyl ytp |, Wl dy

(r,8)EViar
1
Ir — s|*’

(2.28)

<

T\Q

> |T_18|4(1 +pl*) (14 pI°) < CUH A+ pIP)(I75 + %) Y

(1,8) € Viar (r,8)€Viar
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where again it is used 1 < A\, < 2, and thus, [ <1 < 2[, from ({2.13).
Since pl® = A*, it remains to evaluate the last sum over the set V;,,. Recalling the
3
bound on the number of boxes N, < %, one has

< ) Z ?j > |1|4:C'pL3. (2.29)

r€C), L s€Z3 s€Z3\{0}
SF#r

Putting together (2.24)), (2.28) and (2.29)) and using pl® = A*, gives

by

T I =8I 3|4 B

1 ar —_
s S CUt=Cp

Step 4: Conclusion. Inserting the bounds proved in Steps 1-3 back into (2.14)), one
obtains

5(self g near) g (far) %
Sp,L(%p,L) + . + S E(A ) + Op1/3 + C 1 )
pL pL A* /3L
The proof of Proposition [3.4] is therefore complete. O

2.2 Upper bound in the general case

Here, the necessary modifications are given to obtain the upper bound from Theorem if
one does not make any symmetry assumption on the energy-per-volume minimizer §2*.
In case p > 1/C, inequality (2.3)) is equivalent to the bound

Ep’L < C{/‘
pL? —
To show this, it is not necessary to use minimizers in the construction of our test set 2, .

It suffices to consider balls of any fixed radius r, > 0 arranged on a lattice just as it is done
in the proof of Proposition [3.4, Therefore, assume

1
< —.
- C
The proof strategy of Theorem in the absence of symmetry of Q* is identical to
the one of the upper bound in Section 2.1} One constructs a competitor set made from
energy-per-volume minimizers 2* arranged on a lattice. The difficulty one faces is that in
proving the error bound on the far-field interaction term, one cannot invoke the symmetry
of * to prove that the monopole, dipole and quadrupole moments vanish as in (2.26]).
This difficulty can be resolved by fine-adjusting the parameters of the lattice. More
precisely, it is shown that the analogue of can still be achieved by considering a
suitably translated and rotated copy of (2%, arranged on a slightly distorted lattice.
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Notation. To deal with cuboids instead of cubes, it is necessary to introduce some
appropriate notation. For r € R3 and 1 € R3, define

Qi(r) ={z e R® : |a; —ry| < ;)2 for i € {1,2,3}}, (2.30)

and Q; := Qi(0).

More generally, given A = (A, A2, A3) € R?® and Q C R?, define the ’inhomogeneous
dilation’ by A of the set ©Q to be AQ := {(Ajx1, \oxo, Agz3) : = € Q}. Observe that
with these definitions, one has AQ);, = Q. Both notations shall be used according to
convenience.

It is intended to cover the cube (); with many copies of the cuboid of side lengths I.
Then, the parameter r € IZ? simply counts those cuboids in each direction.

Furthermore, for Q C AQp, set

1
£, 1 A(Q) = Per(Q f//1 — o)z =y (la(y) — p)dzdy,
pa(@) =Per(@) 42 | [ (al@) = p)lz =y~ (laly) - p)dedy
and define the corresponding ground state energy by
Ep,L,)\ = inf{5p7L7)\(Q) :QC )\QL, |Q’ = p‘)\QL‘}
With this notation, one can prove the following two key lemmas.

Lemma 2.6 (Vanishing Multipole Moments). Let Q C R?® be a bounded set. Assume that

two numbers ly > 0 and p € (0, 3] are given such that |Q| = pl§. If no == ﬁo(ﬂ) is large

enough, then there is an orthogonal matriz U € R3*3, a translation vector y € R3 and a
scaling vector 1= Xy such that the set Qo := U(2+ y) is contained in @Q; and satisfies

0= [ (lo,(@) = ploy@)) do = [ (1o, (x) - ploy(a)) da
= [ Bwia; = by lal?) (Lo, (2) = ploy(a)) da
for alli,5 € {1,2,3}. Furthermore, the scaling parameters A = (A1, Ao, Ag) fulfill
MAdaAz=1  and |\ —1<Cny?  (i=1,2,3)
for a certain constant C' > 0.

Remark 2.7. Since the proof below does not use the special form of 1 as an indicator
function, the statement of Lemma remains true if one replaces 1 by an arbitrary charge
distribution 7 > 0, 7 € L'(R3), with compact support.

Proof of Lemma[2.6. Let Q C R3 satisfy |Q| = pl3. First, observe that since rotations and
translations do not change the volume |Q2| = pi3, one always has

0= [ (o) = pla ) de.
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as long as the constraint A\jAgA3 = 1 is satisfied, which implies |Q;| = I3.
Note that up to replacing ) by its translate {2 4 y for a suitable vector y € R3, it can
be achieved that

():t/3xxlg@ﬁ——pl@)dx for all i = 1,2, 3. (2.31)
R

for every 1 € R3. Indeed, the cube Q; is symmetric with respect to the coordinate planes
and thus

0= p/ zilg,(z)dx.
R3

Moreover, for y € R3 one has
/ loty(x)z;doe = / lo(z)(x; +y;) do = / x; dx + ;]9
R3 R3 0

Therefore, it suffices to set y; = —ﬁ Joxidzx. Continue for simplicity to denote the

translated version 2 4+ y which satisfies by €. Note also that if €2 satisfies ,
then so does USQ, for any invertible matrix U € R3*3.

It remains to ensure that the quadrupole moment vanishes by introducing an appropriate
U € R¥3 and I = Ay € R3. Since the quadrupole moment of €2,

P= (Pij)i,jzl,Q,S Wlth Pz = / (3[1711'] — 5U|l‘|2) df]f,
Q

is a traceless symmetric 3 X 3-matrix with real entries, there is an orthogonal matrix
U € R3*3 and numbers a, b € R such that

a 0 0
0b 0 |=UPUT= / (3(Uz):(Uz); — 65Uz [?) dz = / (3ziz; — 0iy|2]?) dz.
00 —a—b @ e

(2.32)
That is, up to replacing Q2 by its rotated version U2 =: 2y, whose monopole and dipole
moments still vanish by the remarks made above, one can assume that its quadrupole
moment is diagonal.
To make the quadrupole moment of (1o, — plg,) vanish, it is thus necessary to find a
cuboid Q; of volume |@Q;| = I3 which contains €y and satisfies

p [ (323~ [af)dz =,
o (2.33)

Setting 11 = A\ily, I = Mol and I5 = A3ly = <%~ (by the volume constraint), then by

M2
rescaling and using the relation |Q2| = pi3, the system (2.33)) is equivalent to

1 12

2N =X~ e~ aE®
AN QUi

(2.34)

N2 o) L — ﬁb_

S YR 1]
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By adding these two equations, respectively subtracting them, one obtains the equations

2 12(a+b)

A2+ N2 — = =:2

TR e (2.35)
)\2 )\2 o 4(@ _ b) —.9 .
R el T

Inserting the second equation of (2.35)) into the first one and changing to the center of mass
coordinate X = (A3 + \3)/2 gives the equation

1

which is equivalent to the cubic equation
p(X) =X X?— X —1+¢c5=0. (2.37)

It can be seen from that |a + b| < 8 diam(€20)?|Q0|. Therefore, the definition
of the ¢; implies that |¢;| < 48 diam(€)2ly 2. Thus, if 7y = Ty s large enough, the
polynomial p will be very close to X® — 1. Since X® — 1 has exactly one complex zero close
to 1 (namely 1), one can apply Rouché’s theorem in a ball of radius ~ 7y 2 around 1. Thus,
there exists exactly one complex zero X of p with | X, — 1| < Cny?. Since the coefficients
of p are real, uniqueness of the zero implies that X is in fact real.

One therefore gets solutions Aj, Ay > 0 of ([2.35)) which satisfy

X1 |Xote—1] _

M- 1) = = Cny?
A1 [ Xo—e— 1 .
v N1l

Note that A3 = 1/(A1A2) also fulfills [A; — 1| < Cg®. Moreover, the fact that [, z;dz =0
implies easily that Qy C @, for every Iy > 2diam(£2). This completes the proof of Lemma
2.0 O

The next lemma shows that for A close to (1,1,1), one can replace the ground state
energy of (7 by that of the cuboid Q7 with only a small error.

Lemma 2.8 (Approximating E,; by a cuboid E, 1 ). Suppose that X = (A1, A2, A3) is
such that MA2A3 = 1 and assume that A\; € [1 — 6,1+ 0] fori=1,2,3, for some § € [0,1].
Then, one has

gp7L(Q) < (1 + 05)€p7L7)\[)\Q], fOT’ all Q C QL, (238)

where C' > 0 is a constant independent of 6, p, L and Q. In particular, this implies

E,; <1+ C0)E, . (2.39)
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Proof. Let Q C @), arbitrary and consider, for A as in the statement, the set A{2. Note
that since A;AoA3 = 1, one has |AQ| = |Q] and [AQ.| = QL]

To prove , consider the perimeter and Coulomb terms separately. Assume for
definiteness in the following that A; < Ay < A3. Firstly, recall the definition

Per(€)) = sup {/ dive(z)dr : ¢ € CHR? R?), [|p]le < 1}. (2.40)
Q
For any ¢ as in (2.40) and A € R? with A\ \2A3 = 1, define the vector field py € CH(R?, R?)

by setting its i-th component to be @y ;(z) = \ii(A] 21, Ay 2, /\3_15133). One easily checks
that

div o(z dx:/ div o OO/ div 2.41
[ dive@)de = [ diver)dr = [ o HOO (241)
Moreover, estimate

leall?, = sup ZAZ% (A1, Ay g, Ay ) < ASllellZ, < 1+ C6. (2.42)

z€ER3

In view of the definition ([2.40]) of the perimeter, one can take the sup over all p € C}(R?, R?)
with ||¢]le < 1 to obtain

Per(2) —sup/ div ¢( )dx—supHgo)\Hoo/ div ng)‘(H) dz < (14 C0)Per(AQ), (2.43)

where ([2.42)) is used for the last inequality.
To estimate the Coulomb term, it is convenient to pass to the Fourier representation.

Set f(z) := lg(z) — plg,(x), then
Laa(2) = plag, () = FON 21, Ay o, Ay ) =t fa(w),

and one easily computes that F[fa](p) = §[f](A1p1, Aapa, A3p3). Therefore, it follows

47/ / (1o(x ! _(17( y) — )da:dy:/Rs |3[f]gp)|2 dp = [ |3L}f>\]§\1;)‘22 dp
s f BBIOE st (0e) = el ) 4
- /RS p? p< (1 /)\QL/AQL |z — ] ey

Combining estimates (2.43)) and ([2.44)), the proof of (2.38)) is complete.

The bound ([2.39) on the ground state energy follows from ([2.38)) simply by taking the
infimum over all Q C @, with [Q2| = pL?. The proof of Lemma [2.8]is therefore complete. [

Using Lemmas and 2.8} one can give the proof of the upper bound from Proposition
without assuming any symmetry on 2*. Since most parts are identical to the proof in
Section [2.1] only the necessary modifications are given in the construction of the competitor
set at the beginning of the proof.
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Proof of Proposition without symmetry of Q*. As in the proof given in Section [2.1] set
ly := A*Y3p=1/3 o be the characteristic length of the small boxes. Let Q* be some set
satisfying |Q0*| = A* and £[Q2*] = E(A*). One may assume (up to changing Q* on a null-set)
that diam(€2*) < oo, see [31, Lemma 4.1] and [39, Lemma 4]. By Lemma [2.6] there are
U € R**3 orthogonal, y € R? and A € R? with |\; — 1| < Cl;? and A\ M\gA3 = 1 such that
setting I = A, the set Qf := U(Q* + y) is contained in @); and satisfies

0= /Rs(lgg(:v)—plQl)dx = /RS zi(los(2)—plg,) do = /RS(Bximj_éij|$|2)(196(x)_p1Ql) dz .

(2.45)
By Lemma [2.8] one has
E, <(1+CIyH)E,px= (1+Cp**E, . (2.46)
To prove Proposition [3.4] it therefore suffices to prove the upper bound
E,ix _ Eo(A%) 1/3
LA <
PR +Cp/” + UL (2.47)

because the additional error term coming from the estimate is subleading.

To prove , a competitor set is constructed by placing copies of the set {2 in boxes
Qu(r), r € 1Z3. Let C; = {r € IZ® : Q;(r) C AQr} be the set of lattice points r such that
the cubes @Q;(r) are fully contained in AQ. Then, setting

3 pL’

)\p,L,)\ - m, (248)

one obtains AQ);, as a union of the boxes Q», ; ,i,(r). That is, the large box can exactly be
covered by an integer number of small boxes. Therefore, define

vaL)\ = U (/\p,L,)\QS + T).

reCy;

Note that this definition fulfills the mass constraint
Q1] = |Cl|A*X) | = pL®. (2.49)

The proof of Proposition can now be finalized by following exactly the same steps as in
Section using the vanishing of the multipole moments from ([2.45)) in the bound on the
far-field interaction. The remaining details are omitted. [

2.3 Lower bound

In this section, the proof of the lower bound from Theorem is given. Again, the result
is restated here for convenience.
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Proposition 2.9 (Lower Bound). There is a constant C > 0 such that for all p € (0,1],
L>0,

E, 1 S Ey(AY)
pl3 —  Ax
The proof of Proposition is based on reducing the problem to a smaller length scale

1< RK L.
Define the Yukawa potential

— Cp'P°. (2.50)

e_w‘x|

for xe€R?® and w > 0.

=

Using Y,,, the interaction part of £, (£2) can be bounded from below as follows.

Lemma 2.10 (Lower bound on the interaction term). There is C > 0 such that for all
L>0,allpe|0,1], allw >0 and all Q C Qr, one has

[ [, 10(@) = plo, (2) = (1al) = o, (v) dr dy
> [ la()Yo(e = y) Loy) de dy — Cl0]w
Proof. First, one can estimate
[ [, (10(@) = plo, (2) = (1a(s) = plo, (1) drdy
> [ [ Gaf@) = plo, (0)Yale ~ 5)(Laly) ~ pla, () dedy.

because § % \/7 e 2 \f R = §[Y,](k), where the Fourier transform is denoted by
SLA1(R) i= (27)9 Jau f(2)e " da for f e L'(R?). Next,

L, (o) = plo, (1) Yalz — 9) (laly) — pla, (4) dr dy

> [ [ 0@ Yol =) talp) dedy — 20 [ [ 1a(@)Ya(e - y)lo, (y) dedy

> [ ] ta(@)Ya(e =) Lo(y) dedy — C10)pw?, (2.51)
where it is bounded [, Y. (v —y)dy < [gs S5 ‘y‘ dy < Cw™2. O

One also needs to control the behavior of the perimeter term under localization of
Q) C @ to smaller boxes. The following lemma is useful for this purpose.

Lemma 2.11 (Localization of the perimeter term). Let @ C R?® have finite perimeter.
Then for every R > 0,

_ 6]

Per(Q2) > Z/ Per(QNQr(m+¢))d 7

me7Z3
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Proof. In every box, the boundary of Q N Qr(m + &) consists of two parts: the portion of
00 lying inside Qg(m + &), and the portion of € intersecting 0Q g(m + ), which is added
by partitioning €2 into boxes. One therefore has that

Z/ Per(QNQpr(m +£))d¢

meZ3
g/ S HA00N Qr(m + €)) d£+/ S HAQNOQr(m +€)) dé
L mez3 L mez3
< Per(Q +/ > H(QNOQr(m +E))dE . (2.52)
L' mez3

Here, H? denotes two-dimensional Hausdorff measure. It remains to evaluate the second
term in (3.10]). Since all sets appearing there are subsets of faces of cubes, decompose

U QN 0Qu(m +€) = CJUQH{JCERB R<l+;+€i)},

mezZ3 i=11€Z

i.e. 'slices’ of QN OQgr(Mm + &) are distinguished according to the coordinate hyperplane
they are parallel to. Note that H?-almost every point in one hyperplane is contained in the
boundary of exactly two cubes adjacent to the plane. Thus, the union |J;_; is disjoint up
to an H2-null set and one obtains

Z HA(QNOQr(m+E)) dé = 22/ d§1 dé, d§3ZH2 QN{z; = R(I+1/2+6)}).

Q mez3 1/2 1/ lEZ

The integrand on the right hand side only depends on one of the &. One can therefore do
the d¢;-integrations with j # ¢ to find that

/ S HAQNOQr(m +€))dE = 223;/ S HAQN {z = R+ 1/2+&)}) de;

L mez3 =1 2len

2 3 6/
—22/%290{:& R} de, = RZI/H%Qm{xi:@})da:L%'

by Fubini’s theorem. Plugging this in (3.10)) completes the proof of Lemma [3.7] O

In the next lemma the estimates above are combined to obtain the crucial lower bound
on the energy in terms of the auxiliary parameters R and w.

Lemma 2.12. For every Q C Qp with || > 0 and every R > 0, one has that

E1(Q) - yanFo(A)

6
—_— _2 —_— —
o = el 3
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Proof. Let Q C Qr and R > 0. § is the (finite) disjoint union

Q= U (20Qr(m +&)) = J o™ (2.53)
mez3 mez3
for some & € @ to be chosen below. Note that the choice of Q™ in ensures that
diam(Q(™)) < V/3R.
Then, starting from Lemma and dropping the interactions between different boxes,
one can estimate the energy from below as follows.

1 dz dy
> P —wV3R // _ola 72
m;z& ( er e 2 Q(m) xQ(m) |x — y| + PR ’ ’pw
> 6_\/§wR Z E(Q(m)) + Pp — C']Q]pw_2 (2'54)
meZzZ3

with the perimeter error term Pg := Per(Q2) — 3,7 Per(Q™).

For every m € Z?* with |Q2(™| > 0, one has gO(Q(m)) > EO(f and therefore

0]
Ep(20m) E Eo(A*
Yo &My = Y Og(z(m))m(mw > Bold) Z Q] = 19| 0( >. (2.55)
mez3 meZ3,|Qm)|>0 | | meZ3
Together with (2.55]), the lower bound (3.12)) implies
E(A*
En(2) > eﬁwagp)|Q| +Pr — C|Q|pw™2. (2.56)

To bound the perimeter error Pg appropriately, recall from Lemma (3.7 that the averaged
estimate holds

Q
/ > Per(QNQr(m+§)) | d€ < Per(Q) + M, (2.57)
Qu \ jpezs R
and therefore there exists £ € ()1 depending on €2 such that
6/€2]
> Per(QNQr(m + &)) < Per(Q) + —-. (2.58)
meZ3
With this choice of &, one arrives at the bound
6|92
Pr = Per(Q) — > Per(Q"™)) > _‘R‘ (2.59)

mEeZ

Combining ([2.56)) and (3.15]) and dividing by ||, the statement of Lemma follows. O

It only remains to minimize the errors of the lower bound to the ground state energy
E, L.
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Proof of Proposition 3.5 Recalling that |Q| = pL?, by Lemma one has

E,rL _v3wr Fo(AY) 5 6

5 > w — —_ . 2.
oL e e Cpw 7 (2.60)

Since e™* > 1 — z, from ([2.60)) it is obtained
EQ%L Eh(f4*) -2 C
Ey(AY) c i
> — - = .
Z 5 CwR 7 Cpw

-1/2

Optimizing first in R, take R = w . With that choice, one has the inequality

— Cw? — Cpw™2.

Optimizing in w gives w = p*/®, and thus, one gets

E,r S Ey(A%)

— Cp'/s.
pl? — A* P

The proof of Proposition is now complete. ]



Chapter 3

Further Results on the Liquid Drop
Model

3.1 The Ground State Energy in Two Dimensions

Similar to what has been done in the previous chapter in three dimensions the ground state
energy per unit volume is considered for d = 2 in this section and Theorem is proven.
The upper bound is formulated such that one might conjecture that it is sharp up to the
second order for small p > 0. The lower bound that is derived reproduces the order of this
conjectured second order asymptotics. It is only sharp to leading order, though. The proof
gives insight into how most connected components (droplets) behave in the dilute limit.
Most of them approach a certain mass and their shape approaches the shape of a disk.

Recall that for L > 0 the liquid drop model energy of a measurable set €2, C Qr =
(—=L/2,L/2)* with |Q, 1| = pL?* is given in d = 2 by

1

In m(lﬂp,L(Q) —p)dzdy. (3.1

&) =Per(@ur) + 5 [ [ (1o, (@) =)

The parameter p € (0, 1) describes the quotient between the electron and the nucleon charge
density. The corresponding ground state energy is denoted by

E,p =inf{€,.(Q) : QC QL |0 = pL?}. (3.2)

Note that the constraint |2, ;| = pL? means that only neutral configurations are considered.
As in the three dimensional case, the behavior of the energy per unit volume E,;/L? is
considered in the dilute limit p tending to zero. Since the thermodynamic limit L — oo is
taken first and then, the dilute limit p — 0, one might assume that L is arbitrarily large
compared to 1/p.

The upper bound derived in this section is stated in terms of the ground state energy of
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jellium.
lm o > B3 A e—
EJellium = liM — in —dz
Jell L—oo L (21,2 N )EAJellium (L) 1§i<j§N |ZL' — I'J| i=1 |ZL'Z — Z|
1 1
— 1 dzdz |. 3.3
+ 5 Jo, n P z z) (3.3)

The set of admissible configurations is

AJellium(L> = {(CCl,...,l'N) < (QL)N: N = L27Vi7j € {177N} P 7é xj fOI' i 7éj
and dist(z;, Qr) > p/w}.

Note that for technical reasons it is assumed that there is a tiny distance between each
point z; in the configuration and the boundary. (Compare how Armstrong and Serfaty
enforce a distance to the boundary in the jellium model in Section 2.3 of [2] by introducing
an additional potential in the energy.)

The main result of this section is the following theorem.

Theorem 3.1 (Ground State Energy Asymptotics). There is a constant C' > 0 such that
the following bounds hold.

(i) For all p € (0, 4] and L > 0, one has

Eor g™, 1+7T(1 +1>+ + 2P 1/3+R (3.4)
Tm=+Z nmw-+ — T €Jellium + —— , )
pL2 P 5 Jell 1 L/l

where R — 0 as L — oo.

(it) For all p € (0,%] and L >0, one has

/3
E,L <7r 1>1 C
= >3l-In-| — 5. (3.5)
2 = 1
pL 4 p (In 2)2/3

Note that the dependence of the error estimates on the density p is explicit. In particular,
it is not necessary to couple the dilute limit to the thermodynamic limit as it is sometimes
done in the literature (e.g. [25]). This is very sensible from the perspective of physics. On
a macroscopic scale L the particle number N is so large that the limit N — oo seems to be
a reasonable approximation. Regarding the density p, however, one cannot really assume
p = 0 because then there are neither particles nor matter. So p > % is physically a very
sensible assumption.

To formulate the result about the droplets, let Q,; C @ be a minimizer of &, ,
over all measurable  C @, such that |Q| = pL? In the proof of the lower bound it is




3.1 The Ground State Energy in Two Dimensions 41

shown that one may assume €, = U,e; ; with Q; Ny, = 0 for j; # ja, ©; connected,
diam(Q2;) < C(In %)2/3 for all j € J and

C|Q
Per(Q,1) > Y Per(;) — 1l lp’QLL.
; (In £)2/
jeJ p
Corollary 3.2 (Mass and Shape of Droplets). Define r = % For e >0 let
P

2
Q; Per(€2;

Jo:=XjeJ: 1] >¢€ or M—1>e.
w V4[]

Define the total mass of all droplets which are not close to the optimal disk me == 3¢ ;. |].
Then, for p € (0,%)
me C

‘Qp,L‘ T EIH%‘

Remark 3.3. By the quantitative isoperimetric inequality \P/e% — 1 is a measure of how
I8

close €); is to the shape a disk.

The next two subsections are concerned with the proof of Theorem [3.1 The corollary
on the mass and the shape of the droplets is proven in the final part of this section.
Throughout this section it is assumed d = 2.

3.1.1 Upper Bound on the Ground State Energy

The purpose of this section is to prove the first statement of Theorem [2.1] which is restated
here for convenience.

Proposition 3.4 (Upper Bound). There is a constant C > 0 such that, if p < %, one has
/3
E, ™ 1 « 1 TP !
——= <3| ~In- (1 > ellium e R ) 3.6
e <4 np+4 N+ g )+ e +4> + Ry (3.6)

where Ry — 0 as L — oo.

Proof. To prove Proposition , construct, for every pair (p, L), a suitable state €2, ;, and
evaluate the corresponding energy &, (€2, 1). The idea is to place discs B(0,[R) on points
lzy, ... ley € Qp with [ > 0. To make this precise, let C,; := {@1,..., 25} C QL be a
discrete set such that

(1) diSt(Cp’L, aQL/l) 2 Ra

(ii) |z —y|>2Rforz,y € C,p,x #y
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2

(ili) N :=#C,p =4

Now, define the trial state €2, to be the union

Q= |J (lz +1Bg) (3.7)
Z‘EcpyL
and impose neutrality, i.e.
p=nR%
Then,
1Q,.] = Y |iBg| = NI’7R* = NI’p = pL*.
z€Cp, L,
One has
1 - -
€,1(21) = Per(Q / | (a,.(2) = p)In == (1q, , () - p)dzdz
L L |'Z - Z|
= N27RIl + —/ / > lerna(z) —p > 1yipa(2) —p| dedz
2 Quu QL z€Cp, L, y€Cp,L
1A
— N2rRI + [ m dzdz
366; 2 z+Bgr Jx+Br |Z—Z|
I 1 B
+ > —/ / In —dzdz
el p ity 2 Jz+Br Jy+Bg |z—z|

/ / ez +—/ / dzdz.
z+Br JQr Z_Z QL QL Z _Z

:J:EC

By Newton’s theorem one has

1
/ / In——dzd? = 7°R*In .
z+Bpg Jy+Br ’Z - Z‘ |37 - y|
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Furthermore,

_ l4/ / Az d3
z+Bpr QL/Z |Z_Z|

zeCp,
1
=— Z pl'rR? | In dz— ¥ pz4/ —dzdz
2€C, 1, QL/z\(iH-BR |Z - l‘| 2€C,, x+Bg Jx+Bpr |Z — Z’
274 274
= —p°l / dz +p7l / dz
xezC:L QL1 ’Z - zeZC:L +BR ‘Z — a:\

1
AN 4(1 - )
p ™R nR+4

= —p?l! Z / In

1 1 1 1
dz + p*I* N1 R? (111 = + 2) — pl*Nm*R* (ln —=+ >

zeC, 7 QL |z — ] R 4
1
274 374
— 2 / In dz + —p*I*N.
xezc:,,,L Quy |z — 4

Therefore, with ejenium as defined above,
1
Z In
2

1/2 9 )
T L1 7T 1 [
Epr(Qpr) = Q1 2() 4 p(ln ) 2
P P P P [l 4 p 2 1.2 rel iy iz — |

1 1
-> [ m dz+ - / [ m dzdz | + —p?
QL _Z‘ 2JQuu JQu) Z_Z‘ 4

wGC L

1/2 2
™ 1 1 T 1 1
= ’Qp,L’ (2 (p) 7 + A p(ln E 2> + pl2eJellium + 4p2l2>

+ ’QPL’pFRL/l'

1

Here, the error term is defined

5 > > [ m

x,y€Cy, L, x#Y ‘.CE - y‘ z€C,p 1, Qr/1 ‘xz

1
+ f/ / In
2 QL J/QL

which vanishes as L — oo if C, 1, is chosen to be a minimizer of jellium.

Note that points of a minimizer zq,...,xxy € @ of jellium are separated by a constant,
i.e. min;4; |x; — z;| > 0 for some universal 6 > 0 [33, Lemma 25] The separation that is
assumed in the definition of C, 1, is arbitrary small since 2R = —Z5p'/2,

1/2
Minimizing 2(%) / T+ I?A(p) with respect to I > 0 yields

. Z 1/6 1
=\p) A

l2
RL/l =7

I dz

1 ~
|Z — 2| dz dZ] — €Jellium,
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where A(p) := i/)(hl% + %) + peyeitium + 50

Therefore,
gp,L(Qp,L) 3(7TA< ))1/3 n
——— = =3 —Alp L/l
|Qp,L| p /
1 1 1/3
—3<Zlnp+1(lnﬂ+2> —|—7T€Jeuium—|—7;p> +RL/1.

This concludes the proof of Proposition

3.1.2 Lower Bound on the Ground State Energy

In this section, the proof of the lower bound from Theorem is given. For convenience
this result is restated.

Proposition 3.5 (Lower bound). There is a constant C > 0 such that for all p € (0, %],
L >0,

/3
Ep,L 7T 1 ! C
p
First of all, replace the logarithmic interaction by the more regular potential
1\ /3
Y, (z) = Ko(w|x]), for z€R? and w:=C,p"? <ln ) .
p

Here, K, denotes the modified Bessel function of second kind of order 0.

Lemma 3.6 (Lower bound on the interaction part). For all L >0, p € (0,1), w > 0 and
for all Q, 1, C Qr with |Q, 1| = pL?, one has

1 g 1
3 Joo Jor (190(0) = gy () 1n Tl (10, (1) = plo,(y)) dzdy

1 —
> 5 /IR? R2 1Qp,L(x) Yw(l' — y) 1QP7L(y) dx dy — QWp‘vaL‘w 2'

Proof. The following estimate holds for the Fourier transform.

1 1
= >
L e

k) == 5= Jgo f(x)e ™ dx for f € L'(R?). Note that
) = 0. Furthermore, §[lg,, — plg,] € C'(R?) because

§=In|-{}(%) = SYo] (k).

Here, the convention is used §[f](
neutrality ensures §[lo, , — plg,](0
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lg,, — plg, has bounded support. Thus, §[lg,, — plg,]/|k|* is integrable at 0. Therefore,

1
2/]&2 Js (10,.2) = pla, (v Dlnw(lﬂp,L(y)—plgL(y)) dz dy

= /R /R 0,0 (%) = plo, (7)) Yu(z — y)(1a,. (v) — plo, () dzdy.
One arrives at the estimate stated in the lemma through the simple calculation
5 [ [ (10,,0) = pla,(0)Yale — 9) (10, ()  pla, <y>) e dy
—Q/RQ /RQ oL —y)lq,,(y) dedy — P/ / Lo, (2)Yo(r — y)lg, (y) drv dy
25 /Rz /]RZ lo, , (@)You(z — y)la, , (y) dzdy — 27p|Q, 1 |w™?
Here, the fact is used that [;° Ko(r)rdr = 1. O
For Q,; C Q with |Q, | = pL? let J C N and

Qor=JQ with connected ; and Q; N Q; = 0 for i # j.

jeJ

To prove Proposition neglect the interaction of different connected components. By
Lemma 3.6} one has

Ep (1) > Per(Q / / ,.( (r—y)lg,, (y)drdy — 27T,0|QP7L|(,U72
>N (Per(Qj) + —/ / Ko(w|z —y|) dz dy) — 27p|Q, 1|w 2. (3.9)
et 2 Jo; Ja;
Now, distinguish different cases depending on diam(£2;).
Case 1: Suppose diam(€2;) < (mgﬁ Then,
Per(£2 / / Ko(w|z — y|) dz dy

> Per(Q;) + |Q |* Ko(w diam(Q;))
9 1

V2V 1
> |Q |1nf< +§1H W

1/3
T 1 C€y]
>3 =-In= O — 7
_3<4 np) | J| (ln%)2/37
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if C > 2(%)1/3 In(C,C,,). Here, the isoperimetric inequality Per(Q(m)) > 27?1/2|Q(m)\1/2 is
used and the inequality Ko(r) > In 1 for r > 0.

Case 2: Suppose diam(€2;) > and

thus,

/2 - |91"/2(In 1)1/3
™ 1)1/3 and |Q ‘ / W Then, 1 > 072

(

Per(Qj) 2 dlam(Qj)
> 76’1
(In p)1/3

Cl 1 1/3

- o e 1/3
This is the desired inequality, if &% > 3( )

2/3
Case 3: Suppose Lm < diam ; < Cj (ln %) / and |Qj|1/2 W Then,

(n 1)

1 1 '
92 /Qj /Qj Ko(wlr —y|)dzdy > §|Qj|2K()(CU diam(§2;))

1o 1
> 2|10 [ =————+
=z 2| ]‘ n (C3pr1/21n;>

1 1
> *|Qj\2 In =
p
02 1 1/3
Loyl (m ) ,
p
if p is sufficiently small. This is the desired inequality, 1f 3(%) /3.

Case 4: Suppose diam 2; > Cj <1n ;) 28 and |Qj|1/2 > (ln(fﬁ
P

Solve this case by localizing the problem to smaller boxes. The following lemma is useful to
control the behavior of the perimeter term under this localization.

Lemma 3.7 (Localization of the perimeter term). Let Q C R? have finite perimeter. Then,
for every R > 0,

419

Per(2) > Z/ PerQﬂQR(m—ku))du—?

meZ?

Proof. In every box, the boundary of Q N Qg(m + u) consists of two parts: the portion of
00 lying inside Qg(m + ), and the portion of 2 intersecting dQr(m + ), which is added
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by partitioning {2 into boxes. One therefore has that

> [ Per(@n Qulm + p)) di

meZ2 Q1
g/ S H (02N Qr(m + ) du+/ S HUQNOQgr(m + 1)) du
L mez? L mez?2
< Per(0 +/ S HYQNOQr(m + ) dpe. (3.10)
L mez?

It remains to evaluate the second term in (3.10). Since all sets appearing there are subsets
of the boundaries of squares, decompose

U QnoQr(m+p) = UUQm{xeR2 R<l+;+m>},
meZ>2 i=11eZ

i.e. 'slices’ of QN IQgr(m + p) are distinguished according to the coordinate axis they are

parallel to. Note that H!- almost every point in one axis is contained in the boundary of

exactly two squares adjacent to the axis. Since the union U7, is disjoint up to an H!-null

set, one therefore obtains

/1 S H(QNIQr(m+ 1)) dﬂ_zzf SO HN QN {z; = RO+1/2+1)}) dpay dpss

meZ? (-1/2,1/2) leZ

Note that the integrand on the right hand side only depends on one of the ;. One can
therefore do the dy;-integration with j # ¢ to find that

S H(QNOQr(m + 1) du—QZ/ SH QN {z =R+ 1/2+ m)}) dy,

Q1 jpez2 12 1ez
419
_ZZ/H QN {x; = Ru;}) dp,; = Z/H QN A{x; = w})dp, = I
by Fubini’s theorem. Plugging this in (3.10)) completes the proof of Lemma [3.7] O
Let R := %(ln )2/3. (2; is the (finite) disjoint union
Q= U (9nQrm+u)) = |J o™ (3.11)

meZ? meZ?
for some p; € @1 to be chosen below. Note that the choice of ng) in (3.11) ensures that
2/3
diam(2") < V2R = Cy(n 1),

Then, one can estimate the energy from below as follows.

Per(1 // Ko(wlz — y|) dzdy

> ) (Per 2/(m) . Ko( w[x—y[)dxdy) +P (3.12)

meZ?
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with the perimeter error term P := Per(Q2) — 3, .7 Per(Q™)). Since diam(QEm)) <

/3
Cs <1n 7> , one can apply cases 1-3 to get the desired lower bound.
It remains to bound the perimeter error P appropriately. By Lemma [3.7] the averaged
estimate holds

41€2;
/ ( > Per(2, N Qulm + m)) au < Per(;) + o0, (3.13)
L \mez?
and therefore there exists p; € @)1 depending on 2; such that
41€);
> Per(Q; N Qr(m + py)) < Per(;) + |R]| : (3.14)
meZ?2
With this choice of f1;, one arrives at the bound
Rl 4+/2
P = Per(¢;) — 3 Per(Q\™) > [yl Av2 7191 (3.15)
R 1\2/3
mez Cs (ln p)

This concludes the proof of Proposition

3.1.3 Concerning the mass and shape of the droplets

Consider a minimizer €2, of £, 1, over all 0, C @)1, such that one has charge neutrality
Q1] = pL?. Let Q, 1 = Uje;s ; with ;, NQy, =0 for j1 # jo and connected €; for all
j € J. By Lemma [3.7 one may assume diam($2;) < C(In = )2/3 for all j € J and

C|QpL|
(ln 1)2/3°

Per(Q,.) > Per(Q;) —

jeJ

In this section Corollary is proven. The argument is similar to what is done in [25].
By Proposition it is known

1/3 2
T, 1 CpL
3(4 In ,0> pL? + (in )2/3 >E,0(Qp1)

1
= Per(Q,,1) 2/ /QL ,,L —P)lnm(lﬂp,L(Q)—P)dxdy

> Per(@) +5 [ [ (1a,(0) = p)Ko(wle — 3l) (1, , (5) ~ ) dudy

CpL*
Z(Per 2/ / lnw|x_y|dxdy) (in )2/3

jeJ

Here, K is the modified Bessel function of second kind of order 0 and w := C,,p"/?(In p)l/ 3
In the last inequality the fact is used that Ko(r) > In2 for r > 0.



3.1 The Ground State Energy in Two Dimensions 49

Define Jy := {j € J : diam(Q;) < C’l(ln%)_l/?’}. In the proof of the lower bound the
self-energy of droplets €); with j € Jp is estimated from below by minimizing over all masses.

Now, one can get a result about the mass and shape of the droplets by expanding the
4/3.1/3 .

energy about this optimal mass x := % For j € Jy, one has

P

1 1
i [ L
| ]]+2 o, Jo, nw|x— |dxdy
1/3 1/3 1/3 2
T 1 RYy 1 €] O]
>3(Fms) iyl + S (n ) (5 -1) - ot
For j € J\Jy the proof of the lower bound implies

1/3

1 Cl9|
P /‘/l————dd >C(ln-) -9l
erl) 5 Yolr—g Y <np> (In )2/

with C' > 3(Z)1/3.
These estimates imply the following bound

CpL2 1 1/3 )
W = gva(QﬂaL) - 3<4 In p) pL
1/3 0, | )
> Y (Per(y) - ariy]) + Sk £ (1 ) 0 |< )
JEJO JEJ()
7\ 1/3 1 1/3 CpL2
+ 0—3() )(ln) o — P
jEJZ\JO( 4 P j (ln )2/3

with C' > 3(Z)1/3.

Define ,
Per(€2; Q;
J. = jGJ:M—1>e or <‘]|—1> > €.
Ve &

If (2 12 <e< 1, then /4m|Q;| > %|Qj|(ln%)1/3. Therefore, one has

CpL? 1 1\"? 1\
> ) |Q¢On> e+ > Clln=| [Q
(In %)2/3 jeqonn © ’ P jeNJo P !
1/3 1/3
>Z \Q|(ln1) ezme(lnl) €.
je€Je C P

This is equivalent to the corollary
M C
< T-
|Qp,L| € ln ;

So the relative mass of all droplets which are not close to the optimal mass x or not close
to the optimal shape (that is a disk), tends to zero as p tends to zero.
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3.2 Uniform Distribution of Energy for Minimizers
In this section, it is proven that the energy of a minimizer of the liquid drop model with
Neumann boundary condition in a cube Qp := (—L/2,L/2)% with d > 2 is uniformly

distributed on a smaller scale R < L. The proof is similar to the proof of Theorem 4 in [2].
Let Q C RY Q CR% and b € L*(Q,R?). As in [1], define

E(Q,b,Q) = Per(2N Q) + /\b\ do
and the set of admissible (£2, b) satisfying Neumann boundary condition

Aneu(p, Q) = {(Q,b) | Q C Q and b € L*(Q,R?) with || = p|Q| such that

Vbzlg—pinQandb'u:OonaQ}.

Furthermore, define the minimal energy

Let ¢, := (In 1)1/% and ¢z, = 1 for d > 3. The main result of this section is the following
theorem which is formulated for dimensions d € N, d > 2.

Theorem 3.8 (Uniform distribution of energy). Let (Q, 1, b, 1) be a minimizer of £(-,-, Q1)
over Axeu(p,Qr). If p € (0,%] and L > R > C’ccll{pzp’l/z, then for all a € Qp such that

12
Qr(a) C Qr the following upper bound for the local energy holds
E(Qp,L, pr;, QR(G)) < ENeu(P7 QR(Q)) +Ce d+2)/(d+1)pd/(d+1)Rd—Q/(dJrl)
T 2H (R, 1 0QR(a)\DQ,) (3.16)

and the lower bound
E(Qpr. by, Qr(a) > Exen(p, Qr(a)) — Ol /10D gt/ (d41) p=2/(d1) (3.17)

Remark 3.9. If R > Cé_(d“)/zccllfp_l/?, the first error term in equation ([3.16) can be

estimated as
Ol /(a1 pa=2/@+1) < 5¢, nRY.

Remark 3.10. The boundary term in equation can be crudely estimated H41( o0
OQr(a)) < CRI'. However, for minimizers (2, local neutrality is expected, that is
19,2 NQr(a)] = pR: In this case, averaging over boundaries gives the better bound
2H1(Q, . N OQr(a)) < CpRI1.
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Remark 3.11. The error term in this formulation of uniform dlstrlbutlon of energy is a
decent estimate for scales R that are close to the minimal length scale C’c pfl/ 2. In the
dilute limit that is considered in this thesis p is very small. This is why, the factor p/(d+1)
is more important than having an error term proportional to R4~!. However, if one is
interested in large length scales R > Cc}/ p2 p~L, it is more important to have an error term
proportional to R4~!. With the method of Armstrong and Serfaty [2] it is also possible to
prove uniform distribution of energy of the form

S(Qp,L7 bp,Lv QR(Q)) - ENeu(pa QR(G’)) + O(Rd_1)7 (318)
for R sufficiently large. Here, the error O(R?!) might depend on p > 0.

To prove uniform distribution of energy a simple estimate on the minimal Neumann
energy is needed.

Lemma 3.12 (Simple energy estimate). Let U = U;c; U; be the disjoint union of cuboids
U; with side lengths in [31,1] where | > Cc;})p_l/d and p € (0,3). Le. fori e I assume

there exists 1% € [L1,1) and r® € U such that U; = Q, (r™) as defined in ([2.30). Then,
Eneu(p, U) < Cceq,p|U]. (3.19)
where ¢, = (In 1 )1/3 and cq, =1 for d > 3.
Proof. First of all, the problem is reduced to the length scale C’c;’;pfl/ 4 To get a simple
upper bound for the Neumann energy, one can then evaluate the energy of a ball.
Since the Neumann energy is sub-additive one has
ENeu(p, U) S Z ENeu()O; Ul) (320)
iel

For simplicity assume [ = C’lc;’})p_l/ 4 with C; > 1. (If [ is larger than that, one can simple
sub-divide the cuboids U; in smaller ones and relabel them.) Since cuboids of different
centers are equivalent it suffices to consider U; = Qs =: () for a general 10 ¢ [%l, 4.
Let A := |Q|/I¢ and R > 0 be such that the d dimensional ball of radius R centered at 0
which is denoted by Bgr has mass Ap, that is |Bgr| = Ap. Then, [IBg| = M\l? = p|Q|. Let
v € H*(Q) be the solution with mean zero of the Poisson equation

—Av=1,—p inQ,
vVov=0 on 0Q),

where v is the outer normal of 9Q. Clearly (IBg, Vv) € Axeu(p, @) and therefore,

1
Exenlp, @) < E(1Bn, V0, Q) = Per(iBr) + 5 /Q Vo2 dz

(3.21)

1
= " Per(Bg) + 2/( Av)vde
= ld 1Per BR —|— 7/ / 1lBR GNeu(Z' y)(llBR )dxdy

=41 Per(Bg) + 7/ GNeu(T,y) dzdy .
2¢q J1BR JiBR
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Here, Gey is the Green function of the Poisson equation on () with Neumann boundary
condition which fulfills [y GNeu(7,y)dz = 0 for y € Q. The coefficient ¢, = 2m and
cg = (d—2)|S*!| for d > 3 should not be confused with ¢, ,. Since dist(IBg, 0Q) is large,
Proposition Al in [2] states for y € [Bg

sup |Greu(,y) — Gz —y) + Q" /Q Gz —2)dz| < C. (3.22)

TEQ

As defined in the introduction G denotes the fundamental solution of the Poisson equation.
So in two dimensions G(z) = Inq; for + € R? and in d dimensions with d > 3 it is

G(x) = \:CI% for z € RY.

Since |IBg| < pl¢ = c;° » < 1, the Neumann ground state energy can be estimated

Exea(p, Us) < 19! Per(Bp) +—/ / < Q™! / (:L‘—z)dz—I—C’) dz dy
2¢q Ji1BR JiBR

1
= [*| = Per(Bg) —1——/ / < -2t G(x—z)dz)dxdy+CldR2d
1 2cq JBr JBg Q/l
< Ol ,pMp' 14 4 C’ldcczpp_ pcd7pR2 + Cpldc;;l < Cegpp|Uil.
This implies for the energy on the whole cube

Enea(p,U) < ) Cea,pp|Uil = Ceapp|U|. (3.23)

il

Similar to Lemma B.4 in [2], the following lemma is formulated.

Lemma 3.13 (Local neutrality). Let (2, 1,b, 1) € Aneu(p, QL) and let U C Q1 be open.
Define

Uy = {a: cR:x €U or dist(x,U) < 1}
U := {x €RY:2 €U and dist(z,U) > 1}
If p € (0,1/C], then one has the local neutrality bound
19, N U| = p|U|| < CPer(U)|Ib, L 2. -,y + CoPer(U). (3.24)
Proof. Let x € C1(R?) be such that x(z) =1 for x € U and x(z) = 0 for 2 ¢ U,;. Then,
200U = plU] < [ x(@)(1a,.,(2) - p) da + CpPer(U)

= / x)Vb, dz + CpPer(U) = /Rd(Vx(x))me dz 4+ CpPer(U)
< IV X lBp.t gy g + Co Pex(D)
< OPer(U) o1l 2,0+ CoPer(U).
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Similarly, let ¢ € C'(R?) be such that ¢(z) =1 for z € U_; and ¢(z) = 0 for = ¢ U. Then,

plU| = 9, NU| < /Rd 6(x)(p — 1g,, () dz + Cp Per(U)
= — [ @) Vb, dz + CoPer(U) = [ (V9(x))by da+ CpPer(U)

<V ellalbp,Ll L2 eupp vy + CoPer(U)
S C(Per<U))1/2||bp,L||L2(U\U71) + Cp Pel"(U)

3.2.1 Upper Bound on the Local Energy

First of all, the following proposition on the uniform distribution of energy is proven. Then,
the error is improved in a corollary to get the theorem stated in the beginning.

Proposition 3.14 (Uniform distribution of energy, upper bound). Let (€2, 1, b, 1) be a

minimizer of £(-,-,Qr) over Axeu(p, Q). If p € (0,3] and L > R > Cci/jp‘lﬂ, then one
has for all a € Qr such that Qr(a) C Qp the local energy estimate

E(QP7L’ bp7L’ QR((I)) S ENeu(p, QR(G>> + OCCll:;l/(Qd+3)p1—1/(2d+3)Rd—l/(d+3/2)
+ 2H(Q, L N OQR(a)\OQL). (3.25)

Furthermore, the neutrality bound |, 1, N Qr(a)| < p/2R? holds.
Remark 3.15. In particular, if R > C§~(4+3/ 2)027/ p2 p~ /2, this implies
E(Qp, by, Qr(a)) < Eneu(p, Qr(a)) + deappR* + 2171 (Q,1 N 0QR(a)\0QL)  (3.26)
for any ¢ > 0.
Corollary 3.16. If the assumptions of Proposition [3.14] hold, then
EQ1,byr,Qrla)) < Ccdvpde. (3.27)

Proof. By Lemma the Neumann energy can be estimated Exen(p, Qr(a)) < Ccg,pR%.
Furthermore, one can find a good boundary that fulfills H4*(Q2, , N OQr(a)) < Cp'/2RI~!
by averaging over boundaries as it is done in the proof of the upper bound. ]

Proof of Proposition[3.14. The idea of the proof is to change a minimizer locally in Qg(a).
The resulting state gives an upper bound for the energy of a minimizer globally in Q.
Subtracting the energy in Q;\Qgr(a), one gets an upper bound for the local energy in

QR(CL).
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By assumption £(Q, 1, b, 1, Q1) = Exeu(p,Qr) and |Q, 1| = pL?. So, assume there
exists Ly > 0 such that the local energy is bounded for all a € Q; with Qr,(a) C Qp

EQp1sbpr, Q1o(a)) < Exenlp, Qro(a)) + Cocyh /Y pi=1/@aed) [ 1/(043/2)
+ 2Hd71(Qp7L N 8QL0 (a)\@QL) (328)

and such that the neutrality bound holds
20,2 N Qro(a)] < ' Lg. (3.29)

It will be proven that equation ([3.25) holds for all R > Lg/2. This will also imply the

neutrality bound [, N Qr(a)| < p'/2R?. Since this argument can be iterated the result

will follow down to scale R > Cc;/jp_l/?

Let (©21,b;) be a minimizer of E(,-,Qr(a)) over Axeu(p, Qr(a)) and (Qs,bs) be a
minimizer of £(-, -, QL\Qr(a)) over Axeu(p, Qr\Qr(a)). Define Q := Q; U Qy and

_ bi(z) if z € Qr(a),
b(z) {bg(x) if v € Qr\Qr(a).

Then, (2,b) € Axeu(p, Q1) and thus

ENeu(pv QL) S 8(97 b7 QL) S g(le bla QR(G)) + 8(927 b2a QL\QR(CL))
== ENeu(pu QR(G/)) + ENeu(IOJ QL\QR((Z))?

i.e. the minimal Neumann energy is sub-additive.
Therefore, one has the inequality for the minimizer (,,b, ) in @

E( QL. by, Qr(a)) + E(Qp L, by, QL\Qr(a))
< E(Qr,bpr Q) + 2H 7 (2,1, N OQR(a)\OQr)
= Exeu(p, Q1) + 2H" 1 (Q) N OQR(a)\OQ1)
< Exeu(p, Qr(a)) + Exeu(p, QL\Qr(a)) + 2H (2,1, N 0Qr(a)\OQL).

It remains to prove

Exea(p, Q\Qr(a)) < E(Qp 1. byr Q\Qr(a)) + Coccli:;l/(2d+3)pl—l/(2d+3)Rd—l/(d+3/2)’
(3.30)

forall R > Lo/2 > C’cil{;pfl/?
For this purpose, apply the following lemma. (Compare to the inner case of Proposition
4.1 in [2].)

Lemma 3.17. Let R > l~_ [ > Cc;fl)p_l/d and assume

2 ~
= by, |?dz < =2 441}, (3.31)

SP
QR+21"\QR+Z 22d+3

™
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Then,

Exeu(p, Qr\Qr(a)) < E(r, by 1, Qr\Qr(a)) + Cegppl R + C;Sp,La (3.32)

where the constant C' > 0 does not depend on Cy.

To make use of the assumption for this iteration step equation (3.28) has to be
bounded from above. By Lemma the minimal Neumann energy in Qr,(a) satis-
fies Eneu(p; Qro(a)) < CeqppLf if Ly > Ceyp~ /4. Note that the error term is bounded as

well C cl+l/(2d+3)pl’l/@d*?’)Ld_l/(de < cqppLd if Ly > C’cl/ ~1/2_ To bound the surface
term in |-D from above, one could use the crude estlma,te 27—[d Y, NOQL,(a)) <
CLI™' < CegopLd if Lo > Ca, pp ~1. However, then the iteration would terminate at this

length scale for R. To get down to smaller length scales, apply the neutrality assumption
3.29

AL
/ lg,, dz’ dT = lo,, dz < |Qur,(a) NQ, 1| < 49pY2 L2,
3Ly JOQr(a) Qary(@)\QsL,(a)
Thus, there exists 7" € (3Lg,4Lg) such that
HH QL N 0Qr(a)) = / lo, , da’ < 22 pl 2L~ < pIf,
QT (a) ’

if Ly > 224+1p=1/2_ Therefore, it can be estimated

S,1 < /Q ( )|bp,L|2dx < 26(Qp1,b, 1, Qr(a))
T(a

< Ceq,pLi + pLi
< Ceq,pR?, (3.33)

if Ly > Ccé{ip‘l/z. Here, the assumption Ly < 2R is used. Note that this constant C' > 0
does not depend on Cjy. It only depends on the upper bound of Lemma [3.12] Minimizing
the right hand side of equation (|3.32 - Wlth respect tol >0 (after estimating S, 1) gives
[ o< (IR)Y2. In order to meet condition (3.31)), choose I := Cj(cq,p )Y/ @43/ Rl 2/(d+3/2)
and thus, [ := Cj(cq,p~ )Y/ 24+ RI-1/( d+3/2) with sufficiently large C; > C; > 0.

The condition R > [ > [ is fulfilled since R > C’cclh/ p2 ,0*1/ 2,

By equation (3.32)) one gets
Exen(p, Qr\Qr(0)) < E(Qp.r by, Qu\Qr(a)) + Cey /1 pl -1/ gt/ (d3/2),
which is (3.30) if Cy is chosen large enough in the beginning (depending on the constants

of Lemmas and ).

By Lemma and inequality (3.33)), one has
9,21 Qu(@)] < pRY + CRED b, g ) + CoRE

1/2Rd+ccl/2 1/2 ppd— 1/2+C'de 1 < pl/ZRd

1
=
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if R > Ccq,. This is the neutrality bound (3.29) that is assumed for this iteration and
thus, it concludes the proof of Proposition [3.14] O

Proof of Lemma[3.17. The idea is to modify Q,; N (QL\Qr(a)) close to the boundary in
such a way that it satisfies the Neumann boundary condition (just as it is done in the proof

of Proposition 4.1 in [2]). For this purpose let O := Q\@r(a) be the old region that is left
unchanged and NV := Qr(a)\Qr(a) be the new region that is changed. Since

1 pR+20

- b, |?da’dT = S
2 JR4i ~/(9QT(a)| pr| AL

there exists a T' € [R + [, R + 2I] such that

2
/8 - bl da’ < 25, (3.34)

The factor 2 is due to the fact that the distance between Q. and Q.7 is L. One can
partition A into rectangles Q;(¢) NN for i € I := {k € IZ? : k € N'} and assume that the
constant C; > 0 is chosen such that N C ¥ ;c; Q;(i). Then, let v € H*(Q;(i) N N) be the
solution of the boundary value problem

—Avi(x)=m; forze@Q(i)NN
Vou(z) - v=yg; forxzed@Qi)NN)

Here, g;(z) := —b, (x) - v for z € Q;(1) N 0Qr and g;(x) := 0 for € I(Q;(1) NN)\IQ7.
The solution to this boundary value problem exists because

m; = — ) NN _1/ b, -vdx'.
Q@AM [ by
One can estimate
Im;| < 2dl_d/ b, -vda
Qi(1)NoQr

1/2
< 9d]-(@+1)/2 / b, 1| da’
- QNoQr

_ i 1/2
< 9d+1/2]—(d+1)/2] 1/2Sp’/L
P
2

IN

Y

where S, 1, is estimated according to (3.31]). Further, let u; € H*(Q;(¢) NN) be the solution
of the boundary value problem

—Aui(r) =Xjes Loy, (¥) —pi for x € Qi) NN,
Vui(z) -v=0 for x € 9(Q;(1) NN,
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where p; := p+m; and J C N is finite with r; > 0 for j € J. Since |m;| < £, one has
pi € [3p, 3p] for i € I. Choose (z;)jes C N and r; > 0 for j € J such that

> 1Qu@) N By | = pil Qi) NN, (3.35)
jes

Therefore, there exists a solution to this boundary value problem.
Now, define the modified set Q := (2, N O) U Ujes(x; + B,,) and the modified vector
field
6 {bva(x) for z € O,
—Vu;(z) — Vyi(xz) forxz € Qi) NN.

By definition b - v is continuous on dQr, b - v = 0 on dQ;, and

Vb=1g—p in Qr\Qr(a).

By equation (3.35]) one has
Qf =19, N0+ |B,,|

jeJ
= [ (10,,(@) = p) dz + plO] + pIN| + X milQi(d) N N,
el
_ . . /
= p|Q:\Qr(a |+/ Vb, . de ;/( g o v
= p|QL\Qr(a)|,

because of the Neumann boundary condition b, - v = 0 on 0@ . Therefore, (Q, B) €

ANeu(p, QL \Qr(a)) and

ENeu (pa QL\QR(CL))
< E(Q,b,QL\Qr(a))

= Per(Q,, N O) + > Per(B,,) 2/ b,o|*da + = Z/ IV, + Vu;|* da

jeJ 257 Janwv

SPGI‘( pL\QR 2/ |pr| dx+ZPer +Z/ |VU2|2dx

jeJ i€l Q)N

el

The first two terms are just £(€2, 1, b, 1, Qr\Qr(a)). So it remains to estimate the other
terms. As it is done in the proof of Lemma choose (z)je; CN and r; > 0 for j € J
such that

23" Per(Qu(i) N B,,) +/ VUl dr < CeapplQu(i) NN, (3.36)

jeJ
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Furthermore, with Lemma C.1 in [2] one has

Vo2 dz < m/" b, | da’
2 Vol 2 L()NOQr(a) Byl

iel Y QNN icl
l
:m/ b, |2de’ < C5S, ..
BQT(a)| p7L’ = p,L

[

After proving uniform distribution of energy down to scale C’cllt/ p2 p~ /2, the bound on

S, in the proof of Proposition can be improved.

Corollary 3.18 (Uniform distribution of energy, Upper Bound). Let (Q,1,b, 1) be a
minimizer of £(-,-, QL) over Axeu(p, Q). If p€ (0,1] and L > R > C’c}j?/pzpflm, then one
has for all a € Qr, such that Qr(a) C Qr the local energy estimate

E(Qp1.bpr, Qr(a)) < Exenlp, Qrla)) + Celft /Y pd/ (@41 pa=2/(d+1)
-+ QHd_l(QAL N 8@3(&)\8@L)

Proof. Instead of estimating S, < Ccq,pR? as in (3.33), one can estimate S,; <
Cq “1if 1 > Cc/?p=1/2. In order to mee e condition S, < T:ldﬂi choose
CeappR* M if 1 > Cclf?p~12. In order t t the condition S, <

the parameters [ := C’lci/p(dﬂ)p‘l/(d“)Rl_Q/(d“) and [ := C;C; ' with C; > €y > 0. Thus,
it is deduced

~ [
Exea(p, QL\Qr(a)) < E(Q 1, by, Qr\Qr(a)) + Ccq,p R + CTSP,L
< &L, by, QL\Qr(a)) + chzdf)/(dﬂ)ﬂd/(dﬂ)Rd*y(dﬂ),
. 7 1/2 12 . . 7 1/2 —1/2 ; 1/2 _1/2
ifR>1> C’cdwo . A simple calculation shows [ > C’cd’pp if R > C’cd’pp i O
Remark 3.19. In particular, if R > 05_(d+1)/206117/p2p_1/2, this implies

E(Q.1, by, Qr(a)) < Eneu(p, Qr(a)) + dcappR* + 2H7H(Q,0 N 0QR(a)\0Q1)

for any 6 > 0. This is a significant improvement of the result of Proposition which
required R > 05_(d+3/2)c(1i{5p_1/2.

3.2.2 Lower Bound on the Local Energy

Proposition 3.20 (Uniform distribution of energy, lower bound). Let (Q,1,b, ) be a
minimizer of £(-,-, QL) over Axen(p, Q). If p€ (0,%] and L > R > Ccé{ﬁp‘l/z, then one
has for all a € Qr, such that Qr(a) C Qr the local energy estimate

E(Qp1, by, Qr(a)) > Exenlp, Qrla)) — Ot/ i/ (@+1) p=2/(d+1) (3.37)
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Proof. The lower bound is proven with the upper bound in Corollary and the comple-
mentary case of Lemma [3.17] (Compare the outer case of Proposition 4.1 in [2].)

Lemma 3.21. Let %R > l~2 [ > C for large C' > 0 and assume

2
P™ d+17
T ::/ b de < axyl 338
o (Qp_i(0)\Qg_5i(a)) [0, 92d+3 (3.38)
Then,
7 l
ENeu(p7 QR(Q)) < E(Qp,L7 bp7L, QR(G,)) + Ccd,pp le—l +O= L (339)
l

Choose [ := Clc;{p(d+1)p*1/(d+1)R1*2/(d+1) and [ := C;C; 'l with sufficiently large C; >
C; > 0. The condition %R > [ > [ is fulfilled since R > Cc}/jp‘lﬂ, By Proposition |3.14
one has

S(Qp,La bp,L> QR(Q)) S ENeu(ﬂa QR(CI)) + Cd”ngd + 2Hd_1(Qp7L N 0QR(a)\0QL),

it R > Cc}l’/ ,02 p~1/2. To get an estimate for the surface term, consider

1 /23/
_ 1 dl‘l dz = 1 dx < a)N 9 < 1/2Rd,
2JR JoQr(a) 2.z Qor(0)\Qr(a) 0, dz < |Q2r(a) ol < p

Here, the last inequality follows from Corollary ??. Thus, there exists T € (R, 2R) such
that

HIY(Q, L N OQr(a)) = /

lg , da’ < 2p'2 R4
0Qr(a) " P

Therefore, one can estimate

T, < /Q “ b, z|” dz < 26(Q,.1,b,.1, Qr(a))
T\
< Ccq,pRY 4 8p'/? R4
< Ccq,pR¥ (3.40)
if [ > C’c}L/ j p~ /2. Plugging this estimate in equation ([3.39) gives
Exeu(p: Qr(a)) < E(Qp 1, b1, Qrla)) + O/ @D pd/(d+D) pd=2/(d+1),

This is inequality ([3.37)). ]

Proof of Lemma[3.21. A straightforward adaption of the proof of Lemma [3.17] works in
this complementary case. This is why this proof is only sketched. (See also the proof of
Proposition 4.1 in [2].) Let O := Qr(a) and N := Qr(a)\Qr(a). Since

R-I

1 2
— b do'dT =T
2 [ ot /<9QT(a) by,r|” dz p,L
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there exists a T € [R — 21, R — I] such that

2
/a@T(a) |bp,L|2 dCL’/ S 7Tp,L- (341)

As in the proof of Lemma , define the modified set Q := (Q,, N O) U Ujes(x; + By))
and the modified vector field

{pr(JJ) for x € O,

b= —Vu(x) — Vo (z) forz e Qi) NN,

such that (Q,b) € Aneu(p, Qr(a)). Then, one can bound the energy from above

ENeu(ﬂa QR(CL)> S 5(Q>B>QR( ))

:Per(Q%LﬂO)—{—ZPer( 7”] / |pr| do + = Z/ |VU+V’U1|2d5L’
JjeJ 2 ZEI
< Per(Q, . N Qr(a) 2/ |pr\ dx—l—ZPer +/ |Vu| dx—i—Z/ |VU¢|2dx'
jeJ el

The first two terms are just £(2, 1, b, ., @r(a)). The remaining terms are estimated as in
the proof Lemma [3.17] O

3.3 Existence of the Thermodynamic Limit

The existence of the thermodynamic limit is not assumed when the uniform distribution
of energy is derived in the previous sections. This existence and its equality for several
boundary conditions can easily be proven based on uniform distribution of energy.

Theorem 3.22 (Thermodynamic limit). For p € (0, 1], there exists eo(p) € R, such that

for any given boundary condition # € {Dir, oo, Neu} one has for L > 001/2 —1/2
1 C
LdE#(Pa QL) — eo(p)| < =Rk (3.42)

In particular, the thermodynamic limit exists and is the same for these boundary conditions.

Note that the constant C' > 0 does not depend on p. Rescaling the energy defined
in terms of the electric field Ex(p, QL) gives the energy defined in terms of the Coulomb
potential EZ,%L. Indeed,

1

1 1
hm EE#<pa QL) 1/3 Lh_I)Il LdE:#L

Here, ¢, = 27 and ¢y = (d — 2)|S?"!| as defined in the introduction. (It should not be
confused with cq,.)
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Remark 3.23. A future project might be to improve to the error in this estimate with the
method used by Armstrong and Serfaty in [2]. For this purpose one has to prove estimates
for the minimizer of the Dirichlet energy.

Remark 3.24. As explained in Section [1.4]in the introduction the energy of any boundary
condition with a potential v, of the minimizer €2, ; fulfilling

/ v vV, da’ <0 (3.43)
0Qr

can be bounded from above by the Neumann energy and from below by the Dirichlet energy.
Therefore, the thermodynamic limit exists by the theorem above and is equal to eg(p). In
particular, this includes periodic boundary conditions.

In this section the existence of the thermodynamic limit and its equality for several
boundary conditions is proven based on uniform distribution of energy. Parts of it are
similar to the proofs of Lemma 3.1 and Lemma 3.10 in [1].

Proof of Theorem [3.29 The proof progresses in four steps. First of all, the super-additivity
of the Dirichlet energy and the sub-additivity of the Neumann energy imply their mono-
tonicity for the limit nLy — 0o as n — oo for n € N (see Lemma 3.1 in [I]). Secondly, it is
shown that subsequences of these limits actually achieve the limit superior and the limit
inferior. Then, the existence of the thermodynamic limit is concluded (compare Lemma
3.10 in [I]) assuming that the Neumann energy can be bounded from above by the Dirichlet
energy. Finally, this remaining inequality is deduced. Note that this fourth step is crucial
since it is only known that the Dirichlet energy can be bounded from above by the Neumann
energy by inequality . Here, the proof is based on the method used by Armstrong
and Serfaty in [2] which is different to what is done by [1].

Step 1. Monotonicity of the Dirichlet and of the Neumann energy Clearly,
EDir(pa QL) < ENeu(p; QL) Let n € (2N + 1) Then

C

1 1
rdeEDir(p? QnL) > ﬁEDir(py QL) — f (344)

Indeed, suppose (€2, b) is a minimizer of £ over Ap;(p, @nr). Then

Foue(p, Quz) = £(@ b, Qur) = Per(@) + 5 [ [bl*da

QnL
> Y Per(QNQu(r) — CnlLd + 30 / b[2 do
reLzd rerzd’@L(r)
= 3 E(9,b,Qu(r) — CntLi!
reLZ4
>n? inf £(Q,b,QL(r)) — Cn?L*!
reLZ4

2 ndEDir<,07 QL) - Cnde_17
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since the energy is translation invariant. So the Dirichlet energy is increasing.
Similarly, for n € (2N + 1), one has

1 C
ndd S LdENeu(pv QL) + i3 (3.45)

since n? copies of the minimizer (2, r, b,1) € Axeu(p, Q) can be glued together. Indeed,
let  := Urerza,r_<n(Qpr +7) and let b(z) := b, (x —r) for z € Qr(r) and r € LZ*

with |r|, < n. This construction fulfills the Neumann boundary condition, that is (Q, f)) €
Axeu(p, @nr). Therefore,

ENeu(pa QnL) S 8(Q: B: QnL) S ndg(Qp,La bp,La QL) + ndeil = ndENeu(p7 QL) + ndeil-

So the Neumann energy is decreasing.

ENeu (p7 QnL)

Step 2. It is sufficient to consider the sequence nlL, Let Ly > Cci,’/fp_l/? Define
the limit superior and the limit inferior of the ground state energy

1 .
)= il e Balp Qo) and - L) = Timsup S

for # € {Dir, Neu}. Since Ep;(p, Q1) < Exeu(p, @r), trivially
e (p) < eX(p).

The goal of the next part of the proof is to show

63&( E#(ﬂ? QnLo)> (346)

. 1 ou |
elie“(mzhanjup Tabxea(p, Qu) and €2 (p) = liminf = Exea(p, Q). (3.47)

In particular, ef%(p) is not dependent on Ly.

Let (Lg)gen be a strictly increasing sequence in (0, 00) with Ly — oo (k — o0) such that
limsup;_, LdENeu(pv Qr) = limg_o0 — o ENeu(p,Qr,). For any k € N there exists n, € N

such that Ly € [ngLo, (ng + 1)Lo]. By Theorem 3.8 one has

1
Ldg(Qp’Lk’ bp,Lk) QLk)

1 1
= fﬁg(Qme bpyLw anLo) + fz

1 —2/(d+1
deENeu<IO7 anLo) + O<Lk /@t ))

1
7 Exeu(p, Qr,) =

g(Qp,Lka bp,Lka QLk\anLo) + O<lel>

The energy on Qr, \Qn, 1, is estimated 0 < E(Q, 1., by 1, QL \Qnpro) < C’c}/ﬁp(Lz —nd L)
by uniform distribution of energy. Note that nfLé = L{ + O(LoL{™"). Therefore,

1 1
Ld ENeu (07 QLk) hm de E'Neu(pa anLo)

1
Ld ENeu (pa QL)

. 1
11£n SUP 5 ENeu(p, @) = lim
—00

<el(p) < hm 18U 7
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This proves the limit superior equality in equation (3.47) and shows el (p) is not dependent

on Lg. Similarly, for a sequence (Ly)ren that achieves the limit inferior it can be estimated

ENeu (p7 anLo>

... 1 1 1
liminf — Eneu(p, Q) = hm I~L ENeu(p, Qp,) = hm L AT

L—oo Ld
ou |
> X*(p) > lim inf TabNeu(p, Qr).

Of course, 71, € N is chosen such that Ly € [iix Lo, (fix + 1)Lo] and uniform distribution of
energy is applied.

Step 3. Concluding the proof Later it will be shown

1 1 C
LdENeu(p> Q1) < LdED1r<p7 Qr) + T1/(d+3/2)" (3.48)

The super-additivity of the Dirichlet energy (3.44)) and the sub-additivity of the Neumann
energy (3.45)) imply the estimates

ir 1 ¢ eu 1 C
62 (p> J EDIr(ﬂv QL) - Z and ei (p) Id ENeu(pa QL) L (349)
Therefore, by inequality (3.48]) it follows

e (p) < P (p) < €U (p) < e (p). (3.50)

Neu(

In particular, e®*(p) does not depend on Ly and lim; e 77 Enen(ps QL) p) =
Neu

=c
e (p) =: eo(p). Furthermore, e¥*(p) < eP(p) < ef(p). In particular, e?"(p) does not
depend on Ly. Then, inequalities (3.48) and ([3.49) can be combined to get

: 1 C . C
Dir Neu Dir
el (p) < ei™(p) < LdED1r<p7 QL)+ T1/(d+3/2) <el(p)+ T1/(d+3/2)"

This implies lim/ oo Epir(p, Q1) = €27 (p) = eo(p).

Step 4. Proving the remaining inequality Let (2,.,b, ;) be the minimizer of
5('7 ) QL) over ADir(p; QL) To show

let { <I<iRand T € (R -2l R—1I)be such that
]
b, . |[2de’ < TP .= / b, .|> dz 3.51
2 oQr | pL| Pk Qr_i1(@\Qg_oi(a) | p,L| ( )

Define the old region O := Qr that is not changed and the new region N := Q\Qr that
is changed. Exactly as in the proof of uniform distribution of energy choose (x;);e; C N
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and r; > 0 such that 3, ; |BT] () N Qi) = (p+ mi)|Qu(i) NN| where N is partitioned
into rectangles Q;(i) NN for i € [ :=={k € IZ* : k € N'}. It is assumed that the constant
C; > 0 is chosen such that 0Qr(a) C Y ,c; @i(i). Furthermore,

~(|Qu(i) NN /QZ(WQ b, vdz .

Let u; € H*(N) be the solution with mean zero of —Au =3, 15, (z;) — (p+ms) in

Qi) NN and v - Vu; = 0 on 9(Q;(i) N N). Furthermore, let v; € H2(Ql( )NN) be the
solution with mean zero of — Av; = m; in Q;(4) NN and v- Vv; = g on 9(Q;(i) NN') where
g=v-b,r on dQr and g = 0 otherwise.

Define Q := (2, N O) UU;e; By, (x;) and

b(x) = b, 1(z) for x € O,
" | =Vu; — Vo for z € Qi(i) NN

This implies
Q] = Q. NO[+ > |B,,]
jeJ
_/ lo, () — p)dz + p|O| + pIN|+ D mi|Qi(i) NN

el

_ Vb, dz — / by - vda’
P‘QL\QR(G)"*'/O p,L AT % Q1()NAQ T ot

= pL-.
Then, |Q] = pL¢, b - v is continuous on Q7 and b - v = 0 on dQy. Therefore (2,b) €
ANeu(p, Q1) which implies
ENeu(pa QL) S S<Q b QL)

<&y, b,r,Qr(a +ZPer ” +Z/ |Vui|2dx+Z/Q(.) N|sz~|2dx
i 1(2)N.

- [ .
< Epi(p, Qr) + CegppR* M + C; ,];?lLr-

Lemma C.1 in [2] states that [o, ;o |Vo,|* dz < CI Jo@uiyow) |g|? da’.

By inequality the Dirichlet energy can be estimated Tg}f < Epu(p,Qr) <
Eo(p,Qr) < CeqppL?. Therefore, Exei(p, Q1) < Epu(p, Q1) + CeqppLd~11 + C%cd,ppLd.
Minimizing over { gives [ < V/IL. To fulfill the condition r < 9-2d=3 2[]d+1 — %\/fld+3/ 2
choose [ :— CCl/ d+3/2)p71/(d+3/2 R1-2/(d+3/2) and [ -— CZC;’/p(Zd'i‘?’)p—l/(QdJr?&Ll—1/(d+3/2) with
C;>C > 0. ThlS condition ensures m; € (3p, 3p). Then

Exea(ps Q1) < Epiclp, Q1) + Ceyh /B pl=1/@ed) pd=1/(d+3/2), (3.52)
0



Chapter 4

Large Polaron Systems and
Bogolubov Theory

In this chapter a lower bound on the energy of a polaron system in the Pekar-Tomasevich
approximation is proven. The idea is to linearize the energy and then, to estimate the
Hamiltonian of this linearized energy from below. To make this precise, recall that a system
of N polarons in the Pekar-Tomasevich approximation is described by

MW= [, (gmwu > ’w‘) dr = Dipy.py).  (41)

1<i<j<N |z — 4

where ¢ € H'((R?)") is symmetric with [~ 1| dz = 1. Furthermore, the one-particle
density is

N
py(2) = Z / . /(R:s)(zvn [Y(21, o i1, 2, Tigy - - ,xN)|2 dry...dr;_1dx;yq ... dey
i—1

(4.2)
for z € R3 and the attractive term is

1 p1(y)p2(2
D(p1, p2) = 3 Jos o 1‘(3/ )_2;’ ) dydz. (4.3)

In this chapter the following lower bound on the corresponding ground state energy Efb) (N)

is proven.

Theorem 4.1. The ground state energy of a Pekar-Tomasevich polaron system in the many
particle limit is bounded from below as

liminf N"7PEP (N) > — A, (4.4)

N—o0

where

A:inf{/RS Vol de+ 1o [ (6 dei o€ HIRS), [ Jof*de <1}
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and

0=

2(3) Tem =0

5
Remark 4.2. Theorem stated in the introduction follows from this theorem and the
corresponding upper bound proven by Benguria, Frank and Lieb [3, Theorem 1.1].

Since the proof is based on estimating the Hamiltonian of the linearized energy, a
one component charged Bose gas with a background distribution of opposite charge is
considered. This is why Bogolubov theory can be applied to derive the leading order. The
approach is a mixture of what Lieb and Solovej do to prove lower bounds on the energy of
a one component charged Bose gas with constant background [36] and of a two component
charged Bose gas [37].

4.1 Proof of the Main Result and Outline of the Chap-
ter

As it is done in [3], the non-linear energy of the polaron system can be expressed in terms
of the infimum of a linear ground state energy over all backgrounds o

E§b) (N) = inf inf spec H™), (4.5)

for the Hamiltonian of a charged Bose gas

Z A+ — 1/|y 1//%@@, (4.6)

1<J R3 R3

|z; — x]| =
with background o € L'(R3) such that D(o,0) < oco. The linearization formula ([4.5)
follows from the inequality

(0, HVy) = VW] + Dlpy — 0,pp = 0) = &™),

which holds since the Fourier transform of the Coulomb potential is positive.

After linearization, one has the quantum mechanical jellium model with a background
charge density similar to [36]. Unlike there, the background o is not fixed to be the indicator
function plg, for some p > 0. On the contrary, the infimum is taken over all possible
background distributions which makes this problem more similar to the two component
charged Bose gas treated by Lieb and Solovej in [37].

Similar to [37], the proof proceeds in three main steps.

1. Localizing the Hamiltonian to small cubes of length [ oc N=2/5%% for a small §; > 0.

2. Bounding the energy on a small cube from below.



4.1 Proof of the Main Result and Outline of the Chapter 67

3. Putting the small cubes together to get a lower bound for the whole space problem.

To state the localization result, define the Hamiltonian acting on functions on the small
cube about kl,

N
H(k) = Vet Z (K:(k 19 Az Neu) + Z wg%k) (ZEZ‘, (L’j)

1<i<j<N
—Z/ ol a)dy+ o [ [ oy 2)0() dyde,

where 7., — 1 as €, — 0 and where the interaction is given by

(o, e lvUR

wi (y,2) = x| <y>,y_z|x§’“><z>. (4.7)

Here, y\*) is a localization function in C*(R3) which tends to the indicator function Lo, (k)

if the localization parameter t — 0 as explained in Section [A T} The long distance cutoff
R < is defined in (4.11)).

The first theorem gives a lower bound of Efb)(N ) in terms of this Hamiltonian H®) on
Qi (kl). Since one can use exactly the same procedure of localizing the Hamiltonian as in
[37] (see also [36]), its proof is postponed to the appendix.

Theorem 4.3 (Localization to length scale [ o« N=2/°%%), The ground state energy of the
polaron system is bounded below as

keZ3

— LA — Ct*NI"' = N7/5 (Ct’Q(Nl/E’L)*Q + Ct*“(Nl/E’L)*lN*I/E’).

E{"/(N) > 47 inf {%,tméf) +inf > (4, HMY) : ¢ € Hy with ||y = 1}

where 7,7 — 1 ast — 0. The wave function v is in the space

Ho = {gb € QN L*(R?)

AM ¢ — 0 for kl ¢ 73N QL+l}.

where L o< N30t for a small 67, > 0.

Here, T (Sff’ ) is a discrete kinetic energy of 1) which is defined in equations (A.7)) and
(A.8)) in the appendix. Its particular form is not needed for now. Furthermore, the particle
number operator in the k-th small cube is given by

N N
A () =3 Loy (24),
=1

where z € (R?)" and where 1, is the characteristic function of the cube Q; = (—1/2,1/2)3.
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Define the number of particles in the condensate which are in the cube about kl

A = 1720 (1g,00) (1),

where, for u € L*(R?), the operators a(u) and a*(u) act on the Fock space Fyym(L*(R?)) =
Dy ®S]\§m L*(R3) as defined in the introduction. Furthermore, define the number of
excited particles in the k-th cube

£=
>
=
3
=)

The next step is to get a lower bound on H®). On this small scale most particles are
in the constant state, i.e. there is condensation. Similar to [36], Bogolubov theory will
be used to calculate the leading order contribution to the ground state energy. The main
difference is that one cannot get neutrality uniformly in space because of the background
o € L*(R?). Instead, an approximate neutrality is proven in a local version of the Coulomb

norm /D(o, o).
The remaining Sections 4.7| are devoted to prove the following theorem.

Theorem 4.4 (Lower bound on the local energy). For eigenstates v of A®) with eigenvalue
n®) one has the following estimate for the Hamiltonian

(HWY > — (a0 1794 (2, + OK (2,1, N,1))

B <fhf)>5/3144/3(]V2/5l)75/3((j€1/6 +.(7}((g,t,JV}l))
— Ce 't BTt — O = CeT ™.

Here, K(e,t,N,l) = C Y™, =%t (N?°)% N~% with d; > 0 for all i and m € N.

The final step is putting together the locally constant condensate particle numbers
(né )> into one wave function ¢ € H 1(R3) with the right properties. This work is already
done in [37]. Therefore, the result of section 12 of [37] is quoted.

Theorem 4.5. There exists a real valued ¢ € H* (R3) with compact support such that
Py _ 7\2 72
()= [ (v9? and [ F<N
Furthermore, ¢ can be chosen in such a way that one has, for all § > 0,

S (Y < (14 ) /R 072+ /R?,(Vci)2 + C6TTIN® 4 CoH (L)1),

keZ3
Z <ﬁék)>5/3l_1/3 < C(N2/5l)5/3/ (V$)2+C’l_l/3(L/l)3.
kez3 R?

With these three results the main theorem is proven.
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Proof of Theorem[{.1 From Theorems [4.3] [4.4] and [£.5 one has the lower bound for the

ground state energy of the polaron system

BE(N) > 77 int {’YstT S¢) + + inf > (w, k)w> t € Ho with [[¢f| = 1}

kez3

— L7 = Ct NI = NTP(Ct2(NYPL) 2 4 Ct/(NYPL) I N~H5),
> inf {A/w V|? de — B/R3 372 de - ¢ € H'(R®) with /RB 137 de < N} _ DNP5.
The coefficients are
A= vyv.4 — 'y'~y'y€_t1/4105 — Ce/% —CK(e,t,N,1)
B = (1+08)v9(vet o+ K(e,t, N, 1))
D = Ct A(NYPL)? + Ct 4(NV/SL)"'N~1/5
1Oy (8_1t_6(N2/5l)_1 + t_22(N1/5L)3(N2/5l)_5 + e ly8 Ny —2/5
+ (vt "o + K (e, t, N, 1)) 5T (NS N5
4 (% t1/4IO + K(e,t, N, l))5_3/2(N1/5L)3(N2/5l)_15/4N_1/2

+ (" + K(e,1,N,1)) (N1/5L)3(N2/5l)‘10/3N‘2/3).

Here, K (g,t, N, 1) is a finite sum consisting of terms that have the form Ce=%¢~? <N2/5l ‘Nd
with d > 0. Note that the sum of the local particle numbers is the total particle number,
i.e. Ypezn® = N and the sum over 1 can be estimated

3 172 < L3)15 = NT/5(NV3L)3(N2/3])~>
k,n(k)£0
Note that the conditions that are used in Sections L2H4.T] are
CINP <& — e 3(NYO3N-V6 < Ot
Cil < ett — e Y NSNS < o7 (4.8)
VPR c R e cTV2A(NEN NS < oL
where the last condition ensures that the short distance cutoff r is less than R.

Now it is shown that ,t, 6,/ and L can be chosen in such a way that A — 1, B — I
and D — 0 as N — oo and such that the conditions (4.8 are satisfied, as well.

« First of all, choose | oc N=2/% for such a small §; > 0 that all terms of the form
(N2/1)eN~%in A, B, D and (&.8)) still go to zero as N — co.

e Then, choose L oc N~'/5%% for such a small §;, > 0 that (NY/5L)3(N?/51)75 still goes
to zero as N — oo as well as all terms of the form (N1/°L)*(N?/°[)c N1
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 Finally, let €,t,d tend to zero so slowly that all terms in D and (4.8) as well as all
terms in K(g,t, N, ) still tend to zero.

Furthermore, one has that v,%,v.+ — 1 as €, — 0. To deduce the proposition define the
rescaled wave function

gb(z) _ (A[O)G/BB—G/E)N—S/lOQ;((A[0)4/SB—4/5N—1/5Z>’

and the new coordinates z = BY°(AlI,)™*/° N5z for x € 1@3. Note that the norm of the
rescaled wave function is bounded [gs |¢|? dz < 1 since [s [¢|? dz < N. Therefore, one has
the equality

A/RS |qu~5|2 dr — B/]R3 |§5|5/2 dr = 14—3/538/5]0—8/5‘]\[7/5</R3 |Vz¢|2 dz — IO /R3 |¢|5/2 dZ>

Since A — 1 and B — [y as N — oo, Theorem follows. ]

4.2 Short Distance Cutoff and Second Quantization

From this point on up to Section 4.7, H® is estimated from below. For this purpose
choose one fixed o € L'(R?) with D(c,0) < co. Since the lower bound for H® will be
independent of o, it also holds for the infimum over all o.

The local Hamiltonian H® and the local particle number #*) commute. Therefore, one
can assume 1 to be in an eigenspace of 2*¥) for all k € Z3 and work with the eigenvalues
n®) of the operator 7¥) in the state . Furthermore, the index (k) will be suppressed for
the sake of readability. However, the reader should keep in mind that this treatment is
done in the small cube Q;(kl).

It turns out that the energy of a cube is not relevant for the leading order if the particle
number n is too small or too big. This is why, for sections [4.2H4.6) it is assumed

Crew(t)? < nl < e H(NY])1O, (4.9)

The other case is easily estimated as subleading by using Lemma (which does not need
this assumption on nl). Choose the constant C; > 0 as in Lemmas 9.1 and 11.2 of [37].

In various places the two-body interaction of the Hamiltonian has to be bounded by its
supremum. This is why, in this section, wg as defined in (4.7]) is replaced by

wrr(Y, 2) = xi(W)Vir(y — 2)xa(2), (4.10)
where the regularized potential is defined

o—l2l/R _ oIl

Vir(2) =

||
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Here, the cutoffs are introduced
r = (nl)~1/23? and R=nw(t), (4.11)

where w(t) = C,t™* > 1and n = (14 21/L)"" < 1. (Note that a small and unimportant
mistake in [37] is corrected by introducing 1.) By choosing [ = N~2/>%% for a small 6; > 0
and by using (£.9), one gets r < e71/213/2 < R for large N, if £ and ¢ tend to 0 sufficiently

slowly.
Note that the bounds hold
1
0 <w,r(y,z) < -, and sup | wyp(y,2)dz < 4R (4.12)
T ye]R?) R3
Define the Hamiltonian with a short distance cutoff in the potential

B N

1
HT,R :Z <7& t’C E’)/atAz Neu> + Z Wy R(-Tux])

i=1 1<i<j<N

_Z/RB er Y, T dy+ 2/[@3/ wr,R(yaz)U(Z)dde‘

Lemma 4.6 (A lower bound with a regularized potential). The Hamiltonian on a small
cube is bounded from below by

H > ﬁr,R —Cn? (5’3/27°1/2 + 7”2[’3).

To prove this lemma, note that one can bound the Hamiltonian of a one component
charged Bose gas with background o

ZT—i— > w(wg, ) Z/ w(y, ;) dy + = // o(z)dydz,
1<i<j<N 2R3R3

from below by the Hamiltonian of a two component Bose gas [37], with charges e; = 1 for
1<i< Nande =—-1for N+1<i<2N,

: ZT + Z eie;w(zT;, z;),
1<i<j<2N

if the interaction w € L'(R® x R®) has a positive Fourier transform. Here, it is assumed
that the definition spaces of H(M) and H(™) contain H'((R*)V).

This estimate is used in [3] to prove a lower bound on the energy of the polaron system
that is not sharp. It is made precise in the following lemma which will help to transfer
results of [37] to this case. Its proof is elementary and left to the reader.

Lemma 4.7. For a normalized wave function v € H'((R*)Y), we have
(¢, HOY) = (w @ ¥, HEVY @), (4.13)
where (Y @ ) (z,y) := Y(x)¢(y) for all w,y € (RT)Y
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Note that a different convention is used for the factor of the kinetic energy than [37].
When using Lemma [4.7] to transfer results from [37] to this case one therefore has to rescale
them.

Proof of Lemma[{.0. The error term that one gets by introducing a short distance cutoff
is estimated by the corresponding error term in the two component Bose gas [37]. To do
s0, use Lemma [4.7| with w := w, as defined in (4.7) and T} := —3& A; Neu. Then, equation

(4.13) yields
(¢, HOOw) = (wwﬂ W @) > —Cn(e*r! + 170,

In the last inequality Lemma 6.1 of [37] is used. The lemma follows since introducing a
short distance cutoff means subtracting the potential terms of HI(UJX ). O]

In order to bound the ground state energy of the Hamiltonian F[r,R in the coming
sections from below, the second quantization of the Hamiltonian is used (similar to [37]).
For this purpose, for p € 7l7'N}, define as in [37]

3
up(2) = el 2] cos(pi(zi +1/2)),
i=1

for 2 € R and with ¢p = 1 and 1 < ¢, < C for all p. Then, {u, : p € 7l7'N}} is an
orthonormal basis consisting of eigenfunctions of the Laplacian — Ay, with Neumann
boundary condition. In particular, the state ug = [=%/? is constant.

With the annihilation operators a, := a(u,) and creation operators a; := a*(u,) one
can write the Hamiltonian as

fYEtZ < 5 Al Neu) + - Z wpq,uua CL a,uau

pr/J'V
le O'a wpaqoa Clq + = Zl 0'010'5 wagoo, (414)
pgo aﬁ

where the Fourier coefficients are defined by 6, = [, ua(2)0o(2) dz and

By = [ gl 2 () () dy iz
Using w, g(y, 2) = w,r(z,y), one immediately concludes the symmetry properties
Wpquv = Dugprs Wpquw = Qpupg - AN Wpguy = Wgpup- (4.15)
Furthermore, the bound sup, [ w; r(y, z) dz < 47R? (stated in (4.12)) implies
|pgur| < AT RT3, (4.16)

for all p, q, u, v
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4.3 The Leading Order Estimate

This section covers the estimates that contribute to the ground state energy at leading
order. It is similar to section 6 in [36] and mainly differs from it in two ways. First of all,
the neutrality term is different since it is a function of space in this case and secondly, it
is not necessary to bring the kinetic energy into the desired form in this thesis since the
corresponding result of [37] can be used.

Define the main part of the Hamiltonian

Xk
Hoain Z% Ji + = 5 Z Wpq.00 (a g0ty + a5 aga + alanagan + aoaoapaq)

Pg#0
1 1, .,
= nyath + Z Wpq.00 (a agapao + = 5 Q0,000 + 2a0a0apaq>. (4.17)
i=1 Pg#0

Since one cannot control either of the terms in equation (4.37) of the subleading part
well, the following non-neutrality term has to be included in the treatment of the leading
order part. This is why the “quadratic” Hamiltonian is defined

1 1
Hq —Z% i + D Dpg00 <a agapa0 + = 5 a,a,a0ao + 2%%%%)

pg#0
T Z/ / Tll - )er(y, )u()up(z) CL;;CLO dydz
p#0 R
- Z/ /Rs uotp(y) aga, wrr(y, 2) (nl* — o (2)) dy dz. (4.18)

Bogolubov’s idea in [5] was to replace the operators ao by v/No. So Hgq is called like this
because it is quadratic in af with p # 0. In this section the Hamiltonian Hg is bounded
from below for an arbitrary . This will give a lower bound for H,,.;,, too, since one can
just set o = nl~3 to eliminate the term with a single af, where p # 0.

Since all of the small cubes inside of the large one are equivalent, one can simply consider
the cube Q; = (—1/2,1/2)3, i.e. set k = 0 in this section. Then the following theorem holds.

Theorem 4.8 (The leading order estimate). Suppose Ciew(t)*> < nl. Then, for any o, the
quadratic Hamiltonian is bounded below as

_ 1 2
Hy > _%;/4]0”5/4[—3/4 _ §Hnl_3 .

T

— Ce 't #nl™ (4.19)
where the coefficient Iy is defined in equation (1.27) of the introduction and ||nl=3 — aHiR
is defined in the beginning of the next section.

By setting o = nl~3, one gets the bound for the main part of the Hamiltonian

Huain > —o Ion®/4173/4 — Ce= 142201, (4.20)
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In order to prove this theorem, some definitions are needed. Similar to [37], let
xik(2) = e*?x;(2) for 2,k € R3. Furthermore, introduce the operators

by =a"(Pxik)ao and by = a(Pxik)ag,

for k € R3. Here, P is the projection on the subspace of L?(Q;) orthogonal to constants.

One then has the commutation relations [by, b/] = [bf, bf/] = 0 and
[0k, b;] = (Pxuk, Pxuk) agao — a*(Pxir)a(Pxuik)
</ xi(2)*dz apag < I®n. (4.21)

The next step is to express Hg in terms of the operators by, and bj. For this purpose, as in
[36] let
75t 1 ‘k‘4
ho(k) =——
Q( ) 2(27T)3 n+1 \k:|2 + (ltﬁ)*Z
V(K . )
+ 2’;52) <T(k>(bk +bog) + 7(k) (b + b7 )

+ (2m1) 73/ (b;bk + 0" by + bR, + bkbk)>, (4.22)

(bzbk + b*_kb—k)

with the Fourier transform 7 := F[(nl™2 — 0)x;] = (27) /2 [ea(nl™> — o(z)) x1(x)e ™ du.

Lemma 4.9. One has the lower bound

Ho > / ho (k) dk — S @pa0 a’a,. (4.23)
Pg#0

Proof. First of all, rewrite the kinetic energy as in [37]

N
Vet Z IC@ = Vert Z (up7 ’CuQ) a;aq
i=1 pq
|k|*

= el2m) 7 [ s 3 (X0 (s ) a5y A
! ®s k|2 + (1t6) 2,);) . nor

_ k| .
= ’Ys,t<27T> 3/]1%3 |k}|2—1|—(|l156)_2a (le’k)a(thk) dk

where it is used

a*(Pxig) = D> (tp, xa) a  and  a(Pxrg) = D (Xes Uq) aq- (4.24)
p#0 q#0

One arrives at the first term of (4.22)) by estimating

a*(Pxir)a(Pxik) = (n+ 1) a*(Pxik)aoaga(Pxis) = (n+ 1) biby.
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Now turn to the potential. The term with a single a#, where p # 0, is given by

; /R3 /R3 (nl™> — o(y)w, r(Y, 2)uguy(z) ayagdy dz + h.c.
p#0

To write this term in Fourier space insert

wr,R(y7 Z) = (27)73/2 /]Rg ‘Z«,R(k)Xl,k<y)Xl,k(2) dk,

to get the expression

(271) /2 /

R

(L1 = o)l ay ) 7o) S ([ (o)) d=) agan dk

p#0
+ h.c.

If one sets 7 := F[(nl~® — o)x;| and uses equation (4.24)) one arrives at
1-3/2 / T(k)V, (k) by dk + Dc.
R

After symmetrizing, the claim of the lemma is concluded. To do so, note that V, z(z) =
V, r(—2z) and therefore, V, z(k) = V, r(—k). Furthermore, since (nl~ — o)y, is real, one
has 7(—k) = 7(k).

The last line of equation follows similarly and gives rise to the error term in
equation (4.23). ]

At this point, one can derive a lower bound on hq (k) using a simple version of Bogolubov’s
argument. For this reason, quote Theorem 6.3 from [36].

Theorem 4.10. Let A > B > 0 and k € C. Then, one has the inequality
A(b;;bk + btkb_k) + B(b;bik + bkb_k) + I{(b;; + b_k) + E(bk + b*—k)
1 2|k|?
> (A VA7) (i) + bt ])

With the help of this theorem, the main theorem of this section can finally be proven.

Proof of Theorem[{.8 To prove this theorem, first apply Theorem to the Hamiltonian
hq defined in equation (4.22). Then, one can progress similar to the proof of Lemma 8.3 in
[37] to bring the leading order term into the desired form.

Define the numbers

Ver(k) Vet 1 Ly Ve (F)
= 7 A. =B ’ = — .
k 2(2m )2 k K+ 22r) n+ 1 kP + (i15) 2 and Ky 5732 7(k)
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With Theorem and equation (4.21]) the inequality holds

2|l€]€|2
_ _JA2 _ B2),73 _ Bl K11
/3 hq(k)dk > /3 (Ak Aj Bk)nl dk 2 A, . dk . (4.25)

Then, use By, < Ay to bound the last integral

2

r,R‘

/ de</ I g = L gy \ZR(k)\T(kHQdk:lHnl_g—U
g A+ B, Jw By 2 R2 2

Thus, one gets the desired neutrality term of (4.19).

Consider the first integral of the lower bound in (4.25). Integrating over ok instead of

k with o = ’y;tl/4(n 4+ 1)Y/4]=3/4 one gets the integrand

n(n 1/4]-3/4 .
(2(—;3))371[/4 (g(k) + f(k) — ((g(k) + f(k)? — g(k)2> / ), (4.26)

where

_ 1 — 1 an = Uil
o0 =4 (et s Gays) 0= s e

The expression (4.26]) is monotone increasing in g. Thus, one can simply estimate g(k) from
above by 4r|k|72. In f it is monotone decreasing. So f(k) has to be bounded from below

appropriately. Defining a = (alt®)™2 = 751{52((71 + 1))~1/2¢712 estimate

f(k) =0, if [k[* < 4a,
f(k) > |k]* — a, if |k|* > 4a.

Turning to the root in (4.26) and supposing |k|* > 4a, estimate

1/2 1/2 2 1/2
2 2 2 27 |—4 4 / -2 a

2

> (|k|4+87r)1/2<1 —alk| 72+ 5 -

1 2 —4 3 —6
—— — —a’ k| — k 4.2

where the root is expanded about 1 and it is used a?(|k|* +87)~! < a?|k|™* < 2alk|™2 < 1/2.
Then, (4.27)) is bounded from below by

(1k* +87)""" — a — 8xalk| ™ — 4ma[k|] " — Ca’[k|~* — CaP[K]

> (k' +87)"" —a— C=t Calk| .
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Here, the fact is used that a? < C(nl)~ 124 < Ce™'t710 since nl > Cew(t)?. One therefore
gets

[, (A= /A2 = B2 )t

1) 1/4]-3/4 1/2
L nintl) ks 47r|k:|_2 dk + / <47r|l<:|_2—|— k2 = (1k1* + 87) >dk:
2(2m)P e \k\<(4a )1/2 |k|>(4a)1/2
+ Ce 110 alk|™
\k|>(4a)1/2

Since the error of combining the first two integrals is less then [ (a2 (8m)/2 dk = Ca®/?,
one gets the upper bound

n(n/* +1)173/4
( >1/4 / (47r|/<:|2 + [k[? = (k" + 87r)1/2> dk + Ce=1t1661/?
2(27T)37€,t R3

21/2
-1/4 —1,— -
< /4,5/4]-3/4 7(3/4/ (1+x4—x2(x4—|—2)1/2> de + Ce 122171,

The theorem follows by equations (4.23)) and (4.30)), since

21/ pec 4 204 1 2 /2\"*(3/4)
i _ /2 e —
7r3/4/o <1+x z°(z" 4 2) )dx—5<7r> F(5/4)_IO'

4.4 Estimates on the Subleading Terms

This section is concerned with estimating those terms in the Hamiltonian ﬁn r that do not
contribute to the ground state energy at leading order.

These bounds will first be used to prove a-priori bounds in Section and then, to
prove the lower bound on the Hamiltonian A in Section [4.7 Since different terms are
difficult in these two applications, two different lower bounds are proven. The first one that
is used to prove the a-priori bounds and the second one to prove the lower bound on H.

As in Section 4.3/ simply the cube Q; = (—1/2,1/2)? is considered in this section.

One can proceed similar to section 5 of [36]. In this case, however, neutrality cannot be
expected to hold uniformly in space as the background charge density ¢ is not constant but
depends on the position in space. Therefore, it can only be controlled in the local Coulomb
norm

</R3 /Rs nl - )er(% )(nl*3 _U(z>) dydz)lm’

Hnl’g
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where w, g is defined in equation (4.10). The fact that |-, r defines a norm follows from
V,. r having a positive Fourier transform. This implies that w, r defines the kernel of a
positive integral operator. Using this norm, all of the terms containing ¢ will be bounded.
Then, the following result is deduced.

Theorem 4.11 (Lower bound on the subleading part of the Hamiltonian). The operator
inequality holds

1
HT,R - Hmain 2 5(]— - 35/)

—l— 1—25 Z wpqm,a a#al,
pauv#0

| . 2 .
— (14 5 )amRA92 (5 + 5 )4 RA (4 1)

— 0
R

—V2ni ™ o] VR — ey (4.28)
Moreover,
~ 1 , 2
H.p—Hqg > 5(1—36) -0 TR—l—(— ) D Opquw Gha3a,ay
' paur#0
3
- (1 4 26,)@3%%3 120 RN 0y — 20 R
1 1
— g47r1122r3(2ﬁ+ +1) — gr*m(m +1). (4.29)

Proof. Simply combine all estimates of this section in one inequality, i.e. combine Lemma
4.14) 4.15| [4.17 and [4.18] For the first bound, set ¢’ := 7! in Lemma and use

equation (4.32)) in Lemma and equation (4.37) in Lemma[4.17 For the second bound,

set ¢” := ¢’ in Lemma and use equation (4.33)) in Lemma and equation (4.38]) in
Lemma 417 O

The terms of the Hamiltonian H,  in (&14) that shall be treated in this section are
the following.

Wpguv  The terms in the Hamiltonian containing wy,,, with p, ¢, i1, v # 0 describe the Coulomb
repulsion on functions orthogonal to constants and are thus positive. However, since
these terms are needed to bound negative ones, one has to find an upper bound for
them.

Wpguo  The terms with coefficients wpgu0, Wpgovs Wpopw and wog, With p, g, 1, v # 0 are bounded
from below in [36]. Therefore, the corresponding the result can be used.

Wpogo  Bounding the terms in the Hamiltonian with @yo00, Qopog O Galpago, Where p, q # 0,
from below causes some difficulties since the estimate should contain the neutrality
term [|nl~ — o||,  without rendering the remainder uncontrollable. To resolve these
difficulties a Cauchy-Schwarz operator inequality is proven in Lemma
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Gpooo The terms with coefficients @,y000 (or any other permutation of these indices) or
GaWpaoo, Where p # 0, form the other most difficult part of the Hamiltonian. They
can only be estimated by two terms that cannot be controlled well. This is why one
has to take the part containing nl=® — o into the treatment of the leading order part.

Woooo  The sum of the terms with @Wooo, FaWoaon O FaGslapon as coefficients is basically
positive. It will be bounded from below by ||nl~3 — 7|2 ; minus some error.

Quote the following result that is proven in [36].

Lemma 4.12. One has the operator inequalities

0< D" Qpgoo anqg = Y, Dpoog apaq < ATR*°0y, (4.30)
P,g7#0 p,q7#0
and
0< Y Qpmmganag <71 (4.31)
P:am#0
Proof. See Lemma 5.4 in [36]. O

Then, consider the different parts of the Hamiltonian.

Lemma 4.13 (Bound on terms with &, ). The following operator inequality holds.

N . % —142
0< Z Wpgpuw Qg Gy < T T
paur#0

Proof. The operator %me#o Wpguw Apa,a,a, is the second quantization of the two-body
multiplication operator (P ® P)w, zr(P @ P). Here, P denotes the projection onto the
functions orthogonal to constants in L?(Q;). By equation (4.12)) one has for all y, z € R?

0 S wr,R(y7Z> S

S |

Since the second quantization of of the two-body operator P @ P is 374 (4. — 1), the lemma
follows. O

Lemma 4.14 (Bound on terms with @pg,0). The sum of all terms in the Hamiltonian with
coefficients Wpquo, Wpgow, Wpopy aNd QDoguw, where p,q, pr, v # 0, has the lower bound

1 1
" 27-3, 1 ~ * ok
—' 4T Rl " nhy — pr > Dpgu 50500,
pauv#0

for all " > 0.
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Proof. See Lemma 5.6 of [36]. O

Lemma 4.15 (Bound on terms with @&y000). The sum of all terms in the Hamiltonian with
coefficients Wpoqo, Wopog OT Tallpago, Where p,q # 0, has the lower bound

—\/§Hnl*3 — 0|, a7 20, — ArRAA2 (4.32)

Therefore, they are also bounded from below by

2 1 _
o oa” "2 — AnRPITPA%, (4.33)

—0
for all &’ > 0.

Proof. The symmetry properties (4.15)) imply @&po00 = @opoq- Therefore, the relevant terms
are

1 1
N * % N * % 3/2 A A *
> (2 Wpogo ApnaeQo + 5 Wopog AppQqtio — 12" 6 Wpaqo Gaq
P70 @

_ N A 3/2 A N *
= Z <wp0q0”0 ! Zaa wpozq0> apaq

p,a70 o

. A 3/2 A A * A A~ *

= > <wp0q0n — 123" 6, wpaq0> asig — Mg Y Opogo Gnly. (4.34)
P,q7#0 o P,q7£0

The second term can be controlled by estimating

Ay D Opogo anag =17 3n+/ /,5 wy r(y, 2) dy (Z up(z)ap) (Z uq(Z)aq> dz
P,q#0 K p#0 q#0
n+SUP/ wy r(Y, 2 dy/ (

The last inequality follows from the bound (4.12)).
The first term in (4.34]) equals

uq(z) a; aq) dz < 47R%**n
pq#o

/Rg /]R3 z;; Cl;aqup(y)uq(y)w,‘ﬂ(y, z) (Tllfg — U(z)) dydz

rR

1/2
~ * * -3
> — ( D Dpugr g aﬂa,,) Hnl -0

pquv#0
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where the operator inequality (4.35]) of Lemma is used. By Lemma [1.13] Lemma [1.12]

and the fact that the root is operator monotone, conclude

1/2
A, * *
"R ( Z Wppqu (g auay)

pauv#0

1/2
A, *
( Y Dppgr O, agay + Y wpmmuapau>
p

qur#0 pmur#0
—1/2 A
R \/§ T / ny

1/2

—1a _3
r~1n rTn > —Hnl —
r,R( ++ +> -

]

To show the missing ingredient of the last proof, let X C R? for some d € N and let
W: X x X — R be symmetric and positive definite. By this it is meant

Vf: X — C: // ) f(y) dz dy > 0.

Furthermore, let A(z) and B(z) be closed and densely defined operators on some separable
Hilbert space H for every z € X. Then, one can state following lemma.

Lemma 4.16 (Operator inequality of Cauchy-Schwarz type). The following operator
inequalities hold. First of all, for the product of a function and an operator

Re //f JA(y) de dy (4.35)
1/2
( [ T@W @, v) 1 (y) de dy) ( / [ 54 )+ A@)A(y)" )Wz, y) da dy) .
And secondly, for the product of two operators
// )+ B(xz)" A(y)) W (z,y) da dy
o (4.36)
</ﬁ* Aly)dedy + [[ Bla)W (e, )Bly) dedy

Proof. The second inequality follows from the fact that for all ¢ € H
(00 J[ Ay Wiz AW dedy o) = 3 [ (946w W (@,9) (05 Alw)9) dody 2 0,

for some orthonormal basis {v;} of the separable Hilbert space H.
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The first inequality is proven exactly as the Cauchy-Schwarz inequality of a scalar
product is proven. For this purpose, define

B=Re [[ [@W(@ A dedy,  and  [flw = (//f(w)W(x,y)f(y) dxdy>1/.2
Then, one gets
0= // (Al) ST Re B) Wz, ) (A(y) — f(u)[f1s? Re B) dz dy
+// (A w2 Re B)W (z,9)(A(y) — f(u)[f? ReB)*dxdy
- // y) + A(@)A(y)" )W (z,y) dz dy + 2[f]*(Re B)*

(// Ale y)dady + // A@W (e, 9) Ty >dxdy) (Re Bl
(Re B)| ﬁ,(//f dxdy+//f VA(y )*d:pdy)

- // ) Aly +A(x)A(y))W(x,y)drdy—ﬂf]%(ReB)-

This is equivalent to the inequality

1 * *
(Re [ TEW . 0) A drdy) < (1T [ 2(A) Aly) + A@)AGY )W () drdy.
The lemma follows since the root is operator monotone. O

Lemma 4.17 (Bound on terms with @y000). The sum of all terms in the Hamiltonian with
coefficients Qpooo (0T any other permutation of these indices) or 6oWpaon, where p # 0, has
the lower bound

(2 + 4) 4R n(hy + 1), (4.37)

— 0
T,

for all € > 0, or alternatively,

> [ [(woun() aza0 wen(y, 2) (01 = 0(2)) + (0 = (1)) w9, Doy (2) ajay) dy dz

—&'8T R *ni, 47TR2Z (hy +1)% (4.38)

for all € > 0.
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Proof. The relevant terms are

1
B ; (oﬁngoo (QQ;aSaOCLO + QaSaSaoap> — 2[3/2 Z G aWpat0 (a;ao + agczp)>
p7#0 o

zgagg(@dg—U@»%£@JWWA@@%

+ uou,(y) agapwr g (Y, z)(ﬁol_3 — O'(Z))) dy dz

=3 [ [ (0ms(2) g0ty (0 — DI = o)

p#0 R3 R3

+ (g — I = 0(2))wy vy, 2)ugu,(y) az‘)ap) dydz
If we now insert ng = n — n,, we arrive at

g //(u()up(z) a;ao wy (2, y)(nl_3— o(y)) + (nl_g— o(2)) wrr(z,y)uou,(y) agap) dydz

+3 //(uoup asao wrg(z,y) (e + D172 + (Ag 4+ 1)1 w, v (2, y)uou,(y) agap> dydz
P#ORZSRS

(4.39)

The first sum in (4.39) is already the desired first term of the alternative bound (4.38
Since w, g defines a positive 1ntegral operator, one has the Cauchy Schwarz inequality (4. 36i
and thus, the second sum in is bounded below by

//(5/ Z gy (2) a;aownR(Z,y)uqu(y) aqay
R3R3 P,q#0

1
+ = = (g + DI w, (2, y) (g + 1)1 ) dy dz

A A * 1 A A
Z _5’(7’LO + 1) Z wpqOO apaq — gwoooo(n_,'_ + ]_)2
p,q70

1
> —/8T R Pnh, — g47TRZJ—5’J(ﬁ+ +1)%. (4.40)

Here, the commutator relation [ag, aj] = 1 and equation (4.30]) from Lemma are used.
Furthermore, it is assumed n + 1 < 2n. This concludes the proof of the alternative bound
(4.38).

Now turn to the proof of the first bound (4.37). Use equation (4.40) with ¢’ = 1 to
bound the second term in (4.39)) from below by

—AT R 200, — ATRYT 20 (R + 1) > —4 - 47 R Pn(hy + 1),
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assuming n + 1 < 2n. Finally, the lemma follows by estimating the first term in (4.39)) with
the help of the Cauchy-Schwarz inequality (4.36)

> [ (o (2) a0 wrnz, ) (0 = o)) + (117 = 0(2) w2, oy () ey ) dy dz

2 1
/ -3
> —¢'llo —nl R —/// > uguy(2) asagwr r(z, y)uote(y) agay dy dz
R3R3 p,q70
2
-3
= —¢'llo —nl o Z Wpgoo g (g + 1)
' pq¢0
> —¢|lo — gl = —87rR2l_3nﬁ+,
nkogl

where equation (4.30) of Lemma is used to bound the second term from below.  [J

Lemma 4.18 (Bound on terms with &oggo). The terms with coefficients Goooo, Gallaoon O
0a03Wapoo are bounded below by

;(1 — ) ok ;%325%3 — 27R**n. (4.41)
Proof. The relevant terms are
;wgoog agagapty — [3/2 Zaa Da000 AHao + il az;aaag DaB00
=3 /RS /RS (ﬁ0l3 wy (Y, 2) fiol = — 20 (y) wr.r(y, 2) Aol > + o (y) wr.r(Y, 2) 0(2)) dydz
- lwoooono
= /R 3 /IR 3 —ﬁor?’)wr,R(y,z) (0(2) — gl dy dz — ;aooooﬁo.
> iHnl_?’ ~ 9| n + /R3 /R3 o(y) — nl ) w, gy, 2) Al dydz — ;djogooﬁg.
> ;(1 -l —o iR — —/RS /}R3 Al w, gy, 2) Al dyde — ;woooono
= ;(1 — &) -0 iR 21, Wo000 ni - ;woooono,

where the fact is used that w, r defines a positive integral operator and therefore, one has
the Cauchy-Schwarz inequality (4.36). Because of the bound 0 < &0 < 47 R%73 (see
equation (4.16))), the desired result (4.41]) holds. ]

4.5 A-priori Estimates

In this section a-priori bounds are proven that are needed to estimate the subleading part
of the Hamiltonian that is considered in section 4.4l
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In doing so, Lemma[4.7)is used to bound the Hamiltonian from below by the Hamiltonian
of the two component Bose gas of [37]. This way, one can transfer their a-priori bounds on
the kinetic energy and on excitations to this case.

In addition, a-priori bounds on non-neutrality and Coulomb repulsion are needed.
Since this bound is deduced by estimating (H, z) from below, it unfortunately cannot be
subleading. However, it will be subleading when multiplied with a damping factor ¢’ or
M~2 which will prove to be sufficient.

The first a-priori bound shows that asymptotically almost all of the particles will be in

the condensate.

Lemma 4.19. Let Cy > 0 be the constant from [A.9). Suppose (H) <0 and C;NI? < &3,
then one has

n < C <ﬁ0> s
and
n?/t < ()™ (14 Ce™ (NP N2,

Proof. First, use Lemma [£.7] to transfer an a-priori bound on the number of excited particles
from [37] to this case. Let T; = v.4Ki — Ve1€ AiNew and w = wg as defined in (4.7)). By
equation (4.13)), one can estimate

(v, HE v @ ).

N

02 (. v) = (v, H)v) =

Therefore, Corollary 6.4 of [37] yields (n,) < Cne 'n'/3l. Since n'/3l < N3] =
(N2/°) N~ this implies

(o) =n — (fy) > n(l - Cs_lnl/3l) > (1 - C’C’fl/?’)n =C'n,

by the choice of Cy in (4.9) (see Lemma 11.2 of [37]). One arrives at the second equation of
the lemma by expressing n®* = n5/3n® in terms of Ay and 7, and using the subadditivity
of the root. O

Lemma 4.20 (Estimates on the kinetic energy and excitations). Given that (H, r) <0
and assuming Ciew(t)? < nl and CyNI® < & for the constant C; > 0 from (4.9), the
following a-prior:t bounds hold.

N
<Z IC1> S Cn5/4l_3/45_1/2t_2(nl)1/4, (442)
=1

(hy) < Ce™®272(nl)>2, (4.43)
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Proof. These bounds are proven in [37], so Lemma can be used to get the same result
in this case. Set T} = 7..K; — %7€7t5 A New and w = w, g to start from equation (4.13)

0> (4, Hopt) = (v, HY) ) > (w @9, HEN Y @ ).
According to Lemma 9.1 of [37] and since (¢,1) = 1, one then has
2N N
<"¢ R,y K@ 1/’) = 2(% > K ¢> < OnPA3e B2 (),
i=1 i=1

In the same way equation (4.43) is derived. ]

Lemma 4.21 (Estimate on non-neutrality and Coulomb repulsion). Given that (H, ) <0
and assuming Crew(t)? < nl < e~4(N?°1)'° and C.NI? < & for the constant C, > 0 from
(4.9), the a-priori bound holds

-

A, k%
+< Z wpqm,apaqaual,>

pauv#0
< COnd/A=3/4 (5’3/215’2(711)5/4 + K(e,t, N, l)) (4.44)

Here, K(e,t,N,l) = C Y™, =%t b(N¥5) N~% with d; > 0 for all i and m € N.

Proof. By equation (4.28) of Theorem and the bound (4.20)) for the main part of the

Hamiltonian, one has

(H.p) > — Cn® M3 — G 2!

2 1
"R + = 2 (1—2¢" < Z Wpguw Ay aual,>

pquv#0

1
+§(1—3€/) — 0

(1 4 21>47TR21 #(2) - (5 4 3/)471%21% (et 1)
-

o RT_I/Q (y) — er™ (fy)
By estimating

-

2 1
+ eyl - <ﬁ+>2 )

172 <
< > 2 2¢’

rR

and choosing &’ as a sufficiently small constant, one then arrives at

(Hypp) > — CnP/ "7 — Ce 2 2nl~! — CRY ™0 (i + 1) — Cr* (i) — Cr (i)

+ iHnlS B UHiR < ) Wpgpuw auau> .

paur#0
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Note, that it is clear now, why the operator inequality of Lemma [£.16]is needed. Because
of it, one has the term Cr~! <ﬁ+)2 that can easily be controlled by using equation (4.43)).
Cr~1(7#?%) could not have been controlled, however, as there is no good bound on (%), yet.

Choosing r = (nl)~"/23/2 and R < I, because of the a-priori bound the inequality
holds

(Hyp) > — CnP/ "3 (722 (nl)>* 4 K(e,t, N, 1))

2 1
A * ok
T7R+ 4< Z Wpquv apaqaua,,>,

1
“nl™3 =
! 4 Hn ’ pquv#0

where K (g,t,N,1) = C Y™, e~ %t~b(N?/°])% N~% with d; > 0 for all i and m € N. Here,
the assumption is used that Ciew(t)? < nl < e~4(N?/°1)10 and | = N~2/>%% for some small

9, > 0. The lemma follows since (H, r) < 0. O]

4.6 Bound on the Excitations

In order to get an asymptotically sharp lower bound on the ground state energy, a better
bound on the Coulomb repulsion term is needed than the one of equation (4.44]). In this

section this better bound is proven by showing that <ﬁi> ~ (f;)?. Lemmas |4.13 and |4.20
then yield the upper bound for the Coulomb repulsion.

As in [36] and [37], (A%) is not bounded for a general state 1) with negative energy.
Instead, the existence of a state 1)’ with a similar energy is proven such that 7, is sufficiently
localized. To do this, the method of localizing large matrices developed in [36] is used. One
thereby has to deal with the problem that the error of the energy can only be controlled by
the Coulomb repulsion term that one actually wants to bound. However, for this purpose
the bound suffices even though it is greater than the leading order term. This
is because one has an additional damping factor of M~2 in the error which renders it
subleading, where M € N is such that e=3/2t72(nl)%/? € [M, M + 1).

In the following lemma 7, is localized. Then, in a second lemma the error of this
localization is estimated (similar to [36]).

Lemma 4.22. Suppose Chew(t)> < nl and CiNI? < &3, where Cy > 0 is the constant from
(4.9), and suppose ¥ is a normalized wave function such that

(¢, Her)) < =M72(|dr ()] + |da(49)])- (4.45)

Then, there exists another normalized wave function ', that is a superposition of eigen-
functions of ny with eigenvalue less than C'M only, such that

(¢, Hert)) = (¢, Hont') = M7 (|di ()] + |da(1)]). (4.46)

The localization error M ~2(|d;(v)] + |d2(v))|) is defined and estimated in Lemma [4.23]
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Proof. Recall that ¢ is an eigenfunction of n with eigenvalue n. To apply the appropriate
theorem of [36], expand ¢ = Y7 _, €U, Where each vy, is a normalized eigenfunction of
fi,. with eigenvalue m € {0,1,...,n}. Then, define

-Amm’ - (Um7 Hr,Rvm’)

for m € {0,1,...,n} and the corresponding matrix A := (Apm’)o<mm'<n- Note that it is
Hermitian. Applying Theorem A.1 of [36] to the matrix A and the vector (co, ..., ¢,) yields
another wave function v’ satisfying that is a superposition of v, 11, ...,V for
some m € {0,...,n}. The error term only includes d; and dy as no term in the Hamiltonian
ﬁr, r can change the number of excited particles by more than two. Here, it is assumed
M > 3 which is true for a sufficiently small ¢ > 0 since nl > Ciew(t)?.

Since one has (¢, FIT, rY') < 0 due to equations and one can apply Lemma
m. Therefore, the estimate holds (¢, i,¢") < CM implying m < C'M and so, the proof
is finished. O]

Lemma 4.23. Given that the assumptions of Lemma[4.29 are satisfied, one can bound the
error in the case Crew(t)? < nl < e=H(N?/°1)'0 by

M72(|dy ()] + |do(¥)]) < Ce™'nl ™" + C (i) 174K (e, 8, N, 1), (4.47)
where K (e,t,N,1) = C Y et~ b(N?/5]) N=% with d; > 0 for all i and m € N.
The estimate of this lemma is proven separately for d; and ds.

Proof of the estimate for dy. The error term d; equals (¢, H, z(1)1)) where H, r(1) consists

of all the terms in ﬁn r which contain exactly one or exactly three ao#. These terms are
bounded in Lemmas |4.14] and [4.17| from below. The same proof actually works for the

upper bounds as well. Therefore, one has the bound

|di(V)| < CRAI3n (g 4+ 1) + C {(Ay)rt + Hnl_3 —0

2
A * %
R + < Z Wpquv apaqaua,,> .

pauv#0

Then, one can estimate with Lemma
|di()] < ORI n (s + 1) + C () 11+ On®/ ¥ (&322 () 4 K (2,8, N,1)).

Inserting the bound for (A, ) from and the choices r = (nl)~*/213/2 and R <, one
gets the upper bound
Cnl=1e=2472(nl)3/2 1 O34 =3/22 (1) ¥/ 412
+ Cnl e3P 72(nl)* 2 4 O34 K (e,t, N, D).
= Cnl~'e 3242 ()2 + O3 (7322 ()11 4 K (e,1, N, 1),
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Since M~2 < 1, the error term can finally be bounded

M72|dy ()| < Cnl~ 1232 (nl) =3/ 4 CnP/4—3/ (53/2152(711)_9/4[1/2 + K(e,t, N, z)).

Therefore, by inserting Ciew(t)? < nl < e=4(N?51)1 and [ = N=2/5+%_for a small §; > 0,
the upper bound holds

M72|dy ()] < Cnl~t + Cn®4 173K (e,t, N, 1),
and because of Lemma [4.19] the proof is finished. ]

Proof of the estimate for dy. The error term dy equals (v, H, z(2)1) where H, r(2) consists
of all the terms in H, p which contain exactly two aff that are either both aj or both aq.
Consider the unitary transform ¢ which maps the basis vectors u, to iu,, for p # 0,
leaving ug invariant. Then, Ua;U* = ia,, while Ua,U4* = —ia,. Therefore, U maps Hpain
to an operator which only differs from H,.;, by a minus sign in the term that is called
[:I,ﬂ, r(2). Since the bound for H,.in remains invariant under i, one can conclude

N
|d2(’¢>| S <Z ’ye?t/CZ- + Z @pq,goa;aqa8a0> + ’7;151/410715/4173/4 + 0871t722nl71.
i=1 pg#0

Using equations (4.42)) and [4.30} one has

|dy ()] < CnY/H 34V 72 ()Y 1 4x R 30 () + Cn®/4 1734 4 Ce 12l
Multiplying with M2 and inserting (4.43)) yields
M2 dy ()| < Ce~ i,

By Lemma the proof is finished. ]

4.7 Proof of Theorem (4.4

In this section the lower bound on the energy in @Q; is proven. Recall that (H) = (1, H1),
for an eigenfunction ¢ € H*(R?) of 7 with eigenvalue n.

First of all, boxes with few or many particles are estimated by a lower bound which
does not contribute to the ground state energy at leading order. Note that sections 4.2
are not needed for this purpose (except for Lemma .

Lemma 4.24. Let C; > 0 be the constant from ([£.9). Suppose CiNI® < &3 as well as
Cil < et*. If either nl < Crew(t)? or nl > e *(N?/°)10, then

(HY >~ CtSnl™' — G122 — et 3 — C <ﬁ0>5/4 13/ L (NP NI/
— C (i) 17113 (51/6(N2/5l)‘5/3 + 8_2(N2/5l)4/3N—3/15>,
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Proof. Since this case does not contribute to the leading order term one can just use Lemma
4.7/ to estimate it by the corresponding Hamiltonian H(?™) of the two component Bose gas
[37]. Therefore, choose C at least as large as in Lemma 9.1 of [37]. With w := wg as

defined in (4.7) and T} := ., )C; — %%,ts A Neu, equation (4.13)) reads

. 1
(. ) = (0. HG)Y) 2 S (v @ v HEYv 0 v).
By Lemmas 11.4 and 11.5 from [37], the Hamiltonian is bounded from below by

<H> > C«n5/4l73/4€f3/4(N2/5l>N71/15
_ Cn5/3l—1/3 (51/6(]\72/5[)—5/3 + 5_2(]\[2/5[)4/3]\7_3/15)_
—Ct ™t —Ct 2172 — Ce™ 't 0.

In case nl > ¢~#(N?/°1)1 the estimate has been used

21/4%t10 nB/4=3/4 < Cn5/3l—1/3(nl)—5/12 < On5/3l_l/355/3(N2/5l)_50/12
< C’n5/3l_1/351/6(]\72/5l)_5/3.

Then, the lemma follows because of Lemma [4.19] O

To bound (H) from below all of the results of sections are combined.

Proof of Theorem[{.4 Since the other case has already been covered in Lemma [4.24]
consider the case Chew(t)? < nl < e*(N?51)1. Furthermore, if (H) > 0, the proof is
finished. Thus, assume (H) < 0. Then, one can make use of Lemma |4.19|

First of all, it has to be considered what happens if the conditions of Lemma 4.20] or
Lemma fail. So, suppose (M, z) > 0. Using the fact that » = (nl)~'/2132, one has by
Lemma

(H) —Cn2(€_3/2r1/2 + 7273

—06_3/2n5/4l_3/4(nl)1/2l3/4 - O’I’Ll_l.

(A\VARVS

As nl < e™4(N?/P1)1° one can get a bound of the desired form by Lemma In the

following, it is therefore assumed (H, r) < 0. Note that this showed that the error of the

short distance cutoff is subleading which is why it suffices to bound (H, g) from below

instead of (H).

In case condition for the localization of the number of excited particles is not
satisfied, the expectation value (ﬁr,R> is bounded from below by the bound in (4.47]).
Therefore, it may be assumed that condition is satisfied and thus, Lemma can
be applied. Then, there exists another normalized wave function v’ with

(6, Br) = (0, Hot’) = M2(ds ()] + o )]
> (¢, Hopd!) — Cenl™ = C (i) 174K (2,4, N, 1), (4.48)
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such that
(hy) < Ce™32t72(nl)*?, (4.49)
(2) < Ce™3 4 (nl)?, (4.50)

where the expectation value with respect to 1 is denoted by (-)’ to distinguish it from the
expectation value (-) with respect to 1.

By Theorem 4.8/ and equation (4.29) of Theorem |4.11], one has

- _ 1 2
H.p > — %,tl/4fon5/4l_3/4 — iHnl_Z)’ i 4nl
1 — 2 1 1 A * %k
+ 5(1 — 3|l — 0o "R + (2 - 6’) Z Wpguy Aplq Aty
pquv#0
3
— (1 + 26/)47TR2l3ﬁi — &12n R iy — 2n R

1 P I . .
— g47TRzl 3(2n+ + 1) — 97’ 1n+(n+ -+ 1)

By Lemma [4.13] the lower bound holds

2

H.p>— ’y;tl/4fon5/4l’3/4 —Cnl ™t = Ce|nl™? -0

rR
2,-3 I 1 A LY o a1 Lo
- CR?l n+€nn++§(1+n+)+ 1+§ ny ) —Cr ;n++§n+ .

Since r = (nl)~Y/21*/? and R < w(t)~'1 and because of the neutrality bound (4.44)) and the
bounds for excitations (4.49)) and (4.50) it follows

<HR> > P Onlt - ORI Y (AR () 4 K (et N, 1))

1 1

— Cw(t) ! (5’n5_3/2t_2(nl)3/2 (1722 )7 + (1 + 6,)5—375—4(711)3)
) 1 1 .

—Cl 3/2(nl)1/2<6,6 32=2(nl)3/? 4+ ¢ 3 4(nl)3>.

Finally, choose &' := [/ to get

<HR> > = Mon® I — Ol — O (e () M 4 K (e,t, N 1))
_ Cn5/4l_3/4(5_3/2(711)5/411/4 TSP L 2 () AP e_3t_4(nl)7/4l3/4)
. C’n5/4l_3/4(5_3/225_2(711)3/411/4 + s_st_4(nl)9/4ll/4).
Therefore, by equation (4.48), Lemma and by inserting nl < e *(N%*°1)' and [ =

N=2/5+% for a small §; > 0, the desired lower bound on the energy in a small cube is
concluded. ]
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Appendix A

Localization of the Hamiltonian

A.1 Putting the System into One Cube ()

Since the polaron system is unstable (i.e. the ground state energy cannot be bounded from
below by —C'N), it implodes for N — oco. This is why one can put the whole system in a
box Qr = (—L/2,L/2)?, where L — 0, and still get the correct leading order coefficient.
Since later on it is necessary that the volume is finite, the Hamiltonian H®) is localized in
this section into one “large” cube Q).

The procedure of localizing the potential is very similar to that in [36] since for this
purpose it is not actually needed that the background charge density is the indicator
function plg,. Everything works just as well with a general real background function
o € L'(R?) fulfilling D(o,0) < oc.

As in [36] the sliding method developed in [I1] is used to decouple the Coulomb
interaction of different boxes. In this case, however, the localization has to be done twice
since one has two different relevant length scales. Since the two component Bose gas has the
same length scales, one can largely proceed as in [37]. For this purpose, now the necessary
notions are introduced.

First, choose the localization functions 6,0 € C%(R?) as it is done in Section 4 of [37].
They are approximations to step functions with parameter ¢ € (0, %) Later ¢ will tend
to zero slowly as N — oo. (E.g. t o< (log N)~! would work though it is not a very good
choice.) The properties of # and © chosen in [37] are

(i) 0<6(2),0(2) <1, 0(z) =0(—=2) and O(z) = O(—2) for all z € R3.

) 0

(ii) suppf C Q1 whereas supp© C (Qq14.

(iii) O(z) =1if 2z € Q19 and O(2) =1 if z € Q1.
)

(iv) For i € {1,2,3}, the derivatives of order i of §,v/1 — 6% and © are bounded by Ct*

uniformly.

(v) One has Y pezs ©(z — k)> =1 for any z € R3. (A.1)
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Also define the normalization constants v := ([fgs 0(2)*dz)™" and 7 := (Jfgs O(2)*d2) L.
One has

1<y<(1-2)"% and (1+8)7<y<(1-1)7"2 (A.2)

The Coulomb interaction is very far reaching. However, the method developed in [11]
decouples the interaction of the different cubes and thus, reduces the problem to estimate
the energy of a single small cube Q;(kl) from below.

Define the Yukawa potential

e_m|z‘

Yin(2) =

(A.3)

2|
for m > 0. Furthermore, let x = 6 or x = ©% and let v, = v or 7, = 7, respectively.

Lemma A.1 (Localization of the potential). One has for allt < 1/2, for all 1, xs,...,xNn €
R3, allm >0, all A > 0 and all 0 € L'(R3), fulfilling D(o,0) < oo,

> Yalrima) =3 [ oYty dy 5 [ [ oty - 2o(:) dyd:

1<i<j<N

ZT; ZT;
oo 5 Gt

1<i<j<N
2l Yy Zi
- 2 /RB ff(y)x(A - u) Y e (Y = xi)X()\ - u) dy
+ ; /Rg /Rg U(y)x@ - M)me@(y - Z)X(i - M)U(z) dde) dp — N;L)A(t),
where w(t) = C,t™ and w(t) > 1 if t < 1/2.
Proof. Similar to the proof of Lemma 3.1 in [36], note that

L 5+ ¥y = Xz + 1) dp = hly = 2) Yy = 2),

with the convolution A = 7, x * x. One has h(0) = v, Jgs x(11)>du = 1 by the choice of
Yy Therefore, h fulfills the assumptions of Lemma 2.1 in [IT]. This lemma states that the
Fourier transform of F(2) = Yy (2) — h(2)Yamiw(2) is positive if w is large enough. As it
is done in [36], one can indeed choose w(t) = C,t~*. In particular, it is independent of m
and A. Therefore, the bound is deduced

X:F(:zrZ — ;) — A3 Z/RS oc(A\y)F(y — z;)dy + z /RS /R3 oc(\y)F(y — z)o(Az)dydz

i<j i=

_ ; /]R 3 /IR 3 (i: 5y — ;) — /\30()\y)>F(y _2) (ﬁvjl 5(z — z1) — A%(M)) dy dz

1Y Nw
— = F0) > —.
2; (0) = 2
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Since this estimate holds for all o, all A > 0 and all m > 0, the lemma is concluded after
rescaling. ]

Let Ap denote the Dirichlet Laplacian in the cube Qp = (—L/2, L/2)3. For o € L'(R?),
with D(o,0) < 0o, define the Hamiltonian

H]\(/'T)L = Z Az D+ 7 Z YQw(f) ( - ZE] 'YZ/ YZw(t) — IL‘Z) dy

1<Z<j<N
/ / YQw(t) —z)o(z)dydz
2 L L
acting on the space L?(QY). Define
EL(N) := inf inf spec H](\}’)L

Theorem A.2 (Reducing the problem to one cube Q). One has the bound

E{(N) > Ef(N) = N3 (Ct 2(NYPL)? 4 Ct H(N'PL) ' N—1/°).
Proof. For u € R? define ©

o
supp©, C p+[(=1 —t)L/4,(
with. Then, by (A.]] -

(x) = ©(2z/L — p). The length scale L/2 is used since
1+t)L/4] C Qr(p) which is just what one wants to end up

Z @;Hrq
qEeZ3

By Lemma [A. 1] with A = L/2 and m = 0 one has

2 ’.ZEZ ; Z/R3 |y—xl y+;/R3/RSU\(yy)—U,(;\)dde

1<i<j<N
kez3 1<z<]<N
- Z/ k+,u YQW@) (y xz>@i+u(fﬁl) dy

T3 /R3 /RS Otiuly YQw(t)( 2)0h, . (2)0(2) dydz) dp — ch(t) (A.4)

Now, a redundant sum is introduced over the square of

Fou(®) =04 4u(x1) - Ogpiu(zn), for q = (q1,...,qn) € (Z*)Y and v € (R*)".
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Then, the right side of (A.4)) becomes

D> Z/ 90)( 2 OgYasto (i = 25)04,

keZ3 qeZ3N 1<i<j<N
N

=3 [ o0 ()Y e (y = )0,y

i=1

+3 Joo Jo OO0 g (0 = 28R, (o) dy dZ)Fq,u(:E) -0

As in the proof of Theorem 4.2 in [37], the estimate — A > 3, c75 Oy p(— A)Opy, — C(EL72)
is used to get

S oAz Y [ Faule) Y- A)Fyle)du— CNGL)

i=1 qe(z3)N 7@ i=1
Then, by interchanging the sums and the infima we have

EO(N) > / Fou(@)* Y infinfspec Aoy dp — No(t)L ™ — ON(tL) ™, (A.5)

q<(zZ3)N & kez3

where the Hamiltonian is defined by

Hyp, = ZézkA(’”“ 5D OqaYauw (i — 25)dg, 4

1<i<j<N

- Z / U(?/)Y%T(t)( ;) 0q, 1 Ay + = // Y2w(t) — 2)o(z)dydz,
Q

L (k4w))?

acting only on functions for which space variables are in the cube @)y, about k + u. Note
that 0 < © < 1, means that the ©F, , in the integral can be absorbed into the infimum

over o. The Hamiltonian Hyy,, is unitary equivalent to H](V 1. with N replaced by Ni(q) =
[{i : ¢ = k}|. Therefore, equation (A.5) becomes

EP(N) > Y / 2@ Y Er(Ny(a))du — Nw(t) L™ — CN(tL)~

qe(Z3)N kez3

where one has Y .7 Ni(q) = N for any q € (Z*). It remains to show that E;(N) is
sub-additive in N. Then, the theorem follows.
For this purpose, it is helpful to undo the linearization that has been introduced in

Section That is, for ¢ € L*(QY), consider the energy functional

£ / (Z VP + Y wlai, ) W!Q) dz — D (py, py), (A.6)

1<i<j<N
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where w(z,y) = Yoo o(x —y) and

1 _
Dulfig)i=35 [ T@w(y.2)g(=)dydz.
QLxQL
By the same argument as in Section [4.1] one has

IIirlllil EM[y] = inf inf spec HJ(\?)L = EL(N).

For an Ni-particle wave function 1y and an Ny-particle wave function ., a straightforward
calculation shows

Er(Ny + No) < ENTMI [y @ o] = ENI[yhy] + EN) [ahs)].

Taking the infimum over all ¢, and all 1, proves the sub-additivity of EL(N). ]

A.2 Reducing the problem to the length scale [ of
local condensation

As explained before the idea of the proof is to localize the problem to the small length
scale | oc N=2/5+% where most particles are in the condensate. This is where Bogolubov
theory is applied. In this section a lower bound on the energy is derived in terms of a local
Hamiltonian on Q).

One main difficulty that arises, is the question on how to split the kinetic energy
SN, —A;p into a low and a high momentum part. First of all, the kinetic energy between
different small boxes is needed, as it gives rise to the term [ps |V ®[*dz in (1.26). But then,
the kinetic energy within each of the small boxes gives a positive contribution to the second
term —Ip fgs |®|*/?dz in (1.26). This difficulty was resolved by Lieb and Solovej in [37].
To quote their result on the localization of the kinetic energy the necessary notions are
introduced.

For 11 € R, let P be the projection onto the subspace of L?(Q;(ul)) orthogonal to
constants. The operator that is used to describe the kinetic energy in the small cube about
ul is then given by

2
(_ A) - Xl(ﬂ)p(u)’

K — pwyw_ \7=2)
PUXC A T sy

where P is regarded as an operator acting on L*(R?). The localization function is

X (2) = 0(=/1 = ),

where § was chosen in the beginning of Section [A.1] As in [37], the kinetic energy between
small boxes is measured by the quadratic form 7' induced by a lattice Laplacian which
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maps a function S : Z3 — R to

TS)= Y ) -SkP+ Y Sk -SE)E (A
k3 a3

Define the particle number operator in the p-th small cube

N
AW () =3 1, (),
=1

where z € (R*)" and where 1, is the characteristic function of the cube @;. The number
of particles in the condensate which are in the cube about pul is

ﬁ(()“) = liga*(le(#l)) a(lQl(Hl)>7

where the operators a(u) and a*(u) in the Fock space @%_, @ L*(R?) have been defined
in the introduction for u € L*(R?). Finally, the number of excited particles in the p-th
cube is given by

2
To turn to the localization of the kinetic energy, for a given wave function v, define the
map S} : Z* = R,

I

Sw(k):z1((<ﬁgk+“>>+1)”2—1), where  (AS) = (4,8 0).  (A8)

Now, quote Lemma 5.1 from [37]. Note that this result is not needed on the space
QN L2(R3 x {1,—1}) but only on ®% L*(R3 x {1}) = Q" L*(R?).

Lemma A.3 (Splitting the kinetic energy into low and high momentum part). Let ¢ €

QN L2(R?) with Jrayw [W]>dz =1 and supptp € QY = (=L/2, L/2)*N, then for all e > 0
and t € (0,3),

N
(14¢+Ct3) (w, > — Aiw)

=1

N
> Q3< (w, > (ke Aﬁﬁii))w) + T(S;f’)) dp — CL.

kez3 i=1

Here, — Al(\?e)u is the Laplacian on the small cube Qi(ul) fulfilling the Neumann boundary
condition.
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With this lemma, one can localize the Hamiltonian into many small cubes of size [ < L.
Later, it will be chosen [ oc N=2/5%% for a small §; > 0. Define the Hamiltonian acting on
functions in the small cube about ul

H(H) =", tz (’C(l‘ 5A§/§eu) + Z w%) (QJZ‘, x]-)

1<i<j<N
2 Jrs

where 7., = (1 + &+ Ct*)7'(y9)~! and where the interaction is given by
o-lu—2l/R

O] (A.9)

wi (g, 2) = X" () Y1 (y — 2" (2) = XM ()

The localization function is X(# (2) = 0(z/l — p), with 6 as of the beginning of Section .
The long distance cutoff is given by

R=nuw(t) !, (A.10)

where w(t) = Cyt™ and n = (1+21/L)"" ~ 1 since | < L. Note that a small and
unimportant mistake in [37] is corrected by introducing 7.

Theorem A.4 (A lower bound in terms of the local Hamiltonian). The ground state energy
EL(N) of the polaron system in the large cube is bounded below by

Nuw(t)
20

EL(N) 27y inf {igf (¢, > ﬁ“%) +757tT(S§f)} — L3 —

The infimum is taken over wave functions 1 is in the space

Ho = {¢> c QYN L*(R?)

AW — 0 for ki ¢ Z° N QLH}.

Proof. Apply Lemma with x =60, m = 2w(t)/L and A = [. Furthermore, use Lemma
[A:3] One then gets

Nw(t)

(¢, HVLv) >3 /Q 1 ((w > ﬁ““*”)w) + et T(S;f)) dp— 137 = =

keZ3

One arrives at the theorem by commuting the infima and the integration and noting that
they are independent of p € Q). ]
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