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Zusammenfassung

Tiefe neuronale Netze (TNN) erzielen in unterschiedlichsten Anwendungsbereichen beein-
druckende Resultate und dennoch bleibt ihre zugrundeliegende Funktionsweise grofiten-
teils unverstanden. Empirische Beobachtungen wie die gute Generalisierbarkeit stark
iiberparametrisierter Netze stehen im Widerspruch zur klassischen statistischen Lerntheorie.
Das Training der Netzwerke kann aufgrund ihrer stark nicht-konvexen Verlustlandschaft nicht
mit klassischer konvexer Optimierung erklart werden. Das Verstandnis dieser Phdnomene
erfordert die Entwicklung ganz neuer theoretischer Ansatze, und die Einfiihrung des Neural
Tangent Kernels (NTK) in |Jacot et al. (2018) erwies sich als ein signifikanter erster Schritt
in diese Richtung. Diese Methode analysiert die Netzdynamiken im sogenannten “nfinite-
width limit” (Netzwerke mit unendlicher Breite). Unter bestimmten Annahmen befinden
sich diese Netzwerke dann im sogenannten “NTK-Regime”, das eine wichtige Rolle bei der
theoretischen Analyse der Netzwerk-Generalisierbarkeit und Konvergenz spielt.

Zwar ermoglicht das NTK-Regime eine komplette Charakterisierung von Netzwerken mit
unendlicher Breite, die Analyse lasst sich jedoch nicht direkt auf Netzwerke mit endlicher
Breite iibertragen. Ziel dieser Doktorarbeit ist es, die Moglichkeiten und Grenzen des NTK-
Regimes fiir die Weiterentwicklung der Theorie des Deep Learning genauer zu beleuchten.
Der erste Teil der Arbeit zeigt basierend auf zwei Artikeln, dass es von den Hyperparametern
der zufalligen Initialisierung und dem Tiefe-zu-Breite-Verhaltnis abhangt, ob sich ein
vollverbundenes Netzwerk im NTK-Regime befindet. Hierbei wird die Bedeutung der Drei-
Phasen-Initialisierung (erstmals erkannt von [Poole et al. (2016))) — “ordered”, “chaotic”, und
“edge of chaos (FOC)” — genauer analysiert. Eine konkrete Charakterisierung der NTK
Streuung im “infinite-depth-and-width limit” (Netzwerke mit unendlicher Tiefe und Breite)
wird in allen drei Phasen aufgezeigt. Die Ergebnisse belegen ein exponentielles Wachstum
der NTK-Streuung mit der Netzwerktiefe in der EOC und der chaotischen Phase, jedoch
nicht in der geordneten Phase. Zusatzlich zeigen wir, dass der NTK der tiefen Netzwerke
wahrend des Trainings nur in der geordneten Phase konstant bleibt. Die theoretisch erzielten
Ergebnisse werden mit einer umfangreichen Simulationsstudie belegt.

Der zweite Teil der Arbeit beschéftigt sich mit einem neuen Ansatz zur Analyse der Netzw-
erkdynamiken, der auf der NTK-Blockstruktur-Annahme beruht. Diese Annahme motiviert
sich aus dem “NTK-Alignment”-Phénomen, in dem sich der NTK von Netzwerken mit
endlicher Breite wahrend des Trainings an die Zielfunktion anpasst. In der Klassifikation
mit TNN fiihrt dies zu einer Blockstruktur in der Kernel-Matrix, bei der die Korrelationen
zwischen Datenpunkten derselben Klasse starker sind als zwischen Datenpunkten ver-
schiedener Klassen. Durch die Annahme der NTK-Blockstruktur analysieren wir am Ende
des Trainings die Dynamik von TNN, die mit dem mittleren quadratischen Fehler trainiert
werden. Wir leiten die Dynamikgleichungen her, zerlegen sie in interpretierbare Phasen und
identifizieren eine Dynamikinvariante. Unsere Analysen zeigen, dass das aus empirischen
Studien bekannte Phénomen des “Neural Collapse (NC)” an speziellen Punkten in der
Dynamik auftritt. Zudem beleuchten wir die erforderlichen Annahmen fiir die Konvergenz
zum NC. Eine grofie Simulationsstudie belegt unsere theoretischen Erkenntnisse.






Summary

The widespread use of Deep Neural Networks (DNNs) in various application has underscored
their effectiveness, yet the fundamental principles behind their success largely remain elusive.
Despite being highly overparametrized, DNNs often exhibit effective generalization, defying
predictions of classical statistical learning theory. Moreover, theoretical analysis of DNNs’
training falls outside of the scope of classical convex optimization theory, since DNNs’ loss
landscapes are highly non-convex. Addressing these challenges requires novel approaches to
studying DNNs’ training dynamics. The introduction of the Neural Tangent Kernel (NTK)
in |Jacot et al. (2018)) has been a significant step forward in this direction, as it greatly
simplified the analysis of DNNs’ dynamics in the infinite-width limit, where DNNs enter
the so-called NTK regime under certain conditions. This regime has played a pivotal role
in recent theoretical analyses of DNNs’ generalization and convergence.

While the NTK regime allows to completely describe the infinite-width limit of DNNs, it
cannot capture all the properties of realistic finite-width DNNs’ training dynamics. Thus,
the objective of this thesis is to determine possibilities and limitations of the NTK regime
for advancing the theory of deep learning. The first part of the thesis, comprising two
papers, focuses on the limitations of the NTK regime for the analysis of fully-connected
DNNs. Namely, our contributions demonstrate that whether a network is in the NTK
regime depends on the hyperparameters of random initialization and the network’s depth-
to-width ratio. Our results indicate the importance of the three phases of initialization,
identified in [Poole et al.| (2016): ordered, chaotic, and the edge of chaos (EOC). We derive
exact expressions for the NTK dispersion in the infinite-depth-and-width limit in all three
phases, and conclude that the NTK variability grows exponentially with depth at the
EOC and in the chaotic phase but not in the ordered phase. Additionally, we show that
the NTK of deep networks may stay constant during training only in the ordered phase.
Our contributions also include large-scale numerical experiments, which fully support the
theoretical findings.

The second part of the thesis introduces a novel approach to analyze DNNs’ training
dynamics based on the NTK block-structure assumption. This assumption is motivated by
the NTK alignment phenomenon, where the NTK of finite-width DNNs aligns with the
target function during training. For classification DNNs, this alignment gives rise to an
approximate block-structure in the kernel matrix, where the correlations between samples
from the same class are stronger than between samples from different classes. We employ
the NTK block-structure assumption to analyze the dynamics of DNNs trained with mean
squared (MSE) loss at the end of training. Namely, we derive the dynamics equations, break
the dynamics into interpretable phases, and identify a dynamics invariant. Our analysis
reveals that a prominent empirical phenomenon called Neural Collapse (NC) occurs in
certain fixed points of this dynamics, and provides necessary conditions for convergence to
NC. We provide large-scale numerical experiments on three common DNN architectures
and three benchmark datasets to support our theory.
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Chapter 1

Introduction

Over the past two decades, Deep Neural Networks (DNNs) have pushed forward the state of
the art in a wide range of applications. A prime example is image recognition, where DNNs
have long surpassed all other algorithms, and even human performance, by a large margin
(Krizhevsky et al., 2012; Szegedy et al., 2015; He et al., 2015). Another example, especially
relevant at the time of writing this thesis, is natural language processing, where large
language models like BERT and GPT have recently come into the global spotlight (Brown
et al., [2020; Vaswani et al.| |2017). Other areas where DNNs have shown impressive success
include drug discovery (Zhavoronkov et al., 2019), predicting folding behaviour of proteins
(Jumper et al., |2021), playing board games (Silver et al., 2016) and computer games (Mnih
et al.| [2013), and many more. Embraced by scientists, companies, and governments, DNNs
have rapidly gained influence across diverse aspects of life.

As with great power comes great responsibility, the pervasive adoption of DNNs also caused
significant criticism: many authors voiced concerns about the use of deep learning for
safety-critical fields, such as autonomous driving and robotics, and for high-stakes decision
making, such as medicine or criminal justice (Rudin, |2019; Willers et al.; 2020). The
criticism primarily stems from the fact that modern DNNs operate as black box models, i.e.,
it is currently impossible to provide meaningful performance guarantees for these models
and reliably explain their predictions to humans. This lack of trustworthiness is critical
when a model’s error can cause significant harm, which makes large-scale adoption of DNNs
in safety-critical applications problematic. As a reflection on this criticism, the machine
learning community has embraced the challenge of “opening the black box” of deep learning,
driving progress in fields such as explainability, fairness, and the mathematical foundations
of deep learning. This thesis is a contribution to the latter field.



2 1. Introduction

1.1 Challenges of Deep Learning Theory

Let us now delve into the question of why DNNs are considered black box models. Namely,
what makes it challenging to derive performance guarantees for DNNs? In fact, as we will
see in Section even simple DNNs form families of functions that are rich enough to
approximate any continuous function with arbitrary accuracy. Therefore, in theory, there
usually exists a DNN with an appropriate choice of parameters that is guaranteed to exhibit
high performance on a given problem. However, in practice, reliably identifying such a
DNN is usually impossible due to the following reasons:

1. Generalization: In practical scenarios, the target function that a DNN aims to
approximate is unknown. Instead, the network is given a finite dataset comprising
(potentially noisy) samples of the target function. Naturally, the choice of the
underlying function based on a finite dataset is not unique. Therefore, even if a DNN
accurately fits the provided dataset, called the training set, its performance on new
data, called the test set, may vary. The field of machine learning theory addressing
how well a model performs on unseen data is known as generalization. While classical
machine learning models, like linear models or kernel models, have well-established
generalization theory and performance guarantees, deriving similar guarantees for
DNNs has proven to be highly challenging. We define fundamental concepts and
review literature regarding generalization of DNNs in Section

2. Optimization: Parameters of DNNs are chosen by optimizing a given loss function,
which quantifies the network’s error on the training set. This process is known
as training. DNNs are typically trained using a variant of Gradient Descent (GD)
algorithm, which is a first-order numerical optimization algorithm with strong perfor-
mance guarantees for convex optimization problems. However, optimization problems
associated with training of DNNs are highly non-convex, always have multiple global
minima, and may include undesirable local minima and saddle points. Moreover, the
convergence point of the GD algorithm may significantly depend on initialization,
which is usually random in practice. While recent research suggests that modern
DNNs may have properties favourable for GD’s convergence to a global minimum
under certain conditions, it remains challenging to verify such conditions and to
characterize the solutions identified by GD in a given setting. We introduce basic
concepts related to DNNs’ training and discuss relevant literature in Section 2.2

Hence, the current lack of a comprehensive theory for generalization and training of DNNs
makes it impossible to provide meaningful performance guarantees for DNNs used in
practical applications. This thesis focuses on one research direction that contributes to
the development of such a theory: the study of DNNs’ training dynamics. In this section,
we briefly review the current advances towards a theory of generalization and training of
DNNs, as well as open problems, focusing on two relevant concepts: overparametrization
and implicit bias.
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1.1.1 Overparametrization

An important characteristic of modern DNNs, particularly relevant for generalization and
optimization, is their overparametrization. Overparametrized models possess sufficient
complexity to exactly fit any dataset of a given size. Therefore, overparametrized DNNs
typically achieve near-zero training loss values, even when trained on a dataset with
completely random target labels (Zhang et al., 2021).

Optimization landscapes of overparametrized DNNs typically include entire manifolds of
interpolating global minima (i.e., solutions that exactly fit the dataset) (Cooper, 2021)),
and are non-convex even locally around these global minima (Liu et al.| 2022). While the
loss landscapes of overparametrized DNNs do not have strict local minima under weak
conditions, they often include non-strict local minima and saddle points (Nguyen et al., 2018;
Li et al., |2018). Given these characteristics, it is evident that properties of overparametrized
DNNs trained using variants of GD may significantly depend on various factors related to
the optimization process, such as the choice of initialization or the training algorithm.

Overparametrized DNNs also pose new theoretical challenges in the field of generalization.
Classical statistical learning theory predicts poor generalization guarantees for these models,
as traditional bounds on generalization tend to degrade with increasing model complexity.
However, empirical evidence contradicts this expectation, indicating that gradient descent
training of overparametrized DNNs frequently results in models with robust generalization
performance on real-world data. As we discuss in Section [2.3, the modern perspective on
generalization of overparametrized models aligns more closely with the double descent phe-
nomenon (Belkin et al., 2019). This phenomenon suggests that generalization performance
deteriorates with model complexity only until the interpolation threshold, after which it
improves again with further overparametrization. Empirical studies have demonstrated
double descent across a wide range of models, including DNNs (Nakkiran et al., [2021)).
Theoretical works have also established the occurrence of double descent in different machine
learning models, such as linear models (Hastie et al., [2022) or random features models
(Belkin et al., 2020; [Mei and Montanari, 2022). However, there is currently no established
theoretical framework to prove double descent in the context of DNNs.

As we discuss in Section theoretical results regarding generalization of overparametrized
models usually rely on a predefined data model and a known convergence point of a given
training algorithm. This is in contrast with the classical statistical learning theory bounds,
which are independent of both the data distribution and the training procedure. Given that
overparametrized models can perfectly fit datasets with completely random labels, it is clear
that meaningful generalization guarantees may require certain data-related assumptions.
Moreover, the presence of entire manifolds of global minimizers, not all of which generalize
equally well, highlights the importance of algorithm-related assumptions. Indeed, these
assumptions determine which of the training loss minimizers are relevant for generalization
of the trained model. This observation provides the crucial connection between training
dynamics and generalization, which we discuss in more detail in the next section.
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1.1.2 Implicit Bias

The questions of generalization and optimization are intimately related in the overpara-
metrized setting: the generalization performance of a trained model is determined by the
solution, to which the training algorithm converges. Therefore, the literature uses the
notion of implicit bias, which is often informally defined as the tendency of gradient-based
training algorithms to favor solutions that exhibit good generalization. However, since the
generalization performance ultimately depends on the unknown target function, implicit
bias is more accurately defined as convergence of gradient-based training algorithms to
solutions with specific mathematical properties.

Deriving implicit bias results for a given model usually involves explicit analysis of the
model’s training dynamics. Implicit bias of overparametrized linear models, such as the
least squares and the logistic regression, has been extensively explored due to the relatively
tractable training dynamics equations of such models (Gunasekar et al., 2018; Soudry et al.,
2018). Remarkably, the results regarding implicit bias of linear models reveal important
differences between two loss functions, popular in machine learning: mean squared error
(MSE) loss and cross-entropy (CE) loss (defined in Section [2.2). In case of MSE loss, it is
well-known that GD training of overparametrized models converges to the global minimum
closest to the initialization in terms of 5 norm. Conversely, CE loss has no attainable
global minima, and tends to zero as the parameters vector tends to infinity. Therefore, GD
training with CE loss diverges. However, the direction of the diverging parameters vector
tends to the maximal-margin vector and is independent of initialization.

Implicit bias has also been extensively studied for linear DNNs, i.e., DNNs without a
non-linear activation function. In this context, the picture is somewhat similar to linear
models: CE loss results in implicit bias towards maximal-margin solutions, independently
of initialization (Ji and Telgarsky, 2020). On the other hand, the implicit bias of GD with
MSE loss significantly depends on the initialization and is generally more challenging to
derive (Yun et al., 2020; |Azulay et al., |2021). A related research direction studies the
implicit bias of deep matrix factorization, which is analogous to the training of linear DNNs
with no bias terms. The results in this area typically show implicit bias towards low-rank
solutions (Chou et al., [2024; Bah et al., |2022; |Li et al., [2020).

Despite the aforementioned results, the current understanding of implicit bias in non-linear
DNNSs is very limited. There exist some results on implicit bias of homogeneous DNNs, such
as fully-connected ReLU DNNs with no bias terms, trained using CE loss (Lyu and Li, 2019;
Ji and Telgarsky., [2020). However, implicit bias of non-linear DNNs with MSE loss poses
theoretical challenges even in the simplest case of single-neuron ReLU networks (Vardi and
Shamir, 2021). This field of study is particularly challenging because the training dynamics
of DNNs are governed by complex non-linear equations, which generally defy analytical
treatment. Nevertheless, recent studies have demonstrated that, under certain conditions,
non-linear DNNs enter the so-called lazy training or kernel regime, where the training
dynamics are linearized around the initialization (Chizat et al., [2019; Woodworth et al.,
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2020). In the kernel regime, it is possible to derive implicit bias and generalization results
for non-linear DNNs. However, these results may not necessarily describe the behavior of
realistic DNNs. As a preview of the upcoming sections, we announce here that the main
contributions of this thesis largely concern the limitations of the kernel regime for the study
of DNNs’ training dynamics.

1.2 Current Approaches to Study DNNs

As we outlined in the previous section, developing a theory for training and generalization
of DNNs is highly challenging. Since the complex non-linear training dynamics of DNNs
cannot be studied analytically in the general case, the current theory relies on various
simplifications and special cases. Common simplified settings, used in the literature as
proxies to study DNNs, can be divided into the following broad categories:

1. Linear: Numerous papers study linear DNNs, i.e., networks with identity activation
function (Laurent and Brecht, [2018; Ji and Telgarsky, [2018)). While mathematical
analysis of such networks is much more accessible, properties of linear DNNs do not
generally transfer to non-linear DNNs, as we saw in the discussion on implicit bias. It
is also clear that linear DNNs can only approximate linear functions, hence, they are
not used in deep learning practice.

2. Homogeneous: Another research direction considers homogeneous DNNs, i.e.,
networks with homogeneous activation functions, no skip connections, and no bias
terms. Turns out that homogeneity significantly simplifies the training dynamics
both in case of CE loss (Lyu and Li, 2019; |Ji and Telgarsky, 2018) and MSE loss
(Poggio and Liaol [2019). While homogeneous activation functions, such as ReLU,
are common in deep learning practice, the complete absence of both bias terms and
skip connections is uncommon. Indeed, homogeneous DNNs can only approximate
homogeneous functions, which limits possible applications for such networks.

3. Shallow: Training dynamics of non-linear networks are often considered in the
special case of shallow networks, i.e., networks with one or two hidden layers (Mei
and Montanari, 2022} Arora et al., 2019a). While such results may point towards new
insights concerning neural networks’ dynamics, they do not provide any understanding
of the effects of depth in deep learning, and usually cannot be easily generalized to
arbitrary depth.

4. Very wide: Another recent line of research considers DNNs in the infinite-width
limit, where the number of neurons in each layer tends to infinity (Lee et al., 2019|
2018). Remarkably, it is possible to derive explicit infinite-width limits for the training
dynamics of DNNs in a wide range of settings (Yang and Hu|, |2022)). Some of the
most notable results in this direction pertain to the kernel regime of DNNs, where the
dynamics are linearized around the initialization and are governed by the so-called
Neural Tangent Kernel (NTK) (Jacot et al., |2018; [Yang, 2020b). While modern
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overparameterized DNNs are often “very wide”, the question of whether a given DNN
can be approximated by a certain infinite-width limit is still largely open.

While each of the aforementioned approaches to study DNNs has its limitations, the
constraints of the last approach are perhaps the least clear. Indeed, modern neural networks
are usually not linear, not homogeneous, and not shallow. However, they often have very
large width. In this thesis, we focus of insights and limitations of the last approach and, in
particular, the kernel regime of DNNs.

1.2.1 Neural Tangent Kernel

In this section, we define the kernel regime of infinitely-wide DNNs and the associated
kernel, called the Neural Tangent Kernel (NTK). To this end, let us denote the output
function of a DNN f; : R%» — R!. Here n;, € N is the input dimension and § € R” are
the network’s parameters. Then the NTK of this network is given by

O(wi, ;) = <V9f9(xi),V9fg(xj)>, z;, x; € R"™, (1.1)

where Vy fy is the gradient of the output function with respect to the parameters 6. Assume
further that the network is trained on a dataset S = {(xi, yi)}i]\ip with loss function £, and
learning rate n > 0. Then the following holds for a GD step of the output function:

oL

a_jb(l'i,yi) +O0(n?), (1.2)

Afg(x) = —n Z O(z, ;)

(wiyi)€S

where A fp(z) represents the change in the value of fp(z) during the GD step. In other
words, the NTK controls the first order approximation of the DNNs’ GD dynamics.

Since the NTK depends on the DNN’s parameters, it changes during training, and inherits
randomness from the random initialization and any other stochastic elements of the training
process. Consequently, the dynamics described in equation generally defy analytical
solutions. However, a famous result by |Jacot et al. (2018) states that, in the infinite-width
limit, the NTK is deterministic under proper random initialization and remains constant
during training. Therefore, the dynamics in (|1.2]) reduce to kernel regression in this limit,
and have an analytical solution expressed in terms of the NTK. We will call this setting
the kernel regime or the NTK regime of DNNs. We discuss the NTK regime in detail in
Section [2.4]

Within the kernel regime, it becomes feasible to study convergence and generalization of
DNNs theoretically by analyzing the properties of the NTK at initialization. Therefore,
many recent works proposed to study the NTK regime to gain new insights into DNNs’
behavior (Huang et al., 2020; |Adlam and Pennington, 2020; [Wang et al., 2022; Bietti and
Mairal, 2019; [Tirer et al.l 2022; Geiger et al., 2020). Numerous contributions also derived

'We consider NNs with scalar output here for simplicity of notation. However, the definition of the
NTK and our discussion is naturally generalized to NNs with multidimensional output.
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expressions for the infinite-width NTK of popular DNN architectures (Yang, [2020b; Du
et al., 2019; |Alemohammad et al., [2020). Other papers established bounds on the DNNs’
width that ensure sufficient concentration of the NTK at initialization (Arora et al., 2019b;
Buchanan et al., |2021)) and stability of the NTK during training (Huang and Yau, 2020;
Lee et al., 2019).

However, multiple authors have argued that the NTK regime and, in general, the infinite-
width limit cannot explain the success of DNNs (Chizat et al., |2019; Hanin and Nica,
2019; |Aitchison, 20205 [Li et al., |2021; [Huang and Yau, [2020). The primary argument in
this context is that a constant NTK implies that DNNs do not learn new features during
the training process within the kernel regime. Moreover, the NTK at initialization is
label-agnostic, i.e., the value of ©(x;,x;) does not depend on the target outputs (y;,y;).
This property renders the NTK regime inadequate for explaining DNNs’ capability to
perform well on various tasks using the same dataset (Chen et al., 2020). Finally, numerous
empirical results also demonstrated that there is often a performance gap between trained
DNNs and their kernel regimes (Fort et al.,|[2020; |Lee et al.,2020). Therefore, understanding
the nature of the NTK regime of DNNs and its applicability is an important question of
deep learning theory.

1.3 Contributions

The objective of this thesis is to determine possibilities and limitations of the NTK regime
for advancing the theory of deep learning. The contributions of the thesis are published as
the following papers:

1. Analyzing Finite Neural Networks: Can We Trust Neural Tangent Kernel Theory?
(Seleznova and Kutyniok, 2022a) — included in Section

2. Neural Tangent Kernel Beyond the Infinite-Width Limit: Effects of Depth and Initial-
ization (Seleznova and Kutyniok, [2022b) — included in Section [3.2]

3. Neural (Tangent Kernel) Collapse (Seleznova et al.l 2023) — included in Section

The first two papers mainly focus on the limitations of the NTK regime for the analysis of
realistic DNNs. The last paper proposes a new approach to analyze DNNs’ dynamics using
the kernel regime at the end of training, and employs this approach to explain a prominent
empirical phenomenon observed in well-trained DNNs.

1.3.1 Limitations of the NTK Regime

The following two observations were the starting point for our research into the limitations
of the NTK regime for the analysis of realistic DNNs:

e Depth: The infinite-width limit setting, where the NTK becomes constant and
deterministic, assumes that the depth of a DNN is fixed while the width tends to
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infinity. However, several papers demonstrated that infinite-width approximations
of DNN'’s statistics at initialization often get worse as the network’s depth increases
(Li et al., [2021; [Hanin and Nica, 2019; [Hu and Huang, [2021). Such results typically
consider the infinite-depth-and-width limit, where both depth and width of a DNN
tend to infinity simultaneously with a given depth-to-width ratio. In particular, Hanin
and Nica) (2019) were the first to show that the NTK is random and changes during
training in the infinite-depth-and-width limit for fully-connected ReLU DNNs under
a certain initialization setting.

e Initialization: The initialization may significantly change the behavior of DNNs in
the infinite-width limit, and even determine whether a DNN is in the kernel regime
(Yang and Hu, 2022). However, previous works on the infinite-depth-and-width limit
of the NTK do not clarify the effects of initialization in this setting. According to
Poole et al.| (2016), there are three phases with distinct properties in the initialization
hyperparameters space: ordered, chaotic and the edge of chaos (EOC). In the infinite-
width limit, the chaotic phase roughly corresponds to initialization settings where
the gradients grow with the DNN’s depth. Conversely, gradients decrease with
growing depth in the ordered phase. EOC is the initialization at the border between
these phases. Given this interpretation, the three phases of initialization should be
significant for the statistical properties of the NTK of deep networks.

Hence, our research focused on exploring the combined effects of depth and initialization
on the NTK of fully-connected DNNs. Our contributions in this research direction are
summarized as follows:

e Variability of the NTK at initialization: We precisely characterized the dispersion
of the NTK in the infinite-depth-and-width limit for fully-connected ReLU DNNs in
Seleznova and Kutyniok (2022b). Our results indicate that the variability of the NTK
grows exponentially with the depth-to-width ratio at the EOC and in the chaotic
phase. On the other hand, the variance of the NTK tends to zero in the ordered
phase independently of depth. Therefore, the NTK of deep networks is approximately
deterministic at initialization only in the ordered phase. While these theoretical results
are derived for ReLU DNNs, we empirically showed analogous results for sigmoid
DNNs in |Seleznova and Kutyniok| (2022a). In addition, we provided non-asymptotic
expressions for the first two moments of the NTK, and discussed the finite-width
effects that follow. Our results significantly improve on the previous works, which
could only provide non-tight bounds for the NTK dispersion, and did not consider
different initialization settings. Furthermore, in contrast to the prior studies, we
carried out extensive numerical experiments that thoroughly validate the correctness
of our theoretical expressions.

e Training dynamics of the NTK: We proved that the expected relative change of
the NTK value during the first GD step tends to infinity with depth in the chaotic
phase, to zero in the ordered phase, and grows exponentially with the depth-to-width
ratio at the EOC (Seleznova and Kutyniok, 2022b)). Therefore, the NTK of deep
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networks can stay constant during training only in the ordered phase. While our
theoretical results focus on ReLU DNNs, we provide similar empirical results for
sigmoid DNNs in [Seleznova and Kutyniok (2022a)). Namely, we show that the relative
change in the NTK matrix norm is generally much larger in the chaotic phase than in
the ordered phase. However, our experiments also indicate that the NTK structure
changes non-trivially during training even in the ordered phase. Indeed, as we discuss
in Seleznova and Kutyniok (2022b) and Seleznova et al. (2023)), the NTK typically
aligns with the target function during training. In the context of classification, this
alignment manifests as an emergence of a block structure in the NTK matrix.

¢ Generalization in the NTK regime: We discuss the limitations of the NTK
regime for the analysis of DNNs’ generalization in |Seleznova and Kutyniok (2022a).
Our main observation in this discussion is that properties of the infinite-width NTK
become unnatural as the depth increases. In particular, data-dependence of the
infinite-width NTK matrix vanishes with depth, as also demonstrated in [Xiao et al.
(2020). Moreover, the infinite-width NTK matrix tends to a rank one matrix with
depth in case of initialization in the ordered phase, which makes deep infinite-width
networks untrainable in the ordered phase. Generalization analysis based on the NTK
with such properties suggests poor generalization performance for deep networks,
which does not agree with the empirical evidence.

1.3.2 Kernel Regime with Block-Structured NTK

The starting point for the second part of this thesis were the following observations regarding
the empirical NTK of realistic DNNs:

e NTK alignment: While the infinite-width NTK does not change during training
and does not depend on the target function, the empirical NTK aligns with the
target function during training (Atanasov et al., 2021; Baratin et al., 2021; Shan and
Bordelon, 2022; |Seleznova and Kutyniok, 2022b). In other words, values of ©(x;, z;)
become aligned with (y;,y;), where y; ; are the target outputs for inputs x; ;. The
kernel-target alignment has long been seen as favourable for generalization of kernel
methods in the literature (Cristianini et al., [2001). Therefore, NTK alignment could
also provide insights regarding performance of trained DNNs

e Rapid kernel learning: Empirical evidence shows that the NTK aligns with
the target function most rapidly during the early stages of training (Fort et al.,
2020; |Atanasov et al., 2021} |[Baratin et al., 2021). According to [Fort et al. (2020)),
the performance of the empirical NTK after the initial rapid kernel learning phase
essentially matches the performance of the fully-trained DNN. Theoretical study of
simplified models in |Atanasov et al. (2021) supports this conclusion. Therefore, it
could be more appropriate to describe DNNs dynamics using the kernel regime in the
end of training, where the NTK has developed its final structure.

Based on these observations, we proposed an approach to study the end-of-training dynamics
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of DNN classifiers with NTK alignment in [Seleznova et al. (2023). In classification problems,
NTK alignment corresponds to the emergence of an approximate block structure in the
NTK matrix, where the correlations between samples from the same class are stronger than
between samples from different classes. In our work, we considered a simplified model of
NTK alignment, where the kernel takes only three distinct values: an inter-class value, an
intra-class value, and a diagonal value. Our contributions in this work are summarized as
follows:

¢ Gradient flow with block-structured NTK: We derived and analyzed Gradient
Flow (GF) dynamics of the last two layers of a DNN trained under MSE loss, assuming
that the NTK in these layers is block-structured. In particular, we identified three
distinct convergence rates in the dynamics, which correspond to three components of
the training error: error of the global mean, of the class means, and of each individual
sample. Moreover, we derived an invariant of the dynamics, which determines the
properties of the convergence point.

e Neural Collapse: We proved that, under certain conditions, the GF dynamics of
DNNs with block-structured NTK exhibits a prominent end-of-training phenomenon
of modern DNNGs, called Neural Collapse (NC) (Papyan et al., [2020). During NC,
the class means of the DNN’s last-layer features form a symmetric structure with
maximal separation angle, and the features of each individual sample collapse to their
class means. While the effects of NC for generalization of DNNs are not entirely
clear (Kothapalli, [2023), maximal separation between classes is usually considered
favourable for generalization in the literature (Jiang et al., [2018; |Cisse et al., 2017).
Our results provide the first theoretical connection between NTK alignment and
NC. Moreover, they demonstrate the effectiveness of the kernel regime in the end of
training for predicting behaviour of realistic DNNs.

1.4 Outline

Chapter [2] serves as the technical foundation for the contributions of this thesis. It begins
with Section [2.1, which defines fully-connected neural networks, explores other prevalent
architectures, and discusses the approximation capabilities of DNNs. Section delves into
the essential aspects of DNN training, including gradient descent and backpropagation, and
discusses the effects of random initialization on DNNs’ statistical properties. In Section
fundamental principles of generalization theory are discussed, encompassing classical results
and modern perspectives. Section [2.4 defines the NTK, provides the fundamental results
regarding the NTK regime of DNNs, and discusses the NTK alignment phenomenon.

Chapter [3| includes the individual publications forming this thesis. Section corresponds
to [Seleznova and Kutyniok/ (2022a)). Section [3.2 is published as [Seleznova and Kutyniok
(2022b). Section [3.3| corresponds to |Seleznova et al.| (2023).

Chapter [4] provides concluding remarks and explores potential directions for future work.



Chapter 2

Background and Foundations

This chapter furnishes the technical background relevant to the thesis. In Section [2.1, we
provide a definition of neural networks. Section explores common methods employed in
the training of DNNs and discusses the effects of initialization on the properties of DNNs
at initialization. The concept of generalization is formalized and examined in Section [2.3,
followed by the definition of the Neural Tangent Kernel (NTK) and its significance in
the theory of DNNs’ training dynamics in Section [2.4. While the notation is generally
introduced in the main text, a concise summary is also provided in Section [2.5

2.1 (Deep) Neural Networks

Artificial Neural Networks (NNs), which are discussed in this thesis, find their roots in
mathematical models of biological neural networks. These models were initially conceived
as a representation of interconnected neurons within animal brains. Due to this historical
connection, NNs are often visualized as computational graphs, composed of interconnected
nodes called neurons. In this framework, each neuron receives inputs from neurons in its
neighbourhood, processes the inputs, and transmits the output to other neurons. Figure
gives an example of a NN represented as a computational graph. The particular structure
and size of the computational graph define the NN’s architecture. In many common NN
architectures, neurons are organized in layers, such that neurons of a given layer can receive
input only from the previous layers, and can pass the output only to the following layers.
Depth of such NNs is defined as the number of layers. There is no universal answer to
the question of how many layers a NN should have to be classified as “deep”. One of the
contributions of this thesis demonstrates that the answer, in fact, may depend not only
on the layer count but also on factors such as the depth-to-width ratio. Nevertheless, it is
worth noting that depths of modern NNs are typically in the order of 10! to 10?, which
certainly qualifies them as Deep NNs (DNNs).
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Figure 2.1: An example of a fully-connected feedforward NN with depth L = 5, input
dimension ng = 3, hidden layers widths {n,}7_, = (5,9,9,5), and output dimension ns = 2.
Each layer ¢,1 < ¢ < 5 performs a composition of an affine-linear function, parametrized
by weights matrix W* and biases vector b, and an activation function ¢.

Artificial neuron From a mathematical perspective, a NN is a parametric function
defined via a computational graph. In this context, the NN’s parameters characterize the
functions associated with each neuron. The function realized by a single artificial neuron,
which is a building block of NNs; is given in the following definition:

Definition 2.1 (Artificial Neuron, Activation, Pre-Activation). Artificial neuron is a
function ag : R® — R, formed through the composition of an affine-linear function
hg : R™ — R and a non-linear function ¢ : R — R, called the activation function:

ag(x) := ¢(hyg(x)), he(x) :=(w,x)+b, xeR" (2.1)

Here the affine-linear function is parametrized by w € R™, called the weights vector, and
b € R, called the bias. The set of parameters is given by 6 := (w,b) € R” x R ~ R,
The value of h(x) is called pre-activation, and the value of a(x) is called activation of the
artificial neuron.

'Tn Definition and throughout the thesis, we consider NNs with real inputs, outputs and parameters,
since the contributions of this thesis concern only real NNs. However, there exists literature on NNs that

employ different number systems, such as complex numbers or quaternions (Lee et al., 2022; [Parcollet et al.|
2020]).
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Fully-connected NNs Given the definition of a neuron, it is possible to construct
definitions of NNs with various architectures. Suppose a NN is defined by a computational
graph, where neurons are organized into layers, such that neurons of each layer receive
inputs from all the neurons of the previous layer, and transmit outputs to all the neurons
of the next layer. Here the first layer, which receives the input of the NN is called the
input layer, and the last layer, which represents the model’s output, is called the output
layer. The remaining layers are called the hidden layers. An example of such a network is
given in Figure 2.1. Additionally, suppose that all the weights and biases associated with
neurons of this network are independent parameters. Then NNs with this architecture are
called fully-connected feedforward NNs, and can be formally defined as follows:

Definition 2.2 (Fully-Connected Neural Network). A fully-connected feedforward NN
with depth L € N, input dimension ng € N, hidden layers’ widths {ng}fz_ll € N1 output
dimension ny, € N, and activation functions ¢, : R — R, 1 < ¢ < L, is given by the
following function:

fo(x") == ((bL OALo¢pr 1 ©@A_10-- 0P © Al)(xo) eRl, x°eRm™, (2.2)

where Ay : R™-1 — R are affine-linear functions parametrized by weights W¢ € RmM-1xmne
and biases b* € R™ | i.e,

Ai(x) = Wix +bf, xeR™ ' 1</(<, (2.3)

and activation functions ¢p,1 < € < L, are applied to vectors element-wise. The parameters
of the fully-connected feedforward NN are given by

0= {(Wf,bf)}

1<¢<L

L
e X (R™*m=1 x R™) ~ R, (2.4)
(=1

where P := Zle ne(ne—1 + 1) € N is the total number of parameters.

The term “fully-connected” in the above definition indicates that all the pairs of neurons from
adjacent layers are connected, while the term “feedforward” implies that the information
flows through the NN in a single direction — from input to output, meaning that there
are no cycles in the computational graph. In the following discussion, we will refer to
this architecture simply as “fully-connected NNs” when it does not lead to confusion.
Definition [2.2] accurately characterizes such a network, since each vector-valued affine-linear
function Ay is applied to the output of layer £ — 1, and represents all the n, real-valued
functions associated with neurons in layer ¢ € [1, L]. The corresponding weights matrices
Wt € R-1%" contain weights vectors of all the neuron in layer £ € [1, L] as rows, and
the bias vectors b € R™ contain scalar biases of these neurons as entries.

Fully-connected NNs can be considered the simplest and the most universal NN architecture,
as they do not exploit any inherent structure in the input data. Despite their simplicity,
these architectures pose numerous open theoretical challenges, as outlined in Chapter [1}
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Given that the theoretical contributions of this thesis concentrate on fully-connected NN,
the subsequent sections offer formal definitions and results exclusively for this architecture.
However, we provide a brief overview of popular NN architectures in the Section [2.1.1]

Activation functions Fully-connected NNs often use the same activation function in
all the hidden layers, and a different activation function in the output layer. The common
activation function choices include sigmoid function, Rectified Linear Unit (ReLU), and
their modifications.

Definition 2.3 (Sigmoid Activation Function). Sigmoid activation function ¢ : R — R is
given by
1

o) = T

(2.5)

Definition 2.4 (ReLU Activation Function). ReLU activation function ¢ : R — R is given
by
¢(z) = max{0, z}. (2.6)

As we will see in Section [2.1.2] the activation function choice has minimal influence on
the classical results regarding the approximation power of NNs. Therefore, modern DNNs
often choose the ReLLU activation function based on purely computational considerations.
However, mathematical properties of the ReLLU function, such as homogeneity and piecewise-
linearity, open unique possibilities for mathematical analysis of ReLU NNs. Consequently,
there is a growing body of theoretical research dedicated specifically to ReLU NNs. In this
thesis, the primary focus is also on DNNs with ReLLU activation.

2.1.1 Survey of NN Architectures

State-of-the-art DNNs in many applications use more advanced architectures to achieve
better performance in specific tasks. These architectures typically leverage properties of the
input data, such as spatial translation-invariance of objects in images or the sequential nature
of words in text. In this section, we briefly describe several common NN architectures.

Convolutional NNs (CNNs) CNNs are foundational models of modern computer vision.
These architectures have been state-of-the-art models for image recognition since the last
decade (Krizhevsky et al., 2012; [Szegedy et al., [2015; He et al., 2015). The defining feature
of CNNs is the so-called convolutional layers. These layers often assume that the input
has two spatial dimensions (as images) and may have several channels (such as three color
channels of RGB images). In contrast to neurons of a fully-connected layer, each neuron of a
convolutional layer is connected only to a fraction of the input neurons, called the receptive
field. The receptive fields of the output neurons are obtained by sliding a two-dimensional
window over the spacial dimensions of the input. An illustration of a convolutional layer is
given in Figure [2.2a. Usually, all the neurons in a given output channel share the same
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weights matrix. This property is motivated by translation-invariance of natural images: a
shift of an image does not change the objects that can be recognized in the image. Moreover,
this property greatly reduces the number of parameters associated with a convolutional
layer, in comparison with a fully-connected layer. Stacking multiple convolutional layers
together allows to increase the receptive field of the output neurons and, potentially, capture
more complex features of the input.

Recurrent NNs (RNNs) RNNs are often used for applications with sequential input
data, such as text translation or speech recognition (Graves et al., 2013; Sutskever et al.,
2011). In contrast to feedforward NNs, RNNs allow output of some neurons to affect
subsequent input to the same neurons. In other words, RNNs have cycles in their computa-
tional graphs. When sequential input is gradually passed into an RNN, the internal state
of the network (represented by the hidden layers) changes at each step and impacts the
processing of the next data chunk. Figuratively, this means that RNNs have memory about
the previous input chunks. A simple example of an RNN with a single fully-connected
recurrent layer is given in Figure[2.2b. State-of-the-art RNNs can include multiple recurrent
subnetworks with various architectures, and often use more advanced structure for recurrent
layers, such as Long Short-Term Memory (LSTM) units (Hochreiter and Schmidhuber,
1997).

Graph NNs (GNNs) GNNs are designed for input data represented as graphs, where
nodes and/or edges of the graph are described by feature vectors. GNNs achieve state-of-
the-art performance in applications such as proteins’ interactions (Fout et al., 2017)) or
social networks analysis (Wu et al., [2020). The defining feature of GNNs are the so-called
message passing layers, which update feature vectors for each node of the input graph. Each
message passing layer aggregates the information from the neighbourhood of a given node
to compute a new feature vector of the node. This idea can be seen as a generalization of
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convolutional layers, which compute a feature vector of a given pixel by aggregating the
information from all the neighboring pixels, to arbitrary graph structures.

Residual NNs (ResNets) ResNets are networks with so-called residual blocks. The
output of a residual block is a sum of a function implemented by the layers within this block
and the input of the block. In other words, there is a connection between the input and the
output layers of a residual block. An example of a ResNet with a single residual block is
given in Figure While “ResNet” usually refers to the architecture introduces in the
original paper on residual networks (He et al., 2016), many modern DNN architectures,
such as transformers and LSTM networks, include residual blocks.

Transformers The Transformer architecture was introduced in [Vaswani et al. (2017)),
and since then revolutionized natural language processing (NLP) and beyond. The key
innovation of the Transformers is the self-attention mechanism, which allows the model
to weigh different parts of the input sequence differently when making predictions. This
attention mechanism eliminates the need for recurrent or convolutional layers, making it
highly parallelizable and efficient for processing long-range dependencies. Transformers have
become the backbone of various state-of-the-art models for tasks like machine translation,
language understanding, and image generation.

Although we categorized architectures into distinct groups for clarity in the preceding
discussion, modern DNNs commonly incorporate diverse combinations of these approaches.
Examples include convolutional RNNs or residual CNNs, convolutional Transformers, and
many more. This flexibility allows modern DNNs to leverage the strengths of different
architectures to achieve state-of-the-art performance in a wide range of tasks.

2.1.2 Approximation Power of NNs

One of the most well-known results of NNs theory is the universal approximation theorem,
which shows that even shallow fully-connected NNs can approximate any continuous function
on a compact set with arbitrary precision (Cybenko, [1989; Hornik} |1991; [Hornik et al.,
1989; [Funahashi, [1989). While there is a series of such theorems in the literature, we adopt
a version from [Pinkus (1999):

Theorem 2.1 (Universal Approximation Theorem). Let f : R™ — R" denote a fully-
connected NN with depth L = 2, widths {n};_, € N*, and activation functions ¢o(x) =
o1(z) = o(x),x € R, for continuous 0 : R — R, i.e.,

fo(x) = W?0(W'x + b') + b? (2.7)

with parameters 0 = <(W1, b'), (W2, b2)>. Then o is not polynomial if and only if for
every input dimension ng € N, output dimension ny € N, compact set K C R™ continuous
function g : K — R™, and € > 0, there exists hidden layer width ny € N and a choice of
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parameters 0 = 0* such that

sup | fo- (x) = g(x)ll < (2.8)

There are also numerous results that quantify the approximation rates of NNs with one
hidden layer for particular classes of functions, such as smooth functions or functions with
certain symmetries. We refer to DeVore et al.| (2021) for a review of such results. Moreover,
there is a more recent line of research that aims to explain the effects of depth for the
approximation power of NNs. Some of these results show that depth allows NNs with very
few neurons in the hidden layers to still achieve universal approximation (Hanin and Sellke,
2018; Hanin, 2019; Kidger and Lyons, 2020). Other results show that deep NNs are more
efficient at approximation of certain classes of functions, in a sense that they require fewer
parameters than shallow NNs for the same approximation rates (Eldan and Shamir, 2016;
Yarotsky, 2017). One can find a survey of these results in [Berner et al. (2021).

Overall, the literature shows that even simple NN architectures are sufficiently powerful
to efficiently represent continuous functions. Assuming that target functions in most
applications are at least piecewise continuous, this means that there usually exists a fully-
connected NN with an appropriate choice of parameters that is guaranteed to achieve high
performance on a given task. However, approximation theory does not explain how to find
parameters for such a NN. It also does not explain why more advanced architectures, such as
those surveyed in the previous section, may improve NNs’ performance in many applications.
While approximation theory is the most well-established subfield of the mathematical
foundations of NNs, and provides rigorous results for the best-case performance of NNs,
there is abundant evidence in the literature that real-world NNs do not achieve the
performance predicted by approximation theory (Adcock and Dexter, 2021}, [Fokina and
Oseledets, |2020; Hanin and Rolnick], 2019). We discuss the causes for this discrepancy in
the next two sections.

2.2 Training

Training, also called learning, refers to the process of algorithmically identifying optimal
parameters of a NN with a given architecture for a given task. In this thesis, we will focus
on the supervised learning setting, where a NN is given a finite dataset of input samples
with correct output values. Then the goal of training is to reconstruct a function that
generated the dataset. In statistical learning theory, the standard approach to this problem
is Empirical Risk Minimization (ERM).

Definition 2.5 (Empirical Risk Minimization). Given a set of functions F with domain X
and codomain Y, a training dataset S = {(xi,yi)}]il with x; € X, y; € Y, i € [1,N], and

i

a loss function L :Y x Y — R, an empirical risk minimization algorithm chooses J/”\g e F
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such that
XN

s camgmin (1), Lo(f) = 5 3L (w),i) (2:9)

assuming such a choice exists, i.e., a minimum of ES is attained on F. Here the function
Ls: F — R is called the empirical risk.

In other words, the goal of ERM algorithm is to choose a function ]/C,\s € F that offers the
best approximation of the training set S according to a given loss function £. Note that the
choice of loss function may significantly impact the function selected by ERM. For example,
ERM with loss function £(g,y) = |§ — y| prefers functions such that fs(z;) ~ y; for all
i € [1, N]. On the other hand, ERM with loss function £(g,y) = sign(yy) only optimizes

for sign(f(xz;)) = sign(y;), i € [1, N].

In the context of NNs, the set of functions in the ERM definition comprises all the functions
that can be realized by a chosen NN architecture, given by

F={fy:R™ = R" | §cR"}, (2.10)

where P is the number of the NN’s parameters. Common choices of loss function include
Mean Squared Error (MSE) and Cross-Entropy (CE) losses.

Definition 2.6 (Mean Squared Error Loss). Mean squared error loss L : R™ x R" — R is
given by
L(@,y) = 1y = yll5- (2.11)

Definition 2.7 (Cross-Entropy Loss). Let the output space Y contain (R \ {0})-vectors
that sum to 1, i.e.,

Y ={y e REA{0} | [lyll» = 1}. (2.12)
Then cross-entropy loss £:Y x Y — R is given by
L(g,y) = —(y,1log ), (2.13)

where logarithm is applied element-wise.

While MSE is a general-purpose loss function, CE loss is a common choice for classification
problems, where the NN’s output is interpreted as a vector of probabilities of a finite number
of classes. However, there is a growing body of evidence that MSE loss performs at least
on par with CE loss for classification (Hui and Belkin, 2021; |Demirkaya et al., 2020; Poggio
and Liao, 2021)). From the optimization standpoint, MSE and CE losses have very different
properties. Indeed, MSE attains its minimum when the DNN’s output matches the target
output on the whole dataset, i.e., fo(x;) = y; for all i = [1, N]. On the other hand, DNNs
trained with CE loss usually normalize the output using the so-called softmax function,
defined as follows

exp(xt)

= TexpG) L (214)

¢ = softmax(x”) :
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which makes the global minima of CE loss unattainable for any finite parameters. Since MSE
loss results in simpler dynamics equations and has more intuitive convergence properties,
we mostly focus on dynamics with MSE loss in this thesis.

2.2.1 Gradient Descent

While ERM sets the goal of training, it does not specify the algorithmic procedure to find
the minimum of the empirical risk. Some optimization problems arising from ERM have
analytical solutions. A prominent example is the ordinary least squares problem, which
corresponds to training a fully-connected NN with L =1 (i.e., with no hidden layers) and
linear activation function using MSE loss. However, analytical solutions are very rare in
non-linear optimization problems, and virtually do not exist for real-world NNs. Therefore,
NNs are trained using numerical optimization methods, the most common of which is
Gradient Descent (GD), described in Algorithm

Algorithm 1: Gradient Descent

Input :Differentiable empirical risk function ES : R = R,
a number of steps K € N, a sequence of step sizes {n; }<_,,
initial choice of parameters (© € R”.

Output : A sequence of parameters values {#*)}< .

for k=1,..., K do
| 0®) gD — VL (0%
end

One can see that GD is a greedy algorithm, which makes a step towards the steepest descent
of the empirical loss function in each iteration. Note that in Algorithm [, we define the
empirical loss function Lg : R — R as a function of NN’s parameters 6 € R”, since the
loss only depends on the NN’s output function f, through the parameters.

2.2.2 Backpropagation

GD and its variants became the algorithms of choice for optimizing NNs’ parameters
mainly due to their computation efficiency. Modern DNNs typically have from hundreds
of thousands to even billions of parameters, and are trained for hundreds of thousands of
GD iterations. Therefore, it is essential to have a very efficient and universal procedure
to compute gradients of the empirical loss function with respect to the parameters in
order to make the optimization feasible. Such a procedure exists for NNs and is called
backpropagation. We will describe the backpropagation algorithm for fully-connected NNs.
However, the same algorithm can be easily generalized to any feedforward NN architecture,
and can also be adapted for RNNs (Werbos, [1990).

The backpropagation algorithm is essentially an efficient application of the chain rule, which
makes use of the observation that parameters of each layer of a fully-connected NN affect
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the output function only through the subsequent layers. To outline the backpropagation
algorithm, we first introduce two key concepts: the forward pass and the backward pass.
The forward pass is the iterative computation of the NN’s output for a given input layer-
by-layer, progressing in the forward direction — from the input layer to the output layer.
The backward pass is the layer-by-layer computation of the NN’s “error” in the reverse
direction — from the output layer to the input layer.

Definition 2.8 (Forward Pass, Activation, Pre-Activation). Consider a fully-connected
NN with depth L € N, widths {n,}%_,, and activation functions {¢¢}r,. The forward pass
of such a network on input x = x° € R™ is defined as follows:

x‘(z) := ¢o(h(x)), h'z):= W (2)+b", (=1[1,L1], (2.15)

where x° : R™ — R™ s called the activation, and h' : R™ — R™ is called the pre-activation
of layer ¢ = [1, L].

Note that in the above definition activation x* and pre-activation h’ are functions of the
NN’s input and depend on the NN’s parameters # € R”. For ease of notation, we omit the
dependence on the input and the parameters when it does not lead to confusion in the
following discussion. One can see that x* = fy, according to Definition [2.2]of fully-connected
NNs. In the following, we will use x* and fy interchangeably to denote the output function
of a NN.

Definition 2.9 (Backward Pass, Backpropagated Error). Consider a fully-connected NN
with depth L € N, widths {n,}_,, and activation functions {¢e}l_,. Let £ : R"™ x R" — R
be the loss function associated with training the NN. The backward pass of such a network
on input x := x° € R™ with target output y € R™ is defined as follows:

OL(fo(x),y) _ OL(x"(x),y)

61z, y) o= e U — SR 6 g (), (216
() = LI _ (e T o ) o (@), e=[L-1), (217)

where §° : R™ x R — R™ is called the backpropagated error in layer { = [1, L]

Note that the gradient of the loss £(fs(x),y) w.r.t. h’ in the above definition is more
formally defined as follows:

OL(fo(),y)

X = Vg(h'(z)), (2.18)

where g : R™ — R is a function such that £(fy(z),y) = (goh®)(x). However, we will use the
same abuse of notation throughout the thesis. Similarly to the forward pass variables, §° is
a function of the training sample (z,y) and depends on the NN’s parameters 6. However, we
will omit the dependence of the backpropagated error on its arguments and the parameters
for clarity of notation, as long as this does not lead to confusion.
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Algorithm 2: Backpropagation
Input :Fully-connected NN f; with depth L, widths {n,}%,, and differentiable
activation functions {¢,}r |, parameters 6 = {(WE, bg)}le, differentiable

loss function £, input dataset S = {(ml, 92)}@]\;1

Output : Gradient of the empirical loss w.r.t. the parameters g = V(;Zg(@).

g < gradient container filled with zeros;
for:=1,...,N do
X0 — Tj;
Y < Yis
for /=1,...,L do
hé — WZXE—I + bZ :
Xg — ¢g(he>;
end
0" Vi L(x",y) © ¢ (h");
for/=L-1,...,1do
|6 (W) T8 6 g(nf) ;
end

Jnew <— empty gradient container;
for /=1,...,L do

dW*! «— 6 @ x=1;

db’ + &%

Insert (dW*, db") into gnew;
end

Gnew

— g+ =
9< 9+

end

The backpropagated error §° in layer ¢ can be interpreted as the role of the pre-activation
h’ in the final loss value £(fy(z),y). The formula for the backpropagated error computation
in equation (2.17)) comes from the application of the chain rule as follows:

OL(fo(x),y) " OL(fo(x),y)" ORF' Ox’
Oh! ~ Oh'H! oxt  Oht

= (6" TW T diag(¢)(h")),  (2.19)

where diag(v) € R™ denotes a diagonal matrix with values of vector v € R™ on the main
diagonal. The above equation is easy to derive taking into account that x* = ¢,(h*) and
ht! = Wi1ix! 4 b1 according to Definition [2.8 of the forward pass.

Given the forward pass and the backward pass variables, the gradients of a NN can be
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computed as follows:

OL(fo(x).y) _ OL(fo(x),y) Oh

e R 8 ox" (2.20)
OL(fo(x),y OL(fy(x),y) Oh*
(;l()g) ) _ (51(12 ) o =0 (=[L1], (2.21)

where OL(fp(x),y)/OW?* € R™*™-1 is the matrix of the gradients w.r.t. the weights
of layer ¢, and dL(fs(x),y)/0b’ € R™ is the vector of gradients w.r.t. the biases of
layer ¢. Finally, we notice that the empirical loss function ES(Q) is the mean of the losses
corresponding to individual samples in the dataset. Therefore, the gradient of the empirical
risk function is simply the sum of gradients corresponding to the individual input samples.
We summarize the backpropagation approach to gradient computation in Algorithm

The efficiency of the backpropagation algorithm in comparison with the naive application
of the chain rule comes from two observations: using 6! to compute 8 reuses all the
repeated computations; computing the derivatives in the backward direction from output
to input only requires matrix-vector products. In fact, backpropagation is a special case
of the reverse-mode automatic differentiation, which is usually more efficient when the
number of variables is much larger than the output dimension (Griewank and Walther,
2008). While Algorithm [2[ is specific for fully-connected NNs, modern frameworks for
NN training, such as PyTorch (Paszke et al., |[2019)) or JAX (Bradbury et al., |2018)), can
perform reverse-mode automatic differentiation for a wide variety of NN architectures.
These frameworks decompose a given function (implemented by a computer program) into
a sequence of primitive operations with specified rules for computation of derivatives. This
way, it is possible to perform chain rule efficiently in a completely mechanical way.

2.2.3 Gradient Flow

Many papers that consider training dynamics of DNNs rely on Gradient Flow (GF), which
is a continuous-time approximation of GD. Recall the equation for k—th GD step with
learning rate 7 from Algorithm [1}

0 gD — v, Lg(8%1). (2.22)

We can now introduce a smooth function 6(¢),t > 0, such that 0% := (kn) for any k € N.
Then, by taking the limit  — 0, we obtain the corresponding GF equation:

0 =—VoLls(). (2.23)

In other words, GF can be seen as the limit of GD, where the learning rate tends to zero.
This approximation makes the analysis of DNNs’ dynamics considerably simpler, since it
allows to remove the higher order terms with respect to . While GF cannot capture all the
properties of GD dynamics, there is theoretical and empirical evidence that it approximates
the performance of GD with small enough learning rate (Elkabetz and Cohen, [2021)). In
Section of this thesis, our contributions focus on GF dynamics of DNNs, leaving the
consideration of the discrete-time effects for the future work.
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2.2.4 Effects of Initialization

The initial parameters 0% in GD algorithm are typically chosen randomly according to a
given distribution. Common initialization schemes for fully-connected DNNs satisfy the
following conditions for all ¢ € [1, L],i € [1,n],7 € [1,ne—1]:

Vit - Wi~ g iid.,  bf ~ gy iid., (2.24)

where 1, and p; are given probability measures, such that

/xduwyb(aj) =0, o05,:= /xQd,uw,b(a:) < 00. (2.25)

Note that the variance of the weights at initialization is usually scaled by the width of the
network to avoid overflow for very wide DNNs.

Under such a random initialization, all the variables in the forward pass (Definition and
the backward pass (Definition of DNNs also become random. Therefore, it is of interest
to study the statistical properties of DNNs with various initialization settings. One relevant
line of research focuses on signal propagation in DNNs, i.e., changes of the distribution as
it propagates through consecutive layers of DNNs (Poole et al.; 2016} Schoenholz et al.,
2016; Karakida et al., 2019). These works mostly focused on the special case of Gaussian
initialization with hyperparameters o, € Ry and o, € Ry, given by

2

w ) iid., bf~N(0,02)iid. (2.26)

Ng—1

g

Wi, ~ N (o,

and relied on the so called mean field approzimation. Another closely related line of research
establishes the connection between the infinite-width limit of DNNs and Gaussian processes
(Lee et al., [2018; [Yang, 2020a; [Matthews et al.| 2018). Since a significant part of this thesis
is devoted to analyzing the statistical properties of DNNs at initialization, this section will
delve into the basic aspects of these research areas.

Mean field approximation Consider the forward pass of a fully-connected DNN (see
Definition . Given the general form of initialization in , the following is immediate
for the pre-activation vectors h! := h‘(a), hj := h‘(b) in layers ¢ € [1, L] computed for
inputs a, b € R"0:

0.2

) Bl =0, B[ b)) = B vk (220

a
Ny—1

We can also notice that entries of h’, i.e., different neurons in the same layer, are identically
distributed. Therefore, we can write the following:

E[(h}, h;)] = nE,,[uv] = n,Cov(u,v), (2.28)
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where (u,v) are random variables, jointly distributed as (h{;, hy;) for any neuron i € [n].
Another general observation is that different neurons in the same layer are uncorrelated,
ie., C’ov(hii, hf;,j) = 0 if ¢ # j. However, this does not imply independence, since different

neurons still depend on the same parameters of previous layers.

Similarly, we can write the following for the scalar product of activations:

EKfo,xﬁﬂ = E[<¢€<h§>>¢£<h£)>} = ngEy, [W(U)@(Uﬂv (2.29)

Given the distribution of (u,v), the above equations can provide recursive relationships
for the statistics of the forward pass of DNNs. However, even for Gaussian initialization
, deriving the exact distribution of the pre-activations is challenging. Indeed, even
though the distribution of h; is Gaussian when conditioned on the parameters of all the
previous layers, the marginal distribution does not have to be Gaussian. Therefore, most of
the works on signal propagation in DNNs make the following assumption:

Assumption 2.1 (Mean Field Approximation (MFA)). Assume that pre-activations of all
the neurons of any layer ¢ € [1, L] are mutually independent and normally distributed.

Under this assumption, we can recursively calculate the expectations in (2.28)) and (2.29).
Denoting ¢*(a,b) := E[<X£, X£>]/ng, we have:

l—1 l—1 b

Therefore, the pre-activations in layer ¢ behave as a centered Gaussian process with
covariance Y. In fact, several works have rigorously proved that this is indeed the
case in the infinite-width limit of DNNs with Gaussian initialization under weak
assumptions (Lee et al., [2018; [Yang, 2020a). In other words, MFA assumption leads
to correct computations in the infinite-width limit. For some activation functions, the
expectation in the above equation has closed-form expressions. Such expressions for ReLU
and a certain sigmoid function are provided in the Appendix of Section

To derive similar recursive expressions for the backward pass of a fully-connected DNN (Def-
inition [2.9)), previous works relied on one more assumption (Schoenholz et all, [2016):

Assumption 2.2 (Gradient Independence Assumption (GIA)). Assume that matriz (W)
in the backward pass equations and matric W* in the forward pass equations are independent
for all £ € [1,L].

Then the following recursive expression holds for the backpropagated errors 8% := 6%(a),
oy :=8°(b) in layer £ € [1, L —1]:

1

L Rrrist 5007 = o _ ] L L (w) ol (v)]. 2.31
CE[(60)] = p(ab) =p e b B Bwere)l. (231)
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Phases of initialization Given the mean field approximations for the forward and
backward passes, it is possible to derive norms of the DNN’s gradients at initialization,
using the following expressions:

2
[ a2 N e A2 P R O
which directly follow from equations for gradients computation in the backpropagation
algorithm ([2.20]). According to Schoenholz et al. (2016) and [Poole et al. (2016)), the following
quantity

X =02 EIEEOEU[(@(U))Q)], u~ N(0,02¢"  (a,a) + o}) (2.33)

can help to identify three distinct phases in the space of hyperparameters (o, 0):

e Ordered phase: If y < 1, the norms of the DNN’s gradients asymptotically
decrease at an exponential rate as the depth increases. At the same time, correlations

(a,b) = % between different input samples grow as the network gets
q a7a q b

deeper.

e Chaotic phase: If y > 1, the gradients asymptotically grow at an exponential rate
with the depth, while the correlations c‘(a,b) decrease.

e Edge of chaos: If y &~ 1, there is no exponential asymptotics of the gradients’ norm
with respect to the depth, which leads to better numerical stability and allows training
deeper networks. For ReLLU networks, this setting corresponds to He initialization,
introduced in [He et al.| (2015).

Problems of mean field approximation While the contributions of this thesis in
Section [3.2 study the differences of DNNs’ behaviour in the initialization phases defined
above, our theory does not rely on the mean field approximation. Namely, we do not
use Assumption and Assumption 2.2, While these assumptions often lead to correct
computations in the infinite-width limit (see e.g. the discussion in [Yang (2020b)), we find
that they lead to dramatically incorrect results in the infinite-depth-and-width limit. The
reason for this disparity is that the effects introduced by the dependence between forward
and backward chains in layer ¢ are of the order O(1/ny). Therefore, these effects typically
vanish in the infinite-width limit. Similarly, the effects introduced by the dependences
between different neurons of the same layer vanish in the infinite-width limit. However,
when the depth is comparable with width, multiplicative terms of order O(1/n,) in each
layer result in non-trivial changes of the final expressions for the DNN’s gradients.

2.3 Generalization

Generalization is a field of machine learning theory, which studies how well a given model
performs on unseen data, i.e., data not used in the training process. The central quantity
of interest in generalization theory is the expected risk.
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Definition 2.10. (Expected Risk) Let F be a set of functions with domain X and codomain
Y. Let i be a probability distribution on X x Y, and L :Y x Y — R be a loss function,
such that (x,y) — L(f(x),y) is measurable for any f € F. Then the generalization error,
also called the expected risk, of function f € F is defined as follows:

L.(f) = E(w,y)~u[£(f($)a y)]- (2.34)

Recall that we introduced the empirical risk function Lg(f) in Definition [2.5 of ERM. Then,
assuming that the dataset S is sampled i.i.d. from a distribution p, i.e., S ~ v, we have
the following relationship between expected and empirical risks:

L,(f) = Eseun [Ls(£)]. (2.35)

The goal of generalization theory is to derive bounds on the expected risk of a function
fs € F chosen by a learning algorithm given a dataset S. Therefore, generalization theory
results essentially study the concentration of the empirical risk as the dataset size N grows,
with an additional difficulty that the function of interest depends on the dataset.

2.3.1 Classical Generalization Bounds

Classical results of generalization theory assume that, depending on the dataset, the learning
algorithm may choose any function from the set F, so the bounds must hold simultaneously
for all f € F. Therefore, such results usually depend on a certain measure of complexity
of F. The simplest results of this kind concern finite sets of functions, where the natural
measure of complexity is the size of F. For instance, the following theorem provides a
generalization bound for a binary classification problem, where the target outputs can only
take two distinct values:

Theorem 2.2 (Adopted from [Vapnik| (2013)). Let F be a set of functions from X to ),
where |Y| = 2. Let the associated loss function be given by L(y,y) = L,24. Let p be an
arbitrary distribution over X x ), and S ~ u™ be a dataset comprising N € N i.i.d. samples
drawn from p. Assume that F is finite, i.e., |F| < co. Then for any § € (0, 1] the following
holds with probability at least 1 —§:

sup| L, (f) = Ls(f)] <
fer

log | F| + log(1/6)
\/ . . (2.36)

This result relies on Hoeffding’s inequality, applied to the bounded random variables
L(f(z;),y;) for (z;,y;) € S, and a union bound over all the functions f € F. However,
this approach cannot be extended to infinite sets of functions, which are common in
practical machine learning problems. Therefore, much of classical generalization theory
focuses on developing complexity measures for various learning settings. One prominent
example of such measures for binary classification problems is the Vapnik—Chervonenkis
(VC) dimension.
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Definition 2.11 (Growth Function, VC dimension). Let F be a set of functions from X to
Y, where |Y| = 2. The growth function of F is defined as follows:

Gr(m):= max H(f(xl),...,f(xm)) ceym | fe]-"}‘. (2.37)

(T1yeeeyTm ) EX™
Then the VC dimension of F is given by:
VCdim(F) :=sup{m € N | Gg(m) =2" }. (2.38)

The growth function determines the maximal number of distinct classification patterns
that functions in F can achieve on a set of m points. A set (z1,...,x,,) is considered
“shattered” by F if F can realize all 2™ possible classification patterns on this set. The
VC dimension of F is then defined as the maximal size of a dataset that can be shattered
by F. VC dimension is usually closely related to the number of parameters in machine
learning methods. For instance, VCdim(F) = n + 1 for a set of functions realized by a
linear classifier of dimension n, given by F = {z — sign((w,z) +b) | w € R, b € R}.
Similarly, VC dimension of fully-connected DNNs with binary output and piecewise-linear
activation function in the hidden layers is bounded above by O(PLlog P + PL?), where L
is the network’s depth and P is the total number of parameters (Bartlett and Maass, 2003).
The following bound holds for sets of functions with finite VC dimension:

Theorem 2.3 (Adopted from Vapnik| (2013))). Let F be a set of functions from X to ),
where || = 2. Let the associated loss function be given by L(y,y) = Lyz4. Let p be an
arbitrary distribution over X x Y, and S ~ u” be a dataset comprising N € N i.i.d. samples
drawn from p. Assume that F has finite VC dimension, i.e., D := VCdim(F) < oo. Then
for any 6 € (0,1] and any sample size N > D/2 the following holds with probability at least
1-9:

sup |£,.(f) — Ls(f)| <
feF

\/ D(log(2N/D) +1) +log(4/0) (2.39)

N

The guarantees on the proximity between expected and empirical risks in Theorems
and deteriorate as the model’s complexity increases. However, some level of complexity
is usually required in practice to ensure that a function with sufficiently low empirical
risk exists in F. This trade-off between the model’s ability to fit the training data and
the classical generalization guarantees is known as the bias-variance trade-off. In view of
this trade-off, classical statistical learning theory prescribes to select models with limited
complexity, ensuring the optimal balance between empirical risk and generalization. This
approach to model selection is illustrated in Figure

Notice that the bounds in Theorems and are completely distribution-free, i.e., they
are valid for any data distribution. This property is characteristic for classical generalization
theory results, which assume that the data distribution is unknown in practical machine
learning scenarios. The same bounds are also independent of the dataset S and the choice of
function f € F. While these properties ensure very general applicability, they also reveal the
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Risk of f * € argmin?s(f)
feF

f Complexity of I’
Optimal complexity

Figure 2.3: Classical generalization curve with bias-variance trade-off.

fundamental limitation of such results: they only capture the worst-case scenario. Therefore,
even though the VC dimension bound is optimal in the class of distribution-, dataset-, and
function-independent bounds, it does not capture the typical generalization performance
of modern DNNs. This is particularly clear in case of overparametrized DNNs, for which
D > N, and therefore the bound in Theorem becomes completely vacuous.

Within the classical statistical learning theory, a number of approaches were developed
to partially address the problems of VC bounds. For instance, bounds based on the
Rademacher complexity depend on the dataset S, which may provide better results in
certain scenarios. The notion of Rademacher complexity also allows to derive generalization
bounds for regression problems, unlike the VC dimension. However, such bounds still
consider the worst-case scenario with respect to the choice of f € F, and are still vacuous
for modern overparametrized DNNs. Other approaches, such as structural risk minimization
and margin-based bounds, additionally introduce the dependence on f € F into the classical
statistical learning theory bounds. However, all these approaches still lead to vacuous
bounds in the overparametrized setting. We refer to [Valle-Pérez and Louis (2020) for a
comprehensive survey of different distribution-free generalization bounds and their drawback
when applied to DNNs.

2.3.2 Modern Perspective on Generalization

One of the biggest challenges of modern machine learning theory is to explain the mechanisms
behind the generalization of overparametrized DNNs. As we have seen in the previous
section, classical generalization bounds are typically vacuous for overparametrized models.
Nevertheless, modern heavily-overparametrized DNNs are known to generalize well in a
variety of practical settings. This disparity implies that the classical bias-variance trade-off
curve depicted in Figure does not adequately describe generalization of overparametrized
models. To account for this, the double descent generalization curve (illustrated in Figure
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[ Risk of f * € argmin:‘?s(f)
feF

underparametrized overparametrized

Expected risk Z,(f*)

‘n,\EmpiricaI risk Z (f*)

/

Interpolation threshold @S(f*) =0

Complexity of F'
Figure 2.4: Double descent generalization curve.

was proposed in [Belkin et al. (2019) as a novel view of generalization in overparametrized
machine learning models.

The double descent curve aligns with the classical bias-variance trade-off curve for under-
parametrized models, which are not rich enough to interpolate the dataset and achieve
zero empirical risk. However, increasing the model’s capacity beyond the interpolation
threshold results in improved generalization, contrary to the traditional perspective of
classical statistical learning theory. The double descent curve has been observed empirically
for a wide range of models, including DNNs (Nakkiran et al., 2021; Belkin et al., |2019)).
Theoretical works have also proved the emergence of double descent in a variety of machine
learning models, such as linear models (Hastie et al., 2022), random features models (Belkin
et al., 2020; [Mei and Montanari, [2022), and kernel models (Liu et al., 2021). However,
there is currently no theoretical framework that allows to rigorously prove the emergence of
double descent in DNNs.

Example: least squares regression Let us now examine how theoretical results on
double descent manage to avoid the problems of the classical generalization bounds from the
previous section, using a simple linear regression problem as an example. Following Hastie
et al. (2022), assume that the data samples (x;,7;) € RY x R are i.i.d., and distributed
according to the following data model:

(Xi7€i) ~ g X He, Yi = <W*7Xz> + € 1€ [laN]a (240)

where 11, is a distribution on R”, such that E[x;] = 0, Cov(x;) = %, and p is a distribution
on R, such that Ele;] = 0, Var(e;) = 02. Let X € RV*F denote the features matrix, which
contains samples x; as rows, and y € RY denote the vector of target outputs. Then the
empirical risk minimization problem associated with the least squares (MSE loss) regression
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is given by:
W € arg min || Xw — y||3, (2.41)
weRP
where w is the output of the ERM algorithm. Now we can notice that the minimizer of this
problem is not unique for overparametrized models, which satisfy P > N. In fact, there is a
linear subspace of minimizers with dimension P — N. Clearly, not all the minimizers of the
empirical risk in this subspace generalize equally well for the given data model. However,
double descent results additionally take into account that the training is carried out by GD
algorithm. Then it is possible to use the following well-known result regarding the implicit
bias of GD for the least squares regression:

Theorem 2.4. Consider running GD algorithm for the minimization problem :2.41; with
initialization w'® = 0 and learning rate 0 < 1 < 1/ Apax (X7 X), where Apax(X ' X) is the
largest eigenvalue of X"X. Then the iterates are given by

w® = w;D) X T(XwtY —y) keN. (2.42)
And the algorithm converges to the solution with minimal {5 norm:
w = lim w* = argmin{||v*|3 | v* € argmin |Xv — y|2}. (2.43)
k—o0 veRP

Moreover, the solution has the follouning closed-form expression:
w=(X"X)"XTy, (2.44)

where (X"X)" is the Moore-Penrose inverse of X X.

A

Therefore, it is enough to consider the expected risk of a single function f(x) := (W, x), to
which GD converges for a given dataset:

ﬁ#(f) = E(X,G)Numxue [((W, X> - y) 2] . (245)

This is in stark contrast with the results of Theorems [2.2] and which bound the risk
simultaneously for all the functions that can be realized by a given model, independently of
the dataset and the training algorithm. The following theorem gives an explicit expression

for the expected risk £,(f) of the linear regression model with additional assumptions on
the input distribution:

Theorem 2.5 (Adopted from Hastie et al. (2022))). Assume the data is distributed according
to with X = 1. Assume additionally that the distribution u, has finite moment of
order 4 + k for some k > 0, and that |w*|| = r* for all N, P € N. Then the following holds
for the expected risk of the linear regression model trained using GD with MSE loss:

R 021 7 fory <1,
Ll 5ot Yool (2:46)
PIN syeR 7’(1—;)4—0 T fory>1,

where v := P/N s the ratio between the number of parameters and the number of samples
wn the dataset.
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The expressions for the expected risk in Theorem follow the double descent pattern: the
risk increases with the number of parameters in the underparametrized case, and decreases in
the overparametrized case. Intuitively, the variance decreases in the overparametrized case
because the space of the interpolating functions becomes larger with the parameters count.
Therefore, the minimal /5>-norm in this space can only decrease with more parameters. In
other words, stronger overparametrization also implies stronger implicit regularization.

While we only considered the least squares regression here, double descent results for
random features models or kernel models rely on the same principles. Namely, they
compute the empirical risk only for a single data-dependent choice of the empirical risk
minimizer, and exhibit double descent due to the growing regularity of this minimizer in
the overparametrized setting.

Generalization and implicit bias Compared to the classical generalization theory
bounds, current findings on double descent have sacrificed a lot of generality. Indeed,
unlike the classical bounds, these results depend on the training procedure and the data
distribution. Is this loss of generality necessary to derive non-vacuous generalization results
for overparametrized models?

While there might be room to relax assumptions about the data distribution in existing
results, the dependence on the training algorithm is a fundamental aspect of generalization
theory for overparametrized models. Indeed, overparametrization implies that multiple
functions in F achieve zero empirical risk, but usually not all of these functions generalize
equally well. In the example of the overparametrized least squares regression that we
considered above, the empirical risk minimizers can take the form w = w* + aAw, where
a € Rand Aw € {v € RP | Xv = 0,||v| = 1}. Therefore, it is easy to see that the
expected risk for such a minimizer is given by

Eu(f) = E(X,E)NMIXME[(Q<AW7X> - 6)2] = a2||AW||2E + ‘727 (2‘47)

where f(x) = (W,x) and ||[Aw|% = Aw 'S Aw. Then, provided that we can choose Aw
such that ||[Aw||x > 0, there exist empirical risk minimizers with arbitrarily large expected
risk. Therefore, relying on the knowledge about the exact minimizer chosen by GD is
essential to derive any meaningful generalization guarantee.

The convergence of gradient-based algorithms to minimizers with certain properties is at
the focus of the implicit bias literature, which we discussed in the introduction. Clearly,
generalization performance of modern overparametrized models is deeply connected to the
implicit bias of common optimization algorithms. This, in turn, highlights the importance
of studying the training dynamics of machine learning models, as it allows to derive implicit
bias results.

Towards generalization guarantees for DNNs FEmpirical evidence suggests that
the double descent phenomenon can serve as a suitable framework for understanding
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the generalization of modern DNNs (Nakkiran et al.| 2021). However, a big obstacle for
deriving theoretical generalization results for DNNs is the current lack of satisfactory results
regarding the implicit bias of DNNs. Indeed, as we discussed in Section existing results
regarding training dynamics and implicit bias of DNNs rely on various simplifications, which
do not accurately reflect the reality of modern deep learning. In the next section, we focus
on one such simplification, called the kernel regime of DNNs, which is the central theme of
this thesis. While the kernel regime of DNNs has been a breakthrough in deep learning
theory, the contributions of this thesis and numerous relevant works have highlighted its
limitations in capturing empirical properties of DNNs. Therefore, the perspective we adopt
in this thesis is that new approaches, grounded in strong empirical evidence, are necessary
to demystify the generalization of DNNs.

2.4 Neural Tangent Kernel

Let us consider the gradient flow dynamics of a NN fg R™ — R with trainable parameters

0 € RY, which is trained on a dataset S = { Xi, Yi } . Here we consider the case of NNs

with scalar output ny = 1 for simplicity. The training dynamlcs of the NN’s parameters is

given by

0£ (fo(x:), yi)
Ofo(x;)

Then, by chain rule, the corresponding dynamlcs of the DNN’s output function for any
input x € R" is given by:

6=-—VLs() = —— Z V fo(x (2.48)

OL(fo(xi), y:)
Sh) (2.49)

Therefore, the dynamics in the function space is controlled by an inner product kernel
O(x,x) := (V fa(x), V fo(X)), which is known as the Neural Tangent Kernel (NTK).

Definition 2.12 (Neural Tangent Kernel). Consider a NN fp : R™ — R™ with trainable
parameters 0 € RY. Then the NTK of this network © : R™ x R™ — R"X"L s given by

Oks(x,%) = (Vfor(x),Vfos(X)), xxcR™ k€ n, (2.50)

where fg ) : R™ — R is the k-th output neuron of the NN, and V fq, : R™ — R” denotes
the gradient of fr with respect to all the parameters of the NN.

Although here we specifically consider NNs, notice that equations (2.48)), (2.49) hold for other
machine learning models as well. In particular, for linear models we have O(x, %) = (x,X),
and for random features models ©(x, X) := (®(x), P(x)) with an appropriate feature map .
Finally, the role of the NTK in NNs’ dynamics is analogous to the role of a kernel in kernel
gradient flow. Therefore, the NTK generalizes the concepts of features matrices and kernels
to NNs. However, unlike traditional kernels, the NTK depends on the NN’s parameters, and
therefore it changes during training and inherits randomness from the initialization.

fo(x) = (V fo(x :——Z<er VY fo(x))
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2.4.1 Infinite-Width Limit

Since the NTK is random and changes during training, theoretical analysis of dynamics
is extremely challenging in the general case. However, a famous work by [Jacot et al. (2018)
showed that the NTK becomes deterministic and constant in the infinite-width-limit of
NNs under certain conditions. This setting is called the kernel regime or the NTK regime
of NNs. The dynamics of NNs in the NTK regime are equivalent to kernel gradient flow,
enabling the derivation of theoretical results regarding implicit bias and generalization of
NNs. In this section, we introduce the kernel regime of DNNs and its applications.

The infinite-width limit of the NTK is traditionally considered in the so-called NTK
parametrization, where the NN’s trainable parameters are variables {(w‘Z , EZ)}LP which
are in the following relationship to the weights and biases of the NN:

W= 28wl bl =gp (2.51)

1,3 1,50
Ty—1

The Gaussian initialization, equivalent to (2.26)), is expressed as follows in the NTK
parametrization:
wi, ~N(0,1) iid., B ~N(0,1) iid. (2.52)
Clearly, the reparametrization does not change the distribution of any variables of the NN’s
forward pass. However, it rescales the NN’s Jacobians as follows:
Ve fo(x) = Vwefo(x),  Vgefo(x) = 0, Ve fo(x). (2.53)

Ow

AVALTES

Therefore, since the NTK is defined as the inner product of the NN’s Jacobians with respect
to the trainable parameters, this reparametrization introduces a width-dependent rescaling
of the NTK summands. Note that during the training process, the NTK parametriza-
tion can also be interpreted as a suitable rescaling of the learning rates for individual
parameters.

The NTK parametrization is convenient in the infinite-width limit, as the width-dependent
rescaling ensures that the NTK does not diverge in this limit. Then it is possible to derive
the following result regarding the concentration of the NTK at initialization:

Theorem 2.6 (Infinite-width NTK is deterministic). Consider a fully-connected NN with
fized depth L € N and linear activation in the output layer, i.e., ¢r(x) = x. Assume
that the activation function in all the hidden layers is a Lipschitz continuous function ¢.
Assume further that the NN is parametrized according to and initialized as in .
Then, in the infinite-width limit nq,...,n,_1 — oo, the following holds for the NTK at
initialization ©©) computed on any inputs x,% € R

00 (x,x) & 0%(x, %)L, . (2.54)
Moreover, ©%° can be computed recursively using the following expression:

0% (x, %) = ZL: (EH(X, %) f[ o (x, 5()), (2.55)

/=1 0=t
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where X¢(x,X) is the Gaussian process covariance defined in (2.30), and®
S(x, %) = E ¢/ (w)¢' (v)]. (2.56)

(u,0)~N(0,2¢(x,%))

This result was originally proved in the seminal work of |Jacot et al. (2018]) for the sequential
setting, where limits with respect to the width of each layer are taken one by one. While
the sequential limit is not a good model for DNNs that typically have comparable widths
in different layers, this result was generalized to simultaneous limit in multiple following
works (Yang), 2020a; Arora et al., 2019b). Some works have also derived convergence rates
for this result (Arora et al., 2019b; [Huang and Yau, 2020).

The second important result states that the NTK does not change during training in the
infinite-width limit:

Theorem 2.7 (Infinite-width NTK is constant). Consider a NN as described in Theorem|[2.6.
Additionally, assume that the activation function ¢ is differentiable, and its derivative ¢’ is
Lipschitz continuous. The NN is trained using GD on a dataset S = {(Xi, yi)}i]il, contained

in a compact set, and such that x; # x; for all i # j. Assume the infinite-width NTK
matriz ©>(X, X) = {@Oo(Xi,Xj)}N.Zl € RY*N s full-rank, and the learning rate is set to

(2%
N < Nmax ‘= 2/(Amax + Amin)s Where Amax min denote the largest and the smallest eigenvalues
of ©°(X,X). Then for any GD step t € N, the following holds in the infinite-width limit
Nny,...,Np_1 — 00!

OLL(X,X) B ©(X, X)dys  kys € [n]. (2.57)

The first result regarding the limit of the NTK during training was proved in [Jacot et al.
(2018) for the sequential limit and gradient flow training, while following works generalized
it to the simultaneous limit. The formulation that that we adopted here is an asymptotic
version of the results in [Lee et al. (2019), which showed that the above limit converges at
a rate O(1/4/n) uniformly over t. An analogous result was also proven for ReLU DNNs,
which are not covered by Theorem [2.7, in [Arora et al. (2019b). Finally, a stronger result
regarding the convergence rate of the above limit was derived using the Neural Tangent
Hierarchy (NTH) in Huang and Yau (2020).

The results of Theorems [2.6 and Theorem [2.7 together define the NTK regime of NN,
where the NTK is constant and deterministic during the whole training process.

2.4.2 Training Dynamics in the NTK Regime
The gradient flow dynamics of NNs ([2.49)) takes the following form in the NTK regime:

a‘c(f9<xi>7yi)
Ofo(xi)

2Lipschitz ¢ ensures that the derivative ¢’ exists almost everywhere, so the expectation is well-defined.

fo(x) = —%Z@“’(x, x;) (2.58)
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In the special case of MSE loss, this can be expressed as the following matrix ODE:
: 1
fo(X) = —O%(X, X)(f3(X) - Y), (259

where X € RV*™ is a matrix comprising all the inputs x;, i € [1, N] from the training
dataset as rows, and Y € RY is a vector of target outputs y;,i € [1, N]. Therefore, the
dynamics in the NTK regime is governed by linear equations, and can be seen as the
linearization of the NN’s dynamics around its initialization.

The dynamics (2.59)) has an analytical solution, expressed as follows:
17(X) =Y + (£, (X) = Y) exp(~10=(X, X)), (2.60)

where exp(—t@"o(X, X)) is the matrix exponential. Therefore, it is possible to study
convergence of gradient flow in the NTK regime. Indeed, we see that the NN’s error on
the training set converges to zero exponentially in the above equation, given that the NTK
matrix is positive-definite.

For an arbitrary input x € R™, we can also give an explicit expression for the training
dynamics, given that the infinite-width NTK matrix is invertible:

(%) = f2(x) — 0%(x, X)0=(X, X) (I — e " XX) (£9(X) - Y). (2.61)

Therefore, it is possible to study generalization error of NNs in the kernel regime at any
training time ¢ using the above expression.

2.4.3 Generalization Bounds Based on the NTK

Several works derived generalization bounds for NNs in the NTK regime. The characteristic
property of such bounds is their independence of width. L.e., the number of parameters of
the NN can grow without worsening the generalization guarantee. The following bound
was derived in |Arora et al. (2019a)) for sufficiently-wide NNs with one hidden layer trained
for sufficiently many GD steps:

L,(fo) < \/2YT(@OO(]§’X>)_1Y + O(\/ bng) (2.62)

where the bound holds with probability at least 1 — . A similar bound, generalized for
NNs of arbitrary depth L initialized at the EOC, has been formulated in |Cao and Gu
(2019). This bound exhibits a linear growth with depth, indicating that the generalization
guarantees deteriorate for deeper networks in the NTK regime. However, this observation
appears inconsistent with empirical evidence. Our contributions in Section [3.1 partially
concern generalization in the NTK regime and its dependence on depth. In particular, we
discuss how the infinite-width NTK changes with depth, and how its properties lead to
poor generalization guarantees.

3As we see e.g. in Section the infinite-width NTK is indeed invertible if all the points in the training
dataset are distinct.
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t =100 t =500 ¢ =3000

Figure 2.5: NTK alignment during training of a fully-connected ReLU DNNs with L = 20
and widths n, = 300 for all 0 < ¢ < L on MNIST. The NTK matrix develops an approximate
block structure during training. The heatmaps show the NTK matrix on MNIST subsample
of size 100 at epoch ¢ € {0,100,500,3000}. The subsample is arranged so that diagonal
blocks of size 10 contain pairwise NTK values on each class. Figure from [Seleznova and
|Kutyniok‘ (]2022b[).

2.4.4 NTK Alignment

The NTK at initialization is label-agnostic, meaning that its value for a pair (z,Z) remains
independent of whether the labels of  and Z are identical or not. Therefore, DNNs in the
NTK regime do not learn and utilize any label-dependent features. Label-agnostic features,
however, may not offer an optimal representation system for an arbitrary task. Indeed,
since DNNs can perform equally well on various tasks using the same dataset, such as
recognizing different objects in the same set of images, label-agnostic kernel is unlikely to
explain the performance of trained DNNs.

Several studies have explored the advantages of incorporating label information into kernels
(Cristianini et al., 2001; |Gonen and Alpaydin, [2011). These studies consider the alignment
between a given kernel matrix K := k(X,X) € RV*Y and the “ideal kernel”, which is
proportional to the corresponding labels matrix YY ':

(K.YYT),

AK, YY) = :
e VK (YT YY),

(2.63)

where <K1, K2>F = Zgjzl ki(z;, x;)ka(x;, ;). Then higher kernel alignment values are
associated with better generalization performance of the corresponding kernel methods.
Hence, kernel alignment can be interpreted as a metric indicating the compatibility between
a kernel and a specific task. In the context of DNNs, Chen et al.| (2020) argued that
label-agnosticism of the NTK could account for the performance gap observed between
trained DNNs and the NTK regime. They demonstrated that adding a label-dependent
term to the infinite-width NTK enhances the performance of the kernel. Therefore, it is
crucial to characterize the label-awareness of the empirical NTK to gain insights into the

properties of trained DNNs.
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Multiple recent papers have observed that the empirical NTK of finite-width DNNs aligns
with the labels matrix YY" during training (Baratin et al., 2021; Shan and Bordelon,
2022; Atanasov et al., |2021; Seleznova and Kutyniok, 2022b). This process characterizes
feature learning in DNNs and is called NTK alignment in the literature. In agreement
with the intuition from kernel methods, higher NTK alignment values are correlated with
better performance of DNNs (Atanasov et al., 2021} Seleznova et al., 2023). Figure
gives an example of the NTK alignment arising during training a fully-connected DNN
on MNIST. In classification problems, the labels matrix YY" has a block structure, with
diagonal blocks filled with ones and non-diagonal blocks filled with zeros. Therefore, the
NTK alignment in these problems manifests as an emergence of a block structure in the
NTK matrix. This observation forms the basis for the NTK block structure assumption,
which we introduce in Section [3.3. Additionally, we present numerous visual examples
of the NTK block structure in trained DNNs and conduct experiments to showcase the
dynamics of NTK alignment during training in Section

2.5 Notation

The set of natural numbers is denoted by N. The set of real numbers is denoted by R. The set
of non-negative real numbers is denoted by R. [Ny, N3] is a set of integers { Ny, ..., Na}.
Operation o denotes composition of functions. Operations ® denotes composition of
functions, where the outer function in the composition is applied component-wise. Set
product is denoted by X (or x for two sets). Set isomorphism is denoted by ~. Convergence

in probability is denoted by 2. In the context of NNs, we generally denote by fs(x) the
output function of a DNN with parameters 6§ computed on the input x. We denote V fy(x)
the gradient of the DNN’s output function computed on input x with respect to the subset
of parameters v, where the parameters are set to their current values, given by 6. In
the context of gradient flow, f denotes the derivative of a function f with respect to the
time variable t. For a kernel function k : R” x R® — R, we denote by k(X,X) € RV*N
the matrix of the kernel values computed for all the pairs of rows in matrices X € RV*",
X € RV e, k(X,X)[i,j] = k(X[i],X][j]). For any probability distribution s, we
assume a suitable underlying probability space. E,., denotes the expectation with respect
to random variable x distributed according to u. When the random variables and the
distribution are not specified, the expectation is taken with respect to all the relevant
random variables. Cov(x,y) denotes the covariance of random variables z and y.
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Abstract

Neural Tangent Kernel (NTK) theory is widely used to study the dynamics of infinitely-wide deep
neural networks (DNNs) under gradient descent. But do the results for infinitely-wide networks
give us hints about the behavior of real finite-width ones? In this paper, we study empirically when
NTK theory is valid in practice for fully-connected ReLU and sigmoid DNNs. We find out that
whether a network is in the NTK regime depends on the hyperparameters of random initialization
and the network’s depth. In particular, NTK theory does not explain the behavior of sufficiently
deep networks initialized so that their gradients explode as they propagate through the network’s
layers: the kernel is random at initialization and changes significantly during training in this case,
contrary to NTK theory. On the other hand, in the case of vanishing gradients, DNNs are in the
the NTK regime but become untrainable rapidly with depth. We also describe a framework to
study generalization properties of DNNSs, in particular the variance of network’s output function,
by means of NTK theory and discuss its limits.

Keywords: Deep Neural Networks (DNN), Neural Tangent Kernel (the NTK)

1. Introduction

Deep neural networks (DNNs) have gained a lot of popularity in the last decades due to their success
in a variety of domains, such as image classification (Krizhevsky et al., 2012), speech recognition
(Hannun et al., 2014), playing games (Mnih et al., 2013), etc. Consequently, there has been a
tremendous interest in the theoretical properties of DNNs: expressivity (Montufar et al., 2014),
optimization (Goodfellow et al., 2014) and generalization (Hardt et al., 2016). However, many
aspects of DNNS, in particular their surprising generalization properties, still remain unclear to the
community (Zhang et al., 2016).

To study theoretical properties of DNNs, numerous recent papers have considered them in the
infinite-width limit. In particular, there is a line of research which shows that untrained fully-
connected networks of depth L and widths M, ..., M with weights and biases initialized ran-
domly as

Wéj NN(Ovag)/Ml)abé NN(O,UE) )]

behave as Gaussian processes (GP) in the infinite-width limit (for any [ € [1, L], M; — oo) (Lee
et al., 2017; Matthews et al., 2018; Novak et al., 2018). These GPs are then fully described by a so-
called Neural Network Gaussian Process (NNGP) kernel, and a number of publications have studied
properties of this kernel depending on the network’s depth and initialization hyperparameters (Poole
etal., 2016; Schoenholz et al., 2016). These works developed a mean field theory formalism for NNs

and identified that there exist two situations — depending on hyperparameters (o2, 05) — in which

© 2021 M. Seleznova & G. Kutyniok.
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signal propagation through the network differs substantially: ordered and chaotic phases, which
correspond to vanishing and exploding gradients. However, these results only concern untrained
randomly initialized networks.

There have also been recent successes in the theory of trained infinitely wide DNNs. In par-
ticular, it has been shown that the evolution of NN’s output during gradient flow training can be
captured by a so-called Neural Tangent Kernel (NTK) Ot (Jacot et al., 2018; Arora et al., 2019;
Yang, 2020):

dft(x)_ 1 " t
T R

2
Ol (i, 2j) = Ve ' (2:) Vufl(z)), w={W, b} 1,

where f!(z) is the network’s output on z at time ¢ and D = {(zs,ys)}s=1, .5 is the training set. In
general, the NTK changes during training time ¢ and the dynamics in (2) is complex. However, as
layers’ widths tend to infinity with fixed depth, it can be shown that the NTK stays constant during
training and equal to its initial value:

Moreover, the NTK at initialization converges to a deterministic kernel ©* in the same limit:

0/ .. Ko o
©" (xi, z)) m O* (x4, ;). )

These two results allow to dramatically simplify the analysis of DNNs behavior, as the dynamics in
(2) becomes identical to kernel regression and the ODE has a closed-formed solution.

However, some recent papers argue that the success of DNNs cannot be explained by their be-
havior in the infinite-width limit (Chizat et al., 2019; Hanin and Nica, 2019). One justification for
this view is that no feature learning occurs when (3) and (4) hold, as the NTK stays constant during
training and depends only on the parameters at initialization. Moreover, the NTK becomes com-
pletely data-independent in the infinite-depth limit, which suggests poor generalization performance
(Xiao et al., 2019). That is why, to study properties of real DNNSs, it is important to understand when
and if NTK theory can be applied to finite-width NNs.

1.1. Contribution

Our aim in this work is to understand when the inferences of NTK theory (3) and (4) hold
for real NNs depending on hyperparameters (o2 057 L, M) and what this implies for the existing

w?

theoretical results about DNNs based on NTK theory. The contributions of our work are as follows:

¢ NTK variance at initialization. We study empirically when the NTK is approximately de-
terministic at initialization for finite-width fully-connected ReLU and tanh networks with
different hyperparameters (o2, af, L, M). Our results suggest that, depending on the ini-
tialization hyperparameters (02, U?), there is a phase in the hyperparameter space where the
NTK is close to deterministic for any depth L, so (4) holds. However, there is also a phase
where the NTK variance grows with L/M, so (4) does not hold for deep networks. Follow-
ing the terminology from Poole et al. (2016), we will call these phases ordered and chaotic,
respectively.



3.1 Can We Trust the NTK Theory?

43

CAN WE TRUST NEURAL TANGENT KERNEL THEORY?

* NTK change during training. We also empirically study changes in the NTK matrix during
gradient descent training for ReLU and t anh networks. Our results show that, in the ordered
phase, the relative change in the NTK matrix norm caused by training is small and does not
increase with L, so (3) holds. However, in the chaotic phase the NTK matrix change during
training is large and grows with depth L. This implies that (3) does not hold, i.e. DNNs
initialized in the chaotic phase do not behave as NTK theory suggests.

¢ NTK theory approach for generalization. Some recent publications analyze properties of
the NTK and draw conclusions about DNNs’ generalization thereof (Xiao et al., 2019; Geiger
et al., 2020). Other authors argue that the behavior of networks in the NTK regime is trivial
and does not yield good generalization properties, that are however observed for DNNs in
practice (Chizat et al., 2019). We show how to compute data-independent variance of the
network’s output when it evolves according to NTK theory. However, given our empirical
results for when NTK theory is applicable, we discover that these findings do not explain the
behavior of finite-width networks in most of the hyperparameters space (o2, Uf, L,M).

1.2. Related work

This work adds to the line of research that studies the correspondence between finite- and
infinite-width DNNSs. In particular, the difference between theoretical (infinite-width) and empirical
(finite-width) NTK. In this section, we survey the prior results in this direction and position our
contribution within them.

A number of papers have studied the convergence of the empirical NTK at initialization to the
theoretical NTK. The first fundamental result of NTK theory is that the NTK converges to a deter-
ministic limit as M goes to infinity (Jacot et al., 2018). The following work proved a non-asymptotic
bound on minimal M required to guarantee this convergence in case of ReLU networks (Arora et al.,
2019). This bound on M depends on the depth as O(LSlog(L)), therefore L/M is always small for
deep networks when the bound holds. Then, a recent theoretical work improved this result in a spe-
cial case of ReLLU networks with initialization (o,, = 2, 0, = 0) by showing the precise exponential
dependence of the NTK variance at initialization on L/M (Hanin and Nica, 2019). That is, (4) does
not hold for such networks when L/M is bounded away from zero. However, the proofs given in
the paper are not immediately generalizable for different activation functions and different initial-
ization parameters. Thus, there is still no solid understanding of the NTK randomness depending on
the choice of a network. Therefore, in Section 3, we empirically study the randomness of the NTK
at initialization for ReLU and tanh networks with a variety of hyperparameters (M, L, oy, 0p)
and observe the precise dependence on 1) the position of initialization (o, 0p) in either ordered or
chaotic phase, 2) depth-to-width ratio L/M in the chaotic phase.

Changes of the NTK matrix during gradient descent training have also been analyzed in the
literature mostly as a function of M. In particular, it has been proven (Huang and Yau, 2020) and
shown experimentally (Lee et al., 2019) that the change of the NTK matrix during gradient descent
training is bounded by O(1/M) when the depth L is fixed. For ReLU networks with initialization
(0w = 2,0, = 0) it has also been proven that the change of the NTK in a gradient descent step
depends exponentially on L/M (Hanin and Nica, 2019). We add to these results in Section 4 by
investigating the NTK changes during training for two activation functions and hyperparameters
(0w, b, L).
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A different line of research has also studied the theoretical (infinite-width) NTK as a function
of depth and initialization parameters (Xiao et al., 2019; Hayou et al., 2019). These contributions
found that the spectrum of infinite-width NTK behaves differently in ordered and chaotic phases.
The authors also showed that the infinite-depth limit of the theoretical NTK (when first the limit
M — oo is taken with fixed L and then L — o0) yields trivial performance and cannot explain
properties of finite DNNs. These papers showed that both in ordered and chaotic phases the NTK
approaches its trivial limit exponentially in L, and only in the border between phases (EOC) this
convergence is sub-exponential. However, the setting of these contributions requires L /M values to
be small, therefore they do not explain how the randomness of NTK and its changes during training
impact the results. Our work shows that in the chaotic phase and at the EOC the NTK does not
behave as its theoretical limit when L/M is bounded away from zero, therefore we cannot draw
conclusions about such DNNs based on the theoretical NTK.

In generalization research, the recent trend is double descent — the phenomenon that highly
overparametrized models, including DNNSs, tend to generalize surprisingly well (Belkin et al., 2018;
Nakkiran et al., 2019; Belkin et al., 2019; Hastie et al., 2019). The recent developments in the the-
ory of double descent showed that overparametrized linear models reach low generalization error
because, counterintuitively, their variance decreases when the number of parameters increases be-
yond the number of samples (Hastie et al., 2019). However, there is still no double descent theory
for DNNs, which are significantly more theoretically complex than linear models. In Section 5, we
studied the variance of DNNs’ output with the simplifications of NTK theory, which can be seen as
the first step into this direction.

2. Mean field approach for wide neural networks

A number of recent papers used the mean field formalism to study forward- and backpropagation
of signal through randomly initialized DNNs (Poole et al., 2016; Schoenholz et al., 2016; Karakida
et al., 2018; Yang and Schoenholz, 2017). We first describe this approach and show how ordered
and chaotic phases, which correspond to vanishing and exploding gradients, arise from it.

Suppose there is a fully-connected feed-forward neural network initialized randomly as in (1)
with hidden layers’ widths M, ... My. Forward propagation through the network is given by

x!(z) = ¢p(hl(zy)), hl(zs) = Wix!L(z)+b!, 1=1,...L,

x(zs) =25, s=1,...8,

where ¢ is the activation function, x! are activations, h' are pre-activations in each layer /, and
D = (X,Y) = {(zs,ys) }s=1,..5 is a dataset.

Consider variances ¢! (z;) := E[(hl(x))?] of the pre-activations in each layer for a given input

vector zs. The mean field theory approach assumes that hﬁ(ws), 1 =1,...M are i.i.d Gaussian,

so by central limit theorem in the limit of M — oo, the variance can be seen as a sum over dif-

ferent neurons in the same layer ¢'(z,) = ﬁl Zf‘i’l(hi(mg))2 Then it can be computed through a

recursive relation:
q'(zs) =03 / Dz - ¢(1/ ¢!~ (w5)2)* + o7, ®)

where the average over numerous neurons in layer [ — 1 is replaced by an integral over a Gaussian

distribution Dz = %6_’22/ 2. Then the variance of activations ¢ () = E[(x}(z;))?] is given by
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i) = [ D=6y 2 ®)

In the same fashion, Poole et al. (2016) derive a recursive map for the correlation between pre-
activations of two different inputs and the correlation between activations of two different inputs,
denoted correspondigly ¢'(zs, ) == E[hl(zs)hi(z,)] and ¢! (s, 7,)] = E[x}(xs)xt(z,)]:
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The gradients of the network are given by the backpropagation chain:
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where we omitted the dependence on input x4 for simplicity. With an additional assumption that
weights in forward- and backpropagation are drawn independently, i.e. q&(hé—) and 65 are indepen-
dent, Schoenholz et al. (2016) derived a recursive relation for the variance of the backpropagated

errors pl(z5) = E[Y,(64(w5))?):
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And for the corresponding correlation between backpropagated errors of two different input vectors
plsr(IS: Tr) = [E[Z,(5f($s)5f (zr))]:
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Note that for certain activation functions, e.g. ReLU and er £, the integrals in (5), (6), (7), (8) and
(9) can be taken analytically. One can refer to Appendix E for these analytical expressions.
We can now introduce, following the notation from Poole et al. (2016) and Schoenholz et al.
(2016), a quantity that controls the backpropagation of variance P (zs):

¥ = o [ el (Vi
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where we assumed that the network’s width is constant, i.e. M;1/M; 2 = 1. Then x; also controls
the propagation of the gradients at initialization:

(9f0(x5)

E((°T 7)) = ElEEI@( 1)) o pl(z).

In particular, when the initialization parameters are such that x} < 1 in all the layers, the gradients
vanish, and when Xl1 > 1 the gradients explode. These two situations are referred to as ordered and
chaotic phases correspondingly, and the border between these phases defined by x} = 1 is called
edge of chaos (EOC) initialization. Several authors suggest that networks should be initialized near
EOC to allow deeper signal propagation (Hayou et al., 2018; Schoenholz et al., 2016).

In the next two sections of the paper, we test empirically how different parameters of random
initialization (o2, o?), as well as network’s architecture (M, L), impact the behavior of the empiri-
cal NTK ©!. Our observation is that for finite-width networks chaotic and ordered phases give rise
to very different behavior of the empirical NTK as compared to the theoretical NTK, which has not
been considered in the community before to the best of our knowledge.

3. NTK variance at initialization

First we aim to verify empirically when the theoretical result (4) that the NTK is deterministic
at initialization in the infinite-width limit holds for finite-width NNs. Following Hanin and Nica
(2019), we computed the ratio E[0°(x, 2)?]/E?[0°(x,z)] € [1,00) to study the distribution of the
NTK. When the NTK at initialization is close to deterministic, its distribution is similar to a delta
function around its mean and the value of the ratio is close to one. On the other hand, when this
ratio is bounded away from one, the NTK’s variance is comparable to its mean value and therefore
cannot be disregarded.

One can see the results of our experiments for fully-connected ReLU and t anh networks with
constant width M in Figure 1. We observe that when afu is small enough (ordered phase), the
NTK variance is small and does not increase with depth L, implying that (4) holds for any depth
and NTK theory can be used to study NNs initialized in this way. However, for large o2, (chaotic
phase) the variance grows significantly with L, hence for very deep networks in this phase (4)
does not hold. At the EOC, the variance of the NTK is a fraction of its mean even for very deep
networks, so NTK theory can approximate the average behavior of networks initialized near EOC,
but the random effects may still be significant. One can also see that as M grows, the vertical red
region gets narrower, i.e. the transition becomes sharper. This is consistent with the fact that the
theoretical border between vanishing and exploding gradients is sharp and computed in mean field
theory (Section 2) by taking the limit M — oo. These results are similar for ReLU and tanh
networks, taking into account that the theoretical boundary between phases — given by x! = 1 and
indicated by the dashed line in the figures — is located at larger o2, values for sigmoid networks.
One also observes that the NTK variance is small for sufficiently shallow NNs with any 2, value.
Such shallow networks were mostly considered in recent empirical studies on behavior of wide NNs
under gradient descent (Lee et al., 2019). It is thus important to note, that such empirical results
may be invalid for much deeper networks, depending on the initialization parameters.

Moreover, when depth L is fixed and width M increases, the the NTK variance decreases in
the chaotic phase, which supports the hypothesis that the variance depends on the ratio L/M.
To examine this dependence on L/M in more detail, we present Figure 2. It shows the ratio
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E[O°%(z,x)?]
E2[0°(x, )]
M = 50,100,200, 500, in all the experiments ag = 1. The expected values for each set
of parameters are calculated by sampling 200 random initializations of the network. The
NTK is computed using TensorFlow automatic differentiation. The dashed line shows
the theoretical border between ordered and chaotic phases (x} = 1) for the given hy-
perparameters. In the black zone, the ratio is close to one, i.e. the NTK at initialization
©0 has low variance and can be considered a deterministic variable. In the red zone, the
NTK standard deviation is comparable with its mean. In the blue zone, the NTK standard
deviation is greater than its mean, so the NTK is not deterministic and cannot be replaced
by its mean.

Figure 1: Ratio for fully-connected a) tanh, b) ReLU networks of constant widths
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depth L, b) ratio L/M. The expectations are computed by sampling 200 random initial-
izations of the network.

Figure 2: Dependence of ratio on L/M with different initialization parameters and

E[6°(x, )] /E2[@°(z, x)] for a wider range of M values for four different initialization param-
eters sets: (02,02) € [(1,1),(1.5,1),(2,0), (3,1)]. Each curve is plotted against both L and L/M.
We notice that in the ordered phase (03} = 1 and oﬁj = 1.5) the ratio is close to 1, does not grow
with L /M and decreases with M. In this phase, the NTK converges to its deterministic limit with
increasing M regardless of the L value, which is the expected behaviour within NTK theory. How-
ever, in the chaotic phase (¢2, = 3) the ratio grows exponentially as a function of L/M. This
observation gives a precise scaling for minimal M values required to assume that the NTK of a net-
work with a given depth L is deterministic at initialization, which improves the previous asymptotic
result in Jacot et al. (2018) and the bound on required M in Arora et al. (2019). In case of ReLU
networks and initialization (02, 07) = (2,0), Hanin and Nica (2019) theoretically showed that the
E[Q°(x, x)?]/E?[O°(x, x)] ratio is indeed exponential in L/M, but their analysis is not trivially
generalizable for different activation functions and initialization parameters. Our experiments con-
firm these findings in the special case but also show that changing initialization parameters impacts
the behaviour of the the NTK variance significantly.

We also checked if the value of af impacts the NTK variance behavior at initialization signifi-
cantly. In Appendix D, we provide figures showing the NTK variance with different af values. We
observed that lower 0'13 values yield narrower boundary between the two phases identified in Figure
1, but the general picture stays similar.
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4. NTK change during training

In this section we present the numerical experiments that we conducted to check whether the sec-
ond result of NTK theory (3) holds, i.e. whether the empirical NTK of finite-width ReLLU and
tanh networks stays approximately constant during training with gradient descent. We trained
networks with a variety of hyperparameters (o2, a?, L) and measured the relative change of NTK’s
Frobenious norm ||©f — ©°||/||©°||  that occurs during training. The results for t anh and ReLU
networks are in Figures 3a and 4a. In Figures 3b and 4b, we also plotted the minimal losses that the
networks reached in the experiments.

We draw the following conclusions from the experiments’ results:

* Phase transition for empirical NTK. For both ReLU and t anh networks, the NTK behav-
ior during training changes significantly around the theoretical border between chaotic and
ordered phases.

Chaotic phase. In the chaotic phase, the relative change in the NTK matrix norm is signifi-
cant and increases with depth L, so one cannot assume that the kernel stays constant during
training for deep networks. However, for very shallow networks the NTK at initialization
may still be a good approximation for the NTK after training. In the previous section we also
saw that the NTK matrix of shallow networks in the chaotic phase is close to deterministic
at initialization, which shows that NTK theory approximates only shallow networks in the
chaotic phase.

Ordered phase. In the ordered phase, the relative change in the NTK matrix norm is small
throughout training for any depth. We saw in the previous section that the NTK is also close
to deterministic at initialization in this phase. It follows that in the ordered phase finite-width
DNNs behave as NTK theory suggests even when depth L is large.

¢ EOC. There is a region close to the border between phases where the change in the NTK
norm is larger than in the ordered phase but still remains way below 1 for deep networks.
We also saw in the previous section that in this region the standard deviation of the NTK is
lower than its mean value for deep networks. Thus, NTK theory can approximate behavior
of deeper networks in case of EOC initialization in comparison to the chaotic phase, but the
effects of randomness and change during training may still play a significant role.

Trainability. Networks become untrainable with depth much faster in the ordered phase than
in the chaotic phase. In our experiments, networks in the ordered phase with L = 20 already
mostly cannot reach low training loss values. This is consistent with the results on trainability
provided in Xiao et al. (2019).

We thus have discovered two regions in the hyperparameters space (o2, ag, L, M) where both state-
ments of NTK theory (3) and (4) hold: the ordered phase with any depth L and the chaotic phase
where the L/M ratio is low. For other choices of architecture and initialization, our experiments
suggest that finite-width networks do not behave according to NTK theory.

Note that the networks in Figures 3a and 4a take different number of training steps to reach
their final loss values. Somewhat counterintuitively, we observe that the networks which take more
iterations to train show mostly small changes in the NTK matrix norm. To provide more insight
about the NTK dynamics during different stages of training, we also include figures that show
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trained by gradient descent with MSE loss on a subset of MNIST (128 samples). The
dashed line indicates the theoretical border between ordered and chaotic phases (x| = 1).
We used early stopping when the loss did not decrease by at least 10~ in 100 consecu-
tive steps, otherwise the number of training steps was limited by 10°. The learning rate is
constant and equals 10~ for all the networks, which is chosen so that, for all the hyper-
parameters, it does not exceed the theoretical maximal learning rate for wide networks
derived in Karakida et al. (2018). b) Minimal loss value that the networks managed to
reach in our experiments. Networks in the red area are untrainable with the given learning
rate, networks in the blue area are trainable.

Figure 3: a) Relative change in the NTK norm for tanh networks of width M = 256

10
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Figure 4:

t 0
W for ReLU networks of width M = 256
trained by gradient descent with MSE loss on a subset of MNIST (128 samples). The
dashed line indicates the theoretical border between ordered and chaotic phases (x| = 1).
We used early stopping when the loss did not decrease by at least 10~ in 100 consecu-
tive steps, otherwise the number of training steps was limited by 10°. The learning rate is
constant and equals 10~ for all the networks, which is chosen so that, for all the hyper-
parameters, it does not exceed the theoretical maximal learning rate for wide networks
derived in Karakida et al. (2018). b) Minimal loss value that the networks managed to
reach in our experiments. Networks in the red area are untrainable with the given learning
rate, networks in the blue area are trainable.

a) Relative change in the NTK norm

11
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changes in the NTK matrix norm as a function of the number of training steps, as well as figures
with changes of the NTK for different M values, in Appendix D.

5. NTK theory approach for generalization

If the NTK stays constant during training (3), then the dynamics in (2) are identical to kernel re-
gression with kernel . In such dynamics, the output function of a network that is trained until
convergence (t — co) by gradient flow with MSE loss is given by:

f17%(@) = 0%z, X)O°(X) Y + fO(z) — ©°(z, X)0"(X) " fO(X), (10)

where ©°(X) is the kernel matrix of all the pairs of inputs in X = [z5]s-1 g, ie. O(X) =
[@O(IvaT)]S,TZI,...S’ and O(z, X) = [@O(vaS)]s:l,...S and fO(X) = [fo(l'S)Ezl,...S' One can
refer to Arora et al. (2019) or Lee et al. (2019) for the derivation of this equation. If the NTK is
also deterministic at initialization (4), then the only variables in (10) that are random with respect
to the network’s parameters at initialization wg are f°(z) and f°(X), which greatly simplifies the
analysis of the generalization properties of f/=°°.

Let us denote R(x) = Euy p[(f=°°(2) — Yirue)?] — the expected error on an arbitrary test
point x, given that the initialization is random. Then we can write the bias-variance decomposition
as follows:

R(z) = Var(f=>(x)) + Bias(f*=(x)),
where

Var(f'=°(x)) = Euo,n[(f=(x) = Euy,n[f~()))?],
Bias(ftzoo(x)) = [EwU,D[([Ewo,D[ft:OO(‘r)} - ytrue)ﬂ'

Then NTK theory allows us to analyze the variance term to characterize the generalization error
of the network E;[R(z)]. To do so, first let us show how distributions of the terms in (10) can be
characterized by the mean field theory quantities introduced in Section 2. First of all, the distribution
of the network’s output at initialization is given directly by the definitions of ¢* and ¢%.. Hence, the
following lemma is immediate.

Lemma 1 The variance of the output function f° of a randomly initialized network and the covari-
ance of outputs on two different input vectors are given by:

E[(f°(«))%] = E[(hf(2))’] = ¢"(x),
[E[fO(IS)fO(l'T)] = [E[hf’(xs)hiL(xT)] = qzﬂ(ISaxr)~

Recall that the NTK is composed of gradients as ©%(z5, x,) = Vi fO(25)T V4 fO(z5) and its ex-
pected values are therefore proportional to the variances of gradients, considered in Section 2. Then,
assuming that the the NTK matrix at initialization is deterministic and equal to its expected value,
we can express it through quantities ¢/, p!, ¢.,., pl,,. by the following lemma.

12
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Figure 5: k2 as a function of depth for a) erf, b) ReLU networks. The colorbar shows the initial
value of the covariance between inputs z7z, € [0,1]. For both activation functions,
(02, 2) values are chosen to lie in ordered and chaotic phases and at the border between
them.

Lemma 2 For a fully-connected network with widths M; = oy M,l = 0, ... L (where My is the
input dimension), deterministic the NTK matrix on a sample X = {x }s=1,. s at initialization is
given by:

0*(X) = aM(A+ O(1/M)),

k1(z1) ko(z1,22) ko(z1,25)
A: ﬁg(wl,mg) fil(l‘g)
ko(xy,5-1) |’
ko(z1,28) ko(r1,T5-1) k1(zg)
L L o
-1 1-1 A
Hl(x) = Z qu 1(x)pl(x)7 HQ(xSax?”) = Z Tqér1($57xr)pir(x57xr)7
=1 =1

where o = ZzL:HI opog_1.

We give a proof for this lemma in Appendix A. We note that the same statement is also proven in
Karakida et al. (2018) as a part of Theorem 3.

We can also notice that #1 and ¢' depend only on the norm of input , so for normalized inputs
they become data-independent. On the other hand, 9 and ¢, depend on covariances of points in
the dataset and therefore are data-dependent. However, it has also been observed in Poole et al.
(2016) that both ¢' and ¢',. converge to their data-independent limits with depth. Let us denote their

13
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Figure 6: k1 /K2 ration as a function of depth for a) er £, b) ReLU networks. The colorbar shows
the initial value of the covariance between inputs z’z, € [0,1]. For both activation
functions, (02, 02) values are chosen to lie in ordered and chaotic phases and at the
border between them.

data-independent means by ¢’ and .. respectively. Then we can also write data-independent means
P! and 5. for the backpropagated errors, as well as ¢* and ¢,. for the activations. This leads to data-
independent & = Y1, KL -5 and Ry = L =L 515 We also notice that the changes
in Ko that come from the ch%nges in covariance are smaliywith respect to its mean value <o for ReLU
and erf networks!. Note that for these two activation functions, we can take the integrals in (5),
(7), (8) and (9) analytically (see Appendix E) and calculate ko for different values of the inputs’
covariance, which is shown in Figure 5 for ordered and chaotic phases and at the border between
them. Therefore, we can write the NTK as a sum of its data-independent part and a data-dependent

perturbation:

0%(X) = 0" (Is + ¢(X)),
o* = OzM((Rl —Ro)Ig + ﬁglsﬂg).

We note that this result about the structure of the NTK is consistent with the analysis of Xiao et al.
(2019), where the authors study the NTK at large depths.

From the structure of ©*, one can see that its condition number depends on the ratio 1 /k2:
when its value is high, the NTK matrix is well-conditioned, and when the ratio approaches 1 the
matrix becomes close to degenerate. Figure 6 shows k1 /Ko ratio as a function of depth for er £
and ReLU networks in ordered and chaotic phases and at the border between them. One can see

1. We expect tanh-networks that we studied empirically in other sections to behave similar to e r £-networks.

14
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from the graphs that the NTK matrix is well-conditioned in the chaotic phase and ill-conditioned in
the ordered phase. Ill-conditioned NTK also implies that the maximum learning rate which allows
to train the network is small (Xiao et al., 2019; Karakida et al., 2018). Therefore networks in the
ordered phase rapidly become untrainable with depth, which is consistent with our observations in
Section 4.

The following theorem characterizes the dependence of the variance of the output function
ft=°°(z) on the data-independent part of the NTK.

Theorem 3 Suppose a network evolves according to NTK theory under gradient flow and is fully
trained (t — 00) on a dataset of size S. Suppose also that the NTK matrix is well-conditioned. Then
the variance of its output is characterized by:

2

Var(7=(@)) = (1 + ") ~ah) + (4~ 17a,

where A = A(K)l, K)Q) = m
We give a proof for this result in the Appendix B. In the next paragraphs, we analyze the behavior
of the given variance expression and the applicability of the theorem in different situations:

* Ordered phase. One can notice that in the ordered phase A(x1,x2) converges to 1 rapidly
with depth, as %1/k2 — 1. This implies Var(f=°(z)) o g* — ¢4, i.e. the variance is
small and decreases with depth. However, the NTK is also ill-conditioned, therefore small
data-dependent changes can cause significant changes in the output function. Thus, the data-
independent estimate for variance given by NTK theory does not explain the behavior of
DNNss in the ordered phase and it is important to take into account data-dependent effects.

Chaotic phase. In the chaotic phase, the NTK is well-conditioned for any depth. However,
only networks with depth to width ratio L/M = 0 behave as NTK theory suggests under
gradient flow in the chaotic phase according to our experiments. As we saw in the previ-
ous sections, the NTK changes significantly during training and is random at initialization
for deep networks, therefore the expression for the output function after training (10) does
not hold. The ratio &1 /R increases with depth in the chaotic phase, so A(k1, k2) decreases,
and " is much larger than g%, (Poole et al., 2016). Therefore the data-independent variance
Var(f=>(z)) « ¢" is high and proportional to the variance of outputs of a randomly ini-
tialized network. This is consistent with observations in Chizat et al. (2019) and Xiao et al.
(2019). Thus, NTK theory can explain poor generalization, which shallow wide networks in
the chaotic phase display. However, deeper networks may have very different behavior due
to randomness at initialization and changes during gradient descent training, so they require
more investigation.

* EOC. At EOC, the conditioning of the NTK as a function of depth is similar to the chaotic
phase: &1 /o grows with depth, hence the kernel is well-conditioned. However, at EOC ¢~
is smaller than in the chaotic phase (Poole et al., 2016). This implies that networks initialized
close to EOC generalize better than networks in the chaotic phase and at the same time remain
trainable at large depths. We observed in the previous sections that at the border between
phases NTK theory gives an approximation of network’s average behavior even for deep
networks, but the finite-width effects can still be significant and should be considered.

15
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6. Conclusions and future work

In this work, we have shown that NTK theory does not generally describe the training dynamics of
finite-width DNNs accurately. Only relatively shallow networks and deep networks in the ordered
phase, i.e. initialized with small o2, behave as NTK theory suggests under gradient descent. The
analysis of the data-independent variance of the output function based on NTK theory shows that
it is proportional to the output variance at initialization ¢ in the chaotic phase and at EOC. This
result is not surprising, in a sense that it does not explain how training effects NNs’ performance.
It would provide more insight into networks’ behavior if we could understand the data-dependent
changes in the NTK, which are significant for deep networks in the ordered phase and at EOC, and
study how these changes impact the output function. To study deep networks in the chaotic phase
and at EOC, it is also essential to account for randomness in the NTK matrix at initialization and its
changes during training, which cannot be done within NTK theory. Thus, an entirely new conceptual
viewpoint is required to provide a full theoretical analysis of DNNs behavior under gradient descent.
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Appendix A. Lemma 2

By definition, each component of the NTK matrix is a scalar product of network’s gradient vectors:
GO(X) = [vwfo(JJS)vafO(wr)]xseX,weX-

In Section 2 we show for the network’s gradients that

Oz

[E[(%f"v(ﬁj)ﬂ — EIEl0M; ™)) = 3o @i a),
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Thus, we get the following expression for non-diagonal elements of the NTK:

_ 8f0(a:5) 8f0(33r) afo(x5> 8f0(xr)
eo(ms’x’)_;[ oW, W, }‘LZ[ obl bl

25

=Y MMy E[5(x,)5 (x,)|E[p(h] ) (z)p (B ) ()]
l
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+ Z ]\/fl[E[(sé (ws)éf(l‘r)]
l

= Z al—lMplsr(xS? xT)qi:l(l‘sv x’f‘) + ZP@T(JCS; Ir)
l l

o

— oM (; gl (v @)y (s, ) + O(1/M)

= aM(ka(zs, z) + O(1/M))
Similarly, we get the expression for diagonal elements of the NTK matrix:

0z, z) = aM (ki (x) + O(1/M)),
which gives the statement of the lemma.
Appendix B. Theorem 3
Recall the formula of the output function after training:
f7%(@) = 0%z, X)O°(X) Y + fO(z) — ©°(z, X)0"(X) T fO(X).

As initialization of the network’s parameters wy is centered Gaussian, the expectation of the output
at initialization is equal to zero:

Euolf(2)] =0, Euolf*(X)] = 0s.
Then if the NTK is deterministic at initialization we can write the expectation as follows:
Euwo[f>(2)] = Ew, [0°(2, X)O°(X) Y] = ©"(z, X)O* (X) ™'Y
because neither Y nor ©* are random with respect to the initialization parameters.
To obtain the variance of output, we also need to write the expected values of all the terms of
squared f'=°°. First, by Lemma 1:
Euwo[(£°(2))?] = ¢"(2).
Then,

Euo[(0°(2, X)0(X) 1Y) = (0% (2, X)0* (X)7'Y)? = EL, [/~ (x)].
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And
Eu,[(0° (2, X)0°(X) ™' (X))
= tr(Euw, [f2(X) f2(X) 710 (X) 70" (2, X)TO* (2, X)O* (X))
= tr(K(X)0*(X)'0*(z, X)T0*(z, X)0* (X)),
where
q“(z1) b, x2) gt (x1,z5)
K(X): qé(xlv‘rZ) qL(xQ)

qb(z1,25-1)

b (21, 25) gh(z,m51)  qM(xs)
K(X) is the NNGP matrix, which characterizes the Gaussian process of a randomly initialized
network. Finally:

Euwo [/ ()0 (2, X)0°(X) 71 f2(X)] = ©% (2, X)O"(X) " Euo [/*(2) [ (X)]
= 6*($5X)@*(X)71q‘sﬂ(w’X)a

where ¢% (z, X) = [¢ (=, ﬂfs)]sT:L...s. The other terms are equal to zero. Moreover, we can see
that terms of variance with Y cancel each other.

We now recall that ©*(X) = ©*(Is + €(X)) and ©* = aM ((RF — K2)Ls + K2151%). Then
we can invert ©* by Woodbury identity:

S 1 K9
(S Y | PUNN A S— P
aM(leﬁg)(S R1+(571)R2 s S)

We assumed that the NTK matrix is well-conditioned, so the change in the ©* ~! caused by the
perturbation term is relatively small and we can write ©* ~1(X) = ©* ~1(Ig + &(X)). Then we
can also approximate the above expectation as follows:

e* Xe*XflL X%LITI—L]l le L x
(2, X)O"(X) gy (2, X) (R1 — Rag) s (Is TG D §)ak(z, X)
2 R2S T L
(Rl - RQ) ( Rl + (S _ 1),;;2) qur(x7 )
_ S L
(R1/Ra + (S —1)) (457(25,2))s=1,...5,

tr(K(X)0"(X) 10" (z, X)T 0" (2, X)0" (X))
K3 RoS
(R — FRa)? K1+ (S —1)Ry
2
- T G ) + (0= ez
Taking expectation of the above expressions over a random dataset D, which is independent to
random initialization wg, we get

)*tr(K(X)Ls1E)

~
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Eun oL ()0 . X)O°0) ™ (X)) = o Bl (o, )
s .
- ’%1/7{/2 + (S _ 1)qsr7
S2

Euox[(6°(z, )OO ' (X)) = ey

Ex(G e @) + (1 = ek o))
52 1_
NG

F1- g)ah).

Putting everything together, we get

t=00 e o S 7

[Ewo,X[( lin (x))Q} - [Ewo,X[ in (.72‘)]2 ~ qL B 2mqi
52 . Y

Jr(’_‘l/f_@ + (S —1))2 (qu +(1- §)qer)~

S

Denoting A = —————,
g Ri/Re + (S —1)

we can rewrite the above expression as

2

Var(7=*()) = (1 + “£)(@" ~ ah) + (4 - 17a.

Appendix C. Effects of biases on the NTK variance at initialization

Figure 7 shows the dependence of the NTK variance at initialization on O'g. One can see that lower
Jg values yield narrower boundary between the two phases, but the general picture stays similar to
the one in Figure 1.

Appendix D. Additional experiments on the NTK change during training

Here we provide additional figures on changes of the NTK during gradient descent training.

Figures 8 and 9 show changes in the NTK matrix norm as a function of the number of train-
ing steps for tanh and ReLU networks, respectively. One can see how the NTK changes after
10,102,103 and 10* training steps. The findings from these figures are similar to the analysis we
provided in Section 4: the NTK behaviour changes significantly around the border between ordered
and chaotic phases. One can also see that for deep networks in the chaotic phase the NTK changes
significantly already in the early stages of training, while networks in the ordered phase display very
low changes in the NTK norm for a long time.

Figures 10 and 11 show the effects of the network width on the changes of the NTK matrix
during training. We provide experiments for M = 128,256, 512. One can see that, as expected in
NTK theory, higher M values overall result in smaller changes of the NTK. However, with all the
width values, one can see the transition from ordered to chaotic phase, which gets more pronounced
with the network’s depth.
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Figure 7:
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E[0%(z,x)?]
E2[00(x, x)]
for different o}, values. The dashed line shows the theoretical border between ordered and
chaotic phases (Xll = 1) for the given hyperparameters. For t anh networks the location
of the border between phases depends on 02, while for ReLU networks it is the same for
all the crg values.

ratio for fully-connected a) tanh, b) ReLU networks of width M = 100
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00 05 10 15 20

2
Oy

Figure 8: Relative change in the NTK norm ||©! — @°||z/||@°|| ¢ for tanh networks after a) 10,
b) 102, ¢) 103, d) 10* gradient descent steps. The training parameters are the same as in
Figure 3.
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Figure 9: Relative change in the NTK norm ||©! — ©°||z/||©°|| ¢ for ReLU networks after a) 10,
b) 102, ¢) 103, d) 10* gradient descent steps. The training parameters are the same as in
Figure 4.
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Figure 10: Relative change in the NTK norm ||©% — ©°||/||©°| ¢ for t anh networks of width
a) M = 128,b) M = 256, c) M = 512 in the end of training. The training parameters
are the same as in Figure 3.
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Figure 11: Relative change in the NTK norm [|©! — ©°|| ¢ /||©°|| ¢ for ReLU networks of width
a) M = 128,b) M = 256, ¢c) M = 512 in the end of training. The training parameters
are the same as in Figure 4.
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Appendix E. Analytical relations for integrals in Section 2
E.1. ReLU networks

ReLU activation function is defined by

¢(I)_{x x>0,

0 x<0.

Then to obtain analytical expressions for ¢’ and ¢!, we can take the following integrals, which
appear in (5) and (8):

/Dz d(az)? = a?/2,
[ D= @@ =12,

Then we immediately get

2
g,
¢ =07 +ap,
Pl = ﬁpz M, '
27 My

Similarly, to get analytical expressions for qér and plsr, we can take the integrals in (7) and (9):
/DZlDZQ ~p(az1)Pp(bz1 + Va? — b2z9) = ;(\/ 1—¢c% 4 cm/2 + carcsin(c)),
T
! ! ].
/DZlDZQ ¢ (az1)9 (bz1 + Va2 — b2z3) = 2—(71'/2 + arcsin(c)),
T

where ¢ = b/a, to obtain the following expressions:

2
G = %qlil(m—k— /2 + carcsine) + of,
T
.M
pt = %Pl Ml+l1 (m/2 + arcsinc),

where ¢ = /71 /¢

Then, to compute the values of ¢, ¢, p’ and pl, in all the layers, we only need to set the
following initial conditions: ¢° = 1 when data is normalized, ¢%, € [0, 1] is the covariance between
two inputs, p© = pSLt = 1 as the output depends linearly on the activations in the last layer.

E.2. Erf networks

Error function, which is a kind of sigmoid functions, is defined by

T :i .Ie_t2
4(x) ﬁ/o dt.
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Then, same as for ReLU activation, we analytically take the integrals from (5) and (8):
a2

2
/Dz - ¢(az)? = = arctan —————
™ a’?+1/4

a2t L
[P =2

to obtain expressions for ¢* and p':

2 ¢!
¢ = =¥ arctan ————— + ot
¢t +1/4
1 202 1 M,

p

_ 204
7 ¥ Vit +1/4 Mg

And similarly we take the integrals in (7) and (9):

2 2b
Dz1 Dz - ¢plaz1)p(bz1 + Va? — b%29) = — arctan ,
/ 1Dea - glam)plb ?) (1 + 2a)2 — 42
/Dlezg . ng/(azl)qu/(bzl + Va2 —b%z) =

)

1

V(1 +2a)2 — 4%’

S|

to obtain the analytical expressions for ¢., and pl,,:

-1
2072 2\/4
d, = 2% grctan ”
\/(1 +2¢/q1)2 — agl?

_ 402 M, 1
pirl — wpl

T M J o /T — gy

And the initial conditions can be specified in the same way as for the ReL.U networks in the previous
subsection.

+crg,
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3.2 Neural Tangent Kernel Beyond the Infinite-
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Contributing article: Seleznova, M. and Kutyniok, G. (2022b). Neural Tangent Kernel
Beyond the Infinite-Width Limit: Effects of Depth and Initialization. In Proceedings of the
39th International Conference on Machine Learning, pages 19522-19560. PMLR.

Author contributions: Mariia Seleznova developed the original research idea to derive
the infinite-depth-and-width limit of the NTK for different phases of initialization. In fact,
this idea stems from the empirical results of the previous paper (Seleznova and Kutyniok,
2022a). Mariia Seleznova formulated all the theorems and derived all the proofs presented in
the paper, designed and programmed all the numerical experiments, wrote the paper’s main
text and appendices, and designed all the figures. As the main author, Mariia Seleznova also
managed the publication process: paper submission to the conference, writing a rebuttal
after the initial reviews, addressing reviewers’ concerns, and producing the camera-ready
version of the paper. Gitta Kutyniok took part in the project discussions at all the stages,
provided feedback, reviewed and proofread the paper.

Additional resources:

Paper link: https://proceedings.mlr.press/v162/seleznova22a.html
Slides: https://icml.cc/media/icml-2022/Slides/16473.pdf
Video presentation: https://slideslive.com /38983579

Source code: https://github.com/mselezniova/ntk_beyond_limit
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Neural Tangent Kernel Beyond the Infinite-Width Limit:
Effects of Depth and Initialization

Mariia Seleznova ! Gitta Kutyniok '

Abstract

Neural Tangent Kernel (NTK) is widely used to
analyze overparametrized neural networks due to
the famous result by Jacot et al. (2018): in the
infinite-width limit, the NTK is deterministic and
constant during training. However, this result can-
not explain the behavior of deep networks, since
it generally does not hold if depth and width tend
to infinity simultaneously. In this paper, we study
the NTK of fully-connected ReLLU networks with
depth comparable to width. We prove that the
NTK properties depend significantly on the depth-
to-width ratio and the distribution of parameters at
initialization. In fact, our results indicate the im-
portance of the three phases in the hyperparameter
space identified in Poole et al. (2016): ordered,
chaotic and the edge of chaos (EOC). We derive
exact expressions for the NTK dispersion in the
infinite-depth-and-width limit in all three phases
and conclude that the NTK variability grows expo-
nentially with depth at the EOC and in the chaotic
phase but not in the ordered phase. We also show
that the NTK of deep networks may stay constant
during training only in the ordered phase and dis-
cuss how the structure of the NTK matrix changes
during training.

1. Introduction

Despite the widespread use of Deep Neural Networks
(DNNSs), the theory behind their success is still poorly un-
derstood. For instance, no present theory can explain why
highly overparametrized DNNs generalize very well in prac-
tice, contrary to classical statistical learning theory predic-
tions. Likewise, it is surprising that optimizing a highly
non-convex loss function of a DNN with a variant of Gradi-

"Department of Mathematics, Ludwig-Maximilians-Universitit
Miinchen, Munich, Germany. Correspondence to: Mariia Se-
leznova <selez@math.lmu.de>.

Proceedings of the 39" International Conference on Machine
Learning, Baltimore, Maryland, USA, PMLR 162, 2022. Copy-
right 2022 by the author(s).

ent Descent (GD) typically yields a good local minimum.

Although training dynamics and generalization capabilities
of DNNs stand among the biggest open problems of deep
learning theory, it is possible to address these challenges
in the special case of infinitely-wide DNNs using the so-
called Neural Tangent Kernel (NTK). This kernel captures
the first-order approximation of DNN’s evolution during
GD training. Consider the gradient flow dynamics of the
DNN’s parameters:
0L(D)

w=—Vu£L(D)=— Z Vwf(a; (@)’ )]
(24,y:i)€ED ‘

where w is the vector of all the trainable parameters, f(-)
is the DNN’s output function (defined in Section 2), £(-) is
the loss function and D is the dataset. Then the dynamics
of the DNN’s output function is given by:

@) = Vuf@) w=— 3 e(w)%, ®

(zi,y:)€D

where the kernel ©(z;,2;) = (Vw[f(2:), Vw f(z;)) is
called the NTK.

A famous result by Jacot et al. (2018) states that in the
infinite-width limit, the NTK is deterministic under proper
random initialization and stays constant during training.
Thereby, the dynamics in (2) is equivalent to kernel regres-
sion and has an analytical solution expressed in terms of
the kernel. It is then possible to derive properties of trained
infinitely-wide DNNs theoretically by means of their NTKs.
Hence, many recent works used the NTK to explain em-
pirically known properties of DNNs (Huang et al., 2020;
Adlam & Pennington, 2020; Wang et al., 2022; Tirer et al.,
2021; Geiger et al., 2019). Numerous contributions also de-
rived the infinite-width limit of the NTK for popular DNN
architectures (Yang, 2020; Du et al., 2019; Alemohammad
etal., 2021). Other papers established some non-asymptotic
results on the concentration of the NTK at initialization
(Arora et al., 2019; Buchanan et al., 2021) and stability of
the NTK during training (Huang & Yau, 2020; Lee et al.,
2019).

However, the extent to which the results in the infinite-
width limit extrapolate to realistic DNNs remains largely
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an open question. Indeed, multiple authors have argued
that the NTK regime and, in general, the infinite-width
limit cannot explain the success of DNNs (Chizat et al.,
2019; Hanin & Nica, 2020; Aitchison, 2020; Li et al., 2021;
Seleznova & Kutyniok, 2021; Bai et al., 2020; Huang & Yau,
2020). The first argument in this direction is that no feature
learning occurs if the NTK stays constant during training.
Moreover, several works showed that the infinite-width limit
of the NTK becomes completely data-independent as depth
increases (Xiao et al., 2020; Hayou et al., 2019), which
suggests poor generalization performance for deep networks
in the NTK regime. Finally, numerous empirical results
demonstrated that the performance of trained DNNs and the
corresponding kernel methods often differs in practice (Fort
et al., 2020; Lee et al., 2020; Arora et al., 2020). That is
why it is essential to understand the statistical properties of
the NTK and how they depend on the myriad of settings of
a given DNN to assess if the infinite-width limit provides a
reasonable approximation for this network. We contribute to
this line of research by exploring the combined effect of two
factors on the NTK: the network’s depth and initialization
hyperparameters.

Network’s depth Most results on the NTK are derived in
the setting where the network’s depth is kept constant while
the width tends to infinity. This limit can only model very
wide and shallow networks since the depth-to-width ratio
tends to zero in it. Indeed, several recent papers demon-
strated that infinite-width approximations often get worse
as the depth increases (Li et al., 2021; de G. Matthews et al.,
2018; Yang & Schoenholz, 2017). In particular, Hanin &
Nica (2020) first showed that the NTK of fully-connected
ReLU DNNs may be random and change during training if
depth and width are comparable. Hu & Huang (2021) also
studied the effects of depth on the NTK distribution and
derived an upper bound for the NTK moments. We expand
on these results by precisely characterizing the variability
of the NTK at initialization and generalizing to different
initialization settings described below.

Initialization hyperparameters There are three phases
in the initialization hyperparameter space where the proper-
ties of untrained infinitely-wide DNNs differ significantly:
ordered, chaotic and the edge of chaos (EOC) (Poole et al.,
2016). In the ordered phase, the gradient norms decrease
with depth, whereas in the chaotic phase the gradient norms
increase, and the edge of chaos is the initialization at the
border between these two phases (Schoenholz et al., 2017).
The results by Hanin & Nica (2020) concerned the statistical
properties of the NTK of wide and deep ReLU networks at
the EOC. At the same time, several contributions demon-
strated that the properties of the infinite-width NTK depend
significantly on the phase of initialization (Xiao et al., 2020;
Hayou et al., 2019). However, these results do not apply to
networks with depth comparable to width since they assume

infinite width before considering the effects of growing
depth. We fill this gap by deriving statistical properties of
the NTK for wide and deep ReLU networks in all three
phases of initialization.

1.1. Contributions

We study the variability of the NTK at initialization for
fully-connected ReLU DNNs with depth comparable to
width and varying initialization hyperparameters in Sec-
tion 3. Our contributions are as follows:

* We precisely characterize the dispersion of the diagonal
elements O(x, x) of the NTK (for arbitrary input ) in
the infinite-depth-and-width limit and conclude that
the variability of the NTK grows exponentially with the
depth-to-width ratio at the EOC and in the chaotic phase.
Conversely, the variance of ©(x, z) tends to zero in the
same limit in the ordered phase. Our results allow to
evaluate the variance of the NTK for a given DNN with
any depth-to-width ratio and initialization.

* We provide non-asymptotic expressions for the first two
moments of ©(x,x) and illustrate finite-width effects
that follow. We show that the variance of the finite-width
NTK in the ordered phase gradually increases as the ini-
tialization approaches the EOC, which describes the tran-
sition between the two kinds of behavior in the limit. We
also notice that the NTK dispersion depends on the archi-
tecture, i.e. on the varying widths of the fully-connected
layers. Notably, the dispersion of ©(x, ) decreases with
depth in the ordered phase if the DNN increases the di-
mensionality in consecutive layers. This enables us to
conclude that deeper networks are more robust to random
initialization in this setting.

* We lower-bound the ratio of the expected non-diagonal
elements of the NTK, i.e. ©(x,z) with z # Z, and the
diagonal elements O(z, x) in the infinite-depth-and-width
limit. We also upper-bound the dispersion of the non-
diagonal elements. In the ordered phase, our results allow
to ensure that the whole NTK matrix is approximately
deterministic and thus can be approximated by the infinite-
width limit.

* We provide extensive numerical experiments to ve-
rify our theoretical results. We use JAX (Bradbury
et al., 2018) and Flax (neural network library for
JAX) (Heek et al., 2020) to compute the NTK of
fully-connected ReLU networks effortlessly. Source
code to reproduce the presented results is available at:
https://github.com/mselezniova/ntk_beyond_limit.

We study the training dynamics of the NTK for fully-
connected ReLU DNNs with depth comparable to width
and varying initialization hyperparameters in Section 4. Our
contributions are as follows:
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* We show that the expected relative change of ©(z, z) in
the first GD step tends to infinity in the chaotic phase
and to zero in the ordered phase in the infinite-depth-and-
width limit. Combined with the result by Hanin & Nica
(2020), which states that the expected relative change of
O(z, ) in the first GD step is exponential in the depth-
to-width ratio at the EOC, we can conclude that the NTK
of deep networks can stay approximately constant during
GD training only in the ordered phase.

We discuss how the structure of the NTK matrix changes
during training outside of the NTK regime. The NTK ma-
trix at initialization has a diagonal structure with larger val-
ues on the main diagonal as compared to the non-diagonal
ones. We speculate that the training process changes the
NTK structure to block-diagonal with blocks of larger
values corresponding to classes and provide experiments
to support this sentiment.

2. Preliminaries

We consider fully-connected ReLU DNNs of depth L € N
with linear output layer and widths (ng)o<¢<r, Where
ng € N is the input dimension and n;, = 1 is the out-
put dimension. Forward propagation in such a network is
defined as follows:

x(z) := ¢(h(z)), x'(z):=zeR™,
hf(z) .= W1 (2)+bf, 1<¢<L—-1, @3
f(x):= WExE"1(z) + b e R,

where ¢(z) := 21,0y denotes the ReLU function, W* €
R7¢X7e-1 and b’ € R™ are the weights and the biases and
f(z) is the output function of the DNN. The NTK of this
network on a pair of inputs (z, Z) is given by:

O(z,z) = (—)W(l‘ Z) + Op(z, T),

ng nllaf Of
w(z, %) _ZZZ awi)awf ’

(=1 j=1 i=1 C))
L
. 0f(z)of
Oufa.i) = Yo 30 U
(=1 j=1 J

where Oy (z, Z) comprises the gradients w.r.t. the weights
and Oy (z, &) — the gradients w.r.t. the biases.

When we consider wide networks with unequal widths in
the hidden layers, we define a width scale parameter M and
constants A, (a¢)o<¢<r,—1 such that:

L
—2eR M _q4eR,

<¢<L-1. (5
i i 0<¢<L-1. O

Then we can describe the asymptotic behavior of the NTK
in terms of M and the constants defined above.

2.1. Initialization and parametrization

We consider random i.i.d. initialization given by:

2
), b~ N6, ©

ng—1

W"WN(

where (o0,,0,) are the initialization hyperparameters.
This initialization corresponds to the so-called standard
parametrization (SP), where the weights and the biases de-
fined in (3) are the trainable parameters. We note that the
NTK is often considered in the so-called NTK parametriza-
tion (NTP), where the weights in (3) are the scaled versions
of trainable parameters: W [ = 0w/ \/WW for train-
able w! € Rnexne 1n1t1ahzed as W ~ /\/(0 1) i.id.
This reparametrization, of course, does not change the dis-
tribution of the DNN’s components. However, it scales the
gradients by O(1/M) and gives the NTK a well-defined
infinite-width limit for fixed L. At the same time, NTP
is equivalent to setting an individual learning rate in each
layer inverse-proportionally to width, as explained, e.g., in
Yang & Hu (2021). In this paper, we focus on the NTK in
SP since this parametrization is more common in practice
(indeed, SP is the default setting in PyTorch). However, our
results can be generalized to NTP straightforwardly.

2.2. Information propagation in DNNs

Results on information propagation in infinitely-wide DNNs
established that the initialization hyperparameters (o, o)
determine the evolution of the variances E[(x¢(x))?] and the
covariances E[x!(x)x! ()] as they propagate through the
DNN’s layers. Based on this, Poole et al. (2016) identified
three phases with distinct properties in the hyperparame-
ter space: ordered, chaotic and the edge of chaos (EOC).
Schoenholz et al. (2017) subsequently showed that the or-
dered phase corresponds to vanishing gradients and the
chaotic phase corresponds to exploding gradients, i.e. the
gradient norm decreases with depth in the ordered phase
and increases in the chaotic phase. The edge of chaos is
the initialization at the border between these two phases,
which allows deeper signal propagation through a DNN

by avoiding vanishing or exploding gradients. Consider
backpropagation equations given by:
of (x) -1 Of(@) ¢
awt, ~ 0% Tgpr =%
k) 7 (7)
of(x) _
¢ ¢ ¢ ¢
0; = oht =¢ (hy) Z5j+1WjT17
v J

Schoenholz et al. (2017) studied the evolution of E[(¢)?]
along with E[(x¢)?] to find the distribution of DNNs’ gradi-
ents. Some recent publications used these results to derive
the properties of the infinite-width NTK in all the three
phases of initialization (Karakida et al., 2019; Xiao et al.,
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Figure 1. Ratio E[©?(x, x)]/E*[©(z, )] at initialization for fully-connected ReLU networks of constant width M € {100, 200, 500}
with g = 1. The dashed lines represent the experimental results and the solid lines correspond to the theoretical predictions from
Theorem 3.1. For each DNN configuration, we sampled 500 random initializations and computed an unbiased estimator for the ratio (see
details in Appendix C.3). The error bars (indicated by the vertical lines) show the bootstrap estimation of the standard error (only in a
subset of points to keep the figure readable). We provide additional figures with continuous error bars in Appendix C.2.

2020). Hayou et al. (2019) also showed that the infinite-
depth limit of the infinite-width NTK (when first the limit
M — oo is taken with fixed L and then L — o0) yields a
data-independent kernel and thus cannot explain properties
of finite DNNs. Although our approach is different from the
mentioned results since we do not assume infinite width be-
fore increasing depth, we show that the statistical properties
of % and x* can still be derived and lead to results on the
NTK in our setting.

The initialization hyperparameters that comprise each phase
differ depending on the chosen activation function. Since
we are interested in ReLU networks, we note that the or-
dered phase corresponds to o2, < 2 and the chaotic phase
— to 02, > 2 for this activation function. The EOC is the
initialization with a?u = 2. We refer, e.g., to Schoenholz
et al. (2017) for a method to compute the border between
phases for a given activation function.

3. Variability of the NTK

In the infinite-width limit, the NTK is deterministic under
random initialization, which is one of the main results of the
NTK theory. We investigate when this result holds outside
of the NTK limit and, consequently, when the infinite-width
behavior of the NTK gives a good approximation for realis-
tic DNNs.

3.1. Infinite-depth-and-width limit

Most results on the NTK assume that the network’s depth
is fixed as the width tends to infinity, i.e., L/M — 0 in the
limit. This setting, of course, does not describe deep finite-
width networks since their depth-to-width ratio is bounded
away from zero. Indeed, some recent works demonstrated
that infinite-width approximations often get worse as the

network’s depth increases (Li et al., 2021; de G. Matthews
etal., 2018; Yang & Schoenholz, 2017). In particular, Hanin
& Nica (2020) considered this effect for the NTK and de-
rived bounds for the ratio E[©2(z, z)]/E*[O(x, x)] in case
of ReLU DNN:ss initialized at the EOC (o, = 2). This ratio
characterizes the dispersion of the NTK: it is close to one if
the NTK is approximately deterministic and is larger than
two if the NTK’s distribution is of high variance. Our first
main result characterizes this ratio in the infinite-depth-and-
width limit under different initializations:

Theorem 3.1 (Dispersion of the NTK at initialization in
the limit). Consider a ReLU DNN as defined in (3) with
constant width of hidden layers M € N, input dimension
ng = agM, ag € R and output dimension ny, = 1. The
initialization is given by (6) and the biases are initialized to
zero, i.e. oy, = 0. Then, in the infinite-depth-and-width limit
M — oo, L = 0o, L/M — X € R, the following holds
for the dispersion of the NTK:

1. In the chaotic phase (a = 02/2 > 1), the NTK
dispersion grows exponentially with depth-to-width ratio
A= L/M as follows:

]E[@Q(x,x)] 1 5 1 )
m_)ﬁ“(l—ﬁ(l—e *)>. ®)

2. At the EOC (a = 1), the NTK dispersion grows exponen-
tially with depth-to-width ratio )\ as well, but with a slower
rate given by:

E[0%(z, )] 1 1 242 -8«
E0(z,2)] (1 +a0)? {(ﬁ )

1 — 4o 20 (4 — o
A 52T 20, 240 0 _q1_
+(e* —e’) o2 + 5/\( o 1 Oé()):|.

®
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Figure 2. Ratio E[©%(z, z)]/E*[O(x,
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)] at initialization for fully-connected ReLU networks of constant width M = 200 with the ratio

ag :=no/M € {2.0,0.5,0.1}. The initialization hyperparameter o2 is close to the EOC for all the lines. The dashed lines represent the
experimental results (computed as described in Figure 1) and the solid lines show the theoretical predictions given by Theorem 3.2. The
error bars are shown only for a subset of points to keep the figure readable. We provide additional figures with continuous error bars in

Appendix C.2.

3. In the ordered phase (a < 1), the NTK dispersion tends
to one:
E[©%(z, )]

Our numerical experiments in Figure 1 demonstrate that
Theorem 3.1 provides accurate approximations for the be-
havior of sufficiently deep and wide DNNs. Indeed, the
proofs listed in Appendix A.1 show that the expressions in
the above theorem are true up to the approximation given
by (14 ¢/M)* = e* and O(1/v/M) in the coefficients of
the exponents in case of finite width and depth.

Remark 1. The EOC expression in Theorem 3.1 tends to
the chaotic phase expression if g := no/M tends to zero
(i.e. when the input dimension is fixed). We discuss this
effect in Appendix B.1.

Remark 2. Model scaling introduced in papers on the so-
called "lazy training” phenomenon (Chizat et al., 2019)
does not change the results of Theorem 3.1. We discuss lazy
training and its effects on our analysis in Appendix B.3.

3.2. Finite depth and width effects

We notice that some features of the NTK dispersion are
still not visible in the infinite-depth-and-width limit. One
can see in Figure 1 that the NTK variance in the ordered
phase is not exactly zero for finite-width DNNs, contrary to
the prediction in the limit. This is especially noticeable for
initialization close to the EOC, where the transition between
the two kinds of limiting behavior occurs. Moreover, Theo-
rem 3.1 cannot reveal the effects of the architecture since it
considers only DNNs of constant width. Therefore, we pro-
vide non-asymptotic expressions for the first two moments
of the NTK at initialization in the following theorem and
show that these expressions accurately describe the behavior
of finite-width DNNs.

Theorem 3.2 (Moments of the NTK at initialization). Con-
sider a ReLU DNN defined in (3) with widths scaling defined
in (5) and the output dimension ny, = 1. The initialization
is given by (6) and o, = 0. Then the expectation of the NTK
is determined by the following terms:

L
El© , (15012 L1 w’ 11
[Ow(z,2)] = [[x["a ; o an
L
E[O(z, )] ZaL ¢ (12)
(=1

where the NTK components Oy, and ©y, are defined in (4).
Moreover, the second moment of the NTK is determined by:

E[O} (z, )] nf
[[x0[|4a2(Z-D =X |2 ng
=t (13)
n Z g, — 17%—1 Clor )
<ty g ey t2)
E[0y(z,2)%] & Xts,1)
3L =Z RED T
(=1 1<ty
E[Ow (z,2)O(x, z)] _ i ne—1 Xe,L)
||X0H2a2L_l p ng a[
- 15)
131
Xy, L) noy—1 [ Mpy—1 a
+52; at 1 <nej Clenen) + "2>
1<l

1‘[1:1.(1+%+O(M*3/2)),
Ciijy H (1+—+O(M 3/2))anda::a§,/2.

where we denoted X(; jy 1=
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These expressions are derived in Appendix A.1 as a part of
the proof of Theorem 3.1 and they simplify to the results in
the limit by noticing that X{; ;) — ¢®* and C(y ) — e*.

Figure 2 examines how well the above expressions approxi-
mate the NTK of DNNs with varying ratios ag := ng/M
between the input dimension and the width of hidden layers.
One can see that the NTK variance in the ordered phase
indeed grows as the initialization approaches the EOC. This
effect is due to the terms proportional to ((a — 1)M )71
in the moments of O (z, z) and O (z, )Op(x, x). When
the initialization is close enough to the EOC, (a — 1)~! be-
comes comparable with finite M, and therefore the behavior
diverges from the limit.

Another remarkable observation is that the NTK dispersion
may decrease with depth in the ordered phase for DNNs
that increase the dimensionality (i.e. no < nj; < ...np_1),
which means that deeper networks can be more robust. In-
deed, in Subfigures b) and c) of Figure 2, the dispersion
reaches its peak at a certain depth and then decreases. We
provide additional results characterizing this effect in DNNs
with non-constant width in hidden layers in Appendix B.2.

3.3. Non-diagonal elements of the NTK

The results stated so far only concern the diagonal elements
of the NTK. To generalize to the whole kernel, we provide
the following theorem proven in Appendix A.2:

Theorem 3.3 (Non-diagonal elements of the NTK). Con-
sider a ReLU DNN from Theorem 3.2. The following bounds
hold for the ratio of non-diagonal and diagonal elements of
the NTK:

1> li e —
L%mI%%oo E[O( .....
L/M—XAER

16)

Moreover, the dispersion of the non-diagonal elements is
bounded by the dispersion of diagonal ones:

_ E[02(z,7)] . E[©°(z,2)]

M Eeea) S M Pewa (7
M—00 M —o00
L/M—X L/M—X

Of course, the bound in (17) is too loose for practical ap-
plications if the goal is to prove that the NTK is approxi-
mately deterministic. However, we note that the ratio of
non-diagonal and diagonal elements can be close to the
lower bound only in the chaotic phase. In the ordered phase,
our proof suggests the following bound for sufficiently wide
and deep networks:

- L —eTTL-1
E[O(z, 7)] > )y a* [Hk:g g(pr—1) (18)
E0wa)]~ Yl a-t

where g(t) := 1 (m/2+arcsint) and py, is the infinite-width

approximation of the cosine distance between x* and %*,

which only increases with depth and is given by applying
the function r(t) := 1(v/1—1#2 + tr/2 + tarcsint)
to (x°,%%) consecutively k times. The function r(-) arises
from the expectation of a product of two correlated Gaussian
variables under ReL U function.

We provide empirical results on the ratio of non-diagonal
and diagonal elements of the NTK in Figure 3. We also plot
the estimate for the ratio given by (18) in the same figure.
One can see that the ratio quickly increases with depth in
the ordered phase. Moreover, the lower bound in (18) gives
a good approximation for the experimental results. Then for
a given network in the ordered phase one can replace the
coefficient 16 in the bound (17) with 1/c2, where c is a better
estimate for the lower bound of E[O(z, Z)]/E[©(x, x)] and
can be close to one in the ordered phase.

We also provide experiments on the dispersion of the non-
diagonal elements in Appendix C.1. Our results indicate
that, in practice, the dispersion here is only slightly higher
than the prediction for the diagonal elements. The general
picture stays the same as in Figure 1: the dispersion is
low and does not grow with depth in the ordered phase
but increases exponentially with the depth-to-width ratio at
the EOC and in the chaotic phase. The finite-width effects
represented in Figure 2 also remain the same for the non-
diagonal elements.

3.4. Proof ideas

All our proofs are based on the following decomposition of
the NTK:

ZIW(T P @) +1), A9

which directly follows from (4) and the representation
of the gradients in backpropagation (7). Using forward-
propagation equations (3) and backpropagation equations
(7), we derive the first two moments for the ratios
NE = 2/ and VY o= [18°]2/]16° 1| in
Lemmas A.1 and A.2. We then notice that A are uncorre-
lated in different layers of the networks, as well as NV, f, while
N and MY in the same layer can be weakly correlated and
we quantify the effects of this dependence in Lemma A .4.
Given the moments of A’? and V{ and the results on their
correlations, we can represent summands of the NTK as the
following telescopic products:

-1
181 111 = 11785 TT v HN” (20)
k=1 p=L

and use this decomposition to compute the expectation and
the second moment of the NTK. We derive the first two
moments for Oy (z, z) and Op(z, ) separately in Lemmas
A.5 and A.6. These two components have very different
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Figure 3. Ratio E[O(z, Z)]/E[©(x, z)] at initialization for fully-connected ReLU networks of constant width M € {100, 200, 500} with
ap = 1. Colors and markers indicate different values of o2, There are 5 dashed lines for each o2, value, which correspond to 5 values of
the initial angle between input samples (x°, %°) € {0.1,0.3,0.5,0.7,0.9}. Darker lines (which also display larger values of the ratio
of interest) correspond to larger product (x°,%°). Expectations are computed by sampling 500 random initializations of each DNN
configuration. The solid lines show the estimate for the ratio of interest given by (18) in the ordered phase.

properties in the infinite-depth-and-width limit and, as we
show in the proof of Theorem 3.1, the behavior of the NTK
is determined by Oy (z,z) in the chaotic phase and by
Oyp(z, z) in the ordered phase. We also derive the expecta-
tion of Ow (z,2)O(z, z) in Lemma A.7 to complete the
calculations of the second moment of the NTK.

We note that many papers on the NTK use the so-called gra-
dient independence assumption (GIA), which leads to the
independence of V¥ and N{. This assumption often leads
to correct results in the infinite-width limit, as discussed in
Yang (2019). However, in our case of infinite depth and
width, it may have a non-negligible effect even for simple
fully-connected networks with all the weights initialized
independently. Thus, we have to calculate this effect ex-
plicitly in our proofs. We also note that Li et al. (2021)
used a similar technique involving telescoping products of
weakly-correlated variables to derive the distribution of the
activation norms of ResNets.

4. Training dynamics of the NTK

In the infinite-width limit, the NTK stays constant during
training, which allows to study the gradient flow dynamics
of infinitely-wide DNNs analytically. In this section, we
discuss when this result holds outside of the infinite-width
limit and how the empirical NTK changes during training.

4.1. The first GD step

Hanin & Nica (2020) proved that the NTK of over-
parametrized fully-connected ReLU networks initialized
at the EOC can evolve non-trivially during GD training if
depth and width of the network are comparable. In particu-

lar, their result bounds the relative change of the diagonal
elements of the NTK ©(z, z) in the first GD step carried
out on a single sample = above and below by an exponential
function of the depth-to-width ratio \. We generalize this
result to different initializations with the following theorem
proven in Appendix A.3:

Theorem 4.1 (GD step of the NTK). Consider a ReLU
DNN from Theorem 3.2. A single GD update on a sample
(z,y) € D results in the following changes of the NTK:

1. In the chaotic phase (a == 02,/2 > 1), the changes to
the NTK value are infinite in the limit for a constant
learning rate n € R:

E[AO(z, z))
E[©(z, )]

. 21
M —o00,L—00,
L/M—XeR

2. In the ordered phase (a < 1), the NTK stays constant
in the limit:

E[AO(z,z)]
E[6(z,z)]

0. (22)
M —o00,L—00,
L/M—XeR

This result shows that deep networks can potentially behave
according to the NTK theory during GD training only in
case of initialization in the ordered phase. We refer to exper-
iments in Seleznova & Kutyniok (2021), which confirm that
the relative change of the NTK during training on MNIST
is significant and grows with depth in the chaotic phase and
at the EOC but not in the ordered phase. However, it is
unclear how to generalize this result to realistic scenarios of
DNN training, which include randomly selected batches of
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Figure 4. Structure of the NTK matrix in different stages of training for fully-connected ReLU DNNs with L = 20 and M = 300. The
DNNs are initialized with o2, € {1.0, 2.0, 2.2} and trained on MNIST using Adam algorithm with learning rate 10~°. Subplots a) and b)
show the test and the train loss achieved by each DNN. Subplots ¢), d) and e) characterize label-awareness of the NTK. Variables 64,6,
and ©,, are defined in (23). The heatmaps show the NTK matrix on MNIST subsample of size 100 at epoch ¢ € {0, 100, 500, 3000}.
The subsample contains 10 elements of each class and is arranged so that consecutive diagonal blocks of size 10 contain pairwise NTK
values on each class. The color range in the heatmaps is adjusted to include the interval between the maximal and the minimal values of
the NTK in a given epoch, i.e. the colors correspond to different values for different epochs. Brighter colors indicate larger values.

arbitrary size and optimization algorithms beyond vanilla
GD. Our experiments in the next subsection show that the
NTK evolution is in general non-trivial even in the ordered
phase.

Remark 3. Deep networks rescaled as in Chizat et al. (2019)
can exhibit lazy training (with random NTK at initialization)
in the chaotic phase only if the scaling parameter grows
exponentially with depth L. We discuss the lazy training
phenomenon and its effects on our results in Appendix B.3.

4.2. Changes of the NTK structure

The NTK at initialization is label-agnostic, i.e. its value on
a pair (z, Z) is independent of whether the labels of x and Z
are the same or not. Clearly, label-agnostic features cannot
provide an optimal representation system for an arbitrary
task and many authors studied the benefits of adding label
information to kernels (Cristianini et al., 2001; Gonen &
Alpaydin, 2011; Tishby & Zaslavsky, 2015). In particular,
Chen et al. (2020) argued that label-agnosticism can explain
the performance gap between trained DNNs and the NTK
and demonstrated that adding label-awareness improves the
performance of the infinite-width NTK. Thus, it is impor-
tant to characterize label-awareness of the empirical NTK
and how the training process leads to it to understand the
properties of DNNs.

We saw in Section 3.3 that the NTK at initialization has an
approximately diagonal structure with the diagonal values

larger than the non-diagonal ones. On the contrary, the opti-
mal kernel” for a classification task would be block-diagonal
with blocks of larger values corresponding to samples of the
same class. Thus, we expect the NTK to naturally change
towards the block-diagonal structure during the training pro-
cess. Our experiments in Figure 4 confirm this intuition in
a simple setting of fully-connected ReLU networks trained
on MNIST. Let us define the following variables that char-
acterize label-awareness of the NTK matrix:

Z@(x x

zeX

Z E‘)(:l}i,ilfj),
ziFxj,

T;,x;EX)

Z O(z;, z;),

T, €EX},
zJQXk

KZ A |Xk| —1)) 23)

B K
- Z A% ( |X| |X%])

where X = UX_| &} is the decomposition of the dataset X
into K classes. Then Oy is the mean diagonal value, ©,

is the mean value of the NTK on samples from the same
class and ©,, is the mean value on samples from different
classes. Figure 4 suggests that a larger gap between 0,,/0,
and ©../6, may be related to better performance of DNNG.
Moreover, the gap between 1 and the ratio ©./0, may char-
acterize overfitting. Therefore, we believe that the structure
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of the NTK can be a proxy for generalization of DNNs even
outside of the NTK regime. One can also see that the struc-
ture of the NTK changes more rapidly in the early stages
of training, which is coherent with the conclusion in Fort
et al. (2020) that useful features are mostly learned in the
first epochs of training. Thus, dynamics of the NTK may
provide information about the state of the training process.

5. Conclusions and future work

This paper adds to the line of research on the statistical
properties of the NTK and the correspondence between
finite-width DNNs and their infinite-width approximations.
Our results in Section 3 precisely quantify variability of
the NTK at initialization for a given fully-connected ReLU
DNN and assess how well the kernel is approximated by its
infinite-width limit. Combining our findings from Section
3 with the results on the GD update of the NTK in Section
4.1, we conclude that the NTK regime can approximate
trained networks with non-trivial depth-to-width ratio only
in the ordered phase. At the same time, the behavior of
overparametrized DNNs outside of the NTK regime is very
poorly understood so far. It is unclear how to characterize
DNNs’ training dynamics in the general case and what role
the properties of the (random and dynamic) NTK play here.
‘We make a step into this direction in Section 4.2 by demon-
strating how the NTK acquires a block-diagonal structure
during training. We believe that precisely characterizing
the effects of this NTK structure on the generalization of
DNNs is a promising direction for future work. In general,
we hope to establish new connections between the NTK and
other aspects of DNN training outside of the NTK regime.
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A. Proofs
A.1. Variability of the NTK at initialization

Lemma A.1 (Forward-propagation of variance). Consider a fully-connected DNN defined in (3) initialized as in (6). The
activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}. Assume further that the biases are initialized
to zero, i.e. op = 0. Then the following holds for the ratios of the activation norms in consecutive layers of the network,
denoted Nt = |x*||2/||x" % ¢=1,...,L — 1:

2 2.2 ) 2 5
BN = B = () (5) (). @4
—EWNY 4
N(,1), 25
Vg e Y &

where ./\/(07 1) is the standard normal distribution. Moreover, random variables {J\/’f}e:gwa,l are mutually independent.

Proof. The squared norm of the activation vector in layer ¢ is given by
ne
2 =0 ¢*(Wix""" + )
i=1

Here x*~* depends only on {(W7,b7)};_; _,_1, therefore x*~! is independent of (W, b®). Since elements of W* are
i.i.d Gaussian, the distribution of W*x‘~! depends only on the norm of x*~* and not on the direction. Then we can write

the following equalities in distribution:
~ o2
W=y [
-1

6 (Wi 1 8) =22 1= 1) ),

2

where we introduced i.i.d random variables Z/{"‘=<4 /"”’1 (WiHT L> ~ N(0,1),i=1,...,ng, which are indepen-

R ES

dent of x’~', and used the fact that ¢(az) = ad(z) for a € RT. Therefore for the norm of the activation vector we have

the followmg,
ny
%1% = Z¢2 (Wix"" 4 b))= \/ fo U+ o) Z#’(ufx
=1 i=1

where only the first bracket depends on x‘~1. Then in case of zero biases, i.e. o5, = 0, for the ratio between the norms of
consecutive activation vectors we have

g

Z¢> ).

where the variables U4/, = 1,...,n, depend only on the weights in the given layer W*. Then the ratios N in different
layers are independent and we can obtain the desired moments of N’ as follows:

BV = o ZEW ) = T
2 rL[,1’
2 2 2 n 2 5
E[(NV})?] = V[0 (U)] + B2 (ND)] = (22 )i+ =
(42 (m ) v e = (5)' ()"0 )
where we used the moments of variables ¢(14;), which can be calculated by integration:
1 5
E[(/)2(M1[)] :iv V[¢52(Uf)] :Z" t=1,...,n
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Moreover, by the central limit theorem we have

1 e 2740 1
NE—ENY 2(772 i @ (Z/{i)_§> .
= N(0,1).
VVINV] V/5/m neoe

O

Lemma A.2 (Backpropagation of variance). Consider the same setting as in Lemma A.l. Then the following holds

for the ratios of norms of backpropagated errors (defined in (7)) in consecutive layers, denoted N := ||6°||?/]| 67|,
(=1,...,L—1:

N = %, B = (2) (1+2) 26)

T SRRND) ne/’
0 E /4
Mo B 4, mo.n), @n

where N(0, 1) is the standard normal distribution.

Proof. The recursive formula for the backpropagated errors is given by

Net1
8¢ = ¢'(nh) Z W§i+15§+1 = ¢/ () (Wi T i1,
j=1
Then, in the same way as in Lemma A.1, we have the following for the squared norm of §*:

ng

02 _ ()2 e+1_Tz+12:Uiu z+12mz 12 (V012
87 = 30(6 () (W Ea ) =T a4 LR

i=1

. .. . 41 . . .
where we introduced i.i.d. random variables Vf+1=< (%’ W ﬁ-ﬂy %> ~ /\/(07 1),i=1,...,ne, which are indepen-
i

dent of 6. One can also see that ¢'(h*) can only depend on {(W7,b7)},_; . therefore it is independent of ||§]|¢*!
and of VIT1 i =1,...,n,. Moreover, ¢/ (h!) = ¢/ (Wix‘1) = ¢/(U!) forall i = 1,...,ny, therefore ¢/ (h’) depends
only on W*. Then we can write the following for the ratio of interest and its moments:

2 M

Ny=T AU,

o 02 \2 5
EW =% EM= (%) (14 ),

where we calculated the moments of the summands as
E[(¢'(h)*V?] = El(¢/(h)”EV] = 1, VI(#/(n))?V?] = Bl( () JED] — § = -

Here we used that, in case of ReLU activation, ¢’ (h¥),i = 1,..., n, are Bernoulli variables with probability of 1 and 0
equal to 1/2, since h? is symmetric around zero. Therefore, E[(¢’(h¢))?] = E[(¢/(hf))*] = 1/2.

Same as in Lemma A.1, the limiting distribution of N} is given by the central limit theorem.

As we note in Section 3.4, many papers that study the NTK adopt the following assumption:

Assumption A.3 (Gradient independence assumption (GIA)). Matrix (W*) in backpropagation equations (7) and matrix
W in forward-propagation equations (3) are independent for all ¢ € {1,..., L}.
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This assumption is of course not true; however, the products (W*)Tx = 71"} Wi, x; and Wi x = Y70 W, x;, are
only dependent through the single summand containing Wf] Thus, the correlations caused by this dependence are of order
O(1/M) and can be disregarded in the infinite-width limit. However, in our case of the infinite-depth-and-width limit terms
of order O(1/M) can have a non-trivial impact on the computations. Therefore, we calculate the effects of the dependence
between the forward-propagated chain and the backpropagated chain in the following lemma.

Lemma A.4 (Gradient independence assumption (GIA)). Consider the same setting as in Lemma A.1. Then the following
statements hold:

1. GIA does not change the expectation of ||6°||? /|| 6+ +1 )2

k k

([T = TTEN ™) 28)

p=0 p=0
2. GIA changes the expectation of ||6°||% /|| 64T+ +1||2 - ||x width

limit where M — 0o, L — oo, L/M — X € R. In particular, we have:
u 1

L+p A 0+ é+p 0+

B[] Ay 7] = HE[N JENEP) (1+ +O(W>>’ 29)

p=0 p=0 P
where ng = ayM,ap € R, =1,...,L —1

3. GIA does not change the expectation of (||6%||2/||6T%12)? in the infinite-depth-and-width limit where M —
00, L = 00, L/M — X € R. In particular, we have:

k

[Tt = T B (1 0 () o

p=0 p=0

where ng = agM,0p e R4 =1,...,L —1:

Proof. In Lemmas A.1 and A.2 we derived the following equations for A} and NV
w Z (Vl+l)2 w Z V€+1)
=TS ),
e ; o)

where U depends only on the i-th row of the weights matrix W¥ and Vf depends only on j-th column of the same matrix
Wifori=1,...,n5,j=1,...,np-1,€ =1,..., L — 1. Therefore, variables ¢/ and V{ are only dependent through the
smgle weight Wz], which nevertheless makes N, f and N, f“ dependent for any £ = 1,..., L — 2. One can also see that
/\ff and Ngf are dependent through {Uf}z':l,,‘.,n@- The objective of this lemma is to determine the effects of these weak
dependencies on the expectation of products that appear in the NTK.

Part 1. We first consider the product of ratios of the backpropagated errors:

k 2 Ny Ne+k

B[N = T 22 30 o 30 Bl @)V U2 oo U 051
p=0 p=0 P T o1
k 2 etk k
=TI 30 X0 Bl @IV ) TT B0V e @)
p=0 P T =1 p=1
2 ng Ne+k k

Il
N | =
IZIw

2 2 TLEMET) e ™)

ir=1p=1
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As Z/{f:“p that Vf:”l depend only through Wf:;f _,» We can condition the expectation of their product as follows:

E[(VE )26 UET)) = E[EI(VE™)? | WP - El6 @) | W ).

tp—1 tp—1 tplp—1 tplp—1

To simplify the notation, let us denote w;;, , := W%;;*Wf:f; .~ N(0,1), a; = xﬁ“’ /|Ix“*?|| and
st v l+p e
b = 8,7/||647||. Then we have v,;pj =3 *1 Wi,y bk = Wiyi, i, + Zkﬂp Whi,_, by and
Z/lin — Z;}glp—l Wyiy_y @5 = Wi,y Qipy_y + Z#Z}H w;,jaj. We can then open the conditional expectations:
l+p 2 L4p 1,2 2 _ 2
]E[(Vip,l) | Wipip,l} - wlpz,, 1bz,, + ]E (Z wklp 1 =1- b (l - zpz,, 1)

k#ip

Wi
E[¢ (UHP) | WP =P Z wi,,jbk > —Wiyiy,_1 A, = ‘I’<M)7

iplp— 1 _ _ N
JFip—1 70@,, 1

where ®(-) is the CDF of the standard normal distribution. Here we used that ), £y Whip_1 bk ~ N(0,1— bfp) and
D jsiy  Wipi@j ~N(0,1—af ). Then we have:

p—1 )

EIVE 26 UE)) = (1~ 0 B (A - wiyi, )]+ 0Bl ®(A-wiyi, )] = 3

where we used the following integrals:

E[®(A - wi,qi, ;)] 7; 1/00 ferf(\;‘,wlpip 1)6 p( %)dwm%1 _ %’
Loz, |
9 Wipip—1

E[wZi O(A- Wi iy D=

Iplp—1

1/~ 1 A wi,; 1
+ 5 /700 Ew?pil)—l erf(ﬁwipip—l) exp(—%)dw“ﬂp .= 5

Thus, the expectation of the product of the ratios of backpropagated errors is exactly equal to the product of their expectations:

£ +p| w o k1 L+p
E[};ION‘S ]7 an+p1z_l 1k21 7( ) HEN )

which completes the proof of the first statement.

Part 2. We now consider the expectation of products of the activations’ ratios and the backpropagated errors’ ratios for the
same layers. The product in a single layer is given by:

ng ne ne mng

NZNZ Jw T;: ZZ¢2 ué (¢ (ul)) (VH—I)Q O—w w sz) (ué ul (ui) (vil+l)2,

i=1 j=1 =1 j=1

where we noticed that ¢(US) ¢ (UF) = ¢(Uf) = U ¢' (UY). Then for the product involving multiple layers we have:

— ne ng

k
L+p £+ o
[[Ngeatr = P U<mﬂ) DD I

p=0 j=0 i0=1jo=1

D ) U PV U U UL V2,

ir=1jr=1
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And the expectation can be decomposed into products as follows:

k

E[E}Nﬂ/\/,ﬁw} _ Knm 1;[()(”£+]) Zzl JZZI
Ntk Ntk E[6 (U Ol }E[(V[«Hﬁ»l E (V2+p )24’ (I/{H"M (u‘?+P)(Z/I’?+p)2]
0) 9 (U, (U, » o
ik=1j=1 r=1

2 k—1 Motk Netk  k

=5 i)af‘”i" (=) Z DI | E AR AR AR AR

Neg—1 N .
=1k g Pl e

where we used that E[(VE51)2) = 1 and Y7 E[¢/ (UL )¢/ (UL ) UL)2] = L(ng — 1) + 5 = 2 (1+w> If j, # iy,

we also know that the terms in E[(V“p )2¢’ (u"ﬂ’ )¢’ (Z/{“'p )(L{“p 2] are only dependent through {Wf:fp’ ) 7W§:fp7] 1.
Same as in Part 1, we can condition the product on these welghts

E[(VEP )20 UEP)0! UEP)UE™)) = B[EVE) [ wiyey w5y ] - EIS U [wiy, ]
U | wyy, ] BUE) g, )

And we can again write the conditional expectations in case j, 7 i, as follows:

4
E[(V2)? | wigiy iy wii, ] =107 (L=wi; ) =bF (L—w} ;) +2bi,bj,wi, ,w)i,
Y2 wzp,p, azp,
B0 U,7) | wi,) = (R,
—a?

L Wipiy—1 Qi
E[6'USP) | wi,,,] = @ (=it )
1- ”'12,3,1

]:l—a? (L=w? ).

Jpip—1

E[@7)? | wj,q

ip_1

To calculate the expectation of the product here we will need to use that E[®(A - w)] = E[w?®(A - w)] = 3, which we
already computed in Part 1. One can also easily see that E[w*®(A - w)] = 3 . The other expectations involved i m the product
can be calculated as follows:

2

w 1 A
E[w®(A - w)] 2\/%/ er \/i >oxp<—7)dwzﬁ\/ﬁ,

3 A w? A
E[w’®(A4 - w) 2\/7/ w erf \/5 )exp<f7)dw:\/%m(2+l421+l).

Expressions for the integrals above can be found e.g. in (Korotkov & Korotkov, 2020). Using all the above expressions, we
can obtain the following expression for the considered expectation in case j, # ip:

EI(VET P20/ )0 T U = 11— 8, — 8, ><1fazp D08 80 —a )

ip—1 ip Ip Tp '
1 2 2 2 2
+ (1 =0f =03 )ad 4 at 1+4bjp in-1
4A2 4A? 1
2
+ Zbipb]‘p(l aip,l)AQ +1 + 2b7pb7palp 1A 41 (2 + A + 1>
1 1
- Z + Eb?p + 8blprpa’l (1 + 2&2'1371 n a?r‘*l)

On the other hand, if j, = i, we have ¢’(u}jp)¢’(ujjp)(ujjp)2 = ¢’(Z/If:p))(l/{iljp)2 and therefore the expectation is
given by:

EI(VE 20 U UL = 5 a8

ip—1 ip ip 2 ip—1 tp"
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We now notice that index j, appears only in one expectation term in the product for each p. Therefore, we can sum over j,
independently for all p:

Netp
0 ¢ U 0 et 1 1
> BV PO U = P ) g g B
Jp=1
Tetp
+ (Z bjp>8blpaI L1+ Zai_l — a?p_l).
Jp=1

On the other hand, we need to sum over 4,_; values sequentially over different values of p. First, we can calculate the
following sum:

Netp—1 Netp

_ 11
S SRV U Uy = Mgy Ly L L

4 ng 2 2
ip—1=1jp=1 e
Netp Netp—1 Netp—1
6
(X b )8t (12 > @l - D db ).
Jp=1 ip—1=1 ip—1=1

Then we can obtain the following bounds for the sum of b;, and a;,_, given by Holder’s inequality:

Metp Netp
|3 05, < 3 Il = Il < Az b2 = v,
Jp=1 Jjp=1
Netp—1 Nepp—1
0<1+42 Y a} = > af <3
ip_1=1 ip_1=1

lbi,| <1, b7 <1.

Therefore, we can rewrite the previous sum as

WHHnHPE[(VHp)z(ﬁ/(qu) (U U] = Map—1Mitp (| 4 1 +0(~r5 1 )
> DUEMLT A Tesy EE
ip—1=1jp=1
Finally, for the expectation of the whole product we have:
b 2 52 Al 52 \2pp 1\ 1 n n 1 1
JE[ NHprer] _ Ow Ouw ( Ow ) Motk <1+7) L4+p—1TU+p <1+ L0 )
pl;[() 9 - Ng—1 Ny+k iZo Mo+ 4 Ny pl;[l 4 Notp (]V[?’/Z)
2\ 2(k+) gy o 1 1
- Lﬂ) Dotk (1 — 4+ 0(~ )
( 2 Nng_1 pI;[O * Ngtp + (]WS/2)
T e (1 !
= [T BN ) (1+ =+ 0(557)
p=0

Part 3. Finally, we consider the expectation of a product of squared ratios of the backpropagated errors. In a single layer we
have:
Nng Ny
Wi = (22 ) SN G U UV,

i=1 j=1
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And for the product in multiple layers we have:

H(Nl+p)2 H(

Motk Motk
Y D U Ui ) VPV 8 U U VT (VT
ip=1j =1

k ne Mg

[p]i[()/\mp) H(mﬂ,) DI

io=1jo=1

ne  Ng

“)'Y Y

n
) i0=1jo=1

etk Motk

k
ST ST B @) U IEIVE 2 V] T EIVE )2V 20 U ) UlH)

ik=17k=1

Here the expectations under product are more complicated since the variables in E[(Vfi’i )2 (Vf:pl )2 (Z/If:p )¢ (Z/{f:p )]
are dependent through {WH" Wﬁ:i},l , Wf:f; o ijf; _, }. Nevertheless, we can still decompose the expectation as
before into the following terms:
i ¢ ¢ ‘ v ‘
E[(Vo )2 (V)2 U ) (U )] = BRIV )P [ wigey s Wi, ] - BRIV [ wiyg, 1o w5, ]

ip—1 Jp—
O+ 4
E[él(uz:p) ‘ Wipip_1s wipjp—l] . IE[(b (uj:p) ‘ Wipip_1s wjpjp—l” .

And each conditional expectations can again be calculated explicitly:

l+
E[( p)Q ‘ Wipip 13 Wipip_ J=1- b2 (1- wp 1) - b2 (1 - ? ) + Qbipbjpwipip—lepip—l’
o
E[(V;, PV Wiyg, s wig, ] =1 bzgp(l - R L (1— 32 o) 203,65, wi 5, w;5,
Wi i Q4 —l— Wi i Q5
B U iy 15,] = B Diteep o L el s )
1-— a? —a?
p—1 Jp—1

wjpipflaip—L + wjpjpfla.jpfl )

_ 2
1 a; ., —aj

EL6' UL) | Wi Wi, = O

We open the expectation using the following expressions, which, as before, are integrals involving the error function
computed e.g. in (Korotkov & Korotkov, 2020):

1
E wiq)( wia;, , + W;a;, , ) _ /%aik“
2 2 s
1—611-?71 —aj "]
E wiqu)( Wi, , + W;iaj, ) —0,
: 2 2
1—611-?71 —aj "]
E w?wqu)< Wi, , + Wjiaj, , ) _ }7
1-— —a? 2
lp 1 Jp—1 -
wia;, , +w;ia;,_ ] 1
E wiuﬁ-@( » 12 ; 1 ) \/TQZP (11— ]p -
1—-a; —a7 ] 4
p—1 Jp—1

Using all of the above, we get the following expression for the expectation in case ip—1 # jp—1:

1 . .

5 p = Jps
E[(Vi 2 (V)26 U (U )] = L

1t bib (el +af, = 2aF a5 (0] +83) ip # s
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In case i,_1 = J,_1, we have
P p

o+
E[(V2)* [ wigiy s wii, ] =107 (L—wi; ) =bF (L —w} ;) +2bi,bj,wi, wji,
[ w.'P‘p a.p
B[/ Uf7T) | wi,i,.,] = @ =it ),

1—a1p L

Therefore, the expectation in this case is given by:

ip:jpv
B[V ' UT)e UHP)) =
% bial (B—a (b2 +12)) iy # jp

ip VJp Vi ip—1

»Jk\w | w

To compute the sum, we now notice that equality of indices in one layer (i, = j,) amounts to multiplying the product

H; 1E[( fpﬂi) ( j:pl) o'(U Hp)(i)’( Hp)] by 6 4 O(1/M?3/2) and for every pair of indices (i, j,) there are only 744,

summands with this multiplier and nu_p(n“p — 1) summands without it. We can also see that if we computed the sum
2

with all the pairs of indices not equal, we would get H];:o (m+p/2) (1 —1/nep + 0(1/M3/2)). Therefore, we get the

desired expression for the expectation of the product:

]Ekj\/ﬂm,koiQk"up?l 1 6 oL
LT =T1GE ) THS?) (o + o, +0n))

k 2
T2 o)

_ Iﬁ@mwﬁ“’f <1 + O(Mw ))

O

Lemma A.5 (Dispersion of Oy (z,x)). Consider a fully-connected DNN of depth L defined in (3) initialized as in (6).
The input dimension is given by ng = agM, the output dimension is 1, and the hidden layers have constant width M. The
activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}, and the output layer is linear. Assume also that the
biases are initialized to zero, i.e. o, = 0, and the input data is normalized. Then the component of the NTK corresponding

. L 9f(x)\? . . P
to the weights Ow (x,z) ==Y, Z” (6WZ ) has the following properties at initialization:
ij
o2 \L-1 M

EOw (z,z)] = (7) (1 + %(L - 1))7 (31

E[0} (z, )] 1 1 —4X
: 1——(1- . 2
]E2[(~)W(x, :v)] M —c0,L—00, 2)\ 4)\( € ) 32)

L/M—XeR
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Proof. Using backpropagation formulas for the gradients, we can rewrite the NTK as follows:

ng MNe—1

(z,2) = ZZ D@2

=1 i=1 j=1

||5£XXZ 7= ZWH [ES

||6LH2||X0H21:[ ”(SJ”2 H ||Xk||2
Lo L e

L—-1 -1

= " T 7 [T A%
=1 j=t k=1

= TM@ ‘HM@

Here for the simplicity of notation we omit the dependence on §¢ and x*~! on the input .

If the last layer has a linear activation and the input data is normalized, we also have that ||67||?||x°||? = 1. Then, using the
results about expectations of NV and VY from Lemma A.1 and Lemma A.2, as well as the results about correlations from
Lemma A.4, we can write the following for the expectation of Oy (z, x):

L-1 o (-1 o 2 4 L
E[Ow (z,z)] Z H 2o < (Uw>L 1 Z e
2 2 NE—1 2 no

=1 j=¢ k=1 =1

And for constant width of hidden layers, i.e. ng = M, ¢ =1,..., L — 1, this simplifies to
E[Ow (z, 7)) = (ﬁ)L_1 (1+ Ew-1) « (‘Lﬁ’)LL“
Wb - 2 no 2 no

Now we consider the second moment of the NTK, which is given by:

L
E[O} (z,7)] Z > Ebr,00,),

1<l <l2<L
L—1 —

T[N e-t.L
j=t k=1

‘We can open the expectation of the squared terms defined above as follows:
L—1

El0?) = E[[] (N(?)Q}E[ﬁwm

By e ol ).

which simplifies to the following expressions in case of constant width M

wo = (3)" () (g o lm)) oo

E[§?] = (%2”)2@71) (1 n % + 0(#))H.
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And the mixed terms with 1 < #; < #5 < L can be calculated as follows:

E[0y, 0,,] = ]E[Lﬁl(/\/g)?] [H pr] H E[(AF)2]

=ty p=t,
_ L— lo—1 -1
() ) T 2 o) T+ 2 o)) T 0+ 2)

which for constant width M simplifies to

El02,00.] = (%20)2@71)(%) <1 Tt O(AIIB/‘Z))LA?AZ( M + O<MS/2>>A[’ bh>1,

s = (57 G0+ +0lige) 03 0lig) ™

To make the notation lighter, we will denote x := 1 +5/M + O(]W*S’/Z) y:=1+1/M+ O( M~ 3/2> a:= 02 /2and

A := L/M here and in the following proofs. Then we can rewrite the two sums that comprise the second moment of the
NTK as follows:

L 2
S E[F7) = aE Vgl (%(L ~1)+1)
=1 0

M2L? 1 1 M2L? 1 1
20— MTET ) 0 _ 201 1 0
SV (MB/Z’)} 2 [‘L SV (M3/2>}’

ng

L—2
_ 2(L—1)]W2 1 L—1-Ag, Ay 2(L— 1>]U L—ty 132 1
> Elfbe]=a — S (L-1-A)a Y™ +a Z

1<, <la<L 0 A,—=1 o ;o
M4 M?
_ a2(L 1) — ((L _ 2)y’1’ ( _ 1)y2TL 1 + .Z‘yL) + a2(L71)7(ya:L71 _ yL)
16n2 4ng
M2L? 1 5 1 5 — 4« 1
o (L1 5) - b4 ol
¢ n | (4,\ ) e\t ) TOaeE) |t

(e 55) o)

Therefore, the complete expression for the second moment of Oy (x, x) is given by:

L
ML 1 3y 1 5 da 1
E[62] + 2 [0, 0,,] = a® @V [ (1= 2) - (1 0
; 10:]+ 1<[§<L [02:66s] = @ 2 " (- 3) — e () +olamn) )+
1 5 da 1
Hoe (e 5r0) +olimm)
Y <8 2( = ) P Oo\amn

<2IA - 81>\2+O<]i[)> v 5 +O(M))

One can see that in the limit I, — oo, M — oo, L/M — X € R, we have x¥ — ¢%* and y — e*. Therefore, we can find
the limit of the desired ratio:

2 M2L?
ng

E[GIZ/V(x .T)} 1 )\ 1— 1 (1 _674/\)
2L—1) L2M? Mooolomo, 2X° 4\ '
<—) 5 L/M—X\ER
2 ng
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Lemma A.6 (Dispersion of O (x, x)). Consider a fully-connected DNN of depth L defined in (3) initialized as in (6). The
input dimension is given by ng = agM, the output dimension is 1, and the hidden layers have constant width M. The
activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}, and the output layer is linear. Assume also that the
biases are initialized to zero, i.e. o, = 0 and the input data is normalized. Then the component of the NTK corresponding

to the biases O (z,x) := Z[ 12( f(x)

2
) has the following properties at initialization:

bt
2\ L
(5) -1«
= s
E[Oy(z,2)] = -1 (33)
L T
2
ag
1 o]
9 <
E[0%(z, )] . 2 o2
E2[0(x, )] M—o0,L—o0, 25)\2(6 -1 TN lf7:1 (34)
L/M-XER
2
5\ - Ow 1
e lf 5 >

Proof. Using backpropagation equations (7), we can obtain the following expression for O (z, x):

L L-1 L L-1

5 .
) = 381 1813 TT e = S T

(=1 j=t (=1 j=¢

In this lemma, we will again denote a := 02 /2 and x := 1 + 5/M + O(1/M?/?). And in the following computations, we
will need to consider cases with a # 1 and a = 1 separately.

Case 1: a # 1. In this case the expectation is given by a sum of a geometric progression:

L L—1 _ L ok 1
E[Oy(z,2)] =Y [[EW{] =) a* ‘=
=1 j=t =1 a—1
And for the second moment we can write:
L L-1 L L-1 l5—1 -
E[0)(z, z)?] (ZH/W) =ZE[H(N§)2]+2 3 [HN]H( ) ]
=1 j=¢ = =t 1< <l<L  j=t, k=0y
L L—
o — 1
Z H<1+7+O<M3/2>>+2 D, arhh H(H*JFO(MB/J)
=1 j=t 1<, <03<L k=0

For constant width M the above expression simplifies to the following sum:

E[0y(z,2)?] =

M=

@2L=0 L= | o Z G2L—ti—to L=t
1<, <0,<L

L—¢
(LK)LZ+QZQL[ Lzza—A,x—A[
£1=1 Ap=1

~
Il
Ja

[
Mh

~
Il
MR
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And the involved terms can be further calculated explicitly as follows:

2 a*ral —1 2 = 2(L—1), . L—1 I-L_I—L
E[Op(z, 2)*] = P +ax_12a 2" (1 —a"ra )
’ =1
_ a?lzl —1 2 (azLa:L -1 al — a)
T oa2z—1 ar —1\ a?z—1 a—1
a?lal —lax+1 2 af -1

a2z —1 ar—1 ar—1a—1
et (o) - (1 0()) 1 0(5))

If a < 1, the expectation and the second moment have finite limits:

1
E[Ou(z, 2)] M—00,L—00, 1—a
L/M—XER
-1 a+1 2 -1 1
E[O(z, z)? — =
[ b(x/x)]Mﬂoo,L%oo, a2—1la—1 a—-1la-1 (a—1)2
L/M—X€ER
Therefore for a < 1 we have
E[0}(z,2)] .
E2[@b(m,z)] M —o00,L—00,

L/M—XER
On the other hand, if a > 1 then the limits are infinite but there is a finite limit of the ratio:

E[©(z, z)%] 52

CL2L/(CL—1)2 M —o00,L—00, ¢
L/M—XeR

Case 2: a = 1. In this case, the expectation is just a sum of ones, so we have

E[Oy(z,z)] = z 1=1L
=1

And the second moment can be calculated as follows:

L L—1 L1 L1 9 L-1 L-1
ElOy(,a)Y =Y a2 Y ah Y a = T (et - Y )
=1 =1 Ag=1 ’ =1 =1

b —1 2 szl —z 1 2 1 10\ + 2
) 1)=M2 L<7 7)_7_7
x—1+:c—1<:c—1 + “\sar T25) " s 25

L_ g 2 1 2 2 1
v e o) - - o)
z—1 + {z (25)\2 +O0\37 s ome O\

Then for the desired ratio we have the following result in the limit:

7wL—1 2 (m
oz —1 r—1

E[O(z, )] 2

L? M—o00,L—00, 252
L/M-SAER

2
Y

(e —1) -

which completes the proof for all the cases. O
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Lemma A.7 (Dispersion of Oy (z, 2)Oy(z, z)). Consider a fully-connected DNN of depth L defined in (3) initialized as in
(6). The input dimension is given by ng = agM, the output dimension is 1, and the hidden layers have constant width M.
The activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}, and the output layer is linear. Assume also
that the biases are initialized to zero, i.e. o, = 0, and the input data is normalized. Then the following statements hold:

1. In the chaotic phase, i.e. if 62 /2 > 1:
EOw (z,2)0(z, z)]

35
EQ[ew(Il’)} M —o00,L—00, 0 ( )
L/M—AER
2. In the ordered phase, i.e. if 02 /2 < 1:
E[Ow (z,2)0(z, )]
0 36
]EQ[@b(CL',l')] M—o00,L—00, ( )
L/M—A€R
3. Atthe EOC, i.e. if 02 /2 =1:
E[Ow (z,2)0(z, )] i(e‘r’)‘ 9 )\i 4 n 16 ) 37)
L2 M—o0,L—00, 4o 252 A2 5\ 25)\2

L/M—XeR

Proof. We can decompose Oy (x, 2)O,(x, x) into telescopic products as follows:

L L
Ow (z, )0y (x, 7) Z 1841111 D 118712
=1 =1
L L-1 j -
_||5LH ”XOHZZH H5 H4 H ka”2
2 W g L pa=rpe

e Eal =

L-1
L)|41150)12
+ 107 Z H H5p+1H2 H [|67+1]4 kl_[l [|xF=12

1<4y <l <L p=t;

e L = P = P

L|141140/12
it 31 g [ H g L e

1<y <0y <L p=t;

Then, as in the previous lemmas, we can calculate the expectation using the results of Lemmas A.1, A.2 and A.4:

L L—-1 -1 lo—1 L—-1 41—1
E[Ow (@.2)0s(x,2)) = Y E[ T[] [TEWA + > T] EWPAZE| T W9)?] [T B
=1 =t k=1 1<y <a<L p=t1 =ty
lo—1 L—-1 ) 01—1
> ITENVIE[TT @302 TT B
1<y <l3<L p=0, =ty k=1
L L-1 1

_ 2L—¢—1"—1 5
’;“ - H<1+ +(M3/2)>

=t

+

L—-1

=
oL—0;—1 -1 1 1 5 1
LD DR H<1+7+(M3/2>> H(HEJ“(M?)M))

1< <t <L p=L1 Jj=t2

L—
2L—0y—1 T -1 5 1
D e H(“ +(M3/2))’

1<4; <la<L =0y

where we denoted a := o2 /2. As in Lemma A.6, we will need to consider the cases with a # 1 and a = 1 separately here.
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Case 1: a # 1. For constant width M the above expression for the expectation simplifies to:

L L—-1 L
an—l - - Z - Z Nog—1 gy —
E[ew(I,I)@b(I,I)]: a2L 4 11,L l+ a2L l1—1 2 ylz lle 12
n n
=1 0 =1 Lo=01+1 0
L-1 n L
l1—1 —ly— —0s
+ Z 1 Z G2L—te—1,L—t
no
(=1 lo=l1+1

M 1 M al1!
_ a2(L—1)IL—1<1 + 2 ) _ M a

ny ar — 1 ng ar — 1
+a2(L—1)mL—1% 1 ay _aQ(L—l)yL% 1 ay
noxr—yar—1 noxr—yay—1
LotM 1 (—xy Y >
nr—y\ar—1 ay—1
L2y 1 ( M_1 ), o7t ot %(L,g),ﬂ atz
ar —1 ng ax — 1 ar—1 axr—1ng ng (ax —1)2

:a2(L1)xL1|:(1+]W 1 )(1+ 1 )Jr% 1 ay:|

nioaxfl ar — 1 ngpr—yar—1
_ g2 L% 1 ay
npr—yay—1

M a —zy y? 1 M(L-1) M  ax
" R R
ngpr—y\ar—1 ay—1 axr —1 no

+al !

no (ax —1)2

dapx 4x

M a 1
_ -1, -1 M (7)
a7 v+t oo T\

dag ax — 1
M a 1
_ 2=, L 7 v+ 0 —
@ dogay—1Y7" (M)}
M a 16 4o L—-1
L—1 0
M _ 2y )
ta 4a0ax—1[]\/lz(ay—1)(ax—1) ]Ma( + o :|

M a
T daga-—1

QI L=t 2L=1)y L gaL=1y 4 O(Z\II)} 7

where we also denoted z := 1+ 5/M + O(1/M?/?) and y := 1 + 1/M + O(1/M?>/?). From the last expression, we see
that E[Ow (z, )©Os(x, z)] tends to zero if a < 1, therefore in this case we get

E[Ow (z,2)Op(z, )]

IE2 [G)b(:mx)] M—o00,L—00,
L/M—XeR

0, (38)

using the result of Lemma A.6 that E[©%(x, z)] has a finite limit when a < 1.

On the other hand, if @ > 1, we can see that E[©y (z, 2)©(x, z)] contains polynomials of M and L of degree not larger
than 1. Therefore, we have

E[Ow (z,7)0y(z, z)]

a?lM2L? /n2 M—00,L—00,
L/MAeR

0, (39)

which completes the proof for the case when a # 1.
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Case 2: a = 1. In this case, the expression for the expectation with constant width M is given by:

L—1 L
Neg—1 1, Ty —1 _ s
2L e+z Z 2 yb b1 Lt

0 no

M=

E[Ow (z,2)0(z, )] =

=1 7L l1=14=01+1

L—1 L
+ ey —1 st

=1 MO LT

m2[ /9 1 1 AN 16
A ol o)) B
dag |* (25+ M SRRV 5 "o

O

Theorem A.8 (Dispersion of the NTK at initialization). Consider a fully-connected DNN of depth L defined in (3) initialized
as in (6). The input dimension is given by ng = cgM, the output dimension is 1, and the hidden layers have constant width
M. The activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}, and the output layer is linear. Assume
also that the biases are initialized to zero, i.e. o, = 0, and the input data is normalized. Then the dispersion of the NTK at
initialization is given by the following expressions:

1. In the chaotic phase (a := 02 /2 > 1), the NTK dispersion grows exponentially with the depth-to-width ratio

A:=L/M as
E[0%(a,) N
B0, 2)] momioe ¢ (Tmde) (40)
L/M—AER

o

2. Atthe EOC (a = 1), the NTK dispersion grows exponentially with the depth-to-width ratio A as well, but with a slower
rate given by

E[02(z, z)] 1 oA (} 1602 + 3609 — 25>
E2 [@(T, l‘)] M —00,L—00, (1 =+ O[O)2>\ 2 200\
L/M—A€R
(41)
1 — 4« 200(4 — ap)  2ap(l + ap)
A 0 0 0) 200 0
L ST 5
3. In the ordered phase (a < 1), the NTK variance does not grow with \ and we have
2
B[O (2, 2) . )
E2 [@(T, T)] M —o00,L—00,

L/M—X€ER

Proof. We will consider the cases of the ordered phase (a := 02 /2 < 1), the chaotic phase (a > 1) and the EOC (a = 1)
separately.

Case 1: Chaotic phase. Using the results of Lemmas A.5, A.6, and A.7 and taking into account that ¢ > 1, we obtain the
following limit:

al —1 a—a Lttt
E[@b(aﬁ,w)] _ a—1 _ a—1 0
= M =M ,
HOw ol e D -y e S - i
0 0

Therefore, recalling that ©(x, z) = Ow (z, ) + Op(z, ), we get the ratio between the complete NTK and its component
corresponding to weights:
E?[O(z, )]
E2[Ow (z, )]

E[©(z, z)]

2
E[Gw(iu l)] ) M —00,L—00,
L/M—XER

1

= (1+
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Similarly, from Lemmas A.5, A.6, A.7, we can also obtain the following limit:

E[6%(z,z)] _ E[0(z,0)] = E[6j(z,2)] | E[Bw(z,2)0(x,2)] E[OF (z, )]

E2[Ow(z,z)] E2[Ow(x,2)] E2[Ow(z,z)] E2[Ow (z,x)] ML_/EOQL)\ZIT&? E2[Ow (z,x)]

Therefore, the dispersion of the NTK is determined by Oy (z, ) in the infinite-depth-and-width limit in case of the
initialization in the chaotic phase. Then we have the following expression for the dispersion in the limit:

E[6?(z, ) H@Gqu%)

Ez[@(x,x)] M —o00,L—00, 2\ 4N\
L/M—XER

which completes the first part of the proof.

Case 2: Ordered phase. In the ordered phase, i.e. if a < 1, we have that al — 0as L — oo, so Lemmas A.5, A.6 and A.7
suggest different relations between the terms of the NTK:

M

i+ —(L -1

E0w(e,a) ¢ 0T, 0

E[@b(:ﬁ, :L)] CLL —1 M —00,L—00,

— L/M—AER

a—1

E© , )] —— 0

[ W(l 1)] M —00,L—00,

L/M—AER

E®w(z,2)0p(x,z)] ———— 0
M —00,L—00,

L/M-A€R
1
E[©}(z,
(O (2, ) M—o00,L—00, (@ —1)2
L/MsAeR

Therefore, the dispersion of the NTK is determined by the component corresponding to biases Oy in the limit in case of
initialization in the ordered phase:

E[©*(z, )]

EQ[Q(CL'7 L)} M —o00,L—00,
L/M—XeR

1’

which completes this part of the proof.

Case 3: EOC. Here we have a’ = 1 for any £ € N. Therefore, we can simplify the expressions for expectations from
Lemmas A.5, A.6 and A.7 as follows:

ElOw (z,2)] = 1+ —(L— 1),

Qg
E[©(z,z)] = L.
Then the expectation of the complete NTK is given by:
L 1 L
E[0(2,2)] = E[Ow (2,2)] + E[By(w,2)] = - (1+ag+ 52 = 7 ) & (1 +ap).
e 7)) L L (&)

The squared NTK is given by ©%(z,2) = 0%, (z,2) + 20w (z,2)O(x, 2) + O2(z,z). Then we need to consider the
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expectations of all the components of this sum:

E[Of (z,2)] 5,\<1 1 >+ AL
e~ -3 et ——
LQ/O% M—o0,L—00, 2\ 8/\2 8)\2 ’
L/M—X€ER
E[O7(z, )] a2( 2 5 _ 2 _i)
L2/a2  M—oo,L—oo, C\25)\2 2502 5)/7
L/M—X€ER
E[Ow (z,)O(, )] @( 9 sa_la_ 4 16 )
Lz/ag M —00,L—00, 4 25)\2 )\2 5 25)\2
L/M—XER

Putting the above expressions together, we get the following limit for the desired ratio:

E[0%(z, )] 1 X (1 1603 + 36 — 25)
M2 220 T 0N T 49
E2[O(z,x)] M—oo,L—oo, (1+ )2 2 200\
L/M—X€eR
1 —4a 200(4 — o) 2a0(1 4+ o)
A 0 0 0) 2m: 0
L ST 5
which completes the proof. ]

A.2. Non-diagonal elements of the NTK

Theorem A.9 (Non-diagonal elements of the NTK). Consider a fully-connected DNN of depth L defined in (3) initialized
as in (6). The input dimension is given by ng = agM, the output dimension is 1, and the hidden layers have constant width
M. The activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}, and the output layer is linear. Assume
also that the biases are initialized to zero, i.e. o, = 0, and the input data is normalized. Then for the ratio of non-diagonal
and diagonal elements of the NTK we have:

1> lim E[O(x 1)]

L—oo,M—o0 E[O(z, )] x)]
L/MSAER

NH

Moreover, for the dispersion of the non-diagonal elements we have:

B0, ) _ B[Oz, )
L—oo,M—o00 E2[O(x,Z)] =~ L—co,M—oo E2[O(z, )]
L/MSAER L/M5SAeR

Proof. The non-diagonal element of the NTK on point x and Z is given by

L L
Z 6[ 62 l— 17)2[ 1 + Z 6[ 52
=1 =1

where the activations and the backpropagated errors with tilde correspond to Z. Same as in Lemma A.1, we can write the
following for the involved dot products:

(x,x) = Oy i I 1HZ¢ U)oU)

i=1

We notice that in this case Uf ~ N(0,1) and Z;l’Z N(0,1) are correlated variables and the covariance is given by
2 £
pff m The distribution of L{’ and L{’ depends only on the angle between the activations and not on the

norms.

Assuming p’~! is given, we can calculate the expectation of ¢(UY)p(UY):

~ _ 1 _ _ _ .
B0 | 1) = o= (/1= (1) 4 o /24 01 avesin )
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Then, denoting g(z) := 1 (V1 — 22 + a7/2 + zarcsinz), we have

1
™

- <xz7)~(z> ]

X1 x0Ty - E{Q(Pﬁfl)]

2

Zw
2 ng_q ot

We can reason in the same way to find expected dot products of the backpropagated errors:

nyg

(8,5 = 1"II5”1\H\6‘“IIZ¢ ) @V

‘We can also calculate the involved expectations:

Bl6/ W) W00) | o) = 5 (5 + arcsin gl ),
Y 8¢, 8%
EVIV! | o] = = 020
’ 8157

And, using the above expressions, we get
(8¢, 6% ] o2 [1 i 1 }
E{W = 7[[43 ;(E-ﬁ—arcsmpw )

We also need to consider the expectation of pi:

> oU)oUy) |
VI U, @)
where the correction to the above expectation for finite width is of order O(1/M) since the components approach normality

with this rate. Moreover, the estimator of correlation coefficient has a negative bias, therefore E[p’ | p’~'] approaches
g(p51) from below with ny_; — oco. Then we have

Elpl | pi ' =E

L

86 5] = 628 T by ] = o e w20 W DT A)) ey wf]

k=1 o “LkO

Similarly, denoting f(x) := %(71’ /2 + arcsin x), we get the following for the products of backpropagated errors:

L—-1

E[(8*,6%) > a*~* ] f(EloE)

k=t

Now we notice that E[pt] — g°¢(p2) not only if M — oo but also if £ — co with finite M, where g° denotes composition
of the function k times. Indeed g(x) is a monotonically increasing function with g(z) > x and a single fixed point at
z = 1, so we have E[p!] — 1 and g°*(p?) — 1if £ — oo. In other words, if E[p]/g°/(02) = 1 4 c¢/M for some
coefficients ¢y, then ¢, — 0 as £ — oc. Therefore, we can replace E[p%] with g°*(p) in the above bounds to obtain the
infinite-depth-and-width limit.

Putting everything together, we can write the following bound for the expectation of a non-diagonal element of the NTK

L
: 2] > : 0120, L—1 -1 op—1 o(k 1)
B GO R [ TEa D H )+
L/M—X€ER L/M—AER =1 k=

L L—1

S T 0|

/=1 k=¢
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Now studying the expressions above we can find the following bounds:

EO(z,7)] _ 1

> Z

! L~>olo Moo E[O(z,2)] = 4
L/MA€R

The upper bound is trivial. We obtain the lower bound in case of initialization in the chaotic phase by noticing that
S T D TIRZ, (92D (p0)) > L/4 for L > 2, which, by Chebyshev’s sum inequality, gives the maximal ratio
et . In the ordered phase,
o

we have Y0 T1H-, f(g°*V(pY)) > L/4 and E[Oy(z, z)] = S, ab~*, which gives the same bound.

between diagonal and non-diagonal elements of the NTK, since E[@y (z, z)] = a¥~! 25:1

Moreover, it is easy to see that E[©2(z, 7)] < E[©2(x, 2)], therefore we can write

, E[02(z, F)] . E[©%(z,2)]

2 AP S b R
Lo B0, 7)] = 0 i o B0z, 2)]
L/MSAeR L/M—X€ER

A.3. Training dynamics of the NTK

Theorem A.10 (GD step of the NTK). Consider a fully-connected DNN of depth L defined in (3) initialized as in (6). The
input dimension is given by ng = agM, the output dimension is 1, and the hidden layers have constant width M. The
activation function in the hidden layers is ReLU, i.e. ¢(x) = x1{x > 0}, and the output layer is linear. Assume also that
the biases are initialized to zero, i.e. o, = 0, and the input data is normalized. Then, if we perform a GD step on a point
(z,y) € D with learning rate 1), the following holds for the changes of the corresponding element of the NTK:

1. In the chaotic phase (a := 02,/2 > 1), the changes to the NTK value are infinite in the limit for a constant learning
rate:

E[AO(z, )]

E[O(z,z)] M—oo,L—oo,
L/M—AER

00 43)

The scaling of the learning rate needed to avoid the infinite limit is given by n = O(a™"), which tends to zero with
depth.

2. In the ordered phase (a < 1), the NTK stays constant in the limit:
E[AO(z,z)]

E[@(l‘,x)} M —o00,L—00,
L/M—XeR

0 (44)

Proof. A derivative of the NTK in gradient flow can be expanded as follows:

L

. 3(—) El X 6@ 5 .
O =Y (2 %wé #3200,

=1 iy
where the parameters change in the direction of the negative gradient:

e _0LD) ., oL(D)
U Tawe abl

:1,...77,5,]':1,...,71@,1,E:l,...L

If we now assume that the gradient descent step is performed on a single point of the dataset =, which is the same point for
which the NTK is calculated, we have:

0L(x) _ _ 0L(z) 9f(z) _ _0L(2) Py
oW, df(x) oW of(x) 77 7
OL(x) OL(x Of (x) OL(x)

Bl = — . . ¢
i bt 0f(x) obl a7

L
W =~
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It remains to calculate the derivatives of the NTK with resepect to the parameters. The involved terms are:

0Ow (z, ) af(x) 0*f(x)
COWL ZZ awf ( Wf’ > ZZ oW, OWEWE L

0Ow (z, ) of(x) fzx)
(')b‘ Z; abe <8WW > ZZ WL, Bbz Wi

00(z, ) of(x)
bl ZZ bl < ob, ) ZZ abf’ abf bf”

00y (z, ) <8f(m ) (z) 0°f(x)
St =S () < L rwa
To calculate these terms, we need to find the second derivatives of the DNN’s output function.

-1 ’ 0 —1
?f(x) _61’8"’ 4xt1 24},

" OWY,

a8t
X
OWLWL, T oWy T

V% X
= ]1[<[ 6 [ ! 7—1°
20"

ah{;

+ ﬂg>g/ 6fxﬁlril¢l(h§71)

In the above equation the first term is non-zero only in case ¢ > ¢ and the second term is non-zero only if ¢ < ¢. Then we
can write the following:

00w (.2) oo DL) G~ oo 1oy e I
X Towr W= g 2o I IR0

>0
IL(x) - -1 0]8" |
PR RES 1\\22 T
") & 5,
Opening the remaining parts of the derivative in the same way, we obtain the following expression:
- 9L(x) 0112 =12 o2 ea”XW I
@ 3 = - 0 ) 5 _—
@) = -5 (g{u P 1851%) 3 6=
B 9 52’ 2
NG E LRI e )
>0

Case 1. Chaotic phase. Let us bound the change of the NTK by computing only the terms with £ = £ + 1. In this case,

o 12
7‘9”"%;”2 = 2x{. We then notice that }_, x{0¢ = >, 6p 71 3 Willx! = 37, 6.7 'hi™ = 37, 5H1XH1 which by

induction gives 3°, x{8¢ = f(x). Therefore, taking into account that for quadratic loss we have OL(x)/0f(z) = f(x) — v,
we can write the following bound:

L
E[| A0, )| > 20E[£(2)® Y (182" )2 + 611
=1

Then, using the results of Lemmas A.1, A.2 and A.4 again, we obtain the expectation of the first part:

0 L L-1 1 -1 5
E[|AO(z, z)]] >4r) 2L~ IZ H < +7+O(]y[3/2>) H<1+,T) o a2E-1
(=1 j=0+1 i=1 J

And since in case of the chaotic phase E[O(z, x)] &< E[@w (z,z)] oc a¥ LM /ng, we have the desired limit:
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E[|AO(z, z)]]

E[@(x,x)] M —o00,L—s00,
L/M—XeR

o0

Case 2. Ordered phase. The bound that we used for the chaotic phase above gives zero in the limit in case of the
ordered phase. We will now show that the upper bound of the relative change of the NTK is also zero in the limit in this

W ice th 553“" 1” 52 61! ) 4|2 hé _ 5t 28]x 4|2 ht 5&5( QHX H hl
case. We notice that 3, f(x)0; * g = >, 6; Dy, KR =34 Z)T i [ .S Y
-1 ”2

Then we have Y, f(2)df %1 d”x < [16%)12 (%Y 1|2 + A, where the expectation of A is zero. Similarly, we have

> [ ffl %2”2 < |62 ||xg_1 |? + B with a term B of zero expectation. The we have the following bound for the

change of the NTK:

E[ A0, )] < 27E[37 6% 2x 12 37 (6% 2 (x> + 1)]

2] L2 <ty

The expectation of >_, _, 045,05, where 0f, = [|6°]|?|x*~1||?, was calculated in Lemma A.5 and the expectation of

41 pl 0 1§
>ty <t, Oty where 6 == [|6
sums:

2, was calculated in Lemma A.7. In particular, we have the following results for the two

1
[1 12 5)\ S TR DN

/2<f1
Zop1 o
B[S ) o omg ooy (=),
£a<ty

Then we see that the upper bound on the changes of the NTK is proportional to a>” L%, which tends to zero with depth in
the ordered phase. Given that the expectation of the NTK in the ordered phase has a non-zero limit given by 1/(1 — a), we
can then conclude that

E[AO(z, z)]

E[@(l’, x)} M —o00,L—00,
L/M—XeR

0

in case of initialization in the ordered phase. O

B. Additional observations
B.1. Effects of oy := n0/M at the EOC

The theoretical expression for the NTK dispersion in the infinite-width limit, which we derived in Theorem 3.1, depends on
the ratio «g := ng/M at the EOC:

E[0%(z,z)] 1 aaf 1 202 —8ag N osnl—dag 200 /4 —ap
VeoC = pai8(z,a)] (1t ao)? |© (5 2502 ) (=) 5x 57( A _1_%)'

Examining this expression, one can see that it tends to the limiting expression for the NTK dispersion in the chaotic phase as
the ratio o decreases:

L —4x
VEOC—>2>\ (1 4/\( e ))

We illustrate this effect in Figure 5. One can see that gradually decreasing the value of oy moves the NTK dispersion at the
EOC closer to the NTK dispersion in the chaotic phase.

B.2. Effects of the architecture

In Section 3.2, we showed that constant-width DNNs that increase the input dimensionality, i.e. ng <ny =--- =nr_1, get
more robust with depth in a sense that the dispersion of their NTK decreases. Here we show how the theoretical expressions
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Figure 5. Effects of cvg := n0/M on the NTK dispersion at the EOC in the infinite-depth-and-width limit. All the lines show the
theoretical expressions from Theorem 3.1. The black line (uppermost) corresponds to the NTK dispersion in the chaotic phase, while all
the other lines show the NTK dispersion at the EOC with varying a values. The colors spanning from yellow to violet (from lighter to
darker tones) indicate the value of «g spanning from 1 (yellow) to 0.1 (violet).
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Figure 6. Effects of the architecture on the NTK dispersion ratio E[©?(x, x)]/E*[©(x, )] as predicted by Theorem 3.2. The subplots
show the dispersion for varying values of o2, for three different architectures. The lower row of the figure illustrates the considered
architectures. Formally, the widths for each architecture are given by: a) ny = M; + [E(Mg — M)/ L-| ,b)ny, = [(M 1+ Ma)/ 21 )
©)ng = Mz + [¢(My — M2)/L] for 0 < ¢ < L. The width parameters are given by M; = 100, M> = 500 and do not change as the
depth grows. The depth-to-width ratio is computed for the average width, i.e. A = 2L /(M1 + M>).
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for the NTK moments in Theorem 3.2 reveal more effects of the DNN’s architecture. In Figure 6, we compute the theoretical
prediction of the NTK dispersion for three architectures: the first one gradually increases width over L layers from ng = M;
tony—1 = Mo, the second one keeps constant width, i.e. ng = -+ =ny_1 = (M; + Ms)/2, and the third one gradually
decreases width over L layers from ng = M to np—1 = M;. We note that all the architectures have the same average width
in this setting. We also note that we keep M7 and M> fixed while varying the depth L. Therefore, we compare networks that
increase or decrease the dimensionality equally but over a different number of layers. Figure 6 demonstrates that the NTK
dispersion is lower for the DNNs that increase the dimensionality. Moreover, for such DNNs the peak of dispersion falls on
the relatively shallow networks. Therefore, it may be beneficial to increase dimensionality over more layers if the goal is to
decrease the variance of the DNN. On the contrary, the dispersion only increases with depth for DNNs that decrease the
dimensionality. Thus, it may be beneficial to keep such networks shallow if one wants to keep the variance minimal.

B.3. Lazy training

The NTK regime of neural networks is often discussed in connection with the so-called lazy training phenomenon (Chizat
et al., 2019). In lazy training, a model behaves as its linearization around the initialial parameters due to rescaling given by:

fale)=af(@),  La(D)= 5L(D), a€R,

where f(-) is the original model’s output function and £(D) is the training loss. Chizat et al. (2019) showed that the
dynamics of a rescaled model defined by f,(+) and L, (D) is close to its linearization if the scaling factor « is large. Thus,
in this section we discuss the effects of the lazy training rescaling on the results presented in our paper.

One can see that the NTK changes trivially if we rescale the output function:

waa(x) =aVyf(z) = éa(wl,xg) = a’0(z1, 22),

where we denoted the NTK of the rescaled model as ©,. Therefore, all our results concerning the NTK dispersion
(Theorem 3.1) and the ratios of expectations at initialization (Theorem 3.3) do not change if we rescale the model, since the
constants added to the nominator and the denominator cancel each other:

E[Qi(ﬁ,m)] _ E[62(-7:1,l’2)]
B[O (z1,22)]  E*[O(21,25)]

On the other hand, the relative change of the NTK in a gradient descent step (Theorem 4.1) is affected by the rescaling.
Recall that the NTK derivative is given by:

L
=

0w = 3 (3 TG W + 3 ),
1 i % i 4

Terms of the above expression change as follows due to the rescaling:

90,(z,1)  ,00(x,x) 0O4(z,2)  ,00(z,2)

owel ~ % TawL T abl  “ abl
_0L.(D) 1 9L(D)

v 1 .= T 1 .
(W3)., oW T o oWl Wi, (b)), = 5bi.

Therefore, the NTK derivative is not changed by the rescaling and for the relative change of the NTK we have:

E[AO, (z,z)] _ 1 E[AB(z,2)]
E[O4(z,z)] a? E0(z, )]

For any constant choice of o € R, this scaling does not change our limiting results in Theorem 4.1. However, if the rescaling
parameter is scaled exponentially with L as a o< (,,/+/2)" then the relative change of the NTK tends to zero in the chaotic
phase, as well as in the ordered phase and at the EOC. Thus, it is possible to enforce lazy training in deep networks outside
of the ordered phase but the required rescaling parameter grows exponentially with depth.
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C. Additional experiments
C.1. Non-diagonal elements of the NTK

We provide empirical results on the dispersion of the non-diagonal elements of the NTK in this subsection. Figure 7 is
analogous to Figure 1: it compares the dispersion of the NTK in different phases of initialization. One can see that the
non-diagonal elements of the NTK behave similarly to the diagonal ones. In particular, the dispersion of the non-diagonal
elements grows exponentially with the depth-to-width ratio and reaches high values for deep networks in the chaotic phase
and at the EOC, whereas in the ordered phase the dispersion is low and does not grow with depth. Figure 8 is analogous to
Figure 2: it characterizes the behavior of the NTK dispersion close to the EOC, where the finite-width effects are significant.
Here the picture is again similar to the one described in Section 3.2 for the diagonal elements of the NTK. In particular, the
dispersion gradually increases as o2, grows and approaches the EOC. One can also see that the dispersion of the non-diagonal
elements decreases with depth in the ordered phase for networks with oy < 1, same as in the case of the diagonal elements.
In all the figures, we provide experiments for varying initial angles between the two input samples of the NTK and conclude
that the dispersion does not depend significantly on this angle.

C.2. Additional error bars for Figures 1, 2 and 3

To keep all the figures readable, we include error bars only in a subset of points in Figures 1 and 2 in the main text. We also
omit error bars in Figure 3. To give the reader a better idea about the variance observed in our experiments, we include
additional figures with continuous error bars in this section. Figure 9 is analogous to Figure 1: it shows the estimated
dispersion of the NTK along with the theoretical expressions in the infinite-depth-and-width limit from Theorem 3.1. We
include fewer lines (values of o2)) in this figure to keep the continuous error bars distinguishable. Similarly, Figure 10 is
analogous to Figure 2: it shows the results concerning the NTK dispersion around the EOC. Finally, Figure 11 shows a
subset of lines from Figure 3 with their continuous error bars and concerns the ratio between non-diagonal and diagonal
elements of the NTK.

C.3. Estimating the NTK dispersion from a sample

In our experiments, we estimate the ratio 7 := E[©2(x, )] /E2[O(x, )] at initialization from a sample. To do so, we sample
an element of the NTK N times with independently chosen intialization parameters and get a sample {6, } ;.

In this setting, the standard estimators for the first and the second moments given by f; := Zfil 0;/N and
fig = YN, 62/N are unbiased:

z

E[i] = E[% : 01-] = ;,;NIE[@J = 1,

1

-
Il

MHZ

Eljie) = B[ |

k2

1 N
0] = 5 2 =

Il
-

where we denoted the actual moments as i := E[¢;] and s := E[6?].

However, fi; and fio computed on the same sample are dependent, so the estimator for the desired ratio given by fio/(fi1)?
is biased and we need to correct it. First, we notice that the estimator for u2 given by the square of ji; is biased as follows:

s = (100 = + P
i=1

Therefore, an unbiased estimator for 12 can be computed as

T N 5, 1

(n1) = ﬁ(/"l - Nﬂz)

Second, we want to remove the dependence between the numerator and the denominator, which can be done simply by
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Figure 7. Ratio E[©%(z,%)]/E*[©(x, #)] at initialization (on a pair of different input samples, ie. = # ) for fully-connected
ReLU networks of constant width M = 200 with o9 € {2.0,0.5,0.1} and varying initial angle between the input samples
(x°,%% € {0.1,0.5,0.9}. The dashed lines show the experimental results and the solid lines show the corresponding theoret-
ical predictions for diagonal elements of the NTK from Theorem 3.1. For each network configuration, we sampled 500 random
initializations and computed an unbiased estimator for the ratio (see details in Appendix C.3). The error bars show the bootstrap estimation
of the standard error.
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Figure 8. Ratio E[©%(z,%)]/E*[©(x, #)] at initialization (on a pair of different input samples, ie. = # ) for fully-connected
ReLU networks of constant width M = 200 with &9 € {2.0,0.5,0.1} and varying initial angle between the input samples
(x°,%% € {0.1,0.5,0.9}. The dashed lines show the experimental results and the solid lines show the theoretical predictions
given by Theorem 3.2 for the diagonal elements of the NTK. For each network configuration, we sampled 500 random initializations and
computed an unbiased estimator for the ratio (see details in Appendix C.3). The error bars show the bootstrap estimation of the standard
error.
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Figure 9. Ratio E[©?(x, )] /E*[©(x, )] at initialization for fully-connected ReLU DNNs of constant width M € {100, 200,500} with
ap = 1. The experiment setup is the same as in Figure 1. Continuous error bars show the bootstrap estimation of the standard error.
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Figure 10. Ratio E[©?(z, z)]/E*[©(x, x)] at initialization for fully-connected ReLU networks of constant width M = 200 with the ratio
ap :=no/M € {2.0,0.5,0.1}. The initialization hyperparameter o2, is close to the EOC for all the lines. The experiment setup is the
same as in Figure 2. Continuous error bars show the bootstrap estimation of the standard error.
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Figure 11. Ratio E[©%(z, z)]/E*[©(x, x)] at initialization for fully-connected ReLU networks of constant width M = 200 with the ratio
ap :=mno/M € {2.0,0.5,0.1}. The initialization hyperparameter o2, is close to the EOC for all the lines. The experiment setup is the
same as in Figure 2. Continuous error bars show the bootstrap estimation of the standard error.
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using disjoint parts of the sample to compute the two:

1 07
=g D : ’
F Qizlm[(zj?éi(’j)Z*Z#i@ﬂ

where we used the unbiased version of the estimator for 3 computed on a sample without §; in the denominator. Then we
can compute the expectation of our new estimator for the ratio as follows:

e E[6?] =
E[f] = (N 1);E{<Zj¢i91>2_zj¢i0?] .

Therefore, 7 is an unbiased estimator of the ratio.
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Neural (Tangent Kernel) Collapse
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Abstract

This work bridges two important concepts: the Neural Tangent Kernel (NTK),
which captures the evolution of deep neural networks (DNNs) during training, and
the Neural Collapse (NC) phenomenon, which refers to the emergence of symmetry
and structure in the last-layer features of well-trained classification DNNs. We
adopt the natural assumption that the empirical NTK develops a block structure
aligned with the class labels, i.e., samples within the same class have stronger
correlations than samples from different classes. Under this assumption, we derive
the dynamics of DNNs trained with mean squared (MSE) loss and break them
into interpretable phases. Moreover, we identify an invariant that captures the
essence of the dynamics, and use it to prove the emergence of NC in DNNs with
block-structured NTK. We provide large-scale numerical experiments on three
common DNN architectures and three benchmark datasets to support our theory.

1 Introduction

Deep Neural Networks (DNNs) are advancing the state of the art in many real-life applications,
ranging from image classification to machine translation. Yet, there is no comprehensive theory that
can explain a multitude of empirical phenomena observed in DNNs. In this work, we provide a
theoretical connection between two such empirical phenomena, prominent in modern DNNs: Neural
Collapse (NC) and Neural Tangent Kernel (NTK) alignment.

Neural Collapse. NC [39] emerges while training modern classification DNNs past zero error
to further minimize the loss. During NC, the class means of the DNN’s last-layer features form a
symmetric structure with maximal separation angle, while the features of each individual sample
collapse to their class means. This simple structure of the feature vectors appears favourable for
generalization and robustness in the literature [12, 31, 40, 47]. Though NC is common in modern
DNN:gs, explaining the mechanisms behind its emergence is challenging, since the complex non-linear
training dynamics of DNNs evade analytical treatment.

Neural Tangent Kernel. The NTK [30] describes the gradient descent dynamics of DNNs in the
function space, which provides a dual perspective to DNNs’ evolution in the parameters space. This
perspective allows to study the dynamics of DNNs analytically in the infinite-width limit, where the
NTK is constant during training [30]. Hence, theoretical works often rely on the infinite-width NTK
to analyze generalization of DNNs [1, 20, 28, 49]. However, multiple authors have argued that the
infinite-width limit does not fully reflect the behaviour of realistic DNNs [2, 10, 22, 27, 36, 43], since
constant NTK implies that no feature learning occurs during DNNs training.

NTK Alignment. While the infinite-width NTK is label-agnostic and does not change during
training, the empirical NTK rapidly aligns with the target function in the early stages of training
[5,7, 44, 45]. In the context of classification, this manifests itself as the emergence of a block structure

*Correspondence to: Mariia Seleznova (selez@math.1lmu.de).
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in the kernel matrix, where the correlations between samples from the same class are stronger than
between samples from different classes. The NTK alignment implies the so-called local elasticity
of DNN5s’ training dynamics, i.e., samples from one class have little impact on samples from other
classes in Stochastic Gradient Descent (SGD) updates [23]. Several recent works have also linked
the local elasticity of training dynamics to the emergence of NC [33, 53]. This brings us to the main
question of this paper: Is there a connection between NTK alignment and neural collapse?

Contribution. In this work, we consider a model of NTK alignment, where the kernel has a block
structure, i.e., it takes only three distinct values: an inter-class value, an intra-class value and a
diagonal value. We describe this model in Section 3. Within the model, we establish the connection
between NTK alignment and NC, and identify the conditions under which NC occurs. Our main
contributions are as follows:

* We derive and analyze the training dynamics of DNNs with MSE loss and block-structured
NTK in Section 4. We identify three distinct convergence rates in the dynamics, which
correspond to three components of the training error: error of the global mean, of the class
means, and of each individual sample. These components play a key role in the dynamics.

* We show that NC emerges in DNNs with block-structured NTK under additional assumptions
in Section 5.3. To the best of our knowledge, this is the first work to connect NTK alignment
and NC. While previous contributions rely on the unconstrained features models [21, 38, 48]
or other imitations of DNNs’ training dynamics [53] to derive NC (see Appendix A for a
detailed discussion of related works), we consider standard gradient flow dynamics of DNNs
simplified by our assumption on the NTK structure.

* We analyze when NC does or does not occur in DNNs with NTK alignment, both theoreti-
cally and empirically. In particular, we identify an invariant of the training dynamics that
provides a necessary condition for the emergence of NC in Section 5.2. Since DNNs with
block-structured NTK do not always converge to NC, we conclude that NTK alignment is a
more widespread phenomenon than NC.

* We support our theory with large-scale numerical experiments in Section 6.

2 Preliminaries

We consider the classification problem with C' € N classes, where the goal is to build a classifier that
returns a class label for any input € X'. In this work, the classifier is a DNN trained on a dataset
{(z:,9:)},, where z; € X are the inputs and y; € R are the one-hot encodings of the class labels.
We view the output function of the DNN f : X — R® as a composition of parametrized last-layer
features h : X — R™ and a linear classification layer parametrized by weights W € R*" and
biases b € RC. Then the logits of the training data X = {x;}}¥; can be expressed as follows:

f(X) = WH +bly, (1

where H € R™*N are the features of the entire dataset stacked as columns and 15 € R¥ is a vector
of ones. Though we omit the notion of the data dependence in the text to follow, i.e. we write H
without the explicit dependence on X, we emphasize that the features H are a function of the data and
the DNN’s parameters, unlike in the previously studied unconstrained feature models [21, 38, 48].

We assume that the dataset is balanced, i.e. there are m := N/C training samples for each class.
Without loss of generality, we further assume that the inputs are reordered so that T(c_1)m41, - - - s Tem

belong to class ¢ for all ¢ € [C]. This will make the notation much easier later on. Since the dimension
of features n is typically much larger than the number of classes, we also assume n > C' in this work.

2.1 Neural Collapse

Neural Collapse (NC) is an empirical behaviour of classifier DNNs trained past zero error [39].
Let (h) := N~ 3N | h(x;) denote the global features mean and (h), := m™~" >, cctass « M)
¢ € [C] be the class means. Furthermore, define the matrix of normalized centered class means as
M = (), /| Bl (We /| F)ellal T € R™C, where (R, = (h). — (h).c € [C]. We say
that a DNN exhibits NC if the following four behaviours emerge as the training time ¢ increases:
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(NC1) Variability collapse: for all samples z{ from class ¢ € [C], where ¢ € [m], the penultimate
layer features converge to their class means, i.e. ||h(z§) — (h)c|2 = 0.

(NC2) Convergence to Simplex Equiangular Tight Frame (ETF): for all ¢, ¢’ € [C], the class
means converge to the following configuration:

C 1
(e = (B)ll2 = [{)er = (R)ll2 = 0, MTM = === (Ilc = Flc14)-
(NC3) Convergence to self-duality: the class means M and the final weights W T converge to

each other:
M/ M| = WT/[WT ]|, — 0.

(NC4) Simplification to Nearest Class Center (NCC): the classifier converges to the NCC
decision rule behaviour:

argmax(Wh(z) + b). — argmin||h(x) — (h).||2-

Though NC is observed in practice, there is currently no conclusive theory on the mechanisms of its
emergence during DNN training. Most theoretical works on NC adopt the unconstrained features
model, where features H are free variables that can be directly optimized [21, 38, 48]. Training
dynamics of such models do not accurately reflect the dynamics of real DNNS, since they ignore the
dependence of the features on the input data and the DNN’s trainable parameters. In this work, we
make a step towards realistic DNN dynamics by means of the Neural Tangent Kernel (NTK).

2.2 Neural Tangent Kernel

The NTK © of a DNN with the output function f : X — R® and trainable parameters w € RY
(stretched into a single vector) is given by

&)k,s(mivm]’) = <vwfk(rz)7vwfs(rj)>7 Tiy T S X7 k;78 € [C} (2)

We also define the last-layer features kernel ©”, which is a component of the NTK corresponding to
the parameters up to the penultimate layer, as follows:

@Z_’S(ycz—,xj) = <thk(ati).,th5(xj)>, zi,xj € X, k,se[n]. 3)

Intuitively, the NTK captures the correlations between the training samples in the DNN dynamics.
While most theoretical works consider the infinite-width limit of DNNs [30, 52], where the NTK can
be computed theoretically, empirical studies have also extensively explored the NTK of finite-width
networks [19, 36, 45, 49]. Unlike the label-agnostic infinite-width NTK, the empirical NTK aligns
with the labels during training. We use this observation in our main assumption (Section 3).

2.3 Classification with MSE Loss

We study NC for DNNs with the mean squared error (MSE) loss given by

1
LW, H,b) = o[ f(X) = Y, @

where Y € RE*V is a matrix of stacked labels y;. While NC was originally introduced for the
cross-entropy (CE) loss [39], which is more common in classification problems, the MSE loss is
much easier to analyze theoretically. Moreover, empirical observations suggest that DNNs with MSE
loss achieve comparable performance to using CE [14, 29, 41], which motivates the recent line of
research on MSE-NC [21, 38, 48].

3 Block Structure of the NTK

Numerous empirical studies have demonstrated that the NTK becomes aligned with the labels Y 'Y
during the training process [7, 32, 45]. This alignment constitutes feature learning and is associated
with better performance of DNNs [9, 13]. For classification problems, this means that the empirical
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Figure 1: The NTK block structure of ResNet20 trained on MNIST. a) Traced kernel chzl Ok (X)
computed on a random data subset with 12 samples from each class. The samples are ordered as
described in Section 2, so that the diagonal blocks correspond to pairs of inputs from the same class.
b) Traced kernel Y_;_, ©7 , (X) computed on the same subset. ¢) Norms of the kernels O}, ;(X) for

all k, s € [C]. d) Norms of the kernels O} ,(X) for all k, s € [n]. The color bars show the values
in each heatmap as a fraction of the maximal value in the heatmap. e) The alignment of the traced
kernels from panes a and b with the class labels.
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NTK develops an approximate block structure with larger kernel values corresponding to pairs of
samples (z§, J) from the same class [44]. Figure 1 shows an example of such a structure emergent

in the empirical NTK of ResNet20 trained on MNIST.2 Motivated by these observations, we assume
that the NTK and the last-layer features kernel exhibit a block structure, defined as follows:

Definition 3.1 (Block structure of a kernel). We say a kernel © : X x X — RE*E has a block
structure associated with (A1, Ao, A3), if \1 > A2 > A3 > 0 and

@(I, I) = )\1]1[(, @(I X, ) )\Q]IK, @(I ZL’ ) = /\3]1](, (5)

7 j 7 ]
where x7 and x are two distinct inputs from the same class, and x ]f is an input from class ¢’ # c.

Assumption 3.2. The NTK © : X x X — RE*C has a block structure associated with (Y4, Ve, Yn)»
and the penultimate kernel ©" : X x X — R" ™ has a block structure associated with (K4, ke, kin)-

This assumption means that every kernel O x(X) := [O x(zs,2;)]i je[n) corresponding to an
output neuron fy, k € [C] and every kernel © (X)) corresponding to a last-layer neuron hy,, p € [n]
is aligned with Y 7Y (see Figure 1, panes a-b). Additionally, the "non-diagonal" kernels O,s(X)
and @Z. +(X), k # s are equal to zero (see Figure 1, panes c-d).3 Moreover, if 7y, > 7, and K, > K,
Assumption 3.2 can be interpreted as local elasticity of DNNs, defined below.

Definition 3.3 (Local elasticity [23]). A classifier is said to be locally elastic (LE) if its prediction or
feature representation on point x5 from class ¢ € |C] is not significantly affected by performing SGD
updates on data points from classes ¢’ # c.

To see the relation between Assumption 3.2 and this definition, consider a Gradient Descent (GD)
step of the output neuron fx, k € [C] with step size 7 performed on a single input arj-/ from class
¢ # c. By the chain rule, block-structured © implies locally-elastic predictions since

o OL(z)
) o8 @)
i.e., the magnitude of the GD step of f(z§) is determined by the value of ©(z¢, x5
block-structured kernel ©” implies locally-elastic penultlmate layer features because
of(zf)

This observation provides a connection between our work and recent contributions suggesting a
connection between NC and local elasticity [33, 53].

JHN ) = fH(2) = O (a5, x +O(n?), (6)

) Similarly,

R (28) — B (26) = 7T]®h(:L x5 )WT

+0(n?). (7)

*We provide figures illustrating the NTK block structure on other architectures and datasets in Appendix C.
3We discuss possible relaxations to our main assumption, where the "non-diagonal" components of the
last-layer kernel @Z,S are allowed to be non-zero, in Appendix D.
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Eigenvalue Eigenvector Multiplicity
. T T T

Asing]e:'yd_f}/c v;:ﬁ(m_lv_lm—laON—m) N-C
—_————— ——
index 2>0, class c<0 others =0

T T T
>\c1ass = >\single + m('Yc - 'Yn) Ve = ﬁ ( (C - 1)17n7 - 1N—m ) -1
class ¢>0 others <0
Aglobal = )\class + N’Y'n vo =1y 1

Table 1: Eigendecomposition of the block-structured NTK.

4 Dynamics of DNNs with NTK Alignment

4.1 Convergence

As a warm up for our main results, we analyze the effects of the NTK block structure on the
convergence of DNNs. Consider a GD update of an output neuron f, k € [C] with the step size 7:

LX) = JEX0) =m0k k(X)(FLX) = Yi) +00), k=1,....C. ®

Note that we have taken into account that Oy,  is zero for k # s by our assumption. Denote the
residuals corresponding to fx ast} := f;7 (X) — Yx € RY. Then we have the following dynamics
for the residuals vector:

rit = (1 9@y (X))rh + O(P). ©)
The eigendecomposition of the block-structured kernel Oy, 5 (X) provides important insights into
this dynamics and is summarized in Table 1. We notice that the NTK has three distinct eigenvalues
Aglobal = Aclass = Asingle> Which imply different convergence rates for certain components of the error.
Moreover, the eigenvectors associated with each of these eigenvalues reveal the meaning of the error
components corresponding to each convergence rate. Indeed, consider the projected dynamics with
respect to eigenvector v and eigenvalue Agjoba from Table 1:

t+1

<rk ,V()) = (1 - 77)\global)<r7i;7 VO)a (10)

where we omitted O(n?) for clarity. Now notice that the projection of rf, onto the vector vy is in fact
proportional to the average residual over the training set:

(r}, vo) = (rj, 1) = N{(rj) an
where () denotes the average over all the training samples z; € X. By a similar calculation, for all
c € [C] and i € [m] we get interpretations of the remaining projections of the residual:

N ¢

(rhove) = Gg (ke = 0h), (i) = 2

—— (k@) = (xh)e), (12)

We where (-).. denotes the average over samples x¢ from class ¢, and r}] (¢) is the kth component of
fr (z§) — y¢. Combining (10), (11) and (12), we have the following convergence rates:

<r2f1) = (1 = nAgiobar)(r7,), (13)
<r§c+1>c - <r§€+1> = (1 - 77)‘claSS)(<r)ltc>c - <r§c>)7 (14)
r’;jl(xf) - <r2-,+1>c =(1- 71)\single)(r2(xf) - <1'i-,>c)~ (15)

Overall, this means that the global mean (r) of the residual converges first, then the class means, and
finally the residual of each sample r(x¢). To simplify the notation, we define the following quantities:

R:f(X)_Y:[r('TILar(l‘N)L (]6)
Ruee = ~RYTY = [(t)1,..., (1)) @17, amn
m D
=Ry
Retobal = %lelT = ®1}, (18)
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where R € RE*N is the matrix of residuals, Rejass € RE*Y are the residuals averaged over each
class and stacked m times, and Rgiopar € RE*N are the residuals averaged over the whole training
set stacked NV times. According to the previous discussion, Ryjopa converges to zero at the fastest
rate, while R converges at the slowest rate. The last phase, which we call the end of training, is when
Reiass and Rygjopar have nearly vanished and can be treated as zero for the remaining training time. We
will use this notion in several remarks, as well as in the proof of Theorem 5.2.

4.2 Gradient Flow Dynamics with Block-Structured NTK

We derive the dynamics of H, W, b under Assumption 3.2 in Theorem 4.1. One can see that the
block-structured kernel greatly simplifies the complicated dynamics of DNNs and highlights the role
of each of the residual components identified in Section 4.1. We consider gradient flow, which is
close to gradient descent for sufficiently small step size [16], to reduce the complications caused by
higher order terms. The proof is given in Appendix B.1.

Theorem 4.1. Suppose Assumption 3.2 holds. Then the gradient flow dynamics of a DNN can be
written as

H = 7WT[(H(1 - HC)R + (’ic - ’fn)T”Rclass + ’anRglobal}
W= —-RHT (19)
b= *Rgloba11N~

We note that at the end of training, where Reass and Rgiobar are zero, the system (19) reduces to

. - . - 1
H= (kg — kc)VuL, W = -VwL, L(W,H) := 5||WH +b1l - Y|%, (20)

and b = 0. This system differs from the unconstrained features dynamics only by a factor of kg — K.
before H. Moreover, such a form of the loss function also appears in the literature of implicit
regularization [4, 6, 11], where the authors show that WH converges to a low rank matrix.

5 NTK Alignment Drives Neural Collapse

The main goal of this work is to demonstrate how NC results from the NTK block structure. To this
end, in Section 5.1 we further analyze the dynamics presented in Theorem 4.1, in Section 5.2 we
derive the invariant of this training dynamics, and in Section 5.3 we finally derive NC.

5.1 Features Decomposition

We first decompose the features dynamics presented in Theorem 4.1 into two parts: H;, which lies in
the subspace of the labels Y, and Hs, which is orthogonal to the labels and eventually vanishes. To
achieve this, note that the SVD of Y has the following form:

P'YQ = [/ml¢,0], (@2

where O € RE*(V=C) is a matrix of zeros, and P € R®* and Q € RV*¥ are orthogonal matrices.
Moreover, we can choose P and Q such that P = [ and

1 -
Q=[QQ Q=—rlo®l, eRVY Q=Ic®QeRV™ 9 @

7

where ® is the Kronecker product. Note that by orthogonality, Q; € R™*(™~1) has full rank and
1] Q2 = 0. We can now decompose HQ into two components as follows:

1 1
HQ = H, H,], H=—=—HQ;, H;=-—=—HQ.. 23
Q = vm[H,, Hy), 1= Qi 2= Qo (23)
The following equations reveal the meaning of these two components:
1 ~ -
Hi = [(h),- (o], He=—=[HYQy,... . HQ,], 24)

where (h). € R” is the mean of h over inputs z§ from class ¢ € [C], and H(®) € R™ ™ is the
submatrix of H corresponding to samples of class ¢, i.e., H = [H(l), RN H(C>]. We see that Hy
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is simply the matrix of the last-layer features’ class means, which is prominent in the NC literature.
We also see that the columns of H(®) Qg are m — 1 different linear combinations of 1 vectors h(x§),
i € [m]. Moreover, the coefficients of each of these linear combinations sum to zero by the choice of
Qg. Therefore, Ho must reduce to zero in case of variability collapse (NC1), when all the feature
vectors within the same class become equal. We prove that Hy indeed vanishes in DNNs with
block-structured NTK as part of our main result (Theorem 5.2).

5.2 Invariant

‘We now use the former decomposition of the last-layer features to further simplify the dynamics and
deduce a training invariant in Theorem 5.1. The proof is given in Appendix B.2.

Theorem 5.1. Suppose Assumption 3.2 holds. Define Hy and Hy as in (23). Then the class-means

of the residuals (defined in (17)) are given by Ry = WH; + blg — l¢, and the training dynamics
of the DNN can be written as

Hl - _WTRI (MclassHC + ’inmlCl-Cr')

I__IZ = _NsingleWTWHQ (25)
W =-m(R;H] + WH,H])

f) = —mR1 lc,

where Lisingle 1= Kd — Kc ANd [lclass *= [single + M(Ke — Ky ) are the two smallest eigenvalues of the
kernel O | (X) for any k € [n]. Moreover, the quantity

1 1

1
E=-W W- H,(Ic — alclf)H] — HyH, (26)
m Helass Hsingle
. . . . . — KnMm —
is invariant in time. Here o .= Yo+ Cromm”

‘We note that the invariant E derived here resembles the conservation laws of hyperbolic dynamics
that take the form Epy, := a® — b® = const for time-dependent quantities a and b. Such dynamics
arise when gradient flow is applied to a loss function of the form £(a, b) := (ab — ¢)? for some q.
Since the solutions of such minimization problems, given by ab = ¢, exhibit symmetry under scaling
a — ya,b — b/, the value of the invariant By, uniquely specifies the hyperbola followed by the
solution. In machine learning theory, hyperbolic dynamics arise as the gradient flow dynamics of
linear DNNs [42], or in matrix factorization problems [3, 15]. Moreover, the end of training dynamics
defined in (20) has a hyperbolic invariant given by

1

Eet = W'TW — HH'. 27

Hsingle
Therefore, the final phase of training exhibits a typical behavior for the hyperbolic dynamics, which
is also characteristic for the unconstrained features models [21, 38]. Namely, "scaling" W and H by
an invertible matrix does not affect the loss value but changes the dynamic’s invariant. On the other
hand, minimizing the invariant E.,, has the same effect as joint regularization of W and H [48].

>

However, we also note that our invariant E provides a new, more comprehensive look at the DNNs
dynamics. While unconstrained features models effectively make assumptions on the end-of-training
invariant Eq to derive NC [21, 38, 48], our dynamics control the value of E.y through the more
general invariant E. This way we connect the properties of end-of-training hyperbolic dynamics with
the previous stages of training.

5.3 Neural Collapse

We are finally ready to state and prove our main result in Theorem 5.2 about the emergence of NC in
DNNs with NTK alignment. We include the proof in Appendix B.3.

Theorem 5.2. Assume that the NTK has a block structure as defined in Assumption 3.2. Then the
DNN's training dynamics are given by the system of equations in (25). Assume further that the
last-layer features are centralized, i.e {h) = 0, and the dynamics invariant (26) is zero, i.e., E = Q.
Then the DNN's dynamics exhibit neural collapse as defined in (NC1)-(NC4).
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Below we provide several important remarks and discuss the implications of this result:

(1) Zero invariant assumption: We assume that the invariant (26) is zero in Theorem 5.2 for sim-
plicity and consistency with the literature. Indeed, similar assumptions arise in matrix decomposition
papers, where zero invariant guarantees "balance" of the problem [3, 15]. However, our proofs in fact
only require a weaker assumption that the invariant terms containing features H are aligned with the
weights WTW, ie.

" HH] - ——HH], (8)
Heclass Hsingle

WTW

where we have taken into account our assumption on the zero global mean (h) = 0.

(2) Necessity of the invariant assumption: The relaxed assumption on the invariant (28) is necessary
for the emergence of NC in DNNs with block-structured NTK. Indeed, NC1 implies Hy = O, and
NC3 implies H;H] oc W T W. Therefore, DNNs that do not satisfy this assumption do not display
NC. Our numerical experiments described in Section 6 strongly support this insight (see Figure 2,
panes a-e). Thus, we believe that the invariant derived in this work characterizes the difference
between models that do and do not exhibit NC.

(3) Zero global mean assumption: We note that the zero global mean assumption (h) = 0 in
Theorem 5.2 ensures that the biases are equal to b = %10 at the end of training. This assumption
is common in the NC literature [21, 38] and is well-supported by our numerical experiments (see
figures in Appendix C, pane i). Indeed, modern DNNss typically include certain normalization (e.g.
through batch normalization layers) to improve numerical stability, and closeness of the global mean
to zero is a by-product of such normalization.

(4) General biases case: Discarding the zero global mean assumption allows the biases b to take an
arbitrary form. In this general case, the following holds for the matrix of weights:

(WWT)2 _ m

(Hc —alell + (1—aC)(CbbT —b1], — lch)>‘ (29)
Heclass

For optimal biases b = %lc, this reduces to the ETF structure that emerges in NC. Moreover, if
biases are all equal, i.e. b = S1¢ for some 8 € R, the centralized class means still form an ETF (i.e.,
NC2 holds), and the weights exhibit a certain symmetric structure given by

1
WWT s (Io = 71ell), MM (Io - = 1018)), (30)
where v := (1 — |1 = BC|v/1 — aC) < &. The proof and a discussion of this result are given in
Appendix B.4. In general, the angles of these two frames are different, and thus NC3 does not hold.
This insight leads us to believe that normalization is an important factor in the emergence of NC.

(5) Partial NC: Our proofs and the discussion suggest that all the four phenomena that form NC do
not have to always coincide. In particular, our proof of NC1 only requires the block-structured NTK
and the invariant to be P.S.D, which is much weaker than the total set of assumptions in Theorem 5.2.
Therefore, variability collapse can occur in models that do not exhibit the ETF structure of the
class-means or the duality of the weights and the class means. Moreover, as shown above, NC2 can
occur when NC3 does not, i.e., the ETF structure of the class means does not imply duality.

6 Experiments

‘We conducted large-scale numerical experiments to support our theory. While we only showcase our
results on a single dataset-architecture pair in the main text (see Figure 2) and refer the rest to the
appendix, the following discussion covers all our experiments.

Datasets and models. Following the seminal NC paper [39], we use three canonical DNN architec-
tures: VGG [46], ResNet [24] and DenseNet [26]. Our datasets are MNIST [35], FashionMNIST [51]
and CIFARI10 [34]. We choose VGG11 for MNIST and FashionMNIST, and VGG16 for CIFAR10.
We add batch normalization after every layer in the VGG architecture, set dropout to zero and choose
the dimensions of the two fully-connected layers on the top of the network as 512 and 256. We use
ResNet20 architecture described in the original ResNet paper [24], and DenseNet40 with bottleneck
layers, growth k£ = 12, and zero dropout for all the datasets.
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Figure 2: ResNet20 trained on MNIST with three initialization settings and varying learning rates
(see Section 6 for details). We chose a model that exhibits NC (red lines, filled markers) and a model
that does not exhibit NC (blue lines, empty markers) for each initialization. The vertical lines indicate
the epoch when the training accuracy reaches 99.9% (over the last 10 batches). a) Frobenious norm
of the invariant ||E|| . b) Alignment of the invariant terms as defined in (28). ¢) NCI: standard
deviation of h(x¢) averaged over classes. d) NC2: [MTM/|[MTM|| ¢ — ®| r, where ® is an ETF.
e) NC3: |[WT/|W||z — M/||M||r||r. The legend displays the test accuracy achieved by each
model and the last-layer features kernel alignment given by (8" /||©" ||, YTY /Y TY| r)F. The
curves in panes a-e are smoothed by Savitzky—Golay filter with polynomial degree 1 over window of
size 10. Panes f, g and h show the NC metrics and the test accuracy as functions of the learning rate.

Optimization and initialization. We use SGD with Nesterov momentum 0.9 and weight decay
5 x 107, Every model is trained for 400 epochs with batches of size 120. To be consistent with
the theory, we balance the batches exactly. We train every model with a set of initial learning rates
spaced logarithmically in the range 1 € [1074,10925]. The learning rate is divided by 10 every 120
epochs. On top of the varying learning rates, we try three different initialization settings for every
model: (a) LeCun normal initialization (default in Flax), (b) uniform initialization on [—\/E, \/E],
where k = 1/n,_; for a linear layer, and k = 1/(Kn,_1) for a convolutional layer, where K is the
convolutional kernel size (default in PyTorch), (¢) He normal initialization in fan_out mode.

Results.  Our experiments confirm the validity of our assumptions and the emergence of NC as
their result. Specifically, we make the following observations:

* While most of the DNNs that achieve high test performance exhibit NC, we are able to
identify DNNs with comparable performance that do not exhibit NC (see Figure 2, panes
f-h). We note that such models still achieve near-zero error on the training set in our setup.

Comparing DNNss that do and do not exhibit NC, we find that our assumption on the invariant
(see Theorem 5.2 and (28)) holds only for the models with NC (see Figure 2, panes a-e). This
confirms our reasoning about the necessity of the invariant assumption for NC emergence.

The kernels © and ©" are strongly aligned with the labels Y TY in the models with the
best performance, which is in agreement with the NTK alignment literature and justifies our
assumption on the NTK block structure.

We include the full range of experiments along with the implementation details and the discussion
of required computational resources in Appendix C. Specifically, we present a figure analogous to
Figure 2 for every considered dataset-architecture pair. Additionally, we report the norms of matrices
H,;H/,HyH], and (h)(h) T, as well as the alignment of both the NTK © and the last-layer features

kernel ©" in the end of training, to further justify our assumptions.
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7 Conclusions and Broad Impact

This work establishes the connection between NTK alignment and NC, and thus provides a mechanis-
tic explanation for the emergence of NC within realistic DNNs’ training dynamics. It also contributes
to the underexplored line of research connecting NC and local elasticity of DNNs’ training dynamics.

The primary implication of this research is that it exposes the potential to study NC through the lens
of NTK alignment. Indeed, previous works on NC focus on the top-down approach (layer-peeled
models) [18, 21, 38, 48], and fundamentally cannot explain how NC develops through earlier layers
of a DNN and what are the effects of depth. On the other hand, NTK alignment literature focuses on
the alignment of individual layers [7], and recent theoretical results even quantify the role of each
hidden layer in the final alignment [37]. Therefore, we believe that the connection between NTK
alignment and NC established in this work provides a conceptually new method to study NC.

Moreover, this work introduces a novel approach to facilitate theoretical analysis of DNNs’ training
dynamics. While most theoretical works consider the NTK in the infinite-width limit to simplify the
dynamics [1, 20, 28, 49], our analysis shows that making reasonable assumptions on the empirical
NTK can also lead to tractable dynamics equations and new theoretical results. Thus, we believe that
the analysis of DNNs’ training dynamics based on the properties of the empirical NTK is a promising
approach also beyond NC research.

8 Limitations and Future Work

The main limitation of this work is the simplifying Assumption 3.2 on the kernel structure. While
the NTK of well-trained DNNs indeed has an approximate block structure (as we discuss in detail
in Section 3), the NTK values also tend to display high variance in real DNNs [22, 44]. Thus, we
believe that adding stochasticity to the dynamics considered in this paper is a promising direction
for the future work. Moreover, the empirical NTK exhibits so-called specialization, i.e., the kernel
matrix corresponding to a certain output neurons aligns more with the labels of the corresponding
class [45]. In block-structured kernels, specialization implies different values in blocks corresponding
to different classes. Thus, generalizing our theory to block-structured kernels with specialization
is another promising short-term research goal. In addition, our theory relies on the assumption
that the dataset (or the training batch) is balanced, i.e., all the classes have the same number of
samples. Accounting for the effects of non-balanced datasets within the dynamics of DNNs with
block-structured NTK is another possible future work direction.

More generally, we believe that empirical observations are essential to demistify the DNNs’ training
dynamics, and there are still many unknown and interesting connections between seemingly unrelated
empirical phenomena. Establishing new theoretical connections between such phenomena is an
important objective, since it provides a more coherent picture of the deep learning theory as a whole.
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A Related works

NC with MSE loss. NC was first introduced for DNNs with cross-entropy (CE) loss, which is
commonly used in classification problems [39]. Since then, numerous papers discussed NC with
MSE loss, which provides more opportunities for theoretical analysis, especially after the MSE loss
was shown to perform on par with CE loss for classification tasks [14, 29].

Most previous works on MSE-NC adopt the so-called unconstrained features model [21, 38, 48]. In
this model, the last-layer features H are free variables that are directly optimized during training,
i.e., the features do not depend on the input data or the DNN’s trainable parameters. Fang er al. [18]
also introduced a generalization of this approach called N-layer-peeled model, where features of
the N-th-to-last layer are free variables, and studied the 1-layer-peeled model (equivalent to the
unconstrained features model) with CE loss as a special case.

One line of research on MSE-NC in unconstrained/layer-peeled models aims to derive global mini-
mizers of optimization problems associated with DNNs [17, 18, 48]. In particular, Tirer et al. [48]
showed that global minimizers of the MSE loss with regularization of both H and W exhibit NC.
Moreover, Ergen & Pilanci [17] showed that NC emerges in global minimizers of optimization
problems with general convex loss in the context of the 2-layer-peeled model. In comparison to our
work, these contributions do not consider the training dynamics of DNNS, i.e., they do not discuss
whether and how the model converges to the optimal solution.

Another line of research on MSE-NC explicitly considers the dynamics of the unconstrained features
models [21, 38]. In particular, Han et al. [21] considered the gradient flow of the unconstrained
renormalized features along the "central path", where the classifier is assumed to take the form of the
optimal least squares (OLS) solution for given features H. Under this assumption, they derive a closed-
form dynamics that implies NC. While they empirically show that DNNs are close to the central path
in certain scenarios, they do not provide a theoretical justification for this assumption. The dynamics
considered in their work is also distinct from the standard gradient flow dynamics of DNNs considered
in our work. On the other hand, an earlier work by Mixon ef al. [38] considered the gradient flow
dynamics of the unconstrained features model, which is equivalent (up to rescaling) to the end-of-
training dynamics (20) that we discuss in Sections 4.2 and 5.2. Their work relies on the linearization
of these dynamics to derive a certain subspace, which appears to be an invariant subspace of the
non-linearized unconstrained features model dynamics. Then they show that minimizers of the loss
from this subspace exhibit NC. We note that, in terms of our paper, assuming that the unconstrained
features model dynamics follow a certain invariant subspace means making assumptions on the
end-of-training invariant (27). In comparison to these works, we make a step towards realistic DNNs
dynamics by considering the standard gradient flow of DNNs simplified by Assumption 3.2 on the
NTK structure, which is supported by the extensive research on NTK alignment [7, 9, 44, 45]. In our
setting, the NTK captures the dependence of the features on the training data, which is missing in the
unconstrained features model. Moreover, while other works focus only on the dynamics that converge
to NC, we show that DNNs with MSE loss may not exhibit NC in certain settings, and the invariant
of the dynamics (26) characterizes the difference between models that do and do not converge to NC.

Notably, works by Poggio & Liao [41] adopt a model different from the unconstrained features model
to analyze gradient flow of DNNs. They consider the dynamics of homogeneous DNNss, in particular
ReLU networks without biases, with normalization of the weights matrices and weights regularization.
The goal of weights normalization in their model is to imitate the effects of batch normalization
in DNNs training. In this model, certain fixed points of the gradient flow exhibit NC. While the
approach taken in their work captures the dependence of the features on the data and the DNN’s
parameters, it fundamentally relies on the homogeneity of the DNN’s output function. However, most
DNNss that exhibit NC in practice are not homogeneous due to biases and skip-connections.

NC and local elasticity. A recent extensive survey of NC literature [33] discussed local elasticity
as a possible mechanism behind the emergence of NC, which has not been sufficiently explored up
until now. One of the few works in this research direction is by Zhang et al. [53], who analyzed
the so-called locally-elastic stochastic differential equations (SDEs) and showed the emergence of
NC in their solutions. They model local elasticity of the dynamics through an effect matrix, which
has only two distinct values: a larger intra-class value and a smaller inter-class value. These values
characterize how much influence samples from one class have on samples from other classes in the
SDEs. While the aim of their work is to imitate DNNs’ training dynamics through SDEs, the authors
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do not provide any explicit connection between their dynamics and real gradient flow dynamics of
DNNSs. On the other hand, we derive our dynamics directly from the gradient flow equations and
connect local elasticity to the NTK, which is a well-studied object in the deep learning theory.

Another work by Tirer et al. [S0] provided a perturbation analysis of NC to study "inexact collapse".
They considered a minimization problem with MSE loss, regularization of H and W, and additional
regularization of the distance between H and a given matrix of initial features. In the "near-collapse"
setting, i.e., when the initial features are already close to collapse, they showed that the optimal
features can be obtained from the initial features by a certain linear transformation with a block
structure, where the intra-class effects are stronger than the inter-class ones. While this transformation
matrix resembles the block-structured effect matrices in locally-elastic training dynamics, it does not
originate from the gradient flow dynamics of DNNs and is not related to the NTK.

B Proofs

B.1 Proof of Theorem 4.1

Proof of Theorem 4.1. We will first derive the dynamics of hs(z¢), which is the s-th component of
the last-layer features vector on sample z¢ € X from class ¢ € [C]. Let w € R” be the trainable
parameters of the network stretched into a single vector. Then its gradient flow dynamics is given by

c N
W= —VWLl(f) ==Y > (f(X)hir = Yiir) Vau F (X )it 3D

k=1i'=1

where Vy, f(X)1ir € RY is the component of the DNN’s Jacobian corresponding to output neuron k
and the input sample xf,/ . Since entries of f(X) can be written as

Xk = > WiwHyw +bp = Y Wigha (z) + by, (32)
s'=1 s'=1
we obtain
C N n
W= > (f(X)kir — Yiir) Ve (Wio b (25) + br). (33)
k=1i¢=1s'=1

By chain rule, we have i, (¢) = (Vyhs(x§), w). Then, taking into account that
(Vahs (25), Vie (Wit by (25) + br)) = Wi (Vihy (25), Vaho (), (34)
and that (Ve (25), Vawhe (25)) = @st,(acf, <) by definition of ©", we have
. C N n
ho(af) = =3 3> (F(X)hir — Yii) Wi 1 (a5, 25)). (39)
k=1i'=1s'=1

Now by Assumption 3.2 we have @’;s, = 0 if s # s'. Therefore, the above expression simplifies to

N C
ho(@f) ==Y O (a5, 25) D (F(X)kir = Yrar) Wis

i'=1 k=1
N
== > [WT(WH + b1} - Y)|w0! (a5, 25).
i’=1

To express H = [h(5)],, € R"*Y in matrix form, it remains to express ©" (¢, %) as the

(', 4)-th entry of some matrix. We will separate the sum into three cases: 1) ¢ = ¢/, 2) ¢ # i’ and
¢ = ¢, and 3) ¢ # ¢. According to Assumption 3.2, the first case corresponds to the multiple of
identity x4l . The second corresponds to the block matrix of size m with zeros on the diagonal,
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which can be written as #.(Y Y — Iy). The third matrix equals to %, (151} — Y TY). Therefore
we can express the dynamics of H as follows:

H=—[W(WH+bl} — )]kl + (Y'Y —=I) + s, (1n15 — YY)
= — (ka — ke) W (WH+ b1}, - Y)
— (ke — k) WTH(WHY 'Y +mbl} — mY)
— k, W (WH1y1} + Nb1} — %101;).

Now we notice that HY 7Y /m is the matrix of stacked class means repeated m times each and
H1y 1; /N is a matrix of the global mean repeated N times. Therefore, we have

WHYTY + mblj—(f —mY = chlassa
N
WH]—N]-L + Nb].;\; — 61011—(/ = NRgInbal
according to the definitions of global and class-mean residuals in (18) and (17).

The expressions for the gradient flow dynamics of W and b follow directly from the derivatives of
f(X) wr.t. W and b. This completes the proof. O

B.2 Proof of Theorem 5.1

Proof of Theorem 5.1. Recall from (23) in Section 5.1 that we have the following decomposition

Im:ﬁmﬂm,m:%ﬁm,mzﬁﬁm

with orthogonal Q = [Q1, Qa] € RY*N. We now artificially add QQ T (= Ix) to the dynamics
(19) in Theorem 4.1 and obtain

HQ= —(ka—r)W'(WHQ+b11Q-YQ)
—(Ke — K,n)mWT(%WHQQTYTYQ +b1,Q-YQ)
—k NWT(FWHQQ 151 Q + b1 Q — £1015Q) (36)
W= —(WHQ-+b1,Q-YQQ H"
b= —(WHQ+b1,Q-YQ)Q 1.
Let us simplify the expression. Since Q; = \/%]IC ®1,and Qe =l ® Qg, we have
14Q = vm[15,0],  YQ = vm[le,0]. 37)
Plugging (37) into (36), we see the dynamics can be decomposed into
H = —(ka— k)W (WH; +b1] —1I¢)

—(Ke — kp)mMW T (WH, + b1l —I¢)
—in NWT(EWH 101/ + b1 — £1c1/)

Ho= (o5 WTWH, @)
W= —m(WH,+ b1l —Ic)H] — mWH.H,
b= —m(WH; + b1l —Io)1c.

To further simplify (38), we define the following quantities
Hsingle = Kd — K¢y Heclass *= Hsingle + m(ﬁe - ’in)y R, :=WH, + blg - HC~ (39)

Notice that fisingle and ficiass are the two largest eigenvalues of the block-structured kernel @gL’S(X )
(see Table 1 for the eigndecomposition of a block-structured matrix), and R; is a matrix of the
stacked class-mean residuals, which is also defined in (17). The the dynamics (38) simplifies to

H, = W (fetassR1 + 6 N(FWH; 101/ + b1 — £1c1]))

HZ = _ﬂsingchTWHZ (40)
W= —mR;H —WHH])

B = —mR1 lc.
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It remains to simplify the expression for H;. By using the relation

1 1 1
6WH11C1£ +b1l — 61015 = 5R11C13, 41)
we can deduce that the dynamics for H1 in (40) can be expressed as (recalling that N = mC)
H, = —WT Ry (fetass] + knm1cld). (42)
We notice that (I + %1015)*1 =1 — alclg, where a 1= miglnm Then we can derive
the invariant of the training dynamics by direct computation of the time-derivative E, where
1 1 1
E=—-W'W-— H,(lc — alc1)H] — H,H] (43)
m Helass Hsingle

Since E = Q, we get that the quantity E remains constant in time. This completes the proof.

B.3 Proof of Theorem 5.2

We divide the proof into two main parts: the first one shows the emergence of NC1, and the second
one shows NC2-4.

(NC1). Following the analysis in Section 3, the dynamics eventually enters the end of training phase
(see Section 4.1). Then the dynamics in Theorem 5.1 simplifies to the following form:

H1 = @

HZ = _ﬂsingleWTWHZ
W = —mWH,H]
b=0

(44)

As we note in Section 4, this dynamics is similar to the gradient flow of the unconstrained features
models and is an instance of the class of hyperbolic dynamics, which is discussed in Section 5.2.
During this phase the quantity

E = ftsinge W' W — mHH] = myiginge(E + H,(I-alg1l)H]) (45)

Helass

does not change in time. Hence we can decouple the dynamic using the invariant as follows:

{Hz = —ptsingte (B + mH,H ) H, 46)

W = fW(,usmgleWTW —E)
Since E is p.s.d (or zero, as a special case), Eis p-s.d as well, and the eigendecomposition of the
invariant is given by E = Y & ckvkva for some coefficients ¢;, > 0 and a set of orthonormal vectors
v € R™. Then we also have H2H2T => aklvkvlT, where ay; are symmetric (i.e. g = i)
and g > Oforall k = 1,...n (since HyHJ is symmetric and p.s.d.). Note that coefficients cy,

here are constant while coefficients ay; are time-dependent. Let us then write the dynamics for ay;
using the dynamics of HyHJ :
(HQHQT) = —EH2H; — HQH;E — 2(H2H;)2 47)
Then for the elements of a we have:
Gy = —oy ek +a) — QZOéijéjz (48)
J
For the diagonal elements oy, this gives:

akk = —20kakk — QZCY%]‘ (49)
J

18
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Since ¢, > 0, ax > 0 and aﬁj > 0, we get that

o — 0 Vk (50)
t—o0
And, therefore, all the non-diagonal elements also tend to zero. Thus, we get that
HH] — 0 (51)
t—o0
and thus
H, — O (52)
t—o0

Now we notice that from the expression for Hy in (24) it follows that Ho = O implies variability
collapse, since it means that all the feature vectors within the same class are equal. Indeed, HE) Qg =
O € R™("=1) means that there is a set of m — 1 orthogonal vectors, which are all also orthogonal
to [hi(x§), ..., hi(z¢,)] forany i = 1,...,n, where z§ are inputs from class c. However, there is
only one vector (up to a constant) orthogonal to all the columns of Q2 in R™ and this vector is 1,,
Therefore, [h; (xl) hi(z&))] = 1, for some constant y for any ¢ = 1,...,n. Thus, we indeed

have h(z§) =--- = h(xm) which constitutes variability collapse within classes. O

(NC2-4). Set g = % We first show that zero global feature mean implies b = S1¢. At the end of
training, since R; = O, we have
WH, + b1} =1I¢ (53)
On the other hand, zero global mean implies Hy 1o = C(h) = Q. Then multiplying (53) by 1¢ on
the right, we get the desired expression for the biases. Given the zero global mean, we have
1 c?
~W'W - — HH] - H.H] =E - 2
m Helass Hsingle Heclass
By the proof of NC1, Hy, — O. Together with the assumption that E is proportional to the limit of
W W (or zero, as a special case), we obtain
fetass W W —mH H] — yWTW (55)
for some > 0. Note that since H; H/ is p.s.d. this implies Ae i= elass — ¥ > 0. By multiplying
the left and right with appropriate factors, we have
H AWTW —mHH])H, - O
WOAWTW —mHH )W - O.
Consequently (according to (53))
Ae(le — B1e1)? — m(HHp)? — O
)\C(WWT) (Hcfﬂlcl )2 -0

Since both WW T and HlTHl are p.s.d., we have

HTHl — \/ ﬁ ]IC — ﬁlclg
(58)
WWT — / ]IC — 5101T

To establish NC2, recall that H; = [(h)1, ,) | and that M, as a normalized version of Hy,

satisfies 1 o 1
T L . Ty _ _ Y 1 T
M'M — 1*6(]10 ﬁlclc) c_1 Olclc).

To establish NC3, note that from (55) and (58) together, it follows that the limits of M and wT only
differ by a constant multiplier.

(hy(h)" =E (54)

(56)

(57)

(Ic

To establish NC4, note that using NC3 we can write
argmax (Wh(z) + b), = argmax (Wh(z)). (b= p10)
c (&

— argmax (M " h(z)). (NC3)
= argmin [[A(z) — (h)e2-

This completes the proof. O



3.3 Neural (Tangent Kernel) Collapse 129

B.4 General biases case

Proof. As in the proof of Theorem 5.2, at the end of training we have WH; + blg = [lc. Moreover,
since E = O and Hy — O, we have

1 1
“W'wW —

H,(I-alc1)H! — 0. (59
m Meclass 1( @ C) ! )

Multyplying the above expression to the left by W and to the right by W T, we obtain the general
expression (29) for the matrix (WW T)2 mentioned in the main text:

(WWT)2 % (Hc —aleld + (1—aC)(Cbb™ —b1], — 1CbT)). (60)

This expression implies that the rows of the weights matrix may have varying separation angles in
the general biases case, i.e., there is no symmetric structure is general. However, for constant biases
b = S1¢, the above expression simplifies to

(1o - (1~ (1= a0)(1 - AOP)1017). (o)

Since @ < 1/C and (1—BC)? > 0, we have that (1— (1—aC)(1-BC)?)/C < 1/C. Therefore, the
RHS of (61) is always p.s.d. and has a unique p.s.d square root proportional to I — y1c1/ for some
constant v < 1/C. Denote p := (1 — (1 —aC)(1— BC)?)/C, then we have vy = (1 —+/T — Cp)/C.
Note that p < 1/C ensures that 7 is well defined. Then the configuration of the final weights is given
by

m

(WWT)2

m

wwT - (Hc - 71015). (62)

Heclass
This means that the norms of all the weights rows are still equal, as in NC2. However, since v < 1/C
if B # 1/C, the angle between these rows is smaller than in the ETF structure.

We can derive the configuration of the class means similarly by multyplying (59) to the left by H
and to the right by H;. In the general biases case, we get

HH, (Ic — alc1L)H] H; — M(HC — b1l —1cb" + Hb||§1clg). (63)
m
As with the weights, we see that this is not a symmetric structure in general. Thus, NC2 does not
hold in the general biases case. However, for the constant biases b = $1¢, the above expression
simplifies to
H] H, (Ic — 01c18)H] H; — L;L (I — Lol (64)
Analogously to the previous derivations, we get that the unique p.s.d. square root of the RHS is given
by Ic — plc1l, where p:= (1 — |1 — BC|)/C < 1/C for B # 1/C. On the other hand, the unique
ps.drootof [ — alcll is given by Ie — ¢1c1], where ¢ := (1 — v/1 — aC)/C. Thus, we have
the following

m ~
H/H,(Io — ¢1c1d) = I — ploll. (69)

Helass
Therefore, the structure of the last-layer features class means is given by

H/H, -, /";1;“ (]Ic - 51015) (Hc - ﬁhﬂj) =\ /“7; (]Ic - 01012), (66)

where 6 := p+ ¢/(1 + ¢C) — Cpo/(1 + ¢C) < 1/C for B # 1/C. Thus, similarly to the
classifier weights W, the last-layer features class means form a symmetric structure with equal
lengths and a separation angle smaller than in the ETF. However, the centralized class means given
by M = H; (Ic — 1¢1%/C) still form the ETF structure:

Hclass 1 T
MM —(H 11 ) 67
m dc— glele (67)
This holds since the component proportional to lclg on the RHS of equation (66) lies in the kernel
of the ETF matrix (I — 1012 /C). Thus, we conclude that NC2 holds in case of equal biases, while
NC3 does not. O
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Remark on oo — 0 case: Simplifying the expressions for constants y and 6, which define the angles
in the configurations of the weights and the class means above, we get the following:

Ll — _ Ll =gl
7= 51— 1= BCVI=a0), 970(1 27m)4 (68)

Analyzing these expressions, we find that they are equal only if 1 — aC' =1, i.e. o = 0. However,
this can only hold if ,, = 0 by definition of o, i.e., when the kernel ©" is zero on pairs of samples
from different classes. While a # 0 in general, there are certain settings where o approaches zero.
Simplifying the expression for o, we can get the following

1
s(l-Ly+sli(Cc-1)

o =

(69)

One can see that & — 0 if C — 0o or when k. /#,, — oco. Since the kernel ©" is strongly aligned
with the labels in our numerical experiments, the value of ./, is large in practice. Thus, « is not
zero but indeed significantly smaller than 1/C'. Thus, in our numerical experiments the angles 6 and
v are close to each other. However, we note that the equality of these two angles does not imply NC3,
since the value of 6 characterizes the angles between the non-centralized class means.

Remark on o — 1/C case: If « = 1/C, the equation (63) for the structure of the features class
means with general (not equal) biases simplifies to
1

MM — % (Hc - 61015), (70)
i.e., in this case the class means always exhibit the ETF structure, even without the assumption
that all the biases are equal. Moreover, in this case v = 1/C as well. Thus, both NC2 and NC3
hold. While by definition o < 1/C, we can analyze the cases when it approaches 1/C' using the
expression (69) again. One can see that when m — oo and k../k, — 1, we have a — 1/C. However,
the requirement ../, — 1 implies that the kernel ©” does not distinguish between pairs of samples
from the same class and from different classes. Such a property of the kernel is associated with poor
generalization performance and does not occur in our numerical experiments.

C Numerical experiments

Implementation details We use JAX [8] and Flax (neural network library for JAX) [25] to im-
plement all the DNN architectures and the training routines. This choice of the software allows to
compute the empirical NTK of any DNN architecture effortlestly and efficiently. We compute the val-
ues of kernels © and ©” on the whole training batch (m = 12 samples per class, 120 samples in total)
in case of ResNet20 and DenseNet40 to approximate the values (g, Ve, Vn) and (K4, ke, kn,), as well
as the NTK alignment metrics, and compute the invariant E using these values. Since VGGI11 and
VGG16 architectures are much larger (over 10 million parameters) and computing their Jacobians is
very memory-intensive, we use m = 4 samples per class (i.e., 40 samples in total) to approximate the
kernels of these models. We compute all the other training metrics displayed in panes a-e of Figures 3,
4,5,6,7,8,9, 10, 11 on the whole last batch of every second training epoch for all the architectures.
The test accuracy is computed on the whole test set. To produce panes f-h of the same figures, we
only compute the NC metrics and the test accuracy one time after 400 epochs of training for every
learning rate. We use 30 logarithmically spaced learning rates in the range € [10~%,10°-2%] for
ResNet20 trained on MNIST and VGG11 trained on MNIST. For all the other architecture-dataset
pairs we only compute the last 20 of these learning rates to reduce the computational costs, since the
smallest learning rates do not yield models with acceptable performance.

Compute We executed the numerical experiments mainly on NVIDIA GeForce RTX 3090 Ti GPUs,
each model was trained on a single GPU. In this setup, a single training run displayed in panes a-e of
Figures 3,4,5,6,7, 8,9, 10, 11 took approximately 3 hours for ResNet20, 6 hours for DenseNet40,
7 hours for VGG11, and 11 hours for VGG16. This adds up to a total of 312 hours to compute panes
a-e of the figures. The computation time is mostly dedicated not to the training routine itself but to the
large number of computationally-heavy metrics, which are computed every second epoch of a training
run. Indeed, to approximate the values of © and ©", one needs to compute C'(C + 1) 4+ n(n + 1)
kernels on a sample of size mC' from the dataset, and each of the kernels requires computing a
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gradient with respect to numerous parameters of a DNN. Additionally, the graphs in panes f-h of the
same figures take around 1.5 hours for each learning rate value for ResNet20, 3 hours for DenseNet40,
and 4 hours for VGG11 and VGG16, which adds up to approximately 1350 computational hours.

Results We include experiments on the following architecture-dataset pairs:

» Figure 3: VGGI11 trained on MNIST

* Figure 4: VGG11 trained on FashionMNIST

» Figure 5: VGG16 trained on CIFAR10

* Figure 6: ResNet20 trained on MNIST

* Figure 7: ResNet20 trained on FashionMNIST

* Figure 8: ResNet20 trained on CIFAR10

* Figure 9: DenseNet40 trained on MNIST

* Figure 10: DenseNet40 trained on FashionMNIST
* Figure 11: DenseNet40 trained on CIFAR10

The experiments setup is described in Section 6. Panes a-h of Figures 3,4, 5,6, 7, 8,9, 10, 11 are
analogous to the same panes of Figure 2. We include additional pane i here, which displays the norms
of the invariant terms corresponding to the feature matrix components H; and Hs, and the global
features mean (h) at the end of training. One can see that the global features mean is relatively small
in comparison with the class-means in every setup, and the "variance" term Hj is small for models
that exhibit NC. We also add pane j, which displays the alignment of kernels © and ©" for every
model at the end of training. One can see that the kernel alignments is typically stronger in models
that exhibit NC.

C.1 Additional examples of the NTK block structure

We include the following additional illustrative figures (analogous to Figure 1 in the main text) that
show the NTK block structure in dataset-architecture pairs covered in our experiments:

* Figure 13: VGG11 trained on MNIST

* Figure 14: VGG11 trained on FashionMNIST

* Figure 15: VGG16 trained on CIFAR10

* Figure 16: ResNet20 trained on FashionMNIST

* Figure 17: ResNet20 trained on CIFAR10

* Figure 18: DenseNet40 trained on MNIST

* Figure 19: DenseNet40 trained on FashionMNIST
* Figure 11: DenseNet40 trained on CIFAR10

Overall, the block structure pattern is visible in the traced kernels in all the figures. As expected,
the block structure is more pronounced in the kernels where the final alignment values are higher.
While the norms of the "non-diagonal" components of the kernels are generally smaller than the
"diagonal" components in panes c) and d), we notice that there is a large variability in the norms of the
"diagonal" components in some settings. This means that different neurons of the penultimate layer
and different classification heads may contribute to the kernel unequally in some settings. Moreover,
certain "non-diagonal" components of the last-layer kernel may have non-negligible effect in some
settings. We discuss how one could generalize our analysis to account for these properties of the
NTK in Appendix D.

C.2 Preliminary experiments with CE loss
While CE loss is a common choice for training DNN classifiers, our theoretical analysis and the

experimental results only cover DNNs trained with MSE loss. For completeness, we provide
experimental results for ResNet20 trained on MNIST with CE loss in Figure 12. One can see that
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smaller invariant norm and higher invariant alignment correlate with NC in the figure. However,
DNNS trained with CE loss overall reach better NC metrics but have much larger norm of the invariant
in comparison with DNNs trained with MSE loss.

D Relaxation of the NTK Block-Structure Assumption

In this section, we first derive the dynamics equations of DNNs with a general block structure
assumption on the last-layer kernel ©” (analogous to the equations presented in Theorem 4.1 and
Theorem 5.1). Then we discuss a possible relaxation of Assumption 3.2, under which our main result
regarding NC in Theorem 5.2 still holds.

D.1 Dynamics under General Block Structure Assumption

We first formulate the most general form of the block structure assumption on ©” as follows:
Assumption D.1. Assume that O : X x X — R™ " has the following block structure

O"(z,2) = Ag+Ac+A,, O"afzd)=A.+A,, O'zf1S)=A,, (71)

where Ag ., € R"*™ are arbitrary p.s.d. matrices. Here x§ and x§ are two distinct inputs from the

,
same class, and L; is an input from class ¢’ # c.

This assumption means that every kernel matrix ©7 (X), k, s € [1,n] still has at most three distinct
values, corresponding to the inter-class, intra-class, and the diagonal values of the kernel. However,
these values are arbitrary and may depend on the choice of k, s € [1,n].

Under the general block structure assumption, the gradient flow dynamics of DNNs with MSE loss
takes the following form:

H= -A;W'R+mAW Ry + NA,W T Ryigpa
W= -RH' (72)
b= —Rgobuln.

This is the generalized version of the dynamics presented in Theorem 4.1. Consequently, the
decomposed dynamics presented in Theorem 5.1 takes the following form under the general block
structure assumption:

H =-(A;+mA)W'R; —mA, W R101}
H, =-A;W'WH,
! - . (73)
W = *’I’TL(RlHl + WH2H2 )
b = *le 10.

The derivation of the above dynamics equations are identical to the proofs of Theorem 4.1 and
Theorem 5.1 presented in Appendix B.

Rotation invariance We notice that the dynamics of (W, H) in (72) has to be rotation invariant,
i.e., the equations should not be affected by a change of variables W — WQ, H — QT H for any
orthogonal matrix Q. This holds since the loss function only depends on the product WH, which
does not change under rotation. This requirement puts conditions on the behavior of A .. ,, under
rotation. Indeed, assume that the rotation W — WQ, H — QT H for some Q corresponds to the
following change of the kernel: 3

Ad,c,n — Ad,c,n(Q)7 (74)

then the rotation invariance of the dynamics implies the following equality for any Q:
QAd(Q)QTWTR + mQAc(Q)QTWTRclass + NQ-An(Q)QTWTRglobaI (75)
= AgW R+ mA W Raus + NA, W Ryopur. (76

These equations are satisfied trivially with our initial assumption, where Ag ., = Adm,(Q) x I,.
However, as we can see, any generalized assumption should specify the behavior of the kernel under
rotation, and satisfy the above equation.
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For general Ag ., the following behavior under rotation trivially satisfies the above condition:
Aycn(Q) = QTA,LC,"Q. This behaviour of the kernel under rotation is intuitive, since it implies
that the gradients of the last-layer features h are rotated in the same way as the features. However, we
note that gradients of parametrized functions do not in general behave this way, since the rotation
of the function has to be realized by a certain change of parameters. Consider, for instance, a
one-hidden-layer linear network with weights V in the first layer. Then we have H = VX, and a
rotation H — QT H corresponds to the change of parameters V — QT V. In this case, the kernel
does not change under rotation, i.e., Ag.cn(Q) = Agcn-

Dynamics invariant We note that the dynamics in 73 does not in general have an invariant
analogous to the one we identified in Theorem 5.1. Indeed, if we define a quantity E := WTW —
c1H; HlT — cQHgHzT for some constants c¢; » € R, and additionally assume centered global means
H;1- = 0, we get the following expression for the derivative of E:

E= (cl(Ad +mA,) — mJIn)WTRlHlT - HlRlTW<cl(Ad mA)T - m]In) a7
n (czAd — m]In)WTWH2H2T _ HQHJWTW(czAI — m]In>, 78)
which is not equal to zero with arbitrary matrices A ..

D.2 Neural Collapse under Relaxed Block Structure Assumption

We now propose a relaxation of our main assumption, under which our main result regarding NC
in Theorem 5.2 still holds. In terms of Assumption D.1 on the general block structure of ©”, our
initial Assumption 3.2 in the main text is the special case with A,, = k,L,, A; = (ke — £n)ln,
A = (kq— kc)L,. The relaxed assumption can be formulated as follows in terms of matrices A g ¢ ,,:
Assumption D.2. Assume that A, is an arbitrary p.s.d. matrix and (A, A4) satisfy the following
conditions:

A =kl + ch Ay = kgl + Nd7 (79
where Nld S kcr(RTW), ie., NC,dWTR = Q. Further, assume that the kernel changes under
rotation with an orthogonal matrix Q as follows:

AdA,c,n(Q) = QTAd,c,nQ- (80)

Since A,, is arbitrary, this relaxation allows arbitrary non-zero values of non-diagonal kernels @Z B
with k # s. The following observations justify the consistency of the above assumption:

* Since W € RE*", R € RN and N > n > C, RTW has a non-empty kernel (possibly
time-dependent).

* The dynamics is rotation invariant under the assumption, i.e., the equation (75) holds.

* The expression of the assumption is rotation invariant, in a sense that Ad’C(Q) = Rq,clp +
Ng,.(Q), where Nle € ker(RTWQ) for any orthogonal Q.

Under the above assumption, the derivative in 77 becomes zero, so the dynamics has an invariant of
the fom E := W'W — ¢; H; HlT — CQHQH;. Moreover, the statement and the proof of our main
Theorem 5.2 remains unchanged. Thus, DNNs satisfying the conditions of Theorem 5.2 display NC
under Assumption D.2.

D.3 Discussion

The analysis of the DNNs dynamics is simplified significantly by assuming that ©” has a block
structure. However, formulating a reasonable and consistent assumption on the NTK and its compo-
nents is non-trivial. The Assumption 3.2 that we used in the main text is justified by the empirical
results but may not capture all the relevant properties of the NTK. We believe that studying DNNs’
dynamics under a more general or a more reasonable assumption on the NTK is a promising future
work direction. The relaxed block structure assumption proposed in this section is the first step into
this direction.
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Figure 3: VGG11 trained on MNIST. See Figure 2 for the description of panes a-h. i) Norms of
matrices HyH{, HoHJ , and (h)(h) T at the end of training. j) Alignment of kernels © and ©" at
the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 4: VGG11 trained on FashionMNIST. See Figure 2 for the description of panes a-h. i) Norms
of matrices H, H| , HoHj , and (h)(h) T at the end of training. j) Alignment of kernels © and ©"
at the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 5: VGG16 trained on CIFAR10. See Figure 2 for the description of panes a-h. i) Norms
matrices HyH{, HoHJ , and (h)(h) T at the end of training. j) Alignment of kernels © and ©" at
the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 6: ResNet20 trained on MNIST. See Figure 2 for the description of panes a-h. i) Norms of
matrices HyH{, HoHJ , and (h)(h) T at the end of training. j) Alignment of kernels © and ©" at
the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 7: ResNet20 trained on FashionMNIST. See Figure 2 for the description of panes a-h.
Norms of matrices HyH , HoHJ , and (h)(h) " at the end of training. j) Alignment of kernels
and ©” at the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 8: ResNet20 trained on CIFAR10. See Figure 2 for the description of panes a-h. i) Norms of
matrices HyH{, HoHJ , and (h)(h) T at the end of training. j) Alignment of kernels © and O at
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the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 11: DenseNet40 trained on CIFAR10. See Figure 2 for the description of panes a-h. i) Norms
of matrices H, H{ , HoHj , and (h)(h) " at the end of training. j) Alignment of kernels © and ©"
at the end of training. The color in panes i-j is the color of the same model in panes a-e.

- ali T 100 15
a) Invariant norm b) Inv. alignment to W'T¥ 10— LeCun nomal init., LR=0.003 £) LeCun normal init. |~
Acc: 99.41%, (6", YY7): 0.56
LeCun normal init., LR=0.049 090 10
Acc: 99.69%, (6", YYT): 0.86
10" Uniform init., LR=0.003 0.5
Acc: 99.56%, (6, YYT): 0.70
0.98
Uniform init., LR=0.049 SRR
Acc.: 99.61%. (61, YYT): 0.82 0.0
He normal init., LR=0.003 1 _ _ 15
10" Acc: 99.23%, (01, YYT): 0.48 2) Uniform init.
He normal init., LR=0.049
Ace.: 99.61%, (6", YYT): 0.87 0.99 1o
d) NC2 €) NC3 o
0.3 0981 N e
0.0
0.30 . i
“"Th) He[normal init] ’
0.25
10
0.99
2
020 0.5
]0.15 " \)\'-/\ 0.0
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400 0 0T
epoch epoch epoch Learning rate
i) Features norms j) Kernels alignment
10
10° os o [[HH] |
I 4
IR (OO
102 02 * (0/[10]rYYT/|YYT|F)
00 & (O"/[[&"|p YYT/|YYT|IF)

Figure 12: ResNet20 trained on MNIST with CE loss. See Figure 2 for the description of panes a-h.
i) Norms of matrices HiH| , HoHJ , and (h)(h) T at the end of training. j) Alignment of kernels ©
and ©" at the end of training. The color in panes i-j is the color of the same model in panes a-e.
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Figure 13: NTK block structure of VGG11 trained on MNIST. LeCun normal initialization, initial
learning rate 0.131. The kernel is computed on a random data subset with 4 samples from each class.

See Figure 1 for the description of panes.
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Figure 14: NTK block structure of VGG11 trained on FashionMNIST. LeCun normal initialization,
initial learning rate 0.049. The kernel is computed on a random data subset with 4 samples from each

class. See Figure 1 for the description of panes.
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Figure 15: NTK block structure of VGG11 trained on CIFAR10. LeCun normal initialization, initial
learning rate 0.131. The kernel is computed on a random data subset with 4 samples from each class.

See Figure 1 for the description of panes.
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initial learning rate 0.094. The kernel is computed on a random data subset with 12 samples from

each class. See Figure 1 for the description of panes.
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Figure 17: NTK block structure of ResNet20 trained on CIFAR10. LeCun normal initialization,
initial learning rate 0.068. The kernel is computed on a random data subset with 12 samples from
each class. See Figure 1 for the description of panes.

a) 3,0,,(X) b) 30, 07,(X) c) |9kl d) O} e) Alignment

(©.YY"
MOl YTr
(0" YYT)
OV Y e

0.4

0

0 100 200 300 400
epoch

&
€1 €2 €3¢y €5 C C7 Cx CoCap €1 €y €3 €4 €5 Cg €7 Cy Co Cag oo fs Ja fs Jo 17 Js

Figure 18: NTK block structure of DenseNet40 trained on MNIST. LeCun normal initialization,
initial learning rate 0.049. The kernel is computed on a random data subset with 12 samples from
each class. See Figure 1 for the description of panes.
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Figure 19: NTK block structure of DenseNet40 trained on FashionMNIST. LeCun normal initializa-
tion, initial learning rate 0.094. The kernel is computed on a random data subset with 12 samples
from each class. See Figure 1 for the description of panes.
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initial learning rate 0.094. The kernel is computed on a random data subset with 12 samples from
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Chapter 4

Conclusions and Future Work

In this thesis, we explored insights and limitations of the NTK regime for the analysis of
DNNSs’ training dynamics. While we acknowledge that the introduction of the NTK regime
was a breakthrough in deep learning theory, our contributions underscore that this regime
frequently fails to accurately capture the intricacies of real-world DNNs’ dynamics.

Our contributions regarding the limitations of the NTK regime focused specifically on deep
networks, i.e., those with depth comparable to width. Our theoretical analysis concerned
fully-connected DNNs with ReLLU activation, while our empirical analysis additionally
covered DNNs with sigmoid activation. We demonstrated that properties of the NTK at
initialization and during training significantly depend on the initialization setup. Namely,
we showed that the NTK of a deep network is random at initialization and changes during
training if the network is initialized in the chaotic phase or at the EOC. While in case of
initialization in the ordered phase the NTK is approximately deterministic and changes
insignificantly during the first GD step, its structural changes during the entire training
process are still non-trivial in the empirical studies. This critical examination contributes
to a nuanced understanding of the limitations of relying solely on the NTK regime to
characterize the training dynamics of DNNs.

While our analysis of the NTK behaviour answers many questions regarding the NTK
regime applicability for fully-connected DNNs, numerous open questions remain, suggesting
several avenues for future research:

e Architectures with weights sharing: While the literature extensively covers the
infinite-width limit of the NTK for various architectures, the consideration of the
infinite-depth-and-width regime, to our knowledge, remains confined to fully-connected
DNNs. The challenge in generalizing our analysis to different architectures lies in
addressing weights sharing, which introduces additional dependencies among neurons
within the same layer. Although our theoretical approach may potentially extend to
architectures like residual NNs, novel conceptual frameworks are likely required for
architectures incorporating weight sharing. Importantly, even if theoretical analysis



142

4. Conclusions and Future Work

proves challenging, we believe that empirical results on the NTK statistics and
structure across diverse architectures would constitute a valuable contribution to the
literature.

Dynamics beyond the first GD step: Describing the evolution of the NTK
beyond the initial GD step presents a significant theoretical challenge. Some studies
on the NTK alignment considered the NTK evolution in toy models to show that
alignment with the labels matrix is in some sense optimal. However, capturing the
complete dynamics of the NTK for realistic DNNs currently seems infeasible due to
the complex nature of its non-linear dynamics.

Our contributions regarding the kernel regime of DNNs with block-structured NTK proposed
a new perspective on the NTK regime. Instead of considering the dynamics with the infinite-
width NTK computed theoretically at initialization, we proposed to make assumptions
on the NTK at the end of training, motivated by our understanding of the empirical
NTK’s properties. Given the approximate block structure observed in the empirical NTK
of well-trained classification DNNs, our NTK block structure assumption provides an
approximation of the end-of-training NTK for such networks. This assumption allowed us
to analyze the dynamics of the last two layers of a DNN at the end of training, and derive

conditions for convergence to NC. We believe that numerous future work directions exist in
this field as well:

¢ Relaxing the NTK block structure assumption: While the NTK of well-trained

DNNs indeed demonstrates an approximate block structure, it is also evident that
the NTK values often exhibit considerable variance in real-world DNNs. Conse-
quently, incorporating stochasticity into the dynamics with block-structured NTK is a
promising avenue for future research. Additionally, empirical observations reveal the
phenomenon of specialization within the NTK, where the kernel matrix associated
with specific output neurons aligns more closely with the labels of their respective
classes. In the context of block-structured kernels, specialization entails distinct
values in blocks corresponding to different classes. Therefore, extending our theory to
encompass block-structured kernels with specialization is another possible direction
for future work.

Other empirical phenomena of DNNs: Our work employed assumptions on
the NTK structure to analyze specifically the NC phenomenon. However, similar
assumptions could potentially be applied to investigate other empirical phenomena of
DNNs, particularly towards the end of training. One such phenomenon, which may
be related to the NTK dynamics, is the Edge of Stability behavior observed in DNNs
during training. Exploring these connections could provide further insights into the
underlying mechanisms governing DNN training dynamics.

Overall, we believe that empirical observations should play a crucial role in unveiling theory
of DNNs’ dynamics and deep learning in general.
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