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Summary

The purpose of this thesis is to describe how magnitude estimation
enables path integration, which in turn provides a foundation for human
navigation as a whole. This will be done over the course of four chapters,
which are written to provide essential background concepts for two
unpublished experiments conducted by the author.

The first chapter will introduce the cognitive process known as path
integration and explain a probabilistic approach to modeling its function. It
will also clarify the essential role of Bayes’ Theorem and how we use
modeling in the manuscripts to come.

In Chapter 2, we introduce how Bayes’ theorem can be applied to the field of
multimodal integration and, through the first manuscript, demonstrate how
humans may combine optic flow with vestibular input when measuring
angle.

In the third chapter, we will extend the previously used Bayesian models to
investigate how the biasing influence of Bayesian priors can differentiate
between applied navigation strategies.

Lastly, in Chapter 4 we will discuss the results from the two manuscripts,
their interactions between each other, and what implications the results may
have on our general understanding of navigation.






PREFACE

If someone were to have asked me about navigation, before I became
scientifically involved in the topic, my first thoughts would have inevitably
involved western society’s historic journeys of exploration. I grew up with
stories of the Oregon Trail, where countless souls adventured into the
unknown wilderness of the now United States. Every day would have been a
new environment, every landmark strange and devoid of context. In my
fantasy, the only tools they had to guide themselves were the heavens, their
memories, and the logical turnings of their mind. It was a story full of danger
and excitement. However, most navigation that people do is significantly
more mundane. To quote anthropologist Thomas Widlok, “They do not
aspire to colonize the world and occupy places they’ve never visited. They are
mobile but they are mobile in a restricted sense, they stay within a more or
less defined cosmos., They are not going into unchartered territory. They are
doing something quite different.” (O’Connor, 2019).

When I did start researching navigation as a Master’s Student, I was focused
on this dichotomy between familiar and foreign environments. For me, the
latter represented a difficult and interesting navigational problem, whereas
the former was an easy and trivial every-day task. In a familiar environment,
mostly people follow oft-practiced routes to get to their destinations. People
would also know many landmarks with established spatial relationships
between them that would allow them to easily improvise novel paths.
Whereas in a foreign environment, the navigation-relevant information is
comparatively sparse. Even if one has a vague idea of the destination, they
need to closely monitor how far they have walked and in which direction, so
they can methodically approach their destination. This process of combining
orientation and distance estimates to determine position is often called “path
integration”, and although it is central to the more difficult problem of
navigating unfamiliar environments, I would later find out that path
integration is a fundamental process likely be involved in all navigation tasks.



CHAPTER 1: Introduction

Path Integration

Some of the most well-known experiments on path integration were
conducted on Saharan Desert Ants. The ants could reliably execute straight
return paths to their home location after heavily circuitous outbound paths
without being able to see their nest. Researchers revealed that the ants were
integrating the distance traveled as measured by number of steps (Wittlinger
et al., 2007), and their orientation in space using primarily the polarization
of the surrounding light (Muller & Wehner, 1988). We know now that path
integration is a ubiquitous skill in the animal kingdom (for an overview, see
Shettleworth, 2010). A diverse array of animals have been shown to use PI
including, but certainly not limited to: crabs, ants, honeybees, spiders,
gerbils, mice, bats, birds, monkey, and humans (Aharon et al., 2017; Collett,
2019; Fraser, 2006; Mittelstaedt & Mittelstaedt, 1982; Mittelstaedt &
Glasauer, 1991; Moller & Gorner, 1994; Muller & Wehner, 1988; Zeil & Layne,
2002). Naturally, among this exceptionally wide array of organisms is also a
wide array of senses that can be used to execute PI. For example in
crustaceans, hydrostatic pressure receptors are used to estimate angular
rotations (Fraser, 2006) and in mice the airflow past their whiskers can
provide information about displacement (Savelli & Knierim, 2019). Based
solely on the wide-spread adoption of path integration as a solution to
navigating, it is clearly a beneficial strategy in an evolutionary context,
though we cannot know how ancient the ability might be.

In navigation research, path integration can be further subdivided into
allothetic and idiothetic subtypes based on the information used to estimate
orientation and distance. In idiothetic path integration (iPI), the navigator
only uses self-motion information, which is sensory information produced
because of the organism’s movement. In humans, this includes cues from
internal sources, like the vestibular organ, proprioceptive pathways, and
efference copies of motor commands. It also includes cues from external
sources like optic flow, which is the movement of the visual scene across the
retina due to self-motion. In allothetic PI (aPI), the navigator also uses the
location of external landmarks like the sun, a specific star, or another distant
object to further inform calculations. Due to noise accumulation, self-motion
information alone is not sufficient to accurately estimate one’s position
(Cheung & Vickerstaff, 2010) and, perhaps as a result, organisms always use
allothetic PI if possible (Collett & Collett, 2000). In fact, the author is not



aware of any naturalistic situation during which an organism relies
exclusively on iPI. What is therefore often done in order to study iPI in
isolation, is to deprive the organism of all sensory information that might
enable aPI (Fujita et al., 1990; Glasauer et al., 2002; Loomis et al., 1993;

Wiener et al., 2010; Worchel, 1951).

Sidebar: Allocentric vs. Egocentric Navigation

The well-established sub-types of navigation called
allocentric and egocentric navigation relate to the
categorization of path integration into allothetic
and idiothetic PI, and therefore deserve some
background.

Allocentric navigation involves a map-like
representation of space where objects and locations
are defined relative to each other. This form of
navigation is independent of the individual’s
current location or orientation. It is akin to viewing
a map where you can understand the ’spatial
relationships  between different landmarks,
regardless of where you are on that map. This type
of spatial representation is crucial for
understanding complex environments and complex
navigation behaviors like making shortcuts. For
example, when you navigate a city using a map, you
are relying on allocentric representations to
understand how different streets and landmarks
relate to each other, irrespective of your current
position (Klatzky, 1998).

On the other hand, egocentric navigation is
centered around the individual’s perspective. In
this form of navigation, objects and locations are
defined relative to the individual’s current position
and orientation. It is like navigating based on what
you see in front of you, where spatial relationships
are understood in terms of your immediate
surroundings. This type of navigation is crucial for
immediate, short-term movements and actions. For
instance, when walking a familiar path through a

A foundational framework

city and you know which direction to turn at each
intersection based on your orientation when
entering each intersection (Klatzky, 1998).

The interplay between allocentric and
egocentric navigation is a subject of ongoing
research. Studies have shown that these two
systems are not mutually exclusive but rather work
together to facilitate effective navigation. For
example, while navigating a familiar environment,
you might switch between an allocentric view
(understanding the layout of the environment as a
whole) and an egocentric view (navigating through
immediate obstacles) (Gramann et al., 2010).

Interestingly, the preference for allocentric
or egocentric navigation can vary among
individuals and can be influenced by various
factors, including age and cognitive abilities.
Research has shown that while some individuals
may predominantly rely on an allocentric strategy,
others may prefer an egocentric approach. This
variability can have implications for understanding
spatial cognition in different populations, including
in the context of aging and neurodegenerative
diseases (Colombo et al., 2017).

In summary, allocentric and egocentric
navigation represent two fundamental ways in
which space 1is perceived and navigated.
Understanding the interplay between these two
types of spatial representations is crucial for a
comprehensive understanding of navigation and
spatial cognition.

As opposed to being a capability which is conditionally applied based

on the navigational problem at hand, humans perform path integration
automatically during all movements, regardless of task relevance (May &
Klatzky, 2000). Work with model organisms, specifically ants, suggest that
such a constant estimation of position may provide a spatial framework for
memorizing landmarks (Miiller & Wehner, 2010), which would be
immensely helpful in unfamiliar environments. Further evidence from



insects suggest that the use of path integration in familiar environments is
still helpful in that it allows the navigator to tolerate changes made to known
landmarks (M. Collett & Collett, 2000).

In additional to experimental evidence, there are evidenced-based
theoretical systems which outline how path integration could be used to
construct map-like representations of complex spaces (Biegler, 2000; Wang,
2016). In 2000, Robert Biegler published a well-supported theoretical
description of how path integration could support navigation at varying
levels of complexity, from simple homing to a system that could “provide [a]
unified, internally consistent, metric representation [of space].” In his paper,
a “path integrator” functions as an accumulator which can be reset upon
reaching a goal location. Although homing can be explained by a single
integrator with one goal, which is also the reset location, he posits that a path
integrator with multiple goals and resetting locations would be ideally suited
to creating cognitive maps. His argument is supported by evidence from
model organisms, showing that rats and gerbils can remember multiple
destinations while performing path integration and that they have been
shown to reset path integration at multiple locations (Gothard et al., 1996;
Griffin & Etienne, 1998). A simple example of one variant he presented would
be if the navigator performed path integration from one landmark to another,
thereby establishing a spatial relationship between the two, and then reset
their integrator in preparation for the next exploration.

Taking measurements

A prerequisite for path integration is the ability to accurately measure
distances and angles. The first manuscripts presented in this Thesis will focus
on two of the human senses required for idiothetic path integration (iPI) and
the second manuscript will investigate iPI more holistically. Thus, in this
section, I will outline the relevant types of self-motion information and
describe the senses we use to measure them.

The main types of sensory information used by humans during iPI are
vestibular input, optic flow, and proprioception. Additionally, though not
sensory in origin, efference copies from the motor cortex can also provide
useful information regarding self-motion. The vestibular organ can measure
both linear and angular accelerations using the otolith organs and the
semicircular canals, respectively. Since, they are only sensitive to
acceleration, then moving at constant velocity will not be differentiable from
being stationary (Bear et al., 2007). Optic flow on the other hand (the



movement of the visual environment through our field of view) can provide
information about acceleration and velocity, including the direction of
movement (Redlick et al., 2001). Proprioception is mediated by
mechanosensory neurons in the muscles, tendons, and joints and provides
us with information concerning the movement and position of our body parts
(Tuthill & Azim, 2018). Lastly, the outgoing signals from the motor cortex
controlling movement can be received by other parts of the brain, and this is
called an “efference copy.” The three previously listed senses accumulate
noise inherent to producing the movement and sensing the movement, but
the efference copy more directly reflects the intended action of a person. The
role of efferent copies in human iPI is difficult to isolate, but research in rats
has shown that disrupting both efference copies and proprioception has a
profound impact on the rats’ ability to perform directional path integration;
more so even than removing visual cues (Stackman et al., 2003). Although it
is clear that these 4 sources of information are all involved in iPI, the relative

contributions to the process of path integration are still being researched.

Sidebar: Path Integration vs. Dead Reckoning

Historically, Dead reckoning is a
traditional navigation method, particularly
significant in maritime contexts. It involves
estimating one's current position by starting from
a known position and then applying knowledge of
speed, time, and direction. This method is heavily
reliant on external references, known as "fixes,"
which serve as crucial references in correcting
accumulated errors and ensuring accurate
navigation. In the absence of modern tools like
GPS, dead reckoning was indispensable for
maritime travel, with navigators using celestial
bodies, landmarks, and later, chronometers and
compasses to determine their position and course
(Bennett, 2017).

The explicit nature of these calculations is
what primarily distinguishes dead reckoning from
path integration. The process is methodical and
often involves tools and instruments to aid in these
calculations, ensuring accuracy in navigation.
While it can also use information about the
external environment, path integration primarily
occurs as an implicit process within neurological

systems. It is a navigation strategy where an
individual or animal internally updates its position
relative to a starting location by integrating the
distances and directions traveled. This process is
less about explicit calculations and more about an
innate, continuous updating mechanism within the
brain (Etienne & Jeffery, 2004).

There are some interesting commonalities
between the two concepts despite their differences.
Both dead reckoning and path integration require
a starting point and orientation to provide relevant
information, they both involve the integration of
self-movement information, whether it be about a
ship or an organism, and they also share the
challenge of accumulating errors over time. In dead
reckoning, errors can arise from inaccurate
measurements or changes in conditions, while in
path integration, drifts in the internal sense of
direction or distance can lead to inaccuracies
(Cheung et al., 2007). In some ways dead
reckoning seems to be a human invention that
mirrors the biological process that is path
integration.

Probabilistic representation of measurements

One complication involved in taking measurements is that the noise

resulting from the

Sensory organs

(measurement noise), neural



computations (system noise), and movements (motor noise) increase the
variability of sensory measurements. If a person is asked to measure the
same value 100 times consecutively, they will make different measurements
over time due to the noisiness of their sensory organs. Similarly, if you ask a
person to kick a ball at the same spot 100 times, the ball will land in a variety
of locations due in part to motor noise. Since the vestibular system, vision,
and proprioception all measure self-motion and we must first generate self-
motion, then both sources of noise interfere with our measurements. With
regards to path integration specifically, recent research has demonstrated
that not only is noise present while executing planned paths (Chrastil &
Warren, 2017), there is substantial noise during the encoding of distance and
angle (Chrastil et al., 2019). Another study on the growing contribution of
noise with age showed that the majority of noise present during PI originates
during measurement of velocity, rather than integrating the measurements
(Stangl et al., 2020).

Researchers who seek to better understand the cognition behind PI by using
computational models represent a measurement not as a single value, but as
a distribution of probable values. In this way, the noise or uncertainly
regarding a sensory measurement can be quantified and propagated through
the model. Often the distribution is normal, and the width of the distribution
reflects uncertainty. As an example, imagine you are preparing to shoot an
arrow at a target 10 meters away. In situations where measurement noise is
low, e.g. assessing the distance to the target on a sunny day, then we would
expect to see a narrower distribution of probable measurements. On the
other hand, if we attempt to estimate distance in near darkness then we
would expect to see a much wider distribution of probable measurements.

Formally speaking, this distribution is called a likelihood distribution. In the
archery example, it is the probability of our current sensory measurement of
distance, d, given that we are measuring distance to the target, D. This can
be written as the conditional probability: P(d| D). But in order to hit the target
with the arrow, we do not want to know the probability of our measurement,
we want to know the probability of the actual distance D, i.e. 10 meters. Thus,
we need to compute the probability of the true distance, D, given our sensory
measurement, d: P(D|d).

10



Bayesian inference

This latter conditional probability, P(D|d), is called the posterior
distribution in Bayes’ theory and can be computed by considering both the
current estimate of distance and previously accumulated information about
the distance to the target. In our specific example, assume we have shot
arrows from this same spot many times before. We have therefore repeatedly
measured the distance and shot our arrows based on predictions of the
distance. Assuming only that our predictions are noisy and not biased, the
average of our prior predictions would eventually converge to the true
distance D. After enough time we would attain a probability distribution for
this context, i.e. this distance from the target: P(D). We call this the prior
distribution and along with the probability of our immediate sensory
measurement P(d), we can compute the posterior distribution:

P(d|D) x P(D)

P(D|d) =T @ (1

The derivation of the above equation is based on the equality of P(d n D) and
P(D n d), which are both the probability of the true distance and current
distance being true, i.e. that our current distance matches the true distance.

ppy 2 240D,y P00
~ P(D) - P(d)
P(d|D) _P(D|d)

P(DNnd) = PO) - P@)

In the context of behavioral neuroscience, we can use equation 1 to model a
person’s internal estimates of real-world values. This is exceedingly powerful
because it allows us to quantify unmeasurable representations in the human
brain. Of course, this assumes that a Bayesian model’s predictions actually
match human behavior and luckily research has shown that this is very often
true of human perception and movement (Rescorla, 2021). In terms of
measuring or estimating real-world magnitudes like distance and angle,
Bayesian models can successfully explain behavioral effects like the central
tendency effect, range effect, scalar variability, and sequential effects
(Petzschner et al., 2015).
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The Bayesian prior and the Central Tendency of Judgement

There is a ubiquitous and regularly documented behavioral effect
characterized by the underestimation of large magnitudes and
overestimation of small magnitudes when experimental subjects attempt to
reproduce those magnitudes. This biasing of estimations toward the mean
magnitude has been called the "Central Tendency of Judgement"
(Hollingworth, 1910), "Central Tendency Bias" (Olkkonen et al., 2014),
"Regression to the Mean" (Glasauer et al., 1995; Kaliuzhna et al., 2015;
Loomis et al., 1993), as well as simply "Regression Effect"(Petzschner et al.,
2015; Stevens & Greenbaum, 1966). It is well established that changing the
range of stimulus magnitudes or their average size both impact the size of the
bias, and more recent insights have shown that the order of stimuli probably
plays a pivotal role in the size of the bias (Glasauer & Shi, 2021).

Early studies were primarily focused on documenting and manipulating the
effect, but recent work has been focused on understanding the cognition that
leads to the effect. One approach has been to model magnitude estimation
data with computational models built on hypothesis about cognition. The
Bayesian variety of these models have proven to be quite successful,
suggesting the relevant cognitive process might be Bayesian in nature (see
Glasauer & Shi, 2021 for review). In a Bayesian context, the Regression Effect
is caused by the bias of the Bayesian prior on estimations of the magnitude
stimulus. More specifically, when the prior distribution is integrated with the
likelihood distribution, the mean of the resulting posterior is an intermediate
value between the means of the prior and likelihood. Since the mean of the
likelihood approximates the observed stimulus and the mean of the prior
distribution eventually converges to the mean of all experienced magnitude
stimuli, then over many trials, the consistent bias of the prior on the posterior
produces the Regression Effect.

One aspect of the likelihood distribution that contributes to its plausibility is
that it represents the uncertainty of sensory measurements, and that our
internal representation of the true real-world value is not the same as the
true value. The biological transformation of the true stimulus into an internal
representation is included in some Bayesian models, including the two-stage
Bayesian estimator model that will be described later. Similarly, the Bayesian
prior distribution is stored as an internal representation and is also not
strictly bound to the true stimulus values. What this means, is that the
biasing effects of the prior can produce the Regression Effect as it is
classically defined, but might not always.

12



This can be demonstrated by disrupting the cognitive processes of calibration
and adaptation. As an example, let us take a visuomotor adaptation
experiment like the one originally conducted by Von Helmholz in 1867
(Helmholtz, 1867). In this study, participants were instructed to reach
towards specific targets while their vision was altered by prism glasses,
causing a lateral shift in their field of view. Initially, when the visual shift was
towards the left, participants tended to overshoot the target in the same
direction. However, with practice, they adjusted to the altered visual input.
This adjustment process is often called "recalibration" or "adaptation" of
their sensorimotor system. Interestingly, Helmholtz noted that upon
removal of the prism glasses, participants' attempts to reach the targets
inaccurately veered to the right, a phenomenon referred to as the after-effect
of adaptation. Recalibration is made possible by the feedback loop between
initiated motor commands and visual feedback concerning the outcome.

Now imagine we remove the feedback, perhaps by blocking vision directly
after the participant initiates the motor command. A constant disparity
between the true stimulus values and the internal representation would
remain throughout the experiment since recalibration would not be possible.
In the data, we would still likely see overestimation of small stimuli and
underestimation of large stimuli, but the global over- or underestimation of
all stimuli would be there too (Figure 1). The combination of a centralizing
bias with a constant underestimation seen in the far-right plot of Figure 1,
does not conform to the classic definition of the Regression Effect. If we
define the Regression Effect as the biasing effect of the “mean stimulus” then
the resulting data would not demonstrate a Regression Effect as per the
original definition, since the mean of the prior is now different than the mean
of the stimulus. This special case is relevant to this thesis because all
experiments presented here were designed not to include feedback for
participants, so we cannot assume that the mean of the prior distribution
matches the mean of the stimulus distribution. Furthermore, it is possible
that the size of the global over or underestimation would be different from
one participant to another, due to individual differences in sensory
processing, and these would not be corrected by calibration.

In conclusion, within this thesis and the manuscripts contained therein, we
will refrain from using the classically defined terms listed in the first
paragraph of this section. To assure a conceptual separation from the
behavioral effect observed by Hollingworth in "The Central Tendency of
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Judgement", we will refer to this more specific type of bias as the Prior's
Centralizing Bias (or PCB). Furthermore, we will conceptually separate the
PCB from a global shift in estimated magnitudes, since the latter is impacted
by a lack of recalibration based on feedback. Lastly, we will often measure
PCB as 1 minus the slope of the regression line in plots of stimuli versus
estimations.

Centralizing Bias Global Bias Combined Biases

2 2 2

2 2 2

< < <

el i) he)

2 e g !

© «© «

S £ £

a PCB: 0.5 ] PCB: 0 8 PCB: 0.5

Global Bias: 0° Global Bias: -30° Global Bias: -30°

Production Stimuli Production Stimuli Production Stimuli

Figure 1: Disassociating Global Shift from the Centralizing Bias. In situations where
sensorimotor recalibration is not possible, an experimenter might find a global bias in
estimates of perceived magnitudes due to a mismatch between the pre-existing and actual
stimuli ranges in the participants. In these cases, the centralizing bias of the prior distribution
(first panel, termed Prior’s Centralizing Bias, or PCB) on estimates would be dissociable from
the global bias (second panel), but both would still be present in the data (see third panel for
example of summed effect).

The PCB and the role of relative variance

For humans, conceiving of and representing the world is a continuous
and recurrent process of measurement and estimation. If we can understand
the influence of our prior experiences on our immediate estimations, we
would be better prepared to understand how we perceive and act in the
world, including how we navigate. In this section, we will look at how the
noisiness of our sensory measurements in relationship to the noisiness of our
own internal processing, impacts our estimations of measured magnitudes.
In a Bayesian context, this relationship is that between the variance of the
Likelihood distribution and the variance of the Prior, both of which are
assumed to be Gaussian probability density functions and could therefore be
represented as:

X 1 _@ (2)
A 2
f(x|u, o )—We a
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Using this equation as a foundation, we can calculate the mean of the
Posterior distribution as follows:

Ha | BB
L 202 208 pa0h + gy o} N o}
= = = * _—%
W21 1~ otror qgra MiTgeag i B
20} 202
He = Wa * iy + Wp * Up (4)

In this formulation, we can see how means of the component distributions
are summed, and the weighting of the summation is determined by the
relative variances of each distribution. Since it is not intuitive that the
weight of mean A is determined by standard deviation of B, let us
reorganize the variables.

1 1
2 ) 2
g, g, Ofireli
— B _ A _ likelihood
Wp ="— 2= 1 1 €.9-Wiikelihood = 1 1 (5)
og + oy = 4= +
2 2 2 2
04 Op Olikelihood Gprior

Now we see how the weight, for example, of the likelihood’s mean to the mean
of the posterior distribution is related to the variances of the prior and
likelihood. Namely, the greater the variance of the likelihood in comparison
to the prior, the less its mean contributes to the mean of the posterior
distribution. This is intuitive since measurements that have low variance are
more consistent and reliable and should contribute more to our final
estimate.

If we were to experimentally manipulate the variability or noisiness of
sensory stimuli, thereby increasing the variance of the associated likelihood
distribution, we should see a proportional increase in the biasing effects of
the prior on people’s estimates. In 2014 Olkkonen et al. demonstrated this
exact outcome in the context of color perception by adding chromatic noise
to their color stimuli (Olkkonen et al., 2014). In doing so, they saw a clear
increase in the Regression Effect with added noise. This relationship between
likelihood variance and the Regression Effect has also been demonstrated in
the context of length comparison, where the variance of the likelihood was
assumed to increase with elapsed time after the stimulus was experienced

15



(Ashourian & Loewenstein, 2011). Thus, by looking at the Regression Effect,
or more specifically the PCB, we can gain valuable insight into how much the
prior is relied upon in a given context.

The two-stage Bayesian estimator model

In this section, let us consider how the treatment of Bayesian priors can
differentiate between models. One approach is to assign a fixed mean and
variance to the prior distribution based on the characteristics of the stimulus
distribution (Cicchini et al., 2012; Jazayeri & Shadlen, 2010). This assumes
that the participants know the distribution of stimuli before experiencing
them. Another approach is to include a rule for updating the prior based on
predictions so that after every prediction the mean and variance of the prior
will change. In this case, it is still necessary to make an assumption at trial
one, however the model will learn the stimulus distribution over time much
like a person would. Furthermore, with this type of model it is possible to
predict sequential trial effects, which are how recent stimuli affect
predictions of the current stimulus through modifying the prior, and range
effects, which are how the strength of the PCB grows with mean stimulus size
(Glasauer, 2019; Petzschner et al., 2015). The model utilized in the following
manuscripts takes the latter approach and is therefore capable of predicting
nuanced behavior despite having very few free parameters. Since the
Bayesian models are core features of both manuscripts, let us take some time
to examine the structure and the underlying assumptions of this model. (For
justification and full mathematical formulation, please see Glasauer, 2019
and Petzschner & Glasauer, 2011)

Originally described by Petzschner and Glasauer in 2011, the “two-stage
Bayesian estimator” model iteratively: 1) converts the incoming stimuli to a
measurement on a logarithmic scale, 2) updates the prior distribution based
on the likelihood distribution of said measurement, 3) integrates the
likelihood with the prior to yield a posterior distribution, and 4) converts the
posterior distribution back onto a linear-scale before 5) selecting a value as a
response. Within the logarithmic space where Bayesian integration happens,
all probability distributions are assumed to be normal, which means that the
final posterior-distribution on a linear-scale is log-normal.

dm
Uiikelihooa = In (1 + d_0> +npy (6)
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The 2-stage Bayesian model converts the incoming measurement of the
stimuli (dm) into the logarithmic scale because it mirrors the well-established
Weber—Fechner principle, which asserts that perception scales
logarithmically with stimulus intensity; a notion first put forth by Gustav
Fechner. Recent psychophysical studies corroborate this, demonstrating that
human estimations of numerosity (Dehaene et al., 2008), angular velocity
(Jirgens & Becker, 2006), and locomotor distance(Durgin et al., 2009)
usually adhere to this logarithmic pattern. Consequently, the model
incorporates this logarithmic transformation in a way that is comparable to
the methodology used in modeling speed discrimination behavior published
by Stocker & Simoncelli in 2006 (Stocker & Simoncelli, 2006). Within the log
function, 1 is added to accommodate measurements of 0, and the
measurements are dividing by a scaling variable (d,) which can be used to
adjust the “flatness” of the log-function. Additional sensory noise (nm)
associated with the measurement of the stimuli can be included if desired.

The model does not explicitly maintain the variance of each distribution.
Instead, when combining distributions, e.g. A and B, the mean of the product
distribution is calculated via weighted summation of the means of A and B
(Laming, 1999). As seen in equation 3, the weights during this summation
reflect the ratio of the variances of distributions A and B. Since the ratios of
variances in equation 3 are compliments of each other:

1 1
— —
1_1%1=10A1 @)
—t—= =t

oy O Oy Of

we can rewrite equation 4 to be the following:

(8)

Ue = Wa * g + (1 —wy) * g

This way, only one weight needs to be calculated to determine the mean of
distribution C. There are 2 weights like this in the 2-stage Bayesian model,
corresponding the 2-stages: one for updating the prior based on the
likelihood and another for computing the posterior distribution from the
likelihood and prior. The calculation of means in these two situations,
respectively, are:

nupriorf'é = W1 * Uprior + (1 — wy) * Wiketihood (9)
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Uposterior = W2 * Hpriors: + (1 — wW3) * Wiketihood (10)

In practice, both weights are derived from a single fitted parameter according
to a 1-dimentional derivation of the Kalman filter. This fitted parameter is
the ratio of measurement noise (variance of the likelihood) to system noise
(variance during updating). In basing both weights on the same fitted
parameter, the model creates an interaction between the influence of the
prior during posterior calculation and during prior update. Specifically, as
measurement noise increases (in relationship to system noise), the prior is
weighted less when calculating the posterior and when updating the prior
(Figure 2).

Weight of the priors
\ ‘ ‘ — Postorior ‘Calculaﬁon Figure 2: The weight of the prior
Prior update as a function of system noise over
measurement noise (q/r). As g/r
grows, the weight of the prior
decreases during prior update and
during the calculation of the
posterior. The lower limit on the
weight of the prior during
calculation of the posterior is 0.5,
meaning the likelihood is always
‘ ‘ ‘ ‘ weighted equally or more than the
0 2 4 6 8 10 prior.
q/r ratio

0.8

This is intuitive since an unreliable measurement (high variance of the
likelihood) should bias our internal estimates less and contribute less to our
final responses. One important feature here, is that the weight of the prior
during posterior calculation can be no less than 0.5, meaning that the
likelihood always contributes to the posterior equally or more than the prior.

The model as a whole only has 2 free parameters, and the second one
determines how the prediction is selected from the posterior distribution.
Before the posterior is transformed back to a linear scale (the reverse process
of equation 6), the model adds a fitted shift to the mean of the posterior
distribution.

d, = etvosttAX 4 4 (11)
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The terms here are the selected response (d,.), arbitrary scaling constant (d,),
mean of the posterior (u,,s:) and the shift parameter (Ax). The shift
parameter is necessary since, unlike a normal distribution, the final log-
normal posterior distribution has a different mean, median, and mode.
Rather than assuming which value is appropriate in all cases, the model fits
the shift parameter for each training data set. Changes to the shift parameter
can lead to a general over or underestimation of the model’s responses.

One final point for consideration are the assumptions associated with
evaluating the model over experimental data. As is standard, the free
parameters of the model will be fit in one experimental condition and
evaluated in another. As long as the context of the conditions remains
constant, in terms of the sensory input and task requirements, we assume
that the fitted parameters will be appropriate in both conditions.

In summary, the described model assumes that:

1) our sensory representation of a magnitude is dependent on the real-
world value.

2) during the first measurement, the mean of the prior equals the
measurement.

3) Bayesian Integration takes place in a logarithmic scale.

4) all probabilistic distributions directly involved in Bayesian integration
are normal.

5) the ratio of measurement noise and system noise is constant within a
stable context.

6) the tendency to over- or underestimate is constant within a stable
context.

7) motor noise will not cause a systematic bias of responses.

The two-stage Bayesian estimator model is both efficient in its use of free
parameters and efficacious in predicting human responses. The variations on
this model presented in the following manuscripts will represent competing
hypotheses and their success relative to each other will resolve open
questions in the fields of magnitude estimation and navigation.
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CHAPTER 2: Magnitude Estimation

Improving noisy measurements

As previously stated, when discussing the use of likelihood
distributions, there is noise during sensory processing and neural integration
which leads to more variability in our measurements and actions. We can
mitigate measurement noise to some extent by taking redundant
measurements of the same quantity. A good example of this is source
localization: let us say you are one a hike in the woods and something moves
in the bushes next to you. By combining the auditory and visual senses, you
could locate the cause more quickly than using either alone (Vilares &
Kording, 2011). This area of research is called multi-modal integration and is
especially relevant to path integration because our senses for self-motion are
very redundant. When we perform a whole-body rotation, our semicircular
canals register the angular acceleration, optic-flow provides a visual cue that
we are turning, proprioceptive information tells us about our postural
changes involved in turning, and we receive efference copies of the motor
command to turn. It seems intuitive that measuring the same quantity in
multiple ways would increase the precision of our measurement, but this idea
has also been formalized using Bayesian statistics (Ernst & Banks, 2002;
Ernst & Biilthoff, 2004; Landy et al., 1995).

Let us return our attention to equations 3 through 5. So far, we have applied
these equations when integrating the likelihood and prior distributions, but
the same equations can be applied to integrating two likelihood distributions
as well. What was not shown earlier is how to calculate the variance of the
resulting distribution:

1 1 1
2 =+— (12)
Oc 04 Op
2 1 1 _ 0,%05° (13)
¢ i+i op” 042 042 + 0p?
o2 o 0202+0202
A B A°0p 4°0B

Interestingly, the variance of the resulting distribution is less than or equal
to the variance of either contributing distribution. As an example, this means
that if we combine the likelihood distributions associated with visual and
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vestibular sensory measurements, the resulting multimodal likelihood
distribution would have an equal or lesser variance then either.

If we consider this fact in the context of calculating the posterior mean via a
weighting sum (equation 4), we can see that a multimodal likelihood would
have a weight equal to or less than the likelihood of either visual or vestibular
senses alone:

Wpriorc < min(wpriorAvariorB) (14)

Weighting the prior less and the likelihood more over many trials would lead
to a smaller PCB and overall, more accurate estimations of magnitudes.
Thus, we have a formal Bayesian mechanism for calculating how multimodal
integration results in more accurate estimations overall.

Individual differences when measuring rotation

Another interpretation of the width of the likelihood distribution is as
a measure of the trustworthiness or reliability of a sensory input. When
measuring one value, an ideal sensory organ would always provide the same
measurement. So a wide distribution, which indicates highly variable sensory
inputs, would not be reliable. This inverse relationship between variance and
reliability is included in equations 4 & 5, where we can see that a larger
variability (standard deviation) leads to a lower weighting when determining
the multimodal mean.

It has been shown that experimentally modulating the reliability of a sense
impacts its influence on perception and in many cases the degree of this
effect can be explained by Bayesian MLE (Alais & Burr, 2004; Battaglia et
al., 2003; Ernst & Banks, 2002; Kaliuzhna et al., 2015; Prsa et al., 2012). A
sense’s reliability can also be altered via a pathology. For example patients
who have had Vestibular Neuritis often rely more on their visual input
afterwards due to damage of their vestibular nerve (Cousins et al., 2014).

Similarly, variability in age, genetics, and life experience will lead to
differences in the acuity of vision, hearing, and vestibular function that
would inevitably influence inter-modality weightings. It has also been shown
that the ability to integrate multisensory information is limited in children
and matures over the course of one’s life, being molded extensively by
experience (Murray et al., 2016). Thus, when performing experiments on
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multi-modal integration, one would expect to see variable inter-modal

weightings among participants.

Sidebar: Circular Data and Statistics

Circular or periodic data is a fascinating
type of data that stands apart from traditional
linear data due to its bounded and cyclical nature.
This form of data is best understood through
examples such as calendar years, time of day, and
angles, each embodying the concept of periodicity.
The end of one cycle seamlessly connects to the
beginning of the next, creating a continuous loop.
This characteristic poses distinct challenges and
opportunities for analysis and interpretation.

For instance, in calendar years,
December leads into January, forming a cycle that
repeats annually. Similarly, the time of day cycles
every 24 hours, with midnight flowing into the early
hours of a new day. Angles, measured in degrees,
also exhibit circularity; 360 degrees brings you back
to 1 degree when rotating clockwise. Unlike linear
statistics, where data points are spread along a
straight line, circular statistics deal with data that

wraps around a circle, presenting unique
challenges and requiring different analytical
approaches.

In linear statistics, the concept of average
or mean is straightforward, but in -circular
statistics, calculating an average becomes more
complex due to the *cyclical* nature of the data. For
example, the average of 359 degrees and 1 degree
isn't 180 degrees, but rather o degrees, illustrating
the need for specialized methods in circular
statistics. This same property also complicates the
calculation of variance, i.e. how far data points are
spread out from the mean. Variance also must
account for the circularity, where two points close
on the circle might be far in linear terms.

In terms of angles specifically, which are
often used to represent periodic data, the
application of circular statistics can be particularly
relevant. When deciding if circular statistics is an
appropriate choice for a data set, consider if 1, the
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data is inherently bounded within the limits of a
circle; meaning that the values are constrained
within a 0 to 360 degrees range. And 2, if the data
is cyclical, mean that an angle of 370 degrees would
instead be recorded as 10 degrees. These qualities
of being both bounded and cyclical are good
indicators that circular statistical methods may be
appropriate.

Circular statistics can also be helpful
when considering the directional nature of cyclical
data. For example, when measuring turn angle,
positive and negative values often denote different
directions of rotation that can sometimes lead to
the same final orientation. For example, a
counterclockwise turn of -120 degrees would result
in the same final orientation as a clockwise turn of
+240 degrees (sign signifies directionally). This
aspect is particularly relevant when evaluating
hypotheses about orientation data but would be less
relevant when evaluating hypotheses about the
magnitude of the turn angles themselves as
magnitudes are the absolute size of the angle. In
cases such as the former, circular statistics would
provide a more nuanced and accurate
understanding of circular data than traditional
linear statistical methods (Apuzen-Ito, 2014;
Pewsey et al., 2013).

In the manuscripts included in this
Thesis, we often analyze circular data, but we are
always evaluating hypothesis about magnitudes,
namely the absolute size of a turn's angle as
opposed to the final orientation. These magnitudes
are neither bounded nor cyclical, extending from o
to positive infinity. Directionality is often
represented by signed numerical values, but there
are no cases in which the outcome of different
turning angles is considered equivalent. Thus,
linear statistical methods are used throughout.
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ABSTRACT

When humans sense self-rotation, vestibular and visual sensory information can be integrated to
reduce sensory noise and provide more accurate and precise estimates of displacement than either
modality alone. In this experiment, 18 healthy participants completed a production-reproduction task
where they reproduced angular displacement. We found that on average reproduction was more
accurate and precise in the bimodal condition, where both visual and vestibular information were
available, than when only one sensory modality was available. We show that a systematic centralizing
bias seen during self-rotation reproduction can be well explained by a Bayesian model which maintains
a prior for angular displacement, and a Bayesian model assuming sensory fusion explains these biases
better than models that use a single modality. Lastly, we showed that the Bayesian model assuming
sensory fusion outperformed either unimodal model in explaining the bimodal condition data. Taken
all together, these results demonstrate that our participants relied on prior information and fused
sensory inputs according to Bayes’ Theorem.

INTRODUCTION

People internally represent their position and orientation in their environment and automatically
update this representation when they move (May & Klatzky, 2000). Essential to this process, termed
path integration, is the ability to accurately measure angular displacement. When humans sense self-
rotation, endolymph movement through the semicircular canals and movement of the visual
environment over the retina (optic flow) provide measurements of angular velocity that can be used
to compute angular displacement. However, sensory measurement of angular velocity is noisy and
thus can lead to errors in perceptual estimates of self-displacement. When both vestibular and visual
sensory information is available, they can be integrated to reduce sensory noise and provide more
accurate and precise estimates of displacement than either modality alone (van Dam et al., 2014).

Previous research on multisensory integration has been able to successfully model a variety of
behavior in humans and model organisms using Bayesian models that represent sensory
measurements as probabilistic likelihood distributions (Alais & Burr, 2004; Ernst & Banks, 2002; Hillis
et al., 2004; Jacobs, 1999; Jirgens & Becker, 2006; Knill & Saunders, 2003; Landy et al., 1995; van Beers
et al., 1999, 2002). When all probabilistic distributions are Gaussian, then multiplying two unimodal
likelihood distributions results in a multimodal likelihood distribution which has a lower variance than
either unimodal likelihood distribution, thus providing a mechanism for the improved precision
witnessed in multimodal contexts (Ernst & Bilthoff, 2004). Fusion of sensory inputs reliably occurs as
long as both sensory measurements are presumed to be measuring the same thing (Kayser & Shams,
2015; Kording et al., 2007) and the measurements themselves are not hugely different (Jlirgens &
Becker, 2006). In the experiment presented here, participants are required to measure and reproduce
whole-body yaw rotations, which they perceive through the visual and vestibular systems. The
multimodal stimulus is very naturalistic, consisting of redundant (i.e. fully agreeing) visual and
vestibular measurements of the participant’s turn. Since the source is the same, i.e. the participant’s
perceived rotation, and the measurements agree, fusion was expected to occur.

The primary goal of this paper is to demonstrate that visual input and vestibular input generated by
self-rotation are fused according to Bayes’ Theorem. In order to prove this, we conducted an
experiment in which participants reproduce experienced turns in 3 experimental conditions
differentiated by the availability of sensory modes: only visual information, only vestibular
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information, and both information-types available. Rhetorically, we will reach this conclusion in 3
steps: 1) demonstrate that our participants have benefits to precision and accuracy in the bimodal
condition compared to either unimodal condition. 2) Show that a Bayesian model that assumes sensory
fusion can predict the extent of systematic over/underestimations of the turn magnitudes. 3) The same
Bayesian model can predict the participants’ data in the multimodal condition better than a Bayesian
model that assumes only one sense is used for the task.

The first step is to confirm that our participants demonstrate the benefits to precision and accuracy
characteristic of sensory fusion. Accuracy refers to how closely reproductions of a turn match the true
value and precision refers to the overall variability of reproductions. We expect reproductions to be
the most accurate and precise in the bimodal condition because their multimodal representation of
the turn angle is less variable, thanks to Bayesian integration, and this leads to reproductions that
resemble the stimuli more closely. The second step is to determine if a probabilistic Bayesian model
(replicated from Petzschner & Glasauer 2011) that assumes sensory fusion occurs can predict the
bimodal condition data better than variants of the model that use only one sensory modality. To this
end we will fit the Bayesian model to each unimodal condition to obtain a free parameter specific to
each modality. We will mathematically calculate the bimodal version of this free parameter based on
the unimodal values, and then use that calculated free parameter to predict the bimodal data. The
success of predictions will be assessed via the Coefficient of Determination (R?) as well as the similarity
of systematic under/overestimations between behavioral data and model predictions. It is necessary
to compare the unimodal variant of the model to the bimodal variant because we are interested in
goodness-of-fit due to the assumed sensory fusion and not just the existence of a Bayesian prior.

METHODS
Participants

Twenty volunteers participated in the study without monetary compensation and two participants
were excluded due to nausea in the visual condition. The final pool of participants (6 female, 12 male)
had a mean age of 33.8 years and standard deviation of 10.8 years. All included participants had normal
or corrected-to-normal vision and had little to no susceptibility to motion-induced nausea. A local
ethics committee approved this experimental design in accordance with the Declaration of Helsinki.

Experimental setup

The experiment was conducted on a rotating chair positioned within a cylindrical drum that could
rotate separately from the chair (fabricated by Toennies, see Figure 2A). Participants sat in the chair
and were head-fixed such that they would spin around their head’s central axis. The walls of the drum
were approximately 74 cm from the participant’s eyes and covered in vertical contrast bars 10 cm
wide. No discernable landmarks were present aside from the repeating contrast bars and diffuse light
was provided by a lamp positioned over the participants’ heads. White noise was played over speakers
to obscure the sounds of the machine. Participants controlled the reproduction movement of the chair
using handheld buttons: one button for right-ward motion, one for leftward-motion, and one button
to confirm selections. Movement in all directions was allowed until confirmation, which was followed
by a 3-second pause and then the next trial.
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Figure 1. Experimental materials and procedure. (A) Photograph of the rotating chair and drum. Head was fixed and
participants were secured using safety belts. Responses were made with handheld button boxes. (B) The experimental
paradigm consisted of three conditions: Visual, Vestibular, and Bimodal. Each condition had two portions: production, in
which either the drum or chair is rotated, and reproduction, in which the participant actively rotates the chair in the same
direction and magnitude as the perceived production distance.

Experimental procedure

Ability to estimate angular distance was assessed using a production-reproduction task. During the
production phase, participants passively experienced an angular displacement of the drum or chair
and then had to actively reproduce the same distance in the same direction by rotating the chair using
button presses. Reproductions were always bimodal regardless of condition, i.e. the drum was visible
as the participant’s rotated their chair via button presses Figure 2B).

Visual Condition. The production distance was provided by rotating the drum while the chair remained
stationary. Movement of the contrast bars induced a feeling of self-motion in the direction opposite
to drum rotation. To reproduce the distance, the participants were instructed to actively rotate the
chair in the direction of perceived movement.

Vestibular Condition. The production movement consisted of passive rotation of the chair in darkness.
The lights were switched on for reproduction and participants were instructed to replicate the
movement in the same direction.

Bimodal Condition. Lights were on during both production and reproduction, such that participants
had both visual and vestibular input during rotation. Production distances were provided by rotating
the chair.

One hundred trials were presented for each condition. Distance stimuli consisted of 20 repetitions of
5 different angular distances (from 50° to 130°, at intervals of 20°), which were randomly permutated.
The sequence of trials was held constant across participants so trial-wise effects would be comparable.
To discourage the use of time estimation, movement velocity in the production phase was varied
within +60% of 25 degrees/second (scaling factor drawn from a truncated Gaussian distribution).
Whereas the velocity during the reproduction phase was always 25 deg./sec.?. The acceleration and
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deacceleration in both phases was always 25°/sec?. Each condition lasted between 23 and 27 minutes,
depending on how quickly participants completed the reproduction movements.

Analysis of behavioral data

To reveal trends in accuracy and precision, the absolute behavioral error (absolute value of
reproduction minus stimulus) and the standard deviation of errors, respectively, were calculated for
each stimulus size for all participants and conditions. A 2-way analysis of variance (ANOVA) was
performed for each metric using experimental condition and stimulus size as factors. One-tailed paired
t-tests were also performed for both metrics to validate the hypothesis that both error and standard
deviation is larger in the unimodal conditions than the bimodal conditions. Data analysis and modelling
was performed using custom written Matlab (Mathworks, US) scripts.

We expected to observe a systematic error often made during magnitude estimation, which is a
consistent overestimation of small turn angles and a consistent underestimation of large turn angles
compared to the mean of all turn angles. This bias is referred to as the Regression to the Mean or the
Central Tendency of Judgment (Hollingworth, 1910; Loomis et al., 1993; Olkkonen et al., 2014;
Petzschner et al., 2015; Prsa et al., 2012), and constitutes an overestimation of small stimuli and an
underestimation of large stimuli due to the biasing influence of the mean or median of the stimulus
range. In all cases, the Regression to the Mean was calculated by plotting the production stimuli against
the behavioral reproductions or model predictions, and then fitting a regression line to the data. The
compliment of the slope of this line (1-slope) indicated the size of the Regression to the Mean. In this
paper, we are more interested in the centralizing bias of the Bayesian prior on the reproductions,
rather than the bias of the mean stimulus, so we will refer to the compliment of the slope as the Prior’s
Centralizing Bias (or PCB). It is important to differentiate this because we do not provide feedback to
our participants concerning correctness of their reproductions, and therefore they cannot recalibrate
their sensorimotor system to eliminate global errors affecting all reproductions (would appear as a
vertical shift of the regression line in the aforementioned plot. We use the PCB as an indicator of both
overall accuracy and how much a participant relies on their prior (Jazayeri & Shadlen, 2010; Petzschner
& Glasauer, 2011; Roach et al., 2017). We conducted two one-tailed paired t-tests to confirm that we
see a lower PCB in the bimodal condition (higher accuracy and lower reliance on a Bayesian prior) when
compared to the unimodal conditions.

Linear statistics are applied for analyzing angular data here since we analyze only magnitudes and the
differences between them. Since magnitudes do not exhibit the cyclical and bounded characteristics
of circular data, but instead extend from 0 to positive infinity, linear statistical methods are
appropriate. Regarding multiple comparisons, all hypothesis tests were grouped according to the
assertions in the introduction or if a post-hoc question arose. Corrections of the significance threshold
was done with the Holm-Bonferroni method.

Bayesian estimator models of bimodal integration
Unimodal Models

What we refer to as the Unimodal Model (UM) is entirely equivalent to the Petzschner & Glasauer
2011 two-stage model (Petzschner & Glasauer, 2011). This model iteratively processes the angular
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distance stimuli in the same order as the participants experienced them. In a single iteration, the model
works as follows:

1. The angle stimulus is transformed into log space, where we assume all involved probability
distributions are Gaussian. The transformation is done to mirror the Weber—Fechner law; a
practice which has been substantiated by related studies (Dehaene et al., 2008; Durgin et al.,
2009; Jurgens & Becker, 2006) and has been previously applied with regards to speed
discrimination (Stocker & Simoncelli, 2006).

2. The likelihood distribution (mean equal to the log-transformed stimulus value) is fused with
the prior distribution (its mean is iteratively updated). To calculate the mean of the posterior
distribution, a weighted sum of these two means is performed where the weights are
determined by a single fitted parameter (r/q ratio), which represents the ratio of measurement
noise (sensory noise, r) to process noise (noise during prior update, q).

3. The mean of the prior distribution is updated according to a weighted sum of the likelihood’s
mean and the mean of the prior from the preceding iteration. This weight is calculated using a
Kalman filter (Kalman, 1960), which also relies on the r/q ratio. In the first iteration, the mean
of the prior is assumed to be equal to the first measurement.

4. Finally, the model’s prediction of the current reproduction is determined as the maximum
(mode) of the posterior distribution plus a fitted constant, termed “shift parameter,” which
accounts for differing choices of cost function (calculation of the difference between the
predicted and true values that is used during model fitting). The reproduction is then
converted back to linear space.

Thus, the UMs each have two free parameters which are fitted over all stimuli in each condition using
least-square fits with the Matlab function Isgnonlin. For details concerning mathematics and
justification for model structure, please refer to Petzschner & Glasauer’s 2011 publication (Petzschner
& Glasauer, 2011).

Bimodal Model: Integrated Likelihood Model

The Bayesian two-stage model used for the UMs was adapted to explain bimodal integration of
vestibular and visual information. The measurement noise values, ryis and res, reflect the variance of
the likelihood distribution for each modality. Because process noise was assumed to be equal across
conditions and assigned a fixed value of 1, we will refer to the fitted r/q parameter as simply
“r” in the following equation. When the unimodal likelihood distributions are combined into a bimodal
likelihood, we can calculate the measurement noise associated with the bimodal likelihood as follows:

2 2
o= 0_2 N 1 _ 1 Ovis Ovest rvisrvest
bi — Opi = - 2 2 - 2 2
% + 21 Opest Oypis Opis” + Opest Tyis + Tvest (1)
2 2 2
vis Opest Opis” Opest Opis” Opest

The above equation is well established in its use to combine variances between two normal
distributions and its behavior has also been previously documented (Figure 3) (Alais & Burr, 2004).
Besides the computation of ry;, the remainder of the ILM is identical to the UM. The reduction in
measurement noise ultimately leads inlaid plots). It is important to note that the reduction in
measurement, as compared to either unimodal measurement noise estimate, is proportional to the
similarity of the respective UM noise estimates. Maximum benefit would be seen when ry.s: equals ry;s.
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portrayed to have the same mean and variance, although in practice both will vary based on incoming distance stimuli. The mean of the posterior distribution would be biased less toward the
prior in the ILM than the UMs because the variance of the multisensory likelihood is the least. (C) A lesser bias toward the prior leads to angular distance predictions that are closer to the stimuli,
which produces a smaller Prior’s Centralizing Bias (PCB). In these illustrated plots of production stimuli versus predicted reproduction, we see that the ILM predictions have a heavily reduced PCB

shown by an increase in the slope of the regression line.
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Figure 3: Benefit to bimodal measurement noise is
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Fitting Procedure

The UM was fit separately to the vestibular condition and the visual condition using least-squares
fitting to attain estimates of the unimodal r/q ratios. The r/q ratios were then combined according to
equation 1 to obtain a bimodal r/q ratio. When predicting data from the bimodal condition, all three
models (ILM, visual UM, vestibular UM) had fixed r/q ratios taken/calculated from the unimodal
conditions, but the shift parameters (see Unimodal Models point 4) were fitted anew. Shift parameters
are refitted because the under-/over- estimation of angles between conditions is not constant though
it was expected to be, according to the assumptions of the models. The relative fit of final predictions
compared to participant reproductions in the bimodal condition was then examined.

Predicted PCB versus Actual PCB

To assure that the model predictions were exhibiting the same pattern of errors as the behavioral data,
we calculated the PCB for each model’s predictions and assessed the correlation with behavioral PCBs,
expecting significant and positive Pearson’s correlation coefficients. We also did the same for the
bimodal condition data and the ILM predictions.

Goodness-of-fit

First, we calculated the coefficient of determination (R?) for the UM model fit to the vestibular
conditions and the visual condition. This value reflects the amount of variance in the behavioral
reproductions, which can be explained by each unimodal model.

Next, we calculated the R? for each model’s predictions of the bimodal condition data (Vestibular UM,
Visual UM, and ILM), then compared the R? coefficients between models via a set of two-tailed paired
t-tests. We were able to use the R?, as opposed to a method that corrects for the number of free
parameters like the Akaike Information Criterion, because all models have only one free parameter,
the shift parameter, when predicting the bimodal data

RESULTS

Bimodal behavioral performance benefit

The 2-way repeated measures ANOVA of absolute behavioral error with factors ‘experimental
condition” and ‘stimulus size’ showed a significant main effect of stimulus size (F(4,255)=23.19,

30



p<0.001) and condition (F(2,255)=5.00, p=0.007), but no interaction effect. Similarly, the same ANOVA,
performed for the standard deviation of errors, also found main effect of stimulus size (F(4,255)=14.53,
p<0.001) and condition (F(2,255)=3.92, p=0.021), but no interaction. When comparing the visual
unimodal condition and the bimodal condition via one-tailed paired t-tests, we found better
performance in the bimodal condition in terms of accuracy (t(17)=1.94, p=0.034) and precision
(t(17)=2.97, p=0.004). When comparing the vestibular unimodal condition and the bimodal condition
via one-tailed paired t-tests, we also found better performance in the bimodal condition in terms of
accuracy (t(17)=2.68, p=0.008) and precision (t(17)=2.28, p=0.018).

To examine the variability of accuracy within and across conditions, we plotted mean absolute
behavioral error for all subjects and conditions. Behavioral error refers to the participants’ responses
minus the true values. The data was sorted based on the minimum signed difference between the
unimodal condition’s mean error and bimodal condition’s mean error. Based on this visualization, 9 of
18 participants have mean errors in the bimodal condition that are clearly less than in both unimodal
conditions (Figure 4C, right of line). For the other 9 participants, the mean errors in the bimodal
condition are equal to or higher than in the unimodal conditions (Figure 4C, left of line).
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Figure 4. Performance benefit to accuracy and precision in the bimodal condition. A) Mean absolute behavioral error was
computed for each condition and stimulus size combination and plotted here. The error bars are standard error. B) The mean
variance of absolute errors was computed for each condition and stimulus size. The error bars are standard error. C) We
plotted the mean absolute behavioral error for all subjects and conditions, and sorted the data based on the minimum signed
difference between either unimodal condition error or bimodal condition error. The black line separates participants who
showed a visually discernible decrease in error in the bimodal conditions when compared to both unimodal conditions.
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Prior’s Centralizing Bias (PCB)

The bimodal PCB was significantly lower than the vestibular unimodal PCB (t(17)=2.46, p=0.012) and
the visual unimodal PCB (t(17)=4.23, p<0.001), demonstrating the same benefit to accuracy seen in the
error analysis. From a Bayesian perspective, this also suggests that the prior for turn angle was relied
upon less in the bimodal condition that in either unimodal condition.
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Figure 5. Comparison of the Prior’s Centralizing Bias (PCB) between experimental conditions. A) Example of a single
participant’s performance in each condition. Not only are there differences in slope, but also a shift of the mean reproduction
distance. B) The lines depicted here ignore the shift of the mean reproductions and only depict the slope of the fitted
regression lines. The bold line in the middle shows the average slope of the reproduction-versus-production plot, and the
shaded areas highlight the full range of slopes seen in each condition. The corresponding PCB-coefficients are overlaid on
each plot.

Predicted PCB versus Actual PCB

The model predictions were plotted against the production stimuli in the same way as in 5A, and the
PCB was calculated from the slope of the regression line. We found that predicted PCB for the unimodal
conditions is significantly and positively correlated with actual PCB in both the vestibular condition
(r(17)=0.97, p<<0.001) and the visual condition (r(17)=0.94, p<<0.001). In both cases, the offset of the
regression line was close to zero, indicating that predictions showed a centralizing bias that was not
consistently too large or small. The slope of the regression line was smaller than 1, indicating a scaling
factor less than 1, which means that predictions tended to underestimate the centralizing bias when it
was comparatively large. When the ILM was used to predict the bimodal condition data using the
measurement noise parameters calculated from the unimodal data, we found that the predicted PCBs
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were also highly correlated with the actual PCBs (r(17)=0.91, p<<0.001). The offset was close to zero
and the scaling factor was around 0.75, which overall suggests that the PCB could be reliably predicted.

A)  vestibular Condition Visual Condition B) 4 Bimodal Condition
1 1 O
/ / g /
ond / ] /
Bos /7 Bos s B08 P
o &7 o ;7 = /
006 o C06 - T 0.6 v
B 2,0 B /0,7 © 8 /
= /, 4 = /0 - £ /
g 04 6/00 g 04 é%/@% g 0.4 VZ
o /gj o <] / 3 A
Eo02 ° E 0.2 /. © 0.2 /
c ,c% slope=0.91557 c 20 slope=0.7758 o slope=0.75505
o J offset=-0.020422 =] Z offset=0.0019012 © C offset=0.025400
0 % oto”® o =2 or¥
2
0 05 1 0 05 1 = 0 05 1
Behavioral PCB Behavioral PCB Behavioral PCB

Figure 6: A) Correlations of the Prior’s Centralizing Bias (PCB) coefficients for the unimodal model predictions and behavioral
data from the unimodal conditions. In both cases we found a significant and positive correlation. The vertical offset indicates
a global under- or over-prediction, and the scaling factor (slope) shows if accuracy of predictions changes across the range of
PCBs in the data. B) Correlation of the bimodal behavioral PCB with the PCB predicted by the ILM was positive and significant.
An offset close to zero and a scaling factor near 1, suggest accurate predictions of the PCB in the bimodal condition based on
the unimodal noise parameters.

Unimodal model fit to the unimodal conditions

By calculating the coefficient of determination (R?), we found that the Vestibular UM explained 53.4%
of the variance in the vestibular condition data, with a standard deviation of 22.4%. Similarly, the Visual
UM explained 51.1% of the variance in the visual condition data with a standard deviation of 28.4%
(for individual results, see Supplementary Table 1).
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Figure 7: Unimodal measurement noise derived from UM fits and calculated bimodal measurement noise. On the x-axis,
participants were sorted based on the absolute difference between the unimodal measurement noise values, with large
differences on the right. There is a wide range of differences between the unimodal measurement noise parameters and, for
individual participants, neither sensory modality has consistently lower or higher measurement noise than the other. The
measurement noise values are plotted on a logarithmic scale because the Bayesian integration in our Bayesian models occur
in log-space (see Methods) and it enables easier comparison of measurement noise values.
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Predictions of the bimodal condition

Mean R? was calculated for model predictions of the bimodal condition for each subject and all
models, and then compared with two-tailed paired sample t-tests. We found a small but significant
advantage of the ILM when fitting the bimodal data as compared to the Vestibular UM (t(17)=2.65,
p=0.017) and the Visual UM (t(17)=2.60, p=0.019). From the individual participant’s R? coefficients,
which are plotted behind the bars in figure 8A, we can see that often a UM fits the data similarly to the
ILM, hence the small effect size (see Supplementary Table 1 for R? coefficients). To further inform the
discussion concerning why we see such a small effect size, we performed two post-hoc correlations. In
each correlation, we first calculated the difference between unimodal measurement noise (7,5 or
Tyest) and bimodal measurement noise (ry;; calculated according to equation 1). We correlated these
differences with the difference in R? between the corresponding UM and the ILM. We found a
significant negative correlation between the change in measurement noise and the differential
goodness-of-fit for the vestibular data (r(17)=-0.80, p<0.001), and of the visual data (r(17)=-0.52,
p=0.027). This indicates that the ILM fits the bimodal condition data better than the UMs, when we
see a larger reduction in measurement noise. Conversely, when the unimodal and bimodal
measurement noise is similar, the UM fits similarly to the ILM.
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Figure 8: A) Comparison of unimodal model fits and the ILM fit of the bimodal condition data. We see a small but significant
advantage of the ILM over the visual UM and the vestibular UM. Error bars are the standard error and the lines in the
background show R? values for the individual participants (see Supplementary Table 1 for the values themselves) B) Post-
hoc correlations between change in measurement noise and the differential goodness-of-fit. On the x-axis of each plot is
difference between unimodal measurement noise and the calculated bimodal measurement noise. On the y-axis is the
difference between the R?s of UM predictions and ILM predictions. We see a significant negative correlation in the vestibular
and visual plots, indicating that the ILM fits the bimodal condition data better than the UMs, when we see a larger reduction
in measurement noise. Conversely, when the unimodal and bimodal measurement noise is similar, the UM fits similarly to
the ILM.
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DISCUSSION

Our expectations were that due to the process of sensory fusion, all participants should have improved
accuracy and precision in the bimodal condition when compared to both the visual and vestibular
unimodal conditions. Furthermore, we expected the Prior’s Centralizing Bias (PCB) to decrease, which
reflects not only improved accuracy but potentially a decreased reliance on a Bayesian prior (Jazayeri
& Shadlen, 2010; Petzschner & Glasauer, 2011; Roach et al., 2017). Our behavioral results validate all
these expectations, thereby suggesting that on average our pool of participants did fuse the visual and
vestibular sensory information.

Our secondary goal was to see if we could accurately predict responses in the unimodal condition using
our Bayesian models. Overall fit as assessed by the coefficient of determination (R?) was moderate,
explaining around 50% of the variance in behavioral reproductions. However, the average trends and
systematic errors (PCB) were accurately predicted, as demonstrated by the close agreement between
predicted and actual PCBs. Interestingly we see smaller R? coefficients in the UM fit of the unimodal
conditions than in the UM fits to the bimodal condition. It may therefore be the case that the inherent
noisiness of measurements in the unimodal conditions led to additional random errors that the
Bayesian model could not account for. Given the relative variability of behavioral errors (Figure 4B)
when compared to the production stimuli and the mean behavioral errors (Figure 4A), the authors
consider the fit of the UMs to be sufficiently high.

The next investigation was to see if we could predict the responses in the bimodal condition based on
the reproduction data from the unimodal conditions. Results showed that calculating the bimodal
measurement noise, based on estimates of unimodal measurement noise, allowed the ILM to explain
more than 60% of the variance in participant reproduction data. Furthermore, the predicted PCBs were
closely matched to actual PCBs in the bimodal condition, showing that the ILM accurately predicted
the degree to which accuracy increased. Matching the PCBs also confirms the established relationship
between likelihood variance (analogous to measurement noise in our case) and weighting of the prior.
Namely, as the variance of the likelihood diminishes, the influence of the likelihood on the posterior
distribution increases, and consequently the influence of the prior decreases. It appears that we can
accurately predict the influence of the prior on participant’s reproductions (as reflected by PCB) by
calculating the decrease in likelihood variance according to Bayesian sensory fusion (equation 1).

Lastly, we wanted to see if the ILM predicted the bimodal condition data better than the UMs. This
was an important step because the relative weighting of the prior was more important than the
influence of a prior in general. Although we did see that the ILM fit the bimodal condition data
significantly better than both UMs, the effect size is notably small. The cause is clearly that for many
participants one of the UMs can explain the bimodal data about as well as the ILM. At first alarming,
this small effect size is actually expected (Alais & Burr, 2004) and relates directly to how the ratio of
unimodal likelihood variances (1y,;s andry,.s: ) impact the calculated variance of the multimodal
likelihood (r3,;, Figure 3). This mathematical relationship is clearly outlined by Alais & Burr (2004) who
apply maximum likelihood estimation (MLE) when fitting their models in the context of multi-sensory
integration. Like us, they see the largest predicted benefits in situations where the unimodal likelihood
distributions have similar variances. In situations with different unimodal variances, bimodal
predictions lay closer to the unimodal predictions for the modality with lower variance. For us, an
example would be if the estimated measurement noise from the visual condition is much lower than
the estimated measurement noise from the vestibular condition (see participant 3, Figure 7). In this
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case, the calculated bimodal measurement noise would be very similar to the visual measurement
noise, and consequently the ILM predictions would also then be similar to the visual UM predictions.
This is why we see the correlations in Figure 8B. In cases where the bimodal measurement noise is
much smaller than the unimodal measurement noise, we see a clear difference between the ILM and
UM fit. Previous research has provided experimental evidence for the dynamic inherent to equation 1
by manipulating the reliability (variance) of one sense in order to impact performance in the bimodal
condition (Battaglia et al., 2003; Kaliuzhna et al., 2015; Prsa et al., 2012). Here we have provided
additional evidence by showing that the same principal applies to pre-existing individual differences in
inter-sensory measurement noise.

Given that the sensory modality with lower measurement noise contributes more to the calculation of
bimodal measurement noise, one could say a participant might favor the more reliable (less noisy)
modality over the other. A preference for one sensory modality over another is very well documented
in multi-sensory integration literature (Battaglia et al., 2003; Knill & Saunders, 2003), including
experiments with visual and vestibular interactions (Butler et al., 2010; Fetsch et al., 2009; Prsa et al.,
2012). Rather than a consistent preference towards one modality, we see an equal occurrence of
preference for the visual or vestibular modalities (Figure 7). One explanation for why a participant
could have favored the vestibular modality is that visual information could be underweighted due to
uncertainty regarding its origin, i.e. if it is caused by self-motion or motion in the environment (Fetsch
et al., 2009). This is possible, since in the visual condition the environment was moving instead of the
participant. Many participants reported that sometimes they were unsure if they were moving or if
the drum was. If this were true, this would be a limitation of our experimental design since we cannot
account for this influence in the bimodal condition. Still, this would only apply to participants who had
higher visual measurement noise than vestibular measurement noise. Thus, it seems the most likely
explanation is still that inter-sensory preferences express naturally in people and vary among
individuals.

Participants who may not have fused

A closer look at behavioral errors in individual participants shows that the majority have reduced error
in their behavioral condition, but some other participants have either less error in one of their
unimodal conditions or less error in both unimodal conditions (Figure 4C, left side). These participants
may have failed to successfully fuse the visual and vestibular sensory inputs because we do not see a
benefit to performance. However, it is unlikely that this reveals a general inability of these participants
to fuse visual and vestibular input. Probably it is due to the unnatural experimental separation of the
visual and vestibular modalities. Recent research has proposed that not only are the visual and
vestibular inputs normally fused, fusion is in fact mandatory (Prsa et al., 2012). In other words, even
under circumstances where fusion of visual and vestibular information is unproductive, it occurs
nonetheless. It has been found that the more correlated two senses are, the more likely they are to be
fused. A wonderful example of this dictum is that participants can be taught to fuse two completely
unrelated sensory inputs like luminance and haptic stiffness (Ernst, 2007) or vision and vestibular self-
motion around different axis (Kaliuzhna et al., 2015). Given that visual and vestibular inputs measuring
yaw-rotation are exceptionally consistent under normal circumstances, even if fusion were not
mandatory, it would be deeply entrenched.
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Conclusion

The visual and vestibular unimodal models fit their respective conditions suitably well and predict the
PCB seen in the behavioral reproductions, indicating that participants are using prior information. Our
Integrated Likelihood Model was able to accurately predict behavioral reproductions in the bimodal
condition by combining unimodal measurement noise according to optimal fusion of unimodal
variances. Not only that, but the ILM outperformed both UMs in the bimodal condition, strongly
suggesting that our participants were fusing visual and vestibular sensory inputs in a Bayesian manner
based on the variance of the likelihood distributions associated with each sensory modality.
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SUPPLEMENTARY MATERIALS

UNIMODAL CONDITION FITS BIMODAL CONDITION FITS
Vestibular UM  Visual UM  Vestibular UM Visual UM ILM
R2 R2 R2 R2 R2
PARTICPANTS 1 0.60 0.66 0.79 0.82 0.83
2 0.60 0.52 0.61 0.58 0.61
3 0.74 0.91 0.88 0.90 0.90
4 0.67 0.72 0.64 0.64 0.63
5 0.71 0.52 0.78 0.78 0.79
6 0.68 0.44 0.67 0.65 0.68
7 0.21 0.65 0.57 0.69 0.70
8 0.73 0.52 0.86 0.76 0.86
9 0.32 0.26 0.48 0.53 0.53
10 0.08 0.22 0.26 0.33 0.40
11 0.49 0.47 0.49 0.48 0.49
12 0.62 0.61 0.68 0.66 0.70
13 0.77 0.79 0.92 0.91 0.92
14 0.74 0.50 0.63 0.64 0.62
15 0.43 0.37 0.44 0.44 0.43
16 0.71 0.82 0.90 0.91 0.91
17 0.37 -0.36 0.24 0.23 0.25
18 0.14 0.58 0.64 0.70 0.72
AVERAGE 0.53 0.51 0.64 0.65 0.66
STANDARD 0.22 0.28 0.20 0.19 0.19
DEVIATION

Supplementary Table 1. Goodness-of-fit measures for individual participants. The coefficient of determination (R?) is
provided for all model fits and indicates the amount of variance explained by each model.
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CHAPTER 3: Navigational Strategies

Triangle completion experiments

The practice of blind-folding participants and asking them to walk
along the perimeter of a triangle is truly time-honored and has taken many
variations over the years. Some examples included: having participants
memorize the triangle and walk around it repeatedly by themselves (Glasauer
et al., 2002), guiding the participant through part of the triangle and asking
them to retrace their steps (Loomis et al., 1993), or guiding them through
part of the triangle and having them complete the missing pieces by
themselves. In one case, participants were guided along the hypotenuse and
asked to walk the other two sides of a right triangle (Worchel, 1951).
However, the most common variant is that participants are guided along 2
legs of a triangle and asked to complete the third side (Fujita et al., 1993;
Harootonian et al., 2020; Klatzky et al., 1990, 1999; Loomis et al., 1993;
Wiener et al., 2010).

This last version of the triangle completion task is analogous to foraging
behavior demonstrated by many animals, since the goal is to end up at the
start location (the beginning of the first leg of the triangle). The animal will
make trips away from their nest or home location in order to find food, and
then return back via a straight path (Heinze et al., 2018). These foraging
journeys are often convoluted explorations, sometimes over great distances.
For example, the Egyptian fruit bats will fly tens of kilometers away from
their cave, but are still able to navigate back via a more-of-less straight
route (Tsoar et al., 2011). In order perform the blindfolded triangle
completion task, it is necessary to compute a “homing vector” which
represents the distance and angle from the current location back to the
home location.
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ABSTRACT

Recent research by Wiener et. al. (2010) on path integration in humans demonstrated that when
people are given specific instructions concerning a navigation strategy, they can flexibly switch
between two dissociable strategy types: the configural strategy and the continuous strategy. They also
showed that users of the continuous strategy tend to deviate their head’s direction towards the goal
location. In this experiment, 23 participants completed a similar triangle completion task but were not
instructed to use a specific strategy. By retrospectively classifying participants into strategy type based
on head deviation and confirming a similar pattern of results seen by Wiener et. al.,, we provide
additional evidence to their hypothesis. We also show, through a combination of the behavioral results
and the application of 2 Bayesian models, that in the absence of specific instructions participants may
not naturally employ each strategy in its purest form. Many participants appear to use elements from
both strategies, and all seem to maintain Bayesian priors for the return distance and angle composing
a homing vector. However, only participants who use the configural strategy maintain Bayesian priors
for the first 2 legs of the triangle and the turn angle between them, which were traversed before
returning to the starting location. In summary, modeling the influence of Bayesian priors on navigation
behavior offers a more nuanced understanding of employed navigation strategies in the absence of
explicit instructions.

INTRODUCTION

Idiothetic Path Integration (iPl) is a process that allows an agent to track their position in space using
only self-motion information, such as information from the vestibular and proprioceptive senses
(Mittelstaedt & Mittelstaedt, 2001). Although it has been shown to be vulnerable to noise
accumulation, there is compelling evidence to suggest that path integration provides a framework for
constructing more complex representations of space (Biegler, 2000; Cheung & Vickerstaff, 2010;
Schatz et al., 1999). In research on animals, where foraging journeys are often focal, it has been
generally assumed that the studied animal uses a homing strategy, where it constantly updates a
homing vector that points from its current position back towards the starting location (Heinze et al.,
2018; Shettleworth, 2010). Whereas research on human participants has historically assumed that
people perform path integration in an offline step after the outgoing path was completed (Fujita et al.,
1993; Loomis et al., 1993). This latter approach requires that people monitor the distances and angles
while walking, but integrate them only directly before the return journey. In their 2010 publication,
Wiener et al. named the former strategy the “continuous strategy,” in which the navigator constantly
updates their homing vector, and the latter strategy the “configural strategy”, in which the
configuration of the outgoing paths are remembered. Fundamentally, they asked why the strategy
typically associated with animals was not also considered for humans, and then demonstrated that
humans can also continuously update a homing vector. By providing different instructions to their
participants, the same participant could navigate using either the “continuous strategy” or the
“configural strategy.” In the absence of specific instructions, the authors speculate that an individual
is likely to choose the strategy that is most appropriate to the task at hand (Wiener et al., 2010).

One way that Wiener et. al. differentiated the continuous and configural strategies was to measure
performance on a so-called triangle completion task. During such a task, people are blindfolded and
lead along 2 legs of a triangle before being asked to walk back to the starting location by themselves
(return distance is Cin Figure 1.2). Wiener et. al. measured performance with 4 metrics: Homing Error,
Distance Error, Direction Error, and Response Time. The last metric is the time it took a participant to
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decide upon and begin walking along the 3 leg of the triangle. In the continuous strategy, integration
of changes in distance and angle occur constantly, which means that the navigator always knows their
position, but error associated with updating position and orientation also accumulate quickly (Cheung
& Vickerstaff, 2010). Summarily said: response time is low, but overall error is high. In the configural
strategy, response time is higher because the entire computation of the homing vector occurs just
before executing the return path (Fujita et al., 1993). Error tends to be lower though, partially because
updating occurs less often, but also because participants tend to use step counting to reduce
uncertainty in distance estimates.

Perhaps the more important differentiating factor presented in Wiener et. al.’s 2010 paper, is that
head direction predicts which strategy the participant is using. They found that during the triangle’s
second leg, participants’ head direction significantly deviated from straight ahead toward the starting
location. Furthermore, this was much more pronounced during the continuous strategy than during
the configural strategy. They hypothesize that this is a motor expression of top-down influences
associated with the applied navigation strategy. Practically speaking, this provides us with a clear
method of classifying participants as either continuous solvers or configural solvers.

The first goal of this manuscript is to apply the above findings to a pre-existing dataset from one of our
triangle completion experiments. Unlike in Wiener et. al. 2010 paper, we intentionally provided
instructions that did not bias the participant toward one strategy or the other. We can therefore
retroactively classify participants into each navigation strategy based on their head direction’s
deviation and see if their performance metrics (error and response time) corroborate the classification.
The experiment presented here has two conditions, one in which scalene triangles are provided to the
participants and one in which only right triangles are provided to the participants. On average, the
triangles in this experiment are smaller than those used by Weiner et. al. and consequently we expect
to see ameliorated differences in homing error and direction error between strategies. This is expected
because the continuous strategy will not accumulate sufficient error to differentiate it. We do however
expect to see differences between strategies for response time and distance error because they are
not as dependent on path length.

Persistent geometric features represented as Bayesian priors

In the 1990 publication from Fujita et al., the authors describe their model of path integration as
“history free,” meaning that “the navigator maintains no record of the actual pathway by which [they]
arrived at a point (Fujita et al., 1990).” Indeed many of the numerous investigations into path
integration via mathematical modeling are also history-free (see (Vickerstaff & Cheung, 2010) for
review), but we know from literature on magnitude estimation that prior experience has a substantial
influence on current estimates of magnitudes (Petzschner et al., 2015). Obviously, estimating distances
and angles is crucial to the process of path integration, and thus it is essential that we consider how
prior experience may be influencing navigation behavior during the continuous and configural
strategies.

In the triangle completion experiments, all employed navigation strategies must ultimately produce
the homing vector, but the configural and continuous strategies differ in terms of which geometric
features need to be remembered. In the configural strategy, the distances of the first 2 triangle legs
and the intervening angle must be remembered until they are ultimately integrated at the end of the
second triangle leg (A, B, and ¢ in Figure 1.2). But in the continuous strategy we assume that the
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homing vector is updated after each triangle and turn, instead of at the end. After walking the first leg
of the triangle and before beginning to walk the second leg of the triangle, (after A and before B in
Figure 1.2) the participant would be remembering the updated homing vector and not the completed
distance and angle anymore. In a Bayesian context, in which prior experience is maintained as a
probabilistic distribution called a prior distribution (or simply a “prior”), we might expect priors to exist
for the remembered information in each strategy. We hypothesize that these priors would cause very
specific biases in the corresponding geometric features, leading to different response patterns
between strategies.

To investigate the role of prior information in these navigation strategies, we will build upon a Bayesian
model proposed by Petzschner & Glasauer in 2011 that iteratively updates the mean of its prior based
on each incoming stimulus. This model is preferable over others because it explains a variety of well-
known behavioral effects, but it is exceptionally efficient in its use of free parameters (Glasauer, 2019;
Petzschner & Glasauer, 2011). We include multiple instances of this model in each of our models
(Figures 2). Our model that corresponds more with the configural strategy is called the Trigonometric
Model (TM) because it maintains priors for the leg and angle components of a triangle (Figure 1, A, B,
and ¢). In this model, the homing vector is calculated after the priors will bias the estimates for the
first two legs of the triangle and the intervening angle. Our second model is named the Egocentric
Model (EM), because it maintains priors for egocentric turn angle and return distance (Figure 1, C and
0). It also only computes the homing vector at the end of the triangle, which is not representative of
the continuous strategy, but our hypothesis concerns the information maintained between trials and
not the online performance during trials. What is important in the EM, is that the homing vector is
calculated before Bayesian Integration, and thus the priors bias the return distance and angle.

This brings us to the second goal of this manuscript, which is to investigate if there exists a differential
use of prior information between the navigation strategies proposed by Wiener et. al. We would
expect the EM predictions to fit the data of continuous solvers better than TM predictions. Similarly,
we would expect the TM predictions to fit the data of configural solvers better than EM predictions.
We hope to reveal this by looking at the success of each model in their predictions based on explained
variance and the overall size of errors between predicted and true values.

If the author’s expectations are fulfilled, we will provide a demonstration of the hypothesis set forth
by Wiener et. al. in 2010: namely that head deviation toward the goal can predict navigation strategy.
We would also establish a modeling framework that could be used to confirm which navigation
strategy was used by each participant and predict their trial-by-trial responses. Lastly, we would
provide evidence that prior information is not only being used for, but predictably biases, navigation.

METHODS
Participants

Data was collected for 23 participants (10 female) with a mean age of 29.8 years old (SD=5.3 years).
Participants were informed about the general experimental procedure and their rights regarding
personal data before the experiment began. Upon completion they were paid 10 euro per hour for
their participation.

Materials
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Due to the demolition of the initial testing space, the experiments took place in two separate rooms.
The first 13 participants were collected in room with dimension of approximately 6.7 x 5.7 meters and
the latter 10 participants were collected in a much larger room with a free testing space greater than
10 meters x 7 meters. The first room contained 8 infrared motion tracking cameras (Qualisys) mounted
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Figure 1: 1. Triangular paths used in the Right Triangle Condition (RTC, left) and the Scalene Triangle Condition (STC, right).
RTC: There are 4 starting locations. indicated by black circles. Each path was traversed in both directions, so that: both the
first and second legs of a triangle could take all 5 possible distance values and both turn directions could be included. All ideal
return paths followed the black dotted line and the first turn was always 90 degrees. STC: All triangles shared the same
starting location, indicated by the black circle. The first leg of triangles could be either 1.6 meters or 3.2 meters, and the
second leg was always 1.2 meters. The angle of the first turn could take 1 of 4 values: 36, 72, 108, or 144 degrees. The faded
paths on the right side perfectly mirror the opaque paths on the left, and in these triangles the first turn was towards the left.
2. Reference notation for triangle legs and angles. The two turns, ¢ and 6, are calculated as 180 degrees minus o and 180
degrees minus f3, respectively. In the triangle completion experiment, the participant is guided blindfolded from position AC
along leg A to position AB, is turned there by ¢ degrees, then guided along leg B to corner BC. At BC, the participant is asked
to turn and walk home to the starting position. A correct response would thus require turning 6 degree to the left, then walk
the distance C and stop at the starting location.

SCALENE TRIANGLE CONDITION RIGHT TRIANGLE CONDITION
LEGA | 16,3.2 0.7,1.4,2.1,2.8,3.5
LEGB | 1.2 0.7,1.4,2.1,2.8,3.5
LEG C | 0.95, 1.68, 2.28, 2.34, 2.67, 3.05, 3.75, 4.23 2.97,3.13,3.57
ALPHA | 36,72, 108, 144 90
BETA | 20.66, 26.40, 41.93, 54.27, 65.12, 86.03, 95.73, 126.44 11.30, 26.57, 45, 63.43, 78.69
GAMMA | 9.60, 15.34, 17.55, 17.72, 21.97, 30.07, 42.88, 48.27 11.30, 26.57, 45, 63.43, 78.69

Table 1: Dimensions of triangle paths in each condition. All unique values are listed for each condition and measure. Lengths
are in meters and angles are in degrees
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overhead, whereas the second contained 1 additional camera to accommodate the larger space.
Sufficient tracking accuracy was possible in both spaces. Participants wore a helmet fitted with 5
infrared reflecting balls (2 cm diameter), each mounted on a 12 cm pole, such that at least 3 balls were
visible from every angle. Participants were both blindfolded and given headphones, over which white
noise was played so that audio and visual cues were denied. Triangles of varying dimensions were
taped onto the floor of the room and marked with identification codes. Data from the cameras was
recorded using the Qualisys software installed on a desktop PC. The experimenter recorded relevant
time points using key presses on a wireless keyboard.

We administered two experimental conditions, each of which was designed to manipulate the
theoretical outcomes of the models: the Scalene Triangle Condition (STC) and the Right Triangle
Condition (RTC) (Figure 1.1). In the STC, the first leg of each triangle could take two lengths, either 1.6
meters or 3.2 meters, while the second leg was always 1.2 meters. The angle between legs was either
36, 72, 108, or 144 degrees and both left and right turns were possible. Each unique triangle was
completed twice, resulting in a total number of 32 trials. The starting location in the room was always
the same (Figure 2A). In the Right Triangle Condition (RTC), all triangles were right triangles where the
first and second legs could take any of the following lengths: 0.7, 1.4, 2.1, 2.8, or 3.5 meters. Left and
right turns were both possible and each unique triangle was repeated 3 times, resulting in a total of 30
trials. Unlike the STC, where starting location was always the same, the RTC had 4 possible starting
locations.

Experimental Procedure

Participants were greeted in a different area than the experiment room and informed about the
experiment’s structure and about policies concerning data usage before they consented to participate.
Afterwards the experimenter demonstrated the task, confirmed understanding, and then the
participant was prepared for participation before being led to the experiment room. Before beginning
each condition, the participant was led through practice trials until they demonstrated an
understanding of the task. During these instructions the experimenter was very careful not to bias the
participants towards a navigational strategy beyond the unavoidable influence of the task demands
themselves.

In each trial, the participant was gently led by their shoulders along the first leg of the triangle, turned
once, and led along the second leg. Once at the end, their task was to first turn so that they faced the
starting location and then walk in a straight line until they reached that location. After the participant
had verbally confirmed their decision, the experimenter lead the participant on a circuitous and
random walk through the room to disorient them between trials.

Each condition lasted around 45 minutes and the order that conditions were provided was
counterbalanced among participants. Trial order was random but fixed across participants. After each
condition, the participant was asked four questions concerning sensory input, insight into the
experiment, and navigation strategy (Supplementary Table 1).
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Data Acquisition

Raw position and orientation data from the Qualisys software was interpolated and smoothed before
turn angle and leg length were automatically identified in Matlab using custom scripts. Data was
visually inspected for quality and 19 trials (across all Participants) were excluded due to missing data.

Categorizing Strategy from Head Deviation

Head deviation during leg B of the triangle was calculated as follows: 1) calculate the participant’s
straight trajectory from triangle corner AB to corner BC 2) subtract the participant’s head direction
(yaw-axis) at every time-point from the straight-ahead 3) modify the sign of the result, such that
positive was towards the perceived goal (i.e. deviated to the left when corner AB was a left turn). We
then looked at the distribution of average head direction in triangle leg B across all trials. Participants
whose head deviation was significantly greater than 0, as assessed at a 95% confidence interval, were
considered to use the continuous strategy. All other participants were assumed to have used the
configural strategy.

Behavioral Metrics

To reflect the analysis done by Wiener et al. 2010, we implemented the same 4 behavioral metrics:
distance error, direction error, homing error, and response time.

1) Distance error: The participant’s reproduction of triangle leg C (distance from their actual
position at corner BC to their final estimate of the start location) minus the true value of leg C
(distance from their actual position at corner BC to their starting location on that trial).
Negative values indicate an underestimation of the true distance.

2) Direction error: The participant’s reproduction of angle 6 (how far they turned before walking)
minus the true return angle (that would have oriented them directly towards their starting
position on that trial). Positive values indicate an overestimation of return angle.

3) Homing error: The distance between their starting location on that trial minus their final
estimate of the starting location. Distances are always positive.

4) Response Time: The amount of time between when they stopped at corner BC until they exited
an imaginary circle around the stop location with a radius of 40 cm. Response Time therefore
includes their decision time, time taken to turn towards the perceived starting location, and
time taken to walk 40 cm.

In the original publication, a 2x2 repeated measures ANOVA was done for each metric using path
length and navigation strategy as factors. Then t-tests were conducted to compare navigation
strategies within the long and short path lengths. We imitate this by also conducting an ANOVA for
each metric but with experimental condition and navigation strategy as factors, then we compare
navigation strategy within each condition using t-tests. Given the differences between our
experimental designs, all t-tests were conducted for completeness, although not all were expected to
be significant. Although the original publican did not correct for multiple comparisons, we grouped the
statistical tests by metric and corrected the significance threshold via the Holm-Bonferroni method

Linear statistics are applied for analyzing angular data here for two reasons: firstly, for reproducibility,
and secondly because linear statistics are equally appropriate in our case. The primary concern when
analyzing angle, was that there exists a clockwise and counterclockwise rotation that both point to the
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starting location, but participants always turned the shorter of the two angles, so this ambiguity was
removed. We also analyze only magnitudes and the differences between them, and magnitudes do
not exhibit the cyclical and bounded characteristics of circular data. Sign was added after magnitudes
were calculated to denote over or underestimations.

Model Design

Two computational models were formulated which include the two-stage generative Bayesian model
postulated by Petzschner and Glasauer in 2011. The unchanged model is nested within each of our
models multiple times (e.g. Figure 2, green highlighted area). The model is highly flexible, in that it can
take any measure as input, iteratively produce predictions of that measure, and maintain a Bayesian
prior for said measure. The following paragraphs will describe this model in more detail, however for
specific mathematics and the reasoning underlying its structure, please refer to the original
publication.

The 2-stage Bayesian model proposed by Petzschner and Glasauer iteratively predicts incoming stimuli
on a trial-wise basis. In each iteration, the incoming stimulus is converted into log-space to attain the
mean of the Bayesian likelihood distribution. This probability distribution is assumed to be Gaussian,
as are all other distributions in log-space. This transformation into log-space is done to mirror the
Weber—Fechner law, which has been applied to magnitude estimation in other contexts (Dehaene et
al., 2008; Durgin et al., 2009; Jirgens & Becker, 2006; Stocker & Simoncelli, 2006). Also, as part of the
transformation, the stimuli is divided by a small normalizing constant which has the same units as the
stimuli itself. This makes the likelihood unitless and can be used to modulate the flatness of the log
function. In all cases, we used the constant 0.01 as was done in the original publication.

Next, the means of the likelihood and prior distributions are combined to obtain the posterior
probability distribution’s mean using a weighted summation. Normally, the weights of the likelihood'’s
mean and the prior’s mean is determined by the relative variances of the two distributions. But in this
case, the weights during summation are determined by a free parameter called the r/q ratio, which is
the ratio of measurement noise (r, variance of the likelihood) to process noise (q, variance during prior
update). In the first iteration of the model, the mean of the prior is initialized to the log-transformed
stimulus value. Afterwards, the prior’s mean is updated on every trial via a weighted sum of the current
likelihood’s mean and the mean of the prior from the previous iteration. The weights during this
summation are determined by a 1-dimension derivation of the Kalman filter that relies on the r/q ratio.

The model’s final prediction is the mode (maximum) of the posterior distribution plus a fitted constant
(shift parameter), which accounts for the use of different cost functions. In summary, a single instance
of this model has two free parameters: the r/q ratio and the shift parameter. Our implementation of
the model has two important caveats regarding the shift parameter: firstly, we interpret it as an
additive gain to predictions, not to explain cost functions. Secondly, for angles, we use 2 separate shift
parameters for different turn directions, since there was a difference in additive bias in some
Participants.
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Figure 2: Differing structures of the 2 generative Bayesian models. The piece of the model highlighted in green represents
the computational unit that is identical to the Petzschner and Glasauer 2011 two-stage model. This unit is repeated multiple
times in each model depending on how many priors are maintained. The blue rectangles represent geometric calculations
necessary to compute an angle or edge from available information. All models receive the first two legs (A, B) and the first
turn angle (¢) as inputs. Furthermore, they all predict the second turn angle (8) and return distance (C). Left: The Egocentric
Model (EM) maintains a prior for the reproduced turn (6) and reproduced distance (C). Right: The Trigonometric Model (TM)
maintains three priors, one for each leg of the triangle (A, B) and the angle of the first turn (¢).

As seen in Figure 2, the 2-stage Bayesian model above occurs multiple times in each model: two times
for the EM and three times for the TM.

Egocentric model: Return distance (leg C) and return angle (0) are calculated from legs A and B, and
angle ¢, and afterwards used as inputs for the Bayesian integration. Two priors are maintained, one
for the return distance and one for the return angle. There are 5 free parameters in total: 2 r/q ratios
and 3 shift parameters for each metric (2 for angle).

Trigonometric model: Three priors are maintained, one for the distance of leg A, one for leg B, and one
prior for the angle ¢ between these legs. Internally, the model predicts all three values and then
geometrically calculates the return angle and distance. The TM was designed to also have 5 free
parameters by using the same r/q parameter for both distances, A and B, and applying the shift
parameters after the geometric calculations of return angle 6 and return distance C. Since the influence
of the prior on estimates is mediated only by the r/q ratio, this should not undermine a comparison
between the models.

Fitting Procedure

The EM and TM were fitted to the STC data using non-linear least-squares fitting (MATLAB function
Isgnonlin). To ensure consistency between the models and concurrent fitting of all metrics, the fitting
procedure minimized the linear distance between predicted final position and the participants’ actual
final position over all trials. The fitted values for the r/q ratios from the STC were used to predict the
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RTC data, but the shift parameters were not used. This was done primarily because the Petzschner &
Glasauer model assumes that participants have a constant tendency toward over/under-estimation
across conditions, and we expected this not to be true. Therefore, when predicting the RTC, the r/q
ratios carried over from the STC and the shift parameters were fitted anew. The averages and standard
deviation of the fitted parameters for each model can be found in Supplementary Table 3.

Comparing Predictions to Responses

We assessed how well the models’ predictions fit the participant responses by calculating a positional

coefficient of determination (pR?, equation 1). The numerator of the fraction in equation 1, is the

Residual Sum of Squares (RSS) for the linear distance between the predicted home location and the

participant’s estimated home location, which is in fact the term that was minimized during the non-

linear least-squares fitting. The denominator is the Total Sum of Squares (TSS), which quantifies the

variation in participant’s estimates of starting location, i.e. their final location in each trial.
RSS Y (g = )2+ (v — %)?

RZ2=1-— =1- = —
P TSS S G — 02+ (i — 9)?

(1)

This is a convenient measure of goodness-of-fit since it considers both distance and angle.

We further compared model performance between the two navigation strategies (as classified by head
deviation) by calculating the root-mean-square error (RMSE) for distance, angle, and final position
(again predicted home location minus estimated home location). We can utilize the pR?and RMSE
instead of a method that corrects for the number of free parameters, like the Akaike Information
Criterion, because both the EM and TM have 5 free parameters and thus, we do not expect that the
TM will have an advantage. We corrected for multiple comparisons by grouping the statistical tests
according to 4 constituent assertions necessary to show that the EM and TM fit their corresponding
solving strategy. In each case, we used at least n of 4 related to the 4 metrics (pR* and 3 RMSE
measures) and corrected via the Holm-Bonferroni method.

RESULTS

We first verified that participants had successfully performed the task by looking at: the correlation
between individual participant responses and the stimulus values, as well as the median absolute error
(absolute value of responses minus stimulus) (Supplementary Table 2). In most cases, correlation
between the distance or angle stimuli and participant responses was high (R>0.5), indicating that
participants were on task and generally successful. Median absolute error across both conditions were
as follows: 22.9 degrees error for return angle 6, 0.55 meter error for return distance C, and 1.33 meter
error for homing distance. One exception of note is that in the Right Triangle Condition (RTC), distance
estimates did not vary in accordance with the stimuli. This indicates that these participants, especially
those with low correlation and high error, were not able to differentiate between the different
distance stimuli.
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Figure 3.1. Average trends in response-vs.-
required plots. Bottom row: The STC data from
all participants was pooled and subdivided by
outgoing path distance (shape) and turn angle o
(color). Vertical grey lines show the ideal required
values, the dashed grey line is the line of equality,
and the regression line is dashed black. The slope
of the regression line is shown in the white box
for all plots. Top row: The RTC data from all
participants was pooled and subdivided by turn
direction (color) and triangle shape (shape).
Otherwise, notation is the same as for the STC.

Figure 3.2. Exemplary triangles from participant
7. Plotted example paths have been interpolated,
but not smoothed. Top: All final destinations in
the RTC are plotted with the same shape and
color combinations as in the response-vs.-
required plots. Example paths are shown for each
combination of turn direction and triangle
geometry. Bottom: All final destinations in the
STC are plotted with the same shape and color
combinations as in the response-vs.-required
plots. Example paths are shown for only one turn
direction, but for each combination of outgoing



The Participants’ reproductions of angle and distance were plotted against the stimuli to observe
average trends (Figure 3). Data from all participants were pooled and averages were calculated for
each triangle geometry. Of particular interest was if the slope of the regression line, which was fitted
to the data, deviated from 1 as this can indicate a centralizing bias of reproductions by the prior
distribution.

The computed averages of the behavioral estimations were well explained by a linear fit and the slopes
of the regression lines were less than 1 for both distance and angle in both conditions. The slope could
indicate a centralizing bias caused by the Bayesian priors (Jazayeri & Shadlen, 2010; Petzschner et al.,
2015), where the strength of the prior’s bias is proportional to 1 minus the slope (Petzschner &
Glasauer, 2011). The vertical displacement of the regression lines in these plots show that angle was
generally overestimated and distance was generally underestimated.

Differentiating Navigation Strategy

As part of the post-experiment interview, participants were asked if they used a strategy during the
triangle completion task. Of the 23 participants, 5 reported not using a strategy, 3 indicated the use of
an actively updated homing vector, 15 counted their steps, and 15 visualized the triangles geometry
(Supplementary Table 1). Of the 3 that reported updating a homing vector, all said that they counted
steps, and 1 said they also visualized the triangle geometry.

When looking at head-deviation from straight ahead during the second leg of the triangle, we found
that 11 participants in the STC and 13 participants in the RTC had significant deviations towards the
perceived starting location. We presumed that these participants were using the continuous strategy
and that the other participants were using the configural strategy (Figure 4.1). Then we looked at group
differences for each behavioral metric by performing a 2x2 repeated measures ANOVA with
experimental condition and navigation strategy as factors (Figure 4.2).

Distance Error: We expected to see that distance error for configural solvers was closer to 0 than for
continuous solvers. The 2x2 repeated measures ANOVA with experimental condition and navigation
strategy as factors revealed a significant main effect of strategy (F(1,22)=4.62, P=0.037), but not
condition. Nor was there an interaction. The differences between strategies were evaluated via 1-
tailed t-tests assuming unequal variance and were found to be significant in the STC data
(t(1,20.8)=2.07, P=0.026), but not in the RTC data t(1,19.7)=1.16, P=0.129).

Direction Error: Although Wiener et. al. showed lower direction error for the configural strategy, this
was only true for long distance (average outgoing path length of 15.3 meters). Due the small size of
our triangles in comparison to Wiener et. al., we did not expect to see differences in direction error.
The 2x2 repeated measures ANOVA with experimental condition and navigation strategy as factors
revealed no significant main effects or interaction. However, a t-test (1-tailed, unequal variance)
showed that direction error in the RTC was indeed lower for the configural solvers (t(1,20.8)=1.78,
P=0.045).

Response Time: We expected to see robust differences in response time between solving strategies
because it does not rely on path length. However, the 2x2 repeated measures ANOVA with
experimental condition and navigation strategy as factors revealed no significant main effects or
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interaction. Furthermore, t-tests (1-tailed, unequal variance) for each condition were also not
significant (RTC: t(1,16.6)=0.90, P=0.189, STC t(1,20.5)=0.32, P=0.374).
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Figure 4: 1. Head deviation from straight ahead during leg B of each trial. The distance along leg B was normalized as the
percentage of total length. Positive deviations are towards the goal location (subjective), and a participant was classified as
a continuous-strategy user if their head deviation between 20% and 90% of the overall length was significantly greater than
0 (95% Confidence Interval). All other participants were considered to be configural strategy users. The dotted line indicates
the mean and the solid lines are 1 standard error. 2. Response time and error metrics organized by navigation strategy and
experimental condition. Given the path lengths used in our experiment, we expected lower distance errors and higher
response times for the configural-strategy users when compared to continuous-strategy users. This was only true for distance
errors. We did however see unexpected differences between strategies for direction error data in the RTC, which conform
with the hypothesis for Wiener et. al. 2010. Depicted error bars show the standard error.
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Model Predictions

First the Egocentric Model (EM) and Trigonometric Model (TM) were fit to the STC data to obtain the
free-parameter values. To ensure that these free-parameter values were meaningful, we evaluated
their goodness-of-fit via a positional coefficient of determination (pR?) and found that the EM and TM
explained the behavioral data similarly well. On average, they both explained about 52% (+21%) of the
variance in participant’s final estimates of starting location.

We then applied the fitted ratios of measurement noise to system noise (r/q) from the STC data to
predict the RTC data (see Methods: Fitting Procedure). Again, we calculated the pR%and found that
the EM explained 45.5 + 27.6% of the variance in participant’s final estimates of starting location. The
TM only explained 21.5 + 30.3% of the variance, which was significantly less than the EM (paired t-test,
t(1,22)=3.76, P=0.001).

We then divided up participants into navigation strategy users based on the head deviation and
conducted a 2x2 repeated measures ANOVA with model type and navigation strategy as factors. The
ANOVA revealed a main effect of model type (F(1,22)=9.46, P=0.006) and a main effect of navigation
strategy (F(1,22)=8.45, P=0.004), but no significant interaction. We expected that the EM would
explain the continuous strategy data better than the configural strategy data, and a 1-sided t-test with
unequal variance revealed that this was not true (t(1,20.0)=1.55, P=0.93). In fact, the trend was
reversed, though not significant as revealed by a post-hoc 2-sided t-test. Conversely, we expected that
the TM would explain the configural strategy data better than the continuous strategy data, and
another 1-sided t-test with unequal variance showed that this was very much true (t(1,20.7)=3.08,
P=0.003). Although the effect was driven largely by an exceptionally poor fit of the TM to the
continuous strategy data.
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We further compared model fit over the RTC data by examining the root-mean-square error (RMSE)

between model predictions and behavioral responses for direction, distance, and final position (Figure
6).

Direction RMSE: We conducted a 2x2 repeated measures ANOVA with model type and navigation
strategy as factors and found a main effect of navigation strategy (F(1,22)=7.79, P=0.008) and model
type (F(1,22)=5.8, P=0.021), but no interaction. The expectation that the TM would have lower RMSE
for the configural solvers was evaluated via a 1-tailed t-test with unequal variance and found to be
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significant (t(1,15.1)=2.13, P=0.025). However, the EM did not have lower RMSE for continuous solvers.
A paired t-test revealed an overall lower RMSE for the EM (t(1,22)=3.98, P<0.001), indicating a
generally better fit to the return angles.

Distance RMSE: The 2x2 repeated measures ANOVA with model type and navigation strategy as factors
did not reveal any main effect nor interactions.

Final Position RMSE: The last 2x2 repeated measures ANOVA with model type and navigation strategy
as factors revealed a main effect of model type (F(1,22)=6.18, P=0.017), but not navigation strategy
and there also was not an interaction. A paired t-test revealed an overall lower RMSE for the EM
(t(1,22)=3.91, P<0.001). This metric is complimentary to the pR?, demonstrating additionally that the
overall difference between the true final destinations and the predicted final destinations were less
for the EM compared to the TM.
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Figure 6: Bayesian models predict within-strategy responses similarly, but overall fit differs. The root-mean-squared error
(RMSE) was calculated between the model predictions and behavioral responses. Not one of the two-factor ANOVAs
conducted for each metric revealed a significant interaction between strategy and model, however, we did see a main effect
of model for Direction RMSEs and Homing Distance RMSEs, which is due the fact that the EM’s RMSE was lower than the TMs
RMSE. We also found a main effect of navigation strategy for Direction RMSEs, confirming results from the positional
coefficient of determination showing that both the EM and TM fit the configural solvers’ data better. Depicted error bars are
standard error.

DISCUSSION

At the outset of this investigation, we sought to fulfill 2 goals. First, we aimed to verify the results of
Wiener et. al. 2010 by retrospectively classifying our participants based on head deviation. In the case
that this classification was appropriate, we expected to see the same behavioral differences between
solving strategies seen by Wiener et. al. The second goal of this manuscript was to determine if there
exists a differential use of prior information between the navigation strategies proposed by Wiener et.
al. We adopted a Bayesian model from the magnitude estimation literature (Petzschner & Glasauer,
2011), in order to construct 2 models that roughly correlated with the continuous and configural
strategies in terms of which geometric quantities were the focus of each strategy. The Egocentric
Model (EM) was expected to best fit data from the continuous solvers and the Trigonometric Model
(TM) was expected to best fit data from the configural solvers.
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Verifying the success of strategy classification

By lucky coincidence, we had a roughly equal distribution of navigation strategy users in both
experimental conditions. When comparing strategies based on the behavioral metrics, some of the
results were as we expected. We did not find a significant difference between strategies in homing
error, which is presumably due to the much smaller dimensions of our triangles compared to those
seen in Wiener et. al. We also found a significant difference between navigation strategies for distance
error, which was not dependent on the size of the triangles in their data.

There were also some unexpected outcomes. Despite the small triangles in our experiment, when we
analyzed direction error, there was a significant difference between navigation strategies in the RTC.
The direction of errors was as we would have expected with larger triangles: smaller error for the
configural solvers than for the continuous solvers. It could be the case that the RTC geometries
(intermediate angle ¢ was always 90°) were much easier to integrate when using the configural
strategy and thus this inter-strategy difference emerged. The higher slopes in the plots of behavioral
response versus stimuli (Figure 3) would also suggest more accurate responses in the RTC when
compared to the STC, suggesting that this condition was generally easier for our participants.

Thus far, evidence suggests that the classification of our participants by navigation strategy was
successful, but there was one unexpected difference which refutes this conclusion: there was not a
difference between response times. The response time was expected to be longer for the configural
condition because at corner BC participants must take additional time to integrate the homing vector,
whereas for continuous solvers the integration has been happening continuously. Furthermore, this
effect should be present regardless of outgoing path length. The overall duration of response times
was also unexpected. In Wiener et. al. 2010, the average response time for configural solvers was
approximately 4 seconds and the average for continuous solvers was just less than 3 seconds. Our
participants had average response times of approximately 5 seconds or more in all navigation
strategies and experimental conditions.

One explanation could be that in the absence of specific instructions, our participants employed both
navigation strategies to some extent. This hypothesis would be corroborated by the data from
participant interviews, in which all participants who reported using a strategy also said they used some
technique associated with the configural strategy: either step counting or visualizing the geometry of
the triangle (Supplementary Table 1). Only three participants reported the additional use of a
technique characteristic of the continuous strategy. That said, the head deviation data and the error
metrics all suggest that some participants were using the continuous strategy. Thus, we would propose
that head deviation does predict navigation strategy, but it may be the case that people do not employ
either strategy alone, instead combining them to varying extents.

Modeling results

In essence, we used the Scalene Triangle Condition (STC) as a training data set for the free parameters
of the models and used the Right Triangle Condition (RTC) as the test data set. The motivation for
testing the data in the RTC, instead of the STC, is that to accurately estimate the noise-ratio parameter
(measurement noise divided by system noise, see Methods) we need a range of stimuli. In the
Trigonometric Model (RM), we have a noise-ratio that is associated with intermediate angle ¢, but ¢ is
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fixed to 90 degrees in the RTC. Therefore, the RTC data would not have been ideal for fitting the free
parameters.

In general, the goodness-of-fit results were not as we expected but were interesting nevertheless. The
TM did fit the configural solver’s data better than the continuous solvers data, seemly because the TM
fit the continuous solver’s data especially poorly. However, the Egocentric Model (EM) also fit the
configural solver’s data better than the continuous solver’s data. Overall and irrespective of navigation
strategy, the EM explained more variance in the participants estimates of the goal location than the
TM. What this suggests is that all participants were maintaining priors for return distance (leg C) and
return angle (0), at least to a greater extent than they maintained priors for distance of leg A, leg B,
and the angle ¢. Given how well the EM predictions matched the data from configural strategy users,
it could be that priors for return distance and angle had an especially large influence on configural
solver’s responses.

One possibility is that the TM is unfounded and none of the participants were maintaining priors for
leg A, leg B, and the angle ¢. But this is refuted somewhat by the fact that the TM explained so little
variance in the continuous solvers’ data but did explain the configural solvers’ data (Figure 5.2, right
side). If the biasing influence of the priors on TM predictions did not somewhat mirror aspects of
behavioral responses, then we would have expected consistently low pR? coefficients. Another more
likely option would be that 1) the continuous solvers specifically did not maintain priors for leg A, leg
B, and the angle ¢, but the configural solvers did. And 2) both configural solvers and continuous solvers
maintained priors for return distance and angle. In this case we would see that the EM fits both
navigation strategies, but the TM only fits the configural strategy, which closely matches our modeling
results.

The most likely conclusion is that we were wrong in assuming a 1:1 relationship between model type
and navigation strategy. It may be the case that a prior is maintained for every metric that is estimated
by the participant. In the configural strategy it is necessary to estimate leg A, leg B, and angle ¢ to later
estimate return distance and return angle. In this case we might expect that a participant employs 5
priors, and this would certainly be an avenue of further testing. Whereas in the continuous strategy,
the return distance and angle are the only metrics that are estimated and thus the EM would be
appropriate in its use of 2 priors.

Combined outcome of behavioral and modeling results

The modeling results seem to conflict with our earlier hypothesis based on the behavioral analysis:
that our participants were using both the continuous and configural strategies to varying extents. If
the continuous solvers are not maintaining priors for leg A, leg B, and the angle ¢, then that might
mean that the continuous solvers are also not using the configural strategy. And if that is true, then
we should have seen differences in response times in the behavioral data. So why were response times
so long for the continuous solvers?

The problem might be with how we are defining the configural strategy. For example, although step
counting is particularly helpful to the configural strategy, it does not mean a continuous solver couldn’t
count steps as well to improve estimations of traversed distance. It could be that continuous solvers
are using a combination of techniques outside of a pure continuous strategy and this underlies the
higher response times. There is some evidence to suggest that working memory load on a spatial task
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can interact with counting performance (Shimomura & Kumada, 2011) and we know from the
participant interviews that the majority of our participants were employing step counting.
Unfortunately, we can only speculate as to the reason for these longer response times for continuous
solvers, but this could be investigated in future experiments.

Explicit vs. implicit use of navigation strategy

One essential characteristic of path integration (Pl) is that it happens automatically, regardless of the
current task (May & Klatzky, 2000). In other words, our updating of position and orientation happens
implicitly without explicit thought. In the Wiener et. al. paper, participant behavior is influenced by
top-down modulation because participants are acting according to specific instructions. In our
experiment, we did not provide such specific instructions, but most of our participants nevertheless
chose to employ explicit strategies. Perhaps it is natural for humans to apply explicit strategy to a
navigation task and therefore if we are assessing Pl with a triangle completion task, we can expect our
participants to count their steps, visualize the triangles’ geometry as though drawn on paper, and use
other techniques that they do not apply during everyday tasks where navigation is not the point of the
task.

A potential limitation of this study is that that the use of priors by participants could be influenced by
the explicit strategies that participants used. For example, maybe only participants who visualized the
triangles’ geometry maintained priors for legs 1 and 2 and the angle between them. We know that the
use of the configural strategy is not inhibited by a concurrent task (May & Klatzky, 2000) and assuming
that the continuous strategy isn’t either, it would be interesting to perform this paper’s analysis on
participants who navigate while performing a concurrent task. This way, we would discourage the use
of an explicit strategy and hopefully remove this confounding factor.

Conclusion

In this experiment, we provided additional evidence validating the hypothesis of Wiener et. al. that
head deviation from straight ahead could be used to classify navigation strategy as continuous or
configural. However, we also showed that participants may not naturally employ each strategy in its
purest form, instead also adding techniques such as step counting to the continuous strategy. Lastly,
we demonstrated that participants are likely employing a Bayesian prior in their execution of the
Triangle Completion Task. It is also probable that users of both navigation strategies maintain a prior
for return distance and angle, but only configural strategy users maintain priors for outgoing triangle
legs and turn angles. The authors invite further research to determine if a Bayesian prior is used during
navigation under more naturalistic conditions.
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SUPPLEMENTARY MATERIALS

Post-experiment questions
Q1 Could you hear any sounds besides my voice and the white noise?
Q2 Did you notice any specific differences between experimental sessions?
Q3 Did you notice a pattern with regards to the location of the home or turn positions?
Q4 Did you use a strategy to complete the experiment?

Part. Q.1 Q.2 Q.3 Q.4 Notes
1 No No No 1
2 No No No 0* Imagined a tempo, but "beats" were not explicitly counted
3 No No No 2
4 No No No
5 No No No 1%*,2 Tried to regulate his step size. He pointed to the start at the end, but did not update a header while walking.
6 Yes* No No 2 Sometimes heard her own steps
7 Yes* No* No 1,2 Thought the RTC triangles were longer
8 No Yes* No 0 Noticed the 90 degree angles in RTC, notices STC has more variable geometries
9 No No No 0
10 No Yes* No 1,3* Noticed generally more obtuse Beta angles in STC as compared to RTC. His strategy involved imagining a ball at the start, which grew smaller as he walked away.
11 No No No 0
12 No No Yes* 1,2 Noticed the consistent start location in STC, but was nevertheless disoriented between trials
13 No Yes* No 1,2 Noticed the 90 degree angles in RTC
14 No No No 1,2
15 No No No 0
16 No No No 1,2
17 No Yes* No 1,2 Noticed the 90 degree angles in RTC
18 No No No 1,2
19 No No No 1,2,3
20 No No No 1,3
21 No No No 1,2
22 No No No 1,2
23 No No No 1,2

1 - Participants used some form of step counting.
2 - Participants visualized the triangles’ dimensions to some degree.
3 - Participants used some kind of actively updated homing vector

Supplementary Table 1: Post-experiment questions and answers. After the completion of both experimental conditions, each participant was asked 4 questions in the order listed above. The
questions were phrased such that participants should say “No” to all the above questions except the question concerning strategy, which was open-ended. Some participants did intuit qualities of
the experimental design that could have improved their performance, and one participant could hear their own steps. However, these participants did not exhibit notably better performance on
the task than others, so they were not excluded.
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Part.

v A W NP

O 00 N O

10
11
12
13

14
15
16
17
18
19
20
21
22
23
Avg.

SCALENE TRIANGLE CONDITION

RIGHT TRIANGLE CONDITION

Angle (deg) Distance (m) Homing (m) Angle (deg) Distance (m) Homing (m)

Err R p Err R p Err Err R p Err R p Err
26.70 0.60 0.001 | 0.95 0.69 0.000 1.70 12.28 0.80 0.000 | 0.99 0.31 0.096 1.32
12.22 090 0.000 | 0.35 0.93 0.000 0.81 11.02 0.82 0.000 | 0.89 0.31 0.100 1.10
13.57 090 0.000 [ 0.70 0.77 0.000 0.97 10.60 0.86 0.000 [ 0.75 0.18 0.350 1.11
2156 0.67 0.000 | 0.43 0.77 0.000 1.18 11.40 0.76 0.000 | 0.30 0.60 0.000 0.83
1492 0.86 0.000 [ 0.56 0.55 0.002 0.96 16.44 0.74 0.000 | 0.56 0.50 0.005 1.07
49.44 0.67 0.000 [ 0.99 0.36 0.042 2.41 54.02 0.67 0.000 | 1.49 0.06 0.745 2.77
4210 0.76 0.000 | 0.46 0.89 0.000 1.57 26.24 0.83 0.000 | 0.36 0.72 0.000 1.34
58.41 0.38 0.037 | 0.63 0.50 0.004 2.41 41.62 0.65 0.000 [ 0.36 0.06 0.764 2.36
3418 0.81 0.000 | 0.46 0.75 0.000 1.61 28.76 0.79 0.000 | 0.64 0.11 0.566 1.76
11.43 0.83 0.000 | 0.52 0.68 0.000 0.85 13.58 0.88 0.000 | 0.40 0.74 0.000 0.98
2538 0.63 0.000 | 0.44 0.69 0.000 1.40 2476 0.48 0.008 | 0.83 0.51 0.004 1.36
1833 0.70 0.000 | 0.66 0.76 0.000 1.17 18.36 0.67 0.000 | 0.44 0.63 0.000 1.08
15.04 0.80 0.000 [ 0.31 0.83 0.000 0.87 1539 0.85 0.000 | 0.37 0.48 0.007 1.08
29.70 0.55 0.002 | 0.58 0.67 0.000 1.59 15.37 040 0.027 | 0.37 0.47 0.008 1.18
19.80 0.83 0.000 [ 0.51 0.79 0.000 1.18 2632 0.20 0.293 | 0.27 0.71 0.000 1.48
2446 0.82 0.000 | 0.39 0.86 0.000 1.19 2442 0.67 0.000 | 0.49 0.78 0.000 1.46
3330 0.84 0.000 | 0.59 0.77 0.000 1.50 3533 091 0.000 | 0.18 0.78 0.000 1.83
2475 0.60 0.000 | 0.67 0.82 0.000 1.59 31.84 0.71 0.000 | 0.54 0.45 0.013 1.74
2526 0.92 0.000 | 0.35 0.92 0.000 1.12 1392 0.83 0.000 | 0.36 0.43 0.023 0.87
18,56 0.76 0.000 | 0.29 0.88 0.000 0.99 16.46 0.72 0.000 | 0.30 0.60 0.001 1.17
11.87 0.86 0.000 [ 0.60 0.75 0.000 0.84 1336 0.82 0.000 | 0.83 0.57 0.001 1.07
18.15 0.79 0.000 | 0.70 0.88 0.000 1.11 17.43 090 0.000 | 0.75 0.69 0.000 1.23
10.40 0.83 0.000 | 0.53 0.78 0.000 1.00 1472 0.84 0.000 | 0.26 0.30 0.114 0.82
2433 0.75 0.002 | 0.55 0.75 0.002 1.31 2146 0.73 0.014 | 0.55 0.43 0.122 1.35

Supplementary Table 2: Median absolute error and correlation between stimuli and behavioral responses for all

participants. Red values are Pearson’s-correlation coefficients less than 0.5. The correlation coefficients R can be interpreted
as how well the pattern of participant responses match the pattern of stimuli presentation. The errors presented here are

the median error (absolute value of response minus stimuli) across all trials. Median error can appear quite high, due to errors
on small-magnitude trials. The bolded row at the bottom are the averages for each column.
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Supplementary Figure 1: Average response time for each trial
of the Scalene Triangle Condition. The dotted line is the mean
response time, and the upper and lower bounds are 1
standard deviation. There is a slight reduction in response
time over the course of the condition. We measured the
reduction by fitting a line to the means (red) and looking at the
initial value (5.94 sec) and final value (4.74 sec). In this
condition, average response time decreased by 1.2 seconds,
which is about 20.2% of the initial mean response time.
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Distance r/q

EM 2.32+3.03
STC

™ 2.29+3.6

EM (from STC)
RTC

™ (from STC)

Distance shift
(mm)

-0.16 £ 0.19
-0.38+0.34
-0.22+0.15

-0.13+0.14

Angle r/q

1.66+2.71
2.06+2.92
(from STC)

(from STC)

Angle Shift
Right Turns
(radians)

0.14+0.15
-0.30+0.36
0.10+0.12

-0.14+0.18

Angle Shift
Left Turns
(radians)

0.11+0.15
-0.22+0.38
0.10+0.13

-0.18 +0.29

Supplementary Table 3: Mean and standard deviation of model parameters for each model and condition. The r/q

parameters are the same between conditions because these parameters were fitted once in the STC and held constant when

fitting the shift parameters in the RTC. The fitting was accomplished by minimizing the distance between the Participants’

actual final positions and their predicted final position on every trial via the Matlab function Isgnonlin. A lower bound of 0

and an upper bound of 9.07 was used for r/q parameters.
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Supplementary Figure 2: Average trends in prediction-vs.-stimuli plots for the RTC. Model predictions from all participants

and trials were pooled and segregated based on turn direction (color) and triangle geometry (shape). This plot is intended to

be compared to Figure 3. Relevant differences between these two plots include the slope of the fitted lines and the

distribution of variance across stimulus angle. When plotting predicted angle against the required homing angle, we see that

the EM predictions have a steeper slope than the TM, which is more similar to the slope of the behavioral data (Fig. 3). The

standard deviation of the model predictions for each stimulus angle is larger for the EM than the TM, which again is closer to

the behavioral data.
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STC Return Distance: Trial-by-trial averages
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Supplementary Figure 3: Averages across participants for each experimental trail. Top: The average trial-by-trial behavioral
responses for return distance in the Scalene Triangle Condition (STC) are plotted above in yellow alongside the average model
predictions for each trial across all participants. Middle-Top: The average trial-by-trial behavioral responses and model
predictions for return angle in the STC. Middle-Bottom: The average trial-by-trial behavioral responses for return distance
are plotted above in yellow alongside the average model predictions for each trial across all participants in the Right Triangle
Condition (RTC). Bottom: Average participant responses and model predictions for return angles in the RTC.
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CHAPTER 4: Discussion and Conclusions

It is helpful to place the two manuscripts presented here into a context
originally published by Wiener et al. in 2010, called the Navigational Toolbox
(Wiener et al., 2011). The toolbox is a 4-level hierarchical framework that
starts with sensory processes and culminates in high-level navigation
constructs like physical maps, wayfinding signage, and human language. At
each level of the hierarchy, representations that are meaningful to navigation
are constructed from elements in the next lowest level. This thesis’ first
manuscript contains research on the transition from level 1 to 2: i.e. the
formation of “spatial primitives” from elements in the “sensorimotor
toolbox.” Specifically, we examined the process by which angular distance
was derived from measurements of angular velocity provided by endolymph
movement through the semicircular canals and movement of the visual
environment over the retina. Angular distance and velocity are both spatial
primitives that are derived from the vestibular and visual senses.

The research in this thesis’ second manuscript concerns elements of level 2
and indirectly the transition from level 2 to level 3 of the Navigational
Toolbox, i.e. the derivation of “spatial constructs” from spatial primitives.
The process of path integration results in a homing vector that can be used
to calculate position. The homing vector is another spatial primitive, but
position is a spatial construct because it normally implies one’s position in a
spatial context, which makes it more meaningful than distance, for example.
In the triangle completion experiment, where participants are intentionally
disoriented between trials, the participants don’t have a spatial context. Also,
the participants never need to convert the homing vector to position, because
the homing vector alone is sufficient to solve the task. Thus, in most regards
the research contained in the second manuscript concerns level 2 of the
toolbox. However, many subjects reported that they visualized the triangles
from a top-down perspective, e.g. as if they were drawing them on paper. It
is unclear if this had any outcomes on their behavior, but cognitive maps are
clear examples of spatial constructs.

Bayesian priors for spatial primitives
One way in which the results from the first manuscript bolster the arguments

of the second manuscript, is that we provided evidence for the use of a
Bayesian prior when representing angular displacement. We found that the
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application of a model containing a Bayesian prior for angular displacement
accurately predicted reproduction data under conditions when only visual or
vestibular sensory information was available, as well as when both were
available. It is therefore likely that people are maintaining a Bayesian prior
for turned angle and, based on other research, we suspect that Bayesian
priors are also maintained for estimated distances (Petzschner & Glasauer,
2011).

The models formulated in the second manuscript depend entirely on the
above findings and leverage them to differentiate between the continuous
and configural navigation strategies. The meaningful differences between the
models’ predictions emerge because of the different priors and how they bias
estimations of the different geometric elements of the triangles. Obviously,
without including priors, the models would be equivalent.

Struggling against sensory noise

Another common theme between the manuscripts is the topic of
sensory noise. In the first manuscript we show that our participants were
reducing measurement noise by fusing the vestibular and visual sensory
inputs. The modeling results confirmed fusion was occurring but indicated
that combining two senses via optimal sensory fusion according to MLE often
produces only small benefits. Still, other research suggests that the benefits
of multimodal integration with two senses extends to the use of even more
senses and, mathematically, the benefit of noise reduction should continue
to increase with additional sensory inputs (Ernst & Biilthoff, 2004; Jiirgens
& Becker, 2006; Laurens & Angelaki, 2017). Since we know that
measurements of self-rotation under naturalistic conditions use at least 3
senses (visual, vestibular, and proprioceptive) and the motor efference copy,
we would expect accuracy above what we demonstrated in the first
manuscript. This is primarily because the participants in that experiment
rotated themselves via button press and therefore proprioception and
efference copies probably contributed very little to sensing the angular
displacement. What is undeniable, is that multisensory integration is a very
helpful tool for reducing noise at level 1 of the Navigational Toolbox.

The problem of sensory noise is heavily exacerbated in the context of
idiothetic path integration during blindfolded navigation, especially for
navigators using the continuous strategy. Not only are the number of
available senses reduced, but we continuously accumulate error during
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measurement and movement. Theoretical evidence suggests that
accumulated error is so immense that path integration, without calibrating
based on external cues, become completely uninformative past
approximately 60 steps (assuming positional updating at each step) (Cheung
& Vickerstaff, 2010). This is also supported by experimental evidence which
shows that idiothetic path integration by human participants becomes very
inaccurate over longer distances (Klatzky et al., 1990). Luckily, this problem
can be easily solved using tools from level 3 of the Navigational Toolbox such
as external landmarks. The theoretical investigation referenced earlier
showed that by using a distal landmark, they could eliminate accumulated
error entirely.

Thus, we have methods for reducing sensory noise in level 1 and level 3 of the
Navigational Toolbox, but what of level 2? We have, in fact, already heavily
discussed a method for reducing noise during measurements of spatial
primitives: the Bayesian prior. In situations where the same spatial primitive
must be measured many times, let say the distance covered by a single step
during unhindered walking, the mean of the Bayesian prior would converge
on the average step length. If, for whatever reason, sensory noise was to
suddenly increase, the contribution of the prior to estimates of step length
would reduce the impact of sensory noise by biasing all measurements of step
length towards the mean. Thus, animals possess a variety of compensatory
tools that insure accurate measurements and, by extension, accurate
navigation.

iPI suffices in bounded environments

Based on the last section, it would seem like idiothetic path integration
(iPI) is very limited without regular calibration from external cues. Although,
I believe this is generally true, a recent theoretical work by Allen Cheung
presents a very interesting exception to this trend. His work suggest that iPI
in a familiar bounded area can provide accurate estimates of one’s location
even over long periods of time, without allothetic cues or knowledge of
starting position and orientation (Cheung, 2014). There are only two
preconditions: 1) the shape of the arena must possess one-fold rotational
symmetry and 2) the navigating agent must know the geometry of the
bounded area. Furthermore, the boundaries themselves do not need to be
physical barriers, meaning that the navigating agent can create imagined
boundaries using landmarks. Thus, a navigating agent could parse a large
space into bounded areas that they are familiar with and therefore navigable
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using only iPI. Cheung proposes that using only idiothetic cues in a familiar
space would free up computational and attentional resources for allothetic
processing, which aligns very well with other evidence concerning the
automatic nature of path integration (May & Klatzky, 2000). Cheung leaves
the question open concerning how the boundary maps would initially be
collected, but other theoretical works exist that suggest that path integration
could suffice for creating maps as well (Biegler, 2000; Wang, 2016).
Therefore, the work contained in this thesis, which provides insights into the
cognition related to PI, may help clarify how PI contributes to human
navigation more widely.

Concluding remarks

In seeking to understand the role of magnitude estimation in
navigation, we started with the fundamental process of measuring our own
angular displacement. This spatial primitive enables us to automatically
update our orientation in a greater spatial context, and when combined with
distance measurements via path integration, we can update our position as
well. At both levels of processing, it appears as though people rely upon their
prior measurements of distance and angle, to improve their performance and
reduce uncertainty. If prior experience does not only influence the spatial
primitives of distance and angle, but in fact all spatial primitives, Bayesian
modeling can provide a powerful and widely applicable tool for predicting
human navigation behavior. Furthermore, the approach presented here may
be extended past level 2 of the Navigational Toolbox to predict higher-level
navigation behaviors.
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