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Zusammenfassung

In dieser Arbeit wird die Frage diskutiert, wie Theorien, deren Energieskala
höher ist als die des Standardmodells der Teilchenphysik, sich in Experi-
menten zeigen, die auf Energieskalen operieren, die im Vergleich viel niedriger
sind als die der elektroschwachen Wechselwirkung. Da der neutrinolose dop-
pelte Betazerfall ein etabliertes Beispiel für solch einen Prozess ist, wird
zunächst diskutiert, inwieweit es möglich ist, dass die dazu bereits geplanten
Experimente ein Signal detektieren würden, wenn die normale Massenord-
nung für Neutrinos in der Natur realisiert ist. Die Wahrscheinlichkeit einer
Detektion wird in Abhängigkeit von der Masse des leichtesten Neutrinos und
der daraus resultierenden Abhängigkeit von kosmologischen Tests der Neu-
trinomassensumme diskutiert. Der weitere Teil dieser Arbeit befasst sich
mit einer Klasse von Theorien, die die Energieskala der Gravitation von der
Planckskala auf Terraelektronenvolt absenken, um das Hierarchieproblem zu
lösen. Zunächst wird eine allgemeingültige Herangehensweise vorgestellt,
wie der Neutrinosektor in solchen Theorien behandelt werden kann. An-
schließend wird diese verwendet, um die Phänomenologie solcher Theorien in
der Neutrinophysik zu bestimmen. Die Vorhersagen der Dvali-Redi-Theorie
mit vielen Kopien des Standardmodells werden im Anschluss zum ersten
Mal experimentell überprüft. Dazu wird eine kombinierte Datenanalyse von
mehreren Experimenten durchgeführt. Es wurden keine Signale dieser The-
orie gefunden, und daraus werden mögliche Werte der relevanten Parame-
ter ausgeschlossen. Ein weiteres Teilchen, das von diesen Theorien poten-
ziell beeinflusst wird, ist das Neutron. Diese Möglichkeit wird im Hinblick
auf das Arkani-Hamed-Dimopoulos-Dvali-Modell mit großen extra Dimen-
sionen diskutiert, und abhängig vom spezifischen Szenario ist es möglich,
den verfügbaren Parameterbereich erheblich einzuschränken oder Vorher-
sagen für Neutronenoszillationsexperimente zu machen. Ein Resultat ist,
dass solche Experimente sensitiv genug sind, um mit anderen experimentellen
Möglichkeiten diese Modelle zu überprüfen konkurrenzfähig zu sein. Zum Ab-
schluss werden theoretische Überlegungen angestellt, wie die Existenz vieler
dunkler Yang-Mills-Sektoren, wie im Dvali-Redi-Modell, die Physik der hy-
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pothetischen Axionen beeinflussen kann. Aus der Anforderung, das starke
CP-Problem für jeden zusätzlichen Yang-Mills-Sektor zu lösen, entspringt die
Notwendigkeit eines Axions pro Yang-Mills-Sektor. Dies hat zur Folge, dass
eine kosmologische Produktion über den Misalignment-Mechanismus die An-
zahl von zusätzlichen Axionen von oben beschränkt. Darüber hinaus führt
ein mögliches kinetisches Mixen der Axionen zu Abweichungen in der Masse
und im Kopplungsverhalten im Vergleich zum Fall mit nur einem Axion.



Abstract

This work discusses how theories with energy scales higher than that of the
Standard Model of particle physics manifest in experiments operating at
much lower energy scales compared to the electroweak scale. Since neutri-
noless double beta decay serves as an established example of such a process,
the discussion initially explores the possibility of detecting a signal in experi-
ments already planned if the normal mass hierarchy for neutrinos in nature is
realized. The probability of detection is discussed in relation to the mass of
the lightest neutrino and its dependence on cosmological tests of the neutrino
mass sum. The subsequent part of this work focuses on a class of theories that
lower the energy scale of gravity from the Planck scale to the teraelectronvolt
scale to solve the hierarchy problem. Initially, a general approach is intro-
duced on how the neutrino sector can be addressed in such theories. This
approach is then utilized to determine the phenomenology of such theories in
neutrino physics. The predictions of the Dvali-Redi theory with many copies
of the Standard Model are experimentally tested for the first time through
a combined data analysis of multiple experiments. No signals of this theory
were found, leading to the exclusion of possible values for the relevant param-
eters. Another particle potentially influenced by these theories is the neutron.
This possibility is discussed concerning the Arkani-Hamed-Dimopoulos-Dvali
model, and depending on the specific scenario, it is possible to significantly
narrow down the available parameter space or make predictions for neutron
oscillation experiments. One result is that such experiments are sensitive
enough to be competitive with other experimental approaches to this model.
Finally, theoretical considerations are made regarding how the existence of
many dark Yang-Mills sectors, as in the Dvali-Redi model, can influence the
physics of hypothetical axions. From the requirement to solve the strong CP
problem for each additional Yang-Mills sector arises the necessity of one ax-
ion per Yang-Mills sector. This implies that cosmological production via the
misalignment mechanism limits the number of additional axions from above.
Furthermore, possible kinetic mixing of axions leads to deviations in mass
and coupling behavior compared to the case with only one axion.
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Chapter 1

Introduction

As soon as a new method in science is discovered the path for scientific
progress and success is clear. The cooking recipe is: “Take the current sci-
entific problems, throw the new method on it and it is quite likely that you
find something great!”. This is true in engineering with the steam engine
developed by Savery, Newcomen, and Watt which opened the door for indus-
trialization and it is true for quite current developments like the CRISPR/-
Cas method by the Nobel laureates Charpentier and Doudna which allows
humanity to manipulate genes of organisms in such an efficient way that one
can build a whole industry on it.

But after the pioneering phase and the following phase of triumph comes
a time when new problems appear that are difficult to solve with the current
method if it is not impossible. Of course, looking at such developments from
a historical point of view looks clearer to the reader of a lexicon than to the
protagonists of that time.

The field of elementary particle physics is right now in the stage where its
triumph is a long ongoing story both from the theoretical point of view with
the implementation of gauge groups and quantum field theory in particle
physics with the Standard Model of Particle Physics (SM) as its crowning
moment as well as on the experimental site where one can nowadays measure
the predictions of the theory with such a precision that the computing power
for the theoretical predictions is the actual bottleneck.

But already during its success, appeared problems on the horizon for
elementary particle physics that show quite a resistance to be solved using
the usual attempts of particle physics even after decades of intensive research
in theory and experimental physics. Some of the problems of modern physics,
and also the most severe problems from the personal point of view of the
author, are the prominent Dark Matter (DM)/-Energy (DE) problem, the
open question of the nature of neutrino masses, the strong CP Problem, and
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the Hierarchy Problem.
Here a short explanation is in order what we call a “problem”. First

one has to mention that no terrestrial experiment gives us a signal that one
could not explain with the SM. The roots of the above-mentioned problems
come either from astrophysical observations like in the DM/DE case [5], from
the interplay of theory and observations like in the neutrino case (massive
neutrinos in the SM are not a problem per se but the nature and the size of the
mass term remains an open question) [6] or address theoretical inconsistencies
like the strong CP problem [7, 8] or the hierarchy problem [9].

Following the cooking recipe of success of elementary particle physics
on started to think about models with an extended gauge sector compared
to the one of the SM. These models were typically linked with an energy
scale well above the scale of the SM to avoid contradiction with experiments.
Very prominent examples of such models are the left-right symmetric model
[10], Supersymmetry [11], and grand unified theories [12]. Each of these
models follow a very tempting principle in order to solve some of the questions
mentioned above. Because all these models have an inherent energy scale
lying above the electro-weak scale one calls such models “UV-models” or
“UV solutions”.

Even though they are following the cooking recipe of success so far no
imprints of these theories have been found in experiments. Some models
experiments could rule out quite quickly, like an unbroken supersymmetry,
for others, they were able to give tighter and tighter bounds on the available
parameter space for different theories. The situation that no hints of the UV
theory of nature show up in our terrestrial experiments is not an issue from
a consistency point of view but some may wonder if the path a lot of people
in the community are following is the right one.

Maybe particle physics is at a stage right now where a new concept is
needed to solve the current problems. One Ansatz that we will investigate
in this work further is the idea that new physics is not introduced at a high
energy scale but by lowering the gravitational scale of nature from the Planck
scale, MP , down to a new scale, M∗, which lies around TeV . At first glance
this ansatz has two tempting characteristics: 1) By lowering the scale of
gravity down to TeV one solves the hierarchy problem and 2) One does not
have to introduce unmotivated new types of interactions but one stays with
the one of the SM and of gravity.

The first framework that could lower the scale of gravity was the theory
of large extra dimensions which was introduced by Arkani-Hamed, Dimopou-
los, and Dvali and is therefore called ADD model [13, 14]. Later a second
framework was discovered that could achieve the same thing by adding a large
number of additional species within a theory [15, 16]. One specific model that
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realized this mechanism was proposed by Dvali and Redi (DR model) who
introduced many copies of the SM [17]. Further research showed that these
two frameworks are not just able to solve the hierarchy problem but can also
give answers to some of the above-mentioned problems [18, 19, 20, 17, 21]. I
will discuss these two frameworks later in great detail but let me just state
here that these two theories follow a very different philosophy from the ones
discussed before. In these theories, the problems are solved by lowering a
scale lying in the UV down to TeV scale and the new additional states are
lighter than the cutoff of the theory. Therefore, we call such attempts “IR-
models”.

Of course, these frameworks rely on concepts that have not yet been
observed in nature but they offer a different perspective on how one can
solve the same problems with very different philosophies. If now the UV- or
the IR solutions or even a possibility not yet thought of will be the answer to
current questions time will show but at this stage, one cannot tell which way
to go is the right one. Therefore, in this thesis, I will follow the path of IR-
models and present my corresponding research conducted at the Max-Planck
Institut für Physik in the last three years.

In the following chapter 2 I present the findings of [1] in which we have
calculated the discovery probability for next-generation neutrinoless double
beta decay experiments in the scenario of three light Majorana neutrinos
which is a very prominent IR signal of new physics. We have performed
this analysis in a Bayesian manner and discussed the dependency of the
discovery power of the different experiments with respect to the theoretical
uncertainties in the nuclear matrix element calculations and the dependency
on the lightest mass eigenstate. Because cosmology is able to constrain or
measure the latter quantity with high precision in the upcoming future we
discuss in detail how neutrinoless double beta decay (0νββ) searches are
entangled with cosmological surveys.

The chapter 3 starts the discussion about IR solutions and it begins with
presenting [2]. In this work, the neutrino sector of such theories is investi-
gated. The mass mechanism generating neutrino masses in such theories has
been generalized and extended to a realistic three-flavor case. This has then
been applied to the ADD model and the many species model to calculate the
oscillation behavior of neutrinos in such theories.

Chapter 4 is based on [22] where we used the findings of [2] to perform
a global fit of neutrino data to test the DR model and give the first lower
bound on the number of additional neutrino species.

We discuss in chapter 5 the possibility that within the ADD model also
neutrons and not just neutrinos as proposed so far can mix with bulk fields
and oscillate into states of the KK-tower. By using the long lifetime of neu-
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trons in bound states it is possible to draw powerful conclusions regarding the
parameters of the theory. Moreover, we outline how current neutron exper-
iments are already testing the parameter space motivated by the Hierarchy
Problem. This chapter is based on [4].

Complementary to the experimental probe of the DR model we pursue
in chapter 6 the deeper theoretical investigation of models which consist
of multiple additional Yang-Mills (YM) groups like the DR model. Due
to consistency with Quantum Gravity (QG) an extra axion is required per
additional YM group and the phenomenology of many axions is discussed
in detail. Among other results, one important one is that this enables us to
give an upper bound on the number of additional YM groups by demanding
that production via the misalignment mechanism should not exceed existing
DM bounds. This result is based on [3].

All the necessary background knowledge to understand the chapters is
introduced in the chapters themselves. Therefore it is possible to read the
chapters by themselves in a consistent way. If a specific framework is investi-
gated in several chapters the introduction to it is done in the first one. Also,
the motivation for specific physical problems which are discussed within this
thesis will be discussed when they show up the first time.



Chapter 2

Discovering Neutrinoless
Double-Beta Decay in the Era
of Precision Neutrino
Cosmology

2.1 Neutrinoless double beta decay and Ma-
jorana Neutrinos

As promised in the title we start in the low-energy regime of neutrinoless
double beta decay (0νββ). It is a nuclear process that goes as

n+ n → p+ p+ 2e−. (2.1)

This process is not allowed in the SM because it breaks U(1)B−L which is
an accidental symmetry of the SM. But if we take a look at physics beyond
the SM one sees that there are theories that can make such a process take
place. The most prominent way 0νββ decay can be realized is the possibility
that the neutrino forms a Majorana mass term. Majorana noticed in [23]
that there is the following possibility to form a Lorentz-invariant mass term
with a four-component spinor, Ψ, defined with the condition

Ψ = Ψc. (2.2)

The upscript c is the so-called “charge conjugation transformation”, and is
defined as

Ψc = CΨ̄T , (2.3)
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and takes a particle to its anti-particle. Now we understand that from (2.2)
one cannot distinguish a Majorana particle from its own antiparticle. The
free, Lorentz invariant, Lagrangian for such a spinor looks like the following

L = iΨ̄γµ∂µΨ +mΨ̄Ψ. (2.4)

If one introduces the notion of chiral Weyl-spinors, uL, one can show that we
can express our Ψ as

Ψ =
(

uL

−iσ2u
∗
L

)
, (2.5)

and we can rewrite the mass term (2.4) into

1
2m(uT

Liσ2uL + h.c.). (2.6)

Now let us identify our generic uL with the left-handed up quark of the SM.
Even though this term is Lorentz invariant it is not invariant under the gauge
group of the SM. Every particle that carries a charge under this group will
violate the symmetry condition and one can therefore not write down this
term in the SM Lagrangian.

The situation is different for the neutrino. In the SM a neutrino, νL, is
the doublet partner of the left-handed electron, eL, under SU(2)L(

νL

eL

)
. (2.7)

The eL can form a Dirac mass term with eR but the SM does not contain νR

and therefore predicts, that the neutrino is massless.
Nevertheless, nowadays the situation has evolved from the time the SM

was proposed. Due to the observed phenomenon of neutrino oscillations [24]
we know nowadays that the neutrino has a mass that is unequal to zero due to
its specific E/L behavior that is characteristic for the theory of Pontecorvo
where the oscillation behavior comes from a mismatch between the flavor
interaction states and the mass states [25, 26]. A deeper discussion about
the theory of neutrino oscillations is presented in chapter 3.

For now, it is important to note that the neutrino has a mass and can
form additional to a Dirac mass term, like the rest of the particles in the SM,
also a Majorana mass term. In order to do so one has to introduce right-
handed neutrinos into the matter content of the SM. Because the Majorana
mass term breaks Lepton number by two units it is possible to write down
the diagram 2.1.

This process describes how two left-handed down-quarks can decay into
two left-handed up-quarks and two left-handed electrons by the insertion of
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Figure 2.1: A process that violates Lepton number by two units which results
from the inserted majorana mass vertex for the neutrino.

a Majorana mass vertex for the neutrino. Because of the fermion content
of the neutron, udd, and the proton, uud, this diagram can cause a nuclear
decay as we described in (2.1). Of course, if we want to calculate the decay
probability one has to keep in mind that it is not enough to just evaluate
the Feynman diagram but one has to also consider nuclear physics effects.
Nevertheless, let us pick out the Majorana neutrino propagator which is
special in this diagram, and investigate it further. From the SM we know
that the interaction Lagrangian does not produce a diagonal mass matrix. In
order to define consistent propagators one has to choose the basis in which
the mass matrix is diagonal. The following discussion about the mismatch
between the interaction basis and the propagating basis relies on the review
[27] and the discussion about the related 0νββ on [28]. The so-called mass
basis can be found by diagonalizing the mass matrix of the neutrinos with
the following Ansatz

diag(m1,m2,m3) = V ν†
R MV ν

L . (2.8)

Then it is possible to rewrite the mass term in the Lagrangian as the following

−L =
3∑

k=1
mkν̄kνk (2.9)

where we assumed a three-neutrino scenario. In this basis, we can rewrite
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the weak doublet components of the neutrino as

νLi = PL

3∑
j

V ν
Lijνj, (2.10)

where PL is the left-handed projector. In the same manner, we can diago-
nalize the charged lepton mass matrix

diag(me,mµ,mτ ) = V l†
L MlV

l
R (2.11)

Therefore, the weak doublet component,lw, of the charged lepton can also be
written in term of mass eigenstates, lj, as

lwLi = PL

3∑
j=1

V l
ijlj. (2.12)

Then one can rewrite the charged current interaction term in the Lagrangian
as

LCC ∝
(
ēw

L µ̄w
L τ̄w

L

)
γµ

νeL

νµL

ντL

W+
µ =

(
ēL µ̄L τ̄L

)
γµU

ν1
ν2
ν3

W+
µ . (2.13)

The matrix U is called the lepton mixing matrix and relates the mass basis
with the interaction basis. It is expressed by combining (2.10) and (2.12)

Uij = Pl,iiV
l†

ik V
ν

Lkj(Pν,jj). (2.14)

The additional matrices Pl and Pν represent the possible field redefinition
in the lepton and neutrino fields. Lepton fields which are Dirac particles
can absorb three phases. As mentioned before neutrinos can be Majorana
particles. These particles cannot absorb phases in their redefinition because
the mass term is not invariant under it. Therefore, we are left with 6(n− 2)
parameters in the Majorana case and 5n − 11 in the Dirac case where n is
the number of neutrino mass eigenstates.

Now back to the Majorana propagator in the neutrinoless double beta de-
cay. As argued above we have to redefine the propagator from the interaction
basis into the mass basis which is done in the following

⟨0|T (νeL(x1)νT
eL(x2)) |0⟩ = −1 − γ5

2
∑

i

U2
ei ⟨0|T (νi(x1)ν̄i(x2)) |0⟩ 1 − γ5

2 C

= − i

(2π)4

∑
i

∫
d4qe−iq(x1−x2) U2

eimi

q2 −m2
i

1 − γ5

2 C. (2.15)
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We can pull out the factor of U2
eimi in front of the integral and simplify the

remaining integral by taking into account that q > mi. Then one can define
the quantity with which the propagator is scaling as

mββ =
∑

i

U2
eimi = |c2

12c
2
13m1 + s2

12c
2
13m2e

iα1 + s2
13m3e

iα2|, (2.16)

and this is the so-called “effective Majorana mass”. The parameters result
from the lepton mixing matrix

U =

1 0 0
0 c23 s23
0 −s23 c23


 c13 0 s13e

iδCP

0 1 0
−s13e

iδCP 0 c13


 c12 s12 0

−s12 c12 0
0 0 1


e

iα1 0 0
0 eiα2 0
0 0 1

 ,
(2.17)

where cij = cos θij and sij = sin θij and θij are the so called mixing angles,
δCP is the CP violating phase and α1/2 are the so called Majorana phases.

Doing the exact calculations, evaluating the whole Feynman diagram, and
including the kinematics and nuclear effects one arrives at the final equation
for the half-life, T1/2, of isotopes that can perform neutrinoless double beta
decay

1
T1/2

= Gg4
A M2

(
mββ

me

)2
, (2.18)

where G is the kinematically allowed phase space factor, g4
A ≃ 1.276 is the

axial-vector coupling, M the nuclear matrix element (NME) accounting for
the nuclear physics effects, and me the electron mass. From this equation,
we see that it is absolutely crucial to determine the parameters of the lepton
mixing matrix and the masses of the participating mass eigenstates.

The first category of experiments that are doing this are so-called neutrino
oscillation experiments. These experiments measure the flavor of a neutrino
after it propagated over a specific length. Due to neutrino oscillations, there
exists a probability that the neutrino changes its flavor along this way. The
actual probabilities of the different possibilities (νe → νe, νe → νµ, ...) are
always slightly different but the general behavior is that the amplitude is de-
termined by the parameters of U and the frequency of the oscillation depends
on ∆m2

ij = m2
i − m2

j so the differences in the mass squares. The important
point is that neutrino oscillation experiments cannot determine the absolute
mass values of the neutrino mass eigenstates but are just sensitive to ∆m2

ij.
This leaves us with the situation that we can distribute the masses in two dif-
ferent ways as seen in Fig. 2.2. One calls the ordering with m1 ≪ m2 ≪ m3
the “normal ordering” (NO) and the situation m3 ≪ m1 ≪ m2 is called
the “inverted ordering” (IO). The determination of these parameters and the
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Figure 2.2: Mass schemes in a 3ν scenario. The nomenclature of the mass
splitting can be either done by the numeration of the mass eigenstates or by
the type of experiments that are measuring this specific mass splitting [27].

mass ordering is a worldwide endeavor and the current status can be found
in [29].

So to be able to determine mββ one also needs the actual values, m1,
m2, and m3. Actually, due to the knowledge of their mass differences from
neutrino oscillation experiments, the actual open question is the mass of
the lightest neutrino mass eigenstate mlightest. The leading experiment in
determining absolute values of neutrino masses is the KATRIN experiment
in Karlsruhe [30]. The observable under investigation is the so-called effective
electron neutrino mass

m2
νe

=
∑

i

m2
iU

2
ei (2.19)

and as soon this quantity is measured, mlightest can be determined depending
on the ordering of neutrino masses. So far in [30] only an upper bound could
be given of

mν < 0.8eV. (2.20)
The last two parameters influencing mββ are the majorana phases α1 and

α2. These two phases are only accessible via the possible Majorana property
of the neutrino. The nature of the neutrino mass is still an open question
and therefore these phases are still unconstrained.

So what would be the experimental signature of a neutrinoless double beta
decay compared to its SM cousin the double beta decay with two neutrinos
in the final state (2νββ)? The answer is that compared to 2νββ which
has a continuous energy spectrum, 0νββ on the other hand has a discrete
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spectrum. 0νββ is basically a two-body decay into two electrons because
the much heavier daughter nucleus does not absorb significant portions of
kinetic energy. The expected sum of energies of the emitted electrons can be
calculated then as

Q = Mparent
nucleus −Mdaughter

nucleus − 2me. (2.21)

Therefore, we are left with a very clear signal in case neutrinos are their own
anti-particles as proposed by Majorana. Additionally to the question of the
nature of the neutrino mass, 0νββ decay could play an important role in
explaining the matter-antimatter asymmetry observed in our universe due
to the lepton number violation by two units [31]. These scientific questions
caused a broad program of experimental searches for 0νββ [32]. The next
generation of 0νββ experiments are designed to be able to test the possible
mββ values in the case of inverted mass hierarchy.

2.2 Bayesian statistics
At the beginning of data analysis, one has to decide what statistical technique
one uses to extract the information the data tells you. Two main schools of
thought are on the market namely Bayesian and frequentist. Here we discuss
the Bayesian way of reasoning. A review on this topic is [33]. The master
equation of this school of thought is Bayes Theorem

P (λ|D,M) = P (D|λ,M)P0(λ|M)
P (D|M) , (2.22)

where the model under investigation is M , λ is the set parameters describing
the model and the experimental data is D. The quantities in (2.22) are:

• P (D|λ,M) is called the likelihood. This quantity describes the proba-
bility of the data as a function of the parameters of the model.

• P0(λ|M) is called the prior. It is a probability function we assign prior
to the analysis to the parameters of the theory. This is a feature of the
Bayesian analysis that we will discuss further.

• P (D|M) is called the Bayesian evidence and is defined as

P (D|M) =
∫
P (D|λ,M)P0(λ|M)dλ. (2.23)

• P (λ|D,M) is called the posterior probability distribution. It represents
a probability distribution for the parameters of the model given the
data.
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The advantage of this school of thinking is that the question “What is the
probability of a parameter given the data?” can be answered. The answer is
just the posterior probability distribution. A frequentist analysis is not able
to answer this question. Actually in a frequentist way of thinking this is not
even a valid question which seems very odd.

A criticism regarding the Bayesian approach is the dependency of the
analysis on the choice of priors. Indeed the resulting posterior can depend
heavily on which prior was plugged in (2.22). So how can a mathematical
consistent statistical analysis of experimental data depend on the subjective
choice on a prior? This seems as counter-intuitive as the fact that the fre-
quentist approach cannot answer the question of how probable a parameter
value is.

I want to present two arguments that are usually made against this crit-
icism. First, one has to point out that the dependency on the prior is strong
when the data is weak. If the data is strong the resulting posterior is ba-
sically independent of the choice of the prior. So the fact that a potential
analysis depends on the choice of priors actually just expresses the fact that
the data is not strong enough to draw conclusive statements from it. Sec-
ondly, also in frequentist statistics the analyzer has to make some choices on
how to actually perform the analysis. A very common choice is the different
options one has in choosing a test statistic. These choices are more abstract
than assigning probabilities to different parameter values like in choosing a
prior but the final result will also depend on these choices. Therefore, one
can argue that the choice of a prior is actually just more honest than hiding
subjective preferences behind a mathematical concept.

Another nice feature of Bayesian statistics is that it offers a simple way to
compare two hypotheses and decide which one is more likely. The quantity of
interest to do so is the so-called Bayes Factor. Imagine one wants to compare
two hypotheses H1 and H0 with each other. Given the data, we can define
the posterior odds as

O1 = P (H1|D)
P (H0|D) . (2.24)

This quantity is larger than one if H1 is more likely and smaller than one if
H0 is. If we assume that these two hypotheses are the only ones possible we
can use Bayes theorem and we have

P (H0|D) = P (D|H0)P0(H0)
P (D|H1)P0(H1) + P (D|H0)P0(H0)

, (2.25)

P (H1|D) = P (D|H1)P0(H1)
P (D|H1)P0(H1) + P (D|H0)P0(H0)

. (2.26)
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Then we can rewrite (2.24) as

O1 = P (D|H1)
P (D|H0)

O0 (2.27)

where
O0 = P0(H1)

P0(H0)

are the prior odds. The factor P (D|H1)
P (D|H0) is known as the ‘Bayes Factor’.

In order to give an example of how this works explicitly we assume we
have a number of experiments, i, that perform a counting of signal events,
with expectation value νi, and background events with expectation value
λi. Then the two hypotheses we would like to compare with each other
would be H0, the data seen is just sourced by background, or H1, the data
also includes signal events. The likelihood of counting experiments that just
count background events is modeled with a Poisson distribution as

P (D|H0) = P ({n}|H0) =
∏

i

e−λi
λni

i

ni!
, (2.28)

where the λi’s are the background expectation, which is given for each exper-
imental setup individually and {n} is the collection for the counts reported
by the experiments. For hypothesis H1, one has to add the signal expectation
νi which is related to the experimental setups for 0νββ searches by

νi = NA ln2
mi

Ei ϵi

T1/2
, (2.29)

with the Avogadro numberNA, the molar mass of the enriched isotopemi, the
exposure Ei and the detection efficiency ϵi of the experiment. For simplicity
we shall call henceforth the collection of relevant parameters for 0νββ decay

θ = (m1,∆m12,∆m13, s12, s13, α1, α2,NME). (2.30)

Then

P ({n}|θ,H1) = P ({n}|ν(θ), H1) =
∏

i

e−(λi+νi) (λi + νi)ni

ni!
, (2.31)

With these definitions we can calculate P (D|H1) via

P (D|H1) = P ({n}|H1) =
∫
P ({n}|ν(θ))P (θ|H1)dθ = E(P ({n}|ν(θ)))P (θ).

(2.32)
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Now we have both expressions we need to calculate the Bayes Factor. If one
assumes that both hypotheses are equally likely then we are left with the
situation that the Bayes Factor is the same quantity as the posterior odd.

Now we can discriminate between different hypotheses. One can carry on
with this way of thinking and ask the question: Given a possible experimental
setup where the experimental parameters are known, can one predict how
likely it is that this experiment reports a discovery?

First, we have to define what we mean by discovery. How more likely
must H1 be than H0? We define a discovery when the posterior odds

O1 = E(P ({n}|ν(θ)))P (θ)

P ({n}|H0)
(2.33)

is greater than 10. The following indicator function

I =
{

1, if O1 ≥ 10
0, otherwise (2.34)

gives then either 1 in case of a discovery as defined and 0 when no discovery
would be reported. To calculate now the discovery probability PD, we have
to create samples of possible counts the different experiments could report.
We also need to sample over the possible parameter values from the analysis
of available data. The resulting mathematical expression is

PD = E

E [I (E[P ({n}|θ)]P (θ)

P ({n}|H0)

)]
P ({n}|θ)


P (θ)

. (2.35)

In the following section we use 3000 Markov chain Monte Carlo samples
from the posterior probability distribution of the neutrino parameters from
the analysis of available neutrino data for each investigated scenario. Then
we create 3000 samples from the investigated experiments for each of these
parameter sets. In the last step, we average over the parameter samples again
while keeping the specific set of counts fixed. By calculating the posterior
odds for every single created event, we can decide if this specific sample we
call a discovery or not and evaluate how many of the investigated samples
lead to a discovery. This procedure was followed for the single experiment
case already in [34].
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2.3 Discovering neutrinoless double-beta de-
cay in the era of precision neutrino cos-
mology

One question we want to answer in the next section is if next-generation
0νββ experiments can probe also the parameter space of mββ in case of
normal ordering (NO) and how Cosmology is entangled with the search for
0νββ. The results of this work have been published in [1] and we follow this
paper very closely in this section.

Neutrinos affect Big Bang Nucleosynthesis and the large-scale structure
of the universe by introducing characteristic signatures in the relative abun-
dance of elements as well as in the power spectra of the cosmic microwave
background (CMB) and baryon acoustic oscillations (BAO) [35]. Using
these effects one can put upper bounds on the sum of the neutrino mass
(Σ = m1 + m2 + m3). The current best results indicate that Σ < 120 meV,
with a 95% credible interval, resulting from the data from Planck, along with
its amalgamation with lensing and BAO data [36]. Excitingly, upcoming sur-
veys like DESI [37] and EUCLID [38] are expected to achieve a remarkable
precision of 20 meV in measuring Σ, even under the assumption of its mini-
mum allowable value. This significance extends to mββ since Σ and mββ are
intrinsically connected, as demonstrated in equation (2.16).

Our ability to predict decay half-lives is constrained by two main factors.
The first factor pertains to the precision and accuracy of the many-body
computations employed to estimate the Nuclear Matrix Element (NME) val-
ues. In the field, four principal many-body methods have historically been
utilized: the Nuclear Shell Model (NSM), the Quasiparticle Random-Phase
Approximation (QRPA) method, the Energy-Density Functional (EDF) the-
ory, and the Interacting Boson Model (IBM). Multiple calculations exist for
each method, each characterized by distinct assumptions and approxima-
tions. These calculations can yield results that vary by as much as a factor
of three for a given isotope, and even within each method, significant dispar-
ities can be observed [39].

The second factor that constrains the accuracy of our predictions is the
value of mββ. While neutrino oscillation parameters have been accurately
measured, critical pieces of information are still missing, such as the Majo-
rana phases and the value of the lightest neutrino mass eigenstate [29]. Fur-
thermore, the ordering of the neutrino mass eigenstates remains unknown.
Current global fits [40] suggest a mild preference for the normal ordering, but
its significance is subject to ongoing debate [41, 42]. Cosmological constraints
on the sum of neutrino masses disfavor parts of the parameter space for the
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inverted ordering, while the parameter space for normal ordering remains
largely unaffected.

In the case of the inverted ordering, mββ is constrained, with its minimum
allowed value being 18.4±1.3 meV [43]. However, in the scenario of a normal
ordering, it is theoretically possible for mββ to vanish, although this would
require a precise adjustment of the Majorana phases to cancel the terms in
(2.16) [44, 45]. Achieving the sensitivity to probe mββ down to at least the
minimum value allowed for the inverted ordering has been the long-standing
goal of 0νββ-decay experiments for two decades.

The quest for 0νββ decay is currently at a turning point. The scientific
community has developed experimental approaches aimed at exploring the
entire parameter space associated with the inverted ordering of neutrino mass
states. Discussions within the community are actively underway to delineate
the next steps in this endeavor.

As part of this ongoing process, the United States Department of En-
ergy recently conducted a comprehensive portfolio review of ton-scale exper-
iments. This review has culminated in a summit that brought together the
Astroparticle Physics European Consortium (APPEC), American and Euro-
pean funding agencies, and the scientific community. Notably, three experi-
ments, CUPID [46], LEGEND [47], and nEXO [48], have already advanced
to the conceptual design stage and are poised for further development. These
experiments employ different isotopes and have the potential to conduct in-
dependent and complementary measurements. The importance of utilizing
multiple isotopes extends beyond the confirmation of any future discoveries;
it significantly enhances the overall discovery potential and mitigates system-
atic uncertainties associated with both detection methodologies and nuclear
many-body calculations. Furthermore, such multi-isotope experiments could
shed light on the underlying mechanism governing the decay process [49, 50].

In this study, we investigate the potential for discovering 0νββ decay in
the context of a future, global, multi-isotope effort. While a discovery is
virtually guaranteed in the case of inverted-ordered Majorana neutrinos, our
primary focus is on assessing the likelihood of discovery for normal-ordered
neutrinos. To achieve this, we leverage all available neutrino data to place
constraints on mββ and compute Bayesian discovery probabilities for future
searches under various scenarios.

In this type of analysis, two parameters are key: the Majorana phases
and the value of the lightest mass eigenstate, m1. The prior distributions
assigned to these parameters substantially influence the analysis outcomes.
Following the approach proposed in reference [45], we address the lack of
information regarding the phases by adopting a uniform prior distribution.
We find this to be the most reasonable choice given the available information
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and constraints.
We have adopted a different approach in handling the prior choice for m1

compared to our previous work [51, 34]. In this study, we initially present the
discovery probabilities as a function of m1, explicitly highlighting the sub-
stantial dependence on this parameter. Subsequently, we proceed to assume
a uniform prior distribution for m1 and explore scenarios where cosmological
constraints on Σ indirectly provide information about m1. This approach
helps to reduce the influence of the prior choice.

Specifically, after considering the current constraints on Σ, we examine
two extreme hypothetical scenarios related to future measurements by DESI
and EUCLID. In one scenario, we consider Σ = 100 ± 20 meV, which is just
below current limits. In the other scenario, we investigate Σ = 59 ± 20 meV,
situated at the lower end of the expected parameter range that allows for a
significant probability of m1 ≈ 0 meV.

When the oscillation parameters are held constant, Σ and m1 are linked
by a bijective function, enabling the analytical computation of probability
distributions through a change of variables [52, 53]. To illustrate this, Fig-
ure 2.3 presents the probability distributions of m1 corresponding to the two
Gaussian probability distributions for Σ. The Jacobian transformation in-
troduces asymmetry into the distributions, generating tails on their left side
and shifting their mode towards larger values.

In our analysis, we combined the likelihoods from the most sensitive 0νββ-
decay experiments which are CUORE [54], EXO-200 [55], GERDA [56], and
KamLAND-Zen [57]. None of these have reported hints for a signal and have
set lower limits on its half-life at the level of 1025 − 1026 years, corresponding
to upper limits on mββ of the order of 100 meV. We also include the likelihood
from the latest analysis of KATRIN [30] on the electron neutrino mass mβ =
(c2

12 c
2
13 m

2
1 + s2

12 c
2
13 m

2
2 + s2

13 m
2
3)1/2.

The oscillation parameters are incorporated into the analysis using Gaus-
sian terms with central values and uncertainties taken from Ref. [29].

Our approach involves the sampling of both the likelihood function and
the prior probability distributions, allowing us to generate pseudo-data sets
that simulate the outcomes of future 0νββ-decay experiments. Subsequently,
we assess the average probability of these pseudo-data sets yielding a discov-
ery, as originally suggested in [58].

To replicate the anticipated performance of future experiments, we em-
ploy a Poisson counting analysis with fixed background expectations, follow-
ing the methodology outlined in [39]. In this context, we also adopt the
background levels and signal efficiencies as input parameters from that ref-
erence. Furthermore, we assume a uniform ten-year operation duration for
all experiments, aligning with the community’s objectives for achievement
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Figure 2.3: (Top) Correlation between Σ and m1 assuming the best fit val-
ues for the neutrino oscillation angles and mass splittings [29]. Assuming
neutrino masses follow the normal ordering, Σ is constrained to be larger
than 59 meV. (Bottom) Gaussian probability distributions of Σ transformed
into probability distributions of m1 through a change of variable using the
best fit of the neutrino oscillation parameters. The Gaussian distributions
Σ = 59 ± 20 meV and 100 ± 20 meV correspond to the two extreme measure-
ments that DESI and EUCLID can perform.

within the next two decades. The discovery criteria is defined by requiring
the posterior odds to be above a certain threshold, i.e.:

O1 = P (D|H1)
P (D|H0)

P (H1)
P (H0)

> 10, (2.36)

where P (D|H) are the probabilities of the data given the hypothesis that
0νββ decay exists (H1) or not (H0). P (H1) and P (H0) are their correspond-
ing priors assumed to be equal. This criterion corresponds to the requirement
that H1 is ten times more likely than H0, assuming they have equal prior
probabilities initially. Subsequently, we define the discovery probability as
the proportion of pseudo-datasets that meet our discovery criteria. Our cal-
culations are executed using the BAT software kit, along with its built-in
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Metropolis-Hastings sampling algorithm [59]. Notably, we have determined
that the discovery criteria employed in this study yield results that are nu-
merically comparable to those obtained through a 3σ frequentist rejection
test of H0.

In our calculations, we adopt fixed sets of Nuclear Matrix Element (NME)
values, each sourced from a specific many-body calculation. We specifically
consider calculations from references [60, 61, 62, 63, 64, 65, 66] that provide
results for all isotopes relevant to our analysis, namely 76Ge, 100Mo,130Te,
and 136Xe. This choice excludes certain Nuclear Shell Model (NSM) and
Quasiparticle Random-Phase Approximation (QRPA) calculations for which
the NME value for 100Mo is currently unavailable. However, this approach
has the advantage of incorporating correlated systematic uncertainties for
each element within an NME set, which partially offset when combining
data from various isotopes [67, 49].

The disparity among the discovery probabilities computed for different
sets of NME values provides a rough estimate of the uncertainty attributed
to the diverse many-body methods employed. Nonetheless, it should be
noted that this approach does not comprehensively account for effects that
uniformly impact all methods, such as the absence of the contact operator [68]
or the phenomena related to “gA quenching” [39], which we will discuss later.

The upper panel of Figure 2.4 displays the posterior probability distribu-
tions for mββ computed as part of a scan across fixed m1 values, ranging from
10−4 to 10−2 eV. It is important to note that these distributions should not
be interpreted as two-dimensional distributions, but rather as a set of con-
nected one-dimensional conditional probability distributions for mββ, each
normalized independently.

The probability distributions are confined to well-defined regions within
the parameter space, thanks to the precision of measurements concerning
neutrino oscillation parameters. The remaining width in the mββ probability
distributions can be attributed to the degrees of freedom associated with the
Majorana phases. Our choice of employing a uniform prior for these phases
tends to favor the largest possible mββ values at each fixed m1 value. This
includes the region spanning from 10−3 − 10−2 eV, where specific values of
the Majorana phases can lead to vanishing mββ values. As the chosen m1
value decreases, the maximum allowable mββ value also decreases, reaching
a minimum of 3.7 meV for m1 = 0 meV.

0νββ-decay experiments effectively truncate the upper portion of these
probability distributions, presently ruling out mββ values above 156 meV [57],
thereby indirectly constraining m1 to be less than or approximately 100 meV.
Future experiments are anticipated to achieve discovery sensitivities down to
mββ values of 6 meV, contingent upon the Nuclear Matrix Element (NME)
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values [43].
The lower panel of Figure 2.4 illustrates the combined discovery prob-

ability for CUPID, LEGEND, and nEXO as a function of m1, considering
all sets of Nuclear Matrix Element (NME) values under examination. The
discovery probability starts at zero when m1 falls below 1 meV, and steadily
increases as m1 advances, ultimately reaching nearly 100% when m1 exceeds
approximately ∼60 meV. Notably, the discovery probability exhibits fluctua-
tions depending on the specific set of NME values in the range of m1 from 5
to 50 meV. Larger NME values correspond to higher discovery probabilities
within this m1 range. However, as m1 falls below 5 meV or rises above 50
meV, the discovery probabilities tend to converge.

When we possess a theoretical prediction for the value of m1, determining
the discovery probabilities in the realm of 0νββ-decay becomes straightfor-
ward using the plot in Figure 2.4. However, our current understanding of
fermion masses lacks a comprehensive model and theoretical guidance on the
value of m1 is limited. Therefore, it is crucial to consider scenarios where
m1 is treated as a free parameter, albeit weakly constrained by indirect in-
formation. However, this approach comes with a caveat. If the information
available regarding m1 is not sufficiently robust, the outcomes of any analysis
are profoundly influenced by the choice of its prior probability distribution.
Specifically, the adoption of a scale-invariant log-flat prior would result in a
non-normalizable posterior distribution unless a cutoff on m1 is implemented,
as done in Ref. [34]. Alternative approaches, such as effectively constraining
m1 to be similar to the other two mass eigenvalues, have also been explored
in prior studies as in [51, 69]. In our analysis, we opt for a uniform prior
distribution spanning from 0 to 600 meV for m1. This particular choice favors
mββ values closer to the parameter space probed by experiments, serving as a
reasonable approach when no other guidance regarding the parameter range
of m1 is available. Nonetheless, incorporating cosmological constraints on Σ
can alter the probability distribution for m1, rendering analyses that include
cosmological data less sensitive to the chosen prior for m1.

Figure 2.5 presents the discovery probabilities for CUPID, LEGEND,
nEXO, and their combined efforts across four distinct scenarios, considering
each set of Nuclear Matrix Element (NME) values. The initial two scenarios
showcase the influence of incorporating the current cosmological constraint
on Σ. In scenarios where cosmological models extend beyond ΛCDM, sig-
nificantly larger neutrino masses are permissible [70]. In this context, the
most stringent information regarding m1 is derived from current 0νββ-decay
experiments and the KATRIN experiment. Consequently, discovery proba-
bilities can be as high as 80%, as the uniform prior for m1 assigns substantial
probability mass to larger m1 values. In other words, disregarding stan-
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dard cosmological bounds and assuming a flat prior for m1 suggests that the
discovery of 0νββ-decay is quite likely. However, when we introduce the like-
lihood constraint of Σ < 120 meV, this penalizes the consideration of large
m1 values, leading to a reduction in discovery probabilities, which now range
between 20% and 60%.

The speculative scenarios involving future measurements of Σ offer promis-
ing prospects for discovery. In the event that Σ hovers just below the current
constraints, for example, at 100 meV, forthcoming 0νββ-decay experiments
are poised to detect a signal with a high probability, ranging from 20% to
80%. Even if Σ = 59 ± 20 meV, which represents the lower limit of its
permissible parameter space, the discovery probabilities remain substantial,
spanning from a few percentage points to over 40%. Notably, these discov-
ery probabilities in these two scenarios exhibit only modest sensitivity to
the prior choice for m1, primarily because measurements of Σ provide ro-
bust information regarding m1 (as depicted in Figure 2.3). For instance, we
have estimated that implementing a log-prior on m1 with a cutoff, as seen in
[34], would reduce these discovery probabilities by a maximum of 30%. This
suggests that regardless of the specific value reported for Σ by DESI and
EUCLID, the next-generation 0νββ-decay experiments will explore a com-
plementary parameter space. In this space, both the detection of a signal
and its exclusion will offer invaluable insights and information.

The discovery probabilities for individual experiments exhibit a degree of
similarity, with the maximal spread observed for nEXO and the least spread
for LEGEND. This pattern aligns consistently with the variation in available
Nuclear Matrix Element (NME) values for xenon (Xe) and molybdenum
(Mo). In scenarios where cosmological data are not incorporated, m1 is pre-
dominantly constrained by the existing 0νββ-decay experiments. In such
cases, increasing the NME values has a dual effect: it shifts the probability
distribution for mββ towards lower masses while simultaneously enabling fu-
ture experiments to explore lower mββ values. The impact of this interplay
diminishes in scenarios where Σ is constrained, and the existing 0νββ-decay
experiments exert a lesser influence on the probability distribution for mββ.

The significant spread in results attributed to the uncertainty in Nuclear
Matrix Elements (NME) remains noteworthy, especially considering that our
analysis excludes Quasiparticle Random-Phase Approximation (QRPA) cal-
culations for which results regarding 100Mo are not currently available. It is
important to highlight that ongoing efforts within the nuclear theory com-
munity are actively striving to enhance the accuracy and precision of NME
values.

Promising developments include ab initio calculations for light and medium-
sized nuclei [71], with forthcoming calculations expected to encompass the
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heavier isotopes of interest. These new calculations aim to incorporate more
realistic nuclear correlations and corrections, such as two-body currents, to
refine the leading-order operator in chiral effective field theory. Preliminary
results from these calculations suggest a reduction in NME values [72]. Fur-
thermore, the inclusion of the so-called “gA quenching” physics can be at least
partially compensated for by the previously unaccounted-for contact term,
as introduced in Ref. [73]. This compensation leads to discovery probabilities
akin to those depicted in Figure Figure 2.5. Indeed, we have computed that
an overall scaling of the NME values for all isotopes by 20% ((equivalent to
a ∼10% variation in ga) would result in a 5% to 10% change in the discov-
ery probabilities, without altering the fundamental conclusions of our study.
Importantly, the impact of such an overall scaling is minimal, as it uniformly
affects both current and future experiments.

When we combine the results from all the experiments, we observe an
average enhancement of discovery probabilities by approximately 20% com-
pared to the average probabilities obtained from individual experiments. Fur-
thermore, the range of values for the combined probabilities is considerably
narrower compared to the spread seen among individual experiments. This
outcome aligns with our expectations, as it reflects the partial compensa-
tion of fluctuations in Nuclear Matrix Element (NME) values across the
three different isotopes. Combining the experiments serves to alleviate the
challenges posed by the least favorable NME values that lead to very low
discovery probabilities in individual experiments. Another significant ad-
vantage of amalgamating multiple experiments is an increase in confidence
regarding potential discoveries. For instance, systematic uncertainties linked
to mischaracterized background components predominantly impact only a
single experiment but are mitigated in a combined analysis. Additionally,
statistical fluctuations tend to balance out, reducing the likelihood of false
discoveries. In fact, we have estimated the chance of false discoveries to
be as low as 0.2%. All these considerations underscore the importance of
conducting several large-scale 0νββ experiments, as they provide numerous
advantages, including enhanced discovery potential and increased confidence
in results.

In conclusion, the realms of precision neutrino cosmology and the pursuit
of 0νββ-decay are intricately linked and offer complementary insights. In the
context of the minimal extension of the Standard Model of particle physics,
if neutrinos are Majorana particles and the mass ordering is inverted, it be-
comes clear that future 0νββ-decay experiments will unmistakably detect a
signal. The situation is more nuanced for the normal mass ordering, where
the outcomes from future cosmological experiments will significantly nar-
row down the permissible ranges for m1. Consequently, this will impact the
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discovery probabilities for the next-generation 0νββ-decay experiments. If
cosmological data continue to establish upper bounds on Σ in the future, the
discovery probability for upcoming 0νββ-decay searches will remain moder-
ate, leaving the question of whether neutrinos are Majorana particles still
open. However, if future cosmological observations report a value for the
sum of neutrino masses, Σ, exceeding 59 meV, the prospect of discovering
0νββ-decay becomes highly significant, even for the normal mass ordering.
In such a scenario, a non-observation of 0νββ-decay would strongly suggest
that neutrinos are Dirac particles.
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Figure 2.4: (Top) Conditional one-dimensional posterior probabilities for
mββ computed for a scan of fixed m1 values, assuming all available data on
neutrinos, normal ordering and a uniform prior on the effective Majorana
phases. (Bottom) Discovery probability for a combined analysis of CUPID,
LEGEND, and nEXO as a function of the true value of m1. The probability
is computed for different sets of NME values yielding a band for the dis-
covery probability. The different line styles therefore correspond to different
calculations methods of the NME values within a model.
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Figure 2.5: Discovery probabilities for a selection of proposed experiments
and their combination under different scenarios and set of NME values. The
scenarios differ because of the information included on Σ, respectively no
information, current upper limit, and two possible measurements at the ex-
treme of the currently allowed parameter space. The calculation has been
performed using fixed sets of NME values, and each result is shown as a
horizontal tick.
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Chapter 3

Neutrino Physics in TeV Scale
Gravity Theories

The 0νββ decay is just one example of how UV physics can lead to effects in
the IR. In the following, I will discuss how gravity could induce such effects
on neutrinos. To understand the motivation for theories that can achieve
these effects one has to understand the Hierarchy Problem which we will
discuss first.

3.1 The Hierarchy Problem
In this section, I will briefly describe the foundations of the Hierarchy Prob-
lem of Particle Physics. Reviews on this can be found in several textbooks.
I will rely on [74].

To understand the hierarchy problem one has to understand how scalar
masses are calculated in QFT. In order to do so we investigate the Lagrangian

L = −1
2ϕ(□ +m2)ϕ+ λϕψ̄ψ + ψ̄(i/∂ −M)ψ, (3.1)

where the bare mass of the scalar, ϕ, is m and the bare mass of the fermion,
ψ, is M . We now want to calculate the contribution to the scalar mass on
the first loop level. The Feynman diagram of interest is shown in Fig.3.1 and
the mathematical expression is

iΣ2(/p) = (iλ)2
∫ d4k

(2π)4
Tr[(/p+ /k +M)(/k +M)]

[(p+ k)2 −M2 + iϵ][k2 −M2 + iϵ] . (3.2)

This expression becomes after regularization the following

Σ2(p2) = 3λ2

4π2

∫ 1

0
dx

(
[M2 − p2x(1 − x)] ln M

2 − p2x(1 − x)
Λ2 + Λ2

)
, (3.3)
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Figure 3.1: First loop contributing to the scalar mass.

where Λ is a UV cutoff. After renormalization, the end result becomes in the
limit p2,m2

P << M2

Σ2(p2) = λ2

4π2

[
(p2 −m2)2

20M2 + O
(
m6

M4

)]
. (3.4)

We can see that the UV dependence drops out due to the process of renor-
malization. This also means that within the SM the mass of the Higgs-boson
is a perfect finite quantity which once measured can be seen as an input
parameter of the SM.

Now assume that the SM is not the final theory of nature. Actually, we
know that this cannot be the case because the SM does not include gravity in
its description. We even expect that the SM description breaks at least at the
scale MP due to the classicalization of fundamental particles heavier than MP

[75]. So if we take this seriously the UV cutoff Λ cannot be treated anymore as
a mathematical artifact that can be taken care of by renormalization because
this cutoff is physical now. Therefore, the divergence in (3.3) should also be
physical. The expression for the pole mass, mP , will then depend on the UV
cutoff via

m2
P = m2 − Σ(m2) ≈ m2 − Λ2. (3.5)

The actual physical quantity measured in experiments is mP which is around
mP ≈ 125 GeV for the Higgs Boson. Setting Λ = MP ≈ 1019 GeV one finds
the expression for the bare mass

m2 = (1 + 10−34)Λ2. (3.6)

Now per se one could say that this is just the result but on the other hand it
looks odd that a theory parameter like the bare mass in the Lagrangian has to
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be precisely set up to the 34th digit in order to explain the mass of the Higgs
being around the electroweak scale. Such a behavior of parameters we call
fine-tuning. It means that one has to tune the parameters in a very specific
way to accommodate phenomenological aspects. This can leave somebody
unsatisfied because such a precise choice of a parameter is not motivated by
first principles at all.

The problem of fine-tuning often arises when experimental results are
applied to theoretical frameworks. Often these theories can evade current
experimental bounds by tuning the parameters in such a way that experi-
ments cannot rule them out completely. From a philosophical point of view
highly fine-tuned theories are not as attractive as not fine-tuned models. The
reason is that a specific choice in the parameter space of a theory just re-
places the original physics question with the question of why this specific
choice should be made.

Now in the case of the Higgs mass, the situation is even more peculiar. We
have seen that within the SM scalar masses can be renormalized and a Higgs
mass around the scale of electroweak symmetry breaking sounds reasonable.
The problem of fine-tuning just arises when one introduces a UV cutoff in
the SM. The mass of a scalar like the Higgs gets quadratic contributions of
this cutoff and it would therefore make more sense if the mass of the Higgs
would then be around the scale of Λ. The fact that the Higgs “sees” the
cutoff of the theory is often called “UV-sensitivity”. The problem that the
Higgs is UV sensitive as soon a UV cutoff is introduced which would result
in a highly fine-tuned situation for the bare mass parameter is called the
“hierarchy problem” or the “electroweak hierarchy problem”.

Now, how serious is the hierarchy problem? The answer is that there
are people who take it extremely seriously and some do not. The argument
why one should not worry too much goes as follows: We do not know the
physics that lies beyond the UV cutoff. Therefore, we do not know what kind
of non-perturbative effects may spoil our perturbative loop expansion as we
did for scalar masses. Of course, this argument should be acknowledged but
from my personal point of view, this looks a little bit like closing the eyes and
hoping for the best. Especially the second answer to the question is much
more appealing.

Let us take the hierarchy problem seriously because that is what QFT
tells us. The consequence would be that one should not take Λ too far away
from the electroweak scale otherwise one runs into fine-tuning problems as
discussed above. This interpretation would then suggest that new physics
should be around the corner and not be placed at MP which would be very
unfortunate for physics. This standpoint is much more optimistic and was
the motivation for the theories we discuss in the next sections.
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3.2 TeV scale gravity theories
Now that we have established that the Hierarchy Problem should be taken
seriously we can proceed by discussing possible solutions to solve it. Because
there are plenty of attempts on the market who could give an answer to it
I want to focus on theories which are called “TeV scale gravity theories”.
We have seen that gravity plays a crucial role in the Hierarchy Problem but
instead of searching for an explanation in the UV where new physics appears
at a scale MX , one could tackle it from the opposite side and ask if gravity
really just gets effective at the Planck scale.

Imagine a world where not MP defines the scale where gravity becomes
nonnegligible but another scale. Let us call this new scale the fundamental
scale of gravity Mf . If this new scale would lie much closer to Mw than to
MP the Hierarchy Problem would be resolved. The difference with theories
that are lying in the UV to solve the hierarchy problem is that the different
nature of gravity itself is the answer to the problem. The philosophy of this
attempt is different because instead of giving a UV explanation one answers
the problem by bringing the root of the problem which lies in the UV down
to the IR by introducing new light states and we therefore call these kinds
of solutions “IR solutions”.

So far two models are known that can split MP and Mf and bring Mf

down to the TeV scale and therefore offer a solution to the Hierarchy Problem.
These two models are the so-called Arkani-Hamed-Dimopoulos-Dvali (ADD)
[13, 76, 14] model and the Many Species framework [15, 16]. In the following,
we give a short introduction to these models.

3.2.1 The ADD model and small neutrino masses
The ADD model, also known as Large Extra Dimensions, takes as the first
axiom the existence of n extra spatial dimensions. How this model works
we describe in the following and we rely next to the original papers also on
[77]. These extra dimensions have of course to be compactified because, in
our daily lives, we do not experience the existence of these dimensions. We,
therefore, write the spacetime manifold, M, as

M = M4 ×Kn (3.7)

where M4 is the four-dimensional Minkowski space and Kn is the compact-
ified manifold. In the ADD model, these extra dimensions are compactified
on circles with the radii R1, ..., Rn.

This means that all fields have to be defined in this higher dimensional
space. For simplicity let us demonstrate the effects of the circular compacti-
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fication on a massless scalar field in (4+1) scenario. The results nevertheless
can be generalized to higher-spin fields in more dimensions. First, one im-
poses the boundary conditions

Φ(xµ, Z) = Φ(xµ, Z + 2πR), (3.8)

where xµ is the four dimensional coordinate and Z is the extra dimensional
coordinate. Due to the periodicity of the boundary condition, a Fourier
representation is possible and looks like

Φ(xµ, Z) =
∑

k=0,±1,...

ϕ(xµ)eikZ/R. (3.9)

The expansion coefficients, ϕ(xµ), only depend on the four-dimensional co-
ordinate and are called modes. Using the five-dimensional Klein-Gordon
equation

□5Φ(xµ, Z) =
(
∂2

µ − ∂2

∂Z2

)
Φ(xµ, Z) = 0, (3.10)

and plugging the Fourier expression into this equation one gets(
□4 + k2

R2

)
ϕk(xµ) =

(
∂2

µ + k2

R2

)
ϕk(xµ) = 0. (3.11)

Now something interesting is happening to the originally 5-dimensional mass-
less scalar field. The four-dimensional modes with k ̸= 0 get a mass of

mk = k

R
. (3.12)

The mode with k = 0, also known as zero mode, stays massless and is
accompanied by the massive non-zero modes. This construction of more and
more massive modes on top of the massless zero mode is the so called Kaluza-
Klein tower or KK-tower. This equation can be generalized to a situation
with more extra dimensions of different sizes and then it becomes

mk⃗ =

√√√√ k2
1
R2

1
+ · · · + k2

N

R2
N

. (3.13)

In the ADD model the known SM particles are confined on M4, also called
“brane”, because obviously, these particles do not propagate into these extra
dimensions. This means also that these particles are not accompanied by
a KK-tower. The graviton on the other hand is not charged under the SM
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and can dilute into these extra dimensions. The space spanned by the extra
dimensions we call “bulk”. The action for gravity one can write therefore as

S =
M2+n

f

2

∫
d4x

∫ 2πR

0
dnZ

√
GR4+n, (3.14)

where G is the (4 + n) dimensional metric and R4+n the scalar curvature.
Now we want to investigate this action in two different extreme cases.

First, we turn to the case where the distance we are probing this gravitational
action is much smaller than the radii of the extra dimensions r ≪ R. Then
one can approximate at such distances the geometry as a 4+n dimensional
Minkowski space and this implies that the static gravitational potential looks
like the following

V (r) = − m1m2

r1+nM2+n
f

. (3.15)

In the other case where r ≫ R the gravitons that are probed at this distance
have not enough energy to excite the higher modes of the KK-tower. There-
fore, the only mode of interest is the zero mode and then one can take G being
independent of the Z coordinate. Then one can perform the integration over
the extra dimensions and (3.14) reduces to

1
2M

2+n
f Vn

∫
d4x

√
gR, (3.16)

where g and R are the well known 4-dimensional Minkowski metric and Ricci
scalar respectively. Vn is the volume of the extra space which is

Vn = (2πR)n. (3.17)

Of course we know, that at large distances, the gravitational potential takes
the usual Newton form

V (r) = −GN
m1m2

r
. (3.18)

GN here is the Newtonian constant. In our case we can identify this constant
in our reduced gravitational action (3.16) with

GN = (M2+n
f Vn)−1. (3.19)

A four dimensional observer would, as usual, relate GN with 1/M2
P , and then

the following relation holds

M2+n
f Vn = M2

P . (3.20)
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Now by requiring that the radius of these extra dimensions is reasonably
small in order to not be ruled out immediately we can solve this equation for
R and get

R = 1
2πMf

(
MP

Mf

)2/n

. (3.21)

For a scenario n = 2 and a submillimeter scale for R one sees that Mf

should be around 10 TeV. This scale would be then the cutoff of the SM and
it marks the scale where perturbative QG breaks down not MP . Therefore,
the ADD model solves the Hierarchy Problem.

Let me comment briefly on a widespread misconception about the ADD
model and the hierarchy problem because I have heard this many times
during my Ph.D. time. Some people told me: “The ADD scenario does not
solve the hierarchy problem because it replaces one hierarchy with another.
Instead of the ratio Λ/mHiggs one is left with R/LPlanck”. Going back to the
section dedicated to the hierarchy problem we can immediately see why this
argument is wrong. The thing that makes the hierarchy problem special is
that the Higgs actually gets quantum corrections proportional to the cutoff.
This is the reason why we started worrying in the first place. The parameter
R of the ADD model does not get any quantum corrections of this form and
is therefore not UV-sensitive like the Higgs. This is the core of the problem
and this gets often confused with small value puzzles like why is the electron
Yukawa coupling much smaller than the one of the top quark? Or why is
an ant much smaller than a giraffe? Good questions indeed but intrinsically
different than the hierarchy problem.

Now let us carry on with investigating the ADD model deeper. We want
to go a step further by realizing that the bulk is not just the natural habitat
for the graviton but for any particle that is not charged under SM gauge
group and is therefore also not confined on the brane [13]. The fact that bulk
fields cannot be charged under the SM is a consistency requirement imposed
by gauge invariance and also a feature of the localization mechanism of the
gauge field on the brane [78]. Likewise, when SM gauge fields are localized
on the brane, it inherently excludes the presence of bulk modes carrying
those charges. Notably, sterile neutrinos emerge as prominent examples,
acting as the right-handed counterparts to the familiar left-handed neutrinos
within the SM. This framework can give an alternative way to generate small
neutrino masses as was described in [18, 79].

This mass arises from the mixing between the right-handed component
of a bulk field Ψ and the SM left-handed neutrino νL, which is confined to
the brane.

The field Ψ(x, y) is a function of four space-time coordinates x and N
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extra space coordinates y. It transforms in the spinor representation of the
4 + N -dimensional Poincare symmetry. For simplicity, we shall choose it as
the smallest representation of this sort.

From the perspective of the four-dimensional Lorentz group acting on
space-time coordinates denoted by x, the bulk fermion Ψ encompasses both
chiralities. The procedure for defining a high-dimensional spinor and pro-
jecting it onto a four-dimensional observer on the brane is elucidated in the
appendix of [80].

A notable finding within that context is that 4 +N -dimensional chirality
is exclusively defined in even space-time dimensions. In the current context,
this stipulates that N can be expressed as N = 2n, where n is an integer,
while there is no meaningful definition for chirality when N is expressed as
N = 2n − 1. It is noteworthy that the dimensionalities of the irreducible
massless spinors in both N = 2n and N = 2n− 1 are identical and equal to
22+n−1.

The reduction of a generic 4 +N -dimensional spinor into the irreducible
representations of (4D-Lorentz)×SO(N) symmetry has the following schematic
form,

22+n−1 → 2L × 2n−1 + 2R × 2n−1 , (3.22)
where numbers indicate the dimensionalities of the representations and only
the 4-dimensional chiralities are labeled explicitly by L,R. The chiralities
with respect to the internal SO(N)-symmetry depend on the type of the
initial spinor, as discussed above.

Thus, a massless bulk fermion Ψ under the 4-dimensional Lorentz sym-
metry decomposes into 2n−1 left-handed and 2n−1 right-handed fermions:

Ψ →
∑
A

Ψ(A)
L +

∑
Ā

Ψ(Ā)
R , (3.23)

where A, Ā label the basic SO(N)-spinors 1.
The above decomposition takes place for each KK level separately,

Ψ(x, y) → 1√
VN

∑
k⃗

e
ik⃗y⃗
R

∑
A

Ψ(A)
k⃗,L

(x) +
∑
Ā

Ψ(Ā)
k⃗,R

(x)
 . (3.24)

A bulk fermion Ψ with canonical normalization exhibits a mass dimension of
3+N

2 , while the KK modes denoted as Ψk⃗ possess a mass dimension of 3
2 .

Through dimensional reduction from 4 +N to 4-dimensional space-time,
the extra-dimensional component of the Dirac operator, represented by Ψ̄γ⃗∂⃗yψ,

1That is, indices A, Ā label the types of spinors forming a proper complete basis in the
SO(N) spinor space, not to be confused with a spinor index.
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contributes the Dirac mass terms for the KK modes. During this process, at
each KK level, the left and right chiralities form pairs, giving rise to a tower
of massive Dirac fermions:

∑
k⃗

mk⃗

2n−1∑
A=Ā=1

Ψ̄(A)
k⃗,L

(x)Ψ(Ā)
k⃗,R

(x) . (3.25)

The notation A = Ā is assumed such that the spinors undergo appropriate
filtering through the high-dimensional γ⃗-matrix. Specifically, each non-zero
KK level, denoted as k⃗ ̸= 0, gives rise to 2n−1 massive Dirac fermions.

The fermions corresponding to the KK level k⃗ = 0, they remain massless.
However, a specific superposition of their right-handed components takes on
the role of the right-handed partner of the SM neutrino, imparting a Dirac
mass to the latter. Let us delve into a more detailed discussion of this
phenomenon.

The mass term for the neutrino emerges through a Yukawa-type interac-
tion involving the left-handed lepton doublet L = (νL, eL), the bulk fermion
Ψ, and the Higgs doublet field H = (H0, H−).

Lint = 1
M

N/2
∗

H(x) L̄(x) Ψ(x, y = 0) . (3.26)

The brane is situated at y = 0. The previous expression is presented in a
schematic form and necessitates additional specification.

To ensure the consistency of the four-dimensional effective field theory, a
crucial requirement is its invariance under both the four-dimensional Poincaré
symmetry and the gauge symmetry of the SM.

The invariance of (3.26) under the SM gauge symmetry uniquely fixes Ψ
to be a gauge-neutral degree of freedom.

Simultaneously, the four-dimensional Poincaré invariance dictates that
only the right-handed components Ψ(Ā)

k⃗,R
(x) (or the charge conjugates of the

left-handed ones) of the bulk fermion Ψ are involved in the aforementioned
Yukawa coupling. However, this requirement alone does not completely de-
termine the specific form of the coupling due to the following reason.

As the brane introduces a breaking of the higher-dimensional Poincaré
symmetry, it is not obligated to obey its SO(N) subgroup. Essentially, the
brane functions as a spurion capable of absorbing the SO(N)-spinor index.
In general, the specific manner of this breaking determines the superposition
of bulk spinors Ψ(Ā)

R to which the SM neutrino couples.
Within the framework of the effective field theory, this specific informa-

tion is not readily available. It hinges on factors such as the origin of the
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brane and the dynamics responsible for localizing the 4-dimensional chiral
fermions on it. In our phenomenological analysis, we will consider this as an
external input.

It is noteworthy that the smallness of the SM neutrino’s mass is largely
indifferent to the precise form of the Ψ(Ā)

R superposition to which it couples.
The primary contribution to the neutrino’s mass predominantly arises from
the k⃗ = 0 mode. Nevertheless, the mixing with higher energy states in the
KK tower is influenced by this superposition.

Upon taking into account the Higgs vacuum expectation value ⟨H⟩ =
(v, 0), the above coupling reduces to a mass term that mixes the active left-
handed neutrino, with the tower of KK modes,

Lint = αν ν̄L(x)
∑

k⃗

νk,R , (3.27)

where
αν ≡ v√

MN
∗ VN

, (3.28)

and
νk,R ≡

∑
Ā

cĀΨ(Ā)
k⃗,R

(x), (3.29)

denotes the superposition of spinors from each KK level to which νL mixes.
In general, the coefficients cA can also depend on the level k. However, for the
sake of simplicity, we will make the assumption that the νk,R are eigenstates
of the KK masses. Under this assumption, the orthogonal superpositions
effectively decouple from our problem and can be neglected.

The mixing of νL with the tower of νk,R results in the generation of the
neutrino mass, given by mν ≃ αν

√∑
Ā |cĀ|2 ∼ αν . This mass, for M∗ ∼ Mf ,

is approximately:
mν ∼ vMf

MP

. (3.30)

For Mf ∼ 10TeV, this value is in the right phenomenological ballpark.
The neutrino’s mass is primarily generated through its mixing with the

right-handed components of the k⃗ = 0 level, which themselves lack intrinsic
masses. Nonetheless, the mixing with higher members of the Kaluza-Klein
tower induces oscillations of the neutrino into these states. Such oscillations
can potentially lead to observable effects, as discussed in works such as [18,
79].

Certainly, for simplicity, let us consider the impact of this effect for one
relevant extra dimension with radius R. In this analysis, we will closely follow
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the approach presented in [79]. In this specific case, the indices A and Ā are
not necessary, and we can express the relevant expressions as follows,

Ψ(x, y) = 1√
2πR

k=∞∑
k=−∞

e
iky
R (Ψk,L(x) + Ψk,R(x)) . (3.31)

Notice that the hierarchy Mf/MP ∼ 1015 is still maintained by assuming
the existence of additional N − 1 dimensions with much smaller radii. The
corresponding KK excitations associated with these extra dimensions are
heavy and effectively decouple from the neutrino mass problem.

Due to the degeneracy under the reflection k → −k for each k ̸= 0
level, the active neutrino mixes with the modes νkR ≡ 1√

2(ψk,R + ψ−k,R),
while the orthogonal superpositions, 1√

2(ψk,R − ψ−k,R), decouple and can be
disregarded.

Then, the part of the Lagrangian describing the relevant mass terms is

Mν = αννL

(
ν0R +

√
2

∞∑
k=1

νkR

)
+

∞∑
k=1

k

R
ν̄kLνkR . (3.32)

Thus, we have the mass matrix of the following form,
0 αν

√
2αν

√
2αν ...

0 0 0 0 ...
0 0 1/R 0 ...
0 0 0 2/R ...
... ... ... ... ...

 . (3.33)

Each k ̸= 0 mixes with SM neutrino with an angle given by tanφk = ανR
k

.
Thus, the modes with higher values of k quickly decouple and the main effect
is concentrated in the part of the KK tower with k ∼ 1.

The active (left-handed) SM neutrino represents a superposition of the
mass eigenstates of the form

νL = 1
N

(
ν ′

L +
∞∑

k=1

ανR

k
ν ′

k,L

)
, (3.34)

where N 2 = 1+∑k
(ανR)2

k2 ≃ 1 is a normalization factor. The mixing with the
KK tower results in the oscillations of the active flavor into the KK modes.
The survival probability is

Psurv(t) = |⟨νL|νL(t)⟩|2 = 1
N 4

∣∣∣∣1 +
∞∑

k=1

(ανR)2

k2 exp (iϕk)
∣∣∣∣2. (3.35)
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As a result, we obtain an interference pattern from an infinite number of
oscillating modes with increasing frequencies proportional to k2 and decreas-
ing amplitudes proportional to 1/k2. Due to this behavior, in practice, the
higher-frequency modes can be effectively averaged out, and only a few low-
frequency modes remain observable.

The implications of this phenomenon, particularly for solar neutrinos,
were discussed in detail in [79]. More recent experimental constraints and
updates can be found in [81] and subsequent papers, with the latest bounds
presented in [82].

It is important to note that assuming the alignment of the interaction
(3.29) and mass (3.25) eigenstates, the analysis reproduced above from [79]
can be readily extended to an arbitrary number of relevant dimensions. This
allows for a straightforward generalization of the discussed phenomena in the
context of higher-dimensional scenarios.

Now before we proceed let us discuss current bounds on the ADD model.
In general, there are two parameters of interest that get tested by experi-
ments. The high energy cutoff Mf gets tested at LHC and ATLAS [83] and
CMS [84] give a lower bound to this scale of

Mf ≳ 10TeV . (3.36)

The second parameter is R which can be measured by searching for devia-
tions from Newtons´s law at small lengthscales. Current experiments report
[85, 86, 87, 88]

Rmax ≲ 30µm . (3.37)

3.2.2 Many Species Theory and Small Neutrino Masses
The many species framework is the second case which lowers the scale of QG
to TeV scale. It was developed after the ADD model and in this section, we
want to present first the arguments why the fundamental scale gets lowered
in theories with many light species and then present the mechanism of how
small neutrino masses can be generated.

There is more than one way that can demonstrate the following equation

M2
p ≥ NM2

f , (3.38)

where N is the number of light species. This is the master equation for the
many species framework and one can easily see how it solves the hierarchy
problem by decoupling Mf from MP like the ADD model. One just has to
make N large enough. If one takes N ≈ 1032, Mf is then at the TeV scale.
This fact was first pointed out in the papers [15, 16] and one of the proofs
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presented in these papers I show in the following. The proof has two steps.
First, we will show that the Planck mass obeys the bound

M2
p ≥ NΛ2, (3.39)

where Λ is the mass scale of the introduced species. Then it was shown that
Λ is the scale of new gravitational dynamics proofing (3.38).

Consider N species of the bosonic quantum fields Φj , j = 1, 2, ...N, of
mass Λ. We shall first assume that the system is invariant under an exact
discrete ZN

2 ≡ Z
(1)
2 ×Z

(2)
2 × ...×Z

(N)
2 symmetry, under the independent sign

flips of the fields. That is, under any given Z
(j)
2 -factor only one particular

field changes the sign,Φj → −Φj, whereas all the other fields are invariant.
We shall now prove that in such a case the Planck mass must satisfy the
bound (3.38). In order to prove the relation (3.38) we can perform the
following thought experiment. Taking an arbitrarily large number of N-
species particles, we can prepare an arbitrarily large black hole. This black
hole will carry the information about the amount of the conserved charge
carried by the particles. In order to avoid entering the discussions on the
black hole information loss issues, it is useful to think of these Z2-s as the
gauged discrete symmetries [89, 90, 91]. The information about the absorbed
charge then can be monitored by the Aharonov-Bohm effect at infinity, using
the probe Z2-cosmic strings [92], and cannot be lost. Because the conserved
quantum number is ZN

2 , we can store maximum N units of the charge in
such a black hole. For this, we will need N particles, each belonging to a
different species. Any further increase of the number of the initial particles,
will not increase the amount of the conserved discrete charge stored by the
black hole. Thus, we shall focus on a minimal size black hole carrying the
maximum possible discrete charge. The mass of such a black hole is

MBH = NΛ (3.40)
Because of the conservation, the information about the ZN

2 -charge hosted
by the black hole must be revealed after its evaporation. For a black hole
of the Hawking temperature TH , the probability of the emission of a heavy
particle of mass Λ >> TH is exponentially suppressed by a Boltzmann factor
∼ exp − Λ

TH
. Thus, our black hole with N units of the ZN

2 -charge can start
emitting N-species particles, only after its temperature drops to TH ∼ Λ.
At this point, the mass of the black hole is M∗

BH ∼ M2
P

Λ . Starting from this
moment, the black hole can start revealing back the stored charge, in the
form of the N -species particles. However, by conservation of energy, the
maximum number of particles that can be emitted by the black hole is

nmax ∼ M2
P

Λ2 (3.41)



40 3. Neutrino Physics in TeV Scale Gravity Theories

These states should carry the same ZN
2 -charge as the original N -particles.

Thus, nmax = N , which proves the equation (3.39). In other words, the key
point of the proof is that the amount of the maximal discrete charge that is
stored in the initial black hole scales as N , but the temperature at which the
black hole starts giving back this charge essentially does not scale with N .
Hence the only way to avoid inconsistency is the scaling of the M2

P as ∼ N .
Now one has to do the second step which shows that this scale Λ is the

scale where gravitational physics changes.
To see this, consider a BH with temperature TH ≈ Λ. Let us assume

first that the BH does not carry the conserved charge of species number. In
semi-classical approximation the decay rate of the BH is

dMBH

dt
≈ −NT 2

H (3.42)

Using the relation between the black hole mass and the temperature TH ≈
M2

P/MBH , we can re-express this as

τBH ≈ 1
N

∫ Min

0

M2
BH

M4
P

dMBH (3.43)

where Min is the initial mass, which for the black hole of size Λ−1is Min ≈ M2
P

Λ .
This gives,

τBH ≈ M3
BH

NM4
P

≈ 1
Λ . (3.44)

If the BH has N units of the conserved charge, this calculation has to be
slightly modified to take into account the fact that due to the conservation
of charge, the number of species available for emission decreases as the BH
evaporates. In this case,

dMBH

dt
≈ −n(MBH)T 2

H (3.45)

where n(MBH) = MBH

Λ is the number of available species. Going through
the same steps as above one finds that the lifetime of the BH is again given
by (3.44). The fact that the lifetime becomes comparable to the size of the
BH implies that they cannot be treated as semi-classical four-dimensional
BHs with well-defined Hawking temperature, since the temperature TH itself
changes on the time-scale ≈ T−1

H . Therefore, we conclude that Λ determines
the critical scale beyond which new gravitational dynamics must appear and
we can identify Λ = MF .

This is one argument but more have been given in the papers [15, 16,
93, 94, 95]. This new scale of gravity has been incorporated in string theory
where it is known as the “species scale” [94, 95].
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The first specific model that used this mechanism to solve the hierarchy
problem was the Dvali-Redi (DR) model which introduced 1032 SM copies
as the largest possible extension of the SM [17]. In this model, it was also
demonstrated how small neutrino masses can be generated and we present
its results in the following.

As already said, the framework represents N identical copies of the SM.
The copies are permuted under P (N). It is useful to visualize the copies
as placed on equidistant sites in the space of species. Fermions of each
sector are charged under their own gauge group. The exceptions are sterile
neutrinos, which represent the right-handed partners of corresponding active
left-handed neutrinos. We shall denote them by νRj, where j = 1, 2, ..., N
is the label of the SM copy. These particles do not carry any charges under
the SM gauge groups. Thus the notion of “belonging” is defined by their
transformation properties under the permutation group P (N) as well as by
their couplings to particles of specific SM copies. In particular, the gauge
charges do not forbid sterile neutrinos to interact with neutrinos of the other
copies. One can say that sterile neutrinos are not confined to specific sites
in the space of species. The most generic renormalizable coupling has the
following structure,

(HL)iλijνRj + h.c., (3.46)

where H and L stand for the Higgs and lepton doublets of the i-th copy.
Here λij is a N ×N Yukawa matrix interaction in the space of species. This
Yukawa coupling matrix is restricted by the permutation symmetry group
P (N) and has therefore the following form:

λij =


a b b . . .
b a b . . .
b b a . . .

. . . . . . . . .
. . .

 . (3.47)

For the calculation of the mass matrix of neutrinos, one has to have a closer
look at the Higgs doublet Hi. The simplest case for calculation is when the
permutation symmetry is unbroken by the electroweak vacua. This means,
that the VEV of the Higgs doublet in every copy of the SM takes the same
value v. In this section, we shall focus on this case. The generalization to
the case of broken permutation symmetry will be given later.

For now, let us, therefore, take v as the VEV of the Higgses for all copies.
Then, the mass matrix takes the form mij = λijv.

This mass matrix has the eigenvalues

m′
1 = (a− b)v, (3.48)
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mH = [a+ (N − 1)b]v, (3.49)

corresponding to the eigenvectors

ν ′
1 =

√
N − 1
N

ν1 − 1√
N
νh, (3.50)

and

νH = 1√
N
ν1 +

√
N − 1
N

νh. (3.51)

It is worth noticing for later convenience that the light eigenvalue is N − 1
times degenerated. Because

b ≤ 1√
N
, (3.52)

and a ≈ 1000b we see that the mass of the neutrino is suppressed by the
number of species. The mechanism presented here can explain the smallness
of the neutrino mass but has no phenomenological implications which can be
tested by experiments due to the huge mass of the heavy state which scales
with the number of species which is of order N ≈ 1032.

Before we proceed to the basics of neutrino oscillations let me mention
here that additionally to the ADDM and DR model there exists another IR
attempt to solve the neutrino mass problem via the gravitational anomaly
[96] which will be not discussed in this work. In the following, I will focus
on TeV scale gravity theories which have a different motivation rooted in the
hierarchy problem.

3.3 Basics of Neutrino Oscillation
In this part, the theoretical background of Neutrino Oscillation is described.
For more detailed references see the reviews I am relying on [97, 98]. Neutrino
oscillation is an observed phenomenon that shows that neutrinos can change
their favor without collisions. The reason for this is in principle a rather
simple quantum mechanical phenomenon.

For demonstration let us assume a quantum mechanical 2-level system
with the stationary states |Ψ1⟩ and |Ψ2⟩. Then their time evolution is

|Ψi(t)⟩ = e−iEit |Ψi⟩ . (3.53)

If one takes the following initial state

|Ψ(0)⟩ = a |Ψ1⟩ + b |Ψ2⟩ , (3.54)
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and let it evolve in time it looks like

|Ψ(t)⟩ = ae−iEit |Ψ1⟩ + be−iE2t |Ψ2⟩ . (3.55)

The probability of finding the system in the initial state after time t can be
calculated then like

Psurv = | ⟨Ψ(0)| | |Ψ(t)⟩ |2 = ||a|2e−iE1t |Ψ1⟩ + |b|2e−iE2t |Ψ2⟩ |2

= 1 − 4|a|2|b|2 sin2[(E2 − E1)t/2]. (3.56)

A similar calculation one has to do for neutrinos. The crucial point is that the
initial state is a superposition of the energy eigenstates. In the case of neutri-
nos, the interplay between different states is caused by the flavor and the mass
basis. Therefore, a neutrino of a given flavor is a superposition of different
mass eigenstates. In the SM the connection between flavor and the mass basis
in the leptonic sector are given by the Pontecorvo-Maki-Nakagawa-Sakata-
Matrix U which is the analogue of the Cabibbo-Kobayashi-Maskawa-Matrix
of the quark sector.

Therefore, one can write the flavor eigenstates as

|να⟩ =
∑

i

U∗
αi |νi⟩ , (3.57)

where α stands for the flavor and i for the mass eigenstates. From this one
can find the general expressions for oscillation as

Pαβ = |
∑

i

Uβie
−i

∆m2
ik

2p
LU∗

αi|2, (3.58)

where L is the propagation length of the neutrinos, ∆m2
ik = m2

i −m2
k is the

mass splitting and p is the momentum. In the 2 × 2 case of mixing between
two different flavors the survival probability becomes

Pα→α = 1 − 4|Uα2|2(1 − |U2
α2|) sin2

(
∆m2L

2E

)
. (3.59)

The core of the mechanism we have now understood in the previous exam-
ple. Nevertheless, the case for neutrinos is slightly more complicated because
we know from Quantum Mechanics that particles are described by a wave
packet. But let us start with describing the neutrino by plane waves and do
the generalization to a wave packet afterward. The time-evolved state of a
neutrino looks then like the following

|ν(t, x⃗)⟩ =
∑

i

U∗
αie

−ipix |νmass
i ⟩ (3.60)
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Figure 3.2: Comparison between a plane wave (left) and a wave packet (right)
[98].

The phase factor every mass eigenstate picks up is e−iϕi with

ϕi = Eit− p⃗ix⃗. (3.61)

Physical relevance is the relative phase between the different mass eigen-
states. Therefore, one is interested in the differences of the phases of the
mass eigenstates and one has to calculate ∆ϕik as

∆ϕik = ∆Eikt− ∆p⃗ikx⃗. (3.62)

Due to the different masses of the eigenstates, they cannot have the same
energy and momentum but usually, one either assumes the same energy or
momentum to simplify the calculation. Both lead to the same result. So
let us take ∆p⃗ = 0 and plug it in (3.62). Together with the approximation
for ultra-relativistic neutrinos, Ei =

√
p⃗2 +m2

i ≈ p + m2
i

2p
one gets for the

oscillation phase

∆ϕ = ∆E ≈ ∆m2

2p t, (3.63)

where we suppressed the indices. Because neutrinos are relativistic one can
do the replacement t ≈ L and we find the oscillating phase like in the sin in
(3.59).

This ansatz is called the “Same Momentum Approach”. Similarly, there
is a “Same Energy Approach” which leads to the same result. In general,
this result is correct even with the unnatural plane wave assumption. A more
elaborate way of describing neutrinos is via a wave packet approach.

Figure 3.2 shows the differences between a plane wave description and
a wave packet approach. In the latter model, one is able to describe local
particles with a momentum p⃗0 and a momentum spread of σp. With the
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Heisenberg uncertainty follows σp ≥ 1/σx. A free particle with momentum
spread, location spread σx and a mass mi is described by

Ψi(t, x⃗) =
∫ d3p

(2π)3fp⃗0(p⃗)eip⃗x⃗−iEi(p)t. (3.64)

Here fp⃗0 is the momentum distribution. Its form is usually taken to be a
Gaussian

fp⃗0 = 1
(2πσ2

p)3/4 e
− (p⃗−p⃗0)2

4σ2
p . (3.65)

When one neglects the spreading of the packet and calculates the wave packet
from (3.64) the result is

Ψi(t, x⃗) = eip⃗0x⃗−iEi(p0)t 1
(2πσ2

p)3/4 e
−

(x⃗−v⃗git)2

4σ2
x , (3.66)

with the group velocity v⃗gi = [∂Ei(p)/∂p⃗]p⃗=p⃗0 = p⃗0/Ei(p⃗0). With this, we
can write down an evolved expression of the neutrino state

|ν(x⃗, t)⟩ =
∑

i

U∗
αi |νi(x⃗, t)⟩ =

∑
i

U∗
αiΨi(x⃗, t) |νi⟩ . (3.67)

In order now to calculate the correct oscillation phase for the wave packet
approach one has to take into account that usually neutrinos are highly
relativistic or/and the masses of the mass eigenstates are nearly degenerate.
So one can do the following expansion

∆E = ∂E

∂p
∆p+ ∂E

∂m2 ∆m2 = vg∆p+ 1
2E∆m2. (3.68)

Plugging this into (3.62) results in

∆ϕ = −(L− vgt)∆p+ ∆m2

2E t. (3.69)

One immediately sees that adopting the same momentum approach leads
again to the standard oscillation phase. Moreover, the factor (L−vgt) cannot
exceed σx because otherwise, the wave function goes to 0. Therefore, the first
term is small and leads to

σx|∆p| ≪ 1. (3.70)
With the Heisenberg uncertainty one gets

|∆p| ≪ σp. (3.71)
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If one uses the same energy approach and follows the same procedure one
finds

|∆E| ≪ σE. (3.72)

These are necessary conditions that must be satisfied to make neutrino
oscillations possible. This is one of the properties of neutrino oscillations
which one can just obtain by the more elaborated wave packet approach.
Nevertheless, for almost all practical purposes the first term of the equation
(3.69) is negligibly small and the oscillation conditions are satisfied for sure.

The effect of neutrino oscillation appears basically because of the small
∆m of the mass eigenstates one cannot choose a specific eigenstate due to
the QM uncertainties. So as long as the uncertainties are bigger than ∆m
the effect appears. Because the masses are fixed on just has to worry about
the changing of the QM uncertainties. They are influenced by three events.
These are the production, the detection, and the propagation of the neutrinos
between the two locations. First, we focus on the production and detection
process.

The uncertainties in the production or detection process are σE and σp.
When we assume that the uncertainties are independent of E2 = p⃗2 + m2

and choose the process with the smaller uncertainty one gets the minimal
uncertainty of

σm2 = [(2EσE)2 + (2pσp)2]1/2. (3.73)

As long this quantity satisfies σm2 ≫ |∆m2| it is impossible to resolve the
different mass eigenstates. If the mass differences are too large the oscillation
effect gets suppressed. This is also the reason why leptons do not oscillate
due to their large masses which are much bigger than their QM uncertainties.
The fact that a too accurate measurement of neutrino energy and momentum
destroys neutrino oscillation was first shown in [99].

Another way the coherence of the wave packet could be lost is due to the
propagation of the wave packet [100]. Because of the different masses, the
group velocities of the different eigenstates that compose are flavor eigen-
state are different. Therefore, the wave packet separates due to the velocity
difference ∆vg. If the spatial separation exceeds σx coherence and therefore
neutrino oscillation is lost. With this picture, one can define the coherence
length lcoh and time tcoh which gives the information until coherence holds
and when the wave packet starts losing it. The conditions are

∆vgtcoh ≃ σx, (3.74)

with
lcoh ≃ vgtcoh. (3.75)
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Here vg stands for the averaged group velocity of the different mass eigen-
states. For ultra relativistic neutrinos ∆vg = ∆m2

2E2 holds and one gets

lcoh ≃ vg

|∆vg|
σx ≃ 2E2

|∆m2|σx

. (3.76)

Recapitulating the discovered conditions for oscillations we have now two
different restrictions on them. First, one has to ensure that in the produc-
tion and detection, a coherent state is produced or detected respectively. The
second part is the loss of coherence due to propagation in space. Now we
compare them with each other and check if they can be satisfied simultane-
ously. Taking the production/detection condition ∆E ≪ σE and L ≪ lcoh
one gets for ∆m2

∆E ∼ ∆m2

2E ≪ σE (3.77)

and
∆m2

2E2 L ≪ σx ≃ vg/σE. (3.78)

Therefore, one finds the necessary condition for oscillation

∆m2

2E ≪ σE ≪ 2E2

∆m2L
. (3.79)

3.4 Neutrino Physics in TeV Scale gravity The-
ories

In this section we present the results of my work which was published in [2]
and we rely on it very closely in the following. In this project, I worked out
a general framework for how neutrino physics can be treated in TeV scale
Quantum Gravity theories as ADDM or the DR model are. Moreover, we will
generalize this framework to a realistic three-flavour case and investigate their
effects on low-energy phenomena and observables such as neutrino oscillations
into the hidden modes and possible deviations from the Standard Model
PMNS matrix which can be tested by nowadays experiments.

3.4.1 Generalisation of Neutrino Masses
We have demonstrated that in ADDM and in DR one can generate small
neutrino masses by introducing a right-handed neutrino which is uncharged
under the SM gauge group and can therefore propagate into an additional
space which was introduced in this class of theories. In the case of ADDM,
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this space is represented by the bulk of large extra dimensions, and in the
DR it is described as the “space of species”. In both cases, the neutrino mass
is suppressed by the large effective volume of this extra space.

This common structure we want to investigate further. We shall make
a rather general assumption regarding the presence of an additional space
through which the sterile neutrino can propagate. Also, we assume that this
extra space lowers the scale of gravity via

M2
∗ = M2

P

Λ , (3.80)

where Λ is the volume of the extra space measured in fundamental units. In
ADDM the size of the extra space is a function of R Λ(R) and in DR of N
Λ(N).

The underlying assumption here is that particles devoid of any charge
under the Standard Model gauge symmetries have the capability to move
through this additional space. Essentially, their interactions and couplings
are distributed relatively evenly throughout this space. Consequently, their
coupling to individual copies is suppressed.

Within the established framework, two potential candidates for such par-
ticles emerge. Firstly, the graviton is a natural choice since gravity exhibits
universal interactions. The second candidate is the sterile neutrino. Cur-
rently, it remains uncertain whether the neutrino is purely a Majorana par-
ticle. If it is not, it implies the existence of a sterile partner denoted as νR,
which, when combined with the standard left-handed neutrino, forms a Dirac
state. This sterile neutrino does not carry any gauge quantum numbers as-
sociated with the Standard Model group. Consequently, it is not constrained
to the location of our Standard Model, similar to gravity. These particles
can disperse throughout the entire extra space, regardless of whether that
space represents extra spatial dimensions or the space of species.

This natural dispersion results in a suppression of the coupling between
the sterile fermion and the Standard Model neutrino, leading to the gener-
ation of a small Dirac mass. The reduced coupling with numerous mixing
partners is a consequence of the principle of unitarity and was demonstrated
in a prior study [101]. This is the key mechanism behind the small neutrino
mass both in ADDM [18] as well as in DR [17].

A possible operator for neutrino mass of the SM neutrino is the Dirac
operator

yHν̄LνR, (3.81)

where y is a Yukawa coupling and H is the SM Higgs doublet. In this frame-
work, the left-handed neutrinos of the Standard Model have the capacity to
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mix with various types of right-handed neutrinos that reside in the additional
space. So νR is a superposition of all possible mixing partners

νR = 1√
Λ
∑

n

cnνnR . (3.82)

Of course, the superposition has to be normalized and this depends on the size
of the extra space the right-handed neutrinos live in. Therefore the different
contributions of all mixing partners have to be divided by the volume of
space in which they can propagate. The resulting form of (3.81) is then

yHν̄LνR = yv√
Λ
ν̄L

∑
n

cnνnR . (3.83)

With (3.80) one gets
Mf

MP

yvν̄L

∑
n

cnνnR. (3.84)

The factor in front of the operator represents the effective Dirac mass of
neutrino which we can denote by

mD = Mf

MP

yv . (3.85)

I would like to emphasize that this prefactor is subject to suppression by
the Planck mass. As a result, it generates a small Dirac mass for neutrinos.
This mechanism encapsulates a fundamental method for generating small
neutrino masses within the ADDM framework [18] and the DR framework
[17], in a manner that transcends specific theories. Thus, it becomes apparent
that the small mass of neutrinos is an inherent property of this class of
theories.

What sets this approach apart is that the suppression of the neutrino mass
arises from the dimensions of the extra space to which the sterile neutrino can
propagate. This is distinct from the commonly used method of introducing a
heavy Majorana particle, as in the case of the see-saw mechanism. In essence,
the solution we present for the smallness of neutrino mass operates in the
infrared domain rather than relying on an ultraviolet solution involving the
introduction of an exceedingly heavy particle.

Of course, such mixing can also occur between νRj and the left-handed
inhabitants, νLi, of the extra space. Therefore, we also include the mass
terms of the following form,

mij ν̄LiνRj. (3.86)
Let us label the neutrino of the SM with i = 1. Moreover, let us assume

that the interactions among certain pairs of neutrinos are stronger than the
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mixing with other types. We shall organize such mass terms as the diagonal
entries mii. Correspondingly the off-diagonal entries µij will denote mixings
with other species. The resulting mass matrix is

mD µ12 . . . . . .
µ21 m22 µ23 . . .
... . . .

. . . . . .

 , (3.87)

with µ1i = cimD, and we ordered the diagonal entries according to their
hierarchy

mD < m22 < · · · < mkk. (3.88)
Assuming that the mixing angles, due to off-diagonal entries, are small,

we can split this matrix into the diagonal and off-diagonal parts and treat
the latter one as a perturbation

mD µ12 . . . . . .
µ21 m22 µ23 . . .
... . . .

. . . . . .

 =


mD 0 . . . . . .
0 m22 0 . . .
... . . .

. . . . . .

+


0 µ12 . . . . . .
µ21 0 µ23 . . .
... . . .

. . . . . .

 ,
(3.89)

and we denote

V ≡


0 µ12 . . . . . .
µ21 0 µ23 . . .
... . . .

. . . . . .

 . (3.90)

With this, we find that the eigenvalues do not become corrected in the first
order in mixing

mi = mii + ⟨ni|V |ni⟩ = mii + O2. (3.91)
The correction to the mass eigenstates has the following form

|m1⟩ = |1(0)⟩ +
∑
k=2

µ1k

m
(0)
1 −m

(0)
k

|k(0)⟩ , (3.92)

where the |n⟩ are the eigenstates of the unperturbed matrix. Of course, one
has to normalise the expression with

Norm2 = 1 +
∑
k ̸=n

( µnk

m
(0)
n −m

(0)
k

)2. (3.93)

This leads then to the following expression for the mass eigenstates

|m⃗⟩ =


1 µ12

m1−m2
. . .

µ21
m2−m1

1 . . .
... . . .

. . .

 |n⃗⟩ , (3.94)
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symbolically
|m⃗⟩ = U |n⃗⟩ . (3.95)

Now one has to invert U in order to find the expression for the space states.
In order to invert the matrix U, we use the equation

(A+X)−1 = A−1 + Y, (3.96)

with
Y = −A−1XA−1, (3.97)

and X being in this case the perturbation matrix V. One, therefore, gets for
U−1

U−1 =


1 − µ12

m1−m2
. . .

− µ21
m2−m1

1 . . .
... . . .

. . .

 . (3.98)

This is how the mixing with the states of extra space takes place in the case
of a single flavour of SM neutrino. In particular, the above reproduces the
results of such mixings in ADDM [18] and in DR [17] for the case of a single
flavour.

3.4.2 Generalisation to three flavour case
Let us now extend our discussion to the scenario with three flavors of SM
neutrinos. The most straightforward, though somewhat unrealistic, case oc-
curs when each of the three flavor neutrinos has its distinct mixing partners
within the extra space. In such a scenario, the mass matrix assumes the
following block-diagonal structure

M =

Me 0 0
0 Mµ 0
0 0 Mτ

 , (3.99)

where the Mα stands for the mass matrices of the different flavours. Each
of them has a form analogous to (3.87). Certainly, we must consider mixing
among the different flavors of neutrinos to maintain phenomenological con-
sistency, especially in enabling the three-flavor neutrino oscillations within
the Standard Model. To accommodate this phenomenon, we need to deviate
from the block-diagonal structure mentioned earlier. We therefore write,

M =

Me eµ eτ
eµ Mµ µτ
eτ µτ Mτ

 , (3.100)
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where we denote with the αβ (α, β = e, µ, τ) entries the mixing matrices
among the different space state partners of different flavours. To enhance
the accuracy of the perturbative calculation, we handle the mixing of flavor
ground states, which includes the direct mixing among Standard Model neu-
trinos, as a component of the perturbed matrix itself, rather than incorporat-
ing it into the perturbation matrix V. This leads to the following expressions
for the mass eigenstates of the three active neutrinos (we denoted the entries
of the SM-like mixing elements as U−1

ei )

|me
1⟩ = U−1

e1 |e⟩+U−1
e2 |µ⟩+U−1

e3 |τ⟩+
∑
k=2

U−1
e1 µ

e
1k + U−1

e2 eµ1k + U−1
e3 eτ1k

me
1 −me

k

|ke
1⟩ +

∑
k=2

U−1
e1 eµ1k + U−1

e2 µ
µ
1k + U−1

e3 µτ1k

me
1 −mµ

k

|kµ
1 ⟩+

∑
k=2

U−1
e1 eτ1k + U−1

e2 µτ1k + U−1
e3 µ

τ
1k

me
1 −mτ

k

|kτ
1⟩ .

(3.101)

This expression represents the mass eigenstate corresponding to the light-
est neutrino, which we associate with the primary mass eigenstate for the
electron neutrino. To proceed, we need to invert this expression in a similar
manner to the one-flavor case and in order to do so we assume that

Ue1 >> Ue2, Ue3 >> eµ1i, eτ1i. (3.102)

Then we can write the interaction eigenstate approximately as

|νe⟩ = Ue1 |me
1⟩+Ue2 |mµ

1⟩+Ue3 |mτ
1⟩−Ue1(

∑
k=2

U−1
e1 µ

e
1k + U−1

e2 eµ1k + U−1
e3 eτ1k

me
1 −me

k

|me
k⟩

+
∑
k=2

U−1
e1 eµ1k + U−1

e2 µ
µ
1k + U−1

e3 µτ1k

me
1 −mµ

k

|mµ
k⟩+

∑
k=2

U−1
e1 eτ1k + U−1

e2 µτ1k + U−1
e3 µ

τ
1k

me
1 −mτ

k

|mτ
k⟩).

(3.103)

If we assume that Uei are already normalized, the normalisation looks as
follows,
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N2
e = 1 + Ue1

(∑
k=2

U−1
e1 µ

e
1k + U−1

e2 eµ1k + U−1
e3 eτ1k

me
1 −me

k

)2

+

(∑
k=2

U−1
e1 eµ1k + U−1

e2 µ
µ
1k + U−1

e3 µτ1k

me
1 −mµ

k

)2

+
(∑

k=2

U−1
e1 eτ1k + U−1

e2 µτ1k + U−1
e3 µ

τ
1k

me
1 −mτ

k

)2

.

(3.104)

We can further simplify the expression for the flavor neutrino by making
the assumption that the masses of the bulk states in the diagonal entries are
identical for all flavors. This means that

me
k = mµ

k = mτ
k = mk. (3.105)

We also want to assume that different cross-mixing elements among different
flavours have the same structure as the mixing of bulk states with their own
flavour. This means that also the mixing parts αβ1k and µα

1k look like

µα
1k = µf(mα

D), (3.106)
with the same overall constant µ and the same function f depending on the
induced Dirac mass just differing by the argument. This leads then to the
following expression for the flavour eigenstate

|νe⟩ = Ue1 |me
1⟩+Ue2 |mµ

1⟩+Ue3 |mτ
1⟩−Ue1

3∑
α=1

∑
k=1

µe
1kU

−1
e1 + µµ

1kU
−1
e2 + µτ

1kU
−1
e3

me −mk

|kα⟩ .

(3.107)
Now let us drop the assumption (3.102) and give for the simplified equa-

tion (3.107) the expression for a larger cross mixing among the SM neutrinos
which is a more realistic scenario. Then the equation gets modified in the
following way

|νe⟩ = Ue1 |me
1⟩ + Ue2 |mµ

1⟩ + Ue3 |mτ
1⟩ −

3∑
α=1

∑
k=1

−→
Ue

−→
C

me −mk

|kα⟩ , (3.108)

with
−→
Ue =

Ue1
Ue2
Ue3

 , (3.109)

and
−→
C =

µ
e
1kU

−1
e1 + µµ

1kU
−1
e2 + µτ

1kU
−1
e3

µe
1kU

−1
µ1 + µµ

1kU
−1
µ2 + µτ

1kU
−1
µ3

µe
1kU

−1
τ1 + µµ

1kU
−1
τ2 + µτ

1kU
−1
τ3

 . (3.110)
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In an analog way, the equation (3.103) can get modified.
Having established these analytical tools, we can now compute a compre-

hensive expression for a flavor eigenstate of a neutrino that undergoes mixing
with a significant number of additional states, while also considering mixings
with other flavor states. This approach, which we have applied to non-
degenerate, non-perturbed eigenstates, is applicable to the ADDM scenario,
and through cross-verification, we can reproduce the one-flavor equation pre-
viously derived in [79].

In the subsequent section, we will demonstrate how to compute the flavor
states in the case of a highly degenerate mass matrix, which is of particular
relevance to the DR scenario.

3.4.3 Highly Symmetric Mass Matrices
Up to this point, we have explored the scenario of a very general mass matrix
that includes mixing with all the states within the extra space. However, it
is also valuable to examine cases where these mass matrices exhibit specific
structures and high levels of symmetry. An illustrative instance of this is the
“Many Species Theory”, which involves exact copies of the Standard Model.

Now, we will outline an approach to handle matrices of this kind when
they are organized into blocks within the mass matrix. To illustrate this
method without loss of generality, we will use the example of the DR scenario.

In the DR scenario, the arrangement of various copies of the Standard
Model can be based on the vacuum expectation values (VEVs) of the Higgs
doublets. It is important to note that even if these copies obey a strict
permutation symmetry, the VEVs of the Higgs doublets can spontaneously
break this symmetry. This occurs because, due to the low cutoff and cross-
couplings among different doublets, the potential can admit vacua where
Higgs doublets from different copies exhibit distinct VEVs, represented as
⟨Hj⟩ = vj.

Also, because in principle a Majorana mass term for neutrinos is not
forbidden neither by gauge nor by permutation symmetry, we will investigate
additionally to the common Dirac operator

(HL)iλijνRj, (3.111)

also a Weinberg operator of the form

(L̄ciσ2H)iλij(Hiσ2L)j . (3.112)

In this context, the indices i and j denote different copies, and L represents
the SU(2) doublet, with σ2 operating within this space. As previously men-
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tioned, we assume that Yukawa couplings adhere to the P (N)-symmetry,
and consequently, they adopt the form as described in equation (3.47).

It is important to recognize that the operators described in equation
(3.112) explicitly break global lepton number symmetries.

The crucial step is to allocate distinct Higgs VEVs to individual Standard
Model copies. We organize the copies with the same VEVs into diagonal
blocks within the neutrino mass matrix.

Now, let us consider a minimal scenario of this nature in which the VEVs
can adopt two possible values, denoted as v and v′. In this setup, we select
a subgroup with a size of N , where N is less than the total number of
species, denoted as NT OT AL. To this subgroup, we assign the VEV v, while
the remaining species, which amount to M species (M = NT OT AL −N), are
assigned the VEV v′.This assignment can be expressed as,

vi =

v for i ≤ N

v′ for i > N .
(3.113)

Taking this into account and plugging it into the operators (3.111) and
(3.112) one gets the following mass matrices respectively

MMajorana =



av2 bv2 bv2 ... bv2 bv′v ... bv′v

bv2 av2 bv2 ... bv2 ... . . . ...
... . . . ... ... . . . ...
bv2 ... av2 bv′v ... bv′v

bv′v ... bv′v av′2 bv′2 bv′2 ... bv′2

... . . . ... bv′2 av′2 bv′2 ... bv′2

... . . . ... ... . . . ...
bv′v ... bv′v bv′2 ... av′2



,

(3.114)
and

MDirac =



av bv bv ... bv bv ... bv

bv av bv ... bv
... . . . ...

... . . . ... ... . . . ...
bv ... av bv ... bv
bv′ ... bv′ av′ bv′ bv′ ... bv′

... . . . ... bv′ av′ bv′ ... bv′

... . . . ... ... . . . ...
bv′ ... bv′ bv′ ... av′


. (3.115)
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The diagonalization of the above mass matrices will be performed in the next
section.

Diagonalizing of the Majorana mass matrices

In this section, we will diagonalize the Majorana mass matrices. Due to the
complexity of the resulting expressions, the diagonalization procedure will
be conducted within certain limits. The two limits which will be discussed
are v′ ≫ v, and N ≫ M or vice versa.

The symmetric breaking limit of the mass matrix

Here the focus lies on the Majorana mass matrix (3.114) and we make the as-
sumption that the breaking of P (N) is into two equally large sectors, M = N .
In order to simplify the resulting equations even further, we will also assume
that v′ ≫ v. we put the value v′ close to the cutoff of the theory which is
∼TeV. This will lead later to very interesting phenomenological implications.

We start diagonalizing (3.114) noticing that it is a 2 × 2 block matrix.
As the first step, we multiply the matrix with the following transformation
matrix

U ′ =
(
S 0
0 S

)
, (3.116)

where S is the diagonalization matrix of a matrix of just ones (a matrix with
the same entry everywhere)

S =


1 −1 . . . . . .
... 1 0 . . .
... 0 . . . 0 . . .

 . (3.117)

This leads then to the following expression

U ′−1MMajoranaU ′ = U ′−1
(
A B
C D

)
U ′ =

(
S−1AS S−1BS
S−1CS S−1DS

)
, (3.118)

where the matrices A, B, D, and C denote the block entries of the mass
matrix. One can separate the diagonal entries of the matrices A and D from
the rest of the matrix and turn this one into a matrix with just the same
entry

A = vλij =


(a− b)v2 0 . . .

0 . . . 0
... . . . (a− b)v2

+


bv2 . . . . . .
... . . . ...
... . . . bv2

 . (3.119)
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The diagonal part commutes with S and one is therefore left with the fol-
lowing matrix

(a− b)v2 +Nbv2 0 . . . Nbvv′ 0 . . . 0
0 (a− b)v2 0 . . . 0 . . . 0
... 0 . . . 0 . . . 0

Nbvv′ 0 . . . (a− b)v′2 +Nbv′2 0 . . . 0
0 . . . 0 (a− b)v′2 . . . 0
0 . . . . . . 0 . . . 0


.

(3.120)
Now one can take out the diagonal element and can bring it down to a

2 × 2 matrix of the following form(
Nbv2 Nbvv′

Nbvv′ Nbv′2 + (a− b)(v′2 − v2)

)
. (3.121)

In order to find the mass eigenstates, one has to manipulate (3.120) fur-
ther with the following rotation matrix,(

cos(θ) sin(θ)
−sin(θ) cos(θ)

)
, (3.122)

with the rotation angle

θ = 1
2 arctan(2 vv′

v′2 − v2 ) . (3.123)

The rotation matrix multiplied with the U ′ matrix gives the transformation
matrix of the mass matrix. The result is

U =



cos(θ) −1 . . . −1 sin(θ) 0 . . .
cos(θ) 1 0 . . . sin(θ) 0 . . .

... 0 . . . ... 0 . . .
−sin(θ) 0 . . . 0 cos(θ) −1 . . .

... 0 . . . 0 ... 1 0 . . .

 . (3.124)

From this analysis, it becomes evident that only two states are influenced by
the symmetry breaking, while the others remain degenerate with eigenvalues
of (a−b)v2 and (a−b)v′2 . Consequently, we can express the new heavy states
in terms of the heavy states of the unbroken permutation subset, which we
have previously encountered in equations (3.50) and (3.51). To facilitate
the simplification of the rotation angle described in equation (3.123), we
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will utilize the limit where v′ is much larger than v. The result is then the
following

nb
H = nH − v

v′ ñH , (3.125)

ñb
H = ñH + v

v′nH , (3.126)

where we used tilde for the v′ sector. When one solves now for species states
of the two different sectors one gets the following two expressions

n1 =
√
N − 1
N

n′
1 + 1√

N
nb

H + 1√
N

v

v′ ñ
b
H , (3.127)

(notice that for the sake of simplicity the overall normalization factor is
suppressed)

nN+1 =
√
N − 1
N

ñ′
1 + 1√

N
ñb

H − 1√
N

v

v′n
b
H , (3.128)

with the Eigenvalues of the mass eigenstates:

m′
1 = (a− b)v2, (3.129)

m̃′
1 = (a− b)v′2 , (3.130)

mH = 2(a− b)v2, (3.131)

m̃H > MP . (3.132)

This is indeed an intriguing result with significant implications for phe-
nomenology, which we will examine more closely later on. It is worth noting
that the shared heavy eigenstate nH has a mass that is independent of N ,
which is a departure from the original mechanism. This implies that the
common heavy eigenstate is not extremely heavy, making neutrino oscilla-
tions into this state a feasible phenomenon.

Asymmetric breaking pattern with a large heavy sector

It is possible to break the symmetry in such a way that the sectors include
different numbers of copies, where N represents the sector with a VEV of v,
and M corresponds to the sector with a VEV of v′. To keep the expressions
for the final results in a simplified form, we consider the limit Mv′2 ≫ Nv2.
After repeating the same diagonalization procedure, the matrix (3.120) in
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this case has the following form

(a− b)v2 +Nbv2 0 . . . Mbvv′ 0 . . . 0
0 (a− b)v2 0 . . . 0 . . . 0
... 0 . . . 0 . . . 0

Nbvv′ 0 . . . (a− b)v′2 +Mbv′2 0 . . . 0
0 . . . 0 (a− b)v′2 . . . 0
0 . . . . . . 0 . . . 0


.

(3.133)
Before we can perform the rotation, we have to make an intermediate

step which brings the off-diagonal entries to the same value. Therefore one
applies another transformation matrix of the following form

1 0 . . . . . . . . . . . .

0 . . . 0 . . . . . . . . .
... . . . κ 0 . . . . . .
... . . . 0 1 0 . . .
... . . . . . . 0 . . . 0


, (3.134)

with κ being

κ =
√
N

M
. (3.135)

After this procedure the off-diagonal entries are equal and one can perform
the rotation like in the symmetric case. Correspondingly one gets a mixing
angle of the following form

θ = 1
2 arctan(−2

√
N

√
Mbvv′

Nbv2 −Mbv′2 ). (3.136)

The resulting transformation matrix is

U =



cos(θ) −1 . . . −1 sin(θ) 0 . . .
cos(θ) 1 0 . . . sin(θ) 0 . . .

... 0 . . . ... 0 . . .
−κsin(θ) 0 . . . 0 κcos(θ) −1 . . .

... 0 . . . 0 ... 1 0 . . .

 . (3.137)

and θ simplified to

θ =
√
N

M

v

v′ . (3.138)
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The resulting mass eigenstates are then

nb
H = nH − N

M

v

v′ ñH , (3.139)

ñb
H = ñH + v

v′nH , (3.140)

with the eigenvalues
mH = (a− b)v2, (3.141)
m̃H > MP . (3.142)

The corresponding copy eigenstates are

n1 =
√
N − 1
N

n′
1 + 1√

N
nb

H + 1√
N

N

M

v

v′ ñ
b
H , (3.143)

nN+1 =
√
M − 1
M

ñ′
1 + 1√

M
ñb

H − 1√
M

v

v′n
b
H . (3.144)

We see that the mass mH is the same as for the degenerated mass eigen-
states.

Asymmetric breaking pattern with a large light sector

One can also investigate the case with a large light sector Nv2 ≫ Mv′2 .
In this case, the procedure is the same and (3.133) stays untouched. The
resulting mixing angle is

θ = −
√
M

N

v′

v
. (3.145)

The eigenvalues are

mH = (a− b)v′2 , (3.146)
m̃H > MP . (3.147)

The corresponding eigenstates are given by

ñb
H = v

v′nH + ñH , (3.148)

nb
H = ñH − Mv′

Nv
nH . (3.149)

The copy eigenstates are

n1 =
√
N − 1
N

n′
1 − 1√

N

v′

v
nb

H + 1√
N

v′

v
ñb

H , (3.150)
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nN+1 =
√
M − 1
M

ñ′
1 + 1√

M
nb

H + 1√
M

M

N
(v

′

v
)2ñb

H . (3.151)

Now the situation is reversed. The mH goes to the eigenvalues of the
degenerated states of the heavy sector. Taking v′ close to the cutoff (∼ TeV)
the estimated values of mH could be up to ∼keV.

Diagonalizing of the Dirac mass matrix

Let us now turn to diagonalization of the Dirac mass matrix which results
from the operator (3.111). The procedure is similar but some details differ
from the Majorana case. The first step is that one realizes that the overall
structure of

MDiracM
†
Dirac =

(
A B
B D

)
, (3.152)

is the same as in the Majorana case after a redefinition of the parameters a
and b. Because the final expression for the composition of flavour eigenstates
does not depend on them but on N their exact definition does not matter.
Then one can apply the same procedure of diagonalization as in the Majorana
case which leads to the same expressions as already presented in the previous
section.

3.4.4 Phenomenology
Now, let us shift our focus to the phenomenological implications of the theo-
retical framework we have developed in the previous sections. We will carry
out this analysis within the context of a specific theory. It is worth noting
that initial steps in this direction were already taken in references [79] for
ADDM and [17] for DR. However, these analyses were limited to the one-
flavor case of the Standard Model neutrino. Our objective now is to extend
this investigation to the three-flavor case, leveraging the general framework
we have presented earlier.

Phenomenology of ADDM model

To begin our exploration of the Phenomenology of the ADDM scenario within
a three-flavor context, we will adopt the framework presented in section 3
and employ our previously derived formulas to analyze the ADDM case.
Our initial step involves establishing the mass matrix under investigation.
To achieve this, we will utilize the Ansatz introduced in [79] and extend it
to encompass the three-flavor scenario. In our endeavor to formulate the
resultant mass matrix, we will make the crucial assumption that the flavor
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symmetry remains intact within the bulk. This leads to the effect that the
mixing among bulk states is diagonal. The resulting mass matrix is

mee

√
2mee . . . . . . meµ

√
2mee . . . meτ

√
2mee . . .

0 1
R

0 . . . . . . . . . . . . . . . . . . . . .

0 0 . . . 0 . . . . . . . . . . . . . . . . . .
0 0 0 k

R
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

.

(3.153)
In order to perform the diagonalization of this mass matrix, one has to define
the parametrization of the UP MNS matrix

UP MNS =

 c12c13 c13s12 s13
−c23s12e

iϕ − c12s13s23 c12c23e
iϕ − s12s13s23 c13s23

s23s12e
iϕ − c12c23s13 −c12s23e

iϕ − c23s12s13 c13c23

 .
(3.154)

With this PMNS-matrix parametrization, we can use the formula (3.108) to
calculate the expression for e.g., the muon neutrino. The result is

|νµ⟩ = Uµ1 |me
1⟩ + Uµ2 |mµ

1⟩ + Uµ3 |mτ
1⟩ + −→

Uµ

−→
C
∑

α

∑
k

1
k

|kα⟩ . (3.155)

with −→
C ADD

−→
C ADD =

ξ
eU−1

e1 + ξµU−1
e2 + ξτU−1

e3
ξeU−1

µ1 + ξµU−1
µ2 + ξτU−1

µ3
ξeU−1

τ1 + ξµU−1
τ2 + ξτU−1

τ3

 . (3.156)

and the normalisation

N2
µ = 1 + π2

2 (−→Uµ
−→
C )2. (3.157)

Notice that the parameters ξα are related to each other via

ξe ∝ me ≈ O(1)mµ ≈ O′(1)mτ , (3.158)

and therefore the key parameter in this expression is just the size of the
dominant extra dimension R.
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To gain insight into the variation in the composition of a muon neutrino
from the Standard Model expectation, one can assess the survival probability.
In this analysis, we make the assumption that only the lowest modes of the
KK towers play a role in the oscillations, as the higher modes are effectively
averaged out due to substantial mass splittings. Then the survival probability
reads as

P (νµ → νµ) = 1
|Nµ|4

∑
i

∑
j

|Uµi|2|Uµj|2e
i(m2

i
−m2

j
)

2E + 3|
−→
Uµ

−→
C |4

(
π4

90 − 1
) .

(3.159)
with E being the energy of the investigated neutrino. This can be compared
to the original result in [79] for the one flavour case

P = 1
(1 + (π2/6)ξ2)2

[
(1 + ξ2)2 +

(
π4

90 − 1
)
ξ4 − ξ2 sin2 (m2

n −m2
D)t

4E

]
.

(3.160)
By examining these two equations, one can discern that certain character-
istics of the single-flavor scenario manifest in a modified fashion within the
context of the three-flavor equation. A particularly intriguing aspect is the
manner in which, in the context of the ADDM model, the modes that have
been averaged out exert an influence on the survival probability, character-
ized by a term proportional to

(
π4

90 − 1
)

when only the lowest mode remains
unaveraged. Naturally, the experimental configuration and the specific mass
differences dictate the extent to which multiple modes can be distinguished
in the oscillations. As more modes become involved, the significance of the
contribution from the averaged-out modes diminishes.

For comparison of the three flavour scenario with SM prediction, we take
the latest results of the nu-fit collaboration [102] which are:

θ12 = 33, 44◦, θ23 = 49, 0◦, θ13 = 8, 57◦, δCP = 195◦ . (3.161)

With this data, one can calculate the survival probability of a muon neu-
trino depending on the parameter ξ of the ADDM model. Figure 3.3 shows
the result of this calculation and how it deviates from the SM case. Hence,
the precise measurements of neutrino oscillations offer a means to establish
constraints on the critical parameter ξ within the ADDM model. This con-
straint can be directly linked to the parameter R which has been the subject
of investigation in numerous experiments [81, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113]. Presently, the most stringent constraint stands at
R < 0.81µm.

By examining Figure 3.3, one gains insight into the remarkable sensitivity
of neutrino probes. It becomes evident that a value of R = 0.4µm exhibits
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Figure 3.3: Survival probability of a muon neutrino in a three flavour ADD
mixing scenario

significant deviations from the SM, underscoring the potential for modern
neutrino experiments to establish constraints at the level of R < 0.4µm, or
potentially even smaller.

A noteworthy feature of neutrino experiments is their capacity to mea-
sure the size of the largest extra dimension, in contrast to other experiments
such as those focused on fifth forces, collider interactions, and astrophysical
observations, which provide constraints on the fundamental scale of gravity
denoted as Mf . According to [114], the constraints on Mf are as follows:
Mf > 4 TeV for tabletop experiments, Mf > 5.9 − 11.2 TeV based on col-
lider signals, and Mf∗ > 1700 TeV as estimated from neutron stars. The
translation of these constraints into the actual size of the extra dimensions
is contingent upon several factors, including the number of assumed extra
dimensions and whether different scales are allowed among them.

Therefore, the measurement of parameter R through neutrino experi-
ments serves as a complementary approach to assess the validity of the
ADDM scenario. It offers a distinct perspective on the theory, enhancing
our understanding of extra dimensions and their associated scales in the con-
text of high-energy physics.

Furthermore, the deviation from the SM also has implications for the
unitarity of the Lepton Mixing Matrix. In the SM, with its three known
neutrino flavors, the neutrino sector is expected to be fully unitary. However,
if there are more than three neutrino flavors, as posited in certain extensions
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of the theory, the Lepton Mixing Matrix is no longer a simple 3 × 3 matrix
but expands to a (3 + n) × (3 + n) matrix, where ’n’ represents the number
of additional neutrino flavors.

Nonetheless, in experiments that primarily detect active neutrino species,
we still measure only the 3×3 subset of this complete Lepton Mixing Matrix.
Since this subset, in general, will not be unitary when additional neutrino
flavors are considered, we effectively observe a departure from unitarity. This
departure is also observed in models like the ADDM, where neutrinos can
oscillate into KK modes. Using the outcomes described above, the 3 × 3
segment of the full Lepton Mixing Matrix undergoes modification as follows

Uee
1

Ne
Ueµ

1
Ne

Ueτ
1

Ne

Uµe
1

Nµ
Uµµ

1
Nµ

Uµτ
1

Nµ

Uτe
1

Nτ
Uτµ

1
Nτ

Uττ
1

Nτ

 . (3.162)

The objective at hand is to achieve highly precise measurements of the
parameters within the well-established Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix and explore potential deviations from unitarity. This fea-
ture is not exclusive to the ADDM model; it can manifest in various other
theoretical frameworks as well. However, the example presented above offers
a concrete and motivated framework for establishing constraints on unitarity-
violating parameters and using them as a means to distinguish between dif-
ferent models.

In the following section, we will delve into the phenomenology of the DR
model and compare it directly with the ADDM framework. This compar-
ative analysis will shed light on how unitarity-violating parameters can be
a valuable tool for differentiating between theoretical models and enhancing
our understanding of the underlying physics.

Phenomenology of the Dvali-Redi model

The generalisation of the mass matrix in the DR scenario goes as follows. Of
course, the general structure of the mass matrix is again similar to (3.100)
but this time the off-diagonal block matrices have the following form

Mαβ =


mαβ 0 0 . . .

0 mαβ 0 . . .
... 0 . . . ...

 . (3.163)

This specific structure comes from the fact that in this theory the mix-
ing among the different flavours can happen within a single copy since it is
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determined by the physics of the SM. This leads to the following electron
neutrino eigenstate

|νe⟩ =
√
N − 1
N

(Ue1 |m1⟩+Ue2 |m2⟩+Ue3 |m3⟩)+
1√
N

(Ue1 |mH
1 ⟩+Ue2 |mH

2 ⟩+Ue3 |mH
3 ⟩).

(3.164)
The crucial parameter in this context is the number of active neutrino

species. As previously demonstrated, we can categorize the total number of
neutrino species into light and heavy sectors. This approach allows us to
explore various scenarios in which different sectors contain varying numbers
of neutrino copies. However, since our observations primarily pertain to our
version of the SM, scenarios in which the sector containing our copy has a
small number of active species are particularly intriguing.

For this reason, we place our focus on scenarios with sizable heavy sectors,
as these scenarios result in a reduction of the number of active species in our
sector. By investigating these scenarios, we can gain a deeper understanding
of the implications and constraints related to the number of active neutrino
species in our observable universe.

From (3.143) it becomes evident that the oscillation between sectors is
suppressed by the number of active species in the large sector. Consequently,
this contribution can be safely neglected.

In the one-flavor case, as discussed in [17], the survival probability is then
expressed as

P (t) = 1 − 4
N

sin2(∆m2t

2E ). (3.165)

In this situation, the challenge of detecting the impact has transitioned from
the substantial suppression caused by amplitude to the exceedingly low fre-
quency resulting from minuscule differences among the mass eigenstates.
Nonetheless, this circumstance remains highly intriguing for long-baseline
experiments involving neutrino oscillations. Astrophysical sources emitting
intense neutrino fluxes could serve as valuable contenders for evaluating such
scenarios. Naturally, the ability to identify deviations from the anticipated
neutrino flux in the standard model necessitates a profound comprehension
of the operational mechanisms of these sources with exceptional precision.

Integrating out scenario

In scenarios involving a small light sector, we have observed that the sup-
pression of amplitude behaves counter to the frequency of oscillations. To
address this, we introduce the “integrating out” scenario, which offers a path
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to bringing both of these parameters within the realm of easier experimental
investigation.

The objective here is to amalgamate the advantages of various scenarios
we have examined previously into a unified configuration. Suppose we have a
permutation symmetry that is heavily broken between two sectors: one sector
with a substantial number, denoted as M and another sector with a smaller
count, denoted as N . This configuration has been discussed previously.

However, let us now consider a scenario where, due to additional break-
ing of the permutation symmetry, the smaller sector (N) is further divided
into two sub-sectors, one with a number denoted as N ′ and the other with
M ′. It is important to note that the initial, primary breaking of the per-
mutation symmetry into the M and N sectors remains the dominant factor.
The secondary breaking, which splits the smaller sector, has a negligible im-
pact, contributing effects only at the order of O(N/M), which are already
exceedingly small. Consequently, this sector can be regarded as effectively
decoupled from the other sectors.

Now, let us focus on the remaining copies that have been subdivided into
two smaller sectors, denoted as N ′ and M ′. In this context, we have the
flexibility to determine which sector our SM copy belongs to.

In particular, we can assume that the number of copies in our sector, N ′,
is significantly larger than the other sector, M ′. While this choice does not
substantially reduce the suppression of the amplitude, it does grant us the
ability to set free the value of the common heavy eigenstate, denoted as mH

in which the neutrinos of both sectors undergo oscillations. This, in turn,
allows us to increase the difference in mass, denoted as ∆m to a level where
the oscillation frequency becomes comparable to the typical oscillations of the
SM. This scenario of splitting is analogous to the large light sector scenario.

Overall this integrating out scenario enables us to free both parameters
of the theory. It allows us to bring down the number of copies and cor-
respondingly oscillation frequencies to a scale that makes it observable for
experiments.

We are now able to compute the oscillation in the three-flavor scenario
with equal-size splitting. The equation representing the survival probability
can be expressed as follows

P (νµ → νµ) =
6∑

i=1

6∑
j=1

|Uµi|2|Uµj|2e
i(m2

i
−m2

j
)

2E . (3.166)

Firstly, it is important to note that in this expression, no modes are averaged
out as in the ADDM scenario. This lack of averaging is due to the inclusion
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of just three additional mass eigenstates, whereas in ADDM scenarios, the
KK tower can encompass a vast number of additional mass eigenstates. To
go deeper into the analysis of equation (3.166), we break it down as follows:

P (νµ → νµ) =
(
N − 1
N

)2 3∑
i=1

3∑
j=1

|Uµi|2|Uµj|2e
i(m2

i
−m2

j
)

2E

+ N − 1
N2

3∑
i=1

6∑
j=4

|Uµi|2|Uµj|2e
i(m2

i
−m2

j
)

2E + N − 1
N2

6∑
i=4

3∑
j=1

|Uµi|2|Uµj|2e
i(m2

i
−m2

j
)

2E

+ 1
N2

6∑
i=4

6∑
j=4

|Uµi|2|Uµj|2e
i(m2

i
−m2

j
)

2E . (3.167)

In this expression, the first term corresponds to oscillations within the fla-
vors, which are well-established in the SM. For large values of N these oscil-
lations undergo only minor modifications. It is also evident that the primary
contributions originate from oscillations into the hidden species at a level of
approximately 1

N
, similar to the one-flavor case described in equation (3.166).

The contributions solely from beyond the Standard Model (BSM) terms are
suppressed by a factor of 1

N2 . Figure 3.4 illustrates the results of the cal-
culations for a muon neutrino. This figure clearly demonstrates that the
differences compared to the SM can be quite significant. Consequently, we
anticipate that current neutrino experiments have the potential to constrain
the number of species to a range of N > 10 − 100. This is an exciting devel-
opment because the LHC provides a lower bound on the value of M∗, which
in turn establishes an upper limit on the number of species. On the other
hand, neutrino experiments establish a lower bound on N . Therefore, using
neutrinos to test the DR scenario complements the constraints provided by
the LHC.

But not just the oscillator behavior of neutrinos get affected in this theory
but the additional mass eigenstates will influence the effective mass of inter-
acting neutrino states. This offers us another way to restrict the parameter
space of the DR model by using the upper bound on the electron neutrino
mass via the following formula
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Figure 3.4: Survival probability of a muon neutrino in a three flavour case
in DR model with an equal size splitting scenario.
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, (3.168)

where µ is the parameter that relates the SM mass eigenstates with the BSM
ones via

mH
i = µmi. (3.169)

So we have two types of experiments to determine our DR parameters, neu-
trino oscillation experiments, and neutrino mass detection experiments.

To illustrate the unitarity violation in the SM lepton mixing matrix, as
anticipated by the DR scenario, we need to examine formula (3.164). By
isolating the 3×3 block matrix located in the upper left corner of the resulting
mixing matrix, we can express it as follows:

√
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N
Uee
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 . (3.170)

This matrix, as measured by experiments, clearly exhibits unitarity violation
due to the presence of the overall factor

√
N−1

N
. This characteristic signature
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of the theory arises from the democratic oscillation into the common heavy
eigenstates of the neutrino matrix.

In concluding the phenomenological section, it is important to briefly
touch upon matter effects in the context of such theories. To calculate these
effects, one can employ the standard framework for additional sterile neu-
trinos, leading to the formulation of an effective Hamiltonian, which can be
expressed as follows

Heff = 1
2E

U


me 0 0 0 0
0 mµ 0 0 0
0 0 mτ 0 0
0 0 0 m4 0
0 0 0 0 . . .

U
† +



A 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 A′ 0
0 0 0 0 . . .



 ,
(3.171)

with A = 2
√

2GFNeE, A′ = −
√

2GFNnE and Ne, Nn being the densities of
electrons, neutrons respectively. These considerations lead to the possibility
of resonances for BSM modes, which can alter the oscillation pattern. While
it is not guaranteed that resonance effects will manifest in experiments heav-
ily influenced by matter effects, such as IceCube [115], there is still a chance
that a favorable combination of experimental parameters can enhance the
sensitivity of the experiment to detect these effects.

3.5 Conclusions
In this chapter, our primary focus has been on understanding neutrino masses
within TeV scale gravity theories. In these theories, the reduction of the
gravitational cutoff can be interpreted as a consequence of the “dilution” of
the graviton wave function within a particular space characterized by a new
coordinate. In both cases, the volume of this space is associated with the
number of particle species present. Consequently, this new coordinate can be
thought of as a species label. As shown in [15], in the context of ADD theory,
the species correspond to the KK excitations, signifying that the additional
space has a genuine geometric interpretation, specifically in the form of large
extra spatial dimensions. On the other hand, in the “many species” solution
to the hierarchy problem [15, 16], the species can encompass a wide range of
arbitrary particles.

In both of these scenarios, it has previously been proposed that small
neutrino masses naturally arise due to the dilution of the wave function of
the sterile (right-handed) neutrino in the additional space. This concept was
initially introduced within the context of ADDM theory [18] and its phe-
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nomenological implications were explored in [79]. In the case of ADDM,
the wave function of the sterile neutrino experiences dilution in the physi-
cally present geometric extra space. This leads to a significantly suppressed
Yukawa coupling between the sterile and the active neutrinos in the Stan-
dard Model, resulting in the generation of tiny neutrino masses. Moreover, as
demonstrated in [79], the mixing of an active left-handed neutrino with the
KK tower of the sterile partner gives rise to a non-trivial oscillation pattern.

More recently, it has been demonstrated in [17] that a similar suppression
mechanism for neutrino mass works in the context of the DR scenario [15, 16],
in which species represent identical copies of the SM, and their label plays the
role of an extra coordinate. Within this framework, it has been established
that the dilution of the wave function of the sterile neutrino in the space of
species leads to the generation of small neutrino masses [17]. However, it is
worth noting that the phenomenological aspects of this scenario, are notably
distinct from those in the case of [18], which relies on the ADDM framework.

In this chapter, we have expanded upon the original proposals mentioned
above, introducing several generalizations. Notably, we have considered a
more realistic scenario involving three SM neutrino flavors. We have em-
ployed a universal terminology, referring to “species” which enables us to
encompass various aspects of the neutrino mixing matrix and compare and
contrast different scenarios.

Moreover, we derived an approximate formula for the flavor eigenstates of
a general mass matrix in the context of perturbation theory, focusing on the
three-flavor scenario. Additionally, we demonstrated how highly symmetric
mass matrices can be exactly calculated and explored various symmetry-
breaking patterns for these highly symmetric mass matrices. We provided
explicit expressions for flavor eigenstates in each of these cases.

Subsequently, we extended our analysis by applying the general formu-
las we had derived to specific theories of neutrino masses. These theories
included the ADDM proposal [18, 79] within the ADD framework and the
DR proposal [17] within the Many Species framework. We used the derived
formulas to provide a three-flavor solution that is contingent upon the pa-
rameters characteristic of each of these specific theories.

As previously highlighted in [79] for the ADDM framework and [17] for
the DR framework, both scenarios yield a common prediction: the non-
conservation of neutrino number within the SM. This phenomenon arises
from the mixing of SM active neutrinos with the tower of sterile partners.
Consequently, this mixing leads to neutrino oscillations into hidden species
and apparent violations of unitarity within the SM lepton sector.

In line with this, our calculations of these effects in the three-flavor sce-
nario hold significant phenomenological implications in two key respects.
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First, they provide insights into the deviations of neutrino oscillations from
the predictions of the SM. Second, they offer a parameterization for quan-
tifying the violation of unitarity in the PMNS matrix. These findings are
valuable for enhancing our understanding of neutrino physics and its impli-
cations for BSM theories.

The structures of unitarity violation in the two distinct theories, namely
the ADDM theory within the ADD framework [18, 79] and the DR theory
within the Many Species framework [17], exhibit notable differences from
each other. Therefore, our analyses possess the capability to discriminate
between these two theories, offering a means to distinguish their predictions
and implications in the context of neutrino physics.

In summary, the generation of small neutrino masses through mixing with
a large number of extra species represents a fascinating and dynamic field
with diverse phenomenological implications for low-energy neutrino physics.
These effects can be searched for in both ongoing neutrino experiments, such
as IceCube, and in planned experiments like JUNO [116]. Specifically, the
violation of unitarity can be probed, and the results can be utilized to estab-
lish constraints on the parameters of these theories. This includes quantities
such as the size of extra dimensions in the ADDM framework or the number
of sterile neutrino species with which our neutrinos mix within the Many
Species scenario. These experimental investigations play a pivotal role in
shedding light on the nature of neutrino mass generation and the underlying
theoretical frameworks.



Chapter 4

A Global Fit of Neutrino Data
for Theories with Many
Neutrino Copies

We set the stage for an experimental test of the proposed DR model. In the
previous chapter, we worked out a realistic three-flavor scenario and in this
chapter, I want to present our results of [22] where we performed a global
fit of neutrino data to give the first experimental constraints on the DR
model using neutrino experiments. After the introduction of the statistical
framework, I will rely closely on our paper [22].

4.1 A Frequentist Analysis
Before we proceed to the actual analysis I introduce the theory necessary
to understand the statistical analysis we performed in our work. For the
theoretical background, I rely closely on [117] and personal communication.

4.1.1 Confidence Intervals
Different than a Bayesian analysis that we described in chapter 2 a frequentist
analysis does not provide us with a posterior for the actual parameters of
interest. The actual entity it is providing to make statistical statements is
the so-called confidence interval. One of the most frequently used procedure
to define a confidence interval is the so-called Feldman-Cousins Confidence
Interval which I am going to discuss in the following.

For simplicity let us investigate a situation that can be described by the
Poisson Distribution like an experiment that is counting events. If we define
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ν as the expectation of signal events and λ as the number of background
events, the Poisson distribution can be written as,

P (n|ν, λ) = e−(ν+λ)(ν + λ)n

n! . (4.1)

Now we can define a central interval. This can be constructed by defining a
smallest member of the set of possible outcomes, n1, and a largest member,
n2, such that

P (n < n1) ≤ α/2 , P (n > n2) ≤ α/2. (4.2)
Then the central interval is defined as

OC
1−α = {n1, n1 + 1, ..., n2}. (4.3)

With this knowledge, we can proceed and present the construction of the
Feldman-Cousins Confidence Level. We have seen that for the construction
of the central interval, the parameter µ = ν + λ has to be known, but this
is exactly the parameter of interest when I start conducting my experiment.
Therefore, Feldman and Cousins defined a procedure how one can extract
knowledge for µ in such a situation. The first step is to define the following
quantity

r = P (n|µ = ν + λ)
P (n|µ̂) , (4.4)

where µ̂ is exactly that value that maximizes P (n|µ) for a specific n. It is
noteworthy that due to the presence of the background, we have the restric-
tion that µ ≥ λ which then of course also holds for µ̂. Then one can rank
every outcome n with the ratio value r and one can use the cumulative prob-
ability following this ranking to form an interval. For a concrete example,
we set λ = 3.0 and ν = 1/3. Then the situation for different n is shown in
Tab. 4.1. Within this example, we see that the central interval under the
condition 1 − α ≥ 0.9 is OC

0.9 = {1, ..., 7} and the Feldman-Cousins interval
is OF C

0.9 = {1, ..., 6}.
How we can use this setup now to extract knowledge about our actual

parameter of interest ν assuming that λ is known? The procedure for defining
a Feldman-Cousins Confidence Interval goes as follows

• First, define α and r to be able to construct a Feldman-Cousins interval
as in our example.

• The second step is to let the calculation for the Feldman-Cousins in-
terval evolve over the whole range of ν. Then one can write down the
result in a band plot like in Fig. 4.1.
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n P(n |µ) µ̂ P (n|µ̂) r Rank FR(n|µ)
0 0.0357 3.0 0.050 0.717 5 0.7565
1 0.1189 3.0 0.149 0.796 4 0.7208
2 0.1982 3.0 0.224 0.885 3 0.6091
3 0.2202 3.0 0.224 0.983 1 0.2202
4 0.1835 4.0 0.195 0.941 2 0.4037
5 0.1223 5.0 0.175 0.699 6 0.8788
6 0.0680 6.0 0.161 0.422 7 0.9468
7 0.0324 7.0 0.149 0.217 8 0.9792
8 0.0135 8.0 0.140 0.096 9 0.9927
9 0.0050 9.0 0.132 0.038 10 0.9976
10 0.0017 10.0 0.125 0.014 11 0.9993
11 0.0005 11.0 0.119 0.004 12 0.9998
12 0.0001 12.0 0.114 0.001 13 1.0000

Table 4.1: Values of n, the probability to observe such a value givenµ =
ν + λ = 3.3, the value of µ that maximizes the probability of n given the
constraint µ ≥ λ, the probability of n given µ̂, the ratio of the probabilities,
the rank according to the probability ratio, and the cumulative probability
according to rank [117].

• Now we perform an experiment and the result of counts is nexp.

• Then we can compare our measured nexp with Fig. 4.1 and find the
corresponding range of ν.

• This range of ν is the so called 1 − α Confidence Level interval for ν.

Note that the statistical statement such a Confidence Interval makes is
different from a Bayesian Analysis. In frequentist analysis, one assumes that
there exists a true parameter in our experiment we want to get a grasp on,
ν0. By defining our Confidence Interval with 90% we make the statement
that the observed nexp will be one of the members of OC

0.68(ν = ν0) in 90%
the cases you would have performed this experiment. Therefore, within the
extracted range of ν, ν0 will be part of it in at least 90% of the experiments.

The construction of the Feldman-Cousins Confidence Interval can be gen-
eralized to a continuous probability distribution like the normal distribution.
In principle, the procedure could also be generalized to a higher number of
parameters of interest but it gets quickly very computationally expensive to
calculate all the intervals in every possible scenario to then be able to draw
a band plot like we have done in the one-dimensional case. To be able to
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Figure 4.1: lower and upper limits on the values of n included in the
Feldman-Cousins 1 − α = 0.9 set for different values of the signal expec-
tation ν and for fixed background expectation λ = 3.0 [117].

perform a frequentist analysis also for a high dimensional setting one uses
the concept of test statistics I am going to describe in the next section.

4.1.2 Test Statistic
A test statistic, T , is basically just a framework to bring a higher-dimensional
problem back to the one-dimensional case. To this end, we define a test
statistic being a scalar function of the data that does not loose information
contained in the data. Whether a scalar function of the data is fulfilling
the requirements of a test statistic depends on the model being tested and
is a highly non-trivial question and a complete proof that the chosen test
statistic is sufficient is often just possible in simple cases. Nevertheless, it
is a widespread tool to perform a frequentist analysis. The procedure in a
frequentist analysis goes as follows:

• Make a choice of your test statistic.

• Calculate the probability distribution for your test statistic for every
possible choice of the parameters of the problem.
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• Define the accepted set of values of the test statistic that contains the
probability content 1 − α.

• Calculate the test statistic value of the observed data for different pa-
rameter values and find the set of parameters where the test statistic
is within your accepted set. This is the range of the accepted set of
parameters at a confidence level of 1 − α.

Usually, the difficult step is the second one. In principle, one would have
to sum all probabilities of every possible data set for one possible parameter
set to get the probability of T for this specific choice of parameters. To
get the full solution this would have to be repeated for every possible set
of parameters. This is in a realistic scenario not possible because of the
lack of computing power. Instead one therefore, uses a generation of “toy
experiments” to approximate P (T |{τ}), where {τ} is the set of parameters.
One does this in the following procedure

• Define a grid of {τ} values covering your parameter space.

• Fix one {τ}.

• Sample a toy experiment with the outcome {n}.

• Calculate T ({n}; {τ}).

• Repeat the last two steps until you reach an accuracy that is sufficient
and store all values of T .

• Next, depending on your test statistic if the maximal or minimal value
of T describes the data best rank the values for T and define a set of a
specific size (68%, 90%, 95%, etc.) which one accepts.

• Finally, calculate your TData and compare it with your accepted set. Is
it within the accepted set, {τ} is accepted within a 1 − α confidence
interval.

• Repeat this for every {τ} in the grid.

This is the procedure how one can numerically calculate confidence intervals
with the help of a test statistic.

A typical example of a test statistic is the so-called likelihood ratio defined
as

ξ(τ) = L(τ)
L(τ ∗) , (4.5)
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where τ ∗ is the specific parameter that maximizes the likelihood. This Ansatz
is similar to what we have seen in the definition of the Feldman-Cousins
Confidence Interval and follows the logic that we rank our different parameter
sets according to how well they fit the data. The reason why the likelihood
ratio is a very popular test statistic is that when the sample size is large,
the test statistic ξ′ = −2ln(ξ) will be χ2 distributed according to Wilks´
theorem.

This allows us to draw approximate confidence intervals by using Wilks
theorem. We can plot ξ′data(τ) and use the cumulative of χ2 to find the 1−α
confidence interval. How this works within the χ2 framework is here not so
important but one can show that depending on the number of parameters
of the problem there exists a specific χ2

cut. χ2 values below χ2
cut fall into a

1−α confidence interval. For example in a one parameter scenario for a 68%
confidence interval χ2

cut = 1 holds. A typical scenario with one parameter is
depicted in Fig. 4.2 and the values below the red line correspond to a 68%
confidence interval.

Equipped with this statistical knowledge we can now proceed to the setup
of the data analysis of neutrino experiments in order to test the DR model.

4.2 Data Analysis of Neutrino Experiments
The effectiveness of the DR model’s predictive capability, as discussed in 3,
becomes apparent when contrasted with a generic approach involving the
assumption of three additional sterile neutrinos, denoted as ns = 3. In this
alternative scenario, the count of independent physical mixing angles be-
comes 3(ns +1) = 12, and Dirac phases amount to 2ns +1 = 7. Additionally,
three extra masses for the sterile neutrinos, namely ms

1, ms
2, ms

3, are consid-
ered [118]. The overall count of independent parameters in a 3+3 framework
is 22.

In contrast, the DR model introduces only two BSM parameters, namely
N and µ. Given that µ establishes a connection between the masses of the
SM neutrinos and the sterile neutrinos, another parameter of significance
is the mass of the lightest neutrino, denoted as mlightest. Consequently, the
total number of parameters specifically relevant to neutrino oscillations is
reduced to 9. Clearly, the DR model provides a more minimal framework for
conducting a BSM neutrino fit compared to a general 3+3 neutrino fit.

Overall, our analysis has the following free parameters:

{δCP , θ12, θ13, θ23,∆m2
12,∆m2

13,mlightest, N, µ}, (4.6)

where δCP , θ12, θ13, θ23 are the well known parameters of the PMNS matrix
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Figure 4.2: The distribution of the likelihood ratio of the data depending on
τ . All values for τ who have a corresponding ξ value below the red line are
part of the confidence interval [117].
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and ∆m2
12,∆m2

13 the differences of the mass eigenstates.
To ascertain the values of these parameters, we conduct a combined maxi-

mum likelihood fit. Given that we are exploring neutrino data within the DR
regime for the first time, we lack prior knowledge of the parameters outlined
in equation (4.6). Consequently, an independent analysis of the existing ex-
perimental data is necessary, and we cannot lean on previous SM global fits.
Moreover, since every SM mixing angle undergoes corrections in this model
and the additional mass splittings can potentially vary widely, our statistical
analysis must encompass a fit for all nine free parameters.

The decision regarding which experiments to include in our analysis is
grounded in the observation that neutrino oscillation experiments measure
various combinations of the fraction L

E
, where L represents the baseline

lengths of the experiment and E denotes the energies of the neutrinos. This
inclusive approach serves two primary purposes. Firstly, it enables us to
select at least one experiment for each SM parameter, thereby imposing con-
straints on each of them. Secondly, the incorporation of a diverse array of
experiments allows us to explore deviations in SM oscillations over a wide
spectrum, encompassing very small to significantly large mass splittings be-
tween the SM mass eigenstates and the BSM ones.

Our selection of specific experiments is guided by the need to comprehen-
sively understand how each contributes to the resulting exclusion limits of
the BSM parameters. Let us point out here again that the BSM contribution
to neutrino experiments scales with 1/N . This means that for larger values
of N we expect less influence and not more. Exactly this behavior makes
neutrino experiments particularly interesting to study because in usual high-
energy experiments like LHC larger values of N lead to stronger effects. This
makes both approaches complementary as one gives lower bounds on N and
the other one gives upper bounds.

Certainly, KATRIN [30] is an intuitively understandable experiment in
our analysis. In the context of our model, the additional mass eigenstates
contribute to the effective mass of the electron neutrino. The key model
parameters governing this mass are mlightest and µ. Unlike oscillation ex-
periments, which are also sensitive to µ, KATRIN stands out as the sole
experiment in our analysis capable of constraining mlightest.

This distinction is significant because once mlightest is fixed, the masses
of the SM states are uniquely determined. Subsequently, µ serves as the
parameter linking the SM masses to the BSM ones. In cases where µ has large
values, the BSM masses become higher, exerting a more pronounced influence
on the electron neutrino mass. Therefore, we anticipate that KATRIN will
be most relevant in the regime characterized by large values of µ, where its
capability to constrain mlightest becomes crucial for refining our understanding
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Figure 4.3: Example electron neutrino survival probabilities at an L/E
around the solar mass splitting for various numbers of extra species N and
massfactor µ = 5.

of the model and its implications for neutrino masses.
In our analysis, the KamLAND experiment [119] plays a crucial role as

it imposes constraints on SM parameters, specifically ∆m2
12 and θ12. By

scrutinizing Fig. 4.3, we can estimate the expected sensitivity of KamLAND
to BSM parameters. The figure illustrates that deviations from the SM
oscillations become substantial when N ≤ 10.

DayaBay [120, 121] on the other hand is much more sensitive to N as we
see from Fig. 4.4. Together with the fact that this experiment provides us
with very high statistics in its data, we expect that DayaBay will contribute
significantly to our final exclusion limit for the BSM parameters. Additionally
it is restricting θ13 and ∆m2

13.
MINOS and NOνA [122, 123] are complementary. Because NOνA is

located exactly at the oscillation maximum it provides very good sensitivity
for SM parameters θ23 and ∆m2

13 but at the same time it is lacking sensitivity
to the BSM parameters (see Fig. 4.5). MINOS on the other hand is located
off maximum which is suited for searching for BSM contributions to the
oscillation pattern.

Putting the pieces together we can define the following likelihood

Lcomb = LKATRIN × LMINOS × LKamLAND × LDayaBay × LNOνA, (4.7)
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Figure 4.4: Example electron neutrino survival probabilities at an L/E
around the atmospheric mass splitting for various numbers of extra species
N and massfactor µ = 5.
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Figure 4.5: Example muon neutrino survival probabilities at an L/E around
the atmospheric mass splitting for various numbers of extra species N and
massfactor µ = 5.
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where we treated every data set independently which allows us to construct
Lcomb as a product of all the single likelihoods of the experiments. In our
statistical analysis, we employ a likelihood ratio test statistic. Should the
alternate hypothesis (DR model) demonstrate a preference over the null hy-
pothesis (SM) with a significance exceeding 3σ it would warrant further inves-
tigation as a potential signal. Conversely, if the significance falls below this
threshold, we would proceed to establish exclusion limits on the parameter
N as a function of µ while simultaneously profiling over all other remaining
parameters (meaning effectively maximizing the likelihood).

In conducting this analysis, publicly available data from the papers [119,
120, 121, 122, 123, 30] served as the foundational dataset. For each experi-
ment, a fit of the SM was executed, and the results were cross-verified against
the findings reported in the respective articles. We did the comparison among
the reported SM parameters as well in checking if our predicted oscillated
neutrino spectrum aligns with the ones of the papers. When this was the
case we carried on and checked if the fit of the DR model represents the data
as well. Because in the high N limit the DR model contains the SM oscilla-
tion behavior we expect that the DR model will at least result in an equally
good fit of the data as the SM. This meticulous comparison was essential to
ensure the reliability and validity of the subsequent analysis employing the
proposed DR model.

A more detailed account of the specific methodologies employed for the
analysis of each experiment is provided in the Appendix, offering a compre-
hensive overview of the procedures undertaken to assess the compatibility
of the DR model with the observed data in the context of each individual
experiment.

4.3 Results
The best-fitting DR hypothesis under the assumption of NO shows a log-
likelihood advantage of 4.37 units over the Standard Model fit. In the case
of the IO, this difference amounts to 2.49 log-likelihood units. These values,
taking into account Wilks´ theorem and considering the three additional
degrees of freedom (N,µ,mlightest), translate to significances of 1.8σ and 0.97σ
for the NO and IO scenarios, respectively.

Given that neither of these significances surpasses the threshold of 3σ, we
proceed to establish exclusion limits. This involves determining constraints
on the parameter space, particularly for N , within which the proposed DR
model is not favored by the observed data compared to the SM.

The resulting exclusion limits are depicted in Figure 4.6 for both NO
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Figure 4.6: Lower bounds on the number of species N as a function of the
massfactor µ for the normal and inverted neutrino mass ordering, respec-
tively. The solid and dashed lines denote the 90% and 99% asymptotic confi-
dence levels (CL), the shaded areas are excluded. The colorful lines represent
fits of individual datasets, and the black lines result from a combined fit of
all four datasets.

and IO. In the case of the IO, a consistent lower bound on N is established,
exceeding O(102) across the range of µ. The exclusion limit for µ < 102 is
primarily set by oscillation experiments, while for µ > 102, the exclusion is
predominantly driven by KATRIN, aligning with expectations. As oscillation
experiments measure the survival probability (3.167), they effectively test a
beyond Standard Model contribution scaling in the first order as 1

N
. Conse-

quently, for N > O(102), the corrections from the DR model are of the order
of < 1%, consistent with reported experimental measurements characterized
by uncertainties around 1 − 5%.

In the case of NO, the situation is more intricate. Overall, the constraints
on N are weaker compared to the IO scenario. The significance of KATRIN
is diminished compared to the IO case, and its impact on the exclusion limit
becomes noticeable for µ > 300. However, for higher values of µ, KATRIN
exhibits a similar behavior as in the IO case, albeit with reduced sensitivity.

In the parameter space where µ > 2, a tentative lower bound on N can be
established, indicating N > 30. However, for µ ≤ 2, it becomes evident that
experiments start losing sensitivity to the DR model. This is attributed to
the diminishing mass-splitting for the BSM states, rendering them too small
to be effectively resolved by experiments operating in this regime.

If we compare our numerical results with what we would have expected
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by the oscillograms as described in the previous section we see that our
expectations agree with our results.

4.4 Conclusions
In this study, we conducted the inaugural experimental test of additional
neutrino copies using available experimental data. Our findings lead us to
the conclusion that contingent on the mass hierarchy realized in nature, we
can establish a lower limit on the number of neutrino copies. Specifically, we
find that N > O(30) for the case of NO and N > O(100) for the IO across
a broad range of the parameter space.

The communication facilitated by the right-handed neutrino through the
Dirac operator allows for the incorporation of cosmological considerations,
enabling the derivation of lower bounds on the number of neutrino species
[124]. It is noteworthy that, in comparison to these cosmologically derived
bounds, our experimentally derived bounds are relatively weaker. However,
the strength of our experimental results lies in their robustness, as they are
not contingent on the details of the cosmological history beyond BBN.

Therefore our results show, that neutrino experiments are especially suited
for testing models with additional neutrino species because compared to other
physics we can give a lower bound on N meanwhile LHC [15, 16] and axion
physics [3] give an upper bound on the number of species.

The complementary nature of neutrino experiments operating in the IR to
UV experiments is quite exciting and future experiments like JUNO [125] and
DUNE [126] are designed to improve our knowledge about the lepton mixing
parameters by one order of magnitude which will give us the possibility to
close the open window of the parameter space even further.

Together with theoretical considerations [3, 124], UV and IR experiments
can help us to restrict the possible range of Nsp and reveal where we could
expect the true scale of Quantum Gravity.
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Chapter 5

Kaluza-Klein Spectroscopy
from Neutron Oscillations into
Hidden Dimensions

Next to the neutrino, another intriguing candidate emerges as a potential
gateway to concealed realms – the neutron. Similar to the neutrino, the neu-
tron lacks conserved gauge charges, opening the possibility of interaction with
hidden degrees of freedom. Within this chapter, a novel mechanism is intro-
duced, shedding light on this phenomenon. The outcomes of this research
can be found in [4] which I follow closely in this chapter. The possibility of
a neutron portal into hidden dimensions was first pointed out in [127]. As
discussed in this work, neutron transitions into a hidden state are a generic
feature of the brane-world scenario. This is due to the transportation of
neutrons across the bulk by virtual brane bubbles, so-called “baby branes”.
In such a process, a neutron can tunnel across the bulk to a nearby parallel
brane.

For an observer residing within the world-volume of our brane, the neu-
tron’s transition into a hidden particle can be effectively characterized. Origi-
nating from non-perturbative processes, this transition exhibits a probability
that is exponentially suppressed, though never reaching zero, in accordance
with all conservation laws. The naturally suppressed rate aligns well with
the phenomenological constraints imposed on neutron disappearance.

Within this chapter, our exploration will delve into an alternative avenue
of neutron transitions into extra dimensions, specifically through its interac-
tion with a bulk fermion. The intrigue surrounding this process stems from
several distinctive features. Primarily, the anticipated mixing between neu-
trons and bulk sterile fermions is deemed quite generic, given the absence of
conserved SM gauge quantum numbers in either entity.
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Secondly, a qualitative novelty arises in comparison to theories where the
neutron engages in mixing with a partner of a fixed mass, as observed in
scenarios like the neutron from a mirror SM [128] or multiple hidden copies
of the SM [17]. In these theories, the presence of only one available partner
introduces challenges in controlling resonance transitions, particularly evi-
dent in scenarios with a sole mirror copy. The inherent difficulty lies in the
inevitable breakdown of mirror symmetry caused by environmental factors
like the nuclear binding energy of the neutron or the presence of an ambient
magnetic field. Consequently, the transition undergoes a suppression to the
point of becoming unobservable, unless one posits specific coincidences or
cancellations of external factors, as exemplified by the magnetic field within
the hidden sector [129].

The transition of a neutron into extra dimensions paints a qualitatively
distinct scenario, driven by the finely spaced tower of KK states in the ADD
model. The heightened density of KK states allows neutrons across a broad
spectrum of energy levels to encounter nearly degenerate bulk partners, en-
abling oscillations. As a consequence, a diverse array of bound or free neu-
trons can serve as gateways into extra space. This imposes stringent con-
straints on the theory’s parameters while simultaneously presenting novel
signatures for experimental investigations.

A notably intriguing signature arises from the repetitive resonant oscil-
lations of a free neutron into the KK modes. These oscillations occur at
special values of the magnetic field, forming a sequence of resonance events.
In contrast to scenarios featuring a single oscillation partner with a fixed
mass, the resonant transitions in the context of extra dimensions happen at
quantized values of the magnetic field aligning with the KK spectrum. This
unique behavior transforms the neutron into a magnetic imaging tool for the
KK tower.

The described effects render the scenario susceptible to non-trivial con-
straints from ongoing experiments involving ultra-cold neutrons [130, 131].
By analyzing the results from these experiments, we establish constraints on
the parameters associated with extra dimensions. Notably, these constraints
are already delving into parameter regimes driven by the Hierarchy Problem.
Additionally, we explore potential new signatures that could be uncovered
through future, more refined measurements.
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5.1 Neutron Oscillations into hidden dimen-
sions

The main innovation introduced in this chapter lies in the prospect of neutron
oscillations into extra dimensions. Analogous to the neutrino, the neutron
lacks conserved gauge charge, allowing it to freely engage in mixing with bulk
species. Our focus is on the oscillation of the neutron into KK modes of a
bulk fermion. We denote this bulk fermion as Ψ. To start with, we assume
that Ψ is massless.

The origin of Ψ will be maintained in a generic context. However, a par-
ticularly intriguing possibility arises if Ψ serves as the bulk partner of one
of the SM neutrinos, generating its mass through the previously discussed
mechanism. In this scenario, the neutron would mix with the same KK tower
as the active neutrino. It is noteworthy that such mixing remains unaffected
from the perspective of neutrino mass. Due to a significant mass separa-
tion between the neutrino and neutron, they primarily interact with highly
distinct sectors of the KK spectrum. Consequently, they exert essentially
zero influence on each other. This presents a notably economical scenario.
Nonetheless, we will maintain a maximally general discussion throughout.

It is reasonable to assume that the mixing between the neutron and the
bulk fermion originates from a more fundamental four-fermi interaction of
the type,

Sint =
∫
dx4 1

M
2+N/2
∗

uddΨ + h.c. , (5.1)

where M∗ is a scale. We will refrain from specifying the origin of Ψ and treat
it as a phenomenological parameter. In general, it is reasonable to anticipate
that M∗ is of the same order of magnitude as or higher than Mf .

In the effective low-energy theory below the scale of QCD confinement,
the coupling given by (5.1) results in an effective mass term that induces mix-
ing between the neutron and Ψ. This is expressed in the effective Lagrangian
through the following replacement,

udd → Λ3
QCD n , (5.2)

where n is the neutron field and ΛQCD is of the order of the QCD scale.
As previously, we expand Ψ into the KK modes (3.24). Unlike the neu-

trino case, the neutron is a Dirac fermion. Consequently, both chiralities, nL

and nR, are available for mixing with the corresponding components of the
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KK tower:

Ψk⃗,R(x) ≡ 1√∑
Ā |cĀ|2

∑
Ā

cĀΨ(Ā)
k⃗,R

(x) ,

Ψk⃗,L(x) ≡ 1√∑
A |cA|2

∑
A

cAΨ(A)
k⃗,L

(x) . (5.3)

We again make a simplified assumption that the combinations (5.3) with
A = Ā are KK mass eigenstates. That is, modulo mixing with the neutron, at
each KK level k⃗ they form a four-dimensional Dirac fermion Ψk⃗ ≡ Ψk⃗,L(x) +
Ψk⃗,R(x) with mass mk⃗. In such a case, the orthogonal combinations decouple
and we get the following effective 4-dimensional Lagrangian describing the
Dirac neutron, the KK tower of Dirac fermions Ψk⃗ and their mixing,

L = n̄/∂n−mnn̄n+
∑

k

(
Ψ̄k /∂Ψk −mkΨ̄kΨk

)
+ α

∑
k

n̄Ψk + h.c., (5.4)

where mn is the SM mass of neutron and α is the mixing mass term,

α ≡
Λ3

QCD

M
2+N/2
∗

√
VN

. (5.5)

We have absorbed the normalization factor
√∑

A |cA|2 into the rescaling of
parameters.

It is important to note that α represents an extremely small mass scale.
Specifically, considering that M∗ ⩾ Mf and taking into account the current
experimental bound (3.36), we obtain the following upper bound on α,

α ≲ 10−24GeV . (5.6)

This quantity is significantly smaller than any other scale in the problem.
This enables us to perturbatively study the oscillation picture in α.

The masses and mixings between the neutron and the bulk states are
encapsulated by the following mass matrix,

mn α α α
α 0 0 0
α 0 mk⃗ 0
α 0 0 mk⃗′

 . (5.7)

Notice that because of the bound (5.6), we have α/mn ≲ 10−24. In the lead-
ing approximation, each KK mixes with the neutron with an angle given by
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tanφk = α
∆mk

, where ∆mk⃗ = |mn − mk⃗|. Putting aside miraculous coinci-
dences, the smallest value of ∆mk⃗ is set by the level splitting between the
KK modes.

The scenario closely resembles what we encountered in the neutrino case,
with two distinctions. First, the mass matrix is symmetric. Secondly, ∆mk⃗

reaches its minimum not at the lower end of the Kaluza-Klein spectrum but
in the region closest to the energy of the neutron.

Due to the mixing with the Kaluza-Klein tower, the conventional neutron,
being a Standard Model interaction eigenstate, does not constitute an exact
mass eigenstate. Designating the mass eigenstates with primes, the Standard
Model neutron is expressed as a superposition of mass eigenstates in the
following form,

n = 1
N

(
n′ +

∑
k⃗

α

∆mk⃗

Ψ′
k⃗

)
, (5.8)

where N 2 = 1 + ∑
k

α2

∆m2
k

= 1 + O(α2) is a normalization factor. This state
evolves in time as,

n(t) = 1
N

(
n′ +

∑
k⃗

α

∆mk⃗

eiϕ
k⃗Ψ′

k⃗

)
, (5.9)

where ϕk⃗ = |mn−mk⃗|t. The corresponding survival probability of the neutron
is,

Psurv(t) = |⟨n|n(t)⟩|2 = 1
N 4

∣∣∣∣1 +
∑

k⃗

α2

∆m2
k⃗

exp (iϕk⃗)
∣∣∣∣2. (5.10)

Parallel to the neutrino case, the oscillation unfolds across a series of
modes. The “resonant” modes align with the Kaluza-Klein levels closest to
the Standard Model energy of the neutron, mn. The levels farther away oscil-
late with increasing frequencies and diminished amplitudes. Upon averaging
over all modes except the one nearest to mn, the probability of the neutron
oscillating into Ψ is expressed as follows,

Pn→Ψ(t) = Z

N 4
4α2

∆m2 sin2
(∆m

2 t
)
. (5.11)

where ∆m ≡ |mn −mk⃗| denotes the smallest mass splitting and the factor Z
accounts for the corresponding degeneracy. For visualization, see Fig. 5.1.

For a single extra dimension of radius R, we have Z = 2 because the mass
is degenerate for k and −k. Equivalently, the neutron mixes with the states
Ψk ≡ 1√

2(ψk + ψ−k), whereas the orthogonal superpositions decouple. The
corresponding survival probability is

Pn→Ψ(t) = 1
N 4

8α2

∆m2 sin2
(∆m

2 t
)
, (5.12)
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where ∆m ⩽ 1/R. Even though “accidentally” ∆m could fall arbitrarily
below this upper bound, a plausible natural value is ∆m ∼ 1/R.

In the case of a higher number of pertinent extra dimensions, the level-
splitting becomes as small as ∆m ∼ 1/(mnR)2 (refer to the Appendix). The
degeneracy count is as follows. For NR relevant dimensions with equal radii
R (again, NR should not be confused with the total number N of large extra
dimensions, where NR ⩽ N), the general count Z of Kaluza-Klein states
within a gap ∆m is given by,

Z

∆m ∼ 1
mn

(mnR)NR . (5.13)

Taking this into account, the survival probability for NR relevant dimen-
sions of radius R can be presented in the following form

Pn→Ψ(t) ∼ mn

∆m(mnR)NR

(
α

mn

)2
sin2

(∆m
2 t

)
. (5.14)

The oscillation amplitude is the largest for the states with the smallest ∆m.
Equipped with these equations, we shall next discuss the effect of neutron
disappearance.

5.2 Phenomenological bounds from neutron
disappearance in nuclei

In the preceding section, we explored how, within the ADD framework, a neu-
tron can undergo oscillations into particles propagating in extra dimensions.
We will now seek phenomenological constraints on this process. Initially, we
examine the scenario with a massless bulk partner. In this case, the most
stringent constraints arise from the absence of observed neutron disappear-
ance from nuclei.

Consider an atomic nucleus containing several neutrons. The previously
derived formulas can be directly applied to these neutrons. In this context,
the mass mn should be interpreted as the energy level of a neutron within the
given bound state. The neutron exhibits a finite probability of transitioning
into the bulk KK modes. From the perspective of an observer within the
SM, this process is perceived as the disappearance of the neutron. The va-
cated nucleus undergoes de-excitation, wherein a neutron from a higher level
occupies the state vacated by the disappearing neutron. This de-excitation
process is accompanied by the emission of a hard photon, i.e., a photon with
nuclear energy.
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Figure 5.1: A schematic description of the matching of the energy levels of
free and nuclear-bound neutrons with the KK spectrum of Ψ.

In scenarios involving large extra dimensions, the typical oscillation time,
determined by the KK level splitting ∼ 1/∆m, is significantly longer than
the nuclear transition time. In such cases, after the de-excitation process,
the return of the original neutron is no longer viable, as its position has been
occupied. Consequently, this process would result in the decay of atoms
into isotopes with fewer neutrons. This is not observed in nature and the
experimental bound on the lifetime of neutrons within nuclei is [132]

τn > 1030 y ∼ 1062 GeV−1 . (5.15)

This bound translates to a bound on the neutron disappearance rate in
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our scenario. The rate can be derived from (5.12) as the average transition
probability per unit time,

λn = 2Zα2

∆m =
2ZΛ6

QCD

∆mM4+N
∗ VN

, (5.16)

where we plugged-in the parameter α from Eq. (5.5). Using the expression
(5.14), it is also useful to present the rate as

λn ∼ mn

(
α2

m2
n

)
(mnR)NR . (5.17)

Now, we demand that τn = 1/λn > 1030 y. This leads to the following
constraint,

M4+N
∗ > 1021(GeVR)NRM2+N

f GeV2 , (5.18)

where we have expressed VN through MP ∼ 1019GeV and Mf and used the
fact that mn ≃ GeV and ΛQCD ≃ 0.3 GeV. We also used the neutron lifetime
bound (5.15) in GeV units.

We aim to apply this bound to various cases distinguished by the number
and size of relevant dimensions. To achieve this, let us quantify the concept
of relevance. We have NR relevant dimensions with a size of R and N −NR

subdominant ones with radii R̃. Both categories contribute to (3.20). The
key distinction lies in the fact that the contribution of the subdominant
dimensions to the rate (5.17) is less. That is,

(mnR̃)N−NR ≪ (mnR)NR . (5.19)

Then taking into account the relation (3.20) and the fact that VN = (RNRR̃N−NR),
we get

(mnR̃)N−NR ≪ MP

Mf

(
mn

Mf

)N/2

. (5.20)

We can now apply the above considerations to specific cases. The first
case involves NR = 1, with just one relevant extra dimension of radius R. The
parameters R and Mf are treated as free parameters. To obtain meaningful
constraints, we set both to their current experimental bounds, as given by
equations (3.37) and (3.36). The results for various total numbers N of extra
dimensions are presented in Table 5.1.

Note that condition (5.20) implies that for NR = 1 and the specified
choice of R and Mf , we must have N > 2. In other words, with only two
extra dimensions and Mf ∼ 10 TeV, it is not feasible to have one dimension
significantly shorter than the other without conflicting with observations.
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N M∗[GeV]
3 > 3 · 107

4 > 1 · 107

5 > 5 · 106

6 > 3 · 106

Table 5.1: Bound on M∗ for one dominant R with Mf = 10 TeV and R =
30µm

The second example under consideration involves N equal-sized extra
dimensions. In this case, NR = N . Consequently, using (3.20),the right-
hand side of (5.18) can be expressed in terms of MP ∼ 1019 GeV, and the
bound takes on a simple numerical form,

M4+N
∗ > 1059GeV4+N . (5.21)

The resulting bounds on M∗ and corresponding values of R are listed in
Table 5.2.

N R[µm] M∗[GeV]
2 1.1 > 7 · 109

3 1.6 · 10−5 > 3 · 108

4 5.5 · 10−8 > 2 · 107

5 2 · 10−9 > 4 · 106

6 2.2·10−10 > 8 · 105

Table 5.2: Bound on M∗ for equal size extra dimensions.

Another instructive choice is M∗ ∼ Mf . In this case, (5.18) becomes

M2
f > 1021(GeVR)NRGeV2 . (5.22)

Since NR ⩽ N , from (3.20) we have Mf ⩽ (M2
P/(2πR)NR)1/(NR+2). Together

with this inequality, equation (5.22) becomes a bound on R. For example,
for NR = 1 we get

R ≲ 102GeV−1 ∼ 10−8µm . (5.23)

Equivalently, the bound on Mf is

Mf ≳ 1012GeV . (5.24)
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5.3 Proton Decay
The prospect of neutron oscillations into a bulk fermion introduces the pos-
sibility of proton decay. If the high-dimensional mass of Ψ is smaller than
the mass difference between the proton and the sum of the electron and neu-
trino masses, a tree-level decay process becomes feasible. Through a virtual
neutron exchange, the proton can decay into a positron, the Standard Model
neutrino, and Ψ,

p → e+ + ν + Ψ. (5.25)

The process is depicted in Fig. 5.2. The rate of the process is given by

λp ∼ mp

(
mn

v

)4 ( α

mn

)2
(mpR)NR . (5.26)

It is useful to compare this rate to the neutron disappearance rate (5.17).
Taking into account that mn ≃ mp, we obtain that the proton decay rate is
suppressed relative to the neutron rate by an additional factor

(
mn

v

)4
∼ 10−9

coming from the W -boson exchange,

λp ∼ λn

(
mn

v

)4
∼ λn10−9 . (5.27)

Simultaneously, the existing bound on the proton lifetime for this channel,
τp > 1030 years [133], aligns with the bound on neutron disappearance (5.15).
Consequently, as long as the bound on neutron disappearance is met, the
bound on proton lifetime is automatically satisfied.

Due to this alignment, the bound on M∗ inferred from the proton provides
a less stringent constraint. For instance, assuming Mf ∼ 10 TeV, the bound
is,

M4+N
∗ > 1012(mpR)NR M2+N

f GeV2 . (5.28)

Therefore, the improved accuracy of neutron disappearance experiments would
appear more promising for testing the discussed scenario.

5.4 Kaluza-Klein Spectroscopy from Free Neu-
tron Oscillations

We now wish to discuss another experimentally-motivated domain of our
framework. In this domain, the dominant effect is the oscillation of a free
neutron into hidden dimensions. In this regime, the bulk partner of the
neutron, Ψ, has a high-dimensional mass, µ. If the mass is above the energy
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Figure 5.2: Proton Decay via virtual neutron exchange. The SM particles are
confined to the brane, whereas the extra-dimensional particle, Ψ, propagates
in the bulk.

levels of the nuclear neutron, the stability of nuclei is unaffected. Similarly,
if µ is above the proton mass, there is no bound from proton decay. Thus, if
µ is within a window, ∼ MeV below the mass of a free neutron, only the free
neutron is experiencing oscillations into extra dimensions. The transition
amplitude can correspondingly be much larger.

It is noteworthy that for dimensions satisfying 1/R ≪ |mn − µ|, the
number and level-splitting of the available KK modes, to which the neutron
can oscillate, are essentially the same as for µ = 0.
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In the case of NR = 2, this level-splitting is sufficiently small to be probed
by an external magnetic field available in current laboratory setups. This
opens the possibility for potentially observable resonant n − Ψ oscillations
correlated with the features of the KK spectrum. Let us delve into a discus-
sion of this effect.

The amplitude of the neutron oscillation into the bulk particle is sup-
pressed by the minimal mass splitting between the neutron and the nearest
KK mode, denoted as ∆m. Simultaneously, the amplitude is enhanced by
the KK multiplicity factor Z.

The oscillation of a free neutron is effectively mapped onto a 2×2 problem,
in which the neutron mixes with a single state with the nearest mass,(

mn

√
Zα√

Zα mn + ∆m

)
. (5.29)

In the absence of a parameter capable of scanning the neutron energy
with a precision of ∆m, the oscillation amplitude is suppressed as indicated
by (5.14). However, an external magnetic field can function as a scanner.
When a neutron is placed in a magnetic field B⃗, its magnetic moment µ⃗n

induces an additional energy level shift, denoted as ϵ, given by ϵ = µ⃗n · B⃗.
Correspondingly, the mixing matrix becomes(

mn + ϵ
√
Zα√

Zα mn + ∆m

)
. (5.30)

It is crucial to note that, irrespective of the magnetic field strength, in the
given mixing matrix, we must always consider ϵ ≲ ∆m. If we increase the
magnetic field to the extent that ϵ > ∆m, the entire problem will be shifted
to the KK level closest to the shifted energy of the neutron mn + ϵ. Thus,
an increase in the magnetic field above the resonance value,

Br ≡ ∆m/µn, (5.31)

results in the effective shift mn → mn + ϵ.
Due to this condition, within a range of magnetic field values, the neu-

tron energy aligns with certain KK levels, leading to an enhanced oscillation
amplitude.

For NR = 2, the levels are not precisely equidistant. Consequently, the
effect is not strictly periodic but exhibits a discernible repetitive pattern that
fully mirrors the KK spectrum.

This characteristic sets our framework apart from theories where the neu-
tron has a singular oscillation partner, such as dark neutrons from hidden
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standard model copies. A more detailed comparison with such scenarios will
be addressed later.

In the context of current experimental setups, ϵ is a very small quantity.
For instance, with Earth’s magnetic field, |B⃗e| ≃ 0.5 G, we have ϵe ∼ 10−12

eV. With the most powerful artificial magnets currently available, it can be
increased by a few orders of magnitude.

This level of precision is adequate for scanning the KK spectrum for
NR = 2 within an interesting range of radii. For instance, considering the
largest possible value for extra dimensions, R = Rmax, as constrained by
the experimental bound (3.37), the splitting of closely spaced KK modes is
∆m ≡ 1/(2mnR

2
max) ≃ 2×10−14 eV. This value lies within the realm testable

by currently available experimental setups.
For α < |ϵ− ∆m| < ∆m, the oscillation amplitude is

A ≃ α2

|ϵ− ∆m|2
, (5.32)

and the oscillation frequency is given by ω = |ϵ − ∆m|. In the resonance
regime, α ≤ |ϵ − ∆m|, the amplitude becomes of the order of one, and the
frequency is determined by ω ∼ α.

Once again, it is crucial to note that for the regime ϵ ≫ ∆m, we transition
to a new KK level closest to mn +ϵ, and the excess of ϵ is effectively absorbed
in the shift of mn.

Now, we will compare the described dynamics with experimental data.
To facilitate this comparison, we will express the amplitude (5.32) in a more
user-friendly form. For this, we take into account that ϵ ≃ 6×10−14B eV

µ T [134]
and that for R = Rmax, we have ∆m ≃ 2 × 10−14 eV. We can then write

A ∼ 1027 α2 eV−2

|3 B
µT − R2

max

R2 |2
. (5.33)

Given that for resonant values of B, the crucial factor is the difference be-
tween the two terms in the denominator, we focus more precisely on these
terms while examining the overall numerical coefficients less closely. We will
employ this formula to interpret the two experimental results.

The first one [130], the ultra-cold neutron storage experiment, constrains
the disappearance of a neutron for two separate values of the magnetic field:
B ≃ 10.20 ± 0.02µT and B ≃ 20.39 ± 0.04µT.

Assuming R = Rmax, for the given magnetic field values, the first term
in the denominator (5.33) is larger than the second one by factors of 30 and
60, respectively. This implies that the system will shift to a higher KK level,
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absorbing the extra contribution from the magnetic energy into the mass of
a new KK partner. Excluding miraculous coincidences or finer cancellations,
the optimal KK level will satisfy:

|ϵ− ∆m| ∼ ∆m. (5.34)

It is important to note that the error in δϵ = ϵδB/B, due to inaccuracy
of the magnetic field (which is |δB/B| ≃ 2 × 10−3 in both cases), is not
sufficient to further reduce the difference |ϵ− ∆m|.

Now, it is clear that the relation (5.34) will persist for R < Rmax. Specifi-
cally, for R2

max
R2 ≪ 3 B

µT , the level will always get shifted to the one that satisfies
(5.34). Simultaneously, for R2

max
R2 > 3 B

µT , the same condition is satisfied with-
out any shift. Consequently, the relation (5.34) is satisfied for the entire
parameter space probed by the experiment of [130]. Thus, for fitting the
data, the equation (5.33) can be approximated as,

A ∼ 1027 α2 R4

R4
max

eV−2 . (5.35)

Putting everything together, we get the following constraint on our pa-
rameters,

α
R2

R2
max

≲ 10−16eV . (5.36)

Expressing α in terms of M∗ and Mf , we can write,

10TeV
Mf

(
Mf

M∗

)2+N/2 R2

R2
max

≲
1
3 . (5.37)

It is intriguing that by settingMf to its current experimental bound (3.36)
of Mf ∼ 10 TeV and simultaneously taking M∗ at its theoretical limit, M∗ ∼
Mf , equation (5.37) corresponds to the current experimental constraint on R
(3.37) imposed by tests of Newtonian gravity. Having a rigorous bound on the
extra-dimensional setup from cold neutron experiments is indeed noteworthy.

Now, let us shift our focus to the second experiment [131], involving an
ultra-cold neutron beam. The crucial insight from this measurement is that
the authors scanned a broad range of magnetic fields within the interval
between Bmin ≃ 50, µT and Bmax ≃ 1100, µT, with a step of ∆B = 3µT. To
translate the results of this experiment into bounds on our parameters, we
need to consider various cases.

In the regime

R2
max

R2 ≫ 3 |Bmax −Bmin|
µT ≃ 3150 , (5.38)
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or equivalently ∆m ≫ ϵmax −ϵmin, our transition amplitude is essentially the
same as without the magnetic field, (5.35), and the bound is

α
R2

R2
max

≲ 10−15eV . (5.39)

It has the same form as (5.36) but subject to (5.38).
In the opposite case,

R2
max

R2 < 3 |Bmax −Bmin|
µT , (5.40)

the bound depends on the ratio between ∆m and the scanning step ∆ϵ.
In the denominator of expression (5.32) the smallest of the two will enter.
Because of this, for R2

max/R
2 < 9, the bound is again given by the expression

(5.39).
For R2

max/R
2 > 9, the situation is different since the ∆m term in (5.32)

can be compensated by the accuracy of ∆ϵ.
The magnetic term ϵ can be gradually cranked up in small increments ∆ϵ

all the way to ∆m, sooner or later the resonant transition will take place with
|ϵ−∆m| ≃ ∆ϵ. In this case, the absolute value of ∆m (and thus dependence
on R) drops out from the transition amplitude and we have

A ∼ α2

|∆ϵ|2 ∼ α21025 eV−2 . (5.41)

This imposes the following R-independent constraint on α

α ≲ 10−14eV. (5.42)

In summary, the distinctive signature of neutron oscillations into extra
dimensions, setting it apart from other proposals, is the recurrence of the
resonance amplitude for multiple values of the magnetic field with steps
∆B,=, ∆m

µn
, where ∆m is the mass splitting between the nearest KK lev-

els. These recurrent resonance transitions are a characteristic prediction of
the extra-dimensional scenario, as illustrated in Fig. 5.3 and Fig. 5.4.

The experiment [131] is effectively probing the interval

0.8µm < R < 10µm (5.43)

and correspondingly impose the bound (5.42) on α.
Extensions of the upper and lower bounds of this interval can be achieved

by increasing the range of the magnetic field and decreasing the step size,
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respectively. For instance, reducing the step size to 1/3µT would push the
upper bound towards the level of (3.37), as determined by measurements of
Newton’s law. Conversely, expanding the range of the scanned magnetic field
would enable the exploration of smaller sizes of extra dimensions.

The general trend is evident from the analysis above. Experiments with
more refined scanning of broader ranges of the magnetic field can offer deeper
insights into the physics of extra dimensions. Remarkably, the bounds (5.36),
(5.39), and (5.42) suggest that these experiments are already delving into the
domain motivated by the Hierarchy Problem.

Figure 5.3: A qualitative sketch of the transition amplitude as a function of
the magnetic field. The resonance transitions take place with steps ∆B =
∆m/µn. The differences in the heights are due to different degeneracy factors
of different KK levels. The repetitive but not strictly periodic behavior is
due to the nonuniform population of KK levels.

5.5 Comparing with oscillations into hidden
copies of the neutron

In this section, we aim to compare the presented scenario with the earlier
proposal [17] where the neutron also interacts with multiple partners ni, i =
1, 2, ..., N from N hidden sectors (note that N here is not to be confused with
the same notation for the number of dimensions in ADD). These partners
represent neutron-like particles belonging to N copies of the Standard Model.
The copies are connected by an exact permutation symmetry. Similar to
the ADD model, this scenario was originally motivated by the Hierarchy
Problem, as the existence of multiple SM copies lowers the cutoff of the
theory[15, 16].
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Figure 5.4: Scanning with the magnetic field between two KK-levels. A
resonance occurs when the shifted energy level of the neutron comes close to
a KK state with a precision of µn∆B.

In a way, this scenario acts as a “Fourier transform” of the ADD solution,
signifying that the dilution of gravity occurs in the space of species. Conse-
quently, solutions to certain puzzles offered by ADD also find counterparts in
this framework. For instance, a “dilution” of the neutrino mass in the space
of species can be achieved [17, 2]. Additionally, the particles in the hidden
copies of the Standard Model can serve as dark matter [21, 17] 1.

As discussed in [17], one of the phenomenological consequences of the
scenario with N SM copies can be the oscillation of a neutron into the hidden
partners, since the mixing α∑i ̸=j n̄inj is permitted by the gauge symmetries

1This idea was originally proposed within the ADD framework, with the role of exact
copies of the Standard Model played by the parallel folds of our brane [19]
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of all sectors. The only constraint, α < mn/N , comes from unitarity.
This scenario exhibits some crucial differences from the present case. Be-

cause of the exact permutation symmetry, the mass matrix has the form,
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (mn − α) +


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 α . (5.44)

Due to this structure, the oscillation dynamics can be reduced to a 2 × 2
problem in which the neutron from our copy, n1, mixes with the state nh ≡

1√
N−1

∑
j ̸=1 nj, via the following mass matrix,(

mn α
√
N − 1

α
√
N − 1 mn + α

√
N − 2

)
. (5.45)

The rest of the orthogonal N − 2 states decouple.
The resulting disappearance probability is

P (t) ≃ 4
N

sin2
(
Nαt

2

)
. (5.46)

This scenario differs significantly from the case of a neutron mixing with the
KK tower. The key distinction lies in the fact that the neutron has a single
oscillation partner in the form of a state nh. For neutrons in all possible
energy states, this partner is unique and determined by the theory.

The phenomenology of free neutron oscillations is accordingly very differ-
ent from the KK case, especially in terms of the magnetic field dependence
of the resonant amplitude. In the case of an oscillation into a single hid-
den partner, the amplitude peaks around the resonant value of the magnetic
field Br = α

√
N − 2/µn and diminishes in both directions as a function of

|B −Br|.
This behavior sharply contrasts with the present scenario in which a neu-

tron oscillates into the KK tower. As previously discussed, in this case, a
neutron of arbitrary energy mn +ϵ finds its oscillation partner among the KK
states that are closest to it. Because of this effect, the amplitude is recurrent
in B with steps of ∆m

µn
.

This distinction holds for a scenario with an arbitrary number of Standard
Model copies, including the special case of N = 2. This case is commonly
referred to as the mirror Standard Model. The oscillation between neutrons
of the two copies was previously studied in [128]. The additional challenge
in this case is the exact degeneracy of the diagonal masses between n and its
mirror partner n′. Due to this, the oscillations are suppressed by potentials
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arising in our sector due to the environment, such as the Earth’s magnetic
field, which introduces a large level splitting.

Therefore, the transition can occur only if one assumes the presence of
an analogous magnetic field in the hidden sector, which is beyond any ex-
perimental or theoretical control as it fully depends on the nature of the
hidden sector. Regardless of this issue, assuming the proper conditions, the
resonance can only occur for one specific value of the magnetic field that hap-
pens to match the hidden one. This is distinct from the extra-dimensional
oscillations of neutrons, where the resonances occur for discrete values of the
magnetic field synchronized with the Kaluza-Klein spectrum.

5.6 Neutron lifetime measurements
The possibility of free neutron oscillations into extra dimensions also empha-
sizes the need for more precise measurements of its lifetime. In fact, some
authors have argued that existing measurements may indicate a discrepancy
that supports the existence of new channels of neutron disappearance.

On the one hand, we have data from so-called ultra-cold neutron life-
time measurements, which account for the missing neutrons from a given
number of free neutrons. The reported lifetime of the neutron is τ1 = 878
seconds [135, 136, 85]. On the other hand, we have data from beam exper-
iments that look for the protons resulting from the ordinary decay of neu-
trons caused by the weak interaction. These experiments report a lifetime of
τ2 = 888 seconds [137, 138, 85].

This difference between the reported neutron lifetimes has prompted some
attempts to address it in the context of oscillations to mirror neutrons [128,
129, 139, 140], or decays of neutrons into other hypothetical particles [141].
For some cosmological implications, see [142]. However, doubts about the
rigor of the discrepancy have also been raised [143].

Scrutinizing the validity of the puzzle is beyond the goal of the present
paper. Regardless, the phenomenon of neutron oscillations into extra dimen-
sions provides an additional motivation for improved precision measurements
of the neutron lifetime.

5.7 Baryon and Lepton Numbers
Notice that the mixing of the SM neutrino with a bulk fermion (3.26) pre-
serves lepton number symmetry since Ψ can be assigned one unit of lepton
number. Likewise, the mixing of the neutron with the bulk fermion Ψ (5.1)
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fixes the baryonic charge of Ψ as equal to one. In the case where the neutrino
and neutron mix with the same Ψ, one combination of baryon and lepton
number is preserved depending on whether both mix with Ψ or with their
relative conjugates.

Mixing with the same Ψ leaves B + L symmetry unbroken and breaks
B−L. Mixing with the conjugates Ψ and Ψ∗ has the opposite effect. Notice,
as discussed in [14], the B−L symmetry can be gauged in the bulk, resulting
in gravity competing forces from the exchange of a B − L gauge boson. If
B − L is gauged, one of the mixing operators must be suppressed by the
vacuum expectation value of the field that Higgses it.

It is worth noting that the introduction of a Majorana mass term for the
bulk particle Ψ of the form µMΨCΨ would break the baryon number by two
units. Consequently, the exchange of Ψ could lead to neutron-anti-neutron
oscillations, which would correlate the neutron disappearance rate with the
n − n̄ oscillation. However, this particular case is not discussed further in
this context.

5.8 Cosmology
We would like to briefly comment on some straightforward cosmological im-
plications and constraints on the present scenario.

In the large extra-dimensional theory, there exists a standard list of con-
straints shared by the bulk species [14]. In particular, an important bound is
coming from Big Bang Nucleosynthesis (BBN). In this consideration, the key
control parameter is the “normalcy temperature”. The point is that at BBN
temperatures the production of bulk species must be sufficiently suppressed
in order not to interfere with the standard evolution of the Universe. The
bulk species must neither enter in thermal equilibrium with the SM particles
nor be overproduced.

BBN provides stringent constraints on the presence and properties of ad-
ditional particles, including bulk species in the large extra-dimensional theo-
ries. One crucial aspect is ensuring that these extra particles do not disrupt
the standard evolution of the Universe during BBN. The “normalcy tem-
perature” is the critical parameter. The point is that at BBN temperatures
the production of bulk species must be sufficiently suppressed in order not
to interfere with the standard evolution of the Universe. These constraints
are essential for maintaining the successful predictions of light element abun-
dances during the early stages of the Universe.

In the scenario involving a massless bulk fermion Ψ mixing with the neu-
trino, constraints related to BBN were examined in [127]. In the present case,
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where the neutron mixes with the sector of the KK tower, these constraints
are less stringent. This is because the KK tower is much heavier than the
BBN temperature, resulting in a milder bound.

In particular, in the parameter regime relevant for free neutron oscillations
into the bulk fermion, the thermal production of Ψ due to the rescattering
of quarks via the four-fermi operator (5.1) is effectively shut off below the
temperature of its mass µ ∼ GeV.

In addition to constraints, cosmology offers compelling motivations for
the existence of a neutron portal into extra dimensions, embodied by its
bulk partner Ψ. One such motivation is the mechanism for baryogenesis
introduced in [127]. The idea is that the excess of baryonic charge in our
sector (i.e., particles inhabiting the SM brane) is generated by its loss into
extra dimensions.

Although a neutron’s transition into an extra dimension does not vio-
late baryon number, baryogenesis can still occur, given that the other two
Sakharov’s conditions (CP-violation and an out-of-equilibrium state) are ful-
filled. This is feasible because the bulk species can transport baryon number
away from our SM sector, effectively “hiding” it in the KK states.

In our scenario, this process can manifest as an out-of-equilibrium con-
version of our baryons into the fermions Ψ. Due to the extremely weak inter-
action of Ψ, the inverse decays are highly suppressed. The net result could
be the generation of a baryon number asymmetry in our sector. While the
exact amount of the missing baryonic charge is carried by the bulk species, it
remains effectively inaccessible for our measurements, leading to an apparent
asymmetry in baryon number in the Universe.

The second natural implication of the bulk particle Ψ is that its KK states
can play the role of dark matter. The generic feature of bulk modes is that
they interact with SM species with gravitational strength and, correspond-
ingly, are extremely long-lived. This makes them viable candidates for dark
matter. The possibility that KK gravitons of large extra dimensions can be
dark matter was originally proposed in [14] (a more recent discussion of this
idea can be found in [144]).

Similarly, in our scenario, Ψ can be a dark matter candidate. Of course,
the construction of a fully viable and predictive scenario requires a more
detailed cosmological investigation of the parameter space of our setup. This
is beyond the goals of the present chapter.
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5.9 Conclusions and outlook
In this chapter, we emphasized that neutron experiments offer a distinct
spectroscopic insight into extra dimensions.

Neutrons assume a pivotal role in the investigation of particle species with
ultra-feebly interacting behavior, akin to the strength of gravity. Theoretical
frameworks that involve a multitude of such ultra-feebly interacting species
are particularly intriguing. The motivation behind exploring these frame-
works lies in their potential to address the Hierarchy Problem by reducing
the theory’s cutoff scale, as outlined in (3.38).

The ADD model of large extra dimensions [13, 14] and the framework
featuring multiple exact copies of the SM[15, 16, 17] represent two extremes
among theories that involve ultra-feebly interacting species. While neutron
oscillations into hidden copies of the SM have been explored in the latter
framework[17], investigations into neutron oscillations into large extra di-
mensions have, until now, remained unexplored. This paper aims to bridge
this gap in our understanding.

In the ADD framework, we have examined the oscillations of a neutron
into a fermion Ψ that propagates in large extra dimensions. Specifically, Ψ
can be the same bulk fermion responsible for endowing the Standard Model
neutrino with a naturally small mass, following the mechanism proposed
in [18, 79]. This mechanism leads to the oscillation of the neutrino into the
KK tower of the bulk sterile fermion [127].

In our current framework, the neutron undergoes a similar oscillation into
the KK species of the bulk fermion. However, neutron oscillations exhibit
distinctive features that make them particularly interesting for a variety of
experiments and phenomenological constraints. An intriguing characteristic
of a neutron mixing with a bulk species is that, due to the high density and
degeneracy of the KK spectrum, neutrons in various energy states, whether
free or within nuclei, encounter their respective oscillation partners. The
threshold for these oscillations is determined by the mass of the bulk fermion
Ψ, which is a parameter of the theory.

When the mass of the bulk fermion Ψ is below the energy of a nuclear
neutron, the primary effect is the disappearance of neutrons from nuclei,
leading to their de-excitation and the emission of a hard photon. This gives
rise to various constraints on the parameters of the theory. The associated
proton decay rate is further suppressed, making it a subdominant effect by
nine orders of magnitude. Therefore, improving the precision of neutron
disappearance experiments and expanding the diversity of samples become
crucial avenues for tightening the constraints. The resonant energy levels,
crucial for these experiments, depend on the specific features of the Kaluza-



5.9 Conclusions and outlook 109

Klein spectrum.
When the mass of the bulk fermion Ψ falls within a window between the

energies of a bound and a free neutron, the stability of nuclei is unaffected.
However, the resonant transition can still be observed for a free neutron. This
scenario presents an exciting opportunity to map the Kaluza-Klein spectrum
using a magnetic field as a scanner. In contrast to scenarios where the neutron
has a single oscillation partner, in the extra-dimensional case, the resonance
occurs recurrently as a function of the magnetic field. The resonant values
of the magnetic field are quantized and correspond one-to-one with the KK
spectrum.

The analysis of our findings was performed in the context of two recent
experiments: the ultra-cold neutron storage experiment [130] and the ex-
periment with an ultra-cold neutron beam [131]. Our results indicate that
both experiments impose constraints on the parameters of extra dimensions.
Notably, the bounds, such as (5.36), (5.39), and (5.42), already probe the
domain motivated by the Hierarchy Problem.

Future experiments with enhanced accuracy and an extended range of the
scanned magnetic field offer a unique opportunity to conduct precise Kaluza-
Klein spectroscopy in neutron laboratories.
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Chapter 6

Multiple Axions in Theories
with Dark Yang-Mills Groups

6.1 The strong CP problem and the Axion
Mechanism

In this section, I will give a short introduction to the so-called strong CP
problem and how the axion mechanism gives a solution to it. For this, I
will rely on the two reviews [7, 8]. Because of the several different aspects
of this topic, I do not intend to give a complete overview but rather want
to present one possible argumentation line. After the introduction of the
theoretical setup I present our work published in [3] and rely closely on it in
the following.

6.1.1 The role of the θ term
The story begins with the QCD Lagrangian

LQCD =
∑

q

q̄(i /D −mqe
iθq)q̄ − 1

4G
aµνGa

µν + θ
g2

s

32π2G
aµνG̃a

µν . (6.1)

In this equation, q stands for quark fields, mq for their masses, and θp the
phase of the quark masses. The other quantities in (6.1) are defined as

Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAb
µA

c
ν ,

G̃a
µν = 1

2ϵµνρσG
aρσ,

/D = γµDµ = γµ(∂µ − igsT
aAa

µ), (6.2)
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with ϵ0123 = −1 and gs being the strong coupling constant. We recognize
that the last term in the Lagrangian is CP violating but due to the fact that
it can be written in the form of a total derivative

GaµνG̃a
µν = ∂µK

µ = ∂µϵ
µαβγ

(
Aa

αG
a
βγ − gs

3 f
abcAa

αA
b
βA

c
γ

)
(6.3)

in terms of the Chern-Simons current, Kµ, it was originally thought that this
term can be neglected in perturbation theory. In the following, we will show
that this first intuition is wrong and that this term has physical meaning and
must be included in a quantum theory.

Let us start with a pure Yang-Mills Lagrangian with the gauge group
SU(2) for simplicity.

L(A) = −1
4G

a
µνG

aµν (6.4)

The results we will obtain can be generalized to higher gauge groups and the
baseline message is unaltered. Now we perform a Legendre transformation
to go into the Hamiltonian formulation and the corresponding expression is

H = 1
2

∫
d3x(Ea

i E
ai +Ba

i B
ai) (6.5)

in the temporal gauge, A0 = 0. If one searches now for the zero energy states
we find

Ai(x⃗)|vac = i

g
U(x⃗)∂iU

†(x⃗), (6.6)

where U(x⃗) is an element of SU(2). These configurations are called therefore
“pure gauge”. Because we are working in an undergauged setting the expres-
sion for Ai is not zero as one would naively expect but is built of pure gauge
transformations. Now we demand that the corresponding action is finite and
we impose the boundary condition

lim
x⃗→∞

U(x⃗) = const. (6.7)

This boundary condition implies that the three-dimensional space is topolog-
ically equivalent to S3. Because the group manifold of SU(2) is also S3 the
functions U(x⃗) realize a mapping S3 → S3. These mappings can be charac-
terized how often one sphere is wrapped around the other one. This means
that the different U(x⃗) can be classified into different Un(x⃗). The crucial
point is that it is not possible to change n of a configuration by a continuous
gauge transformation. If one wants to change n one passes through configu-
rations that are not pure gauge and this means that there is an energy barrier
between different field configurations of different n.



6.1 The strong CP problem and the Axion Mechanism 113

Now the situation is the following. Quantum mechanics teaches us that
in a situation where two vacua configurations are separated by an energy bar-
rier tunneling processes are possible. These processes can be described by
non-perturbative field configurations called instantons. If one can show the
existence of instantons in YM theories by finding solutions to the YM equa-
tions of motion with the appropriate boundary conditions one also showed
that processes that change the winding number are possible.

The existence of these instantons can be shown and the action of these
processes tunneling from n to m can be expressed as

SE[A] = 8π2

g2
s

ν, (6.8)

where ν is
ν = m− n = g2

32π2

∫
dx4

EG
a
µνG̃

aµν . (6.9)

So far we have established the fact that we have degenerated vacua which
are separated by an energy barrier and instantons describe the processes
that allow tunneling from one vacuum to another one. This also means that
the physical vacuum is not one specific one of the degenerated vacua but a
superposition of all of them. In the framework of QFT every point has to
perform this tunneling at the same time and therefore the action has to not
vanish in the infinite volume limit. Generically one calculates the amplitude
of tunneling via

⟨n|H |m⟩ = e−SE , (6.10)

and therefore

⟨n|H |m⟩ = e−|ν| g2

8π2 . (6.11)

This shows that the action is independent of x and does not vanish in the
infinite volume limit. Correspondingly the true vacuum is a superposition of
all vacua like

|θ⟩ =
n=∞∑

n=−∞
= einθ |n⟩ . (6.12)

This is known as the θ vacuum. The angular parameter θ characterizing
this vacuum comes from the fact that one imposes on the wave function
the periodic Bloch boundary condition |n+ 1⟩ = eiθ |n⟩. This is a natural
boundary condition for a periodic system like we have with our degenerated
n vacua. The result of this definition of the true vacuum is that it is labeled
by the angular parameter θ.
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Now we show that the following relation holds

⟨θ| O |θ′⟩ = 0, (6.13)

where O is a gauge invariant operator. We start with

⟨θ| O |θ′⟩ =
∑
m,n

ei(nθ−mθ′) ⟨m| O |n⟩ =
∑
m,n

ei(nθ−mθ′)F (ν), (6.14)

where we took into account that the matrix element will just depend on ν.
Then we can rewrite it in the following way

⟨θ| O |θ′⟩ =
∑

n

ein(θ−θ′)∑
ν

ei ν
2 (θ+θ′)F (ν) = 2πδ(θ − θ′)

∑
ν

eiνθF (ν), (6.15)

which proves the relation (6.13). This has the consequence that the Hilbert
spaces are orthogonal which means that different θ correspond to different
superselection sectors. Therefore we can take θ as a label for different physical
vacua.

Now we will show how the θ term reappears in the Lagrangian if we
take instantons into account even though we did not include it in (6.4). We
start by calculating the expectation value of an local observable in a large
Euclidean volume Ω in the path integral formalism as

⟨O⟩ =
∑

ν f(ν)
∫

ν Dϕe−SΩ[ϕ]O[ϕ]∑
ν f(ν)

∫
ν Dϕe−SΩ[ϕ] . (6.16)

In this equation ϕ stands for the fields of the theory, SΩ is the integral of the
Lagrangian restricted over the volume Ω and we have included the sum over
all topological sectors ν, with a general weight factor f(ν). Now we split Ω
in two volumes Ω = Ω1 + Ω2 and localize O in Ω1. This allows us to write
(6.16) in

⟨O⟩ =
∑

ν1,ν2 f(ν1 + ν2)
∫

ν1
Dϕe−SΩ1 [ϕ]O[ϕ]

∫
ν2

Dϕe−SΩ2 [ϕ]∑
ν1,ν2 f(ν1 + ν2)

∫
ν1

Dϕe−SΩ1 [ϕ] ∫
ν2

Dϕe−SΩ2 [ϕ] (6.17)

Due to the requirement of cluster decomposition, we require that the Ω2
dependence must cancel. This requirement needs

f(ν1 + ν2) = f(ν1)f(ν2). (6.18)

This is uniquely solved by
f(ν) = eiθν . (6.19)
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If we plug in the expression for ν form (6.9) we see the θ term reappearing

Lθ = θ
g2

32π2G
a
µνG̃

aµν . (6.20)

This means that in a quantum theory of the YM Lagrangian this term cannot
be neglected and must be included.

Now we want to list some direct physical consequences which result by
the existence of this term. The first property we want to mention is the
fact that the vacuum energy density, ρ, of QCD depends exactly on the θ
parameter by the equation (see e.g. [145])

ρ(θ) = −KΛ4
QCDe

− 8π2
g2

s (ΛQCD) cos θ. (6.21)

Here K is a positive constant. Moreover, it was shown in the Vafa-Witten
theorem [146] that the CP conserving vacuum θ = 0 is a global minimum.

Another direct experimental consequence of the θ term is a contribution
to the electric dipole moment of the neutron, dn. The dependence is

|dn| ≈ 1
8π2

mq

mn

θ̄e

mn

≈ 10−4θ̄eGeV −1. (6.22)

This experimental signature was hunted for and so far no signal was found.
The current bound on θ̄ is

|θ̄| ≤ 10−10, (6.23)
reported in [147]. This was a surprising result because as we argued the θ
parameter is a parameter of the SM like others and there is no reason coming
from first principles which would explain its smallness. This is the so called
“strong CP problem”. This raised the question if new physics could be the
reason for the smallness of θ. A very famous mechanism that sets the value of
θ dynamically to zero is the so called “axion mechanism” which is described
in the next section.

6.1.2 The Axion Mechanism
To address the elimination of the θ-vacua, we can introduce an axion [148,
149]. This can be achieved through a conventional PQ formulation [150, 151],
necessitating a spontaneously broken global U(1)P Q symmetry that is chiral,
non-linearly realized, and anomalous with respect to the corresponding Yang-
Mills (YM) group. In the low-energy effective theory the Lagrangian for the
axion field a(x) is described as

L = LSM,axion + gs

32π2

(
a

fa
+ θ

)
GG̃ , (6.24)



116 6. Multiple Axions in Theories with Dark Yang-Mills Groups

where the fa denotes the axion decay constant. At scales below confinement,
this coupling undergoes a transformation into the axion potential. According
to the Vafa-Witten theorem, the vacuum of the axion is situated at ⟨a⟩ =
−faθ. Expanding around these vacua serves to eliminate the vacuum angle
from the theory.

Incorporating the U(1)P Q with the necessary characteristics into the SM
is typically accomplished through the KSVZ and DFSZ invisible axion models
[152, 153, 154, 155]. The KSVZ model introduces an additional SM scalar
singlet along with a heavy quark, whereas the DFSZ model utilizes a singlet
and an extra Higgs doublet. In the former, the singlet Φ1 acquires a vacuum
expectation value fa1 via a standard Mexican hat potential,

V1(Φ1) = λ1
(
|Φ1|2 − (fa)2

)2
(6.25)

which generates the spontaneous breaking of the U(1)P Q. The axion can
be identified as the angular degree of freedom of the singlet, conventionally
normalized as θ(x) ≡ a(x)/fa. In the SM, introducing the singlet becomes
essential to disentangle the electroweak scale from the PQ scale fa, thereby
avoiding constraints from star cooling and direct detection. Our focus here
is on the minimal invisible axion models, although it is worth noting that a
multitude of KSVZ- and DFSZ-type models exist, as cataloged in [156, 157]
and [158], respectively, each offering potential realizations in our sector.

The resolution of the strong CP problem through a massless quark is
indeed a manifestation of the PQ mechanism. When considering a massless
quark, such as the up-quark in the SM, the U(1)P Q symmetry aligns with
the QCD’s U(1)A symmetry, and the role of the axion is played by the η′

meson [159]. Although this implementation is not observed in the SM due
to the massiveness of all SM quarks, it can be achieved in a dark sector.

The axion mechanism can be alternatively implemented through an in-
trinsic gauge formulation, originally proposed in [159] and further explored in
[160, 161, 162] (also refer to [163] for a consistency check). This formulation
does not rely on any global U(1)PQ symmetry. Instead, it is built upon the
gauge redundancy inherent in the respective QCD-like theory. In this gauge
formulation, the axion is introduced as a two-form B1

µν that serves as the
longitudinal mode of the QCD Chern-Simons three-form C1

µνρ (analogous to
the scalar that becomes the longitudinal mode of the Maxwell field in the
Stückelberg formulation of the Proca theory). This fixes the form of the
theory, to the lowest order, as,

Leff = − 1
2 · 4!(F

1
µνρσ)2 + m2

2 · 3!
(
C1

µνρ − ∂[µB
1
νρ]

)2
, (6.26)
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where F 1
µνρσ ≡ ∂[µC

1
νρσ] denotes the canonically normalized field strength ten-

sor of the Chern-Simons three-form. In this configuration, the Chern-Simons
theory enters the Higgs phase, rendering the vacuum angle effectively un-
physical. A notable advantage of this implementation is its immunity to the
so-called quality problem, ensuring that θ1 = 0 remains intact without be-
ing susceptible to explicit breaking, as no global symmetry is necessitated.
Consequently, this mechanism exhibits stability under any gauge-invariant
deformation of the theory. As discussed in [162], a notable consequence of
this realization is that any measurement of a neutron electric dipole moment
would signify new physics. This contrasts with the conventional PQ imple-
mentation, where a non-trivial θ1 could arise from explicit breaking. Below
fa1 , the pseudo-scalar a1(x) and the two-form axion B1

µν are dual to each
other, resulting in largely similar physics, with the main distinction being the
potential explicit breaking in the ordinary PQ realization. However, above
fa1 , the formulations diverge significantly, and the gauge formulation likely
necessitates direct UV-completion within quantum gravity. This implies a
PQ scale of fa1 ∼ MP (or fa1 ∼ M∗ in the presence of a large number of
species). Importantly, the gauge axion realization can be applied to arbitrary
hidden sector gauge groups.

In dark sectors, the specific implementation of the U(1)P Q varies depend-
ing on the model. However, there is more flexibility in these scenarios, given
the absence of stringent bounds. For exact SM copies, the KSVZ or DFSZ
models, or the two-form implementation, could once again be employed. In
pure YM sectors, the axion mechanism can be implemented using the KSVZ
scenario, the gauge two-form formulation, or the massless quark solution.

In the early cosmologies of gauge and U(1)P Q axions, significant distinc-
tions can arise, primarily stemming from fundamental differences in their
UV completions above the scale fa. Nevertheless, the initial conditions in
the following render these potential differences unimportant. Consequently,
we adopted an approach independent of any specific realization of the axion
mechanism and treat fai as free parameters. However, if needed, we will
explore consequences that are specific to particular realizations.

6.1.3 The Need for the Axion
Attempts to measure the neutron electric dipole moment have shown no ev-
idence of CP violation in the strong interaction. Given that QCD involves
CP-violating processes proportional to a parameter θ, the absence of obser-
vation leads to the constraint θ < 10−10 [164]. This seemingly inexplicable
smallness constitutes the strong CP problem. While it may initially appear
to be a naturalness problem, this characterization is somewhat misleading. A
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naturalness problem typically arises when fine-tuning is required to address
unacceptably large quantum corrections, as seen, for example, in the case of
the Higgs mass. However, for θ, the quantum corrections from the Standard
Model are much smaller than the measured bound [165]. Thus, from the
perspective of naturalness, it is more aptly described as a puzzle concerning
the smallness of the value rather than a problem requiring fine-tuning.

The scenario undergoes a significant shift when considering the impact
of quantum gravity [162]. Recent evidence suggests that quantum gravity
is incompatible with (meta-)stable de Sitter vacua [166, 167], particularly in
the context of the S-matrix formulation of quantum gravity, which is only
consistent with asymptotically flat space-times [168]. This has profound
implications for axion physics [169, 162].

Essentially, θ is not merely a parameter but a label for QCD vacua, which
are non-degenerate. According to the Vafa-Witten theorem [146], the global
minimum is the CP-conserving one at θ = 0, with other vacua having higher
energies. As argued in [169, 162], if all theta vacua were deemed physical,
their non-degeneracy would imply the existence of de Sitter vacua among
them. Furthermore [162], even with arbitrary fine-tuning, only one out of in-
finitely many vacua could be made viable for the S-matrix formulation, while
others would lead to asymptotically non-flat cosmologies. Consequently, it
was concluded in [169, 162] that θ vacua must be considered unphysical in
the context of gravity.

Incorporating gravity transforms the strong CP problem into a consis-
tency issue, necessitating the elimination of the non-degenerate vacuum struc-
ture to retain only the physically viable vacuum. Consequently, a mechanism
for selecting the correct vacuum becomes imperative [169, 162]. Pioneered by
Peccei and Quinn [150, 151], the solution involves introducing a non-linearly
realized U(1)PQ that is anomalous concerning QCD. This leads to the dy-
namic setting of the θ-parameter to zero by the pseudo-Goldstone boson of
U(1)PQ, commonly known as the axion [148, 149].

From this perspective, the strong CP problem is not confined to QCD
alone but extends to any YM group. Each YM group encompasses a vac-
uum angle that results in an undesirable de Sitter-type vacuum structure,
necessitating its elimination [162].

Employing the PQ mechanism to address this issue necessitates having
one axion per YM group. This is because a single axion is unable to simulta-
neously set multiple θ-parameters to zero. This holds true even when different
YM sectors are connected by a discrete symmetry, such as an exact permuta-
tion symmetry among N SM copies [20, 159]. The topological susceptibilities
in distinct YM sectors spontaneously break the discrete symmetry, prevent-
ing a single axion from nullifying all combinations of the vacuum angles. The
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remaining combinations persist as physical and unconstrained, resulting in
two problems.

Firstly, even without considering gravity, this implies that a single ax-
ion cannot effectively address the small θ puzzle for multiple YM groups
[159, 20]. Secondly, allowing these vacuum angles to persist would inevitably
introduce asymptotically non-flat vacua, conflicting with the requirement of
an S-matrix formulation. As a consequence, one axion per YM group be-
comes a necessity [162].

6.2 Consequences of Multiple Axions in The-
ories with Dark Yang-Mills Groups

In this chapter, we consider theories in which dark matter includes one or
more YM sectors and investigate the generic phenomenological consequences
of the necessary axions. To our knowledge, axions have not been taken
into account due to gravitational consistency reasons, which impose certain
properties on them.

In precise terms, we examine models with N sectors denoted as Li, where
each sector includes at least one YM subgroup. Without loss of generality,
we designate our sector as the one labeled by i = 1. The remaining sectors
collectively constitute the dark matter, referred to as hidden or dark sectors.
Interactions between the sectors occur through gravity and additional non-
gravitational forces, encapsulated in Lmix. The associated Lagrangian can be
written as

L =
N∑

i=1
Li + Lmix . (6.27)

The potential models fall into two main categories. The first category involves
a framework where the dark sector comprises N copies of the standard model,
linked by an exact permutation symmetry [21, 17]. This scenario is highly
restrictive due to the imposition of an exact symmetry. Motivations for large
values of N stem from addressing the Hierarchy problem [15, 16], although
we will also explore cases with smaller N . Instances of such models have
been discussed in various contexts, including [170, 171].

The second category encompasses all other possibilities, where the dark
sector is not necessarily related to the SM, allowing for a diverse range of
gauge structures. These scenarios are anticipated to be more generic in the
context of string theory compactifications [172, 173, 174, 175].

For specific illustrations, we will examine two simple models: one with a
pure YM sector and another with N exact SM copies. The former has been
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utilized to model dark matter, leveraging the dynamics of YM theories that
may lead to a potential phase transition generating stochastic gravitational
waves during the early universe [176, 177]. The latter was initially motivated
by the many-species solution to the hierarchy problem [15, 16].

When dealing with extended dark sectors, one can distinguish between
universal effects and model-dependent features characteristic of particular
scenarios. A universal feature is the modification of black hole physics at
scales below the species scale M∗ (see, e.g., [101]). Additionally, there are
model-dependent consequences. When applied to model dark matter [21], it
gives rise to intriguing phenomena such as neutron and neutrino oscillations
[17, 2], modified black hole physics [178], and compact dark matter objects
[179]. Despite focusing on these two models in our calculations, we aim to
keep our discussion as general as possible and highlight model-independent
predictions.

It is noteworthy that in the scenario involving many dark sectors with
their associated axions, we encounter a situation reminiscent of the axiverse
inspired within string theory [180]. Intriguingly, the axions in our framework
emerge from motivations that are entirely distinct from those in string theory.
The phenomenology of multiple axions within the context of the axiverse has
been studied, for instance, in [181, 182].

6.2.1 Cosmological Implications
Cosmological Framework

To initiate our exploration, let us elucidate the behavior of dark sectors
within a cosmological context. For the time being, we will neglect interac-
tions between sectors, except for gravity, by setting Lmix = 0. Intersector
interactions will be discussed separately in Sec. 6.2.2. This simplification
does not impact the conclusions of this section.

For the cosmological viability of these models, the dark sectors should
exhibit behavior akin to a cold and pressureless fluid, forming stable dark
matter halos. Additionally, if the dark sectors encompass any massless fields,
they must evade constraints on the number of massless particles during nu-
cleosynthesis. Achieving these conditions may seem challenging, particularly
in the presence of non-trivial interactions within the dark sectors. We will
employ the solution proposed in [21] to address these challenges.

In the approach presented in [21], inflation was employed to populate
and reheat the sectors differentially. A crucial aspect is that the reheating
into the dark sectors is significantly less efficient than in the visible sector.
The resulting low reheating temperature in the dark sectors is utilized to
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sidestep the nucleosynthesis bound, suppress cooling processes leading to
the collapse of dark matter halos, and generally induce distinct behaviors
throughout cosmological history, despite potential similarities to the visible
sector. In the case of large N , where each sector becomes so dilute that it is
challenging to treat them as thermalized, the behavior as a pressureless fluid
arises from kinematics, namely, the fact that particles from the same sector
rarely interact with each other.

Even when starting with equal sectors, the cosmological evolution breaks
the symmetry in a sense, leading to different energy densities and temper-
atures for each sector. Nonetheless, the field-theoretic parameters of each
sector, such as masses and coupling constants, remain equal.

Misalignment: Exact SM Copies

In the case of a single axion, a stringent bound on the axion scale arises from
the requirement that the misalignment mechanism should not produce more
dark matter than observed [183, 184, 185]. A crucial factor in this bound is
the initial misalignment angle θini, which can be defined as the value in the
latest epoch when the Hubble parameter falls below the axion mass. The
most stringent bound typically results when θini is of order unity. However,
as demonstrated in [186], this value is highly sensitive to the details of the
previous evolution of the axion field, such as the value of the QCD scale
during inflation. It can be made arbitrarily small via the early relaxation
mechanism. Consequently, in our analysis, we treat θini in each gauge sector
as independent free parameters. Under these circumstances, we will derive
constraints on the parameter space for models with multiple axions.

For a clearer presentation, let us start with the case of N exact SM copies,
where the equality between the sectors can be ensured by a discrete symmetry
[15, 16]. Various phenomenological aspects of this framework were studied in
[187, 17]. As explained previously [20], despite the exact permutation sym-
metry of the Lagrangian, solving the small θ puzzle requires the existence of
N axions. The same demand arises from the S-matrix consistency of gravity
[162], necessitating the existence of N axions. For alternative compositions
of the dark sectors, we will only discuss the differences in the calculation and
provide the final result.

In the standard axion scenario, the U(1)P Q symmetry is spontaneously
broken at T P Q ∼ fa. In our framework, this occurs in every sector at tem-
peratures T P Q

i ∼ fai ≡ fa. The axions θi(x) emerge as the corresponding
Goldstone bosons and, as such, have flat potentials. Using the standard
notation, we canonically normalize the Goldstone fields as θi(x) ≡ ai(x)/fa.

The potential of each axion is flat only when the corresponding QCD is
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in the Coulomb phase. In the confinement phase, each axion receives an
effective potential from non-perturbative effects of its corresponding QCD,
primarily contributed by instantons in the semi-classical approximation. In
a cosmological context, these instantons are coupled to the thermal bath,
causing the axion masses to depend on temperature. For example, in the
dilute instanton gas approximation [188], the potential takes the form [189]

Vi(θi) = m2
a(Ti)f 2

a

(
1 − cos(θi)

)
, (6.28)

where the Temperature-dependent masses are given by

ma(Ti) ≡
(Λ3

QCDmu) 1
2

fa

β
(ΛQCD

Ti

)4
: Ti > ΛQCD ,

1 : Ti ≲ ΛQCD .
(6.29)

Here, mu denotes the up-quark mass, while β encodes QCD and active quark
physics at the temperature Ti. For the SM, a rough estimate for β is ∼ 10−2

[188].
In an FLRW background with R(t) denoting the scale factor and H(t)

the Hubble parameter, the equation of motion for each axion takes the form

θ̈i + 3H(t)θ̇i − 1
R2(t)∆θi + V ′

i (θi)
f 2

a

= 0 . (6.30)

Let us utilize the potential (6.28) and introduce the following two simplifica-
tions. First, we consider only the leading order in θi in the potential. Second,
we only take into account the zero mode of θi. With these simplifications,
each equation of motion reduces to that of a damped harmonic oscillator,

θ̈i + 3H(t)θ̇i +m2
a

(
Ti(t)

)
θi = 0 . (6.31)

At Ti >> ΛQCD the potential is flat so that θi ≈ const, i.e. the i-th axion
is basically frozen out. At Ti ∼ ΛQCD the corresponding axion potential gets
significant but it is not until the Hubble friction is overcome before the axion
starts performing coherent oscillations around the vacuum. We define this
critical time via

ma

(
Ti(tosc)

)
= 3H(tosc) . (6.32)

Following this transition, its equation of state no longer aligns with that of
dark energy but rather with that of non-relativistic matter. Consequently,
the corresponding axion starts contributing to the energy density of dark
matter.

In our model, this implies that, owing to the very low temperature in
the dark sectors, the axions there are essentially generated with their zero-
temperature potential activated. In contrast, our axion is generated with a
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flat potential. Consequently, given that the zero-temperature mass is greater
than the high-temperature mass, the axion from our sector will commence
oscillations later than the other axions. To quantify this, let us use our
sector’s temperature T1 ≡ T as a measure of time instead of the cosmic time
t. In terms of T the Hubble parameter during radiation domination is given
by

H(T ) =
√
ρtot

3M2
P

∼ T 2

MP

. (6.33)

Here, ρtot denotes the total energy density, which is dominated by our sector.
Using (6.33) and the axion masses defined by (6.29), the condition (6.32)
results in the oscillations commencing when

Tosc,1 ∼

βMP Λ
11
2

QCDm
1
2
u

3fa


1
6

∼ 4 × 10−1GeV
(

1012GeV
fa

) 1
6

, (6.34)

in our sector and

Tosc,i ∼

MP Λ
3
2
QCDm

1
2
u

3fa


1
2

∼ 2 × 101GeV
(

1012GeV
fa

) 1
2

, (6.35)

in the dark sectors with i ̸= 1. Note that both moments in time are expressed
in terms of our sector’s temperature.

While we have treated fa as a free parameter, there is a small caveat
for fa ≳ 6 × 1017GeV. In this range, our axion has also reached its zero-
temperature mass before overcoming the Hubble friction [190]. Consequently,
for these values of fa, all axions start oscillating at the temperature dictated
by (6.35).

The initial energy density of each oscillation is

ρai
(Tosc,i) = 1

2f
2
am

2
ai

(Tosc,i)θ2
i (Tosc,i) , (6.36)

where θi(Tosc,i) ≡ θini
i is each sectors initial misalignment angle. Essentially,

we define the initial misalignment angle θini
i as the value when the axion mass

crosses below the Hubble parameter in the most recent history. However, as
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shown in [186], this quantity is highly sensitive to the pre-history and can
be made arbitrarily small due to early relaxation mechanisms. Therefore, we
shall treat θini

i as a free parameter.
Since Big Bang Nucleosynthesis took place during radiation domination,

the dark axions must not dominate the energy density of the universe at Tosc,i.
The energy density for relativistic degrees of freedom at that time is given
by ρrad(Tosc,i) ∼ g(Tosc,i)(Tosc,i)4, where the effective number of relativistic
species is g(Tosc,i) ∼ 102. The requirement ∑N

i=2 ρai
(Tosc,i) ≪ ρrad(Tosc,i)

results in the bound

N ≲
g∗(Tosc,i)T 4

osc,i

Λ3
QCDmu(θini

i )2 ∼ 1012
(

1012GeV
fa

)2 ( 1
θini

i

)2

. (6.37)

As it turns out, a stronger bound on N can be found at today’s tem-
perature. Since the axions are decoupled, the number of zero modes per
co-moving volume is conserved as long as the changes in mass are in the adi-
abatic regime. Assuming this to be the case in every sector, today’s energy
density per sector is

ρai
(Ttoday) = ρai

(Tosc,i)
mai

(Ttoday)
mai

(Tosc,i)

(
Ttoday

Tosc,i

)3

. (6.38)

We normalize with respect to the critical energy density ρcr ∼ M2
PH

2
today to

receive the corresponding axion fraction Ωai
in today’s universe. By compar-

ing Ωai
with the dark matter fraction ΩDM from the latest Planck mission

[36], we find for our sector

Ωa1

ΩDM
∼ 0.54

β− 1
6m

5
12
u Λ

7
12
QCD

10−2GeV

( fa

1012GeV

) 7
6
(
θini

1
1

)2

, (6.39)

while for each dark sector, i.e. i ̸= 1, we get

Ωai

ΩDM
∼ 0.01

m
1
4
u Λ

3
4
QCD

10−2GeV

( fa

1012GeV

) 3
2
(
θini

i

1

)2

. (6.40)

In summary, variations in reheating temperatures lead to the commencement
of axion oscillations at different times, resulting in varying axion densities
despite identical field-theoretic parameters. While a single mirror sector has
an insignificant cosmological influence due to lower axion density compared
to our axion, larger numbers of mirror sectors result in the accumulation
of densities, and their collective effect cannot be ignored. In the following,
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Figure 6.1: The allowed parameter space with different initial misalignment
angles θini

i according to (6.42). The values on the thick lines correspond to
the case where the dark matter is entirely composed of axions. The dashed
line presents the species bound, meaning that along this line the gravitational
cutoff M∗ and fa coincide.

we will examine the parameter space and explore the consequences of this
collective effect.

For our axion, a lower bound is imposed by astrophysics due to non-
trivial couplings to matter [191]. These couplings result in contributions to
the cooling of stars, yielding the bound fa ≳ 109GeV. Although other axions
are not directly coupled to our sector and, therefore, do not contribute to
the cooling in stars, the PQ scale in all sectors must fulfill this bound due to
the exact permutation symmetry between the sectors.

While our axion density matter is not allowed to exceed the observed
dark matter density, leading to the known bound fa ≲ 1012GeV, the total
axion density must not exceed it as well, i.e.

N∑
i=1

Ωai

ΩDM
≲ 1 . (6.41)
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Figure 6.2: The fraction of our axion energy density with respect to the
total axion energy density in the case when the axions make up all the dark
matter. For larger fa our axion is dominating, while for lower fa the axions
from dark sectors dominate.

This results in the following inequality for the viable parameter space,

N ≲102
(

1012GeV
fa

)3/2 ( 1
θini

i

)2

×

1 − 0.54
(

fa

1012GeV

) 7
6
(
θini

1
1

)2
 . (6.42)

We illustrate the viable regions in the N - fa plane for different values of
θini

i in Figure 6.1. The thick lines indicate the combinations that result in
the axions constituting all the dark matter, corresponding to the equality in
(6.41). For example, along the blue line in the plot, the entire dark matter
is composed of our axion when fa ∼ 1012GeV, whereas for fa ∼ 109GeV
essentially the N ∼ 106 axions from the dark sectors make up the dark
matter. A similar behavior is observed for the other depicted values of θini

i .
We can quantify this by calculating the fraction of our axion along these

lines, which we depict in Figure 6.2. There we also see that for a fixed θini
i ,

lower fa values result in a dominant contribution from dark sector axions,
while larger fa values lead to a dominant contribution from our axion.
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Let us briefly explore the range of initial misalignment angles. The value
of θini

i hinges on whether the PQ symmetry undergoes a break either during
or after inflation. If the break occurs post-inflation, all conceivable values
of θini

i manifest within today’s Hubble patch for each sector. Consequently,
averaging over this uniform distribution yields θini

i = π/
√

3 for all i.
When the PQ symmetry breaks during inflation, the initial misalignment

angle becomes, in principle, an arbitrary condition. Opting for θini
i ∼ O(1)

appears reasonable in the absence of a specific explanation for special initial
conditions. However, these conditions emerge naturally when QCD becomes
robust during inflation, resulting in θini

i ≪ 1 as demonstrated by Dvali [186]
(also explored in [192, 193] for concrete implementations).

If such a phase or a comparable mechanism operates in each sector, the
parameter space would extend to fa ≫ 1012GeV and N ≫ 106. It is crucial
to note that for a given N , the PQ scale is upper-bounded by (6.42), depicted
as a red dashed line in Figure 6.1.

The presence of such a phase in each sector could potentially permit
N > 106, but the question arises as to whether this is sufficient to address
the Hierarchy problem. As discussed earlier, having approximately N ∼ 1032

copies of the SM would offer a solution to the hierarchy problem. However,
examining Figure 6.1 or equivalently considering (6.42), achieving this large
number necessitates fa ≪ 109GeV along with an early phase of strong QCD.

This requirement clashes with the lower bound on the PQ scale derived
from astrophysical considerations in our sector, specifically fa ≳ 109GeV. At
first glance, this seems to rule out a large number of exact SM copies as a
viable solution for the hierarchy problem. Nevertheless, there are innovative
proposals, such as the clockwork mechanism [194, 195], that enable the de-
coupling of the PQ scale from the suppression factor of the couplings. This
potential separation would make the part of the parameter space addressing
the hierarchy problem feasible.

Misalignment: Pure YM Dark Sector

To conclude, let us examine the scenario where each dark sector is grounded
in a pure YM group SUi(NC). The key distinction from the case with exact
SM copies lies in the absence of light quarks. In the absence of light quarks,
traditional chiral perturbation techniques become inapplicable for calculating
the zero-temperature mass of the axion. Instead, alternative methods, such
as large Nc methods, would need to be employed for determining the axion
mass in this context.We use as an approximation for the axion mass the
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Figure 6.3: The allowed region for a single dark, pure YM sector with confine-
ment scale Λconf, axion scale fa2 , and no intersector interactions. Minimality
favors θini

2 ∼ 1, since in this scenario there is no need for additional physics
that results in a small misalignment angle. The red line represents the per-
turbative unitarity bound Λconf ≲ fa2 .

extrapolated result of the dilute instanton gas at finite temperatures [189],

mai
(T i) ≡ (Λi

conf)2

fai


(

Λi
conf
T i

)4
: T i > Λi

conf ,

1 : T i ≲ Λi
conf ,

(6.43)

where Λconf,i denotes the different confinement scales of the dark sectors and
the factor of β was dropped due to the absence of light quarks. Unlike the
scenario with exact Standard Model copies, the Λconf,i in this case are free
parameters that, in principle, can be even smaller than the temperatures
within the dark sectors. Consequently, the dark sector axion can potentially
be generated with an essentially flat potential, albeit at the cost of requiring
very low confining temperatures. In the subsequent discussion, we will ex-
clusively focus on the scenario where the dark axions are created with their
zero-temperature mass.

From there the calculation is vastly the same as in the exact SM case.
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The oscillations in the dark sectors commence at

Tosc,i ∼ Λi
conf

(
MP

3fai

) 1
2

,

which results in the final dark sector density of

Ωai

ΩDM
∼ 10−18

(
Λi

conf
GeV

)(
θini

i

1

)2 (
fai

GeV

) 3
2

. (6.44)

Let us discuss the parameter space for the particularly interesting case of
a single, pure YM sector, i.e. N = 2 with i = 2 being the dark sector. To
simplify the notation, we define Λi=2

conf ≡ Λconf. For the dark sector axion to
not result in an abundance of dark matter, we find

Λconf ≲ 1018GeV
(

1
θini

2

)2 (GeV
fa2

) 3
2

, (6.45)

where the equality is valid when the dark axion makes up all the dark matter.
Furthermore, to ensure perturbative unitarity in the dark sector, we must
have

Λconf ≲ fa2 . (6.46)

This arises from the necessity for the axion’s quartic self-interaction to remain
in the weak coupling regime. The viable region is illustrated in Figure 6.3. If
the dark sector axion is intended to constitute the dark matter, it becomes
apparent that for Λconf to be below the Planck scale, the dark sector PQ
scale must satisfy fa2 ≳ 1GeV. This requirement is further elevated for
smaller values of θini

2 . Conversely, for fa2 to be below the Planck scale, the
dark confinement scale must satisfy Λconf ≳ 1eV. This minimum value also
increases for smaller values of θini

2 .
It is important to note that the region where θini

2 ∼ 1 is favored by
minimality within the dark sector, as extremely small misalignment angles
would necessitate the introduction of new physics [186, 193]. Without a
discrete symmetry linking Λconf and fa2 to their counterparts in our sector,
there is no compelling reason to introduce new physics to achieve minuscule
misalignment angles.

Remarkably, in the context of the two-form realization where a value of
fa2 ∼ MP is strongly favored, this minimality argument leads to the dark
confinement scale being Λconf ∼ 1eV.
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Isocurvature Perturbations

In scenarios where one of the PQ symmetries is broken during (or before)
inflation and remains unbroken afterward, the associated axion field experi-
ences quantum perturbations. Let us express the axion fields as θi = ⟨θi⟩+δθi,
where ⟨θi⟩ = θini

i , and δθi represents the quantum perturbations. These fulfill
⟨δθi⟩ = 0 and have a standard deviation of

σθi
∼
√

⟨δθ2
i ⟩ ∼ H

2πfai

. (6.47)

Additionally, if none of the axions plays a role in driving inflation, the fluctua-
tions associated with them will be of isocurvature type rather than adiabatic.
As isocurvature perturbations leave a distinct signature in the temperature
and polarization fluctuations of the CMB, they impose constraints on the
parameter space of the axions.

There might be a concern that in the presence of multiple axions, the cu-
mulative effect of isocurvature perturbations could significantly amplify the
constraint, making it more stringent. However, it can be demonstrated that
this is not necessarily the case, despite the additive nature of the contribu-
tions.

Assuming the perturbations to be normal distributed in the regime of
small θi, where anharmonic corrections of the potentials can be ignored, the
collective amplitude of the axions isocurvature fluctuations is given by [196]

∆a(k0) = δΩDM

ΩDM
=
∑

i Ωai

ΩDM

δ ln Ωai

δθini
i

σθi

=
∑

i

Ωai

ΩDM

HI

πθini
i fai

, (6.48)

where θini
i ≪ σθi

was used. The latest experimental bound on uncorrelated
isocurvature perturbations by Planck is [36]

β(k0) ≡ ∆2
a(k0)

∆2
R(k0) + ∆2

a(k0)
< 0.038 at 95% CL , (6.49)

where k0 = 0.050Mpc−1. This can be translated to a constrain on HI,

HI ≲ 107GeV
∑

i

ΩDM

Ωai

(
fai

1012GeV

)(
θini

i

1

)
. (6.50)

For both models at hand, namely a single dark YM sector and N exact SM
copies, the generated isocurvature perturbations are either dominated by our
sector or the dark sector(s).



6.2 Consequences of Multiple Axions in Theories with Dark
Yang-Mills Groups 131

For the former, if the dark matter is dominated by the axion from the
dark sector, we can express the bound on HI in terms of the dark confinement
scale by using the equality of (6.45) to eliminate θini

2 . This results in

HI ≲ 107GeV
(

fai

1012GeV

) 1
4
(

1GeV
Λconf

) 1
2

. (6.51)

For a two-form axion originating from a dark sector, specifically with fa2 ∼
MP and the minimal conceivable dark confinement scale Λconf ∼ eV, the
constraint is alleviated to HI ≲ 1013GeV. This implies that such an axion is
essentially unaffected by an isocurvature constraint.

For N exact SM copies, when the dark matter is collectively composed
by the axions from the copies, i.e. ∑i Ωai

∼ ΩDM, using (6.42) to eliminate
the initial misalignment angles in (6.50) yields

HI ≲ 107GeV
(

fai

1012GeV

) 1
4
(

10√
N

)
. (6.52)

We observe that for moderate values of N ∼ 102, the bound remains rela-
tively unaffected. Conversely, for values necessary to address the Hierarchy
problem, namely N ∼ 1032 and fa ∼ TeV, the bound seemingly tightens to
HI ≲ 10−10GeV. However, in this scenario, both the dark confinement scale
and the axion mass surpass the inflationary Gibbons-Hawking temperature
TI ∼ HI.

This signifies that the dark Yang-Mills sector becomes strongly coupled
during inflation. Consequently, the axion acquires a significant mass, render-
ing the conditions necessary for the development of isocurvature perturba-
tions no longer satisfied. Of course, this requires avoiding the astrophysical
bounds on fa by a mechanism such as clockworking (see discussion at the
end of Section 6.2.1).

6.2.2 Kinetic Mixing between Axions
Kinetic Mixing as Intersector Interaction

In this section, we delve into non-gravitational interactions between sectors
by reintroducing Lmix in (6.27). For now, we specifically center our attention
on the case of N exact Standard Model copies. In the absence of additional
axions, the conceivable renormalizable interactions in this model, aligning
with gauge-, Lorentz-, and the underlying discrete symmetry, encompass
photon kinetic mixing, a Higgs portal coupling, and neutrino mass mixing.
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Additionally, at the non-renormalizable level, other interactions such as neu-
tron oscillations become feasible. Extensive discussions on the implications
of these interactions can be found in the literature (see [197] for a review).
As our primary focus lies elsewhere, we refrain from delving further into the
intricacies of these interactions in this discussion. Instead, we focus on axion
kinetic mixing, which in the model under consideration is described by

Lmix = ϵ
∑
i ̸=j

∂µa
i∂µaj , (6.53)

where ϵ parametrizes the kinetic mixing strength. A crucial implication of
kinetic mixing between our visible and hidden sectors is the potential estab-
lishment of thermal equilibrium between the sectors. To avoid inconsistencies
with nucleosynthesis or an excessive amount of dark matter particles, ther-
mal equilibrium must not be achieved before BBN. This typically imposes a
constraint on the strength of the kinetic mixing.

It is noteworthy that the axions produced by misalignment are non-
thermal, meaning they cannot transfer heat between the sectors via axion-
axion interactions to thermally equilibrate any of the sectors. However, this
does not hold true for other types of interactions, which may lead to a con-
straint on the kinetic mixing parameter ϵ to prevent reheating of the dark
sectors before nucleosynthesis. Conducting a thorough analysis of such sce-
narios, which may require additional assumptions, extends beyond the scope
of this paper. Therefore, we treat ϵ as a phenomenologically free parameter
in the subsequent discussions.

The way in which axion kinetic mixing can emerge in the low energy
effective theory depends on the specific implementation of the axion. In the
standard implementation of the axion via the KSVZ model a singlet Higgs
is added to make the axion invisible. Denoting this singlet in each sector as
Φi allows for the following dimension six Higgs portal couplings between the
sectors

LUV
mix = 1

M2

∑
i ̸=j

(Φ†
i∂µΦi)(Φj∂

µΦ†
j) + h.c. , (6.54)

where M is some cut-off scale. The singlets acquire the VEVs fai
≡ fa via

a proper scalar potential that spontaneously breaks the U(1)PQ symmetries.
This results in the kinetic mixing described in (6.53) with

ϵ ≡ f 2
a

2M2 . (6.55)

A diagram stemming from such an operator is illustrated in Figure 6.4. Anal-
ogous operators that lead to axion kinetic mixing are also conceivable in
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DFSZ-type models, which necessitate extra Higgs doublets in addition to
the singlet.

Although we currently neglect the phenomenological constraint on ϵ aris-
ing from the imperative avoidance of dark sector thermalization before BBN,
it is crucial to recognize that ϵ is still subject to consistency limitations
stemming from unitarity.The operators in (6.54) already at tree-level put a
unitarity constraint:

ϵ ≲
1√
N
. (6.56)

However, the bound on ϵ is much more severe. Since it describes an
intersector interaction coupling at momentum transfer q ∼ fa among all
species, it has to fulfill the bound

Ns <
1

α(q) , (6.57)

where Ns is the number of inter-coupled species and α a coupling constant
evaluated at q which was shown in [198, 199]. This gives

ϵ ≲
1
N
. (6.58)

In the alternative two-form implementation of the axion, axion kinetic
mixing appears via non-diagonal mass terms of three-form action,

Lmix ∼
∑
i ̸=j

(
Ci

µνρ − ∂[µB
i
νρ]

) (
Cj

µνρ − ∂[µB
j
νρ])

)
. (6.59)

Mixing of this kind is not prohibited by gauge symmetries and can have di-
verse origins, one of which is virtual black hole exchange [20]. However, there
could be alternative mechanisms leading to such operators. Notably, the ap-
pearance of these operators is only feasible for i ̸= j if they are suppressed
by powers of M−1

P . This suppression arises from the fact that micro-black
holes cannot be universally coupled, mandating gravitational suppression of
inter-sector transitions at the fundamental level.

In the remainder of this section, we will study the consequences of the
axion kinetic mixings in the pseudo-scalar formulation. We will stay agnostic
of their origin, but use the unitarity bound described by (6.58).

Modification of Axion Physics for SM Copies

The introduction of the additional term in the Lagrangian requires a change
of basis to express it in a canonical form. Consequently, a mismatch arises
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Figure 6.4: Loop induced by the operators in (6.54). Each vertex contributes
the effective coupling ∆p2/M2, but for maximum momentum transfers of
order fa the effective coupling becomes ϵ.

between the “sector basis”, corresponding to the labels of the species, and
the “canonical kinetic basis”, where the propagator is in canonical form. The
objective is to establish the relationship between these two bases.

It is worth noting that a similar scenario unfolds in the SM’s neutrino
sector. There, the interaction terms are diagonal in the flavor basis. However,
in this basis, the mass matrix of neutrinos becomes off-diagonal, leading to
phenomena such as neutrino oscillations. In our case, the mismatch emerges
between the canonical kinetic basis and the sector basis.

The first step is to express the kinetic part in (6.53) as

L ⊃


∂µa1

...

...
∂µaN


T 

1 ϵ . . . ϵ

ϵ 1 . . . ...
... . . . . . . ϵ
ϵ . . . ϵ 1




∂µa1

...

...
∂µaN

 . (6.60)

This matrix appears due to the permutation symmetry among the copies also
in other cases, which have been studied in [17]. We can rewrite the matrix,
which we shall call K from now on, in the following way,

K =


1 − ϵ 0 . . . 0

0 1 − ϵ
. . . ...

... . . . . . . 0
0 . . . 0 1 − ϵ

+ ϵ


1 . . . 1
... . . . ...
1 . . . 1

 . (6.61)
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The problem reduces then to the diagonalization of a matrix of just ones.
The transformation matrix S that diagonalizes K is

S =



1 1 1 . . . 1
1 −1 0 . . . 0
1 0 −1 . . . ...
... ... . . . . . . ...
1 0 · · · 0 −1

 . (6.62)

The first row gives rise to the eigenstate of the form,

ãL = 1√
N
a1 +

√
N − 1
N

ah , (6.63)

where we have introduced the notation

ah = 1√
N − 1

∑
i=2

ai , (6.64)

due to later convenience. The eigenstate ãH corresponds to the eigenvalue of
1 + (N − 1)ϵ. Because the matrix S is not a unitary matrix we still have to
find a convenient basis.

From all other rows, we see that we have N − 1 degenerate eigenstates
vi of the eigenvalue 1 − ϵ. These vi´s are the columns of S. Due to this
degeneracy, we can reduce the N×N problem to a 2×2 problem by defining
a superposition of these degenerate eigenstates. This looks like

ãH = 1
N − 1

∑
i

vi = a1 − 1√
N − 1

ah , (6.65)

and again has the eigenvalue 1 − ϵ. After normalization this becomes

ãH =
√
N − 1
N

a1 − 1√
N
ah . (6.66)

We see that ãH is a collective expression made out of all former ai´s. Using
expressions (6.66) and (6.63), we find a1 expressed in the canonical kinetic
basis

a1 =
√
N − 1
N

ãH + 1√
N
ãL . (6.67)

It is important to note that the designation of what we define as species one is
entirely arbitrary, and this holds true for every i = 1, ..., N . This stems from
the fact that the parameter ϵ is the same across all sectors. Consequently,
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the 2 × 2 matrix connecting a1 and ah with ãH and ãL becomes a unitary
matrix.

Expressing (6.60) in terms of ãL and ãH , the mixing vanishes, and each
term is now multiplied by the corresponding eigenvalue. In order to have
canonical kinetic terms, the states ãL and ãH need to be redefined by

ãH → 1√
1 − ϵ

ãH , ãL → 1√
1 + (N − 1)ϵ

ãL . (6.68)

One effect of this redefinition is that the mass part in the Lagrangian is
changed to

Lmass ∼
(
ãH

ãL

)T
 m2

a

1−ϵ
0

0 m2
a

1+(N−1)ϵ

(ãH

ãL

)
. (6.69)

with ma being the mass induced by the PQ-mechanism. The introduction
of kinetic mixing results in a mass splitting among the axions. Specifically,
N−1 axions become degenerate, while one light axion emerges with its mass
suppressed by the number of copies. In essence, the kinetic mixing of multiple
axion copies gives rise to two distinct detectable axion states characterized
by different masses. The relation between these masses is

mL

mH

=
√

1 − ϵ

1 + (N − 1)ϵ ∼ 1√
2
, (6.70)

where for the approximation we assumed natural values of ϵ with respect to
the unitarity bound, i.e. ϵ ∼ 1/N , and N ≫ 1.

With the relation between the species basis and the canonical kinetic
basis, we can turn to the phenomenological implications of this model. Due
to the Goldstone nature of the axion, its lowest order couplings to fermions
and gauge bosons have the generic form

gaoa1O , (6.71)

where the whole UV dependency is encoded in gao. After the diagonalization
and field redefinition of (6.68), the coupling becomes,

gao

√N − 1
N

1√
1 − ϵ

ãH + 1√
N

1√
1 + (N − 1)ϵ

ãL

O . (6.72)

We observe that by having N kinetically mixed axions, our sector couples
to N axions instead of one. These N axions come in two categories: N − 1
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Figure 6.5: Viable axion-photon couplings for the light axion state (yellow
band), which arises from equal kinetic mixing of axions from N sectors.
Current bounds and predicted sensitivities of future experiments are depicted
in different colors. The parameter space for N ≲ 10 will be probed by future
experiments. The yellow band is not to be confused with the bands from
[158], which include the set of DFSZ-type or KSVZ-type models. The two
stars represent a situation when future experiments measure one axion (the
upper star) and where we expect the second axion (the lower star). This plot
was created with the help of the software [200].

axions (ãH) that behave exactly the same, and one special axion (ãL). The
single axion coupling gao gets modified by one of the following factors,

fH(N, ϵ) ≡
√
N − 1
N

1√
1 − ϵ

∼ 1 , (6.73)

fL(N, ϵ) ≡ 1√
N

1√
1 + (N − 1)ϵ

∼ 1√
2N

, (6.74)

where for the approximation we again used the natural value of ϵ and N ≫ 1.
We observe that the coupling of ãH remains approximately constant com-
pared to the single axion case, while ãL experiences a suppression. In sum-
mary, in addition to the previously mentioned mass splitting into two distinct
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physical states, these states also exhibit differing couplings characterized by
the factors fH and fL.

For the axion-photon coupling, this modification results in

gH/L
aγ = α

2πfa

( E
N

− 1.92
)
fH/L(N, ϵ)

= α

2πfa

CaγfH/L(N, ϵ) , (6.75)

where E and N are the electromagnetic and QCD anomaly coefficients, re-
spectively, and α is the electromagnetic fine-structure constant. In the second
line, we defined the model dependent factor Caγ for compactness. In order
to bring this to a more useful form, we express fa in terms of the physical
mass states from (6.69), i.e.

ma =

√
Λ3

QCDmu

fa

=


√

1 − ϵ mH : for ãH ,√
1 + (N − 1)ϵ mL : for ãL.

(6.76)

After plugging in (6.73) and (6.74), this results in

gH
aγ = α

2π
Caγ√

Λ3
QCDmu

√
N − 1
N

mH (6.77)

gL
aγ = α

2π
Caγ√

Λ3
QCDmu

√
1
N

mL . (6.78)

For a specific case, let us examine the axion-photon couplings in the
context of KSVZ axions. Figure 6.5 illustrates the potential couplings for
N < 106. Although the projected sensitivities of future experiments extend
into the predicted band, it is evident that a significant portion of the param-
eter space may not be covered in the near future. Nonetheless, it is crucial
to consider that the heavy axion, which couples in a manner similar to a
scenario with just one axion (with a maximal enhancement of approximately
∼ 1.3), has a realistic chance of being discovered soon.

In the context of multiple axions, the next step following the discovery of
the ordinary axion would be to search for a second light weakly coupled state.
Despite the apparent challenge posed by the large available parameter space,
it is important to recognize that there exists a clear functional dependence
among the couplings and masses between the heavy and light states. For
instance, suppose an axion has been discovered, leading to known values for
mH and gH

aγ. In the expression for the coupling of the light axion (6.78), we
can replace mL with mH using (6.70). We can then eliminate N by plugging
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in the expression for the heavy axion (6.77), yielding an expression for gL
aγ in

terms of experimentally known parameters,

gL
aγ ∼ αCaγmH

2π
√

Λ3
QCDmu

√√√√√1 −

2πgH
aγ

√
Λ3

QCDmu

αCaγmH

2

, (6.79)

This means that after measuring the coupling and the mass of the first axion,
the properties of the second are uniquely determined.

Modification of Axion Physics for one YM Sector

Another interesting case for kinetic mixing is the scenario of a single YM
sector with PQ scale fa2 and confinements scale Λconf , as discussed in Sec-
tion 6.2.1. The procedure of analyzing the kinetic mixing remains unchanged
and N = 2 in this case.

The coupling to our photons after the step of choosing the proper kinetic
basis reads as

gL/H
aγ = α

2πfa

Caγ
1√
2

1√
1 ± ϵ

. (6.80)

Since Λconf and fa2 differ from the analog quantities in our sectors, the axion
masses differ as well. This leads to a non-diagonal mass matrix,

Lmass ∼ m2
a1a1a1 +m2

a2a2a2

∼
(
ãH

ãL

)T
 m2

a1 +m2
a2

1−ϵ

m2
a1 −m2

a2√
1−ϵ

√
1+ϵ

m2
a1 −m2

a2√
1−ϵ

√
1+ϵ

m2
a1 +m2

a2
1+ϵ

(ãH

ãL

)
. (6.81)

As usual, this mass term must be diagonalized by an orthogonal matrix with
the mixing angle

θ = 1
2 arctan

(
m2

a1 −m2
a2

m2
a1 +m2

a2

√
1 − ϵ2

ϵ

)
, (6.82)

leading to the eigenvalues,

mH/L =

m2
a1 +m2

a2 ± (m2
a1 −m2

a2)
√

1 + 4ϵ2(
ma1
ma2

− ma2
ma1

)2

1 − ϵ2 . (6.83)

Expressing aH and aL in terms of the final eigenstates AH and AL, the axion-
photon coupling from (6.80) becomes

g
H/L
Aγ = α

4πfa1

Caγ

(
cos θ√
1 + ϵ

± sin θ√
1 − ϵ

)

≡ α

4πfa1

CaγκH/L . (6.84)
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Figure 6.6: Same as Figure. 6.3 but with axion kinetic mixing. The mixing
results in both axion states being able to decay into our photons. Requiring
the stability of the heavy axion state results in the viable region to lie below
the dashed orange line (fa ∼ 1012GeV) or below the dashed purple line
(fa ∼ MP).

Using this coupling and the masses, given in (6.83), the lifetime of the axions
is given by

τ(AH/L → 2γ) = 26π(
g

H/L
Aγ

)2
mH/L

= 210π3

α2C2
aγ

f 2
a1

κ2
H/Lm

3
H/L

. (6.85)

For the axion to serve as a component of dark matter, the lifetime (τ) of
AH/L → 2γ must exceed the age of the universe. This condition is reflected
in the viable region depicted in Figure 6.6. It is noteworthy that the chosen
value of ϵ ∼ 1/2 in this figure does not significantly impact the viable region;
it remains essentially independent of ϵ.

The interpretation of this viable region is vastly unchanged from the
discussion in Section 6.2.1. With kinetic mixing an additional upper bound
of the dark confinement scale emerges. Consequently, if the dark sector axion
makes up the dark matter, the confinement scale of the dark YM sector must
be in the range

1eV ≲ Λconf ≲ 1012GeV . (6.86)



6.3 Conclusions 141

6.3 Conclusions
In this chapter, we delved into the phenomenological implications of intro-
ducing axions to dark YM sectors. These axions are mandated by quantum
gravitational arguments that elevate the strong CP problem to a consistency
problem. Consequently, axions become essential components not only in
QCD but also in every YM group [169, 162]. Our focus was on two models:
N exact copies of the SM [15, 16] and a single pure YM sector.

Our initial requirement involved ensuring that the total axion density,
considering contributions from all sectors, does not surpass the observed
dark matter density. For N exact copies of the SM, utilizing the misalign-
ment mechanism across all sectors results in a constrained range of viable
N for a given PQ scale. Remarkably, the applicability of the misalignment
mechanism remains intact even for very large values of N when the sectors
are exceedingly dilute, as the mechanism is independent of the thermalization
of the dark sectors.

In the case of a single pure YM sector, we established a relationship
between the dark confinement scale and the PQ scale. Specifically, when
requiring the dark sector axion to constitute the dark matter, the PQ scale
does not surpass the Planck scale, provided the dark confinement scale sat-
isfies Λconf ≳ 1eV in the scenario with maximal misalignment. This minimal
value increases for smaller initial misalignment angles.

Additionally, we demonstrated that the inclusion of extra axions does not
necessarily impose a more stringent constraint on HI concerning isocurvature
fluctuations. Interestingly, both models reveal regions in the parameter space
where the bound is essentially evaded. In the case of N exact Standard Model
copies, the viable parameter space necessitates either a moderate number of
copies, around N ∼ 102, or a mechanism enabling smaller PQ scales.

Finally, we explored non-gravitational interactions between the dark sec-
tors arising from axion kinetic mixing. We revealed the emergence of a mass
splitting, resulting in N −1 degenerate states and one lighter state. Interest-
ingly, the lighter state is approximately 1/

√
2 times lighter and has couplings

weaker by a factor of 1/
√
N compared to the heavier axion states. For N

exact copies of the Standard Model, this enables the complete prediction of
the light axion once the heavier one is discovered. In the case of a single
Yang-Mills sector, the axion masses differ, potentially leading to the decay
of the dark sector axion into photons. To ensure the stability of the axion
as a dark matter candidate, an upper bound on the dark confinement scale
emerges, requiring Λconf ≲ 1012GeV. This bound, in most parts of the param-
eter space, is stronger than the bound Λconf ≲ fa2 derived from perturbative
unitarity.
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This work provides certain insights into the potential consequences of
multiple axions. As mentioned earlier, the situation with multiple axions
closely resembles the axiverse proposed by string theory [180]. However, in
our case, the axions arise from quantum gravitational consistency in theo-
ries with numerous hidden YM groups. Given that hidden YM groups and
multiple axions are predictions of string theory, exploring this connection fur-
ther is a valuable pursuit. This connection can in principle also be applied
to dark energy. If the dark energy is realized by quintessence [201, 202], it
would suggest the existence of a non-trivial vacuum structure that needs to
be eliminated by this scalar field. All in all, it seems that axions could play
a more significant role in nature than initially anticipated.



Chapter 7

Summary and Outlook

In this work, I investigated how infrared signatures can arise from UV physics
and could be testable in infrared experimental setups. We started with a well-
known signature of that type namely 0νββ decay and examined the discovery
probability of the next-generation experimental setups in different scenarios
of cosmological probes of the neutrino mass sum. We concluded that the
prospect of discovery for these experiments are heavily influenced by future
results of cosmological experiments.

Then we adapted the same philosophy of 0νββ searches and asked if
gravity could give rise to signatures in the infrared that could be testable by
current experiments. We identified two candidate models namely ADD and
the DR model. We discussed in chapter 3 that both models have an intrinsic
mechanism that could explain the smallness of neutrino masses by using the
fact that the right-handed mixing partner of the neutrino is uncharged under
the SM gauge group and could therefore be spread out into an extra space
may this be a physical space (extra dimensions) or an abstract space (many
species).

Even though the mechanism for small neutrino masses is the same the
concrete structure of the neutrino mass matrix is of course different in both
theories. The extra-dimensional scenario has been discussed in depth by
previous analyses both in theory and in experimental physics and is still an
ongoing endeavor. The situation in the DR model on the other hand has not
been discussed so far and with this work, my collaborators and I aimed to
fill this gap.

First in chapter 3 I generalized the original one flavor analysis to a realistic
3 flavor scenario and gave a description how the DR model would manifest
itself in neutrino oscillations and in violating unitarity of the PMNS matrix.

In chapter 4 I described how my collaborators and I put the DR model
under an experimental test by performing a global fit of neutrino oscillation
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and neutrino mass data. We gave the very first experimental constraints on
the number of additional neutrino species which are of order O(100) for the
IO hierarchy and O(30) for the NO hierarchy over a wide range of the second
parameter of interest µ.

Another candidate for experiencing the influence of the extra space is the
neutron. Like the neutrino does the neutron not carry a conserved charge
of the SM. Therefore, the neutron like the neutrino can mix with hidden de-
grees of freedom. The situation in the literature between the ADD and DR
model was inversed to the neutrino case. Even though discussed in the DR
model, the possibility that the neutron could mix with an extra-dimensional
fermion has not been discussed so far. We found out (chapter 5) that the
effective operator for mixing with the KK tower of a fermion with a mass
below the mass of the bounded neutron has to be at least suppressed by a
scale of order 107GeV. This bound results from the neutron disappearance
lifetime from matter. If the fermion is heavier than the bounded but not the
free neutron the stability of matter is ensured and the operators are much
less restricted. We found that ultra-cold neutron experiments that search for
neutron oscillations are currently probing the parameter space motivated by
the Hierarchy Problem. Due to the unique feature of the repetitive appear-
ance of KK states one can hit oscillation resonances if one varies an external
B field.

In chapter 6 we ask the question of how the introduction of multiple
Yang-Mills groups as in the DR model can influence the phenomenology
of the axions one has to introduce with every additional Yang-Mills group.
We found that axion production via the misalignment mechanism gives us
an upper bound on the number of possible additional Yang-Mills groups of
N < O(106) in the most severe scenario. Simultaneously by allowing kinetic
mixing among the additional axions, we found that two axion states arise
that could be potentially measured. Their masses and mixing are modified
compared to the one axion case and this allows us to outline how a potential
measurement of one axion can pin down the position of the second axion
in the parameterspace. A measurement of the second axion can be used to
cross-check a multiple-axion scenario.

The take-home message of this work is that the nature of gravity can lead
to new phenomena that manifest themselves even in low-energy experiments
and not just at MP which one would naively expect. Combining theoretical
consideration with perusing the experimental tests of these theories can guide
us to where to expect the true scale of Quantum Gravity.



Appendix A

Supporting Material to
Kaluza-Klein Spectroscopy
from Neutron Oscillations into
Hidden Dimensions

A.1 Mass Splitting in KK Tower for Equal
Size Extra Dimensions

In this appendix I follow closely the discussion of [4]. We show that for N ≥ 2
with all radii equal to R, the mass splitting of the KK tower (around the
neutron mass) is proportional to

δm ∼ 1
R2mn

. (A.1)

This is correct for both the KK tower originating from a massless or a massive
extra-dimensional fermion.

We estimate δm by calculating the mass difference between two special
states (k + 1, . . . , k + 1) and (k, . . . , k) with masses mk+1 ≡

√
N(k + 1)/R

and mk ≡
√
Nk/R, respectively and then dividing their mass difference by

the number of states in between the two.
The mass difference between the two special states is

mk+1 −mk =
√
N

R
. (A.2)

Now, we estimate the number of different levels in between them (i.e.,
ignoring the level degeneracies). That is, we want to find the number of
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levels that fulfill
mk < mk1,...,kN

< mk+1. (A.3)
Using the expression (3.13) for the mass levels in the KK tower, this reduces
to

Nk2 < k2
1 + · · · + k2

N < N(k + 1)2. (A.4)
For N > 3, we can express every integer as a sum of integer squares (This
is actually a theorem: Lagrange theorem, see, e.g., [203].) This is also very
accurate for N = 3, where we can express almost every integer as a sum of
squares, as well as for N = 2 up to a log-factor [204]. Therefore, in all cases
of our interest, the number of levels is essentially given by the number of
integers in between the mass states

#mass − levels = N(k + 1)2 −Nk2 ≈ 2Nk. (A.5)

Thus, the mass splitting of the KK tower is

δm = mk+1 −mk

#mass − levels ≈ 1
2
√
NRk

= 1
2R2mk

. (A.6)

Now set mk ≈ mn and we get

δm ≈ 1
2R2mn

. (A.7)

For N ≤ 3, the above is essentially exact. For N = 2 the level spacing is less
uniform but is an excellent approximation for averaged splitting.

Indeed, for N = 2, the number of states in between mk+1 and mk is lower,
because we cannot express every integer as a sum of two integer squares. The
number of integers between 0 and x that can be expressed as a sum of two
integer squares goes as x/

√
log x [204]. Hence, the number of integers we are

looking for between x1 and x2 is proportional to
x1√

log x1
− x2√

log x2
. (A.8)

For x1 = Nk2 and x2 = N(k + 1)2 and k ∼ 1011 (remember k ∼ mnR/
√

2),
this number is 0.42k ≈ k/2.

Thus, for N = 2, the mass splitting of the tower around mk ≈ mn is

δm ≈ 4
R2mn

. (A.9)

For a massive bulk fermion with mass µ, we repeat the calculation with,

m2
k = µ2 + k2

1
R2

1
+ · · · + k2

N

R2
N

. (A.10)
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The mass-splitting between the two special states is

mk+1 −mk ≈ Nk

R2mk

. (A.11)

For N ≥ 3, the number of states in between the two special states is the
same as in the massless case, #states ≈ 2Nk. Correspondingly, so is the
level-splitting,

δm ≈ 1
2R2mn

. (A.12)

For N = 2, the number of states is slightly different due to a smaller gap k2 ∼
(m2

n −µ2)R2/2 ≈ MeV GeVR2/2, which limits the maximal k, approximately
by k ∼ 109 instead of k ∼ 1011 of the massless case. This however is a small
difference. Using again Eq. (A.8), #mass-levels ≈ 0.46k ≈ k/2, we also get
approximately the same result as in the massless case, (A.9).

A.2 Degeneracy of States
Using the expression of KK masses,

(mR)2 = k2
1 + · · · + k2

N , (A.13)

we map the degeneracy count onto a problem in number theory of counting
the number of different possibilities, rN(n), of integers k1, . . . , kN that satisfy
n = k2

1 + · · · + k2
N , with n = (mR)2. The averaged number of possibilities

rN(n), will give us the degeneracy of states Z.
There is a “cheap" way of getting the answer by making a continuum

approximation. That is, for R → ∞, the number of states n(m) with mass
≤ m is

n(m) = vN(mR)N , (A.14)
where vN is a volume of an unit N -ball. The number of states within the
interval of masses between m+ ∆m and m then is

Z(m) = NvN∆mmN−1RN , (A.15)

which for ∆m = 1/(2mR2) taken from (A.7) gives,

Z(m) ≈ N

2 vN(mR)N−2 . (A.16)

For an alternative count, we start by estimating all possibilities to solve
the equation k2

1 + · · ·+k2
N ≤ x. This can be solved geometrically, as it is just

the volume of a ball,
x∑

n=0
rN(n) = vNx

N
2 . (A.17)
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To estimate the average of rN at some number x, we average the a nearest
values of rN

Z =1
a

(rN(x− a+ 1) + · · · + rN(x)) (A.18)

=vN

a
(xN

2 − (x− a)N
2 ) (A.19)

≈N

2 vNx
N
2 −1. (A.20)

In our case, we replace x = (mR)2 and find for the degeneracy of states given
by (A.16).
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Supporting Material to A
Global Fit of Neutrino Data for
Theories with Many Neutrino
Copies

In the appendix, we describe in more detail how the different experiments
have been analyzed. We follow closely the discussion in [22].

DayaBay was a reactor neutrino experiment located in China to measure
the parameters θ13 and ∆m2

32. Together with [120] the collaboration released
their data set of 26 data points which we analyzed in this work. Because
DayaBay’s neutrino flux is sourced by several nuclear reactors which have
different baselengths to the experimental halls the detectors are placed in,
we calculated the contribution of every reactor to the overall flux at the ex-
perimental site. DayaBay consists of experimental halls close to the reactor
to determine the predicted flux in the far experimental hall. The data of
the far experimental hall (EH3) was used in this analysis. The geometric
averaged baseline to EH3 is around 1663 m. In order to incorporate the
systematical uncertainties of the experiment we took the covariance matrix
published in [121] and scaled the general covariance matrix accordingly to
the data which is analyzed here. Performing a fit for standard mixing pa-
rameters, we find that our values are well consistent with those reported by
the collaboration.

KamLAND was a reactor experiment based in Japan designed to measure
θ12 and ∆m2

12. We averaged the survival probability of the neutrino flux over
all baselines of the reactors placed in Japan while neglecting the contribu-
tion from South Korea which is around 5% and the world contribution which
is around 1%. Our analysis is based on the publication [119] that also in-
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cludes a non-oscillated spectrum of the neutrino flux at the experiment. The
necessary information was extracted from Fig. 1 in this publication. Due
to lacking public information, we could not include a full covariance matrix
and resorted to using a diagonal covariance matrix which we constructed by
using the uncertainties of the measured events per bin. In our final analysis,
we incorporated 17 data points. The energy resolution was approximated by
the bin width. Our fit results are well consistent with those reported by the
collaboration.

MINOS was an accelerator muon neutrino experiment located at Fermi-
lab in the U.S. that operates slightly off maximum of the atmospheric mass
splitting regime (see Fig. 4.5). In principle, it can be used to determine θ23
and ∆m2

13 even though due to the energy range it is not optimal, but pro-
vides excellent data for searching for BSM signals in the oscillation pattern.
This makes this experiment of particular interest for our analysis. We use
the far detector (FD) CC and NC data from MINOS and MINOS+. The
simulation templates, smearing matrices, covariance matrices, as well as the
observed counts are provided in the data release accompanying the publica-
tion [122]. We implement our analysis by replicating the provided reference
implementation. Our fit results are well consistent with those reported by
the collaboration.

Also, NOνA uses the same muon neutrino beam as MINOS but this ex-
periment is located off-axis, resulting in maximum mixing if the atmospheric
mass splitting regime (see Fig. 4.5). Therefore, it is optimized to restrict the
SM parameters θ23 and ∆m2

13. We use the muon disappearance data from
[205]. Forward and reversed horn current data is included in our analysis.
A detector response is implemented via a smearing function defined accord-
ing to the resolution specified in Table 2 in [205]. Our fit results are well
consistent with those reported by the collaboration.

Another relevant type of experiment is the direct measurement of the
neutrino mass. The leading experiment for this is KATRIN which analyzes
the spectrum of beta decays. In [30] the collaboration also performed a
Bayesian analysis and reported a posterior on the mass of the electron neu-
trino. Because a flat prior on the mlightest was used to calculate this result,
we can easily interpret this posterior as our likelihood. We approximated the
posterior distribution with a truncated normal distribution and calculated
the predicted neutrino mass of the DR model with (3.168). In this analysis,
we just evaluated the likelihood as described above and did not take into
account the change in the shape of the energy distribution which would be
caused by additional mass states in the expression for the flavor states. This
is usually done in sterile neutrino searches with KATRIN and could still be
improved in our analysis.
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