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3.7 Velocity structure function for di�erent turbulent Mach numbers, from the
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subtle shape di�erence more clearly. Right when the supersonic turbulence
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i.e. for a DG run with k = 1 and 10243 cells. The top panel showsE(k)
directly, whereas the bottom panel displays the same data again, but this
time compensated by a factork2 to compress the vertical dynamic range
and highlight subtle changes in shape. The dashed vertical line marks the
end of our driving range, which can be discerned as a region of elevated
power. At slightly larger k than this injection scale, a region with a fully
developed supersonic turbulent cascade develops. This is indicated by the
dashed horizontal line in the bottom panel, which has theE(k) / k� 2 slope
of Burgers turbulence. At still smaller scales, the spectrum becomes 
atter
again, close to theE(k) / k� 5=3 expected for Kolmogorov turbulence. We
have indicated this slope as an inclinded dashed line in the bottom panel,
with the dotted line marking the scale where extrapolations of the two power
laws intersect. This intersection is reasonably close to the sonic scale inferred
from the velocity structure function. We also note that there is a prominent
bottleneck e�ect (as expected) with a small shoulder in the power spectrum
beforeE(k) drops rapidly in the dissipative regime. . . . . . . . . . . . . . 108



LIST OF FIGURES xxi

3.11 Convergence of the velocity structure function (shown in compensated form
as in the bottom panel of Fig. 3.9) between calculations that use 5123 or
10243 cells, and either �nite volume (FV) or DG with order k = 1, respec-
tively, as labelled. The sonic scale used for rescaling the plots is the same
for all lines and corresponds to the value measured for the DG run at the
10243 resolution. Interestingly, the 5123 simulation with DG does nearly as
well as the 10243 run with FV, but both show at most a very feeble hint
for a transition between the supersonic and subsonic regimes of turbulence.
This is because of the closeness of the dissipation regime at this resolution,
which already a�ects the region around the sonic scale strongly. For the
5123 run with FV, the dynamic range is clearly insu�cient to resolve the
region around the sonic point properly. In contrast, the high-resolution DG
run is already able to distinguish di�erent slopes of the cascade in the super-
sonic and supersonic regimes, although it is clear that also this calculation
can still be expected to be in
uenced by resolution e�ects in the transition
region. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

3.12 Visualization of the turbulence for FV (top panel) and DG (bottom panel)
simulations at Mach numberM = 3:2. We use a two-dimensional color map,
where the logarithm of density is mapped to brightness while the logarithm
of the gas velocity is mapped to color hue, as indicated. The �elds are
shown at the same time, using 10243 cells. Super�cially the images look
quite similar, but closer inspection reveals a richer and more pronounced
small-scale structure in the DG simulation. . . . . . . . . . . . . . . . . . . 111

3.13 Expected scaling of the total numerical error as a function of the invested
computational e�ort for a smoothhydrodynamical problem simulated with
DG at di�erent order k (coloured solid lines) in a three-dimensional box
with N 3 cells, based on Eqn. (3.33). A few illustrative problem sizes are
marked with symbols, as labelled. High-order methods incur a substantially
higher computational cost for a given number of cells, but they are also
able to approximate a smooth solution more accurately. The error drops
progressively faster as a function of resolution for higher order methods,
in fact so fast that they become the method of choice { in the sense of
requiring the lowest computational cost { for large enough problem sizes
and su�ciently small target error. . . . . . . . . . . . . . . . . . . . . . . 115



xxii List of Figures

3.14 Expected scaling of the computational cost and total numerical error for
a planar shockproblem simulated with DG at di�erent order k (coloured
solid lines) in a three-dimensional box withN 3 cells that otherwise ex-
hibits a homogeneous 
uid state everywhere outside the shock. In this
situation, only the numerically broadened shock itself is contributing to
the error budget, which thus declines only with the linear spatial resolution
as L1 / N � 1(k + 1) � 1. As a result, higher-order methods do not provide
a scaling advantage of their numerical error, i.e. the relative accuracy of
low and high order methods stays invariant as a function of resolution, and
their higher baseline computational cost per cell (compare the illustrative
problem sizes marked with symbols) is not worthwhile. Note, however, that
problems of practical interest do not consist of shocks only, rather they also
have non-trivial smooth regions in between shocks, where the considera-
tions of Fig. 3.13 apply. In general, which order is computationally most
cost e�cient is therefore problem-dependent. . . . . . . . . . . . . . . . . . 116



List of Tables

2.1 Minimum memory need for our DG code when a 3D simulation is assumed
with ( Nc)3 cells and expansion orderp, including allowing for an arti�cial
viscosity �eld. Here double precision with 8 bytes per 
oating point number
has been assumed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72



xxiv List of Tables



Zusammenfassung

Im gesamten Universum ist Turbulenz einer der wichtigsten Prozesse, um kinetische Ener-
gie von gro�en Skalen auf die viskose Skala zu•ubertragen, wo sie Gas erhitzen, chemische
Elemente durchmischen, oder die Sternbildung regulieren kann. Turbulenz ist in allen astro-
physikalischen Systemen allgegenw•artig und spielt eine vielf•altige Rolle, von der Regulie-
rung der Stern- und Planetenbildung•uber die Flammenausbreitung in Typ Ia Supernovae
bis hin zur Ausbreitung der kosmischen Strahlung und dem Auftreten von gro�r•aumigen
galaktischen Winden. Die numerische Simulation von Turbulenz ist jedoch schwierig, da
man einen gro�en dynamischen Bereich au
•osen muss, von der Erzeugung auf gro�en Skalen
bis hin zu viskosen Skalen, um den Ein
uss, den Turbulenz auf das betre�ende astrophy-
sikalische System hat, richtig zu beschreiben.

Um solche Systeme zu simulieren und gleichzeitig turbulente Bewegungen ausreichend
aufzul•osen, werden neue Algorithmen und gr•o�ere Computer ben•otigt. Seit den 1970er Jah-
ren hat sich die Anzahl der Transistoren in einem integrierten Schaltkreis etwa alle zwei Jah-
re verdoppelt { allgemein bekannt als Moore'sches Gesetz { und dies hat lange Zeit zu einer
•ahnlichen Steigerung der Rechenleistung gef•uhrt. Seit Mitte der 2010er Jahre hat sich dieser
Fortschritt jedoch verlangsamt, und die Computerindustrie hat eine Reihe von Ans•atzen
entwickelt, um die Anzahl der Gleitkommaoperationen pro Sekunde, die ihre Chips leisten
k•onnen, dennoch weiter zu erh•ohen. Ein wichtiger aktueller Trend in dieser Hinsicht ist
die Verwendung von Gra�kprozessoren (GPUs) und deren Umwidmung f•ur den Einsatz im
Hochleistungsrechnen. Dieser Ansatz wird in den ersten Exascale-Supercomputer verwen-
det, die in letzter Zeit auf den Markt gekommen sind. Das einfachere Chipdesign von GPUs
stellt jedoch grundlegende Herausforderungen f•ur (astrophysikalische) Codes dar, da man
sie nicht einfach f•ur diese Systeme neu kompilieren kann. Stattdessen ist eine grundlegende
Neuschreibung erforderlich, die eine•Anderung der Datenstrukturen, der Speicherzugri�e,
der Codelogik und der Kommunikationsstrategie beinhaltet.

Motiviert sowohl durch diese Hardware-Trends als auch durch den Bedarf an e�ziente-
ren numerischen Algorithmen untersucht diese Arbeit die Verwendung von diskontinuierli-
chen Galerkin (dG)-Methoden f•ur Simulationen astrophysikalischer Turbulenz auf GPUs.
Die numerische Technik von dG verspricht Konvergenz hoher Ordnung bei vergleichsweise
geringem Kommunikationsbedarf, was ihr m•oglicherweise eine•uberlegene Rechenleistung
und Genauigkeit verleiht, insbesondere wenn sie auf moderner, mit GPUs beschleunigter
Computerhardware realisiert wird.

Um diese M•oglichkeit zu untersuchen, habe ich eine dG-Methode hoher Ordnung in der
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GPU-nativen \Compute Uni�ed Device Architecture" (CUDA) implementiert, kombiniert
mit einer Parallelisierung•uber mehrere verteilte Rechnerknoten mit dem \Message Passing
Interface" (MPI). Zun •achst habe ich die Methode f•ur subsonische Str•omungen realisiert, wo
sie eine vielversprechende exponentielle Konvergenz mit zunehmender r•aumlicher Ordnung
aufweist. Dies erm•oglicht die Simulation von subsonischen Str•omungen mit sehr hoher
Au
 •osung bei geringem Rechenaufwand. Au�erdem habe ich die klassische dG-Methode
mit einem rekonstruktionsbasierten Navier-Stokes-L•oser kombiniert, was sich in fr•uheren
Arbeiten als schwierig erwiesen hatte. Zus•atzlich habe ich eine neue Methode zur Au
•osung
von Schocks innerhalb von Zellen vorgeschlagen, die auf einer geeigneten Injektion von
k•unstlicher Viskosit•at basiert.

Aufbauend auf diesen Schritten habe ich mich dann mit dem Fall der supersonischen
Turbulenz befasst. Das Netzwerk von stark interagierenden Schocks, das in solchen Simu-
lationen auftritt, erforderte weitere Verbesserungen des Algorithmus und des Codes. Ich
habe eine vereinfachte Implementierung der k•unstlichen Viskosit•at auf der Grundlage der
klassischen von Neumann-Richtmeyer-Formulierung eingef•uhrt und das Stabilit•atsproblem
von dG f•ur supersonische Str•omungen gel•ost, indem ich einen neuartigen Projektionsansatz
f•ur die primitiven Variablen vorschlug, so dass sie stabil auf Zellober
•achen extrapoliert
werden k•onnen.

Die Entwicklungen dieser Arbeit machen somit zum ersten Mal GPU-beschleunigte
diskontinuierliche Galerkin-Methoden hoher Ordnung f•ur eine breite und im Wesentlichen
uneingeschr•ankte Palette von Forschungsanwendungen in der Astrophysik anwendbar. Da-
zu geh•oren zum Beispiel Untersuchungen der subsonischen Turbulenz in Galaxienhaufen,
die mit dG-Methoden hoher Ordnung viel pr•aziser und kosteng•unstiger dargestellt wer-
den kann als mit traditionellen Finite-Volumen-Verfahren. Wichtig ist, dass dies nun auch
Systeme einschlie�t, die starke Schocks enthalten oder sogar von Netzwerken von Schocks
beherrscht werden, wie z.B. Regionen mit supersonischer Turbulenz, ein Regime, das bisher
nicht e�ektiv mit dG-Hydrodynamik hoher Ordnung behandelt werden konnte.



Abstract

Throughout the universe a primary way of transferring large scale kinetic energy down
to viscous scales where it can heat gas, mix chemical elemental abundances, regulate star
formation, etc., is turbulence. Turbulence is ubiquitous across astrophysical objects, from
regulating star and planet formation, to being the main driver of 
ame propagation in
Type Ia supernovae, to controlling the propagation of cosmic rays and launching out
ows
and winds in galaxies. However, turbulence is di�cult to simulate as one needs to resolve
a wide dynamic range, from the stirring at large scales down to viscous scales, to properly
account for the in
uence it has on the astrophysical system in question.

To be able to simulate such systems while su�ciently resolving turbulent motions new
algorithms and bigger computers are needed. Since the 1970s the number of transistors
in an integrated circuit has doubled about every two years { commonly known as Moore's
law { and this has given rise to a similar expansion of their computational performance.
Since the mid 2010s, however, this progress has slowed down, and the computer industry
has turned to a variety of approaches for still increasing the number of 
oating point
operations per second their chips can deliver. One important current trend along this line is
to use graphical processing units (GPUs) and re-purpose them for use in high performance
computing. In fact, this approach is powering the �rst exascale supercomputers that have
emerged recently. The simpler chip design of GPUs poses however fundamental challenges
to (astrophysical) codes as one cannot simply recompile them for these systems. Instead, a
fundamental rewrite is necessary, including a change of data structures, memory accesses,
code logic and communication strategy.

Motivated both by these hardware trends and by the need for more e�cient numerical
algorithms, this thesis investigates the use of Discontinuous Galerkin (DG) methods for
simulations of astrophysical turbulence on GPUs. The numerical technique of DG promises
high-order convergence with comparatively small communication needs, potentially giving
it superior computational performance and accuracy, particularly when realized on modern
computer hardware accelerated with GPUs.

To investigate this prospect, I have implemented a high-order DG method in the GPU-
native Compute Uni�ed Device Architecture (CUDA), combined with a parallelization
across multiple distributed memory nodes with the Message Passing Interface (MPI). First,
I realized the method for subsonic 
ows where it exhibits a very promising exponential
convergence with increasing spatial order. This allows for subsonic 
ows to be simulated
at very high resolution at a low computational cost. I furthermore improved the classic
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DG method with a reconstruction-based Navier-Stokes solver, something that had proven
di�cult in previous work. I also proposed a new sub-cell shock resolving method based on
an appropriate injection of arti�cial viscosity.

Building on these steps, I have then addressed the case of supersonic turbulence. The
network of strong interacting shocks appearing in such simulations required further algo-
rithm and code improvements. I introduced a simpli�ed arti�cial viscosity implementation
based on the classic von Neumann-Richtmeyer formulation and solved the stability prob-
lem of DG for supersonic 
ows by proposing a novel projection approach for the primitive
variables so that they can be stably extrapolated to cell surfaces.

The developments of this thesis thus make high-order, GPU-accelerated Discontinuous
Galerkin methods for the �rst time applicable to a wide und essentially unrestricted range
of research applications in astrophysics. This includes, for example, studies of the subsonic
turbulence in galaxy clusters which can be represented much more precisely and in a
more cost e�ective way with high-order DG methods than with traditional �nite volume
techniques. Importantly, this now also includes systems that contain strong shocks, or are
even governed by networks of shocks such as regions �lled with supersonic turbulence, a
regime that could previously not be treated e�ectively with high-order DG hydrodynamics.



Chapter 1

Introduction

On all scales, the dynamics of astrophysical 
uid 
ows is shaped by turbulent motions.
These complex and chaotic motions arise due to the nonlinear nature of the gas 
ow, de-
scribed by the Navier-Stokes equations, which capture the interplay of momenta, pressure,
and viscosity. Turbulence is known for its ability to transfer large scale energy down to
small scales through the energy cascade. Big whirls akin to Kelvin-Helmholtz instabilities
give rise to ever smaller whirls until the viscous scale is reached. There these whirls get
converted into heat. This energy transfer is crucial for understanding many astrophysical
processes. It also makes such an understanding di�cult from the computational point of
view as it is necessary to resolve an immense range of scales for proper treatment of turbu-
lence. Whether it be in the context of star formation, the interstellar-, circumgalactic- or
intracluster-medium, planet formation, supernovae, atmospheric turbulence, river currents,
or the tumultuous 
ows within stars, turbulent motions and their resulting gas dynamics
govern these systems. Understanding turbulence is essential for comprehending the be-
havior of astrophysical systems on scales ranging from the microscopic to the cosmic. It
is crucial for the shaping of structures throughout the universe and our understanding of
them.

1.1 Turbulent systems in the Universe

1.1.1 Star formation

Star formation is a complex process occurring across multiple scales of the interstellar
medium. The �nal stages take place in the densest clouds consisting of densen > 102 cm� 3

and coldT � 10� 30 K gas (Larson, 1981). The complex and nonlinear interplay between
turbulence, gravity, pressure and magnetic �elds takes place at scales from thousands of
astronomical units to tens of parsecs within these cold clouds in star-forming regions and
plays a crucial role in determining the distribution of masses of the pre-stellar cores (e.g.
Chabrier, 2003; Mac Low & Klessen, 2004; McKee & Ostriker, 2007).



2 1. Introduction

1.1.2 Stellar evolution

Resolving the temporal evolution of a single star entails taking into account three very
di�erent timescales, a dynamical timescale | from seconds to days, in extreme cases years,
the thermal timescale | 10 7 years, and the nuclear timescale | 1010 for the Sun. These
processes are strongly coupled and all need to be resolved in tandem. Computationally
this is only possible in 1D. For many applications in stellar evolution studies 1D models
are su�cient and the cheap computational cost is also attractive because it allows for easy
parameter space exploration of many key processes of interest. Such processes include
but are not limited to fusion in the core, the formation of heavier elements, the intricate
balance between gravity and pressure, stellar wind ejection and the study of both radiative
transport in the radiative zone and convection in the star's convective zones (e.g. Paxton
et al., 2011; Jermyn et al., 2023). And it is the transition between the two zones that
has proven very challenging for 1D models to describe (e.g. Paxton et al., 2019). The so
called boundary layer can be clearly seen on the Kippenhahn diagram of a 1D simulation by
Steindl et al. (2022) shown in Fig. 1.1 and as a slice through a full 3D box in a simulation by
Herwig et al. (2023) in Fig. 1.2 as the red circle segment. The advection layer is turbulent
by nature and therefore requires a proper 3D treatment. While models calibrated with
observations exist to su�ciently describe the convection zone itself the boundary layer
between it and the radiative zone cannot be described with a simple empirically calibrated
model. Full 3D simulations of stellar evolution exist but are currently limited to simulating
the star for a few days which is far from the lifespan of even the shortest living stars (e.g.
Rizzuti et al., 2023; Herwig et al., 2023). Further large scale 3D studies of turbulence are
therefore crucial for advancing our understanding of stellar evolution.

Figure 1.1: Kippenhahn diagram (adopted from Steindl et al., 2022) showing the evolution of
the internal structure of a 2 M � star. The boundary layer is denoted as the \overshoot" on the
top right legend.
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