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Zusammenfassung

Seit der Entdeckung des integralen und des fraktionalen Quanten-Hall-Effekts in den 1980ern
hat das Zusammenspiel topologischer Eigenschaften und starker Wechselwirkungen großes In-
teresse unter Physiker*innen der kondensierten Materie und Wissenschaftler*innen verwandter
Felder erregt. Die darauf folgende Definition topologisch geordneter Zustände führte zu einer
Fülle an Literatur zu diesem Thema. Die direkte Beobachtung nichtabelscher Anyonen, einer we-
sentlichen Signatur topologisch geordneter Systeme mit potentiellen Anwendungen für fehler-
tolerante Quantencomputer, blieb jedoch aus.

Um dieser Frage nachzugehen, untersucht diese Dissertation die Eigenschaften fraktionaler
Quanten-Hall-Zustände auf einem Gitter mit einem Schwerpunkt auf dem Hofstadter-Modell,
welches in Quantensimulatoren mit kalten Atomen simuliert werden kann. Durch theoretische
Studien dieser Systeme versuchen wir, die notwendigen Bestandteile zu verstehen, um exotische
Materiezustände in Experimenten mit beispielloser Kontrolle über die Teilchen und ihre Wech-
selwirkungen zu realisieren.

Unsere Arbeit untersucht zuerst bosonische Realisierungen fraktionaler Quanten-Hall-Zu-
stände auf einem Gitter unter besonderer Berücksichtigung des Pfaffschen Zustands als einem
paradigmatischen nichtabelschen Zustand. Anschließend schlagen wir längliche Systeme vor,
um topologische Ordnung mittels der Zentralladung zu untersuchen, und präsentieren einen
modularen Ansatz um ausgedehnte Laughlin Zustände zu wachsen. Außerdem studieren wir
Quanten-Hall Ferromagnetismus im Hofstadter-Fermi-Hubbard-Modell, was eine direkte Beob-
achtung skyrmionischer Anregungen erlaubt. Schließlich verallgemeinern wir den Ansatz zu-
sammengesetzter Fermionen auf Gittersysteme, um analytische Ansatzwellenfunktionen zu ent-
wickeln.

Unsere Ergebnisse bereiten den Weg für Experimente mit kalten Atomen in naher Zukunft,
um wechselwirkende topologische Zustände in einem Hofstadter-Hubbard-Modell zu realisieren.
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Abstract

Since the discovery of the integer and fractional quantum Hall effects in the 1980’s, the interplay
of topological properties and strong interactions sparked great interest among condensed matter
physicists and scientists of related fields. The subsequent definition of topologically ordered
states has led to an abundance of literature on the subject. However, the direct observation of
non-Abelian anyon braiding, a key signature of topologically ordered systems with potential
applications for fault-tolerant topological quantum computation, has remained elusive.

To address this issue, this thesis explores the properties of fractional quantum Hall states
on a lattice, with a focus on the Hofstadter-Hubbard model that can be simulated using cold
atom quantum simulators. Through theoretical studies of these systems, we aim to understand
the ingredients necessary to realize exotic states of matter in experiments with unprecedented
control of the particles and their interactions.

Our work first investigates bosonic realizations of fractional quantum Hall states on a lattice,
with a specific focus on the Pfaffian state as a paradigmatic non-Abelian state. Afterwards, we
propose elongated systems to probe topological order using the central charge and present a mod-
ular approach to grow extended Laughlin states. Additionally, we study quantum Hall ferromag-
netism in the Hofstadter-Fermi-Hubbard model, allowing for direct observations of skyrmion
excitations. Finally, to develop analytical ansatz wave functions, we generalize the composite
fermion approach to lattice systems.

Our findings pave the way for near-term cold atom experiments that realize interacting topo-
logical states in a Hofstadter-Hubbard model.
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Introduction

“Up to 1980 nobody expected that there exists an effect like the quantized Hall effect,
which depends exclusively on fundamental constants and is not affected by irregu-
larities in the semiconductor like impurities or interface effects.”

— Klaus von Klitzing [8]

This statement, made by Klaus von Klitzing in his Nobel Lecture after the prize had been
awarded to him for “the discovery of the quantized Hall effect” [9], nicely captures the beauty of
this by now well-established field in condensed matter physics. In the 1980’s, the strikingly accu-
rate quantization of the Hall conductivity came as a surprise to many of the experts in the field.
Nowadays, the surprising robustness in the presence of imperfections of the samples is attributed
to the topological origin of the phenomenon. Subsequent to its discovery [10], the quantum Hall
effect was explained by its relation to a global invariant of the non-interacting bands, now known
as the TKNN invariant introduced by Thouless, Kohmoto, Nightingale, and den Nijs [11]. This
invariant is tightly connected to the mathematical field of topology. In particular, the TKNN
invariant is the physical realization of the Chern number, which classifies certain vector bun-
dles and sections thereof [12], which are physically realized by the quantum mechanical wave
function. Since these days, the field of condensed matter physics got acquainted with various
manifestations of topological features, especially employing concepts of low-dimensional topol-
ogy and providing a playground for this fascinating topic.

Soon after the first observation of a non-interacting topological system, the discovery of the
fractional quantum Hall (FQH) effect by Tsui, Stormer, and Gossard in 1982 sparked even further
interest in the field [13]. This exotic state of matter clearly exhibited some kind of order, yet
Ginzburg’s and Landau’s symmetry-breaking paradigm failed to characterize this order due to
its absence of off-diagonal long-range order. New criteria were needed to classify various FQH
states, and once again topology played its role in providing theorists with the necessary tools,
resulting in the concept of “topological order” for this novel kind of quantum order. Most strik-
ingly, the fractional value of the Hall conductivity could be explained using what is now known
as the many-body Chern number [14], applying concepts of topology from the non-interacting
to the (strongly) interacting case. Furthermore, features like the ground state degeneracy, chi-
ral edge states, fractionalized quasiparticles and alike in FQH systems are deeply connected to
global, topological properties of the system. Most importantly, FQH systems exhibit excitations
known as anyons, i.e. particles evading a classification in bosons and fermions [15,16]. A partic-
ularly interesting class are non-Abelian anyons, where the order of braiding operations affects
the outcome of the process. Such non-Abelian anyons might prove useful in future topologi-
cal quantum computation applications, whereby inherent fault tolerance could be achieved by
exploiting the topological nature of these excitations [17].

Unfortunately, the direct observation of non-Abelian anyon braiding remained elusive so far.
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Introduction

However, novel experimental platforms allowing for unprecedented control might finally give
access to this exotic behavior. The author believes that cold atoms in optical lattices provide a
particularly promising route to achieve this goal and, more generally, realize exotic topologically
ordered states, like FQH states or chiral quantum spin liquids. By now, several examples of cold
atom realizations of topological states of matter exist [18, 19] and first steps towards addressing
the FQH problem in such experiments were taken. In particular, the non-interacting Hofstadter
model has been realized [20,21], and also the interacting regime has been reached [22]. Moreover,
first bosonic Laughlin states were realized in the continuum [23], in a photonic system [24], and
– more recently – also in an optical lattice [25].

In this thesis, we will follow the philosophy of this recent realization. We believe atoms
in an optical lattice subject to an artificial magnetic field to be a promising platform for future
investigations of topological states of matter in the near future. The studies presented in this
thesis are inspired by the current capabilities of existing cold atom experiments and investigate
potential directions accessible for such platforms. With these applications in mind, we perform
variational studies of systems exhibiting lattice analogs of paradigmatic FQH states, also known
as fractional Chern insulators (FCIs).

Outline
This thesis is structured as follows: In Chapter 1 we provide the reader with the necessary

background on topological order and the quantum Hall effects. We also introduce key concepts
of quantum simulation and discuss the numerical methods employed in this thesis.

Extensive numerical studies of bosonic systems are presented in Chapters 2-4. In particular,
we focus on the Pfaffian state as a paradigmatic example of non-Abelian FQH states in Chapter 2,
first reviewing important continuum results in Section 2.2 and commenting on the peculiarities
of FQH states on thin cylinders in Section 2.3. In Section 2.4, we present evidence for the lattice
Pfaffian state as the ground state of the Hofstadter-Bose-Hubbard model for suitable, experimen-
tally realistic parameters, based on the results in Ref. [1].

In Chapter 3, we propose to study coupled chains to identify the topological order of putative
FQH states using their edge states and the central charge. In Section 3.2 we review the continuum
coupled wire construction as an approach to treat FQH systems analytically, before numerically
studying discrete chains in Section 3.3. In particular, we investigate the ν = 1/2-Laughlin state in
Section 3.3.3 based on Ref. [2] and several interacting topological states at ν = 1 in Section 3.3.4.

We conclude our numerical studies of bosonic quantum Hall states in Chapter 4 by investi-
gating modular protocols to adiabatically prepare extended Laughlin states from small patches.

In Chapter 5, we study QH ferromagnetism in the fermionic Hofstadter-Hubbard model and
discuss the accompanying skyrmion-like spin textures. After reviewing the physics of fermionic
QH systems at ν = 1with an emphasis on interaction induced QH ferromagnetism in Section 5.2,
we present numerical results of the lattice analog based on Ref. [3] in Section 5.3.

Finally, we present some analytical insights aiming for variational trial states in Chapter 6.
In particular, we briefly present the ideas of the composite fermion approach to the FQH problem
in Section 6.2 and generalize this approach to the lattice systems generally studied in this thesis
in Section 6.3. We also derive (preliminary) trial states which might serve as a starting point for
future analytical studies.

We conclude our discussion by summarizing the work presented in this thesis and putting
it into a broader context in the field of quantum simulation of FQH systems. Furthermore, we
provide an outlook briefly discussing future research directions opening up in connection with
our results.

2



1 Theoretical Background

This thesis covers various different aspects of modern condensed matter physics, with a partic-
ular emphasis on topology and quantum simulation. While providing a complete overview of
these exciting and broad fields is beyond the scope of this introductory chapter, we would like
to equip the reader with a basic understanding of the most important concepts and results.

We start our discussion by defining topological order, before introducing some of its partic-
ularly prominent signatures in the context of quantum Hall physics, which are used in projects
discussed later in this thesis. Equipped with this basic knowledge, we then turn to a brief review
of the integer and fractional quantum Hall effects, mentioning in passing the celebrated TKNN
formula explaining the quantization of the Hall response at integer filling factors. We also have
a first encounter with the key subject of our studies, so called fractional Chern insulators.

After these two “physical” introductions, we review some methods relevant to the projects
presented here, both on the experimental and the numerical side. The main goal of this disserta-
tion is to propose realistic schemes to prepare and manipulate interacting quantum Hall states in
cold atom quantum simulators utilizing optical lattices. We therefore provide the reader with a
brief overview of existing and proposed quantum simulation platforms. Finally, we conclude this
introductory chapter with a review of the numerical methods used in this thesis, with a special
emphasis on their variational nature.

1.1. Topological Order and its Manifestations

Strongly interacting topological matter is characterized by a plethora of interesting effects.
Among others, the interplay of interactions and topology can result in quantum number fraction-
alization [26] or fractional braiding statistics [15, 16]. While these phenomenological properties
are probably the most useful ones for both the detection and future applications of topologi-
cal states of matter, they do not necessarily provide a good starting point to classify and define
topological order in the first place.

In this section, we will turn away from the phenomenological point of view and follow the
approach taken by Chen, Gu and Wen [27] in their attempt to develop a precise notion of topo-
logical order. We will start our discussion with a definition of intrinsic topological order, be-
fore including a brief review of how symmetry protected topological (SPT) order and symmetry
breaking order fit into this framework.

However, before including topology, we first need to define quantum phases in general. To
this end, we consider a Hamilton operator Ĥ(g) depending smoothly on a parameter g and its
ground state |Ψ(g)⟩. For a local operator Ô, we can evaluate its ground state expectation value
O(g) = ⟨Ψ(g)| Ô |Ψ(g)⟩. Considering the thermodynamic limit, we say the system undergoes a
quantum phase transition at gc, if O(g) has a singularity at gc for some local operator Ô.

With this definition at hand, we can now define quantum phases as equivalence classes of
ground states, also called universality classes:

3



1. Theoretical Background

Two ground states |Ψ(g1)⟩ and |Ψ(g2)⟩ are said to belong to the same universality class
or quantum phase if and only if there exists a smooth family of local Hamiltonians
Ĥ(g), g ∈ [g1, g2], such that there is no quantum phase transition along the path
g ∈ [g1, g2].

Mathematically, this defines an equivalence relation for states, the equivalence classes of which
are the quantum phases.

For gapped states |Ψ(g1/2)⟩, i.e. such that in the thermodynamic limit all excited states above
|Ψ(g1/2)⟩ have a gap, we also give the following, equivalent characterization of states belonging
to the same universality class:

Two gapped states |Ψ(g1/2)⟩ belong to the same universality class if and only if there
is a family of local Hamiltonians Ĥ(g), g ∈ [g1, g2], such that the energy gap above
the ground state of Ĥ(g) remains finite for all g ∈ [g1, g2]. This immediately implies
that two states are in the same universality class if and only if they are adiabatically
connected.

While one implication of the above statement is useful in practice (“If one can find an adi-
abatic path connecting |Ψ(g1)⟩ and |Ψ(g2)⟩, then they are in the same universality class.”), it is
notoriously hard to decide whether no adiabatic path exists. To this end, Chen, Gu and Wen [27]
provide an equivalent characterization of universality classes:

Two gapped states |Ψ(g1/2)⟩ belong to the same universality class if and only if they
are connected by a local unitary evolution.

Here, a local unitary (LU) evolution is the time evolution under a local Hamiltonian for a finite
time. It is important for the evolution to be possible in finite time, meaning in particular that it
does not scale with the system size and remains finite in the thermodynamic limit.

The usefulness of the last characterization stems from the fact that for states belonging to
the same phase the local unitary evolution can be constructed explicitly [28, 29].

1.1.1. Long-Range Entanglement and Topological Order

Having the definitions above at hand, the question arises what kinds of phases to expect.
We start our further discussion by noting that there are broadly speaking two classes of states:
short-range entangled states which can be transformed into a direct product state via a LU trans-
formation, and long-range entangled states for which this is not possible. While there is only one
phase of short-range entangled states,1 there might be different long-range entangled phases of
matter.

Short-range entangled states by definition are only governed by local properties of the sys-
tem. In particular, they are not able to probe global, topological properties like the genus of
the underlying manifold. Therefore, we say that short-range entangled states have no topological
order.

In contrast, a non-trivial topological order is attributed to long-range entanglement:

The equivalence classes of local unitary transformation constitute distinct topological
orders.

This puts the colloquial statement that “distinct topologically ordered states cannot be trans-
formed into each other without closing a gap” on rigorous grounds.

1This is true if we allow for transformations to break symmetries. If we require additional symmetries, the classi-
fication becomes richer, see below.
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1.1. Topological Order and its Manifestations

Fig. 1.1. Without relying on symmetries, topological universality classes indicated by the red and blue
areas are defined as states which can be connected using a local unitary transformation. States in the red
universality class can be connected to a product state (star) and are therefore topologically trivial. How-
ever, if we use a symmetry to constrain the allowed transformations to a subspace (gray line), we cannot
connect certain states in the topologically trivial phase to each other (or the product state). The resulting
phases are said to have symmetry protected topological (SPT) order. Similarly, enforcing a symmetry can
lead to a finer classification of states with nontrivial topological order, called symmetry enriched topolog-
ical (SET) orders. Figure adapted from Ref. [27] and [30].

In this thesis, we will discuss a particular example of topological order extensively. Quantum
Hall states provide a prime example of topologically ordered states. In particular, they exhibit
many of the characteristic features like quantum number fractionalization, chiral edge states and
the famous topological ground state degeneracy. We will discuss these properties in more detail
below as we develop our understanding of topological order further.

1.1.2. Symmetry Protected Topological (SPT) Phases

When defining short-range entanglement, we claimed all topologically trivial states to belong
to the same phase. While this statement holds true in the absence of symmetries, requiring the
LU transformations to obey certain symmetries enriches the picture significantly, see Fig. 1.1.
In this case, not all states can be connected to the trivial product state while respecting the
symmetries. Since the topological order in these states is protected by the symmetry at hand,
such phases are called symmetry protected topological (SPT) phases. We emphasize again, that they
are significantly different from phases with intrinsic topological order which does not require any
symmetry.

Prominent examples of symmetries studied in the context of gapped, non-interacting sys-
tems are time-reversal (T), particle-hole (P), and chiral (C) symmetry [31]. For time-reversal T
and particle-hole symmetry P , we distinguish three cases: the absence of the symmetry (denoted
by 0) and - if present - whether the symmetry squares to ±1 (denoted by ±1). In contrast, for
the chiral symmetry C it is sufficient to distinguish whether the symmetry is present (1) or not
(0). Using relations between these symmetries, it is possible to derive ten different combinations
of them. We summarize the resulting ten universality classes in Tab. 1.1, where we also con-
sider different dimensionalities d of the system. In this classification, generally known as the
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1. Theoretical Background

d

Class T P C 0 1 2 3 4 5 6 7

A 0 0 0 Z Z Z Z
AIII 0 0 1 Z Z Z Z

AI +1 0 0 Z 2Z Z2 Z2

BDI +1 +1 1 Z2 Z 2Z Z2

D 0 +1 0 Z2 Z2 Z 2Z
DIII −1 +1 1 Z2 Z2 Z 2Z
AII −1 0 0 2Z Z2 Z2 Z
CII −1 −1 1 2Z Z2 Z2 Z
C 0 −1 0 2Z Z2 Z2 Z
CI +1 −1 1 2Z Z2 Z2 Z

Tab. 1.1. Altland-Zirnbauer classification of non-interacting topological phases. Here, d is the spatial
dimension, T , P , and C denote the behavior of the Hamiltonian under time-reversal, particle-hole, and
chiral transformations, respectively. The groups specify the possible values for the corresponding topo-
logical invariant, while an empty cell indicates the absence of (symmetry-protected) topological order in
the corresponding system. The first row includes systems with intrinsic topological order, which is not
protected by any symmetries. For d = 2 this class includes the integer quantum Hall states characterized
by the Chern number. Adapted from Ref. [31].

“ten-fold way” or the “Altland-Zirnbauer” classification, states are identified by the values of a
characteristic topological invariant. On general grounds, it turns out that such an invariant can
only take values in Z,Z2, or 2Z. Accordingly, an empty cell in the table indicates the absence
of any (symmetry protected) topological order for the given set of symmetries and dimension.
Furthermore, using general results, one can show that the pattern repeats upon an increase of
dimensionality d → d + 8, so that the table given here provides indeed a full classification of
gapped, non-interacting topological orders.

Before turning to a more phenomenological perspective on topologically ordered phases,
there are two more remarks:

When imposing symmetries, we can be even more ambitious. Starting from a phase with
intrinsic topological order, we might again constrain the allowed LU transformation to obey
certain symmetries. Similar to the case of SPT phases, this can lead to an additional fragmenta-
tion of the original topological universality class without symmetries. In this case, equivalence
classes of the symmetry constrained transformations are called symmetry enriched topological
(SET) phases, see Fig. 1.1.

Finally, one might wonder how this classification accounts for the ubiquitous symmetry
breaking orders. In fact, such phases are topologically trivial and can be understood analogously
to the SPT paradigm. However, in this case only a subset of states can be connected using LU
transformations obeying the corresponding symmetry (the symmetric phase), while other states
can only be reached by breaking the symmetry (the symmetry broken phase). In particular, dif-
ferent symmetry broken phases correspond to equivalence classes relying on LU transformations
breaking different symmetries.

Using the classification of Chen, Gu, and Wen, we therefore end up with a whole zoo of
possible phases:

• symmetry broken phases described by the Ginzburg-Landau paradigm,
• symmetry protected topological (SPT) phases,
• intrinsically topologically ordered phases, and
• symmetry enriched topological (SET) phases, refining an intrinsic topological order.
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1.1. Topological Order and its Manifestations

1.1.3. Detecting Topological Order

Our discussion of topological order so far focused on providing a formal definition. However,
in physical applications the exotic properties of topological matter manifest themselves in certain
characteristic phenomena. Before discussing a particular example of topological order in more
detail in the next section, we will review some of the most striking properties here.

Topological Invariants
One of the hallmarks of topology in physics is the robust quantization of certain observables

to integers or (simple) fractions. This quantization is often a consequence of the existence of a
so-called topological invariant. Originating in algebraic topology, such invariants are understood
as functors from the category of topological spaces (or manifolds) to the category of (Abelian)
groups and are used to classify topological spaces and bundles [32]. Their calculation typically
involves extensive use of algebraic relations and group theoretical results.

In contrast, in physics the group structure is rarely ever used and the value of an invariant
is mainly used to characterize a topological phase of matter. However, the basic idea - finding a
classification using a single number - carries over between fields. Most importantly, in both cases
it requires a significant effort to change the value of a topological invariant: in topology this is
often connected to cutting or gluing of spaces, whereas in physics a change typically indicates a
topological phase transition (and therefore also a gap closing).

As we will encounter the Chern number at various points throughout this thesis, it seems
appropriate to discuss this particular topological invariant in some more detail. Our discussion
closely follows section II. of [33].

We start out by considering a Hamiltonian parametrized by a vector of parameters g with
non-degenerate spectrum,

Ĥ(g) |ψn(g)⟩ = En(g) |ψn(g)⟩ . (1.1)

Starting from an eigenstate |ψn(g(t = 0))⟩, we consider a closed path g(t), g(t = 0) = g(t = 1),
in parameter space and adiabatically follow the instantaneous eigenstate |ψn(g(t))⟩. Upon re-
turning to the initial parameters, the eigenstate has to return to the original state up to a phase
factor,

|ψn(g(t = 0))⟩ = eiγn |ψn(g(t = 1))⟩ . (1.2)

This phase contains a dynamical contribution,

γ(dyn)n = −1

ℏ

∫ 1

0
dt En(g(t)), (1.3)

and a geometric contribution,

γ(geo)n =

∮
dg i ⟨ψn|∇gψn⟩ , (1.4)

where the integrand of the geometric phase is the Berry connection 2 A(n)(g) = i ⟨ψn|∇gψn⟩. For
the case of more than one parameter we can define the Berry curvature as the exterior derivative
of the Berry connection,

F (n)
µν (g) = ∂gµA(n)

ν − ∂gνA(n)
µ . (1.5)

While the Berry connection is a gauge dependent quantity under the gauge transformation
|ψn⟩ → eiϕ(g) |ψn⟩, the Berry curvature does not depend on the gauge choice. Note that the

2This notion stems from the underlying geometric construction in which the Berry connection is indeed a con-
nection on a certain U(1) fiber bundle. We will not elaborate on this further here, however, note the close analogy to
the role of the U(1) gauge symmetry in electrodynamics.
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1. Theoretical Background

Berry connection and curvature are both local, geometrical quantities. It is however possible to
integrate the Berry curvature over a closed, two-dimensional submanifold M in parameter space
to obtain a topological invariant known as the (first) Chern number,

C(n) =
1

2π

∫

M
d2g F (n)

01 (g), (1.6)

where we denoted the components of the parameter space by g0/1. It can be shown that the
Chern number takes integer values 3 and therefore provides a useful topological invariant for
two-dimensional systems. Furthermore, a similar construction using higher derivatives of the
Berry connection allows for similar topological invariants in higher, even-dimensional parameter
spaces.

For concreteness, we consider the case of Bloch bands in a two-dimensional lattice. In this
case, the wave functions are the Bloch wave functions |u(n)q ⟩ and the parameter space is given
by the first Brillouin zone (BZ). Constructing the Berry connection and curvature as above, we
can write the Chern number for the n-th single particle Bloch band as

C(n) =
1

2π

∫

BZ
d2q iϵij∂qi ⟨u

(n)
q |∂qju

(n)
q ⟩ = 1

2π

∫

BZ
d2q F (n)(q) ∈ Z, (1.7)

where we introduced the Berry flux F (n)(q) = ϵij∂qiA
(n)
j .

Note that the Chern number can only take non-zero values if time-reversal symmetry is bro-
ken. Otherwise, the Bloch wave functions satisfy the relation u(n)q (r) ∝ u

(n)
−q(r)

⋆ and therefore
F (n)(q) = −F (n)(−q). The usual way to break time-reversal symmetry in solid state systems
is the application of a magnetic field, while in cold atom systems for example shaking protocols
can accomplish this.

Quantum Number Fractionalization & Anyons

While electrons and other elementary particles are considered indivisible, certain condensed
matter systems exhibit a phenomenon known as quantum number fractionalization. An exam-
ple for this are the charge carriers in fractional quantum Hall systems which for example for
Laughlin states at ν = 1/m were found to have charge q = e/m [26, 35–37]. These charge car-
riers exhibit all properties of “usual” particles and are therefore considered quasiparticles of the
system. However, since the underlying electrons are indeed not composed of sub-particles, sin-
gle fractionalized quasiparticles can not be created locally, but are necessarily the result of a
global operation. Note however, that not all topologically ordered systems exhibit fractionalized
quasiparticles: the integer quantum Hall states provide a simple counterexample.

The fractionalized quasiparticles may not only carry a fraction of the elementary charge, but
they might as well exhibit fractionalized braiding statistics [15, 16, 38]. In this case, adiabatically

3Using the more abstract language of differential forms, the Berry connection one-form is locally given by
A(n) = A(n)

µ dgµ, which however is in general not a global one-form but has to be defined on disjoint patches
{Mi}i, the closure of which is covering all of M. On the common boundaries of the patches the one-forms
A

(n)
i are connected by a gauge transformation, i.e. A

(n)
1 − A

(n)
2 = df for a real-valued function f . Defining the

Berry curvature two-form patch-wise by F
(n)
i = dA

(n)
i = ∂gµA(n)

i;ν dg
µ ∧ dgν , we can now define the Chern

number as the integral C(n) = 1
2π

∑
i

∫
Mi

F
(n)
i . For simplicity, we now assume that two patches M1 ∪ M2

are sufficient to cover all of M. We can now use Stokes’ theorem to rewritte the Chern number integral as
2πC(n) =

∫
M1

F
(n)
1 +

∫
M2

F
(n)
2 =

∫
M1

dA
(n)
1 +

∫
M2

dA
(n)
2 =

∮
∂M1

A
(n)
1 +

∮
∂M2

A
(n)
2 . We note that the orienta-

tion of the boundaries ∂M1 and ∂M2 is opposite so that we can write 2πC(n) =
∮
∂M1

(
A

(n)
1 −A

(n)
2

)
=

∮
∂M1

df .
This expression counts how often f winds by 2π along ∂M1 and hence always gives an integer multiple of 2π, so
that the Chern number is quantized to be an integer. For more details, we refer the interested reader to Ref. [34].
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1.1. Topological Order and its Manifestations

exchanging two indistinguishable (quasi-)particles gives a phase eiϕ in the wave function. (Frac-
tionalized) Quasiparticles might result in a phase which is neither ϕ = 0 (bosons), nor ϕ = π/2
(fermions). As they can have any braiding statistics, they are also called anyons. Anyons can
even exhibit non-Abelian braiding, where the order of the braiding operations involved plays a
role and instead of a phase eiϕ ∈ U(1), a unitary matrix Û is picked up by the many-body state.
Non-Abelian braiding is considered as a possible route towards topological quantum comput-
ing [17].

The direct observation of anyonic braiding is one of the biggest experimental challenges
in the context of topological systems. First experiments directly observed Abelian braiding in
quantum Hall systems [39, 40], while non-Abelian braiding is still to be directly observed.

Topological Ground State Degeneracy

As already mentioned above, many topologically ordered states are able to “detect” the topol-
ogy of the underlying manifold. A particularly striking instance of this is the ground state de-
generacy of certain topologically ordered systems on a torus. More generally, for a surface of
genus g the ground state degeneracy of many topological states can be seen to depend on g.
Examples for this behavior are Kitaev’s toric code [41] and Laughlin’s fractional quantum Hall
states [26,42]. While this topological degeneracy is an important property of many topologically
ordered states, it is again not necessary for a general topologically ordered phase. Once again,
the integer quantum Hall states provide a simple counter example.

Edge States & Central Charge

As we discussed before, in the thermodynamic limit the invariant assigned to a gapped topo-
logical phase does not change as long as the excitation gap remains finite. This predicts a neces-
sary gap closing at the interface between parts of distinct topological invariants.

A realization of this are gapless edge modes in topological systems, where the invariant nec-
essarily has to change at the edge from a finite value in the system to zero in the ambient vac-
uum. Their existence is deeply connected to bulk properties of the system, a fact known as the
bulk-edge correspondence [43, 44]. While we will not go into further detail regarding this corre-
spondence, we mention that for quantum Hall systems the emergence of gapless edge modes is
well understood [45–48]. Furthermore, we note that in this case the gapless modes even exhibit
a well-defined chirality and are robust to perturbations of the system. In fact, they are the origin
of the perfect transport along a Hall edge.

As the edge of a Hall system is described by a gapless, (1 + 1)-dimensional4 theory, there
is hope to model it using a conformal field theory (CFT). In particular, the edge theory of the
system can be characterized (partially) by the central charge of the model. For our purposes, the
central charge counts the number of gapless, chiral modes at the edge.

To understand the entanglement structure of the edge, we divide the system into two spa-
tial subsystems A and Ā and construct the reduced density matrix ρ̂A by taking the partial
trace of the density matrix ρ̂ over Ā, i.e. ρ̂A = trĀρ̂. Calculating the von Neumann entropy
SA = trAρ̂A log ρ̂A we obtain the bipartite entanglement entropy. For a gapless, finite, one-
dimensional system of length L it was found [49] that the entanglement entropy for a subsystem
of length ℓ scales as

SA(ℓ) =
c

6
log

(
2L

πa
sin

(
πℓ

L

))
+ const., (1.8)

where c is the central charge and the constant term contains a non-universal contribution. Cer-
tain numerical methods, in particular those based on matrix product states, allow for a simple cal-

4Here, we explicitly included the time dependence of the theory.
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1. Theoretical Background

culation of this entanglement entropy and are therefore well suited to extract the central charge
of gapless quantum Hall edges without additional numerical effort.

Entanglement Entropy & Entanglement Spectra
Based on our definition of topologically ordered states using the notion of long-range entan-

glement, it seems natural to use the entanglement of the state itself to characterize topological
order. By now, entanglement properties are a standard tool in identifying topologically ordered
states in various different systems.

While in the last section we focused on a spatial bipartition of the system, also other bipar-
titions are possible. For a general bipartition, the state |ψ⟩ can be written using the Schmidt
decomposition

|ψ⟩ =
∑

k

e−λk/2 |ϕkA⟩ |ϕkĀ⟩ , (1.9)

where the |ϕkΩ⟩ are orthonormal in the k-index and are defined on the respective partΩ of the sys-
tem. The Schmidt values λk can be used to calculate the entanglement entropy SA =

∑
k λke

−λk

discussed above.
Furthermore, the full set of Schmidt values constitutes the entanglement spectrum of the

state. This entanglement spectrum was found to be a unique “fingerprint” of certain topolog-
ically ordered states. For a spatial partition it proves particularly useful to study the edge theory
of the system [50]. In particular, resolving the momentum or angular momentum associated
with certain Schmidt values allows for fundamental insights into the nature of the edge. In con-
trast, a bipartition in particle number space gives a characterization of the quasiholes of the
system [51–53].

Finally, topologically ordered systems exhibit a special form of spatial entanglement. In par-
ticular, gapped systems exhibit an area law scaling of the entanglement entropy of the form

S = αL− γ + . . . , (1.10)

whereL is the length of the boundary between two spatial subparts and the terms included in . . .
vanish as 1/L when L → ∞. The coefficient −γ of the O(L0) contribution has been shown to
be universal and is called the topological entanglement entropy (TEE). The TEE is related to the
anyon content of the topological order and therefore can serve as an indicator for topological
order [54, 55].

1.2. Quantum Hall Effects and (Fractional) Chern Insulators

In 1980, von Klitzing, Dorda, and Pepper made a ground breaking discovery. While studying
a two-dimensional electron gas (2DEG) in a silicon MOSFET (metal-oxide-semiconductor field-
effect transistor), they found a “new, potentially high-accuracy method for determining the fine-
structure constant” [10]. However, their discovery became famous with a significantly different
interpretation. Nowadays, the phenomenon is generally known as the integer quantum Hall
effect.

From a theoretical point of view, the model describing their effect is strikingly simple. Elec-
trons confined to a two-dimensional plane with a (strong) perpendicular magnetic field are de-
scribed by the first-quantized Hamiltonian

Ĥ =
∑

i

1

2mb

(
p̂i +

e

c
A(r̂i)

)2
+
∑

i

U(r̂i) +
e2

ϵ

∑

i<j

1

|r̂i − r̂j |
+ gµ

∑

i

B · Ŝi. (1.11)
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1.2. Quantum Hall Effects and (Fractional) Chern Insulators

The first two terms describe the single-particle contributions, where mb is the band mass of the
electrons, U(r̂) is some external potential and A is the vector potential describing the external
magnetic field B = rotA. The third term describes the Coulomb repulsion between electrons,
while the last term gives the Zeeman energy due to the external magnetic field.

Assuming a strong magnetic field and finite Landé factor g ̸= 0, the ground state will be
spin polarized so that the last term gives a constant contribution and therefore can be ignored.
Diagonalizing the non-interacting model first, one finds largely degenerate Landau levels, which
are separated by the cyclotron frequency ωc = eB

mbc
. As it turns out, each of these Landau levels

can be assigned a Chern numberC = ±1 which in turn is related to the transverse Hall response
of the system [11].

1.2.1. Linear Response Theory: The TKNN Formula

Assuming a band insulating system, this result can be obtained in linear response theory,
where the current response to an external electric field E(ω) can be written as〈
ĵ
〉
(ω) = σ(ω)E(ω). Using the Kubo formula, we can derive an expression for the transverse

Hall conductance σH = σxy in the limit of a static external field, ω → 0,

σH = − iℏ
A0Z

∑

γ,δ

e−βEγ − e−βEδ

(Eγ − Eδ)2
⟨γ|ĵx|δ⟩ ⟨δ|ĵy|γ⟩ , (1.12)

where γ, δ label the energy eigenstates, A0 is the area of the Hall sample, Z is the partition sum,
and β = 1/kBT is the inverse temperature. We expand the wave functions in terms of Bloch
states |u(n)k ⟩ and note that in this case the current operator can be written as the derivative of
the Hamiltonian, ĵ = e

ℏ∇kĤ. Thus, we find an expression for the Hall conductance in terms of
the Bloch states,

σH = − ie2

A0ℏ
∑

k,q,m,n

nF (ε
(n)
k )− nF (ε

(m)
q )

(
ε
(m)
k − ε

(n)
q

)2 ⟨u(n)k | ∂Ĥ
∂kx

|u(m)
q ⟩ ⟨u(m)

q | ∂Ĥ
∂ky

|u(n)k ⟩ , (1.13)

We rewrite the matrix elements as

⟨u(n)k | ∂Ĥ
∂kx

|u(m)
q ⟩ =

(
ε
(n)
k − ε

(m)
q

)
⟨∂kxu

(n)
k |u(m)

q ⟩ (1.14)

and thus obtain

σH =
ie2

A0ℏ
∑

k,q,m,n

nF (ε
(n)
k )

(
⟨∂kxu

(n)
k |u(m)

q ⟩ ⟨u(m)
q |∂kyu

(n)
k ⟩ − (x↔ y)

)

=
e2

A0ℏ
∑

k,n

nF (ε
(n)
k )iϵij ⟨∂kiu

(n)
k |∂kju

(n)
k ⟩

=
e2

(2π)2ℏ
∑

n

∫

BZ
d2k nF (ε

(n)
k ) iϵij∂ki ⟨u

(n)
k |∂kju

(n)
k ⟩ .

(1.15)

In the low temperature regime the Fermi-Dirac distribution trivializes to nF (ε(n)k ) = 1 (0) for
completely filled (empty) Bloch bands. Therefore, we can rewrite the last integral expression as

σH =
e2

h

∑

n filled

1

2π

∫

BZ
d2k F (n)(k) =

e2

h

∑

n filled
C(n), (1.16)
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where we used the definition of the Chern number (Eq. (1.7)) in the last step.
This celebrated result is known as the TKNN formula named after Thouless, Khomoto, Nightin-

gale, and den Nijs [11] and states that completely filled Bloch bands can exhibit a quantized Hall
response if the bands are topologically non-trivial, C(n) ̸= 0. This result was also generalized
to interacting and disordered systems by Niu, Thouless, and Wu [14] and lies at the heart of the
topological understanding of the quantum Hall effect.

1.2.2. Integer Quantum Hall Effect

By tuning the magnetic flux density B or the electron density ρ, the magnetic filling factor
ν = ρ

B/ϕ0
of the system can be changed. Here, we measure the magnetic flux in units of the flux

quantum ϕ0 = h
ce . Close to integer filling factors ν = n ∈ N, the Hall resistance RH = 1

σH
of

systems with weak disorder develops characteristic plateaus at

RH =
h

ne2
=
RK

n
, n ∈ N, (1.17)

where we defined the von Klitzing constantRK = h/e2. This quantization is exactly the discovery
by von Klitzing et al. and can be understood using a purely non-interacting picture. In particular,
the ground state of the system is unique for the case of completely filled Landau levels, ν ∈ N.

A proper theory of the origin of extended Hall plateaus necessarily includes the role of dis-
order in realistic systems. In this case, the longitudinal super-current is carried by extended edge
states alone, while in the bulk disorder leads to finite width Hall plateaus around ν ∈ N. We do
not discuss this in further detail but refer the interested reader to the existing literature [56, 57].

1.2.3. Fractional Quantum Hall Effect

The physics of the 2DEG changes drastically if we consider partially filled Landau levels.
From the non-interacting picture we expect an extensive ground state degeneracy and by no
means any plateaus in the Hall resistance. However, interactions (for example the Coulomb in-
teraction in electronic systems) can lift this degeneracy and might still favor an (incompressible)
unique ground state for certain values of the filling factor.

In fact, Tsui, Stormer, and Gossard observed a quantized plateau at filling factor ν = 1/3 in
1982 [13], introducing the fractional quantum Hall (FQH) effect. Soon after, many other plateaus
at fractional filling factors were found, almost exclusively at odd denominator fractions. Up to
this day, precision experiments identify new fractions and the list of Hall plateaus continues to
grow, see Fig. 1.2.

While many details of the Hall problem depend on the specific form of the interaction and
the number of filled Landau levels5, some variational results are known.

Probably the most prominent variational trial state is the celebrated wave function which
earned Laughlin his share of the 1998 Nobel prize in physics [26]. Starting from the so-called
plasma analogy, he derived a wave function which matches the energy and other observables
obtained in exact diagonalization studies almost perfectly. The Laughlin wave function at filling
factor ν = 1/m,

Ψ
(m)
LN (z1, . . . , zN ) ∝


∏

i<j

(zi − zj)
m


 e−

1
4

∑
k |zk|2 , (1.18)

5Projecting the potential to the lowest partially-filled Landau level and treating the other Landau levels as inert
typically gives good results. However, this is a subtle question as can be seen in the context of the absence of a Hall
plateau at ν = 1/2 [59].
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being fermions they are prevented from condensing into
the lowest energy state. Instead, they fill up successively
the sequence of lowest-lying energy states, until a maxi-
mum is reached and all CFs have been accommodated.
The process is equivalent to the filling of states by elec-
trons at B!0. Hence, from the point of view of CFs, the
!!1/2 state appears equivalent to the case for electrons
at B!0. In spite of the huge external magnetic field at
half filling of the Landau level, CFs are moving in a
similar fashion to electrons moving in zero field. This
has been directly observed in experiment. Flux quantum
attachment has transformed these earlier electrons and
they are propagating along straight trajectories in a high
magnetic field, where normal electrons would orbit on
very tight circles. The mass of a CF, usually considered
to be a property of the particle, is unrelated to the mass
of the underlying electron. Instead, the mass depends on
the magnetic field and only on the magnetic field. In
fact, it is a mass of purely many-particle origin, arising
solely from interactions, rather than being a property of
any individual particle. It is another one of these baffling
implications of e-e interactions in high magnetic fields.
The absence of condensation and the lack of an energy
gap prevents the !!1/2 state from showing a quantized
Hall resistance. Instead the Hall line is featureless, just
as it is for electrons around B!0 (see Fig. 18).

The difference between !!1/3 and !!1/2 is striking.
One is a Bose-condensed many-particle state showing a
quantized Hall effect and giving rise to fractionally
charged particles. The other is a Fermi sea, in spite of
the existence of a huge external field, and its particles
have a mass that arises from interactions. One flux quan-
tum per electron makes all the difference.

There are many fascinating open questions associated
with the !!1/2 state, such as: how does the mass vary
with energy for CFs? and what is the microscopic struc-
ture of the particles? Also, how does the electron spin
(which we were neglecting throughout this lecture) af-
fect CF formation? A beautiful picture of composite fer-
mions being tiny dipoles is emerging. While one of the
vortices is placed directly on the electron (Pauli prin-
ciple), the position of the second vortex is a bit displaced
from exact center, rendering the object an electric dipole
in the 2D plane. There is great promise for future dis-
covery and future theoretical insight.

All those other FQHE states

Bose condensation of CBs consisting of electrons and
an odd number of flux quanta rationalizes the appear-
ance of the FQHE at the primary fractions around
Landau-level filling factor !!i"1/q with quantized Hall
resistances RH!h/(ve2) and deep minima in the con-
comitant magnetoresistance R. However, a multitude of
other FQHE states have been discovered over the years.
Figure 18 shows one of the best of today’s experimental
traces on a specimen with a multimillion cm2/V sec mo-
bility. What is the origin of these other states? The com-
posite fermion model offers an extraordinarily lucid pic-
ture. We shall discuss it for the sequence of prominent
fractions 2/5, 3/7, 4/9, 5/11, . . . and 2/3, 3/5, 4/7, 5/9, . . .
(i.e., !!p/(2p"1), p!2,3,4 . . . ) around !!1/2.

At half filling the electron system has been trans-
formed into CFs consisting of electrons which carry two
magnetic flux quanta. All of the external magnetic field
has been incorporated into the particles and they reside
in an apparently field-free 2D plane. Since they are fer-
mions, the system of CFs at !!1/2 resembles a system of
electrons of the same density at B!0. What happens as
the magnetic field deviates from B!0? For electrons
their motion becomes quantized into electron-Landau
orbits. They fill up their electron-Landau levels, encoun-
ter the energy gaps, and exhibit the well-known
IQHE. CFs around !!1/2 follow the same route. As
the magnetic field deviates from exactly !!1/2, the mo-
tion of CFs becomes quantized into CF-Landau orbits.
They fill up their CF-Landau levels, encounter CF-
energy gaps, and exhibit an IQHE. However, this is not
an IQHE of electrons, but an IQHE of CFs. This IQHE
of CFs arises exactly at !!p/(2p"1), which are the
positions of the FQHE features. In fact, the oscillating
features in the magnetoresistance R of the FQHE
around !!1/2 closely resemble the oscillating features
in R around B!0 and, once they have been shifted from
B!0 to !!1/2, they coincide with their position. This is
very remarkable in several ways.

CFs ‘‘survive’’ the additional (effective) magnetic field
(away from !!1/2), and the orbits of these composite
particles mimic the orbits of electrons in the equivalent
magnetic field in the vicinity of B!0. The CFs remain
‘‘good’’ particles. In this way, a complex electron many-
particle problem at some rational fractional filling factor
has been reduced to a single-particle problem at integer

FIG. 18. The FQHE as it appears today in ultrahigh-mobility
modulation-doped GaAs/AlGaAs 2DESs. Many fractions are
visible. The most prominent sequence, !!p/(2p"1), con-
verges toward !!1/2 and is discussed in the text.
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Fig. 1.2. The “fractional quantum Hall skyline” around the time when the Nobel prize in physics was
awarded to Laughlin, Stormer, and Tsui for their work on the phenomenon. The Hall resistance RH

exhibits clear plateaus at various integer and fractional values of the filling factor, where the longitudinal
resistance R drops to zero. This figure was taken from Ref. [58].

can be written down for fermions (odd m) as well as for bosons (even m). Here, we introduced
the convention to write the two-dimensional coordinates using a complex coordinate z = x+ iy
and in units of the magnetic length ℓB =

√
ℏc/eB. The first term is called the Jastrow factor

and plays a crucial role in the understanding of the short-range correlations of the Laughlin
state. In particular, we see that the two-particle correlations g(2)(z, z′) = ⟨: ρ̂(z)ρ̂(z′) :⟩ decay
polynomially as z → z′, where ρ̂ is the local density operator and : . . . : denotes normal ordering.

Building upon Laughlin’s trial wave function and hierarchy states derived from it, Jain pro-
posed the idea of weakly interacting composite fermions (CFs) as appropriate quasiparticles for
the quantum Hall problem [60]. In this picture, each constituent particle forms a bound state with
a given number of magnetic flux quanta, see Fig. 1.3. Thus, the CFs experience a reduced mag-
netic field forming Landau level-like Λ levels. Neglecting interactions between CFs, we might
again consider completely filled Λ levels and a resulting integer quantum Hall effect for CFs.
However, because of the flux attachment, the filling factor with respect to the external magnetic
field can now take fractional values as observed.

The CF picture provides an intuition for the even richer physics of the interacting quantum
Hall problem. In particular, allowing interactions between composite fermions one might arrive
at a full hierarchy of fractional quantum Hall states [61] and even paired states [62]. We will
discuss some of these states in more detail in this thesis.

Before concluding our brief introduction to the fractional quantum Hall effect, we would
like to have a brief look at the related topological invariant. While in the non-interacting case
an expansion in Bloch wave functions provides a simple connection between the Hall response
and the Chern number as an integral over the Brillouin zone, this simple argument does not
apply to interacting systems. However, introducing so called twisted-boundary conditions where
additional phases are acquired as a particle encircles the holes of a torus, Niu, Thouless, and Wu
defined a many-body Chern number, which even accounts for the ground state degeneracy on
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1. Theoretical Background

Fig. 1.3. (a) Bosons (visualized as yellow spheres) experiencing a strong magnetic field at magnetic filling
factor ν = 1/2. Upon attaching one flux quantum to each boson, composite fermions (CFs) are formed
(b). The CFs experience a reduced magnetic field and hence an increased magnetic filling factor ν⋆ = 1
of effective Λ levels. The resulting integer quantum Hall state of CFs can give physical intuition for the
fractional quantum Hall state of the original bosons. A very similar construction is possible for fermions
or more attached flux quanta per particle. Figure adapted from Ref. [57].
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Fig. 1.4. Band structure for a Hofstadter model at α = 1/3 flux quanta per plaquette on a torus. Note the
finite Chern number C(n) ̸= 0 of all Hofstadter bands.

the torus. In particular, they generalized the TKNN formula to the interacting case and therefore
provided a topological explanation of the fractional quantum Hall effect [14].

1.2.4. (Fractional) Chern Insulators

The attempt to discretize the quantum Hall problem seems a natural step both from a theo-
retical point of view as well as from the perspective of cold atom experiments in optical lattices.
In some sense, this fundamental problem was first addressed by Hofstadter when discussing the
problem of Bloch electrons in a magnetic field [63]. While the Hofstadter model explicitly as-
sumes non-interacting particles it already contains the necessary topological band structure to
exhibit quantum Hall-like physics. In fact, completely filled Hofstadter bands can be understood
as an immediate analog of the integer quantum Hall system and their Hall response can be ex-
plained noting the non-zero Chern number of Hofstadter bands, see Fig. 1.4. As the ground state
for a completely filled Chern band is an insulator, the lattice analogs of integer quantum Hall
states are also called Chern insulators.

However, adding interactions was found to enrich the zoo of quantum Hall states enormously.
This problem was first addressed by Kol and Read starting from a FQH state in the presence of a
periodic potential [64]. Hofstadter-Hubbard models are natural candidates for rich ground state
phase diagrams discretizing the fractional quantum Hall problem on the Hamiltonian side. This
is even more true as the lattice introduces an additional, competing length scale to the problem
and therefore lattice effects might result in interesting new physics. Today, the lattice analogs
(and generalizations as we shall see below) of FQH states are known as fractional Chern insulators
(FCIs).
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1.3. Quantum Simulation of Quantum Hall Systems

The vanilla Hofstadter-Bose-Hubbard model was first studied by Sørensen, Demler, and Lukin
in a cold atom context [65]. They found an analog of the Laughlin state at ν = 1/2 to be ro-
bust to lattice effects, a finding which was discussed further by the same authors together with
Hafezi [66]. Further numerical studies explored the phase diagram of the Hofstadter-Hubbard
model for bosons [1, 2, 67–74] and fermions [3, 71, 75] in more detail. Also preparation schemes
were proposed to realize ground states of said models in optical lattices [1,76–81] and proposals
for their detection exist [82–94]. The non-interacting Hofstadter model was realized with ultra-
cold atoms [20, 21], as well as its interacting analog [22]. Recently, also a first atomic Laughlin
state in a Hofstadter-Bose-Hubbard model was realized [25].

Note that all non-trivial Chern bands discussed in this thesis so far required some kind of
(artificial) magnetic field to break time-reversal symmetry. However, Haldane noticed already in
his seminal work in 1988 that it is also possible to break time-reversal symmetry without a net
magnetic field [95]. In a simple tight-binding model this can be achieved by introducing complex
hopping amplitudes. This idea stimulated new interest in this direction and lead to a plethora of
FCI states without net magnetic field in recent years. By now, there exist various proposals for
their realization in different experimental platforms. For a review of this exciting field of research
we refer the reader to Ref. [96].

In this thesis, we will not discuss the rich physics of FCIs in the absence of a net magnetic
field, but will restrict ourselves to the study of lattice analogs of FQH states. However, already
this subclass provides interesting challenges for both theory and experiments as we will discuss
below.

1.3. Quantum Simulation of Quantum Hall Systems

While historically the FQH effect was discovered and first studied in solids, these experiments
typically do not allow for direct local insight into the correlated nature of the state. However, such
insight is highly desirable if one tries to understand and ultimately manipulate the microscopic
structure of interesting states of matter. Quantum simulators, which use one quantum system to
simulate another one, may provide an opportunity to address this need. One particular hope of
FQH physicsts with respect to quantum simulation is the creation, manipulation and observation
of non-Abelian excitations. As this goal is also one of the major motivations for this thesis, we
next review state-of-the-art quantum simulation platforms with a special emphasis on cold atom
systems.

1.3.1. Cold Atoms in the Continuum

Approaches to simulate continuum quantum Hall physics in cold atomic gases used rapidly
rotating harmonic traps to mimic the effect of a magnetic fields [97–100]. In the rotating frame
the Hamiltonian is formally equivalent to the FQH problem if the rotation frequency Ω ap-
proaches the harmonic oscillator frequency ω. It was shown theoretically that even upon re-
placing the Coulomb interaction by an on-site repulsion the system can exhibit interesting FQH
states [101–104]. Furthermore, protocols to prepare such states and even their anyonic excita-
tions were developed [105–107]. Although reaching the quantum degenerate regime turned out
to be challenging, Gemelke, Sarajlic, and Chu observed signatures of a bosonic Laughlin state at
ν = 1/2 in rotating microtraps [23].

For a review of rapidly rotating quantum gases we refer the interested reader to Ref. [108]
and references therein. We remark that a similar approach has recently seen revived interest, for
example in an experiment in Zwierlein’s group [99, 100].
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1. Theoretical Background

1.3.2. Cold Atoms in Optical Lattices

Over the last two decades, cold atoms in optical lattices have provided an alternative approach
to quantum simulation. A high degree of control and versatility along with advanced single-site
quantum gas microscopy [109–112] make this platform particularly promising to study novel
states of matter. Experimental measurements of multi-point correlation functions give highly
desirable insights into the microscopic correlated nature of such states. Furthermore, interfer-
ometric probes of topological invariants in such systems were already demonstrated [113, 114]
and extensions of such methods to anyons are possible [39, 84].

Here, we briefly provide some theoretical background on the models used to describe these
systems. We restrict this discussion to spinless, bosonic systems, however most of these concepts
can easily be generalized to spinful particles and in particular fermions, at least on the theoretical
side.6 From a theory point of view, spinless bosons in an optical square lattice are accurately
described by the Bose-Hubbard model:

ĤBH = −t
∑

⟨i,j⟩

(
â†i âj +H.c.

)
+
U

2

∑

i

n̂i (n̂i − 1) . (1.19)

Here, â(†)i are the bosonic annihilation (creation) operators, t is the hopping amplitude between
neighboring lattice sites ⟨i, j⟩, and U is the strength of the on-site Hubbard interaction.

To study the effect of a magnetic field piercing the system, we include so-called Peierls phases
in the hopping terms, t→ t exp

[
iφ⟨i,j⟩

]
. Using these phases, we can define the flux per plaquette

α via ∑

λ∈∂p
φλ = 2πα, (1.20)

where p is a given plaquette with boundary links ∂p. Similar to the usual quantum Hall problem
we assume the magnetic field to be static, so that we treat the phases as fixed, external parameters
of the model. We will use the gauge redundancy of the vector potential, which is also present in
the Peierls phases, to choose a specific gauge in our studies.

Including magnetic fields into the Bose-Hubbard model, we finally end up with theHofstadter-
Bose-Hubbard model described by the Hamiltonian

ĤHBH = −t
∑

⟨i,j⟩

(
eiφ⟨i,j⟩ â†i âj +H.c.

)
+
U

2

∑

i

n̂i (n̂i − 1) . (1.21)

The Hofstadter-Bose-Hubbard model is a natural discretization of the problem of an interacting
two-dimensional system in a strong perpendicular magnetic field, i.e. the fractional quantum
Hall problem. As already mentioned in our discussion of fractional Chern insulators, numerical
studies of the Hofstadter-Bose-Hubbard model found various FQH states in this model.

Over the last decade, cold atom experiments using optical lattices became capable of im-
plementing non-interacting [20, 21, 115, 116] and interacting [22] Hofstadter models using cold
atoms. These experiments culminated in the recent realization of the first atomic Laughlin state
in a lattice system in Greiner’s group [25].

1.3.3. Other Quantum Simulation Platforms

While the projects in this thesis are mainly inspired by and tailored to the needs of cold
atom experiments, we briefly mention alternative platforms useful for quantum simulations of

6Experiments with cold fermions have their very own challenges, which we will not discuss further here.
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fractional quantum Hall physics. We note however, that many of these platforms follow a slightly
different approach than the cold atom quantum simulators discussed above: While the latter try
to realize FQH states as ground states of a Hamiltonian inspired by the electronic Hall problem,
an alternative approach tries to realize the corresponding states without referring to a certain
Hamiltonian. Consequently, while such platforms allow for more flexibility in realizing the target
state itself, they might be less suited for studying excitations and dynamics of FQH systems.

In this context we especially emphasize photonic systems which create interesting states of
matter from individual photons. As one result of these efforts, a Laughlin state of two photons
was realized in Simon’s group in 2020 [24]. Furthermore, photonic systems might even be capable
of realizing models reminiscent of the Hall problem [117–125]. For a more systematic review of
the capabilities of photonic platforms, we refer the interested reader to Ref. [126].

Yet another platform are Rydberg atoms, which are closely related to other cold atom setups
but somewhat different in spirit with respect to Hall physics. Again, there exist proposals to
realize FQH states on their own without referring to the Hall problem per se [127]. Recently,
also a realization of a bosonic Laughlin state in a Rydberg system starting from a Hofstadter-
Hubbard-type Hamiltonian was proposed [128, 129].

Finally, we would like to mention that spin systems may also provide a possibility to study
FQH physics. This seems reasonable given the existing connection between FQH states and
certain quantum spin liquids discussed already in the early days of the field [130]. Whether this
analogy could be exploited for quantum simulation platforms remains unclear, however the vast
existing technology to simulate spin systems using for example trapped ions or superconducting
qubits might prove useful here.

In summary, the quantum simulation of fractional quantum Hall systems provides a new
way to study and manipulate interacting phases of matter. Furthermore, the extraordinary flex-
ibility of these platforms compared to usual solid state devices provides an exciting playground
also for theorists. Nevertheless, observables to identify and characterize topological phases are
needed, as well as realistic preparation schemes for large systems. The scope of this thesis is
to address these questions with more complicated states in mind. In particular, an unambigu-
ous direct observation of non-Abelian braiding might be addressed using quantum simulators.
Not surprisingly, a significant part of this thesis explores the question whether the Pfaffian state,
a “simple” state exhibiting non-Abelian excitations, can be realized and detected in cold atom
experiments.

1.4. Numerical Methods

Before concluding this introductory discussion of the background of this thesis, we briefly
introduce the numerical methods used. While the emphasis of this thesis lies on physical insight
instead of developing numerical methods, such methods are heavily used here to tackle challeng-
ing quantum many-body problems. We restrict our discussion to the mere minimum necessary
to understand and appreciate the methods used and the results obtained here. In particular, the
presentation here by no means claims to be a complete review of any technical details. For more
detailed discussions we refer the interested reader to the existing literature where appropriate.

1.4.1. Variational Principle

The variational principle is without doubt one of the corner stones for finding approximate
solutions to complicated quantum mechanical problems. As most of the numerical methods used
in this thesis rely on this result, we will briefly review it in an abstract setting.
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1. Theoretical Background

Consider a quantum mechanical problem described by a Hamiltonian Ĥ, where we do not
specify whether the system is interacting or not. We denote the (unknown and most likely com-
plicated) eigenstates of the Hamiltonian by |φα⟩, which form a complete, orthonormal eigenbasis
of the underlying Hilbert space. Therefore, we can expand an arbitrary state |ψ⟩ in this basis:

|ψ⟩ =
∑

α

|φα⟩ ⟨φα|ψ⟩ =:
∑

α

cα |φα⟩ . (1.22)

Accordingly, we can write the expectation value of the Hamiltonian for this state as

⟨ψ|Ĥ|ψ⟩ =
∑

α,β

cαcβ ⟨φα|Ĥ|φβ⟩ =
∑

α

Eα|cα|2. (1.23)

For reasonable physical models the Hamiltonian is bounded from below so that there is a minimal
eigenenergy E0 associated with the ground state |φ0⟩ of the model. Therefore, we can estimate
the expectation value of Ĥ for the state |ψ⟩ to be

⟨ψ|Ĥ|ψ⟩ ≥ E0

∑

α

|cα|2 = E0 ⟨ψ|ψ⟩ , (1.24)

with equality for the (possibly degenerate) ground state |ψ⟩ = |φ0⟩. Equivalently, we can obtain
the ground state energy E0 by minimizing over all allowed states:

E0 = min
|ψ⟩

⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩ . (1.25)

If we restrict the states |ψ⟩ to a subspace Hvar of the physical Hilbert space, we can still
perform this minimization, however now the equality does not hold necessarily, as the ground
state might lie outside of Hvar. Nevertheless, we can find a variational upper bound to the ground
state energy:

E0 ≤ inf
|ψ⟩∈Hvar

⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩ . (1.26)

This result is known as the famous variational principle.
The variational principle is particularly useful for interacting many-body systems, where

the true ground state is in many cases very hard to find or completely unknown. However, in
many cases certain variational ansätze, i.e. parametrizations of the subspace Hvar, can be chosen
based on physical intuition or numerical capabilities. Famous examples are Laughlin’s wave
functions for FQH states [26] on the analytical side and for example variational Monte Carlo
methods on the numerical side [131]. In recent years, also more complicated ansatz classes like
artificial neural networks [132] or various tensor network ansätze have become popular in the
numerical community. In this thesis, we will mainly use matrix product states, one particular
tensor network ansatz. Therefore, we will next introduce these concepts.

1.4.2. Matrix Product States and Density Matrix Renormalization Group

As discussed above, approximate solutions of correlated quantum many-body systems can
be found using a suitable parametrization of the many-body state by a variational ansatz. One
particularly successful ansatz class are tensor network states, which we will briefly introduce in
an abstract way before turning to a specific subclass used extensively in this thesis.

Consider a lattice model ofL sites with a local d-dimensional Hilbert space Hi = span {|σi⟩}
at each site i. A general quantum state |Ψ⟩ in the full Hilbert space H =

⊗
i=1,...,L Hi can then

be written as

|Ψ⟩ =
∑

σ1,...,σL

cσ1,...,σL |σ1, . . . , σL⟩ , with cσ1,...,σL ∈ C. (1.27)

18



1.4. Numerical Methods

Fig. 1.5. Graphical representation of tensor networks used in matrix product states and operators. In-
ternal legs of the MPS (MPO) are indicated in blue (green), while physical legs are indicated in orange.
Rank-3 MPS tensors are depicted as circles, whereas squares represent rank-4 MPO tensors. (a) Partially
contracted tensor network representing a typical coefficient of a generic many-body state. (b) Fully con-
tracted tensor network representing the expectation value of the Hamilton operator Ĥ.

In this form, we have to calculate and store O
(
dL
)

coefficients to represent the state. Even if
symmetries or other constraints can reduce the number of distinct, non-zero coefficients, this
becomes hardly tractable for a classical computer for already tens of sites, especially for bosonic
systems, where the local Hilbert space is a priori infinite-dimensional.

A more efficient way of representing a quantum state uses local tensors T σi
i

of rank n [133].
In an abstract form, we can then rewrite the coefficients of our quantum state as

cσ1,...,σL = Tr

(
L∏

i=1

T σi
i

)
, (1.28)

where internal indices of the tensors have been contracted and are therefore suppressed in our
notation. This representation has the advantage that instead of storing and manipulating the
O(dL) coefficients of the full quantum state, we instead approximate the state using O(dLχN )
parameters, where χ is the dimension of the internal indices, also called the bond dimension, and
N is typically a small number for tensor networks of practical use. In particular, by restricting
the bond dimension, one can obtain (controlled) approximations of the true quantum state. Espe-
cially if there is an efficient method to optimize the tensors of the tensor network variationally,
then increasing the bond dimension can provide more and more accurate approximate solutions.

Note that not all tensor networks are equally useful for our purposes for various (sometimes
subtle) reasons [133, 134]. In fact, different tensor network topologies were used and tailored
for specific physical applications and we do not go into further detail here. On the contrary, we
will restrict our discussion to an especially well-behaved class of tensor network states known
as matrix product states (MPS).

Matrix Product States
As the name suggests, matrix product states use matrices Mσi

i
(i.e. tensors of rank 3, one

physical index and two internal indices) as local tensors, see Fig. 1.5(a). In this case, the contrac-
tion of internal indices corresponds to the usual matrix multiplication and we can rewrite the
coefficients of an arbitrary quantum state |Ψ⟩ as

cσ1,...,σL =

L∏

i=1

Mσi
i
. (1.29)
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Here, the matrices have dimensions (χi, χi + 1), where in particular χ1 = χL+1 = 1 so that
we do not need to take the trace explicitly. As alluded to before, we introduce the over all bond
dimension χ = maxi χi. For applications it is crucial to find a good approximation of the many-
body state |Ψ⟩ using a finite bond dimension χ. In fact, such a truncation can be found based on
the entanglement spectrum of the state, however we will not go into further detail, but refer the
interested reader to the literature [135]. For a finite bond dimension we are left with O(dLχ2)
matrix entries which have to be optimized and stored. Again, symmetries and other constraints
can reduce this number significantly, which makes MPS a celebrated variational ansatz class.

The aforementioned truncation of the MPS at a finite bond dimensions obviously limits the
quantum states which can be accurately represented by an MPS. In particular, the orbital en-
tanglement of an MPS is bounded by S ≤ logχ. However, states with reasonably weak en-
tanglement can be accurately represented by MPS already at intermediate bond dimensions. In
particular, ground states of gapped, locally interacting Hamiltonians exhibit area law entangle-
ment and therefore can be studied using MPS in particular in one dimension, where S ∼ const..
Also for gapless one-dimensional systems the entanglement entropy scales as S ∼ logL, where
L is the length of the system.

Similarly, many topologically ordered states in two dimensions exhibit weak entanglement,
which then again encodes the complex entanglement structure. While this requires larger bond
dimensions than non-critical systems in 1D, there is still a chance to represent ground states of
topological systems in 2D using MPS of finite bond dimension. In fact, we will exploit this and
use MPS in many of the numerical studies in this thesis.

Density Matrix Renormalization Group

As already mentioned before, MPS are a useful ansatz for a variational approximation of
interacting many-body ground states. In particular, the density matrix renormalization group
(DMRG) introduced by White [136] provides an efficient algorithm to optimize an MPS to rep-
resent the ground state of low-dimensional systems [135, 137]. Where the DMRG algorithm is
employed in this thesis, we use the existing SyTen toolkit [138]. Therefore we restrict our discus-
sion of the DMRG to a minimum, focusing on those aspects particularly important to understand
our simulations. In particular, we discuss the single-site variant [139] without going into further
details about the advantages and disadvantages of this particular approach. The interested reader
is refered to Ref. [135] for a review of the DMRG algorithm.

Having introduced matrix product states in the previous section, we note that also quantum
mechanical operators can be represented using local low-rank tensors. This way, we translate
abstract operators to matrix product operators (MPOs) which can then be used to perform tensor
network operations like contractions and alike. In this case, evaluating the expectation value
of an operator with respect to a certain state translates to contracting the corresponding tensor
network as visualized in Fig. 1.5(b).

Inspired by the variational principle, we want to optimize the matrices of our MPS such that
the energy is minimized. To this end, we note that Eq. (1.26) can be rewritten as

0 ≤ inf
|ψ⟩∈HMPS

(
⟨ψ|Ĥ|ψ⟩ − E0 ⟨ψ|ψ⟩

)
. (1.30)

Next, we perform an iterative sweep, where we keep all matrices fixed except for those at one
active site k. Thus, we reduce the problem from an extremely challenging nonlinear optimization
to a significantly easier linear optimization problem. In particular, the problem can be cast in the
form of a generalized eigenvalue problem visualized in Fig. 1.6 After optimizing the active site k
the algorithm continues in the same manner for the next site k + 1. Iterating this scheme on all
sites we sweep through the system. During each optimization the bond dimension of the active
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Fig. 1.6. Intermediate step of the (single-site) DMRG algorithm. The generalized eigenvalue problem
visualized here is used to optimize the active site of the MPS highlighted in red.

site matrix is truncated to χ according to a Schmidt decomposition such that an efficient and
tractable representation of the ground state can be found. In particular, performing more sweeps
at successively increasing bond dimension the accuracy of the variational ansatz can iteratively
be increased.

The simple single-site variant of the DMRG algorithm presented here tends to get stuck in
local minima. While there exist also other approaches, here we overcome this problem by ad-
mixing weak perturbations to the optimized tensors, resulting in the strictly single-site DMRG
(DMRG3S) [139], which we will not discuss further.

We briefly comment on DMRG’s capability to also find excited states of a given Hamiltonian.
To this end, recall that any excited state |Ψ1⟩ necessarily has to be orthogonal to the ground
state |Ψ0⟩. Therefore, restricting the search for the first excited state corresponds to a ground
state search in the Hilbert space orthogonal to |Ψ0⟩. In applications, this can be implemented by
adding a Lagrange multiplier to the Hamiltonian, ending up with

Ĥ(1) = Ĥ+ λ |Ψ0⟩ ⟨Ψ0| , (1.31)

where λ ≫ E0, E1. Now, the DMRG algorithm can be applied using the new Hamiltonian
Ĥ(1) to approximate the first excited state. In principle, this protocol can also be applied to find
higher states, however, it is numerically costly and does in general not exploit the entanglement
structure sufficiently well to be of practical use [134].

1.4.3. Metropolis-Hastings Monte Carlo Sampling

In this thesis we will encounter situations, where a wave function is either known exactly
or can be obtained from an ansatz by a projection which is difficult to perform analytically. In
both cases, sampling snapshots of the wave function can prove useful to determine expectation
values of observables. We will briefly discuss this approach here, emphasizing aspects particu-
larly important to this thesis. We note that the general approach has applications far beyond the
scope of the discussion here, in particular in the context of variational Monte Carlo methods.

Consider a complete basis {|α⟩} of the Hilbert space for which we can calculate overlaps
⟨α|Ψ⟩ with a known state |Ψ⟩ efficiently. Assume further that also the matrix elements ⟨α|Ô|β⟩
of some observable Ô can be evaluated efficiently. Then we can write the expectation value of
Ô as

⟨Ψ|Ô|Ψ⟩ =
∑

α,β

⟨Ψ|α⟩ ⟨α|Ô|β⟩ ⟨β|Ψ⟩
⟨Ψ|Ψ⟩ . (1.32)

Evaluating the sum over all states |α⟩ , |β⟩ is not feasible in most relevant cases so that we turn
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to a stochastic approach. To this end, we first rewrite the expectation value as

⟨Ψ|Ô|Ψ⟩ =
∑

β

| ⟨β|Ψ⟩ |2
⟨Ψ|Ψ⟩

(∑

α

⟨α|Ô|β⟩ ⟨Ψ|α⟩
⟨Ψ|β⟩

)

=
∑

β

p(β)o(β),

(1.33)

where we defined the probability distribution p(β) = |⟨β|Ψ⟩|2/⟨Ψ|Ψ⟩ and the observable-dependent
quantity o(β) =

∑
α ⟨α|Ô|β⟩ ⟨Ψ|α⟩

⟨Ψ|β⟩ . In many applications the observables of interest are sparse

in the computational basis, i.e.
∣∣∣
{
|α⟩ | ⟨α|Ô|β⟩ ≠ 0

}∣∣∣ ≤ O(L) for all β. In this case, only a few
summands contribute to the sum in o(β) and hence we can efficiently apply a Markov Chain
Monte Carlo method to evaluate the expectation value [140].

We generate a set of snapshots drawn from the basis states {|α⟩} according to the probability
distribution p(α) using the Metropolis-Hastings algorithm [141,142]. After having generated the
snapshots, we can now approximate the true expectation value by

⟨Ψ|Ô|Ψ⟩ ≈ E
[
Ô
]
:=

1

Nsnapshot

∑

|snapshot⟩

o(|snapshot⟩)

=
1

Nsnapshots

∑

|snapshot⟩


∑

β

⟨α|Ô|snapshot⟩ ⟨Ψ|α⟩
⟨Ψ|snapshot⟩


 ,

(1.34)

where Nsnapshot is the number of snapshots. Assuming that the snapshots are indeed indepen-
dent, we can use the estimate of the standard deviation of Ô to approximate the uncertainty of
our sampling procedure:

σ(Ô) ≈ E
[
σ(Ô)

]
=

√√√√ 1

Nsnapshots(Nsnapshots − 1)

∑

|snapshots⟩

(
E
[
Ô
]
− o(|snapshot⟩)

)2
.

(1.35)
However, the assumption of independent snapshots is typically hard to guarantee in applica-
tions. Keeping only Monte Carlo snapshots which are separated along the Markov chain helps
a lot, but care has to be taken by including the autocorrelation time. Furthermore, methods like
data binning can improve the accuracy of the estimate of the expectation value E

[
Ô
]

signifi-
cantly [143].
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2 Non-Abelian FCIs in Optical Lattices:
The Bosonic Pfaffian State

2.1. Introduction and Outline

Arguably, the most prominent feature of topologically ordered phases of matter is the non-
trivial braiding statistics of its anyonic quasiparticle excitations. While the elementary particles
(leptons, quarks, gauge bosons and the Higgs particle) fall into the two categories of fermions and
bosons, topologically ordered systems may exhibit anyons being neither fermions nor bosons.
Apart from providing an exciting playground for physicists, these anyons might be used in future
applications, for example in the context of quantum computing. In particular, so-called non-
Abelian anyons, where the outcome of the braiding procedure depends on the order of operations,
are a promising building block for future topological quantum computers [17, 144].

However, any technological application of topological quasiparticles requires means to cre-
ate, manipulate and detect such particles in a controllable environment. Not surprisingly, the
direct demonstration of non-Abelian braiding [145–147] in extended systems [148] has become
one of the biggest challenges of modern experimental physics.

A particularly promising class of systems believed to host non-Abelian anyonic excitations
are fractional quantum Hall (FQH) systems. Accordingly, it seems meaningful to quantum sim-
ulate related systems using ultracold atoms in optical lattices. However, finding a clear route
to realize non-Abelian quantum Hall states in these systems remains challenging and any at-
tempt to detect anyonic excitations first requires the identification and realization of a suitable
Hamiltonian as well as preparation schemes to reach the desired ground state.

In this chapter, we present density matrix renormalization group (DMRG) studies of the
Hofstadter-Bose-Hubbard model at α = 1/6 magnetic flux quanta per plaquette. In particular,
we study the model on a square lattice on extended cylinders close to the continuum limit, i.e.
in the dilute limit and at small flux per plaquette. We find strong indications that the ground
state at magnetic filling factor ν = 1 is a lattice analog of the continuum non-Abelian Pfaffian
state, one of the first microscopic states found to possess non-Abelian anyons [62]. Two- and
three-particle correlation functions and the incompressibility of the ground state characterize
the Pfaffian state both in the continuum and in our lattice systems. On the thin cylinders studied
here, the topologically ordered Pfaffian state evolves into a charge density wave (CDW) from
which adiabatic preparation of the Pfaffian state might be possible in extended systems.

The signatures discussed here are accessible in current cold atom experiments and we pro-
pose a direct adiabatic pathway into the Pfaffian state for small systems of a few bosons. We
conclude that the Pfaffian state at ν = 1 is readily realizable in small lattice systems and offers
rich physics.

This chapter is based on the results from Ref. [1], the text and figures of which were rear-
ranged, adapted, and supplemented here. It is structured as follows: in Sec. 2.2 non-Abelian FQH
states are introduced and Moore and Read’s Pfaffian state is discussed as an example in both
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2. Non-Abelian FCIs in Optical Lattices: The Bosonic Pfaffian State

Fig. 2.1. (a) Starting from two particles in two dimensions at positions r1 and r2 described by the wave
function Ψ(r1, r2), we move one of them past the other and shift the pair to the original positions (b).
Thus, the wave function of the new state is eiθΨ(r1, r2). (c) Repeating the same procedure, we end up with
the original configuration described by the wave function e2iθΨ(r1, r2). This corresponds to winding one
particle around the other, for which the graph on the right visualizes the according braid.

fermionic and bosonic Hall systems. Specifics of the cylinder geometry important for our dis-
cussion are presented in Sec. 2.3. Finally, we discuss signatures of the lattice Pfaffian state in the
Hofstadter-Bose-Hubbard model in Sec. 2.4, before concluding with summarizing remarks and
an outlook in Sec. 2.5.

2.2. Non-Abelian Fractional Quantum Hall States

As mentioned in the introductory chapter, topologically ordered systems can exhibit novel
quasiparticles obeying exotic braiding properties. In this section, we review the concepts of
braiding statistics and non-Abelian braiding in more detail before providing an example for a
potential realization in FQH systems. We note that while these concepts may seem rather abstract
and mathematical at first, they are in fact of enormous practical relevance in the context of
topological quantum computing.

2.2.1. Braiding Statistics and (Non-Abelian) Anyons

We start our discussion by introducing the concept of particle braiding and follow the line of
thoughts presented in Ref. [144]. The basic insights covered here go back to the literature of the
late 70’s [149] and early 80’s [150].

Consider two identical, indistinguishable, impenetrable particles described by the wave func-
tion Ψ(r1, r2). In an adiabatic process, we move one of the particles past the other as visualized
in Fig. 2.1(a) and shift the pair to the original positions (b). This results in an effective exchange
of the two particles and the wave function can pick up an arbitrary phase θ so that the new state
is eiθΨ(r1, r2). Repeating this process, we effectively moved the first particle around the other
one along a closed loop and end up with the final state e2iθΨ(r1, r2) (c).
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2.2. Non-Abelian Fractional Quantum Hall States

In d ≥ 3 spatial dimensions, this process is physically equivalent to doing nothing, as closed
loops in R3 \ {0} can always be contracted into a point. Correspondingly, the phase θ3D has to
be such that the initial state and the final state coincide:

Ψ3D(r1, r2) = e2iθ3DΨ3D(r1, r2) ⇒ θ3D = 0, π. (2.1)

The two solutions for θ correspond to the familiar bosons (θ3D = 0) and fermions (θ3D = π).
In contrast, in two spatial dimensions, not all closed loops are contractible. Therefore, the

braiding process which we performed here carries an actual physical meaning and the initial
and final states do not have to be the same. Accordingly, there is no constraint on the phase θ2D ,
which is often called the statistical angle. As this angle can take any value, the corresponding
particles are called anyons.

For a generalization of this concept to the case ofN ≥ 2 identical, indistinguishable particles
it turns out to be useful to introduce some mathematical notions [151]. Consider N particles
located on a manifold M of dimension d ≥ 2. It is natural to define the ordered configuration
space of these impenetrable particles as

C̃N (M) :=
{
(r1, . . . rN ) ∈ MN

∣∣ ri ̸= rj for i ̸= j
}
. (2.2)

For identical, indistinguishable particles it is necessary to symmetrize this space, i.e. to iden-
tify configurations which are related via a permutation of particles. Thus, we end up with the
(unordered) configuration space

CN (M) := C̃N (M) /SN , (2.3)

where SN denotes the symmetric group on N elements. The fundamental group of CN (M) is
called the braid group of M on N strands, BN (M) = π1 (CN (M)). Here, we will exclusively
deal with the case M = R2, i.e. particles on a two-dimensional plane, so that we introduce the
notation BN := BN (R2).

Physically speaking, the elements of BN can be understood as the topologically distinct
classes of trajectories taking N particles from some initial positions {r1, . . . , rN} to the same
positions.1 As usual when dealing with quantum mechanics in the presence of symmetries, we
have to understand how the braid group acts on quantum states, i.e. study the representation
theory of the braid group.

The simplest possible representations of the braid group are one-dimensional, corresponding
to multiplication by a phase factor eiθ . We already encountered this behavior in the case of two
particles, which can easily be generalized to the many-body case, N > 2. Anyons correspond-
ing to such a one-dimensional representation of BN are called Abelian anyons, as the order of
braiding does not play any role in the final phase.

More interestingly, it is possible to study non-Abelian anyons associated with higher-dimen-
sional representations of the braid group. To this end, consider the case of a g-fold degenerate
ground state ψα, α = 1, . . . , g. In this case, an element σ of the braid group acts on the state ψα
as a unitary g × g-matrix ρ(σ), i.e.

ψα → ρ(σ)αβψβ, (2.4)

which can in general result in a non-Abelian braiding procedure:

ρ(σ1)ρ(σ2) ̸= ρ(σ2)ρ(σ1) for some σ1, σ2 ∈ BN (R2). (2.5)
1By “topologically distinct” we mean trajectories which cannot be connected by a smooth deformation.
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2. Non-Abelian FCIs in Optical Lattices: The Bosonic Pfaffian State

In particular, braiding non-Abelian anyons will give rise to non-trivial rotations in the degenerate
ground state Hilbert space.

The degenerate quasiparticle states could be used to encode quantum information, thus re-
alizing topological qubits [17]. Quantum gates could be implemented by braiding quasiparticles,
thus changing the state of the system. As long as temperatures are much lower than the excita-
tion gap, such states are robust against the accidental creation of anyons. Also errors due to an
accidental braiding of quasiparticles are negligible as only the topology of the braid matters, but
not its local geometry.

Any attempt to realize topological quantum computing using non-Abelian anyons needs to
begin with the realization of the anyons themselves. The FQH state studied in the remainder of
this chapter turns out to be insufficient for universal quantum computation, i.e. it is not possible
to realize all unitary gates using only braiding operations, but additional unprotected operations
are needed [144]. Nevertheless, understanding the difficulties in realizing this “simplest” non-
Abelian anyon is believed to be a fruitful endeavor. So far, direct evidence of non-Abelian anyon
braiding is still lacking and cold atom quantum simulators may provide a useful platform to
accomplish this milestone.

2.2.2. The Fermionic Pfaffian State

While the Hall resistance in electronic samples exhibits many plateaus at odd-denominator
fractions, only very few plateaus were observed at even denominators. From a theory point of
view this can be attributed to the fact that the particularly robust fermionic Laughlin state can
only emerge at fillings ν = 1/m for odd integers m. Furthermore, hierarchy states derived from
the Laughlin states also exhibit odd-denominator filling fractions [15, 61].

Nevertheless, some plateaus were found at even denominators. Most prominently, Wil-
lett et al. observed a plateau at ν = 5/2 which was confirmed in further experiments along with
other even-denominator fractions [152–154]. By now, it is settled that the plateau at ν = 5/2 is
a fully developed FQH plateau and the question arises whether it can be described by a simple
trial state. One of the earliest proposals was to interpret the state as a paired state at νeff = 1/2
on top of a completely filled Landau level contributing a Landau level filling of 2 because of the
electron’s spin [155, 156]. A promising candidate for such a state at νeff = 1/2 was proposed by
Moore and Read in 1999 [62] and is commonly known as the Pfaffian state described by the wave
function

Ψ
1/2
Pf (z1, . . . , zN ) ∝


Pf

(
1

zi − zj

)∏

i<j

(zi − zj)
2


 e−

1
4

∑
k |zk|2 , (2.6)

where the Pfaffian Pf(M) of an antisymmetric matrix Mij is defined as

Pf(M) = A (M12M34 . . .MN−1,N ) (2.7)

with the antisymmetrization operator A. As this wave function is very similar to that of a p-wave
superconductor of spin polarized electrons, the Pfaffian wave function is frequently interpreted
as a p-wave paired state of composite fermions (CFs). While the Pfaffian state arises as a trial state
for the FQH problem, related lattice versions of the Pfaffian were found in spin systems [157],
which lead to the proposal of a parent Hamiltonian [158], and in the Haldane model [159].

One of the most exciting properties of the Pfaffian are its derived quasiparticle and quasihole
states. Surprisingly for a state at νeff = 1/2, the elementary quasiparticles/-holes carry charge
±1/4. Furthermore, they exhibit non-Abelian braiding statistics introduced above [62]. While the
anyons are exact eigenstates for a parent Hamiltonian including only three-body repulsion, their
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2.2. Non-Abelian Fractional Quantum Hall States

role in the FQH state realized at ν = 5/2 in the presence of the electronic Coulomb repulsion is
less clear.

This already hints towards a discussion in the literature around the plateau at ν = 5/2. While
the Pfaffian state is an interesting candidate, there exist also alternative proposals for the ground
states’ nature and, accordingly, for the low-lying excitations. In fact, there has been a long and
still ongoing debate on what the underlying microscopic state of the ν = 5/2 plateau is [160–163].
We do not go into further detail here, but instead propose to study a closely related bosonic
system using atomic quantum simulators.

Before diving into the physics of the bosonic Pfaffian state, we conclude our brief discussion
of the electronic FQH at even-denominator fractions by a comment on another fraction. In fact,
the first interesting feature of Hall systems at ν = 1/2 is the absence of a Hall plateau in electronic
samples. While this seems surprising at first, given the emergence of a plateau at ν = 2 + 1/2,
this can be understood by taking into account the effect of higher Landau level projection of the
Coulomb potential. It was shown by Scarola, Park, and Jain [59] that at ν = 1/2 the interaction
between the CFs forming a Fermi sea is repulsive, while at ν = 5/2 this interaction is in fact
attractive. Therefore, the paired Pfaffian state at ν = 5/2 can be interpreted as a consequence of
the Cooper instability due to the Coulomb interaction projected to the second Landau level. In
contrast, the CF Fermi sea at ν = 1/2 does not exhibit said Cooper instability and hence the CFs
remain unpaired.

2.2.3. The Bosonic Pfaffian State

Similar to the fermionic Pfaffian wave function at certain even-denominator filling factors,
it is possible to construct a bosonic Pfaffian at ν = 1 [62],

Ψ1
Pf (z1, . . . , zN ) ∝


Pf

(
1

zi − zj

)∏

i<j

(zi − zj)


 e−

1
4

∑
k |zk|2 . (2.8)

Again, in analogy with the fermionic case, this wave function describes a paired state of CFs.
This pairing can be seen in the behavior of on-site two- and three-particle correlations, which
exhibit the characteristic behavior

g(2)(0) ̸= 0, g(3)(0) = 0. (2.9)

Consequently, while the CFs experience an effective two-body attraction, ultimately resulting in
the pairing of CFs, the three-body interactions are screened. This also explains the nature of the
parent Hamiltonian with only three-body repulsion in the lowest Landau level.

We remark that, as for the fermionic state, the elementary excitations carry charge ±ν/2, i.e.
±1/2 [62]. Therefore, even though we are considering a state at ν = 1, the excitations exhibit
charge fractionalization and (non-Abelian) braiding behavior.

Interestingly enough, numerical studies involving only two-body contact interactions in the
lowest Landau level found the bosonic Pfaffian to be the ground state of the continuum model at
filling ν = 1 [103,104,164]. Furthermore, exact diagonalization studies of the discrete Hofstadter-
Bose-Hubbard model on small, toroidal systems have found indication for a lattice analog of
the Pfaffian [165]. However the robustness of the state with respect to strong two-particle in-
teractions in larger systems remained unclear. Part of our goal is to clarify this behavior and
understand under which conditions the Pfaffian could be realized in cold atom experiments.
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2. Non-Abelian FCIs in Optical Lattices: The Bosonic Pfaffian State

2.3. Quantum Hall Physics on Thin Cylinders: Tao-Thouless States

Realizing the Hall problem on a cylinder places the continuum FQH states close to topolog-
ical CDW states in the quasi-one-dimensional limit while the topologically ordered FQH states
are restored in the 2D limit [166]. Previous studies of the continuum Pfaffian on thin cylinders
showed that this state is closely related to the so-called Tao-Thouless states [167,168]. In partic-
ular, there is a state which consists of an alternation of doubly-occupied and unoccupied Landau
level orbitals, |. . . 2020 . . .⟩. As we will interpret our DMRG results on the lattice in terms of this
Tao-Thouless state, we will now discuss some of its prominent features.

Assuming an infinite cylinder (lx = ∞) and using the Landau gauge, A = xBŷ, the wave
functions of the Landau level orbitals take the form

ψk,m(x, y) = eikye−(x+kℓB)2/2ℓ2B Hm(x+ kℓ2B), (2.10)

where k is the eigenvalue of the momentum in y-direction, Hm are the Hermite polynomials and
ℓB =

√
1/B is the magnetic length, where we used natural units where ℏ = c = e = 1. Here,

m denotes the Landau level, wherem = 0 is the lowest Landau level (LLL) we consider here. For
the LLL orbitals, the Hermite polynomials are constant, H0(x+ kℓ2B) = 1, and therefore do not
contribute to the structure of the orbitals. These eigenstates are extended around the cylinder
and localized in x-direction around −kℓ2B , where k is quantized as kn = 2π

ly
n, n ∈ Z with ly the

circumference of the cylinder. Accordingly, we can determine the centers of the Landau level
orbitals to be at

xn = −ℓ2Bkn = −2πℓ2B
ly

· n, n ∈ Z. (2.11)

For a system of N particles the CDW related to the Pfaffian state has N/2 maxima corre-
sponding to the occupied Landau level orbitals of the |TT20⟩ = |. . . 2020 . . .⟩ Tao-Thouless state
in the limit ly → 0. Accordingly, the CDW wavelength is given by λTT = |x2 − x0| = 4πℓ2B/ly ,
where xn denotes the center of the n-th LLL orbital. Equivalently, we expect the wave vector of
a simple sinusoidal fit to be

kPfTT =
2π

λTT
=

ly
2ℓ2B

. (2.12)

In continuous FQH systems on cylinders, the Laughlin states in the 2D limit (ly → ∞) are
adiabatically connected to symmetry-breaking Tao-Thouless states in the limit of thin cylinders
(ly → 0) [166]. For the bosonic case at ν = 1 studied here, the interplay of the CDW and the
Pfaffian was discussed in the continuum by Seidel et al. [168] and Bergholtz et al. [167].

2.4. Hofstadter-Bose-Hubbard Model at ν = 1: Lattice Pfaffian State

Aiming for an accessible model to realize the bosonic Pfaffian state in cold atom experiments,
we study the Hofstadter-Bose-Hubbard model. In particular, we consider bosons on a Lx × Ly-
square lattice with lattice constant a assuming periodic boundary conditions in the short y-
direction, thus realizing the square lattice on a thin cylinder (see Fig. 2.2). The lattice is subject
to a perpendicular magnetic field with flux α per plaquette in units of the magnetic flux quantum.
The resulting Hamiltonian in the Landau gauge reads

Ĥ = −t
∑

x,y

(
â†x+1,yâx,y + e2πiαxâ†x,y+1âx,y +H.c.

)
+
U

2

∑

x,y

n̂x,y (n̂x,y − 1) , (2.13)
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Fig. 2.2. Sketch of the Hofstadter-Bose-Hubbard model on a cylinder, see Eq. (2.13). The bosons can hop
with hopping amplitude t and pick up a phase of 2πiα upon hopping around a plaquette, mimicking the
effect of a magnetic field. Furthermore, they experience an onsite Hubbard repulsion of strength U/t.

where â(†)x,y annihilates (creates) a boson at site i = (x, y mod Ly) and n̂x,y = â†x,yâx,y is the
boson number operator. The first term of the Hamiltonian describes hopping with amplitude t
between neighboring sites, and the last term describes repulsive (U/t > 0) on-site interactions.

For periodic boundary conditions in the y-direction, the total number of flux quanta is given
by Nϕ = α (Lx − 1)Ly , where we restrict our analysis to the case α = 1/6. Furthermore, for
most of our study we consider dilute systems of N bosons close to filling factor ν = N/Nϕ = 1.
Dilute systems at small flux per plaquette connect the model to the continuum limit, so that we
are able to relate our findings to earlier results for bosonic FQH systems [65, 101, 102, 161].

Numerical Method

Using the single-site variant [139] of the DMRG method [135–137], we calculate the canon-
ical ground state of the Hofstadter-Bose-Hubbard Hamiltonian. We exploit the U(1) symmetry
associated with the particle-number conservation and truncate the local Hilbert space to at most
Nmax = 3 bosons per site. We ensure convergence of our simulations by comparing the energy
expectation value ⟨Ĥ⟩, the corresponding variance ⟨Ĥ2⟩−⟨Ĥ⟩2, the local particle density ⟨n̂x,y⟩,
and the local currents,

⟨ĵxx,y⟩ = it⟨â†x+1,yâx,y⟩+H.c., ⟨ĵyx,y⟩ = ite2πiαx⟨â†x,y+1âx,y⟩+H.c., (2.14)

for different bond dimensions up to χ = 3000.
We consider finite systems of varying size and consider different two-particle interaction

strengths, U/t = 2, 5,∞. Here, the limit of hard-core bosons (U/t = ∞) is achieved by truncating
the local Hilbert space to at most Nmax = 1 boson per site.

Screened Interactions

In the continuum limit, the ground state of Ĥ at ν = 1 is well described by the Pfaffian trial
state [164]. As discussed above, the Pfaffian is the exact zero-energy ground state of the repulsive
three-body parent Hamiltonian [155]

Ĥ(3) ∝
∑

i,j,k

δ(zi − zj)δ(zj − zk) (2.15)

acting on the lowest Landau level. This Hamiltonian allows for two particles at the same location
but penalizes three particles at the same point in space. Similar to the way the ν = 1/2 Laughlin
state fully screens local two-body interactions, the ν = 1 Pfaffian has vanishing energy with
respect to this three-body parent Hamiltonian [60, 101].

As mentioned above, this can be understood in the CF picture. The ν = 1/2 Laughlin state
can be described using non-interacting CFs with one flux quantum attached to each boson. In
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Fig. 2.3. (a) Two-particle and (b) three-particle on-site correlations as a function of the filling factor ν
for fixed flux α = 1/6, different two-particle interaction strengths U , at most Nmax = 3 particles per site,
Ly = 4, and Lx = 37. The sudden increase of correlations at ν = 1/2 and 1 indicates the existence of the
Laughlin and Pfaffian state, respectively. In the corresponding regions, the screened composite particles
are illustrated.

the ν = 1 Pfaffian state the same CFs form pairs which experience a screened interaction among
each other [59], thus resulting in a vanishing three-boson interaction energy.

To see whether we can find similar screening effects in our lattice systems, we calculate the
ground state’s two- and three-particle on-site correlations,

g(2)(0) =
∑

i

⟨n̂i (n̂i − 1)⟩
⟨n̂i⟩2

, g(3)(0) =
∑

i

⟨n̂i (n̂i − 1) (n̂i − 2)⟩
⟨n̂i⟩3

, (2.16)

for a broad range of filling factors. We consider systems of Lx × Ly = 37 × 4 sites and finite
interaction strength U/t = 2, 5.

We find that the on-site two-particle correlations g(2)(0) essentially vanish below ν = 1/2,
see Fig. 2.3(a). We understand this as a key signature for the 1/2 Laughlin state. Similarly, we
observe the three-particle correlations g(3)(0) to be strongly suppressed for filling factors up to
ν = 1, see Fig. 2.3(b). We interpret this suppression as a hallmark of the Pfaffian related to the
screened three-particle interactions in its parent Hamiltonian.

To confirm that these findings are not mere finite size effects, we also determine the on-
site correlations for Ly = 4, Lx = 25 and Lx = 37. For both system sizes they are in very
good agreement, see Fig. 2.4. While this does not necessarily imply that the same holds true in
the thermodynamic limit, it provides a meaningful first indication of interesting FQH states in
experimentally relevant lattice systems.

Before continuing our discussion by providing further evidence for the lattice analog of the
Pfaffian at ν = 1, we would like to point out another kink in the three-particle on-site cor-
relations at ν = 3/2. Similar to the Pfaffian as a two-body bound state of CFs, there exists a
three-body bound state of CFs which is expected to be of interest at ν = 3/2, the simplest so-
called parafermion state [169]. Additional studies are needed to see whether the ν = 3/2 kink of
the three-particle correlations observed here is indeed related to this parafermion state. We do
not explore this in more detail here, but instead return to our discussion of the ν = 1 Pfaffian
state.
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Fig. 2.4. Two- and three-particle on-site correlations for U/t = 2 [(a) and (c)] and U/t = 5 [(b) and (d)],
for Ly = 4 and both Lx = 25 and 37.

Charge Gap and Incompressibility

While the suppressed three-particle on-site correlations at ν = 1 provide an experimentally
accessible indicator for the presence of a ground state related to the Pfaffian, they do not reveal
further insight into the microscopic nature of the state.

As mentioned above, the continuum Pfaffian is an incompressible state with a charge gap in
the bulk [169]. To investigate this property in the lattice systems at hand, we study the depen-
dence of the grand-canonical ground state on the chemical potential µ.

To this end, we first find the canonical ground states for varying particle number N using
DMRG. We denote the energy of such an N -particle state by EN . Introducing the chemical
potential µ, the grand-canonical ground state energy is then given by

Egrand(µ) = min
N

(EN − µN) . (2.17)

From this, we determine the particle number, or equivalently the filling factor ν, of the grand-
canonical ground state as a function of the chemical potential µ. This method allows for a very
precise calculation of the charge gap ∆ given by the width of the plateau of ν(µ) at ν = 1.2 3 We
find that strong interactions stabilize an incompressible phase and result in a large charge gap,
∆ ∼ 0.1 t, see Fig. 2.5(a).

To see whether this behavior carries over to larger systems, we perform a finite-size extrap-

2The charge gap can also be obtained directly from the canonical ground state energies using

∆ = EN+1 + EN−1 − 2EN .

However, this formula is not sensitive to jumps of the grand-canonical ground state by more than one particle. There-
fore, we stick to the slightly more complicated method discussed in the text, which does not need more numerical
effort than an estimation of the charge gap using the formula above, but yields slightly more reliable results.

3We estimate the error of the charge gap at ν = 1 by the ground state variance of the Hamiltonian, var(Ĥ) =
⟨Ĥ2⟩ − ⟨Ĥ⟩2. As we also use the variance to check the convergence of our calculations, this error is negligibly small
(var(Ĥ) ≲ 10−5t2) compared to the size of the charge gap.
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Fig. 2.5. (a) Filling factor ν of the grand-canonical ground state as function of the chemical potential µ
for Ly = 4, Lx = 37. (b) Charge gap ∆ for different system sizes (Lx, Ly) and interaction strengths U/t
at ν = 1 with at mostNmax = 3 bosons per site. The size of the gap on infinite cylinders is estimated from
a linear fit and depends on both the interaction strength U/t and the circumference Ly of the cylinder.

U/t ∆/t n1
Ly = 4 Ly = 5 Ly = 4 Ly = 5

2 0.072(3) 0.093(5) 0.055(2) 0.051(1)

5 0.193(2) 0.183(9) 0.0528(7) 0.0420(7)

∞ 0.3736(6) 0.368(2) 0.0382(5) 0.021(1)

Tab. 2.1. Extrapolated charge gap ∆ and CDW order parameter n1 for an infinite cylinder as obtained
by a linear fit of the finite-size results shown in Figs. 2.5 and 2.7.

olation of the charge gap in the cylinder length Lx. In particular, we use a linear fit of the form

∆(Lx) = ∆+
A

Lx
, (2.18)

where ∆ is the estimate for the charge gap on an infinite cylinder (Lx → ∞) and A is a non-
universal fit parameter. The extrapolation to Lx → ∞ gives rise to an additional error from the
least-square fit which is the dominant contribution to the overall uncertainty of the extrapolated
charge gap.

The obtained gap extrapolates well to the thermodynamic limit, 1/Lx → 0, see Fig. 2.5(b),
and the extrapolated charge gaps are given in Tab. 2.1. We observe a general trend of stronger
interactions resulting in larger charge gaps. Because the circumference Ly = 4, 5 of the cylinder
is comparatively short, on the order of the magnetic length, gapless edge states at the ends of the
cylinder cannot be resolved yet.

Charge Density Wave

The local particle density is one of the first observables coming to mind in the context of quan-
tum gas microscopy. In particular, site resolved measurements are by now routinely accessible
in optical lattice experiments [109–112]. Therefore, finding probes for interesting many-body
states based on such measurements is one of the main goals of our study.
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Fig. 2.6. Density profile and CDW fit for (a)Lx×Ly = 37×4, U/t = 5, (b)Lx×Ly = 25×4, U/t = 2 and
(c) Lx × Ly = 37× 5, U/t = 5 with at most Nmax = 3 bosons per site at ν = 1. The maxima correspond
to the occupied Landau level orbitals of the |. . . 2020 . . .⟩ Tao-Thouless state. We fitted the function in
Eq. (2.20) to the numerical data using all parameters. The wave vectors of the fitted curve are akCDW =

2.0976(5), 2.1018(9), 2.6203(9), respectively, while the predicted values are (a,b) akpredCDW = 2.0944 and
(c) 2.6180 in the continuum.

We find that the local density

n(x) =
∑

y

⟨n̂x,y⟩ /Ly (2.19)

develops a pronounced charge density wave (CDW) for all considered parameters, see Fig. 2.6.
The rapid decay of enhanced density modulations at the edges shows that the remaining oscilla-
tions are indeed a bulk property and not an edge effect. While the 2D FQH system is topologically
ordered, we attribute the symmetry-breaking ground state found here to the finite system size
and in particular the thin cylinders, favoring Tao-Thouless states even in the continuum.

Building upon our DMRG results, we fit the density distribution by

n(x) = n0 + n1 sin(kx+ ϕ0) (1 + η(x,A, ξ)) , (2.20)

with η(x,A, ξ) = A/2(exp[−x/ξ] + exp[−(Lx − 1 − x)/ξ]) capturing the decay at the edges.
We extract the CDW order parameter n1 from the fit and extrapolate the finite size results to
the limit Lx → ∞ as shown in Fig. 2.7. The extrapolated order parameter for the Ly = 4
cylinder is larger than for the wider Ly = 5 cylinder, independently of the interaction strength,
in agreement with the continuum results [167, 168]. Moreover, the wave vectors obtained from
our fits are in agreement with the expected wave vectors for the Tao-Thouless state.

Two- and Three-Particle Correlations

One of the key signatures of the continuum Pfaffian state is its paired nature, which is built
into the trial wave function. To see whether this is also true for our state under study, we compare
the two- and three-particle correlations of our lattice system to well-known continuum results.

To this end, we use Monte Carlo sampling to generate snapshots of the continuum Pfaffian
wave function centered around the point r = (0, 0). Afterwards, we calculate the density profile
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using concentric rings Rm of width δr, i.e.

n̂m =

∫

r∈Rm

d2r ρ̂(r), (2.21)

where Rm =
{
r ∈ R2 | rm ≤ |r| < rm+1

}
with rm = mδr, m ∈ N0. Starting from this density,

we can now write the density-density correlations as

⟨: n̂0n̂m :⟩ =
∫

r∈R1

d2r

∫

r′∈Rm

d2r′ ⟨: ρ̂(r)ρ̂(r′) :⟩

≈
∫

r∈R1

d2r

∫

r′∈Rm

d2r′ ⟨: ρ̂(0)ρ̂(r′) :⟩

= πr21

∫

r′∈Rm

d2r′ ⟨: ρ̂(0)ρ̂(r′) :⟩ .

(2.22)

Using the spatial isotropy of the density distribution, we can approximate the expectation value
as ⟨: ρ̂(0)ρ̂(r′) :⟩ ≈ ⟨: ρ̂(0)ρ̂(r′êx) :⟩ = ⟨ρ(0)⟩ ⟨ρ(r′)⟩ g(2)(r′) and find

⟨: n̂0n̂m :⟩ ≈ πr21

∫

r′∈Rm

d2r′ ⟨ρ(0)⟩ ⟨ρ(r′)⟩ g(2)(r′)

≈ πr21π
(
r2m+1 − r2m

)
n1nmg

(2)(rm)

= π2δr4 (2m+ 1)n1nmg
(2)(rm),

(2.23)

where nk = ⟨n̂k⟩. Thus, we conclude that - for a fine enough resolution δr - the two-point
correlation function can be approximated by

g(2)(rm) ≈
⟨: n̂0n̂m :⟩

π2δr4 (2m+ 1)n1nm
, (2.24)

where the expectation value can be evaluated using the Monte Carlo sampled snapshots. Simi-
larly, we find for the three-point correlation function

g(3)(r′) := ⟨: ρ̂(0)ρ̂(0)ρ̂(r′êx) :⟩ /[⟨ρ(0)⟩2 ⟨ρ(r′)⟩] (2.25)
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the approximate expression

g(3)(rm) ≈
⟨: n̂0n̂0n̂m :⟩

π3δr6 (2m+ 1)n21nm
. (2.26)

In two dimensions, the Pfaffian exhibits strongly suppressed three-particle on-site correla-
tions, g(3)(r → 0) → 0, while the two-particle on-site correlations remain finite, g(2)(0) ̸= 0
(dotted lines in Fig. 2.8).

To compare our lattice system to the continuum result, we start by calculating the ground
state of the three-body parent Hamiltonian Ĥ(3) in Eq. (2.15) on the lattice by setting U/t = 0,
Nmax = 2. Determining the two- and three-particle correlation functions,

g
(2)
i,j =

〈
â†i â

†
j âiâj

〉

〈
n̂i

〉〈
n̂j

〉 =

〈
n̂i (n̂j − δij)

〉

〈
n̂i

〉〈
n̂j

〉 ,

g
(3)
i,j =

〈
â†i â

†
i â

†
j âiâiâj

〉

〈
n̂i

〉2 〈
n̂j

〉 =

〈
n̂i (n̂i − 1) (n̂j − 2δij)

〉

〈
n̂i

〉2 〈
n̂j

〉 ,

(2.27)

with respect to a fixed test site i for varying site j, we plot g(2)(r) and g(3)(r) as functions of
the (Euclidean) distance r = |i − j|. We average over all available test sites in the bulk region
of the cylinder. The close agreement of the parent Hamiltonian’s ground state (open symbols in
Fig. 2.8) with the continuum result suggests that pairing is also present in this state on the lattice.

Finally, the experimentally relevant case U/t = 4, Nmax = 3 (solid symbols in Fig. 2.8) shows
qualitatively similar correlations, in particular for g(3)(r). Only the on-site g(2)(0) is modified,
indicating that the microscopic structure of the bosonic bound state has changed slightly on the
smallest length scales.
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Adiabatic State Preparation

In cold atom experiments, adiabatic preparation schemes connecting an easily realizable ini-
tial state to the desired target state present one of the main routes towards realizing exotic states
of matter. Here, our goal is to propose possible paths for an adiabatic preparation of the bosonic
Pfaffian state. Roughly speaking, a suitable path avoids regions in parameter space where the
many-body excitation gap becomes small or closes completely. By definition, in the thermody-
namic limit a path connecting states with different topological orders will always encounter a
gapless point. In experimentally accessible systems, however, finite-size effects will in general
result in a finite gap, allowing for adiabatic paths connecting different topological universality
classes.

For small systems (Lx = Ly = 6, N = Nmax = 4) exact diagonalization (ED) is a suitable
method to study not only the ground state but also the excitation gap. In particular, we consider
an array of 1D chains with tunable interchain hopping ty and a 2D plane with open boundary
conditions and tunable hopping tpbc across the boundaries, ultimately resulting in a torus for
tpbc = ty = tx. The key signatures of the Pfaffian discussed earlier are also visible in these
systems, see Fig. 2.9.

In the 2D regime we find a finite-size excitation gap closely related to the charge gap observed
in our DMRG calculations. Furthermore, the sharp drop of the three-particle on-site correlations
g(3)(0) as a function of α or, equivalently, the filling factor ν = N/[αLxLy] both on a plane
and a torus shows the expected suppression of three-body correlations in the lattice system, see
Fig. 2.9(c). Also the excitation gap (see Fig. 2.9(a)) and the two-particle correlations g(2)(0) (see
Fig. 2.9(b)) for varying periodic hopping tpbc/tx confirm our earlier understanding.

Various adiabatic preparation schemes for other FQH states have been proposed in recent
years [76,78–80,170,171]. Making use of the large excitation gap found in ED, a path like the one
proposed by He et al. [79] (indicated by the blue lines in Fig. 2.9) provides a promising candidate,
where the minimal gap is of the order ∼ 0.05tx. Another possibility could be the preparation of
the Pfaffian starting from the closely related CDW and slowly turning on 2D couplings [80].

The exact filling factor and hence the flux per plaquette at which we expect the Pfaffian and
the Laughlin state depend on the choice of boundary conditions and are significantly affected
by very small system sizes. For periodic boundary conditions the flux per plaquette is given by
αpbc = N/[νLxLy], while for open boundary conditions we haveαobc = N/[ν(Lx−1)(Ly−1)].
Thus, we expect the ν = 1 Pfaffian (ν = 1/2 Laughlin) state for periodic boundary conditions
at αPf,pbc = N/[LxLy] and αLN,pbc = 2N/[LxLy], respectively. These values are indicated by
white lines in Fig. 2.9. In addition we included the one- and two-quasiparticle and -quasihole
excitations of the Laughlin state, obtained by removing/adding one or two flux quanta, respec-
tively. We observe signatures of these states in both the excitation gap and the two-particle
on-site correlation.

For open boundary conditions, the filling factors of the Pfaffian and the Laughlin state are
shifted to νPf = N/[N − 1] and νLN = N/[2N − 1], respectively, as can be derived from their
exact wave functions in a disk geometry. Again, we indicated the corresponding values for α by
white lines. From the ED results for the gap, Fig. 2.9(a), we conclude that the states on the torus
and in the plane can be continuously connected.
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Fig. 2.9. Exact diagonalization of the Hofstadter-Bose-Hubbard Hamiltonian for Lx = Ly = 6, N =
4, U/tx = 4 for varying flux α per plaquette. We tune between 1D chains and open boundary conditions
(OBC) using ty/tx, and between open (OBC) and periodic boundary conditions (PBC) using tpbc/tx. The
plane shows the excitation gap ∆ in all panels, while the wall shows the gap in (a), the rescaled two-
particle on-site correlations 2g(2)(0) in (b), and the rescaled three-particle on-site correlations 102g(3)(0)
in (c). The blue dotted line indicates a possible path we propose for adiabatic preparation of the ground
state, starting from a trivial superfluid state. “Pf” and “ 12LN” denote the Pfaffian and the Laughlin state
respectively, “qp” and “qh” refer to quasiparticle and quasihole excitations of the Laughlin state.
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2.5. Summary and Outlook

Concluding our discussion of the Hofstadter-Bose-Hubbard model at ν = 1, we have found a
close connection between its ground state and the Pfaffian trial wave function in the continuum.
The most striking feature of the lattice Pfaffian is the associated suppression of on-site three-body
correlations. As discussed above, state-of-the-art techniques [109–112] allow for measurements
of n-particle correlation functions in cold atom experiments providing a direct insight into the
correlated nature of a state.

Regarding the experimental realization, we emphasize that two-body interactions are suf-
ficient to stabilize the Pfaffian in a Hofstadter-Hubbard type of model. While this is not too
surprising based on earlier continuum results [101, 102], it is definitely good news for experi-
mentalists, as such models can be readily realized with existing techniques. To this end, we have
proposed a realistic preparation scheme for small systems, and the closely related CDW in the
quasi-1D-limit may provide a way to adiabatically prepare larger ground states.

Our work paves the way for future studies of excitations or the Hall response [82,83,87,172] in
the Pfaffian. Furthermore it raises interesting new questions about the realizability of the Pfaffian
state in even more accessible setups, like systems with open boundaries. We will address this
question in the next chapter after first providing new insights into the Laughlin state at ν = 1/2.
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3 Coupled Chains: Central Charge and
Snapshot-Based Detection

3.1. Introduction and Outline

While solid state realizations of FQH states are restricted to essentially isotropic systems,
spatial anisotropies are an interesting subject for various reasons. Analytically, coupled quantum
wires can give additional insight into the formation of topologically ordered states as a result of
inter-chain couplings and interactions [173–175]. A prime example is the emergence of Laughlin,
hierarchy, and Read-Rezayi states at their respective filling factors. Coupled wires also allow for
an intuitive understanding of the edge theory as well as the quasiparticle content.

On a different note, ultracold atoms in optical lattices allow for quantum simulations of
systems with anisotropic hopping. Here, approaches starting from decoupled, one-dimensional
chains provide a promising route for the adiabatic preparation of topologically ordered states [79,
176]. However, viable experimental schemes for elucidating the topological nature of the states
remain scarce, while it seems reasonable that these systems might exhibit an even richer zoo of
topological phases.

Therefore, the generalization of the coupled wire approach to discrete chains provides a
promising way to construct exotic quantum phases in an experimentally accessible setup and
motivates the numerical studies presented in this chapter.

In particular, we present density matrix renormalization group (DMRG) simulations of in-
teracting bosons on coupled chains subject to a magnetic field, where we consider systems at
magnetic filling factors of ν = 1/2 and 1. Tuning the inter-chain hopping, we find transitions
from trivial quasi-one-dimensional states to topologically ordered states. While finite-size and
lattice effects affect microscopic properties of the wave function, we identify the state using uni-
versal properties which are robust to such effects.

We mainly resolve the transitions using the central charge as extracted from the entangle-
ment entropy of spatial bipartitions. Addressing the need for experimentally accessible observ-
ables, we propose a scheme to estimate the central charge from Fock basis snapshots. In partic-
ular, we show that the central charge can be estimated in current cold atom experiments using
the number entropy as a proxy for the entanglement entropy.

We also discuss signatures of the topological phase in experimentally more established ob-
servables like the on-site density-density correlations and the momentum distribution and bulk
correlations along the chains. Finally, we exemplify the topological nature of the ground state
by calculating the many-body Chern number as function of the inter-chain hopping strength.

The model studied here is experimentally realizable with existing cold atom techniques and
the proposed observables pave the way for the detection and classification of a larger class of
interacting topological states of matter.

This chapter is structured as follows: In Sec. 3.2 we briefly review the coupled wire construc-
tion in the continuum, before presenting our results for discrete chains in Sec. 3.3. In particular,
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we discuss systems at filling factor ν = 1/2 hosting the Laughlin state in Sec. 3.3.3, which is
based on the results of Ref. [2], the text and figures of which were rearranged, adapted, and
supplemented here. Furthermore, we present results at ν = 1 in Sec. 3.3.4, which are yet to be
published [5]. We conclude our discussion by summarizing our findings and giving an outlook
for future studies in Sec. 3.4.

3.2. Coupled Wire Construction in the Continuum

One-dimensional quantum systems are a prominent example for interacting many-body sys-
tems allowing for analytical insights. In particular, bosonization techniques building on field-
theoretical methods and scaling arguments proved useful for a broad class of (quasi) one-dimen-
sional problems [177]. In order to apply such methods to the study of two-dimensional, topolog-
ically ordered systems, a “coupled wire approach” can be used. Such an approach starts from an
array of one-dimensional quantum wires subject to a perpendicular magnetic field. Upon intro-
ducing specific inter- and intra-wire coupling terms, the system exhibits various phases, among
which we are mainly interested in topological phases mimicking the familiar FQH states in the
two-dimensional limit.

In this section, we sketch the construction originally introduced by Kane, Mukhopadhyay,
and Lubensky in Ref. [173] and developed further by Teo and Kane in Ref. [174]. We closely
follow the arguments of Ref. [174], but focus on particularly simple cases relevant to state-of-
the-art cold atom experiments. Nevertheless, we find various interesting topological states which
might be realized in anisotropically coupled Hofstadter-Hubbard models. Note however, that the
analytical results presented here make use of continuous quantum wires instead of discretized
chains. We will turn to the latter case below in the context of our numerical studies.

3.2.1. General Approach of the Bosonic Construction

Consider an array of uncoupled spinless bosonic one-dimensional quantum wires, which are
parametrized by a single coordinate x and a wire index j. The single-particle dispersion of the
bosons is given by ϵ(kx) = k2x

2m , wherem is the mass of the particles. Next, the system is subjected
to a perpendicular magnetic field of strength B described by the Landau gauge vector potential
A = −Byêx. The magnetic field shifts the momentum in each wire, kx → kx+yB = kx+jaB,

Fig. 3.1. Single-particle dispersion relation ϵ(kx) for an array of four coupled wires. Note the emergence
of relatively flat Landau level-like bands emerging upon coupling the initial free-particle parabolae (dotted
lines). Figure adapted from Ref. [174]
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where a is the spacing between different wires.1 Coupling the wires lifts the degeneracies at the
band crossing points and results in Landau level-like single particle bands, see Fig. 3.1.

Following Ref. [174] in “bosonizing the bosons”, the Hamiltonian for coupled bosonic wires
takes the form

H0 =
∑

j,j′

∫
dx (∂xφj , ∂xθj)M jj′

(
∂xφj′

∂xθj′

)
, M

jj′
= 1δjj′

vF
2π

+ U
jj′
, (3.1)

where φ and θ are the new bosonic variables and U
jj′

contains the forward scattering interac-
tions. This Hamiltonian describes a gapless phase of coupled Luttinger liquids.

Next, we discuss additional inter-wire scattering terms, which can open gaps and hence give
rise to new many-body phases. The most general term takes the form

V {ml,nl} =
∑

j

∫
dx
(
v{ml,nl}O{ml,nl}

j (x) + H.c.
)
,

O{ml,nl}
j = ei

∑
l(aBlnl+kFml)xei

∑
l(nlφj+l+mlθj+l).

(3.2)

Here, we defined the “Fermi momentum” of the one-dimensional bosons kF = πρ̄, where ρ̄ is
the average one-dimensional boson density. Thus, we can write the magnetic filling factor as
ν = 2kF/aB.

The allowed values for ml and nl are restricted by charge conservation,
∑

l

nl = 0, (3.3)

and momentum conservation,
∑

l

(aBlnl + kFml) = 0, (3.4)

as well as the constraint
ml ≡ 0 mod 2 (3.5)

arising during the bosonization procedure. While this significantly restricts the allowed interac-
tion terms, a full analytical study of the problem has to be done perturbatively using for example
a renormalization group (RG) analysis. An alternative approach is to explore the phase diagram
under the assumption that certain operators are RG-relevant. Here, we will follow the latter
approach to discuss various FQH-like states in some detail.

3.2.2. Laughlin State from Coupled Wires

Consider tunneling between neighboring wires j and j + 1 described by the operator

Oℓ ∝ ei(φj−φj+1+m(θj+θj+1)), (3.6)

where we introduced the index ℓ for the link between wires j and j + 1. Using momentum
conservation, it can be seen that the magnetic filling factor is given by

ν = −2

∑
l lnl∑
lml

= −2
0× 1− 1× 1

m+m
=

1

m
(3.7)

and hence the operator Oℓ is allowed at ν = 1/m.
1We use natural units where ℏ = c = e = 1.
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Fig. 3.2. (a) Scattering processes leading to the Laughlin state at ν = 1/m in the coupled wire construc-
tion. The circular arrow indicates backscattering within a wire (m (θj + θj+1)), while the vertical arrow
represents hopping between neighboring wires (φj − φj+1). (b) As Oℓ becomes RG-relevant, counter-
propagating modes (indicated by the arrows) in neighboring wires pair up and are gapped out (blue). For a
finite system, one bosonic chiral edge mode (black) remains, resulting in central charge c = 1 as expected
for a Laughlin state. Figure adapted from Ref. [174].

Using the commutativity of the interaction terms,
[
Oj−1/2,Oj+1/2

]
= 0, we can simplify

the problem by introducing left- and right-moving modes in the wires,

ϕRj = φj +mθj and ϕLj = φj −mθj , (3.8)

as well as density θ̃ℓ and phase variables ϕ̃ℓ defined on the links ℓ,

θ̃ℓ =
(
ϕRj − ϕLj+1

)
/2 = (φj − φj+1 +m (θj + θj+1)) /2

φ̃ℓ =
(
ϕRj + ϕLj+1

)
/2 = (φj + φj+1 +m (θj − θj+1)) /2.

(3.9)

With these new degrees of freedom the tunneling operator Oℓ can be rewritten as Oℓ ∝ e2iθ̃ℓ ,
thus ending up with the Hamiltonian

H = H̃0 + v
∑

ℓ

∫
dx cos 2θ̃ℓ(x), (3.10)

where H̃0 is the earlier coupled Luttinger liquid Hamiltonian, Eq. (3.1), in terms of the new
degrees of freedom. Using scaling arguments, it can be shown that this perturbation can indeed
become relevant in the RG sense for certain choices of the forward scattering interactions in
H̃0 [174]. In this case, the field θ̃ℓ is constrained to the minimum of the cosine potential, hence
resulting in a gapped phase.

We note that a kink θ̃ℓ(x) → θ̃ℓ(x) + π can be understood as a low energy excitation of the
system. The charge density can be written as ρ̃ℓ(x) = ∂xθ̃ℓ/(mπ) so that such a kink can be
interpreted as a (localized) quasiparticle of charge q = 1/m. By extending this formalism further
and defining quasiparticle operators, it can be shown that the quasiparticles corresponding to
kinks in θ̃ℓ carry also the right statistical charge, i.e. the obey the familiar anyonic braiding
statistics with statistical angle π/m.

The operator Oℓ induces a pairing of left- and right-moving bosonic modes in neighboring
wires, see Fig. 3.2. In the case of a finite number of wires, there naturally emerge chiral edge
modes from the unpaired modes in the outermost wires. Furthermore, it can be concluded from
the bosonized theory that these edge modes obey the chiral Luttinger liquid form for ν = 1/m
FQH edges [178].
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Based on these analogies with the familiar Laughlin state at ν = 1/m we identify the emer-
gent coupled wire state with the corresponding FQH state. In concluding, we briefly remark that
the coupled wire construction can also give rise to various other phases not directly related to
FQH states, in particular superconducting states, CDW states and other crystalline states [173].
Which state forms the actual ground state for a given set of microscopic parameters depends on
the specific operators which become relevant in the RG sense. However, as the microscopic de-
tails of the low-energy theory are typically not known, the question which operators are present
or become relevant cannot be answered in general, but (numerical) studies starting from a mi-
croscopic model have to be performed.

Our DMRG studies below can be understood as an approach avoiding RG arguments by nu-
merically finding microscopic parameters of an anisotropic Hofstadter-Hubbard model which
stabilize the Laughlin state at ν = 1/2. At the same time, our work extends the original coupled
wire construction to discretized chains, thus connecting analytical insights from field theory
methods to an experimentally relevant lattice model.

3.2.3. Coupled Wires at ν = 1

Having understood the behavior of coupled wires at ν = 1/2 and, in particular, how they can
host the Laughlin state, we now increase the filling factor and study the same problem at ν = 1.
Following the discussion of Ref. [174], we consider this setup as a two-component boson system
where each bosonic species has a density such that ν⋆ = 1/2. Alternatively, this system can
be viewed as a bilayer system. We introduce an additional index a = 1, 2 labeling the bosonic
species and again write the Hamiltonian as

H = H0 + V, (3.11)

where H0 is defined analogously to the single-component case and V includes the tunneling and
backscattering processes.

Here, we consider three such processes included in V ,

V =
∑

j

∫
dx




2∑

a,b=1

tabOt
j;ab + uOu

j + vOv
j


+H.c., (3.12)

which are visualized in Fig. 3.3. The first term couples neighboring wires, potentially mixing the
channels in those wires (if t12, t21 ̸= 0):

Ot
j;ab = ei(φj;a−φj+1;b+2(θj;a+θj+1;b)), (3.13)

where the prefactor of 2 in the exponential is fixed by the filling factor. For a system with
tab = tδab this term is of exactly the same form which generated the Laughlin state at ν = 1/2
above.

The remaining terms in V couple the two components in the same wire and are only mean-
ingful in this two-component context. In particular, the second term introduces a coupling of the
phase variables φj;a,

Ou
j = ei(φj;1−φj;2), (3.14)

whereas the third term locks the densities θj;a

Ov
j = ei(2θj;1−2θj;2). (3.15)

All other allowed terms at ν = 1 would include coupling between further-neighbor wires and
are neglected here for simplicity.

43



3. Coupled Chains: Central Charge and Snapshot-Based Detection

Fig. 3.3. Scattering processes at ν = 1 in the coupled wire construction using two bosonic species a = 1, 2.
The circular arrow indicates backscattering within a wire, while the vertical arrow represents hopping
between neighboring wires j and j + 1. The three types of processes depicted here are the only ones
allowed by momentum and charge conservation which connect at most nearest-neighboring wires. Note
the occurrence of inter-species processes described by Ou/v

j , which were absent for the Laughlin state at
ν = 1/m. The prefactors of 2 in the exponent of the operators Ot,u,v

j are a consequence of the filling factor
ν⋆ = 1/2 for each of the bosonic species. Figure adapted from Ref. [174].

As for the case of the Laughlin state above, we introduce left- and right-moving bosonic fields

ϕRj;a = φj;a + 2θj;a and ϕLj;a = φj;a − 2θj;a. (3.16)

Furthermore, we define “charge” and “spin” fields

ϕ
R/L
j;ρ =

(
ϕ
R/L
j;1 + ϕ

R/L
j;2

)
/2 and ϕ

R/L
j;σ =

(
ϕ
R/L
j;1 − ϕ

R/L
j;2

)
/2. (3.17)

Using these new degrees of freedom, we can now rewrite the interaction terms in V .

Isotropic coupling tab = t

For the moment we assume for simplicity that tab = t, i.e. that the tunneling process in Ot

is independent of the bosonic species, and that t, u, v ∈ R. We will return to the more general
case below. Under these assumptions, we can write the three operators as

∑

a,b

tabOt
j;ab +H.c. = 8t cos

(
ϕRj;ρ − ϕLj+1;ρ

)
cosϕRj;σ cosϕ

L
j+1;σ,

uOu
j +H.c. = 2u cos

(
ϕRj;σ + ϕLj;σ

)
, and vOv

j +H.c. = 2v cos
(
ϕRj;σ − ϕLj;σ

)
.

(3.18)

In contrast to the Laughlin case above, the terms in V do not commute and the analysis is
more involved for the general case. However, a significant simplification applies for the case
where the forward scattering terms in H0 are such that the charge ϕR/Lj;ρ and spin fields ϕR/Lj;σ de-
couple and the spin degrees of freedom are non-interacting [174]. In this case, we can fermionize
the spin field using the identity

κj,σ√
2πxc

eiϕ
R/L
j;σ = ξ

R/L
j;σ + iη

R/L
j;σ , (3.19)

where κj,σ are the Klein factors necessary to ensure anticommutativity of the fermionic oper-
ators, xc is a short-distance cutoff, and ξR/Lj;σ and ηR/Lj;σ are Majorana fermions. For the charge
field we introduce new degrees of freedom analogously to the Laughlin case,

θ̃ℓ;ρ =
(
ϕRj;ρ − ϕLj+1;ρ

)
/2 and φ̃ℓ;ρ =

(
ϕRj;ρ + ϕLj+1;ρ

)
/2. (3.20)
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3.2. Coupled Wire Construction in the Continuum

Finally, the Hamiltonian can now be decomposed as

H = H0
[
θ̃ℓ;ρ, φ̃ℓ;ρ

]
+H0

M[ξσ] +H0
M[ησ] + V,

H0
M[ξσ] =

∑

j

∫
dx i

(
ξRj;σ∂xξ

R
j;σ − ξLj;σ∂xξ

L
j;σ

)
,

V =
∑

j

∫
dx
[
t̃ cos

(
2θ̃ℓ;ρ

)
iξRj;σξ

L
j+1;σ + (ũ− ṽ) iξRj;σξ

L
j;σ + (ũ+ ṽ) iηRj;ση

L
j;σ

]
,

(3.21)

where we introduced new, effective couplings t̃, ũ, and ṽ [174].
To understand the possible ground state phases, we again rely on RG arguments. To this end,

we assume that H0[θ̃, φ̃] is such that the coupling t̃ is relevant, and θ̃ℓ;ρ is pinned to a minimum
of the cosine potential. As a result, counter-propagating bosonic modes in neighboring wires are
paired up and the two remaining bosonic modes in the outermost wires remain gapless and later
on constitute a single bosonic chiral edge mode in the quantum Hall system.

For the fermionic sector, we conclude that H describes a system of two independent, free
Majorana fermions ξ and η of differing masses given by the parameters t̃, ũ and ṽ. In particular,
we find the dispersion relations

ϵξ(kx, ky) =

√
v2Mk

2
x +

∣∣t̃eiky + ũ− ṽ
∣∣2 and ϵη(kx) =

√
v2Mk

2
x + (ũ+ ṽ)2. (3.22)

From these expressions it becomes evident that for any non-zero ũ+ṽ the η-fermions are gapped,
whereas the gap for the ξ-fermions closes for t̃ = ±|ũ − ṽ|. Therefore, we find (at least) two
possible phases depending on the parameters. In fact, the two regions with t̃ < |ũ − ṽ| are
equivalent, so that we indeed end up with exactly two phases.

Strongly paired phase The phase just mentioned can be identified with a strongly paired
state. To see this, we consider the limit t̃ ≪ |ũ− ṽ|, where the dominant interactions are given
by the expression

VSP =
∑

j

∫
dx
[
(ũ− ṽ) iξRj;σξ

L
j;σ + (ũ+ ṽ) iηRj;ση

L
j;σ

]
. (3.23)

Consequently, the Majorana modes pair up within a single wire as indicated in Fig. 3.4(a). Counter-
propagating bosonic modes in neighboring wires are paired up and the only remaining gapless
mode is a single bosonic mode resulting in central charge c = cSP = 1. For the bosons it is
now energetically unfavorable to tunnel between the wires individually as this would excite the
gapped ξ-modes. However, a pair of bosons can still tunnel without creating any excitations in
the fermionic sector so that we end up with an effective pairing of bosons [174].

Pfaffian phase In the opposite limit, t̃ ≥ |ũ − ṽ|, the state emerging from the coupled wire
construction can be identified with the Pfaffian state. To see this, we concentrate on the case
ũ = ṽ and note that in this case the interactions reduce to

VPf =
∑

j

∫
dx
[
t̃ cos

(
2θ̃ℓ;ρ

)
iξRj;σξ

L
j+1;σ + (ũ+ ṽ) iηRj;ση

L
j;σ

]
. (3.24)

Again, the η-Majorana modes pair up in the same wire as before. However, for the ξ-Majorana
modes we find pairing of counter-propagating modes in neighboring wires similar to the bosonic
mode, as illustrated in Fig. 3.4(b). Accordingly, a chiral Majorana edge mode remains in this case
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3. Coupled Chains: Central Charge and Snapshot-Based Detection

Fig. 3.4. Schematic diagrams visualizing the coupling of various edge modes in different parameter
regimes. Solid lines represent bosonic charge modes ϕR/L

j;ρ , whereas dashed lines indicate Majorana modes
ξ
R/L
j;σ and ηR/L

j;σ . Modes which are gapped out are indicated by the same color and an arc connecting them.
(a) In the strong pairing state all Majorana modes and all bulk charge modes are gapped out, hence re-
sulting in only one chiral bosonic edge mode with central charge cSP = 1. (b) In contrast, the Pfaffian
state exhibits central charge cPf = 3/2 stemming from an additional unpaired Majorana mode ξ. Figure
adapted from Ref. [174].

in addition to the bosonic mode discussed before. This edge theory coincides with that of Moore
and Read’s Pfaffian state [62] and exhibits central charge cPf = 3/2.

We briefly discuss the charge of the Pfaffian’s quasiparticles in the context of the coupled
wire construction. Naively, we would expect that in close analogy to the Laughlin state the
quasiparticles manifest themselves as kinks θ̃ℓ;ρ → θ̃ℓ;ρ+π and hence might carry charge e. This
is, however, not the case! In fact, we find that we can “split up” this excitation by noting that
already the transformation φj;1 → φj;1 + 2π acting on only one bosonic component, connects
physically equivalent states. In turn, this transformation results in a π-shift of the chiral bosonic
modes, ϕR/Lj;ρ/σ → ϕ

R/L
j;ρ/σ + π, and hence

(
θ̃ℓ;ρ, ξj;σ, ηj;σ

)
→
(
θ̃ℓ;ρ + π/2,−ξj;σ,−ηj;σ

)
. We

therefore conclude that the elementary excitations of the Pfaffian state carry charge q⋆Pf = e/2.
Furthermore, the corresponding kink in the density field θ̃ℓ;ρ results in a change of sign in the
mass term coupling the Majorana modes ∝ iξRj;σξ

L
j+1;σ and hence binds a zero-energy Majorana

bound state.

Generic coupling tab
Before concluding our discussion of the coupled wire construction, we briefly return to some

of the simplifications introduced above. In particular, we relax the assumption that tab = t for
all a, b and consider the general form of the corresponding term

∑

ab

tabOt
j;ab +H.c. = i

(
ξRj;σ, η

R
j;σ

)
T

(
ξLj+1;σ

ηLj+1;σ

)
, Tkl = t̃kl cos

(
2θ̃ℓ;ρ + βkl

)
, (3.25)

where βkl and t̃kl depend on tab.
As before, we assume that the field θ̃ℓ;ρ is pinned at a minimum of the cosine potential and

study the non-interacting Majorana fermion problem. In addition to the two phases discussed
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3.2. Coupled Wire Construction in the Continuum

Fig. 3.5. Schematic diagram visualizing the coupling of edge modes in the bilayer state. In this state both
Majorana modes in the outermost wires remain gapless, hence resulting in central charge cB = 2. This
state can also be interpreted as a close relative of two decoupled Laughlin states, which would equivalently
have two chiral bosonic edge modes. Figure adapted from Ref. [174].

above, we find a third set of parameters exhibiting interesting physics. To see this, we consider
the case tab = tδab resulting in t̃kl = t̃δkl cos

(
2θ̃ℓ;ρ

)
and hence the interaction term

∑

j

∫
dx
[
t̃ cos

(
2θ̃ℓ;ρ

)
i
(
ξRj;σξ

L
j+1;σ + ηRj;ση

L
j+1;σ

)
+ (ũ− ṽ) iξRj;σξ

L
j;σ + (ũ+ ṽ) iηRj;ση

L
j;σ

]
.

(3.26)
The effect of the twofold competition between t̃ and ũ± ṽ can be seen most easily for the point
ũ = ṽ, where the ξ-fermions are gapped out by the t̃-term, whereas the η-fermions experience
the competition between t̃ and ũ+ ṽ.

For t̃ ≪ ũ + ṽ we recover the Pfaffian state discussed above with one bosonic and one
Majorana edge mode. In contrast, for t̃ > ũ+ ṽ the dominant contribution is of the form

VB =
∑

j

∫
dx t̃ cos

(
2θ̃ℓ;ρ

)
i
(
ξRj;σξ

L
j+1;σ + ηRj;ση

L
j+1;σ

)
, (3.27)

hence leading to a pairing of the both Majorana modes between neighboring wires, see Fig. 3.5.
In turn, we are left with the bosonic charge mode and two Majorana edge modes or, equivalently,
with two bosonic edge modes in total. Consequently, this state, which we call the bilayer state,
is characterized by central charge cB = 2. This can also be understood in the limit ũ = ṽ = 0,
where the model reduces to two independent copies of the Laughlin state at ν = 1/2 exhibiting
one bosonic edge mode each.

We conclude our discussion by remarking that all the phases above are potential ground
state candidates of the fractional quantum Hall problem at ν = 1. As already mentioned be-
fore, the question, which ground state is realized for a given set of microscopic parameters, is
best answered using numerical methods. We will address this point below when studying the
Hofstadter-Bose-Hubbard model in some detail.
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3.3. Fractional Chern Insulators on Coupled Chains

3.3.1. Relevance for Cold Atoms in Optical Lattices

Anisotropic hopping amplitudes can routinely be realized in state-of-the-art cold atom ex-
periments with optical lattices by tuning the lattice depth. In particular, dynamically tuning such
hoppings can be accomplished with standard techniques. Combined with excellent local control
in the preparation of one-dimensional states, this gives rise to the possibility to prepare extended
two-dimensional systems from arrays of one-dimensional wires. In fact, such an approach is one
of the key steps in the first realization of an atomic Laughlin state by Léonard et al. [25]. Also
theoretical proposals have been developed in recent years to exploit similar approaches to adi-
abatically prepare extended FQH states in optical lattices [79, 176]. In particular, the adiabatic
connection of FQH states to Tao-Thouless-like CDW states in the quasi-one-dimensional regime
makes such approaches a particularly promising route towards FQH states of many atoms.

The controlled interpolation between one and two dimensions also allows for novel insights
into the entangled nature of exotic many-body states. Connecting the quasi-one-dimensional chi-
ral Luttinger liquid regime for decoupled chains to two-dimensional topological states is clearly
not possible without changing the entangled nature significantly. As discussed before, various
initially gapless modes are gapped out in the continuous coupled wire construction and we be-
lieve a similar result to hold true in the case of discrete chains. While numerically such a change
of the gapless modes can be seen from a scaling of the bipartite entanglement entropy, this is less
trivial in quantum gas experiments.

However, we will see below that in certain regimes essential features of the entanglement
entropy can be approximated sufficiently well using the so called number entropy to resolve the
transition from the topologically trivial regime to the FQH regime. In particular, the number
entropy can be calculated from Fock basis snapshots of the system which are routinely available
in experiments employing site-resolved quantum gas microscopy. Therefore, a direct measure-
ment of the central charge in experiments is now within reach and might open new directions
in identifying and characterizing topological states of matter.

3.3.2. Anisotropic Hofstadter-Bose-Hubbard Model

As discussed before, the Hofstadter-Bose-Hubbard model is a natural lattice analog of the
bosonic fractional quantum Hall problem. Again, we study bosons on a square lattice of sizeLx×
Ly , where we work in the regime Lx ≫ Ly , ultimately aiming for the quasi-1D thermodynamic
limit Lx → ∞. Allowing for anisotropic hopping, the Hamiltonian in Landau gauge reads

Ĥ =− tx

Lx−1∑

x=1

Ly∑

y=1

(
â†x+1,yâx,y +H.c.

)
− ty

Lx∑

x=1

Ly−1∑

y=1

(
e2πiαxâ†x,y+1âx,y +H.c.

)

+
U

2

∑

x,y

n̂x,y (n̂x,y − 1) .

(3.28)

Here, â(†)x,y are bosonic annihilation (creation) operators and n̂x,y = â†x,yâx,y are the boson num-
ber operators at site (x, y). The terms in the first line describe (potentially anisotropic) hopping
with amplitude tx and ty between neighboring sites in x and y direction, respectively, while
the second line describes repulsive (U/tx > 0) on-site interactions. For most of this chapter
we consider open boundary conditions in both directions, thus realizing the model on an array
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3.3. Fractional Chern Insulators on Coupled Chains

of coupled chains, similar to the one considered in the continuum coupled wire construction
discussed above.

Numerical Method
We perform DMRG simulations [135–137] using the SyTen toolkit [138] and its implemen-

tation of the single-site variant [139]. We exploit the U(1)-symmetry associated with particle
number conservation to determine the variational ground state of the Hofstadter-Bose-Hubbard
model for a specified number of particles. Furthermore, we consider different truncations of
the local Hilbert space by restricting the maximum number of bosons per site. Convergence of
the simulations is ensured by comparing the ground state energy ⟨Ĥ⟩ and the corresponding
variance ⟨Ĥ2⟩ − ⟨Ĥ⟩2 for different bond dimensions up to χ = 6000.

3.3.3. Laughlin State at ν = 1/2 on Discrete Chains

We start our study by considering the system at magnetic filling factor ν = N/Nϕ = 1/2 and
fix the Hubbard interaction strength to U/tx = 5, which is large compared to the band width of
the lowest band and also the band gap of the single-particle model. For our studies at ν = 1/2,
we truncate the local Hilbert space to at most Nmax = 3 bosons per site, which is justified by
the large value of U/tx. Compared to a hard-core constraint, our truncation avoids an artificial
enhancement of Laughlin physics.

We restrict ourselves to a magnetic flux per plaquette of

α = Nϕ/ [(Lx − 1) (Ly − 1)] = 1/4, (3.29)

so that in the isotropic case, ty/tx = 1, continuum limit analogies of earlier studies apply [65].
Thus, at the magnetic filling factor ν = 1/2 studied here, we expect the ground state in the
isotropic limit to be closely related to the topologically ordered 1/2-Laughlin state [26]. We will
see that this behavior is to some extent robust to tuning the inter-chain hopping strength.

Bipartite Entanglement Entropy and Central Charge
As discussed before, the central charge provides a quantitative way to characterize the edge

theory of a two-dimensional topologically ordered system. In particular, the number (and nature)
of chiral gapless modes can be extracted from it. Therefore, it provides a prime quantity to
identify FQH states with chiral edge modes.

For the Laughlin state at filling factor ν = 1/2, the central charge is predicted to be cLN = 1,
stemming from a single chiral bosonic edge mode. In our studies, the size of the system along
both directions is substantially larger than the magnetic length so that we expect this prediction
to manifest in our numerical studies. Therefore, we expect the central charge to approach unity
close to the isotropic limit, ty/tx ≈ 1.

In contrast, in the weakly coupled regime, ty/tx ≈ 0, the system can be considered a collec-
tion of Ly independent one-dimensional Luttinger liquids, each of which contributes a value of
cLL = 1 to the total central charge, thus adding up to c = Ly .

In order to determine the central charge numerically, we make use of a prediction from con-
formal field theory (CFT) for finite systems with open boundary conditions relating the central
charge c to the bipartite entanglement entropy S(x), namely

SCFT(x) =
c

6
log

(
2Lx
π

sin

(
πx

Lx

))
+ g, (3.30)

where g is some non-universal constant and Lx is the length of the system [49].
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Fig. 3.6. Given the lattice sites of the two-dimensional square lattice (black dots), the MPS chain (blue
line) is chosen such that neighboring sites in y-direction are also neighboring sites in the MPS chain. Thus,
a cut perpendicular to the chains in x-direction (red dashed line) can be realized by cutting a single bond
in the MPS chain, giving immediate access to the bipartite entanglement entropy as function of the cut’s
position.

Matrix product states (MPS) allow for a particularly simple extraction of the entanglement
entropy. By appropriately choosing the MPS chain (see Fig. 3.6), the bipartite entanglement
entropy between the two parts of the system is entirely carried by a single MPS bond. Therefore,
upon cutting this bond denoted by ℓ we obtain a bipartition of the underlying lattice along the
x-direction.

In our finite-size calculations, the bipartite entanglement entropy S(ℓ) as well as the particle
density show significant oscillations in some cases, closely related to the CDW in the quasi-one-
dimensional limit. We account for these oscillations in the entanglement entropy, in particular in
small systems, by normalizing the entanglement entropy in a given bond ℓ by the local densities
at the neighboring sites x = ℓ ± 1/2. Defining the density n(x) =

∑Ly

y=1 ⟨n̂x,y⟩ /Ly and the
average density n̄ =

∑Lx
x=1 n(x)/Lx, we define the rescaled entanglement entropy

S̃(ℓ) =
2n̄(

n(ℓ− 1
2) + n(ℓ+ 1

2)
)S(ℓ). (3.31)

In addition, to reduce the effect of the truncation at a finite bond dimensionsχ, we extrapolate
the rescaled entanglement entropies S̃(ℓ;χ) to infinite bond dimensions as

S̃(ℓ;χ) = S̃(ℓ;χ→ ∞) +A log (1 + 1/χ) . (3.32)

Next, the extrapolated entanglement entropies S̃(ℓ;χ→ ∞) are fitted using the CFT prediction
in Eq. (3.30). Finally, we extrapolate the finite-size values for the central charge to infinite systems
by a first-order extrapolation in 1/Lx,

c(Lx) = c(Lx → ∞) + B/Lx. (3.33)

Examples for this extrapolation are given in Fig. 3.7.
For Ly ≥ 3-leg systems, we find the value of the central charge to change drastically around

ty/tx ≈ 0.6, see Fig. 3.8. In particular, at large ty/tx we observe that the numerical central
charge almost perfectly matches the theoretical prediction of cLN = 1. In the weakly coupled
regime convergence of the DMRG calculations is difficult to achieve because of the small tunnel-
ing element ty/tx. Accordingly, the numerical values for the central charge do not coincide with
the predicted values to the same degree of accuracy. Nevertheless, a clear change of behavior is
visible in all the systems with Ly = 3, . . . , 6 chains studied here, see Fig. 3.9.

Given the robustness of the transition with respect to the number of chains, we believe this
feature to carry over to the thermodynamic limit and consider it striking evidence for the emer-
gence of a Laughlin phase around ty/tx ≈ 1.
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Fig. 3.7. Extrapolation of the central charge from finite Lx to Lx → ∞ for ty/tx = 0.2 and ty/tx = 1.0.
The error bars of the single data points indicate the uncertainty of the fit with the CFT formula.
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Fig. 3.8. Central charge as obtained from the bipartite entanglement entropy S(x) for different system
sizes after extrapolation to Lx → ∞ for Ly = 3 (blue diamonds) and 5 (orange circles). Faded dotted
lines indicate values for finite Lx with longer systems being less faded. We find a clear change of behavior
around ty/tx ≈ 0.6. Above this critical value, the central charge is in agreement with the prediction
cLN = 1 for the Laughlin state. The sketches below the main panel illustrate the origin of the different
behavior in the decoupled (ty/tx = 0) and the isotropic (ty/tx = 1) limit by only showing gapless chiral
modes.
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Fig. 3.9. Central charge as obtained from the rescaled and χ-extrapolated bipartite entanglement entropy
for different system sizes (Ly = 3, ..., 6) and the extrapolated value in the limit Lx → ∞. The dotted lines
indicate c = 1, Ly respectively.

Remarkably, our DMRG simulations rule out a Laughlin-like state in Ly = 2-leg systems,
where we observe c = 2 throughout, as will be discussed below in more detail. However, addi-
tional nearest-neighbor repulsion has been argued to reintroduce Laughlin-like states [179–182].

Measuring the Central Charge Using Snapshots

To our knowledge, the central charge has so far eluded direct experimental measurements.
We propose a protocol to measure the central charge in state-of-the-art quantum simulation
platforms such as quantum gas microscopes. The typical outcome of these experiments are pro-
jective measurements in the Fock basis resulting in site resolved snapshots of the local particle
number. Efficient methods to generate accurate snapshots from MPS have been developed [183]
and proved useful for sampling realistic experimental outcomes in models similar to ours [184].

In order to extract the entanglement entropy S(ℓ) experimentally, we propose to use the
particle number entropy Sn(ℓ) as a meaningful proxy in certain regimes. A similar approach
has proven useful in the context of many-body localization [185], and also theoretical attempts
to study the entanglement entropy using particle number fluctuations have been undertaken
earlier [186]. Here, we exemplify the use of snapshots and their number entropy to determine
the central charge of the topologically non-trivial 1/2-Laughlin state.

The main advantage of the number entropy is that it can be directly extracted from a given
set of snapshots. To this end, each snapshot is split into two disjoint subsystems A and Ā and
the probability pNA

to observe NA particles in subsystem A is determined. Then, the particle
number entropy Sn =

∑
NA

pNA
log(pNA

) can be calculated. Repeating this scheme for different
partitions of the system similar to the case of the entanglement entropy S above, one obtains the
number entropy Sn(ℓ) as function of the cut position.

In the isotropic limit, ty/tx = 1, the number entropy provides a good estimate of the entan-
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glement entropy for already 2000 snapshots, see Fig. 3.10(b). This behavior carries over to the
entire regime in which we have identified the 1/2-Laughlin state using the entanglement entropy.
In Fig. 3.10(c) we find that close to the isotropic limit the prediction of the central charge based
on snapshots agrees reasonably well with the prediction from the entanglement entropy. Thus
we conclude that this method can indeed be used to estimate the central charge in the Laughlin
phase.

In the decoupled limit, ty/tx = 0, the number entropy extracted from the full system is not
additive in the number of legs, see Fig. 3.10(a). In contrast, extracting the number entropy from
each leg separately, we find that the central charge c(1)n in each leg is in agreement with the
value from the entanglement entropy, so that multiplying c(1)n by the number of legs provides
the correct overall central charge for the whole system. In the intermediate regime, we attribute
discrepancies between the central charge c and the estimate cn to a combination of the non-
applicability of the CFT prediction and the non-additivity of the number entropy.

We emphasize that the proposed measurement of the central charge is solely based on snap-
shots in the Fock basis, which are routinely generated in experiments with quantum gas micro-
scopes [109–112]. The number entropy and the estimated central charge discussed here can be
extracted from these snapshots without further experimental efforts and are accessible to existing
experiments.

Additional Experimental Observables
Now, we discuss further observables accessible to quantum gas microscopes. A well known

signature of the 1/2-Laughlin state, reflecting the flux-attachment underlying the formation of
composite fermions [60], is a strong suppression of on-site correlations,

g(2)(0) =
1

2LxLy

∑

x,y

⟨n̂x,y (n̂x,y − 1)⟩ . (3.34)

By allowing up to three bosons per site in our numerics, we do not artificially stabilize the Laugh-
lin state by imposing a hard-core constraint for the bosons, formallyU/t = ∞. In contrast, given
the small particle number densities, our simulations can be expected to properly describe the ex-
perimental situation of a finite two-body interaction.

In Fig. 3.11 we show g(2)(0) as a function of ty/tx. In particular, we find that in the weakly
coupled limit g(2)(0) is very small, while it increases with increasing inter-chain hopping. g(2)(0)
takes a global maximum around ty/tx ≈ 0.6 before it decreases again in the strongly coupled
regime.

In the isotropic limit, this drop is a key feature of the 1/2-Laughlin state, indicating the
screened interactions of composite fermions [60]. In contrast, in the decoupled limit this is the
result of a different, Jordan-Wigner-type fractionalization of the bosons [187–189]. In the inter-
mediate regime, the bosons are not able to fermionize and therefore the residual two-particle
correlations are significantly larger compared to both of the limits.

As another experimental observable, we consider the momentum distribution along x in a
given wire,

ny(kx) =
1

Lx

∑

x,x′

e−ikx(x−x
′)
〈
â†x,yâx′,y

〉
, (3.35)

where kx = 2πm
Lx

, m = 0, . . . , Lx − 1. The momentum distribution in a specific wire is exper-
imentally accessible in various cold atom experiments with current techniques, for example by
time-of-flight measurements with expansions only along the one-dimensional tubes.

The numerical results in Fig. 3.12 indicate the occupation of a chiral mode with finite momen-
tum kx ̸= 0 at the boundary for ty/tx ≳ 0.6, while in the bulk the distribution remains peaked
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Fig. 3.10. (a) Number entropy Sn(ℓ) from 6000 (2000) snapshots of a single chain (three decoupled chains)
of length Lx = 61. While the number entropy provides an accurate proxy for the entanglement entropy
S(Ly = 1) of a single chain, it is not additive in the number of chains. Therefore, we extract the central
charge c(1)n of a single chain to obtain the total central charge cn = Lyc

(1)
n in this limit. (b) In the isotropic

limit, ty/tx = 1, the proxy Sn(ℓ) from 2000 snapshots of the 3-leg system is relatively accurate. (c)
Central charges for 3-leg systems extracted from the number entropy Sn(ℓ) (solid lines) compared to the
prediction from the entanglement entropy S(ℓ) (faded, dotted lines).
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Fig. 3.11. On-site correlations g(2)(0) for Ly = 3, . . . , 6 chains. The transition region at intermediate
ty/tx is clearly visible by a maximum of g(2)(0).
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Fig. 3.12. Momentum distribution ny(kx) for Ly = 5, Lx = 11, U/tx = 5.0. We observe the emergence
of a chiral mode in the outermost chains (y = 1, 5) around ty/tx ≈ 0.6. In these chains, the momentum
distribution is peaked around a finite momentum kx ̸= 0, whereas the remaining bulk chains exhibit a
peak around kx = 0 at all ty/tx.

around kx = 0 even around ty/tx ≈ 1. We interpret the sudden change around ty/tx ≈ 0.6 as
further evidence for the 1/2-Laughlin phase close to the isotropic limit indicated by the charac-
teristic chiral edge mode.

This gapless edge mode also manifests itself in the presence of a chiral edge current. We
define the currents in x- and y-direction as

jxx,y =
〈
ĵxx,y

〉
= itx

〈
â†x+1,yâx,y

〉
+ c.c.,

jyx,y =
〈
ĵyx,y

〉
= itye

2πiαx
〈
â†x,y+1âx,y

〉
+ c.c..

(3.36)

In the regime of weakly coupled wires we expect no pronounced edge current, while in the
Laughlin state the edge current should be far more prominent than the current fluctuations in
the bulk.

Indeed, this is what we find in our numerical simulations. Typical current patterns are de-
picted in Fig. 3.13 for the weakly coupled, the transient, and the Laughlin regime. It is clearly
visible that above some critical value of ty/tx a chiral edge current forms.

However, for systems with Ly = 4 chains we find some non-trivial vortex pattern in the
current as visualized in Fig. 3.14.

Topological Classification: Many-Body Chern Number
In order to provide an unambiguous topological classification of the ground state, we de-

termine the many-body Chern number [14, 34] as function of the anisotropic hopping strength.
In particular, we use the method proposed by Dehghani et al. [190] to extract the many-body
Chern number from a single ground state wave function. To this end, we perform DMRG calcu-
lations on cylinders of coupled chains with periodic boundary conditions in y-direction at bond
dimensions up to χ = 3000.
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Fig. 3.13. Local currents for a system of size Lx = 25, Ly = 6 and N = 15 particles subject to Nϕ = 30
flux quanta. The length and width of the red arrows indicate the strength and direction of the current
along a bond and the radii of the blue dots indicate the density at a given site. The hopping strength in
the y-direction is increased from top to bottom, ty/tx = 0.1, 0.6, 1.0. In the isotropic limit we find the
expected pronounced edge current.
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Fig. 3.15. Origin of different Chern numbers from the winding of T (ϕ, s = 2) in the complex plane. The
inset illustrates the regions used for the evaluation of the Chern number.

Following [190], we choose three cylindrical regions R1,2,3 of length ℓx = ⌊(Lx − 3)/3⌋ on
the cylinder, where ⌊x⌋ denotes the integer part of x, and define

T (ϕ, s) =
〈
Ŵ †
R1

(ϕ)Ŝ1,3ŴR1
(ϕ)V̂ s

R1∪R2

〉
. (3.37)

Here, Ŝ1,3 swaps the regions R1 and R3 and

ŴR(ϕ) =
∏

(x,y)∈R

ein̂x,yϕ and V̂R =
∏

(x,y)∈R

e
i 2πy
Ly

n̂x,y (3.38)

are defect operators.
During the application of the exponential operators we truncate the resulting MPS at bond

dimension χ = 150. The necessary SWAP operation is implemented on the level of an MPS
overlap.

In our case, s is the ground state degeneracy on a torus, which for the 1/2-Laughlin state is
known to be s = 2. Varying ϕ from 0 to 2π, we obtain the many-body Chern number as the
winding number

C =
1

2π

∮
dϕ

d

dϕ
arg T (ϕ, s), (3.39)

which is directly related to the Hall conductivity σH = C
s
e2

h .
We exemplify the behavior of arg T (ψ, s) for the two different regimes ty/tx = 0.1 and 1.0

in Fig. 3.15. Evaluating the winding number integral, we find that for weakly coupled chains the
many-body Chern number vanishes, see Fig. 3.16, confirming our understanding of the topolog-
ically trivial phase in this regime. On the other hand, around ty/tx ≈ 1 we find the many-body
Chern number to be C = 1, hence resulting in the non-trivial Hall response σH = 1

2
e2

h expected
for the 1/2-Laughlin state. This is in agreement with the other observables discussed here and
gives direct evidence for the topological nature of the ground state close to the isotropic limit.

This result also allows us to confirm our earlier assumption for the value of s by comparing
the Hall conductivity σH obtained by this method to the Hall conductivity obtained from a charge
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Fig. 3.16. Many-body Chern number as function of ty/tx for a cylinder of size Lx × Ly = 25 × 3. We
find a transition towards a topologically non-trivial phase close to the isotropic limit.

pump procedure. To this end, we introduce a magnetic flux ϕ through the cylinder by modifying
the Hamiltonian of the model to be

Ĥ (ϕ) =− tx

Lx−1∑

x=1

Ly∑

y=1

(
â†x+1,yâx,y +H.c.

)
− ty

Lx∑

x=1

Ly−1∑

y=1

(
e2πiαx+iϕx/Ly â†x,y+1âx,y +H.c.

)

+
U

2

∑

x,y

n̂x,y (n̂x,y − 1) .

(3.40)
We perform DMRG ground state searches for slowly increasing values of ϕwith maximum bond
dimension χ = 200 to simulate an adiabatic flux insertion protocol. We cut the cylinder into
two halves and track the particle number nL(ϕ) in the left half as function of the inserted flux
ϕ. Taking into account the unit charge of the bosons, we can define the pumped charge as

δQ(ϕ) = nL(ϕ)− nL(0). (3.41)

We present the results of the charge pumping procedure in the different regimes in Fig. 3.17.
In particular, we find that in the weakly coupled limit, ty/tx = 0.1, no significant charge is
pumped and therefore no Hall response is observed. We attribute the small residual pumped
charge to the difficult convergence in this challenging regime. In contrast, in the isotropic limit,
ty/tx = 1.0, we find a pumped unit charge after inserting flux ϕ = 2 × 2π. This is consistent
with a Hall conductivity of σpump

H = 1
2
e2

h after restoring units. This clearly shows that s = 2 is
indeed the right ground state degeneracy in the topological regime and a similar approach can
be used to obtain the correct factor also for more involved cases.

Limiting Case Ly = 2: Flux Ladders
As a limiting case we simulated two-leg ladders (Ly = 2) subject to a perpendicular magnetic

field. Similar models were studied with various modifications in earlier studies [172, 179–182,
191–194]. We find that the physics in this regime is qualitatively different from the extended
systems with Ly ≥ 3 studied above. The extrapolated central charge for the ladder system is
depicted in Fig. 3.18. Note, that we do not find a transition to the predicted cLN = 1 for the
Laughlin state, but instead find c = 2 independent of the inter-chain hopping. Nevertheless, the
on-site correlations and the momentum distribution show some signatures reminiscent of larger
systems, see Fig. 3.19. In particular, the suppression of the on-site correlations g(2)(0) close to
the isotropic regime might hint towards a precursor of the Laughlin state.
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Fig. 3.17. Pumped charge as function of inserted flux for two different limits of the interchain coupling.
In the weakly coupled limit, ty/tx = 0.1, only a small, non-significant amount of charge is pumped. We
attribute the remaining pumped charge to convergence difficulties in this regime. In the isotropic limit,
ty/tx = 1.0, an effective unit charge is pumped after the insertion of 4π flux. The jumps are due to
the charge density wave forming on thin cylinders jumping to a competing configuration with occupied
orbitals shifted by one.

However, we conclude that, in the model studied here, physics in the Laughlin universality
class can only be achieved for systems of at least Ly = 3 chains. Nevertheless, this minimal
setup already provides clear indication of the exciting topological nature of the ground state.

Conclusions
The bosonic 1/2-Laughlin state can be realized in three or more coupled chains subject to a

magnetic field close the isotropic limit. The transition from a topologically trivial phase to this
topologically ordered phase as the inter-chain hopping strength is tuned can be seen from various
observables. Most prominently, we have found the central charge to provide clear evidence in
the strong-coupling phase by dropping to the expected value cLN = 1 for the Laughlin state.
Furthermore, we have shown that in this regime, the number entropy Sn gives a good estimate
for the central charge. The number entropy can be extracted from snapshots generated routinely
by existing quantum gas microscopes. Other experimentally accessible observables like on-site
correlations, the momentum distribution and chiral currents confirm the transition from the
trivial to the Laughlin phase. Finally, we have identified the topological nature of the strong-
coupling phase by extracting the many-body Chern number.
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Fig. 3.18. Extracted central charge for ladder systems with Ly = 2. Note the qualitative difference from
the extended systems discussed above, in particular the absence of a transition toward cLN = 1 (indicated
by the dotted line).
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Fig. 3.19. On-site correlations (left) and momentum distribution in the two legs (right) for a ladder system.
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3.3.4. Coupled Chains at ν = 1

Given the existence of the Laughlin state at ν = 1/2 on an array of coupled chains and the
relevance of such systems to cold atom experiments, the natural question arises whether similar
physics can also be observed at other magnetic filling factors ν. To study this, we now reduce
the flux per plaquette to α = 1/6 while at the same time increasing the particle number density
such that we arrive at ν = 1. We argued above that on a cylinder such a system exhibits a lattice
analog of the celebrated Pfaffian state [1]. In this section we explore whether this is also the case
for an array of coupled chains with open boundary conditions in both directions. As discussed
above, the continuum coupled wire construction predicts the possible emergence of not only the
Pfaffian state with central charge cPf = 3/2, but also a strongly paired phase (cSP = 1) as well as
the so-called bilayer phase (cB = 2).

In our numerical studies, we did not find evidence of the Pfaffian state in the anisotropic
Hofstadter-Bose-Hubbard model on coupled chains for systems consisting of Ly = 3, 4, and 5
chains. However, for Ly = 4 chains close to the isotropic limit we find both the strongly paired
phase (cSP = 1) as well as the bilayer phase (cB = 2). In particular, the strongly paired state at
weak interactions is destroyed upon increasing the on-site two-body interactions in favor of the
bilayer state. We have found first evidence for this phase transition being continuous.

If not mentioned otherwise, we truncate the local Hilbert space to at most Nmax = 4 bosons
per site, justified by the dilute systems under consideration. Compared to a two- or three-particle
hard-core constraint, our truncation avoids an artificial enhancement of the Pfaffian state and
other competing (paired) states. Nevertheless, we used said hard-core three-body interactions
(Nmax = 2) to see whether we can stabilize the Pfaffian state in a parent Hamiltonian-like system,
which is not the case at the parameters studied here. In general, we find that this truncation of
the local Hilbert space only negligibly affects the states studied here.

For Ly = 3 chains and hard-core three-body interactions, we find a state with central charge
c = 1 independent of the remaining system parameters. Similarly, for Ly = 5 we only observe a
state with central charge c = 2 in the isotropic regime. We were not able to resolve this behavior
yet and further investigation is needed to understand whether this is indeed a physical feature of
the system or a result of not fully converged numerics especially for the wider, and numerically
more challenging, 5-leg system.

Before discussing our findings in detail, we would like to point out that the results presented
in this section should still be considered preliminary. In particular, various questions, briefly
mentioned at the end of this chapter, remained open at this point and will be addressed in the
near future.

Spatial Bipartitions and Central Charge

As seen in the case of the Laughlin state at ν = 1/2, the central charge allows for insights into
the particle content of the edge theory of a two-dimensional system. In particular, it provides
an important quantity in the classification of topological orders and is of key interest for the
identification of FQH states and competing states with chiral edge modes.

For the bosonic Pfaffian state at filling factor ν = 1, the central charge is predicted to be
cPf = 3/2 stemming from a bosonic (c = 1) and a Majorana (c = 1/2) edge mode. Other candidate
states at ν = 1 predicted by the coupled wire construction [174] are a strongly paired state with
only the bosonic edge mode and hence central charge cSP = 1 and a bilayer state with one
bosonic and two Majorana edge modes and central charge cB = 2.

We again perform MPS-based DMRG simulations to obtain the ground state for various sys-
tem parameters, extract the entanglement entropy, and normalize the entanglement entropy car-
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ried by a given link ℓ by the local densities at the neighboring sites x = ℓ± 1/2,

S̃(ℓ) =
2n̄(

n(ℓ− 1
2) + n(ℓ+ 1

2)
)S(ℓ). (3.42)

Furthermore, we extrapolate the entanglement entropy to infinite bond dimensions to account
for truncation effects,

S̃(ℓ;χ) = S̃(ℓ;χ→ ∞) +A log (1 + 1/χ) . (3.43)

In order to determine the central charge, we use the earlier CFT prediction relating the central
charge c to the bipartite entanglement entropy S(ℓ), namely

SCFT(ℓ) =
c

6
log

(
2Lx
π

sin

(
πℓ

Lx

))
+ g, (3.44)

where g is some non-universal constant and Lx is the length of the system [49]. This form can
be rewritten as

SCFT(λ) =
c

6
log (sin (πλ)) + const., (3.45)

where we introduced λ = ℓ/Lx and the non-constant part is independent of the system size so
that we expect a scaling collapse to be applicable. We determine the entanglement entropy for
systems of finite length Lx = 25, 33, 41, 49 and collapse them by shifting the numerical data
such that

S̃(λ;χ→ ∞) → S̃(λ;χ→ ∞)− S̃(λ = 1/2;χ→ ∞), (3.46)

that is, we subtract the size-dependent constant shift in each data set and ensure that all curves go
through S̃(λ = 1/2; ξ → ∞) = 0. We find a good collapse of the shifted entanglement entropy as
visualized by exemplifying data points in Fig. 3.20. Encouraged by the successful scaling collapse,
we extract the central charge from a fit of the CFT prediction SCFT(λ) to the complete collapsed
set.

The extracted values of the central charge for Ly = 4 are given in Fig. 3.21. For almost
isotropic hopping ty ≈ tx and weak interactions, we find an extended phase exhibiting central
charge c ≈ cSP = 1, which we associate with the strongly paired phase in the coupled wire con-
struction. Upon increasing the interaction strength, we find a transition to a phase with central
charge c ≈ cB = 2 consistent with the bilayer phase. Note that we do not find an extended
regime with central charge cPf = 3/2 and therefore do not expect the Pfaffian state to be the
ground state for the model under study using open boundary conditions in both directions.

The continuum Pfaffian state is known to be the exact ground state of hard-core three-body
repulsive interactions in the lowest Landau level [155] and we found this behavior to carry over
to lattice systems on cylinders [1]. Therefore, it might be possible to stabilize the Pfaffian state
in our system by restricting the maximal local boson number to Nmax = 2, corresponding to
a hard-core three-body repulsion. In particular in combination with weak and vanishing two-
body interactions, U/tx ≈ 0, exact diagonalization on small tori found indication of the Pfaffian
state in isotropic lattice systems [165]. However, extracting the central charge using the scaling
approach discussed above we find essentially unchanged results in the limit of isotropic hopping,
ty/tx = 1, see Fig. 3.22.

Additional Observables
While the entanglement entropy - and hence the central charge - are easily accessible in MPS-

based numerical studies, they are notoriously hard to obtain experimentally. Despite first steps
towards measurements of the central charge in quantum gas microscopy experiments, it is still

63



3. Coupled Chains: Central Charge and Snapshot-Based Detection

−4

−3

−2

−1

0

−4

−3

−2

−1

0

En
tro

py

Lx = 25, c = 1.21

Lx = 33, c = 1.16

Lx = 41, c = 1.13

Lx = 49, c = 1.11

c = 1.119± 0.032

U/tx = 4.0, ty/tx = 1.0

Lx = 25, c = 2.08

Lx = 33, c = 2.29

Lx = 41, c = 2.41

Lx = 49, c = 2.07

c = 2.257± 0.094

U/tx = 8.0, ty/tx = 0.7

0.00 0.25 0.50 0.75 1.00

−4

−3

−2

−1

0

0.00 0.25 0.50 0.75 1.00

λ = `/Lx

−4

−3

−2

−1

0

En
tro

py

Lx = 25, c = 5.18

Lx = 33, c = 4.83

Lx = 41, c = 3.8

Lx = 49, c = 4.52

c = 4.413± 0.158

U/tx = 15.0, ty/tx = 0.4
0.00 0.25 0.50 0.75 1.00

0.00 0.25 0.50 0.75 1.00

λ = `/Lx

Lx = 25, c = 2.59

Lx = 33, c = 2.03

Lx = 41, c = 2.27

Lx = 49, c = 1.99

c = 2.139± 0.116

U/tx = 15.0, ty/tx = 0.95

Fig. 3.20. Scaling collapse of the rescaled and shifted entanglement entropy extracted from MPS simu-
lations for different parameters. The fit with the CFT prediction SCFT(λ) (black solid line) is performed
using all data points in the bulk, leaving out the outermost 2 data points for each system size on both ends
of the chains.

favorable to detect and characterize interacting topological states by other means. Furthermore,
such observables might allow for a refined and enhanced understanding of both the topological
state under study itself and the quantum phase transitions between such states.

To this end, we next discuss experimentally accessible observables which are able to probe
the correlated structure of the topological states under study. In particular, we study the decay of
correlations ⟨â†x,yâx′,y⟩ along the long x-direction of the system and the momentum distribution
in the outermost leg, y = 1.

Correlations along the chains We start our discussion with the two-point correlations
⟨â†x,yâx′,y⟩. In particular, we note that these correlations are expected to decay rapidly in the
bulk of a topologically ordered system. Inspired by the explicit form of the decay for the Laugh-
lin state [195], we expect a decay of the form

∣∣∣⟨â†x,yâx′,y⟩
∣∣∣

√
⟨n̂x,y⟩ ⟨n̂x′,y⟩

∝ e−
(x−x′)2/(4ξ2) + const., (3.47)

where the constant contribution is added to account for finite-size effects. Using this predic-
tion, we can perform a fit of the numerical data to extract the correlation length for different
parameters. Examples of the fit are given in Fig. 3.23.

64



3.3. Fractional Chern Insulators on Coupled Chains

0.2 0.4 0.6 0.8 1.0

ty/tx

5

10

15

U
/t
x

0.2 0.4 0.6 0.8 1.0

ty/tx

0 1 2 3 4 5 6
central charge c

0.0 0.1 0.2 0.3 0.4 0.5
error

Fig. 3.21. Central charge c and its error as extracted from the bipartite entanglement entropy using a
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Fig. 3.24. Correlation length ξ of the normalized correlations | ⟨â†x,yâx′,y⟩ |/
√

⟨n̂x,y⟩ ⟨n̂x′,y⟩ along the
long direction of the chains for different chain lengths Lx. We find a characteristic change of behavior as
the putative phase boundary between the strong pairing phase (cSP = 1) and the bilayer phase (cB = 2)
is crossed. In particular, the correlation length in the bilayer phase is likely to be consistent with the
correlation length ξLN = ℓB ≈ a of a Laughlin state at ν = 1/2, see also Fig. 3.25.

We find that for all system sizes considered here the correlation length differs significantly
between the regions where we found c = 1 and 2 respectively, see Fig. 3.24. In particular, we
find the correlation length to change from ξSP/a ≈ 2 in the strong pairing phase (cSP = 1)
to ξB/a ≈ 1 in the bilayer phase (cB = 2). Given the magnetic length ℓB = a/

√
2πα ≈ a, it

seems reasonable to (approximately) identify the correlation length ξB in the bilayer phase with
the magnetic length. This is also in agreement with the interpretation of the bilayer phase as a
two-fold copy of a Laughlin state at ν = 1/2, which is also expected to exhibit ξLN ≈ ℓB [195].

We note in passing that for both phases discussed here the correlation length is significantly
shorter than the system size Lx. Furthermore, upon systematically truncating the MPS at bond
dimensions smaller than χ = 4000 used above, we observe a light increase of the correlation
length with increasing bond dimension, see Fig. 3.25. Additionally, we find a significant increase
of ξ close to the critical interaction strength Uc/tx ≈ 6 possibly indicating a divergence of ξ
in the thermodynamic limit. We interpret this as first indication for the phase transition being
continuous. Before concluding our analysis of the correlation length, we would like to point
out that for smaller ty/tx there is a change in the correlation length in the systems studied here.
While the data obtained so far is not convincing enough on its own, this might be a first indication
of the phase boundary of the bilayer phase as the inter-chain coupling is varied. Ultimately the
system will undergo a phase transition to a state consisting of Ly decoupled Luttinger liquids,
however the exact position of the phase transition - as well as whether there are additional phases
at intermediate ty/tx - could not be resolved yet.
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Fig. 3.25. Correlation length ξ in an isotropically coupled system as function of the interaction strength
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the bond dimension is increased close to the phase transition from between the strongly paired and the
bilayer phase at Uc/tx ≈ 6. Close to this point also the correlation length itself is enhanced, which might
be another indication of a true divergence in the thermodynamic limit.
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Fig. 3.26. Momentum distribution ny=1(kx) on the edge (y = 1) as function of interaction strength U/tx
for selected values of the hopping anisotropy ty/tx for a system of Lx = 33 sites in the long direction.
We observe different chiral edge modes at kx ̸= 0 for parameters consistent with the c = 1 and 2 phases
discussed above.

Momentum distribution at the edge Having analyzed the bulk correlations we now turn
to the edge of the system at hand. In particular, we calculate the momentum distribution at the
edge given by

ny(kx) =
1

Lx

∑

x,x′

e−ikx(x−x
′) ⟨â†x,yâx′,y⟩ , where kx =

2πm

Lx
, m = 0, . . . , Lx − 1. (3.48)

Both the strongly paired state and the bilayer state exhibit chiral edge modes as was discussed
in some detail for the continuum case and is also evident from the central charge. Therefore, we
expect at least one peak in the momentum distribution ny=1(kx) at the edge with finite kx for
both phases, potentially with different positions of the peak as we cross the phase transition.

Starting out in the limit of weakly coupled chains, ty/tx = 0.2, we find a peak of the mo-
mentum distribution at kx = 0, see Figs. 3.26 and 3.27. In particular, this mode persists for all
values of U/tx in this limit. Upon increasing the inter-chain hopping, we observe a broadening
and a shift of the peak towards some finite kx > 0. We note, however, that while the broadening
of the peak is visible for all U/tx, a clear shift of the peak position is first observable in the limit
of weak interactions. Furthermore, in the regime of sufficiently weak interaction for the c = 1
strongly paired phase to emerge, U/tx ≤ 5, we find a second shift of the peak position to even
larger momenta upon increasing the inter-chain coupling ty/tx further. In particular, the posi-
tion of this second shift coincides with the position of the phase transition as obtained from the
central charge. While the momentum distribution in the strongly paired phase is surprisingly
sharply peaked around kSPx ≈ π

2 , in the bilayer phase the peak is less pronounced and at smaller
momentum.

The position of the intermediate peak for sufficiently weak interactions at ty/tx ≤ 0.7 does
not coincide with the value for neither that one in the strongly paired phase nor the one in the
bilayer phase. At this point, it remains open whether this regime is actually a distinct phase or a
transition region arising due to finite size effects.

From these results it seems promising that the momentum distribution at the edge is not only
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Fig. 3.27. Momentum distribution ny=1(kx) on the edge (y = 1) as function of hopping anisotropy ty/tx
for selected interaction strengths U/tx for a system of Lx = 33 sites in the long direction. We see the
emergence of different chiral edge modes at kx ̸= 0 as the system enters the topological phases with c = 1
and 2. Furthermore, we find a transient regime for small U where the momentum is peaked at yet another
value.

70



3.3. Fractional Chern Insulators on Coupled Chains

Fig. 3.28. Schematic phase diagram of the Hofstadter-Bose-Hubbard model on Ly = 4 coupled chains at
α = 1/6 and ν = 1.

able to resolve the transition from topologically trivial Luttinger liquid states (ty/tx → 0), but
also to distinguish the emergent topological phases. To conclude our discussion of the Ly = 4-
leg system, we found evidence for essentially four qualitatively different regions in the parameter
regime studied here, summarized in our preliminary phase diagram in Fig. 3.28:

• A topologically trivial phase connected to the Luttinger liquid limit in the weakly coupled
limit ty/tx → 0. This state is characterized by the absence of a chiral edge mode and
central charge c ≈ Ly .

• The strong pairing phase with central charge c = 1 for weak interactions and strong inter-
chain coupling. For this state we find a clearly visible chiral edge mode at kSPx ≈ π

2 and a
correlation length of ξ/a ≈ 2 for bulk correlations along x.

• The bilayer phase with c = 2 at stronger interactions and sufficiently strong inter-chain
coupling, which is characterized by a fairly spread out momentum distribution along the
edge which is weakly peaked at some finite kBx > 0. This state also exhibits short-ranged
bulk correlations with a correlation length of ξ/a ≈ ξ/ℓB ≈ 1 which hints towards a close
connection to the Laughlin state.

• A transient regime at weak interactions and intermediate inter-chain hopping,
ty/tx ∈ [0.4, 0.7], evident from the momentum distribution of the edge state. At this stage
of our analysis it remains unclear whether this is yet another robust phase or a finite size
effect in the transition region from the c = Ly trivial phase to the strongly paired phase
with c = 1. In this regime the central charge takes values consistent with c ≈ 3, see
Fig. 3.29, however with significant error bars, so that the exact nature of these features has
yet to be investigated further.

Dependence on System Size
So far, we focused on systems of Ly = 4 chains. To see whether the behavior found there

carries over to other system sizes, we now study arrays of Ly = 3 and 5 chains. As we observed
earlier that truncating the local Hilbert space at Nmax = 2 does not affect the qualitative fea-
tures of the ground states, we impose this truncation from now on for numerical convenience.
Furthermore, we perform MPS simulations with bond dimensions up to χ = 4000 which were
sufficient to represent both the strongly paired and the bilayer state for Ly = 4.

Using again a data collapse for different system sizes (Lx = 25, 37, 49, 61 for Ly = 3 and
Lx = 19, 25, 31 for Ly = 5), we can extract the central charge as function of ty/tx and U/tx,
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Fig. 3.29. Central charge as a function of ty/tx in the weakly interacting regime. We observe a transient
regime at ty/tx ∈ [0.4, 0.7] where the central charge takes values consistent with c = 3 before entering
the strongly paired phase with cSP = 1.

see Fig. 3.30. We find a qualitatively different behavior for both system sizes Ly = 3 and 5,
which do not only differ from Ly = 4 studied above, but also among each other. In particular, we
find arrays of three chains to exhibit the strongly paired phase with c = 1 for most parameters
considered here. The expected increase of the central charge at small ty/tx is first visible in
strongly interacting systems.

In contrast, the 5-leg system exhibits not only a clear increase of the central charge below
ty/tx ≲ 0.5 close to the expected value c(ty = 0) = Ly = 5, but also an almost constant central
charge c = 2 close to the isotropic limit, ty/tx ≈ 1, independent of U . Most interestingly,
apart from minor variations of the numerical value, the central charge remains close to the value
consistent with the bilayer phase even in the limit of weak interactions, where previously we
found the strongly paired phase.

At this point, it is not entirely clear what causes this drastic change compared to the rich
phase diagram on Ly = 4 chains. While we cannot completely exclude numerical uncertainties
yet, we believe our results to be at least indicative of a qualitatively different physical behavior
due to finite system sizes. We would like to remind the reader of the size-dependent behavior
found during our analysis of a related problem at ν = 1/2 presented above [2]. In particular, in
that context systems of an even number of chains seemed to host current vortices at intermediate
inter-chain coupling. While we did not examine the currents arising in the systems considered
here, this will be an interesting starting point for future investigations.

We would like to point out the importance of our findings in small systems in view of current
experimental capabilities. State-of-the-art cold atom experiments are capable of realizing frac-
tional quantum Hall states of a few particles on small systems. In particular, a recent experiment
by Léonard et al. [25] was able to realize a Laughlin state at ν = 1/2 of two particles on 4 × 4
sites. Growing long systems of coupled chains from an array of such 4 × 4-patches might be
a promising route towards the realization of systems comparable to those investigated above.
While ultimately it is desirable to realize any given number of chains in cold atom quantum sim-
ulators, for now a starting point of four chains is not only in reach experimentally, but also hosts
competing interacting topological phases. In any case, the question whether it might eventually
be possible to realize other exotic states of matter, most prominently the Pfaffian state, in larger
systems remains open at this stage and further clarification is needed.
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Fig. 3.30. Central charge c as extracted from the bipartite entanglement entropy using a scaling collapse.
For Ly = 3 (upper row) we only find a state with c ≈ cSP = 1, but not the bilayer phase at cB = 2.
In contrast, for Ly = 5 (lower row) we find a large region with central charge c = 2 even for small
interaction strengths, which is interpreted as the bilayer phase. For smaller ty/tx, we find an increase of
the central charge close to the predicted value c(ty = 0) = Ly in the limit of decoupled chains.
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Preliminary Conclusions and Outlook
We conclude our discussion of arrays of coupled chains at ν = 1 by briefly summarizing

our results. For systems of Ly = 4 chains we found clear evidence for at least three distinct
phases. In the limit of weak inter-chain coupling we find a topologically trivial Luttinger liquid-
like phase. Upon increasing the inter-chain hopping the system undergoes transitions towards
topological phases with chiral edge modes. At weak interactions we find the strong pairing phase
most prominently characterized by its central charge cSP = 2, whereas at stronger repulsion we
find the bilayer phase with central charge cB = 2. Note that we did not find evidence for the
emergence of the Pfaffian state, cPf = 3/2, in our analysis.

All three states found in our numerics show clear signatures in the momentum distributions
along the edge. The topological states also show a characteristic exponential decay of correla-
tions along the chain in the bulk. At ty/tx = 1, the correlation length of this decay shows a first
sign of a divergence as the interaction strength approaches the critical value Uc for the transi-
tion between strong pairing and bilayer phase, hence hinting towards the phase transition being
continuous.

At sufficiently weak interactions we also observe a transient regime where a first analysis
hints towards another state with central charge c = 3. The nature of this state could not be
resolved completely yet and we cannot exclude finite size effects at this point.

A first analysis of arrays of Ly = 3 and 5 chains shows a qualitatively different behavior of
the ground state. Most prominently, the bilayer phase seems to be absent for interactions up to
U/tx = 10 on three chains. In contrast, the strong pairing phase at small U/tx does not emerge
for any repulsive interaction in a system consisting of five chains. While we could not resolve
this dependence on system size yet, we consider it an interesting feature to be in reach for an
experimental study using existing cold atom platforms.

The analysis of the ν = 1 case is still work-in-progress. Not surprisingly, various ques-
tions are still open and deserve a more detailed analysis. Most strikingly, the aparent absence
of the Pfaffian state in systems with open boundary conditions studied here poses an interest-
ing challenge. Apart from our study of a related system on a cylinder discussed above [1], also
exact diagonalization studies of tori found the Pfaffian state at sufficiently weak Hubbard re-
pulsion [165]. We believe that studying the particle entanglement spectrum of the states found
here might give further insight into this discrepancy [50, 165]. Furthermore, a dependence on
the topology of the underlying space (strip, cylinder, or torus) is worth exploring in light of the
varying capabilities of different experimental platforms to realize these topologies.

Connecting the strips studied here to extended cylinders also allows for additional numerical
insight: An adiabatic flux insertion protocol similar to that used above in the Laughlin case might
reveal differences in the Hall response of the various phases found here. Furthermore, spatial
bipartitions along the cylinder axis would allow for an extraction of the momentum resolved
spatial entanglement spectrum of the edge and hence a classification of the edge states.

Finally, finding a mechanism to stabilize the Pfaffian state on strips is of prime importance to
near-future cold atom experiments. Also, developing novel protocols to couple to and probe the
emergent Majorana edge mode would be a highly worthwhile endeavor building on our recent
progress [196].
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3.4. Summary and Outlook

Our extensive numerical studies of the anisotropically coupled Hofstadter-Bose-Hubbard
system found a variety of ground state phases. In particular, we found that tuning the hop-
ping anisotropy can induce phase transitions from weakly coupled Luttinger liquid-like states to
topologically ordered states close to the isotropic limit.

For the case of magnetic filling factor ν = 1/2 we found a transition to the bosonic Laughlin
state at strong but finite repulsive interactions. Numerically, the topological nature of the state
at isotropic coupling is evident from a sharp drop of the central charge from c = Ly in the trivial
phase to c = 1 in the Laughlin phase. An explicit evaluation of the many-body Chern number
provides additional evidence for the topological phase transition. Experimentally, the central
charge on both sides of the phase transition can be estimated using Fock basis snapshots by ap-
proximating the entanglement entropy by the particle number entropy. Also more conservative
observables like the suppression of two-particle on-site correlations or the finite momentum of
its chiral edge modes allow for a detection of the topologically ordered Laughlin state. The sys-
tem studied here, consisting of tunably coupled chains, provides a promising route towards the
adiabatic preparation, detection and characterization of interacting topological states of matter
using existing experimental techniques. Measuring the entanglement entropy using more than
one basis has been proposed [197, 198] and might give further insight into similar systems.

Increasing the magnetic filling factor to ν = 1, we find even more exotic topological phases.
While we did not find evidence of the celebrated Pfaffian state, we found evidence for a strong
pairing phase and a bilayer phase, depending on the strength of the on-site repulsion. The transi-
tion between these phases manifests in significant changes of the central charge, the correlation
length, and the momentum distribution in the edge. The preliminary results of our study of this
system raise many interesting questions which will be addressed in future studies: How does the
strip geometry connect to cylinders and tori? Is it possible to stabilize the Pfaffian state on open
strips? And what are realistic detection schemes for the various topological phases in cold atom
experiments?
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4 Towards Large Systems:
Coupling Fractional Chern Insulators

4.1. Introduction and Outline

Having access to large fractional Chern insulators (FCIs) of many particles is desirable, es-
pecially from a conceptual point of view. This reduces finite size effects and allows for a reliable
extrapolation to the thermodynamic limit. Apart from this technical point, studies involving
quasiparticles and especially their braiding behavior require system sizes significantly larger
than the magnetic length. At the same time, cold atom experiments studying FCIs are still lim-
ited to small particle numbers, with a recent first realization of a ν = 1/2 Laughlin state of two
atoms on 4 × 4 sites [25]. While in the thermodynamic limit topologically ordered states are
separated from trivial ones by a gap closing, small systems exhibit a significant finite size gap.
Therefore, small systems are advantageous for the adiabatic preparation of topologically ordered
states from trivial states.

However, experiments ultimately aim for true many-body states in large systems. Among the
main goals of cold atom experiments on FCIs is the direct observation of (non-Abelian) anyon
braiding, which necessarily requires enough particles to realize quasiparticle or quasihole states
as well as large enough systems to move the particles around each other in real space. Other
objectives also require extended systems, for example the direct measurement of the central
charge as those proposed in the previous chapter [2, 5]. Therefore, it is of prime importance
to develop protocols taking the existing experiments to their true potential by growing large
systems.

In this chapter we propose to couple existing Laughlin states of two bosons on 4× 4 sites to
achieve this goal. We analyze different promising protocols, varying local hopping amplitudes
and potential barriers, to first connect two patches to grow a Laughlin state of four bosons in
Sec. 4.2. Afterwards, in Sec. 4.3 we extend our protocol to grow extended chains of up to five
patches hosting ten particles in total, thus ending up with a total system size of 20× 4 sites. We
compare different protocols for tuning the hopping amplitudes and provide first evidence for the
scalability of a particularly simple approach. Finally, in Sec. 4.4 four patches are connected in a
square geometry of 9×9 sites hosting eight bosons, allowing for the direct preparation of a large
Laughlin state in a geometry which is promising for future braiding experiments. This chapter
is based on preliminary results which are yet to be published [6].

We study the Hofstadter-Bose-Hubbard model in the Landau gauge on a square lattice of
dimensions Lx × Ly :

ĤLx×Ly = −t
∑

x,y

(
â†x+1,yâx,y + e2πiαxâ†x,y+1âx,y +H.c.

)
+
U

2

∑

x,y

n̂x,y (n̂x,y − 1) . (4.1)

Here, â(†)x,y annihilates (creates) a boson at site (x, y) and n̂x,y = â†x,yâx,y is the particle number
operator. We consider strong but finite Hubbard repulsion realistic for cold atom experiments,
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Fig. 4.1. Hopping protocol: Coupling two 4 × 4 Hofstadter-Bose-Hubbard patches with N = 2 particles
in each half of the system, indicated by the blue and red shading respectively. The parameter tcoupling is
dynamically adjusted to connect the initially decoupled patches into one extended system.

U/t = 8, and infinitely strong Hubbard repulsion, U/t = ∞. While we will comment on the
differences between the two cases below, we already mention that the exact value of the (strong)
Hubbard repulsion does not affect the results significantly.

In our simulations, we make use of exact diagonalization for small systems and tensor net-
work methods for larger systems. In particular, we use the SyTen toolkit [138] to perform density
matrix renormalization group (DMRG) [135–137] simulations for static properties and its imple-
mentation of the time-dependent variational principle (TDVP) [199, 200] for dynamical calcula-
tions.

4.2. Coupling Two 4× 4-Patches

While the details of the experimental protocol might differ between realizations, we envision
two closely related approaches to grow extended FCIs from existing patches. On the one hand,
we will consider completely decoupled patches which are then connected by turning on a local
hopping tcoupling between the two patches. On the other hand, we will start from a system of
9× 4 sites with a strong potential barrier Vbarrier on the center column, splitting the system into
two 4 × 4-patches. Turning off the potential barrier we can grow an extended FCI state in the
enlarged system.

4.2.1. Hopping Protocol: Turning on Local Hoppings

We start our study by discussing the “hopping protocol” for which we begin with two decou-
pled 4×4-patches which are then coupled by a local hopping at the edge connecting the patches,
see Fig. 4.1. To this end, we consider the modified Hamiltonian

Ĥ2p(tcoupling) = Ĥ(1)
4×4 + Ĥ(2)

4×4 − tcoupling

4∑

y=1

(
â†5,yâ4,y +H.c.

)
, (4.2)

where the first two terms describe the two decoupled patches, while the last term describes the
coupling between the two patches.

Static Properties
To gain some intuition for the time and energy scales involved in an adiabatic coupling of

the two patches, we determine the many-body gap ∆ between the ground state and the first
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Fig. 4.2. Hopping protocol: (a-c) Many-body gap ∆ obtained from the exact diagonalization of a system
of two coupled 4 × 4-patches for (a) U/t = ∞ and (b, c) U/t = 8. We tune both the flux per plaquette
α and the coupling strength tcoupling between the two patches. Panel (c) is a zoom-in of (b) focusing on
the regime relevant to the ν = 1/2 Laughlin state, characterized by the opening of the many-body gap
in the decoupled patches at α ≈ 0.25. Note that in this regime the gap remains open for all tcoupling
and therefore provides a promising path for adiabatic state preparation. (d-f) Many-body Chern number
CStreda obtained using Středa’s formula. In the gapped region discussed before we find CStreda = 1/2 as
expected for the ν = 1/2 Laughlin state.

excited state. To this end, we perform an exact diagonalization of the full Hamiltonian for varying
coupling strength tcoupling and flux α. The results given in Fig. 4.2 indicate the possibility to grow
a larger Laughlin state from two decoupled Laughlin states by slowly increasing the inter-patch
coupling tcoupling at fixed flux α ≈ 0.3. In particular, we note that this result holds true for both
hard-core bosons (U/t = ∞) and for finite Hubbard repulsion (U/t = 8).

To further confirm the topological nature of the ground state, we extract the many-body
Chern number using Středa’s formula [201, 202],

CStreda = 2π
∂n̄

∂φ
=
∂n̄

∂α
, (4.3)

where n̄ is the bulk density of the system. We consider the central 4× 2 sites to form the bulk of
the sample and find the Chern number in the gapped phase around α ≈ 0.3 to be C = 1/2, see
Fig. 4.2. This agrees with the expectation for the continuum Laughlin state at ν = 1/2, so that we
conclude that the homogeneously coupled system at tcoupling = t indeed hosts a lattice analog
of this topologically ordered target-state.
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Fig. 4.3. Hopping protocol: Target-state fidelity of the time-evolved state |Ψ(τ)⟩ for various preparation
times T upon linearly coupling two patches.

Time-Evolution
Motivated by these findings, we consider a simple preparation protocol, where the hopping

amplitude between the two patches is increased linearly over time τ during a finite preparation
time T ,

tcoupling(τ) =
τ

T
t, (4.4)

while the magnetic flux per plaquette is kept fixed, α = 0.3. Integrating the time-dependent
Schrödinger equation we calculate the time-evolution of the initial product state

|Ψinitial⟩ = |Ψ(τ = 0)⟩ = |Ψ(1)
0 ⟩ ⊗ |Ψ(2)

0 ⟩ , (4.5)

where |Ψ(k)
0 ⟩ is the ground state in the initially decoupled 4×4-patches labeled by k. Our target-

state |Ψtarget⟩ is the ground state of the large 8×4-system. We determine the target-state fidelity
of the time-evolved state |Ψ(τ)⟩, which is defined as

F(τ) = | ⟨Ψtarget|Ψ(τ)⟩ |2. (4.6)

Already without any further optimization of the preparation path, we find a final fidelity
Ffinal = F(T ) > 0.9 for preparation times Tt ≥ 40, see Fig. 4.3. In our simulations, we consid-
ered a path along which the minimal many-body gap is ∆min ≈ 0.09t. Note, however, that for
most of the ramp the many-body gap is significantly larger, so that an improved, potentially non-
linear, ramp of the coupling is expected to result in shorter preparation times with comparable
target-state overlap.

Entanglement Growth
While the initial state is a product state for which the entanglement entropy between the

patches vanishes, S(τ = 0) = 0, the target-state is clearly an entangled state, S(τ = T ) > 0.
Next, we will probe this behavior and provide additional insight into the build-up of entangle-
ment.

Matrix product states (MPS) allow for a particularly simple extraction of the bipartite entan-
glement entropy between spatial subsystems. Therefore, we perform time-evolution simulations
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Fig. 4.4. Hopping protocol: In the upper panel, the target-state fidelity of the state obtained performing the
time-evolution via TDVP for an MPS (green dotted line) and exact diagonalization (shaded green line) are
in excellent agreement. We find a large overlap of the time-evolved state with the instantaneous ground
state at all times (gray line). Furthermore, we observe the expected entanglement growth (lower panel) as
the two patches are coupled both for the time-evolved state (green) and the instantaneous ground state
(gray). Inset: The excess entropy in the time-evolved state at τ/T = 1 is attributed to a small population
of excited states. Data is given for U/t = ∞, Tt = 40 and NTrotter = 40.

using the time-dependent variational principle (TDVP) method for MPS and track the entangle-
ment entropy S(τ) between the two 4× 4 subsystems. To this end, we perform a Trotterization
of the time-evolution operator,

Û = T
∫ T

0
dτ e−iτĤ2p(τ) ≈

NTrotter∏

n=0

e−iδτĤ2p(τn), (4.7)

where δτ = T/NTrotter, τn = nδτ , and Ĥ2p(τ) = Ĥ2p(tcoupling(τ)). In particular, we consider a
preparation time of Tt = 40 and achieve convergence in the Trotter step size for NTrotter = 40.

In our time-evolution simulation, we find the expected growth of entanglement as the patches
are connected, see Fig. 4.4. In particular, the final entanglement entropy is slightly higher than
in the instantaneous ground state of the 8× 4 system, S0(tcoupling), see also the inset in Fig. 4.4.
We attribute this to excitations to higher states as we connect the patches.

Conclusions
Based on the static many-body gap and our time-evolution simulations, we conclude that

it is in principle possible to prepare an extended Laughlin state in cold atom experiments by
connecting two originally independent patches of 2 particles on 4× 4 sites. We find that target-
state fidelities of Ffinal > 0.9 can be achieved for preparation times on the order Tt ≳ 40, even
without further optimization of the preparation path. We consider this a (numerical) proof-of-
principle for the adiabatic preparation of large Laughlin states from 4× 4-patches.
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Fig. 4.5. Barrier protocol: Coupling two 4 × 4 Hofstadter-Bose-Hubbard patches with N = 2 particles
in each half of the system, indicated by the blue and red shading respectively. The patches are separated
by a local potential barrier (green region), which is dynamically lowered to connect the patches into one
extended 9× 4 system.

4.2.2. Barrier Protocol: Turning off a Potential Barrier

Reassured by this proof-of-principle, we next turn to an alternative preparation protocol.
Here, we propose to start from a system of size 9× 4, initially split into two halves by a tunable
potential barrier. The Hamiltonian for such a system, using what we call the "barrier protocol",
reads

Ĥ2p(Vbarrier) = Ĥ9×4 + Vbarrier

4∑

y=1

n̂5,y, (4.8)

where Vbarrier/t is the height of the potential barrier, see Fig. 4.5.

Static Properties
Again, we diagonalize the Hamiltonian exactly for hard-core bosons (U/t = ∞) and finite

Hubbard repulsion (U/t = 8) and find an adiabatic path from the decoupled regime to the fully
coupled system without any barrier, see Fig. 4.6. In particular, we note that already relatively
weak local potentials, Vbarrier/t ≈ 1, provide a sufficient barrier to split the system into two
parts. Note however, that while the excitation gap is almost constant above Vbarrier/t = 0.5, the
microscopic structure might still differ from the completely decoupled limit. We will encounter
this behavior below in the analysis of our time-evolution simulations.

Calculating the Chern number using Středa’s formula as above, we again find evidence for a
topologically non-trivial state in the gapped regime. Furthermore, the extracted Chern number
CStreda ≈ 1/2 agrees with the expectation for the 1/2-Laughlin state. We attribute the deviations
from the exactly quantized value to the small size (3× 2) of the central bulk region used.

Time-Evolution: Linear Ramp
Performing a similar time-evolution protocol as above, we again calculate the overlap of the

time-evolved product state with the target-state for a time dependent potential barrier of the
form

Vbarrier(τ) = V0

(
1− τ

T

)
, (4.9)

where we fix the initial potential barrier V0 = 5t in our time-evolution calculations. Our sim-
ulations are done for constant flux per plaquette α = 0.3. We find that, as for the hopping
protocol, the target-state fidelity is already substantial (Ffinal ≈ 0.6) for relatively short ramp
times (Tt ≈ 20), see Fig. 4.7. However, the simple linear ramp of the barrier does in general not
give as good target-state overlap as a direct coupling of the two patches discussed before.
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Fig. 4.6. Barrier protocol: (a-c) Many-body gap ∆ obtained from the exact diagonalization of a system of
two coupled 4×4-patches for (a) U/t = ∞ and (b, c) U/t = 8. We tune both the flux per plaquette α and
the height of the potential barrier Vbarrier between the two patches. Panel (c) is a zoom-in of (b) focusing
on the regime relevant to the ν = 1/2 Laughlin state, characterized by the opening of the many-body
gap in the decoupled patches at α ≈ 0.25. Note that in this regime the gap remains open for all Vbarrier
and therefore provides a promising path for adiabatic state preparation. (d-f) Many-body Chern number
CStreda obtained using Středa’s formula. In the gapped region discussed before we find CStreda ≈ 1/2 as
expected for the ν = 1/2 Laughlin state.
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Fig. 4.7. Barrier protocol: Target-state fidelity of the time-evolved state |Ψ(τ)⟩ for varying preparation
times T upon linearly turning off the potential barrier, starting from Vbarrier(τ = 0) = V0 = 5t. The
target-state overlaps are significantly smaller than for the hopping protocol discussed above.

Time-Evolution: Two-step Ramp
Next, we modify the protocol by splitting up the turn-off of the potential barrier into two

parts. Specifically, we reduce the barrier from Vbarrier(0) = V0 = 5t to Vbarrier(T1) = t over a
time T1 < T . Then, we slowly turn off the barrier completely during a second time T − T1. We
can write this piecewise linear function as

Vbarrier(τ) =

{
T1−τ
T1

V0 +
τ
T1
t for τ ≤ T1,

T−τ
T−T1 t for τ ≥ T1.

(4.10)

The two parts of the modified ramp can be intuitively understood as follows: The first part,
τ ≤ T1, takes the system from the essentially decoupled regime to a point closer to the coupled
case. The non-trivial evolution from an (approximate) product state of decoupled patches to the
correlated state in the fully coupled limit is performed in the second part, τ ≥ T1. Instead of
performing the entire time-evolution at the same ramp speed, the region of smaller many-body
gaps (i.e. small Vbarrier/t) is traversed slower compared to the simple linear ramp.

Unsurprisingly, the modified ramp performs better at reaching high fidelity with the target-
state at fixed total ramp time, see Fig. 4.8. We also monitor the entanglement entropy for both
barrier protocols, where we clearly see the quenched nature of the time evolution as a jump of the
entanglement entropy from S(τ = 0) = 0 (initial product state) to (τ > 0) > 0, see Fig. 4.9. This
is again a consequence of the initial state not being an exact eigenstate of the time-dependent
Hamiltonian already at τ = 0.

Here, we only perform some exemplifying time-evolution simulations to show the general
advantage of piecewise linear ramps over a simple linear ramp. We believe further improve-
ment to be possible by using more complicated ramp profiles which can be optimized using, for
example, machine learning techniques.
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4.2. Coupling Two 4× 4-Patches

Fig. 4.8. Two-step barrier protocol: Target-state fidelity of the time-evolved state for varying preparation
times T upon turning off the potential barrier in two linear steps, starting from Vbarrier(τ = 0) = V0 = 5t.
We vary the intermediate time T1 at which the piecewise linear ramp passes through Vbarrier(τ) = t
(indicated by vertical lines).
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Fig. 4.9. Barrier protocol (left column) and two-step barrier protocol (right column): In the upper row ,
the target-state fidelity of the state obtained performing the time-evolution via TDVP for an MPS (green
dotted lines) and exact diagonalization (shaded green lines) are in excellent agreement. Furthermore, we
observe the expected entanglement growth (lower row) as the two patches are coupled both for the time-
evolved state (green) and the instantaneous ground state (gray). Note the jump from S(τ = 0) = 0
to S(τ > 0) > 0 due to the quench-like time evolution. Data is given for U/t = ∞, Tt = 40 and
NTrotter = 1600.
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Fig. 4.10. Target-state fidelity of the final time-evolved state |Ψ(τ = T )⟩ for the preparation protocols
discussed above. We find good performance of all protocols for sufficiently slow ramps with the hopping
protocol out-performing both the one- and two-step barrier protocols.

Conclusions
We conclude from our simulations that the barrier protocol provides an alternative route for

growing extended Laughlin states in optical lattices. The results of our study are summarized in
Fig. 4.10. While linearly turning off the barrier results in low target-state fidelities, optimizing
the ramp allows for fidelities comparable to the hopping protocol.

4.3. Super-Chains: Coupling More Patches

Our earlier numerical studies [2] found extended chains to provide interesting new insights
involving the edge theory of FCI states. Here, we explore the possibility to couple more than two
patches in an elongated system which we will call a super-chain. The Hamiltonian describing
such a super-chain reads

Ĥchain

({
t
(k)
coupling

})
=

Npatches∑

k=1

Ĥ(k)
4×4 −

Npatches−1∑

k=1

t
(k)
coupling

4∑

y=1

(
â†4k+1,yâ4k,y +H.c.

)
. (4.11)

The couplings between the different patches may be adjusted independently. As systems of
Npatches = 3, 4, 5 patches become too large to be treated with exact diagonalization, we turn
to simulations based on matrix product states (MPS) to first find the low-lying states of the sys-
tem and afterwards perform time-evolution.
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Fig. 4.11. Super-chains: Coupling Npatches = 3, 4 or 5 patches into a super-chain results in essentially
unchanged behavior for the many-body gap ∆/t (a-c) and the entanglement entropy between the first
patch and the remaining system (d-f). While the gaps are quantitatively smaller than for the case of
Npatches = 2 (see Fig. 4.2), the relatively large gap related to the Laughlin state on a single patch remains
clearly visible in all cases.

Static Properties

We start with a system of homogeneous couplings, t(1)coupling = . . . = t
(Npatches−1)
coupling = tcoupling,

and restrict our analysis to the case U/t = ∞. Given our earlier findings we do not expect
qualitative changes in the case of finite Hubbard repulsion.

We calculate the many-body gap ∆ using DMRG searches for the ground state and the first
excited state. Furthermore, we extract the entanglement entropy S(1) between the first patch
and the rest of the system from the ground state MPS.

Irrespective of the number of patches, we find a gapped state connected to the Laughlin state
at α ≈ 0.3 on a single patch, see Fig. 4.11. The gap around α ≈ 0.3 persists for all values
of the coupling between the patches, so that we believe an adiabatic preparation of elongated
systems from smaller patches to be realistic. At the same time, the entanglement between the
first patch and the remaining system remains relatively small compared to the gapless states at
larger and smaller flux per plaquetteα. We interpret this as additional indication for the Laughlin
state extending to large systems, as the Laughlin state is known to exhibit weak (long-range)
entanglement.

Time-Evolution

As for the two-patch systems above, we perform time-evolution simulations starting from a
product state

|Ψinitial⟩ =
Npatches⊗

k=1

|Ψ(k)
0 ⟩ . (4.12)
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Fig. 4.12. Super-chains: Target-state fidelity F and entanglement entropy S(1) of the first patch upon
linearly coupling all patches simultaneously.

We employ the time-dependent variational principle (TDVP) to evolve the MPS representing the
initial state. We evolve the state with the time-dependent form of the Hamiltonian in Eq. (4.11),
where the time-dependence enters via the change of the hopping amplitudes t(k)coupling(τ). In all
our simulations we keep the flux per plaquette fixed to α = 0.3.

Coupling All Patches at Once

In a first attempt to grow extended systems in the Laughlin regime, we couple all patches
simultaneously, see Fig. 4.12. This first simple protocol provides target-state fidelities of F > 0.8
for Tt = 100. However, the target-state overlap at the end of the ramp clearly decreases as more
patches are added. While this limits the scalability beyond a certain system size, we are confident
that extended systems similar to those studied in Chapter 3 are within reach. Nevertheless, we
next study two alternative protocols to grow extended systems from originally decoupled patches
to see whether we can reach even higher target-state fidelities in large systems.

Iteratively Coupling Pairs of Patches

For an even number of patches it might be favorable to first couple them in pairs of two
patches before coupling the pairs among each other. We investigate this concept for a set of
Npatches = 4 patches. In particular, we split the preparation time T in equal intervals, such
that we first couple two patches each to form two pairs (τ ≤ T/2) and then connect the pairs
(τ > T/2).

For Tt = 40 and 100 we find that this protocol yields target-state fidelities which are signif-
icantly lower than those from a simultaneous coupling of all patches, see Fig. 4.13. Furthermore,
the time-evolved state exhibits larger entanglement entropy than the target-state.

The protocol under study leads to a large fraction of the state being excited to higher states.
We attribute this to the relatively fast ramp in the first half of the preparation, when connecting
pairs of two patches. Extending this time period might result in higher overlaps at the end of the
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Fig. 4.13. Super-chains: Target-state fidelity F and entanglement entropy S(1) of the first patch upon first
growing two pairs of patches (τ/T < 0.5) and afterwards connecting the pairs (τ/T ≥ 0.5). The gray lines
in the upper panel indicate the overlap achieved when all hoppings are ramped up simultaneously. The
inset in the lower panel visualizes the different intra- (t(1) = t(3)) and inter-pair (t(2)) coupling strengths.

complete ramp.

Attaching One Patch at a Time

We conclude our analysis of the super-chain setup by studying a protocol where the patches
are attached one after the other. In particular, we linearly ramp up the couplings t(k)coupling,
k = 1, . . . Npatches − 1, between the patches consecutively:

t
(k)
coupling(τ)/t =





0 for τ
T < k−1

Npatches−1
τ
T (Npatches − 1)− (k − 1) for k−1

Npatches−1 ≤ τ
T ≤ k

Npatches−1

1 for τ
T > k

Npatches−1

. (4.13)

As before, we calculate the target-state fidelity as a function of time as well as the entangle-
ment entropy between the first patch and the rest of the system. While we find large target-state
overlaps for the slowest ramps considered here (Tt = 100), we do not find as good overlaps for
a faster ramp, see Fig. 4.14. Furthermore, we find a significant increase in the entanglement en-
tropy compared to that of the target-state. Again, we attribute the enhanced excitation to higher
energy states to the reduced time taken to attach each individual patch.

Conclusions

Based on these results, we conclude that it is possible to grow extended Laughlin states in long
chains similar to those studied in Chapter 3. We believe this approach to be scalable to system
sizes relevant for experimental measurements of the central charge. In our analysis it turned out
most promising to simultaneously couple all patches, as this allows for relatively short overall
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Fig. 4.14. Super-chains: Target-state fidelity F and entanglement entropy S(1) of the first patch upon
consecutively connecting the patches. The gray lines in the upper row indicate the overlap achieved
when all hoppings are ramped up simultaneously.

preparation times while still changing the local couplings sufficiently slowly. For such a protocol
we achieved target-state fidelities of F > 0.8 for up to five patches and Tt = 100.

In contrast, first coupling pairs of patches and afterwards connecting the pairs did not reach
similar fidelities in our analysis. We note, however, that such a protocol might show its full
potential only once even longer systems are studied. Similarly, we did not find it advantageous
to couple the patches consecutively.

4.4. Large Square: Coupling Four Patches

Finally, we try to grow another large system by coupling four patches to obtain a large square.
We focus on a barrier protocol, where a 9×9-system of eight atoms is split into four 4×4-patches
by a local potential, see Fig. 4.15. This system is described by the Hamiltonian

Ĥsquare(Vbarrier) = Ĥ9×9 + Vbarrier




9∑

y=1

n̂5,y +
9∑

x=1

n̂x,5 − n̂5,5


 . (4.14)

Static Properties
As before, we perform DMRG simulations to determine the ground state and the lowest ex-

cited state, and determine the many-body gap for the case of hard-core bosons (U/t = ∞) and
finite Hubbard repulsion (U/t = 8), where in the latter case we truncate the local Hilbert space
to at most four bosons per site (Nmax = 4). We again find an adiabatic connection from a product
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Fig. 4.15. Coupling four 4×4-patches (gray squares) withN = 2 particles each by turning off a potential
barrier of height Vbarrier (green cross).

state of four Laughlin states to a large Laughlin state in the homogeneously coupled system, see
Fig. 4.16. Note, however, that close to the homogeneously coupled limit, Vbarrier = 0, the many-
body gap is reduced as a result of the extended system size. Nevertheless, we expect an adiabatic
growing scheme to be applicable as the low-energy excitations are expected to be localized at
the edge.

Time-Evolution
Once again, we start from a product state of four two-particle Laughlin states,

|Ψinitial⟩ =
4⊗

k=1

|Ψ(k)
0 ⟩ , (4.15)

and use the TDVP method to perform a time-evolution simulation for a simple preparation pro-
tocol where we linearly reduce the height of the potential barrier,

Vbarrier(τ) = V0

(
1− τ

T

)
. (4.16)

In particular, we consider the case V0/t = 1, α = 0.25, and Tt = 40 and 100. We furthermore
restrict our time-evolution simulations to the hard-core bosonic case, U/t = ∞.

We monitor the target-state fidelity F along the preparation path as well as the entangle-
ment entropy between the left two patches and the rest of the system, see Fig. 4.17. While for a
sufficiently slow ramp, Tt = 100, we reach a final target-state fidelity of F = 0.35, a faster ramp
resulted in a significantly lower target-state fidelity. Furthermore, we find a similar oscillatory
behavior of the fidelity as for the two-patch barrier protocol discussed above. Therefore, it might
be favorable to stop the slow turn-off of the barrier discussed here once the maximum fidelity
is reached and instead turn off the barrier suddenly at that point. Additionally, we believe that
further optimization of the ramp protocol - similar to that for the earlier barrier protocol - might
result in larger target state fidelity and hence more accurate state preparation. Therefore, we are
confident that it is possible to grow extended Laughlin states even in the square geometry with
sufficiently high fidelity.

91



4. Towards Large Systems: Coupling Fractional Chern Insulators

Fig. 4.16. Large square: Many-body gap ∆ obtained using DMRG simulations of a system of four coupled
4× 4-patches. Panels in the lower row show a zoomed-in version of data in the upper row. We tune both
the flux per plaquette α and the barrier height Vbarrier between the patches. The gap of the Laughlin state
at α ≈ 0.25 remains finite in all cases, even though it significantly decreases as the system gets larger.
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Fig. 4.17. Large square: Target-state fidelity F and entanglement entropy S(left) of the left two patches for
a linearly decreasing barrier height Vbarrier/t = 1− τ/T at constant flux per plaquette α = 0.25. Similar
to the barrier protocol for only two patches (Fig. 4.7) we find some oscillatory behavior. The target state
fidelity reached at the end of the preparation protocol might be improved further by modifying the ramp
similar to the barrier protocol discussed above.
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4.5. Summary and Outlook

We found evidence that various different preparation protocols are well-suited to prepare
extended Laughlin states by gluing together copies of the recently realized two-particle state
on 4 × 4 sites. In particular, time-evolution simulations found target-state fidelities above 80 %
for connecting two patches for preparation times of 40 tunneling times. Extended chains of up
to 20 × 4 sites could be grown with similar fidelities by simultaneously turning on couplings
between neighboring patches over a time of 100 tunneling times. Alternative protocols inves-
tigated here did not yield higher fidelity, but we believe further optimization of the ramp to be
worthwhile in the future. Finally, we investigated the possibility to couple four patches in a
square geometry by linearly turning off an initial potential barrier.

While these results show the scalability of a modular approach, further questions remain.
On the one hand, it is always desirable to reach even higher fidelities at shorter ramp times.
Especially in the case of many patches we believe an optimization of the different couplings to
be profitable in the future. Here, state-of-the-art machine learning techniques might be useful
to find particularly efficient paths in parameter space [203–205]. Such an approach might even
take into account experimental details which are difficult to investigate on an abstract level.

On the other hand, new opportunities unique to cold atom quantum simulators become avail-
able as larger systems are now within reach. For example, growing long chains will allow for di-
rect measurements of the central charge, thus providing direct evidence of the topological nature
of the state. Furthermore, access to large systems in a square geometry might give the opportu-
nity to directly probe braiding properties of quasiparticles and quasiholes of the Laughlin state.
In particular, it might be possible to directly grow a quasihole state using a slight variation of
the protocol discussed above by adding a local repulsive potential. In conclusion, building on the
latest milestone of realizing a two-atom Laughlin state, exciting new directions are just opening
up based on this modular approach.
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5 Quantum Hall Ferromagnetism:
Spinful Interacting Chern Insulators

5.1. Introduction and Outline

While the earlier chapters of this dissertation focused on bosonic systems, we will now dis-
cuss a lattice analog of the fermionic quantum Hall (QH) problem. In particular, we consider a
close relative of the paradigmatic Fermi-Hubbard model in two dimensions with an additional
perpendicular magnetic field. Extensive numerical studies have found many different phases of
the doped Fermi-Hubbard model [206, 207], and an additional magnetic field provides the inter-
esting possibility to further enhance interaction effects in flat, topological bands.

Generally speaking, strongly interacting fermionic systems host a variety of interesting quan-
tum many-body states with exotic excitations. In particular, the emergence of ferromagnetism
in strongly correlated systems is a phenomenon well-known in condensed matter physics and
subject of ongoing research. For instance, the interplay of strong interactions and the Pauli ex-
clusion principle can lead to Stoner ferromagnetism, the fate of which remains unclear when
kinetic terms are added. While in many lattice models the fermions’ dispersion results in delo-
calization of the particles and destabilization of the ferromagnet, flat bands can restore strong
interaction effects and ferromagnetic correlations. Due to their flat bands, QH systems provide
a powerful platform to study this mechanism.

Indeed, at magnetic filling factor ν = 1, the ground state of the two-dimensional electron
gas in the continuum was predicted to be ferromagnetically ordered [208,209]. Furthermore, the
low-lying charged excitations around this QH ferromagnet have been predicted to exhibit exotic
spin textures known as skyrmions. These are characterized by local ferromagnetic correlations
while being in an overall spin-singlet state [160, 210–216].

The QH ferromagnet and its skyrmionic excitations were observed in solid state experi-
ments [217–223]. Recently, they attracted considerable attention in the context of twisted bilayer
graphene [224–227] and related synthetic bilayer systems [228]. However, such experiments
mainly use transport and spectroscopic measurements and therefore do not provide detailed
microscopic insights. In contrast, quantum simulation allows for a better microscopic under-
standing, in particular of density and spin structures, and may provide direct coherent control
over individual excitations, therefore allowing for a systematic study of their interactions.

Cold atoms in optical lattices have already enabled extensive studies of the Fermi-Hubbard
model [206, 229–231], and implementations of artificial gauge fields in optical lattices exist [18–
22]. Combining both achievements allows to study ferromagnetism in the strongly doped Hub-
bard model and explore its relation to phenomena known to arise in high-Tc superconductors.

While textbook calculations predict Stoner ferromagnetism even without a magnetic field
and analytical considerations for flat-band Hubbard models found ferromagnetic ground states
in specific cases [232], we demonstrate that the tunability of synthetic magnetic fields in cold
atoms [22] enables a systematic search for the onset of Stoner-type QH ferromagnetism, the
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associated topological excitations and their interactions.
In particular, we propose to study the Hofstadter-Fermi-Hubbard model using ultracold atoms.

We demonstrate, by performing large-scale DMRG simulations, that for magnetic filling factor
ν ≤ 1 the ground state is fully spin polarized for a wide range of parameters, realizing a lat-
tice version of the QH ferromagnet. We reveal the nature of the low-energy spin-singlet states
around ν ≈ 1 and find that they host quasiparticles and quasiholes exhibiting spin-spin corre-
lations reminiscent of skyrmions. Finally, for large magnetic flux per plaquette as well as for
lower doping, we predict the breakdown of Stoner ferromagnetism and observe ground states
with local spin anti-alignment.

This chapter is based on the results from Ref. [3], the text and figures of which were rear-
ranged, adapted, and extended here. We start with a brief review of quantum Hall physics at
ν = 1 in Sec. 5.2, focusing on the role of the electron spin. In particular, we discuss the emer-
gence of QH ferromagnetism and the related skyrmion quasiparticles and -holes. Afterwards,
we present our numerical results for similar effects in the Hofstadter-Fermi-Hubbard model in
Sec. 5.3, before summarizing our findings and briefly discussing open questions in Sec. 5.4.

5.2. Quantum Hall Physics at ν = 1

The quantization of the Hall conductance was first observed by von Klitzing et al. [10] in
electronic systems for integer filling factors ν. In this section we will discuss the corresponding
state at ν = 1, before extending our review from the integer quantum Hall state to states with
interaction induced ferromagnetism.

5.2.1. Spin Polarized Systems: Integer Quantum Hall Effect

The two-dimensional electron gas can be described by the first quantized Hamiltonian

Ĥ =
N∑

j=1

1

2mb

(
p̂j +

e

c
A (r̂j)

)2
+

N∑

j<k=1

U (|r̂j − r̂k|) + gµ
N∑

j=1

B · ŝj , (5.1)

where we introduced the spin operator ŝj for the j-th particle and the band mass mb of the
electrons. The first term contains the kinetic energy in the presence of a perpendicular magnetic
field B = ∇×A = Bez , where A is the vector potential, the second term contains the pairwise
Coulomb interaction among the particles, and the last term gives the Zeeman energy for the
electronic spins in the external magnetic field.

We start our discussion by giving some typical energy scales of the system following argu-
ments in Ref. [57]. The natural length scale of a system in a magnetic field of flux density B is
the magnetic length, ℓB =

√
ℏc/eB. Equipped with this length scale, we can introduce the typical

Coulomb energy of two electrons at distance ℓB , UC = e2/ϵℓB , where ϵ is the material-dependent
dielectric constant. We note that the typical Coulomb energy scales as U ∝

√
B.

Similarly, we can analyze the kinetic term. The non-interacting problem exhibits flat Landau
levels at energiesEn = ℏωc (n+ 1/2), where we defined the cyclotron frequency ωc = eB

mbc
∝ B.

Note that in our convention the Landau level is by itself agnostic to spin1, so that a spin-1/2 system
hosts one independent copy of Landau levels for each spin.

The Zeeman term splits the degeneracy between the two Landau level copies. In particular,
the Zeeman energy scales linearly with the magnetic flux density and so does the spacing ∆EZ

1It is possible to include the contribution of the Zeeman term in the Landau levels, however we do not do this
here, but separate these two contributions.
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Fig. 5.1. Schematic level structure for a two-dimensional electron gas subject to a strong perpendicular
magnetic field at ν = 1. (a) In the non-interacting case and for a finite Zeeman splitting ∆EZ the ground
state is a spin polarized integer quantum Hall state. (b) For vanishing Zeeman splitting the spinful Landau
levels become degenerate. In the absence of interactions, a hugely degenerate state forms which evades
a simple interpretation. (c) In contrast, strong local repulsion results in a unique ground state which
is spontaneously spin-polarized to exploit the Pauli principle. This state is known as a quantum Hall
ferromagnet.

between the spin-dependent Landau levels.
From these arguments we conclude that for strong magnetic fields the effect of the Coulomb

repulsion becomes negligible, while the Zeeman term and the kinetic energy are the dominant
contributions. In particular, because of the Zeeman term it is favorable for the spins to align anti-
parallel to the magnetic field, hence resulting in a spin polarized ground state. At the same time,
in the absence of interactions, a spin polarized system at filling factor ν = 1 is well described
by a single Slater determinant of lowest Landau level orbitals, see Fig. 5.1(a). This state is the
celebrated integer quantum Hall state at ν = 1, which is incompressible and exhibits a quantized
Hall response [10, 57].

Charged Excitations
We briefly comment on the low-lying charged excitations of the integer quantum Hall state

at ν = 1. Removing a single particle results in a reduction of the total spin by ∆S = −1/2, see
Fig. 5.2(a), while the spin polarization remains unchanged,

PS =

∣∣∣∣
N↑ −N↓
N↑ +N↓

∣∣∣∣ =
∣∣∣∣
0− (N − 1)

0 + (N − 1)

∣∣∣∣ = 1. (5.2)

Similarly, adding a single particle decreases the total spin by ∆S = −1/2 as the additional
particle necessarily has to occupy a state in the lowest Landau level of the opposite spin.2 How-
ever, the spin polarization decreases in this case, see Fig. 5.2(b),

PS =

∣∣∣∣
1−N

1 +N

∣∣∣∣ < 1, (5.3)

and decreases further as more particles are added.
In summary, the spin of the system changes by ∆S = −1/2 both for the hole and electron

doped case. In contrast, the spin polarization decreases only for ν > 1, while the quasihole
regime for ν < 1 remains spin polarized in the non-interacting case. We will see shortly that the
situation changes drastically in the presence of interactions.

5.2.2. Vanishing Zeeman Shift: Emergence of Quantum Hall Ferromagnetism

Another insightful limit of the Hamiltonian in Eq. (5.1) is reached if the Zeeman term van-
ishes, ∆EZ = 0. In this case, the SU(2) spin-rotational symmetry of the model is restored and
the spin-dependent Landau levels become degenerate.

2Here we assumed that the cyclotron gap ℏωc is significantly larger than the Zeeman splitting ∆EZ.
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Fig. 5.2. Low-lying charged excitations of the integer quantum Hall state at ν = 1 in the non-interacting
limit. (a) Removing a single electron results in a system of spin S = (N−1)/2 which remains completely
spin polarized, PS = 1. (b) In contrast, adding an electron reduces the spin polarization, PS < 1, while
again giving a state of total spin S = (N−1)/2.

Neglecting interaction effects, the ground state becomes highly degenerate, with essentially
arbitrary total spin S, see Fig. 5.1(b). Similar to the paradigm of fractional quantum Hall physics,
where interactions lift the extensive degeneracy of the partially filled Landau level, interactions
can favor a unique ground state also at integer filling factors. For simplicity we consider the
case of on-site interactions in the following argument, however the results also carry over to
Coulomb-interacting particles [208, 209].

For a system with strong on-site repulsion it is desirable to avoid particles at the same po-
sition. A simple, yet effective way to achieve this is by exploiting the Pauli exclusion principle,
stating that no two fermions can occupy the same single-particle quantum state. While particles
of opposite spin could still occupy the same position, this is not the case for particles of equal
spin. Therefore, a spin polarized state with total spin S = N/2 necessarily has vanishing on-
site interaction energy and hence is a promising ground state candidate, see Fig. 5.1(c). Note,
however, that the SU(2) spin-rotational symmetry is not broken explicitly by the magnetic field,
but in contrast is broken spontaneously by the spin alignment of the electrons. This interaction
induced spin polarized state is commonly referred to as a quantum Hall ferromagnet.

While the assumption of vanishing Zeeman splitting might seem unphysical at first, small
Zeeman shifts can in fact be reached experimentally in solid state systems for example by tilting
the sample, changing the electron density, or applying pressure to the system [57]. Furthermore,
the behavior described here is robust to those small, but finite Zeeman energies, achievable in
existing experiments. Consequently, QH ferromagnetism at ν = 1 and its accompanying low-
lying excitations were by now observed in various solid state experiments [217–223]. Similar
physics was also explored in the context of bilayer systems [208, 209, 228], with a particular
emphasis on twisted bilayer graphene [224–227].

5.2.3. Topological Spin Textures: Skyrmions as Low-Lying Excitations

In the case of the non-interacting integer quantum Hall state, the total spin of the ground
state was found to change by only ∆S = −1/2 upon adding or removing electrons relative
to ν = 1. In contrast, the ground state of the interacting system behaves very differently. In
early exact diagonalization studies, Rezayi found that adding or removing a single electron from
the QH ferromagnet results in a macroscopic change of the ground state spin, resulting in a total
spin-singlet, S = 0 [210,212]. Furthermore, the corresponding quasihole and quasiparticle states
were identified with certain topological spin textures known as (anti-)skyrmions [211,213–216].

A detailed understanding and description of the skyrmions and their effective theory is rooted
in a topological quantum field theory related to non-linear sigma models and Chern-Simons
theory, the discussion of which is beyond the scope of this thesis. Nevertheless, an intuitive
physical picture of the skyrmions is given here, following the line of thought of Ref. [233].
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Fig. 5.3. (a) The hedgehog spin configuration is described by the order parameter m(r) pointing out
of a sphere, hence wrapping around the sphere once. Therefore, it has topological charge Q = 1. (b)
Upon stereographic projection to the plane, a non-trivial spin texture is obtained which is known as the
hedgehog skyrmion. Note that while locally the spin is almost perfectly aligned, at large distances the spin
is anti-aligned.

Consider a 3-component order parameter m(r) satisfying the constraint |m(r)|2 = 1 for all
r. The infinitely extended plane R2 can be identified with the two-dimensional sphere S2 using
the appropriate boundary conditions for the order parameter,

lim
|r|→∞

m(r) = m0. (5.4)

In conclusion, the order parameter is a smooth map m : S2 → S2 describing a spin configuration
on the sphere. Such maps can be classified using the second homotopy group of the 2-sphere,
π2(S2) = Z. In particular, the topological invariant associated with such a spin configuration is
integer valued and given by the topological charge (or Pontryagin index),

Q =
1

8π

∫
d2x ϵijm · (∂im× ∂jm) . (5.5)

Physically speaking, the topological charge counts how often the spin configuration wraps around
the sphere S2.

The Hedgehog Skyrmion

A particularly insightful example of a classical skyrmion involves a spin texture where the
order parameter points out of the sphere at every point, i.e. m(r) = êr in spherical coordi-
nates, so that the spin is aligned almost perfectly locally. This spin configuration is also known
as the hedgehog configuration. In particular, the spin wraps around the sphere once, thus the
topological charge is Q = 1.

Using the stereographic projection from the sphere to the two-dimensional plane, it becomes
evident that the spin infinitely far away from the origin is perfectly anti-aligned with the spin at
the origin, i.e.

m(|r| = 0) = −m(|r| = ∞). (5.6)

The resulting projected spin configuration is commonly referred to as the hedgehog skyrmion,
see Fig. 5.3.

A similar construction for a quantum mechanical spin allows for an SU(2) symmetric spin-
singlet state with topological charge Q = ±1. Such a (quantum) skyrmion is believed to describe
the low-lying quasiparticle and quasihole excitations of the QH ferromagnet around ν ≈ 1.
While finite Zeeman shifts and related effects affect the size of the skyrmion and the total spin of
the ground state, accurate theoretical calculations are in excellent agreement with experimental
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measurements [213, 214]. In particular, signatures of skyrmion excitations have been observed
using various methods [217–223].

However, typical solid state experiments do not allow for a direct microscopic observation of
the spin texture, but rely on spectroscopic and transport measurements. In contrast, single site
resolution in combination with spin resolved measurements in cold atom quantum simulators
may allow for such microscopic insights. Therefore, we propose to realize QH ferromagnetism
and the accompanying skyrmionic excitations in the fermionic Hofstadter-Hubbard model with
ultracold atoms. In the remainder of this chapter, we will explore this possibility using extensive
numerical simulations.

5.3. Hofstadter-Fermi-Hubbard Model: Ferromagnetism on a Lattice

Discretizing the continuum quantum Hall problem, we study spin-1/2 fermions subject to a
magnetic field on a two-dimensional square lattice of size Lx ×Ly . Choosing the Landau gauge
along the y-direction, the Hamiltonian reads

Ĥ = −t
∑

x,y,σ

(
ĉ†x+1,y,σ ĉx,y,σ + e2πiαxĉ†x,y+1,σ ĉx,y,σ +H.c.

)
+
U

2

∑

x,y

n̂x,y,↑n̂x,y,↓, (5.7)

where ĉ(†)x,y,σ is the annihilation (creation) operator for a spin-σ fermion at site (x, y) and n̂x,y,σ is
the corresponding number operator. The first term of the Hamiltonian describes hopping on the
lattice. Upon hopping around a single plaquette, the fermions pick up a phase 2πα, corresponding
to α flux quanta per plaquette. The second term describes the Hubbard interaction of strength
U on doubly occupied sites. We emphasize the absence of a Zeeman term in our study, hence
preserving the SU(2) spin-rotational symmetry of the Hamiltonian.

We study the model on a cylinder by imposing open boundary conditions in x-direction and
periodic boundary conditions in y-direction. Furthermore, we choose strong repulsive Hubbard
interactions, U/t = 8, which includes Landau level mixing effects and is realistically achievable in
state-of-the-art cold atom experiments. However, we believe our results to extend to other values
of the interaction strength exceeding the bandwidth. For a system of N particles we define the
density n = N/(LxLy) and the hole concentration δ away from half-filling, such that n = 1− δ.
Furthermore, we define the magnetic filling factor ν = N/Nϕ, where Nϕ = α (Lx − 1)Ly is the
total number of flux quanta.

In the limit of vanishing flux, α = 0, the model reduces to the 2D Hubbard model with its
various quantum phases [206, 207]. Upon adding a magnetic field, α, the single-particle Bloch
bands split up into flat magnetic subbands resembling the Landau levels known from the contin-
uum [63]. The formation of flat magnetic bands is expected to enhance interaction effects and
leads to QH physics, in particular the potential emergence of QH ferromagnetism at filling fac-
tor ν = 1. For small flux α and density n, lattice effects are negligible and we expect our results
to connect to known continuum results [170]. Increasing the flux per plaquette, lattice effects
become more dominant and the continuum description breaks down.

To study lattice effects, we perform single-site DMRG simulations [135–139]. We exploit
the U(1) symmetry associated with particle number conservation and the SU(2) spin-rotational
symmetry of the model. This allows us to calculate the variational ground state in the sectors of
minimal (S = 0) and maximal total spin (S = Smax = N/2) on cylinders of sizeLx×Ly = 31×4
and 33× 5 while varying both the magnetic flux per plaquette and the density.

100



5.3. Hofstadter-Fermi-Hubbard Model: Ferromagnetism on a Lattice

Quantum Hall Ferromagnetism at ν ≤ 1

First, we focus on systems with magnetic filling factor ν ≈ 1. Close to the continuum limit,
where the flux per plaquette α and the particle density n = 1−δ are small, we expect the ground
state to exhibit QH ferromagnetism for ν = 1 [170]. In particular, the ground state is expected
to be magnetically ordered for ν ≤ 1 with an incompressible QH state at ν = 1.

This is confirmed by our DMRG simulations where we find the ground state to be spin polar-
ized, see Fig. 5.4. Furthermore, this behavior extends significantly to larger flux α where lattice
effects become increasingly relevant. This clearly shows the emergence of QH ferromagnetism
in the Hofstadter-Fermi-Hubbard model. However, above some large critical flux αc ≈ 0.35 per
plaquette the QH ferromagnetism at ν ≲ 1 breaks down and we find that the ground state is a
spin-singlet.

While we did not perform a systematic finite size extrapolation to the thermodynamic limit,
we note that the results presented here are not affected by the circumference of the cylinder
significantly. In combination with the long extent of the cylinders along their axis in comparison
to the magnetic length, we expect our results to extrapolate to the thermodynamic limit.

Incompressibility of the QH Ferromagnet

In the continuum, the QH state at ν = 1 is known to be incompressible. To verify that
also the state found in our lattice studies shares this behavior, we calculate the energy cost
µN,+ = EN+1 − EN to add a particle in the spin polarized sector as function of the filling factor.
Ideally, for an incompressible state we expect this energy cost to have a discontinuity. In the finite
systems studied here, this discontinuity will be smeared out, but we still expect a sharp increase
at ν = 1. Indeed, using our DMRG results for the energy in the spin polarized sector we find
such a jump, see Fig. 5.5(a,b). While most simulations in this chapter were done at even particle
numbers to allow for states with total spin S = 0, our incompressibility analysis explicitly used
all numbers of particles within a certain range.

Another signature of incompressibility is a finite charge gap in the thermodynamic limit.
To probe this feature, we calculate the charge gap ∆µN = EN+1 + EN−1 − 2EN in the spin
polarized sector. We find a large charge gap, ∆µν=1 ≳ 0.5t, at filling factor ν = 1, while the
gap essentially closes away from this filling factor, see Fig. 5.5(c,d). Given the weak dependence
of the charge gap on the cylinder circumference, we believe the gap to remain open also in the
thermodynamic limit, hence providing further evidence for the incompressible QH ferromagnet
at ν = 1.

Comparison with Trial States

Before deepening our understanding of the DMRG results, we introduce two paradigmatic
trial states describing the spin polarized and unpolarized sector, respectively. Since the two states
feature different short-range correlations, comparing their variational energies provides insights
into the underlying magnetic order.

For the spin polarized case our trial state |Ψtrial
S=Smax

⟩ is the exact eigenstate of the non-
interacting Hofstadter model with energy Etrial

S=Smax
constituted by a Fermi sea of N identical

fermions.
For the spin-singlet sector we make a resonating valence bond (RVB) ansatz [234]. We start

from a state consisting of N/2 up- and down-spin fermions each forming separate Fermi seas,
|Ψ↑/↓⟩. To account for the strong Hubbard repulsion, we perform a Gutzwiller projection [235]
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Fig. 5.4. (a, b) Energy difference between the lowest energy states found in DMRG for the S = Smax

and the S = 0 sectors as function of magnetic flux per plaquette α and doping level δ. The gray dotted
line indicates ν = 1. For α ≲ 0.35 and ν ≤ 1 (shaded region) the ground state is spin polarized with
an almost degenerate spin-singlet excited state (see also (c, d)). In contrast, for ν > 1 the spin-singlet is
energetically favored significantly. At large flux, α ≳ αc ≈ 0.35, the QH ferromagnetism breaks down
and we find the ground state to be unpolarized even for ν < 1. (c, d) Ground state energies in both sectors
at α = 0.2 (solid line in (a, b)), where errorbars are smaller than the symbols. Data is given for systems
of size Lx × Ly = 31× 4 (a, c) and 33× 5 (b, d).
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Fig. 5.5. (a, b) Energy cost µN,+ for adding a particle and (c, d) charge gap ∆µN in the spin polarized
sector as function of the filling factor ν and varying flux α. We find a clear jump of µN,+ at ν = 1
indicating the incompressibility of the spin polarized state. Correspondingly, we observe a large charge
gap ∆µν=1 ≳ 0.5t at this filling. This is in agreement with the spin polarized state at ν = 1 being a lattice
analog of the QH ferromagnet. Data shown for systems of sizes Lx×Ly = 31× 4 (a, c) and 33× 5 (b, d).
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Fig. 5.6. (a, b) Energy difference between the trial energies for the S = Smax and the S = 0 sectors.
The gray dotted line indicates ν = 1 and the shaded area indicates the regime where the DMRG finds the
ground state in the spin-singlet sector, while the trial states predict ferromagnetic order. (c, d) Trial state
energies in both sectors at α = 0.2 (solid line in (a, b)), where errorbars are smaller than the symbols.
Data is given for systems of size Lx × Ly = 31× 4 (a, c) and 33× 5 (b, d).

to project out doubly occupied sites and obtain the trial state

|Ψtrial
S=0⟩ = P̂G

(
|Ψ↑⟩ ⊗ |Ψ↓⟩

)
, P̂G =

∏

x,y

(1− n̂x,y,↑n̂x,y,↓) . (5.8)

We determine the variational energy Etrial
S=0 of this state using Metropolis Monte Carlo sampling

of NMC = 1000 snapshots.
As previously for the DMRG energies, we compare the trial energies in the different spin

sectors in Fig. 5.6. The trial states predict correctly the existence of QH ferromagnetism revealed
earlier by DMRG. For large α and some fillings ν ≳ 1, however, we find a region (shading in
Fig. 5.6) where QH ferromagnetism is predicted, but DMRG revealed a spin-singlet ground state.

This can be understood from the qualitatively different local structure of the trial states.
In particular, the variational energy is only sensitive to local correlations. Hence the extended
range of QH ferromagnetism predicted by the trial states provides a first indication that non-
trivial spin textures may lead to the formation of spin-singlet ground states while retaining local
spin alignment: this is a hallmark of skyrmion formation.
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Fig. 5.7. Schematic phase diagram for the S = 0 sector. We find quasihole (qh) skyrmion states, quasi-
particle (qp) states carrying interesting spin textures, as well as states exhibiting local spin anti-alignment
(SAA). While the qh-skyrmion state is a low-lying excitation of the QH ferromagnet, the other states con-
stitute the global ground state of the model across all spin sectors. The stars indicate the points studied
in Fig. 5.8.

Skyrmions at ν ≈ 1

We now turn to the low-energy spin-singlet states competing with the QH ferromagnet. In
the regime we have just identified using the trial states, where local ferromagnetic correlations
play an important role, we expect the spin-singlet states to exhibit interesting spin correlations
evolving from short-range spin alignment into long-range anti-alignment. A general overview
of the resulting phase diagram for the S = 0 sector is given in Fig. 5.7.

To identify and understand the different phases, we consider the local density,

n(x) =

Ly∑

y=1

⟨n̂x,y⟩ /Ly, (5.9)

and the normalized spin-spin correlations,

Cx0(x) =
1

Ly

Ly∑

y=1

〈
Ŝx0,y · Ŝx,y

〉/
⟨n̂x0,yn̂x,y⟩ , (5.10)

relative to a position x0 in the bulk of the system. On-site, we expect this spin-spin correlation
function to be Cx0(x0) = 3/4 for spin-1/2 fermions.

At filling factor ν = 1, the low-energy spin-singlet excitation (above the spin-polarized
ground state) shows local ferromagnetic correlations, which at long distances continuously evolve
into anti-aligned correlations, see Fig. 5.8(a). Similar to the continuum case [211, 213], this indi-
cates the existence of skyrmion states in lattice systems.

Upon removing fermions from the spin-singlet ν = 1 state, the local density develops local-
ized drops, see Fig. 5.8(b). We interpret these as quasiholes of charge qqh = −1 derived from the
ν = 1 state. The charge of these quasiholes is consistent with the prediction for skyrmions in
the continuum QH system [213]. Considering spin-spin correlations relative to a reference site
in the center of the system, we find spin textures reminiscent of domain walls at the locations
of the quasiholes. In contrast, relative to the center of the quasiholes, the spin-spin correlations
are again consistent with localized skyrmion excitations. In particular, we find indication of
local ferromagnetic correlations, while at larger distances from the quasihole the spins are anti-
aligned. We note, however, that the degree of spin (anti-)alignment is suppressed compared to
the skyrmionic excitation at ν = 1.
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Fig. 5.8. Low-energy S = 0 state at α = 0.2 with signatures of skyrmion states in (a-c). (a) ν = 1:
Spin-spin correlations resembling the characteristic behavior of skyrmions. (b) ν < 1: Quasihole (qh)
skyrmion state descending from the ν = 1 state. (c) ν > 1: Quasiparticle (qp) skyrmion excitation of
the ν = 1 state. (d) ν ≫ 1: State exhibiting local spin anti-alignment (SAA). The reference site for the
spin-spin correlations is indicated by the vertical black line. For the qh and qp states, we compare the
correlations relative to both a site in the density structure and a distant site in the bulk. Data is given for
a system of size Lx × Ly = 33× 5 and the parameters indicated by stars in Fig. 5.7.
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We interpret the low-lying excitations of the QH ferromagnet at filling factor ν < 1 as quasi-
hole skyrmions. In particular, we note that the number of quasihole skyrmions hosted by the
system increases as the particle density is reduced. We stress again that the overall ground state
in this regime is spin polarized, while the spin-singlet states just discussed are low-energy exci-
tations.

In contrast, for filling factors ν > 1, as additional fermions are added to the system, we
always find the ground state to be in the S = 0 sector independent of α. Furthermore, we find
that the ground state hosts localized quasiparticles of charge qqp = 1. Similar to the quasihole
case, we find a characteristic change of the spin-spin correlations around the quasiparticles as
visualized in Fig. 5.8(c). While we could clearly identify these as quasihole skyrmions in the
former case, the situation is less clear for the quasiparticles. We attribute this to the larger size
of the quasiparticle and the Pauli correlation hole. Around the quasiparticle the spins seem to
be anti-aligned on a short length scale. Nevertheless, at intermediate length scales, we find light
signatures of spin alignment, with spin anti-alignment further away, reminiscent of skyrmionic
spin textures. For a reference site in the center of the system we again find a behavior similar
to that of domain walls related to the quasiparticles. We note however, that compared to the
quasihole case the domain walls are less sharp in this case and extend over a finite range.

In conclusion, we interpret these quasiparticles as being dressed by non-trivial spin textures,
which may be related to skyrmions or constitute a precursor of stripe formation. We note that the
parameter regime where these exotic spin structures are observed is also part of the regime where
our trial states predict the ground state to be ferromagnetically ordered globally. In the ground
states obtained using DMRG, this global order is replaced by local ferromagnetic correlations,
while non-trivial spin textures lead to the formation of a global spin-singlet.

Spin Textures at Large Flux and Low Density

For large flux per plaquette, α > αc ≈ 0.35, we found the ground state at ν = 1 to be a
spin-singlet state, see Fig. 5.4. However, upon reducing the particle number and hence the filling
factor, we again find spin polarized ground states in the extremely dilute regime. In particular,
for some cases close to the transition between spin polarized and spin-singlet ground states we
even observe spin correlations reminiscent of the skyrmion textures close to ν = 1 for α ≲ αc
discussed above, see Fig. 5.9.

Furthermore, in the dilute regime at large magnetic flux we also find significant density mod-
ulations, see Fig. 5.9. While we could not fully resolve their origin yet, these oscillations might be
a result of the interplay of strong magnetic fields and diluteness, reminiscent of the emergence
of Wigner crystals in the continuum [236].

Non-skyrmion Ground States

So far, the states discussed were significantly influenced by the local spin alignment underly-
ing the ν = 1 QH ferromagnet. Now, we turn to a first explorative analysis of the phase diagram
in regimes where the influence of the QH ferromagnetism essentially disappears.

Upon increasing the particle number such that ν ≫ 1, we find the ground state to be a spin-
singlet characterized by local spin anti-alignment with essentially uncorrelated spins on large
length scales, see Fig. 5.8(d). This is in clear contrast to the skyrmion states which exhibit local
ferromagnetism as one of their main features. The local spin anti-alignment is reminiscent of
free fermions exhibiting a Pauli exclusion hole [237].

Such a state is the ground state for a broad range of parameters and might host other more
complicated structures, some of which might be related to the myriads of phases known from the
doped Hubbard model. Furthermore, earlier studies [238] using renormalized mean-field theory
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Fig. 5.9. Spin-spin correlations Cx0
(x) (upper panel) and local density n(x) (lower panel) for large mag-

netic flux α = 0.45 > αc and small filling factor, where the ground state is spin polarized. The overall
behavior is reminiscent of the skyrmion textures discussed close to filling factor ν = 1 at smaller magnetic
fields α ≤ αc. Data is given for a system of size Lx × Ly = 33× 5 and x0 = 17.

and exact diagonalization also found phases with enlarged unit cells in this regime, which we can
neither confirm nor completely exclude in our finite-size simulations. Note that in this regime
of large particle numbers the numerical simulations are particularly challenging and we believe
the density to be not fully converged yet.

Finally, we return to the regime ν ≲ 1. Upon increasing the flux per plaquette, we find a
qualitative change of the behavior. For large flux per plaquette, α > αc ≈ 0.35, the QH ferro-
magnetism breaks down and also the ground state at ν ≲ 1 is a spin-singlet. Furthermore, for
some values of the filling factor, this spin-singlet state does no longer exhibit neither skyrmionic
correlations nor local spin anti-alignment, but instead some oscillatory behavior of the spin cor-
relations, see Fig. 5.10. At the same time, in the very dilute regime, ν ≪ 1, the ground state is
again spin polarized even for large flux, as discussed at the end of the last section.

5.4. Summary and Outlook

Summarizing our study of the fermionic Hofstadter-Hubbard model, we have found evidence
for QH ferromagnetism to emerge at magnetic filling factor ν = 1. Additionally, we have iden-
tified a skyrmion-like behavior of the low-energy spin-singlet states. In particular, the local
density and the spin-spin correlations reveal quasihole skyrmions and quasiparticles dressed by
spin textures for filling factor ν ≈ 1. For large flux per plaquette α ≳ 0.35, we have observed
a breakdown of QH ferromagnetism in favor of a spin-singlet ground state. The microscopic
nature of this state and its origin deserve a more detailed analysis and should be addressed in the
future.

Our work paves the way for future investigations of many interacting skyrmions, in partic-
ular at very low fermion densities. Furthermore, varying the Hubbard interaction strength U/t
might give insight into the stability of the QH ferromagnet against Landau level mixing or allow
to explore doped chiral quantum spin liquids [239]. More broadly, connections to high-Tc su-
perconductivity can be explored by going to the small-flux limit. Extending the model to bilayer
systems or finite temperatures will lead to further interesting questions for future research. Fur-
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Fig. 5.10. Spin-spin correlations Cx0
(x) (upper panel) and local density n(x) (lower panel) for large

magnetic flux α = 0.5 > αc and filling factor ν = 0.5, where the spin-singlet state constitutes the ground
state of the system. We find oscillations in the spin-spin correlations significantly different from the
correlations found in other regions of parameter space. Data is given for a system of sizeLx×Ly = 31×4
and x0 = 16.

thermore, different lattice geometries exhibiting topological flat bands might allow for similar
effects, even in the absence of a net magnetic field.

The model studied here can be realized with ultracold fermions in optical lattices, which
provide simultaneous spin and charge resolution down to individual lattice sites. In particular,
specific spin sectors can be experimentally addressed using adiabatic preparation schemes [170].
This type of system would also allow to add further-range dipolar interactions, which can be used
to address the fractional QH regime where we expect similar skyrmion excitations to exist [240–
243].
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6 Analytical Considerations:
Trial Wave Functions on a Lattice

6.1. Introduction and Outline

While the previous parts of this thesis mainly considered numerical studies, we now turn
towards some analytical insights regarding fractional Chern insulators. In particular, we gen-
eralize the continuum composite fermion theory to lattice systems and propose variational trial
states.

Existing approaches to derive lattice analogs of familiar fractional quantum Hall (FQH) states
are often based on conformal field theory [244–250]. In these cases, one tries to realize a given
FQH state on a lattice and constructs the state without initially referring to a specific lattice
Hamiltonian. Ultimately, a parent Hamiltonian for the resulting lattice state is constructed a
posteriori.

Here, we follow a conceptually different approach. Motivated by the possibility to study
FQH physics in optical lattice experiments realizing the Hofstadter-Bose-Hubbard model, we
derive a trial state for the ground state of this specific Hamiltonian. This philosophy is similar
to the approaches pursued in the early days of FQH physics to find trial states for the observed
plateaus in the Hall resistance, starting from a well-known Hamiltonian and ending up with
an approximate ground state wave function for this Hamiltonian, most prominently realized in
Laughlin’s wave functions at ν = 1/m [26].

A particularly fruitful source of continuum trial wave functions has been Jain’s composite
fermion construction, where m ∈ Z flux quanta are attached to the original particles, turning
them into composite fermions (CFs) in an effective magnetic field [60]. By using CFs, it is not only
possible to recover the familiar Laughlin states at ν = 1/m, but also many other states, including
hierarchy states [61] at ν = p/(mp±1) with p ∈ N, and, by forming bound states of CFs, even
more exotic states like Moore and Read’s Pfaffian state [62] or Read and Rezayi’s parafermion
states [169]. CF trial states not only give an intuitive understanding of the microscopic nature
of various FQH states, but also provide extraordinarily reliable predictions to compare them to
exact ground states in numerical simulations [57].

Inspired by the successes of the continuum CF approach, we perform a similar construction
on the square lattice, noting that our approach could be generalized to other lattice geometries as
well. In particular, we turn hard-core bosons into composite fermions by attaching a single flux
quantum to the bosons and derive an effective Hamiltonian for the composite fermions coupled
to a dynamical gauge field. To benchmark our findings, we compare different variational ansätze
and their variational energies to (quasi-)exact numerical results. We anticipate the preliminary
results presented here to provide a promising starting point for further variational studies and
related investigations of lattice analogs of FQH systems.

This chapter is structured as follows: In Sec. 6.2 we briefly review the continuum CF con-
struction with a special emphasis on the flux attachment procedure. Afterwards, in Sec. 6.3, we
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adapt this approach to the square lattice, for which we also propose several trial states and bench-
mark their variational energies. In Sec. 6.4 we summarize our findings and discuss potential next
steps for improving and using the trial states found here.

6.2. Composite Fermion Theory in the Continuum

Historically, the observation of the FQH effect by Tsui et al. [13] marked the beginning of a
new era in the study of strongly correlated many-body systems. While the integer quantum Hall
effect can be understood in terms of essentially non-interacting fermions, the situation is more
involved at fractional filling factors. Early on, it has become clear that interactions have to play
a crucial role in understanding the FQH effect. However, the paradigm of using weakly inter-
acting emergent degrees of freedom to describe interacting many-body systems is ubiquitous in
condensed matter physics and there is reason to believe that such a description also exists for
the FQH problem.

Indeed, among a few other approaches, Jain developed what is now known as the composite
fermion (CF) picture of the (electronic) FQH effect [60], based on earlier ideas by Read [251] and
Zhang, Hansson, and Kivelson [252]. The scheme was later extended further to also describe
bosonic systems [101, 102].

We will discuss the foundations of the CF picture below, closely following the presentation
in Refs. [57, 60].

6.2.1. Qualitative Picture of the Composite Fermion Theory

Consider particles subject to a magnetic field with flux density B, such that the magnetic
filling factor is ν = ρ/(B/ϕ0), where ρ is the particle density and ϕ0 = hc/e is the magnetic flux
quantum.1 An integer number m of flux quanta from the original flux B is attached to the par-
ticles such that the composite particles obey fermionic statistics, i.e. for bosons (fermions) m
has to be odd (even). While the details are not fully resolved yet, the flux attachment is believed
to be a result of the repulsive interaction between the particles, and the composita are the an-
ticipated composite fermions, mCFs. Next, the remaining magnetic flux is adiabatically spread
out over the entire system, which is assumed to not close the gap along the process.2 The mCFs
experience a reduced magnetic flux B⋆ = B −mϕ0ρ and hence exhibit magnetic filling factor
ν⋆ = ρ/(B⋆/ϕ0). For certain choices of ν andm the magnetic filling factor of the CFs takes integer
values, ν⋆ = p ∈ N, such that the CFs form an integer quantum Hall state. For these choices, the
filling factor of the original particles is given by

ν =
ρ

B/ϕ0
=

ρ
B⋆/ϕ0 +mρ

=
ν⋆

1 +mν⋆
=

p

mp+ 1
, (6.1)

which is commonly known as the Jain sequence of quantum Hall fractions.
Note that for fermions with evenm the denominator of this fraction is always odd. Moreover,

for p = 1 we recover the fractions ν = 1/m of the Laughlin states.
To summarize, the qualitative picture behind the composite fermion approach is as follows:

1. The original particles experience a strong magnetic field such that the magnetic filling
factor is ν = p

mp+1 (Fig. 6.1(a)).

1From now on, we will use natural units where ℏ = c = e = 1.
2Note that this is indeed a non-trivial assumption! The energy spectrum will certainly change during the spreading

of the flux, the necessary assumption is that the ground state remains gapped.
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Fig. 6.1. Visualization of the composite fermion construction for the case of bosons at ν = 1/2 (a). In this
case, one flux quantum is attached to each boson, resulting at first in an inhomogeneous magnetic field
from the remaining flux quanta (b). This magnetic field is smeared out, resulting in composite fermions
at ν⋆ = 1, which can now form an integer quantum Hall state (c).

2. Repulsive interactions lead to the attachment of m flux quanta to the original particles,
resulting in weakly interacting mCFs (Fig. 6.1(b)).

3. The remaining magnetic flux is smeared out over the entire system such that the CFs ex-
perience a homogeneous reduced magnetic flux B⋆ = B −mϕ0ρ, resulting in an integer
quantum Hall state of the CFs at filling factor ν⋆ = p (Fig. 6.1(c)).

An important, yet non-trivial, step in this model is the smearing out of the remaining flux after
attaching some of the flux quanta, which can be understood as a type of mean-field approxima-
tion.

6.2.2. Constructing Trial Wave Functions with the Composite Fermion Theory

Having introduced the general philosophy of the CF theory, we will now use it to motivate
certain wave functions from the CF picture. We would like to stress that this is not a rigorous
derivation. On the contrary, we postulate trial wave functions for the FQH state based on physical
intuition about the CFs. These trial wave functions have been used in the literature extensively
and many of the resulting predictions have been verified numerically. For further details we refer
the interested reader to Chapter 6 of Jain’s book on composite fermions [57].

Consider mCFs experiencing a uniform magnetic field B⋆. The vector potential describing
the attached flux quanta is given by

a(rk) =
mϕ0
2π

∑

j ̸=k
∇rkθkj with θjk = i log

zj − zk
|zj − zk|

= − arg (zj − zk) , (6.2)

where j, k label the particles. Therefore, the first-quantized Hamiltonian for the underlying par-
ticles after neglecting the interactions3 reads

Ĥ =
1

2M

∑

i

(p̂i +A⋆ (r̂i) + a (r̂i))
2 , (6.3)

where A⋆ generates the magnetic field B⋆ and M is the mass of the particles. Our goal is to find
the ground state Ψ of this Hamiltonian and its ground state energy E0,

ĤΨ = E0Ψ. (6.4)

We eliminate the attached flux by performing the singular gauge transformation

Ψ = ΦCFe−im
∑

j<k θjk = ΦCF
∏

j<k

(
zj − zk
|zj − zk|

)m
, (6.5)

3Here, we assumed that the main effect of the interactions is to realize the flux attachment and therefore neglect
them once we have achieved this.
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and end up with the Schrödinger equation for non-interacting composite fermions at ν⋆ = p ∈ N,

1

2M

∑

i

(p̂i +A⋆ (r̂i))
2ΦCF = EΦCF, (6.6)

the solution to which are the familiar integer quantum Hall states ΦCF
p . Therefore, we arrive at

the trial state
Ψν(B) = ΦCF

p (B⋆)
∏

j<k

(
zj − zk
|zj − zk|

)m
. (6.7)

While hinting in the right direction, this trial wave function is not a good candidate yet as
it has the same probability amplitude as the uncorrelated ΦCF

p and does not encode the correla-
tions which make the FQH states exciting. Furthermore, our trial state does not match the very
successful Laughlin wave functions at ν = 1/(m+1),

ΨLN(B) = Φ1(B)
∏

j<k

(zj − zk)
m . (6.8)

However, this provides us with the necessary guidance to arrive at a promising candidate, where
we remove the denominators |zj − zk| and evaluate the integer quantum Hall wave function at
B instead of B⋆. Thus, we end up with the final trial wave function

Ψν(B) = Φp(B)
∏

j<k

(zj − zk)
m , (6.9)

which can be improved further by projecting it to the lowest Landau level [60].
Before concluding our discussion of the continuum CF theory, we would like to briefly com-

ment on the ad hoc change to the wave function done here. The original trial state includes factors
of
∏
j<k

(
zj−zk
|zj−zk|

)m
, which correspond to the attachment of m flux tubes to each electron. In

contrast, the Jastrow factor
∏
j<k (zj − zk)

m describes a state where each particles sees m vor-
tices on all other particles. Physically speaking, we assume that during the adiabatic spreading
of the magnetic flux the attached flux tubes are transformed into vortices. This at the same time
makes it necessary to change the magnetic field entering the non-interacting Φ1(B).

6.3. Composite Fermion Theory on a Lattice

We now turn towards lattice systems and try to adapt the CF construction accordingly. We
consider hard-core bosons on a two-dimensional square lattice subject to a perpendicular mag-
netic field. Instead of assuming a static magnetic field as in the earlier chapters of this thesis, we
promote it to a dynamical degree of freedom, thus ending up with the Hamiltonian

Ĥ = −t
∑

⟨ij⟩

â†ie
iφ̂⟨ij⟩ âj +H.c., (6.10)

where â(†)i annihilates (creates) a boson at lattice site i, φ̂⟨ij⟩ denotes the dynamical gauge degree
of freedom on the directed link connecting the sites i and j, and the sum is over links between
nearest neighboring sites.4

4We remark that Eq. (6.10) is a U(1) lattice gauge theory, however we will not go into further detail regarding this
exciting field of research here.
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6.3.1. Lattice Composite Fermions

Similar to earlier constructions for lattice anyons [253, 254], we define new operators

f̂i := eiϕ̂i âi, ϕ̂i = π
∑

l ̸=i
Θ(i, pl)n̂l, (6.11)

where n̂l = â†l âl = f̂ †l f̂l is the number operator at site l, pl denotes the plaquette to the upper
right of l, and Θ(i, pl) is an arbitrary, real function of a lattice site and a plaquette. For a generic
function Θ, the prefactor eiϕ̂i acts on all lattice sites except the site i and is in particular not local
in the usual sense. For different sites i ̸= j, we use the identity

eiϕ̂i â†j = eiπΘ(i,pj)â†je
iϕ̂i (6.12)

to obtain the commutation properties of the f̂ -operators,

f̂if̂
†
j = δij (1− 2n̂i) + eiπ(Θ(i,pj)−Θ(j,pi))f̂ †j f̂i ∀i, j, (6.13)

where the first term is a result of the hard-core bosonic commutation relation
[
âi, â

†
j

]
= δij (1− 2n̂i) . (6.14)

We require the function Θ to satisfy the constraint

Θ(i, pj)−Θ(j, pi) = 1 mod 2 ∀i ̸= j (6.15)

and arrive at the identity

f̂if̂
†
j =

{
1− f̂ †i f̂i for i = j,

−f̂ †j f̂i for i ̸= j
⇔

{
f̂i, f̂

†
j

}
= δij . (6.16)

Furthermore, using the hard-core property of the initial bosons âi we find
{
f̂i, f̂j

}
=
{
f̂ †i , f̂

†
j

}
= 0, (6.17)

which complete the fermionic anti-commutation algebra. Therefore, we interpret the f -particles
as lattice composite fermions from now on, taking the role of the composite fermions in the
continuum. In particular, the operator ϕ̂i can be interpreted as creating a flux solenoid which
is attached to an original boson to create a CF. Other composite particles can be obtained by
generalizing Eq. (6.11) to

f̂
(m)
i := eiϕ̂

(m)
i âi, ϕ̂

(m)
i = πm

∑

l ̸=i
Θ(i, pl)n̂l, (6.18)

resulting in m flux quanta being attached to the initial particles and the f -particles having sta-
tistical angle πm. In particular, even (odd) m results in the f -particles being composite bosons
(fermions) as in the continuum CF construction. Note that in all cases the attached flux explic-
itly depends on the density everywhere else on the lattice and hence this construction is clearly
non-local.

Equipped with these results we can now rewrite the bosonic Hamiltonian in Eq. (6.10) in
terms of the new fermionic operators. As the phase operators φ̂ commute with the bosonic
operators, they also commute with the fermionic operators and we can write

Ĥ = −t
∑

⟨ij⟩

f̂ †i e
i(φ̂⟨ij⟩+δφ̂⟨ij⟩)f̂j +H.c., (6.19)
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where we defined

δφ̂⟨ij⟩ := ϕ̂i − ϕ̂j = π
∑

l ̸=i,j
(Θ (i, pl)−Θ(j, pl)) n̂l + πΘ(i, pj)n̂j − πΘ(j, pi)n̂i. (6.20)

For the hard-core particles at hand, we can drop the last two terms in this expression as they do
not contribute to the Hamiltonian on the physical Hilbert space. Therefore, we end up with the
somewhat simpler expression

δφ̂⟨ij⟩ := ϕ̂i − ϕ̂j = π
∑

l ̸=i,j
(Θ (i, pl)−Θ(j, pl)) n̂l. (6.21)

Next, we choose an arbitrary reference axis on the lattice and denote the position of the
lattice site j by zj = xj + iyj . Furthermore, we choose the function Θ to be

Θ(i, pj) =
1

π
arg(zi − zj), (6.22)

which is consistent with the assumption

Θ(i, pj)−Θ(j, pi) =
1

π
(arg(zi − zj)− arg(zj − zi)) = 1 mod 2 (6.23)

made above. Thus, we arrive at

f̂i = eiϕ̂i âi, ϕ̂i =
∑

l ̸=i
arg (zi − zl) n̂l, (6.24)

which can be rewritten as

f̂i = e
∑

l̸=i log
(

zi−zl
|zi−zl|

)
n̂l âi =


∏

l ̸=i

(
zi − zl
|zi − zl|

)n̂l


 âi =

(∏

l

(
zi − zl
|zi − zl|

)n̂l
)
âi. (6.25)

This form proves useful when studying correlations between the composite fermions and related
composite particles [7]. For our current purposes, we do not follow this line of research further,
but instead investigate the Hamiltonian in Eq. (6.10) and its ground state properties. To this end,
we next rewrite the Hamiltonian as

Ĥ = −t
∑

⟨ij⟩

f̂ †i e
i(φ̂⟨ij⟩+δφ̂⟨ij⟩)f̂j +H.c., with δφ̂⟨ij⟩ =

∑

l ̸=i,j
arg

(
zi − zl
zj − zl

)
n̂l, (6.26)

6.3.2. Coupling the Gauge and Matter Sectors

So far, we focused on the matter sector and transmuted the hard-core bosons into composite
fermions. However, to obtain non-trivial correlations between the matter sector and the gauge
field we may perform another unitary transformation which acts on both sectors. To this end,
we first introduce bosonic ladder operators b̂(†)⟨ij⟩ for the gauge degrees of freedom satisfying

φ̂⟨ij⟩ = b̂†⟨ij⟩ + b̂⟨ij⟩. (6.27)

Next, we define a set of link-dependent transformations

Û⟨ij⟩ = exp

[
δφ̂⟨ij⟩

2

(
b̂†⟨ij⟩ − b̂⟨ij⟩

)]
(6.28)
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acting on the gauge fields as

Û †
⟨ij⟩φ̂⟨ij⟩Û⟨ij⟩ = φ̂⟨ij⟩ + δφ̂⟨ij⟩, (6.29)

where the last term depends on the densities n̂k and hence connects the gauge field and the
matter. Multiplying all the commuting, link-dependent transformations we can define the link-
independent unitary transformation

Û :=
∏

⟨ij⟩

Û⟨ij⟩, (6.30)

still resulting in
Û†φ̂⟨ij⟩Û = φ̂⟨ij⟩ + δφ̂⟨ij⟩. (6.31)

Thus, we can rewrite the Hamiltonian in Eq. (6.26) as

Ĥ = −t
∑

⟨ij⟩

f̂ †i Û†eiφ̂⟨ij⟩Û f̂j +H.c.. (6.32)

We denote links on the lattice by Greek letters (µ = ⟨µ1µ2⟩) and define anti-Hermitian
operators

Âi := −1

2

∑

µ ̸∋i
arg

(
zµ1 − zi
zµ2 − zi

)(
b̂†µ − b̂µ

)
. (6.33)

We find
Û f̂j = eÂj f̂jÛ and f̂ †i Û† = Û†f̂ †i e

−Âi , (6.34)

which we use to rewrite the fermionic Hamiltonian as

Ĥ = Û† ˆ̃HÛ with ˆ̃H = −t
∑

⟨ij⟩

f̂ †i e
−Âieiφ̂⟨ij⟩eÂj f̂j +H.c.. (6.35)

This transformed version of the original hard-core bosonic Hamiltonian in Eq. (6.10) serves as
our starting point for a variational analysis of the ground state.

Effective Magnetic Flux
Having found an amenable Hamiltonian for the fermionic degrees of freedom, we briefly

discuss the (effective) magnetic flux experienced by the CFs. We consider a CF hopping around
a plaquette p, described by the expression

f̂ †1e
−Â1eiφ̂⟨14⟩eÂ4 f̂4f̂

†
4e

−Â4eiφ̂⟨43⟩eÂ3 f̂3f̂
†
3e

−Â3eiφ̂⟨32⟩eÂ2 f̂2f̂
†
2e

−Â2eiφ̂⟨21⟩eÂ1 f̂1, (6.36)

where 1, . . . , 4 denote the lattice sites around the plaquette in counter-clockwise manner. Intro-
ducing the notation

δ(k /∈ λ) =

{
1 for k /∈ λ

0 for k ∈ λ
(6.37)

and using the commutator
[
φ̂λ, Âk

]
= −δ(k /∈ λ) arg

(
zλ1 − zk
zλ2 − zk

)
, (6.38)

we find that this expression is equivalent to the more compact

f̂ †1 f̂2f̂
†
2 f̂3f̂

†
3 f̂4f̂

†
4 f̂1e

i
(∑

µ∈∂p φ̂µ−arg
(

z2−z1
z3−z1

)
−arg

(
z3−z1
z4−z1

))
. (6.39)
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Next, we use the discrete rotational and translational symmetries of the model to simplify the
arg-term and abbreviate the terms in the exponentials to find for the hopping around a plaquette

f̂ †1 . . . f̂1e
i(
∑

µ∈∂p φ̂µ+
π
2 ). (6.40)

We conclude that the effective magnetic flux per plaquette experienced by the CFs is given by∑
µ∈∂p φ̂µ + π

2 . Intuitively speaking, the CF not only feels the magnetic flux from the origi-
nal gauge field (

∑
µ φ̂µ) but also an additional quarter flux quantum (+π

2 ). This additional flux
quantum is exactly the one carried by the CF itself: As the flux pierces the system through the
plaquettes, the “flux tube” attached to the original boson at a specific site is spread out over the
four plaquettes around this site. Therefore, a composite fermion hopping around a plaquette
effectively experiences an additional quarter flux quantum through the encircled plaquette.

Shifting the Attached FluxQuanta
In order to avoid the contribution from the flux carried by a CF itself, we may perform an

additional (singular) gauge transformation such that the entire flux quantum pierces one single
plaquette. To this end, we define the unitary transformation

V̂ := e
∑

i n̂i
∑

µ∋i ϑi,µ

(
b̂†µ−b̂µ

)
(6.41)

and apply it to the gauge field,

V̂†φ̂⟨ij⟩V̂ = φ̂⟨ij⟩ − 2
∑

k=i,j

n̂kϑk,⟨ij⟩ ⇔ φ̂⟨ij⟩ = V̂†φ̂⟨ij⟩V̂ + 2
∑

k=i,j

n̂kϑk,⟨ij⟩. (6.42)

Therefore, we can rewrite the Hamiltonian in Eq. (6.35) as

ˆ̃H = −t
∑

⟨ij⟩

f̂ †i e
−ÂiV̂†eiφ̂⟨ij⟩+2i

∑
k=i,j n̂kϑk,⟨ij⟩V̂eÂj f̂j +H.c.

= −t
∑

⟨ij⟩

f̂ †i V̂†e−Âieiφ̂⟨ij⟩+2i
∑

k=i,j n̂kϑk,⟨ij⟩eÂj V̂ f̂j +H.c.

= −t
∑

⟨ij⟩

V̂†f̂ †i e
− ˆ̃Aiei

ˆ̃φ⟨ij⟩e
ˆ̃Aj f̂jV̂ +H.c.,

(6.43)

where we used
V̂ f̂k = e

−
∑

µ∋k ϑk,µ

(
b̂†µ−b̂µ

)
f̂kV̂ (6.44)

and defined
ˆ̃Ak = Âk −

∑

µ∋k
ϑk,µ

(
b̂†µ − b̂µ

)
and ˆ̃φµ = φ̂µ + 2

∑

k∈µ
n̂kϑk,µ. (6.45)

We remark that for physical states (n̂j = 0, 1) the density-dependent contribution to the phase
ˆ̃φ⟨ij⟩ in the Hamiltonian drops out and therefore we arrive at the transformed Hamiltonian

ĤUV := −t
∑

⟨ij⟩

f̂ †i e
− ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj f̂j+H.c. such that Ĥ = Û† ˆ̃HÛ =
(
Û V̂
)†

ĤUV

(
Û V̂
)
. (6.46)

Next, we perform a similar calculation as above to find the effective magnetic flux experienced
by the fermions after this additional transformation. In particular, we use

[
φ̂λ,

ˆ̃Ak

]
= −δ(k /∈ λ) arg

(
zλ1 − zk
zλ2 − zk

)
− 2δ(k ∈ λ)ϑk,λ (6.47)
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to obtain

f̂ †1e
− ˆ̃A1eiφ̂⟨14⟩e

ˆ̃A4 f̂4f̂
†
4e

− ˆ̃A4eiφ̂⟨43⟩e
ˆ̃A3 f̂3f̂

†
3e

− ˆ̃A3eiφ̂⟨32⟩e
ˆ̃A2 f̂2f̂

†
2e

− ˆ̃A2eiφ̂⟨21⟩e
ˆ̃A1 f̂1

= f̂ †1 . . . f̂1e
i
(∑

µ∈∂p φ̂µ+
∑

µ∈∂p

(
−δ(1/∈µ) arg

(
zµ1−z1
zµ2−z1

)
−2δ(1∈µ)ϑ1,µ

))
= f̂ †1 . . . f̂1e

i(
∑

µ∈∂p φ̂µ+
π
2
−2ϑ1,⟨12⟩−2ϑ1,⟨41⟩).

(6.48)

We conclude that after the additional gauge transformation the effective flux experienced by the
composite fermions is given by the expression

ˆ̃Φ =
∑

µ∈∂p
φ̂µ +

π

2
− 2ϑ1,⟨12⟩ − 2ϑ1,⟨41⟩. (6.49)

The main advantage of this expression over the one without the transformation V̂ is that it allows
us to adjust the parameters ϑi,µ as desired. We use this freedom to choose a specific set of
parameters:

ϑi,µ =





−3π
8 for µ = ⟨i, i+ x⟩

−5π
8 for µ = ⟨i, i+ y⟩

7π
8 for µ = ⟨i− x, i⟩
π
8 for µ = ⟨i− y, i⟩
0 otherwise

and ϑi,⟨µ1,µ2⟩ = −ϑi,⟨µ2,µ1⟩. (6.50)

With this choice, the effective flux reads
ˆ̃Φ =

∑

µ∈∂p
φ̂µ mod 2π, (6.51)

independent of the starting site for the hopping process around the plaquette. While our choice
of ϑi,µ breaks the translational invariance of the model, will find the particularly simple form of
the effective flux in this gauge to be useful below.

6.3.3. Reduced Magnetic Flux for the Composite Fermions on Mean-Field Level

So far, all manipulations were exact and no approximations were made. To proceed further,
we will use a variational mean-field approach based on a product ansatz in the transformed basis.
To this end, we transform the (unknown) exact ground state |Ψ⟩ of the fermionic Hamiltonian in
Eq. (6.46) to a new basis, |Ψ̃⟩ = V̂Û |Ψ⟩. In this basis, we assume the state to be a product state
of the fermionic and the bosonic degrees of freedom, i.e.

|Ψ̃⟩ = |ψ̃f ⟩ ⊗ |φ̃b⟩ . (6.52)

Later on, this product form will allow us to treat the fermionic sector separately, in analogy with
the continuum CF approach. Choosing specific ansätze for the two sectors we may then perform
a variational minimization of the energy functional

E
[
ψ̃f , φ̃b

]
:=

⟨Ψ| Ĥ |Ψ⟩
⟨Ψ|Ψ⟩ =

⟨Ψ̃| ĤUV |Ψ̃⟩
⟨Ψ̃|Ψ̃⟩

. (6.53)

Inspired by the external magnetic field with flux 2πα per plaquette in similar calculations,
we enforce a mean-field level flux constraint,

2πα
!
= ⟨Ψ|

∑

µ∈∂p
φ̂µ|Ψ⟩ ∀p, (6.54)
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to obtain

2πα
!
=
∑

µ∈∂p
⟨Ψ̃|V̂Û φ̂µÛ†V̂†|Ψ̃⟩

=
∑

µ∈∂p
⟨Ψ̃|

(
V̂φ̂µV̂† − δφ̂µ

)
|Ψ̃⟩

=
∑

µ∈∂p
⟨Ψ̃|


φ̂µ + 2

∑

k∈µ
n̂kϑk,µ − δφ̂µ


 |Ψ̃⟩

= ⟨Ψ̃| ˆ̃Φ|Ψ̃⟩+ 2
∑

µ∈∂p

∑

k∈µ
⟨Ψ̃|n̂k|Ψ̃⟩ϑk,µ −

∑

µ∈∂p

∑

k/∈µ

arg

(
zµ1 − zk
zµ2 − zk

)
⟨Ψ̃|n̂k|Ψ̃⟩ .

(6.55)

Assuming a homogeneous mean-field density n̄ = ⟨Ψ̃|n̂k|Ψ̃⟩ for the fermions (and equivalently
for the initial hard-core bosons) this equation can be rewritten as

2πα = ⟨Ψ̃| ˆ̃Φ|Ψ̃⟩+ 2n̄
∑

µ∈∂p

∑

k∈µ
ϑk,µ − n̄

∑

µ∈∂p

∑

k/∈µ

arg

(
zµ1 − zk
zµ2 − zk

)
. (6.56)

The first term on the right hand side is the mean-field value of the effective flux 2πα⋆ experienced
by the composite fermions, which we can now write as

2πα⋆ = 2πα− 2n̄
∑

µ∈∂p

∑

k∈µ
ϑk,µ + n̄

∑

µ∈∂p

∑

k/∈µ

arg

(
zµ1 − zk
zµ2 − zk

)
. (6.57)

For our choice of ϑi,µ we find that ϑµ1,µ+ϑµ2,µ = ±π
2 for µ parallel to ±êx (∓êy), respectively.

Therefore, going around an entire plaquette, the contribution from the second term vanishes.

Also the last term on the right hand side can be simplified further. As the sum only depends on
the relative positions of the lattice sites among each other, we can exploit the translational and ro-
tational symmetries of the model and consider the plaquette enclosed by the sites {0, 1, 1 + i, i}
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in complex coordinates. We obtain

∑

µ∈∂p

∑

k ̸∈µ
arg

(
zµ1 − zk
zµ2 − zk

)

=
∑

zk ̸=0,1

arg

(
0− zk
1− zk

)
+

∑

zk ̸=1,1+i

arg

(
1− zk

1 + i− zk

)

+
∑

zk ̸=1+i,i

arg

(
1 + i− zk
i− zk

)
+
∑

zk ̸=i,0
arg

(
i− zk
0− zk

)

=
∑

k ̸∈{0,1,1+i,i}

(
arg

(
0− zk
1− zk

)
+ arg

(
1− zk

1 + i− zk

)
+ arg

(
1 + i− zk
i− zk

)
+ arg

(
i− zk
0− zk

))

︸ ︷︷ ︸
=0

+ arg

(
0− 1− i

1− 1− i

)
+ arg

(
0− i

1− i

)
+ arg

(
1− 0

1 + i− 0

)
+ arg

(
1− i

1 + i− i

)

+ arg

(
1 + i− 0

i− 0

)
+ arg

(
1 + i− 1

i− 1

)
+ arg

(
i− 1

0− 1

)
+ arg

(
i− 1− i

0− 1− i

)

= arg (1− i) + arg

(
1

1 + i

)
+ arg

(
1

1 + i

)
+ arg (1− i)

+ arg (1− i) + arg

(
1

1 + i

)
+ arg (1− i) + arg

(
1

1 + i

)

= 4 (− arg(1 + i) + arg(1− i)) = −2π.
(6.58)

We conclude that the effective magnetic flux experienced by the CFs on mean-field level is
given by the strikingly simple expression

2πα⋆ = 2πα− 2πn̄ ⇔ α⋆ = α− n̄. (6.59)

As in the continuum approach [60], the effective magnetic flux experienced by the CFs is reduced
compared to the external magnetic flux. Furthermore, this flux reduction is proportional to the
density of the CFs and, equivalently, the original bosons. Therefore, we can express the magnetic
filling factor ν of the original bosonic model in terms of the effective filling factor ν⋆ = n̄/α⋆ for
the CFs,

ν =
n̄

α
=

n̄

α⋆ + n̄
=

ν⋆

1 + ν⋆
or conversely, ν⋆ =

n̄

α⋆
=

n̄

α− n̄
=

ν

1− ν
. (6.60)

This result agrees with the simplest bosonic Jain sequence in the continuum fractional quan-
tum Hall effect [60]. In particular, bosons at filling factor ν = 1/2 result in CFs at ν⋆ = 1, which
might form an integer quantum Hall state if the effective Hamiltonian ĤUV exhibits a topological
lowest band.

Before studying some paradigmatic trial states, we briefly comment on the mean-field value
of the bosonic degrees of freedom |φ̃b⟩ after applying the transformation UV . To this end, we
evaluate the expression ⟨ ˜̃Ψ| ˆ̃Φ|Ψ̃⟩ to define the mean-field constraint

2πα⋆
!
= ⟨Ψ̃| ˆ̃Φ|Ψ̃⟩ = ⟨Ψ̃|

∑

µ∈∂p
φ̂µ|Ψ̃⟩ =

∑

µ∈∂p
⟨φ̃b|φ̂µ|φ̃b⟩ (6.61)

for the transformed gauge degrees of freedom.
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6.3.4. Variational Trial States

Next, we use the general product ansatz in Eq. (6.52) for the ground state trial wave function to
determine variational ground state energies for analytical trial states. In general, the variational
ground state energy is given by

E
[
ψ̃f , φ̃b

]
=

⟨Ψ̃| ĤUV |Ψ̃⟩
⟨Ψ̃|Ψ̃⟩

= −t
∑

⟨ij⟩

⟨Ψ̃| f̂ †i e−
ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj f̂j |Ψ̃⟩
⟨Ψ̃|Ψ̃⟩

+ c.c.

= −t
∑

⟨ij⟩

⟨ψ̃f | f̂ †i f̂j |ψ̃f ⟩
⟨ψ̃f |ψ̃f ⟩

⟨φ̃b| e−
ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj |φ̃b⟩
⟨φ̃b|φ̃b⟩

+ c.c..

(6.62)

Below, we will consider specific ansätze to obtain variational energies.

Coherent State Ansatz
First, we consider a coherent state ansatz for the bosonic degrees of freedom,

|φ̃b⟩ =
∏

µ

|βµ⟩ with b̂µ |βµ⟩ = βµ |βµ⟩ , (6.63)

where we assume real-valued βµ ∈ R. The operators e
ˆ̃Ak act as displacement operators on the

coherent states |βµ⟩. Therefore, we can evaluate the bosonic expectation value analytically,

⟨φ̃b| e−
ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj |φ̃b⟩

=

((∏

µ

⟨βµ|
)
e−

ˆ̃Ai

)
eiφ̂⟨ij⟩

(
e
ˆ̃Aj

(∏

ν

|βν⟩
))

=

(∏

µ

⟨βµ − δβ(i)µ |
)
eiφ̂⟨ij⟩

(∏

ν

|βν − δβ(j)ν ⟩
)

=


 ∏

µ ̸=⟨ij⟩

⟨βµ − δβ(i)µ |βµ − δβ(j)µ ⟩


 ⟨β⟨ij⟩ − δβ

(i)
⟨ij⟩|e

iφ̂⟨ij⟩ |β⟨ij⟩ − δβ
(j)
⟨ij⟩⟩ ,

(6.64)

where we defined

δβ(k)η :=
1

2

(
δ(k /∈ η) arg

(
zη1 − zk
zη2 − zk

)
+ 2δ(k ∈ η)ϑk,η

)
. (6.65)

Simplifying the coherent state overlaps further, we arrive at

⟨φ̃b| e−
ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj |φ̃b⟩ = e
− 1

2

(
1+

∑
µ

(
δβ

(i)
µ −δβ(j)

µ

)2
)
e
i
(
2β⟨ij⟩−

(
δβ

(i)
⟨ij⟩+δβ

(j)
⟨ij⟩

))

= e
− 1

2

(
1+

∑
µ

(
δβ

(i)
µ −δβ(j)

µ

)2
)
ei(2β⟨ij⟩−ϑi,⟨ij⟩−ϑj,⟨ij⟩)

(6.66)

and therefore the effective (free) fermion Hamiltonian

Ĥcs
eff = −

∑

⟨ij⟩

t̃cs⟨ij⟩e
2iβ⟨ij⟩−i(ϑi,⟨ij⟩+ϑj,⟨ij⟩)f̂ †i f̂j +H.c. (6.67)
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|Ψ̃〉 : ϑk,µ as above

1 2 3 4 5 6 7 8

x

|Ψ̃′〉 : ϑk,µ = 0

0.002

0.004

0.006
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t̃c
s
µ
/t

Coherent state ansatz

Fig. 6.2. Hopping amplitudes t̃csµ in an 8×8-system for two choices of ϑk,µ from the coherent state ansatz.
Using the choice in Eq. (6.50) and hence the ansatz |Ψ̃⟩, most of the hopping amplitudes essentially vanish
and the remaining contribution is highly inhomogeneous (left panel). For vanishing ϑk,µ = 0, i.e. the
variational ansatz |Ψ̃′⟩ = V̂† |Ψ̃⟩, the hopping amplitudes are slightly increased towards the edge of the
system while being almost constant in the bulk (right panel). The color, width, and length of the arrows
indicate the hopping amplitude. Width and length are increased by a factor of 100 in the left panel for
better visibility.

for the CFs, where we defined the effective hopping amplitudes

t̃cs⟨ij⟩ = te
− 1

2

(
1+

∑
µ

(
δβ

(i)
µ −δβ(j)

µ

)2
)
. (6.68)

In particular, we find that the CFs experience a reduced hopping amplitude t̃cs⟨ij⟩/t < 1, inde-
pendent of the choice of ϑk,µ. However, the exact value of the hopping amplitudes, is affected
by the choice of ϑk,µ, where the choice in Eq. (6.50) results in essentially vanishing hopping
amplitudes, see Fig. 6.2. Furthermore, in a finite system the hopping amplitudes become in-
homogeneous. In any case, for a fermion hopping around a plaquette p the additional phases
due to the ϑk,µ-terms in the Hamiltonian cancel, such that the composite fermion experiences
a magnetic flux 2

∑
µ∈∂p βµ per plaquette. This can be avoided by considering the variational

ansatz |Ψ̃′⟩ = V† |Ψ̃⟩, which removes the additional phases ϑk,µ in the variational energy and
the hopping elements.

While in principle an optimization of the coherent state ansatz |φ̃b⟩ =
∏
µ |βµ⟩ could be

undertaken numerically, we choose an approach relying on our physical intuition. On mean-field
level the composite fermions experience the reduced magnetic fluxα⋆ = α− n̄ per plaquette, see
Eq. (6.61). We make a Landau gauge ansatz for the coherent states |βµ⟩ by assuming

β⟨ij⟩ =

{
0 for ⟨ij⟩ = ex,

πα⋆xi for ⟨ij⟩ = ey.
(6.69)

Then the lowest energy state is the exactly known ground state of the non-interacting effective
Hamiltonian

Ĥcs
eff = −

∑

⟨ij⟩

t̃cs⟨ij⟩e
2iβ⟨ij⟩−i(ϑi,⟨ij⟩+ϑj,⟨ij⟩)f̂ †i f̂j +H.c.. (6.70)

The single-particle spectrum of this Hamiltonian is given in Fig. 6.3 for two choices of ϑk,µ.
Accordingly, the variational energy of the N -particle state is given by the sum of the lowest
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Fig. 6.3. Single-particle energy levels Ei of the effective composite fermion Hamiltonian Ĥcs
eff Eq. (6.70)

from the coherent state ansatz for different choices of ϑk,µ (a,b) and a vanilla Hofstadter model at hopping
amplitude t (c) forLx×Ly = 10×10. The effective Hamiltonian for ϑk,µ = 0 exhibits separated flat bands
similar to the Hofstadter spectrum. The dashed vertical lines separate the first Nϕ = α⋆(Lx− 1)(Ly − 1)
states from the rest of the spectrum.

N single-particle energies. Here, we evaluate the variational energy for N = 3 particles on
6× 6 sites and compare it to exact ground state energies of the Hofstadter-Bose-Hubbard model
obtained via exact diagonalization. To this end, we consider the Hamiltonian in Eq. (6.10) and fix
the link phases φ⟨ij⟩ according to the Landau gauge with phases in y-direction, i.e.

φ⟨ij⟩ =

{
0 for ⟨ij⟩ = ex,

2παxi for ⟨ij⟩ = ey.
(6.71)

We also perform analogous, quasi-exact density matrix renormalization group (DMRG) simula-
tions for systems of Lx = Ly = 6, 8, 10 sites and N = 3, 6, 10 particles.

The variational energies obtained from this ansatz as well as the (quasi-)exact ground state
energies are given in Fig. 6.4. We find the variational energies to be significantly higher than
the energies obtained using ED and DMRG. While the ansatz state |Ψ̃′⟩ = V̂† |Ψ̃⟩, i.e. ϑk,µ = 0,
gives significantly better results than |Ψ̃⟩, it is still desirable to improve the variational ansatz to
find lower and hence more accurate variational energies.

Compact Coherent State Ansatz

Next, we consider a modified coherent state ansatz for the bosonic degrees of freedom,

|φ̃b⟩ =
∏

µ

|βµ⟩ with |βµ⟩ =
∞∑

n=−∞
|βµ + 2πn⟩ and b̂µ |βµ⟩ = βµ |βµ⟩ , (6.72)

where we assume real-valued βµ ∈ R. The modified coherent states |βµ⟩ are 2π-periodic, which
seems a natural assumption for the compact gauge degree of freedom. We call this ansatz the
compact coherent state ansatz.
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Fig. 6.4. Ground state energy for the Hofstadter-Bose-Hubbard model (black) and two variational ansätze
(blue and orange) for different system sizes and particle numbers. The black line (upper panel) indicates
the results obtained by exact diagonalization, while the circles are the quasi-exact energies from DMRG.
The blue dash-dotted line is the variational energy obtained from the coherent state ansatz |Ψ̃⟩, whereas
the orange dotted line is for the modified ansatz |Ψ̃′⟩ = V̂† |Ψ̃⟩ which gives significantly lower energies.
Both trial states, however, deviate significantly from the ground state energy. The vertical dashed lines
indicate the flux per plaquette α = (2N −1)/((Lx−1)(Ly−1)) where the 1/2-Laughlin state is expected
for open boundary conditions.
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As mentioned before, the operators e
ˆ̃Ak act as displacement operators on the usual coherent

states |βµ⟩ and hence also on the modified states,

e
ˆ̃Ak |βµ⟩ = |βµ − δβ

(k)
µ ⟩ , (6.73)

where we used

δβ(k)η :=
1

2

(
δ(k /∈ η) arg

(
zη1 − zk
zη2 − zk

)
+ 2δ(k ∈ η)ϑk,η

)
. (6.74)

Therefore, we can calculate the bosonic expectation value,

⟨φ̃b| e−
ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj |φ̃b⟩

=


 ∏

µ ̸=⟨ij⟩

⟨βµ − δβ
(i)
µ |βµ − δβ

(j)
µ ⟩


 ⟨β⟨ij⟩ − δβ

(i)
⟨ij⟩|e

iφ̂⟨ij⟩ |β⟨ij⟩ − δβ
(j)
⟨ij⟩⟩ .

(6.75)

The overlaps of the states |βµ⟩ can be evaluated analytically,

⟨βµ − δβ
(i)
µ |βµ − δβ

(j)
µ ⟩ =

∞∑

k,m=−∞
exp

[
−1

2

(
δβ(i)µ − δβ(j)µ + 2πm

)2]

=

( ∞∑

k=−∞

)
ϑ3

(
δβ

(i)
µ − δβ

(j)
µ

2
, e−1/2

)
/
√
2π,

(6.76)

where we introduced the Jacobi theta function ϑ3 (u, q) = 1 + 2
∑∞

n=1 q
n2

cos(2nu). The ap-
parent problem of this overlap being divergent will be cured when calculating observables as we
always normalize these by the norm of the ansatz state.

With these results at hand, we arrive at

⟨φ̃b| e−
ˆ̃Aieiφ̂⟨ij⟩e

ˆ̃Aj |φ̃b⟩
⟨φ̃b|φ̃b⟩

= e−
1
2
+i(2β⟨ij⟩−2(ϑi,⟨ij⟩−ϑj,⟨ij⟩))

∏

µ

ϑ3

(
δβ

(i)
µ −δβ(j)

µ

2 , e−1/2

)

ϑ3
(
0, e−1/2

) (6.77)

and therefore the effective Hamiltonian

Ĥccs
eff = −

∑

⟨ij⟩

t̃ccs⟨ij⟩e
2iβ⟨ij⟩−i(ϑi,⟨ij⟩+ϑj,⟨ij⟩)f̂ †i f̂j +H.c. (6.78)

for the composite fermions, where we defined the effective hopping amplitudes

t̃ccs⟨ij⟩ = te−1/2
∏

µ

ϑ3

(
δβ

(i)
µ −δβ(j)

µ

2 , e−1/2

)

ϑ3
(
0, e−1/2

) . (6.79)

These hopping amplitudes can be evaluated accurately and are illustrated in Fig. 6.5. They show
a qualitatively similar behavior as the hopping amplitudes obtained for the usual coherent state
ansatz. In particular, the strength of the hopping amplitudes for states such that ϑk,µ = 0 is
essentially the same for the usual coherent state ansatz and the modified ansatz. This is also
evident from the analytical structure of the hopping amplitudes, as

ϑ3

(
∆

(ij)
µ

2 , e−1/2

)

ϑ3
(
0, e−1/2

) =

∑∞
m=−∞ exp

[
−1

2

(
δβ

(i)
µ − δβ

(j)
µ + 2πm

)2]

∑∞
m=−∞ exp [−2π2m2]

≈ exp

[
−1

2

((
δβ(i)µ − δβ(j)µ

)
mod 2π

)2]
,

(6.80)
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Fig. 6.5. Hopping amplitudes t̃ccsµ in an 8× 8-system for two choices of ϑk,µ from the compact coherent
state ansatz. As for the usual coherent states, for vanishing ϑk,µ = 0 the hopping amplitudes are slightly
increased towards the edge of the system while being almost constant in the bulk, while using the choice
in Eq. (6.50) most of the hopping amplitudes essentially vanish and the remaining contribution is highly
inhomogeneous. The color, width, and length of the arrows indicate the hopping amplitude. Width and
length are increased by a factor of 100 in the left panel for better visibility.

which under the assumption that
∣∣∣δβ(i)µ − δβ

(j)
µ

∣∣∣ < π agrees very well with the expression from
the usual coherent state ansatz.

As for the usual coherent state ansatz, we diagonalize the fermionic Hamiltonian in Eq. (6.78),
calculate the single particle spectrum, see Fig. 6.6, and evaluate the variational energy. The results
of this diagonalization are presented in Fig. 6.7. Both the variational energies and their qualitative
features agree very well for the compact coherent state ansatz and its non-compact relative. In
particular, there are no signatures of a qualitative change of behavior in the Laughlin regime.

Vortex Ansatz

In the continuum, the best trial state from the CF construction is not the one obtained by
attaching flux tubes to the particles but the one with vortices attached. A similar ansatz can also
be made on the lattice,

|ψ̃f ⟩ = em
∑

i<j log(zi−zj)n̂in̂j |Φ(N)⟩ =
∏

i<j

(zi − zj)
mn̂in̂j |Φ(N)⟩ , (6.81)

where |Φ(N)⟩ is the N -particle ground state of the non-interacting Hofstadter model at flux α
per plaquette. The bosonic ansatz is again chosen to be a product of (conventional) coherent
states |β⟨ij⟩⟩,

β⟨ij⟩ =

{
0 for ⟨ij⟩ = ex,

παxi for ⟨ij⟩ = ey,
(6.82)

which is then transformed using Û V̂ , where we choose ϑk,µ = 0.
The wave function |ψ̃f ⟩ can be expanded in the Fock states |{nk}⟩ such that

|ψ̃f ⟩ =
∑

{nk}


∏

i<j

(zi − zj)
mninj


 |{nk}⟩ ⟨{nk} |Φ(N)⟩︸ ︷︷ ︸

=:c({nk})

. (6.83)
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Fig. 6.6. Single-particle energy levels Ei of the effective composite fermion Hamiltonian Ĥccs
eff Eq. (6.78)

from the compact coherent state ansatz for different choices of ϑk,µ (a,b) and a vanilla Hofstadter model
at hopping amplitude t (c) for Lx × Ly = 10 × 10. For ϑk,µ = 0 the band structure of the effective
Hamiltonian is essentially unchanged compared to the usual coherent state ansatz (see Fig. 6.3). The
dashed vertical lines separate the first Nϕ = α⋆(Lx − 1)(Ly − 1) states from the rest of the spectrum.

The variational energy can be rewritten as

E =
⟨ψ̃f |ĤCF

eff |ψ̃f ⟩
⟨ψ̃f |ψ̃f ⟩

=
⟨ψ̃f |ĤCF

eff |ψ̃f ⟩ / ⟨Φ(N)|Φ(N)⟩
⟨ψ̃f |ψ̃f ⟩ / ⟨Φ(N)|Φ(N)⟩

, (6.84)

where both numerator and denominator can be evaluated using Monte-Carlo sampling of the
wave function |Φ(N)⟩ and evaluating the expressions

h({nk}) =
∑

{n′
l}
⟨
{
n′l
}
|ĤCF

eff | {nk}⟩


∏

i<j

(z̄i − z̄j)
mn′

in
′
j (zi − zj)

mninj


 c({nl})
c({nk})

,

N ({nk}) =
∏

i<j

|zi − zj |2mninj

(6.85)

for each snapshot. Thus, we arrive at our final expression for the variational energy,

E =

∑
|snapshot⟩ h(|snapshot⟩)∑
|snapshot⟩N (|snapshot⟩) . (6.86)

We generate NMC = 20.000 snapshots for different values of the flux per plaquette α and
evaluate the variational energy using the “vortex state”. We find that the energies are slightly
higher than those obtained from the coherent state ansätze, see Fig. 6.8. However, while the
fermionic density distribution in those cases tends to exhibits a charge accumulation at the edge
because of the inhomogeneous hopping amplitudes, the vortex state qualitatively resembles the
droplet in the center of the system typical for Hall states, see Fig. 6.9.

We therefore believe that modifications of the vortex state investigated here deserve partic-
ular attention in the future when studying more sophisticated ansätze.
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Fig. 6.7. Ground state energy for the Hofstadter-Bose-Hubbard model (black) and two variational an-
sätze (blue and orange) for different system sizes and particle numbers. The black line (upper panel)
indicates the results obtained by exact diagonalization, while the circles are the quasi-exact energies from
DMRG. The blue dash-dotted line is the variational energy obtained from the compact coherent state
ansatz |Ψ̃⟩, whereas the orange dotted line is for the ansatz |Ψ̃′⟩ = V̂† |Ψ̃⟩ which gives significantly
lower energies. Both trial states, deviate significantly from the ground state energy and are less successful
than the usual coherent state ansatz in Fig. 6.4. The vertical dashed lines indicate the flux per plaquette
α = (2N − 1)/((Lx − 1)(Ly − 1)) where the 1/2-Laughlin state is expected for open boundary condi-
tions.
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Fig. 6.8. Variational energies from coherent state ansätze (blue and orange), the vortex state ansatz (green)
and (quasi-)exact ground state energies (black) of the Hofstadter-Bose-Hubbard model as discussed above.
We find that none of the variational states considered gives variational energies which are in good agree-
ment with the exact energy.
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Fig. 6.9. Local densitiesn(x, y) as obtained from (a) exact diagonalization of the Hofstadter-Bose-Hubbard
model, (b) the variational coherent state ansatz and (c) its compactified variant, and (d) the vortex ansatz.
For the coherent ansätze, we choose the variant |Ψ̃′⟩ with ϑk,µ = 0. All data shown is forN = 3 particles
on 6× 6 sites at α = 0.25. While the coherent state ansätze accumulate density at the edge of the system
due to the inhomogeneous hopping amplitudes, the vortex ansatz overestimates the density in the center,
but qualitatively captures the formation of a bulk region.
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Outlook: Projected trial state

A possible approach to improve the accuracy of the trial state is to project our earlier ansätze
to the physical Hilbert space defined by the constraint

(
2πα−

∑

µ∈∂p
φ̂µ


 |Ψ⟩ = 0

⇔ V̂Û


2πα−

∑

µ∈∂p
φ̂µ


 Û†V̂† |Ψ̃⟩ =


2πα−

∑

µ∈∂p
V̂Û φ̂µÛ†V̂†


 |Ψ̃⟩

=


2πα−

∑

µ∈∂p
(φ̂µ − δφ̂µ) + 2

∑

k∈µ
n̂kϑk,µ


 |Ψ̃⟩ = 0.

(6.87)

Such a projection manifestly encodes the flux attachment procedure locally and therefore might
result in a more accurate treatment of the composite fermions beyond mean-field effects. While
we remark that this is in stark contrast to the continuum CF construction, where the mean-field
approximation for the magnetic field is explicitly performed, such a treatment might be favorable
in the presence of an additional length scale set by the lattice length.

In order to find the variational energy for a projected ansatz, one might perform Metropolis
Monte Carlo sampling in the physical Hilbert space. In particular, it seems promising to perform
the sampling for the bosonic degrees of freedom in the eigenbasis of the link operators φ̂µ and
in the real-space Fock basis for the fermions. While we do not perform this sampling here, we
believe this approach to be a promising route for future studies of variational trial states for
fractional Chern insulators.

6.4. Summary and Outlook

Using a construction similar to Fradkin’s lattice anyon approach [253, 254], we derived a
composite fermion representation of hard-core bosons in the presence of a dynamical gauge
field. We intertwined the gauge and matter degrees of freedom using a unitary transformation
acting on both sectors and derive an effective theory for the composite fermions in the presence
of the gauge field. On mean-field level the magnetic flux experienced by the composite fermions
agrees with the continuum prediction for the Jain sequence states.

We performed a mean-field decoupling, where the gauge degrees of freedom are modeled by
different types of coherent states consistent with the mean-field flux per plaquette, resulting in
an effective free Hamiltonian for the composite fermions. Using these trial states, we obtained
variational energies, which are, however, still significantly higher than ground state energies
obtained from ED and DMRG simulations of the Hofstadter-Bose-Hubbard model at the cor-
responding static magnetic field. Inspired by the construction of continuum trial states using
composite fermion theory, we constructed a similar “vortex state” reminiscent of the continuum
Laughlin wave function. While the variational energies of this state are slightly higher than
those of our earlier trial states, the vortex state is expected to provide a closer analogy to the
continuum CF theory and therefore might prove useful in future applications.

Given the deviations of our variational energies from the exact ground state energies, further
investigations are necessary to find a reliable trial state. One particularly promising approach to
achieve this is by projecting the trial wave functions into the proper physical Hilbert space, where
the flux attachment condition is fulfilled exactly. While the mean-field treatment presented here
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seems favorable in the light of the continuum analogy, it is very well possible that lattice effects
render such a mean-field description inaccurate in the presence of strong lattice effects. This
again highlights the importance of accurate trial wave functions taking into account lattice effects
and connecting to the continuum limit, α→ 0 in dilute systems.

The potential applications of accurate trial wave functions are manifold. We would like to
emphasize three aspects which are particularly promising in our opinion. Firstly, trial wave func-
tions of the form proposed here are easy to evaluate even in large systems, where conventional
numerical methods become unfeasible. Secondly, such trial wave functions allow for efficient
time-evolution simulations and studies at finite temperatures. While we did not study excited
states so far, such an extension is in principle easily possible. Finally, composite fermion ap-
proaches are only one particular proposal to describe Hall systems. We expect trial states like
ours to shed light on questions around the competition of lattice effects, in particular at large flux
and higher particle number densities, where the analogy with the continuum limit is expected
to break down. Having another powerful theoretical tool available is expected to open up new
avenues in the study of fractional Chern insulators and competing states.
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In this thesis, we employed variational methods to explore (fractional) quantum Hall states on
a lattice, with a focus on the Hofstadter-Hubbard model that can be simulated using cold atom
quantum simulators.

Chapter 1 provided background on topological order and the quantum Hall effect, presented
key concepts of quantum simulation, and introduced the numerical methods used in this work.
In Chapter 2, we examined non-Abelian fractional quantum Hall states, finding compelling evi-
dence for the Pfaffian state as the ground state of the Hofstadter-Bose-Hubbard model. Chapter 3
proposed elongated systems as a means to probe topological order using the central charge, dis-
cussing the paradigmatic filling factors ν = 1/2 and 1. Inspired by recent experiments, we in-
vestigated the feasibility of a modular approach to grow extended Laughlin states from small
patches in Chapter 4. In Chapter 5, we complemented our analyses with a study of fermionic
quantum Hall ferromagnetism and examined its stability in a lattice model, finding evidence
for skyrmion-like excitations in the spinless sector. Finally, Chapter 6 explored analytical trial
states by generalizing the composite fermion approach to lattice systems, deriving an effective
Hamiltonian, and presenting variational ansätze.

The field of cold atom quantum simulation of fractional Chern insulators (FCIs) is rapidly
advancing and experimental studies are now within reach. In particular, the recent realization of
a two-boson Laughlin state [25] has shown great promise in realizing and probing FCIs in cold
atom systems. The extension of these experiments to larger systems, such as elongated chains,
will allow for measurements of the central charge and braiding properties. Our work addressed
the need for adiabatic preparation schemes employing a scalable, modular approach.

Increasing the particle number, studies of more exotic states, such as the bosonic Pfaffian state
at ν = 1, become possible. We provided evidence for a lattice Pfaffian state in the Hofstadter-
Bose-Hubbard model on cylinders with only two-body repulsion. Interestingly, finite system
sizes play a crucial role in the emergence of competing states, as exemplified by the different
topological ground states forLy = 3, 4, and 5 coupled chains, neither of which could be identified
as the Pfaffian state found on cylinders. We observed a similar behavior for ν = 1/2, where
the Laughlin state only constitutes the ground state in systems of more than two chains. This
dependence on system size, i.e. system geometry, as well as the effects of boundary conditions,
i.e. system topology, should be explored further in future (numerical) studies. Experiments have
the unique opportunity to realize various interesting correlated states in this system and can help
to clarify the phase diagram.

Similar physics is also at play in fermionic systems, where quantum Hall ferromagnetism
can be studied in lattice systems. In experiments, skyrmionic excitations can be probed directly
using spin-resolved measurements. The variant of the Hubbard model considered here is also of
interest for the broad community studying such models more generally. The effect of the external
magnetic field is not fully understood yet and it will be insightful to investigate further which
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states are favored and destroyed under these conditions.
While numerical approaches to study lattice systems are well established, analytical ap-

proaches starting from the Hamiltonian are less developed, in contrast to the continuum, where
composite fermions and field theory methods are commonly used. In our work, we laid the
foundation to develop variational trial states in lattice systems based on the composite fermion
approach to the fractional quantum Hall problem.

In summary, the work presented in this thesis has contributed to the exploration of topolog-
ically ordered states, the development of adiabatic preparation schemes, the study of quantum
Hall ferromagnetism in lattice systems, and the development of analytical approaches to study
related systems.

Outlook
Following up on the work presented in this thesis, several avenues for future research open

up. Special emphasis is on cold atom quantum simulation, which is expected to prove fruitful in
understanding the correlated nature of fractional Chern insulators. One potential direction is to
investigate the Hall response [82, 83, 87, 172] in exotic states of matter like the Pfaffian state and
to study its excitations in more detail [39, 84, 88, 89, 196]. To this end, it is necessary to clarify
the role of boundary conditions and understand how the Pfaffian state can best be realized in
cold atom experiments. In particular, it is still an open question whether the Pfaffian state can
be realized in the Hofstadter-Bose-Hubbard model with open boundary conditions and, if not,
which modifications are necessary to achieve this long-standing goal.

Related to the ambiguity of the ground state in open boundary conditions, it is necessary to
find a way to ultimately prove that potential candidates are in fact in the topological universality
class of the Pfaffian state. Here, combining abstract results from the classification of topological
orders [27,255–257] with current cold atom experiments can lead to novel yet realistic detection
schemes.

Up to now, realizing and controlling large systems remains challenging for experiments.
Employing machine learning techniques to reach higher fidelities might improve modular ap-
proaches like the one presented above [203–205]. In the light of future anyon braiding experi-
ments, it is desirable to realize systems hosting quasiholes, which might be realizable via adiabatic
state preparation. Once having created the anyons, they have to be braided without perturbing
the underlying system. With respect to topological quantum computation applications it is of
high interest to probe the non-Abelian braiding directly [55].

Realistic systems always operate at finite temperatures, which is likely to further complicate
the situation. Understanding the effect of finite temperatures on (signatures of) the topological
order of FCIs is necessary to make such systems useful for applications.

Especially the last two points might be addressed using for example analytical trial states in
cases where existing numerical techniques break down. Such trial states can also guide future
investigations of the reality of composite fermions and alike in lattice systems. In particular,
the speculated existence of hidden off-diagonal long-range order [195,251] could be investigated
using similar ideas, as well as the p-wave nature of the pairing in the Pfaffian state [62].

Finally, connections to other phenomena in condensed matter physics, like high-temperature
superconductivity or chiral spin liquids, might deepen our understanding of correlated many-
body systems further. The advent of more sophisticated interactions in cold atom experiments
will keep such platforms relevant in these endeavors in the future.
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