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Zusammenfassung

In dieser Dissertation konzentrieren wir uns auf zwei Hauptthemen: Das erste ist
die Konstruktion hoherdimensionaler Differentialpolynome, die unter den
Transformationen freier Differentialalgebren invariant sind. FEin solches Problem
wird im Rahmen einer bestimmten freien Differentialalgebra, bekannt als FDAIL,
behandelt, die man erhélt, wenn man die einfachste Erweiterung einer Lie-Algebra
durch Einfiithrung eines nicht-trivialen Vertreters einer
Chevalley—Eilenberg-Kohomologieklasse in  ihre = Maurer-Cartan-Gleichungen
betrachtet. Die Studie umfasst die explizite Formulierung einer invarianten
FDA1-Form, analog zur invarianten Chern—Pontryagin-Dichte einer Lie-Gruppe.
Das Hauptmerkmal freier Differentialalgebren, und damit einer FDAI1, ist das
Vorhandensein von Differentialformen hoheren Grades als Basiselemente, in
direkter Analogie zu den linksinvarianten Maurer-Cartan-Eins-Formen, deren
Differentialgleichungen eine Lie-Algebra definieren. Infolgedessen enthélt die von
uns vorgeschlagene verallgemeinerte invariante Form dieselben Differentialformen
hoheren Grades als Bausteine. Die Untersuchung ihrer erweiterten
Invarianzeigenschaften wird uns zu verallgemeinerten Definitionen der kovarianten
Ableitung und der invarianten Tensoren im Kontext einer FDA1 fithren, was die
Berechnungen in den folgenden Schritten erleichtern wird und es uns ermoglicht,
explizite Ausdriicke fiir Chern—Simons und Transgressionsformen zu erhalten, die
mit der verallgemeinerten invarianten Dichte assoziiert und unter einer FDA1
invariant sind.  Die Eichinvarianz dieser erweiterten Formen macht sie zu
Kandidaten flir Lagrange-Dichten bei der Konstruktion verallgemeinerter
Wirkungen  fiir  Eichtheorien, deren  Feldinhalte  Eins-Formen  und
Differentialformen hoheren Grades enthalten, die auf nichttriviale Weise koppeln.
Als Beispiel Dbetrachten wir die Konstruktion einer fiinfdimensionalen
Chern—Simons-Wirkung, die unter einem besonderen Fall von FDA1 invariant ist.
Zu diesem Zweck untersuchen wir die Existenz nichttrivialer Kozyklen einiger
bestimmter bosonischer Lie-Algebren. Diese Studie fiihrt uns zur Formulierung von

drei nicht-aquivalenten Féallen von FDA1 in beliebigen Dimensionen. Einer von
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ihnen ist eine Erweiterung der bosonischen Poincaré-Algebra, und die beiden
anderen sind Erweiterungen der bosonischen Maxwell-Algebra. Fir einen dieser
letzten Félle stellen wir ein Beispiel fiir eine FDA1-Chern—Simons-Theorie vor, die
Eins- mit Drei-Formen koppelt, ohne die Eichsymmetrie unter der Transformation
der Maxwell-Algebra zu brechen, sondern sie, wie oben erwahnt, auf den Fall einer
FDA1 erweitert. Die Standard-Chern—Simons-Formen sind nicht nur hilfreich bei
der Konstruktion von Wirkungen, sondern auch bei der Untersuchung von
Eichtheorie-Anomalien in der Quantenfeldtheorie relevant. Wir beenden den ersten
Teil der Forschung dieser Dissertation, indem wir eine solche Analyse auf den Fall
einer FDA1 ausweiten und dabei zwei unabhéngige Verallgemeinerungen der

nicht-abelschen Standardanomalie erhalten.

Das zweite Hauptthema dieser Dissertation befasst sich mit der Formulierung
klassischer Eichtheorien in Form von Ls.-Algebren. Konkret schlagen wir drei
explizite Beispiele flir eine solche abstrakte Formulierung vor, indem wir die
Lo-Algebren, die solche Theorien beschreiben, explizit aufschreiben. Der erste zu
analysierende Fall ist die ungerade-dimensionale Chern—Simons-Theorie, deren
Feldinhalt ein Eins-Formen-Eichfeld ist und deren Eichsymmetrie durch eine
Lie-Algebra beschrieben wird. Im zweiten Fall betrachten wir das einfachste
Beispiel einer eichinvarianten Theorie, deren Symmetrie durch eine FDA1
beschrieben wird, die wir als flache FDA1-Theorie bezeichnen. Die Dynamik einer
solchen Theorie wird durch die Maurer-Cartan-Gleichungen einer FDA1 bestimmt,
d.h. durch die Null-Kriimmungs-Bedingungen. Der letzte untersuchte Fall ist die
verallgemeinerte, unter einer FDA1 invariante Chern—Simons-Theorie, die im
ersten Teil der Dissertation eingefiihrt wurde. Dieser letzte Fall erweist sich aus
technischer Sicht als anspruchsvoller, da sich die Dynamik der Theorie in
Abhéangigkeit von der Dimensionalitat stark verandert. Auflerdem analysieren wir
die Bedingungen, unter denen die entsprechende Eichalgebra geschlossen ist.
Folglich untersuchen wir die Anforderungen, die die Wirkung erfiillen muss, um zu
einer wohldefinierten Eichtheorie zu fithren und somit durch eine wohldefinierte
L.-Algebra beschrieben zu werden. Wir stellen fest, dass diese Anforderungen nur
in bestimmten Dimensionalitdten oder in Theorien erfillt sind, deren Dynamik
bestimmte Kopplungsbedingungen zwischen den Standard- und erweiterten
Feldern erfillt.



Summary

In this thesis, we focus on two main topics: the first one is the construction of
higher-dimensional differential polynomials invariant under the transformations of
free differential algebras. Such a problem will be treated in the framework of a
particular free differential algebra, known as FDA1, which is the simplest extension
of a Lie algebra that can be obtained by introducing a representative of a
non-trivial Chevalley-Eilenberg cohomology class into its Maurer—Cartan
equations. The study of this thesis covers the explicit formulation of a FDA1
invariant form, analogue to the Chern-Pontryagin invariant density of a Lie group.
The main feature of a free differential algebra, and therefore of a FDAI, is the
presence of higher-degree differential forms as basis elements in direct analogy to
the Maurer—Cartan left-invariant one-forms that describe a Lie algebra through its
differential equations. Consequently, the generalized invariant form that we
propose includes the same higher-degree differential forms as building blocks. The
study of its extended invariance properties will lead us to generalized definitions of
covariant derivative and invariant tensors in the context of a FDA1l. These
definitions will be helpful in facilitating calculations in the following steps and
allowing us to obtain explicit expressions for Chern—Simons and transgression
forms that are associated to the generalized invariant density, and that are
invariant under the mentioned FDA1l. The gauge invariance of these extended
forms makes them candidates to be considered Lagrangian densities in the
construction of generalized action principles for gauge theories whose field contents
include one-forms and higher-degree differential forms that couple in a non-trivial
way. As an example, we consider the construction of a five-dimensional
Chern—Simons action, invariant under a particular case of FDA1l. With this
purpose, we study the existence of non-trivial cocycles of some particular bosonic
Lie algebras. This study leads us to the formulation of three non-equivalent cases
of FDA1 in arbitrary dimensions. One of them is an extension of the bosonic
Poincaré algebra, and the remaining two are extensions of the bosonic Maxwell

algebra. For one of these last cases, we present an example of FDA1-Chern—Simons

iii



iv SUMMARY

theory that couples one-forms with three-forms without breaking the gauge
symmetry under the transformation of Maxwell algebra but extending it to the
case of the abovementioned FDA1. In addition to being helpful in constructing
action principles, standard Chern—Simons forms are relevant in the study of gauge
anomalies in quantum field theory. We finish the first part of the research of this
thesis by extending such analysis to the case of a FDA1, obtaining two

independent generalizations to the standard non-abelian gauge anomaly.

The second main topic of this thesis is the formulation of classical gauge theories
in terms of L., algebras. Specifically, we propose three examples of such abstract
formulation by explicitly writing down the L. algebras that describe such
theories. The first case that will be analyzed is the standard odd-dimensional
Chern—Simons theory, whose field content is given by one-form gauge field and
whose gauge symmetry is described by a Lie algebra. In the second case, we
consider the simplest example of a gauge-invariant theory whose symmetry is
described by a FDA1, which we refer to as flat FDA1 theory. The dynamics of
such theory is governed by the Maurer—Cartan equations of a FDAI1, i.e., the
zero-curvature conditions. The last case of study is the generalized Chern—Simons
theory invariant under a FDA1, which was introduced in the first part of the
research of the thesis. Such a last case turns out to be more challenging, from a
technical point of view, due to the strong changes shown by the dynamics of the
theory depending on the dimensionality. Moreover, we analyze the conditions
under which the corresponding gauge algebra is closed. Consequently, we study the
requirements that the action principle must satisfy in order to lead to a
well-defined gauge theory and, therefore, to be described by a well-defined Lo
algebra, finding that such requirements are only fulfilled in certain dimensionalities
or in theories whose dynamics satisfy specific coupling conditions between the
standard and extended fields.
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Chapter 1

Introduction

In this chapter, we introduce the main concepts that motivate the research of this
thesis. We begin with a description of the role of symmetry algebras in standard
gauge theories. We then introduce in simple words the idea of free differential
algebra, which constitutes the central concept related to the first part of the
research of this thesis, and explain its importance in the construction of
generalized physical theories. We continue by presenting the motivation for the
construction of gauge theories that involve higher degree tensors as gauge fields
and their relation with the aforementioned algebras. The following section of the
chapter is devoted to describing the importance of two particular gauge theories,
namely, Chern—Simons and Yang—Mills theories, in the context of standard and
extended symmetry algebras. Later, we introduce L, algebras, the central concept
associated to the second part of the research of this thesis, and explain the
motivation for such study. We finish the chapter with a description of the

structure of the thesis, in which we shortly summarize the content of each chapter.

1.1 Symmetries and gauge theories

Many physical systems of interest have some degree of symmetry. Physical theories
themselves may have redundancy in their formulation such that a set of
transformations can be performed without modifying the measurable results. In
most cases, this symmetry can be mathematically described by a Lie algebra. On
the other hand, we constantly look for generalizations of theories such that they

comply the Bohr’s correspondence principle, i.e., such that they are able to
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reproduce the results of the already known theories as particular cases
corresponding to some specific regime of the generalized theory. Therefore, once we
know a mechanism of obtaining a theory from a particular symmetry, it becomes
relevant to know how to generalize Lie algebras in order to describe enlarged
symmetries and, through them, to study generalized theories. Two well-known
ways to formulate a theory for a particular Lie algebra are Yang—Mills and
Chern—Simons theories. These are theories that admit a gauge formulation, i.e.,
theories on which some transformations on the fundamental dynamical variable
leave invariant the corresponding action principle and, consequently, the
corresponding dynamics. In both cases, the action of such transformations on the

fundamental variable is ruled by a Lie algebra.

In the context of standard gauge theories, the fundamental gauge potential u is
locally represented by a one-form taking values on a Lie algebra. Its corresponding
field strength is consequently described by a two-form. Thus, the one-form gauge
potential allows describing the parallel transport of a point particle, i.e., a zero-
dimensional object, whose trajectory is represented by a one-dimensional curve in
spacetime. In the same way, antisymmetric tensor fields of higher degrees allow
carrying out the parallel transport of extended objects, such as strings or branes,
along a higher-dimensional trajectory. A detailed analysis in the context of the
so-called p-form electrodynamics can be found in refs. [1,2]. Another example of
a higher gauge field is the so-called Kalb—-Ramond field in string theory, which is
described by a two-form [3]. The presence of gauge fields in physical theories that
are described by higher-degree tensors motivates the generalization of the gauge
principle by means of the use of enlarged algebraic structures whose gauging contains

such field content in a natural way.

1.2 Free differential algebras

A Lie algebra is a vector space endowed with a bilinear antisymmetric product
that satisfies the Jacobi identity. Such antisymmetric product is usually realized as
a commutator between the algebraic vectors, implying that the Jacobi identity of
the antisymmetric product is equivalent to the associativity condition of the
secondary product with which such commutator is defined. On the other hand,
any Lie algebra admits an equivalent dual formulation in terms of differential
one-forms (or Maurer-Cartan potentials). The information regarding the Lie

product is then codified into a set of differential equations known as
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Maurer—Cartan equations for the corresponding potentials.  Therefore, one
straightforward way to generalize Lie algebras is to introduce new Maurer—Cartan
potentials, given not only by one-forms but by higher-degree differential forms
satisfying new differential equations that must be consistent with the structure
equations of the original one-forms. This procedure leads to a new mathematical
structure known as free differential algebra (FDA). In the following, we present our

ideas for applying generalized symmetries in the context of gauge theories.

FDAs were first introduced in physics in 1980 by R. D’Auria, P. Fré and T. Regge [4]
as mathematical structures that allow formulating supergravity in the superspace
in a geometric way. In 1982, R. D’Auria and P. Fré made use of such structure to
unveil a hidden symmetry algebra in the eleven-dimensional supergravity previously
constructed by Cremmer, Julia and Scherk [5,6]. On the other hand, the field content
of supergravity theories in six or more dimensions includes higher-degree differential
forms in the bosonic sector when it is formulated in terms of differential forms in the
first-order formalism. The presence of such higher-degree forms is a consequence of
the consistency requirement of an equal number of bosonic and fermionic degrees of
freedom in supersymmetry [7]. Therefore, the field content of these theories cannot
be consistently introduced in terms of one-forms, making impossible a formulation
in terms of a one-form gauge field valued in a Lie algebra (or superalgebra) as
it happens in standard Yang—Mills and Chern—Simons theories. This motivates to
introduce FDAs in substitution of Lie algebras in the first-order formulation of gauge
theories for gravity and supergravity that inherently involve higher-degree forms as

fundamental fields.

1.3 Higher gauge theories

As it was mentioned, the field content of a standard gauge theory is given by a
one-form gauge field that is valued in the Lie algebra that describes the gauge
symmetry. On the other hand, higher gauge theories are those in which the
fundamental field is not only given by a one-form gauge field but a composite
gauge field whose components are tensors of different degrees [8-10]. Since FDAs
are, basically, generalizations of Lie algebras that involve differential forms of
different degrees as Maurer—Cartan potentials, their gauging provide a natural
mechanism in the construction of higher gauge theories. The most simple example
of a higher gauge theory is the so-called p-form electrodynamics [1,2], a theory that

describes the dynamics of extended objects, such as p-branes. The gauge symmetry
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algebra of p-form electrodynamics is also a Lie algebra, specifically the U(1)
algebra, and not a non-trivial generalization of a Lie algebra. The field content is
described only by a p-form that is valued on U(1), such as it happens in standard
electrodynamics, and therefore, it does not carry an algebraic index. To introduce
higher-degree differential forms as gauge fields in a theory is therefore possible
without extending the underlying algebraic structure; it is enough to extend the
gauge principle and consider higher degree tensors valued in a Lie algebra.
Examples of this type were introduced and studied in refs. [11-19]. In these cases,
the field contents include several differential forms of different degree, being each
one valued in the same Lie algebra. Such forms are used in the construction of
generalized Chern—Simons forms, leading to theories that couple differential forms

of different degrees and whose gauge invariance is also described by Lie algebras.

In the aforementioned examples, the gauge symmetry is described by a Lie algebra,
exactly as it happens in standard Yang-Mills and Chern—Simons theories.
Although their field content include differential forms of different degree, in every
case, they are valued in a Lie algebra without the need to introduce generalized
gauge algebras. However, the presence of higher-degree forms as gauge fields allows
us to understand the gauge algebras of these theories as FDAs by interpreting the
one-forms and the higher-degree differential forms as different Maurer—Cartan
potentials of a FDA instead of gauge potentials valued in the same Lie algebra. In
these cases, the difference is merely a matter of interpretation. Consequently,
FDAs that describe the gauge symmetry these type of theories are equivalent to
Lie algebras and can be obtained from them without introducing an additional
mathematical structure. These are FDAs whose main feature is to be trivial
extensions of Lie algebras. In this context, the triviality lies in the fact that the
Maurer—Cartan potentials that are higher-degree differential forms can be
decomposed as linear combinations of tensorial products of the Maurer—Cartan
potentials of a Lie algebra, i.e., in terms of products of their one-forms. A FDA is
therefore non-trivial when we introduce another element into its Maurer—Cartan
equations, namely, a higher-degree differential form in a way that does not
contradict the structure equations of the original Lie algebra (i.e., without
contradicting its Jacobi identity) and whose role is to make it impossible to
decompose the higher-degree forms in terms of the one-forms without contradicting
the structure equations. Algebraic elements that satisfy these conditions are
known as non-trivial cocycles, representatives of the Chevalley—Eilenberg
cohomology classes of the Lie algebra [20]. When a Lie algebra is extended to a
FDA through the introduction of a non-trivial cocycle into the Maurer—Cartan

equations, the new structure can be considered a non-trivial FDA extension of the
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original Lie algebra, and it can be considered as a candidate to describe richer
symmetry in a physical system. It follows that there are so many non-equivalent
and non-trivial FDA extensions for a Lie algebra as Chevalley—Eilenberg

cohomology classes such Lie algebra has.

1.4 Yang—Mills & Chern—Simons

The field content of standard Yang-Mills and Chern—Simons theories is codified
into a one-form that takes values on certain gauge algebra. In particular,
Yang—Mills theory, the basis of the standard model, has SU(N) as gauge group and
describes three of the four fundamental interactions, namely, the electromagnetic,
weak nuclear, and strong nuclear interactions. Supersymmetric SU(N) Yang—Mills
theories also appear to be a very interesting case for N'' = 4 because of its
conformal symmetry and therefore its relation with string theory. Moreover,
according with the well-celebrated AdS/CFT correspondence [21], this theory is
dynamically equivalent to type IIB superstring theory. On the other hand, the
Chern—Simons action principle makes use of a Chern—Simons form as Lagrangian
density and, although it has been extensively studied in the three-dimensional
case, it can be formulated in arbitrary odd dimensions for any Lie gauge group or
supergroup [22-24]. The (2n 4+ 1)-dimensional Chern—Simons form, denoted by
Q2n+1, has a topological origin, and it can be mathematically derived from the
2n 4 2 dimensional Chern—Pontryagin invariant density, denoted by x2,+2, through
the well-known relation [25,26]

X2n+2 = dQ2p41. (1.1)

The relation between the Chern—Pontryagin invariant density and the Chern—Simons
form constitutes the so-called Chern—Weil theorem, which provides the mathematical
tools for the explicit derivation of Chern—Simons (and transgression) forms necessary
in the construction of higher-dimensional action principles in odd dimensions. Due
to their invariance properties, Chern—Simons theories have been extensively studied
in the construction of gauge theories in arbitrary odd dimensions for different Lie
algebras. For details on their use as Lagrangian densities for gravity theories, see
refs. [27-29]. Moreover, their corresponding supersymmetric formulations can be
found in refs. [30,31]. The consequent study of the dynamics of these gravity theories
has led to different applications in black hole theory. See for example refs. [32-34].

Generalized Chern—Simons forms (and transgression forms) whose invariance is not
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described by Lie algebras but by enlarged structures is an active area of research.
See, for example, refs. [35,36]. In addition to being helpful in the construction of
action principles for odd-dimensional topological gauge theories, standard
Chern—Simons forms are relevant in the study of non-abelian gauge anomalies in
quantum field theory. Gauge anomalies appear in quantum field theory when
classical symmetries associated to gauge fields are broken in the quantization
process. As a consequence, the currents that are associated with such symmetries
are not conserved anymore because of the appearance of anomalous terms in the
calculation of their divergences. An important result due to B. Zumino in
refs. [37-39] shows that, when considering a quantum field theory in
even-dimensional spacetime, the non-abelian gauge anomaly can be derived from
the gauge-variation of the Chern—Simons form corresponding to such gauge fields.
This motivates us to find explicit expressions for Chern—Simons and transgression
forms, not only for the construction of action principles but also for the research of
the generalized anomalies that emerge from the Chern—Simons forms whose gauge
field has components of different differential degree, and whose invariance is
described by FDAs that are non-trivially obtained from Lie algebras. It is
therefore expected that generalized versions of Chern—Simons forms and their
corresponding gauge anomalies reproduce their standard versions as the first terms
of their expansions and include new terms that depend on the extended
components of the gauge field, i.e., on higher-degree differential forms, due to the
natural origin of FDAs as extensions of the Lie algebras from which such standard
quantities were originaly derived. Moreover, to consider higher-degree forms as
building blocks in the construction of generalized Chern—Simons forms makes
possible their formulation in both odd and even dimensionalities, making also
possible the study of the gauge anomalies that emerge from them in the context of
odd and even-dimensional spacetimes. As mentioned before, the presence of the
cocycle in the construction of the FDA is essential to obtain results that cannot be
trivially reduced to the standard expressions originated in the study of gauge
theories and Lie algebras. In this thesis, we calculate the explicit expressions for
Chern—Simons and transgression forms, as well as the anomalies emerging from the

Chern—Simons theory (see chapters 5 and 6, respectively).

1.5 L. algebras

We can understand FDAs as the generalizations of Lie algebras in their dual

formulation, i.e., as differential algebras whose Maurer—Cartan equations
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non-trivially extend the ones of Lie algebras by using algebraic elements,
representatives of their Chevalley—FEilenberg cohomology classes. This is also
possible in the basis of contravariant tangent vectors by defining not only a
bilinear antisymmetric product but multilinear and graded-symmetric products
acting on a generalized vector space. As it happens with FDAs, some conditions
must be satisfied by consistency with the generalized version of the Jacobi identity
that FDAs satisfy. This ‘Lie algebra analogue’ is called Lo, algebra (see for
example [40]). L algebras have been extensively studied in the formulation of
physical theories. In ref. [41], it was shown that it is possible to write the relevant
information of an arbitrary classical gauge theory in terms of an L., algebra.
Previous results regarding the relation between classical gauge theories and L
algebras can be found in ref. [42]. Moreover, for extensive reviews on the role of

L algebras in the context of the Batalin—Vilkovisky formalism, see refs. [43,44].

In most cases, when formulating a classical gauge theory, the gauge symmetry is
described by an algebraic structure (usually a Lie algebra) whose relevant
information is encoded into its corresponding structure constants. The information
concerning the dynamics of the theory is encoded in the equations of motion. In
contrast, the L., formulation of gauge theories allows to write down all the
information of a classical gauge theory in terms of the structure constants of an
algebra denoted by Lg‘éu, consisting on a graded vector space endowed with a set of
multilinear products. Thus, the information regarding the covariance, the gauge
algebra and the dynamics of the interacting theory is encoded into the products
between elements of different subspaces. The gauge symmetry remains described
by a certain subalgebra L& ¢ LU If the symmetry algebra of the theory is a
Lie algebra, then L5"® will also be, even if L' is not. However, by considering a
gauge theory whose gauge invariance is governed by a FDA, the Lo, formulation of
gauge theories becomes more appropiate, due to the dual relation between FDAs
and L, algebras. This further motivates us to study the formulation of arbitrary
odd-dimensional Chern—Simons forms in terms of L., algebras and to extend the
results to generalized Chern—Simons theories that involve higher-degree differential

forms invariant under FDAs (see chapters 7 and 8 respectively).

1.6 Structure of the thesis

In this thesis we consider two main research topics. The first one is the construction

of gauge theories for FDAs. We will therefore start by focusing on the reproduction
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of the Chern—Weil theorem for such algebras, and the formulation of gauge-invariant
action principles that make use of extended Chern—Simons and transgression forms
as Lagrangian densities. Moreover we will study the existence of gauge anomalies
based on such generalization. The second main topic is the formulation of gauge
invariant theories that involve higher-degree differential forms as fundamental fields
in terms of L, algebras. To cover such topics, this thesis is presented in the following

structure:

e Chapter 2 is entirely devoted to mathematical preliminaries. We begin with
a review of differential geometry on Lie group manifolds and introduce the
concept of Chevalley—FEilenberg cohomology, which will be of particular
importance in chapters 3 and 5. In addition, we introduce mathematical
tools, necessary for the construction of Lie gauge theories such as the

invariant tensors and the Chern—Weil theorem.

e In chapter 3, we review the concept of free differential algebra. We include
its mathematical definition, its gauging and the detailed study of the
properties that emerge for a particular case, known as FDAI1, which is of

special importance in the research developed in chapter 5.

e In chapter 4, we carry out a review of L., algebras. We introduce their
definition in two equivalent pictures and show their dual relation with the
already mentioned free differential algebras.  Moreover, we study the
formulation of classical gauge theories in terms of L., algebras, which is of
significant relevance for the second part of the research of this thesis,

developed in chapters 7 and 8.

e Chapter 5 contains the main results concerning the first part of the research
of this thesis (see ref. [45]). We generalize the Chern—Weil theorem to the case
of the above mentioned algebra FDA1. This leads to definitions of generalized
Chern—Simons and transgression forms. Furthermore, we study the equations
of motion of the FDA1 invariant gauge theories that make use of such forms
as Lagrangian densities. The chapter ends with the study of the existence of
non-trivial FDAs that can be obtained as extensions of the bosonic Poincaré
and Maxwell algebras, and the construction of an action principle for one of

these cases.

e In chapter 6 we will study the existence of gauge anomalies in higher gauge
theories. For this purpose, we consider the generalized Chern—Simons forms,

introduced in chapter 5, and from them, we derive explicit expressions for
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generalized gauge anomalies, in theories that couple the standard one-form

from Yang—Mills theories with higher degree tensors (see ref. [45]).

e In chapter 7 the formulation of Chern—Simons theories is considered in the
language of L., algebras. For this purpose, we begin by finding the L.,
subspace structure that is shared by every Lie gauge theory, i.e., the sectors
that encode the gauge transformations and the gauge algebra. We then study
the subspace that encodes the dynamics of standard Chern—Simons theory in
arbitrary odd dimensions. We finish the chapter with a summary that shows
the L algebras for such theories, including a remaining structure that was
not explicitly shown in the first sections of the chapter and that, for

consistency, must be non-trivial (see ref. [46]) .

e Finally, in chapter 8 we study the L, formulation of gauge theories whose
symmetry is described by a FDA1. We begin by finding the subspace structure
that is shared by every FDA1 gauge theory, which includes the information
regarding the definition of FDA1 gauge transformations and the corresponding
gauge algebra. We then study the particular cases of a flat FDA1 theory (in
which the dynamics is governed by the zero-curvature conditions) and the
FDA1-Chern—Simons theories introduced in chapter 5. We explicitly write
down the Lo, algebras for both types of theories (see ref. [46]).

e Chapter 9 contains the conclusions of the research presented in this thesis.
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Chapter 2

Mathematical preliminaries

An important part of this thesis is based on the study of an algebraic structure known
as free differential algebra (FDA). These are generalizations of Lie algebras that
allow the construction of gauge theories involving higher-degree differential forms
as gauge fields. In this chapter we introduce concepts of Lie groups and standard
gauge theories, such as left- and right-invariant vector fields, Lie derivatives, the dual
formulation of Lie algebras, and the so-called Chern—Weil theorem, which relates
the Chern—Pontryagin density and Chern—Simons form. These concepts will be
necessary in the later introduction of FDAs and their corresponding higher gauge

theories.

2.1 Symmetry algebras

Symmetry algebras are mathematical structures that have an important role in the
formulation of physical theories. To introduce them, let us consider a physical theory
on an arbitrary n-dimensional manifold M with a set of coordinates z°, ..., 271,
and a set of fundamental fields p? () with A = 1,..., N. The dynamics of the
theory is determined by the general field variation of an action principle which is

given by a functional of the fundamental fields

S [u] = /M Q"L (1) (2.1)

This action principle is defined in terms of the integration over M of the Lagrangian

density £ (u) of the theory. Let us now introduce a symmetry variation d.p with

11
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respect to a scalar parameter €. The variation of the action principle is given by

_ 0L (1) opt
3.5 (] = /M dz 5 ﬁ&' (2.2)

By considering two successive variations with independent parameters €; and €3, it

is direct to see that

5L
5.,0-,5 [ / da™s., <5BES>A§€2MB(S€1MA+ 5;§)5€2551MA), (2.3)

where we have used the eq. (2.2). By assuming that the parameters £; and e
commute, we obtain the following expression for the commutator of two independent

symmetry variations acting on the action principle:

16.,,6.,] S / 22D 15 s 1A (2.4)

As we have introduced both 0., and d., as symmetries, the variations on eqs. (2.2)
and (2.4) must vanish. This shows that [d.,,,] is also a symmetry of the action

principle and allows us to define a new gauge parameter [e1,£2] as follows

5[51,62} = [5617582] . (2.5)

Since [de,,0s,] is a commutator defined by using an associative product, it satisfies
the Jacobi identity. On the other hand, the composite parameter [e1,e5] defines a
product between parameters that is not necessarily a commutator. However, due to
eq. (2.5), it is also antisymmetric and satisfies the Jacobi identity. Notice that the
symmetry parameters have not been introduced as vectors of a previously defined
space, but they will obey the axioms of Lie algebras if we demand that the symmetry
transformations leave the action principle invariant and continuously depend on
the parameters. This shows that Lie algebras are the mathematical structure that

describes the symmetries of physical systems.

2.2 Group manifolds

In this section, we shortly review some basic concepts on Lie groups. For extensive
reviews on this subject, see refs. [7,47-49]. Let us consider a Lie group G. This is a
soft manifold on which the map defined by G x G — G with (¢’,g) — ¢’g and the

1

inverse map defined by G — G with ¢ — ¢7, are both smooth. For the sake of

introducing the corresponding notation, we mention some definitions in the theory
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of tensors on Lie groups.

Let g be a fixed point of G. The left-translation L, and the right-translation R, are
both diffeomorphisms G — G defined by the following action on a generic point
heg:

Ryh = hy, (2.6)
Lsh = gh. (2.7)

The definition of left- (and right-) translation induces a definition of left- (and
right) invariant vectors and one-forms. Indeed, by considering the tangent space of
contravariant vectors T, (G) at the identity point e € G, the left-translation
Lge = g induces a mapping over every vector v, € T (G) given by the pull-back of
the left-translation (L),

(Lg),: Te(9) — T4(9),
ve — vy = (Lyg)

where T, (G) is the tangent space of contravariant vectors in g. Since the transformed
vector vy € T, (G) transforms in the same functional way under a secondary left-
translation Lyvg = vy, it is said to be left-invariant. In this way, the left-translation
induces a notion of left-invariant vector field over the manifold G. Analogously, the
right-translation Rse = g induces a mapping (Ry), : Tc (G) — T, (G) by means
of its corresponding pull-back on the contravariant tangent space. The resulting
vector field over G is said to be right-invariant. These definitions are immediately
generalized to the dual tangent spaces of covariant vectors (or one-forms) providing
a notion of left- (and right-) invariant one-forms. Moreover, the antisymmetric
wedge product of differential forms provides a definition of left- (and right-) invariant
differential forms over the group manifold G. From now on we will denote the space

of left-invariant g-forms by A?(G) unless we specify another notation.
The exterior derivative operator, denoted by d is defined as a mapping

d:A(G) — ATTH(G), (2.8)
such that its action on an arbitrary differential form

1
W@ — awlgfll)...uquul A Adata, (2.9)
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is given by
1
Qi) = (aiyw;ql)mu» dz? Ada™ Ao A dah, (2.10)

From this definition, it follows that the exterior derivative satisfies the Leibniz rule
d <w(r) A w(s)) = dw™ Aw® 4 (=1)" W A dw®), (2.11)

and nilpotence d? = 0.

2.3 Lie algebras and Chevalley—Eilenberg cohomology

A Lie algebra is a vector space G endowed with a bilinear antisymmetric product

GxG — G, (2.12)
(A,B) — [A,B], (2.13)

called Lie product, which verifies the Jacobi identity
[[A, B],C] +([C, 4], B] + [[B,C], A] = 0. (2.14)

One can prove that the vector space of left- (and right-) invariant vector fields
on a Lie group G becomes a Lie algebra by defining the commutator as Lie product
[A, Bl = AB—BA. As a consequence, every Lie group has an associated Lie algebra.
From now on, we will denote G to the Lie algebra associated with a Lie group G.
Thus, since every left-invariant vector field on G is univocally determined by its value
on the identity e, the Lie algebra can be identified by the space of tangent vectors
G=T.(9).

Let {t4}"i_; now be a basis for an arbitrary n-dimensional Lie algebra G. By writing

the Lie product in terms of this basis one finds
ta,ts] = Ciptc, (2.15)

where the coeflicients CgB are called structure constants. They are constants due
to the left-invariance of the basis vectors, and antisymmetric in the lower indices
due to the antisymmetry of the Lie product. Writing the Lie algebra in terms of

a certain basis, also allows to write the Jacobi identity in terms of the structure
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constants in such basis, which gives
CHiaCho = 0. (2.16)

The commutation relations of eq. (2.15) define a Lie algebra in terms of the basis
elements of the contravariant basis. It is also possible to define the Lie algebra in
terms of a set of differential equations relating the dual basis of one-forms. Let {z*}
be a local coordinate system on G. Every basis vector t4 can be written as a linear
combination of the coordinate basis associated to {z*}

ta(z) = effl(:z:)%, (2.17)

where the matrix coefficients ey (z) involve indices corresponding to both bases.

Moreover, the corresponding dual bases {wA}dimG and {dx“}iimG are related by

A=1 =1
the inverse matrix, whose coefficients e;‘ satisfy

wh = effdat. (2.18)

A
o

group. By directly replacing egs. (2.17) and (2.18) in eq. (2.15) it is possible to

The matrices e~ with entries e/ constitute the so-called left-invariant vielbein
write down the information regarding the Lie algebra into a set of differential

equations for ¢/; and e;‘, namely
QefAeVB]aueS = —C95. (2.19)
By directly contracting eq. (2.19) with w? A w? = eﬁefdx“ A dz” one gets
(dz"0,) A (egdx“) = _%CEB (e;‘dm“) A (efdw”) . (2.20)

It is now possible to identify the exterior derivative operator and the elements of
the basis of one-forms on eq. (2.20), and write the information coming from the
commutation relations of the contravariant vectors ¢t 4 without using the coordinate

basis but only the dual basis of one-forms, as follows
1
dw? + 5C,g‘CwB AwC =0. (2.21)

The differential equations in eq. (2.21) are known as Maurer—Cartan equations.
They provide a dual formulation of the Lie algebra in terms of the covariant basis.
The Jacobi identity for the structure constants becomes equivalent to the
integrability condition d?> = 0 in the Maurer-Cartan equations. Both ways of

describing a Lie algebra are completely equivalent. However, considering the dual
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formulation is especially useful when one generalizes the algebraic structure to a

new one that involves higher-degree differential forms.

At this point, we have considered the basis of covariant one-forms on the group
manifold. The use of such differential forms in the construction of a physical
theory requires the definition of a more sophisticated mathematical structure, that
allows the transformations of the Lie algebra to be applied to differential forms
defined on a space of different dimensionality. We now discuss the mathematical
idea of a principal bundle, which is a pair (M,G), where M is a manifold
describing the base space (in our case, spacetime), and G is the symmetry group of
another manifold, the so-called fiber. This mathematical framework allows us to
define a gauge theory in terms of its base manifold and symmetry Lie group by

introducing a gauge connection instead of a vielbein one-form, as follows
eﬁdx“ — uf}dx“ .

Unlike eﬁ , the quantity uﬁ is not a vielbein, but a connection defined on the
bundle. The indices A and p no longer take the same values. The algebraic index
A takes values between 1 and dim GG, while pu, being a coordinate spacetime index,
takes values between 0 and dim M — 1. A formal definition of a bundle involves a
definition of the connection in terms of local charts due to the possibility of non-
trivial topology of G. For the purposes of this chapter, this heuristic definition is

sufficient; however, a rigorous definition can be found in ref. [49].

We aim now to gauge the Lie group manifold. As usual, one considers a smooth

deformation G of G. An arbitrary basis of one-forms { uA} on G is defined by
i () = (@) dat, (2.22)

which, in general, do not satisfy the Maurer—Cartan equations of the Lie algebra G
associated to G. The failure of the one-forms p4 in satisfying such set of Maurer—

Cartan equations defines a two-form called curvature form, which is given by
1
R () = dp? + S Cop® A . (2.23)
Eq. (2.23) is usually called Cartan structure equation.

Let us now introduce a matrix representation for the Lie algebra; this is, a mapping

from G in a set of matrix operators D (t4) acting on a representation space

D:ty— D(ta);, (2.24)
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satisfying the commutation relations of the Lie algebra. Moreover, let us introduce

polynomials of the type
QZ - 11:41~-~APWA1 /\ e /\ wAp? (2.25)

where the index i takes values in the irreducible representations of G. Q is therefore
a p-form in AP (G) that takes values in the representation space. These objects are
called Chevalley—FEilenberg cochains. The matrix representation D induces a G-
covariant derivative given by

(V)" =6did+w' AD(ta);, (2.26)
acting on elements with index ¢ in the representation space. It is direct to verify
that the Jacobi identity implies the nilpotence of the operator V. The action of
the covariant derivative on Chevalley—Eilenberg cochains define certain equivalence
classes. A cochain that is covariantly closed is called a cocycle. It is important to
point out the existence of two types of cocycles. A coboundary (or trivial cocycle)
is a cocycle that is covariantly closed due to the structure of the Lie algebra, i.e.,
it can be written as the covariant derivative of a secondary (p — 1)-form ®° in the
same representation, and therefore, it is a cocycle because of the nilpotence of the

covariant derivative in the absence of curvature, namely

Q= Vo (2.27)
v = V=0 (2.28)

On the other hand, the cocycles that cannot be written as the covariant derivative
of a secondary form are said to be non-trivial. They are representatives of the
Chevalley—Eilenberg cohomology classes of the Lie algebra. It is important to notice
that, with this notion of cohomology, two cocycles that differ by a coboundary are
equivalent; that is, they constitute an equivalence class. Moreover, if G is a graded
semi-simple Lie algebra, there are no non-trivial cohomology classes. For details on

the Chevalley—FEilenberg cohomology of Lie algebras, see ref. [20].

The covariant derivative of a generic form w’ can be defined in the deformed manifold
é as follows

Vo' =dw' +p* AD (tA)i j W (2.29)

By applying the same procedure, it is direct to verify that, in this case, the
covariant derivative is not nilpotent. This is a natural consequence of considering a
deformation of the original manifold. Since the one-forms pu? do not satisfy the

Maurer-Cartan equations because of the presence of the curvature form R4, they
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do not describe a Lie algebra and the second covariant derivative turns out to be

proportional to the curvature two-form

Vi’ = RY A D(ta)' ;0. (2.30)

In particular, by taking the exterior derivative of the curvature R4 it is also direct

to verify that R4 is a covariantly closed form
VRA = dRA + CH-u® ARY =0, (2.31)

where we have used the adjoint matrix representation D(t B)AC = Céc- Eq. (2.23)

is usually known as the Bianchi identity.

Let us now consider an arbitrary contravariant vector on G, denoted by X = X4t 4,
and let e®) = Eaya,wt A Awde € AP (G) be an arbitrary p-form (with p > 0).

The contraction mapping ix associated with X is defined as
ix : AP(G) — APT1(G), (2.32)
ixe® = pXAeAAl...ApflwAl A Awl, (2.33)
where t4 and w? belong to dual bases. Moreover, if X is a contravariant vector and
w® is an arbitrary p-form, the Lie derivative of w) along X is a p-form defined
as the anticommutator between the exterior derivative operator and the contraction

(5

Exw(p) = ixdw(p) +d (ixw(p)> . (2.34)

Notice that, by writing the vector in a certain basis X = X4¢4, the Lie covariant

derivative from eq. (2.34) can be written as

Liw® = dXA,,w® + XAL, w®). (2.35)

Let us consider the behavior of u under a general transformation of coordinates
& — x + dz. The variation of u“ (2) is given in terms of the zero-form parameter
dx =€ by

oop? (z) = da {Gﬂ,uf(x)dw’“‘ + ,uﬁ(ac)&,é:c“} . (2.36)

Integrating the second term at the r.h.s of eq. (2.36) by parts, we have
oop? (z) = dad, (,uf} (z)e") + da”e” [8,&‘3(3:) — 8V,uf}(x)] : (2.37)

On the other hand, the components of the two-form du? can be explicitly written
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as

1
A A A
(du )W =3 (8Mu,, — 8,,/@) i (2.38)
By plugging in eq. (2.38) into eq. (2.37), it is possible to write the variation of p4
in terms of the anholonomic components of the parameter 4 = uﬁa” as

Sop(a) = de? — 2 (,uB) (EC) (duA)BC . (2.39)

We can now identify the contraction operation i, (duA) = 2uBeC (d,uA)CB, so that
the variation of p* turns out to be proportional to its Lie derivative along the

direction of the parameter, namely
bep(z) =d (6A) + e (d/LA) = Loyt (2.40)

This means that the Lie derivative of p4 is given by its infinitesimal change under
a general transformation of anholonomic coordinates. In general if w® is an
arbitrary p-form then, under a general coordinate transformation, it experiences a

local infinitesimal change, given by its Lie derivative:
5w = Low®), (2.41)

Eq. (2.41) shows that the Lie derivative is the generator of the general
transformations of coordinates, and leads to an interesting result: by performing
two successive Lie derivatives along the basis vectors t4 and tp, it is possible to

prove that they generate the Lie algebra G

[Li,, Lip] = CGpLte. (2.42)

2.4 Invariant tensors

Let us now consider the linear representation of the Lie group G. To each element
g € G there is an associated mapping [g] : G — G such that for any vector v € G

we have g — [g]v = gug~!.

It follows that for any group elements h,g € G and
vector v € V' we have

(] [9] v = [hg] v. (2.43)

By using this action of the group elements on the algebraic vectors, we can define
an invariant tensor of the Lie algebra (or G-invariant polynomial) as an n-linear

mapping of the form (---) : G x -+ x G — R satisfying the following invariance
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condition
(i, o) = ((gvig™) ..., (gvng ™)) (2.44)

The invariance condition of a polynomial can be expressed in terms of the structure

constants of the corresponding Lie algebra, as follows

n
ZCgOAi <tA17"'7EAi7tC7--'7tAn>:07 (245)
=1

where {¢ A}jir:an is the basis of vectors satisfying the Lie algebra from eq. (2.37),

and where a basis vector with hat, 4, denotes the absence of such vector in the
sequence. For details on invariant tensors of Lie algebras and proof of this theorem,
see refs. [49-51].

2.5 Chern—Welil theorem

Chern—Simons theories are topological theories that make use of a Chern—Simons
form as Lagrangian density, leading to gauge theories defined on odd-dimensional
spacetimes. The gauge symmetry of such theories is ruled by the Lie algebra, on
which the fundamental field of the theory, a one-form gauge connection, is
evaluated. Let us therefore consider a one-form gauge connection u4 = ,uf}dm“.
The corresponding field-strength (or curvature) two-form can be found by
considering a perturbated group manifold, i.e., by means of the gauging of the

Maurer—Cartan equation and the introduction of a non-vanishing curvature on it:
1
RA = dp” + in-}CuB A u® (2.46)

The Chern—Simons (2n + 1)-form, denoted by (Q2,+1 can be derived from the
Chern—Pontryagin topological invariant density, which is a (2n + 2)-form given by

the symmetrized trace of its Lie valued curvature forms [52, 53], as follows

Xont2 () = Str (R"1), (2.47)

where Str denotes the symmetrized trace that acts over the matrix representation
of a basis of vectors of the corresponding Lie algebra, R = R%t4. In terms of the

components R4, the Chern-Pontryagin form can be written as

X2n+2 (}u) = gA1-~~An+1}2A1 ARERRA RAn_Hv (248)
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where the coefficients ga,...4,,, are the components of the degree-(n + 1) invariant

n+1
tensor in the chosen basis. By taking the exterior derivative of x2,+2 and using the
Bianchi identities, it is direct to prove that it is indeed a closed form. Moreover, by
replacing the gauge transformation rule on eq. (2.48) and using the invariant tensor

condition for Lie algebras, it is also direct to prove its gauge invariance.

Let us consider two independent gauge fields p and i valued in the same Lie algebra
G. We also introduce a third gauge field depending on them, given by u; = o + tu,
with v = 4 — . @ is known as homotopic gauge field, and it is interpolated from
i to p by the parameter ¢ € [0,1]. In the same way, the homotopic two-form field-

strength associated to u;, denoted and given by

_ _ +2
R, =R+tVu+ 3 [u, u], (2.49)

is interpolated between R and R as the parameter changes between 0 and 1. A useful
property of the homotopic field-strength is that its derivative along the homotopic

parameter is given by a total covariant homotopic derivative, i.e.,

d
SR =V 2.50
FTR (2.50)

On the other hand, the difference between the Chern—Pontryagin invariant densities
corresponding to both gauge fields can be written in a convenient way by using

Stoke’s theorem and the homotopic gauge field

1
. d
Xon+2 (1) = Xant2 (B) = /0 dt - Xzn2 (1) - (2.51)

The invariant density x25,42 (14¢) is constructed with the homotopic gauge curvatures.
By directly applying the derivative along the homotopic parameter and using eq.
(2.50), it is possible to prove that the difference in the L.h.s. of eq. (2.51) is given
by the following total derivative

Xan+2 (1) — Xant2 (1) = dQ2n+1 (i, 1) - (2.52)

The (2n + 1)-form inside the exterior derivative at the r.h.s. of eq. (2.52) depends
on both gauge fields p and f. It is globally gauge invariant, known as transgression

form, and explicitly given by the following expression:

1
Q2n+l (:U'vﬂ) = (n + 1) / dt gA1---An+1uAle42 ARERRA R?TLJA' (253)
0

The Chern—Simons form can be obtained from eq. (2.53) by locally setting i = 0,
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namely

Q2n+1 (1) = Q2n41 (1,0)

1
=(n+ 1)/ dt gAl...AnHuAlRfZ A A RtA”“. (2.54)
0

This condition cannot be globally fixed, and therefore, the Chern—Simons form is
only locally defined. The homotopy rule is also reduced to a particular case in
which p; = tp and Ry = tR + (t2 —t) p?. Notice that R; and p; take values
between 0 and p in the first case and 0 and R in the latter. An important feature
of transgression forms is that they are invariant under gauge transformations. The
Chern—Simons form inherits such gauge-invariance only partially because of the
non-covariance of the setting i = 0. For this reason, action principles that use
transgression forms as Lagrangian densities are fully gauge invariant, but the
Chern—Simons action principles are invariant only up to boundary terms [25, 26].
For recent examples of the use of Chern—Simons and transgression forms in the
construction of gauge theories for gravity, see refs. [54,55]. The relation between
the Chern—Pontryagin invariant density and transgression (and Chern—Simons)

forms is a celebrated result known as the Chern—Weil theorem.

When using a transgression form as Lagrangian density, the transgression form in
eq. (2.53) has, in principle, all the necessary information about the theory.
However, in practice, we work with well-determined gauge groups containing
different subgroups, each one having a clear physical meaning. For this reason, it is
helpful to split the transgression form Qay,+1 (1, t) into parts that explicitly reflect
such subgroup structure. This split describes the relation between the
Chern—Simons and transgression forms: one way to see this relation is to consider
the Chern-Weil theorem. From eq. (2.52) it is straightforward to check the
following identity

dQQ'fH-l (Ma ﬂ) + dQ2n+1 (ﬂ7 :u’) + dQ2n+1 (/7’7 ﬂ) = 07 (255)

where u, i and i are three independent one-form connections valued in the same
Lie algebra. From Poincaré’s lemma we find that the sum of the three transgression

forms in eq. (2.55) can be locally written as a total derivative:

Q2n+1 (,LL, ﬂ) + Q2n+1 (ﬂ: M) + Q2n+1 (ﬁ7 [L) = _dQ2n (ﬂ) s la) ; (256)

where Q2 (@, t, 1) is a 2n-form that depends on the three connections. However, it
is not possible to determine the explicit form of Q2 (f, i, 1) using only the Chern—

Weil theorem. Eq. (2.56) is known as the triangle equation and can be more
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conveniently written in the following way

Q2n+l (laa /1) = Q2n+l (/‘Lv ﬂ) + Q2n+1 (ﬂ? :U’) + dQ2n (ﬂ’ My ﬂ) ) (257)

which allows us to understand Qa2n4+1 (f,/2) as a transgression form that
interpolates between i and i and, in consequence, this differential form can be
written as the sum of two transgression forms by introducing an auxiliary one-form
1 and a total derivative. It is interesting to note that u is completely arbitrary and
can be conveniently chosen. The mathematical foundation on which the previous
result rests is given in the extended Cartan homotopy formula. Such formula
shows that the triangle equation and the Chern—Weil theorem have a common

origin and allows to obtain an explicit expression for the 2n-form Q2 (fi, i, it)-

2.6 Triangle equation

In 1985 J. Manes, R. Stora and B. Zumino [39] showed that the Chern—Weil theorem
corresponds to a special case of the extended Cartan homotopy formula (ECHF) [39].
To analyze this, let us consider the following elements. Let { uf}:i; be a set of one-

form gauge connections on a d-dimensional bundle based on a manifold M. Let also

T,+1 be an oriented (r 4+ 1)-dimensional simplex, parameterized by the set {ti :;Lg ,
where the parameters t* satisfy
t e [0,1], (2.58)

r+1

do#o= 1. (2.59)
=0

Eq. (2.59) implies that the linear combination

r+1

=0

transforms as a gauge connection in the same way as each p; does. It is possible to
consider each p; as an element associated with the i-th vertex of the simplex T}.1,
so that it can be denoted as T;+1 = (po, ..., tr+1). The exterior derivatives on M
and 7,11 are denoted by d and d;. We will also consider an antiderivative operator

l¢, which increases the degree in dt and decreases the degree in dx; that is

Iy - AP (M) x A? (T4 1) — AP7H (M) x AT (Thyq), (2.61)
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and satisfies Leibniz rule just as d and d; do. This operator is defined so that it

constitutes a graded algebra together with d and d

d? = d?=1{d,d} =0, (2.62)
[l1,d] = di, (2.63)
[di, ] = O. (2.64)

The action of I; on the algebra of polynomials generated by {1, R;} is defined in
such a way that the algebra from eqgs. (2.62)-(2.64) is satisfied and the algebra of
polynomials is stable under the application of the operators d, d; and l;. In summary,

the operators d, d; and [; change the degree of an (r, s)-form in (dx“, dti) as follows

(r,5) <4 (r+1,s), (2.65)
(r,5) N (rys+1), (2.66)
(r, ) N (r—1,s+1). (2.67)

Moreover, the action of the exterior derivatives d and d; on the elements of the
algebra of polynomials is defined in the usual way, according to eq. (2.10), while
the only choice for I; that satisfies the algebra (2.62)-(2.64) and keeps the algebra of

polynomials closed is given by

lt/,Lt = 0, (268)
lth = dt,ut. (269)

Let now 7 be an arbitrary (m + ¢)-form given by an arbitrary polynomial in the
forms {p, R:}, such that m and ¢ are its differential degree in dz* and dt
respectively. Using the algebra from egs. (2.62)-(2.64) we have [39]

(p+1)dlPm = [zg’“, d} , (2.70)

where, since the operator [; decreases the degree of the differential form in M, for

consistency one gets m > p . Integrating eq. (2.70) over 7,41 we have

1 / 1 1
— dylPr = / Pdl . 2.71
p! Trt1 t (p + 1)! Trt1 |: ' :| ( )

By applying Stokes’ theorem on the simplex, we can directly integrate the left side
of the eq. (2.71), obtaining

1 1
= Pr = / PHar — artin) . 2.72
P! Jor ! (p+D!Jr,,, (t ! ) (272)
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Note that the quantity lf“w must be of differential degree (m —p) in dz and
(g+p+1) in dt. Denoting r = g + p, we have that lf“w is a (r+ 1)-form over
T,+1, therefore eq. (2.72) takes the form

1 1 1 (- 1
- Pr=— [ oHar L _q ptia (2.73)
P! Jor, . (p+D! Jr,, (p+1! Jn,,

Eq. (2.73) is known as ECHF. If we consider that « is given by the 2n-form (R}')

with degree zero in dt, we have ¢ = 0 and p = r. Thus, this formula is reduced to

1

— 1P (RP) = G b PT(RP (2.74)
p| T 1 t t T t t/- :

-+ Jr,,

The study of eq. (2.74) for particular cases leads to interesting results:

e For p = 0, the simplex is parametrized by one parameter ¢. In this case, the

formula reproduces the Chern-Weil theorem from egs. (2.51) and (2.52).

e For p = 1, the simplex is parametrized by two parameters t° and t'. The
homotopic gauge field u; depends on them according p; = i + t° (u — i) +
t' (i — p). The resulting formula reproduces the triangle equation from eq.
(2.56) and provides an explicit expression for the 2n-form Qo (f, 1, ii) at the
r.h.s of eq. (2.57), given by

1 t0
Qi) = n(n-+1) [ [ at (R =y (=) (275)

where the homotopic curvature two-form Ry is, as usual, defined from pu; and,
hence, depends on both homotopic parameters. For details on these particular
cases, see refs. [49,56-58].
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Chapter 3

Free differential algebras

FDAs are helpful when describing symmetries in theories that intrinsically contain
higher degree tensors in the field content. They were introduced in theoretical
physics in the context of the formulation of supergravity theories in six or more
dimensions, where the supersymmetry requirement of an equal number of bosonic
and fermionic degrees of freedom leads to the introduction of new gauge fields
given by higher degree tensors. An example can be found in the formulation of
eleven-dimensional supergravity, where the field content includes the vielbein field,
the spin connection, and the spin 3/2 gravitino field. The algebraic structure that
allows interpreting such field content as a multiplet is the eleven-dimensional
Poincaré superalgebra, being each field associated to a symmetry generator;
specifically the generators of translations, rotations, and supersymmetry
transformations, respectively. However, the counting of the corresponding degrees
of freedom shows a deficit of 84 bosonic degrees of freedom, leading to the
introduction of a new bosonic three-form, whose number of degrees of freedom is
exactly 84. Therefore, the standard eleven-dimensional supergravity multiplet (or
CJS supergravity) is described by the aforementioned field content, in addition to
a bosonic three-form that cannot be interpreted as the gauge field associated to a
symmetry generator of a Lie algebra. Thus, the resulting algebraic structure turns
out to be a FDA for a composite one-form and a bosonic three-form that is
non-trivially included as an extension of Poincaré Lie superalgebra by means of a

non-trivial cocycle [7,59-63].

In chapter 5, we will formulate a higher degree gauge theory. For this, we need to
introduce the mathematical tools regarding FDAs: in this chapter, we will review

the mathematical formulation of FDAs with particular emphasis on the simplest

27



28 3. Free differential algebras

non-trivial case; this is, a differential algebra that includes only a one-form and a

higher-degree form.

3.1 Generalized Maurer—Cartan equations

As it was mentioned in chapter 2, a Lie algebra can be described in two equivalent
ways. The standard way consists of a vector space of contravariant vectors endowed
with a bilinear antisymmetric product, while the so-called dual formulation consists
of a set of differential equations for the covariant dual vectors (or left-invariant one-
forms). The dual formulation has the advantage that it can be naturally extended

to the case of p-forms.

Let M be an arbitrary N-dimensional manifold and let {QA(p)};VZI be a basis of
exterior forms defined on M. The basis elements are labeled by a set of indices
A (p) where p labels the degree of the differential form 4®). Notice that if p # ¢,
the indices A (p) and A (q) run on different domains and they cannot be contracted.
Since {9‘4(1’)};\;1 is a basis of differential forms, the exterior derivative d94® can
be expressed in terms of their elements. This immediately allows to write down a

generalized Maurer—Cartan equation [4,7,64]:

N+1

1

A(p) A(p) B ( Bn(pn) _
doP) + E ;LOBl(ply-Bn(pn)e 1P AL gBn(em) — (3.1)
n=1

A(p)
CBy(p1)-Ba

they must be reduced to the structure constants of a Lie algebra in the simplest

At this point, there are no restrictions on the coefficients (pn)? however,
case. A factor 1/n is introduced for later convenience. These coefficients are called
generalized structure constants, and their symmetry in the lower indices is induced
by the permutation of the forms in the wedge product from eq. (3.1). Notice that,
there is a (p+ 1)-form at the Lh.s. of eq. (3.1) and therefore, the generalized
structure constants are non-zero only if p;+- - -+p, = p+1. In the dual formulation
of Lie algebras, demanding the structure constants to verify the Jacobi identity
is equivalent to demanding the exterior derivative operator to be nilpotent, and
therefore, that the differential calculus to be well defined. In the same way, eq. (3.1)
is self-consistent only if the generalized structure constants are such that the second

derivative d204(®) vanishes identically for every basis element. By directly applying
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the exterior derivative in eq (3.1), one finds the following condition

N+1
1
2 OB Baon CDr a1 Don(am) 7 NP I NGTP 5] = 0,
n,m=1

(3.2)
Eq. (3.2) constitutes the generalized Jacobi identity for FDAs and, together with
eq. (3.1), defines the algebraic structure known as free differential algebra. As it
happens with Lie algebras, the generalized Jacobi identity can be written in terms of
the structure constants, removing the basis of p-forms and adding the corresponding
antisymmetrization. However, it is convenient to express it as in eq. (3.2) and remove

the differential forms when studying particular examples case by case.

3.2 FDAs and Lie algebras

FDAs were first introduced in physics as extensions of Lie algebras by a
well-defined procedure. Such procedure, extensively studied in refs. [4,7,64], make
use of the mnon-trivial cocycles of a Lie algebra, representatives of its
Chevalley—Filenberg cohomology classes to provide new structure to its
Maurer—Cartan equations.

Let us consider a Lie algebra G with a basis of vectors {¢ A}iiflG satisfying eq. (2.15),
and its corresponding dual basis of one-forms {wA}iizG satisfying the Maurer—
Cartan equations from eq. (2.21). Let us also consider the spectrum of irreducible
n-dimensional matrix representations D™ (t4)" ; of G and the following non-trivial
p + 1-form cocycle

: ‘ " A
Qi1 = Lapea, WA AwPHL (3.3)

Since the p + 1-form Q%,p 11 is a cocycle, it is covariantly closed. Moreover, the
non-triviality —implies the non-existence of a p-cochain ®' such that
sz,p—i-
Chevalley—Eilenberg cohomology class, there is a possible extension of the Lie

1 = V{®t  For each cocycle in this representation, representative of a

algebra of eq. (2.21) to a non-trivial FDA. Indeed, given the (p + 1)-cocycle from
eq. (3.3), we can introduce a new p-form A,iw in the same representation and write

the following generalized Maurer—Cartan equation
V(”)A%’p + Q;’Hl =0, (3.4)

where V(") is the covariant derivative, as it was defined in eq. (2.29) in the mentioned

representation. Eqgs. (2.21) and (3.4) constitute a new FDA for the differential forms
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AN = A and 9AP) = Ail’p. Eq. (3.4) guarantees that the operator V(™ is still
nilpotent in the extended space, and therefore, we can still talk about cocycles and

cohomology classes for the new structure.

At this point, we can repeat the process by using eq. (3.4) and start over. By
recalling the definition of covariant derivative in this representation, we can consider

the construction of new non-trivial cocycles using the basis elements w” and A,"%p

s/

. A A, . i
Q:’L’,p/-‘rl (w, A) = 7;41“.Ari1,“2'5w 1 /\ R /\ w /\ A;Ll’p /\ ct /\ A;Llyp. (35)

Notice that, at the r.h.s. of eq. (3.5) is a (r + sp)-form. The new cocycle
Qfé,’p,ﬂ (w, A) is therefore a (p’ 4+ 1)-form with p’ = r + sp — 1 in a n/-dimensional
representation with index #/. It satisfies closure and it is non-exact under the
covariant derivative of the corresponding representation, denoted by V(). In this
way, each cohomology class corresponds to a new extension of the FDA that can
be found by introducing new differential forms. This FDA is then determined by

the following Maurer—Cartan equations

1
dw? + icABCwB AwC = 0, (3.6)
VOIAL 4+ Q@) = 0, (3.7)
V(n/)Ai:/m/ + Qj;/7p/+1(w, A) = 0. (38)

The repetition of this procedure allows obtaining the most general FDA for a given
Lie algebra G.

3.3 Gauging free differential algebras

As it happens with Lie algebras, physical applications of FDAs require a gauging
of the Maurer—Cartan equations [4,7]. This means to consider a deformation of the
FDA manifold, on which the basis of differential forms {HA(p)} satisfies a modified

version of the generalized Maurer—Cartan equations:

N

1

A(p) — qpAP) 20AP) Bi(p1) A ... A §Bn(Pn)

RA®) = q¢ +z:1n031(p1)~-3n(pn)9 PO AL A G . (3.9)
n—=

The forms RA®) are called (p + 1)-curvatures. Notice that, for p = 1, eq. (3.10)

reproduces the definition of curvature from eq. (2.23). By directly applying the

exterior derivative operator to eq. (3.9) it is straightforward to find the following
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generalized Bianchi identity [7]

A A(
dRAW) + Z CB1pp1 --Bn(pn)

RB1(P) A @B2(p2) p .. A @Bn(Pn) — g, (3.10)
Eq. (3.10) turns out to be particularly useful by inducing a notion of covariant
derivative for FDAs. In this way, the covariant derivative can be defined such that
eq. (3.10) is equivalent to VR = 0.

3.4 The FDAI1 algebra

Let us consider a particular case of FDA, known in the literature as a FDA1 [65,66].
This FDA has only two collections of differential forms as basis, namely the one-
forms p# and the p-forms B’. This means that, in eq. (3.9), we fix 4 = 44 and
0A®P) = Bi. We will study the ‘flat’-case i.e., the non-gauged algebra, and continue
by introducing a non-vanishing curvature later. For convenience, we will explicitly
mention which of these two cases we are dealing with and indistinctly denote the

basis of differential forms as u” and B* in both cases.

By considering the given basis of differential forms, eq. (3.1) is reduced to the

following set of Maurer—Cartan equations

1
duA+§C§ pBu¢ = RA = (3.11)

) A A 1 , A
AB' + Clyp BT 4 5 Cla ™o = R =0, (3.12)

Egs. (3.11) and (3.12) define a FDA1. Notice that we have considered that the

A(p)
(p+1)

are called minimal algebras. The choice of FDA1 as a minimal algebra allows eq.

structure constants of the type C’B vanish. FDAs that share this property
(3.11) to reproduce the Maurer—Cartan equations of a Lie algebra. In consequence,
the generalized Jacobi identity of eq. (3.2) is reduced to a set of three algebraic

equations for the structure constants of a FDAI1, as follows

ChicCpm = O, (3.13)
ChjChy — Ch;Ch, — CtrCip = 0, (3.14)
Ao _
2C[A1|JC|A2 Ap+2] —+1) CAO[AI A CAp+1Ap+2] =0 (3.15)

Notice that, eq. (3.13) is the standard Jacobi identity of Lie algebras, showing that
the one-forms 4 describe a Lie subalgebra of the FDA1. Moreover, eq. (3.14)
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states the structure constants Cf;‘ ; as a representation of the Lie subalgebra. In fact,
by defining the matrix operators (t4)"; = Cfé‘j, eq. (3.14) immediately becomes
equivalent to the commutation relations of a Lie algebra. Lastly, the third Jacobi
identity in eq. (3.15) is equivalent to demand that the standard covariant derivative
of the structure constants Ci‘l._, A
if C, .4

p+1vanishes, showing that a FDAT1 is only consistent

- defines a cocycle of the original Lie subalgebra.

As we have seen in chapter 2, in the study of Lie groups, the diffeomorphism
transformations are given by Lie derivatives along all the possible directions on the
group manifold. To study the diffeomorphism transformations in the case of a
FDA1, it is therefore necessary to define a regular Lie derivative along the
standard directions of the Lie subalgebra described by eq. (3.11), and an extended
Lie derivative that determines the transformations along the extended directions.
For this purpose, we define the generalized contraction operators i;, and i;; whose

action on the one-form 4 and the p-form B is given by [65,66]

it B = 6%, (3.16)
it , BY =0, (3.17)
i, pt =0, (3.18)
ir, B = 5}, (3.19)

t 4 denote the basis vectors, generators of the Lie algebra described by eq. (3.11) (Lie
subalgebra of a FDA1). Moreover, we also have to introduce the corresponding basis
vectors along the extended directions of the FDA manifold, ¢;. The new vectors are

dual to B7 in the same way in which ¢4 is dual to pu?.

Let now €4 be a zero-form and € a (p — 1)-form. As it happens with Lie groups,
the Lie derivative operators along et 4 and €'t; are defined as the anticommutator

of the corresponding contraction operators and the exterior derivatives:

LEAtA - diEAtA + iEAtAd7 (320)
,Csjtj = diejtj + isjtjd, (3.21)

with i.a,, =%y, and iy, = €%y,

Let us now consider the gauging of a FDA1. This means to introduce non-vanishing
curvatures R4 and R’, explicitly given by egs. (3.11) and (3.12). We split the

components of the curvature in the chosen basis of one-forms and p-forms, and
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denote them as follows

R* = Rjep®u + RIBY, (3.22)
R' = Rf41...Ap+1luA1 o ,Mp—i-l + R%jHAij (3'23)

where the second term at the r.h.s. of eq. (3.22) is non-zero only for p = 2.

Let us now proceed to the application of the Lie derivatives on the gauge potentials

p and B' along the standard zero-form parameter e4t4. Such derivatives are

explicitly given by:

£€AtA,LLA = de? + CHopPeC + 2RA B 1C, (3.24)
A . A A ) 1 .
ﬁgAtABZ = ( f4j - 034]) EAB] + ((p + 1) R%Al...Ap - p|Cj4A1'“Ap> 5A,uA1 ce MAP.
(3.25)

On the other hand, the Lie derivative of the gauge fields along the extended (p — 1)-

form €'t; parameter is given by

Loy =€ R, (3.26)
Egs. (3.24)-(3.27) contain the complete set of diffeomorphism transformations along

all the independent directions of the FDA manifold, which can be summarized as
follows [65, 66]

optt = de? + ChouPeC + 2RE P U + eij, (3.28)
6B' =de’ + CfgjuAsj — ngjuAaj + (Rf4j — ng) 4B
i L
+ <(]3 +1) Ria, .4, — p!CAAl---Ap> etptt e, (3.29)

Notice that the diffeomorphism transformations depend on the standard and
extended components of the curvature. The imposition of certain horizontality
conditions of the curvatures in some directions of the FDA-manifold leads to the
transformations of egs. (3.28) and (3.29) becoming gauge transformations in an
analogous way to what happens in the case of Lie algebras (for details see
refs. [65,66]). Indeed, by imposing the so-called ‘FDA1 horizontality conditions’,
given by

icsty, (REpuCpP)

0, (3.30)
icir, (RB7) =0,
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oo, (nguABk) —0, (3.32)
icut, (R BY) =0, (3.33)
Z‘6Bt13 (Rf‘h---Ap.HMAl T :uAp+1> =0, (334)

for arbitrary parameters ¢4 and &, the diffeomorphism transformations from egs.

(3.28) and (3.29) become gauge transformations, namely
optt = de + CHopPe’, (3.35)

p+1

0B' =de' + CfLUMAEJ - ngEAB] — —=Ch,.a etz et (3.36)
p!

Eq. (3.35) corresponds to the usual Lie covariant derivative of the zero-form
parameter. The second equation is the natural extension to the case of a p-form.
Notice that the transformation of p? is the same that in ordinary groups and
depends only on ¢?. However, the transformation of B’ depends on both

parameters, ¢4 and €' [67,68].

As we have seen in egs. (3.22) and (3.23), the curvature forms admit the splitting
RA = R{ + R, R' = R} + R}, with

R = Rpop”uC, (3.37)
Ry = RI'B/, (3.38)
Ry = Ry .a, pw"ptr (3.39)
Ry = Rypu*B. (3.40)

Using this notation, the FDA1 horizontality conditions take the form

iy, Ry =iy R} =i.p,, R =0, (3.41)

iig, Ry = icy, R = 0. (3.42)

Moreover, by defining the contraction operator along the composite parameter € as

ic = €%y, + €%y, eqs. (3.41) and (3.42) can be written in a more convenient way:

i.RY = 0, (3.43)
ica B = 0. (3.44)

As it happens with the generalized Jacobi identity, egs. (3.35) and (3.36) induce
a definition of covariant derivative on differential forms of degree zero and p — 1.

In this way, it is possible to write the variation of the gauge fields as the covariant
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derivative of the corresponding gauge parameters.

3.4.1 Covariant derivative

In order to construct an invariant gauge theory under a FDA, it is necessary to
define a covariant derivative that involves all the components of the gauge field. For
this purpose, we will use the transformation law for the curvatures and the Bianchi

identities.

From egs. (3.35) and (3.36), it is straightforward to find the following gauge

transformation law for the components of the curvature [67,68]

ORA = CH RP:C, (3.45)
1 )
DA, B e (3.46)

(p—

Notice that eq. (3.45) corresponds to the usual Lie bracket between the two-form

SR' = Ciy;RAe — Cly e RI —

curvature and the zero-form parameter, written in components for the chosen basis
and involving only the structure constants of the Lie subalgebra of the FDA1. On
the other hand, eq. (3.46) corresponds to the natural generalization of the Lie
product between the curvature and the parameter and involves both components,
standard and extended, of each one. Moreover, the extended component R’
transforms homogeneously, i.e. not depending on the derivatives of the parameters,
such as R4,

On the other hand, let us now consider the second source of information regarding
the covariant derivative, namely, the Bianchi identity. By imposing the conditions
of FDA1 in eq. (3.10), we obtain the Bianchi identities involving the curvatures R4
and R’

dRA — CA-RPuC =0, (3.47)

dR' + C;p* R — Ciy ;R B7 — ;Cﬁh“,APHRAI pA2 et = 0. (3.48)
As it happens with the gauge transformation laws, eq. (3.45) reproduces the Bianchi
identity regarding R*, which is the same that appears for Lie algebras. It turns out
to be the statement that the Lie covariant derivative of the two-form curvature
vanishes. This is a natural consequence of the fact that eq. (3.11) is the Maurer—
Cartan equation for a Lie algebra. Furthermore, eq. (3.48) generalizes the definition

of covariant derivative for a (p + 1)-form.
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In summary, egs. (3.35) and (3.36) provide a definition of the covariant derivative
of a vector of the FDA1 ¢ whose components are (EA, Ei), being €4 a zero-form and
e’ a (p—1)-form. The covariant derivative of € is therefore also a vector given by

Ve = ((VE)A , (Va)i), whose components are explicitly given by

(Vo) = de? + ChouPe’, (3.49)

(vg)l = de’ + CjéleU'AgJ - CAZAJ'EAB] — HCIZLXAl---APEA:U’Al < '[LAP. (350)

Moreover, egs. (3.47) and (3.48) provide a definition of covariant derivative of a
vector of the type R = (RA, Ri), being R4 a two-form and R’ a (p 4 1)-form. The
components of the covariant derivative of R, denoted by VR = ((VR)A , (VR)Z)

are therefore given by

(VR)* = dR* + CA-u”RC, (3.51)

(VR)' =dR'+ C'y;u*R? — C');R*B7 — HC‘Z““' R4z pAe (3.52)

Ap+1
These results can be understood as the equations that define the covariant
derivative of every set of differential forms x = (wA, xl) in the (A,)-representation
of the FDA1, where the index A corresponds to the adjoint representation of the
Lie algebra with which the FDA1 was constructed, while the index i corresponds
to the irreducible representation of the corresponding cocycle with which the
algebra was constructed. However, directly generalizing egs. (3.50) and (3.52) to

any vector of the FDA1 leads to the following problems:

e The covariant derivative defined in this way does not satisfy a homogeneity
condition, i.e., the second covariant derivative V2z depends on the degree-one
derivatives of x. Such homogeneity condition holds only for differential forms

of even degree.

e The gauge variation of the (p + 1)-form curvature cannot be written as R’ =

VIB?, not even reproducing the original results for Lie algebras.

To solve these problems, we must define a covariant derivative depending on the
degree of the differential forms on which the operator is applied. Let us consider
a vector x = (xA,:):i) in the (A,i)-representation of the FDA1. The components
of z, denoted as z# and 2’ are g-forms and (p + ¢ — 1)-forms, respectively. We
define the FDA1-covariant derivative of x as a vector Vo = ((Vx)A , (Vx)i), whose
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components are given by

(Ve =t s Clepa st
(Vaj)i :dg;i + C.ZAJ (,U,A.%'j o (_l)f(q) .fABj>
(—1)9@ . .
— o Gt e, (3.5

The arbitrary scalar functions f (q) and g (g) are introduced for later consistency.
From the particular cases given by the covariant derivatives of the curvatures and

parameters in egs. (3.50) and (3.52), it is direct to see that
(_1)f(0) — (_1)f(2) — (_1)9(0) — (_1)9(2) -1, (3.55)

Moreover, in order to verify the homogeneity condition, it is necessary to remove
the dependency on the derivatives of 4 and z' in the second covariant derivatives

of z. Such requirement leads to the following conditions for f (¢) and g (q)

flg+1)=f(g)+1, (3.56)
g(g+1)=g(g) +1. (3.57)

A valid solution to this equation system is given by f(q) = ¢g(q) = ¢, which leads

us to the following definition of covariant derivative

(Va)* =dz? + ChopPaC, (3.58)
(Va)' =da’ + Cl; (ua? — (—1)724 BY)
(=1)*

p!

— Cl...a Az A (3.59)

p+1

Egs. (3.58) and (3.59) reproduce eqgs. (3.49)-(3.52), fulfill the requirements of
homogeneity in the second covariant derivative and allow to write the gauge
variations of the components of R as §R4 = Véu” and 0R' = VB,



38

3. Free differential algebras




Chapter 4

L~ algebras and field theory

In this chapter, we review the mathematical structure known as L., algebra. We
consider an introduction in two pictures known as b-picture and ¢-picture. Such

pictures are equivalent and will be useful in this and following chapters.

Lo, algebras are generalizations of Lie algebras defined as graded vector spaces
endowed with a set of multilinear products whose symmetry rules depend on the
degree of the subspaces on which they act [41,69]. This set of multilinear products
directly generalizes the bilinear products of Lie algebras. In this sense, Lie algebras
are particular cases of L, algebras in which the only non-vanishing product is the
bilinear one, and the subspace structure of the vector space carries only one subspace,
making the bilinear product always antisymmetric. The products of an L., algebra
satisfy an enlarged version of the Jacobi identity. It is interesting to notice that
the presence of multilinear products, in general, allows the bilinear product not to
satisfy the standard Jacobi identity. Consequently, when the bilinear product is
defined as a commutator, the product with which such commutator is defined can

be non-associative [70, 71].

4.1 L., algebras in the b-picture

An L, algebra is defined as a vector space X endowed with a set of products {b;} keN

where:

39



40 4. Lo algebras and field theory

e X is a graded vector space

X=X, (4.1)

Eq. (4.1) defines the gradation of X, i.e., given an element Z € X,, we denote
=n

o {by}cn is a set of k-linear products of degree —1 defined on X, i.e., given an

arbitrary set of elements Z1,...,7; € X, we have
degby (Z1,...,7,) = degZy + - -+ degxy — 1. (4.2)

e The products are graded symmetric

by, (.fl, ce,Tg) =€ (O’, Z) by, (i’a(l), e ,{Z‘J(k)) , (4.3)

where € (0,z) is the Koszul sign defined by means of a graded symmetric
product Z A § = (—1)%879°€¥ 4 A 2. It depends on the degree of the elements

on X and the order of the permutation o through the following relation
i‘l/\-“/\fk:E(O',i)fa(l)/\-'-/\i'a(k). (4.4)

e The products b satisfy the so-called L., identities in the b-picture

Z € (Ua j) bj (bl (jo(l)a s )ia(i)) 7'@0(1'—1-1)7 s 7'i'a(n)) =0, (45)
o€Un(4,5)

withn > 1,i4+j =n+1, and U, (7, j) being the set of unshuffled permutations

of n elements that satisfy the following ordering relations

4.2 L, algebras in the /-picture

L algebras can be equivalently formulated in the so-called ¢-picture. In this picture,

an Lo algebra is defined as a pair (X, {;},cy) Where:

e X is a graded vector space

X =P X (4.8)

ne”L
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Eq. (4.8) defines the gradation of X, i.e., a vector x € X,, has degree n,

degx = n.

o {{x}1cn is a set of k-linear products of degree k — 2 defined on X, i.e., for k

vectors x1,...,x € X, we have

deg ly (x1,...,2k) =k —2+degxy + - - - + deg x. (4.9)

e The products verify the following graded symmetry depending on the order of
the permutation and the Koszul sign depending on the degrees of the vectors

in the £-picture
ﬁk (l’l, ey IL‘k) = (—1)0 € (U, :L‘) Ek (:Eo(l)a ce vl'a(k)) . (4.10)

e The products ¢}, satisfy the L., identities in the ¢-picture (n > 1 :)

Z (—1)10_1) Z (—1)0 € (O‘, 1‘) fj (fz (1'0(1)7 ey ZL‘U(Z-)) s

i+j=n+1 o€Un(,5)

To(it1)s - Tamy) = 0. (4.11)

It is possible to define a mapping between both formulations. Let us consider an

L algebra in the ¢-picture. We define the suspension map s as follows

5: Xy — Xog1, (4.12)

T ST = T. (4.13)

The operation s maps vectors from X into vectors on X, such that, the image of a

vector z of degree n in X is a vector Z of degree n + 1 in X
degz =degx + 1. (4.14)

The product of an arbitrary number of vectors on X in the ¢-picture is also mapped
to the product of their corresponding images on X in the b-picture up to a —1 factor

depending on the degree of the vectors, as follows [41]:
bn(Z1, ... &) = (—1)(n7Ddegait(n=2)degzattdegangy (5 g, (4.15)

Notice that the relation from eq. (4.15) is written using the algebraic degrees of

vectors in X. The mapping s is invertible. By introducing s~' as

s X — X, (4.16)
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T s T=ux, (4.17)

we can immediately obtain the inverse relation for the mapping of products from X
into X in terms of the degrees of X
n(n—1) _ _ _ _
1)T+(n 1) deg Z1+(n—2) deg To+---+degxpn—1 Silbn(fla - «fn)
(4.18)

In the b-picture, the products always have algebraic degree —1. In contrast, in the

(1, ey y) = (—

{-picture, the degrees of the products depend case by case. Such degrees correspond
to different pictures, and therefore, the Koszul signs defined in terms of them e (o, x)

and € (0, z) are different, even if they correspond to the same permutation o.

The Lo identities from eq. (4.11) relate n vectors of X using products of different

numbers of them in a single equation. Let us analyze the first cases:

Identity of one vector:

51 (fl (IL‘)) =0. (4.19)

The first identity defines ¢; as a nilpotent operator on the entire vector space X.
Identity of two vectors:

O (0 (21, 22)) = lo (01 (1), m2) + (=1)98™ ly (1, £y (22)) . (4.20)
The second identity defines ¢ as a derivation of /5.

Identity of three vectors:

Oy (b (x1,22),23) + (*1):”1(:”2”3) Uy (g (z9,z3) , 1) + (—1)" 732258 05 (0y (23, 21) , 2)
= —Ll3 (01 (z1) w2, 23) — (—1)" by (w1, &1 (22) , w3) — (—1)"1772 Ls (21, 22, 41 (23))
=y (b3 (71, 2, 73)) - (4.21)

The Lh.s. of eq. (4.21) correspond to the Jacobiator of the bilinear product 5.
Moreover, on the r.h.s, we identify the action of /1 on f3. If /1 is a derivation of
/3, the r.h.s. of eq. (4.21) vanishes. Therefore, this identity states that the bilinear
bracket is, in general, not a Lie bracket. The failure of its Jacobi identity is measured
by the failure of £; as a derivation on £3. Notice that in the absence of a three-linear

product, the Jacobi identity is immediately satisfied by the bilinear product.
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4.3 L, algebras and FDAs

The dual relation between Lie algebras and Lie differential algebras can also be
extended to FDAs. Through the introduction of a set of products acting on a dual
basis of vectors, it is possible to find a dual relation between FDAs and L, algebras.
Let us introduce a graded vector space X, and a basis for X denoted by {t Ap) };\7:1‘
The gradation of the vectors in X is labeled according degg t4(,) = p, and each
index A (p) runs over a different domain depending on the value of p, allowing each
subspace to have different dimensionality. Let us also introduce a set of m-linear

products (n > 1) acting on X, denoted by

[taspn)s - > tanon)], € X (4.22)

Since the product of n basis elements [t Ay(pr)s- -t An(pn)]n is also an element of
X, it can be written in terms of the basis. We denote its components by
[tfh(m)v e ,tAn(pn)]:(p). Such components are chosen to be proportional to the
structure constants of a FDA, as follows

A A
s tan) o = (= DICED (4.23)

As a consequence, the products on X satisfy the same graded-symmetry relation
than the structure constants of the FDA, which can be conveniently written as

follows

tAa(l)(Paa))’ o ’tAa(m(pa(n)) n (0,7) [tAl(Pl)’ e ’tAn(Pn)}n’ (4.24)

where T denotes the gradation of the vectors in the argument of the products. Notice

that, for n = 2, eq. (4.24) leads to the following rule for the bilinear product

[tae)stB)s = (1" [t taw], - (4.25)

Since the new products are proportional to the generalized structure constants of
a FDA, they inherit some of their properties. As we have seen, the generalized
structure constants in eq. (4.24) are non-vanishing only if their indices satisfy p; +
-+ + p, = p+ 1. Consequently, a product [tA1(p1)a e 7tAn(pn):|n is an vector of
the subspace X,,. Moreover, by directly plugging in eq. (4.23) into eq. (3.2) it is

possible to write down the generalized Jacobi identity in terms of the products in
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X, as follows

™ 1 Alp)
> T (1) [[tcmql)a s W (am) |+ UBa) -5 U |
mmn=1 ’
gC1(a1) ... pCm(am)gB2(p2) ... gBn(pn) — (4.26)

Here, the sum runs over the integer values of p; and ¢; satisfying ¢1+- - -+¢mn = p1+1
and p; + -+ p, = p+ 1. Let us now remove the dependence of eq. (4.26) on the
differential forms. To this end, we separate the terms that are wedge products of the
same number of basis elements. Each term on the Lh.s. of eq. (4.26) is a product of
m+n—1 differential forms #4(@). This allows separating eq. (4.26) in equations that
contain the product of the same number of basis forms and perform the sum over
unsuffles. Thus, we can isolate the Jacobi equation corresponding tol =m +n+1

basis elements, as follows

Z Z €(o,T) HtBau)(qo(l))’ T tBo(m)(qa(W)} m

m4n=Il—-1ceU(l)

By (domin) ’tBaa)(Pam)] . (4.27)
Notice that, since there is no repetition of forms 4@ in eq. (4.26) (otherwise, the
wedge product vanishes), we have performed the sum on m!(n — 1)! equivalent
terms, removing the factorial factor. Moreover, by considering the reordering of
differential forms when performing that sum, we have introduced a Koszul sign
depending on the order of the permutation and the differential degrees of the

elements.

Let us now consider a new Z-graded vector space, denoted by X = &,X,,. Let
{tA(p) };V:l be a basis of X, with the gradation degy t4(,) = p— 1. By last, in terms
of the products in eq. (4.23), we define the following set of products on X:

(p1—1)(n—1)++(pn—1—1) [

U (Eay(pr)s - - Ean (o)) = (—1) tA (1) - L)), - (4:28)

By plugging in eq. (4.28) into eqs. (4.27) and (4.24), one immediately obtains that
the products ¢, satisfy the L, identities and the graded symmetry relations of Lo
algebras in the /-picture. Therefore, the vector space X, endowed with the
products of eq. (4.28) defines an L, algebra in the ¢-picture. On the other hand,
eq. (4.27) turns on to be equivalent to the Lo, identities in the b-picture, being eq.
(4.28) the mapping of the products between both pictures. This shows the dual
relation between FDAs and L., algebras. For later convenience, we explicitly show

the relation between FDAs and L, algebras in the ¢-picture. Extensive analyses of
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the relation between L., algebras and graded differential algebras can be found in
refs. [70-72]. Moreover, for recent reviews on the role of non-associative algebras in
physics, with a strong emphasis on their historical development and dual

formulation, see refs. [73,74] .

4.3.1 Example: five-dimensional case

Let us consider an example of a FDA, namely, a FDA1 carrying a one form §4()
and a two-form #4(2). This setup reduces the Maurer-Cartan equations from eq.

(3.1) to a set of two differential equations, as follows!

1 _aa
doAM 4 5035130(1)03(1) A B — 0, (4.29)
1
A@2) 4 * [ ~AQ2) B(2) A pC(1) A(2) B(1) A pC(2)
40°® 1 2 (O3 00 1 Cp 0 070 A 69)
1 A B c D
+3Cmempn’ M AgeM A gPL) = 0. (4.30)

The graded symmetry in eq. (4.24) shows that the first generalized structure

constants ng; c() are symmetric in the lower indices, i.e.,

Cé%o(l) - Cg((f))B@)’ (4.31)
The second generalized structure constants ng)) c()p() re the components of the
three-cocycle with which the FDA1 is constructed. The wedge product between
one-forms in the r.h.s of eq. (4.24) induces antisymmetry in their lower indices. By
imposing that the three-cocycle is in the adjoint representation of the Lie algebra,
the FDA1 is reduced to a particular case in which every algebraic index takes values
in the same domain. In this way, the indices A (1) and A (2) can be simply denoted
by the same letter without their labels i.e., A(1) - A and A(2) — A. This also
allows renaming the FDA1 potentials as #4(1) = g4 and 4(2) = §2'. Notice that we
have included a new label to distinguish them. By last, the generalized structure
constants of the FDA can also be renamed. Notice that the symmetry rule in
eq. (4.31) include both the indices B and C' and the labels 1 and 2, being the
permutation of both of them necessary to hold the symmetry. This allows to define

(1)

the components of 02(1)0(1) in terms of the antisymmetric structure constants of a

'For this example, we explicitly write the wedge product between differential forms.
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Lie algebra, as follows

Cotow = s tea]y " = Che, (4.32)
ng))cu) = [ts) tem ]y = Che, (4.33)
Con) = ltoaytse)y " = —Clp, (4.34)
Og((f))C(l)D(l) = % [tB(l)atcu),tD(l)]?(z) = Chcp.- (4.35)

Egs. (4.33) and (4.34) show that, although the structure generalized structure
constants C’gc are antisymmetric in the lower indices, the product between FDA1

forms, given by

A® _ pA@ 4B g
[0, 60] 7 = €)1, 07@ A 60, (4.36)

is indeed symmetric due to the symmetry of the generalized structure constants and
the permutation of an even-degree form. In this case, we have chosen the structure
constants of the same Lie subalgebra with which the FDA1 is defined. In this
notation and with these choices, the Maurer—Cartan equations of the FDA1 take

the following form
1
0=des + icgoaf N (4.37)
1
0=des + Ca08 N oY + §C§0D913 AOS A 0P (4.38)

Let us now write down this FDA as an L., algebra in the ¢-picture. To this end, we

introduce a graded vector space
X =Xy & Xy, (4.39)

and denote its basis elements as {tA,fA}, with t4 € Xy and t4 € X;. By writing
down the information of the FDA1 structure constants of eqs. (4.32)-(4.35) into the
Lo products according to eq. (4.28), we find the following L, products:

ly (tp,tc) = Chota, (4.40)

b (tp,tc) = —Cheta, (4.41)

3 (ts,tc,tp) = 2CHcpia, (4.42)
Others = 0. (4.43)

Here, we have identified the vectors on X as {4(1) = ta and tyo) = ta. Thus, egs.
(4.40) and (4.41) contain the information of the Lie subalgebra of eq. (4.29), while
the product in eq. (4.42) carry the information about the cocycle with which the
FDAL1 is defined. They satisfy the Lo, identities due the Jacobi identities in eq.
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(4.27).

A similar approach for the derivation of a dual of FDAs was performed in ref. [68].
Such dual formulation leads to a non-associative algebra by defining a set of products
in terms of the Lie derivatives acting on the FDA manifold. The commutation
relations of that algebra arise by directly calculating the commutator between the
Lie derivatives along the standard and extended directions on the FDA manifold.
The motivation for investigating these dual non-associative structures lies in the
fact that, in closed string theory, non-associative structures in double phase space
describe flux backgrounds [75]. In the case of these dual non-associative algebras,
as well as in Lo, algebras, the non-associativity appears when the bilinear algebraic
product does not satisfy the standard Jacobi identity. The failure of such Jacobiator
is proportional to a cocycle, being the non-associativity controlled by the Chevalley—

Eilenberg cohomology (see refs. [76-78]).

4.4 L., formulation of gauge theories

Lo, algebras provide a mathematical structure that allows to write down the
complete information about an arbitrary classical gauge theory [41]. This means to
include not only the gauge algebra but also the information regarding the
dynamics into the definition of algebraic products. The information regarding the
gauge symmetry is still encoded into a certain subalgebra L8'®° of the entire
algebraic structure LW, being the dynamics codified into the remaining subspace.
Standard gauge theories, such as Yang—Mills and Chern—Simons theories, have
classical symmetries described by Lie algebras. As a consequence, when writing
them in terms of L., algebras, the gauge subalgebra L8"®° is a Lie algebra.
However, higher-gauge theories present higher-degree tensors as gauge fields [79]
and describe the dynamics of extended objects such as string and branes. Their
corresponding gauge symmetry is therefore described by enlarged algebraic
structures such as FDAs. Thus, when describing higher-gauge theories in Lo
formulation, the corresponding gauge subalgebra is an L, algebra that could not
be trivially reduced to a Lie algebra. For additional information about the use of

Lo, algebras in string theory and supergravity, see refs. [80-85].

Let us consider a classical gauge theory with fundamental field p, whose dynamics
is governed by the equation of motion F = 0, and the gauge symmetry is induced
by a set of transformations d.u for a gauge parameter £. Moreover, we consider that

the field p takes values in a vector space X_1, while the parameter ¢ takes values
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in another vector space Xy. By last, we consider a third space, denoted by X_o,
in which the off-shell non-vanishing function F takes values. It is then possible to
encode the information of the theory into an L, algebra by introducing a vector
space given by

X=Xob X1 X_g, (4.44)

and a set of products ¢, (with n > 1) defined on X, such that they include the
information related to the definition of gauge transformations, the closed gauge
algebra, and the equations of motion. In the following, we will see how the

information of the gauge theory is encoded in these products.

4.4.1 Gauge transformations

Let us begin by writing the gauge transformations of an arbitrary theory in terms
of algebraic products. At this point, we have introduced a gauge field p € X_; and
a set of parameters ¢ € Xy. The gauge variation é.u is defined in terms of the Ly

products as follows

0o n(n—1)
—1 2
o= ()n.énﬂ (e, ™). (4.45)
n=0 ’

Moreover, it is also possible to consider trivial gauge transformations, namely,
equations of motion symmetries. A particular case of a trivial transformation that
depends on two independent parameters £1,c9 € Xg, and that will be important in

chapter 7, is given by the following transformation

n(n—1)

9] )
651@2” = Z ()n!ETL+3 (617 €2, J_-.v Mn) . (446)
n=0

Since the variation of the gauge field is proportional to F, it vanishes on-shell.
Notice that the transformation depends on products of three or more elements, and
therefore, it does not appear in the case of gauge transformations described by Lie

algebras, due to the absence of higher products.

4.4.2 Equations of motion

Once introduced the gauge transformations (4.45), it is possible to define a gauge
invariant action by introducing an inner product (, ); on X, such that, for a given

collection of n + 1 vectors zg, ..., z, € X, the inner product satisfies the following
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properties

(—1)trdeszodes®y ) g (mo, @9, ... xn)), 5 (4.47)

(oo}

<I‘0,£n (5131,$2, e 7£Un)>Loo

(o, 1)y, = (~1)TB0NEN (2 wg)y (4.48)

Notice that we introduce a label in the inner product to explicitly show that it is
defined for L., algebras, and distinguish it from the inner products of Lie algebras.

By using this inner product, it is possible to define the following action principle:

n(n—1)

o
(=1 >
S = (b (" 4.49
Z (TL+1)' <,Ua TL(M )>Loo7 ( )
n=1
which is invariant under the gauge transformations defined on eq. (4.45) due to
the properties of eqs. (4.47) and (4.48). By taking the field-variation of this action

principle and plugging in the L, identities, one obtains

08 = <(5u,]-")LOo , (4.50)
where
0o (_1)71(71271)
F= 2:1 ol ("), (4.51)

This provides a definition for the equation of motion term F. Notice that it is
necessary to assume non-degeneracy of the inner product [41,69], otherwise, the
variation of the action principle does not lead to F = 0 as the equation of motion.
From now on, this non-degeneracy will be considered as a requirement in the studied

theories.

4.4.3 Gauge algebra

As the third step, let us now consider two independent gauge parameters €1 and e
belonging to Xy. By applying two successive and independent gauge transformations
with these parameters and plugging in the definition from eq. (4.45), it is possible

to prove that the commutator of two gauge transformations is given by

[0y, 0ey] 1t = ealb T 531,52,“- (4.52)

The first term at the r.h.s. of eq. (4.52) is a gauge transformation of y as introduced

in eq. (4.45), where the parameter e3 € X is a function of £ and &9, explicitly
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given by
- - (_1) 2 n
€3 = § o lpyo (€162, 14™) . (4.53)

n=0
On the other hand, the second term at the r.h.s. of eq. (4.52) is a trivial gauge
transformation. It becomes important to notice that this trivial transformation
involves the equation of motion term F, providing information about the dynamics,
even before having specified an action principle for the theory. More precisely,
when writing a classical gauge theory involving products of three or more vectors in
terms of an L, algebra, the definition of covariant derivative induces a definition of
gauge transformation. By directly calculating the commutator between two gauge
transformations, it turns out to be possible to find a trivial contribution to such
commutator (given by the second term at the r.h.s. of eq. (4.52)), becoming possible
to find information about the equation of motion by inspection of the algebraic vector
F. It is therefore relevant to study the presence of these trivial transformations when
introducing the action principle. In order to write down a consistent gauge theory,
the allowed action principles must be only those that are not inconsistent with the
trivial gauge transformation that appears in the commutator. In other words, the
action principle must be such that their equations of motions effectively imply that
the trivial transformation vanishes on-shell. As it was mentioned, since Lie algebras
do not carry products of more than two vectors, action principles can be introduced

for Lie gauge theories without taking this issue in account.

In summary, to write down the L., algebra of a classical gauge theory, it is
necessary to consider the relevant information coming from the definition of gauge
transformations, the equation of motion, and the gauge algebra. From eq. (4.45)
we can see that, given a gauge theory, the definition of gauge variations determines
the products of the corresponding L, algebra that involve vectors in Xg and X _g.
On the other hand, eqgs. (4.46) and (4.53) show that the gauge algebra provides
the information about the L., products between two or more vectors in Xg. By
last, the dynamics of the theory is determined by the equation of motion term in
eq. (4.50), which exclusively involves products between vectors in the subspace
X_1. These products can be obtained by direct inspection of these equations.
However, they do not necessarily satisfy the L., identities by themselves. In order
to obtain the L., algebra that describes a particular theory, it is also necessary to
plug the obtained products into the L., identities and demand them to be verified.
This consequently leads to new information regarding algebraic products that must
be non-vanishing for consistency. From now on, we will refer to the products that
are not obtained by inspection of the three main sources of information mentioned

before, but by their consistency with the L., identities as consistency products.
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This procedure was used in ref. [41] to write down the Lo, algebras that describe

three-dimensional Chern—Simons theory and Yang—Mills theory.
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Chapter 5

Chern—Weil theorem and
FDA1-Chern—Simons forms

In this chapter, we will use the formulation of FDAs introduced in chapter 4 to
extend the results from chapter 3. This means to formulate an extension of the
Chern—Weil theorem for a FDA1. In order to accomplish this goal, we begin by
considering the definition of gauge curvatures that emerges from the gauging of the
Maurer—Cartan equations, and then we postulate a generalized invariant density.
Let us then consider a composite gauge field u = (,uA, ui) having as components a
one form p? and a p-form p'. In the same way, its corresponding field strength is
given by a pair R = (RA, Ri), being R4 the standard two-form curvature and R’
the extended (p + 1)-form curvature defined by means of the inclusion of a cocycle
(p + 1)-form. They are both non-vanishing off-shell and explicitly given by the
gauging of the Maurer—Cartan equations in egs. (3.11) and (3.12).

We propose a generalized invariant density (analogous to the Chern—Pontryagin
invariant density of a Lie group from eq. (2.48)), as a multilinear product of the
components of the field strength. We set the form-degree of the new invariant density
as ¢ and consider the most general ¢g-form that can be constructed using R4 and R’
as building blocks [45]

Xg = Y GareApisoig R RAMRI R (5.1)
m,n

To write the product of curvatures on the r.h.s of eq. (5.1), we introduce a set of

constant coefficients g4,...4 in analogy to the higher-rank invariant tensors of

mi1in

Lie algebras. The new coefficients contain both types of algebraic indices in the

93
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appropriate number for each term. Notice that, since each term on the r.h.s. of eq.
(5.1) can have a different power on the curvatures, we are also including coefficients
JAy- Ay i, With different numbers of indices. The sum at the r.h.s. of eq. (5.1)
runs over all the possible combinations such that the result is a ¢-form. Since the
two-form R’ appears m times and the (p + 1)-form appears n times, the result is
always a differential form of degree 2m + (p + 1) n. Therefore, the sum runs over all

the non-negative integer solutions (m,n) to the algebraic equation
2m+ (p+1)n=q. (5.2)

At this point coeflicients g4,...a,,i;.-i, are introduced such that x, is completely
gauge invariant. Therefore, the transformations of the FDA1 induce generalized

invariant conditions on these coeflicients.

For example, in order to find a 12-form using only a two-form R4 and a four-form R?,
we have four possible terms, given by the integer solutions to the equation m+2n =6

namely

X2 = gapagRY R+ ga 4 RY - RYMR + gapi; RARPR'RI
+gik R RIRF. (5.3)

5.1 FDA1 invariant tensor

The coefficients ga,...a were introduced as the generalization of the invariant

tensors of Lie algebras to the case of a FDA1. They are defined by the requirement of
gauge invariance of x,. By considering the gauge variation of eq. (5.1) and plugging

in the transformation laws from egs. (3.45) and (3.46) we find

5 (1 B) = Y gare iy [MCRLRICR - RAMR . Rl

+nRAM o R (O RPeT — O PRI
(N o
- (p — 1)!0}5}81--.Bp€BRBI/‘BQ o '/LBP> R ... Rzn:| . (5'4)

The variation of x, includes both types of gauge transformations on eq. (5.4),
standard and extended. Thus, the variation depends on the gauge parameters e and

¢’. Since they are independent, and the total variation vanishes, we can decompose
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eq. (5.4) in parts that are proportional to each parameter and set both as equal to

zero, as follows

> 9arAmirein [MCHERPECRA? .. RAMRY ... R

m,n

+ |CEBl---B RA ...RAmgBRBlluBz o uPrR2 .. R

(p—1)! P

—nCpRY . RmePRIR?...R" =0,  (5.5)
> 9arApiyinCi; R - RAm RPeIR™ ... Rin = 0, (5.6)

Egs. (5.5) and (5.6) are related to the variations with respect to ¢4 and &
respectively. Since p > 1 (otherwise, the FDA is a Lie algebra), there is always a
dependence on p? factor in the second term of (5.5). However, the first and third
terms contain only curvatures, meaning that both contributions are always
functionally different and therefore, in order to not impose any condition on the
fields and curvature, both contributions should vanish independently. Therefore,

eq. (5.5) can be split into two independent equations, as follows

S i [MCAROECRY R .

m,n

—nCp R - RAmePRIR™ ... Rin = 0, (5.7)
Z”9A1---Amil---inCEBl-..BpRAl - RAmPRP P2y Pr R R =0, (5.8)

The invariance condition of x, is then summarized into eqgs. (5.6), (5.7) and (5.8).
Having the independent equations already separated, we can remove the dependence
on the gauge fields and curvatures, resulting in three conditions that the coefficients
GAy--A,iy-i, must verify in relation with the structure constants of the FDA1 to
ensure the invariance of x,. Therefore, for each pair (m,n) in the solutions of eq.

(5.6), we have the following conditions

m n
Z CgoArgA1-~-ArC-~-Ami1-~-in + Z Czoisg:‘h~--Ami1~~isk~~~in =0, (5.9)
r=1 s=1
m—+1
Z CAlAlT‘Bl"'BpgAl"‘Ar"'Am+li1“‘in =0, (5.10)
r=1
m+41

Z Cj‘llrng1"-Ar~~~Am+1i1~~~in =0, (5'11)
r=1
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where A and i denote the absence of such indices in the sequence. Eqs. (5.9), (5.10)
and (5.11) provide the definition of extended invariant tensor for a FDA1. Notice
that, in the absence of p-form (this sets n = 0), egs. (5.10) and (5.11) are not present
while eq. (5.9) becomes equivalent to the standard definition of the invariant tensor

of a Lie group.

In general, from its original definition in eq. (5.1), the generalized invariant tensor
is symmetric in the standard indices A; --- A,,. Moreover, it is symmetric in the
extended indices i1 - - - i, for p odd and antisymmetric for p even. Since there are no
symmetry rules for the interchange of mixed indices, we indistinctly denoted both

sets of indices in a different order, i.e.,

GA - Ay -in = Giq-inAq--Am - (5.12)

An important feature of the standard invariant density in (2.48) is to be a closed
form, allowing the existence of locally defined Chern—Simons forms, due to the
Poincaré lemma. By directy applying the exterior derivative operator on x, and
plugging in the Bianchi identities for a FDA1, given by egs. (3.47) and (3.48), we

find the following relation

qu (M, B) _ Z GAy Ay i, [nglcRB/JCRA2 Ce RAanil Ce Rln

m,n

A Am A

A, A A
Api1 1ILL 2# p+1

_ i;juARj> Rm...Rin], (5.13)

We can see that the exterior derivative of x, vanishes as a consequence of the
invariant tensor conditions from eqs. (5.9)-(5.11). This proves that the invariant
tensor conditions for a FDA1 lead to the construction of an analogue of the
Chern—Pontryagin form for a FDA1 that inherits the properties of being closed and
fully gauge invariant. These properties also allow us to find an analogue to the

Chern—Simons and transgression forms for a FDA1.

5.2 Chern—Weil theorem

At this point, we have introduced a closed gauge invariant ¢-form. Due to the
Poincaré lemma, it should be possible to write down a Chern—Simons form that

generalizes eq. (2.54) to the case of a FDA1. Moreover, as we will see in this
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section, it is also possible to define fully gauge invariant transgression forms. To
show this, in direct analogy to section 2.5, let us introduce two independent FDA1-
valued gauge fields, each one with components given by a one-form and a p-form, and
denoted by (ué, B}) and (uf‘, Bj). Moreover, in terms of them, we also introduce
a third homotopic gauge field, denoted by (uf, B}:), whose components are defined

as follows

pit = (1= 1t) po + i, (5.14)
B! = (1-t)B}+tBi, (5.15)

where the parameter t takes values in [0,1], such that (utA,Bf) is interpolated
between (,LL()“,BE)) and (pf', BY). The Stoke’s theorem allows us to write the
difference between the invariant densities corresponding to (,u()‘l, Bj) and (,u{‘, Bj)

in terms of an integral and a total derivative with respect to the parameter

1
d
Xq (111, B1) — Xq (uo,Bo)z/O dt = Xq (e, By) - (5.16)

As it was introduced in eq. (5.1), the invariant form x, (4, By) makes use of the
components of Ry = (R{f‘, ng) as building blocks. By directly applying the derivative
operator, it is possible to show that the components of the homotopic curvature

satisfy the following useful relations

dR{

- = (Veu)?, (5.17)
dR; ;
dtt = (Vi)' (5.18)

where we define u? = pf! — g and b' = B} — B} for convenience, and where V, is the
FDAL1 covariant derivative, as it was defined in egs. (3.58) and (3.59) with respect
to the homotopic gauge field. We now apply the derivative along the parameter ¢
into the expression for x, (1¢, B) and plug in the relations from eq. (5.17) to isolate
a total derivative on the r.h.s. of eq. (5.16). This allows us to write eq. (5.16) as

follows
Xq (111, B1) — Xq (110, Bo) = dQq—1 (11, B1; po, Bo) - (5.19)

where

1 . .
Qq-1 (11, B1; o, Bo) = ZgAl--Amilmin/O dt (mUAlRtAQ“'Rme?“'Ri”
m,n

RN RAVURE R (5.20)
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Eq. (5.19) generalizes the Chern—Weil theorem for a FDA1, specifically, by means
of the relation between the gauge invariant densities and the transgression forms in
eq. (2.52). Moreover, eq. (5.20) is the definition of transgresion form for a FDAI.
As it happens with Lie groups, if we locally fix one set of gauge fields as zero, i.e.,
(ug‘, Bé) = (0,0), and rename the remaining gauge field as (,u*lA, Bi) = (,uA, Bi), we
obtain a definition for Chern-Simons forms for a FDA1 (or FDA1-Chern-Simons

forms)

1
Qq—1(n,B) = ZQA1~--Ami1~-in / dt (mMAlRfQ - Rz“mRél - R
m,n 0
+nRM - RABURE R (5.21)

Transgression forms as defined in eq. (5.20) are fully gauge invariant under the
FDA1. In the same way, action principles that use FDA1-Chern—Simons forms as

Lagrangian densities are invariant up to boundary terms.

5.3 Dynamics

Let us now consider the construction of transgression and Chern—Simons action
principles. In order to derive their corresponding field equations, we introduce a
change of notation that simplify the calculations. Let us therefore consider a ¢ — 1
dimensional manifold M,_; on which we define two independent FDA1 valued gauge

fields ¢ and [, to whose components we denote as follows

Bo= (MAaﬂi)7 (5'22)
po= (). (5.23)

Notice that, for simplicity, we use the same letter to denote both components of
the gauge fields. We distinguish them by their corresponding algebraic indices.
Moreover, when we write a gauge field (or any other FDA1 vector) without algebraic
index, it denotes the complete set of fields, as given in egs. (5.22) and (5.23). We
also consider a compact notation for FDA1 algebraic vectors and its contraction
with the components of the invariant tensor in order to write the action principles
in terms of index-free expressions. Let x1,..., %1y be FDA1 vectors. Each one
can be split in components as x = (a:A, xi), being z4 and z' differential forms of

different degrees. We denote their contraction with the FDA1 invariant tensor, as
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follows

. _ A A % i
<B17 R 7BmvBTI’L+17 .- '>Bm+n> - gAl"'Amil'“’inBl b 'BmmBWlH*l By

m+n-*

(5.24)

Notice that the semicolon separates both algebraic sectors. The details of this change
in the notation can be found in appendix A. The new notation allows writing the

invariant density from eq. (5.1) as

Xq (0 1') =Y (R™;R"), (5.25)

m,n

while the transgression forms from eq. (5.20) can be used to define a transgression
action principle by integrating it over the base g-dimensional spacetime M,_1, as

follows:

1
St = Z/ dt (m (u, R" RE) +n (R u, RYTH)) (5.26)
0

Mg—1 m,n

where we define u = u — fi. For the purpose of finding the equations of motion for
this action principle, we consider the general field variation of St with respect to
and i simultaneously. By performing integration by parts in the variation of St, we

obtain:

1
ST = Z/ dt (m (6u, R R} +m (m — 1) (Vyu, 6, R2; R})
Mg m,n 0

+mn <Vtu, Rfl_l; O bt R?_1> +mn <5,ut, R:”_l; Vu, R?_1> +n <R§”; ou, Rf_1>
—(=1)Pn(n — 1) (R Viu, 6, R ™?)) + Boundary terms. (5.27)

The homotopic covariant derivatives and field variations in the r.h.s. of eq. (5.27) can
be more conveniently written by using the following identities: the total derivative

of the homotopic gauge fields and curvatures are given by

dR;

— =V 5.28
dt tU, ( )
dp

— = du. 5.29
& u (5.29)

Egs. (5.28) and (5.29) are valid for both standard and extended components and
allow to isolate the components of di» and df in the variation of the action principle.
Indeed, by plugging them in eq. (5.27) and performing integration by parts, eq.
(5.27) takes the following form

5St = > (m{ou, R™ Y R™) +n (R™; 6p, R 1)

Mg—1 m,n
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—-m <5ﬁ, Rm_l;R”> —n<R;”;5ﬁ, R”_1>) . (5.30)

For convenience, we have neglected the boundary terms. Finally, eq. (5.30) leads to

the following two equations of motion

Sp: Y (m o, ™ RY) 4 n (R™56u, R1)) =0, (5.31)
Ofi : Z (m <5ﬁ, R™ L R"> +n <R?; o, R”_1>) =0. (5.32)

Notice that we have split the resulting equation of motion in two equations by
recalling that the variations with respect to p and i are independent. Eqs. (5.31)
and (5.32) are the equations of motion of the general FDA1 transgression theory,
and therefore, it is interesting to analyze them in some particular cases. By setting
n =0, egs. (5.31) and (5.32) are reduced to the equations of motion of standard
transgression theory (see ref. [49]). Moreover, since the functional in eq. (5.26) is
reduced to the FDA1-Chern—Simons action principle if we locally set g = 0, eq.
(5.31) becomes the equation of motion of FDA1-Chern-Simons theory with that
setup (in such case, eq. (5.32) becomes trivial). In this last case, the first and
second terms at the Lh.s. of eq. (5.31) depend on §u and §u° respectively, due to
the positions of du with respect to the semicolon. Therefore, the resulting equation
of motion can be split again into two independent equations, related to the variations
Su? and 8¢ respectively. In terms of the index-dependent notation, the equations

of motions of the FDA1-Chern—Simons theory are therefore given by

ot s mga ageAniy-in B2 RAMR . RIM =0, (5.33)
St > ngay e Apiyipeig R RAMR2 - Rin =0, (5.34)

By last, notice that in the absence of FDA1 extension (i.e., by setting n = 0)
eq. (5.33) becomes the equation of motion of standard Chern—Simons theory and
eq. (5.34) becomes trivial. For details on the dynamics of standard Chern—Simons
theories, see refs. [86-88].

5.4 Triangle equation

In this section, we use the ECHF (see refs. [39,56,57]) to write down a triangle
relation for Chern—Simons and transgression forms for a FDA1. This turns out

to be a completely analogous procedure to the one introduced in section 2.6. In
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order to simplify the calculation, we denote again the gauge fields of the FDA1 as
W= (MA, /ﬁ). We can therefore denote the gauge invariant form simply as x, (1),
understanding p as a multiplet of one-forms and p-form in the (A, i)-representation
of the FDA1. With this notation, let us consider a collection of r + 2 gauge fields,
labeled by the index J =0,...,r +1

pr = (i, 1) (5.35)

defined on a fiber bundle over the base manifold M and a (r + 1)-dimensional
simplex 7,1 parametrized by r + 2 parameters t;, each one taking values in the
one-dimensional segment [0, 1]. Moreover, let us introduce a homotopic gauge field

defined as
r—+1

pe= Yty (5.36)
7=0

Since each gauge field py has a one-form and a p-form as components that transform
according to egs. (3.35) and (3.36), it is necessary to impose the following constraint

on the homotopic parameters
r+1

> ty=1. (5.37)
J=0

Eq. (5.37) defines trajectories over the simplex, on which the components of py
also transform according to egs. (3.35) and (3.36), and therefore it is a well-defined
gauge field for a FDA1 theory. Notice that this constraint reduces the number of
independent parameters from r + 1 to r. It is now possible to introduce the gauge
invariant  form x4, (@), which is interpolated between the values
Xq (120) - - s Xq (r+1) as well as p; is interpolated between po, ..., ptr+1 along the

mentioned trajectories.

By applying the ECHF to x4 (1), one finds the following relation, analogue to eq.
(2.74)

[ bamo=cva [ S (5.39)
—Xq M) = (— T Xa \Ht) .

OTr41 i Tri1 (T + 1)' !

where the allowed values for r are r = 0,...,q. As it happens with Lie algebras,

the operators d, d; and [; define a graded algebra given by eqgs. (2.62)-(2.64), while
the action of I; on {ui', R{'} is determined by eqs. (2.68) and (2.69). However, the

action of [; on the extended components ui and R: remains to be determined.

As it was mentioned in section 2.6, particular cases of eq. (2.74) reproduce the
Chern—Weil theorem and the triangle equation for Lie algebras, relating

transgression forms depending on different sets of gauge fields in the same
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representation of the Lie algebra. We demand that the same happens for the
FDA1, i.e., we define the action of the homotopy operator I; on the extended
components of p; and Ry, such that the particular cases of eq. (5.38) reproduce
already found results of the Chern—Weil theorem. Let us now consider eq. (5.38)

case by case.
First equation:

By setting r = 0, the simplex 77 becomes a one-dimensional segment parametrized
by to € [0,1]. In this case, eq. (5.38) takes the form

/ Xq(ut)—d/ lixq (1) (5.39)
o1y Ty

where the components of the homotopic gauge fields are given by

pit =g+t (= ') (5.40)
i =po +t (1 — o) - (5.41)

The Lh.s. of eq. (5.39) is immediately given by the values of x, (1¢) in the extreme
points t = 0,1 :

/ Xa (112) = Xq (1) — Xa (10) (5.42)
o1y

while for r.h.s of eq. (5.39) we get

d/ () = d gAl...Amil...in/ m (LR B R R Ry
n m.neq(p) n

+nRM ... RAm (ztR;'I) R ... R;'"] . (5.43)

This equation must be consistent with the Chern—Weil theorem for the FDA1. By
comparing eq. (5.43) with eq. (2.52) we can see that the action of the homotopy

operator on pi and R! is given by the following relations

LR, = dypt, (5.44)
lipi = 0. (5.45)

Second equation:

By setting r = 1, eq. (5.38) takes the form

l2
/ lth(Nt):_d/ Eth(Ht)a (5.46)
OTs To
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where the homotopic gauge fields depend on two parameters tg and ¢9 taking values

between 0 and 1, and three independent gauge fields pg, 111 and pg, as follows

e = to (po — p1) + t2 (p2 — pa) + pa- (5.47)

The Lh.s of eq. (5.46) corresponds to an integral along the boundary of the simplex

T that can be immediately integrated as follows
/aT Xa (1) = QU™ (2, 1) = QYUY (g, o) + QU™ (1, o) - (5.48)
2

By plugging in eq. (5.48) into eq. (5.46) we obtain a triangle relation for the FDA1
that is analogue to eq. (2.56) for the standard case

QU™ (g, p1) + QU™ (i, po) + QU™ (2, 1) = QU™ (o, 1, o), (5.49)

where the (¢ — 2)-form inside the total derivative is defined as follows
2 i
QY™ (na, 1, o) = / o Xa (kt) - (5.50)
Ts

The direct application of the homotopy operator into the invariant density, leads to
the following explicit expression for the term inside the total derivative at the r.h.s.
of eq. (5.49)

1 1
Q™ (pg, iy, o) = ZQA1-~Ami1~--z‘n/ dtO/ dtz
m,n 0 0

[ (m = 1) (g% = i) (g = ) B R Ry Ry

e (it i) B R (i) Rl B

— mn (Mé‘h _ ///141> Rz‘lz . "Rt m (ME)I _ M?) Ri2 . R;n

(=) R R (g = i) (= ) RP R (551)
where R, is the homotopic curvature associated to the homotopic gauge field from
eq. (5.47), and therefore, it depends on both parameters ty and t5. Eq. (5.51)
generalized the standard boundary term from eq. (2.75) to the case of a FDAL.

Notice that such boundary term can be obtained as the first term of the expansion

at the r.h.s. of eq. (5.51), in which the p-form is not present.
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5.5 Adjoint representation

One of the main difficulties in constructing Chern—Simons and transgression gauge
theories is obtaining the invariant tensors of the corresponding Lie algebra. This
issue is also present in the study of FDA invariant gauge theories. In the case
of a FDAL, egs. (5.9)-(5.11) show the conditions that a tensor must satisfy to be
considered in constructing an invariant action. Let us consider the components of

an invariant tensor of a FDA1, given by ga,..a There are m standard indices

i ein
and n extended ones. By inspection of the first term in the Lh.s of eq. (5.9) we
can see that, if n = 0, ga,...4,,i,.-4, satisfies the invariant tensor conditions of the
Lie subalgebra of the FDA1. Therefore, an invariant tensor the Lie subalgebra is
also an invariant tensor of the FDA1. However, these tensors are not useful in the
construction of actions that involve higher-degree differential forms. Moreover, if
n # 0, the invariant tensor of the Lie subalgebra is not necessarily an invariant
tensor of the FDA1 due to the non-vanishing second term in the Lh.s. of eq. (5.9).
A case of FDA1, in which this situation becomes particularly convenient, can be
found when the p-form gauge field B is also in the adjoint representation of the
Lie subalgebra. In that case, the structure constants Cf;lk become equivalent to
the structure constants of the Lie subalgebra, i,e, C’f;lk — CSB and Cféh_,_ApH —
Cgl"' Apir” In order to avoid ambiguity, we use a comma to separate the indices
corresponding to different sectors of the algebra in the components of the invariant
tensor, i.e., gA,..Amir-in — GAy-Am,Bi--Bn- Lhus, the invariant tensor remains
completely symmetric on the first set of indices, while the symmetry rule on the
second set of indices is not determined and depends on the differential degree p of
the extended component of the gauge field B?. With this notation, the invariant
tensor conditions in eqgs. (5.9)-(5.11) take the following form

m n
> CGa9a,h oty BB, T O CoB Y ny BrBucp, =0 (5:52)
r=1 . s=1
> S BB, 94 A Ay CrC, = O (5.53)
r:1m+1
z; Ot 4 9Ar o hty Gy, = - (5.54)
-

The first invariant tensor condition, given by eq. (5.52), is equivalent to the invariant
tensor condition of the Lie subalgebra even for n # 0. The main difference of the case
mentioned before (for n = 0) is that the invariance of the tensor takes into account

both sets of indices. It is not an invariant tensor of the Lie subalgebra in the first set
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of indices but it is with respect to all of them, and therefore, an action constructed
with this invariant tensor will also couple the higher-degree differential forms. This
shows that the invariant tensors of the Lie subalgebra are candidates to be invariant
tensors of the FDA1 because they immediately verify the first condition. However.
egs. (5.53) and (5.54) still must be verified in order to find an action principle

invariant under both transformations, standard and extended ones.

5.6 Poincaré FDA

We now consider the goal of finding a FDA1 invariant gauge invariant theory for a
particular case. The first step is to construct a non-trivial FDA1 extension for a Lie
algebra. For this purpose, we consider candidates for FDA1 extensions in the adjoint
representation of the original Lie algebra, in order to facilitate the identification of

invariant tensors.

As the first candidate, let us consider the bosonic arbitrary-dimensional Poincaré
Lie algebra, whose Maurer—Cartan one-form can be decomposed in components as
pt = (e“,w“b). Notice that, the standard index is composite as A = (a,ab). The

Maurer—Cartan differential equations that define the Poincaré algebra are given by

de® 4+ wye’ = 0, (5.55)
dw® 4w W = 0. (5.56)

In order to extend this algebra to a FDA1, let us consider a new Maurer—Cartan
equation of the type VB4 + Q4 = 0, where B4 = (ba,b“b) is a three-form gauge
field, and Q4 = (Qa,Q“b) is a four-form cocycle representative of a non-trivial
Chevalley—FEilenberg cohomology class of the Poincaré algebra, being both in the
adjoint representation of the Poincaré algebra. Since Q4 is a cocycle, it can be
written in terms of the one-form p4. As a candidate to be a cocycle, we postulate
the most general four-form that we can write using only combinations of wedge
products of the one-forms w® and e® without using the Levi-Civita pseudotensor.

Thus, we write down its components as follows

0 = (alwabwb W ded + age®wogele? + age“wbcwbdwdc> , (5.57)

Qb = (blw“bwcdeced + 2bywlw® dede‘b}) , (5.58)

where we introduce the arbitrary constants a1, as, ag, and by, by. In order to be a
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cocycle, its covariant derivative must vanish [4], leading to the following equations

(V)" = O +w? Q° — Q% e = 0 (5.59)
(V)™ = dO® +w? 0P — P 0% =0, (5.60)

Egs. (5.59) and (5.60) impose conditions on the expansion from egs. (5.57) and
(5.58) in terms of one-forms. This fix a3 = by = 0 and as = by leaving only two
independent forms on {2 that are proportional to as and a3 respectively. These
forms are cocycles of the Poincaré algebra that must still be proved as non-trivial.
We denote them as Qff = (2¢,99%) and Q4 = (QF,Q4°) respectively. They are

explicitly given in components by the following expressions

Qf = e weqete?,
Q‘fb = Qw[alwc dede|b],
Q2 = ewwpgw?,,

Q% = 0.

In order to find out whether the cocycles are trivial, we introduce the most general
three-form in the adjoint representation of the Poincaré algebra ¢ = (gba, gbab) that

a

can be built with wedge products of the one forms e® and w® in the adjoint

representation, as we did for Q4

¢ = aqw®yw® e, (5.65)

¢ = 28 wlecel. (5.66)

The components of the covariant derivative of ¢ give us a notion of the most general
trivial-cocycle that can be found with this procedure. The resulting four-form is

covariantly closed and covariantly exact

(Vp)* = e epe’ (5.67)
(V)™ = 2wltlwe _eel’ (5.68)

By comparing egs. (5.67) and (5.68) with egs. (5.59) and (5.60), it follows that Q; is
a trivial cocycle but €25 is not. We can therefore formulate a new algebraic structure

that we call Poincaré-FDA by adding a Maurer—Cartan equation for the three-form
BA

de® 4+ wye’ = 0, (5.69)
dw® 4 W w® =0, (5.70)
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db® + w® b 4 b? €€ + ewuwpqw?, = 0, (5.71)

db® + wa b — WP b = 0. (5.72)

5.7 Maxwell FDA

We can repeat the procedure from the last section for a larger algebra, namely the
arbitrary-dimensional bosonic Maxwell algebra. In this case, the Maurer—Cartan
one-form is decomposed in components as pu? = (ea,w“b,kzab), and the Maurer—

Cartan differential equations that define the algebra are given by

de® + w? e =0, (5.73)
dw® + w® w® =0, (5.74)
1
dk® + w® kP 4 k¢ W + Z—Qe“eb =0. (5.75)

For details on the derivation of this algebra and its physical meaning, see refs. [89—
91]. Notice that in this case, the index A is decomposed in three sectors, leading to
three independent components of the gauge field, namely €%, w® and k. As before,
we postulate the most general four-form that can be built with wedge products of
the components of ', without using the Levi-Civita pseudotensor, as a candidate
for being a cocycle. We denote its components in the different algebraic sectors as

follows
0= (Q“, Qb @ab) (5.76)

In order to be a cocycle, the covariant derivative V{2 must vanish. After imposing
such condition on the expansion of Q4 in terms of one forms, the resulting four-
form Q4 is a linear combination of cocycles. In order to isolate the components of
04 that are not covariantly exact we compare with the most general trivial cocycle
that can be found by applying the covariant derivative on a three form built using
the components of u# as building blocks. This procedure is analogue to the one
shown in the previous section and shows the existence of two non-trivial 4-cocycles
for the Maxwell Lie algebra. We denote their components of the first one as ; =

( ¢, Q‘fb, @‘fb). They are explicitly given by the following equations

a0, (5.77)
Qb =0, (5.78)
0% = k4 k¢ jele? — kP k¢ jeded — 2k %k geel. (5.79)
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By using €)1, we introduce the following differential algebra, which we will call
Maxwell-FDA1. We denote the components of the three-form B# corresponding to
different algebraic sectors as B4 = (b%,b%°, B%) and extend egs. (5.73)-(5.75) by

including the following Maurer—Cartan equations

de® + w®.ef =0, (5.80)
dw® + w® w® =0, (5.81)
1
dk® + w kP — Wb kO + l—ze“eb =0, (5.82)
db® + w® b + b € =0, (5.83)
db® + w® b — Wb b =0, (5.84)
1
dBab + wachb _ wchca + backcb _ bb Ckca + ﬁ <eabb . ebba)
+k4 K jede? — kP k€ jede® — 2Kk gefe = 0. (5.85)

Any rescaling of the cocycle in the Maurer—Cartan equations leads to an equivalent
algebra through a redefinition of the extended gauge fields. By applying the
exterior derivative to egs.  (5.80)-(5.85) we can check that it satisfies the

integrability condition.

On the other hand, we denote the components of the second non-trivial Maxwell

cocycle as {2y = (Qg, ng, @%b). Their components are explicitly given by

Q% = ek qgecel, (5.86)
Qb =0, (5.87)
0% = 2k%k 4eel. (5.88)

In the same way, using €22 we define a secondary algebra that we call Maxwell-FDA2

through the following differential equations

de® + w? e =0, (5.89)

dw® + w? w® = 0, (5.90)

dE® 4 W kP — Wb k4 llze“eb =0, (5.91)
db® 4 w? b + b €€ + keqecet P, = 0, (5.92)
db® + w® b — Wb b =0, (5.93)
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dBab +wachb o wchca + baCka o bbckca
1

+ (eabb - ebb“) + kPkgeced = 0. (5.94)

Both algebras, Maxwell-FDA1 and Maxwell-FDA2, are differential algebras of the
type FDAL1 introduced in section 3.4. Since they are extended from the Maxwell
algebra by the inclusion of different four-forms, representatives of the
Chevalley—Eilenberg cohomology classes of the Maxwell algebra, they are
non-equivalent structures, i.e., it is not possible to obtain one of them from the

other one by redefinitions of the gauge fields.

At this point, we have found three non-trivial FDA1 extensions of the Poincaré and
Maxwell Lie algebras. From now on, we will focus on the construction of a gauge
invariant theory whose symmetry is described by the Maxwell-FDA1. Similar results,
in which Poincaré and Maxwell algebras are extended (for both the bosonic and
supersymmetric cases) and in which generalized action principles are constructed,
can be found in refs. [92-94].

5.7.1 Gauge transformations

Let us consider a one-form gauge field u4 = (ea,w“b, kab) and a three-form gauge
field BA = (ba, b“b,Bab). We proceed to gauge the Maxwell-FDA1 by considering
that the components of u? and B4 do not satisfy the Maurer-Cartan equations,
i.e., by introducing non-vanishing curvatures. In this case, p = 3 and the algebraic
indices take the same values in both algebraic sectors A = (a, ab, ab). In order to
introduce gauge variations, we consider a zero-form parameter e and a two-form
parameter &4, and denote their components corresponding to different algebraic

sectors as follows:

et = {6“,5ab,pab} , (5.95)
gi _ {ga,gab, )\ab} ) (596)
By replacing the structure constants from the Maurer—-Cartan equations

(5.80)-(5.85) into the general definition of gauge variation in eq. (4.45), we find the

following gauge variations for the components of p“

e’ = de® + w?, g€ — % ef, (5.97)

w® = de® 4 W £ — Wb £, (5.98)
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1
5kab _ dpabZab + wanCb _ wbcpca _ Eackd) + gb ckca l2 (6 &,b eb€a> (599>

These variations are ruled by the Lie subalgebra (in this case, Maxwell algebra).

Moreover, the variations of the components of B4 are given by

b = dE* + w® £° — &% ef (5.100)
b = de™ + w® £ — WP £, (5.101)
5Bab _ d)\ab + wa ACb o wb )\a . gaCBcb + Echca
+ kO g€ jedeb — kb g€ jeded — g% k€ je%e® 4 b k€ jele?

+ 26k geCe? — 2k%e 4eCe. (5.102)

Notice that the information concerning the cocycle €7 is present on the
transformation of B, while the first two components of B4 transform according

to the Lie covariant derivative of the extended parameter.

5.8 Maxwell-FDA1 Chern—Simons action

The gauging of the Maxwell-FDA1 implies considering non-zero field strengths.
We therefore introduce a two-form field strength, to whose components we denote
RA = (R“, R® F “b) and a four-form field strength, denoted by
HA = (h“,h“b,H “b). Explicit expressions of the components of R4 and H4 in
terms of the components of u and B4 and their derivatives, can be found on the
Lh.s. of egs. (5.80)-(5.85).

Let us now consider the construction of the five-dimensional Chern—Simons action
given by a functional of the standard and extended gauge fields p# and B4 defined

in a five-dimensional manifold Mj
Scs [, B] = Qs (1, B) . (5.103)
Ms

From eq. (5.20), we can write down a general expression for a five-dimensional
Chern—Simons form invariant under an arbitrary FDA1 with a three-form gauge

field, as follows

1 1
Qs (1, B) = 3 / dt gapop*RERE + gap / dt (BYHP + RBP).  (5.104)
0 0

However, a more convenient expression for Q5 (i1, B) can be found using the triangle
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equation (2.56). Let us then consider a new set of independent gauge fields taking
values in certain subspaces of the Maxwell-FDA1. We define g = (ﬂA, BA) as a set
of gauge fields whose components take non-vanishing values in the Maxwell-FDA1

as follows

it = (o,wab, k:“b) , (5.105)
B4 = (0,0, B™), (5.106)
i.e., i take values in the rotational sectors of the Maxwell-FDA1, but not in the
translation subspace associated with the vielbein field e®. By considering this new
set of gauge fields, it is possible to write down the Chern—Simons form from eq.

(5.104) in terms of a transgression form, another Chern—Simons form and total

derivatives, as follows
Qs (1, B) = Qs (1, B; i, B) + Qs (i) + total derivative. (5.107)

The first term at the r.h.s. of eq. (5.107) is a transgression from that, according
with eq. (5.20) can be explicitly written as

1
Qs (1B B) = [ dt{3anc (u'~ i) RPRS
0
+9ap [(MA — ") B + R (B? - BB)} } . (5.108)

where we introduce the homotopic gauge field p;, whose standard and extended

components are given by
pd = (te“,wab,k:“b), (5.109)
BA = (tb“,b“b,B“b). (5.110)

The second term at the r.h.s. of eq. (5.107) is a Chern—Simons form depending only
on the gauge field p, and given by

1 .
Qs (i, B) = / dt gap (i HP + R{'B"), (5.111)
0

where we have introduced another set of homotopic gauge fields and homotopic

curvatures, explicitly given by

i = ti=(tp*,tB%), (5.112)
R, = (R} HP). (5.113)
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Finally, the last step in constructing the action principle is finding the components
of the invariant tensor of the Maxwell-FDA1. Therefore, we consider a degree-2
tensor, carrying one standard index and one extended index, denoted by g4; = gap.
Since both indices are in the adjoint representation of the Maxwell algebra, it is
easy to confuse the mentioned tensor with a tensor carrying two standard indices.
However, since a different number of standard and extended indices leads to different
invariance conditions in eqgs. (5.9)-(5.11), it is important to remark the difference

between both cases. In this case, such invariant tensor conditions are reduced to

9apChe + 98pCle = 0, (5.114)

948CEpEr + 90BCEApF = 0, (5.115)

Notice that two (5.9) and (5.10) have become equivalent, reducing the invariant
tensor conditions to a set of only two equations. As we have mentioned before,
the first condition (5.114) implies that g4p is a degree-2 invariant tensor of the
Lie subalgebra (the Maxwell algebra, in this case) which also satisfies eq. (5.115).
Therefore, we propose the usual degree-2 invariant tensor. To avoid confusion, we
denote with square brackets the indices in the third sector of the algebra (the one

associated to k)

Gab,cd = @0 (Nacbd — Nadbe) » (5.116)
Yab,[cd) = X1 (MacTbd — Nadbe) - (5.117)
Ga b = O17gb- (5.118)

The coefficients g and «; are arbitrary constants, each constant corresponding
to an independent invariant tensor. We now impose gap to verify the invariance
requirement from eq. (5.115). Such condition sets the constants as a; = 0. Thus, the
resulting tensor proportional to «g (whose only non-vanishing component is given
by eq. (5.116)) is an invariant tensor of the complete algebra. Moreover, we also
need the degree-3 invariant tensor of the Maxwell-FDAT1 that carries three standard
indices. This is equivalent to the invariant tensor of the Maxwell Lie algebra, which
is well-known (see ref. [95]), and given by the Levi-Civita symbol gap.cd,e = €abede-
By plugging in egs. (5.116), (5.108) and (5.111) into the general expression in eq.
(5.104), we find the following Chern—Simons action principle

3
Scs [, B] = / 2 eapede RO R + 20 (w“bhab + R“bbab) . (5.119)
s 4 2

The first term on the integral at the r.h.s. of eq. (5.119) corresponds to the usual

Chern—Simons form invariant under the transformations of the Maxwell Lie algebra.
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Moreover, the second term extends the action, including the three-form gauge field
without breaking the invariance under transformations of the Maxwell algebra but
extending it and modifying the resulting dynamics in the corresponding theory. It
is important to notice that the cocycle is not present in the Lagrangian. Since the
only non-vanishing component of the invariant tensor in the extended sector of the
algebra is given by (5.116), the B field is not present in the Chern-Simons form.
To find an example of a Chern—Simons Lagrangian action principle, whose invariance
is described by a FDA, involving the information of a non-trivial cocycle into the

symmetry transformations is still an open problem.
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Chapter 6
Gauge anomalies and FDAs

There is a strong relation between the appearance of anomalies in gauge theories
and the invariant densities of the corresponding gauge group. The breaking of
symmetries in the quantization process of a classical theory triggers the so-called
gauge anomalies. In refs. [96-99], the concept of the chiral anomaly was
introduced: this anomaly emerges in gauge theories in which the gauge fields
interact with Weyl fermions. The abelian anomaly, a consequence of the
non-conservation of the classically conserved current J#, has a topological origin

and can be calculated from the Chern—Pontryagin four-form, as follows

OpJ" < Tr [epppe R RP7) = Tr [8“6/“,[,0 (,u”(?pua + ;MVMP,LLU)] : (6.1)
Here, the gauge connection valued on the Lie algebra is represented by p, = pita,
and t4 are the generators of the Lie algebra corresponding to an internal Lie group
[37]. We can also express eq. (6.1) in a compact way by defining the one-form
p = pydat. With this, we get, in terms of the Hodge operator, a relation between
the divergence of the current one-form J = J,,dz# and the Chern—Simons three-form

Q3 (1), namely
d*J o Tr R? =dQs (p). (6.2)

This can also be done for the non-abelian vector current .J,4. In this case, the
covariant divergence of J, 4 can also be written in terms of a topological originated

quantity:

1
DHJ,4 o< Tr ¥ [tAsm,pa (,u”@pu" + QMVMPMU)] : (6.3)

75
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As before, in the language of differential forms, we get the following relation for the

covariant divergence of the vector current Jy = J,ada#

DxJyxd [Tr <tA <udu + ;/ﬁ))] . (6.4)

Notice that there is an issue when writing the r.h.s. of eq. (6.4) using only field-
strengths: in contrast to the abelian anomaly, this is, in general, not possible. In
refs. [37,38] it is shown that the covariant divergence of J4, can also be written in
terms of a topological originated quantity, namely, the gauge-variation of the Chern—
Simons three-form in eq. (6.2). It turns out that this variation can be written as
the exterior derivative of a two-form Q3 (g, 1), linear on the components of the zero-
form parameter 4. In 2n dimensions, one gets a similar result for both abelian
and non-abelian anomalies: in general, the divergence of the current J = J,dz#
and the covariant divergence of the current J4 = J,a4dz" can be written in terms of
the Chern—Pontryagin invariant form and the variation of the Chern—Simons form

respectively, i.e.,

dxJ oc Tr (R") =dQan-1 (1),
DxJa o 6Q2n-1 (k) = dQsy_ (e, 1)

The (2n — 2)-form Q3 , (¢, ;1) is linear in the components of the zero-form e, which
plays the role of constant of proportionality. Moreover, Q3. , (g, 1) is explicitly

given in terms of ¢ and p as follows [37, 38|

1
QL o (e, ) =n(n—1) /0 dt(1 — ¢)Str (5,d (u, RI‘_2)) . (6.5)

Here, Str denotes the symmetrized trace, acting on the generators of the Lie algebra.

6.1 Anomalies in higher gauge theory

The study of gauge invariant forms in higher gauge theories has also introduced the
possibility of finding new gauge anomalies in quantum field theory [12-14, 16-19].
In standard gauge theory, the standard one-form gauge field is valued in a Lie
algebra. Generalizations of Lie algebras allow the construction of physical theories
involving gauge fields that replace or extend the one-form by higher-degree tensors.
As a consequence, the gauge-invariant densities are also modified in order to
extend the gauge invariance to the generalized algebraic structure and include the

higher-degree tensors in the field content. An example of this is given in chapter 5
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by the generalized invariant densities for FDA1 in arbitrary dimensions and their
corresponding Chern—Simons forms. In this chapter, we study the existence of
generalized anomaly terms that generalize the (2n —2)-form @3, ,(e,p) to
arbitrary dimensions by replacing Lie algebras with FDA1. In the new case, the
standard gauge field is modified in order to include the p-form g, while the scalar

4 is modified to also include a higher parameter ¢’. The new anomaly

parameters €
terms will reproduce the standard ones as the first terms of their expansion (at
least in even dimensions). Moreover, due to the existence of higher gauge fields

and parameters, odd-dimensional anomalies are also allowed.

Let us begin by considering the following FDA1-valued gauge field

B= (UAﬂ Ni) ) (6.6)

consisting on one-forms p* and p-forms p'. As we have seen, the corresponding

curvature is given by a (2,p + 1)-form
R= (R4 RY). (6.7)

From now on, we use the compact notation for FDA1 algebraic vectors and invariant
tensors. The details can be found in appendix A. In this notation, the Chern—Weil

theorem for Chern—Simons forms can be written in a convenient compact manner

Xg (1) = dQq—1 (1), (6.8)

where the Chern—Simons form is given by the following expression
! 1 1
Qs () = Y [t (u RPS R + (R ). (69)

As before, the sum runs over all the positive integer solutions m and n to the equation
2m + (p+ 1) n = ¢q. The next goal is to generalize eq. (6.5). Furthermore, we
propose that, as it happens with Lie algebras, the total gauge variation of the FDA1-
Chern-Simons form Q=Y (1) can be written in terms of the exterior derivative of
a (q — 2)-form depending on the gauge fields and parameters of the transformation,
ie.,

0Qq—1 (1) = dwy_o (£, 1) - (6.10)

In this case, we deal with two sets of parameters valued in the corresponding Lie

subalgebra and in the extended subspace of the FDA1 respectively. Thus, we

A

separate the variations concerning the parameters €4 and &' to find two

independent generalizations of the gauge anomaly from eq. (6.5). We begin with
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the study of the extended variation, i.e., the one proportional to &°.

6.2 Extended variations

Let us consider a gauge transformation with parameter €. This means to consider
no transformation along the standard parameter £4. Therefore, the components of

the gauge field and curvature transform as follows

sut =0, (6.11)
ot = de’ + [, €]’ (6.12)
SRA =0, (6.13)
SR' = [R,e]". (6.14)

Using the generalized Jacobi identity, it is straightforward to show that the variation
of the components of the homotopic curvature R, change according to the following

rules

SRA =0, (6.15)
SR = [Ry, el +t (t — 1) [, de]" . (6.16)

By taking the variation of the Chern—Simons form in eq. (6.9) and directly plugging

in the transformation laws from eqs. (6.11)-(6.16) we obtain

1
0Qq-1 (1) :Z/o dt [rem (u, B [Reye] Ry + (R [ ], BT

+n (R} de, R§“1> +t(t—1)mn(u, R™ 1 (1, de] ,R?*1>
+n(n—1) (R, [R,e], RY ™)

Egs. (B.4)-(B.6) from appendix B can be used to write dQ4—1 (1) in a more
convenient way. By plugging in R; and ¢ into these equations, it is possible to
show that they satisfy the following identities, when contracting with the invariant
tensor of the FDA1

0= (R} [Reel, i, RYT2) (6.18)

0= <R?17 [:ua 5] 7R?71> +m <M7 Rgnil; [Rhe] 7R?71> ) (6'19)

0=m([u, Ry], R}* "1 de, pu, R} ™%) + (RY"; [, de] , p, RY )
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+(=1)P (R de, [, ], RY72) 4 (n = 2) (R de, [, R RYTP), - (6.20)

0= ([, p], R"5de, R = (m = 1) (o, [, Re] s R 25 de, Ry Y)
— (p, RV [, de], RPDY 4 (1P (n = 1) (u, RV de, [, Re), RYT2) L (6.21)

Egs. (6.18)-(6.21) allow to remove the terms that include FDA1 products between
the gauge field and the derivatives of the parameters. Therefore, the extended gauge

variation of the Chern—Simons form takes the following form

1
5Qu1 ()= X [t t(e=1) fmn () RPN sde B

—mn (m = 1) (u, [, Ri], Ry de, RY™)

+mn(n—1) (=1 (u, R de, [, Ry, RP2)

+n (R de, RP) +n(n—1)m (1) ([, Ry], Ry ' de, u, R 2)
b 1) (R e, o], B2

+n(n—1)(n—2) (=1 (R de, u, [u, R, RY )] (6.22)

In order to write the r.h.s. of eq. (6.22) as a total exterior derivative, it is necessary

to use the following properties:

1. Let us recall the generalized Bianchi identities for a FDA1. From eqs. (3.47)
and (3.48) it follows that the components of the FDA1 bracket between the

homotopic gauge fields and curvatures can be written as follows

e, R = —dR7, (6.23)
. : 1 ,
[ILLt, Rt]z = —dRé + [Rt, ,ut]z + ]j [Rt, ,LL?]Z . (624)
2. Let us now consider the definition of gauge curvatures from egs. (3.11) and

(3.12) corresponding to the homotopic gauge fields p; = tu. By directly taking

the derivative with respect to the parameter ¢ one finds

OR{
tp )t = =55 = du, (6.25)
; 1ORL 1, i
tlp ] =5 att B [ (6.26)

3. The generalized invariant tensor conditions for the FDA1 (B.4)-(B.6) lead to
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the following identities

(RS o), %) (B3 e (R ) ) =
(RS o), B 2) - (s B R ] e, ) =

. (6.27)

By plugging in the relations from egs. (6.23)-(6.28) into eq. (6.22), it is possible
to write the extended variation of the Chern—Simons form in terms of an exterior

derivative and a total derivative with respect to the homotopic parameter 9/0t

1
0Qq-1 (1) = Z/O dt {n;)t {(t —1) <Rln;d5, R;L—1>}

— (t = Dymn (~1)@O=D (g (4, R RPTY) de)
— (= 1) (~1)PO (1) (d (R p, RY2) ,dg>} . (6.29)

The first term on the r.h.s. of eq. (6.29) can be immediately integrated due to
Stoke’s theorem. The second and third terms are exact forms. This removes the
dependence of §QQq—1 (1) on non-exact forms and allows to write it in terms of a
secondary (g — 2)-form. This secondary form is analogue to the anomaly term from
eq. (6.10). Since it turns out to be proportional to the extended gauge parameter

!, we denote it as wéfz (Ei, ,u). This is summarized in the following relation

5Extendequ—1 (M) = dw(}fg (€i7 ,u) . (630)

Here, the extended anomalous term for the FDAT1 is explicitly given by

1
w;_2 (52;@) = Z/o dt(1—1t)n (m <d (,u, Rl’f*l;Rﬁfl) ,5>
+(n—1)(d (R p, RY7?) Je)) . (6.31)

1
q—2

parameter, in this case the extended one £'. Since it does not involve the standard

As it happens with Lie algebras, the (¢ — 2)-form w (Ei, ,u) is linear in the gauge
parameter €, eq. (6.31) does not reproduce the standard equation from eq. (6.5)
as a particular case. However, it shares its functional form and topological origin.
In order to recover the standard anomaly term, it is therefore necessary to study

the variation of the Chern—Simons form with respect to the standard parameter.
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6.3 Standard variations

In the case of the standard gauge variations, i.e., those with parameters ¢’ = 0
and €4 # 0, there is an important difference with respect to the previous case. In
order to isolate the anomaly term that comes from the variation of the FDA1-Chern—
Simons form, it is convenient to write the FDA1-Chern—Simons form in terms of new
homotopic gauge fields and curvatures. Let us then consider a FDAl-valued gauge
field p = (,uA, ,ui) and its corresponding gauge field strength R = (RA, Ri). We now
redefine the exterior derivative operator by means of its action on the components
of R and p as follows [37]

1
dut = R — o [l (6.32)
1

[ (6.33)

Notice that the nilpotence condition of d is automatically verified because of the
Jacobi identity of the FDA1 products at the r.h.s of egs. (6.32) and (6.33).

Let us now introduce an arbitrary variation of x4 (and therefore of R) denoted by dpu.
With respect to that variation, we introduce the homotopy operator ¢, such that its

action on p and R is given by

fu=0, (6.34)
(R = 5. (6.35)

By directly applying the homotopy operator and the exterior derivative operator
into egs. (6.32) and (6.33), it is possible to prove that it satisfies the following

anticommutation relations

(ld+ dl) p = dp, (6.36)
(¢d 4+ d¢) R =0R. (6.37)

We now introduce homotopic gauge fields pi* and ! depending on a real parameter

t € [0,1]. The one-form p* is parametrized as usual, i.e.,
pit =t (6.38)

Moreover, the extended gauge field carries a different parametrization. It is defined

as proportional to a power of the parameter, such that u; is interpolated along a
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convenient trajectory in the parametric space
ph =Pl (6.39)

As before, the homotopic gauge field is interpolated between 0 and pq as the
parameter t varies between 0 and 1. We now consider the variation & as the
parametric variation i.e., § = d;. In consequence, the homotopic operator from eqs.
(6.34) and (6.35) defined with respect to such variation (from now on denoted by
ly) satisfies the anticommutation relation {;d + dl; = d;. Therefore, the action of ;
on gauge field and field strength in eqs. (6.34) and (6.35) take the following form

lipe =0, (6.40)

Ot

l =d =dt .
Ry it o1

(6.41)

From these definitions, it follows that the homotopic operator satisfies the following

property when it is integrated along the parametric space [0, 1]

/0 1 (lyd+dly) = /0 ", (6.42)

By applying the Lh.s. of (6.42) into the gauge invariant x, (1) constructed with the
homotopic gauge field, and by using the Stokes’ theorem, we recover the generalized
Chern—Weil theorem for the FDA1, which relates the gauge invariant density with

the total exterior derivative of a (¢ — 1)-form

1
xa () = d /0 g () = AQq-1 (1) (6.43)

Notice that in this case, the integration is performed along a different parametric
trajectory. Eq. (6.43) allows finding alternative expressions for the FDA1-Chern—
Simons form by directly applying the homotopy operator l; in x4 (1¢) and neglecting
the exterior derivatives on both sides of the equation. This particular choice of the
homotopic trajectory leads to an expression for the FDA1-Chern—Simons form that

functionally depends on the parameter according to egs. (6.38) and (6.39), as follows
1
Qe-1(W) =) /0 dt (m (p, R RY) +npt! ™ (R, Ry ™)) (6.44)

The new expression for the FDA1-Chern—Simons form is equivalent to the one
previously obtained in eq. (6.9). Notice that the standard component of the
homotopic curvature Rj' remains the same but the extended one changes.

However, since the final expression is independent of the integration, it is natural
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to have different choices. The new homotopic path, and therefore, the new
expression in eq. (6.44) is chosen such that the anomaly is more easily obtained.
In this case, the variation of the FDA1-Chern—Simons form along the standard

parameter ¢4 takes the following form

1
6@(1*1 (:u) = Z/O de [m <6/'Lv Rlnil;R?> +m (m - 1) <'u’ 6Rt’R?72;R?>

+mn (p, R 0Ry, RY™Y) + mnpt? ™ (6Ry, R p, RYY)
+ npt? V(R 6, RN 4+ n(n — 1) ptP T (R, 6 Ry, R T2)] . (6.45)

Eq. (6.45) depends only on the variations of the homotopic field strengths and the
non-homotopic gauge fields. The homotopic gauge fields are not explicitly included
in the variation. Therefore, let us consider the gauge variation of the gauge fields
along the standard parameter 4. By setting ¢* = 0 in eqs (3.35) and (3.36) one
finds

opt = de? + [p, e, (6.46)

i 1 Pt
= — e, ] — ] [e, "] (6.47)

)

op

On the other hand, from egs. (3.45) and (3.46) one finds that the standard variations

of the components of the homotopic field strength are given by

SR =Ry, ) + (12 —t) [de, u]*, (6.48)
. ;o =170 | i
OR; = — [, Ry]" — o1 e, Ry, plP~1]" + 47 (t — 1) [de, ]
+ 7517(;!—1) [de, 1) (6.49)

Different choices of the homotopy rule in egs. (6.38) and (6.39) lead to a different
expressions for R:. The chosen homotopic trajectory is particularly useful because
it allows writing eq. (6.49) in terms of the components of R;, without explicit
dependence on the derivatives of the gauge fields. Notice that this situation does not
happen when calculating the extended anomaly term; therefore, we only introduce
the new homotopy rule for the anomaly resulting from the standard variations. As
before, the total derivative in eq. (6.45) has to be isolated by using the invariant
tensor conditions in egs. (B.4)-(B.6). Such equations allow us to prove the following

relations for the components of e, ;1 and R:

0= ([u, u] , de, B2 RY) — (p, [de, ], R RY)
+ (m —2) {p,de, [, Re], R Ry +n{p,de, R % [, Ry) Ry, (6.50)
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0= <[d‘€7u] 7R;n_1;,u7R?_1> - (m - 1) <d€7 [MaRt] 7R?1_2;M7 R?_1>
—(de, R Y [y ] L RYTY) — (=1)P (n— 1) {de, R Vs, [, Re) , RP2), (6.51)

0= {(u, R"*;[de, uP], RY™Y) — (de, R [wP ], RPH)
—(m—-1) <d€, 7 RT_Q; [Ry, 1P] ,R?_1> , (6.52)

0= (p, Ry Y5 [de, p] , RY™) = (de, R 5 [, ), RYTH)

- (m - 1) <d€7 H, R;n_Q; [Rt7 N] 7R1?_1> ) (653)
0= (R™; , [de, ] ,R?_2> — (=1)’ m (de, R™ Y[Ry, ] , 1, R?_2> , (6.54)
0 = (Ry"; [de, u], p, Ry %) +m (de, R [Re, 1), 1, RY2) (6.55)

Egs. (6.50)-(6.55) are analogue to egs. (6.27)-(6.28) for the standard case and allow
to remove the dependence of §Q,—1 (1) on terms carrying components of the FDA1
product between de and p. By plugging them in into the standard variation of the
FDA1-Chern—Simons form, it takes the form

1
0Qq—1 (1) = Z/o dt m [<d6, R;”*l; Rf>

+(t—1) ((m — 1)t (m—2) (p,de, [, Ry], B>, RY)
+ (m — 1) tn {p,de, R 2 [u, Ry, RP~1)
+tPn(m —1) <d5, 1Ly R;”_Q; [Ry, 1] ,R?_1>

P - o
+—=n(m-—1) <df—:,u,R’t" 2[Ry, i) , Ry 1>

p!
+n(n—1)pt?* 1 (=1)P (de, R} [Ry, ] , . R} %)
tp m— n—
+Hn(n—1)ptp L(=1)P(de, R [Ry, i),y R %)

+npt? e (m — 1) (de, [, Re] , R" %, RP1)
+ (m—1)t{[u, p] ,de, R % R})

+ 17 (1+p)n (de, R {[u, ul}, RF)
P _ o
+Hn<da,R;” L[t R

+ (=1)Pnpt? 't (n — 1) {de, R Vs, [, R RY2))] (6.56)

The last step consists of isolating the exterior derivative by using the analogue of
eqs. (6.23)-(6.26). In this case, using the definition of homotopic gauge curvatures

and the generalized Bianchi identities, we get the following identities for the new
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homotopy rule

= 2B gy, (657
(0 D G+ sl = 50— 1, (6.58)
(e, Re)* = —d R}, (6.59)
e Ri) = [Res gl = (B ) =~ (6.60)

We now perform an integration by parts with respect to the exterior derivatives d
and d;. This allows us to write the variation of Q4,—1 (1) as an exact form. The

anomalous term emerges in the following way

dstandard@q—1 (1) = dw;_g (e% 1) (6.61)

The secondary form w;_Q (5‘4, ,u) is explicitly given in terms of the new homotopy

rule as follows

1
w;_Q (eA,,u) = Z/o dt (1 —t)ym{(m—1){e,d (M,RTQ;R?»
+7nptpfl {e,d (R N, R} (6.62)

In summary, egs. (6.31) and (6.62) explicitly show the total gauge variation of the
Chern—Simons form for the FDA1. The total variation takes in account both
independent parameters ¢’ and 4. Although both expressions are similar in their
integral forms, it is important to recall that they use different definitions of the
homotopic curvature R;. Each case performs the integration along a different
homotopic trajectory: these two choices are equivalent and, in both cases, they
allow convenient isolation of the exterior derivatives, and consequently, of the
anomalous term. The generalized anomaly term from eq. (6.62) originated in the
standard variations, reproduces the anomaly term corresponding to Lie algebras
from eq. (6.5). This particular case is reobtained in the first term on the sum for

n = 0 which does not depend on the p-form gauge field.
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Chapter 7

L~ formulation of

Chern—Simons theories

In this chapter, we consider the formulation of arbitrary-dimensional Chern—Simons
theories in terms of L, algebras. For this purpose, we consider the L, formulation
of classical gauge theories introduced in section 4.4. Let us therefore consider a
2m — 1 dimensional Chern—Simons theory invariant under a Lie algebra G. We
define a basis of vectors for G, denoted by {t¢ A}f}fflG and introduce the fundamental
field of the theory as a one-form gauge connection, denoted by u = Mﬁd:ﬂ“t 4 defined
on a principal bundle (G, M), where M is a 2m — 1 dimensional spacetime manifold.
The corresponding action principle is defined as a functional integral over M that

makes use of the Chern—Simons (2m — 1)-form from eq. (2.54) as Lagrangian density

1
Scs = m/ / dt <,u, R;n_1>Lie . (7.1)
M JO

Here, the bracket (,);;, denotes the symmetrized trace acting on the vectors of the
Lie algebra G, being the differential form inside the integrals of eqs. (7.1) and
(2.54) equivalent. The details of the change of notation from the invariant tensor
to the bracket (,);;, can be found in appendix A. Moreover, in this case, the
homotopic gauge field is defined as pu; = tu, being Ry = (t2 — t) R its
corresponding gauge curvature. This theory is odd-dimensional and does not
depend on a background metric. In the following sections, we extract the
information concerning the definition of gauge transformations, the gauge algebra,
and the equations of motion that come from the variation of eq. (7.1), and write it

in terms of the products of an L, algebra.
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7.1 Gauge transformations

We begin by considering the definition of gauge transformations. In this case, the
gauge symmetry is described by a Lie algebra, and the gauge variations of the
fundamental field are given by the Lie-covariant derivative of a zero-form gauge
parameter € valued in the Lie algebra GG. In components, the transformations of the
gauge field ,uf} is given by eq. (3.35). Therefore, we consider an Lo, algebra with
a graded vector space X = Xg @ X_1 & X_o and identify the parameters of the
transformation and gauge fields as vectors lying on the first and second subspaces,
respectively, i.e., e4 € X, and ,u;‘ € X_1. In the Lo formulation of gauge theories,
the gauge transformation of ,uf} is given in eq. (4.45) as an expansion in terms of the
Lo products. By inspection of eq. (3.35) it is direct to see that every contribution
depending on 2 or higher powers of the gauge field must vanish in the expansion

of eq. (4.45), leading to the following expression
A A
dpp = [ ()]} + [l (e, )], - (7.2)

Then, by comparing eqs. (4.45) and (7.2) we obtain the following information

concerning the L., products of elements belonging to the subspaces Xg and X_;

01 ()] = 9,7, (7.3)

s (e )] = ] (7.4)

This shows that any other product originated in the expansion of eq. (4.45), and
therefore involving one vector from Xy and any number of vectors from X_q,

vanishes.

7.2 Gauge algebra

The second source of information that must be written in terms of the Lo, products
is the gauge algebra. Thus, it is necessary to consider the commutator between
two independent gauge transformations. If the gauge theory is well-defined, the
gauge transformations close an algebra whose relations can be written in terms
of the products of the subalgebra L85"®°, which in this case can be immediately
identified as the Lie algebra G. From eq. (3.35) it is possible to prove that the

commutator between two independent gauge transformations d; and do defined in
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terms of independent gauge parameters 5‘14 and 5‘24, is given by
(0201 — 6102) it = Ol + Cphpules. (7.5)

Thus, the commutator of two gauge transformations turns out to be equivalent to a
third gauge transformation depending on a composite gauge parameter €3 given by

the Lie product between the original parameters, whose components are
A A _B_C
83 - CBCEQ 51 . (76)

Let us now consider the writing of the same commutator in terms of its the expansion
in Lo products. Egs. (4.52) and (4.53) show that the expansion can be truncated
by considering only those terms that are linear or do not depend on the components

of the gauge field, as follows

(6201 — 8102) pfy = [€1 (2 (e1,82))]13 + [0 (€5 (21,2, )]} + [€2 (L2 (e1,2) , )] -
(7.7)
Notice that f3 (e1,e2) and f3(e1,e2, 1) are vectors belonging to Xy, and therefore,
eq. (7.3) implies that ¢; acts in the following way on them

[1 (€2 (e1,22))]1y = D la (e1,22)] (7.8)
(61 (63 (21,22, )]}y = D [€3 (o1, 22, )] (7.9)

By replacing egs. (7.8) and (7.9) into eq. (7.7) and comparing with eq. (7.5), we
obtain the following information concerning L., products between vectors in the
subspace Xg

(63 (1, €2)]" = Cpoedef, (7.10)

Any other product of vectors lying exclusively in Xg, or in both subspaces Xy and
X_1, vanishes. As it was anticipated, this shows that the gauge subalgebra L&2"#° is
indeed the Lie algebra G. Egs. (7.3), (7.4) and (7.10) contain the information about
the gauge transformations and gauge algebra, and therefore, this subspace structure
is shared by every Lie gauge theory. The next step is to include the information that
is intrinsic to the theory, namely, the dynamics, and then to demand the resulting

products to satisfy the L., identities.
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7.3 Equations of motion

Let us now consider the equations of motion coming from the field variation of the
2m—1 dimensional Chern—Simons action. With this purpose, we start by identifying
the inner product of the L., algebra in the variation of the action principle. By
taking the variation in eq. (6.9) with respect to the gauge field and performing the

integration with respect to the parameter, one finds

1 m—1
6SCS — /dx2m1 Z 2k< k )Eﬂl”'p&wnl
k=0

8 Bm—k-1

A By
gABl~-~Bm—15:U'u16M2Mu3 * Ougy—op— g Mpim — k41

}Bm—k...[

B —
[IU’N2m—2k—1 ’ MMQm—% :U’uzm_za Muzm—1] ! . (7'11)

Here, e#1H2m—1  denotes the Levi-Civita pseudotensor and [,]A denotes
A-component of the Lie bracket. This means that, given zero forms valued in the

A dim G

Lie algebra z,y € G with components 2z and y# in the basis of vectors {4} A—1 >

such component is given by
[,y = Choa®y©. (7.12)

The components of the Lie algebra invariant tensor, denoted by g4,...4,,, are given

by the trace over the basis of the Lie algebra in the mentioned basis, and it can be
understood as a multilinear product of Lie valued vectors. In contrast, the inner
product of the L, algebra is bilinear. In order to write one of them in terms of
the other, let us consider two vectors valued on the Lie algebra, belonging to the

following subspaces in the Lo, formalism

z, € X_i, (7.13)
Y € X _o. (714)

By comparing both relations expressing the variation of the action principle in egs.
(4.50) and (7.11), we define the inner product of the L, algebra in terms of the

invariant tensor of the Lie algebra, as follows [41]

(T, y)p. = /dx2m1n‘“’ (s Yo ) Lo - (7.15)

This identification is consistent with the general definition of inner product for L.,
algebras and reproduces eq. (4.50) for the case of the Chern—Simons theory, i.e., it

allows writing the variation of the action principle in terms of an L., inner product,
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as follows
0Scs = /demln“”gABéﬂf}"f, (7.16)

Hence, eq. (7.11) isolates the equation of motion term in eq. (7.11), obtaining an

explicit expression for F, as follows

m—1
A — 1 m— 1 K1 2m—2 A Bl Bankfl
‘7:” - Z 21@( k € "tg Bl-"quaﬂluuz '”aﬂ2m—2k—3uu2m—2k—2
k=0

X [Nmm—zk—wﬂuzm—%]Bmik T [Muzm—:’nﬂuzm—z]Bm*l . (7‘17)

Once obtained the equation of motion term F in terms of the gauge fields, the next
step is to identify the contributions corresponding to different L., products in eq.
(4.51). Thus, we write down the expansion of F2 in terms of I-linear products and

compare both expressions term by term, as follows
10-1)

> (),

v

=1
m—1
1 /fm-—1 B
= — M1 p2m—2 A By . m—k—1
- ok k €y g Bl~--Bm71aﬂ1/Lu2’ 8ﬂ2m72k73:u’/‘2m72k72
k=0
Bm—k Bim—1
X |:/J’,U'2m72k71 ) lu/#?mf?k] o [NHQm—S’lu’/—LQ'm—2:| . (718)

By inspection of both sides of eq. (7.18) one gets that the series is truncated, giving
place to a certain finite number of non-vanishing products in the dynamical sector
of the Lo, algebra. The number of these products depends on the dimension of the
Chern—Simons theory. In order to obtain an expression for the L., product of k
gauge fields (i.e., k vectors in X_1), we compare terms of equal powers of y. The
k-th element in the sum of the r.h.s. of eq. (7.18) depends on powers of degree
m—+ k — 1 in the components of the gauge field. Since there is only one term of that
power on each side of the equation, we match them one by one. Thus, given a fixed
value of m, k take values in a different domain (k = 0,...,m —1). Then, for a given

value k, the value of [ is fixed and given by
l=m+k—-1 (7.19)

Therefore, the non-vanishing contributions to the equation of motion terms in eq.
(4.51) come from ¥¢; products relating vectors of the subspace X_; with

le[m—1,...,2m — 2|, which are explicitly given by
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[fl (Iul)r‘ _ (_1)@ 1 I'(m—1)! R
y o=m+ (2m — | — 2)I (I —m 1 1)1
A B Bopm_1—
X9 B1~~Bm71aﬂl/‘u21 o '8u4m72175“/lfm7211724
Bop—i— By
X [/’L/-’J4m72l737 /'[//~L4m72l72i| ettt [/'Lﬂ2me7/’L,U’2mf2:| t (7'20>

7.4 Summary

In summary, the L., algebra of the standard 2m + 1 dimensional Chern—Simons
theory is constructed as a vector space X = Xg @ X_1 & X_o endowed with the

following products encoding the gauge transformations and gauge symmetry

(61 (E)];1 = Ot
LEemld = (e,
[la (e1, 52)]% = [e2,e1)?, (7.21)
by (e, )2 = [B,,e)?

Here, €,e1,62 € Xo, p € X_1 and F € X_5 are arbitrary vectors. Notice that, in
order to obtain more compact expressions, we have changed m — m + 1. The
last product in eqs. (7.21) relates one vector of the subspace X_s. This product
is obtained by consistency, by demanding the already found products to satisfy
the Lo identities (4.11). The calculation of this consistency product can be found
in appendix C. Moreover the L., algebra of this theory shows a dynamical sector
described by a set of non-vanishing products ¢; with [ taking integer values between
m and 2m. These products exclusively relate vectors in the subspace X_; and are

given by

=D
A_ 1 (D7 iml o pepom

[gl (/‘17 "'Hul)]y — 5l-m (2m—l)!(l—m)!€l’
Bom—1

XgABl-..Bmam (M{l)fgl T aM4m—21—1 (/‘L2m—lgl4m—21
:| 2m—I1+1 L. [(

Bm,
Ml*l)#melﬁ (Ml})Wm] ’
(7.22)

with p1, ..., € X_1, Eq. (7.22) is directly derived from eq. (7.20) by considering

X [(lu’Zm*lJrl)Mmme ’ (lu2m7l+2>/-/'4m72l+2

arbitrary vectors in X_; and including the corresponding normalized
symmetrization (denoted with braces) in order to preserve the symmetry

properties of the L, products.

Let wus finish the chapter by considering a particular case, namely, a
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three-dimensional Chern—Simons theory. Since egs. (7.21) do not depend on the
dimensionality, it is only necessary to study the dynamical sector of the Lo
algebra. The corresponding products can be obtained by setting m = 1 in eq.

(7.22). This leads to two products, corresponding to the values [ = 1,2, given by

[61 (:U*l)]f = 8’/“1”28111 (Mf)m )

7.23
[l (1, )]y = —e,e [(“1)u1’(“2)u2r Y

Therefore, the entire Lo, algebra for this theory is given by eqs. (7.21), describing the
gauge transformations and gauge algebra, and by eq. (7.23) describing the dynamics.
This particular case reproduces the formulation of three-dimensional Chern—Simons

theory from ref. [41].
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Chapter 8

Lso formulation of FDA1 gauge

theories

At this point, we have studied the formulation of higher-dimensional
Chern—Simons theories in terms of L., algebras. As we have seen, this means to
write down the relevant information of an entire theory into a single algebra Ll
that encodes the gauge symmetry in a certain subalgebra L5"%® ¢ LW, The gauge
invariance of standard Chern—Simons theories is described by Lie algebras, and
therefore, the gauge subalgebras in these cases are indeed Lie algebras. In this
chapter, we focus on writing down the L., algebras that describe FDA1 gauge
theories, i.e., gauge theories whose symmetry is not described by a Lie algebra but
by a FDA1. Due to the dual relation between FDAs and L, algebras, the new
gauge subalgebras are not Lie algebras anymore but also L., algebras whose
defining products cannot be decomposed in Lie brackets. The mathematical
obstacle that prevents this from happening is the non-trivial cocycle,
representative of a Chevalley—Eilenberg cohomology class, with which the FDA1 is
constructed. Moreover, as we will see, the presence of higher-degree differential
forms as gauge fields in the FDA1 gauge theories is naturally described by the
multilinear products of an L., algebra. We study two separated cases, namely, the
arbitrary-dimensional FDA1-Chern—Simons theory introduced in chapter 5, and a
gauge theory whose dynamics is determined by the zero-curvature conditions. We
will refer to the later as ‘flat FDA1 theory’.

95



96 8. Loo formulation of FDAI1 gauge theories

8.1 FDAI1 gauge theories

Let us consider the gauging of a FDA1. This means considering a composite gauge

field whose components are given by a one-form and a p-form respectively, namely

= (uﬁ,ui}l...up) : (8.1)

Let us also introduce a set of gauge parameters composed by a zero-form and a

(p — 1)-form and denoted as follows

£ = (61475,21“'/117*1) . (82)

As before, we consider an L., algebra with a vector space endowed with the following
subspace structure
X=X00X_10X . (83)

An important difference with respect to the previous case must be pointed out. The
FDA1 has two separated algebraic sectors that we call the standard sector (or A-
sector) and the extended sector (or i-sector). As a consequence, the vector space X

and each one of its subspaces Xy, X_1 and X_5 can be split into two subspaces, as

follows
XO — thandard D ngtended, (8.4)
X,1 — Xitimdard D Xixltended, (8.5)
)(72 — XitZandard D Xix;ended. (86)

Therefore, in the L, formulation of FDA1 gauge theories, each vector in X carry
two components, being each one a differential form of different degree. For Xy and

X _1 this is summarized as follows:

e Every vector x € X carries two components corresponding to two subspaces

of Xy (a zero-form and a (p — 1)-form)
z = (anxZI...up_l) . (8.7)

e Every vector y € X_; carries two components corresponding to two subspaces

of X_; (a one-form and a p-form)

Y= (%%LM) . (8.8)
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e Vectors in X_o also carry two components. Since this subspace carry the
vectors that describe the dynamics of the theory, the differential degrees of
their components must be analyzed case by case depending on the dynamics
of the theory.

We identify p = (,uﬁ,,uilm#p) and € = (5’4,5@1.“%71) as vectors in X_; and X
respectively. Moreover, we identify the equation of motion term F = (.7-" A F Z) as a

vector of X_o.

As we have seen, in order to find the L., algebras that describe FDA1-Chern—Simons
theory and flat FDA1 theory, we need to study three aspects of them: their definition
of gauge transformations, their gauge algebra, and their equations of motions. Both
theories have the same gauge symmetry; therefore, they share the first two sources of
information. For this reason, we will extract the information regarding the definition
of gauge transformations and gauge algebra first and then study case by case the

algebraic sectors that encode the dynamics.

In general, when writing a FDA1 gauge theory, the algebraic vectors carry two
components. As we have seen in chapter 5, the gauge parameters carry a zero-

4 and a (p — 1)-form &' as components. In the same way, for gauge fields,

form €
these components are a one-form p* and a p-form p'. In general, every FDA1
vector is given by a ¢g-form and a (p + ¢ — 1)-form carrying algebraic indices A and
1 respectively. Since the L., products between vectors in X are also vectors in X,
their components carry both types of algebraic indices A and ¢ depending on which
algebraic sector they lie, and a different number of antisymmetric spacetime indices,
depending on which subspace of X they belong. In general, an L., product between
r vectors in X is a vector in X whose components are a ¢g-form with algebraic index

A, and a (p + ¢ — 1)-form with algebraic index i, i.e.,

(21, @) = ([zr @1y ) T (2 ,xr)]il._,up+q71> . (8.9)

From now on, we will write down products of the type ¢, (z1, ..., x,) in components,
i.e., writing them in terms of the FDA1 and spacetime indices. For convenience, it
is useful to introduce differential form products. We write the components of the

product (8.9) in terms of differential forms as follows

1
[0y (z1,...,2,)] = i [ (@1, datt A Adat, (8.10)
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1

m [g’r' (1’1, e 7,:(;,’,,)]i dxﬂl Ao A dx/‘(p+q71)7

i
[€T (xl, N ,a:r)] = 1 (ptg—1)

(8.11)

It is important to notice that the product in eq. (8.9) (and therefore also its
corresponding components) satisfy the original graded symmetry rule of Lo,
algebras in the (-picture of eq. (4.10). However, its components, when they are
written in terms of differential forms, satisfy a modified symmetry rule due to the
inclusion of new algebraic structure in the wedge products. Although this notation
does not explicitly hold the symmetry of the products, it allows to write the
product between a large number of vectors without overloading of indices, and it
turns out to be especially useful in the formulation of FDA1 gauge theories, due to
the natural presence of higher-degree differential forms in them. From now on, we
will write down all the components of the L., products in terms of differential

forms.

8.1.1 Gauge transformations

Let us consider the definition of gauge transformations for a FDA1. The variation
of the fundamental gauge field du is a vector in X_ 1 that carry a one-form and
a p-form as components. Since the transformations of the one-form are given by
the Lie covariant derivative of the zero-form ¢4, the information in terms of Lo
products originated in that definition is the same that was obtained in the study of
standard Chern—Simons theories. The same happens with the corresponding gauge
algebra, which is a Lie algebra in the standard sector. Therefore, we will focus on
obtaining the information regarding the extended sector. The transformation rule
of the extended gauge field /‘Zr-- 4, 1S given in terms of the gauge parameters by
eq. (3.36). On the other hand, this variation can also be written in terms a sum of
Lo products, as in eq. (4.45). From both equations, we can see that such sum is
truncated, resulting only in those terms that are powers of degree zero, one, and p

in the gauge fields, as follows
[gp-l—l <€7 My ’M)]Ll“'#p .
(8.12)

By writing eq. (8.12) in terms of differential forms, as in eq. (8.11), we obtain a

spacetime index free expression

5t = [0 (@) + 2 (e, )] + Cpra ety (813)
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Thus, by directly comparing eqs. (3.36) and (8.13), we obtain the following
information concerning the components of products of gauge fields and parameters

in the extended sector, written in terms of differential forms

(61 ()] = de’, (8.14)
02 (e )] = [l — [e.ul (8.15)
[t (e, )] = (1) [e, 7] (8.16)

It is important to recall that those are not the L., products of the theory by
themselves, but their components in the extended sector (or i-sector) written in
terms of differential forms.  Every other product originated in the gauge
transformations and, therefore, involving one vector of Xy and any number of
vectors of X_; has zero components in this sector. The next step is to obtain the

information concerning the gauge algebra.

8.1.2 Gauge algebra

The commutator of two consecutive gauge transformations must lead to a third
gauge transformation depending on a composite parameter. However, when
describing a gauge theory in terms of an L., algebra, the presence of equation of
motion symmetries is allowed in the commutator (see eq. (4.52)). Therefore, in
order to have a well-defined L., algebra, it is necessary to ensure the closure of the
commutator of two gauge transformations and study the presence of trivial gauge
transformations. Since such transformations must be on-shell vanishing, their
functional form can impose constraints on the action principle. By applying two
consecutive transformations d; and ds on the gauge field, with parameters
g1 = (5’14,52'1) and g = (5’24,55) respectively, we calculate the commutator
(0201 — 0102) p. This is also a vector in X_;, whose standard components close a
Lie algebra, such as in the Chern—Simons case. Moreover, by taking the extended

component of the commutator, we find

(6261 — 6102) '
= [dea, e1]" — [e1,dea]” — [der, ea]” + [e2,den]” + [e1, [e2, ]’

i

— e, [en, )’ + [, 22) ,e1]” — ([ 1] s’ + [e2, [ e1]]’ — [e1, [, €2]]

1 ; 1 ' 1
. p1Y & d p—17% _
+ p| [817 [527M H (p_ 1)[ [517 2, W ] (p— 1)'

1 ; 1 3 1 ;
_ - P1° p—17? p—17%
ol [e2, [e1, P]]" + =1 [e0,der, 1] + =1 [eo, [e], P . (8.17)

[e1, [ e2) , 121!
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This expression must be treated using the generalized Jacobi identity for the FDA1.
Indeed, from eqs. (3.13)-(3.15), it is possible to prove the following relations:

i

(8.18)
(8.19)

o1, [e2, ul)" = [e2. fex, ]’ — [en, e2] i

1, [, &)’ + [, 21] &)’ = [, [, 2]]" = 0.
Egs. (8.18) and (8.19) are directly obtained from the FDA1 Jacobi identities in the
compact notation of brackets. For details on the writing of the Jacobi identities in
such notation, see appendix B. By plugging in egs. (8.18) and (8.19), and the relation
dpt = R — 3 [11, u]” into eq. (8.17), the extended component of the commutator

takes a compact form, namely

4 4 1 i
(5251 - 5152) MZ = 53MZ - M [527517R7 Mp 2]17 (820)
As it happens with Lie algebras, the commutator gives place to a new gauge
transformation J3 for which we introduce a third composite parameter
€3 = (6?,6%) whose components depend on the original parameters and gauge

fields as follows

ey = [ea,e1)?, (8.21)

' i i 1 _qqi
€3 = [e2,e1]’ — [e1,62]" + o1 [e2, 1, 771" (8.22)

In contrast, the second term on the r.h.s. of eq. (8.20) is not present in the study
of Lie algebras. Its presence is due to the cocycle extension in the FDA1, and it
involves the standard two-form curvature R4 but not its extended components R’.
This presence of this term is important in the definition of the action principle of
a FDA1 gauge theory because it must vanish on-shell in order to close the gauge

algebra without contradictions with the equations of motion.

As we have seen, when writing the commutator of two gauge transformations in
terms of their expansions in Lo, products, the result is given by eq. (4.52) as the
sum of a new gauge transformation and a trivial one that involves higher products
(of three or more vectors) and relates the equation of motion term of the theory.
We identify the second term in eq. (8.20) as the trivial transformation, while the
first one can be more conveniently written by separating ., in terms that depend
on powers of the same degree in the gauge field. By truncating general expansion

in terms of Lo, products from eq. (4.45), the variation d.,u can be then written as
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follows

1 p(p—1)
Oespt = 1 (€3) + Lo (€3, 1) + o (1) 2 lpya (g3, 17)

= [563M]0 + [563U]1 + [6€3M]p—1 + [5€3M]p7 (823)

where we denote as [d¢,p], to the contribution to d.,u that depends on powers of
degree k in p. Therefore, by inspection of eqs. (8.21)-(8.23, we match the terms
in 6., depending on the same powers of u, and write down an expression for each

contribution [0c, ], to the variation of the gauge field:

[0c; 1] = 41 (b2 (€1, €2)) (8.24)
[0c; 1)1 = £1 (€3 (€1, €2, 1)) + L2 (L2 (€1, €2) , 1), (8.25)
( 1)(p—1)2(p—2)
[583,“];3—1 = Wfl (€p+1 (51,52aﬂp_1))
( 1)(17*2)2("*3)
e LI CACIE A NOR (8.26)
p(p—1) (p=1)(p=2)
1) _1) )
[0es 4], = ()p,& (Lp+2 (g1, €2, 7)) + ((;_1),52 (bps1 (e1, €0, P71) 1)
( 1)10(10—1)
+ Tfpﬂ (€2 (e1,€2) , 7). (8.27)

On the other hand, by directly replacing the components of 3, given by egs. (8.21)
and (8.22) into the definition of the FDA1 gauge transformation, it is possible to

explicitly write down d3u’ without using the Lo, products:

. ; i 1 _114
Oz’ Zd{[é?z,éﬂ — [e1, &2 +m [e2, €1, 1771 }

1 B i
+ |:,U> {[5%51] - [51752] + m [62,61,#10 1] }]
~llea.erl ol = o flezeal 71 (3.28)

By comparing term by term eq. (8.28) with eqs. (8.24)-(8.27) we obtain four
relations, each one proportional to a different power of the gauge field. In order to
obtain the information regarding different L., products on them, we proceed case

by case:

First relation (power 0 in p):

[61 (£a (e1,22))]" = d {[52751]i — le1, ag]’} : (8.29)
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Second relation (power 1 in p):

61 (€3 (1,82, 1)) + Lo (L2 (21,€2) L )] = [, ([e2, 1] — [e1, 82))]" — [[e2, e1) , ]’ -
(8.30)

Third relation (power p — 1 in p):

(_1)(p_1)2(p_2) [51 (€p+1 (81,82,Mp_1))]i

(p=2)(n—=3)

+ (=) (p—1) [l (b (e1, 82, 4777) HUJ)V =d [82,817/Jp_1]i- (8.31)

Fourth relation (power p in p):

(61 (Lpy2 (21,20, )]+ [l (Lpir (21,62, 177)  1)]* + [t (G (e1,82) , 1))

(r=1)(p—2) (p—1)(p—2)

= () plu e = ()T [z ) (8.32)

We now use the previously obtained information about the products. Since
U (e1,€2), L3 (e1,e2, 1), Ly (e1,62, 1P72), Ly (61,82, WP~ 1) and Lyio (1,62, uP) are
vectors of Xo, ¢; acts on them according eqgs. (8.29)-(8.32). This provides an
explicit expression for these products. On the other hand, we identify the trivial
transformation of eq. (4.52) with the last term on the r.h.s. of eq. (8.20), resulting

in a (p+ 1)-linear product involving one vector in X_», as follows

1+ (P_2)2(p_3)

ZPJrl (51, €2, Ra :up_2) = (71) [625 €1, Ra Mp_ﬂi . (833)

8.1.3 Summary:

The L products previously obtained contain the information of a FDAl gauge
theory regarding its definition of gauge transformations and gauge algebra. Since
the dynamics has not been yet specified, the structure of these sectors is shared for

any FDA1 gauge theory and can be summarized as follows:
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Gauge transformations
[ (e)]! = def,
[ (e)]' = del,
(2 (e, )] = fnye]?, (8.34)
(b2 (e1, )" = [p1,e1]" = [e1, ]’
p(p—1) ;
[ngrl (517M13--'7Hp)] = (71)1+ 2 [eaulv"'a/‘bp]l'
Gauge algebra
[52(51,82)]A = [e2,e1]?,
(63 (e1,€2)]" = [e2,e1]' — [e1, 2],
(p—1)(p—2)
(p=1)(p=2) .
lp1 (e1,80, 0, pip—1)]” = (1) 2 [ea,e1, 1. fipai]’
(p—2)(p—3)
p—2)(p—3 .
Upi1 (61,60, By ity ooy pip—2))’ = (=D 2 [er,e0, B,y pipo)’
(8.35)

Here, 1,62 € Xo, p1,-..,4p € X—1 and E € X_5 are arbitrary vectors. Any other
product originated in these two sources of information, and therefore relating at
least one vector of the subspace X, vanishes. These products do not close an L,
algebra by themselves. In order to specify a theory, it is necessary to introduce
the products coming from the third source of information, namely, the equation of
motion. They exclusively involve vectors of the subspace X_; and determine the
dynamics of the different theories that share the FDA1 symmetry. Consequently,
they must be introduced case by case for the chosen theory, in a way that satisfies the

L identities in combination with the products defined by egs. (8.34) and (8.35).

8.2 Flat FDA1 gauge theory

The first case to analyze is the flat FDA1 theory. This is a FDA1 gauge theory in
which the equations of motion are the Maurer—Cartan equations of the fundamental
field u = (MA, /ﬂ), i.e., on-shell vanishing curvatures. In contrast to the first two
sources of information, we need to study both algebraic sectors. The corresponding
field equation term F is a vector in the subspace X_o. In this case, we define the
components of the vectors in X_o as a two-form and a (p+ 1)-form. This choice
allows to write the components of F easily, in terms of differential forms for both
standard and extended subspaces, as follows

FA

1
= R = du + SCpon® (8.36)
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Fi=R'=dp' + Clypt + mcgl._.Aqul oA (8.37)
Notice that this choice for the dynamics is consistent and does not contradict the
constraint imposed by the trivial gauge transformation found in the gauge algebra.
The second term on the r.h.s. of eq. (8.20) depends on the standard component
of the curvature R which vanishes on-shell, and therefore it satisfies the condition
of being an equation of motion symmetry, guaranteeing the closure of the gauge

subalgebra.

Since the equation of motion is immediately obtained from the FDA1 curvature,
there is no need to introduce an action principle or an L, inner product. Egs.
(8.36) and (8.37) show that the general expansion of the equation of motion term F
in terms of L., products is truncated, removing every element not linear, bilinear
or (p + 1)-linear in the gauge field, as follows

p(p+1)
2

p+1) ‘

F=10(p) — %52 (#2) + L) ) lpt1 (F‘

(p+1
Notice that the (p + 1)-linear product has non-vanishing components only in the
extended sector, i.e., the expansion is truncated in different ways depending on the

algebraic sector:

FA= [0 ) - 5 [ () (8.38)
p(p+1) A
P—Vﬂw“éwﬂﬁw+CG+mmﬂmHM? (8.39)

Therefore, we separately analyze the standard and extended sectors. By matching
eqs. (8.36) and (8.38) term by term, we obtain the following information about the
components of the products in the standard sector written in terms of differential

forms:
(1 ()" = dp?, (8.40)
2 (1)) = ~Cilen®s. (8.1

On the other hand, from eqs. (8.37) and (8.39) we obtain the components of the
corresponding products in the extended sector also in terms of differential forms.
Notice that the (p 4 1)-linear product that carries the information about the cocycle

has non-vanishing components only in this sector:

[0 ()] = dit, (8.42)
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[ (1%)]" = —2Ciy ', (8.43)
i (p+1)
[l ()] = (=1)72 gy i e (8.44)

Thus, the information regarding the third source of information can be summarized
as follows; let e € Xo, p, pi1, ..., ppy1 € X_1 and ¥ € X_5 be arbitrary vectors. The
dynamics of a flat FDA1 gauge theory is encoded into the following components of

L products, written in terms of differential forms:

Flat FDA1 dynamical sector

[ (W)t = dut,
[ ()" = dud,
(o (s i)l = —Chonfu§, | (8.45)
[z (1, )] = —Cly; (Mf‘ﬂ%Jrué“u{)v
p(p+1)
pir (1, s pprn) = (=1) Cy,.. pHMf : upﬁl-
Consistency products
e B = [Bet,
bEB) = (B - B (8.46)
i =Dp=2) i
[éerl (57 Ea Ml?"'a/‘bpfl)] = (_]‘) + 2 [nga Ml?"'aupfl] :

As it was mentioned in the previous chapter, we include a set of consistency products
involving at least one vector in the subspace X_5. These products are not directly
obtained from the three mentioned sources of information but by demanding the
products obtained from them to satisfy the Lo, identities. For an explicit calculation,
see appendix C. The inclusion of the consistency products allows eqs. (8.34), (8.35),
(8.46) and (8.45) to define an Lo, algebra and to consistently formulate the flat
FDA1 gauge theory.

8.3 L, formulation of FDA1-Chern—Simons theory

The second case to analyze is the extended Chern—Simons theory invariant under
FDAT1 introduced in chapter 5. The writing of the corresponding L., algebra is
slightly more complicated for this case because, although the gauge symmetry

remains the same that in the flat FDA1 theory, the equations of motion take a
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different functional form depending on the dimensionality. As a consequence, the
subspace X_5, encoding the dynamics, has a different structure in different
dimensions. Let us begin by introducing the algebraic vectors belonging to the
subspaces Xg, X_1 and X_o. Since the gauge transformations of the theory are
defined by egs. (3.35) and (3.36), an arbitrary vector in X is given by
e = (5’4,5@1_._%_1 , le., its the A-, and i-components are a zero-form and a
(p — 1)-form respectively. Moreover, vectors in the subspaces X_; and X_o have
components in the standard and extended sectors that also can be split in the

following way:

u= (uﬁ,uil,,_ﬂp) € X_q, (8.47)

v = (Uﬁly-wq—z’U;it1-~~uq—p—1> e X o. (8.48)

Notice that since the first two sources of information of the theory (the gauge
transformations and gauge algebra) are the same that in the flat FDA1 theory,
vectors in Xg and X_; are defined in the same way that in the previous section.
Unlike the previous case, vectors in X_o are not given by a two-form and a
(p + 1)-form. We define them as a (¢ — 2)-form and a (¢ — p — 1)-form, where g — 1
is de dimensionality of the theory. This new definition does not contradict the
definition of FDA1 algebraic vectors from chapter 3. The reason for this choice is
that we need to define algebraic vectors F € X_o such that, the variation of the
action can be written as eq. (4.50). Different choices of the components of F
would lead to different but equivalent definitions of the L, inner product that is
used in the definition of the action principle. Once we defined the components of
the vectors, we define the L. inner product between two arbitrary vectors
u € X_1 and v € X_»o as follows

_ 2m—1 _p1 - phg—1 A B ) j
(uw,v)p, —/dx ghtHa (gmsu,“vw...ﬂq_z+gzjum._Mz;up+1._,uq_1 . (8.49)

Notice that the coefficients gap and g;; were defined in egs. (5.9)-(5.11) as the
components of the rank-2 FDA1 invariant tensor. With this definition of inner
product, the general variation of the action principle in eq. (4.49), reproduces the
variation of the FDA1-Chern—Simons action principle obtained by setting i = 0 in
eq. (5.27). Thus, according to eqs. (4.50) and (8.49), this variation can be written
terms of the inner product and the components of the equation of motion term, as

follows

m— 1
<5u,f>Loo = /d;L‘2 15.“1 Hq—1 <M9AB5Mﬁ1FIZ"'Itq2
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1 . ,
+p;(q_p_1);9%‘1‘5M21--~ufﬁp+1~-uq_l) : (8.50)

Eq. (5.33) allows to identify the components of the vector F € X_o by direct

inspection of the field variation of the action principle. In terms of differential

forms, these components are explicitly given by

FA=Y "mg*™ga aytpniyoin R - R R LRI (8.51)
m,n

Fr=Y ng"ga,.Apiyigein, R - RAMR? - R, (8.52)
m,n

Notice that F4 = 0 and F* = 0 are indeed the equations of motion obtained in egs.
(5.33) and (5.34). Moreover, we have raised the algebraic indices A and 7 on these
expressions by using the components of the rank-2 invariant tensor. We used g%
to rise indices in the standard sector and g for the extended one. For a specific

explanation of how we raise FDA1 algebraic indices, see appendix A.

8.3.1 Standard dynamical sector

Since our purpose is to obtain the information regarding the dynamics, let us begin
by splitting the equation of motion term F in components and first consider the
standard ones F4. Egs. (8.51) and (4.51) imply that 74 can be written as an

expansion of the standard components of L., products, as follows

1(1—1)

Fioy (—1)“2 [0 (“l)r“ (8.53)

=1

Eq. (8.53) expands FA in terms that are linear products of the gauge fields. This
expansion is truncated in different ways depending on the dimensionality, i.e., in
terms of the allowed values of the coefficients m and n in the equation of motion
(8.51). In order to separate the contributions to F* corresponding to different L,
products, we plug in the definition of gauge curvatures from eqgs. (3.11) and (3.12)
into the generic expression from eq. (8.51), and write down F4 in terms of the gauge

fields and their derivatives

m—1
1 m! n!
A _
a _ZZ Z 2k (p+ DK (m — k — 1)! rlslt!

m,n k=0 r+s+t=n
X G A iy Q- oo o bt
) g e dp® [ ), ] [ [ (8.54)

A, m—k—1 [ ]Am,k . [ ]Am_l
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As we proceeded with the equation of motion term in standard Chern—Simons theory,
we split the terms of the sum at the r.h.s. of eq. (8.54) that depend on powers of

the same degree in the gauge fields, i.e.,

(e 9]

FA=Y [, (8.55)

=1

where []: A] , denote the contributions to F 4 depending on powers of degree I. We

can therefore identify [.FA] , as proportional to the [-linear Lo product, as follows

1(1—1)

(74, = (—1)“2 [fz (ul)]A. (8.56)

With the purpose of isolating the term of the expansion depending on powers of
degree [, we notice that each term on the r.h.s of eq. (8.54) is a power of degree
m+n+k+s+pt—1in u. We therefore fix | = m+n+ k+ s+ pt — 1 and identify
the [-linear term [.7-" A] , as sum of those terms that satisfy that fixing. This allows

us to write the [-linear contribution to F4:

o 1 m! n!
7 ]l _Z Z 2kst (p + 1)1 kg! (m — kg — 1)1 7lslt!

m,n r+s+t=n

Al m—kst—1 [ Am-1

Ap—
X 94 Ay A dp s ] kst -, g
o dp a7 ) [ [P (8.57)

For convenience, we have introduced the coefficient kg =l +1—m —n — s — pt.
Finally, by inspection of eqs. (8.56) and (8.57) we identify the non vanishing L.,

product that contributes to the dynamics in the standard sector:

10=1) i m! n!

A =1
(6 ()] = (=1)72 X nn Drtstt=n 2ot (pr D) Fsullme Far=T)! 7isit
X gAA1~~~Am—1Z'1"~ind'U’A1 e d'um_kSt_l [:U'a M]A.mik'gt e [:U’? :U']Ar'n_l
X dptt e dptr [ p T [ ] [P [

(8.58)

8.3.2 Extended dynamical sector

The procedure to obtain the L., products in the extended algebraic sector is
analogue. By explicitly writing eq. (8.52) in terms of the gauge fields and their

derivatives, one gets the following expression for the extended component of F in
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terms of differential forms

m
» 1 m! n!
Tt __ 7
- Z Z Z ok (p + 1)!t k! (m _ k)! T!s!t!g i1in_1A41Am

m,n k=0 r+s+t=n—1

A, A
 dp e dptk f p] AR )

% d,Ll/Zl e dIU/ZT [M’ 'u]i'erl Ce [M,M}ir+s [#p+1]ir+5+1 e |:Iu/p+1:|in71 . (859)

Notice that we write the algebraic indices of the invariant tensor with inverse
ordering. This is simply notation; since the indices corresponding to the standard
and extended sector take values in different domains, we can switch their positions
in the invariant tensor without introducing ambiguity. As in the standard sector,
we expand F' in terms of the contributions depending on powers of degree [ in p,
denoted by [fi]l. In order to isolate the terms on the r.h.s. of eq. (8.59)
depending on powers of the same degree on the gauge field, we notice that each
term in the expansion is a power of degree m +n + k 4+ s+ pt — 1 in pu. Therefore,
by matching [ = m +n + k + s+ pt — 1, we obtain

; 1 m! nl
[P]l = Z Z 2/76515 (p + 1)” ]_fst! (m — ];:st)! T!S!t!gl i1 ip_1A1Am

m,n r+s+t=n—1

X d/,[/Al e dﬂAmfl;st [/’[/7 M]Amffest+l e [M; /’L]Am

% dull - dMZT [M”u]ir+l e [M’ M]ir+s [NP+1]iT+S+1 . [Merl] in—1 . (860)

For simplicity, we have defined the secondary coefficients kg = I +1—m —n—s— pt.
From egs. (8.60) and (4.51), we get that the extended component of a product of [
gauge fields is given by

N Hou I ! !
[el (,U )] - (_1) 2 Zm,n Zr+s+t:n71 2kst (p+ 1)1t /}st!(ﬂT*/}st)! r!Z!t!

i A7 A _© Am,
X g’L il...in_lAl...Amdlu’Al e d/J, m—kgt [M, /,1,] 'm—kst-!—l e ['u’ /’L]
d,u,il o duir [%N]iﬂ_l . [M,M]irJrs [Mp+1]lr+s+l o [Mp+1:|lnfl .
(8.61)
Thus, egs. (8.58) and (8.61) provide the information regarding the Lo, products

X

for the complete dynamical sector of the theory, and therefore, regarding the Lo
products of vectors in X_;. As it happens in standard Chern—Simons theory, the
equations of motion in egs. (5.33) and (5.34) show strong functional changes
depending on the dimensionality of the theory. Consequently, the number of
non-vanishing products in the dynamical sector depends on the value of ¢q. Let us

recall that the original Chern—Simons action is ¢ — 1 dimensional, and that the
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values of m and n are the integer non-negative solutions of the equation
2m+ (p+1)n=q. (8.62)

For each solution of the type (m,n) to eq. (8.61), there is a different set of allowed
values for [ in egs. (8.58) and (8.61). In the standard sector, i.e., for eq. (8.58), they
take integer values between [y, = n and lyhax = 2m — 2. In the extended sector,

i.e., for eq. (8.61), | take values between Iy, = n — 1 and lpax = 2m.

The L, products previously obtained from the three original sources of information
do not necessarily combine to make an L, algebra by themselves. Therefore, we
impose them to satisfy the L., identities. For an explicit calculation, see appendix
C. Thus, this requirement leads to two consistency products, whose components (in

terms of differential forms) are given by:

n .
[£2 (e, )7 = ChoBPeC — P g0 Eieh,
[l2 (e, B)]" = g”gklc(ﬁj_t‘jl?;

A 14— == AB i Bz Bs ... Bripi

R
)Nt = o

g 9ij Bl“‘BpJ,—lE

(8.63)
Here, € € X, p € X_1 and E € X_4 are arbitrary vectors.

This completes the writing of the algebraic products corresponding to the L.
formulation of the FDA1-Chern—Simons theory. The L., algebra that describes
this theory in arbitrary dimensions is given by eqgs. (8.34) and (8.35) encoding the
information of the gauge transformations and gauge algebra respectively, in
addition with egs. (8.58), (8.61) and (8.63) encoding the dynamics. Notice that, in
contrast with the writing of the L., algebra of standard Chern—Simons theory in
chapter 7, we have written the higher-degree products that involve many vectors
from the subspace X_; by only using one vector p instead of a set of arbitrary
independent vectors. This choice allows for writing the products more compactly.
The general expressions for the products describing the dynamical sector can be
obtained from egs. (8.58) and (8.61) by considering independent vectors instead of
the repetition of the same gauge field and including the corresponding normalized
symmetrization (as we did in the case of standard Chern-Simons theory).
Moreover, in order to avoid overloading of indices, we have written every product
in terms of differential forms. The resulting expressions are, in this way, compact
due to the natural presence of higher-degree differential forms in FDA1 gauge

theories. It is important to point out that the equations of motion do not
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guarantee the on-shell closure of the gauge subalgebra. This issue in the
formulation is a consequence of the non-covariance in the gauge transformation law
of the extended curvature form R’. In order to have a well-defined L, algebra for
the theory, it is necessary that the second term on the r.h.s of eq. (8.20) vanishes
on-shell.  This condition is fulfilled only in special cases. For example, in
three-dimensional theories or those whose gauge algebra does not carry a
non-trivial cocycle, this happens by default. Moreover, if the invariant tensors of
the FDA1 do not carry mixed indices of the type g4; the issue is also avoided.
Chern—Simons theories that do not satisfy these conditions cannot be properly
described by L., algebras since they are not completely well-defined gauge
theories. However, they still have action principles that are invariant under the
transformations of the FDAT.

8.3.3 Five-dimensional example

At this point, we have written the general L., algebra that allows formulating a
FDA1-Chern—Simons theory in arbitrary dimensions. As an example, let us
consider a particular case given by a five-dimensional theory that couples the
standard one-form with a three-form. For simplicity, we will consider trivial
cohomology in the symmetry algebra, i.e., that the corresponding FDA1 carries no
cocycle in the Maurer-Cartan equations. This choice simplifies the long
expressions in the final L, product, allowing us to write their components without
using differential forms. Moreover, in contrast with the general expressions for the
products describing the dynamical sector of the theory in eqs. (8.58), (8.61), in
this case we will write the products in a completely general way. This means that,
when writing the products of a large number of vectors in X_;, we will use

arbitrary independent vectors instead of one vector multiple times.

Let us therefore consider a FDA1 with p = 3 with trivial cohomology, i.e., in absence
of four-cocycle. By imposing these conditions in eqs. (3.11) and (3.12), we obtain

the following Maurer—Cartan equations
1
dpt + §C§C/LBMC = RY=0, (8.64)
dp' + Clypp? = RF = 0. (8.65)
Notice that eq. (8.64) describes the Lie subalgebra, while eq. (8.65) just states

that the covariant derivative of the three-form u’, defined through the arbitrary
representation (¢ A)i ;= C’f;‘j, vanishes. The gauging of this FDA1 leads to a non-
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vanishing curvature with components R4 and R’ that allows the construction of
a six-dimensional invariant density yg and, consequently, a Chern—Simons action
principle that makes use of its corresponding Chern—Simons form as Lagrangian

density
! Az pA Ay i Ay i
SCSs [.u] = /M /O dt (39A1A2A3MA1R15 2Rt :+ GAi 1Rzl€1 + gA1i1Rt 1'u11) . (8'66)
5

In this case, the homotopic gauge field is defined as pu; = tu = (tuA, t,ui), being R; its
corresponding field strength. An example of this action for a particular bosonic FDA
can be found in ref. [45]. This allows to formulate a gauge theory with non-trivial

coupling between a one-form and a three-form.

The L. algebra that describes this theory is given by a vector space X = Xy @
X _1® X_5 endowed with a finite set of products. Every subspace can be split into
two subspaces, standard and extended. Thus, arbitrary vectors in Xy can be split
as
_ (A i
e=(e%¢,), (8.67)

i.e., their components are given by a zero-form in the adjoint representation of the
Lie subalgebra and a two-form in the arbitrary representation space. In the same
way, vectors in X_; are decomposed in terms of a one-form and a three-form in the

same respective representations, i.e.

= (1t i) - (8.68)

Finally, an arbitrary vector in X_5 also carries two components, being the standard
one a four-form in the adjoint representation of the Lie algebra and the extended
one a two-form in the arbitrary representation

E = (Bjppor Bh) - (8.69)
Notice that there is an important difference in the definition of vectors in X_o with
respect to the other subspaces. Every other vector is, in general, given by an r-form
in the standard sector and a (p 4+ r — 1)-form in the extended one. However, since
the subspace X_o is defined in order to introduce the equation of motion term F,
there is an ambiguity in the definition of these vectors that is compensated by the
same ambiguity in the definition of the inner product of the L., algebra. In this
case, we have chosen to define vectors in X_o, such that it becomes easy to identify

the components of F from eq. (5.27).
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The definition of gauge transformation leads to the following L., products, regarding

vectors in the subspaces Xg and X _1 :

[61 (&7)]3 = Ouet,

L@ = e,
[Eg(s,,u)]f = C§0M580, (870)
62 (&, )Ly = Cla (3%6,{,0]—6%&”,))-

On the other hand, the gauge algebra acts as a second source of information, leading

to the following products between vectors in X

[z (e1, 2] = Choelef, (8.71)
o (ene)ll, = Chy (o8 (1)), — ot (e2)) ) -

Let us now consider the dynamics. In this case, the allowed values for the indices
(m,n) in eq. (8.62) are (3,0) and (1,1). Therefore, from egs. (8.58) and (8.61),
we obtain three non-vanishing products for the standard dynamical sector, and one
product for the extended dynamical sector of the theory, whose components are

given by

(€4 (1, M%M&M)]fypg =3 x 3! x dlgPgppcCl 5 CE ¢,
% (i) ) (12) 22 ()" (1ay)sy

[ (11, 112, 13) ] po = =3 % 3! x 419 grpeC (M{l)[[,i

(62 (11, 112)]18, 0 = =3 % 4194 Pgp5cdy, (1)L 0, ()
—894Ch; (1), (H2))) 1

(62 (11, 12)]},, = =297 9.4;C e (1), (12)yy -

A

(12)2 0y (113))5

(8.72)

Finally, we consider the consistency products that come from plugging in the
previously obtained products into the L., identities in the f-picture. These

products involve vectors in Xy and X_5 and are given by

A B ;
[EQ (57 E)]uuga = CéCEfupogc - 3!9ABgijClBkE[]”y€§U]a (8 73)
(b2 (e, B, = 2g”gle§stELV.

This completes the formulation of the mentioned five-dimensional Chern—Simons
theory in terms of an L, algebra. Notice that, by inspection of the action principle
in eq. (8.66), we can see that the so-called BF five-dimensional theory can be
obtained as a particular case (see ref. [100]). This case is obtained by considering

a FDA1 for which the only non-vanishing component of the rank-2 invariant tensor
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is g4, thus removing the first and second terms in the integral at the right side of
eq. (8.66). The corresponding L, algebra that describes this theory can also be
obtained by imposing the same conditions in the L, products from egs. (8.70)-
(8.73).



Chapter 9

Conclusions

In this dissertation, we have studied the dual relation between free differential
algebras and L., algebras, and their role in standard and higher gauge theories.
The first goal accomplished in the thesis has been the generalization of the
so-called Chern—Weil theorem to the case of a particular free differential algebra,
known as FDA1, which is the most simple extension that can be found of a Lie
algebra by means of the use of one of its own Chevalley—Eilenberg cohomology
classes. The inclusion of such cohomology class extends the symmetry algebra,
making it possible to couple higher-degree differential forms to a gauge theory in a

non-trivial way. This has led to the following results:

e The study of the generalized Chern—Weil theorem has been achieved, in first
place, by generalizing the Chern—Pontryagin invariant density to the case of
a FDA1l. The new density inherits the properties of gauge-invariance and
differential closeness of its standard analogue, making the local existence of
Chern—Simons forms possible. Moreover, its invariance properties have
provided us with a definition of generalized invariant tensors, essential in the

construction of action principles for FDA1 gauge theories.

e The gauging of a FDA1l and the consequent study of the invariance
properties of the generalized Chern—Pontryagin invariant density have led to
a definition of generalized covariant derivative for a FDA1 that has simplified

further calculations.

e The new covariant derivative allows performing calculations in a completely

analogous way to those presented in chapter 2 in the context of standard
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gauge theories and Lie algebras. Thus, we have derived explicit expressions for
transgression and Chern—Simons forms for a FDA1 that allow the construction
of gauge invariant action principles that couple differential forms of different
degrees as gauge fields. The corresponding equations of motion have also been

derived.

Secondly, the results mentioned above allow studying the properties of
FDA1-Chern—Simons forms from a different point of view. Standard Chern—Simons
forms play an important role in the study of gauge anomalies, consequences of the
breaking of classical symmetries in the quantization process of Yang—Mills theories.
In particular, the chiral abelian anomaly is proportional to the Chern—Pontryagin
invariant density. Moreover, the non-abelian gauge anomaly shares that
topological origin; it is proportional to the gauge variation of the corresponding
Chern—Simons form that is related to the Chern—Pontryagin invariant density by
means of the standard version of the Chern—Weil theorem. On the other hand, the
study of the generalized Chern—Pontryagin densities and Chern—Simons forms for a
FDA1 shows that the generalized expressions contain the standard ones as the first
terms of an expansion that can be understood as the sum over all the possible
combinations of the standard and extended gauge fields, holding the FDA1
symmetry. Moreover, by studying the properties of invariance and differential
closeness of these topological quantities and their gauge variations, we have found
generalized versions of the non-abelian gauge anomaly. As mentioned, a FDA1 is
an algebra that allows considering not only a one-form gauge field but also a
higher-degree differential form. As a consequence, there are also two types of gauge
variations: standard and extended. The standard one is performed with respect to
a zero-form gauge parameter that takes values along all the possible directions of
the Lie group manifold, corresponding to the Lie subalgebra of the FDA1l. The
extended variation is performed with respect to an extended parameter given by a
higher-degree differential form that takes values in the remaining subspace of the
FDA1. The existence of two gauge transformations has been proven to allow two
types of generalizations of the non-abelian gauge anomaly that we called primary
and secondary anomaly terms. The first of them is related to the standard
parameter, and therefore, only that one reproduces the standard non-abelian
anomaly as a particular case in the first term of its expansion. It must be pointed
out that, since the extended gauge field (and also the extended parameter) is a
higher-degree tensor, both anomaly terms exist in even and odd dimensionality,
being possible to recover the standard case only for even-dimensional spacetimes.
In contrast, the secondary anomaly term does not reproduce the standard

non-abelian anomaly for either odd or even dimensionality. This is a natural
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consequence of its origin. Since the secondary anomaly term is obtained from the
variations of the Chern—Simons form along the extended directions of the FDA1
manifold, it has an entirely different functional form which, however, naturally

generalizes the primary anomaly term and shares its topological properties.

The second main goal of this thesis is the study of the aforementioned classical gauge
theories in terms of Lo, algebras. L., algebras have been studied as deformations
of Lie algebras that naturally appear when one moves from describing a theory
in terms of the Poisson brackets of its functionals, such as the action principle
or the Hamiltonian functional, to describe it in terms of the algebra of its local
functions [42]. On the other hand, free differential algebras turn out to be dual to L
algebras, which have been found in a completely different context by R. D’Auria, P.
Fré and T. Regge [4] when studying the cohomology classes of the algebra of higher-
dimensional supergravities. The results regarding the second part of this dissertation
make use of a recent work of O. Hohm and B. Zwiebach [41], in which a formulation of
classical gauge theories in terms of Ly, algebras is introduced. Such formalism allows
writing down the information of a theory, regarding its gauge transformations, gauge
algebra, and the dynamics of the interacting theory into a single L., algebra that
contains the original gauge algebra as a subalgebra. In this thesis, we hace proposed
some explicit examples of the abstract result of O. Hohm and B. Zwiebach, with
particular emphasis on theories whose gauge symmetry is described by a FDA1, and
therefore its gauge subalgebra is not necessarily a Lie algebra but a genuine L.,
algebra. The natural presence of higher degree differential forms as gauge fields in
FDA1 gauge theories makes it convenient to write the relations of the L., algebras
in terms of differential forms. We have therefore written the L., algebras of FDA1
gauge theories in these terms, which can be understood as a compact notation
that allows to easily obtain the true L relations by removing the dependence on

differential forms. This has led to the following results:

e The L., algebra that describes standard Chern—Simons theory in arbitrary
dimensions has been found. In this case, the corresponding gauge subalgebra
is a Lie algebra, as expected, and does not depend on the dimensionality of the
theory. Moreover, the closure of the gauge subalgebra is ensured for every case
without imposing any restriction on the dynamics. In contrast, the dynamics
of the theory has been encoded into a subspace in which the number of non-
vanishing products has been enumerated in a way that explicitly depends on

the dimensionality of the theory.

e We have formulated the Lo, algebra that describes the most simple case of a
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FDAT1 gauge theory, namely the flat FDA1 theory. This is the case in which
the dynamics is governed by the Maurer—Cartan equations of the FDA1, and
therefore, there is no on-shell gauge curvature. In this case, the gauge
subalgebra is not a Lie algebra but a FDA1, and its closure is not ensured for
every action principle. We have proved that the commutator of two gauge
transformations leads to a third composite gauge transformation that
includes a term that must be interpreted as an equation-of-motion symmetry.
Therefore, in order to introduce a well-defined gauge theory, it is necessary to
consider an action principle for which such extra term vanishes on-shell. This

condition is always satisfied by a flat FDA1 theory.

The Lo, algebra that describes FDA1-Chern—Simons theory in arbitrary
dimensions has been found. In contrast to the standard case, this
formulation is valid in both odd and even dimensionality. Although the
gauge symmetry is, as in flat FDA1 theory, described by a FDAIL, its closure
is not verified for every case. In order to write down a completely
well-defined gauge theory, it is necessary to verify that the
equation-of-motion symmetry that appears in the gauge algebra is indeed
vanishing on-shell. The Lo, algebra that describes FDA1-Chern—Simons
theory is therefore well-defined only in the cases in which this condition is
verified. There are some criteria that allow ensuring the closure of the gauge
subalgebra. For instance, this requirement is immediately satisfied by every
three-dimensional theory and also by every theory described by an Lo
algebra without non-vanishing products of three or more elements. Lie gauge
theories are examples of these cases. Moreover, if the gauge symmetry is
described by a FDA1 carrying a trivial cocycle, i.e., in the absence of
cohomology, the theory is immediately consistent. There is also possible to
find examples of well-defined higher-dimensional FDA1-Chern—Simons
theories with non-trivial cohomology. However, the consistency between the

closure of the gauge algebra and the dynamics must be verified case by case.



Appendix A

Notation

In this thesis, we use two notations for vectors and invariant tensors for a FDAT,
both useful in different contexts. We refer to them as index-dependent notation,
and index-free notation, respectively. In this appendix, we review the translation

between both notations.

Let us consider an arbitrary FDA and an algebraic vector z, given by a collection

AN )), where each index A (p)

of differential forms, and denoted by z = (l‘A(l), ee T
runs on a different domain. We introduce a FDA-degree that will be useful to identify
the differential degree of each component. The FDA-degree of x is the differential
degree of its first component, i.e., if z4(1) is a r-form, we say that degpp, z = 7.
For instance, the FDA1 field strength carries two components, a two-form R“ and
a (p+1)-form R'. The FDA-degree of R is therefore 2. This gradation of the
vector space is useful in the following definitions that allow introducing the index-
free notation, and it has no relation with the gradations of the dual L, algebra from
chapter 4. In general, a FDA1l-valued vector with FDA-degree r can be split into

its standard and extended components, as follows
x = (xA(l),xA(p)> . (A.1)

The first component z4(1) is a r-form, while the extended component z4® is a
(r+p—1)-form. For later convenience, we refer in general to the extended

components as 7-forms, with ¥ =r 4+ p — 1.

We now introduce a product between algebraic vectors in terms of the brackets.

These brackets encode the information regarding the generalized structure constants
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of a FDA1 and provide an index-free notation for their contraction. Let By, ... Byt1
be FDA1 vectors, each one of FDA-degree b1, ..., b,4+1 respectively. In terms of the

structure constants of the FDA1, we define:

1. A bilinear product [Bj, Bz, whose standard and extended components are

given by

[By, Bo)* = CA-BEBY (A.2)
(B, Bo)" = Ch;BPBS. (A.3)

2. A (p+1)-linear product [Bi,...,Bpt+1], whose standard and extended

components are given by

[Bi,...,Bp1]* =0, (A.4)

7 7 A
[Bi,....Bppa] = Clh a1 B+ Byttt (A.5)

The resulting products are both FDA1 valued vectors, with

degppa [B1, Ba] = b1+ by, (A.6)
degppa [Bis---sBpy1] = b+ +byp1 —p+1. (A.7)

The index-free notation allows us to write the Maurer—Cartan equations of a FDA1
from egs. (3.11) and (3.12) as follows

|
dpt + 2 ol =0, (A8)

dB" + [, " + sl

(1 = 0, (A.9)

(p+1)!
with [pPtt] = [u,?ﬂ,p}.

Let us now consider two sets of algebraic vectors Bi,...B,, and Fy,..., E,, with
FDA-degrees bi,...,b, and eq,...e, respectively. We introduce the following
compact notation for the contraction of their components with the FDA1 invariant

tensor
(Bi,...,Bm; E1, ..., En) = gaypiyin Bl - BAmEit . Ein, (A.10)

Notice that in the absence of extended components (fixing n = 0), the FDA1 becomes

a Lie algebra, and eq. (A.10) becomes the usual notation of the symmetrized trace.
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Moreover, the bracket in the Lh.s of eq. (A.10) separates the algebraic sectors
before and after the semicolon, being the first ones valued in the standard sector
and the latter in the extended sector. The invariant tensor of the FDA1 inherits
the symmetry in the first set of indices from the invariant tensor of Lie algebras.
As a consequence, the bracket in the Lh.s. of eq. (A.10) has the following graded

symmetry due to the permutation of differential forms in the standard sector:

(....Bp,Bry1,...;B1, .. By = (1) (. Boy1, By, By Ey).
(A.11)
On the other hand, the FDAL1 invariant tensor presents graded symmetry in the
extended indices, depending on the degree of the p-form with which the FDA1 is

defined, as follows
gAl"'Amil"'ij"'in = (_1)p+1 gA1"~Ami1~"ji"~in' (A.12)

Such symmetry rule, in addition to the permutation of differential forms in the
extended sector, leads to the following graded symmetry for the bracket in index-

free notation:

(Bi,...,Bm;...,Es,Egy1,...) = (=1)&C0tetyp B FEe1,Es, ...
(A.13)

The invariant properties of g4, ...4,,i,.--i, provide us with a notion of covariance and
contravariance for the algebraic indices of a FDA1. To clarify this, let us consider
an arbitrary vector B = (BA,Bi) with FDA-degree b. In analogy with the case
of Lie algebras, we call B4 and B’ the covariant components of the vector. We
define the contravariant duals of B as By = g4 gBP and B; = gl-jBi. Although the
components with mixed indices g4; are in general non-vanishing, we do not include
them into the definition in order not to change the differential form degree of the
components of B. In this way, B4 and B; are also a b-form and b-form respectively,
which are univocally determined due to the assumption of non-degeneracy in gap
and g;;. In the same way, we define the inverse components gB and ¢ through

the following relations

gap = 9ac9spg°?, (A.14)
9 = 9ikgig™. (A.15)

By setting n = 0, gap is reduced to the Cartan—Killing metric of the Lie algebra.
However, it must be pointed out that this is not a rigorous definition of a

generalized Cartan—Killing metric for a FDA1, but only a notation that turns out
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to be helpful when writing the components of FDA1 vectors with lower indices

without introducing ambiguity.



Appendix B

Invariance identities

In this appendix, we consider the derivation of useful properties of FDA1 invariant
tensors. In order to clarify the role of such properties in the study of extended gauge
theories, we begin with their standard equivalents in the context of Lie algebras.
Let G be a Lie algebra expanded by a basis of generators {t A}‘i‘ir:an with structure
constants CgB. Let us also consider a set of arbitrary differential forms X1q,..., X,
and © of degrees x1,...,x, and 6 respectively, valued in G, and let us recall the
degree-n invariant tensor condition from eq. (2.45). By contracting eq. (2.45)

with the differential form ©40X f‘ Lo X;?m (which is given by the wedge product of

components of Xi,..., X, and © on the above mentioned basis), one finds
n
ZCEOA]C <tA17 v 7tAk7t07 cee 7tAn> erth s X;?m = U. (Bl)
k=1

Eq. (B.1) allows to identify the algebraic vectors Xi,..., X, and ©, removing
the dependence on the chosen basis of vectors {t A}(j‘ir:an. This allows writing the
following identity
(—1)f@tto) e, Xy, X)) = 0. (B.2)
k=1

Eq. (B.2) is equivalent to the invariant tensor condition of eq. (2.45) in index-free
notation and involves arbitrary differential forms, relating the Lie bracket with the

symmetrized trace. We refer to eq. (B.2) as invariance identity.

Let us now repeat the above procedure for the case of a FDAL1. Let Xq,..., X,
Y1,...,Y, and © be arbitrary FDA1 vectors whose FDA-degrees we denote by
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TlyevrsTms Ys--.,Yn and 6. We denote their components by the same letter with
its corresponding algebraic index (e.g. © = (@A, @’)) We now recall the invariant

tensor conditions from eqs. (5.9)-(5.11) and proceed case by case.

By multiplying the first invariant tensor condition of eq. (5.9) by the wedge product
of standard components @40 XAt ... XAmYy i ... Yin we get

m
Ao Al... Amyit | yinC .

26 X XYy Yo CaoAr9ay A Co Apis i
r=1

n

A A Amvt in Yk _

+Y 00X M XA YO g, Ay ik, = 0. (B.3)

s=1

Thus, by plugging in eq. (A.10) into eq. (B.3) and identifying the argument of
both sums as the components of the FDA1 products defined by egs. (A.2)-(A.5),
we obtain the following identity

m

(_1)9($1+"'+-'Er71) <X13 e 7X1”717 [83 XT] 7XT+17 O 7Xm, Yiv o 7Yn>

[y

r—=
n

+ 3 (-t e ) () X Ya, . Y1, [0, Y] Ve, V) = 0.
s=1

(B.4)

Notice that eq. (B.4) relates both the standard and extended components of the

bilinear product to the invariant tensor, and that it reproduces eq. (B.3) for n = 0.

The second invariant tensor condition from eq. (5.10) leads to a different identity, for

which we need to introduce a new set of FDA1 vectors ©1,...,0,, and consider the
wedge product of components ©F1 ... G)BPth e Xﬁ:’ffo? -.-Y/in. Notice that in
this case we use the extended components of Y7,...,Y,. By contracting such term

with eq. (5.10) and identifying the resulting terms as the components of a FDA1
(p + 1) linear product, we obtain the following identity

m+1
Z (_1)Ir($r+1+“'+$m+1) <X17 v 7X7"—17 X’r‘-i—17 v )Xm-i-l;

r=1

[X,,01,...,0,],Ys,...,Y,) =0.  (B.5)

Finally, we consider the contraction of eq. (5.11) with the differential form
©I XA .. XAmt1y?2 ... Yin  This relation implies the definition of one extra

vector X,,1+1. The repetition of the previous procedure leads to a third identity
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relating the extended component of the FDA1 bilinear product with the invariant
tensor:

m+1

7 (—yrrletetEe ) (X X, X, X3 (X0, 6], Y2, V) = 0.

r=1

(B.6)
Egs. (B.4)-(B.6) are the generalization to the case of a FDA1 of the invariant
tensor property from eq. (5.11) studied in ref. [37] in the context of Lie algebras.
They relate the FDA1 products with the invariant tensor in free-index notation, are

equivalent to the requirement that ga4,...4 be an invariant tensor of the FDAIL,

m7fl7/n

and are valid for arbitrary values of m and n.
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Appendix C

Consistency products

In this appendix, we consider the calculation of products not explicitly obtained in
the Lo, formulation of gauge theories from chapters 7 and 8. As it was mentioned
in these chapters, the L, formulation of gauge theories extracts the information
of the theory from three sources of information and encodes it into the products
of an L., algebra. However, these products do not satisfy the L., identities of eq.
(4.11) by themselves, at least for the studied cases. By demanding them to satisfy
such identities, we find new products acting on X_s that must be non-vanishing for
consistency. A simple procedure that allows to find those products consists of taking
the gauge variation of the definition of the equation of motion term in eq. (4.51),

namel
y k(k 1)+'r(7‘ 1)

6F = Z Z o O (brgr (e, 17) 7). (C.1)

k=1 r=0

The imposition of the Lo, identities in the f-picture of eq. (4.11) into eq. (C.1) allows
to write .F in terms of a single sum, in which the nested products are absorbed into

F as follows
k(k 1)

§F = Z S e (5 Fou ) (C.2)

Thus, demanding eq. (C.2) to be satisfied becomes equivalent to demanding the
already found products to satisfy the L., identities. We now can directly compare
this expression with the variation of F that is explicitly obtained case by case, and
extract the information about the missing products that must be non-vanishing in
order to close a well-defined L, algebra. Since the gauge parameter ¢ lies in Xy and
the equation of motion term F lies in X_o, every consistency product found using

this procedure will involve at least one element in Xy and one element in X_o.
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C.1 Products in Chern—Simons theory

We begin by studying the consistency products in the formulation of standard
Chern—Simons theory. In this case, the equation of motion term is given by

A prep2m—2 A B1 .. pBm-1
Fo =€ "G By B By B oo (C.3)

The gauge variation of the gauge curvature is given by the Lie bracket of the
curvature and the parameter, i.e., through the well-known relation
6R;‘l, = C’gcREyeC. This allows to write
A p2m—2 A B B C pB B —
(5.7,, = (m - 1) Evm = ’g B1---Bm4C’Bé‘RuluzE R/L;M e R/JQWLJSNQWLfQ' (0'4)
Finally, by plugging in the definition of invariant tensor for Lie algebras from eq.
(2.45) into eq. (C.4), we find

A _ M1 p2m—2 B A C pB; . B1
0F, =¢, g B‘l"'Bm—1CB’C6 Ruwz Ruszsuszz

= CHoFBC, (C.5)

By inspection of egs. (C.2) and (C.5), it follows that there is one non-vanishing
product that involves vectors in X and X _o, necessary for the closure of the entire
Lo algebra:

[0y (e, F))* = CpoFPC. (C.6)

Moreover, eq. (C.2) shows that the equation of motion term F4 inherits the
transformation law of the gauge curvature. Since this feature does not come from
the symmetry but the dynamics, it is only valid in standard Chern—Simons theory.
In general, a theory with different symmetry algebra, or whose equation of motion
term shows a different functional dependence on the fundamental field, may not

share such property.

C.2 Products in flat FDA1 theory

The second case under study is the flat FDA1 theory. In this case, the equations of
motions are equivalent to the Maurer—Cartan equations for the FDA1, and therefore,
it is possible to immediately identify the components of F as (}" A F Z) = (RA, Ri).
Notice that, as it was mentioned in chapter 7, we write the equation of motion term

and the corresponding L., products in terms of differential forms. Thus, the gauge
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variation of F is given by egs. (3.45) and (3.46) in terms of the components of the

parameter e and ¢’, as follows

OFA = CHoFPeC, (C.7)
i i j i j 1 i
0F = Cly;, FAel — O ;e FI — WCAI_.. Ay ENFR A e (O8)
By inspection of egs. (C.7), (C.8) and (C.2) we immediately find two non-vanishing
products ¢3 (¢, F) and £ (6, F, Apfl), whose components (in terms of differential

forms) are given by

[0y (e, F)]* = ChoFBEC, (C.9)

[0y (e, F)]' = C’Aj (.7-"A€j — €AJ-"j) , (C.10)

1+ (p—1)(p—2)

[pi1 (e, F, AP7Y)] = (=) 2 Clyoa,, e FRpM e (€

p+1

Eq. (C.9) corresponds to the standard component of the first consistency product.
Notice that it reproduces the consistency product of the previous case from eq.
(C.6). This is a natural consequence of the presence of the Lie subalgebra in the
FDAL.

C.3 Products in FDA1-Chern—Simons theory

In the case of FDA1-Chern—Simons theory, the equation of motion term does not
transform as the field strength, leading to more complicated expressions for the
consistency products. Hence, we separate F into its standard and extended

components and analyze their gauge variations separately.

C.3.1 Standard sector

Let us consider the gauge variation of the standard component F4 in eq. (8.51). By
plugging in the variation of the gauge curvatures of eqs. (C.7) and (C.8), we find

6F =3 mg ™ gaanisin ((m = 1) CRLRPCRY . RARY . R

+nR% ... RACLRYIR™ ... R —nR% ... RAmCLe ' RIR™ ... R
o f 1)|RA2 e RAMCY MR R Ri”) . (C12)
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By using the invariant tensor conditions of eqs. (5.9)-(5.11), it is possible to prove
the following relations:
0= GALoAyiri, <(m N 1) ngcRBgCRz% .. RAm; R ... Rin
—nRA . RAC P RIRR R

— Gady e AmiyinCpa, P RA2 - RAM R .. Rim, (C.13)

A1 pA A i B _B>, B B i i
OzmgAlAm’Llan IR QR "LCBllA..Bp_"_lR 16 2# 3/,6 P+1R12...RZ7L

+ GAdg Ay i RORA - RANCY PP Pt R R (CL14)

= i RA? Am it RBJ Rie i
0=mga,..A,,ii, %R mCBjR SR ... Rin

+ 9AAy Apirin RARY - RO I RP R (C.15)

Thus, by plugging in egs. (C.13)-(C.15) into eq. (C.12) and by identifying the

differential forms F4 and F in the resulting expression, we can write

0FA = CpoFPe® — g*BguChFrel
1
(p—1)!

gABlQik0§132...3p+1632u33 co Bt FR (C.16)

Finally, by inspection of eq. (C.16) and the general variation in eq. (C.2), we obtain

the following non-vanishing products

[t (e, F))* = CHoFPeC — "By Fie, (C.17)
_1\1A =D@=2)
(o (e, F, A7) % = (=)' T2 Cllp, o, e pPn FL(C8)

C.3.2 Extended sector

Let us now consider the gauge variation of the extended component F* in eq. (8.52),

written in terms of the variations of the gauge curvatures from egs. (C.7) and (C.8)

OF = ng" gay iy (MCLRPECRA - RARRY .. R
m,n

+(n—1)RY ... R CY.RPIR? . R
—(n—1)RM ... R CLPRIR? ... Rin
_ (n—1) RMA

L RAm B B>, B3 .., B 12 .. DPin—
] ROCp g, & TR PR - R 1)- (C.19)
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By using again the invariant tensor conditions of eqgs. (5.9)-(5.11), it is possible to

prove the following relations
GA Ay <mC§éRB€CRA2 e RAmfil Ri2 R Rln
—(n—1)RM...RAnfiC PRIRS .. Rin)
— Gy Apiigein B RAM Oy PR - Rin = 0, (C.20)
A Ay i R RAMCE o ePLRP2 Py Pra s R = 0, (C.21)
9y Amirin R - RAMCE RPIRS . R = 0. (C.22)

By plugging in eqs. (C.20)-(C.22) into eq. (C.19), the variation of the extended

component F! takes a simple form, namely
SF! = gijglegjaB]:l. (C.23)

Finally, by inspection of eq. (C.23) and the general expression in eq. (C.2), we

obtain one consistency product for the extended sector:
(62 (2, F))' = g7 graCle” F'. (C.24)

This completes the calculation of consistency products for the studied theories.
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