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Zusammenfassung

Die Arbeit gliedert sich in zwei Hauptteile. Der erste Teil ist eine theoretische Unter-
suchung von Superhedging-Preisen und Finanzblasen in Marktmodellen mit proportionalen
Transaktionskosten. Im zweiten Teil entwickeln wir eine Methode des maschinellen Ler-
nens, um den Superhedging-Preis Prozess numerisch zu bestimmen.

Fuir den ersten Teil betrachten wir ein Finanzmarktmodell mit einem risikolosen und einem
riskikobehafteten Vermdogenswert unter proportionalen Transaktionskosten A € (0,1) auf
einem endlichen Zeithorizont T'. Wir liefern dynamische Versionen der Superhedging-
Theoreme von [85]. Die Theoreme sind unterteilt in eine numéraire-freie Version, die
gleichmafig integrierbare Martingale als konsistente Preissysteme verwendet, und eine
numéraire-basierte Version, die lokalen Martingalen als konsistente (lokale) Preissysteme
entspricht. Die Superhedging-Theoreme garantieren, dass es keine Dualitdtslicke zwis-
chen dem wrspringlichen Problem des Superhedgens eines Contingent Claims unter pro-
portionalen Transaktionskosten und dem entsprechenden dualen Problem gibt. Zu diesem
Zweck erweitern wir den Begriff der zuldssigen Strategien im numéraire-freien und im
numéraire-basierten Sinne von Strategien auf [0,T] auf Strategien auf [t,T]. In diesem
Zusammenhang zeigen wir auch die Zeitunabhdngigkeit der konsistenten (lokalen) Preis-
systeme in der dualen Formulierung. Inbesondere ist der Superhedging-Preis Prozess
wohldefiniert. Unter weiteren Regularitdtsannahmen beweisen wir Rechtsstetigkeit des
Superhedging-Preis Prozesses.

Wir schlieffen den ersten Teil mit der Untersuchung von Finanzblasen in dem Marktmod-
ell mit proportionalen Transaktionskosten ab. In Anlehnung an [52] definieren wir den
Fundamentalwert F des risikobehafteten Vermogenswertes S als den Preis eines Super-
hedging Portfolios des Claims X = (0,1), das heifit der Position, die zu einem Anteil des
risikobehafteten Vermdogenswertes und Null Bargeld fihrt. Unter Verwendung der Ergeb-
nisse aus dem ersten Teil erhalten wir eine duale Darstellung des Fundamentalwerts. Der
Finanzblasen-Prozess 3 is definiert als die Differenz aus dem Briefkurs (1+\)S und dem
Fundamentalwert. Wir sagen, dass es eine Finanzblase im Marktmodell gibt, wenn 3 strikt
positiv mit positiver Wahrscheinlichkeit fir eine [0,T]-wertige Stoppzeit ist. Die Entste-
hung einer Finanzblase ist in unserem Modell direkt enthalten. Schliefllich untersuchen
wir den Einfluss von proportionalen Transaktionskosten auf die Entstehung und Grofle
von Finanzblasen. Diese Studie beweist, dass die Einfihrung von proportionalen Transak-
tionskosten die Bildung von Finanzblasen teilweise verhindern kann.

Im zweiten Teil untersuchen wir eine Approzimation basierend auf neuronalen Netzen
fiir den Superhedging-Preis Prozess eines Contingent Claims in einem Marktmodell in
diskreter Zeit von [{0]. Die Approximation des Superhedging-Preis Prozesses ist in mehrere
Schritte unterteilt. Zundchst beweisen wir, dass der a-Quantil-Hedging-Preis fiir eine
gegebene Erfolgswahrscheinlichkeit o € (0,1), siehe [38], gegen den Superhedging-Preis
konvergiert, wenn « gegen 1 geht. Die Berechnung des Superhedging-Preis Prozesses
fiir t > 0 reduziert sich auf die Approximation des steigenden Prozesses B aus der gle-
ichmdfigen Doob-Zerlegung, siehe [{0], welcher manchmal auch als Konsumprozess beze-
ichnet wird. Anschlieffend zeigen wir, dass der a-Quantil-Hedging-Preis durch Long-Short-
Term Memory neuronale Netze approximiert werden kann, indem wir die Superhedging-
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Strategien des a-Quantil-Hedging-Preises durch neuronale Netze approximieren, siehe [21)].
Firt >0 kann B; durch ein essentielles Supremum tiber eine Menge von Zufallsvariablen
auf der Basis von neuronalen Netzen approximiert werden. SchliefSlich prdsentieren wir
numerische Ergebnisse.



Abstract

The thesis is divided in two main parts. The first part is a theoretical study of super-
replication prices and asset price bubbles in market models with proportional transaction
costs. In the second part we develop a machine learning method to determine the super-
replication price process numerically.

For the first part, we consider a financial market model with one risk-less and one risky
asset under proportional transaction cost A € (0,1) on a finite time horizon T. We provide
dynamic versions of the super-replication theorems of [85]. The theorems are divided in
a numéraire-free version, which relates to uniformly integrable martingales as consistent
price systems and a numéraire-based version, corresponding to local martingales as con-
sistent (local) price systems. The super-replication theorems guarantee that there is no
duality gap of the original problem of super-replicating a contingent claim under propor-
tional transaction costs and the corresponding dual problem. For this purpose, we extend
the notion of admissible strategies, in the numéraire-free and the numéraire-based sense,
of [84] from strategies on [0,T], to strategies on [t,T]. In this context we show time in-
dependence of the consistent (local) price systems in the dual formulation. In particular,
the super-replication price process is well-defined. Under further regularity assumptions
we prove right-continuity of the super-replication price process.

We conclude the first part by the study of asset price bubbles in the market model with
proportional transaction costs. By following [52], we define the fundamental value F, of
the risky asset S, as the price of a super-replicating portfolio of the claim Xp = (0,1),
i.e., the position resulting in one share of the risky asset and zero cash. Using the results
from the first part we obtain a dual representation of the fundamental value. The bubble
process 3 is defined as the difference of the ask-price (1+ \)S and the fundamental value.
We say that there is a bubble in the market model if 5 is strictly positive with positive
probability for some [0,T]-valued stopping time. The birth of a bubble is directly included
i our model. Finally, we investigate the impact of proportional transaction costs on the
formation and size of asset price bubbles. This study proves that the introduction of pro-
portional transaction costs can possible prevent bubbles’ formation.

In the second part we study neural network-based approrimations for the super-replication
price process of a contingent claim in a frictionless, discrete time market model of [40].
The approximation of the super-replication price is divided in several steps. First, we
prove that the a-quantile hedging price for a given probability of success o € (0,1), see
[38], converges to the super-replication price for o tending to 1. The calculation of the
super-replication price process for t > 0 is reduced to the approximation of the increasing
process B obtained from the uniform Doob decomposition, see [[0], which is sometimes
called process of consumption. Then, by approrimating the superhedging strategies of the
a-quantile hedging price by long short-term memory neural networks, see [21l], we show
that the a-quantile hedging price can be approximated by neural networks. Fort >0, B,
can be approrimated by an essential supremums over a set of random variables based on
neural networks. Finally, we present numerical results.
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Introduction

This thesis is divided in two parts. In the first part, we consider a market model with
proportional transaction costs on finite time horizon and provide a dynamic version of
the super-replication duality. Further, we study asset price bubbles under proportional
transaction costs, where the fundamental value is given by the super-replication price of
the asset. In the second part, we establish a method to approximate the superhedging
price of a contingent claim by neural networks using the quantile hedging price.

In complete markets all contingent claims can be perfectly hedged by definition and thus
the price of a contingent claim is always unique. It can be determined either by the price
of a hedging strategy or by taking the expectation of the option with respect to the unique
equivalent martingale measure. On the other side, hedging is also used to secure the payout
of a contingent claim. The classical option pricing model by Black, Schloes and Merton is
just one example for a complete market model. A market model which fails to be complete
is called incomplete, see [34] for continuous time or [40] for discrete time. Hence, there are
contingent claims which are not attainable in incomplete markets and thus the price of a
claim may be not unique but given by an open interval of arbitrage-free prices. In order to
secure an option a trader can superhedge (resp. super-replicate) the option. The idea is
to find a self-financing trading strategy with minimal initial investments which dominates
the payout of a contingent claim. Similar to hedging, superhedging completely reduces the
risk associated to the option but also reduces the opportunity to profit from the option.
Different than the hedging price, the superhedging price is higher than any arbitrage-free
price, and thus does not define an arbitrage-free price for the option. Although, one could
consider the superhedging price too high by latter arguments, superhedging is a powerful
and useful tool and there are also situations when the superhedging price is small, as in
the case of portfolio constraints with not so tight bounds, see [20], [93]. We address the
issue that the superhedging price may be considered as too high below. For this reason,
super-replication, and particularly its dual representation, have been thoroughly studied
in various model settings. It is impossible to cover the complete literature on superhedging
here but we name a few. In continuous time, starting with [37] for continuous processes,
extended to general cadlag proceesses, [71], there are approaches for robust superhedg-
ing, [76], [98], pathwise superhedging on prediction sets, [6], [7], or superhedging under
proportional transaction costs, [23], [29], [67], [85], [92]. Also in discrete time there exist
various approaches in the literature like robust superhedging, [25], [78], superhedging un-
der volatility uncertainty, [77], or model-free superhedging, [22].

Clearly, standard mathematical models for financial markets are an idealization of the real
world. Assuming that trading orders can be given and executed in continuous without
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delay or any additional costs is not realistic. At least in some cases, like currency markets
or securities it seems reasonable not to consider a single price but a bid and an ask price.
For simplicity one may assume that the transaction cost leading to the bid-ask spread are
proportional. Market models with proportional transaction costs have attracted a lot of
attention over the years. Under proportional transaction costs A € (0,1) an agent has to
pay (1+ \)S; to buy one share of the asset S at time ¢ but the other agent only receives
(1-X)S; for selling one share of the asset. The interval [(1—)\)S, (1+ \)S] is then called
bid-ask-spread. On the one hand, it is natural to study similar problems as in frictionless
markets. For instance, arbitrage theory, option pricing, super-replication dualities, port-
folio optimization or asset price bubbles. On the other hand, the impact of proportional
transaction costs on the subject of interest can be compared to the frictionless case. In par-
ticular, this issue also encounters the possibility to use (proportional) transaction costs as
an instrument for regulation. It is well-known that in frictionless market models the price
process must admit an equivalent local martingale measure to guarantee that the model
is arbitrage-free in the sense that there is no free lunch with vanishing risk (NFLVR),
see [33]. In particular, the geometric fractional Brownian motion does not describe an
arbitrage-free price process, see [14]. In contrast, in models with proportional transaction
costs the concept of consistent local price systems, see Definition [T.1] replaces equivalent
local martingale measures and so the geometric fractional Brownian motion describes an
arbitrage-free market model here, see [47]. A consistent local price system is a pair of
a probability measure, which is equivalent to the objective measure and a process which
lies in the bid-ask spread and is a local martingale under the associated measure and can
be thought as a parallel frictionless market providing better conditions for trading. The
existence of consistent local price systems for each A\ > 0 guarantees the absence of arbi-
trage in the sense of Definition [1.12] The idea here is simple - the parallel market model
offers better conditions for both, the buyer and the seller, and is by standard arguments
arbitrage-free as the parallel price process is a local martingale. Obviously, the model with
proportional transaction costs having poorer trading conditions must also be arbitrage-
free. In [48], equivalence of the existence of continuous consistent price systems and the
absence of arbitrage is established. Furthermore, in [9], the authors prove an equivalence
between a weaker notion of strictly consistent local martingale systems and the NUPBRE
and the NLABPs? conditions in the robust sense.

For market models with proportional transaction costs there exists a wide literature on
super-replication. In [92] it is shown that there is no perfect hedging strategy under trans-
action costs and the least expensive strategy to dominate a contingent claim is the buy
and hold strategy. Then, in [29] a martingale approach is presented, followed by an appli-
cation in [30], showing that also here the cheapest super-replication strategy is to buy and
hold the underlying asset. In [66] multi-dimensional currency markets are considered, see
also [65]. In this model, a super-replication duality for the initial time is proved in [23].
Finally, in [85] also a local version of the super-replication duality at ¢t = 0 is presented,
using consistent local price systems, i.e., local martingales for the parallel market.

The phenomena of bubbles has been observed for a long time. Some of the first well-

1o unbounded profit with bounded risk
1o local arbitrage with bounded portfolios
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documented bubbles are for example the so-called “Durch Tulipmania” (1634 — 1637),
“Mississippi Bubble” (1719 — 1720), and the “South Sea Bubble” (1720), see [41]. Asset
price bubbles have been extensively studied in the existing economic, as well as, math-
ematical literature. There is broad agreement that an asset price bubble occurs if the
market price exceeds its intrinsic or fundamental value. In particular, a bubble is defined
as the difference of the market price and its fundamental value. On the other hand, there
is little agreement on the driving forces, see [06]. In the economic literature, there are
approaches like asymmetric information, see [2], [3], heterogenous beliefs, see [51], [87],
and noise trading such as positive feedback activity [32], [89], [94], in combination with
limits to arbitrage, see [1], [31], [90], [91]. We note that bubbles may also appear in mar-
kets with transaction costs, see [5], [42] and also [43], [72], [88] for the specific case of the
real estate market. Although, transaction costs can not fully prevent the occurrence of
bubbles, they can still have positive impact on the formation and behavior of bubbles.
For instance, in [87], the authors include transaction costs in an equilibrium model with
heterogeneous beliefs. It is shown that even small transaction costs may reduce specula-
tive trading preventing bubble’s formation. On the other hand, the size of the bubble and
the price volatility is not efficiently affected. For an overview of heterogeneous beliefs, we
refer to [I00]. The positive effect of transaction costs was also illustrated in an agent-based
simulation in [95], where the market model was stabilized in the long run.

From a mathematical point of view, there is the popular martingale theory of asset price
bubbles, [27], [64], [63], [74], with bubbles’ birth included, [17], the approach via the super-
replication price, [52], [53], [75], where bubbles’ formation is caused by market failure, see
[86]. Other models explicitly describe the impact of microeconomic interactions on asset
price formation, see [I7] and [62], where the fundamental value is exogenously given and
asset price bubbles are endogenously determined by the impact of liquidity risk. In the
approach of R. Jarrow, P. Protter, and K. Shimbo, [64] and [63], the authors define the
fundamental value by the expectation of future cash flows with respect to an equivalent
local martingale measure Q € Mj.(W), where Mj,.(W') denotes the set of equivalent
local martingale measure for the wealth process W. Then there is a bubble in the market
model if and only if the wealth process is a strict local martingale under the measure Q.
In a complete market model the equivalent local martingale measure Q is uniquely given
and hence the notion of Q-bubble is distinct. On the other hand, in an incomplete market
model, it is not clear which measure Q is the best or natural choice to define a Q-bubble.
Furthermore, a Q-bubble exists in the market model either from the beginning or there is
no Q-bubble at all. In [I1], F. Biagini et al. admit bubbles’ birth by considering a flow in
the space of equivalent local martingale measures. P. Guasoni and M. Rasonyi criticize the
approach of Q-bubbles in [46] as this notion of Q-bubbles is very sensitive to the choice of
the model. The argument of the authors is that in common diffusion models there exists
semimartingale with uniformly close paths that is a martingale under an equivalent prob-
ability measure. The authors also provide a robust definition of a bubble in [46] which
could also be interpreted as a bubble under proportional transaction costs. P. Protter
replies to this critic of the “fragility” in [79]. Morally, P. Protter argues that the model
is chosen through economic and probabilistic reasoning instead of fitting a curve to data.
But he also agrees that a model should satisfy some robustness properties. In [52], M.
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Herdegen and M. Schweizer define so-called strong bubbles by the super-replication price
of the asset, which provides a robust definition of bubbles. Under sufficient assumptions
on the market model, one can apply the well-known duality for super-replication prices of
[71]. In this scenario, one can easily see that a strong bubble implies a Q-bubble for any
choice of Q in a market model. Further references on asset price bubbles are [15], [16],
[57], [60], [61]. We refer the interested reader to [79], [52] and the entry “Bubbles and
Crashes” of [68].

In Part[l, we provide a dynamic version of the super-replication dualities for the numéraire-
based and numéraire-free case, which corresponds to a local and a non-local setting, ex-
tending the results of [23] and [85]. Further, we introduce the notion of asset price bubbles
in the presence of proportional transaction costs using its super-replication price as fun-
damental value and study the impact of proportional transaction costs on the behavior
and occurrence of bubbles. In [46], the authors introduce a robust bubble which can also
be considered as a bubble under proportional transaction cost. To the best of our knowl-
edge, however, there has been no thorough study of asset price bubbles under proportional
transaction cost. Also, the setting and the definition provided in [46] is different to the
one of the present thesis. Considering a market model with one risk-less and one risky
asset, we specify both components of the trading strategies, the holdings in the bank ac-
count and in the risky asset. Thereby, we have the flexibility to elaborate the difference of
holding the capital to buy one share of the asset, holding one share, and the liquidation
value of one share. Following the approach of [52], the fundamental value is defined as the
super-replication price of the position such that the trader holds one share of the asset at
the terminal time. In particular, this follows also the idea of [58], the fundamental value
should coincide with the price a trader is willing to pay if she had to hold the asset forever.
The asset price bubble is then defined as the difference between the ask price of the asset
and the fundamental value. Thus, the bubble is always non-negative. From the dynamic
version of the super-replication duality we obtain a dual representation for the fundamen-
tal value, which is convenient for the study of further properties of the fundamental value,
as well as, to the asset price bubble itself. Part [[]is concluded by the investigation of the
impact of proportional transaction costs on bubbles’ formation and examples illustrating
our findings. Consistent to the economic literature, e.g. [87], we show that the intro-
duction of transaction costs can prevent the appearance of asset price bubbles but that
there is no reducing effect on the size of the bubble. Also, transaction costs cannot cause
bubbles’ formation. In Part [, we also provide a short motivation, Section presenting
our contributing results in more detail.

In certain situations it is possible to calculate explicitly or recursively the superhedging
price, see e.g. [24]. [26], but in general incomplete markets it may be complicated. The
calculation of the superhedging price process for ¢ > 0 may even be more complex. In
Part [[T] of this thesis, we study this problem, using modern machine learning techniques to
develop a neural network-based approximation of the superhedging and quantile hedging
price. More recently, applications of machine learning methods have attracted a lot of
attention due to the success of neural network-based methods in financial mathematics.
There are applications for hedging an option, [21], determining stopping times, [10], asset
pricing under transaction costs, [45], calibration of stochastic volatility models, [8], [28],
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finding Markovian Nash Equililibriums, [49], solving PDEs, [44], [50] and many more. For
the application of machine learning on hedging and option pricing we refer the interested
reader to [82] and the references therein.

In [21], determining the hedging price and strategy of a call option in the continuous time
Black-Scholes model there is the well-known Black-Scholes price and the corresponding
Delta hedge as benchmark to compare the method. Furthermore, it is proved in [21] that
the hedging strategy and the hedging price can be approximated by neural networks. A
common method to prove that an approximation by neural networks is possible is based
on the universal approximation theorem, see [55], and works as follows. Consider a proba-
bility space (2, F,P), where F = 0(Y") for some real-valued random variable and another
real-valued, integrable, continuous random variable Z. Then there exists a measurable
function f: (R,B(R)) - (R,B(R)) such that f(Y)=Z. Now, f can be approximated by
neural networks by the universal theorem of approximation, [55]. In [2I], it was proved
that the approximation of the hedging price and the corresponding strategy by neural
networks is feasible by applying the universal approximation theorem for each time step
of the trading strategy.

We aim to approximate the superhedging price by neural networks. As mentioned above,
the superhedging price may be too high. This is a well-known problem and it was addressed
by [38]. Here, the authors proposed quantile hedging to reduce the price by increasing the
risk. There are two different approaches of quantile hedging. In the first one, a trader
can fix a some initial capital (less than the superhedging price) she is willing to spend to
secure an option and use it to maximize the probability of superhedging. For the second
approach, the trader fixes the probability of superhedging and minimizes the required
capital. We may call the latter approach a-quantile hedging, where « € (0,1) denotes the
probability of success. In both cases, a trader can balance the trade off between security
and costs based on personal preferences. In this respect, the a-quantile price can be con-
sidered as a dynamic version of the value at risk.

The standard superhedging dualities, [37], [71], guarantee that there exists a superhedg-
ing strategy with initial capital equal to the superhedging price. In the case of quantile
hedging, however, it is in general not true that there exists a strategy starting with the
quantile hedging price. Such a strategy exists only in special situations, see [38]. There-
fore, in [38], the authors extended the problem, following the Neyman-Pearson lemma, to
so-called success-ratios. In the extended formulation both optimization problems admit
explicit solutions.

In Part [[T, we establish a method to approximate the superhedging price process in a dis-
crete time financial market model by neural networks. This includes several steps. First,
we prove that the a-quantile hedging price converges to the superhedging price as « tends
to 1. In particular, the superhedging price at ¢t = 0 can be approximated by the a-quantile
hedging price for « sufficiently large. For ¢ > 0 we assume that the superhedging price and
the superhedging strategy is known from the first step. By the uniform Doob decomposi-
tion, see [40)], it is now sufficient to calculate the so-called process of consumption, in order
to determine the superhedging price process. We show that the process of consumption,
which is a non-negative, increasing process given by the uniform Doob decomposition,
can be represented by essential supremums. By relying on the universal approximation
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theorem, [55], we prove that for all « € (0,1) the a-quantile hedging price and the cor-
responding strategy and thus also the superhedging price at ¢t = 0 can approximated by
neural networks. Further, we express the approximated process of consumption by essen-
tial supremums of sets of neural networks and prove convergence to the theoretical process
of consumption. These results show that quantile- and superhedging prices and the super-
hedging price process can be approximated arbitrarily well by neural networks. Finally, we
present numerical results for this method. The superhedging probability can be implicitly
adjusted via the loss function and then be calculated on the test set. For sample-based
and finite models we obtain very reasonable numerical results. In general models, in which
the price has unbounded support, our numerical results indicate that the additional error
that arises from the discretization of the probability space is non-negligible and decreases
very slowly in the number of employed samples.

The thesis is divided in Part [ and Part [[Il Although the terms superhedging and super-
replication are equivalent, it depends on the subject which of the terms is commonly
used in the literature. To be consistent with the literature, we may use the term super-
replication in Part [ and the term superhedging in Part [[I}

Part [I| is organized as follows. In Chapter [1, we provide a short motivation before we
introduce our market model with proportional transaction costs, Section [I.2] In Section
we provide the basics of consistent local price systems. The notion of admissible trad-
ing strategies, including detailed explanation of random initial endowments and related
results of [84], are presented in Section In Section [1.5| we provide results of [85] with
minor modifications, which are required for the proof of the super-replication theorems.
In particular, in Section we extend the bipolar theorem of [67] to our setting, see
Theorem In Section we prove the dynamic versions of the super-replication the-
orems in the numéraire-free, Theorem and numéraire-based, Theorem setting.
We conclude Chapter [2] by some further properties of the super-replication price process,
see Section Finally, in Chapter |3 we introduce the notion asset price bubbles under
proportional transaction costs. More precisely, in Section [3.1] we define the fundamental
value and the asset price bubble, see Definition Using results from Chapter [2], we ob-
tain a dual representation of the fundamental value, which is convenient to derive further
properties of the asset price bubble in Section In Section we illustrate the notion
of bubbles and the impact of proportional transaction costs in several examples. Section
completes Part [ by an investigation of the impact of proportional transaction costs
on bubbles’ formation.

Part [[T is of the following structure. In Chapter @] we provide a short motivation and
build the theoretical basis for Part [T We present the discrete time market model of [40]
in Section 4.2l In Section we introduce the notion of quantile hedging and prove
that the a-quantile hedging price converges to the superhedging price as « tends to 1,
see Theorem We also provide a short digression, presenting the budget constraint
approach of quantile hedging and the extended formulation of quantile hedging in terms
of success ratios. In Section [£.4] we explain that by the uniform Doob decomposition it is
sufficient to calculate the process of consumption, assuming that the superhedging price
and the corresponding strategy is known. In Proposition 4.16] we prove a representation
of the process of consumption by essential supremums. In Chapter [5| we show that a
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neural network-based approximation of the superhedging price process is feasible. In Sec-
tion we provide a mathematical definition of neural networks and prove a version of
the universal approximation theorem of [55], which is mentioned without proof in Section
3 of [55]. In Section we prove in Theorem that the superhedging price can be
approximated by neural networks. In Section [5.3] we then prove, Proposition [5.6] The-
orem that the neural network-based approximation of the process of consumption is
possible and thus by Chapter 4] also the superhedging price process can be approximated
by neural networks. Finally, in Chapter [6] we present numerical results. More precisely,
we explain the implementation in Python including the loss function, architecture of the
neural network and hyper-parameters. We also illustrate the relation of the superhedging
probability a(A) € (0,1) and the a(\)-quantile hedging price. The parameter X is used in
the loss function to balance the price and the superhedging probability. In the Appendix
[A] we summarize some essential results on superhedging.

Contributing Manuscripts

This thesis is based on the following manuscripts, which were developed by the thesis’
author T. Reitsam, in cooperation with coauthors:

i) F. Biagini, T. Reitsam, [I8]: Asset price bubbles in market models with proportional
transaction costs. LMU Mathematics Institute, Preprint, 2019.
Available at: https://www.fm.mathematik.uni-muenchen.de/publications_new /index.html

This paper emerged by a collaboration with Prof. Dr. F. Biagini and was writ-
ten at the LMU Munich. The idea of the paper developed during a discussion of
T. Reitsam and F. Biagini on fractional Brownian motion and asset price bubbles.
F. Biagini suggested to follow ideas of [52] to find a suitable model for asset price
bubbles under proportional transaction costs. In joint discussions the details of the
definition of an asset price bubble evolved and the setting of Section [1.2| was built.
In particular, the model presented in Section [3.1]is a result of close cooperation of
F. Biagini and T. Reitsam. The results in Section were mainly derived by T.
Reitsam and reviewed in regular meetings by F. Biagini. Theorem [3.9 was found in
joint work of F. Biagini and T. Reitsam. Section [3.3| was elaborated by T. Reitsam,
as proposed by F. Biagini. Finally, the investigation in Section [3.4] was suggested by
F. Biagini and carried out by T. Reitsam. Through all sections and steps, discussions
and detailed feedback by F. Biagini enhanced the quality of the paper.

ii) F. Biagini, T. Reitsam, [19]: A dynamic version of the super-replication theorem
under proportional transaction costs. LMU Mathematics Institute, Preprint, 2021.
Available at: https://www.fm.mathematik.uni-muenchen.de/publications_new/index.html

This paper extends the simple version of the dynamic super-replication duality which
was used in [I§]. The article was developed at LMU Munich. The results in Section
2.2|were obtained independently by T. Reitsam. The constant feedback by F. Biagini
helped finalizing the proofs. Section was mainly developed by T. Reitsam. Here,
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Theorem [2.19| and were derived due to several discussions and in cooperation of
F. Biagini and T. Reitsam. Through all sections and steps, discussions and detailed
feedback by F. Biagini enhanced the quality of the paper.

iii) F. Biagini, L. Gonon, T. Reitsam, [I3]: Learning superhedging prices. LMU Math-
ematics Institute, Preprint, 2021.
Available at: https://www.fm.mathematik.uni-muenchen.de/publications_new/index.html

The paper is the product of a joint work of T. Reitsam with two coauthors, Prof.
Dr. F. Biagini and Prof. Dr. L. Gonon. It was developed at LMU Munich. The
formulation of the question to approximate the superhedging price price process was
proposed by F. Biagini. The idea to approximate the superhedging price at ¢ = 0 by
the quantile hedging price was then suggested by L. Gonon. The steps and guideline
of the paper emerged in several discussion of all authors, F. Biagini, L. Gonon and T.
Reitsam. The results in Section [£.3] were mainly derived by T. Reitsam and reviewed
in regular meetings by F. Biagini and L. Gonon. The approach of Section [4.4] was
proposed by L. Gonon. Then, Section [£.4] including the proof of Proposition
was elaborated by T. Reitsam. Section [5.2] and Section [5.3| were developed in close
cooperation of L. Gonon and T. Reitsam. In particular, Theorem [5.5] Proposition
and Theorem emerged from the close collaboration. Finally, the implemen-
tation in Section [6] was carried out by T. Reitsam with the help of constant feedback
by L. Gonon. Through all sections and steps, discussions and detailed feedback by
F. Biagini enhanced the quality of the paper.

In the following we indicate how the three manuscripts above contribute to each part of the
present thesis. In this thesis the formulation of the statements of propositions, lemmas,
theorems, definitions, etc. is identical as in the three articles.

i) The Introduction was developed independently by T. Reitsam to present a brief
summary of the literature of super-replication/superhedging and asset price bubbles.
In particular, it connects Part [ and Part [[I}

ii) Chapter [1is based on F. Biagini, T. Reitsam [I8] and [13]. The setting and prelim-
inaries for Part I, which are shared between [18] and [19], are presented. In Section
and 1.5/ some results of [84] and [85] are presented with small modifications which
are not provided in the articles above.

iii) Chapter [2|is based on F. Biagini, T. Reitsam [19].
iv) Chapter [3|is based on F. Biagini, T. Reitsam [18].

v) Part II, which includes Chapter — Chapter |§|7 is based on F. Biagini, L. Gonon, T.
Reitsam [13].
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proportional transaction costs






Chapter 1

Setting and preliminaries

This chapter is based on Section 2 of [18] and Section 2 of [19]. After giving a short
motivation of Part [, we introduce the setting for market models with proportional trans-
action costs. This includes the notion of admissible strategies in the numéraire-free and
numéraire-based sense. The details of admissible strategies are crucial for the super-
replication theorems later. In this context we also introduce consistent price systems in
the local and in the non-local sense. In the next part we recall the duality representation
of consistent (local) price systems. In a second part, we present some important results of
[84] and [85] and adapt them to our more general setting.

1.1 Motivation Part I

In the economic literature there are various studies, discussing the impact of transaction
costs on the behavior of bubbles. In mathematics there exists also a wide literature for
bubbles, however, there is no thorough study of asset price bubbles in the presence of
transaction costs. In [46], the authors briefly present the notion of a robust bubble, which
can also be interpreted as a bubble under proportional transaction cost. In contrast, we
provide a different notion of asset price bubble for market models under proportional
transaction costs such that we can also study the impact of transaction costs on the
occurrence of bubbles. For this purpose, we admit trading strategies on subintervals
with random initial endowments based on the available information which generalizes
the setting of [84] and [85] and ensures more flexibility. In particular, both components,
holdings in the bank account and in the risky asset, of a trading strategy ¢ = (¢}, go%)te[()ﬂ
are specified. This gives us the required flexibility to define the fundamental value as the
super-replication price of the position X7 = (0, 1), i.e., of the position of holding one share
of the asset at the terminal time 7" > 0. This definition follows ideas of [52] and [58]. Then,
at time ¢ € [0,7'] the bubble is defined as the difference of the ask price (1 + \)S; and of
the fundamental value Fj.

For this approach, we first prove a dynamic version of the super-replication theorems of [23]
and [85]. To prove the super-replication theorem in the numéraire-free setting, Theorem
2.6, we extend a bipolar theorem of [67], see Theorem allowing us to use similar ideas
as in [23], [85]. Then, following [85], we can also prove the numéraire-based version of the

11
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super-replication theorem, see Theorem

Next, we introduce the definition of the fundamental value and of the asset price bubble
by its super-replication price as described above, see Definition and use the duality
result of Theorem to obtain a representation of the fundamental value via consistent
local price systems.

We provide several examples to illustrate our setting and the behavior of asset price
bubbles. To conclude Part |l we discuss the impact of transaction costs on the appearance
and the size of bubbles. Our results are consistent with the economic literature, e.g. [87],
and show that the introduction of proportional transaction costs can prevent bubbles’
formation but has no effect on the size of the bubble. We also show that transaction costs
cannot be the reason for the occurrence of bubbles.

1.2 Setting

Let T > 0 describe a finite time horizon and let (2, F, (F;)o<t<7, P) be a filtered probability
space where the filtration F := (F})o<i<r satisfies the usual conditions of right-continuity
and saturatedness, with Fy = {0,Q} and Fr = F. We consider a financial market model
consisting of a risk-free asset B, normalized to B = 1, and a risky asset S. For Part I of
the thesis we assume that S = (S¢)o<«<r is an F-adapted stochastic process, with cadlag
and strictly positive paths. For trading the risky asset in the market model, proportional
transaction costs 0 < A < 1 are charged, i.e., to buy one share of S at time ¢ the trader
has to pay (1+ \)S; and for selling one share of S at time ¢ the trader receives (1 - \)S;.
The interval [(1-X)S:, (1+X)S;] is called bid-ask-spread. Let A € (0,1) be fixed. Further,
we assume that Sy € L1 (F;, P) for all ¢ € [0,7]. If not stated explicitly, all equalities and
inequalities of random variables have to be understood P almost surely, throughout the
thesis.

1.3 Consistent price systems

Definition 1.1. For 0 < s <t < T, we call CPS(s,t) (resp. CPSyc(s,t)) the family of
pairs (Q,S9Q) such that Q is a probability measure on F;, Q ~ P|z,, SQ is a martingale
(resp. local martingale) under Q on [s,t], and

(1-M)S8, <SQ<(1+N)S,, fors<uc<t. (1.1)

A pair (Q,S9Q) in CPS(s,t) (resp. CPSioc(s,t)) is called a consistent price system (resp.
consistent local price system). If holds strictly we say that (Q,S9Q) is a strictly
consistent (local) price systems and denote the corresponding set by SCPS(s,T") (resp.
SCPSioc(s,T)). By Q(s,T) (resp. Qioc(s,T)) we denote the set of measures Q such
that there exists a pair (Q,S®) € CPS(s,T) (resp. (Q,S9) € CPSioc(s,T)). Further,
we write LP(Fs, Q) = Nqeo(s,1) LF (Fs, Q) and LP(Fs, Quoc) = NQeay,. (s,7) L (Fs, Q). By
L (Fs, Q) (resp. LE(Fs, Qroc)) we denote the space of [0, c0)-valued random variables
X € LP(F,, Q) (resp. X € LP(Fs, Qloc))-
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A consistent (local) price systems (Q, SQ) can be imagined as a parallel frictionless market
with better terms at all times for the traders. More precisely, in this parallel market the
risky asset can be bought for 5’? < (1+)X)S; and the seller receives 5'? > (1-X)S; at
time ¢ € [0,7]. Therefore, if the parallel market (Q,S®) is arbitrage-free, then also the
corresponding market with proportional transaction costs is arbitrage-free in the sense of
Definition [1.12] (see also Definition 4 of [48]). In particular, the existence of a consistent
(local) price systems guarantees the absence of arbitrage, see [47], [48].

Furthermore, if a contingent claim X can be hedged (resp. super-replicated) with some
capital = in the market with proportional transaction costs, z is sufficient to hedge (resp.
super-replicate) X in the frictionless market (Q, S®). This observation is the key to the
super-replication theorems, see Theorem and

Following [48], [66], [83], we introduce a dual theory for consistent (local) price systems.
For fixed A > 0 we denote by K; the solvency cone at time ¢, defined as

1
Ki(w) :Cone{(1+)\)St(w)61 —62,—61+m62}, (1.2)

where e; = (1,0),ez = (0,1) are the unit vectors in R?, and by K; = (-K;)° the corre-
sponding polar cone, given by

K7 (@) = (K" (@) = { (92 € B (1-0)8(w) £ 2 < (14 )50(w))

= {yeR?: (z,y) <0, Vo e (-Ky(w))} (1.3)
= {yeR?: (2,9) 20, Vo e Ky (w)}.

Definition 1.2. We define Z(s,T) (resp. Zioc(s,T)) as the set of processes Z = (Z}, Z2) s<ter
such that Z' is a P-martingale and Z? is a P-martingale (resp. local P-martingale) and
such that Z; e K;\{0} a.s. for all ¢t € [s,T7].

The following proposition from [48] provides a useful representation of consistent (local)
price systems by elements in Z (resp. Zj,.) and follows directly from the definition of K}

in .

Proposition 1.3 (Proposition 3, [48]). Let Z = (Z}, Z})s<i<T be a 2-dimensional stochas-
tic process with Zy € L'(Fr,P). Define the measure Q(Z) « P by dQ(Z)/dP :=
Z1|E[Z}]. Then Z € Z(s,T) (resp. Z € Zi,e(s,T)) if and only if (Q(Z),(Z*]Z1)) is
a consistent price system (resp. consistent local price system) on [s,T].

The representation of consistent (local) price systems given by Proposition can be
easily extended to higher dimensions. Assume we have d > 1 risky assets. Then Z =
(Z}, ..., Z®)octer is a called a consistent price system if Z is an adapted R%\{0}-valued,
cadlag P-martingale and Z; € K| for all ¢ € [0,T], see e.g. Definition 2.3 of [23]. For
the convenience of the reader we summarize the assumptions that we use through out the

paper.

Assumption 1.4. We assume that S admits a consistent local price system for every

0< N <A
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Assumption 1.5. We assume that S admits a consistent price system for every 0 < A’ < \.

Lemma [1.6] and Corollary [I.8 will later be used to extend consistent price systems from a
sub-interval of [0,T'] to the complete interval.

Lemma 1.6. Let Assumption[1.]] hold. For each stopping time 0 < o < T and each random
variable f € L'(F,, P) such that

(1=-XN)S, < f<(1+X)Sy, (1.4)
and for each X\ > X\ there is an \-consistent local price system (Q,S) € CPS}o.(0,T, \) with
S, =f.

Proof. The proof is partially basedl] on the proof of Lemma 6 of [48]. Consider the sequence
of stopping time (73, )nen, Where
Tp(w) =inf{t >0| S¢(w) 2n} AT.

By (7n)neny we have a localizing sequence for all A-consistent local price systems on [0, 7T].
Indeed, for (Q,S?) € CPS,.(0,T,)\) we have

SR<(1+N)S; < (1+\)n, (1.5)

for all 0 <t < 7,,, which by Proposition 6.1 of [85] implies that (S?)™ is true Q-martingale
and clearly 7, 1 T P-a.s. Fix A > X and consider the interval [0,c]. Define § < A such that

S+ 1+ (A+8)/(1-8) <A (1.6)

Assumption [1.4) guarantees the existence of a d-consistent local price system (Q(d), S()) €
CPSi0¢(0,7,9) on the interval [0, o], which satisfies

(]' - 5)ST7L/\U < STn/\O'(é) < (1 + 5)S7_n/\0" (17)

We define the sequence (fy,)nen by

P f on {r, >0},
" 8(6),, on {r <o},

such that f, Pras, f as 7, 1 T P-a.s. By (1.5) we get f, € L'Y(F,, 1o, P) and that

(1_)\)57-”/\0- <fn < (1+>\)STn/\O" (1.8)
Moreover, by (|1.6) we have
~ A+0 ~
‘STn,\U((S) - fn| <(A+0)Sr 0 < ESTnAU(é). (1.9)

!The main difference with respect to the proof of Lemma 6 of [48] is that we cannot use the martingale
property of consistent price systems as in [48], because we are now in the local setting. Hence we need
some further technicalities.
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Therefore, f, € L'(Fr, no, Q(5)). Further, f € L'(F,,Q(0)) by (1.4) and the fact that

1+

f$(1+)\)SJ§1_

150(5).

Let p be a stopping time with 0 < p < (7, A o) and define 5’;} = Eqsy[fn | Fp]. Then, by
(1.9) we have

A+0 g (A+0)(1+9) n

[Eqes) [fn | Fp] = Eqes) [Sranc (8) | Fol| < So(0) T <S5 nelN

In particular, ([1.7)) implies that
(1-X)S, <5 < (1+X)S,, (1.10)

and thus (Q(0),8™) € CPS(0, (7, A c),)) is a A-consistent price system in the non-local
sense for S™"7,

We show that 5’;’} converges P-almost surely to a random variable Sg(é) forall0<p<o.
We rewrite S, by

Eqe) L | 7ol = Eqes) [Lirsot f | Fol + Eqes) [Lir <o} 57 (8) | F]. (1.11)
For the first term of (1.11]) the Theorem of Monotone Convergence implies that

P-a.s.
EQe) [Lirzoyf | Fp] — Eqey [f | Fp],  asn— oo, (1.12)

On the other hand, we obtain for the second term of (1.11]) that

Eq(s) [Liru<oySm (8) | Fp] = Eqs) [Srano (8) | Fo] ~ Eqs) [Lir,z01Smna (6) | Fo)
= Srunp(8) = Eqs) [L{rn50) 50 (8) | Fp] .-

Clearly,

Sponp(8) 225 G,(6), as n - oo, (1.13)
since 7, 1 T'. Further, it holds that 1, 55, < 1(; . 55 for all n € N. Thus, the Theorem
of Monotone Convergence yields

= P-a.s. =
EQ((;) []I{THZU}SU((S) | Tp] —_— EQ((;) I:Sa'(é) | fp] as 1 — 00. (114)

Then, ([12), (T13), and (TI4) yield

an P-as. & 5 &

St Eqey [ | Fol + 80(0) —Eqesy [S-(8) | Fo] = SO, asn - oo. (1.15)
We define the process SQ) = (5'?(5))09530 by (1.15). Therefore, S§Q0) is a well-defined
local Q(d)-martingale, which admits a cadlag modification. By (L.10) S@) lies in the
bid-ask spread for A and thus (Q(8),SR(®)) defines A-consistent local price system on

[0, 0] satisfying S(‘,Q(‘” = f.



16 CHAPTER 1. SETTING AND PRELIMINARIES

For [o, T] we follow the construction of Lemma 6 of [48]. Let (Q(¢),S(¢)) be a min{e, 6 }-
consistent local price system on [0,7'] with a variable € € (0,1) which will vary later. By
construction we have

l-c< S‘;f) <l+e.
For k > 1, we define
kA (k:—l))\
A = (1 ) Ner, 1.1
- ~ (k— DA ( kA )
Ap = {(1 k: Se>f>|1 e 1 St € Fo. (1.17)
Now set Q := Yo HAZUA;Q()\/(Qk: +3)). Further,
=31 S, . o<u<T. 1.18
R A e e

For w € [o,T], 5’? is a.s. finite as (A} U A} )ren defines a partition of Q\N where N ¢ F
is some null-set. Moreover, S is in L' (Fu,P) as it is bounded by (1 + X)S,. The fact

that (gq?)ggusT is a local Q-martingale on the interval [o,T] follows immediately since
1 AZ’]I A f and S, are F,-measurable. Next, we show that S lies in the A-bid-ask
spread on [o,T]. Let w € A} for some k € N. Then we have for ¢ € [o,T] that

9k:+1 f(w) A
(1- A)St(wk1+%+3S( )_S'O—(ﬁ)(w) (1 9k + 3)St()

a) f(w) A
<5 s 7 e (1 ; 9k+3)5’t(w)

t
kA 1 A
1 1
( +k:+1)1—L( +9k+3)5t(w)
(1

IN

9k+3

< (1+ NS (w).

Conversely, if w € A we get that,

A

L+ o5 f(
(1+X)Se(w) > 1—9>\?)St(OJ) > S')‘—)w) (1 9% +3

~ 9k+3 o (9k+3

( )St(w)
> §9(w) » LW )(1_ A
> (1-

)St(w)
(ﬁ 9k + 3

(1 ) 91<;A+ 3) Si(w)

k+1)1+ﬁ

> (1= 2)Sp(w).

Therefore, (Q, S Q) is a A-consistent local price system on [o, T'].
We now define (Q, SQ) € CPSjo(0,7, 1)) which satisfies S& = f. Define

« d ) —
Q _ “F*  dq
dP Ep [%é% |];,] dP
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and
“Q 5?(6), forO<t<o
- :S’?, foroc<t<T.
Then (Q, $2) € CPSy4. (0,7, A) and $Q = 2 = 52 _ 5. 0

Remark 1.7. Note that in the case of a consistent price system in the non-local sense,

Lemma coincides with Lemma 6 of [48].

Corollary 1.8. Let Assumption hold. For any stopping time 0 < o < T, probability
measure Q ~ P, on F, and random variable f € L*(F,, P) with

(1-X)Ss < f<(1+X)Ss,
there exists a (strictly) A-consistent local price system (Q,S59) € SCPS;yc(0, T, \) such that

S&=f and Qlr, = Q.

Proof. The assertion follows by the construction of the second part of the proof of Lemma
1.6l ]

1.4 Trading strategies

We follow the approach of [I§] and define admissible trading strategies as follows.

Definition 1.9. A self-financing trading strategy starting with initial endowment (X}, X?2) €
LY (Fs,P) x LY (Fs,P) is a pair of F-predictable finite variation processes (¢}, ¢?)s<t<r O
[s,T] such that

i) ¢t = X} and @2 = X2,

ii) denoting by o} = @+ @%’T —gplihi and ? = cp?’T - go?’l, the Jordan-Hahn decomposition
of p! and ¢? into the difference of two non-decreasing processes, starting at goi’T =

(pi’l = @?’T = gp?’l =0, these processes satisfy

dey' < (1-N)Sidey, deyt 2> (L+N)Sidy)", s<t<T. (1.19)

The processes (i )o<t<r and (¢ )o<i<r describe the holdings units of bond and stock,
respectively at time ¢t. Let us give more details on the differential form of see also
[84], [85]. If ¢ = (o}, ¢?)o<t<T is continuous, then is understood as the integral
requirement, i.e.,

[T (a=-0suagt - det?) 20, [T (delt - (14 080T 20, (1.20)

for all stopping times 0 < o <7 <T. As ¢ is continuous and of finite variation and S is
cadlag, the integrals in (|1.20]) are pathwise well-defined as Riemann-Stieltjes integral.
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If ¢ may have jumps ([1.19) requires special attention. For every stopping time 7 the left
and right limits ¢,_ and ¢, exist because ¢ is of bounded variation. However, the values
©r—, @ and @, do not necessarily coincide. Following [23], [84], we denote the increments
by

Apr=pr—pry  Aspri=pry — Q7.

We decompose ¢! and ¢ in a continuous part given by

el = ol = Avpl - Y A,

s<t s<t
¢7
o= wr = 3 Ay = ) Ay,
s<t s<t

and a part with jumps.

The continuous part must fulfill . To complete the requirement of we add the
condition for the left and right jumps, i.e., for all [0, T]-valued stopping times 7 we have
for left jumps that

APt < (1-N)S_Ap®,  Apbt > (1+X)S,_Ap>!, (1.21)
and in the case of right jumps that
Aot < (1=ASH ALY, Apht > (1+X0)S, A2, (1.22)

Following [84], we explicitly specify the holdings in the bond ¢! and the holdings in the
risky asset ¢?. Typically, in the frictionless theory only one process, which describes the
holdings in the risky asset, is specified. By requiring equality in we could define ¢!
by
dpt = (1-X)Side}* = (1+2)Sudgy "

In particular, any pair (¢!, ¢?) satisfying can be dominated by a pair (¢!, $?)
where equality holds. However, for the theory of proportional transaction costs it may be
reasonable to specify both accounts separately to stress out the different values of buying,
holding and selling a stock. Note that, the definition in allows to “throw money

away” .

Definition 1.10. i) Let X, € L1(Fs, Quoc). A self-financing trading strategy ¢ =
(o', ¢?) is called admissible in the numéraire-based sense on [s,T] starting with
initial endowment @g = (Xj,0) if there is M, € L (F;, Qioc) such that the liquida-
tion value V%% satisfies

VI %) = oh+ (93) T (1= 28y = (93) (14 M), 2 =M, (1.23)
for all [s,T]-valued stopping times 7.

i) Let (X!, X2) e LL(F,, Q)x L (Fs, Q). A self-financing trading strategy ¢ = (!, 0?)
is called admissible in the numéraire-free sense on [s,T] starting with initial endow-
ment o, = (X1, X2) if there is M, := (M}, M?2) e L1 (F,, Q) x L= (Fs, Q) such that

VI %) =+ (02) (1= N)Sr = (@2) (L4 N)Sp 2 -MJ - MJS;,  (1.24)
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for all [s,T]-valued stopping times 7.
If M, is given, we call a strategy satisfying or Mg-admissible in the numéraire-
based or numéraire-free sense, respectively. We denote by Vs 7(X, \) (resp. V;O;(X ssA))
the set of all strategies which are M-admissible for some Mj.

In order to clarify the difference of admissibility in Definition [1.10| we consider the fric-
tionless case. In the frictionless case no arbitrage can be characterized by true martingales
or local martingales. The subtle difference here lies in the choice of admissible trading
strategies. If we use local martingales and fix a numéraire the portfolio is controlled in
units of the numéraire. In particular, short sales are not allowed. On the other hand,
if there is no natural numéraire and we consider true martingales, the portfolio can be
compared with a position, which may be short in each asset. Models with proportional
transaction costs are often considered in the context of currency markets, where no natural
numéraire exists. See also [99], [L01] for more details.

Analogously, in the presence of proportional transaction costs consistent local price sys-
tems correspond to strategies which are admissible in the numéraire-based sense. In
the portfolio is bounded from below in units of the numéraire, i.e., can be hedged in units
of the numéraire. In particular, no short positions in the risky asset are admissible.
Strategies which are admissible in the numéraire-free sense are used in the context of
non-local consistent price systems. In , the portfolio is bounded from below by a
position, which depends on each of the assets. Thus, also short positions in the risky asset
are admissible. See also Chapter 5 of [48].

Remark 1.11. We now compare the definition of admissible strategies, Definition
to Definition 8 and 5 of [84]. We consider the numéraire-based case here. However, the
argument for the numéraire-free case is similar. In [8])] strategies are only defined for
the complete interval [0,T]. In opposite, in the present setting strategies are allowed to
start at any time 0 < s <T'. In order to define strategies with non-zero initial endowment
rigorously, we need to extend Definition 3 and 5 of [84).

First, we discuss the case of zero initial endowments. Let o = (o}, 0?)s<t<r be an admis-
sible strategy on [s,T] with ¢s = (0,0), i.e., VTliq(go) > —M for all [s,T]-valued stopping
times T and a constant M > 0. Then ¢ can be identified with an admissible strategy
Y = (V0 )o<ier on [0,T], where 1 = (0,0) for all 0 <t < s and by = @y for all s <t <T.
On the other hand, any strategy ¢ = (1}, V2)o<ier on [0, T] with b = (0,0) for all0 <t < s,
which is admissible in the numéraire-based sense in the sense of Definition 8 and 5 of [8])],
also satisfies Definition . Admissible strategies on [0,T] with non-zero initial endow-
ments can be defined by translation. Normalizing the initial value to zero has no impact
on the admissibility of the strategy.

For strategies on [s,T] an analogous normalization is more delicate. Let ¢ = (1, 0?)s<t<T
be a strategy on [s,T] with o = (Xs,0) for some X4 € L1 (Fs, Quoe) with VTliq(go) >-M
for all [s,T]-valued stopping time T and a constant M > 0. We normalize the strategy to
zero initial endowment and obtain By = (@1, @?) = (0s — Xy, 0¢) for all s <t <T. Then
Vfiq(@) = Wiq(w) - X, >-M - X, =t =M,. Thus, for a one-to-one correspondence of
admissible strategies with and without endowments on [s,T] it is too restrictive to require
that the liquidation value is bounded from below by a constant.
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Definition allows to obtain from any admissible strategy v on [0,T] an admissible
strategy ¢ = Y|(sr on [s,T]. For s =0 Definition and Definition 3 of [84|] coincide.
Let us briefly motivate Definition from an economical perspective. The role of the
lower bound of the liquidation value is to avoid unbounded loss. In particular, the lower
bound can be seen as the required capital to superhedge the portfolio in units of the bonds,
see [84)]. Naturally, it seems reasonable to include the information which are available up
to time s to superhedge a portfolio on [s,T].

For the notion of arbitrage we follow Definition 4 of [4§].

Definition 1.12. The market model given by (B,.S) admits arbitrage with A-transaction
costs if there is a strategy ¢ admissible in the numéraire-free (resp. numéraire-based)
sense such that Vleq(go) >0 and P (V#q(go) > 0) > 0.

As explained in Remarkwe wish to extend the definitions of [84] to include admissible
strategies on an arbitrary interval with arbitrary initial endowment. For this purpose, we
need to impose condition (resp. (1.24))). It must be guaranteed that the market
model is arbitrage-free. Let o = (¢}, 7)ot be an admissible strategy in the sense of
Definition 3 (resp. Definition 5) of [84]. Then, the process (¢} +<Pt2§tQ)05tsT is an optional
strong Q-supermartingale for all (Q, S?) € CPSjo.(0,T) (resp. (Q,S?) e CPS(0,T)), see
Proposition 2 (resp. Proposition 3) of [84]. This property is needed to prove that the
existence of a consistent (local) price system guarantees the absence of arbitrage.

In Definition|L.10|we require integrability conditions on the lower bound M. We prove that
these integrability conditions are sufficient to ensure that (] + (pfS’?) s<t<T 1S an optional
strong Q-supermartingale for all (Q,SQ) € CPSioc(s,T) (resp. (Q,59) CPS(s,T))
and admissible strategies ¢ in the sense of Definition Only a few modifications of
the original proofs of Proposition 2 and 3 of [84] are needed. For sake of completeness,
we reproduce the complete proof of Proposition 2 of [84]. Note that, in [84] the author
uses one-sided transaction costs. One-sided transaction costs are equivalent to symmetric
transaction costs, see [48)].

Proposition 1.13 (Proposition 2, [84]). Let ¢ = (¢}, 0?)s<i<T be an admissible strategy
i the numéraire-based sense. Suppose (Q,SQ) is a consistent local price system. Then
the process
Viz ol 4 0259
pi= i ST, s<t<T,

satisfies V > Vliq(go) and is an optional strong Q-supermartingale.

Proof. We directly observe that V > V% () follows from the fact that StQ e[(1-X)S, (1+
A)S¢], for all ¢ € [s,T1].

In order to prove that V is an optional strong Q-supermartingale, we show that V admits
a Doob-Meyer or Mertens decomposition, i.e.,

V=M-A, (1.25)

where M is a (cadlag) local Q-martingale as well as a supermartingale and A is an in-
creasing predictable process. Note that A is not necessarily cadlag.
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Let ¢ be a strategy admissible in the numéraire-based sense and assume that the to-
tal variation of ¢ is uniformly bounded. We decompose ¢ in a continuous and purely
discontinuous part with jumps

0=+l (1.26)

We consider the continuous part and the purely discontinous part separately. Further, we
distinguish between right and left jumps. For the continuous part we have, that ¢ is a
semimartingale of finite variation. Thus, we can apply It calculus to V. By the product
rule we obtain

dV; = (dig" + S2di?) + 95 2dS P,

which translates to . .
V= [ (det + $2dgi?) + [ pi7aS2. (127)

The first term of is decreasing by and the fact that SQ e [(1-X)S, (1+))S].
The second term of is a local Q-martingale.

In the case when ¢ admits jumps the process V is not necessarily cadlag but still optional.
For the right jumps, assume first that " is of the form

Ur = AL (R YLy, (2), (1.28)

where 7 is a [s,T]-valued stopping time and A+(1/J$"1,w:-’2) are F,-measurable bounded
random variables such that (1.19) holds. Then, we get that

Vi = <A+¢:’1 +(Ar?) StQ) Ly 7y(¢)
= (At + (D) SR) g () + (Awr?) (S = S2) 1y 7y (). (1.29)

The first term of ([1.29)) is a decreasing process by ((1.19) and the second term is a local
Q-martingale.
For the left jumps, assume that ' is of the form

T/’i = A(w¢17wi2)]l[[’r,'f]](t)7 (130)

where 7 is a [s,T]-valued stopping time and A(wi’l,lbl;z) are JFr-measurable bounded

random variables such that ((1.19) holds. Then, we get that

V= (Aukt + (Avh?) S2) 1, y(1)
= (AgE! + (Agl?) SR (1) + (MY (82 - @) 1y (1) (1.31)

The first term of is a decreasing process by and the second term is a local
Q-martingale.

We may find sequences of (77)peny and (7)) ne of [s, T] U { oo }-valued stopping times such
that the supports of each sequence ([77])neny and ([7%])nen are mutually disjoint and that
the occurrence of right jumps is covered by Upen[7,] and the occurrence of left jumps
is covered by Upen[7.]. With the decomposition from of ¢ we can sum up over
all stopping times (77)neny and (7))neny and apply (1.27), (1.29) and (1.31). This sum
converges to V = M — A, where M is a local Q-martingale and A is an increasing process.
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Thus, we obtained the desired representation under the assumption that the total variation
of ¢ is uniformly bounded. Because ¢ is admissible in the numéraire-based sense, the
local Q-martingale part is bounded from below by some —M where M, € L (Fs, Qloc).

Hence by Proposition 3.3 of [4], respectively Theorem 1 of [97], ( fot @Z’2d§§) et is a
EANAS

supermartingale under Q. Therefore, V is an optional strong Q-supermarginale.

Now we drop the assumption that the total variation of ¢ is uniformly bounded. Since
¢ has finite total variation and is predictable we can find a localizing sequence (o, )neN
such that the stopped process ¢’ has uniformly bounded variation for each n € N. We
apply the above argument to each ¢ and obtain that ¢ admits the decomposition given
in . Thus V is an optional strong Q-supermartingale. ]

Proposition 1.14 (Proposition 3, [84]). Let ¢ = (0f,0?)s<i<r be an admissible strategy
in the numéraire-free sense. Suppose (Q, S'Q) 18 a non-local consistent price system. Then
the process

‘7 A1 2aQ

satisfies V > V“q(ga) is an optional strong Q-supermartingale.

Proof. Analogously to the proof of we obtain a decomposition of V into an increasing
process and a local Q-martingale. The only difference lies in the lower bound given
by . At this point we can only conclude that V is a local optional strong Q-
supermartingale. We now show that it is also an optional strong Q-supermartingale (in
the non-local sense).

We apply the following conditional version of Fatou’s lemma. Let (X, ),y be a sequence
of real-valued random variables on (€2, F, Q) converging almost surely to X and such that
the negative parts (X, ) ey are uniformly Q-integrable. Then

Eq [limiann | g] <liminfEq [X, | G].

The family {(p! + @25’9)‘ :0 <7< T} is uniformly Q-integrable with respect to Q for all
(Q,59) e CPS(0,T), as we have for 0 <7< T

o+ 28R > VEH(p! o) > ~M} - M2S;,

because S, < ﬁﬁ? for any (Q, SQ) € CPS(0,T) and S is a~Q-martingale, and (M}, M?) e
LY (F,, Q) x L= (F,, Q) by assumption. T~herefore, (o1 +<,0%Sto')g5tg is an optional strong
Q-supermartingale on [0, T] for all (Q,S®) € CPS(0,T) and all trading strategies ¢ =

(o1, 0?)o<t<T are admissible in the numéraire-free sense. O

Remark 1.15. The proofs of Proposition and are provided for the sake of
completeness. In comparison to the original proofs of Proposition 2 and 3 of [8]|] the only
changes in the proofs of Proposition[1.13 and[I.1] are in respect of the lower bound, which
is used to show that V is not only a local optional strong Q-supermartingale but also in a
non-local sense. In the case of Proposition|1.15 it is still possible to apply Proposition 3.3
of [Hl], respectively Theorem 1 of [97]. Also the use of the lower bound in Propositionm
is very similar to the original version, Proposition 3 of [8])].
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We conclude the section with another useful result from [84]. Theorem 1 of [84] also holds
true in our more general setting. Again, we only need a few small modifications in the
proof.

Corollary 1.16 (Theorem 2, [84]). Suppose Assumption is satisfied. Let o = (¢f,9?)s<t<T
be a strategy admissible in the numéraire-free sense starting with zero endowment, and sup-
pose that there is My € L}r(}"s, Qloc) such that for the terminal liquidation value VTqu

have

V7' 9%) = oh + (97) (1= )87 = (67) (1 + A)Sr 2 =M. (1.32)
We then also have that

Vel 0% = or + (97) " (1= 28 = (7)"(1+ A)S7 2 - M, (1.33)
a.s. for every stopping time 0 <7< T.

Proof. Suppose that (1.33)) does not hold for some [s,T]-valued stopping time 7. For
a€(0,1), define

1-
A+(a)={cp720,cp7.+g071 A5 < M} (1.34)

A_(a)Z{(,DTSO,QOT+QOT(1+)\)(1—O() Sy < =M} . (1.35)
Then, we have

UA+(()[) {()07'— 7(107'+(p’r(1 )‘)S < M}

a>0

U A-(@) = {97 <0,¢7 + 92 (1 +A) S, < =M, }.

a>0

If (1.33) does not hold, there exists % > a > 0, such that either P(A;(a)) > 0 or

P(A_(a)) > 0. Let 0 < X' < « such that 12—>‘/\, < « and fix a A'-consistent price system

(Q,59) on [s,T]. As SQ takes values in [(1-))S, (1+)\)S], we have that (1-a)S? as
well as WSQ takes values in [(1-))S, (1 + \)S] because

1- )\<(1 a)<1+/\ and 1—)\< 1-A <1+)\
1-N 1+N 1-XN  (1-a)(1+X) 1+N°

It follows that (Q, (1 - @)SQ) as well as (Q, ms ) are consistent price systems
under transaction costs A. By Proposition we obtain that

L2 (1-a)8Q 1,2 1=A g
(@t +pi(1-a)s, )sgth and (‘Pt TPt (1—a)(1+)\’)St )s<t<T (1.36)

are optional strong Q-supermartingales. Note that SQ < (1+X)S. Assume now that

P(A,(«)) > 0 for some % > a > 0. By equivalence of the measures this implies that
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Q(A+(«)) > 0. By (1.34) we obtain with the second process of ([1.36) that
; [ 1-A .
lig 1 2 Q
EQ I:V:f |A+(Oé):|SEQ (SOT-’-SOT(l_a)(l_i_)\I)ST) |A+(O{):|

<Eq -EQ I:(QO%“ + QO%mSIC}) |~7:'r:| | A+(O‘):|

<Eq _EQ [(WlT + @%%gg) | fr] | A+(06)]

[ 1 2 1-A aQ
S]EQ -(QOT +(PT(1 —OZ)(l +)\,) S‘r |A+(a)
SEQ (¢T+(pfl_a57)|"4+(a):|

<Eq[-M; [ A:(a)]

This implies that Q(Vr}iq < —My) >0, and again by equivalence we get P(VTliq <—Ms) >0,
which contradicts (1.32)).

Conversely, assuming that P(A_(«)) > 0 for some
Q(A_(«)) > 0. In fact,

A

5 > a > 0, analogously implies that

SQe>(1-N)S>(1-a)s
and thus
©2(1-a)SQ < 2(1-a)?S; on A_(a).
From (|1.35)) and with the first process of (1.36)) we obtain that

Eq[V4?| A-(0)] <Eq[ph+¢3(1- )5} | A (a)]
<Eq[eh+¢2(1-a)52 [ A (a)]
<Eq[pr +¢r(1-a)’S, | A(a)]
<-Eq[M; | A-(a)].

With the same arguments as above P(Vr}iq < =Mjy) > 0, which is a contradiction to (1.32)).
To conclude, we note that if ((1.33) fails, either A, («) or A_(a) has positive probability
for some «. In both cases we obtain a contradiction to (1.32)). Therefore, (1.33)) must
hold. ]

1.5 Closedness of the cone of attainable claims

We reproduce some results of [84] and [85], which are required for Section see also
[23]. More precisely, we extend Lemma 3.1, Theorem 3.4 and Theorem 3.6 of [85] to the
present setting. Instead of only allowing trading strategies on [0,T'] as in [85], we allow
trading strategies on any interval [s,T'] as in Definition In particular, the bounds
for the liquidation value in and may be random. This leads to some minor
modifications of the proofs. Note that, in [85] the author uses one-sided transaction costs.

Definition 1.17. A contingent claim X7 = (X1}, X2) is an Fr-measurable random vari-
able in LO(Fr, P;R?) which pays X1} units of the bond and X2 units of the risky asset at
time 7.
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Note that by Definition [1.17] a contingent claim is not assumed to be strictly positive.
However, in the sequel we will require some lower bound properties depending on ((1.23))

and (T24).

Definition 1.18. For M, := (M}, M?2) € L} (F,, Q) x L=°(Fs, Q) (resp. My e L (Fs, Qoc))
we denote by ij; (resp. Ay;’loc) the set of pairs (i, p1) € L°(Fr, P;R?) of terminal
values of self-financing trading7 strategies ¢, starting at ¢ = (0,0), which are My-admissible
in the numéraire-free sense (resp. numéraire-based sense). Further, we define

Asri={or: or € AV for some M, = (M, M?) € LL(F,, Q) x LT (F, Q)} . (1.37)

Lemma 1.19 (Lemma 3.1, [85]). Suppose that there exists a local price system for some
0< X <\. Then for My = (M} M?) e LL(F,, Q) x L(Fs, Q) and € > 0 there exists C >0
such that, for all Ms-admissible, \-self-financing strategies @, starting at (¢, ¢?) = (0,0),
and for all increasing sequences s =Tg < T < -+ <7 =1 of stopping times we have

K

P(Z ot -tk zc) <e, (1.38)
k=1
K

P(Z |02 -2 |> C’) <e. (1.39)
k=1

Proof. Fix 0 < X < X\ as above and let (Q,S’Q) be a \-consistent local price system for
the interval [s,T]. There exists a localizing sequence (o, )pen for S such that (SQ)7» is
a true Q-martingale for all n € N and o, — oo P-a.s. as n tends to infinity. In particular,
for given € > 0 there exists N € N such that

P(o,<T) < g for all n > N. (1.40)

Thus, we may assume that S is true Q-martingale by stopping or we can consider (5 Q)own
on {oxn > T}. For sake of notational simplicity we consider S instead of (S®)?~. Note
also that Q ~ P. Further, we assume without loss of generality that the stock position is
liquidated at time T, i.e., <p2T =0.

Fix M, = (ML, M?) e LL(F,, Q)x L (Fs, Q), and a A-self-financing strategy o = (¢}, 07) s<i<T
with (!, ?) = (0,0), which is M,-admissible in the numéraire-free sense. We use the
Jordan-Hahn decomposition to get ¢! = 5" — b and p? = p?! - ?* as the canonical
differences of increasing processes. Define the process ¢’ = ((¢!)’, (¢?)’) by

A-N
A= (0 = (o + 5w, sstsT,
This is a self-financing process under transaction costs \’. To see this, let dp; > 0. Then
deot = dnp;;l ’T, i.e., the agent receives money on her bank-account by selling a stock. Under
A transaction costs, the agent receives dnp} T (1- )\)Stdgof’i many bonds. Under \
transaction costs, the agent receives (1 — X )Stdgolf’i = ﬁ%’}:dgpy many bonds. Thus, the
agent does better under X’ transaction costs by 2=2 dgo% ' On the other hand, when dot <0

1-X
so that dy; = —dgpg’l <-(1+ A)Stdcp?’T <-(1+ )\’)Stdcp%T. Therefore, " = ((¢')’, (¢¥?)")
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is also self-financing under transaction costs \’. Clearly, ¢’ is still M -admissible in the
numéraire-free sense.
By Proposition the process given by

- A=
(e (PSP = (i A5R) = (4 Tt 6250)

s<t<T

is an optional strong Q-supermartingale on [s,7]. By the supermartingale property we

obtain
1 2 &Q -\ 1,1
EQ[SDT+<PTST]+ 1_)\EQ[§0T ] 0.
Thus we get
1-A - Eq[M} + M2S
Eq[er'] < =5 (“Ea[eh + o157 < o R T], (1.41)

where we used that by admissibility and Proposition [1.13
o+ hSE > ML - M2Sy.
Recall that g02T =0 and hence
o = p +opSg 2 -M] - M Sr.

Therefore, we obtain that
gpl’l < gpm + M+ M2Sy. (1.42)

By (1.41]) and - we obtain for the total variation <,0T + goT of ¢! that

1 ~

— 1) Eq[M!+ M2Sp] = C. (1.43)
To conclude (T.38)) we have to derive the required L°(Fr, P) estimate from the L' (Fr, Q)-
bound in ([1.43]). Recall that an arbitrary € > 0 was given above. By equivalence of Q and
P there exists ¢ > 0 such that for any A € Fr with Q(A) <0 we get P(A) < 5.

Define C' by

Eq[op! +op'] <Eq 205" + M} + M2Sr] < (

C
C ==
5’
where C is defined in (T.43)). By Tschebyscheff we get from (T.43) that

9

P(@%T+g0;’l20)< 5" (1.44)

Since we assumed that S is a true Q-martingale we need (1.40) and (1.44) to obtain

K
e €
P(Z o7, = ol 20) SP({Z o7, ~ @n,] >C}ﬂ{ffzv >T})+P(0N <D)<g+g=e
k=1
Consider ((1.39)), now. By (1.19) we obtain

d
i d (1.45)
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where we used that S is strictly positive by assumption. Equation must be un-
derstood in the sense of , and . Since we assumed that SQ is a true
Q-martingale satisfying P(S’zcl2 >0) =1 we get that P(lg'tQ >0) = 1. Summing up, for £ > 0,
we may find 0 > 0 such that

P( inf st<5) < %

s<t<T

We control gp%T by (1.45)). In particular, we control go%l by (1.44). Finally, for Lp%l we
observe that @%T - cp%¢ = @2 — % = 0. This concludes (T.39). O

Remark 1.20. Note that the assumption in Lemma [1.19 are weaker than Assumption
because it is only required to have a consistent local price system for one particular
0< X <X and not for all 0 < X < X\ as in Assumption [1.4)

At first sight it may be confusing that in Lemma we consider consistent local price
systems but strategies which are admissible in the numéraire-free sense. However, this
gives us a more general result which is valid for both scenarios:

e consistent local price systems and strategies which are admissible in the numéraire-
based sense;

e consistent price systems in the non-local sense and strategies which are admissible
in the numéraire-free sense.

Remark 1.21 (Remark 3.2, [85]). Note that, the proof also shows that conver combina-
tions of each of gp;T, cp%ﬂl, gogp’T, w?ﬁl are bounded in L°(Fr, P). Equation shows
that the convexr hull of the functions go%F’T is bounded in L'(Fr, Q) and yields the
same for cplT’l. For Lp%T and (p%l the argument is similar.

Corollary 1.22 (Theorem 3.4 (numéraire-based), [85]). Suppose that there exists a con-
sistent local price system for some 0 < X' < X\. Fiz My € L' (Fs, Qjo.). The convex set
Ai‘/[j‘i’loc c L°(Fr, P;R?) is closed with respect to the topology of convergence in measure.

Proof. The proof follows as in the proof of Theorem 3.4 of [85] using Lemma instead
of Lemma 3.1 of [85]. O

Corollary 1.23 (Theorem 3.6 (numéraire-free), [85]). Suppose that there erists a con-
sistent price system in the non-local sense for some 0 < X' < \. Fix My = (M}, M?) €
LY(F, Q) x L (Fs, Q). The conver set Ai\f}’loc c Lo%(Fr, P;R?) is closed with respect to
the topology of convergence in measure.

Proof. The proof follows as in the proof of Theorem 3.6 of [85] using Lemma instead
of Lemma 3.1 of [85]. O
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Chapter 2
Dynamic super-replication

This chapter is based on [19]. In this chapter we present two of our main results, The-
orems We prove dynamic super-replication dualities in the context of local and
non-local consistent price systems. For this purpose, we extend the bipolar theorem of
[67]. First, we prove the non-local version, which is then used for the proof of the local
version. Furthermore, we derive a duality representation for super-replication prices given
via consistent (local) price systems. We conclude the section with some further properties
of the super-replication price process. For instance we prove that the consistent (local)
price systems, which are used for the dual representation are independent of the time, see
Theorems We also establish sufficient condition such that the super-replication

price process is cadlag, see Theorem

2.1 A Bipolar Theorem

In this section, we complete the technical basis to prove the dynamic super-replication
theorems, Theorem The main theorem of this section is a bipolar theorem,
Theorem It can be seen as an extension of Theorem 4.3 of [67] (see also Theorem
5.5.3 of [65]), which is adapted to our setting.

With this bipolar theorem we can apply similar techniques as in [23] and [85] to prove the
dynamic super-replication theorems.

Definition 2.1. We define the partial order > on L°(Fr, P;R?) by letting ¢ > 1 if and
only if VTqu(go1 —pt, 0% —9p?) > 0, i.e. if the portfolio ¢ — 1) can be liquidated to the zero
portfolio.

Definition 2.2. We say a set ® c LY(Fr,P;R?) is directed upwards if for any 11,19 € ®
there exists 1 € ® with ¢ > ¢ v )s.

Let L(l)po be the cone in L°(Fr,P;R?) given by the random variables ¢ = (¢£!,£2) such
that (¢1,€%) = (-M},—M?) for some (M}, M2?) e L} (Fs, Q) x L2 (Fs, Q).

Further, we denote by Lg c L°(Fr,P;R?) the cone formed by random variables ¢ such
that (£1,€2) = (=M, -M) for some M > 0, see Section 5.5. of [65].

29
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Remark 2.3. Note that the conditional expectation
Ep[¢-Zr | 7], Zrel'(Kz), €L (2.1)

is well-defined. In fact, by the definition OfL(f,oo there exists My = (M}, M?) e L*(R; Fy, Q)x
L*(Ry; Fs, Q) such that (§ + M) € Kp and hence (§ + My) - Zp > 0. In particular, we get

EP[E'ZT"7:5]:EP[(§+MS)'ZT_MS'ZT|-¢S]-

For non-negative random variables the conditional expectation is always well-defined, al-
though it might be infinity. Thus,

EP[(€+MS)'ZT "7:5]
1s well-defined. Furthermore, we need
Ep[Ms- Zp | Fs] < oo. (2.2)

First, note that M- Zp >0 and hence (2.2)) is well-defined. Following Section 27 of [73],
we use that My is Fg-measurable and Zp € Ll(K},fT, P) to conclude

Ep[Ms-Zp | Fs] = MEp[Zp | Fs] < oo.

Therefore,
EP [f . ZT | fs] > —MSEP [ZT ’ fs] > —00

1s well-defined. However, for s >0
Ep[Ms- Z7]

s in general not well-defined. In contrast, for n € Lg and Zp € LY (K3 Fr, P) as in the
bipolar theorem of [07] there exists M >0 such that

Ep [77 . ZT] >-MEp [ZT] > —00
1s well-defined.

We now extend the definition of Fatou convergence.

Definition 2.4. Consider a sequence (X, )neny = (X}, X2)nen © LO(Fr, P;R?). We say

that (X,,)nen is LO(F,)-Fatou converging to X = (X!, X?) if X,, P2o ¥ and (X! X2) >

(=ML, —M?2) for all n e N and some (M2, M2) e L1 (Fs, Q) x LT (Fs, Q).

If (-ML,-M?2) = (-M,-M) for some M € R,, LO(F,)-Fatou convergence coincides with
the Fatou convergencd!| as defined in [23], [67], [85].

Consider Ay 7, defined in , which is a convex subset of L(ioo.

For Zp = (Z3,72) € LN(Fr,P; K3) and € = (€1,62) € Ly o we set £ Zp = &1 21 + €272,

1Following [67], [85], let (Xn)new LD(}'T,P;R2). We say that (X, )nen is Fatou converging to X =

(X1, X2) if X, 22% X and (X}, X2) = (-M,-M) for all n e N and some M > 0.
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Theorem 2.5. Let s€[0,T]. It holds that

Asr = {f € L[l),oo Ep[&-Zp | Fs] < essfisupIEp [0 Zr | Fs] YZ7r e LN(Fr, P, K})}, (2.3)
NeAs, T

where As 1 is defined in (1.37))

Proof. The inclusion “c” is trivial.

For the reverse inclusion we make use of the bipolar theorem of [67], Theorem 4.2, see
also Theorem 5.5.3 of [65]. Let Zr = (Z4, Z%) € LY(Fr,P; K7) and € = (£1,€%) € L1 ,o0. As
noted in Remark for Zp € L'(Fr,P; K}) and € € LY  the (conditional) expectation
of £ Zr is well-defined.

If the conditions of Theorem 4.2 of [67] are satisfied for Ay n LY, then we obtain

AS,Tngz{gengEp [€-Zr] < sup OEP (- Zr] vaeLl(fT,P;Kg;)}. (2.4)
neAs,Tme

First, we prove that the assumptions of Theorem 4.2 of [67] are indeed fulfilled for ASVTng.
Compare also the proofs of Theorem 4.1 of [23] and of Theorem 1.5 of [85]. Corollary
1.23| (resp. Theorem 3.6 of [85]) implies that A n LY is Fatou-closed. In fact, con-
sider a sequence (¢n)neny = (0L, 02 ) nen © Asr N Lg such that ¢, > (-M,-M) for all

n € N and some M > 0 and ¢, Pas, ¢ for some ¢ € LO(Fp,P;R?) by the definition
of Fatou convergence. Clearly ¢ > (-M,-M) and ¢ € A7, because Corollary
(resp. Theorem 3.6 of [85]) guarantees that Aé\?T c A;7 n LY is closed with respect to
the topology of measure and thus also with respect to almost sure convergence. Next,
we show that Ag 7 n L*°(Fr,P) is dense in A7 N Lg with respect to Fatou-convergence.

Let ¢ = (o', 0?) e Asrn LY, ie. ¢ > (-M,-M) for some M > 0. We define the sequence

P-a.s.
Pn = 90]1{|<p|§n}_(Ma M)]l{|go|>n}' Then (Son)neN c (-AS,Tng)mLoo(fTvp) and ¢, e P-

Furthermore, ¢, > (-M,-M) for all n € N which guarantees that ,, Fatou-converges to .
Therefore, (A5 rNLY)NL>(Fr,P) is dense with respect to Fatou-convergence in Ag 7N LY.
It is left to show that — L (Fr,P; K1) ¢ As pnLY). For this purpose, let 1 € ~L™ (Fr, P; Kr)
be arbitrary. Then |1’ < M for i = 1,2 and some M > 0. In particular, ¢ > (-M,~M)
and thus ¢ € A7 n Lg.

In order to make use of Theorem 4.2 of [67], we show that

Ep| esssup Ep[n-Zr|F]|= sup Epln-Zr]. (2.5)
neAsyTnLg neAS,Tng
By monotonicity we obtain that
Ep| esssup Ep[n-Zr|Fs]|2 sup Epln-Zr].
T]EAS’TﬂLg T)EAS’TﬂLg

We define @, := {Ep[nZr | Fs] :n € LY} and observe that ® . is directed upwards (see
Definition . Indeed, let 0,1 € Lg and define

Ds:=A{Ep [n-Zr | Fs] 2Ep [1- Zr | Fs]} € Fs,
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and
Y=nlp, +nlpe € Lg.

Then, we obtain by linearity that

Ep[¢-Z7 | Fs]=Ep [n-Zr | Fs]1p, +Ep [ Zr | Fs]1pe
ZEP[n-ZT|f5]VEP[ﬁ‘ZT|f5].

Thus, @z, is directed upwards. Therefore, Theorem A.33 of [40] guarantees the existence
of a sequence (1n)nen = (M0 (Z1) )new © LY such that

Ep [0 Z7r | Fs]t esssup Ep[n-Zr | Fs], P-as., asn — oo.
nEAsﬂTﬂLg

Hence, we get

Ep| esssup Ep[n-Zr | Fs]|=Ep [ lim Ep [, - Z7 | }—s]] :
T]E.AS’TﬁLg nmee

We can assume without loss of generality that Ep[n, - Zp | Fs] > 0 for all n € N as
0OeAsrn Lg. By monotone convergence we obtain

Ep [ lim Ep [n, - Z7 | .7-8]] = lim Ep [n,-Zr]< sup Ep[n-Zr],
n—oo n—oo 0
WEAS,TﬁLb

and thus (2.5) is fulfilled. By linearity of the expectation and (2.5)) we obtain that

el :Ep[¢-Zr | Fo]< esssup Ep[n-Zr|Fs], VZr € LY(Fr,P; K})
neAs,TnLg

ciéel):Epl¢-Zr)< sup Ep[n-Zr], VZre LNFr,P;K})}. (2.6)
nEAS’TﬁLg

Now, we apply Theorem 4.2 of [67] and (2.6]) to get that

I:= {g €L):Ep[¢-Zp| Fs]< esssup Ep[n-Zp|Fs] V7 e Ll(fT,P;K;)} cAsrn L.
neAs,TnLg

(2.7)

It is left to show that is also valid on A, 1 = A&THL?’OO and not only on .AS,Tng. For
this purpose, we show that Lg is dense in L(l),oo with respect to L°(F,)-Fatou-convergence.
First, we note that A, 7 is L°(Fs)-Fatou closed by Corollary (resp. Theorem 3.6 of
[85]). Let & € L(l)po, then & > (-M2},-M?2) for some (M}, M?) e L1(F,,Q) x LT (Fs, Q).
For n € N, we define &, = £ - (¢ An). Then, for all n € N it holds that &, € LY,

-a.8.

& = (-M}, -M?) and &, Lras, €. In particular, &, c Asrn L) LO(Fs)-Fatou converges to
& e Asr. Thus, we get

esssup Ep [nZrp | Fs] = esssupEp [nZr | Fs]. (2.8)
neAs,rnLY neAs,
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Indeed, with similar arguments as above and by Theorem A.33 [40] there exist sequences
(&n)neny € Asr and () nen © As 7 0 LY such that

Ep [, - Z7 | Fs] tesssupEp [€ - Z7 | Fs], P-a.s., as n — oo, (2.9)
geAs,T
Ep [0 Zr | Fs]t esssup Ep[n-Zr | Fs], P-as., asn - oo. (2.10)
nGAsﬂTﬁLg
(2.11)

Hence (2.9) and (2.10)) and the fact that A57T0L2 is dense in A 7 with respect to LO(Fy)-
Fatou convergence imply (12.8]). Furthermore,

I= {g € L(l)#><> :Ep[€-Zp | Fs] < esssupOIEp [(nZy | Fs] VZr € Ll(FT,P;K})}, (2.12)
neAs,rnLy

where the closure is taken with respect to L°(F;)-Fatou convergence. We conclude the
proof by

f c As,T N L(g = AS,T7

where the closure is taken with respect to the L°(F;)-Fatou convergence. O

2.2 Dynamic super-replication theorems

We start with the super-replication theorems for the numéraire-free setting. The numéraire-
free version of the super-replication theorem, Theorem [2.6] is then used to prove the
numéraire-based version, Theorem [2.7]

Theorem 2.6. Let Assumption hold and s € [0,T). Let X1 = (X1}, X?) be a contingent
claim such that

Xh+ (X2 (1 -N)Sp - (X2) (1 +\)Sp>-M} - M2Sr, (2.13)

for some (M}, M2?) e L1(Fs, Q) x LY (Fs,Q). For a random variable Xs = (X1, X2) €
LY(Fs, Q) x LT (Fs, Q) the following assertions are equivalent:

i) There is a self-financing trading strategy ¢ = (o1, 9?) st with @5 = (X1, X2) and
pr = (X%, X%) which is admissible in the numéraire-free sense on the interval [s,T],
see (|1.24).

i) For every consistent price system (Q,S9) e CPS(s,T) we have

Eq|X}- X!+ (X} - X282 | 7| <0, (2.14)
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Proof. i) = ii) : Let ¢ = (¢}, 9?)s<t<T be a strategy which is admissible in the numéraire-
free sense such that ¢, = (X1, X?) and ¢r = (X}, X%). By Proposition (o1 +
w?S’tQ) s<t<T is an optional strong supermartingale for all (Q, SQ) € CPS(s,T). Therefore,
we obtain

Eq | X7+ X787 | o] = Bq [¢F + 1S | ] <o) + 252 = X + X252,
By the Q-martingale property of SQ and measurability we have
X1+ X282 = X1+ X2BQ[SR | A = Bq[ X! + X253 | 7.

Hence, we get
Eq [ X7 - X! +(X7- XD | £ <

for all (Q,SQ) e CPS(s,T).

i1) = 1) : It is sufficient to prove the assertion for strategies with zero initial endowments.
Indeed, for any contingent claim X7, there is an admissible strategy in the numéraire-free
sense ¢ with g = (X1, X2) and ¢r = (X}, X2) if and only if X7 = (X: - X!, X2 -
X2) e As T, i.e., if there is an admissible strategy in the numéraire-free sense ¢ with
®s = (0,0) and @ = (Xl,)f%) Instead of directly proving that “ii) = i)” we prove that
“51) = —ii)”. More precisely, if Xr¢ A, then there exists a consistent price system in
the non-local sense (Q,S?) € CPS(s,T) such that

P(Eq[ X+ + X282 | F,]1>0) > 0. (2.15)
By Theorem [2.5| there exists Y = (Y1,Y?) e L' (Fr,P; K}) such that
P(BY) >0, (2.16)

where

BY = {w eQ: Ep [Ylf(r_lp +Y2X7 | .7-;] (w) > esssup Ep [nlYl +7?Y? | .7:5] (w)} e Fs.

T]EAS,T

(2.17)

We now construct a consistent price system (Q,SQ) € CPS(s T) such that - is
fulfilled. Using Proposition [1.3{ we represent (Q, SQ) by Z = (Zt , Zt )s<t<T, Where Zlis a
P-martingale on [s,T] for i = 1, 2 and Zt2 / Zt1 takes values in the bid-ask spread. Recall,
that taking values in the bid-ask spread is equivalent for (Z}, Z?) taking almost surely
values in K;\{0}, where K} = K, (w) depends on w € Q.

For this purpose, we define the process Z = (Z}, Z?)s<i<1 by Z} := Ep [Yi]lBy | .7-}], s<t<
T,i=1,2, where Y = (Y!,Y?) is given by and . Since 0 € A 7, we know that

esssup Ep [nlY1 +7?Y? | ]-'s] > 0.
nEAs,T

Thus, we follow from (2.16)) and ( - that

P (Ep[Zp X7+ Z7X7 | Fs]>0)>P(BY) > 0.
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To this end, we show that Z; € K/ a.s. for all t € [s,T]. In particular, if Z was R, \{0}-
valued it is a consistent price system in the non-local sense. This detail will be encountered
at the end of the proof.

Consider the process

Py = _ny]l]t,T] (u)a u € [87 T]> (218)

for some ¢ € [s,T] and arbitrary random variables v € LY (F;, P) and v € L= (F;, P; Kr).
As ¢ € L®(Fp,P), 1 is an admissible strategy in the numéraire-free sense. Because F
is right-continuous by the usual hypothesis, ¥ is F;-measurable by definition. By the
tower-property we obtain that

Ep [¢r-Y1pgy | Fo] =Ep [(-vylyr(T)) - Zr | Fe]
=Ep [Ep [(—v71y1(T)) - Zr | Fi] | Fs]
=-Ep[vy-Ep [Zr | ]| Fs]
=-Ep [vy-Z; | Fs]. (2.19)

Since ¥r € As 7, [2-17) and (2.19) yield for w e BY that

EP [V"}/ . Zt | fs] (w) > —Ep [(Y . XT) ]lBY | fs] (w) = - (]EP [(Y . XT) | fs] ]].BY) (w),
(2.20)

where we used that BY e F,. Further, for w e (BY)¢ we get
Ep [vy-Zi| Fs](w) = = (Ep [ -V | Fs]1py) (w) = 0.

Because v was arbitrary, we can deduce that Z; -~ > 0 for all v € L*(F;,P; Ky). This
implies that Z; € K a.s. In particular, Z is a P-martingale satisfying Z; ¢ K; for all
tels,T].

It is still possible that P(Z; = 0) > 0 for some t € [s,T] and thus Z is not necessarily
a consistent price systems. We now construct the desired consistent price system Z =
(ZAtl, Zf)tE[S’T] as follows. For this purpose, take any consistent price system in the non-
local sense Z = (Z}, Z?)s<t<r. Then for suitable 8 € L% (F,, P;(0,1]) we have that Z :=
(BZi+(1-8)Z}) e K;\{0}, t € [5,T], i = 1,2 and satisfies

P (Ep[Z; X7 + 27 X3 | Fs] > 0) > 0. (2.21)
For instance, we can define 8 by
1, we (BY)e,

B(w) := Ep[Z7-X1|Fs] B
[Ep[Zr- X7 Fs [+ Ep [ 20 X017 % :

Then, 8 € L®(F,,P;(0,1]) is well-defined, because Ep [X7Z7 | Fs] (w) > 0 for w € BY.
Clearly, Z is still a consistent price system in the non-local sense on [s,T].

For X ¢ A we have constructed a consistent price system in the non-local sense 7 =
(Z}, Z?) s<i<r satisfying P(Ep[Zh X} + Z2X2 | F5] > 0) > 0. This concludes the proof. [J
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Now we can also prove the local or numéraire-based version of the super-replication theo-
rem. The arguments in the proof of Theorem follow closely the proof of Theorem 1.4
of [85].

Theorem 2.7. Let Assumption hold and s € [0,T]. Let Xp = (X}, X%) be a contingent
claim such that

Xh+ (X231 =N)Sr - (X2) (1 +A\)Sy > —M, (2.22)

for some My € L1(Fs, Q). For a random wvariable Xs = (X1,0) € LY (Fs, Qi) the
following assertions are equivalent:

i) There is a self-financing trading strategy ¢ = (0}, 03)sci<r with s = (X1,0) and
or = (X%,X%) which is admissible in the numéraire-based sense on the interval
[s,T], see (1.23).

i) For every consistent price system (Q,S9) € CPSje(s,T) we have

Eq[X}- X} + X282 | 7] <0. (2.23)

Proof. For sake of notational convenience, we write X = (X!, X?) := (X}, X2) and assume

that X satisfies ([2.22]).

i) = ii) : Let » = (¢, 07)s<t<T be a strategy, which is admissible in the numéraire-
based sense such that ¢g = (X, 0) and @7 = (X', X?). Then Proposition m guarantees
that (of + @?5’?) s<t<T 1S an optional strong supermartingale under Q for all (Q,S’Q) €
CPSioc(s,T). Therefore, we obtain

Eq[X'+ X253 | 7| =Eq[wh + 0} SR | 7] < ol +6282 = X!, (2.24)
for all (Q,S®Q) ¢ CPS.(s,T) and hence
Eq [ X7 - X+ X28 | £ <0, forall (Q,82) ¢ CPSioc(s, T).

i) = i) : Suppose now that X = (X!, X?) fulfills (2.22). Assume without loss of generality
that 4i) holds for X! =0, i.e.,

Eq X'+ X282 | ] <0, forall (Q,52) € CPSuc(s,T). (2.25)

Indeed, this is no restriction as by shifting, we could simply consider (X! - X}, X?) auch
that is still fulfilled. We construct a strategy ¢ = (SO%,(,O%)tE[&T]? admissible in
the numéraire-based sense, with ¢, = (0,0) and @7 = (X!, X?). Define the [s,T]-valued
stopping time 7,, by

Tpi=inf{t >s|S;>2n} AT.
Because X is an Fp-measurable claim, we define

X, = (X!, X2) = {(Xl’XZ)’ on A =T}, (2.26)

(=M, 0), on {1, <T},
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so that X, is F,, -measurable. Equation (2.22)) and the definition of X,, in (2.26]) imply
that
XL+ (X2 (1-N)Sy - (X2) (1+A)Sr > M. (2.27)

Further, we have that (X! + ngg) is increasing and converges P-a.s. to (X! + XQS';?),
as n tends to infinity.

By Assumption there exists a \'-consistent local price system for S for every 0 < A" < \.
For a consistent local price system (Q,S®) € CPSjoc(s,T) of S, Proposition 6.1 of [85]
guarantees that (Q,(S®)™) € CPSjo¢(s,7,) is a consistent price system in the non-local
sense for S, n € N. Thus, Assumption is fulfilled for S™ for each n € N. Note that,
by X, also fulfills for every n € N. Thus, we can apply Theorem for §™
and the claim X,,.

By Lemma and Corollary , we get that for every (Q,S®) e CPS(s,7n,A) there
exists (Q,?Q) € CPSioc(7n, T, A) such that Q|x, = Q|g:m and 5'7% = 57% Concatenating
(Q,59) and (Q,Sﬁ) yields a consistent local price system (Q,Sﬁ) € CPSpc(s, T, )
satisfying Q|r,, = Q| 7., and StQ = 5’? for all ¢ € [s,7,]. More precisely, we define

S'Q _ 58, te [[S,Tn]],
! SR te[n,T],

and o i _
dQ _ ®  4Q

ot 2 )
CPNETPR L
By the construction of (Q, SQ) and X, in (2.26]) and (2.25)) (resp. (2.23)), we obtain
Eq[X)+ X282 | 7] = Bg[ X} + X282 | 7| <Eg[x'+ X282 | 7] <0 neN. (228)

Since (Q,SQ) € CPS(s,r,) was arbitrary, by Theorem there exists a A-self-financing
strategy (@f)s<t<r, for S™ such that @? = X, n € N, and which is admissible in the
numéraire-free sense for some M, = (M}, M?) e L} (F,, Q) x L=(F,, Q). We define the
strategy for the desired time interval [s,T] with no trading after time 7, given by " =
(@) s<t<r with @ = @ for all t € [s,7,] and ¢ = @7 for all ¢t € [7,,T]. Thus, ¢" is
a self-financing strategy for S which is (M;,Mf)—admissible in the numéraire-free sense
for all n € N. By Corollary (see also Theorem 1 of [84]), we get that each ¢"
is also Mg-admissible in the numéraire-based sense. To conclude the proof, we apply
Corollary (see also Theorem 3.4 of [85]) and Remark 3.5 of [85] to obtain desired
self-financing strategy ¢ as a limit of (¢™)52 . Recall that Corollary and Remark 3.5
of [85] guarantees, that the set Ai‘/lf;’loc

measure but also fulfills a convex }zompactness property. This strategy ¢ has the required

is not only closed in the topology of convergence in

properties. ]

The dualities of the Theorems [2.6] and [2.7] can be formulated in the following way.

Proposition 2.8. Let Assumption hold and s € [0,T]. Let Xr = (X}, X2) be a
contingent claim such that

X+ + (X231 =N)Sr - (X2) (1 +A\)Sp > —M, (2.29)
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for some My € L}r(}-s, Qioc). If

ess sup Eq [X%v + X%S':,? | fs] € L' (Fs, Qioc),
(Q,59)eCPSye(s,T)
then we have
essinf {5; € Li(Fs, Quoc) : Ip € Vsl?:;:“(fs)\) with ¢s = (£5,0), @1 = XT}

= esssup Eq [Xflp + X%Sr_,? | .7-;] .
(Q?SQ)ECPSZOC(‘S?T)

(2.30)

Proof. We can apply Theorem because X7 satisfies (2.29). Hence, we obtain

{Xs € L' (Fs, Quoc) = F € VOR( X, A) with ¢, = (X,,0) and o = (X7, X7)}
=X, e LM(Fe Qo)+ EQ[ X+ XPSR | F.] < X, ¥(Q,59) € CPSioe(5,T) |

=Dy

It is left to show that

essinf Dy = ess sup Eq [X% + X%S*jg | .7-'5] .
(Q:SQ)ECPSIOC(SvT)

For the first direction “<”, we note that ess SUD(Q §Q)eCPS,,. (5.7) Eq [X%ﬁX%S(TQ | Fs] € D,
because esssup q sa)ecps,,. (s.7) Eq[X+ + X%S’qg | Fs] € LY(Fs, Quoc)-

For the reverse direction “>”, we have that essinf Dy > Eq[X+ + X%Sjg | Fs] for all
(Q, S Q) € CPSyoc(5,T) which implies by the definition of the essential supremum that

essinf Dg > ess sup Eq[ X7} + X%S”jg | Fs].
(Q’SQ)ECPSIOC('S:T)

O]

Proposition 2.9. Let Assumption hold s € [0,T]. Let X7 = (X}, X%) be a contingent
claim such that

Xp+ (X3 (1 =N)Sy - (X2) (1+N)Sp > -M}! - M?2S, (2.31)
for some (MY, M?) e L} (F,, Q) x L (Fs, Q). If

esssup  Eq[Xf+ X2SP| 7] e LY(F,, Q),
(Q?gQ)ECPSluc(SvT)
then we have
essinf (€, € Ly (Fy, Q) : 3p € Vor (&, A) with @, = (&,,0) ¢r = X1}

= esssup [Eg [X%«+X%S’7? | ]—'S].
(Q.59)eCPS(s,T)

(2.32)

Proof. We obtain ([2.32) with the same arguments as in the proof of Proposition O



2.3. FURTHER PROPERTIES 39

2.3 Further properties

From now on we assume that Eq [Xr_lp + X%S*jg | .7-"3] € LY (Fs, Quoc) for all s €[0,T] in the

local setting, i.e., under Assumption and Eq [X% +X%§$ | .7-"3] e LY(F,, Q) for all
s €[0,T] in the non-local setting, i.e., under Assumption

In this section we prove what we like to call time independence of the consistent (local) price
systems in the dual representation, see Theorems and Further, we prove that
the super-replication process is a well-defined process. Afterwards, we provide sufficient
conditions such that the super-replication process is cadlag, see Theorems [2.19] and [2:21]
We start with a preparatory lemma for the proof of the Theorems and

Lemma 2.10. Let Assumptz’on hold and s € [0,T]. Let A < X and (Q, S?) € SCPS.(s, T, \)
be a strictly consistent local price system for S on [s,T] which satisfies

(1-2)8,<S2<(1+1)8S,. (2.33)
Let X7 = (X4, X2) be a contingent claim such that
Xp+ (X7) (1= 287 = (X7)~(1+A)Sr 2 =M,

for some M € LY (Fs, Que). Then there erists a consistent local price system (E,S’Q) €
CPSipc(0,T,\) such that

Eq[X}+ X358 | F,| = Eg[ Xt + X35¢ | 7].

Proof. Let (Q,S®) € SCPSioc(s, T, \) with associated (local) P-martingales Z', Z2 as in
Proposition and assume (Q,S’Q) satisfies . By Lemma and Corollary
there exists (Q‘“’g‘@) € CPSoc(0,T, \) such that :S’? = 5’8 Let Z', Z? be the associated
(local) P-martingales of (Q, Sﬁ) We construct a new A-consistent price system (Q, S’Q) €
CPS1oc(0,T, \) by its associated (local) P-martingales Z!, Z2 by

_\Z 0<t<s,

Zi={"

P ziZ <t<T
tzg’ LIRS = 9

for i = 1,2. First, we show that Z', Z? fulfill the desired properties of Proposition to
ensure that Z', Z? define a consistent local price systems. Let 0 <t <u < T, then

Ep[Z) | F]=Z} = Z}, 0<uc<s,
Z1 Bp |25 | 7| = ZiEp[2) | R =52 - 2} <t<
EP[ZU|]:t:|: P uZT t_Zsl P4y, t_Zsl t — “to sstsu,
72 Z1 -
Ep Z&g—:iu:t :EP[%EP[ZHFSH-E ZEP[Z5|.7:t]:Zt1, t<s<u.

Note that integrability with respect to P of Z' follows in the same way since Z' > 0.
Thus, Z! is a P-martingale on [0,7]. Let (7n)nen, (T )nen denote localizing sequences for
72, 72, respectively. Define (Tn)neeN bY Tn = T ATy, n € N Note that (7,)ney is also a
localizing sequence for Z2 and Z2. We claim that (Tn)nen is a localizing sequence for Z2
which makes Z? a local P-martingale. With similar arguments as above we distinguish
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three different cases.
Case 1: Let t < (uATy) < s, then

Ep [(Z)™ | Fi] =Be[(Z)™ | B) = (Z)™ = (Z))™

Case 2: Let s <t <(uAT,), then

Z2\T an'Z? Zf INT, Z? 2\7n Z2\T,
e (207 | 7] =Ee|(20)" Z5 17| = Z5ER((Z0)™ | i) = 55 (20)" = (ZD)™

Case 3: Let t < s< (uATy,), then
72\, 2 22 Zs 2\ T,
Ep [(ZD)™ | F]=P|(Z: ) 7 | 7| =Ep Z2Ep[(zu) " Fo] | Fe
=Ep[(Z))™ | R = (Z])™ = (Z)™.

In particular, Z2 is a local P-martingale with localizing sequence (7, )neny. Furthermore,
(Z2/ Z})te[O’T] lies in the bid-ask spread. For ¢ < s the assertion is clear. For s <t we get

72 22770 q 82 .
Zt 2t Ds  Zs _gR.ES ¢ 1-X)S;, (1+M)S;],
ZL" 71 7 72 % ga S el NS (LS

where we used that 58 = 3’? Therefore, (Z',Z?%) define a consistent local price system
(Q, S9Q) € CPSo(0,T, \) by Proposition It is left to show that

Eq| Xt + X352 | 7] =EBq [ Xt + X353 | 7]
Indeed, we get
Eg| Xt + X289 | 7| = Ep X727 + X327 | F, ] (ZH!

[ Z!
-Ep | X+ 2022

T 1 71 XTZT

Z 1= |@y
2 Zl 1 »
=Ep | X0 Zp + XTZTZQ = \7:]( Zy)

- Ep [XTZT + X323 | ] (Zl -t
=Eq X} + X783 | 7],

where we used that

72 7z} 2 .
72 71 g
This concludes the proof. ]

Theorem 2.11. Let Assumption hold and s € [0,T]. Let X7 = (X%, X2) be a contin-

gent claim such that
Xg+ (X3) (1= N)Sr = (X3)™(1+A)Sr > - M,
for some My € L} (Fy, Quoe). Then, the following identity holds:

esssup Eq [X% + X%gg | fs] = esssup Eq [X% + X%S’;g | .7:5] . (2.34)
(Q.59)eCPSoe(s,T) (Q.59)eCPS1e(0,T)
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Proof. For the first direction we observe we observe that CPSj,.(0,7") € CPSjoc(s,T) in
the sense that, if (Q, SRQ) € CPSjoc(0,T), then (Q,§Q|[S7T]) € CPSioc(s,T). So we obtain

esssup Eq [X% + X%gi,g | .7-"3] > ess sup Eq [leﬂ + X%S’JQ | .7-"3] .
(Q.5Q)eCPSioc(s.T) (Q.59)€CPS10c(0,T)

For the converse direction let (A,)nen € (0,1) be a sequence such that A, 1 X\ as n
tends to infinity. Fix an arbitrary (Q,S?) € SCPS)oc(s, T, \) with associated (local) P-
martingales Z!, Z2. Then, we can approximate (Q, S?) € SCPSo.(s,T,\) by a sequence
(Q",5™)nen © SCPS1oe(s, T, \) satisfying

(1-2p)Ss <87 < (1+A\,)Ss, (2.35)
for each n € N. More specifically, for n € N define the set C' € F5 by
Cli={weQ: (1-X)Ss(w) < S&(w) < (1+An)Ss(w)}, mneN. (2.36)
Corollary guarantees that there exists a consistent local price system
(Q",5™) € CPSjoc(s, T, An)

for all n e N such that S = (1+ \,)S,. By Z'" = (Ztl’n)tg[sjv] and Z2" = (th’")te[s’T] we
denote the associated (local) P-martingales. Then we construct a sequence of consistent
local price system (Q", 8™)neny © CPS1c(0,T,A) by its associated (local) P-martingales
ZY = (Z}")iefsr) and 22" = (Z7™)e(s) by

Z}=1enZi+ Lonye 2", te[s,T], i=1,2, neN. (2.37)

By this construction Z', Z?) are (local) P-martingales on [s,7']. To show this, we use
that C™ € F,. Thus, for Z'™ we have for s <t < T that

]EP [’Z\,ll—:n | Ft] = ]lC;LEP [Z,ll_, | ft] + ]l(C;n)c]EP [Zjl—:n | ft] = ]]_C;LZtl + ]].(C;z)thl’n = /Z\tl

Let (7x)keny and (70')ken be localizing sequences on [s,T] of Z2, Z*™ respectively, and
define (7}!)ken by
T =T AT, k,nelN

Then, we have for Z2 and s < ¢ < T that
B (7)1 7] = 1esBel(Z8) | 7+ ey | (27) 1 7
= 1oy (21 + 1oy (227" = (Z)F

where we used that (7 )ken is again a localizing sequence for Z% and Z?". Clearly,
Z e K\{0} for all t € [s,7] and n € N because

’Z\fvn Zt2 ZQ,?’L
L = len = + L pnye—— € [(1 = A)Se, (1+X)Sy],
7 7RG 70 [(1=X)Se, (1+X)S]

where we used that P(C? v (C7)°) =1, and Z, Z™ are consistent local price systems by
definition. Therefore, (Zn)neN = (2 Ln 7 Zn) oy defines a sequence of consistent local price
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systems on [s,T'] and satisfies for all n e N. In particular, the conditions of Lemma
are satisfied by Z". By Lemmammere exists (Qn, 5™) € CPS10c(0,T, \), for n e N,
such that

Eqr [X7+ X357 | Fo] = Bgr [ X1 + X25™ | Fo]. (2.38)
Further, Z} Pas, Z; for all t € [5,T] because C? ¢ C™! and P(C™) 1 1 which implies
that Ten P25 1. For this fact it is important that (Q,S®) is a strictly consistent local

price system on [s,T']. By (2.38)) and because AR converges to Z%, i = 1,2, as n tends to
infinity, we obtain that

ess sup Eq, [X} + X%S’?O \ .7:5] > esssup Frgn [ X[+ XS} | F]
(Q(,SR0)eCPS|6c(0,7,)) neN
> Eq [ Xt + X153 | 7. (2.39)

Because (Q,SQ) € SCPSic(s,T,\) was arbitrary, we can take the essential supremum
over (Q,SRQ) € SCPSie(s, T, ) (resp. (Q,S52) € CPSioe(s, T, ) on the right-hand side
of (2.39) to follow that

ess sup Eq, [X% + X%S'?O ] .7-"5] > ess sup Eq [th + X%S’jg | .7-"3] .
(QO7§QO)ECPSIOC(O7T7A) (Q?SQ)GCPSIOC(S7T7>\)

Note that the essential supremum over (Q, S Q) € CPSjoc(s, T, A\) is equal to the essential
supremum over (Q, SQ) € SCPS|oc(s,T,\). In fact, on the one hand, we have

esssup Eq [579 | fa] < esssup Eq [579 | fa] )
(Q,5Q)eSCPS o0 (0,T,\) (Q,5Q)eCPS1oc(0,T,2)

because SCPSioc(0, T, A) € CPSjoc (0, T, A). On the other hand, let (Q, SQ) € CPSjoc(0, T, \)
and (Q, §Q) € SCPS}oc(0, T, \) be arbitrary with associated (local) P-martingales Z*, Z2,
Z', 72, respectively. Define (66, S'Q(e)) by its associated (local) P-martingales Z1€, Z2%<
by

Z) = (1-e)Zi+€Z!, telo,T], ie{1,2},

for some € € (0,1). Then (Q°, SR(e)) € SCPSioc(a, T, A) by Proposition First, we note
that Z1<, Z2¢ are (local) P-martingales as a convex combination of (local) P-martingales

72,€
and gﬁ& € int(—Kt’\)o, where int denotes the interior, by linearity of the inner product.
t

Because € € (0, 1) was arbitrary, we get the desired result for e tending to 0. This concludes
the proof. 0

Theorem 2.12. Let Assumption hold and s € [0,T]. Let X1 = (X}, X%) be a contin-
gent claim such that

Xp+(X7) (1= N)Sr = (X7)"(1+ \)Sp > =M + -M§r,
for some (MY, M?) e LL(F,, Q) x L(Fs, Q). Then, the following identity holds:

esssup  Eg [X% + X%S’;’? | .7-"3] = esssup [Eg [X} + X%S’TQ | .7-"5] . (2.40)
(Q,59)eCPS(s,T) (Q,59)eCPS(0,T)
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Proof. The proof of Theorem [2.11] carries over verbatim to the present setting. O

From now on, we set CPSj,. := CPSjc(0,7,\) (resp. CPS := CPS(0,7,)\)). Further, we
define V' = (V}) 410,17 by

Vo= esssup  Bq[Xp+ XESF| A, forall te[0,T] (2.41)
(Q7"§'Q)ECPSIOC

Lemma 2.13. Let Assumption hold and s € [0,T]. Let X7 = (X}, X2) be a contingent
claim such that
XE+(X2)P(1-N)S7 - (X2) (1 +\)Sp > —M,,

for some M} e LY(Fs, Qioe). Then, V = (Vi)ie[s,r) defined in (2.41) is an adapted stochas-
tic process, which is unique up to an evanescent set.
Proof. Theorem A.33 of [40] guarantees that V; is F;-measurable for all ¢ € [¢,T]. It is
important that Q ~ P for all Q € Q). such that

{Eq[X}+ X353 | ]+ (Q,52) € CPS10c(0, )} € L(F,, P).

As Theorem and Theorem hold for all stopping times 0 < o < T, V is unique to
within an evanescent set because of the Optional Cross-Section Theorem, see Theorem 86
in Chapter IV of [35]. Therefore, V is a well-defined adapted process on [s,T']. O

Lemma 2.14. Let Assumption hold and s € [0,T]. Let X7 = (X}, X2) be a contingent
claim such that

Xp+(X3) (1= X)Sp = (X7)"(1L+A\)Sp > =M +-MZ§p,

for some (M}, M?) e L} (Fs, Q) x L°(Fs, Q). Then,

( esssup Egq [X% + X%S‘j? | ft]) ,
(Q,59)eCPs te[s,T]

1s an adapted stochastic process, which is unique to within evanescent processes.

Proof. The proof follows with the same arguments as Lemma [2.13] using Theorem and
Theorem 2.12 O

Lemma 2.15. Let Assumptz’on hold and s € [0,T]. Let X = (X+, X2) e L°(Fr, P;R?)

be a contingent claim such that
XE+ (X2 (1-N)St - (X2) (1 +\) St > —M, (2.42)
for some M, € L (F,, Qioe). Then for any Qo € Qioc and V' the following identity holds

Eq,[Vi]= sw  Eq [Eq[Xt+X757|7]|. (2.43)
(QvSQ)ECPSloc

forte[s,T].
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Proof. Let (Qy, S5Q0) € CPS}0c(0, 7). By monotonicity we immediately obtain
Eq, [Vi] > Eq, [EQ [X} + X259 ]—“t]] , (2.44)
for all (Q,S?) € CPSy,c(0,T). Because (2.44) holds for all (Q,S?) € CPSo(0,T) we get

Eq,[V]> swp  Eq,[Eq[X}+X2SP|A]].
(Q?SQ)GCPSIOC

For the reverse inequality we first show that the set
@, = {Eq [ X} + X352 | 7] (Q,59) € CPSjoc(1,T)
is directed upwards, see Deﬁnition Let IE',Q[X%+X%5'(TQ | Ft], IE',Q[X%+X%5’(TTQ | Fi] € Dy.
We construct (Q, SQ) € CPSoc(t, T') such that EQ[X%F + X259 | 7] € @, and
Eq[X}+ X252 | 7] 2 Bq [ X} + X353 | R vEQ [ X} + X352 | 7).
Define
A= {BQ[ X} + X352 | R] 2B [Xf + X353 | 7} e 7

Let Z = (Z',2%) and Z = (Z',Z?) be the (local) P-martingales associated to (Q,59)

and (Q, SQ) respectively, as in Proposition Then we define
aQ  ZL W Zp+lacZp
dP  Ep[Z}] Ep[laZp+1a;Zz]

(2.45)

and for t <u < T,
Z2=10,2, + 1 ac 2, (2.46)
with corresponding S Q given by

SQ - (2.47)

I

We now prove that (Q, §Q) € CPSyc(t,T). Clearly,
(1-M\)S, <SR<(1+N)S, forall we[t,T],

as :S”\AQ coincides with SQ on A; and with SQ on Ajf. For the local martingale property
of SQ let (7,)nen be a localizing sequence for SQ and SQ. For instance, we can define
(71 )nen s the minimum of the localizing sequences of S and SQ. For t <u<v < T we

get
Tn =1 71
R a0 Tn ~ ’Z\2 ZT Ep [ZT]
wal (%) 17| (5) gy 5] 5
—~2\Tn 1 T 72\ T 1
=Ep [(14,Zy +1a: Z2)™ | Fu] - (La,Ep [(Z0)™ | Ful + LacEp [(Z)™ | Fu]) =—
UATR, UATY,
—~ 1 rai n
:(ﬂAtZZ/\Tn,+]1‘A§ZZ/\Tn)’Z\1— = (Su)T ’

UATR,
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where we used that 1 4,, 1 4¢ are measurable for 7, c F,. Hence, ®; is directed upwards and
by Theorem A.33 of [40], there exists an increasing sequence (Eqn [ X[+ XZ.S% | Fy])nen C
®, such that

lim Bqn [X7+ X757 | Fi]=  essswp  Eq|Xp+XPSP|A|=-Vi.  (248)
e (Q,5Q)eCPS o (1,T)

By the Theorem of Monotone Convergence we obtain
Eq, [Vi] = lim Eq, [Eqn [ X7 + X757 | Fi]]

< swp Eq, [Eq X1+ X352 | 7]].
(Q7SQ)€CPSIOC(t7T)

With the same arguments as in the proof of Theorem [2.12] we obtain that

 sup Eq, |Eq[X}+X2S} | Al|= s Eq,|Eq|Xi+X7SF| ],
(Q.32)€CPS 0. (1T) (Q5Q)<CPS

which completes the proof. O

Lemma 2.16. Let Assumption hold and s € [0,T]. Let X1 = (X4, X2) e L°(Fr, P;R?)
such that

XE+ (X2 (1-N)S7 - (X2) (1+ NSy > -M}! - M2Sy (2.49)

for some (ML, M?2) € L} (Fs, Q) x LY (Fs, Q). Then for any Q, € Q the following identity
holds

Eq,| esssup Eq[Xj+X2S2|A|[= sw Eq[Eq|Xi+ X257 A]], (250)
(Q,59)eCPS (Q,59)eCPS
forte[s,T].
Proof. The arguments are identical to the proof of Lemma O

Let (0n)neny be an arbitrary sequence of decreasing, [0,7]-valued stopping times with
On ) 0 =00 as n tends to infinity. In the sequel we set N:= Nu {oco}.

Remark 2.17. Lemma shows that for any n € N there exists an increasing sequence

(Q(my(n)), S (mi(n)))ren € CPSe(0,T)

such that
lim Eq, [Eqqm, (n) [ X5 + X359 | 7, 1] = Eq, [Vo,].

k—o0

Further, it is easy to see that these sequences can be taken uniformly over n € N. Indeed,
for n eN take the subsequence (my,(n))ien © (Mg (n))ken defined by
< 1}

mg, (n) := inf {k >my,_, (n): ‘EQO [EQ(mk(n)) [X% + X%Sg(mk(n)) | .7:0”]] ~-Egq, [V,]

mi, (n) i=inf {k > 1:[Eq, [Equm, ) [ X+ X355V | 7,,|] - Eq, [Vo]

!
<=t
l
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For sake of notational convenience, we may use for (Q, 5Q) € CPSioc(0,T) (resp. CPS(0,7T))
the imprecise notation VS _yQ (V;gQ)te[QT] defined by

V3 =Eq Xt + X252 | 7|, forall te[0,7]. (2.51)

Assumption 2.18. We assume the existence of Qg € Qjoc such that for any decreasing
sequence of stopping times 0 < (04, )neny < T with 0, | 0 as n tends to infinity, there exists
a sequence

(Q(mk(n))v SQ(mk(n))kEN c CPSIOC(OvT)a ne Nv
such that
(]EQO [ngg(mk(n))])

converges uniformly over all n € N to Eq,[V5, ], i.e., for all € > 0 exists K = K(e) € N such
that

keN

[Eq, [V ] - Bq, [V, ]| <&, for all k> K, and for all n €N, (2.52)
and that for all k e N, Qy(Uney A5) = 1, where
Ak = {w e Q: [V R0mk(mo)) _yQmi(mo))|() <&, ¥n> N, ¥nge N} . (2.53)

Let us give some intuition on Assumption [2.18] The assumption can be thought as equi-
continuity in time at level k, of a family of approximating sequences of consistent local
price systems. Note that (2.52)) is always fulfilled by Lemma and Remark In
general it is not true that Qu(Unen A‘}:Vk) = 1 for given A‘}:\}k given in (2.53). This is the
key feature of Assumption [2.18

Theorem 2.19. Let Assumption and hold and s € [0,T]. Let X1 = (X}, X2) €
L*(Fr, P) x L=(Fr, P) such that

Xh+ (X231 =N)Sr - (X2) (1 +A\)Sy > —M, (2.54)

for some My € L1 (F,, Qioe). Then V in [2.41) admits a right-continuous modification on
[s,T] with respect to P.

Proof. Let Qg € Qjoc be the measure given by Assumption Since all measure Q € Q)¢
are equivalent to P, it is equivalent to show that V' admits a right-continuous modification
with respect to P.

By Theorem 48 in [36], the paths of V' are right-continuous (outside an evanescent set),
if im0 Ep [Vi,,] = Ep [Vlim, .. 0,, ] fOr every decreasing sequence (o, )neny of bounded
stopping times.

Let (0n)nen be a decreasing sequence of stopping times with values in [s,7T"] such that
on 4 0 as n tends to infinity. We now prove that

lim Eq, [Vo,] = Eq, [Vs]-

n—>00

For this purpose, we show that the family

G:= {’V;g - VO'Q‘ ‘neN, (QagQ) € CPSIOC}
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is uniformly integrable with respect to Q. First note, that

VR -VR|<

On

QU+t VR < |V, | +|Va) - (2.55)

Because (X4, X2) € L®(Fr,P) x L= (Fr,P), there exists C1,Cs € R such that [X1| < Cy
and | X2| < Cy. For any [s, T]-valued stopping time p we thus have,

[V,|< esssup Eq [|XT +XT5’Q| | F ]
(Q,SQ)eCPS .

< esssup [Eq [01 + 02519 | ]:p]
(Q’SQ)GCPSIOC

=C1+Cy esssup Eq [5’79 | .7:,)]
(Q?gQ)ECPSIOC

<Cy+Cy esssup 5’,9
(Q?gQ)ECPSIOC
<Ci+ 02(1 + )\)S
1+A

- ASQO (2.56)

<C1+ 0y

Equation (2.56) implies that V, € L'(F,, Q) and that

1+>\SQ0

— S for all n e N.

|Vgn‘ < Cl + CQ

Therefore, it is sufficient to prove that {Sﬁo :n € N} is uniformly integrable with respect
& Lt 4 - .

to Qp. For this purpose, we first show that S(SLO — 5(90. By definition of a consistent

local price system, S is a non-negative, cadlag local Qp-martingale. In particular, SQo

is also a supermartingale under Q, and hence we get by Theorem 9 of [80] that

lim Eq,[S5] = Eq,[5™]. (2.57)

n—oo

Thus, by (2.57) and because 5”690 Pras. SQO Scheffé’s Lemma guarantees that SQO

S&0. The family {5”310 :n € N} is uniformly integrable with respect ot QO by Theorem 6.25

of [70] as 5’%0 e LY(Fr, Q) for all n € N and 5190 Pras S0 and SQO S0 Therefore,
G is uniformly integrable with respect to Q. Fix € > 0. By Assumption [2.18] there exists
for each n € N a sequence

(Q(mx(n)), S¥(my(n)))rew € CPSioc(0,T)
such that for suitable K = K(g) € N

[Eq, [V ] - Eq, [V, ]| < <, for all k> K, and for all n ¢,

and for N e N and k € N the set A’f\, = Af\/,&k defined by

Ak, = {w e Q: [VR0mk(no)) _yQmu(no))| () < %, Vn> N, Vng e N}, (2.58)
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satisfies Qo(Uney A%) =1 for all ke N. By (Eq [VUQ(mk(w)])keN we denote the sequence
converging to Eq,[V,].

As for fixed k € N we have A%, c A% . we can conclude that Qy(A%) 11 as N tends to
infinity. Fix k € N such that

<—, forall neN. (2.59)

On

‘EQO [VQ(mk(n))] Eq, [Vi]

By uniform integrability of G, there exists § = d(¢) such that for all A € Fp satisfying
Qy(A) <0, we get

Eq, HVUQn(mk(no» _ VUQ(mk(no))’ ]lA] < % (2.60)

for all n,ng € N. Since Q,(A%;) 1 1 as N tends to infinity, there exists Ny = No(e, k(e)) €
such that Qu((A4%,)¢) <4 for all N > Ny. Fix N > Ny and let n > N. Then we have

Eq, [ Y QUmi(n0)) _ VQ(mk(no))H ~Eq, ”VQ(mk(no)) _ VQ(m(no))‘ 1 4 ]
n o On g N

+Eq, [|V03(mk(no)) _ VUQ(mk(ﬂo))| ]I(Aﬁ,)C]

g
<=, 2.61
1 (2.61)

because of ([2.58) and (2.60), where we used that Q((A%)¢) < 6. We consider three
different cases.

Case 1: Assume

Eq, [V2()] < Eq, [VQm(=)]. (2.62)

Then we have
Eq, [Ve.] - EQO [Vo]]
<[Eq, [V.] [VJQ(mk(“))]| +[Eq, [VQ0m(=D] - Eq, [VQtm()]|
+|Eq, [Vacz(mmo»] Eq, [V4]]
<[Eq, [V, - [Vgg(mm))” + [Eq, [V (D] - Eq, [180m )] + %
(2.63)

S

The first part of the second inequality holds due to (2.62) and to the fact that V,
is the essential supremum over all consistent price systems. The second part of the

second inequality holds because of (2.59). Also (2.63)) holds due to (2.59)). In the
last step we applied (2.61)).

Case 2: Assume

Eq, [VUQ(mk(n))] >Eq, I:VUQ(mk(W)):I ) (2.64)
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Case 3:

Then we have
|EQ0 Un] EQO [VU]‘
<[Eq, [V, ] - Eq, [Vt ]| + [Eq, [V g, [V,RUm(D]|
+[Eq, [V ] - Eq, (1]
<5 +[Ba, [V - g, [V ]|+ g [1 2 =] - g, 1]

2e
<§ +EQO[ On

AN] +Eq, [|V08(mk(n)) _ VUQ(m"’(n))| 1(A§€V)C]

4e
<—<e¢
8

The steps in Case 2 are analogously to Case 1, replacing (2.62)) by (2.64])).

Assume

Eq, [V;g(mk(n))] > Eq, [Van(mk(w))] and Eq, [VO_Q(mk(")):I <Eq, [VUQ(mk(m))] _
(2.65)

Then we have
[Eq, [Vo. ] EQO[ al
|EQ0 I:VQ(mk(n)):H ‘EQ [VQ(mk(n))] Eq, [VQ(mk(OO))”

|EQ [VQ(mk(m))] [Vo]‘

8 |E [VQ(mk(n))] Eq, [VQ(mk(OO))” <
The second inequality holds due to . For the remaining part, we obtain by
that

‘EQO [Vgcg(mk(”))] Eq, [VQ(mk(OO))”

< |EQ0 [Vafi(mk(n))] Eq, I:VQ(mk(n))] ‘EQO I:VUQ(mk(")):I ~Eq, [VUQ(mk(OO)“

<2_€ +lta, [VOQ(mk(”))] - Eq, [VAm™)]|.

Then - and (2.61) imply
‘EQO [VUQ(mk(W))] ~Eq, [VQ(mk(n))” EQ [VUQ(mk(OO))] ~Eq, [VUQ(mk(n))]
<Eq, [VUQ(mk(w)):l Eq, [VQ(mk(n))]

<[Bq [VRUED] - Eq, [V D]+ % < %

Combining these steps we obtain

Eq, [Vir] - Eq, [Va]| < % ¢ [Eq, [VRIMD] - £q, [VAmeD]| < o
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Since the three cases cover all possible scenarios we have

|Eq, [V ]-Eq, [V-]| <&, for all n > No(e, k(e)).

Because € > 0 was arbitrary, we can conclude that

n—00

EQO [Vo'n] - EQO [VU] .

This implies that (Vt)te[o,T] admits a right-continuous modification with respect to Q
and hence also with respect to P. O

We now formulate Assumption [2.18 and Theorem in the numéraire-free setting.

Assumption 2.20. We assume the existence of Qg € Q such that for any decreasing
sequence of stopping times 0 < (05, )neny < T with o, | 0 as n tends to infinity, there exists
a sequence

(Q(mi(n)), S (m(n))rary « CPS(0,T), neN,

such that
(Eq, [V ).,

converges uniformly over all n € N to Eq, [V, ]E|7 i.e., for all € >0 exists K = K(¢) € N such
that

[Eq, [V ~Bq, [Vo, ]| <&, for all k> K, and for all n e N, (2.66)
and that for all k e N, Qu(Unen A?Vk) =1, where
A;}k = {w eQ): |V03(m’“(”0)) - VQmmo)|(y) <&, ¥Yn> N, Vng e N}. (2.67)
Theorem 2.21. Let Assumptz’on and hold and s € [0,T]. Let X = (X}, X2%) €
L (Fr, P;R?) such that
X+ + (X3P =N)Sr - (X2) (1+N)Sp > -M}! - M2S; (2.68)
for some (M}, M2) e L} (F,, Q) x L2 (Fs, Q). Then
( esssup Eq [X} + X%S’TQ | ft])
(Q.59)eCPS te[s,T]
admits a right-continuous modification with respect to P.
Proof. The proof of Theorem [2.19 carries over using Assumption [1.5 and O

Theorem (resp. Theorem [2.21]) provides sufficient conditions such that the process V
admits a right-continuous modification.
Next, we give an example where Assumption [2.20] is fulfilled.

2 Analogously to (2.41)), we write V; = essSuUp(q 5Q)ecps EQ [X} + X%S’? | }'t], tel0,T].
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Example 2.22. Suppose Assumption holds and let (X}, X2) = (0,1). Then, for each

k € N such that % < \ there exists (Q(k),SQ(k)) e CPS(0,T, %) We get
~ 1+ A

(1- 25 < SRk < < b4

k

SQ(k)<(1+A)S;, te[0,T], keN. (2.69)

In particular, (Q(k), uxS@(k)) € CPS(0,T,\) for py := 3. By the martingale property

1+1
k
of consistent price systems in the non-local sense we have

esssup Eq [51? | .7-}] = esssup th <(1T+XN)S:.
(Q.,59)<CPs (Q,5Q)<CPS

Furthermore, we obtain by the martingale property of gQ(k) that

esssup [Eq [37(% | ft] -Eq) [,uk;gjg(k‘) | -7'—15] < |(1 +A)S: —Equ [Mks’qg(k) | }-t“

(Q,5Q)eCPS
ZQ 1 1-5
[ 28 - SR < (1 8- e (1- 3 ) 5 = | 0125
k
=(1+)\)S, 2
N "B+l

Then we get for any Qg € Q, and ¢ € [0,T'] that
‘EQO[Vt] -Eq, ['u’thQ(k):” <Eq, [|(1 +A)St - Eqqr) [ngqg(k) | ft]”

2 1+)X 2 =Q 1+)\ 2 ~Q
<Eo | (1+M)S <E SIS0 ) A N Sy <0
= QO[( +A) tk:+1]_ Qo[l—)\k+1 t ] 1-Ak+1"0

(1+X)2 2
< 0

1-X k+1
Therefore, we can easily see that for for every ¢ > 0 there exists k € N such that ([2.66))
of Assumption is fulfilled by the sequence (Q(k), uxS®(k))rey € CPS(0,T) which is
independent of t € [0,T]. Let (0, )neny be any decreasing sequence of stopping times. Note

(2.70)

that in this case we get that A?V does not depend on ng € N anymore, i.e.,
A = {weq: VAW - VRW|(w) <&, ¥n2 N}, (2.71)

By Definition all consistent price systems are cadlag which yields that Qy(Upnen A]fv) =
1. We conclude that under Assumptionalso Assumption is fulfilled for X7 = (0,1).

It is worth noting that the process V does have the exact same meaning as the super-
replication price in the frictionless setting, see [37], [71]. More concretely, let S = (St)e[0,7]
be a non-negative, locally bounded, cadlag semimartingale, such that the set of equiva-
lent local martingale measures, M. (S), is non-empty. Then the process V = (‘z)te[o,T] =
(esssupqenm,,.(s) EQ[Y7 | Ft])iefo,7) defines the wealth of the minimal hedging strategy for
a contingent claim Y7, see Theorem 3.2 of [71]. Further, V' is the capital of a self-financing
portfolio if and only if V is a local Q-martingale for all Q € Mioc(S). In particular, V
indicates the liquidation value of the portfolio and the required capital to start the port-
folio.

Under the presence of transaction costs this symmetry fails. The process V defines the
capital that is needed for a self-financing, admissible strategy to super-replicate the con-
tingent claim. The liquidation value is usually lower than the required capital.
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Chapter 3

Asset price bubbles under
proportional transaction costs

This chapter is based on [18]. We define the fundamental value of the asset and introduce
the notion of asset price bubbles in Section[3.1I] Using the results from Chapter[2] we obtain
a dual representation of the fundamental value from which we derive further properties of
asset price bubbles in Section In Section [3.3, we provide several examples to illustrate
our notion of asset price bubbles and to compare it to the frictionless market model.
Finally, in Section we elaborate the comparison to the frictionless case and discuss
the impact of proportional transaction costs on bubbles’ formation.

3.1 Fundamental value and asset price bubbles

The term asset price bubble is well-known, however, the opinions differ on the exact def-
inition. Most definitions have two ingredients, namely the market price of an asset and
its fundamental value, where an asset price bubble is defined by the difference of the two.
We assume that the market price is given by the price process S = (St)te[o,T]- Follow-
ing the approach of [52] in the frictionless case, we define the fundamental value by the
super-replication price of the asset. A priori, the meaning of “super-repliaction price of the
asset” is not clear, as both components of trading strategies are specified in our setting.
In market models without transaction costs, holding the asset or having the market value
of the asset in the bank account is equivalent. In contrast, under proportional transaction
costs this does no longer hold. One share of the asset at time t € [0,7'] costs (1 + A)S;.
For selling one share of the asset at time t € [0,T] a trader only receives (1 — \)S;.

Definition 3.1. The fundamental value F = (F})e[o,r] of an asset S at time ¢ € [0,T] in
a market model with proportional transaction costs 0 < A < 1 is defined by

F; = essinf {Xt e LY (Fy, Quoe) : Jp e thf’TC(Xt,)\) with ¢ = (X¢,0) and @7 = (0, 1)}

We say there is an asset price bubble in the market model with transaction costs if P(F, <
(1+X)Sy) > 0 for some stopping time o with values in [0,7']. We define the asset price
bubble as the process 8 = (8¢)o<t<T given by

Bt = (1+>\)St—Ft, te [O,T] (31)

93
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Remark 3.2. In Definition 4.2 of [[6]], the authors provide a robust definition of an asset
price bubble, which can also be interpreted as a bubble under proportional transaction
costs. In [{6], only one component of the trading strategies is specified. Further, the
authors consider a worst case scenario in the sense that the strategy begins in cash, but
matial capital is all in stock and the strategy ends in cash, but the trader has to deliver
one share of the asset. Transferring this to our setting, this means to super-replicate the
position ((1+ X)St,0) with initial endowment (0, x).

Specifying both components of the trading strategies in our model allows to stress out the
differences of possible positions associated to S to be super-replicated, see below.

Proposition 3.3. Under Assumption we have that the fundamental value F' = (Ft)te[O,T]
s such that

FtS(l-i-)\)St, tE[O,T],

and Fy € LN(Fy, Que), t € [0,T]. Moreover, the bubble B = (Bt)tefo,r] has almost surely
non-negative paths.

Proof. Consider the buy and hold strategy starting at time t € [0,7']. With an initial
endowment ¢; = ((1 + A)St,0) it is possible to buy one share of the asset at time ¢ and
keep it until the terminal time 7. Thus, the buy and hold strategy defines a possible
trading strategy and hence F; < (1 + \)S; for all t € [0,T]. Therefore, the bubble has

almost surely non-negative paths. The fact that F; € Li(]—}, Qloc) follows by

L2250 for all (Q, §9) € CPS,,..

Fi<(1+)X)S; <

O

The definition of the fundamental value for the ask-price, Definition [3.1] requires some
more explanation. There are arguably other reasonable positions to super-replicate in
the context of asset price bubbles. We consider @7 = ((1 + X)S7,0), ¢r = (0,1), and
¢, = ((1=X)Sr,0). The first one, oy = ((1+ A)Sr,0) corresponds to Definition 4.2 of
[46] and seems to be too high, as it represents a worst case scenario. Super-replicating
@7 is only reasonable if the trader wants to hold one share of the asset at time 7. For
this purpose, the strategy to buy the share of the asset at time 7" might be too expensive.
Conversely, b equals the liquidation value of one share of the asset at time 7. Thus,
super-replicating P is for traders who are aiming for cash. As it is not possible to re-buy
a share of the asset with the capital (1 - \)Sp, we do not consider it as a suitable value
to define the fundamental value.

Morally, position @7 allows to buy on share of the asset and end up with position p7. Also
liquidating position 7 leads to (1-X\)Sy in the bank account, i.e., we obtain position o
In particular, the super-replication prices of the positions pr, @7, @, are ordered such
that by Proposition [2.8] we have

sup Eq[(1+X)Sr]> sup Eq [579] > sup Eq[(1-X)St].
(QﬂgQ)GCPSloc (Qng)ecpsloc (Qng)GCPSloc
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We interpret the super-replication price of the position pp = (0,1) as the amount a trader
is willing to pay if she had to hold the asset in her portfolio until the terminal time T,
see [59]. This definition also allows to model bubble birth, as in [I2] and [52], as shown in
Example [3.18

3.2 Properties of the fundamental value and bubbles

In this section we study some basic properties of the fundamental value and of asset price
bubbles in our setting. Using the results from Section [2] we obtain a dual representation
for the fundamental value F. In Proposition [3.5] we provide sufficient conditions for
the absence of asset price bubbles. Further, Proposition [3.6| guarantees that the rise of
transaction costs cannot lead to the occurrence of bubbles. The section is concluded by
Theorem which provides sufficient conditions such that the fundamental value admits
a right-continuous modification.

Corollary 3.4. Suppose Assumptz’on holds. Then we have for all t € [0,T] that

Fy= esssup Eg [5’7@ | ]:t] )
(QvSQ)ECPSloc

Proof. For X1 =(0,1) we have that
X7+ (XE)(1=N)Sr - (XF) (1 +A)Sr = (1-A)Sr >0,
and because all S@ such that (Q, SQ) € CPS},c(0,T) are local Q-martingales we get

esssup  Eq [519 | .7-}] < esssup 519 < (1+X)S; € LY(Fi, Quoe).
(Q,5Q)eCPS),. (Q,5Q)eCPS),c

In particular, the conditions of Proposition 2.8 are fulfilled and we get the desired identity.
O

Proposition 3.5. Let Assumption[1.5 hold. Then we have for all stopping times 0< o < T
that

esssup Eg [57? | ]-'U] =(1+))S,.
(Q,59)eCPS

In particular, there is no asset price bubble in the market model.

Proof. Let ng € E\I such that nio <A Assumptionguarantees the existence of (Q”: S”)neN
such that (Q",S™) € CPS(0,T, %) for all n > ng. We consider the sequence (Q", 117,5™ ) nen C
CPS(0,T,\), where pu, := 12 for n > ng. In fact, for t € [0,7'] we have

(1—)\)St§(l—l)stsS{‘sunS[‘sun(ul)St:(1+)\)St.
n n

By Proposition and by because Mnén is a Q"-martingale for all n > ng we have that

(1+X)Ss> esssup Eq [5’:,9 | .7:0] > esssup Egn [ung% | .7-"0] = esssup fin S
(Q,SQ)ECPS nxngo n2ngo
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Then we get for the essential supremum that

(1+))Sy — esssup 1, S

nzno

<

(1+X)S, —esssup pn (1 - l) Sy
n

n=ngo

1-1
:‘(1+/\)Sg(1—esssup ") =

n=ngo + %

Hence we can conclude that

esssup [Eq [5’? | .7:0] =(1+))S,.
(Q,5Q)eCPS

O

Proposition 3.6. Let Assumption [1. hold. If there exists Ao € (0,1) such that there is
no bubble in the market model with transaction costs Ao, then there is no bubble in the
market model with transaction costs X\ > Ag.

Proof. Suppose that for A\g € (0,1) there is no bubble in the market model with propor-
tional transaction costs Ag, i.e.,

F(;\O = esssup EQ[SZ,(; | Fo]=(1+ Xo)Ss,
(Q:SQ)ECPSIOC(O)Tv)‘O)
for all [0,T]-valued stopping times o. Fix some A > Xg. Clearly, CPSy,.(0,7,\g) <

CPSic(0,7, \). Define c € R by
RER

. 1+ )\0 ’
Then ¢> 1 and ¢(1+Xg) = (1+ ). Let (Q,SQ) € CPSio(0,T, A\g) be arbitrary. It is easy
to see that (Q,cSQ) € CPSic(0,T,)\) as

(1-N)S; < (1-X0)S < SR <eS<e(1+X)S; < (1+X0)S;, te[0,T).
This yields

F = ess sup EQ[gg | Fol > ess sup EQ[CS’:,Q | Fo]
(QﬂSQ)GCPSIOC(Ova)‘) (QagQ)ECPSIOC(OvT’AO)

=c(1+X0)Ss =(1+A)S,.
U

Proposition guarantees that a rise of transaction costs does not yield bubbles’ forma-
tion.

Proposition 3.7. If the asset price S = (St)te[o,T] is a semimartingale and the set M,.(S)
of equivalent local martingale measures for S is not empty, then (Q,uS) € CPS;,(0,T)
for Qe My,.(S) and ppe[1 =X, 1+ )], and

Fy,= ‘esssup Eg [S“j? | fg] > esssup Eq[uSt|Fs], (3.2)
(Q.59)cCPS, QMo (S5)

for all [0,T]-valued stopping times o.
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Proof. Equation (3.2]) immediately follows by the observation that
{(Q,uS): Qe My (S), e [1=A1+A]} € CPSy(0,7). (3.3)
O

Definition 3.8. Let D ¢ R be an open set in R. A function f: D — R is said to be upper
semi-continuous at x € D if

limsup f(y) < f(x). (3.4)

Y-z

We say that f is upper semi-continuous from the right at = € D, if (3.4)) holds for y | =.
Further, f is called upper semi-continuous (from the right) if f is upper semi-continuous
(from the right) for all z € D.

Note that Theorem and also provide sufficient conditions such that the super-
replication price process admits a right-continuous modification. In Example [2.22] it is
shown that Theorem can be applied for X7 = (0,1) if Assumption is in place.

However, if Assumption [I.5]is in place, there is no asset price bubble in the market model
by Proposition Under Assumption [T.4]it is not clear if Theorem [2.19]is applicable.

Theorem 3.9. Suppose that Assumption[I.4] holds and assume that the function

o(t):= s Ep[Eq[SE|R]], telo,T, (3.5)
(QaSQ)GCPSloc

is upper semi-continuous from the right. Then F = (Fy)sor) admits a right-continuous

modification with respect to P.

Proof. By Theorem 48 in [36], F' admits a right-continuous modification with respect
to P if and only if for every decreasing sequence ([, )nen of bounded stopping times

lim,,— o0 Ep [an] =Ep [Fhmnﬁw Bn]~ By Lemma we get that
Ep| esssup Eq[SPIA]|= sw  Ep[Eq|SEIA]], (3.6)
(Q,59Q)eCPS|o¢ (Q,59)eCPS

for all stopping times o with values in [0,T"]. Let now (o, )nen be a sequence of stopping
times with values in [0,T'] such that o, | 0 as n tends to infinity. We now prove that

lim Ep [an] = EP [Fo] .

n—oo

Since (EQ[S’? | ft])ggth is right-continuous we get by Fatou’s lemma that
- 5Q o 5Q
117ILI_1)})IOIf _sup Ep [IEQ [ST | fgn]] > hgglf Ep [EQ [ST | fgn]]
(Q,SQ)eCPS)oc

(3.7)
> Ep [liminfEQ 521 fan]] -Ep [Eq[S7 | 7,]].

n—oo
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for arbitrary (Q,S’Q) € CPSjoe. Because (3.7)) holds for all (Q,SQ) € CPSj0c(0,7") we get
that

liminfEp [F,,] =liminf ~ sup  Ep[Eq[SP|7,,]]
n—»o00 N— 00 -
(QuSQ)ECPSIOC (3 8)

2 sup Ep [EQ I:Sjg | fg]] =Ep [FU] s
(Q.5Q)CPSyoc
where the last equality follows by (3.6)). By the assumption of upper semi-continuity from
the right we directly obtain

hgl—iljp (Q7g§;tlszSloc Ep [EQ [5’79 ] fgn]] < (st;lelép&oc Ep [EQ [5'79 ] .7-}]] : (3.9)

In particular, (3.9) also implies that the limit is finite, because

sup Ep [IEQ [579 | fg]] <Ep[(1+X)S,] < oo.
(Q,5Q)eCPSioc

Combining (3.8)) and (3.9) yields by (3.6) that

limsupEp[Fy, | = Ep[Fy] < liminf Ep[F,, ].

n—oo

O

Corollary 3.10. Suppose that Assumption holds and assume that there exists Q €
Qloe such that the function

o(t)=  sup  Eq,[Eq[SP|A]], tel0,T], (3.10)
(Q»SQ)ECPSch
s upper semi-continuous from the right. Then F = (Ft)te[o,T] admits a Tight-continuous
modification with respect to P.

Proof. With the same arguments as in the proof of Theorem [3.9]it follows that F' admits
a right-contiunous modification with respect to Qg. Since P and Q, are equivalent we
conclude that F' also admits a right-continuous modification with respect to P. O

Remark 3.11. In order to give the assumption of Theorem [3.9 and of Corollary
some meaning, we consider the frictionless case. In the frictionless case inequality
1s automatically fulfilled because the super-replication price process is a supermartingale.
More specifically, let S be a semimartingale such that M,.(S) # 0, then F = (Ft)te[O,T]
given by

F, = esssup Eqg[Sr|F], te[0,T]
QeMloc(S)

is a Q-supermartingale for all Q € M,.(S), see Proposition 4.3 of [71]. Then for any
Qo € Myo.(S) it holds that

Eq,[Fr] <Eq,[Fy].

n
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In the presence of transaction costs the supermartingale property of the fundamental value
F may fail. For instance, suppose the price process S is given by the geometric fractional
Brownian motion. In particular, S is no semimartingale, see [14]. Then, S has satisfies
the conditional full support property and thus fulfills Assumption|1.5, see Theorem 1.2 and
Proposition 4.2 of [7]. In particular, F, = Sy for all t € [0,T] by Proposition which
shows that F' is no supermartingale.

Thus, we must require additional reqularity conditions on the family of consistent price
systems to guarantee the existence of a right-continuous modification for F.

3.3 Examples

In this section, we illustrate our setting and the impact of transaction costs on asset bubbles
in several examples. Starting with Example [3.12] we present a market model where the
asset price, driven by a fractional Brownian motion, has a bubble in the sense of Definition
It is well-known that the fractional Brownian motion is not a semimartingale and
thus no equivalent martingale measure exists. Therefore, in this case the market model
admits arbitrage without transaction costs. Thus, it is not reasonable to consider this
price process in a frictionless setting. However, in in the presence of arbitrary small
proportional transaction costs, it is possible to consider price processes which are driven
by the fractional Brownian motion and still obtain an arbitrage-free market models.
Then we start to work out the different behavior of asset price bubbles in our setting
with transaction costs and a frictionless market model. For the market model without
transaction costs, we consider the setting of [52] and also the definition of asset price
bubbles therein. Of particular interest in this respect is the occurrence and prevention of
asset price bubbles. In Section we then formalize the observations of the examples.
For this purpose, we start in Example with a standard market model where the
price process is a true martingale such that there is no bubble, neither with nor without
transaction costs. This indicates that the introduction of transaction costs cannot generate
asset price bubbles. In Example there is a bubble in the frictionless market model
in the sense of Definition (see also Definition 3.1. of [62]) but in the presence of
transaction costs the bubble disappears. Thus, it is an explicit example that transaction
costs can possible prevent the appearance of bubbles. Example [3.18| shows that, similar
to Example 5.4 of [52], bubble’s birth is naturally included in our notion of asset price
bubbles and that the presence of transaction costs does to guarantee the prevention of
bubbles.

Example 3.12. We follow Example 7.1 of [46]. Let W be a fractional Brownian motion
with Hurst index 0 < H < 1, i.e., a centered Gaussian process with continuous sample
paths an covariance function

1
L(t,s) = 3 (t2H +s2H )t - s|2H) .

For H = 1/2, we recover the standard Brownian motion. We define X = (X)»0 by Xo =1
and
Xy = exp(WH + ut), t>0,
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for yu > 0. Let FX := (F;X )50 be the (completed) natural filtration of the process X. Define
the stopping time
1
T::inf{teR:thg},
and set
T 1
St = Xontant, 0<t<—, Sp=, t2
2 2
Fix T > 7/2 and define G; = Fiant, 0 <t < 7/2, and Gr/y := Feo. Although, X admits
a consistent price system in the non-local sense on the interval [0,7"] for all T' > 0 by

NN

Proposition 4.2 of [47], there exists no consistent price system in the non-local sense for
S for any A € (0,1). Indeed, by contradiction assume that there exists a consistent price
system (Q, SQ) for S in the non-local sense for some A € (0,1). Then we have

1-A

i . 14\
<52 =Eq[52 6/ < A for all te [0,T],

and hence also
1-A 1+

— <G < —
2(1+ ) 2(1- )

which would imply that S; is bounded for 0 < ¢ < /2. Thus, we obtain a contradiction
and conclude that there is no consistent price system in the non-local sense.

Still Assumption is satisfied by S. By Theorem 1.2 and Proposition 4.2 of [47] X
admits a continuous consistent price system (Q, §Q) on [0,T]. Let (Q,S®) be defined
as the time-changed process obtained from (Q,gé) By Proposition (1.5) of [81] it is
guaranteed that (Q, (S®)7) is consistent local price price for S on [0,T].

We now show that there is a bubble in this market model with transaction costs for A < 1/3.
For any consistent local price system (Q,S?) of S we have

(1-2) <SX<(1+N),

and
1-A 1+ A
2 2’

where we used that Sp =1 and Sp =1/2. For A < 1/3 this implies that

Q
<SP <

5 T
Se>1-a> ; > 53

for all consistent local price systems. Thus, we have

(1+X)Sp> esssup 5'(? > esssup EQ[S‘?] (3.11)
(Q?gQ)ECPSIOC (Q?SQ)ECPSIOC

Equation ({3.11]) shows that

Bo=(1+AX)So—Fo=(1+X)Sg— esssup EQ[STQ] >0
(Q,59)eCPSioc

which means that there is a bubble at time ¢ = 0 under transaction costs A\ < 1/3.
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Remark 3.13. Recall, that due to the well-known arbitrage arguments, see [33], the pro-
cesses X and S in Example cannot be considered to describe asset price dynamics in
a market model without transaction costs if H + 1/2. Hence in the case a comparison with
an analogous frictionless market model makes no-sense. The case H = 1/2 is presented
[46] but with a different definition of asset price bubbles, see Remark .

In the following, we give a brief overview of the framework of [52]. For sake of simplicity
and consistency with our setting presented in Section|1.2] we may slightly adapt the setting
of [52]. In particular, we assume that the asset price S is given by a cadlag non-negative
semimartingale such that Mjo.(S) # 0. It is well-known that this guarantess the property
NFLVR, see [33]. Set S := (B,S) with risk-less asset B = 1. In [52], there may be no
risk-less asset and S is only assumed to be a semimartingale after being discounted with
a generalized numéraire. Let o be a [0,T]-valued stopping time and denote by 7 L(S)
the set of all R2-valued processes v = (v}, ?)gs<i<r which are predictable on [o,T] and
for which the stochastic integral process [, Ut vsdSs, 0 <t < T, is defined in the sense of
2-dimensional stochastic integration, see [80, Section III.6].

Definition 3.14 (Definition 2.5, [52]). Fix a stopping time 0 < o < T. The space ? L*(S)
of self-financing strategies (for S) on [o,T'] consists of all 2-dimensional processes v which
are predictable on [o,T], belong to “L(S), and such that the value process V(v)(S) of v
satisfies the self-financing condition

V(v)(S) 1=V'S=VU'SU+[VudSu on [o,T].

Definition 3.15 (Definition 3.1, [52]). The fundamental value of the asset S at time
t €[0,T] is defined by

Sy = essinf {v e LL(F,P): v e "L(S) with Vp(v)(S) > Sr and Vi (v)(S) <v}. (3.12)

We say that the market model has a strong bubble if S* and S are not indistinguishable, i.e.,
if P(S* < S,) > 0 for some stopping 0 < o < T and define the process fNTC = (BNTC) o, 1
by pNeTC = S, — SF, te[0,T].

In contrast to Definition 3.1 of [52] we require in Definition that v € LL(F,P) in
to be consistent with Definition In the presented setting, Theorem 3.2 of [71]
guarantees that

S, = esssup Eq[Sr|Fs]. (3.13)

g

QeMioe (S)

In the more general framework of [52] it is possible that the numéraire itself is a bubble
process making it a bad choice as numéraire. Then does not hold. Under the
present assumptions, however, this cannot happen. We refer to Remark 3.11 of [52] and
the comment before for more information.

Example 3.16. Let S be a semimartingale such that Mj,.(S) # 0 and assume that there
exists Qg € Mioc(S) such that S is a true Qy-martingale. By Proposition (Qg, S)

is a consistent price system in the non-local sense for S, where S0 := ((1+A)S)o<t<r. By
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the martingale property and by Proposition we obtain for any [0,7T']-valued stopping
time o that

(1+A)So > esssup  Eq[SP| 7] 2Eq, [(1+0)Sr | Fo] = (1+1)S,.
(Q,5?)eCPSioc

Hence there is no bubble in the market model with transaction costs. Alternatively, we
can observe that Assumption is satisfied because (Qg, SQ0) e CPS(0,T,\) for all A > 0
and thus Proposition [3.5| guarantees that there is no bubble in the market model.
In Section we proved that the introduction of transaction costs cannot lead to the
formation of a bubble. It is easy to see that this is also the case in this example. For any
[0, T']-valued stopping time o we have

So > esssup Eq[St|Fo]2Eq, [ST|Fs] =50,
QEMZOC(S)

which means that there is no bubble in the market model without transaction costs in the
sense of Definition B.151

Example 3.17. Let S be given by a three-dimensional inverse Bessel process on a prob-
ability space (Q,}}Q,FS,P), ie.,

Sy =B, tel0,T], (3.14)

where (Bt)e[0,1] = (B}, B2, BE)te[O,T] is a three-dimensional Brownian motion with By =
(1,0,0) and F¥ defined by F; := 0(Ss : s <t). Then My,(S) = {P} and S is a strict local
P-martingale. For the frictionless case, it is shown in Example 5.2 of [52] that there is a
bubble in the sense of Definition B.15

We now show that the introduction of proportional transaction costs prevents the oc-
currence of the bubble in this scenario. By Theorem 5.2 of [46] there exists (Q,S?) e
CPS(0,T) for all A >0 and hence Assumption is fulfilled. By Proposition there is
no bubble in the market model with proportional transaction costs in the sense of Defini-
tion[3.1] In particular, this proves that proportional transaction costs can prevent bubbles’
formation.

Example 3.18. This example is based on Example 5.4 of [52]. It illustrates that bubble
birth (see [79], [12]) is naturally included in our model.

Let W = (Wt)te[o,l] be a Brownian motion and denote by FV the natural filtration gen-
erated by W. We introduce a random variable v with values in (0, 1] independent of W
and assume that v satisfies

0<P(y=1)<1, and P(0<tg<7y)=1,

for some to € (0,1). By F? we denote the filtration generated by Hy = 1¢,<y, t € [0,1].
This makes v a [F? stopping time which will be the time of the bubble’s birth. Further,
define the filtration ' = (F¢)se[01] by Fi = FVVvF VN, te0,1], where N denotes
the P-nullsets of ffv v .7-"17 . Then F is complete and v is also a F stopping time. Let
S = (St)o<t<1 be the unique strong solution to the SDE

dSt = St (/Ldt + U(t,’)’)th) s S() = 1, (315)
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with p e R and v: [0,1]? - [vg, 00) given by

1
ot = v (14 L pucren) ) (3.16)

for vg > 0. Up to time v, S is a geometric Brownian motion. When v occurs, the term
1/(1-t) is activated and the volatility process starts to blow up and finally explodes at
time 1. Thus, S converges to 0 as t tends to 1, i.e.,

Sill(yegy —=20, ¢ 1. (3.17)

In particular, S1(wp) =0 for wp € {w € Q:v(w) <1}. We now show that the fundamental
value F, of S for an arbitrary [0, 7T ]-valued stopping time o is given by

F(7 = (1 + )\)Sa]l{,y>g}. (3.18)

Consider the strategy with initial capital (1 + \)S,1 {y>o} such that we buy and hold the
asset S at time o if v has not occurred yet or we wait until time 1 when S; = 0 if ~
has already occurred. At time o, we decide whether we buy the strategy or wait until
time 1 according to whether v has happened before time o or not. If v happens strictly
after o we cannot be sure if the volatility blows up. Mathematically speaking, define

¥ = (ngv @%)tE[[U,T}] on [[0-¢ Tﬂ by

((1+X)S51(4501,0), for t = o,
(1, 97) = (0,1(150}) - for o <t <1,
(071)7 for t = 1.

Note that  is admissible in the numéraire-based sense because (1+1) S, 1 (54} € LY (Fy, Qloc).
As the strategy ¢ super-replicates the position X7 = (0,1), we conclude by that
Fo<(1+ )\)Sg]l{,y>o}.

For the reverse direction, “>” we apply Proposition [2.8 and Proposition [3.7} In Example
5.4 of [52] it is proved that

esssup Eq[S1]Fs] = Solys0)-
QEMIOC(S)

Thus, by Proposition we get that

F,= esssup Eq [S’? | .7-"0] > esssup EqQ[(1+A)S1[Fs]=(1+A)Seliys0}-
(Q,5Q)eCPS)c QeMioc(S)

Hence, we conclude
Fg = (1 + )‘)SUIL{'pJ}'

In particular, Fi, = (1+X)S, on {o <~} and F, =0< (1+A)S, on {0 >~}. Thus, if 0 <~
there is no asset price bubble in the market but if o >+ there is bubble in the market. So,
v is the time when the bubble is born.
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3.4 Impact of transaction costs on bubbles’ formation

In this section we study the impact of transaction costs on asset price bubbles. The
focus is on the question of whether the occurrence of bubbles can be prevented by the
introduction transaction costs. In addition, we study the impact of transaction costs on
bubbles’ size. These problems have been discussed in detail in the economic literature.
Recall the discussion on the economic literature in the introduction. Here, we address the
issue of whether and which impact transaction costs may of on asset price bubbles from a
mathematical point of view in our setting.

For the frictionless market model, we consider the setting of [52] and also the definition
of asset price bubbles therein, see Section Recall that we assume that Mj,.(S) # 0.
In particular, we can apply Proposition [3.7] and get

(1+A)Si>Fi= esssup Eq [5’? | .7-}] > esssup EqQ[(1+\)Sr|F]=(1+)N)S/,
(Q,529)€CPSioc QeMoc(5)

where S* denotes the fundamental value for the frictionless case in the sense of Definition
for all t € [0, T]. Tt follows that

Br=(1+X)Si—Fi < (1+X) (St - esssup Eq[ST| ft]) = (1+0)BNTC 1 e[0,T]. (3.19)
QeMZOC(S)

By (3.19)) it is guaranteed that the introduction of proportional transaction costs cannot
lead to bubbles’ formation. In fact, if fY°TC = 0 for a [0, T]-valued stopping time, then
also B, = 0. For the impact of transaction costs on the size of the bubble, we can follow

from (3.19)) that

Bo
W1{5§0T0>0} <1+ )\, (320)
g
which means that the quotient of the bubbles is bounded by the factor (1+X). In particular,
the bubble under transaction costs is smaller or equal than the size of the bubble without
transaction costs multiplied by the factor (1+ \). Furthermore, we can derive from ((3.19))
that

_)\BNOTC < BFOTC _Bt < BFOTC- (321)

Both bound in (3.21)) are sharpe in the sense that they can be obtained. For the left hand
side of (3.21)), we consider Example In this examples we have for a [0,1]-valued
stopping time o that

B = BYTC = (14 X)Sol {1y = Sol <oy = ASiL <0y = ABYTE, (3.22)

where -y is also a stopping time satisfying P (v = 1) < 1 representing the birth of the bubble.
For the right hand side of (3.21)), we consider Example Here, 3; =0 and hence

NoTC NoTC
51&0 _516:5150 .
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In particular, Example proves that transaction costs can prevent bubbles’ formation
as B[I)VOTC > 0. Multiplying the bubble without transaction by the factor (1+ \) we obtain

(1+ )8 -5,

=(1+)) (St - esssup Eq[St| ,7-}]) -(1+X)S;+ esssup Eq [S? | ]:t]
QeMloc(S) (ngQ)GCPSloc

= esssup Eq [5’? | .7-}] - (1+A) esssup Eq[Sr|Fi] = Avr(N). (3.23)
(Q,59)eCPS)oc QeMioe(S)

By rearranging equation (3.23) we then obtain
Br=(1+X)BrTC = Ay p(N). (3.24)

Clearly, it holds A; () € [0, (1 + A)BN°TC]. For Example we can determine Agp
explicitly. Using (7) from [39], Proposition and Sp = 1 we obtain that

Aor(N) = sup Eq [579] -(1+XA) sup Eq[ST]
(Q,5Q)eCPS o QeMioe(S)

= (1 + )\)So - (1 + /\)EP [ST]

:(1+)\)—(1+)\)(2<I>(%)—1)

:2(1+A)(1—®(%)),

where ® denotes the cumulative distribution function of the standard normal distribution.
With the same calculation we also get that

o)

In particular, Agr(A) = (1+\)BY°TC. For T tending to infinity we obtain

1
. aNOTC rmy _ 1 _ _
Fm Bo (T)_:/ll—g:ﬂ(l (I)(\/_T)) L

and

Tim Agr = Jim 2(1+ ) (1 o (%)) = Jim (14 MATO(T) = (14 1),
Remark 3.19. FEquation guarantees that the introduction of transaction costs can-
not generate asset price bubbles. In particular, if there is a bubble in a market model with
transaction costs, the corresponding frictionless market model has an asset price bubble as
well. The size of the bubble under transaction costs cannot be bigger than the size of the
bubble in the frictionless market model times the factor (1 + \).

As noted above, the introduction of transaction costs cannot cause bubbles’ formation.
Example[3.17 of Section[3.3 shows that transaction costs can possibly prevent bubbles’ for-
mation as there is a bubble in the sense of Definition [3.15 but no bubble in the presence
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of transaction costs in the sense of Definition|3. 1)

However, it is not guaranteed that the introduction of transaction costs prevent the occur-
rence bubbles. For instance, in FExample the bubble occurs in both market models,
with and without transaction costs.

The impact of transaction costs on the occurrence of bubbles coincides with the expectations
based on the economic literature which we discussed in the introduction.



Part 11

Neural network-based
approximation for the
superhedging price
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Chapter 4

Quantile hedging and the process
of consumption

This chapter is based on Section 2, 3.1, and 4.1 of [I3]. In this section, we build the
theoretical basis for the neural network-based approximation of the superhedging process.
After a short motivation of Part we introduce the setting of the second part of the
thesis. Further, we present the notion of quantile hedging and prove that the a-quantile
hedging price converges to the superhedging price as a tends to 1, see Theorem In
Corollary we prove the analogous result for success ratios. Finally, for ¢ > 0 we
represent the process of consumption by essential supremums, see Proposition and
use the uniform Doob decomposition to rewrite the superhedging process.

4.1 Motivation Part 11

In incomplete markets perfect replication of a contingent claim may not be possible. Su-
perhedging offers an alternative method but it presents two main disadvantages. On the
one hand, the superhedging strategy not only reduces the risk but also the possibility to
profit. On the other hand, the superhedging price may be considered to be too high from a
theoretical perspective as it does not define an arbitrage-free price. For instance, consider
the discrete time Black-Scholes model in one period, given by (SY,S})i=0,1. In [24], it was
proved that the market model is incomplete and the price of a call option with strike price
K >0 is given by

sup Eq [(S] - K)*] = Sg, (4.1)

Q<0

i.e., the cheapest strategy to superhedge the call option is to buy and hold the underlying
asset. Thus buying the asset always offers a better payout than the call option at the
same price. Especially, in a Black-Scholes model, where, due to the normal distribution,
extreme events are very rare, it seems not reasonable to superhedge the call option as
above.

Quantile hedging, introduced in [3§], offers a solution to this issue. There is the approach
of quantile hedging with budget constraint, where a trader determines a fixed budget that
she is willing to pay to secure a given contingent claim as good as possible in the sense

69
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that she maximizes the probability of the set where the claim is dominated by the port-
folio. For the second approach of quantile hedging, a trader chooses the probability of
superhedging and minimizes the required capital for this goal. We refer to this as the
a-quantile hedging approach, where « € (0,1) denotes the probability of the success set,
see . It may be difficult to calculate the a-quantile hedging price or the superhedging
price. Recently, machine learning methods were successfully applied to similar calcula-
tions. In the concrete case of hedging, there is the approach of [21], where the authors
approximate the superhedging price and the corresponding strategy by neural networks
and not only present a numerical solution but also prove in a mathematical framework
that the approximation and implementation is feasible. Latter approach was proved with
the help of the universal approximation theorem, see [55].

In the discrete time market model of [40], we prove that the a-quantile hedging price
converges to the superhedging price, see Theorem For ¢t > 0 we use the uniform Doob
decomposition to obtain the superhedging price process. More precisely, assuming that
the superhedging price and the corresponding superhedging strategy is known, it is suf-
ficient to determine the process of consumption. In Proposition [4.16] we represent the
process of consumption by essential supremums. Then, in Theorem [5.5 we show that the
a-quantile hedging price, and thus also the superhedging price can be approximated by
neural networks. We define the approximated process of consumption by essential supre-
mums of neural networks and show in Proposition and Theorem that the process
of consumption can be approximated by neural networks. Therefore, we obtain an ap-
proximation of the complete superhedging price process for all ¢t > 0. Finally, we present
numerical results. Since superhedging depends only depends on null sets our numerical
results have to be considered with care when the market models is given by a price pro-
cess with unbounded support. In this case, our results indicate that error caused by the
discretization of the probability space is significant. On the other side, in finite models we
obtain good results with our methodology in the sense that we get a high superhedging
probability with a reasonable superhedging price which are also consistent on trainings
and test set. In particular, finite models include sample-based frameworks or possibly
prediction sets, see [6], [7] [56]. Prediction sets allow to include believes on future price
developments or restrict the model to a certain set of relevant paths.

4.2 Setting

We now present the discrete time model of [40]. Let 7" > 0 denote a finite time horizon
T- We
assume F; = 0(Yp,...,Y;) for t =0,...,T and for some R™-valued process Y = (Y;)¢=0,..7
for some m € N, and write ), = (Yp,...,Y;) for ¢t > 0. Further, we suppose that F = Fp
and that Yp is constant P-almost surely which implies that Fy = {0, Q}.

The asset prices are modeled by a non-negative, adapted, stochastic process

S = (S07S) = (S?7St17 o '7Sg)t=0,1,...,Ta

and consider a probability space (2, F,P) endowed with a filtration F := (F})=01

slyeeny

with d > 1, d € N. In particular, m > d. Further, we assume that

S?>0 forall t=0,1,...,T,
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and define S° = (Sg)t=0,17,..,T to be the numéraire. The discounted price process X =
(X9 X) = (X, X}, ..., X )01, 7 is given by

_S

XZ ===,
Sy

t=0,1,...,T, i=0,...,d.

In order to be consistent with [40] and to avoid confusion with Part I, we use a different
notation for equivalent martingale measures. By P we denote the set of equivalent mar-
tingale measures, i.e., X is a P*-martingale for all P* € P. To guarantee that the market
model is arbitrage-free, we assume P # (), see Theorem 5.16 of [40].

Definition 4.1. A trading strategy is a predictable R%*!'-valued process

g_: (5035) = (619’6151’ s agtd)tzl,...,T-

The (discounted) value process V' = (V;),.. 17 associated with a trading strategy € is
given by
Voi=6-Xo and Vi:=§-X, fort=1,...,T.

A trading strategy € is called self-financing if
E_t-S’t:le-S’t fOI“t=1,...,T—1.

A self-financing trading strategy is called an admissible strategy if its value process satisfies
Vr>0.

By A we denote the set of all admissible strategies ¢ and by V the associated value
processes, i.e.,

V= {V = (V;f)t:(),l,...,T : ‘/t = gt . Xt for t = 0, e ,T, and ge A}

By Proposition 5.7 of [40], a trading strategy ¢ is self-financing if and only if

t
V;t:VO"‘ng'(Xk_Xk—l) forallt:O,...,T,
k=1

with Vp := & - Xo. In particular, given an R%valued predictable process ¢ and Vj € R the
pair (Vp,€) uniquely defines a self-financing strategy.

Remark 4.2. For a self-financing strategy with value process V', Theorem 5.14 of [40]
guarantees that V' is a P*-martingale for all P* € P if Vi > 0. In particular Vi > 0 implies
that V; >0 for allt=0,...,T.

Definition 4.3. A non-negative, random variable C' on (2, Fr,P) is called a European
contingent claim.

Let H be a discounted European contingent claim such that

sup E*[H] < 0.
P*epP
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Definition 4.4. Let H be a discounted Furopean contingent claim. A self-financing
trading strategy & whose value process V satisfies

Vr>H

is called a superhedging strategy for H. In particular, any superhedging strategy is ad-
missible since H > 0 by definition.

Set .

Uy = {ﬁt e LO(F,P): 3 pred. s.t. Up+ > &+ (Xp — Xj1) 2 H} (4.2)

k=t+1

Then, U, describes the set of initial capital required at time ¢ = 0,1,...,7T to superhedge
the discounted European claim H and the superhedging price of H is defined by infUj.
See Appendix [A] for further details.
We say that V is a P-(super/sub)-martingale if V' is a (super/sub)-martingale for all
P ep.

4.3 Quantile hedging

In incomplete market models it may only be possible to superhedge a given contingent
claim but not to hedge it perfectly. As mentioned in Section the superhedging price
may be too high in some sitautions from a practical as well as from a theoretical perspec-
tive. In [38] quantile hedging was introduced to address this problem. We distinguish two
different cases, namely, with budget constraint and with given probability of success. For
the approximation of the superhedging price we only need quantile hedging with a given
probability of success which we simply refer to as (a-)quantile hedging.

4.3.1 Budget constraint

For completeness, we give a brief overview to quantile hedging with budget constraint.
For this purpose, let us put our self in the position of the seller of an option. Assume
that we either cannot or are not willing to spend the superhedging price inf Uy to super-
replicate the option we have sold. Fix v < inflfy, where v represents the budget that we can
spend for the super-replication. The aim is now to find a strategy £* with value process
V* = (V{")t=01,...,r which maximizes the probability of the set on which we superhedge the
claim H, i.e.,
P(Vi > H) = sup P(V5>H)
£ adm.

under the constraint
ng <w,

where V¢ = (‘/f)tz[)yl’m’T denotes the value process of a strategy . Such a strategy with
value process V* does not necessarily exists. As we will see below, the analogous a-
quantile hedging may not allow an explicit solution either. For this reason, the problems
are extended by using the Neyman-Pearson lemma. In Section we present some
more details on this extension.



4.3. QUANTILE HEDGING 73

4.3.2 Success sets

Now, we consider a given probability of the set on which we superhedge the claim H and
we want to minimize the required capital. Given a probability of success a € (0,1) we
consider the minimization problem

infUy = inf{u e R: 3¢ = (&)¢=1,... 7 predictable process with values in R? such that

T
(u,&) is admissible and P (u + 3 & (Xp— Xpo1) 2 H) >a}. (4.3)
k=1

Here 1 — « is called the shortfall probability. Quantile hedging may be considered as a

dynamic version of the value at risk concept, see [38].
For an admissible strategy (u,&) with associated value process V, we call

{Vp>H} (4.4)
the success set.

Remark 4.5. In contrast to the classical superhedging price infUy defined in , we
required in that (u,§) is admissible since this is not automatically implied by the defi-
nition of quantile hedging. In it is sufficient that £ is predictable because admissibility
is always fulfilled by the definition of superhedging strategies in Definition [{.4}

For the problem of quantile hedging of (4.3|) there exists an equivalent formulation which
is convenient for calculations, see Proposition [.6] below. Note that this formulation is also
used in [38] without proof.

Proposition 4.6. Fix a € (0,1). Then

inf U5 = inf{ sup E*[H14]: AeFp, P(A)> a}.
Prep

Proof. “<7: Let A e Fr such that P(A) > a. We prove that

T
sup E*[H1 4] € {u eR: 3¢ adm. s.t. P(u+ Y& (X — Xpo1) 2 H) > a}. (4.5)
P*epP k=1

Applying the well-known superhedging duality, see Corollary [A-4] on the modified claim
H := H1 4 we get that

T ~
sup E*[H] =inf{u€R: 3¢ pred. st u+ Y & (Xp—Xpo1) 2 H }
P*cP k=1

Further, by Corollary m there exists a superhedging strategy é with value process V=
(Vt)t=0,17_,,, such that Vp = supp+cp E*[H], i.e.,

T
V= sup E*[H]-i-zgk-(Xk—Xk,l)ZHZO. (4.6)
P*eP k=1
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Hence, (4.6]) implies for ¢ that
T A~
P(sup E*[H]IA] + ka (Xk;_Xk—l) > H) > P(A) > Q.

P*eP k=1
This implies (4.5 and it follows that

inf U < inf{ sup E*[H14]: AeFr, P(A) > a}.

P*eP

“>7: Let w € U5 and denote by €= (ék);‘g:l the corresponding admissible strategy such
that

T ~
P(i“r D &k (Xi = Xg1) ZH) > .
k=1
Define the set A by

T ~
A= {w €Q:u+ Y &w) (Xp(w) - X1 (w)) > H(w)} :
k=1
Then A € Fr such that P(A) > a and € Uy(H1 ;) because we have by construction that
T ~
(ﬂ+ E{k(Xk_Xk—l))]lA ZH]lA,
k=1
and as f is assumed to be admissible we also have
T ~
(&+ PRI —Xk_l))]IAC > 0.
k=1
By Corollary [A.4] this implies

> sup E*[H1 ] € { sup E*[H14]: AeFr, P(A)> a}. (4.7)
P*eP P*eP

In particular, we have constructed a set A for an arbitrary @ € U such that (4.7) holds.

Thus, we conclude that

infUs > inf{ sup E*[H14]: AeFr, P(A) > a}.
P*eP

O]

Corollary guarantees that there exists a superhedging strategy with initial value inf Uj.
If an explicit solution to the optimization problem (4.3)) exists, in the sense that there is an
admissible strategy £* with initial capital V" = infi/® and such that P(V; > H) > «, then
Proposition shows that this solution is given by the classical superhedging strategy
for the knockout option H1 4 for some suitable A € Fp. It is not guaranteed that such
a set A € Fr exists. In general, there may be no explicit solution to the optimization
problem . A possible extension of the problem, which is also presented in [38], is
based on the Neyman-Pearson lemma and considers so-called success ratios, randomized
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tests, respectively, instead of success sets. There are two advantages of success ratios. On
the one hand, there exists an explicit solution to the analogous problem, see Proposition
On the other hand, success ratios take into account the loss outside the success set.
In Section below, we provide a brief overview of success ratios.

We now show that a-quantile hedging price inf ' converges to the superhedging price
infUy, as a tends to 1. An essential ingredient of the proof of Theorem [4.9] is Lemma
1.70 of [40]. For random variables (&, )nen € L°(Fr, P) we denote by conv{&;, &, ...} the
convex hull of &1,&s, ... which is defined w-wise.

Lemma 4.7 (Lemma 1.70, [A0]). Let (&,)nen be a sequence in LO(F, P;R%) such that
SUp,ey [6n| < 00. Then there exists a sequence of convex combinations

Nn € con{én,§nst,--- ), mneN,
which converges P-almost surely to some n € L°(F, P;R%).

Definition 4.8. For a € (0,1) we define

F={AeFr:P(A)>a}.

Theorem 4.9. The a-quantile hedging price converges to the superhedging price as «
tends to 1, i.e.,

1
inf U I inf Uy,
Proof. By Proposition [4.6] it is sufficient to prove that

inf sup E*[H14] ALER sup E*[H].

AeF« P*eP P*eP
Let (an)nen € (0,1) be an increasing sequence such that «,, converges to 1 as n tends to
infinity. Because F“»+! ¢ F** it holds that

inf sup E"[H14]< inf sup E*[H14]< sup E'[H]. (4.8)
AeFon prep AeFon+l pxcp P*eP
This implies that (infsczen supprep E*[H14])nen is @ monotone and bounded sequence
and hence the limit exists and is finite. Given n € N, for [ € N there exists A(n,l) € F*»
such that

inf sup E*[H14]- sup E* [Hl 4, p]| <
AeFan P*ecP P*epP

For n € N we define A, := A(n,n). Thus, we obtain for each n € N that

~| =

1
inf sup E*[H1 ] < sup E*[H14,]< inf sup E[H14]+ —. (4.9)
AeFon prep P*eP AeFon prep n

By (4.8) and (4.9) the limit of (supp+cp E*[H1 4, |)nen exists and we get that

lim sup E*[H1,,]= lim inf sup E*[H14]< sup E*[H]. (4.10)
n= p*ep n—00 AeFn pxcp P*eP
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In order to prove that the right hand of inequality in actually equality holds, we use
Lemmal[4.7] (see also Lemma 1.70 of [40]). There exists a sequence 1, € conv{la,,14,,,,.-.},
n € N, which converges P-almost surely to some ¢ € L*(Fr,P;[0,1]). Yet, it is not clear
if ¢ is also an indicator function of some Fp measurable set as (A )nen could have non-
empty intersections. We now show that ¢ = 1. By Lemma (see also Lemma 1.70 of

[40]), ¥n, n € N, is a convex combination of {14,,14 .. }, i.e., 1y, is of the form

n+17°

Un =Y Aila,, (4.11)
k=n

for some (A})72,, >0 with Y722, A} = 1.
Note that 0 < (¢, )nen < 1 and thus obtain by dominated convergence and (4.11)) that

Eelv] - i Erlon] = o B | 5N, |-t (3B (10]). (012
k=n k=n

Using the definition of the limes inferior we get by (4.12)) that

Ep[¢] > lim (Z AZ}nf[EP []lAJ) = lim (meP []lAJ)
k=n 21 n=

n—00 oo \Il>n
=liminfEp[14, ] =liminf P(A4,) > liminf o, = 1, (4.13)
n—o00 n—00 n—oo

where we also used that Y2, A} = 1. Now, we can conclude that ¢ = 1 as Ep[¢] = 1 and
0 <1 < 1. We now use similar arguments as in (4.12)) and (4.13]) for the supremum instead
of the infimum in (4.9). Then, by dominated convergence we obtain for any P* € P that

1
limsup| inf sup E*[H14]+ —|>limsup sup E*[H1,4, ]
n—oo \AeFn px.p n n—oo P*eP

>limsupE* [H1,4, ]

n—00

lim |supE* [H]lAl])

n—oo I>n

lim | Y Al supE* [H]IAZ])

=\ k=n I>n

> lim i ANE* [H1 Ak])
n— 00 ken,
= lim E*[Hy,] = E*[Hy] = E*[H]. (4.14)

By (4.10]) the limit on the left hand side of (4.14]) exists and hence

1 1
lim ( inf sup E*[H14]+ —) = limsup( inf sup E*[H14]+ —) >E*[H]. (4.15)
n—00 \ AeFn prop n n— 00 AeFon P*ep n

Since (4.15)) holds for all P* € P, we get

1
lim ( inf sup E*[H14]+ —) > sup E*[H], (4.16)
n—oo \ AeFon pxcp n P*eP
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and thus we obtain together with (4.8) that

1
lim ( inf sup E*[H]IA]) < sup E*[H] < lim ( inf sup E*[H14]+ —).
n—>o0 \ AcFOn prep P*eP n—o0 \ AeFon prcp n

We conclude that
lim ( inf sup IE”[H]IA]) = sup E*[H].
n—00 \ AeFon prep P*eP
O

Theorem guarantees that the superhedging price at ¢t = 0 can be approximated by the
a-quantile hedging price for « sufficient large. We now present a brief discursion to success
ratios.

Proposition 4.10. If (2, F,F, P) is a finite probability space, then there exists ag € (0,1)
such that
inf Uy = inf U5°.

Proof. Since €2 is finite, we can define
€:= migIllP ({w}) €(0,1).

Choose ag € (1 —¢,1) arbitrary.Then, any set A € Fp such that P(A) > ag satisfies that
P(A) =1. Thus, we conclude that

inf Uy = inf U5

4.3.3 Success ratios

As mentioned above, one disadvantage of quantile hedging is the possible lack of an ex-
plicit solution to . The Neyman-Pearson lemma suggests to use randomized tests to
guarantee the existence of a solution. In particular, in the context of quantile hedging, we
consider a special family of randomized tests called success ratios.
Let R := L*(Fp,P;[0,1]) be the set of randomized tests. For a € (0,1) we denote by R*
the set

R*:={peR: Eplp]>a}.

The analogous problem of quantile hedging in terms of randomized tests is given by

inf{ sup E* [Hp]:p€ RO‘} . (4.17)
P*eP

In a first step, we prove that this problem admits an explicit solution. In a second step, we
show that the solution is given by the so-called success ratio, see Definition below. In
particular, can be formulated in terms of success ratios, see also [38]. In Proposition
and we provide proofs for results that are mentioned in [38] without proof. See
also Section 8.1 of [40)].
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Proposition 4.11. There exists a randomized test ¢ € R such that

EP[@] =,
and
inf sup E*[Hy] = sup E*[Hp]. (4.18)
PER® prep P*ep

Proof. Let (¢n)neny € R* be a sequence such that
lim sup E*[He,]|= inf sup E*[Hey]. (4.19)
n=00 pr p PER p*ep

Using Lemma [4.7| (see also Lemma 1.70 of [40]), we obtain a sequence of convex combina-
tions @y, € conv{pn, Pn+1,--. } converging P-almost surely to a function ¢ € R. Note that
Pn, is of the form

Pn = Z )\Z;LSona (4.20)
k=n

for some 0 < (A} )ksn < 1 with 372 A} = 1. In particular, by dominated convergence we
get that
B 6] =B | 3 on| - 3 B[] 2 3 M=o
k=n k=n k=n
and thus ¢, € R* for all n € N. Hence, dominated convergence yields that

Ep[] = lim Ep[5a] > a, (4.21)

n—oo

and it follows that ¢ € R®. Following similar arguments as in the proof of Theorem [4.9
we obtain by (4.20) and dominated convergence for any P* € P that

limsupE* [Hp,] = lim (supE* [Hcpk]) > lim (Z ALE” [H(pk])
n—oo

n—o0o0 n=00 \ k>n k=n

= lim E* [H@,] =E* [HE]. (4.22)

Moreover, (4.19)), (4.22) and dominated convergence yield

inf sup E*[Hep] =limsup sup E*[Hy,| > limsupE* [Hp,]| >E [Hg]. (4.23)
PER prep n—oo  P*ep n—>00

Since (4.23)) holds for all P* € P we obtain
inf sup E*[Hep] > sup E*[HP].
PER prep P*epP
Note that ¢ € R by (4.21)) and hence
inf sup E*[Hep] = sup E*[HP],
PER prep P*eP
i.e., ¢ is a minimizer.
It is left to show that Ep[¢] = o holds. Assume Ep[@] > a. Then there exists € > 0 such
that ¢, := (1 -¢)p € R, and

sup E*[He:]=(1-¢) sup E'[H@] < sup E*[Hp], (4.24)
P*eP P*eP P*cP
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which contradicts the minimality property of ¢. Therefore, we conclude that

Ep[@] = Q.
O

Proposition shows that there exists an explicit solution of the analogous optimization
problem in . But the concept of randomized tests is abstract without clear economic
meaning. We now introduce the family of success ratios, which is a subset of randomized
tests, allowing an economic interpretation.

Definition 4.12. For an admissible strategy with value process V € V we define its success
ratio by

v
ov = Liypsmy + ET]I (Vp<H)- (4.25)

For av € (0,1) we denote by V* the set

Va::{VEV: Ep[(pv]Za}.

Remark 4.13. Note that for V eV we have that Vp > 0. In particular, P({H =0}n{Vr <
H}) =0 and hence (4.25)) is well-defined.

The first part of the definition of a success ratio in , coincides with the success set,
see , and the second part of penalizes where superhedging fails.

First, we provide the analogous optimization problem of in terms of success ratios.
In Proposition below, we then prove that there exists an explicit solution to (4.26]
and that the solution coincides with the solution of optimization problem in terms of

randomized tests, see (4.17)).

The optimization problem in terms of success ratios is given by

inf{ sup E* [py]: Ve VO‘} . (4.26)
P*eP

Proposition 4.14. There exists an admissible strateqy with value process V such that

Eplep]=o,
and
inf sup E* [Hey] = sup E* [Hoyp ], (4.27)
Veve prep Pep

where py denotes the success ratio associated to a portfolio VeV as in (4.25). Moreover,
oy coincides with the solution ¢ from Proposition |4.11]

Proof. We observe that

inf sup E*[Hp] < inf sup E* [Hey], (4.28)
(pERO‘ P*eP Veye P*eP

because
{py e R: V eV} c RN
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On the left hand side of (4.28) we apply Proposition to obtain a solution ¢ € R in
the sense that

inf sup E*[Hp] = sup E* [Hg].
PERY prep P*eP

We prove that there exists V € V* such that
Y =Py,

which suffices to conclude the proof by . Define the the modified claim
H:=Hgp.

By Corollary it is guaranteed that there is a superhedging strategy é with value process
V for H such that
Vo = sup E* [ﬁ ] )
P*epP
Recall that (Vp,€) defines an admissible strategy by Remark and hence V € V. Further,
V also satisfies Eplpy]2a,ie., V € V*, since

Vr . Hp _
v = Voem + 7 Y pemy 2 Pl wem + 7 Loy = & (4.29)

where we used that Vp dominates H = H @ by definition and 0 < ¢ < 1. In particular,

(4.29) implies that
Ep[oy] 2 Ep[@] 2 a,

such that V e V* and ey € RY. To this end, we show that ¢ = . The first direction,
¢y 2 ¢ follows by (4.29). For the other direction, we start to show that ¢y is also a
minimizer of the problem (4.18)), which will imply

sup E*[Hey ] < sup E*[Hp].
P*ep P*eP

Indeed, by Theorem 5.14 of [40], V is a P-martingale, i.e., a P*-martingale for all P* ¢ P,
because f/T > H >0 and hence

* * ‘N/T
sup E*[Hey] = sup E [H (]l{f/T>H} + E]l{ffrdf})]

P*epP P*eP
< sup B*[V] = Vo = sup B*[H@], (4.30)
P*epP P*epP

where we used in the last equality that Vj is the superhedging price of H = H . Therefore,
we conclude that ¢y is a solution to the minimization problem of (4.27). With the same
arguments as in (4.24)) in the proof of Proposition it follows that

Eplpy] = a. (4.31)

Therefore, by (4.24]) and (4.31))

Ep[¢y]=a=Ep[¢],
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and hence
Ep [¢y - 3] =0.
Because ¢y > ¢ by (4.29) we can now follow that ¢y = @. In particular, the quantile

hedging formulations of (4.17) and (4.26) are equivalent. O

Analogously to Theorem 4.9 we can approximate the superhedging price by the a-quantile
hedging price given in terms of success ratios, see (4.26|).

Corollary 4.15. The following convergence holds:

1
inf sup E*[Hepy] ALER sup E*[H],
Veve prcep PP
where @y denotes the success ratio associated to a portfolio VeV as in (4.25)).

Proof. Let (an)neny © (0,1) be an increasing sequence such that «, 1 1 as n tends to
infinity. By Proposition for all n € N there exists ¢, such that

inf sup E*[Hep] = sup E*[Hep.,]. (4.32)
VeVan prep P*eP
It is easy to see that
sup E*[Hpp,] < sup B [Hppna] < sup E*[H] (4.33)
P*eP P*eP P*epP

because 0 < (@in )neny < 1 and
{SOVERI VEVan+1}§{90VER2 Veva"}.

So, we obtain a sequence (¢ )nen € R of randomized tests such that V™ e Ve by ([4.33),
for all n € N. Further, the sequence (supp+cp E*[H@{n])nen is monotone and bounded
and thus convergent. By Lemma (see also Lemma 1.70 of [40]), there exists a sequence

U € conv{QPymn, Pinets -}
such that 1, converges P-a.s. to some ¢ € R. With the same arguments as in (4.12) and
(4.13)) of the proof of Theorem we get by dominated convergence that

liminf Ep [cpf/n] = lim (

n—00 n—00

]iélgEP [so(/k]) = T}Lrgo (gl DY ]icr;TfLIEP [@f/k])
< lim > AEp [opr] = lim Ep [¢¥n] = Ep [¢],
k=n
for some 0 < (A})p2,, <1 with Y., A} = 1 satisfying
Z )‘Z@f/k = ¢n
k=n
In particular, we have

Ep[¢] = lim Ep[v¢y,] 2 liminf Ep[¢p, ] > liminf a;, = 1,

n— 00
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and thus ¢ = 1. By (4.33]) we get

lim sup E*[Hepg,] < sup E*[H], (4.34)
N7 prep P*eP
and conversely by dominated convergence we obtain with similar arguments as in (4.14))
of the proof of Theorem [4.9| for any P* € P that

limsup sup E*[Hey, ] 2 imsupE*[Hpp, ] > lim E*[H, ] = E*[Hy] = E*[H]. (4.35)
n—>oo Prep n—00 n—oo
Because the limit on the left side of (4.35]) exists and (4.35)) holds for all P* € P we obtain
that
lim sup E*[Hpg,] = limsup sup E*[Hep, ] > sup E*[H], (4.36)
n—00 pxcp n—oco PreP P*eP

Putting (4.32)), (4.34]) and (4.36)) together yields

lim inf sup E'[H@]= sup E*[H].
n=>00 PER prep P*epP

4.4 Process of consumption

The aim of this section is a characterization of the superhedging price process

(esssupIE*[H ] .7-}]) .
P*ep t=0,1,...,T

s dlyeeny

Recall that by the uniform Doob decomposition and Corollary that we have

t
esssupE* [H | F] = sup E* [H]+ > & (X — Xp-1) — By, forall¢=0,...,T, (4.37)
P*ecP P*eP k=1

where B = (By)-0,1,...,

the process of consumption. Using (4.37]), and assuming that we know the superhedging
strategy given by (suppep E*[H],€) it is sufficient to calculate the process B. Exploiting

7 with By = 0 is a non-negative, increasing process. We refer to B as

that (esssuppsep E* [H | Fi])t=0,1,..7 is the smallest P-supermartingale whose terminal
value dominates H by Corollary we define B = (Bt)t:(],_..j by By := 0 and for ¢ =
1,....T,

By := esssup By, (4.38)

where

N T
B; = {Dt € Lo(ft,P) By 1 <Dy < sup E*[H] + Z & - (Xk - kal) -H } (439)
P*eP k=1

Proposition 4.16. We have that
B, = B, forallt=0,...,T,

where B is defined in (£.37) and B in ([£.38)), respectively.
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Proof. We prove the assertion by induction. For ¢ = 0 we have By = 0 = By by definition.
For the induction step assume that

Bi1 = By (4.40)

for some 1 <t <T. As B is increasing and by (#.40), we get that B; > B;_; and by (A.5)
that

T
sup E*[H]+ ka'(Xk—Xk,l)—HZBt. (4.41)
PreP k=1
Therefore, B; € B; and thus B; < Bt = esssup B;. For the converse direction we assume
that P(B; < B;) > 0 and lead this to a contradiction. To this end, let & denote the minimal
superhedging strategy with initial capital supp+p E*[H] and define V = (Vy)s0.. 7 by

Vii= sup E* [H]+ > & (Xy - Xj—1) - Bs. (4.42)
P*eP k=1

Since (supp+ep E*[H], ) was assumed to be a superhedging strategy, we have that

T
sup E*[H]+Z£k-(Xk—Xk_1)ZHZO. (4.43)
P*eP k=1

Further, by the definition of B in (4.38)) and (£.39) we have

T
0<Bs<sup B [H]+ ) & (X —Xp—1)-H foralls=0,...,7T. (4.44)
P*eP k=1

By (4.43) and Theorem 5.14 of [40] we get that

is P-martingale for all P* € P and hence
T
sup E*[H]+ > &+ (Xg - Xpo1) - H e L'(F,P*)  for all P* € P,
P*eP k=1

where we used that supp«.p E*[H] < co. Thus (#44) implies that V € L*(F,, P*) for all
P*ePandall s=0,...,T. Further, by (4.42) V can be decomposed in a martingale part
M and an increasing non negative process such that

Vi=M,-B, s=0,1,...,T,

which implies that V is a P-supermartingale. Note that V is non-negative because its
terminal value dominates H by construction. We have already proved that Bs < B, for all
s=0,...,T and thus by (4.42)) we have

t
Vi <esssupE*[H | Fg] = sup E*[H]+ ) & - (Xp - Xj-1) - Bs forall s=0,1,...,T.
P*eP P*eP k=1
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Then we obtain
P(V; <esssupE*[H | F]) = P(B; < B;) > 0,
P*eP
which contradicts the fact that (esssuppsep E*[H | Fs])s-o,...,7 is the smallest P - super-

martingale whose terminal value dominates H. Thus P(B; < Et) =0 and hence B, = B,.

This concludes the proof. O

Remark 4.17. In the definition of (4.38|) we can equivalently consider esssup B\t, where

T
B; = {Dt ELO(j:t,P) :0< Dy < sup E*[H] + ng‘(Xk_Xk—l)_H },
P*eP k=1

fort=1,...,T. This is due to the fact that, on the one hand By c B; for allt=1,...,T.
On the other hand, for Dy € B, we define Dy := Dyv Bi_i. Then D, € B, and D; < D;.
Therefore, esssup By = esssup By = By for allt=1,...,T.



Chapter 5

Neural network based
approximation

This chapter is based on Section 3.2 and 4.2 of [I3]. We present the neural network
based approximation of the superhedging price process using the universal approximation
theorem, Theorem 1 of [55]. First, we provide the mathematical definition of a neural
network and prove Theorem which is an implication of the universal approximation
theorem, see [55, Theorem 1 and Section 3]. For ¢ = 0 we use the results of Section |4.3| to
approximate the superhedging price by neural networks via the a-quantile hedging price,
see Theorem . For t > 0 we express the approximated process of consumption also by
essential supremums of neural networks in order to apply the methodology explained in
Section In Theorem we show that the approximated process is arbitrary close to
the process of consumption using the representation of Proposition

5.1 Neural networks

We recall the following definition of neural networks, see e.g. [21].

Definition 5.1. Consider L, Nyg, N1,..., Ny € N with L > 2, 0:(R,B(R)) - (R,B(R))
measurable and for any £=1,..., L, let Wy:RM-1 - RN be an affine function. A function
F: RNo » RN defined as

F(x)=WpoFr_jo-oF with Fy=coW, for{=1,...,L -1

is called a (feed forward) neural network. Here the activation function o is applied com-
ponentwise. L denotes the number of layers, Ny,..., N;_1 denote the dimensions of the
hidden layers and Ny, N, the dimension of the input and output layers, respectively. For
any ¢ =1,..., L the affine function Wy is given as Wy(z) = A%z + b’ for some A’ e RNo*Nea
and b € RV, For any i = 1,...N;,j = 1,...,N;_; the number Afj is interpreted as the
weight of the edge connecting the node i of layer /-1 to node j of layer £. The number of
non-zero weights of a network is %, | A*o + |b] o, i.e. the sum of the number of non-zero
entries of the matrices A%, ¢ =1,...,L, and vectors b¢, ¢ =1,...,L. By NNR, N, we denote
the set of neural networks F : R™M — RM with activation function o.

85
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Common choices for the activation function o are the tangens hyperbolicus, relu, or
1
l+e ="
k=1,...,T+1 we denote the set of all possible neural network parameters corresponding

For each

sigmoid function, i.e., o1(x) = tanh(x), o2(x) = max(x,0) or o3(z) =

to neural networks mapping R™ — R¢ by

L wNexNet o wh.
Ok = UL>2 U(Ny ... Ny yefmb)xNE-1x{d) (<p RN x RYE)

We identify a neural network F% : R™* — R? by its parameters specified by 6, € Oy,
see Definition [5.1} Recall that m € N denotes the dimension of the stochastic process
Y = (Yi)i=0,1,...,7 and that F; = 0(Yp,...,Y;) = 0()%). In particular, any F;-measurable
random variable Z can be represented by Z = f;(J%) for some measurable function f;. To

approximate f; by a neural network we use the universal approximation theorem from [55]
and Theorem below.

Theorem 5.2 (Theorem 1, [55]). Suppose o is bounded and non-constant. Then, for
any finite measure p on (RN, B(RM)) and 1 < p < oo the set NN, 1 is dense in
LP(B(RN), ).

The following result essentially follows from [55, Theorem 1], but it is only mentioned in
Section 3 of [55] without proof. Thus, we include a proof here. The idea is simply to
approximate a measurable function by an L!-function which then can be approximated
by a neural network.

Theorem 5.3. Assume o is bounded and non-constant. Let f:(R%, B(R?)) — (R™, B(R™))
be a measurable function and p be a probability measure on (R, B(R?)). Then for any
€,€ >0 there exists a neural network g such that

p({zeR:|f(x) —g(z)]| >&}) <e.

Proof. Let €, >0 be arbitrary. Choose C' > 0 such that
€
p({z eR%:|f(2)| > C}) <5 (5.1)

Set f = Lyperas f(2)|<cyf- Then f e LY(B(RY), ;1) and hence by Theorem (see also
Theorem 1 of [55]) there exists a neural network g with

L@ - 9@ ) < =
By Markov’s inequality we obtain that
p(freriii@-g@i>5}) <2 [1i@-s@luan <5 62
Using and we get
p({z eR:[f(z) - g(z)| > £})
<u({o e R 5@ - F@)1 > S} o{e eREIF@) - 9@ > 2 )
<p({z eR%| f(z)|>C})+ % <e,

where we used that f— f = Tl pera:| f(2) >0 .
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5.2 Neural network based approximation of the superhedg-
ing price

In this section we prove that the superhedging price at ¢ = 0 can be approximated by
neural networks, see Theorem [5.5| For this purpose, we define the (truncated) approximate
superhedging price and prove then, using the truncated a-quantile hedging price, that the
approximation is arbitrary close to the superhedging price at ¢t = 0 under Assumption [5.4
With the notation introduced in Section [5.1] we define the approximate superhedging price
at t =0 by

T
infi/{oe = inf{u €R:30rceOpk=1,....,T, st. u+ Z Fore (V) (X — Xpp1) 2 H }, (5.3)
k=1
where FP.¢ denotes the neural network specified by the parameters O1.¢ € O representing
the strategy & at time k, i.e., F%¢());_) approximates &,. For o € (0,1) the approximate
a-quantile hedging price is defined by

T
mfu(?“ =inf{ueR : 30k €Opk=1,...,T s.t. P(u+ ZFQ’“@(yk_l) (X — Xpo1) zH) Za}.
k=1
(5.4)
Let C' > 0. Then, we define the truncated approximate superhedging price inf L{(? ¢ and
the truncated approximate a-quantile hedging price inf Ll(? G by

Z/{[]@’C = {u eR: 3‘9]@75 € @k,k‘ = 1, cen 7T s.t. u+ ZE:I ((F‘e’“’f A C) \% (—C)) (yt71) . (Xk _Xk—l) > H}
(5.5)
and

U = {ueR: e eOpk=1,....Tst. Plu+ i ((Fo:eAC) v (-C)) (Vee1) - (X~ Xpo1) 2 H) >},

(5.6)

where the maximum and minimum are taken componentwise.

Assumption 5.4. Suppose that
inf Uy = inf UPI4 := inf {u eR:3¢ pred. s.t. & e L® Vke{l,....,T}, u+ Z{zl & (X —Xp-1)2H }

For instance, Assumption [5.4] is satisfied if € is finite. But also in the discrete Black-
Scholes model, where H = (Sp — K)* for some K >0, Assumption is satisfied because
the superhedging strategy is here given by the buy and hold strategy, see [24]. A wide class
of discrete time, incomplete market models are presented in [24] such that Assumption
is satisfied.

In Theorem [5.5] we now prove that the superhedging price can be approximated arbitrary
well by inflx{(?’c’a for suitable C' >0 and « € (0,1).

Theorem 5.5. Assume o is bounded and non-constant. Further, suppose Assumption
is fulfilled. Then for any e > 0 there exists a = a(e) € (0,1) and C = C(e) € (0,00) such
that

infly +e > inf U > inflhy - e. (5.7)
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Proof. We start with the right inequality of (5.7). By Assumption we can consider
inf Z/{S’dd instead of infly. Set g = inf ngdd and fix € > 0. There exists an admissible
strategy given by (@g + 5,&) such that (o +5) € UP. Tn particular, sup;or [|€xlleo < 0
and

M=

ug + — + gk-(Xk—Xk_l)ZH.
1

N ™

k

Define C = C(¢g) by

C:= sup [&kfloo+1. (5.8)
1<k<T

Note that C only depends on € and will be used for the second part for the proof as
well. Analogously to (5.6)), we define for « € (0, 1] the truncated a-quantile hedging price
inf LIOC “ by

T
L{OC’O‘ = {UER:EI§ pred. s.t. sup [&glle < C, P(u+ Y& (X — Xpo1) > H) > a}.
1<k<T k=1

The truncated superhedging price at ¢t = 0 is defined by inf Z/{OC = inf LIOC 1 In the first step,
we prove that the limit of inf ng * for o tending to 1 exists and that

inf U544 < linri infl/loc’a <infUdd + e (5.9)
o—>

Let (an)nen € (0,1) be an increasing sequence such that «;, 1 1 as n tends to infinity. By
the definition of (UOC ) en we have

Cian Can+1
U, 2U,

)

and thus ian/{OC’O‘” < ian/{OC’a"+1 < infuoc. For n € N, set u, = mfuoc’“n. Since (Up )neN
is monotone and bounded, the limit u€ = limyeo uy is well-defined and u® < inf L{Sj .
Let 6§ > 0 be arbitrary. For all n € N there exists 5(") = (ft(n))t:L...,T predictable with
SUD1<peT Hf,in) |oo < C such that (u,,£™) defines an admissible strategy and

T
P(un+5+ S e (X - Xpy) 2H) > ay. (5.10)
k=1

Note that such (un, ™),y exists because (i, &) already fulfills (5.9). For n € N, define
the set of success A,, € Fr by

T
A, = {un+6+ S el (X - Xpy) zH}.
k=1

By definition, P(A,) > a,, for all n € N and because «,, 1 1 as n tends to infinity we also
get P(A,) 11 as n tends to infinity. Since sup;,.r Hf,(gn)Hoo < C for all n € N, Theorem
5.14 of [40] guarantees that the associated value process of (un,£(™) is a P-martingale
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and thus we get for all P* € P that

T
Up +6 = E* [un+5+ Zg,ﬁ”)-(xk—xkl)] (5.11)
k=1

T
>E"[H14,]+E" [(un +0+ ). 52") (X —Xk_l)) ]IA%]
k=1

T d , A
>E*[H1,, |+E* [(un +6- ) Z|§;’(n)| | X, _XIZC—1|) ]lAfL]
k=1 i=1

T d ) )
>E*[Hly,]+E* [(un +6-C Y Y |Xp -X,g_1|)11,4%]. (5.12)
k=11=1

We will now prove that the right hand side of (5.12]) converges to E*[H]. First, 14,
converges in probability to 1 as n tends to infinity, as for any v € (0,1) we have
n—oo

P (L4, -1[>7) =P (Lag >7) =P(4) —0,

.. P-as. . .
because of (5.10)). It is in general not true that 1,4, ——> 1 since A,, may be not contained
in A,+1. Therefore, we obtain convergence in probability for

His 5 H, asn— oo (5.13)

Using that X = (X!,..., X%) is a d-dimensional P-martingale and u,, < u®, for all n e N
we get that

T d ) )
Un+5_CEZ|XIZQ_XIZcfl|
k=11i=1

T d ] )
< (\uc +0|+1C1 Y Y 1X —X;”|) e LY Fr,P*).
k=11i=1

and hence
T d 4 P
(un+5—CZZ|X}C—X}€_1|)1A%—>O as n — oo. (5.14)
k=1i=1
By (5.13]) and (5.14)) Dominated convergence yields
lim E*[H1,4, ] =E*[H],

n—oo

and
T d _
lim E* [(un+5—0 > IX —X,i_l|)]1A%] =0,
neee k=114=1
where we used that for dominated convergence it is sufficient that only convergence in
probability holds in (5.13)) and (5.14). By letting n go to infinity in (5.11]) and (5.12) we
obtain

T d . .
lim w,+6 = u®+8 > lim (E*[H]lAn] +E* [(un +6-C Y > |X; —X}€1|) HA%]) =E*[H].
e neee k=1i=1
(5.15)

As (5.15)) holds for all P* € P we can take the supremum on the right hand side and get

u® + 6> sup E*[H].
P*epP
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By the superhedging duality, see Corollary [A.4] we then obtain

lim infS " +6 = u® + 6 > sup E*[H] = inf Uy = inf 45,

n—oo P*cP

Since d > 0 was arbitrary, we get
lim inf S > inf Uy = inf UHY,
a—

which proves the left hand side of (5.9). For the right hand side of (5.9)) recall that
(o +35) € Z/{OC by definition and UOC c Z/lé’dd. On the one hand, this implies that inf ngdd <
inf Z/lOC and on the other hand,

lim inf 2" < infUS < dig + = < infUb +e.
a—1 2
Thus, we obtain (5.9). By (5.9) there exists a = a(e) € (0,1) such that
infUy - = inf UPM — & < inf US> (5.16)

To conclude the right hand side of (5.7]), note that ng) G ¢ Z/lg “ and thus inf Ll(? Gy
infUS"®. By (5.16) this yields (5-7).

Let a € (0,1) be given. We now prove the first part of (5.7). For this purpose, define for
n € N the set

T ~
M,, = {ﬁo-ﬁ-%-ﬁ- ka-(Xk—Xkl)ZH}ﬂ{Xk—Xk1” SnfOI‘k:L...,T}.
k=1
Then M,, ¢ M,,+1 and thus by the definition of @y we get

T
1=P('I~L0+£+ ng(Xk—Xkl)ZH) :P(U Mn)z lim P(Mn)
2 k=1 neN n=eo
In particular, there exists n € N such that P(M,) > O‘T“ Now, we want to approximate
the trading strategy £ by neural networks. For this propose, we note that for each k =
1,...,T there exists a measurable function f,:(R™", B(R™*)) - (RY, B(R?)) such that
&e = fu(Ve-1), where we used that € is predictable. Then, the universal approximation
theorem [55, Theorem 1 and Section 3], see also Theorem guarantees that for each
k=1,...,T there exists Hk,g € O specifying the neural network F%-¢ such that

1- N 1
P(Dy) < Q—TO‘ where Dy = {w € Q| fs Vit (W) = FRE(Vp_q(w))] > (% A 5)}
(5.17)
where | - | denotes the Euclidean norm. Define

FOhé = (F%é A c) v(-C), k=1,...,T,

and

Be = {w € Q1D (@) - Fe Qa@) > (55745 )}
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Note that ([5.8)) implies

||fl~c||oo (5T 2)<C’ forall k=1,...,T.

We show that Dy, = Dy. For w e Dy, we get for i€ {1,...,d} that

Fe @) < [P @) < 6.+ (350 5) <

9, - 0
and hence F,**(YVj_1) = F, "€ (Ve_1) on Dy Similarly, for w e Dg such that we get for
ie€{l,...,d} that

HFekﬁ(yk 1(00))H €] + ( onT ;) <G

-0, - :
and hence F, “*(Vg-1(w)) = F; i (Vg-1(w)). Therefore
=D§ forallk=1,...,T,

and thus also Dy, = Dj,. In particular,
1-«

P(D k=1,...,T
( k) < oT ) ) ;
To this end, we show that
T
M,nD{n...nDfc {110 +e+ Y FOR&( V1) - (Xp - Xpo1) > H} (5.18)
k=1

Indeed, on M, nD$n...n D% it holds that

!

T T
S & (Xp = Xio1) = 2 (& = FoRE(Vio1)) - (Xgy = Xipor) + 3 FOE(Vior) - (X - Xi1)
P -

k=1 k=1

!

< S Aho1) = FRE(Do) |1 Xk = X |
k=1

FOe&(Vp_1) - (Xp - Xp1)

Mﬂ

k:l i i
(2nT 2) kZ_: & (Vet) - (Xi - Xio1)
T

Z ke Veo1) - (X — Xp1)-

Mﬂ

1

wlm &

Thus, we conclude the left inequality of (5.7]) by (5.18)) and the Fréchet inequalitiesEl, which
yield

T ~ ~ ~
P(ﬂ0+5+ ZFakvé(ykl)-(Xk—Xkl)zH) >P(M,nDin...nD7)

k=1
>P(M,)+P(DS)+--+P(DS)-T

1 1-
> 4 +T(1——a)—T
2 9T

= Q.

For C4,...,Cy € F it holds that P(C1 n---nC) 2 max{0,P(C1) +---+P(Cy) - (1-1)}.
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This concludes the proof. O

5.3 Neural network based approximation of the superhedg-
ing process

Finally, we prove that the process of consumption can be approximated by neural networks
and also introduce an é-approximative process of consumption, see , which indicates
how the method can be implemented. For this purpose, we show in Proposition that
for the process B there exist neural networks that are arbitrary close in probability. Then,
in Theorem we show that for the é-approximative process is also € close to B.

We recall the notation of neural networks from Section [5.1, By © we denote the set of
parameters corresponding to all neural networks. For each k=1,...,7 + 1 we denote the

set of all possible neural network parameters corresponding to neural networks mapping
R™ - R? by

L mNgxNg_ N,
@k:LU22UUthNLk&nMxNUJMd}(XklR ol R
For ¢, € (0,1) we define the set
Bf;ﬁ’é = {F" (V) : 0, € O and P (Biy —E < F (V) <supprep B [H] + Xy & - (Xg = Xp1) - H +8) 2 1-¢}.

(5.19)
We now construct an approximation of B by neural networks.

Proposition 5.6. Assume o is bounded and non-constant. Then for any €, > 0 there
exist neural networks (F%52 FO152) such that FO%()),) e Bf;’e’s forallt=0,...,T
and

P(|F?5(),) - By|>&) <e, forallt=0,...,T.

In particular, there exists a sequence of neural networks (Feg, . ,FOEL‘)%N with FO (W) €
o* 11

B, for allneN and for allt=0,...,T such that

(Feg(yo), e ,FG%(J/T)) Las, (Bo,...,Br) forn— oo. (5.20)

Proof. Fix ¢, > 0 and t € {1,...,T}. Note that By = 0 by definition. We use the

representation of B given in (4.39)), see Proposition The set B; defined in (4.39) is
directed upwards, (see Definition since for Btl, Bt2 € B; also f)’t € B;, where

B, =B} v B
Thus, by Theorem A.33 of [40], there exists an increasing sequence
(Bf ke < B,

such that
Br 2% B - B,
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Because almost sure convergence implies convergence in probability, there exists K =
K (g,€) € N such that

P(|BF-B|>Z) <=, forall kK. (5.21)
! 2/ "2

Fix k > K. Then there exists a measurable function fF : (R™*1D B(R™* D) - (R, B(R))
such that BF = fF())). Using the universal approximation theorem [55, Theorem 1 and
Section 3] (see also Theorem we obtain 0; = 0F € ©;,1 and F 00 _ pof.es satisfying

P10 - F o] >5) < 5. (5.22)

By the triangle inequality and by De Morgan’s law we obtain that

{w eN: |Bt(w) - Fet(yt(w))‘ > é}
c{weQ:|By(w) - Bf ()| +|Bf - F*(V,(w))| > ¢}
=({w e Q:|Bi(w) - Bf ()| +|BF - FO(Wi(w))| < &})°

[fect s o focn - <5

:{w e [By(w) - BXw)| > g} 0 {w e Q: [BY(w) - F* V()] > %} (5.23)

By (5.21)), (5.22)), (5.23) and sub-addidivity get that

P(|B:- F"(Vy)|>2) <P (\Bt - By|> g) +P (\Bf - F" (V)| > %) < % + % =g, (5.24)
which proves the first part of Proposition We note that

T
Bi1 < By < sup E*[H]+ . &+ (Xi - Xpo1) - H,
P*eP k=1

and thus by (b.24))

P (Bi-1 -2 < F%(Y,) <suppsep B [H] + Yi1 & (X = Xjpo1) - H+8) > P (|By - FO (V)| <€) > 1 -,

which implies that F% () = FOi e (V) € Bte PeE Now, it is straightforward to construct

a sequence of neural networks satisfying ([5.20]). For n € N, we set ¢ = L _ ¢ and consider

n

the neural network
etK(”) 1

F% = w, te{l,....T}, neN,
* 1 1

where K(n) = K(L,1) is given by (5.21). Then, F% ¢ Bft’;’; for all n € N and for all
t=0,...,T. By (5.24) we have

n 1 1
P(\Fet (V) - By > —) <= forallt=1,....T,
n n
which implies convergence in probability, i.e.,
Fef(yt) E>Bt for n - oo, forallt=0,...,T.

By passing to a suitable subsequence, convergence also holds P-a.s. simultaneously for all
t=0,...,7T. O
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Although, Proposition guarantees that B can be approximated by neural networks,
it does not give any help how this method could be implemented in practice. For this
reason, we introduce B, b5 in - ) below.

Let £ > 0. Recursively, we define the set

Bft €= {Fet(yt)ﬂA + Btef*_f’é]lAc 101 €Opa, Ae Ty,

0* T
B, < FO (V)14 + By lae < sup B [H] + Y &+ (Xp - Xp1) - H+£ )
P*eP k=1
(5.25)
for t=1,...,7T, and the approximate process of consumption by Bg""E =0 and
Bft*’é = esssupli?’?’€~ fort=1,...,T. (5.26)

Theorem 5.7. Assume o is bounded and non-constant. Then

]Bft*’é—Bt]gé forallt=0,...,T

Proof. The proof follows by induction. For ¢ = 0 we have by definition ng’é = By = 0.
Assume now that
‘B G- B <e (5.27)

for some t € {1,...,T}. First, we prove that

B;+€= esssup{Dt € LO(}},P) :—€< Dy —E<supprpE*[H] + Zle & (Xp—Xpo1)-H }
(5.28)
On the one hand we have

~ ~ T
esssup{Dt € LO(}},P) :0< Dy < sup E*[H] + Z & ( Xk - Xp1) - H }+€
P*eP k=1

T
=esssup{Dt e L°%(F,P):0< D, -é< sup E*[H] + Efk-(Xk—Xk_l) -H }
P*ep k=1

T
Sesssup{Dt e L°(F,P): =< Dy -&< sup E*[H] + Y&k (Xp—Xpq)-H } (5.29)
P*ep k=1

By (5.29) and Remark we obtain that
B;+£< esssup{Dt € Lo(ft,P) :—€< Dy —E<supprpE*[H]+ Zle & (X — Xp1) - H }

On the other hand, define D; := D, v & for

T
Dy € {Dt e [°(F,P):—e< Dy —&< sup B [H]+ Y &+ (Xp— Xy q) - H }
P*eP k=1

Then D; < l~)t and

T
Dy € {Dt ELO(}},P):OSDt—&:S sup E*[H] + ka‘(Xk—Xk—l)—H }
P*eP k=1
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Taking the essential supremum and by Remark we get
T
By +é>esssupiD; e LO(F;,P): -6 < D; —é< suppsep EX[H]+ ¥ & - (Xip — Xp-1) - H ¢,
k=1
and thus (5.28) follows as

T
{Dt e L°(F1,P):0< Dy < sup B [H]+ Y & (Xp = Xp1) - H+£ }
P*eP k=1

T
={Dt e L(F;,P):—E<D;—E< sup B*[H]+ Y & - (Xp - Xp1) - H } (5.30)
P*eP k=1

Let FO (V)14 + Bffil’éﬂAc € Bft*’g be arbitrary, i.e., 6; € ©4,1 and A € F; such that

* = . = T
0< B < FO (V) 1a+ By 1 ae < sup BX[H]+ Y & (X — Xp1) — H + 2.
P*eP k=1

By (5.25) and (/5.26) BYF < Bf%ll’é for all s € {0,7 -1} and Bgé"E~ = 0. In particular,
0% ¢

Bge” >0 for all s >0 and thus

. 2 T
Fo (V)14 + ij*ll’E]lAc € {Dt e LY(F,P):0< Dy <supprep B [H]+ ¥ & - (Xp - Xpo1) - H +E }
k=1

Therefore, (5.28) and (5.30]) imply
0 0f 1€ ~
Fo(Vi)la+ B, 14e < By + 6,

and by taking the essential supremum on the left hand side also that

0;

B'° < B, +&. (5.31)

For the converse direction let € € (0,1). By Proposition there exists a neural network
FP% = 922 guch that i
P([F" (V) - Bi| > ) <e.

We define the sets A1, Ay € F; by

A= {we Qi By(w) - < F*(V(w)) < By(w) +},
and

0F & 7
Ay = {w €Q: B (w) < Fet(yt(w))}.

Then, P(A;) >1-¢e. Recall that by monotonicity of B and by ([5.27))

B < B, +E<B +E. (5.32)

Because

T
B; < sup E*[H] + Z&C . (Xk _kal) -H,
P*eP k=1
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we get by construction for A := A; n Ay that
FU V) la+ By Lae = F% (V) Layna, + By Lacoas € Br .
We now prove that
P (|(F*D)1a+ B/ s ) - B > &) <e.
For w e Ay n AS we get that
FP Q@) Lainan (@) + B (@) Laguag () = B (@)
and by definition of Ay n A5 and that
By(w) - & < F*(Vy(w)) < BY" (W) € By(w) +&.
For w e A1 n Ay we have
FO V(@) Lty (@) + By (@) Lagung () = F* ((w))
and by definition of A; that
[ (V1)) - Bi(w)| < &.
Thus, we conclude that
P (|(Fo )14+ By 1ac) - B > ) < P(AS) <, (5.33)
where we used that A; = (A1 nA2) u (A1 nAS) and P(A;) > 1 -¢. Because
FO (V) La+ Bl 1 e B °
implies that
0

P (B <Bi-¢) <P(F"(V)1a+ B/ s < B—&) <e. (5.34)

Since ¢ € (0,1) was arbitrary, we conclude that By < sz’é + ¢ by (5.34). Putting (5.31))
and ([5.34)) together, we obtain that |Bft “_B|<éforallt=0,...,T. O



Chapter 6

Numerical results

This chapter is based on Section 5 of [13]. We apply the method introduced in Chapter
and [5] on simulated data. Using Theorems and we can approximate the super-
hedging price at t = 0 in two steps. More precisely, we first approximate the a-quantile
hedging for some « € (0,1). In the second step we increase « via a parameter in the loss
function, see , in order to approximate the superhedging price at £ = 0. In particular,
we obtain an approximate superhedging strategy for the complete interval which will be
used in the next step for £ > 0. Then, by Section it is sufficient to know the process
of consumption to obtain the superhedging price process for ¢ > 0. By Theorem we
obtain an approximation of the process of consumption which is used to simulate the su-
perhedging price process for t > 0.

The details of the algorithm and the implementation are presented in Section In
Section we apply the method for ¢ = 0 in a discrete time, finite trinomial model and
a European Call option. In this case, we illustrate the impact of o on the approximated
price, see Figure Then, we consider a European Barrier Up and Out option and a
European Call option in a discrete time Black-Scholes model in Section For the
European Call option in the discrete Black-Scholes model we also approximate the super-
hedging price process for ¢ > 0 and compare it to the discretized d-hedging strategy, see
Section Finally, we discuss our numerical results in Section

6.1 Caset=0

6.1.1 Algorithm and implementation

Let NV € N denote a fixed batch size. The learning process of the neural networks proceeds
iteratively. At each step i of the iteration we generate i.i.d. samples Y(wol)), . 7}/(%(\@7))
of Y and consider the empirical loss function

L (0) = |FP (Vo (w ))|2 %%( ()
[ )« B O () ) )]

97
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with 0 = (0y,01¢,...,07¢) and [ : R - [0, 00) denoting the squared rectifier function, i.e.,
I(x) = (max {z,0})°.

Using the Adam optimizer, see [69], we calculate the gradient of Lg\“(&) and update the
weights from 6 to (1) to find a local minimum. The Adam optimizer is an extension
of stochastic gradient descent that is computationally efficient. After sufficiently many
iterations 4, the parameter 6 should be sufficiently close to a local minimum of the loss
function

L(8) = |[F% V) + AE [l (H - (Feu D)+ 3 F (Vr) - (X - XH)))] 6
k=1

The first term of L) represents the approximated superhedging price. Since ) is constant
also F%())) is constant and only depends on the information available at ¢ = 0. In partic-
ular, the approximated price is small if the first term of L) is small. The second term in
is equal 0 when the portfolio dominates the claim H P almost surely. In this sense,
minimizing the second summand of corresponds to maximizing the superhedging
probability. If F% (Vo) grows, we can usually observe that the second term of de-
creases because higher initial capital facilitates to dominate the claim H. For this reason,
the weight X offers the opportunity to balance between a small initial price of the portfolio
and a high superhedging probability. We illustrate the impact of A in Section and
particularly in Figure At the minimum of the loss function Ly, F% ()) is close to the
minimal price required to superhedge the claim H with a certain probability, i.e., to the
quantile hedging price for a certain a = a(\). Increasing the weight A leads to a higher
superhedging probability a()) and based on Theorem we expect F%()y) ~ inf Uy for
suitable A.

The loss function in can also be modified by other choices of [. For instance, we con-
sidered a scaled sigmoid function for [ in such that [ can be seen as an approximation
of the indicator function. However, we did not obtain stable results with this choice of [.
If [ was the indicator function, the second term of would be equal to the probability
of superhedging.

The algorithm is implemented in Python, using the Keras library with backend Tensor-
Flow to build and train the neural networks. More specifically, we create a Sequential
object and build a Long-Short-Term-Memory network (LSTM), see [54], with the follow-
ing architecture: the network has two LSTM layers of size 30, which return sequences
and one dense layer of size 1. Between the layers we use the swish activation function.
The activation functions within the LSTM layers are set to default, i.e., the activation
function between cells is tanh and the recurrent activation function is set to the sigmoid
function. Further, the kernel and bias of the first LSTM layer are initialized according
to the truncated normal distribution, i.e., the initial weights are drawn from a standard
normal distribution but we discard and re-draw values, which are more than two standard
deviations from the mean. With this architecture the neural network has 11191 trainable
parameters. The model is then compiled with a customized loss function which is given by
. We generate 1024000 samples, which we split in 70% for the training set and 30%
for the test set. The batch size is set to 1024. For the training of the neural network, i.e.,
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for minimizing the loss function, the Adam optimizer is used with a learning rate of 0.001
or 0.0001. We apply the procedure described above in two examples, which we present in
the following.

Remark 6.1. Note that in Keras a loss function has two input arguments, which are
typically referred as Yirue and Ypreq- The first argument, yirue Tepresents the true outcomes
and Ypreq are the outcomes predicted by the neural network. Commonly, the training
of a neural network works as follows: the loss function is given by a distance of the
true outcomes and the predicted outcomes. Then the loss function is minimized by some
optimizer. However, in our case the true outcomes are not known.

6.1.2 Trinomial model

We consider a discrete time financial market model given by an arbitrage-free trinomial
model with Xy = 100 and

¢

Xi=Xo[[(1+Ry), tef0,...,T},

k=1

where R; is Fi-measurable for t € {1,...,T}, and takes values in {d,m,u} with equal
probability, where —1 < d < m < u. Here, we set d =-0.01, m =0, and v =0.01 and T = 29.
By simple combinatorial arguments this setting admits 3%° possible paths. The aim in this
model is superhedging a European Call option H = (X7 - K)* with strike price K = 100.
The theoretical price of H can be calculated with the results of [26] and with the given
parameters the theoretical price is 2.17.
To illustrate the impact of A in in this, we train and evaluate the neural network for
A € {10, 50,100, 500, 1000, 2000,4000, 10000}. Of particular interest are the superhedging
probability a(\) and the corresponding a(\)-quantile hedging price. For each A\ the
network is trained over 40 epochs.
We observe that a(\) as well as the a(\)-quantile hedging price increases in A, see Figure
6.1)(a),(b). The a(\)-quantile hedging price increases also in a()), see Figure[6.1(c). This
observation is consistent with Theorem In Figure (d) we show the superhedging
performance on the test set for all \’s, i.e., samples of

T
FO (Vo) + 3 F¢M (V) - (X = Xpm) - H, (6.2)
k=0
for each A\. Table summarizes the values for A\, a()\) and the a(\)-quantile hedging

price. We particularly note that for A = 10000 we obtain a numerical price of 2.15 and
a(N) =99.24%.

6.1.3 Discretized Black Scholes model

Here we consider a discrete time financial market, where the discounted asset price process
X is given by a discretized Black-Scholes model. We set Xy =100, 0 =0.3 and p =0. Let
H be a Barrier Up and Out Call option, i.e., H = -, Lix,«on (X7 - K)* with strike
K =100 and upper bound U = 105 such that K < U and Xy < U. We assume that one
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Figure 6.1: Impact of A on the quantile hedging price and on the superhedging probability.
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A a(N) | a(M)-quantile hedging price
10 15.23% 1.61
50 55.61% 1.81
100 70.75% 1.86
500 92.16% 1.96
1000 | 95.42% 2.00
2000 | 96.88% 2.04
4000 | 98.48% 2.09
10000 | 99.24% 2.15

Table 6.1: Impact of A on a(A) and on the a(\)-quantile hedging price.

year consists of 250 trading days with daily balancing and consider a time horizon T' of
30 trading days. Hence, the maturity of H is 7 = 30/250.

In order to achieve a high probability of superhedging we set A = 10000000. In fact,
evaluating the portfolio predicted by the neural network, we obtain a superhedging prob-
ability of 100% on the test set with an approximate price of 3.73. By [24], the theoretical

H

superhedging price 7' is given by

. K
= X, (1 - 5) ~ 4.76.

In the Black-Scholes model the asset price process at time ¢ > 0 has unbounded support
and thus the additional error, which arises from the discretization of the probability space,
is non-negligible. Although the Barrier option artificially bounds the support of the model,
the numerical price still significantly deviates from the theoretical price.

We now consider a European call option H = (X7 — K)* with strike K = 100. Here, we
set Xo =100, 0 = 0.1 and p = 0. By [24] the theoretical price of H for the discrete time
version of the Black-Scholes model is equal to 100, i.e., in order to superhedge H an agent
must buy one share of the underlying asset X at ¢t = 0 and hold it until 7. In contrast, in a
standard Black-Scholes model in continuous time with parameters as above the theoretical
price of H is 1.38. In the continuous time the d-hedging strategy provides a perfect hedge
of a European Call option. By following the discretized §-hedging strategy we superhedge
H with a probability of 53.69%.

In order to compare our method to the discretized §-hedging strategy of the Black-Scholes
model, we first consider A = 50. For A = 50 we obtain a superhedging probability of 54.43%
and an approximate price of 1.41. In Figure[6.2|(a) we compare the d-hedging strategy with
the approximated superhedging strategy obtained for A = 50. Further, we set A = 10000,
which yields a superhedging probability of 99.79% with an approximated price of 2.18.
Finally, we compare the results for A = 50 and X\ = 10000, respectively, in Figure (b)

6.2 Caset>0

Following Sections [4.4] and we approximate the process of consumption to obtain an
approximation of the superhedging price process for ¢ > 0. For this purpose, we implement
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Figure 6.2: Hedging losses for A = 50, A = 10000 and for the d-hedging strategy.

the same iterative procedure as introduced in Section We define G() as the difference
of the approximated superhedging strategy obtained from Section [6.1] and some European

option H, i.e.,
G0 = [ (3 (09)) 5T P (312 (o)) (35 () - 0 (619)) -1 (+0)]

Then, the empirical loss function is given by

1

H200 = it (47 o5 47)-600) )

Jj=

where Bf t is given by
B () = ma [ % (9, (o)) Bl (09}

The two terms of IN/tﬂ guarantee that F% is as big as possible but less or equal than . By
the weight 3 in [:twg it is possible to balance if it is more important that F% is big or if
F% does not exceed G(0*).

For each t > 0 the algorithm and implementation is similar to Section [6.1.1] using the loss
function Et,ﬁ and the following architecture: the neural network consists of two LSTM
layers of size 30 and 20 respectively, which return sequences, one LSTM layer of size 20
providing one single value and one dense layer of size 1. The remaining parameters are
chosen as in Section [6.1.1]

For our approach we consider a discrete time financial market given by a discretized Black-
Scholes model for the asset price X as in Section[6.1.3] But we only consider a time horizon
of 10 trading days and set Xy =100, 0 = 0.1 and p = 0.
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In the first step, we compute an approximate superhedging price and strategy as in Sec-
tion [6.1.3] For A = 1024 we obtain a an approximated price pf 1.35 and a superhedging
probability of 98.87% for t = 0. For ¢ > 1 we set § = 500. For each ¢t > 1 we use to ob-
tain an approximated superhedging price at ¢ > 1 and the corresponding strategy. In this
setting we obtain a superhedging probability of 98.78%. Figure (a) shows trajectories
of the approximated superhedging price process generated by this method. We generate
a price process by using the discretized d-hedging strategy of the Black-Scholes model
and plot the corresponding trajectories in Figure (b) We plot the difference of the
approximated superhedging price processes and the corresponding price process obtained
by the d-hedging strategy in Figure (c)

6.3 Discussion

In finite market models as in Section [6.1.2] we obtain an approximation of a-quantile
hedging and approximated superhedging prices with small approximation error by our
methodology. In this case, the probability space is well represented by the generated
data. It is also worth noting, that we get consistent results on the training and test set,
respectively, in the sense that the predicted superhedging price as well as the superhedging
probability are coincide.

In contrast, our numerical results in Section[6.1.3]indicate that the additional error coming
from the discretization of the probability space is non-negligible in models in which the
asset price process has unbounded support. Still, our results of the a-quantile hedging
price for the generated data are consistent on the training and test set. In particular, for
sufficiently large A we obtain a superhedging probability of 100% for the Barrier Up and
Out Call option in Section on the test set, i.e., on data which is new to the neural
network.

If the data contained in the training set is representative for the complete relevant data or
possible price paths, we obtain consistent results with our methodology. In particular, a
further possible application of our methodology is given by superhedging in a (model-free)
setting on prediction sets, see [6], [7], [56]. Prediction sets offer the opportunity to include
beliefs on future price developments or to choose relevant price paths.
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Appendix A
Superhedging

We provide some important results on superhedging from Chapter 7 of [40] and summarize
the essential implications in Corollary
The upper Snell envelope for a discounted European claim H is defined by

UN(H) =U] :=esssupE*[H | 7], fort=0,1,...,T. (A1)
P*eP
Corollary A.1 (Corollary 7.3, [40]). Let H be a discounted European claim such that
sup E* [H] < o0.
P*eP
Then (Ug)tzo,l,__vT defined in (A.1)) is the smallest P-supermartingale whose terminal value

dominates H.

Theorem A.2 (Theorem 7.5, [40]). For an adapted, non-negative process U, the following

two statements are equivalent:
i) U is a P-supermartingale.

ii) There exists an adapted increasing process B with By =0 and a d-dimensional pre-

dictable process £ such that

t
Ut:U0+Z§k'(Xk_Xk—1)_Bt for allt:O,l,...,T.
k=1

Corollary A.3 (Corollary 7.15, [40]). For any discounted European claim H such that
sup E* [H] < o0,
P*ep

there exists a d-dimensional predictable process & such that

T
esssupE* [H | F]+ > & (Xp - Xpo1) > H.
Pep ke=t+1

Set
~ ~ T ~
Uy = {Ut e LO(F;,P) : 3€ pred. s.t. U; + Yo G (X — Xppor) 2 H} (A.2)
k=t+1
Then, U; describes the set of initial capital required at time ¢ = 0,1,...,7T to superhedge
the discounted European claim H.
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Corollary A.4 (Corollary 7.18, [40]). Suppose H is a discounted European claim with
sup E*[H] < 0.
PP

Then

esssupE*[H | F;] = essinf Uy (H).
P*eP

For the convenience of the reader we summarize these results here.

Corollary A.5. Suppose H is a discounted FEuropean claim with

sup E*[H] < oo.
P*eP

The process (UtT)t:o,L._,,T defined in (A.1) is the smallest P-supermartingale whose ter-
minal value dominates H. Furthermore, there exists an adapted increasing process B =
(Bt)t=0,....7 with By =0 and a d-dimensional predictable process & = (§;)¢=1,...7 such that

t

esssupE*[H | F;] = sup E*[H] + Z & (Xp—Xp-1)-By forallt=0,...,T. (A.3)
P*eP P*eP k=1

Moreover, esssuppsep E*[H | Ft] € Uy, esssupprcp E*[H | Fi] = essinf Uy and

T
esssupE*[H | F]+ > & (Xp—Xp1) 2 H, forallt=0,...,T. (A.4)
P*eP k=t+1

Proof. The process U' is the smallest P-supermartingale dominating the terminal value
of H by Corollary The decomposition in (A.3)) follows by Theorem Then, by
Corollary and by the definition of U; in (A.2]), we get that

esssupE*[H | Fi] € Us.
P*eP
Further, Corollary guarantees that esssupp+ep E*[H | F;] = essinflfy and equation
(A.4)) follows by Corollary O

We may call the process B (|A.3|) process of consumption, see also [71]. Equations (A.3)
and (A.4)) yield

T
sup ]E*[H] + sz (X —Xp1)-H>B>Bi-1 >0 forallt=1,...,T. (A.5)
P*eP k=1

Corollary m guarantees that UtT is the minimal amount needed at time ¢ to start a
superhedging strategy and thus there exists a predictable process £ such that

T
esssupE*[H | F]+ > & (X - Xp1) > H.
P*eP k=t+1

Further, Ug is called the superhedging price at time ¢t = 0 of H and coincides with the
upper bound of the set of arbitrage-free prices.
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