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Abstract

The present Ph. D. thesis is devoted to Morava motives of projective quadrics,
meaning that we replace the Chow theory by another oriented cohomology
theory.

We consider arbitrary oriented cohomology theories as we wish to obtain
invariants that are simpler than Chow motives. In fact, there exists a series
of theories, more precisely, Morava K-theories K(n)*, which starts from K°
and tends to CH.

The most important and interesting results are the following ones:

Theorem (Theorem . Let QQ be a generic quadric of dimension D >
0, and n > 1; we denote N = 2" for D = 2d even, or N = 2" — 1 for
D =2d+1 odd. Then K(n)-motive of Q has an indecomposable summand of
rank min(N, 2d 4 2), and max(0,2d + 2 — N) summands isomorphic to Tate
motives.

Theorem (Theorem [2.0.1). For a group G,, = Spin,, or G,, = SO,, with
m > 2"+ 1, n > 1, the canonical map K(n)*(Gn; Fo) — K(n)*(Gyz; Fo)
s an isomorphism.

We also describe several algorithms useful for computer computations of
K(n)-motives of small-dimensional varieties.



Zusammenfassung

In der vorliegenden Doktorarbeit betrachten wir die Motive von projektiven
Quadriken in Morava K-Theorie, d.h. wir ersetzen die Chow-Theorie durch
eine andere orientierte Kohomologietheorie.

Indem wir unseren Focus auf beliebige orientierte Kohomologietheorie
erweiten, hoffen wir Invariantanten zu finden, die einfacher sind als Chow-
Motive. Genauer betrachten wir eine Reihe von Theorien, die Morava K-
Theorien K(n)*, welche von K° ausgehend gegen CH “konvergieren”.

Als Hauptergebnisse erhalten wir:

Theorem (Theorem . Es sei QQ eine generische Quadrik von der Di-
mension D > 0 und es sein > 1. Bezeichne N = 2" fiir D = 2d gerade oder
N =2"—1 fir D = 2d+ 1 ungerade. Dann hat das K(n)-Motiv von Q einen
unzerlegbaren Summanden vom Rang min(N, 2d + 2) und max(0,2d+2— N)
Summanden, die isomorph zu Tate Motiven sind.

Theorem (Theorem[2.0.1)). Fir G, = Spin,, oder G,, = SO,, ist der kanon-
ische Homomorphismus K(n)*(G,; Fo) = K(n)*(Gp12; F2) ein Isomorphis-
mus, firm >2""1 4+ 1, n > 1.

Auflerdem prasentieren wir auch verschiedene Algorithmen fiir die Berech-
nungen von K(n)-Motiven von Varietaten kleiner Dimensionen.
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Introduction

The present Ph.D. thesis is devoted to generalized motives of projective
quadrics, meaning that we replace the Chow group CH* by another oriented
cohomology theory A* in the sense of Levine-Morel [LM] when defining the
category of correspondences.

The study of quadratic forms over arbitrary fields began with the work by
Witt, who defined the ring W(k) arising from isometry classes of quadratic
forms over a field k£, and described it in terms of generators and relations.
The theory was further developed by Kaplansky, Cassels, Pfister, Arason,
Elman, Lam, and many others. In particular, Kaplansky introduced the
u-invariant of a field £ equal to the highest dimension of an anisotropic
quadratic form over k, and the s-invariant equal to the least number s(k) such
that —1 is a sum of s(k) squares in k (if exists) [Kap|. Pfister investigated the
ring structure of W(k), he computed its Krull dimension, zero-divisors and
spectrum. He also considered the filtration of the Witt ring by the powers of
fundamental ideal I(k) of even-dimensional forms, and the generators of I(k)"
which we call now Pfister forms. In particular, he used them to show that
s(k) is a power of 2 (if finite). Later, Merkurjev proved that u-invariant can
equal any even number [Me91], leaving open the question about the existence
of fields with an odd wu-invariant.

The category of Chow motives was defined by Grothendieck, and hap-
pened to be a powerful tool in the theory of quadratic forms. The computa-
tions of Chow groups of projective quadrics allowed to construct fields with
an odd u-invariant [Izh], and the motivic decomposition of a Pfister quadric
established by Rost [Ro| plays a crucial role in the proof of the Milnor conjec-
ture on étale cohomolgy [Vo03]. The solution to the Milnor conjecture itself
together with [OVV] [Mo] has various applications to the purely algebraic
structure of W (k) and its filtration by I(k)™, see, e.g., [EKM, Chapter VII].

Chow motives of projective quadrics were studied by Merkurjev, Vishik,
Karpenko, and many others, and there exist now plenty various applications
of Chow groups to quadratic forms, and, more generally, to projective ho-
mogeneous varieties, including [Ka04, Ka03, KaMe, [Ya08|, [KaZh! Vi05, [Vio8|



PSZ]. However, for a general smooth projective quadric there are still many
open questions about the behaviour of its Chow motive. In contrast, if we
change the Chow group by Grothendieck’s K° in the definition of motives,
the resulting category behaves much more simply. Swan computed the K-
theory of the projective quadric [Sw|, and the results of Panin imply that
the decomposition of K%-motive of a smooth projective quadric depends only
on the discriminant and the Clifford algebra of the corresponding quadratic
form [Pa94].

The motives of Grothendieck inspired Quillen’s paper |[Qu] where the
complex cobordism theory is described as the universal contravariant functor
on the category of C*°-manifolds endowed with pushforward maps. Later
Levine and Morel brought these Quillen’s ideas “back” to the “motivic”
world defining the algebraic cobordism theory, as they write in [LM]. This
allowed to consider algebraic analogues of well studied topological oriented
cohomology theories, such as Morava K-theories.

We should remark here that algebraic Morava K-theory as conjectured by
Voevodsky in [Vo95] or as constructed in [LeTi] is a bi-graded “big” theory,
and in the present thesis we only consider oriented cohomology theories in
the sense of [LM], sometimes called “small”. Our (small) Morava K-theory
is the (2x%, x)-diagonal of the “big” theory of [LeTt], as shown in [Le09].

The algebraic cobordism theory of Levine-Morel [LM| [LePal [Le07, [Vil5],
and arbitrary oriented cohomology theories [PaSml, ViYal, NeZal, [CPZ, [Vi19,
Sel, [GiVi, [PS20] are extensively studied now. In particular, Vishik used
the algebraic cobordism theory in his construction of fields with u-invariant
2" + 1 [Vi07]. The algebraic cobordism theory inspired Vishiks’ excellent
connections [Vill], despite the fact that the proof of the result can be given
using Chow groups only. Similarly, the general context of oriented cohomol-
ogy theories inspired Petrov—Semenov connections of [PS20], despite the fact
that their result can also be proven using Chow groups only [Ka20]. An
example of a very different application of algebraic cobordism to the theory
of quadratic forms is given in Panin’s [Pa09].

One can define the category of motives corresponding to any algebraic
oriented cohomology theory A*, and the results of Levine-Morel [LM] and
Vishik—Yagita [ViYa] imply that the decomposition of the Chow motive is
the “roughest” in the following sense: starting from any decomposition of the
Chow motive Mcp(X) of a smooth projective variety X as a sum of several
motivic summands Ny one can construct corresponding objects A in the
category of A-motives for any oriented cohomology theory A in such a way
that the A-motive M4(X) of X is the sum of Nj.

However, for an indecomposable Chow summand Ngy the corresponding
A-motive N4 can be decomposable. For example, the Chow motive of the
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generic quadric is indecomposable (see [Vi04, [Kal2]), however, a K%-motive
of any quadric ) with dim () > 0 is decomposable.

We are interested in motives constructed with respect to arbitrary ori-
ented cohomology theories because we wish to obtain invariants which are
simpler than Chow motives, but keep more information about quadrics than
K’ motives. And, in fact, we can take a series of theories, more precisely,
Morava K-theories K(n)*, which starts from K° and tends to CH* in a certain
sense.

To be more precise here, we should first recall that any oriented coho-
mology theory is endowed with a formal group law, and any formal group
law over any ring comes from a certain oriented cohomology theory. Among
various theories corresponding to the same formal group law there exists a
universal one called free. The class of free theories contains algebraic cobor-
dism, Chow, Grothendieck’s K°, and Morava K-theories we consider in the
present thesis. The major feature of these theories for our purposes is the
Rost nilpotence principle recently proven in [GiVi].

Vishik gives a geometric description of free theories in [Vil9], which al-
lowed him to construct operations on algebraic cobordism, and later was used
by Sechin to construct operations from Morava K-theories [Sel7, [Sel8]. His
results imply, in particular, that the category of free theories (and multiplica-
tive operations) is equivalent to the category of (1-dimensional commutative
graded) formal group laws.

Working with quadratic forms, it is natural to consider localized at 2
coefficients Z 5 instead of integral, and, therefore, consider only formal group
laws over Z)-algebras. Then by the theorem of Cartier we can restrict
ourselves to a narrower class of formal group laws, called 2-typical ones (any
formal group law over a Z,)-algebra is isomorphic to a 2-typical one), in
particular, it is natural to consider the universal 2-typical formal group law.
It admits the standard construction as a formal group law over the polynomial
ring with infinite number of variables Z)[vy, v, . . .] defined by the recurrent
identities, see, e.g., [Ral, Appendix A2]. Then specifying v, = 0 for k # n,
and inverting v,, we obtain the formal group law over Zg)[v:'], and the
corresponding free theory is called Morava K-theory K(n)*. We remark that
the same definition is used in [PS14 [PS20], however, in [Sel7, [Sel§|] the
term “Morava K-theory” is understood more generally as a free theory which
becomes isomorphic to the described one after passing to Fo. Observe also
that in [Sel7, [Sel8] oriented cohomology theories are usually non-graded, but
can be graded artificially, as explained in [Sel8], and that the only possible
(non-graded) free theories with Fs-coefficients are Morava K-theories and
the Chow theory, in particular, K ® F, and K(1) ® F, are isomorphic (the
isomorphism between the corresponding formal group laws is called Artin—



Hasse exponent). In this context the definition of [Sel7, [Sel8] becomes very
natural, but the grading and the push-forwards also play an important role.
In particular, K° and K(1) have different push-forwards.

However, the major advantage of our choice of one particular Morava K-
theory from the class of Sechin’s Morava K-theories is the possibility to work
with closed formulae. We can find a simple multiplication table for K(n)*(Q)
for a split quadric @ in a certain base (see Corollar, and working
modulo 2 we have a closed formula for the projectors in K(n)*(Q x @), in
particular, for the diagonal (see Proposition .

Morava K-theories are related to higher powers of the fundamental ideal
in the Witt ring. Sechin—Semenov state in [SeSe] the “Guiding Principle” for
their research (which dates back to Voevodsky’s program [Vo95]) claiming
that for a projective homogeneous variety X vanishing of its cohomological
invariants with 2-torsion coefficients in degrees no greater than n + 1 should
correspond to the splitting of the K(n)-motive of X. In particular, they
proved in [SeSe| that if a class of a quadratic form ¢ in the Witt ring actually
lies in I™2, then n first categories of K(n)-motives do not distinguish ¢ from
the hyperbolic form.

The present thesis, however, deals with the case that is in some sense
opposite to the hyperbolic quadric, namely, the generic quadric. As we
mentioned, the Chow motive of a generic quadric is indecomposable, the
K% motive is decomposable. Our results describe the behaviour of the K(n)-
motive of the generic quadric. The first chapter of the present thesis is
devoted to the proof of the following

Theorem (Theorem. Let ) be a generic quadric of dimension D, and
n > 1; we denote N = 2" for D = 2d even, or N = 2" — 1 for D = 2d + 1
odd. Then the K(n)-motive of QQ has an indecomposable summand of rank
min (N, 2d + 2), and max (0,2d + 2 — N) summands isomorphic to shifted
motives of the point.

In other words, the K(n)-motive of a generic quadric of dimension D <
2™ — 1 is indecomposable, and a generic quadric of a large dimension decom-
poses as the sum of several Tates and an indecomposable summand of rank
2™ or 2" — 1 depending on the parity of D.

The plan of the proof of Theorem [1.3.9|is the following. First, we show
that the motivic decompositions of any smooth projective quadrics with re-
spect to theories K(n)* and K(n)*(—;Fs) coincide, in particular, a decom-
position in a sum of indecomposables is unique. Using the result of Gille—
Vishik [GiVi] we can repeat the argument from the paper of Chernousov—
Merkurjev [ChMe]. Next, we give an explicit description of the composition
of correspondences in K(n)*(Q x Q;Fy), and find the required amount of
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rational idempotents. Finally, we prove that the “large” summand is in-
decomposable using the technique of Petrov—Semenov developed in [PS20],
which relates the category of K(n)-motives of twisted forms of projective
homogeneous G-varieties to the category of K(n)*(G)-comodules.

The second chapter of the thesis is naturally related to the above results.
It is devoted to the computation of Morava K-theory K(n)*(G) of a split
orthogonal or spinor group GG. We remark that partial computations can
also be found in [Ya05, [Zo]. The following theorem is proven by the aspirant
jointly with Victor Petrov.

Theorem (Theorem [2.0.1)). For the group G,, = Spin,, or G, = SO,, with
m > 2"+ 1, n > 1, the canonical map K(n)*(Gp; Fo) = K(n)*(Gp_2; Fa)
s an isomorphism.

There is the following idea behind the proof of Theorem [2.0.1 Ob-
serve that for a variety X the L-algebra Q*(X) admits a natural augmen-
tation deg: Q*(X) — Q*(Speck(X)) = L by the pullback to the generic
point [LM| Remark 1.2.12]. For an augmented LL-algebra A we denote A™
its augmentation ideal, and we say that the sequence of augmented algebras
(Ai,d;: A; — Aiiq) is exact if Kerd; coincides with the ideal generated by
Imd; N A;.

For G a split semisimple group with a split maximal torus 7" and Borel
subgroup B containing 7T, the sequence

Q*(BT) — Q*(G/B) - 0*(G) > L

is a right exact sequence of augmented LL-algebras.

Since we have a very explicit description of Q*(BT') = L[xy,...,2;] and
Q*(G/B) = LI where W is the Weyl group of G, we can try to compute
*(G) with the use of the above sequence. However, the map Q*(BT) —
*(G/B) has quite a complicated form after these identifications. One can
write a closed formula [CPZl, Equation (8)] for it in terms of BGG-Demazure
divided difference operators A;.

Instead, we found it much easier to reduce the statement of Theorem 2.0.1
as in [PS20] and [PS12] to the following result: for G = SO,, or G = Spin,,
with m > 27! + 1, n > 1, the natural pullback map

K(n)*(Q; F2) = K(n)*(G; Fa),

where Q = G/ P, is a split quadric, factors through K(n)*(pt; Fs). Next, we
use the divided difference operators in the proof of this result.

The third chapter was actually the starting point of the present work, and
it describes several computer algorithms which were applied by the aspirant
to describe Morava K-theories of small-dimensional varieties.



Besides technical remarks concerning the work with power series, we ex-
plicitly describe the character from the Morava ring K(n)*(Q) to the Chow
ring CH*(Q) of a split quadric ). This approach was used in [Rii] for com-
puter computations with small-dimensional hypersurfaces, and now it is ex-
tended to the case of quadrics of arbitrary dimensions. Several results of the
first chapter can be re-proved using this approach.

We also continued the work [PS14], which suggests a certain approach to
the description of the T-equivariant Morava ring K(n)7(Q x Q) for a split
quadric @ as a subring of @@ K(n)r(pt), where the direct sum is taken over
the fixed points of the torus action. Forgetting the action of T" we expected
to find interesting rational projectors in the ordinary K(n)*(Q x @), but we
were able to find only Tate summands. This “misfortune” in fact suggested
the statement of Theorem We hope, however, that the algorithm can
be useful in the future for experiments with small-dimensional quadrics, and
include its description in the present thesis.
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Chapter 1

Morava motives of generic
quadrics

The present chapter is devoted to the Morava K-theory K(n)* of a smooth
projective quadric and the corresponding motive Mk, (Q). We determine
the multiplicative table for K(n)*(Q) for a split quadric @ in Theorem [1.1.4]
and Corollary [1.1.5] We prove the Krull-Schmidt Theorem for the K(n)-
motive of any quadric @ in Theorem [1.2.6] Finally, we establish the motivic
decomposition of the K(n)-motive of a generic quadric ) in Theorem .

1.1 The Cobordism Ring of a Split Quadric

For any cellular variety X and an oriented cohomology theory A* it is easy
to describe the structure of A*(X) as an abelian group. For a split quadric
@ we will describe the multiplication in terms of the formal group law. For
certain theories A*, e.g., for Morava K-theory K(n)* with Fy coefficients,
the multiplication table has a very simple description. We also establish an
explicit formula for the pushforward map along the structure morphism from
Q@ to the point.

1.1.1 Oriented Cohomology Theories

We briefly recall the notion of an oriented cohomology theory in the sense of
Levine-Morel [LM], and fix the notation.

We work over a fixed field k of characteristic 0, and Sm;, denotes the cat-
egory of smooth quasi-projective varieties over k. We usually denote Spec k
by pt. An oriented cohomology theory is given by the following data.

(D1) An additive contravariant functor from Smy, to the category of commu-



tative Z-graded rings

A*: Sm? — Rings™.
For a morphism of smooth varieties f: X — Y we write f4 for A*(f), and
call this morphism the pullback map along f; it defines the structure of an
A*(Y)-algebra on A*(X). In particular, A*(X) has the canonical structure
of an A*(pt)-algebra. We sometimes call A*(pt) the ring of coefficients of the
theory A*.
(D2) Homomorphisms of graded A*(Y')-modules

fa: A*(X) = ATY(Y)

for each projective morphism f: X — Y of pure relative codimension d.
We call these homomorphisms pushforward maps along f; the pushforward
along the identity map is the identity map, and the pushforward along any
composition is the composition of the pushforwards. The data (D1) and (D2)
should satisfy the transversal square axiom, the projective bundle formula,
and the (strong) homotopy invariance [LM|, Definition 1.1.2].

For any oriented cohomology theory one defines Chern classes

cME) e A(X), 0<i<n

of a vector bundle E — X of rank n, ¢o(E) = 1, in such a way that c!(f*E) =
fA(cA(E)) for any f, and one has the Whitney formula [LM, §4.1.7], i.e.,
for any exact sequence

0—>F —-FE—FE =0

one has ¢,,(E) = >_1", ¢;(E")cm—i(E"). Moreover, the class ¢i'(L) of any line
bundle L is nilpotent, and there exists a unique formal group law

Fa(z,y) =Y aga'y’ € A(pt)[[z, y]],
1,J
for some a;; € A'7"7J(pt), such that
ci (L ® M) = Fa(ci'(L), i (M))

for any two line bundles L and M, see [LM, Lemma 1.1.3]. All formal group
laws are assumed to be commutative and one-dimensional.

Levine and Morel constructed the algebraic cobordism theory €2*, which
is the universal oriented cohomology theory in the following sense: for any
oriented cohomology theory A* there exists a unique natural transformation

v Q= A
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of functors from Sm;” to Rings*, commuting with pushforwards [LM, Theo-
rem 1.2.6]. They also proved that Q*(pt) is isomorphic to the Lazard ring L,
and the formal group law F is the universal formal group law [LM) Theo-
rem 1.2.7].

As a consequence, for any commutative Z-graded ring R, and any formal
group law F(x,y) homogeneous of degree 1 as an element of R|[x,y]], there
exists an oriented cohomology theory A*, more precisely,

A*=0"®L R

such that A*(pt) = R, and the corresponding formal group law Fy(z,y) is
equal to F(z,y) [LM, Remark 2.4.14]. Such a theory A* is called free.

The free theory corresponding to the additive formal group law F,(z,y) =
x 4y is the Chow theory CH* [LM|, Theorem 1.2.19]. Observe that in this
case Q* ®p Z equals Q*/L<°Q*. Another example of a free theory is the
graded version of Grothendieck’s K-theory K°® @7 Z[3*!] (here elements of
K° have degree 0, and the Bott element /3 is a formal Laurent variable of
degree —1); this theory corresponds to the multiplicative formal group law
Fu(z,y) = x4+ y— Pry [LM, Theorem 1.2.18]. The most important example
for the present work is Morava K-theory [PS14] [Sel7, [Sel8| [SePhDI [SeSe],
see Section [L.T.4l

Free theories keep many properties of algebraic cobordism, for instance,
they are generically constant in the sense of [LM|, Definition 4.4.1], see [LM,
Corollary 1.2.11], and satisfy the localization property [LM, Definition 4.4.6,
Theorem 1.2.8]. The latter is often included in the definition of the oriented
cohomology theory, e.g., in [Pa02, [Vil9]. Any free theory A* also satisfies the
following identity, which we call the Normalization identity following [Pa02]
Theorem 1.1.8]:

ta(las(p)) = ¢ (L(D)) (1.1)

for any smooth divisor ¢: D < X, and £(D) the corresponding line bundle
as in [Har, Chapter II, Proposition 6.13], see also [LM, Proposition 5.1.11],
or [Me02, Proposition 3.2]. We will use it, actually, only for D a hypersurface
in P" with £(D) = O(d), and A* = Q* the algebraic cobordism theory.

1.1.2 Multiplication in Q*(Q) of a Split Quadric @

Let us denote H = Hpn = ¢(Opn(1)), and recall that the powers of H*
for 0 < k < n form a free base of Q* (]P’") by the projective bundle for-
mula. Moreover, H* coincide with the classes of projective subspaces of
smaller dimensions in P”, i.e., with the pushforwards of the identity elements
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1 € Q*(P"*) under the natural inclusions. We remark that the latter state-
ment follows from by induction with the use of projection formula. In
particular, the pushforward map from * (P”*k) to Q* (IP’”) is injective, and
sends Hlén_k to H@Qk . The detailed exposition of these computation can be
found, e.g., in [Pa02, Lemma 1.9.2].

We follow the notation of [EKM|, Chapter XIII, §68]. Let @ be a smooth
projective quadric of dimension D over k defined by the non-degenerate
quadratic form ¢ on the vector space V' of dimension D + 2. We write
D = 2d for D even, or D = 2d + 1 for D odd. We assume that the quadric
@ is split, i.e., ¢ has the maximal possible Witt index d + 1. Let us denote
W a maximal isotropic subspace of V, and W+ its orthogonal complement
in V (for D even W+ = W, and for D odd W is a hyperplane in W+). We
denote P(V') the projective space of V' which contains @) as a hypersurface.
Then P(W) is contained in @, and Q \ P(W) — P(V/W) is a vector bundle

B(IW)——~Q~"2Q\ B(W) (12)
pi
P(V/WL).
Theorem 1.1.1. Let us introduce the following notation:
Hpavy = ¢ (Oparry (1)) € Q*(P(W)),
L =101 = (Hg(vf,)) and h = hg = H(Og(1)).

1. The elements l; for 0 < i < d, and the powers h¥ of h for 0 < k < d
form a free base of Q*(Q) over Q*(pt) = L.

2. The multiplication table is determined by the identities

[, ;>0
bt = r P (1.3)
0, 1 =0;
| = = D= 4
Lol = ly, 1=7=d, and 0 mod 4, (1.4)
/ 0, elsewhere;
hd+1 hD 2d Zb lD d—i> (15)

where [2]a(t) = Fa(t,t) = 0,5, bit* € L[t] is the multiplication by 2 in
the sense of the universal formal group law.
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Proof. The fact that Q*(Q) is a free L-module of rank 2d + 2 is well-known,
and easily follows, e.g., from [ViYa, Corollary 2.9] or [NeZal, Theorem 6.5].
However, the direct proof is very short.

Combining the localization exact sequence with the homotopy invariance
axiom, we obtain a right exact sequence

0 (P(W)) —— 2 0#(Q) —2 0 v (P(v/ W)

with Q*(P(W)) and Q*(P(V/W)) free L-modules of rank d+1 (in particular,
the surjection splits). Observe that ig is injective, because the pushforward
from Q*(P(W)) to Q*(P(V)) is injective.

Therefore, to prove the first statement of the theorem, we only have to
show that Q* (P(V/W)) is freely generated by the images of h*, 0 <k < d.
Since Q\P(W) C P(V)\P(W+), it remains to be shown that Q* (P(V/W*))
is freely generated by the images of Hﬂ].f(v), 0 < k < d, and the latter is clear.

Observe that the base elements [; and h* are homogeneous elements of
Q*(Q) of degree D — i and k, respectively, and L is graded by non-positive
numbers, therefore in the decomposition

i+ :Zaili—i—chhk
7 k

of h?*1 as a aum of base elements we necessarily have ¢, = 0 for all k for the
degree reasons, i.e., h%*! lies in the image of ig. Since Q* (]P’(W)) injects into
Q*(P(V)) we can pushforward the above equality to Q*(P(V)) to determine
a;. Let I: Q — P(V) denote the inclusion, then

[ (IQ Hd+1 Zal HD+1 i

The projection formula implies that the left hand side is equal to H411o(1),
and putting D = @ in (1.1]) we have

Io(lg-g) = ¢2(0(2)) = Pla(F(O(1)) = - bill"
i>1
Then, clearly, ap_q—; = b;. The same argument proves (1.3)).
Finally, for the degree reasons we only need to consider (1.4)) for D even

and i = j = d, where 2 = aly for some a € Z. Since Q(Q) = CH”(Q)
by [LM| Lemma 4.5.10], we can determine a modulo L<°. But for the Chow
theory the result is well-known, see, e.g., [EKM] § 68]. O

Our initial computation of the above multiplication table was more awk-
ward, see Proposition [3.1.1] and the above simplification is suggested by
Alexey Ananyevskiy.
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1.1.3 Pushforwards along Structure Morphisms

For X € Smy let x: X — pt be the structure morphism, and let us denote
[X] € L the pushforward of 1 € Q*(X) along y, i.e., [X] = xo(lo+(x)). We
will describe the class [S] of the hypersurface S in P" in terms of the classes
of projective spaces [P'].

Proposition 1.1.2. Let t: S < P™ be a smooth hypersurface defined by a
homogeneous polynomial f € k[Xo,...X,] of degree d. Consider the series

[dla(t) = > iy ait’. Then [S] =370, asP").
Proof. By we have 1g(loxs)) = ¢}(O(d)) = [d]o(H). Then

n n

1= alH]=) alP"].

i=1 =1
L]

The same argument can be slightly generalized to obtain the following

Corollary 1.1.3. In the notation of Theorem we have the following
formulae:

xa(li) = [IP”']; (1.6)
xa(h) = 37 b; [BP1H). (1.7)

Proof. Identity (1.6]) is obvious, and ((1.7) follows from (1.1]) with the use of

the projection formula

xa(h') = xa(Io(I"H")) = xo(H" - Io(la:@)) = Xa ( Zf b HW) .

[]

Obviously, the results of Theorem and Corollary can be applied
to any oriented cohomology theory by the universality of algebraic cobordism.
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1.1.4 Morava K-theory

For any commutative Q-algebra R and a formal group law F'(u,v) € R]u,v]
there exists a unique power series logp(t) =t + ... € R[t] satisfying

log (F(u, v)) = logp(u) 4 logg(v).

This power series is called the logarithm of F. Let logg(t) denote the loga-
rithm of the universal formal group law over L ® Q. Then the identity

logg,(t) = Z WZ—,_]ti (1.8)

is known as the Mishchenko formula [Shi Theorem 1], cf. also Subsec-
tion [3.1.2] Therefore, Corollary is especially useful for oriented coho-
mology theories with the reasonable logarithm of the corresponding formal
group law F'.

Following [PS14], for a fixed natural n > 2 consider the series

() =Y 27 0 2 € Q] (19)

k>0

where v, denotes a free polynomial variable of degree 1 — 2", and let [~!(¢)
be the composition inverse of [(t). Then

F(z,y) =17 (U(z) +1(y)) (1.10)

is a formal group law over Z)[v,] (in fact, over Zv,]), see [Haz, Chapter I,
Section 2[; here Z) denotes the localization of Z at the ideal (2) = 2Z.
Obviously, {(t) is the logarithm of this formal group law over Q[v,]. We will
call the corresponding free theory

K(n)* =0 XL Z(z) [Ui:l]
the (n-th) Morava K-theory. We remark that we consider Morava K-theories
only for prime p = 2 because we only work with quadrics (cf. Lemma m
below).

The term “Morava K-theory” can denote a family of free theories, as
in [Sel7, [Sel8, [SePhDl [SeSe]. In the present work we prefer to use it, in
contrast, only for the theory chosen above. As a side remark, we mention
that there exists a universal 2-typical formal group law Fgp defined over the
ring V = Z[v1, vs, .. ], see [Ral, Theorem A2.1.25]. If loggp(t) = Yo, Lit?
is the logarithm of Fgp over V ® Q, then the mentioned isomorphism V 2
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Z2)v1, va,...] can be chosen in such a way that 2l = Zf:_ol livii_i, see |Ral,
Theorem A2.2.3]. Ravenel in |[Ra] calls this choice of vy, Hazewinkel’s gener-
ators. Then sending vy, to 0 for k # n we obtain exactly the formal group
law with the logarithm (1.9)).

For an oriented cohomology theory A* let us denote [P™]4 = xa(1a=@n)).

Then by (|1.8) we have

ank

2(n—1)k vn2"771’ i = onk _ 1’

[P lk(n) =
0, i# 2" — 1.

In particular, our assumption n > 2 guaranties that [P’|k,) =0 mod 2
for i > 0. Moreover, it is easy to see that I(v,t*") = 2(I(t) —t), and therefore

2]p(t) = 175(2t) +p (v, t27).

Unfortunately, we do not have a closed formula for the coefficients of the
series [2]p(t), e.g., for n = 2 we have the following first few terms for the
series:

[2]F(t) = 2t — Tog t* + 11205 7 — 238003 t'° 4 58268v; t1* — 156609605 ¢ + . . .
However, it is not hard to check that [71(2t) € 2Z[[t]], so that
2]7(t) = v,t*" mod 2

(cf. also [Ra, A2.2.4]). Thus, Theorem and Corollary imply the
following

Theorem 1.1.4. Consider the free theory K(n)*(—;Fs) with the coefficient
ring Fao[vE], and the formal group law obtained as a reduction of
modulo 2. Then, for a smooth projective split quadric Q) of dimension D =
2d +1 or D = 2d + 2, the ring K(n)*(Q; Fy) is a free Fo[vt]-module with
the base lZK(n), and (hK(n))k, 0 < i,k < d, defined in Theorem |1.1.1|; the

multiplication table can be deduced from the identities

Km0
B - 100 = Tim1 o ’ 1.11
R 0, =0, (L1)
K () _ KW i=j=d, and D=0 mod 4, (1.12)
! J 0, elsewhere,
K(n n
gt _ [0l D221, (1.13)
Ko, D <2t — 1,
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and the pushforward along the structure morphism is described by

k(o ™) =1, (1.14)
Xk (1) =0, i >0, (1.15)
XK(n)(hﬁ(m) =0, k#D+1-2", (1.16)
Xy (hig )2 ) = vn, f D>2" — 1. (1.17)

More generally, take any formal group law F' over Z) with logx(t) =
2121 c;t* satisfying the property i-¢c; = 0 mod 2 for i > 2 (e.g., any 2"-typical
formal group law of height n [SePhD| Proposition 2.9.4]). Then taking the
reduction modulo 2 we obtain a theory A satisfying , , and

xa(h%) = bpi1_x mod 2,

where [2]p = F(t,t) = > o, bit’. We conclude the section with another
generalization of Theorem [1.1.4

1.1.5 Lubin—Tate Formal Group Laws

We will discuss different choices of Z9)-integral bases for the Morava of a split
quadric. Using Quillen’s reorientation [PaSml, [Pa02], we conclude that any
formal group law isomorphic to gives rise to a free theory, naturally
isomorphic to K(n)* as a functor from Sm;” to Rings* (with a different struc-
ture of pushforwards), in particular, different laws give us different choices
of I;, and, as a result, different multiplication tables.

Take a ring Zs) € R C Zs, and a series g(t) € R|[[t]] such that

g(t) =2t mod #?, (1.18)
g(t) =t mod 2. (1.19)

For any such series there exists a unique formal group law F, over R satisfying
9(Fy(z,y)) = F(g(z), 9(y)), (1.20)

and, moreover,
2], (t) = g(1). (1.21)

For different g(t) and h(t) satisfying (L.18]) and (1.19)) the laws F,, and F}, are
strictly isomorphic over R, see [Zi, Chapter I, Section 11|, and [Haz, Chap-

ter I, Section 8], in particular, [Hazl, 8.3.23 (iii)]. We will call all these laws
Lubin—Tate formal group laws. E.g., consider a law F' obtained from ({1.10))
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evaluating v, at 1, and g(t) = [2]p(t). For these F' and ¢ hold (|1.18)), (1.19)
and (|1.20)), therefore the uniqueness condition implies that F' is a Lubin—Tate

formal group law.

Following [Sel8], we can make a formal group law homogeneous adding a
formal variable v. We assume that  and y have degree 1, and elements of R
have degree zero, and choose a natural m in such a way that any homogeneous
form of F(x,y) of degree # 1+ km, k € N, equals zero. We can always take
m =1, and, e.g., for the law F'(z,y) = x+y—xy it is the only possible choice.
However, we prefer to take m as large as we can. Now consider the ring
R[v*!] assuming that deg v = —m, and the formal group law F"(x,y) over it
obtained from F(z,y) by means of the multiplication of each homogeneous
form of degree 1+ km by v*. The obtained law is a homogeneous form over
R[v*[x,y] of degree 1, and therefore we can consider a free theory

} = 0" QL R[l/il]

corresponding to this formal group law. Obviously, starting from F(z,y) =
x4+ y — xy, and denoting 8 = v we obtain exactly the multiplicative formal
group law F* = F},,, and A% = K°®zZ[3*!]. Tt can be sometimes convenient
to consider also the connective version of the theory

CA%L = QO @ R[],

which coincides with usual connective K-theory in the case of the multiplica-
tive formal group law.

Returning to the Lubin-Tate formal group laws, we see that there exist
free theories A* for which h%™ € A*(Q) can be equal to any linear combina-
tion of I compatible with grading and conditions and .

If we assume that for the series g and h satisfying and ([1.19)
we can chose m in such a way that g(t)/t = ¢'(t™), and h(t)/t = h'(t™),
then [Haz, Chapter I, Section 8.2] proves that homogeneous versions F; and
F' of the corresponding formal group laws are still isomorphic. By [Pa02,
Theorem 2.3.1], cf. also [Vil9, Theorem 6.9], we conclude that A}, and A},
are naturally isomorphic as functors from Sm;” to Rings".

This proves the following

Corollary 1.1.5. There exist base elements I; € K(n)*(Q) such that the
Z2)-integral multiplication table in K(n)*(Q) is determined by the identi-

ties 1' 1' with l; changed by Z;, and the identity

hd+1 — Q’ZVD—d—l + Un TD—d—Q”'
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Proof. Take F}' defined by (1.10), and h(t) = 2t 4+ t*" € Zy][[t]] in the
discussion above. Then the isomorphism between K(n)* and Aj, gives us
the desired base elements. ]

Cf. the above statement with [SeSel Proposition 8.9].

1.2 The Krull-Schmidt Theorem

In the present section we recall several basic facts about the category of mo-
tives, and prove the Krull-Schmidt Theorem for the K(n)-motive My, (Q)
of any smooth projective quadric @), i.e., we prove that the decomposition of
Mk n)(Q) into indecomposable summands is unique.

1.2.1 The Category of Motives

For an oriented cohomology theory A* we consider the category of (effective)
A-motives defined as in [Ma].

First, we consider the category of correspondences Corr 4, whose objects are
pairs (X,n) for X a smooth projective variety over k, and n a non-negative
integer, and the morphisms are given by

Corra((X,n), (Y,m)) = @Adﬁm*”(X x Y;)

for the connected components [[Y; = Y of dimensions d; = dimY;. We
will write X for (X,0), and call morphisms from X to Y in this category
0-correspondences. We denote (X, n) by X{n} and call these objects twisted
by n. It suffices to define the identity maps and the composition only for
connected varieties, and these definitions can be extended linearly to non-
connected ones. We recall the constructions to fix notation.

For a connected X the identity morphism of X{n} is given by the push-
forward

5A(1A*(X)) S AdimX<X X X)

along the diagonal map §: X — X x X, and we will denote it by A = Ax ).
The composition of correspondences is given by

fog= (Pr13)A<(pT23)A(f) ) (pru)A(g)),
for pr;;: X x X x X — X x X natural projections. E.g., for a, b € A*(X)

let us denote
a x b= pri(a) - pre(b),
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where pr, are natural projections from X x X to X. If y: X — pt denotes the
structure morphism, then one has the equality ((pry3)a o (pryy 0 pry)?)(z) =
Xa(z) by the transversal square axiom, and therefore the projection formula
implies that

axb o cxd= xalad)-cxb. (1.22)

The idempotent completion Mot, of the category Corr, is called the
category of A-motives [Mal §5]. Objects of Moty are pairs (X{n}, 7) where 7
is an idempotent in Corra (X {n}, X{n}) = A4mX (X x X). The pair (X, Ax)
is called the motive of X, and we will denote it M(X) = M4(X).

Morphisms (X{n},7) — (Y{m}, p) are given by

f € Corra(X{n},Y{m})

such that po for = f (observe that the definition from [Mal §5] is obviously
equivalent to the above one). In this category each idempotent splits in the
sense of [Ba, Chapter I, § 3|, and therefore direct sum decompositions of the
object M(X) are in 1-to-1 correspondence with decompositions Ay = > 7;
of Ax as a sum of mutually orhogonal idempotents

m; € Corrg (X, X) = AMX(X x X),

i.e., such that m;m; = 0 for 7 # j.

1.2.2 Split Motives

We call twisted motives of the point Tate motives, and we say that the motive
M(X) of a smooth projective variety X is split, if it is isomorphic to a sum
of Tate motives,

M(X) = P M(pt){n}.
If (X,7) is a Tate motive, i.e., (X, 7) = M(pt){n} for some n, then there
exist morphisms

M(pt){n} —= M(X)—" M(pt){n},

ie., g € AMmX—n(X) and p € A"(X) such that ya(pg) = 1. Conversely,
having such p and ¢, we see that m = ¢ X p is an idempotent by , and
(X, 7) is a Tate motive.

We call a smooth projective variety X cellular if there exists a filtration

X=X2X12...2 Xpp1 =0 (1.23)
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of X by closed subschemes such that X; \ X, is a disjoint union of affine
spaces for each i. By [ViYa, Corollary 2.9] the cobordism motive Mgq(X)
of a cellular variety X is split. Then the universality of algebraic cobordism
implies that the A-motive M 4(X) is split for any theory A*.

For X cellular, and any smooth projective Z, we can obtain from (|1.23]
a similar filtration for X x Z, and deduce by the same kind of argument that
the motive of X x Z decomposes to a sum of twisted motives of Z, cf. [NeZal.
This implies, in particular, that the map A*(X) ®a+py) A*(Z) = A" (X x Z)
given by £ ® z — x X z is an isomorphism. We refer to this fact as the
Kinneth formula.

Natural examples of cellular varieties are projective spaces and split pro-
jective quadrics. In the latter case a cellular filtration can be obtained

from (|1.2]).

1.2.3 The Rost Nilpotence Principle

Below we consider only free theories to simplify the notation. Let L/k be a
field extension, and for X € Smy, let us denote X, = X Xgpecr Spec L € Smy,.
We have the natural map

resg/k: Q"(X) = Q" (Xy)

which we call the extension of scalars, see [LM| Example 1.2.10], and |GiVi,
Example 2.7]. This gives us a map res; Ik for any free theory A*. The case
L = k an algebraic closure of k is of a special interest. In particular, for
X = @ a smooth projective quadric, )z is a split quadric, and the results of
Section [I.1] can be applied to it.

We write X for Xz and call the image of res; /i, the subring of rational
elements. The examples of rational elements are, e.g., 1 € A°(X) and Ay €
AImX (X % X). For a smooth projective quadric i: Q < PIm@F! the
element i <01 (O[PdimQJrl(l))) € AY(Q) is the preimage of h € AY(Q), i.e., h
is another example of a rational element.

The map 1res£1 /i can be extended to the category of A-motives. In partic-
ular, for a motive M consider the map

EndMotA(M) — EndMotA(ML). (124)

We say that the Rost nilpotence principle holds for M if for any field extension
L/k the kernel of the map consists of nilpotent elements (with respect
to the composition of correspondences as a multiplication).

The Rost nilpotence principle was proven for the Chow motives of pro-
jective quadrics by Rost in [Ro]. Alternative proofs of this result are given
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in [Vi98] and [Br03]. The Rost nilpotence principle for Chow motives of
projective homogeneous varieties was proven in [CGM] and [Br05], for gener-
ically split Chow motives of smooth projective varieties in [ViZa], and for
Chow motives of surfaces in [Gil0, [Gil4]. By [ViYal Corollary 2.8] the Chow
theory can be replaced, e.g., by algebraic cobordism or connective K-theory.

The recent theorem of Gille-Vishik [GiVi, Corollary 4.5] asserts that the
Rost nilpotence principle holds for the motive M(X) of any projective homo-
geneous variety X for a semisimple linear algebraic group, and for any free
theory A* (e.g., for a motive M(Q) of any smooth projective quadric Q).

The power of the above result can be illustrated by the following purely
ring-theoretic proposition [Bal, Chapter I1I, Proposition 2.10].

Proposition 1.2.1. Let N be a two-sided ideal in a ring R, and suppose
either that N is nil or that R is N-adically complete (i.e., R = I&HR/NZ)
Then finite sets of orthogonal idempotents can be lifted modulo N. I.e., given
m; € R/N such that mm; = 0;;m;, there exist w; € R such that m; = w; + N,
and wiw; = 5Z]w,

If we assume additionally in the statement of the above proposition that
the family of idempotents m; is complete, i.e., > " m = 1, then the lifts
w; for i < m, and w,, = 1 — 2?:11 w; is a complete family of orthogonal
idempotents in R, and 7, = w,, + N.

In particular, if we have a motivic decomposition M(Q) = @ M;, such
that in the corresponding decomposition Ag = > m; all orthogonal projec-

tors m; are rational, then the lifts w; give us a motivic decomposition of
M(Q).

Remark 1.2.2. We also remark that we can lift Tate summands without
the Rost nilpotence principle. More precisely, for Tate summands of M
corresponding to orthogonal idempotents a; x b; with a; and b; rational,
i.e., coming from some «; and J;, we have xa(a;0;) = 1, and xa(a;f;) =
0 = xa(Bj) for i # j, therefore the lifts a; x (; are again orthogonal and
correspond to Tate summands.

1.2.4 The Krull-Schmidt Theorem over Fields

We say that the Krull-Schmidt Theorem holds for a motive M if for any two
decompositions of M as a finite direct sum of indecomposable motives

M= BN =D,
i=1 j=1

one has m = m' and Nj = N, for some permutation o € S,.
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Recall that a (non-commutative) ring S is local if a + b = 1 implies that
at least one of a, b is invertible for a, b € S. The following proposition is our
main tool to prove the Krull-Schmidt Theorem [Bal, Chapter I, Theorem 3.6].

Proposition 1.2.3. Assume that an additive category C is idempotent com-
plete. Let A;, B; be objects of C with local endomorphism rings, and A; @
DA, =B ®...®By. Then m =m/, and A; = By for some o € Sy,.

In particular, if any indecomposable direct summand of a motive M has
a local endomorphism ring, we conclude that the Krull-Schmidt Theorem
holds for M.

Proposition 1.2.4. Consider a theory A* with the property that A*(pt) is a
K -algebra over some field K (of an arbitrary characteristic), and all A¥(pt)
are finite dimensional vector spaces over K, and consider a smooth projec-
tive variety X over k with M(X) split and satisfying the Rost nilpotence
principle. Then the Krull-Schmidt Theorem holds for M(X).

If A* is free we can take X to be any projective homogeneous variety for
a semisimple group G by [GiVi, Corollary 4.5].

Proof. Since Moty (M(pt){n}, M(pt){m}) = A™"(pt x pt), the endo-
morphism ring of M(X) can be represented by a matrix with an element
from A%i(pt) in the position (i, j). In particular, it is a finite-dimensional
algebra over a field K.

Now take an indecomposable (non-zero) summand N of M(X), then the
image of N under the restriction map is the direct summand of M(X), and
the image S of the endomorphism ring End(N) is a subring of the described
matrix ring, in particular, it is also finite-dimensional.

Since the Rost nilpotence principle holds for M(X), we conclude that
S # 0, and S is indecomposable by Proposition This implies that S is
local |[La01l Corollary 19.19].

Finally, apply the Rost nilpotence principle again to conclude that End(N)
is local itself, and therefore the Krull-Schmidt Theorem holds for M(X) by
Proposition [I.2.3] O

We also remark that we do not avoid decomposable Tate motives in the
above proposition, cf. [SeZhl Remark 3.10].

1.2.5 Krull-Schmidt for Quadrics

We have seen in the previous section that the Krull-Schmidt Theorem holds
for a motive of a smooth projective quadric () with respect to Morava K-
theory K(n)*(—; Fs). In the present section we prove it for K(n)* as well.
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We basically repeat the argument from [ChMe]. Observe that for connec-
tive Morava K-theory the Krull-Schmidt Theorem follows from the case of
Chow [ChMel, Corollary 35] by [ViYal, Corollary 2.8].

More generally, we can consider any free theory A* with A*(pt) = R[v*!]
a Laurent polynomial ring over a d.v.r. R of char R # 2 with degrv = —m,
and dega = 0 for a € R, cf. Section [1.1.5

Take an indecomposable summand N of M(Q) and let us denote by S
the image of End et ,(N) under the restriction map resg,. We will prove
that S is local.

The ring End (M) (Q)) can be described as a matrix ring, and since
AF¥(pt) is either R or 0, this ring is free as R-module. Its subring S is therefore
torsion free and finitely generated over R. Since R is a d.v.r., this implies
that S is also free over R [CuRe, Theorem 4.13].

Next, let us denote by K the field of fractions of R and consider the
theory B* = A*(—; K).

Lemma 1.2.5. For any free theory B* with % € B*(pt)* the B*-motive of
Q has at least D +1 =dim @ + 1 Tate summands.

Proof. By the universality of algebraic cobordism it suffices to consider the
case B* = Q* ®7 Z[3] which in turn follows from the case B* = CH* @7 Z|[3]
by [ViYal Corollary 2.8]. For such a B* one can lift the system of rational
orthogonal idempotents 1 h’ x hP~ 0 < i < D, in BP(Q x Q), cf.
or [EKM, Section 68].

O

We can take any lift % for h and define the lifts 7; = %ﬁ’ x hP=i. Let

us denote w = Ag — Zfzo m;. Observe that w is symmetric with respect
to the transpose automorphism of A*(Q x @), induced by the exchange of
factors in Q x Q. Since M(Q) is a sum of 2d + 2 Tate motives for D = 2d
or D = 2d + 1, we see that resg, (w) = 0, for D odd, which implies that
w = 0 by the Rost nilpotence principle, and that resy /k,(w) is a Tate motive
M(pt){d} for D even (we use that the Krull-Schmidt Theorem is already
proven over fields, and Tate motives are indecomposable).

Example. As an example, consider B* = CH* ® Q, and a zero-dimensional
quadric @Q = Speck(y/a) corresponding to a 2-dimensional quadratic form
(1, —a) (assuming that a is not a square in k). Then

L 1= (1/2, 1/2) € CH"(Spec k(v/a) Xspeck Speck(va); Q) = Q& Q

7T0:§
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(one can check by definition that 101 = 2), and B*-motive of Spec k(y/a) is
decomposable in contrast to the integral CH*-motive. However,

CH"(Speck(va); Q) = Q

is indecomposable, which shows that Motg(w, Q) = 0 = Motp(Q, w).
At the same time, Motp (reSE/k(w), Q) = Q = Motp (Q, resE/k(w)) since
resy (@) = Q is a Tate motive.

Returning to our situation, where A is an indecomposable summand of
M4(Q), and K the field of fractions of R = A*(pt), we can pass now to
the direct summand N ® K of a B*-motive of ), and this direct summand
decomposes into a sum of 7;, and possibly w.

If N® K is a sum of m;,, then resg , : End(N @ K) — End(N ® K) is an
isomorphism and S ®z K = End(N ® K) is a product of m = deg v matrix
rings of size n; x n; over K, where n; is a number of motives M (pt){j+mh},
h € N, among 7;,. We claim that if N ® K is a sum of m;,-s and @, then
S ®gr K is a product of matrix rings over K as well.

Observe that for D = 2d, and for

f € BYQ) = Mot (Q, M(pt){d}) = Moty (M(pt){d}, Q)

one has w o f = (pry).(w@ - pri(f)), and f o w = (pry).(w@ - pr3(f)), where
pr; are the natural projections from ) x ) to (). Since w is symmetric with
respect to the transpose isomorphism, we get w o f = f o w, and therefore

Motg (@, M(pt){d}) = Motg(M(pt){d}, =).

Now we see that, if N ® K is a sum of 7;,-s and @ for D even, then
S ®r K = resg (End(W @ K)) is a product of m — 1 matrix rings n; x n;
over K, where n; is a number of motives M(pt){j + mh} among m;, for
j # d, and a block with L = resy (End(w)) in the left upper corner,
M = resg, (Mot (ww, M(pt){d})) in each other cell of the first row and
the first column, and K in the other cells. Since L is a K-subalgebra of
End(M(pt){d}) = K, we conclude that L = K. Similarly, M as a K-
submodule of K can be either K, or 0. In any case we get that S ®p K is a
product of matrix rings over K.

Consequently, we can apply the following particular case of Heller’s The-
orem [CuRel Theorem 30.18], cf. also [CuRe), Definitions 30.12, 23.1-4, 7.12,
3.35].

Theorem (Heller). Let R be a d.v.r. with a field of fractions K, let S be an
R-algebra, which is a free R-module of finite rank, and assume that S ®r K
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is a product of matrixz rings over K. Let us denote by ~ the completion with
respect to the mazimal ideal of R. If S is indecomposable in a sum of left
ideals, then S is also indecomposable.

Let us denote the uniformizing element of R by p, then applying the above
Theorem to our S we conclude that S/p = S/p is indecomposable by Pro-
position . Since S/p is finite dimensional over a field R/p, we conclude
that it is local [La01ll, Corollary 19.19].

This implies that .S itself is local. Indeed, let a +b =1 € S, and assume
that a is invertible modulo p. Then finitely generated R-modules S/aS and
S/Sa are equal to 0 by Nakayama’s Lemma (M = pM = M =0), i.e., ais
right and left invertible.

Finally, by the Rost nilpotence principle we get that the endomorphism
ring Endpee, (V) of any indecomposable summand N of M(Q) is local,
which implies that the Krull-Schmidt Theorem holds for M(Q) by Proposi-
tion [L.2.3l

Taking A* = K(n)*, R = Z), v = v,, and m = 2" — 1 in the above
consideration, we obtain the following

Theorem 1.2.6. Let () be a smooth projective quadric, then the Krull-
Schmidt Theorem holds for the K(n)*-motive of Q.

It is easy to deduce now that motivic decompositions of M(Q) with
respect to A* and A*(—; R/p) coincide. We remark that for the Chow theory
it was shown in [Vi04, [Haul.

We remark that for any summand N of M(Q), its image under the
restriction map is a sum of Tate motives (Tate summands are indecomposable
since R is local). Their amount is called the rank of N. For N # 0 the Rost
nilpotence principle implies that rank N > 0.

Then the motive of () clearly admits a decomposition into a finite direct
sum of indecomposable summands, and, moreover, any direct sum decom-
position is finite (an induction by the rank). Consider the decomposition of
M(Q) with respect to the theory A* into a direct sum of indecomposable
summands (the Krull-Schmidt Theorem implies that such a decomposition
is unique), and consider completions of endomorphism rings E; of the sum-
mands N;. By Heller’s Theorem above (and the Rost nilpotence principle),
these completions EZ are indecomposable. Then by Proposition we ob-
tain that E;/p = E;/p are indecomposable. Since E;/p coincides with the
endomorphism ring of N; ® R/p, we see that the motive of @ with respect
to A*(—; R/p) is the sum of the indecomposable motives N; ® R/p, and by
the Krull-Schmidt Theorem such a decomposition is unique.
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Corollary 1.2.7. The motivic decompositions of a smooth projective quadric
Q with respect to Morava K-theories K(n)* and K(n)*(—; Fy) are the same.
More precisely, for a decomposition of M(Q) = @ N; into indecomposable
summands with respect to K(n)*, the respective summands N;@Fy of M(Q)®
Fy are again indecomposable.

As we have seen previously, passing to Fay-coefficients gives us a great
technical advantage, which we realize in the next section.

1.3 Morava Motives of Quadrics

In the present section we describe the decomposition of the K(n)-motive
M) (Q) of a generic quadric @) into indecomposable summands.

1.3.1 Height n Theories

It is easy to prove that the K(n)-motive of any quadric @ of large dimension
is decomposable.

Proposition 1.3.1. Let Q be a smooth projective quadric of dimension D >
2"—1,n > 2. Then its K(n)-motive M(Q) decomposes as a sum of D—2"+2
Tates and a motive N of rank 2" for D even, or 2" — 1 for D odd.

Proof. We are free to work with K(n)*(—; Fs) instead of K(n)* due to Corol-
lary [1.2.70 Let us denote D' = D — 2™ + 1, then applying Theorem
to We see that m; = v, hi x h? = for 0 < i < D’ is a system of D’ 4 1
rational orthogonal projectors, corresponding to Tate summands. O

Remark. Although we prefer to consider Morava K-theories only for n > 2,

we remark that Lemma is the parallel result for K(0)* = CH*(—; Q).

Our objective is to show that the remaining summand N is generally
speaking indecomposable. Before passing to this question we describe possi-
ble generalizations of Proposition [I.3.1]

Consider a field K of characteristic 2, and a formal group law F' over it.
Then the series [2]p(t) = F(t,t) is either zero or starts with at?" for some
a € K* [Ra, Lemma A2.2.7], and n € N\ 0. In the latter case we say that
F has (2-)height n, and in the former one F' is isomorphic to the additive
formal group law (cf., e.g., the remark before [Zi, Theorem 5.33]), and is
usually assumed to have height co. If char K # 2, the series [2]g(t) starts
with 2¢ and we can additionally set the 2-height of F' equal to 0. Reductions
of Lubin—Tate formal group laws modulo 2 give us examples of formal group
laws of all heights, see Section [I.1.5]

27



Passing to the Laurent polynomial ring K[v*!] with degrv = —m we can
obtain a homogeneous version F of F as in Section [1.1.5, and consider the
free theory theory A* with the ring of coefficients A*(pt) = K[v*!], and the
formal group law Fy = ™.

Assume that () is a smooth projective quadric of dimension D > 2™ — 1,
where n is the height of F'. For D' = D — 2™ + 1 we see from that

Xa(hy) =a-v*"m,

for a € K*, and ya(h%) =0 for k > D’. Let us denote

m=a" v M op x BT e AP(Q xQ), 0<i<D.
It immediately follows from that m,om = m;, and m, 0m; = 0 for i > j.
Lemma 1.3.2. Let ..., 7y be orthogonal projectors, and m, ..., 71 be

projectors with the property 7, om; = 0, and m; o m; = 0 for i > j. Let us

denote
N

7T];71 = Mk—1 — Z?Tk_l e} 7T2.
i=k

Then ,_, is again a projector, it is orhogonal to w, fori >k — 1, and one
has m_, om; =0 for k —1 > j. Moreover, if m, = a; x b for i > k, and
;= a; X bj for j < k —1, then it immediately follows from (1.22) that
Tt = Ay X by for aj_y = ax_1 — Zz]\;k Xa(ap-1b;) a;, and bj_; = bj,_.

The claim of Lemma [1.3.2] is obvious, and applied to our 7;-s it allows
to obtain a system of mutually orthogonal projectors 7, for 0 < i < D,
corresponding to Tate summands. Then the Rost nilpotence principle allows
to decompose the A-motive of () into D'+ 1 Tates and a remaining summand

(cf. also Remark [1.2.2)).

1.3.2 Morava with Finite Coefficients

In the present subsection we work with a split quadric @), and give an explicit
decomposition of its K(n)*(—;Fy)-motive into Tate summands in terms of
orthogonal projectors for n > 2. We work with the base h*, I;, 0 < i < d
of the ring K(n)*(Q; F3), where D = dim @ is equal to 2d or 2d + 1, and
sometimes write h' = 0 = [; for i < 0.

Proposition 1.3.3. We will use the following notation:
D' =D—-2"+1,
d=D"—d.

Then the following statements hold.
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1. The diagonal A € K(n)*(Q x Q; Fa) is equal to

d d
A:Z(hz X lZ+lz X ]’LZ) +U”Zl2 X lD’—i+
=0 i=d’

+ 60,D mod4 * (hd + vnld’) X (hd + Unld’)a

where 8o, p moda @5 0 for D # 0 mod 4, and 1 for D =0 mod 4. Here,
in particular, l; is assumed to be 0 for i < 0.

2. Projectors m; = v - h' x pP i for 0 < i < D', together with
= (W + valpr ) x (I + v, RP)
ford <j<d-1, and
g = (W + vule) X (la+ v, " A" + 60, D moaa - (K + valar)),

define a decomposition of A into a sum of 2d + 2 orthogonal Tates.
Observe that m; = h* X l;, and wpr—; = l; x h* fori < d'.

Proof. The proof is straightforward. Recall that A% = v, ly_1, and, more
generally, h™ = v, lp_,, for m > d + 1, in particular, /; is rational for
i < d. We denote by y: Q — pt the structure morphism to the point,
and the pushforward along this morphism is given by the following formulae

(see Theorem [1.1.4)):

XK(n (lo) =
m)(li) = >0,
XK(n) ( ) = Un
XK () (h k)=0 k#D'.

First, assume that D # 0 mod 4, then the diagonal in K(n)*(Q x Q; Fy) is
equal to

d
A= (Wl L x W) v, Y L x L
k=0 i+j=D’

Indeed, it is obvious that Ao (a X l,,) = a X l,,; similarly, for m < d’ we have
Ao (ax h™)=ax h™. Finally, for d < m < d we get three summands in
the composition

Ao(axh™) =v,-axlp_pm+axh™+v, -axlp_pm,
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and two of them cancel each other. As we remarked, we mean that [; = 0
for i < 0, if D is small. We have just checked that Ao (a x b) = a x b for
arbitrary a, b € K(n)*(Q; F2), and by symmetry we get (a X b) o A =a x b.

The projectors m; = v, *-h* x h”' =% are mutually orthogonal for 0 < i < D',
see Proposition [1.3.1} Since m; = A x I;, and 7p_; = [; x h' for i < d', the
projector

D/
n-a-3s
i=0
decomposes as follows:
d 4 .
H - Z(hl X ll + lz X hl) -+ Un, Zllei X ll + fvgl Zhl % thfi7
i=d i=d’ i=d’

and changing the indexing 3% I; x h' = S°% I x h?'~, we conclude

that
d

=" (h + valp—) x (L + v, W7 ).
i=d’
Let us denote ' '
w; = (W + valpr—j) x (I + v, ' WP ),

and check that w;, d' < j < d, are orthogonal to 7; and each other. Indeed,
w]- o = U;l . XK(n) ((h] + 'UnlD/,j)thii) . hl X (lj + U;lthij) =0

for i # j since xxm)(0) = 0, and for i = j since XK(n)(hD') = XK(n)(Vnlo).
Finally,

@j0w@; = Xk(m) (W +vnlp ) (li+v, " hP 7)) - (B vl i) X (L + v, P )

is obviously 0 for ¢ # j, and equals w; for ¢ = j, since two of the three equal
summands

X (lo) + Xx(m) (V5 AE") + Xxcmy (lo)

cancel each other. By symmetry, we conclude that m; and w,; give us a
decomposition of the diagonal into the sum of orthogonal Tate summands.

Now consider the case D = 0 mod 4. Recall that in this case one has
I2 = ly. Then the diagonal is given by

d
A= (W' +vlg) x (B +valg) + Y (BF X b+ 1 x BF) v, Y 1 x 1

k=0 i+j=D"'
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Indeed, arguing as above we see that Aoa x l,, = a x [,,, for m # d, and
Aoaxh™=ax h™form#d. Next,

Aoaxlg=ax (M4 vulg)+axlg+axh?+uv,axly=axlg,
and
Aoaxhdl:O-ax(hd—l—vnld/)—l—vnaxld+axhd/+vnaxld:axhdl.

As above, consider projectors m; = v ' b x h? 7% and I1 = A — Ego .. then
one has
d
= (h"+ wnla) X (b 4 vnla) + Y (' vnlpri) x (I + v W),

i=d’
Grouping the summand we obtain the following decomposition for II:

d—1
I = (A vnlar) X (lat v, B 0 olar) + ) (W 4 oplpr—i) x (Lo B2 7).
i=d’

Let us denote @; = (b + v,lpr—;) x (I; + v, thP =) for d' < j < d—1, and
wq = (h? + vpla) x (lg + v, h + h + vla),

and check that w; are orthogonal to m; and each other. Arguing as in the case
D # 0 mod 4, we conclude that 7; are orhogonal to w; for j # d. In fact,
the same argument shows that ; is orhogonal to wy. Similarly, we conclude
as above that w; o w; = §;;w, for d # ¢, j, and that @, are orthogonal to
wy for j # d,d'. Moreover wy o wy = 0 and wy o wy = wy. Therefore, it
remains to check that wy o wy = 0. Indeed,

W OWd = XK(n) ((hdl—FUnld) (ld—l-"U;lhdl—th—{—’Unld/)) '(hd—l-Unld/) X (ld/ +U;1hd),

and it is easy to see that this expression is zero (since I3 = ly). O

1.3.3 Co-action and Realization

Let G be a smooth affine algebraic group over the base field k of characteristic
0. We identify the Galois cohomology group H'(k, G) = H'(Gal(k/k), G(k))
with the set of isomorphism classes of G-torsors over k. The natural homo-
morphism G — Aut(G) induces the map on the Galois cohomology, therefore
each G-torsor defines an element ¢ € H! (k, Aut(G)), and the corresponding
twisted form (G of G, see [Se65], or [KMRT) Chapter VII].

31



For a representation p: G — GL,, of G we call GL,, — GL,,/p(G) the
standard classifying G-torsor, and its fiber over the generic point of X =
GL,./p(Q) is called the standard generic G-torsor over k(X), or just the
generic torsor see [GMS|, Example 3.1].

Consider the (split) group G = SO,,, over k. Let gG be a generic group,
i.e., the twisted form of G corresponding to the generic G-torsor E, see [PS17,
Section 3]. Strictly speaking, G is defined over a field extension L of k, but
we will denote SO,,, over L or L by the same letter G. For each parabolic
subgroup P of GG there exists a unique gG-homogeneous variety X which is
a twisted form of G/P, see [ChMel, Section 1.1], moreover, X = E/P. For
a maximal parabolic P = P; corresponding to the first simple root in the
Dynkin diagram (according to the numbering of Bourbaki) we refer to E/P;
as the generic quadric of dimension D = m — 2. We also remark that E/P,
is generic with respect to SO,,, and there exist slightly different notions of
generic quadric, which are compared in [Kal8|. Untill the end of the chapter,
we reserve the notation ) for the split quadric G/P;.

For any G-torsor, and any free theory A* Petrov and Semenov define a
bi-algebra H* [PS20, Definition 4.6], and the co-action of H* on A*(G/P)
for any parabolic P of G [PS20, Definition 4.10]. They also show that for
A* = CH(—; F,) the bi-algebra H* carries essentially the same information
as the J-invariant [PSZ, [Vi05]. We will be interested only in the case of the
generic torsor, and in this case H* = A*(G) for any free theory A* [PS20,
Example 4.7], and the co-action .

p=pa: A(G/P) — A(G) By A'(G/P)

is given by the pullback map along the left multiplication by elements of G
on G/P composed with the Kiinneth isomorphism [PS20, Lemma 4.3] (in
particular, p is a graded A*(pt)-algebra homomorphism).

Consider smooth projective homogeneous varieties G/P, G/P" € Smy,
and let X, and X’ be the respective E-twisted forms. For an element o €
A*(X x X') define the realization map

. AN(X) = AY(X)

by the formula (pry.)4 o m, o pry, where m, stands for the multiplication
by «, and pry, pry, are the natural projections from X x X’ to X or X’
respectively. By [PS20, Theorem 4.14],

a,: A*(X) - A*(X)

is a homomorphism of A*(G)-comodules. This fact allows to consider an (ad-
ditive) functor from the full subcategory of Mot generated by the motives

32



of smooth projective homogeneous gG-varieties to the category of graded
A*(G)-comodules [PS20, Remark 4.15]. In particular, the motivic decompo-
sition of E/P gives us a decomposition of A*(G/P) into a sum of A*(G)-
comodules (as above, with some abuse of notation, we usually write G/P
for X). In the next subsection we use this fact to show that for the generic
quadric E/P; the motivic summand A from Proposition is indecom-
posable.

1.3.4 Motives of Generic Quadrics

We proved in Proposition that the K(n)-motive (n > 2) of any smooth
projective quadric of dimension D > 2" — 1 has D + 2 — 2" Tate summands.
In the present subsection we show that the remaining summand of a generic
quadric is indecomposable. This reproves, in particular, that the Chow mo-
tive of a generic quadric is indecomposable, see [Vi04, [Kal2].

With this end in view, we describe the co-action of A*(G) on A*(Q) in the
notation of the previous section. Recall that G denotes the split group SO,,,
P, is the maximal parabolic corresponding to the first simple root in the
Dynkin diagram, and () = G/ P, is a split quadric. Observe that since A*(Q)
is generated as an algebra by the elements h and [ = [; in the notation of
Theorem [1.1.1] and since p(h) = 1® h by [PS20, Lemma 4.12], the co-action
is determined by p(l).

It is convenient here to work with connective Morava K-theory CK(n) as
in Section [1.1.5] Sending v, to 0 we get a surjective map from connective
Morava onto Chow theory by [ViYal]. Recall that

CH*(SOp,; Fa) = Faley, ... >€WT*1J]/(€? = €3;),

see, e.g., [PS20, Lemma 7.1], where codim e; = i. Assume that
-1
r= LmTJ < 2" — 1 =degu,,

and take arbitrary homogeneous preimages ¢; € CK(n)*(SO,,,; F3) of e;. Ob-
serve that each cyclic submodule generated by e; is free for all i, because
2*(SO,,) can be presented as a graded module over L. by generators in non-
negative degrees and relations in positive degrees by [Vil5l Theorem 4.3],
and therefore the same is true about CK(n)*(SO,,; Fy) as a module over
Fy[v,]. Since €; are elements of different codimensions < 2" — 1, we conclude
that the submodule generated by {1,€1,...,¢€.} is a Fy[v,|-free submodule of
CK(n)*(SOy,; Fs).
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Then after the localization by the powers of v, images f; of €; together
with 1 generate a Fy[vE!]-free submodule of K(n)*(SO,,; F3). Since any
graded module over Fy[vF!] is free, we can find g, in such a way that

{17 f17 B f’l‘} U {ga}aeA
form a base of K(n)*(SO,,; F3) over Fy[vF!].

Lemma 1.3.4. Assume that m < 2". Then the co-action of K(n)*(SO,,; F2)
on K(n)*(Q; Fy) is defined by the equation

p(l) :Zfi@hT_i‘i‘1®Z+ZUZ'ZC]€,@'Q@®Q]§@
=1

k>1 acA
for some c o € Fo, and g € K(n)*(Q).

Proof. Observe that r < 2" ! —1 < 2% — 1, and dimQ < 2" — 2. It follows
from [PS20, Lemma 7.2] that

pekm) (1) = Zé@h’"*"+1®l+vn2g®q
=1

for some homogeneous g € CK(n)*(SO,,; Fy), and ¢ € CK(n)*(Q; F2).
Since pck(n) (1) is homogeneous of codimension r, none of such g can equal
dics v,]?'evj for any J C {1,...7}, and k; > 0 by dimensional reasons. Now
the result about K(n)* follows. O

Lemma 1.3.5. The K(n)-motive M of the generic quadric E/P; of dimen-
sion 0 < D < 2™ — 2 1s indecomposable.

Proof. Recall that the motivic decomposition of E/P; provides a decompo-
sition of A*(G/P;) into a sum of A*(G)-comodules. Assume that M de-
composes as a direct sum M = M; @ Msy. Then by [PS20, Theorem 4.14]
and [PS20, Remark 4.15] the realization D = K(n)*(M) of the motive M is a
direct sum of realizations D; and D5 of the motives M7 and M. Since D, are
graded, each [h* for k > 0 lies in one of D;’s, and since D; are sub-comodules,
the description of p(lh*) from Lemma implies that h"~! € D; for the
same 7. But the sum is direct, so that all {A* lie in the same D;, for instance,
in D;. In particular, [ € Dy, so that the formula for p(l) implies that all h*
for 0 <k <r—1lie in Dy, and the formula for p(lh) implies that A" € D;.
Therefore, D; = D, and Dy = 0. The realization of a non-zero motive cannot

be 0, therefore M is indecomposable. n
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Lemma 1.3.6. The co-action of K(n)*(SOani1; Fa) on K(n)*(Qan—_1; Fa) is
defined by

2n71

p(l) = Z fi® R I + U, for1 ® IRy Z Uﬁ . Z Chya* o @ Qk,a

i=1 k>1 acA

Proof. As in Lemma [1.3.4] we have that

2n—1
pekm) (1) = Z coh? 1@+, Zg ® q

i=1
for some homogeneous g € CK(n)(SO,,; F2), and ¢ € CK(n)(Q; F3). Since
pck(n) (1) is homogeneous of codimension 2", there exists only one possibil-
ity for such a g to equal et on €; by dimensional reasons, more precisely,
the case g = eyn—1 cannot be excluded. Moreover, we will show that such a
summand indeed appears.

We already see that the K(n)-co-action is determined by the formula

2n—1
p(l) = Zf¢®h2n71_i+1®Z+C'Unf2n*1 ®l0+zv7li'20k,a'ga®q1~c,a
i=1 k>1 acA

for some ¢, ¢ o € Fa, and g, € K(n)*(Q), and we claim that ¢ = 1.
Since 7 = v ! - 1® 1 is a projector in K(n)*(Qan_1) @ K(n)*(Qan_1), and
the diagonal is equal to

211
=0
see Proposition [1.3.3] the projector
on—1_1
A-r= Y (WL+1L®h)+ (1+val) @ (v;" +1o)
i=1

defines a summand of My, (E/P;). Then, using [PS20, Theorem 4.14],
and [PS20, Remark 4.15], we conclude that the realization functor maps the
motivic summands M, = (M(E/P), ) and My = (M(E/P), A — ) to
the K(n)*(SOgn1)-subcomodules Dy = K(n)*(M;) = Fy[v!] - 1, and
2n—11
Dy =K(n) (My) =Favo'] - (1 4+ valo) @ €D (Fafvr'] - b @ Fa[vf'] - 1)
i=1

of K(n)*(Q), respectively (here — denotes the restriction map resg ). Since
p(1) belongs to the submodule K(n)*(SOgn41) ® Dy, it remains to collect the
terms of p(l) lying in Fo[vE]egn—1 @ K(n)*(Q) to conclude that ¢ = 1. O
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Lemma 1.3.7. The motivic summand M = (M(E/P), A—v,*-1®1) from
Lemma |1.5.0 s indecomposable.

Proof. The proof of Lemma |1.3.5 works verbatim. O

Lemma 1.3.8. A generic odd-dimensional projective quadric E/P; of any
dimension > 2" —1 has an indecomposable motivic summand of rank 2"—1. A
generic even-dimensional projective quadric E/P of any dimension > 2" — 2
has an indecomposable motivic summand of rank 2.

Proof. Let N =2"—1 or N = 2" depending on the dimension of the quadric,
and assume that all indecomposable summands of the K(n)-motive of E/P;
have rank < N. We can assume that F/P; with this property has the least
possible dimension dim (£/P;) > N. By Lemmas [1.3.5| and [1.3.7, a generic
quadric of dimension 2™ — 2 or 2" — 1 over any field of characteristic 0 has
an indecomposable summand of rank N, in particular, dim (E/P;) > 2" — 1.

Let C' denote the commutator subgroup [Lq, L] of the Levi subgroup L,
of the parabolic P = P; in GG, and F' denote a generic C-torsor. In fact,
C = S0O,,,—2 and we can assume that F' is a C-torsor over a field extension
L/k, such that F' and Ej define the same twisted forms over L.

Then the Chow motive of pQ),,_» is isomorphic to a sum of two Tate
motives and a (shifted) motive of a generic projective quadric of dimension
m — 4,

Mecn(rQm—2) = Mcu(pt) ® Mcu(r (SOpm—2/P1)){1} & Mcu(pt){m — 2},

cf. the proof of [PS20, Lemma 7.2]. Therefore, the same is true for the
cobordism motive of p@Q,,—o by [ViYa], and for the K(n)-motive.

However, by our assumption (and Lemmas |1.3.5( and [1.3.7)), the motive
M) (F (SOp—2/P1)) has an indecomposable summand of rank N, therefore
Mk n) (F Qm—_2) has an indecomposable summand of rank N as well.

]

Now Proposition [1.3.1] and Lemmas [1.3.5] and [1.3.§] give us in a cer-
tain sense the upper and lower bounds for the size of the indecomposable
summand in the motive of a generic quadric. Combining them with Corol-
lary [[.2.7, we can, moreover, pass to Morava with Z)-coefficients.

Theorem 1.3.9. Let Q be a generic SO,,-torsor of a split quadric of positive
dimension D = 2d or D = 2d + 1. For n > 2 consider Morava K-theory
K(n)* (with Z)-coefficients). If D < 2™ — 1, then the K(n)-motive of Q is
indecomposable, and if D > 2" — 1, then the K(n)-motive of Q@ decomposes
into a sum of D + 2 — 2™ (shifted) Tate summands and an indecomposable
summand N of rank 2" for D even, or 2" — 1 for D odd.
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We remark that our assumptions n > 2 on Morava K-theory K(n)* and
D > 0 on the dimension of the quadric are important here. Indeed, the
0-dimensional quadric @)y defined by the quadratic form ¢ is just a quadratic
field extension Spec k4/disc(p), and for any SOs-torsor we obtain a quadric
with a trivial discriminant. This implies that K(n)*(Qo) is isomorphic to
K(n)*(pt U pt) = K(n)*(pt) & K(n)*(pt), in particular, I = [y is rational and
the motive is split. In terms of the co-action we have K(n)*(SOqy; Fy) =
K(n)*(Gy; Fy) = Fy[vt], and p(l) = 1 x I. This does not prevent the motive
from being decomposable.

In particular, for K(1) (and similarly for K°) we do not have a base of
induction in the proof of Lemma , since 2! — 2 = 0.
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Chapter 2
Stabilization of K(n)*(SO,,)

As we have seen in the previous section, the behaviour of the K(n)-motive
of a quadric is closely related to the structure of the ring K(n)*(SO,, ; Fs).
In the present section we prove that K(n)*(SO,,;Fsy) stabilizes for m large
enough. This reflects Theorem proven in the previous chapter, which
is also a kind of stabilization result. The results of the present section are
obtained by the aspirant jointly with Victor Petrov.

More precisely, we are interested in the structure of K(n)*(G;Fs) for a
group variety GG equal to SO,, or Spin,,. We will prove the following

Theorem 2.0.1. For m > 2""' 4+ 1 the pullback maps along the natural
closed embeddings induce isomorphisms of rings

K(n)*(SO,, ;Fy) 2 K(n)*(SOy_2;Fs), and
K(n)*(Spin,, ; F) = K(n)*(Spin,, 5 ; Fs).

m—2)

We remark that partial computations of algebraic cobordism of SO, or
Spin,,, can be found in [Ya05l Zo].

2.1 Schubert Calculus

Most of the preliminary results collected below are not specific for orthogonal
groups, and remain true for any split semisimple group. Moreover, they look
more natural in this generality.

2.1.1 The Plan of the Proof

As always we work over a fixed field k of characteristic 0, let G denote a
split semisimple group of rank [ over k, T = (G,,)*! a fixed split maximal
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torus of G, and B a Borel subgroup containing 7. Let II = {ay,...,q;}
be a set of simple roots of a root system ® of G. For a subset @ C II
consider a corresponding parabolic subgroup Pg in GG, generated by B and
root subgroups U_, for « € ©. In particular, B = Fj, and the maximal
parabolic subgroups are P; = P fq,1-

For a parabolic subgroup P in G we denote its Levi part by L, its unipo-
tent radical by U, and the opposite unipotent radical by U~. We also de-
note the commutator subgroup of L by C' = [L, L]. In the particular case
G = S0, or G = Spin,,, P = P, and L = L; its Levi subgroup, C' is
isomorphic to SO,,,_2 or Spin,, .

Let A* be an oriented cohomolgy theory, F4 the corresponding formal
group law, and let M denote the group of characters of 7. Then A*(BT)
denotes the ring A*(pt)[M]r, as defined in [CPZ, Definition 2.4]. This no-
tation can be justified by the application of Totaro’s procedure [To] to the
theory A*, see, e.g., [CZZ, Theorem 3.3]. By |[CPZl, Corollary 2.13] we know
that A*(BT') is isomorphic to the power series ring A*(pt)[xy,..., 2], and if
M = Zx1 @ ... ® Zx;, we can define an element xz, € A*(BT) for A € M
according to the rule x,, = x;, and x)y, = Fa(xy, x,). We return to these
definitions in the third chapter, where ) are interpreted as T-equivariant
Chern classes of one-dimensional representations of weight .

Recall that for a variety X the algebraic cobordism ring 2*(X) as an LL-
algebra admits the natural augmentation deg: Q*(X) — Q*(Speck(X)) =L
by the pullback to the generic point [LM, Remark 1.2.12]. For an augmented
L-algebra A we denote A% its augmentation ideal, and we say that the se-
quence of augmented algebras (A;, d;: A; — A;41) is exact if Ker d; coincides
with the ideal generated by Imd;_; N A;.

Following [CPZ, Definition 10.2] we consider the characteristic map

¢: A*(BT) — A*(G/B).
By |GiZal Proposition 5.1, Example 5.6] we know that the sequence
Q" (BT) — Q*(G/B) —» Q*(G) - L (2.1)

is a right exact sequence of augmented IL-algebras, where the first arrow is the
characteristic map, and the second one is the pullback along G — G/B. This,
obviously, gives a similar sequence for any free theory A*, c¢f. Lemma [2.1.6
below. The basic idea behind our computation of K(n)*(G) is to use the
exact sequence for Morava K-theory. Observe that the above sequence
can be continued to the left as in [CZZ, Theorem 10.2].

On the one hand, since Q*(G/B) is a free L-module with a base given by
resolutions of singularities (,, of Schubert varieties BwB/B, w in the Weyl
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group W of G, see [CPZl, Lemma 13.7], we have a very explicit description of
Q*(BT) 2 L[ty,...,t], and Q*(G/B) =2 LWl On the other hand, the char-
acteristic map c¢: Q*(BT) — Q*(G/B) after these identification has a rather
complicated form. One can write a closed formula [CPZ, Equation (8)] for it
in terms of BGG—-Demazure divided difference operators A;, see Section|2.2.1

Instead of working with ¢ directly, we found it much easier to deduce
the following Proposition from [GiZal, Proposition 5.1], and then we
prove Proposition with the use of divided difference operators A;. The-
orem [2.0.1}is an obvious corollary of these two propositions.

Proposition 2.1.1. a) For any free theory A* and any parabolic subgroup P
i a split semisimple group G the pullback map along the closed embedding
induces an isomorphism of rings

A*(P) = A*(G) ®a~(c/p) A (pt).

b) For the Levi part L of a parabolic P and C = [L, L] the pullback maps
along the natural closed embeddings induce isomorphisms of rings

A*(P) = A*(L) = A*(C).

The proof of Proposition a) follows [PS20), Lemma 6.2], and the proof
of b) follows [PS12].

Proposition 2.1.2. For G = SO,, or G = Spin,, with m > 2" + 1 the
natural map
K(n)"(G/Py; Z/2) — K(n)*(G; Z/2)

factors through K(n)*(pt; Z/2).

The rest of this chapter is organized as follows. We start with the rec-
ollection of some known results on Chow. Then we deduce similar results
about any free theory essentially by Nakayama’s Lemma. Next, we prove
Proposition [2.1.1 and the final two Sections are devoted to divided differ-
ence operators and the proof of Proposition [2.1.2]

2.1.2 The Results on Chow

In this section we collect several well-known results on Chow, in particular,
we describe the isomorphism

CH*(G/B) = CH*(G/P) @, CH*(P/B)

(which already appeared, e.g., in [DrTy|, [PS20, Lemma 6.2]). In the next
section we will replace Chow with an arbitrary theory.
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The Weyl group W of G is generated by simple reflections s; = s,, cor-
responding to simple roots a; € II. We denote I(v) the length of v € W in
simple reflections. The longest word of W is denoted wy.

For P = Pg consider Wp = (s; | i € ©), and let us denote W¥ = {v €
W | l(vs;) =1l(v) +1 Vi€ ©}. Then the map

WP xWp > W

sending a pair (u,v) to the product uv is a bijection, and (uv) = [(u) +
I(v) |[BjBt, Proposition 2.2.4]. This immediately implies that W7 is a set of
the minimal representatives for the elements of W/Wp.

Let X, denote the classes [BwB/B] of Schubert varieties in CH*(G/B).
Observe that these varieties are not necessarily smooth. It is well-known
that {X,, | w € W} is a free base of CH*(G/B) [Del, Corollaire du Propo-
sition 1]. The pullback map along the natural projection 7: G/B — G/P
defines an isomorphism between CH*(G/P) and a free abelian subgroup of
CH*(G/B) with the base { X, | w € W} [Kd, Corollary 1.5, Lemma 1.2],
see also [GPS|, Section 5.1].

It is convenient to replace B with the corresponding opposite parabolic
B~ in the Bruhat decomposition, and introduce notation Z,, for the classes of
B~wB/B in CH(G/B). Observe that G acts on G/B with left translations
in such a way that wo(BwB/B) = B~ wywB/B as subvarieties, and taking
closures we get

wy (BwB/B) = B-wywB/B.

By [Gr, Lemma 1] the induced action of G on CH(G/B) is trivial, and
therefore X, = Z, (see also [Del, Proposition 1]).

Let us denote B’ = BN C' the Borel subgroup of C. Since P/B and C/B’
coincide as varieties, (cf. [PS12) Lemma 2.4]), we conclude that the ring
CH™(P/B) has a free base consisting of the classes Z,, of closures of Bruhat
cells (B")"wB'/B" in C/B’, or, equivalently, of closures of (B")"wB/B in
P/B, w € Wp. We introduce the following notation.

Notation (Subring R and subgroup V). Let us denote by R a free abelian
subgroup of CH*(G/B) with a base Z,, w € W and by V a free abelian
subgroup with a base Z,,, w € Wp. We have the following isomorphisms of
abelian groups:

R = CH*(G/P), V = CH*(P/B),
moreover, the pullback map 7#“": CH*(G/P) — CH*(G/B) is injective, and
R =Im(7“M), i.e., R is a subring of CH*(G/B), isomorphic to CH*(G/P).
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The next lemma is just [EG94, Proposition 1] applied to our situation. We
remark that Uy - P/B is an open subvariety of G/B, and the multiplication
Up x (P/B) — (Up - P)/B defines an isomorphism of schemes.

Lemma 2.1.3. a) The map R ®;V — CH*(G/B) sending p ® q to pq is a
bijection.

b) An isomorphism of abelian groups CH*(P/B) =V, identifying Z!, with
Zw, w € Wp, is a section for the pullback map along the closed embedding
.: P/B — G/B.

Proof. For a), we take the open subscheme U equal to (Up - P)/P (the
fibration 7: G/B — G/P trivializes over such an U), and 2o = 1 € U in
the proof of [EG94l, Proposition 1]. Then the fiber F, is equal to P/B, and
we can take Z!, € CH*(P/B), w € Wp as its base. It follows from [EG94]
Proposition 1] that the closures of Uy x (B')~wB/B in G/B form a base of
CH*(G/B) over its subring R.

Recall that Schubert cells are reduced, and the closure of a reduced
scheme is just the closure of the underlying topological space endowed with
the reduced scheme structure on it. Thus, we can conclude that the clo-
sure of Up x (B')~wB/B coincides with the closure of U, x (B')"wB/B =
B wB/B, i.e., with Z,,, w € Wp.

For b), we decompose ¢ as a composition of a closed embedding i: P/B —
(Up - P)/B, followed by an open embedding j: (Up - P)/B — G/B.

We will show that (*(Z,) = Z! for w € Wp. A pullback j*(Z,) is given
by the intersection of Z,, with an open subvariety (Up - P)/B, and therefore
is reduced. We claim that it coincides with Uy x (B’)~wB/B as a subvariety,
and since both schemes are reduced, it is enough to check that underlying
topological spaces coincide. The latter is clear.

Next, 7 is a zero section of the trivial fibration U, - P/B — P/B, and
therefore sends U, x (B')~wB/B to Z},. O

Remark. See a different approach to the above lemma for CH*® C in [DrTy]
(the proofs work for CH with coefficients in any field).

2.1.3 Nakayama’s Lemma

In this section we prove an analogue of Lemma for any free theory.
As a matter of fact, we deduce it from the case of Chow with the use of
graded Nakayama’s Lemma (below). We will apply it for N = Q*(X), where
X € Smy. In this case N/L<°N = CH*(X) |[LM, Theorem 1.2.19].
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Lemma 2.1.4 (Graded Nakayama’s Lemma). Let M and N be graded L-
modules, N be finitely generated, and f: M — N be a homomorphism of
L-modules, which preserves grading. Then

a) LYN=N= N = 0;

b) if fRZ: M/L<°M — N/LL<N is surjective, then f is surjective as well.

Proof. a) follows from the fact that L is non-positively graded, and therefore
any finitely generated graded module has en element of the maximal degree,
see a detailed exposition, e.g., in [La06, Chapter 11, Propositions 4.3 and 4.4].
For b) take N = N/f(M) in a). O

The next theorem is proven in [CPZ, Theorem 13.13].

Theorem (Calmes—Petrov—Zainoulline). For any free theory A* there exists
a free A*(pt)-base of A*(G/B), consisting of homogeneous elements (, = (2

w ?
w € W. Moreover, (2 coincide with the images of ¢t under the canonical

map Q*(G/B) — A*(G/B), and (S coincide with X,, defined above.

Notation (Subring R* and free submodule VV4). For an oriented cohomology
theory A* we denote by R the image of A*(G/P) in A*(G/B) under the
pullback map, and by V4 the (free graded) A*(pt)-submodule of A*(G/B),
generated by (2w e Wp.

wow?

Remark. We do not claim that R“ coincides with the submodule generated
by ¢4 . w e WPF, cf. [LZZ, Remark 3.13].

wow?’

Lemma 2.1.5. a) The map f: R ®a-pr) VA — A*(G/B) which sends p®q
to the product pq is surjective.

b) The pullback map along the closed embedding 1: A*(G/B) — A*(P/B)
restricted to VA defines an isomorphism VA = A*(P/B).

Proof. Since VA and A*(P/B) are free A*(pt)-modules of the same rank, it is
enough to prove that (|4 is surjective to get b). Therefore we can assume
that A* = Q*. Since the L-module M = R® ®@; V% is graded, f preserves
grading, and f ® Z is surjective by Lemma [2.1.3] we can apply Lemma
to get a). Similary, we can apply Lemma to M = VA, f =144 to get
b). O

2.1.4 The Characteristic Map

Following [LM, Remark 1.2.12], for any free theory A* and any smooth (irre-
ducible) variety X with a function field K we consider a map deg 4, defined
as the restriction to the generic K-point of X

deg 4 A*(X) — A*(K) = A*(pt).
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We remark that the map deg, canonically splits by
A*(pt) = A*(X), a—a-lax).
Notation (Ideal Z4). For any free theory A* consider the characteristic map
ca: AY(BT) — A*(G/B),

and let Zy = Z4(G/B) denote the ideal of A*(G/B) generated by the set
Im(cq) NKer(deg,).

Lemma 2.1.6. For a split reductive group G (not necessarily semisimple)
the pullback map along the natural projection p*: A*(G/B) — A*(GQ) is sur-
jective, and its kernel coincides with Ly.

Proof. First, for the case A* = Q*, the statement follows from [GiZal, Propo-
sition 5.1, Example 5.6].

Next, consider an arbitrary free theory A*. Then the following sequence
is exact:

A
To @ A*(pt) — A*(G/B) X A*(G) — 0,

i.e., any element z from the kernel of p* has a form

xr = Z (Z CQ(bkj)Qj) XL = Z (CQ(bkj) L 1) : (gj QXL Ck);

k J k.j

for some by,; € Q*(BT), degg (ca(by;)) =0, g; € Q*(G/B), ¢ € A*(pt). Now,
we can rewrite cq(by;) @1 1 = ca(br; @1 1), and observe that

degA(cA(bkj XL 1)) = (degﬂ AL 1)(CQ(bkj> XL 1) =0
to obtain the claim. O

In particular, the argument of [PS12, Lemma 2.2] can be used for any
free A* to prove Proposition [2.1.1|b), i.e., to show that the natural pullback
maps define isomorphisms A*(P) = A*(L) = A*(C).

Proof of Proposition b). Since P — L is an affine fibration, and the
inclusion L < P is its zero section, we have A*(P) = A*(L). Next, for
T'=TnNC, and B = BN C consider the diagram

A*(BT) ——~ A*(L/B) — A*(L)

| | |

A*(BT') —= A*(C/B') —= A*(C),
and apply Lemma [2.1.6 ]
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Now we are ready to prove part a) of Proposition as well, i.e., that
we have an isomorphism of rings

AY(P) = AY(G) @ar/p) A"(P)-
The argument is essentially the same as in [PS20, Lemma 6.2].

Proof of Proposition a). First, we consider the surjective map from
Lemma [2.1.5[a), followed by the pullback from Lemma [2.1.5b):

R ®4-pr) VA = A*(G/B) — A*(P/B),
and tensor this sequence with A*(pt) over A*(G/P). We obviously have
A (pt) ®a-(/p) B @avon VA=V,

and since P/B — G/B — G/P factors through a point, A*(pt) ®a-a/p)
A*(P/B) = A*(P/B). Therefore, we get a sequence

VA = A*(pt) @ aq/p) AT(G/B) — A*(P/B),

and the composite map is an isomorphism by Lemma [2.1.5|b).
Now, we use A*(P/B) = A*(L/B), and tensor the above sequence (of
isomorphisms) with A*(pt) over A*(BT). By Lemma we get

A" (G/B) ®a+@®r) A*(Pt) = A*(G),

and similarly A*(L/B) ®a«~mr) A*(pt) = A*(L). We finish the proof with
the use of Theorem b). Since the characteristic map commutes with
pullbacks, we can conclude that the isomorphism A*(P) = A*(G) ®a-c/p)
A*(pt) is actually induced by the pullback along the inclusion P — G. [

2.2 BGG-Demazure Operators

In this section we finish the proof of Theorem [2.0.1] with the use of BGG—
Demazure operators.

2.2.1 The Case of Chow

Divided difference operators A; were defined independently by Bernstein—
Gelfand-Gelfand [BGG|] and Demazure [De] to describe the characteristic
map c¢cy. These operators were generalized to an arbitrary oriented coho-
mology theory in [CPZ].
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Recall that A*(BT') is isomorphic to A*(pt)[z1, ..., x;]. If M is a group of
characters of 7' we can identify A*(BT') with A*(pt)[M]r, as defined in [CPZ,
Definition 2.4], see [CZZ, Theorem 3.3] (F4 stands for a formal group law of
A*). We fix a base x1,...,x; of M and write z,, for x; € A*(BT). For an
arbitrary A € M we have an element z, € A*(BT) defined according to the
rule z), = x;, and xy;, = Fa(x, z,).

Then the action of the Weyl group W on M induces the action of W on
A*(BT') according to the rule s,(x\) = Trx_aqv(r)a- We now define divided
difference operators for 2* by the formula

u — si(u)

Af(w) = 120,

T,

3

and for any other theory by change of coefficients [CPZ], Definition 3.5].

Consider the case A* = CH*. Then for any two reduced decompositions
W= S;...5, = Sj...5j the operators A;; o...0A; and Aj o...0Aj,
coincide, and we denote such a composition simply A,. Moreover, if the
decomposition s;, ...s;, is not reduced, then A; o...0A; =0, see [BGG|
Theorem 3.4].

We have the following description of ¢cy in terms of divided difference
operators. For a homogeneous v € CH*(BT') of degree s by [Del, Theorem 1]

one has
con(u) = (=107 3" A (u) Zy,

l(w)=s

k

Further, for a minimal parabolic P,,} consider the natural projection
T G/B — G/P{ai},

and define the operator A;(z) = —(7%F o (m;)cu)(2) on CH*(G/B). Then for
the characteristic map c¢cy one has Ajoccn = copo; [CPZ, Theorem 13.13].
We will also write A; for &Z if it does not lead to confusion.

We also need to describe the action of A; on the Schubert base. Take
w € W, and assume that [(ws;) = I(w) + 1 for some i. Then by [CPZ,
Lemma 13.3] and |[CPZ, Lemma 12.4] we have A;(t- X,,) = —t- X, for
some t € Z \ 0. Since CH*(G/B) is a free Z-module, and A; is Z-linear, this
obviously implies that A;(X,) = —Xus, -

This means in particular that any X,, can be obtained from £pt = £X;
by a sequence of A;, and, moreover, since wy is greater than w in weak
Bruhat order (see [BjBr, Definition 3.1.1(i)]) for any w € W [BjBr], Propo-
sition 3.1.2 (iii)] there always exists a sequence (iy,...,7) such that

A o.. 0, (Xy) =+X,, =+x1 € CH(G/B)

i1
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(here s;, ...s;, is a reduced expression for w™'wy).

Moreover, by [CPZ, Lemma 13.3] we see that the map ¢ becomes surjective
after inverting some t € Z\ 0, in particular, we can deduce that the sequence
&h 0...0 &Lk does not depend on reduced decomposition of w = s;, ...s;,,
and equals 0 if it is not reduced.

Therefore, if we apply the same operator A,-1,, to another

,— . .
W =S85 ...5, FW

with s = [(w') = l[(w), we get
A1y (X)) =Aj 0.0 0N 0Aj 0...0A; (pt) =0

since s;, ...S;, - Sj, ...sj, is not a reduced expression. In this sense A,, and
X, are dual to each other.

Remark. The proof of |[CPZl, Theorem 13.13] contains a misprint, more pre-
cisely, Ay, (20) should be changed to Azev(2).

2.2.2 The General Case

Similar results are obtained in [CPZ] for any theory A*, however, the formulae
become a bit trickier. We introduce the notation

Falz,y) =2z +y+azy-G(z,y),

and for any simple root a; € Il C M we denote

Ri = ’i? - G(CA(‘TOH)7 CA(xa—i))

(observe that x{™ = 0). As above, for a minimal parabolic Py,,; consider
the natural projection m;: G/B — G/P(,,}, and define Demazure operator
A; = A on A*(G/B) by

Ai(2) = Kiz = (m o (mi)4)(2),
and the action of the simple reflections on A*(G/B) by
si(2) = z — ca(xq,) - Ai(2).

By [PS20, Lemma 3.8] for Demazure operators satisfy the following Leibniz
rule:

A (uv) = Aj(u)v + si(u)Ai(v),

and s; are A*(pt)-algebra homomorphisms defining the action of Weyl group
W on A*(G/B). Moreover, ¢4 respects the actions of Weyl group (see the
proof of [PS20, Lemma 3.8]).
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2.2.3 Application to Morava of a Quadric

Starting from now n denotes a fixed natural number, G = SO,,, or G = Spin,,
with m > 2"+ 1, and P = P,.

Recall that for any oriented cohomology theory A* the ring A*(Q) of a
smooth projective split quadric Q = G/P is a free A*(pt) module of rank
2d + 2, where m = 2d 4+ 2 or m = 2d + 3. A*(Q) is generated as an A*(pt)-
algebra by two elements: h of codimension 1, and [ of codimension m —d — 2
connected with the following equation:

Fa(h,h
hdJrl — # l.

For A* = CH" the pullback map along 7: G/B — G/P = @ can be

described explicitly, in particular,

st...817 m = 2d + 3,
st---sl + Z m = 2d + 2,

Sd4+15d—1---51)

71_CH<hd) — {

and TH(WY) = Z,, , for 0 <k <d—1.
Using the observations from Subsection we can conclude that for
k < d there exists a sequence Iy = (i1, ...,ix) such that

ASH(ROU(RH)) = (—1)4X,, = (~1)* € CH'(G/B).
Recall that for A* = K(n)*(—;Z/2) one has the equation
hd+1 =, hk()l (22)

for kg = 2" for m even, and ky = 2" — 1 for m odd by Theorem In our
assumption m > 2" + 1, we have d > 2" for m even, and d > 2" — 1 for m
odd, which means that ky < d. Our objective is to compute Ay, chosen for
k = ko from the right hand and left hand sides of the above equality.

Further we prefer to work with A* = Q* and only at the end pass to
Morava.

Notation. Denote J = Ker(degg,) an ideal in Q*(G/B) generated by homo-
geneous elements of positive codimension, cf. [LM] Theorem 1.2.14], and J;
is the ideal generated by homogeneous elements of codimension at least s.
Then J; - J,. C Jgy,, in particular, J is nilpotent.

Lemma 2.2.1. For any set of indices I and a homogeneous element = of
codimension |z| > |I|, we claim that AS(x) is equal to a homogeneous element
y of codimension |x| — |I| modulo Jig—|1j+1-
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Proof. We proceed by induction on |I|. For a homogeneous y of codimension
ly| we see that Af*(y) is a sum of the homogeneous element — (7§ o (7;)0) (y)
of codimension |y| —1 and k;y € Jj,. Then by Leibniz rule for any a we have
that A;(ay) lies in Jy—1. If AP(2) = y + > a;y; by induction hypothesis,
with |y| = [z| — || and |y;| > |z| — || + 1, then AF(AP(z)) is a sum of
y' = —(7 o (m)a)(y) and an element of Jjy_ ;. O

We apply this observation to z = 7*(h*) and I = I as above, and get
some homogeneous element y of codimension 0 such that z = A%(z) — y lies
in J. Then the image 2“! of z in CH*(G/B) actually lies in CH”°(G/B), and
the image y“M of y lies in CH(G/B). However, we know that y“? + 21 is
equal to (—1)*, which implies that 2 € L<°Q*(G/B), and y € (—1)*+L<0.J.
Since J is nilpotent, and A% (z) € (—1)*+.J, we conclude that it is invertible.
This obviously implies the following

Lemma 2.2.2. For any theory A* let us denote Hy = w4 (h*). Then the
element Af (Hya) is invertible in A*(G/B).

Let E be a generic torsor of GG, see Section [1.3.3] For each parabolic
subgroup P’ of GG there exists a unique gG-homogeneous variety X = E/P’
which is a twisted form of G/P’, see [ChMel, Section 1.1].

Let us denote by A*(G/B) the image of the restriction map

A*(E/B) — A*(G/B).

We will call elements of this set rational ones. Since A; can be defined on
A*(E/B) by the same formula, we conclude that A; of a rational element is
again rational.

For any free theory A* we have the following statement.

Lemma 2.2.3. Ideal Ty from Subsection |2.1.4] coincides with the ideal gen-
erated by the set A*(G/B) N J.

Proof. Tt is enough to check that the kernel of the map p?: A*(G/B) —
A*(G) coincides with the ideal generated by the above set. This is proven
in [PS20, Lemma 5.3] (cf. also [PS20, Example 4.7]). O

Now we can prove the following

Lemma 2.2.4. For any set of indices I and s > |I| we get that an element
AP (7 (h?)) lies in Tq.

Proof. Since h = ¢(Ogq(1)) we conclude that 7(h?) is rational, and, there-
fore, A(7%(h*)) is rational as well. On the other hand, a homogeneous
element of positive degree by definition lies in J so that AY (ﬂ'Q(hs)) lies in

J by Lemma [2.2.1} O
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Now, let us denote L = 7%*(I), and H = 7*(h*?). We prove the final
Lemma 2.2.5. One obtains A} (HL) € A} (H)L + Zg.

Proof. We show by induction on |I] < ko that AY(HL) is a sum of elements
of the following types:

e the only summand A;(H)L;

e a multiple of ¢q(x\)Ar(H) for some A € M;

e a multiple of Ay (H) for |I'| < |1].

As a step of induction we apply A; to each of these summands. First,
Ai(Af(H)L) = (A;o Ap)(H) L+ s;(Ar(H))Ay(L),

where
si(AI(H)) =A;(H) - cQ(xai)((Ai o AI)(H)).

Therefore we get one summand of each type. Next,
Ai(aco(zn)A(H)) = Aj(aca(zy)A(H) + si(aca(z) (Ao Ar)(H),

where s;(aco(2))) = si(a) ca(zs,x), and we get summands of the third and
second type. Finally,

Ai(aAp(H)) = Aia)Ap(H) + sia) (A; o Ap)(H),

i.e., we get two summands of the third type.
Since ¢q(z)) € Zq, with the use of Lemma we get the claim. O

Now we can finish the proof of Proposition [2.1.2] i.e., we can show that
the map
K(n)*(Q; Z/2) = K(n)"(G; Z/2)

factors through K(n)*(pt; Z/2).
Proof of Proposition[2.1.3. We pullback the equality ({2.2))
h = w, Wkl

to K(n)*(G/B) and chose Iy as above. On the one hand, Ay (75 (Rdt1))

lies in Zy(,) by Lemma . On the other hand, Ay, (WK(”) (v h™l)) €
a8 (l) + T for some invertible a € K(n)*(G/B) by Lemmas [2.2.5
and [2.2.2, This implies that 78 (I) lies in Tk(n). Then [ goes to 0 in
K(n)*(G) (obviously, h goes to 0 as well).

[l
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Chapter 3

Computational algorithms

The present chapter is actually written earlier than the previous ones, and
describes several algorithms necessary for computer computations with va-
rieties of small dimensions. These computations in fact suggested us the
statements of Theorems [[.1.4] and [1.3.9

3.1 A Character from Morava to Chow

In the present section we describe a character from the Morava ring K(n)*(Q)
of a split quadric @ to the Chow ring CH*(Q). This character should play
the same role for K(n)* which the Chern character plays for K°. The aspi-
rant used this description for computer experiments with small-dimensional
examples, but it can also be applied to a general quadric, e.g., it allows to
give an alternative proof to Theorem from the first chapter. We remark
that the same approach was used in |[Ri] for computer computations with
small-dimensional hypersurfaces.

3.1.1 Multiplicative Operations between Free Theories

For free theories A* and B* we denote the corresponding formal group laws
F4 and Fjp, respectively. By the projective bundle formula we have

A*(pt)[t] /¢ = AT(P")

induced by t — ¢i'(O(1)). Define A*(P*) as the inverse limit A*(P(V)) (in
the category of non-graded rings), where the projective system is induced

by embeddings of finite-dimensional subspaces V' in k> (where k is the base
field). Then A*(P>) = A*(pt)[[t]].
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Let ®: A* — B* be a multiplicative operation, and
O, = O(P>): A*(P*>) — B*(P*).

We consider @, as a homomorphism from A*(pt)[[ta]] to B*(pt)[[ts]], then
O (ta) is a formal series p(tp) € B*(pt)[[ts]]. This series ¢ is a homomor-
phism of formal group laws,

2 FB — FA ®A*(pt) B*(pt)a

see [Pa02, Section 2.7.5], i.e., one has the identity

o(Fa(z,y)) = (Fa® B*(pt)) ((¢(x), ¢(y)) € B*(pt)[[z, y]].

Therefore, sending a free theory A* to the corresponding formal group law
(A*(pt), Fla), and a multiplicative operation ® to the constructed above series
©, we obtain a functor FGL from the category of free theories and multiplica-
tive operations to the category of formal group laws, see [Pa02l, Section 2.7.5].
The following statement is proven in [Vil9, Theorem 6.9].

Theorem (Vishik). In the above notation, the functor FGL is, actually, an
equivalence between the categories of free theories and formal group laws.

3.1.2 The Riemann—Roch Theorem

Multiplicative operations do not commute with pushforward maps, however,
they preserve them in a certain sense.

Let B* denote an arbitrary oriented cohomology theory, and R = B*(pt).
For any series p(t) € R[[t]] and a line bundle L over any X € Sm;, we write
¢(L) for p(cP(L)) € B*(X). For a direct sum of line bundles £ = @7, L;
over X we denote

p(E) = H o(Li).

The splitting principle [LM, Remark 4.1.2], [Pa02, Lemma 1.6.1] and the
nilpotence of Chern classes then allow to define ¢(F) for any vector bundle
E over X. The obvious properties of this definition are the following: one
has the identity fZ(o(E)) = @(f*(E)) for any f: Y — X as it is true for
Chern classes; for any other series ¥ (t) € B*(pt)[[t]] one has the identity
(- V)(E) = o(E)Y(E); for an exact sequence of vector bundles Ey — E —
E5 one has the identity ¢(E) = ¢(E;)¢(Es). The details can be found, e.g.,
in [Pa02, Proposition 2.2.3], or in [Fu, Appendix B| (we remark that below
we can restrict ourselves to the theories B* = CH* ® R).
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Let ®: A* — B* be a multiplicative operation between free theories, and
©(t) € B*(pt)[[t]] a corresponding morphism of formal group laws. Assume
additionally that the series ¢(t)/t is invertible, and consider the Todd series
tde(t) = t/p(t), corresponding to the operation ®. In this situation one has
the following

Theorem (Panin—Smirnov). For any morphism of smooth projective vari-

eties f: X — Y consider the (non-commutative) diagram

A (X) A ax(Y)

ook

B*(X) & B(Y).
Then for any element o € A*(X) one has the identity

f(2(a) tde(Tx)) = @(fa(a)) - tde(Tv),
where Tx and Ty let us denote the tangent bundles to X and Y respectively.

We will refer to the above result as the Riemann—Roch theorem. Its proof
can be found in [PaSm)| [Sm|, and [Pa02, Theorem 2.5.4].

3.1.3 A Remark on the Mishchenko Formula

We can illustrate the power of the Riemann-Roch theorem by the following
simple remark: it immediately implies that the Mishchenko formula reduces
to the Lagrange inversion formula.

We recall that any formal group law F over a Q-algebra R is strictly
isomorphic to the additive formal group law F,(z, y) = x + y, and we call
the unique strict isomorphism from F, to F' the exponent of the law F', and
let us denote it by expp(t) € R[t]; is satisfies the identity

expp(T +y) = expp(z) +r expr(y) € R[[z,y]]. (3.1)

The term strict isomorphism means a series starting from the polynomial
variable ¢ + .. ..

Quillens’ reorientation [Pa02, Theorem 2.3.1] (generalized in [Vil9, The-
orem 6.9]) implies that for a theory A* = Q" ®p R there exists a unique
natural multiplicative operation (in fact, a natural isomorphism)

c=c¢y: A" - CH" ® R,
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corresponding to the series exp.
Consider a theory A* = Q" ®; Q, ie., R = L ®z Q, and apply the
Riemann-Roch theorem to the structure morphism y: P" — pt,

A*(PT) X2 R

-

CH*(P")® R—27Z® R,

then one has the equaltiy xa(lpr) = xcnm (tdc(’ﬁw)). Next, let us denote
Heyn = M (Opr (1)), and consider the exact sequence

O O]p'r O]pr(l)@(r—‘rl) ﬁ“%r —>-0 (32)

eXPF(H CH

Xa(lpr) = xcn <($) T+1> :

Since xcu(Hgy) = 1 and xcn(HEy) = 0 for k # 7, we see that y (1) co-

t r+1
—) at t". If we denote
eXPF(t)

the composition inverse of expp by logp(t) = > ;s c;t', then its coefficients
can be computed with the use of the Lagrange inversion formula [Chal The-

orem 11.11]
d: t i+1
dti (epr(t) )

In other words, x a(1pr) is equal to (r+1)c,11. Observe that as a consequence
one has the same identity yqo(lpr) = (r + 1)c,.41 for algebraic cobordism
itself, since LL is torsion-free. Therefore, we conclude that the logarithm of
the universal formal group law F' = Fg over L ® QQ is given by

r+1
H,
Then td (Tpr) = td(Opr (1)) = ( cn )> . In other words,

incides with the coefficient of the series (

di—i—l

=0 = dti+1 logF (t)

(3.3)

t=0

o0

XQ(l ifl) i
log, (1) = Z+t

=1

We used the above identity, called the Mishchenko formula, in the first chap-
ter, see (1.8). The above discussion shows the connection of this formula
with the classical combinatorial identity (3.3)).
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3.1.4 Description of the Character

We can use the same argument as in the previous section to construct a
character from Morava K-theory to the rational Chow theory. More precisely,
for A* = K(n)*®zQ we denote exp,, the unique strict isomorphism from F, to
Fxy, i.e., the exponent of the law Fi () defined in Section . The series
exp,,(t) is the composition inverse to (1.9). Using the theorem of Vishik
(see Section , we get the corresponding multiplicative operation ¢(n)g
from A* to CH* @ Q[vF!] satisfying the identity

¢(n)g(ci' (Or= (1)) = exp, (ci"(Op=(1))) € CH*(P*) ® Q[uy"].

The composition of ¢(n)q with the localization map K(n)* — K(n)* @ Q will
be denoted by ¢(n),

¢(n): K(n)* —s A*"% cH* @ Q[u!].

This character should play the same role for K(n)* which the Chern character
plays for K°.

From the computational point of view the character ¢(n) is especially
useful for cellular varieties, or, more generally, for a smooth projective variety
X with a split K(n)-motive as in Section [1.2.2] The K(n)*(X) for such an
X is isomorphic to a direct sum of Z)[v:!], in particular, it is torsion-free

and injects into K(n)*(X; Q) via the localization map. Since the operation
¢(n)g is a natural isomorphism, we obtain the inclusion

¢(n): K(n)"(X) = CH*(X; Q[u;"]).

An explicit description of the above inclusion can be used as a method to
determine the multiplication in the ring K(n)*(X). In particular, for X = @
a split projective quadric this method gives an alternative proof of Theo-
rem [[L.T.4

We remark that for a quadric the geometric approach we used in the
Section [1.1.2] is simpler than the argument below. However, the method
itself seems interesting, and we want to illustrate it using the quadric as an
example.

Let Q be a smooth projective split quadric, and take the free base lzK ()
for 0 <17 < d, and hﬁ(n) for 0 < k < d from Theorem . We will describe
the images of the base elements under the map ¢(n).

Since h = ¢}(Og(1)), we obviously have c(n)(h’%(n)) = exp, (hcn)®. We

use the Riemann—-Roch theorem to compute the images of ZZK ™) We denote
i: P4 < @ the inclusion of the maximal isotropic subspace, and recall that
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15" s equal by definition to iK(n)(HﬁEﬁ ); Hi(my € K(n)*(P?). Then the

Riemann—Roch theorem applied to the square

1K (n)

K(n)"(P?)

lc(n) jc(n)

CH' (P; Q) —* CH'(@; Q),
and the element o = H{i@i) = cii(n) (O]Pd(]_))dii gives us the identity

1CH (C(n)(HféZfL)) td c(n)(ﬂ?ﬂ) = C(n)(iK(n)(Hﬁa))) 'tdC(n) (722)

We have already computed td (n)(Tpe) = (H(;H/expn(HCH))dJrl using |}

Similarly, we can compute td (7o) with the use of the sequence

0 To [*Tppss —= Og(2) —= 0,

where D = dim @, and I: @ < PP*! denotes the closed embedding of the
quadric into the projective space.
Let hcn denote ¢;(Og(1)) € CH*(Q) ® Q[vE!], then

ci"(0q(2)) = 21" (0q(1)) = 2hcn,

therefore td»)(Og(2)) = 2hcu/exp, (2hcu). Since Chern classes respect
pullbacks, we get td) (i*Tpo+1) = (hen/ expn(hCH))D+2, and finally

D+2
hCH ' eXpn(thH)
expn(hCH) QhCH ’

tden) (Tq) = (

Recall that ZZK(") = iK(n)(H%Z,i)), and ¢(n)(Hkn)) = exp, (Hcn), therefore the

Riemann—Roch theorem gives us the identity

e(n)(If™) =

(2

d+1
Hen [ expp(hcn) P2 2oy
)

= Hey) | ——— —_—
fcn | exp,(Hon) (eXpn(HCH hcn exp, (2hcu)

Recall that for ¢ < D — d the pushforward'iCH of the inclusion of the
maximal isotropic subspace P? < @ sends HéﬁZ to I = %hgﬁl. Then for
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@ = Z?:Bd_l a;H{ one has icu(a) = 5 by ( Zi’:)d_l a; hiyt). In particu-
lar, for © < D — d we get

e(n)(11") =

7

d+1
hen exp,, (hen)?*? - 2hen
exp,, (hcm) hon? - exp, (2hen)

)D-‘rl—i

1 )
=3 hgﬁd e><;pn(hCH)d_Z (

_ exXp, (hcu
expn(ZhCH)

In the only remaining case ¢ = d and D even, the description of c(n)(l;{("))

is not much harder. The series (Hcn /expn(HCH))dJr1 starts from 1, which
maps to (J" # 1 hly under the pushforward map, i.e.,

d+1 d+1
o ( (2 V) =g (e N ().
expn(HCH) 2 CH epr(hCH) d 2 CH

Since multiplication by hcy maps (I — 1 hiy) to 0, we obtain

how )P+ 1
ZK(n) _ exp,, (hcu jCH _ L g _
c(n)(l;™) exp, (2hon) + |l 5 lcn

As a result, we get the following

Proposition 3.1.1. In the above notation, the character

¢(n): K(n)"(Q) = CH(Q; Qlv,"))
on a smooth projective split quadric () of dimension D = 2d or D = 2d + 1
15 determined by the identities

C(n)(hﬁ((nﬂ = eXpn(hCH)k7
c(n)(IF™) = exp,, (hew) P+

ori1 <D —d,
‘ exp,,(2hcn) J
n expn h D+1-d 1
c(n)(lfi{( )) = eXI() C(J;{}zch) + [ I§® — 3 hiy ) for D even.

As a corollary, we can reprove Theorem [1.1.4] Indeed, if we try to de-
compose c(n)(hf;a)) = exp, (hen)®! as a linear combination of ¢(If™),
d+1

d+1\ _ K(n)y _ exp,, (hcw) D—d—i
e(n)(higmy)) = > _ci - e(n) (1) = oo ho) > " ci-exp,(hen) :

we see that the task is equivalent to the decomposition of exp,(2hch) as
a linear combination of the powers of exp,(hcn). Such a decomposition is

exactly the series [2]r, (1) = Fxn)(t,1), cf. (3.1).
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3.1.5 Computation of the Morava Exponent

We close the present Section with the following remark concerning the com-
puter computations with the series exp,,, see (3.1). The formulae below
should be well-known, and we include them only because we do not have a
good reference. We would also like to mention that a similar approach is
used in [BalJi] to obtain closed formulae for the coefficients of formal group
laws. In our opinion, however, it is faster to compute the exponent, and then
deduce the coefficients of a formal group law using it.

In contrast to Section we remark that Morava K-theory K(n)*
makes sense for any prime p. On the other hand, we will omit v, in the
identities below to make them easier to read.

We can define a free theory corresponding to the formal group law F' over
Zpy determined by its logarithm

i(t)y=> p ",
k>0

cf. [PS14]. For any series I(t) = Y, o cxt"! with ¢g = 1 one can find
coefficients of its composition inverse e(t) = 3, dit*™" by the formula

dpy = Z (_1)k1+...+km (m +ki+...+ k;m)! y

km
CE I

1y km >0
k1+2ko+...4+mkm=m

see [Chal p.437]. For our logarithm series {(¢) this simplifies to

= ()Y (77<1—|— 1)!211(/)%!) ot

where the sum is taken over all sequences of non-negative integers (ki, ks, . . .),
k; > 0 subject to an equation

Z(pm —1)k; =m.

For computer computations the above expression is totally acceptable.
For example, we can consider the case p = 2 and n = 2, and compute a few
first coefficients of exp,(t) using the above formula:

#4 11 .. 35 .. 977 .. 1811 .. 14007 ., 111735
P N S P LA AR 19 _ 422 25
exp, (t) Tt Ty 2 T 16 32 | e
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3.2 Equivariant Computations

The present section does not contain any theorems or propositions. Here
we describe the computer algorithms used by the aspirant to look for ratio-
nal elements on A*((Q)) and rational projectors on A*(Q x Q) for @ a split
quadric. The main ideas of the algorithm are due to Victor Petrov and Nikita
Semenov, see [PS14], and the aspirant continued their work. The obtained
results for small-dimensional quadrics helped the aspirant to state the theo-
rems of the first chapter. Here we give a version adopted to the Spin-torsors,
and we hope that it can still be helpful in future.

3.2.1 Equivariant Oriented Cohomology Theories

We give an axiomatic definition of equivariant oriented cohomology theories
following [CZZ]. This paper is a part of the project [CZZIl (CZZ2l ICZZ].
Classical examples of these theories are the equivariant Chow groups CHg
of Totaro [To] and Eddidin—Graham [EG98], and equivariant K-theory K¢
of Thomason [Th], see also [Pa94, Me05] (we remark that in this chapter it
is more convenient to work with the non-graded version of K°-theory).

For G a smooth linear algebraic group we denote by Sm{ the category
of quasi-projective varieties endowed with action of G (and G-equivariant
maps). An equivariant oriented cohomology theory is given by the following
data.

(D1) An additive functor Ag: (Sm§)™ — Rings for any smooth linear al-
gebraic group G. As usual, we denote Ag(f) by f# and call it the pullback
map along f.

(D2) A morphism fa: Ag(X) — Ag(Y) of Ag(Y)-modules called the push-
forward along f for any projective equivariant morphism f: X — Y. Push-
forwards should map identity morphisms to identity morphisms, and preserve
compositions. B N
(D3) A natural transformation of functors ¢“: Kz — Ag, where Ag(X)
denotes the multiplicative group of the polynomial ring Ag(X)[t]. The co-
efficient at ¢ is denoted by ¢ and called an i-th equivariant Chern class.
(D4) A natural transformation of functors resy: Ag — Ay o Res, called the
restriction map for any morphism of algebraic groups ¢: H — G, and Res,
stands for the restriction of the action of G to the action of H. Restriction
maps should respect composition of morphisms of groups, and commute with
pushforwards.

These data should satisfy the following axioms.

(A1) For the transversal square defined as in |[LM| Definition 1.1.1], the
pullbacks should commute with pushforwards exactly as in [LM|, Defini-
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tion 1.1.2 (A2)].
(A2) For p: A" x X — X a G-equivariant projection, with G acting linearly
on A", the map p?*: Aq(X) — Ag(A™ x X) is an isomorphism.
(A3) For any inclusion of a smooth divisor i: D < X in Sm¢, and £(D) the
corresponding line bundle as in [Har, Chapter II, Proposition 6.13] one has
the normalization identity ¢ (£(D)) = ia(1ag(p))-
(A4) Let p: X — Y bein Sm¢, and H a closed normal subgroup of G acting
trivially on Y such that p: X — Y is an H-torsor. Consider the quotient
map 7: G — G/H. Then the composite p* ores;: Ag/p(Y) = Ag(X) is an
isomorphism.
(A5) For G = 1 the theory A = A; should satisfy the axioms of Levine-
Morel, in particular, we can associate a formal group law F' = F4 with it.
(A6) Let i: Y — X be a regular embedding of codimension d in Sm¢. Then
the normal bundle Ny, x to Y in X is naturally G-equivariant, and one has
the equality i“ o ia(lagyy) = i (NY/X).

In the next axiom we prefer to restrict ourselves only to the cases where
G is a split reductive group or a parabolic subgroup in it.
(A7) For any closed subvariety i: Z < X in Sm¢ with an open complement
j: U — X, the sequence

Ag(Z) =2 Ag(X) 2 Ag(U) —0

is exact.

For X € Sm¢, we consider following [CZZ] the v-filtration on Ag(X),
where 7" Ag(X) is defined as an ideal of Ag(X) generated by products of
(equivariant) Chern classes of total degree at least . Then an equivariant
oriented cohomology theory is called Chern complete for G, if the ring Ag(pt)
is separated and complete with respect to the y-filtration. We remark that
if the ring Ag(pt) is separated for all G, and Ag(pt) denotes its completion
with respect to the ~-filtration, then tensoring — ®a(pt) A\G(pt) defines a
Chern complete theory, and this procedure does not affect non-equivarinat
groups A = Ay, cf. [CZZ, Remark 2.2]. Below we always assume that our
theories are Chern complete.

Consider now the case G =T = G*! a split torus, and let

M7y &®...0 L

be its group of characters. Recall the definition of A*(BT') = A*(pt)[M]r,
from Section 2.1.1] ¢f. also [CPZ, Definition 2.4, Corollary 2.13]. We know
that A*(pt)[M]r, is isomorphic to the power series ring A*(pt)[z1,...,z],
and we defined the elements z, € A*(BT) for A € M according to the rule
Ty, = x;, and xxy, = Fa(xy, x,).
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Assume now that we have a Chern complete equivariant cohomology the-
ory Ag with A = A;. Then by [CZZ, Theorem 3.3] we have an isomorphism

Ar(pt) = A*(pt)[M] £,

More precisely, let L* denote the T equivariant line bundle over pt of weight
A, i.e., just a one-dimensional vector space V over k with the action of T,
such that ¢t-v = A(t)v for any t € T and v € V. Then the above isomorphism
is given by the identification of ¢f(L*) with z,, see [CZZ, Theorem 3.3].

Let now G be a split reductive group, T its split maximal torus, and ®
a root system of G. Following [CZZ2, Definition 4.4] we call A*(pt)[M]r,
reqular (with respect to @) if z, is not a zero divisor for any o € . Working
with a projective homogeneous variety for a split reductive group G we always
assume below that the above regularity assumption holds.

3.2.2 Chern Classes and Weights

Let G be a simply-connected split semisimple group, P its parabolic sub-
group, and let £/ P denote an inner twisted form of a flag variety G/P, see
Section [1.3.3f Then (non-graded) K°(E/P) is isomorphic to R(P) ®r(q) Z,
see [Pa94, Theorem 2.2], where R(H) stands for the K°Rep H of the category
of representations of H.

We do not have analogous results for an arbitrary oriented cohomology
theory A* (e.g., for A* = CH"), however, we can try to calculate the Chern
classes ¢! of elements of K°(E/P), and describe the subring in A*(E/P) they
generate.

Instead of A*(E/P) itself we describe as usual its image in A*(G/P)
under the extension of scalars map, i.e., the subring of rational elements
corresponding to E. The theorem of Panin [Pa94, Theorem 2.2] shows in
fact that the subring of A*(G/P) generated by the images of the Chern
classes ¢;: KY(G/P) — A*(G/P) is always rational. The description of this
subring gives, therefore, a certain information about A*(E/P).

Any representation of P can be identified with a G-equivariant bundle
on G/P as in [Pa94, Lemma 1.3], see also [Me05, Corollary 2.6],[Anal, and
under this identification the map R(P) — K°(G/P) of [Pa94, Theorem 2.2]
coincides with the map resf : K% (G/P) — K°(G/P) which forgets the action
of G. It is convenient for us to decompose this map as a composition of two
forgetting maps res% and res?, first, restricting the action of G to the action
of its split maximal torus 7', and then forgetting the action of T

The advantage of this approach is explained by the following result. If we
identify T-fixed points of G/ P with W¥ = W/Wp (where W and Wp are the
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Weyl groups of G and P), and let us denote the corresponding embeddings
Ly: pt = G/ P, see [Br05 (6.2)], then the map

@up: Ar(G/P) — € Ar(pt)

weW?P

is injective, see [CZZ, Theorem 8.11]. We can identify, therefore, Ar(G/P)
with a subring of @, cy» Ar(pt) (with the component-wise multiplication).

Using the above identification, we can compute, in fact, the equivariant
Chern classes ¢! of the elements of R(P) = K%(G/P) in A7(G/P). In other
words, given a representation p: H — GL(V') of a parabolic subgroup P we
can identify it with a G-equivariant bundle on G/P and describe explicitly
its Chern classes as elements of € Ar(pt).

Consider the following diagram

K'Rep P — K%(G/P) == K%(G/P) == K%(G/P) ——~ Ar(G/P)

T,
T
res =

K%(pt) K7.(pt) Ar(pt)

for v: pt = P/P < G/P the embedding of the distinguished point (in par-
ticular, ¢ coincides with the above 11, 1 € W7).

The correspondence between representations of P and G-equivariant bun-
dles on G/P is given by V —P\(G x A(V)), see [Me05, Corollary 2.6],
therefore after the restriction to the action of P and the pullback to pt,
we get the map R(P) — K%(pt) sending V +— A(V). Considering A(V)
as a T-equivariant bundle, we can decompose it as a sum of line bundles
A(V) = @, L* corresponding to the weights A of V' with multiplicities. Af-
ter the identification Ar(pt) = A*(pt)[Tw,,- . -, Tw ] F, We have ¢! (L) = xy,
see [CZZ, Theorem 3.3]. Therefore, ¢/ (V) is an i-th symmetric polynomial
n xy.

Similarly, for any fixed point ¢,,: pt < G/P we can describe the pullback
of V. —P\(G x A(V)) along t,. For a v € L* we have

(t-w,v) = (w,w 'tw-v) = (w, \t"*)v),

i.e., the weights at a fixed point w € W are equal to w()) for A the weights
of V, and the Chern classes are the symmetric polynomials in x,,(y), cf. the
proof of [CZZ, Lemma 6.1].

It is well-known that the representation ring of G is generated by (the
classes of) its fundamental representations V, (and, in fact, R(G) a polyno-
mial ring on V). For the representation V,, of the highest weight w; one
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can describe all weights of V,,, see, e.g., the tables in [PSV]. We usually
can similarly describe R(L) as well, where L denotes the Levi subgroup of
P, R(P) = R(L), and the above procedure gives us a recipe to compute a
certain subring of rational cycles in Ar(G/P).

The next section explains how to describe the obtained rational element
in more geometric terms, e.g., as pushforwards of certain subvarieties.

3.2.3 Description of Pushforwards

Let GG be a split reductive group or even more generally, a parabolic subgroup
in such a group, and let P be a parabolic subgroup in G. We will need a
closed formula for pushforwards of elements in Ar(G/P) considered as a
subring in € Az(pt). We include this formula here, since it is hard to find a
reference.

Consider the T-equivariant map f: G'/P" — G/P for G’ and G with the
same torus 7', and parabolic subgroups P’ and P. Then we have a diagram

Ar(G'/P) Ar(G/P)
o o
EBP, Ar(pt) EV%P Ar(pt).

By [CZZ, Corollary 8.12], the injective map

weW P

becomes an isomorphism after the localization at the multiplicative subset
o Where « is a root. Therefore, the pushforward f4 can be computed with
the use of the self-intersection formula. Recall that we always assume that
Z,, are not zero divisors.

More precisely, for the embedding of the closed point i,,: pt — G/P,
w € WF, we have

(iw)A © (iw)A (1) = Cé)p (7~G/P,w)>

where the weights of the tangent bundle 7¢/p, to G/P at the fixed point
w € W7 are equal to w(a) for « the roots of Uy, and c{})p can be computed

as the top symmetric polynomial of weights, i.e., their product, see [CZZ,
Lemmas 6.1 and 6.2].
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By [CZZ, Proposition 6.2] we know that (i, )*(a - (iw)a (1)) = 0 for w #
w' € W On the other hand, (iy,)* (a- (iw)a (1)) = a-c{,(Tar/pr,w). There-

-1
fore, after inverting x, for o a root we can take a,, = (cf})p (Ter, P’,w)) -

Ap(pt) and obtain an element e, = @y, - (iy)a (1) with
(iw’)A(ew) = 5w,w"

By Ar(pt)-linearity of pushforwards, we only have to describe fa(e,). First,
observe that f o i, for w € W is obviously an inclusion of a fixed point,
i.e., coincides with i, for some v € W¥. Then taking a pullback to this point
we get

i (£ ) =it o (1), (1) = by (Teyrs).

Since the pullback and the pushforward are Ar(pt)-linear, we see that for
a € Ap(pt) one has

it (Fala- )a (D)) = a- b (Toypo).
Then for the pushforward of e, one has the identity

C?OP (7-G/P7 U)
Cé}p (7-G”/P’7 w)

Now a pushforward of an Ar(pt)-linear combination x = _ e, - ¢, of e, can
be computed by the formula

(iv)A(fA(ew)) =

CA (%/P v)
(iv)A fa(z)) = o+ —2RA TN (3.4)
o) = 2 e i )
f(w)=v

Obviously, since z, are not zero divisors for o a root, and for an element
x with the values ¢, = i(z), we can compute f4(z) by the same formula
without inverting z,’s. We remark, however, that the individual summands

may have z, in denominators.

3.2.4 An Example

Consider the example G = Spiny with a split maximal torus T = GX2,
and let us denote its characters w; and w, according to the numbering of

Bourbaki. Then for G’ = P’ = P = P, we consider G'/P’ = pt, and G/P a
3-dimensional quadric. The natural inclusion P — G induces

f:pt—= G/P,
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and we can compute f4(1) according to the above method, more precisely,
we can show that

fa(l) = (4xwlx;2 — 4xilxm +...,0,0,0) € ®yewrAr(pt), (3.5)

43 7

where stands for the terms of higher total degree in x,,. Moreover, we
can further rewrite it in terms of the Chern classes of certain representations
of P asin Subsection|3.2.2] The Levi subgroup of our P is isomorphic to GL,
and denoting by Vg and V. its determinant and natural representation, we

will show that

(f)A (1pt) = - Cf(vdet) ’ 6124(‘/;1&‘5) mod (xwl7 wa)'

We start with the equality (3.5). We have W = W(By) = (s1, s2), and
Wp = (s3), so that WP = {1, s1, s951, s15251}. The only fixed point that
has a pre-image is 1 € W, therefore fao(1) = (¢, 0, 0, 0) € Dypewr Ar(pt),
where ¢ can be computed by the formula

Céqop <7b/P7w)

—1.
¢ 1

The roots of Uy are —ay = 2(ws — @), —a1 — g = —wp, and —ag — 209 =
—2wsy. Observe that we cannot take, e.g., A = CHp(—;F,) here since the
roots should not divide zero. We will write x; for z,, then ¢ = 4:511'% —
42219 + ... where “...” stands for the terms of higher total degree in x;.

We know that any Sp,; torsor is trivial, in particular, any Spin; = Sp,
torsor is trivial. As a consequence, for any oriented cohomology theory A*
and any Spins torsor F, the pushforward of a point in Iy € A*(G/P)) is
rational. But we can prove by our method that the pushforward of a point
is in fact a product of Chern classes of certain concrete bundles.

The easiest way to prove our claim is to use the mentioned isomorphism
of Sping with Sp,. Then for a split torus T = GX? of G = Sp, its weights
wy and wy will interchange. We now prefer to write w; for our old w, and
vice versa to have the same numbering as Bourbaki for the system C;. With
this renumbering we now have P = P5, and the corresponding Levi subgroup
Ly coincides with the subgroup of Sp, consisting of block-diagonal matrices
<61 g) for A, B € Msys. This subgroup of Sp, is isomorphic to GLo, i.e.,
A can be an arbitrary matrix from GLy, and B is determined by A.

The weights of the natural representation V,,,; of GLs are €; and €5, where
] = €1 — €9, and Qg = 262, i.e., €1 = Wi, and € — Wy — Wq.
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g = 269 Wy = €1 + €2

Ty — W = €9 w1 =€

We have W = W(Cy) = (s1, s9), and Wp = (s1), so that W =
{1, s, S189, Ses152}. Further, so(€1) = €1, s152(€1) = €3 = wy — wy, and
S95152(€1) = —€3 = w1 — wy. Similarly, se(€z) = —€9 = wy — wa, S182(€2) =
—€1 = —wy, and $38182(€2) = —€; = —1y.

We will write z; for our new z,, then the second Chern class of the
natural representation of GLs is an element of the form

& (Viat) = (21(22 — 21) + O(3), a1(z1 — 22) + O(3),
(22 — 1) (=71) + O(3), (21— 22)(—21) + O(3)) € € Ar(pt)
weW?P
where “O(3)” stands for the terms of the total degree higher than 2. The
above element is equivalent to

(221 (z2 — 21) + O(3), O(3), O(3), 221(22 — 21) + O(3))

modulo the ideal (z1, z3).

The determinant representation Vie of GLy has the weight €; + e =
wy. We have so(wy) = ap = 2wy — wa, $152(w2) = —aq = wy — 2w
and s98189(wy) = —wy. Therefore, the first Chern class of the determinant
representation gives us an element

c‘f‘(Vdet) = (xg +0(2), 221 — 29 + O(2), 29 — 221+ O(2), —22 + 0(2))
which is equivalent to
(222 + O(2), 221 + O(2), 225 — 221 + O(2), O(2))

modulo the ideal (z1, x3). Then the product of the obtained elements is

equal to

This completes our description of the class of the point f: pt — G/P in
terms of the Chern classes,

(f)A (1pt) = - Czlq(vdet) : Cg‘(Vnat) mod (xww xwz)'
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Remark. Assume that A is a graded equivariant theory, and, moreover, that
A*(pt) is concentrated in non-positive degrees, then A*(G/P) does not have
elements of degree greater than 3, and since the map Ar(G/P) — A*(G/P)
forgetting the action of T preserves grading, it sends O(4) to zero (and ob-
viously it sends z, and x, to zero).

Then the above equality shows that the element ci'(Viet) - ¢4(Vaas) goes
exactly to the pushforward of the point up to a sign after forgetting the
action of T'.

3.2.5 Filtration on a Product of Quadrics

Victor Petrov and Nikita Semenov in [PS14] propose an algorithm based
on the above observations, which allows to find idempotents in Ar(Q X Q)
with respect to a composition of correspondences. The aspirant used this
algorithm to look for projectors in small-dimensional quadrics. This approach
helped the aspirant to state the conjecture about the motive of a generic
quadric proven in Chapter I. We will not find any new examples of projectors
with this algorithm in the present thesis (as compared to Chapter I), however,
the algorithm still looks promising for the study of generic Spin,,-torsors of
quadrics.

The starting point of the algorithm is the following filtration on the
product of quadrics, see [PS14, Section 5]. Let @ be a smooth projective
quadric over a field k, and ¢: V — k be a respective quadratic form, i.e.,
Q = {(u) | p(u) = 0}, where angle brackets denote the class of u € V' in the
projective space P(V'). Let us denote

X = {((u), () €Q xQ ’ by (u, v) = 0},

where b, denotes the bilinear form corresponding to ¢. Then we have a
filtration
Q"X ——=QxQ,

for 6 the diagonal embedding, where the first projection map
pri: (QxQ)\X = Q
is an AP-fibration for D = dim Q, and
X\Q — 0Gr(1,2; Q), ({(u), (v)) — ({u) < (u, v))

is an Al-fibration; here OGr(1,2; Q) denotes the Grassmannian of isotropic
flags of dimensions 1 and 2.
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However, X is not smooth, and a possible choice for the resolution of
singularities for X is the projectivised tautological bundle 7, of rank 2 over
the OGr(1,2; Q). More precisely, 7, is the bundle which associates with the
point ((u) < (u, v)) of the Grassmannian the space spanned on u and v, and
P(72) consists of pairs

((w) < {u, v), (w) < (u, v)).

Then the map f: P(72) — @ x @ sending the above pair to ((u>, <w>) is a
resolution of singularities for X.
Now consider the map

F: A%(Q) & A1 (0Gr(1,2; Q) @ A P(Q) = A*(Q x Q) (3.6)

sending a ® b @ ¢ to pri'(a) + fa o () +d4(c), where 7 denotes the natural
projection from P(7;) to OGr(1,2; ()). Then the map F is surjective for any
free theory by Nakayama’s Lemma and the case of Chow. As usual, it is
more convenient to assume that () is split, and work with rational elements
of A*(Q) and A*(OGr(1,2; @)). Then F is an isomorphism since its domain
and codomain are free over A*(pt) of the same rank, cf. also [NeZa, The-
orem 4.4]. In particular, starting from rational cycles a, ¢ on @ and b on
OGr(1,2; Q) , we can obtain the rational cycle F(a®b@® c) on Q x Q.

Petrov and Semenov remark in [PS14] that [CZZ, Theorem 8.11] can be
extended to the cases X = P(7p) and X = @ x Q, i.e., the map

Ar(X) = @ Ar(z)

zeXT

induced by the embedding of the T-fixed points X7 C X is injective for these
X, and the description of pushforwards given in Section remains valid
for them as well, cf. [PS14], Section 6]. On the other hand, the representations
of the Levi subgroups L and L, 5 of the Spinp,_, give us explicit elements in
Ar(Q) and Ar (OGr(l, 2; Q)), respectively, which are rational with respect
to every inner form of Spinp .

Since the composition of correspondences can be computed in terms of
pullbacks and pushforwards, we obtain an algorithm which allows to find
projectors in A*(Q x Q). We reproduce the description of this algorithm
from [PS14] for the even-dimensional case, and add the odd-dimensional case
for the sake of completeness.

3.2.6 Description of the Algorithm

Here we will describe the map F' given by (3.6) in terms of the inclusions
Ap(X) — @,cxr Ar(z). For an element a € Ap(X) and a fixed point
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x: pt = X we denote 7%(a) by a, and sometimes call a, the coordinate of
a at z. We identify a with the tuple of its coordinates (a, | x € X7T).

Proposition 3.2.1. Consider F from , and let a, ¢ be elements of
Ar(Q), and b be an element of Ar (OGr(l, 2 Q)) Then we can number the
fized points of Q byi € {—1,...,—1,1,... 1}, the fized points of OGr(1,2; Q)
by the pairs (i,j) with © # +j from this set, and the fized points of QQ X Q
by the arbitrary pairs (i,j) in the natural way we describe below. For a, b, c,
F(a®b@® c) we denote their pullbacks to the fixed points by a;, b, ;, ¢;, and
F(a® b c);; respectively. In these terms

F(CL Db C)i,j =a; + 33761,6]. : b@j

fori#+j, Fla®b®c);—; = a;, and

A
Teime; Tmeime; Cion(TQ1)
Fla®b®c)ig=a;+ Y by ———Z 20 o et (To.)-
A+ " xejfeicé)p<7z?7j) rop

Here, in the even-dimensional case one has

Ctop 722a H xezfﬁk )

—1<i<l

iZtk
and €; are the characters e, = wy, €, =w; —w;_1 forl <i<l—1ori=1,
and €_1 = w; + w;_1 — w;_2. In the odd-dimensional case one has

Cé)p(,ﬁ»?,k) =T - H Lei—ep

—1<i<l

i#tk
and €; are the characters e = wy, € = w; — w;—q for 1 < i < I, and
€ = 2@1 — Wi—1.

Proof. We number the fixed points of the split quadric ) = Spin,,,/P; by the
elements of WF' = W/Wp,, where 1 corresponds to P;/P;. Then the fixed
points of () x ) are exactly the pairs of the fixed points of (), and we identify
them with the set Wt x W,

For the projection pr;: @ x Q — @ on the first coordinate we have
therefore a formula

(pri (@), =

for u, v € Wh, a € Ar(Q) — @, cnr. Ar(pt), since pullbacks comute with
pullbacks.

69



Further, we can describe the pushforward along the diagonal embedding
§: Q — QxQ asin Section[3.2.3] As there, the weights of the tangent bundle
To.w to Q at the fixed point w € W are equal to w(a) for a the roots of Uy,
and cé,p(%,w) is the product of the weights, cf. [CZZ, Lemmas 6.1 and 6.2].
Since Toxo,(uw) = T9,u® T, and one has the Whitney formula for the Chern
classes, we obtain

Cép(%XQ:(“,U)) = Cép(%yu) ’ C?op(%fv)'

Further, we obtain

A (7'Q><Q (u U))
5 _ Y top T\
Ca@n = 2 o =0

as in (3.4)), i.e.,

(64(a)) (up)

Ay cf})p(TQ,u), for u = v,

0, elsewhere.
For computer computations it is preferable to avoid any packages working
with Weyl groups, and here it is easy to give an explicit formula for c{})p (TQ u)
We can realize root system B, as in Bourbaki tables, more precisely, take a
base ¢; of a Euclidean space R, and identify B; with the set {4¢; | 1 < i <
l}U{xe £¢ | 1 <i < j <} Then the simple roots are o; = €; — €41
for i < I, and o = ¢. The Weyl group W(B;) can be identified with a
subgroup of S{ie, . +q} consisting of such o that o(—e;) = —o(e;). The
fundamental transpositions s; corresponding to simple roots coincide after
this identification with (e;, €;11)(—€;11, —¢;) for i < [, and (¢, —¢;) for i = .
Now the action of the element w € W (B;)* on the roots of U; can be easily
computed. Indeed, the roots of U; are the negative roots which cannot be
obtained as a sum of «s,...,«;. This is exactly the set {—e;} U {—e; +¢; |
1 < i <}. Then the set {w(a) | @ € Uy } coincides with

{—w(e) U {—w(e) e | 1<i<I}.

Obviously, the classes w € W = W(B;)/(sa,...s;) are determined by
w(ey) = %€, or just by £k, therefore W can be identified in this way with

the set {—1,...,—1,1,...,1}. More precisely, if we look at W as at the set
of shortest representatives, then s;...s; corresponds to ¢ + 1 for ¢ < [, and
Si...S8-1881—1...81 corresponds to —i. Introduce the notation €, = —e_;

70



for k negative. Now for w = wy, corresponding to k € {—1[,...,—1,1,...,1},
i.e., with w(e;) = €, we have

Cép(%ywk) = T—g, H Lei—ep-

—I<i<l

itk
The decomposition of ¢; in terms of fundamental weights w; is given by
€1 =w, € =w; —w;—1 for 1 <1 <[, and ¢ = 2w; — w;_1.

Similarly, we can identify D; with the set of long roots in By, i.e., with
the set {£e; £¢; | 1 <i < j <1}. Then the simple roots are o; = ¢; —
€ip1 for i < I, and oy = €1 + ¢. Next, the Weyl group W(D;) is also
a subgroup of Siic,, . +¢), and the fundamental transpositions s; are equal

to (€, €21)(—€i1, —€;) for @ < I, and s; = (1, —€) (€, —€_1). Similarly,
the elements of W are determined by w(e;) = ¢, or just by k (possibly
negative). This allows to identify W with the set {—{,...,—1,1,... 1},

and we denote w = wy, if w(e;) = ¢ (here we actually should assume [ > 3).
If we look on the shortest representatives of W, then s, ...s; corresponds
toi+ 1 fori <[, s;8,_9...81 corresponds to —[, and s; ... S;_25S_15_2...51
corresponds to —i for ¢ < [. The root of U] are —e; +¢; for i # £1, and
after the action of w; € W we obtain the set

{—ente|—l<i<l i+#=+k}

Therefore for the top Chern class we obtain the formula

Cé)p(%,wk) = H Lej—ep-

—I<i<l

itk
The decomposition of €; in terms of fundamental weights is given by €; = wy,
€ =w; —wi_1forl<i<l—1lort=1,and ¢_1 = w; + w;_1 — w_».

For the fixed points of OGr(1, 2; ()) we can obtain a similar description of
the fixed points. Indeed, the class w in W/(sy,...,s;) is determined by the
images of €; and e5. We cannot have w(ey, €2) = (€, —¢;) because w=(—1) #
—w~!(i) in this case. But any pair (;, €;) with j # i can be an image of
(€1, €2) for both odd- and even-dimensional cases (for D; we should assume
[ > 3). In this way we identify the fixed points of OGr(1,2; Q) with the
pairs (i, j) € {—,...,—1,1,...,1}** i # +j. The roots of U;, are €; — €
for i # £1, and €; — €, for j # £1,£2 in the even-dimensional case (here
i, j can be negative), and the same set in union with {—¢;, —ea} in the
odd-dimensional case.

We remark that the above description of the fixed points can be ob-
tained in more geometric terms if we identify Spin,,/P with SO,,/P. The
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split quadratic form can be identified with the form g on the space V' with
the base numbered e_;,...,e_q1,e1,...,¢ in the even-dimensional case, and
€_yy...,€_1,€0,€1,...,¢ in the odd-dimensional one, given by ¢(e;) = 0 for
i # 0, and g(e; +e;) = 6;_; for (i,7) # (0,0), and ¢(ep) = 1 for m odd. Then
for SO,, = SO(q) and T the split maximal torus in it, the subspaces (e;)
of V' are the weight subspaces for the action of T', and their weights can be
identified with the ¢; above for i # 0, and (eg) has a zero weight. Then these
(e;) as points on the quadric @ = SO(q)/P; corresponding to ¢ are exactly
the fixed points. We identify (e;) with ¢ € {—[,...,—1,1,...,1}. Similarly,
the fixed points on the orthogonal Grassmannian OGr(1,2; Q) = SO(q)/ P12
are exactly (e;) < (e;, e;) which we identify with the pairs (¢, 7). This point
of view is also helpful in the description of the fixed points on P(73). They
should be the pairs

((w) < (u, v), (w) < (u, v)),

where (u) < (u, v) is a fixed point of the Grassmannian, i.e., coincides with
(ei) < (es,ej), and (w) should also be a fixed point of (e;, e;), i.e., it can be
either e;, or e;. In the first case we identify the fixed point of P(7z) with
the triple (i, 7, +), and in the second one with (i, j, —), i # £j. We have the
exact sequence

0 —— Tprsies o) er) — TP(m2),(ij+) — T0Gr(1,2;,Q),(ij) — 0

which shows that the top Chern class of Tp(-,) at the point (7,7,+) is the
product of the top Chern class of Toge(1,2,¢) at the point (4, j) on the (cf!
of the) weight of the tangent bundle to SLy/B = P! = (¢;,¢;) at (e;) which
equals z,, for o the only root of Uy equal to €; —¢;. Similarly, the top Chern
class of Tp(-,) at the point (4, j, —) is the product of the top Chern class of
Toa(1,2;q) at the point (i, j) on z, ;.

Now it is easy to describe 74 for 7 the natural projection from P(7)
to OGr(1,2; Q), and f4 for f: P(r) — @ x @ from Section [3.2.5] For
a € Ap(0Gr(1,2; Q) € @B, cpyriz Ar(pt), we denote the coordinates of a
by a, or a;; if w corresponds to the pair (i, 7). Similarly, for b € Ay (P(72))
we denote its coordinates by b; j+. Then, obviously, 7(a); j+ = a; ;.

Finally, we describe the pushforward map along f: P(75) — QX @ sending
((u) < (u, v), (w) < (u, v)) to ((u), (w)). We identify the fixed points of
Q x @ with the pairs (i, j) € {l,...,—1,1,...,1}*? but now (i, j) is the pair
({es), {e;)), and not the flag (e;) < (e;, €;), in particular, i can be equal to
+j. The fixed point (i, j) on @ x @ for i # £j has exactly one preimage

72



(i, 7, —) with respect to f, and therefore for b € Ar(P(72)) we get

X Cép(%XQ7(7’7]))
C?Op (771;)(7—2)7(1'7].77))

fa(b)ij = b

Here
o (T (i) = Terme; * Coop(TOGH1,2:Q),(0) )

and

Ct0p<7—OGr(12 Q),(t ,] H Tep—e; H I’Ek,q

k#-+i k4i,+j

in the even-dimensional case, and

A
Ctop(7-OGr(1,2; Q),(i,j)) = T—g; T H Tep—e; H Tej—e;

ki kt4i,+j

in the odd-dimensional one. On the other hand,

A
Ctop(%XQ,(i,j)) Ctop(%l Ctop 722,] H Lej—e; H Le—e;

k#+ti k#+tj
in the even-dimensional case, and
A
Ciop(ToxQu(03)) = (96— 11 %—) : (ff—q II xek—q>
ki kAt

in the odd-dimensional one. In any case we obtain

fA(b)i,j = bi,j,f "L —ei—e
for i # +j. Next, a fixed point (i, —i) does not have any pre-images with
respect to f, and therefore
fa(b);—i =0.
Finally, a fixed point (7,7) on @ x @ has 2] — 2 pre-images
((ei) < e, ), (eq) < (ei, €5))
with respect to f, and
Ciop(TaxQ (i)
fA(b)i,i = Z bz',j,+ ) .

= Ciop(To(r2),(65.1))
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Here

A
CtOp(%(T2)7(i7j7+)) xEj_E’L Ctop(%Gr 1723Q) »]) :Eej_el H xek €i H :Eq‘? €5

k#+i k#+ti,tj
for D;, and
A —
Ctop(lﬁp’(ﬁ):(i,j#)) = Tej—e; L—e; L—g H Le—e; H Lep,—e;
k-t ki +j

for By, and ¢}, (Tox.6.)) = Ciop(T0.)*- Then

o= B Tt Ta)
iz Lej—e; ctop(,]baj)
O
We close the section with a remark on composition of correspondences.
We number the fixed points on Q) x @) x @) by the triples

(i,7,k) € {=1,...,—1,1,..., 1}

and we denote pr; ;: Q@ X @ x Q) — () X () the natural projections. Then for
a, b € Ar(Q x Q) one has

boa= (Pr13)A (prﬁ(a) : pr%(b)).

Obviously, priy(a)ijr = a;;, and pray(b)ijr = bjk, therefore we have (priy(a) -
pray (b)), ik = @ijbje, and

Ctop %XQ zk)) a;jbj
(boa)ir = a;ibig - = —_
b Z Y ] Ctop(%XQXQ (JJf)) j Cé)p(%aj)

In particular, we can check whether the element F'(a @ b @ ¢) computed
above is a projector. For example, if we take a = b =0, ¢ = 1, then

cA (Tg.:), fori=j
FO@0® 1)y =4 " ’
( Jid {O, elsewhere.

Then, obviously, (F(0 @ 0 1)°%);; can only be non-zero for i = j, and in
this case in the sum we have only one non-zero summand

Cé)p (729: 7«) ’ Cé)p(%a Z)
Cé}p(,]-Q,i)

ie, F(0®0& 1) is a projector. It obviously coincides with d4(1) = A the
identity element with respect to the composition of correspondences.

(FO®0® 1)) = = Ciop(T0.1),
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