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Zusammenfassung

Die vorliegende Dissertation präsentiert zwei wichtige Konsistenztests eines Modells für die
kosmologische Inflation, nämlich das Axion-SU(2)-Eichfeldmodell. Dieses Modell umfasst
besagtes Eichfeld, welches mittels seiner drei Komponenten einen homogenen und isotropen
Hintergrund erzeugt, sowie via eines Chern-Simons-Terms an ein Axionfeld gekoppelt ist.
Das SU(2)-Eichfeldmodell zeichnet sich durch drei charakteristische Vorhersagen für die
Gravitationswellen aus, die während der Inflationsepoche erzeugt werden: sie können von
der Skaleninvarianz abweichen, nicht-Gaussisch und zirkular polarisiert sein. Alle drei
Eigenschaften treten in den kanonischen Inflationsmodellen, die nur ein aktives Feld en-
thalten, nicht auf.

Bevor dieses Szenario ernsthaft als eine mögliche Phase im frühen Universum in Be-
tracht kommt, muss dessen theoretische Konsistenz bewiesen werden. Zu diesem Zweck
untersuche ich zuerst Modelle, in denen das Axionfeld sowohl gravitativ als auch an die
Eichfelder, durch jeweilige Chern-Simon Terme, gekoppelt ist. Beide Terme manifestieren
dieselbe zugrundeliegende Physik, und sollten daher immer beide berücksichtigt werden.
Darüberhinaus muss die Möglichkeit überprüft werden, dass der gravitative Chern-Simons
Term Ghost-Instabilitäten erzeugt (d.h. Felder, die instabil sind). Neben der Existenz
eines stabilen Bereichs im Parameterraum zeigen meine Resultate, dass diese Kopplung-
sterme die Amplitude der erzeugten Gravitationswellen um bis zu 50% ändern können. Sie
zeigen weiterhin, wie der freie Kopplungsparameter des gravitativen Chern-Simons Terms
durch Beobachtungen eingeschränkt werden kann.

Im zweiten Teil studiere ich die Teilchenproduktion, die durch eine Kopplung des SU(2)-
Eichfeld mit einem massiven Dirac-Fermionen-Dublett erzeugt wird. Die Motivation dafür
ist, dass eine Kopplung des Inflatonfeldes mit Materiefeldern im Allgemeinen zu Teilchen-
produktion führt. Dies kann unter Umständen zu einer Rückreaktion führen, die den ho-
mogenen Hintergrund der Eichfeldkomponenten destabilisiert und damit zu einem frühen
Ende der Inflationsepoche führt. Die Kopplung an Fermionen führt zu einer nichttrivialen
Kopplung zwischen den verschiedenen Flavor- und Chiralitätskomponenten, und zu einer
wesentlichen Komplizierung der zu lösenden Gleichungen. Um eine Lösung zu ermöglichen,
habe ich die existierenden Lösungsansätze in zwei Punkten verbessert. Erstens werden die
Operatoren antisymmetrisiert, was eine Gleichbehandlung von Teilchen und Antiteilchen
ermöglicht. Zweitens habe ich das Konzept der instantanen Vakuumsubtraktion erweitert,
um auftretende UV-Divergenzen zu behandeln.

Die hier präsentierten Studien zeigen, dass der kosmologische Hintergrund und somit
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die Inflationsepoche im SU(2)-Eichfeldmodell stabil bleibt, auch wenn beide Chern-Simons
Kopplungsterme sowie eine Kopplung an massive Dirac-Fermionen zugelassen werden.



Abstract

In this thesis, we present two important consistency checks on axion-SU(2) gauge field
model of inflation. Axion-SU(2) gauge field models of inflation consist of an SU(2) gauge
field in an isotropic and homogeneous background, coupled to an axion field via a Chern-
Simons term. This setup can source gravitational waves that come equipped with three
distinctive features: they can be non-scale invariant, highly non-Gaussian, and circularly
polarized. These features are unique and are not shared by canonical single scalar field
inflation models.

However, before such models can be taken seriously as feasible description of the early
universe evolution, their theoretical consistency within established empirically possible
settings, need to be asserted.

With this goal in mind, we first examined the viability of inflation models with a
spectator axion field coupled to both gravitational and SU(2) gauge fields via Chern-
Simons couplings. Both parity-violating terms, i.e. gravitational Chern-Simons, and the
other Chern-Simons term arise from the same underlying physics and exist simultaneously;
hence they should be both treated on equal footing. Moreover, given that gravitational
Chern-Simons terms may introduce ghost instabilities in the model, it is crucial to check
the stability of the setup as well. As a result of this study, we found that the impact of
these terms on the production and propagation of gravitational waves can be as large as
a fifty percent enhancement. Moreover, using the phenomenological success of the axion-
SU(2) sector, we can constrain the new free parameter, i.e. the coupling strength of the
gravitational Chern-Simons term, in this setup.

In the second study, we examined the particle production by a SU(2) gauge field coupled
to a massive Dirac doublet. The reason for coupling these fields is that usually, couplings to
other matter species can lead to particle production, which in turn induces backreaction on
and destabilization of the stable, isotropic, and homogeneous configuration that the non-
Abelian and axion backgrounds have during inflation. This coupling leads to a nontrivial
mixing between fermion components of different flavors and chirality, hence complicates
the system of equations. To carry out the needed calculation we made two technical
improvements compared to extant literature. First, we applied the antisymmetrization of
the operators to treat particles and antiparticles on equal footing. Second, to deal with
the UV divergences, we extended the idea of an existing instantaneous vacuum subtraction
scheme.

On the basis of both of these investigations, we conclude that the background dynamics
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of an axion-SU(2) sector remains unaffected and phenomenologically viable in the presence
of the gravitational Chern-Simons term and massive fermions.



Conventions

• We use natural units in which ~ = c = kB = ε0 = 1 and the reduced Planck mass is
given by Mpl = 1/

√
8πG.

• Greek indices µ, ν, etc. go over the four spacetime coordinates xµ =
[
x0, x1, x2, x3

]T
where x0 represents the time coordinate. Latin indices i, j, etc. go over the three
spatial coordinates.

• The Minkowski metric is given by the ηµν = diag
[
− 1, 1, 1, 1

]
.

• Summation over repeated indices is assumed unless otherwise stated.
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Chapter 1

Introduction

Inflation [1, 2, 3, 3, 4] provides us with a paradigm to explain the flatness and horizon
problems of the early universe and it also explains the observations of the cosmic microwave
background (CMB) to a great degree. In its original form, inflation utilized expansion of
spacetime through a scalar field slowly rolling on a flat potential, following a graceful exit
from the period of accelerated expansion.

A crucial aspect of inflation that makes it very succesful, is that it provides a nat-
ural setup to create the initial conditions necessary for the Hot Big Bang model. More
specifically, and from a physical point of view, the inflaton field that is responsible for the
expansion of spacetime dominates the energy density content of the universe during this
period and governs the end of inflation by setting how much expansion needs to happen.
On the other hand, Heisenberg’s uncertainty principle states that precise timing is not
possible in quantum mechanics, hence the inflaton has to have spatially varying fluctua-
tions that differ in expansion. The so-called quantum vacuum fluctuations during inflation
generate the scalar and tensor perturbations. The scalar perturbations [5, 6, 7, 8] seed the
observed large scale structure in the universe. The scalar fluctuations have been detected
in the CMB experiments, while the tensor perturbations [9, 10] originating in the early
universe have not yet been detected.

It is relatively easy to build phenomenological mechanisms that provide us with an
early time accelerated expansion. Some properties of these models have been constrained
by CMB experiments to some extent, but much remains to be done. The CMB experiments
have constrained the properties of scalar fluctuations, but primordial tensor fluctuations,
which are a common feature in all inflationary models, and therefore are bound to shed light
on the microphysics of inflation and further constrain the models, remain to be detected.
To see the importance and the difficulty of this task, note that it is very unlikely for the
current colliders to reach the energy levels present at the very early stages of the universe.
Consequently, detection of the stochastic background of gravitational waves may be our
only chance currently to probe such high energies.

Before discussing the main contributions of this thesis, we first lay out the basics of
single-field slow-roll inflation as a standard example, and point out the properties of scalar
and tensor fluctuations in a general setup.



2 1. Introduction

1.1 Single Scalar Field Inflation

Let us consider a scalar field ϕ(t,x) as the inflaton. We can write this field as the back-
ground value and some perturbations around the background value: ϕ(t,x) = ϕ̄(t) +
δϕ(t,x). Assuming a potential V (ϕ) for the scalar field, we can write the inflation action
as

S =

∫
d4x
√
−g
[M2

pl

2
R− 1

2
(∂ϕ)2 − V (ϕ)

]
, (1.1)

where R is the Ricci scalar and g is the determinant of the metric.
We can write the equations of motion for the background, which is a Klein-Gordon

equation for a time-dependent scalar field in an expanding universe

¨̄ϕ+ 3H ˙̄ϕ+ V,ϕ = 0 , (1.2)

where V,ϕ ≡ ∂V/∂ϕ̄ and H = ȧ/a is the Hubble expansion rate. This equation resembles a
damped harmonic oscillator with H as the damping term. In other words, the expansion
of the universe acts as a “frictional” force acting against the force created by the potential
of the field.

Let us now determine under what conditions (1.2) leads to an inflationary period. There
are two conditions that need to be met, first, an accelerated phase of expansion with a
slowly varying Hubble parameter that is approximately de Sitter. Note that reaching an
exact de Sitter expansion fails to explain observed features of the universe. Second, this
period of acceleration must last for sufficient time so that inflation solves the standard
cosmological model problems.

To clarify these points, we define two important parameters: εH and η.
The first slow-roll parameter is defined as

εH ≡ −
Ḣ

H2
= −d lnH

dN
< 1 , (1.3)

where dN ≡ d ln a = Hdt measures the number of e-folds N in the inflationary expansion,
in other words N is the number of Hubble times passed. Consequently, the energy density
of the fluid representation of this expansion must have constant energy density and a
negative equation of state.

The second important condition for the inflationary period is that to solve the horizon
problem we need the inflationary expansion to last long enough, N ∼ 40 − 60 e-folds. In
other words we need εH to stay small for a long period of time, we have parametrised this
quantity in η

η ≡ d ln εH
dN

=
˙εH

HεH
. (1.4)

Successful inflation means we have εH < 1 and |η| < 1.
Let us now go back to the toy model we defined above and see how to impose these

conditions for εH and η in a single scalar field setup.
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In scalar single field inflation we have

εH =
ϕ̇2

2M2
plH

2
, η = 2(εH − δ) , (1.5)

where δ ≡ −ϕ̈/(Hϕ̇) is the dimensionless acceleration per Hubble time. Hence, inflation
happens and lasts long enough if εH , |δ| � 1 which leads to εH , |η| � 1.

We use a technique called the slow-roll approximation many times in this thesis, so it is
best to define it right here. By slow-roll we mean that the kinetic energy is sub-dominant
to the potential energy, in other words 1/2ϕ̇2 � V (ϕ) where we have dropped the second
time derivatives. So |δ| � 1 will lead to a simplification of the Klein-Gordon equation to
3Hϕ̇ ≈ −V,ϕ.

In order to make sure that we can get inflation with a given potential V (ϕ) in the single
scalar field model, we have to make sure that εϕ, |ηϕ| � 1 is satisfied, where

εϕ ≡
M2

pl

2

(V,ϕ
V

)2

, |ηϕ| ≡M2
pl

|V,ϕϕ|
V

. (1.6)

1.1.1 Cosmological Perturbations

In this section we take a brief detour on how scalar and tensor fluctuations behave in an
accelerated universe following [11, 12, 13, 14, 15].

1.1.1.1 Perturbations in General Relativity

We begin by perturbing the metric and the energy momentum tensors about their back-
grounds

gµν(x
α) = ḡµν(t) + δgµν(x

α) , Tµν(x
α) = T̄µν(t) + δTµν(x

α) , (1.7)

where ḡµν(t) is the Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric. The non-zero
components of T̄µν(t) are T̄ 00(t) = ρ̄(t) and T̄ ij(t) = −p̄(t)δija−2(t) for a perfect fluid in
the absence of anisotropic stress at the linear order.

It is more convenient to rewrite the energy-momentum tensor in the covariant perfect
fluid form

T̄µν(t) = (ρ̄+ p̄)ūµūν − ḡµν p̄ , (1.8)

where ūµ(t) = (1, 0, 0, 0)T is the normalized 4-velocity vector of a comoving observer. In
the perturbed spacetime, the energy momentum can be written in a more general form

Tµν(x
α) = [ρ(xα) + p(xα)]uµ(xα)uν(x

α)− gµν(xα)p(xα) + Πµν(x
α) , (1.9)

where in addition to the perfect fluid terms, we have the anisotropic stress tensor, Πµν , for
which [16]

Π0µ = 0 , Πij = a2
[
∂i∂jπ

S + ∂iπ
V
j + ∂jπ

V
i + πTij

]
,

δij∂iπ
V
j = 0 , δij∂iπ

T
jk = 0 , δijπ

T
ij = 0 .

(1.10)
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The quantities πS, πVi and πTij are the scalar, divergence-free vector and transverse-traceless
tensor anisotropic inertia terms, respectively, characterising (small) departures from the
perfect fluid form of the energy-momentum tensor.

We now write out the perturbations δgµν(x
α) and δTµν(x

α). The perturbed metric can
be written in conformal time, dτ ≡ dt/a(t) as

ds2 = (ḡµν + δgµν)dx
µdxν

= − (1− 2φ) a2(τ)dτ 2 + 2 (∂iB +Bi) a
2(τ)dxidτ

+
[

(1 + 2ψ) δij − 2∂i∂jE − ∂jEi − ∂iEj − h̃ij
]
a2(τ)dxidxj .

(1.11)

where φ(xσ), B(xσ), ψ(xσ), E(xσ) are the scalar metric perturbations, Bi(x
σ), Ei(x

σ) are
the divergence-free 3-vector metric perturbations, and h̃ij(x

σ) is the traceless transverse
3-tensor metric perturbation (i.e., the one describing the gravitational waves).

As mentioned we can decompose the above perturbations into a irreducible set of modes:
the scalar, vector and tensor modes which is known as the SVT decomposition. The
SVT decomposition is useful since at linear level, the Einstein equation for each mode is
decoupled from the others and we can treat their evolution separately.

We then perturb the energy density, pressure and 4-velocity fields

ρ(xα) = ρ̄(τ) + δρ(xα) , p(xα) = p̄(τ) + δp(xα) , uµ(xα) = ūµ(τ) + δuµ(xα) ,
(1.12)

where
ūµ = (a, 0, 0, 0)T , δuµ ≡ (δu0, ∂iδu

‖ + δu⊥i )T , (1.13)

and ∂iu
⊥
i = 0. Since the 4-velocity vector is normalized,

ḡµν ū
µūν = 1 , gµνu

µuν = 1 , (1.14)

we can show that to linear order in perturbations δu0 = aϕ. We also find uµ = a−1(1 −
φ,−a−1∂iδu

‖−a−1δu⊥i −∂iB−Bi)
T , to leading order in the perturbations. The perturbed

energy momentum tensor then takes the following form

δT µν = (δρ+ δp)ūµūν − δpδµν + (ρ̄+ p̄)ūµδuν + (ρ̄+ p̄)δuµūν + ḡµγΠγν ,

δT 0
0 = δρ , δT 0

i = (ρ̄+ p̄)a−1(∂iδu
‖ + δu⊥i ) ,

δT i0 = −(ρ̄+ p̄)a−1(a−1∂iδu
‖ + a−1δu⊥i + ∂iB +Bi) ,

δT ij = −δpδij − ∂i∂jπS − ∂iπVj − ∂jπVi − πTij .

(1.15)

After decomposing the perturbations into scalars, divergence-free vectors and traceless
transverse tensors, we can now review their transformations under infinitesimal diffeomor-
phisms

xµ → x′µ = xµ + ξµ(xα) , (1.16)

where ξµ = (ξ0, ∂iξ
‖ + ξ⊥i )T . Since under the diffeomorphisms the metric transforms as

g′µν(x
′α) =

∂xβ

∂x′µ
∂xγ

∂x′ν
gβγ(x

α) , (1.17)
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then to leading order the metric perturbations (at xα) change by

∆δgµν(x
α) ≡ δg′µν(x

α)− δgµν(xα) = g′µν(x
α)− gµν(xα)

≈ g′µν(x
′α)− ∂gµν

∂xβ
ξβ − gµν(xα)

≈ −ḡβν(xα)
∂ξβ

∂xµ
− ḡµβ(xα)

∂ξβ

∂xν
− ∂ḡµν(x

α)

∂xβ
ξβ .

(1.18)

and

∆δT µν(x
α) ≈ T̄ βν(x

α)
∂ξµ

∂xβ
− T̄ µβ(xα)

∂ξβ

∂xν
− ∂T̄ µν(x

α)

∂xβ
ξβ . (1.19)

The gravitational waves, h̃ij, are diff-invariant, but the scalar and vector modes exhibit
a gauge ambiguity that have no physical importance. To avoid this gauge redundancy, it
is important to adopt a gauge invariant description where we construct gauge invariant
quantities independent of ξµ, the Bardeen variables

Φ = φ− 1

a
∂τ [a (B − ∂τE)] ,

Ψ = ψ +H (B − ∂τE) ,
(1.20)

where H ≡ a′/a is the comoving Hubble parameter. Another gauge invariant quantity that
will be used frequently is the so-called comoving curvature perturbation

R ≡ ψ +
H
a
δu‖ . (1.21)

This quantity is conserved for long wavelength perturbations, bigger than the Hubble
radius.

We can also solve the gauge redundancy problem by fixing a gauge. This amounts to
imposing conditions to fix the number of variables that are redundant. The most used
gauges in cosmology are the Newtonian, synchronous and spatially flat gauge:

• Newtonian or longitudinal gauge:

B = 0 , E = 0 , (1.22)

where in terms of Bardeen variables this translates to

Φ = φ , Ψ = ψ . (1.23)

• Synchronous gauge:
φ = 0 , B = 0 . (1.24)

• Spatially flat gauge:
Φ = B = 0 . (1.25)
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1.1.1.2 Quantum Fluctuations

As discussed above, during inflation, quantum fluctuations are generated. These fluctu-
ations consist of scalar, vector and tensor perturbations and understanding the features
of these perturbations can allow us to constrain our models using observational data. To
achieve this, we need to treat inflation from a semiclassical point of view. In this part we
study the scalar and tensor fluctuations first, then, the next step is to study their key fea-
tures. To track the features of the primordial fluctuations, we use the following important
tools: (i) the scalar and tensor power spectra, PR and Ph respectively, (ii) the scalar and
tensor spectral indices ns and nt, (iii) the tensor-to-scalar ratio r, and (iv) non-Gaussianity
of scalar or tensor perturbations.

Scalar Fluctuations

Now we consider the metric perturbations in the so-called ADM formalism [17]

ds2 = −N2dt2 + hij
(
N idt+ dxi

)(
N jdt+ dxj

)
, (1.26)

where N ≡ N(t, x) is the lapse function, N i ≡ N i(t, x) is the shift function and hij is the
induced metric on three-dimensional hypersurfaces of constant time t. The spatial slices
are characterized by the intrinsic curvature R

(3)
ij and the extrinsic curvature

Kij ≡
1

2N

(
h′ij −∇iNj −∇jNi

)
. (1.27)

After writing the inflaton action given in (1.1) using the formalism above we fix the
gauge to the spatially flat gauge and continue our calculations. This gauge is very conve-
nient since it simplifies the computation of the curvature perturbations, that are linked to
the density perturbations that seeded the structures of our universe. In the spatially flat
gauge, the diff-invariant comoving curvature perturbation is given by

R ≡ H
φ′
δϕ . (1.28)

Expanding the (1.1) in second order and after some integration by parts, we find

S2 =

∫
1

2
dτd3xa3

[(
δϕ′
)2 − 1

a2

(
∂δϕ

)2 −
[
V ′′ − 2

(
3ε− ε2 + εη

)
H2
]
δϕ2

]
. (1.29)

Therefore, the equations of motion for the Fourier components of the canonically nor-
malized field ν ≡ aδϕ is

ν̈k +

[
k2 + a2

(
V ′′ − 6εH2

)
− ä

a

]
νk = 0 , (1.30)

where we have dropped terms in the effective mass that are higher order in slow-roll
parameters.
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With the quadratic action in hand, we can proceed to the canonical quantization of
this system

ν̂(τ,x) =

∫
d3k

(2π)3/2

[
uk(τ)âke

ikx + u∗k(τ)â†−ke
−ik.x

]
, (1.31)

where the uk are the mode functions and âk and â†−k are the annihilation and creation
operators satisfying the commutation relations[

âk, â
†
q

]
= δ(3)(k− q) ,

[
âk, âq

]
= 0 , (1.32)

considering the normalisation of the mode functions uku
′∗
k − u′ku∗k ≡ i. We can write the

momentum conjugate to the canonically normalized field ν as

π ≡ ∂L
∂ν̇

(1.33)

and promote the field π(τ,x) to a quantum operator as well π̂(τ,x). The operators we
defined satisfy the equal time commutation relation[

ν̂(τ,x), π̂(τ,x′)
]

= iδ(x− x′) . (1.34)

We can set the initial conditions for our solutions by choosing the lowest energy state of
the fluctuations. The quantum states in the Hilbert space are constructed by defining the
vacuum state |0〉

âk |0〉 = 0 . (1.35)

Power Spectrum

To compare the perturbations produced during inflation with the observations we need to
evaluate the power spectrum which is essentially the two point correlation function of the
canonical variables. The power spectrum of R is given by

PR(k) =

(
H
φ′

)2(
H

2π

)2

, (1.36)

evaluated at horizon crossing k = aH.
Given the weak scale dependence of the power spectrum, we can parametrize it as the

following power law form

PR(k) = As

( k
k∗

)ns−1

, (1.37)

where the amplitude and the spectral index are

As ≡
1

8π2

1

ε∗

H2
∗

M2
pl

, (1.38)

ns ≡ 1− 2ε∗ − η∗ , (1.39)

where k∗ is a reference scale that exits the horizon at τ∗ = −1/k∗, H∗ ≡ H(τ∗) and
ε∗ ≡ ε(τ∗). There is a very tight observational constraint on the spectral index: the latest
Planck data [18] indicates a slightly red tilted spectral index ns = 0.9649 ± 0.0042. The
measured scalar amplitude is As = (2.101± 0.031)× 10−9 (at k∗ = 0.05Mpc−1).
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Non-Gaussianity

According to the CMB observations the scalar power spectrum is highly Gaussian [19].
If a given statistical distribution is Gaussian the power spectrum or in other words the
two-point correlation function contain all the information about the fluctuations. More
complicated models of inflation compared to the single scalar field model such as multi field
inflation or considering non-standard kinetic terms induce small deviations from Gaussian-
ity. This small deviation can be probed using higher order correlation functions, such as
the bispectrum, which is the three-point correlation function

(2π)3δ(k1 + k2 + k3)Bδϕ(k1, k2, k3) =
〈
δϕ(τ,k1)δϕ(τ,k2)δϕ(τ,k3)

〉
. (1.40)

Tensor Fluctuations

Finally, we briefly discuss the last and most exciting prediction of inflation, i.e. the exis-
tence of a stochastic background of gravitational waves needed to determine the remaining
tools for describing the features of the primordial fluctuations. We consider the tensor
metric perturbations as

ds2 = a2(τ)
[
− dτ 2 + (δij + h̃ij)dy

idy

]
, (1.41)

where h̃ij is a transverse and traceless tensor, i.e. ∂ih̃ij = h̃ii = 0. We define the Fourier
transformed right and left-handed circular polarization states as

h̃ij(τ, y) =

∫ ∑
A=L,R

d3k

(2π)3/2
eAij(k)h̃A(τ, k)eik.y , (1.42)

where eAij is the polarization state tensor for the right (A = R) and left-handed (A = L)
circular polarization states and satisfies the following relations

ikaε
ab
ce
R
db = keRcd , ikaε

ab
ce
L
db = −keLcd , eLab(−k) = e∗Lab (k) = eRab(k) , (1.43)

where εabc is the three dimensional anti-symmetric symbol and the tensors are normal-
ized such that eLab(k)eLab(−k) = eRab(k)eRab(−k) = 1. For simplicity, we assume that the
gravitational waves are propagating along the z spatial direction as shown in Fig. 1.1

ds2 = a2(τ)
[
− dτ 2 + (1 + h̃+(τ, z))dx2 + (1− h̃+(τ, z))dy2 + 2h̃×(τ, z)dxdy + dz2

]
.

(1.44)
For convenience, we work with the canonically normalised tensor perturbations

hij ≡ a
Mpl√

2
h̃ij . (1.45)

We define the left and the right helicities as

hL,R ≡
1√
2

(h+ ± ih×) . (1.46)
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Figure 1.1: Two polarization of gravitational waves h̃+ and h̃×.

The equation of motion for each polarization of the gravitational waves A = L,R is

h′′A +

(
k2 − a′′

a

)
hA = 0 . (1.47)

Power Spectrum

Finally, we can derive the tensor power spectrum

Ph(k) = At

( k
k∗

)nt
, (1.48)

where the amplitude and the spectral index are

At ≡
2

π2

H2
∗

M2
pl

, (1.49)

nt ≡ −2εH∗ . (1.50)

Tensor-to-scalar Ratio

At last, we can write the tensor-to-scalar ratio r, i.e. the ratio of the tensor and scalar
power spectra

r ≡ At
As

= 16εH∗ . (1.51)

We can also relate r to the total inflaton field excursion during inflation ∆ϕ, i.e. the
total field excursion between the time when CMB fluctuations exited the horizon and the
end of inflation through the so-called Lyth’s bound [20]

∆ϕ

Mpl

= O(1)×
( r

0.01

)1/2

. (1.52)
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Hence, large values of the tensor-to-scalar ratio, r > 0.01, correlate with super-Planckian
field excursions, ∆ϕ > Mpl. This only holds for the single scalar field models of inflation.

In Fig. 1.2 we can see the current constraints on ns and r from CMB measurements.
Currently no detection of r exists and there are only upper limits available. The best limits
come from CMB experiments, r < 0.06 at 95% CL, from the combination of the B-mode
polarization data of the BICEP2/Keck [21] and Planck 2018 data [18].

φ2

0.95 0.96 0.97 0.98 0.99 1.00

ns

0.00

0.05

0.10

0.15

0.20

0.25

r 0
.0

02

N
=

50

N
=

60
ConvexConcave

φ

Planck TT,TE,EE+lowE

Planck TT,TE,EE+lowE+lensing

+BK14+BAO

Figure 1.2: Current constraints on ns and r from CMB measurements of Planck 2018,
using Planck TT,TE,EE+lowE and Planck TT,TE,EE+lowE+lensing (red and green re-
spectively), and joint constraint with BAO and 2014 BICEP2/Keck (blue). This plot is
taken from [18].
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1.2 Alternatives to Single Scalar Field Inflation

In the single scalar field model of inflation, a detection of the primordial tensor fluctuations
and hence the tensor-to-scalar ratio r, can give us two very important pieces of information
about inflation, namely, the energy scale of inflation and the inflaton field displacement
during inflation. Therefore, the interpretation of the data coming from the next generation
of experiments is arguably one of the most important tasks in the future of cosmology.
However, a correct understanding of these measurements is only possible if we are certain
about the sources of the gravitational wave signal that has been detected. In the context
of inflationary models, vacuum tensor fluctuations are not the only known mechanism to
generate gravitational waves. Gravitational waves can be produced from scalar sources
[22, 23, 24, 25] and through particle production during inflation [26, 27], to give two
examples of external sources for gravitational waves. In none of these cases the one to one
correspondence between the energy scale of inflation and r holds.

Another possibility to produce sourced gravitational waves, which are the focus of this
thesis, is the so-called axion-SU(2) gauge field spectator model of inflation. Coupled axion
and SU(2) gauge fields during inflation [28, 29, 30, 31] provide a rich phenomenology
that is not shared by canonical single scalar field inflation models (see [32] for a review).
E.g., one feature that distinguishes this approach from vacuum gravitational waves, is the
generations of a stochastic background of chiral gravitational waves [33, 32, 34, 35] which
are non-Gaussian [36, 37, 38, 39]. It has also been shown [40, 41, 42, 43, 44, 45, 46, 47] that
generation of chiral gravitational waves leads to a non-zero parity-violating gravitational
anomaly, RR̃, which, in turn, violates the lepton number conservation and generates the
baryon asymmetry of the universe.

The upcoming LiteBIRD [48, 49] and CMB Stage-4 experiments [50] will provide fur-
ther constraints on the gravitational waves, which could constrain the axion-gauge field
models of inflation [51, 52, 53]. However, before the predictions of these models are taken
seriously, it is important to check if these models are viable both phenomenologically and
theoretically.

From the phenomenological point of view, it is important to see if the couplings of
SU(2) gauge fields to other fields lead to particle production and their backreaction on the
axion-gauge field backgrounds do not spoil the model setup. In [54], a charged scalar field
is coupled to the SU(2) gauge field, and production and backreaction of pairs of charged
particles is studied in de Sitter spacetime. In [55], the backreaction of the extra spin-2 field
in this setup is analytically studied for all the inflationary models involving the SU(2) gauge
field. In [56, 57] a pair of massive Dirac fermions are coupled to the SU(2) gauge field. The
coupling to a massless fermion is studied in [58]. In all these cases there exists a parameter
space in which the backreaction of the particles on the SU(2) background is negligible.
The nonlinear impact on the scalar perturbations of the chromo-natural inflation and the
spectator sector during inflation has been studied in [59, 60]. Anisotropic initial conditions
are discussed in [61].

From the theoretical point of view, it is important to consider all different classes of
parity-violating terms that arise from the same physics. For example, if coupling to a
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massive degree of freedom, such as axially coupled heavy fermions, is considered, then
radiative fermion loops generate not only FF̃ , but also RR̃ [62]. String theory predicts
the existence of axions that couple to both terms simultaneously [63, 64, 65]. Hence, these
two parity-violating terms arise at the same time and should be effectively considered on
the same level in the theory. Moreover, given that RR̃ can introduce a ghost instability, it
is important to check the stability of these models up to their cut-off scales.

Organization of this thesis This thesis is organized as follows. In Chapter 2, we in-
troduce the axion-SU(2) gauge field models of inflation that are the central theme of this
thesis starting from chromo-natural inflation (CNI), we discuss the inflationary background
and the cosmological perturbations in this setup and show that CNI is ruled out observa-
tionally by its predicted values for ns and the tensor-to-scalar ratio r. We then explore
the axion-SU(2) spectator sector proposed by Dimastrogiovanni, Fasiello and Fujita [66],
containing a scalar inflaton, a pseudoscalar axion and SU(2) gauge fields. We show that a
large amplitude of helical, tensor modes can be generated by spectator SU(2) gauge fields
during inflation, at linear order. We briefly discuss gravitational leptogenesis in these mod-
els to generate the baryon asymmetry of the universe and at the end, we shortly discuss
the bispectrum in this model. The bispectrum is generated at tree-level as the gauge fields
contain a tensor degree of freedom, and its production is dominated by self-coupling of the
gauge fields.

In Chapter 3, we study the effect of the gravitational Chern-Simons term coupled to
the axion field on the production and propagation of gravitational waves during inflation
with the spectator axion-SU(2) sector [66]. Both parity-violating terms RR̃ and FF̃ exist
simultaneously. We find that the effect of the RR̃ term on chiral gravitational waves can be
as large as a fifty percent amplification for the left-handed helicity mode functions compared
to the case without the RR̃ term. Using the existing bounds on the free parameters from
the spectator axion-SU(2) gauge field sector, and requiring that the cut-off scale of the
theory, Λ, is in the conservative case Λ = Mpl and in a more radical case Λ = 20H, we
put constraints on the new free parameter in our model to remain in the ghost-free regime,
and we conclude that the inflation models with the spectator axion-SU(2) sector remain
phenomenologically viable in the presence of the gravitational Chern-Simons term.

In Chapter 4, we focus on studying the evolution of a Dirac field doublet which is co-
variantly coupled to an axion and an isotropic SU(2) gauge field background in de Sitter
spacetime. We assumed the fermion field to have a Dirac mass term. We discovered that
the SU(2) background, in combination with the Dirac mass term, leads to non-trivial cou-
plings between fermion components of different flavors and chirality. Next, we compute
the expectation values of the induced currents, to estimate for what model parameters
backreaction effects become important. More specifically, we consider the isotropic part
of the SU(2) matter current, as well as the 4-divergence of the axial current, which can
be used to estimate the fermionic backreaction on the gauge field and axion backgrounds,
respectively. To find the vacuum expectation values of bilinearies in fermionic fields, such
as the currents, we have to deal with UV-divergent integrals. We extend the idea of an
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existing instantaneous vacuum subtraction scheme [67], which involves the subtraction of
the contribution of zero-point fluctuations to the currents. We extensively discuss this ex-
tension to fermionic models with most generic Hamiltonians which permit only a numerical
treatment. Finally, we show that the SU(2)-background experiences strong backreaction
due to fermions only for model parameters which are already excluded on observational
and/or theoretical grounds and that the background dynamics of an axion-SU(2) gauge
field spectator sector remains unaffected by the production of fermions.

Finally, in Chapter 5, we summarize the main findings of this thesis and discuss the
prospects of these models regarding the possibility of their detection in the near future.
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Chapter 2

Axion-SU(2) Gauge Fields Models of
Inflation

2.1 Historical Development

As discussed in Chapter 1, it is phenomenologically easy to write a potential that satisfies
(1.6). In other words, these requirements translate to having a proper potential that
inflates long enough to solve the flatness and horizon problem. The scalar field must roll
very slowly, which is to say that the potential must be flat compared to its height, i.e.
the potential must be shallow or the curvature of the potential must be very small. The
question we have to answer before we proceed at this point is whether these fine-tuned
potentials are protected against the quantum corrections or not, from which a number of
problems arise. The most significant among these is the so-called η-problem of inflation
which any model of inflation has to address one way or the other. The problem is so-called
because the letter η is used to represent the curvature of the potential.

Scalar field theories generally lack symmetries that can protect their potential against
higher order quantum corrections. These corrections can be large and they can spoil the
flatness of the potential. Many solutions have been proposed to evade this problem and,
among these solutions, the most relevant one to the subject of this thesis is natural inflation
first proposed in [68]. In this setup, a pseudo Nambu-Goldstone boson, an axion field, is
identified as the inflaton field, and the flat potential emerges as a result of a softly broken
shift symmetry, i.e. symmetry under a constant shift of ϕ → ϕ + c. The shallowness of
the potential is protected from quantum corrections by this shift symmetry. Note that the
potential is only totally protected from quantum corrections under a full shift symmetry.
In the case discussed, given that the symmetry is only softly broken, the potential is
protected against most quantum corrections but not all. In [69], it was shown that to
match the observations from CMB experiments, the model must have a Planck scale axion
decay constant. This requirement makes it challenging to embed this theory in a higher
energy UV-complete setup such as string theory [70] and makes this model disfavoured
by many theorists. Possible solutions to this problem have been proposed using axion
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monodromy [71, 72], through coupling the axion to a 4-form [73] and modifying the axion
evolution [74, 75, 76].

Another possible solution is to make the axion interact with a gauge field to achieve an
effectively flat potential for a long enough inflationary period while the inflaton potential
is steep enough to protect and evade the η-problem. This was first proposed in [77] in
the context of Abelian gauge fields and later on using non-Abelian gauge fields called the
chromo-natural inflation (CNI) [30, 31] and gauge-flation [28, 29] which does not involve
axions or any other scalar field. In [78, 79], it was shown that CNI reduces to gauge-flation
once the axion is integrated out. Detailed perturbations analysis of CNI have been made in
[34, 31] and a thorough analysis of perturbations of gauge-flation can be found in [32, 80].

In the rest of this chapter, we provide a detailed description of CNI and its perturbations
following [34, 31, 80].

2.2 Chromo-Natural Inflation

The CNI action, SCNI , contains an axion χ with a sub-Planckian decay constant f �Mpl,
a potential U(χ) and a collection of non-Abelian SU(2) gauge fields. However, this proposal
does not rely on a specific gauge group and any SU(N) can be used. Thus, the action has
the following form

SCNI =

∫
d4x
√
−g
[
M2

pl

2
R− 1

2
(∂χ)2 − U(χ)− 1

4
F a
µνF

aµν +
λχ

4f
F a
µνF̃

aµν

]
, (2.1)

where
U(χ) = µ4

(
1 + cos(

χ

f
)
)
, (2.2)

with µ being the energy scale of the axion with decay constant f . Later on, we will show
that the existence of inflationary solutions does not depend on this potential at all.

The field strength tensor of the SU(2) gauge field is

F a
µν = ∂µA

a
ν − ∂νAaµ − gAεabcAbµAcν , (2.3)

with g
A

being the self-coupling constant and εabc the three dimensional anti-symmetric
symbol.

The SU(2) gauge fields are

Aµ = Aaµ
σa

2
, (2.4)

with {σ1, σ2, σ3} being the three Pauli matrices

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (2.5)

Here we are following convention in [81].
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The last term in SCNI (2.1) is the Chern-Simons interaction, where λ/f parametrizes its
coupling strength and F̃ aµν ≡ εµναβF a

αβ/2 is the dual of F a
µν . The εµναβ symbol is defined

as εµναβ ≡ εµναβ/
√
−g, where εµναβ is the totally anti-symmetric symbol with ε0123 = 1.

The SCNI is invariant under the local SU(2) transformation

Aµ → UAµU
−1 − i

g
A

(∇µU)U−1 , (2.6)

where
U = e(−igAβxν) , β = βaσa/2 . (2.7)

The term FF̃ is a total derivative and for χ = const. it reduces to a surface term.
Hence, we can write FF̃ as

FF̃ = ∇µC
µ , (2.8)

with

Cµ = 2εµναβ
(
Aaν∂αA

a
β −

1

3
εabcAaνA

b
αA

c
β

)
. (2.9)

Now that we constructed the model, we study the requirements for this model to
describe an inflationary solution in the next part.

2.2.1 Inflationary Dynamics

In this setup to get an inflationary background using non-Abelian gauge fields and axions,
we need a rotationally invariant, homogeneous background. Mathematically, what happens
is the following. Using vector fields in the background violates its rotational invariance but
this can be compensated with a global gauge transformation and a rotationally invariant
solution can be achieved. The existence of rotationally invariant solutions to the Einstein-
Yang Mills equations was first realized in [82, 83, 84, 85, 86].

The vacuum expectation value (VEV) of the gauge field is given by a classical vacuum
expectation value by [87, 88, 28, 29]

Aa0 = 0, Aai = δai a(t)Q(t) . (2.10)

This means that the SU(2) gauge field has a solution that respects the homogeneity and
isotropy of space-time, and makes SU(2) a decent candidate for inflationary scenarios since
it is compatible with the FLRW metric. It has been shown that this configuration is stable
and has an attractor configuration [89, 90, 61].

Given the background field configuration in (2.10) the field strength components are

F a
0i = ∂t

(
a(t)Q(t)

)
δai , F a

ij = −gA
(
a(t)Q(t)

)2
εaij . (2.11)

The Einstein equations are

3M2
plH

2 =
χ̇2

2
+ U(χ) +

3

2

(
Q̇+HQ

)2
+

3

2
g2
AQ

4 , (2.12)
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−2M2
plḢ = χ̇2 + 2

(
Q̇+HQ

)2
+ 2g2

AQ
4 . (2.13)

The equations of motion for the inflaton and gauge fields are given by [30, 66]

χ̈+ 3Hχ̇− µ4

f
sin
(χ
f

)
= −3

gAλ

f
Q2(Q̇+HQ) , (2.14)

Q̈+ 3HQ̇+
(
Ḣ + 2H2

)
Q+ 2g2

AQ
3 =

gAλ

f
χ̇Q2 , (2.15)

where dots show derivatives with respect to the cosmic time t and H ≡ ȧ/a is the Hubble
expansion rate. The key ingredient in this model is the new interaction term on the right
hand side of (2.14). This term makes slow roll inflation possible away from the hilltop,
even for sub-Planckian axion decay constant.

Recalling the definitions of energy density and isotropic pressure of a perfect fluid,

ρ̄ ≡ 3M2
plH

2 , ρ̄+ 3p̄ ≡ −6M2
pl(Ḣ +H2) (2.16)

we find

ρ̄CNI =
χ̇2

2
+ U(χ) +

3

2

(
Q̇+HQ

)2
+

3

2
g2
AQ

4 , (2.17)

p̄CNI =
χ̇2

2
− U(χ) +

1

2

(
Q̇+HQ

)2
+

1

2
g2
AQ

4 . (2.18)

From (2.17) and (2.18) it is visible that the gauge sector has the equation of state of
radiation pA = ρA/3, hence the gauge field alone cannot source inflation. The interaction
term between the gauge sector and the axion does not contribute to either energy density
nor pressure.

For the slow-roll parameters defined in Chapter 1, εH ≡ −Ḣ/H2 we can write [66]

εH = εχ + εB + εE , (2.19)

where

εχ ≡
χ̇2

2H2M2
pl

, εB ≡
g2
AQ

4

H2M2
pl

, εE ≡
(Q̇+HQ)2

H2M2
pl

, (2.20)

are all much smaller than unity.
Also we define the following dimensionless parameters

mQ ≡
gAQ

H
, ξ ≡ λχ̇

2fH
. (2.21)

The fourth term in the left hand side of (2.15) becomes 2m2
QH

2Q; thus mQ can be regarded
as the mass of Q (divided by H).

Next, let us look for a slowly rolling inflationary solution in this set-up. Neglecting χ̈,
Q̈, and Ḣ will make our coupled system of equations decoupled and we can solve for χ̇ and
Q̇ [30, 34]

χ̇ '
gAλfQ

2H
(

2g2AQ
3

H
−HQ− fU,χ

gAλQ2

)
3f 2H2 + g2

Aλ
2Q4

, (2.22)
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and

Q̇ ' −
HQ

(
2f 2H2 + 2g2

Af
2Q2 + g2

Aλ
2Q4
)

+ gAλQ
2fU,χ

3f 2H2 + g2
Aλ

2Q4
. (2.23)

We choose the parameters such that the following assumptions hold

3f 2H2 � g2
A
λ2Q4, λ2Q2 � 2f 2 . (2.24)

Rewriting the equations for χ̇ and Q̇ using the assumption above we obtain [34]

χ̇ ' fH

gAλQ2

(2g2
AQ

3

H
−HQ− fU,χ

gAλQ2

)
, (2.25)

and

Q̇ ' −HQ− fU,χ
3gAλQ2

. (2.26)

Notice that we can rewrite the equation (2.26) by considering the right-hand side as
the slope of an effective potential for the gauge field

HQ̇+
∂Veff(Q)

∂Q
= 0, Veff ≡

H2Q2

2
− fHU,χ

3gAλQ
, (2.27)

where this effective potential has a minimum at

Qmin =
(µ4 sin(χ/f)

3gAλH

)1/3

. (2.28)

This leads to

ξ ' mQ +
1

mQ

. (2.29)

When the gauge field takes this value (i.e. when Q̇ ' 0) the right-hand side of (2.14) is
basically equal to the gradient of the axions potential, which means that the axion, or in
other words the inflaton, rolls very slowly as its motion is dominated by classical energy
that is transferred into the gauge sector.

Let us re-write the equation (2.25) by plugging in Q = Qmin. This provides us with an
effective equation governing the evolution of the axion in terms of the axion alone [34]

χ̇ ' 2f 4/3

32/3λ4/3

3λ2/3f−2/3H8/3 + 31/3g
4/3
A

(
− U,χ

)2/3

g
2/3
A H1/3

(
− U,χ

)1/3
. (2.30)

This shows us that the axion dynamics is no longer controlled by the gradient of its potential
and the Hubble damping, but the axion is evolving slowly on a flat effective potential
provided by the interaction between the axion and VEV of the gauge field.
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Now we have to calculate the so-called inflation parameters εH and η which are given
by [34]

εH '
Q2

M2
pl

+
g2
AQ

4

H2M2
pl

, (2.31)

and

η =
˙εH

HεH
=

2g2
AQ

4

H2M2
pl

+
Q̇

HM2
plεH

(
2Q+

4g2
AQ

3

H2

)
. (2.32)

From (2.30), we can compute the number of e-folds N =
∫
Hdt

N ' 3y1/2λ

2

∫
dxx

2y + x− xy3
, (2.33)

where

x ≡
(

1− cos
(χ
f

))1/3

, y ≡
( λµ4

3g2
AM

4
pl

)2/3

. (2.34)

By putting proper bounds on x and y we can set an upper limit on N to evaluate how big
λ is supposed to be in order to get N ∼ 40− 60 e-folds necessary to solve the horizon and
flatness problems. If all the assumptions and the slow-roll approximation we have made
so far hold for all χ, we can put a bound on x

0 ≤ x ≤ 21/3 , (2.35)

the maximum value for y ' 1, hence, the upper bound on N is

N ≤ 0.6λ . (2.36)

For enough number of e-folds we need to have λ� 1, this makes a low value for f �Mpl

possible for all parameters in this models. The equations (2.31) and (2.32) show that for
satisfying the slow-roll conditions εH , |η| � 1, we need to have

Q2 � H√
2gA

, |Q| � µ
√
gA
, (2.37)

which places a strong condition on Q.
To summarize, when the gauge field is in its VEV, as described above, the equation

of motion of the inflaton, which is given by the axion in this model, gets a new term on
the right-hand side. This term is the key ingredient in this model that leads to a slow-
rolling axion even when the potential of the axion is not shallow as expected in natural
inflation. Slow-roll is achieved through the efficient transfer of axionic energy into classical
gauge field instead of the dissipation via Hubble friction. The steps that we took were the
following. First, we decoupled the system of coupled differential equations, using proper
slow-roll assumptions. After getting two decoupled equations, we got an effective potential
for the gauge field Veff(Q), this potential has a minimum at Qmin. When Q ' Qmin, the
gauge field can be integrated out during slow-roll since the fluctuations on the gauge field
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VEV are large m2
Q = 3H2, so we can safely assume Q̇ ' 0. At this stage, we derived an

equation for χ̇ in terms of χ which is precisely what we wanted and we can look for the
parameter spaces that make inflation happen.

The system of equations mentioned above can be easily solved numerically. For the
Figures 2.1 and 2.2, we have numerically solved the equations for the following set of
parameters

µ = 3.16× 10−4 , f = 0.01Mpl , gA = 2× 10−6 , λ = 200 . (2.38)

In Figure 2.1, we show the region of field space over which the axion ranges during the
inflationary period. The left panel shows the potential and the right panel shows the
position of the axion as a function of time before inflation ends. In the left panel of Figure
2.2, we show the evolution of the gauge field as a function of the number of e-foldings
Ne ≡ N before inflation ends. In the right panel of Figure 2.2 we can see how the total
number of e-foldings N depends on the value of λ.

A proper perturbation analysis is required in order to test the stability of the solutions
above, in the next section we will focus on the stability analysis of CNI.
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Figure 2.1: (Left panel) The bare axion potential is shown for the choice of parameters
{µ, f, gA, λ} = {3.16× 10−4, 0.01, 2.0× 10−6, 200}. (Right panel) The full range of values
that axion takes during inflation as a function of the e-folding number is shown for the
same choice of parameters.
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Figure 2.2: (Left panel) The behaviour of the gauge field as inflation proceeds for the
same set of parameters as 2.1 is shown. (Right panel) The number of e-foldings of
inflation produced as λ is varied, while the other parameters are kept fixed.

2.3 Perturbations of CNI

After finding homogeneous and isotropic inflationary solutions, to test the stability of these
solutions we need to study the model in small departures from the FLRW approximation.
We will focus on the fields and their perturbations in our setup following [34, 31].

2.3.1 Degrees of Freedom of CNI

The energy momentum tensor of CNI is

Tµν =
2√
−g

δS

δgµν

= 2Tr(FµαFν
α)− gµν

2
Tr(FαβF

αβ) + ∂µχ∂νχ− gµν
[1

2
gρσ∂ρχ∂σχ+ U(χ)

]
.

(2.39)

Lets us now focus on the fields and their perturbations. This system has 23 degrees of
freedom, 12 coming from the SU(2) gauge field, 10 from the metric and 1 from the axion
which is playing the role of the inflaton here

χ = χ̄+ δχ ,

Aa0 = δAa0 = a(Ya + ∂aY ) ,

Aai = Āai + δAai = a
[
(Q+ δQ)δai + ∂i(Ma + ∂aM) + g

A
Qεaic(Uc + ∂cU) + t̃ia

]
.

(2.40)

Under infinitesimal diffeomorphisms, see Eqs. (1.16) and (1.19), the gauge fields transform
as

∆δAaµ(xα) ≈ −Āaβ(xα)
∂ξβ

∂xµ
− ∂Āaµ(xα)

∂xβ
ξβ , (2.41)

whereas under infinitesimal SU(2) transformations, see Eq. (2.6),

δAaµ → δAaµ − ∂µβa + g
A
εabcβbĀcµ , (2.42)
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where βa = ∂aβ
‖ + β⊥a .

Next, we decompose these degrees of freedom into scalar, vector and tensor based on
how they behave under spatial rotations. Considering metric perturbations given in (1.11)

• Tensor degrees of freedom: 4 degrees of freedom t̃ai and h̃ij. Assuming ∂ih̃ij = ∂it̃ai =
h̃ii = t̃ii = 0.

• Vector degrees of freedom: 10 degrees of freedom Ya, Ma, Uc, Bi and Ei. Assuming
∂iYi = ... = ∂iEi = 0.

• Scalar degrees of freedom: 9 degrees of freedom δχ, Y , δQ, M , U , φ, B, ψ and E.

Now we proceed with fixing the gauge. We can remove the redundancy associated
to general coordinate and SU(2) transformations. Using (1.16), with parameter ξµ =
[ξ0, ∂iξ

‖ + ξ⊥i ]T , the metric degrees of freedom transform as

ψ → ψ −Hξ0 ,

E → E − ξ ,
Ei → Ei − ξ⊥i ,

(2.43)

and we fix the spacetime slicing at linear order in perturbations by setting

ψ = 0 , E = 0 , Ei = 0 . (2.44)

We can fix the freedom associated to the SU(2) transformations by U = Ui = 0 consid-
ering an SU(2) transformation with an infinitesimal parameter. We are left with 16 degrees
of freedom that take the following form, although not all of them correspond to dynamical
degrees of freedom, in other words, not all of these degrees of freedom appear with their
time derivative in the quadratic action [34]

χ = χ+ δχ , (2.45)

Aaµ = a

 Y1 Q+ δQ+ t̃+ t̃× ∂zM1

Y2 t̃× Q+ δQ− t̃+ ∂zM2

∂zY 0 0 Q+ δQ+ ∂z∂zM

 , (2.46)

gµν = a2


−1 + 2φ B1 B2 ∂zB

1 + h̃+ h̃× 0

1− h̃+ 0
1

 , (2.47)

where h̃+, h̃×, t̃+ and t̃× are the + and × polarization of tensor perturbations defined in
(1.44).

Therefore, the perturbations are decoupled from each other at the linear order and the
quadratic action for the perturbations splits into three decoupled parts

Squadratic = Sscalar + Svector + Stensor , (2.48)

where all are Hermitian. The tensor action contains only dynamical modes, while the
vector and the scalar actions contain both dynamical and non-dynamical modes.
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2.3.2 Quantization and Power Spectrum

In this subsection we study the quadratic action for the perturbations in a general setting,
quantize the perturbations and give an expression for the power spectrum. Let us call
the vector formed by perturbations in one of these three systems Xi. We can make a
transformation [34]

Xi = Wij∆j , (2.49)

to have the following action for each one of these perturbations [34, 80]

S =
1

2

∫
dτd3k

[
∆′†∆′ + ∆′†A∆−∆†A∆′ −∆†B∆

]
, (2.50)

where A is an anti-Hermitian and B is a Hermitian matrix, given that the action is Her-
mitian. Next we quantize (2.50) and write down the commutation relations between the
variables and their conjugate momenta, and obtain the initial conditions.

We can quantize each field ∆i and its conjugate momentum Πi

Πi ≡
∂L
∂∆′i

= ∆′† −∆†A (2.51)

and impose equal time commutation relations as:

∆i ≡ Dijaj +D∗ija
†
j,

[
ai(k), a†j(k

′)
]

= δ3(k − k′)δij , (2.52)[
∆i(t, x),Πj(t, y)

]
= iδijδ

3(x− y) . (2.53)

Now we decompose Π in terms of the same annihilation and creation operators as in (2.52)

Πi = πijaj + π∗ija
†
j . (2.54)

The product of ππ† and DD† must be real, hence

ππ† − π∗πT = DD† −D∗DT = 0 , (2.55)

should be satisfied for the initial conditions that are chosen according to the positive
frequency initial adiabatic vacuum. Starting from these initial condition, we can get the
equations of motion for the mode functions following (2.50)

D′′ + 2AD′ + (B + A′)D = 0 . (2.56)

Let δi be the original field in real space corresponding to Xi in (2.49)

δi =

∫
d3k

(2π)3/2
eik.xXi . (2.57)

Hence we can define the two point correlator assuming statistical isotropy as

1

2
〈δi(τ, x)δj(τ, y) + δj(τ, y)δiτ, x)〉 =

∫
dk

k

sin(kr)

kr
Pij(k) , (2.58)

where r = |x− y| and

Pij(k) =
k3

2π2
<
[(
XX†

)
ij

]
, (2.59)

is the power spectrum.
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2.3.3 Scalar Fluctuations

In this subsection, we provide the explicit form of the quadratic action for the scalar
perturbations in the form of (2.50).

The scalar degrees of freedom we are left with after gauge fixing include the axion as
the inflaton δχ, three degrees of freedom coming from the SU(2) gauge field, Y , δQ and M
and the last two coming from the metric perturbations φ and B. Out of these six degrees
of freedom, only three of them are dynamical. Y , φ and B appear without their time
derivative in the quadratic action, therefore they are non-dynamical degrees of freedom
and can be integrated out. To make the analysis of scalar perturbations easier we neglect
the metric perturbations and integrate out the non-dynamical degree of freedom coming
from the gauge field. For a detailed analysis considering the scalar metric perturbations,
the reader may refer to the Appendix in [34].

After integrating out Y and setting φ = B = 0, we define the remaining scalar pertur-
bations in terms of ∆ = (∆1,∆2,∆3)T , where

δχ ≡ ∆1

a
,

δQ ≡ ∆2√
2a
,

δM ≡
gAaQ∆2 +

√
k2 + 2g2

Aa
2Q2∆3√

2gAk2a2Q
.

(2.60)

The action is given by [34]

As,12 = a
gAλQ

2

√
2f

,

As,13 = a
−g2

AλQ
3

√
2f
√
k2
phy + 2g2

AQ
2
,

As,23 = 0 ,

(2.61)
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and

Bs,11 = a2

[
kphy +

g2
Aλ

2k2
phyQ

4

f 2(k2
phy + 2g2

AQ
2)

+
g2
AQ

4

M2
pl

+ U,χχ − 2H2 +
χ̇

2M2
pl

+
(Q̇+HQ)2

M2
pl

]
,

Bs,12 = a2

[
3gAλHQ

2

√
2f

+

√
2gAλQQ̇

f

]
,

Bs,13 = a2

[
−
√

2λ

f

( g2
AHQ

3

2
√
k2
phy + 2g2

AQ
2

+
2k4

phy + 3g2
Ak

2
phyQ

2 + 4g4
AQ

4

2(k2
phy + 2g2

AQ
2)3/2

(Q̇+HQ)
)]
,

Bs,22 = a2

[
k2
phy + 4g2

AQ
2 − gλQχ̇

f

]
,

Bs,23 = a2

[
−
√
k2
phy + 2g2

AQ
2(2gAQ−

λ

f
Ẋ)

]
,

Bs,33 = a2

[
k2
phy +

4g2
AQ

2(k2
phy + g2

AQ
2)

k2
phy + 2g2

AQ
2

−
gAλk

2
phyQχ̇

f(k2
phy + 2g2

AQ
2)

+
6g2
Ak

2
phy(Q̇+HQ)2

(k2
phy + 2g2

AQ
2)2

]
.

(2.62)
The matrices Ass and Bss are 3× 3 matrices. The index s represents scalar perturbations
and kphy ≡ k/a.

Following the instruction as outlined in 2.3.2, we can now write the equations of motion,
quantize each field ∆i and provide their initial conditions. Hence, following (2.56), each ∆i,
(i = 1, 2, 3) defined as the field on the left hand side of (2.60), behaves like a free oscillator.
Since we have three quantum fields here, we need to evolve each coupled equation under
three different sets of initial conditions.

Finally, let us determine the curvature power spectrum, where the curvature perturba-
tions are defined as

R ' −H
χ̇
δχ , (2.63)

the curvature power spectrum is

PR =
H2

χ̇2
Pij , (2.64)

where Pij is defined in (2.59).
A very detailed discussion of the instability analysis of the scalar modes can be found

in [34, 31]. To summarize their finding we can say that the scalar fluctuations suffer from
an instability on sub-horizon scales if mQ <

√
2. In other words the inflationary solution

is stable if and only if the gauge field is sufficiently heavy, since mQ can be regarded as the
mass of Q (divided by H). In Section 2.3.5 we will show that it is impossible to satisfy
current observational bounds with this model.
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2.3.4 Tensor Fluctuations

In this subsection we consider the tensor sector of CNI. It is easier to work with the left-
handed and right-handed helicity mode functions, since the quadratic action for the tensor
perturbations splits in two decoupled parts for each helicity doublet defined below

Stensor = SL + SR . (2.65)

The two polarizations are defined as (1.46) using (1.42) in Chapter 1

hL,R ≡
1√
2

(h+ ± ih×), tL,R ≡
1√
2

(t+ ± it×) . (2.66)

For our convenience we work with the canonically normalised tensor perturbations

hij ≡ a
Mpl√

2
h̃ij, tai ≡

√
2at̃ai . (2.67)

Let us now define the respective ∆ to have the quadratic action of the form (2.50)

∆L,R =

(
hL,R
tL,R

)
. (2.68)

Here we only consider the quadratic action for the right-handed helicity doublet while the
action for the left-handed helicity doublet is related to the right one by k → −k.

The action is given by [34]

At,12 =
1

Mpl

(Q′ +HQ) ,

Bt,11 = k2 − 2H2 +
χ′2

2M2
pl

− (Q′ +HQ)2

M2
pl

+
3g2
Aa

2Q4

M2
pl

,

Bt,12 = ak
2gAQ

2

Mpl

+
H
Mpl

(Q′ +HQ)− gAλaQ
2χ′

fMpl
,

Bt,22 = k2 − ak
(

2gAQ+
λaχ′

f

)
+
gAλaQχ

′

f
,

(2.69)

where the index t represents tensor perturbations. It is clear from (2.69) that the effective
frequency squared Bt,22 goes negative for the right-handed helicity mode function of the
gauge tensor tR close to the horizon crossing which translates to a tachyonic instability
and growth of this mode. Since the gauge tensor modes are linearly coupled to the metric
tensor perturbations, as the result of this instability, hR grows signalling a violation of
parity invariance in the tensor sector in this setup and hence the production of chiral
gravitational waves. The same growth does not happen in the left-handed helicity mode
function since the linear term in k has the opposite sign. The difference between the right-
and left-handed helicity mode functions is shown in Figure 2.3.
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Figure 2.3: The right-handed helicity gauge tensor mode function
√

2k|kτtR| (solid blue)
along side the left-handed helicity gauge tensor mode function

√
2k|kτtL| (dashed orange)

is shown for the choice of parameters {mQ, εB, εE} = {3, 3 × 10−4, 3 × 10−5}. The right-
handed helicity gauge tensor grows around the horizon crossing. The shaded blue area
shows the tachyonic instability region.

The time length of the tachyonic region can be calculated from the equations of motion
[31] and is given by

2mQ +
1

mQ

−
√

2m2
Q + 2 +

1

m2
Q

< x < 2mQ +
1

mQ

+

√
2m2

Q + 2 +
1

m2
Q

. (2.70)

This means that as mQ increases the length of the tachyonic region increases as well. In
other words, the instability persists for a longer period for larger mQ. Since the scalar
fluctuations are unstable when mQ <

√
2 as shown in the previous section, we only focus

on the regions for which mQ >
√

2.
More discussion on the tensor perturbations and numerical solutions will be given in

Section 2.8.1.

2.3.5 Observational Constraints

In [31] a thorough parameter search for the four free parameters gA, µ, f and λ in this
model is accomplished. The authors used numerical solutions of the full set of equations of
motion for the scalar perturbations to compute the tensor-to-scalar ratio r as a function of
the model parameters. The result of their parameter exploration is summarized in Figure
2.4. This figure shows that it is impossible to simultaneously satisfy the observational
constraints on r, ns, and the power spectrum amplitude using this model. When mQ is
large enough to produce an acceptable ns, the enhanced gravitational wave spectrum is too
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Figure 2.4: Comparison of the tensor-to-scalar ratio, r and the spectral index, ns (evaluated
at k = 0.05 Mpc−1). The value for r presented here includes the contributions from both
gravitational wave helicities and is computed numerically using the gravitational wave
mode functions. The open black circles represent parameter combinations whose scalar
power spectrum amplitudes are outside of the Planck error bars; blue stars represent models
with acceptable power spectrum amplitudes. The Planck one and two sigma contours are
plotted in red and pink, respectively. This plot is taken from [33, 31].

large. Hence CNI model of inflation is ruled out observationally. Nonethelss, theoretically
speaking, the most important feature of the CNI mechanism is that it evades the simple
version of the so-called Lyth’s bound [20] explained in Chapter 1 in (1.52).

Different models have been suggested to rescue this model from being totally ruled
out. In the rest of this thesis, we will focus on the model proposed by the authors in
[66]. This model suggests putting the axion-SU(2) in a spectator sector and considers an
inflaton sector that takes care of inflation independent of the axion and the gauge field.
Other models in the literature such as [91, 92], suggest that CNI can be made consistent
with observational data if the SU(2) gauge symmetry is spontaneously broken. Another
extension that saves the model and makes it consistent with observations is considered in
[93].
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2.4 Relation to Gauge-flation

It was shown that CNI reduces to a class of models of inflation where the axion has been
integrated out, known as gauge-flation ([29, 28]), [78, 79]. Gauge-flation is described by
the following Lagrangian

LGF =
√
−g
[
M2

pl

2
R− 1

4
F a
µνF

aµν +
κ

384

(
F a
µνF̃

aµν
)2
]
. (2.71)

The last term replaces the axion terms and the interaction between the axion and the
gauge fields. In [79] it was shown that the gauge-flation model corresponds to CNI model
once the axion is close to the bottom of its potential which translates to χ ' πf . Reviving
back the axion and fixing κ to be

κ ≡ 3
λ2

µ4
, (2.72)

we can get back the action for CNI.
It has also been shown that gauge-flation is a special case of CNI by comparing the

trajectories of gauge-flation to CNI since CNI has a much larger model space. This happens
because CNI had two additional parameters compared to gauge-flation which translate to
more freedom in the model.

As shown in right hand panel of Figure 2.5 taken from [78], both trajectories overlap
while CNI has much larger trajectories.

2.5 The case with U(1)

So far the effort has been to build an inflation model with the SU(2) gauge fields, where
a sizeable r can be generated from sources, without violating stringent observational con-
straints on the scalar perturbation. From a historical point of view these efforts did not
start originally from considering SU(2) gauge fields, but started from considering U(1) as
the gauge field [77, 94, 95, 96, 97, 98]. Although U(1) violates the isotropy of the space-time
it was still used for inflationary models.

Following the mentioned references, let us consider the following action with the differ-
ence that now Aµ is an Abelian vector field as in U(1):

SU(1) =

∫
d4x
√
−g
(M2

pl

2
R− 1

2
(∂χ)2 − U(χ)− 1

4
FµνF

µν +
λ1χ

4f
FµνF̃

µν
)
, (2.73)

where
U(χ) = µ4

(
1 + cos(

χ

f
)
)
, (2.74)

with µ being the energy scale of the axion with decay constant f . Note that the existence
of inflationary solutions does not depend on this potential at all.

The field strength tensor of the U(1) gauge field is

Fµν = ∂µAν − ∂νAµ , (2.75)
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Figure 2.5: (Left panel) A phase portrait of the gauge field. The solid black curve
corresponds to the period of exponential expansion, inflation. The red curve shows the
final ∼ 60 e-foldings of inflation and CNI ends at the end of the red curve. The dashed
blue line shows the result of evolving the equations that follow from the action after the
axion has been integrated i.e. gauge-flation. (Right panel) The full range of the axion.
The region that corresponds to the gauge-flation regime is shown in blue. This figure is
taken from [78].

and can be written in terms of the electric and the magnetic fields as:

Fµν = a2


0 −Ex −Ey −Ez
Ex 0 Bz −By

Ey −Bz 0 Bx

Ez By −Bx 0

 . (2.76)

Hence

−1

4
FµνF

µν =
1

2

(−→
E .
−→
E −

−→
B .
−→
B
)
, (2.77)

is a parity even term, whereas
1

4
FµνF̃

µν = −
−→
B .
−→
E , (2.78)

is a parity odd term.
The background equations of motion in this case are

χ′′ + 2aHχ′ −∇2χ− a2U,χ =
λ

f
a2−→E .

−→
B , (2.79)
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−→
E ′ + 2aH

−→
E −∇×

−→
B = −λ

f
χ′
−→
B − λ

f

−→
∇χ×

−→
E , (2.80)

−→
∇ .
−→
E = −λ

f

(
−→
∇χ
)
.
−→
B , (2.81)

considering the vector potential
−→
A (τ, x) with

a2−→B =
−→
∇ × A , a2−→E = −

−→
A ′ . (2.82)

The equation of motion for
−→
A (τ, x) reads[

∂2

∂τ 2
−∇2 − λχ′

f

−→
∇ ×

]
−→
A = 0 ,

−→
∇ .
−→
A = 0 . (2.83)

Following the steps as the previous sections we can write the vector field
−→
A (τ, x) into

circular polarized modes in the Coloumb gauge that obey the following equations of motion[
∂2

∂τ 2
+ k2 ± 2kξ

τ

]
A±(τ, k) = 0 , (2.84)

where again ξ ≡
(
λχ̇
)
/
(
2fH

)
.

In this scenario one can get inflation with a flat potential and a reasonable axion decay
constant which is the same as in CNI model. But the question that now remains is what
feature of this model made it so unsatisfactory as compared to non-Abelian vector fields?

The issue with U(1) lies in the perturbations. If we do the standard perturbation
theory for this case to see the agreement with data coming from observations, we see
that U(1) produces too much non-Gaussian scalar perturbations that is above the allowed
bounds coming from observations. The reason behind that lies in the important difference
between this model and CNI, which is in the case of U(1) the tensor modes are produced
at the non-linear level by the vector fields produced by the rolling inflaton. These vector
modes cannot source the tensor modes linearly and to get a sizeable contribution to the
gravitational waves the same non-linear source generates too much non-Gaussian scalar
perturbations that are at odds with data coming from CMB experiments. In Table 2.1 the
differences between the properties of perturbations and background in both cases can be
seen.

U(1) gauge fields SU(2) gauge fields
preferred direction isotropic

chiral tensor perturbations chiral tensor perturbations
non-Gaussian scalar perturbations Gaussian scalar perturbations
non-Gaussian tensor perturbations non-Gaussian tensor perturbations

Table 2.1: U(1) gauge field versus SU(2) gauge field properties
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2.6 Mimetic Chern-Simons SU(2)

In order to make the CNI consistent with observational data, we considered an extension
of the model using mimetic construction proposed in [99] (see [100] for a review). For
more details on the mimetic construction see [101, 102, 103, 104, 105]. Similar extensions
of the mimetic construction using axions and Abelian and non-Abelian gauge fields have
been considered in [106, 107, 108]. Unfortunately, the same problems as in CNI raises in
this setup. Here, we adequately present a possible slow-roll solution that provides us with
sufficient inflation in this setup. We will not discuss the perturbations of this model in this
thesis.

We consider the following action

S =

∫
d4x
√
−g
[
M2

Pl

2
R− 1

2
Tr(FµνF

µν)− λ
(

1

2
Tr(FµνF̃

µν)− Λ4

)]
, (2.85)

where the terms are all defined as in the previous sections, minus the last term which is
the mimetic Chern-Simons constraint, with λ̄ being a dimensionless Lagrange multiplier
defined as λ = λ̄+ δλ, where δλ is its perturbation. The term Λ4 is a constant with mass
dimension four.

We can get the equations of motion

∂β
[√
−gF βαa

]
+
√
−gg

A
AbβF

βαcεabc + ∂β

[√
−gλF̃ βαa

]
+
√
−gλg

A
AbβF̃

βαcεabc = 0 , (2.86)

where the right-hand side of equation for gauge field background is now modified,

Q̈+ 3HQ̇+ (Ḣ + 2H2)Q+ 2g2
A
Q3 = g

A

˙̄λQ2 . (2.87)

Varying S with respect to λ yields the mimetic constraint

1

4
FµνaF̃

µνa = Λ4 , (2.88)

which, at the background level reduces to

3g
A
Q2(QH + Q̇) = Λ4 . (2.89)

The Friedmann equations are

3M2
PlH

2 = −λ̄Λ4 +
3

2

(
Q̇+HQ

)2

+
3

2
g2
A
Q4 , (2.90)

M2
PlḢ = −

(
Q̇+HQ

)2

− g2
A
Q4 . (2.91)

We can derive the energy density and pressure as in the previous sections

ρ̄ = −λ̄Λ4 +
3

2

[(
Q̇+HQ

)2

+ g2
A
Q4

]
,

p̄ = λ̄Λ4 +
1

2

[(
Q̇+HQ

)2

+ g2
A
Q4

]
.

(2.92)
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Figure 2.6: Realisation of slow-roll inflation for over 60 e-folds for the parameter choice in
Eq. (2.101). Here Λ ≡ Λ

1/4
4 .

The second terms in each line represent the radiation contribution due to the gauge field,
with energy density

ρA ≡
3

2

[(
Q̇+HQ

)2

+ g2
A
Q4

]
, (2.93)

and equation of state 1/3. The Lagrange multiplier terms play the role of a cosmological
constant, with energy density

ρΛ ≡ −λ̄Λ4 , (2.94)

and equation of state −1. If it dominates it can give rise to an inflationary stage of
expansion. We now find the inflationary field configuration.

From Eqs. (2.89) and (2.90) one can express the Lagrange multiplier only in terms of
Q and Q̇,

λ̄ =
1

Λ4

3

2

(
Λ4

Q2

)2

+
3

2
g2
A
Q4 − 3M2

Pl

(
Λ4

3g
A
Q3
− Q̇

Q

)2
 . (2.95)

One can also express H and Ḣ only in terms of Q from Eqs. (2.89) and (2.91). We can

then substitute for H, Ḣ and ˙̄λ in Eq. (4.96) to find the effective equation of motion of Q

Q̈+ 3

(
Λ4Q̇

3g
A
Q3
− Q̇2

Q

)
+

2

[
Λ4

3g
A
Q3
− Q̇

Q

]2

−

[(
Λ4

MPlQ2

)2

+
g2
A
Q4

M2
Pl

]Q+ 2g2
A
Q3

=
6g

A
Q2

Λ4

[(
g2
A
Q3 − Λ2

4

Q5

)
Q̇+M2

Pl

(
Λ4

3g
A
Q3
− Q̇

Q

)(
Λ4Q̇

g
A
Q4

+
Q̈

Q
− Q̇2

Q2

)]
.

(2.96)
To find a slow-roll solution for Q we start by applying the slow-roll approximation, which
entails neglecting Q̈. We also assume

Λ4

3g
A
Q2
� |Q̇| , (2.97)
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which implies H ≈ Λ4/(3gAQ
3).

Then for

MPl � Q ∼ Λ
1/4
4 , g

A
� 1 , (2.98)

to leading order in Q̇, Eq. (2.96) reduces to

Q̇ ≈ Λ4

9g
A
M2

Pl

, (2.99)

which is consistent with Eqs. (2.97) and (2.98). Note that this gives us a slow-roll solution,
since

Q̇

HQ
≈ Q2

3M2
Pl

� 1 . (2.100)

For the parameters choice

Q = Λ
1/4
4 = 10−8MPl , g

A
= 10−2 , (2.101)

one gets readily slow-roll inflation at 1015 GeV of at least 60 e-folds, as shown in Figure
2.6. In Figure 2.6 we plot the solution of the full equation of motion given in Eq. (2.96),
with initial conditions for Q(t) given by Eqs. (2.99) and (2.101).

It is interesting to note that, in its original version, mimetic gravity can provide an
energy density that mimics the role of dark matter in the cosmological background. Taken
into account with a SU(2) Einstein-Yang-Mills system, it was shown in [107] that the model
can provide energy density that behaves as radiation evolving as ∝ a−4 and evoloving
as ∝ a−2. Moreover, if taken with the Chern-Simons term, it can play the role of a
cosmological constant as it was shown here and in [108] in the context of a Weyl-invariant
and generally-covariant theory for the cosmological constant.

2.7 Axion-SU(2) Gauge Field Spectator Sector

As it was shown in the previous section, the scalar perturbations in the CNI model present
tension with the observational data. It is impossible to simultaneously satisfy the bounds
on r and on the scalar spectral index, ns, as shown in 2.4. Therefore, the simple models of
CNI are ruled out by observations. In order to relax these tensions and revive the model,
the authors in [66] proposed putting the axion-SU(2) in a spectator sector and consider an
inflaton sector that takes care of inflation independently. As a result the motivation for
solving the η problem in inflation is lost, but we can still benefit from the unique signatures
and phenomenological power of these models. We will briefly discuss the axion-SU(2) gauge
field spectator model of inflation here, since this is the model considered in the rest of this
dissertation.

In the axion-SU(2) gauge field spectator model, the action of CNI given in (2.1) is
modified to

S =

∫
d4x
√
−g
(M2

pl

2
R− 1

2
(∂ϕ)2 − V (ϕ)− 1

2
(∂χ)2 − U(χ)− 1

4
F a
µνF

aµν +
λ1χ

4f
F a
µνF̃

aµν
)
,

(2.102)



36 2. Axion-SU(2) Gauge Fields Models of Inflation

where ϕ is a single-field inflaton sector with a generic potential V (ϕ).
We will now redo the steps in the previous section for this model to examine the validity
of this model. Let us start with determining the background equations.

The background equations for χ and Q are as before, described in (2.14) and (2.15)
respectively. The Einstein equations are now modified since an independent sector that
takes care of inflating the universe is added:

ρ̄ ≡ 3M2
plH

2 , ρ̄+ 3p̄ ≡ −6M2
pl(Ḣ +H2) =

ä

a
, (2.103)

where

ρ̄ = ρϕ + ρχ + ρA =
ϕ̇

2
+ V (ϕ) +

χ̇2

2
+ U(χ) +

3

2

(
Q̇+HQ

)2
+

3

2
g2
AQ

4 ,

p̄ = pϕ + pχ + pA =
ϕ̇

2
− V (ϕ) +

χ̇2

2
− U(χ) +

1

2

(
Q̇+HQ

)2
+

1

2
g2
AQ

4 .

(2.104)

We can define the dimension-less slow-roll parameters as done before, where we have
added an extra slow-roll parameter for the inflaton εϕ:

εϕ ≡
ϕ̇2

2H2M2
pl

, εχ ≡
χ̇2

2H2M2
pl

, εB ≡
g2
AQ

4

H2M2
pl

, εE ≡
(Q̇+HQ)2

H2M2
pl

, (2.105)

where

εH ≡ −
Ḣ

H2
= εϕ + εχ + εB + εE . (2.106)

In the above paragraph the parameters mQ and ξ are the same as before and the
slow-roll solutions in (2.28) and (2.29) are still applicable.

By putting the axion and the gauge field in the spectator sector we are making the
inflaton the most dominant field during inflation. Let us focus on the inflaton sector a
bit. We need to specify the essential slow-roll parameters meanwhile keeping the sector as
general as possible so we do not have to specify which model of inflation we are considering.
We need to keep track of εϕ while keeping ηϕ constant and εϕ ' εH . One can show that

ε̇ϕ = (4εϕ − 6ε∗ϕ + 1− n∗s)Hεϕ , (2.107)

where ns = −6εϕ + 2ηϕ + 1 ≈ 0.9649 is the spectral index.
In Figure 2.7, the authors in [66] have plotted the dimensionless parameters defined

above as inflation proceeds as a function of N , the number of e-folds during inflation. One
can see that εϕ remains much bigger than the others, which is consistent with putting the
axion-SU(2) gauge fields in the spectator sector.



2.7 Axion-SU(2) Gauge Field Spectator Sector 37

2.7.1 Perturbations of Axion-SU(2) Spectator Sector

In this subsection we summarize the result of [66] for the scalar perturbations. A numerical
study of the tensor perturbations is given in 2.8.1.

Let us again consider ∆i as defined in (2.60) and study their effect on the curvature
perturbations R. The equations of motion are the same as (2.56)

∂2
x∆i − 2Aij∂x∆j +

(
Bij − ∂xAij

)
∆j = 0 , (2.108)

where x ≡ −kτ .

The entries of matricesA andB are the same as (2.61) and (2.62) with a minor difference
due to the spectator sector. We will give the entries of these two 3 × 3 matrices here in
terms of the dimensionless parameters defined above [66]

As,12 =
ΛmQ√

2x
,

As,13 = −
Λm2

Q
√

2x
√
x2 + 2m2

Q

,
(2.109)

and

Bs,11 = 1− 2 + εχ + εB + εE + εϕ
x2

+
U,χχ
H2x2

+
m2
QΛ2

x2 + 2m2
Q

,

Bs,12 =
3ΛmQ√

2x2

[
1 +

2

3
εQ

]
,

Bs,13 = −
Λm2

Q
√

2x2
√
x2 + 2m2

Q

− Λ
(
1 + εQ

)2x4 + 3x2m2
Q + 4m4

Q

2x2(x2 + 2m2
Q)3/2

,

Bs,22 = 1 +
4m2

Q − 2ξmQ

x2
,

Bs,23 = −2
mQ − ξ
x2

√
x2 + 2m2

Q ,

Bs,33 = 1 +
4m2

Q(x2 +m2
Q)

x2(x2 + 2m2
Q)
− 2ξmQ

x2 + 2m2
Q

+
6m2

Q(1 + εQ)2

(x2 + 2m2
Q)2

,

(2.110)

where Λ ≡ λQ/f and εQ ≡ Q̇/QH. The numerical solutions of ∆i are shown in Figure 2.7.

From Figure 2.7 it is clear that the axion perturbation ∆1 freezes after horizon crossing,
while the gauge field scalar perturbations, ∆2 and ∆3, evolve on super-horizon scales and
eventually decay. Note that in this case mQ ' 3 so there is no instability.

We can now study the effect of ∆i on the curvature perturbations R. In the flat gauge
R is given by [109]

R =

∑
i δρi

3
∑

i(ρi + pi)
, (2.111)
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Figure 2.7: (Left panel) The various components of (2.106) is shown. As expected εH is
dominated by εϕ labelled as εφ in the figure. (Right panel) Numerically integrated scalar
perturbations in the axion-SU(2) gauge field spectator sector. This figure is taken from
[66].

where i = {ϕ, χ,A}. The expression for ρi and pi are given in 2.104, and δρi is the energy
density perturbation of each component. We can define the energy density fraction Ωi as

Ωi =
ρi

3H2M2
pl

, (2.112)

hence,

R ≈ Ωϕδρϕ/ρϕ + Ωχδρχ/ρχ + ΩAδρA/ρA
2εϕ

. (2.113)

Notice that in the expression above we have neglected the contributions from εχ, εB and
εE in the denominator for reasons discussed below. The observational constraints on the
scalar curvature power spectrum can be satisfied if one shows that the contribution from
the last two terms in the numerator above are negligible.

Let us first consider the gauge field, namely the last term in the numerator of 2.113. As
soon as the axion χ reaches the minimum of the potential and stops generating the gauge
field, this term is negligible. Furthermore, the gauge field produces axion perturbations
that can contribute to R in different ways. One way is through the second term in the
numerator, which is negligible after inflation as Ωχ → 0. The second way is through the
first term, that can make a sizeable contribution for large values of mQ. Nonetheless for
the chosen values of mQ ∼ 3, it is smaller than vacuum contribution by large and can be
neglected. Therefore, the main contribution to the curvature perturbations is coming from
the inflaton sector, hence we can satisfy the strict bounds on PR and save these models
from being totally ruled out.

2.8 Signatures and Bonuses

Although the current valid version of these models prevents us from solving the η-problem,
it provides a very rich phenomenology to explain other open problems in cosmology and
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the standard model of particle physics such as the matter asymmetry in the universe.
The question that we should answer now is: how can we differentiate between B-modes

generated from vacuum fluctuations of the metric and those from sources, once the pri-
mordial gravitational waves are observed?
The short answer to this question is: through the features and signatures of the primordial
gravitational waves. The vacuum gravitational waves are almost all the time scale invariant
with a slight red tilt [110]. On the other hand, depending on the model the sourced grav-
itational waves can have a red or blue tilt or have a completely non-power-law spectrum.
The other feature of the vacuum fluctuations is that they produce parity-even B-modes.
As seen in the previous sections, one of the unique signatures of axion-SU(2) models is
the production of chiral gravitational waves with a larger amplitude since the gauge tensor
modes are linearly coupled to gravitons producing parity-odd B-modes. This feature can
be seen as a non-vanishing TB/EB correlation in the CMB [111, 112, 51, 62, 113, 114, 53].
The last feature of the axion-SU(2) gauge field sourced gravitational waves is that they are
highly non-Gaussian [36, 37, 38, 39], which is different from the tensor modes induced by
the vacuum fluctuations of the metric [115, 116].

In Table 2.2, we summarize the differences between the axion-SU(2) sourced gravita-
tional waves, versus the vacuum ones.

Vacuum Axion-SU(2) gauge fields
scale invariant non-scale invariant

non-chiral chiral
Gaussian non-Gaussian

Table 2.2: Gravitational waves from vacuum versus axion-SU(2) gauge field

We discuss the three strengths of these models briefly below, starting with the chiral
gravitational waves, moving on to the gravitational leptogenesis and explaining the non-
Gaussianity at the end.

2.8.1 Chiral Gravitational Waves

In this section we look at the equations of motion for the metric and the gauge tensor
perturbations, and obtain numerical solutions. As it was shown in the previous sections,
we have four tensor degrees of freedom: two metric tensor degrees of freedom that represent
the gravitational waves and two additional tensor degrees of freedom associated with the
SU(2) gauge field. We consider a perturbed FLRW metric as follows

ds2 = a2(τ)
[
− dτ 2 + (δij + h̃ij)dy

idyj
]
, (2.114)

where h̃ij is a transverse and traceless tensor, i.e. ∂ih̃ij = h̃ii = 0. We define the Fourier
transformed right and left-handed circular polarization states as seen in Chapter 1 and
we write the tensor perturbations of the gauge field as δAai = at̃ai , where t̃ai is chosen to
be transverse and traceless, i.e. ∂it̃

a
i = t̃aii = 0. We write the gauge tensor perturbations
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as δA1
i = a(t̃+, t̃×, 0) and δA2

i = a(t̃×,−t̃+, 0). For our convenience we work with the
canonically normalised tensor perturbations

hij ≡ a
Mpl√

2
h̃ij, tai ≡

√
2at̃ai . (2.115)

We define the left and the right helicities

hL,R ≡
1√
2

(h+ ± ih×), tL,R ≡
1√
2

(t+ ± it×) . (2.116)

The equations of motion for the tensor modes up to leading order in slow-roll parameters
are

∂2
xtA +

[
1 +

2

x2

(
mQξ1 − sx(mQ + ξ1)

)]
tA = −

2
√
εE
x

∂xhA +
2

x2

[
(mQ − sx)

√
εB +

√
εE

]
hA ,

(2.117)[
∂2
xhA + (1− 2

x2
)hA

]
=

2
√
εE
x

∂xtA +
2

x2

[
(mQ − sx)

√
εB

]
tA , (2.118)

where x ≡ −kτ , A = L,R and s = −1,+1 for L,R respectively.
Before solving the above system of coupled equations numerically, we need to specify

the initial conditions. Since the tensor-like perturbations in the gauge fields and the tensor
metric perturbations are linearly coupled, we expand both in terms of the same pair of
creation and annihilation operators [16]

hA(τ, k) =
∑
n=h,t

[
aAn,khA,n + aA†n,−kh

∗
A,n

]
,

tA(τ, k) =
∑
n=h,t

[
aAn,ktA,n + aA†n,−kt

∗
A,n

]
,

(2.119)

where we have the standard commutators[
aAn,k, a

B†
m,q

]
= δn,mδA,Bδ

(3)(k − q) . (2.120)

We have to specify the vacuum for the gravitational and gauge fields separately. We divide
the vacuum into two subspaces corresponding to each field as [34, 80, 43]:

hA,n(τ, k) =
1√
2k
δn,he

−ikτ , h′A,n(τ, k) = − 1√
2k
ikδn,he

−ikτ ,

tA,n(τ, k) =
1√
2k
δn,te

−ikτ , t′A,n(τ, k) = − 1√
2k
ikδn,te

−ikτ .
(2.121)

The solution hA,n=h can be interpreted as the vacuum gravitational wave, whereas hA,n=t

as the sourced one (by the vacuum gauge field, tA,n=t).
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Figure 2.8: (Left panel) The sourced right-handed linear gravitational wave√
2k|kτhR,n=t| (solid blue) and the vacuum gravitational waves

√
2k|kτhR,n=h| (dashed or-

ange) are shown. (Right panel) The sourced linear gravitational wave
√

2k|kτhR| (solid
blue), the left-handed gravitational waves

√
2k|kτhL| (dashed orange) and the linear right-

and left-handed gauge tensor mode functions
√

2k|kτtR| (dotted green) and
√

2k|kτtL|
(dot-dashed red) are shown. The right-handed helicity gravitational wave grows around
the horizon crossing and stays constant afterwards.

In the right panel of Figure 2.8 we show the amplification of |tR| =
√
〈t†RtR〉 (green

line) around horizon crossing (|kτ | ∼ 1), assuming mQ, ξ1, ξ2, H, εB and εE are constant.
In all the plots in this section and the next we use the following parameters

mQ = 3, εB = 3× 10−4, εE = 3× 10−5, H = 1013GeV . (2.122)

In the left panel of Figure 2.8 we plot the sourced right-handed helicity mode function of
gravitational waves hR,n=t (by the vacuum gauge field, tR,n=t) (solid blue) and the right-
handed helicity mode function of the vacuum gravitational wave hA,n=h (dashed orange).

The current observational upper bound on r coming from the most recent CMB exper-
iments [21] is

r ≡ Ph(kCMB)

PR(kCMB)
< 0.06 , (2.123)

where PR is the power spectrum of curvature perturbations defined in Chapter 1 and
kCMB = 0.05 Mpc−1.

As we saw in this model, two types of gravitational waves contribute to Ph. First
the vacuum fluctuation coming from the metric perturbations hvac and the sourced grav-
itational waves coming from the axion-SU(2) spectator sector hsourced. We consider the
right-handed helicity mode function for the tensor modes since they are the ones with
more sizeable contribution. By calculating the tensor fluctuations numerically we can con-
clude that the power spectrum for the sourced gravitational waves in the super-horizon
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Figure 2.9: The Psourced
h (solid blue), the vacuum gravitational wave power spectra Pvac

h

(dashed red) is shown. The green and purple dashed lines show r = 0.07 and r = 10−3

respectively. This figure is taken from [66].

limit is

Psourced
h =

H2

π2M2
pl

∣∣∣√2kx lim
x→0

hsourced
R

∣∣∣2 =
H2

π2M2
pl

∣∣∣√2kx lim
x→0

hR,n=t

∣∣∣2 . (2.124)

Let us call the ratio between the sourced gravitational waves and the gravitational waves
from vacuum RGW [66], considering the definition of εB and mQ, then the tensor-to-scalar-
ratio r is given

r =
Psourced
h + Pvac

h

PR
=

2g2
AεB

π2m4
QPR

(
1 +RGW

)
, (2.125)

where H2/M2
pl = g2

AεB/m
4
Q.

We are interested in the parameter region that RGW > 1, i.e. where the sourced gravi-
tational waves are larger than the vacuum gravitational waves. We also need r to satisfy
the observational upper bound given in (2.123). Since the upcoming CMB observation
missions aim at achieving a sensitivity r ≈ 10−3, the parameter region predicting r ≥ 10−3

is very interesting.
In Figure 2.9, the authors of [66], show the gravitational waves power spectra. It is

visible that Psourced
h shown in (solid blue) is larger than Pvac

h (dashed red), while still not
exceeding the upper bound on r = 0.07 they are considering.

In [53], the authors have examined the detectability of the axion-SU(2) sourced gravi-
tational waves for the future CMB B-mode polarization, space interferometers and ground-
based interferometers.

2.8.2 Gravitational Leptogenesis

Another interesting feature of axion-SU(2) gauge field models of inflation is the possibility
of a mechanism to explain the baryon asymmetry of the universe through gravitational
leptogenesis. Leptogenesis in gauge field inflation models that use this process has been
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previously considered in [40, 41, 42, 43, 44, 45, 46, 47]. In this section we briefly discuss
this subject.

A successful baryogenesis requires the following conditions to be satisfied

• Violation of baryon number

• CP violation

• Out of equilibrium state

these conditions are known as the Sakharov conditions [117].
The above conditions are satisfied in these models through gravitational leptogenesis.

The chiral asymmetry of the gravitational waves background generated in this setup leads
to a non-zero parity-violating gravitational anomaly, RR̃, which, in turn, violates the
lepton number conservation and generates the baryon asymmetry of the universe. The
configurations of the axion field χ and the gauge field Aaµ break the CP symmetry and the
inflationary solutions for the VEV of the fields are out of equilibrium.

The gravitational anomaly and the lepton current are related through

∇µJ
µ =

NR−L

24(16π2)
RµναβR̃

µναβ , (2.126)

where NR−L is the number of right-handed minus left-handed Weyl fermions [118]. What
goes on physically is that the asymmetric gravitational wave spectrum acts as a background
for the evolution of the Dirac equation and pairs of fermions are created asymmetrically.
Lets first define the number density of chiral fermions

n` =
NR−L

24(16π2)a3

∫
dτa4RR̃ . (2.127)

In order to determine the magnitude of the asymmetry, we have to evaluate the number
density of chiral fermions generated

〈n`〉 =
NR−L

24(8π2)a3

∫
dτ

∫
d3k

(2π)3/2

d3k′

(2π)3/2
ei(k−k

′).x(2π)3δ(k − k′)
(
FR(k)− FL(k)

)
,

(2.128)
where

FA =
d

dτ

[
k3
(
|hA,h|2 + |hA,t|2

)
− k
(
|h′A,h|2 + |h′A,t|2

)]
. (2.129)

Assuming the difference between the right- and left-handed circularly polarized gravita-
tional waves vanishes in the super-horizon limit, we can re-write the above integral as

〈n`〉 =
NR−L

24(8π2)a3

∫
d ln k

[
k3
(

∆2
R −∆2

L

)
− k
(

∆
′2
R −∆

′2
L

)]
, (2.130)

where

∆2
A =

k3

π2

(
|hA,h|2 + |hA,t|2

)
, ∆

′2
A =

k3

π2

(
|hA,h|

′2 + |hA,t|
′2
)
. (2.131)
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Figure 2.10: The integrand of (2.132) is illustrated (solid blue) as a function of x = −kτ .
Separate contributions from (∆2

R−∆2
L) (dashed orange) and (∆

′2
R−∆

′2
L )(dotted green) are

shown separately.

In the literature the asymmetry is expressed in terms of a ratio between the lepton
asymmetry density 〈n`〉 and the entropy density s

〈n`〉
s

=
NR−L

24(8π2)a3
end

∫
d ln k

[
k3(∆2

R −∆2
L)− k(∆

′2
R −∆

′2
L )
]

Cg
1/4
∗ (HendMpl)3/2

, (2.132)

where the subscript “end” indicates the value of the parameters at the end of inflation.
The parameter g∗ is the number of entropy degrees of freedom and C ' 2.3.

To evaluate the above ratio we need to evaluate the integral and then convert the net
lepton number into the net baryon number to compare the results with the observed value
for nB/nγ = 6.1(±0.04)×10−10. The integrand of (2.132) is shown in Figure 2.10. For deep
sub-horizon modes, there is no chiral asymmetry as shown in Figure 2.10, as we approach
the horizon the chirality becomes visible. The nB/nγ = (−28/79 〈n`〉 /s)/0.14 = 6.1×10−10

is calculated in [43] that matches the observed value of baryon to photon ratio.

2.8.3 Tensor non-Gaussianity

Another important signature of the gravitational waves produced from the axion-SU(2)
gauge fields during inflation is their large non-Gaussianity [36, 37, 38, 39]. In order to
evaluate the amplitude of non-Gaussianity of the tensor modes, one has to evaluate the
ratio Bh/P

2
h , where Bh is the bispectrum of the gravitational waves. In these studies it

was shown that the amplitude of non-Gaussianity is inversely proportional to the energy
density fraction of the gauge field.
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Figure 2.11: Feynman diagrams illustrating the tree-level contributions from the cubic
interactions to the bispectrum of gravitational waves. The straight lines show hij ≡ ψij in
this plot and the curly lines show tij. This plot is taken from [36, 37, 109].

Physically, what happens is that the self-interaction of the SU(2) gauge field gives a
bispectrum on the tree-level hence this signature is unique to non-Abelian models. Per-
turbative expansion of the Lagrangian in terms of tij provides us with a cubic term that
represents the three-point vertices (black dots) in the Feynman diagram as shown in Figure
2.11.

Considering (2.114), we can write the bispectrum of the right-handed gravitational
waves (we are ignoring the left-handed mode for now since only the right-handed mode
function is amplified) in the super-horizon limit as

(2π)3δ(k1 + k2 + k3)BR
h (k1, k2, k3) = lim

τ→0

(
2

aMpl

)3〈
h̃R(τ,k1)h̃R(τ,k2)h̃R(τ,k3)

〉
.

(2.133)
For the equilateral shape, the bispectrum is given by BR,sourced

h (k, k, k)/|PR,sourced
h (k)|2 '

1.816 exp (0.841mQ)/εB ' 0.908 exp (0.841mQ)/ΩA where εB is given in (2.20) is much
smaller than unity and ΩA ≡ (εB + εE)/2 ' (1+m−2

Q )εB/2 is the energy density fraction of
the gauge field [37]. This value holds for 3 . mQ . 5 and is much larger than the contribu-
tion from the vacuum, hence the bispectrum is a great tool to distinguish the gravitational
waves sourced by axion-SU(2) gauge fields from the gravitational waves coming from the
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vacuum.



Chapter 3

Effects of Gravitational
Chern-Simons during Axion-SU(2)
Inflation

Much of the content of this chapter has been published in [119].

3.1 Introduction

In this chapter we consider the axion-SU(2) gauge field spectator sector [66] together
with the gravitational Chern-Simons term coupled to the axion field. In this setup we
have the parity-violating terms on both sides of the equation of motion for the tensor
metric perturbations; the left-hand side due to the gravitational Chern-Simons term and
the right-hand side due to the axion-SU(2) sector. There are many studies focused on the
cosmological signatures of the gravitational Chern-Simons term [62, 120, 121, 122, 111, 123,
124, 125, 126, 127, 128, 129, 130]. In this study, we extend these studies to the axion-SU(2)
models. In [131, 132, 133, 134], the authors have considered both FF̃ and RR̃ originating
from string theory. The non-Abelian gauge field in their consideration does not share the
same vacuum expectation value as in our case, hence it does not source gravitational waves
linearly.

This chapter, is organized as follows. In section 3.2 we present the model and analyze
the background evolution. In section 3.3 we present the second-order Lagrangian for tensor
perturbations and compare the gravitational waves with and without the gravitational
Chern-Simons term. We discuss the stability and the cut-off scale of the model in section
3.4. We conclude in section 3.5.
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3.2 Model Setup and Introduction

3.2.1 Action

We consider the following action. This action minus the last term is equivalent to the
action considered in 2.102 in Chapter 2

S = SEH + Sϕ + SSPEC + SGCS , (3.1)

where SEH is the Einstein-Hilbert action and Sϕ is the inflaton sector action given by

SEH =

∫
d4x
√
−g

M2
pl

2
R , (3.2)

Sϕ =

∫
d4x
√
−g
(
− 1

2
(∂ϕ)2 − V (ϕ)

)
. (3.3)

The spectator sector action SSPEC contains axion and SU(2) gauge fields, where χ is
an axion field with potential U(χ) and a decay constant f :

SSPEC =

∫
d4x
√
−g
(
− 1

2
(∂χ)2 − U(χ)− 1

4
F a
µνF

aµν +
λ1χ

4f
F a
µνF̃

aµν
)
, (3.4)

where
F a
µν = ∂µA

a
ν − ∂νAaµ − gAεabcAbµAcν , (3.5)

is the field strength tensor of the SU(2) gauge fields, with gA being the self-coupling constant
and εabc the three dimensional anti-symmetric symbol.

The last term in SSPEC is the Chern-Simons interaction, where λ1/f parametrizes
its coupling strength and F̃ aµν ≡ εµναβF a

αβ/2 is the dual of F a
µν . εµναβ is defined as

εµναβ ≡ εµναβ/
√
−g, where εµναβ is the totally anti-symmetric symbol with ε0123 = 1. The

SSPEC is invariant under the local SU(2) transformation. FF̃ is a total derivative and for
χ = const, it reduces to a surface term. Hence, we can write FF̃ as

FF̃ = ∇µC
µ , (3.6)

with

Cµ = 2εµναβ
(
Aaν∂αA

a
β −

1

3
εabcAaνA

b
αA

c
β

)
. (3.7)

The last term in (3.1) is the gravitational Chern-Simons term coupled to the axion,
with coupling strength of λ2/f :

SGCS =

∫
d4x
√
−gλ2χ

4f
RR̃ , (3.8)

where
RR̃ = Rβ γδ

α R̃α
βγδ , (3.9)
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Rβ γδ
α is the Riemann tensor and the dual of the Riemann tensor is

R̃α
βγδ = (1/2)εστγδR

α στ
β . (3.10)

We can also write RR̃ as

RR̃ = 2∇µK
µ , (3.11)

with

Kµ = 2εµαβγ
(1

2
Γσατ∂βΓτγσ +

1

3
ΓσατΓ

τ
βηΓ

η
γσ

)
. (3.12)

The gravitational Chern-Simons term is also a total derivative. For χ = const, it reduces
to a surface term.

3.2.2 Background Evolution

In this section, we describe the evolution of the background. As RR̃ vanishes in a
Friedmann-Lemâıtre-Robertson-Walker (FLRW) background, there is no contribution to
the background.

The vacuum expectation value of the gauge field is given by [28, 29]

Aa0 = 0, Aai = δai a(t)Q(t) . (3.13)

The 00-component of the Einstein equations is [66]

3M2
plH

2 =
ϕ̇2

2
+ V (ϕ) +

χ̇2

2
+ U(χ) +

3

2
(Q̇+HQ)2 +

3

2
g2
AQ

4 . (3.14)

The equations of motion for the axion and gauge fields are given by [30, 66]

χ̈+ 3Hχ̇+ ∂χU = −3
gAλ1

f
Q2(Q̇+HQ) , (3.15)

Q̈+ 3HQ̇+ (Ḣ + 2H2)Q+ 2g2
AQ

3 =
gAλ1

f
χ̇Q2 , (3.16)

where dots show derivatives with respect to the cosmic time t and H ≡ ȧ/a is the Hubble
expansion rate. It is useful to define the slow-roll parameters εH ≡ −Ḣ/H2 and write [66]

εH = εϕ + εχ + εB + εE , (3.17)

where

εϕ ≡
ϕ̇2

2H2M2
pl

, εχ ≡
χ̇2

2H2M2
pl

, εB ≡
g2
AQ

4

H2M2
pl

, εE ≡
(Q̇+HQ)2

H2M2
pl

, (3.18)

are all much smaller than unity.
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Also we define the following dimensionless parameters

mQ ≡
gAQ

H
, ξ1 ≡

λ1χ̇

2fH
, ξ2 ≡

1

2

λ2χ̇

2fH

(
H

Mpl

)2

. (3.19)

The fourth term in the left hand side of (3.16) becomes 2m2
QH

2Q; thus mQ can be regarded
as the mass of Q (divided by H).

In the slow-roll approximation, the following relation holds between mQ and ξ1[66]

ξ1 ' mQ +
1

mQ

. (3.20)

To prevent instabilities of the scalar perturbations (lower bound) and strong backreac-
tion on the gauge background (upper bound), we consider

√
2 < mQ . 4 [34, 37, 66, 55].

This implies

ξ2 '
λ2

2λ1

(
H

Mpl

)2(
mQ +

1

mQ

)
. 10−9

(
λ2

λ1

)
, (3.21)

where we have used
(
H/Mpl

)2
. 10−9. Thus, a sizeable ξ2, e.g., ξ2 ' 10−2, requires large

λ2/λ1, e.g.,
(
λ2/λ1

)
= 107. A large hierarchy between λ2 and λ1 i.e.,

(
λ2/λ1

)
� 1, is in

principle allowed, since all the degrees of freedom are coupled to the gravitational Chern-
Simons term, but only the charged ones are coupled to the SU(2) Chern-Simons term.
Specifically, λ2 ∝ (f/Λ)N where N is the number of integrated out degrees of freedom
and Λ is the cut-off scale of the effective field theory, e.g., the mass of fermions in the
loops. Note that this holds assuming that we are integrating out the massive fermions as
an example at the same energy scale to get FF̃ and RR̃ simultaneously.

3.3 Tensor Perturbations

Now, we consider tensor perturbations during inflation at linear level. The tensor per-
turbations are amplified due to the tachyonic instability, whereas the scalar and vector
perturbations are not amplified for mQ >

√
2 [66, 32, 31, 34] in the spectator axion-SU(2)

sector.
We have four tensor degrees of freedom: two metric tensor degrees of freedom that

represent the gravitational waves and two additional tensor degrees of freedom associated
with the SU(2) gauge field. We consider a perturbed FLRW metric as follows

ds2 = a2(τ)(−dτ 2 + (δij + h̃ij)dy
idyj) , (3.22)

where τ ' −1/aH is the conformal time and h̃ij is a transverse and traceless tensor,
i.e. ∂ih̃ij = h̃ii = 0. We define the Fourier transformed right and left-handed circular
polarization states as

h̃ij(τ, y) =

∫ ∑
A=L,R

d3k

(2π)3/2
eAij(k)h̃A(τ, k)eik.y , (3.23)



3.3 Tensor Perturbations 51

where eAij is the polarization state tensor for the right (A = R) and left-handed (A = L)
circular polarization states and satisfies the relation

ikaε
ab
ce
R
db = keRcd, ikaε

ab
ce
L
db = −keLcd , (3.24)

where εabc is the three dimensional anti-symmetric symbol. For simplicity, we assume that
the gravitational waves are propagating along the z spatial direction

ds2 = a2(τ)
[
− dτ 2 + (1 + h̃+(τ, z))dx2 + (1− h̃+(τ, z))dy2 + 2h̃×(τ, z)dxdy + dz2

]
.

(3.25)
We write the tensor perturbations of the gauge field as δAai = at̃ai , where t̃ai is chosen to
be transverse and traceless, i.e. ∂it̃

a
i = t̃aii = 0. We write the gauge tensor perturbations

as δA1
i = a(t̃+, t̃×, 0) and δA2

i = a(t̃×,−t̃+, 0). For our convenience we work with the
canonically normalised tensor perturbations

hij ≡ a
Mpl√

2
h̃ij, tai =

√
2at̃ai . (3.26)

We define the left and the right helicities as [66]

hL,R ≡
1√
2

(h+ ± ih×), tL,R ≡
1√
2

(t+ ± it×) . (3.27)

Now we write the second order action for the tensor perturbations.

S =
1

2

∑
A=L,R

∫
dτd3k

{(
1− sλ2χ

′

4faM2
pl

k

a

)[
h
′†
Ah
′
A + (−k2 + 2H2)h†AhA − 2H<(h

′†
AhA)

]
+t†AtA

[
sak

(
2gAQ+

λ1

f
aχ′
)
− k2 − gAaQλ1

f
χ′
]

+ 2<
[
h
′†
AtA − h

†
At
′
A

](Q′ +HQ
Mpl

)
+t
′†
At
′
A + 2<(hAt

†
A)
[
− sak2gAQ

2

Mpl

− H(Q′ +HQ)

Mpl

+
gAλ1Q

2a

fMpl

χ′
]}

,

(3.28)
where s = −1, 1 for the left- and right-handed helicities respectively. A prime denotes the
derivative with respect to the conformal time τ , and H ≡ a′/a.

Using the parameters defined in (3.19) in the action, we find

S =
1

2

∑
A=L,R

∫
dτd3k

{(
1− sξ2

H
k
)[
h
′†
Ah
′
A + h†AhA(−k2 + 2H2)− 2H<(h

′†
AhA)

]
+
(

2<(h
′†
AtA)− 2<(h†At

′
A)
)
H
√
εE + t†AtA

[
2sHmQk + 2sHξ1k − 2H2mQξ1 − k2

]
+t
′†
At
′
A + 2<(hAt

†
A)
(
− 2sH

√
εBk + 2H2√εBξ1 −H2√εE

)}
.

(3.29)
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Figure 3.1: (Left panel) The sourced linear gravitational wave
√

2k|kτhR| (solid blue),
the left-handed gravitational waves

√
2k|kτhL| (dashed orange) and the linear right- and

left-handed gauge tensor mode functions
√

2k|kτtR| (dotted green) and
√

2k|kτtL| (dot-
dashed red) are shown. The right-handed helicity gravitational wave grows around the
horizon crossing and stays constant afterwards. (Right panel) The ratios of the right-
(solid blue) and left-handed (dashed orange) helicity mode functions for ξ2 = 4.5 × 10−6

with respect to those for ξ2 = 0. The horizontal dotted line shows unity.

The equations of motion for the tensor modes up to leading order in slow-roll parameters
are

∂2
xtA +

[
1 +

2

x2

(
mQξ1 − sx(mQ + ξ1)

)]
tA = −

2
√
εE
x

∂xhA +
2

x2

[
(mQ − sx)

√
εB +

√
εE

]
hA ,

(3.30)(
1− sξ2x

)[
∂2
xhA + (1− 2

x2
)hA

]
− 2sξ2∂xhA =

2
√
εE
x

∂xtA +
2

x2

[
(mQ − sx)

√
εB

]
tA ,

(3.31)
where x ≡ −kτ .

Next we calculate the four tensor modes numerically.
The initial conditions are set as in Chapter 2. Since the tensor-like perturbations in

the gauge fields and the tensor metric perturbations are linearly coupled, we expand both
in terms of the same pair of creation and annihilation operators [16]

hA(τ, k) =
∑
n=h,t

[
aAn,khA,n + aA†n,−kh

∗
A,n

]
,

tA(τ, k) =
∑
n=h,t

[
aAn,ktA,n + aA†n,−kt

∗
A,n

]
,

(3.32)

where we have the standard commutators[
aAn,k, a

B†
m,q

]
= δn,mδA,Bδ

(3)(k − q) . (3.33)

We have to specify the vacuum (when −kτ � mQ and −kτξ2 < 1) for the gravitational
and gauge fields separately. We divide the vacuum space to two subspaces corresponding
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to each field as [34, 80, 43]:

hA,n(τ, k) =
1√
2k
δn,he

−ikτ , h′A,n(τ, k) = − 1√
2k
ikδn,he

−ikτ ,

tA,n(τ, k) =
1√
2k
δn,te

−ikτ , t′A,n(τ, k) = − 1√
2k
ikδn,te

−ikτ .
(3.34)

The solution hA,n=h can be interpreted as the vacuum gravitational wave, whereas hA,n=t

as the sourced one (by the vacuum gauge field, tA,n=t).
Only the right-handed helicity mode of the tensor perturbations of the SU(2) gauge

field tR is amplified unlike the gravitational waves. In the left panel of Figure 3.1 we show

the amplification of |tR| =
√
〈t†RtR〉 (green line) around the horizon crossing (|kτ | ∼ 1),

assuming mQ, ξ1, ξ2, H, εB and εE are constant. In all the plots in this section we use the
following parameters

mQ = 3, εB = 3× 10−4, εE = 3× 10−5, H = 1013GeV . (3.35)

3.3.1 Without FF̃

To understand the effect of RR̃, we first consider the case where ξ1 = 0 and mQ = 0 in
(3.31). The last term on the left hand side of (3.31) acts as a friction term for hL which
prevents it from decaying, whereas it acts as an anti-friction term for hR, which makes hR
decay faster. We plot the metric tensor mode functions for different values of ξ2 in Figure
3.2. The difference between the right- and left-handed helicity modes are negligible for a
small value of ξ2, as shown in the top-left panel of Figure 3.2. As ξ2 becomes larger, the
difference between the two helicity modes becomes more visible (middle- and bottom-left
panels).

In the right panels of Figure 3.2, we show the ratios of the right- and left-handed helicity
mode functions with respect to those for ξ1 = 0, mQ = 0 and no gravitational Chern-Simons
term, labelled as hξ2=ξ1=0. Contrary to the case where gauge fields are present, the left-
handed helicity of the metric tensor perturbations is amplified. This difference depends
on the relative sign between the coefficients of the parity-violating terms FF̃ and RR̃, i.e.,
λ1 in (3.4) and λ2 in (3.8). The effect of RR̃ on the enhancement/suppression is nearly
symmetric as shown in the right panels of Figure 3.2. This enhancement/suppression
occurs already deep inside the horizon. On the other hand, amplification of the right-
handed helicity of the gauge field occurs near horizon crossing (see the green dotted line
in the left panel of Figure 3.1). This difference becomes important in section 3.3.2.

3.3.2 With FF̃

We turn on the FF̃ term with ξ1 = 3.3 (mQ = 3). To capture the effect of RR̃ in axion-
SU(2) gauge field models, we plot the ratio of metric tensor mode functions for different
values of ξ2 with respect to those without the gravitational Chern-Simons term, i.e. ξ2 = 0
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in Figure 3.1 and 3.3. In the right panel of Figure 3.1 for ξ2 = 4.5× 10−6, the contribution
of the gravitational Chern-Simons term is small given such a small value of ξ2. In Figure
3.3 we have plotted the same as Figure 3.1 for larger values of ξ2. After considering
different configurations, we conclude that the contribution from the gravitational Chern-
Simons term on the left-handed helicity modes is about fifty percent amplification for
ξ2 = 4.5 × 10−2 as shown in Figure 3.3 while the right-handed helicity modes are largely
unaffected. This value of ξ2 requires a large hierarchy between λ2 and λ1, as noted at the
end of section 3.2.

For completeness, the right- and left-handed helicity mode functions for four different
cases: with FF̃ and RR̃, without RR̃, without FF̃ , and without both terms, for different
values of ξ2 are shown in Figure 3.4.

The right-handed helicity modes are unaffected by the gravitational Chern-Simons cou-
pling because they are sourced by the gauge field after horizon crossing, while the gravita-
tional Chern-Simons coupling affects mode functions already deep inside the horizon.

3.4 Stability Analysis

For k > H/ξ2, the sign of the kinetic term of hR in the equation (3.29) becomes negative
and, consequently, ghost instabilities may, in principle, be introduced into the model [125,
126]. Existence of ghosts does not necessarily translate to catastrophe in a model but
translates to the breaking of the effective theory. Let us rewrite the first term in (3.29),
(1−kξ2/H) (this is the only problematic term we have to analyse), in physical coordinates.
It is given by (1− ξ2

H
kphy), where kphy ≡ k/a is the physical wave number. To show that the

gravitational Chern-Simons term in this model is ghost-free, i.e., stable, we have to show
that the effective field theory cut-off, Λ, on the physical wave number, kphy, is below H/ξ2.
Note that we have two new free parameters in this model, the gravitational Chern-Simons
coefficient λ2 in (3.8) and the cut-off Λ. As there are no a priori constraints on λ2, our
strategy is to work our way backwards. Specifically, relying on independently motivated
constraints on ξ1, we ask what constraint is imposed on λ2 in order to guarantee that the
theory is healthy. Once this question is answered, we will ask how stringent or natural the
resulting constraint is.

Let us first take a look at (3.19) and write the relation for λ2

λ2 = 2ξ2
λ1

ξ1

(
Mpl

H

)2

. (3.36)

To remain in the ghost-free regime we need the cut-off Λ on kphy to be the following:

ξ2

H
Λ < 1 . (3.37)

Here we consider two cases, a conservative case where the cut-off Λ does not exceed Mpl,
and a more radical case where it is around 20H. We specify the vacuum (when −kτ � mQ

and −kτξ2 < 1), while choosing a cut-off for the gravitational Chern-Simons term we
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should note where the tachyonic instability in the gauge sector exists for a given mQ.
Considering mQ = 3 in the equation of motion for the gauge fluctuation, the tachyonic
instability takes place around x ∼ 10. A reasonable cut-off must be chosen far enough
to capture the effects of the instability completely. The cut-off Λ = 20H is acceptable
considering this criteria.

• Conservative case: The inequality in (3.37) boils down to ξ2 < H/Mpl [121, 129],
given the assumption that Λ does not exceed Mpl. Using this in (3.36), we have:

λ2 < 2

(
λ1

ξ1

)(
Mpl

H

)
. (3.38)

• More radical case: The inequality in (3.37) boils down to ξ2 < 1/20, given the
assumption that Λ is around 20H. Using this in (3.36), we have:

λ2 <

(
1

10

)(
λ1

ξ1

)(
Mpl

H

)2

. (3.39)

On the right hand side of both inequalities above we have ξ1 ∼ O(1), which guar-
antees a slow variation of the gauge field, λ1 ∼ O(10), and there is an upper bound on
the tensor-to-scalar ratio r ≡ (Ph/PR) < 0.06 from not observing tensor modes in the
CMB [21] where Ph and PR are the power spectra of tensor and curvature perturbations,
respectively. In our model both the vacuum fluctuations of the metric and the sourced
gravitational waves contribute to Ph. Using the upper bound on r, the measurement of
the dimensionless power spectrum of scalar fluctuations, ∆R ≡ k3PR/2π2 ≈ 2.2 × 10−9,
and the expression for the dimensionless power spectrum of tensor fluctuations only from
the metric vacuum fluctuations ∆vac

h ≡ k3Pvac
h /2π2 = 2H2/(π2M2

pl), we get a bound on the
last term (Mpl/H)2 & 1.5× 109.

Therefore, in both (3.38) and (3.39), the right side is expected to be a very large
number. As there is no stringent constraint on the free parameter λ2 in our model, the
model is not disfavoured by fine-tuning arguments.

3.5 Discussion

We have studied the effect of the gravitational Chern-Simons term coupled to the axion field
on production and propagation of gravitational waves during inflation with the spectator
axion-SU(2) sector [66]. Both parity-violating terms RR̃ and FF̃ exist simultaneously.

We find that the effect of the RR̃ term on chiral gravitational waves can be as large
as fifty percent amplification for the left-handed helicity mode functions compared to the
case without the RR̃ term for ξ2 = 4.5 × 10−2. The effect is smaller for smaller values of
ξ2. The right-handed helicity mode functions are unaffected regardless of the values of ξ2.
Moreover, using the existing bounds on mQ and ξ1 from the spectator axion-SU(2) gauge
field sector, and requiring that the cut-off scale of the theory, Λ, is in the conservative
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case Λ = Mpl and in a more radical case Λ = 20H, we put constraints on the new free
parameter λ2 in our model to remain in the ghost-free regime. Consequently, values of ξ2

are related to the cut-off scale of the theory, Λ. ξ2 = 4.5× 10−2 is allowed when Λ = 20H
and ξ2 = 4.5× 10−6 is allowed when Λ = Mpl.

We conclude that the inflation models with the spectator axion-SU(2) sector remain
phenomenologically viable in the presence of the gravitational Chern-Simons term.
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Figure 3.2: (Left panel) The right- (solid blue) and left-handed (dashed orange) helicity
mode functions of hR,L for different values of ξ2 and ξ1 = 0. We plot

√
2k|kτhR,L|. (Right

panel) The ratios of the right- (solid blue) and left-handed (dashed orange) helicity mode
functions for the same values of ξ2 as the left panels with respect to those for ξ2 = ξ1 = 0.
The horizontal dotted line shows unity.
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Figure 3.3: Same as the right panel of Figure 3.1, but for ξ2 = 4.5 × 10−3 (Left panel)
and ξ2 = 4.5× 10−2(Right panel).
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Figure 3.4: (Left panel) The right-handed helicity mode functions for four different cases:
FF̃ and RR̃ (dotted green), without RR̃ (solid blue), without FF̃ (dashed orange), and
without both terms (dot-dashed red) for different values of ξ2. ξ1 is always ξ1 = 3.3
(mQ = 3). (Right panel) Same as the left panels but for the left-handed modes.
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Chapter 4

Fermions Production and
Backreaction from Axion-SU(2)
Gauge Fields

Much of the content of this chapter has been published in [56].

4.1 Introduction

In this chapter, we continue our investigation of particle production by the axion-SU(2)
gauge field during inflation. This time, we study the coupling of the SU(2) gauge field to
a pair of massive Dirac fermions, iΨ̄ /DΨ. We also add an interaction between axion and
the axial fermionic current, Jµ5∂µϕ/Λ, which is naturally expected in this type of models.
We then calculate the backreaction of the fermions on the SU(2) and axion background
dynamics during inflation, following the framework we have established in [54, 55].

Fermionic particle production in de Sitter spacetime and its backreaction implications
have been studied in the context of U(1) theories. The case of a nontrivial Abelian gauge
field background without an axion was studied in [135]; a slowly evolving axion background
with no gauge field interactions was studied in [136, 137]; and a combination of the two,
assuming a massless fermion, was studied in [138].

As for the SU(2) gauge field background, the simplest fermionic non-Abelian model
was studied in the recent work [58], where a massless doublet of Dirac fields is coupled
covariantly to the SU(2) gauge field. The main aim of [58] is to describe the fermionic
particle production due to the quantum (loop) effects from the Adler-Bell-Jackiw (or chiral)
anomaly. Our work not only extends their study to models with massive fermions and
coupling to the axion background but also provides the first detailed analysis of the allowed
parameter space by cosmological and backreaction constraints.

We find important differences between the Abelian and non-Abelian models. Most no-
tably, the leading order fermionic backreaction on the SU(2) background is significantly
smaller than in the fermionic abelian [135] (as well as in the scalar abelian [139, 140, 141,
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142, 143]) cases. We find that the tree-level backreaction on the axion field background
vanishes, unlike in U(1) theories [136, 137, 138]. We thus conclude that the inflationary sce-
narios involving an axion-SU(2) gauge field spectator sector remain healthy and unaffected
when couplings to gauged fermions are present.

The organization of this chapter is the following. In Section 4.2 we introduce our model.
Section 4.3 deals with the evolution and production of fermions in the time-dependent
axion-SU(2) background in a de Sitter universe. The results for the induced fermionic
backreaction are presented in Section 4.4. Section 4.5 is devoted to discussions and con-
cluding remarks. We have removed some appendices of [56] from the thesis. We refer the
reader to the paper if more details are needed.

4.2 Fermions in Axion-SU(2) Gauge Field Inflation

In this work, we study the fermion production by a slowly evolving homogeneous and
isotropic SU(2) gauge field during inflation. The class of inflationary models involving
such SU(2) VEV has been first introduced in [28, 29]. Since then several different realiza-
tions of this class of models have been introduced and studied, e.g. [30, 31]. See section
2 of [55] and the references therein for a recent review on the models so far in the literature.

We assume slow-roll inflation with the background FLRW metric

ds2 = a2(τ)(−dτ 2 + δijdx
idxj) , (4.1)

where τ is the conformal time, and the scale factor, a(τ), is related to the Hubble parameter,
H, as

a(τ) ' − 1

Hτ
and H ' const , (4.2)

Besides, we have a homogeneous and isotropic SU(2) gauge field background generated
by one of the possible realizations of this class of models. In the temporal gauge (A0 = 0),
we have in [28, 29]

Ai = AaiTa = a(τ)ψ(τ)δai Ta , (4.3)

where ψ(τ) ' const. during slow-roll inflation and Ta are the generators of the SU(2)
group

= iεcabTc . (4.4)

Therefore, the gauge field has an almost constant energy density during inflation.
To avoid clutter, we suppress the spacetime indices of the Dirac matrices and spinors,

unless otherwise stated. For example, γ0 is a 4 × 4 matrix, which can act on the four-
dimensional column spinor Ψ1 or can be acted upon by the four-dimensional row spinor
Ψ̄1 ≡ Ψ1†γ0. We will have to deal with eight-, four- and two-component spinors which
are acted upon by 8× 8, 4× 4 and 2× 2 matrices, respectively to this end, we adopt the
following notation. If the spinor (or the matrix) is eight (or 8 × 8) dimensional, then it
has a tilde(∼) on top. The notation for the four-dimensional spinor and matrix remains
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unaltered, whereas the two-dimensional ones are written in boldface. Finally, In represents
the n× n identity matrix and the gamma matrices are in the Dirac representation unless
otherwise stated.

We consider a charged doublet of Dirac fermions,

Ψ̃ =

(
Ψ1

Ψ2

)
, (4.5)

with the free theory

Sfermion =

∫
d4x
√
−g
[
i ¯̃Ψ /DΨ̃−m ¯̃ΨΨ̃

]
, (4.6)

where ¯̃Ψ = (Ψ̄1 Ψ̄2), and /D is

/D ≡ Dµ ⊗ γµ = eµα
[
I2∇µ − igAAaµTa

]
⊗ γα , (4.7)

in which ⊗ is the Kronecker product, eµα = a−1(τ)δµα are the vierbeins given by gµν =
eµαe

ν
βη

αβ, and γα are the flat space Dirac matrices

{γα, γβ} = 2ηαβI4. (4.8)

See Appendix A for details. Notice that γµ = eµαγ
α = a(τ)δµαγ

α where α and β represent
the local Lorentz indices while µ and ν represent spacetime coordinates.

Since the inflationary setups in this study involves axion fields, the fermionic sector can
have the following effective interaction with the axion (see for instance [144])

Sint =

∫
d4x
√
−g
[
β
λϕ

f
∇µJ

µ
5

]
, (4.9)

where ϕ is the axion field, f is the axion decay constant, λ is the dimensionless coefficient
of the Chern-Simons interaction term of the axion, and β is a dimensionless parameter.
The quantity β can be of order unity. Here, Jµ5 is the fermionic chiral current given as

Jµ5 ≡
¯̃ΨI2 ⊗ (γµγ5)Ψ̃ , (4.10)

where γ5 = iγ0γ1γ2γ3.
In summary, the fermion theory in an SU(2)-axion background given in (4.3) and ϕ =

ϕ(τ) is specified by

S =

∫
a4dτdx3 i

a
¯̃Ψ

[
I2

(
∂τ +

3

2
H
)
⊗ γ0 + δiα

(
I2∂i − iagAψδai Ta

)
⊗ γα

+ iamI8 + β
iλ∂τϕ

f
I2 ⊗ (γ0γ5)

]
Ψ̃ ,

(4.11)

where the second term in the right-hand side comes from the spin connection (see (A.2)
and (A.7)). As implied by the above action, the canonically normalized field is

Ψ̃ ≡ a
3
2 Ψ̃/, . (4.12)
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Using Ta = 1
2
σiδai (σi are the Pauli matrices) in (4.11), we find

L = i ¯̃Ψ

[
I2∂τ ⊗ γ0 +

(
I2∂i −

i

2
ξAHσi

)
⊗ γi + iµmHI8 + 2iξϕHI2 ⊗ (γ0γ5)

]
Ψ̃ , (4.13)

where ξA, ξϕ, and µm are dimensionless parameters defined by

ξA ≡
gAψ

H
, ξϕ ≡ β

λ∂τϕ

2afH
, µm ≡

m

H
. (4.14)

For the sake of completeness, here we define another related dimensionless quantity in the
axion inflation backgrounds

ξ ≡ λ∂τϕ

2afH
, (4.15)

which during slow-roll inflation is related to ξA as ξ ' 1+ξ2A
ξA

in the massless SU(2) models.
In our setup, ξ and ξϕ are related as

ξϕ = βξ , (4.16)

where β is of order unity.
Up to this point, we wrote the theory in the flavor frame in terms of an 8-spinor in

real space. However, in Fourier space, the setup is reducible into two irreducible 4-spinor
subsectors in the helicity representation. Therefore, it is more convenient to go to Fourier
space and write it in the extended helicity frame which we introduce now.
In Fourier space, we expand Ψ̃ as

Ψ̃(τ,x) =

∫
d3keik.xΨ̃k . (4.17)

For a given momentum, k, the 8× 8 helicity projection operators are

P̃±(k) = I2 ⊗
(

I4 ± kiγi

2

)
, (4.18)

which decompose Ψ̃k into the plus and minus helicity states as

Ψ̃±k = P̃±(k)Ψ̃k , (4.19)

where Ψ̃k = Ψ̃+
k + Ψ̃−k . The helicity representation decomposes the system of 8-spinor in

real space in Eq. (4.13) into two subspaces of 4-spinors in real space

Ψ̃ = Ψ+ ⊕ Ψ− =

(
Ψ+

Ψ−

)
, (4.20)

such that the theory is given as

S[Ψ̃] = S+[Ψ+] + S−[Ψ−].
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More details of the setup is given in the Appendix of [56]. Here, we write the final theories
for each of the 4-spinor subspaces in Fourier space 1

S+ =

∫
dτd3kΨ̄+

k

[
iγ0∂τ−γ3k −

(
2ξϕ −

ξA
2

)
Hλ4 − µmHI4

]
Ψ+

k , (4.21)

S− =

∫
dτd3kΨ̄−k

[
iγ0∂τ + γ3k −

(
2ξϕ +

ξA
2

)
Hλ4 − µmHI4 + γ1ξAH

]
Ψ−k , (4.22)

where

γ0 =

(
I2 0
0 −I2

)
, γi =

(
0 σi

−σi 0

)
, λ4 =

(
0 I2

−I2 0

)
. (4.23)

The field equations of Ψ+
k and Ψ−k are[

iγ0∂τ − γ3k −
(
2ξϕ −

ξA
2

)
Hλ4 − µmHI4

]
Ψ+

k = 0 , (4.24)

and [
iγ0∂τ + γ3k −

(
2ξϕ +

ξA
2

)
Hλ4 − µmHI4 + γ1ξAH

]
Ψ−k = 0 , (4.25)

respectively. Therefore, we have two independent Dirac fermions, Ψ±k . We solve them in
the next section. Before that, let us take a closer look at the field equations to have a
qualitative understanding of each field.

Our Dirac fields can be expanded as

Ψ±k =
∑
s=±

 ψ±↑s (τ, k)Es

sψ±↓s (τ, k)Es

 , (4.26)

where ψ±↑s (τ, k) and ψ±↓s (τ, k) are mode functions and Es with s = ±1 are the two-spinor
polarization states

E+ =

(
1
0

)
and E− =

(
0
1

)
. (4.27)

Since we are already in the helicity states of the given momentum k, the 2-spinor polar-
ization states are k-independent.
Using the above in the field equations (4.24) and (4.25), we find the following.

1Note that the form of the S+ is very similar to the action describing a single fermion derivatively
coupled to an axion considered in [137]. There the authors make a local chiral transformation of the fermion
basis to avoid unphysical behaviour of the Bogoliubov coefficients in the massless fermion. However, for
sufficiently large masses (µm & 1) the transformation is not necessary. We do not follow this prescription
for two reasons. First, the focus of the current study is limited to (µm & 1). Second, the transformation
is not applicable in the presence of our non-abelian gauge field. In particular, it does not simplify the S−
action, because of the last term in the action.
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• For the plus spinor field: the field is decoupled in terms of the polarization spinor Es.
Thus, we have two pairs of coupled field equations for each polarization.

• For the minus spinor field: the field equation is not diagonalizable in terms of Es.
That is because of the extra (time dependent) term proportional to γ1 in the minus
field equation (4.25). As a result, we have four coupled field equations. In the limit
of either being well inside the horizon, i.e. k � H, or ξA � 1, this term is negligible
and the system reduces to two pairs of coupled field equations.

4.3 Fermion Production

We now calculate the evolution of the plus and minus fermionic fields, Ψ±k . Since these
4-spinors are decoupled

[
see Eqs. (4.24) and (4.25)

]
, we consider them separately.

4.3.1 Ψ+ Spinors

We begin with the Ψ+
k modes, described by the S+ action given in Eq. (4.21). Since the

modes are four-dimensional objects, their first order in time linear equation of motion, Eq.
(4.24), should yield four linearly independent 4-spinor solutions, i.e.,

Ψ+
k =

∑
s=±

[
U+
s,k(τ)a+

s,k + V +
s,−k(τ)b+†

s,−k

]
, (4.28)

where creation and annihilation operators satisfy

{a+
s,k, a

+†
s′,k′
} = δss′δ

(3)(k− k′) ,

{b+
s,k, b

+†
s′,k′
} = δss′δ

(3)(k− k′) .
(4.29)

We then decompose U+
s,k and V +

s,k as

U+
s,k(τ) =

1√
2

(
Esu

↑
s(k, τ)

sEsu
↓
s(k, τ)

)
, (4.30)

and

V +
s,−k(τ) =

1√
2

(
Esv

↑
s(k, τ)

sEsv
↓
s(k, τ)

)
, (4.31)

where Es are the 2-spinor polarization states defined in (4.27).
Using the procedure in that will be explained shortly we can derive the initial conditions,

u↑s(k, τ) = v↑∗s (k, τ) and u↓s(k, τ) = −v↓∗s (k, τ) . (4.32)

Since u↑↓s and v↑↓s depend on each other, we can first solve the field equations of u↑↓s , and
then use (4.32) to find v↑↓s and read V +

s,−k(τ) as

V +
s,−k(τ) =

1√
2

(
Esu

↑∗
s (k, τ)

−sEsu
↓∗
s (k, τ)

)
. (4.33)
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Upon substituting the ansatz (4.28) and (4.30) into the field equation (4.24), we arrive at
two sets of coupled field equations for each polarization:

(i∂τ − µmH)u↑s −
[
k + s

(
2ξϕ −

ξA
2

)
H
]
u↓s = 0 , (4.34)

(i∂τ + µmH)u↓s −
[
k + s

(
2ξϕ −

ξA
2

)
H
]
u↑s = 0 . (4.35)

To find analytical solutions we make the following decomposition

u↑s =
1√
2τ̃

(Ys + Zs) and u↓s =
1√
2τ̃

(Ys − Zs) , (4.36)

where τ̃ is the physical momentum rescaled by H, i.e. ,

τ̃ ≡ k

aH
= −kτ . (4.37)

The coupled set of first order differential Eqs. (4.34) and (4.35) can be decoupled into
two second order differential equations for Ys and Zs as

∂2
τ̃Ys +

[
1− 2iκ+

s

τ̃
+

1/4− µ+2

τ̃ 2

]
Ys = 0 , (4.38)

∂2
τ̃Zs +

[
1− 2iκ̃+

s

τ̃
+

1/4− µ+2

τ̃ 2

]
Zs = 0 , (4.39)

where κ+
s , and κ̃+

s are

κ+
s =

1

2
+ is

(
2ξϕ −

ξA
2

)
, (4.40)

and

κ̃+
s = −1

2
+ is

(
2ξϕ −

ξA
2

)
, (4.41)

while µ+ is

µ+ = i

[
µ2

m +
(
2ξϕ −

ξA
2

)2
] 1

2

. (4.42)

The general solutions for equations (4.38) and (4.39) are Wκ,µ(−2iτ̃) and Mκ,µ(−2iτ̃)
Whittaker functions. Setting the Bunch-Davies vacuum as the initial condition for u↑s and
u↓s,

lim
τ→−∞

u↑s(τ, k) =
1

(2π)
3
2

e−ikτ√
2k

, (4.43)

and

lim
τ→−∞

u↓s(τ, k) =
1

(2π)
3
2

e−ikτ√
2k

, (4.44)
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and using the asymptotic form of the W and M functions in (B.1), we find that Ys and Zs
are given by

Ys = b1sWκ+s ,µ+
(−2iτ̃) , (4.45)

and

Zs = b2sWκ̃+s ,µ+
(−2iτ̃) . (4.46)

Therefore, in the asymptotic past limit, we have Zs = i
2
(b2s/b1s)τ̃

−1Ys � Ys. Combi-
nation of the Bunch-Davies vacuum condition in (4.43) and the asymptotic form of the W
function in (B.1) gives b1s = 1

(2π)
3
2
es(ξA/4−ξϕ)π. Moreover, subtracting (4.35) from (4.34) and

keeping the dominant terms in the asymptotic past limit, we find b2s = −iµmb1s. Finally,
we have

Ys =
1

(2π)
3
2

es(ξA/4−ξϕ)πWκ+s ,µ+
(−2iτ̃),

Zs = − iµm

(2π)
3
2

es(ξA/4−ξϕ)πWκ̃+s ,µ+
(−2iτ̃).

(4.47)

Note that the amplitudes and the relative phases of the Bunch-Davies vacuum modes
are such that the corresponding Hamiltonian is diagonalized. We present the detailed
calculation of the Hamiltonian here. We note that the Hamiltonian diagonalization leaves
a residual freedom in choosing the initial conditions for the mode functions. The same
applies to the computation in the next section. In both cases, we chose a set of initial
conditions for which the Hamiltonian is diagonalized in the sub-horizon limit.

The Hamiltonian is derived from the actions, given in Eqs. (4.21) and (4.22), by defining
the Lagrangian S± ≡

∫
dτL± and then carrying out a Legendre transformation. We derive

the Hamiltonians for S+ and S− separately and diagonalize them afterwards.
Before we calculate the Hamiltonian, we need to explain the quantization procedure for
the fermions in S+ and S−.

4.3.2 Quantization of the S+ fermions

The quantization procedure for the Ψ+
k modes is the following. We first define the canonical

conjugate momenta

πΨ+
k,α =

δS+

δ∂τΨ
+
k,α

= iΨ∗+,k,α , (4.48)

where α runs from 1 to 4. We then promote Ψ+
k and πΨ+

k to quantum operators, obeying
the canonical equal-time anticommutation relations

{Ψ+
k,α(τ),Ψ+

k′,β
(τ)} = 0 ,

{πΨ+
k,α(τ), πΨ+

k′,β
(τ)} = 0 ,

{Ψ+
k,α(τ), πΨ+

k′,β
(τ)} = i(2π)−3δαβδ

(3)(k− k′) .

(4.49)
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We also impose that the time-independent coefficients in Eq. (4.28) are the standard
anticommuting creation and annihilation operators, i.e.,

{a+
s,k, a

+†
s′,k′
} = δss′δ

(3)(k− k′) ,

{b+
s,k, b

+†
s′,k′
} = δss′δ

(3)(k− k′) ,
(4.50)

with all other anticommutators vanishing. The canonical quantization expressions in Eqs.
(4.49,4.50) yield the following normalization condition

∑
s=±

[
(U+

s,k(τ))α(U+†
s,k (τ))β + (V +

s,k(τ))α(V +†
s,k (τ))β

]
= δαβ(2π)−3 . (4.51)

One can check that each term in the square brackets is indeed a constant, i.e., preserved
by the equation of motion given in Eq. (4.24). In the following section each constant is
determined after assuming that at very early times the modes are in the Bunch-Davies
vacuum, i.e.,

lim
kτ→−∞

U+
s,k(τ) ∝ e−ikτ , lim

kτ→−∞
V +
s,k(τ) ∝ eikτ , (4.52)

corresponding to the positive and negative frequency solutions, respectively. In addition
to that, the amplitudes and the relative phases of the Bunch-Davies vacuum modes are
such that the corresponding Hamiltonian is diagonalized.

4.3.3 S+ Hamiltonian

For S+,

H+ =

∫
d3k

(
πΨ+
k,α∂τΨ

+
k,α

)
− L+

=

∫
d3kΨ+,†

k γ0

[
γ3k +

(
2ξϕ −

ξA
2

)
Hλ4 + µmHI4

]
Ψ+

k .

(4.53)

Using the mode function expansion from Eqs. (4.28) and (4.30) in the Hamiltonian, we
arrive at

H+ =

∫
d3k

∑
s=±

1

2
(a+†
s,k, b

+
s,−k)

(
E
(
u↑s, u

↓
s

)
F ∗
(
u↑,↓s , v↑,↓s

)
F
(
u↑,↓s , v↑,↓s

)
E
(
v↑s , v

↓
s

) )(
a+
s,k

b+†
s,−k

)
, (4.54)

where

E
(
u↑s, u

↓
s

)
= 2

[
k + s

(
2ξϕ −

ξA
2

)
H
]
<
(
u↑∗s u

↓
s

)
+ µmH

(
|u↑s|2 − |u↓s|2

)
,

F
(
u↑,↓s , v↑,↓s

)
=

[
k + s

(
2ξϕ −

ξA
2

)
H
] (
u↓sv

↑∗
s + u↑sv

↓∗
s

)
+ µmH

(
v↑∗s u

↑
s − v↓∗s u↓s

)
.

(4.55)
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To bring the Hamiltonian into a diagonal form we make a time-dependent Bogoliubov
transformation (

ǎ+
s,k(τ)

b̌+†
s,−k(τ)

)
=

(
αs,k(τ) βs,k(τ)
−β∗s,k(τ) α∗s,k(τ)

)(
a+
s,k

b+†
s,−k

)
. (4.56)

The new set of time-dependent creation and annihilation operators, ǎ+
s,k(τ) and b̌+†

s,−k(τ),
respect the canonical anticommutation relations, given in Eq. (4.50), iff the Bogoliubov
coefficients satisfy

|αs,k(τ)|2 + |βs,k(τ)|2 = 1 . (4.57)

This condition is met and the Hamiltonian is diagonalized as

H+ =

∫
d3k

∑
s=±

[
ǎ+†
s,k(τ)ǎ+

s,k(τ)− b̌+
s,−kb̌

+†
s,−k(τ)

]
ωs,k(τ) , (4.58)

for

|βs,k(τ)|2 =
1

2

1−
E
(
u↑s, u

↓
s

)
− E

(
v↑s , v

↓
s

)√
4|F
(
u↑,↓s , v↑,↓s

)
|2 + (E

(
u↑s, u

↓
s

)
− E

(
v↑s , v

↓
s

)
)2

 ,

|αs,k(τ)|2 =
1

2

1 +
E
(
u↑s, u

↓
s

)
− E

(
v↑s , v

↓
s

)√
4|F
(
u↑,↓s , v↑,↓s

)
|2 + (E

(
u↑s, u

↓
s

)
− E

(
v↑s , v

↓
s

)
)2

 ,

αs,k(τ) = |αs,k(τ)|eiφF , βs,k(τ) = |βs,k(τ)|e−iφF ,
F
(
u↑,↓s , v↑,↓s

)
= |F

(
u↑,↓s , v↑,↓s

)
|e2iφF .

(4.59)

The effective frequency is given by

ωs,k(τ) =
E
(
u↑s, u

↓
s

)
+ E

(
v↑s , v

↓
s

)
4

+
1

4

√
4|F
(
u↑,↓s , v↑,↓s

)
|2 + (E

(
u↑s, u

↓
s

)
− E

(
v↑s , v

↓
s

)
)2 .

(4.60)
It is important to note that the amplitudes and the relative phases of the Bunch-Davies

vacuum modes are such that the corresponding Hamiltonian is diagonalized. The following
analysis will fix our initial conditions for the positive and negative frequency solutions.

The Bunch-Davies vacuum is defined as

a+
s,k|0BD〉 = 0 , b+

s,k|0BD〉 = 0 , (4.61)

whereas the instantaneous (or quasiparticle) vacuum as

ǎ+
s,k(τ)|0τ 〉 = 0 , b̌+

s,k(τ)|0τ 〉 = 0 . (4.62)

We work in the Heisenberg picture and we assume that the Universe is in the Bunch-Davies
vacuum. The expectation values of observables are calculated with respect to it, i.e., the
expected particle number is given by

Ňs,k(τ) =〈0BD|ňs,k(τ)|0BD〉
=〈0BD|ǎ+†

s,k(τ)ǎ+
s,k(τ)|0BD〉 = |βs,k(τ)|2 .

(4.63)
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Hence, |βs,k(τ)|2 is the occupation number of particles with given s and k at a time τ .
We assume that at very early times, kτ → −∞, Ψ+

k starts in the Bunch-Davies vacuum,
i.e., its particle occupation numbers vanish:

lim
kτ→−∞

βs,k(τ) = 0 . (4.64)

Then it follows from Eq. (4.59) that lim
kτ→−∞

F
(
u↑,↓s , v↑,↓

)
= 0, which is satisfied, according

to Eq. (4.55), if lim
kτ→−∞

(u↑s(k, τ)− v↑∗s (k, τ)) = 0 and lim
kτ→−∞

(u↓s(k, τ) + v↓∗s (k, τ)) = 0. Note

that there is some residual freedom in choosing the latter such that the Hamiltonian is
diagonalized. One can show that the last two conditions are preserved by the equations of
motion, i.e., if imposed initially they hold at later times (for arbitrary τ) as well:

u↑s(k, τ) = v↑∗s (k, τ) and u↓s(k, τ) = −v↓∗s (k, τ) . (4.65)

Eqs. (4.55), (4.59) and (4.60) then yield (for all τ)

E
(
u↑s, u

↓
s

)
= −E

(
v↑s , v

↓
s

)
,

|βs,k(τ)|2 =
1

2

[
1−

E
(
u↑s, u

↓
s

)
2ωs,k(τ)

]
,

|αs,k(τ)|2 =
1

2

[
1 +

E
(
u↑s, u

↓
s

)
2ωs,k(τ)

]
,

(4.66)

where the effective frequency has been simplified to

ωs,k(τ) =
1

2

√
|F |2 + E

(
u↑s, u

↓
s

)2
. (4.67)

The last condition one has to impose for Eq. (4.64) to hold is lim
kτ→−∞

<
(
u↑∗s (k, τ)u↓s(k, τ)

)
=

1.
Note that then in the Bunch-Davies limit lim

kτ→−∞
ωs,k = k.

Therefore, after applying Eqs. (4.51) and (4.52) and

lim
kτ→−∞

(u↑s(k, τ)− v↑∗s (k, τ)) = 0 ,

lim
kτ→−∞

(u↓s(k, τ) + v↓∗s (k, τ)) = 0 ,

lim
kτ→−∞

<
(
u↑∗s (k, τ)u↓s(k, τ)

)
= 1 ,

(4.68)

to Eqs. (4.36) and (4.45) we can completely fix the solutions for the u↑,↓s (k, τ) mode
functions, whereas the solutions for v↑,↓s (k, τ) follow from Eq. (4.32). We also made use of
the asymptotic form of the Whittaker function in (B.1) in Appendix B.

Before we go on further with our analysis, we should emphasize that as it was pointed
out at the end of Appendix B in [137], the sudden transition and the final saturation of
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the Bogoliubov coefficients |βs,k(τ)|2 in the small mass regime shows unphysical behavior.
As shown in the Figure 4.1, for the massless case (µm = 0) (top row) and small mass case
(µm = 0.01) (middle row) the Bogoliubov coefficients behave nonphysically. That is the
reason why we are only trusting our analysis for sufficiently larger masses (µm & 1) which
are well behaved as it is shown in the bottom row of Fig. 4.1.
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Figure 4.1: (Top row) The Bogoliubov coefficients |β+,k(τ)|2 (solid blue) and |β−,k(τ)|2
(dashed orange) is shown for the parameters {µm, ξϕ, ξA = 0, 1, 1} (left panel) and
{µm, ξϕ, ξA = 0, 10, 1} (right panel). (Middle row) The same as first row but for the
parameters {µm, ξϕ, ξA = 0.01, 1, 1} (left panel) and {µm, ξϕ, ξA = 0.01, 10, 1} (right panel).
(Bottom row) The same as first row but for the parameters {µm, ξϕ, ξA = 10, 1, 1} (left
panel) and {µm, ξϕ, ξA = 10, 10, 1} (right panel). For small masses (middle row) and the
massless case (top row) the Bogoliubov coefficients shows unphysical behavior.
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4.3.4 Ψ− Spinors

Next, we calculate the Ψ−k modes, described by the S− action given in Eq. (4.22). Since
the modes are four-dimensional objects, their first order in time linear equation of motion,
Eq. (4.25), should yield four linearly independent 4-spinor solutions, i.e.,

Ψ−k =
∑
s=±

[
U−s,k(τ)a−s,k + V −s,−k(τ)b−†s,−k

]
, (4.69)

where creation and annihilation operators satisfy

{a−s,k, a
−†
s′,k′
} = δss′δ

(3)(k− k′) ,

{b−s,k, b
−†
s′,k′
} = δss′δ

(3)(k− k′) .
(4.70)

The Lagrangian of the minus subspace is not diagonalizable in a time-independent
frame. Hence, the helicity eigenstates are only the eigenstates of the Lagrangian in the
asymptotic past limit. Therefore, we adopt a more general trial vector solution:

U−s,k(τ) =
1√
2

(
Esu

↑
s,+(k, τ)

sEsu
↓
s,+(k, τ)

)
+

1√
2

(
E−su

↑
s,−(k, τ)

−sE−su↓s,−(k, τ)

)
,

V −s,k(τ) =
1√
2

(
Esv

↑
s,+(k, τ)

sEsv
↓
s,+(k, τ)

)
+

1√
2

(
E−sv

↑
s,−(k, τ)

−sE−sv↓s,−(k, τ)

)
,

(4.71)

where Es are the 2-spinor polarization states defined in (4.27). Since in the asymptotic
past limit the system is diagonalized in this particular basis, we have

lim
τ̃→∞

u↑s,−(kτ) = lim
τ̃→∞

u↓s,−(kτ) = 0 ,

lim
τ̃→∞

v↑s,−(kτ) = lim
τ̃→∞

v↓s,−(kτ) = 0 .
(4.72)

Using the procedure that we will explain shortly, one can derive the initial conditions,

u↑s,+(k, τ) = v↑∗s,+(k, τ) , u↓s,+(k, τ) = −v↓∗s,+(k, τ) . (4.73)

Since u↑↓s,p and v↑↓s,p depend on each other, we can first solve the field equations of u↑↓s,p,
and then, use (4.73) to read v↑↓s,p from their corresponding u↑↓s,p.

After the substitution of the ansatz from Eq. (4.71) into the equation of motion (4.25),
we arrive at

(i∂τ − µmH)u↑s,p +

[
k − sp

(
2ξϕ +

ξA
2

)
H
]
u↓s,p − spξAHu

↓
s,−p = 0 ,

(i∂τ + µmH)u↓s,p +

[
k − sp

(
2ξϕ +

ξA
2

)
H
]
u↑s,p + spξAHu↑s,−p = 0 .

(4.74)

Note also that for each given s and p, we have a pair of coupled equations between p = +
and p = − fields.
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Following our approach from the previous section, we make the decomposition

u↑s,p =
1√
2τ̃

(Ys,p + Zs,p) (4.75)

and

u↓s,p =
1√
2τ̃

(Ys,p − Zs,p) , (4.76)

yielding

i∂τ̃Ys,p −
[
1− sp(4ξϕ + ξA)− i

2τ̃

]
Ys,p +

µm

τ̃
Zs,p −

spξA
τ̃

Zs,−p = 0 ,

i∂τ̃Zs,p +

[
1− sp(4ξϕ + ξA) + i

2τ̃

]
Zs,p +

µm

τ̃
Ys,p +

spξA
τ̃

Ys,−p = 0 .

(4.77)

We can reduce the above coupled first order equations to pairs of coupled second order
equations:

∂2
τ̃Ys,p +

[
1 +

i− 2sp(ξϕ + ξA/2)

τ̃
+

1/4 + µ2
m + (ξϕ + ξA/2)2 + ξ2

A

τ̃ 2

]
Ys,p

− 2ξA(ξϕ + ξA/2)

τ̃ 2
Zs,−p = 0 ,

(4.78)

∂2
τ̃Zs,−p +

[
1− i− 2sp(ξϕ + ξA/2)

τ̃
+

1/4 + µ2
m + (ξϕ + ξA/2)2 + ξ2

A

τ̃ 2

]
Zs,−p

− 2ξA(ξϕ + ξA/2)

τ̃ 2
Ys,p = 0 .

(4.79)

Unlike before, the system cannot be solved analytically. Therefore, we solve them numeri-
cally. Furthermore, the amplitudes and the phases of the modes are adjusted to diagonalize
the Hamiltonian.

4.3.5 Quantization of the S− fermions

The quantization prescription for the Ψ−k modes remains unchanged. It begins with the
definition of the canonical conjugate momenta,

πΨ−k,α =
δS−

δ∂τΨ
−
k,α

= iΨ−,∗k,α , (4.80)

where α runs from 1 to 4. Then Ψ−k and πΨ−k are promoted to quantum operators, satisfying
the canonical equal-time anticommutation relations

{Ψ−k,α(τ),Ψ−
k′,β

(τ)} = 0 ,

{πΨ−k,α(τ), πΨ−
k′,β

(τ)} = 0 ,

{Ψ−k,α(τ), πΨ−
k′,β

(τ)} = i(2π)−3δαβδ
(3)(k− k′) .

(4.81)
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We again postulate that the time-independent coefficients in Eq. (4.69) are the standard
anticommuting creation and annihilation operators, i.e.,

{a−s,k, a
−†
s′,k′
} = δss′δ

(3)(k− k′) ,

{b−s,k, b
−†
s′,k′
} = δss′δ

(3)(k− k′) ,
(4.82)

with the rest of the anticommutators vanishing. Eqs. (4.81) and (4.82) then imply the
normalization condition

∑
s=±

[
(U−s,k(τ))α(U−†s,k (τ))β + (V −s,k(τ))α(V −†s,k (τ))β

]
= δαβ(2π)−3 . (4.83)

Every term in the square brackets is constant, according to the equation of motion given
in Eq. (4.25). To find the constants, we again assume that the early-time modes are in
the Bunch-Davies vacuum,

lim
kτ→−∞

U−s,k(τ) ∝ e−ikτ , lim
kτ→−∞

V −s,k(τ) ∝ eikτ . (4.84)

Furthermore, the amplitudes and the phases of the modes are adjusted to diagonalize the
Hamiltonian.

4.3.6 S− Hamiltonian

For S−,

H− =

∫
d3k

(
πΨ−k,α∂τΨ

−
k,α

)
− L−

=

∫
d3kΨ−,†k γ0

[
− γ3k − γ1ξAH +

(
2ξϕ +

ξA
2

)
Hλ4 + µmHI4

]
Ψ−k .

(4.85)

After using the mode function expansion from Eqs. (4.69) and (4.71) in the Hamiltonian,
we get

H− =

∫
d3k

2
(a−†k ,b−−k)

(
Eu F†

F Ev

)(
a−k
b−†−k

)
, (4.86)

where

a−k =

(
a−+,k
a−−,k

)
, b−†−k =

(
b−†+,−k
b−†−,−k

)
,

Eu =

(
Eu

+ Eu∗
mix

Eu
mix Eu

−

)
, F =

(
F+ F−,mix

F+,mix F−

)
,

(4.87)



4.3 Fermion Production 77

and

Eu
s =

∑
p=±

{
− 2

[
k + sp

(
2ξϕ +

ξA
2

)
H
]
<
(
u↑∗s,pu

↓
s,p

)
+ µmH

(
|u↑s,p|2 − |u↓s,p|2

)
+ 2spξAH<

(
u↑∗s,pu

↓
s,−p
)}

,

Fs =
∑
p=±

{
−
[
k + sp

(
2ξϕ +

ξA
2

)
H
] (
v↑∗s,pu

↓
s,p + v↓∗s,pu

↑
s,p

)
+ µmH

(
v↑∗s,pu

↑
s,p − v↓∗s,pu↓s,p

)
+ spξAH

(
v↑∗s,pu

↓
s,−p + u↑s,pv

↓∗
s,−p

)}
,

Eu
mix =

∑
p=±

{
−
[
k + p

(
2ξϕ +

ξA
2

)
H
] (
u↑∗−,−pu

↓
+,p

+ u↓∗−,−pu
↑
+,p

)
+ µmH

(
u↑∗−,−pu

↑
+,p − u

↓∗
−,−pu

↓
+,p

)
+ pξAH

(
u↑∗−,−pu

↓
+,−p + u↑+,pu

↓∗
−,p

)}
,

Fs,mix =
∑
p=±

{
−
[
k + sp

(
2ξϕ +

ξA
2

)
H
] (
v↑∗−s,−pu

↓
s,p

+ v↓∗−s,−pu
↑
s,p

)
+ µmH

(
v↑∗−s,pu

↑
s,−p − v

↓∗
−s,pu

↓
s,−p

)
+ spξAH

(
v↑∗−s,−pu

↓
s,−p + u↑s,pv

↓∗
−s,p

)}
.

(4.88)

The Hamiltonian can be diagonalized after making a time-dependent Bogoliubov transfor-
mation, (

ǎ−k (τ)

b̌−†−k(τ)

)
= Pk(τ)

(
a−k
b−†−k

)
. (4.89)

The time-dependent creation and annihilation operators, ǎ−k (τ) and b̌−†−k(τ), obey the
canonical anticommutation relations from Eq. (4.82), iff the transformation matrix is
unitary:

Pk(τ)P †k (τ) = I4 . (4.90)

We then impose that

Pk(τ)

(
Eu F†

F Ev

)
P †k (τ) , (4.91)

is diagonal, implying that the eigenvectors of

(
Eu F†

F Ev

)
are the columns of P †k (τ).

Due to the nature of the equations of motion in the S− we cannot have analytical ex-
pressions for the effective frequency ω−s,k(τ) as opposed to Eq. (4.60) in S+. Therefore, the
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expectation values of observables are calculated numerically.

At early times all off-diagonal terms of the Hamiltonian should vanish for both s = ±.
In other words Pk(τ) = I4, which is equivalent to having

H− =

(
I2 0
0 −I2

)
. (4.92)

It follows from Eq. (4.88) that

lim
kτ→−∞

Fs = 0 , lim
kτ→−∞

Eu
mix = 0 , lim

kτ→−∞
Fs,mix = 0 . (4.93)

The above conditions are met, if the following equations are satisfied:

1. lim
kτ→−∞

(u↑s,+(k, τ)− v↑∗s,+(k, τ)) = 0 , lim
kτ→−∞

(u↓s,+(k, τ) + v↓∗s,+(k, τ)) = 0.

It can be shown that these conditions are preserved by the equations of motion, so
if imposed once they hold for any arbitrary τ as well

u↑s,+(k, τ) = v↑∗s,+(k, τ) , u↓s,+(k, τ) = −v↓∗s,+(k, τ) . (4.94)

2. lim
kτ→−∞

<
(
u↑∗s,+(k, τ)u↓s,+(k, τ)

)
= −1 and lim

kτ→−∞
<
(
v↑∗s,+(k, τ)v↓s,+(k, τ)

)
= 1. This con-

dition comes from Eq. (4.92).

3. lim
kτ→−∞

u↑,↓s,−(k, τ) = 0 and lim
kτ→−∞

v↑,↓s,−(k, τ) = 0. This condition is imposed so that the

particle occupation number vanishes at early times. Note that this is an arbitrary
choice and one can make the mode functions vanish for, e.g., p = +.

Using the above we can solve the equations of motion numerically.

4.4 Backreactions

The action (4.6) has a Noether current associated to the SU(2) isospin,

Jµa = δµα
g
A

2a4

¯̃
Ψ σa ⊗ γαΨ̃, (4.95)

and the axial vector current, Jµ5 , given in (4.10). Notice that Jµa ≡ δSfermion√
−gδAaµ

satisfies

∇µJ
µaσa = 0. The Noether current and divergence of the chiral current induce backreac-

tions on the background field equations of an axion-SU(2) setup. See [55] for details about
a uniform presentation of the axion-SU(2) class of models and in particular its Sec. 2 for
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the background equations. The Noether 4-current backreacts on the background equation
of the gauge field as

∂2
τ (aψ) + 2H∂τ (aψ) + (∂τH +H2)(aψ) + 2a3g2

A
ψ3 − g

A
λ

f
a2∂τϕψ

2 = −a2J , (4.96)

where the spatially averaged component of the matter 3-current is

J =
1

3a
δjb〈J

b
j 〉 . (4.97)

Moreover, the axial current backreacts on the axion background equation as

∂2
τϕ+ 2H∂τϕ+ a2∂ϕV + 3

g
A
λ

f
aψ2(Hψ + ∂τψ) = a2B , (4.98)

where the backreaction term is defined as

B = β
λ

2f
∇µJ

µ
5 = −imβ λ

a3f
¯̃
Ψγ5Ψ̃ . (4.99)

The last equality uses the field equations of the fermions.

We begin with an outline of our prescription for computing the VEVs of quadratic
fermionic quantum operators such as J and B. We then calculate the fermionic backreac-
tion on the gauge field and the axion backgrounds.

4.4.1 VEVs of Quadratic Fermionic Operators

In order to compute VEVs of quantum operators we follow [145, 67].
Consider a general four component fermionic field, similar to Ψ+ and Ψ− defined in

section 4.2.

ηα(x, τ) =

∫
d3k ηk,α(τ)eik·x ,

ηk,α(τ) =
∑
s=±

[
Us,k,α(τ)cs,k + Vs,−k,α(τ)d†s,−k

]
,

(4.100)

with a quadratic action

Sη =

∫
dτd3k

[
iη†k,α∂τηk,α − η

†
k,αΩαβ(k, τ)ηk,β

]
, (4.101)

and a Hamiltonian

Hη =

∫
d3k η†k,αΩαβ(k, τ)ηk,β , (4.102)

where α and β run from 1 to 4, and cs,k and ds,−k are time-independent particle and
antiparticle annihilation operators. Using Eq. (4.100) in the Hamiltonian, we obtain

Hη =

∫
d3k(c†k,d−k)

(
EU F †
F EV

)(
ck

d†−k

)
, (4.103)
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where
ck = [c+,k c−,k]T , dk = [d+,k d−,k]T , (4.104)

and
EUss′ = U∗s,k,αΩαβUs′,k,β , Fss′ = V ∗s,k,αΩαβVs′,k,β . (4.105)

In the ground state of a given k-mode of the fermionic field, i.e., in the Bunch-Davies
vacuum (BD), the state vector is |0BD〉

ck,s|0BD〉 = 0 , dk,s|0BD〉 = 0 , (4.106)

and
BD vacuum : EUss′ = −EVss′ = ωsδss′ , Fss′ = 0 . (4.107)

When the mode is excited, its EU,Vss′ can attain nonzero off-diagonal components and its

Fss′ can also become nonvanishing. However, we can still diagonalize EU,Vss′ with vanishing
Fss′ by rewriting the Hamiltonian as

Hη =

∫
d3k(č†k, ď−k)

(
ĚU F̌ †
F̌ ĚV

)(
čk

ď†−k

)
, (4.108)

where (
č−k (τ)

ď−†−k(τ)

)
= Pk(τ)

(
c−k
d−†−k

)
, (4.109)

and
Pk(τ)P †k (τ) = I4 . (4.110)

We choose the eigenvectors of (
EU F †
F EV

)
, (4.111)

as the columns of P †k (τ). Then,

ĚUss′ = −ĚVss′ = ω̌sδss′ , F̌ss′ = 0 , (4.112)

as promised.

After the transformation in Eq. (4.109), a new state vector has the properties of the
physical vacuum, |0τ 〉, defined as

čk,s|0τ 〉 = 0 , ďk,s|0τ 〉 = 0 . (4.113)

Note that we work in the Heisenberg picture in which the state vector is constant, i.e., it
remains |0BD〉 throughout.

The fermionic field can be rewritten as

ηk,α(τ) =
∑
s=±

[
Ǔs,k,α(τ)čs,k + V̌s,−k,α(τ)ď†s,−k

]
, (4.114)
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where

Ǔs,k,α =
∑
s′=±

[
Us′,k,αP

†
3−s′
2
, 3−s

2

+ Vs′−,k,αP
†
7−s′
2
, 3−s

2

]
,

V̌s,−k,α =
∑
s′=±

[
Vs′,−k,αP

†
7−s′
2
, 7−s

2

+ Us′,k,αP
†
3−s′
2
, 7−s

2

]
.

(4.115)

We wish to find the VEV of a Hermitian operator, which is quadratic in the fermionic
field, of the general form

O(x, τ) =

∫
d3k d3k′ ei(k−k

′)·xη†k,α(τ)Aα,β(k,k′, τ)ηk′,β(τ) , (4.116)

with A†α,β(k,k′, τ) = Aα,β(k′,k, τ) by virtue of the Hermitian nature of the O operator.

When computing the VEV, we need to make sure that

1. Particles and antiparticles are treated on equal footing.

2. Only physical field excitations, i.e., those on top of the physical vacuum, contribute
to the VEV.

To address the first point, we follow [145] and define the antisymmetrizied operator

Oa(x, τ) ≡
∫

d3k d3k′ ei(k−k
′)·xAα,β(k,k′, τ)[η†k,α(τ), ηk′,β(τ)]

=

∫
d3k d3k′ ei(k−k

′)·xAα,β(k,k′, τ)
1

2

(
η†k,α(τ)ηk′,β(τ)− ηk′,β(τ)η†k,α(τ)

)
,

(4.117)

which has the same classical counterpart as O. The difference is that when we take the
BD VEV, O receives only contributions from terms with ds,−kd

†
s,−k, i.e., the antiparticle

creation and annihilation operators, whereas Oa receives contributions from both cs,kc
†
s,k

and ds,−kd
†
s,−k.

To account for the second point, we follow [67] and we subtract from the BD VEV
the expectation value with respect to |0τ 〉. This way only nonvacuum field fluctuations
contribute to the physical vacuum expectation value.

To sum up, the VEV of O is defined as

〈O(x, τ)〉 ≡ 〈0BD|Oa(x, τ)|0BD〉 − 〈0τ |Oa(x, τ)|0τ 〉 , (4.118)

which reduces to

〈O(x, τ)〉 =

∫
d3k Aαβ(k,k, τ)

∑
s=±

1

2

×
[(
V ∗s,k,α(τ)Vs,k,β(τ)− Us,k,β(τ)U∗s,k,α(τ)

)
−
(
V̌ ∗s,k,α(τ)V̌s,k,β(τ)− Ǔs,k,β(τ)Ǔ∗s,k,α(τ)

)]
.

(4.119)
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Figure 4.2: The expectation values of the backreaction currents of the + (left panel) and
− (right panel) fermions as a function of ξA for m = 10H, ξϕ = 1 (purple); m = H,
ξϕ = 1 (blue); m = H, ξϕ = 10 (gold); m = 10H, ξϕ = 10 (red). The prominent dip in the
first panel at 2ξϕ − ξA/2 = 0 is due to an exact cancellation between the effective masses
induced by the gauge field and the axion. Such a cancellation is not observed in the −
fermions.

Here, we are interested in the backreaction of the fermion on the gauge field field
equation, J ±, and the axion field equation, B±, which can be computed by the above
formula as

〈J s〉 =

∫
d3k AJ

s

αβ (k,k, τ)
1

2

×
[(
V ∗s,k,α(τ)Vs,k,β(τ)− Us,k,β(τ)U∗s,k,α(τ)

)
−
(
V̌ ∗s,k,α(τ)V̌s,k,β(τ)− Ǔs,k,β(τ)Ǔ∗s,k,α(τ)

)]
,

(4.120)

and

〈Bs〉 =

∫
d3k AB

s

αβ(k,k, τ)
1

2

×
[(
V ∗s,k,α(τ)Vs,k,β(τ)− Us,k,β(τ)U∗s,k,α(τ)

)
−
(
V̌ ∗s,k,α(τ)V̌s,k,β(τ)− Ǔs,k,β(τ)Ǔ∗s,k,α(τ)

)]
,

(4.121)

respectively.

4.4.2 Backreaction on the SU(2) Background

We now calculate the homogeneous and isotropic backreaction term on the SU(2) back-
ground, J , defined in Eq. (4.97). It conveniently separates into two independent contri-
butions from the + and − fermions:

J = J + + J − . (4.122)
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The expressions for J + and J − take the form given in Eq. (4.120), with

AJ+(k,k, τ) =
gA
3a3


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 ,

AJ−(k,k, τ) = − gA
3a3


0 0 1 −2
0 0 −2 1
1 −2 0 0
−2 1 0 0

 .

(4.123)

In Fig. 4.2, we show J +(left) and J −(right) for different values of the parameters ξϕ,
m and ξA. We observe the following dependence:

• J + has a prominent dip when 2ξϕ − ξA/2 = 0, which occurs because the axion and
gauge field-induced effective mass terms cancel. Besides this feature, for a fixed mass,
J + increases monotonically with ξA. Otherwise when the “bare” mass of the fermion
is the dominant scale, i.e., m/H > ξA, ξϕ, we observe a decrease in particle production
as the mass increases, as expected. In the opposite limit, m/H < ξA, ξϕ, there is an
increase in particle production as the mass increases, until the mass becomes the
dominant scale. 2

• J − exhibits a complex behavior with the parameters which we attribute to the
additional couplings in this sector. Using the current regularization scheme and for
the parameter region of interest, J − never exceeds J + apart from the dips in J +, so
the dominant contribution to the backreaction considered in the next section comes
from J +.

• When compared to the scalar case considered in [54], the fermion model has an
important new feature. Unlike scalars, fermion particles are copiously produced as
ξA increases and dominate the other scales in the problem. Our setup provides a
novel mechanism for efficient production of fermionic matter during inflation.

• The fermion Schwinger particle production by a homogeneous U(1) gauge field stud-
ied in [135] is different from our SU(2) case with the isotropic and homogeneous
VEV. In the U(1) case the current decreases with the increase of the fermion mass.
However, in both cases, the current increases like ξ2

A in the very strong gauge field
limit.

Having computed J ±, we can compute their backreaction on the SU(2) gauge field
background, ψ, by following [55]. Assuming slow-roll evolution of the axion-SU(2), i.e.,

2A similar increase in particle production with the increase in mass was observed in [137]. In their
setup, the fermion is not coupled to a gauge field but is derivatively coupled to an axion field.



84 4. Fermions Production and Backreaction from Axion-SU(2) Gauge Fields

ψ̈
H2ψ
� ψ̇

Hψ
� 1, the field equation of the gauge field given in (4.96) can be approximated

as
3Hψ̇ + Ḣψ + Veff,ψ(ψ) ' 0 , (4.124)

where a dot is a derivative with respect to cosmic time and the field derivative of the
effective potential of ψ is

Veff,ψ(ψ) ' 2H2ψ(1 + ξ2
A)− gAλϕ̇

f
ψ2 . (4.125)

Slow-roll demands Veff,ψ(ψ) � 1, while each of the terms in the right-hand side can be
much larger, e.g., gAλϕ̇

f
ψ2/Veff,ψ � 1. On the other hand, J in the right-hand side of

(4.96) should be at most on the order of the slow-roll suppressed terms, i.e.,

J
H2ψ

� 1 , (4.126)

so that it does not break the slow-roll dynamics in the background and can be considered as
a perturbation correction. Otherwise, the perturbative expansion and slow-roll dynamics
are not trustable and the models should be studied numerically.

Therefore, we define the regime of strong backreaction as

J < 10−2H2ψ . (4.127)

We will use the above to explore the possible parameter space of one possible axion-SU(2)
gauge field model in Sec. 4.4.4.

4.4.3 Backreaction on the Axion Background

We now turn to the homogeneous and isotropic backreaction term on the axion background,
B, defined in Eq. (4.99). It again splits into the sum of two independent + and −
components:

B = B+ + B− . (4.128)

B+ and B− reduce to the form given in Eq. (4.121):

AB+(k,k, τ) = AB−(k,k, τ) = β
λmH3

2if

(
0 −I2

I2 0

)
. (4.129)

From the axion field equation in the slow-roll regime, we have ϕ̈
Hϕ̇
� 1, and

3Hϕ̇+ Vϕ,eff ' 0 , (4.130)

where Vϕ,eff = Vϕ+ 3λgA
f
ψ2(ψ̇+Hψ). The validity of the perturbation and slow-roll dynamics

requires B to be at most of the order of the slow-roll suppressed terms, e.g.

B � Hϕ̇ . (4.131)
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Interestingly, however we find that our choice of initial conditions that makes the Hamil-
tonian diagonalized yields

AB
s

αβ(k,k, τ)
(
V ∗s,k,α(τ)Vs,k,β(τ)− Us,k,β(τ)U∗s,k,α(τ)

)
= 0 ,

(4.132)

which implies that
B = 0 . (4.133)

Therefore, the particle production does not lead to any backreaction on the axion back-
ground. Note that this is the direct result of our quantization skim based on diagonalization
of the Hamiltonian. Setting the initial condition based on charge conjugation symmetry
which does not diagonalize the Hamiltonian at asymptotic past, leads to a different and
nonvanishing value for ∇µJ

µ
5 , which is worked out in [57].

The computation so far has been done effectively at tree level. A one-loop effect, which
has not been included consistently (see [58] for a related work with massless fermions), is
the chiral anomaly, i.e., a quantum correction to the expectation value of ∇µJ

µ5, equal to
g2
ATr(FµνF̃

µν)/(16π2) [144] which is ≈ 3g3
Aψ

3H/(4π2). Since B = (βλ)/(2f)∇µJ
µ5, using

gAλ∂τϕ/(af) ≈ 2H(ξA + ξ−1
A ), Eq. (4.131) yields( f

H

)2

� 3

16π2
βξ2

A(ξ2
A + 1) . (4.134)

Since the right-hand side is always of the order of unity, the backreaction is never
important when f � H.

4.4.4 Parameter Space of a Model

Our method applies to models in which inflation is driven by the axion-gauge field sector
[28, 29, 30, 31], as well as to those in which the axion and gauge fields are in a spectator
sector [66]. For concreteness, we consider the latter model and compare our results with
observational bounds on the following spectator model:

S = SEH + Sφ + Sspec + Sfermion + Sint ,

Sspec =

∫
d4x
√
−g

[
1

2
∂µϕ∂

µϕ− V (ϕ)− 1

2
Tr(FµνF

µν)− λϕ

2f
Tr(FµνF̃

µν)

]
,

(4.135)

where SEH and Sφ are the Einstein-Hilbert and the inflaton actions, respectively, responsible
for inflation of the universe, and Sspec is the action of the spectator sector. It contains the
axion-gauge field sector, where ϕ is the axion with a potential V (ϕ) and a decay constant
f , and

Fµν = ∇µAν −∇νAµ + igA (AµAν −AνAµ) , (4.136)

is the field strength tensor of the SU(2) gauge fields. The last term in Sspec is the Chern-
Simons interaction, where λ parametrizes its strength and F̃µν is the dual of Fµν .
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For the bound on the backreaction of the gauge fields we use Eq. (4.127), which reduces
to

εB < ξ3
A

102π2Asrvac

2

J
gAH3

, (4.137)

where εB ≡ ξ4
AH

2/(g2
Am

2
pl) is about 2 times the energy density fraction of the gauge field.

We have also used the slow-roll relation rvac = 2H2/(Asπ
2m2

pl) to parametrize the Hubble
scale of inflation, i.e., rvac is the standard vacuum contribution to the tensor-to-scalar
ratio in single-field slow-roll inflation. The amplitude of the curvature power spectrum is
As ≈ 2.2× 10−9 [18].

In Figs. 4.3, 4.4, 4.5, 4.6, the orange solid line and the shaded area underneath it depict
the inequality in Eq. (4.137), i.e., the regions where strong backreaction occurs due to the
induced current. From these figures we can conclude that no additional constraint comes
from the fermionic particle production.

Note that the contribution from chiral anomaly is small for the masses under considera-
tion µm & 1, and also it is suppressed by a factor of g2

A, (see Page 65 for motivation behind
this mass constraint, and see [58] for inclusion of one-loop effects for massless fermions).

4.5 Discussion

We have studied the evolution of a Dirac field doublet, which is covariantly coupled to an
axion and an isotropic SU(2) gauge field background in de Sitter spacetime. We assumed
the fermion field to have a Dirac mass term. Our work extends the previous work on
fermion production from axion and Abelian U(1) gauge fields [135, 136, 137, 138], as well
as on the simplest SU(2) case with massless fermions [58].

We discovered that the SU(2) background, in combination with the Dirac mass term,
leads to nontrivial couplings between fermion components of different flavors and chirality.
We then found a new convenient basis for the doublet of fermionic fields, given as a linear
transformation in Fourier space of the original doublet, for which the action separates into
two decoupled sectors. One of the subsystems is solvable analytically, whereas the other
subsector is not and we solved it numerically.

Using these solutions, we computed the expectation values of the induced currents,
which we used to estimate for what model parameters backreaction effects become impor-
tant. More specifically, we considered the isotropic part of the SU(2) matter current, as
well as the 4-divergence of the axial current, which can be used to estimate the fermionic
backreaction on the gauge field and axion backgrounds, respectively.

To find the vacuum expectation values of bilinearies in fermionic fields, such as the
currents, we had to deal with UV-divergent integrals. To this end, we extended the idea of
an existing instantaneous vacuum subtraction scheme [67], which involves the subtraction
of the contribution of zero-point fluctuations to the currents. We extended it to fermionic
models with most generic Hamiltonians, which permit only a numerical treatment. We
compared the results with an independent regularization scheme, i.e the point-splitting
method and found an excellent agreement for S+ (the details of the latter method is
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studied in [57]). We find that the adiabatic vacuum subtraction scheme could not be
utilized here, since there are instants where adiabatic modes are ill behaved. We also made
a careful distinction between the contributions of particles and antiparticles to the vacuum
expectation values, which played an important role in the computation of the tree-level
backreaction on the axion.

We showed that the SU(2)-background experiences strong backreaction due to fermions
only for model parameters which are already excluded on observational and/or theoretical
grounds (see Figs. 2 − 5), similarly to the case of scalars [54]. The tree-level expectation
value of the 4-divergence of the axial current vanishes. We then estimated when the chiral
anomaly, which is a loop effect, becomes important for the backreaction on the axion
background. We find that backreaction remains unimportant provided that f � H.

We conclude that the background dynamics of an axion-SU(2) gauge field spectator
sector remains unaffected by the production of fermions.
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Figure 4.3: We plot the energy density fraction of the gauge field εB as a function of the
effective mass of the gauge field, ξA. Excluded parameter space with rvac = 10−3. The
blue shaded area is excluded by the tensor-to-scalar ratio, the light red area by the large
tensor backreaction discussed in [55]. The cyan area by the tensor non-Gaussianity, and
the dark red area by the Schwinger pair creation of scalar fields discussed in [54]. The blue
and yellow lines show r = 10−2 and rsource = rvac, respectively, while the dashed cyan line
shows f tensNL = 1. The bound from the fermion particle production, depicted by the orange
solid line (for m = H and ξϕ = 1) and the area underneath, does not lead to additional
bounds on the observationally relevant parameter space. The ξA on the horizontal axis is
the same as mQ in [66, 36, 37].
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Figure 4.4: Same as Fig. 4.3, but for m = 10H and ξϕ = 10.
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Figure 4.5: Same as Fig. 4.3, but for m = 10H and ξϕ = 1.
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Figure 4.6: Same as Fig. 4.3, but for m = H and ξϕ = 10.
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Chapter 5

Summary and Outlook

The two important experimental data that exist and can be used to constrain our early uni-
verse models are coming from big bang nucleosynthesis and CMB. Inflation as a theoretic
model of the early stages of the universe satisfies the bounds coming from these data sets
available so far and in light of this, presents itself as the most accepted model compared
to the competing theories in explaining the primordial history of the universe. Nonethe-
less, one of the crucial predictions of all inflationary scenarios, namely the existence of a
stochastic background of gravitational waves, has not yet been confirmed.

Furthermore, inflation provides us with a mechanism to generate the scalar and tensor
perturbations from the so-called quantum vacuum fluctuation. The scalar perturbations
seed the large scale structure in the universe. These scalar fluctuations have been detected
in the CMB experiments and their observational signatures hint towards a quantum nature
of these perturbations.

Consequently, to differentiate between models of inflation, it is very important to detect
primordial gravitational waves. However, detection of primordial gravitational waves is not
only beneficial for evaluating the relevance of inflation but can also open a new window
into the microphysics of the very early universe and can be used to probe energies that are
unlikely to be achieved by the colliders.

If the primordial gravitational waves are detected, the question about the quantum
nature of the vacuum fluctuations during the early stages of the universe can be settled
once and for all. One has to note that the mere detection of primordial gravitational
waves does not necessarily yield insight into the quantum nature of these perturbations;
more investigation is required to achieve this goal. One can announce the discovery of
vacuum fluctuations of spacetime that are consistent with quantum mechanics if and only
if the following conditions are satisfied: i) the CMB polarizations must be detected in
multiple frequencies (the primordial gravitational waves imprint a signature in the B-mode
polarization which is the most promising channel for a future detection currently), ii) they
must have a scale invariant spectrum, iii) they must be non-Gaussian and, finally, iv) the
TB/EB correlations must be zero for them meaning they have to be non-chiral.

However, to be on a secure footing regarding the detection and the proper interpretation
of the signals, we need to be sure that we understand all relevant mechanisms that can
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lead to the production of B-modes in the context of inflation. In light of this, the so-
called axion-SU(2) gauge field model of inflation has been the focus of this thesis as one
relevant generation mechanism, besides vacuum fluctuations. The advantage of this model
is that the gravitational waves produced in this setup have completely different signatures
compared to the one from the vacuum so they can be easily distinguished from the vacuum
ones via higher order observables such as the bispectrum. However, before the predictions
of these models are taken seriously, it is important to check if these models are viable both
phenomenologically and theoretically.

Given these considerations, we can understand the importance of the two studies pre-
sented in this dissertation, which provide two important consistency checks on both the
dynamics of the gravitational waves and the background dynamics in axion-SU(2) gauge
field models of inflation. Based on both of these investigations, we conclude that the back-
ground dynamics of an axion-SU(2) sector remains unaffected and phenomenologically
viable in the presence of the gravitational Chern-Simons term and massive fermions.

In the light of the future data coming from numerous ground-based experiments, space-
borne experiments, pulsar timing arrays and direct detection experiments, we can under-
stand a detailed characterization of the primordial gravitational waves and determine if the
detected signal was sourced by the quantum vacuum fluctuations in the metric tensor, as
in the single-field slow-roll scenario, or from alternative scenarios such as the axion-SU(2)
gauge field model considered in this dissertation.



Appendix A

Spinor Covariant Derivative

The 8-spinor covariant derivative in (4.7) is defined as

Dµ ⊗ γαΨ̃ ≡ (I2∇µ − igAAµ)⊗ γαΨ̃ , (A.1)

where the spin covariant derivative is

∇µΨ̃ = [I4∂µ + ωµ]Ψ̃ , (A.2)

ωµ are the spin connections,

ωµ = − i
2
ω αβ
µ σαβ , (A.3)

where the spinor generators of the algebra are σαβ = i
4
[γα, γβ].

Considering a FLRW metric

ds2 = a2(τ)(−dτ 2 + δijdx
idxj) , (A.4)

where τ is the conformal time. The elements of the spin connection ω αβ
µ are given by

ω αβ
µ = e α

ν ∇µe
νβ . (A.5)

the vierbeins are defined as
eµα = a(τ)−1δµα , (A.6)

and the only nonzero components of the spin connection coefficients are

ω i0
µ = −ω 0i

µ = −Hδiµ . (A.7)
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Appendix B

Whittaker Functions

Through out the thesis we have been using the following Whittaker function identities:
Considering the limit |z| → ∞:

Whittaker functions Wκ,µ(z) and Mκ,µ(z) take the following asymptotic forms

Wκ,µ(z)→ zκe−z/2,

Mκ,µ(z)→ Γ(2µ+ 1)

(
i(−1)µ−κzκe−z/2

Γ(−κ+ µ+ 1
2
)

+
z−κez/2

Γ(−κ+ µ+ 1
2
)

)
,

(B.1)

where | arg z| < 3
2
π.

In case κ is complex, we have

lim
τ→−∞

(2τ̃)−κR√
2k

e−κIπ/2Wκ,µ(−2iτ̃) =
1√
2k
e−ikτ , (B.2)

where κ
R

and κ
I

are the real and imaginary parts of κ.
Hence, the positive frequency solutions in the asymptotic past or the so called Bunch-

Davies vacuum is defined as

(2τ̃)−κR

(2π)3/2
√

2k
e−κIπ/2Wκ,µ(−2iτ̃) . (B.3)
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