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Die vorliegende Dissertation beschéftigt sich mit der Untersuchung von ‘mean-
field” stochastischen Differentialgleichungen, auch genannt McKean-Vlasov Glei-
chungen. Zusétzlich zu Zeit und Raum héngen ‘mean-field” stochastische Diffe-
rentialgleichungen von der Verteilung des zugrundeliegenden Prozesses ab and er-
weitern somit die Klasse der stochastischen Differentialgleichungen. Historisch aus
der Modellierung von Partikelsystemen in der mathematischen Physik stammend,
verzeichnete das Interesse an ‘mean-field’ stochastische Differentialgleichungen und
des zugehorigen Felds der ‘mean-field’ Spiele, mit ihren Anwendungen in der Oko-
nomie und der Finanztheorie (siche z.B. [I7] und [38]), in den letzten Jahren ein
grofle Steigerung.

Das erste Hauptaugenmerk dieser Thesis liegt auf der Existenz und Eindeu-
tigkeit von (schwachen und starken) Losungen zu ‘mean-field’” stochastischen Dif-
ferentialgleichungen mit irregularen Koeffizienten. Genauer gesagt, betrachten wir
Driftkoeffizienten, die, ganz im Gegensatz zu der gewohnlichen Annahme von (Lip-
schitz) Stetigkeit, lediglich messbar in der Raumvariable sind. Beginnend mit einem
eindimensionalen Modell mit additiver Brownscher Stérung, zeigen wir die Exis-
tenz von schwachen und starken Losungen und leiten Annahmen her unter denen
die Losungen in der Verteilung bzw. pfadweise eindeutig sind. Anschliefend gehen
wir iiber zu mehreren Dimensionen, um &dquivalente Ergebnisse fiir mehrdimen-
sionale ‘mean-field’ stochastische Differentialgleichungen mit additiver Brownscher
Storung zu beweisen. Zuletzt untersuchen wir noch die Existenz und Eindeutigkeit
von Losungen fiir ‘mean-field’ stochastische Differentialgleichungen in unendlichdi-
mensionalen separablen Hilbertraumen mit zylindrischer fraktionaler Brownscher
Bewegung als treibende Storung. Um Existenz- und Eindeutigkeitsresultate fiir un-
endlichdimensionale ‘mean-field’ stochastische Differentialgleichungen herzuleiten,
wird zunéchst die Klasse der gewohnlichen stochastischen Differentialgleichungen
auf einem unendlichdimensionalen separablen Hilbertraum mit zylindrischer frak-
tionaler Brownscher Bewegung als treibende Storung betrachtet. Fiir diese ist im
Beweis der Existenz von starken Losungen die Anwendung eines Kompaktheitskri-
teriums basierend auf dem Malliavin Kalkiil eines der Hauptinstrumente. Dieser
Ansatz stammt aus Arbeiten von Meyer-Brandis und Proske, vgl. [4], [43], und
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[44], und wird hier auf den unendlichdimensionalen Fall erweitert.

Das andere Hauptziel dieser Thesis ist die Untersuchung von Regularitatseigen-
schaften der Losungen zu ‘mean-field” stochastischen Differentialgleichungen mit
irreguldren Koeffizienten. Auf Grund des gewahlten Ansatzes mittels des Mallia-
vin Kalkiils folgt die Malliavin Differenzierbarkeit der jeweiligen Losungen sowohl
im endlich- als auch im unendlichdimensionalen Fall direkt. Dartiberhinaus unter-
suchen wir im endlichdimensionalen Fall die Abhangigkeit der Losung beziglich
ihres Startwertes. Mit Hilfe von Approximationstechniken zeigen wir Sobolev Dif-
ferenzierbarkeit im Startwert sowie Holder Stetigkeit in Zeit und Startwert. Zuletzt
leiten wir Sobolev Differenzierbarkeit fiir Erwartungswertfunktionale von Losun-
gen und eine Version einer Bismut-Elworthy-Li Formel her. Fiir bestimmte Arten
von ‘mean-field” stochastischen Differentialgleichungen ist es uns dariiber hinaus
moglich starke Differenzierbarkeit fiir eine grole Klasse von Erwartungswertfunk-
tionalen der betreffenden Loésungen zu zeigen.



The dissertation discusses the analysis of mean-field stochastic differential equa-
tions, also called McKean-Vlasov equations. Additionally to time and space, mean-
field stochastic differential equations depend on the law of the underlying process
and thus expand the class of stochastic differential equations. Originating from the
modeling of particle systems in mathematical physics, the interest in mean-field
stochastic differential equations and the related field of mean-field games with its
applications in Economics and Finance (see e.g. [I7] and [38]) has experienced a
strong increase in recent years.

In this thesis the first main objective is existence and uniqueness of (weak
and strong) solutions to mean-field stochastic differential equations with irregu-
lar drift coefficients. More precisely, we consider drift coefficients that are merely
measurable in the spatial variable as opposed to the frequently used assumption of
(Lipschitz) continuity. Starting from a one-dimensional model with additive Brow-
nian noise, we show existence of weak and strong solutions and derive assumptions
under which the solutions are unique in law and pathwisely unique. Afterwards
we proceed to multiple dimensions in order to prove equivalent results for multi-
dimensional mean-field stochastic differential equations with additive Brownian
noise. Lastly, we examine existence and uniqueness of solutions for mean-field
stochastic differential equations in infinite-dimensional separable Hilbert spaces
with cylindrical fractional Brownian motion as driving noise. In order to derive
existence and uniqueness results for mean-field stochastic differential equations in
the infinite-dimensional case, first the class of ordinary stochastic differential equa-
tions on an infinite-dimensional separable Hilbert space with cylindrical fractional
Brownian motion as driving noise is considered. Here, one of the main tools to
prove existence of strong solutions is a compactness criterion based on Malliavin
calculus. This approach originates from works of Meyer-Brandis and Proske, cf.
[], [43], and [44], and is extended to the infinite-dimensional setup.

The other main objective of this thesis is to study regularity properties of solu-
tions of mean-field stochastic differential equations with irregular drift. Due to the
chosen approach via Malliavin calculus, Malliavin differentiability of the respective
solutions is implied in the finite as well as in the infinite-dimensional case. Further,
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we investigate in the finite-dimensional case the dependence of the solutions on
their respective initial data. Using approximation techniques we establish Sobolev
differentiability in the initial value as well as Holder continuity in time and initial
value. Lastly, we derive Sobolev differentiability for expectation functionals of the
solution and a Bismut-Elworthy-Li type formula. For certain types of mean-field
stochastic differential equations we are even able to gain strong differentiability
for a broad class of expectation functionals of the respective solutions.
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Chapter 1

Globalization, digital transformation, and big data are just a few examples of
topics the modern world has to deal with. The amount of information publicly
available on the internet tremendously increased in the past few decades. Nowa-
days three billion people use smartphonesﬂ which gives them the possibility to
access all of this information with just a few clicks. But not only access to infor-
mation is enabled due to modern technology, also connecting to other people all
over the world has never been easier than today. Social networks like Facebook
and Instagram, as well as communication applications like WhatsApp and Skype
simplify instant connections between individuals located on opposite sides of the
planet. These enormously huge networks boost movements like Black Lives Mat-
ter or Fridays for Future to become influential global campaigns that do have an
effect on political, economical, and social changes. Due to the close-knit network
the origination and development of such social movements is hard to trace and
further progression is intricate to be estimated, although mathematical modeling
of the behavior of individuals in large networks has been around for some time.
The movement of particles in a gas, population growth of bacteria, or swarm be-
havior of animals are just a few fields of interest in scientific research in this area.
However, the analysis of large networks is getting more complex and faces greater
challenges with an increasing size. More precisely, analyzing the interaction be-
tween all possible pairs of participants in the network becomes a cumbersome task.
Therefore, a macroscopic consideration of the network, where all of the one-to-one
interactions are replaced by an average interaction, may simplify the examination.
The superordinate theory of this ansatz is better known as mean-field theory.
This thesis deals with the study of mean-field stochastic differential equations
and especially with the existence and uniqueness of solutions of equations with ir-

"https://de.statista.com/themen/581/smartphones/
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regular drift coefficients. In particular, we consider additive Brownian noise whose
regularizing effect enables us to consider inter alia merely measurable and bounded
drift functions. Further we examine regularity properties of the respective solu-
tions such as Malliavin and Sobolev differentiability as well as Holder continuity
which forms the second central objective. Subsequently, we give an introduction
to the field of mean-field stochastic differential equations, provide an overview of
the research done in the course of this dissertation, and expound the main ideas
of the conducted mathematical analysis.

1.1 Mean-Field Stochastic Differential Equations

Let (2, F,F,P) be a complete filtered probability space. A general d-dimensional
mean-field stochastic differential equation, for short mean-field SDE, is given by

t t
Xt:X0+/ b(s,XS,]P’XS)ds+/ o (s, X,,Px.)dBs, >0, Xo € R%,  (1.1)
0 0

where Py, denotes the law of the stochastic process X at time s > 0 with respect
to the probability measure P and B = (B;);>0 is n-dimensional Brownian motion
defined on the probability space (€2, F,F,P). The function b : R, x R x P(R?) —
R? is called the drift and o : Ry x R? x P(RY) — R¥*" the volatility or diffusion
coefficient of the mean-field SDE [(1.1)]

P(R?Y) denotes the space of probability measures over R whereas P,(R?) is
defined as the spaces of probability measures over R? with finite p-th moment,
p > 1. Further, we define the Kantorovich metric on the space P;(R?) by

Kl ) i=sup{ [ f@)(n—v)(do)| £ € Lipy (X, R) |

Generally speaking, mean-field SDEs, also referred to as McKean-Vlasov equa-
tions, are SDEs that in addition to time and state further depend on the law of
the underlying process.

Historically, equation originates in the kinetic theory of gases describing
the gas as a large network of particles moving randomly in a medium. A central
concept in kinetic theory is the propagation of chaos which characterizes the com-
position of the medium as the number of particles tends to infinity. More precisely,
Boltzmann assumed the so-called “Stosszahlansatz” also known as molecular chaos
which states that any two arbitrary particles in the medium are independent, cf.
[27]. For its part propagation of chaos provides that this molecular chaos remains
as the number of particles increases. This in turn yields the opportunity to re-
late the central equations of Boltzmann and Vlasov to many body systems. In
his paper [35], Kac implements a toy model to study the Boltzmann equation,



1.1 Mean-Field Stochastic Differential Equations 3

which describes the statistical distribution of particles in a medium, and espe-
cially discusses under which properties Boltzmann’s assumption of molecular chaos
is justified. Further, McKean’s motivation in [4I] is to explain the connection of
Markov processes and certain nonlinear parabolic equations with Boltzmann’s and
Burger’s equations as special cases. He introduces a class of Markov processes with
nonconstant transition mechanism which can be pictured “/...] as the motion of a
tagged molecule in a bath of infinitely many like molecules.”([41], p. 1909) More-
over, he says that “a very seductive conjecture is that chaos increases in the infinite
gas. This means that if the initial co-molecule distribution is symmetrical but not
chaotic [...], it becomes more nearly so as time passes.”(J41], p. 1911) Vlasov exam-
ines in [54] the collection of charged particles, as for example in plasma or electron
gasses. He finds that “/...] for a system of charged particles the kinetic equation
method which considers only binary interactions - interactions through collisions -
is an approximation which is strictly speaking inadequate/.]” ([54], p. 722)

A different approach from merely considering binary interactions is to consider
dependency of each particle on the empirical measure of the state of all particles.
In greater detail, this approach assumes the behavior of the particles to be given
by a system of SDEs of the form

. . t o1 N t o1 X .
XN = Xg],N +/0 b (X;:N, v ZéXg,N> ds +/0 o <X;JV7 ~ Zaxf,N> aB:, (1.2)
k=1 k=1

fort >0andi=1,... N, where §, is the Dirac-measure in z € R%.

In general the propagation of chaos result states that N-particle systems as
or systems with binary interaction like for example

N 0N 1 & i, k, 11 I i, k, i
Vi = v +/ON§16(1@N,5@N)ds+/ON’;a(nN,z V)dBi, (13)

fort > 0andi=1,... N, converge as the number of particles N tends to infinity to
an equation of type . Hence, the name mean-field. In Example below we
demonstrate how a particle system converges to a mean-field SDE For
more details on the topic of propagation of chaos and the characterisation of the
asymptotic behaviour of large interacting particle systems, the reader is referred
to [10], [19], [23], [24], [25], [31], [42], [46], [49], and the cited sources therein.

Example 1.1.1 Consider the N-particle system, N € N|

' t1 N ] , ,
XM =wit |5 (Z o XV ) = XNds + Bj, te[0,T],  (L4)
0 j=1
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for i = 1,...N, where a; € R, for j = 1,...N, and B = (B',...B") is N-
dimensional Brownian motion. Furthermore, consider the mean-field SDE

t
Yt:y+/ aE[Y,] — Yids + W, tel0,T], (1.5)
0

where a > 0 and W is one-dimensional Brownian motion. At first we want to
derive explicit solutions to the differential equations |[(1.4)[ and |(1.5)} Thus note
that the equation system can be written as a multidimensional SDE, namely

1
XY=+ [ (NA—IN>Xdes+Bt, te 0,7, (1.6)

where Iy is the N x N-identity matrix,  := (x1,...2x)", here -' denotes the
vector transpose, XV 1= (X5, ... XN¥M)T and

a ... apn
A=

a ... ayn

This is an Ornstein-Uhlenbeck SDE with solution
1 t 1
XN = et(ﬁA*IN)H/ ENFAIN)ap, e lo,T].
0

%A—IN)

More precisely, the matrix exponential et is given by

1 1 t
et(WA_IN) =e! (I + — (ewlAl 1 A) ,
A ( )

where ||A]| :== >, a;. For mean-field SDE |(1.5)| note first that
4 t

ElY)] = E [y +/ aE[Ys] — Yids + Wt} =y+(a— 1)/ E[Y;]ds.
0 0

Hence, E[Y}Y] = ye'® Y and therefore, mean-field SDE reduces to an SDE of
the form

dY; = aye'"™V —Yidt +dW,, Yo=ycR, tecl0,T]. (1.7)
SDE is again an Ornstein-Uhlenbeck process with solution
t
Y = yetla) +/ et W,
0

Furthermore, assume that
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(i) &y =y foralli=1,...N,
) 24l = 35 0, — a,
(i) 3C > 0:|a| <C, VjeN.

Observe using It6’s isometry and independence of the Brownian motions {B’};cy
that under assumption

Nt e=(t=s) Al :

(t=s) _ ) ARJ
> e N —1)a;dB?
; /o | Al < !

Jj=1

2
2 : 2(t—s) <€(t—s)|f,| . 1) ds
HAHQ/

2
< ﬁ\;ﬂQ/ e~ 2=9) <e( —l5 1) ds — 0,
0

by dominated convergence and assumption . Hence, we get for every ¢ € N and
t € [0,7] that

XZ:N:ye 1 ||A|| +/ t Sde_f—Z/ |A|| (6 s)lj‘?]”—l> aJng

et / e g, = ;.
N—o0 0

where d denotes convergence in distribution. Consequently, the initially non-

chaotic particle system converges as its size increases to an chaotic system in

which all the particles are independent of each other and follow a mean-field SDE

. In particular, we observe propagation of chaos.

Nowadays mean-field SDEs, particle systems, and propagation of chaos gain an
increased amount of attention also in economic applications due to the pioneering
work of Lasry and Lions [38] on mean-field games. More precisely, a mean-field
game is an N-player stochastic differential game modeling the evolution of rational
agents with limited information interacting in a very large network. “Fach player
chooses his optimal strategy in view of the global (or macroscopic) informationf]
that [is] available to him and that result[s] from the actions of all players.” ([38],
p. 1) In order to examine this kind of problem they consider the so-called mean-field
game system consisting of two (stochastic) partial differential equations. “/These
models are derived] from a “continuum limit” (in other words letting the number
of agents go to infinity) which is somehow reminiscent of the classical mean field
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approaches in Statistical Mechanics and Physics[.]” ([38], p. 2) Carmona and
Delarue transferred the analysis of mean-field games based on partial differential
equations by Lasry and Lions to a probabilistic environment. For a more detailed
insight into the field of mean-field games especially in the probabilistic setup, we
refer here first and foremost to the extensive manuscripts [17] but also to [14], [15],
[16], [18], and the cited sources therein.

1.2 Existence and Uniqueness of Solutions

The main objective of this dissertation is the study of mean-field SDEs which in
the most general form are given by

¢
Xt:x—l—/b(s,Xs,]P’Xs)ds—i-Bt, tel0,T], zeH, (1.8)
0

where H is either R, RY, or most generally a separable Hilbert space and B =
(B¢)tepo,m cylindrical fractional Brownian motion defined as

Bt = Z )\kBterk. (19)

E>1

Here, {ex}r>1 is an orthogonal basis of H, A = {\g}x>1 € €2, and {Bf*};5; a
sequence of fractional Brownian motions with Hurst parameters { Hy }x>1 C (0, 1).
Fractional Brownian motion, or for short fBm, is a continuous real-valued centered
Gaussian process (B{!);>q starting in zero with covariance structure

E[BIBI]= o (P 457 — |t — ), 5,20,

where H € (0, 1) is called the Hurst parameter. In general, for fractional Brownian
motion one distinguishes between three cases regarding the Hurst parameter. The
class H € (0, %) is called singular and describes fractional Brownian motion with
negatively correlated increments. Opposed to that the class H € (%, 1) is called
regular and contains fractional Brownian motion with positively correlated incre-
ments. The class H = % is the class of classical Brownian motion, in particular
the increments of the process are independent. In this dissertation we consider in
Chapters [2[ to 4| the special case of classical Brownian motion, i.e. {H}i>1 = %,
whereas in Chapters [o] and [6] we allow for a general class of Hurst parameters
{Hk}kZI C (0, 1)

The first main objective is the study of existence and uniqueness of solutions
to mean-field SDE for irregular drift coefficients b. Prior to specifying the
notion of irregular coefficients, we consider the notions of existence and uniqueness
of a solution, which we recall in the following.
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Definition 1.2.1 (Weak Solution) A six-tuple (2, F,F, P, B, X) is called weak
solution of mean-field SDE , if X is a.SE| continuous, F-adapted, satisfies P-a.s.

equation |(1.8), and
T
/ E[X?] dt < co.
0

Definition 1.2.2 (Strong Solution) A strong solution of mean-field SDE
is a weak solution (2, F,F® P, B, X) where F® is the filtration generated by the
cylindrical fractional Brownian motion B and augmented with the P-null sets.

Definition 1.2.3 (Uniqueness in Law) A weak solution (2, F,F, P, B, X) of
mean-field SDE is said to be weakly unique or unique in law, if for any other
weak solution (€, F, F,P,B, Y) of with the same initial condition X, = Y,
it holds that

Py = Py.

Here, P, denotes the law of a random process Z with respect to the probability
measure P.

Definition 1.2.4 (Pathwise Uniqueness) A weak solution (Q, F,F, P, B, X) of
mean-field SDE is said to be pathwisely unique, if for any other weak solution
Y with respect to the same stochastic basis (2, F,F,[P,B) with the same initial
condition Xy = Yy, it holds that

P(Vt>0:X,=Y,) =1

In general we merely speak of X as a weak and a strong solution of mean-field
SDE , respectively, if there is no ambiguity concerning the stochastic basis
(Q, F,F,P,B). Due to its definition every strong solution is in particular a weak
solution. In contrast to this the relation between uniqueness in law and pathwise
uniqueness is not that direct. However, Yamada and Watanabe have shown in
their famous paper [55] that pathwise uniqueness implies uniqueness in law. One
of the main objectives in this dissertation is to show the existence of a pathwisely
unique strong solution of mean-field SDE with irregular drift coefficient b.

Subsequently, we introduce and motivate the class of irregular drift coefficients

considered in our analysis of mean-field SDE |(1.8)}

Zalmost surely
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Irregular drift coefficients & stochastic regularization

Consider first an ordinary differential equation, for short ODE, of the form
t
v =0+ [ Fls.y()ds, t=1t >0, (1.10)
to

where f : R, xR — R?. We say that ODE has a solution, if there exists an
absolutely continuous function y : R, — R? which satisfies equation . Well-
known results regarding the existence and uniqueness of a solution to ODE
are due to Peano and Picard-Lindelof as well as Carathéodory whose theorem is
stated subsequently.

Theorem 1.2.5 (Carathéodory) Let T x R C Ry x R such that (to, o) €
T x R and suppose f : T x R — R? is measurable int € T for all y € R and
continuous in y € R for allt € Z. If there exists C € L'(Z,R) such that

LFE Il <C@) A+ lyl),  (#y) €eTxR,

then ODE|(1.10)| has a solution.
If in addition f(t,-) € Lipcy(R,R?) for every t > 0, the solution is um’que

[47, Theorem I1.3.2 & Theorem I1.3.5]

Looking at Theorem [1.2.5 one may ask the question, if the class of functions
f can be extended, especially, if the regularity assumptions in the spatial variable
can be weakened, and by any chance, drift coefficients that are merely of linear
growth can be considered. The answer is at least partially yes but discontinuities
are merely allowed on a set of measure zero. For more details on this topic we refer
the reader to [29] and [33]. The addition of stochastic noise to ODE enables
the expansion to an even broader class of functions f. This technique is called
regularization by noise and finds apart from ODEs also use in the theory of partial
differential equations in connection with fluid dynamics. The term regularization
by noise describes the phenomenon that ill-posed differential equations become
well-posed due to the addition of some kind of noise. The notion of a well-posed
problem due to Hadamard, cf. [32], itself can be seen as a lack of uniqueness. In
this case, the regularizing effect of the added noise enables uniqueness of a solution
whereas the ODE or PDHY may have several solutions. But moreover, the notion
of an ill-posed problem can also be seen as the absence of a solution. Here, the

3Here, Lipo(R,R?) denotes the space of Lipschitz continuous functions from R to R¢ with
Lipschitz constant C' > 0.
4partial differential equation
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regularization effect can yield a solution at all. Lastly, a well-posed problem is
required to admit a solution which is continuous in the initial condition. For more
details on regularization by noise we refer the reader to [30].

Example 1.2.6 Consider the function b : R — R, b(z) := —sgn(z), and the
associated ordinary differential equation

t
X, =g+ [ B(X.)ds, t €[0T, w € R. (1.11)
0

Here, the function sgn is defined as sgn(z) = 1, if x > 0, and sgn(z) = —1, if
x < 0. For the initial value o = 0, ODE [(1.11)| has no solution. Contrarily, the
SDE

t
Yt:x0+/ b(Y,)ds + By, t € [0,T], zo € R,
0

where B = (By)icpo,r) is standard Brownian motion, has a unique solution for all
2o € R and all ¢ > 0.

For SDEs several results exist concerning the existence of solutions to equations
with irregular drift coefficients, in particular the pioneering works of Zvonkin [56]
and Veretennikov [50], [51], [52] should be mentioned here. Zvonkin shows that in
the case of a one-dimensional SDE

t
Xt:a:+/ b(s, Xs)ds + By, t €[0,T], x € R,
0

where B = (By)se(o,17 is standard Brownian motion, it suffices to assume b to be a
bounded measurable function in order to guarantee for the existence of a pathwisely
unique strong solution. In his proof he uses a transformation to remove the drift
which is nowadays denoted as Zvonkin transformation. Veretennikov later on
extended the findings of Zvonkin to the multidimensional case and further noted
that for drift coefficients which are of at most linear growth a pathwisely unique
strong solution exists up to the time of explosion. In particular, both authors use
the Yamada-Watanabe theorem to guarantee the existence of a strong solution.
Contrarily and more recently, Meyer-Brandis and Proske developed an ap-
proach to show the existence of a pathwisely unique strong solution without using
the result of Yamada and Watanabe, see [3], [4], [43], and [44]. This concept is
based on Malliavin calculus and uses an L?(Q2) compactness criterion rested on a
result by Da Prato, Malliavin, and Nualart [22]. Due to the virtue of the approach,
Malliavin differentiability of the solution is gained as a by-product alongside the
existence of a pathwisely unique strong solution. In the multidimensional case the
authors assume the drift function to be merely measurable and bounded whereas
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in the one-dimensional case they even consider the drift coefficient to be dismount-
able in a mere measurable and bounded plus some regular but of linear growth
part.

In the course of this dissertation the aim is to extend this kind of results,
especially the work done by Meyer-Brandis and Proske, to the class of mean-field
SDEs with irregular drift coefficients and consequently, expand the theory
on differential equations with irregular coefficients.

Literature on Existence and Uniqueness

Existence of a (unique) solution for various types of mean-field SDEs is discussed
by several authors, see for example [11], [12], [13], [20], [26], [34], and [40]. In
particular, we want to emphasize the works of Li and Min [39] as well as Mishura
and Veretennikov [45]. In the first part of their paper [39], Li and Min discuss the
existence of a weak solution and uniqueness in law. More precisely, they consider
the mean-field SDE

t t
Xt:XO—i—/ b(s,Xs,\.,IP’XS)der/ 0 (5, Xon)dBs, te0,T],  (L12)
0 0

i.e. they look at path dependent mean-field SDEs where the volatility is not
dependent on the law. They find that there exists a weak solution, if

(i) b is bounded and measurable,

(ii) o is measurable, bounded, Lipschitz continuous in the spatial variable, and
for every t € [0,7] and ¢ € C([0,T]; R?) [] the matrix o(t,¢) is invertible
such that the inverse matrix o=*(¢, ¢) is bounded in (¢, ), and

(iii) there exists a continuous increasing function p : R, — Ry with lim, o p(z) =
0, such that for all ¢ € [0, T, ¢ € C([0,T]; R?), and u,v € P;(R?),

16(t, in., 1) — b(t, un., v)|| < p(K(p,v)).

Under the additional assumption that there exists a continuous and increasing
function p : Ry — Ry, whith p(x) > 0, for all > 0, and [, % = 00, such that
for all t € [0, T, ¢ € C([0,T]; R?), and u, v € P;(RY),

Hb(t’ Ptn-, :u) - b(t7 Pta-, V)”Q S P (IC(,LL7 V>2> y

they prove that the weak solution is unique in law. Li and Min show the exis-
tence of a weak solution by using a Girsanov type measure change where they

5C(X;Y) denotes the space of continuous functions mapping from X to Y
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consider first equation with the law Py, replaced by a dummy variable
p € C([0,T]; Pi(RY)) and afterwards apply Schauder’s fixed point theorem, cf.
[48]. Uniqueness in law is proven by showing the equality of certain Girsanov type
measure changes and stochastic exponentials, respectively.

Mishura and Veretennikov consider in their paper [45] the analysis of the gen-
eral mean-field SDE|(1.1)| but also of the special case

t t
Xt:X0+// b(s,Xs,y)IP’Xs(dy)ds—i—// o (s, Xo,y) Py (dy)dBs, t> 0.
0 JR4 0 JRA
(1.13)

In order to show weak existence they use a variation of Krylov’s approach for
SDEs, in particular an approximation by smooth functions, cf. [36], [37], and [53].
They assume that the drift function b and the volatility ¢ are of at most linear
growth and o fulfills some nondegeneracy condition. Furthermore, in the general
case they additionally assume that b and ¢ are continuous in the law variable with
respect to the topology of weak convergence. For o being non-dependent on the
law as well as Lipschitz continuous in the spatial variable and b being Lipschitz
continuous in the law variable in the total variation norm, they show the existence
of a pathwisely unique strong solution. At this point it should be noted that the
work [45, Version 6] on the general mean-field SDE was uploaded on arXiv
after our preprint [§] on existence and uniqueness of strong solutions for mean-field
SDEs of type with irregular drift coefficients.

Our approach

In the course of this dissertation one main objective is to show the existence of
a pathwisely unqiue strong solution of mean-field SDE with irregular drift
coefficient b. In the following we shortly outline the general underlying principles
of our approach to existence and uniqueness of strong solutions, cf. Chapters [2]
and [0l Details on the assumptions on the drift coefficient b and more chapter
specific results can be found in Section [I.4]

In a first step existence of a weakly unique weak solution is established. More
precisely, the applied approach to show existence of a weak solution to mean-field
equation orientates itself mostly towards the idea of Li and Min in [39]. At
first an SDE of the form

t
Zt=w+ [ (s, 20 ) ds+ By, te (0,7, (1.14)

0
is considered, where p € C([0,T]; P1(#H)). The existence of a weak solution to

SDE [(1.14)| is shown by means of Girsanov’s theorem. Afterwards existence of
a fixed point of the mapping p — Pz is shown using Schauder’s fixed point
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theorem. Combined this yields the existence of a weak solution to mean-field SDE
. Moreover, using once more the ideas of [39] uniqueness in law is proven
by showing that certain Girsanov measure changes coincide. In particular, the
fact is used that due to the direct approach in the proof of existence of a weak
solution there exists a Girsanov measure change such that every weak solution can
be transformed to a Brownian motion and vice versa.

Having established the existence of a weak solution the existence of a pathwisely

unique strong solution can then be reduced to existence results for SDEs. Indeed,
consider the SDE

t
Y;zx+/ WPx(s,Y,)ds + B, t€0,T], (1.15)
0

where V% (t,y) := b(t,y,Px,) and X is a weak solution of mean-field SDE
At first it should be noted that X is as a weak solution of mean-field SDE also
a weak solution of SDE . Recall that a strong solution of mean-field SDE
and SDE is a weak solution of mean-field SDE and SDE [(1.15)
respectively, which is adapted to the filtration generated by the driving noise B.
Thus, if SDE possesses a pathwisely unique strong solution Y, the solution
X of mean-field equation coincides with Y and therefore, mean-field SDE
exhibits a strong solution. Under the assumption that X is unique in law,
i.e. the law process Px is unique, also the associated SDE is unique and thus
pathwise uniqueness of the solution Y of SDE yields pathwise uniqueness
of the solution X of mean-field SDE As mentioned in the section above
on Irregular coefficients, the literature on SDEs with irregular drift coefficients is
quite broad. In the course of this thesis we use the approach and the results by
Meyer-Brandis and Proske et al., cf. [3], [4], [43], and [44], in order to conclude
the existence of a pathwisely unique strong solution of the associated SDE |(1.15)
and thus, in particular of mean-field SDE The approach of Meyer-Brandis
and Proske yields the advantage to additionally conclude Malliavin differentiability
of the strong solution of mean-field SDE , cf. Section for more details.
However, in the case of a general separable Hilbert space no adequate results exist
on the existence of a pathwisely unique strong solution of SDE and in the
first instance have to be established, cf. Chapter [f] Here, the approach of Meyer-
Brandis and Proske using Malliavin calculus and an L?*(§2) compactness argument
is adapted and extended to infinite dimensions.

1.3 Regularity Properties

The second main objective of this thesis is to examine regularity properties of the
solutions, in particular we establish Malliavin differentiability as well as Sobolev
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differentiability in the initial data, and Holder continuity in time and space of the
solutions.

Malliavin Calculus

Malliavin calculus, also denoted as stochastic calculus of variations, is an infinite-
dimensional differential calculus on the Wiener space. It is applicable to examine
regularity properties of stochastic processes, or rather of functionals of Wiener
processes, and in particular of SDEs. Malliavin differentiability of solutions to
mean-field SDEs is a direct consequence of results on Malliavin calculus in the
field of SDEs. More specifically, assume that mean-field SDE has a strong
solution X. Since the probability law Px is deterministic, it does not have an
effect on the Malliavin derivative. Thus, consider the SDE

Y, — X0+/ WX (s,Y) ds+/ (s,Y,)dB,, te[0,T],  (1.16)

where V% (s,y) = b(s,y,Px,) and o"%(s,y) := o(s,y,Px,). Deducing that any
strong solution of equation is Malliavin differentiable, yields that X is as
a solution to SDE Malliavin differentiable. In this sense the stochastic
calculus of variation analysis of a mean-field SDE breaks down to the analysis of
an ordinary SDE.

Malliavin calculus of mean-field SDEs has been approached by [I] and [21].
In [I], Banos proves Malliavin differentiability of the unique strong solution of
mean-field SDE

t
Xp = Xo+ [ bls, X,,Ely ds+/ (s, X, E[(X.)]) B, t€[0,7T],
0
(1.17)
for b, o, ¢, and ¥ being sufficiently regular. On the other hand, Crisan and
McMurray consider in [21] the general mean-field SDE|(1.1)|for sufficiently smooth
b and o. Both make use of the aforementioned relation of the Malliavin calculus
on SDEs and mean-field SDEs.
In the course of the present dissertation we establish Malliavin differentiability
of the mean-field SDE for the domains R, R?, and an infinite dimensional sep-

arable Hilbert space H by making the same assumptions as used for the derivation
of a unique strong solution.

Regularity in the initial data

In Chapters [2| to 4] we consider the solution of mean-field SDE as a function
in its initial data, i.e. we look at the function

r— X7, tel0,T],
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where (X)o7 is a solution of mean-field SDE with initial value z € RY. We
are interested in the analysis of the derivative (0, X7 )te[o,T}ﬁ which is also denoted
as the first variation process of X*. One useful application of the first variation
process is found in the Bismut-Elworthy-Li formula. Here, the point of interest
is the expectation functional E[®(X%)] for some functional ® : RY — R which is
analyzed in the differentiability with respect to the initial value x. The aim of the
Bismut-Elworthy-Li formula is to find a function 6 = (6;):cjo,r) such that

O,E[®(X2)] = E [@(X%) /0 ' QtdBt] . (1.18)

The stochastic integral fOT 0,d By is called the Malliavin weight. In the derivation of
the weight 6 the Malliavin differentiability of the strong solution X is crucial, which
is a consequence of our approach to establish the existence of a strong solution to
mean-field SDE .

The formula itself finds application inter alia in the field of Mathematical
Finance. There, the process X usually is the solution of an SDE describing the
dynamics of an asset X* and the expectation functional E [®(X7F)] depicts the
risk-neutral price of a derivative ® on the underlying asset X* with maturity
T > 0. The derivative 0,E [®(XF)] is better known as the Delta of the derivative
®(X7r) and is used in the course of the famous Delta hedging of the derivative. The
term hedging here denotes an investment position which is intended to compensate
potential losses and gains that may occur due to an investment associated with
the derivative ®(Xr).

The analysis of the first variation process 9, X” is considered for example in the
works [I], [I3], and [2I]. In the manuscript [I] the author shows differentiability
of the solution to mean-field SDE where b, o, ¢ and ¥ are assumed to be
sufficiently regular. Further, a Bismut-Elworthy-Li formula is shown for ®
merely fulfilling some integrability condition. The papers [13] and [21I] consider
a different approach using a flow property and the notion of Lions derivative.
The Lions derivative is a derivative with respect to a measure and thus, gives
the opportunity to generalize the analysis of the first variation process. For a
definition and further details on Lions derivatives we refer the reader to [14] and
[38]. Both papers [13] and [21] give results on the differentiability of the solution
to a mean-field SDE and a Bismut-Elworthy-Li type formula for quite regular
coefficients b and o.

In our works we consider the unique strong solution X* of mean-field SDE
and analyze it as a function in x. Using an approach employing an approximation
by smooth functions, we show that X* is weakly (Sobolev) differentiable in the
initial condition. In particular, we do not make use of the Lions derivative and

6Here, 0, denotes the derivative with respect to the variable € R%.
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instead consider the functional z + b(t,y,Pxz) as a function from R? to R
Showing that this function is Lipschitz continuous in x implies almost everywhere
and weak differentiability of the process X*. We find a direct relation between the
first variation process 0, X" and the Malliavin derivative DX, namely

t
0.X7 = DXF0.XT + [ DuX7oub (u,y, P ) ly=xzdu. (1.19)

Using the latter we derive a Bismut-Elworthy-Li formula and in particular, prove
weak (Sobolev) differentiability of the expectation functional E[®(X7)] for some ®
merely satisfying some integrability condition. The Bismut-Elworthy-Li formula
established is given by

S

T
axm(X%n:E[@(X%) / (a<s>axxz+axb(s,y,1@xg>ryzxg / a(u)du) dws],

(1.20)

where a : R — R is any bounded, measurable function such that [j a(s)ds = 1.

Throughout the analysis of the mapping = +— X*, we assume that the drift
coefficient b satisfies the assumptions made for the existence of a strong solution
and additionally that it is Lipschitz continuous in the law variable. In particular,
we allow for irregular drift coefficients. For more details on the assumptions on
the drift function b, we refer the reader to Section [I.4]

Example 1.3.1 From Example [1.1.1| we have that the solution of mean-field
SDE explicitly given by

t
Y;y — ye(afl)t +/ 687tdW3,
0
has the first variation process
0,Y = ele M,
From relation |(1.19)| we get equivalently that with s =0
t
0, =e! —i—/o e~ (=g, (aye“(a_l) — z) |—yrdu
t
— e—t +/ aeua—tdu _ e(a—l)t'
0

Considering the functional ®(x) := = we get via direct calculations that

OE[® (V)] = ele DT (1.21)
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Using the Bismut-Elworthy-Li formula |(1.20) we get using the weight function
a(s) = £ that

T

1 T
— T/O esz (e(afl)s + ase(afl)s) ds = e(afl)T’

which is exactly the same as in |(1.21)]

T
OE[® (VY] =E lyff / Te““”s + ae(“_l)SSdWS]
0

Holder continuity

As a further result of the analysis in the initial condition and due to Kolmogorov’s
continuity theorem, Hélder continuity in time and initial condition of the solution
can be established. More precisely, for the unique strong solution (X7)cjo,r) of
mean-field SDE it can be shown that

E[I1X7 = X2 < C (It = sl + 1z — yl2).

where || - || denotes the euclidean norm on R? d > 1, C' > 0 is some constant
independent of s, € [0,T] and z,y € R% This in turn yields that the random
field (t,z) — X7 has a version with Holder continuous trajectories of order o < %
int € [0,7] and < 1 in z € R% Here, the central point in the proof is
the approximational approach used in the calculus of variations which yields the
boundedness of the first variation process 9, X* in the L?(€2) norm.

1.4 Structure of the thesis

Closing the introduction we give a brief outline of the papers constituting the
further chapters of the dissertation. In the course of this overview we present the
central research issues of the several chapters and provide a glimpse to the main
theorems of each paper.

Chapter : Strong Solutions of Mean-Field Stochastic Differential Equa-
tions with irregular drift

The manuscript Strong Solutions of Mean-Field Stochastic Differential Equations
with irregular drift published in the Electronic Journal of Probability [9] treats the
analysis of the one-dimensional mean-field SDE

¢
Xf:x—i—/ b(s,Xf,]ng) ds+ By, t € [0,T], z € R, (1.22)
0
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where B = (Bt)te[o,T} is standard Brownian motion. In a first step it is shown that
for a drift coefficient b that is of at most linear growth, i.e. there exists a constant
C > 0 such that

bty )| < C(1+ ]yl +K(w,0)), yeR, te[0,T], pePy(R), (1.23)

and continuous in the law variable, i.e. for all p € P;(R) and all € > 0 exists a
0 > 0 such that

(Vv € Pi(R) : K(p,v) < 0) = |b(t,y, 1) — b(t,y,v)| <e, (1.24)

for all t € [0, 7] and y € R, there exists a weak solution of mean-field SDE |(1.22)|
Further, under the additional assumption that b admits a modulus of continuity
in the law variable, i.e. there exists a continuous function 0 : R, — R, , with
O(y) > 0 for all y € R, [ % = oo for all z € R, and for all t € [0,T)], y € R,

and p,v € Pi(R),

|b(t7 ?JJ/J) - b(tvya V)|2 < 0 (IC(,U7 V)2> ) (125)

it is proven that the weak solution is unique in law. Applying the results of [4]
on SDEs, more precisely under the assumption that the drift function b admits a
modulus of continuity in the law variable and allows for a decomposition

b(t,y, 1) == b(t, y, ) + blt, y, ), (1.26)

where b is merely measurable and bounded and b is of at most linear growth and
Lipschitz continuous in the spatial variable, we show that mean-field SDE
has a Malliavin differentiable pathwisely unique strong solution. Note here that
existence of a strong solution can be established merely under the assumption
that b is measurable, of at most linear growth , and continuous in the law
variable , but in order to guarantee for Malliavin differentiability we require
that b allows for a decomposition In addition, we are able to establish an
explicit representation of the Malliavin derivative using integration with respect
to local time. Namely, the Malliavin derivative of the unique strong solution X*

of mean-field SDE is given by
¢
DSth:eXp{_/ /b<u>y7]P)X$> LX(du7dy)}7 0<s<t<T,
s JR

where LX is the local time of the stochastic process X*. For more details on
integration with respect to local time we refer the reader to [4] and [28].
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Moreover, assuming that in addition b is Lipschitz continuous in the law vari-
able, it is shown that the function x — X* is weakly (Sobolev) differentiable and
the first variation process (axth)te[O,T} has the explicit representation

¢
0. X/ —exp{—/ /b(u,y,ng) LY (du, dy)}
0o Jr
¢ t o
—i—/o exp{—/S /1Rb<u’y’PX5)L (du,dy)}@xb (s,y,IP’Xg) ly=xzds.

Furthermore, under the same assumptions as for the proof of Sobolev differentia-
bility, Holder continuity in time and the initial condition is established. Lastly,
the Bismut-Elworthy-Li formula for the derivative 0,E[®(X7)] is derived,
where ® merely fulfills some integrability condition.

Chapter : Existence and Regularity of Solutions to Multi-Dimensional
Mean-Field Stochastic Differential Equations with Irregular Drift

In the paper FEuxistence and Regularity of Solutions to Multi-Dimensional Mean-
Field Stochastic Differential Equations with Irreqular Drift [5] mean-field SDE
is examined in the d-dimensional case. The existence of a strong solution is
shown for drift coefficients b of at most linear growth that are continuous in
the law variable using a result of Veretennikov for SDEs [50]. Further, it is
derived that if the drift function b is additionally bounded and admits a modulus of
continuity in the law variable [(1.25)] then the strong solution is Malliavin differen-
tiable and pathwisely unique. Similar to the one-dimensional case weak (Sobolev)
differentiability and Holder continuity of the strong solution X7 are gained by the
assumption that b is additionaly Lipschitz continuous in the law variable. Conclud-
ing analogously to [9], a Bismut-Elworthy-Li formula for 0,E[®(X7)] is deduced,
where ® merely fulfills some integrability condition.

Chapter : Strong Solutions of Mean-Field SDEs with irregular expec-
tation functional in the drift

The special case of a mean-field SDE
t
X, =X, +/ b <S,XS,/ go(s,Xs,z)IP)XS(dz)> ds+ B, tel0,7T], (1.27)
0 R

where ¢ : [0, T] xRYxR? — R?, is the main objective in the paper Strong Solutions
of Mean-Field SDEs with irreqular expectation functional in the drift [7]. This kind
of mean-field SDE combines two frequently used versions of the general mean-field
SDE|[(1.1)] Namely, equation [(1.13)]and [(1.17)] with o = I, respectively. In a first
step, mean-field SDE is linked to mean-field SDE and first results
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regarding the existence of solutions and regularity properties are obtained from [5].
However, interesting cases as for example ¢(s,y,2) = L{.<y, for some arbitrary
u € R? are not covered by the results obtained from [5] and thus, have to be
shown. For the functional ¢ being merely measurable and of at most linear growth
, the existence of a strong solution is proven under the assumption that the
drift function b is measurable, of at most linear growth , and continuous
in the law variable |(1.24). Whereas uniqueness is gained under the additional
assumption that the drift b is Lipschitz continuous in the law variable. Opposed
to the general approach illustrated in Section[1.2]in order to show the existence of a
solution, here an approximational ansatz is considered. More precisely, a sequence
{Y"}en of solutions to mean-field SDE with sufficiently regular coefficients
is introduced and it is shown that there exists a probability space (2, F,P) with
a sequence {X*},cy on this space which is equivalent to {Y"},cn and converges
in L?(2) to some stochastic process X. Further, it is proven that this sequence
{X*}en converges also weakly in L?(Q) to a solution of mean-field SDE
and thus by uniqueness of the limit, the process X is a solution of mean-field SDE
. Using again the connection of mean-field SDEs to general SDEs yields
subsequently the existence of a Malliavin differentiable pathwisely unique strong
solution under the assumption that the drift coefficient b is bounded and Lipschitz
continuous in the law variable and ¢ is merely measurable and of at most linear
growth.

Additionally the results on existence of a (unique) strong solution are extended
to mean-field SDEs of type

t t
Xp=a+t | b(Xf,/dgo(Xf,z)ng(dz)) ds+ [ o(X2)dB,, t€[0,T), z € RY
0 R 0

by means of 1t6’s formula. Concluding the section on the existence of solutions, a
connection to ODEs is pointed out through the mean-field SDE

t
Xp=a+ [ b(sBXI])ds + B, t€[0,T), w € R,
0

which provides a probabilistic access to Carathéodory’s existence theorem for
ODEs, cf. Theorem [1.2.5] More precisely, it is obtained that E[X}]| solves the
ODE

t
u(t) = u(0) +/ b(s,u(s))ds, t € 0,T], u(0) =z € R"
0
Again, the strong solution is examined as a function in the initial value. In a

first step it is shown that for sufficiently regular coefficients, i.e. for continuously
differentiable functions b and ¢, the map = — X}’ is continuously differentiable,
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or in other words strongly differentiable. This in turn enables to use an approxi-
mational approach in order to show in the one-dimensional case, d = 1, that the
expectation functional z — E[®(XF)] is continuously differentiable for & merely
satisfying some integrability condition. Here, we merely assume that

(bo@) (ty ) i=b (5.0 [ p(s.9.2)n(d2))

admits a decomposition
(o) (ty.p) =ty [ Bty 2)n(d)) +5 (o, [ Bty ().

where the drift b is merely measurable and bounded and the functional ¢ is merely
measurable and of linear growth whereas b and ¢ are of linear growth and Lipschitz
continuous in the spatial variable, and b as well as ¢ are continuously differentiable
in the law variable, respectively.

Chapter : Restoration of Well-Posedness of Infinite-dimensional Sin-
gular ODE’s via Noise

The main objective in Restoration of Well-Posedness of Infinite-dimensional Sin-
gular ODE’s via Noise [2] is the analysis of the infinite-dimensional SDE

t
X, :x—l—/ b(s, X,)ds + By, t € [0,T], = € H, (1.28)
0

where b : [0, 7] x H — H and H is an infinite-dimensional separable Hilbert space.
Here, the driving noise (Bt)te[ojT] is a cylindrical fractional Brownian motion as
defined in . More precisely, the sequence of fractional Brownian motions
{BHx}, oy is affiliated to the sequence of Hurst parameters {Hy}p>1 C (0,1/12)
with

1
Z H, < -.
k>1 6
Furthermore, the technical assumption \/% = {\/’\—ﬁ—k}@l € (! is made such that

the stochastic process B has almost surely continuous sample paths on [0, 7.

The aim is to generalize the results by Zvonkin [56] and Veretennikov [50] to
the infinite-dimensional setting. We use a similar approach as in the papers [4]
and [43] in the application of an L?(2) compactness argument based on Malliavin
calculus. In detail, a double sequence of SDEs

t
X3 — g +/ bhe (s, X)ds + By, t € [0,T], z € H, (1.29)
0
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is defined, where b%¢ : [0,T] x H — m4(H) is a smooth approximation of the
truncated drift function m;b. Here, the map 7, is the projection on the subspace
spanned by the first d > 1 basis vectors {ey}1<x<q of H. In particular, the natural
isometry between my(H) and R? is used in order to use mollification to approximate
the function m4b by a sequence of smooth functions {b%¢}.~. In the first part of
the paper it is shown that SDE has a Malliavin differentiable unique strong
solution for sufficiently regular drift functions b%¢ for every d > 1 and £ > 0. More
precisely, it is assumed that b%¢ is a measurable function such that there exist
sequences C' € /1, D € (', and L € ¢? with

sup sup |b(t,y)| < CpAg,
y€EH te[0,T]

by (t, \/é\/Ele)

bi(t,-) € Lip, (H;R), (1.30)

sup sup

dz < DA, and
d>1 JR? 4¢0,T]

for every k > 1 and t € [0,7]. Here, by, k& > 1, is the projection of the drift
function b on the subspace spanned by the k-th basis vector of H, 7: H — R* is
a change of basis operator, and for y € H the operator /QvVK : H — H is defined
by

\/é\/zy =3 e/ Ru, (Vs ex)ner,

k>1

where {8, }x>1 is the local non-determinism constant of {Bf*};~1, i.e. for every
tel0,T]and 0 <7 <t

Var (B,f{ k

Dt —s| > 7") > ﬁHkTQH’“

Subsequently, using the L?(Q2) compactness criterion, one has to show that for
0<am<6m<%and7m>0f0rallm21,d21,and5>0

d,e
t

<,
L2(QH) —

S P G <C,

m>1 L2(Q;L2([0,T];H))

and

‘DmX — Dmxe o
Z (1 — 92 ,Bm—am / / _ u‘1+25m dsdu < C.
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Here, D™ denotes the Malliavin derivative in the direction of the m-th dimension.
In the main theorem it is shown that for the existence of a Malliavin differentiable
unique strong solution of SDE the assumption of Lipschitz continuity in
the spatial variable can be dropped and thus, irregular drift functions are
permitted. The paper is closed by an example, in particular showing that the class
of possible drift coefficients is not empty.

Chapter @: McKean-Vlasov equations on infinite-dimensional Hilbert
spaces with irregular drift and additive fractional noise

The infinite dimensional case of mean-field SDE is considered in the paper
McKean-Vlasov equations on infinite-dimensional Hilbert spaces with irreqular drift
and additive fractional noise [6]. Here, SDE is extended to the mean-field
SDE

t
X, :aH—/ b(s, X, Px.)ds + By, t € [0,T], z € H, (1.31)
0

where b: [0,T] x H x P1(H) — H, H is an infinite-dimensional separable Hilbert
space, and B is defined as in Since results on the existence of strong solutions
to the related SDE have already been derived in the paper Restoration of
Well-Posedness of Infinite-dimensional Singular ODE’s via Noise [2], here the
focus mainly lies on the existence and uniqueness of weak solutions to mean-field
SDE In addition, a more general class of Hurst parameters permitted
for the cylindrical fractional Brownian motion B is considered. More precisely, a
partition {/_, Iy, I, } of N is defined such that for the sequence of Hurst parameters
H .= {Hk}kzl C (0, 1) it holds that

(i) kel : Hoe(0,3),
(ii) k€ Iy: Hy =3, and
(iii) k€I, Hye (4,1).
Furthermore, we assume in the definition of the cylindrical Brownian motion

that A € /' and Y/ \/A—fl—k < oo.

Similar to [9], the usual approach applying Girsanov’s theorem and Schauder’s
fixed point theorem is applied to show that mean-field SDE [(1.31) has a weak
solution. Here, it is assumed that [|bg||e < Ck)\k I for all & > 1 Where <

-0
bes1 € 1 and that

(7w

1
2
(Z At ZHk) < plt — 5|7,

k>1

"Here, || - ||oo denotes the sup norm with respect to all respective variables.
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where p > 0 and 0 < K < 1 are constants. Moreover, in the case k € I it is
assumed that

|bk(t7xnu) - bk(87y7y)| < Ok>\k (|t - S|’WC + ||ZE - yH’}a{k + ’C(:ua V)/Bk> )
where v, > Hj — %, 2 > kay > 2H, — 1, and kB, > Hy — %, and in the case
k € I_U I that for every p € C([0,T];P1(H)) and every € > 0 there exists 6 > 0
such that for all £ > 1 and v € C([0,T7; P1(H))

sup K(p,ve) <6 = sup bt y, pue) — b(t, y, 1) | < eCrg.
te(0,7) te[0,T], yeH

Uniqueness in law is established under the additional assumptions that the drift
coefficient is Lipschitz continuous in the law variable and supy¢;, Hy < 1. Closing
the paper the connection to [2] and SDEs in general is revisited and the existence
of pathwisely unique strong solutions is discussed.
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Chapter 2
Strong Solutions of Mean-Field Stochas-
tic Differential Equations with ir-
regular drift

Contribution of the thesis’ author

The paper Strong Solutions of Mean-Field Stochastic Differential Equations with
irreqular drift published in Electronic Journal of Probability 23(2018), no. 132, is
a joint work with Prof. Dr. Thilo Meyer-Brandis and Prof. Dr. Frank Proske.
Opposed to the published version three typos have been corrected. Namely, the
period in page 48 line -4 after [0,7] has been changed to a comma, instead of
p we write Px in page 61 line 5, and in display (2.21) @(X,E) became @(Y,E)'
Furthermore, the definition of a weak solution (Definition 2.1) has been modified.
More precisely, the integrability assumption (2.14) has been added.

M. Bauer was significantly involved in the development of all parts of the paper.
In particular, M. Bauer made major contributions to the editorial work and the
proofs of Theorem 2.3, Theorem 2.7, Theorem 2.12, Theorem 3.3, Theorem 3.12,
and Theorem 4.2 as well as the augmenting remarks Remark 2.9 and Remark 2.11.
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STRONG SOLUTIONS OF MEAN-FIELD STOCHASTIC
DIFFERENTIAL EQUATIONS WITH IRREGULAR DRIFT

MARTIN BAUER, THILO MEYER-BRANDIS, AND FRANK PROSKE

Abstract. We investigate existence and uniqueness of strong solutions of mean-
field stochastic differential equations with irregular drift coefficients. Our direct con-
struction of strong solutions is mainly based on a compactness criterion employing
Malliavin Calculus together with some local time calculus. Furthermore, we estab-
lish regularity properties of the solutions such as Malliavin differentiablility as well
as Sobolev differentiability and Holder continuity in the initial condition. Using this
properties we formulate an extension of the Bismut-Elworthy-Li formula to mean-field
stochastic differential equations to get a probabilistic representation of the first order
derivative of an expectation functional with respect to the initial condition.

Keywords. mean-field stochastic differential equation - McKean-Vlasov equation
- strong solutions - irregular coefficients - Malliavin calculus - local-time integral -
Sobolev differentiability in the initial condition - Bismut-Elworthy-Li formula.

1. INTRODUCTION

Throughout this paper, let T' > 0 be a given time horizon. Mean-field stochas-
tic differential equations (hereafter mean-field SDE), also referred to as McKean-
Vlasov equations, given by

dX7 =b(t, X7, Pxs)dt + o(t, X}, Pxz)dB,, X§=z€R? te€0,T], (2.1)

are an extension of stochastic differential equations where the coefficients are al-
lowed to depend on the law of the solution in addition to the dependence on the
solution itself. Here b : R, x R? x P;(R?) — R? and o : R, x R x Py (R?) — R>*"
are some given drift and volatility coefficients, (B;):c[o,7] is an n-dimensional Brow-
nian motion,

P1(RY) = {u ‘,u probability measure on (R%, B(R?)) with /d |z|dp(z) < oo}
R

is the space of probability measures over (R B(R?)) with existing first moment,
and Py- is the law of X with respect to the underlying probability measure
P. Based on the works of Vlasov [39], Kac [25] and McKean [33], mean-field
SDEs arised from Boltzmann’s equation in physics, which is used to model weak
interaction between particles in a multi-particle system. Since then the study of
mean-field SDEs has evolved as an active research field with numerous applications.
Various extensions of the class of mean-field SDEs as for example replacing the

driving noise by a Lévy process or considering backward equations have been
31
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examined e.g. in [24], [4], [5], and [6]. With their work on mean-field games in
[29], Lasry and Lions have set a cornerstone in the application of mean-field SDEs
in Economics and Finance, see also [7] for a readily accessible summary of Lions’
lectures at College de France. As opposed to the analytic approach taken in [29],
Carmona and Delarue developed a probabilistic approach to mean-field games, see
e.g. [8], [9], [10], [11] and [14]. More recently, the mean-field approach also found
application in systemic risk modeling, especially in models for inter-bank lending
and borrowing, see e.g. [12], [13], [19], [20], [21], [28], and the cited sources therein.

In this paper we study existence, uniqueness and regularity properties of (strong)
solutions of one-dimensional mean-field SDEs of the type

dX? = b(t, X7, Px:)dt +dB;, X§=xz€R, tel0,T). (2.2)

If the drift coefficient b is of at most linear growth and Lipschitz continuous,
existence and uniquenss of (strong) solutions of (2.2) are well understood. Under
further smoothness assumptions on b, differentiability in the initial condition z and
the relation to non-linear PDE’s is studied in [6]. We here consider the situation
when the drift b is allowed to be irregular. More precisely, in addition to some linear
growth condition we basically only require measurability in the second variable and
some continuity in the third variable.

The first main contribution of this paper is to establish existence and uniqueness
of strong solutions of mean-field SDE (2.2) under such irregularity assumptions on
b. To this end, we firstly consider existence and uniqueness of weak solutions
of mean-field SDE (2.2). In [16], Chiang proves the existence of weak solutions
for time-homogeneous mean-field SDEs with drift coefficients that are of linear
growth and allow for certain discontinuities. Using the methodology of martingale
problems, Jourdain proves in [23] the existence of a unique weak solution under the
assumptions of a bounded drift which is Lipschitz continuous in the law variable.
In the time-inhomogeneous case, Mishura and Veretennikov ensure in [37] the
existence of weak solutions by requiring in addition to linear growth that the drift
is of the form

bty ) = [ Blty.2)d2), (2.3)

for some b : [0,7] x R x R — R. In [31], Li and Min show the existence of
weak solutions of mean-field SDEs with path-dependent coefficients, supposing
that the drift is bounded and continuous in the third variable. We here relax
the boundedness requirement in [31] (for the non-path-dependent case) and show
existence of a weak solution of (2.2) by merely requiring that b is continuous in
the third variable, i.e. for all 4 € P;(R) and all € > 0 exists a § > 0 such that

(Vv e Pi(R) : K(u,v) < 0) = |b(t,y,u) —b(t,y,v)| <e, te€l0,T], yeER,
(2.4)
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and of at most linear growth, i.e. there exists a constant C' > 0 such that for all
t€1]0,7], y € R and u € P1(R),

b(t, y, )| < C(1 + |yl + K, 60))- (2.5)

Here g is the Dirac-measure in 0 and K the Kantorovich metric:

KO\ v):= sup /Rh(x)(/\—y)(dx) . AvePi(R),

heLip, (R)

where Lip,(R) is the space of Lipschitz continuous functions with Lipschitz con-
stant 1 (for an explicit definition see the notations below). Further we show that
if b admits a modulus of continuity in the third variable (see Definition 2.6) in
addition to (2.4) and (2.5), then there is weak uniqueness (or uniqueness in law)
of solutions of (2.2).

In order to establish the existence of strong solutions of (2.2), we then show
that any weak solution actually is a strong solution. Indeed, given a weak solution
X7 (and in particular its law) of mean-field SDE (2.2), one can re-interprete X as
the solution of a common SDE

dX? = b (t, XP)dt +dB,, Xj=x€R, te[0,T], (2.6)

where bPX (t,y) := b(t,y, P xz). This re-interpretation allows to apply the ideas and
techniques developed in [2],[34] and [36] on strong solutions of SDEs with irregular
coefficients to equation (2.6). In order to deploy these results and to prove that
the weak solution X* is indeed a strong solution, we still assume condition (2.4),
i.e. the drift coefficient b is supposed to be continuous in the third variable, but
require the following particular form proposed in [2] of the linear growth condition

(2.5):
bt,y, ) = b(t,y, u) + b(t, y, p), (2.7

)
where b is merely measurable and bounded and b is of at most linear growth (2.5)
and Lipschitz continuous in the second variable, i.e. there exists a constant C' > 0
such that for all ¢t € [0,T], y1,y2 € R and u € P;(R),

b(t, y1, 1) — b(t, ya, 1) < Clys — - (2.8)

We remark that while a typical approach to show existence of strong solutions is to
establish existence of weak solutions together with pathwise uniqueness (Yamada-
Watanabe Theorem), in [2],[34] and [36] the existence of strong solutions is shown
by a direct constructive approach based on some compactness criterion employing
Malliavin calcuclus. Further, pathwise (or strong) uniqueness is then a consequence
of weak uniqueness. We also remark that in [37] the existence of strong solutions
of mean-field SDEs is shown in the case that the drift is of the special form (2.3)
where b fulfills certain linear growth and Lipschitz conditions.

The second contribution of this paper is the study of certain regularity proper-
ties of strong solutions of mean-field equation (2.2). Firstly, from the constructive
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approach to strong solutions based on [2], [34] and [36] we directly gain Malliavin
differentiability of strong solutions of SDE (2.6), i.e. Malliavin differentiability of
strong solutions of mean-field SDE (2.2). Similar to [2] we provide a probabilis-
tic representation of the Malliavin derivative using the local time-space integral
introduced in [18].

Secondly, we investigate the regularity of the dependence of a solution X* on its
initial condition z. For the special case where the mean-field dependence is given
via an expectation functional of the form

AXF = b(t, X2, Elp(XP))dt +dB,, Xi=z€eR, te[0,T], (2.9)

for some b : [0,T] x R x R — R, continuous differentiability of X with respect
to z can be deduced from [6] under the assumption that b and ¢ : R — R are
continuously differentiable with bounded Lipschitz derivatives. We here establish
weak (Sobolev) differentiability of X* with respect to x for the general drift b given
in (2.2) by assuming in addition to (2.7) that pu +— b(¢,y, ) is Lipschitz continuous
uniformly in ¢ € [0, 7] and y € R, i.e. there exists a constant C' > 0 such that for
all t € [0, 7],y € R and p,v € P1(R)

|b<t’yuu’) - b(t7y7 V)| < OIC(M)”) (21())

Further, also for the Sobolev derivative we provide a probabilistic representation
in terms of local-time space integration.

The third main contribution of this paper is a Bismut-Elworthy-Li formula for
first order derivatives of expectation functionals E[®(XF)], ® : R — R, of a strong
solution X* of mean-field SDE (2.2). Assuming the drift b is in the form (2.7)
and fulfills the Lipschitz condition (2.10), we first show Sobolev differentiability
of these expectation functionals whenever ® is continuously differentiable with
bounded Lipschitz derivative. We then continue to develop a Bismut-Elworthy-
Li type formula, that is we give a probabilistic representation for the first-order
derivative of the form

T
9 glo(xa)] = E [@(X;’z) / thBt], (2.11)
Ox 0
where (0;)¢co,r) is a certain stochastic process measurable with respect to o(X :
s € [0,7]). We remark that in [1], the author provides a Bismut-Elworthy-Li for-
mula for multi-dimensional mean-field SDEs with multiplicative noise but smooth
drift and volatility coefficients. For one-dimensional mean-field SDEs with addi-
tive noise (i.e. 0 = 1), we thus extend the result in [1] to irregular drift coefficients.
Moreover, we are able to further develop the formula such that the so-called Malli-
avin weight fOT 0,dB; is given in terms of an Itd integral and not in terms of an
anticipative Skorohod integral as in [1].
Finally, we remark that in [3] we study (strong) solutions of mean-field SDEs
and a corresponding Bismut-Elworthy-Li formula where the dependence of the
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drift b on the solution law Py in (2.2) is of the special form
dx =5 (t,Xf,/ ot X7, z)]P’th(dz)) dt +dB, Xi—zcR,  (212)
R

for some b, : [0,7] x R x R — R. For this special class of mean-field SDEs,
which includes the two popular drift families given in (2.3) and (2.9), we allow
for irregularity of b and ¢ that is not covered by our assumptions on b in this
paper. For example, for the indicator function ¢(¢, z, 2) = I,<, we are able to deal

in [3] with the important case where the drift b (t, X! F th(u)) depends on the

distribution function Fy:(-) of the solution.

The remaining paper is organized as follows. In the second section we deal
with existence and uniqueness of solutions of the mean-field SDE (2.2). The third
section investigates the aforementioned regularity properties of strong solutions.
Finally, a proof of weak differentiability of expectation functionals E[®(XF)] is
given in the fourth section together with a Bismut-Elworthy-Li formula.

Notation: Subsequently we list some of the most frequently used notations. For
this, let (X, dx) and (¥, dy) be two metric spaces.

e C(X;)) denotes the space of continuous functions f : X — Y.

e C°(U), U C R, denotes the space of smooth functions f : U — R with
compact support.

e For every C' > 0 we define the space Lip.(X,)) of functions f : X — Y
such that

dy(f(.fl),f(l'g)) S Cd/\/(l'l,l'g), \V/l'l,l'g € X,

as the space of Lipschitz functions with Lipschitz constant C' > 0. Further-
more, we define Lip(&X, ) := Ups Lipe (X, Y) and denote by Lips(X) :=
Lipo (X, X) and Lip(&X) := Lip(X, X), respectively, the space of Lipschitz
functions mapping from X to X.

3 C;é(]R) denotes the space of continuously differentiable functions f : R —

R such that its derivative f’ satisfies for C' > 0
(a) sup,cg |f'(y)| < C, and

(b) (y = f'(y) € Lipc(R).

We define C;’I(R) = Ueso Cl}”é(R).

e C/M(R x Py(R)) is the space of functions f : R x P;(R) — R such that
there exists a constant C' > 0 with

() (y = (1)) € CL(R) for all o € Py(R), and
(b) (= f(y, 1)) € Lipo(P1(R), R) for all y € R.

o Let (Q, F,F,P) be a generic complete filtered probability space with filtra-
tion F = (F)cpo,r) and B = (By)ieo,r] be a Brownian motion defined on
this probability space. Furthermore, we write E[-] := Ep[-], if not mentioned
differently.
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e [P(S,X) denotes the Banach space of functions on the measurable space
(S,G) mapping to the normed space (X, || - ||x) integrable to some power
p,p =L

e LP(Q), F;) denotes the space of F—measurable functions in LP(€).

e Let f: R — R be a (weakly) differentiable function. Then we denote by
Oy fly) == g—g(y) its first (weak) derivative evaluated at y € R.

e We denote the Doléans-Dade exponential for a progressively measurable
process Y with respect to the corresponding Brownian integral if well-
defined for t € [0, 7] by

t t 1 st
£ (/ YudBu> = exp {/ Y,dB, — 7/ \Yu|2du}.
0 0 2 Jo

e We define BY :=x + By, t € [0, T}, for any Brownian motion B.

e For any normed space X we denote its corresponding norm by || - || x; the
Euclidean norm is denoted by |- |.

o We write E1(0) < Ey(f) for two mathematical expressions E;(6), Es(6)
depending on some parameter 6, if there exists a constant C' > 0 not
depending on 0 such that E;(0) < CEy(6).

e We denote by L* the local time of the stochastic process X and furthermore
by [ Ja b(u,y)LX (du,dy) for suitable b the local-time space integral as
introduced in [18] and extended in [2].

e We denote the Wiener transform of some Z € L?(Q, Fr) in f € L*([0,T])
by

W(Z)(f) —E [Zs ( | Tf(s)st>

2. EXISTENCE AND UNIQUENESS OF SOLUTIONS

The main objective of this section is to investigate existence and uniqueness of
strong solutions of the one-dimensional mean-field SDE

dXP =b(t, X7, Px;)dt +dB,, Xg=z€R, te[0,T], (2.13)

with irregular drift coefficient b : Ry x R x P;(R) — R. We first consider existence
and uniqueness of weak solutions of (2.13) in Section 2.1, which consecutively
is employed together with results from [2] to study strong solutions of (2.13) in
Section 2.2.

2.1. Existence and Uniqueness of Weak Solutions. We recall the definition
of weak solutions.

Definition 2.1 A weak solution of the mean-field SDE (2.13) is a six-tuple

(Q,F,F,P, B, X*) such that
(i) (2, F,P) is a complete probability space and F = {F,; }sc(o, is a filtration on
(Q, F,P) satisfying the usual conditions of right-continuity and completeness,
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(i) X® = (X7)iepo,1) is a continuous, F-adapted, R-valued process; B = (By)ejo,1]
is a one-dimensional (F,P)-Brownian motion,
(iii) X7 satisfies P-a.s.
dXT = b(t, X7, Pxa)dt +dB,, XS =z €R, te[0,T],
where for all t € [0,7], Px: € P1(R) denotes the law of X with respect to
P, and

T
/ K(Py, do)dt < oo, (2.14)
0

Remark 2.2. If there is no ambiguity about the stochastic basis (2, F,F,P, B)
we also refer solely to the process X* as weak solution (or later on as strong
solution) for notational convenience.

Remark 2.3. For bounded drift coeflicients b : [0, 7] x R x P;(R) — R condition
(2.14) is redundant since it is naturally fulfilled. Indeed,

sup K(Pxz,do) < E[[XT[] < [2] —HEH/ s Xf,PXg) ds

t€[0,T)]

|+ sm BB < o0
te[0,T)

In a first step we employ Girsanov’s theorem in a well-known way to construct
weak solutions of certain stochastic differential equations (hereafter SDE) asso-
ciated to our mean-field SDE (2.13). Assume the drift coefficient b : [0,7] x
R x P;(R) — R satisfies the linear growth condition (2.5). For a given u €
C([0,T]; Pi(R)) we then define v* : R, x R — R by b“(t,y) := b(t,y, ;) and
consider the SDE

dX7 = b'(t, X7)dt +dB,, Xi=x€R, tel0,T). (2.15)

Let B be a one-dimensional Brownian motion on a suitable filtered probability
space (Q,F,F,Q). Define X := B, + x. By Lemma A.2, the density ‘Zﬂ =
E ( fOT bH(t, Bf )d§t> gives rise to a well-defined equivalent probability measure P*,
and by Girsanov’s theorem B} := X7 —x — [1 b"(s, X®")ds, t € [0,T], defines an
(F, P#)-Brownian motion. Hence, (2, F,F,P* B* X7) is a weak solution of SDE
(2.15).

To show existence of weak solutions of the mean-field SDE (2.13) we proceed
by employing the weak solutions of the auxiliary SDEs in (2.15) together with a
fixed point argument. Compared to the typical construction of weak solutions of
SDE’s by a straight forward application of Girsanov’s theorem, the construction
of weak solutions of mean-field SDE’s is thus more complex and requires a fixed
point argument in addition to the application of Girsanov’s theorem due to the
fact that the measure dependence in the drift stays fixed under the Girsanov
transformation. The upcoming theorem is a modified version of Theorem 3.2 in
[31] for non-path-dependent coefficients, where we extend the assumptions on the
drift from boundedness to linear growth.



38 Chapter 2. Strong Solutions of Mean-Field SDEs with irregular drift

Theorem 2.4 Let the drift coefficient b : [0, T]xRxP;(R) — R be a measurable
function that satisfies conditions (2.4) and (2.5), i.e. b is continuous in the third
variable and of at most linear growth. Then there exists a weak solution of the

mean-field SDE (2.13). Furthermore, Px= € C([0,T]; P1(R)) for any weak solution
X* of (2.13).

Proof. We will state the proof just in the parts that differ from the proof in [31].
For € C([0,T];P1(R)) let (Q, F,F,P* Bt X%") be a weak solution of SDE
(2.15). We define the mapping ¢ : C([0,T]; P1(R)) — C([0,T]; P1(R)) by

Vs(p) = Pheon,

where P = denotes the law of X7 under P*, s € [0,T]. Note that it can be shown
equlvalently to (ii) below that 1s(u) is indeed continuous in s € [0,7]. We need
to show that ¢ has a fixed point, i.e. y5 = ¥s(u) = P for all s € [0, 7. To this
end we aim at applying Schauder’s fixed point theorem (cf. [38]) to ¢y : E — E,
where

E = {p e (0, T)PuR)) : K(tu,0,) < C, Klpy, ) < Clt — 5|7, t,5 € [0,T]},

for some suitable constant C' > 0. Therefore we have to show that E is a non-
empty convex subset of C([0,7]; P1(R)), ¢ maps E continuously into £ and ¢(E)
is compact. Due to the proof of Theorem 3.2 in [31] it is left to show that for all
s,t €[0,T] and p € E,

(i) 4 is continuous on E,

(i) K(ebe(p), vs(p)) S It — 5|2,
(iil) Epu[| X" |]l{|Xum|>r}] — 0.
)

(i

First note that E endowed with sup,¢o 71 K (+,-), is a metric space. Let € > 0,
1 € E and C7 > 0 be some constant. Moreover, let C, 7 > 0 be a constant
dependlng on p and T' such that by Burkholder-Davis-Gundy’s inequality

E [| B;|?F] 2 ez <3 P T for all t € [0,7T]. Since b is continuous in the third variable

and -2 is a contlnuous function, we can find 6; > 0 such that for all v € E
with supyego 7y K, ve) < 61,

5
sup |b(t7 Y, ,ut) - b(t7 Y, Vt)| < 1
te[0,T],yeR CprT> (2.16)
= )
sup__|1b(t, ) * = [b(t . )| <
te[0,T],yeR pT
Furthermore, by the proof of Lemma A.3 we can find € > 0 such that
T 1+e ﬁ
supE |€ (—/ b(t, B, At)dBt> <. (2.17)
AeE 0
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Then, we get by the definition of ¢ and (1) := € (fi b(s, BY, 1s)dB,) that

Kl ) = sup {| [ ant)dy) — [ )y}

heLip,

= s {| [(h(0) — b)) (B ~ P ()|}
= s {[Eq [((XF") — h(x) £(1)] ~ Eer [(B(XP™) — h(a)) &(v)]])
<E[l&(n) = EW)[|B],

where ‘fl% =& (— Jab(s, XZH, us)dB§> defines an equivalent probability mea-

sure Q* by Lemma A.2. Here we have used the fact that X** is a Brownian
motion under Q* starting in x for all u € C([0,T]; P1(R)). We get by the
inequality

le? —e*| < |y—z|(e +¢€%), y,z€R, (2.18)
Holder’s inequality with p := 1%, e > 0 sufficiently small with regard to
(2.17), and Minkowski’s inequality that

K(e(pn), v (v))
< E[[Bt] (& (1) + & (v))

1 t
/ b S anus - (3 B;c,ljs)st— 5/ ‘b(saBgaNS)F - |b(S>B§7VS)’2dS
0

< (E {gt (N)l—&-a} T+ LE [Et (V)lﬂ}l;)
( l(/ b(s, B, us) — b(s, faVs)Ist>2p121p
+ %E [(/Ot ’|b(s,B§,MS)‘2 _ |b(S,B§,uS)|2‘ ds)Zp] zlp) . [|Bt’2p}%
(2.19)

Consequently, we get by Burkholder-Davis-Gundy’s inequality and the bounds
n (2.16) and (2.17) that

|

sup K(44(3) $4(0) < Cpr (E ([ e85, =6, |

te[0,7)
1 T 2 2 ” ﬁ
+ §E (/0 ‘|b(SaB§7M8)| - |b(SaB§>V5)| ’d3>
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Hence, 9 is continuous on FE.
(ii) Define p := =, ¢ > 0 sufficiently small with regard to (2.17), and let p € E

and s,t € |0, T] be arbitrary. Then, equivalently to (2.19)
K(he(p), ths(1)) S E[E (1) = Es(p)] |Be]
t 2p7 35
/ b(r, B, iu,)dB, / \b(r, B, u,)|*dr ] .
Furthermore, by applying Burkholder-Davis-Gundy’s inequality, we get
2 2p i
) S E[(f 10082, ar) |7 8 | ([ Bz ar)

1 1

2p
rwwpmeBmmﬂ +EW—wwwwmmwmﬂ.
re[0,T] rel0,T]

<E|

<E

Finally by Lemma A.1, we get that
K@), s(1) < Co ([t = 5|2 + [t = s]) S [t — ]2,

for some constant Cy > 0, which is independent of p € F.
(iii) The claim holds by Lemma A.1 and dominated convergence for r — co.

O

Next, we study uniqueness of weak solutions. We recall the definition of weak
uniqueness, also called uniqueness in law.

Definition 2.5 We say a weak solution (Q, F1, F!, P! B! X1) of (2.13) is
weakly unique or unique in law, if for any other weak solution (2, 72, F2 P? B? X?)
of (2.13) it holds that

1 2
]P)Xl - ]:P)X27
whenever X} = X2.

In order to establish weak uniqueness we have to make further assumptions on
the drift coefficient.

Definition 2.6 Let b: [0,7] x R x P;(R) — R be a measurable function. We
say b admits € as a modulus of continuity in the third variable, if there exists a
continuous function 6 : Ry — Ry, with 6(y) > 0 for all y € Ry, foz d—y = oo for

all z€ Ry, and for all t € [0,7], y € R and pu,v € P1(R),
|b(t> Y, /JJ) o b(tv Y, V)F < Q(IC(,U,, V)Q)' (220)
Remark 2.7. Note that this definition is a special version of the general defini-

tion of modulus of continuity. In general one requires 6 to satisfy lim, .o 6(z) =0
and for all ¢t € [0,7], y € R and p,v € P1(R),

|b(t7y7 :u) - b(t7y7 V)| < Q(IC<M7 V))
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It is readily verified that if b admits 6 as a modulus of continuity according to
Definition 2.6 it also admits one in the sense of the general definition.

Theorem 2.8 Let the drift coefficient b : [0,T] x R x P;(R) — R satisfy
conditions (2.5) and (2.20), i.e. b is of at most linear growth and admits a modulus
of continuity in the third variable. Let (2, F,F,P, B, X) and (Q,]:",I@‘,]IA”, W,Y) be
two weak solutions of (2.13). Then

A

Poxs) = Pow).
In particular the solutions are unique in law.

Proof. For the sake of readability we just consider the case x = 0. The general
case follows in the same way. From Lemma A.2 and Girsanov’s theorem, we know
that there exist measures QQ and @ under which X and Y are Brownian motions,
respectively. Similarly to the idea in the proof of Theorem 4.2 in [31], we define
by Lemma A.2 an equivalent probability measure Q by

d@ T N
dp =¢ <_/0 (b(S’YSJP)YS) — b(s,Ys,]P’XS)) dWs) ;

and the Q—Brownian motion
B, =W, + /Ot b(s, Yy, Py,) — b(s, Yy, Px,)ds, t€[0,T].
Since
B, =X, — /Otb(s,Xs,IPXs)ds and B, =Y — /Ot b(s, Yy, Py )ds,
we can find a measurable function ® : [0,7] x C([0,T]; R) — R such that
B, =®,(X) and B, = ®,(Y).

Recall that X and Y are Q- and Q-Brownian motions, respectively. Consequently
we have for every bounded measurable functional F' : C([0, T]; R)xC([0,T];R) — R

Ep[F(B, X)] = Eq [5 </0T b(t, X,, th)dxt> F(B(X), X)}

T

— g e ([ se.viBxav) P,y

=Eg[F(B,Y)].
Hence,

Pix.5 = Qu.p). (2.21)

It is left to show that supcjo K(Qy,,Py,) = 0, from which we conclude together
with (2.2}) that sup,co ) K(Px,, Py,) = 0 and hence % = 1. Consequently,
Pees) =Pow).
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Ite "¢ > 0 sufficiently small with

Using Hélder’s inequality, we get for p := =I=,
regard to Lemma A.4,

K(Qv,By,) = sup [Eg [h(Y:) = h(0)] — Ep [A(Y;) — h(0)]]

h€eLip,
t ~
< sup Ep {5 (—/ (b(s. Y, By,) —b(s,YS,IP)XS))dWS> - 1‘ B (Y;) — h(0)]
heLipy 0

t 2(21++5) 2(21155)
<E, |le (—/ (b(s. Y, By,) = b(s, Yi, Px.)) dWS> 1 ]

0

_1
2p2

- ¢ ~ 1+e m 5
xE|& (/ b(s,BS,]P’YS)dBS> ] E [IBtPP]
0

2<1+s>] Taey
£

<E. |le (— /Ot (b(s, Y, By,) = b(s, Yi, Px.)) dWS> 1

~Y

Using that b admits a modulus of continuity in the third variable, we get by
inequality (2.18), Lemma A.4, and Burkholder-Davis-Gundy’s inequality that

2<1+e>] ElgE=)

t N
exp{—/ (b(s, Y, Py,) = b(s, Ya, P, ) ) AWV,
0

C(@v, By) SEs |

1t N 2
_5/ (b(s,YS,IP’yS) —b(s,YS,IPXS)) ds} —exp{0}
0

24¢

t A~
| (b, e By = b(s, Yau P, ) ) WY,
0
1

SE@[
2p]2p

1 t A
3 [ (0. Yi ) = b5, Y, Px)) ds
2 Jo

1

p:| 2p

t ~
<E; UO (b(s, Yo, By,) — b(s, Vs, Px,)) ds

1
2p] 2p

t A~
/ (b(s7Y;aPYs> _b(S’K’PXS))ZdS
0

|
< </0t 0 (K(@Ysa]@ys)?) d5>2 + /Ote (K(@YsaPYS)Q) ds.
Assume [ 0 (IC(@YS,I@’YSP) ds > 1. Then,

(@ By S [ 8 (K@, Br.)?) ds,
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where for all z € R, 6 := 6 satisfies the assumption I @dy = 00.

In the case 0 < [ 6 (IC(QYS,I@’YS)Q) ds < 1, we get
~ ~ t ~ ~
Qv By)? < [ 6(K(Qr.. By,)?) ds.

We know that ¢ — K(Qy,, Py,) is continuous by the proof of [31, Theorem 4.2] and
of Theorem 2.4. Hence, by Bihari’s inequality (cf. [32, Lemma 3.6]) (Qy,, Py,) =
0 for all ¢ € [0, 7], which completes the proof. O

2.2. Existence and Uniqueness of Strong Solutions. We recall the definition
of a strong solution.

Definition 2.9 A strong solution of the mean-field SDE (2.13) is a weak so-
lution (2, F,FZ P, B, X*) where F? is the filtration generated by the Brownian
motion B and augmented with the P-null sets.

Remark 2.10. Note that according to Definition 2.9, we say that (2.13) has a
strong solution as soon as there exists some stochastic basis (€2, F,P, B) with a
Brownian-adapted solution X?, while usually in the literature the definition of a
strong solution requires the (a priori stronger) existence of a Brownian-adapted
solution of (2.13) on any given stochastic basis. However, in our setting these two
definitions are equivalent. Indeed, a given strong solution (Q, F,FZ P B, X®) of
the mean-field SDE (2.13) can be considered a strong solution of the associated
SDE

dXF =" (t, X")dt +dB;, X& ==, t€l0,T], (2.22)
where we define the drift coefficient v*x : [0,7] x R — R by
b]PX (ta y) = b<t7 Y, PX{‘)

For strong solutions of SDEs it is then well-known that there exists a family of
functionals (F})ejo,r) with X7 = Fy(B) (see e.g. [35] for an explicit form of F),
such that for any other stochastic basis (Q,ﬁ, Q, E) the process )A(If"’ = Ft(é) is
an FB-adapted solution of SDE (2.22). Further, from the functional form of the
solutions we obviously get Px = Py, and thus 6" (¢,y) = b (¢,y) := b(t, y, Pg.),
such that X fulfills

dX? = 0% (t, XP)dt +dB,, XZ=x, tel0,T],

ie. (Q, F.Q, B, )A(“’) is a strong solution of the mean-field SDE (2.13). Hence, the
two definitions of strong solutions are equivalent.

In addition to weak uniqueness, a second type of uniqueness usually considered
in the context of strong solutions is pathwise uniqueness:
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Definition 2.11 We say a weak solution (Q, F,F,P, B!, X1) of (2.13) is path-
wisely unique, if for any other weak solution (2, F,F,P, B?, X?) on the same sto-
chastic basis,

P(vt>0: X! =X7)=1.

Remark 2.12. Note that in our setting weak uniqueness and pathwise unique-
ness of strong solutions of the mean-field SDE (2.13) are equivalent. Indeed, any
weakly unique strong solution of (2.13) is a weakly unique strong solution of the
same associated SDE (2.22), i.e. the drift coefficient in (2.22) does not vary with the
solution since the law of the solution is unique. Due to [15, Theorem 3.2], a weakly
unique strong solution of an SDE is always pathwisely unique, and thus a weakly
unique strong solution of (2.13) is pathwisely unique. Vice versa, by the consid-
erations in Remark 2.10, any pathwisely unique strong solution (2, F, P, B, X*)
of (2.13) can be represented by X7 = Fi(B) for some unique family of functionals
(Fi)tepo,r) that does not vary with the stochastic basis. Consequently, the strong
solution is weakly unique. Thus, in the following we will just speak of a unique
strong solution of (2.13).

In order to establish existence of strong solutions we require in addition to the
assumptions in Theorem 2.4 that the drift coefficient exhibits the particular linear
growth given by the decomposable form (2.7), that is, the irregular behavior of
the drift stays in a bounded spectrum.

Theorem 2.13 Suppose the drift coefficient b is in the decomposable form (2.7)
and additionally continuous in the third variable, i.e. fulfills (2.4). Then there
exists a strong solution of the mean-field SDE (2.13). More precisely, any weak
solution (X[ )icpo,r) of (2.13) is a strong solution, and in addition X7 is Malliavin
differentiable for every t € [0,T].

If moreover b satisfies (2.20), i.e. b admits a modulus of continuity in the third
variable, the solution is unique.

Proof. Let (Q, F,F, P, B, X*) be a weak solution of the mean-field SDE (2.13),
which exists by Theorem 2.4. Then X7 can be interpreted as weak solution of the
associated SDE introduced in (2.22).

Now we note that under the assumptions specified in Theorem 2.13 the drift
bEx (t,y) of the associated SDE in (2.22) admits a decomposition

OPX (t,y) = DFx (¢, y) + DFx (¢, y),

where bFX is merely measurable and bounded and 5P~ is of at most linear growth
and Lipschitz continuous in the second variable. Thus, "X fulfills the assumptions
required in [2, Theorem 3.1], from which it follows that X* is the unique strong
(that is FP-adapted) solution of SDE (2.22) and is Malliavin differentiable. Thus,
X7 is indeed a Malliavin differentiable strong solution of mean-field SDE (2.13). If
further b admits a modulus of continuity in the third variable, then by Theorem 2.8,
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X7 is a weakly, and by Remark 2.12 also pathwisely, unique strong solution of
(2.13). O

3. REGULARITY PROPERTIES

In this section we first give a representation of the Malliavin derivative of a
strong solution to mean-field SDE (2.13) in terms of a space-time integral with
respect to local time in Subsection 3.1 which yields a relation to the first variation
process which will be essential in the remainder of the paper. In the remaining
parts of the section we then investigate regularity properties of a strong solution of
mean-field SDE (2.13) in its initial condition. More precisely, in Subsection 3.2 we
establish Sobolev differentiability and give a representation of the first variation
process, and in Subsection 3.3 we show Holder continuity in time and space.

3.1. Malliavin derivative. If the drift b is Lipschitz continuous in the second
variable, it is well-known that the Malliavin derivative of a strong solution to mean-
field SDE (2.13) is given by D, X7 = exp {fst Oob(u, X7, ]P’X;c)du}. For irregular drift
b we obtain the following generalized representation of the Malliavin derivative
without the derivative of b which is an immediate consequence of Theorem 2.13
and [2, Proposition 3.2]:

Proposition 3.1 Suppose the drift coefficient b satisfies the assumptions of
Theorem 2.13. Then for 0 < s <t <T, the Malliavin derivative D, X7 of a strong
solution X* to the mean-field SDE (2.13) has the following representation:

t
DX} :exp{—/ /b(u,y,IP’Xi)LXI(du, dy)}
s JR

Here LX" (du,dy) denotes integration with respect to local time of X* in time and
space, see [2] and [18] for more details.

3.2. Sobolev differentiability. In the remaining section we analyze the regular-
ity of a strong solution X* of (2.13) in its initial condition z. More precisely, the
two main results in this subsection are the existence of a weak (Sobolev) deriva-
tive 0, X7, which also is referred to as the first variation process, for irregular drift
coefficients in Theorem 3.3 and a representation of 9, X} in terms of a local time
integral in Proposition 3.4.

We recall the definition of the Sobolev space W12(U).

Definition 3.2 Let U C R be an open and bounded subset. The Sobolev space
Wh2(U) is defined as the set of functions v : R — R, u € L*(U), such that its weak
derivative belongs to L?(U). Furthermore, the Sobolev space is endowed with the
norm

lullwrewy = Jull2wy + 14| 2wy,

where v’ is the weak derivative of u € W12(U). We say a stochastic process X is
Sobolev differentiable in U, if for all ¢ € [0,T], X; belongs P-a.s. to WY2(U).
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Theorem 3.3 Suppose the drift coefficient b is in the decomposable form (2.7)
and uniformly Lipschitz continuous in the third variable (2.10). Let (X[ )tco,r) be
the unique strong solution of (2.13) and U C R be an open and bounded subset.
Then for every t € [0,T],

(v X7) € L2 (Q,W'2(U)).

Before we turn our attention to the proof of Theorem 3.3, we give a probabilistic
representation of the first variation process 0, X" which in particular yields a con-
nection to the Malliavin derivative. We remark that we will see in Proposition 3.11
that the derivative 0,b (3, y, P Xg:) used in Proposition 3.4 is well-defined.

Proposition 3.4 Suppose the drift coefficient b is in the decomposable form
(2.7) and uniformly Lipschitz continuous in the third variable (2.10). For almost
all x € R the first variation process (in the Sobolev sense) of the unique strong
solution (X7 )i of the mean-field SDE (2.13) has dt @ dP almost surely the
representation

t
0. X! = exp{—/ /b(u,y,]P)Xg) LXf(du,dy)}
0o Jr

t t
+/ exp{—/ /b(u,y,IP)X$> LX‘”(du,dy)}amb (s,y,IP’Xg) |ly=xzds.
0 s JR
(2.23)

Furthermore, for s,t € [0,T], s <t, the following relationship with the Malliavin
derivative holds:

t
8, X7 = D X8, X7 + / D,X70,b (u,y, ;) |,—xzdu. (2.24)

The remaining parts of this subsection are devoted to the proofs of Theorem 3.3
and Proposition 3.4. More precisely, the proof of Theorem 3.3 is structured as
follows. First we show Lipschitz continuity of X[ in x for smooth coefficients b
in Proposition 3.5. Then we define an approximating sequence of mean-field solu-
tions { X" },>1 with smooth drift coefficients which is shown in Proposition 3.8 to
converge in L*(Q2, F;) to the unique strong solution X of mean-field SDE (2.13)
with general drift. Finally, after also establishing weak L2-convergence of func-
tionals of the approximating sequence in Proposition 3.9 and a technical result in
Lemma 3.10 we are ready to prove Theorem 3.3 using a compactness argument.

Proposition 3.5 Let b € L®([0,T],Cp" (R x P1(R))) and X* be the unique
strong solution of mean-field SDE (2.13). Then, for allt € [0,T] the map x — X[
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is a.s. Lipschitz continuous and consequently weakly and almost everywhere dif-
ferentiable. Moreover, the first variation process 0, X7, t € [0,T], has the repre-
sentation

¢
0. X{ = exp{/ 8gb(s,Xf,IP’X§)ds}
0

t . (2.25)

—I—/O exp{/ 82b(s,X§,IP’X§)ds} 02b(u, y, Pxa ) |y=xzdu.

Remark 3.6. Note that compared to [1] we consider the more general case of

mean-field SDEs of type (2.13) and therefore need to deal with differentiability of

functions over the metric space P;(R) as in [6], [7], and [29]. We avoid using the

notion of differentiation with respect to a measure by considering the real function
x> b(t,y,Pxz), for which differentiation is understood in the Sobolev sense.

Proof of Proposition 3.5. In order to prove Lipschitz continuity we have to show
that there exists a constant C' > 0 such that for almost every w € {2 and for all
t € [0,7] the map (x — XJ) € Lipo(R). For notational reasons we hide w in our
computations and obtain using b € Cp"(R x Py (R)) that

t
X7 — XY| = x—y+/ b(s, X%, Pxs) — b(s, XY, Pyr)ds
0

. (2.26)
Sle—yl+ [ X7 = X2+ KB, Prr)ds.

Hence, we immediately get that
(P Bry) < E[X7 = XY) S o =yl + [ EIXZ = X2)ds,
and therefore by Gronwall’s inequality with respect to E[| X[ — X/|] we have that
C(Pxs,Pxy) S o — . (227
Consequently, (2.26) simplifies to
X7 = X Sle -yl + [ 1X7 = X2Jds, (2.28)

and again by Gronwall’s inequality we get that (z — XJ) € Lipo(R). Note that
due to (2.27) and the assumptions on b also x + b(t,y,Pxs) is weakly differen-
tiable for every ¢t € [0,7] and y € R.

Regarding representation (2.25), note first that by taking the derivative with re-
spect to z in (2.13), 0, X[ has the representation

t
D,X5 =1+ / Dob(s, X, Px1 )0 XZ + 0:b(s, y, Pxs)y—xsds. (2.29)
0

It is readily seen that (2.25) solves this ODE w-wise and therefore is a representa-
tion of the first variation process of X7'. O
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As an immediate consequence of Proposition 3.5 and the representation of the
Malliavin derivative D, X7, 0 < s < t < T, given in Proposition 3.1, we get
the following connection between the first variation process and the Malliavin
derivative:

Corollary 3.7 Let b e L>([0,T],C0"(R x Py(R))). Then, for every 0 < s <
t<T,

t
0, X% = D,X70, X" + / DuX20,b(u, y, Py )y du. (2.30)

Now let b be a general drift coefficient that allows for a decomposition b = b+ b
as in (2.7) and is uniformly Lipschitz continuous in the third variable (2.10). Let
(X7)tep,m be the corresponding strong solution of (2.13) ascertained by Theo-
rem 2.13. In order to extend Proposition 3.5 we apply a compactness criterion to
an approximating sequence of weakly differentiable mean-field SDEs. By standard
approximation arguments there exists a sequence of approximating drift coeffi-
clents

by :=0b,+b, n>1, (2.31)

where b, € L>([0,T],C" (R x Py(R))) with sup, -, ||bn|lec < C' < 00, where || - [|oo
is the sup norm on all variables, such that b, — b pointwise in every p and a.e. in
(t,y) with respect to the Lebesgue measure. Furthermore, we denote by := b and
choose the approximating coefficients b,, such that they fulfill the uniform Lipschitz
continuity in the third variable (2.10) uniformly in » > 0. Under these conditions
the corresponding mean-field SDEs, defined by

dX;"" = by (t, X[, Pxpe)dt +dBy, Xg* =z €R, t€[0,7], n=>1 (2.32)

have unique strong solutions which are Malliavin differentiable by Theorem 2.13.
Likewise the strong solutions {X™*},>; are weakly differentiable with respect to
the initial condition by Proposition 3.5. In the next step we verify that (X;"*);c0m)
converges to (X)) in L*(Q, Fy) as n — oo.

Proposition 3.8 Suppose the drift coefficient b is in the decomposable form
(2.7) and uniformly Lipschitz continuous in the third variable (2.10). Let (X[ )icpom
be the unique strong solution of (2.13). Furthermore, {b,},>1 is the approrimat-
ing sequence of b as defined in (2.31) and (X{"*)icpm, n > 1, the corresponding
unique strong solutions of (2.32). Then, there exists a subsequence {ny}r>1 C N
such that

X —— X7, te[0,T],

k—o0

strongly in L*(Q, F;).

Proof. In the case of SDEs it is shown in [2, Theorem A.4] that for every ¢ € [0, 7],
the sequence {X;""},>1 is relatively compact in L?(€2, ;). The proof therein can
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be extended to the assumptions of Proposition 3.8 and the case of mean-field SDEs
due to Proposition 3.1. Consequently, for every t € [0, T] there exists a subsequence
{nie()}e=1 C N such that X[*" converges to some Y; strongly in L2(€2, F;). We
need to show that the converging subsequence can be chosen independent of ¢.
To this end we consider the Hida test function space S and the Hida distribution
space §* as defined in Definition B.1 and prove that {t — X;""},>; is relatively
compact in C([0,7]; S*), which is well-defined since

S cIXQ) C S*.

In order to show this, we use Theorem B.2 and show instead that {t — X;"*[¢]}n>1
is relatively compact in C([0,T];R) for any ¢ € S, where X;"*[¢] := E[X;""¢].
Since X™* is a solution of (2.32), using Cauchy-Schwarz’ inequality and Lemma A.4
yields

| X o] — X [e]] = [E[(X" — X7)g]|
_ ’E K / b, X% B yps)du + By — Bs) 4 ‘ (2.33)

t 1
< ([ B [ontw X7 P ) du b [t = 512 ) o2y < Cllzzalt = sl

s

where C' > 0 is a constant depending on 7" and in particular is independent of n
which shows equicontinuity of {t — X;"*[¢]},>1. Moreover, due to Lemma A.4
sup X [¢] = sup E[X¢""¢] < supz|¢]|r2() < o0,
n>1 n>1 n>1
and therefore X;"*[¢] is uniformly bounded in n > 1. Thus, by the version of
the Arzela-Ascoli theorem given in Theorem B.3 the family {t — X/""[¢]},>1 is
relatively compact in C([0,7];R). Since ¢ was arbitrary, we have proven using
Theorem B.2 that {t — X;""},>; is relatively compact in C([0,T]; S*), i.e. there
exists a subsequence (ng)r>1 and {t — Z;} € C([0,T]; S*) such that

{t — Xy} — {t = Z;} (2.34)
—00

in C([0,77;S*). Furthermore, we have shown that for every ¢ € [0, 7] there exists
a subsequence (ng,, (t))m>1 C (ng)k>1 such that in L*(Q, F),
X:km (t)vx Yt .

m—00

Note that for every t € [0, 7], we get by (2.34)

X;lkm (t)ﬂ', Zt

m—00

in §*. By uniqueness of the limit Y; = Z; for every ¢t € [0,7] and hence, the
convergence in L*(Q, F;) holds for the ¢ independent subsequence (ny,) E>1-
In the last step, which is deferred to the subsequent lemma, we show for all ¢t €
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[0, 7] that X;** converges weakly in L*(€2, F;) to the unique strong solution X, of
SDE

dX, = b(t,X,,Py,)dt +dB,;, X,=z€R, te[0,T] (2.35)

Consequently, X;"" converges to X in L*(Q, ;). Indeed, we have shown that X;"*
converges in L%(Q, F;) to Y; for all ¢ € [0,T]. Moreover X;"* converges weakly in
L*(Q, F,) to X, for all t € [0,T]. Hence, by uniqueness of the limit, Y; < X for
all t € [0,T]. Thus (2.35) is identical to (2.13) and we can write X = X, which
shows Proposition 3.8. O

In the following we assume without loss of generality that the whole sequence
{X{""},>1 converges to X[ strongly in L*(Q2, F;) for every ¢t € [0,T]. Then, in
addition to strong L2-convergence of the solutions, we also get weak L2-convergence
of ¢(X{"") to ¢(X[) for functions ¢ in certain LP-spaces. To this end, we define
the weight function wr : R — R by

wr(y) = exp {—W} , y€eR. (2.36)

Proposition 3.9 Suppose the drift coefficient b is in the decomposable form
(2.7) and uniformly Lipschitz continuous in the third variable (2.10). Let (X7 )iejo.r]
be the unique strong solution of (2.13). Furthermore, {b,},>1 is the approximating
sequence of b as defined in (2.31) and (X;"*)ico1), n > 1, the corresponding unique
strong solutions of (2.32). Then, for every t € [0,T] and function ¢ € L?P(R;wr)
with p = %, e > 0 sufficiently small with regard to Lemma A.4,

(X)) —— o(XY)
weakly in L*(Q, F).

Proof. As described in the proof of Proposition 3.8 it suffices to show for all ¢t €
[0, 7] that ¢(X;"") converges weakly to ¢(X;), where X, is the unique strong
solution of SDE (2.35). This can be shown equivalently to [2, Lemma A.3]. First
note that ¢(X;"*),¢(X;) € L*(Q,F,), n > 0. Hence, in order to show weak
convergence it suffices to show that

xT

WX () —= WHED(),

for every f € L?([0,T]). One can show by Holder’s inequality, inequality (2.18)
and Lemma A.4 that

W) () - WEED()| =

<E [(5 (/OT bu(s, BT, Pxne) + f(s)st> ¢ </0Tb(s,Bf,Pys) + f(s)st>>q]
< A,,

~

1
q
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2(1+¢)

2+4¢ and

where ¢q :=

T
A= B l(/ (bu(s, BY, Bxpr) = bls, BY, Py,)) dB,
0

1 T

9/ ((bn(s, B, Pype) + f(5))* = (b(s, B, Py,) + f(s))?) ds> ] "

Using Minkowski’s inequality and Burkholder-Davis-Gundy’s inequality yields

T 2p %
A, <E / bu(s, BY, Pyns) — b(s, BY, Py, )dB,
0
1 T 2p i
+E ‘2/0 (bn(S;B;B,]P)X:},x) + f(s))2 _ (b(S,B;B,]P)yS) +f(8))2d8
T 9 p %
/SE (/ ‘bn<saB§a]P)XS"z)_b<S,B:,]P)YS) d8> ]
0
T 2p] 2p
+E (/0 ‘(bn(3>B§aPX§@)+f(s))2—(b(s,Bf,PYS)+f(3))2‘d3> ]
=: D, + E,.

Looking at the first summand, we see using the triangle inequality that

2> \?]%
ds)]

Gk
ds)]

p

T
Dn =E l(/ ‘bn(S,Bg,]P)XS"Z) —b(S,Bf,]P)YS)
0

<E

T
</ ‘bn(S’B;C’PXQ’x) _bn(S’B§7PYs)
0

1
2p

T
+E K/ [bu(s, B, Py,) — b(s,Bf,]P)ys)|2ds>
0

Since there exists a constant C' > 0 such that (u — b,(t,y, 1)) € Lipo(P1(R)) for

2
alln >0,¢t€[0,7], y € R and X" L@, Y, for all s € [0,T] by the proof

n— o0
of Proposition 3.8, we get by dominated convergence that D, converges to 0 as
n — oo. Equivalently one can show that also FE, converges to 0 as n tends to
infinity. Therefore ‘W(¢(Xfx))(f) - W(qﬁ(Yf))(f)‘ converges to 0 as n — oo and

the claim holds. O

The following lemma will be used in the application of the compactness argument
in the proof of Theorem 3.3.
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Lemma 3.10 Let {(X{"")icjo,r)}n>1 be the unique strong solutions of (2.32).
Then, for any compact subset K C R and p > 2,

sup sup esssup E[|0,X;"""] < C,
n>1te(0,7] z€K

for some constant C' > 0.

Proof. By Corollary 3.7, we have
t
0, X" = DyXI™" + / DX 0,by (0, y, Py )|y xnor (2.37)
0

Using Proposition 3.1 as well as Girsanov’s theorem and Hélder’s inequality with

q:= lgi, e > 0 sufficiently small with regard to Lemma A.4, yields together with

Lemma A.5 that

E (DX = E {eXP{—p/:/Rb”(u’y’PXS’x)LXI(dU’dy)H (2.38)
2.38

t G
<E {exp{—qp / / ba(t, y, P ) L5 (du, dy)H <C
s JR

for some constant C; > 0 independent of n > 0, x € K and s,t € [0,7]. Hence,
we get for every n > 1 and almost every x € K with Minkowski’s and Holder’s
inequality using that (1 — b(t,y, 1)) € Lipo(P1(R)) for every t € [0,7] and y € R
that

1
p:| P
2p ﬁ
X du)
- u
1
2

1 t
E [0, X"} = E HDOX,?’I + [ DXy b,y P oy

1 t
S sup E [|Dqu’w\2p} 2p (1 +E [(/
0<u<T 0

0rbp, (u, Y, IP)X{Z””)

<1+E (/ i P (X Prze) = o (1 X ) du)% p
0 |zro—z |$—5L’0|
1

< 1+ liminf
Tro—T |CC — x0|

/ K (P Pazoo) dt
(2.39)

Denote by conv(K) the closed convex hull of K and note that conv(K) is again a
compact set. Moreover, we can bound the Kantorovich metric of Pxn.s and P yn.zo

for arbitrary x, xy € conv(K) by using the second fundamental theorem of calculus
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and representation (2.25):

K (]PXL”Z?]P)XS’ZO) <E {

/ b (5, X% Pygnar) — by (5, X750 Py )ds
0 & S

|

u rl
= ’.CC o :U()’E H/O /0 aan (87 X;%x+7'(x0*$)7 IP)X;n,zwLT(zsz)) aTX;%ﬂH*T(xQ*:E)

+0:by (5,2, P nz+r<zo—z>)\ X7

n,x+7(xg—x) deSH
< |z — ] / H / Ooby, (5, XTootT(@0= x>,PXn,z+T<zo,z))aTXQW(xo—x) (2.40)

_|_(‘) b, (S z, P n x+r(w0*x)) |Z

|:1c—a:0|/

S |z — 2ol + |z — 20| esssup E [[0,X,"].
zeconv(K)

:Xn,a:+-r(ac07:c) dSH dT

Xn x+T(To—2) (1 . 7_)H dr

Putting all together we can find a constant Cy > 0 independent of n > 1, ¢t € [0, T
and = € conv(K) such that

. t
esssup E[|0, X" |"]? < Cy+ Cy [ esssup E [|6IX3’””|”]% du

zeconv(K) B x€conv(K)

Note that by (2.39) and (2.27) we can find constants C3(n), C4(n) > 0 for every
n > 1 independent of ¢ € [0,7] and = € conv(K) such that

t
/ K (]P)X;L,Z,PXWE()) du) < 04(77,) < 0.
0 u

1
n,r|\p1= < . .
E (|8, X" < Ca(n) (1 +limint
1
veoon (K] B [10.X;""["]* is integrable over [0,T]. Since it is also
Borel measurable, we can apply Jones’ generalization of Gronwall’s inequality [22,
Lemma 5] to get

Hence, t — esssup

3=

esssup E [|0,X;"“|"]» < esssup ]E[|6$Xt”’m|p]% < 02—1—022/ C2(t=9) s < 0.

ek z€conv(K)

Finally, we are able to give the proof of Theorem 3.3.

Proof of Theorem 3.3. Let (X;"")icjo,r] be the unique strong solutions of (2.32).
The main idea of this proof is to show that { X'}, ., is weakly relatively compact in
L2(Q, W2(U)) and to identify the weak limit ¥ := limy_,o, X™ in L2(Q, W2(U))
with X, where {n}r>1 is a suitable subsequence.

Due to Lemma A.4 and Lemma 3.10

supE |:||XZ’L7$||12/V1,2(U)} < 00
n>1
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and thus, the sequence X;"* is weakly relatively compact in L?(2, W12(U)), see
e.g. [30, Theorem 10.44]. Consequently, there exists a sub-sequence ng, k > 0
such that X" converges weakly to some Y; € L*(Q,W'(U)) as k — oo. Let
¢ € C°(U) be an arbitrary test function and denote by ¢’ if well-defined its first
derivative. Define

(X7.0) = [ X" o(a)da.
Then for all measurable sets A € F and t € [0, 7] we get by Lemma A.4 that

1 n, z %
E (14X} = Xt ¢)] < |6/l 20| U |2 sup E [1a] X7 = X7 *]? < o0,

zeU

where U is the closure of U, and consequently by Proposition 3.8 we get that
lim,, oo E[1a(X] — X3, ¢')] = 0. Therefore,

E[La(Xe,¢')) = lim E[La(X[", ¢)] =~ lim E[La (0, X[", )] = ~E[La (0:Y;,6)].
Thus,
P-as. (X3, ¢') = —(0.Y}, 0). (2.41)

Finally, we have to show as in [2, Theorem 3.4] that there exists a measurable set
Qy C Q with full measure such that X; has a weak derivative on this subset. To
this end, choose a sequence {¢, },>1 C C°(R) dense in W2?(U) and a measurable
subset €2, C 2 with full measure such that (2.41) holds on 2,, with ¢ replaced by
¢n. Then Qg :=),,>1 €, satisfies the desired property. O

We conclude this subsection with the proof of Proposition 3.4 that generalizes
the probabilistic representation (2.25) of the first variation process (0:X});cpo.1
and the connection to the Malliavin derivative given in Corollary 3.7 to irregu-
lar drift coefficients. To this end we first verify the weak differentiability of the
function (x — b (t, v, IP’Xf» in the next proposition.

Proposition 3.11 Suppose the drift coefficient b is in the decomposable form
(2.7) and uniformly Lipschitz continuous in the third variable (2.10). Let (X7 )cjo.1]
be the unique strong solution of (2.13) and U C R be an open and bounded subset.
Then for every 1 < p < oo, t € [0,T] and y € R,

(:1: — b (t, y,]P’th>) e WP (U).

Proof. Let {b,}n>1 be the approximating sequence of b as defined in (2.31) and
(X1 )iepm, m > 1, the corresponding unique strong solutions of (2.32). For

notational simplicity we define b,(z) := b, (t, y, P th,w) for every n > 0. We
proceed similar to the proof of Theorem 3.3 and thus start by showing that {b;, },>1



%)

is weakly relatively compact in W1P(U). Due to Lemma A.4 and the proof of
Lemma 3.10

sup ||by |l wir@y < 00.

n>1
Hence, {b,} is bounded in W'P(U) and thus weakly relatively compact by [30,
Theorem 10.44]. Therefore, we can find a sub-sequence {ny};>; and g € WP (U)
such that b,, converges weakly to g as k — oo.

Let ¢ € Cg°(U) be an arbitrary test-function and denote by ¢’ if well-defined its
first derivative. Define

Due to Lemma A.4
(bn —b,¢") < ||¢,||LP(U)|U|% sup [by(2) — b(x)| < oo,

zeU

where U is the closure of U, and since by Proposition 3.8
b (£, Pxpe) = b (£, 9, Py )
< [bu (.9, Pxpe) = bu (£,9,Pxe )| + [bu (6,9, Pz ) = 0 (£,5, Pz )
< CK (Pxpo,Pxz) + [bn (£, Pxr ) = b (t,,Px;)

we get lim,, o (b, — b, ¢’) = 0. Thus,
(b,¢) = lim (b, ¢') = — lim (b, ,¢) = — (g, 9),

where b}, and ¢’ are the first variation processes of b,, and g, respectively. O

—= 0
n—oo

Proof of Proposition 3.4. Let (b,),>1 be the approximating sequence of b as defined
in (2.31) and (X;"")ico,r) be the corresponding unique strong solutions of (2.32).
We define for n > 0

t
v, = exp{— /0 /]R b (1., Py ) LX™ (du, dy)}

+ /Ot exp {— /:/Rbn (u,y,IP’XZ},z) LX" (du, dy)} 0by, (s, y,lP’Xg,w) |y=xmeds,

which is well-defined for all n > 0 due to Lemma A.5 and Proposition 3.11. For
every t € [0,T] the sequence {X;"*},>1 converges weakly in L*(Q, W2(U)) to X}
by the proof of Theorem 3.3. Hence, it suffices to show for every f € L*([0,T])
and g € C§°(U) that

W (W = W0) (f) 9) 7= 0.

n—oo

Define for every n > 0

t
Ln(s,t,x):= exp{—/ / b, (u,y,IP’X;L,x) LBx(du,dy)}, and
s JR
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Eax) =& ( / b (u, BE Py ) + f(u)dBu> |

Applying Girsanov’s theorem and Minkowski’s inequality yields
W (T, — P9) (£), 9)

S/g(g:)EHLn(O,t,x)—L0(07t7$)|5n(x)] dz
U
+ /U 9(@)E[|En(x) = Eo(x)| Lo(0,, 2)] dx
+/U/Otg(m)E :Ln<s,t,$)—Lo(s,t,x>!

—i—/U/Otg(w)E:

. -
—I-/ / g(z)E ||0:bn (s,y,IP’X;z,z> — 0ub (s,y,Pxz)
U JO L

Note that for any 1 < p < oo,

&Ubn (3, Y, ]P’X;u,x)

5 5n(x)} dsdx
y=B7

En(x) — Eo(x)| Lo(s, t,x)

8mbn (S, Y, PX;WC>

] dsdx
y=B7?

Lo(s,t, 33)50(:1:)] dsdz.
y=B%

sup sup esssup E [
n>0s€[0,7] =z€U

Dubn (5,9, Pz ly=e

"] < o, (2.42)

due to Lemma 3.13 and the proof of Lemma 3.10. Hence, we get by Holder’s

inequality, Lemma A.4, and Lemma A.5 that for ¢ := 214e) and pi= M, where

2+e€ €
e > 0 is sufficiently small with regard to Lemma A 4,

W (¥n — o) (f), 9)

< o) s Bl (s.0.0) = Lals,t ) 4 B E(0) ~ En(a)1F )

. /U/Otg(x)E {&Cbn (s,y,]P’XQ*I> — O,b (s,y,PXgD)

The first two summands converge due to Lemma A.6, Lemma A.7, and dominated
convergence. For the third summand we use that (a: b (t, Y, lP’Xtac)) e Whr(U).
Consequently, by dominated convergence and [40, Lemma 2.1.3] we get that

/U /Otg(x)E { 0zby, (s, v, ]P’X;z,m) — 0,b (s, v, IP)Xg)

Representation (2.24) is a direct consequence of equation (2.23) and Proposi-
tion 3.1. O

Q=

P ]p dsdz.
y

:Bg?

P } ’ dsdx —— 0.
y=B%

n—oo

3.3. Holder continuity. We complete Section 3 by proving Holder continuity of
the unique strong solution (X7 ):cjo,71 to mean-field SDE (2.13) in time and space.

Theorem 3.12 Suppose the drift coefficient b is in the decomposable form (2.7)
and uniformly Lipschitz continuous in the third variable (2.10). Let (X[ )icpom be
the unique strong solution of the mean-field SDE (2.13). Then for every compact
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subset K C R there exists a constant C > 0 such that for all s,t € [0,T] and
z,y € K,

E[| X7 — X < C(lt — s + |z — y*). (2.43)

In particular, there exists a continuous version of the random field (t,z) — X[

with Hélder continuous trajectories of order o < % int € [0,T) and o < 1 in

2
z € R.

To prove Theorem 3.12 we need the following extension of Lemma 3.10 to include
also 0, X} .

Lemma 3.13 Suppose the drift coefficient b is in the decomposable form (2.7)
and uniformly Lipschitz continuous in the third variable (2.10). Let (X[ )icpom be
the unique strong solution of (2.13). Then for any compact subset K C R and
p > 1, there exists a constant C' > 0 such that

sup esssupE[(9,X])"] < C.
tel0,7] zeK

Proof. The proof follows by Lemma 3.10 and the application of Fatou’s lemma:
x\P : : n,r\p
E[(0. X)) < h?{ggle (0. X)) < C.
O

Proof of Theorem 3.12. Let s,t € [0,T] and x,y € K be arbitrary. Consider the
approximating sequence {X™"},~; as defined in (2.32). Note first that similar to
(2.40) it can be shown that for every n > 1

1 1
E [\XZ” — Xt"’yﬂ *Slr—y|+|r—y| esssup E U@fo’xﬂ .

z€conv(K)

Since ess sup, ooy B {|8xX3’x|2} is bounded uniformly in n > 1 and ¢ € [0, 7]
due to (3.10), there exists a constant C; > 0 such that for all n > 1 and ¢t € [0, 7

E[1X0 - X7 < Cule — g,

Moreover, we have similar to (2.33) that there exists a constant Cy > 0 such that
foreveryn > 1land z € K

1
E[|IX7 = X2)P]” < Coft — s
Consequently, there exists a constant C' > 0 such that for all n > 1
E[|X7 = XPY°] < C(It = s| + o — yI).

Finally, using Fatou’s lemma applied to a subsequence and that X;"* converges to
X7 in L*(Q) by Proposition 3.8, yields the result. O
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4. BiIsMUT-ELWORTHY-LI FORMULA

In this section we turn our attention to finding a Bismut-Elworthy-Li type for-
mula, i.e. with the help of Proposition 3.4 we give a probabilistic representation
of type (2.11) for 0,E[®(XF)] for functions ® merely satisfying some integrabil-
ity condition. The following lemma prepares the grounds for the main result in
Theorem 4.2.

Lemma 4.1 Suppose the drift coefficient b is in the decomposable form (2.7)
and uniformly Lipschitz continuous in the third variable (2.10). Let (X[ )icpom be
the unique strong solution of the corresponding mean-field SDE (2.13) and U C R
be an open and bounded subset. Furthermore, consider the functional ® € Cg’l(R).
Then for every t € [0,T] and 1 < p < oo,

(z = E[®(X])]) € WHP(U).
Moreover, for almost all x € U
0, E [0(X})] = E ['(X})0: X[], (2.44)
where ®' denotes the first derivative of ®.
Proof. 1t is readily seen that (x — E[X]]) € Lip¢, (U, R) for some constant C; > 0
due to (2.40) and Proposition 3.8. Therefore, we get with the assumptions on
the functional ® that there exists a constant Cy > 0 such that (z — E[®(X])]) €

Lipe, (U, R). Hence, E[®(X[)] is almost everywhere and weakly differentiable on
U and for almost all z € U

0,E[D(X7)] = ,llli% E[@(Xf+h)]h— E[®(X])] & ]llli% (P(th‘-i-h)h_ B(XT)
= E[®'(X[)0.X]],

where we used dominated convergence and the chain rule. Finally, we can conclude
from (2.44) using Lemma 3.13 and the boundedness of @’ that (z — E [®(X])]) €
WhP(U) for every 1 < p < oo. O

Theorem 4.2 Suppose the drift coefficient b is in the decomposable form (2.7)
and uniformly Lipschitz continuous in the third variable (2.10). Let (X])icpom be
the unique strong solution of the corresponding mean-field SDE (2.13), K C R be
a compact subset and ® € L*(R;wr), where p := 1%, e > 0 sufficiently small
with regard to Lemma A.4, and wr is as defined in (2.36). Then, for every open
subset U C K, t€[0,T] and 1 < q < 00,

(z = E[2(X7)]) € WH(U),
and for almost all v € K

T
O, E[0(X7)] = E [‘P(X%)/O (a(S)(%X? + 020 (s,y, Pxz) |y=xgc/0

S

a(u)du) st] ,
(2.45)
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where 0, X* is given in (2.23) and a : R — R is any bounded, measurable function
such that

/OT a(s)ds = 1.

Remark 4.3. Note that in the case of an SDE the derivative (2.45) collapses to
the representation

T
E [LI)(X%) / a(s)awxgdBS]
0
established in [2], where the first variation process 9, X® has the representation

0. X = exp {— /Ot/Rb(u, y)LXZ(du,dy)} :

Hence, one can speak of a derivative free representation. Regarding mean-field
SDEs, the derivative 0,b (s, y, P Xg) still appears in the representation of 9, X".

Remark 4.4. In [3] we show that for the special case of mean-field SDEs of type
(2.12), the expectation functional E[®(X /)] is even continuously differentiable in x
for irregular drift coefficients under certain additional assumptions on the functions
b and ¢ given in (2.12).

Proof of Theorem 4.2. We start by showing the result for ® € C,"'(R). In this case
the derivative 0,E[®(X7)] exists by Lemma 4.1 and admits representation (2.44).
Furthermore, by (2.24) for any s < T,

T
0.X7 = DXF0,XT + [ DuX50,b (1., Px; ) oz du

Recall that D; X7 = 0 for s > T". Thus for any bounded function a : R — R with
J a(s)ds =1,

0, X2 = /T (5) (D X289, X2 +/ D X30,b (w9, By ) |- deu> ds

_/ ) Do XD X””ds+/ / $) D X30,b (1,9, ;) |,—xzduds.

We look at each summand individually starting with the first one. Since ¢ €
Cy (R), ®(X%) is Malliavin differentiable and

E [@’(X%) / a(s)D.XFO.XT ds} -k [/o

Due to the fact that s — a(s)0,X? is an adapted process satisfying

E l/oT (a(s)0,X%)* ds

T

a(s)DSCD(X%)&Cdes] .

< 00
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by Lemma 3.13, we can apply the duality formula [17, Corollary 4.4] and get
T T
E [ / a(s)DSQD(X%)aijds] —E [@(Xg,”i) / a(s)axngdBS] .
0 0

For the second summand note that by (2.38) and the proof of Lemma 3.10

sup E{

u,s€[0,T

Q/(X':IE)CL(S)D’U‘X%axb (U, Y, ]P)Xff) |y:Xﬁ

] < oo
Hence, the integral

I

exists and is finite by Tonelli’s Theorem. Consequently, we can interchange the
order of integration to deduce

P (XF7)a(s) Dy X70:b (U, (2 ng) ly=x3

} duds

E [@/(X% /UT /Ta(s)DuX:”ﬁ(?xb (u,9,Px;) |yX5dud81 (2.46)

=FE [/OT D, ®(X7)0,b (u, Y, IP)X3> |ly=xz /Ou a(s)dsdu] .

Furthermore, v — 0,b (u, y,]P)Xg) ly=xz is an F-adapted process. Hence, we can
apply the duality formula [17, Corollary 4.4] and get

E [/OT D, ®(X7)0.b (u, Y, IP’X5> |ly=xz /Ou a(s)dsdu]

_E [@(X;e) /0 o (u, 9, By ) |y /0 ua(s)dsdBu].

Putting all together provides representation (2.45) for ® € C,"' (R).
By standard arguments, we can now approximate ® € L?(R;wr) by a smooth
sequence {®,},>1 C C5°(R) such that &, — ® in L?(R;wr) as n — oo. Define

un(z) :=E[®,(XF)] and

a(z) = E [cp(x;) /0 ' (CL(s)asz - 0,b(s, X, Pre)lyxs /0 | a(u)du) stl |
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First, we obtain that @ is well-defined using Holder’s inequality, 1t6’s isometry and
Lemma A.4. Indeed,

(o)) < E [0(x3)]
( /O ' <a(8)(9me + 0,b(s, X%, Pye )| y—xs /0 ) a(u)du> dBS>2

®(BL)2E ( /0 o ij,IP’Xg)dBuﬂ

N

[N

x E

=

<E

[

T s 9

SE||2(BpI"]” < oo,
(2.47)

where the last inequality holds due to Lemma 3.10 and the proof of Proposi-
tion 3.11. Similar to the proof of Proposition 3.11 it is left to show that (u], —u, ¢)r
for any test-function ¢ € C5°(U) as n — oo, where U C K is an open set Smce

the bounds in (2.47) hold for almost all x € U C K, we get exactly in the same
way that

[/ (z) = u(x)| < C(2)E [|@,(Bf) — D(BF)[*] Z
) </R ¢217r—T (@, (y) — B(y)[* e 77 dy>2p
AT rr———

e P
v (\/27T_T) 197 = llpar @i

where C'(z) > 0 is bounded for almost every € K and where we have used

SIS

_w=a)? T =) _y? 22
e 2t — g 4dte i ezt < e ez,

Hence, for any open subset U C K, we get

lim (u),(z) — u(zx), p)y = 0.

n—oo

Thus v = @ for almost every z € K. d

Remark 4.5. Note that for one-dimensional mean-field SDEs with additive noise
(i.e. 0 = 1) Theorem 4.2 extends the Bismut-Elworthy-Li formula in [1] to irregular
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drift coefficients. More precisely, by changing the order of integration in (2.46) we
are actually able to further develop the formula in [1] such that the Malliavin
weight is given in terms of an It6 integral as opposed to an anticipative Skorohod
integral in [1].

APPENDIX A. TECHNICAL RESULTS

Lemma A.1 Letb: [0, T]xRxP;(R) = R be a measurable function satisfying
the linear growth condition (2.5). Furthermore, let (2, F,F,P, B, X*) be a weak
solution of (2.15). Then, for 1 < p < oo, and every compact set K C R,

supE [ sup |b(t, X7, )P | < oc. (2.48)

zeK te[0,T

In particular, b(-, X* p.) € LP([0,T] x ), 1 < p < 0o. Furthermore,

supE [ sup |X7P| < 0. (2.49)

zeK t€[0,T]

Proof. Note first that sup,co 1) (i, do)dt is well-defined and finite. Indeed, since
p € C([0,T]; P1(R)) and K(-,dp) is continuous, the supremum over ¢ € [0,7] of
KC(pt, 60) is attained. Furthermore, we can write

[ hwndy) = n(O) < sup [ hty) — h(O)ldu(dy)
. hebipy T (2.50)

K (e, 09) = sup

heLip,

< /}R |y|pe(dy) < o0,

where the last term is finite by the definition of P;(R). Therefore, we get due to
the linear growth of b that
| X7 =

t t
x+/0 b(s, X7, s)ds + Bi| < |$|+T+]Bt|+/0 |X7|ds.

Thus, Gronwall’s inequality yields that there exist constants C; and Cs such that

Xe| < €y (1+ 2+ sup \Bzr), and
s€o 7] (2.51)

0. X701 < Co (14 ol sup [521)

s€[0,T]
The boundedness of (2.48) is a direct consequence of (2.51) and Doob’s maximal
inequality. U

We define the complete probability space (€2, F, Q) carrying a Brownian motion
B. In the following lemma we will prove the existence of an equivalent measure
P* induced by the drift coefficient b.
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Lemma A.2 Letb:[0,T]xRxP;(R) = R be a measurable function satisfying
the linear growth condition (2.5). Then the Radon-Nikodym derivative

a & ' b(s, BY, us)dB 2.52
%~ ([ s Bras.) 25
is well-defined and yields a probability measure P* ~ Q. If (0, F,F,P* B* X%) is
a weak solution of (2.15), the Radon-Nikodym derivative

aQr T N .
o _5< /0 b(s,Xs,us)st> (2.53)

is well-defined and yields a probability measure QF equivalent to P*. Moreover,
(XP)tem s a QF-Brownian motion starting in x.

Proof. This is a direct consequence of Benes’ result (cf. [27, Corollary 3.5.16]) and
(2.51). O

Lemma A.3 Letb: [0,T]xRxP;(R) = R be a measurable function satisfying
the linear growth condition (2.5). Then, there exists an € > 0 such that for any
€ C([0,T]; P1(R)),

E

£ < /O Tb(u,ij,,uu)dBu> ﬁ] < 0. (2.54)

Proof. First, we rewrite

T 1+e¢
£ </ b(u, Bi,uu)d3u> ]
0

[ T 1 (T
_ exp{/ (1+5)b(u,Bff,uu)dBu—§/ (1—|—€)|b(u,ij,uu)|2duH
0 0

E

_gle (/OT(1 + &)b(u, B, ,uu)dBu> exp {; /0T5(1 +&)|b(u, B, pu)|2duH

- _—
— o {5 [ <0 bt e P},
0
where in the last step by Girsanov’s theorem X** denotes a weak solution of
dX;" = (14 e)b(t, X7", we)dt +dB;, X" =x€R, tel0,T]
Since b satisfies the linear growth condition (2.5), we have that

t
XE*| < Jal o+ (12) [ b, X3, pu)ldu+ | B

t
< lal + CU+2) [ (1+|X57] + Klpa, 80))du + | By.
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Therefore, Gronwall’s inequality gives us

| X7" < (1+¢) <T+ |z| + sup |Bs|+ sup IC(,uu,&))) CQ+e)T

s€[0,T] uel0,T]

and thus, we can find a constant C. , depending on ¢, ¢ and 71" such that lim._,o C; ,
exists, is finite, and

Bt X5, 001 < Co 1ol + sup [1]).

s€[0,7T
Hence,
B fowp {5 [ o0+ lbtu X5 )P
1 2
<E exp{ Te(1+¢)C2, (1 + |z| + sup |BS|> }} :
2 s€[0,T]
Clearly, lim.,oe(1 + 6)02 = 0 and therefore we can choose ¢ > 0 sufficiently
small such that (2.54) holds O

Lemma A.4 Letb:[0,T]xRxP;(R) = R be a measurable function satisfying
the linear growth condition (2.5). Furthermore, let (Q, F,G,P, B, X*) be a weak
solution of the mean-field SDE (2.13). Then,

b(t, X7, Pxse)| < C (1 + |z| + sup |Bs |> (2.55)
s€[0,T]
for some constant C > 0. Consequently, for any compact set K CR, and1 < p <
00, there exists € > 0 such that the following boundaries hold:

SupE [ sup [b(t, X7, By )P
zeK te[0,77]

sup sup E[|X[|P] < oo
€K t€]0,7)

T 1+e
£ ( / b(u, BY, ng)d3u>
0

Proof. Due to the proofs of Lemma A.1 and Lemma A.3, it suffices to show (2.55).
Note first that K(Px=,d) < E[|X[[] for every ¢t € [0,7] by (2.50). Hence, it is
enough to show that E[|X7|] < C(1 + |z|) for every ¢t € [0,7] and some constant
C > 0. Since (X7)sepo,] is a weak solution of (2.13) and b fulfills the linear growth
condition (2.5), we get

< o0

sup E < 00

zeK

E[lXY

t t
| S lol+ [ 1+ EXE] + KBz, do)ds + E[ B S 1+l + [ E[|XZ])ds
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Consequently E[|X7|] < C(1 + |z|) by Gronwall’s inequality which concludes the
proof. O

Lemma A.5 Suppose the drift coefficient b : [0,T] x R x P;(R) — R is in
the decomposable form (2.7) and uniformly Lipschitz continuous in the third vari-
able (2.10). Let (X7)icpor) be the unique strong solution of (2.13). Furthermore,
{bp}n>1 is the approzimating sequence of b as defined in (2.31) and (X{"*)icpo,m),
n > 1, the corresponding unique strong solutions of (2.32). Then, for all A € R
and any compact subset K C R,

¢
sup sup suplE {exp{—)\/ /bn (s,y,]P)X;m) LBx(ds,dy)H < 0.
s JR

n>0 s,te0,T] z€K

Proof. Recall that b,, can be decomposed into b, = b, + b for all n > (. Here b, is
uniformly bounded in n > 0. Hence, by [2, Lemma A.2]

3 ~ T
sup sup suplE [exp{—)\/ /bn (s,y,PX;z.,z) LB (ds,dy)H < Q.
s JR

n>0 s,tc[0,T] z€K

Moreover, ||3;0]|o < 0o by definition. Consequently,

t fa x
sup sup supE {exp{—/\/ /b(s,y,]P’Xg,x) LB (ds,dy)}]
s JR

n>0 s,t€[0,T] z€K
t A
=sup sup suplkE [exp {)\/ Oob (s, Bf,IPXg,z> ds}] < 0.
n>0 s,t€[0,T] r€K s

O

Lemma A.6 Suppose the drift coefficient b : [0,T] x R x P;(R) — R is in
the decomposable form (2.7) and uniformly Lipschitz continuous in the third vari-
able (2.10). Let (X7)icor) be the unique strong solution of (2.13). Furthermore,
{by}n>1 is the approzimating sequence of b as defined in (2.31) and (X{"")icpo,m),
n > 1, the corresponding unique strong solutions of (2.32). Then for any compact

subset K C R and q := 2(21:;), e > 0 sufficiently small with regard to Lemma A.4,

T T
‘5 </ bn(t,Bf,PXn,x)dBt> ¢ (/ b(t,Bf,IPXz)dBt>
0 ¢ 0 ¢

Proof. For the sake of readability we use the abbreviation b, (X*") = b, (t, B, P k)

for n,k > 0. First using inequality (2.18), Lemma A.4 and Burkholder-Davis-
Gundy’s inequality yields
ql

AT, z) = E Hg (/OT bn(X;W)dBt> ¢ </OT b(Xf)dBt)
[ o) 0B+ [0 b7

<E|

Q=

sup E
zeK

q
] B
n—00

Q|

q
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(5 (/OT bn(X["“"”)dBt> +E (/OT b(Xf)dBt>>q]

1
8w

' E /Tb X2 _ p(X7)2d
E|| [ () — ()

1
q

<E

p] 5
where p := % Due to its definition b,, is of linear growth uniformly in n > 0 and
thus we get with Lemma A.4 that

) - e

n,x o\2|P]7 n,x x 3
E [|on (X" = 6(X7)?["]” S E[lon(X7"7) = b(X7)*]?
and by Minkowski’s integral as well as Cauchy-Schwarz’ inequality, we have

A (T, x)

[

: </0TE loa() w7 dt>2 [ [l ()~ b))

[V

< ([ e o) - o] o

Using the triangle inequality and (u — b(t,y, pt)) € Lip-(P1(R)) for every t € [0, 7]
and y € R yields

E |6, (X7") — (x7)[*]
<E [[ba(X7) = bu(X7)|7] + B [[bn(X7) — b(X])[*]*

< CK (Pypr, Pxz ) + Da(t,x) < CE[|X{" = X7|] + Dalt, @),

where D, (t,z) :==E []bn(Xf) — b(Xf)|2p]  t € [0,T]. With Girsanov’s Theorem

and Jensen’s inequality we get

£ ( / t bn(XQ’m)st> .y ( Ji t b(Xj)st>
<E He (/Ot bn(XQ”““)dBS> ¢ (/Ot b(Xj’)st) q]é — At 7).

1
Consequently, A, (T, z) < (fOT(An(t, x) + D, (t, x))th) ? and therefore

E[|IX0" - X7l =E |||

T T
ATyw) s [ ARt ade+ [ Dt )
0 0
Hence, we get with Gronwall’s inequality

2 T 2
AX(T,z) < 0/ D2(t, 2)dt,
0
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for some constants C' > 0 independent of x € K, n > 0 and t € [0,7] and as a
consequence it suffices to show

T
sup [ D2(t,z)dt ——0. (2.56)

zeK JO
D2(t,2) “b (t, Br,Px; ) — b (£, BT, Px;) prp
2p 1 e_(y—;ﬂdy>22”

_ (/R\bn (t.9.Pxz) = b (.5, Pxr) V2rt

<o (o) o) e )

(y—x)* v (y—20)? 42

2 x2
where we have used e” 2 = e fie 1 e < e mezx. Furthermore, by
Theorem 3.12 there exists a constant C' > 0 such that for all ¢ € [0,7] and
r,y e K

Note first

€ (Bxe, Pxy) <E 167 — X! < Clo—y,

Consequently the function @ — Px; is continuous for all ¢ € [0,T]. Thus Pxx :=
{Px: : 2z € K} C Pi(R) is compact as an image of a compact set under a contin-
uous function. Therefore due to the definition of the approximating sequence

sup ‘b (t y,IPXr) — b(t y,IP’Xr)

zeK

= Ssup ’bn(taz%ﬂ) - b(ta,%ﬂ)’ m 07
/LE]P’XtK

and hence D2 (t, z) converges to 0 uniformly in z € K. Consequently, [ D?(t, z)dt
converges uniformly to 0 by Lemma A.4 and dominated convergence, which proves
the result. 0J

Lemma A.7 Suppose the drift coefficient b : [0,T] x R x P;(R) — R is in
the decomposable form (2.7) and uniformly Lipschitz continuous in the third vari-
able (2.10). Let (XT)icor) be the unique strong solution of (2.13). Furthermore,
{byp}n>1 is the approzimating sequence of b as defined in (2.31) and (X{"")icpo,r),
n > 1, the corresponding unique strong solutions of (2.32). Then for any compact
subset K C R, s,t €1[0,T], s<tandp>1,

¢ + pe L
sup E [ exp {—/ /bf,"" (u,y)L”" (du, dy)} —exp {—/ /bpx" (u, ) L7 (du, dy)}
zeK s R s R

] — 0,
where bEX" (u, y) = b, (u, y,IPX;L,z> for alln > 0.

n—00

Proof. We first use inequality (2.18) to obtain with Lemma A.5

exp{ //bpxnuy dudy}—exp{ //bPX"uy dudy)}

];
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p

bPX" (u,y)L du ,dy) — / /bPX” (u, y)LB (du, dy)

1

X (exp{ / /b]PX" (u,y) LB (du, dy) }-i—exp{ / /bPX” (u,y) L (du dy)}>p1 '

We define the time-reversed Brownian motion B, := By, t € [0,T], and the

Brownian motion Wy, t € [0,T], with respect to the natural filtration of B. By
[2, Theorem 2.10], Burkholder-Davis-Gundy’s inequality and Cauchy-Schwarz’ in-

equality
2p] %

t t
bﬁxn<u,y>LBm<du7dy>——u/'J/zﬁxn<u,y>LB$<du,dy>
R s R

t
bEX™ (u,y) — PX" (u, y)LP (du, dy)
R

=E

A

T—s
R R B,
- / (65 (7 — . BY) — 47 (T — . BY)) du

t T—s
/ WEX™ (u, BY) — b°x" (u, B®)dB,, + / VX (T — u, BY) — 0°%" (T — u, B*)dW,
s T—t
T—t T —u

2p:| ﬁ
¢ N %
(/ (bp*™ (u, BE) — b"X" (u, BY)) du) 1

1
T—s N . 2 P 2p
(/ (bff‘;x" (T — u, BE) — bPx" (T — u, B;)) du> ]

<E

~

+E
T—t

T—s R R éu
+ / bEx" (T — u, BY) — b*x" (T — u, BY) du.
T—t L@ | T —u
Lir(Q)
Similar to the proof of Lemma A.6 one obtains the result. O

APPENDIX B. HIDA SPACES

In order to prove Proposition 3.8, we need the definition of the Hida test function
and distribution space (cf. [17, Definition 5.6]). Furthermore we state the central
theorem used in the proof of Proposition 3.8, followed by a further helpful criterion
for relative compactness using modulus of continuity.

Definition B.1 Let Z be the set of all finite multi-indices and {H, }.e7 be an
orthogonal basis of the Hilbert space L*(€2) defined by

fu@:ﬁmxéqwmw}

Jj=1
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where h,, is the n-th hermitian polynomial, e,, the n-th hermitian function and W a
standard Brownian motion. Furthermore, we define for every a = (a, ... ay,) € Z,

m

(28) := [ (25).

j=1
(i) We define the Hida test function Space S as

S = {d) = aoH, € L*(Q) : ||¢[lx < o0 Vk € R},

acl
where the norm || - ||, is defined by
ol == [>_ alaZ(2N)o*.
a€l

Here, S is equipped with the projective topology.
(ii) The Hida distribution space S* is defined by

S = {qf) =Y a,Hy € L*(Q) : 3k € Rs.t. ||@] -k < oo},

acl
where the norm || - ||_x is defined by
1]l ==, [>_ alag (2N)=ek.
a€l

Here, §* is equipped with the inductive topology.

Theorem B.2 (Mitoma) The following statements are equivalent:
(i) A is relatively compact in C([0,T]; S*),
(ii) For any ¢ € S, {f(")[¢] : f € A} is relatively compact in C([0,T]; R).
Proof. [26, Theorem 2.4.4] O
In the following we state a version of the Arzela-Ascoli theorem which is used
in the proof of Proposition 3.8 and can be found in [27, Theorem 2.4.9]
Theorem B.3 The set A C C([0,T],R) is relatively compact if and only if
sup|f(0)| < oo, and
feA

lim supsup{ || £() — ()] 5, € [0, T, |t — 8| < 6} = 0.
6—0 feA
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EXISTENCE AND REGULARITY OF SOLUTIONS TO
MULTI-DIMENSIONAL MEAN-FIELD STOCHASTIC
DIFFERENTIAL EQUATIONS WITH IRREGULAR DRIFT

MARTIN BAUER AND THILO MEYER-BRANDIS

Abstract. We examine existence and uniqueness of strong solutions of multi-
dimensional mean-field stochastic differential equations with irregular drift coeffi-
cients. Furthermore, we establish Malliavin differentiability of the solution and show
regularity properties such as Sobolev differentiability in the initial data as well as
Holder continuity in time and the initial data. Using the Malliavin and Sobolev differ-
entiability we formulate a Bismut-Elworthy-Li type formula for mean-field stochastic
differential equations, i.e. a probabilistic representation of the first order derivative
of an expectation functional with respect to the initial condition.

Keywords. McKean-Vlasov equation - mean-field stochastic differential equation -
weak solution - strong solution - uniqueness in law - pathwise uniqueness - singular
coefficients - Malliavin derivative - Sobolev derivative - Holder continuity - Bismut-
Elworthy-Li formula.

1. INTRODUCTION

Let (2, F,F,P) be a complete filtered probability space. Throughout the man-
uscript let 7' > 0 be a finite time horizon. Consider the mean-field stochastic
differential equation, hereafter for short mean-field SDE,

dX7 =b(t, X7 Pxz)dt+0 (£, X7, Pxz) dB,, t€[0,T], X§=z€R’ (3.1)

where b : [0, T]xR4x P;(RY) — R? is the drift coefficient, o : [0, T]x R?x Py (R?) —
R?¥" the diffusion coefficient, and Pxz € Pi(R?) denotes the law of X7 with
respect to the measure P. Here, B = (B;)sc[o,1] is n-dimensional Brownian motion
and P;(RY) is the space of probability measures over (R%, B(R?)) with finite first
moment.

Mean-field SDE (3.1), also called McKean-Vlasov equation, originates in the
study on multi-particle systems with weak interaction and traces back to works of
Vlasov [41], Kac [29], and McKean [36]. In recent years the interest in mean-field
SDEs increased due to the work of Lasry and Lions [32] on mean-field games and
the related application in the fields of Economics and Finance, for example in the
study of systemic risk, see e.g. [16], [17], [23], [24], [25], [30], and the cited sources
therein. Carmona and Delarue developed subsequently the theory on mean-field

games in a mere probabilistic environment, cf. [11], [12], [13], [14], [15], and [18].
75
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In this paper the focus lies on existence and uniqueness as well as regularity
properties of solutions to multi-dimensional mean-field SDEs with additive noise,
i.e. equations of the form

dX; =b(t, X7 Pxy)dt +dB,, t€[0,T], Xg=zeR'  (32)

where B is d-dimensional Brownian motion. In particular, we are interested in
irregular drift coefficients b that are merely measurable in the spatial variable.

Existence and uniqueness of solutions to mean-field SDEs have been discussed
in several works, cf. for example [6], [5], [7], [8], [9], [19], [21], [26], [28], [34],
[35], [38], and [39]. Li and Min show in [34] the existence of a weak solution for a
path dependent mean-field SDE, where the drift b is assumed to be bounded and
continuous in the law variable. Under the additional assumption that b admits a
modulus of continuity they prove uniqueness in law of the solution. In [38], the
authors derive existence of a pathwisely unique strong solution for drift coefficients
b of at most linear growth that are continuous in the law variable with respect to the
total variation metric. In order to prove their result, Mishura and Veretennikov use
an approach similar to Krylov in his analysis of stochastic differential equations,
cf. [31]. In [39] it is shown that mean-field SDE (3.1) has a strong solution for
b fulfilling some integrability condition and being weakly continuous in the law
variable. The one-dimensional case of mean-field SDE (3.2) is considered in [6].
There, we show that mean-field SDE (3.2) has a Malliavin differentiable pathwisely
unique strong solution for drift coefficients b admitting a modulus of continuity in
the law variable and having a decomposition

bt,y, ) = b(t, y, 1) + b(t, y, 1), (3.3)

where b is merely measurable and bounded and b is of at most linear growth
and Lipschitz continuous in the spatial variable. We remark that in [6] the de-
composition (3.3) is required to establish regularity properties such as Malliavin
differentiability of the strong solution, whereas for mere existence of a strong so-
lution it suffices to assume the drift coefficient to be of at most linear growth and
continuous in the law variable, see also Theorem 3.8 below. In [5] a special class
of mean-field SDEs is considered, where the dependence on the law is in form of
a Lebesgue integral. Inter alia for this kind of mean-field SDE the existence of
a unique strong solution is shown for singular drift coefficients that are not nec-
essarily continuous in the law variable. We remark here that weak existence of
a solution has been established in [2], [3], and [4], for another class of mean-field
SDEs that are related to Fokker-Plank equations where the drift coefficient might
allow for discontinuities in the law variable.

Regularity properties of solutions to mean-field SDEs are investigated for exam-
ple in [6], [9], and [20]. In [9] and [20], the authors derive Malliavin differentiability
of solutions to mean-field SDE (3.1) for regular coefficients b and o. Further, they



7

examine in the case of regular coefficients differentiability of the solution with re-
spect to the initial value. In their analysis they use the notion of Lions derivative
which denotes the derivative with respect to a measure. We derive in [6] Malliavin
differentiability, Sobolev differentiability in the initial data, and Holder continuity
in time and initial data for the one-dimensional mean-field SDE (3.2) but for drift
coefficients that are merely Lipschitz continuous in the law variable and admit a
decomposition (3.3). In particular, we prove Sobolev differentiability in the initial
data without using the notion of Lions derivative. Lastly, we show that the ex-
pectation functional E[(®(XF)] is Sobolev differentiable with respect to x, where
X7 is the unique strong solution of mean-field SDE (3.2) and ® : R — R satisfies
merely some integrability condition. Further, we derive a Bismut-Elworthy-Li type
formula for the derivative V,E[(®(X%)].!

The main objective of this paper is to extend the results obtained in [6] to
the multi-dimensional case. More precisely, at first we show existence of a strong
solution for drift coefficients b that are merely measurable, of at most linear growth,
and continuous in the law variable. Here, we proceed as in [6] to show first existence
of a weak solution by applying Girsanov’s theorem and Schauder’s fixed point
theorem, and then resort to existence results of SDE’s to guarantee the existence
of a strong solution. Under the additional assumption that b admits a modulus of
continuity in the law variable pathwise uniqueness of the solution is derived. If the
drift coefficient b is bounded and continuous in the law variable, we further show
that the strong solution of the multi-dimensional mean-field SDE (3.2) is Malliavin
differentiable. Finally, for b being merely bounded and Lipschitz continuous in the
law variable, Sobolev differentiability in the initial data and Hélder continuity in
time and intitial data as well as a Bismut-Elworthy-Li type formula are derived.

The main difference compared to the one-dimensional case in [6] in the courses of
the proofs of Sobolev differentiability, Holder continuity, and the Bismut-Elworthy-
Li formula is that there does not exist a representation of the Malliavin derivative
by means of integration with respect to local time. Instead, we derive in a first
step for regular drift coefficients b the relation

t
Vo X{ = DXIVXE 4 [ DXEVLb(ry, Pr)

dr, 0 <s<t<T,
y=X7
where (D X7 )o<s<t<r is the Malliavin derivative and (VX[ )o<t<r the Sobolev de-
rivative of the strong solution X?* of mean-field SDE (3.2). Afterwards we use this
relation to derive the pursued regularity properties for irregular drift coefficients b
by applying an approximational approach.

The paper is structured as follows. In Section 2 we give the definitions of the
assumptions applied on the drift function b. Section 3 contains the main result on
existence of a pathwisely unique solution. Afterwards, we discuss the properties of
Malliavin and Sobolev differentiability as well as Holder continuity in Sections 4.1

'Here, V, denotes the Jacobian with respect to the variable x.
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to 4.3,

respectively. The paper is closed by deriving a Bismut-Elworthy-Li type

formula in Section 5.

2. NOTATION AND ASSUMPTIONS

Subsequently we list some of the most frequently used notations.

{er}1<r<a is the standard basis of R? consisting of the unit vectors.
Cp'(RY) is the space of continuously differentiable functions f : R — R?
with bounded and Lipschitz continuous partial derivatives.

C°(R?) denotes the space of smooth functions with compact support.

L= ([O, T),Cci" (Rd X Py (Rd))) is the space of functions f : [0,7] x R? x
P1 (Rd) — R? such that

— t— f(t,y, ) is bounded uniformly in y € R and p € P, (Rd)

— (y = f(t,y,p) € CpN(R?) uniformly in ¢ € [0,7] and p € P, (]Rd>

— 1 — f(t,y,u) is Lipschitz continuous uniformly in ¢ € [0,7] and
y € R%

e 0y denotes the Dirac measure in 0.
e Lip, (]Rd,]R) denotes the set of functions f : R? — R that are Lipschitz

continuous with Lipschitz constant 1.
The Kantorovich metric on the space P;(R?) is defined by

L, )= v)(dy)

K(p,v) =  sup . v E P (Rd) .

heLipy (R,R)
We write Ey(0) < E2(0) for two mathematical expressions Ej(6), Eo(6)

depending on some parameter 6, if there exists a constant C' > 0 not
depending on 0 such that E,(6) < CEy(6).

e || - || sup norm over all variables
e | - || is the euclidean norm
e V, is the Jacobian in the direction of the variable zR?, V}, is the Jacobian

in the direction of the k-th variable, 0, is the (weak) partial derivative in
the direction of the variable z € R, Jy is the (weak) partial derivative in
the direction of ey.

We define the weight function

2
wr(y) = exp {—@} . yeR? (3.4)

and the weighted L?-space L?(R%; wr) as the space of functions f : RY — R¢
such that

(L, Hf(y)||2wT<y>dy)é e



79

In the following we give conditions on the drift function
b:[0,7] x R? x P (RY) — R?
that we use frequently throughout the paper.

We say that the function b is of linear growth, if there exists a constant C' > 0
such that for every t € [0,T], y € RY, and p € P;(R?)

16C¢, y, )l < C (1 +lyll + K1, o)) - (3.5)

The function b is said to be continuous in the third variable (uniformly with
respect to the first and second variable), if for every u € P;(R?) and € > 0 there
exists § > 0 such that for all v € P;(R?) with K(u, ) < §, we have for all ¢ € [0, T
and y € RY

16y, 1) = bt y, V)| < e (3.6)

The drift coefficient b admits a modulus of continuity (in the third variable), if
there exists a continuous function 6 : R, — R, with [;(6(y)) 'dy = oo for all
z € R, such that for every t € [0,T], y € R, and p,v € Py (R?)

[5Gt 5. 1) = bt v, v)[* < 0 (K(p. %) (3.7)

We say the drift coefficient b is Lipschitz continuous in the third variable (uni-

formly with respect to the first and second variable), if there exists a constant
C > 0 such that for all t € [0,T], y € R?, and p, v € P;(RY)

||b(t>ynu) - b<t7y7 V)H < C,C(“a V)' (38)

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

In this section we investigate under which of the assumptions specified in Sec-
tion 2 on the drift coefficient b mean-field SDE (3.2) has a (strong) solution and
moreover, in which case this solution is unique. Let us recall the definitions of
weak and strong solutions as well as weak and pathwise uniqueness.

Definition 3.1 (Weak Solution) A six-tuple (2, F,F,P, B, X*) is called weak
solution of mean-field SDE (3.2), if
(i) (2, F,F,P)is a complete filtered probability space and F = {F; }scjo,r) satis-
fies the usual conditions of right-continuity and completeness,
(ii) B = (Bt)icpo,1) is d-dimensional (IF,P)-Brownian motion,
(iii) X* = (X)tepo,r) I a continuous, F-adapted, R%-valued process; B = (By)e[o.1]
is a d-dimensional (I, P)-Brownian motion,
(iv) X* satisfies P-a.s.

dX7 =b(t, X}, Pxy)dt +dB,, Xi=x€R’ tel0,T],
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where for all ¢ € [0,T], Px: € P1(R?) denotes the law of X} with respect to
P, and

T
0

Remark 3.2. For bounded drift coefficients b : [0,7] x R? x P;(R?) — R?
condition (3.9) is redundant since it is naturally fulfilled. Indeed,

sup K(Pxz=,d0) < E[[| X/]]
te€[0,7

< |||l +EH‘/OTb (s, X2, Py ) ds

]—l— sup E[||B:||] < oo.
te[0,T
Definition 3.3 (Strong Solution) A strong solution of mean-field SDE (3.2) is
a weak solution (2, F,FZ P, B, X®) where F? is the filtration generated by the
Brownian motion B and augmented with the P-null sets.

Remark 3.4. In the following we merely speak of X* as a weak and a strong
solution of mean-field SDE (3.2), respectively, if there is no ambiguity concerning
the stochastic basis (2, F,F,P, B).

Definition 3.5 (Uniqueness in Law) A weak solution (Q,F,F, P, B, X*) of
mean-field SDE (3.2) is said to be weakly unique or unique in law, if for any other
weak solution (Q, F,F.P,B, Y?®) of (3.2) with the same initial condition X§ = Y,
it holds that

]P)Xz - I’@Yz .

Definition 3.6 (Pathwise Uniqueness) A weak solution (Q, F,F,P, B, X*) of
mean-field SDE (3.2) is said to be pathwisely unique, if for any other weak solution
Y® with respect to the same stochastic basis (2, F,F, P, B) with the same initial
condition X§ = Y, it holds that

P(Vt>0:XF=Y7) =1

Remark 3.7. Since for strong solutions of mean-field SDE’s of type (3.2) the no-
tions of pathwise uniqueness and uniqueness in law are equivalent (cf. [6, Remark
2.11]), we merely speak of a unique strong solution, if a strong solution is unique
in any of the two senses.

The following result provides sufficient conditions allowing for irregular drift
coefficients b such that mean-field SDE (3.2) has a (unique) strong solution. Note
that in [38, Proposition 2] a similar result on the existence of a strong solution
of mean-field SDE (3.2) is derived where the authors assume drift coefficients of
at most linear growth that are continuous in the law variable with respect to the
topology of weak convergence. Here, in contrast to [38], we assume continuity in
the law variable merely with respect to the Kantorovich metric and provide a more
direct alternative of proof that is not based on approximation arguments.
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Theorem 3.8 Suppose the drift coefficient b : [0,T] x R? x P1(RY) — R? s
of at most linear growth (3.5) and continuous in the third variable (3.6). Then,
mean-field SDE (3.2) has a strong solution.

If in addition b is admitting a modulus of continuity (3.7), the solution is unique.

Proof. First note that identically to [6, Theorem 2.3] one can show that under
the assumptions of linear growth (3.5) and continuity in the third variable (3.6)
on the drift coefficient b, mean-field SDE (3.2) has a weak solution (X7 );cjo,77 for
any finite time horizon T' > 0. In particular, Px. € C([0,T]; P1(R%)) and due to
Lemma A.1 for every p > 1

E[ sup ||X[]|P] < oo. (3.10)
te[0,T)

[

In order to show the existence of a strong solution, consider the stochastic differ-
ential equation

dy;:c _ b[F’x (t’Y‘tI) dt + dBt’ t e [O’T]’ Ya’: =7 E Rd7 (311)

where b0FX (t,y) = b(t,y,Pxz) for all t € [0,7] and y € R?. Due to the work of
Veretennikov [40] it is well-known that SDE (3.11) has a unique strong solution
(Yt)te[o,f} up to the time of explosion 7 > 0. Since X7* is a weak solution of SDE
(3.11) on the interval [0, T'], both processes X* and Y* must coincide on the interval
[0, 7], due to uniqueness of the solution Y to SDE (3.11). But due to condition
(3.10), X* is almost surely finite on the interval [0, 7] and thus Y? is also almost
surely finite on the interval [0,7]. Consequently, Y is a strong solution of SDE
(3.11) on the interval [0,7] which coincides pathwisely and in law with X®. In
particular, for all ¢ € [0, 7]

PYt = IP)Xt’

and thus, SDE (3.11) and mean-field SDE (3.2) coincide and Y'* is a strong solution
of mean-field SDE (3.2).

If in addition b admits a modulus of continuity (3.7), it can be shown analogously
to [6, Theorem 2.7] that the weak solution of mean-field equation (3.2) is unique
in law. This in fact yields a unique associated SDE (3.11). In addition with
the uniqueness of the strong solution to SDE (3.11), this yields a unique strong
solution of mean-field equation (3.2). O

4. REGULARITY PROPERTIES

4.1. Malliavin Differentiability. Similar to the existence of a strong solution,
the property of being Malliavin differentiable transfers directly from the solution
Y? of SDE (3.11) to the solution X of mean-field SDE (3.2). Thus, we immedi-
ately get from [37, Theorem 3.3] the following result.
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Theorem 4.1 Suppose the drift coefficient b : [0,T] x R? x P;(R?) — R4
is continuous in the third variable (3.6) and bounded. Then, the strong solution
(X7t of mean-field SDE (3.2) is Malliavin differentiable.

4.2. Sobolev Differentiability. In this section we consider the unique strong
solution of mean-field SDE (3.2) as a function in the initial value z, i.e. for every
t € [0,7] we consider the function = — XJ. More precisely, we are interested in
the existence of the first variation process (VX[ )i, in a weak (Sobolev) sense.
Let us first recall the definition of the Sobolev space W1?(U) and then state the
main result of this section.

Definition 4.2 Let U C R? be an open and bounded subset. The Sobolev
space WH2(U) is defined as the set of functions u : R — RY, u € L?(U), such that
its weak derivative belongs to L?(U). Furthermore, the Sobolev space is endowed
with the norm

d
lullwrz2wy = llull 2wy + D 1|0kull 2w)-
k=1

We say a stochastic process X is Sobolev differentiable in U, if for all ¢ € [0, 7],
X; belongs P-a.s. to Wh2(U).

Theorem 4.3 Suppose the drift coefficient b : [0,T] x R? x P;(RY) — R? s
Lipschitz continuous in the third variable (3.8) and bounded. Let (X[ )icpm be
the unique strong solution of mean-field SDE (3.2) and U C R be an open and
bounded subset. Then, for everyt € [0,T]

(x> X7) € L2 (Q,W'3(U)).

The remaining part of this subsection is devoted to the proof of Theorem 4.3.
We start by showing that the result does hold for regular drift coefficients b. Sub-
sequently, we define a sequence {b, },>1 of regular functions that approximate the
irregular drift coefficient b from Theorem 4.3 and prove that the strong solutions
{X"™*},>1 to the corresponding mean-field SDEs converge strongly in L*() to
the solution X* of (3.2). Concluding we get by showing that {X™*},~; is weakly
relatively compact in the space L? (Q, W2(U)) that X® is Sobolev differentiable
as a function in the initial value z.

Proposition 4.4 Let the drift coefficient b € L™ ([O,T],Cbl’L (Rd x Py (]Rd)>)
and let (X7 )icpo,r be the unique strong solution of mean-field SDE (3.2). Then,

for allt € [0,T] the map x — X[ is a.s. Lipschitz continuous and consequently
weakly and almost everywhere differentiable.

Proof. The proof is equivalent to the proof of [6, Proposition 3.5]. O

Corollary 4.5 The map x + b(s,y,Pxz) is Lipschitz continuous for all t €
[0,T] and y € RY under the assumptions of Proposition 4.4 and thus weakly and
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almost everywhere differentiable. Moreover, for every 0 < s <t <T

t
V. XP = D,XPV, X" + / D, X2V ,b(r, y, Px:)

dr. (3.12)

y=X¥

Proof. Similar to the proof of [6, Proposition 3.5] it can be shown that x
b(s,y,Py=) is Lipschitz continuous for all ¢ € [0,7] and y € R%. Furthermore,
consider the linear affine ODE
t
7, :1d+/ Vab (5, X2, Brz) Zo+ Vb (5,9, Pxe ) | ds. (3.13)
0

y=Xg

First note that V, X! is a solution of ODE (3.13). Moreover, by assumption
IVab|loo < C7 < oo for some constant C; > 0 and since z — X7 is Lipschitz
continuous for all s € [0,T] we get

y b (s, X7, Px;) —b(s,X;”,]P’ ZO(M>
Vb (s,y,Pys < lim Xs
H ( Y Xs) ‘yzxg - kzz:lﬁfék)—ﬁC(k) k) _ :Bék)
d /C (ng,P zO(k))
< Z lim X(Sk) <1,
k=1 xék)%x(k) ‘ZE(k) — JZO ’
where 7o¥) = x + (g — ,e;). Therefore, ||V.b(s,y,Pxs)|yexslloe < Co < o0

for some constant Cy > 0 and consequently, ODE (3.13) has the unique solution
V. X7. On the other hand, the Malliavin derivative D, X7, 0 < s <t < T, is the
unique solution to the homogeneous ODE

D.XT = I+ / Vb (1, X2, Pxs) DoX7dr.
Consequently, we get that the Malliavin derivative has the explicit representation
D,X? = exp {/t Vb (r, X7, P ) dr} ,
and the first variation process has the representation

t
V.XE = DyX? (Id + /0 (DoX,) ™' Vb (r,y, Py ) ’yxa;dr) '

Thus, we get
D XV, X" = DyX? <1d + / (DoX,) ™" Vb (r.y, Px) | dr)
0 T/ ly=Xg

— DyXP + /O "D.X,V,b 1.y, Px) |

t
— VX7 / D, X,V.b (ry, Bx;) | dr.

y=X7

Rearranging yields equation (3.12). O
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Now consider a general drift coefficient b which fulfills the assumptions of Theo-
rem 4.3, namely Lipschitz continuity in the third variable (3.8) and boundedness,
and let X® be the corresponding unique strong solution of mean-field SDE (3.2).
Due to standard approximation arguments there exists a sequence of approximat-
ing drift coefficients

by € L ([0,7],C," (R x Py (RY))), n>1, (3.14)

with sup,~; [|bn]lec < C' < oo such that b, — b pointwise in every p and a.e.
in (t,y) with respect to the Lebesgue measure. We denote by := b and assume
that the drift coefficients b, are Lipschitz continuous in the third variable (3.8)
uniformly in n > 0. We define the corresponding mean-field SDEs

X" = by (6, X Pype) dt+dB,, t€[0,T], Xg*=zeR’  (3.15)

which admit unique Malliavin differentiable strong solutions due to Theorem 3.8
and Theorem 4.1. Moreover, the solutions {X™*},~; are Sobolev differentiable in
the initial condition z by Proposition 4.4. Subsequently, we show that (X;"*);c0.m)
converges to (X)) in L*(Q, F1) as n — oo.

Proposition 4.6 Suppose the drift coefficient b : [0,T] x R? x P;(RY) — R?
is Lipschitz continuous in the third variable (3.8) and bounded. Let (X7 )icio,r
be the unique strong solution of mean-field SDE (3.2). Furthermore, {b,}n>1 s
the approxzimating sequence as defined in (3.14) and (X{"")icjor), n > 1, the cor-
responding unique strong solutions of (3.15). Then, there exists a subsequence
{nk}kzl C N such that

X" —— X[, te0,T],

k—o0

strongly in L*(Q, F).

Proof. In [37, Corollary 3.6] it is shown in the case of SDEs that for every ¢t € [0, T]]
the sequence {X™},>; is relatively compact in L*(€, ;). Due to Theorem 4.1
the proof therein can be extended to the case of mean-field SDEs under the as-
sumptions of Proposition 4.6. Thus, for every ¢ € [0,7] we can find a subsequence
{ns(t)}rs1 such that X" converges to some Y; strongly in L2(Q, F,). Follow-
ing the same ideas as in the proof of [6, Proposition 3.8] it can be shown that the
subsequence {ny(t)}x>1 can be chosen independent of ¢ € [0,7]. Moreover, the
proof of [6, Proposition 3.9] can be readily extended to the multi-dimensional case
which yields that {X;"*"};>1 converges weakly in L?*(€2, F;) to the unique strong
solution X, of the SDE

dX; =b(t, X}, Py,)dt +dB;, t € [0,T], Xy =z € R". (3.16)
Due to uniqueness of the limit we get that Y,* & X forallt € [0,7T]. Consequently,

SDE (3.16) is identical to mean-field SDE (3.2) and thus {X;**};>1 converges
strongly in L*(Q, F;) to X; =Y, = X, for every t € [0,T]. O
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Remark 4.7. For the sake of readability we assume subsequently without loss of
generality that for every ¢ € [0, 7] the whole sequence {X;""} converges strongly
in L?(Q, F;) to X7.

Lemma 4.8 Let (X{"")icio1), n > 1, be the unique strong solutions of mean-

e s (3.19). en, for any compact subset K C and p > 2,
field SDEs (3.15). Then, f Yy bset K C R? and 2

sup sup esssup E[||V, X;"*[|”]< C,
n>1te€l0,T] zeK

for some constant C' > 0.

Proof. In the course of this proof we make use of representation (3.12), namely

dr, n>1.

t
VX — Do X 4 /0 D, X[V ,b(r, y, Pyne)

y_Xn,m
- T

First note that due to [37, Lemma 3.5] and the uniform boundedness of b, in
n > 1, we have that

sup sup sup E[||DX""||"]< C) < oo, (3.17)
n>1 s,t€(0,T] zeK

for some constant C; > 0. Moreover, we get that

:

ar(k) bg) (7’, Y, PX?’I)

dr

y=X;"

t
EM | Fabnry.Prpe)
0

sy ye|(f

k=1 j=1

2p
X dr) )
=X

Following the proof of [6, Lemma 3.10], we get due to the assumption (u +—
bu(t,y, 1)) € Lip(P1(R)) for every t € [0,7] and y € R? uniformly in n > 1 that

t 2p t
E[(/ Wdr) ],Sl—k/ ess sup E{
0 y=Xr" 0

z€conv(K)
All things considered we get that

az(k)bg) (T7 Y, ]P)X;L’m) 0

xT

(k)XZL’(J)’x

| dr.

1 t
esssup E[|V.X[] S 1+ [ esssup B[|V..X;|P)dr.

z€conv(K) z€conv(K)

Here, conv(K) is the closure of the convex hull of the set K. Noting that ¢ —
€SS SUD,, oy E[||V.X[""||"]is integrable over [0, T] and Borel measurable, cf. [6,
Lemma 3.10] for more details, allows for the application of Jones’ generalization

of Gronwall’s inequality [27, Lemma 5], and thus we get that

ess sup E[||Vxthx||p]% < esssup E[||Vfoz||p]% < o0.
zeK x€conv(K)
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Proof of Theorem 4.3. The proof is equivalent to the proof of [6, Theorem 3.3]
but for the sake of completeness we present it in the following. Consider the
unique strong solutions {X™*},>; of mean-field SDEs (3.15) and the unique strong
solution X of mean-field SDE (3.2). Subsequently, we show that {X™*} _ is

weakly relatively compact in L*(Q, W'?(U)) and then identify the weak limit Y :=
limy_ oo X™ in L2(Q2, WH2(U)) with X?, where {n;}x>1 is a suitable subsequence.
Note first that due to Lemma A.1 and Lemma 4.8

sup sup B [||X7 1)) < o0,
n>1t€[0,7T)

and therefore, { X;""},>1 is weakly relatively compact in L*(Q, W12(U)), see e.g.
[33, Theorem 10.44]. Thus, there exists a subsequence {nj}xr>o, such that X;"**
converges weakly to some Y; € L*(Q,W12(U)) as k — oo. Define for every
te[0,7]

(X;'6) = [ X{*o(a)dr,

for some arbitrary test function ¢ € C§°(U) and denote by ¢ its first derivative.
Then we get by Lemma A.1 that for all measurable sets A € F and t € [0, 7]

BILA(X7 ~ X)) < 16U sup B L7 - Xz < oo,
where U is the closure of U. Hence, we get by Proposition 4.6 that
Jim E[1a(X]" — Xy, ¢)] =0,
and thus,
B[L4(X;, ¢')] = lim E[L4(X;*, ¢")] = — lim E[Ly (V. X}, 6)] = ~E[Ls (V,%;, 6)].
Consequently,
P-as. (X, ¢") =— (V.Y 0). (3.18)

It is left to show as in [1, Theorem 3.4] that there exists a measurable set €y C €2
with full measure such that (z — X}) has a weak derivative on the subset €.
In order to show this we choose a sequence {¢,},>1 C C5°(R) which is dense in
Wh2(U) and a measurable subset Q, C Q with full measure such that (3.18) if
fulfilled on €2, where ¢ is replaced by ¢,,. Then €y := ,,>1 2, is a full measure
set such that (z — XJ) has a weak derivative on it. O

Closing the part on Sobolev differentiability we consider the function z
b (t,y,]P’th) and show that it is weakly differentiable. In Section 5 the weak de-

rivative V.0 (t, v, ]P’th) is then used in the Bismut-Elworthy-Li formula. Further,
we give a remark on the connection to the Lions derivative.
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Proposition 4.9 Suppose the drift coefficient b : [0,T] x R? x P;(RY) — R?
is Lipschitz continuous in the third variable (3.8) and bounded. Let (X7 )icor) be
the unique strong solution of mean-field SDE (3.2) and U C R? be an open and
bounded subset. Then for every 1 < p < oo, t € [0,T], and y € R,

(g: — b (t,y,IP’th)) e WP (U).

Proof. Using the proof of Lemma 4.8 the result follows equivalently to [6, Propo-
sition 3.11]. Nevertheless for completeness we give the proof here.

Consider the approximating sequence {b, },>1 of the drift function b as defined
in (3.14) and let (X;"*)icpm, n > 1, be the corresponding unique strong solu-
tions of mean-field SDEs (3.15). For the sake of readability we denote b,(x) :=
b, (t, Y, ]P’th) for every n > 0. First note that {b,},>1 is weakly relatively com-

pact in WHP(U), since by Lemma A.1 and the proof of Lemma 4.8

sup |[bn|[wew) < o0,

n>1
and thus the sequence is weakly relatively compact by [33, Theorem 10.44]. Thus,
there exists a subsequence {ny };>1 and g € W?(U) such that b,, converges weakly

to g as k — oo.
Let ¢ € C3°(U) be an arbitrary test-function with first derivative ¢'. Define

(bn,6) = [ bal@)o(x)dr.
We get due to Lemma A.1 that
(br = b, &) < [l o) [U[? sup [[bn(x) — b(z)|| < oc.

zeU

Here, U is the closure of U. Further, by Proposition 4.6

[bn (£ 5, Bxpe) = b (£, Px; ) | (3.19)
< bn (9, Pz ) = b (£, Pz )| + [on (89, Bxz) = b (.9, P ) |
< CK (Pxpe,Pxz) + an (t.9.Pxz) = b (t,y,Pxz )| — 0,
which yields lim,, . (b, — b, ®') = 0. Therefore,
(0,¢') = lim (b, ¢') = = lim (V),..¢) = —(¢.6),
where b}, and ¢’ are the first variation processes of b,, and g, respectively. O

Remark 4.10. Note that by the proof of Proposition 4.9 the process Vb is
bounded, i.e.

[Vablloo < € < 00, (3.20)

for some constant C > 0.
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Remark 4.11. Due to Lemma A.1 the law of the unique strong solution X* of
mean-field SDE (3.2) is in the space Py(R?) of probability measures with finite
second moment. Thus, restraining the domain of the drift function b to [0,7] x
R? x Py(R?) enables the introduction of the Lions derivative V,b(t, v, -) for every
t €[0,7] and y € R%. For an introduction to this topic we refer the reader to [10].
The analysis in [9] and [20] of the first variation process V, X[ suggests that the
representation

Vab (4, Pxz) = E|V,b (£, Pxz ) (X7)V. X[

holds. Note that the Lions derivative entails an additional variable which is here

denoted by Vb (-) (X7).

4.3. Holder continuity. Concluding the section on regularity properties, we show
Hélder continuity in time and space of the unique strong solution (X7 )cjo,r of
mean-field SDE (3.2).

Theorem 4.12 Suppose the drift coefficient b : [0,T] x R x P;(RY) — RY s
Lipschitz continuous in the third variable (3.8) and bounded. Let (X[ )icpor be the
unique strong solution of mean-field SDE (3.2). Then, for every compact subset
K C RY there exists a constant C > 0 such that for all s,t € [0,T] and x,y € K,

E[|x7 - XY < C(lt—sl+ = —yl?).

In particular, there exists a continuous version of the random field (t,z) — X[
with Hélder continuous trajectories of order a < % int € [0,T] and o < 1 in
r € R4,

The proof of Theorem 4.12 is analogous to the proof of [6, Theorem 3.12] and
uses the following lemma.

Lemma 4.13 Suppose the drift coefficient b : [0,T] x R? x P;(RY) — R? is
Lipschitz continuous in the third variable (3.8) and bounded. Let (X[ )icpor be the
unique strong solution of mean-field SDE (3.2). Then, for every compact subset
K C R? and p > 1, there exists a constant C' > 0 such that

sup esssupE[||V, . X7|"] < C.
tef0,7] =zeK

Proof. The result follows immediately by Lemma 4.8 and Fatou’s lemma. 0

5. BisMuT-ELWORTHY-LI TYPE FORMULA

In this section we establish an integration by parts formula of Bismut-Elworthy-
Li type. More precisely, we consider the functional  — E [®(X[)], where ® merely
fulfills some integrability condition, and show that it is weakly differentiable. More-
over, we give a probabilistic representation of the derivative V,E [®(X})].
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Theorem 5.1 Suppose the drift coefficient b : [0,T] x R? x P1(RY) — R? s
Lipschitz continuous in the third variable (3.8) and bounded. Let (X)icpom be
the unique strong solution of mean-field SDE (3.2), K C R? be a compact subset,
® € L*(R%wr), and wr is as defined in (3.4). Then, for every open subset U C K,
t€0,7], and 1 < ¢ < o0,

(z = E[2(X7)]) € WHI(U),
and for almost all x € K

T
V. E[®(X7)] = E l@(X%)/O (a(S)VzXf + Vb (s, 9, Pxy) !y:xg/o

S

a(u)du) stl ,
(3.21)

where a : R — R is any bounded, measurable function such that

/OT a(s)ds = 1.

Proof. First assume that ® € C,"'(R%) and let {b,}n>1 and {X"™*},>1 be defined
as in (3.14) and (3.15), respectively. Due to Proposition 4.6 it is readily seen that

E[®(X}")] — E[B(XF)], (3.22)

for every t € [0,T] and z € K. Equivalently to [6, Lemma 4.1] it can be shown
that E[®(X,"")]is weakly differentiable in z and

VLE[®(X77)] = E[®/(X77) Vo X7,

Furthermore, using the representation (3.12) we get for any bounded measurable
function a : R — R with [j a(s)ds = 1 that

T T
V. X7 = /0 a(s) (DSX;EIVQUX;W +/ Dngvaxbn(r,y,]P’X;L,z)|y:X:L,xdr> ds
S

T T T
:/ a(s)DsX%f”VzXQ’”der/ / a(s)DTX;’nggbn(r,y,PXg,x)]yfxn,zdrds.
0 0 s T

Now we look at each term individually starting by the first one. Note first that
O(X ") is Malliavin differentiable and thus using the chain rule yields

T T
E [@’(X;@) / a(s)DSX?wvavads] ~E l / a(s)DSQ(X%I)VxXS@ds] .
0 0
Since s — a(s)V, X" is an adapted process and by Lemma 4.8

< 00,

T 2
E[/ lla(s) V. X2"||" ds
0

the application of the duality formula [22, Corollary 4.4] yields

T T
EV a(s)DSCD(X;’””)VxX:’zds]:]ElCD(X;’””) / a(S)VxX:’mstl.
0 0
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Considering the second term note first that due to (3.17) and (3.20)

sup E|||®"(X7")a(s) Dy X7 "V by (1, y, Pyne) - ] < 0.
r,s€[0,T] y=Xr
Consequently, the integral
/ / { an (3)DTX;7xvazbn(ra y>]P>Xf’m) Xn,z:l drds
y=X

exists and is finite by Tonelli’s Theorem. Thus, the order of integration can be
swapped and we obtain by using once more the duality formula [22, Corollary 4.4]
that

[ X"// $) Dy X5 Vb (1, Pre)|

R /0 a(s)dsdr]

e /Or a(s)dsdBT] :

Putting all together we obtain representation (3.21) for ® € ;' (R%) where b and
X7 are substituted by b, and X™", respectively.

Next, we show that representation (3.21) is valid also for b and X*. Let ¢ €
Cs°(U). We prove subsequently that

| ¢ @R
U

- drds]

0

T
=E [@(X;’I> /0 vxbn(ra Y, ]P)X:L’x)

T s
_ / o(2)E l@(x;e) / (a(s)VIXﬁwLbe (5,9, Pxs) ly—xz / a(u)du) st] dz.
U 0 0
Using (3.22) we have that

|, ¢ @E@(XD)]da
=— lim [ ¢(z)E _@(Xg’x) /T (a(s)VzX:’x + Vb (s, x) /0S a(u)du) st] dx

n—oo Jir 0

[ T
=—lim [ ¢(2)E @(X;m)/ a(S)VmX:’rstl dx

n—00 U 0

: T s
— lim [ p(2)E |®( an)/ Vwbn(s,x)/ a(u)dudBS] dx
0 0

n—oo Ji7

=:— lim A, — hm Chn,

n—oo

where b, (s, z) := b, (3, y,]P’X;w) ly=xm=, n > 0. For A, we further get that

A= [ pla)E [<<I><X%“*‘> () | Ta(smxsdes] s
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+ /USO(x)]E [CI)(X%) /OTG(S) (V. X" — V,X7) stl "
+ /Uso(x)]E [@(X%) /OTG(S)VijdBS] dr

= A (D) + A (1) + /U o(2)E [@(X;:) /0 ' a(s)VfodBS] dz.

Note that A, () and A, (II) converge to 0 due to Proposition 4.6 and Lemma 4.8,
and the proof of Theorem 4.3, respectively.
For B,, let us first define the measure change

Q" _ ¢ (— /OT b (5, X717, Byr st> >0

dp

Note that under Q" the processes X™" is Brownian motion. Hence, we get with
T
gn—¢ </ ba (5, BE, Pxne) dBS> >0,
0
that

T s
Cp—Cy= /Ugo(z‘) (E [q)(B%)/o ben(s,:n)/o a(u)dudBs 5%]

— E |®(B7) /OT Vbo(s, ) /OS a(u)dudBs S%]) dx

— /U o(x) (E [(I)(Br_?) /OT Vabn(s, ) /OS a(u)du by, (s, Bf,IP’X;L,x) ds 5%1
— E |®(B%) /OT Vbo(s, z) /0 a(u)du b (s, BY,Pxz) ds S%D dx

—: Cp(I) — Cy(I1),

where b, (s, z) := b, (s, y,IP’X;L,m) ly=Bz, n > 0. Considering C,(I) we have due to
(3.20)

Co(I) < /ng@) (IE [/OT ‘ben (s,y,IP’X;yw> — V.b (s,y,IPX§> ;Bg ds] 2

) dz.

The first term converges to 0 due to the proof of Proposition 4.9 whereas the
second term converges to 0 due to Lemma A.2. Furthermore, for C, (/1) we have

dD da,

+E||ep - &

T
Cn(II) 5 / QO(.T) (Cn(I) +E q)(B%’)/ ‘bn (S,B?,PX?I) —b (S,B;C,PX.ST)
U 0
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which converges to 0 due to (3.19) and dominated convergence. Thus equation
(3.21) holds for ® € ¢ (R%).

Lastly, we show that equation (3.21) holds true for ® € L*(R% wr). In order
to show this, define a sequence {®,} C Cp"'(R?) by standard arguments which
approximates ® with respect to the norm L?(R%; wr). Note first that

s

B[|loxr) [ (a()V.X7 + Vb (5. Pxs) Loy [ alw)du) dB,
( )

] (3.23)

<E[|o(x3)?]*

[N

2
s

x E

T
i (a(s)Vme—i-Vzb(s,X;”,PX;-ﬂy:Xg / a(u)du) dB,
0 0

1
2

. [HCD(B;)”Q‘(: (/OT b(s, Bf,]ng)stﬂ

xEVOT

SE[leBIP] < o,

2 73
du]

a(5)Vo X7 + Vob(s, X7, Pys)|y—xs / a(u)du
x|

where we have used Lemma 4.8 and (3.20). Thus, expression (3.23) is well-defined.
Furthermore, it is readily seen that

E[®,(X7)] = E[®(X7)].
Thus, for any test function ¢ € C5°(R?) we have that
|, e@E@(X7)]de
—— lim [ &(@)E lcpn(xge) /0 ' (a(s)VmX;” 4V, 0(s, ) /0 ) a(u)du) stl dz

< - dim [ G@E[(@,0x5) - 9(x5))?) do

n—oo Jy
_ /U ¢ (2)E l(ID(X%) /OT (a(s)Vfo + V.b(s,x) /Os a(u)du) stl dx
— /U ¢ (2)E lop(x;e) /0 ' (a(s)Vfo +V,b(s, z) /0 Sa(u)du) dBS] de,

where b(s,z) = b(s,y,Pxs)|y,=x:. Consequently, equation (3.21) holds for ¢ €
L*(RY; wr). O
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APPENDIX A. TECHNICAL RESULTS
Consider the (mean-field) stochastic differential equation
dXP" =b(t, XP", ) dt +dBy, t € [0,T], X§" = x € RY, (3.24)

where € C([0,T]; P1(RY)). The following lemmas can be proven similar to [6,
Lemma A.1 & Lemma A.6].

Lemma A.1 Suppose the drift coefficient b : [0,T] x R? x Py (R?) — R? is of
at most linear growth (3.5) and X**" is a solution of SDE (3.24). Then, for every
p > 1 and any compact subset K C R?

sup E [ sup || (¢, Xi", pe) |IP| < oo.
zeK te[0,T)
In particular,
sup E [ sup Hthv#Hp < 0.
€K t€[0,T7]

Moreover, for a set of measures Ec := {p € C([0,T]; P1(R)) : supejory Kt do) <
C}, where C' > 0 is some constant, and every p > 1

sup E [ sup sup ||b(t, Xi", ) [|P| < oo.

zeK te[0,T] n€Ec

Lemma A.2 Suppose the drift coefficient b : [0,T] x R? x P;(R?) — R? s
Lipschitz continuous in the third variable (3.8) and bounded. Let (X[ )icpr be
the unique strong solution of mean-field SDE (3.2). Furthermore, {b,},>1 is the
approzimating sequence of b as defined in (3.14) and (X{"*)icpm, n > 1, the
corresponding unique strong solutions of mean-field SDFEs (3.15). Then for any
p=>1

T T
E He (/ bt Bf,IPth,z)dBt> y (/ b(t,Bf,IP’Xf)dBt>
0

B =

n—o0

p
] — 0.
0
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STRONG SOLUTIONS OF MEAN-FIELD SDES WITH
IRREGULAR EXPECTATION FUNCTIONAL IN THE DRIFT

MARTIN BAUER AND THILO MEYER-BRANDIS

Abstract. We analyze multi-dimensional mean-field stochastic differential equations
where the drift depends on the law in form of a Lebesgue integral with respect to the
pushforward measure of the solution. We show existence and uniqueness of Malli-
avin differentiable strong solutions for irregular drift coefficients, which in addition to
singularities in the space variable might also allow for discontinuities in the law vari-
able. In particular, the case where the drift depends on the cumulative distribution
function of the solution is covered. Moreover, we examine the solution as a function
in its initial condition and introduce sufficient conditions on the drift to guarantee
differentiability. Under these assumptions we then show that the Bismut-Elworthy-Li
formula proposed in [7] holds in a strong sense, i.e. we give a probabilistic repre-
sentation of the strong derivative with respect to the initial condition of expectation
functionals of strong solutions to our type of mean-field equations in one-dimension.

Keywords. McKean-Vlasov equation - mean-field stochastic differential equation
- strong solution - uniqueness in law - pathwise uniqueness - irregular coefficients -
Malliavin derivative - Sobolev derivative - Holder continuity - Bismut-Elworthy-Li
formula - expectation functional.

1. INTRODUCTION

Throughout this paper, let T > 0 be a given time horizon. As an extension of
stochastic differential equations, mean-field stochastic differential equations (here-
after mean-field SDEs), also referred to as McKean-Vlasov equations, given by

dXT =0 (t, X7 Pxz)dt +7 (t, X7, Pxz ) dBy, t € [0,T], Xg =2 € R, (4.1)

allow the coefficients to depend on the law of the solution in addition to the solution
process. Here, b: [0, T|xR¥xP;(RY) — R? and 7 : [0, T] x R x Py (R?) — R>™ are
some given drift and volatility coefficients, (By)cjo,r) is n-dimensional Brownian
motion,

P1(RY) = {u ‘,u probability measure on (R%, B(R?)) with /d |z||dp(z) < oo}
R

is the space of probability measures over (R B(R?)) with existing first moment,
and Pz is the law of Xj’ with respect to the underlying probability measure P.
Mean-field SDEs arised from Boltzmann’s equation in physics, which is used

to model weak interaction between particles in a multi-particle system, and were
99
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first studied by Vlasov [40], Kac [29] and McKean [33]. Nowadays the study of
mean-field SDEs is an active research field with numerous applications. Various
extensions such as replacing the driving noise by a Lévy process or considering
backward equations have been examined e.g. in [8], [9], and [28]. A cornerstone
in the application of mean-field SDEs in Economics and Finance was set by Lasry
and Lions with their work on mean-field games in [31], see also [11] for a readily
accessible summary of Lions’ lectures at College de France. Carmona and Delarue
developed a probabilistic approach to mean-field games opposed to the analytic
one taken in [31], see e.g. [12], [13], [14], [16], and [19] as well as the monographs
[15]. A more recent application of the concept of mean-fields is in the modeling
of systemic risk, in particular in models for inter-bank lending and borrowing, see
e.g. [17], [18], [23], [24], [25], [30], and the cited sources therein.

In this paper we analyze (strong) solutions of multi-dimensional mean-field SDEs
of the form

dX7 = b (t, X, [ et ) ngs(dz)> dt +dB,, t € [0,T], X¢ =z € R,
R
(4.2)

for b, : [0,T] x RY x R — R? This mean-field SDEs generalize two commonly
used models in the literature, where the first one considers b(t,y, z) = z, see e.g.
[34] and [37], or [8] where the authors consider backward mean-field SDEs, and in
the second model ¢(t,y,z) = §(z) for some B : R? — R? see e.g. [1] and [21].
Note that putting @ = 1 and

bty) = bog)tyn) =b (Lo [ ety oud).  (43)

yields that mean-field SDE (4.2) is recognized as a special case of the general
mean-field SDE (4.1).

The first main contribution of this paper is to establish existence and uniqueness
of weak and strong solutions of mean-field SDE (4.2) with irregular drift. Further,
we show that the strong solutions are Malliavin differentiable. For coefficients b and
@ in the general mean-field SDE(4.1) fulfilling typical regularity assumptions such
as linear growth and Lipschitz continuity, existence and uniqueness is well-studied,
see e.g [10]. In [20] the existence of strong solutions is shown for time-homogeneous
mean-field SDEs (4.1) with drift coefficients b that are of linear growth and allow
for certain discontinuities in the space variable y and are Lipschitz in the law
variable p. In the time-inhomogeneous case it is shown in [34] that there exists
a strong solution of mean-field SDE (4.2) in the special case b(t,y,2) = z under
the assumption that ¢ is of linear growth. The special case of mean-field SDE
(4.2), where ¢(t,y, z) = p(2), is treated in [21]. Here the author assumes that the
drift coefficient b is bounded and continuously differentiable in the third variable
z and P is a-Hoélder continuous for some 0 < o < 1. In [26] the authors consider
mean-field SDEs of the form (4.2) and prove existence of a strong solution in
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the case where b fulfills an integrability condition and is continuous in the third
variable and ¢ is bounded and Lipschitz continuous in the third variable. The
case b(t,y, z) = z is considered in [37], where ¢ is considered to merely fulfill some
integrability condition in order to show the existence of a strong solution. The
work that is the closest to our analysis presented in the following are [6] and [7],
where for additive noise, i.e. @ = 1, existence and uniqueness of weak and Malliavin
differentiable strong solutions of mean-field SDE (4.1) is shown for irregular drift
coefficients b including the case of bounded coefficients b that are allowed to be
merely measurable in the space variable y and continuous in the law variable pu.
Considering mean-field SDE (4.2), first existence and uniqueness results of solu-
tions for irregular drifts are inherited from results in [6] on the general mean-field
SDE (4.1) by specifying b and ¢ such that b in (4.3) fulfills the assumptions in [6].
We derive these conditions in Section 2. However, in order to guarantee continuity
in the law variable p required in [6] we cannot allow for irregular ¢, in particular we
need that ¢ is Lipschitz continuous in the third variable. This excludes interesting
examples where ¢ is irregular, as for example the case when ¢(t,z,2) = Li<u},

u € R, and thus the case where the drift b (t, Xy, Fxz (u)) depends on the distri-

bution function Fz(-) of the solution is not covered. The objective of this paper is
thus to show existence and uniqueness of weak and Malliavin differentiable strong
solutions of mean-field SDE (4.2) where we relax the conditions on ¢ even further
and merely assume that ¢ is measurable and of at most linear growth. The as-
sumptions on the drift function b are inherited from [6] which includes the case
of merely measurable coefficients of at most linear growth that are continuous in
the third variable z. In particular, this implies drift coefficients b that are not
necessarily continuous in the law variable. We also remark here that for a special
class of mean-field SDEs related to Fokker-Plank equations the existence of a weak
solution where the drift coefficient is not necessarily required to be continuous in
the law variable has been established in [3], [4], and [5]. As one application we
obtain a global version of Carathéodory’s existence theorem for ODEs.

In the second part of the paper the main objective is to study the differentia-
bility in the initial condition x of the expectation functional E[®(X%)] and to give
a Bismut-Elworthy-Li type representation of 9,E[®(X%)]!, where ® : R — R and
(X¥)icjo,r is the unique strong solution of the one-dimensional mean-field SDE
(4.2), i.e. d = 1. In [7] it is shown that E[®(X7)] is Sobolev differentiable in
its initial condition for a broad range of irregular drift coefficients and for & ful-
filling merely some integrability condition, and a Bismut-Elworthy-Li formula is
derived. However, for various purposes it is of interest to understand when the
derivative 0,E[®(X7)] exists in a strong sense. For example, the weak derivative
does not allow for a satisfactory interpretation of 0, E[®(X7)] as a sensitivity mea-
sure in the sense of the so-called Delta from Mathematical Finance. For the case

'Here, 8, denotes the Jacobian with respect to the variable z.
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o(t,y,z) = p(z) and for smooth coefficients, [1] provides a Bismut-Elworthy-Li
formula for the continuous derivative 0,E[®(X7F)]. We here show that E[®(X7)]
is continuously differentiable for a large family of irregular drift coefficients. More
precisely, we require b and ¢ in addition to the assumptions for existence and
uniqueness of strong solutions to be sufficiently regular in the third variable z. For
these coefficients the Bismut-Elworthy-Li representation from [7] thus holds in a
strong sense. As a first step to obtain this result, we also need to study strong
differentiability of X* in its initial condition x. In particular, we show that if b
and ¢ are continuously differentiable in the space variable y and the third variable
z then X7 is continuously differentiable in .

The paper is structured as follows. In Section 2 we recall the results from [6]
and [7] and apply it to the case of mean-field SDEs of type (4.2). These results
will be employed in the remaining parts of the paper. In Section 3 we weaken
the assumptions on ¢ and show existence, uniqueness, and Malliavin differentia-
bility of solutions of mean-field equation (4.2). Finally, Section 4 deals with the
first variation process (9, X}):c(o,7] and provides a Bismut-Elworthy-Li formula for
the continuous derivative 0,E[®(X7)] for irregular drift coefficients in the one-
dimensional case.

Notation: Subsequently we list some of the most frequently used notations.
For this, let (X, dx) and (¥, dy) be two metric spaces.

e By || - || we denote the euclidean norm.

e C(X;Y) denotes the space of continuous functions f: X - Y. f X =Y
we write C(X) := C(X; X).

e C5°(X) denotes the space of smooth functions f : X — R with compact
support.

e For every C' > 0 we define the space Lip,(X;)) of functions f : X — Y
such that

dy(f(r1), f(22)) < Cdx(21,72), V1,29 €X

as the space of Lipschitz functions with Lipschitz constant C' > 0. Further-
more, we define Lip(X; ) := Ups Lipe(X;Y) and denote by Lipo(X) :=
Lipo(X; X) and Lip(X) := Lip(X; X), respectively, the space of Lipschitz
functions mapping from X to X.

o C;é (RY) denotes the space of continuously differentiable functions f : RY —
R? such that there exists a constant C' > 0 with
(a) sup,egs | F ()] < C, and
(b) (y = f'(y)) € Lipc(RY).
Here f' denotes the Jacobian of f. We define C; (R?) 1= Ugsq Gy (RY).

e ¢([0,T] x RY x R?) is the space of functions f : [0, 7] x R? x R? — R? such
that there exists a constant C' > 0 with
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(a) (y— f(t,y,2)) € C,i’é(Rd) for all ¢ € [0, 7] and 2 € R, and
(b) (2 f(t,y,2)) € Cu(RY) for all t € [0,T] and y € RY.

e We say a function f : [0, T|xRIxR¢ — R%is in the space L£([0, T|x R?xR?),
if there exists a constant C' > 0 such that for every ¢ € [0,7T] and y € R?
the function (z — f(t,y,2)) € Cye(RY).

e Let (2, F,F,P) be a generic complete filtered probability space with filtra-
tion F = (F;)iepo,r) and B = (By)ieo,r) be d-dimensional Brownian motion
defined on this probability space. Furthermore, we write E[-| := Ep[], if
not mentioned differently.

e LP(Q)) denotes the Banach space of functions on the measurable space
(Q2, F) integrable to some power p, p > 1.

o LP(Q), F;) denotes the space of Fi-measurable functions in LP(£2).

e We define the weighted LP-space over R with weight function w : R — R
as

LP(Ryw) = {f : R — R measurable : /R]f(y)|pw(y)dy < oo} :

e Let f:R? — R? be a (weakly) differentiable function. Then we denote by
oy f(y) = g—;(y) its first (weak) derivative evaluated at y € RY and 0y is
the Jacobian in the direction of the k-th variable.

e We denote the Doléan-Dade exponential for a progressive process Y with
respect to the corresponding Brownian integral if well-defined for ¢ € [0, T']

by
t t 1 /t
£ (/ YudBu> .= exp {/ VB, -5 [ ||Yu|]2du}.
0 0 2 Jo

e We define BY .=z + By, t € [0,T], for any Brownian motion B.

o We write E1(0) < FE»(f) for two mathematical expressions Fi(6), E2(6)
depending on some parameter 6, if there exists a constant C' > 0 not
depending on 6 such that E;(6) < CE(6).

e We denote the Wiener transform of some Z € L*(Q), Fr) in f € L*([0,T])
by

W)=k | ze ([ s

2. RESULTS DERIVED FROM THE GENERAL MEAN-FIELD SDE

In this section we recall sufficient conditions on b and ¢ such that b as defined
in (4.3) fulfills the corresponding assumptions for existence, uniqueness, and reg-
ularity properties of strong solutions required in [6] and [7]. These results will
subsequently be applied in Sections 3 and 4 in order to weaken the assumptions
on ¢ such that mean-field SDE (4.2) has a Malliavin differentiable strong solution
and to show strong differentiability of this unique strong solution under sufficient
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conditions on b and . We start by giving the definitions of some frequently used
assumptions.

Let f:[0,7] x R? x R? — R? be a measurable function. The function f is said
to be of linear growth, if there exists a constant C' > 0 such that for all ¢ € [0, T
and v,z € RY,

1t y, 2] < CA A+ [lyll + [l=[])- (4.4)

We say f is continuous in the third variable (uniformly with respect to the first
and second variable), if for all z; € R? and € > 0 there exists a § > 0 such that for
all t € [0,7] and y € R?

(Va2 € R?: [|l21 — 20| < 8) = [[f(t,y,21) — F(t,, )] <. (4.5)

Moreover, we say f admits a modulus of continuity in the third variable, if there
exists 0 € {1 € C(R;R) : 9(2) > 0and [7-% = oo Vz € R} such that for all

0 9(y)
t €[0,7] and y, 21, 20 € R?

If(ty,20) = F(ty, )P <0 (12— 2]?) - (4.6)

The function f is said to be Lipschitz continuous in the second, respectively third,
variable (uniformly with respect to the other two variables), if there exists a con-
stant C' > 0 such that for all ¢ € [0, 7] and v, 2, 2 € R?

||f(t,y1,z) - f(t7y27z>|| < CHyl - y2||7 (47)
respectively, such that for all ¢ € [0, 7] and y, 21, 2, € R?
1f(t oy, 21) = ft g, 22)|| < Cllzr = 22|. (4.8)

Concluding, we say the function f is Lipschitz continuous in the second and third
variable (uniformly with respect to the first variable), if it fulfills the Lipschitz
assumptions (4.7) and (4.8), i.e. there exists a constant C' > 0 such that for all
te [O,T] and Y1,Y2, 21, %2 € Rd

(81, 21) = F(tya, 22) | < Cllyn = ol + [l20 = 22]) - (4.9)

Note that when we talk about (Lipschitz) continuity in a certain variable, we
always understand the continuity to hold uniformly with respect to the other
variables.

We start by deriving sufficient conditions on b and ¢ from [6] and [7] for existence
and uniqueness of solutions of mean-field SDE (4.2). For detailed definitions of the
notions weak and strong solution as well as pathwise uniqueness and uniqueness
in law - as used subsequently - we refer the reader to these same papers.

From [6, Theorems 3.7] we obtain in the following corollary the assumptions on
b and ¢ to ensure the existence of a strong solution of (4.2).
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Corollary 2.1 Let b : [0,7T] x R x R? — R? be a measurable function of at
most linear growth (4.4) and continuous in the third variable (4.5). Furthermore,
assume that ¢ : [0,T] x R x R? — R? is a measurable functional which is of at
most linear growth (4.4) and Lipschitz continuous in the third variable (4.8). Then
mean-field SDE (4.2) has a strong solution.

If in addition b admits a modulus of continuity in the third variable (4.6), the
solution s pathwisely unique.

Concerning Malliavin differentiability of the solution we obtain from [6, Theorem
4.1]:

Corollary 2.2 Let b be a bounded measurable function which is continuous in
the third variable (4.5). Furthermore, assume that ¢ is a measurable functional
which is of at most linear growth (4.4) and Lipschitz continuous in the third variable
(4.8). Then mean-field SDE (4.2) has a Malliavin differentiable strong solution.

Remark 2.3. In the one-dimensional case, d = 1, Corollary 2.2 can be general-
ized in the following way due to [7]. Let (bo ¢) allow for a decomposition of the
form

(o)t i=b(ty. [ ot 2)nld=)) +b(ty. [ @ty 2)n(d2), (4.10)

where the drift b is merely measurable and bounded and the functional ¢ is of
linear growth (4.4) and Lipschitz continuous in the third variable (4.8). More-
over, the drift b is of at most linear growth (4.4) and Lipschitz continuous in the
second variable (4.7) whereas the functional ¢ is of at most linear growth (4.4)
and Lipschitz continuous in the second and third variable (4.9). Then, mean-field
SDE (4.2) has a Malliavin differentiable unique strong solution and the Malliavin

derivative admits for 0 < s <t < T the representation

D, X[ = exp {— /St/Rb (u,y,/ﬂ{gp(u,y, z)IP’Xg(dz)> LXx(du,dy)} : (4.11)

Here, L*" (du, dy) denotes integration with respect to local time of X* in time and
space, see [2] and [22] for more details. If in addition b is continuously differentiable
with respect to the second and third variable and ¢ is continuously differentiable
with respect to the second variable, representation (4.11) can be written as

t
DX} :exp{/ Osb (u,qu,/ gp(u,X;”,z)IF’Xﬁ(dz))
s R

+ 0sb (u,Xff,/Rgo(u, Xff,z)IP’Xi(dz)) /RaQ@(u,qu,z)IP’Xi(dz)du}.

Here, 0, and 03 denotes the derivative with respect to the second and third variable,
respectively.

Next we state a result on the regularity of a strong solution of (4.2) in its initial
condition which is due to [6, Theorem 4.3].
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Corollary 2.4 Let b be a bounded measurable function which is Lipschitz con-
tinuous in the third variable (4.8). Furthermore, assume that ¢ is a measurable
functional which is of at most linear growth (4.4) and Lipschitz continuous in the
third variable (4.8). Then, the unique strong solution (X[ )icjo,m of mean-field SDE
(4.2) is Sobolev differentiable in the initial condition x.

Remark 2.5. In the one-dimensional case, d = 1, we further get due to [7,
Theorem 3.3 & Proposition 3.4] for (bo ) allowing for a decomposition (4.10) that
the first variation process (0, X[ )ico,r) has for almost all z € K, where K C R is
a compact subset, the representation

0. X} = exp {— /Ot /}R(bo ©) (s,y,Pxz) L (ds, dy)} (4.12)

+/()texp{—At/IR(bow) (Szy,ﬂ”xgﬂ)LXz(ds,dy)}ax(bW) (5,9, Pxz)

Moreover, for 0 < s < t < T the following relationship with the Malliavin
Derivative holds:

du.
y=Xg

t
0, X7 = D X9, X" + / D.X{0,(bop) (u.y.Pxy) | du. (4.13)

y=X7

Furthermore, the unique strong solution is Holder continuous in time and the
initial condition which is due to [6, Theorem 4.12].

Corollary 2.6 Let b be a bounded measurable function which is Lipschitz con-
tinuous in the third variable (4.8). Furthermore, assume that ¢ is a measurable
functional which is of at most linear growth (4.4) and Lipschitz continuous in the
third variable (4.8). Let (X[)ico,r) be the unique strong solution of mean-field SDE
(4.2). Then for every compact subset K C R? there exists a constant C > 0 such
that for all s,t € [0,T] and x,y € K,

E[| X7 - XY < C(It = s| + [l= — yl*). (4.14)

In particular, there exists a continuous version of the random field (t,z) — X[
with Holder continuous trajectories of order a < % int € [0,T] and o < 1 in
z € R

Finally, from [6, Theorem 5.1] we get the following Bismut-Elworthy-Li type
formula under the same assumptions as in Corollary 2.4.

Corollary 2.7 Let b be a bounded measurable function which is Lipschitz con-
tinuous in the third variable (4.8). Furthermore, assume that ¢ is a measurable
functional which is of at most linear growth (4.4) and Lipschitz continuous in the
third variable (4.8). Furthermore, let ® € L*(R% wr) with p == 2=, ¢ > 0 suf-

ficiently small with regard to Lemma A.2, and wr(y) := exp {—%}. Then, the

expectation functional E[®(X7)] is Sobolev differentiable in the initial condition
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and the derivative 0, [®(X%)] admits for almost all v € K, where K C R is a
compact subset, the representation

S

T
LE[®(XT)]=E [CI)(X%) </0 a(8)0, XZ 4+ 0x(bo @) (s,y,Pxr) |y:X:/O a(u)dust>] ,
(4.15)

where a : R — R is any bounded, measurable function such that
T
/ a(s)ds = 1.
0

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS

The results in Section 2 presume Lipschitz continuity of the function ¢. In this
section we are interested in showing existence and uniqueness of strong solutions
under weakened regularity assumptions on . In particular, the drift coefficient b
might exhibit discontinuities in the law variable . For example, this will allow to
consider mean-field SDEs where the drift depends on the solution law in form of
indicator and distribution functions, respectively.

Theorem 3.1 Let b:[0,T] x R x RY — R be of at most linear growth (4.4)
and continuous in the third variable (4.5). Further, let o : [0, T] x REx R — R? be
of at most linear growth (4.4). Then mean-field SDE (4.2) has a strong solution.

If in addition b is Lipschitz continuous in the third variable (4.8), the solution
1S unique.

Proof. This proof is organized as follows. First we introduce a sequence {Y"},,>1 of
solutions to mean-field SDE (4.1) with approximating coefficients and show that we
can find a probability space (€2, F,P) such that the equivalent sequence {X*};>;
of {Y™},>1 on this probability space converges in L*({2) to some stochastic process
X. We then prove that X* further converges weakly in L?*(Q) to a solution of (4.2)
and thus by uniqueness of the limit X is a weak solution of mean-field SDE (4.2).
Afterwards we conclude the existence of a strong solution and prove uniqueness of
the solution.

By standard arguments using mollifiers, we can define sequences {b,},>; and
{pntn>1 in C°([0,T] x RY x RY) such that b, converges to b and ¢,, converges
to ¢, respectively, pointwise in (t,7,2) € [0,T] x R? x R? a.e. with respect to
the Lebesgue measure. We denote the original functions b and ¢ by by and ¢y,
respectively. Due to continuity assumption (4.5) on the coefficient b, we can further
assume that the family of coefficients {b, },>0 is pointwisely equicontinuous in the
third variable, i.e. for every ¢ > 0 and z; € R exists a § > 0 such that for all
n>0,t€[0,7], and y € R? we get

(Va2 € RY: [|o1 — 20l < 6) = [[bult,y,21) — bu(t,y, 22)|| <& (4.16)
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Then, by Corollary 2.2, for n > 1 mean-field SDEs
avyr = b, (t, v [ ety 2) IP’ytn(dz)) dt +dW;, t € 0,7,
R

Yyt =1 € RY,

(4.17)

where W' = (W})ico,r) is Brownian motion, have unique strong solutions {Y™"},>4

on some complete probability space (Q, F, IFD) Moreover, due to Lemma A.2 there
exists some constant C' > 0 such that

() SUp,s SuPo<rer Bp V[P < C(1 + ||2]1?),
(ii) SUDPp>1 SUPo<s<t<T;t—s<h EP{HK&” - Y:;”Hﬂ < Ch.

Next, we show that the properties (i) and (ii) imply the assumptions of Theo-
rem B.1 and thus there exists a subsequence {ng}y>1 C N and a sequence of
stochastic processes {(X[)iejor) }x>1 defined on a probability space (2, F,P) such
that the finite dimensional distributions of the processes Y™ and X* coincide for
every k > 1, c.f. Remark B.2, and X converges in probability to X; as k goes to
infinity. Note first that the stochastic processes {Y"},>1 are almost surely contin-
uous as a solution of mean-field SDE (4.17). Furthermore, we get by Chebyshev’s
inequality that due to (i)

» n 1 n 1
B > K) < 2B I1V)7] < 7500 + l2]®). K >0,
and thus

= 1
lim lim sup P(|Y"|| > K) < lim lim sup —C(1 + [|z]*) = 0.
K—)oon—wote[oj‘] (H t H ) K—>oon—>oot€[0,T] K2 ( H H )

Equivalently, we get due to property (ii) that for every e > 0
» n n 1 n n||2 Ch
By =Yl > ) < SB[y - ¥ < 5

?

and thus

lim lim sup P(||Y;" — Y| >¢) < lim lim sup Ch _ 0.

h—=0m=00 4_g<p, h=0m=00 4 _g<h €
Consequently, the assumptions of Theorem B.1 are fulfilled. For the sake of read-
ability, we assume in the following without loss of generality that n; = k. Further
note that due to the uniform integrability of {||X*||?} by property (i), we get
that for every ¢ € [0,T] the sequence {XF};>; converges to X; in L*(Q). Due
to property (ii) we further get in connection with Kolmogorov’s continuity theo-
rem that (X;)cjo,r) can be assumed to have almost surely continuous path. Using
approximation by Riemann sums, we further have that

t
/ by, (s,Xf,/ Ok (S,Xf,z) IP’Xk(dz)> ds
0 Rd °
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and

t
k k k
/o b <S,YS ’/Rd Ok (S,Y; ,z) Pysk(dz>> ds

have the same distribution for every k& > 1. Again by virtue of Theorem B.1 we
get that

t
BF .= X} —/0 by, (s,Xf,/Rd Ok (S,Xf,z) IP’X;c(dz)> ds

is d-dimensional Brownian motion on the probability space (€2, F,P) and thus X*
solves (4.17) on the stochastic basis (2, F,F,P, B¥).
Let us define the stochastic differential equation

dX, =b (t,Xt,/d © (t,x,z) IPXt(dz)> dt +dB,, t € [0,T], Xo =z € R%
R
(4.18)

Due to the result of Veretennikov given in [39], SDE (4.18) has a unique strong
solution on the probability space (€2, F,P). Therefore it is left to show that for
every t € [0, 7] the sequence {X[}x>1 converges weakly in L*(Q) to X;. Indeed,
if this holds true, we get by the uniqueness of the limit that Px, = P, for all
t € [0,7] and consequently mean-field SDE (4.2) and (4.18) coincide. Hence, we
have found a weak solution of (4.2). In order to prove weak convergence in L?({Q)
we use the Wiener transform and show for every f € L?([0,T]),

W () (1) - w (%) ()] 0

n—oo
Using inequality
le” —eY| < |z —y|(e® +¢€Y), Va,yeR, (4.19)

Burkholder-Davis-Gundy’s inequality and Minkowski’s integral inequality, we get
for p := =< ¢ > 0 sufficiently small with respect to Lemma A.2, that

_757

[w (xF) (= w (X) (1)
e([ 0 (v [ onte. B By @) + si0am)

|

<E||B/]

¢ (/OTb (6,35, [, o (t. B, 2 P (02)) + f(t)dBt>
(£l

o
_ b<t,Bf,/dgp(t,Bgc,zmxt(dz))H} dt) 1 G,
R
= An + Cna

A

b (t, By, [ o (6B 2) IPth(dz)>
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where
2

b (t,Bf, [, ot B7,2) Py (dz)) + £ (1)

o[

- Hb (t,Bf,/Rdwt,Bf,z) th(dz)) ) p] : i

We show using dominated convergence that A,, converges to 0 as k tends to infinity.
Since the family of coefficients {by }r>0 is pointwisely equicontinuous in the third
variable (4.16), it suffices to show that for all ¢ € [0,7] and y € R?

H/Rd o (1Y, 2) Pxp(dz) — /Rd ¢ (t,y,2) Px,(d2)

2

—— 0, and
k—o0

E[|[bx (t, Bf, Px,) — b (t, B, Px,)|] z —0.

The second convergence is an immediate consequence of the definition of by,
Lemma A.2, and dominated convergence. Thus, it remains to show the first con-
vergence. Let ¢ > 0. Since ¢y, is of at most linear growth (4.4) for all & > 0, we
get by (i) that

w8 [Joe (o X8 < © (1o + upffi) <

where C; > 0 is some constant independent of £ > 0. Hence, due to dominated
convergence we can find Ny € N sufficiently large such that

)
sup E [ngk (tay>Xt) - <t7vat)||] < g
k>N1

Note further that for € > 0 sufficiently small with respect to Lemma A.2

T 1+e
£ ( | o (t,Bf, /]R . Bf,z)IP’Xk(dz)> dBt>
0 t

where C5 > 0 is some constant. Thus we can find by Girsanov’s theorem and again
by dominated convergence an integer Ny € N such that

sup E [H@k(t, y,Xf) — m(t,y, th)H]

m,k> Ny

1
THe
sup E
k>0

SCQ<OO,

10
< sup CZE[|’§0k(t>ya Bf) - me(tayan)”p]p < g?
m,k>Na

14

where p := =f=. Therefore, using Minkowski’s and Holder’s inequality we get for
N :=max{N;, No} and k > N

HE [sok(t, Y, Xf)} —E[p(t,y, X;)]
<E H wi(t, By, XY) — ot nyth)‘H + Dy
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20

SDk+§7

where
Dy = ||E [on(t,y, X)] — Elen(t,y, X0)]||-

Since ¢y is smooth and has compact support by the definition of mollification, ¢y
is also bounded. Hence, using the fact that X! converges in distribution to X; for
every t € [0, 7], we can find k > N sufficiently large such that Dy < g. Analogously
one can show that C} converges to 0 as k tends to infinity and therefore, X is a
weak solution of the mean-field SDE (4.2). Due to the proof of [6, Theorem 3.7]
we get as a direct consequence the existence of a strong solution of mean-field
equation (4.2) for the more general class of functionals .

Let (Q, F,F,P, X, B) and (Q, F.FPY, W) be two weak solutions of mean-field
SDE (4.2) and assume that the drift coefficient b is Lipschitz continuous in the
third variable (4.8). In the following we show that X and Y have the same law, i.e.
Py = Py. For the sake of readability we just consider the case x = 0. The general
case follows analogously. From [6] we know that there exist measures Q and Q
such that under these measures the processes X and Y are Brownian motions,
respectively. Similar to the proofs of [6, Theorem 3.7] and [7, Theorem 2.7] we use
the idea of Li and Min in the proof of Theorem 4.2 in [32] and define the equivalent
probability measure Q by

T .
i{% =& <—/0 (b(t, X0, Px,) = b (£, X, Py, ) dB;X) .
Due to [6] and [7],

Pyw) = Qx,p)-
Thus, it is left to show that supc 7 K <@X“IPXt) = 0, from which we conclude

that supejo ) K (I@’Yt,IP’Xt) = (0 and hence % = 1. Consequently, I@’(YW) = Px.B)-
Here, K denotes the Kantorovich metric defined by
K(pv)= swp || h@)(u—v)(de), pvePi(RY).
heLip, (R4;R) |/RY

Using Holder’s inequality for p := %7 where € > 0 is sufficiently small with regard
to Lemma A.2; inequality (4.19), Burkholder-Davis-Gundy’s inequality, and the
Lipschitz continuity of b we get

K(Qx,.Px,) = sup [Eg[h(X,) = h(0)] — E[A(X;) — h(0)]]
h€Lip; (R%;R)
<E[IX[ (= [ (b5, XePx) — B (5, X, By.) ) aB.) — 1]
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+e

2(21+5) %
S E

‘5 (— /Ot (5(s, X, Px,) = b (5, X, By,)) dBS> _ 1‘

1
2p1 2p
1

p:| 2p
1
2P1 2p
1

2 ar 25

ds

<E { /Ot (b(s, X, Px,) = b (s, X, Py, ) ) dB,

by [ [ X0 ) =B (5, X, By ) ds

2
‘ds

t A
SE|| [ [ps. X0 Px) ~ B (s X, By
0

2
+El \ds

t
S maxE K/
g=1,2 0
t
=max [E K/
q=12 0

2 qp
ds>
X E (— /Sé(u, Bu,]P’Xu)dBuﬂ &
0

¢ 2 ] =7
( / ds) ] .
0

Equivalent to the steps before we get using sup,¢(o E{Hg(t, By, ,ut)HQ} < oo for all
w € C([0,T]; P1(R?)) that

Ot [ (s, X0 Px,) = b (s, X, By, )

(s X2 (Bx, = By.) (d2)

[ els B 2) (Bx, — By.) (d2)

|, ols.Boi2) (Px, = By.) (d2)

2

H/ (s, BS,Z Px, —I@)Ys) (dz)
= ||E[e(s,y, Xs)] — Ep [90(87y7Y;>]||§:BS

=E[ll¢(s,y, Bs)|
( B(u, By, Px, )dB, ) £ (- /Sé(u, Bu,]f”yu)dBu) ;
0 y=Bs
<(1+ B,)’E [ (5(u, B, Px,) — b(u, By, By,)) dB,
i [ ([ BB B BB [) ] '
0

1

S -~ R 9 2
S+ BYE|( [ [ptu. B Px.) — b, o, Bro)|[ du) |
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T =

+ 04 BB ([ ot B - [t B ae) ]

S 0+ BYE ([ ot BuPr,) = B B Bro) | du) |

5<1+BS>QE[</OS 2duﬂ;.

pplying the LP norm on both sides yields
Applying the L”*(Q) both sides yield

1

P

/Rd (s, Bs, 2) (IP’XS — I@’YS) (dz)

1
2p2] P2

[, o5 Boz) (Bx, — By.) (d2)

E ["A@(S,BS,Z> (]P’XS — Ha)y) (dz)

(I

[, #ls.Boi2) (Px, = By.) (d2)

<SE[(1+B)”|E

,<V/OE[

Using a Gronwall argument yields that

2 P2 1%2
du) ]

1

2p%7 p2
du

. 221 77
E W@d o(s, By, ) (Px. — By,) (d=) ] —0.
In particular,
[, o5 Boz) (Px, — By.) (d2)| =0, Pas
and consequently, K (@ x,, P Xt) =0. 0

Due to [6, Theorem 4.1] we immediately get Malliavin differentiability of the
strong solution of mean-field equation (4.2) for a more general class of functionals

@.

Theorem 3.2 Let b : [0,T] x R? x R — R? be bounded and continuous in
the third variable (4.5). Further, let ¢ : [0,T] x R? x RY — R be of at most
linear growth (4.4). Then, the strong solution of mean-field SDE (4.2) is Malliavin
differentiable.

Remark 3.3. In the one-dimensional case, d = 1, the class of drift coefficients
b and functionals ¢ can be further extended in order to obtain Malliavin differen-
tiability of the strong solution. Consider the decomposition

(o) (tyo) == b (L. [ Blty. (@) +5 (L. [ @ty 2)uldz)), (4.20)
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where the drift b is merely measurable and bounded and the functional ¢ is merely
measurable and of linear growth whereas b and ¢ are of linear growth (4.4) and
Lipschitz continuous in the second variable (4.7). If b is continuous in the third
variable (4.5), the strong solution of mean-field SDE (4.2) is Malliavin differentiable
due to [7, Theorem 2.12].

Example 3.4 Let b : [0,7] x R x R — R be a measurable and bounded
function which is continuous in the third variable (4.5). Furthermore, define the
functional ¢(t,y,2) = L{.<u}, Wwhere u € R is some parameter. Then, the mean-
field stochastic differential equation

dXT =b(t, X7, Fxp(u)) dt +dB;, t € [0,T), X§ =z €R,

where Fx: denotes the cumulative distribution function of X[, has a Malliavin
differentiable strong solution due to Theorem 3.2. If b is Lipschitz continuous in
the third variable (4.8), the solution is unique. Note that it is also possible to
choose u =t or u = y, where the later one yields the mean-field SDE

dXT =b(t, X7, Fx;(X{))dt +dB,, t € [0,T), X =z € R.

Using It6’s formula we are able to extend our results on mean-field SDE (4.2)
to more general diffusion coefficients. For notational simplicity we just consider
the time-homogenous and one-dimensional case. However the time-inhomogeneous
and multi-dimensional cases can be shown analogously.

Theorem 3.5 Consider the time-homogeneous mean-field SDE
dx* = b (Xt/ o(X7, Z)]P)th(dz)) dt + o(XF)dB,, t € [0,T], X5 =z €R,
R
(4.21)

with measurable drift b : R x R — R, functional p : R x R — R, and volatility
o : R — R. Moreover, let A : R — R be a twice continuously differentiable
bijection with derivatives ' and A, such that for all y € R,

N(y)o(y) =1,

as well as A™' is Lipschitz continuous. Suppose that (b* o ¢*) : R x P1(R) — R,
defined by

(0" 0 ") (y, 1) :=
A (87 w) b (A [ e AT @) ) + 347 (A W) o (A7)

fulfills the assumptions of Theorem 3.1 and Theorem 3.2, respectively. Then, there
exists a (Malliavin differentiable) strong solution (X[ )i of (4.21). If moreover
b* is Lipschitz continuous in the second variable (4.8), the solution is unique.
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Proof. Since (b* ¢ ¢*) satisfies the conditions of Theorem 3.1 and Theorem 3.2,
respectively, mean-field SDE

Az = b* (Zf,/ 0" (Z2,2) Pzg(d2)> dt +dBy, t € [0,T], Zj = A(x),
R

has a (Malliavin differentiable) (unique) strong solution. Thus X7 := A~1(Z¥) is
a (unique) strong solution of (4.21) by the application of It&’s formula, and since
A~! is Lipschitz continuous, X* is Malliavin differentiable. 0

We conclude this section by applying our existence result on solutions of mean-
field SDEs to construct solutions of ODEs. More precisely, consider the mean-field
SDE

dX7 = b(t, E[X{])dt +dB,, t €[0,T], X5 =z € R, (4.22)

i.e. the drift coefficient only depends on the solution via the expectation E[X[]. By
Theorem 3.1, mean-field SDE (4.22) has a strong solution if b : [0,7] x R — R?
is of at most linear growth and continuous in the second variable. Now, by taking
expectation on both sides, we loose the randomness and get that u(t) := E[X}]
solves the ODE

du(t) = b(t,u(t))dt, t € [0,T], u(0) =z € R% (4.23)

We thus have developed a probabilistic approach to the following version of the
theorem on existence of solutions of ODEs by Carathéodory, see e.g. [35, Theorem
1.1] or for a direct proof [36, Chapter II, Theorem 3.2]:

Theorem 3.6 Let b : [0,T] x RY — RY be of at most linear growth and
continuous in the second wvariable, i.e. b fulfills the corresponding assumptions
(4.4) and (4.5). Furthermore, let (X{),c(o.1) be a strong solution of (4.22). Then
u(t) := E[X]] is a solution of ODE (4.23).

4. REGULARITY IN THE INITIAL VALUE

The aim of this section is to study the regularity of a strong solution of mean-
field SDE (4.2) as a function in its initial condition. More precisely, we investigate
under which assumptions on b and ¢ the strong solution X of (4.2) is not just
Sobolev differentiable but continuously differentiable as a function in . These
results will then be used to develop the Bismut-Elworthy-Li formula (4.15).

4.1. Strong Differentiability. First recall that due to Corollary 2.4 the unique
strong solution X7 of mean-field SDE (4.2) is Sobolev differentiable under the
assumption that b is measurable, bounded, and Lipschitz continuous in the third
variable (4.8), and ¢ is measurable, of at most linear growth (4.4), and Lipschitz
continuous in the third variable (4.8). Our aim is to find sufficient assumptions on b
and ¢ such that the unique strong solution X of (4.2) is continuously differentiable
in the initial condition.
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Proposition 4.1 Suppose b, € €([0,T] x R? x RY). Let (X[)iepr be the
unique strong solution of mean-field SDE (4.2). Then for every compact subset
K C R? there exists some constant C' > 0 such that for every t € [0,T] and
r,y e K

Efj0: X} = 0,X¢ || < Cllz — .

In particular, the map x — X[ is continuously differentiable for every t € [0,T]
and for every 1 < p < 0o

sup sup E[[|0,X7|"]* < oo (4.24)
tel0,T) ze K

Proof. Since X* is Sobolev differentiable by Corollary 2.4 and

sup ess supIE[H@foHp]% < 00,
te[0,7] zeK

by [6, Lemma 4.13], it suffices to show that 0,X? is almost surely continuous in
x € K. Note that we can choose an element of the equivalence class of weak
derivatives 0, X* such that (4.24) holds. For the remainder of this proof we just
consider this particular element and denote it without loss of generality by 0, X*.
Let z,y € K and t € [0,T] be arbitrary. Note that the first variation process 0, X*
has the representation

t
0.X7 =1+ [ 0ab(s, X2, p(X2)0,XE + Oub(s, X2, p(X2))up( X2 )ds,

where p(X7) := [ga 0(t, X, 2)Pxz(dz). Thus, using Minkowski’s and Hélder’s in-
equalities we get

B0, X7 — 8,X¢
< /OtE[HaQb(S,X:»ﬂ(Xg))axX;:_a2b(S7Xg7p(Xg))ang|H
+E[05b(s, X2, p(X7)0up(XZ) = Dsbls, X2, p(X2)0,p(X2) s
S [ B[lab(s, X2, p(X2)) — Bubls, X2, p(X2) ] E o X2
[||83 8 X2, p(XE)) = B5b(s, X2, p(X2)) 2] R [0, X))
[0, X7 — 0, X2+ Bl p(X2) - ,0(X2) s
( 16 = X2+ E[llo(X2) - pX)I))
< (1021 + E[J0.o(x2) 1))
[0, X7 — 0, X[+ Bl ep(X2) - ,0(X2) s
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Using the assumptions on ¢ we get

E[lo(X2) — p(X2)|]"

[ 213
E|[Ele(t, 21, X7) = it 20, XD Nesmpieame | |

1
2:|2

<E[|x7 - x¢|*]*. (4.25)

SE|[Ells - 2l + 1XF = X2l —xpmamx

Furthermore, using the chain rule we have that

E[|0.0(x7)]1

1
2]2

= EU\E[ﬁzso(t, 2, X)) oexr 0o X7 + EOs(t, 2, X7) 0o X7 ] oo xr

S E[|0,x7 1) + B0, X7 1) < E[Jl0. X7 )] .

Equivalently we obtain that
E[[|0:p(X7) — 0,0(XP)|]

< E[|Eldap(t, 2, X0)amxy 0 X7 = ElD2p(t, 2, X))o xy 0, XY ||

+ E[||[Edsp(t, 2, X7)0uX7)omxz — ElDsip(t, 2, X7)0, XP)._x»

< E[||Edap(t, 21, X7) = 02p(t, 22, X7 s —xpamxy | 110 X7 ]

+E[[10.X7 — 0,X¢|I” [E[Oap(t, 2, X))o |

+ B[ |[El| 05 (t, 21, X7) = Dsip(t, 20, X 10 X7 ey

+E[|[El0: X7 — 0,X7 | 19502, 2 X! l.=xy ]

}

)

213 1
SEU\E[agso(t,zl,Xﬁ—azso(t,,zQ,Xf)]zlzxg;ZFXg } E[|0, X7 ]

+E[]|0. X} — 9, X/

1 (10,20, 5) — 2 X

2 2]
21=XF;z0=X} :|E[||ath || }
+E[|0: X7 — 0, X!l

1 1
SE[lo. X7 I E[IX7 — XYIP]* + Elllo. X7 — 9,X71)
Thus, in combination with (4.24) we get

t 1
B0, X7 - 0,X¢I1S [ E[IX2 - X2I°] + El|6, Xz — 9,X?|)ds.
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Using equation (4.14), we get
t
E[|0. X7 = 0, X! S o =yl + | El10.X5 = 0,1

Finally, since E[||0,X? — 0,X7?||]is integrable over [0, 7] and Borel measurable, we
can apply Jones’ generalization of Gronwall’s inequality [27, Lemma 5] to get

Elll0: X7 = 0,X¢]S | =yl

Thus, 0,X? has an almost surely continuous version in x € K by Kolmogorov’s
continuity theorem and consequently X7 is continuously differentiable for every
t €10,7T]. O

4.2. Bismut-Elworthy-Li formula. In this subsection we turn our attention
to the Bismut-Elworthy-Li formula (4.15). With the help of the approximating
sequence defined in (4.28) we show in the one-dimensional case, i.e. d = 1, that
0,E[®(XF)] exists in the strong sense for functionals ® merely satisfying some
integrability condition, i.e. we show that E[®(X#)] is continuously differentiable.

Lemma 4.2 Consider d = 1. Let (bo ) admit a decomposition (4.20) and let
b, € L([0,T] x R x R). Further, let (X} )icpo be the unique strong solution of

mean-field SDE (4.2) and ® € C/''(R). Then E[®(X?)] € CH(R) and
0.E[0(X])] = E["(X})0. X[], (4.26)
where @' denotes the first derivative of ® and 0, X[ is the first variation process

of X[ as given in (4.12).

In order to proof Lemma 4.2, we need to define a sequence of mean-field equa-
tions similar to [7] whose unique strong solutions approximate the unique strong
solution of (4.2), where (bo ) fulfills the assumptions of Lemma 4.2. More pre-
cisely, by standard approximation arguments there exist sequences

b, :=b, +b,, and On = Pn+ Pn, n>1, (4.27)
where b, ¢, € C5°([0, 7] x R x R) with

Sup ([1Balloo + | Znlloc) < € < o0
n>1

and
sup ([bu(t, 9, 2)| + |@a(t, 9, 2)[) < C(L+ Jy| + |2])

for every t € [0, 7] and y, z € R, such that b, — b and ¢, — ¢ in a.e. (t,y,2) €
[0,7] x R x R with respect to the Lebesgue measure, respectively. The original
drift coefficients b and ¢ are denoted by by and g, respectively. Furthermore, we
can assume that there exists a constant C' > 0 independent of n € N such that

bn, on € L([0,T] x R x R),
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and that b, and @, are Lipschitz continuous in the second variable (4.7) for all
n > 0. Under these conditions the corresponding mean-field SDEs, defined by

AXTE — (t,Xt”’”, / gpn(t,Xf’x,z)IP’Xn,w(dz)> dt +dB;, t€[0,T],  (4.28)
R t
Xy* =z €R,

have unique strong solutions which are Malliavin differentiable by Theorem 3.2.
Likewise the strong solutions { X™"}, > are continuously differentiable with respect
to the initial condition by Proposition 4.1. Due to Corollary A.1 we have that
(X{"")iep,) converges to (X[ )ep,r in L*(Q) as n — oo and similar to [7, Lemma
3.10] one can show for any compact subset K C R and p > 1 that

Sup sup sup E[Hﬁfopr]% < 00. (4.29)
n>0 t€[0,T] z€K

Proof of Lemma 4.2. Note first that E [®(X[)] is weakly differentiable by Corol-
lary 2.7 and equation (4.26) holds by [7, Lemma 4.1]. Hence it suffices to show
that 0,E[®(X})] is continuous. In order to prove this we show that

E[®(X;"")] —— E[®(X})] Vz e R, and
n—oo
E[®'(X/["")0. X.""] —E [®'(X[)0,X[] uniformly for z € K,

where {(X;"")icjo,r) }n>1 is the approximating sequence defined in (4.28) and K C
R is a compact subset. Note that

O-B[O(X;)] = E ['(X;)0: X

is continuous in x due to Proposition 4.1. The first convergence follows directly by
Remark A.5. For the uniform convergence let K C R be a compact set and define
forn >0

¢
D, (s, t,x) = exp{—/ /Rbn(u,y,gZ’x(y))LBz(du,dy)}, and
T

Bolo) = & ([ o Bz, 75208 ).

where o0*(y) = [r(u,y,2)Pxne(dz). In a first approximation we get using
||| < 00 and representation (4.13) that

B ["(X")0p X, — (X)) 0: X

t
E,(z) (Dn(O,t,x) +/O Dy (s,t,2)0:b,(s, Y, QZ’x(y))ly—Bzv%)

|

5E[

t
- EO(:E) (-D0<07 tv ZE) + /0 D0(87 t? .T)ambn(s, Y, Q?’m(y)”y:B?ds)
=: A, (t, ).
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Equivalently, we get using [|03¢]|« < 00 that for every ¢t € [0,7] and y € R
1020 (y) — 0007 ()| = [E[Osp(t, y, Xi"")0: X" — Os0(t, y, X) 0. XY S An(t, ).
Note furthermore that by (4.29) we have for every y € R that

|0nbn (5,9, 07" (W))| = 10bn (s, y, 00" (¥)) 00" (W) S B [Osp(t, y, Xi)0: X ]|
< E[|0:X:""]] < oo, (4.30)

and for every p > 1

E||0uba(t, y, 0 () ly=p; — Oxb(t, Y, 0f (1)) ly=s;
< E[0sba(t, BE, 07" (B})) — dsb(t, BY, o (BY))[']7
+ E[|0,07"(B}) — 0.0 (BY)I)7 (4.31)
< El|0sba(t, BY, 0" (BY)) — 0sb(t, By, 07 (BY)I']7 + An(t, @),

1
p:|p

Using Holder’s inequality, (4.30), Lemma A.2, and Corollary A.3 we can decompose
A, (t, ) into

An(t,x)
SE [|En<x> ~ Eo(a)||Dal0,t2) + [ D5, 1,)0ubi (5,9, 67 (1) |y ds
+ E[Ey(x) |Dy(0,t,2) — Do(0,t,z)|]
+E|Eo(a) )b (5,4, 02 ()=
—Do(s,t,2)0:b(s,y, 0 (y))|y=pzds|]
E[|En(x) — Eo(x)|")s + E[|Da(0, ¢, x) — Do(0,t, 2)["]»

|

D=

]

Furthermore, we can bound H,(t,z) due to

t
+E|: 0 ) )8xbﬂ(57yvgg7z(y))|y23§ - DO(S,t,l’)axb(S,y, Qi(y)”y:BgdS
=t Fn(2) + Gp(0,1, ) + Hy(t, @),

where ¢ : (2T and p =

Corollary A.3, (4.30), and (4.31) by

Ite
-

t
Hy(t, ) S/O E[|Dn(s,t,@) — Do(s,t,z)|" |0:bn (s, y, 05" (y))|y=p=|"] 7 ds
t 1
+/0 E[|02bn (s, y, 05" (¥))ly=Bz — 02b(s,y, 05 (y))ly=Bz|" | Do(s, t,z)[F]ds
1
2p

t t
S [ Gulsstiadds + [ E[Josbu(s, B2 o2 (B2) — dsbls, BE. o(BE) ] 7 ds
0 0

t
+/ A (s, x)ds
0
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t t t
::/ Gn(s,t,x)ds—i—/ Kn(s,x)ds—i—/ An(s,z)ds
0 0 0

and thus
t
A, (t,x) <C (Fn(:lr) + sup G,(s,t,x) + sup Kn(s,a:)> + C/ A, (s, x)ds,
s€[0,¢] s€[0,T) 0

for some constant C' > 0 independent of ¢ € [0,T], n > 0, and = € K. Conse-
quently we get by Gronwall’s inequality

Ayt x) S Fou(x) + Gu(0,t,2) + sup Ky(s,x —|—//G (s,r,x)dsdr.

s€[0,T7]

F,, converges to 0 uniformly in x € K by Corollary A.4. Furthermore, we have that
G (s,t, ) is integrable over ¢ and s by Corollary A.3 and converges to 0 uniformly
in z € K by Corollary A.6. Finally, we get due to b € £L([0,7] x R x R) that

K, (s,x) < /iﬂ% @B?ﬁqﬁn_@m@Bgéwmﬂﬁ%
+/EKMAa$wK%»—&M&@@ﬂgmﬂgﬁ

< [l (B0 - (B as
b [ E[0uba(s. Br 02(BE)) — dsbls, B2 0t (BI) 7] ds

Note first that due to Remark A.5 we have that |pl*(B?) — 0% (B?¥)| converges
uniformly in s € [0,7] and z € K to 0 as n goes to infinity. Moreover,

E||0sba(s, BE, 05(BY)) — dsb(s, BL, o (B)*]”

2

1 (y=2)? 2p
= { [ 105bn (t,y, 0% (y)) — Osb (£, y, ()| T d
(10 02000~ 0 o, £ e )

2 1 2\
< o2t T . T 2p - -4
=€ </]R ’a3bn (t7y7 Qs (y)) a3b (t>?/; Qs (y>>| \/%6 4 dy> )

_w-=)? _d w22 g2 _y? 22 .
where we have used e 22~ = e " @we™ @ e2 < e @wez. Furthermore, equiv-

alent to (4.25) we can find a constant C' > 0 by Corollary 2.6 such that for all
t€]0,7] and z,y € K

|05(2) = 0{(2)] < Clz —y.
Consequently the function x — ¢%(y) is continuous uniformly in ¢ € [0,T]. Thus

AK = {o%(y) : z € K} C R is compact as an image of a compact set under a
continuous function. Therefore due to the definition of the approximating sequence

Slelllg ‘83()71(57 Y, Q;c(y)) - 836(37 Y, Qf(y))‘ = Sl}\% ‘ann(‘g? Y, Z) - a3b(87 Y, Z)‘ m O?
T ze



122 Chapter 4. Mean-Field SDEs with irregular expectation functional in the drift

and hence K, (s, x) converges to 0 uniformly in s € [0,7] and z € K. O

We define the weight function wp : R — R by

wrly) = exp {—W} , yeR. (4.32)

Theorem 4.3 Consider d = 1. Let (bo @) admit a decomposition (4.20) and
let bp € L([0,T] x R x R). Further, let (X[ )icpr) be the unique strong solution
of mean-field SDE (4.2) and ® € L*(R;wy), where p := ==, ¢ > 0 sufficiently
small with respect to Lemma A.2 and wr : R — R as defined in (4.32). Then

u(z) == E[®(XF)]

is continuously differentiable in x € R and the derivative takes the form

) = 0035 ( [ 00,7 + 00t 50D

where a : R — R is any bounded, measurable function such that

/OT a(s)ds = 1.

Proof. Due to Lemma 4.2 we already know that in the case & € Cé’l(R) the
functional E[®(X7)]is continuously differentiable and analogously to [7, Theorem
4.2] it can be shown that representation (4.33) holds. Now, using mollification we

can approximate ® € L?(R;wr) by a sequence of smooth functionals {®,,},>; C
Cs°(R) such that @, — @ in L?(R;wr) as n — oco. We define

up(z) :=E[®,(XF7)] and
W(z) = E [@(X%) ( [ a()0,X2 + 0,060, 070 sz | a(u)dust)] .

Note first that @ is well-defined. Indeed, due to (4.24), Lemma A.2, and (4.30) we
get

S

a(u)dudBS> ] , (4.33)

S

1
1 2
2

- T s 2
(o) < o017 8 | ([ 090,52 + 08000, 2o [ aytuas.)
i T 3 913
<o ([ s, s Elex] (134
L 0 s€[0,T]

- 1
SE[[oB7)*]” < .

Due to Lemma 4.2, u,, is continuously differentiable for all n > 1. Thus it remains
to show that u/ (x) converges to u(x) compactly in = as n — oo, where denotes u,,
the first derivative of u,, with respect to x. Exactly in the same way as in equation
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(4.34) we can find for any compact subset K C R a constant C' such that for every
re K

/(@) — ()] < CE [|®,(B2) — o(B)/*]*

1 oy _ (y—)? 2p
=C (| — |Pu(y) — B(y)[P e 7T d
(/}R /_27TT‘ (y) — @(y)["e y)

1

(ﬂ%/\ o(y)| peﬁdy) ’

A \*
~¢ (J%_T) 19 = @l nziar

y—z)? _v? _w—20)? 2 2 2

_ =)~ vy _(y=22)7 a2 _y° oz
where we have used e 2~ =e " ®e ~ @ ez < e we2. Consequently

lim sup lul (z) —u(x)| = 0.

Tl—}OO

| /\

Thus v = w and u is continuously differentiable. 0

APPENDIX A. TECHNICAL RESULTS
The first corollary is due to [7, Proposition 3.8].

Corollary A.1 Consider d = 1. Let (bo ¢) admit a decomposition (4.20) and
b be Lipschitz continuous in the third variable (4.8). Further let (X[)icor) be the
unique strong solution of mean-field SDE (4.2) and {(X}" )te[o,T]}nzl be the unique
strong solutions of (4.28). Then, for allt € [0,T] and every x € R
E[|X{ - X7 P]* —= 0.

n—0o0
The upcoming lemma is an extension of [7, Lemma A.4] to multi dimensions.
Lemma A.2 Let b, : [0,T] x RY x RT — RY be two measurable functions

satisfying the linear growth condition (4.4). Furthermore, let (Q, F,F, P, B, X*)
be a weak solution of mean-field SDE (4.2). Then,

o (6.2 [ ott. Xz, 2P (d2) )| s0(1+||x||+ sup ||BSH)
Rd s€[0,T7]

for some constant C' > 0. Consequently, for any compact set K C R?, and 1 <
p < 00, there exist € > 0 and a constant C' > 0 such that the following boundaries
hold:

p

b <t,Xf, [ et X, Z)]P)Xt:v(dz)>

< 00

sup E l sup
zeK te€[0,T]
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sup sup B [[|[X7["T < C(1 4 [lz]|") < o0

tel0,T) zeK
T 1+¢
£ ( [ <u,ij, L. gp(u,ij,z)PXg(dz)) dBu>
0 R

In the following results which are due to [7, Lemma A.5, Lemma A.6 & Lemma
A.7] we use the notation b, (t,y) = b, (t, Y, Jr p(t,y, 2)Pyne (dz))

sup E
zeK

< 00

Corollary A.3 Consider d = 1. Suppose (boy) admits a decomposition (4.20)
and that b and ¢ are Lipschitz continuous in the third variable (4.8). Let (X7 )ejo.1
be the unique strong solution of mean-field SDE (4.2). Moreover, {b,},>1 is the
approzimating sequence of b as defined in (4.27) and (X;"*)icpo,r;, n > 1, the
corresponding unique strong solutions of (4.28). Then, for all A € R and any
compact subset K C R,

t
sup Sup SUPE [exp{—)\/ /Rbn (57y) LBz<d57dy)}:| < Q.

n>0 s,t€0,T] zeK

Corollary A.4 Consider d = 1. Suppose (bo) admits a decomposition (4.20)
and that b and ¢ are Lipschitz continuous in the third variable (4.8). Let (X7 )cjo.1)
be the unique strong solution of mean-field SDE (4.2). Furthermore, {b,},>1 is
the approximating sequence of b as defined in (4.27) and (X;"")icjor), n > 1, the
corresponding unique strong solutions of (4.28). Then for any compact subset

K CRand q:= 2(21:;)7 e > 0 sufficiently small with regard to Lemma A.2,

supE Hg (/OT b, (1, Bf)dBt> ¢ (/OT b, Bj”)dBt>

Remark A.5. Note that due to Corollary A.4 it is readily seen that for any
¥ € Lip(R)

ak
] B
n—00

E[b(X!")] — E[0(X;)]
uniformly in ¢ € [0,7] and z € K, where K C R is a compact subset.

Corollary A.6 Consider d = 1. Suppose (boy) admits a decomposition (4.20)
and that b and ¢ are Lipschitz continuous in the third variable (4.8). Let (X7 )ejo.r]
be the unique strong solution of mean-field SDE (4.2). Furthermore, {b,}n>1 is
the approximating sequence of b as defined in (4.27) and (X;"")icjor), n > 1, the
corresponding unique strong solutions of (4.28). Then for any compact subset
KCR, 0<s<t<Tandp>1,

exp{—/:/Rbn(my)LBm(du,dy)} —exp{—/st/Rb(u,y)LBm(du,dy)}

3
}—>0.

n—r00

supIE[

zeK
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APPENDIX B. SKOROKHOD’S REPRESENTATION THEOREM

The following result is a version of Skorokhod’s representation theorem and is
due to [38, Ch. 1 Sec.6].

Theorem B.1 Let {(£]')icor)}n>1 be a sequence of R%-valued stochastic pro-
cesses defined on probability spaces (2", F™,P™), respectively, which are stochasti-
cally continuous from the right and fulfill for every e > 0

lim lim sup P*(||§']] > C) =0, and
7]

C—o00 Nn—00 telo,

lim lim sup P"(||§' — &) >¢) =0.

h—0 n—00 [t—s|<h

Then, there exists a subsequence {nj}x>1 C N and a sequence of R*-valued sto-
chastic processes {(X[)iecjom k=0 on a common probability space (2, F,P) such
that

(i) for all k > 1, finite dimensional distributions of the processes X* and ™
coincide, and
(ii) XF converges in probability to X? for everyt € [0,T].

Remark B.2. Note that we say that finite dimensional distributions of two pro-
cesses X and ¢, defined on (€2, F,P) and (2, F,P), respectively, coincide, if for
every finite sequence of time points {tx h1<x<ny C [0,7], 1 < N < oo, we have that

]P)(th,thN) = P(§t11~~-5t1\1)'

REFERENCES

[1] D. Banos. The Bismut-Elworthy-Li formula for mean-field stochastic differential equations.
Annales de UInstitut Henri Poincaré, Probabilités et Statistiques, 54(1):220-233, 2018.

[2] D. Baifios, T. Meyer-Brandis, F. Proske, and S. Duedahl. Computing Deltas Without Deriva-
tives. Finance and Stochastics, 21(2):509-549, 2017.

[3] V. Barbu and M. Réckner. From nonlinear fokker-planck equations to solutions of distribu-
tion dependent sde. arXiv preprint arXiv:1808.10706, 2018.

[4] V. Barbu and M. Rockner. Probabilistic representation for solutions to nonlinear fokker—
planck equations. SIAM Journal on Mathematical Analysis, 50(4):4246-4260, 2018.

[5] V. Barbu and M. Réckner. Uniqueness for nonlinear fokker-planck equations and weak
uniqueness for mckean-vlasov sdes. arXiv preprint arXiv:1909.04464, 2019.

[6] M. Bauer and T. Meyer-Brandis. Existence and Regularity of Solutions to Multi-
Dimensional Mean-Field Stochastic Differential Equations with Irregular Drift. arXiv
preprint arXiv:1912.05932, 2019.

[7] M. Bauer, T. Meyer-Brandis, and F. Proske. Strong solutions of mean-field stochastic dif-
ferential equations with irregular drift. Electronic Journal of Probability, 23, 2018.

[8] R. Buckdahn, B. Djehiche, J. Li, and S. Peng. Mean-field backward stochastic differential
equations: a limit approach. The Annals of Probability, 37(4):1524-1565, 2009.

[9] R. Buckdahn, J. Li, and S. Peng. Mean-field backward stochastic differential equations
and related partial differential equations. Stochastic Processes and their Applications,
119(10):3133-3154, 2009.



126 Chapter 4. Mean-Field SDEs with irregular expectation functional in the drift

[10] R. Buckdahn, J. Li, S. Peng, and C. Rainer. Mean-field stochastic differential equations and
associated PDEs. The Annals of Probability, 45(2):824-878, 2017.

[11] P. Cardaliaguet. Notes on Mean Field Games (from P.-L. Lions’ lec-
tures at College de France. Awailable on the website of Colléege de France
(https://www.ceremade. dauphine.fr/ cardalia/MFG100629.pdf), 2013.

[12] R. Carmona and F. Delarue. Probabilistic Analysis of Mean-Field Games. SIAM Journal
on Control and Optimization, 51(4):2705-2734, 2013.

[13] R. Carmona and F. Delarue. The master equation for large population equilibriums. Sto-
chastic Analysis and Applications 2014, pages 77-128, 2014.

[14] R. Carmona and F. Delarue. Forward-backward stochastic differential equations and con-
trolled McKean—Vlasov dynamics. The Annals of Probability, 43(5):2647-2700, 09 2015.

[15] R. Carmona and F. Delarue. Probabilistic Theory of Mean Field Games with Applications
I-1I. Springer, 2018.

[16] R. Carmona, F. Delarue, and A. Lachapelle. Control of McKean—Vlasov dynamics versus
mean field games. Mathematics and Financial Economics, 7(2):131-166, 2013.

[17] R. Carmona, J.-P. Fouque, S. M. Mousavi, and L.-H. Sun. Systemic Risk and Stochastic
Games with Delay. Journal of Optimization Theory and Applications, 179(2):366-399, 2018.

[18] R. Carmona, J.-P. Fouque, and L.-H. Sun. Mean field games and systemic risk. Communi-
cations in Mathematical Sciences, 13(4):911-933, 2015.

[19] R. Carmona and D. Lacker. A probabilistic weak formulation of mean field games and
applications. The Annals of Applied Probability, 25(3):1189-1231, 2015.

[20] T. Chiang. McKean-Vlasov equations with discontinuous coefficients. Soochow J. Math,
20(4):507-526, 1994.

[21] P. C. de Raynal. Strong well posedness of McKean-Vlasov stochastic differential equations
with Holder drift. Stochastic Processes and their Applications, 130(1):79 — 107, 2020.

[22] N. Eisenbaum. Integration with respect to local time. Potential Analysis, 13(4):303-328,
2000.

[23] J.-P. Fouque and T. Ichiba. Stability in a model of inter-bank lending. STAM Journal on
Financial Mathematics, 4:784-803, 2013.

[24] J.-P. Fouque and L.-H. Sun. Systemic risk illustrated. Handbook on Systemic Risk, pages
444-452, 2013.

[25] J. Garnier, G. Papanicolaou, and T.-W. Yang. Large deviations for a mean field model of
systemic risk. SIAM Journal on Financial Mathematics, 4(1):151-184, 2013.

[26] X. Huang and F.-Y. Wang. Distribution dependent sdes with singular coefficients. Stochastic
Processes and their Applications, 129(11):4747-4770, 2019.

[27] G. S. Jones. Fundamental inequalities for discrete and discontinuous functional equations.
Journal of the Society for Industrial and Applied Mathematics, 12(1):43-57, 1964.

[28] B. Jourdain, S. Méléard, and W. A. Woyczynski. Nonlinear SDEs driven by Lévy processes
and related PDEs. ALFA, Latin American Journal of Probability, 4:1-29, 2008.

[29] M. Kac. Foundations of Kinetic Theory. In Proceedings of the Third Berkeley Symposium
on Mathematical Statistics and Probability, Volume 3: Contributions to Astronomy and
Physics, pages 171-197, Berkeley, Calif., 1956. University of California Press.

[30] O.Kley, C. Kliippelberg, and L. Reichel. Systemic risk through contagion in a core-periphery
structured banking network. Banach Center Publications, 104(1):133-149, 2015.

[31] J.-M. Lasry and P.-L. Lions. Mean field games. Japanese Journal of Mathematics, 2(1):229—
260, 2007.

[32] J. Li and H. Min. Weak Solutions of Mean-Field Stochastic Differential Equations and
Application to Zero-Sum Stochastic Differential Games. SIAM Journal on Control and Op-
timization, 54(3):1826-1858, 2016.



127

[33]

[34]

[35]

H. P. McKean. A class of Markov processes associated with nonlinear parabolic equa-
tions. Proceedings of the National Academy of Sciences of the United States of America,
56(6):1907-1911, 1966.

Y. Mishura and A. Veretennikov. Existence and uniqueness theorems for solutions of
McKean—-Vlasov stochastic equations. arXiv preprint arXiv:1603.02212, 2016.

J. Persson. A generalization of Carathéodory’s existence theorem for ordinary differential
equations. Journal of Mathematical Analysis and Applications, 49(2):496-503, 1975.

W. Reid. Ordinary differential equations. Applied mathematics series. Wiley, 1971.

M. Réckner and X. Zhang. Well-posedness of distribution dependent sdes with singular
drifts. arXiv preprint arXiv:1809.02216, 2018.

A. V. Skorokhod. Studies in the theory of random processes, volume 7021. Courier Dover
Publications, 1982.

A. Veretennikov. On strong solutions and explicit formulas for solutions of stochastic integral
equations. Sbornik: Mathematics, 39(3):387-403, 1981.

A. Vlasov. The vibrational properties of an electron gas. Soviet Physics Uspekhi, 10(6):721,
1968.

M. BAUER: DEPARTMENT OF MATHEMATICS, LMU, THERESIENSTR. 39, D-80333 MuU-
NICH, GERMANY.
E-mail address: bauer@math.lmu.de

T. MEYER-BRANDIS: DEPARTMENT OF MATHEMATICS, LMU, THERESIENSTR. 39, D-
80333 MUNICH, GERMANY.
E-mail address: meyerbra@math.lmu.de






Chapter 5

Restoration of Well-Posedness of
Infinite-dimensional Singular ODE’s
via Noise

Contribution of the thesis’ author

The paper Restoration of Well-Posedness of Infinite-dimensional Singular ODE’s
via Noise is a joint work with Prof. Dr. David Bafos, Prof. Dr. Thilo Meyer-
Brandis, and Prof. Dr. Frank Proske.

M. Bauer was significantly involved in the development of all parts of the paper.
In particular, M. Bauer made major contributions to the editorial work and the
proofs of Proposition 4.4, Proposition 4.7, and Lemma 4.9 as well as Theorem
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RESTORATION OF WELL-POSEDNESS OF
INFINITE-DIMENSIONAL SINGULAR ODE’S VIA NOISE

DAVID BANOS, MARTIN BAUER, THILO MEYER-BRANDIS, AND FRANK PROSKE

Abstract. In this paper we aim at generalizing the results of A. K. Zvonkin [41]
and A. Y. Veretennikov [39] on the construction of unique strong solutions of sto-
chastic differential equations with singular drift vector field and additive noise in the
Euclidean space to the case of infinite-dimensional state spaces. The regularizing
driving noise in our equation is chosen to be a locally non-Ho6lder continuous Hilbert
space valued process of fractal nature, which does not allow for the use of classical
construction techniques for strong solutions from PDE or semimartingale theory. Our
approach, which does not resort to the Yamada-Watanabe principle for the verifica-
tion of pathwise uniqueness of solutions, is based on Malliavin calculus.

Keywords. Malliavin calculus - fractional Brownian motion - L2-compactness crite-
rion - strong solutions of SDEs - irregular drift coefficient.

1. INTRODUCTION

The main objective of this paper is the construction of (unique) strong solutions
of infinite-dimensional stochastic differential equations (SDEs) with a singular drift
and additive noise. In fact, we want to derive our results from the perspective
of a rather recently established theory of stochastic regularization (see [19] and
the references therein) with respect to a new general method based on Malliavin
calculus and another variational technique which can be applied to different types
of SDEs and stochastic partial differential equations (SPDEs).

In order to explain the concept of stochastic regularization, let us consider the
first-order ordinary differential equation (ODE)

d
%Xf =b(t,X[), Xo=zeH, tel0,T] (5.1)
for a vector field b : [0,7] x H — H, where H is a separable Hilbert space with
norm |-||,,.

Using Picard iteration, it is fairly straight forward to see that the ODE (5.1)
has a unique (global) solution (X[)co.17, if the driving vector field b satisfies a

linear growth and Lipschitz condition, that is
16(, )]l < Co(L + [lfl;,)

The research is partially supported by the FINEWSTOCH (NFR-ISP) project.
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and
[6(t,2) = b(t, y)ll < Cllz =yl

for all ¢, x and y with constants C,Csy < 0.

However, well-posedness in the sense of existence and uniqueness of solutions
may fail, if the vector field b lacks regularity, that is if e.g. b is not Lipschitz
continuous. In this case, the ODE (5.1) may not even admit the existence of a
solution in the case H = R,

On the other hand, the situation changes, if one integrates on both sides of the
ODE (5.1) and adds a 'regularizing" noise to the right hand side of the resulting
integral equation.

More precisely, if H = R?, well-posedness of the ODE (5.1) can be restored via
regularization by a Brownian (additive) noise, that is by a perturbation of the

ODE (5.1) given by the SDE
dXT = b(t, XF)dt +edB;, te[0,T], X§=uz¢cR (5.2)

where (By)icpo,r] is a Brownian motion in R¢ and € > 0.

If the vector field b is merely bounded and measurable, it turns out that the SDE
(5.2) — regardless how small € is — possesses a unique (global) strong solution, that
is a solution (X7 ):c[0,77, which as a process is a measurable functional of the driving
noise (B)icp,r)- This surprising and remarkable result was first obtained by A.
K. Zvonkin [41] in the one-dimensional case, whose proof, using PDE techniques,
is based on a transformation ('Zvonkin-transformation"), that converts the SDE
(5.2) into a SDE without drift part. Subsequently, this result was generalized by
A. Y. Veretennikov [39] to the multi-dimensional case. Much later, that is 35
years later, Zvonkin’s and Veretennikov’s results were extended by G. Da Prato,
F. Flandoli, E. Priola and M. Réckner [13] to the infinite-dimensional setting by
using estimates of solutions of Kolmogorov’s equation on Hilbert spaces. In fact,
the latter authors study mild solutions (X;):cjo,7] to the SDE

dX; = AXydt + b(X,)dt +/QdWs, t€[0,T], Xo=zcH,

where (Wy).ejo,r7 is a cylindrical Brownian motion on H, A : D(A) — H a neg-
ative self-adjoint operator with compact resolvent, ) : H — H a non-negative
definite self-adjoint bounded operator and b : H — H. Here, the authors prove
for b € L*°(H;H) under certain conditions on A and ) the existence of a unique
mild solution, which is adapted to a completed filtration generated by (Wt)te[Qﬂ.
So restoration of well-posedness of the ODE (5.1) with a singular vector field is
established via regularization by both the cylindrical Brownian noise (W;)sc(o1]
and A, which cannot be chosen to be the zero operator.

Other works in this direction in the infinite-dimensional setting based on differ-
ent methods are e.g. A. S. Sznitman [38], A. Y. Pilipenko, M. V. Tantsyura [36]
in connection with systems of McKean-Vlasov equations and G. Ritter, G. Leha
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[25] in the case of discontinuous drift vector fields of a rather specific form. We
also refer to the references therein.

In this article, we aim at restoring well-posedness of singular ODE’s by using a
certain non-Hoélder continuous additive noise of fractal nature. More specifically,
we want to analyze solutions to the following type of SDE:

t
Xo = :v—i—/ b(t, X*)ds + By, € [0,T), (5.3)
0

where the H—valued regularizing noise (B¢):cjo,r] is a stationary Gaussian process
with locally non-Hoélder continuous paths given by

Bt = Z )\kBterk

k>1

Here {M\¢}x>1 C R, {ex}r>1 is an orthonormal basis of H and {B¥k};~, are in-
dependent one-dimensional fractional Brownian motions with Hurst parameters
Hy, € (0,3), k> 1, such that
Hy N, 0

for k — oo.

Under certain (rather mild) growth conditions on the Fourier components by,
k > 1, of the singular vector field b : [0,7] x H — H (see (5.22) and (5.23)), which
do not necessarily require that all by are equal (compare e.g. to [38]), we show

in this paper the existence of a unique (global) strong solution to the SDE (5.3)
driven by the non-Markovian process (B¢ ):ejo,r)-

Our approach for the construction of strong solutions to (5.3) relies on Malli-
avin calculus (see e.g. D. Nualart [32]) and another variational technique, which
involves the use of spatial regularity of local time of finite-dimensional approx-
imations of B;. In contrast to the above mentioned works (and most of other
related works in the literature), the method in this paper is not based on PDE,
Markov or semimartingale techniques. Furthermore, our technique corresponds
to a construction principle, which is diametrically opposed to the commonly used
Yamada-Watanabe principle (see e.g. [40]): Using the Yamada-Watanabe prin-
ciple, one combines the existence of a weak solution to a SDE with pathwise
uniqueness to obtain strong uniqueness of solutions. So

’Weak existence ‘ + ’ Pathwise uniqueness‘ = ’Strong uniqueness ‘

This tool is in fact used by many authors in the literature. See e.g. the above
mentioned authors or I. Gyongy, T. Martinez [22], I. Gyongy, N. V. Krylov [21],
N. V. Krylov, M. Réckner [24] or S. Fang, T. S. Zhang [18], just to mention a few.

However, using our approach, verification of the existence of a strong solution,
which is unique in law, provides strong uniqueness:
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Strong existence ‘ + ’ Uniqueness in law‘ = ’Strong uniqueness |.

See also H. J. Engelbert [17] in the finite-dimensional Brownian case regarding the
latter construction principle.

In order to briefly explain our method in the case of time-homogeneous vector
fields, we mention that we apply an infinite-dimensional generalization of a com-
pactness criterion for square integrable Brownian functionals in L?*(§2), which is
originally due to G. Da Prato, P. Malliavin, and D. Nualart [14], to a double-
sequence of strong solutions {(Xf “Vielo,r) Yaz1,.>0 associated with the following
SDE’s

t
X — g +/ b (s, X%)ds + By, t e [0,7T). (5.4)
0

Here {0} jeneso is an approximating double-sequence of vector fields of the sin-
gular drift b, which are smooth and live on d—dimensional subspaces of H.

The application of the above mentioned compactness criterion (for each fixed
t), however, requires certain (uniform) estimates with respect to the Malliavin
derivative D; of X in the direction of a cylindrical Brownian motion. For this
purpose, the Malliavin derivative D. : D'?(H) — L*([0,T] x Q) ® Lys(H,H)
(D™2(H) is the space of H—valued Malliavin differentiable random variables and
Lys(H,H) is the space of Hilbert-Schmidt operators from H to H) in connection
with a chain rule is applied to both sides of (5.4) and one obtains the following
linear equation:

t
DX — / (%) (X&) D XEdu + 3" A\, (t5) (eas )y enn 5 <, (5.5)

n>1

!/
where (bdvg) is the derivative of b%¢, (-, -)5 the inner product and Ky a certain

kernel function defined for Hurst parameters H, € (0, 3).

We remark here that this type of linearization based on a stochastic derivative
D, actually corresponds to the Nash-Moser principle, which is used for the con-
struction of solutions of (non-linear) PDE’s by means of linearization of equations
via classical derivatives. See e.g. J. Moser [31].

In a next step we then can derive a representation of DSXtd  (under a Girsanov
change of measure) in (5.5) which is not based on derivatives of b%¢ by using Picard

iteration and the following variational argument:

/t k(s) D f(BY)ds = /R DUf(2) Lt 2)dz

= (—1)l ) f(z)DYL(t, z)dz,
R n
where BY := (BIh, ..., BHe . B . BHa)and f: R™ — Ris a smooth function
with compact support. Here D® stands for a partial derivative of order |a| with



135

respect a multi-index . Further, L"(¢, z) is a spatially differentiable local time of
B on a simplex scaled by non-negative integrable function x(s) = k1(s)...k.(s).

Then, using the latter we can verify the required estimates for the Malliavin
derivative of the approximating solutions in connection with the above mentioned
compactness criterion and we finally obtain (under some additional arguments)
that for each fixed ¢

XM — X, in L*(Q)

for e \, 0,d — o0, where (X})ico,r] is the unique strong solution to (5.3).

Finally, let us also mention a series of papers, from which our construction
method gradually evolved: We refer to the works [27], [28], [29], [30] in the case
of finite-dimensional Brownian noise. See [20] in the Hilbert space setting in con-
nection with Holder continuous drift vector fields. In the case of SDEs driven by
Lévy processes we mention [23]. Other results can be found in [6], [1] with respect
to SDEs driven by fractional Brownian motion and related noise. See also [7] in
the case of "skew fractional Brownian motion", [5] with respect to singular delay
equations and [8] in the case of Brownian motion driven mean-field equations.

We shall also point to the work of R. Catellier and M. Gubinelli [11], who
prove existence and path by path uniqueness (in the sense of A. M. Davie [15])
of strong solutions of fractional Brownian motion driven SDEs with respect to
(distributional) drift vector fields belonging to the Besov-Hélder space BS, ., a €
R. The approach of the authors is based inter alia on the theorem of Arzela-
Ascoli and a comparison principle based on an average translation operator. In
the distributional case, that is a < 0, the drift part of the SDE is given by a
generalized non-linear Young integral defined via the topology of B, . See also
D. Nualart, Y. Ouknine [33] in the one-dimensional case.

The structure of our article is as follows: In Section 2 we introduce the mathe-
matical framework of this paper. Further, in Section 3 we discuss some properties
of the process B. and weak solutions of the SDE (5.3). Section 4 is devoted to
the construction of unique strong solutions to the SDE (5.3). Finally, in Section 5
examples of singular vector fields for which strong solutions exist are given.

Notation. For the sake of readability we assume throughout the paper that 1 <

T < oo is a finite time horizon. We define H to be an infinite-dimensional separable

real-valued Hilbert space with scalar product (-, -)3; and orthonormal basis {e }r>1.
1

Denote by || - || the induced norm on H defined by ||z| = (z,2)}, © € H. For
every x € H and k > 1 we denote by ) := (x,e;)y the projection onto the
subspace spanned by e, k > 1. Loosely speaking we are referring to the subspace
spanned by eg, k > 1, as the k-th dimension. In line with this notation we
denote the projection of the SDE (5.3) on the subspace spanned by ey, k > 1, by
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X®) .= (X, e,)%. Moreover we can write the SDE (5.3) as an infinite dimensional
system of real-valued stochastic differential equations, namely

t
X0 = o4 [Cs, X)ds 4 BY, 10,7, k21,

where b, and B® are the projections on the subspace spanned by ey, k > 1, of
b and B, respectively. Note here that the function by : [0,7] x H — R has still
domain [0,7] x H. Furthermore, we define the truncation operator my, d > 1,
which maps an element x € H onto the first d dimensions, by

d
max =Y aWey. (5.6)
k=1

The truncated space m;H is denoted by Hy. We define the change of basis operator
7:H — by
TL=T Z z®e, = Z Mg, (5.7)
k>1 k>1

where {€)}r>1 is an orthonormal basis of ¢2. Tt is easily seen that the operator T
is a bijection and we denote its inverse by 771 : (2 — H.
Further frequently used notation:

o Let (X, A, 1) denote a measurable space and (Y, || - ||y) a normed space.
Then L?(X;)) denotes the space of square integrable functions X over X
taking values in ) and is endowed with the norm

X s ey = [, 1 @) a(deo).

e The space L?(Q, F) denotes the space of square integrable random variables

on the sample space 2 measurable with respect to the o-algebra F.

We define B* := x + B.

For any vector u we denote its transposed by u'.

We denote by Id the identity operator.

The Jacobian of a differentiable function is denoted by V.

For any multi-index « of length d and any d-dimensional vector u we define

u = [ v

e For two mathematical expressions F; (), F»(0) depending on some parame-
ter 0 we write Fy1(60) < Eq(0), if there exists a constant C' > 0 not depending
on @ such that F(0) < CEy(0).

e Let A be some countable set. Then we denote by #A its cardinality.

2. PRELIMINARIES

2.1. Shuffles. Let m and n be two integers. We denote by S(m,n) the set of
shuffle permutations, i.e. the set of permutations o : {1,... , m+n} — {1,...,m+
n} such that o(1) < --- < o(m) and o(m + 1) < --- < o(m + n). Equivalently
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we denote for integers k and n by S(k;n) the set of shuffle permutations of k sets
of size n, i.e. the set of permutations o : {1,...,k-n} — {1,...,k-n} such that
om-n+1) <--- <o((m+1)-n)forall m =0,...,k — 1. Furthermore the
n-dimensional simplex A" of the interval (s,t) is defined by

n

or = (U, un) €10,T]" s <ug <o <up <t
Note that the product of two simplices can be written as

A:?t X A?,t = U {(wla cee 7wm+n) € [OaT]ern D We € AZ?;n} U ma (58>

ceS(m,n)

where the set 91 has Lebesgue measure zero and w, denotes the shuffled vector
(Wo(1), - - -, Wo(m+ny). For the sake of readability we denote throughout the paper
the integral over the simplex A7, of the product of integrable functions f; : [0, T] —
R,7=1,...,n, by

n t ot t n
/n Hfj(uj)du 3:/ / / Hfj(uj)dun“-dmdul.
s,t ]:1 S ul Un—1 ]:1

Due to (5.8), we get for integrable functions f; : [0,7] - R, i =1,...,m+n, that

m m+n m+n
Lo M twpae [T Hwpydu= 5 [ ] fepwdw. (59)
st j=1 st j=m+1 ceS(m,n) st j=1

For a proof of a more general result we refer the reader to [6, Lemma 2.1].

2.2. Fractional Calculus. In the following we give some basic definitions and
properties on fractional calculus. For more insights on the general theory we refer
the reader to [34] and [37].

Let a,b € R with a < b, f,g € LP(]a,b]) with p > 1 and a > 0. We define the
left- and right-sided Riemann-Liouville fractional integrals by

2 0(@) = g [ w0
and .
Iyg(x) = F(la)/w (y— =) 'g(y)dy,

for almost all = € [a,b]. Here I' denotes the gamma function.

Furthermore, for any given integer p > 1, let 1% (LP) and I{* (L?) denote the
images of LP([a, b]) by the operator I& and I, respectively. If 0 < o < 1 as well as
f eI (LP)and g € I;* (LP), we define the left- and right-sided Riemann-Liouville
fractional derivatives by

D, f(x) = ml_a);i [ Mdy, (5.10)
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and

o v L d b gy
Dbg(x>_l“(1—04)c1las/g; mdy, (5.11)

respectively. The left- and right-sided derivatives of f and g defined in (5.10) and
(5.11) admit moreover the representations

o 1 f(z) » f(z) — f(y)
o) = g (g o [ ),

N 1 g(x) bg(x) —g(y)
Dy-g(x) = T(1—a) ((b — e ”‘/x (y — z)o+! dy) '

Last, we get by construction that similar to the fundamental theorem of calculus
ar (Dar f) =1, (5.12)

and

for all f € 12, (LP), and
Dy (I3 g) = g, (5.13)
for all g € L?([a,b]). Equivalent results hold for I* and Dj".

2.3. Fractional Brownian motion. The one-dimensional fractional Brownian
motion, in short fBm, BY = (BtH)te[o . with Hurst parameter H € (0,1) on a
complete probability space (§2, F,P) is defined as a centered Gaussian process with
covariance function

Ryl(t,s) = E|B/'BI'| = ; (221 + 82—t = s?)

Note that IEUBtH — BH

and almost surely Holder continuous paths of order H — ¢ for all e € (0, H).
However, the increments of B, H € (0, %), are not independent and B is not a
semimartingale, see e.g. [32, Proposition 5.1.1].

Subsequently we give a brief outline of how a fractional Brownian motion can
be constructed from a standard Brownian motion. For more details we refer the
reader to [32].

Recall the following result (see [32, Proposition 5.1.3]) which gives the kernel
of a fractional Brownian motion and an integral representation of Ry(¢,s) in the

case of H < %

2 H H . .
] = |t — s|* and hence B has stationary increments

Proposition 2.1 Let H < % The kernel

H-1 1 '
Ku(t,s) := cu Ki) Tt-s)fr (2 — H) s%—H/ w3 (= )T du |
(5.14)
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_ 2H . . .
where cyg = \/(12H)5(12H,H+;) and (8 is the beta function, satisfies

Ru(t.s) = [ " Kyt ) Ky (s, w)du. (5.15)

Subsequently, we denote by W a standard Brownian motion on the complete
filtered probability space (Q, F,FV,P), where FV := (F}V)icjo 1) is the natural
filtration of W augmented by all P-null sets. Using the kernel given in (5.14) it is
well known that the fractional Brownian motion B has a representation

_ /Ot Kul(t,s)dW,, H e (0, ;) (5.16)

Note that due to representation (5.16) the natural filtration generated by B is
identical to FW. Furthermore, equivalent to the case of a standard Brownian
motion, it exists a version of Girsanov’s theorem for fractional Brownian motion

which is due to [16, Theorem 4.9]. In the following we state the version given in
[33, Theorem 3.1].

1
But first let us define the isomorphism Ky from L?([0,7]) onto Iéi“ (L?) (see
[16, Theorem 2.1]) given by

(Knp)(s) = s3I sl=3p, e L2([0,T)). (5.17)

From (5.17) and the properties of the Riemann-Liouville fractional integrals and
derivatives (5.12) and (5.13), the inverse of K is given by

(Kg'e)(s) = st DI "D o(s), o € Iy *(L2).
It can be shown (see [33]) that if ¢ is absolutely continuous
(Ki')(s) = s 215 5371 (s), (5.18)
where ¢’ denotes the weak derivative of (.

Theorem 2.2 (Girsanov’s theorem for fBm) Let u = (ut),cjoq be a process

N te|
with integrable trajectories and set BY = B + [Tu,ds, t € [0,T]. Assume that

(i) fiusds € ITT2(L2([0,T]), P-a.5., and
(ii) E[&r|= 1, where

Er = exp{—/OTK; (/ qur> W, 2/ K; (/ u,dr) (s)ds}.

Then the shifted process BH s an FW - fractional Brownian motion with Hurst
parameter H under the new probability measure P defined by % =&r.

Remark 2.3. Theorem 2.2 can be extended to the multi- and infinite-dimensional
cases, which will be considered in this paper primarily. Indeed, note first that the
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measure change in Girsanov’s theorem acts dimension-wise. In particular, consider
the two dimensional shifted process

t
X0 = B+ [uls,
0
t
X2 = B+ [u@®as, teo,1],
0

where Bt and B2 are two fractional Brownian motions with Hurst parameters H;
and H, generated by the independent standard Brownian motions W1 and W®,
respectively, and u") and u(? are two shifts fulfilling the conditions of Theorem 2.2.
Then the measure change with respect to the stochastic exponential

M T : 1 /T : 2
&y = exp —/ Ky, (/ uil)dr) (s)dW ) — 5/ Ky, (/ “51)dr> (s)ds
0 0 0 0

yields the two dimensional process
X =B,
t
XP = Bl + [Cu@ds, te[0,7]
0
Here, BH1 is a fractional Brownian motions with respect to the measure P defined

by & = 8}1). Note that B2 is still a fractional Brownian motion under P, since

WM and W® are independent. Applying Girsanov’s theorem again with respect
to the stochastic exponential

(2) T ([ e S S A A :
e s—esp = [ Hy ) i) (9w =5 [ st ([ uar) (.
0 0 0 0

yields the two dimensional process
X = B,
x® =B 0,1,

where Bt and B2 are independent fractional Brownian motions with respect to
the measure P defined by

BB

oo _ 5(2)5(1).
dP gpdP " T
Repeating iteratively yields the stochastic exponential — if well-defined —
&= [ &Y
k>1

acting on infinite dimensions.
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Finally, we give the property of strong local non-determinism of the fractional
Brownian motion B¥ with Hurst parameter H € (0, 5) which was proven in [35,
Lemma 7.1]. This property will essentially help us to overcome the limitations of
not having independent increments of the underlying noise.

Lemma 2.4 Let B be a fractional Brownian motion with Hurst parameter
H € (0, %) Then there exists a constant Ry dependent merely on H such that for
everyt € [0,T] and 0 <r <t

Var(BtH ’Bf St —s| > r) > Ryr*t.

3. CYLINDRICAL FRACTIONAL BROWNIAN MOTION AND WEAK SOLUTIONS

We start this section by defining the driving noise (By):cjo,7] in SDE (5.3). Let
{W®},51 be a sequence of independent one-dimensional standard Brownian mo-
tions on a joint complete probability space (2, F,P). We define the cylindrical
Brownian motion W taking values in ‘H by

Wi =S W, telo,T],

k>1

and denote by FW := (]—"tW) its natural filtration augmented by the P-null

te[0,7
sets. Moreover, we define a sequence of Hurst parameters H := {Hy}y>1 C (O, %)
with the following properties:

(i) Tho1 He < 5

(ii) suppsy Hi < 75

Using H we construct the sequence of fractional Brownian motions { Bf*},~, as-
sociated to {W®},5; by

t
Bl ::/ Ky (t,s)dW®, te0,7], k>1,
0

where the kernel Ky, (-,-) is defined as in (5.14). Note that the fractional Brown-
ian motions {Bf*};~, are independent by construction. Consequently, we define
the cylindrical fractional Brownian motion B with associated sequence of Hurst
parameters H by

B =" Bf™ey, tel0,T). (5.19)

k>1

Nevertheless, the cylindrical fractional Brownian motion B is not in the space
L*(Q;H). That is why we consider the operator @ : H — H defined by

Qr=> Ag®e,,

k>1
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for a given sequence of non-negative real numbers A := {A¢}i>1 € ¢? such that

A Ak 1 . . ST
= { m}k>1 € (. In particular, ) is a self-adjoint operator and we have that

the weighted cylindrical fractional Brownian motion

B, :=/QBI = 3" \Bley, (5.20)
k>1
lies in L%(Q;H) for every ¢ € [0,T]. Due to the following lemma the stochastic
process (By)icpo,r is continuous in time.

Lemma 3.1 The stochastic process (Bi)icpr defined in (5.20) has almost
surely continuous sample paths on [0,T].

Proof. Note first that due to [10][Theorem 1] for any fractional Brownian motion
B with Hurst parameter H € (0, %) there exists a constant C' > 0 independent

of H such that
C
E| sup |B|| < —= 5.21
Le[opT ’ ” vVH ( )

Using monotone convergence and (5.21) we have that

Thus, (vV@QB{)ieor) is almost surely finite and {(74v/QB{ )iejo.1) a1 is a Cauchy

sequence in LI(Q C([O T);H)) which converges almost surely to (vQB/)ep.r-
0

<E < Z )\kE[ sup ’BH’“

te[0,T]

E[ sup. B
t

sup Y | Akl ’BHI“
€lo,

T] k>1

<Z:)\k;\/F

k>1

Before we come to the next result, let us recall the notion of a weak solution
and uniqueness in law.

Definition 3.2 The sextuple (Q, F,F,P, B, X) is called a weak solution of sto-
chastic differential equation (5.3), if
(i) (Q,F,F,P) is a complete filtered probability space, where F = {F;}ico.1]
satisfies the usual conditions of right-continuity and completeness,
(ii) B = (B;)icpo,1 is a weighted cylindrical fractional (IF, P)-Brownian motion as
defined in (5.20), and
(ili) X = (X¢)iejo,r) is a continuous, F-adapted, H-valued process satisfying P-a.s.

t
Xo=a+ [ b5, X,)ds + By, te[0,T],
0

Remark 3.3. For notational simplicity we refer solely to the process X as a weak
solution (or later on as a strong solution) in the case of an unambiguous stochastic
basis (2, F,F,P, B).
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Definition 3.4 We say a weak solution X! with respect to the stochastic
basis (Q, FL,FL, P!, B') of the SDE (5.3) is weakly unique or unique in law, if
for any other weak solution X? of (5.3) on a potential other stochastic basis
(Q% F2,F? P2, B?) it holds that

PL. = P3%e,
whenever Pﬁ(é = }P)%(g.

Proposition 3.5 Letb: [0,7] x H — H be a measurable and bounded function
with ||bll . < Cidp < 00 for every k > 1 where C := {Cy},~, € £'. Then SDE
(5.3) has a weak solution (X)co,1] such that

E[ sup] ||Xt||§_[ < 0.

te[0,T

Moreover, the solution is unique in law.

Proof. Let {W®},5, be a sequence of independent standard Brownian motions
on the filtered probability space (2, F,F,Q). Consider the cylindrical fractional
Brownian motion BY generated by {W®},5; as defined in (5.19) with associated
sequence of Hurst parameters H. We define the stochastic exponential £ by

& == exp {’; (/Ot Ky, </0 b (u,:c + \/él?éq) )\kldu) (5)dW®
—; /Ot Ky, </0 by (u,x + @Ef) )\,zldu)z (s)ds) } .

In order to show that the stochastic exponential £ is well-defined we first have to
verify that for every k£ > 1

' BHY) \—1 Hy+3 (72
| o (ux + QB! ) A du e I (22((0,T))) , P - as.
Due to (5.18) this property is fulfilled, if for all k£ > 1

T ~ 2
b(, BH>/\‘1>d < o0,
/o (k U$+\/éu k U< 00

which holds since ||bg||cc < CrAg. Furthermore, we can find a constant C' > 0 such

that
exp {; > /OT Ky (/0 b <u,x + @Ef) /\,;lalu)2 (s)ds}

k>1
< exp {CT2 3 C,f} < 0.
k>1

Hence, by Novikov’s criterion & is a martingale, in particular E[£;] = 1 for all
€ [0,7]. Consequently, under the probability measure P, defined by % =&,
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the process Bf := BH — [L/Q b (u,x—f— \/Qéf) du, t € [0,T], is a cylindri-
cal fractional Brownian motion due to Theorem 2.2 and Remark 2.3. Therefore,
(Q, F,F,P,/QB", X), where X, := x + /QB!, is a weak solution of SDE (5.3).
Since the probability measures Q ~ P are equivalent, the solution is unique in
law. O

4. STRONG SOLUTIONS AND MALLIAVIN DERIVATIVE

After establishing the existence of a weak solution, we investigate under which
conditions SDE (5.3) has a strong solution. Therefore, let us first recall the notion
of a strong solution and moreover the notion of pathwise uniqueness.

Definition 4.1 A weak solution (2, F,F2 P, B, X®) of the stochastic differen-
tial equation (5.3) is called strong solution, if F® is the filtration generated by the
driving noise B and augmented with the P-null sets.

Definition 4.2 We say a weak solution (Q, F,F,P, B, X!) of (5.3) is pathwise
unique, if for any other weak solution (€, F,F,P,B, X?) on the same stochastic
basis,

P(we Q: X} w) = X (w) VtZO) =1

The cause of this paper is to establish the existence of strong solutions of sto-
chastic differential equation (5.3) for singular drift coefficients b. More precisely,
we define the class B([0,7] x H;H) of measurable functions b : [0,7] x H — H
for which there exist sequences C' € ¢* and D € ¢! such that for every k > 1

sup sup |bg(t,y)| < CrAg, and
yEH te[0,T]

(5.22)
sup | sup |by (t, \/5\/57‘131) |dy < DAy,
d>1 JRY [0, T
where y = (y1,...,yq) and K : H — H is the defined by
Kr=>" &yaWe,, e, (5.23)

k>1
for {Rp, }x>1 being the local non-determinism constant of { B}, as given in
Lemma 2.4.
In order to prove the existence of a strong solution for drift coefficients of class
B([0,T] x H;H) we proceed in the following way:
1) We define an approximating double-sequence {0} 451 0 for drift coefficients

of type (5.22) which merely act on d dimensions and are sufficiently smooth
2) For every d > 1 and € > 0, we prove that the SDE

t
X% = g4 / b (s, X%)ds + By, ¢ € 0,7, (5.24)
0

has a unique strong solution which is Malliavin differentiable
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3) We show that the double-sequence of strong solutions Xtd “ converges weakly
to E {Xt|.7-"tW}, where X, is the unique weak solution of SDE (5.3)

4) Applying a compactness criterion based on Malliavin calculus, we prove that
the double-sequence is relatively compact in L?(Q2, F}V)

5) Last, we show that X; is adapted to the filtration F® and thus is a strong
solution of SDE (5.3)

4.1. Approximating double-sequence. Recall the truncation operator m,, d >
1, defined in (5.6) and the change of basis operator 7 defined in (5.7). We define

Ehe operator g : H — R? as 7y := 7 omy. For every k > 1 let the function
b?:10,T] x R — R? be defined by
bt 2) = Fab (t,7712) . (5.25)

Let ¢., € > 0, be a mollifier on R? such that for any locally integrable function
f:[0,T] x R* — R? and for every t € [0, T] the convolution f(t,-) * . is smooth
and

f(t7)*90€_>f(t7)7 €_>07
almost everywhere with respect to the Lebesgue measure. Finally, we define for
every d > 1 and € > 0 the double-sequence %< : [0,T] x H — H by

b (t,y) =7 (DU, Fay) * oe(Fay)) - (5.26)
Analogously to (5.25), we define for ¢ € [0,T] and 2 € R?
bEE(t, 2) == T (¢, 77 2) = bt 2) * (). (5.27)

Due to the definition of the mollifier ¢, we have that for every d > 1
bt T e) = 7t (B 2) * pe(2)) — (8, 2) = bt T 2) (5.28)
for almost every (¢, z) € [0,T] x R? with respect to the Lebesgue measure. Thus,
due to (5.28) and the canonical properties of the truncation operator we have that
d,e d

pointwise in [0, T] x H, where b? := 74b. Due to the assumptions on b we further
get for every p > 2 using dominated convergence that

T 5
lim hmEV |b%= (¢, BF) — b(t, BY) idt] — 0.
0

d—o0 €—0

Hence, we can speak of an approximating double-sequence {6%¢} 451 .50 of the drift
coefficient b. In line with the previously used notation we define

bza(ta y) = <bd7a(t7 y), €k>H = <Ed’€(t> Ty)v ék> =. EZ’E(YZ Ty)v
bz(tv y) = <bd(t7 y)7 €k>H = <gd(t> Ty)v €k> = gg(tv Ty)'
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Moreover, note that b4, b € B([0,T] x H;H).

Remark 4.3. Note that we needed to truncate and shift the domain of the
function b to R merely in order to apply mollification.

4.2. Malliavin differentiable strong solutions for regular drifts. In the fol-
lowing proposition we establish the existence of a unique strong solution for a class
of drift coefficients which contains the approximating sequence {6} 451 .~o. More
specifically, we consider drift coefficients b € B([0,7] x H;H) such that for all
k>1andallte|0,T]

bi(t, ) € Lipy, (H;R),
where L € (2. We denote the space of such functions by £([0, 7] x H;H).

Proposition 4.4 Let b € £([0,7] x H;H). Then SDE (5.3) has a pathwise
unique strong solution.

Proof. In order to prove the existence of a strong solution we use Picard iteration
and proceed similar to the well-known case of finite dimensional SDEs. More
precisely, we define inductively the sequence Y° := z +B and for all n > 1

¢
V= ot [ b(s YY) ds+ By, t € 0,7, (5.29)

0
We show next that {Y"},>¢ is a Cauchy sequence in L*([0,7] x Q). Indeed, due

to monotone convergence we get for every n > 1 and t € [0, 7]

2 ] ’ (5.30)

el ] <[] o) vz
0 H

Wl

k>1

t
<Ll [ B|
0

2713 t
E[Hyf _ Y;)HH} _E [H/O b(s, z + B,)ds

A —

2
H

vo v ] s,

and
1
2

< | CA| gz

2
H

By induction we obtain for every n > 0 a constant A depending on C, A and L
such that

1 n+1
n+l _ yn 2]z At n+1
o W e T
Hence, for every m,n >0

m—1

Y™ = Y™ 2omxean < D 1Y = Y20, mixam)

k=n
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k=n

m=1  pk+1
< T2 =: B(n,m
T2 (k1) ( )

Therefore {Y"},>0 is a Cauchy sequence in L*([0,T] x Q;H). Define
X; = lim ;"

n—oo

as the L?([0,T] x Q; H) limit of {Y"},50. Then X; is F? adapted for all ¢ € [0, 7]
since this holds for all ¥;*, n > 0. We prove that X; solves SDE (5.3):
We have for all n > 0 and ¢ € [0, 7] that

t
Y — gt / b(s, Y™)ds + By
0

Using the Lipschitz continuity of b, we get

E[ jjg /Ot (’;E[wk(s,yj) - bk(s,Xs)ﬂ) s

t 1
n 212
<IiLle [ B[V - X5 ds —= 0.
Hence, (X¢)icpo,r is a strong solution of SDE (5.3).
In order to show pathwise uniqueness, let X and Y be two strong solutions on
the same stochastic basis (€2, F,P,B) with the same initial condition. Then for all
t € [0,T] we get similar to (5.30) that

t
[ b, = (s, Xo)ds
0

B[ - Yill) < Il [ B[IX, - YilE) s

Using Gronwall’s inequality yields that E[HXt - Yt||i} = 0 for all t € [0,T], and
therefore X; = Y; P-a.s. for all ¢ € [0,7]. But since X and Y are almost surely
continuous we get
]P(w €N X} (w) = X} (w) Vt > 0) = 1.
([l

Next we investigate under which conditions the unique strong solution is Malli-
avin differentiable. But let us start with a definition of Malliavin differentiability
of a random variable in the space H.
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Definition 4.5 Let X be an H-valued square integrable functional of the cylin-
drical Brownian motion (W):co,77. We define the operator D™, m > 1, such that

D"X =Y DX Wey,

k>1

as the Malliavin derivative in the direction of the m-th Brownian motion W™,
Here, D"X® m k > 1, is the (standard) Malliavin derivative with respect to
the Brownian motion W™ of the square integrable random variable X*) taking
values in R. We say a random variable X with values in H is in the space D'*(H)
of Malliavin differentiable functions in L*(Q) if and only if

X0 = 3 [ E[ID2XIR]ds < oo

m>1

Moreover, a stochastic process (X;);co,r) With values in H is said to be in the space
DY2([0,T] x H) if and only if for every ¢ € [0, T

X 15270 Z/ (102 X, |ds < .

m>1

By means of Definition 4.5 we extend the well-known chain rule in Malliavin
Calculus, cf. [32, Proposition 1.2.4], to Malliavin differentiable random variables
taking values in H. But first we define the class Lo(#H) of Lipschitz continuous
functions on ‘H with vanishing Lipschitz constants.

We say a function f : H — H is in the space Lo(H) if there exist sequences of
constants L, M € ¢? such that for all k > 1 and z,y € H

(f(z) = f(y), enyn| < LY Mi[{x — y, e}l (5.31)

i>1
Lemma 4.6 Let f € Lo(H) with associated Lipschitz sequences L, M € (* and
Y € DY3(H). Then, f(Y) € DY2(H) and there exists a double-sequence {ng)}k,ig

of random variables with ng) < Ly - M; P-a.s. for all k,i > 1 such that for every
m>1

DF(Y) =3 S GP DY, ei)per. (5.32)

k>1i>1

Moreover,
||f(Y)||DL2(H) < | Lllez - [[M]l e - ||Y||]D>1,2(H)

Proof. First, consider the case f : R — R? for some d > 1, where Y is taking val-
ues in R?. Using the chain rule, see [32, Proposition 1.2.4], and the notion of Malli-

avin Differentiability in Definition 4.5, there exists a double-sequence {Gl(k)}lgk’igd
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of random variables with ng) < Ly - M; P-a.s. for all 1 < k,7 < d such that for
every m > 1

d

DY) =3 D" fi(Y Z ZG(k D™(Y, &)ex (5.33)

k=1

Recall the change of basis operator 7 : H — ¢* defined in (5.7). Let now f : Hq —
Hgq, where Y is taking values in Hy. Define g : R? — R% by g := 70 fo7~!. Then
g is Lipschitz continuous in the sense of (5.31) with associated Lipschitz sequences
L, M € ¢* and due to equality (5.33) we get the identity

d d
D" f(Y —TZDmfk Z

d d d d
Z ZG k)Dm 7Y, €;)e Z ZG k)Dm Y, ei)nex

=1:i=1 k=1i=1

ol

=T Z Z Ek)Dm Y 6z>7.[6k
k=11i=1

Thus, equation (5.32) holds for f : Hq — Hg. Let finally f : H — H, where YV is
taking values in H. Recall the truncation operator 7, : H — H4 defined in (5.6).
Since f is Lipschitz continuous, f(74Y") converges to f(Y) in L*(2). Furthermore,
we have for every d > 1 that

Imaf a Wanoy = 3 [ EID2 raf (ra¥ DI ds (5.34)
m>1
d 2
- Z/ ZG DY, el | ds
m>1 k=1
T d 2

<2l Y [ B\ My ]ds

m>1"0 i=1

<L - IMI% X2 / IDFY 115, ds = LI - 1M - 1Y [3r2g) < oo

m>1

Note that the double-sequence {Gf’(k)}izl,kzl depends on d > 1. Nevertheless,
[7af(maY )[pregsy) is uniformly bounded in d > 1. Thus, due to [32, Lemma
1.2.3] and dominated convergence we have f(Y) € DV?(H) and D™ (myf(mgY))
converges weakly to D™ f(Y") for every m > 1. Moreover, the sequence {Gf’(k Ya>1
is bounded by Ly - M; for every k,i > 1. Hence, for every k,7 > 1 there exists
a subsequence {Gf“’(k)}nzl which converges weakly to some random variable éﬁ’“)
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which is bounded by Ly, - M;. Summarizing we get that in L*([0, 7] x Q;H)

m . m . dnyk' m
D™ (V) = lim 7, D" f(ma,Y) = lim 323 Gim D™ (Y, ei)yer

k=1i=1
= Z Z égk)Dm<Y, €i>Hek7
k>1i>1
where the last equality holds due to (5.34) and dominated convergence. U

Define the class £¢([0,7] x H;H) b
Lo([0,T] x H; H) =
{feB(0,T] x H;H) : f(t,-) € Lo(H) uniformly in ¢ € [0,T},
and note that f(t,-) € Lo(H) uniformly in ¢ € [0, T] implies fi(t,-) € Lip;, (H;R),

k > 1, uniformly in ¢ € [0, T] for some sequence L € ¢?. Thus, £,([0,T] x H;H) C
£(]0, T] X H;H).

Proposition 4.7 Let b € £4([0,T] x H;H). Then the unique strong solution
(Xt)eepr) of (5.3) is Malliavin differentiable.

Proof. Recall the Picard iteration defined in (5.29)
_g;+/ YV ds+ By, t€[0.T], n > 1, (5.35)

and Y° = 2 +B. We denote the k-th dimension of the infinite dimensional system
(5.35) by Y™ () := (Y™ e}y

Using the Picard iteration (5.35), we show that for every step n > 0 the process
Y™ is Malliavin differentiable. We prove this using induction. For n = 0 we have
that for all ¢t € [0,7] using (5.15)

0 2 T my/0 2 d
¥ = X ) Bl Jos
- 2
= Z/ Z)\kDth €k ds
m>1 k>1 H
- m nHm 2
_ ngl / |AnD B, emHH]ds
- Z/ N2 K2 (L s)ds
m>1

= > ARy, (t,t) =Y A2 t*'m < oo,

m>1 m>1
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Now suppose that [|Y;"|[p12() < 00 for n > 0. Due to Lemma 4.6 b(t,¥;") is in
D'?(H) and we have for every t € [0, 7] that

16CE, Y ) lpr220) < I Lllez - 1M ][z - 1Y [ pr2zgy < 00,

for some L, M € ¢? independent of n > 0. Moreover, fo b(r, Y,")dr is Malliavin
differentiable admitting for all 0 < s < T" the representation

T T
pm ( / b(r, Y,ﬁ)dr> - / D™b(r, Y)dr.
0

s

Thus, we get for Y™ *! that

n+1
e

(/T b(s, Y)ds + Yf)

DL2(H) H DL2(3)

</ [b(s, Y, )||D12H)dS+HY

D12(H)

<Ll 1M [ 1Y ey ds + [

DL2(3) < Q.

Hence, Y"*! is Malliavin differentiable in the sense of Definition 4.5. Moreover,
we can find a positive constant A depending on L, M, and T such that

1Y lpr2 gy < Z tk <A

Consequently, ||Y;”H%)1,2(H) is uniformly bounded in n > 0 and therefore, since

Y™ — X in L*([0,T] x Q) and the Malliavin derivative is a closable operator, also
X is Malliavin differentiable in the sense of Definition 4.5. U

Let us finally put the previous results together and show that SDE (5.24) has a
unique Malliavin differentiable strong solution.

Corollary 4.8 Let b4 : [0,T] x H — H be defined as in (5.26). Then, SDE

(5.24) has a unique strong solution (Xf"E)tE[O - which is Malliavin differentiable.

Furthermore, the Malliavin derivative D;"Xtd’E has for 0 < s <t < T a.s. the
representation

DX = A\ K, (,5)em (5.36)
d
+ A Z/ Kp,, (u,s) > (H 8an25 ) (Uj,TXS;_E)) enodit,
n>1 n0seMn—1=1 \j=

where 1, = m and b®* : [O, T] x RT — R? 4s defined as in (5.27).

Proof. 1f the drift function %€ is in the class £4([0, 7] x H,H), then SDE (5.24)
has a unique Malliavin differentiable strong solution by Proposition 4.4 and Propo-
sition 4.7. Thus we merely need to show that b%<(t,-) € Lo(H) uniformly in
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€10,7]. Let t € [0,7] and y,z € H. Then, using the triangular inequality and
the mean-value theorem we get for all 1 < k < d that

(B () =65 2) o), | = [ (L) = b7 2)| = lgi’a(t, T ly) = Bt (t )|

d | i-1 d
= Z biﬁ (t,szgj +Zngj) bda (t sze] + Z yaey)|

Jj=i+1

< Zsup 0" (1 E)ys — =] = Zsup 0" (1. )y — =, e4)].

1= 1§ER = 1§€R

Note that we can find sequences {Ly}1<k<a and {M,;}1<i<q such that for all 1 <
k,i < d we have supgcpa 10,68 (t,€)| < Ly - M;. Hence, b% € £4([0,T] x H;H).

It is left to show that representation (5.36) holds. First note that due to the
definition of the Malliavin derivative of a random variable Y with values in H, see
Definition 4.5, we have that D™(7Y) = 7D™Y, for all m > 1. Consequently, we

get for 0 < s <t < T using Lemma 4.6 that the Malliavin derivative D;"Xtd “ can
be written as

— t —
prxte — poipmxhe — / Vb (u, X5<) DX du + DBy,

[terating this step yields

Dnga Z/ (H Vbds (UJ,XdE)> /\mKHm(u1,3)€mdU+/\mKHm<t’8)6m

n>1

Further note that

Ve (uj, Xfff) =V (Z b* (uj, ng) ek> =Y obye (uj, X{ff) ere; -

k=1 1=1 k=1

Thus, we get for every n > 1

n N d d d n N

[T Vo' (uy, Xof) = -3 ( > Ty, (uj,X{ff)) erel ,  (5.37)

7=1 =1 k=1 Mn—1=1j=1

where 19 = k and 7, = [ and consequently, representation (5.36) holds. 0

4.3. Weak convergence. In this step we show that the sequence of unique strong
solutions {X*¢};51 .~ of the approximating SDEs (5.24) converge weakly to the
weak solution of (5.3) where b € B([0,7T] x H;H).

Lemma 4.9 Let b € B([0,7] x H;H). Furthermore, let (X)icpom be the
weak solution of (5.3). Consider the approximating sequence of strong solutions
{(Xfl’g)te[o,T]}dzLao of SDEs (5.24), where b : [0,T] x H — H is defined as
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in (5.26). Then, for every t € [0,T] and for any bounded continuous function
p:H—-R

$(X*) ——— E|o(X0)|F"],

d—00,e—0
weakly in L*(Q, FV).

Proof. Using the Wiener transform

W)= z¢ ([ renam) |

of some random variable Z € L?(Q2, F)Y) in f € L?([0,T]; H), it suffices to show
for any arbitrary f € L*([0,T]; H) that

WOXIN) o W (B[ |7 ]) ().
So, let f € L*([0,T]; H) be arbitrary, then by using Girsanov’s theorem we get
WX () =W (Ele(X0)|FY]) (1)
"))
H

S(BY)E (/OT< (Z K (/ B Bg)A,;%M) (s)ek> d
S(BY)E (/0T< (;KH (/ b (1, BE ))\kldu>( e k) ,dWS> )”

E

—E

<E

~

. ( /OT <f () + (é Ky ( /0 ' bg,a(u,Bg)A,;ldu> (s)ek> ,dWs>H>

‘ |

¢ (/0T< (kgl K (/ bi (u IB%x)Akldu) (S)ek) ,dW3> )

Using the inequality
e~ <o —yl(e"+e¥) VayeR,
we get

IW(OX))(F) = W (E[o(X0)|FY]) (1)

o ooy )
- (e (s (f o 1d“) o) ) |

2

/OT <<f(s) + (kzijl Ky (/0 bi’a(u,Bﬁ))\gldu> (s)ek>> ,d3>

<E

+E

H
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—/f<< (e (femalon)) ) |

at ([ B BN = bl B ) ()

o

/ Ky </ bi.(u, By, )Akldu) (s)daw®

+Zd+(})
where
A (f) =E /OT<< <ZKH (/ b2 (u, BY) )\kldu>( e k>>2,ds>H

Lo (g (famoa)on)) ) |

For every k£ > 1, we get with representation (5.18) that
Kiil(d e, 5) (/ b (u, B AL — bk(u,Bg)A,;ldu> (s)

_ SHk_§]2 i g 3—Hy, (bd‘s(s B;) — b (37B§)> A

At s 3—H e . N )
L) e i)

which is bounded by

s %_H 1
‘K;Ii(d,e, s)‘ < 21Ck/ (u) ' (s —u) 2 rdy
r (5 — Hk) 0 \s
1
= QLSé_Hkﬁ (3 — Hy, 5 — ch) S Ch.
I (3 - H) 2 2

Consequently, we get for every d > 1 using the Burkholder-Davis-Gundy inequality
that

d d T 9
E[Z SZ]EV Kiil(d.e.s)| ds
k=1 k=1 0

Hence, by dominated convergence
) ] = 0.

1
2SJZC(]€<OO.

k>1

T
/0 K7 (d, e, s)dw®

d
lim lim]El L(d, e, s)dWk

d—oo0 e—0




155

Equivalently, we have

/0 S Ky (/O'bk(u,Bg)A,;ld@( e

k>d+1

<ch<00

k>1

Thus, again by dominated convergence

/0 2. K, (/ i (u, By, )Akldu)( )dw ®)

k>d+1

=0.

lim lim E
d—o0 e—0

Similarly, one can show that A,.(f) vanishes for every f € L*([0,T];H) as € — 0
and d — oco. Consequently, ¢(X:) = E{qb(Xt)‘ftW} weakly in L?(Q, F}V).
—00,6—

0

4.4. Application of the compactness criterion.

Theorem 4.10 The double-sequence {Xtd"s}d>1 0 of strong solutions of SDE
(5.24) is relatively compact in L*(Q, F}V). B

Proof. We are aiming at applying the compactness criterion given in Theorem A.3.
Therefore, let 0 < a,, < B < % and 7, > 0 for all m > 1 and define the sequence
fosm = 27y, if s =2"4+35,1>0,0<j5 <2, m >1 where u,,, — 0 for
s,m — oco. We have to check that there exists a uniform constant C' such that
for all {Xtd’a}dZLDO

H o L2(QH) = ¢ (5.38)
m dE
m>1 HD o < ©
and
megs e
dsdu < C. 5.39

Note first that (5.38) is fulfilled due to the uniform boundedness of {6} .50
and the definition of the process (B:),c( 1, see (5.20).

Next we show uniform boundedness of (5.39). Note first that under the assump-
tion © < s we have

D;nXtdﬁ - Duthd’E = Am (KHm (t’ S) - KHm (t’ u)) em
t - — t —
+ / Vi (0, X) D X dy — / V% (0, XY D X
— o (K (1, 8) — Ky, (£, 1)) / VI (0, X5 D X gy

t -~ —
+ / VI (0, X ) (D;”Xj’s — DX du
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= A (Kp,, (t,8) — Kpg, (t, ) € — DX 5 4 X\ Ky, (8, )e
t —~
+ [ OB, Xi#) (DI XD - DX do.

Using iteration we obtain the representation

DX — DX =\, (K, (t,s) — K, (t,u)) em

+ A Z/ 11 Vit<( v, XE9) (K, (01, 5) — Kt (01, 10)) e

n>17 A% j=1
(Id +y / H Vo (vj, XdE)dv) (A K11, (5, u)em — DX EY
n>17A% j=1
where by Corollary 4.8
(A K, (s, w)em — DPXE) =
— A Z/ KHm vl,u) Z H@n]bgal v],ylﬁ?a)enodv.
n>1""ws  no,.., NMn—1=1j=1
Consequently, we get due to (5.37) that
DX — DX = Ny (314 Jo + 33),
where

= (KHm(t7 5) - KHm(t7 u)) €m,

9 1= Z/n (Kpn,,(v1,s) — Kg,, (v1,u)) Z H&hbzal UJ,XV%E)enOdv,

n>1 10,---Mn—1=1 j=1

(mz s Hambzivﬂﬁdv)

n>1 85t M0y yn—1=1 j=1

\]

J

d
X Z/ Ky, (vi,u) Y H (9,7]bfz6 . v],Xg]?E)enodv.
n>17 80 M0yotin—1=1 j=1

In the following we consider each J;, i = 1, 2, 3, separately starting with the first.
Due to Lemma B.3 there exists 3, € (O, %) and a constant K; > 0 such that

||J1||L2(Q’H |KHm (¢, s) Ky, (t,u)
/ / o 1+261d sdu / / s S Ky < o

Consider now Jy. Define the density &¢ by
d

st = o {30 (R ([ o 009) 2t Gy

k=1
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1 ide de) y—1 2
—3 KHk (/0 by (u,Xu’ ))\k du) (s)ds | ¢ .

Then applying Girsanov’s theorem 2.2, monotone convergence and noting that
SUDg>1 SUDyse(0. 7] |E2 | L2y < oo yields

1921172 30
d 2
<> > gtd/n (Kn,,(v1,8) = Kg,, (v1,u Hanjbﬁgl (UjaT]ij>dU
n>1nog,..Mn—1=1 st LZ(Q)
2
d n
DD / (K, (v1,5) = K, (v1,u H Oy, b (v, 7BY, ) dv
n>1n0,..Mn—1=1 s,t j=1 L4(Q)

Using equation (5.9) yields that

2

|Ql2 . ‘/ KHm(Ul, ) KHm V1, U H 8,7 bda . ('UPTIBZ) d’U

can be written as

W= > / (Hg[ao ”JvTBij)> (H(KHm(%nH),S)_KH”(U“”“)’U)))dv

oceS(n,n) =0

where for j =1,...,n

g; (-, 7B) = 9, b%* (-, 7B?)

M5 7nj—1

Repeating the application of (5.9) yields

3
W= Y / (Hg[om v;, 7B )) <H(Kﬂm(v<m+1>’8>KHm(WmH)’“))) dv.

oceS(4;5n) =0

Defining fj “(t,g) == Efif_l (t, \/@\/Kﬂ) permits the use of Proposition B.2 with

Z?”léj 4, |aj| =1 for all 1 < j < 4n and thus |a| = 4n. Consequently, we get
using the assumptions on H and b that

4

E[’Q{ﬂﬂ = l|/A (KHm(Ul, 8) — Ul, H 377]17;'55 1 (Uja TBZ) dv

LA(©)

4n Lo an

K, T oy Sies
< #Sn) =ML (O () s ET )T
o 4dn m,

su
bde \/7\/_7:]

L1(R4;L°0([0,T7]))
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(ngl (2 ‘a(k)’)!f (t - S)—ZzzlHk<4n+2|a(k)|)+(Hm—%—fym>ijlgj+4n
T(8n — ¢, Hy(8n +4]a®)]) + 2(H,, — L —4,,) 21", ¢;)3

dn T n

Ky T ol H Db\
4dn, Hp,, T Nj—1""Mj—1

V2T j=1

_ 4vm
v (S U) S4<Hm7%f'ym)(t_ S)4(Hmf%f'ym)T4nSn’
SU

X

< 28n

where

1
d f
5 — s (szl (2 ‘O‘(k)D!)4 T
T (8n — S5 Hi (804 41a®)]) + 8 (Hyp — 5 = 7))

For n > 1 we have due to the assumptions on H that
d 1
Ap:=8n =Y Hy (8n +4]aM]) +8(Hm— 5 —ym)
k=1
16
> 8n — 8n||H|[p — 16nsup |Hy| —4 > —n—4 > 0.
k>1 3

Thus, we have for n sufficiently large that

P40 > 1 (0 - a) ot (L) (20)

3 3
and therefore by the approximations in Remark B.7
1
d GINE
.. (1, o))

N

T (8 = Sy Hi (S0 +41a®)) + 8 (Hn — 3 = )
(2m)% 3 ((10m)))¢ (Xn)”

(20mn)5 T (% + 1)%

~Y

<cn (2m)

where C' > 0 is a constant which may in the following vary from line to line. Using
Stirling’s formula we have moreover that

(10n)! _ eT20m /2070 (107”)10” _ o <2 )_gn ) cm
F(l?TGn_’_l)Q_ 327m<1??n)332n _\/?n 3 _F(gn—i-l)'

3 e
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Consequently, we have for .S, that

oola.
N

n 15 1
Sp ~C" (2m)s n (F(§n+1>>

Furthermore, using Lemma C.4 we have for every n > 1 that

d n
> 110y - (R on)

105 Mn—1=1 j=1

Moreover, due to the assumptions on H there exists a finite constant K > 0 which
is independent of d and H such that K;uy < K, cf. (5.61). Consequently, there
exists a constant C' > 0 independent of d, € and n such that for n sufficiently large

H Dn] 1A%j 1) T4nSn

d

DEL = Z 28 K T —4dn
105 NMn—1=1 V 27T

N nzCn :
I(2n+1)

and thus due to the comparison test

> D, < .

n>1

Hence, there exists a constant Cy > 0 independent of d and ¢ such that

s — u\2m L
19232 000y < CZCHm,T< = > =) (1 _ gy2(Hn—t=m).

and thus we can find a 5 € (O, %) sufficiently small such that

t||J
/ / | 2”L 12273 dsdu < C’ém’T < 00.

Equivalently, we can show for J3 that there exists a 03 € (O, %) such that

tHJSHL (QH)
// 1+2,B dsdu CH 7 <00,

where Cy,, 7 = C - cp,, due to Lemma B.4. Here, cy,, is the constant in (5.14).
Thus, we can find a constant C' > 0 independent of H,, such that sup ¢, 1 Cur <

C' < co. Finally, we get with 3, := min{31, 52, #3} that we can find 7,,, m > 1,
such that

2
Pyt = DpXE g
Z (1-2 Qﬂm am) )y / / _u’1+25m dsdu
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t A2 Zz 1 HJl”L? Q:H
)
- Z ]_ — 2 2(/Bm Oém) / / deU

1+2Bm
Z A2 C4
~S < 00,
m>1 ]_ — 2 2(/Bm Oém))/y
uniformly in d > 1 and € > 0. Slmllarly, we can show that
m d 3
m>1 HD P o < (5.40)

uniformly in d > 1 and € > 0 and consequently the compactness criterion Theo-
rem A.3 yields the result. O

4.5. F® adaptedness and strong solution. Finally, we can state and prove the
main statement of this paper

Theorem 4.11 Letb € B([0,T] x H;H). Then SDE (5.3) has a unique Malli-
avin differentiable strong solution.

Proof. Let (Xi)ico,r) be a weak solution of SDE (5.3) which is unique in law due
to Proposition 3.5. Due to Lemma 4.9 we know that for every bounded globally
Lipschitz continuous function ¢ : H — R

O(X) —— E[o(X0| 7|

weakly in L*(Q, F)Y). Furthermore, by Theorem 4.10 there exist subsequences
{di}x>1 and {e,},>1 such that

p(Xm) ———— o (E[X| 7))

n—o0, d—oo

strongly in L?*(Q, F}V). Uniqueness of the limit yields that X; is F}¥—measurable
for all t € [0,7]. Since FY = F®, we get that (X;)te[o,7] is a unique strong solution
of SDE (5.3). Malliavin differentiability follows by (5.40) and noting that the
estimate holds also for ~,, = 1. OJ

5. EXAMPLE

In this section we give an example of a drift function b € B([0,T] x H;H) to
show that the class does not merely contain the null function.
Let fr € LY(¢% L>([0,T];¢?)), k > 1, i.e. for all k > 1 we have for all z € ¢*

sup |fu(t,2)| < Cf < o0 sup sup |fu(t, 2)|dz < D] < o0, (5.41)
te[0,T) d>1 JRY te[0,T]

such that Cf, D/ € ¢! and define for every k > 1 an operator A; : H — H which
is invertible on A,H such that for all £ > 1

—1 _
det (A,j@ VK 1) < DI < o0,
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where DA € ¢*. Then, we define
bi(t,y) == fi(t, 7 Agy).
This yields

sup |bg(t,y)| = Sup |f(t, T Agy)| < O,

t€[0,T]
bi (t,\/é\/zyﬂdy—/?{ sup |fx (tr Ak\f\/_yﬂdy

sup
/H t€[0,T] t€[0,T]

= sup |fr(t, 2)|det ( \F VK ) dz < D{D}.

T ALH te[0,T)

Due to the definition C7 € ¢! and D/ - D4 € ¢* and thus b € B([0,T] x H;H).
A possible choice for f is

_ _pfll
fk(t, Z) = C,{ e te Dy (aIL{ZEA} + b:H‘{ZEAC}) ,

where a,b € R and A C H, which obviously fulfills the assumptions (5.41). The
operator Ag, k > 1, can for example be chosen such that there exists a finite subset
N, C N such that for all £ > 1

-1
I '/ &e, <C.

neNg

and we have for every x € H

Apr = D,‘? Z ™e,,.

neNg

Then A, is invertible on ApH for every k > 1 and

det (Akl\/al\/f_l) — D I] AR < CDL.

neNg

APPENDIX A. COMPACTNESS CRITERION

The following result which is originally due to [14] in the finite dimensional case
and which can be e.g. found in [9], provides a compactness criterion of square
integrable cylindrical Wiener processes on a Hilbert space.

Theorem A.1 Let (Bt)te[oﬂ be a cylindrical Wiener process on a separable
Hilbert space H with respect to a complete probability space (2, F, i), where F is
generated by (Byi)icpor. Further, let Lrs(H,R) be the space of Hilbert-Schmidt
operators from H to R and let D : DY? — L2(Q; L*([0,T]) @ Lus(H,R)) be
the Malliavin derivative in the direction of (By)icpo,r], where D2 is the space of
Malliavin differentiable random variables in L*(Q).
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Suppose that C is a self-adjoint compact operator on L*([0,T]) ® Lzs(H,R) with
dense image. Then for any ¢ > 0 the set

G- {G €D |Gl 2 + | DG

< c}
L2(Q;L2([0,T)®Lus(H,R)) —
is relatively compact in L?(Q).
In this paper we aim at using a special case of the previous theorem, which is

more suitable for explicit estimations. To this end we need the following auxiliary
result from [14].

Lemma A.2 Denote by vs,s > 0, with vy = 1 the Haar basis of L*(]0,1]).
Define for any 0 < o <  the operator A, on L*([0,1]) by

Agvg =2,  ifs=2"474, >0, 0<j<2,
and
Al =1
Then for a < 8 < % we have that

1 L) = f)l?
2 2
[ Aaf 20,1y < 201 2201 + m/(] 0 Wdtdu)-

Theorem A.3 Let D* be the Malliavin derivative in the direction of the k-th
component of (By)wejor). In addition, let 0 < oy < B < & and v, > 0 for all
k > 1. Define the sequence pgj = 27~ if s =20+ 4,4 >0, 0 < j < 29
k> 1. Assume that pis, — 0 for s,k — oo. Let ¢ > 0 and G the collection of
all G € DY? such that

1G]l o y<¢

ot

<cg,
L2(9;L2([0,1])) —

and

o @
2(1_2 2ﬁk ar) // | didu < ¢

k>1
Then G is relatively compact in LQ(Q).

Proof. As before denote by v,,s > 0, with vy = 1 the Haar basis of L?([0,1])
and by e; = (ex, )y, k > 1, an orthonormal basis of Lyg(H,R), where e, k >
0, is an orthonormal basis of H. Define a self-adjoint compact operator C' on
L*([0,1]) ® Lus(H,R) with dense image by

Cvs ®ey) = pspvs @e€p, s>0, k>1.
Then it follows for G € D2 from Lemma A.2 that
H(J—lDG

L2(L2([0,1)®Lus (H,R))
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Z Z T3 kE (DG, vs ® €k>L2([o N)®Lus(H, R))]
k>1s>0

> 3% 4w DFG
k>1

L2(;L2([0,1]))

—2 || Ak |2
<2 ;%f HD G L2(9;L2([0,1]))
10,
+2Z 1 — 92— 2(5k ag) / / |1+25k ¢
k>1
<M
for a constant M < oco. So using Theorem A.1 we obtain the result. O

APPENDIX B. INTEGRATION BY PARTS FORMULA

In this section we derive an integration by parts formula similar to [6] which
is used in the proof of Theorem 4.10 to verify the conditions of the compactness
criterion Theorem A.3. Before stating the integration by parts formula, we start
by giving some definitions and notations frequently used during the course of this
section.

Let n be a given integer. We consider the function f : [0,7]" x (R9)" — R of
the form

— 1:[ fi(sj zi), s=(s1,...,8,) €[0,T]", z=(z1,...,2,) € (R,
"~ (5.42)

where f; : [0,7] x R* - R, j = 1,...,n, are compactly supported smooth func-
tions. Further, we deal with the function s : [0, 7)™ — R which is of the form

s) = ﬁlzj(sj), s € [0, 7", (5.43)

with integrable factors s; : [0,7] - R, j=1,....n
Let «; be a multi-index and D its corresponding differential operator. For
o= (ay,...,a,) € N&™ we define the norm |a| = = e Oé;k) and write

D%f(s,z) = HD 1fi(s5, %)

7=1

Let k be an arbitrary integer. Given (s, 2) = (81,.. ., Skn, 21, - - - Zn) € [0, T]¥" x
(RY)™ and a shuffle permutation o € S(n,n) we define the shuffled functions

kn
fo(8,2) =T fioiin (85: 20(i)
j=1
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and
TL

9 =11

=1
where [j] is equal to (j —in) if (in —|—1) <j<(i+1lm,i=0,...,(k—1). Fora
multi-index o, we define

U/ (0,1, 2, H,d) (H,/zya ) ) / £, (s, 2)] |As| 2 (T eiean) g,
(5.44)
and

U*(0,t, H,d) (H V(2 ]a®) ) /A% |7, (5)| |A5|*H(1+a[c(ml)ds, (5.45)

c€S(n,n) " To.t

where for any a,b € R

Hk(a—l—bu(:)A) Hk(a+b(oz(j> —i—a(Z:) )) Hk(a+b( - i ))
’AS’ (M) .— ‘81’ [e(D)] " "o (2n)] I | ‘Sj _Sj—1’ Bl (J)] Yo (i-1)]
j:2

)

yAsyH(a+b )] H |As| <a+b “ owl)

Theorem B.1 Suppose the functions VS (0.t,2, H,d) and V*(0,t, H,d) defined
n (5.44) and (5.45), respectively, are finite. Then,

~

. d,H
A (0,t,2) = (27) dn/d / 1T 5,5, 23)(—iuy)ese iP5 =
R n n

0,t j=1

j>d$du, (5.46)

:
here B .= (B B/ d Ry, is th tant in L 2.4, i
where By = o and Rp, 1is the constant in Lemma 2.4, is a
1 d

square integrable random variable in L*(2) and
lal

T
(27T>dn

E[‘Ag(e,t, z)ﬂ < Ul (0,t, 2, H,d). (5.47)

lo|

Furthermore,
EH/ AT (0,4, 2)d ]< L (0.t H, ) llnl 1551 (5.48)
«@ y U, 2)az| | > 2 1 1 .T oo ; .

and the integration by parts formula

Def (s, BM dSZ/ A (0,1, 2)dz, 5.49
Jyp D (5B ds = [ AL0-t.2) (5.49)

holds.
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Proof. For notational simplicity we consider merely the case # = 0 and write
A (t,z) == A(0,t,2). For any integrable function g : (R%)" — C we have that
2

ooy U )duy .. .duy,
|/(Rd)n g(uy Uy )duy...du

= g(uy, ..., uy)duy...du, /(Rd)n G(Ung1y ooy Uy ) AUy ... dUsy,

(R)™
= ULy oovy U )dUy...dtt, (—1 d”/ — Ui 1y ey —Uop AUy 1...dUsy,,
(Ré)n 9(w )duy (=1) Ry 9(=tnsa 2n)dtn ... duy
where the change of variables (uyy1, ..., U2,) — (—Ups1, ..., —U2,) Was applied in

the last equality. Thus,

2 —2dn n i —i uj7§;i,‘Hizj
‘Ag(t, Z)‘ = (27?) 2d ( d /Rd 2n/n Hf] SJ,Z] ZU]) le < j >ds
Otj 1
/ H (85, 2) (—iu;)*We” s B —21) gy
gij =n+1
= (2m) 2 (=)™ il Y / (H e~ “J+“J+”>)
c€S8(n,n)

x /2 fa(s,2) Hujggm exp —iz<ug(j),§gth> dsdu,
A j=1 j=1

where we applied shuffling in the sense of (5.9). Taking the expectation on both
sides together with the independence of the fractional Brownian motions B,
k=1,....,d, yields that

E{ t, z)ﬂ
_ (27T>72dn<_1)dn jlal /R o (H o7 ) )

ceS(n,n)

2n s 1 2n ~
X o fo(s,2) (H ugéjg T exp {—2 Var Z <ug(j),Bi’,H> dsdu

J=1

= (27T>—2dn< 1)dn oyl Z /R o (H e~ iz uj+uj+n>>

BHk
X »(5,2 u 7| exp Var ua dsdu
Agﬁf( )(]1;[1 (4) ) { Z (Z () \/ﬁik)}
= (2m) 72 (1) jlel 3 / ) (H e—z‘<zj~,uj+uj+n>)
Rd)

ceS(n,n) j=1
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X /A% (Hu ) ) Hexp{ 2§1Hk () T ul }dsdu (5.50)

.
where u*) = (uff()l), . ,u((f%n)) and

Y = Zi(s) = (E [BIjkBSJ D 1<ij<2n’

Moreover, we obtain for every o € S(n, n) that

d () 2,@1 (ua )TE u<k)
/Ag'; | fo(s, 2)] (gyon 1;[ ]1_[ ‘u Hy, duds
2n o) — 1 Dk (k) 4 (k)
| f+(s, 2) H (/ (H ’ugk) ["m]) e 2<“Hk >du(k)> ds, (5.51)
AQn .
k=1 j=1

where u*) := (ugk), . ug;)) . For every 1 < k < d we have by using substitution

that
afffﬁm) H ) (5.52)

2n
(k)

[ o -
- it L ([ s

Considering a standard Gaussian random vector Z ~ N(0,1Ids,), we get that

S
H (5722, afc’f?m]
y €5 .

Using a Brascamp-Lieb type 1nequahty which is due to Lemma C.1, we further get
that

ol
o _ 1/ (k) (K
(»J) o3 (u®u®) g (k)

= (27)"E

2‘04(]“)|

< y/perm(Ag)= Z H agf?(i),

7T€S2|a(k>’ =1

a®
[o(5)]

H\< 2

where ’a(k)’ =30 a§~k) and perm(Ay)is the permanent of the covariance matrix

k .
Ay = (az(,j))1<¢j<2\a<k>| of the Gaussian random vector

<<Z_1/QZ, _ > <E—1/2Z7 ~1> <E_1/2Z, 52n> .. <E_1/QZ, 52n>>7

(k)
[o(2n)]

times a times

(k)
Yo(1))
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and S, denotes the permutation group of size m. Using an upper bound for the
permanent of positive semidefinite matrices which is due to [3], we find that

2‘a(k)| gyam

perm(Ap)= Y. ]I am(l < 2’@““’ (k). (5.54)

WES’ (k)’ i=1 i=1

Now let 77| aazl)] +1<i<yl, a[ l)] for some fixed j € {1,...,2n}. Then

™) = EKE‘WZ, & > <2‘1/22, gj>].

1,1

Substitution gives moreover that

E[<2;1/2Z, €j> <Ek; 1/22, ]>] = (det X3)/? (271r)” /Rzn uj2 exp {—; (E;m,u)} du.

(5.55)
Applying Lemma C.2 we get
1 (2m)(n=1)/2 1 1
2 2 2
o manfine S (o)
/R% u; exp{ 5 ( ku,u)}du (et 35)172 | VT exp —5v dvajz
2m)" 1

= — 5.56
([@et S o2 (5:56)

where o2 := Var( B |Bilx, .. BH: without BI+).
Subsequently, we aim at the application of the strong local non-determinism
property of the fractional Brownian motions, cf. Lemma 2.4, i.e. for all 0 < r <

t < T exists a constant K, depending on Hy and 7' such that

Var(BtH’“ ) > ﬁHkTQHk
Hence, we get due to Lemma C.5 and Lemma C.6 that
(det 5, (s))/2 > ﬁ sl s — 1] s — o | (5.57)
and
o} > Ry, |52 — S1|2Hk ;
07 > Kz, min {[s; — 551" Jsj — s} 2 << 2n -1,
o5, > Ru, |Son — San— 1|2Hk
Thus,
2n ., (k)
1o, 2005(5)) < ﬁﬁila(’“\ka\a(’“)I’AS‘JHWEQA)], (5.58)
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Concluding from (5.54), (5.55), (5.56), and (5.58) we have that

2|a(k>’

perm(Ag) < (2 o) )! 11 agi)
=1

2n

(k)
1 2" 1 Yo ()]

< (2]a®])! det 2;,) /2 —

_( « )H((e k) (QW)n(detEk)l/zgjz

Jj=1

—2|a(k) k _ (k)
< (2]a® )1yt T A 2 e

Consequently,

(k)
H (5722,2,)[°0 | < (2oLl T2l A~ eloton
Therefore we get from (5.50), (5.51), (5.52), (5.53), and (5.57) that

EUAg(t, z)ﬂ

eny e 3 [ rfaszrﬁ(/ﬂw

oeS(n,n) k=1

‘T(J)

ak) __1 (k) g (k)
u(k)’ e *fHy (i ®, >du(k)> ds

. d ﬁ7;1+|a< )| 2n 1 afjk(),>
<en ¥ [ il I | TS 28 ) ds
ceS(n,n) Agz k=1 (det Ek(S))§ j=1 ’

< (27T)_dn Z | |f0(8,2)| (ﬁ |AS|_H’“ﬁ|§;k)+%>

o€S(n,n) " 70t k=1

d
H <\/Wﬁ ol p2H o) A g |_H’“°“a<A>1)d
< (2m) TS (H ¢ﬁHk¢<2|a<k>|>!) 2 / (s, 2)] | As|~H (Hoean) g
k=1

c€8(n,n)

Since sup;>; A, € (0,1), inequality (5.47) holds.
Next we prove the estimate (5.48). With inequality (5.47), we get that

1
IEH/ AZ 0,1, 2)dz | < ]E‘Agf(e,t,z)‘zrdz
(RI)n (RI)n
|
Tl
< [ W0tz H, ) b
27T (Rd)n

Taking the supremum over [0, 7] with respect to each function f;, i.e.

=1,..,2n,

Foan(si2060)| < s |fo(s: 20G))] s
S]‘G[O,T]
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yields that

El/ A (0,1, 2)d>
(R

1
2

T
= \/%dn O'égl?;zxn ~/(]Rd (H Hf[a J)] 1 #lo(d) HLoo ([0,T7) ) dz

TVl 3

2

N

N

|75 (s)| IAS\_H(H“[”A”)dS)

k=1 ceS(n,n) Ag?ﬁ
1
| i
Tﬁ 2n 5 L
= \/ﬁdn O'ég%l},(n) /(]Rd)n (]Hl ‘ f[o'(])](.7 Z[J(])])HLOO([O,TD) dZ (q}a (97 t’ H’ d>)2
|
T . A
= 7@/ H 155G 2) | e o,y 47 (Y5(0, 8, H, d))?
21 R4)m

la|
Tt n S 1

- mdn (;1;11 HfjHLl(Rd;LOO([O,T]))) (U5(0.t, H,d))>.
Finally, we show the integration by parts formula (5.49). Note that a priori one
cannot interchange the order of integration in (5.46), since e.g. form =1, f =1
one gets an integral of the Donsker-Delta function which is not a random variable
in the usual sense. Therefore, we define for R > 0,

~

. d,H _
Af;R(G t,z) = (2m) d”/ / H Fi(s;, 2) (—iug) e 0B =20 dgdy,
B(0,R) JAp

0,t j=1

where B(0, R) := {v € (R)" : |v| < R}. This yields

AL R0 < Cr [ TT 16555, 25)lds

0 t j=1
for a sufficient constant C'zr. Under the assumption that the above right-hand side
is integrable over (RY)", similar computations as above show that Ai rlO,t,2) —
A(6,t,2) in L?(Q2) as R — oo for all 6, and z. By Lebesgue’s dominated con-
vergence theorem and the fact that the Fourier transform is an automorphism on
the Schwarz space, we obtain

A(6,t,2)dz = i A (0., 2)d
/(Rd)n al0:t, 2)dz Rgrolo (Rd)n O"R( 1, 2)dw
: n s . a; —1 uj,gg’.H—zj
= Jim 0 [ o ) g, LA, 2) i) e I deduds

R—o0

B(0 2:[ |n| 6‘ Z ; nd,H
11 / / n/ f S‘v 2 Z(ujv J>dZ _ZU [e%} Z<uj7st > wds
g,t ( 713)( ) (]Rd)n ] 1 j( J j) ( .7) € d d
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. @ ;,BEH
iy FL
= / Def (s, Bg’H> ds
o
which is exactly the integration by parts formula (5.49). O

Applying Theorem B.1 we obtain the following crucial estimate (compare [1],
(2], [6], and [7]):

Proposition B.2 Let the functions f and > be defined as in (5.42) and (5.43),
respectively. Further, let 0 < 0" < 0 <t <T and for some m > 1

x#i(s) = (Ku,,(s,0) — Kp, (s,0')7, 0 <s<t,
for every j = 1,....n with (¢1,...,e,) € {0,1}". Let a € (N)" be a multi-index.
Assume there exists § such that

d
—;Hk (1+2a5") + (Hm—;—’ym) >5>—1

forallj=1,...n and d > 1, where v, € (0, H,,) is sufficiently small. Then there
exist constants Cr (depending on T ) and Kqpu (depending on d and H ), such that
forany 0 <0 <t <T we have

/n (H Dajfj(sjaBSj)%j(Sj)> ds

lof 27.1 €5
KgH.le 0—6 Tm o1 j=1%1 n
= Nora <0T< 06’ ) e H”fj 2l sz 0.

(e 2 20 )1) (¢ — ) ot e (i2la )¢ <Hm—f ) S ey
[(2n — Xy He(2n +4]a®)]) + 2(Hy, — 3 = 3) Ty &)

In order to prove this result we need the following two auxiliary results.

E

Lemma B.3 Let H € (O l) and t € [0,T)] be fized. Then, there ezists § €

2
(O, 2) and a constant C' > 0 independent of H such that

| Kh ( t 9’ - Ky(t,0)f .
/ / a8 < C < oo

Proof. Let 0 < 0" <60 <tbe ﬁxed. Write
Ku(t,0) = Ku(t,0) = cx [1:0) = 140) + (5~ 1) (0) — (0]

where f,(6) := (g)H‘i (t—0)"=3 and g,(0) := f; 20 du.
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We continue with the estimation of Ky (t,0) — Kg(t,0"). First, observe that
there exists a constant 0 < C' < 1 such that

y—a — o o
o SO (5.59)

forevery0<y<x<ooanda::(%—H)6(0,5) aswella80<7<%—a.

Indeed, rewriting (5.59) yields using the substitution z := ¥, z € (1, 00),

1

y—Oé _ x—Oé a+,y _ 1 _ Z—OL .
ey U TGy I
Furthermore, since o + v < 1 we get that
1 — @ 1 —a—1
lim g(z) = lim : :limlz(),
z—1 z—1 (Z — 1)’7 z—1 fy(z — 1)’7*1

and
M 9(=) = 0.
Moreover, for 2 < z < oo we get the upper bound
1—z7 1

<g(2) < S=1
0_9(»2‘)_(2_1)7<1 :

and for 1 < z < 2 we have that
(2) z¢—1 - z—1
Z) =
g (z—=1)z¢  (z—=1)7(z—1)°
This shows inequality (5.59) which then implies for 0 < v < H that

-0~ o)

=(z-D'"e <L

fe(0) = fu(0)

t H—3— L(0—=0) H-1 o (0=6)
<(po-a)" e R o T
Further,
Ful0) = £u0) [0 LulO

/fu -

6 —0) (a—@)H—%—v
S ey /9 du

u

(O=0) s (= 0= 1)
<~ 27 N 7
< oy ! /1 oW
(O=0) ey

(00
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L O=0)
~o(00)
Consequently, we get for v € (0, H), 0 <0 <0 <t <T, that
(69
(66')
where C' > 0 is a constant merely depending on T". Thus

// (Ky(t,0) — Kg(t, HI))ZdQ’dQ

g2 (t — g)H 7.

KH(t’ 0) - KH<t7 9,) <C-cy QH_%—’Y(t _ Q)H—%—fy’

‘9 9/|1+2,3
|9 9/| 1-28+42y
N 00/ > 82H—1—2’y(t . 0)2H—1—2’7d0/d9

— / 62H71747(t . ‘9)2H71727 /0 |9 . 9/|71726+27<8/>727d9/d6
0 0

t o 1o L(=28+29)T(=2y+1)
— 92H 1—4~v—28 t— 9 2H—1—2~ de
/0 (t=6) [(—25 + 1)

< /t 92H—1—4fy—2,8(t _ 9)2H—1—27d6
0

_ [(2H —2v)I'(2H — 4y — QB)t4H—6'y—2B—1
['(4H — 6y — 25)
for sufficiently small v and 3. On the other hand, we have that

(Ky(t,0) — Kg(t,0))?
// i AL

</ G144 _ g)2H-1-2y
~Jo

< 00,

t |9 _ 9/|—1—25+27
0 (9/)27

< /t 92H7176'y(t . 9)2H7172'y /t ’9 . 9/|7172ﬁ+27d9/d9
—Jo 0

dg'do

< /t 02H7176'y(t _ ‘9)2H71725d0 < pAH—6y=28-1
~Y O Y

Therefore,

(Kg(t,0) — Kg(t,0))* .,
// g 408 < oo

O
Lemma B.4 Let H € (0,3),0<60 <t <T and (cy,...,,) € {0,1}" be fized.
Assume w; + (H -1 7) gj > —1 forall j =1,...,n. Then there exists a finite

2
constant Cyr > 0 depending only on H and T such that for v € (0, H)

o, TLu(s0) = Kl 018, = sy s

Stj



where

(5.60)

Proof. Recall, that for given exponents a,b > —1 and some fixed s;1; > s; we
have

T'(a+1)T(b+1)

Sj+1
/9 (5741 = 55)"(s; — 0)'ds; = (sj11—0)*+"

I'(a+b+2)
Due to Lemma B.3 we have that for every v € (0,H), 0< 6 <0 <s; <T,
Ki(3,.0) — Ki(5,.0) < O O PV gt s, - gy,
Ty )

for Cyr := C - cg, where cy is the constant in (5.14) and C' > 0 is some constant
merely depending on 7T'. Consequently, we get that

/0 (K (s1,0) — Ku(s1, @) 52 — 51|51 — 0" ds,
(0 —6")= (H-3

€1 —5—7)e1 o2 o w2 _ plwoit(H-3—7)e
< Cilr gy [P = sl s — o (),
(9—0/)’781 (H_;_ ) F(wl)F(wg) n +(H—l— ) 11
=&~ sTY)er N2/ NTAT _ g)wrtw2 5—7)e1
HT (90/)«/51 r (’UAJI + UA)Q) ( ) )

where .
IIA}lI:wl—F(H—Q—’}/)gl—f-l, w2::w2+1.

Noting that

Lyw+ (H=4 =) Sl e +5) T (wjen + 1) g

n—1p(l
L T e - e

and iterative integration yields the desired formula. ([l

Finally, we are able to give the proof of Proposition B.2.

Proof of Proposition B.2. The integration by parts formula (5.49) yields that

A

Taking the expectation and applying Theorem B.1 we get that

/n (ﬁ Dajfj(sj,ésj)%j(sj)) dS]

0,t \j=1

(H D% fi(s;, st)%j(sj)) ds = / Agf(e, t,2)dz.
j:l ]Rdn

n
6,t

E
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9B

Ttz o 1
< \/ﬂ —(V7(0,t,H,d)) le_ll ||fj||L1(]R§d;L<>o([0,T]))7
where
d
UZ(0,t, H,d) = (H (2|a<’“)|)!>
k=1

DS /M s (1) T (Ko (.6) — Ko (55,0,

ceS(n,n) Jj=1

Under t'he assumption — >¢_, Hy(1 +ozfgzj)] +ozfgg )]) +(Hpm — % —Ym)€f(j) > —1
for all j =1,...,2n, we can apply Lemma B.4 and thus get
Ux(6,t,H,d)
2n
0 — 6 Ym (Hon ) j=1 5o ()]
B ol

ceS(n,n

where H7(2n) is defined as in (5.60). We define the constant K, g by

Kim=2 suwp T (1 - Z Hy (14l +ofn); 1)])> (5.61)
and thus an upper bound of IL,(2n) is given by
K3y
22T (= iy Hi 2+ 41a®)) + (H = § = ) T3 € + 20)
Note that 22”1 Elo(j)] = 2 Z?Zl gj and

n 2n ' (n % )

IL,(2n) <

Hence, it follows that
(W7 (0,t, H, d))?
" 9 9/ Tm . Z;L:lsj
S Kd,H (CT ( 00’ ) Q(Hm 2 ’Ym))
(szl (2 ‘oz(k)D!)i (t — 0)*2221Hk(”+2|a<k)|)+(Hm*%fvm) S e
X

1 Y

T (20— Sy He 20+ 4|a®]) + 2 (Hp — 3 =) 21y g5)
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Proposition B.5 Let the functions f and » be defined as in (5.42) and (5.43),
respectively. Let 0 < 0 <t <T and

»;(s) = (Kp,,(s,0))7,0 < s <t,

for every j =1,...,n with (e1,...,&,) € {0,1}". Let « € (N))" be a multi-index
and suppose that there exists § such that

d
(k) 1
_kZlHk(Hzaj )+<Hm—2> >5> -1

forallj=1,...,n and d > 1. Then there exist constants Cr (depending on T)
and Kq g (depending on d and H ) such that for any 0 <6 <t <T we have

E /n (HDan](S]’ 53)%3(53)) ds]
0,t \j=1
Kiy T
< i/H% (CT‘9 ) H 1£5( 2 HLl(Rd ;L= ([0,71))
(I (2] - )*Zkzl (4200 + (o) T b
(20 = Y, He(2n+ 4 |a®)) + 2(Hy, — 3) S5 &)

The proof of Proposition B.5 is similar to the one of Proposition B.2 by using the
subsequent lemma instead of Lemma B.4 and thus it is omitted in this manuscript.

Lemma B.6 Let H € (0,4), 0 <60 <t <T and (e1,...,,) € {0,1}" be

fized. Assume w; + (H — 5) e; > —1 forall j = 1,...,n. Then there exists a
finite constant Cyp >0 dependz’ng only on H and T such that

/ H Kr(sj,0))%|s; — sj—1]|"ds

th 1

1 Z;:l €j n ) 1 .
< (CH,TH(H_Q)) Iy(n) (t — Q)ijl(wﬁ(H—i)fﬂ)*”?
where Ty is defined in (5.60).

Proof. Using similar arguments as in the proof of Lemma B.3 we get the following
estimate

[Ku(s;,0)| < Crgrls; — 072072
for every 0 < 0 < s; < T and Cyr := C - cg, where cy is the constant in (5.14)
and C' > 0 is some constant merely depending on 7'. Thus,

/e (K (s1,0))7 |52 — 51|72 |51 — 6] ds,

52
< Gt 000 [ sy — sy — o (12,
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)Elr(w1+(H—%)51+1)F(w2+1)
F(w1+w2—|—(H—%)51+2>

Proceeding similar to the proof of Lemma B.4 yields the desired estimate. O

= Ciy o(H—3

(55— 0)w1+w2+(Hf%)51+1‘

Remark B.7. Note that

d o T (2ol + 1)
(k) | d ol (2
kl;ll (2‘0‘ D <V2re? = fontal

Indeed, since for n > 1 sufficiently large we have by Stirling’s formula that
2mn (n) <nl< em /21 (n) ,
e e

we get by assuming without loss of generality that |a®)] > 1 for all 1 < k < d,
that

d d . 2]a®)] 2|aM]
2|a(k)| 1< e 24a®)] 4ﬂ-|a(k)| ()
IT (2ot < TTex="1y ‘
d 1B 2|a(k)|
. 18 & /5 7 [ 2|a®)|
< o [0 2 (kz)) 2
=V5" ,El<2|0‘ | e

APPENDIX C. TECHNICAL RESULTS
The following technical result can be found in [26].

Lemma C.1 Assume that Xy, ..., X,, are real centered jointly Gaussian random
variables, and ¥ = (E[X;Xk])1<jk<n is the covariance matriz, then

E[|X1|...|X,]] < /perm(X),

where perm(A) is the permanent of a matric A = (a;;)1<ij<n defined by

perm(A)= Y [] aj0)

TES, j=1

for the symmetric group S,.

The next lemma corresponds to [12, Lemma 2J:
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Lemma C.2 Let Z4,..., Z, be mean zero Gaussian random variables which are
linearly independent. Then for any measurable function g : R — R, we have
that

/ g(vl)e_%vm(zyzl”ij)dvl...dvn: 2m) = 1/9<U) e dv,
R (det Cov(Zy, ..., Z,))z /R™ \01

where o} = Var(Zy | Zy, ..., Zy,)-

Remark C.3. Note that here linearly independence is meant in the sense that
det Cov(Zy, ..., Z,) # 0.

Lemma C.4 Leta e P, 1 <p<oo. Then, for everyn >1 and d > 1

Z ], = (Z%) , (5.62)
kl ..... kn—lj 1
and
d

tim S T Jan = (Jall)" (5.63)

d—o0

Proof. We proof equation (5.62) by induction. For n = 1 the result holds. There-
fore we assume that (5.62) holds for n and we show that it also holds for n + 1.
Thus, we get by the induction hypothesis that

Z nffak = zd: Ok (k Z Hak)

kl ,,,,, kn+1 1] 1 kn+1:1 ..... kn—lj 1
n d n+1
-3 <Zak> =<Zak> -
knp1=1 k=1

Equation (5.63) is an immediate consequence of (5.62) and the continuity of the
function f(z) = 2" for fixed n > 1. O

The subsequent lemmas are due to [4].
Lemma C.5 Let (Xy,...,X,) be a mean-zero Gaussian random vector. Then,
det Cov(Xy, ..., X,)= Var(X;)Var(Xs|X;)- - - Var(X,| Xp-1, ..., X1).

Lemma C.6 For any square integrable random variable X and o-algebras G, C

Go
Var(X|g1) 2 VaI'(X|g2)
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MCKEAN-VLASOV EQUATIONS ON INFINITE-DIMENSIONAL
HILBERT SPACES WITH IRREGULAR DRIFT AND ADDITIVE
FRACTIONAL NOISE

MARTIN BAUER AND THILO MEYER-BRANDIS

Abstract. This paper establishes results on the existence and uniqueness of solutions
to McKean-Vlasov equations, also called mean-field stochastic differential equations,
in an infinite-dimensional Hilbert space setting with irregular drift. Here, McKean-
Vlasov equations with additive noise are considered where the driving noise is cylin-
drical (fractional) Brownian motion. The existence and uniqueness of weak solutions
are established for drift coefficients that are merely measurable, bounded, and contin-
uous in the law variable. In particular, the drift coefficient is allowed to be singular
in the spatial variable. Further, we discuss existence of a pathwisely unique strong
solution as well as Malliavin differentiability.

Keywords. McKean-Vlasov equation - mean-field stochastic differential equation -
weak solution - strong solution - uniqueness in law - pathwise uniqueness - singular
coefficients - fractional Brownian motion - fractional calculus - Malliavin derivative.

1. INTRODUCTION

Throughout the paper let T' > 0 be a finite time horizon and let (Q, F,F,P) be
a complete filtered probability space. McKean-Vlasov (for short MKV) equations,
also called mean-field stochastic differential equations, are an extension of sto-
chastic differential equations, where the coefficients in addition to time and space
are depending on the law of the solution. More precisely, a finite-dimensional
McKean-Vlasov equation is commonly defined as

dX; =b(t, Xy, Px,)dt + o (t, X, Px,)dB,, t € [0,T], Xy =z € R?, (6.1)

where b : [0,T] x R x P;(R?) — R? and o : [0,7] x R? x P;(RY) — RH>"
are measurable functions, P;(R?) is the set of probability measures over R? with
finite first moment, (Px,):cjo,r] denotes the law of (X¢):c(0,77 under the probability
measure P, and B = (Bt)te[o,t] is n-dimensional Brownian motion.

The field of MKV equations is a research area that currently gains broad atten-
tion. Developing historically from the works of Vlasov [36], Kac [21], and McKean
[26] on the modeling of particle systems in mathematical physics, an increased in-
terest in MKV equations emerged following the work of Lasry and Lions [23] who
applied the mean-field approach to topics in Economics and Finance. Later Car-
mona and Delarue transfered this approach on mean-field games to a probabilistic

environment, cf. the manuscript [14] and the cited sources therein.
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In this paper we extend the finite-dimensional MKV equation (6.1) to infinite
dimensions and further consider cylindrical fractional Brownian motion as additive
driving noise, i.e. we look at MKV equations of the form

t
X = +/ b(s, Xo, Py )ds + By, te[0,T), =e€H, (6.2)
0

on a separable Hilbert space H. Here, B = (By)cjor is (weighted) cylindrical
fractional Brownian motion defined as

B, =Y M\Bi'te,, te€0,T]

k>1

where A = { M\ }r>1 € €4, {ex}r>1 is an orthonormal basis of H, and {B*};5; a
sequence of independent one-dimensional fractional Brownian motions with Hurst
parameters H := {Hy}r>; C (0,1). Note that Hurst parameters in the entire
range (0,1) are admitted, and we introduce the following partition: 7_ := {k :
Hy € (0,1/2)}, I :={k : H, = 1/2}, and I, := {k : H, € (1/2,1)}. The main
objective of this paper is to study existence and uniqueness of a solution to the
infinite-dimensional MKV equation (6.2) for irregular drift coefficients b.

In the literature existence and uniqueness of solutions of the finite-dimensional
MKYV equation (6.1) is examined in several papers with respect to various assump-
tions on the coefficients b and o, c.f. [7], [6], [8], [11], [12], [13], [15], [16], [19], [20],
[24], [25], [28], and [32]. In particular, in [24] Li and Min show the existence of a
weak solution of a path dependent finite-dimensional MKV equation by the means
of Girsanov’s theorem and Schauder’s fixed point theorem, where they assume
that b is merely measurable and bounded as well as continuous in the law vari-
able. Further, uniqueness in law is proven under the additional assumption that b
admits a modulus of continuity. Mishura and Veretennikov show in [28] inter alia
the existence of a pathwise unique strong solution to a finite-dimensional MKV
equation (6.1), where they assume the drift coefficient b to be merely measurable,
of at most linear growth, and continuous in the law variable in the topology of
weak convergence. For their proof they use an approximational approach based
on techniques applied by Krylov in the theory of stochastic differential equations,
cf. [22]. In [6], we consider MKV equation (6.1) with additive noise, i.e. o = 1,
and singular drift coefficients b. More precisely, for b being bounded and contin-
uous in the law variable with respect to the Kantorovich-Rubinstein metric, it is
shown that there exists a Malliavin differentiable strong solution of MKV equa-
tion (6.1). For one-dimensional solutions of (6.1) we even allow for certain linear
growth behavior of the drift in [8]. In [7] mean-field SDEs are considered where
the dependence on the law is in form of a Lebesgue integral. In this case existence
of a unique strong solution is shown for singular drift coefficients that might allow
for discontinuities in the law variable. We also remark here that the existence of
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a weak solution for another class of mean-field SDEs that are related to Fokker-
Plank equations where the drift coefficient might allow for discontinuities in the
law variable is shown in [3], [4], and [5].

Using similar approaches as in [6] and [8], in this paper existence of a weak
solution to the infinite-dimensional MKV equation (6.2) is established under the
assumption that the drift coefficient b is in the space L*(#), i.e. there exists a
sequence C' € ¢! such that ||b]|cc < Cy for every b, := (b,ex)n, k > 1, and for
k € I, the projection of the drift b; is Holder continuous, i.e.

|bk(t’x7ﬂ) - bk(saya 7/>| S Ck (|t - SPk + ||[E - yH?{k + ’C(:ua V>ﬂk) )

for suitable constants C', Y, ax, B > 0, and K denotes the Kantorovich-Rubinstein
metric, cf. (6.4). For k € I_ U I it is assumed that the projection by is merely
continuous with respect to the law variable. More precisely, in order to show
existence of a weak solution we first apply Girsanov’s theorem to show the existence
of a weak solution to the stochastic differential equation, for short SDE,

dX#:b(taX#mut)dt—i_dBta te [OvT]7 Xo=1z e,

where p € C([0,T]; P1(#H)) is an arbitrary measure process continuous with respect
to time. Afterwards Schauder’s fixed point theorem [33] is applied to the function

p(p) = PX,'%
to show the existence of a fixed point and in particular, to conclude existence of a
weak solution to MKV equation (6.2).

Assuming additionally that the drift coefficient b is Lipschitz continuous in the
law variable, it is shown that the solution of the infinite-dimensional MKV equation
(6.2) is unique in law. In order to show uniqueness in law, we apply similar to [6]
and [8] Girsanov’s theorem and a Grénwall type argument.

Existence of a strong solution to MKV equation (6.2) is then a consequence of
results on ordinary SDEs. Indeed, we can associate the following SDE to MKV
equation (6.2):

dY, =" (t,Y;)dt + dB,, t € [0,T), Yo =2 € H, (6.3)

where V% (t,y) := b(t,y,Px,) and X is a weak solution of MKV equation (6.2).
In order to show that (6.2) has a strong solution, it suffices to show that there
exists a weak solution that is measurable with respect to the filtration generated
by the driving noise B. Since X is as a weak solution to MKV equation (6.2)
also a weak solution of SDE (6.3), it is sufficient to show that every weak solution
Y of SDE (6.3) is a strong solution. Furthermore, if MKV equation (6.2) has
a weakly unique solution, the associated SDE (6.3) is uniquely determined and
consequently, pathwise uniqueness of the solution Y of SDE (6.3) implies pathwise
uniqueness of the solution X of MKV equation (6.2). Thus, applying existence
results on SDEs as for example stated in [2], [27], [30], and [34], yields existence
of a (pathwisely unique) strong solution of MKV equation (6.2). Analogously,
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Malliavin differentiability of the solution to MKV equation (6.2) is deduced from
results on SDEs, cf. [6] and [§].

The paper is structured as follows. In Section 2 we give a brief introduction
to measure spaces, fractional calculus, and fractional Brownian motion. After
introducing the driving noise B and a version of Girsanov’s theorem, we present
in Section 3 the main results of this paper on existence and uniqueness of a weak
solution to the infinite-dimensional MKV equation (6.2). Concluding, existence of
a unique strong solution to MKV equation (6.2) and Malliavin differentiability are
discussed in Section 4.

Notation: Subsequently, we give some of the most frequently used notations.
Throughout the paper, let H be a separable Hilbert space with scalar product
(-,-)n and orthonormal basis {ej}r>1 C H. Denote by || - || the induced norm

1

on H defined by ||z||y = (z,2)}, v € H. For every x € H and k > 1 we denote
by z®) = (x,ex)% the projection onto the subspace spanned by e,. We denote
by by : [0,T] x H x Py(H) — R, the projection of b onto the subspace spanned
by e, k > 1. Furthermore, we assume for technical reasons that without loss of
generality T > 1.
Let (X, |lx), (Y, ]| - |ly) be two normed spaces.
e [P(X;)) denotes the space of functions f : X — ) with existing p-th
moment, i.e.

[ 15 @)de < oo.

If X = [a,b] is an interval on the real line and ) = R, we write LP[a, b].
e C"([0,T]; X), k > 0, is defined as the space of k-Hélder continuous functions
f:00,T] = &, ie. forall t,s € [0,T]

1F(8) = F(s)llx < [t — s[".

e We denote by Lip,(X;)), C > 0 the space of C-Lipschitz continuous
functions f: X — Y, ie. forall z1,290 € X

[f(z1) = f(z2)lly < Cllzy, 22| 2

e For a function f : X — Y define || f||rip == inf{C > 0: f € Lipo(X;))}
and || f]|oo := sup,ex || f(z)||y. We define the bounded Lipschitz norm of f

as || fller = I flloc + [[fllLip- We say f € BL(X;Y), if [|f|[sL < 1.
e The Beta function [ is defined by

1
Bloy) = [ 710 — 1
0
e The Gamma function I' is defined by

[(x) = /Oo t" e tdt.
0
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e We write E1(0) < Fy(0) for two mathematical expressions Fi(6), Fy(6)
depending on some parameter 6, if there exists a constant C' > 0 not
depending on 6 such that E;(0) < CEy(0).

o Let C' = {Ci}r>1 and D = {Dg}r>1 be two sequences. Then, we denote

5= {5}t

2. FRAMEWORK

2.1. Measure Spaces. For a general introduction to (probability) measures on
metric spaces we refer the reader e.g. to [1]. Let (S,d) be a complete separable
metric space, in particular, (S,d) is a Radon space. We define the space M(S)
as the space of finite signed Radon measures on (S,B(S)), where B(S) is the
Borel-o-algebra on §. Moreover, let

M, (S) = {u e M(S): [Sd(x,xo)p|u|(dx) < oo for some z € S} ,

be the set of finite signed Radon measures over (S, B(S)) with finite p-th mo-
ment. M, (S) equipped with the Kantorovich norm ||- ||, also called dual bounded
Lipschitz norm, defined by

il = sup{ [ F@hutd) 1w <1}, o€ Mi(S),

defines a separable Banach space. Analogously, define the according Kantorovich-
Rubinstein metric K by

K(p,v):=llp—vlc, pveM(S). (6.4)
Let P,(S) € M,(S) be the set of probability measures over (S, B(S)) such that
the p-th moment exists, i.e.
Pu(S) :={pu € My(S) : (S) =1 and u(A) >0 for all A € B(S)}.

Lastly, define the set of continuous functions C([0, 7]); M;(S)) from the time inter-
val [0, T to the space M, (S) and equip it with the norm |||« == supepo 7y |1l
p € C([0,T]; M1(S)). It can be shown that (C([0,T]; M1(S)), || - ||x+) is a linear
separable Banach space.

2.2. Fractional Calculus. We give some basic definitions and properties on frac-
tional calculus. For a general theory on this subject we refer the reader to [31].

Let f € L?[a,b] for some real numbers a < b, where p > 1, and let a > 0. The
left-sided Riemann—Liouville fractional integral is defined for almost all x € [a, D]
by

246 = o [ e =0

Moreover, we denote by 1% (LP[a,b]) the image of LP[a,b] by the operator I, .
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For g € 1%, (L?[a,b]) and 0 < a < 1, the left-sided Riemann-Liouville fractional
derivative is defined by

a L0 = gy
Dieo(¥) = 51— ay3 /( T (6.5)

The left—sided derivative of g defined in (6.5) can further be written as

D§+g(x)zr(11_a)< _=T ‘o / g(x . a+1 y)

Similar to the fundamental theorem of calculus the following formulas hold

ar(Doe f) = f

for all f € 1% (LP[a,b]) and
ar(anf) =1
for all f € LP[a,b].

2.3. Fractional Brownian motion. In this section we recall the definition of
a fractional Brownian motion and how it can be constructed from a standard
Brownian motion using fractional calculus. For a more detailed introduction to
this subject we refer the reader to [9] and [29, Chapter 5]

Definition 2.1 We say B¥ = (BtH )te[O . is a one-dimensional fractional Brow-

nian motion with Hurst parameter H € (0, 1), if it is a continuous and centered
Gaussian process with covariance function

Ry(t,s) := E{BtHBSH} = ; (t2H + 2 |t — s|2H) :

It is well-known that B has stationary increments and (H — ¢)-Holder con-
tinuous trajectories for all ¢ > 0. Furthermore, B is not a semimartingale and
its increments are not independent for all H € (0,1) but H = % For H = % the
process B is a standard Brownian motion.

In the following we divide fractional Brownian motions into three classes by their
Hurst parameters. The first class, H € (0, 2) is referred to as the singular case,
the second class, H € ( 1), is referred to as the regular case, and the third class,
H= 2, is the class of Brownian motions. Subsequently, we define for each class the
kernels Ky as well as the related operators Kz and K5 which allow us to construct
a fractional Brownian motion with Hurst parameter H € (0,1) from a standard
Brownian motion. For more details see [17] and [30]. Let W = (Wy)eo, be a
standard Brownian motion on the complete filtered probability space (2, F,F,P).
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Singular Case: Let H € (0, 3) and define the kernel

t

Kul(t,s) = bu [()H_ (t — )" 4 ( - H) i H /: W3 — ) dul

S

)B(1-2H,H+3)

t
H :/ Ku(t, s)dW,
0

is a fractional Brownian motion with Hurst parameter H. Furthermore, the kernel
Ky yields an operator Ky : L?[0,T] — ]H+2 (L?[0,T]) defined by

where by = \/ T 2H . Then

1_ 1
(Kuf)(s / Ky(t,s)f ds—]0+52 HIOQJFHSH’?f,
where f € L2[0,T]. Finally, the inverse operator K5' of Ky is defined by
K 'f=s "Dz "sHaDRH f, (6.7)
1
where f € Iéf"‘ (L?[0,T)). If f is absolutely continuous, we can write

L_H
Ky f=s""213 s

Regular Case: Let H € (3,1) and define the kernel

t
Ky(t,s) = CHS%_H/ uH_%(u - S)H_%du, (6.8)
where cg = 5(2}[(2# Then

t
H :/ Ky(t, s)dW,
0

is a fractional Brownian motion with Hurst parameter H. Furthermore, the kernel
Ky yields an operator Ky : L?[0,T] — IH+2 (L?[0,T]) defined by

1 -1
(Kuf)(s / Ki(t,s)f(s)ds = I} sT 312537 H
where f € L2[0,T]. Finally, the inverse operator K;' of Ky is defined by
Ky f = s"4Dl 2= (6.9)

where f € I/ (12)0,T)).
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Brownian case: Let H = % Obviously, in the case H = % the kernel is given by
Ky (t,s) = 1. Thus the operator Ky is defined as

(Kuf)(s /KHts (s)ds = IL, f,
where f € L?[0,T], and thus its inverse operator K} is given by
Ky f=1, (6.10)
where f € I3, (L*0,T7).

Remark 2.2. Consider a sequence H = {Hj}r>1 of Hurst parameters. For the
Hilbert space H with basis {e}r>1 and f € L?*([0,T]; H), we define the operator

Ky : L*([0,T);H) — Igﬂfl/z(L%[O,T];H)) componentwise by
(Kuf)(s) =D (Ku,fr)(s)ex,

k>1
where fp(s) := (f(s),exr), k > 1. Here, we say f € Igﬂjl/z(LQ([O,T];H)), if for
every k > 1 the projection fj is in IH’“H/Q(LQ[O,T]). Similarly we define the
inverse Kg' of Ky by

Ky'f = K frex,

k>1
where [ € [gﬂjl/z(L2([0,T];H)).

2.4. The weighted cylindrical fractional Brownian motion B. Let us now
define the driving noise B and afterwards derive a version of Girsanov’s theorem
for cylindrical fractional Brownian motion. Let {W®)},5, be a sequence of inde-
pendent Brownian motions defined on the probability space (€2, F,P). Similar to
[2] we define the cylindrical Brownian motion W := (Wy),c(o 7y taking values in H
by

Wy =S W¥e,, telo,T]

k>1

The natural filtration of W augmented by the P-null sets is denoted by FV :=
(ﬁw)te[oﬂ. Moreover, we consider a sequence of Hurst parameters H = { Hg }r>1
and the associated partition {I_, Iy, I} of N defined by

(i) kel : Hy€ (0,%),

(i) kely: Hy=1

(iii) k € I, Hy € (5,1).
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For {H}}x>1 we construct the sequence of fractional Brownian motions {BH’f b1
associated to {W®},5, by

t
Bl ::/ K (t,s)dW®, te0,7], k>1,
0

where the kernel Ky, (-,-) is defined in (6.6) and (6.8), respectively. Note that by
construction the fractional Brownian motions { B}, are independent. We then
define the cylindrical fractional Brownian motion B™ with associated sequence of
Hurst parameters H = { Hy };>1 by

B =" Bfe,, te[0,T).
E>1

Observe that the natural filtration of B¥ augmented by the P-null sets and F" co-
incide. Furthermore, for a given sequence A := {\ }x>1 € £ such that 3¢, \/’\—I’}—k <
oo, we define the self-adjoint operator @) : H — H by

Qr=> Ag®e,,
k>1
and thereby construct the weighted cylindrical fractional Brownian motion B by
B, :=/QBF = 3" MBle, t€0,T). (6.11)
k>1
Due to the following lemma, the process B is continuous in time and is in L?(Q; H).

Lemma 2.3 The weighted cylindrical fractional Brownian motion B defined in
(6.11) has almost surely continuous sample paths on [0,T] and

sup B [[|By]3,] < oo.
t€[0,T]

Proof. Note first that for every k € I_ and time points s,t € [0,T], the fractional
Brownian motion B+ fulfills

Hy,
_‘Bs

EU]BtHk 2];§EUBtHk—BSH’“ 2]%2 [t — 5|,

Hence due to [10, Theorem 1] the expected maximum of |B¥*| is bounded by

THx
E| sup |BH*|| = THE| sup |BH*|| < .
Le[og“]‘ ' ] Le[og]\ bV,

In the case of a standard Brownian motion, i.e. H = %, the exact value of the

expected maxima is known and is equal to w%. Using Sudakov-Fernique’s in-
equality (see [35, Theorem 1]) we thus get for k € Iy U I the of Hj, independent

upper bound
1 2 2
] < THmE[ sup )Wt(k)” — THk\f < T\[.
te[0,T ™ m

E[ sup ‘BtH"

te[0,7
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Let us now consider the weighted cylindrical fractional Brownian motion B defined
in (6.11). Using the previous bounds we have that

+ [ < 0.

sup
te[0,T] || k>1

~ kel vV Hy keloUI4 - kel_ VH

Consequently, the stochastic process B is almost surely finite and the sequence
of projections {37_;(B, er)nek}n>1 is a Cauchy sequence in L'(Q;C([0,T]; H))
converging almost surely to the process B. Thus, t — B, is continuous on [0, 7.
Furthermore, using Parseval’s identity we get

]E[ sup [|By|x
te[0,T]

< Z)\kE[ sup ‘BtH’“

te[0,T
” k>1 €[0,7]

2
= AiE[\Bﬁk
2 k>1

E|[1Bil3,] = E|| > ABf™ex

k>1

2
]: S22 < || N[|ZT? < oo

k>1

O

2.5. Girsanov’s theorem for cylindrical fractional Brownian motions.
Due to [2, Theorem 2.2 and Remark 2.3] we get the following version of Girsanov’s
theorem for cylindrical fractional Brownian motions.

Theorem 2.4 (Girsanov’s theorem for {Bm) Let u = {u,t € [0,T]} be an
FY -adapted process with values in H and integrable trajectories. If

(i) fyuPds € ]ﬂ“%(LQ[O, T)), P-a.s. for every k > 1, and
2
() E|exp { et 17 Kt (fyuldr)” (s)ds | < o,

where Kp! is defined as in (6.7), (6.9), and (6.10), respectively, then the shifted
process

- t ¢
B := B} —|—/0 uds = (Bfl’“ +/0 u@ds) €ks
k>1

is a cylindrical fractional Brownian motion with associated sequence of Hurst pa-

rameters H = {Hy }x>1 under the new probability measure P defined by % =&,
where

Er = exp {Z (/OT K (/0 ugk)dr> (s)dw® _% OT K, (/0 ugmdr)? (s)d8> }

E>1
(6.12)

It is shown in [30] that in the case k € I_ U I it is sufficient to assume
J& [l 2ds < oo such that for u® condition (i) in Theorem 2.4 is fulfilled. In
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the case k € I, condition (i) in Theorem 2.4 is fulfilled if the process u(® is as-
sumed to have Holder continuous trajectories of order Hy — % + ¢ for some £ > 0.
If we assume further that

(ii*) Kyl (Jyu®dr)” (s)ds < Dy P-aus. for all k> 1,

where D = {Dy}x>1 € ¢! is a sequence of constants, then assumption (ii) is
also fulfilled and thus Girsanov’s theorem is applicable. We summarize these
observations in the following corollary.

Corollary 2.5 Let (u)icpor be an BV -adapted process such that [} |[u®|*ds <
oo for all k € I_U Iy, and for k € I, the process u™ has Hélder continuous
trajectories of order Hk—%—l—g for some e > 0. Furthermore, assume that condition
(73*) is fulfilled. Then, conditions (i) and (ii) in Theorem 2.4 are satisfied, and thus
the stochastic exponential (6.12) defines the Radon-Nikodym density of a probability
measure. Moreover, for every p € [0, 00)

E[|&7]7] < oo.

3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

In this section we proof under sufficient conditions on the drift function b the
existence and uniqueness of weak solutions to the MKV equation (6.2), where
the weighted cylindrical fractional Brownian motion is characterized by a given
sequence of Hurst parameters H and the weighting operator (). We show first
existence of a weak solution using Theorem 2.4 and Schauder’s fixed point theo-
rem. Afterwards weak uniqueness of the solution is proven. Let us first recall the
definition of a weak solution and uniqueness in law, and then state the main result
of this section.

Definition 3.1 We say the six-tuple (Q, F,F,P,B, X) is a weak solution of
MKYV equation (6.2), if

i) (2, F,P) is a complete probability space and F := {F; }1ci0.7 is a filtration on
(0,7
(Q, F,P) satisfying the usual conditions of right-continuity and completeness,
(i) X = (X¢)tepo,n is a continuous, F-adapted, H-valued process; B := (By):cjo,1]
is a weighted cylindrical fractional Brownian motion with respect to (F,P),
(ili) X satisfies P-a.s. MKV equation (6.2), where Px, € P;(#) denotes for all
t € [0, 7] the law of X, with respect to PP.

Remark 3.2. We merely say that X is a weak solution of MKV equation (6.2),
if there is no ambiguity about the filtered stochastic basis (Q2, F,F, P, B).

Definition 3.3 A weak solution (Q!, 1, F! P! B! X1) of MKV equation (6.2)
is called unique in law, if for any other weak solution (9%, F2 F2 P? B2 X?) of

(6.2) it holds that P, = P%., whenever [P’ﬁ(é = [P’?X(%.
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Theorem 3.4 Let b:[0,T] x H x Pi(H) — H be a measurable function such

that ||bk|le < CkAy for all k > 1, where \/107—]1{ € (' for C := {Cy}x>1 and assume
that

1
(Z Nt = S)QHk) < plt = s",

k>1

where p > 0 and 0 < k < 1 are constants. Furthermore, assume that in the case
kel,,

Bkt 2, 1) = br(s, 5, v)| < Couh ([t = ™ + ||l = 3 + K(u,v)™), (6.13)

where v, > Hyp — %, 2 > kay, > 2H, — 1, and kB, > Hy — %, and in the case
ke I_Ul, that for every p € C([0,T]; P1(H)) and every € > 0 there exists § > 0
such that for all k > 1 and v € C([0,T]; P1(H))

sup K(/”’t? Vt) < = sSup |bk<t7 ynut) - bk(tu Y, Vt)’ < gck)\k (614)
t€[0,T] t€l0,T], yeH

Then, MKV equation (6.2) has a weak solution.

The proof of Theorem 3.4 is divided into two main steps. First we show using
Theorem 2.4 that for every u € C*([0,T]; P1(H)), for some suitable £ > 0, the
(distribution dependent) SDE

AX!=b(t, X} ) dt +dB,, tel0,T], Xt=u, (6.15)

has a weak solution. Second, we apply Schauder’s fixed point theorem, see [33],
to find a solution of MKV equation (6.2). Let us start with the application of
Girsanov’s theorem in the following lemma.

Lemma 3.5 Let b: [0,T] x H x P1(H) — H be a measurable function such

that ||bk|lcc < CrAg for all k > 1, where \/S—H € (*. Furthermore, assume that

for every k € I, the function by fulfills assumption (6.13). Then for every pu €
Cr([0,T); P1(H)), SDE (6.15) has a weak solution which is unique in law.

Proof. Let (Q, F,F,P) be a complete filtered probability space with a sequence
of independent Brownian motions {W*)},~; defined thereon. Following the con-
structions in Section 2.4, we define the cylindrical fractional Brownian motion B
with associated sequence of Hurst parameters H = { Hg }x>1 generated by W. Fur-
ther, we define the process X/ := x++/QB!, t € [0,T]. If u; := \/@_lb(t, X 1),
t € [0, 7], fulfills the assumptions of Corollary 2.5, we get due to Theorem 2.4 that
the process

B+ .= BH _ /Ot \/6_119 (u,x + Bgﬂ,,uu) du, te€0,T],
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is a cylindrical fractional Brownian motion with respect to the probability measure
P* defined by 4 := £, where

&L= exp {Z (/OT K;Ii (/O ugk)dr) (s)dwF) — ;/OT Kf_fi </0 ugk)dr>2 (8)d8>}

k>1
(6.16)

Consequently, the sextuple (2, F,F,P*, /QB%# X*") is a weak solution of SDE
(6.15). Thus it is left to show that u fulfills the assumptions of Corollary 2.5.
Let k € I_U Iy. Then,

T T
| 1u®ds = [0 (s, X2 1) Pds < TCF < o0,
0 0

where we have used that b, is bounded by A\;C%. Consider now the case k € I,
then we get for ¢,s € [0, 7] that

E[Juf — u®|| = X Ellbe(t, XE, ) — bi(s, X2, )]

< Cy (\t — s+ EH‘\/@BF —/QB

ZE[A? B — Bl

J=1

€75

] + IC(,uta ,us)ﬁk>
Ok

2
} + [t — 5|

H

SCk |t—8|'yk+(

Sk

2
<Oy ||t —s|"™ + A2t — s|?Hi
J

j>1
SO ([t = s+t —s2") S Jt—sPe + [t — s 2",

(6.17)
where we have assumed without loss of generality that v, = kf,. Due to Kol-

mogorov’s continuity theorem and the assumptions v, > Hy — % and 2 > kay, >

2H), — 1, we get that u™ is (Hj, — § + &)-Hélder continuous in ¢ € [0, 7] for some
e > 0 and hence, assumption (i) of Theorem 2.4 is fulfilled for all £ > 1 due to
Corollary 2.5. Next, we show that assumption (ii*) holds, i.e. for all k > 1

T : 2
/ Ky (/ uff“)dr) (s)ds < Dy,
0 0

where D = {Dy};>1 € ¢*. Consider first the case k € I, then
T : 2 T
/ Ky (/ uﬁk)dr) (s)ds = / I\ b (s, X )| ?ds < TCR,
0 0 0
and thus we define Dy, := T'C? for k € I. In the case k € I_ it is shown in [2] that

T : 2
/ Ky </ uf«k)dr> (s)ds < T*C?,
0 0
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and thus we define Dy := T?C? for k € I_. Last, we consider the case k € I, and
get that

it () o
0

’K (/ )\klberr,ur)dr>()

Cksé_Hk + (Hk B 7) e 2 /S bk<37 Xﬁvﬂs)ﬁ_ b — bk(T, X#7MT>T%_HI€ dr
T (g - Hk) AT (7 - Hk) 0 (s — r)Het3
1_m, H, — = Hy—3 s i-m, _  i-Hy
< Grs o (#:—3)s </ 1B (s, X2, 1) = 2
r (§ - Hk,) AT (7 - Hk) 0 (s —r)Hr+s
bio(s, X2, 1) — bi(r, XE.
+/ 7_Hk’ k S S 7/”’ ) k(r T ILL )|d7" . (618)
(s — T)Hk+

Due to (6.17) there exists € > 0 such that for all k € I,
‘bk(s Xu?ﬂs) - bk(r XF, ,Ur)| S Ok)\k’S — T"kaéJrs_

S T

Thus, (6.18) can be further bounded by

([ Chps2~He  Cy ( K — *) stz
‘KHi </0 ugk)dr) (s)] < - (§ - Hk) + T (7 ~ Hk)
—Hy,

1
S ra— _52 k
k- _ a 1
x(/o (s—rHHl dr—l—/m dr)

Cksé_Hk Ck (Hk — *) Hk_7

TrG-H) T(E-H)
X (51_2Hk /01 (T%_IZ; ;r;k du + s2~Heteg <§ — Hy, 5))
Crsz e Ch (Hk - %) s G (Hk - %) s° /3
T (3 ) rE-m) | r(-H) 5(2_}]’“’5)

1
< Ck85_Hk + Ck.

Here, we have used that

sup / 1_uaﬂdu<oo.

Integrating the squared of the inverse kernel over the time interval [0 T yields

T : 2 T
/ 0 </ us,k)dr> (s)| ds <20} / =28k s 41 C?,
0 0 0 1 — Hk
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and thus we define Dy, :=

D De=T> CGe+T° 3 Ci+ . 1 H <Y
- Ak

k>1 kelg kel_ kel k>1

for k € I,.. Finally, we see that D € ¢*. Indeed,

l—Hk

which is finite by assumption. Thus the stochastic exponential £f is well-defined
and gives the probability measure P#. If £f is invertible, the solution of SDE
(6.15) is unique in law. Indeed, let X and Y be two solutions of SDE(6.15) with
respect to the measures P and Q, respectively. Then, we have for every bounded

functional f:H — R that
f <$ + \/@BH’“> nr

Ep[f(X)] = Epu
and thus X and Y have the same law. Here,

Ny 1= exp {k>l ( / K (/ dr> (s)dW ) — ;/OT K;Ii (/0 u&k)dr)z (s)ds> } ,

is the inverse of &, where W= {W(k)};@l is a sequence of independent Brownian
motions with respect to the measure P# which generate the fractional Brownian
motions { BfrH}, 5.

In order to show that ny is well-defined it suffices by Corollary 2.5 to prove that
the assumptions (i) and (ii*) are fulfilled. Due to the proof of the existence of a
weak solution of SDE (6.15), in particular the derivation in (6.17), it suffices to
show that for every k € I,

E[| X — XO#2] < |t — oM

= Eolf (Y],

Using Holder’s inequality and the fact that X* solves the SDE (6.15) we get for
every k € I, that
T

Consequently, £F is invertible and thus the solution is unique in law. [l

t
Epu [| X% — XIH2] = Epu [ / be(r, XE ) dr + A B — X B

S (CRNRIE = s + N[t — s ) S [t — sk,

As a direct consequence of the proof of Lemma 3.5 we get under the assumption
that there are no Hurst parameters of the regular case, i.e. I, = (), existence and
uniqueness (in law) of a solution for an even broader class of drift coefficients b
and measures fi.

Corollary 3.6 Assume I, =0. Letb: [0,T]x HxPi(H) — H be a measurable
function such that ||bg|lee < CrAx for all k > 1, where C' € (*. Then SDE (6.15)
has a weak solution which is unique in law for every p € C([0,T]; P1(H)).
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Next, we come to the second step of the proof of Theorem 3.4, namely the
application of Schauder’s fixed point theorem, see [33].

Proof of Theorem 3.4. Define E := C*([0,T]; P1(H)) € C([0,T]; M;1(#H)). Then
Lemma 3.5 yields that SDE (6.15) has a weak solution X* which is unique in law
for every u € F.

Consider the function ¢ : E — C([0, T]; M1(#)) defined by

Ys(p) = IP)X‘L, s €[0,T].

If ¢ has a fixed point, i.e. pl = s(u*) = X“ , s €10, T], we can insert p* in SDE

(6.15) and consequently get a weak solution of MKV equation (6.2). In order to
apply Schauder’s fixed point theorem we have to verify that (E, || - ||x+) is convex,
1 is continuous, and it exists a compact subset G of E such that ¥(E) C G C E.

(E,||*|lc*) is convex. This is an immediate consequence of the definition of F and
the fact that the Kantorovich-Rubinstein metric I is induced by the Kantorovich
norm || - ||«.

Y is continuous. Consider an arbitrary p € E and let ¢ > 0. Due to the
continuity assumption (6.14) on b, we can find § > 0 such that for every v € E
with supye(o 7 K, ve) < 6

sup  |be(t,y, pe) — bi(t,y, 1) < Cpdpe, k> 1.
te[0,T],yeH

Consequently, we get by the measure change defined in (6.16) and Cauchy-Schwarz’
inequality that

K, o) = sup | [ ) Prpdy) — [ 1P (dy)
heBL(H;R) |/H H

= sup [E[(h(B}) - h(x)) EF] — E[(h (Bf) — h(z)) &7

heBL(H;R)

<E[|Bdl, €4 — £ <E[IBAI5)" E 165 — £2]?

Note that sup,cp 1 E [HIB%tH?H} is finite due to Lemma 2.3. We now employ the
inequality

le® —e| < |z —y|(e®+e¥), x,yeR. (6.19)

Since & € LP(Q) for every p € F and 1 < p < oo by Lemma 2.3, we get again by
Cauchy-Schwarz’ and Minkowski’s inequality that

{15 2 (13 (] b B2 ) ) 0

Ky ( /0 b (u, BE, 1) du> <3)> A

1

E[l&s - &)
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- ;E Z/OTA,;Q <Kﬁi (/0 b (wBi,uu)d@z(S)

k>1

-Kj! (/0 b (u, BE vy,) du)2 (s)) ds

471
] = A+ B.

For A we get equivalently to Lemma 3.5 using the linearity of K5 for every
H € (0,1) and Burkholder-Davis-Gundy’s inequality that

T

A<E

> ( OT )\%KHi (/0 br (u, B, p1y) — g, (u, BE 1) du)2 (s)ds> 2]

E>1
3
S Z DkEQ 5 E.
k>1
For B note that
1 T -1 ’ x T
Z )\—/0 (KHk (/0 bi (u, BY, po) + by (u, BY, 1) du> (s)>

BX<E .
k>1 "k
1
411
I

X <K,}i (/0 bi (u, B, 1y,) — b (u, BY 1) du) (s)) ds

which can be bounded equivalently to A. Hence, 1 is continuous.
v maps E onto itself. It suffices to show that for every p € F

K@), ¥s(p) S [t — ™.
Let p € E be arbitrary and without loss of generality s < ¢t. Then we get

Rl ) = _sup  [ERCXE) - W) < E 17 - X213
.

:E[

3 ;
< (XS] -9+ [ S| - B
E>1 E>1

t
/ b (u, X", 1) du + B, — B,

[N

5 (z c,zAz) oo+ (z . >H) <je— s

k>1 E>1

3G C E compact such that (E) C G C E. Define
A= {Ph,, s€[0,T], pcC([0,T;Pi(H))} C Pi(H).
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By the last step, we already know that for s,¢ € [0,7] and p € C*([0,T]; P1(H)),
KPP, Phu) S It — s

X“7

Hence, ¥(E) C G :=C*([0,T]; A) C E, where A is the closure of A with respect to
the Kantorovich-Rubinstein metric. If we can show that A is relatively compact,
then G will be compact.

Indeed, note first that G is a closed set of equicontinuous functions. Moreover,
for every s € [0, 77 the set

Gy = {Ph,, peC™([0,TI; Py(H)} C A

is relatively compact due to the compactness of A. Hence, we can apply Arzela-
Ascoli’s theorem which shows the compactness of G with respect to the metric
induced by || - ||

In order to show relatively compactness of A, note first that relatively compact-
ness of A is equivalent to tightness of A. Tightness of A then again is implied by
uniformly integrability of the set

={Xl, s €[0,T], peC*([0,T; Pr(H))}-

Hence, it suffices to show that

sup sup B [[XU]f5] < oo,
s€[0,T] peC([0,T];P1(H))

but this follows directly due to Lemma 2.3 and the observation
B (1013) = [+ [ 00, X0 g )dr + Bl | S el + 720N e + B,
Finally, we can apply Schauder’s fixed point theorem, which yields a fixed point
pt = P(p*) = P5,.. Define P := P*, X := X* and B¥ := B"™*. Then,
(Q,F,F,P, B X) is a weak solution of MKV equation (6.2). O
For the case I, = () we get an immediate extension of Theorem 3.4.

Corollary 3.7 Assume I, =0. Letb: [0,T]x HxP1(H) — H be a measurable
function such that ||bg|lec < CrAi for allk > 1, where C' € (%, and assume that b is
continuous in the sense of (6.14). Then, MKV equation (6.2) has a weak solution.

Proof. The proof is analog to the proof of Theorem 3.4, where we define the sets

E = peC(0,T);Pr(H)) : K, ps) < ch (t—s)+ | D M(t—s)" ] ¢,
k>1 k>1

and

1 1

Gi=SueC(0,TEA) : K(pe,us) < | Y CIN| (E—s)+ [ D ARt —9)*H
k>1 k>1
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Concluding this section we show that under slightly more regularity in the law
variable of the drift b we get a solution which is unique in law.

Theorem 3.8 Suppose the assumptions of Theorem 3.4 are fulfilled and in
addition that supye;, Hy, < 1. Furthermore, for every k > 1 assume that for all

M,V € P1<H)

sup  |br(t, y, 1) — be(t,y, V)| < Cp (1, v). (6.20)
te[0,T],yeH

Then, MKV equation (6.2) has a weak solution which is unique in law.

and (), F,F,P,B,Y) be two weak solutions of MKV equation (6.2) such that
Xo =Yy = x € H. For the sake of readability we assume x to be the Null
element in ‘H whereas the general case can be shown analogously. Furthermore
we denote by B and BY the cylindrical fractional Brownian motions related to B
and B, respectively. Lastly, we denote by {W®},~; and {IW®},>, the generating
sequences of Brownian motions of B¥ and BY, respectively.

Due to the proof of Theorem 2.4 and Theorem 3.4 there exist probability mea-
sures Q and Q such that X and Y are weighted cylindrical fractional Brownian
motions of the form (6.11) under Q and Q, respectively. Furthermore, we define
the probability measure Q~P by

dQ t : -
e !~ Y [ NKs! ([ e (Y2 Bre) = b (0 Yo P, ) ()P
dP =170 " \Jo

1 ¢ : ~ 2
530 AR ([ b (i Br) = b (0, Y P, du) (s)ds},

k>1

and the Q cylindrical fractional Brownian motion

B .= B" 4+ /Ot \/6_1 (b (S,YS,@YS) - b(s,Ys,sz)) ds, tel0,T].

Note that we can find a measurable function ® : [0,7] x C([0,T];H) — H such
that

BY = &,(X) and BY=a,(Y),

since
—1 ¢
BEH: \/é (Xt_/o b(saXs>PXs)dS>a and
~ ~1 t
BE = \/Q (Yt—/o b(s,Ys,IPXS)ds>.
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Consequently,

Er [F(B*, X)| = Eq E (/OT JQ bt X, Py,) dXt> F(@(X),X)]

— B _5 (/OT \/é_lb(t,Yt,Ith) dYt> F(@(Y),Y)]
= Eg :-F(EH,Y)} ,

for every bounded measurable functional F' : C([0,T]; H) x C([0,T];’H) — R and
thus Pgs x) = @(EH ) Therefore it is left to show that sup,c 1 K (@yt, IP’yt) =0

from which we can conclude that g _ 1 and in particular that Py = ny.
Applying a measure change, inequality (6.19), Burkholder-Davis-Gundy’s in-
equality, and assumption (6.20), yield

K (Px,, Py,) = . 5 [A(Y:) = h(0)] = Eg [h(Y2) — h(0)]]

g
<o || - 1] 3%) = 100
- 273 ~\ 2717 ,
d0 dp _ a1k
< B ‘@_1} Bs <d@> B 151,
) . ) , 27 1
SE|Y [ K (/0 b (0, Bu, Py, ) — be (u,IB%u,IP’Xu)du> (s)ds
>1
PE
t . - 2
+E Z/o K </0 b (u,IB%u,IP’yu)—bk (u,Bu,qu)du> (s)ds ] =: A.
k>1

Consider first the Brownian case k € I,. Then, we get

t : ~ 2 t ~

| i < [t (B Br) = b (0, B, P du> (5)ds < OB [ Ko(Px,, By, s,
0 0 0

In the singular case k € I_, we have

t : . 2
/K;{i (/ b (1, By, Py, ) — by (u,IB%u,IP’Xu)du> (5)ds
0 0

CiXi LY A = 2 [° —H—1 l_ g 2
—ﬁ/o s K (P, Py,) (/0 (s —u) 202 kdu) ds
F (3~ He)
2\2 t ~ 1 2
Ceke 2/ s'THC(Py,, Py, )% (2 — Hy, - — Hk) ds

_F(l—Hk) 0 2

2
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CRNT'-2HeT (3 —
<
- I'(2—2H,)°
t ~
<2 / K(Px,, Py, )2ds.
0

H t ~
) / K(Px., Py, )2ds
0

Lastly we get in the regular case k € I, equivalent to (6.18) that

t : N 2
/ Kﬁi </ by, (U,Bu,Py“) — bi (u,B,,Px,) du) (s)ds
0 0

< (122 t = \2 1-2H,
SO | K (Px, By,) s'ds.
0

1

Soupner, Aol and its conjugate ¢ > 1

Using Holder’s inequality with 1 < p <

yields
¢ 1-2H,
IC(IP’XS,IP’YS) s ds
0
t ~ 2q % t %
< (/ ’C(PXSaPYS> ds> (/ sp(l_QH’“)ds>
0 0
< </t]C (IP’ P )2q ds)'ll 1 ¢p(1=2H})+1 z
~ o Ko DY p(1 —2H;) + 1
1
t - 7
< (o bu) )
0
Consequently,
K(Px,,Py) < (ch (/ (Bx,.By.) qu)q) +Y ¢ (/ (Px..By,) qu)q
k>1 k>1

t _ 3 t _ L
S (e B o) " ([ (e ) )
0 0
Assume [ K(Px,,Py,)*ds > 1. Then,
K (Py,, P q</lCIP’,IP’ ds.
( Xe Yt> ~ o ( Xs Y) §
In the case 0 < [ K(Px.,Py,)%ds < 1, we get
~ N2 t ~ N2
K (PxBr) "' s [ K (Px By) " ds.
0

Next we show that ¢t — K (]P’XHI@YJ is continuous. Since ¢t +— X; and t — Y,

are almost surely continuous, we immediately get that ¢ — Px, and ¢ — I@’Yt are
weakly continuous. Furthermore, it can be shown as in the proof of Theorem 3.4
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that {Py, :t € [0,7]} and {IF’yt te [O,T]} are relatively compact with respect

to the Kantorovich-Rubinstein metric and consequently, that ¢ — IC (IP’XH IF’yt) is
continuous. Hence, using Gronwall’s inequality in the first case and a non-linear
Gronwall type inequality by Stachurska [18, Theorem 25| in the second, yields
K (qu,@yt) =0 for all ¢t € [0, T] and thus the proof is complete. O

4. STRONG SOLUTIONS AND PATHWISE UNIQUENESS

In this section we examine under which assumptions MKV equation (6.2) has
a pathwisely unique strong solution. Therefore, we first recall the definitions of a
strong solution and pathwise uniqueness.

Definition 4.1 A strong solution of MKV equation (6.2) is a weak solution
(Q, F,FB P, B, X) where F® is the filtration generated by the weighted cylindrical
fractional Brownian motion B and augmented with the P-null sets.

Definition 4.2 We say a weak solution (2, F,F,P,B, X) of MKV equation
(6.2) is pathwisely unique, if for any other weak solution (2, F,F,P,B,Y") on the
same stochastic basis with the same initial condition Xy = Yy,

P(Vt>0:X,=Y) =1

Remark 4.3. In the following we speak of a unique solution, if the solution is
unique in law and pathwisely unique.

Provided that a weak solution of MKV equation (6.2) exists, the task of proving
the existence of a strong solution becomes a problem in the field of SDEs. More
precisely, the difference between a weak and a strong solution lies in the measur-
ability with respect to the filtration of the driving noise. Since the dependence

on the law is mere deterministic, it does not effect adaptedness of the solution.
Therefore, the SDE

t
Yi=Yo+ [07(s,V)dt + By, tE[0,T], (6.21)
0

can be considered, where 6% (s,y) = b(s,y,Px,) and (X;)sep,r] is a weak solution
of MKV equation (6.2). For more details on this transition we refer the reader
to [8]. Subsequently we give a general result regarding strong solutions of MKV
equation (6.2).

Theorem 4.4 Suppose the assumptions of Theorem 3.4 are fulfilled and SDE
(6.21) has a unique strong solution (Y;)icpm. Then, MKV equation (6.2) has a
strong solution. More precisely, any weak solution (X)) of MKV equation
(6.2) is a strong solution. If in addition supye;, Hy < 1 and condition (6.20) is
fulfilled, the solution of MKV equation (6.2) is unique.
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Proof. Due to Theorem 3.4 there exists a weak solution X of MKV equation (6.2).
Moreover, X can be seen as a weak solution of the associated SDE (6.21). Since
SDE (6.21) has a unique strong solution Y, i.e. in particular Y is a weak solution
which is unique in law, we have that X and Y have the same law. Thus, equations
(6.2) and (6.21) coincide and Y is a strong solution of MKV equation (6.2).
Under the additional assumptions supye;, Hx < 1 and condition (6.20), we
know by Theorem 3.8 that the weak solution X of MKV equation (6.2) is unique
in law. Consequently, there exists a unique associated SDE (6.21), which has by
assumption the unique strong solution Y. In particular, Y is also a strong solution
of MKV equation (6.2) due to the first part. Since the associated SDE is uniquely
determined, the pathwise uniqueness of a solution to SDE (6.21) transfers to the
solution of MKV equation (6.2). Thus, Y is the unique strong solution of MKV
equation (6.2). O

In the following we link Theorem 4.4 to results in the literature on the existence
of strong solutions of SDEs. We start with a corollary in the infinite-dimensional
case applying the result of [2]. Subsequently, we consider the finite-dimensional
case applying the result of [30].

Corollary 4.5 Assume IoU I, = 0, Y. Hp < é, and sup,e; Hp < 1—12

Let b : [0,T] x H x Py(H) — H be a measurable function fulfilling the Lipschitz
condition (6.20) and for which there exist sequences C' € £* and D € ¢* such that
for every k > 1

sup sup [bi(t, g, )| < Cidv, and
yeH te[0,T]

sup | sup |b (t, \/éx/ET‘ly,/Q |dy < Dy,

d>1 JRY 0,77
where y = (Y1, ... ,Ya) and K : H — H is defined by
Kz = ZﬁHkx(k)ek, r € H,

k>1

for {8, }r>1 being the local non-determinism constant of { B+ };>1, i.e. a constant
merely dependent on H such that for everyt € [0,T] and 0 <r <t

Var (BtH ’BSH Dt —s| > r) > Rpr?.
Then, MKV equation (6.2) has a Malliavin differentiable unique strong solution.

Proof. The result is an immediate consequence of Theorem 4.4 and [2, Theorem
4.11]. O

Consider now the one-dimensional real-valued MKV equation

t
Xt:x+/ b(s, Xs,Px.)ds + BE, te[0,T], (6.22)
0
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where b : [0,7] x R x P;(R) — R and Bf one-dimensional fractional Brownian
motion with Hurst parameter H.

Corollary 4.6 Letb: [0, T]xRxP;(R) — R be a bounded measurable function.
If H> 1/2 suppose that

C ([t = s+ —y* + K(n,1)7)
>

|b(t, 2, p) — (8 y,v)| <
where C >0, v > H— 3,2 > « 2H—1,andﬁ>H—%,andz’fH§1/2
(

suppose that for every p 6 C [0,T]; P1(R)) and every € > 0 there exists 6 > 0 such
that for all v € C([0,T]; P1(R))

sup K, 1) <0 = sup  |b(t,y, ) — b(t, y, )| <e.
t€[0,T] te[0,T], yeH

Then, MKV equation (6.22) has a strong solution. If in addition condition (6.20)
is fulfilled, the solution is unique.

Proof. This result is a direct consequence of [30] together with Theorem 3.4 and
Theorem 3.8, respectively. O]
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