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Zusammenfassung

Die Implementierung und Charakterisierung minimaler Bausteine von komplexen Viel-
teilchensystemen hat eine grundlegende Bedeutung für die Entwicklung von Quanten-
simulatoren. In dieser Doktorarbeit werden die Implementierungen zweier minimaler
Bausteine präsentiert: Ein minimaler Baustein für Z2-Gittereichtheorien gekoppelt an
Materie und ein minimaler Baustein für Spinpumpen.

Z2-Gittereichtheorien sind durch einen Z2-Eichfreiheitsgrad auf jeder Gitterkante charak-
terisiert. Wenn Materieteilchen sich über diese Kanten bewegen, sammeln sie eine Phase
ein, die vom Eichfeld der überquerten Kante abhängt. Um die lokale Eichsymmetrie auch
während dieser Bewegung zu erhalten, ändert sich das Eichfeld selbst. Ein entsprechen-
der minimaler Baustein besteht aus einem Materieteilchen auf zwei Gitterplätzen, die
durch eine Kante verknüpft sind. Die hier vorgestellte Implementierung des minimalen
Bausteins basiert auf ultrakalten Rubidiumatomen mit zwei Komponenten in einem
periodisch getriebenen, optischen Doppeltopfpotential, welches einen komponentenab-
hängigen Energieunterschied zwischen benachbarten Gitterplätzen aufweist. In dieser
Implementierung stellt eine Komponente die Materie und die andere Komponente das
Eichfeld dar. Der entsprechende effektive Floquet-Hamiltonoperator ist Z2-symmetrisch
für spezifische Modulationsparameter, wenn die periodische Modulation resonant mit
der Wechselwirkungsenergie auf einem Gitterplatz ist. Die Dynamik für verschiedene
Anfangszustände wurde untersucht und mit einer numerischen Analyse verglichen. Diese
numerische Analyse stimmt mit den Messungen überein und zeigt, dass die Messungen
einer nicht-triviale Dynamik folgen wie es von einer Z2-Gittereichtheorie gekoppelt an
Materie erwartet wird. Zudem werden eichsymmetriebrechende Terme identifiziert und
Wege aufgezeigt diese Beschränkungen zu umgehen. Schießlich wird eine Möglichkeit
vorgeschlagen wie aus minimalen Bausteinen ein eindimensionales erweitertes System
entstehen kann. Diese Ergebnisse stellen einen ersten Schritt zur Quantensimulation
von Eichtheorien dar und ermöglichen wichtige Einblicke für zukünftige Studien mit
Floquet-basierten Techniken.

Eine Quantenspinpumpe generiert einen Spintransport als Antwort auf eine zyklische und
adiabatische Änderung eines eindimensionalen Hamiltonoperators. Dabei werden die
Spins in entgegengesetzte Richtungen transportiert ohne dass Ladungstransport auftritt.
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Zusammenfassung

In einem System mit Spinerhaltung und homogen gefüllten Bändern ist der Spintransport
pro Pumpzyklus quantisiert und mit der Topologie des Pumpzykluses verknüpft. Im Ex-
periment wurde ein minimaler Baustein für solch eine Spinpumpe mit ultrakalten Rubidi-
umatomen in optischen Doppeltopfpotentialen implementiert. Im Fall von während des
Pumpzykluses abschnittsweise isolierten Bausteinen, die sich jeden halben Pumpzyklus
um einen Gitterplatz verschieben, wird eine eindimensionale Spinpumpe realisiert. Um
das Verhalten der Pumpe zu charakterisieren, werden die Spinauftrennung und die auftre-
tenden Spinströme gemessen. Die Spinauftrennung wird aus den Schwerpunktspositionen
der beiden Spinkomponenten in in-situ Absorptionsbildern bestimmt. Für die Detektion
der Spinströme wurde eine neue Methode entwickelt, die die Superaustauschoszillatio-
nen nach einer Projektion auf statische Doppeltöpfe mit dem unmittelbaren Spinstrom
verbindet. Diese neu entwickelte Methode kann auf allgemeine Systeme angewendet
werden und in Kombination mit Einzelplatzauflösung sogar unmittelbare Spinströme
lokal bestimmen. Diese Ergebnisse legen den Grundstein für die Implementierung von
Spinpumpen, die dann beispielsweise durch das Hinzufügen von zeitumkehrerhaltenden
Spin–Orbit-Wechselwirkungen oder das Brechen der Zeitumkehrsymmetrie erweitert
werden können. Dadurch entsteht dann entweder ein System mit einer mit nicht-trivialen
Z2-Erhaltungsgröße oder ein nicht-triviales Quanten-Spin-Hall-System, welches durch
eine Spin-Chernzahl beschrieben wird.
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Summary

The implementation and characterization of minimal instances of complex many-body
systems have fundamental importance for the development of quantum simulators. This
thesis reports on the implementation of two such minimal instances: a minimal instance
for Z2 lattice gauge theories coupled to matter and a minimal instance for spin pumping.

Z2 lattice gauge theories are characterized by a Z2 gauge degree-of-freedom on every
lattice link. Matter particles moving across these links pick up a phase depending on the
traversed link’s gauge field. To conserve the local gauge symmetry during this motion, also
the gauge field itself changes. A corresponding minimal instance consists of a single matter
particle on two lattice sites, which are connected by a link. The presented implementation
of this minimal instance is based on two-component ultracold rubidium atoms in a
periodically-driven optical double-well potential with a state-dependent energy offset
between neighboring sites. In this implementation, one component represents the matter,
while the other component represents the gauge field. The resulting effective Floquet
Hamiltonian exhibits Z2 symmetry for specific modulation parameters, if the periodic
driving is resonant with the on-site interaction energy. The dynamics was investigated for
different initial states and compared to a numerical analysis. This numerical analysis is
in agreement with the measurements and reveals nontrivial dynamics as expected from
a Z2 lattice gauge theory coupled to matter. Furthermore, symmetry-breaking terms
are identified and routes to overcome these limitations are discussed. Finally, a way
to couple minimal instances to a one-dimensional extended system is proposed. The
results constitute a first step towards quantum simulation of gauge theories and provide
important insights for future studies using Floquet-based techniques.

A quantum spin pump generates a spin transport in response to a cyclic and adiabatic
variation of a one-dimensional Hamiltonian. The spins are transported in opposite direc-
tions and thereby exhibit a vanishing charge transport. In a spin-conserving system with
homogeneously filled bands, the spin transport per pump cycle is quantized and deeply
connected to the pump cycle’s topology. Therefore, such a spin pump can be interpreted
as a dynamical version of a two-dimensional time-reversal symmetric quantum spin Hall
system. In the experiment, a minimal instance of such a spin pump was implemented with
ultracold rubidium atoms in an optical double-well potential. In the limit of piecewise
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Summary

isolated instances throughout the pump cycle, where each instance shifts by one lattice
site per half pump cycle, a one-dimensional spin pump is realized. To characterize the
response of the pump, the spin separation and the occurring spin currents are measured.
For the detection of the spin separation, the center-of-mass positions of both spin com-
ponents are analyzed in in-situ absorption images. For the detection of spin currents, a
novel detection method was developed, which connects the superexchange oscillations
after a projection onto static double wells to the instantaneous spin current. This newly
developed method can be applied to a general class of systems and in combination with
single-site detection, it also allows for a local detection of instantaneous spin currents.
The results demonstrate a corner stone for the implementation of a spin pump, which
can be extended, e.g. by adding time-reversal-invariant spin–orbit interactions or by
breaking time-reversal symmetry. This extension then results either in a system described
by a nontrivial Z2 invariant or a quantum spin Hall system described by a spin-Chern
number.
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Preface

Quantum simulation has the potential to investigate complex many-body systems, which
are challenging to analyze both analytically and numerically. A promising platform for
analog quantum simulations are ultracold atoms in optical potentials [1, 2]. However,
before implementing a certain many-body Hamiltonian in a quantum simulator, it is of
great interest to test fundamental building blocks of these extended systems. Testing these
building blocks is a successful strategy to understand basic physical concepts and espe-
cially also to develop technology to control and manipulate atomic many-body samples.
Furthermore, the building blocks might even be coherently connected to generate the
extended system of interest in a controlled fashion. Intriguingly, it was experimentally
found that certain quantities of few-body systems converge fast to the many-body limit
with increasing particle number, e.g. the normalized interaction energy in a quasi one-
dimensional system [3]. This suggests that few-body systems – maybe already a minimal
instance or a small collection of these instances – might open the route to observe complex
properties or even to discover new phenomena.

In recent years, a variety of minimal instances have been implemented, which greatly
enriched the tool box to study many-body quantum phenomena with atomic quantum
simulators. These fundamental building blocks include for instance the observation of
superexchange oscillations between two distinguishable interacting bosons in an optical
superlattice [4, 5]. This second-order process is a corner stone for many proposals, e.g.
for quantum simulations of lattice gauge theories (LGT) and resonating valence-bond
(RVB) states. RVB states describe a topological spin liquid relevant for high-temperaturee
superconductivity. Similar to superexchange oscillations, also second-order pair tunneling
constitutes a minimal instance. For certain parameters, it acts as a single atom switch and
allows to efficiently create entanglement over different lattice sites in extended systems [6].
Later, such two-particle minimal instances have been implemented in optical tweezers
with bosonic atoms, where their quantum statistics was observed in an interferrometric
experiment [7], and with fermions, constituting a key component of the Fermi-Hubbard
model [8, 9]. In this fermionic system, an analog of the Mott–metal transition as well as a
charge density regime was directly observed. Both realizations are candidates to achieve
larger systems by a bottom-up approach. Moreover, minimal instances with four particles
on a four-site plaquette have been realized, for example RVB states [10] and ring-exchange
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Preface

interactions [11]. A RVB state on a plaquette is a minimum version of a topological
liquid and can directly correspond to a Laughlin state [12] for two particles [13]. The ring
exchange interaction is a main ingredient for Z2 LGTs and the toric-code Hamiltonian.
It can also serve as a minimum version of a string-net-condensate state [13]. Another
class of building blocks uses Floquet-based methods to engineer new types of interactions.
This route was also followed in Part I in this thesis. A prominent example for the use of
Floquet-based methods is the demonstration of strong magnetic fields on a plaquette as a
minimum version of the Harper-Hofstadter model [14]. In an alternative approach using
Rydberg atoms, the basic instances of exotic quantum phases and collective excitations
were realized, e.g. in self-ordered crystals [15] and a two-site boson sampling experiment
using the Hong-Ou-Mandel effect [16].

This thesis comprises two parts, each describing the implementation and analysis of a
minimal instance. Part I deals with a minimal instance for Z2 LGTs coupled to matter
implemented through Floquet engineering and is based on Ref. [17]. After a general
introduction to LGTs (Chap. 1), the working principle of the minimal instance is described
(Chap. 2). In Chap. 3, the experiment is presented and compared to a full time-dependent
numerical analysis. Then, symmetry-breaking terms (Chap. 4) and extensions of the
minimal instance to 1D systems (Chap. 5) are discussed. Part II deals with a minimal
instance for spin pumping based on Ref. [18]. This spin pump is a dynamical version of
a quantum spin Hall system (QSH system), which is outlined in Chap. 6. The minimal
instance in the limit of isolated double wells is described in Chap. 7. To complement spin-
transport measurements on the spin pump, a novel detection method for spin currents is
introduced, which connects the oscillation amplitude after projection on isolated double
wells to the spin current (Chap. 8). Finally, the experimental setup and calibrations
(Chap. 9) as well as the measurements and numerical analysis (Chap. 10) of the minimal
instance for spin pumping are presented.

2



Part I.

Floquet approach to Z2 lattice gauge
theories
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1. Introduction to gauge theories

1.1. Gauge theories in physics

The world around us is extraordinarily complex and rich of astonishing phenomena,
which follow fundamental principles. Uncovering and formulating these principles is the
purpose of natural sciences and understanding the interplay of matter more specifically of
physics. Physics is entirely based on observations made in nature. It is descriptive and
ultimately an experimental science. The descriptions are formulated using mathematical
language and together they form a physical theory. Such theory should predict all out-
comes of experiments of similar nature covering a wide range of length and energy scales.
However, a theory cannot be proven to be complete or generally valid; nature can only
reject it by offering surprising and contradictory experimental results.

While developing more comprehensive theories in order to someday find a unified expla-
nation of all phenomena in the universe, it was proven to be successful to divide things
into smaller and smaller pieces. With this approach, simpler and more fundamental struc-
tures were identified over time [19]. First, it was found that matter is composed of a small
number of different elements – atoms. Later, it was discovered that atoms themselves are
composed of smaller particles – electrons, protons, and neutrons. Today, it is known that
these particles as well have a substructure. To our current knowledge, the universe is built
from photons, electrons, quarks, and a few other particles [19]. These particles interact
by the four fundamental interactions of nature: gravitation, electromagnetic, weak, and
strong interactions [20]. The latter three are combined in the U(1)×SU(2)×SU(3) Stan-
dard Model. This Standard Model is a field theory, which says that forces are mediated by
the exchange of a gauge boson between the interacting partners [21]. This field theory has
a local gauge structure and is invariant under local gauge transformations according to
the name-giving symmetry groups. In the following we will find that gauge theories are a
recurrent element in modern physical descriptions in various fields.

Physical theories built on this microscopic perspective were remarkably successful in
predicting a variety of phenomena, thereby offering a deep understanding of nature’s
constituents. From this microscopic perspective, the description of phenomena with a
large number of components, however, seems hopeless, as the interplay of all components
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1. Introduction to gauge theories

needs to be considered. Therefore, an effective global standpoint provides a promising
alternative. Thermodynamics is a classical example for such an effective description,
where e.g. in the case of the ideal gas the microscopic observables position, momentum,
and energy of the gas particles do not appear, while collective quantities like pressure,
particle density and temperature are employed. In condensed matter physics, the situation
is similar. In principle, the behavior of many quantum particles is known and governed
by the Schrödinger equation. However, when many particles are involved, the equations
are typically unsolvable. In consequence, the microscopic description does not allow for
any predictions. In this situation, it is a good idea to zoom out and find an effective theory
that connects experimental observations. In the last decades, theoretical approaches using
gauge theories have proven useful to describe the essentials of a variety of systems, e.g.
2D quantum Ising [22] and XY magnets [23, 24] together with Boson vortex duality [25],
from quantum antiferromagnets [26–28] and quantum dimer models [29, 30] to high Tc

superconductors [31–34] and quantum spin liquids [35], as well as frustrated magnets [36–
39], and fractional quantum Hall states [40–43]. All these descriptions have in common
that their physics arises from low energy excitations, where new quasi-particles with their
own physical rules emerge. Therefore, not only the particles themselves but also their
physics laws are emergent [44].

The occurance of gauge theories in various different settings, from the microscopic to
macroscopic perspective, vastly motivated the interest in their study. The emergence of new
particles with their individual set of physical rules further raised the question, whether the
pathway of dividing matter in smaller and smaller pieces is constructive. An alternative
approach is to interpret literally everything, including the fundamental particles with their
interactions, as an emergent phenomenon of the universe [19]. The basis for such theory
can be a string-net condensate on a regular lattice. This gauge theory with collective
modes and associated physics can already unify three fundamental ingredients of physics:
identical particles, gauge interactions, and Fermi statistics [19]. However, a unification
that also embeds chiral fermions and gravity is still lacking.

In addition to creating these effective models, the calculation of their phases also remains
challenging. Although remarkable results have been achieved using numerical techniques,
especially through Monte-Carlo methods [45], they face the computationally hard sign
problem [46, 47] for systems with a finite chemical potential of fermions. For some models,
a sign-problem free analysis can be performed for arbitrary fermion densities [48] or in
certain limiting cases [49]. However, calculating quantum mechanical properties with
classical computers is an immensely difficult task. A promising approach is to quantum
simulate such models using general purpose, digital or analog quantum simulators [50].
Analog quantum simulators emulate a very specific quantum problem by directly imple-
menting the problems’ the degrees-of-freedom, e.g. the coupling and interaction terms of
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1.2. From classical electrodynamics to dynamical gauge fields

the model. This movement was triggered by the enormous progress made in laboratories
to precisely control quantum systems, such as ultracold atoms in optical lattices [1, 2],
trapped ions [51], photonic systems [52], Rydberg atoms [53], superconducting qubits [54,
55] and more. These experiments are promising candidates to quantum simulate certain
quantum models and to observe phenomena, which may be otherwise inaccessible [56].

In this part of the thesis, foundational experiments for a possible realization of Z2 LGTs
coupled to matter were conducted. This is one of the simplest theories with a gauge
structure and expected to have many rich features [57], because already in the case of
static matter, a phase transition [58] to a confining phase was found [59–61]. Based on a
scheme proposed in [62], the implementation uses bosonic ultracold spinful 87Rb atoms
in an optical superlattice potential together with resonant periodic driving [14, 63–71]
at the on-site interaction energy [17, 72–78]. The experiment demonstrates a minimal
instance consisting of two particles on a double well that could be used to generate one- or
two-dimensional realizations of Z2 LGTs. Before presenting the details of the scheme and
the experimental and numerical results, an introduction to LGTs is given. The introduction
is not intended to be comprehensive but rather reflect the author’s personal view on the
topic.

1.2. From classical electrodynamics to dynamical gauge fields

1.2.1. Gauge theories in classical electrodynamics

In classical electrodynamics, the interplay between charges, magnetic and electric fields is
described by the Lorentz force

F = q (E + v× B) (1.1)

and the four Maxwell’s equations

∇ · E =
ρ

ε0
, ∇ · B = 0, (1.2, 1.3)

∇× E = −∂B
∂t

, ∇× B = µ0

(
j + ε0

∂E
∂t

)
, (1.4, 1.5)

where E is the electric, B the magnetic field, q the charge, ρ the density, j the current
density, v the velocity, ε0 the vacuum permittivity, and µ0 the vacuum permeability. These
equations indicate that charges are the sources of electric fields [Gauss’s law, Eq. (1.2)],
that there are no sources of magnetic fields [Eq. (1.3)], i.e. no magnetic monopoles, that
charge currents create magnetic fields [Ampère’s law, first part in Eq. (1.5)], that changes
of the magnetic field create a curly electric field [Faraday’s law, Eq. (1.4)], and finally
that changes of the electric field create a curly magnetic field [Eq. (1.5)]. The latter is
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1. Introduction to gauge theories

the so called displacement current found by Maxwell himself [79]. This discovery was
a remarkable step forward, not only because it led Maxwell to the conclusion that light
is an electromagnetic wave but also because it promoted the power of field theoretical
formulations to gain physical insights [80, 81].

The notion of fields is introduced to avoid the idea of action at a distance [82]. Imagine a
charge at a certain position, which is influenced by many other charges in its proximity.
Then, a real field captures the influence of all the surrounding charges only by the field
value at the particle’s position.

The commonly known formulation of Maxwell’s equations as shown in Eqs. (1.2)–(1.5)
differs from Maxwell’s original representation. He originally used the vector potential A,
which he identified to be Faraday’s electrotonic intensity. The vector potential itself was
introduced by Thomson [80] as

B = ∇×A. (1.6)

In analogy to the vector potential for magnetic fields, a scalar potential Φ can be introduced
for electric fields E = −∇Φ− ∂tA. It is important to recognize that both the vector and
the scalar potential are not uniquely defined, as Maxwell’s equations are invariant under
a transformation with the scalar function f (r, t)

A→ A +∇ f , (1.7)

Φ→ Φ− ∂t f . (1.8)

Each set of (A, Φ) is called a gauge and f (r, t) a gauge function. Notably, Maxwell was
fully aware of this fact and explicitly discussed this in his publication [80]. However, the
vector potential with its gauge freedom was highly debated to be an adequate description
as it did not seem to have any physical significance. In classical electrodynamics, the
only effect of a magnetic field on a charged particle is the Lorentz force Eq. (1.1). This
fundamentally changed when quantum mechanics came into play. With quantum mechan-
ics, the notion of forces looses importance, while the concept of energy and momentum
gains relevance. Quantum mechanical particles are described by wave functions with
amplitudes and phases. The effect of a magnetic field – in fact the vector potential – on the
wave function is an additional phase factor ϕB collected along a path γ

ϕB =
q
h̄

ˆ

γ

A dl . (1.9)

For a closed path ∂S, the phase factor can be associated with the magnetic flux

ΦB =
q
h̄

˛

∂S

A dl =
q
h̄

¨

S

B dS . (1.10)
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1.2. From classical electrodynamics to dynamical gauge fields

Note that the gauge freedom in A is still present and ϕB is a gauge-dependent quantity.
However, ΦB is gauge invariant. Can we therefore conclude that B, instead of A, is the
relevant field? The answer is no. The vector potential A is the real field when considering
quantum mechanics. The reason is that a description by magnetic fields requires action
at a distance. This became clear during the proposal of Aharonov and Bohm’s famous
interferrometric experiment [83].

It is interesting and instructive to continue the discussion on a discrete grid [84], as the
focus of this thesis will be on lattice models of gauge theories. Such LGTs are in general
advantageous compared to continuum models for both theoretical and experimental
investigations. When the continuum result is needed, often the limit towards smaller
lattice spacings is analyzed. To formulate electrodynamics on a lattice, the magnetic field
needs to be discretized. Therefore, the Peierls substitution method is used to approximate
an external magnetic vector potential A by phase factors θij associated with each link in
the lattice. These phase factors are the ones mentioned in Eq. (1.9) with the path being
the link between two neighboring sites. As mentioned previously, the phase on a closed
loop, e.g. on a plaquette, reflects the magnetic field through the surface included in the
loop. With this knowledge, we can straightforwardly construct gauge patterns for certain
magnetic field distributions. These gauge patterns are of course not unique because of the
gauge freedom.

Back to the Aharonov-Bohm effect, where a closed path is considered through points
in space with zero magnetic field strength. This loop, however, should include an area
with a finite magnetic field. To this end, we assume a plaquette with non-zero magnetic
flux ΦB to be surrounded by plaquettes carrying zero flux. A possible gauge pattern is
shown in Fig. 1.1 b. This pattern is constructed by adding a single phase −ΦB to the upper
bond of the plaquette such that the flux is ΦB. The plaquette above, however, now carries
a flux too. It is −ΦB but can be compensated to zero by adding another phase to the
plaquette, e.g. on the upper bond. This again results in a flux −ΦB in a plaquette above.
Iteratively adding phases to these plaquettes shifts them outwards to infinity. Therefore,
independent of the path around the magnetic field region, the vector field locally "knows"
about the magnetic field inside without ever traversing it. Thus, the vector potential is a
field according to the previous definition [82].

Before discussing the interplay between charges (matter particles) and the electromagnetic
field (gauge field) the case of static magnetic fields is presented.
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1. Introduction to gauge theories

cba

Figure 1.1.: Aharonov-Bohm effect on a lattice. a The Aharonov-Bohm effect describes an in-
terferrometric experiment with an electron e− that moves around an infinitely long coil. The
electron remains thereby always outside of the coil, where the magnetic field is zero. However, the
interference pattern depends on the strength of the magnetic field inside the coil. Therefore, the
magnetic field acts at a distance, which is a property a field should not have. The vector potential,
on the other hand, provides this local description. b-c A lattice version of the Aharonov-Bohm
effect. A single, central plaquette is pierced by a flux ΦB; the plaquettes around it carry zero flux.
The blue square, shows an exemplary path of the particle around the magnetic field region. b and c
represent two possible gauges of the vector potential. Here, it becomes visible how the knowledge
of the magnetic field region propagates outwards and local knowledge for every path is reflected
in the vector potential.

1.2.2. Static homogeneous magnetic fields on a lattice

A static and homogeneous magnetic field piercing a 2D lattice can be represented by
a Peierls phase pattern, a discrete version of the vector potential. The Peierls phase
pattern thus also has a gauge degree-of-freedom analog to the vector potential. To emulate
a homogeneous magnetic field, each plaquette needs to carry the same magnetic flux.
Figure 1.2 shows an illustration of a possible phase pattern. Every lattice structure is
defined by a translational symmetry and therefore involves a unit cell from which the
entire lattice can be generated by unit translations along the lattice vector. First, assume a
single particle in a lattice without flux. The particle has a quantized single-particle energy
spectrum of discrete Bloch bands. The associated length scale is the lattice spacing d and
the unit cell is a square with area d2, containing exactly one lattice site. If now a magnetic
field is applied, a second length scale lB =

√
h̄/eB appears, which is the magnetic length.

This new length scale changes the translational symmetry. Instead of the lattice unit cell a
new magnetic unit cell needs to be taken into consideration. The new magnetic unit cell
also needs to satisfy the translational properties of the underlying lattice structure, while
containing an integer number of magnetic flux quanta [85]. In terms of Peierls phases,
the magnetic flux quantum corresponds to Φ0 = 2π. In consequence, for a rational flux
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ba

Figure 1.2.: Homogeneous flux patterns. a-b Two exemplary Peierls phase patterns that describe
a homogeneous flux.

per lattice unit cell of ΦB/Φ0 = p/q, with p and q being integers, the magnetic unit cell
has an area that is q times the area of a lattice unit cell, containing a flux of 2π p. The
number of sites in a unit cell is directly connected to the number of subbands. Therefore, a
lattice pierced by a strong magnetic field on the order of a flux quantum per lattice unit
cell, exhibits a fractal energy spectrum. For an underlying square lattice, the model is
known as the Harper-Hofstadter model [86–88]. Its special fractal energy spectrum is
called Hofstadter’s butterfly [85].

The Harper-Hofstadter model obeys particular geometric and topological properties,
which are intimately connected to the quantum Hall effect. In addition, the description in
quasi-momentum space has close analogies to the formulation of electrodynamics [89]. As-
suming the momentum representation of the Hamiltonian is HHH(k), then an orthonormal
basis can be introduced according to

HHH(k) |n(k)〉 = εn(k) |n(k)〉 (1.11)

except for a k-dependent phase factor. This phase degree-of-freedom is equivalent to
a gauge freedom: selecting an initial phase therefore corresponds to fixing the gauge.
Consider the system in an eigenstate |n(k0)〉 and an adiabatic path Γ in the Brillouin
zone from k0 to kt. During an adiabatic evolution, the system follows the instantaneous
eigenstates according to the adiabatic theorem [90]. This determines the respective state at
any point in time during the evolution independent of the evolution history. The respective
phase, however, depends on this history and has two contributions: a dynamical part
and a geometrical part. The dynamical part depends on the rate of change and energies
along the path, while the geometric phase only depends on the specific path taken. The
geometrical phase γn can be written as a path integral over a vector field and is

γn =

ˆ

Γ

An(k)dk (1.12)

11
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with the vector field called Berry connection

An(k) = i 〈n(k)|∂k|n(k)〉 . (1.13)

The definition of the geometrical phase collected on a path through the Berry connection
reminds us of the phase a particle acquires when moving through the vector potential in
electrodynamics. The Aharonov-Bohm phase is indeed a specific example of a geometric
phase. As discussed before, in electrodynamics the phase on closed paths is gauge-
invariant and connected to the magnetic flux through the surface enclosed by the path.
The same holds true for the geometric phases: the phase for open paths is gauge-variant,
while the phase for closed loops, the Berry phase, is gauge-invariant [91]. The analogy can
be continued by defining an equivalent quantity to the magnetic field as the curl of the
Berry connection

Ωn = ∇×An. (1.14)

This quantity is the Berry curvature Ωn
xy, which reduces to a scalar function for 2D

systems
Ωn

xy = i
[〈

∂kx n(k)
∣∣∣∂ky n(k)

〉
−
〈

∂ky n(k)
∣∣∣∂kx n(k)

〉]
. (1.15)

Unlike the Berry connection, the Berry curvature is gauge-invariant [89] and therefore
an observable quantity. It is important to emphasize that the presented concepts are
independent of the model and the parameter space. The only requirement is a system
represented by a Hamiltonian, which depends on time through a set of parameters [89];
here the exemplary set is k = (kx, ky).

In addition to geometric effects, the Harper-Hofstadter model also exhibits topologically
nontrivial subbands, which arise due to broken time-reversal symmetry in the presence of
a magnetic field. Formally, the topology of the subbands is characterized by the Chern
number [92]. This topological invariant can be defined for every subband or connected
group of subbands that is gapped. The Chern number νn is then given by the integral over
the Berry curvature in the entire Brillouin zone

νn =

‹
Ωn

xy(k)d2k . (1.16)

Note that the Brillouin zone is a closed surface like the surface of an object. In mathematics,
objects are characterized by the number of non-contactable points, or simply by their
number of holes. Mathematically speaking, this can be expressed by the integral over
the entire object’s curvature. The result is an integer number – the genus [93, 94]. The
equivalent to the genus in the topology of objects is the Chern number. Thus, the Chern
number is also quantized, which has a far-reaching impact on the connected observables:
namely robustness. The reason for this robustness is that a small deformation of the
curvature will not influence the topology. In the picture of objects, this means that small

12
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deformations of the shape of the object will not change the number of holes. In the context
of the quantum Hall effect, small deformations of the band structure therefore will not
change an observable connected to the Chern number. Furthermore, it has been shown
that this quantization remains robust even in the presence of many-body interactions and
disorder [95–97].

1.2.3. Quantum simulation of the Harper-Hofstadter model

Entering the regime of the Harper-Hofstadter model experimentally in conventional solid
state experiments is very challenging because for typical crystal lattice constants magnetic
field strengths of several thousands Tesla would be required for a magnetic flux on the
order of a flux quantum per lattice unit cell. A possible way to overcome this limitation
is, for example, to artificially create a larger lattice spacing, or to implement the desired
Peierls phases directly and create an artificial gauge field, rather than using a platform
with charged particles and magnetic fields. A broad overview over different realizations
can be found in [85] including e.g. photonics, phonons, and cold atoms. Here, only briefly
a realization with cold atoms using Floquet engineering is mentioned as it serves as a
seminal experiment for the experimental realization of the minimal instance for Z2 LGTs
described in this thesis. This setting also allows to develop an intuition for implementing
gauge fields in ultracold atomic quantum simulators by comparing it to the classical
electrodynamics example.

The idea of creating effective magnetic fields in cold atoms goes back to Jaksch and
Zoller [98], who proposed an implementation of tunneling processes between optical
lattice sites, which are associated by a Peierls phase using a Raman coupling of two
internal states. However, the first realizations of the Harper-Hofstadter model [65, 66]
induced Peierls phases by laser-assisted tunneling [63]. In this approach, neighboring
lattice sites are first energetically detuned such that atoms cannot tunnel between the sites.
Then, tunneling is restored by periodically modulating the on-site energy with a frequency
matched to the detuning. The resulting time-periodic Hamiltonian can be expressed in
a series of time-independent components using Floquet expansion [99, 100]. The phase
of the periodic modulation is thereby imprinted on the tunneling in the high-frequency
limit [69, 101, 102]. Such a periodically-driven system is discussed in more detail in
Sec. 2.2 in the context of the implementation of the Z2 minimal instance. It is important to
recognize that this implementation does not only realize a magnetic field with any gauge
description but instead realizes a very specific, fixed gauge pattern (Fig. 1.2). Moreover,
these specific gauge patterns can in fact be observed in time-of-flight experiments.
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a b c

Figure 1.3.: Electrodynamics on a lattice. a Particles that flow along a path through the lattice
create a current j. The current induces a magnetic field B according to Ampère’s law, which
changes the plaquette flux on the left and right side of the current by ±δΦB. b Illustration of
Gauss’s law. Gray circles describe empty, blue circles occupied lattice sites, and the black arrows
the electric field lines E. The gray squares describe closed surfaces around lattice sites (a closed
surface corresponds to a closed line in two dimensions). The surface enclosing an empty side has
the same amount of electric field going inside and outside of the surface, while for the surface that
does enclose a charge, the sum of the electric field lines through the surface is non-zero. Hence,
charges are the sources of electric field lines. c According to Faraday’s law, changes in the magnetic
flux ∂tΦB induce curly electric field lines.

1.2.4. Backaction requires gauge degree-of-freedom

The discoveries associated with particles in strong magnetic fields are remarkable and
most prominently underlined by the detection of the celebrated integer [103] and frac-
tional quantum Hall effects [104]. The implementation of artificial gauge fields, e.g. with
ultracold atoms, serves as a playground to study the topological effects of particles in
strong and static background fields. It has already led to the measurement of topological
bulk transport of particles filling the lowest subbands of the Hofstadter model and with
it the determination of the lowest band’s Chern number [105]. If the Harper-Hofstadter
model is realized in a single-site-resolving quantum gas experiment [70], where strongly
interacting particles can be combined with local manipulation techniques, signatures of
fractional quantum-Hall states might be observable [106–109]. Note that there is no effect
of the particles, representing in fact charges, on the gauge field, as the gauge field is static
by construction. To facilitate this kind of back effect as implicated by Maxwell’s equations,
the gauge field needs to obtain a gauge degree-of-freedom. On the lattice, this effectively
corresponds to variable Peierls phases, which are represented as a degree-of-freedom
on each link. However, not all degrees-of-freedom are independent but instead they are
constrained by a local gauge symmetry, which is defined by local gauge generators. The
gauge symmetry restricts the accessible physical states to a subset of the Hilbert space and
is therefore sometimes also referred to as a gauge structure [44].
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For the matter–gauge coupling given by electrodynamics, the local gauge symmetry opera-
tors need to satisfy Ampère’s, Gauss’s, and Faraday’s law. The associated phenomenology
is illustrated in Fig. 1.3. A matter current needs to induce a curly magnetic field and
thereby the flux through the plaquetts on the left and right side of the current change in
opposite directions. Furthermore, the matter particles carry a charge and should therefore
be the sources of electric fields. Moreover, positive and negative charges should attract
each other and an electric field line should connect them. In addition, a change in the
magnetic field should induce a curly electric field. The resulting LGT would then be an
Abelian U(1) LGT coupled to matter.

Quantum simulations of gauge theories have been proposed for a variety of platforms [50],
including superconductiong qubits [110, 111], Rydberg atoms [112–114], trapped ions [115],
and ultracold atoms in optical lattices [116–122]. Furthermore, minimal implementations,
e.g. of the Schwinger model with quantum-classical algorithms [123] and with a digital
quantum computer composed of four trapped ions [124], have been realized. One possi-
bility to implement the gauge degree-of-freedom is to realize density-dependent Peierls
phases [62, 125], which have been observed in experiments [78, 126] and will be used in
the context of this thesis as well [17].

1.3. From U(1) to Z2 lattice gauge theories

1.3.1. Global and local gauge symmetry for matter tunneling

For a more formal introduction to LGTs coupled to matter, a Hubbard-type Hamiltonian
of interacting particles is considered

H = J ∑
〈i,j〉

(
â†

i âj + h.c.
)
+ ∑

i
µi â†

i âi , (1.17)

where â†
i creates a matter particle on site i, ∑〈i,j〉 denotes the sum over neighboring sites J

is hopping matrix element, and µi a local chemical potential. The Hamiltonian is invariant
under a global unitary gauge transformation V̂ ∈ U(1) for spinless particles and in the
case of spinfull particles with N spin components it is invariant under a transformation
with V̂ ∈ SU(N)

âi → V̂ âi , â†
i → â†

i V̂†. (1.18)

This symmetry corresponds to the conservation of the total matter particle number Ntot =

∑i â†
i âi and underlines an important feature of the matter field. However, LGTs coupled

to matter have a local gauge symmetry. Therefore, also local symmetry transformations
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V̂i need to be considered, which are unitary elements of the gauge group [56]. The
transformations of the matter field are then

âi → V̂i âi , â†
i → â†

i V̂†
i . (1.19)

The chemical potential term of the Hamiltonian (1.17) remains intact under this local
transformation as the term is also purely local. The particle hopping process, however,
changes to

â†
i âj → â†

i V̂†
i V̂j âj . (1.20)

In conclusion, the pure hopping term cannot appear in a LGT coupled to matter. Each
hopping process of a matter particle needs to be accompanied by an additional local
coupling to the gauge field degree-of-freedom. Formally, this means that every link 〈i, j〉
needs to be associated with a local connection Û〈i,j〉, which is an element of the gauge
group and satisfies the property

Û〈i,j〉 → V̂i Û〈i,j〉V̂†
j . (1.21)

In conventional, Wilsonian minimally-coupled LGTs, the connection is chosen to be unitary.
This has many advantages, but other choices are in general also possible [56]. Including
the local connection results in a Hamiltonian with matter–gauge coupling

H = J ∑
〈i,j〉

(
â†

i Û〈i,j〉 âj + h.c.
)
+ ∑

i
µi â†

i âi . (1.22)

We will continue by selecting explicit Abelian groups for the local gauge transformations.
Starting with a LGT based on the group U(1), although historically Wegner’s Ising LGT
was developed earlier [22]. The Ising LGT is based on the cyclic group Z2 and will be in
the focus of this part of the thesis. The U(1) LGT is a continuous generalization of the
Ising LGT initially developed by Wilson and Polyakov [127–129] and later reformulated
by Kogut and Susskind using a Hamiltonian formulation [130]. It describes compact
quantum electrodynamics (cQED) and therefore provides many analogies to the classical
electrodynamics.

1.3.2. U(1) lattice gauge theories

The Peierls phases represent a discrete version of the vector potential. They serve as
the group parameters θij to generate elements of the circle group U(1) together with the
scalar group generator T̂ = 1. In general, the group parameter can be vector valued θ̄ij

parameterizing a set of Hermitian group generators T̂, e.g. the set of Pauli-matrices to
generate the Lie algebra of SU(2). The resulting gauge group elements can then be
identified with the connection

Û〈i,j〉 = eiθ̄ij T̂. (1.23)
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For the Abelian group U(1), the connection is simply Û〈i,j〉 = eiθij . The Peierls phase θij

therein represent the angular position on a circle [56]. Note that the Peierls phases are
defined between neighboring sites with ordered indices, e.g. left to right. In analogy to the
position and momentum operators x and p forming a canonical pair, a conjugate angular
momentum to the Peierls phase can be defined [130]

L̂〈i,j〉 = −ih̄
∂

∂θij
. (1.24)

It obeys the following commutation relation[
θij, L̂〈i′,j′〉

]
= ih̄ δi,i′ δj,j′ . (1.25)

As L̂〈i,j〉 is a momentum operator, it is suggestive that the kinetic energy is

Ĥkin
U(1) ∝ ∑

〈i,j〉
L̂2
〈i,j〉. (1.26)

This term reminds strongly of the electric field energy 1
2 E2. Therefore, it seems natural

to identify L̂ij as an electric field. This connection can be underlined following Koguts
argument [130] by comparing the commutation relation to continuum electrodynamics.
First, the Peierls phases are associated back to the vector potential by the relation θij =

dgAij, with d the lattice spacing and g2 the electromagnetic coupling constant. Then the
commutation relation Eq. (1.25) can be rewritten as

g
d2

[
Aij, L̂〈i′,j′〉

]
= ih̄

δi,i′

d3 δj,j′ , (1.27)

where δi,i′/d3 is the discrete form of the Dirac delta function. A comparison to the contin-
uum form of this commutation relation reveals that Eij =

g
d2 L̂〈i,j〉 [56, 130].

With the notion of an electric field, it is further possible to more formally describe Gauss’s
law. The operator Q̂i describes a dynamical charge on the ith lattice site and is connected
to the matter field. This dynamical charge is the source of the electric field lines. Therefore,
the charge and the field lines need to be locally connected. This local connection is
provided by the gauge transformation generator

Ĝi = ∑
j∈+

L̂〈i,j〉 − Q̂i. (1.28)

Note that L̂〈i,j〉 = L̂†
〈j,i〉 = −L̂〈j,i〉 and therefore the sum over all links connected to the site i,

indicated by the symbol ∑j∈+, resembles the discrete version of the divergence, leading
to

Ĝi = ∇ · L̂i − Q̂i (1.29)
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1. Introduction to gauge theories

in the continuum limit [56]. Here, the connection to Gauss’s law is obvious. Any LGT that
follows Gauss’s law will commute with Ĝ everywhere and vice versa, if a LGT commutes
with Ĝ it fulfills Gauss’s law.

The meaning of θij and L̂ij has now become apparent but what exactly is Ûij? The connec-
tion Û is a raising and Û † a lowering operator of the electric field on the link as

[
L̂, Û

]
= Û .

This can be seen by applying m-times the raising operator on a state L̂ |0〉 = 0, which leads
to (

Û
)m |0〉 = eimθ |0〉 = |m〉 . (1.30)

Testing this state with the electric field operator will reveal that the electric field was raised
m-times as L̂ |m〉 = m |m〉.

A representation of the electric field energy was already found above, but how can the
magnetic energy be represented? To this end it is useful to define a plaquette term

B� = ∑
〈i,j〉∈�

θij, (1.31)

which we know should be gauge-invariant and belong to the magnetic field. The relevant
field energy is then given by [130]

HB
U(1) ∝ ∑

r
tr
(

∏
〈i,j〉∈�r

Û〈i,j〉
)
+ h.c. = ∑

r
cos (B�r) . (1.32)

In the classical continuum limit, the plaquette flux is small and the cosine can be approxi-
mated to second order

cos (B�) ≈ 1− 1
2

B2
� (1.33)

and the well-known scaling of the magnetic field energy arises [130].

Combining the electric and magnetic part of the Hamiltonian leads to the Kogut-Susskind
representation of cQED [56, 130]

HKS =
g2

2 ∑
〈i,j〉

L̂2
〈i,j〉 −

1
g2 ∑

r
cos (B�r) . (1.34)

1.3.3. ZN lattice gauge theories

The U(1) LGT discussed above is a continuous Abelian LGT and has a countable but
infinite number of local degrees-of-freedom. The LGT based on the cyclic group ZN can
be viewed as a discrete version of U(1) and is therefore not a Yang-Mills theory [56]. It
is a discrete version in the sense that in the limit N → ∞ it can be formally related to a
U(1) LGT, e.g. cQED, which is an interesting aspect as cQED in (3+1) dimensions features
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1.3. From U(1) to Z2 lattice gauge theories

a confining and a non-confining phase [60]. Furthermore, ZN and especially Z3 LGTs
play an important role in the description of confinement in quantum chromodynamics
(QCD) [130–133].

The gauge theory is again based on a set of unitary link operators Ẑ†Ẑ = X̂†X̂ = 1, which
in this case satisfy the ZN algebra [60]

X̂N = ẐN = 1, X̂†ẐX̂ = eiαẐ, (1.35)

with α = 2π/N and N an integer. This group can be interpreted as the cyclic stepwise
rotation on a circle reaching the initial state after N steps. The operators do not com-
mute according to their definition (1.35) and mutually serve as ladder operators for the
respective other operator’s eigenstates. Assume the eigenstates of X̂ are |m〉, such that

X̂ |m〉 = eimα |m〉 , (1.36)

then Ẑ is a lowering operator
Ẑ |m〉 = |m− 1〉 . (1.37)

The ZN algebra contains N states and the ladder operators connect them cyclically [56],
e.g. Ẑ |0〉 = |N − 1〉.

1.3.4. Z2 lattice gauge theories

The Z2 or Ising LGT constitutes one of the simplest type of a LGTs. It appears in the
description of a variety of strongly correlated systems [44, 134]. One way of writing an
appropriate LGT for an interacting fermionic system is to transform it to the slave-boson
representation. This representation includes auxiliary fermionic, and so-called slave-boson
fields, as in a LGT coupled to fermionic matter [135]. In a Z2 slave-boson theory [35], the
fermionic matter field then carries a Z2 charge. In order to obtain this spin–1/2 degrees-
of-freedom of the fermion Hilbert space, it is projected onto the local Z2-charge-neutral
subspace. The emerging low energy effective theories of such models can feature SU(2),
U(1) or Z2 gauge fluctuations [34]. With this technique e.g. Z2 spin liquids with gapless
spin-1/2 excitations were identified in the context of d-wave superconductivity [34, 35].
Moreover, for the description of Cooper pairing, such gauge theories are relevant because
of their confinement-deconfinement transition in (2 + 1)D [34]. Furthermore, Z2 LGTs are
applied in the analysis of spin liquids in frustrated magnetic systems [36, 37, 40]. It was
shown that an exotic Z2 spin liquid indeed exists e.g. in the nearest-neighbor Heisenberg
model on the kagome lattice. This conclusion was found by analyzing frustration effects
on infinitely long cylinders with finite odd or even circumference [136]. A recent study of
the 2D version of this model investigated the vision confinement transitions between the
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1. Introduction to gauge theories

Z2 gauge theory and valence bond solid states [137]. Here, visions are vertices carrying a
Z2 magnetic flux. This was independently verified by a model based on a different Z2

gauge theory, using the quantum dimer model approximation of the original kagome
Heisenberg-model [138]. Moreover, symmetry-breaking topological insulators [139] and
Kitaev’s toric code [140] are examples for applications of Z2 LGTs.

The pure Z2 LGT was studied extensively, starting with Wegner back in the 1970th [22].
Z2 LGTs coupled to matter, on the other hand, were studied comparably less [134]. For
gapped matter degrees-of-freedom, phenomena at energies much below this energy gap
can be solved perturbatively by reducing the LGT coupled to matter to a pure LGT, for
which in many situations reliable results for the low-energy behavior can be calculated and
also the phase diagrams are typically well-known [134]. For a coupling to gapless bosonic
matter fields Fradkin und Shenker provided central insights into the phase diagram [141].
For a coupling to gapless fermionic matter fields, however, only little is known [134], even
though recently great progress was made promising further advances [48].

A Z2 LGT is a special case of the ZN LGT discussed in Sec. 1.3.3. The operators of the
Z2 group have only two eigenvalues, which are connected by a rotation of π. A possible
representation of the operators X̂ and Ẑ are the Pauli matrices τ̂

X̂ = τ̂x, Ẑ = τ̂z. (1.38)

Each of them needs to be a ladder operator for the other operators’ eigenstates. Let
the eigenstates of τ̂z be |±1〉 such that τ̂z |±1〉 = ± |±1〉. Then τ̂x is a cyclic (ladder)
operator on these eigenstates with τ̂x |±1〉 = |∓1〉. The eigenstates of τ̂x in this basis are
|±〉 = ( |+1〉 ± |−1〉)/

√
2. Applying τ̂z to these eigenstates verifies that it is also a cyclic

ladder operator as τ̂z |±〉 = |∓〉.

The Peierls phases of the Z2 group are θij = {0, π} with an additional global U(1) gauge
degree-of-freedom. The associated connection Û〈i,j〉 = eiθij can be represented by the
z-Pauli matrix τ̂z

〈i,j〉 on each link. Note that again the links are defined directional, i.e. from
left to right and bottom to top, which means traversing a link in the opposite direction
requires to take the link operator’s conjugate transpose. Here in the Z2 case, this seems
irrelevant as all operators can be chosen real. However, the global U(1) gauge degree-of-
freedom of the Z2 LGT appears only in this general formulation. As explained above, the
ladder operator of the connection can be interpreted as the electric field. Here, τ̂x

〈i,j〉 is the
ladder operator of the connection τ̂z

〈i,j〉 and therefore τ̂x
〈i,j〉 represents the Z2 electric field.

The pure Z2 LGT can then be constructed from magnetic and electric energy terms

ĤZ2 = −JB ∑
r

∏
〈i,j〉∈�r

τ̂z
〈i,j〉 − J f ∑

〈i,j〉
τ̂x
〈i,j〉 (1.39)
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1.3. From U(1) to Z2 lattice gauge theories

and a fermion field can be minimally coupled to this Z2 gauge field by associating the
motion of the fermions with a change in the electric field

Ĥm = −Ja ∑
〈i,j〉,σ

ĉ†
i,στ̂z
〈i,j〉 ĉj,σ + h.c.− µ ∑

i,σ
ĉ†

i,σ ĉi,σ. (1.40)

Here, �r is a plaquette with lower left site r. 〈i, j〉 denotes a link and ĉ†
i,σ is a fermionic

creation operator at site i with spin σ. JB and J f are the magnetic and electric field energy,
respectively, Ja is the matter hopping amplitude, and µ the chemical potential [48].

The Gauss’s law for the Z2 LGT is

Ĝj = (−1)n̂a
j ∏

i∈+j

τ̂x
〈i,j〉, (1.41)

where the product runs over all links connected to the site j, indicated by +j, and n̂a
i =

∑σ ĉ†
i,σ ĉi,σ. The Gauss’s law restricts every state evolution to a physical subspace of

the full Hilbert space. The operator Ĝj commutes on all sites with the Hamiltonian[
Ĝj, ĤZ2 + Ĥm

]
= 0. This leads to a set of locally conserved quantities {gj}. These locally

conserved set of quantities {gj} define each of the subspaces and can be interpreted as
background charges at the site where gj = −1. Typically, the physical subspace is chosen
to be the set without any background charges gj = +1 for all j. For this even sector a
sign-problem free analysis can be performed [48]. In the odd sector, where gj = −1 for
all j, such an analysis can only be performed for half-filling, due to an exact mapping
between the odd and the even sector [48].

21





2. Minimal instance for Z2 LGTs coupled to
matter

2.1. Z2 lattice gauge theories coupled to matter

2.1.1. Elementary ingredients

In this chapter, the focus lies on an intuitive understanding of the basic ingredients relevant
for a Z2 LGT as well as a possible implementation of these ingredients. It is instructive
to restrict the discussion to a simple 1D system. However, 1D LGTs do not provide
a magnetic plaquette term. An illustration of the elementary ingredients is shown in
Fig. 2.1. The considered extended one-dimensional model is captured by the following

+1-1

Gauss’s lawsymmetrylocalelectric field

gauge field

charge

Figure 2.1.: Basic ingredients of Z2 lattice gauge theories coupled to matter. Gray circles de-
scribe empty lattice sites and blue circles the lattice sites occupied by a Z2 charge; the lines between
the circles illustrate the links. The matter is encoded by a species, named a, that moves freely in
the lattice. The Z2 charge Q̂j = eiπn̂a

j (blue) is the parity of the site occupation of the matter species.
The Z2 gauge field τ̂z

〈j,j+1〉 is a two-valued degree-of-freedom on each link, which is illustrated
by a red circle around the right and left site corresponding to τz = ±1, respectively. This is
illustrated by the red circle either around the left or right site. The coupling of these two states
of the gauge field then describes the Z2 electric field energy τ̂x

〈j,j+1〉, which has two eigenvalues

τx = ±1 (thin and thick red lines). The local symmetry operator Ĝj connects the local charge with
the local electric-field environment. According to Gauss’s law the eigenvalues of Ĝj are conserved
quantities gj. The matter–gauge coupling occurs with strength Ja.
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2. Minimal instance for Z2 LGTs coupled to matter

Hamiltonian

ĤZ2 = −∑
j

(
Ja τ̂z
〈j,j+1〉 â

†
j âj+1 + h.c.

)
−∑

j
J f τ̂x
〈j,j+1〉, (2.1)

where â†
j creates a matter particle on lattice site j. The matter particle tunnels along

the chain with a tunneling rate Ja, while coupling to the local gauge-field degrees-of-
freedom. For Z2 LGTs, these local gauge-field degrees-of-freedom have two possible
states and are represented by Pauli operators τ̂〈j,j+1〉, which are defined on the links
between neighboring lattice sites. Figuratively speaking, this means that a spin-1/2 is
on each link, which represents the gauge field degree-of-freedom that interacts with the
matter. Depending on the state τ̂z

〈j,j+1〉 of this Z2 gauge field – up or down in the spin
picture – the tunnel process of the matter acquires a phase of {0, π}. Furthermore, a Z2

charge

Q̂j = eiπn̂a
j (2.2)

is associated with the matter field at every site j; it is given by the parity of the site
occupation n̂a

j = â†
j âj . In addition to the matter dynamics, which is locally coupled to the

gauge field, the second term in Eq. (2.1) introduces dynamics of the gauge field itself and
couples the two states with strength J f . In analogy to electrodynamics, this term J f τ̂x is
referred to as Z2 electric field (Sec. 1.3).

A special characteristic of LGTs is that they do not only fulfill global symmetries but are
also invariant under local gauge transformations. A local gauge transformation generator
for a Z2 LGTs is given by

Ĝj = Q̂j ∏
i∈+j

τ̂x
〈i,j〉, (2.3)

where ∏i∈+j
denotes the product over all links connected to the lattice site j. A Hamilto-

nian Ĥ preserves the gauge symmetry when it commutes with the gauge transformation
generator [

Ĥ, Ĝj
]
= 0 ∀j. (2.4)

In our model Hamiltonian Eq. (2.1), both terms commute with the gauge transformation
separately. For the matter–gauge interaction [first term in Eq. (2.1)], this becomes clear as
the term factorizes in the two anticommuting contributions τ̂x

〈j,j+1〉τ̂
z
〈j,j+1〉 = −τ̂z

〈j,j+1〉τ̂
x
〈j,j+1〉

and Q̂j â†
j âj+1 = −â†

j âj+1Q̂j; for the electric field energy, it is apparent because it only
contains the operator τ̂x. The fact that the Hamiltonian stays intact under these local
gauge transformations leads to locally conserved quantities. Therefore, the physical
Hilbert space H inherits the gauge invariance and separates into isolated sectors

H =
⊗
{gj}

H
(
{gj}

)
. (2.5)
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2.1. Z2 lattice gauge theories coupled to matter

Each sector is characterized by a set of eigenvalues {gj} of the gauge transformation
generator Ĝj [56]. These different sets of eigenvalues can be interpreted as different
configurations of static background charges placed on all sites with gj = −1. Note that the
dynamics cannot change these static charges and any physical state |ψ({gj})〉 ∈ H({gj})
remains in sector H({gj}). This is summarized by the generalized Gauss’s law

Ĝi
∣∣ψ ({gj}

)〉
= gi

∣∣ψ ({gj}
)〉

, (2.6)

which is at the heart of LGTs. The microscopic manifestation of Gauss’s law and the
consequences on the matter–gauge dynamics is discussed for the 1D model in the next
section.

2.1.2. Basic dynamics in 1D

Let the 1D model (2.1) be initially prepared in the eigenstate of the electric field operator
with τx = +1 on all links. Furthermore, a single matter particle is located on site j = 0.
Therefore, the locally conserved quantities are gj = +1 for all j 6= 0 and g0 = −1 at the
position of the matter particle. This initial state is illustrated in Fig. 2.2. When the matter
particle moves along the 1D chain, the electric field value changes on all traversed links
according to Gauss’s law. In the limit of vanishing electric field energy J f → 0, these
changes of the electric field value cost only a negligible amount of energy. Thus, the matter
particle can tunnel freely along the 1D chain. However, in the limit of finite electric field
energy J f 6= 0, tunneling of the matter particle is detuned because changes of the electric
field value have a finite energy cost. In consequence, the matter particle is confined to
the location of the static background charge at j = 0 because the energy of the system
increases linearly with the distance between the static charge and the matter particle in
this regime [134].

2.1.3. Minimal instance

The extended 1D model can be perceived as a chain of minimal instances exhibiting Z2

symmetry. Each of these minimal instances is comprised of two sites connected by a Z2

link. In the next section, an implementation of this double well with Z2 symmetry is
discussed; here the dynamics of the minimal instance is analyzed analytically. To this
end, we restrict the Hamiltonian (2.1) to two sites and denote the two sites by left (L) and
right (R). The Hamiltonian then reads

ĤZ2DW = −Ja τ̂z
(

â†
L âR + h.c.

)
− J f τ̂x. (2.7)
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Figure 2.2.: Basic dynamics of a 1D Z2 LGT. The dynamics according to the 1D model captured
by Hamiltonian (2.1) is illustrated and numerically analyzed using exact diagonalization on a
system with 13 sites. Gray circles indicate empty lattice sites and blue circles the lattice sites
occupied by a matter particle, here in fact the Z2 charge. The initial state for the dynamics is
a single matter particle at site j = 0 and the gauge field in the eigenstate of the electric field
operator τ̂x

〈j,j+1〉 = 1 on all links 〈j, j + 1〉. a Two possible consecutive tunneling processes of the
matter particle starting from the initial state are shown. In each tunneling process, the matter
particle tunnels a site to the right and according to Gauss’s law the electric field value changes,
here from +1 to −1 (thin and thick red lines). This is accompanied by an energy cost of 2J f . b A
quantum tunneling process realizes a superposition of all tunneling processes possible. Therefore,
the Z2 charge can be found with equal probability on either side of the cone (light blue circles).
Furthermore, the expectation value of the traversed links 〈τ̂x〉 is zero (links not displayed). The
dashed lines indicate the possible tunneling path of the particles. c Numerical results for the time
evolution of 〈Q̂〉 and 〈τ̂x〉 according to the 1D model for different values of J f /Ja.

To capture the matter–gauge interaction, a single matter particle is placed on the minimal
instance. The Hilbert space is four dimensional and can be represented by the basis states
|L,−1〉, |L,+1〉, |R,−1〉, and |R,+1〉, which are simultaneous eigenstates of the charge
and gauge-field operator τ̂z. The label before the comma indicates the site occupied by
the matter particle. The label after the comma shows the eigenvalue of the gauge-field
operator τ̂z. Note that in the case of a single matter particle, the Z2 charge is directly
carried by the matter particle. Using these basis states in the order as listed above, the
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Figure 2.3.: Ideal dynamics of the minimal instance. a Time evolution of the expectation value of
the Z2 charge 〈Q̂L〉 according to Eq. (2.9) for different J f /Ja = 0, 0.2, 1, 2. b Time evolution of the
expectation value of the Z2 gauge field 〈τ̂z〉 accoring to Eq. (2.10).

Hamiltonian in matrix form is

H̄Z2DW =


0 −J f +Ja 0
−J f 0 0 −Ja

+Ja 0 0 −J f

0 −Ja −J f 0

 . (2.8)

The time-evolution of the Hamiltonian is calculated by solving the time-independent
Schrödinger equation H̄Z2DW |n〉 = En |n〉 and then applying the time-evolution operator
to an initial state |ψinit〉. As already stated above, the initial state effectively defines
the sector in which the time evolution occurs according to Gauss’s law. In analogy to
the 1D model, we choose an initial state where the matter particle is localized to one
lattice site, the left site, and the gauge field is in an eigenstate of the electric-field operator
|ψinit〉 = ( |L,+1〉+ |L,−1〉)/

√
2. For this initial state, the locally conserved quantities

are gL = −1 and gR = +1. The resulting expectation value of the Z2 charge is initially
〈Q̂L〉init = −1 and oscillates according to

〈
Q̂L(t)

〉
= −

J2
f + J2

a cos
(

2t
√

J2
f + J2

a /h̄
)

J2
f + J2

a
, (2.9)

while the expectation value of the Z2 gauge field is

〈τ̂z(t)〉 = 0 (2.10)

for all times (Fig. 2.3). This general property of the dynamics is per se not nontrivial;
if the matter particle is not coupled to the gauge field, −Ja

(
â†

L âR + â†
R âL
)
− J f τ̂x, the

expectation value of the charge will also oscillate 〈Q̂L(t)〉 = − cos(2Jat/h̄), while the
expectation value of the gauge field is zero. However, the gauge–matter coupling has a
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2. Minimal instance for Z2 LGTs coupled to matter

strong influence on the oscillation amplitude and the oscillation frequency. The oscillation
amplitude is J2

a /(J2
a + J2

f ), i.e. it is 1 for J f = 0 and vanishes for J f → ∞. This behavior
can be intuitively understood from the Z2 ingredients: Gauss’s law forces a link, initially
in the eigenstate of the electric field operator with eigenvalue τx = +1, to change its
state to the eigenstate with eigenvalue τx = −1 when a matter particle traverses the
link. According to Hamiltonian (2.7), this process has an energy cost of 2J f . Thus, the
tunneling of the matter particle is detuned and is suppressed for large J f . For the same
reason, the oscillation frequency is initially 2Ja/h for J f = 0 and increases with J f , analog
to Rabi-oscillations.

2.2. Floquet implementation

2.2.1. Field-particle species representing the link degree-of-freedom

The minimal instance for Z2 LGTs consists of two sites connected by a link that has a Z2

degree-of-freedom (Sec. 2.1.3). Following the proposal [62], this gauge-field degree-of-
freedom can be implemented using a particle that lives only on the sites that belong to
the link. This field particle, referred to as f -particle, strongly interacts with the species
representing the matter particle a. The gauge–matter coupling is then introduced by
periodic modulation [69, 99, 101, 142] of the on-site energy at a frequency that matches
the inter-species on-site interaction energy [72–78]. The resulting effective Floquet model
realizes the minimal instance. Before presenting the implementation in detail, a short
review of multiphoton processes in a periodically-driven two-site potential is presented,
as it is the foundation of the implemented Floquet scheme.

2.2.2. Multiphoton processes in a periodically-driven two-site potential

The dynamics of time-periodic systems can be described by an effective Hamiltonian ĤF

at stroboscopic time points, which are multiples of the system’s driving period. This
effective Floquet model can be described by a series expansion of time-independent terms
in powers of 1/ω [101, 142]. The series can be truncated to lowest order in the high
frequency limit ω → ∞. Here, the effective Floquet Hamiltonian of a periodically-driven
two-site potential occupied by a single particle is introduced. The renormalization of the
tunnel coupling and the dependence of the tunnel phase on the modulation amplitude
and phase as well as the sign of the energy offset between neighboring sites is derived
to lowest order in the high-frequency expansion. This basic example provides a good
intuition in order to understand the implementation of the Z2 minimal instance.
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2.2. Floquet implementation

The Hamiltonian is written in the |L〉 and |R〉 basis indicating that the particle occupies
the left or right site of the double well, respectively:

Ĥ1P(t) = −J′ (|L〉 〈R|+ |R〉 〈L|) + {∆ + A cos(ωt + φ)} |L〉 〈L| . (2.11)

Here, J′ is the bare single-particle tunneling rate, ∆ the energy offset between neighboring
sites, A the modulation amplitude, ω the modulation frequency, and φ the modulation
phase. Following references [69, 101], the infinite frequency limit of the effective Hamil-
tonian is calculated. This limit is equivalent to the lowest (zeroth) order of the Floquet
expansion. To this end, a unitary transformation |ψ〉 → |ψ′〉 = R̂(t) |ψ〉 is chosen such
that the new transformed Hamiltonian does not contain divergent terms in the high-fre-
quency limit:

Ĥ(t) = R̂Ĥ(t)R̂† − iR̂∂tR̂† = ∑
k∈Z

Ĥ(k)eikωt. (2.12)

Furthermore, the transformed Hamiltonian is expressed in a series of time-independent
components Ĥ(k). These components can be used to calculate the lowest orders of the
Floquet Hamiltonian:

ĤF = Ĥ(0) +
1

h̄ω ∑
k>0

1
k

[
Ĥ(+k), Ĥ(−k)

]
+O

(
1

ω2

)
. (2.13)

A suitable transformation R̂ for the time-dependent model (2.11) is

R̂ = exp
{

i∆t |L〉 〈L|+ iA
h̄ω

sin(ωt + φ) |L〉 〈L|
}

. (2.14)

In the high-frequency limit and for resonant driving ∆ = νh̄ω with ν ∈ Z, the Fourier
components of the Floquet expansion are

Ĥ(k)
1P = −J′

{
J−k−ν(χ) ei(k+ν)φ |R〉 〈L|+ J+k−ν(χ) ei(k−ν)φ |L〉 〈R|

}
(2.15)

using the expression in Eq. (2.12) and the transformation (2.14). The symbol Jν(χ) refers to
the νth order Bessel function of the first kind and χ = A/h̄ω is the dimensionless driving
strength. The zeroth order (k = 0) of the Fourier components directly corresponds to the
infinite-frequency Floquet Hamiltonian according to Eq. (2.13). The infinite-frequency
Floquet Hamiltonian for the time-periodic model captured by Eq. (2.11) is then

ĤF,1P = J̃ν eiϕ |R〉 〈L|+ h.c. (2.16)

It is worth noting that the detuning ∆ between neighboring sites vanishes in the effective
model. However, the ratio of the detuning to the driving frequency ν = ∆/h̄ω has a critical
influence. The tunnel coupling is renormalized to J̃ν = J′ |Jν(χ)| and the tunneling process
is associated with a tunneling phase1 ϕ = ν φ (+π for odd positive ν). The tunneling

1A formal representation would be ϕ = [(ν/|ν|)− 1](−1)νπ/2 + ν φ.
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Floquet model

Figure 2.4.: Illustration of multiphoton processes in a periodically-driven double well. A dou-
ble-well potential with energy offset ∆ = ν ∆ω, where ∆ω = h̄ω, is periodically-driven at a
frequency ω. The driving modulates the on-site energy of the left site VL = A cos(ωt + φ) with an
amplitude A and a driving phase φ. The different illustrated processes can be interpreted such
that the particle absorbs ν photons from the drive during a hopping process to conserve energy.
In an effective Floquet picture, the energy difference between neighboring sites is therefore zero.
However, the tunneling is renormalized by the νth order Bessel function of the first kind Jν(χ) in
dependence on the dimensionless driving strength χ = A/h̄ω.

phase depends on the phase of the modulation and has a π-shift depending on the sign
of the tilt ∆ for odd ν. This π-shift has its origin in the anti-symmetry of the Bessel-
function with odd order: J−ν(χ) = (−1)νJν(χ). Fig. 2.4 illustrates the corresponding
time-dependent and effective models. In Sec. 3.1.3, a measurement of the renormalization
of the tunneling rate is presented for ν = {0, 1, 2}.

2.2.3. Matter–gauge coupling

The multi-photon processes introduced in the previous section are the basis of the im-
plementation of the minimal instance for Z2 LGTs. In this minimal instance, a matter
particle is coupled to a Z2 gauge-field degree-of-freedom. In this implementation the
gauge field is realized using exactly one additional particle f per link, which can occupy
either the left or right site of the minimal instance. These two configurations directly
represent the two values of the gauge-field τz. First, a static value of the gauge field or
simply a localized f -particle is assumed. This is sufficient to understand the effective
matter–gauge coupling. For the matter particles a, a lattice potential without an energy
offset between neighboring sites is considered. The a- and f -particles interact via a strong
on-site Hubbard interaction U. In addition, a periodic modulation of the left site’s on-site
energy is applied, which is experienced equally by both species. Then, the time-dependent
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2.2. Floquet implementation

Hamiltonian is

Ĥa(t) = −J
(

â†
R âL + â†

L âR

)
+ U ∑

j={L,R}
n̂a

j n̂ f
j + A cos(ωt + φ)n̂a

L, (2.17)

where J is the tunneling rate, â†
j creates an a-particle on site j, n̂a

j is the number operator, A
is the modulation amplitude, h̄ω is the resonant driving frequency, and φ the modulation
phase. Depending on the f -particle’s position, the relative on-site energy difference
between neighboring sites for the a-particles becomes either ±U (Fig. 2.5). This density-
dependent sign change is the essential ingredient leading to the coupling between the
matter and the gauge field. In the limit U � J and A = 0, tunneling of the a-particles is
suppressed. However, it can be restored by resonant driving with h̄ω ≈ U. Analog to the
multiphoton processes described above, the tunneling rate is renormalized in the effective
Floquet Hamiltonian and gains a tunneling phase of ϕ. The zeroth order effective model
is

Ĥa
eff = − J̃aeiϕ â†

R âL + h.c. (2.18)

with the renormalized tunneling rate J̃a = J|J±1(χ)|, which is independent of the f -
particle’s position. However, the phase ϕ depends explicitly on the f -particle’s position
and is

ϕ =
π

2
+
(

n̂ f
L − n̂ f

R

) (
φ− π

2

)
. (2.19)

When defining the link variable τ̂z ≡ n̂ f
R − n̂ f

L and choosing the modulation phase φ = 0,
the gauge–matter coupling becomes explicit:

Ĥa
eff = −Jaτ̂z â†

R âL + h.c. (2.20)

2.2.4. Gauge field dynamics

In order to analyze the gauge field dynamics, the matter particle a is first kept localized,
while the f -particle is allowed to tunnel. If identical potentials for the a- and f -particles
were chosen, for symmetry reasons the result would be the same effective Hamiltonian.
However, to realize the minimal instance, it is required that no a-particle-dependent phase
is associated with tunneling of the f -particle. Note that in general the motion of the
f -particle should be fully independent of the position of the a-particles. It is therefore
not possible to use the same potentials for a- and f -particles as the f -particle would
acquire a π-phase depending on the a-particle’s position. To break this symmetry, a
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2. Minimal instance for Z2 LGTs coupled to matter

Figure 2.5.: Implementation of the matter–gauge coupling. The gauge field is implemented by a
second particle species, the f -particles (red). The gauge field can have two possible values τz = ±1.
These values are encoded by the f -particle’s position τ̂z = n̂ f

R− n̂ f
L, where left and right correspond

to +1 and −1, respectively. The matter–gauge coupling requires that the matter tunneling is
associated with a phase of {0, π} in dependence of the f -particle’s position τ̂z â†

L âR + h.c. Thus,
the tunnel couplings for the matter particle (a-particle, blue) are analyzed. The double well has no
on-site energy shift between neighboring sites and a- and f -particles interact via strong on-site
interactions. Therefore, the f -particle introduces an effective on-site energy difference between
neighboring sites. Resonant driving with a frequency of h̄ω = U leads to an effective Floquet
model in the high-frequency limit realizing the matter–gauge coupling.

species-dependent energy-offset between the sites is introduced for the f -particles. The
time-dependent Hamiltonian is then

Ĥ f (t) = −J′
(

f̂ †
R f̂L + f̂ †

L f̂R

)
+ U ∑

j={L,R}
n̂a

j n̂ f
j + ∆ f n̂ f

L + A cos(ωt + φ)n̂ f
L, (2.21)

where f †
j creates an f -particle on site j. The relative on-site energy difference between

neighboring sites for the f -particle becomes now ∆ f ±U (Fig. 2.6). For ∆ f ≡ U both
processes are resonant in the high-frequency limit for a driving with frequency ω. The
tunnel coupling is renormalized by the zeroth- J0(χ) and second-order Bessel function
J2(χ) according to the derived multiphoton processes because the energy offset is either
zero or twice the driving frequency. It is important to recognize that the tunneling is not
associated with a density-dependent π-shift because ν has the same sign and is even for
both processes. Nevertheless, the two-photon process ν = 2 inherits twice the modulation
phase ϕ = 2φ. Thus, a modulation phase of φ = 0 or π is required and the effective model
in the high-frequency limit reduces to

Ĥ f
eff = − Ĵ f

(
f̂ †
R f̂L + f̂ †

L f̂R

)
= − Ĵ f τ̂x, (2.22)

where Ĵ f is operator-valued and depends on the a-particle configuration

Ĵ f = JJ0(χ) n̂a
L + JJ2(χ) n̂a

R. (2.23)

Simply combining the two processes described by Ĥa
eff and Ĥ f

eff, already constitutes a Z2-
symmetric minimal instance. However, the f -particle tunneling rate depends in general
on the position of the a-particle. This complication can be avoided by choosing the driving
strength χ0 ' 1.84 such that J0(χ0) = J2(χ0).
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2.2. Floquet implementation

Figure 2.6.: Implementation of the gauge-field dynamics. The gauge-field particle dynamics (red)
is presented for fixed positions of the matter particle (blue). In contrast to the configuration for the
matter particle, an energy offset between neighboring sites of size U is introduced. This additional
species-dependent tilt breaks the symmetry between the a- and the f -particles. Again looking at
the effect of the energy offsets between neighboring sites taking the on-site interaction into account
reveals two possible coupling processes: a zero and a two-photon transition. Here, the tunneling
rate is renormalized differently depending on the two a-particle configurations but the tunneling
phase is ϕ = 0 for φ = 0 (Eq. 2.15).

2.2.5. Time-dependent and effective Hamiltonian

So far, the processes for a- and f -particles are treated separately. Here, the processes are
combined and the time-dependent and effective Hamiltonian of the scheme for realizing
a minimal instance of Z2 LGTs are summarized. A detailed derivation including higher
order terms can be found in Sec. A. The assumptions are strong inter-species on-site
interactions U � J and a resonant periodic driving h̄ω ≈ U. The resulting time-dependent
Hamiltonian is

Ĥ(t) =− J
(

â†
R âL + f̂ †

R f̂L + h.c.
)
+ U ∑

j={L,R}
n̂a

j n̂ f
j + ∆ f n̂ f

L

+ A cos(ωt + φ)
(

n̂a
L + n̂ f

L

)
.

(2.24)

In the high-frequency limit U/J � 1 and for φ = 0, the lowest order of the effective
Floquet Hamiltonian takes the form

Ĥeff = −Jaτ̂z
(

â†
R âL + â†

L âR

)
− Ĵ f τ̂x, (2.25)

where the a-particle position dependence vanishes for a specific driving strength, e.g.
χ0 = 1.84. In conclusion, this scheme realizes a minimal instance for Z2 LGTs.
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3. Experimental realization and
measurements

3.1. Experimental realization and calibrations

3.1.1. Setup with modulation lattice

To realize the two-site model with Z2-symmetry, ultracold 87Rb atoms are employed in a
3D optical lattice. The lattice consists of three mutually orthogonal standing waves with
wavelength λs = 767 nm. To create the superlattice along the x-direction, an additional
long period lattice with λl = 2λs is superimposed. The resulting potential is

VSL(x) = Vx,s cos2(ksx) + Vx,l cos2(klx + ϕSL), (3.1)

where Vx,µ denotes the lattice depth and kµ = 2π/λµ the wave number with µ ∈ {s, l}. A
description of the experimental apparatus can be found in Refs. [143–146]. As required by
the scheme for the implementation of the minimal instance, the on-site potential needs
to be modulated at frequency h̄ω ≈ U in an amplitude- and especially phase-controlled
fashion. Therefore, an additional modulation lattice with wavelength λl is overlaid with
a relative phase such that the potential maxima affect only one of the double-well sites
(Fig. 3.1 a). The combined potential is then

V(x) = VSL(x) + Vmod cos2(klx− π/4), (3.2)

with Vmod the lattice depth of the modulation lattice. The time-dependent modulation of
the on-site potential can then be introduced by modulating the amplitude of the modula-
tion lattice Vmod = V(0)

mod + Amod cos(ωt + φ) around a mean value V(0)
mod. However, this

lattice introduces only a positive energy-offset and therefore generates a mean tilt ∆(V(0)
mod).

This mean tilt can be compensated by applying a suitable static superlattice phase ϕSL.

Moreover, the implementation requires two species and an additional species-dependent
energy offset ∆ f = U. In the experiment, these two species are realized by 87Rb atoms in
the hyperfine states |F = 1, mF = ±1〉. They represent the f - and a-particles, respectively.
These states have opposite magnetic moments and experience opposite energy offsets ∆M
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a-particles

f-particles

c

ba

Figure 3.1.: Modulation lattice and gradient. a Superimposing a short- (blue) and a long- (red)
period lattice with wavelengths λs and λl = 2λs forms a superlattice potential (black). Depending
on the relative phase ϕSL, an energy offset between neighboring sites can be introduced (black
dashed line). In addition, a second lattice with wavelength λl is superimposed with a relative
phase of ϕmod = −π/4 such that the on-site energy of the left double-well site can be modified by
a change in the modulation lattice depth Vmod [Eq. (3.2)]. This is illustrated by the red and gray
shadings. b Illustration of the potentials in presence of a magnetic gradient for atoms in the F = 1
manifold. c Combining the magnetic gradient with a static superlattice tilt allows for a symmetric
potential, e.g. for the a-particles.

in response to a magnetic gradient, thus ∆a
M = −∆ f

M (Fig. 3.1 b). The implementation
requires a zero tilt for a-particles. This can be achieved by an additional species-indepen-
dent tilt ∆SL from the superlattice, such that it compensates the tilt ∆a

M = −∆SL for the
a-particles. The energy offset between neighboring sites for the f -particle is therefore the
sum of both contributions ∆ f = ∆ f

M + ∆SL (Fig. 3.1 c).

3.1.2. Detection and inhomogeneous tilt distribution

For the detection of the average local site occupation, site-resolved band mapping is
used [6, 147]. Atoms on the left (right) site of each double well are thereby transferred to
the first (third) energy level of the long-period lattice. The atom numbers NL(R) on the
left (right) site are determined after a band-mapping sequence from absorption images.
Thereafter the average site imbalance I = (NR − NL) / (NL + NR) can be calculated based
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Figure 3.2.: Inhomogeneous tilt distribution. a Illustration of a superlattice potential on top of
a harmonic trapping potential. The magnitude of the tilts δn between neighboring sites on the
double wells linearly increases from the center towards at the edge of the cloud. In the experiment,
a 3D cloud of atoms is trapped and the illustrated 1D superlattice represents a single instance out
of the full 3D array. Due to the typically ellipsoidal shape of the cloud, each 1D system contains a
different number of atoms. Therefore, each tilt δn appears with a different probability of occurrence.
b A simple model assumes a spherical cloud with a radius of 16 double wells. The tilts then
increase linearly as a function of the lattice site position (top). The probability of occurrence with
which each tilt occurs is shown below. This model makes a number of assumptions especially on
the cloud shape and allows only 39 different tilt values, which is experimentally unsubstantiated.
Thus, the tilt distribution is modeled by a simple normal distribution, which only depends on a
single parameter, i.e. the standard deviation ∆σ (solid line).

on these atom numbers [6, 147]. By combining this technique with a Stern-Gerlach experi-
ment, atoms in hyperfine-states with different magnetic moments can be distinguished [4].
Hence, the imbalance of a- and f -particles can be determined separately.

This measurement method only characterizes ensemble quantities; an average over all
realization of double wells. As already explained, the atoms are loaded into a 3D optical
lattice. For deep transverse lattices and suitable superlattice parameters, a 3D array of
isolated double wells can thereby be generated. This array should ideally consist of many
replicas of the same double well. However, the harmonic trapping potential and beam
intensity variations alter the double wells significantly. The main contributions are varying
energy offsets between the two double-well sites. The energy offsets introduced by a
harmonic confinement can be directly modeled because the value of the energy offset
linearly increases with the distance of the double well from the trap center projected onto
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the superlattice axis. To apply this model, accurate knowledge of the density distribution
of the atoms is required and all other effects besides the harmonic trapping potential, e.g.
through misalignment of the lattice beams and mismatched beam wastes, are ignored. In
the experimental apparatus, neither the density distribution nor the individual tilts can
be determined accurately. Therefore, an a priori model for the tilt distribution is chosen,
which assumes that the energy offsets δn are normally distributed according to

G∆(δ) =
1√

2π∆2
σ

e
− δ2

2∆2
σ (3.3)

with a standard deviation ∆σ. Figure 3.2 shows a comparison of the models for a spherical
density distribution.

3.1.3. Multiphoton processes

The measurement of the tunneling dynamics and renormalization of the tunnel coupling
of a single particle in a periodically-driven double-well potential was a first test of the
modulation–lattice setup. Furthermore, it was used to characterize the modulation ampli-
tude. Similar measurements have been performed in other experiments on a variety of
platforms [74, 148–153].

The experimental sequence starts by loading atoms in the |F = 1, mF = −1〉 state into
the 3D optical lattice by performing an exponentially increasing ramp. Along the x-
direction, only the long-period lattice is switched on. Then, a filtering sequence is used
to remove atoms on doubly-occupied sites by light-assisted collisions [154–156] during
temporal transfer to the |F = 2, mF = −1〉 state. Now, the static part of the modulation
lattice is turned on. Simultaneously, the superlattice phase φSL is set to a value such that,
together with the modulation lattice, a tilt ∆ � J′ would be present. The particle then
localizes to the low-energy site in the subsequent splitting of the long-period with the
short-period lattice. The tilt of the double wells is then non-adiabatically changed to the
final energy offset ∆ν between the two sites. This energy offset is set to be resonant with the
multiphoton processes for driving with a constant frequency ω. Now the time-evolution
is initialized by rapidly coupling the double-well sites and the modulation is started
with a frequency ω = 2π × 4122 Hz. The lattice parameters during time evolution are
Vx,l = 35 Er,l, Vx,s = 9.5 Er,s, and V(0)

mod = 15 Er,l. The sequence was repeated for different
evolution times as well as a set of modulation amplitudes for ν = {0, 1, 2}. For detection,
the motion of the atoms was frozen by increasing the short lattice depth Vx,s = 40 Er,s.
Then, the site imbalance was determined from site-resolved band mapping images [6,
147].
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The measurements are conducted for resonant driving at constant driving frequencies for
all ν-values. The value of the driving frequency is not deep in the high-frequency limit,
which means J is not negligible compared to h̄ω. Therefore, a correction to the resonance
condition for ν 6= 0 occurs and the resonant tilt is

∆ν =
√
(νh̄ω)2 − 4J2. (3.4)

To experimentally account for this correction, ∆ν was determined by a spectroscopic
measurement by varying the energy offset at constant driving frequency.

Finally, the oscillation frequency of each imbalance time trace was determined to extract
the tunneling rate. To determine this oscillation frequency accurately, the inhomogeneous
tilt distribution of the 3D array of double wells needs to be taken into account. As
introduced before, the tilts δn are assumed to be normally distributed according to Eq.
(3.3). Taking this into account, the renormalized tunneling rates J̃ν are extracted by fitting
an average of S = 10 sinusoidal functions

Iν(t) =
IA

S

S

∑
n=1

sin
(√

δ2
n + 4 J̃2

ν t/h̄ + ζ

)
+ I0 (3.5)

to the data. Here, δn is a random sample of the tilt distribution, J̃ν = J′νJν(χ) is the
renormalized tunneling coupling, ζ is an initial phase due to the finite initialization ramp
time, IA is the oscillation amplitude, and I0 the imbalance offset of the oscillation. For
these fits, the five parameters J̃ν, ∆σ, ζ, IA, and I0 are kept free and the confidence intervals
are estimated by a bootstrap of 1000 repetitions. These repetitions use different sets of
{δn}, a Gaussian error in the imbalance detection with standard deviation of 0.05 and
randomly-guessed fit start values for J̃ν. In the right panel of Fig. 3.3 exemplary time
traces for the dimensionless driving amplitude χP = 1.28 are shown.

To extract the renormalization coefficient J̃ν/ J̃′ν, the respective bare tunnel coupling
strength J′ν needs to be known. J′ν is calculated from the respective double-well Wannier
functions on the calibrated lattice parameters. The results J′0/h = 490 Hz, J′1/h = 520 Hz,
and J′2/h = 563 Hz slightly differ for the three data sets ν = {0, 1, 2}. With these values,
the renormalizations are calculated and illustrated in Fig. 3.3. The data points and error
bars show the median and the 1σ-confidence interval from the bootstrap analysis.

The dimensionless diving strength χ = A/h̄ω can be calculated by converting the modula-
tion lattice amplitude Vmod into an on-site potential amplitude Amod. This method leads to
systematically too small driving amplitudes compared to the detected results. To this end,
a conversion factor α for the driving amplitude A = αAmod was calibrated by a fit of the
zeroth-order Bessel function J0(αfitAmod/h̄ω) to the experimental results for ν = 0. The
fitted conversion factor is αfit = 1.09(2). It is consistent over independent measurements.
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Figure 3.3.: Measured renormalization of the tunneling of a driven double well. a The tunnel
coupling for ν-photon processes, ν = {0, 1, 2}, with a driving frequency ω = 2π × 4122 Hz was
measured by detecting the oscillation frequency of imbalance oscillations for various driving
strengths χ. The measured scaling of the tunneling rate matches well with the expected Bessel-type
behavior Jν(χ) (solid lines) after calibrating the driving strength and including the respective
bare tunneling rates J′0/h = 490 Hz, J′1/h = 520 Hz, and J′2/h = 563 Hz. The driving strength was
calibrated by a fit of J0(χ) to the data, as the zero-photon process is insensitive to inaccuracies in
the driving frequency. b Imbalance time traces I(t) are fitted with averaged sinusoidal functions
taking into account different tilts from the inhomogeneous tilt distributions (solid black lines).
Exemplary traces are shown for χP = 1.28 (dashed vertical line, a). The error bars and the gray
shading are the 1σ-confidence interval obtained from a bootstrap analysis of 1000 repetitions. The
point, where J0(χ0) = J2(χ0) was identified and marked by a solid gray vertical line.

This deviation is most likely attributed to the non-linear behavior of ∆(Vmod) [Fig. 3.4]. In
addition, the value of the bare tunnel coupling J′ν(Vmod) depends on the modulation lattice
depth during one driving period and may contribute to these corrections. The described
effects are especially important for large values of the modulation lattice Vmod ∼ Vx,l , as it
changes not only the on-site potential but also the overall shape of the potential.

3.1.4. Tight-binding description

In the experiment, a superlattice potential of the form (3.1) is realized. The dynamics in
such a potential is implicitly assumed to be captured by simple tight-binding models.
These models typically include nearest neighbor tunneling J and on-site interactions U. For
bosons, this results in the well-known Bose-Hubbard model [157]. However, for interacting
particles in lattice potentials, additional processes can become relevant leading to the
so-called extended Bose-Hubbard model [158]. Here, the full tight-binding description for
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the parameters used to realize the minimal instance is presented including the relevant
terms of the extended Bose-Hubbard model.

To define a tight-binding lattice model, localized wave functions need to be defined on
each lattice site. Such maximally localized wave functions are called Wannier func-
tions w(r). These functions can be calculated e.g. according to [159] and the tight-
binding parameters can then be defined with these Wannier functions. The tunnel
coupling between neighboring sites scales as the overlap of the Wannier functions on
the two sites J′ = −

´
w∗L(r)H(r)wR(r)dr3 and the on-site interaction energy scales as

the overlap of the on-site particle densities U = g
´
|w(r)|4 dr3. Here, the effective in-

teraction strength is g = 4πh̄2as/m, with as being the s-wave scattering length and
m the mass. The extended Bose-Hubbard model additionally takes into account that
densities from neighboring lattice sites overlap as well. This overlap leads to near-
est-neighbor interactions uLR = g

´
|wL(r)|2|wR(r)|2 dr3 and density-assisted tunneling

δj = g
´

w∗2L (r)wL(r)wR(r)dr3, which modifies the tunnel matrix element J = J′ + δj.
Furthermore, two-particle hopping processes arise with a strength uLR, where either two
particles on the same site simultaneously tunnel to the neighboring site, or two particles
on neighboring lattice sites exchange their positions.

Now, a tight-binding model can be formulated for the minimal instance for Z2 LGTs.
The realization of the minimal instance consists of two particles with opposite magnetic
moment in an optical superlattice overlapped with an additional modulation lattice. The
modulation lattice generates the time-dependent on-site energies. In addition, a magnetic
field gradient is applied to break the symmetry between a- and f -particles. Taking into
account the extended Bose-Hubbard parameters, the time-dependent, tight-binding model
is

H(t) =− J
(
|RL〉 〈LL|+ |RR〉 〈LR|+ |RR〉 〈RL|+ |LR〉 〈LL|+ h.c.

)
+ U

(
|LL〉 〈LL|+ |RR〉 〈RR|

)
+ A cos(ωt + φ)

(
2 |LL〉 〈LL|+ |LR〉 〈LR|+ |RL〉 〈RL|

)
+ ∆SL

(
2 |LL〉 〈LL|+ |LR〉 〈LR|+ |RL〉 〈RL|

)
+ ∆M

(
− |LR〉 〈LR|+ |RL〉 〈RL|

)
+ uLR

(
|LL〉 〈RR|+ |LR〉 〈RL|+ |RR〉 〈LL|+ |RL〉 〈LR|

+ |LR〉 〈LR|+ |RL〉 〈RL|
)
.

(3.6)

Here, the states are labeled by the site the matter particle-a occupies followed by the
site the gauge field particle- f occupies. For simplicity, all parameters are assumed to be
independent of the modulation lattice depth during periodic driving with A cos(ωt + φ).
which greatly simplifies the model. This is a reasonable assumption as the dependence
has only little impact on the dynamics compared to other processes e.g. induced by inho-
mogeneities, which was confirmed by a numerical analysis. In Fig. 3.4, the dependence of
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Figure 3.4.: Tight-binding parameter dependence on the modulation lattice depth. Numeric
calculation of the tight-binding parameters for Vx,s = 9.5 Er,s, Vx,l = 35 Er,l, ϕSL = −0.364π, and

V(0)
mod = 15 Er,l. a The energy offset between neighboring sites ∆ and its deviation between from

a linear expansion around Vmod = V(0)
mod. b Nearest-neighbor tunneling rate J′ and the deviation

of the density-assisted tunneling δj to δ
(0)
j /h = δj(V

(0)
mod)/h = 66 Hz. c Deviation of the on-site

interaction energy on the left and right site to the mean interaction energy at V(0)
mod as well as the

deviation of the extended Bose-Hubbard parameter uLR to u(0)
LR /h = uLR(V

(0)
mod)/h = 19 Hz.

the parameters on the modulation depth are summarized. The tight-binding model (3.6)
only realizes the Z2 minimal instance for very specific sets of parameters. Therefore, the
parameters need to be calibrated accurately to fulfill the desired criteria. This calibration
procedure is discussed in the next section.

3.1.5. Parameter calibrations

The calibration procedure starts with the verification of the superlattice-potential depths.
To this end, the bare tunneling rate in a symmetric double-well potential is measured. A
single particle is loaded in each double well and localized to one site, e.g. the left site.
The loading sequence is analog to the loading sequence to determine the multiphoton
processes (Sec. 3.1.3). Then, the energy offset between neighboring sites is removed non-
adiabatically by tuning ϕSL = 0. The new eigenstates of this symmetric double well
are now |±〉 = ( |L〉 ± |R〉)/

√
2. The two sites are coupled with tunneling rate J′ by

rapidly decreasing the short lattice depth. Then, the site imbalance starts to oscillate. The
oscillation frequency is given by the eigenenergy difference ∆E± = 2J′. Thus, J′ can be
extracted from a frequency fit to the imbalance oscillation (Fig. 3.5).

The averaging effect introduced by the inhomogeneous tilt distribution in the 3D array
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Figure 3.5.: Superlattice calibration. The lattice depth of the short- and long-period lattice creating
the superlattice potential are individually calibrated using parametric lattice modulation spec-
troscopy. To further test this calibration, the frequency of imbalance oscillations is measured for the
experimental parameters Vx,s = 9.5 Er,s and Vx,l = 35 Er,l. a Illustration of the eigenfunctions |±〉
(red, blue) on a symmetric double well. On the left side in gray, a localized Wannier function
is illustrated. It is the initial state for the bare tunneling oscillations. b Measured imbalance
oscillation I = (NL − NR)/(NL + NR), where NL and NR are the site occupations on the left and
right site, respectively. c Calculation of the tunneling rate on the short- and long-period lattice
depth. The method is sensitive to changes in both parameters. The measurement in b leads to
Vx,s = 9.50(1) Er,s for the assumption that Vx,l = 35 Er,l.

of double wells leads to an increase of the detected frequency as the energy difference
between neighboring sites scales with ∆E±(δ) =

√
δ2 + 4J′2 > 2J′. Therefore, it is essential

to take this effect into account by modeling average time traces including a distribution of
energy offsets between neighboring sites. The average time trace consist of 256 double
wells with randomly sampled tilts δn according to the Gaussian distribution Eq. (3.3). The
median values of these imbalance time traces are fitted by a least-square method to the
measured data. The fit result reproduces exactly the tunneling rate expected from the
corresponding lattice depth calculated via the Wannier functions, or inversely leads to
Vx = 9.50(1)Er,s. Moreover, this fit leads to an estimate for the standard deviation of the
Gaussian-assumed tilt distribution of ∆σ/h = 0.44(4) kHz.

The next step in the calibration procedure is to determine the value of the interaction
strength U. The interaction strength is very sensitive to the exact shape of the lattice
potential. Thus, it is important to measure U in a lattice configuration as similar as
possible to the final lattice configuration. An adequate technique to measure U is the
determination of the superexchange oscillation frequency of two distinguishable particles
on the double well. It is clear that directly using the final a- and f -particle configuration
for the Z2 minimal instance will not work, as only the a-particle experiences a zero-
energy offset between neighboring sites, while the f -particle experiences a tilt ∆ f . The
resulting superexchange oscillations would therefore be strongly detuned because of the
opposite magnetic moment of a- and f -particles. Using a microwave-driven adiabatic
passage transferring the f -particles from |F = 1, mF = +1〉 state to f ′-particles in the
|F = 2, mF = +1〉 state in the F = 2 manifold reverses the magnetic moment and makes it
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Figure 3.6.: Calibration of the interaction energy. a The superexchange is a second-order process,
where two distinguishable particles exchange their position. The two required tunneling pro-
cesses J′ connect the initial and final configuration via an intermediate state, where both particles
occupy the same lattice site. During this intermediate state, the particles interact with each other.
The coupling between the initial and final state therefore depends on the interaction energy U. b
Numerical calculation of the coupling strength as a function of U/J′. The energy gap between
the first and second eigenstate, which in fact defines the exchange coupling, is shown in black.
The gray line shows the scaling 2J′2/U, which is accurate for large U/J′. c Measurement of the
superexchange oscillations for atoms in the |F = 1, mF = −1〉 and |F = 2, mF = +1〉 states. Only
atoms in the F = 2 manifold are imaged using F-state selective imaging. The resulting interaction
energy is U/h = 3.85(7) kHz.

equal to the magnetic moment of the a-particle. Now, both tilts are equal. This allows for
a measurement using superexchange oscillations (Fig. 3.6). To this end, a- and f ′-particles
are localized to the left and right site of the double well, respectively, and the dynamics is
started by coupling the two sites. Then, the f ′-particle imbalance is detected by F-selective
imaging. By numerically calculating the time evolution of the imbalance from the two-site,
two-particle extended Bose-Hubbard model for a known tunneling-rate J′ in this lattice
configuration, the oscillation can be matched by fitting the interaction energy U. The
tunneling J′ in this configuration can be simply measured by observing bare single-particle
oscillations of a single a-particle. The resulting interaction energy for the superlattice
parameters Vx,l = 35 Er,l, Vx,s = 9.5 Er,s and V(0)

mod = 15 Er,l is U = 3.85(7) kHz.

After calibrating of the interaction energy, the species-dependent tilt ∆ f needs to be
matched. In this context, also the sequence for determining the symmetric double well for
the a-particles is introduced. As described above, the effective tilt for f - and a-particles
∆ f ,a = ∆SL±∆M are composed of the superlattice tilt and the contribution of the magnetic
gradient. For the f -particle, both contributions add to ∆ f = ∆SL + ∆M, while they subtract
∆a = ∆SL − ∆M for the a-particles. The scheme requires ∆a = 0 and thus ∆SL = ∆M. This
condition can be realized by performing an adiabatic splitting experiment for a single
a-particle. To this end, the ground state of the double well is prepared, the tunnel coupling
between the sites is adiabatically lowered, and the site imbalance is detected. A symmetric
site-imbalance indicates zero tilt ∆a = 0. The tilt ∆ f now needs to be matched with the
interaction energy U. Therefore, a modulation spectroscopy is performed with a single
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Figure 3.7.: Calibration of the modulation lattice. The superlattice parameters for all measure-
ments are Vx,s = 9.50(1) Er,s and Vx,l = 35(1) Er,l. a Spectroscopic measurement of the species-
dependent tilt ∆ f = ∆SL + ∆M. The resonance is found at ω = 2π × 4.32(2) kHz with a single
f -particle. b On top of the otherwise symmetrically chosen double well with ϕSL = 0, the
mean modulation lattice depth V(0)

mod = 15.0(2) Er,l induces a tilt. A resonance can be found at
ωmod = 2π × 12.23(2) kHz with a spectroscopic measurement by modulating the modulation
lattice depth, allowing for a calibration of the mean modulation lattice depth. c In addition to the
superlattice, the modulation lattice V(0)

mod = 15.0(2) Er,l and the magnetic gradient were applied,
exactly as in the final lattice configuration for the measurement of the Z2 minimal instance. This in-
cludes that the superlattice phase was adjusted to compensate the tilt for the a-particles. The tunnel
oscillations are detected with a single a-particle. The resulting tunneling rate is J′/h = 523(3)Hz
and a tilt distribution with standard deviation of σ∆/h = 0.62(6) kHz. d–f Tunnel oscillations on
a driven double well were measured for various driving strengths to calibrate the modulation
amplitude. d χ ≈ 0.61, e χ ≈ 1.23, f χ = 1.84.

f -particle between the ground and the excited state ∆E =
√

∆2
f + 4J2, from which ∆ f can

be inferred (Fig. 3.7 a). ∆ f = U is matched by iteratively repeating this procedure until the
condition is fulfilled.

Next in the calibration sequence, the modulation lattice depth and the modulation ampli-
tude are calibrated. First, a lattice modulation spectroscopy is performed with a single
particle in a double well. Here, the tilt of the double well is exclusively induced by the
modulation lattice, meaning ∆SL = ∆M = 0. From the resulting resonance, the modulation
lattice depth Vmod is inferred (Fig. 3.7 b). The modulation amplitude is further calibrated
by analyzing the renormalized tunnel coupling by measurements of driven single-particle
oscillations at various modulation amplitudes. Here again, it is relevant to perform the
calibrations in the final lattice configuration. For this configuration, a single a-particle per
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double well is used because the final configuration for this particle has no energy offset
between neighboring sites. In this case, the tunneling rate is renormalized according to the
zeroth-order Bessel function. This has the advantage that the driving is always resonant
and the observable depends strongly on the driving strength around χ0. First, a mea-
surement with zero driving Amod = 0 is performed in order to verify that the oscillation
frequency in the combined potential agrees with the theoretical expectations (Fig. 3.7 c).
Then, a set of driven tunnel oscillations at Amod 6= 0 is measured (Fig. 3.7 d-f). The driving
amplitude is then fitted to match the measured oscillation frequencies. In this analysis
also the inhomogeneous energy offsets between neighboring sites are taken into account
and modeled to be Gaussian distributed [Eq. (3.3)].

3.1.6. Sequence and initial state preparation

In order to measure the dynamics of the Floquet model realizing the Z2 minimal instance,
two different initial states are prepared. Both initial states have a localized matter particle,
e.g. an a-particle on the left site, but differ in the state of the gauge field: for the first initial
state, the gauge field is an eigenstate of the electric field operator τ̂x; for the second initial
state, it is in an eigenstate of the gauge-field operator τ̂z. In the first case, the f -particle is
delocalized over the two sites, e.g. in the positive superposition of being on the left and
right double-well site. In the second case, the f -particle is localized to one of the sites.
The experimental sequences for both initial states are very similar, thus the sequence is
discussed based on the conceptually and experimentally more challenging initial state
with a delocalized f -particle in a positive superposition state.

The experimental sequence starts with the preparation of two particles in the hyperfine
states |F = 1, mF = ±1〉 per double well. As the preparation of doubly-occupied sites
cannot be done with high fidelity also double wells with other occupation numbers arise.
These are mainly double wells occupied by a single particle. In order to distinguish the
resulting signal of doubly- and singly-occupied double wells, it is desirable to prepare the
particles in singly-occupied double wells in a different hyperfine state |F = 1, mF = 0〉. To
this end, a Bose-Einstein condensate (BEC) of bosonic 87Rb atoms in the |F = 1, mF = −1〉
state is loaded in a 3D optical lattice with lattice depth Vx,l = 30(1) Er,l , Vy = 35(1) Er,s,
and Vz = 50(2) Er,s. These loading ramps are exponentially shaped with a 1/e-time of
τ = 5 ms for the horizontal lattices (x, y) and τz = 1.5 ms for the vertical lattice during a
time segment of 50 ms.

Initially, all atoms are in the state |F = 1, mF = −1〉 (Fig. 3.8 a). The loading procedure is
optimized to maximize the amount of doubly-occupied long-period lattice sites along the x-
direction with respect to singly- and triply-occupied lattice sites. Then, they are transferred
to the |F = 1, mF = 0〉 state by a series of mircowave-driven adiabatic passages via the
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Figure 3.8.: Experimental sequence. a Illustrations of the individual steps during the experimental
sequence for singly- and doubly-occupied double wells. Atoms are depicted as circles colored
occurring to their hyper-fine state in the 87Rb F = 1 manifold: mF = −1 (blue), mF = 0 (gray),
and mF = +1 (red). The red and blue triangles represent the potential induced by the magnetic
gradient. b Calculation of the state occupation for different modulation lattice depth during
splitting with the short-period lattice potential. Zooms show illustrations of the two resulting
initial states used for the experiment. c Experimental ramps of the parameters for the numbered
steps in a. d Measured modulation intensity with sudden jump at t = 0.

|F = 2, mF = −1〉 state. Afterwards, the atoms are more strongly confined to increase
the on-site interactions by ramping up the short-period lattice with a superlattice phase
ϕSL such that both particles are localized to the energetically lower-lying lattice site in
15 ms. During the same time, the orthogonal lattices are increased to Vy = 100(5) Er,s and
Vz = 120(6) Er,s to further increase the on-site interaction energy. Finally, atom pairs are
transferred to a pair of |F = 1, mF = ±1〉 atoms by an adiabatic passage of microwave-
mediated spin-changing collisions (SCC) [154]. Note that only pairs change their hyperfine
state, while single atoms remain in the |F = 1, mF = 0〉 state. The atoms are now correctly
labeled and are merged again in a long lattice site by adiabatically switching off the
short-period lattice Vx,s = 0 in 15 ms.

A magentic gradient of B′/h ≈ 5.93kHz/λs is applied within 120 ms together with the
calibrated superlattice phase ϕSL such that ∆a = 0. Then, the modulation lattice is turned
on to Vmod = 6.0(1) Er,l (Fig. 3.8 b). This value is chosen such that after subsequent
adiabatic splitting with the short-period lattice Vx,s = 9.50(1) Er,s in 10 ms, the f -particle
is delocalized between the two sites and the a-particle is localized. The smaller value of
Vmod compared to V(0)

mod thereby reduces the left site’s on-site energy by approximately 2U,
which localizes the a-particle to the left site. The potential for the f -particle is also higher
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3. Experimental realization and measurements

on the right site by exactly the interaction energy U. In the presence of the a-particle
on the left site, however, the energy difference is compensated. Thus, the f -particle
effectively experiences no tilt between neighboring lattice sites and adiabatically enters
the positive superposition state after the splitting (Fig. 3.8 c). After this adiabatic initial
state preparation, the dynamics is enabled by a quench to the effective model by switching
on the modulation with a phase φ = 0. The associated sudden jump of the modulation
lattice is performed in 50µs (Fig. 3.8 d). The modulation is performed with an amplitude
tmod = 9.0(1) Er,l and a frequency of ω = 2π × 4320Hz. After a variable hold time t,
the dynamics was inhibited by rapidly decoupling the sites Vx,s = 40 Er,s in 50µs. Then,
the site occupations are detected for a- and f -particles by site-resolved band-mapping
detection together with a Stern-Gerlach species separation [4, 6, 147].

To prepare the second initial state, an eigenstate of the gauge-field operator τ̂z, the se-
quence is only slightly modified. The change involves only the initial value of the mod-
ulation lattice ramp, which is set to Vmod = V(0)

mod = 15.0(1) Er,l. After the splitting, the
f -particle localizes to the right lattice site. The a-particle is thereby repelled to the left site
by the on-site interaction.

Both initial states are only approximations of the exact eigenstates of the parameters τ̂x

and τ̂z and can be numerically calculated as the ground state of the static preparation
Hamiltonians. For the experimental lattice parameters this leads to

|Ψx
init〉 ≈ 0.70 |LL〉+ 0.71 |LR〉+ 0.087 |RL〉+ 0.036 |RR〉 (3.7)

for the initial state that corresponds to the eigenstate of the electric field operator τ̂x. The
experimental initial state that corresponds to the eigenstate of the gauge field operator τ̂z

is
|Ψz

init〉 ≈ 0.071 |LL〉+ 0.98 |LR〉+ 0.025 |RL〉+ 0.15 |RR〉 . (3.8)

3.2. Dynamics in the Z2 double well

3.2.1. Probing a single sector with the τ̂x initial state

The experiment is performed according to the sequence described above for two different
initial states (Fig. 3.8). First, the initial state resembling an eigenstate of the electric-field
operator τ̂x in the minimal instance is prepared |ψx

init〉 ' |L〉a ⊗ ( |L〉 f + |R〉 f )/
√

2 and
the dynamics of the a- and f -particle occupation numbers are measured. The occupation
numbers directly reveal the expectation value of the charge Q̂ = eiπn̂a

L and the gauge-field
operator τ̂z = n̂ f

R − n̂ f
L. In Sec. 2.1.3, the analytic result for the dynamics of the expectation

value for both, the charge and the gauge-field operator, are presented for the minimal

48



3.2. Dynamics in the Z2 double well

instance. The result is an oscillatory behavior of
〈

Q̂L(t)
〉
, while 〈τ̂z(t)〉 = 0 for all times.

Furthermore, the oscillation amplitude is sensitive to the relative electric field strength
J f /Ja = J0(χ0)/J1(χ0) ≈ 0.54 for χ0 ' 1.84. This ratio corresponds to an intermediate
regime with an expected maximum value of

〈
Q̂L
〉

max =
(

J2
a − J2

f

)
/
(

J2
a + J2

f

)
≈ 0.54. Note

that the oscillation frequency also depends on J f /Ja and scales as
√

J2
f + J2

a . On the level of
the minimal instance, the limiting cases as well as this intermediate case can be understood
by looking at the local gauge symmetries. The initial state occupies a single sector with
gL = −gR = −1. According to Gauss’s law, the local symmetries are conserved and
therefore tunneling of the matter particle is accompanied by a change of the electric field
on the traversed link. Changing the electric field involves the energy cost 2 J f , which
detunes the oscillations. In a weak electric field regime (J f /Ja � 1), the energy cost is
small and the matter particle tunnels freely between the two sites. In the limit of a strong
electric field (J f /Ja � 1), the energy cost for tunneling is high and therefore the particle
remains localized. In the intermediate regime, the tunneling is hence neither fully free nor
localized.

In Fig. 3.9 the measured results are presented. They consist of time traces of the expecta-
tion value of the charge (a-particles) and gauge-field ( f -particle) operator for U/J ' 6.6
and Φ = 0. As expected, the charge oscillates and the f -particle dynamics is strongly
suppressed. However, a detailed comparison with the expected results reveals deviations
(gray lines in Fig. 3.9). Especially a larger characteristic oscillation frequency for the
charge compared to the prediction Eq. (2.9) is observed. This deviation and the damped
oscillations can be mainly attributed to the averaging during the measurement over the
3D array of the double wells exposed to the intrinsic inhomogeneous tilt distribution
(Sec. 3.1.2). To support this statement and additionally take the effects of the time-de-
pendent implementation of the minimal instance into account, a numerical analysis of
the tight-binding model (3.6) is performed. The simulation is based on independently
calibrated parameters and does not include any fit free parameter. The results of this
time-dependent exact diagonalization are the blue and red sold lines in Fig. 3.9. They
are in good agreement with the experimental results. Note that the fast oscillations in
both, the data and the numerics, can be attributed to the micromotion at non-stroboscopic
times [101].

The numerical analysis is performed using a Trotter method. This means that the wave
function evolves according to a sequence of quasi-static time-evolution operators Ûn =

exp
{
−iĤ(tn)∆t/h̄

}
each at a time point tn = n ∆t with n ∈N. The time step needs to be

short compared to the highest frequency in the system ∆t = 2π/ (sω) and is therefore
chosen to subsample the driving frequency ω by s ∼ 50. Regarding the parameters,
the experimentally calibrated values for J′, ∆M, ∆SL, and ω are used together with the
calculated extended Bose-Hubbard parameters δj and uLR from the lattice depths. For the
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Figure 3.9.: Dynamics of the Z2 double well starting from an eigenstate of the electric field op-
erator. a Illustration of the initial state |ψx

init〉 = |L〉a ⊗ ( |L〉 f + |R〉 f )/
√

2 = ( |LL〉+ |LR〉)/
√

2
and its preparation. The species-dependent potentials in the experimental realization (left) and
effective potentials during the dynamics in the Floquet model (right) are shown. b Pictogram of
the dynamics showing how the charge and electric field dynamics are coupled. c Experimentally-
measured dynamics of the expectation values of the Z2 charge 〈Q̂L〉 and the Z2 gauge field 〈τ̂z〉.
The data points and error bars are the mean and the standard deviation of at least three indepen-
dent measurements. The blue and red lines show a numerical calculation using a time-dependent
exact-diagonalization method. The numerics include averaging of the observables in the presence
of an inhomogeneous tilt distribution (Sec. 3.1.2). The tilt distribution is modeled by a normal distri-
bution with a standard deviation of ∆σ/h = 0.44(2) kHz, which was calibrated from bare tunneling
oscillations (Fig. 3.5). A bootstrap for 1000 randomly sampled tilt values was performed. The
solid line represents the median and the shading the 1σ-confidence interval. The calculations are
preformed with the experimentally-calibrated parameters J/h = 587(3) kHz, ∆ f /h = 4.19(3) kHz,
and U/h = 3.85(7) kHz and additionally calculated corrections from the extended Bose-Hubbard
model. The gray solid lines are the ideal dynamics of the minimal instance according to Eqs. (2.9)
and (2.10).

50



3.2. Dynamics in the Z2 double well

-1

210

-1

1

1

0

0

0

-1

-1
1

1

0

c

-1

210

-1

1

1

0

0

-1

0

-1
1

1

0

b

-1

-1

1

210

-1

1

-1

1

0

1

0

0

0

a

Figure 3.10.: Overview over single numeric traces. The solid lines show the expectation values
of the Z2 charge 〈Q̂L〉, the Z2 electric field 〈τ̂x〉, the Z2 gauge field 〈τ̂z〉, and the Z2 symmetry
operator 〈ĜL〉 according to a full numeric time evolution of the time-dependent Hamiltonian
neglecting terms from the extended Bose-Hubbard model with uLR = 0. The diamonds indicate
stroboscopic time points. a Traces for the central double well with the experimental parameters,
δn = 0, and the experimental τ̂x initial state. b Same parameters as in a but with the perfect initial
state. c Perfectly matched parameters h̄ω = U = ∆ f and perfect initial state.

initial state, the ground state at the end of the preparation sequence is inserted [Eq. (3.7)].
The time traces for a single two-site model are presented in Fig. 3.10 and show a strong
oscillatory behavior. The stroboscopic time points (diamonds in Fig. 3.10) reveal that
these strong oscillations are present only within a driving period and correspond to
the micromotion. In a next step, the averaging of the measured observables over the
inhomogeneous tilt distribution is taken into account. To this end, an additional state-
independent tilt δn is added to ∆SL in the Hamiltonian, which is randomly drawn from
a Gaussian distribution [Eq. (3.3)] with a standard deviation of ∆σ extracted from the
measurement of the tunnel oscillations (Sec. 3.1.5). For the analysis, 1000 different traces
are averaged and the mean (blue and red solid lines) and the 1σ-confidence interval (blue
and red shading) are calculated and illustrated in Fig. 3.9. In conclusion, the full time
dynamics of the 3D system is well understood and describes the measurements without
fit free parameters. Furthermore, the measurement constitutes a nontrivial result: an
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oscillation of the charge while the gauge field shows suppressed dynamics. This dynamics
directly supports the realization of a minimal instance for Z2 symmetry LGTs. In contrast,
a resonantly-driven double-well system with ∆ f = 0, which does not exhibit Z2 symmetry,
would show dynamics with equal oscillation amplitudes for a- and f -particles.

3.2.2. Probing two sectors with the τ̂z initial state

Instead of measuring the particle dynamics of an initial state occupying a single sector of
the Hilbert space, a second experiment is performed. In this experiment the gauge field
particle is initially in an eigenstate of the gauge field operator τ̂z and the matter particle
still localizes to the left site of the double well |ψz

init〉 = |L〉a ⊗ |R〉 f . This initial state
coherently occupies both sectors with gL = −gR = ±1. The expectation values of both
local symmetry operators are 〈ĜL〉 = 〈ĜR〉 = 0. As stated above, Gauss’s law Eq. (2.6)
conserves the local symmetry, gL and gR, and therefore the sectors in the minimal instance
do not couple Eq. (2.5). Here, the dynamics can be also understood discussing the limiting
cases. For weak electric field strength (J f /Ja � 1), the system is dominated by the gauge
field τ̂z and remains in the eigenstate τz because the Hamiltonian (2.7) commutes with
τ̂z for J f = 0. In the limit, where the electric field dominates, the expectation value of the
gauge field 〈τ̂z〉 oscillates between the eigenvalues τz = ±1. The analytic expression for
the dynamics of the gauge field is

〈τ̂z〉 =
J2
a + J2

f cos
(

2t
√

J2
f + J2

a /h̄
)

J2
f + J2

a
, (3.9)

which reverses the role of J f and Ja compared to the expectation value of the Z2 charge. The
dynamics of the Z2 charge Eq. (2.9), however, is identical to the dynamics expected for the
τ̂x initial state. Experimentally, the intermediate regime is already probed at J f /Ja ≈ 0.54
for U/J = 6.7 and φ = π. The resulting measurement is presented in Fig. 3.11 together
with the ideal time evolution (gray lines). For short times, the dynamics agrees, while
for longer observation times, it deviates due to the averaging over the inhomogeneous
tilt distribution. Analog to the measurement before, a full time-dependent numerical
analysis is performed by taking into account the inhomogeneous tilt distribution. The
mean and the 1σ-confidence interval are shown as colored solid lines accompanied by a
shading, here as well. The measured data is reasonably well captured by this numeric
analysis. Noteworthy, the expectation value of τ̂z always exhibits a positive non-zero
value in contrast to the previous measurement.

After the presentation of the implementation and the measurement results, the applica-
bility for extending the Z2 double well to more general LGTs will be discussed. To this
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Figure 3.11.: Dynamics of the Z2 double well starting from an eigenstate of the gauge field
operator. a Illustration of the initial state |ψz

init〉 = |L〉a⊗ |R〉 f = |LR〉 and its preparation. Species-
dependent potential in the experimental realization (left) and in the effective Floquet potential
(right). Note that the initial state has equal contributions in both sectors of the minimal instance. b
Pictogram showing how the charge and the gauge field dynamics are coupled. c Experimentally-
measured dynamics of the expectation value of the Z2 charge and the Z2 gauge field. The
data points and error bars are the mean and the standard deviation of at least three individual
experiments. The blue and red lines as well as the shadings show a numerical analysis analog to
the one used for Fig. 3.9 with the experimental parameters J/h = 578(3) kHz, ∆ f /h = 4.19(3) kHz,
U/h = 3.85(7) kHz, and ∆σ/h = 0.46(2) kHz. The gray solid lines are the ideal dynamics of the
minimal instance according to Eqs. (2.9) and (3.9).

end, first a detailed discussion of symmetry-breaking terms and sources is presented in
the next chapter, before in Chap. 5 possibilities for extended Z2 LGTs are introduced.
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4. Discussion of symmetry breaking

4.1. Symmetry-breaking terms in the minimal instance

Quantum simulations of gauge theories require an accurate implementation of the local
symmetry constraints as these constraints ensure that Gauss’s law is fulfilled and therefore
ensure that the local static charges are conserved during the experiment. Such accurate
implementation of local symmetry constraints sets high requirements on experimental
realizations of LGTs to sufficiently suppress all symmetry-breaking terms. In the following,
the terms breaking the local symmetry in the two-site two-particle model are summarized
and possible sources of symmetry breaking are outlined. Furthermore, possible pathways
how to suppress these symmetry-breaking sources are discussed.

The presented realization suffers from a variety of different symmetry-breaking sources.
The dominant contribution stems from the inhomogeneous tilt distribution and prevents
the realization from fulfilling the resonant-driving condition for all double wells simulta-
neously. Thus, for most of the instances, an additional energy offset between neighboring
sites is present, which breaks the symmetry. However, this additional tilt can be avoided
in future experimental realizations by generating a homogeneous box potential [160, 161].
In addition to this technical problem, fundamental symmetry-breaking terms of the real-
ization can be identified. This type of gauge-variant terms directly violate the constraints
of Gauss’s law. They involve correlated two-particle tunneling and nearest-neighbor inter-
actions. These processes are known to exist in interacting lattice models as a first order
correction to the Bose-Hubbard model [158]. Moreover, they also arise as finite-frequency
corrections to the zeroth-order effective Floquet Hamiltonian.

The zeroth-order effective Floquet model of the realization Eq. (2.25) can be expressed
in matrix form using the set of basis states |LL〉, |LR〉, |RL〉, and |RR〉 as before. Here,
the first and second letter describe the positions of the a- and f -particle, respectively. The
effective model depends on the dimensionless driving strength χ, and the driving phase φ
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(Sec. 2.2) and is

HDW(χ, φ) = −J


0 J2(χ) e−2iφ J−1(χ) e−iφ 0

J2(χ) e2iφ 0 0 J1(χ) eiφ

J−1(χ) eiφ 0 0 J0(χ)

0 J1(χ) e−iφ J0(χ) 0

 . (4.1)

A Hamiltonian fulfills the gauge symmetry, if it commutes with the local symmetry
operator Ĝj on all sites. In the case of the minimal instance with exactly one matter particle,
it is sufficient to show that the Hamiltonian commutes with the symmetry operator at
one of the sites, e.g. ĜL, because Q̂L = −Q̂R. This relation stems from the fact that the
matter particle can be either on the left or on the right site of the double well and therefore
also ĜL = Q̂L τx = −ĜR. Hence,

[
ĜL, Ĥ

]
= −

[
ĜR, Ĥ

]
and ĜL and ĜR simultaneously

commute with Ĥ. Note that this symmetry leads also to gL = −gR, constraining the
eigenvalues of Ĝ on the two sites together. Without loss of generality, the discussion is
therefore restricted to ĜL. In matrix form ĜL is

GL = |LR〉〈LL| − |RL〉〈RR|+ h.c. (4.2)

The Hamiltonian HDW(χ, φ) commutes with the symmetry operator ĜL for all χ but only
for modulation phases φ = {0, π}. Variations in the driving amplitude only make the
Z2 electric field dependent on the matter particle (Sec. 2.2.4) but do not break the gauge
symmetry, while an inaccurate modulation phase φ on the other hand will directly break
the symmetry. Note that the weak constraint for the dependence of the electric field energy
on the matter particle occupation is only valid for the Z2 double well. For extended Z2

LGTs, the electric field energy must be independent of the matter particle occupation.

In addition to the terms in HDW, other terms can arise in the realization of the two-site two-
particle model. First, individual detuning terms δHdet,ij = δij |ij〉〈ij| do not commute with
ĜL individually and thus directly break the gauge-symmetry. These terms typically arise
together in combinations, e.g. in the superlattice tilt δHSL = δSL{2 |LL〉〈LL|+ |LR〉〈LR|+
|RL〉〈RL|} or in form of a finite magnetic gradient δHM = δM{|RL〉〈RL| − |LR〉〈LR|}. and
violate the gauge constraints. The only combination that does not break the symmetry
is a global energy shift. In addition to the detunings, another diagonal contribution
is the next-neighbor interaction δHnn = unn{|RL〉〈RL| + |LR〉〈LR|}, which also breaks
the symmetry. Furthermore, two different two-particle tunneling processes are possible,
which both do not commute with ĜL and therefore break the gauge symmetry. The
processes are a direct exchange coupling δHex = uex{|LR〉〈RL|+ h.c.} and a pair-hopping
δHpair = upair{|LL〉〈RR|+ h.c.}.

In summary, all other terms than those in HDW are gauge-variant and directly violate
Gauss’s law constraints. The matrix representation of the two-site two-particle model
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4.2. Effect of finite-frequency corrections on the effective model

including δij, unn, uex, and upair is

HDW,corr = −J


δLL J2(χ) −J1(χ) upair

J2(χ) δLR + unn uex J1(χ)

−J1(χ) uex δLR + unn J0(χ)

upair J1(χ) J0(χ) δRR

 . (4.3)

In the experimental realization, the dominant symmetry-breaking contributions are the
detuning terms, which stem mainly from the residual inhomogeneous trapping potential
and residual magnetic gradients. Suppressing these inhomogeneities is a rather technical
problem and can be resolved in future experiments by implementing a box potential among
others. The detuning terms together with pair and exchange hoppings do, however, also
arise as corrections to the zeroth-order effective Floquet model in the finite-frequency limit
(Sec. 4.2). Next-neighbor interactions as well as pair- and exchange-hopping terms are
also found as additional terms in the extended Bose-Hubbard model (Sec. 4.3). In the
following sections, these sources of symmetry-breaking are discussed and their effect on
the dynamics is studied numerically.

4.2. Effect of finite-frequency corrections on the effective model

Reaching the high-frequency limit in experimental realizations, which use periodic driving
of the on-site potential is generally challenging because both energy scales, the energy scale
for the driving h̄ω and the tunneling J, are given by the lattice parameters. Therefore, the
energy scales are coupled and cannot be chosen orders of magnitude different as required
in the high-frequency limit h̄ω � J. This is especially difficult in setups, in which the
driving is matched to the interaction strength h̄ω ∼ U as in the presented implementation
and in setups, in which the interaction energy cannot be tuned independently, e.g. via a
Feshbach resonance.

In the experimental realization of the Z2 double well, the parameter ratio is U/J ' 6.6 and
consequently higher-order terms are expected to become relevant. To study the impact of
the corrections on the dynamics and analyze the symmetry-breaking terms, the first order-
correction to the infinite-frequency Floquet model was calculated. In this derivation a small
deviation ξU to the infinite-frequency driving condition h̄ω = U is taken into account
such that h̄ω = (1 + ξ)U. This is motivated by the fact that the resonant-driving condition
for a single particle on a double well with tilt ∆1 is h̄ω1 =

√
∆1 + 4J2 ≈ (1+ ξ1)∆1, where

ξ1 = 2J/∆1. For a driving phase of φ = 0, the resulting effective model including the
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first-order corrections is then

HF = −J


2ξ U

J − 1ξ
J

U cL(χ) J2(χ) −J1(χ) −1ξ
J

U cp(χ)

J2(χ) 1ξ
J

U cL(χ) −1ξ
J

U cex(χ) J1(χ)

−J1(χ) −1ξ
J

U cex(χ) ξ U
J + 1ξ

J
U cR(χ) J0(χ)

−1ξ
J

U cp(χ) J1(χ) J0(χ) ξ U
J − 1ξ

J
U cR(χ)

 (4.4)

with the short form 1ξ = 1 + ξ and the correction coefficients cL(χ), cR(χ), cex(χ), and
cP(χ), which only depend on the driving strength χ. The correction coefficients themselves
scale with J/U compared to the tunneling and vanish in the high-frequency limit. Note
that in addition, detuning terms proportional to ξU/J appear in the Hamiltonian, which
diverge in the high-frequency limit. Therefore, ξ needs to vanish in the high-frequency
limit and the resonance frequency must be h̄ω = U. In Fig. 4.1 a the values of the correction
coefficients for the diagonal terms are shown individually for all states in dependence
on χ. It is visible that the correction coefficients obey the symmetry cLR = −cLL ≡ cL

and cLR = −cRR ≡ cR, where cij describe the diagonal correction term to the state |ij〉.
This relation is used in Eq. (4.4) to simplify the presentation. The full diagonal elements
δii are shown in Fig. 4.1 b together with the differences of the elements involved in the
one-particle hopping processes. It is clear that by varying ξ the overall detuning can be
reduced. However, the diagonal elements cannot be made equal. Note that the optimum
does not seem to be at ξ = 0. In Fig. 4.1 c, a measure of this overall detuning is shown.
It is, however, not known if the optimum of this quantity is also the optimum value for
minimizing symmetry-breaking contributions.

To verify that the Hamiltonian including the first-order correction well describes the
realization for the experimental parameters and time scales and also that higher-order
terms can be neglected, the dynamics of the model was compared to a full time-dependent
numerical analysis. The time traces in Fig. 4.2 show a good agreement between the
time-dependent and the effective model for the experimental time-scales. This supports
that the first-order corrections to the Floquet model are sufficient to describe the time
evolution. However, a comparison of these traces to the zeroth-order effective model
reveals drastic modifications. Thus, the correction terms have significant contributions
and are not negligible. As discussed before, all correction terms break the Z2 symmetry of
the minimal instance.

The expectation value of the symmetry operator 〈ĜL〉 is a good measure for symmetry
breaking. The value is constant during the time evolution for a gauge-invariant system
and the value changes if the system breaks the gauge symmetry. Measuring 〈ĜL〉 in the
experiment is difficult because correlations between the a- and the f -particle need to be
determined. In the current setup, this was not possible. Therefore, a numerical analysis
was performed. For U/J = 7, close to the experimental parameter, the expectation value
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Figure 4.1.: Coefficients of the first-order corrections to the effective model. a Diagonal and
off-diagonal coefficients of the first order-correction to the effective model in dependence of the
dimensionless driving parameter. b Diagonal coefficients at χ = 1.84 versus a detuning ξ from
the ideal resonance condition h̄ω = (1 + ξ)U (top) and differences of the diagonal terms for the
major transitions (bottom). c The geometric mean of the major transitions’ detunings is used as a
measure for the total detuning of the resonances versus χ and ξ.
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Figure 4.2.: Finite-frequency corrections to the zeroth-order Floquet Hamiltonian. The solid
lines are the time evolution of the charge 〈Q̂L〉 (blue, a) and gauge field 〈τ̂z〉 (red, b) according to
effective Floquet Hamiltonian (4.4), which includes the first-order correction. Diamonds show the
stroboscopic dynamics of the full time-dependent Hamiltonian (2.24) neglecting terms from the
extended Bose-Hubbard model. The parameters are chosen close to the experimental parameters
U/J = 7. The driving is performed at single-particle resonant driving h̄ω =

√
U2 + 4J2 ≈

1.04 U. Gray lines show the ideal solution Eqs. (2.9) and (2.10) of the zeroth-order effective
Hamiltonian (2.25) for φ = 0.
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Figure 4.3.: Symmetry-breaking terms from first-order corrections to the Floquet model. a Time-
evolution of the expectation value of the Z2 symmetry operator

〈
ĜL
〉

of the effective Hamiltonian
up to the first order for driving with h̄ω =

√
U2 + 4J2 and U/J = 7 close to the experimental

parameters (solid line). The stroboscopic time points of the full time-dependent analysis according
to Eq. (2.24) [diamonds]. The gray line shows the ideal solution. b Stroboscopic dynamics of the
expectation value of the local Z2 symmetry operator

〈
ĜL
〉

for different driving frequencies ω. The
panels on the right show examples of the time traces for h̄ω ≈ 1.04 U and h̄ω = 1.01 U.

of the symmetry operator was calculated for the effective Hamiltonian including the first-
order corrections Eq. (4.4) as well as for a full time-dependent numerical analysis. Note
that terms from the extended Bose-Hubbard model are not included i n both calculations
but their effect will be discussed separately in the next section. The results are shown
in Fig. 4.3 a. The effective model agrees well with the full time-dependent numerics.
However, after short times already large deviations from the initial condition 〈ĜL〉 =
−1 are observed. This manifests a strong symmetry breaking due to finite-frequency
corrections for the experimental parameters. In the experiment, a driving with ξ ≈ 0.04
was chosen in agreement with the single-particle resonant-driving condition h̄ω1 =√

U2 + 4J2. Already the diagonal terms in the effective model including the first-order
corrections (Fig. 4.1 b) suggest a lower resonance frequency. Thus, the expectation value of
the symmetry operator is calculated for different h̄ω/U in Fig. 4.3 b. In this calculation, the
stroboscopic time points of the full time-dependent numerics are evaluated. It was found
that the driving frequency can be fine-tuned to h̄ω ≈ 1.01U such that 〈ĜL〉 only deviates
by less than 10 % for long evolution times. This constitutes an interesting result as even in
the finite-frequency limit driving parameters can be identified such that the symmetry
breaking stays below a certain limit. Numerical studies suggest that some experimental
observables are robust to such imperfections. Hence, relaxing experimental constraints
regarding the precise implementation of the local gauge invariance might be possible [162,
163].

The finite-frequency corrections scale as J/U and can therefore be minimized by increasing
the interaction energy relative to the tunneling U/J. A scaling of this quantity with the
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Figure 4.4.: Suppression of symmetry-breaking towards the high-frequency limit. Numerical
simulation of the full-time dynamics of the minimal instance by numerically solving the time depen-
dent Schrödinger equation. Terms from the extended-Bose Hubbared model are neglected uLR = 0.
The driving frequency ω = (1 + ξ)U/h̄ was sampled for 96 values of ξ in a range ξ ∈ [0, 2ξguess].
The time-trace with the smallest deviation in the expectation value of ĜL was selected. a The largest
symmetry-breaking value δgL = (1 + gmax)/2 is shown versus U/J, where gmax = maxt 〈ĜL〉 (t)
is the maximal value within 200 tunneling times. The initial value is ginit = −1. Note that this value
belongs to the best matched driving frequency. b Scaling of the parameter ξ (top panel) and relative
width of the resonance condition σ(ξ) = |ξ+ − ξ−|/ξ, where ξ± is such that δgL(ξ±) = 2δgL(ξ).
This shows, that the accuracy necessary for the resonance condition increases rapidly with U/J.

lattice parameter Vx,s is shown in the next section together with the scaling of the extended
Bose-Hubbard parameters (Fig. 4.5). In real experiments, U/J cannot be increased arbi-
trarily. Therefore, symmetry-breaking contributions from the finite-frequency driving
cannot be made arbitrarily small. To estimate the error and learn about the scaling of the
corrections, a numerical analysis was performed solving the time-dependent Schrödinger
equation. From the resulting wave functions, the evolution of the expectation value of
〈ĜL〉 is considered and its maximum deviation from the initial value is calculated. The
result is shown in Fig. 4.4. The symmetry-breaking is algebraically suppressed with U/J.
However, the requirements for the precision of resonance frequency increases rapidly,
which makes experimentally reaching higher values of U/J increasingly challenging.

4.3. Effect of the corrections from the Bose-Hubbard model

The tight-binding description of the realization was introduced in Sec. 3.1.4, in which
additional processes to the regular Bose-Hubbard model [157] for interacting systems are
introduced. These additional processes are nearest-neighbor interactions, direct exchange
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Figure 4.5.: Symmetry-breaking in the extended Bose-Hubbard model. a Time-evolution of the
expectation value of the Z2 symmetry operator 〈ĜL〉 of the zeroth-order effective Hamiltonian
including uLR = 0.03 J. b Scaling of the tight-binding parameters for an initial ratio of Vx,s/Vx,l =

9.5/35 with Vx,s and Vx,l ∼
√

Vx,s. This relative scaling keeps the ratio of the inter- to the intra-
double-well tunneling constant. Shown are J/U, relevant for the finite-frequency corrections,
uLR/J for the extended Bose-Hubbard model, and the relative scaling of the inter-double-well
tunneling rate Ji/J.

coupling, and correlated pair-hopping processes. The resulting model is known as ex-
tended Bose-Hubbard model [158]. All processes scale equally with uLR (Sec. 3.1.4). Note
that also the tunneling rates are modified. This, however, does not influence the gauge
symmetry in the Z2 double well. For extended LGTs, on the other hand, the dependence of
the tunneling rate on particles in the proximity is problematic and needs to be investigated
in the future. Here, only symmetry-breaking terms on the level of the Z2 double-well
are considered. To investigate the effect of these correction processes, the realization
is assumed to be in the infinite-frequency limit and only the terms from the extended
Bose-Hubbard model are added. In matrix representation the model is

HeBH =


0 −J f +Ja uLR

−J f uLR uLR −Ja

+Ja uLR uLR −J f

uLR −Ja −J f 0

 . (4.5)

Here, driving with χ0 = 1.84 is assumed so that the tunneling rates of the f -particles
do not depend on the position of the a-particles. For the Z2 double well, the f -particle
tunneling rate can in principle depend on the position of the a-particle without breaking
the Z2 gauge symmetry. For extended systems this is not possible anymore.

Analog to Sec. 4.2, the expectation value of the symmetry operator is used to quantify
the symmetry breaking of the corrections. To this end, the time-evolution according to
Hamiltonian (4.5) is calculated numerically for the perfect initial state |ψx

init〉. The result
for uLR = 0.03J, similar to the experimental parameter, is shown in Fig. 4.5 a. For the
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experimental parameters, the resulting symmetry breaking is not as dramatic as for the
finite-frequency corrections in Fig. 4.3 a. However, it is substantial with regard to extended
LGTs. Therefore, it is important to also reduce the magnitude of these correction terms.

First, increasing the interaction energy via a Feshbach resonance to suppress the finite-
frequency corrections will induce stronger extended Bose-Hubbard corrections because
the strength of uLR is proportional to the effective interaction strength g = 4πh̄2as/m.
Therefore, a way to simultaneously suppress both corrections or at least independently
suppress both contributions in necessary. Increasing the superlattice depth squeezes the
wave function and thereby increases the on-site overlap. This enlarged on-site overlap
increases the interaction energy and reduces the overlap between neighboring sites, which
in turn reduces the extended Bose-Hubbard parameters. Simultaneously, however, the
tunneling rate gets reduced; lighter atoms can help to compensate for the reduced tun-
neling rate in an experimental setting. In Fig. 4.5 b, the important parameters J/U and
uLR/J are calculated and shown in dependence of Vx,s. The long lattice depth is scaled
accordingly to keep the inter-double-well coupling constant.
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5. Towards extended Z2 LGTs

5.1. One-dimensional LGT with super-sites

5.1.1. Super-sites model

In the previous sections, implementation and experimental setup for a double-well model
with Z2 gauge symmetry were presented. The model was realized with ultracold 87Rb
atoms in a periodically-driven optical superlattice. The main result is the observation of
the nontrivial time-dynamics of the expectation value of the Z2 charge and the Z2 gauge
field. However, the experiment currently only captures the two-site model. Is it feasible to
extend the scheme to a 1D Z2 LGT, a ladder system or even a LGT in two dimensions?
And can the Z2 double well serve thereby as a minimal instance? In the following, a
proposal for such an extension to a 1D model is presented [17] based on the work in [62].

The Z2 gauge field in the double-well model belongs to the link between the two sites. It
is implemented by an f -particle occupying them. The gauge–matter coupling relies on
the on-site interaction between a- and f -particles (Sec. 2.2). Therefore, connecting two
Z2 double wells by simply introducing a joint site shared by both double wells is not
applicable. The reason is that in this configuration, the right double-well sites would
be the same as the left site of the right-neighboring double well. Consequently, the f -
particles of neighboring links could both occupy the shared lattice site, which would lead
to ambiguous tunneling phases for the a-particles. In this situation, the a-particle cannot
distinguish to which link the f -particle belongs. Furthermore, the motion of f -particles
cannot be restricted to the respective two sites of the link with a single f -particle species.
In principle, both difficulties can be resolved using different species f and f ′ for the
f -particles on alternating sites.

To practically circumvent the ambiguity caused by shared sites, a model where the double
wells are stringed together is considered. The double wells are thereby connected by an
additional tunnel coupling Jc. The resulting chain can then be interpreted as a 1D Z2

LGT of super-sites i with an a–b substructure (Fig. 5.1). The super-sites are connected by
links with a gauge field τ̂z

〈i,i±1〉. Each super-site consists of two lattice sites, where matter
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Figure 5.1.: Extending the Z2 double well to a 1D model with super-sites. Gray circles illustrate
individual lattice sites. The box groups two lattice sites together to form a super-site i. Inside each
super-site, the individual sites are coupled by Js

c . The super-sites themselves are coupled by a link
with a Z2 gauge field Js

a τ̂z.

particles are created by the operators â† and b̂†, respectively. The resulting Hamiltonian
is

Ĥs
1D = ∑

i

[
Js
a â†

i+1τ̂z
〈i,i+1〉b̂i − Js

c â†
i b̂i + h.c.

]
−∑

i
Js

f τ̂x
〈i,i+1〉. (5.1)

The interactions between matter particles are assumed to be hardcore and therefore the
matter particle’s creation and annihilation operators fulfill the anti-commutation relations
{â†

i , âj } = h̄ δij and {b̂†
i , b̂j } = h̄ δij. For the super-site model, a Z2 charge can be defined

extending expression (2.2)

Q̂s
i = eiπ(n̂a

i +n̂b
i ), (5.2)

which depends on the matter-occupation number on the super-site, with n̂a
i = â†

i âi and
n̂b

i = b̂†
i b̂i . Then, the super-site’s local gauge transformations can be defined using this

charge definition

Ĝs
i = Q̂s

i τ̂x
〈i−1,i〉τ̂

x
〈i,i+1〉. (5.3)

Hamiltonian Ĥs
1D is gauge-invariant with respect to the super-sites and commutes with the

gauge transformation [Ĥs
1D, Ĝs

i ] = 0 for all sites. This strongly supports that the super-site
model is a reasonable way to extend the Z2 double well to 1D systems. Thus, the Z2

double well can serve as a minimal instance. However, does the super-site model converge
to the Z2 LGT in Eq. (2.1)?

In the limit Js
c � Js

a, each super-site hybridizes in two energetically separated states
created by the operators ĥi,± = (âi ± b̂i)/

√
2. These hybridized states have energies ∓Js

c .
Therefore, there is only a negligible amount of coupling between the two hybridized states
in this limit. Hence, Eq. (5.1) reduces to

Ĥs
1D = Js?

a ∑
i

∑
µ=±

µ
[

ĥ†
i+1,µτ̂z

〈i,i+1〉ĥi,µ + h.c.
]
− Js

c ∑
i,µ=±

µ n̂a
i,µ − Js

f ∑
i

τ̂x
〈i,i+1〉, (5.4)

where the tunneling rate between states on neighboring super-sites is Js?
a = Js

a/2. If
initially only low energy states are occupied on the super-sites, then the higher bands
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Figure 5.2.: Numeric analysis of the dynamics in the super-site model. Numerical results for the
time evolution of the 1D super-site model captured by Hamiltonian (5.1) for different values of
Js

f /Js?
a and different super-site couplings Js

f /Js?
a . Note that Js

f /Js?
a should be directly compared

to J f /Ja in Fig. 2.2. The ideal data sets in a and c and the associated thick black lines in b and
d are taken from this figure. a Expectation value of the Z2 charge in the regime with vanishing
electric field Js

f /Js?
a = 0.1. The cone shaped expansion of the matter particle is visible even for a

super-site coupling on the order of the matter tunneling Js
c ∼ Js?

a . b Evolution of the root mean

square position
√
〈j2〉 for different Js

c /Js?
a labeled inside the plot. Already for Js

c ∼ Js?
a = 1 the

expansion reproduces the ideal expansion captured by Hamiltonian (5.1) (thick black line). c-d
The same calculations as in a-b for Js

f /Js?
a = 2.0 in the electric field dominated regime are shown.

The signatures of confinement are indeed also visible for Js
c ∼ Js?

a .

will remain unoccupied over time. Hence, n̂a
i,− = 0 can be assumed for all sites i. Then,

Eq. (5.4) simplifies to the 1D LGT captured by Hamiltonian (2.1)

Ĥs
1D = Js?

a ∑
i

[
ĥ†

i+1,+τ̂z
〈i,i+1〉ĥi,+ + h.c.

]
− Js

c n̂a
i,+ − Js

f ∑
i

τ̂x
〈i,i+1〉. (5.5)

In Figure 5.2, the results of a numerical analysis of the dynamics in the super-site model ac-
cording to Hamiltonian (5.1) are presented. The 1D chain consists of 12 minimal instances.
The features of the 1D model (2.1) is captured well by the super-site model (compare to
Fig. 2.2) even for Js

c on the order of Js?
a . Already for Js

c /Js?
a ∼ 5, the root mean square

position in Fig. 5.2b (blue) is only barely distinguishable form the ideal situation (black).
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5.1.2. More than one matter particle

In an extended model with more than one matter particle, their occupation numbers on
individual lattice sites can be larger than one. In this situation, more than one a-particle
can interact with the f -particle and the resulting tunneling phase for the f -particle is
modified. Thus, the scheme for the minimal instance breaks down. To resolve this issue,
either a very low matter density or a very strong matter–matter interaction is required. The
strong matter–matter interaction effectively suppresses the occurrence of multi-occupancy
on each site.

In the super-site model, it is still enough to suppress multi-occupancy on individual lattice
sites. The minimal instance stays functional and the gauge symmetry is fulfilled. However,
the interaction has an interesting but peculiar structure as placing particles on empty
site in the super-site is possible without any cost of on-site interaction energy. Therefore,
placing two particles on a super-site is possible even for hardcore-interacting a-particles.

In the regime Js
c � |Js

a|, where the super-site occupation is better described by the hy-
bridized states, an effective interaction for the second particle on the super-site arises. The
Hubbard interactions on the two sites are Ua n̂a

j (n̂
a
j − 1)/2 and Ub n̂b

j (n̂
b
j − 1)/2. Assuming

weak interactions compared to the super-site tunneling Ua � Js
c and Ub � Js

c ensures that
the interactions do not mix the two hybridized states. A projection of the interaction on
the energetically lower state results in the following interaction term of the Hamiltonian

Ĥs
U =

1
2

Us? ∑
i

n̂a
i,+(n̂

a
i,+ − 1) + δµ ∑

i
n̂a

j,+. (5.6)

The first term is an effective Hubbard interaction Us? = (Ua + Ub)/4 and the second term
an additional chemical potential δµ = −(Ua +Ub)/8. Thus, in the limit |Js

a| � Us? � |Js
c |,

the particles created by ĥj,+ can be treated as hardcore bosons [17].

5.1.3. Floquet implementation of the super-site

So far, only the effective couplings required for the extension of the minimal instance
to an extended 1D system was introduced. However, a discussion of the microscopic
implementation of the super-site couplings is missing. In this section, a Floquet scheme
for the super-site coupling is discussed and a possible implementation with the minimal
instance is proposed. The approach is closely related to the proposal [62].

There are four relevant super-site configurations for an a-particle hopping process. All of
them need to have the same tunnel coupling and a tunneling phase of 0. They are defined
by the gauge field values on the attached links, which are reflected by the respective
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5.2. Proposal for an experimental implementation of the super-site model

f -particle occupations on the sites. The configurations are shown in Fig. 5.3. The potential
for the a-particles on the super-site has an energy-offset U between neighboring sites
as in the implementation of the gauge-field dynamics (Sec. 2.2.4). The effective energy
offsets between neighboring sites are 0, U, and 2U and have in particular always the same
sign. Thus, the tunneling phase is zero for an appropriate driving phase choice. However,
the three different multiphoton processes never have the same tunnel coupling for any
single-frequency driving amplitude. To circumvent this limitation, a two-frequency drive
is introduced [78]. The Hamiltonian for the super-site is

Ĥs
c(t) =− Js

c

(
â†b̂ + h.c.

)
+

(
1− τ̂z

L + τ̂z
R

2

)
U n̂b

+ Ac
ω cos(ωt) n̂b + As

2ω cos(2ωt) n̂b (5.7)

with τ̂z
L and τ̂z

R the gauge field on the left and right link, Ac
ω and Ac

ω the one- and two-
frequency driving amplitude, and n̂b = b̂†b̂ the b-site occupation. An effective Floquet
Hamiltonian can then be derived in the high-frequency limit similar to the minimal
instance [62, 69]. Here, also the tunneling is renormalized. The renormalization factor is

λn =
∞

∑
l=−∞

Jn−2l(χ
s
(1))Jl(χ

s
(2)/2) (5.8)

for an n-photon process [78]. It depends on both dimensionless driving strengths

χs
(1) = Ac

ω/ω ≈ 1.71, (5.9)

χs
(2) = Ac

2ω/ω ≈ 1.05, (5.10)

which can be chosen such that all processes are renormalized to the same λ0 = λ1 = λ2 ≡
λc. All together, the effective Floquet Hamiltonian is

Ĥs
F,c = −Js

c λc
(

â†b̂ + h.c.
)

. (5.11)

In conclusion, the proposed super-site tunneling can be implemented such that the tunnel
couplings are independent of the f -occupancy.

5.2. Proposal for an experimental implementation of the
super-site model

The conceptual ingredients for an extended 1D LGT based on the experimentally demon-
strated minimal instance have been established in the sections before. Here, the focus is on
the experimental implementation of the presented Floquet scheme using ultracold atoms
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Figure 5.3.: Implementation of super-site processes. Four possible configurations of the f -particle
(red circles) occupation on the super-site. The lattice potential for the a-particles (blue circles) has
an energy offset of U between neighboring sites. The effective energy offset experienced by the
a-particle has the same sign and is either 0, U, or 2U. To generate the same tunnel coupling for all
processes a two-frequency drive needs to be applied with the frequencies ω ≈ U/h̄ and 2ω.

a b c
double well

Super-site

Figure 5.4.: Proposal for a super-site model implementation. a Square lattice with zig-zag chains.
The thick lines are coupled links; the thin lines mark broken links. Links along the x-direction are
the super-sites and links along the y-direction are Z2 double wells. The modulation lattices act on
every second site illustrated by the modulation potentials (bottom and right). Note that the links
are directional indicating the direction of the tilt. The modulation, however, alternately acts on the
left and right side of the double wells along the chain. b Potential pattern realizing the zig-zag
chain. It is created by a simple 2D short-period lattice (Vx,s and Vy,s) and a 45◦ lattice created by
the interference of two long-period lattice running wave beams (Vx,l,diag and Vy,l,diag). In addition,
the modulation lattice beams are required (Vx,mod and Vy,mod). To create the energy offset for the
Z2 double well, the short-period lattice along y is in an lin-angle-lin configuration [164]. The result
is a phase shift of the lattice potential experienced by the two species. c Schematic of the minimal
instance and the super-site associated with their directional link.

in optical lattices. Especially challenging are the different requirements for the Z2 double
well and the super-site. The Z2 double well requires a species-dependent energy offset
between neighboring sites and a periodic driving at h̄ω = U with a dimensionless driving
strength of χ0 ≈ 1.84. The super-site on the other hand requires equal on-site energies
for the a-particles, strong suppression of f -particle tunneling, and a two-frequency drive
at h̄ω = U and 2ω with dimensionless driving strengths χs

(1) ≈ 1.71 and χs
(2) ≈ 1.05.

Hence, a separation of the two double wells into different degrees-of-freedom would be
helpful.
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This separation can be achieved by implementing a zig-zag 1D chain (Fig. 5.4). To this
end, on top of a simple square lattice an additional lattice under 45◦ is overlapped with
2
√

2 times the square-lattice spacing. The resulting lattice forms a zig-zag chain for an
appropriate choice of the relative lattice phases. Now, the superlattice sites along one axes
represent the Z2 double wells, e.g. vertical, and the double wells along the other axes the
super-sites. For the Z2 direction a staggered species-dependent tilt is implemented, using
a lin-angle-lin lattice configuration [164]. In this configuration, the inwards running and
retro-reflected laser beams of an optical lattice are both linear polarized but with an angled
polarization axis. In this setup, a relative phase shift between the potentials experienced
by atoms in different atomic hyperfine states can be realized, which leads together with
a long period lattice to a spin-dependent energy-offset between neighboring sites [11,
164]. The suppression of f -particle tunneling along the super-site can be achieved by a
species-dependent short lattice or by a species-dependent gradient chosen off-resonant
with the driving. The periodic driving can be implemented using the technique illustrated
in Fig. 3.1. Thus, a modulation lattice is required on both of the axes. Note that the
setup uses equal tilts but staggered driving, so that an alternating {0, π}-phase pattern is
generated. The resulting effective Hamiltonian is

Ĥexp
1D = ∑

i
(−1)i

[
Js
a â†

i+1τ̂z
〈i,i+1〉b̂i − Js

c â†
i b̂i + h.c.

]
−∑

i
Js

f τ̂x
〈i,i+1〉, (5.12)

which also fulfills the local symmetry constraints according to Eq. (5.3).

5.3. Ladder model features a global Z2 symmetry

The Z2 minimal instance can also be extended to a ladder model, which features a global
Z2 symmetry. This model does not only obey an electric field but also Z2 magnetic field
terms play a role. The minimal instances are thereby placed on the rungs of the ladder.
Along the legs only the matter particles can tunnel. A detailed numerical analysis of this
ladder using state-of-the-art density matrix renormalization group (DMRG) methods can
be found in [62] together with an implementation scheme using Floquet engineering.

The numerical analysis conducted in [62] demonstrated a superfluid-to-Mott insulator
transition in the charge sector for a comensurate filling with matter paricles. In the gauge
sector, a transition from an ordered phase with broken global Z2 symmetry to a disordered
regime was found. In the ordered phase, the Z2 magnetic field dominates and the vison
excitations of the gauge field are gapped. In the disordered regime, the Z2 electric field
dominates and the visons condense and strongly fluctuate. Such a behavior also occurs in
higher-dimensional LGTs and indicates a confinement–deconfinement transitions [62].
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5.4. Conclusions

In this part, a minimal instance for Z2 LGTs was demonstrated. The minimal instance
is thereby realized by the effective Hamiltonian of a two-site, two-particles periodically-
driven system. A measurement of its time dynamics was performed and the result is well
described by a full time-dependent analysis of the 3D atomic system. Moreover, it was
confirmed experimentally that the dynamics of the matter and gauge fields are nontrivial
as predicted from the ideal Z2 LGT (Chap. 3).

A good understanding of the relevant symmetry-breaking contributions was gained by
analyzing their sources and estimating their magnitude as well as their dependence on
experimental parameters (Chap. 4). The sources in the experiment are an inhomogeneous
on-site energy distribution, finite-frequency corrections to the Floquet model, and correc-
tions to the Bose-Hubbard model [158]. The associated symmetry-breaking processes are
energy offsets between neighboring sites and correlated two-particle tunneling terms. The
inhomogeneous on-site energy distribution can be suppressed in future experiments by
implementing a box potential. To reduce the symmetry-breaking contributions from finite-
frequency corrections to the Floquet model, the high-frequency limit can be reached [99,
101, 142] or, in certain cases, the Floquet parameters can be fine-tuned. However, reaching
the high-frequency limit requires highly accurate lattice and driving parameters. In experi-
ments, this regime could be reached by increasing the inter-species scattering length using
Feshbach resonances. At the same time, it enhances correlated tunneling processes. These
correlated tunneling processes can be further reduced by localizing the Wannier functions
more. This increased decoupling of the lattice sites is accompanied by a reduction of the
tunneling rate, which suggests using a light atomic species.

In conclusion, improving the suppression of symmetry-breaking terms is possible and
might enable studies of extended Z2 LGTs in future experiments. Future experimental
realizations are especially promising because numerical studies indicate that certain
experimental observables are robust to imperfections. Hence, experimental constraints
regarding the precise implementation of the local gauge invariance [162, 163] could be
relaxed. In summary, this study provides important insights into the applicability of
Floquet schemes and underlines the relevance of considering symmetry-breaking terms in
proposals for LGTs.

Moreover, the demonstrated double-well model is a key step for future experimental
studies of Z2 LGTs coupled to matter. It serves as a minimal instance for extended models
(Chap. 5) and can be assembled to 1D-chain or ladder models [62].
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6. Introduction to spin pumping

6.1. Quantum spin Hall effect

In 1971, the occurrence of the spin Hall effect was predicted theoretically by Dyakonov
and Perel [165, 166]. In the spin Hall effect, electrons with opposite spin accumulate on
opposite surface boundaries in a sample carrying electric current. The effect is named after
the classical Hall effect, which was already experimentally observed by Hall in 1879 [167].
Here instead of different spins, positive and negative charges accumulate at the surface
boundary of a thin sample exposed to a magnetic field in response to an applied current.
This charge accumulation leads to a Hall voltage between the boundaries, which, in the
case of the ordinary Hall effect, is proportional to the applied external magnetic field.
For the spin Hall effect, on the other hand, no external magnetic field is required. The
spin separation is based on the spin-dependent scattering of the electrons at defects of
the material via Mott-scattering [168, 169]. The scattering prefers opposite directions for
the different spins and drives the diffusive spin separation process. This mechanism is
called extrinsic spin Hall effect and was first detected inversely by a measurement of the
transverse voltage induced by a spin current in 1984 [170].

In addition to the extrinsic spin Hall effect, there is also an intrinsic spin Hall effect,
which has a close relation to the intrinsic contribution to the anomalous Hall effect in
ferromagnetic metals [169, 171]. In such ferromagnetic materials, the anomalous Hall
coefficient is experimentally found to be in general magnitudes larger than the ordinary
Hall coefficient, which is not explainable by the material’s magnetization [172, 173]. In
this context, Karplus and Luttinger demonstrated that in response to an external electric
field an additional contribution to the group velocity can arise, which solely depends
on the eigenstates in the band structure and is vastly independent of scattering [174].
This additional contribution is called anomalous velocity and is perpendicular to the
electric field. Hence, it can contribute to the Hall effect [171]. It was only much later
recognized that the anomalous velocity is actually a geometric effect and given by the
vector product of the electric field and the Berry curvature [89, 91, 171]. Note that the Berry
curvature can be understood as magnetic field in momentum space (Sec. 1.2.2). In the
case of ferromagnets, the contribution of the Berry curvature is non-zero because a strong
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spin-orbit interaction is present [171]. As already anticipated above, an intrinsic spin
Hall effect was proposed for p- and n-type semiconductors [175, 176]. The induced spin
current is dissipationless and can flow even in nonmagnetic materials [177]. The associated
electron-spin polarization was first observed in electron-doped gallium arsenide near
the edge of a semiconductor channel by Kerr rotation microscopy [178] and also in the
hole-doped part of a p–n junction light-emitting diode by measuring the polarized light
emision [179].

The dissipationless flow of spin currents in these systems and also their geometric de-
scription with the Berry curvature naturally raise the question, whether a quantized
spin current can be generated under specific conditions, similar to the quantized charge
transport in the quantum Hall effect (QHE) [92, 103]. In 2005, Fu and Kane predicted
such a quantum spin Hall effect (QSHE) in graphene based on the Haldane model [180],
which describes a 2D system on a hexagonal lattice with tunnel couplings that break time-
reversal symmetry (TRS) but have no net magnetic flux. Such systems are now known
as Chern insulators. The proposal effectively uses two copies of the Haldane model with
opposite Berry curvature for the two electron spins. Therefore, each of the spin compo-
nents independently realizes an integer QHE with inverse chirality so that a quantized
spin current occurs without a net charge current. Note that the combined quantum spin
Hall system does not break TRS. Soon after, Bernevig independently developed a model
for a QSHE in a conventional semiconductor by spin-orbit coupling in the presence of
a strain gradient [169]. Here, the spin-orbit coupling creates a momentum-dependent
magnetic field coupling with opposite sign for the spins similar to the idea of Fu and Kane.
In summary, the QSHE is characterized by symmetry-protected topological order with
charge and spin Sz conservation and exhibits therefore a quantized spin current.

In real materials, spin-mixing terms are always present, which violate the spin Sz con-
servation and therefore destroy the QSHE and its quantized transport. However, it was
shown that topologically nontrivial states survive in the presence of interactions and
spin-mixing terms for systems that obey charge conservation and TRS [181, 182]. These
systems are called topological insulators (TIs) and are characterized by the Z2 invari-
ant [183]. In 2007, the proposal of Bernevig [169] led to the first observation of TIs in
mercury telluride quantum wells [184]. Soon after, TIs [183, 185] have been also observed
in bismuth antimony alloys [186, 187] and Bi2Se3 and Bi2Te3 bulk crystals [188–191]. TIs
represent materials in a new class of symmetry protected topological states, which raised
high interest in the field of spintronics [185, 192–195]. Often the QSHE and TIs are used
interchangeably [183], however they have two very different foundations. The QSHE is
based on spin Sz conservation [196, 197] while the TIs are based on TRS. Both systems
have counterpropagating edge modes for the spins, for which scattering from one to the
other edge mode is forbidden. However, the underlying reasons are different. In the case
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of the QSHE, back scattering is forbidden due to spin Sz conservation and for TIs due
to TRS. This implicates, for example, that the QSHE is immune against spin-conserving
magnetic impurities but TIs are not as magnetic impurities break TRS.

In this part of the thesis a minimal instance of a quantum spin pump is proposed and
realized. These minimal instances are then interconnected to form a 1D spin pump in the
limit of isolated double wells. This spin pump can be interpreted as a dynamical version
of the QSHE. The transport properties of the system are analyzed by developing and
applying a unique spin-current measurement technique and by direct observation of spin
separation. Before introducing the quantum spin pump realizing a dynamical version
of the QSHE, topological charge pumping is discussed, which can be interpreted as a
dynamical version of the integer QHE.

6.2. Topological charge pumping

The concept of topological charge pumping was discovered by Thouless in the context
of the QHE in 1983. He found a quantized transport of charges in 1D systems upon
cyclic evolution of the underlying Hamiltonian [95, 198], which is now commonly called a
Thouless pump. In his study, he investigated the particle transport in two superimposed
1D periodic potentials that are adiabatically moved with respect to each other. This
relative sliding motion induces the periodic variation of the system’s Hamiltonian in time.
Therefore, the Hamiltonian Ĥ(t) can be parameterized by a cyclic pump parameter φ(t).
The pump parameter φ and the quasi-momentum k along the x-direction are both periodic
and span together a closed parameter space. On this parameter space, a generalized Berry
curvature Ωn

kφ can be defined

Ωn
kφ = i

[〈
∂kn(k, φ)

∣∣∂φn(k, φ)
〉
−
〈
∂φn(k, φ)

∣∣∂kn(k, φ)
〉]

, (6.1)

with |n(k, φ)〉 denoting the instantaneous eigenbasis of the 1D Hamiltonian Ĥ(φ). This
1D Hamiltonian is related to a 2D system by dimensional reduction [199–201]. Therefore,
Ωn

kφ is very similar to the Berry curvature (1.15) of the 2D system, in which φ takes the
role of the quasi-momentum along y. Note that H(φ) represents a Fourier component of
the associated 2D model for every φ. Hence, not all states of the 2D model are realized
simultaneously.

Pumping refers to the cyclic process of varying the pump parameter such that the Hamil-
tonian changes adiabatically. The wave function thereby follows the instantaneous eigen-
states according to the adiabatic theorem [90] but obtains additional imaginary contribu-
tions from other bands. The instantaneous eigenstates of such a periodic Hamiltonian are
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the Bloch functions eikx |un(k, x)〉 with their cell-periodic part |un(k, x)〉. To first order in
the rate of change and ignoring global phase factors, the wave function is (Sec. B.1)

|ψt〉 = |un〉 − i h̄ ∑
m 6=n

|um〉 〈um|∂tun〉
εn − εm

. (6.2)

From this wave function, the expectation value of the crystal-momentum-dependent veloc-
ity can be calculated to first order using the quantum version of Hamiltonian mechanics

〈vn(k)〉 =
〈

∂Ĥ(k)
∂h̄k

〉
=

∂εn

h̄ ∂k
− i ∑

m 6=n

{
〈un|∂Ĥ/∂k|um〉 〈um|∂tun〉

εn − εm
− h.c.

}
=

∂εn

h̄ ∂k
− i
{
〈∂kun|∂tun〉 − 〈∂tun|∂kun〉

}
. (6.3)

The first term is the group velocity and the second term the Berry curvature in momentum–
time space. The result can be rewritten to the Berry curvature (6.1), which depends on the
pump parameter φ by using the rate of change φ̇

〈vn〉 =
∂εn

h̄ ∂k
−Ωn

kt =
∂εn

h̄ ∂k
−Ωn

kφ φ̇. (6.4)

In summary, a particle acquires a group velocity and an anomalous velocity during the
pumping, which depend on the pumping speed and the Berry curvature.

The particle transport during one pump cycle can be calculated by integrating over the
occupied crystal momenta and the pump parameter. The resulting displacement only
depends on the geometric properties of the pump path but not on the way or speed of
pumping. However, the displacement is not quantized unless all crystal-momenta are
occupied equally. Then, the integral covers the whole generalized Brillouin zone and the
pumped charge is ‹

BZ

〈vn〉
dk
2π

dφ = − 1
2π

‹

BZ

Ωkφ dk dφ = νn (6.5)

given by a 2D topological invariant, the Chern number νn. Thus, the transport is robust
against perturbations [95, 198]. Note that the contribution of the group velocity averages
out to zero because the band is reflection symmetric.

To gain a better understanding of the topological nature and the type of pump cycles
required for pumping with non-zero Chern number, a tight-binding approximation of two
sinusoidal potentials is considered. The period of the potentials are dl and ds = αdl with
α ∈ ]0, 1[. The resulting Hamiltonian is

Ĥα = −∑
m

1
2

[
J0 + δJm(φ)

](
â†

m+1 âm + h.c.
)
+ ∑

m

1
2

∆m(φ) n̂m. (6.6)
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Here, J0/2 is the tunneling rate between neighboring sites, δJm/2 is its site-dependent
modulation, and ∆m is the on-site energy at site m. For small long-lattice depth V2

l �
4VsEr,s, the modulations of the tunneling and the on-site energy only depend on the
long-lattice depth Vl and the relative phase between the two lattices φ. In this limit, Ĥα

reduces to the generalized 1D Harper equation [86, 202] with

δJm(φ) =δJ cos(2παm− φ),

∆m(φ) =∆ cos(2πα(m− 1/2)− φ).
(6.7)

For rational values of α = p/q with p, q ∈N, the model has q subbands (Sec. 1.2.2) except
for the point δJ = ∆ = 0. A this point, only the short period lattice is present and the
gaps close. Note that the Harper equation describes an elliptical pump path around this
degeneracy point. For filled subbands, the pumping response is equivalent to the QHE in
the Harper–Hofstadter–Hatsugai model with a flux α Φ0 per plaquette [200, 203, 204]. It
is a Harper–Hofstadter model with diagonal coupling and has a similar fractal structure
as the Hoftadter’s butterfly [88]. The pumping process φ̇ in 1D is thereby equivalent to
a change in the crystal-momentum along the y-direction k̇y in 2D and is therefore often
referred to as dynamical QHE. This in turn is the same as applying a force or, for charged
particles, applying a voltage like in a quantum Hall sample. It is important to stress again
that during the pump path the subbands remain always gapped in the same way as the 2D
bands are gapped in the Harper–Hofstadter–Hatsugai model. The topological nature and
its associated robustness against deformations of the pump path can now be understood
and compared to its 2D counterpart. Small deformations of the pump path are equivalent
to small deformations of the 2D band. As long as the deformations are small and the
pump path does not touch the degeneracy point δJ = ∆ = 0, the bands are gapped. Thus,
the topology of the band cannot change and the Chern number remains the same. The
pump path in Eq. (6.7) could be shifted in parameter space, e.g. ∆m(φ)→ ∆m(φ) + ∆shift.
If ∆shift > ∆, then the pump path does not include the degeneracy point and the pump
process is trivial with zero Chern number [205]. The degeneracy point can therefore be
regarded as the source of the magnetic field. Recently, geometric and quantized topological
pumps have been realized with ultracold bosonic [204, 206] and fermionic atoms [207].
Moreover, also a dynamical version of the 4D QHE has been implemented by coupling
two 1D topological charge pumps in orthogonal directions [208]. This led to the first
measurement of the corresponding 2nd Chern number.

6.3. Spin pumping

In analogy to the Thouless pump also spin pumps can be constructed, which can be
interpreted as a dynamical version of TIs or QSH systems [209]. They are characterized by
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a bulk excitation gap and gapless edge excitations. The conceptually easiest realization
of such a spin pump uses two independent Thouless pumps; one for each spin. They
are constructed in a way that pumping induces spin transported in opposite directions.
Note that as the Thouless pumps are independent, the spin Sz components are conserved.
Therefore, the system can be interpreted as a dynamical version of the QSHE composed
out of two integer quantum Hall (QH) systems and can be described by a spin Chern
number Csc = ν↑ − ν↓. If the Berry curvature is exactly inverted for the two spins, then the
system fulfills also TRS and inherits the character of TIs as well.

In electronic systems, however, the electron spin is in general not conserved, e.g. in the
presence of spin-orbit coupling. In this situation, the quantized spin transport of the QSHE
is no longer protected because spin Sz conservation is violated. However, the system is
still topological as long as TRS is not yet broken [209–211] and unconventional topological
invariants are required for classification like the Z2 index [182].

A possible application of spin pumps is to use them as spin current sources, for example for
spintronic applications [192]. A range of proposals for spin current generators have been
made based on a variety of phenomena. These proposals include spin current generators
based on the spin Hall effect [175, 178], periodically modulated interacting quantum
wires [212, 213], and TIs [214]. However, only a few experiments have been realized using
quantum spin pumps, e.g. in quantum dot structures [215] and by parametrically excited
exchange magnons [216].
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7.1. Spin pumps in a spin-dependent Rice-Mele model

A quantum spin pump that resembles the QSHE in the limit of fully occupied subbands
can be implemented with two ultracold atomic species in a species-dependent dynamically
controlled optical superlattice. A superlattice can be formed by superimposing a short-
period lattices with period ds and a long-period lattice with dl = 2 ds (Sec. 3.1.1). In the
tight-binding limit, the resulting description has a two-site unit cell with staggered on-site
energies ±∆/2 and alternating tunnel couplings (J ± δJ) /2, where δJ is the dimerization
parameter. These tight-binding parameters depend on the individual lattice depths and
the relative superlattice phase. The discussion is started by only considering a single spin
component. The tight-binding model of the superlattice is a special case of the Harper
Hamiltonian with α = 1/2

ĤRM = −∑
m

1
2
[

J + (−1)m δJ
]
(â†

m+1 âm + h.c.) + ∑
m

1
2
(−1)m ∆ n̂m, (7.1)

which is also called Rice-Mele model [217]. For this model, the pump path is an adiabatic
loop in the parameter space (δJ, ∆), e.g. Eq. (6.7). Pumping induces a modulation of the
potential such that the species gets transported as long as the degeneracy point (δJ = 0,
∆ = 0) is enclosed by the path. The pumped amount of particles per pump cycle is in
general not quantized. However, it is geometric and therefore depends on the chosen
pump path but not on the pump speed as long as the evolution is adiabatic. To obtain
a Thouless pump with quantized transport, subbands need to be fully occupied e.g. the
lowest subband. This can be achieved with spinless fermions at half filling, i.e. one particle
per two sites of the short lattice, where the Fermi energy lies in the band gap, or with
bosons by creating a half-filled Mott insulator.

A spin pump can now be constructed by adding a second species describing the other
spin. First assume, that the species do not have any inter-species interactions. Then, their
pumping motion is independent and a spin pump can be realized by applying a spin-
dependent modulation such that the pump path is run through in the opposite directions

81



7. Minimal instance for Z2 spin pumps

for the two spins, which can be achieved by inverting the sign of the energy offset for the
two spins σ = {↑, ↓}. The resulting Hamiltonian is

Ĥsp = −∑
m,σ

1
2
[

J + (−1)m δJm
]
(â†

m+1,σ âm,σ + h.c.) + ∑
m
(−1)m ∆

2
(
n̂m,↑ − n̂m,↓

)
. (7.2)

Here, â†
m,σ is the creation operator and n̂m,σ = â†

m,σ âm,σ the number operator of a spin σ at
site m. As a result their Berry curvatures are reversed and the spin transport is oppositely
directed. Note that for equal spin mixtures, charge transport is absent. Furthermore, the
Hamiltonian conserves charge as well as spin Sz, which is typically what is required for
the QSHE. However, the transport is only quantized, if all crystal momenta are populated
equally. Moreover, the Hamiltonian is time-reversal symmetric, which also allows for the
interpretation of the model as a dynamical version of a TI with spin conservation.

In a second step, assume that the species are coupled by a strong inter-species on-site
interaction U � J. For half filling, tunneling is suppressed and the system can be described
by a 1D spin chain

Ĥ = −∑
m

1
4
[

Jex + (−1)m δJex
] (

Ŝ+
m Ŝ−m+1 + h.c.

)
+ ∑

m
(−1)m 1

2
∆ Ŝz

m (7.3)

with spin-dependent tilt ∆ and alternating exchange coupling (Jex ± δJex) /2. The ex-
change coupling is a second order process and is approximately (J ± δJ)2 /U [4]. The spin
operators Ŝ+

m = â†
m↑ âm↓ and Ŝ−m = â†

m↓ âm↑ flip the spin at site m and Ŝz
m = â†

m↑ âm↑ − â†
m↓ âm↓

measures the spin magnetization. For large tilts ∆ � (Jex + δJex) /2, the many-body
ground state consists of spins locked in an antiferromagnetic order, while for strong
exchange coupling (Jex + δJex) /2 � ∆ dimerized entangled pairs are favored. In this
interacting 1D spin chain, pumping can be induced equivalently to the non-interacting
pump by a variation of δJex and ∆. To this end, a pump path in the parameter space (δJex,
∆) is realized. However, the criterion for adiabaticity changes. The modulation now needs
to be adiabatic compared to the intra-double-well exchange coupling (Jex + δJex)/2. For
two bosonic species with intra-species hardcore interactions or two spinless fermionic
species, the spin transport is quantized. Note that the spin degree-of-freedom is here
represented by the two species. The quantized spin transport is described by a spin
Chern number as in the topologically equivalent case of independent spins [182] or by the
more generally applicable Z2 invariant. Such a spin pump can also be interpreted as a
dynamical version of the QSHE, where the pump parameter φ is an additional dimension
in a generalized momentum space [200]. The adiabatic variation of φ corresponds to
threading of a magnetic flux through a cylinder following Laughlin’s interpretation of the
integer QHE [201].
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7.2. Limit of isolated double wells

The implementation of the non-interacting spin pump Eq. (7.2) requires either non-
interacting fermions or bosons with hardcore intra-species and vanishing inter-species
interactions. In this regard, the interacting spin pump Eq. (7.3) is simpler as the species
can both have strong intra- and inter-species interactions. Nevertheless, both implemen-
tations require a dynamically controllable spin-dependent superlattice [218, 219], which
is challenging to realize. Therefore, a two-site minimal instance of the spin-dependent
Rice-Mele model according to Eq. (7.3) is proposed and realized. This minimal instance
can be implemented with a spin-independent superlattice. In the limit of isolates double
wells, δJex ≈ Jex, the spin-independent superlattice together with a global spin-dependent
gradient locally reproduces the staggered spin-dependent tilts of the interacting spin
pump. In Fig. 7.1, the essence of this minimal instance and a sequence to extend it to
perform multiple spin-pump cycles is illustrated.

To gain a better understanding of the pumping in the two-site minimal instance, the
discussion is restricted to perfectly isolated double wells, δJex = Jex. This means, that
every second link is broken and no tunneling between double wells can occur. It is
important to recognize that in the spin-dependent Rice-Mele model Eq. (7.3) the energy
offsets between neighboring sites have the same sign in each double well. Therefore,
ignoring the energy offsets between sites on broken links, the local tilts can be replaced
by a spin-dependent gradient. Hence, the superlattice potential can be chosen spin-
independent. Now, each minimal instance is occupied by an up and a down spin in the
two-particle ground state for −∆� Jex and Jex = 0. The state is |↑, ↓〉, where the spins on
the left site are indicated before and the spins on the right site after the comma. The first
half pump cycle is performed by adiabatically inverting the energy offset (Fig. 7.1 a), i.e.
reversing the gradient in the minimal instance. During this process, the spins exchange
their position to |↓, ↑〉 via the intermediate triplet state (|↑, ↓〉 + |↓, ↑〉 /

√
2 at ∆ = 0

(Fig. 7.1 b). To further continue the pump cycle, the minimal instance needs to be shifted
by a short lattice period. To this end, the dimerization needs to be flipped. However,
simply flipping the dimerization in the realization will not reproduce the correct local tilt
in the new minimal instance. Therefore, also the gradient needs to be flipped (Fig. 7.1 c).
As all the spins are localized at this stage, the state of the spins remains unchanged. After
shifting the minimal instance, pumping can be continued.

To strengthen the intuitive explanation for spin pumping with the minimal instance, an
extended model with a global gradient is analyzed. The model with the global gradient is
captured by the following Hamiltonian

Ĥgrad = −1
4 ∑

m

[
Jex + (−1)m δJex

] (
Ŝ+

m Ŝ−m+1 + h.c.
)
+ ∆ ∑

m

(
m− 1

2

)
Ŝz

m. (7.4)
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b

a

Figure 7.1.: Spin pump cycle and pumping in the minimal instance. a Illustration of the spin-
pump cycle in the experiment (green) in the parameter space spanned by the spin-dependent tilt ∆
the dimerization of the exchange coupling δJex. The pump cycle starts on the left at negative ∆ and
equal exchange coupling on all links. The unit cell is chosen such that the down spin localizes on
the right (R) and up spin on the left (L) site. The pump path is parameterized by the angle φ, the
pump parameter. During the first half pump cycle from φ = 0 to π, |↑〉 and |↓〉 spins exchange
their position. This exchange of spins is verified by the presented site-resolved band mapping
images. b Local representation of the minimal instance around ∆ = 0. The spin-dependent
staggered potential is locally reproduced by a magnetic field gradient. With the red and blue dots,
representing up and down spins, the evolution of the two-particle ground state in the double
well is illustrated. The bare tunnel coupling on the double well is (J + δJ) /2 and the on-site
interaction energy is U. Therefore, the exchange coupling is Jex ' (J + δJ)2 /U. During pumping
from negative to positive ∆, the localized spin configuration |↑↓〉 adiabatically changes via the
triplet state (|↑↓〉 + |↓↑〉)/

√
2 to the spin configuration |↓↑〉. Hence, a spin transport appears.

c Illustration of how the potential with global magnetic gradient (red) can reproduce a potential
with local staggered spin-dependent tilts (black) in the limit of isolated double wells. The gray
shading marks the isolated double well in scope with a single up spin. Note that the potentials are
only shown for this up spin. The pump cycle starts with the top left panel at φ = 0 with the up spin
localized to the left site of the double well. The local potentials are the same for the gradient and
the staggered model but between the double wells the sign is reversed. However, this is irrelevant
as the tunneling is negligibly small. Then, the first half pump cycle is performed and the particle
tunnels to the right as shown in b. To proceed the pumping, the minimal instance needs to be
shifted by a short-period lattice spacing ds. Therefore, the dimerization is rapidly flipped and the
gradient reversed. Again, the local potentials are reproduced by the potential with gradient. Now,
the next half pump cycle can be performed followed by another flip of the dimerization and the
global gradient to close the pump cycle.
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Figure 7.2.: Comparison of the energy spectrum for staggered and gradient model. a A compar-
ison of the energy spectra for two pairs of up and down spins on two double wells is shown for
the spin pump with staggered tilts Eq. (7.3) (red) and the spin pump with global gradient Eq. (7.4)
(blue). The thicker darker lines represent the ground state of the staggered superlattice |1st〉 and
the corresponding state in the globally tilted lattice |Ψgrad〉, which is used for pumping in the
experiment. b The state overlap | 〈1st|Ψgrad〉 |2 between these two states is depicted.

It is necessary to start with the ground state of the spin pump with local staggered energy
offsets Eq. (7.3), which is the antiferromagnetically ordered state. This state is a highly
excited many-body state in the system with a global gradient Eq. (7.4). Nevertheless, this
state evolves in the same way in both systems except for a few additional crossings that
occur in the energy spectrum of the system with the global gradient. Such an energy
spectrum is shown in Fig. 7.2 for two pairs of up and down spins on a chain with two
double wells. The energy spectrum is calculated for the experimental parameter set with
Jex/h = 342(2)Hz. During the pumping process, the system follows the darker and
thicker depicted state. This state is either separated by a large gap from the excited states
around ∆ = 0 or crosses states with a small gap on the order of the inter-double-well
exchange coupling (Jex − δJex)/2, which can be crossed non-adiabatically. To this end,
the pumping needs to be fast compared to (Jex − δJex)/2 to reach a pure non-adiabatic
transfer but remains adiabatic with respect to the intra-double-well exchange coupling
(Jex + δJex)/2. Both limits can be fulfilled simultaneously in an experiment because the
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inter-double-well exchange coupling can be suppressed exponentially by applying deep
lattice potentials and adiabaticity on the double well scale can be reached by a slower
ramp speed. To further validate that the antiferromagnetically ordering state at large ∆ is
mostly identical to the ground state of the model with staggered energy-offsets during
pumping, their state overlap is calculated. The result is equal to one everywhere besides
at the surrounding of the small gaps. This underlines the similarity of both pumps. In
summary, the spin pump with global gradient can be described by the same topological
invariant as the model with local tilts in the limit discussed above.
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8.1. Charge and spin currents

8.1.1. Continuity equation

When currents are discussed, the topic is typically narrowed down to the transport of
electric charges. However, currents appear in a much broader context and are used for
the description of the flow of everything that can actually move, e.g. water, air, charge,
and spin. Moreover, this concept can be generalized to the flow of any quantity through a
given surface, which is then called flux. A prominent example is the magnetic flux, which
is the flow of the magnetic flux density, better known as the magnetic field (Sec. 1.2.1),
through a surface.

Our intuition tells us that the flow of extensive quantities need to fulfill a local conservation
law. Imagine a small box filled with a quantity. Then, a reduction of this quantity in the
box can only occur in two ways: first, the quantity flows away through the surface of
the box, or second there is a sink inside the box. Of course, the same holds true for an
increase of the quantity, which can either originate from an inflowing net-flux density or a
source inside the volume. Mathematically, this local property is captured by the continuity
equation. In the integral form the continuity equation reads

dQ
dt

+

‹

∂V

JdS = S, (8.1)

with J the flux density, Q =
˝

V ρQ dV the total amount of the quantity, and S the net
source rate inside the volume V. For globally conserved quantities, the more restrictive
condition of vanishing local sources is often satisfied as well. Hence, the continuity
equation reduces to

dQ
dt

= −
‹

∂V

JdS . (8.2)

In the next section, this classical description will be extended to the flow of conserved
quantum particles, whose probability density is described by the expectation value of an
operator.
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8.1.2. Probability current

In quantum mechanics, the location of a particle can only be described by its probability
density. Therefore, the flow of the particle is also a probabilistic quantity and the current
becomes a probability current. Assume an operator Ô that describes the density of a
conserved quantity, then the probability current density JO is given by the differential
form of the continuity equation

∂ 〈Ô〉
∂t

= −∇ · 〈ĴO〉 . (8.3)

The time-derivative of the expectation value of an operator can be calculated using the
Ehrenfest theorem

d
dt
〈
Ô(t)

〉
=

i
h̄
〈[

Ĥ, Ô(t)
]〉

+
〈∂Ô

∂t

〉
. (8.4)

Note that the operator is typically not explicitly time-dependent and
〈
∂tÔ

〉
= 0 vanishes.

Furthermore, the change from the partial to the total derivative is valid for a stationary
evaluation volume.

By discretizing the continuity equation, the probability current operator in the 1D Bose-
Hubbard model can by calculated. To this end, the operator Ô = n̂i is the local number
operator at site i and (∇ · 〈JO〉)x → 〈Ĵi+1〉 − 〈Ĵi〉 the discretized divergence of the
current density in 1D along x. Evaluating the expression leads to

d 〈n̂i〉
dt

=
i
h̄
〈[

Ĥ, n̂i
]〉

= −[ 〈Ĵi+1〉 − 〈Ĵi〉]

=
i
h̄

〈[
−J ∑

j

(
â†

j âj+1 + h.c.
)

, n̂i

]〉
=
〈

J i â†
i âi+1 + h.c.

〉
−
〈

J i â†
i−1 âi + h.c.

〉
(8.5)

and the current operator is identified as

Ĵi+1 = −J i â†
i âi+1 + h.c. (8.6)

8.1.3. Definition of a spin current

A rigorous definition of a spin current is rather difficult because in general the spin Sz

component is not conserved due to spin-orbit coupling. Therefore, the naive definition
via the continuity equation becomes inapplicable. To overcome this limitation, a variety
of different spin current definitions have been proposed [177]. The definitions are based
on experimental quantities like spin accumulation [220], the subtraction of individual
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spin currents [214, 221, 222], applying the continuity equation and adding first order
spin-mixing terms [223], semi-classical approaches separating non-conserved parts of the
spin current due to spin-orbit coupling from conserved parts [224, 225], or by introducing
a spin dipole, torque moment, and a change of the spin’s wavepacket due to electric
fields [226]. Another attempt for the definition of a conserved spin current was made by
introducing a torque dipole moment [227], which ensures the Onsager relation. In some
situations, however, the spin can be assumed to be conserved [209, 228], and the definition
is much simpler. This is indeed the case for the spin pump in the context of the QSHE.

Assume a conserved spin Sz and the Hamiltonian Eq. (7.3), then the definition of the
current operator in Eq. (8.5) can be adopted for spin currents

d 〈Ŝz
i 〉

dt
=

i
h̄
〈[

Ĥ, Ŝz
i
]〉

= −[ 〈ĵi+1〉 − 〈ĵi〉]

=
i
h̄

〈[
−Jex ∑

j

(
Ŝ+

j Ŝ−j+1 + h.c.
)

, Ŝz
i

]〉
=
〈

Jex i Ŝ+
i Ŝ−i+1 + h.c.

〉
−
〈

Jex i Ŝ+
i−1Ŝ−i + h.c.

〉
. (8.7)

The resulting spin current operator on the link 〈i, i + 1〉 is then

ĵi+1 = −Jex i Ŝ+
i Ŝ−i+1 + h.c. (8.8)

8.2. Spin currents in the minimal instance

8.2.1. Two-site extended Bose-Hubbard model

In Chap. 7, a spin pump of isolated double wells was introduced. Each of the double
wells is thereby occupied by a pair of up and down spins and can be interpreted as a
minimal instance for this extended spin pump. The minimal instance can be described in
the tight-binding limit by a two-site, two-spin Bose-Hubbard Hamiltonian

ĤBH =− J′ ∑
σ={↑,↓}

(
â†

L,σ âR,σ + h.c.
)
− ∆

2
(
n̂L,↓ − n̂L,↑ − n̂R,↓ + n̂R,↑

)
+ U

(
n̂L,↑n̂L,↓ + n̂R,↑n̂R,↓

)
, (8.9)

with â†
i,σ the creation operator of spin σ ∈ {↑, ↓} at left (L) or right (R) site i ∈ {L, R}.

n̂i,σ = â†
i,σ âi,σ is the number operator, J′ the intra-well tunneling rate, ∆ the spin-depen-

dent energy offset between left and right site, and U the on-site interaction energy. As
already discussed in the context of the minimal instance for Z2 LGTs (Sec. 3.1.4), such
an interacting two-site model is better captured by the extended Bose-Hubbard model.
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8. Spin-current measurement technique

There the tunnel matrix element is modified J = J′ + δj by density-assisted tunneling
δj = g

´
w∗2L (r)wL(r)wR(r)dr3 and correlated- as well as exchange-tunneling processes

occur with strength uLR = g
´
|wL(r)|2|wR(r)|2 dr3. Here, wi(r) is the Wannier function,

g = 4πh̄2as/m the effective interaction strength, as the s-wave scattering length and m the
mass. Taking these corrections into account is important for an accurate determination
of the exchange coupling, especially at large J/U [4, 158]. Including theses terms, the
Hamiltonian is

ĤeBH =− J ∑
σ={↑,↓}

(
â†

L,σ âR,σ + h.c.
)
− ∆

2
(
n̂L,↓ − n̂L,↑ − n̂R,↓ + n̂R,↑

)
+ U

(
n̂L,↑n̂L,↓ + n̂R,↑n̂R,↓

)
+ uLR

(
n̂L,↑n̂R,↓ + n̂R,↑n̂L,↓

)
+ uLR

(
â†

L,↑ â
†
L,↓ âR,↑ âR,↓ + â†

L,↑ â
†
R,↓ âR,↑ âL,↓ + h.c.

)
. (8.10)

8.2.2. Spin-current operator

In the extended Bose-Hubbard model, the total spin projection Sz is conserved. Therefore,
the spin-current operator can be defined following Eq. (8.5)

d 〈Ŝz
L〉

dt
=

i
h̄
〈[

ĤeBH, Ŝz
L
]〉

= − 〈ĵL→R〉

= −
〈

J i â†
L,↑ âR,↑ − J i â†

L,↓ âR,↓ + 2uLR i â†
L,↑ â

†
R,↓ âR,↑ âL,↓ + h.c.

〉
(8.11)

for the spin projection operator on the left site. Evaluating the equation for Ŝz
R and using

that spin currents between two sites need to be equal but oppositely directed, the change
of the spin occupations are related

d 〈Ŝz
R〉

dt
= − 〈ĵR→L〉 = + 〈ĵL→R〉 =

d 〈−Ŝz
L〉

dt
(8.12)

in the two-site model. It is instructive to define the experimentally-practical spin imbal-
ance Î , which is given by the difference of the site-imbalance Îσ of the two spins σ

Î =
1
2
(

Î↑ − Î↓
)
=

1
2
(
n̂R,↑ − n̂L,↑ − n̂R,↓ + n̂L,↓

)
=

1
2
(
Ŝz

R − Ŝz
L
)

. (8.13)

Thus, the spin current between the two sites of a double well can also be related to the
change of the spin imbalance

j = 〈ĵL→R〉 =
d 〈Î〉

dt
= ∂tI (8.14)

The result can be understood as a representation of the integral from of the continuity
equation for two sites.

90



8.2. Spin currents in the minimal instance

-400 0 400
-0.2

0

0.2

0

40

80

120
b

-4

0

4

-1 1 20-2

a

Figure 8.1.: Energy spectrum and admixture-coefficients of the minimal instance. a Energy spec-
trum of the extended Bose-Hubbard model (8.10) for two spins on a double well in dependence
on the spin-dependent tilt ∆. For ∆ � |Jex| the ground state is |1〉 ≈ |↓, ↑〉 and for ∆ � |Jex| it
is |↑, ↓〉. b Magnitude of the admixtures coefficients am at different spin-dependent tilt values ∆
with rate of change ∆̇/h = 82(2) kHz/s for experimental parameters with an exchange coupling
of Jex/h = 342(2)Hz.

8.2.3. Spin-currents during pumping

To understand the spin-currents during the pumping process, it is helpful to consider
the energy spectrum and the evolution of the wave function during the adiabatic change
of ∆(t). The instantaneous eigenstates |nt〉 and the corresponding eigenenergies En of
the two-site extended Bose-Hubbard model (8.10) are defined by the time-independent
Schrödinger equation ĤeBH |nt〉 = En |nt〉. The energy spectrum En is shown in Fig. 8.1 a.
The gap between the first and second eigenenergy at ∆ = 0 defines the exchange cou-
pling Jex. The ground state is |1〉 ≈ |↓, ↑〉 for positive and |↑, ↓〉 for negative ∆ in the
limit |∆| � Jex. In the symmetric configuration at ∆ = 0 and for U � J, it is well approxi-
mated by the triplet state 1√

2

(
|↑, ↓〉+ |↓, ↑〉

)
. Note that the third eigenstate is independent

of ∆.

Starting an adiabatic pumping process at time ti in the instantaneous eigenstate |nti〉,
then the wave function will follow the instantaneous eigenstate |nt〉, but it acquires small
imaginary contributions i am(t) from other eigenstates |mt〉, with m 6= n. This happens
even for a perfectly adiabatic evolution. This admixture occurs only temporarily during
the change of the Hamiltonian. In first-order perturbation theory the temporary wave
function is

|ψt〉 = |nt〉+ i ∑
m 6=n

am(t) |mt〉 (8.15)
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with the admixture coefficients

am(t) = −
〈mt| h̄∂t |nt〉

En(t)− Em(t)
= −∆̇

〈mt| h̄∂∆ |nt〉
En(t)− Em(t)

. (8.16)

A derivation of this wavefunciton following Ref. [89] is presented in Sec. B.1. The co-
efficients depend on the ramp speed, the energy differences and the variation of the
eigenenergies with ∆. For a pump process starting in the ground state, these coefficients
are shown in Fig. 8.1 b. The contribution a2 clearly dominates and other coefficients can
be neglected. The reasons are a vanishing or weak dependence of the eigenstates |3〉 and
|4〉 on ∆ as well as a large gap |Em − E1| ∼ U � Jex for m > 2. Therefore, the temporary
wave function (8.15) reduces to

|ψt〉 ≈ |1t〉+ i a2(t) |2t〉 . (8.17)

The expectation value of the instantaneous spin-current can be calculated with this tempo-
rary wave function and is

j(t) = (〈1| − i a2(t) 〈2|) ĵ (|1〉+ i a2(t) |2〉) = 2 i a2 〈1|ĵ|2〉 . (8.18)

It is directly proportional to the a2-coefficient and the matrix element between instanta-
neous eigenstates. Thus, the spin current can be detected by measuring the value of the
a2-coefficient. In the next section, a method to measure the instantaneous spin current is
introduced based on the amplitude of spin-imbalance oscillations.

8.3. Measurement method

The spin-current measurement technique is based on a method for detecting particle
probability currents on a lattice [68]. In this method, a projection of a current-carrying
wave function onto isolated double wells was performed and the subsequent imbalance
time-dynamics detected. From the imbalance oscillation amplitude, the probability current
can be inferred. Here, instead of particle oscillations, the superexchange oscillations of two
spins is detected. Again, the currents can be directly related to the oscillation amplitude.

In the case of the spin pump, the wave function |ψt〉 can be probed by a sudden stop of the
pump cycle at time ts (Fig. 8.2). This rapid stop corresponds to a non-adiabatic projection
of |ψts〉 on the static Hamiltonian ĤeBH(ts). Since |ψts〉 is in general not an eigenstate of
the static Hamiltonian, |1ts〉 and |2ts〉 acquire a relative phase and the expectation value of
the spin-imbalance operator I oscillates in time

I(t′) = A sin
(

E2(ts)− E1(ts)

h̄
t′
)
+ Is. (8.19)
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Figure 8.2.: Spin current measurement method. a Pumping is performed by an adiabatic change
of ∆ with rate ∆̇. The ramp is abruptly stopped at a certain point ∆s. The graphs show ramps
with three different stop values for the experimentally chosen pump rate of ∆̇ = 82(2) kHz/s at
∆ = 0. b During pumping, the ground-state obtains a small admixture a2 of the first excited state
around ∆ = 0. This contribution is responsible for the spin current. c The current carrying state
is projected on a static Hamiltonian at ts by abruptly stopping the pump cycle. The admixture
from the first excited state leads to spin-imbalance oscillation with an amplitude proportional to a2.
Thus, the oscillation amplitude is also proportional to the instantaneous spin current at ts. The
graph shows a numerical simulation of the spin-imbalance time traces for adiabatic pumping and
a perfect projection.

Here, A is the spin-imbalance oscillation acplitude, Is the spin imbalance at time ts and
t′ = t− ts. The oscillation amplitude is directly proportional to the a2-coefficient

A = −2 a2(ts) 〈1ts | Î |2ts〉 . (8.20)

Thus, the oscillation amplitude is proportional to the spin current according to Eq. (8.18)
as the spin current is also proportional to the a2-coefficient. The proportionality factor
between the spin current and the oscillation amplitude can be found by comparing this
result to the integral form of the continuity equation (8.14) at time ts

j(ts) = ∂tI(t′)
∣∣
t=ts

= A
E2(ts)− E1(ts)

h̄
cos

(
E2 − E1

h̄
t′
)∣∣∣∣

t=ts

= A
E2(ts)− E1(ts)

h̄
. (8.21)
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9.1. Setup

The spin-pump experiment is performed with ultracold 87Rb atoms in a 3D optical lattice.
A description of the experimental apparatus can be found in Refs. [143–146]. The chains
of isolated double wells are created by a superlattice along the x-direction and deep
transverse lattices along y and z to decouple the 1D chains. The two-spin components
are implemented by two hyperfine states up |↑〉 = |F = 1, mF = −1〉 and down |↓〉 =
|F = 1, mF = +1〉. Note that they have opposite magnetic moments. Thus, the global state-
dependent linear potential in Eq. (7.4) can be realized by a magnetic field gradient. During
the pumping process, the direction of the magnetic gradient is inverted adiabatically.
Furthermore, the dimerization of the superlattice needs to be changed for the sequence
with multiple pump cycles (Fig. 7.1). To this end, a second laser is used creating long-
period lattice sites shifted in phase by π.

9.2. Experimental sequence

In this section, the experimental sequences for the initial state preparation, the spin current
measurement, and multi-cycle pumping are described. Illustrations of these sequences are
shown in Fig. 9.1. The experiment starts with 87Rb atoms in the |F = 1, mF = −1〉 hyper-
fine state. They are loaded into a 3D optical lattice of three mutually orthogonal standing
waves with wavelengths λx = λy = 767 nm and λz = 844 nm. The lattice parameters
are chosen such that the atoms form a Mott insulating state. The atoms are transferred
to the hyperfine state |F = 1, mF = 0〉 via the intermediate state |F = 2, mF = −1〉 with a
sequence of microwave-driven adiabatic passages. The microwave pulses are marked
by ft1 and ft2 in Fig. 9.1. Now, two neighboring lattice sites along the x-direction are
merged together. They form new isolated lattice sites with twice the period dl = 2ds,
where ds = λx/2. The merging is achieved by simultaneously increasing the long-period
lattice and turning the short-period lattice off. The new lattice sites are mainly occupied
by two atoms. They can be transferred from a pair of |F = 1, mF = 0〉 atoms to a pair of
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Figure 9.1.: Illustration of the experimental sequences. The course of the lattice potential depths
are shown in the upper panels. The lattices with period ds and dl along the x-direction (blue and
red), ds along the y-direction (green), and dz = λz/2 along the z-direction (yellow) are shown in
their respective recoil energies. The course of the magnetic quadruple-field strength BQuad and the
magnetic bias Bx field along x as well as the microwave pulses (MW) are sketched in the lower
panel. a Illustration of the initial state preparation sequence. The sequence ends with decoupled
sites occupied by atoms in the states |↑〉 = |F = 1, mF = −1〉 and |↓〉 = |F = 1, mF = +1〉 in
antiferromagnetic order. b Illustration of a current measurement at ∆s = 0. This part of the
sequence directly follows the initial state preparation. Here, a quarter pump cycle is shown. The
magnetic gradient ramp, performed by the change of Bx, was abruptly stopped. Then, after a
variable hold time the spin imbalance was detected. c Illustration of the spin-pump sequence for
multiple cycles. This part of the sequence directly follows the initial state preparation. It is used
for in-situ and band mapping measurements. Note that after half a pump cycle the dimerization
is reversed by swapping to a second laser creating a π-phase-shifted long lattice and therefore
isolated double wells shifted by ds. Simultaneously, the magnetic field gradient is reversed in 2 ms.

|F = 1, mF = ±1〉 atoms by coherent microwave-mediated spin changing collisions [154].
Thereafter, the lattice sites are occupied by pairs of up and down spins. These spins are
now placed on individual short-period lattice sites in an antiferromagnetic order. To this
end, a magnetic field gradient is turned on and the long lattice sites are split adiabatically
into two decoupled sites by turning on the short period lattice. The final lattice depth
Vs = 40 Er,s is reached in 50 ms. The lattice depth are given in their respective recoil energy
Er,i = h2/2mRbλ2

i with mRb the mass of a Rubidium atom. The magnetic gradient intro-
duces a tilt of ∆/h = 2.7(2) kHz between neighboring sites during the splitting. This leads
to the antiferromagnetic ordering of the spins. Note that the lattice sites are decoupled
with Jex ≈ 0. After this initial state preparation, pumping is performed.

The current measurement technique is only applied to the first half of the pump cycle.
The sequence starts by adiabatically coupling every other lattice site by decreasing the
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short-period lattice depth Vs in the presence of the magnetic gradient field. Then, pumping
is induced by reversing the magnetic gradient. To this end, the magnetic bias field Bx is
changed with a constant rate. For the current measurement, pumping is abruptly stopped,
i.e. Bx is suddenly kept constant at a certain final value of the magnetic tilt ∆s. Depending
on the strength of the instantaneous spin current, a spin-imbalance oscillation occurs. This
time-dependent oscillation can be measured by rapidly freezing the dynamics with an
increased short-period lattice depth after a variable holdtime t′. Then, a site-resolved band
mapping was performed in combination with a Stern-Gerlach field. The spin components
separate spatially during time-of-flight and the four site occupations nL↓, nL↑, nR↓, and nR↑
can be simultaneously extracted from each absorption image.

The experimental sequence to measure the spin separation after multiple pump cycles also
starts by adiabatically coupling every other lattice site. Therefore, the short-period lattice
depth Vs is decreased in the presence of a magnetic gradient field. Pumping is performed
by adiabatically inverting the spin-dependent gradient. To this end, the bias field Bx is
changed. After half a pump cycle, the spin-dependent gradient has been inverted and
the motion of the particles is frozen again through a deep short-period lattice depth. In
this configuration Jex ≈ 0 and no tunneling can occur. To continue the pump cycle, the
dimerization is flipped by swapping to a second long-period lattice laser, which creates a
π-shifted long-period lattice, i.e. a long-period lattice that is shifted by one site of the short
lattice. Simultaneously, also the magnetic bias field is set back to its initial value to reverse
the magnetic field gradient in 2 ms. The reason for this is explained in Fig. 7.1. This half
pump cycle can now be repeated multiple times. Before in-situ imaging, atoms initially
in the |F = 1, mF = 0〉 state are removed, which correspond to atoms on singly-occupied
double wells during the preparation sequence. Therefore, simultaneously a microwave
field on the |F = 1, mF = 0〉 → |F = 2, mF = 0〉 transition and a resonant imaging light
pulse to remove the atoms in the F = 2 manifold was applied. Subsequently, one of the
spin states is selected and transferred to the |F = 2, mF = 0〉 state by a microwave-driven
adiabatic passage and imaged by absorption imaging.

9.3. Calibrations

The tunnel coupling J′ between double-well sites can be calibrated by measuring single-
particle imbalance oscillations. To this end, an n = 1-Mott insulator state in the long-period
lattice is prepared. Each long-period lattice site is then split in two short-period lattice sites
in the presence of an energy offset ∆� J′ between neighboring sites. During the splitting,
the particle adiabatically follows the ground state and localizes to the energetically lower-
lying site. The resulting lattice sites are decoupled and J ≈ 0. Now, the energy offset is
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nonadiabatically removed to reach ∆ = 0. To start the imbalance dynamics, the sites are
coupled by ramping down the short-period lattice nonadiabatically in 200µs to the lattice
depth at which J′ needs to be calibrated. The localized particle is not in an eigenstate of a
symmetric double well. It is in an equal superposition of the ground |1〉 and first excited
state |2〉. Thus, the imbalance oscillates in time. This time-dependent particle imbalance is
measured by site-resolved band mapping and its oscillation frequency fbare is defined by
the band gap. Therefore, the tunnel coupling can be calculated J′ = h fbare/2.

The calibration of the on-site interaction energy U in this part is performed similar to the
calibration in Sec. 3.1.5. In both calibrations, the superexchange oscillation frequency is
used to numerically calculate U for a known bare-tunnel coupling J′ from the extended
Bose-Hubbard model. The difference is that here, it is sufficient to consider U at ∆ = 0
while in the minimal instance for Z2 LGTs, a calibration of U was required at ∆ ≈ U. In
consequence, the spin states |F = 1, mF = ±1〉 can be used here. Initially, they are localized
on the left and right site of the double well in the presence of a large spin-dependent
tilt ∆ (Sec. 9.2). Then, the magnetic fields, except for a small bias field to maintain the
quantization axis, are switched off to non-adiabatically remove the tilt while Jex ≈ 0. In a
next step, the sites are coupled by decreasing the short-period lattice within 200µs to the
final value, at which U needs to be calibrated. The localized state is not an eigenstate of
the symmetric double well and therefore superexchange oscillations occur [4].Luo The
exchange coupling Jex can be calculated using the measured oscillation frequency, by
solving the extended Bose-Hubbard model numerically.

The magnetic gradient field, responsible for the spin-dependent gradient potential, consists
of a two contributions. The first contribution stems from a pair of coils in anti-Helmholtz
configuration in z-direction. The resulting quadrupole field is

Bquad = Bquad
(
x ex + y ey − 2z ez

)
, (9.1)

with ei the unit vector in the ith direction. The second contribution is an homogeneous
bias field Bx ex from a pair of coils in Helmholtz configuration oriented in the x-direction.
Assume that the atom cloud is roughly in the center at x ≈ 0, then the resulting total
magnetic field is

B =
√
(Bquadx + Bx)2 + B2

ofs(y, z). (9.2)

For small Bx � Bofs, the magnetic gradient B′ = ∂xB. depends linearly on Bx. To correctly
interpret the results of the current measurement method, an accurate knowledge of the
spin-dependent double-well tilt induced by the magnetic gradient is essential. Therefore,
a laser-assisted tunneling spectroscopy was performed for calibration. The method uses
laser beams, which interfere under an angle of 90◦. The result is a lattice oriented at 45◦

to the physical lattice. When a frequency difference of δω between the beams is applied,

98



9.3. Calibrations

0 2 4 6
0

10

20

-2 0 2 4 6 8 10
0

100

200
b

-0.8 -0.4 0.0 0.4 0.8

-1.2

0.0

a
1.2

Figure 9.2.: Calibrations of the magnetic gradient. a Magnetic tilt calibration in a tilted double
well using laser-assisted tunneling spectroscopy. The calibration is performed for various bias
fields Bx. The magnetic tilt ∆ was calculated from the measured resonance frequency fres by
subtracting the double-well tilt 2∆ = h fres − δ0. The data points and error bars are average
and standard deviation of a differential measurement with four repetitions per hyperfine state
|F = 2, mF = ±2〉. b The residual exponential decay of ∆ after the ramp stop at t′ = t− ts was
calibrated by microwave spectroscopy on the |F = 1, mF = −1〉 → |F = 2, mF = −2〉 transition.
To this end, the gradient ramp was stopped at ∆s = 0 and the magnetic field was measured. Before
the stop at ts, the magnetic field changes linearly and afterwards an exponential decay is clearly
visible. The decay constant τd = 1.05(5)ms and the value ∆d can be determined by an exponential
fit to the data for t′ > 0 and a linear fit to the data for t′ < 0. Note that the value ∆d depends on
the double-well site distance.

then the lattice moves and modulates the on-site energy of the underlying lattice structure.
The calibration starts with a single |F = 2, mF = ±2〉-particle in the ground state of a
tilted double-well potential with δ0/h = 4.91(2) kHz. In the presence of the gradient, the
magnetic tilt±2∆ adds to the double-well tilt δ0. At the resonance frequency h̄ δω = ±2∆+

δ0, the lattice modulation induces tunneling. Several spectroscopy scans for different
magnetic field values Bx were performed. The result is shown in Fig. 9.2 a. For large Bx a
deviation from the linear behavior is visible, which can be captured by fitting the magnetic
field distribution of a quadrupole field

∆ ∝
BxBquad√
B2

x + B2
ofs

, (9.3)

where both Bquad and Bofs are fit variables.

For the current measurement, the magnetic gradient ramp needs to be stopped abruptly
at a certain value ∆s. Experimentally, it was found that an instantaneous stop on experi-
mental time scales is not possible. After the stop, a small residual gradient remains that
slowly decays during the current measurement. Characterizing the magnitude of the
residual gradient ∆d at ts as well as the decay time τd is crucial for a correct interpretation
of the current measurement. The characterization is achieved by measuring the total
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magnetic field value with microwave spectroscopy. It starts with a single spin in the
|F = 1, mF = −1〉 hyperfine state and in the ground state of a double well with a strong
magnetic tilt. Then, the gradient is reduced with the identical rate as for the current
measurement and stopped at ∆s = 0. However, pumping was inhibited by decoupling
the lattice sites during this process. Now, microwave spectroscopy is performed on the
|F = 1, mF = −1〉 → |F = 2, mF = −2〉 transition with a pulse width of 44µs to determine
the residual strength of the magnetic bias field. The spectroscopy is performed for various
times around ts. The gradients ∆(t′) extracted from the residual magnetic bias field are
shown in Fig. 9.2 b. After the stop at times t′ > 0 a clear exponential decay ∆d e−t′/τd is
visible. The decay constant is fitted τd = 1.05(5)ms. For times t′ < 0, a linear dependence
of the gradient on time is shown. A comparison of this slope with the gradient calibration
from Fig. 9.2 a allows to quantify the amplitude to ∆d/h = 24.3(6)Hz for sites separated
by ds. This corresponds to a tilt in the superlattice for the experimental parameters of
∆d/h = 19.8(5)Hz at Jex/h = 342(2)Hz and ∆d/h = 19.4(5)Hz at Jex/h = 467(3)Hz.
The difference originates mainly from the slightly different distance between the sites
depending on the double-well parameters.

The site-resolved band mapping technique has a reduced detection efficiency if two
distinguishable particles share the same double well. This reduction originates from a
dephasing during singlet–triplet oscillations between particles in the first and the third
Bloch band of the long-period lattice as will be briefly discussed here. In the site-resolved
band mapping technique, particles from one of the double-well sites will be transferred to
the first Bloch band, while particles from the other site will be transferred to the third band
of the long-period lattice. During this transfer and the hold time prior to the band mapping,
singlet–triplet oscillations occur [4, 5]. Note that the hold time before the band mapping
needs to be matched with the singlet–triplet oscillation frequency, such that the correct
value for the spin imbalance is detected. However, the detected imbalance is reduced
most likely due to dephasing during the merging ramps. The detection efficiency can be
calibrated and the measured imbalances can then be rescaled by a constant calibration
factor. The calibration measurement compares the two-spin site-resolved band mapping
with a single-spin band mapping, where shortly before the merging one of the spin
components is removed by an adiabatic spin transfer and a subsequent resonant light
pulse.
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10. Measurements and numerical analysis

10.1. Measurements of spin separation

A first direct evidence for spin transport in the spin pumping scheme was gained from a
measurement of spin separation. To this end, the center-of-mass transport of individual
spin components is determined from spin-selective in-situ images. The experiment is
initialized by a state prepared according to the preparation sequence described in Sec. 9.2.
This state has antiferromagnetically ordered spins. The pumping sequence starts by
decreasing every other barrier. During this process, neighboring spins are transferred to
the ground states of double wells and up and down spins stay localized on the left and
right side because a large magnetic gradient ∆� Jex is present. This state will be shortly
denoted as |↑, ↓〉. Then, the first half pump cycle is performed by changing the sign of
the magnetic gradient adiabatically compared to the exchange coupling Jex. The wave
function follows the instantaneous eigenstate and the two spins exchange their positions
via the delocalized triplet state ( |↑↓〉 + |↓↑〉)/

√
2 at ∆ = 0. To proceed the cycle, the

minimal instance needs to be shifted. To this end, individual sites are decoupled by a deep
short-lattice potential, the dimerization is flipped, and the magnetic gradient is reversed
(Fig. 7.1 c). This process can be interpreted as a projection on double wells shifted by one
lattice site. The wave function, however, remains unchanged during this sudden switch
because the spins are localized to individual sites. Therefore, the spins can be transferred
to the ground state of the new shifted double wells by coupling the double-well sites.
Now, the second half of the pump cycle can be performed. After a full cycle, the two spin
components have each moved by 2 ds in opposite directions; therefore the total particle
current vanishes as the contributions from the two spin components exactly cancel each
other. Thus, pumping leads to a spin transport without inducing a particle current. A
measurement result of the spins’ center-of-mass position from in-situ absorption images
is shown in Fig. 10.1. The spins clearly separate as a function of the pump parameter φ.
However, deviations from the ideal spin transport are found.

To gain more insights into the deviations observed in the spin-separation data, a mea-
surement of the static spin imbalance Is was conducted. The result is shown in Fig. 10.2.
Therein, the pump parameter φ is defined as the angle of the pump path in the normalized
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Figure 10.1.: Spin separation. The data points show the center-of-mass position of up (red) and
down (blue) spins as a function of the pump parameter φ. The data points and error bars are
the average and the error of the mean of ten data sets. A data set consists of ten pairs of a
spin-selectively imaged atom cloud. Each pair contains an image of the atom cloud from the
pumping sequence and an image from a reference sequence with the same length but constant
pump parameter φ = 0. The solid lines depict the calculated transport of a localized spin. The ideal
pumping motion is shown in light gray and the pumping motion taking into account a reduced
ground state occupation and a finite pump efficiency in dark gray. The pumping efficiency is
independently calibrated by band mapping. b The images are the difference of in-situ absorption
images between a pumping and the corresponding reference data set for both spins.

parameter space (δJex/δJex,max, ∆/∆max). Note that the spin imbalance is taken with re-
spect to a fixed double well position. At φ = 0, the spin imbalance is negative and the state
is predominantly |↑↓〉. During the first half pump cycle, the spins exchange their position
to |↓↑〉 and the spin imbalance becomes positive. Further half pump cycles are appended
after flips of the dimerization. Each time, the spin imbalance is inverted. In Fig. 10.2, also
deviations to the ideally expected evolution of the spin imbalance are visible. First, the
absolute value of the initial spin imbalance is not exactly one, which can be explained by a
small occupation of spins in the first excited state after the initial state preparation. The
extracted ground state occupation is n(0)

1 = 0.94. Second, the transfer does not perfectly
invert the spin imbalance. This imperfection is mainly attributed to nonadiabatic transfer
to higher bands, during the pumping process. Applying slower ramps to better maintain
adiabaticity is experimentally challenging, as other heating sources like technical noise on
the lattice beams start to become significant. A pump efficiency βi = (Ii−1 − Ii)/2Ii−1,
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Figure 10.2.: Static spin imbalance I during the pump cycle. The static spin imbalance for multi-
ple pump cycles is measured using the same sequence as for the spin separation measurement but
replacing the in-situ imaging by a spin-resolved band-mapping. The pump parameter φ is defined
as the angle of the pump path in normalized parameter space (δJex/δJex,max, ∆/∆max). The data
points are an average of five repetitions and the error bars show the error of the mean.

with Ii the spin imbalance after the ith half pump cycle, can be extracted from the data
and is β1...4 = {0.97, 0.91, 0.96, 0.90}. It describes how much ground state occupation stays
in the ground state after half a pump cycle. Note that at φ = 2π, there is a small step
in I . The step mainly originates from singly occupied sites created at the edge of the atom
cloud during pumping.

Using the calibrated initial state occupation and pump efficiency, the expected motion of a
localized spin can be calculated. The step height of each step i is thereby

si = βi

(
2n0,gs

i−1

∏
j=0

β j − 1
)

(10.1)

with n0,gs = 0.94 and β0 = 1. The total displacement after multiple half pump cycles is
then

x = ∑
j=1

sj. (10.2)

This fit-free result is shown in Fig. 10.1 as dark gray curve and is in good agreement with
the in-situ spin-separation measurement.

10.2. Measurements of spin currents

After first detecting spin separation in response to spin pumping, instantaneous spin
currents are measured in a second step. To this end, the spin-current measurement method
introduced in Sec. 8.3 is used. The pump cycle is thereby interrupted abruptly and the
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Figure 10.3.: Spin-current measurement. A spin current measurement is performed according the
method illustrated in Fig. 8.2. To this end, pumping is performed at a speed of ∆̇ = 82(2) kHz/s
at ∆ = 0 and abruptly interrupted. The projection leads to a spin-imbalance oscillation with an
amplitude A proportional to the spin current. The oscillation amplitude is shown for two data
sets with different exchange coupling Jex/h = 342(2)Hz (blue) and Jex/h = 467(3)Hz (orange).
The amplitude A is obtained from a fit of Eq. (10.3) to spin-imbalance time traces. The data points
are the fit values and the error bars the fit uncertainties. Three exemplary time traces are shown
in the panels on the right hand side. They correspond to ∆s/h = −144(7)Hz (I, dark blue),
∆s/h = 18(5)Hz (II, blue), and ∆s/h = 530(30)Hz (III, light blue). These traces consist of 26
time points and are averaged five times. The numerical model shown in the main plot considers
a reduced detection efficiency of the oscillation amplitude due to a residual exponential decay
of ∆ (light solid line). The dark solid lines additionally consider a finite ground state occupation
of 97(1)% and pump efficiency of 89(1)%. These efficiencies are both measured separately by
band mapping.

subsequent spin-imbalance oscillations are analyzed. Experimentally, this is done by
stopping the gradient ramp suddenly at ∆s = ∆(ts). Then, a time trace of the resulting
superexchange oscillations were recorded by a simultaneous measurement of the spin-
dependent site occupations nL↑, nL↓, nR↑, and nR↓ taking spin- and site-resolved band
mapping images [4, 147]. The resulting time trace was fitted by the function

Ifit
(
t′
)
= A e−t′/τex sin

(
ωext′ + θ

)
+ Is + Id e−t′/τd (10.3)

with t′ = t− ts and θ ≈ 0. This small phase shift θ accounts for a finite freezing ramp speed.
The fit function considers two additional effects to the ideal time evolution. First, a finite
lifetime of the imbalance oscillations is taken into account. The decay is assumed to be
exponential with a time constant τex and accounts for dephasing between the oscillations
on different double wells. This decay constant τex and the oscillation frequency ωex '
(E2 − E1)/h̄ were separately determined for each ∆s by independent superexchange
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oscillation measurements. Second, an additional decaying imbalance offset Id is taken
into account. This imbalance decay with τd = 1.05(5)ms is caused by an exponential
relaxation of a small residual magnetic field gradient inducing an energy-offset between
neighboring sites of −24.3(6)Hz/ds after the abrupt stop (Sec. 9.3). In Fig. 10.3 the fitted
oscillation amplitudes are summarized for two different exchange couplings together
with exemplary spin-imbalance time traces. It is clearly visible that the spin current is
peaked around ∆ = 0, where the ground state is delocalized and spins exchange their
position. For large gradients, the eigenstates are independent of ∆ and the spin current
vanishes. Note that the spin current has its maximum not exactly at ∆ = 0. The maximum
is slightly shifted towards higher values due to the residual gradient ∆d. The shape
of the peak and therefore also the instantaneous spin current strongly depends on the
exchange coupling Jex. The wavefunction delocalizes more for larger Jex and it depends
less on ∆. Therefore, the peak width increases while the maximum amplitude decreases.
However, unlike the instantaneous current, the transported spin during one pump cycle
is independent of the pump parameters. The transported spin can be extracted from the
integrated spin current or from a comparison of the measured oscillation amplitudes and
a model. To make a meaningful comparison, the detection efficiency needs to be included.
The light colored solid lines in Fig. 10.3 represent perfect transport but reduced detection
efficiency. The deviation between theory taking into account the detection efficiency of
the measurement can be estimated fitting the model to the data by rescaling it with a
global amplitude. The resulting factor is 0.84(6), which can be interpreted as the reduction
of the integrated measured current due to a finite pumping efficiency compared to the
ideal transported spin polarization. The dark colored solid lines include in addition
to the detection efficiency also the finite pump efficiency seen in the spin separation
measurement, which is calibrated via the static spin-imbalance. The model has no fit
parameter and agrees well with the measured data. To quantify the deviations, the model
is fitted to the measured spin-oscillation amplitudes by rescaling its amplitude with a
global factor. This leads to fit values of 1.05(8) for Jex/h = 342(2)Hz and 1.06(8) for
Jex/h = 467(3)Hz. In the next paragraph, the model including the detection and pump
efficiency are discussed in more detail.

The ideal spin-oscillation amplitude for a perfect projection of the pump’s wave function
on the static double well can be calculated from Eq. (8.20). The result is shown in Fig. 10.4
as green solid lines and is contrasted with the amplitudes including corrections discussed
in the following. This ideal projection is only reached for an instantaneous stop of the
gradient ramp, which means that ∆s is static right after ts. However, in experiments the
stop is smoothened by a decaying residual magnetic gradient, which in fact reduces the
measured oscillation amplitude. This effect can be calculated numerically by solving the
time-dependent Schrödinger equation for a two-spin two-site extended Bose-Hubbard
model including the residual gradient. The assumptions are an initial state after adia-
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Figure 10.4.: Comparison of models for the spin current measurement. ∆ is ramped with a rate
of ∆̇ = 82(2) kHz/s at ∆ = 0 and the ramp is stopped abruptly at different points in the cycle ∆s

The measured spin-imbalance oscillation amplitude of the data sets a Jex/h = 467(3)Hz (orange)
and b Jex/h = 342(2)Hz (blue) from Fig. 10.3 are shown together with different models. The
ideally expected oscillation amplitude for perfect pumping and detection is the green solid line.
The model shown in orange takes into account a reduced detection efficiency due to a residual
exponential decay of the magnetic field gradient after the stop of the gradient ramp. The model
shown in blue additionally considers the detection efficiency also a finite ground state occupation
of 97(1)% and a pump efficiency of 89(1)%. Moreover, the particle current is evaluated from the
same source data (gray) by analyzing the particle imbalance oscillations between the left and right
side of the double well.

batic evolution according to Eq. (8.17) at a gradient of ∆s + ∆d and a time-dependent
Hamiltonian ĤeBH(∆de−t′/τd + ∆s). From the time-evolved wave function, the expectation
value of the spin imbalance I(t′) was calculated. The spin-oscillation amplitude is then
extracted from the imbalance time trace by a fit to Eq. (10.3) as for the experimental data.
The simulated results are shown in 10.4 as orange solid lines.

In a next step, the effect of finite excited state occupation and finite pumping efficiency on
the detected current is considered. As discussed before, the preparation of a spin chain,
in which all double wells occupy the ground state is experimentally extremely difficult.
Thus, a few double wells will be in excited states, which lead to a reduced spin transport.
This reduction can be well modeled assuming only double wells in the ground and first
excited state. Both band occupations can be extracted from the initial spin imbalance

n0,gs =
Iideal,gs + I0

2Iideal,gs
, and n0,es =

Iideal,es + I0

2Iideal,es
=
Iideal,gs − I0

2Iideal,gs
, (10.4)

when the ideal spin imbalance for ground and excited states are considered to be negative
equal Iideal,es = −Iideal,gs. The transport is captured by the integrated spin current j =´ tf

ti
j(t)dt of both states weighted by the initial band occupation and the pump efficiency.

The spin currents for the ground and first excited band are oppositely directed and
therefore also the integrated spin currents jgs,ideal = −jes,ideal are oppositely directed. In
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Figure 10.5.: Spin imbalance oscillation amplitude A at ∆s = 0 as a function of Jex. a The data
points and error bars represent the average and standard deviation of fitted spin-imbalance
oscillation amplitudes for three measured time traces. The numerical model (blue line) considers a
reduced detection efficiency, a measured initial state occupancy, and finite pump efficiency (see.
Fig. 10.4). b As indicated by the data in Fig. 10.3, a global scaling factor for each exchange coupling
is sufficient to estimate the integrated spin current per pump cycle. Therefore, an estimate of the
integrated spin current is shown and compared to the ideal integrated spin current of two (gray
line).

addition, the pump efficiencies for the two states are assumed to be equal β1,gs = β1,es.
Then, the integrated spin current is

j = n0,gs βgs jideal,gs + n0,es βes jideal,es

=
(
n0,gs − n0,es

)
β1,gs jideal,es

= I0 − I1, (10.5)

where I0 is the initial and I1 the final spin imbalance of the first pump cycle. The expected
reduction of the integrated spin current can be approximately incorporated in the data
analysis by rescaling the spin current j(t) with a global factor or equivalently rescaling
the spin-oscillation amplitude. The rescaling corresponds to pumping with perfect pump
efficiency and an effective average state occupation. The blue line in Fig. 10.4 shows the
spin-oscillation amplitude taking into account the detection efficiency, the initial ground
state occupation, and the pump efficiency. Note that the model does not contain any fit
parameters.

In a last set of experiments, the dependence of the maximum current on the exchange
coupling is studied. And in this context also the total integrated current and therefore the
transported spin is estimated. To this end, the spin-oscillation amplitude for various Jex

at ∆s = 0 was recorded with the current measurement method. The result is shown in
Fig. 10.5 a. For larger exchange couplings the maximum oscillation amplitude decreases as
the wave functions are more delocalized over the pump cycle and therefore the flow of the
current is distributed over a larger gradient range. The model introduced before, which
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includes the current measurement’s detection and finite pump efficiency, is in agreement
with the measured data (solid blue line). Furthermore, the integrated spin current can be
estimated from this measurement using the assumption made already before that rescaling
of the model by a global factor captures the corrections and therefore the reduction of
the transported spin. This assumption is well supported by the two data sets in Fig. 10.3.
Therefore, the integrated spin current can be extracted by rescaling the ideal amplitude.
The result is shown in Fig. 10.5 b. The integrated spin current is found to be constant for all
exchange couplings. In conclusion, this shows that even though the shape and amplitude
of the instantaneous spin currents change, the transported spin is only defined by the
pump path’s topology and not by the specific tunneling parameters.

10.3. Conclusions

In this second part, the implementation of a spin pump based on a chain of two-site
minimal instances was demonstrated. This spin pump can be interpreted as a dynamical
version of the QSHE in the limit, where processes on the minimal instance are adiabatic
and processes between individual minimal instances are purely-nonadiabatic. The instan-
taneous spin currents resulting from this spin pump were analyzed by a newly introduced
detection method. The method relates the instantaneous spin current in the system to the
spin-imbalance oscillation amplitude on double wells after projecting the system on these
double wells. A comparison of the resulting spin-imbalance oscillation amplitudes with
an adiabatic model demonstrates that the integrated spin current is independent of the
specific pump parameters. This supports both the underlying topological nature of the
pump path and especially also the applicability of the spin-current measurement tech-
nique. It is important to emphasize, that the spin-current measurement technique can be
applied to more general situations. Furthermore, combining this technique with single-site
resolution would allow for the detection of e.g. local spin currents and edge excitations
in finite systems [229]. Moreover, systems described by the nontrivial Z2-invariant can
be realized with time-reversal invariant spin orbit interactions [209, 211]. When TRS is
broken but spin conservation remains, then the topological properties of the QSH system
persist and a description with spin-Chern numbers is possible [211]. Furthermore, a
topological, interaction-driven quantum motor [230, 231] can be accomplished by only
pumping one component while the other is coupled by interactions. For spin pumps with
highly degenerate many-body ground states, fractional transport is predicted [232].
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A. Effective Hamiltonian of the Z2 double
well

A.1. Floquet expansion

The derivations of the effective Hamiltonian in these sections directly follow the presenta-
tion in the Supplementary Material of Ref. [17]. The time-dependent double-well model
Eq. (2.24) realizes in the high frequency limit a minimal instance for Z2 LGTs. The model
can be expressed by the four basis states representing the four possible site occupations
of the a- and f -particles: |LL〉 = |a, 0〉 ⊗ | f , 0〉, |LR〉 = |a, 0〉 ⊗ |0, f 〉, |RL〉 = |0, a〉 ⊗ | f , 0〉,
and |RR〉 = |0, a〉 ⊗ |0, f 〉, where the labels a and f before or after the comma mark the
particle occupation on the left and right site. The resulting Hamiltonian is

Ĥ(t) =− J (|RL〉 〈LL|+ |RR〉 〈LR|+ |RR〉 〈RL|+ |LR〉 〈LL|+ h.c.)

+ U (2 |LL〉 〈LL|+ |RL〉 〈RL|+ |RR〉 〈RR|) (A.1)

+ A cos(ωt + φ) (2 |LL〉 〈LL|+ |LR〉 〈LR|+ |RL〉 〈RL|) ,

with J the tunneling rate of both a- and f -particles and U the intra-species interaction
energy. Note that the term proportional to U includes the a– f particle interaction as well
as a species-dependent energy offset ∆ f = U between the two sites.

This time-dependent Hamiltonian can be expanded in a series of time-independent terms
in powers of 1/ω according to Floquet theory. In the high-frequency limit, this series
can be truncated to lowest order. In the following, the effective Hamiltonian ĤF is
derived as described in Ref. [69, 101] up to first order. To this end, a transformation
|ψ〉 → |ψ′〉 = R̂(t) |ψ〉 is found, which transforms the time-dependent Hamiltonian Ĥ to a
new Hamiltonian without divergent terms in the high-frequency limit. This Hamiltonian
is then expressed in a Fourier-series with time-independent components Ĥ(k)

Ĥ(t) = R̂Ĥ(t)R̂† − iR̂∂tR̂† = ∑
k∈Z

Ĥ(k)eikωt. (A.2)
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A. Effective Hamiltonian of the Z2 double well

For Eq. (A.1), an appropriate transformation is

R̂(t) = exp
{
+iωt

(
2 |LL〉 〈LL|+ |RL〉 〈RL|+ |RR〉 〈RR|

)
(A.3)

+
iA
h̄ω

sin(ωt + φ)
(
2 |LL〉 〈LL|+ |LR〉 〈LR|+ |RL〉 〈RL|

)}
.

With this transformation, the Fourier components are

Ĥ(k) =− J
{
J−k−1(χ) |RL〉 〈LL| ei(k+1)φ + Jk−1(χ) |LL〉 〈RL| ei(k−1)φ

+ J−k+1(χ) |RR〉 〈LR| ei(k−1)φ + Jk+1(χ) |LR〉 〈RR| ei(k+1)φ

+ J−k(χ) |RR〉 〈RL| eikφ + Jk(χ) |RL〉 〈RR| eikφ

+ J−k−2(χ) |LR〉 〈LL| ei(k+2)φ + J+k−2(χ) |LL〉 〈LR| ei(k−2)φ
}

+ (U − h̄ω)δk0

{
2 |LL〉 〈LL|+ |RL〉 〈RL|+ |RR〉 〈RR|

}
, (A.4)

where Jν(χ) is the νth Bessel function of the first kind with the dimensionless driving
strength χ = A/h̄ω and δij is the Kronecker delta.

Note that in the finite-frequency regime the resonant driving frequency for a tilted double
well with the energy difference U is not exactly h̄ω = U; it is given by the energy gap,
h̄ω =

√
U2 + 4J2 6= U. In the high-frequency limit U � J, however, h̄ω ' U.

The lowest orders of the Floquet Hamiltonian can now be calculated with the compo-
nents Ĥ(k) from Eq. (A.4). They are

ĤF = Ĥ(0) +
1

h̄ω ∑
k>0

1
k

[
Ĥ(+k), Ĥ(−k)

]
+O

(
1

ω2

)
. (A.5)

A.2. Floquet model in the infinite-frequency limit

In the infinite frequency limit U/J → ∞, resonant driving is at h̄ω'U and the diagonal
contributions in Eq. (A.4) vanish. Furthermore, the Floquet Hamiltonian (A.5) can be
restricted to the lowest order

Ĥ0
F =− J

{
J1(χ) |RL〉 〈LL| ei(π+φ) + J1(χ) |RR〉 〈LR| e−iφ

+ J0(χ) |RR〉 〈RL|+ J2(χ) |LR〉 〈LL| e2φ + h.c.
}

.
(A.6)

In the following, Ĥ0
F will be referred to as zeroth-order Floquet Hamiltonian. Here, the a-

particle tunneling is described by |RL〉 〈LL| and |RR〉 〈LR| and the f -particle tunneling by
|RR〉 〈RL| and |LR〉 〈LL|. Note that the tunnel coupling for the a-particles is renormalized
by the first-order Bessel function of the first kind J1(χ) and the f -particle tunneling by
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A.3. Floquet model including first-order correction for finite-frequency drive

the zeroth- J0(χ) and second-order Bessel functions J2(χ) depending on the a-particle’s
position. Furthermore, for φ = 0, tunneling of the a-particle receives a phase of either
zero or π depending on the f -particle’s position while tunneling of the f -particle is
real-valued.

A.3. Floquet model including first-order correction for
finite-frequency drive

In a next step, the first-order terms of the Floquet expansion are calculated. To simplify
the analysis, only stroboscopic time points n T with T = 2π/ω and n ∈N are considered
and the driving phase is set to φ = 0. However, a small deviation from the ideal driving
frequency is taken into account. Following the definition in Eq. (A.5) and using the Fourier
components Eq. (A.4), the first-order term of the Floquet expansion can be calculated to

ĤF =Ĥ(0) +
J2

h̄ω ∑
k>0

1
k

{
|RL〉 〈LR|

[
J−k−1(χ)J−k−2(χ) + Jk(χ)Jk+1(χ)

−Jk−1(χ)Jk−2(χ)−J−k(χ)J−k+1(χ)
]
+ h.c.

+ |RR〉 〈LL|
[
J−k+1(χ)Jk−2(χ) + J−k(χ)Jk−1(χ)

−Jk+1(χ)J−k−2(χ)−J+k(χ)J−k−1(χ)
]
+ h.c.

}
+

J2

h̄ω ∑
k>0

1
k

{(
|LL〉 〈LL| − |LR〉 〈LR|

)[
Jk−1(χ)

2 + Jk−2(χ)
2

−J−k−1(χ)
2 −J−k−2(χ)

2]
+
(
|RR〉 〈RR| − |RL〉 〈RL|

)[
J−k+1(χ)

2 + J−k(χ)
2

−Jk+1(χ)
2 −Jk(χ)

2]}
=Ĥ(0) + Ĥ(1)

pair−hopping + Ĥ(1)
detuning. (A.7)

The resulting first-order term has two contributions: a pair-tunneling term Ĥ(1)
pair−hopping,

where both particles tunnel, and a detuning term Ĥ(1)
detuning that describes the deviation

from the exact resonance condition. Note that the diagonal terms in Ĥ0 become nonzero.

For a calculation of the time evolution with higher-order terms, the time evolution opera-
tor Û gets modified. The modification depends in general on the transformation R̂ and
the kick operator K̂ [69]. However, if the time-evolution is only evaluated at stroboscopic
times the time-evolution operator simplifies to

Û(0→ nT) = e−iK̂e−iĤFnT/h̄eiK̂ (A.8)
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and only depends on the stroboscopic kick operator

K̂ =
1

ih̄ω ∑
k>0

1
k

(
Ĥ(+k) − Ĥ(−k)

)
+O

(
1

ω2

)
. (A.9)
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B. Spin currents

B.1. Derivation of the coefficients for the temporary wave
function

Following reference [89], a derivation of the time-dependent wave function |ψ(t)〉 ac-
cording to an adiabatically varying Hamiltonian is presented. Assume therefore that the
Hamiltonian H[∆(t)] depends on a parameter ∆, which varies slowly in time. It is con-
structive to expand |ψ(t)〉 in the instantaneous eigenstates |n(t)〉 of the HamiltonianH

|ψ(t)〉 = ∑
n

exp
(
− i

h̄

ˆ t

t0

dt′En(t′)
)

αn(t) |n(t)〉 . (B.1)

The wave function |ψ(t)〉 has to fulfill the time-dependent Schrödinger equation. This
leads to a set of coupled differential equations

∂tαn(t) = −∑
m

αm(t) 〈n(t)| ∂t |m(t)〉 exp
(
− i

h̄

ˆ t

t0

dt′
[
Em(t′)− En(t′)

])
(B.2)

for the α-coefficients of the expansion Eq. (B.1). A suitable phase choice can be made by
enforcing the parallel transport condition 〈n(t)| ∂t |n(t)〉 = 0. Starting initially from the
eigenstate |n〉, which means for the coefficients αn(0) = 1, the equations can be simplified
by considering only terms in first order of the rate of change. This assumption effectively
neglects back coupling αm 6=n(t) = 0 for all times. Thus, ∂tαn(t) = 0, but for m 6= n, the
coefficients can be finite

∂tαm(t) = − 〈m(t)| ∂t |n(t)〉 exp
(
− i

h̄

ˆ t

t0

dt′
[
En(t′)− Em(t′)

])
. (B.3)

Integrating this equation by parts is possible since the exponential factor oscillates fast
and the coefficients vary slowly. The result is

αm(t) = −ih̄
〈m(t)| ∂t |n(t)〉

En − Em
exp

(
− i

h̄

ˆ t

t0

dt′
[
En(t′)− Em(t′)

])
. (B.4)
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B. Spin currents

Together with the coefficients in Eq. (B.1), the time-dependent wave function is approxi-
mately

|ψ(t)〉 =
{
|n〉 − ih̄ ∑

m 6=n
|m〉 〈m| ∂t |n〉

En − Em

}
exp

(
− i

h̄

ˆ t

t0

dt′En(t′)
)

. (B.5)

In the final step, the unimportant global phase factor is dropped and the following short
form introduced

|ψ〉 = |n〉+ i ∑
m 6=n

am |m〉 (B.6)

with the a-coefficients

am = −〈m| h̄∂t |n〉
En − Em

= −∆̇
〈m| h̄∂∆ |n〉

En − Em
. (B.7)

B.2. Operator expectation value after stop of the adiabatic
evolution

In the context of the spin-current measurement, the time-dependent evolution of the
expectation value of the spin-imbalance operator needs to be analyzed after the non-
adiabatic stop of the Hamiltonian’s variation. To this end, the expectation value of a general
operatorM is considered with respect to the time-dependent wave function Eq. (B.6).
Note that after stopping the time dependence of the Hamiltonian, the instantaneous
eigenstates stay the same. In the static Hamiltonian they evolve according to

|nt〉 (t) = e−
i
h̄ Ent |n〉 (B.8)

with En the eigenenergy of the the eigenstate |n〉. The expectation value of the operatorM
is then

〈M(t)〉 =
(
〈n| e+

i
h̄ Ent − i ∑

m 6=n
am 〈m| e+

i
h̄ Emt

)
M
(

e−
i
h̄ Ent |n〉+ i ∑

m′ 6=n
am′e−

i
h̄ Emt ∣∣m′〉)

= 〈n|M |n〉+ ∑
m,m′ 6=n

amam′e+
i
h̄ (Em−Em′ )t 〈m|M

∣∣m′〉
+ i

(
∑

m 6=n
ame+

i
h̄ (En−Em)t 〈n|M |m〉 − ∑

m 6=n
ame−

i
h̄ (En−Em)t 〈m|M |n〉

)
. (B.9)

To simplify the result, only the first two eigenstates are considered. The initial state is
|n〉 ≡ |1〉 and the first excited state is |2〉. Both eigenstates are chosen real. Furthermore,
only operators with real matrix elements 〈1|M |2〉 ∈ R are considered, e.g. the spin-
imbalance operator. The the result reduces to

〈M(t)〉 = 2 a2 〈1|M |2〉 sin
(

E2 − E1

h̄
t
)
= A(M)

2 sin
(

E2 − E1

h̄
t
)

. (B.10)
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Acronyms

BEC Bose-Einstein condensate.

cQED compact quantum electrodynamics.

DMRG density matrix renormalization group.

LGT lattice gauge theory.

QCD quantum chromodynamics.

QH quantum Hall.

QHE quantum Hall effect.

QSH system quantum spin Hall system.

QSHE quantum spin Hall effect.

RVB resonating valence-bond.

SCC spin-changing collisions.

TI topological insulator.

TRS time-reversal symmetry.
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