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Zusammenfassung

Die auf Dirac zuriickgehende relativistische Beschreibung der Bewegung von Teil-
chen in einem Zentralfeld fiihrt zu der Besonderheit, dafl es neben den Zustinden
mit positiver Energie auch solche mit beliebig kleiner (negativer) Energie gibt, die
den entsprechenden Antiteilchen zugeordnet werden. Obwohl man in der Physik
voraussetzt, dafl im Grundzustand alle Niveaus mit negativer Energie besetzt sind,
treten Probleme immer dann auf, wenn keine exakte Losung der Dirac-Gleichung
angegeben werden kann. Hat der Energieerwartungswert keine untere Schranke, so
konnen zur Bestimmung der Energiezusténde die {iblichen Variationsverfahren, die
auf eine Minimierung der Energie abzielen, nicht angewandt werden. Es sind entwe-
der sogenannte Minimax-Prozeduren vonnéten, oder man mufl auf andere Methoden
ausweichen.

Ein von Foldy und Wouthuysen fiir freie Teilchen und spéter von Douglas und
Kroll fiir Teilchen im Zentralfeld vorgestellter Losungsversuch des Problems des ne-
gativen Energiekontinuums besteht darin, mit Hilfe einer unitiren Transformation
die positiven und negativen Energiezustéinde zu entkoppeln. Wenn die Erzeugung
von Teilchen-Antiteilchen-Paaren ausgeschlossen werden kann (z.B. in der Spek-
troskopie von Atomen), so kann man sich durch diese Methode auf die Beriick-
sichtigung positiver Energiezustinde beschrinken. Bei Anwesenheit eines Zentral-
potentials gelingt die Entkopplung nicht exakt, es ist jedoch moglich, fiir nicht zu
starke (sogenannte unterkritische) Zentralfelder eine stérungstheoretische Entwick-
lung nach der Potentialstirke vorzunehmen.

Von Hess und Mitarbeitern wurde der aus dieser Transformation resultierende
Operator in quantenchemischen Rechnungen zur Struktur der Atome eingesetzt.
Aus mathematischer Sicht erhebt sich jedoch die Frage, ob der neue Operator wirk-
lich nur positive Energiezusténde besitzt, ob die stérungstheoretische Entwicklung
konvergiert, und vor allem, wie grofy die Potentialstiirke maximal sein darf, damit
diese Eigenschaften vorliegen.

Wihrend der nach Brown und Ravenhall benannte, die Potentialstirke bis ma-
ximal erster Ordnung enthaltende Operator ausfiihrlich mathematisch analysiert
worden ist, ist von dem von Jansen und Hess eingefiihrten Operator, der zusédtzlich
den quadratischen Term in der Potentialstéirke enthélt, bisher nur seine Beschrénkt-
heit nach unten, sowie seine Positivitét im fiktiven Fall eines einzigen, masselosen
Teilchens gezeigt worden. Dabei stimmt im untersuchten Fall des reinen Coulomb-
potentials die maximal zuléssige Potentialstirke (die durch die Ladung des Zen-
tralkerns festgelegt ist) fast genau mit derjenigen iiberein, die man aus einer exak-
ten quantenmechanischen Rechnung fiir das Nullwerden der Grundzustandsenergie
erhélt.

In der vorliegenden Arbeit wird ein unitires Transformationsschema vorgestellt,
das in der mathematischen Festkorperphysik zur Untersuchung der Teilchenbewe-
gung in beschriankten, periodischen Potentialen bereits erfolgreich angewandt wor-
den ist. Dieses fiihrt zu einer sehr einfachen Darstellung der transformierten Ope-
ratoren und ermoglicht somit eine mathematische Analyse auch im Fall mehrerer
Teilchen.

Zunichst wird im Einteilchenfall die unitéire Aquivalenz des neuen Transforma-
tionsschemas zu der von Douglas und Kroll eingefiihrten Transformation gezeigt.
Sodann wird die Formbeschrinktheit und Positivitit des Jansen-Hess-Operators
fiir massebehaftete Teilchen untersucht und sein wesentliches Spektrum und Punkt-
spektrum lokalisiert. Betreffs der Konvergenz der stérungstheoretischen Entwick-
lung im hier untersuchten Fall des reinen Coulombfeldes kann nur die Dominanz
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des Anteils erster Ordnung beziiglich des Anteils zweiter Ordnung in der Potential-
stérke nachgewiesen werden. Im Rahmen des hier verwendeten Verfahrens ist eine
generelle Aussage fiir die Terme hoherer Ordnung nicht moglich. Fiir ein Zentral-
feld mit leicht abgeschwéchter Singularitét 148t sich jedoch zeigen, dafl die Terme
hoherer Ordnung von den Termen niedrigerer Ordnung kontrolliert werden und dafl
die Entwicklung konvergiert.

Die gleichen Untersuchungsmethoden werden sodann auf den Zweiteilchenfall an-
gewandt, wobei zum ersten Mal auch die Zweiteilchenwechselwirkung bis inklusive
zweiter Ordnung in der Kopplungskonstanten beriicksichtigt wird. Auch hier 18t
sich Formbeschrénktheit, Dominanz der linearen tiber die quadratischen Potential-
terme, sowie Positivitit zeigen. Die im Rahmen der hier angewandten Abschétzun-
gen sich ergebende kritische Potentialstérke fiir die Giiltigkeit dieser Eigenschaften
liegt leicht unterhalb derjenigen des Einteilchenfalls.

Fiir das Zweiteilchenspektrum kann gezeigt werden, dafl das wesentliche Spek-
trum dasjenige zweier freier Teilchen umfaflt und sich nicht dndert, wenn man die
Zweiteilchenwechselwirkung zweiter Ordnung weglafit. Aulerdem existieren keine
Eigenwerte, wenn die Teilchenmasse zu null gesetzt wird.

Abschliefiend wird ein kurzer Ausblick auf den transformierten Operator zweiter
Ordnung im allgemeinen Fall von N Teilchen gegeben. Dieser Operator kann ex-
plizit angegeben und seine Positivitdt bestimmt werden. Die sich dabei ergebende
kritische Potentialstirke fiir ein neutrales Atom ist deutlich niedriger als im Ein-
teilchenfall. Wenngleich die hier verwendeten Methoden keine optimale Schranke
fiir die zuléssige Potentialstiirke liefern, ist dies doch ein Indiz dafiir, dafl man die
Zweiteilchenpotentiale hoherer Ordnung nicht, wie bislang tiblich, vernachléssigen
sollte.



Abstract

By means of a unitary transformation scheme borrowed from the study of quan-
tum lattice systems, the Dirac operator of a one-electron ion is transformed into a
pseudo-relativistic operator which easily allows for the elimination of the positron
degrees of freedom. This operator is block-diagonal with respect to the projection
onto the positive (respective negative) spectral subspace of the free Dirac operator,
to a fixed order in the strength of the electron-nucleus Coulomb potential. It is
demonstrated that this transformation scheme is unitarily equivalent to the one
introduced by Douglas and Kroll, and that the pseudo-relativistic operators of (up
to) first and second order in the potential strength agree with the Brown-Ravenhall
and the Jansen-Hess operator, respectively. The transformation scheme is succes-
sively applied to two-electron and N-electron systems in a Coulomb central field,
and it is shown that the transformation operators are well-defined and that the
potential terms of the resulting pseudo-relativistic operators are relatively bounded
with respect to the kinetic energy operator for subcritical potential strength. In
the case of a modified Coulomb potential, V = —yz~!*t¢, 0 < € < 1, one can
even prove subordinacy of the higher-order potential terms and thus convergence
of the perturbation series.

The investigations of Evans, Perry and Siedentop and of Balinsky and Evans,
concerning the single-particle Brown-Ravenhall operator are extended to the Jansen-
Hess operator. It is shown that its essential spectrum is given by [m, co) for poten-
tial strengths v < 1.006, that the singular continuous spectrum is empty and that
for v < 0.29, there are no embedded eigenvalues in [m,c0); also, that for massless
particles, the spectrum is absolutely continuous. Whereas positivity of the massless
Jansen-Hess operator was proved by Brummelhuis, Siedentop and Stockmeyer for
v < 1.006, we were in the massive case only able to show positivity for v < 0.83.
For the two-electron ion and N-electron atom, positivity is established for v < 0.82
and v < 0.44, respectively. The large reduction of the critical potential strength for
the N-electron atom is attributed to the two-particle second-order potential terms
in the pseudo-relativistic operator. Although our bounds on « are not sharp, this
is a challenge to the quantum chemists who are usually neglecting these terms.

Apart from positivity, also the relative boundedness of the second-order potential
terms with respect to the first-order potential terms is investigated for the two-
particle pseudo-relativistic operator, as well as its spectrum. It is found that the
free-particle positive spectrum [2m, 00) is a subset of the essential spectrum of the
full two-particle pseudo-relativistic operator (for v < 0.89), and that the essential
spectrum does not change when the two-particle second-order interaction terms are
dropped (for v < 0.65). Again, eigenvalues are absent in the massless case. This
property holds for v < 0.98.
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Introduction

With the advent of relativistic quantum mechanics (Dirac 1928), the analysis of
Dirac operators has played an important role in mathematical physics. Relativity
covers two aspects, particles moving at high velocity (close to the velocity ¢ of
light) or being exposed to very strong potentials. For a single particle with mass m
and spin % in an electric potential V' the Dirac operator reads (in relativistic units
h=c=1)

.0
H=Dy+V =—-ia— +pm+V
0x
where Dy is the Dirac operator of a free particle (i.e. its kinetic energy operator),
and 3, a;, i =1,2,3 are the Dirac matrices in C** (Rose 1961)

_ 00’,’ _ I 0

w=(0 %) #=(0)

0 1 0 —i 1 0
t=410) 2=\i 0) BT \o0o -1)°

with o; the Pauli matrices and I the 2 x 2 unit matrix. Dg is defined in the
Hilbert space H := Lo(R3?) x C*. H is equipped with the scalar product (p,1)) :=
4

J ¢(x)¥(x)dx where Py := Y P;1b;, the sum running over the 4 components
R3 =1
i,1; of the spinors ¢ and .

D, is self-adjoint on its domain D(Dg) C H. The potential V is a multiplication
operator in coordinate space. In order that the sum Dy + V is also a self-adjoint
operator on D(Dy), the potential must be controlled by the kinetic energy, i.e., V

has to be Dy-bounded,
Vel < cllDogll + C llell

with ¢ <1 and C € R (Kato 1966, p.287).
Below we will define H in terms of its quadratic form, subject to the relative
form boundedness of V' with respect to | Do,

(e, Vo)l < c(p,|Dolp) + C (0,¢)

with ¢ < 1 and |Do| := (D3)!/2. We will take the spin-1 particle to be an electron
moving in the central Coulomb potential of a point nucleus of charge number Z,

= _17 Y= Ze2a
T

where z := |x| and in our units, e? ~ 1/137.04 is the fine-structure constant. The
required | Dg|-form boundedness of V' leads to a restriction of the potential strength
5.

The spectrum of an operator H gives information about the energy values which
the particle can have when it moves in the potential V. It is the set

o(H):= {A€R: H — \id is not boundedly invertible},

i.e., o(H) is the complement of the subset A € R for which H — \id is bijective
with a bounded inverse (id is the identity operator). For a free particle (V = 0),
the spectrum of the Dirac operator consists of two half-lines, (—oo,m] U [m, 00)
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separated by a gap of 2m (in our units, m is the rest energy of the particle; states
above m are electronic states, while states below —m are allocated to positrons).
From this it follows that the Dirac operator is unbounded both from above and from
below. When the potential is switched on, bound eigenstates appear with energies
E; lying in the gap. The eigenvalue equation Hy; = E;p; is exactly solvable for
the point-nucleus Coulomb potential, with its lowest (ground-state) energy given
by (Darwin 1928, see also Rose 1961)

Eg = m\/].—Z2€4,

yielding Eg > 0 for v = Ze? < 1. This exact reference value can be used to test
our perturbative approach given below. Beyond that our method can be applied to
Coulomb-type potentials where no exact solutions exist (such as sums of Coulombic
and short-range potentials occurring in the single-particle models for multi-electron
ions).

In electron spectroscopy the energies involved are usually much smaller than
the gap such that the creation of electron-positron pairs, described in terms of
excitation of a state with energy smaller than —m to a state lying above m (or to
an unoccupied bound state with positive energy), is negligible.

As long as only electrons (but not positrons) are considered, it is of disadvan-
tage to describe them in terms of an operator which is unbounded from below. For
the determination of the energy eigenstates the common simple variational princi-
ples, based on minimising the energy expectation value, cannot be used any more.
Instead, so-called minimax procedures are required (Dolbeault, Esteban and Séré
2000 and references therein), or different methods have to be found.

Historically, several tools were employed to get rid of the negative-energy con-
tinuum and to derive from the Dirac operator a pseudo-relativistic operator which
is bounded from below. Pauli, based on his two-component pre-Dirac theory which
incorporates relativistic effects (Pauli 1927), introduced a systematic procedure for
the elimination of the two small (positron-like) components of the 4-spinor obeying
the Dirac eigenvalue equation (see, e.g., Pauli 1958). The resulting equation for a
function composed of the remaining two (large, i.e., electron-like) components of
o is of (nonrelativistic) Schrodinger type. However, the operator defined by this
Schridinger-type equation has some serious drawbacks, e.g., the operators in cer-
tain orders of Ze? are no longer symmetric. The idea of reducing the Dirac operator
by means of elimination and substitution methods to a semibounded operator (act-
ing on 2-spinors) with the same ground-state properties was pursued further, see
for example Durant and Malrieu (1987), DES (2000).

Another approach consisted in minimising the square of the Dirac operator
(Baylis and Peel 1983), a method which works well if the potential is nonpositive.

Concerning the free (V = 0) Dirac operator, a major step forward was taken
by Foldy and Wouthuysen (1950). They decoupled the positive and negative spec-
tral subspaces by means of a certain unitary transformation and so obtained a
semibounded, 2 x 2 matrix-valued operator in the electronic subspace. Also other
people got involved in this project. De Vries (1970) gives an overview over related
transformations and the properties of the transformed operators.

In the presence of an external field the Foldy-Wouthuysen transformation leads
no longer to a complete decoupling of the two spectral subspaces. So Brown and
Ravenhall (1951) suggested to project the Dirac operator onto the positive spectral
subspace of the free Dirac operator Dy by means of

1 D0>
Ay = = (14 20,
* 2( | Dol



They obtained the operator
HY := A, (D + V) Ay

which is bounded from below for not too strong potentials. Formally, an operator
semibounded for all potentials (which admit a spectral gap) would arise from using
instead of Ay an exact projector Py which projects onto the above-gap spectral
subspace of the Dirac operator with potential, Dy + V. Since this projector is
unknown in the case of a general potential, Douglas and Kroll (1974) introduced
a perturbative approach which is based on the ideas of Foldy and Wouthuysen. It
aims at decoupling the spectral subspaces of Dy up to a given (arbitrarily chosen)
order n in the potential strength . This is achieved by means of a series of n + 1
consecutive unitary transformations of the Dirac operator, starting with the Foldy-
Wouthuysen one. In each successive step, the transformation operator is determined
by the requirement that the terms of correspondingly lowest order in v which still
couple the electron-positron subspaces are eliminated.

In the present work it is shown that the Douglas-Kroll transformation scheme is
a special case of a much more general transformation scheme derived from pertur-
bation theory (Morse and Feshbach 1953, p.1018) and developed for the study of
quantum lattice systems.

The basic idea is nicely displayed in the work of Datta, Ferndndez and Frohlich
(1999). Assume a self-adjoint operator of the form H = Ho+~V such that the spec-
trum of Hy has bounded subsets separated by spectral gaps and let P;, i =1,...,N
be a partition of unity, where P; are spectral projections onto disjoint subsets of
o(Hp). By means of a series of n unitary transformations, H is transformed into
an operator which is block-diagonal up to order n in v with respect to the spectral
projections P;. In the case of a lattice where one deals with bounded operators,
it can be shown that for Hy-bounded potentials 4V the perturbation series in
converges.

In the lattice case of a discrete spectrum, the transformation operators can eas-
ily be computed. Since only (discrete) sums are involved, the defining equation for
the transformation operator is algebraic with an explicit solution (see e.g. Datta,
Fernandez and Frohlich 1999). If, on the other hand, the spectrum is continuous
as for the Dirac operator, the corresponding sums will be singular, and a differ-
ent method for solving the defining operator equation has to be used. Sobolev
(2003,2004), in his study of periodic Schrédinger operators on a lattice, introduced
pseudodifferential operator techniques which are readily applicable to the integral
operators occurring for Coulomb-type potentials. Changing from coordinate space
to momentum space where Dy is diagonal,

DO(p) = ap + /Bma

one can represent the potentials V' (as well as the transformation operators) in
terms of pseudodifferential operators, defined by their symbols v, i.e.,

(Vo)) = gmsazs [, ™ v(x.p) 9(p) dp.

In this representation, the defining equations for the transformation operators turn
into algebraic equations for their symbols, which are readily solvable. In our work we
will call the general transformation scheme by means of unitary pseudodifferential
operators the ’Sobolev transformation scheme’.

Wolf, Reiher and Hess (2002, 2004) have evaluated the transformed Dirac oper-
ator up to fifth order in v for its use in quantum chemical variational calculations.



A thorough mathematical analysis has, however, only been performed for the first-
order term which agrees with the Brown-Ravenhall operator defined above (Evans,
Perry and Siedentop 1996, Balinksy and Evans 1998, 1999).

For the second-order pseudo-relativistic operator, introduced by Jansen and Hess
(1989), only the boundedness from below for subcritical potential strength (v <
1.006) is known. Also, positivity of the Jansen-Hess operator in the fictitious case
of a massless particle has been shown (Brummelhuis, Siedentop and Stockmeyer
2002). The value 1.006 for the critical potential strength is very close to the exact
value 1 where the ground-state energy Fy becomes zero.

In the case of more than one particle in a central field, the intuitive way of con-
structing an operator which is the sum of one-particle Dirac operators D(()k) +V®
plus the two-particle interaction terms, does not lead to correct results. Indeed, as
was pointed out by Brown and Ravenhall (1951), one does not get stable bound-
state solutions. Instead, a consistent formulation within quantum electrodynamics
is required. An operator acting on 4-spinors can be derived from the full QED
Hamiltonian. It can be split into a part Hy,—_pesr Which describes stationary elec-
tronic states (conserving the number of electrons), a second part Hpqir which ac-
counts for pair creation, and remaining parts which additionally involve the ra-
diation field. The mere consideration of Hp,_peir in this operator is called the
‘no-pair’ approximation, where one disregards pair creation and the coupling to the
photon field. For the two-particle case, N = 2, Sucher (1958) derived the following
operator (which below will be called Coulomb-Dirac operator)

2
Hoo pair = Z(D((lk) + V(k)) + PJ(rl) Pf) y(12) PE) PJ(rz)
k=1

from the Bethe-Salpeter equation of quantum electrodynamics (Bethe and Salpeter
1957). The PJ(rk) are the exact projectors defined above, relating to the single-

particle operator D(()k) + V&) of particle k, and V(12 is the interaction between
paericles 1 and 2. A nice account of the derivation of this operator is given by
Douglas and Kroll (1974) who call the eigenvalue equation of Hyo—pqir the Coulomb
ladder equation.

Alternatively, it was later suggested (Mittleman 1981) to replace Pik) by the free

2

projectors Af), but to project the complete operator ) (D((Jk) + V(k)) + Va2 e,
k=1

also the single-particle contribution. This is, like the Brown-Ravenhall operator in

the single-particle case, only an approximation linear in the potentials.

One aim of the present work is to get some additional information on Dg-form
boundedness and the spectral properties of the (single-particle) Jansen-Hess op-
erator for massive particles. The major goal is, however, to apply the Sobolev
transformation scheme to N-electron atoms. For N = 2, the pseudo-relativistic
operator has been derived by Douglas and Kroll (1974), and they also provide the
second-order terms of the transformed electron-electron Coulomb interaction. How-
ever, within the Douglas-Kroll transformation scheme, these second-order terms are
so complicated that they have been neglected in any numerical computation (Hess
1986) assuming that they are small anyway (Wolf, Reiher and Hess 2004). Applica-
tion of the Sobolev transformation scheme provides a breakthrough in the respect
that the resulting transformed second-order operators have a very simple structure.
Thus a detailed mathematical analysis becomes feasible.

The lay-out of the present work is as follows. After an overview of some basic
auxiliary theorems and of the pseudodifferential operator technique (section I.1),
the single-particle Sobolev transformation scheme is described for the Coulomb



potential (section 1.2), and its convergence is shown not for the Coulomb field,
but for the slightly less singular potential V = —y/z1 ¢ (0 < € < 1). Section
1.3 furnishes the equivalence to the Douglas-Kroll transformation scheme, as well
as the explicit form of the transformed operator to second order in v in either
representation. Subsequently, Do-form boundedness of the potential terms of the
Jansen-Hess operator is shown as well as subordinacy of the second-order terms
with respect to the first-order terms for sufficiently small potential strength. Also,
positivity is proven, although we did not succeed in showing it for the same range
of v as in the massless case (section 1.4). The single-particle investigations are ter-
minated with the localisation of the essential spectrum of the Jansen-Hess operator
at [m,00), with the proof of the absence of singular continuous spectrum as well
as the absence of embedded eigenvalues in [m, 00) up to certain critical coupling
strengths, and finally with showing the absolute continuity of the spectrum for the
fictitious massless particle. These results are a generalisation of those known for
the Brown-Ravenhall operator.

Part I deals with the two-particle Coulomb-Dirac operator. In this case, the
second unitary transformation contains a correlated two-particle contribution (the
boundedness of which is proven in section II1.3) which, however, does not enter
into the transformed second-order operator (section I1.4). Again, the relative form
boundedness of the transformed potential terms as well as positivity of the result-
ing pseudo-relativistic operator is proven for subcritical potential strength. The
maximum possible potential strength for these properties to hold, derived from the
present type of estimates, is slightly below the one for the single-particle opera-
tor. Part II is closed by localising the essential spectrum of the pseudo-relativistic
two-particle operator. With the help of its behaviour under translations it is found
that the essential spectrum of the free two-particle operator, [2m,cc), is a subset
of the essential spectrum of the transformed two-particle operator with all poten-
tial terms included. The essential spectrum of the latter does not change when
the transformed two-particle second-order potential is dropped. The proof of the
conjecture that the infimum of the essential spectrum of a two-electron ion is given
by the ground-state energy of the corresponding one-electron ion, increased by the
rest energy of the second electron (the relativistic version of the HVZ theorem
(Reed-Simon 1978, Theorem XIII.17)) is left to future investigations.

We close our work by deriving the second-order pseudo-relativistic operator in
the N-particle case, N > 2 (part III). To this order it turns out to be a simple
generalisation of the operator derived for N = 2, and hence its positivity is readily
shown. In the case of neutral atoms (N = Z) the corresponding critical potential
strength is found to be considerably smaller than for one- or two-electron ions. Its
reduction for N = Z is a consequence of the additional presence of the second-
order two-particle interaction terms which scale with N2. Although controlled by
the first-order electron-electron interaction, these terms are conjectured to be of
opposite sign. Hence their neglect in quantum chemical calculations should be
questioned.



I. One-Electron Ions and the Jansen-Hess Operator

Let Dy = ap + fm be the free one-particle Dirac operator with p := —id/0x.
It is defined in the Hilbert space Lo(R®) x C*, and it is essentially self-adjoint on
S(R?) x C* where S is the Schwartz space of smooth strongly decreasing functions
(Werner 1995, p.167). This dense subspace will be used when certain analyticity
or convergence properties of the 4-spinors are required. The domain D(Dg) on
which Dy is self-adjoint, is H;(R?) x C*. The Sobolev spaces of order o can be
characterised in the following manner.

Let f : R® — R be defined by f(p) := (1 + p*)'/2, and consider for ¢ € S the
Fourier transform

(fro)p) = (1+7°)% @(p), (L.1)
which can be continuously extended to S’, the dual space of S. Here, p := |p|

is the modulus of p and ¢ denotes the Fourier transform of ¢. Define the space
H,(R?®) by means of

H,(R):= {9 eS8 : f ¢ € Ly(R)} (1.2)

with the scalar product

()= (0. 070) = [ (149 500) Do) do. 13)

These Sobolev spaces are Hilbert spaces and are dense subspaces of Lz(R®). In
turn, S is dense in H,(R3®) (Werner 1995, §V.2; Folland 1995, p.192). Our cases
of interest are ¢ = 1 and o = 1/2. The space H; /»(R*) x C* is the form domain of
Do.

The one-electron Dirac operator is defined by H = Do+V with V := —v/x where
x = |x|. For subcritical potential strengths v < v/3/2 one has D(H) = D(Dy)
with H being self-adjoint on D(Dg) and for v < 1, H has a self-adjoint extension
(Thaller 1992, p.114).

I.1. Preliminaries.

This section contains a compilation of some auxiliary theorems which will be
frequently used in the following. They concern estimates of essentially self-adjoint
operators from above, in the form as well as in the norm sense. They are formulated
for single-particle operators, but they are readily generalised to the multi-particle
case (see part IT). Also, the pseudodifferential operator calculus will be introduced.

a) Auziliary theorems

In all subsequent formulae, integration over three-dimensional coordinates or
momenta extends over the whole space R®.

Lemma 1.1 (Lieb and Yau formula).

Let k(p,p') = k(p',p) > 0 be a symmetric kernel, p,p’ € R®. Let f(p) > 0 for
p > 0 be a smooth convergence generating function. Then for ¢ € S(R®) x C* with
n € Ny and S the Schwartz space, one has

‘/dp dp’ ¢(p) k(p,p’) ¢(p’)

< / dp [o(p)? 1(p)

f(p)
o (I.1.1)

I(p) := / dp' k(p, ')
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The lemma is easily derived from the Schur test for the boundedness of integral
operators (see e.g. Halmos and Sunder 1978, p.22). It can be proved with the help
of the Schwarz inequality (Lieb and Yau 1988, EPS 1996).

Lemma 1.2 (Lieb and Yau formula for arbitrary kernels).
Let A be an integral operator defined by the kernel k(p,p’),

(“U)®) = [ o’ k(,p') ¢l (L1.2)
Let f(p) >0 for p> 0 and ¢, € S(R®) x C", n € Ny. Then

(0 A)| = ‘ [ do v’ 5 k.5 v

< ([arlwPne): [auerne) (113)
h) = [ k) 10 )= [ ke 5.
If A is essentially self-adjoint and ¢ = 1), the inequality simplifies to
(a9l < [ dp @) hip) (11.4)

where I, is given by I with |k(p,p')| replaced by co k(p,p'), an estimate of k(p, p')
and its adjoint.

If f(p) can be chosen in such a way that I (p) and I>(p) are bounded for all
p € Ry, then A is form bounded.

Proof. Thelh.s. of (I.1.3) is first estimated by [ dpdp’ |¢(p)] lk(p,p")|2 |k(p, P')|2
[#)(p')|. Introducing the factor unity = (f(p)/f (@))% (f(#')/f(p))? as in the proof
of Lemma 1.1, (1.1.3) results from the Schwarz inequality.

Symmetric operators fulfilling (¢, Ap) = (Ap,p) can readily be shown from
(I.1.2) to have kernels with k(p,p’) = k*(p’,p). Both |k(p,p')| and |k*(p, p’)| can
be estimated by cok(p,p’) where k(p, p') is a nonnegative function characterising
the symbol class of A (to be explained in subsection b). Hence, both I (p) and
I>(p) can be estimated by the same integral, which proves (I1.1.4). [ |

Lemma 1.3 (Operator boundedness for form bounded operators).

Let A be an essentially self-adjoint operator acting on S(R®) x C*, n € Ny.
Suppose that A is form bounded with form bound c where ¢ is obtained with the help
of Lemma 1.2. Then

l[Apl> < & (p,9). (1.1.5)

The condition on ¢ can be dropped if A extends to a nonnegative operator.

Hence, under the above assumption operator boundedness is a consequence of
form boundedness. Note that the reverse (with the same constant c¢) is always true,
since one has |(p, Ap)| < [|A¢]l-[l¢ll <ellell?, if [|A]l < ¢ is bounded.

Proof. In the special case that A extends to a form bounded, self-adjoint operator
1 1

with A > 0, the proof is very simple. With A = Az - A2 and consequently

|4l < [|4%|]?, one has

1
lAll = sup |[Ag| < sup [|[A2¢|> = sup (p,Ap) < c (I.1.6)
llell=1 llell=1 llell=1
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Now let A be an arbitrary symmetric operator defined by (I.1.2). Then, applying
the Lieb and Yau formula (1.1.4),

l4g|? < / dpdd’ |o(d)] [E* (0, @) / dp’ [k(p, p")| lo(")

< / dp' [o(0')* - In (p') (L1.7)

)= & [ daldp kp',p) - kb ) H3

with &k from Lemma 1.2. By assumption, A is form bounded with form bound e,
ie.

(9, Ag)| < / dp’ o(p") 2 Iy (p)) (11.8)
A Tt f(pl)
I;(p) = co /dpk<p,p) o <
Therefore,
) = [ ke ) 10 10) < cc [apke ) L0 < @ 1)
such that from (I.1.7), [|Ap||?> < c?||¢||*> which proves the lemma. [ |

Lemma 1.4 (Commutativity in norm).

Let A, B be essentially self-adjoint operators acting on S(R®) x C*, n € Ny and
let B be bounded. If AB is bounded with ||AB|| < ¢, then BA is also bounded with
bound c.

Proof. 'We have

0 < ||BAy|® = (BAy,BAy) = (p,ABBAy) < |[l¢||-||AB]| ||BAE/>||- :

1.1.10

If |BAg|| =0 then one has trivially ||BA || < cl|¢||. For ||[BAp| #0 we get
from (I.1.10)

IBAg| < llgll- I4BI| < cligl. (L111)

[ |
The proof is the same if A is bounded instead of B.

b) Pseudodifferential operators

Pseudodifferential operators (¥DQ’s) are defined in terms of a generalised Fourier
transformation of a function . Let for the present case of interest ¢ € S(R®) x C*.
A pseudodifferential operator A is defined through its symbol a(x,p) : R® x R® —
C**, a complex matrix-valued function, by means of (Taylor 1981)

(40)0) = G [ o ™ ax.p) o). (11.12)

Since the free Dirac operator Dy = ap + fm is a multiplication operator in
momentum space, it is convenient to set up the ¥DO calculus in Fourier space.
Introducing the Fourier transform a(q, p) of the symbol a(x, p), we get

(Ap)(x) = /dp e’ /dq e'™ a(q,p) 4(p)- (L.1.13)
From this, the Fourier transform of Ay is found to be
— 1 . A
(Ap)(p) = @n)i /dp' alp—p',p') o). (I1.1.14)
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If A can be extended to a self-adjoint operator satisfying (¢, Ap) = (A, ), its
symbol and its adjoint are related by means of

a(—q,p+q)" = a(q,p). (1.1.15)

For later use we define the symbol of a product of operators A, B. Replacing
formally ¢ in (I1.1.13) by By, one obtains

1 . ) _

(UBOK) = G [dpe™ [d alp—p'p) Bple). (116

Inserting (I1.1.14) for @(p), one gets for the Fourier transformed symbol ab of AB,
-~ 1 R .

ab(a,P) = G /dp’ a(q—p',p+p') b(P',p)- (L.1.17)

The estimate of a symbol defines its so-called symbol class (Taylor 1981, Sobolev
2004). To estimate the symbol a (in momentum space) means that we classify
a(q,p) by its asymptotic behaviour for ¢,p -+ 0 and ¢,p = o0 where ¢ and p are
the moduli of q and p, respectively. A necessary condition is that & is a continuous
function of ¢ and p in R} x Ry .

We note that the symbol class of a is sufficient to characterise the convergence
properties of the respective integrals involving the symbol of A.

I1.2. The Sobolev transformation scheme.

Our aim is to transform the one-particle Dirac operator by means of a series
of unitary transformations such that the resulting operator does not couple the
positive and negative spectral subspaces of the free Dirac operator Dy. Unitary
transformations do not change the expectation value and hence the spectrum of the
operator; however, different unitary transformations may lead to different operators.
The decoupling of the spectral subspaces can be achieved up to any given order in
the potential strength . First we define the transformations, then we show that
the well-known Brown-Ravenhall operator, linear in =, is reproduced. Subsequently
we set up the transformed Dirac operator and prove boundedness of the operators
which define the unitary transformations. Finally we show the subdominance of
the higher-order potential terms in the case of the potential V' = —v/z!~¢, which
is slightly less singular than the Coulomb field.

Our basic result is formulated in the following theorem.

Theorem I.1.

Let H = Do + V be the one-particle Dirac operator acting on S(R®) x C* with
S the Schwartz space of smooth strongly localised functions. Let v be the strength
of the potential V. Then there exists a sequence of unitary transformations Uy =
e'Br k =1,..,n, such that the transformed Dirac operator can be written in the
following way

(Uy-+-U) "HU,---U, = H™ 4 R(y"t") (I2.1)
H™ = A, (ZHk) Ay + A_ (ZHk> A_. (1.2.2)
k=0 k=0

Here, A, projects onto the positive spectral subspace of Do, A_ =1— Ay, and Hy,
is a p-form bounded operator, its form bound being proportional toy*, k=1,...,n.
The remainder R(y™') which still couples the spectral subspaces of Dy is p-form
bounded with form bound proportional to y**1. The operators By are symmetric
and bounded, extending to self-adjoint operators on Ly(R%) x C*.
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An operator Hy, with the properties stated in the theorem is said to be of order

.

a) Unitary transformations

Let Uy (t) = B+t t € R be a group of unitary operators and consider Uy, = 5«
as an element of this group.

Let A be an arbitrary t-independent operator. The derivative of the transformed

operator is given by

d d . )

A0 =+ (e7iBrt A eiBrt) = UL(—t) [A, By] Uk(t) (1.2.3)
where we have introduced the commutator [A, Bi] := ABy — B A. This equation
is easily integrated, noting that A(0) = A4,

t

A(t) = Up(—t) AU(t) = A + Z/ dr U(—7) [A, Bg] Ug(7). (1.2.4)
0

Tterating once, i.e. replacing A in (I.2.4) by the operator [A4, By] and inserting the

resulting equation into the r.h.s. of (I.2.4), one obtains for ¢t =1

A1) = A 4 i[A,By] + i* /01 dr /OT dt' Up(—t') [[4, Bg], B Ug(t').  (1.2.5)

After n — 1 iterations the following representation of A(1) = e~iBx A¢eBr ig ob-
tained,

A1) = A + i[A,Bg] + %ﬁ [[4,Bi], Bx] + ...+ %z" [.--[4, Bgl,-..,Bx] + R
' ' (1.2.6)
where the n-th term consists of n commutators with By, and the remainder R is
n (n + 1)-fold integral.
Let us apply this scheme inductively to the Dirac operator H = Do+ V. Assume
that to order n — 1 the transformation has been achieved with a resulting operator
of the form given in Theorem 1.1,

Ui+ Unot) " HU - Upey = H™Y + H, + R(y") 1.2.7)

where H,, is of order v and still couples the spectral subspaces. R is a generic
notation for the remainder. Decompose H,, into

H, = Vp + W, Vo= AyH,Ap + A_H,A_
PVﬁ = [\+1¥nA__‘+ 1\_}¥nA4_. (LZ.S)

The next transformation, U, = e*°~, aims at eliminating the term W,, which, in
contrast to V,,, couples the spectral subspaces. This condition will fix B,,. We note
that from (I1.2.6), the transformation reproduces the operator itself, such that the
term H("~1 already in the desired form, is preserved. From this it follows that
H(=1) contains the zero-order term A, DoA; + A DoA_ = Dy (note that A
commutes with Do and A% + A% =1).

iBy,

We obtain
Ut (H™Y + H) U, = H*™Y + V,, + Wy, + i[Do, By (1.2.9)
n—1 n—1
+i[(Ar > HiAy + A HyA ), By] + R(B2).
k=1 k=1

B,, is determined from the requirement

W, + i[Do,B,] = 0. (1.2.10)
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Since W, is of order v*, B, is proportional to v™. Moreover, the commutators
of the type [(A+HrA+ + A_HiA ), B,] are of order y"** with k¥ > 1, and R
is of order y?". Hence, these terms are disregarded (together with the remainder
R(y™*1) from (1.2.7)) in constructing the transformed operator to order n,

H™ = HOYD LV, = Dy + Vi + Vo + ... + V. (1.2.11)
Particularly interesting are the cases n = 1 and n = 2. For n = 1, we have
HY = Dy + Vi = Ay (Do +V)Ay + A_(Do+V)A_. (1.2.12)

Restricting H(") to the positive spectral subspace Hy 1, the second term on the
r.h.s. of (I1.2.12) vanishes and the remaining term agrees with the Brown-Ravenhall
operator analysed by EPS (1996).

Let us now consider n = 2. From (I.2.11) it follows that the transformed Dirac
operator in second order is determined by the first transformation, U; = e'Pt,
only. However, the existence of the second transformation, Uy = e*2, has to be
established to show that H(® is indeed the transformed operator, with a remainder
of order y®. We have

1
UT'HU, = Do+ Vi + Wi + i[Do,B1] + i[V,B1] — 5[[170,31],31] + R(v%),
1 T
R(®) = — / dr / dt' Uy(—t') [[V, Ba], By] Ui (#) (12.13)
0 0

—i/ol dT/OT ' /Otl dr' Uy (—7) [[[Do, B], B1], B1] Us (7).

Making use of the defining relation for By, Wj +i[Dg, B1] =0, the operator H )
takes the form

H® = Dy+Vy + ALH,A, + A_HoA_ (1.2.14)

. 1
H2 = 7,[‘/1,31] + i[Wl,Bl].

When restricted to H4 1, the first contribution to H» vanishes (see section 1.3).

b) Determination of By and its existence

We will consider the operators B,, n = 1,2... as pseudodifferential operators,
defined by means of their symbols, ¢,,. These symbols will be derived in momentum
space from a solution of (I.2.10). The result for B is described in the following
lemma.

Lemma 1.5 (Characterisation of the transformation U; = e‘P1).
The symbol ¢1 of By is given by

n i’yO 1 ~ ~
$1(a,p) = —— =———=—— (Do(a+p) — Do(p)) (1.2.15)
¢ Ep+ Egip|
with o :=v/V27 and
~ D
Do(p) := o(p) ; [Do(p)| = Ep = Vp* +m?. (1.2.16)
|Do(p)|
Its symbol class is determined by
" c 1
) < - 1.2.17
b@p) < & s (1217)

with some constant ¢ € Ry.. By is a bounded, self-adjoint operator on La(R%) x C*.
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Proof. .
(i) Calculation of ¢
One has to solve

—i[Do,B1] = Wi = = (V — DoV Dy). (1.2.18)

1
2
We consider the operators By, V, Dy as ¥DO’s according to (I.1.13). From the
Fourier transforms of Dy and V one gets for ¢ € S(R?) x C4,

(Dow)(P) = Do(p) 3(p) = (ap + fm) 4(p)

1 ) 5 o
= — qx [ — 1px
(V)(x) @2m)3/2 /dq e ( 2772q2) /dp e'’P* ¢(p) (I.2.19)
such that the symbol v of V is defined by 9(q,p) = —+/2/7v/q*. Moreover,

(Do B1p)(x) = ﬁ / dp dq Do e'®+V* §, (q, p) $(p)

= ﬁ /dp dqla(p +q) + Bm] ePTYI* &, (q,p) 4(p). (1.2.20)

Acting (I.2.18) on ¢ and equating the respective symbols leads to the following
algebraic equation for ¢y :

[a(p+q) + fm] di(a,p) — di(a,p) [ap + fm] = idi(q,p)  (12:21)
i . .
=~ [~ Dofa+p)- Do(p)]
w1(q,p), behaving like ¢=! for ¢ — 0, is less singular than ¥(q, p), such that the
prescription (I1.2.8) for W, implies a regularisation of the potential V.
In order to solve (1.2.21) the ansatz is made

- )
¢1(a,p) = —% (ciaq + c2ap + c3p) (1.2.22)
and from the properties of the Dirac matrices, 8> =1, a? = 1, Ba; = —a;3, i =
1,2,3,
a;ap = —aga; (i # k), the following identities are derived
ap-ap = p’, aq-ap = 2pq — ap-aq. (1.2.23)
Insertion of (I.2.22) into (I.2.21) then leads to an equation of the type
Map-aqg + aaq-f + dMsap-8+ M =0 (1224)

where the \;, k=1,...,4, are scalars depending on p and q. (1.2.24) must hold

for p,q € R® whence A\, =0, k =1,...,4. The resulting system of 4 equations for

the ¢;, 4 =1,2,3 has a unique solution,

E, 1

=200 — 77—/,
Ep E\gtp|

a (+2pq) = 1 - cs = cam (1.2.25)

E la+p| ’
such that

$1(q,p) = —%0 {[(q +2p)a +28m)|

E, ) pa-l-ﬂm}

¢> +2pq ( E\q+p| Ep Elqip|
(1.2.26)
It is readily verified that (I1.2.26) can be cast into the form

- 10 1 aq 1 1
¢1(q,p) = —— { + [ap + Bm] ( - —)}
¢* Ep+ Eiqtp| (Eqtpl E\q+p| Eyp
(1.2.27)

from which the claim (I1.2.15) of the lemma is obvious.
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(i) Symbol class of ¢1

It is seen from (1.2.27) that ¢ (q,p) is continuous in both variables except for
q = 0. Moreover, él(q, p) is finite but nonzero for p = 0 and diverges like 1/¢
for ¢ — 0, while asymptotically, it decreases like 1/¢® respective 1/p?>. Taken
into consideration that By is dimensionless (since U; = €*P') and so is ¢1(x,p),
one finds that ¢;(q, p) is of dimension (momentum) 3 and hence is estimated by

|61(a,p)| <c/q-(g+p+1)72

(##3) Boundedness of By

We present the proof of the form boundedness of Bj; the operator boundedness
of B; follows from Lemma, I.3.

The basic ingredient is the Lieb and Yau formula from Lemma I.2. From (1.2.27)
one has qAB}‘(q, p) = — (q,p) since a and g are self-adjoint, such that (I1.1.4) can
be used with the constant ¢co = 1 and k& = k. Starting from (I.1.14), applying
(I.1.4) and subsequently inserting the symbol class (I.2.17) of ¢1, one obtains for
@ € Ly(R®) x C* the estimate

(0, Bip)| = (%, Brp)| < ﬁ /dq\cﬁ(q)l /dp 161(a = p,p)] ()]
< g [ @ @I 1L0) (1228)

_ 1 1 f(p)
O E e s )
It remains to prove that I;(p) is bounded for p € Ry.. For the convergence gener-
ating function, the choice f(p) := p is made. Performing the angular integration
with the help of Appendix A, one obtains

% 1 1 2p+1
I = 2 d — = 47 ] <
1?) 7r/o q(lq—pl+p+1 q+2p+1) Y| (IOO :
2.29

Hence B, and also U; = €' is a bounded operator on Ly(R3) x C*.

(iv) Self-adjointness of By

Taking the adjoint of the defining equation (1.2.18) and using that Doy and W;
extend to self-adjoint operators, leads to Wy = —i[Dg, Bf], which agrees with
(1.2.18) for Bf = By. In fact, from the explicit form (1.2.27) of 1, the symmetry
condition (I.1.15) follows immediately. Self-adjointness of B; is then a consequence
of its boundedness. |

¢) Existence of the transformations of higher order

In order to identify the structure of the operators B,, we set up the defining
equation for n = 2. From the definition (I.2.8) of the potential W5, using Hy from
(I.2.14), one obtains

. . 1 . 1
—i[Do, By] = W2 = iA1([V1, Bu] + 5[Wi, Bi] J)A- +iA_([V1, Ba] + 5[Wh, Bi] )A+

- % (3 [V,Bi] + [Do, VDo Bi] + [Do, BiDoV] + 3Dg [B1,V] DO) (1.2.30)
where V), =V — W, was used. Thus, apart from the bounded multiplication factors

Do (in momentum space), W is determined from the commutator [V, B;]. For
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n = 3, the commutators [[V, B1], B1] and [V, Bs] enter into W3. In general, W, is
composed of multiple commutators of V' with B, k < n.

In order to show the boundedness of B,, (which implies the existence of U,, =
etPr as well as of H(™ containing commutators with By, k < n), we have to
establish the p-form boundedness of the potentials W,. Explicitly, we have to
prove the following proposition.

Proposition 1.1 (Existence of Sobolev transformations).

Let U, = e'B~, n > 1, be the unitary transformations from Theorem I.1. Let ¢y,
be the symbol of B, and W, the potential in the defining equation for ¢,. Then
W, is p-form bounded on H1/2(1R{3) x C* by means of

(e, Wno)| < c (e, p9) (1.2.31)
with some ¢ € Ry, and B,, extends to a bounded operator on Ly(R®) x C*.

Proof.
(i) p-form boundedness of Wi,

The proof is by induction. Starting with n = 1, the p-form boundedness of W,
from (1.2.18) follows from Kato’s (1966) inequality, (¢, ¢) < Z(p,p¢p), and from
the self-adjointness and boundedness of Dy by 1,

(. Wi0)l < 512 Vo)l + 3 |Dop, VDo)l < T (p.p) + 1 (0,09)

(1.2.32)
where in the second term, DopDy = p has been used.

By induction hypothesis, W, is p-form bounded on Hj /5(R?*)x C* for n' <n—1.
We recall that W, is of the order 7"' and is composed of multiple commutators of
V with Bg, k <n'. The orders k (in v) of all factors By, k <n'—1, which enter
into a given commutator contributing to W,,» must add to n’ — 1, the last factor ~y
being supplied by the linearity in V. Hence, the induction hypothesis implies that
all commutators of smaller order than 4" are p-form bounded. In the induction
step one has to show that [V, B,_1] and [[-], Bx], k <n —1, are p-form bounded,
where [-] denotes a p-form bounded multiple commutator.

Without loss of generality one may assume that [-] extends to a self-adjoint

operator. We symmetrise the kernel by means of |[]| < |[]| + |ﬂ*| using that

ﬁ(q—p, p) = ﬂ*(p—q, q) and that symbol and its adjoint are in the same symbol
class. With the help of the Lieb and Yau formula (I.1.1), the p-form boundedness

of ﬁ can be expressed in the following way

(e, [1o)| < 3/2/dp lp(p /dq l(a—p,p )‘ + ‘[A-]*(q—p,p)‘) f(—(‘Z;
< ﬁ/dp [2@)* cp = ¢ (¢,pp) (1.2.33)

with some constant ¢ > 0 and ¢’ = ¢/(27)%/2. The inequality in the second line of

(1.2.33) restricts the convergence generatlng function to f(p) := p* with 1 < XA < 3.
This is true because both [ l(a—p,p) and [ l(p—a,q) are regular for ¢ — 0 (since
all operators of which [-] is composed have symbols which are regular when the
second variable tends to zero), restricting A < 3, and because [] is of dimension
(momentum)~2, decreasing like g2 for ¢ — oo, such that A > 1 is required. These
properties hold also for the symbol wy of the self—Aadjoint operator Wy. Inequality
(1.2.23) is therefore also valid for @y, in place of [], if k < n (when Wy is p-form
bounded).
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We present the proof of p-form boundedness of [[-], Bg]; the corresponding proof
for [V, Bp—1] can be carried out along the same lines.

First we estimate the symbol ¢ of By by the symbol wy. To do so, recall that
ér and ), are interrelated by an equation of the type (1.2.21), derived from the
defining equation (I1.2.10) for By. This equation implies that the behaviour of qsk

for p = 0 and ¢ — 0 is that of Wy, while there occurs an extra power of ¢—! and
p~ ! for ¢ = oo and p — oo, respectively. Therefore
|bk(a,p)| < @k (a, P)- (L.2.34)

+p+1

From the essential self-adjointness of [-] and By, using the Fourier transform
(I.1.14), one has

(0, (1), Bilo)| < |[([le, Bew)|l + |(Brg, [19)]

/dp dpdq |o(p {‘[ (®' —p,p ‘ |6k (P’ — @, )| (1.2.35)

(2m)?

+ |¢s (0 - p,p)| ‘ﬂ(p’ —q, q)‘} lo(a)l.

According to (I.1.4)ff, the kernel of this integral can be estimated by one which is
symmetric in p and q, such that the Lieb and Yau formula is applicable, with the
choice f(p) = p?. Using subsequently the estimate (I.2.34) for ¢ and its adjoint,
one gets

Bl < o2 [ do 1o -{/dp'

1 p
-l dq —————— |ik(p' — q,q)| — 1.2.36
[ da e e — el & (12:36)

1 ) p? ~ p?
+/ﬁf5j;ﬁgiqmﬂp—ﬁﬁﬂﬂ2/Wﬁﬂﬂ—%m‘?'-

By virtue of (I.2.33), the second integral over ﬁ can be estimated by cp’, respec-
tively. Since Wy, is p-form bounded, (1.2.33) can be used for . Thus the second
term in the curly brackets can be estimated by

2

)

/dp’ SR S |wg (p—p',p") p,2 -cp' dp' [oy(p—p',p")| p,2 < dp.
p—p|+p +1 p? - p? -
(1.2.37)

In the first integral, the factor (|Jp’ — q| + ¢+ 1)~! is bounded for all ¢ € R, and
hence can be estimated by its value at ¢ = 0. Therefore, the first term of (I1.2.36)
in curly brackets is estimated by

" P S _¢pf <d'p. (1.2.38)

dl
/p p? p+1

Insertion into (1.2.36) proves the p-form boundedness of the commutator [[-], By].

2 ~

(i) Boundedness of By,
This is a consequence of the p-form boundedness of W From the first line of

(1.2.33), with [] replaced by ¢y, one gets with f(p) = p,

2
p .
0. Bu9)| < 57 [ Ao @) [ daléup—a )|q—2 < lpp) (12:39)

since according to (I.2.34) and (1.2.37), the g-integral is bounded. [ |
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Remark. Due to logarithmic divergencies occurring in the estimates of w,(q, p),
n > 1, the proof of boundedness of B,, cannot be based on the algebra of symbol
classes, a powerful method in the case of periodic potentials (Sobolev 2003,2004).

d) p-form boundedness of the remainder R(y"*!)

From its definition as remainder after multiple iterations of (1.2.5)-type equations
(see e.g. (1.2.13)), R™tY is composed of a finite number of compact integrals over
a unitary transform of the same multiple commutators [-] which would contribute to
the n+1st order term V,,41 after one additional transformation (for the commutator
involving Dy, use (1.2.10)). These commutators are p-form bounded according to
the proof of Proposition 1.1, and it remains to show that the unitary transform
preserves the p-form boundedness. Consider

(o Ur(=7) [1Uk(T) )| = [(Uk(7) o, [1Uk(7) )|

< ¢ (Uk(r) o, pUk(T) ) = c (o, Up(=7) pUi(7) ¢)- (1.2.40)
Since Uy(7) = €*B*™ with By a bounded operator, we can Taylor expand

o n .m
—iBr T 1By T T n m
(e P pelPTp) < ) — — (¢, By p B ). (L.2.41)
n,m=0 '

The sum on the r.h.s. represents a symmetric operator such that its kernel has the
required symmetry property to apply the Lieb and Yau formula (with convergence
generating function f(p) = p). Our proof proceeds in 4 steps: We prove p-form
boundedness of (i) pBy, (i) pB* (by induction), (iii) BxpB}*, (iv) BppB;".

According to (1.2.28) we establish boundedness of an operator A by means of
boundedness of the integral I4 over its Fourier transformed symbol § 4. For By, we
have boundedness from (1.2.39),

< Ck- (1242)

Qm | ’Uw

1 R
I, = W /dq |¢k(P—q,Q)|

p-form boundedness is proven by showing that the integrals I4 (with A := BlpB}*)
are proportional to p.

(i)

1 n p?
Ipp, = W/dqmm(l)—q,qn 2 < pek. (I.2.43)

(ii) Our induction hypothesis is I, < pcjt. We decompose pB,’c”‘H = pB}*-By,
and use (I.1.17) for the symbol of a product of operators. Then with (1.2.42),
2

= —1 ! 1o P
Ly = (27)3/2 / dq’ |5, gm+1(P—q',q)| e (1.2.44)

1 A P i T, ¢
< —= m — - . — < m, — m+1‘
< @ne /dqlska (p—q,q)] 7 /dq lpr(a—d',d) g2 SPC o =P
(iii) Decomposing BypB}* = By, - pB}*, one has from (1.2.37)

1 ) P’ R s
Ip,par < W/dqlm(p—q,q)l q—z-/dq’ 3pB; (@ —d',d)| e

m 1 " p2 m
< & Gy [dalp-aal L < e (1.2.45)

(iv) We claim Igp,p;n < pc'k" cp'. Then, using (I1.2.45)
1 2 P 1 ya rot ¢
Ign+i,pm < @3 dq |¢x(P — q,9)| Z dq' |3ppep(a—d',d')| D

k
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< et -dop = pett . (1.2.46)
Thus we obtain from the Lieb and Yau formula applied to (I.2.41)

00 orm 0 nomo,
Y. G l@BipBle) < Y o ol (ep9)
n,m=0 : n,m=0 '

= ceS T (o, p o) (1.2.47)

with ¢ a constant resulting from using the same estimate for symbol and its adjoint.
This shows that (¢, Ug(—7)pUx(7)p) is p-form bounded and completes the proof
since exp(c), 7 + cx7) is a continuous function of 7. With the same reasoning, any
multiple finite-dimensional compact integral over multiple unitary transforms of
p-form bounded commutators is therefore again p-form bounded.

Items a) — d) constitute the proof of Theorem I.1.

e) Subordinacy of the potential terms of higher order for a modified potential

For the Coulomb field V, the total potential of the transformed Dirac operator
H(™ to any order 4" is p-form bounded. In fact, since V,, differs from W, only by
bounded operators (see (1.2.8)), p-form boundedness of V;, and hence of H(™ — D,
according to (1.2.11) follows directly from the p-form boundedness of W,,. Thus,

(@, (H™ — D)) = |0, (Vi + -+ Va)9)| < clpp) < e, Fyp).  (1.2.48)

The form bound ¢ is proportional to the coupling strength v, and from the present
type of estimate only smaller than 1 if ¥ < 1 is sufficiently small. Applying more
elaborate methods (see section I.4) a form bound < 1 for v < 1 has been established
in the case of V7 + V5, but no further results are known.

In this section we want to investigate a slightly less singular potential,

A 2 f.
V(z) := —#, o(q) = — \/;qf+€, €>0 (1.2.49)

where the symbol o(q,p) = 9(q) is the Fourier transform and f. := cos Z£ T'(1 + ¢)

oo
— 1 for ¢ — 0. For this potential it will be shown that the series > V} is
k=1
convergent in the sense that Vjy; is Vi-form bounded, and that the remainder

after n transformations is V,,-form bounded, all with an arbitrarily small form
bound. This means that the Sobolev transformation scheme can be viewed as a
proper perturbative approach for all potentials which are less singular than the
Coulomb field as long as they decay at infinity sufficiently fast (such that the
Fourier transform exists). Numerical investigations for the ground-state energy of
one-electron ions within the Douglas-Kroll transformation scheme (to be discussed
in section 1.3) up to fifth order indicate convergence even in the case of a Coulomb
field (Wolf, Reiher and Hess 2002).
Our results are collected in the following proposition.
Proposition 1.2 (Convergence of series for modified potential).
For the modified Coulomb potential (1.2.49) we have
(i) For every k € N, € < 191?7 the k-th order potential term Vj, is p-form
bounded with form bound less than 1.
(i) Let o € S(R®) x C*. Let puy, > 0 for k € N be the infimum of the constant
c in the estimate |(p, Vip)| < c(p,p'~*¢p). Then Vii1 is subordinate to
Vi, in the sense

1(0, Virr @) < 6 [(0, Vi) + C (0, 9) (1.2.50)
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with 0 < 0 < 1 arbitrarily small, and C € Ry a constant depending on 6.
(iii) Let R:= (Uy---Uy,)"'HU;---U, — H™ be the remainder of order n + 1
in the potential strength. Then R is subordinate to V.
For the proof, an auxiliary inequality is needed.

Lemma I.6. For 0 < (n+1)e <1, ¢o € Ry, n €N and every ¢ € Hy jo(R*) xC*
one has

co (0,0 ") < e (g, 0t 0) + C (p,9) (L2.51)

with ¢ < 1 and C € Ry. For n = 0 this implies p-form boundedness with form
bound < 1,

co (0,0 9) < c(p,p9) + C (0, 9). (1.2.52)

Proof. We use an elementary inequality from analysis,

a* b 1 1
b < — — fi b>0 - - =1 1.2.53
choose \ := 171(;161)6 >1, p =22 and 0<d <1 to be specified later. We
decompose
1—ne
pl—(n—i-l)e _ <5p1—(n+1)e) . 1 < 1—(n+1e 5% e 4 € 1y -
1) 1—ne 1—mne \§

(1.2.54)
Then, estimating further (using * < ),

_1l-me

1—ne

(p,0).  (1.2.55)

With the choice § := min{5-, 3}, (I.2.51) is verified. [

co (0, V) < o 8 (0,0 ™) + co

1—ne

Before we embark on the proof of the proposition, we show for k¥ = 1 that

|0, Vip)| < c(p,pt7*p) with some constant ¢ > 0, such that uy in (i) is well
defined.
Without restriction, we can take py > 0. In fact, assume pp = 0. Since 0 <
(o, p'*p) < oo (for ¢ # 0), the above inequality implies (¢, Vi) = 0. Then
Vi does not contribute to the expectation value of the transformed Dirac operator
and can be disregarded altogether.

In this section, all previously defined quantities will now pertain to the modified
potential (I.2.49). In order to estimate V1, we translate (I1.2.21) to the new potential
and obtain for its symbol v,

i1(a,p) = 9(a) — d(ap) = ~ 3 fo(1+ Dofa+p)- Do(p)).  (12:56)

The multiplier of ¢~ (%9 is a bounded operator which is estimated by a constant
c1. According to (I.2.28) we obtain with f(p) := p?

@0 < G [dele@ [dapua-pp) (257

In the latter integral, we make the substitution pq’' := q — p and estimate with
the help of Appendix A

1 p2 e o] dql
o [ g = 2w [

Thus |(, Vip)| < co(p,p'~¢p) with some constant cg. Since p; = inf ¢ > 0,
we have |(p, Vig)| > & (¢,p' ")

< c-ptTc (1.2.58)

g +1
¢ =1
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Proof of Proposition, (ii):
First we take k = 1. From (1.2.14) we have Vo = 3 A,(i[V1, B1] + % [W1, B1])A,.
s==+

As before, we disregard in the estimate of V3 all bounded operators involving Do
and consider V5 as being represented by the commutator [V, By].

We recall that the symbol of B; is proportional to w;(q,p) and accordingly
is estimated by |f1(q,p)| < e m. Also, as before, |¢¥| = |f1|. With
the substitution q' := q/p’ in the first integral we obtain, following (I.2.35) and
(1.2.36),

(0, [V, Bilp)| < |(Voo, Big)| + |(Big, V,9)| < /dp [6)* {111(p) + T2(p)}

2

Ii(p) = / dp' da (e’ ~ )| 61(6 ~ .- &5 (1.2.59)

1
(2m)

c/dp'7p2-/dq'i !
- [P’ — p[**< p? q? peld —p[He (o - Pl +1+ )

1 p> / 1 p?
Io(p) < ¢ [ d g da e
12(p) < / 4 p|™<(lp' —p| +p +1) 2 T —qP ¢

For I, the ' —integral is estimated by dropping % o in the last factor of the denom-
inator. With the substitution k := q' — p’ and Appendix A, one finds

dq' 1 2 k+1

— b —— Ty (B

¢? ld' — P/ (la' - p’|+1 / k+ k n‘k—l‘ <o
(1.2.60)

The p’-integral, after making the substitution pp” := p’ and applying similar
techniques as in (A.2), is given by

p2 /dpl 1 1 — p172€ /OO dp” i 2_7T 1 _ 1
|p/ _ p|2+e p’2+e 0 p”e €p// |p// _ 1|e |p// + lle

< c-ptT (1.2.61)
The second contribution, I, is estimated in a similar way and leads to the same
result. Thus

Li(p) + Iiz(p) < ép'=* (1.2.62)
with some constant é. Using Lemma 1.6 and the definition of u1, one finally obtains
(@, Vo)l < co (@, 0" 7*9) < o8 (0,0 “p) + C (p,9) (1.2.63)
2¢9 6
< == @, + Cle,p)

with 2¢9d/p1 < 1 for § chosen sufficiently small. This proves (ii) for k£ = 1.

The proof of the induction step from k to k + 1 proceeds along the same lines
as applied earlier to show the p-form boundedness of W,, or V,,. By induction
hypothesis commutators of order m < k in the potential strength, denoted by [-]m,
have the following symbol estimates (compare (1.2.33))

A
(3 e p —me
/dq ( ‘[-]m(q - p,p)‘ + ‘[-]m(q - p,p)‘ ) (5) < ep! (1.2.64)
where A can be chosen in the interval (1,3). We demonstrate the proof for the
commutator [[-]m, Bk—m+1] which contributes to Vj41. For the commutator [V, By]
which also contributes to Vj41 the proof is similar. Since the symbol classes of W,
and [-],, are equal, it follows from (I.2.34)

fm(@p)| < Oa@p)| £ =5 [Au@p)]. @265

qg+p +1 g+1
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Then from (I.2.35) and (I1.2.36) one has with some ¢y € Ry,

@[ Bl ) < 5 / dp [p)* (Too + Int) (1.2.66)

2

p 1 ~ p2
Ino == [ ap'[[- _I;,T'/d—" —p.p)|
00 P |[lm(P—P p)lp2 UNa—p|+p +1 [l mii(a=—p,P)| =

2 '2
b . ' b
pel /dq ‘[-]m(p -q, q)‘ &
where in the term denoted by Iy, |<73k,m+1 (p' —q,q)| was estimated by its adjoint
before applying (1.2.65). In Io1, the g-integral is by (1.2.64) estimated by ¢p *=™¢.
Further one has with a >0 and 6 > 0

1 ~
to o= [ o' [P 0~ 0

/d 1 ‘[A] ( )| P 75/(1 |ﬂ ( )‘ p*
4 v P -aa)] 5d " <p q [P~ 22| 555
< ep'med (1.2.67)

if 2+ 6 < 3. Then with 6 :=me, Iy < épt—(h—mtlep—me — gpl—(ktl)e
In Iyo we estimate in the denominator |q—p’|+p’'+1 by p’ and subsequently use
(1.2.64) to estimate the g-integral by cp ~*=m+De With X := 2+ (k—m+1) e (for
(k—=m+1)e < 1) in (I1.2.64) we obtain Iy < ép (k-m+l)e.plome — gpl=(ktl)e,
Therefore
(@5 [[Jms Be—mt1] )| < co (,p' = *F1<) (1.2.68)

which proves (1.2.64) for k+1. The same estimate can be shown for |(¢, [V, Bx] ¢)|.
Hence

ke 2
(@, Vig19)| < ¢ (i, p' = (D<) Sc’ém (@, Vi)l + C (p,9)  (1.2.69)

which completes the proof of (ii). [ |

Proof of Proposition, (i):
We use again induction. For £ = 1, applying Lemma 1.6 to the estimate of Vi,

(0, Vip)| < co (0,0 9) < clp,pp) + C (0,9) (1.2.70)

with ¢ < 1. For k > 1, we assume that V} is p-form bounded with form bound
¢ < 1. Then we have from (ii)

1(0, Vi1 ©)| < 6[(p, Vep)| + C(p,0) < 3 (a1 (p,pp) + Ci(p, ) + C((<,Io,2cp7)1-)

Since § can be chosen arbitrarily small, one has d¢; < 1. [ |

A consequence of (1.2.71) is the p-form boundedness (with form bound < 1) of
every finite sum V] + ... + V.

Proof of Proposition, (iii):
We have to show that all By, are bounded operators. Then we can proceed as in
section 2d to show that a unitary transform Uy = e'B+7 preserves the p'—(n+1)e
form boundedness of the commutators of order n + 1 in the potential strength of
which R is consisting. Consequently, one has with (,p' *p) < 2 |(¢, Vip)| for
k =n+1 and with (I1.2.50)

(¢, Rp)| = const - |(¢, Var19)| < const-d (0, Vo)l + C' (p,9)  (1.2.72)

with const-§ < 1 for a suitably chosen §. This shows the subordinacy with respect
to V,.
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It remains to prove the boundedness of By. We will show this directly by using the
algebra of symbol estimates. For By, from (1.2.42) with the substitution q' := q—p,

c 1 1 pl—e
5 = Gy /dq p—al'*c (p—af+q+1)* ¢'~
c 1 1 pl—e

< @npr /dql @ pral C (127)
since the integral is finite for p — 0 and for p — o0 and the singularity of the last
factor at p = —q' is integrable. The convergence generating function f(p) = p12;€
was chosen to allow for a (I1.2.45)-type estimate when showing that the presence of
Uy plays no role (but to prove boundedness of Ip,, one can also take f(p) = 1).

For Bs, we use the estimate (1.2.34) of ég by 9 and recall that W5 is determined
from the commutator [V, B;]. Consider the symbol of V B, via (1.1.17),

- c 1 1
lvgi(a,p)| < RS dp' —— o T ek (1.2.74)
(2m) la —p'[*e plte(p' +p+1)

It is found that |17$1(q, p)| = const for p=0, ~ 1/p? for p = oo and ~ 1/¢>*¢
for ¢ — oo while it diverges for ¢ — 0. The behaviour near ¢ = 0 is obtained by
performing the angular integration with the help of Appendix A such that one gets

forq#0, ¢ #£0,
—~ & [ dp 1 1 1
[vé(a,p)| < 5/0 W ? (|q_p,|6 - |q+p,|e>. (1.2.75)
Since the divergence at ¢ = 0 results from the behaviour of the integral near p’ = 0,
it is sufficient to reduce the integration region to [0,1] and estimate (p' + p +
1)=2 < 1. The resulting integral can be performed analytically with the help of
hypergeometric functions (Gradshteyn and Ryzhik 1965, p.284), and it behaves
~ q'72¢ for ¢ = 0. B,V is in the same operator class such that we obtain
1+4°
(g +p+1)*
By induction, one can show that for ¥ > 2, one has |wi(q,p)| < W.

Thus one obtains regularisation upon increasing k, resulting in bounded operators
By, k> 1. [ |

lwa(q,p)| < ¢ (1.2.76)

Proposition 1.2 provides justification for representing the transformed Dirac op-
erator in terms of a series expansion in the potential strength. Note, however, that

the limit ¢ — 0 cannot be carried out since in (1.2.55), - 5~ 5 o as

€ — 0, which implies C' — oo in (1.2.51). Therefore, this limit cannot be used to
prove p-form boundedness of Vi, 1 < k < mn with form bound less than one, in
the case of the Coulomb potential.

I.3. Relation to the Douglas-Kroll transformation scheme.

The Douglas-Kroll transformation scheme for the Dirac operator is based on
the Foldy-Wouthuysen (1950) transformation, aimed at casting the free Dirac op-
erator into an operator which does not couple the upper and lower components
of the relativistic wavefunction. In this section, the Foldy-Wouthuysen transfor-
mation, generalised by Douglas and Kroll (1974) to Dirac operators including an
electrostatic potential, will be described. Subsequently, it will be shown that the
Douglas-Kroll transformation scheme is equivalent to the Sobolev transformation
scheme. Finally, the advantages and drawbacks of the resulting operators will be
discussed.
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a) The Douglas-Kroll transformation scheme

Like the Sobolev transformation scheme, the Douglas-Kroll transformation scheme
consists of a series of unitary operators U ]’ The zeroth-order transformation oper-
ator is diagonal in momentum space and is given by

1
ap E,+m):?
b= A 1 A(p) == 4 1.3.1
U= A (1+ 552 ) w= (). asy
and for the transformed Dirac operator one obtains with U(’)_1 = A(p) 1-8 i afm)
P

ULHU, ™ = BE, + & + O

e = a0) (v + 222 222 4 (13.2)

0= 54w (522 V = V 522 40

When a potential is present the operator £, called an even operator because it
commutes with 3, is also diagonal. But there is an additional term, the so-called
odd term O; which anticommutes with 8 and which does couple the two components
of 1. Therefore, the next transformation, U], is aimed at eliminating O;. As has
been shown by Wolf, Reiher and Hess (2002), the choice of this transformation is not
unique. Historically, a square-root form was chosen, U] = (1 + Wf)% +W;, j>1,
with antisymmetric operators Wj, i.e. (¢, W;p) = —(Wj¢, ). However, in order
to establish the equivalence with the Sobolev transformations, an exponential form
has to be taken,

Uj = e, j>1, (1.3.3)
with essentially self-adjoint operators S;. For this exponential form, the transfor-
mation scheme (I1.2.6) from the previous section can be used, such that

UIUSHU,'U,™" = BE, + & + Oy + i[BE,,S1] + i[& + 01, 54]

1
—5 [[BEp, 1], S1] + R(+?). (1.3.4)
S is chosen as an odd operator which eliminates O; according to
i [BEp, S;] = =0, i=1 (1.3.5)

hence S is of first order in the potential like O, and the terms which are disre-
garded in (I.3.4) are in fact at least of third order in the potential. The transfor-
mation scheme is continued in the sense that after k¥ transformations, the potential
term which is of k + 1st order in the potential strength, is decomposed into even
(Ek+1) and odd (Of.y1) contributions (corresponding to their behaviour when com-
muted with ), and the successive transformation Uy, = e~ k+1 eliminates the
odd term by means of the choice (I1.3.5) for j = k+ 1. After n + 1 transformations
one arrives at

H = BE, + & +...+ &, (1.3.6)
which only consists of even terms and agrees with the transformed Dirac operator
to the order of y"+1.

With H], of this form, one can easily eliminate the lower components of ¢ in order
to obtain e.g. the nonrelativistic limit. This is either done by choosing ¢ := (), or
equivalently, by projecting the block-diagonalised matrix-valued operator H,, onto
the upper block (by means of forming # H), #) With this procedure, one has
a reduction from the 4-dimensional space of ¥ to the 2-dimensional space of u.

Let ¢ := () with u € Hy/2(R®)xC? an arbitrary function. Then one can form

(n)
m

the expectation value of H,, and in this way define an operator b;,’ which acts on
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Hy/5(R®) x C? (instead of Hy/»(R®) x C*) by means of (Douglas and Kroll 1974,
EPS 1996)

W, Hy, 9) = (u,0) w) (13.7)
= (u, (bom + bim + -+ bnm) ).

The index m refers to the particle mass while the other index denotes the order in
the potential strength.

b) Equivalence of Sobolev and Douglas-Kroll transformation scheme

If the Douglas-Kroll unitary transformations are chosen of exponential type, one
has a termwise equivalence of the transformed Dirac operator to any order n in the
potential strength. For non-exponential unitary transformations, the transformed
operator will differ from the Sobolev transformed operator for sufficiently high n
(e.g. n > 4 for a square-root type). However, the equivalence persists if the
same type of unitary transformation (not necessarily exponential) is used in both
transformation schemes.

We consider expectation values of the Sobolev transformed Dirac operator taken
with a 4-spinor ¢ in the positive spectral subspace H1 := Ay (Hy2(R?) x C*) of
the free Dirac operator Dy. Such a spinor can in momentum space be expressed in
terms of Pauli spinors u € H1/2(R3) x C? (Rose 1961, EPS 1996),

. B 1 (Ep +m) 4(p)
o®) = B ) ( po i(p) ) (1.38)

where o is the vector of the three Pauli matrices given in the introduction. We
have the following theorem.

Theorem 1.2.

Let o € AL (S(R®) x C*) be a 4-spinor in the positive spectral subspace of Dy,
which defines a Pauli spinor u according to (1.3.8). Let H), be the Douglas-Kroll
transformed Dirac operator to n-th order in the potential strength, using exponential
unitary operators Ujf. Let H™ be the Sobolev-transformed operator from Theorem
1.1. Then their expectation values agree to any order n,

(0, H™ ) = <¢,§chp> = ((8>H,’l<g)) n=12,.. (L3.9)

The proof is performed with the help of a lemma.

Lemma 1.7 (Relation between transformed potentials).

Let H =Do+V and U; = ePi, j=1,..,n be the Sobolev transformation
scheme, where the potential term of k-th order in the potential strength ~yv is de-
composed into Vi + Wy,. Let Ug, Uj = e, j=1,..,n be the Douglas-Kroll
transformation scheme with the respective decomposition into & + O. Then one

has the identification
BE, = UyDoUy™", & = UyViU,™",  Op = UsWi Uy~
Sy = UyBr Uy %, k=1,..,n (1.3.10)
with U§ from (1.3.1).

Proof of Theorem.
The key observation is the relation between the spinor ¢ = (g) and the spinor ¢
in the positive spectral subspace of Dy,

o = Uy ', (1.3.11)
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which is easily verified in momentum space from the explicit form (I1.3.8) of ¢ and
from the definition (I.3.1) of U]. We note in passing that Doy = E,p is an
immediate consequence of (1.3.11).

The first equality of the theorem is based on A1y = ¢ and A_p =0 such that
(0, Vi) = (o, (AL HygAy +A_HpA_) ) = (o, Hip). Moreover, from U(SVkU(’)_1 =
&, k=1,2,... and U}DoU, " = BE, (Lemma L7), one has

(o, H™ @) = (Ualw,(Dwka)U()lw) = (w,(ﬂEp + Zskw)
k=1 k=1
= (¢, H, ), (1.3.12)

which proves the theorem. |

Proof of Lemma.
We use the induction principle.

(i) Verification of (1.8.10) to first order in 7y
The equality U(SDOU(;_1 = BE, follows directly from (I.3.2) if one sets V = 0.

By means of explicit calculation, one has from (1.2.18) in the massless (m = 0)
case

UyWh Uyt = V —apVap) -— (1 + app)

DN | =

(1 + pop)- %
= % [BapV — BV ap] = O (1.3.13)

Sl

with p = p/p. Similarly, with V; = 3(V + apVap), one shows UyViU,™' = &.
The proof for the massive case proceeds along the same lines, using the relation
2

moy P 1,
E, Ep(Ep+m)

In order to prove S1 = U}B U(l)_1 we first show that S; is uniquely determined
by (I.3.5). Representing S; and O; by their respective symbols s, and oy via (1.1.13)
and noting that S8E, is a multiplication operator in Fourier space, one obtains from
(1.3.5)

—061(q,p) = iBEp1q 51(a,p) — i51(q,p) BE,
=ip (Elp-i-q\ + Ep) 51(q, p) (1.3.14)
which can be uniquely solved for 31 (q,p). We now transform the defining equation
(I.2.10) for By with U}

Uy Wi Uy = —i (UyDoUy ) (UsBiUy™) + i (UgB1Uy ™) (U DolUy ™)
= O1 = —i [BE,, UB Uy (1.3.15)

From the uniqueness of the solution it follows from (I.3.15) and (I.3.5) that U} B; U(;_l
= S1 and hence the uniqueness of the operator Bj.

(#1) Proof for arbitrary order in -y

We assume that to order n — 1 the claim (I1.3.10) of Lemma 1.7 holds. As a conse-
quence, the relation between the Dirac operators after n — 1 transformations (plus
the zeroth-order one in the Douglas-Kroll case), asserted by Theorem 1.2, does hold
too, i.e. (cf. (1.2.11))

BE,+E1+E+ A En1+En+O0n=Ul (Do +Vi+ oo+ Vo + Vo + W) Uy~

(1.3.16)
where we are allowed to include the terms of n-th order since &, and O, only
depend on BE,, &, O;, Sj, j=1,...,n—1, with the identical dependence of V,,
and W, on Dy, V;, W;, B;, j=1,..,n—1. From (1.3.10) for j = 1,...,n—1
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it therefore follows that &, = UéVnU(lfl and O,, = UéWnU('fl. Carrying out the
n-th transformation one gets

H), =e "H_ e =BE,+ & + ...+ Eno1 + En + Oy +i[BEp, Sp] + R(y™)
Ut - UfHUy---Up = Do + Vi 4.t Vo1 + Vi + Wy + i [Do, By] + R(Y™).

(1.3.17)

B, is obtained from W,, = —i[Dy, B,], or transformed with U},
UWaUy ™' = Op = iU} [Do, By Uy " = —i [BE,, UyB Uy '] (1.3.18)
From uniqueness of the solution S, to the equation O, = —i[BE,,S,] follows
UsBaUy* = Sp. n

¢) The Jansen-Hess operator representations

The second-order operator Hj has gained particular attention because, if numeri-
cally investigated, its ground-state energy is rather close to the exact solution of the
one-particle Dirac equation in the case of a Coulomb potential. In this respect, H
is a considerable improvement over the first-order Brown-Ravenhall operator which
largely underestimates the ground-state energy for high nuclear charges (Wolf, Rei-
her and Hess 2002). It was first derived by Jansen and Hess (1989) who added a
missing term to the original result of Douglas and Kroll (1974).

(i) The Douglas-Kroll transformed second-order operator

Using the Douglas-Kroll transformation scheme, we define an operator bg) =
bm = bom + bim + baym acting on Hi»(R®) x C?, by virtue of (1.3.7). From
their definition, Sy, & and Oy are integral operators in momentum space, and
so are by, bam. However, a coordinate-space representation is sometimes more
convenient for the analysis of an operator.

We start from the definition of the Jansen-Hess operator on Hj/,(R?*) x C*
(Jansen and Hess 1989),

Hy = BE, + & + = [01,81] (L3.19)

with & and O; from (1.3.2) and the symbol of S; from (1.3.14). We use ((§), a0 (5)))

= (u,0505u) and ((§),8(;)) = (u,u) as well as (ap)® = (oPp)? =1, and obtain
1

with V = —y/z, identifying p with —i0/0x and p with (-A)z,
bom = E, = Vp2+m2
1 1
bim = —7 A(p) [; Alp) + h(p) ob_0ob h(p) Alp)

bom = (7 )2 A(p) EAQ(IJ) h?(p) Wiom + WiomA(p) h2(p)£ A(p)

o
LA hp) 0B Wirm — WirmAlD)3 Ap) 0B h(p)
— 0B h(p) Lo h(p) A2() Wio,n — o h(p) Win,nAlp) - A)
+ 0 h(p) LA() Win i + 0B hp) Wio,nA(D)TAG) op hip)| , (1320

E,+m D
2E, E,+m
and A(p) = % while in the general case (m > 0), h(p) € [0,1] and A(p) € [%, 1]

with A(p) := and h(p) := . For mass m = 0, one has h(p) =1
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are bounded multiplication operators in momentum space. In the expression for
bam we have introduced (bounded) integral operators Wig ,, and Wi ., which are
related to the transformation operator S; and are defined in momentum-space
representation by means of

_ 1 1
Wio.m = /d’ Ap' !
(Wio,m #)(P) L —D () E,+E, @(P")

_— 1 . 1
(Wi1,m ) (p) = /dPI W ap’-h(p') A@p) E +E., p(p') (1.3.21)
P P

For later use, we also give the Jansen-Hess operator as an integral operator
in momentum space. To do so, we Fourier transform the potential —/z, which
introduces factors of the type |p — p’|=? (see (1.2.19)), and obtain (EPS 1996, BSS
2002)

(u, bpu) = /dpu ) bom (p /dpdp P) [bim (P, P') + bam(p,p")] 4(p’)

(1.3.22)
where

(. 0) = 5y s (L + oD B hp) h(p)] AG) AW)

1 v \2 1 1 1 1
bom(P,0) = 5 (523) /d”
Zm(p | & ) 2 \ 272 P |P _ p//|2 |pll _ pl|2 Ep, + Epu * Ep + Epu

Alp) A A2(0") (h(p") 0" — h(p)op) (h(p")op" — h(p')op'). (13.23)
Recall that in the momentum representation, the kinetic energy operator bo,, (p) =
E, is diagonal. This is of great help when considering the form boundedness and
compactness of the potential terms relative to the kinetic energy (see next section).

(i) The Sobolev transformed second-order operator
Restricting H; /»(R?*) x C' to the positive spectral subspace of the free Dirac

operator, it is sufficient to consider instead of H(? the operator
BY = Dy + Hy + Hy = Do+ V + % [W1, Bi] (1.3.24)

=: Dy + Bym + Bap

which is derived from (1.2.14). For the first term, [V}, B1], from H. we have
according to Lemma 1.7 and (1.3.12), U} [V1, B1] U(lfl = [€1,51]. This is an odd
operator (because S; is odd) and therefore its expectation value formed with ¢ =
(5) vanishes. So it can be dropped.

The explicit form of the last term, Bap, := £ [Wi, By] is obtained with the help
of the YDO technique in a similar way as applied to the calculation of the symbol

¢1 of B;. We use the symbol equation 3’(q, p) = % (@ — @)(q, p) for the
symbol j of Ba,,, together with (1.1.17), and recall that Wy = %(V — DoV Dy) with
Dy a multiplier in momentum space. Then we obtain

i(q,p)—% /dp o(q —p')é1(p',p) — Do(a +p) o(q — p') Do(p + ')

3
2

-$1(p',p)—¢1(a — ', + ') 9(p') + ¢1(a — p',p + P') Do(p' + p) 6(p') Do(p’)}-
(1.3.25)



30
Alternatively, Bs,, can be viewed as an integral operator with kernel kg. There

is a simple relation between kg and the Fourier transform j of the symbol of Ba,y,.
From (I.1.14) one has

(&, Bam®) /dpso /dp ks(p,p') ¢(p')

/dpso /dPJP p'.p') ¢(p")

§
2

= ks(p,p) = 5 j(p—p',p). (1.3.26)
(27r)
Inserting the expressions (I1.2.19) and (I.2.15) for the symbols of V' and B, respec-
tively, one obtains

2
"N o__ Y " 1 1 » " 1 1
kB(p? P ) - 167T4 /dp |pII _ p|2 |pll _ pl|2 (1 - Do(p ))(Ep” + Ep + Ep” 4 Ep/

(1.3.27)

where Do(p) $(p) = $(p) has been used whenever Dy is acting on ¢.
From this kernel, one can derive the coordinate-space representation of Bsy,,. To
this aim, we define an auxiliary potential Vig ,, by means of

— 1 1 .
Vomd)@") = [dp ey e 00). (1329

Then the part of (1.3.27) which is proportional to (Ep + E,)~! leads to the fol-
lowing operator, called Ji,

(1) (a =1M4¢j /d”’pxl—D<“»a§;@@%

= @ E (1= Do(p)) (Vio,m ¢)(x) (I.3.29)

where, as before, p has to be interpreted as —i0/0x. The other part of (1.3.27)
leads to the conjugate of J; (in accordance with the symmetry of Ba,,). We get

Bom = 87? { % (1= Do(p)) Vio,m + Vio,m (1= Do(p)) é} (1.3-30)

Since Vio,m has a very simple structure, it is possible to find its coordinate repre-
sentation in order to provide an explicit expression for Bayy,.
We have the identity

_t / "t e B +Ey) (1.3.31)
Ep// + Epl

leading to a factorisation of the p”- and p’-dependent terms in the integrand. So
we obtain

& 1
Viom = 2m° / dt e~tFr - et (1.3.32)
0
resulting in
,72 o)
Bom = 2 / QIl),  J@E) = CHeFr + e tFoC(t) (1.3.33)
0
where C(t) is a self-adjoint, positive operator,
1

C(t) == — (1= Do(p)) ™" i (1.3.34)
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(1 _ (%Do%’)) >
Y - (vp) 7 =

2(1—1|Do|]) =0, such that 1—Dg > 0 is a positive operator. From this follows
lleell ; P p

that (@, C(t)p) = (e7/2 1o, (1 — Do(p)) e /2 L) > 0.

The latter property is true because one has (¢, (1 — Dg) ) = [|¢]|?

d) Choice of transformation scheme

From a comparison of the Jansen-Hess operator in its representations b,, and
B in coordinate space, (1.3.20) respective (1.3.24) with (1.3.30), it is obvious that
Bﬁf), obtained with the Sobolev transformation scheme, has a much simpler shape.

Although we did not find it possible to show positivity of the second-order term
By, from the representation (I1.3.33), it is evident from (I.3.27) that its kernel
has a positive real part. There is a proof by Iantchenko (see IJA 2003), involving
the partial-wave representation of the operator bs,, shown in Appendix B, that
the respective (partial-wave) kernels of the second-order term of the Jansen-Hess
operator are indeed positive.

The breakthrough provided by the Sobolev transformation scheme becomes clear
when one proceeds from the one-particle Dirac operator to the multi-particle Cou-
lomb-Dirac operator to be discussed in parts IT and III. For example, compare the
Douglas-Kroll transformed two-particle second-order operator (Douglas and Kroll
1974, eqs. (4.22) — (4.24)), filling nearly a whole page, with the respective Sobolev
transformed operator (I1.4.4) which opens the way to mathematical analysis.

The advantage of the Douglas-Kroll transformed operators lies in their ready
access to numerical calculations in quantum chemistry (Hess 1986, Wolf, Reiher
and Hess 2002,2004). If atomic binding energies and energy shifts due to relativistic
processes are of interest, variational calculations are a very efficient tool. Such
computations are much simpler if carried out in two-dimensional space, permitting
an arbitrary choice of wavefunction u (without having to care for the restriction to
the positive spectral subspace).

I.4. Boundedness properties and positivity of the Jansen-Hess operator.

From Theorem 1.2, one has the relation between the Douglas-Kroll transformed

operator bﬁ,? ) and the Sobolev-transformed operator Bg,? ),
b 0N L g L (14.1)
0 0 2 0 7m0 o

which differ only by the bounded operators § and Uj. Therefore, in most cases it

plays no role whether the transformed operator is chosen in the form bﬁff ) or Bg,? )
In the following analysis, both representations will be used.

The boundedness properties of an essentially self-adjoint operator A defined on
a dense subset of a Hilbert space H are crucial for its extension to a self-adjoint
operator. Let the operator A consist of the kinetic energy operator Dy and a sum
of potential terms Vi, ..., Vi. Assume Vj + ... + V}, is Dy-form bounded with form
bound c¢ less than 1, such that the form domain of A is the same as that of Dy,
implying that A is well-defined in the form sense. Then A is form-bounded from
below, (p,Ap) = (p, (Do + Vi + ... + Vi) ) > (1 —¢) (¢, Dop) > 0, such that
there exists the self-adjoint Friedrichs extension of A on H (Pearson 1988, p.104;
EPS 1996).
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a) Collection of literature results

The properties given below concern the Brown-Ravenhall operator Bg), b%)
(EPS 1996, Tix 1997, 1998, Burenkov and Evans 1998) as well as the massless
Jansen-Hess operator b := b(®); a few results are also known for the massive

Jansen-Hess operator bg) (Stockmeyer 2002, BSS 2002).
Lemma I.8 (Brown-Ravenhall operator).
Letu e S(R®) x C and ypr =2/(5 + 2).

(i) Let bg) = boy + bim. Then by, 18 by, -form bounded with form bound < 1

for v < vBr.
(ii) Let b)) := by + by be the massless Brown-Ravenhall operator. Then

\(uy (bim — b1)u)| < gm'y (u, 1) (14.2)

s O — b)Y )] < m (L4 5 ) ().

(iii) For v < vBr, b%) is positive. Explicitly,

(b w) > m (1—7) (u,u). (1.4.3)
iv) In the partial-wave representation of b%), the ground-state configuration is

1=0,s=1.

(v) If v > 7vBr, b is unbounded from below.

The first item of (ii) was proved by Tix (1997), but no explicit bound was given.
This was provided later by Stockmeyer (2002). In order to calculate the form
bound of the massive Brown-Ravenhall operator relative to the massless one we
use the mean value theorem of differential calculus to deduce 0 < bg,, — bg =

p2+m2—p =m(Lom), _ =m. —p\/T”? < m for any number p € (0,m) and

dm

all p > 0. Adding the bound %mv of the first-order terms completes the proof.
Positivity was proved by Tix (1998), and items (iv) and (v) were shown by
EPS(1996).
In order for Dy + V to be a well-defined operator in the form sense, V has
to be Do-form bounded with form bound smaller than one (which is the case for
v < vBR, see EPS(1996) and part II, Lemma I1.6).

Lemma 1.9 (Positivity of the massless Jansen-Hess operator).
Let u € S(R*) x C* and v, = 1.006 be the smaller root of 1 — - +dvy* =0,

d=}(5- 2.

(i) Let b=bg + by +bea. Then by > 0.
(ii) For vy <y, b is positive with
(w,bu) > (1 — —— + dv?) (u, bow). (1.4.4)
TYBR

(iii) In the partial-wave representation of b, the ground-state configuration is

1=0,s= %

The bound ~; is not sharp, i.e. b is not unbounded from below for all v > ~;
(Siedentop, Priv. Comm.). The reason is that for v > 9.11, the r.h.s. of (1.4.4) is
again positive.

The proof is performed in Mellin space (Stockmeyer 2002, BSS 2002) which is
introduced in Appendix B. When m # 0, the nonexistent scaling properties of the
operator bg) (in contrast to b) prohibit an analogous proof of positivity in the
massive case. Instead, one has
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Lemma 1.10 (Bounds for the massive Jansen-Hess operator).
Let u € S(R?) x C?, and let by, := b%) = bom + bim + bam.
(i)
[(u, (bam — b2) u)| < m~3dy (u,u) (1.4.5)
with do := 8 + 12v/2.
(i)
(u,bpu) > dym (u,uw) for v <~Br (1.4.6)
with d, :=1— v —~2d.
(i)
(uybu) > —cm (u,u) for vy <~s (1.4.7)
and ¢ == 3y + do?.
The boundedness (ii) from below follows immediately from (I1.4.3) and (I.4.5)
since by > 0.
The lower bound (iii) for ypr < 7 < «s follows from (1.4.2) and (1.4.5)
(Stockmeyer 2002).

b) Additional boundedness properties of the Jansen-Hess operator

Our first goal is to show the subordinacy of the second-order term by, with
respect to the first-order term in the potential strength ~.
Proposition 1.3 (Subordinacy of bs,, respective Ba,,).
Let B = Do + Biy + Bom, with —Bup := =V =2 >0. Ify < 4/r, then
(i) form =0,
by > by > 0. (1.4.8)
(ii) Form >0,

~Bin — Bon = L R + Ry 1 (1.4.9)

where R, is a bounded operator with Re R,, > 0.
(iii) Forvy < %, —Bim — Bay, is positive. Ezplicitly, for o € Ay (S(R?) x C),

(‘P: (_Blm - Bzm) 30) > (1 -C- ’)?Tﬂ—) (‘Pa —Bim So)a (1410)

where C' is a constant of order unity.

The methods of proof for the massless and massive case (i) and (iii), respectively,
are very different. For m = 0, the proof can be carried out in Mellin space which is
a great simplification. For m # 0, the coordinate-space representation of Bi,, and
B, has to be used.

Proof of (i).
According to Appendix B, a partial-wave expansion of the function v € S(R?) x C?
in momentum space is made,

) = > p " as(p) (D) v={1,M,s) (14.11)

and further, the Mellin space representation a’ (t) of the coefficient a, (p) is intro-
duced via formula (B.5). The expectation value of b can be written in alternative
ways,

(,bp) = Z/Ooodpm/()wdp’ bis (p, p') @ (p')

-3/

e b (14.12)

#(¢ 1
at(t+ ) :
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with b5 and bﬁ given explicitly in (B.4) and (B.7), (B.8), respectively. This shows
that b is diagonal in Mellin space. In order to prove —by — ba > 0, it is sufficient
to prove

%) >0 (1.4.13)

where bl(sl) and bz(? are the first- and second-order contributions in +, respectively,
to the partial wave b;s of b.

We proceed in two steps. First we show that (I.4.13) holds for any [ larger
than a given [;. Subsequently we establish a recurrence relation to prove (1.4.13)
inductively for decreasing .

(a) Search for 1y

The gamma function entering into the definition of bl(:)# and bl(z)# via (B.9) has
the following property (Gradshteyn and Ryzhik 1965, p.937)

)
b - 2) - -

2

r
im |TCED ol 1 frzeQ\(Z_U{0}), aeR (L.4.14)
; T(z+a)|” .

F B.9 h #t— 4 :ﬁ ——| f =1 — i d
rom (B.9) one has ¢/ (t — ) 23 () or z 5 + % an
a:= —%. Then (I.4.14) guarantees the existence of lo € N such that for any € with

0<e<1,and for all I >y,
1 2 ) 1
1-¢€ 7—— < 2\/qu#(t——) < (1+€ 77— (I.4.15)
Friog VRO [Eae
From this and from the functional dependence (B.8) of bl(sl)# and bl(f)# on g it

follows that the upper and lower bounds of ‘11# (t —i/2) and hence of bl(sl)#(t —i/2)
decrease as [~ for [ — 0o, while the bounds of bl(f)#(t —i/2) are of order O(I72)
making that term negligible with respect to bl(sl)#(tL —i/2) for sufficiently large .

Since —bl(;)#(t — 1) is strictly positive for v > 0, it follows that there exists l; € N
such that

ls

(—bD# _pD#) (- %) >0 foralll>1l, s= %. (1.4.16)

(B) Recurrence relation

From the explicit representation (B.8) one has bl(i)fi%(t -3 = bl(
1 =1,2, 1l €Ny, such that we can restrict ourselves to s = %

For v < 4/ it was shown by Stockmeyer (2002) and BSS (2002) that

i)#(t - %)a

1
’2

i )
L+ vVor 0% + b t—2) < 1+ vor 617, + b j2)(t=3). (14.17)

2
Hence
. i . 7 1 1
(B = W)@ = 5) < (0T =0 0F) = 5) (1s) € {(No, ) U (N —5))-
(1.4.18)

Starting in the r.h.s. of (1.4.18) with [ =0if s =1 and with{ =1 for s = —1
and continuing the chain of inequalities to the left until [ is reached, proves that

(—b0#* — 5%yt —i/2) >0 for all I, 5. .

Proof of ().
From the Sobolev representation (1.3.24) with (1.3.30) we have, using A_ =
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(1—Do(p))/2,

—(Bim + Bam) = %Rm + R, % (1.4.19)
1 Y
Rm = 5 - ﬁ A ‘/10,",,.

We prove that R, is bounded with positive real part if v < %, by showing that
||4_;|—L2A— ‘/lﬂ,m” S %a ie. for pe L2(R3) X (C4a
15 A Viom ¢l < 12 1A Viomoll < 25 A1 IViomll- gl < € ol
472 ’ = 472 ’ — 472 ’ -
(1.4.20)
with ¢ < 1. Note that [|A_|| = 1, and that the adjoint operator is also estimated
by the r.h.s. of (I.4.20).
Because of Lemma 1.3 it is sufficient to prove the above boundedness for the
quadratic form of Vig,,. Using the momentum representation (I1.3.28) and the
Lieb and Yau formula, Lemma 1.1, one has

(0, Vio.m #)| = /dpm /dp' ™ _1p,|2 E,,iEp/ o(p')
< /dp lo(p)? /dp' D _lp,|2 pip, ]{((;’,)) (1.4.21)

where the estimate E, > p was used. Choosing f(p) = p one obtains with Appendix
A

)
3

N ™
(e Viom )l < [ dolp@)F -5 (14.22)

and consequently from Lemma 1.3, ||[Vigm ¢|| < ”73 [|l¢ll- In order to restrict the
constant ¢ in (1.4.20) to %, one needs Xy - "73 < 1. which leads to the condition
v< g n

Proof of (iii).
For boundedness proofs of an operator B relative to an operator A a diagonal rep-
resentation of the dominating operator A is of advantage. Should B be nondiagonal
in this representation, it can nevertheless be estimated (by means of the Lieb and
Yau formula) by a diagonal operator which is in the same symbol class as B. In
the present case, the operator A stands for the Coulomb field V' which is diago-
nal in coordinate space. Therefore, the kernel kg of the subordinate second-order
operator Bs,, is required in coordinate space.

We use the inverse Fourier transform, ¢(p) = W [ dxe~P*p(x), to cast

(1.3.26) into the form

(0. Bam) = [5G [ ax’ kxx) olx) (14.23)

]_ . P
AN X ! ! — X
k(x,x') :== @3 /dp e’ /dp kp(p,p’) e ™.
Then we can estimate with Lemma I.1
—(¢, (Bim + Bam) ¢) > —(¢;Bim ) — (¢, Bam ¢)|

f(=)
f=)

> —(¢,Bimy) — / dx [p(x)]? / dx’ [k, )| (1.4.24)
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In Appendix E it is shown that the second integral can be estimated by C - ”—Z—Z :
with some constant C'. Thus,

~(¢. (Bim + Bam)¢) > [axfoo? 2 (1- -2, (1.4.25)

from which it follows that —By,,, — By, > 0 for v < %. On the other hand, we
have the estimate (1.4.8) for the massless case, which provides the sharp critical
potential strength v = % for positivity of —b; — bs. Upon comparing with (1.4.25)
which holds for m > 0, we conjecture that we can set C' = 1. The strict proof for
C =1 would require a numerical computation of the integrals in (E.3). |

As a consequence of Proposition 1.3, we get form boundeness of the second-order
potential term relative to the first-order term. From (1.4.10) and (1.4.24) we have
for allm >0

Corollary.

™
Py Dom P =~ — ¥, —D1m ¥ .
| (¢, Bam @)l < € LF (0, ~Bim ) (1.4.26)
with form bound < 1 for v < 4/nC.

Now we turn to the form boundedness of the total potential relative to the
kinetic energy. For subcritical potential strength where the form bound is less than
one, the Jansen-Hess operator is well-defined in the form sense and, thanks to its
boundedness from below, (1.4.7), its Friedrichs extension exists to a self-adjoint
operator on Lo(R?) x C? respective A, (Ly(R3) x C*).

Proposition 1.4 (|Dg|-form boundedness of total potential).
Let by, = bom + bim + b2 be the Jansen-Hess operator and let u € Hy /o (R3) x C2.
Then for all masses m > 0 we have

[(w, (bim + b2m) w)| < ¢ (u,bomu) + C (u,u) (1.4.27)
with ¢ < 1 for v < vy =1.006, and C € R. For m =0 we have C = 0.

Proof.
Let first m = 0. From Lemma 1.9 we have

(u,bu) > € (u,bou) (I.4.28)
with 0 < e < 1 for 0 < v < 7y. Inserting b = by + by + bs leads with Proposition
1.3 to

0 < (u, (=by = b)) u) < (1—c¢) (u,bou) (1.4.29)

which proves (1.4.27) with C = 0.
For m # 0 we estimate

[(w, (b1 +bam) u)| < |(u, (brm —b1) u)| + [(u, (bom —b2)w)| + |(u, (b1 +b2) u)l.

(1.4.30)
The first two terms are estimated by constants with the help of Lemmata 1.8 and
1.10, while the bp-form boundedness of the last (massless) term has just been proved.
Collecting results and using that 0 < by < bopm,

s (i + bam) )] < 570y () + 172do (w0) + (1= €) (u, o)

< m Gy + o) () + (1= €) (u, Do) (1.4.31)

which completes the proof of (1.4.27). [ |
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¢) Positivity of the massive Jansen-Hess operator

Whereas positivity of the massless Jansen-Hess operator is established for all
potential strengths up to 7; (Lemma 1.9) we were not able to reach this ambitious
goal for m # 0. Using positivity of the kernel kg of the (second-order) Jansen-Hess
term Bs,, we have, however,

Proposition 1.5 (Positivity of b, for m # 0).
Let by, = bom + bim + bam  be the Jansen-Hess operator acting on Hy 5(R®) x C2.
Then by, > 0 for v <., explicitly

(u, b u) > c(7y) (u,bom uw) (I.4.32)

with ¢(y) > 0 for v < v, = 0.5929 (Z < 81). In case the proof is carried out
numerically, the critical coupling strength is increased to 7. = 0.8368 (Z < 114).
c(7) is equal to iean Goy () from (1.4.48) and (1.4.53), respectively.

zER 4

We note that from the partial-wave decomposition (B.3) of the expectation value
of b,, it follows that b,, is positive if the components b5, associated with each
partial wave v = {l, M, s} are positive.

For the proof a lemma is needed, stating that the largest kernel of the family
bism is supplied by the lowest angular momentum channel.

Lemma 1.11 (Monotonicity of the kernel by, (p,p"))-

Let bism(p,P) = bom (D) 6(p — P') + biyh, (0 P') + bien,(p,p') e the kernel of the
partial-wave decomposed Jansen-Hess operator in momentum space, acting on
Hyyp(Ry U{0}). Forallp,p' >0, 1 €Ny we have

1
“Uon@p) < W) 08)  fors==5 (1.4.33)

1
ban(@) < b2, (08)  fors=g, 120 (14.34)

1
bonp#) < B2, (0p)  fors=—3, 1>1.

The Brown-Ravenhall case (i), proved by EPS (1996), follows immediately from
the explicit form of blsm(p, ') given in (B.3), since the reduced Legendre functions
q:(y) are monotonically decreasing in [ for all y # 1. The estimates (ii) for the
second-order terms were proved by Iantchenko (see IJA 2003).

Corollary.
For m # 0, the ground-state configuration in the partial-wave representation of by,
is a superposition of | =0,s = % andl=1s= —% components.

As concerns the missing link in (ii), the dominance of b(()i)m(p, p') over bf‘)_) 1, (2, D),
2 2

we note that for m # 0, the kernels scale with m,

bie (0,9) = BN (e, q) k=1,2, (1.4.35)

lsm

where ¢ := p/m, ¢ :=p'/m, and for k =2, ¢" := p"/m have to be substituted
in the expressions (B.3). Hence with p,p’ € [0,00), one also has ¢,¢' € [0,00),
such that one can restrict oneself to the case m = 1. We have numerical evidence
that indeed, b(() )1(p, ) — b§ )11(P,P') > 0 for all p,p' > 0. Note, however, that

there is no global dominance of the integrand in bz(szn (p,p') for I = 0 over the one

for | = 1. This is to be contrasted to the proof of Lemma I.11(ii) which profits
from the global dominance of the integrand for the minimum [ considered.
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Proof of Proposition.
Consider the estimate of the energy in a partial-wave state a,, defined by (B.1) and
(B.3),

(al/7 blsm au) Z (all> bOm aV) (a"” bl(;r)n ) - |(a"7 bl(.zT)n )|

> (av,bomar) — (laul, =bfp, la]) = (la], b3, lav|) (1.4.36)

Ism
where we have used that the kernels of —bz(i?n and bl(:zn are positive (cf. (B.3) and
IJA 2003). The last two terms can be estimated with the help of the Lieb and Yau
formula of Lemma I.1.
Consider first the case s = . Following EPS(1996), the first-order term with

2
its explicit form (B.3) is estimated by

/ / dpdy’ av ()| — b2 (0, 7) |av @) (1.4.37)

/dplau (n)|> A%(p) {/ dp' qu(= —,+h2(p)/ dp’mzs(g)z%}
0

where here and in the following we use f (p) = p for the convergence generating
function. Using that ¢;(y) is monotonically decreasing in [ we obtain with the
formulae from Appendix A

[t [aBy +w an] 5 o< [Cat o) < n2o a)| 5

72
=p (7 + 2 hz(p)). (1.4.38)
For the second-order term in (1.4.36) we make the additional estimates
1 1 E, 2 1
A% (p") ( + ) < Dptm < —, (1.4.39)
Epl + Epu Ep + Ep” 2Ep” m —|— Ep” p”

and we also drop the two negative terms in the integrand of the kernel of bz(i)n

Then we get

a2 lan) < o [ dolan? a0 [ar 2 [0
{Ql(i:) (p ) h2(P") + h*(p) QI+1(I;) ) ql+1(§))l,l)} . (1.4.40)

We estimate the integrand again by its value at I = 0 and use that h%(p") < 1.
We substitute z := p'/p" for p'. Then, the integrals decouple and one gets with
Appendix A

o0 OOdII 1/ OOdII 11 (o] 11
/ a5 [T ') < / 7 o) / dp 2 (%)
0 p 0 0 D D

pJo P’

_ o] dp" pu e} dz 3 71-2 2
= p/o o qa(;)-/0 —, @(z) = p (7 , (L4.41)

and similarly for the second term,

o0 oo 11 1 /1 oo /1 /1 o0
P dp D P dp P dz
/ i 2 / D ) g ) <p / v ql(—)-/ L () = p2.
0 0 b D 0 0

v p
(1.4.42)
Collecting results, the expectation value of the Jansen-Hess operator is estimated
by

(@nbiyna) > [ dola®P By Goy o) (14.43)
0
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Gor(p):= 1 —

=1|<

2 2 4
P 4o m 2 TP e ™ 2

E T S T 44 .
£w0) (5 +2w0) - 3 £ (T atw)
The m-invariance of Gy1(p) for m # 0 becomes obvious when z := p/m is intro-

duced. Then E, = mv2? + 1 and with the definitions of A(p) and h(p) (given
below (1.3.20)) one has

x/a:2—+1(4+77r) ( 2 7)}

1
3

Va2 +1+1)(2% +1) (1+7r
(L.4.44)

GO%(m:L") 1- w{ oS g

which is independent of m. Hence, Gy1(mz) = Go1 ().
If Goi(z) > 0 then b1, > 0. One easily derives Gy1(z) = 1 for z = 0 and

Goy(z) - 1 —2(1+ "Tz + 2+ 77{—2) for x — oo which is positive for sufficiently
small v. Our strategy is to look for Hel1iran Gos (z) as a function of -y and subsequently
T€R}

determine v, by requiring that this minimum is zero.
The requirement G, (z) = 0 gives the following equation for the minimum value
2

Zo
az? = a(l+4/a2+1) + p 320/ + 1+ 7+ 3aj (L.4.45)
(Vag+1+1)2

with o = ”TZ + 'yl—’(r: and 3 := 1+ 2. Defining 2y := /2 + 1 this results in a
quadratic equation for zg,

(20—2)(zo+1)a = B(20—1) (20 +2) (I.4.46)
with the solution (since 29 > 1 and a > 3)
a+ B+ /9% + 982 — 14af

= 1.4.47
20 2(a — ,3) ( )
From this one can calculate
1 !
Gos(wo) = 1 - %azo = [a(zo+1) +8 (20 — 1) L0 (1.4.48)
0

resulting in ~. = 0.5929.
Now we turn to the case s = —1. For these states, one can again use g1 (y) <

2
go(y) to estimate the expectation values of bl(szn and bl(fzn by those for I = 1 and
s = —%. The subsequent method of calculation is the same as for the states with
1 =0, s =1, only that go(y) and gqi(y) are interchanged. Instead of (I.4.43) one

now obtains
(@b gn) 2 [ dpla )P By Gyy0) (1.4.49)
0

2

272

[

Gk%(p) =1 -

We will show that

—~ 3

with p := mz)

VaT+1+1 Var+1-1 7% ~rd
@)=1-Tz u(l + 0+ L(W_ + 7 8 (14.50)
T 22 +1 0 2 +1 4 16

is monotonically decreasing, attaining its infimum at z — oo, namely G;_ (z) =

Gy

1
2

1-T(1+ %2) — ;—2 1+ %) This limit value is again strictly decreasing with ~,

and at v = v, = 0.5929, it equals 0.0932 > 0. This shows that (a,,,bh_%,mal,) >0
for v < ~. such that we have finally proved (a,,bisma,) > 0 for v < 7,.
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The derivative of G;_1(z) can be cast into the form
2 2 2
, ol 1 o [T : m T
- =1 - _ 1 211+ ) +1-2
Gl_%(x) Y PR {a: (4 )-I— z? + ( + 4> + 1

3 3 3
o [T 1 3 1 =« 1 =«

L _ = 1{=+— — = p 1.4.51

+'y[:v (16 W)+ z? + (W+16)+7T T (1.4.51)

The r.h.s. of (1.4.51) is positive for all z € Ry since V&2 +1 > 1, showing that
Gi_1 () is monotonically decreasing.

The critical potential strength can be improved by evaluating numerically the
integrals over the kernel of bl(fgn which result from the Lieb and Yau formula, without
any further estimate. For the Brown-Ravenhall operator an improved estimate for

s = %, provided by Tix(1998), is used,

(@0, Gom + ¥ @) > [ dp fauo) B, Tyy ), (14.52)
0

T (2) =1 - Y W t1+1) arctan z + (V2?2 +1—1)(z — arctan z) ,
2 2 x (22 +1) arctanz — x

valid for all I, s according to EPS(1996).
Then, estimates for the expectation values of b;y,, and b;_1,, similar to those

given in (1.4.43) and (L.4.49) result, with the functions Go1(z) and G,_1(z) re-
placed by new functions C:”O%(w) and C:'lf%(w), respectively. One can show nu-
merically that éoé(x) is monotonically decreasing in z, attaining its infimum at

xr — 00,
inf Gor(x) =1 - 1(T42) - 2L( 2\’ (1.4.53)
zlenR+ 03\ ¥ = 2\2 « 8 \2 =w)° o
From setting this equal to zero, the value 4. = 0.8368 is obtained.
For the case s = —% (I > 1), the first-order term is also evaluated numerically
without any further approximation, and the factor h(p)h(p') is kept in the kernel
when applying the Lieb and Yau formula. Then it is found (numerically) that

Gl,%(x) is monotonically decreasing with its infimum at = oo again given by
(1.4.53). Moreover, one always has él_%(w) > GO%(ZU). Thus él_%(x) >0 if

7 < AFe-
Collecting results, we have by, > 0 for s = i% and v < A,. [ |

The present proof of positivity by means of the Lieb and Yau formula cannot be
extended to provide critical potential strengths beyond 4.. This is lower than the
Brown-Ravenhall value, ypr = 0.906 (Z < 124; EPS 1996), derived from (1.4.53)
by dropping the quadratic term in +.

One might think of a different way to prove positivity of b,,, by trying to establish
that —b{") (p,p) > bl(fzn (p,p') for all values of p,p’ and subsequently using the

lsm
method of proof of Lemma 1 in EPS (1996). In Appendix G it is shown, however,
(2)

that there is some region of p,p' where b;;,,

(p,p') is dominating.

1.5. Spectral properties of the Jansen-Hess operator.

The spectrum o of a self-adjoint operator (which in our case is the Friedrichs
extension on the Hilbert space L2 (R3) x C2) consists of the essential spectrum o
and the eigenvalues of finite multiplicity. The essential spectrum, in turn, is the
union of the absolute continuous spectrum o,., the singular continuous spectrum
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Osc, the eigenvalues of infinite multiplicity, and the limit points of o, where the
point spectrum o, is the set of eigenvalues (Reed-Simon 1980, p.231,236).

This section concerns the essential spectrum of the Jansen-Hess operator by,
both for m = 0 and m # 0. In particular, the absence of singular continuous
spectrum and embedded eigenvalues will be shown. The strategy of proof is in
many cases the same as applied for the corresponding theorems concerning the
Brown-Ravenhall operator (EPS 1996, Balinsky and Evans 1998). In these cases,
the proofs will only be outlined.

Let us start by recalling the known results for the Brown-Ravenhall operator.

Lemma 1.12 (Spectrum of Brown-Ravenhall operator).

Let bs,ll) = bom + bim, and assumey <ypr =2/(§ + %) Then

Oess (b%)) = [m,00)
o5 (b)) = 0.
Ifm =0 and v < YBr, op (b)) =0,

i.e. bﬁ) has no singular continuous spectrum and b = by + by has no eigenvalues,
such that o(b™)) is absolutely continuous.

The absence of embedded eigenvalues in the essential spectrum for m # 0 can
be shown with the help of the virial theorem.
Lemma 1.13 (Absence of embedded eigenvalues for Brown-Ravenhall operator).
Let v < ~9. Then bV has no eigenvalues in [m, 00).

This lemma was proven by Balinsky and Evans (1998) for v = 3. By improv-
ing their estimates we have obtained 79 = ygg, the maximum possible potential

strength for stability of bg). The proof of this new result will be given after the

proof of Theorem 1.4.

Let us now turn to the Jansen-Hess operator and state our corresponding results.

Theorem 1.3.
Let by, = bom + bim + bam, be the Jansen-Hess operator and assume v < vj with the
critical potential strength v; = 1.006 as in Lemma 1.9. Then
(i) UeSS(bm) = Oess (bOm) = [ma oo)
(ii) osc(bm) = 0.
(i) If m=0, op(b) =0, i.e. the spectrum of b is absolutely continuous.
For the proof, one needs the behaviour of b,, under complex dilations. For
6 :=ef € Ry, the unitary group of dilation operators dy is introduced by means of

dya(p) = 6> a(p/6) =:ds(p) (L5.1)
with u € Ly(R®) x C2. Then for |£| < & with a suitably chosen & > 0, @ is
extended to the complex domain D¢, := {f = e* : £ € C, || < &}. One defines
the dilated operators

bm,o := dp by dj " (1.5.2)
and correspondingly bgm,¢ = dgl);mda_1 for k=0,1,2.
When 6 € R;, expectation values are invariant under dy, such that for

u € H1/2(R3) X CQ,

(U, b u) = (dgu,(dgbmdy") dou). (1.5.3)

In order to derive the explicit form of by, ¢ we make in (I.3.22) the substitution
q:=0p, q :=0p' such that

(bm) = [ da 07 ) bon(a/0) 67 o) (15.0)
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+ / dq 0% #(a/0) / def 0~ [bum(a/0,d /6) + bam(a/0, d /6)] 6~ i(d /6).

Upon identification with (I.5.3) one obtains

1 1
bom,o(p) = bom(p/0) = VP?/0*> +m? = 9 Ep(m-0) = 9 bom-o(p)  (1.5.5)
1
bkmﬁ(p7pl) = 6_3 bkm(p/07pl/9) = 7 bkm'g(papl)7 k= 1727

0
where the last equality results from inspection of the explicit expressions (1.3.23)
for the kernels of by, and bs,,.
The definition (1.5.5) of the dilated operators by ¢ in terms of bg.g is readily
extended to complex § € Dg,. In the massless case, (1.5.5) reduces to the simple
scaling

1 1
bO,G(p) = 5 bO(P); bk,a(papl) = 5 bk(papl)a k= 1a2 (156)

Proof outline of (i).
From Lemma I.12 we know that the essential spectrum of b, + b1, coincides with
that of by, so it remains to show that adding bs,, leads to no changes.

It is known that a compact operator does not change the essential spectrum,
however b, is not bounded from above and hence is not compact. Therefore, the
strategy of Weyl’s essential spectral theorem (Reed-Simon 1978, p.122) is used:
From the compactness of the resolvent difference

Ron(p) = (bm +1)~" — (bom +p)~" (L5.7)

with g > 1 a constant such that the resolvents are bounded (note that bg, > 0,
and by, is also bounded from below for v < v, according to Lemma, 1.10), it follows
that the essential spectra of b,, and bg,, coincide.

With the help of the second resolvent identity, A~ = B~! — B~1(4 — B)A™1,
R, () is decomposed,

Ro(p) = —(bom + 1) ™" (bim + b2m) (b + 1)~ (15.8)

= - {(bOm + N)_l (bim + bam) (bom + N)_l/z} [(bOm + N)l/z (bm + N)_l

and it is shown that R,,(u) is compact by means of compactness of the term in
curly brackets and boundedness of the second factor.

To show boundedness of the term in square brackets we split off the bounded
operator (b, + p)~'/2. Boundedness of (bom + p)/% (b + p) ="/ results from the
bom-form boundedness of b, (Proposition 1.4) expressed as

(¢, (blm + me) '(p) > _(1 - 6) (¢; bOm ¢) -C (¢7¢) (159)

From this we obtain with ¢ := (b, + 1) ~"/?u the required boundedness condition

[|Bom+)""? (bm+w) 2 ull> = (@, (bom+m)¥) < collull® = co (&, (bm+p) )
(1.5.10)
upon the choices ¢g > 1/€ and p > max{1,¢coC/(co — 1)}.

Compactness concerning the first-order contribution, by, to the factor in curly
brackets, was shown by EPS (1996). Their proof is based on Lemma 2.6 of Herbst
(1977) which states that the operator (bom, + p) ™! % is compact. For the second-
order contribution, ba,, we use the Sobolev representation (I.3.24) and (I.3.30) of
operators and introduce the following factorisation

(Do + p)~' Bayy (Do + p)~'7? = el {(DO +p)~t (I.5.11)

7l
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|5 (0= Do) By + 02| [(By 02 Vi (Do + )]

+87? [(Do +11) " Vig,m (1 = Do(p)) (B, +N)]{(Ep _,_”)—1%}[% (Do +M)_1/2]-

Since these operators act on the positive spectral subspace of Dy, the lemma of
Herbst (1977) assures that the operators in curly brackets in (I.5.11) are compact.
The operators in square brackets are readily shown to be bounded by using that
Do(p) is bounded as is Vigm (see (1.4.22)), and by applying Kato’s (1966) inequal-
ity, 1/ < % p, to the terms involving ﬁ (Do 4 p)~'/2. For example, using the
Lieb and Yau formula (Lemma I.1), one can estimate for ¢ € Hy 1

1(Ep + 1)'"? Viom (Do + )~ o|? (1.5.12)

2
1 1 Y.

B /dp‘(Ep+”)1/2/dpl p-pP B,+ &, »TH 2 5(p")

p P

< [a 16 [ ap 1) 20D
with K (p',p) := [dak((q,p’) k(q,p) and
k(q,p) = (Bq+p)'/? L ! (B, + p)~Y2. (1.5.13)

la—pl* E, + E,
Choosing f(p) = p*/? and estimating (E, + E,)~! by (g +m)~" for m # 0 (while
substituting p =: gp” for m = 0) in the integral over p, it is straightforward to
verify that the integral over the kernel in (I.5.12) is finite. (For a more detailed
proof within the Douglas-Kroll representation of operators, see JA (2002).) |

Proof outline of (4i).
Concerning the absence of the singular continuous spectrum, one has to show that
the family of bounded operators (bom + ) ~*/2 (b1m,6 + bam,6) (bom + 1) ~/? extends
to an analytic operator-valued function in D¢, ( EPS 1996, JA 2002). The dilated
functions dgu are also analytic in Dg,, provided u € S(R*) x C* which is a dense
subspace of Hy/»(R®) x C* (Folland 1995, p.192).

For § € RN D¢, and z € C\R, one has invariance of the (finite) resolvent
expectation value under dilations,

1

1
— . 1.5.14
by — 2 dy u) ( 5 )

bmg—z

)

(U, u) = (d9 u,
However, because of the identity theorem from complex analysis, analyticity of dgu
and of b, g guarantees (1.5.14) for all & € D¢,. Moreover, since S is dense in Hj /5,
(1.5.14) holds for all u € Hy /»(R?) x C?.

The essential spectrum of by, ¢ is the same as that of by,,,9, Which again is shown
by proving the compactness of the resolvent difference R, o(1) :== (bm,o + ) ™' —
(bom,s + p)~!, along the lines indicated in the proof of (i).

We note that for fixed 0 = exp(z+4y), ess(bom,0) = {bom,0(p) : p € [0,00)} =
{VP?/62 +m2 : p € [0,00)}. Hence for m = 0 it is the nonnegative real axis
rotated by the angle —y around the origin, and for m # 0 it is a curve in the
complex plane intersecting R only at the point m.

Therefore, apart from isolated points, the resolvent sets of boy,s and by, ¢ (which
are the complementary sets of the spectrum o in C) agree and coincide due to
(1.5.14) also with the resolvent set of b,,. Since there exists only one intersection
point of oess(bm,g) with Ry, we have

1
lim Im (u, u) < 00 (1.5.15)

Tmz—0 b — 2
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except at isolated points of Ry . From this it follows that the singular continuous
spectrum is absent (Reed-Simon 1978, §XIII.6, XIII.10; EPS 1996). [ |

Proof of (iii).
We have to show that for m = 0, b has no eigenvalues.

First assume E # 0 is an eigenvalue of b, i.e. there exists u € Hy/»(R?) x C
such that bu = Eu. Due to the scaling property (I.5.6), we have for § € D¢, N Ry

1
dobd, Yug = ~bug = Eug (1.5.16)
o 6

such that 0 F is eigenvalue of b. Since, however, D¢, NIR} is overcountable, there is
an overcountable basis of eigenvectors ug which contradicts the separability of the
Hilbert space Hy/»(R?) x C?.

Assume now E = 0 is an eigenvalue of b, i.e. there exists u # 0 such that
bu = 0. Using the partial wave decomposition introduced in Appendix B, we have
from (B.7) in Mellin space

0 = (u,bu) Z/ dt |a (t +i/2)* b] (t—i/2) (1.5.17)

where b#( — &) = 1+V2n( b(l)# (2) )(t — £). However, positivity of b for
v < vy results from b# L(t— —) being strlctly positive. Therefore, the r.h.s. of (1.5.17)
can only be zero if for each v,

la#(t+i/2)] = 0 almost everywhere for t € R. (1.5.18)
If u € S(R®) x C? then a¥ is an analytic function in the strip {7 = ¢t +1is € C :

—o00 <t< o0, 0< s <1} From the identity theorem it follows that aff (t) =0
for all ¢ € R. Unitarity of the Mellin transform gives

Z/ dt o (1) Z/ dp la, )" = lull?, (1.5.19)

hence u = 0. Since S is dense in Hy/, we have u = 0 in Hy;»(R®) x C?, a
contradiction. [

Our last result is a generalisation of Lemma 1.13 to the massive Jansen-Hess
operator.
Theorem 1.4.
Let by, be the massive Jansen-Hess operator and assume v < vy = 1.006. Then the
eigenvalues A of by, are confined to A < m(1 + s(vy)) with
s(v) := max{0, so(myy — mo + may?)} (1.5.20)
where so := 5, mg = 0.3058, m; = 2 and my := 2.253. In particular, for

5
v < 0.29 (Z < 40) the essential spectrum of b,, has no embedded eigenvalues.

Proof.  For an operator b,, with the scaling property (I1.5.5) under dilations dy,
Balinsky and Evans (1998; Lemma, 2.1) formulated the following virial theorem
bm-9 - bm 2
—_— = 1.5.21
lim (g, 22 ) = X [ju] (15.21)
for 8 € Ry. In order to interchange the limit 8 — 1 with the spatial integration,
the uniform absolute convergence of the form on the Lh.s. of (I.5.21) is needed.
km

k=
dm |’

1,2, by Stockmeyer (2002) for k¥ = 1 and BSS (2002) for k£ = 2, when establishing
Lemma 1.8(ii) and Lemma I.10(i). In the present case, we only have to replace

In order to show this, we rely on the proofs of form boundedness of
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m— m -0 € Ry and use the Lieb and Yau formula for off-diagonal forms (Lemma

1.2).
Defining my := min{m,m -0} and M; := max{m,m -6}, and applying the mean
value theorem with £ € (mq, M1), we thus obtain with [lug|| = [Ju]l,
bm.g — bm dbm 0
o, 2200 < (ol | 00 ) < mell? (15.22)

with some constant ¢, such that the dominated convergence theorem applies. Thus,
carrying out the limit in (I1.5.21) we get

. 1
2 _ 2 N 2 1
Mul? = m? [ dpla(e) 5

7\ db m ) ! db m ] ! A~
+m/dpdp' u(p) ( ! d(;: P) + = d(ri P )> w(p'). (1.5.23)

Therefore upon differentiating (I1.3.23) the term linear in the coupling constant can
be written in the following way

/dpdp' = d( ,P') ﬂ(p')
= Re /dpdp’m (Ei E2> bim(pP,P") 4(p')
t5s [ o o' W) o A AG bR M)A (5 + g ) 606
(L5.24)

The first term in (1.5.24) carrying the negative sign of by, is eliminated with the
help of the eigenvalue equation in the form

(6, b ) = / dp D(p)Eyi(p) / dp dp’ ) [im (P ') + bam (0, 0)] (D)
= (. \u)
Y(p) == (Ei,, - %) a(p)- (1.5.25)

This procedure of eliminating a negative first-order term at the expense of addi-
tional zero-order terms (for which no further estimate is needed) and second-order
terms (which are small for small v) is mandatory for the desired estimate on the
eigenvalue A. With (1.5.24) and (1.5.25), the virial theorem (I.5.23) results in

2l = [ aplatw) (—+(Eip—1)<1——) o [ dv v’ W)

1 1 1
A AW | mepashn) h6) (5 + ) + 2 Bep)| )
(1.5.26)
where the lengthy expression for T5(p,p'), originating from the derivative of the
second-order term bay, (P, p’), is given in Appendix H.
Applying the Lieb and Yau formula, Lemma 1.1, with ¢(p) — A(p)h(p) 4(p) and
A(p) 4(p), respectively, to the first-order and second-order term, and estimating
|op op'| by unity, one obtains

(——1)/dp|u (1—— ) /dp|u yp & mL%EP_m)
+ o7 [l a7 {w) [ o' = (5 + 7)) 18
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gl ) n f@)

The last term in (I.5.27) can be further estimated by breaking T>(p, p’) from (H.1)
into its constituents and estimating each contribution separately as indicated in
Appendix H. Recalling that the convergence generating functions can be chosen
differently for each integral, functions of the type f(p) = p*/? as well as f(p) =

p3/2 e(p;p) with e(p) € {E,,E, + m,p+ m} are selected in order to optimise the

(L5.27)

estimates. Further, the following estimate is used in the evaluation of the integrals
over p',

1 /
— <1
1 1+¢ p'<1/q

— < ., ¢>0,¢>0. (1.5.28)
(@) +1+c 1 .
o Y 1/q

Defining q := p/m, denoting the estimate of [ dp’ [T>(p,p’)| f(p)/f (') by
(47%)2¢®? M>(q), and taking f(p) := p*/? in the term linear in v, such that with
formula (A.1), the substitution ¢’ := p'/mgq for p' and (1.5.28),

' 1 1 p 3/2 2
dp' —— — | = < 4n° « 1.5.29
/ P lp-pP E, (p’) - @ ( )
1 1+4+4¢ 1 1+ /g
alq ::1+—<2 ln‘—‘+2 —1) arctan— — (¢+1) In ,
(@) — (2va - (¢—1) NG (¢+1) =i

we arrive at the following estimate

0 < md /dqm(mq)lz (1 - \/q21ﬁ + q211) (1 - % + ¢(q)> (1.5.30)

2

= q2+2_q\/m fotq) (—90(0) + v91(0) + 7*92(0)) folQ)

where
go(q) = w gi(q) := q+o(q) V ¢ +1
Ve +1+1’ VE+1+1
qg+c

90(@) = (@ +1+ V@ +1) Mxq),  folg) := pr— (1.5.31)

are nonnegative bounded functions. The auxiliary function fo with a,b,¢ > 0 has
been introduced to improve on the estimate of ¢. It follows from (I1.5.30) that
for ¢ < 0, A < m since the factor multiplying the last bracket is nonnegative.
With mg := inf gofo, m1 := supgifo and my := supgsfo for 0 < ¢ < oo, this
condition on ¢ is fulfilled for —mg + myy + moy? < 0, i.e. vy < 7, say. For
a:=5, b:= 1, ¢:= 1.1, we obtain mg = 0.3058, m1 = 2, my = 2.253, and hence
Yo = 0.29. This improves on the value vy = 0.159 obtained for fo = 1 (where

mo = %, supgi = 2, supgs = 24—9). Denoting by sg the supremum of the prefactor

of ¢(g) in ¢ € RY, 50 :=supg®/(¢> +2—/@® +1) f;'(¢) =5, we can estimate
#(q) for v > 7o to obtain from (I1.5.30)

A <m(l+¢(g) < m(l + so(miy —mo +may?)), (1.5.32)

which proves the theorem. |
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In the Brown-Ravenhall case, Lemma I.13, we have derived the improved critical
potential strength o by setting g» = 0 in ¢(g). Thus we have the estimate (1.5.30)

with X replaced by X, the eigenvalue of b'Y), and with ¢(q) now defined by

() := q2+2_qmg1(q) (7 ~ zsgg;). (1.5.33)

We obtain ¢(q) < 0 for v < min 20 — (973 =: Fo. In particular, ¢(¢) < 0 and
qeR, 91(D)

hence A < m for v < ygr = 0.906.

Note that Balinsky and Evans (1998) did not use the improved estimate (1.5.28)
for small p', but rather 1/gp' throughout. This results in a(q) = 1 in place of
(1.5.29).
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II. Two-Electron Ions

The generalisation of the one-electron Dirac theory to an N-electron atom leads
to the Coulomb-Dirac operator (Sucher 1958, Douglas and Kroll 1974)

N N 9
e
H = E (D(()k) + V(k)) + P+,N E m P+7N (II].)
k=1 n<k "

in the Hilbert space A (L2(R?®) x C')" where A denotes antisymmetrisation of
the N-electron wavefunction with respect to the interchange of any two electrons.
The form domain of H is the subspace Hn := A(H;5(R*) x C*)N. Here, D =
a®p®) 4 3Ky is the free Dirac operator of electron k, V{¥) its central Coulomb
potential, and the second sum runs over all values of n and & from 1 to N with the

N
restriction n < k. The projector Py v = @ P_i(rk) is a direct product of the single-
k=1

particle projectors Pik) onto the positive spectral subspace of H*) = D(()k) + V&),

II.1. The independent-particle model.

Let us assume that H can be approximated by a sum of identical one-particle op-
erators h(¥) which are obtained from a self-consistent field (Hartree-Fock) approach
(Landau and Lifschitz 1965, §69; Sucher 1980),

N
H =) n®, (IL.1.1)
k=1

For noninteracting particles, ¢ € H can be chosen as Slater determinant com-
posed of the single-particle states 1, ..., on. Then one gets

N

W, HY) = Y (ox, h™ @), (I1.1.2)

k=1

which is just a superposition of the one-particle expectation values. One should keep
in mind, however, the restriction on the set (¢g)g=1,...,n to provide a non-vanishing
Slater determinant.

In this case, the Sobolev transformation scheme applied to H leads to a simple
result. Since operators acting on distinct particles commute, the transformed oper-
ator to order n is represented as a sum over (identical) one-particle contributions,
compare (1.2.11) and (1.2.12),

N
HO = % (Dé’“) T A VTE’“)) (IL1.3)
k=1

where in the definition of the i-th order potential terms Vi(k) (i =1,2,...n),
the Coulomb field V(*) = —v/xy, is everywhere replaced by the effective Hartree-
Fock single-particle potential contained in A(*). In general, this effective potential
consists of Coulomb-type and bounded contributions. Hence, the single-particle
results of part I concerning relative form boundedness and positivity hold also in
the case of independent particles.
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I1.2. Unitary transformations.

Let us abandon the independent-particle model and include the electron-electron
correlations inherent in the Coulomb-Dirac operator (II.1). In the following we

will only consider the two-electron case (N = 2). Let ¢ € Hyo = (Asrl) ®
Af))(A(Hl /2(R3) xC*")?) be an antisymmetrised two-particle spinor in the positive
spectral subspace of the free Dirac operator, that means

ADAD g =y, ADAD = ADAD g = ADAD =0 (2.1

where for brevity we write AMA® for A @ AP®). Our aim is to apply the
Sobolev transformation scheme to the two-particle operator (II.1), such that the
transformed Coulomb-Dirac operator takes the block-diagonal form UtHU =
H®™ + R((e?)™) with

H™ = proj(4) = APAD AAPAD + ADAD AADA® L ADAD 442

+ ADAD AADAD, (I1.2.2)
where A is an operator to be determined later, and R is the remainder which is
of order (e?)"*!. In contrast to the one-particle case, the expansion parameter is
the fine structure constant e?, rather than the strength v = Ze? of the central
potential. The operator A in (I1.2.2) includes terms to order n in €2.

We start by using the integral representation of the projectors P_i(rk), Af) (Kato
1966, Chap.II, §1.3)
1 1 o 1

P(k) = - 4+ — dn
+ o
2 2r) o D 4V 4in

oo

1,1 .
— _ 777
2 2r) o " DP 1ip

(11.2.3)

to express PJ(rk) in terms of the free projector ASf) with the help of the resolvent
identity,

) _
AP =

1 1 1 1
(k) N I TN O R Ve (k) - (124)
Dy’ +V®) +in Dy’ +in Dy’ +in Dy + V&) +in
giving
1 [ 1 1
p®) _ g _ L / dn a0 (I1.2.5)
* A7 Sy S| O D + Vk) 4 g

k k
= AP + FP.
Then the two-particle term of H turns into
PJ(rl)PJ(r2) (2 PJ(rl)PJ(f) _ Agrl)ASf) (12 Agrl)Agf) + F‘(,l)ASf) v (12) AS:)Af)
+ FOAD v ADAD L APAR v AP FED 4+ ADAP vOD AP R + R
(I1.2.6)

2
e
where V(12) .= P and R comprises the remaining terms which are of order
1— X
(e?)°.

Since the linear term in €2 (the first term on the r.h.s of (IL.2.6)) has already
the desired block-diagonal structure of (I1.2.2), the first Sobolev transformation

U, = B = ¢ilBV+B3) (I1.2.7)

can be restricted to a sum of the one-particle self-adjoint operators B%k) from chap-
ter I. Thereby use is made of the fact that all single-particle operators pertaining
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to particle 1 commute with those of particle 2. One obtains, using the defining
equation (1.2.10) for the operators B{k),

2 .
UTHU = ) (Dé’“) + V% + i, B + %[Wl"“’,BY“’])
k=1
+ APAP VD AR 4 i APARD v APAR BY + BP] (11.2.8)
+EPAP+ FEPAD)WOIADAR L ADAP VO AP FED+ AV EP) + R((€2)?)
where
L PR S R B
) o DP +in D +in

k=1,2 (11.2.9)

is the first-order term in e? of the iteration obtained for F‘(,k) by successive insertion
of the resolvent identity (I1.2.4).
For any operator C' we introduce the decomposition by means of 1-C -1 with
1=(AD + A AP + 4D,
C = proj (C) + off (C), (I1.2.10)
where proj (C) is defined in (I1.2.2) and off (C') contains all nondiagonal combina-
tions of the projectors. We identify C' with all terms in (II.2.8) which are of second

order in e?, and eliminate off (C') by means of the second Sobolev transformation
U, in an analogous way as in the one-particle case. Explicitly,

Uy = eiP, By, = B{" + B + B{"? (IL.2.11)

where Bék) are one-particle operators affecting only particle & while Béu) is a two-
particle operator. Bs is defined by

off (C) = —i (D" + D{?), BV + B + B (I1.2.12)

Accordingly, C is decomposed into single- and two-particle contributions, C' =
c) L @ L 0c02) with

e = i, BM] + 2w, BM], k=12

2
002 = i 3" APAP v APAR B (I1.2.13)
k=1
+ (FOAD + FOAD) v ADAD 4 ADAD v AP FED + ADEP).
Since off (C) is linear in C, (I1.2.12) is satisfied if we define the single-particle
operators as done earlier, using the projector property (A(ik ))2 = Agf ),

off(C®) = AP @ A® L AB e A® — D BF], k=12
(11.2.14)
and
off(C1?) = w1 = —i[(DS" + D, B{!?). (I1.2.15)
We collect our results in the following proposition.

Proposition II.1 (Existence of Sobolev transformations).

Let Uy = eB1| U, = e'B2 be the Sobolev transformations such that the transformed
two-particle Coulomb-Dirac operator (Ule)_l HU,Us has the block-diagonal pro-
jector form of (I1.2.2) up to second order in the coupling constant e2. Then B; and
By are self-adjoint bounded operators on (Lo(R®) x C*)2.
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The boundedness of B is shown in the next setion. Then the self-adjointness
of B1?) follows immediately from the defining equation (I1.2.15) since W12 is
symmetric.

11.3. Existence of B,.

When the existence of B; is shown, the transformed Coulomb-Dirac operator up
to second order in e? takes the form

U 'UT HUWUs = proj (Ho + Hy + Ho) + AV AP VO AW A® L R((e2)?)
(I1.3.1)

2 2 2
Hy, = ZD(()k)’ H, = Zv(k)’ H, = Zc(k) + 0(2),
k=1 k=1

k=1

The existence of Bgl) and Bé2) was shown in chapter I and it remains to prove
the existence of Bém). We start by demonstrating that Bélz) can be obtained
explicitly, and then show the form boundedness of Béu). Operator boundedness

follows from Lemma I.3.

a) Determination of Bgm)

In order to solve for Bélz), we apply the unitary transformation U(;(l)U(;(2) with
U(;(k) the zero-order single-particle Foldy-Wouthuysen transformation introduced
earlier, to the defining equation (I1.2.15).
with S = U,Mu,® BM? (U,M)~1(U,)~! and the transformation proper-
ties of the single-particle operators from Lemma 1.7 we obtain

U VU off (C12) (U™M) L(T™) L = i [(BVEY + s ED), 5§,

(11.3.2)
In order to get rid of the matrix-valued operators 3*) on the r.h.s. of (I1.3.2),
the L.h.s. is split into terms of a given symmetry with respect to interchange with
B*)  (corresponding to the ’even’ and ’odd’ terms in the single-particle case),
Cio +C_y +C__, with pVC,_ =Cy W, pAIC,_ =-C @, pWC_, =
—C_ M, pAC_, =C_.p®, pVIC__ =—-C__pW, pAC__ = -C__p?,
and 5512) = S_(:E) + S(_l_f) + 512 g split accordingly. Due to the linearity of
(T1.3.2) this equation can be broken into three decoupled equations for the three
contributions of 52(,12).

Using the DO technique (which will be demonstrated in the context of bound-
edness of Bélz)) to express SS:E), S(_li), 5(_13) by their respective symbols, the
resulting equation for the symbols can be solved explicitly upon reducing the mul-
tiplying factor in front of the symbol to a scalar (by suitable multiplication with a
linear combination of (V) and B(?), using the above symmetry properties as well
as (8))2 = 1). This proves the uniqueness of S'* and hence of B{*?) like in the
one-particle case.

We add a sketch of the proof that the Lh.s. of (IL.3.2) does not contain an
even-even contribution (which commutes with both 3(") and (?)).

First we note that any single-particle 4-spinor in the negative spectral subspace
of Dy can in momentum space be expressed in the form (Rose 1961)

R _ 1 —op (p)
-(p) = 2E,(E, +m) ((Ep +m) ﬁ(p))’ vEp®)x T I133)



52

and for a 4-spinor ¢¥_ = (2) one has
oo = Uyt (I1.3.4)

in complete analogy to ¢y = U, ‘¢4 with ¢, = (5) and @4 in the positive
spectral subspace of Dy. Note that in all quantities introduced above a superscript
(k) pertaining to particle k has been suppressed.

The absence of an even-even contribution of U(;(l) U(l)(z)off (C(12)) (U(;(l))_1 (U(I)(Q))_1
means that its expectation value formed with states of the type wﬁj) f), ¢$)¢£2),
w(_l)wf), w(_l)z/)(f) vanishes. (In fact, let A be odd with respect to BV, Then
W, 4p) = BV, 480yl =~ (802 490) = -, 4pL).)
However, by means of (IL.3.4)ff this is just the expectation value of off (C(1?)

formed with states of the type pi4 (both particles in the positive spectral sub-
space), p+—, @—_4 (one particle in either space) or ¢__ (both particles in the
negative spectral subspace). By definition of the projectors, e.g. AS:)A(_2)<,0+, =
Y+, AS})Af)gm__ = A(_I)Af)c,0+_ = A(_I)A(_2)90+_ =0, it is easily seen that such
expectation values vanish indeed.

This fact establishes the correspondence between the Douglas-Kroll transfor-
mation and the Sobolev transformation (proven in section 1.3 for single-particle
operators) also in the two-particle case.

b) Boundedness of BSQ)

Define the two-particle Fourier transform 'gﬁ(pl, p2) of ¥ by means of
1 vz ioeme
¢(X1,X2) = (271')3 /dpl dp2 e'P1o1 'P272 ¢(p1,p2). (1135)
Represent, the operator Bém by means of its symbol ¢4 via

1 . . R
(BSP9) (x1,%2) = @n? /dpl dps €P*1 e'P2*2 15 (X1, X2; P1, P2) ¥ (P1,P2)

1 . . , " A
~ @ /dp1 dps dsds' e!PrHe)x1 ¢ilP2=5)%2 3 (5 s py po) P(p1,p2) (IL3.6)

where we have introduced the Fourier transformed symbol (]312. We note that al-
though v (2) depends only on the difference x; — x5, Bglz) does not because the
single-particle operators in C(*?) introduce additional dependences on x; respective
X9.

Lemma II.1 (Generalised Lieb and Yau formula).

Let ¢ = 9(x1,X2) be an antisymmetrised two-particle function. Then for any two-
particle essentially self-adjoint operator A1? with symbol a1 one has

|, ADy)| < C/dpl dps [¥(p1,p2)[* - I (py1, p2) (I1.3.7)
. f(p1) g(p2)
102 (py, ps) = /dP'1 dp} |a12(Py — P1,P2 — P5; P1,P2)| ) 9ol

where ¢ is a constant and f,g are nonnegative convergence generating functions.

Instead of the factorised form f(p1)g(p2) one can also choose a more general
form, f(pr,ps), with f > 0.
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Proof. With (I1.3.5) and (I1.3.6) we have

(4, A0y) =

dp1dp2dp)dpyt(P1, P2)a12(P1—P1, Py —P2; P, P3)Y (P, Ps)-
)3

(I1.3.8)
Estimating the integrand of (I1.3.8) by means of absolute values of each factor, and
subsequently using the Schwarz inequality, one finds

(1, AUD)| < (IL.3.9)
(2717)3 (/ dp1dpadp) dph|(p1, p2)[*|a12(P1 — P, P — mebP'z)l%) 2
: (/ dp1 dp dp' dp}y |)(p}, Ph)|? las2(P1 — P}, Ph — P2; P}, Pb)| %) "

From the equality (A2 1p) = (¢, A)ep) for symmetric operators one derives
the relation between the symbol a2 and its adjoint aj,

ai5(q1,92; P1,P2) = Gi2(—q1, —q2;q1 + P1,P2 — d2) (I1.3.10)

In the second integral of (I1.3.9) we interchange (p1,p2) with (pi,p5), and in the
first integral we use (I1.3.10) with q; := p1 — P}, Q2 := py —p2 and the fact that
(like in the one-dimensional case) symbol and its adjoint are in the same symbol
class, i.e.

lats (a1, a2; P1,P2)| < co |@12(ar, 92; P1,P2)l- (IL.3.11)
1
Then the inequality (I1.3.7) follows immediately with ¢ := ﬁ cg - |

Lemma II1.2 (Symbol class of BS?)).
Let w12 be the symbol of W12 which defines the transformation operator B

Then the symbol <£12 of Bélz) is estimated by
c

s+s+p+p2+1

(12)
5 .

|¢312(S, s'sp1,p2)| < [i12(s,s"; p1,P2)] (IL.3.12)

with some constant c.

Proof.  We first have to rewrite the defining equation (I1.2.15) in terms of the
respective symbols. From the representation (I1.3.6) of Béu) we have e.g.

(D(()z)Bélz)¢)(X1;X2) = —(2711_)6 /dp1 dp- ds ds’ ei(P1+s)x1 pi(p2—s')x2

[a® (py = 8') + BPm] dra(s, s p1, P2) ¢(P1,p2)- (I1.3.13)
Defining the symbol w12 by means of an equation corresponding to (I1.3.6), (11.2.15)
holds if the following equality is satisfied

[04(1) (p1+s) + BYm +a® (pp —¢) + 5(2)7”] <$12(S>S'§P1;P2) (I1.3.14)

— 12(s,8;p1,p2) [@Vp1 + Bm + aPpy + BPm] = i dbia(s, s’ 1, pa)-
From this equation it follows that for p = 0, p» = 0, s — 0 or s’ — 0, the
behaviour of <Z>12 is that of 15, while there occurs an extra power of p;*, p; ', s=1
or s ~1, respectively, for p; — 00, py = 00, s — 00 or §' — 00, respectively. This
leads to the estimate (I1.3.12). [ ]

Recalling that W(12) = off (C(1?)), it follows from (II.2.13) that, apart from fac-
tors Ay, iy, is determined from the commutators [V(12, B{] and [F{¥, v(12)].

In the context of boundedness of Béw), these additional factors A4 can be disre-
garded since they are bounded multiplication operators in momentum space. We
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start by showing that Fo(k) is in the same symbol class as BY“) such that it will be
sufficient to consider only the commutator [V (12, B{"].
Lemma I1.3 (Symbol class of Fp).
Let Fy be defined by
1 & 1 1
- d —V -
21 J_ I Do+ Dg+in
with V. = —~v/x the Coulomb field, and let fo be its symbol. Then one has the
following estimate

Fy =

(I1.3.15)

|fola,P)| < v - Gipi I (11.3.16)

Proof.  We introduce the Fourier representation of V and of the single-particle
function ¢ to write

~ o0 1 ) 1 1 / ipx A
F, = d dqe ™ —— —— [ dp P* .
(Fop)(x) (27r)5/2/00 n Do+in/ e 35E Do) € o(p)

- (I1.3.17)
Do—in ;.. Do—in ,
0 — " gipx _ Z0 ' e'’P* with Do(p) = ap + Am,

1 )
Using that ——— e'P* = e'P* =
& Dy + i D§ + 1’ B} + 12
and that the odd terms in 1 vanish upon integration, the theorem of residues can
be applied to evaluate the n-integral. The contour is closed over the upper half

plane where the two poles at n = iE, and n = iE|, 4 have to be considered. This

leads to
/‘”d?7 Do(q+ p)Do(p) — 7
oo (Blyyp T1)NEL +17)
_ - Do(a+p)Do(P) + Efgyp  Dola+p)Do(p) + E;
E} — By g Eiatpl E
- 5 5
= —————— (1 — Do(q+p) Do(p)) (I1.3.18)
E, + Elq+p\

with Do := Dy /|Do| as before. Comparing with the standard definition (I.1.13)
of Fy in terms of its symbol fo, its momentum representation is extracted from
(I1.3.17),
N v 1 1
fo(a,p) = — —
(@p) V2r ¢ Ep + Ejqyp|
which shows that the symbol (and hence the kernel) of Fy has a negative (or zero)
real part for all q,p € R®. Note that fy satisfies the condition (I.1.15) for self-
adjointness of Fp. From Lemma L5 it follows that there is a simple relation between
fo and the symbol ¢; of By,

fola,p) = —i Do(q+p) d1(q,p) (I1.3.20)
such that Lemma, IL.3 is a consequence of Lemma, I.5. |

(1 — Do(q+p) Do(p)), (11.3.19)

From (I1.3.15) it is also easily seen that Fp is a self-adjoint operator since the
integration region is symmetric in 7. Thus we derive from (I1.3.20) the operator
relations

Fy = —i Dy By = iBy Dy
Bl = l_DO FO = —1 FO ﬁo (11321)
where the second line is obtained from the first one upon multiplication by iDj.

Now we aim at expressing the symbol of Bélz) by the symbols of the commutator
V2, B®] Let wi'® be the symbol of VA2 B and w,(,u) the one of BN V(12),
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Due to the antisymmetry of 1) and the invariance of V(1?) upon particle exchange,
one has
(W, (VB — BPVD) ) = (y, (VDB — BUV12)y)  (113.22)
such that one can estimate from (I1.3.12)
C1
Tsts'tptpatl

{' {12s,s'; p1, p2)|+ 1! (S7sl9p1’p2)|}
(I1.3.23)

¢>1 (s,s 7P17P2)

with a suitable constant ¢;.
We proceed by calculating 1[)212) and w(lz) With

X(x1,%z) := (B(l)zb)(xl,m) (IL.3.24)

= G [ v s’ e G0 p) o [ dpy € et )

and its momenturn representation

1 . .
X(p1,p2) = W/dxl dxy e”P1X1eT P22 (%) X5) (I1.3.25)

3
2

1 ~ R
B H / ds' 3V (s, p1 — ') $(p1 — ', p2)

we get, following (I1.3.6) and subsequently making the variable transforms p; —s’ —
p1, s+s' =s" (finally replacing s — s', s" — s),

1 1 e? ; ; .
(VO By, %) = 555 55 / dp1dpads e P2 =05y, py)

(2m)
X
_ e2 \/7/dp1 dps ds ds' ez(p1+s)x1 i(p2—s')xs € = (1) (S _ S,,pl) lﬁ(phpz)-
(2m)8 52
(11.3.26)
Comparing with (I1.3.6) we can extract the symbol of V(u)Bfl),
. 2 e2 .
W' (s,s';p1,p2) = \/; o7 M(s =5, py). (I1.3.27)

Similarly,

1 . o
(B VI y)(xp,x2) = @ /dp1 dps ds ds' ei(P1H9)x1 gilP2—s")x2

\/7 ¢ (s -, p1 +s ) =5 ¢(p1,pz) (I1.3.28)

whence

) 2 €2 (
@y (s,8';p1,p2) = \/7 5 0 (s -8, p1+5), (I1.3.29)

In order to prove the form boundedness of Béu), we apply the generalised Lieb
and Yau formula (IL.3.7), such that with the estimate (I1.3.23),

(4, B8 9)| < ¢ / dp: dps [$(p1,p2)| - 172 (p1, p2)

. (o) g(p2) 1
2 ) 9@h) Ip1 — Pl + P2 — Phl +p1+p2+1

(11.3.30)
2 1 -
o2 2l AWy _ !
e \/;{|p2_p/2|2|¢1 (pl P1 — P2 +p25p1)|

102 (py,py) < Cl/dpll dp
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+72|¢(1)( —P1— P2+ Py, P1 +P2—P2)|}
Ip2 — bl

We make the substitution p), — ps =: q for p} and estimate (|p1 — p}| +
P2 — Py +p1+pa +1)7" < cp'—l. Then with the estimate (1.2.17) for ¢{"),

1 (p2) ¢
142 <0/ 9\P2 /d’i 11.3.31
P1,P2) P 3.
(1, p2 Iq+p2| ¢*> 9(la+ p2|) Ylpl —p1+d ( )

.( 1 N 1 )fm)
(lpt—pPi+al+p+1)?  (pi—p1+d+Ipr—al+1)?/) f(p)
Choosing f(p) = p and keeping & := p1 — q constant, the first p/-integral reduces

to
1 D1

I = / dp, —= : myay
Py — &l (Ipy =&l +p1+1)° p}
The angular integration is done with the help of Appendix A, resulting in

. D1 ' 1 1
I = 2wé = / dpy ( — )
¢ ¢ Jo I, =€l +m+1  ph+éE+p+1

o §+p+1 . m pr—q|+p1+1
In>———— = 4né In
€ p1+1 Ip1 — g p+1
In order to prove that I¢ is bounded, i.e. I < Co < oo for all q,p1 € R®, we first
investigate the case { =0 (i.e. p1 =q). From (II.3.32),

c 1 D1 Y e D1
I:/d’—i—:@rc/ dp, ———+
0 P W+ 1) Pl o U 1)

= 4n ¢

(11.3.32)

= 4r (11.3.33)

ST < (11.3.34)

If £ # 0, one finds by inspection of (IL.3.33) that Iz — 0 for p; — 0 or ¢ — oo while
I: < oo for ¢ = 0 or p1 — oo. Since for £ # 0, I¢ is a continuous function of both
variables in R® x R3, this proves its boundedness.

The second pl—mtegral in (11.3.31) results in 47¢ In 255:11 in place of I, which is
also bounded. Choosing g(p) = p, we have thus
1 P2
199 (py, < C’/d — = _ =(C'7n < 11.3.35
(P1,p2) < q 2 |a+p2? ( )
where Appendix A was used. Therefore,
|, By )] < C (4,9 (I1.3.36)

I1.4. The transformed Coulomb-Dirac operator.

We shall restrict H™ of section I1.2 to the two-particle positive spectral subspace
H, 2. Due to the properties (I1.2.1), only the first term of H(™ survives in the
expectation value. Let us concentrate on that contribution to H™ for n = 2, which
affects both particles simultaneously. From (II.3.1) and (IL.2.13) for ¢ € H4 » with

the property AS}’«p =1 = Af)w, one obtains
(W, Hiz9) = (@, APALVIIADAY 4) + (9,002 y)

2
= V) + i@, (VOAPAY BY — BPAPAR VD) ) (4.1
k=1

+ @, [EY + BV 4 vE(ED + FY)]y)
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Due to the exchange antisymmetry of ¢, an equivalent representation of (I11.4.1) is
(W, Hiz9)) = (0, V32 9) + 2i (e, VO2AP B — B AP V) )
+2 (¢, (FgV0D 4+ VADEY) ), (I1.4.2)

which is more convenient for mathematical analysis (although in applications an
operator, which is symmetric in both particles, is usually prefered).
The second-order term is further simplified by means of (I1.3.21),

@,c ) = 2@, VAU R + B AD V) )
= 2(¢, i (VA AD BY _ pMW AW y(2)) 4y (11.4.3)

Collecting results and using (I1.3.24) for the single-particle contribution, the total
transformed two-particle operator acting on Hy o can be reduced to the following
expression

2

7 = 37 (D 4 v 4 LW B ) + VO 4 002 g
k=1
2
c = 3 (V(lz) A® B 4 k) A ®) V<12>),
k=1

where we have again used the symmetrised form of the second-order two-particle
term C'2). In order to derive its explicit form, we recall

1 ~ N 1 1
A(k) P 1_D(k) , (1) 7 =4 72
_ 9 ( 0 ) 1 (q p) m qz E‘q+p| + Ep

(DS (a+p)— DS (p))

(IL4.5)
and (11.3.24), (11.3.26) to obtain

(v, VO2AY B g) = (V02 4, A BV ¢)

e? - )
T en? /dp1 dp dp', dp}, (p1,P2) ——— (1 = D§” (P2 — P} + p1)
WERE (5 Ip2 — P

3" (p2 — p5 +p1 — Pl B}) (0}, Ph) (11.4.6)

and
(, BVADVD gy = (AU B 4,102 ¢)
¢’ ! e N AW ’
B m /dp1 dp2 dp; dpy ¥ (p1,P2) #1  (P3 — P2 + P1 — P1,P1)
(1 — f)(()l) (P5 — P2 + P1)) 5 —paP b(p), ph)- (I1.4.7)
2

We define the kernel k 42y of a two-particle operator A(*?) by means of

(v, A0Dyp) = /dp1 dps(p1,p2) /dp’l dpb ka2 (P1,P2; PL, Ph) ¥ (P, Ph)
(11.4.8)

which is related to the Fourier transformed symbol é15 of A1 from (I1.3.8) by
means of

ka2 (P1, P2; P, Ph) = ok a12(P1 = P1,P5 — P2; P1, P)- (I1.4.9)

Then
2ve? 1 1
(2m)* |p2 — py|* |p2 — Py + p1 — P

kcaz (P1,P2; P1,Py) = —
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1 (1) ' A1)
: (1= D" (p2 — Py +p1)) (1 + DV (b))
{E|m—p'2+p1|+Ep'1 ° ? o

1
_|_
E,, + E\pé—pz-i-p’ll

(1 + D (1)) (1 — D (ph — 2 +p))) } (I1.4.10)

Since ||D(()1) || =1, the expression in curly brackets is a matrix-valued function with
a nonnegative real part, and therefore Re kci2 < 0 for all pg,pj, € R, k=1,2.

For the contribution to H;s which is linear in €2 one gets with (I1.3.5) and
(11.3.26)

1 e2

27 [ph = pa? 5(ph—p2+pi—p1) > 0. (IL4.11)

kyaz (P1, P2; P, Py) =

Note that the singularities of the kernels of C(*2) and V(1?) coincide, but they are
of different type.

I1.5. Properties of the transformed Coulomb-Dirac operator.

Having established the explicit form of the transformed two-particle Coulomb-
Dirac operator up to second order in the coupling constant e?, we will now show
the subordinacy of the interaction terms with respect to the kinetic energy, and
ultimately the positivity of the transformed operator. Of course, both properties
will only be valid for not too large central potentials.

a) p-form boundedness of C12)

Lemma I1.4 (p-form boundedness of second-order potential).
Let C\"? .= v AD FO L FOAD Y2 yyieh V2 the electron-electron Coulomb

interaction and Fo(l) the first-order expansion term of the projector PJ(FI), defined in
(I.2.9). Then for ¢ € Hy o,

2 2
(¥, C{P )| < ~e? % (,p1o) < ve? % (1, Ep, ) (IL5.1)

2

with form bound ve?Z- <1 for ve? < 0.405 corresponding to Z < 55/€”.

Since % is antisymmetric with respect to particle exchange, one can replace
(1, p19)) by 2 (¥, (p1 + p2) ) on the rhs. of (IL5.1), such that for C(? from
(I1.4.3), Lemma II.4 gives

7.[.2

2
@, CM2 Q)| < 7€ T (@, (pr+p2)¥) < 7€ T (W, (Bpy + Bpa) 9). (115.2)

Proof. Using the generalised Lieb and Yau formula (Lemma II.1), we have

1
W, G )| = |, 5 CP )
. 1 .
< /dpl dp2 dp} dp, |¢(p1,P2)| 3 |kea2) (P1, P2; P1, Pa)| [0(P1, PY)]

< [ dordps 1601, p2 - Tor,p2) (IL5.3)

1
Jo(pP1,p2) := 2 /dpll dp} |kcaz (P1, P2; P1, PY)|
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For the convergence generating functions we choose g = 1 and f(p) = p?. Moreover,
one has

[1+Do| < 14 |Do| = 2. (I1.5.4)
Hence, inserting the explicit form (I1.4.10) for the kernel of C(*?) it follows
2
ye ' 1 1
Jo(P1,P2) < ——=7 /dP dp
P122) < Gyt | L o P o~ po + bl pi?
1 1 P2
4 + B (IL5.5)
{E|p2p;+p1| +Ey  Epypotpy +Ep } Py’

Since the integrand is a nonnegative function, one can estimate the energy denom-
inators by their value for mass m = 0. We denote the two summands of Jy by J,
and Jj, respectively,

e’

Jo(p1,p2) = 4 @) (Jo + Jb)(P1,P2) (IL.5.6)
and replace ph by &, := p, — p2 — p1 in J,. Then
1 1 i
Ja(P1,P2) < /dp’ dps .
ol ) 2 ph — pof? [ph — P2+ P —pil? [P2 — Ph + pi| + 2 p?
1 dp, 1 1
2 1
~ /dg 1 /_ . 1L5.7
! “lea+piP? J p? & +pi 1€+ PP (IL5.7)

The second integral is readily evaluated with the help of Appendix A, yielding
73 /(2€2). Again using Appendix A for the remaining integral, one obtains the

estimate for J,,
6

™
Ja(p1,p2) < 5 P (I1.5.8)

In the second contribution to Jy one makes the substitutions q) := p — p2 for
p, and subsequently q; := g, + p} for pj. Then

1 i / dqs 1
Jy(p1,pa) < / d L - 115.9
Wpup2) < [ dan lai—pif> a+p1 J ¢ @y —aif? (1159
and the two integrals involved are the same as for J,. Hence, Jy(p1,p2) is also
estimated by the r.h.s. of (IL.5.8). Insertion into (II.5.3) yields

~ 4 2
I, C0P )| < / dpy dpa [5(p1,2) - 57 7 (IL5.10)

which, since p; < E,,, is the assertion of Lemma II.4. |

b) Subordinacy of C'?

We show that for sufficiently small potential strength, the second-order term
C12) can be controlled by the electron-electron potential V(12). Also, considering
the limit of an infinite translation, C(*?) is subordinate to V(*?) in the form sense.
As a consequence, the form sum of V1) and C'? is positive (corresponding to a
repulsive total two-particle potential).

Proposition I1.2 (Subdominance of second-order potential).
Let C?) be the second-order two-particle potential and V%) = e?/|x; —xa|. Then
fOT' 1,[} € H-{-,Z;
(i)
(0, )| < e IVED || -|ly] (IL5.11)
with ¢ < 1 for v < 5 =0.535 (Z < 73).



60

(i)
(¥, CU2 )| < 7Oy (¥, VD y) (I1.5.12)
with relative form bound smaller than one for v < %, C being a constant
of order unity.

If for the proof of (i), the same estimates are used as for (ii), one gets ¢ < 1 if
v < 1/m (Z <43), corresponding to C = 1.

Proof of (i).
With the definition of C('?) we have
@, CD ) < 2 (0, VDAY FD ) + (v, B AD VO g)))

< 4V gl IAD FV gl < 4 VO gl 15D o] (IL5.13)
since A = 31— Do) has norm unity.
Thus it remains to show the operator boundedness of Fo(l). Since Fo(l) is a one-

particle operator, it suffices to take ¢ € Ay (Ly(R3) x C*). From (I.1.13) for F\")
with (I1.3.19),

1 ; / 1
FYN(x) = — i /d —/d teflatp)x =
(Fp ¢)(x) o0t ) Mg | P By T By

. (1 - DV (q+p") DV (p’)) @(p") (IL.5.14)
such that
158 6l = [ ax B0 B ot
1
q_2 Ep + Elqip|
(I1.5.15)
law pl_ o Ty fEWl (1 = D @+p)D"®)) ¢

Let first m = 0. Then E, =p and f)(()l) (p) = ap.
We have from (13.11) ¢(p) = Uy (*P) = L1 - DY (p)("W) with
u € Ly(R3) x C? and therefore

5@ (1 - D @D§ @ +p) (1 - D (a+p)D @) ¢4
= @) {1-0(@TP) - ob' +0b-0p —op -o@T D)} 4D).  (L5.16)
With the substitution q' := q + p for q, the kernel of (I1.5.15) relating to 4 is
given by

= (;:)4 / dp dp' da 3(p) (1 — D§’(p)D§" (a+p))

2 1 1 1 1
ko = L /d ’ :
FéU Fél)(PaP) (2ﬂ.)4 q |q'—p|2 p+q |q'—p'|2 P +q
{1-0d§ -op'+0p-0p'—0op-0q'} (IL.5.17)

This kernel has the same angular dependence of its integrand as the kernel of the
massless second-order term by of the Jansen-Hess operator (see (1.3.23) for m = 0).
Therefore, with a partial wave decomposition of 4, the results of BSS(2002) can be
used to obtain

[ o p' G@) kg g 00 a0) = X [ dp [ ' @) K08 s 0)
0 0 ~ Jo 0

K0, (1) [~ @ 0) =t 1) (o 18 = 1)
(IL.5.18)
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with the reduced Legendre functions ¢; from Appendix B, and v = {I, M, s}. The
Lieb and Yau formula turns (II1.5.18) into

IEY @l? < Z/OOO dp |, (p)|? - (%)2 Iis(p) (I1.5.19)
L) < 1) = [ [Tt e (e /) - 0 )
/)

! ! ! !
(q0(¢'/P") — a1(q'/D")) )
where use has been made of the fact that the ground-state configuration = 0, s =
1 provides the largest value of I;;(p) (see Appendix C). The convergence gener-
ating function f can be set to unity and the integrals in (I1.5.19) are evaluated
analytically. For example, with z := p'/q¢' (for p') and subsequently y := ¢'/p (for
q') one gets from Appendix A

(e ] 1 [es} 1 7T2
I = — dq' ! / dp' "Ip) = —-1.—. (11.5.20
0 == [ ) [ e ) "~ (15.20)

The other three contributions to Iy are calculated in a similar way, giving

2 2 2 2

Io(p) = (%)2 - % - % +1= (% —1)2. (IL.5.21)

2 2 2
Therefore, ||F(§1) o|? < (% - 1) . (1) llo||?. Tt is easy to verify with the help
m

of (I1.3.4) that (II.5.16) holds also for the states in the negative spectral subspace

of D(()l) (with 4 replaced by @), such that in this subspace, the norm of Fél) is the
same. Hence from (II.5.13)

(%, COD )| < [VOD || ~AE|| ([0l = ¢ [VOD gl - [l9]]  (I5.22)

- ~ .

withe=4(2 —1)2 which is < 1 for vy < ——.
4 ™ w2 —4

For m # 0, there are two possibilities. One can make the additional estimates

|1 — DM (p)D§Y (q)] <2 and EXE, +E < 54, after having applied the Lieb and

Yau formula directly to (I1.5.15). However, this will increase the bound as shown

below. With the substitution q' := q + p for q one obtains

/ dp [6(0)? I (p)
(11 1 1 )
Ln(p) := / dq' / ap' . (IL5.23)

IE ol <

la' —p> p+¢ P’ p+d fP)
Choosing f(p) = p, this leads with Appendix A to
2 3\ 2
/dq =P _p|2 p+q 2;“’ T (%) : (IL.5.24)
such that |[|F Dol? < (31)4 . (%) [l¢|l*> and therefore
w#ms(§;§:=§. (115.25)

Hence, |(¢,C2)¢)| <am |[VE2g||.
Alternatively, we apply a method put forth by Herbst (1977), which will provide
the same bound for Fo(l) as in the m = 0 case. Using the behaviour of the kernel
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of Fo(l) under (unitary) dilations dy defined in (I.5.1), extracted from (I1.3.26) and
(11.3.19),

1 1
k 6,d'/0) = — 7' 6°
Fo.m (/0,4 /) (27)2 la — |2 \/q'2—|—m202+\/q2+m2t92

1 aq+ Bmb aq + Bmb

\/q2+m202 \/q'2+m202

where the subscript m (respective m - 8) is introduced to refer explicitly to the

mass parameter. From an (I.5.5)-type relation for the dilated kernel, one gets

(dokr, . dy)(a,d') = 0 °kp,,.(a/6,d'/0) = kr,,..(a,q), and therefore, from
the norm invariance under unitary transformations,

) = 6% kp,...(a,4d) (11.5.26)

[Fomll = sup (¢, Fomp) = sup (vo,doFo,mdy" o)
llell=1 lleall=1
= Su”p (9, Fo,m-090) = || Fo,m-ol|- (IL.5.27)
pell=1
Performing the limit § — 0, the r.h.s. of (I1.5.27) becomes independent of m and
therefore we get ||F0(1)|| <7 (% —1) forallm > 0. |

Proof of (ii).
We will show that

(., VI y) + (v, C"y) > (6, VD) — |1, y)
> (1= Cmy) (4, V2 ¢) (I1.5.28)

from which (ii) is an immediate consequence. Since V(1?) is diagonal in coordinate
space, we use the same strategy as for the proof of Proposition 1.3 in the massive
case, and transform the kernel of C(*® into coordinate space. With the help of the
inverse Fourier transform of (I1.3.5) we obtain from (I1.4.8)

1 -
(¥, C) ) = @y / dxy dxs P (x1,%:) / dx) dxy k(x1,%a; %], %5) 1h(x],X5)
(I1.5.29)
K, x50, x7) ::/i p1dp;dp] dphe™ ™ e ks (1, Pa; Ph, Ph)e” Pi¥1e T Pax2

with the kernel k-ai2) defined in (I1.4.10). Then we use the generalised Lieb and
Yau formula, Lemma II.1, to estimate
2

@, VI ) — [, 00D ¢)| > / dxy dx [1(x1,%2) [ {e—
X1 — X2
_ L ! ! ot ol f(l'l) . g(x2)
@n)e /dx1 dxy |k(x1,X2; X7, X5)| @) o)) (I1.5.30)
In Appendix F the second integral is estimated, with the result
2 2
(.70 ) — (0,002 0] > [ e dx o, x)P { ¢ _ Ome }
1 — X2 1— X2
|x1 — X2| |x1 — Xa|
(I1.5.31)
which proves (I1.5.28). [ ]

Lemma I1.5 (Translation property).
Let T, defined on Hy o be the translation Top(x1,X2) = (%1 + a,X2 + a)
=:YPq(X1,%X2). Then for p € Hy o,

lim (¢, (V' + C02) 4,) = (9, V) ¢). (I1.5.32)

a— o0
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An immediate consequence is ~ lim (VA2 4 CU2)qp, || = [[VEDgp||.
a oo

Proof. Upon using the substitution x; :=y; +a, <= 1,2, one gets
(Tatp, VD Totp) = (40, VI th0)

2
e
= /dY1 dy2¥(y1 +a,y2 + a)

Vi —val Y(y1 +a,y2 +a)
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= / dxy dxs (x1,X2) Ea— Y(x1,%2) = (0, V1D ) (IL.5.33)

which means that V(12 is translational invariant. With C\'? = ya2AMEN 4
Fél)A(_l)V(u) we continue by showing that A" is T,-invariant as well, while
T;FO(l)Ta vanishes for a = oco. From this and from the unitarity relation 77T, =1
one gets the desired result,

(Yo, O 1) = 2 lim (0, ' 4h) = 0. (IL5.34)

lim

a=»00

We start by showing that ﬁ(()l) is T,-invariant. From comparison with (I1.5.33),

—i Ei:l 00z, + Bm
\/— it 02, +m?

_ i k1 ko) T M
\/— Y he1 Py —ay) +m?

where 0y, := 0/0x1 with z1; the k-th component of x;1. As a consequence, Agl)
1

=5(1- D(()l)) is To-invariant, as well as D(()l).

Using the representation (11.2.9) for Fél), one gets further

* (1) Y * * 1 * 1 * 1
T, Fy'T, = o dn | T, —n T, T, — T, T, — T,
T J-oco Dy’ +1in Z1 Dy~ +in

% 1 1 1
- _T dn —5 o) — 0 (a—o0). (IL5.36)
21 )00 Dy +in x1 —a Dy’ +in

T, (I1.5.35)

DT, = T*

_ A

An important application of this result will concern the spectrum of the trans-
formed Coulomb-Dirac operator (see section I1.6).

¢) Estimate of V12

In order to prove subordinacy of the summed interaction terms for a largest
possible critical potential strength, an improved estimate of the Coulomb field V(12)
is needed. For ¢ € A(H;/»(R?) x C*)?, Kato’s inequality provides the sharp form
bound (1, V124p) < Te2 (4, (p1 + p2)y) (BBHS 1999). However, if in addition
1 is in the positive spectral subspace of the free Dirac operator, the form bound
turns out to be smaller.

To this aim we first consider the one-particle case.

Lemma II1.6 (Improved estimate of Coulomb field).
Let ¢ € H4,1 be a one-particle function in the positive spectral subspace of the free

Dirac operator. Then
1

1
(py=9) < — (p, Epo) (I1.5.37)
T YBR
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where YBr = 7|'/22T/7r = 0.906 is the critical potential strength for stability of the
Brown-Ravenhall operator.
This bound holds also for ¢ € A_(Hj /»(R*) x C*) (DES 2000).

Proof. For the massless case we use an inequality derived by BSS (2003) in
the course of their proof of positivity of the massless Brown-Ravenhall operator
(their Theorem 2). With the equivalence of expectation values (Theorem I.2) for
u € Hy/p(R?) x C* and ¢ € Ay (Hy/2(R?*) x C*), one has

(0. - ) = ()00 @0 - Dogt (5)) = o+ 0w

> (u,pu) (1 — %%R). (11.5.38)

Since ¢ is an eigenstate of Do with Do = pp (for m = 0), and (u,pu) = (p,pp)
because the zero-order Foldy-Wouthuysen transformation Uy commutes with p, this
leads to

(o,p9) — 7(%1@ > (0 9) — —— (9,0 ) (I1.5.39)
T YBR

which proves the lemma since E,(m = 0) = p.

Based on the work of Tix (1998), Burenkov and Evans (1998) have derived for
the case m # 0 an inequality corresponding to (I1.5.38),

(@,(Do — Ly p) > (1 = L) (0, B, 9), (IL.5.40)
T YBR

from which the assertion (I1.5.37) follows in the same way as for m = 0. |

Now we turn to the electron-electron potential.
Lemma IL.7 (|T|-form boundedness of V(}2)).
Letyp € Hyp and T = D((]l) + D(()2). Then one has the estimate
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2vBR

(, VI ) <

with form bound €2 /(2vpr) = 0.004.

(¢, (Ep, + Ep,) ¢) (IL.5.41)

Proof. Following Bach et al (BBHS 1999) we get with the substitution y; := x; —x3
for x3,

62

(x1,%2)

(’(b, V(u) ’(b) = /dx1 dXQ ’Lb(xl,XQ)

1
X1 — X2

— 1
= & / dxa / Ay 90 - 0 (11) (IL.5.42)
1

where ¢, (y1) := ¥(y1 + x2,%2). Introducing the Fourier transform @, (p1) of
¥z, (y1) with respect to y; and using Lemma, I1.6,

2
e ~ ~
(¢7V(12) ¢) < YBR dxs ((sz (pl)JEpl P (pl)) (11543)

62 62
— _ 2 -
- YBR dxs (‘p$2 (yl)a \ Ay1 +m* g, (yl)) - YBR (¢7Ep1 ’(p)

62

= VBR ('@b; (Epl + Epz) ¢)

where in the second line, x; = y;1 + X2 was substituted back, E,, = /—A,, +m?
and the symmetry property of ¢ were used. |
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d) |T|-form boundedness of the perturbation and positivity

We start by collecting some results for the (one-particle) Jansen-Hess operator
from section I, which will be needed below.
Lemma II.8 (Form bounds for one-particle operators).
Let D(()k) AL i [Wl(k),By“)] be the single-particle operator up to second order
as defined in section I. Then for 1 € Hy o, the following inequalities hold

(i) massless case, m = 0:

V(k) + % [Wl(k),BYU)] <0 fory < 4/7‘r (H.5.44)

% w® B®] > o (IL5.45)

(@, (0 +V® 4 2w, BP ) > (1 - ) (@, D) (115.46)

with d = § (n/2 — 2/m)%.
(il) massive case, m # 0:

W, 5 W, BO) ) > —mder? (6,) (IL5.47)

with dy -= 8 +12v/2,

(D) +V® + L, BP]) ) > (1 - S a0 ) (15.48)
W, (V8 + LI, B 6) < m(dor? + o) Gh)  for v <dfm.

(11.5.49)

Proof. If an inequality holds in the single-particle case, one can easily show its
validity in the case of two-particle expectation values. Let us start with (I1.5.44).
We have to prove that (for particle 1)

(W, (VO + % Wi, BV w) < 0. (IL.5.50)
From Proposition 1.3 we know that for m = 0 and v < 4/,
(u, (B + b5 u) <0 Vue Hyp(R) x C2. (IL.5.51)
Using the equivalence with the Sobolev transformation, we derive for ¢ = Uy ! (g)
€ Ay (Hy»(R?) x C),
(e, (V) + S W, B y) < 0. (IL5.52)

Let ¢ = ¢(x1,%2) € Hipo and set ¢(x1,X2) =: ¢¥3,(x1). Then Ag}) Py, (X1) =
Yy (x1), Le. for fixed Xa, g, (x1) € AV (Hy/o(R3) x C), such that (IL5.52)
holds,

(bons VO + = WY, B]) ) < 0. (I1.5.53)

Integration over x» yields the desired result (I1.5.50).

The inequalities (I11.5.45) and (I1.5.46) are derived in a similar way from (u, by u)
>0 and from (u,bu) > (1 —v/vBr + d¥?)(u,pu) (BSS 2002, see also Lemma
1.9).

From the boundedness of the difference between massive and massless second-
order term (BSS 2002, see also Lemma 1.10),

—mdoy? (u,u) < (u, (b — b2) u) < mdoy? (u,u) (I1.5.54)
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one has (u, bam u) > (u, by u) —mdoy? (u,u) > —mdoy? (u,u), and hence (I1.5.47)
holds. Inequality (IL.5.48) results from (u,by,u) > (1 — v/vBr — d¥?)(u, Epu)
(Proposition 1.5), whereas the last inequality (I1.5.49) is based on (II.5.54) and
Lemma .8,

(1, (b — ) w) < 5y (), (IL.5.55)
such that

(1, (i + b)) < (t, (0 + ) w) + (mioy® + 3 my) ()

< m (doy? + g'y) (u,u) (I1.5.56)
where (I1.5.51) was used. [ |

Proposition I1.3 (|T|-form boundedness and positivity).

Let H® be the transformed Coulomb-Dirac operator up to second order in the
coupling constant €%, and let 1) € H, 2 be an antisymmetrised two-particle spinor.
Within this space, one has

2 .
(3
(v, H? §) = (v, (Z(Dék) +V® 4 2 Y B + VO 4 201(12)> )

k=1
= (@, (T + W) ) (IL5.57)

with 01(12) from Lemma II.4 and T := D(()l) + D(()2). The total potential W is
|T'|-form bounded,

(W, W) < c(@,Ty) + C@,9) (IL.5.58)
with form bound ¢ < 1 for v < 0.986 (Z <135) and C =0ifm =0, andc <1 for
v <0.89 (Z <122) if m #0. We also have positivity,

(W, (T + W)v) > 0, (IL.5.59)
for v < 0.986 if m =0, and for v < 0.825 (Z < 113) if m # 0.

Proof.  We consider first the massless case and estimate W from above. With
(I1.5.44) and Lemmata I1.4 and I1.7,

. 2 w2
W) < (@, (V0D +20{")0) < oo (0, (01 + 22)0) + 9> L (0 (01 + p2)0)
YBR
= cn (Y, T 7) with ¢y := 276;2 7@1772- (IL.5.60)

One has ¢;, < €2 for v < 0.18 and ¢, < 1 for v < 55.3.
For the estimate of W from below, we use the result of BBS (2002), inequality
(I1.5.46). Then with V(*?») > 0 and Lemma IT.4,

2
™
@ W4) 2 (- + dP) (T ) = 96 T W T) = —a (T Y),
(IL.5.61)
with ¢ ==« (,YB%R + €272 /4) — dvy?.
We have ¢; < 1 for v < 0.986. Therefore, W is |T|-form bounded,
(W, W )| < ¢, T ) with ¢ :=max{cp,q}- (I1.5.62)

¢ = ¢ for 0.004 < v < 10.1. For v <0.004, one has ¢ = ¢ < 1.
Positivity of the transformed operator follows immediately from (II.5.61),

W, (T+W)y) > (1—c) (@, T 1) > 0forc < 1. (I1.5.63)
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Now we turn to the case m # 0. First we estimate W from above, using (II.5.49)
as well as the second inequality of (II.5.60) which also holds for m # 0 :

(0. 6) < 2m (doy’ + 57) (6,) + en (b, (Bpy + ) w).  (IL5.64)

For the estimate of W from below, the proof of Lemma II.7 shows that (¢, ml—l )
< L (4,p1 ). Hence, for VI = —y/zy,

— TYBR

(¢5V(1) ¢) 2 - (¢ap1 ’Qb) Z - (waEpl 'Qb) (11565)

o o
YBR YBR
Then, with (T1.5.47), V(2 > 0 and (I1.5.2):

2

(¢; w ¢) Z _’YB%R (wa (Epl +Ep2) 'Qb) - 2md072 (¢a¢) - 762 % (wa (Epl +EP2) ,(p)

= =& T ¥) = 2mdoy” (¥, 9), (I1.5.66)
with ¢ := 7(%%R + e?7?/4) which is < 1 for v < 0.89.
As a consequence, |T'|-form boundedness of W is expressed in the following way
3
(W, W )| < ¢ (@, T¢) + 2m (dov* + 27 %, 9) (IL.5.67)
where
¢:= max{c, G} (I1.5.68)

and ¢ = ¢ for v > €%/2.
In order to establish positivity, the single-particle estimates are used. With
(I1.5.48), one finds

2
T
W, @+ W) ) 2 (1= = =) @, T ) - ve" - (4,7 ¥)
YBR
. 1 2 w’ 2
= co (¢, T ) with ¢g:=1 — v(— + e —) — dy*". (11.5.69)
VBR 4
Positivity is obtained for ¢ > 0, i.e. v < 0.825. [ |

We note that due to the smallness of e? (with respect to 7) for high nuclear
charges, the critical potential strength for positivity of the two-particle operator is
close to those for positivity of the Jansen-Hess operator.

Collecting results, the |T'|-form boundedness of the total potential W with form
bound < 1 ensures that 7'+ W is well defined as a form sum of 7' and W with the
form domain of T. Moreover, the semiboundedness of the transformed Coulomb-
Dirac operator allows for its Friedrichs extension to a self-adjoint operator on the

Hilbert space (AS}) ® Af))(A(LZ (R3) x C*)2).

I1.6. The spectrum of the transformed Coulomb-Dirac operator.

In this section it is shown that the free-particle positive spectrum is a subset of
the essential spectrum of the transformed Coulomb-Dirac operator H?) and that
the second-order two-particle interaction does not change the essential spectrum of
H®) . Moreover we will prove that in the massless case, there are no eigenvalues
embedded in the essential spectrum. Let us start with some known results.

We recall that we are only interested in expectation values (and the resulting
spectrum) of H (?) taken with states ¢ in the positive spectral subspace Hy o of
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the free two-particle operator T = D(()l) + D(()2). With this restriction, one has
0(T) = 0ess(T) = [2m, 00). This is easily seen from

(TO)(p1,p2) = (Bpy + Ey) d(01,02) = (/52 +m2 + /o +m?) d(p1, p2).
(IL6.1)

With H® from (I1.5.57) we define the abbreviations
H® =T 4w, wo=w®h 4+ w® 4y 4 a0 (IL6.2)

with WH .=y k) 4 1 [Wl(k), Bfk)], k = 1,2 the potential term of the Jansen-Hess
operator for particle k.

Let O'(D(()k) + W) be the respective one-particle spectrum. Dropping for a
moment all two-particle interactions, the spectrum of the sum of the single-particle
operators is given by (Reed-Simon 1980, Corollary to Theorem VIII.33)

cT+WD + W) = A+ M eoDP +WH), k=1,2}. (I16.3)

So if D(()l) + W™ has a bound ground state with eigenvalue 0 < A\g; < m, then the
essential spectrum of T+ W + W) starts at Ao; + m, i.e.
Oess(T+ WO + W)Y = [m + inf A1, 00) (I1.6.4)
A €a(DEV+W )
(Reed-Simon 1978, p.121). This is true because for the Jansen-Hess operator

D(()l) + W™, the essential spectrum is the same as for D(()l) for subcritical po-
tential strength, namely [m, c0) (see Theorem 1.3).

Let us now switch on the two-particle interactions. We aim at proving the
following properties of the spectrum.

Theorem II.1 (Location of essential spectrum).
2
Let HO =T+ W with T = D" + DS and W = 3> Wk + V12 12002 pe the

k=1

transformed Coulomb-Dirac operator up to second order in the coupling constant
e?, acting on M} 5 == (AS:) ®Af))(A(Hl(]R3) x C*)?). Then for potential strengths
v < 0.89, the spectrum has the following properties

(i)
[2m,00) = o(T) C o(T+ V) c o(H?) (I1.6.5)
(i)
[211,00) = 0ess(T) C Gess(T + VD) C o (HP) (11.6.6)
and for v < 0.654,
(iii)
2
Oess(HP) = 000e(T + > WH 4 v(2), (11.6.7)
k=1

The bound 0.89 on v arises from the requirement that H(? is well-defined (see
Proposition I1.3).
For the proof of inclusions (i) and (ii) we use the behaviour under translations
(Hunziger 1966, Reed-Simon 1978, p.370, problem 45), together with the Weyl
criterion (Weidmann 1980, Theorem 7.22).

Lemma I1.9 (Weyl criterion).
Let A be a self-adjoint operator in o Hilbert space H. Then \ € o(A) iff there exists
a sequence (;)ieN in the domain of A with ||¢i]| > 0 such that

(A= XN — 0 (I = o0). (11.6.8)
If (n)ien can be chosen orthogonal then A € gess(A).
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In the following, all symmetric operators are considered as self-adjoint by means
of their Friedrichs extension (which exists for subcritical ).

Proof of (i) and (%).
Let T, be the translation defined in Lemma IL.5 and let a := n € N. Then (Ty,)nen
induces a sequence (¢, )nen where a — 0o corresponds to n — oo.

From the proof of Lemma I1.5 we know that D{*) and V(12 are T,-invariant,
while (¢, W4, and (¢, 01(12)1/)n) tend to zero when n — oo. Hence
lim [[(H® = X) ol = lim @, (H® =22 ) = @, (T+VE =27 )
n—0o0 n—0o0

= (T + V3D —)) g (11.6.9)

Now let A € o(T + V?). Then there exists a sequence (¢);en such that ||(T +
VA2 — Xyl = 0 asl — oo. We identify the ¢ from (I1.6.9) with ¢; and
translate each ¢y with T,,. Constructing a diagonal subsequence (¢;);en of the
sequence (Yi,n)n,1en We get

Jim ([(E®) = 2) g* = Jim [T+ VT2 = 2) 4]|* = 0 (I1.6.10)
—00 —00

such that A € o(H®). This proves o(T + V12) c o(H®).
In order to prove the first inclusion of (i), we choose a translation Tb(l) which
affects only the coordinate xy, i.e. Tb(l)z/z(xl, x2) = ¥(x1 +b,x2) =: ¢£1)(x1, X2).

This translation leaves T invariant, but not V12 since
2

Tb(l)* v (12) Tb(l) = ﬂ%l — 0 as b — co. As a consequence,
X1 — — X9

Jm (T +VE =) V1P = (T =) . (IL6.11)
— 00

We set b := n to define a sequence (¢$}’)neN and use the same argumentation to
prove that for X\ € o(T'), we have A € o(T 4+ V(12)).

In order to prove (ii), we take the sequence (1;);en to be an orthogonal sequence
and construct via translation with T, the diagonal subsequence (¢;;);en. Since the
(¢n)ien are orthogonal, the translated functions (¢ ;)ien are linearly independent
and can be orthogonalised. Hence for A € 0,55(T +V12)), we have A € 05, (H®).
By choosing the sequence (%ﬁ”)neN orthogonal, it follows in a similar way that
Oess (T) C Oess (T + V(u))

We remark that this proof holds both for m = 0 and m # 0. |

Proof of (iii).
For the proof of equality (I1.6.7) it is sufficient to show that the resolvent difference

Ryi= (H® + )" = (H,+p), (IL6.12)

2
Hy:=T+ Y wW® 4 v
k=1
is compact for a suitable p > 1 (see section 1.5). Using the second resolvent identity,
we decompose

R, = — (Hy+p)~ ' 20 (H® 4 )~ (11.6.13)

=~ [(Hy + @) (T 4+ ] - { T+ )20 (@ 4 )} (T 4+ ) (HO 4+ )]

and show that the operator in curly brackets is compact and the adjacent two
factors are bounded.
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a) Compactness of Wy := (T + p) ™! 01(12) (T +p)~

We apply the strategy to write W5 as the norm-convergent limit of a sequence
(Wan)nen of (compact) Hilbert-Schmidt operators. If so, W5 is compact too.

In order to construct the Hilbert Schmidt operators we use the property that an
operator A is Hilbert-Schmidt iff its kernel k4 is square integrable (Reed-Simon
1980, Theorem VI.23).

In order to define the sequence (Way,)nen, we must introduce convergence gen-
erating functions in momentum space and apply a regularisation of the Coulomb
potential.

We first decompose 01(12) into two self-adjoint operators,

c” = ¢ 4+ R\ (11.6.14)
C12) = emeprp) ) AW P | p) A\ D7 (12) g—e(pr-+p2)
R§1€2) — gEV(12)A(_1)F()(1) + Fo(l)A(_l)V(U)ge’ ge:=1— e—G(PH-Pz)
and secondly, we introduce the screened Coulomb field %e‘“ with its Fourier trans-
2 1
form \/j ——— and decompose each of the two momentum denominators in the
m p?+ €2

prefactor of the kernel (I1.4.10) of C(12) (which is twice the kernel of C\'?)) ac-
cording to

1 €
Lo+ f = —— . f= & 11.6.15
@2 et f ¢ p?+ € f P*(p? + €2) ( )
which results in a decomposition of C} (12) into 8 self-adjoint operators,
i = e e + C e f) + CL (fre) + CUD(fer 1)

+ R (e + R (e fo) + R (e + BLV (o). (116.16)

We now prove the compactness of Way, := (T +pu)~ Clu)(ee, ) (T+p)~ ! with
€ := 1/n via the square integrability of its kernel. Subsequently we will show that

the remaining operators from the decomposition of C1(12) vanish in the limit € — 0.
We have

k ( .pl.pl) = — ve? 1 1
Ci (eee) PLPEPLP = T ()T [py — phP + ¢ Tp2 — Ph+ P~ Y2+ €
(I1.6.17)
{ emettea) : (1= DO (pa - ph +p2)) (1+ D (p)))
E\pz—p’2+p1| + Ep’1

1
+
E,, + E\p’g—pz-i-p’ll

(1+ D" (p1)) (1~ DG (ph —p2 +Ph)) ee<pa+pa>} _

In the modulus of the kernel, |1 + bél) (p)| is estimated by 2 and the energy de-
nominators by their massless expression, resulting in
4ye? 1 1 1

(2m)* pi+p2+p |P2— Py + €2 |p2— Py+ P1— Pi |2+ €2
(11.6.18)

.{e—e<p1+p2) 1 N 1 e—e(p;+p;)} _r
p2 — Py +p1l+P7  p1+ [Py — P2+ Pl Py Dyt

|kW2n (p17p2; plla pIZ)| <
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Using the substitutions qz := p2 —pj and q; := p; —p} +q2 as well as the estimates
(pr+p2+p)t <1, (py+py+u)~t <1 for p>1, we have to show that the
integral S is finite, defined by

4ve?
S = /dpl dpy dp' dpy, [kws, (P1,P2; 1, P2)|* < (Q’YT)4 /d(h dq> (IL6.19)

1 1 / 1
. dp1 dp- 6—26(P1+P2)
(g3 +€2)? (¢} + €2)? { (Ip1 + Q2| + [P1 + @2 —a1])?

1
7+ s o]
1 qi1 T~ Pp

N / dp!, dpl, (2e—e<|ql+pa—qz|+|q2+p;|> o c(Pitrd)

1

. + e 2eph+0)) L ) } _
lai + P} — @] + [P} — a2 (lar + Py — Q2| + [P} — @2|)?
It is obvious that for € > 0, all integrals converge near zero and infinity. Explicitly,
in the first term (using the formulae from Appendix A)

1 1 1 1
dqs — < /d(h -
/ (@3 +€2)? (Jp1 + a2| + [p1 + 92 — q1])? (@3 +€2)? |p1 + qqf?

oo

- / _@dp 2wy GwEp_ C (I1.6.20)
o (63+€) p g2 —pi] ?m

with ¢ < 00, and similarly for the third term. In the second term, the denominator

is estimated by (p} - |p} — qz2|) ™! showing that this singularity is even weaker. This

proves that Ws,, is Hilbert-Schmidt.

It remains to show that ||[Wan — Wal| = ||(T + p)~* (0{12) — 01 (e,, ee)) (T +
w7 Y| — 0 with e — 0.

Since all seven contributions to Cfu) — Cl(iz) (ee, €c) are self-adjoint, each of these
operators can be estimated separately with the help of the generalised Lieb and Yau
formula and suitable convergence generating functions. Two basic facts are needed
to show the estimate by some power of €

. /dq < 4 2/0o dan 2% (IL6.21)
——5—— = A4me ——— = 271’ 6.
L E(E+ ) o a4 +e
1 1

. — (1 —e?) < - (1—-¢€e"P) < e 11.6.22
e < Lo <o mem)

The proof is displayed in Appendix D, with the result (for m # 0)
[(Wan = Wa) 91> < e [l9])? (11.6.23)

which proves that W5 is Hilbert-Schmidt.

b) Boundedness of (T + p) (H® 4 p)~*

For x € A(Ly(R3) x C*)? and ¢ := (H® +p)~1 x € A(H'(R?) x C*)?, we have
to show that there exists a constant ¢ such that

T +m) H® + )7 xI? = @, (T +w)?9) < cllxll® = c@,(H® +p)°¢)
(IL.6.24)
for some pu > 1. Let H® =T + W. We follow BBHS (1999) and use the triangle
inequality, ||(H® + ¢l > (T + w)yll = [[Wyl.
Assume we can show
Wl < eo ITY (11.6.25)

with ¢ < 1. Then from ||[T9|| < (T + p)¢|| we get
I(H® + w9l > (1= co) (T + p) ¥ll- (I1.6.26)
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From this inequality, (11.6.24) is a consequence if we require
T+l < el =co) (T +p¢ll (I1.6.27)
which is fulfilled for ¢ > 1 1

—¢
the form sense (Proposition Ii).3); it does, however, not follow from (I1.5.58), as is
well known (Kadison and Ringrose 1983, p.251). In fact, potentials with Coulomb
singularities have weaker estimates in the norm sense than in the form sense (see
Appendix C).
Proof of (I1.6.25):

Since the total potential enters quadratically, we have to use its symmetrised form
(with respect to particle exchange), i.e. replace 2092) by 01(12) + 02(12). From the
antisymmetry property of ¥ together with the fact that for any pair of self-adjoint

operators A, B one has |(v, ABv)| = [(BAY,v¥)| = |(¢, BAY)|, the estimate of
[W4||2 = (1, W24)) can be reduced to

(W, WO + W 4+ Va2 4 o) 4 o) ¢) (I1.6.28)
< (¥, [(W(U +W(2))2 + (V(12))2 + 2(01(12))2] ¥) + 2|(¢,Cf12)02(12) )|
+4] (0, WOV D) 4] (5o, WO O D) | +4] (0, WO CE )| +4] (9, VD {2

Let us first consider the massless case. In Appendix C, the estimates for
(¥, WM)24) and (1, (V12)24)) are calculated, with the results

. We note that (II.6.25) has already been proven in

2
GVOPY) < o) e (1457 = @302
(11.6.29)
W, (VD)2 4y < ey (,p39) = e (¥, 039), ¢y = 4.

Further, we estimate
It vl < VALY il + 1ALV g
< (VDAL ED || + IFV) - AL - [VED . (IL.6.30)

For the first term, define ¢ := A(_I)Fo(l)zp and x := potp (with x € A(L2(R3) x
ChY2, ¢, € A(H:(R?®) x C*)?) such that

VDALY Il = VD¢l < Ve gl = Ve llAL R o
= /& IAVEMpe ol < Ve, INYIEN | e wll < Ve [1FSV]] (w,pgw)%.)
11.6.31

From the estimate (I1.5.22), ||F0(1)|| < (”7‘2 —1) and therefore
Hef wll < IFVI (Ver . w)t + VO gl) < Ve Il (116.32)

2
with ¢, = <2—7 [— —1]) Cy-
T | 4
Again from Appendix C, |(¢, WOW R )| < ¢, (¢, p1p2¢) with ¢, = [2(% +
2) + 7—2(% - 2)2]2 = (1.17 4+ 0.119%)? < ¢y (for v > 0) , such that
(6 WO + WO g) < 20, (WD) ) + 2|, WOWE )
< cw (¥, (0] +93)¥) + 2¢0 (b, p1p2t)) < cw (U, T?9). (11.6.33)

Since the estimates of V(12 and wa), Céz) are smaller by a factor of e? as compared
to those of W) and W(? (when the central potential strength ~ is large), we are
not aiming at optimised estimates. Rather, we use estimates of the type (for A, B
self-adjoint), [(¢, ABY)| = [(A¢y, By)| < [[A¢|| - [|By]|-
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As an exemplary case, consider

|, WOVER )| < WD VD9l < Vew llp gl - Ve llpe gl
= Vet I bl = 5 Vet (6, 0+ R) ) < 5 vVeus (6, T). (1630

Thus, collecting results,

(¢5W2 '(p) S (cw + 264 + 263 + 4:62@ + 4V CywCs + 462\/5) (¢5T2 ¢)
=: ¢ | T | (11.6.35)
with ¢y < 1 for v < 0.654 (Z < 89). Hence the boundedness of (T4 p)(H® +p)~!
is proven for m = 0 and v < 0.654 .

We follow the argumentation of Herbst (1977) to infer the boundedness for the
m # 0 case, with the same bound. The only necessary ingredient to show is the
scaling property of (T + p)(H® + p)~' under dilations.

First we note that no specification of y was needed in the m = 0 proof of the
boundedness. Since T = \/p? +m?2 + /p2 + m2 > 0 for m # 0 and, according
to Proposition T1.3, H®) > 0 for v < 0.825 which is larger than the critical v
from above, both T' and H(?) are invertible such that p can be set to zero. In the

compactness proof, p can also be set to zero if m # 0. The reason is the estimate
1 c

N TR
values of the occurring bounds are irrelevant, a finite additional factor ¢ plays no
role.

We introduce the dilation dy by means of dgt)(py, p2) = 0720 (p1 /6, p2/6)
=: ¢p(p1,p2) for € R,.

From (L.5.5) we know that dgE,(m)d;" = E,/s(m) = § Ep(m - 6). Similarly,
deW® (m)d;' = tW® (m-0), k = 1,2 follows from the scaling properties of
bkm because of (1.4.1) and dgU}(m)d, " = Uj(m -6) (which is easily obtained from
the explicit expression (I1.3.1) for Uy).

For the two-particle operators V(12 and C"® one has from (I1.4.8) — (I1.4.11),

(1, VI ) = (b, dg V12 dy 1) (I1.6.36)

= /dp1 dps 9‘315(p1/9,p2/9)/dp’1 dp ks(p1, P2; PL, Ph) 072 (P} /0, P4 /6)

for a suitable constant ¢ (e.g. ¢ > max{2,2}). Since the

= 06/dpl/edpz/ﬁi/?(pl/e,pz/@/dp’1/9dp'z/9ka(p1,pz;p’l,pé)1/3(p'1/9,p'2/9)

where kg = dg kdj;" is the dilated kernel of V(!? (respective C{'?).
Upon considering dpy /6, dp), /6, k=1,2 as new variables, one can identify

k(p1/0,p2/0;P1/0,95/6) 07° = ko(p1,P2; P}, Ph)- (I1.6.37)
Thus one easily verifies from the explicit form (II1.4.11), (IL.4.10) of the kernels
of V02 and C{*¥, that kyuo o(P1,P2;Pi,P5) = §hvon (P1,p2;p},ph)  and
(dokcaz mdy ) (P1,P2; P, Ph) = § ko2 m.o(P1,P2; Ph,Ph). Hence we have
1 1

; H® (m -0), do T(m)d,"' = ET(m-G). (11.6.38)

Moreover, with H§2) = LH®(m - 9) it follows upon inversion that (HéQ))_1 =
(H®(m-6))"! =6(H®(m-6))~'. Thus

dg H? (m)d;' =

d T(H®) 'dyt = (dpTd,*) (dg H? dy) ™" = %T(m-G)-G(H(Q)(m-H))_l

= TH®) Y (m-0). (11.6.39)
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Hence our operator is dilational invariant with m being absorbed in the dilation
parameter 6’ := m - 6. Since dilation as a unitary transformation does not change
the norm, we get ||T (H®)~Y(m)|| = [|T (H®) 1(m =0)|| < ¢ with the constant
¢ from the m = 0 estimate given above.

¢) Boundedness of (H, + )~ (T + p)

From Lemma 1.4 we have ||(H, +up)~ ' (T+u)|| < c if [|[(T+p) (H,+p)7 | <ec.
However, for v < 0.654, the latter follows immediately from the proof of bounded-

1(12), 0512)

ness of (T+p)(H® +p)~" upon dropping the interactions C' everywhere.

It should be noted that in the r.h.s of (I1.6.7) in Theorem II.1, the electron-
electron interaction V(1?) cannot be dropped. In fact, its kernel contains the delta-
function (viz. (I1.4.11)), the square of which is highly singular. The fact that V'(1?)
is not relatively compact with respect to T is due to the unboundedness of V12
when z1 and z5 go to infinity, keeping simultaneously x; = x5 (Reed-Simon 1978,
p-120).

Concerning the absence of eigenvalues in the massless case, the same holds true
as in the one-particle case.
Theorem IL.2 (Absence of eigenvalues in massless case).
Let m = 0 and the critical potential strength vo = 0.986 as in Proposition II.3.
Then the spectrum of H® has no eigenvalues for vy < .

Proof. 'We show that (i), H® has no eigenvalues # 0, and (ii) that E = 0 is no
eigenvalue.

For (i) we argue as in the one-particle case (Theorem I1.3(iii)). From (II.6.38)
we know that H® scales under dilations according to dgH®(m = 0)d;" =
LH®(m = 0). Therefore, assume 1 is an eigenfunction of H® with eigenvalue
E # 0, then dg¢ is also an eigenfunction of H(®) (with eigenvalue #F). This
contradicts the separability of the Hilbert space (Hy/2(R)® x C*)2.

For (ii) we also follow the proof of Theorem I.3(iii). Assume there exists an
eigenfunction 1) # 0 to H® with eigenvalue E = 0. Then from (I1.5.61) and a
partial wave analysis, together with the Mellin transform properties given in BSS
(2002), see Appendix C for a generalisation to the two-particle case, we have

2

0= WHDy) > (1 e Ty d%) (%, 201 )
YBR 4

_ gl LI SRR S 2
= 2/dp2 ;/_oodt |au’p2(t+z/2)| (1 ’Y('YBR_'—G 4)+d7).
(IL.6.40)
If v < 0.986, the factor in brackets is strictly positive and hence |af,, (t+ £)[* =0
almost everywhere. The remaining part of the proof can be copied from the one of
Theorem 1.3(iii), to show that 4 = 0, a contradiction. [ |
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III. Outlook: The general N-particle case

For N fermionic particles, we define the positive spectral subspace of the free
N-particle Dirac operator by means of H n := Ay n A (Hyjo(R3) x C4)N , to be
considered as subspace of the Hilbert space A yA(L2(R?) x C1)N, where Ay n
is the product of the free projectors for each particle,

Ap v =AY A, (IT1.1)
and the spin of each particle is assumed to be % A state ¢ € Hy n can be

considered as a superposition of Slater determinants (see section II.1), such that
N

each summand of ¢ contains a product of N one-particle states, [] cp((f(‘z) (xi),
i=1

where 0 € Sy is a permutation and a enumerates the basis of the single-particle
Hamiltonian h(¥). Since operators acting on distinct particles commute, the above
definition of our Hilbert space agrees with the conventional definition Hy ny =
AN_H, where AY_| symbolises the N-fold antisymmetric tensor product of the
single-particle Hilbert spaces H4 := A4 (H; /2(R3) x C*) (see e.g. Hoever and
Siedentop 1999). In particular, one has Ay = ¢ for all k=1, ..., N.

The transformation scheme for the Coulomb-Dirac operator (II.1), introduced
in section I1.2 for the two-particle case, can readily be generalised to an atom with
N electrons, N > 2. Tterating the representation (I1.2.5) of the projector PJ(rk) for

particle k, to get PJ(rk) = Af) + Fék) + R((€?)?), and defining the products
Fri= AV AP R AED AN b e {1, N, (IT1.2)

the two-particle interaction term of (II.1) is expanded according to
N N

P SV P = 3 (AP VI
n<k n<k

N
+ > AWPAP Ve A F Fy AT VR AT AP

m=1
m#n,

sl

+ BUAP VORI AL v+ FEPAD VOO AL N+ A VO FEM AP (111.3)
+ A VOO FP AL + R(e)?).

The first Sobolev transformation can be written in terms of the one-particle self-
adjoint operators Bfk)

N
Ui =eP, B =Y B". (I11.4)
k=1
Then the Coulomb-Dirac operator turns into
N .
UTHU = ) (Dé’“’ + WY+ i, B + g[Wf’“’,BY“’])
k=1

N
+ S {AP AP VOO Ay v+ i AP AP VERAL B 4+ BV (11L5)
n<k

™ =

+ (AT)Af)V(nk) As_m) Foo + Fum Ag_m) v (nk) AE:D) Af))

1
ke

3
I

m

*
3
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+(FAY + FOAT ) VOO ALy A n V0 (FAR + FPA) |
+ R((e*)?).

N
The second Sobolev transformation, Us = B2, By = Bék’) +> Bg”) +> By‘)
k=1 I X

with Bék) single-particle operators, Bé“ ) two-particle and Bé’\) three-particle oper-
ators (p and A running over all possible pairs and triplets that can be formed from
N particles), eliminates the ’odd’ second-order terms which have the form off(C) =
C— proj(C), proj(C) collecting the block-diagonal terms in the three-particle rep-
resentation of C = 1-C -1 with 1 = (A + A™)(A® £ A®) (AT £ AT™). The
existence and boundedness of B; may be shown along the same lines as for the
two-particle case.

Let us consider the expectation value of the transformed Hamiltonian with an
N-particle wavefunction ¢ € H, n. Disregarding positive projectors adjacent to
1) one obtains up to second order

N

WU U HO Do) = (w,(pg’” O %[wfk>,3§k>])¢>
k=1
N
+ Y (@, Hu ) + R((€))?) (IIL6)
n<k

with

— BHAP VO } g v By F

N
+2} Vo F™ 4 FmyoR 4 F® ynk) (II1.7)

m=1
mk,n

Representing B§k) in terms of Fo(k) with the help of (I1.3.21), H,;, simplifies to
Hye = VR 4 veR) A E 4 AB FERY (R A 1 P AR) yow

N
+2 ) v Em (IT1.8)

m=1

m#En,k

Since in the last term of (ITL.8), the two operators V ("*) and Fo(m) act on distinct
particles, it can be shown that this term vanishes for ¢ € H; n (see Appendix
J). Thus we obtain a simple generalisation of the transformed two-particle operator
(I1.4.4).

In principle, like in the one-particle case, an n-fold transformation of the Coulomb-
Dirac operator will lead to an operator of the form proj(4) + R((e2)"*!) where
proj(A) is a generalisation of (I1.2.2) which involves the diagonal products of n
projectors. In proj(A), up to n particles (out of N) are affected simultaneously.

We close our work with some results about the stability of the N-electron atom
(N >3).

Having found the Sobolev representation of the transformed (up to second order)
N-particle Coulomb-Dirac operator H(?) we can use the results from part I and II
to establish a lower bound.
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Let
N N
(6, HD p) = 3 @, BR ) + 3 (%, (V™) + c0) y) (TIL.9)
k=1 k>n

where the operators on the r.h.s. of (IIL.6) and (IIL.8) are abbreviated by Br(r'f), the
Jansen-Hess operator of particle k, and C("*) | the second-order interaction between
particles n and k.

From Proposition 1.5 we have

(1, B®) ) > e(v) (¢, D§ ) (IIL.10)
with e(y) = 1— w%a - %2(% - %)2 from (I.4.53), where we have used that ¢ € Hy n

such that B¢ = D(()k)zp.
Moreover, the second-order two-particle potential is estimated from Lemma I1.4,

.09 )] < e ™ @, (D + D) ¥) = v = @, w) (L1

where the symmetry of ¢1) with respect to particle exchange has been exploited.
N N
_ . k
Hence kE = w can be used, together with (w,ND(()l) P) = kzl (z/J,D(() )w).
>n =
Finally one can take advantage of V("% > 0 to drop the respective term.
Therefore, the total operator H® can be estimated by

N
W2 ) > Y, o) - TR oy i

k=1

We have stability, even positivity, for all v for which the expression in square
brackets is nonnegative.
Thus we have proved
Proposition ITI.1 (Stability of N-electron ions and atoms).
Let v = Ze2, N < Z be the number of electrons, and let H® be the transformed

N -particle Coulomb-Dirac operator up to second order in the potential strength .
Then

H® >0 for v < N (I11.13)
with yn the smallest solution to
2 2 2
gl 7 o(m 2 2 (N —1)
-t - (=== — — 7 =0 I11.14
~sr 8 (2 7r) e 4 (TIL.14)

where YBr = Tl'/fT/ﬂ'
For neutral atoms (N = Z) we have stability for v < 0.446 (Z < 61).

Since the Lh.s. of (III.14) is decreasing both with N and =, it follows that for
v < 0.446, we have stability for all ions with N < Z.

Alternatively, one might think of estimating C("*) by V(") via Proposition II.2.
However, even with the conjecture C' = 1, one would need the restriction v < %
(i.e. Z < 43) for a positive two-particle interaction term. This bound is lower than
the above value, Z < 61.

We remark that stability of matter for the Brown-Ravenhall operator was shown
by Balinsky and Evans (1999) in the case of K nuclei and one electron, and by
Hoever and Siedentop (1999) in the case of K nuclei and N electrons (at zero
mass) for vy < ypr (Z <124) and v < 0.64 (Z < 88), respectively.
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The contribution of two-particle second-order terms (neglected in the Brown-
Ravenhall operator) is usually considered to be unimportant because of the small-
ness of their coupling constant e? (with respect to ). However, since these terms
tend to be negative (which we conjecture from the negativity property of the kernel
of C("*)  see (I1.4.10)), and since they occur with a weight proportional to N2, they
will counteract stability for large IV in a non-negligible way. That becomes evident
from the large reduction of the critical potential strength for atoms as compared to
one- or two-electron ions found in this work.

Acknowledgment

It is a pleasure to thank Heinz Siedentop for directing my interest to this intrigu-
ing topic, for incorporating me in his research group, and for his continual help and
support during the course of this work.

I should also like to thank Hubert Kalf for his beautiful lecture on spectral theory,
for his interest in my work and for his willingness and great patience to discuss my
problems.

In particular I wish to thank Alex Sobolev for introducing me into the theory of
pseudodifferential operators and for guiding me patiently in finding suitable unitary
transformation schemes during my stays at the University of Sussex in 2002.

I also wish to thank Alexei Iantchenko for a fruitful collaboration, and for many
discussions during his visit in Munich in 2003.

I am also grateful to Edgardo Stockmeyer, Marcel Griesemer and Rupert Lasser
for enlightening discussions.

I greatly appreciate the friendship and openness of Klaus Wolffhardt, Heinz
Siedentop, Hubert Kalf, Heiner Steinlein, Helmut Zoschinger and Otto Forster at
the Munich Institute of Mathematics and Rupert Lasser at the Munich Center of
Mathematics to a physicist who has got an affection for math. This has created an
exquisite atmosphere for advancing in scientific research.



79

Appendix A

Compilation of integrals
oo 1
Let [dp = [p?dp [dw with [dw = 2r [ d(cos¥,) in spherical coordi-
R3 0 52 52 1

nates, where 1), is the azimuthal angle of p with respect to some fixed axis, assuming
cylindrical symmetry.

We identify (p' £ p)? = p? + p*> + 2pp' cos¥y =: b+ azx with £ := cos?, and
a:=+2pp, b:=p?+p’

2 4 0@, p—0

1 2 ' 2 2
/ dw,l TIpP2 _7T: ln‘ptp, = _7;1 (A-1)
52 p'tp ' |p—p pp w4 0(), poroo

1 , 1 1 ! 1 1
— dw’ — - 5 = dz
21 Js2 P’ £p| (|p'£p|+0) 1 Vb+azr (Vb+azr +c)?

_2/V”+a dz _g( 1 1 > (4.2)
Calpa 40?2 a \Vb—a+c Vb+a+ce)’ '

As a by-product,

1 27
d' ———— = — ' — p=p|). A3
L st = 2w = lp=2) (A.3)
In the following integrals, go(p'/p) :=In Py _ In L+p/p
» 40 = -
. L1 lp—p'| |1 —p'/pl
Yy
and ¢1(y) ===y +—) In —1.
1 (o] / ! 1 2
o [0 e e = [ T e [V - T @
2 lp' +p* p o P lp—p| 0o Y 2
1 1 P o] dpl ldy 2
o d ! = / ! = / —_ = —
27T/ P AR v n) Sy pap PP =y W =g

2

1 1 21 “dp 1 'd ?
[ L= T = [ Yaw =T
0 0

p’+p2 p2p +p P +p Yy

(A.6)

% dy r T(2)T(1-2)
— qoly) = 5 =2 27 0<a<? AT
L w0 = 3w (4D

> dy 2m

Y = 1=0,1,.. A8
v AR (A-8)

[ee] d / 1 d
[ Zawm) =2 Law =2 (A.9)

o D o Y

> dyf ) /1 dy
| aen) = [ Law (A.10)

The integrals can be found with the help of Gradshteyn and Ryzhik (1965); the
integrals (A.4) and (A.9) are provided by EPS (1996), (A.7) by BSS (2002), while
(A.8) is based on an integral given by Tix (1998; see also (C.6) and (C.7)).
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We also provide some finite integrals which are needed for the proof of Theorem
1.4. For a > 0,

/Oadyy5/2q0(y) = % [agln 1-’__61 —2arctan\/a+4\/5+§a%_1n it% ]
(A.11)

/ Wy aoly) = %[‘”5/21 ‘1: + %am + 2arctanv/a — In \\/fzji ]
(A.12)

/ dyy " qly) = ;[aml ‘1+a + 4y/a — 2arctany/a — In \\/fz ]
(A.13)
/ dy—qo = 2V/aIn ‘—Z‘ + 4arctany/a — 21n ﬁfﬂ (A.14)

/:ody %qo(y) = 2 [ﬂ - Valn

1 1
1tZ‘ — 2arctan+v/a + ln‘ﬁt H

1
(A.15)
1+4/a 2 1+a
/ dy 3/2 qo(y) = 4arctan/a + 21n ‘ —Ja " Va n‘l—a (A.16)
&0 1 Va+1 2 1+
/a dyy37q0(y)_27r—2ln \/6_1‘—4arctan\/5+%1n‘m (A.17)
R | 2 4 1 l1+a 1++a
/adyﬁqo(y)—g[ 7r+\/_+2arctan\/_+ 5 ‘l—a _ln‘l—\/&]
(A.18)

These integrals can be found in Gradshteyn and Ryzhik (1965, p.205,206), after
substitutions of the type z := 1/q, = := ¢'/?>. Note that the integrals (A.11) —
(A.13) diverge for a — oo, whereas (A.14) and (A.16) tend to 27. For a — 0,
(A.18) diverges, too.

Appendix B

Partial-wave decomposition of the Jansen-Hess operator and its
Mellin transform in the massless case

We provide a compilation of results given in EPS (1996), Tix (1997), Stockmeyer
(2002) and BSS (2002).

a) Partial-wave decomposition for m >0

For u € S(R?) x C? and for the Fourier transformed Coulomb field one introduces
the partial wave expansions

= Zp_l ay(p) QW (D) v={l,M,s}

vel
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1
m = pp %ql YlM ) Yim (') (B.1)
where Q,(p) are the Dirac angular momentum eigenstates (the vector spherical
hamonics (Rose 1961)), Yiar(P) are spherical harmonics and the reduced Legendre
functions ¢;(x) are related to the Legendre functions @;(z) of the second kind
(Abramowitz and Stegun 1965) by ¢(z) := Qi(3z + 5-). For z # 1, one has the
integral representation (EPS 1996)

o 271 dz 1 1
q(z) = / _— t=—-(zx+-). (B.2)
tvEE—T V1 — 22t + 22 2 T

The index set is I :={v = ([, M,s) |l e Ny, M = -] — %,...,l+ %, s = :I:%, l+s>
0, Q, # 0} and p := p/p. Then the expectation value (u, by, u) of the Jansen-Hess
operator can be written in the following way, making use of the orthonormality of
the set Q,(p) and likewise of ¥jar(P),

(ty by ) Z/ dpa,,(p/ dp/ biam (p,7') au (1)

blsm@, ) i= bom(p) 8(p—p) + biL (0,8) + b2 (p,7) (B.3)
where b, (p) =

bﬁin(p,p') = —2 lap/p) + h(p) hGE) a2 (p/p)) AR) AR

(2) _112/00 1" 1 1 N A2/
o) = 5 () [T [ + ] AP A0 £07)
1a(®"/p) h(p") — 25 (0" /) R(P)] [@(®"/P) B(P") — @ur2s(P"/P') A(D')]-
A(p) and h(p) are defined below (I.3.20). If m = 0, one has E, = p and

h(p) = 1. On behalf of the symmetry g;(z) = ¢;(1/x), the kernel reduces to the
following form

bo(p) = p
b (0,0) =~ la@/p) + avas(v/p)] (B4)
2 e 9] "
W wp) = g | Ci% [0 /p) = a2 /0)] L@ /9) ~ ais (@ /9]

From (B.4) it follows that bl(sl) (p,p') <0 and bl(? (p,p') >0 for all p,p’ € R,. This
is a consequence of the property 0 < g;4+1(y) < q(y) fory#1landl=0,1,....

b) Mellin transform for m =0
For a function f € La(R;) the Mellin transform f# € L(R), a unitary map, is

defined by
#(4) -— L = —it—1/2

If f e S(R}), it can be extended to an analytic function on the complex plane and
satisfies for a € C

@* () = f#(t +ia). (B.6)
Since the Mellin transform is unitary for ¢ € R (and for p*f € Ls(R})), the
expectation value of the Jansen-Hess operator is invariant. Due to the scaling

properties under dilations, the second-order kernel b( )( ,p') can be written in terms
of a Mellin convolution, resulting in a factorlsatlon of the two respective Mellin
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transforms. This leads to a kernel which can be cast into a diagonal form (Tix
1997, Stockmeyer 2002),

(u, bu) = / dt af (1) (/ dp' buae,p!) an (p ))#(t) (B.7)

/ dt aff (t) (0 + VarbO* + VarbP#) () af (t + i)

:Zy:/oodt

where the last equality results from a shift of the integration path by —i/2, made
possible by the analyticity of the integrand, with

a (t + %)‘ (bﬁ’E + V2r b D# 4 \/27rb,(f)#) (t — %)

1) =1, W1 = ~ L [qf—if2) + afia (i~ if2)
BEF( - 1) = @ (L) [ae-i2) - atu—i/2] - (B3)

The Mellin transformed reduced Legendre functions are defined in terms of the
gamma function by

) _ JETGai-) Thaied
2 22 T(A+1-%) T({+1+ %)’
which are positive functions for real t. From this representation it follows that

bl(sl)#(t —14/2) <0 and bl(g)#(t —i/2) > 0, and eventually b > 0 for subcritical
potential strength ~.

ql# (t— (B.9)

Appendix C

Proof of the operator |T'|-boundedness of the two-particle interac-
tions for m =0

a) Estimate of ||V(12) ||

In the one-particle case we have Hardy’s inequality (see e.g. Herbst 1977)

4
(w,;—z @) < 4t (o,p% ) (C.1)

which can be derived from the Lieb and Yau formula (Lemma I.1), taking the
convergence generating function f(p) = %. With this inequality we obtain

64

(0, (VD)2 / dx; dxs P(x1, %2) (1, %2)

|x1 — xo?

_ / dx, / dys 9or (y2) yi Par(y2) < det (1, g2 ) (C.2)
2

where ¢;, (¥2) := ¥(xX1,y2 + x1) and the same strategy as in the proof of Lemma
I1.7 was used.

b) Estimate of ||W(1) |

For the remaining parts of this appendix we use the unitary equivalence of the
Sobolev transformed operators with the Douglas-Kroll transformed operators to
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work in the 2-spinor space, u € A(H;(R?) x C?)2. As in the one-particle case, we
make a partial wave decomposition of u with respect to the first variable,

p15p2 Zpl ab’,pz pl (f)l)a v= {lJM’s} (03)
vel

and keep in mind that the coefficient a, ,,(p1) depends additionally on ps. Then
we can adopt the strategy of Mellin transform from Appendix B and obtain

(W, (WD) ) = (b1 +bam)t, (01 +b2m)t) = ((brm +b2m )u)#, (D1 +bom)u) #)

- / ip 3 / dt ot (t+ D) @r) POE@) + bP*mE (Ca)

where by, ban, refer to particle 1 and # denotes Mellin transform with respect to
p1. The basic difference to the estimate of the quadratic form of W) is that the
integrand of (C.4) is diagonal as it stands (and not only by a shift of coordinate t).
Since bl(?)#(t) # bl(s”)#(t — 1), n=1,2, new estimates for these complex functions
have to be found. Using the explicit form (B.8) we have

2
B*@ + o * R < (1B * o1+ b *o1) (C.5)

- (% O + i + 25 (L) 1a ) —qzizswz) -

This expression is invariant under the transformation (I,s) — (I + 2s,—s) and

therefore we can restrict ourselves to s = %

One can derive from (B.2) that ¢;(y) is negative and |g;(y)| is monotonically
decreasing with  for y > 1 and I > 0. Therefore 0 < ¢;(y) —aqi+1(y) < go(y)—aq1(v)-
From the definition (B.5) of the Mellin transform we obtain

1

/000 dy (@(y) F @1 (@) y 2

lif @) F ¢f )] =

Ner
< 2 7Y 0w F al) = 0 F ). (C.6)
= \/ﬂ 0 \/— 0 1

From the explicit representation of ¢; #(t — 1) for real t, (B.9), together with the

identity theorem for complex ¢ = £ and the functional equation I'(z + 1) = 2I'(z),
one gets

#n _ VT F(’*TIJrZ)F(L_i) v
WO = A TE 1+ )Tl +1=]) ~ u+1 (€7
such that
2 [B0% (1) + b2 ()] < 2 <%(¢ﬂ+ VIr) V(1Y @)2>
- (%7 * §V2> : (C.8)

Since according to (B.6), a ,,p2 (t+14) = (P1awp, (71))¥(t), we finally obtain

4 2 ,\?
(v, (W) /dpzZ/ dt |(p1 v () * ()" - (57 + 5’}’2>

4 2 4 2 ,\?
_ (gy+§72) wite) = (37+37) @av. (€9
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We remark that for the first-order contribution (linear in v), we get ||[V(Ny| <
éllmv||- The bound é := %7 is sharp and considerably larger than the opti-
mised bound ¢ = Z(% + 2) = v/ypr obtained from the quadratic form estimate
|(4, VO] < ¢ (4, p19) according to Lemma I1.6, viz. é/c = 1.21. This confirms
that (positive) potentials with Coulomb-type singularities belong to the class A of
operators for which the statement (¢, A¢) < ¢ (¢, pv) = (¢, A%¢) < 2 (¢, p*Y)
does not hold. (Another counter-example is the estimate of the Coulomb field with
general wavefunctions (not restricted to the positive spectral subspace), compare
Hardy’s and Kato’s inequality with a bound ratio of 4/7 = 1.27.)

¢) Estimate of |(1, W DWW @) 4)|

To this aim, we make a second partial wave decomposition of (C.3) with respect
to the second variable pa,

W(p1,p2) = Y_pit Y Pt @ (prp) W) U (pe), v ={IM's'}.

vel v'el
(C.10)
It then follows that

Wy, W ) = Z/O dpl/o dpz/o dp}, kv (p1, 1)) avw (P}, p2)

- / dpl ks (P2, 0)) Guwr (01, 23) (C.11)
0

where k,(p1,p}) := bl(szn (p1,p}) + bz(szn (p1,p}) is the kernel relating to W) and

k. (p2, pb) relates to W(2). The factorisation of the kernel of WU (2) allows for
a factorisation of integrals in the generalised Lieb and Yau formula such that (with
p1 and p) interchanged)

(USRS | o [ dee s rp)P L) 1 )
o' 0 0

L) / v, |k (Pl )| ng§ (C.12)
Iy’(p2 = / dp2 |kV'(p2ap2)| gE£Z;

We can estimate I,(p;) and I,/ (p2) as done in the proof of Proposition 1.5 by
functions which are independent of v and v'. Explicitly, starting from mass m # 0
and using (1.4.43) with (1.4.53),

L(p) < lim By (1= Coy(pi/m) < pr lim(1 — inf Gos(pr/m)

=pm [% (g - %) + 7; (g - %)2] (C.13)

where use has been made of the fact that in]fR G, 1(p1/m) is independent of m.
p1ER

From this we get

2 2\ ?
W, WOWE )| < <% G+3) +%(5-2) ) @opimy).  (C.14)
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Appendix D

Proof of the norm convergence of the sequence (Way,)nen of
Hilbert-Schmidt operators for m # 0

As a typical example, we show first that A, := (T + u)~! Cﬁ”(ee, fO(T 4+t
has the property |(1, Ac)| < c-€ and then that B, := (T +pu)~! Rgf)(ee, e) (T+

p)~! also is form bounded by some power of e. ng) and Rﬁ) are defined in
(IL.6.14) — (11.6.16).

a) Estimate of A,
Using the generalised Lieb and Yau formula (I1.3.7) with (I1.3.8) we have

6, Ac)| < o / dpy dps [9(pr,po)* (1o + L) (D.1)

where I; and I, relate to the two parts of the kernel of A.. Estimating
~ (1 _ _ _
|1:|:D(() )(P)l <2, (Em +Epz +N) ! < (Pl +P2+N) 17 (E\pz—p’2+p1| +Ep’1) ! <
(Ip2—pPo+p1|+m)™", (Bp +Ep, +p)~" < (py+p)~" and setting the convergence
generating functions f = 1 and g(p) = p+ 1, we obtain with the substitutions
Q2 :=p5 —p2 for py and g1 :=p; —p1 +p5 —p2 for py,
1 1 €2 1
I < c'ie—dpﬁpz)/d d
P pi At P e 2@+ o —@l+m
_ 1 p2+1
laz +p2| + 4 |a2 +p2| +1°
The q-integral is according to (I1.6.21) proportional to € while the qs-integral is

finite and independent of € except for m = 0. In fact, setting py = m = 0 and
integrating near zero leads to a logarithmic e dependence for € — 0,

1 241
1 1 dz 1 1
2 2 2
dgg ———— = = — = —(In(1 —1 < =In2 lnel.
/0 q> aq2 (@ 1 &) 2/52 > 2(11( +€%) ne) <3 n2 + |Ine|
(D.3)

Hence, I < ci€ + cae|lne| with appropriate constants ¢; and ¢, independent of
p1 and pa. If m # 0, the In e-term does not occur.
For the second integral I, we estimate (Ep, + Ejp; _p,+p|)”" < (m+ [ph—p2+

pil)~" and e=<GLb) <1,
1 1 & 1
L <¢ 7/d das —
2= ot mtnl) MR EIe @) mt |+
1 p2+1

a2 + P2 + 4 a2 +pa| + 17
The qgz-integral is finite and independent of € for all ps. This is trivial for p; = 0

whereas for large p, (with PITI;‘;FH <1 and Appendix A)

(D.2)

(D.4)

1 1 1 1 1 3
dQ2 B} D) S dq2 = T 12 = —.
G+ € a2 +p2| + 4 |q2+p2f +1 % a2 + pe| P2
(D.5)
The ¢;-integral is pathological for p; = 0 when m tends to zero. In fact,

(o] 2 1 2 R _ 1
[ g s = e [ (252 + )
0 qgi +€ q1+m R—oo m* + €* Jo qy + € @ +m
_ me (e
- om?+ €2

€ ™
~ =+ §) < cie + elne + OE),  (m#0). (D6)
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The integral (D.6) diverges logarithmically with m for fixed ¢ as m — 0, and

tends to § if m =€ = % — 0. Thus I» is no longer bounded by € for all p;, pa

when m — 0. In order to include the massless case in the proof, a more careful
decomposition should replace (I1.6.15).
Collecting results

(4, Ac)] < €ll9]]? (¢ + Celne + O(e))
— 0 (e—>0, m=#0) (D.7)

with suitable constants ¢, C.
In a similar way, the operator involving Cl(iz) (fe,ee) can be estimated by the

r.h.s. of (D.7), while the third term, ng) (fe, fe), leads to an estimate which
vanishes to higher order in e.

b) Estimate of Be

We start from
(6, B.w)| < ¢ / dpy dp [ (pr,p2) (i + o) (D.8)

and choose the convergence generating functions f(p) = p and g = 1. Then one
estimates the integral J; corresponding to the first part of the kernel of B, by

1 1

J < —— (1 - e‘s(”lﬂ’z)) /d 1dpy ———5——
P T ptmtp b1 P2 Ip2 — p5[* + €

1 1 1 D1

P2 = Pb +P1 —PiI* + € Elpyppipy| + By Pi+0h+4 Pl
When (D.9) is estimated by setting ¢ = 0 in the two denominators and when
(P} +py+up)~t <1/p) isused, the integral coincides with one given in the proof of
Lemma IT.4. From (I1.5.5) to (I1.5.8), together with the estimate € of the prefactor

according to (I1.6.22) one finds

(D.9)

Ji < de-nm8)2. (D.10)
For the second integral Jo we estimate by setting e = 0 as before and make the
substitutions qs := p, — p2 for p) and q; := qa + p] for pj. Then
1 1

J2 S CI —
C]% |q1 - P1|2 Ep, + Eq,

dai dqg> (D.11)

P1+P2+M/

. [(1 - e—e(p'l-i-p'g)) %] p_ll
Py +pytpl py
In this expression, we can no longer use the estimate (I1.6.22) for the term in square
brackets because the remaining integral does not converge. Rather, we consider the
factor 1 — e~ ? with p := p{ +p5 = |d1 —qe| +|q2 + p2| as a function of z := €.
Then its derivative is

d d 2 5
— _ TP — —z°p
I (z) == <1 e ) 2zpe >0 (D.12)

with its maximum given by max (2zpe=="P) = /2pe~%. Accordingly, one can
T2

Taylor expand,
+ O(z?). (D.13)
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Since f(0) = 0, one has from the mean value theorem the estimate [f(z)| <
2pe_%, and the integral corresponding to the linear term in x provides a

convergent majorant:
M /dq dqy ~ —3 L vh tph L (D.14)
= 1 2 5 — - .
@ lan—pil* Ep + Eyy pi+py+pph

i _ Vi + P 1 1
Estimating (E,, + E,,)~! <1/q: and < < —+ one has
neo R R Y
1
M < /dq1 . do» 1 _ (D.15)
@ la—pif? p1| @ |q —qof?

With the substitution p := q2 — q1, the second integral can be estimated with the
help of Appendix A,

/d_p 1 _ 2m [*dp mPta _ 2r [* dy In y+1 _ (2n)?
pilp+ail?  ado B olp-al  val Vi o lv-1 Va
(D.16)

T . const )
The remaining integral is the same as (D.16) such that M < . Insertion

Vb1
into (D.11) gives
1
Jo < ¢ ————— Mav2e % -p < cyfe (D.17)
pL+p2+p

with ¢ a suitable constant independent of p; and p,.

¢) Estimate of remaining terms
In the remaining three contributions to Wy — Ws,, which contain the factors
Rglf) (ee, fe), Rglf) (fe,ec) and Rg?) (fe, fe), the following estimate can be made,

€2 €2 1

< < —
pP*+e) T pPee? T p¥
which reduces them exactly to the estimate of the operator B, after the additional

€2 in the denominators have been dropped.
Collecting results, we have proved that in lowest order of €,

@, @+ )™ (8 = P (ee)) @+wT )| < et g% (D19)

The operator boundedness follows from (D.19) by means of Lemma I.3.

(D.18)

Appendix E

Estimate of the Jansen-Hess term Bs,, in coordinate space

Our goal is to show boundedness of the integral in (I1.4.24), [ dx' |k(x,x')| Eak

relative to the Coulomb field v/z, for arbitrary mass m > 0.
We take f(r) = z and obtain with (1.4.23) and (1.3.27) for the kernel k of Bs,y,,

1 1
k(x,x') = ¢y [ dp eP* /dp e iP'x /dp”
/ |pII —_ p|2 |pII —_ pl|2

) 1 1
(1 — Do(p" E.1
(1= Do(p") (Ep,, +E,  Ep +E,J,> (E-1)
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with ¢ := ﬁ 1—6”’% We recall the Coulombic integrals,

. 1 272
[ L = 2

iax 1 4m

T

and use the first one for the p’-integral (with the variable shift q' := p’ — p”)
respective p-integral to obtain

1 1
k(x,x') = 2n? — T - L), E.3
(x,x") mco (w’1+x2) (E.3)
V= [dpdpt e e T (1= Do)
p” —p|? Epr + Ep
in'x’ 1 ~ 1
d d n zp 'x — x 1 — .D " .
/ p ap |p,, _p,|2 ( 0(p )) Ep” +Ep’

We make the substitutions q := p”’ — p and q:= p” — p’ for p and p’ in I and
I, respectively. This turns the energy denominators into (Ep» + E|pu_q‘)*1, and
additionally one gets the factor =

Since ||1 — Do(p")|| =2, the symbol class of Ba,, is not changed if 1 — Do(p")
is replaced by 2. Also, it is not changed if in the energy denominators, one sets
q = 0 and drops the mass. Then k is estimated by

|k‘(X,X’)| < 0'27'(200 {% (/dqe_iqx _) (/dpll ip" (x—x") 1”>
(e 3) (frow2)

1 4
C47TC()—' il

z! 7 |x — x/|? (B-4)

with some constant C, using that both terms, resulting from I; /2’ and I,/z, are
equal. Integration over X’ leads with the help of Appendix A to

f(z) y? 1/ 1 1 x
! ! < C.-1— = r- __ - .2
/dx [, %) fl=) — ¢ 472 ¢ dx 2 |x—x'2 2

—c. "l
—C4fyx. (E.5)

Appendix F

Estimate of the second-order two-particle potential C(*?) in coor-
dinate space

We want to prove boundedness of the integral in (I1.5.30),

ﬁ [ dxidxh |k(x1, %25 %], %5)] ;gi,ﬂ %Z; relative to the electron-electron poten-

tial —&—
|x1 xa|*
We choose f(z) = 2 and g = 1. For the kernel k of C'?) we have from (II.5.29)
and (IL.4.10),
1

- F.1
popp Y

k(1 Xa; X, %0) = / dpy dps dp, dp) P11 P2
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1 1 ~(1) ’ (1)
: (1 =Dy’ (P2 —pP3 +p1)) 1 +Dg " (P))
Ip2 —p} +p1 —p}|? {EpQ—p'2+p1|+Ep’1 ’ ’ v

]_ ~ 1 ~ 1 —a lxl i le
b B T By oy (L D0 (1) (1= Dy} —p2+pa))}e Px; P
D1 P>—P2TP;
with ¢; := —(%775—1. We make the substitutions qs := py — p4y for p» and q; :=

p2 — py + p1 — p} for p; such that the remaining integration over p); becomes
trivial. Then,

. 1
k(%2 %,%0) = (2m)Per (s — x5) ( / dagy a2 x) q—)
2

. ]_ .1 !
-/dq1 dp} €91 — P10 X1) (I 4 )

qi
L= —— (1= D (@ +p}) (1+ D5 (p))) (F.2)
Elq1+p’1\ + Ep’l
1 - ~
I := (1+ D (@1 — a2 +p))) (1= DV (P} — a2)).

Elql—qz-i-p’l\ + Elp’l—qz\

The integral in brackets is evaluated by means of (E.2). Since ||1+ ﬁ(()l) [| =2, the
symbol class of C(1?) is not changed upon replacing (l—f)(()l) (a1 +ph))(1 +1~)(()1) ®)))
by 4 in I; and similarly in I>. Note, however, that this is a rather crude estimate.

Moreover, we can replace q; and gz in the energy denominators of I; and I
by zero, and also set m = 0, without changing the symbol class of C(1?). This is
a good estimate since, due to the factors ¢; 2 and a5 2 small values of ¢; and ¢,
give an essential contribution to the integrals. We conjecture that the constant C,
picked up by these estimates, should be 1 < C < 1. We get
272

|x2 — X1

. 1 ) ’ 1
.2 /dq eldix1 _) (/ dpl ezpl(xl—xl) _)
( ' @ ' 2p

1 1 1

%2 — x1| @1 [x1 — x] 2

[k (x1, %231, %5)| < (27)% [er| 4 C 8(x2 — x3)

= (2m)% - 87% |c1| O 5(x2 — x5)

where again (E.2) was used.
With the help of Appendix A, the integration over x},x) leads to

L < dx' X1 .%o X %! f(wl) _g(m2)
(27‘(’)6/d 1d 2 |k( 1, 825 &9, 2)| f(xll) 9(3712) (F4)

1 1 x1 e?
= 8 2 C d ! C T — C
™ lal |>cz—x1|/ MmO

|xa — x1|’

Appendix G
On the relation of the kernels bl(;)n(p, p’) and bl(;T)TL(p, p’) of the
Jansen-Hess operator

In the massless case, we know from Proposition 1.3 that —b; > by > 0 for
subcritical v. We will show that this inequality does not hold for the respective
kernels of b; and by, i.e. there exist p,p’ € Ry such that bl(f)(p,p’) > —bl(sl) (p,p)-
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We start by restricting ourselves to the ground state (I = 0,s = %) and define
form =0

i) == /P + alp/p) (G-1)
f2(p,p') == /0 CZ, [qo(%) - ql(%)] [qo(%) - ql(%)]

such that —by(p,p') > ba(p,p') <= fi(p,p'") > & f2(p,p ) according to (B.4).
First we note that the above inequality holds for p = p’ # 0 since qo(p/p') =

In |ZJ—FZ:|’ and hence fi(p,p') diverges logarithmically. On the other hand, f(p,p’)
remains finite for p # 0,
00 dp" p// p// 2
o) = [T B (0l - a2)) <o @2)
since 9
20() = qw(l/y) =2y + 51/3 + 0(y°) (G.3)
4
@) = a(/y) = 3v* + 0" for y — 0.

Let us now for fixed p € R, consider the behaviour when p’ tends to infinity.
Then from (G.3),

2p P
filp,p) = 7 + 0(5)2- (G-4)
We will show that fo(p,p') behaves like h;f’l for large p'. Since go(y) > ¢1(y) for

small y # 0 (see (G.3)), we need only consider g in the second square bracket of
(G.1). We split the remaining integral into two parts,

he= [ L (02 - a)) w)

p p p p
[e.e] dpll pll pll pll
I := /1 ' (%(;) - q1(;) QO(F)- (G.5)

Recalling that go(p"/p') ~ %’,I for p' = oo, and qo(p"/p) ~ 1% for p"" — oo, it is
obvious that I decreases weaker with p’ than ~ z%' To make this more explicit,
we subtract and add the asymptotic behaviour of go(p” /p),

Iy = In1 + I, (G.6)
oo dpll pII pII 2p pII
121!=/ G(—) —al—) — =) @l
T (p) (p) T (p,)
oo dpll pII
122:=2p/ —g Qo\—)-
1 P2 (P' )
. 3 2 1"
From (G.3), the integrand of I5; behaves ~ 1% (%p% - %,,I')'z) . ’;—, for p' — oo

and p" large, such that the p”-integral is convergent at the upper limit, giving
I ~ % for p' — oo.
The integral I5; can be evaluated analytically. Let z := 1/p", such that with

q:=1/p,

I, = 2p/ dx +1/pl| =2 / dz (In(z +¢q) — In|z —q|) (G.7)

Inp'
= 2p[(14+q)In(14¢q) — 2¢lng — (1 —¢q)In(1 —q)] — 2p(—2¢qIng) = 4p o

for ¢ — 0, i.e. p’ = oco. It remains to show that I; ~ 1% for p' — oo such that the
logarithmic singularity is not cancelled. But this is trivial since the integrand of I;
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is finite both on the upper and lower integration limit (or in case of p” = p =11t
has an integrable singularity). This proves that

cplnp
pl
such that ;- fo(p,p’) > fi(p,p') for arbitrary v > 0 and sufficiently large p'.
It can easily be shown from the behaviour of ¢;(p" /p') for higher [ that
b2 (p, ')
—b2(p,p)

fa(p,p') ~ for p' = oo (G.8)

~ ¢lnp for p' — o0 (G.9)

holds also for [ > 0.
We remark that a numerical calculation reproduces this singular behaviour for
m = 1, such that due to the scaling property (1.4.35) it holds true for all m.

Appendix H

Estimate of the second-order contribution to the virial theorem
for b,,

The operator T4 defined in (1.5.26) is given explicitly by

1 1
no._ "
Ty(p,p') :== /dp p—p" [p" - p']?

p 2 [ m ( 1 1 Ll 1 )
2Ep” (Ep// + m) Epll Ep/ Epl + Epll Ep EP + Epll
N ( 1,1 ) 1, m
Epl —|— Epll Ep + Epll Epu Ez,,
Al

tob oy PP [ﬂ (L; . L#)
poop 2By (Ey +m) |Epr \Ep Ep + Ep Ep Ep + Epr

n ( 1 n 1 ) 1 + m
Epl + Ep// Ep + Ep// Ep/ Ef)”

+ op” op —pp" m 1 + L
P OP SR (B, +m) |Ey \Ey(Ey + Ey)  E,(E,+ Ey)

+( 1L, 1 ) L, m
Ey +Ey ' E,+Ey ) \E,  E2,
+

ey pp' (Epr +m) [ m ( 1 1 1 1 )
—opop =+ =
2Ep (Ep +m)(Ey +m) [Epr \Ep Ep + Ep Ep Ep+ Ep:

n ( 1 n 1 ) 1 + 1 1 + m
Epl + Epli Ep + Epll Ep Epl Ep” Ez,,
We demonstrate the procedure of estimating the integral over T>(p, p’) intro-
duced in (1.5.27) for one particular term,

. . p/p// m 1
I .= do'dp" |ob" b’
/ P ap | P p | 2Ep” (Ep' -+ m) Ep" Ep Ep + Ep/l
1 1
f(p) (H.2)

p—p"? p"—p'? f¥')
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"

We take f(p) := p®/?/(E, + m) and make the substitutions q" := P and q =
mq

!

mI;q” for p” and p/, respectively. We estimate |op” op’| by 1 and set q := p/m.
Then the angular integrations can be performed with the help of (A.1), such that

1 1 o 1+

I < 27%¢* / d¢' — In ‘
VE+1 VeE+1+1 Jo gz [1-¢
o0 " ]_ + q” ]. 1

. dg"q’% In H.3
/0 1— q// (qqu)2 +1 \/qz) +1+ \/(qq”)Q +1 ( )

We estimate the last factor with the help of \/(gg")? +1 > 1 and then use the
estimate (1.5.28) to obtain

1/q 1"
I < 47r3q4 L L dq"q”% In 1+q”‘
VE+1 V@ +1+1)2 |Jo 1—¢q
1 o0 1 1 11
+ = dq" — ln‘ +q”
7 Ji/q q 2 l—gq
1 4 1
- ol
VE+1 (V@ +1+1) 5¢¢  |1—4q
2¢> 1 2 1 4
+<i—2) arctan — + (1—(1—) ln‘ Vv + —= q]. (H.4)
5 Va 5 1-./q 15

Due to the above choice of f(p), the r.h.s. of (H4)~ q® for ¢ — 0, assuring that
its contribution to M>(q) defined below (I.5.28) is finite. The integrals occurring
here and in the remaining contributions to T3 are listed in Appendix A, starting
from (A.11).

It should be noted that the Sobolev representation for the Jansen-Hess operator
cannot be used in the virial theorem. The reason is that the transformation opera-
tors U} in (1.4.1) linking b,, and BY do depend on the mass m and hence influence
the derivatives.

Appendix J

On the expectation value of Fy in the positive spectral subspace

We will show that for the first-order expansion term Fy of the exact projector
P, one has (¢,Fop) =0 if ¢ € Hy n.

For a state v in the positive spectral subspace of the free Dirac operator, one
has for any l € {1,..., N} : AS:) 1) = 1. Therefore the expectation value of Fo(l), l
specifying the particle on which Fj is acting, can be written in the form

W, B ) = WP w, RO AD ) = @A B AL ). (7.1)
Dropping the index ! again, we use the relation (1.3.26) between the symbol and
the kernel of an operator to extract from (I1.3.19)
ot 1 1
21)* |p—p')* Ep + Ep
such that the r.h.s. of (J.1) is written as

v 1 / / , 1 1
AL Fo Ay ) = — - dQ [ dpd
(¢ + 1L'0 +,¢}) (277')2 4 REN—3 Q P ap |p_p,|2 Ep+Epl

kr,(p,p') = 1 (1 = Do(p) Do(P"))  (J.2)
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-o(p) (1 + Do(p)) (1 — Do(p) Do(p")) (1 + Do(p)) vo(®),  (33)
where @ comprises the coordinates (respective momenta) of the remaining N — 1
particles. However, it is easily verified that

(1 + Do(p)) (1 = Do(p) Do(p")) (1 + Do(p") = 0 (J.4)

since D} = 1. Thus (¢, Fo ) = 0.
We want to add that also A_ Fo A_ =0, such that Fy = Ay FoA_ +A_Fy A4
is an odd operator. (However, ||Foy|| # 0 for ¢ € Hy n, see section IL.5.)

Define now a multi-particle operator A(mk) Fél) with [ # n,k. (In our case of
interest, A(™F) .= V' (7k) ) Since for ¢ € ‘H n one has ASP@b = 1), the expectation
value turns into

(1, A0 F g) = (, 400 AP 7O AP v) (3.5)

because AS? commutes with A for distinct particles. However, the r.h.s. of (J.5)

vanishes since AS? Fo(l) AS? =0 as shown above.
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Notations

YBR

Hy )5 (R?)
Hq(R?)
Im 2z
ka(p,p’)
L2(R3)

Ay
A_
No
Q,
DO
R

Ry
Re z
S

01,02,03
o(H)
Oac(H)
aess(H)
op(H)
osc(H)
T

T,
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antisymmetrisation with respect to interchange of two particles
operator A relating to the n-th particle

adjoint of operator A

symbol of operator A, defined by

(Ap)(x) = (2m)~% [ dpa(x,p) €P*G(p)

Fourier transform of symbol with respect to x

AB — BA (commutator of A and B)

vector of Dirac matrices in C**

I
( _I)€C4’4

complex space

free one-particle Dirac operator

Dy/|Do| (an operator of norm unity)

dilation operator, defined by dgii(p) = 8~ 2(p/6)
area element on the unit sphere S?

Mellin transform, defined by f#(t) = (2r)~2 [ dp f(p)p~~>
0

potential strength

2/(5+2)

critical potential strength

1.006

gamma function

Dy +V (Dirac operator)

Hilbert space (complete metric space with scalar product)
Ay (Hypp(R?) x CY)

AE:) ®---® ASFN) A(Hy/2(R®) x C*)N, N the number of particles
Sobolev space of order 1/2 (form domain of Dy)

Sobolev space of order 1 (domain of Dy)

imaginary part of z

kernel of operator A, defined by (Ap)(p) = [dp' ka(p,p’) ¢(p')
Hilbert space of (equivalence class of) square-integrable functions
with domain R?

projection onto the positive spectral subspace of Dg
projection onto the negative spectral subspace of Dy

space of natural numbers NU {0}

vector spherical harmonic

pseudodifferential operator (defined by its symbol)

real space

positive real space

real part of z

Schwartz space of infinitely differentiable, rapidly decreasing
functions

Pauli matrices in C?-2

spectrum of H

absolutely continuous spectrum of H

essential spectrum of H

point spectrum of H (set of eigenvalues of H)

singular continuous spectrum of H

kinetic energy operator

translation operator, defined by Top(x) = p(x + a)



(" )
(¢, 8)

~

~

(2,9)
Il

[l 4l
14l

unitary transformation operator

—v/z (Coulomb potential), except in section I1.2.d
spherical harmonic

space of negative integers

scalar product in the Hilbert space Lo

J dx ¢(x) $(x)

Fourier transform of ¢

Jdp &(p) ¢(p) = (¢,9)

norm in Ly(R?)

(Ap, Ap)t/?

sup [|Ag]|
leli=1
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