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Abstract

The goal of my Ph.D. thesis is to achieve a better understanding of the process of pair creation in
strong laser fields. Due to the advance in laser technology the currently attainable field strengths
start to approach the predicted limit where positron-electron pair production could appear. The
available theoretical results so far are based on work done by Schwinger (1951) and Brezin & Itzyk-
son (1970). It is questionable, though, wether these results are applicable to electromagnetic waves
at all. Hence, we believe there is a need for a rigorous treatment of this process. We start with
a different ansatz and develop an adiabatic perturbation theory with respect to Hilbert-Schmidt
norm which is applicable to electromagnetic waves. We implement this into the Fock space for-
malism of external field QED and rigorously derive estimates on the transistion amplitudes from
the vacuum state into every (n, m)-particle-antiparticle state for finite times. An order of mag-
nitude estimate, using these results, shows for common laser parameters that the necessary field
strengths most likely have to be at least a couple of orders of magnitude higher than what has

been suggested so far. In the adiabatic limit of vanishing frequencies there is no pair creation at
all.

Zusammenfassung (Translation of Abstract)

Das Ziel der vorliegenden Arbeit ist es, ein besseres Verstindnis der Paarerzeugung in starken
Laserfeldern zu etablieren. Durch den Fortschritt in der Lasertechnologie werden die verfiig-
baren Feldstiarken in absehbarer Zeit die notwendige Grenzen erreichen werden, die fiir diesen
Prozess vorhergesagt wurde. Die bisher verfiigbaren Resultat hierzu basieren hauptsichlich auf
zwei Arbeiten von Schwinger (1951) und Brezin & Itzykson (1970). Es ist jedoch fragwiirdig ob
die Ergebnisse dieser beiden Arbeiten korrekterweise auf elektromagnetische Wellen angewandt
werden kénnen. Daher glauben wir, dass eine rigorose Behandlung dieses Prozesses notwendig
ist. Wir verfolgen einen anderen Ansatz und entwickeln eine adiabatische Stérungstheorie bzgl.
der Hilbert-Schmidt Norm, die auf elektromagnetische Wellen anwendbar ist. Wir implemen-
tieren diese im Anschluss in den Fockraum Formalismus der externen Feld QED und leiten,
in mathematisch rigoroser Form, Abschitzungen fiir die Ubergangsamplituden vom Vakuum
in jeden (n, m)-Teilchen-Antiteilchen Zustand ab. Mithilfe dieser Ergebnisse fithren wir eine
Groflenordnungsabschitzung fiir ibliche Laserparameter durch. Diese zeigt bereits, dass die
notwendigen Feldstirken sehr wahrscheinlich mehrere Groflenordnungen hoéher seien miissen
als bisher vorhergesagt. Im adiabatischen Limes von verschwindenden Frequenzen ist die Paar-
erzeugungsrate identisch null.
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Preface

Pair creation is a feature of quantum electrodynamics (QED) which has thrilled physicists since
the discovery of the Dirac equation 90 years ago. Numerous experiments and theoretical stud-
ies have been carried out to investigate this phenomenon. Whereas in high energy physics pair
creation is a well established and understood effect this cannot be truly said about strong field
QED. In this region, where the electromagnetic fields are of low energy but high intensity, we still
lack experimental verification of many theoretical predictions. The necessary field strengths are
simply to high to have been produced in the laboratory up to now.

Since the 1960’s high intensity lasers have been suggested as a possible source of strong electri-
cal fields to produce electron-positron pairs in the vacuum. While the necessary field strengths of
around 10 have been out of reach for the last decades, current technological progress in laser
technology starts to approach this limit. The ELI-NP facility' in Romania reaches field strengths
of 10° and the fourth ELI Pillar currently in the development stage will add one more order
of magnitude. Hence, at least the next generation laser facility should bring this side of QED
into the realm of experimental verification. Almost all available theoretical studies (see [MP77],
[AHR*01], [Pop01], [Rin01], [NBMP04], [BPR*06], [BET*10]) concerning this topic are based
on a computation by Schwinger [Sch51] from 1951. In that paper Schwinger computes the pair-
creation capability of a static, homogenous electrical field. Such a field, however, describes ap-
proximately the situation in a plate capacitor but is certainly qualitatively different than an elec-
tromagnetic wave. Because of this theoretical ambiguity and the upcoming possibility of experi-
mental verification, we feel the need of a thorough analysis of the current state of research and a
rigorous treatment of the process of pair creation by strong laser fields. This effort will prove to be
a challenging theoretical exercise, touching various fields of mathematical physics and hopefully
helps to shed a little bit more light onto the process of pair creation by strong fields in QED in
general.

The intuitive picture we have in mind is Dirac’s hole theory which is common in strong field
QED (see e.g. [GMRS5]). Heuristically speaking, pair creation happens if a negative electron
from the Dirac sea is lifted to positive energies. In principle, there are two processes which could
be responsible for such a behavior. Either the electromagnetic field creates bound states in the
mass gap which wander from the negative energy continuum to the positive over the course of
time. Given this, it has been proven by Pickl [Pic05] that pair creation actually exists. This is
usually referred to as spontaneous or adiabatic pair creation. However, analyzing the spectrum of
the Dirac operator corresponding to an electromagnetic wave reveals that no eigenstates exist in
the gap at any time (see Chapter 3). Hence, this is ruled out. The remaining second possibility
of crossing the mass gap would be due to a tunneling process. An electromagnetic field generally

lwww.eli-laser.eu



2 Preface

changes the spectral subspaces. Thus, if the field is time-dependent the negative and positive
spectral subspace can rotate into each other which in turn could result in a production of an
electron-positron pair. To control such a behavior we observe that usual lasers in the range of
A =1nm - 1ym vary a thousand to a million times slower with respect to time than solutions of
the Dirac equation. We can therefore employ adiabatic perturbation theory to control the time
evolution of a solution to the Dirac equation.

The major difficulty hereby is that we have to control the time evolution for any electron in the
Dirac sea, i.e. for the whole negative energy spectral subspace. It turns out that the most chal-
lenging obstacle for a rigoros proof of adiabatic behavior is to show the regularity of the spectral
projections onto this subspace. The usual method which employs Cauchy-Riesz integral formula
only works if the spectral subspace corresponds to an isolated part of the spectrum. This is cer-
tainly not the case for the complete negative energy subspace. Hence, we have to develop a new
method to prove the differentiability of the spectral projections in dependence of the external
field.

To establish this method we have to switch to generalized Fourier space for the Dirac operator.
For the theory of generalized Fourier transform for the Schrédinger operator one needs a result
from Kato concerning the behavior of solutions to the Schrodigner equation at infinity. There
exits no comparable result for the Dirac operator. Therefore, we prove in Chapter 2 a similar
result (Theorem 2.6) for the Dirac equation. Chapter 3 is then devoted to develop the theory
of eigenfunction expansion for the Dirac operator with vector potential together with certain
regularity properties of the generalized eigenfunctions. In Chapter 4 we introduce the spectral
projections onto positive and negative subspaces. Due to the influence of the external field they
will be explicitly time-dependent. Furthermore, we explain how electrons with negative energy
are connected to positive energy particles with positive charge.

We go on and use this preliminary work to develop our method for the regularity of the spectral
projections with respect to time-derivatives. This is the content of Chapter 5. We then conclude
the first part of this thesis with Chapter 6 and a thorough discussion of the adiabatic theorem.
We start of with a detailed heuristic argument and explain how adiabatic behavior arises from
negative interference. The two main results are then given in Theorem 6.1 and Theorem 6.3. In
the first theorem we use the previous work to prove a first order adiabatic theorem for the negative
energy subspace of the Dirac operator with vector potential. We are able to state the error in a
concise form. Furthermore, we find that with our method of deriving the time-derivatives of the
spectral projections it is easy to extend the adiabatic theorem to Hilbert-Schmidt norm. This is
the content of the second theorem and is very important in the context of second quantization.
A nice by-product of the second theorem is the Hilbert-Schmidt property of the odd terms of
the time evolution, P; U(¢,s) P} for a wide range of vector potentials. This is important for the
existence of a time evolution in the second quantized theory. We therefore state it as a single result
in Corollary 6.4. We finally also give a rigorous procedure how both theorems can be extended
to higher order adiabatic perturbation theory depending solely on the regularity of the external
field. We work it out explicitly up to second order including all error estimates.
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The second part of this thesis is devoted to the external field model of QED which is the com-
mon theory to describe strong field effects in QED (see e.g. [GMR85]). The formulation of our
problem in the second quantized context poses some difficulties. Usually, external field QED
is stated for one fixed Hilbert space - the Fock space. However, due to Shale and Stinespring’s
criterion [SS65] and results of Ruijsenaars [Rui77] we know that the time evolution can only be
implemented on Fock space if the vector potential vanishes. Hence, we are not able to describe
the time evolution of an electromagnetic wave in external field QED with a time-independent
Fock space.

However, this problem can be overcome if one requires the Hilbert space of the second quan-
tized theory to be time-dependent as well. This suggestion was first developed by Deckert et al.
[DDMSI0] in context of a rigorous formulation of the Dirac sea - called infinite wedge spaces.
We adopt this idea of time-dependent Hilbert spaces and develop a time-dependent Fock space
formalism in a constructive way in Chapter 7. We proceed with a motivation and definition of a
time evolution on such a family of Fock spaces in Chapter 8. In Theorem 8.6 and Theorem 8.7
we prove the Shale-Stinespring criterion for such a time-dependent Fock space formalism. To-
gether with Corollary 6.4 from before this shows that the time evolution in such a context indeed
exists for a wide range of vector potentials as external fields. Furthermore, Theorem 8.6 gives an
explicit expression of the time evolution of the vacuum. This state is in general not the vacuum
state anymore which is the key difference to the usual time-independent Fock space theory and
allows for e.g. pair creation. Moreover, as the time evolution of the creation and annihilation
operators is known due to Definition 8.1, one can use Theorem 8.6 to state the explicit form of
the time evolution of any state in closed form. Chapter 9 closes the second part of the thesis with
an application of the previous results to establish what we call “Adiabatic perturbation theory in
QED”. Theorem 9.1 combined with the results from Chapter 6 can be used to show an adiabatic
behavior for the particle-number subspaces of the Fock space. However, the results from Theo-
rem 9.1 and Theorem 9.4 are more general than adiabatic perturbation theory. They establish an
explicit and direct connection between the transitions of the one-particle Dirac equation and the
second quantized theory, proving that the intuitive picture of the Dirac sea is indeed correct in
terms of the second quantized theory. Furthermore, they can be used to compute the explicit pair
creation rates directly from the one-particle transition amplitudes.

In the third part of the thesis we finally analyze the pair creation capabilities of strong laser
fields. We start off with Chapter 10 and 11 where we examine the current state of research on this
topic. We explain how the Klein paradox and the Schwinger mechanism are connected and how
their physical origin can be understood. In Chapter 12 we examine the possibility of testing the
Schwinger mechanism with the help of lasers. To this end, we apply the theoretical framework
which we developed in the first two parts and formulate the main result of this thesis in Theorem
12.1. This allows one to estimate pair creation probabilities in principle for arbitrary changing
electromagnetic fields. Through a first order of magnitude estimate using common laser param-
eters we find that the necessary field strengths to observe effects of pair creation most likely have
to be at least multiple orders higher than what has been proposed so far.






Part |I.

One particle equation






1. The Dirac equation

1.1. Introduction

After the discovery of the Schrodinger equation and the rise of quantum mechanics people started
to look for a relativistic analog. Due to the correspondence principle of quantum mechanics,
where we replace classical quantities with operators, in particular E - i and p - —ihV, we
see that the Schrodinger equation amounts to the non- relativistic energy- momentum relation

2
E:p—+V.
2m

Hence, an equation which stems from the relativistic relation
E2 = 2p* + mct
had to be found. The closest guess is probably the Klein- Gordon equation

82
_hzﬁlp

-2 (_hzvz) v+ micly,

which was actually discovered by Schrédinger before his famous non-relativistic equation. The
Klein-Gordon equation certainly fulfills the relativistic energy momentum relation but poses
problems if one would like to interpret it as a quantum mechanical evolution equation. For a
solid probabilistic interpretation one would like to have a continuity equation for the probability
density. The continuity equation corresponding to the Klein- Gordon equation is

ih

2mc?

a _ —
Vj+—p=0 with p= (-0 —0:y-y) .

ot
As the Klein- Gordon equation is a second order differential equation we can choose the initial
values ¥ and 0,y arbitrarily at some point in time and thus p can very well be negative which
makes no sense in a probabilistic interpretation. The equation was therefore rejected as a rela-
tivistic quantum mechanical evolution equation. Dirac saw that one needs a wave equation which
is of first order in time to avoid such problems. His ingenius idea was to linearize the energy- mo-
mentum relation

E=cap+mc*B,

such that its square yields the right result. This is certainly not possible for @ and f being plain
vectors or scalars as one obtains the following necessary conditions

{aiaj} =28;;, {af}=0 and p*=1.
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It can be shown that in three dimensions these matrices have to be at least 4 x 4 matrices (see
e.g. [Tha92]). Dirac himself introduced a set of matrices which fulfill the relation above and are
nowadays called the standard representation,

0 o 1 0
“":(a,- 0)’ ﬁ:(o —IL)’

where o; are the well- known Pauli matrices and 1 is the 2 x 2 identity matrix. Following the
correspondence principle we arrive at the famous Dirac equation

ih%y/ = —ihcaVy + mc*Py. (L1)

We see that y is not a complex valued scalar function anymore but instead a four component
vector. These extra degrees of freedom can be expected to decribe the spin of an electron. Why
we end up with a four component object instead of two will be discussed in the next chapters.
The associated continuity equation has now a clearly non- negative density

4
p=v'y =2V =l
j=1

and can therefore be interpreted as a probability density.

In theoretical physics one often sets the physical constants which appear in equations equal
to one out of notational convenience. This corresponds to a change of the units we measure the
physical quantities with. We can do so explicitly with Dirac equation by dividing it with mc?
which yields

zi2 —(—ii(xv +[3)
mczatw_ me v

By choosing new variables of time and space

2
mc mc
t'=——+t and x'=—x,

h h

we get the Dirac equation in natural units

.0
z%y/—( iaVy +B)y.

Our choice of units simply means that we measure time and space in quanta of the natural time
and the reduced Compton wave length
X

3
t'=— and x'=_—,
T zc
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with

Besides notational simplification there is more to this choice of units. Think of a time dependent
plane wave

_ ( t x )
sin| =-—] .
T 2mA
The scaling constants T and A determine the scale on which this plane wave varies significantly.
Assume furthermore that this plane wave is a solution to a differential equation. Then the only

way these scaling constants can enter the solution is if they where already present in the partial
differential equation (PDE) like

)

J
Tal// = —27'[Aal//

The rescaled Dirac equation above is free of any constants. Thus, any solution y(¢') is a solution of
solely #' without any additional scaling constants. Thus, we can deduce that wave functions which
are solutions to the Dirac equation “live” on the time scale ¢’ which is measured in terms of the
natural time 7. In SI units we have approximately 7 » 1,29-107%' s. This becomes important when
we add a time- dependent external field to the Dirac equation which varies slowly compared to
the wave function. This is covered in detail in Chapter 6. For the remainder of this work we will
always use natural units unless explicitly stated otherwise.

1.2. Free Dirac equation

We give a brief review of the mathematical basis of the free Dirac equation in this section. A more
thorough discussion of the Dirac equation can be found in [Tha92]. To use the Dirac equation
in a quantum mechanical context we need a proper Hilbert space to formulate our theory on. In
ordinary quantum mechanics this is the space of square integrable functions L2(R* - C). As we
have seen in the previous section the Dirac hamiltonian acts on four-component functions. Thus,
the natural choice is a four-component function with each entry being square integrable,

H=1*(R® > C)®C*,

The canonical inner product on this space is given by

(o) = [0 @v@Ex= [ 5 @wdx.
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Like in Schrodinger mechanics, we would like the differential operator D = —iaV + 3, which
appears in the Dirac equation, to be self-adjoint, so we can formulate a quantum mechanical
theory in the usual manner. This is the case as —iaV + 3 is essentially self-adjoint on C{° (R?) x C*.
Its closure , which we denote by Hy, is then self-adjoint and its domain is given by D (H,) =
H'(R3) ® C* which is a dense subspace of H. For a proof of this see e.g. [Tha92, Sec. 1.4.4]. The
free Dirac equation on this Hilbert space is then

d
i~ () =Hoy(1), (12)

where (y(t)), is a family of wave functions in D (H,). Due to Stone’s theorem we know that
every solution is given by y(t) = exp (—i Hy ¢)y with initial state (0) = y. This setup now allows
for the usual Born interpretations of quantum mechanics. In particular, |(¢, v)|” is the probability
to find the wave function y to be in the state ¢ and for any self-adjoint operator A

(v,Ay) foryeD(A),

is the expectation value of the measurement of the observable A. Furthermore, it follows from
Born’s general rule that the result of every measurement of the observable A has to be in the spec-
trum of the operator A (see [Tha92]). The troubles with the one-particle Dirac theory start here.
The spectrum of the free Dirac hamiltonian is o (Hp) = (-0, —1] U [1, 00) and as the hamilto-
nian is usually interpreted as the energy operator an electron can be measured to have arbitrary
negative energy. This is actually a relativistic effect which also appears in classical mechanics
and stems from the energy- momentum relation which has positive and negative solutions. In
classical mechanics however we have a sharp distinction between positive and negative energy
solutions and the latter ones are simply discarded as unphysical. This is not so easy in a quantum
theory. Assume that the electron is coupled to an electromagnetic field which obeys the laws of
quantum mechanics. It could then spontaneously emit radiation and thus become a negative en-
ergy solution. If the electromagnetic field is not quantized but behaves classically, i.e. if we have
an external field such a transition is still possible if this perturbation varies with time. This will
be the context of the remainder of this work. Only for a constant electromagnetic field one can
distinguish solutions according to their energy which is done e.g. when one applies the Dirac
equation to the Hydrogen atom. But even then (or in the free field case), if we restrict the Hilbert
space to only positive energies one can show that either the usual concept of localization breaks
down, i.e. every electron has a non-vanishing probability to be everywhere in space or particles
have non-vanishing probability of superluminal propagation and thus violate the concept of rel-
ativity (see [Tha92]). Hence, we can conclude that it is in general not possible to simply neglect
the negative energies. In turn, not only does this bring up the obvious question what negative
energies are supposed to mean but it would lead to a radiation catastrophe! where the electron
falls down the energy ladder trying to reach the ground state and thereby radiating an infinite
amount of energy. This is a scenario which does not take place in nature. All of this cannot be

UTf the electron is coupled to a radiation field.
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really resolved within the framework of the one particle Dirac theory. We will discuss this in the
last section of this chapter and finish here our brief survey of the free Dirac equation with the
Green’s function for the Dirac equation.

The resolvent of the free Dirac hamiltonian is defined as the inverse operator of Hy —z for all
z € C~ o (Hp). It is a bounded operator on the Hilbert space H, and has the following integral
representation (see e.g [Tha92])

(Ho=2) " [v] () = [ Glx-p)u(y)dix,
with

ax eik(z)\x|
G(x)=|i—+k—+8+2z (1.3)
) =5k he) o

where k(z) = \/z? — 1and the branch of the square root is chosen such that Jk(z) > 0. If we allow
z to take on any values then G, is certainly not the resolvent kernel anymore but we can still make
sense out of it if we change the function space of the resulting integral operator. Let f € L (R3 -
C*) forany 1< p < oo andlet D — z = —iaV + f§ — z be the Dirac differential operator. We would
like to find solutions in L} (IR3 - C*) to the inhomogeneous partial differential equation (PDE)

(D-2)u-=1,

for some z € C. A common method to solve such equations is by the fundamental solution which
can be understood as the integral kernel of the inverse of the differential operator D - z. For then,

up(x) = (D=2)" f (%) = [ Glx9)f () &y,

is a particular solution of the PDE and G(x, y) is the integral kernel of the inverse of (D - z). A
general solution is achieved if we add the solution of the homogeneous equation

u=un(x)+up(x).

To impose any boundary conditions one uses the solution of the homogeneous equation with
boundary conditions and requires that G(x, y) = 0 for x on the boundary of the domain. Such a
G(x, y) is then called Green’s function of the problem. To find the fundamental solution to the
free Dirac equation we start with the resolvent kernel as it certainly has the desired properties on
L? already. Let

forall zeC,

ax ax eik(2)l]
G(x)=|i—S+k—+P+z
) ( R )4n|x|

|x
with k(z) as above and G,(0) = 0 for x = 0. An easy computation shows that
(D-2)G,(x)=0

for x # 0. The next lemma proves that this definition is indeed the fundamental solution for the
free Dirac equation.
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Lemmall. LetzeC, f e L! (R~ C*), and such that

[ Gx=nfO &yl @.C),
for any 1< p < oo. Then the following holds in a weak sense,
iav+f-2] [ G.lx-pf()dy = f(x).
Proof. Note first, that

[Le@G.x-n@x. [ p(x)G.(x-»f(y)dydx and

are well defined for any ¢ € C3°(R* - C*). Thus, we have for all ¢ € C5°(R?

ng ([iav.+ B -2z ¢(x)) G.(x - y) & =
- [, (CiaT B2l p(x)) Gulx = 1) () &
+ /Be(y) ([~iave+p-z]9(x)) G.(x - y) d’x =
=i (y) + L(y).

For the first term I¢(y) we get with integration by parts?

)= [, 016 (o) =G - y) do

[ 9@ (De-2) Gulx - y) P -
R3\B:(y)
=1i(y) + 13(y)-
The first term is with the definition of the Green’s function equivalent to
N
EO) = [ ¢i(x+y) (-ia) ZGu(x)d0 -
98.(0) x|

eik(2)lx]

47 |x|

- F e 0D |( k) |+/3+z)

= Ki(y) + K3(y) + K5(y) + Ki(y) -

[ efdx,

- C)

2The outward pointing unit vector # to the subset Q = R® \ B,(y) is minus the outward pointing unit vector to the

x=y

sphere B,(y), thus n = — eyl
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Using the anti-commutation relations for the Dirac matrices, {«;, oy } = 20y, we can evaluate K¢
to be

|x|2 eik(z)lx] eike

K¢ :/ ¥ = =

(x+9)dQ =
faw"’(" »)
eiks

= T dQ .
471e? »/;Bg(y) ¢ (x)

The three terms K3, K5, K{ can be easily determined by noting that ¢ is bounded on R?. Thus we
can e.g. estimate KJ by

o 1 !
K<k [ B L g0 <k — [ do-
K5 (y)] < k(2) aBe(o)|<p(x+y)||x|z4ﬂ p @ supletl 22 [h o

= k(z) sup |o(x)| e

xeR3

where || is the usual euclidean norm extended to matrices(also called Frobenius norm). There-
fore, we have

lin(}Kﬁ(y) =0.

uniformly in y. The other two terms are treated completely analogous. As (D, —z) G,(x—y) =0
for x # y we immediately have Jé(y) = 0 for all y and € > 0. For I5(y) we have

B) = [ ([iaves f-zlp(x) Gulx—y) dx =

o eik(z)\x|

= ‘/;38(0)([—iavx+[3—z](p(x+y))T(i|—2+k(z) |x| +[3+z) prpe &Py =

x|
= Li(y) + L3(y) + Li(y) + Li(»).

For the first term we get again by noting that ¢ and V¢ are bounded

1
47 |x|

LON<C [ | (eplespl+ B-allple+p)l) e s

< (s g+ 18- lswploCel ) [ s

xcR3 xcR3 ¢(0) 47T|x|2

_c (sup ()] + 1§~ <l up |<P(x)|) .

xeR3

hence

lin&Lf(y) =0.



14 1. The Dirac equation

uniformly in y. The same argument holds for L§ through L. Because all vanishing terms tend to
zero uniformly in y we have

. ([-iav,+ B -z] 9(x)) G, (x—y)dx =

eiks
[ ¢lx)da=¢'(y),
9B.(y)

= lim
e—>0 4772

where we used the spherical mean in the last step. This then proves the statement as

fw ([-iav.+B-z]g(x))" (fR G.(x - y)f(y) d3y) & = fR o' (%) (x) dx.

1.3. External fields

In this chapter we will extend the previous discussion on the free Dirac equation to external
fields. We denote a possible time dependency of the external field by adding a subscript ¢ to all
the entities. In general one has an electric potential ¢ and a magnetic vector potential A for which
the free Dirac equation changes to

(1) = (Hy+4,) y(0) = Hoy(0), L)
where A, is the operator of multiplication defined by the function A(x,t) = ¢(x,t) — aA(x, t).
As before we would like to have a unitary operator which gives the time- evolution of any wave
function y but due to the time dependency of the hamiltonian this cannot be a one-parameter
group anymore as the initial state of the hamiltonian is now part of the initial condition. The
necessary features of a so called time evolution for a time-dependent hamiltonian are captured in
the following definition.

Definition1.2. A time evolution on a Hilbertspace H is a two-parameter family U (s, t) of operators
satisfying
U(s,r)U(r,t) = U(s,t) forall s,r, t € R

~

2. U(s,s) =idy foralls e R

w

the mapping (s, t) — U(s, t)w is continuous for all y € H
4. U(s, t) is unitary for all s, t € R.

To ensure the existence of such a time evolution for our case we need to impose some technical
properties on the external field. The next condition is certainly not the most general one but it is
nice and simple and will suffice our needs.
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Condition A. Let the external field ¢(x,t) and A(x,t) be real valued, continuous in t and such
that A, is a bounded operator on L*(R?> - C*) ® C* for all times t € R.

In this case it is easy to see that the hamiltonian is self-adjoint on a common domain for all
times.

Proposition 1.3. Let the external field fulfill Condition A. Then the operator
H, = Hy +4, (1.5)
is self-adjoint on D(H,) = D(H,) = HY(R?) @ C* forall t € R.
Proof. Use Kato-Rellich. ]
The next proposition ensures the existence of a time evolution to eq. (1.4).

Proposition 1.4. Let the external field fulfill Condition A. Then there exists a time evolution satis-
fying

i%U(t,s) =H,U(t,s) (1.6)
i%U(t,s) =-U(t,s) H

and D(Hy) = U(t,s)D(H,) for all t,s € R. The solution to eq. (1.4) is given by
w(t) = U(t,s)y with initial conditon yeH.

Proof. Due to Condition A the prerequisites of [Tha92, Thm 4.10] are fulfilled. Thus, there exists
a time evolution and y(¢) = U(¢,s)y is a strong solution to eq. (1.4). O






2. Kato's theorem for the Dirac equation

In the subsequent chapter we will introduce the so called eigenfunction expansion of the Dirac
operator with external vector potential. An important ingredient in the theory of eigenfunction
expansion for the Schrodinger operator is a result of Kato [Kat59] concerning the asymptotic
behavior for |x| - oo of solutions of the stationary Schrédinger equation. No such result ex-
ists for the Dirac equation. Hence, we prove a similar theorem for the Dirac equation in this
chapter, which is of interest on its own. The important consequences regarding the theory of
eigenfunction expansion and the Dirac equation are stated in Corollary 2.7 and Corollary 2.8.
We set the electrical potential to zero as this is the setup for electromagnetic waves which we are
concerned with later. The stationary Dirac equation, understood as a partial differential equation
on C'(R3 - C*) is

0=(-iaV—-aA(x)+pB—-Ex)f, (2.0)

with Ex = £Vk? +1 and k being a fixed positive number. We are interested in the asymptotic
behavior at infinity, hence we investigate the equation on the domain B(Ry,0)¢ = R3 \ B(R,,0)
for some radius Ry. Assume f is a solution to the Dirac equation and A € C>(B(R,,0)¢ — R?).
Then it is well known that f is also smooth (see e.g. [Rud91]). In particular f also satisfies the
following equation

0=(-iaV - aA(x)+p+E;)(-iaV - aA(x)+ B —Ex) f =
=(-A+D(x)-V+P'(x)-K)f, (2.2)

where D(x) = —2iA(x) and P'(x) = A*(x) +i (V- A(x)) - ysaB(x). If the A- field is compactly
supported, we can choose R, big enough such that D(x) = 0 and P(x) = 0 for |x| > R,. Hence,
these equations reduce to four independent equations,

0:(A+k2)fj,

with j = 1,...,4. This is just the ordinary free Schrodinger equation to which Kato’s result al-
ready applies. The task for a non-compactly supported potential is thus to incorporate the first
derivative of f which now appears. As V f is bounded by f through the Dirac equation and the
first derivative is multiplied by the potential D in eq. (2.2), this contribution to the equation can
be made arbitrarily small at infinity if the A-field decays fast enough. Hence, we expect a similar
asymptotic result as for a compactly supported potential. We will therefore use Katos original
proof and massage it appropriately where it is necessary.

Let us start with a brief review of his approach. Kato separates the radial and spherical part of
the Schrodinger equation by introducing the Hilbert space of square integrable functions on the
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unit sphere, 1 = L?(€)). The solutions f(r, ¢, 0) are then interpreted as vector elements f(r) of
this Hilbert space and the variable r is simply a parametrization. The Schrédinger equation

Af +(k*=p(x))f=0

can then be rewritten into an ordinary differential equation on this parameter r including linear
operators acting on the Hilbert space elements f(r)

1 2 ! 1
fr 2 f = S LA + (K- P() £() =0,
where L is the negative Laplace-Beltrami operator on the unit sphere

1 o ) 1 0?
= —————=sin

sinf06° 96 sin?6 d¢?

in spherical coordinates and P(r) is an operator of multiplication on the Hilbert space defined
by p(x) for |x| = r. The operator L is independent of r, symmetric on the Hilbert space and
non-negative. This is all which Kato uses in his proof regarding L. Using the scaled functions

g(r)=rf(r) and gu(r):=r"g(r)

the Schrodinger equation turns into

1 1
g —;Lg+(k2—P)g=0,

and

, 2m
gm__gm+_(m(m+1) L)gm ( 2_P)gm:()~

Kato then goes on to prove a series of lemmas concerning the growth properties of the function

2kt m(m+1)

F(m,t, k* -+
(motar) = Lyl + (= 204

) Hgm” - (Lgrmgm) (2.3)

and can conclude his theorem straightforward. Here, |-| and (-, -) are the norm and inner product
on the Hilbert space of square integrable functions on the unit sphere.

We will proceed in a similar way. The Hilbert space H is now given by four-component square
integrable functions on the unit sphere, H = L? ()) ® C* and the inner product is for two func-
tions f, g € H given as

4
_ o _ v
<f>g>-/;)f851ﬂ9d9d<p—/;);fig1 sin d0 de
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where f; and g; are the spinor components.
In the spirit of Kato’s notation we define

pr(r) = sup ‘Az(x) ySaB(x)‘ +sup|A(x)||aA(x) — B+ Ex| +sup |V - A(x)|,

|x|=r Jx|=r |x|=r

and

Y= —khmsup rpi(r) (2.4)
where |-| is the Euclidean or Frobenius norm. We assume the vector potential to fulfill the follow-
ing condition

Condition B. Let A € C* (B(Ry,0)¢ — R?) and A be such that y < 1.

For example, a smooth function which, together with its first derivatives, decays faster than
r! for sufficiently large r yields 4 = 0 for any k > 0. Hence, e.g. the Gaussian function or any
Schwartz function fulfills Condition B.

Rewriting eq. (2.2) yields

0? 0 0
(ﬁ L0 lL—Dr(r)g - %B(r) + (kz—P(r)))f: 0.

As before, L is the negative Laplace-Beltrami operator on the unit sphere, B(r) is the differential
operator given by

B(r) ::Dg(r)a—ae+ o(r )ﬁ%H(v A)(r).

and D,(r), Dy(r), Dy(r), (V- A) (r) and P(r) are multiplication operators on # defined by the
spherical components of D(x) and the functions V - A(x) and P(x) = P'(x) — i (V- A(x)) at
|x| = r. Introducing the function g,,(7) = r™*f(r) the equation above turns into

" 2m ’ m+1 1
an ——gm+—(m(m+1) L)gm+ ( —P)gm—Drgm+DrTgm—;Bgm:0.

(2.5)

We now prove the same lemmas on the growth property of F(m, t,r) in eq. (2.3) as Kato. Most
parts of his proof can simply be copied. In general we have for any real number s

dr*F(m,t,r) 50, , ( , 2kt m(m+1)) 1
d?’ =2r 9%<gm’gm k r 7’2 gm 7’2 Lgm>

et sl s (s - B oy 2D g p - g, )




20 2. Kato’s theorem for the Dirac equation

where we have used the symmetry of L. If we substitute g/’ by the differential equation we get

dr>F(m,t,r)
dr

(st B g Y o, )+ 2on(g, D (1))

+1Dr(r))gm). (2.6)

= 2(1= )P (L g, gn) + 27 (2m + ) | ) |* + R gy, (rP-2Kt) gy}

1
+2rNR(g),, (; B(

Substituting back

gn=1""f and g, =(m+1)r"f+r""f
into the last two terms above yields

m+1

(g5 Dr(1)gh) + R(gh (1B = " D,(1)) g -
- 79, D (1)) + rm“wg:w TB(1)) -

= m“f)%f (gm x)(D (x) +Dg(3€)——

+Dy(x )rsmeaa(p +i(V- (x)))f(x) sin 8d0de
PR fQ (gh)" (x)(D(x) -V +i (V- A(x)) )f(x) sin 0d6dg. (2.7)

Using the Holder inequality gives

m+1

D.(1)) gn)| <

(g D, (1)g5) + (gl 7B -

/ ’ m+ 2. %
< sup|V- A [l gl + gl [ PP v ()f sinododg) . (28)

|x|=r
Remember that f is a solution of the Dirac equation and as such obeys
Vf() = [ia- Vf () = [(@A(x) = B+ Ex) f(0)] <|aA(x) - p+ B |f(5)]
where we used the sub-multiplicity of the Euclidean norm. Hence, we have

m+1

D.(1)) gn)| <

R (g Dr(1)l) + Rlghs (- B(r) -
| (5

< (sup|v A(x)|+ 25up|A(x)| [aA(x) - B +Ek|) gl lgn

|x|=r |x|=r
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If > 0 we have

9R(gh, (P(r) - 2kt) gu)| < (rsup|P(x)| ; zkr) 1201 lgnl

|x|=r

and thus

m+1

/ / / / 1
(g (P(1) = 2K1) g) + rR(gi D (1)) + rR(gh (7 B) - "2 D, (1)) ga) >
>~ (rp(r) + 260) |l gl - 29)
Provided that 2m + s > 0 and that

(rpulr) s 2ke)* < dCam ) (s - DR - o 22

- > (2.10)

we get a lower estimate for eq. (2.6)

dr>F(m,t,r) S
dr B

>2(1=$)r* (L g, gm) +

s—1

n sy C@m 9 lghl - (o) +2k0) [gal)* . 21)

This is the same lower bound which Kato derives. The only difference in our case is the defini-
tion of pi(r). Nevertheless, it fulfills the same property 5z limsup, ., rpi(r) < 1by assumption.
Hence, the proofs of the following lemmas can either be copied from Kato or only require minor
changes.

Lemma 2.1. Let ty be a constant such that 0 < ty < kR,. Then there exists a constant my > 0 such
that

dr2F(m, ty, 1)
dr

Proof. See [Kat59, Lemma 1]. [l

>0 forallm>my, r>2Ry.

Lemma 2.2. There are constants m; > 0 and R, > R such that
F(mg, ty,r) >0 for r>R.
Proof. See [Kat59, Lemma 2]. O

Lemma 2.3. Assume that |g|” is not monotone increasing in any semi-infinite interval of the form
r > R. Then there are arbitrarily large values of r for which

F(0,0,7) > 0.
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Proof. See [Kat59, Lemma 3]. O

Lemma 2.4. For any € > 0 we have
: 2U+e 7112 2 2 _
lim 72 (| g'* + & g[) = oo

Proof. We can restrict the proof to the case where | g|” is not monotone increasing. The statement
is obvious if that is not the case. Hence, we can use Lemma 2.3 in this proof. Set m = t = 0 and
recall eq. (2.11),

dr>F(m,t,r)
dr

which holds if s > 0 and if eq. (2.10),

(rpi(r))” < (25k)?,

is fulfilled. As p < 1, we can choose an s satisfying y < s <1. Aslimsup rpy = 2ky < 2ks there is
an R; > R, such that rp, < 2ks for all 7 > R;. Using (L g, g) > 0 yields

~ 2rs1 ,
>2(1-s)r*(Lg, g) + 2o (sl =rpi(r) Igl)*

dr>F(0,0,7)

>0 for r>R,.
dr !

The rest of the proof is identical to Kato. Lemma 2.3 tells us that there is an R, > R; such that
F(0,0,R;) > 0. It follows that > F(0,0,7) > ¢ > 0 for all r > R,. F(0,0,r) is given by

, 1
F(0,0,7) = | g'|* + K*|g|* - S(Lg.g)

andas (L g, g) > O wehave |¢'|*+k2 | g|* 2 F(0,0,7). If we set 2s = 2+ £ forany 0 < & < 4(1- )
we end up with

e g |1t + kgl > ert,
which proves the statement for 0 < € < 4(1— p). It is then, of course, also true for all € > 0. O

Lemma 2.5. If

foopk(r) dr <co wehave liminf|g'|*+k*|g|*>0.
R r—>00

0

Proof. Combining eq. (2.6) with s = m =t = 0 and the estimate in eq. (2.9) we get

dF(0,0,r 2 ,
OO, 2 (1g6) - 20 I gl
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Note that

1 1
2p() 18/ 181 < 2 (r) 18" lgll + 22 (r) (1" = K 1g1)* = 2P (r) (1" + K18 ]°) -

and thus

dF(0,0,r) _ 2
dr r3

v

1 !
(L g) -2 (lg7+ K [gl) -
As F(0,0,7) = ||+ k[g]* - £(L g, g) we have

dF(0,0,7) 1 1
T > —Eka(O,O,T') + W“Jg,g) (Zk — rpk) .

Because of eq. (2.4) and y < 1 there exists an Rs > R, such that rp; < 2k and since (L g, g) > 0
this yields

dF(0,0,7) S

1
P > —%p(r)F(0,0, r) forr>Rs.

The rest is then identical to [Kat59, Lemma 5]. From there we know that the solution of this
inequality is

F(0,0,r)ZF(0,0,R)eXp(—% frpk(r)dr) forr>R>Rs.
R

We can use Lemma 2.3 again (the statement is obviously fulfilled if the prerequisites of Lemma 2.3
are not met) to choose an Rg > Rs such that F(0,0, Rs) > 0. As pi(r) is integrable by assumption
we have

1 0o
F(O,O,r)2c=F(0,O,R6)eXp(—%/ pk(r)dr)>0 for r>Rg
Re

Note finally that | g’||* + k2 ||g|* > F(0, 0, ) which proves the statement. O
We can now prove the main theorem of this section.

Theorem 2.6. Let f € C'(B(Ry,0)¢ — C*) be a non-trivial solution to eq. (2.1) on the domain

B(Ry,0)¢ and let the A-field fulfill Condition B. We then have

R+§
lim R _/1; (r2 / . If (%) sin@d@d(p) dr =0 (2.12)

R—o0

for any given €, 8 > 0.
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Proof. Like Kato we first compute the following expression

d?rs 4s A S(s-1
EEI (21 s v )+ B g+ D )

Substituting g by eq. (2.5) and noting that (g,Lg) > 0and (2| g| - |¢'| )2 > 0 yields

dr|g|”

8L (2l 2g ) - (20 C20) 1al + Eonia ) + 2005 (1))

r2r (wg, D,(r)g') + ;g (B(r) ~D.(1) ) >

> (11 - (20 5“5”)) lsF*)
2 (R(g P(r)g) + R(g. D,(1)g) + 1R (B ~Di(1) )

If we go back to eq. (2.7), (2.8) and (2.9) with m = 0 and t = 0 and replace g’ in the left slot of the
inner product with g we get by the very same argument that

(938 P(r)g) + (g D, (1)g') + Th{g. (B ~Di(1)) )) > ~pu(1) g

and therefore

d2r | gf*

S / S S S(3S+1)
TEE eI P sk gl e (8- T2 2Ll

As 5(35“) +2px(r) = 0 for r — oo, there exists an R; > R, such that

&r | g|®
dr?

From Lemma 2.4 we know that

-7 ||g’H2 + 3K ||gH2 >0 for r>R;.

P (g + k2 lgl?) 2 >0,
for r sufficiently large. Hence, there exists an Ry > R; such that

d2r2ere | g
dr?

According to Kato, the solution of such a differential inequality is given by

+ 4k g|P > ¢ for r2R,.

R+6 )
/ r*#+¢|g|” dr>hc for R>Ry
R
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with i = h(§6, k) being an R- and e-independent constant. Note that

lal* = 1P = [ 1f(2)F sin6 dody,
which yields
R+68 )
/ e (rz /| | If(x)] sin@d@d(p) dr > hc* foralle>0and R >R,.
R x|=r
Trivially, it follows that this inequality also holds for £
R+0 . )
f s (72 /| If (%)) sin@d@dq)) dr > he?
R x|=r
and thus

. R+6
(R+oy*5 [ (rz fu ()P smeded<p) dr> he*.

Multiplying with R: yields

R+4 2 € ]- 2‘[4+§
RZ"”f (r2 _/|. |f(x)] sin9d0d<p) dr > Rthz( ) ;
R x|=r

3
I+

which proves eq. (2.12). Noting that € > 0 was arbitrary concludes the proof of the theorem. [

The following two corollaries are an important consequence from preceding discussion.

Corollary 2.7. Let f € C(B(Ry,0)¢ — C*) be a non-trivial solution to eq. (2.1) on the domain
B(Ry,0)¢ and let the A-field fulfill Condition B. Let furthermore

/oopk(r)dr< 00 .
Ry

We then have

2

sinfdfde > 0.

0
. . 2 2 2 v
liminf R [ R IFF + |2 ()

Proof. As before we have

P [, fGF sinfd6dg = |1* = gl
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Futhermore,

0
r? / —
x|=r | O

2

sin0dfde = 2| f'|* =

()

Therefore, we get

2

2 2 2 a 2 . 2 2
r -/||= k| f(x)]" + —f(x) sin@d0de = k*||g|” +

=k gl*+ gl + HgH ——%(g g) 2

2K gl + gl + HgH ——Hg’|| lgll =

- (1e- i) lel?+ 2123 (11~ 21gl) 2
> (k-5 ) Igl*+ S g1

Observe that k> — % > %2 for sufficiently large r. Application of Lemma 2.5 then proves the

statement. ]

Corollary 2.8. Let f € C{(R3 - C*) be a solution to eq. (2.1) and let the A-field fulfill Condition
B. We then have:

L iffe 0( |,,+1)for large x then f = 0 on all of R3.
2. if fe L2(R3—» C*) and p < 5 then f = 0 on all of R>.
3. the Dirac operator has no eigenvalues outside the gap (i.e. |Ex| > 1) if p(r) = 0 (2).

Proof. It suffices to show that f = 0 only outside a ball of radius R, for then we can apply the
unique continuation property of the Dirac operator (see e.g. [Jer86]) to obtain that f vanishes
everywhere. Now, let f € o (‘ e ), i.e. there exists an /& > 0 such that |f(x)| < . \““" for |x| large

enough. We then have

4nC
/|| 1f(x)F sin8d8dp < <o

for sufficiently large r. Hence, we get

R+6

R+4 1
2u+e 2ute [
4nC hm R /;z ( j| r If (%) s1n0d0dgo) dr <4nC hm R ‘/1; G dr <

*)OO

2u+e R+6

. 1
<47TC}%1_1)’1;10W dr:4ﬂC5%g§oW—O,
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for € < 2h. Thus, f can only be the trivial solution according to Theorem 2.6. To prove the second

statement, assume that 4 < 1 and f # 0. Due to Theorem 2.6 we get with ¢ = 1 -2y > 0 and

sufficiently large R (see also [Kat59])

R+1
2 2 . £
fR (r /H|f(x)| sm9d9d<p) dr>

with ¢ > 0 and independent of R. Hence,
_/ f()f d3x=f f If (%) rzsianGd(pdrzCZl:oo,
[x|>Ro Ry V|x|=r R

with R > R, large enough but fixed. The third statement is a direct consequence of the second
statement, because if p(r) € 0 () we have u = 0. O






3. Eigenfunction expansion

3.1. Introduction

We now turn to the theory of eigenfunction expansion for the Dirac operator with a vector po-
tential. Eigenfunction expansion can be a useful instrument in quantum theory as it allows us
to define unitary transformations which diagonalize operators of interest like the hamiltonian.
Assume, {@,}, . is an orthonormal basis of eigenfunctions of some hamiltonian H. For any v
we have

Y= (b ¥) by

Thus, we can define the map F : H — £? via

Flyl(n) = (¢nv) -

The inverse is then given by
F(x) = 2. bu(x)¥(n).

A short computation shows that the transformed hamiltonian H = 7 H F! is then diagonal on
the sequence space ¢,

A(n) = 1,5 (n).

for any y(n) € €2 with A, being the eigenvalue associated with ¢,,. Unfortunately, it is in general
not possible to find an eigenbasis for an arbitrary hamiltonian. The reason is that the spectrum
of a hamiltonian is usually not purely discrete but also contains a continuous part. Nevertheless,
we can generalize the previous idea if we allow A; € o (H) to take on any value in the spectrum
and look for solutions of

Hor = Ardr

where H is now to be understood as a general differential operator. If ¢ exists and is not an
element of the Hilbert space we call it generalized eigenfunction. Drawing further the analogy
from the discrete case we expect the maps F, F ! formally to be

Flyl(k) = (¢ )
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and
FATI) = [ $eTk) k.,

Of course, it is a priori not clear what (¢, ¥) is supposed to mean as the inner product is only
defined for functions in #. Assume, e.g. the Hilbert space is the L?-function space. One thus
would have to make sense of

FIvl(k) = [ sl dx.

The content of the theory of generalized eigenfunction expansion is thus to establish the existence
of generalized eigenfunctions, the map F and their properties. For example, the free Schrédinger
hamiltonian has the spectrum o (Hs.;,) = [0, 00) and e~ fulfills

_Ae—ikx — kze—ikx

for any k? € o (Hg;). Thus, the map F is simply the ordinary Fourier transformation. For the
general Schrodinger hamiltonian including a potential term, the theory was mainly initiated by
Ikebe [Ike60]. Since then, it developed to a satisfying degree and was also applied to the Dirac
equation (see [Nen75] and [Eck74]). Nevertheless, it is still lacking certain regularity properties
for the Dirac hamiltonian with a magnetic potential which we need in the subsequent chapters.
Hence, we will thoroughly investigate the generalized eigenfunctions for this case in a similar
manner as Ikebe has.

For the free Dirac hamiltonian the spectrum is given by (—oo, —1]U[1, 00) and it is well known
that

Ek +1 0
ik-x 0 eik-x E.+1
1 x;k = —e ) 2 x>k = ¢ H
#o7(x.k) \/2E; (Ex +1) ks ¢0” (x. k) 2E; (Ex +1) ky —ik;
kl + Zkz _k3
—k3 _kl + lk2
ik-x —k — ik ez‘k-x k
—1 x)k = —e ! 2 5 o2 x)k = ’ ’
¢O ( ) \/ZEk(Ek+1) Ek+1 ¢O ( ) \/2E; (Ek+1) 0
0 Ek +1

fulfill the stationary Dirac equation
(<ia¥ + B) @7 (x.k) = £Ecg” (x. k)
with Ex = Vk? +1and k > 0. This can be written more compactly

(~iaV + B) ¢, (x.k) = ¢, (x. k)E,
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with the matrices E, = BE; and

8,0000) = (8161 65%,90%) (1K) = (,(0) — 0 (DB ) e = (et

where

a,(k) =

1
VE +1.
V2E Uk

With a vector potential the generalized eigenfunctions have to fulfill

(-iaV + B - aA(x)) ¢(x,k) = ¢(x,k)E, . (3.1)
The ansatz is to rewrite this equation into

(-iaV + B F Ex) ¢=/(x, k) = aA(x) >/ (x, k)

and interpret the right-hand side as an inhomogeneity to the free Dirac equation. As we have seen
in Chapter 1.2 the solution of the inhomogeneous Dirac equation is given by the convolution of
the inhomogeneity with the fundamental solution. Hence, we formally get

§71(x.k) = 93/ k) + [ Gi(x=y)aA()¢* (3 k) &y
where G (x) is the fundamental solution from eq. (1.3) with z = +v/k? + 1. We write

(k)= ¢, () + [ Gulx=p)ah(y)g(.k) Ey.

in matrix notation where z from the fundamental solution is replaced by E, which is understood
to act from the right side onto ¢ (x, k) like in eq. (3.1). This iterative equation is called Lippmann-
Schwinger equation and will be our starting point in the analysis of generalized eigenfunctions.

3.2. Generalized eigenfunctions

In this section we prove that, under certain conditions on the external field, there exist unique
solutions to the Lippmann-Schwinger equation and they solve the stationary Dirac equation. Fur-
thermore, we will show the uniform boundedness of the eigenfunctions which becomes impor-
tant for the second quantized Dirac theory. The following space is a useful tool to establishing the
theory of eigenfunction expansion.

Definition and Lemma 3.1. Let B3 be the space of 4x4 matrices with their elements being continuous
functions tending uniformly to zero as |x| — oo, equipped with the following norm

[ Mg = [M(x)] o, = sup |M(x)].

xeR3

The space B is a Banach space.
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Proof. Itis well known that the space of continuous functions tending uniformly to zero at infinity
equipped with the infinity norm is a Banach space. The same arguments apply here. O

We begin with an analysis of the integral operator defined by the convolution of the funda-
mental solution with the vector potential and the eigenfunctions in the Lippmann-Schwinger
equation.

Lemma 3.2. Let the vector potential A(x) be bounded and of order |x|>™" (h > 0) at infinity and
let f € B. The family of operators Ty defined by

LA = [ Glx-»)ad()f(») &

for k > 0 are compact linear operators on B to B and continuous in the parameter k. The function
Ti[f](x) is Holder-continuous in x with degree 1.

Proof. The proof consists of four steps:

1. Vanishing at infinity
Let f € B. For Gi(x) we write

eiklx|

Gy (x) = x| (Sk(x) + Si(x))

with

Si(x)=xE +f+ k2 and S*(x) = zﬂ.
x x2

We have S} (x - y)aA(y)f(y) = O(y[>™") (h > 0) for |y| - oo, independently of x, and
all the matrix elements are obviously locally integrable for all k,x € R3. Thus, we obtain
from [Ike60, Lemma 3.1] that

el |x—y]
[ S A () 5] 0

> |x —y

as |x| - oo. For the second term we have

1 etlr=rl x -y
— A d’y| <
ol M L LS B

1 ADO) 4 A S 4
: -/;3(x1) |x — y| dy+ ﬂ/R%\B(xl) |x — y| d

y211+12.
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Let R be such that |A(x) f(x)| < C|x|” for all |x| > R. If we choose |x| > 1+ R we get for
the first integral

1 _ _
|y‘2 y < C; B(Ol) |y| 2|'x_}}| ' d3y =
C

Cor [ (el +r—lix| - @
=C— | —(x|+r—||x|-7]) dr=—.
e K

11:

1 A(x -y)f(x-p)|
_lémn d

n

We can estimate the second integral by

hel [ AN,

Y |x — y|

because the integrand is positive and 1 < |x — y|. Again, [Ike60, Lemma 3.1] tells us that the
right hand side vanishes as |x| - oco. Putting it all together we have

ITe[f1(x)] >0

as |x| > oo for every k > 0.

2. Holder continuity
Next, we have to prove the Holder-continuity of Ti[f](x) in x. We proceed in similar
fashion as in [Ike60, Lemma 4.1] and take a look at the difference

T 1) - Tl =~ [ (e ey S g g ) 1)y

47 x -yl
(Ex + p) ' ( 1 1 )
e i - aA(y)f(y) &
i Ju PR T S &y

Ly ( (x=y) (='=y) ) 2A(y)f(y) &y

A -y -yl

J ik|x'~y] ( (x-y) (&'~ )’)) 3.,
T A € o - aA d3y =
4 /I?R»* |x_y|3 |x,_y|3 (y)f(y) y
:II+IZ+I3+I4.

Using following two inequalities
‘eik|x—y\ _ eik\x'—y|| <k |x _ x/|
and

1

1 ‘< |x — x/|
-y % -yl [x-yllx’ -y’
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we get for the first two Integrals,

A A
il 17l (e [, B2y v [ Oy -1 00 0

A(y)| 3 )
— 2 dPyl=|x-x I5.
B3 |x_y||x,_y| y | |HfHB 3

< =111,
Ikebe proved in [Ike60, Lemma 2.2] that J; < C < oo with C independent of x. For ], we
get

® [x -yl B(xD) |x — y| BBl [x -y
|A(y)| d3 <

< sup |A(x)| RB(x,L) |X — | )

xR B(x1) [x — y
<sup [A(x)| + ]1 < oo,

xeR3

|2d3y+

as the A-field is bounded. Finally, /5 can be bounded by multiples of J,. Thus, we are left
to prove the Holder-continuity of I3 and I,. It is clear that they are bounded (by above
computations). Thus, we can restrict ourselves to § = |8| < 1 where § := 1(x — ). With
j=2,3andz=x - 8§ = x' + § we have

o (x—y)_(x’_y))A Py o a((x_y),_(x,_y)_)A -
./]1;3 (|x_y|] |x/_y|] | (y)| y v/l;(z,\/(_ﬁ) ’x_y|] |x/_y|] | (y)| y

x - x' -
St (E2- T o1 @ -
oo Ve gt ey

:K1+K2.

For K; we get

1 1
Ki| <sup|A(x / S— +/ . d3):
sl [, e [ ey

1 1
=sup|A(x f — d? +/ —d*y| <
whl( [ e [

1 |
<2suplA(x / — Py =8nsup|A(x)| —87 < CV§S
xe]llg| ( )| B(0,V/5) |y|]_l 4 xe]llg| ( )| 4- J

1
™
if the ball is centered at the singularity, y = 0. For the constant we have C < oo and it is

as 6 < 1. In the third step we used that for a given radius the integral of is maximal
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independent of x. Using the following inequality

(x=9) (y)|_|x-x &=y (s -lx-y)|
-yl x| |x-yf x -y |x" - y|

/ I ol e — ol
<|x—x|+||x y = |x -yl

Clx-yl x| -y

R e D S (N |
B j Tl -yt =
|x = ] | =yl 2" - y]
x-x| & |x — x|
S T
e =yl a0 fx -y % -y
J |x — x|
st =y -y
we get for K,
(x-y) ('-y)
Kol<2 [ s 2 Ay dy <
BBV [[x =y % -yl
J 1
<Clx-x' . A d’y <
=% J e 2 e |x’—y|”| () &’y
1
<(j+1DClx -« — |A(z - y)| &’y <
GDCle=x1[ iy (z-y)|dy
1 1 A —
< Clx - x'|sup |A(x)| —dy+Clx - x| |(z—.y)|d3y§
xR Vay BB [y
A _
<CV5+C8 AGE=y) 4,
R3\B(0,1) |y

ch&c&f wd%)SC\/SwLCh&
R3 y

In the third inequality we again observed that the center of the ball of integration is away
from the singularities. In the fifth step we used that |1 ~In(\/o )‘ < % and we have already
shown that J; is uniformly bounded. Therefore we have for I; and I,

1
Ly < Clx =217 | £l 5 -

Thus, T¢[ f](x) is continuous in x and therefore T maps from B onto B. Moreover T [ f](x)
is even Holder continuous of degree 1.
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3. Continuity in k
We have to show that

LA -TelA@]
sup TP o

which is easy with help of the computations carried out above.

‘eik‘x—ﬂ — eik’|x—y|‘
[ Te[f1(%) = Ti[f1(%)] S2||f|\3/ - Sk(x = )[|A(y)| &y
|x - y|
E.-E.+« X

[A(y)] y
2Ufls f 25
x -y [ -yl
In the proof of Holder continuity we have shown that

A0
%~y
is uniformly bounded in x. Thus, the last integral vanishes uniformly in x for k" — k. For
the first integral remember that

d’y.

(k-K)

S s o &
Sk(x—y)||A(y y — 0
[~ ]

|0

uniformly in k’. Thus, there exists an R > 0 such that for all k’

|eik|x_J" — eik/‘x—J’|| 3
sup [ S - A &y -

x€R3

‘eik|x_J" — eik/‘x_J’|| 3
v Sk(x = »)||A(y)| £y .

= sup
x€B(R,0) |x -

Now, let R’ > R and such that |[A(y)| < \yl% for [y| > R'. Then, for j =1,2

1 1 1
sup f A(y)| Ey<C sup 'y <

xeB(R0) Y BNB(RL0) |x — y| xeB(R.O) Y RNB(RA0) |x — I [y]
oo 1 1 1 1 1
dr <

v oRy h(1- &y R

<C

Finally, we have

e s eyl A @
sup f Sk(x—y)||A(y)| d°y <
xeB(R,0) ¥ B(R',0) lx -yl

Sk s [ A < k- K] Csup 4G R )

x€B(R,0) xeR3
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where we have used |e/**)1 — e*'*JI| < |k - k’| [x — y| and that ] is uniformly bounded in
x. Thus, we can always choose R, R” and k' such that

sy TG~ Te[F)()
71

becomes arbitrarily small.

4. Compactness

It is clear by the computations above that Ty is a bounded operator. To prove compactness
we have to show that for every bounded sequence f, in B, there exists a norm-convergent
subsequence in (Ti[ f4]),.y- Once again we will closely follow Ikebe, [Ike60, Lemma 4.2].
Let (f,)nen be a family of functions in B with || f, |z < M < oo for all n € N. We denote
the image of these functions with g, = Ti[f,]. By re-examining the proof of boundness
of Ty we see that | g,[,; < M’ < oo independent of n. In particular the g, are uniformly
bounded (in 7) on any compact domain of R?. By the proof of the Holder continuity above
itis also clear that they are uniformly continuous in x and ». Thus, they are uniformly equi-
continuous. Therefore, by using Arzela-Ascolis theorem, on any compact domain K c R?
there exists a subsequence g, which converges uniformly to some g on K. As, again by
looking at the proof of the Holder continuity, the g,(x) — 0 uniformly in # for |x| - co we
also have g(x) — 0 for |x| - oo and thus for all compact K c R?

g = gnlg=sup |g(x)—gu (x)|<
xeKU(R3\K)

< sup |g(x) — g, (x)] + sup |g(x)| + sup [g,, (x)].
xeK R3\K R3\K

For any € > 0 we can find a K around the origin big enough such that the last two terms are
each smaller than £ and for any given K there is an N € N such that the first term is smaller
than § for all k > N. [

Remark. Note that the proof of Holder continuity and Ty [ f | vanishing at infinity does not depend
on f being in B. It is only used that f € B implies that f is bounded. Thus, for any bounded

function f we have that the function T[ f](x) is Holder continuous and vanishes at infinity and
hence Ty[f] € B.

To establish the existence of solutions to the Lippmann-Schwinger equation we make use of the
Fredholm alternative which can be formulated as follows (see e.g. [Rus86]). Let T be a compact
operator on a Banach space B and g € B. The operator id — T is invertible if and only if

f=T0f1

implies that f’ = 0. In this case the equation

f=g+T[f]
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has a unique solution in B which is given by

1
f=1plel
We can now use this to prove the main theorem of this chapter.

Theorem 3.3. Let the vector potential A ¢ C* (R - R?) and be of order |x| ™" (h > 0) at infinity.

Let furthermore its first partial derivatives be of order |x|™" (h > 0) at infinity. Then there exist
unique solutions ¢ (-, k) € C*(R> - C**) of

9(xk) = (k) + [ Gulx-»)aa(e(r k) dy. (32)
forall k € R\ {0}. They fulfill

[(-iaV - aA(x)) + B] (%, k) = ¢ (x, k)E, , (3.3)
with E, = Ex and Ex = \/ k* + 1. These solutions are continuous in k € R3~ {0} and are uniformly
bounded and uniformly continuous in x € R,

Proof. To proof the existence of a solution we define
filx) = ¢(x. k) = ¢, (5. k).
It fulfills
filx) = gux) + [ Gulx = y)ad(y)fi(x) &y =
= g(x) + e[ fil (%), (3.4)
with

g(x)= [ Gilx-p)aa(y)g,(r.k) &.

It is sufficient to proof that eq. (3.4) has a unique solution. As ¢O(x, k) is a bounded function it
is clear by the remark to the proof of Lemma 3.2 that g; € B and as Ty is a compact operator on
B we can use the Fredholm alternative which leaves us to prove that

()= [ Gulx=)aAf(r) &y

forany f € Bimplies f(x) = 0. If f € B it follows that « A(x) f(x) is locally integrable. Hence, we
can use Lemma 1.1 which shows that f fulfills the Dirac equation. As f is continuous by assump-
tion and the A-field is smooth it follows that f is also smooth (see [Rud91]). We furthermore
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observe the following about the decay of f. Assume that f € O(1) at infinity and by assumption
we have A € O(|x|>™"). Hence, faA € O(|]x| >™") and it follows by our proof of Lemma 3.2 and
[Tke60, Lemma 3.1] that the decay of T[] at infinity is O(|x| ") + O(|x|™"). As f = T[f], we
also have that f € O(|x|™") + O(|x|™") and therefore faA e O(|x[>*"). This then implies that
Te[f] € O(x[™) + O(|x|*") and again this is also true for f. Repeating this argument over and
over we conclude that f € O(|x|) at infinity. Now, the Dirac kernel can be written as

piklx]

Gi(x)=(- lth+ﬁiEk)4 "k

Hence, as f fulfills the Dirac equation and A is differentiable we find

f) = [ Gilx-y)aA() () dy -

ezkxf

= (ciavor fr) [ ad()f () ¢y =
e’k‘ |

= (ciaVor B [ aA(x ) f(x-y) &y -

eiklyl
:ﬁ;4;uﬁ‘mvx+ﬁiEwaA@—Jdﬂx—y)$y=

eik‘x—}’|

== ) Tan =y 1V B E) @A () &y

As f fulfills the Dirac equation we see that |V f| can be bounded by | f| for |x| sufficiently large and
has therefore the same decay at infinity. Furthermore, both A and ;A decay with lx[>7". Thus,

we have (—iaV, + f+ Ex) aA(y)f(y) € O(]x|>™") and we can use [Ike60, Lemma 3.3] which
shows that f fulfills the radiation condition

lim |x|

|x|—>00

0 .
3] —f—-ikf|=0
A similar derivation as in [Eck74, Lemma C3] shows that
a 2
ef |su
NCO |x|f ikf

= R? /
S(R,0)

where S(R,0) is the sphere with radius R and the extra term comes from the non-compactness
of the A-field during integration by parts. Using the radiation condition we conclude that

lim R® f
R—c0 S(R,0)

sin 6.6 d =

2
+k*|f(x)* sin@dfde + O(R™)

0
mf(x)

2
+k*|f(x)* sinfdfdg = 0.

0
mf(x)
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Corollary 2.7 shows then that f has to be the trivial solution at least outside a sufficiently large
ball. Similarly as in Corollary 2.8 this implies that f vanishes everywhere by unique continuation.
Hence, the Fredholm alternative tells us that there is a unique solution to

Je(x) = Tel @ (- k)] (x) + Te fil(x)

which can be written as
filx) = (ids = Te) " Tul @, (- k)] (x) -

By Lemma 3.2 we know that the operator Ty is continuous in k for all k > 0 and as (idg - Tj) ™"
exists for all k > 0 we find by the resolvent identity that also (idg—Ty) " is continuous for all
k > 0. The boundedness and uniform continuity for the generalized eigenfunctions in x follow
immediately from eq. (3.4), Lemma 3.2 and f; € B.

To show that ¢ (x, k) fulfills the Dirac equation we first note that «A(x) ¢ (x, k) is locally in-

tegrable for ever} k € R® \ {0} as it is continuous in x. Thus, Lemma 1.1 gives
[iav +B] [ Gi(x = )ad()g(3 k) &y = aA(x)(,k)
v [ Gulx=»)ad(»)¢(n k) &V E, .

By the definition of fo(x, k) we have

[iav + B] ¢, (x,k) = ¢ (x,K)E.
Hence, we get
[~iaV + Bl $(x.k) =
=9, RE+ [ Gilx=2)aA(»)g (. k) &'V E, + 0A(x)g(x. k)
= $(x.k)E, + aA(x)$(x. k).

Asbefore, the smoothness follows again from the regularity theorem for elliptic partial differential
equations. [

With further restrictions on the external field we will able to show that the generalized eigen-
functions are uniformly bounded in k. We already know from Theorem 3.3 that the eigenfunc-
tions are bounded and continuous for every compact subset of R® not containing the origin. Thus,
we have to investigate the behavior at infinity and at zero. We start with the former.

Lemma 3.4. Let the vector potential fulfill the prerequisites of Theorem 3.3. Let it furthermore be
such that all of its partial derivatives up to second order are integrable. Then

lim | ()] = 0.
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Proof. We start by showing that Ty [(/)0(-, k)](x) vanishes for k — oo. Let for the moment A € C°
and note that the fundamental solution to the Dirac equation can be written as

eiklx|
Gi(x) = (Hp + Ex) G (x) = (HO:I:Ek)4 i

Therefore, we have

ik|x—y|
[ Gi =) )y = (Ho= B [ 7 aA ()i (k.y) &

1k\ |

= (Hyx B [ oo ) 6 x5) &y

\yl

~(Ho=E) [ o aA(x=y)e @y g3 (k)

where we used ¢ (k,x — y) = u*(k)e!*»)*k = e=rk¢E(k, x) in the last step. Using the anti
commutation relations we get

ik|y| )
[ G- yaam ity dy= [ o JerEdy g5 (k%)

47 |y|

2i [, ~ivk 3y 5. 0% (k
- 2i ] i(x—y)e y0i¢5 (k, x)
eik|y‘
4y

e’kb"

4yl

e’kM .
+2/ k-A(x—y)e”y"‘d3y¢0i(k,x),

aA(x - y)e V*dy (-Hy + E;) ¢ (k,x) =

(~iaV aA(x - y)) e 7k A3y ¢t (k, x)

where we used (Hy ¥ Ex) ¢;(k,x) = 0 and V¢ (k,x) = ik ¢ (k,x). First, we will prove the
desired k-dependency for second term as it is of leading order in k. We choose the coordinate
system of the integral such that k is in the z-direction,

3
k-A(x—y)e VkdPy =Sk,
oy (x-y) y E;

Note that in polar coordinates we have

“ild

ek (l=y3) = pik(lyl-y3)
k pdp
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and

d 8y18+ay28+8y38 y18+y28

dp dpoy. dpdy, 9dpdys poy poy:
This gives

3 e:k<|y| =) i &k Ai(x-y)
Pyo LK / k() Z* 7 V) 43

3 0

m i p ay

Integration by parts using the compact support of the A-field yields

J 3"1‘/ k(my)a X o ¥
= - i 3 A X — +e' (Iyl=3) ZZA. By =
471;1 k oy 2 i (F ) 5y, pr MiE =) &y
:ii& Skl y3> A(x—y)dy
47 i=1 k p p ay
i ki k(| (2 v +)’)
+ — eik(yl=y3) 1 2| A, By =
471; p? ( ) Y
g kl ik(\/22+p2-2z d
- EZE_/‘ ( g )_A (x3 Z>¢x,¢>/)x,p)dpd¢dz,
i=1

where we switched to polar coordinates in the last step. Substituting p with p |z| yields.

3 k. eik(yl-3)
S A (x—y) Py =
27 dnpy M)y

i 3 ki 0 ) 27 ik(|z|\/m_z) d _
= — — _Ai Ly Vx5 ©5 Py> d d d .
47 ; k -/;oo/(; _/(; € d/_) (X3 4 ¢ ¢ P P) ‘P=p|Z| |Z’ p ¢ z

For p # 0 and z on the positive axis we can use the oscillatory behavior to show that the integral
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vanishes for large k. Let o, > 0

/m /-°° eikz(\/l‘*'PZ—l ( _A (X3 Z;¢x>¢>Px>/3))| Zdzdp:
kB -« d p=pz

-/;cﬁ/a(d_z e )) 1+1p (di‘» s =2 60§ PP ))‘ dzdp =

p=pz

) é fkoz /w eik(zm_l)ﬁ% (Zdi—Az‘(xs -2, ¢ (/)’Pmﬁ)) \p_pz dzdp =
k,/k/s/ ok V== ﬁi ddpA (X3 — 2, ds b, pr» p) dzdp =
Tk -/;c 5 / e ﬁdi)fx (3 =2, ¢ b, prs p) dzdp
k/};ﬁ-/;k- e ﬁid}x(% 2, x> § P> p) dzdp

where we integrated by parts in the z variable and substituted back for p. We estimate the first
term to be smaller than

1 d
ek Z Vi) 2 —Ai(zy — 2,0, 0, py, p)dzdp| <
fkﬁf /—22+p zd i( $x> §, px, p) dzdp

A (Zx Z)¢X)¢)Px;p)

klﬁam 1/ / dzpdp.

For the second term we find

zzl+p z dd dzdol <
-/;cﬂ-/;k— \/ﬁ zdzdp Ai(x3 =2, ¢, 5 pr, p) dzdp| <

dZd ( 3_Z>¢x>¢)>Px;p)

dzpdp.

TN+ ke - 1/l<’3-/zk“

The integral close to p = 0 can be estimated by its volume

k—a

eikz(\/1+p2_1) (d%Ai(Zx -2, ¢y, ¢>an.5)) |7 zdz dp <

p=pz
o0

< k’“/ max
o P

dz

d
_Ai x — <~y Wxr W Pxos
2q Az = 290§ ps)
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and similarly for z,

k=B

Ooeikz(v1+p2—1) i_Ai(Zx -z, (/)x; ¢>Px>/3) | Zdde .
0 dp p=pz

Sk’ﬁ/ max
0 z

For the negative z-axis there is no singularity in p. Hence, an integration by parts as performed
above yields that this term is proportional to 1. Choosing a = 8 = £ we find

ik(lyl-y3)
‘/e k-A(x-y)dy| <

a7y

d
_A T4 W W P> .
3 i(2x =2, ¢x, §,p p)‘dp

1 2

5

and C can be bounded according to the derivation above with

+
L'(p.¢)

sup ‘zapAi‘

1
- d,A;
pSIle‘ZP | ;

.....

(ZHD Al

LI(Z:¢))

Every function f € C*!(R? — R?) can be approximated by a C;° function and the Sobolev norm.
Furthermore, every continuous function which goes to zero at infinity can also be approximated
by C¢° functions with the infinity norm. Combining this with continuity and decay we see that
every potential which fulfills the prerequisites of Theorem 3.3 and is furthermore in C*! can be
approximated in the norm above by Cg° functions. Hence, we have for all such potentials that

|‘Tk[¢0(k, 2 HB vanishes for k - oo.
Now, similar as in [Teu99] we also have that HTi H — 0 for k — oo. Hence, the Neumann series

of (idB - Tﬁ)_1 exists and is uniformly bounded for k large enough. Therefore, we conclude

<

B

1 2
5 HidB—Ti (Tlg, (k)] + T2, (K.)])

Al = i il ()

S ‘

for k — oo. O

s (| (|l (k1] + T2 = 0

It remains to show that the generalized eigenfunctions are bounded in vicinity of the origin. For
this purpose it suffices to prove the existence of eigenfunctions for k = 0. By the same argument as
in the proof of Theorem 3.3 we then obtain that f is continuous for all k. Hence, the generalized
eigenfunctions are in particular bounded in k for any compact subset D containing the origin. In
the Schrodinger case, singular behavior at the origin occurs if a zero energy eigenstate or a zero
resonance is present (see [Teu99], [JK79]). The zero resonances can be understood as eigenstates
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to zero kinetic energy in a slightly enlarged space, namely the weighted space L} which is defined
as

L2(R® > C*) = {f 1+ 1xP) 7 f(x) € LX(R® > <c4)}

for some y > 0. Hence, to avoid singular behavior at the spectral edge for the Dirac operator we
exclude eigenstates on such a space.

Proposition 3.5. Let the A-field fulfill the prerequisites of Theorem 3.3 and Lemma 3.4 and let it be
such that there are no eigenstates for zero kinetic energy of the extended Dirac operator to the space
Lf/2+s(R3 — C*) for some € > 0. Then, the generalized eigenfunctions exist for all (x, k) € R® x R?
and are uniformly bounded.

Proof. Let f € Bbeasolution to f = Ty[f]. Then f is also a solution to

f=(To)"[f]
for any n € N. Hence, by repeated application of [Ike60, Lemma 3.1] we find that eventually
|f(x)] < % for large |x| — oo. Therefore, we have f; € Lf/z+£ for any ¢ > 0 where f; denotes the
j-th column of the matrix valued function f. Similar to Theorem 3.3 and because of Lemma 1.1,

we note that if f is a solution to f = Ty[ f] it is also a solution to the Dirac equation

H fj(x) = ££j(x)
with the extended Dirac operator and + for j = 1,2 and - for j = 3, 4. But by assumption there is
an ¢ > 0 such that there are no eigenstates of the extended Dirac operator in Lf/2+s for zero kinetic
energy. We conclude that f = 0. Hence, the Fredholm alternative shows that id — T, is invertible

and there exists a unique solution ¢(x,0) € B to the Dirac equation. The continuity argument of

Theorem 3.3 extends now also to k = 0 and the uniform boundedness then follows from Lemma
34. O]

3.3. Generalized Fourier transform

Given the existence and boundedness of the generalized eigenfunctions we can return to our
initial idea and expand wave functions into generalized eigenfunctions via the map F, which we
call generalized Fourier transform.

Definition and Theorem 3.6. Let the A -field fulfill the prerequisites of Theorem 3.3 and Proposition
3.5. We then have:

i) Lety € L2(R® - C*). The generalized Fourier transform!

Flv](k) =Lim. -/;V f(k,x)l//(x) d’x
of v exists and is again in L*(R3 - C*).

'Li.m. means limp_, [ (R,0) N the L?- norm and stands for “limit in mean”. In the subsequent sections we will
usually suppress it.
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ii) Lety € L*(R3 — C*). The inverse generalized Fourier transform

FF](x) = Lim. /I;g P (e )T(k) Ok
of ¥ exists and we have F'[y] € L*(R3 — C*).
iii) The generalized Fourier transform is unitary.
iv) For y,y € L*(R?> - C*) we have
y=F[Fly]]
7= P17
v) Let w € D(H), then
FIHy](k) = E.Fy](k).
vi) H has only an absolute continuous spectrum.

Remark. According to general conventions we call the usual Hilbert space “position space’, de-
noted by H and the generalized Fourier transform thereof “momentum space”, denoted by FH. If
the external field is time-dependent so are the generalized eigenfunctions and the Fourier trans-
form. We will denote this with a subscript ¢.

Proof. We start by showing that there are no eigenvalues in the mass gap under the conditions of
Theorem 3.3 on the external field. Note to this end that on C{°(R* - C*) we have

H; = agoq (—idg — Ax) (=id; — Ay) + B* + {ar, B} (—idx — Ax)
=apa; (—0xd; + AA; + i (0r A+ Agdy)) +1
=-A+ A%+ i (OkA; + Aro)) +1
=-A+A+i(V-A+A-V) - ysax ([Vx A, +[Ax V],) +1

where we applied the identity axa; = (81 + iysa,€k1,) in the last step and with the definition of

. [0 1
Y5 = —1 K3 = 1 0

in standard representation. Using the identity V x (Ay) + A x (Vy) = (curl A) y from vector
calculus we get

H? = (-iV - A(x, 1))’ — psay (curl A(x, 1)), +1
= (-iV - A(x,1))" — ysaB(x,t) +1
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with the magnetic field strength B(x, t) = curl A(x, t). This is nothing else than the Pauli hamil-
tonian Hp plus one. The Pauli hamiltonian is essentially self-adjoint on Ci°(R?* - C*) under the
conditions of Theorem 3.3 on the external field. This can be seen as follows. If the vector poten-
tial is continuously differentiable then the magnetic Schrédinger hamiltonian, (-iV — A(x, t))?,
is essentially self-adjoint on C{°(R* - C*) (see [Hun79]). The condition on the derivative of the
vector potential ensures that the symmetric operator of multiplication, ysaB(x, ), is a bounded
operator. Hence, the Pauli hamiltonian is essentially self-adjoint on Ci°(R* - C*) and the equal-
ity above extends for the whole domain

H%:Hp'l'l.

Now, repeat the derivation above with the massless Dirac hamiltonian and use the same argument
concerning self-adjointness again. This shows that the Pauli hamiltonian is also the same as the
square of the massless Dirac operator in the case of a vanishing electrical field. Therefore, we find

HZ=H2_,+1.

By using the Borel functional calculus for unbounded functions (see [DS63, Thm XII1.2.9]) we
conclude that

o (Hy) =0 (Hpo) +1.

And as 0 (H,,-¢) € R we have in particular o (H;) c (-o00,-1] U[1, 00). We also note that due to
Corollary 2.8 there are no embedded eigenvalues in the continuous spectrum and possible eigen-
values can only appear at the edge of the mass gap with A = +1. The prerequisites of Proposition
3.5 forbid such a case. Hence, the point spectrum is empty.

We can now essentially adopt the results from [Eck74] if we note the following. First, it is
easily seen that the A-field fulfills the prerequisites there, either directly because it is bounded
and vanishes at infinity or by the computations carried out for the proof of Lemma 3.2. Under
the conditions of Proposition 3.5 we know that the eigenfunctions exist for all k > 0 which means
that the set Z in [Eck74, Theorem 1] is empty. Combining the nonexistence of the point spectrum
with [Eck74, Theorem 1,b)] then yields o (H) N 0 (H) = 0es(H) N 04ing (H) = @. Hence, there is
also no singular continuous spectrum and we have o(H) = 0, . (H). This leads to the conclusion
that P, ., the projection onto the absolute continuous subspace, is the identity. This observation
together with [Eck74, Theorem 1, d)] proves i) and shows that F is an isometry. In [Eck74, Section
6] we find that F is onto which then finishes iii). Our definition of the inverse generalized Fourier
transform coincides with the adjoint of F given in [Eck74, Section 6] if one reminds oneself that
Z is empty. Thus, ii) is true and together with iii) we see 7! is indeed the inverse map of F.
Finally, part v) is a direct consequence of [Eck74, Theorem 1, d)] together with F being unitary
and P, . =idy.

O






4. Negative energies and the Dirac sea

We already mentioned the existence of negative energy solutions to the Dirac equation in Chapter
1 and explained why they cannot be simply rejected as unphysical like in classical relativistic me-
chanics. Hence, we have to include them in the physical and mathematical discussion of the Dirac
theory. We start off by identifying the parts of the Hilbert space which correspond to negative
and positive energy states.

4.1. Spectral projections and subspaces

The definition of the spectral subspaces is very natural and straightforward in momentum space
where the upper two components of any state ¥ correspond to positive energies and the lower
ones to negative energies'. Thus, to ensure the existence of an appropriate Fourier transform we
assume the external field to fulfill the following condition.

Condition C. Let the external field A, be such that there exists a generalized Fourier transform
with the properties in Theorem 3.6.

Now, observe the following properties of the bounded operators on momentum space given
by P = 1 (1+ B), with B from the Dirac matrices, which are easy to verify

o~k ~t —~t )’r

PP =P, P=(P

They are thus orthogonal projections on the Hilbert space FH (see e.g. [RS80, Chapter VI.2]).
The corresponding projections on position space are then simply

P*=F1PF.
It is then also trivial to verify that
P*PF=0, P*'+P =idy,

and therefore P* H{@®P~ H is a complete orthogonal decomposition of 7{. Finally, due to Condition
C we know that the hamiltonian is diagonal in 7H and due to the unitarity of the generalized
Fourier transform, we get

(v.Hy) = (Fy, FHF " Fy) = (V. E,¥) . (4.1)

"The upper two components are the amplitudes of the positive eigenfunction solutions in the eigenfunction expan-
sion and similar for the lower components.
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For ¢ € H* = P*"H we have ¥ € P FH and due to Ekﬁi = Ekﬁ/ﬁi = ﬂ:Ek/Fi we find that eq. (4.1)
is non-negative. Similarly, the negative counterpart holds for H~ and thus, H* are the subspaces
connected to the positive and negative part of the spectrum.

It is now easy to define the absolute value of the hamiltonian via the spectral subspaces, which
is simply the hamiltonian on the positive subspace and the negative hamiltonian on the negative
energy subspace,

[H =H(P*-P")=HsgnH. (4.2)
For any y € H we have

FIIH y](k) = F[H[ (P* + P7)y](k) = F[H(P" - P7)y](k) =
= E,FI(P* =P )y](k) = B (P P ) F[y](k) = EFly](k). (4.3)

In momentum space it is now also clear that the spectrum of |H| reduces to the positive part of
the spectrum of the Dirac hamiltonian. Note finally, if the external field is time-dependent, so
is the generalized Fourier transform and hence the spectral projections and the subspaces. We
denote this by adding a subscript t to the entities when necessary.

4.2. Dirac sea

Dirac [Dir30] himself proposed a heuristic solution in 1930 to the dilemma of negative energies.
He suggested that all the states belonging to the negative part of the spectrum are already occupied
by electrons. Thus, a positive energy electron cannot fall down due to the Pauli exclusion principle
and the vacuum as we perceive it is not empty but rather filled with infinitely many particles.
This idea might seem absurd at first glance but has striking consequences. It obviously raises the
question why we do not see this so called Dirac sea. While this is not completely true as we will
explain in a second, there are two things one should be concerned about. This model results in
an infinite energy density and infinite charge density and we have to see how to deal with them.
Due to the Pauli principle and the electromagnetic repulsion the electrons in the sea are spread
out in a very homogeneous way. Hence, a positive energy test particle feels a net force of zero
and acts like a free particle’. Regarding the infinite energy density we note that it is the energy
differences that matter in physics, not the total energy. Hence, the total energy of the vacuum
is irrelevant. Only deviations thereof matter®. Mathematically speaking, these quantities can be
renormalized away. Though this might seem unsatisfactory at the beginning, the presence of the
Dirac sea leads to a whole branch of new phenomena. Most striking is probably the prediction
of pair creation which one can expect if a negative energy electron absorbs e.g. a photon with

*There is no rigorous proof of that for the Dirac equation. A first attempt with non-relativistic Fermions can be
found in [JMPPI17] which shows that this topic is actually more subtle than explained here.

3Note, that this only true in a non-gravitational context. Hence, the vacuum energy has to be taken into account if
one wants incorporate gravitation. This is indeed one of the big puzzles in modern day physics.
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energy > 2mc? and is lifted to the positive energy subspace. It should thus be visible now as a free
electron. But not only the electron, also the missing charge in the sea should be detectable as a
deviation from the filled sea which we assume to be the equilibrium - as a particle with the same
mass as the electron, but of opposite charge. The positron was then discovered two years after the
proposal of the Dirac sea.

One should pause here for a moment and think about this achievement. The sole search for a
quantum mechanical wave equation which obeys special relativity together with the fundamental
physical principal that any system strives towards its lowest state of energy has lead us directly to
a many body theory, predicting the antiparticle of the electron. It provides us for the first time
with a non trivial model for the vacuum and opens up a bag of completely new physical effects,
most of which have been confirmed to an incredible precision up to this day. Surely, one of the
great triumphs of physics.

The only drawback to this model is that there is no good interpretation of the Dirac equation
as a one particle equation anymore. Even though it is believed to describe the behavior of an
electron correctly in certain situations like the Hydrogen atom we need the Dirac sea to give a
coherent physical interpretation. The modern view replaced the Dirac sea by QED which is based
on the construction of a Fock space instead of the Dirac sea. This concept will be introduced in
Chapter 7.2. The reasons why the idea of the Dirac sea seemed to be abandoned over the course
of time are likely its heuristic character and lack of mathematical rigor as well as the inelegance
of the infinitely many particle presumption in favor of a finitely many particle theory which QED
is. Nevertheless, it should be mentioned that it is indeed possible to construct a mathematical
rigorous model of the Dirac sea as was done by Deckert et al. [DDMSI0]. Furthermore, QED
contains not more physical insight* than the Dirac sea picture. It is rather derived from it by
a mathematical transformation. Hence, the same problems which come from the presence of
infinitely many particles in the Dirac sea picture are still present in QED but swept under the rug.
In the context of external fields the two models are mathematically equivalent, and as the Dirac
sea provides one with a nice intuition we will refer to it frequently in the remainder of this work
which is not unusual in the discussion of strong field QED, see e.g. [GMR85].

We finish this chapter with the mathematical connection between negative energy states and
positive energy states with positive charge and introduce thereby the concept of charge conjuga-
tion. We have for all y* € P* D(H) that

(y"Hy") = (WLEY") = (V5 Ey7) 21
and similarly for all y~ € P~ D(H)

(v . Hy )= (v Ey ) =—(V,Ey ) <-1.
Now, define

H¢=-CHC™

% At least the external field model of QED. While it is true that there is no rigorous mathematical Dirac sea model
with interaction also QED with interaction can not be considered to be a rigorous mathematical theory.
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with C being some anti-unitary operator. We then have

(Cy ™, HCy™) =~(Cy",CHy ) = ~(Hy",y7) > 1.

Hence, H® is bounded from below on CH~. Furthermore, let y(t) be a solution to the Dirac
equation with external field. We then have

.0 e, o
zECq’(t) = —Clalﬁ(t) =-CHuy(t) =H" Cy(t).

Therefore, by an anti-unitary transformation we can transform the space of negative energies into
one of positive energies. For the anti-unitary transformation Cy = Ucy where U is some unitary
4 x 4 matrix’ fulfilling U¢ = - UCB and «; Uc = Ucw; we find a particular nice interpretation of
HE. Let y € Cg°(R? — C*). We then have

HCy = —CHC 'y = ~Uc(-iaV + p— aA(x) + ¢(x)) ULy =
= (~iaV + B+ aA(x) - ¢(x))y = (HO —A) V.

This relation then also holds for all y in the domain of H. Looking back at Section 1.1 we remem-
ber that the sign in front of the external field corresponds to the charge. Hence, H® describes
a particle in an external field® with an opposite charge to the electron but otherwise exactly the
same behavior (governed by the Dirac equation). This particular choice for the operator C is
therefore called charge conjugation.

>In the standard representation we use throughout this work, take Uc = iBa;.
SIf there is no external field, then there is no way to distinguish particles with different charge as they have the same
mass.



5. Commutator relations

After having covered the Dirac equation with external potential and related topics we will now
discuss commutator relations of the following type which frequently appear in the proof of the
adiabatic theorem,

[H,A] =B,

where H, is the Dirac hamiltonian with time-dependent magnetic potential and A and B are
bounded operators such that the commutator is well defined. We will see that most of the time
only the off-diagonal parts, P; A P}, are of real interest. For these, the above equation turns into
an anti-commutator relation

{|H,|,Py AP]} =+P;BP;] .

We will see that it is important for us to be able to solve such operator equations for A given a
specific B. As |H,| is invertible but does not commute with A, it is a priori not clear how to achieve
this. Therefore, this section is devoted to develop a method to unravel such relations which is the
main content of Theorem 5.2. The subsequent proofs are done in the momentum space, hence
the external field has to be such that the generalized Fourier transform exists.

Condition D. Let the external field A, be such that there exists a generalized Fourier transform
with the properties in Theorem 3.6.

We already noted in the preceding chapter that the spectrum of the absolute value of the hamil-
tonian is non-negative. Hence, the resolvent, which we write as

1

H| -z’

is defined for all negative real numbers. In particular also for z = -1 which we need in the follow-
ing lemma.

Lemma 5.1. Let the external field fulfill Condition D. The operator

1

1 n
<|Ht|+1>(('Hf"”umm))

is bounded on H for all n € N with norm 3, ()"

Ri(n) =

Remark. This formula holds also for the case n = 0 with the convention 0° = 1.
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Proof. First note, that the resolvent maps into the domain of the Hamiltonian, hence the operator
is deﬁned on all of H and maps into the domain of the hamiltonian again. Furthermore, we have

E
that (; — G has a maximum as it is a positive continuous function which tends to zero for k - oo

and is equal to zero at k = 0. To determine the maximum we differentiate which yields

(Ex —-1)" _nuh—n”lﬂh (n+1)(Ex-1)" £Ec

dk (Ex + 1)n+1 ) (Ex + 1)n+1 (B + 1)n+2
(A NEEDT o
- (dkEk) (Ek+)n+2 ( (Ek 1) ( 1) (Ek 1)) =0.

The solutions are given by k = 0 and Ex = 2n + 1 which implies k # 0. At k = 0 the function
obviously has a minimum and it also turns to zero again for k — co. Hence, we get

(Ex-1)"  (@n+1-1D" 1 (

1)-"
= = — for neN. (5.1)
ks (Eg+1)"™ Q2n+1+1)"™ 2(n+1) n

Because the external field fulfills Condition D there exists a generalized Fourier transform. The
operatornorm is then easy to determine in momentum space as we have

(h—l

-1 (Ek - l)n
H}‘H ( n+1 N

Ri(n)|,, = |FR:(n)F -
IRe(m)le H ' ru  kery (Ex+1) e

(Ex-1D)"
(Ek+1)"+l
function for all n. ]

The last equality holds because acts as an operator of multiplication and is a bounded

The next lemma solves the anti-commutator relation problem.
Theorem 5.2. Let A : H — H be a bounded operator and let the external field fulfill Condition D.
We define the operator Sy to be

Sx =23 Ri(n) AR(n). (52)
n=0

It has the following properties:

L Sy is a bounded operator on H — H. Its norm can be estimated by

loo n 2n
Isul <52 e () 1Al

23 n+1

2. Su is continuous in its operator argument.
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3. We have the identity A = {|H,|,Sa} on the domain of the hamiltonian, i.e. the operator
Sp is a solution to the operator equation {|H,|,A} = B for any bounded operator B and A
unknown. This solution is unique in the Banach space of bounded operators.

Proof. 1. Itis clear that

SV =2 i R(n) AR(n)

n=0

is a bounded operator for all N € N. The norm can be easily estimated with the help of
Lemma 5.1 as we have

HSNH<2ZHRt<n>ARt<n>u<zzHRt(n>H JA] <> i; )" Al
)2

= nO( +]_ n+].

As this last series obviously converges it is clear that (S}) . forms a Cauchy-sequence in
the Banach space of bounded operators,

Isi-sl<5 > s () 1Al o
2,20 Gy W) 181G

Hence, the sequence (SY) ., converges and eq. (5.2) defines a bounded operator on . For
the norm estimate, use the continuity of the operator norm and perform the limit N — oo
in the inequality above.

2. Let (Ax)nen be a sequence of bounded operators with Ay — A in operatornorm. We have

ISa, = Sal < zi [Ro(n) (An - A)R,(n)] <

n=0

li ( z )Zn Av-Al —0
— - _—
2 P 7’2+1)2 H N ‘N—NX) )

n+1

3. The operator S, maps into the domain of the hamiltonian due to the same property of R(#).
Hence, the anticommutator is well defined on the domain. Because the Hamiltonian fulfills
Condition D there exists a generalized Fourier transform which diagonalizes H, according
to Theorem 3.6. For every y € D(H,) with ¥ = F,y we have

Fi {IH |, Sa} F[](k) =
= Ey ]:tSAft_l[l///\](k) +‘7:tSAft_l[E('){//\](k) =

oy B (Ekxl—(E”‘l) ¢<->]<k>+K[E<.>—((E“_1) ¢<->]<k>)=

o (Ek + 1)n+1 (E() + 1)n+1 E() + 1)n+1

= lim A[Z Z (E +E()) (Bx = 1)" (E(.) _1) W()] (k)

N- oo (Ek 1)n+1 (E() 1 )n+1
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where we pulled out the series in the first step as the Fourier transform is continuous and
used the linearity of A = 7 A 7! in the last equation (k acts like a fixed parameter for the
operator A). Note that by using the formula for the geometric sum we get for all k € R}

(Ek - 1)11 (Ek’ ) ( ) _
(Ek + 1)n+1 (Ek’ )n+1

_ [ (Ex-D) (Be-D)
E, + Ep ( (Ex+1) (Ek/+1))

EorD) (B D) 1. Gy V)=

(Ex+1) (Egpr+1)

_ 2E, + 2E (E _1)(E,_1)N o
_(Ek+1)(Ek’+1];_(El:<_1)(Ek’_1) (1‘(<EZ+1><EZ,+1>) )"’(k)‘

L (<Ek—1> <Ek1—1>)N¢(k,)_

(Ek + 1) (Ekr + 1)

N
2> (Ex+E)
n=0

This converges to ¥ in norm and uniformly in k as we have

Ek+1) E()+1) =y

FH

for every k € R}. The last step can be seen by the following argument. For every ¢ € C5° we

have
N
E(.) +1
and by a density argument the convergence also holds true for any y € L?. Therefore, we
end up with

E.-1\V
< k)| Vol — 0
< max |¢(k)| Vol (supp ¢) m: pW(EkH) N

Fe {[Hel, $a} 7' [w] = Fe AT Y]
which proves the statement. Note furthermore that this also shows
A= {|H:[,Sa} = Sqm, )

on the domain of the hamiltonian.

Let the A’ be another bounded operator which fulfills {| H, |, A"} = B. We have by using the
identity property twice

A"=Sm a1 = S8 =S)m 4 = A



57

This method can now be used to show the existence and explicit form of operators which are
defined via commutator relations. We start with the projection and its time derivative.

Proposition 5.3. Let the external field and its time derivative define a bounded operator of multi-
plication. The limit of the following expression then exists with respect to the operator norm

- hm (Pt+h )

h—0 h
and is given by
Pti = :I:SAodd

where A(;dd =P/ At P; +P; At P;.
Remark. Note the following properties:
1. P} is a bounded operator
2. P{ = P! P; P; +P; P, P is an odd operator.
Proof. As P} is a projection we have
(Pra) = (B)" = (Pr) = (B7)
This can be expanded to
(Pron = P7) Proy + Py (Pry —P7)
= (P}, = P) (P)" + P} (Pf, = Py) Pry+ (PF)" (PF, = P7) -

t+h

Again, as (P})? = P}, this implies
Py (PLy =P Pl = 0.

We get the following trivial relation for the other diagonal element
Py (P —P{)Pr, = 0.

For the off-diagonal elements, we use [H;, P} | = 0 to derive

0=H;,P!,, ~HP/ - (P}, Hy,-P/ H,) =
= (Heon —Hy) P +H (Pt+h P}) - (Pt+h Py)Hen —Pf (Hin —Hy)
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Using the differentiability of the external field with respect to time and introducing the notion
P} = 1 (P;,, - P}) this is equivalent to

H/ P}~ Pl H,, = Py A, — A, P, +%o(h)
= H, Pl - P, = Py A~ A Pl +h P&, o) = [Pl k] + 2 o(h)
= ([H,| P} P} T + P DI B (1)) = P; [Py, AT 4 0(h)
= {JH,|, P PLPT) = £P: [P, A, ] T +%o(h).
The right-hand side is bounded. Hence, we can use Theorem 5.2 and get

1
hpF _ A
PtiPt Pf _iSPf[P* A]PT+EO(I/[)'

t+h?

Adding it all together, we end up with

1
R I TR L OF

The operators P# and A, are bounded, S is continuous in its operator argument and
limP? | Py, A, | PT = £ PF A, P}
in operatornorm. We can therefore perform the limit # — 0 and arrive at

d . h
EP: - }E%Pt - SPTAPHP:APT'

It is clear that P, = —P, because we have P} + P; = idy,. []

Using this method we can determine the time-derivative of the operator S, if A is an odd
operator.

Proposition 5.4. Let A be an odd and bounded time-dependent operator which is differentiable
with respect to time such that its derivative also is a bounded operator. We then have

iSA = [P:,sgnHt SA] +S

dr . ]odd + S(A-)odd .

[sgnHl SA,At

Proof. If A is odd then so is S4. This means that the even part of the time derivative of S, is given
by [P:, sgnH,; S A]. For the odd part we use the identity property of S which states that

A ={[H{, S} = [Hs, Sogar, 4]
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where the last equality follows from S, being odd. To show that this expression is differentiable
one can use the same method as in the previous proof. We therefore skip this part and differentiate
this expression which yields

A_ [An SsgnHtA:I = [Ht> (%SsgnHtA)] .

By using sgn H; S4 = Segnp, 4 throughout the following computations we find

. , odd d odd
(A) 4 - I:Ap SsgnH;A:I = {|Ht| » SgN Ht (ESSganA) }

which we can solve by

d odd
(aSSgHHl A) = SSgnHt(A)Odd - SI:A[,SA]Odd .

Now, note that
d odd . odd
—sgnH,|S = (2P, S =0
((Goeere)se) s
as P} S, is an even operator. Thus, we have

d odd
(aSA) ZS(A)odd—S

[A,,sgn H, SA]Odd )

]

Using the previous computations we can now easily determine the second derivative of the
spectral projections.

Corollary 5.5. Let the external field and its first and second time derivative define bounded opera-
tors of multiplication. Then the spectral projection is twice differentiable and given by

P:— = —2 Sgn Ht (P:—)z + S - ]odd + S(A)odd .

[sgn H, P] A,
Proof. The first derivative of the projection is

.+
Pt :S~odd.
t

As the external field is twice differentiable we can use Proposition 5.4 to derive the second deriva-
tive of the projection as

Pt+ = [P:;SgnHtP:] +38 . ]odd + S(A)odd =

[sgn H, P} A,

= _2 Sgl’l Ht (P:)z + S odd + S(A)odd .

[sgn H, PT,At]






6. Adiabatic theorem

We now come to the main chapter of the first part of this thesis. Before we state the main result
in Theorems 6.1 and 6.3 we start with a short introduction to time-adiabatic perturbation theory
in general and then explain adiabatic behavior from a heuristic point of view.

6.1. Introduction

It is, in general, not possible to find exact solutions to a quantum mechanical system with a time-
dependent potential. This is what time- dependent perturbation theories are for. Time adiabatic
perturbation theory in particular applies to those cases where one has slowly varying external
potentials. Roughly speaking one could say that if a physical system is given enough time to adapt
to the external changes it will stay in an “equilibirum”. Now, what does this mean for a quantum
system? For example, assume the initial state to be an eigenstate to some eigenvalue. We then
expect such a state to stay approximately an eigenstate to the time-evolved hamiltonian and that,
in particular, there appear no transitions to other subspaces . More generally speaking, an initial
state in some spectral subspace will stay in the corresponding time-evolved spectral subspace if
the external field varies slowly and the change of the subspaces is regular enough. This is the main
content of (time-) adiabatic perturbation theory.

The question demanding an answer is obviously what does “slowly enough” mean? Let us as-
sume the external field is an electromagnetic wave. The time scale on which this potential varies
is given by the frequency or period T of the wave. In SI-units we therefore have

aea(m),
T

On the contrary the time scale of a wave function fulfilling the Dirac equation is given by the
natural time 7 = -/; as we explained in Chapter 1.1. The external field on this time scale reads

mc?
2ntt 20T
A= A(——) = A(—t’) =A(et'),
T 1 T
where t' is now the time measured in natural units and the dimensionless constant ¢ = 2—’77 is

called adiabatic parameter. It is a measure for the separation of these two different time scales.
We call an electromagnetic wave adiabatic if € is close to zero, i.e. if the field is almost constant
on the time scale of the wave function. The slow time scale is then also called macroscopic time
whereas the short time scale is called microscopic. The Dirac equation on the microscopic time
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is then

i%w = (—iaV - aA(et') + By.

Usually, experiments are performed on the time-scale of the external field. Hence, one is more
likely interested in solutions on the macroscopic time. To this end we rescale the Dirac equation
which yields

i&‘%l{/ = (—iaV - aA(t) + By,
with
t=cet.

The goal of any time-adiabatic theorem is now to find approximate solutions to equations of such
a form and state the error in dependency of the adiabatic parameter e.

The history of adiabatic perturbation theory goes back to a paper by Born and Fock [BF28]
in 1928 treating the Schrodinger operator with distinct eigenvalues. The theory has developed
significantly since then (see [Teu03] for an in depth discussion) but it still seems necessary to
prove a new version of the adiabatic theorem for the Dirac equation with an electromagnetic wave
as external potential for several reasons. First of all, at the heart of time adiabatic theorems is the
change of the spectral subspaces under time. Thus, one has to show certain regularity features
of the spectral projections. This is mostly done via the Cauchy-Riesz integral formula(see e.g.
[Nen80], [ASY87], [Joy07]) which provides an explicit formula for the spectral projections. To be
able to use it one has to chose the path of integration such that it encircles the part of the spectrum
one is interested in. But this is only possible if this part is separated by a gap from the rest of the
spectrum. This is not the case for the Dirac operator when one would like to investigate the
evolution of the whole negative energy subspace. All other results, to the best of our knowledge,
assume the regularity of the projections or something similar to prove the adiabatic behavior (see
e.g. [Nen8l1], [AE99], [Teu01]). But this is indeed the most difficult part as we will see in Chapter
6.3, for which we have to use the methods developed in Chapter 5.

Furthermore, it is difficult enough to give explicit upper bounds on the constants which ap-
pear in estimating the error of the adiabatic evolution. For electromagnetic waves the adiabatic
parameter will scale with the frequency. But due the dispersion if one varies the frequency this
also affects the wave length. Hence, any external potential describing an electromagnetic wave
will also scale in the position variable with e. This in turn means that the hamiltonian for such
a system, no matter what units we choose, always depends on the adiabatic parameter and thus
also the constants in the error estimate! Hence, one has to show that this e-dependence does not
cancel the time adiabatic behavior. At last, if one likes to use adiabatic perturbation theory in
the context of second quantization one is usually not interested in the operator norm estimate of
the transitions to other subspaces anymore but in the Hilbert-Schmidt norm. It turns out that
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our proof is easily extendable to this case yielding an Hilbert-Schmidt version of the adiabatic
theorem with explicit bounds. This result has, to the best of our knowledge, not been available at
all so far.

6.2. Heuristic explanation

We continue our discussion with a heuristic explanation of how the adiabatic theorem can be
understood physically. We focus again on the Dirac equation but our argument is not bound to
it. Afterwards, we will sketch how one can transform these ideas into a rigorous proof which is
the content of the subsequent chapter. Please note that, as this is a heuristic discussion, we do not
aim for mathematical rigorousness.

It is helpful to switch to the so called interaction picture which separates the time evolution
into two parts. The first one which we call U,(t,s) is mainly the intrinsic quantum mechanical
time evolution which every time-independent system also exhibits. The second one, written as
Ua(t,s), adds the time dependent behavior and is thus governed mainly by the external field. To
see this, fix some r and define U, (¢, s) through

0
je— ) :HT r >
1satUr(t s) U,(t,s)

where r now acts as a parameter. Hence, we have

U,(t,s) = exp [—1(1‘ -s) Hr]
€
for any t,s € R. We can evaluate U,(¢,s) at r = s and then define U, (¢, s) through
U(t,s) = Us(t,s)Ua(t,s)

where U(t,s) is the full time evolution to the time dependent system. Applying the evolution
equation we get

. 0 . 0 . 0
H, U(t,s) = ZSEU(t,S) = (zegUs(t,s)) Ua(t,s) + Us(t,s)stUA(t,s) =

=H, U(t,s)Ux(t,s) + Us(t,s)is%UA(t,s)
and thus

is%UA(t,s) =Uy(s,t) (H;—H) U(t,s) = Us(s, t)a [A(t, x) — A(s, x) | Us(t,5)Ua(t,s) =

= A(£)Ua(t,s).
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For small time intervalls |t — s| < 1 we have that A,(f) = O(|t - s|). Hence, by using the Dyson
series for Uy(t,s),

Ua(t,s) =1- é /StAS(r)UA(r,s) dr

wesee that Uy (t,s) = 1+O( @ ). On the other hand we have for the same time interval U,(t,s) =

1+ O(@) Thus, on the microscopic time scale and in the adiabatic setting i.e. where |t — s| o< €
and € < 1we see that U, (¢, s) ~ 1, i.e. the full time evolution is approximately the same as U,(¢, s)
on this scale. This is, of course, no surprise as adiabatic setting means precisely that the external
field is almost constant on the microscopic scale and as such the time evolution should only yield
a phase function due to the quantum mechanical evolution equation.

Assume now, that the time interval [s, t] is on the macroscopic level and start with a wave
function which is entirely in the negative subspace at time s. We are interested in parts of the
wave function which tunnel through the spectral gap during the time interval [s, t] and end up
in the positive energy subspace. As we have

U(t,s)=U(t,r)U(r,s)

we can split up the time interval into N smaller intervals of length As = &£ and look at the
transitions there (Figure 6.1).

AN

—mc?

So Kl ) '3

Figure 6.1.: Transitions of the wave function at different points in time.

It is not difficult to show (via a recursion relation) that the part of the wave function ending up
in the positive subspace is given by

N (N-n-1
Py U(t,s)P; =) ( [T P:_. U(sN_m,sN_m_l)) P! U(sy,sp-1) Py U(su-1,8) Py (6)

n=1 m=0
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with s, = 5,1 + As and s, = 5. By a brute force norm estimate we immediately see that
P} U(t,s)P; = Z O(P; s U(su+ As,s,) Py ).

A Taylor expansion of P}, ., = P} +O(As) yields

P, U(s+As,s)P; =Pf U(s + As,s) Py +O(As) =

= P! exp [_EAS HS] Ua(s + As,s) Py +O(As) =
i . _ i As?
= exp [—EAS |HS|] P! Uu(s + As,s) P, +O(As) = exp [—EAS |H5|] ( - ) +O(As)

where we used the Dyson series estimate for U4 (s + As, s) in the last step. Thus, a naive estimate
would yield

P} U(t,s)P; = Z O(P} .5 U(sy + As,5,) P, ) = O (NA—SZ) +O(NAs)

n=1

s
-0( "5 ) v 0ge-sh - 0-4)
for N — co. Hence, we have transitions through the spectral gap which should not surprise us as
we have not taken adiabatic behavior into account. Transitions at each point in time simply stem
from the fact that the spectral subspaces change over time due to the time-dependent external
field. With |# - s| being on the macroscopic scale the external field changes significantly and thus,
we could indeed expect the wave function to tunnel through the gap. However, a more careful
consideration shows that we missed an important effect. Let us take a look at pairs of transitions
(Figure 6.2) being (up to now) arbitrarily far apart.

2

—mc?

q-As

Figure 6.2.: A pair of transitions with (arbitrary) distance q - As
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The time evolution in the positive and negative subspace is given by
Pl U(n-As+s,s)Pr=P:U(n-As+s,s) Py +0 (n-As) =

n-As+s
= exp [:an - As |H5|] PfUx(n-As+s,s)Pr+0 (n-As) =
€
= exp [:an - As |H5|] +0O (n-As)
€
where 7 is an arbitrary integer. We switch to momentum space as it is easier to handle the phase
function there. We get for the first path in figure 6.2
P, U(spn )P, U(s1,5)P, =

= (exp [—én - As Ek] +0(n- As))/P: U(sy, 5)P, =
= exp [—én - As Ek] O(As) + O (n- As?)
and similarly for the second one
P, U(snin$0)P, U(sn50)P,, =
= exp [+£n - As Ek,] O (As)+0O(n-As?) .
The sum of the two then yields
(exp [—én : AsEk] + exp [+£n - As Ekf]) O (As) + 0 (n-As?) .

Note that the first term is proportional to

n-As T I3

)(’)(As)z(n~As——
2Ek+Ek’
1 1
tatrtold)
N 2Ek+Ek1|t—S| N

n T £ 1

N %EEk1+Ek|t—S|

cos((Ek/+Ek) )(’)(As) =

for

and it is well known that we can always find two integers such that this is true up to order .
Hence, taking into account these phase cancellations we can always find a pair of transitions that
add up to

(exp [—én . AsEk] + exp [+én : AsEk/]) O (As)+ 0O (n-As?) =

o) o (5w v )
N3 Ek+Ek/ N
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and as we have & of such pairs we get in total

N2 1 e |t-s € 1
— — ) -0l——t- —1.
ZO(N3)JFO(EkJrEk' N ) O(Ek+Ek’| S|)+O(N2)
Finally, as N was completely arbitrary we must have for the full transition of a negative-energy
mode y; (k) to a positive energy mode y; (k')

P, U(t,5)P, = O (; |t—s|) :
Ek +Ek/

Hence, the better the scales are separated, the more the tunneling is suppressed due to better
phase cancelation. This is the main content of adiabatic perturbation theory. Note furthermore
that transitions happen most likely from the edge of the spectral gap and are less likely from “deep
out of the Dirac sea”. A fact which becomes important when one looks at the second quantized
theory.

In the remaining part of this section we show how this previous argument can be made rig-
orous. From a mathematical point of view the sum in eq. (6.1) is not a very smart place to start
as the computations get tedious very quickly. Also from a physical perspective, it seems counter-
intuitive to use a discrete splitting of time as we expect to have transitions at every moment of
time. Hence, after the heuristic detour above we should take the limit N — oo to replace the sum
with an integral. To be able to do so we have to find a way to take the limit of the product which
appears in eq. (6.1). To figure out how to do this we look closer at what this product actually
does. Its job is to keep track only of the fraction that stays in the positive subspace. If we replace
the product by P; U(t,s,) P{ , then this would also include paths which go back to the negative
subspace and up again, see Figure 6.3.

I—I P+ U(SN—ma SN—m—l) P+

P*U(s',s)P*

—mc?

s i ' s/

Figure 6.3.: The expression P}, U(s',s) P{ contains the path which stays in the positive subspace and others
which go back to the negative subspace and up again.
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Hence, in order to do the replacement we need to subtract all the paths which go back to neg-
ative spectrum and up again. The correction terms are given by!

N
Y Py U(t,55-1) Py, U(sn> Sp-1) PE U(8021,8) Py
n=1

Replacing the product in eq. (6.1) by P} U(t,s,) P; and subtracting the correction terms yields
N

Py U(t,s) Py =Y Py U(t,55m) (PE, U(Sus5u1) Py =Py U5 55m1) PE ) U(spo1,5) Py
n=1

With this trick, it is easy to take the limit N — oo if we note the following

Pl U(s+As,s)P; =P, U(s+As,s) P! =

s+As

=PI U(s+As,s)P; —P; U(s + As,s) P}

+As((%Pj) U(S+A5,5)P;_(%Ps_) U(5+A5>S)Ps+) +0(As) =

. . A2
=P exp [—1As Hs] P; - P, exp [—iAs HS] PI+O (—)
€ € >

’ As((%Pj) U(s+As,s) Py - (%Ps_) U(s+ As,s)Pj) +0(As) .

Hence,

.1 o d o (d oy
gr_r)log (PLa U(s+As,s) Py =P, U(s+As,s)P!) = (a P:) p; - (a P; ) P! = P,

which we denote for the time being with P . The integral is then
t .
P U(t,s)P; =P} f U(t,r) P U(r,s)drP; .

This equation is the starting point for the proof of the adiabatic theorem in Chapter 6.3, where
we will derive it in a much simpler and mathematical rigorous way. To see how we can derive
adiabatic behavior from this, we use the interaction picture again and switch to momentum space
as before. The free part of the time evolution, U;(¢,s), then yields a phase and the integral is
therefore similar to an oscillatory integral

fte_i(E“Ek’)rl//(r) dr.

N

"We do not prove here that these are indeed the right terms because this chapter is thought of as a heuristic discus-
sion. Instead, they are incorporated in the rigoros proof in the next chapter which is simple and elegant. However,
if one sketches the extra paths one can convince oneself quickly that these are the right correction terms.
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By writing
—L(Eg+Ep)r _ e i —L(Eg+Ep)r L —i(Ek+Ek,)ri
e r)= e s r e ¢ r),
W( ) E.+Ep dr 1//( ) E;,+Ep dT’W( )
we get

£ . d
— L (Ex+Epr)r -
f ¢ y(r)dr V()

S

).

Hence, if $y/(r) is bounded in ¢, i.e. if we are in the adiabatic regime, the integral vanishes for
small e. Thus, to prove the adiabatic theorem we first have to show rigorously that the integrand
can indeed be rewritten like we just did and, secondly, we need to prove the boundedness of the
derivative. These two tasks are the content of following section.

e LR

+ Ep re[s,t]

6.3. The theorem

To begin with, we derive the expression for transitions through the gap which we have heuristi-
cally argued for in the preceding section. The transitions through the gap after the time interval
[s, t] has passed are given by Py U(t,s) P7. For the moment we restrict ourselves to the domain
D(H,) of the free hamiltonian and remember that D(H,) = D(H;) for all . Manipulating the
off-diagonal terms by using the properties of projections yields

P* U(t,5) PT = P* U(t,5) P* - P* U(t,5) P* P¥ =
=Py (U(t,t)P; U(t,s)-U(t,s)P:U(s,s))PT =
:P,i/:%(U(t,r)Pf U(r,s)) drPT =
- p [(U(t, PP U(rs) + U(t, r)é[Hr,Pf]U(r,s)) drp7 =
=P; /;tU(t,r)Pf U(r,s)drPf

where the integral is understood as Bochner-integral on the Banach space of bounded linear oper-
ators. To evaluate this integral we assume that there exists a family of bounded operators (X ) cr,
differentiable with respect to t and such that the following relation holds on the domain of the
hamiltonian,

Pti = i[Ht, Xt] .

Differentiating the expression U(t,7)X,U(r,s) yields

d i d
SULNXU(r,s) = SU( ) [HL X]U(rs) + U (1) (EX’) U(r,s)
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which is then equivalent to

U(t, r)PfU(r,s) = +ieU(t, 1) (din) U(r,s)+ isdiU(t, r) X, U(r,s).
r r

We can now evaluate the above integral to be
t .
p: f U(t, )P U(r,s) dr PT = FieP* (X,U(t,s) - U(t,s)X,) P7
S

t
+iePy / U(t,r) (din) U(r,s)drPf .
s r

As every operator in the term above is bounded we can estimate the norm of the transitions by

dr) ,

where we used the unitarity of the time evolution, |Py| = 1 and the Minkowski inequality for
the Bochner integral. Thus, the remaining task for the adiabatic theorem is to show that there
exists such a family of operators (X;) and to determine the bound and the bound of its time-
derivative.

Hd
IP; UGy 22 < (10 10+ | £

Theorem 6.1 (Adiabatic theorem). Let the vector potential A(t, x) be such that there exists a gener-
alized Fourier transform according to Theorem 3.6 and that A(t, x ) and its first two time derivatives
define bounded operators of multiplication. The Dirac time evolution has then the following property

+ fst6C HAT dr)

2 .
+ |4,

IP: U(t9) 7] < eC2 (|4, + 4

where C is

C_ [ 1 ( n )211
S (n+)2\n+l)

Proof. The prerequisites on the external field guarantee the existence of the time evolution by
Proposition 1.4 and the existence and boundedness of P; by Proposition 5.3. Thus, we can use
the considerations above which leave to prove the existence and differentiability of X,. As P, has
only off-diagonal elements we can choose P; X, P; = 0 as well. The defining commutator relation
reduces then to the off-diagonal elements

P B} PT = P[H,, X,] P = & {|H,|, P X, P} .
The left-hand side is bounded, therefore we can use Theorem 5.2 and get

L _g®

Xt =S p : yodd »
sgnH,; P, SgnHt(A,)o

(6.2)
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with Sf) = Ss,. For the norm we have according to Theorem 5.2,
<55 s () e = el < ¢ & (63
T2 (nv1)2\n+1 ! = il '
The derivative of X, is then derived with Proposition 5.4 and given by
Xt = [P;r, sgn H, Xt] + S[sgnHl XbA]odd + SsgnHI(PJr)odd . (6.4)
To estimate the norm of the derivative, we first note that
(2) (2) sIA + 2|l
HS(P+)odd < S[sgnH, p+)Al]0dd + ‘ S(At)odd <2C HAt +C HAt (6.5)
due to Corollary 5.5. Therefore, we find
HXtH S 2 (HP:H + C HAt ) ”XtH + S(P+)0dd S
2 .2 .
<4C? HAfH + 18 ey | < 6€ HAfH o HAfH . (6.6)
O

We can now extend the previous argument to higher orders in €. To this end assume there exist
two families of bounded operators (X,,) .y and (Y),) ey Which are time-dependent and differen-

tiable with respect to time and such that
. yodd (-
(X")O + {P:’ sgn H; Yn} = [Ht>Xn+1]
and

(%)™ + [P, sgnH, X, ] = [H;, Y] -

(6.7)

(6.8)

First, note that if X; is odd and Y; is even than it follows by induction that X, is odd and Y, is

even for all n. Secondly, we get that

%U(t, 1) (Xps1 + Yo) U(r,5) = éU(t, r) ([Hy, Xpe1] + [Hy, Yot ]) U(1,5)

+U(t,r) (Xn+1 + Yn+1) U(r,s) =

= U (%)™ + {BsgnH Y} + (V)7 + [B, 580 H, X, ) Urs)
(

+U(tr) (X, + Yy,) =

- EU(t, r) (X, + Y,) U(r,s) + U(t, 1) (Xpu1 + Yuur) U(1,9)
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and therefore
t . .
/ U(t,r) (X + ) U(r,s) dr = —ie (Xyor + Yoer) U(L5) = U(t8) (Xt + Vo))
t B .
+ie / U(t,r) (Xn+1 + Yn+1) U(r,s)dr.

If we furthermore assume that there are some s and ¢ such that X,,,; = Y,,;; = 0 at these times (this
is the case, i.e. if the external field is being switched off at s and t) we have

_/;t U(t,r) (X, +Y,) U(r,s)dr = ie /;t U(t,r) (Xper + Yot ) U(r,5) dr .

By induction we can conclude that

/;t U(t,r) (X + Y,) U(r,s) dr = (ie)" /;t U(t,r) (X1 + Your) U(r,5) dr. (6.9)

Looking back at the first order adiabatic theorem we see that X is given by X, and Y; = 0. We can
now start to solve the commutator relations to any desired order in e. For X,,, we can solve the
corresponding commutator equation by using Theorem 5.2 as we did in the proof of the previous
theorem. For example, for X, we get

X2 = S odd . (6.10)

sgn H,(Xl)
For Y5, we note that
[P:, sgnH, Xl] = [[Hy, X1],sgnH,; X,] = [Ht, —-sgnH, (Xl)z]
and therefore, we have
Y, = —sgnH, (X;)*. (6.11)
Hence, the transition elements in second order adiabatic theory are,
P U(t,s) P¥ =

t .
:iePf/ U(t, 1) X,U(r,s) drPT =
t
:ssz/ U(t,r)di(X2+Y2) U(r,s)drPT . (6.12)
s r

The derivative of X, is due to Proposition 5.4 given by

X, = [P:,sgnHer] +S . ]odd +S

. yodd . 6.13
[sgnHtXZ,A, ) dd ( )

sgn H,(Xl
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The first derivative of X; is given by eq. (6.4). Its second derivative is therefore

odd ]odd

= [(P:) ,sgnH, Xl]Odd +2 [P:, P:Xl] + [P:, sgn H; Xl

odd odd
d d
+ (Es[sgnHr Xl,Ar]Udd) + (assgnHt(P:)odd) =
P+

ssgnH, X |+ [B,[B), X,]]

odd odd
d d
+ as[sgnHyXl,Ar]Odd) + (assgnHt(l-j:-)odd) =
odd odd
Ch e d d
= - {Pr ) {Pr » Xl}} + (as[sgnHthAr]udd) + (assgnHt(p:)odd)

where we used [P:, sgn H, XI]Odd = [P:, sgn H, (Xl)even] in the first step and (P:)even =-2 (P:)2

in the second step. To obtain the remaining derivatives we can again use Proposition 5.4 which
yields

(X1)0dd _ {P:, {P:,Xl}} + S[S | Odd)Ay]odd + S[(Xl)odd%]odd + S[Xl)éy]mm
[x1.4:]
+ S[S(p;)()dd)%y]odd + S(-E-,-:)udd . (6.14)
Note that we actually mean (F:)Odd = (% (P:)Odd)Odd. For Y, we have
Y, = —ZP: (X1)2 —-sgnH, {Xl,Xl} ) (6.15)

All the terms which appear in the two derivatives are well known by the previous proofs except

for f—; P;. It can again be computed by using Proposition 5.4 and we will do so in the next section.
In principle we could continue with this procedure to any arbitrary power in ¢. For example for
the third and fourth order one finds

X; = sgnH, (S(xz)"‘*“ B S{P?&Xl)z})
Y;=-sgnH,{X}, X5},
and

X4 = sgn Hr (S(XS)odd - S{Pf,{Xl,Xz}})
Yy=-sgnH, (X)) + (X)) + {X1, X3}) .
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However, to able be to compute time-derivatives of the operators we need some regularity of the
external field. Otherwise, the time-derivatives will not exist. For N-th order in ¢ it certainly
suffices if the first to the (N + 1)-th derivative of the external field defines a bounded operator of
multiplication. Then, all derivatives of operators in the expression above can be determined by
consecutive use of Proposition 5.4.

6.4. A Hilbert-Schmidt version

In the context of second quantization we will see that quite often one does not only need the
operator norm of the off-diagonal elements of the time evolution but rather the Hilbert-Schmidt
norm. We will show in this section that our previous result can be strengthened to include also
this case. To this end we will need the following lemma.

Lemma 6.2. Let the vector potential be such that there exists a generalized Fourier transform ac-
cording to Theorem 3.6 and such that the generalized eigenfunctions are uniformly bounded. Let
T be a bounded operator on the Hilbert space and let B(x) € L2(R3> — R?) such that it defines
a bounded multiplication operator. Denote the matrix-valued multiplication operator defined by

aB(x) with B. It follows that the operator S% = Ss,, is a Hilbert-Schmidt operator with

¢ (x, k)| B2 || -

2
HS%}; H <7 sup
HS x,keR3

Proof. The generalized eigenfunctions are uniformly bounded. Hence, also aB(-)¢(+, k) € L* for
all k € R?. Thus, we can define

FT[aB()¢(- k)| (k)
(Ek +Ek/)2 )

h(k, k') =
Using (Ex + Ex)* > EZ, we get

T [aBO)p (- k)] (k)]2

R R e L
k K
< [ 5 ([ Irrlasogei)] tof ek aw -
:/Eli, FT[aB()¢(-K)] i d3k’st1£, aB()¢ (- k') i Ek T <

2
SUP g3 f(x’ k,) 2
<[ = &K' |BI3 [T < 72 sup |¢(x. k)| |BIS. | TI?
k' x,keR3
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where we used the unitarity of the generalized Fourier transform in the fourth step. Hence,
h(k, k") defines a Hilbert-Schmidt integral operator K : L2 — L2. By the definition of the gener-
alized Fourier transform in Theorem 3.6 and aB(-)¢ (-, k) € L* for all k we get

F St F ] = K[y]

for all ¥ € L' n L? and thus, by the density of L' n L?, this equality extends to all ¥ € L?. By the
unitarity of the generalized Fourier transform we get for the Hilbert-Schmidt norm of $3 ,,

[Stall s = 7 ST F 2 g = 1Kl s = (/ |h(k, )| &k d3k')2 <

< sup |¢(x, k)| |B] - |T] .

x,keR

We can now prove the adiabatic theorem for the Hilbert-Schmidt norm.

Theorem 6.3 (Adiabatic theorem for Hilbert-Schmidt norm). Let the vector potential be such that
there exists a generalized Fourier transform according to Theorem 3.6 and such that the generalized
eigenfunctions are uniformly bounded. Let it furthermore be such that A(t, x) and its first two time-
derivatives define bounded operators of multiplication and let the first and second time derivative
be square integrable. The Dirac time evolution has then the following property

[P U(t,5) P71 < ( sup [9, (x| [4(t )|, + sup |6 (v )[4 )

t
+ / sup
S x,keR3

$,(x. k)| (sC 4,

[4(r.)] -+ [ACr)

Lz) dr) (6.16)

where C is

) 1 n 2n
c=Y—— (=) .
,;)(n+1)2(n+1)

Proof. Recalling the proof of the adiabatic theorem we see that we only used the triangle inequal-
ity for the Bochner integral and unitarity of the time evolution to arrive at

ar)

It is easy to see that the triangle inequality for the Bochner integral also holds for the Hilbert-
Schmidt norm. Hence, we have

Hl d
IP; UG B3 < (10 1] e [ 3%

t d
IP: UG B Ls < ¢ (1X0hs + 1Xels v [ 56 ar)
s r HS
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and are thus left to prove the Hilbert-Schmidt property for X, and X,. Remember that X, is given
by eq. (6.2)

2
Xt SsgnHt(At)Odd .

Therefore, we have by Lemma 6.2 that

2

X =
H tHHS SSgnH:(Al)Odd

< HSZ} HHS < T[:lig3 ’ft(x,k)’ A%, - (6.17)

The operator X, from eq. (6.4) is given as

Xt = [P:,sgnHtXt] +S

. +S ) .
[sgnHt Xt,A]Odd SgnHl(PT)Odd

To determine its norm we note first that

(2) (2)
[sry], <552, S fera] L S

S(Z) +[s@ <
A, [0 |

<7 sup [¢ (HA'(t,-) L+2C HAfH |A(t)]),.) (6.18)
x,keR3

where we used
5@ 5@ _|ls®
At t P At P At HS

and Lemma 6.2 in the last step. Thus, we find

HXtHHS _ZHP H HXt”HS+ [ l’A]odd HS+ SgnH/(P?)odd s <
<27+ [ 1Xells + Sy
<AC &) 1%l s + || Sy N
<7 sup \g(x,k)\ (HA(t,- . (t,-)HLz) . (6.19)
x,keR3
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Of course, this theorem can now also be extended to higher orders in ¢. The starting point
is again eq. (6.9). For example, to establish the second order we have to determine the Hilbert-
Schmidt norm of X, + Y,. For Y, we get due to eq. (6.15)

95l < 2CIBS 10+ 1500 s < (192 262 ) 1D <

(s[4 <202 4]) s

ﬁ(x,k)‘ HA(t’)HLZ > (620)

where we used eq. (6.3) and eq. (6.6) in the first step and eq. (6.17) in the last step. For X, we
have

%ol s < 2P 1) +

< <
HS

HS

Ssgl’l Hr(Xl)odd

i

- qjodd
sgnHth,Ar] HS

<2([[e7]+c <

&) 1%l s +

)odd

S/ e
()™ HS

<4C*||A, +1|S

]

(%

(Xl)()dd

HS

For the last term we find with eq. (6.14) and Lemma 6.2 that

s <4C |27 X s

(Xl)o HS

+2ﬂ(

+27 | X sup ¢ (x. k)| |4t )], +
x,keR3

S(P:)odd

+ H (Xl)odd

l

[+

)P |, (. k)| J4ct)

2
S('P.: )odd

[+

Xl"’i’r] 12

<

HS

A,

AT

A

AT’

A,

odd

2
<2 (2C3 +2C

1%+ [ (%)

S(P:)odd )xsli% |£t(x’k)| HA(t,')HLZ

5@

(-P-:r )odd Hs

) sup |ﬂt(x,k)| HA(t")HLZ
x,keR3

+271C? <

sup ﬁ(x,k) HA.(t,-)HLZ+

x,keR3

<2m (6C3 +2

S(P:)odd

5@

exe\odd
(F7) "y

¢ (x.K)||4(t)],,

+271C? <

sup ﬁ(x,k) HA.(t,-)HLZ+

x,keR3
) sup
x,keR3

sup ‘ﬁ(x,k)‘ HA.(t,-)HLZ +
x,keR3

A,

A,

2
+2C?

<27 (1oc3

AT’

+27nC?

)
S (5

)odd
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Finally, we have to estimate the last term from above. The third derivative of the projection is
given by

(i (p+)odd)0dd s . .
dr V' 7 - [S[p+ . ]Oddéisr]()dd I:(l.j:r)odd)Ar:IOder[P:r’Ar]odd %A?dd .

Hence, we have

Iy <m0l < 1E01) s Jo s HA(n-)\\ 2
(P s '
+rC||P; | 5111% |£t(x,k)| |A(t,-) ‘ +7C sup |¢> ) LS
<nc(ac 4]+ c[4]) sup [s,cx k)!HA(t N,
+C2 |4, sup ‘HA )HLZ +nC sup ‘ﬁb (x, k)H )HL2

Summing it all up, we find

[l < 42 [ sup [g, (0] (Jice, )], +ac 4] [dcs.),.)
+zn(1oc3 Ar “ract | ) sup |9 )| 4],
c2n i s \gtu,m\uzf’(t,oup
+nC(4cz Al , ) (x| At
+7C |4, sup [¢ |HA ) .+ 7€ sup [¢ A(t -
—e s]?% ¢ (x, k)|(40c2 ", ), AA)],.
k1ol + | a0 ) (621

The next corollary is a trivial consequence of Theorem 6.3. However, it is important in the
context of second quantization. Thus, we state it as a result of its own.

Corollary 6.4. Let A(t,x) € C*(R xR3 — R3) be of order |x| ™" at infinity and such that its first
partial derivatives with respect to position are of order ]x|_l_h. Furthermore, let its partial derivatives
with respect to position and up to second order be integrable and let the first and second derivative
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with respect to time be square integrable. Finally, let the vector potential be such that there are no
eigenstates for zero kinetic energy of the extended Dirac operator to the space Lf/z (R — C*) for
some € > 0. The off-diagonal parts of the time evolution, Py U(t,s) P{, are then Hilbert-Schmidt

operators.

Proof. The assumptions fulfill the prerequisites of Theorem 6.3 (see Chapter 3). The adiabatic
parameter might not be small for an arbitrary external field but is always finite. Thus, the right-
hand-side of eq. (6.16) is an upper bound on the Hilbert-Schmidt norm. [






Part II.

External field QED






7. Second quantization

7.1. Introduction

Quantum electrodynamics is the theory which describes the interaction between electromagnetic
fields and matter. In the following chapters we will discuss the so called external field model of
QED which neglects the interaction between particles and assumes the presence of an electro-
magnetic field generated by some external source. The reasons we restrict ourself to such a model
are twofold. First, up to now it has not been possible to formulate a rigorous quantum mechani-
cal theory of electrodynamics and even external field QED poses difficult problems. Thus, from a
fundamental perspective it is highly interesting to understand the structure and mathematics of
external field QED as groundwork towards the fully interacting QED. The second interesting as-
pect of external field QED is its application to strong field physics. There, the external fields reach
strengths where the particle interaction can be neglected to a good degree of approximation. This
drew our attention to external field QED initially as we would like to describe the process of pair
creation in strong laser fields.

To set up the theory one usually starts by defining the necessary Hilbert space — called Fock
space. A constructive approach can be found in [Tha92, Chapter 10]. This works generally well
for static external fields. However, as soon as one tries to incorporate a time-dependent vector
potential in the theory this approach breaks down. The time evolution operator ceases to exist
which was shown by Ruijsenaars [Rui77] using the results of Shale and Stinespring [SS65]. This
is commonly referred to as time evolution problem of external field QED. A solution to this was
proposed by Deckert et al. [DDMSI0]. There, the authors develop an extensive new mathematical
framework to rigorously establish the idea of the Dirac sea and to solve the time evolution problem
by introducing infinite wedge spaces. The key observation by Deckert et al. is that the change of the
external field also changes what we perceive as ground state or vacuum. Thus, the Hilbert space
of the theory - in their case the infinite wedge space — also has to be time-dependent instead
of being fixed. We adopt this idea and will construct time-dependent Fock spaces in a similar
constructive way as in [Tha92, Chapter 10]. We then go on to define the canonical time evolution
on this family of Hilbert spaces and prove a generalized version of the Shale-Stinespring criterion.
Together with the result from Corollary 6.4 this shows that the time evolution operator indeed
exists for a wide range of vector potentials.

We would now like to sketch the whole idea of Fock spaces, second quantization and its con-
nection to the Dirac sea. In Chapter 1 we encountered the negative energy solutions of the Dirac
equation and explained Dirac’s idea of a “sea” filled with infinitely many electrons of negative
energy. This sea ought to be very homogeneous due to electromagnetic repulsion and the Pauli
exclusion principle. Thus, a free positive energy particle would not be able to feel the Dirac sea as
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the forces cancel out. Furthermore, it cannot fall down to a lower energy state by the emission of
radiation as all lower states are already occupied by other electrons. A test particle would there-
fore “fly” through all the sea electrons without detecting them'. This filled sea is called the vacuum
state. Physically relevant objects (in the sense of being detectable) are thus not all the electrons in
the sea but rather deviations from it. Such deviations can either be electrons with positive energy
or missing electrons of negative energy. We saw in Chapter 1 that the latter behave like positive en-
ergy particles with positive charge by the mechanism of charge conjugation. Concentrating only
on the net deviations solves the problem of constructing a theory for infinitely many particles.
But this theory has now to be capable of dealing with a varying amount of particles as transitions
from the negative to the positive part and vice versa can happen, which correspond to the creation
and annihilation of electrons and positrons. Therefore, we need a Hilbert space which can handle
states with different numbers of particles and superpositions thereof. This space is called the Fock
space and is constructed out of the spectral subspaces for positive and negative energy. We will
do so in detail in the upcoming section. Furthermore, to jump between states of different particle
numbers we need to be able to create and annihilate particles. We call the operators for this task
creation and annihilation operators for electrons and positrons respectively. They are denoted by
a’, a and b', b. From the antisymmetry of fermionic states we conclude that the order matters in
which we create or annihilate particles. Assume that we add two electrons which are in the states
¢,y € H* to an existing Fock space state . We get by the antisymmetry consideration

a'[gla'[y]¥ = -a'[y]a"[o]¥.

Thus, we have to impose an anticommutator condition on these operators

{a'[g).a’[y]} =0 {a[p],aly]} =0

and similarly for the antiparticle operators. Note that the creation and annihilation operators
for the electron are only valid for states ¢ € H{* and the ones for the positron only for ¢ € H".
Especially in a time-dependent setting where the spectral subspaces change over time this leads
to mathematical troubles. Hence, from a mathematical point of view it would be desirable to have
an operator which fulfills the anticommutation rules and is defined on the whole Hilbert space
H. The most direct way is to take the sum of the particle and antiparticle operators. We will see
by the Propositions 7.2 and 7.3 in Section 7.3 that one should take a and b" to form the Fock space
operator

T[] =a[P" 9] +b'[P” ¢]

for all states ¢ € H. It can then be shown (Proposition 7.7) that this operator and its adjoint
indeed have similar properties as the creation and annihilation operators. But also from a physical
point of view this definition is very intuitive (at least in the Dirac sea picture). It annihilates a

! Although the mechanisms are different modern physics suggests similar behavior for neutrinos. As they interact
only weakly with matter, every second large numbers of neutrinos flow right through us without being notified.
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positive energy electron and creates a negative energy hole, i.e. also annihilates a negative energy
electron. Thus, it can be interpreted as the Fock space representation of the annihilation and
creation operators for electrons in the Dirac sea picture where we only have this one type of
particles. The operator I'[¢] is usually called the field operator and the mapping ¢ — T[¢], i.e.
the assignment of a Hilbert space state to an operator fulfilling the anticommutation rules, is
called second quantization. Although this term is often accompanied with some mystery it is in
its fundaments not much more than a neat procedure to get rid of the infinitely many particles in
the Dirac sea. Taking into account only the net deviations from the Dirac sea turns it into a theory
with a varying amount of finitely many particles. Nevertheless, one should keep in mind that
many mathematical problems which stem from the infinite amount of particles are still present
in the second quantized theory and are sometimes even harder to solve there as their origin is
blurred.

We now show this procedure explicitly using the example of the second quantized Dirac hamil-
tonian. Please note that this is a non-rigorous derivation which simply serves to demonstrate the
considerations above. We will see that one needs a simple form of renormalization to make sense
of the resulting expression. In many presentations this seems to be introduced arbitrarily and
might be hard to understand but it is indeed consequent if second quantization is understood in
the context we just described. Our idea is the following. As the electrons do not interact in the
free field case (and also in the external field model) each electron should evolve independently in
time due to the one-particle time evolution. We will thus take one electron out of the sea, evolve
it in time and put it back. If the electron has a negative energy this is similar to creating a hole,
evolve it in time and annihilate it afterwards. Let us start with N positive energy electrons and N
holes, described by the state W(¢) at time t. We can write ¥(¢) as a deviation from the vacuum
state Q) where all electrons have negative energy in the following way

N

¥(t)= Y @ at [0n]at[en ] 0 [95]. b [95,]
<<

with {¢%} being an orthonormal basis of 7{*. According to the considerations above this state
evolves to

W(t+At)=TU(t+ At 1)¥(t) =

- % T aueesnnglale] TT b[UG+ At ]6 4]

i1<iz<r<in i€{i.nrin} J#Utesjmy
N<p2<<jm

0 i@ [00]. - at 6716 [¢5]. . b (¢, ] Q=
= Y Il &'[a-iatD)¢ilal¢f] [ b[(1-iAtD)¢;]|b"[¢;]

_i1<iz<"'<l:n iE{i1 ..... in} ]¢{]1 """ j’"}
N<p2<<jm

i@ (8]0t [61]07[¢5 ] 07 [47, ] 0+ O(A)
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where U(t + At, t) =1- iAtD + O(At?) is the one-particle time evolution. Note that we have in
general

[a"[¢7]alg;].a" [#71alei]] = [b[g;] 6" [¢7].b[¢i 10" [¢]] = 0.
Furthermore, let k, i € {i), ..., i,} with k # i. We then have
[a"[Dg;1alg;].a" [¢7]alei]] = ~(¢7. Dei)a¢i]a’ [¢7]
and thus
[a"[Dgi1al¢i].a [¢71b[¢/1]a"[¢7]...a" [¢1]Q=0.
Similarly, if I, j ¢ {j1, ..., jn} with [ # j we find
[6[Dg; 16" (71,6 [¢7]6"[¢;]] = ~(¢;. Dg;)b" (916 [97]
and therefore
[6[Dg; 16" (g1, 0716 [¢7]]07[¢]..b7[¢;,]Q =0

Hence, the order in the products above does not matter and we get by linearity of the creation
and annihilation operators

N

Yiar= 2 @ea. 11 @' [9i1alei] T1 b[¢;]0"[¢;]
]111<<]l§::;fn i€{i1smrin} J#{Jtseerjim}
at[¢i]. et g0 [¢5]. 0[5, ]
N
it Y @ O @ Delale] 1 a[¢i]alé]
;11:;522]1; ke{itsenin} 16{1;;.];,1”}
[T olgilet[g7]a' g7l a"[gr]07[¢5].-- 07 [¢5,] @
{0 jm}
N
LD Y el LA N ) R G Lt
f1<ip <<y 1¢{j1semisjm } JE e fim }
N<j2<<Jm it
3 {‘]‘[‘ }a* [¢71alpi]a[¢)]...a"[¢5]07[¢5].- 0T[4, ] Q+O(AF).

.....
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identity and the same holds for the hole analogon. Hence, the first term is just ¥(¢) again and
the second and third term simplify a lot. The time derivative of the state is therefore

) W(t+At)-¥(t)
dr AD At -
- i Z( > (¢5.Dgp)a’ [¢r]alei]+ Y <¢;,D¢>z>b[¢;]b*[¢;])

ii<iz<e<in |\ ke{itsenin} k¢{jtseesjm}
N<p2<-<jfm

) a;‘klxm:"nx]'lwwjmaT [(’b:rl] e aT I:gbjn] bT [(’[);1] e bT I:gb;m] Q

where we expanded D¢; in terms of basis vectors. We can extend both inner sums to all basis vec-

tors ¢ as the extra factors are equal to zero when acting on a' [(;51*1] c.at [ j] bt [(;5;1] bt [(/SJTM] Q
This yields

d
i Y= ;<¢7>D¢Z)a* (¢ 1aldc]+ (b1, Do )b 616" [¢5]

D Fimiiin® (O] [97 01 [65]. . 0 (¢, ] Q=

i1<iz<<ip
N<p2<-<jpm

- (Z(¢7»D</>Z)a* [671a(gc]+(d, Do )b (4]0 [</>;Z]) ¥, =

Lk
= H/ \Pt .

We arrive at a partial differential equation for the time evolution of a state W (¢), which has the
form of a Schrédinger equation. Let us compute the expectation value of the operator H' and a
state ¥. For the vacuum we get

(Q,H'Q) = 37(Q, (¢, Dpi)a’ [¢7]algp]+ (41, Do )b (9167 [¢;]) Q) =

Lk

= ;<¢;,D¢;> = —co

and as any state ¥ can be built out of the vacuum by adding the corresponding amount of finitely
many particles the same holds true for any (¥, A’ ¥). This is of course bad news, so what went
wrong? Up to this point we have computed the dynamics of all electrons present. As there are
infinitely many particles in the sea it is of no surprise that the energy operator H’ will always yield
an expectation value of —oo. In particular, the expectation value of the vacuum E, . = (Q, H’Q)
is precisely the sum of the expectation values of all electron states in the Dirac sea. As we said
before we would like the theory to be only about the deviations from the sea as this is what we
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can observe. Note that due to the anticommutation rules we have

il (Z<¢7,D¢;>m [611al8t]+ (97, Dgp)b[97]b' [m) v, -

Lk

—

S (65, Dot)a' (1] a (1] - (97 Dgi)b (93] b [m) ¥+ B, -

Lk
-HY, +E,,Y,.

The operator H is now clearly positive as all of its summands are positive and for the vacuum we
get

(Q,HQ) =0,
and therefore
0<(¥,HY) < 0.

This operator is called the second quantized Dirac operator which is nothing else than the hamil-
tonian for only the positive energy electrons and the holes. It is indeed simply derived by taking
the Hamiltonian for the infinitely many particle system and subtracting the filled Dirac sea.

In the next chapter we will construct the Hilbert space for our theory of net deviations from
the Dirac sea — the Fock space - in a mathematically rigorous manner. The resulting Hamiltonian
in the free field case, given as the generator of the time evolution, would then have automatically
the right form, and there is no need for the somewhat vague vacuum energy renormalization
we performed above. However, given a time-dependent field there is no straightforward way to
construct a Hamiltonian as it is not possible to formulate the theory in one fixed Fock space. We
rather have to take a family of Fock spaces to be able to construct a time evolution. Therefore, it
is not a priori clear how to formulate a partial differential equation on such a construction as we
are missing the necessary algebraic structure. Thus, we will focus on the construction of the time
evolution rather than the hamiltonian in the following.

7.2. Fock space

We now start with the general construction of Fock spaces. The results from this and the subse-
quent section will then be applied in the next chapter to define the time-dependent Fock spaces.
The way we construct our Fock spaces is a generalization of the procedure in [Tha92]. We there-
fore follow a similar route to Fock spaces as described there. Let H be the Hilbert space of the
one-particle Dirac equation and let V c # be a closed subspace. We can then decompose the
Hilbert space into

H=VeV:
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where V' is the orthogonal complement to V. These subspaces equipped with the usual scalar
product are again Hilbert spaces. We call V' a polarization. The standard choice of these subspaces
to construct a Fock space would be H* and H~, but for now we will keep this freedom of the
splitting. Let C be the charge conjugation operator defined in Chapter 4.2. We define the particle
and antiparticle sector to be

}"151) =V and F=cCV:.

The n-particle Hilbert space is then the n-fold anti-symmetrized Hilbert space tensor product of
F, (1), ie.

FM =NV

which is constructed as follows. Let ¢, ..., ¢, € V and define the following map
PrA AP,V xoxV = C,
(1A~ [V W] = \/— Z sgn(o) Gl’hll’a(l)) (‘Pn>%(n)>%

o€S,

It is by construction antisymmetric under permutation of any two ¢; and ¢; and antilinear in
each ¢;. The addition and scalar multiplication of two such maps is given by pointwise addition

and scalar multiplication. Let {(/5 j}jeN be an orthonormal basis of V and define BI(J”) to be the
ordered set of all such maps with elements from this orthonormal basis, i.e.

B;(an) ={¢nng

The canonical inner product on the space of all finite linear combinations, span B(*"), is then sim-

j1<"'<jn}~

ply a sesquilinear form (-, -) : span BZ(,") x span BI(,”) — C defined by
<¢]1 AA¢]V1’¢’1 A¢ln) ]111"'6jnin
with ji <---<j,and i) <--- < .
Proposition 7.1. (-,-) is an inner product and BI(,") is an orthonormal basis of span Bf,’”.

Proof. Let y € span 81(7”) be the null vector. As v is a finite linear combination of elements of Bé")
we have for every ¢ = (¢1,...,¢9,) € Vx--xV

Yiteoosjin (¢Jl A ¢jn) (P15 pu] =

sgn(o) Z Vii..... ]rz(¢0(]1) Q1) - (¢jn’(P”>H

J1<<n

N
= 2
j1e<j
= 2,
€Sy

ﬂ\
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Now, set ¢; = ¢;,...,¢, = ¢;, for a sequence i; < --- < i,. All terms vanish except where
0(jx) = ix for all1 < k < n. This can only be fulfilled for j; = iy and the identity permutation as
the 7 and jj are ordered. Thus, the only term surviving is y;, . ;, which is then identical to zero.
By choosing such sequences repetitively we end up with y;, ;. = 0forevery choiceof i} < --- < i,,.

Hence, the ¢; A --- A ¢;, are linearly independent and Bf,’” is therefore a basis of span BI(,n). The
sesquilinearity and definition of (-, -) give

.....

<I)U> (P) = Z W]l jn (le ----- jn °

which shows positive definiteness. It is then obvious from the definition of (-,-) that BI(,") is in
particular an orthonormal basis. ]

The n-fold anti-symmetrized Hilbert space product of V' is now given as the usual Hilbert

space completion(see e.g. [RS80]) of span 81(7”) with respect to this inner product. Note that
the resulting Hilbert space (and thus the inner product) does not depend on the choice of the

orthonormal basis used in the construction of BI(,"). Thus, any BI()") constructed in the way above
is an orthonormal basis of the wedge product space?. The n-antiparticle sector is constructed in
the same way starting with the space CV*

FM=NCv*.

The space where no particle or antiparticle is present is called the vacuum state. There should
only be one physical state associated with the vacuum and the rules of quantum mechanics teach
us that every physical state is represented by a ray of vectors in a Hilbert space. Thus the Hilbert
space for the vacuum is simply the complex numbers with the usual inner product

FOO =C.

The vacuum state, denoted by (), is then represented by a complex number with absolute value
one. A state with n-particles and m-antiparticles is an element of the Hilbert space tensor product
of]-}g") and F.")

Fom = 7D g FM
The canonical inner product of these spaces is

(@p ® M0y ¥p ® ba)(nm) = (9> Vp)u{Ma> Ba)m
The basis of this tensor product is simply (see e.g. [RS80])

B = {4 @ ¢514f < B, 9 € B, i je N}

Tt is actually not Bl(,n) itself but Bl(,n) under an isometric embedding which serves as basis.
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To be able to handle states with a varying number of particles and antiparticles we define the Fock
space with respect to the polarization V to be
Fy= @ Fom,
n,m=0
where @ is the usual direct sum of countably many Hilbert spaces. Thus, elements of Fy are
sequences (@), ,, With ¢, ,, € F(™) which are square summable

Nt 2
Z H(P”,mH(n,m) <oo.

n,m=1

We name these elements with capital greek letters and write
W= p(0.0) g (Lo) L g(ol) 4oL, = (\11(0,0),\11(1,0),\1/(0,1), ) .

For example, the vacuum state corresponds to the sequence Q = (e#,0,0, ...) for any a € R.
The canonical inner product is given by

(q/,cp) = Z <‘I’(”’m),®("’m))n,m
,m=

n 0

Such a space is then again a Hilbert space (see e.g. [RS80]) and the union of the basissets B

B= | B"m,

n,meN

is then an orthonormal basis of this Fock space’.

Remark. We began the construction of our Fock space in the dual space V* x--- x V* rather than
in the space V x --- x V of L?-functions. However, the connection is clear. We associate to every
$jy Ao A ¢, the function —= 3,5, sg0(0) $o(jy) (x1) - . - §;, (). This is the unique association
according to the Riesz representation theorem and connects our abstract Fock space and its inner
product to the one used in [Tha92].

7.3. Creation and annihilation operators

To be able to jump between different particle sectors in the Fock space, we need operators which
add and remove particles and antiparticles to a given state. To this end we will now define the
creation and annihilation operators. We remind ourselves that states in V are to be interpreted
as particles. Hence, a particle creation operator shall be able to add a state from V to an existing

3 Again, we actually mean the union over the canonical embeddings of the basissets B("™) into the Fock space Fy.
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(n, m)-particle state and turn it into an (n + 1, m)-particle state. Let ¢ € V and let {¢, } . bean
orthonormal basis of V. The particle creation operator is then a linear operator

ay[e]: Fv - Fy.

defined via its action on the basis vectors of the particle sector

a9 (8 1A ) = 2% Ygi A b A A D),

and the particle annihilation operator is given by

aV[(P] (¢j1A"'A¢jrz) Z( )k ;. 9) ¢]k’ >¢]1 'A¢jk-1/\¢jk+1/\"'/\¢jn

and
ay[e]Q=0.

On the antiparticle sector they are defined to act as mere identity. It is also easy to see that the
definition above is independent of the choice of basis vectors. Similarly, we define the antiparticle
creation and annihilation operators to be linear operators on the Fock space by their action on the
basis vectors of the antiparticle sector. Let {¢:} _ be an orthonormal basis of CV* and ¢ € V.
We define

B [9] (94 Ao A gt ) = (<1) DG Cp) F A G A A |

k=1

byle] (¢ A ng;) = (-1)" Z( 1)1 Co)pf A A AdG A A

and
bylp]Q=0.

Again, they shall act as the identity on the particle sector. The next two propositions summarize
the important properties of these operators.

Proposition 7.2. Let ¢, ¢1, ¢, € V. The operators al, and ay have the following properties:
L {av[g:] avlga]} = {a}[gi). a} 9]} =0,
2. {av[%}’ a(z[‘/)z]} = (@1, 92)n
3. aylo] = (avle])’,
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4.

5.

6.

2
lal[p]¥ [+ lav (o] ¥ [ = [l Y| for any ¥ e Fy

the mapping ¢ — ay[¢] is antilinear whereas the mapping ¢  al,[¢] is linear,

ayv[@]Q =0and al,[9]Q = (0,9,0,0,...),

7 (av[e])’¥ = (a{,[go])z‘{’ =0 forany ¥ € Fy.

Remark. The first two points are called the canonical anticommutation relation or CAR and the
last point is the rigorous version of the Pauli exclusion principle.

Proof.

Proposition 7.3. Let ¢, ¢, ¢, € V*. The operators b}, and by have the following properties:

I~

[N}

w

M

“o

1. This follows directly from the anti-symmetry of the wedge product under exchange

of any two functions.

and a sign difference due to the alternating factor (—~1)*~! in the definition of ay.

. We have

(avle] (s A Adi)sdjnAd) =
= Z(_l)k_l<¢ik’ ?)61‘1]'1 v 8ik—ljk—18ik+1jk s 8iu+1jn =

Gi Ao A Giab[e] (@5 A ng5,))

1l
—_

. Use 2) with ¢, = ¢, and 3).

. See definition.

al, [9]Q = Y2 (¢k> @) = ¢ as {¢r }, is an orthonormal basis of V.

Use 1) with ¢, = @,.

{bv[ga]. by[ga]} = {B}[gn]. bl [ 2]} = 0,
{bvlga]. bl [92]} = (@1 92y

bl [e] = (bvle]),

|63, [p1% [+ [y [@T¥]* = [ @3, ¥ for any ¥ e F(V),

the mapping ¢ — by[¢] is linear whereas the mapping ¢ ~ bl,[¢] is antilinear,

. 'This follows from the completeness of the orthonormal basis used in the definition of al,
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6. by[@]Q =0and bl [¢]Q=(0,0,Cp,0,...),

7 (by[e])* V¥ = (b(,[(p])2 ¥ =0forany ¥ e Fy .
Proof. Analogous to the previous one. O

Proposition 7.4. Let ¢, € V and ¢, € V. We then have

{avlg). bl [ga]} = {a} (g, bu[ga]} = 0.

Proof. Interchanging the particle and antiparticle operators yields a minus sign due to the particle
sector dependent minus sign in the definition of by and b!,. O

Now, as we are able to jump back and forth between states of different particle numbers one
might think that we should be able to create every thinkable state out of the vacuum by adding
the appropriate particle states and form superpositions thereof. This is the content of the next
proposition.

Proposition 7.5. Let {¢, } and {¢p:} be the orthonormal bases of V and V* which were used in the
construction of B. We then have

B={al[¢:]...al [¢;, 10} [¢}]... 0} [¢1,]Q|n,meN
and iy < iy <+ <y, i< jr< < -

Proof. Note that for {¢;} being an orthonormal basis of V*, {C¢:} is an orthonormal basis of
CV+. Let j; <--- < j, bean ordered sequence. If follows that

by [¢7] (c¢>]+2 A A c¢>;.n) = C¢t AChS A=A Cht

is a basis vector of B and as b{,[(/)j]() = C¢;, we can represent any basis vector of B in the form
of the statement. The same holds true for al,. ]

As we have explained in the introductory section it is useful from a mathematical and physical
point of view to introduce the field operators.

Definition 7.6. Let ¢ € H. The field operators on Fock space with polarizations V, called Ty and
I}, are defined as

Iy [¢] = al[Py @]+ by[Py o],
Tv[¢] = av[Py ¢] + bY,[Py ¢].

Their properties are easily derived from those of ay and by.

Proposition 7.7. Let ¢, @1, ¢, € H. The field operators have the following properties:
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L A{Ty[¢:], Tv[92]} = {T) [ T [2]} = 0,
: {FV[‘PI]J(/[‘PZ]} = (@1 92)2 5
. Tile] = (Tv[e]),

2
Ty Lol "+ ITvLe¥ I = ol [ for any ¥ € Fv

o

SV

N

Ui

. The mapping ¢ — Ty[¢] is antilinear whereas the mapping ¢ ~ I\, [¢] is linear,

el = 1Tviell = lols -

Proof. Use Propositions 7.2, 7.3 and 7.4 in a straightforward way. For the last point we use 4) to
conclude that [Ty [¢]| < |¢|. Furthermore, if P}, ¢ # 0 choose ¥ = al,[P* ¢]Q otherwise choose
¥ = Q. With 4) we get [Tv[@]¥| = [¢[,, | Y[ and therefore [Ty [¢]] > @], The proof for I, is
the same. O

)}

Finally, we would like to define creation and annihilation operators of multiparticle states.
These operators are crucial to derive the scattering amplitudes for pair creation in a second quan-
tized setting. Following Proposition 7.5, it is possible to write any state with n-particles and m-
antiparticles W(»") ¢ Fy as

YO = N e @y (90 al 90,107 [95] .00 [¢5,]Q =

i1<ip<-<iy
N1<p2<<Jm

= > Wiimjinin T [ 03] - Th (83,1 Tv [¢5] ... Tv [ 92, ] @

2\1/2
with Y m) | = (Z ‘ocil ,,,,, oo jm‘ ) . This justifies the following definition of the correspond-
ing annihilation and creation operator for an (n, m)-particle state.

Definition 7.8. Let VY™ € Fy, be an (n, m)- particle state. We can decompose this state according
to Proposition 7.5. The corresponding annihilation and creation operators on the Fock space for this
state are defined as

T S w08 ] T [T g T )

i1<ip<-+<ip
1<)2<<Jm

~ # _
WO =S T i D (G0 T[0T [63] . Ty (65 ]

i<z <<y
N<p2<<jm
We chose to give the definition with the field operators instead of the particle creation and
annihilation operators. In time-independent field theory there is no preferred choice but as we
remarked before this is different in time-dependent QED where the spectral subspaces are not
invariant anymore. Hence, one should use the field operators to stay out of trouble. We finish this
section with expectable properties of the operator above.
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Proposition 7.9. Let ¥ (") € F\; be an (n, m)- particle state. We have
L g = g
2. Wlnm) plnm) = gm0
3. [Fem ] = e

Proof. 1. This is obvious by definition.

2. Plugging in the definitions yields

w(nm nm) _ o
glmm) plmm) - 3 Do Qi @ity i

k1<k2<"-<kn i1<iz<-<iy
h<lh<<ly J1<j2<<jm

Ty [or, ] T0 (93] Tv (¢, - - Tv [6k,]
Ty [¢]... Ty [¢:,]Tv [¢5] ... Tv [¢5 ] @

Let us look at each of the terms in the sum above where {ki,...,k,} # {i,...,i,} or
{h,.... L} # {ji>-- > jm}. Assume the former is the case. Then we can find at least one
k, such that k, # i, forall i, € {i,...,i,}. Therefore, I'y [$y ] anti-commutes with all the
other I}, to its right. Furthermore, we have I'y [¢, ] Q = by [¢r, ] Q = 0 and thus all terms
in the sum where {k,,...,k,} # {i1,..., i,} vanish. As we also have k; < k; < --- < k, and
iy <iy<---<i,itfollows k; = i,..., k, = i,. The same argument holds for the case where

{h,.... L} # {ji>---> jm}. Hence, we get

(I}(n,m) \I’(n’m) — Z ‘“11 """" oo ]m‘ FT [ ]m] .. T‘T, [ Jll] rV [(/51'”] .. 1-‘V [(/)il]

i1<ir<-<ip
J1<ja<<jm

Ty (gl Ty (901 Tv [5]. . Ty [¢5,] ©

Now, we interchange Iy [¢;, ] TV [¢:,] = idz T}, [¢i.¢] Ty [gb ] As i) < iy,...1i,, we obtain
that Ty [¢;, ] commutes with all the I''’s to its rlght and again as Ty [¢;, ] Q = 0, this term
gives no contribution. Hence, we end up with

- Iv¢ n]Tv[ TV (¢ u]T* [6]... Q=
= T[¢] Ty [¢0]T) [¢] T} [$5]...Q =
Q,

and thus

Tom e~ 5 e,
i1<iz<-+<ip
N<ja<<jm

2 _ (n’m) 2
----- in:jlvn)jm‘ Q - ”\P Hf Q
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3. Let @) ¢ F(a) We immediately see that ¥(»m®d(@r) = 0if g < n or r < m. Otherwise
we get with the same argument as above that the first # and m indices of the coefficient
of ®(¢") have to be the same as the indices of the coefficient of ¥ ("), Furthermore, by
using the anticommutation rules* in the same fashion as before we see that only the field
operators belonging to the indices i,.1, ..., i; and jy1,. . ., j- are left over,

”\.Il(n,m)(l)(qsr)”}_:H Z ai.. insflyeens jm( Z /31‘1 ,,,,, g lsejr

i1<ip<-+<iy i,l+1<in+3<---<iq
J1<J2<<Jn Fma1<jm+2<-<jr

’ I‘\T/ [‘pinﬂ] ot F\T/ [(pfq] rV [ ]+m+1,t] ot FV [‘P;,] Q)H]—‘ <

< Z |06i1 ..... insjloeees ]m|H Z ﬁil,...,iq,jl,...,jr

i1<ip<-+<iy in+1<ip42<<iqg
J1<j2<<n Jma1<jm+2<-<jr

) a: [¢in+1] Tt a"f/ [¢iq] b1V I:gbj:nwl] Tt b1V I:gbj-r] QH]—‘ :

As we use an orthogonal basis of 7 the states al, [¢;,.,]...a}, [¢;, | b], [ : ] ...bl, [ L ] Q

jm+1 Jr
are also all orthogonal according to proposition 75 and have the norm one. Hence, the
1

.. 2\2
second sum 1s]ust(2|/3’i1 ,,,,, grfinede ) and therefore

1
qu(n,m)CD(q,f)Hfg Z (|(Xi1 ..... o ]m|( Z “/31'1 ..... N j,2>2)§
ina1<lpg2<r<ig

i1<iy<+<ip
jl<j2<“'<jn jn1+1<jn1+2<"'<jr
2 3 2 3
2 2
(8 Tl ) (D i) = [0 o]
1:1<1:2<~~~<Z'.,, i1<i2<"'<fq
N<J2<<jn j1<j2<"'<jr

For any @ € Fy we thus get

1
2

1
- 0 - 2 2 e}
[ 0l - ( 5 70 00 ) <] 55 oo
k,1=0 k,1=0
= [ o]

Together with part two this proves statement three.






8. Time evolution

8.1. Motivation and definition

At the beginning of this chapter a motivation of time evolution in QED will be given. Again, the
most intuitive way to approach this topic is via the Dirac sea picture. Assume we have a many-
body system consisting of n particles of one (fermionic) species. The wave function is then in
general a superposition of the n-fold wedge products defined in Chapter 7.2,

in some suitable Hilbert space. The time evolution of the many body Schrédinger or Dirac equa-
tion with an external field and no particle interaction is simply the one-particle time evolution
applied to every ¢;,

ﬁ‘}l(n):zzall ..... in(U(/)il)/\.../\(Ugbin) "

This pattern stays the same for any n. QED is seen as an “infinitely-many particle system” in
the Dirac sea interpretation. Thus, we have to take the limit n — oo for ¥(*) in some sense. Of
course, it is a priori not clear what this is supposed to mean. It is possible to proceed in such a
way and give a precise meaning to the so called infinite wedge product as was done by Deckert et
al. [DDMSI0]. In this setting, the second quantized time evolution is indeed the generalization
of the many-body time evolution sketched above. Some serious mathematical work is required to
set up the whole framework in which this theory can be formulated. It seems to be a little contrary
to the idea of only considering the net deviations from the Dirac sea. Thus, it is not the standard
way of defining the time evolution in external field QED but it can be shown that both paths are
equivalent.

We would like to define the time evolution in a way which is independent of the size of the
sea so that we can perform the limit n — co. Assume we have a “bare” vacuum with no particles
present at all — an empty sea so to say — and an operator A" which adds a particle to an existing
state with n electrons. It is then possible to create every n-particle state out of the bare vacuum
by subsequent application of A" to the vacuum. Now, let ¥(") be a product state. We then get
according to the Chapters 7.2 and 7.3

o0

ATT@]¥™ =3 (¢ @) A iy A= A i, -

k=1

The time evolution of such an (n + 1)-particle state is

o0

U Ae]¥™ = > 9) (Ugi) A (Ugi) A=A (Uhy,)

k=1



100 8. Time evolution

due to the considerations above. We can repeat this procedure with the state U¥(") and add an
arbitrary particle ¢’

o0

ATl TO¥™ = 5 (¢ 9) ($1) A (¢i) A+ A (¢4,) =

k=1

D (U ') (Uge) A (Ugi) -+ (U

k

—_

We used the fact that the definition of a creation operator is independent of the choice of or-
thonormal basis and that {U¢ }, . is an orthonormal basis if {¢},. is one . Setting ¢’ = Ug,
we get

[ee)

AT[U@]U¥™ = (Ui, Up) (Ugr) A (Ugi) A+ (Ug;,) = U AT[] 9.
k=1
We conclude that for any n-particle system with one fermionic particle species, the time evolu-
tion defined via the usual many- body Schrodinger or Dirac equation is equivalent! to a unitary
operator U fulfilling

A'[Up] =T A'[¢]U" forallpeH.

This expression does not explicitly depend on the particle number anymore and could thus serve
well as the definition of the time evolution on the infinitely-many particle system (if we can make
sense of AT on such a space). As we said before, the field operator I'f can be physically understood
as creation operator for a Dirac electron. Thus, we will use it in the definition of the time evolution
taking the place of A" from the heuristic argument above.

Now, before we state the precise definition of a time evolution we introduce the time-dependent
Fock spaces. The reason we are forced to do so is the time evolution problem in usual external
field QED which we discuss briefly in the next section. In usual QED the Fock space is built with
respect to the polarization V = H*. An external field however changes these subspaces according
to Chapter 4.1. Hence, we will define the family of time-dependent polarizations (V;)r to be
the positive spectral subspace at time ¢, V; = H;. The time-dependent Fock space is then given as
the family of Fock spaces corresponding to this polarization F; = Fy,. Note that the physical im-
plications of this might be uncomfortable. What we call particles and antiparticles now depends
on the external field and is not of universal objective nature anymore. Again, from the Dirac sea
perspective this surprising result has a rather simple explanation. What we can detect as a particle
and antiparticle depends on which electrons of the sea are visible or not to our detectors. And
the presence of an electromagnetic force might indeed be able to change this.

The time evolution on these families of Fock spaces is now given by the following definition.

'We swept some subtleties under the rug here. First, we have to be able to embed ¥ (") into a space where states with
lower particle numbers are also possible to be able to define A*. This is always possible in the external field setting
via Fock spaces. Second, the time evolution operator U is defined on this bigger space and thus the n-particle
Schrodinger time evolution is not strictly equivalent to but rather the restriction of U to the n-particle subspace.
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Definition 8.1. Let U(t,s) be a one-particle time evolution on a Hilbert space H. Let I; be the field
operator corresponding to the splitting H;. The time evolution on the time-dependent Fock space is
a family of unitary operators U(t,s) : F, — F; which fulfill

L T,[U(t,5)9] = O(t,s) T[] (U(t,s)) forall g e A,
2. U(t,t) =idy,,
3. U(t,s) = U(t,r)U(r,s).

We need to add some remarks to this definition. The first point in the definition is the standard
way of lifting any unitary operator from the one-particle Hilbert space to Fock space. The only
difference in the time-dependent setting is that now the field operators are also time-dependent.
Properties 2) and 3) are well known in usual quantum mechanics. However, there one usually
starts with a wave equation and Stone’s theorem guarantees these properties. Hence, there they
are a mathematical consequence. In time-dependent Fock space setting, as we mentioned earlier,
there is usually no generator of a time evolution and Stone’s theorem is not valid. However, from
a physical point of view, those two properties seem to be immanent to the whole concept of a
time evolution. Thus, they should be included in the definition.

Proposition 8.2. Let U(t,s) be a unitary time evolution as stated in Definition 8.1. It has the
following properties:

L (O(ts)) =0(s, 1),

2. U(t,s) is unique up to a phase e¢(ts)

3. the phase function fulfills p(t,s) = ¢(t,7) + ¢(r, t) for any r and ¢(t,t) = 0 modulo 27.
Proof. 1. This follows directly from 2) and 3) in the Definition 8.1.

2. Let U(t,s) and U'(t,s) be two unitary time evolutions according to the definition above.
We immediately get that [FS[(p], U(s,t) U’(t,s)] = 0 for all ¢ € H and likewise for I{ [¢].
This yields

a[@]U(s, ) U'(t,5)Q=0 forall ¢ ¢ H},

which implies that U(s, t)U’(t,s)Q is the vacuum state which is unique up to a phase.
Thus,

U(s, t)U'(t,5)Q = e Q)
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Therefore, using Definition 7.8 of the multi-particle creation operator we have for every
state ¥, € F,

U(t,s)U'(t,5)¥, = > Ay PP U(t,5)U'(1,5)Q =

= 3 1 T i) = i),

Hence,

U'(t,s) = 2 T(t,s).

3. This also follows directly from 2) and 3) in the Definition 8.1.
O

Hence, the time evolution given by Definition 8.1 is not unique. One phase function which
tulfills the conditions in 3) is e.g. a time integral over the external field. This ambiguity in the time
evolution does not matter in the determination of event probabilities as only the absolute values
of the scattering matrix enter such quantities. And a phase function does not alter the absolute
value. However, the variation of the scattering amplitudes with respect to the external field is
linked to the QED current (see [Schl4]). The essence of this connection and possible further
conditions for the definition of the time evolution are content of ongoing research. Deckert and
Merkl have announced results to shed more light onto this.

8.2. Time evolution problem

The Definition 8.1 of the time evolution raises the question wether such unitary operators exist at
all. In the usual formulation of external field QED, i.e. with a fixed Fock space constructed from
the negative and positive energy subspaces of the free Hamiltonian, this question has been an-
swered by Shale and Stinespring [SS65] and Ruijsenaars [Rui77]. Shale and Stinespring showed
that a unitary one-particle operator can be lifted to Fock space in the sense of Definition 8.1 if
and only if its off diagonal components, P* U(t,s) P~ and P~ U(t,s) P* are Hilbert-Schmidt op-
erators (see also [Tha92, Thm 10.6, Thm 10.7]). The spectral projections refer to the free Dirac
hamiltonian. Ruijsenaars showed in 1977 that the off-diagonal components of the time evolution
are Hilbert-Schmidt if and only if the magnetic vector potential A is equal to zero. This result is
shattering as it is unclear what the non-existence of a time evolution is supposed to mean. Besides,
there exist external fields where the vector potential can be gauged away. Hence, the existence of
the time evolution could be explicitly gauge dependent in such a theory.

There are basically two conclusions which can be drawn here. Either the concept of a time
evolution itself is not a proper one in the framework of QED anymore. Or the way it has been
defined is incorrect in the presence of time-dependent fields. The former one seems to be more
widespread and indeed most of QED is dealing with scattering situations where any external field
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is not active anymore. If one adopts this point of view on the fundamental level though, it has to
be made clear in a precise way what this means and especially how the explicit time-dependence
in classical physics and quantum mechanics can arise from such a theory. To the best of our
knowledge no such work is available and most textbooks seem to take a rather pragmatic view.
Experiments are close to ideal scattering situations and as we are able to deal with them there
is not much to worry about. This is rather unsatisfactory on a fundamental level though. Thus,
there have been several approaches to fix this issue, one of them being time-dependent infinite
wedge spaces of Deckert et al. (see e.g. [Lazll] for an overview of other approaches).

We will show in the next section that a time evolution does exist on the time-dependent Fock
space as we constructed it.

8.3. Generalized Shale-Stinespring criterion

The next lemma gives us a nice characterization when and under which circumstances the canon-
ical lift of a time evolution on the Hilbert space  to the time-dependent Fock spaces is possible.

Lemma 8.3. Lets,t € Rand let U(t,s) : H — H be a time evolution on the one-particle Hilbert
space H. Let Q) € F; be the vacuum state, i.e.

I[o]Q=T/[¢]Q=0 forallp e H} andall € H, .
There is a state ¥ € F, other than the null vector such that
L{U(t,s)e]¥Y =T/ [U(t,s)p]¥ =0 forallp e H} andall ¢ € H; (8.1)

if and only if there is a unitary operator U(t,s) : F, — F, such that

T[U(t,s)w] = O(t,5) T[y] (T(t,s))  forallyeH. (8.2)

Proof. If there exists a unitary operator fulfilling eq. (8.2) then it is easy to see that ¥ = U(t,5)Q
is the required state.

On the other hand, if there exists a state ¥ such that eq. (8.1) holds then we can construct an
operator acting on the linear hull of basis vectors in F;

U(t,s) : span (B,) > Fi,
[(¢i]- - T¢i N[ @] .- L[¢;, 10~
IU(ts)gi].. . T[U( )7 ITL[U(ts)¢;]. . T[U(t5)¢;, 19

where {¢;}, v and {¢; } .y are ONB of H} and H;. Using the CAR and eq. (8.1) we can easily
infer that eq. (8.2) holds for U(¢,s) and the orthonormal bases {¢;},  and {¢; },.. Due to
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property 6) of Proposition 7.7, eq. (8.2) then also holds for any y € . Thus, it is also true for the
unique linear extension

U(t,s):}"s%]-"t,ﬁ(t,s)‘ B)zﬁ(t,s).

span(

To prove unitarity we note that eq. (8.1), the CAR and the orthogonality of the Hilbert space basis
vectors can be used to show that U(t, s) leaves the norm of all basis vectors in B; invariant and
is thus norm preserving on span (5;). The same is then also true for the linear extension. The
action of U(t,s) on

M = {THU(s, 1) ¢, LU, )¢ l.. . LU(s )¢, Qs forall i <...,iy, j1 <o < jml}

is U(t,s)M = B,. Thus, span B, = span U(t,s)M = U(t,s) span M by linearity and therefore,
span B, € ran U(t, s) ¢ F,. The range of U(t, s) is therefore dense and the operator is unitary. []

Remark. The state \V is in general not the vacuum state of F;. This is the crucial difference be-
tween the time-independent Fock space setting and the family of time-dependent Fock spaces
and allows e.g. for the process of pair creation.

Definition 8.4. If the state ¥ from Lemma 8.3 exists, we call the one-particle operator U(t,s)
unitarily implementable.

Before we go on to prove the two main results of this section, we need some relations between
the spectral subspaces under the time evolution. Note that for the sake of notation we abbreviate
P; U(t,s) Py = U/ and similarly.

Lemma8.5. 1 Wehave U} kerU;; =P/ ker U} and U [ ker U/} = P, ker U, ;.
2. Wehave U} (ker Utfs*)L L ker Uy, and U;; (ker Utf;)L 1L ker U},
3. We have U/} (ker UZ:)L LkerUSf and U;; (ker U;S‘)L LkerUg;.
4. IfUf7 + U is compact than ker U} and ker U, are finite dimensional subspaces.

Proof. The proof of 1) and 4) can be found in [Tha92], Chapter 10.3.2, by noting that U =
U/f +U;; and U = U7 + U and ker Ue*n(t,s) = P{ ker U/} @ P ker U, ;.

To prove 2) we start with (ker Uts )l 1 P ker U} which is by 1) equivalent to (ker Uts )l L
U7 ker U;; and thus (US+ : )T (ker Uts )L L ker U;; and similarly for the second part.

The third statement is easy to see as we have trivially (ker U# )l L 0 which can be written as
(ker Utfj)l L Ut ker U{ and thus (U;j;f)T (ker U;j:)L 1 ker Uf/. The second part is analogous.

For the last statement we note that the unitarity of the time evolution yields

(Ut + Uy ) (Ui + U ) =ide - (UL + U ) (U + UES)
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Therefore, we have
ker (U + Uy ) cker (U + Uy ) (U + Uy ) =
=ker (idy — (U7 + U) (U7 + ULY))
If Ui + U/ is compact then the eigenvalues of (U: U ) (U; S+ UL ) are isolated and of
finite multiplicity, in particular if one is an eigenvalue then
dimker (idy — (U7 + U7 ) (UF +UjT)) < 0.
O

To prove the first part of the Shale-Stinespring criterion we need to construct a state according
to Lemma 8.3. To do so, we define the rather abstract operator exp [A aIbI] for some operator A,
where A" : H; — H] is Hilbert-Schmidst, in the following way. For n € N we define

(Aafb])" = 3 (¢1.A65)... (1. A9 )ai[h]... al[¢] 16/ (9] bil$;,] (8.3)

with {¢;}, and {¢, }, being the orthonormal bases of . A straightforward computation using
the CAR shows that

[(aaiel)" 0 = A"
Therefore, as (A aIbI)n commutes with every creation operator, the action of it on every ¥ ¢

span 3, where B is the Fock space basis from Proposition 7.5, is well defined. The exponential is
then given by

Aalbl)"
exp [AaIbI] = Z%

With the previous considerations at hand we find that
exp[Aajb]] Qf < exp[[A™ ],

and by the same reasoning as before it is clear that exp [A al b” is well defined on span B. Using
the CAR it is now easy to see that for ¢, € H;

[exp [A aZbI] , at[gol]] =-bI[P; AT g ] exp [A a;rb” (8.4)
and for ¢, € H;
[exp[Aajb]],b.[g.]] = al[P} Ag,]exp[Aajb]] . (8.5)

The next two theorems state that Py U(t,s) P{ being a Hilbert-Schmidt operator is necessary
and sufficient for U(t, s) being unitarily implementable. Again, the proofs follow closely the ones
of [Tha92, Thm 10.6, Thm10.7], generalizing and elaborating where necessary.
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Theorem 8.6. Let s, t € R and let U(t,s) be a unitary operator on H. If Pf U(t,s) P7 are Hilbert-
Schmidt operators then there exits a unitary operator U(t,s) : F, — F, which fulfills eq. (8.2) and
we have

v =U(t,s)Q=k ﬁ al[¢7] IA—/[[ b [gb]‘] exp [U;fs_ (Ut‘,s‘)_1 afb:] Q (8.6)

i=1 j=1

where{¢;},, and {gb]‘ }j—1 o are orthonormal bases of the finite dimensional subspaces ker U |

and ker U;; and where k is normalization constant.

......

Proof. By Lemma 8.3 we have to show that the state defined in eq. (8.6) fulfills eq. (8.1). We first
prove that

L[U(t,s)p]¥ =0 forall g eker U/ nH; .

For such a state ¢ we have I,[U(t,s)¢] = bl [P; U(t,s) P; ¢] = Z?ﬁl oc]-b:[</>]7]. The expansion is
possible because U; ker U/ c ker U;; which is finite dimensional due to Lemma 8.5. For every
part in the expansion there is a matching counter part in the state ¥ such that we get b} [¢;]‘I’ =0
for all j.

Now, let ¢ € (ker U;j:)l NnH}. Lemma 8.5 shows that U/7¢ L ker U and U, ¢ L ker U
and hence

L[U(t,5)p] = ai[P; U(t,s) P{ @] + by[P; U(t,5) P! 9]
can be pulled through the product in the state ¥. Thus, we have

(a Ui @]+ bi[UFo]) exp|Ufs (Us) alb]] Q=

= (b1[p7 (Uz7) " U Ui @1 + bl[U 9] ) exp [Us (U ) afb] ©
where we used eq. (8.4). By the same reasoning as in [Tha92, Thm 10.6] we find that
P (Us) Ui UL 9=-Ulo
which completes the proof. The proof for I/ [U(t,s)¢] is completely analogous. O

Theorem 8.7. Let s, t € R and let U(t,s) be a unitary operator on H. The operators Py U(t,s) PT
are Hilbert-Schmidt if U(t, s) is unitarily implementable.

Proof. Note that if P} ker U/ is finite dimensional so is U;; ker U;; due to Lemma 8.5. Thus,
U/; would be a finite rank operator and as such also Hilbert-Schmidt on ker U;;. Hence, we
will first show that P} ker U}'; is finite dimensional and then go on to prove the Hilbert-Schmidt

property on (ker Uiy )L.
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We observe that for ¥ = U(t, s)Q) being the evolved vacuum state according to Lemma 8.3 and
for any ¢ € P} ker U, we have

al[@]¥ =T/[e]¥ = U(t,s)I][U(s, t)9] (T ts)) ¥ =U(t,s)II[U(s, t)p]Q =
= U(t,s)al[P} U(s, 1)9]Q = T(t,5)al[0]Q2 =0

and in a similar way we get b][¢]¥ = 0 for any ¢ € P, ker U;;. Now, let {¢}} . and {gb*}neN
be orthonormal bases of #; which contain orthonormal bases of P/ ker U, and P; ker U,
spectively. Using these bases in the construction of the Fock space we can expand the state ‘I’
into

¥ = plnm)
where
YO = N T e @ L00] - al (6] 161671 ... bi[¢;, 10 (8.7)
J1<~~-<an

and the coefficients are given by

Wi = (1 [87] - 2y [67107[67,] .. b1[ 47,10, F).

Let ¢ be a basis vector which is in P/ ker U . If I ¢ {i,...i,} for a particular coefficient we have

iy = (@1 [01] - af[6],101185]... bl ¢;,10, ) =
= (a{[¢1]. .. all¢7167[9;]... bi[¢;, 10 {ail ¢ ] al[9] 1} ¥) =

duetoaj[¢;]¥ = 0and a,[¢;]Q = 0. We can always find such a basis vector for n < dim P} ker U},
The same argument applies for m < dim P; ker U;; and in this case we find

glmm =,

We conclude that P; ker U} and P; ker U_; have to be finite dimensional. Otherwise we would
have

=¥ =00 = o] =1.

This proves the Hilbert-Schmidt property on ker U ;.
For the remaining part we reorder the basis vectors such that the first N and M elements of
{¢i} v and {@; } . are the basis vectors of P; ker U, and P; ker U_; . Using the argument of
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the vanishing coefficients from above we find that all the first N and M basis vectors must be
present in the expansion of eq. (8.7). As the indices are ordered we have

YO =Y @ N b Mjs g @ 1] - af (0% al[ @i 1. al[¢7]

N<ing1<<ip
M<jym1<<jm

bi[or]. .. bi[dulbil¢],,..1- - bil¢;, 10

for n > N and m > M. Otherwise, ¥ ("™ is identical to zero. The state ¥ (¥-) is thus a product
state

w0 _ o TTal[p:] [T 61410

n=1 m=1

with a« = a;__n....m- To see that a cannot be zero we note that from (T, [U(¢,s)¢] ‘P)(N+i’M+j) =0
it follows

a, [U:—:q)] \P(N+i+1,M+j) — _b;r [Ufffp] \I/(N+i,M+j—1)

for all ¢ € H;. As the dimension of P; ker U{; is equal to N there must be at least one state of
P; (ker U;j)L present in ¥(N+/*LM+)) for i > 0. This, in turn, means thatif a, [ U} ¢ | WN+#+1.M+) =
0forall ¢ € P} (ker U;j;“)L we have W(N+i+LM+)) = 0 (remember that U} is invertible on (ker U;:;)L).
Hence, we can conclude that if ¥ (N+:M+j-1) = () then also ¥ (N+1+LM+)) = 0 for all i, j > 0. In partic-
ular if YVM) = 0 it follows that ¥ (N+1:M+k) = ( for all I = k. For k # [ we use that Y (N+LM-1) = @
for every I > 0 which we have shown above. From there we get with our relations that

\I;(N+k+l,M+l) -0

for all k > 0 and I > 0. The same conclusion can be drawn for

\P(N+Z,M+k+l) =0

if we start with (l"tT [U(t,s)¢] ‘I’)(N+i’M+j) = 0. Both together yield ¥ (N+LM+K) = () if k # . Thus,

if a = 0 it follows that ¥ (¥-M) = 0. This results in ¥ = 0 which is a contradiction.
Using the CAR we can now build every other non-zero (#, m)-sector out of ¥(N-M)_ For ex-
ample for N + 1 and M + 1 we get

W(N+LM+1) _ Z @, aI[(/)i]b;r[(pﬂ\y(N,M) (8.8)
o
=
with o, ; = (—1)Ma—l"“’N’;l"“’M’j and

> \“z‘,f\z <1
i
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as the norm of ¥ is one. Because of this we can we can define the following Hilbert-Schmidt
operator

Alpl= > aii(d). p)¢!

and using the definition from eq. (8.3) we can write

\P(N+1,M+1) — Aal‘b”tf \IJ(N,M) .

Now, as I} [U(¢,5)¢] ¥ = 0 for all ¢ € H; we have in particular
: (N+L,M) R -
0= () [U(1:)p] %)™ = (a] [P} U(t,5)g] + b [P} U(1,5)9] ¥)
=a] [P; U(t,s)] Y™™ + b, [P; U(t,s)] WNMD =
=al [PFU(t,s)p] Y™ + b, [P; U(t,s)p]Aalb] W)

(N+LM)

Using the definition of A a}b] we compute

b [P; U(t:s)pl Aajby =) (67, A¢;)b. [Py U(t,s)p]a;[¢]bi[¢7] =
bJ

=D (A" ¢!, ¢ )all¢7](bI[;16: [P; U(t,5)9] - (¢, P, U(t:5)9)) =

=D (AT o7, ¢7)ail971b{[¢71b: [P; U(t,5)9] - al[Py APy U(t,5)]
]

and as b, [P; U(t,s)e] YWM =T] [P; U(t,s)p] YNM) =0 we conclude that
af [Py U(t,s)@] Y™™ = af[Pr AP, U(t,5)p] ¥ M)

forall ¢ € H;. For ¢ € P (ker Uiy )l in particular we have U; ¢ L P/ ker U/ by Lemma 8.5

S

and P; AU, ;¢ L Py ker U/} by the definition of A. Hence, plugging in the product formula for
Y (N-M) we can pull af [P} U(t,s)¢] and a}[P; AP; U(t,s)¢] all the way through to the vacuum
state and as the creation operators in the product are all invertible we conclude

al [Pf U(t,s)9] Q= aj[P; AP, U(t,5)¢p]Q.
Therefore, we have
P/ U(t,s)P; ¢ =P; AP, U(t,s)¢,

for all ¢ € P; (ker U;; )l. The proof for P; U(t,s) P} being Hilbert-Schmidt is analogous.
[]






9. Vacuum transition amplitudes for finite times

After we have set up the whole framework of external field QED we can now use it to derive upper
and lower bounds on the transition amplitudes from the vacuum into some (7, m)-particle state.
We will see that these bounds depend solely on the transition properties of the one-particle Dirac
equation. This can then be used to establish some sort of “second quantized adiabatic theorem”
which we will do in Chapter 12. We put this into quotation marks as the question to answer
will not be wether a state tunnels to another spectral subspace but rather to give an estimate on
the transition amplitudes from one specific particle subspace to another if the external field is
changing adiabatically. However, the results below are not only valid for adiabatic perturbation
theory but can be applied whenever the transition amplitudes of the one-particle theory can be
controlled.

We derive two formulas for an upper as well as for a lower bound. If the one-particle tran-
sition probability is high we can use the lower bound to conclude that the same is true in the
second quantized context. Vice versa, if the one-particle amplitude is low we make use of the
upper bound to show that the vacuum state will evolve into the vacuum again. However, there
is important distinction between the two results. For the lower bound it suffices to control only
the usual operator norm of the one-particle transitions whereas for the upper bound the Hilbert-
Schmidt norm is needed. From the Dirac sea interpretation this result is absolutely meaningful
as transitions to other particle sectors in Fock space correspond to transitions from the Dirac sea
to the positive energies. And as there are infinitely many particles in the sea we have to sum over
all transition amplitudes which is precisely the Hilbert-Schmidt norm. Nevertheless, we stress
that the results below are achieved completely in the framework of time-dependent external field
QED and no reference to the Dirac sea is necessary for the proof. Our first theorem in this chapter
is given by the following.

Theorem 9.1. Let the external potential be such that there exists a unitarily implementable one-
particle time evolution according to Definition 8.1 and let s < t. We then have for the transition
amplitude from the vacuum to the (n, m)-particle sector

min{n,m} \/ﬁm
Bunl< 2 om0
4 g ! !
Pr UCs, ) Pr s IP7 U (s ) Py s -

_ _ k
[Pr U(t:5) S U (s, £) Pr s

forn+m>1

Before we can give the proof of the theorem we need two technical lemmata involving products
of creation and annihilation operators. To this end let V be a polarization as in the Chapters
before. The first lemma is the binomial theorem for the creation and annihilation operators.
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Lemma 9.2 (Binomial theorem). Let ¢; € H fori =1,...,n. We then have

[1(av [Py 0i] + b, [P} 1)) =

i=1

Z_: ZS: Sgn g [PV 900(1)] .. Ay [PV (Po(nfk):l b7{/ I:P%/ (PU(”’kJrl)] Ut

and similarly for the adjoint.

by, [Py Qo] -

Proof. The proof is by induction and similar to the usual binomial theorem. We have

= ﬁ (“V [Py @] + bzz [Py ‘Pz‘]) : (aV [Py @ua] + bz/ [Py <Pn+1]) =

sgno

> m [ v‘Po(D]---“V[Pv%(n—k)]

00€Sy

: bTv [P o(uikin)] - b [Py @any] (av [Py @uaa] + b3 [Py 9a]) =

Sgn o
DI L R L
o(n+l)=n+1

b [Py @onry] -+ bL [PV 9oty ] (av [Py @o(uy ] + 81 [Py @o(niy]) -
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For the first term we find

n

Sgn o
2 X k!(i TRl [Py @o]- - av [Py ponn ]

k=0 UESn+1
o(n+l)=n+1

B [P i ] B [P 9] av [Py o] -
i ;)(—1)" 2 k!(sgn_ak)! av [Py o] - av [Py 9otuiy | av [Py Potue ]

Uesn+1
o(n+l)=n+l

b} [Py @o(neken) | - - bY [P Qo] =

1 o
ZI;) > k!(sin_k)!“v[Pv%a)]~-~“v[Pvﬁva(n—k)]av[Pv<Pa(n—k+1>]

0€Sy11
o(n—k+1)=n+1

by [Py @ouken) ] BY [Py Poaen)] =
= Z sgno ay [PV (p,,(l)] L.ay [PV (pg(n+1)]

0€Sn+1

= sgn o
*L X Gk Preew] - av [Prgeop]
o(n—kgllnﬂ

By [Py @oukn ] - BY [Py Qo |

and similarly for the second one

- sgno
kz=(:J (U%:H mav [PV %(1)] s av [PV ‘Pa(n—k)]
o(n+l)=n+l

B [P guto-ton)---bL [P 0ucn] 5L [P ] =

n-1

sgn o
- l;) ge%:ﬂ PICE T [Py @o] -+ av [Py 9orn ]
o(n+l)=n+1

b3 [Py @onke ] - BY [Py @oien |
+ 2 sgno by [Py gow ] B [P 9o ]

Uesn+1
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Finally, we observe that

Sgn o
Z (k+1)!(gn_k_1)!aV [PV(pU(l)]"'aV [PV(PU("—k)]

€Sy
o(n—-k)=n+1

' bI’ [PJ‘_’ (PU("—k*'l)] te bW{/ [PJ\_/ (Po(n+1)]
sgn o
+ Z k!(i—k)_!av [PV (Pg(l)]...av [PV (PG(nfk)]

Uesn+1
o(n+l)=n+l

bl [Pé <Pg(n—k+1)] ... b, [P%/ ‘Po(n+1)] -

- 1)!1(n ey > (n-k)sgno ay [Py @om]-.-av [Py @o(nn]

0€Sn+1
o(n-k)=n+1l

By [Py @ouken ] - BY [Py @atuen |
+ Y (k+1)sgna ay [Py 9.a)]---av [Py @o(nn]

€811
o(n+l)=n+1

b, [P%/ ‘Po(n—kﬂ)] .. by [P%/ ‘Po(n+1)] ) =

sgn o
e (k+1)g!(n-k)!“V[Pv%a)]---av[Pv%(n-k)]

0€Sn+1

by [Py @otukeny ] - B [Py @oun ] -
Putting it all together we end up with

n+l

[T(av [Pyl +b} [P} o) =

i=1

= Z sgn(f ay [PV (Pg(l)] .o ay [PV (PU(”"'I):I

0€Sn+1

= sgn o
P> (k+1§g!(n_k)!“v[Pv%oﬂ---av[Pv%(nk>]

k=0 0€S,41
. b]\L/ I:P%/ (Po(n—k+1)] v bw{, I:P%, (pg(nﬂ)] + ; sgn o b{”/ I:PJ\_/ QDG(D] o bw{/ I:PJ‘_/ (Pg(nﬂ)] _
0€5n+1
n+l SgIl o
) kZ:E)gE%;H mav [PV (P”(l)] - Ay [PV (Pa(n+1—k)]

’ bW{/ [PJ\_/ (Po(n+1—k+l):| oo b]\L/ [PJ\_/ goa(n-%—l):l .
[]

The next lemma is a statement about the product of arbitrary many creation and annihilation
operators acting on the vacuum.
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Lemma9.3. Let ;€ Vfori=1,....,nandy;eV for j=1,...,m. We then have

aV[?n]n-aV[qh]a;[WJ...aC[wm](lz
1
- _ 1’2)' Z sgn O'(ng, 1/’0(1)) cee <(Pn) WU(I’!))a?\L/ I:ll/o'(n+1):| ce a{, [Wo(m)] Q,

(Wl * 0€Sy

if m > n, and similar for by and b(,. Otherwise it is zero.

Proof. Let n =1. We then have for m =1

av [p)al 1] 0 = —al, [yl ay [9] 0 + (9 1)0 = = 391, Y00))O

UESl

and thus by induction for all m > n

av (g ay [yi]. .. a} [yma] Q =
= (-1)"ay [¢] al, [yma]a} [y1]...a} [y.] Q
=(-1)" ( ay [Yma]lav @] + <p1,1//m+1))aTV Y] Q =
1
“(m-1) > sgn (o Vow)ay (Vo] - ay, [%(m)] ay (Y] Q
* oSy

+ (-D)"™(¢u Yma)ay [vi] ... ay [ym] Q.
The first term is equivalent to

1
(m-1)!

2. 580 0@ Vow)ay [V ] ay [Woem ] @) [yma] Q =

0€Sy

1
- (D) Z sgn o (1, %(1))6!:, [1}/0(2)] ..ay [%(m)] al, [%(mﬂ)] Q-
o(rZi%n:rlnH
1
= —m(m 11 ; sgn o (g1, 1//0(1)>611\L, [1}’0(2)] . ai, [Wa(m)] a“{/ [Wa(mﬂ)] 0.

o(1)#m+1
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The second term above can be written as

()" (9P Yr)a' [P ya]...a' [Py, ] Q =
R

> sgno (g, P ypn)al [P+ 1//0(1)] .oal [P+ 1//0(,”)] Q=

m! 0€Sy
-1
= — 2 5gn0{gn P yma)a’ [P o) | a [PT youn [ o' [P o] © =
* 0eSy
-1
T ml > sgno(on Pt Yomen)a [P ¥o(n)] .. aT [PT Yo ] Q =
. ESm+1

o(m+1)=m+1

1
=— 2 sgno(onP yew)a [P o] T [P Yo(nin ] ©

*0€Sma
a(1)=m+1
which proves the statement for n = 1 and any m. If n > m we have more annihilation- than
creation operators and this yields simply zero. For any n < m we get by induction

v I @nal...av[¢1] aI, [y1]... a{, [¥m] Q=
1
= Z sgn 0<(P1> 1)”(7(1)) o ((Pm 1//¢7(n)>aV [(Pn+1:| aJ{/ [lljo(nﬂ)] . a}“/ [Wo(m)] Q=

(H’l - 1’1)' €S

~ > () 1( o D 580 0(P1 Vo)) - (@ Yorn) {@urt> Yor)

k=n+1 0€Sm

: “V [%(n+1>] cay [Woteny ] @ [Woken] -+ a3 [Wom ] Q =

= Z sgn o{¢y, 1/’0(1)) (e l//a(k)><(Pn+l> \Pa(n+l)>

!
k=n+1 m I’l) 0€Sm

: av [%(n+z>] cal, (Vo] @) [Womy ] @) [Wowken ] - a1 [Worm | Q =

- Z sgn 0<(P1’ l//0(1)) o <‘Pn’ V/a(n)><(Pn+l’ \Pa(n+l)>

!
k=n+1 m 7’1) 0€Sy

ay [Yotun]- - ay [Youm ] Q =
1
= —_1)' Z Sgn(7<(P1> 1)”0'(1)) s ((Pn+1> \Po(n+1)>a1;/ I:l//(T(f’H-Z):I v (Jl:, [Wa(m)] Q

(H’l —-n * 0€Sm

These results now enable us to give the proof of the theorem.

Proof of Theorem 9.1. We start by splitting the time-evolved state into the vacuum state and the
orthogonal rest

U(t,5)Q = aQ + O} .
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We can furthermore decompose ()} into the particle and antiparticle sectors which gives

ﬁQ? = Z ﬁn,m\yt(n’m)>

n+m2>1

with ‘I’t(”’m) normalized to one and [B° = ¥, o1 |[Bum|- By comparing these two equations we
seethatforn+m >1

ﬁn,m\yt(n)m) ( (t )Q)(n 1)
Using Proposition 7.9 and H‘I’t("m) HZ =1we find

Bum = (0, T (T(1,5)0) ") 5 = (0, T T(t,5)Q) 5

where ‘T’f"’m) is the multi-particle annihilation operator according to Definition 7.8 and the last
equality is due to the orthogonality of different particle sectors from where it follows that

(Q \I’(n 1) ( (t )Q)(k’l)> -0
if n # k or m # 1. Using the unitarity of the time evolution this is equivalent to

meMmgmfwwumU@owmwmm>

Z 6¥i1 ~~~~~ irhjl ~~~~~ ]m

i1<<ip
J1<<Jm

(U@, 0)0, (s, OIF [¢5,]-- - T [65 ] T [67]-- T [65] O(t,5)Q) £ =
Z Kisosins floeeesjm

i1<<ip
J1<<Jm

AU DT [U(s, 1), ] T [U(s, )¢5 T [U(s, )97 ] ... L [U (s, )87 ] Q)7

The second equality is simply the expansion of the multi-particle annihilation operator and for
the third equality we used id» = U(t,s)U(s, t) which we plugged in repeatedly and then used
the defining property of the second quantized time evolution stated in Definition 8.1. Using that
L, [¢]Q = (a;[P* @]+ bl [P 9])Q = b [P~ 9] Q for any ¢ € H as well as the CAR for the
particle and antiparticle operators we get

(Q, 7MU(t,5)0) 5 = > i (O (s QLTI U, t)(b;m]ff [Us, t)(b;l]

i1<-<iy
1< <jm

I[Py U(s,t) g7 ] ... bl [Py U(s, 1) 7] Q) 7, .
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We rewrite the remaining product of I'’s with the help of the Lemma 9.2 and obtain

m(m 1)

(Q \P(n m)U(t S)Q Z Kilsoosin, f1oenns Z ]E'(I’I)’l k)l Z sgno

0€Sy,
1<<jm

(O(s, )0, ! [P U(s, )¢5, |-l [PL UG5, 095, ]
b, [P; U(s, t)gb;g(m_k+l)] ... by [P; U(s, t)‘P]a(,n)]
bI[P; U(s,t)¢; ]... bI [Py U(s, t)¢7 ] Q) £,

With the help of Lemma 9.3 we can pull all the remaining annihilation operators to the right,
annihilating the vacuum. This results in the following expression, containing only creation oper-
ators

min{n,m} 1
Q, 7" T(L,5)Q) 5 & ;
( CRLIED MR M < B I (7]
J1<e<jim
) Z sgnosgnt <U;;¢;a(m)’ UST;(PZ(n)) e <US_>t_¢]Ta(m—k+l)) US_’;(/)Z(n—kH))
o€SH
T€S,

(U(s, )0, al [Pr U(s, )97, |- al [P UG, 1), |
b [p U(s, 0, k)] b [P U(s, t)¢? (l)] Q)r .

Using Cauchy-Schwarz, the unitarity of the time evolution and the operator norm of the creation
operators we find that

= (nm) 5 min{n,m} 1
Q‘P"’mUtSQf|: W
|< ) t ( ) ) ) t 11<Z;ln‘ seenslns s >]m‘ kzzg) k!(n_k)!(m_k)!
Nn<<jm
Z | Us_t_(p]a(m) S t lr(n)> |< U‘g_’t_gb;zf(m—k-#l) ’ U;:(b?—f(n—kﬂ) >|
Uegm
TEd

|PTU(s, t)¢;0(1) HH e ‘

P U(s, t)¢;0(m_k) N

Jroeon, ], )

Pulling the two finite sums in front of all (which is possible as all the summands are positive) and

U(S) t)gblt(n—k)

(5. 067,
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then using Cauchy-Schwarz in sequence space we obtain

|<Q,\’I7§”’m)ﬁ(t,s)ﬂ)f,‘ <

min{n,m} 1 )
S (x.)m’. N
z; kzo Kl(n—Kk)!(m—k)! Z i
7€S, J1<<jm
—— A —+ A+ 2 e G —+ A+ 2
, <z;, |<U5’t (/)ja(m)’ Us’t (pir(n))‘ e ’<U5>t ¢ja(m—k+1)) US’t ¢ir(r1—k+l))‘
i1<<iy
A< jm
+ - 2 + - 2
P s, 095, L |pr UG, 095, y
1
2

2 ‘

P; U(s, t)¢,.+r(n7k) P; U(s, t)(/),f;(l)

2
The series containing the «’s is equal to one due to the normalization of ‘I’t(”’m). For the other
sum we note that in general, if we choose a set of n integers which are pair-wise different, then
there are n! possibilities to arrange these numbers but only one if we require an order, i.e. where
i, < --- < i,. Hence, we can extend the sum over the ordered indices to all indices and correct it
by the faculty of n and m,

|(Q,\’I7§“’m)ﬁ(t,s)ﬂ)f,‘ <

min{n,m} 1
<
Zs ,;) Kl — k)l (m - k)W/nl/m!
T€8S,

‘2

2
— 4= —+ f+ —— = —+ i+
Z |<USJ ¢ja(m)’ USJ ir(n) >‘ Tt ‘<U5=f ¢ja(m—k+l)’ USJ ir(n-k+1)>

P U(s, )¢5, H; o |Prutsng,,

2
H
1

) 2
2 .

2
H...‘P; U(s, t)¢>,.+7(1)

P; U(s, t)¢,.+r(n7k)
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Because we sum over all indices, every permutation yields the same term and therefore
(0, ZT(n,5)0) 7 <

min{n,m} \/m\/%
< X o i(m

k=0

2

2 — - —+ 4+
e |<Us’t ¢jm—k+l’ US!t ¢ir1—k+l>

> (Ui, Ut 61)
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2
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kz:(:) kl(n—k)l(m-k)!

_m=k || py— —k
[PS U (s, ) Py flys™ IS UCs, £) Py s -

|P; U(t,5) P; U(s, £) P

O

The second theorem of this chapter is the counterpart of the one above. It gives a characteri-
zation of when transitions from the vacuum state to higher particle sectors in Fock space happen
due to the one-particle time evolution. Note that in this case it is sufficient to control the behavior
of a single one-particle state only. Again, in the view of the Dirac sea this is clear because if we
can find a state which performs a transition from the negative energy part of the Hilbert space to
the positive energy one we have created a pair and have thus left the vacuum. Also, in this case
the proof is given solely on the framework of external field QED and no reference to the Dirac
sea besides the interpretation is necessary. The theorem was inspired by a result in [PD08] where
it was shown that if there exists a ¢ € # such that lim,_,, lim,_,_, |P; U(t,s) P} goHﬁ_[ = 0 then we
have

lim lim (0, 0(t,5)0)| =0,
with Q being the usual free-field vacuum. We generalize the statement to finite times using our
time-dependent Fock space formalism and realistic settings where |P; U(t,s) P; ¢ H; is close but
not equal to zero.
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Theorem 9.4. Let the external potential be such that there exists a unitarily implementable one-
particle time evolution and let s < t. We then have

‘(Q ﬁ(t $)Q)| < inf 2||p; U(t,S)PS_(pHH |
T 1+ [P U(5) P gl
¢|=

Proof. Let ¢ € H; be normalized to one. We then have
ITlo]sll 5 = [[61[P; 910 . = IP5 @l = 1. (91)

We decompose the time-evolved state into the vacuum fraction at time f and the orthogonal part
to it

U(t,5)Q = aQ+pQr.

The time evolution is unitary and Q normalized to one. Hence, we can always choose Q; to be
normalized to one together with |a|” + |° = 1. Furthermore, we have

IL[p]0] 5 =[Ot )Tl 5 -
Using the definition of the time evolution (Definition 8.1) yields

ILel0ls, = [O(t)Tp]0] ,, = [O(t5)Llp]0( H0(ts)0)| . =
= [L[U(55)9]0(6 )0 = LU 5)] (a2 + BOH) | £, =
= | ([P} U(t,5)g] + bi[P; U(£:5)9]) @+ BL[U(L,5)9] Qs [, =
= | i[P; U(t.5)9]Q + BT [U(t,5)9] Q¢ . <
<ol [6{[P7 U(t,5)p]0 5, + B IT[U(£:5) 9]0t 7, <
<l [Py Ut 8)olly, + BIUCE s)olly, = ol [P7 Ut ) BS pl, + |B]

where we used part 4) of Proposition 7.3 and 7.7 in the first step of the last line. Together with eq.
(9.1) and the normalization condition we get

L~ Jo| [Py U(t,5) B; lly, < \/1- o]

As both sides are positive we can take the square and obtain
_ — 2 - - 2 2
1=2al [Py U(25) PS @l + |af” [Py U(L,5) P @l <1-af
which is equivalent to

2|P, U(t,s)P;
o] < I t, (t,s) 7‘/’”7-5 .
1+ [Py U(t,s) Ps o3,

This expression holds for all ¢ € H; with | ¢ ,, = 1 which proves the theorem. O






Part III.

Pair creation by strong laser fields






10. Overview

The discovery of the Dirac equation soon led physicists to one of the most intriguing features of
quantum electrodynamics — pair creation. In Dirac’s famous paper [Dir30] where he introduced
the hole picture he already explained the possibility of pair creation and annihilation by the ab-
sorption and emission of radiation. For a single photon to be able to do so, its energy needs to
be above the threshold of 2mc?. This is nowadays experimentally very well confirmed and daily
routine to any high energy physicist. Nevertheless, there is another extreme region of QED where
we should expect pair creation to happen - strong electromagnetic fields.

This part of QED has not been verified very well because of the necessary high field strengths.
Thus, this area might be fruitful in future for experimental physicists with further technological
development. But also from a theoretical point of view this is a highly interesting field of QED
as one cannot simply apply the usual perturbative methods anymore due to the strong fields and
new approaches have to be developed.

The first hint that pair creation might take place in strong potentials is due to a computation by
Klein [Kle29]. Briefly summarized, it states that for a constant step-potential in the one-particle
Dirac equation the transmission coefficient for an incoming wave is not zero as in non-relativistic
quantum mechanics but stays high even if the potential is increased without limit. This unex-
pected behavior is called Klein’s paradox. Sauter [Sau31] showed that the sharp jump in the po-
tential is not necessary for this effect and can indeed be smoothed if the full potential height of
at least more than two electron masses is reached within the Compton wave length. From this
one can infer that the field strength responsible for the potential has to be at least of order 10X
Other important contributions to this side of QED where made by Heisenberg and Euler [HE36]
and Schwinger [Sch51]. We will discuss these results more in depth in the subsequent chapters
but the predicted threshold of the critical field strength always stays the same as the one computed
by Sauter.

The use of high intensity lasers has been one proposal to create strong electrical fields to test
the aforementioned effects. The theoretical work (see e.g. [MP77], [AHR*01], [Pop01], [Rin01],
[NBMP04], [BPR*06], [BET*10]) done on this field is mainly based on Schwinger’s computation
or on a slight generalization thereof by Brezin and Itzykson [BI70]. Schwinger computes the
pair creation rate for a plane wave and a static electrical field, both extended infinitely. He finds
that the pair creation rate for a plane wave is identical to zero. For the static external field pair
creation should take place if the electrical field exceeds the same critical field strength which
Sauter found. As a laser beam is close to a plane wave no one expects pair creation to take place
in such a situation. The proposed experiments should rather superpose two laser beams to form
a standing wave. The argument is then as follows. At the antinodes the electromagnetic field
is almost spatially homogeneous on the scale of the Compton wave length. Therefore, it seems
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legitimate to use Schwinger’s result on a static, homogeneous electrical field to compute the mean
number of created electron-positron pairs.

However, the same argument also applies to a single plane wave but we already know that
the pair-creation rate of such a field is identical to zero. Furthermore, we note that all spatially
homogeneous, i.e. infinitely extended fields ought to be limits of very wide but finitely extended
fields in reality. Now, assume we have a static field which yields an asymptotic complete scattering
system, i.e. which can be handled by scattering theory. Then, the one-particle scattering matrix S
is defined and unitary (see [Tha92, Thm. 8.3]). Furthermore, the scattering matrix commutes with
the free Dirac hamiltonian. Therefore, P* SP™ = P~ SP* = 0. The one-particle scattering matrix
is therefore unitarily implementable due to Theorem 8.6 and we have SQ = Q. But this implies
we do not have any pair creation!. This is certainly puzzling as physicists usually assume that the
fields behave nicely at infinity such that these mathematical technicalities are always fulfilled. Of
course, we do not have a mathematical contradiction as a field or potential which is infinitely
extended does not yield an asymptotic complete scattering system. However, we cannot expect
that any mathematical tricks will lead the way out of this seemingly paradoxic situation. For
example, take a nice bounded, smooth barrier-potential which increases to its full strength at the
length of the Compton wave length. Such a static potential can not produce any pairs. However,
if we take the limit such that it becomes a smoothed step-potential we suddenly have a constant
flux of pairs which was shown by Klein, Sauter and finally Hansen and Ravndal [HR81].

We therefore believe that a careful analysis of the physics and mathematics is necessary to treat
the process of pair creation in strong laser fields. This is the goal of the next two chapters.

'See also [Tha92, Thm. 10.10] and the surrounding chapter for a more detailed discussion.



11. Pair creation in constant fields and potentials

11.1. Klein’'s paradox

The so called Klein paradox is tightly knotted to the possibility of creating electron-positron pairs
out of the vacuum. Hence, we will give a quick summary of what it is about and then go on to
explain its connection to pair creation.

It was soon after Dirac published his famous equation that Klein [Kle29] applied the Dirac
equation to a common problem of non-relativistic quantum mechanics - the scattering of an
incoming particle on a potential step,

V(x)=V for x>0
and
V(x)=0 for x<0.

As in non-relativistic quantum mechanics, Klein was interested in the reflection and transmis-
sion coefficient for an incoming plane wave from the left side. He found for the reflection and
transmission coefficient that

2V 1-r\? 4
R- m ( r) r

= T=1-R= :
S-(prp) \l+r (L+r)?
The parameter r is given by

P E+mc?
r=——,
p E-V +mc?

where p and p’ are the momentum of the incoming wave and the penetrating one. In some papers
and textbooks(see e.g. [BD64]) it is said that for V > E + mc? the parameter r becomes negative
and the reflection coeflicient is therefore greater than one, i.e. there are more reflected particles
than incoming ones. However, this was not Klein’s intention as he noted! that for an incoming
wave from the left side the group velocity always has to be positive otherwise we also would have
an incoming wave from the right side.

! According to Klein it was actually Pauli who noted the necessary condition.
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— mc:+V

-mc2+V

—-mc?

Figure 11.1.: A plane wave coming from the left side to the Klein step.

The group velocity for a wave inside the potential is given by the general formula
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!
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v

In the interesting region V' > E + mc* we see that the momentum p’ is opposite to the veloc-
ity. Hence, p’ becomes negative if the velocity is positive. Therefore, r is always positive and
R < 1. The original paradoxic notion is rather that for an incoming wave in the energy band
mc? < E < V — mc? the reflection coeflicient is not equal to one as we would expect. There is a
substantial percentage of particles for which this step is transparent and this behavior persists for
any potential strength. In the limit V' — oo we have

hm R: E‘/C—_p.
Voo Elc+p

Klein also noted that a steep but finite increase of the potential would suffice to produce this effect.
Sauter [Sau3l] then showed that this behavior indeed persists if the potential increases linearly
to its full strength at least within the Compton wave length of the electron. The necessary field
strengths for this effect can thus be estimated with 2mc? < V and % to be at least approximately
1082,

S:)n how can one interpret this result? Hansen and Ravndal [HR81] were the first to show
that for the Klein step there is a connection between the transmission coefficient T of the one-
particle Dirac equation and the average rate of produced positron-electron pairs in QED. Fol-
lowing Calogeracos and Dombey [CD99] the vacuum expectation value of the electric current is
given by the following formula

(Q,j0) - -% [ (e,
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where the energy integral is over the Klein-zone mc? < E < V — mc?. The resolution of the Klein
paradox is the following (see e.g. [HR81], [GMRS85]). The potential produces electron-positron
pairs at the step. This is due to the fact that the potential lifts the negative energy continuum. For
V > 2mc? the positive energy continuum to the left side of the step overlaps with the lower energy
continuum inside the potential.

mc:+V

-mct+V

—mc?

Figure 11.2.: The upper continuum to the left side overlaps with the lower continuum to the right side if the
potential is stronger than 2mc?.

Assuming a filled Dirac sea this results in electrons from the right side of the step scattering to
the left side, leaving a positive energy electron moving to the left and a hole, i.e. a positron moving
to the right. If we have an additional electron coming from the left side it cannot scatter back into
energies occupied by created electrons due to the Pauli principle. Therefore, such a plane wave
has to be transmitted through the barrier (where the corresponding energy is now unoccupied!)
resulting in a reflection coefficient smaller than one for an incoming electron from the left.

Hence, Klein’s paradox was actually the first hint that electron-pair production out of the vac-
uum should be possible in strong external fields. However, there are no infinitely extended po-
tentials in reality. Thus, to switch to a more realistic setting we assume the potential to be very
wide but still finite,

V(x)=V for |x[<a,
and
V(x)=0 for|x|>a.

But in this case we already know that there is no pair creation as we have explained in the
previous chapter.

So how can this contradiction be reconciled? This is possible by the following careful obser-
vation. There are no real time-independent potentials, hence also the finite barrier has to be
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switched on sometime. Furthermore, it contains bound states. When such a potential is grad-
ually tuned up these bound states — which subsequently appear at the lower continuum edge -
wander through the mass gap until they reach the upper continuum (see [DC99]). It is well known
that such a behavior causes pair creation which was shown by Pickl [PD08]. The argument is that
an electron from the sea occupies the bound state while it is at the lower continuum leaving a
hole and this electron scatters into a free electron once the bound state reaches the upper contin-
uum. The wider the potential is the more bound states there are in the potential and their energy
spectrum is closer together. It takes time for the electrons to leave the barrier due to their finite
velocity. This results in a current of electrons flowing from inside the potential. Of course, this
flow is finite as there is only a finite amount of bound states inside the potential. But if one now
takes the limit a — oo we have more and more electrons in the potential and the time-dependent
current becomes a steady time-independent current. One can now show that the vacuum expec-
tation value of this current is connected to the transmission amplitude in the same way as for the
Klein step(see [DC99]).

11.2. Schwinger mechanism

Schwinger [Sch51] computed the probability of positron-electron pair creation for a plane wave
and a homogeneous, static electric field within the fully developed QED framework. Whereas
the probability to create pairs with a plane wave is identical to zero for all field strengths the pair
creation rate per unit volume and unit time is for a constant electric field of the order

m?c3 E.,
W = exp g = exp |

where E is the electric field strength and E,, » 1018% is the critical field strength. Of course, an
infinitely extended electric field is not realistic. Wang and Wong [WW88] computed what they
called the finite-size Schwinger mechanism, which corresponds to a constant electric field inside
a plate capacitor and a vanishing field outside. They used numerical evaluations to analyze their
derivations and found that pair creation is again lead by a term proportional to w if the plates are
not too close together.

This result is not very surprising as such a field corresponds precisely to the potential consid-
ered by Sauter which we discussed in the previous chapter. In fact, the potential for the Schwinger
field can be written as

Bx)=-Ewx= 3 dulx),

with
0 x<d-n
¢u(x)={E-(x-n-d) d-n<x<d-(n+1),

me d-(n+1)<x
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with the electrical field strength E and the width d = 2':—;2 If E exceeds critical field strength
E., we find that d becomes smaller than the Compton wave length. Therefore, each ¢, now
acts as a Sauter potential being capable of creating pairs. The Schwinger mechanism can thus
be understood as repeated versions of the Klein-Sauter effect with the same physical origin.

Our conclusion is that the pair-production mechanism in reality is always a result of the time-
dependency of a particular external field. To investigate the possibility of pair-creation one there-

fore has to analyze if an external field is capable of lifting electrons through the mass gap.






12. Pair creation by strong laser fields

We explained how pair creation by strong fields always originates from the time-dependency of
a particular field. If the external field is capable of creating bound states which cross the spectral
gap we know that these bound states scatter once they dive into the positive energy continuum.
This results in an electron-positron pair as was first proved by Pickl [Pic05].

How is the situation for intense laser? As we have already mentioned almost all work on that
topic relies on the computation by Schwinger and its generalization by Brezin and Itzykson [BI70].
Although Brezin and Itzykson already had the application to intense lasers in mind their work
should not be interpreted as a conjecture for pair creation by lasers. On the contrary, it was rather
meant to discourage the hope for an early verification at that time. We find in their paper:

Instead of estimating the effect for an arbitrary electromagnetic field varying in space
and time, we will content ourselves with a pure electric field oscillating with a fre-
quency w. In spite of the slightly unrealistic character of this assumption, we expect
that it retains the main features of a more general situation. It is, of course, well
known that specific anomalies can occur; for instance, there is no pair creation in a
plane-wave field. Therefore, if the rate predicted by the theory were more favorable,
one should pay more attention to the particular geometrical characterization.

Unfortunately, it seems that this precaution got lost in the course of time. As we explained in the
previous chapter, the Schwinger mechanism is rooted in the capability of lifting bound states to
the positive energy continuum. And such a behavior is certainly not a local effect but requires a
“particular geometrical characterization” of a potential. While it is true that a standing wave can
locally be approximated by a constant field it is nevertheless not able to lift bound states through
the gap. This can be seen as follows. In Coulomb gauge the electromagnetic wave in the vacuum
is described by a pure vector potential. And from Theorem 3.6 we know that the spectrum of such
a potential is absolutely continuous. In particular, there are no bound states in the gap at any time
and no lifting can occur. We conclude that any treatment of pair creation by strong lasers which
only focuses on a locally achievable peak field strength is misleading and highly questionable in
general.

To analyze the situation for lasers we have to combine the results and methods which we have
developed in the first two parts into a statement about pair creation probability of certain external
fields. To be able to use all previous results we have to impose the following regularity condition
on the vector potential. However, this is more of technical nature and can most likely be further
relaxed.
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Condition E (Regularity condition). Let A(t,x) € C°(R x R> - R3) such that it fulfills the
following:

o lot &

thA(t’x) eL*nLl’forj=1,2,3

. let—A(t x)el'forj=1,2
o let|A(t,x)| < Clx[ " and |9,,A(t, x)| < Clx| " for sufficiently large |x|.
o let the vector potential be such that there are s, t € R such that A(r,x) =0 forallr ¢ (s, ).

We denote with E = —2 A the electric field and with E, = SUP(; )erxrs [E(8, x)| the maximal

field strength. With E, and E, we mean the maximal amplitude of the time-derivatives of the
electric field. Under these conditions we can formulate the following theorem®.

Theorem 12.1. Let A# = (¢$,—A) be a four-vector potential with ¢ = 0 and A(t,x) € C*(R x
R3 — R3) such that it fulfills the regularity condition. Furthermore, let it be such that there are no
eigenvalues for A € {~1,1} of the extended Dirac operator in the weighted space L3(R> - C*) for

somey > 5. We then have for the pair creation probability p.-.+ and the mean value y.- .+ during
the time interval [s, t] that

(1+ [P~ U(t,5) P* )
TIPTU) P s (L [P U(55) P )

2
Pe-er < [PTU(L,s) P ”Hsl

and
peer < [P UCE5) PRy — ;
(A= [PTU(t$) P |lgs (1+ [P7U(E,5) P y55))
with
|P* U(t,5) P¥| g < Crre® |t — s s:g |</> (x,k |
teR
-sup(54CZE3 E() +7CE0EO( E(t HE(t ) +E, E(f") )
teR o g2 Ey |2
and

€= Z ¢ (n +1)2 (%)zn '

'Remember that, in our system of units, position is measured in terms of the Compton wave length of the electron
and time is measured in terms of macroscopic time, i.e. T with the natural time 7.
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Proof. The probability of creating exactly n-pairs from the vacuum during the time-interval [s, ¢]
is given by the square of the amplitude in Theorem 9.1 with #n = m

n 2
ng)ﬁ =Bl -
Using the result of Theorem 9.1 we get

"

(n) . P- U(t,s)P- Us, t) P* |
pee*s(kz:(:)k!(n_k)!(n_k)! H t (’5) s (S> ) tHHS

2
—n=k | p— -k
P UCs ) Py [Ps UG ) P ) -

The total probability that some pairs are created by the action of the external field is then simply
the sum

IR SO IPEST N i p: p- pH
pe e nz:lpe‘e+ < Z(Z k'(l’l—k)'(l’l—k)' H t U(t,S) s U(S> t) tHHS

n=1 \ k=0

2
_nn—k _ n—k
P UCs, 1) Py 1 [P UG 1) ) -

Furthermore, the expected value of pairs in an experiment is given by

L, [ n! . _ ok
Aue’e+ - Zn'pe*fr - Zn(z k'(n—k)'(n—k)' HPL‘ U(t,S) PS U(S’ t) Pt HHS

n=1 n=1 k=0

2
_ =k oy “k
P UG, 0 Py [Ps UG ) P ) -

To evaluate these expressions we abbreviate

A= [PrU(L ) PIU(s £) Pl »

and
B:=|P{ U(s,t) P;HHS IP; U(s, t) P:HHS .
We then have for pi’fl+

n "

2 2
(n) n! k pn—k n! kpn-k| _
pe_”g(,;k!(n—k)!(n—k)!AB )S(,;)k!(n—k)!AB )‘
= (A+B)™".
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For A + B < 1 we can employ the geometric series to give a bound on the total probability

(A+B)2

- 2n _
pe’“gnz:l(“B) “1-(A+B)

and similarly for the mean value

o - (A+B)’
‘ble—e+ < f’l(A+B) = 5
nzzl (1— (A+B)2)

Using P; = (P;)” we can determine a bound on A + B by
A+B =[P U(ts) Py U(s, t) P s + [P U(s, £) Py s [P U (s, £) P g <
< [Py U(88) PI P U (s, ) Py + [P U (s, £) Pyl [Py UlGs £) P s <
< [PeU(s, £) Py s (IPF U8, 5) PY| + [[PSU (s, 1) Py ls) <
<P U(s: 1) P s (L+ [P U (s, £) Py ) -
If [Pf U(s, t) P | < 3 we have that A + B < 1and therefore

(L+[P7 U(s: 1) Py 4s)”
~[B7 U(s, 1) P s (1+ [P U s, 1) P )
A+ [PL UG ) Py lus)
1B UG 0 Py (1 [P UG D) Py )
where we used the third binomial identity. Similarly, we obtain for the mean value
1
(1= P Us, 1) P s (1+ [P U (s 0) Py l5s))”
Taking the adjoint of the operators yields the formula used in the statement of the theorem.

To estimate the Hilbert-Schmidt norm above we now use Theorem 6.3 and the remarks after-
wards together with eq. (6.20) and eq. (6.21). Note, that the boundary terms vanish as the vector
potential is assumed to be zero at the boundary of the interval. Also, the projections at s and ¢
are then the spectral projections corresponding to the free Dirac operator. The electric field is
given as the time-derivative of the vector potential (as we only have a vector potential) and the
operator norm is just the infinity norm of the electric field and its time-derivatives. We denote

the maximal field strength in the time interval [s, ¢] with E,. Thus, we have the following estimate
on the Hilbert-Schmidt norm

pec < [P UG5, P -

_ 2
<|IPSU(s, t) P:”Hs 1

Ue—e+ < ”Ps_ U(S, t) Pr”f{s

[P U(1,) Py < Cre [t =] sup |¢, (x. )
xkeR%_
teR
E(t,- : Et E(t,- . |E(r,-
-sup(54C2ES (t,-) +7CE0EO( ( H( ) B, ||E) )
teR 0 2 12 Ey |2

under the conditions we have imposed here. [
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We now use these considerations to look further into the possibility of creating electron-positron
pairs with ultra intense lasers. Plane waves do not produce any pairs as we have explained earlier.
Hence, we assume to have two focused laser beams which are opposite to each other such that
they form a standing wave. The interesting region where the maximal field strength is obtained
is the focused spot with a radius roughly the size of the wave length. These are the two common
assumption in the literature (see e.g. [AHR?*01], [Pop0l], [Rin01], [BPR*06], [BET*10]). The
electromagnetic field outside of the focused spot is of no big relevance to pair production. Hence,
we can require the necessary decay of the field far away from the spot region. Furthermore, we
assume the vector potential to be infinitely often differentiable which is certainly the case for a
standing wave. Therefore, we see by Theorem 3.6 that the spectral gap is free of any bound states
and no lifting can occur.

However, to finally apply Theorem 12.1 we also have to show that there are no eigenvalues at the
gap. This condition is more subtle and it enters the previous discussion in two ways. The first one
is explicit through the prerequisite in Proposition 3.5. Generalized eigenfunctions will usually
become singular at the spectral edge if there are eigenstates or resonances (see [Teu99], [Pic07]).
And as the bound of the Hilbert-Schmidt operator in Lemma 6.2 depends on the absolute value
of the generalized eigenfunctions we have to exclude such a behavior. However, the generalized
eigenfunctions appear in the context of generalized Fourier transform and it could very well be
that this bound can be improved with a better incorporation of certain properties of the Fourier
transform.

But this is where we demanded the absence of eigenstates at the edge implicitly a second time.
The spectral projections as we defined them are strictly speaking the spectral projections onto
the absolutely continuous part of the positive and negative subspaces. We have shown in the
proof of Theorem 3.6 that the spectrum is only absolutely continuous if there are no eigenvalues
and resonances at the gap and thererfore the absolutely continuous subspace is identical to the
whole space. If there are eigenvalues at the edge then our proof of the adiabatic theorem is only
valid for the absolutely continuous subspace and we have to distinguish two cases. In the first
one, the eigenspace is finite dimensional. The transition operator onto this subspace is then a
finite rank operator and hence Hilbert-Schmidt. The same also holds for transitions from this
subspace by using the adjoint. Hence, we expect that our proof of the adiabatic theorem can
be easily generalized to include also this case. However, the eigenspace can very well be infinite
dimensional. In this case the Hilbert-Schmidt property is not obvious. One important property
to establish finiteness of the Hilbert-Schmidt norm was that transitions are suppressed by the
square of the inverse energy of a specific mode. This does not work for eigenstates at the gap edge
anymore. Hence, there is no good heuristic argument why the Hilbert-Schmidt adiabatic theorem
should also hold in the case of infinitely degenerated eigenvalues at the gap. Investigating this case
is a near term future research goal. Furthermore, it should be clarified if this is connected to the
possible singularity of the Hilbert-Schmidt norm in Lemma 6.2.

So how is the situation with lasers? Unfortunately, the question regarding eigenvalues at the
gap is difficult. There are no general results concerned with the geometry of potentials which
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would exclude such a behavior. However, we observe that eigenstates which have been explicitly
constructed seem to be rather special (see [AMN99], [AMNO00]). Furthermore, we also find in
the paper of Saito and Umeda ([SU11]) that vector potentials which create eigenvalues at the gap
edge are rather sparse. The precise statement is the following. If the vector potential is L*> (which
is true for our assumptions on the vector potential), then the set of vector potentials which do not
have eigenvalues at the edge is dense in L* and a possible non-empty eigenspace is always finite
dimensional.

Hence, we are lead to believe that a generic laser field does not possess this special and rather
sparse ability to create electron-positron pairs by edge eigenvalues. Therefore, we strongly conjec-
ture that the assumption of Theorem 12.1 regarding this point are fulfilled by a laser field. However,
the rigoros analysis of this is certainly an interesting task for future research.

Generally, a laser puls or the focused spot of a laser beam is at least of order of the wave length.
Thus, the volume of the interesting region, where possible pair creation can take place, scales in-
versely with the frequency. One has to take this behavior into account, otherwise the results of the
adiabatic limit, where the frequency vanishes, would be physically misleading. The normalized
L?-norm in the theorem precisely serves the purpose to measure the volume where pair-creation
could happen and to take it into account. For a standing wave in the spot region we have

2
|E(t,x)| o< Eg sin(Tﬂx) = E, sin(ex)

for x in natural units. For the L?-norm to be ¢ independent we can rescale and substitute x’ = ex.

This yields
(/‘E(t ex) | & ,) - (/‘E(t ,x")[° d3x,)

where the latter integral is now a frequency independent constant. This is the reason why we used
second order adiabatic perturbation theory in Theorem 12.1. Remember that we are on the time
scale of the external field. Hence, the time derivative of the electromagnetic wave has also the
amplitude E,. The Hilbert-Schmidt norm simplifies to

B =

=21,

[P U(t,5) P75 < &7 |t = 5| sup
xkeR3
teR

x k)’ C3E3+C2E0E +C1E0)

where we absorbed all e-independent quantities into the constants. The eigenfunctions depend
on the adiabatic parameter. Therefore, the absolute value could also scale inversely to ¢ like the
support of the external field. However, in the Lippmann-Schwinger equation we also have a phase
which oscillates proportional to 7! if we rescale the integral like we did with the L?-norm. Fur-
thermore, we see that the generalized eigenfunctions enter the inequality above through the es-
timate carried out in Theorem 6.3. First, we note that the estimate there is a rough one and most
likely not sharp. Secondly, possible singular behavior up to any arbitrary power in e could easily
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be canceled by using higher order adiabatic perturbation theory as the generalized eigenfunctions
will always be of linear order in the estimate of the Hilbert-Schmidt norm. In this case, we can
take the adiabatic limit and see that for ¢ — 0 no pair creation occurs no matter how strong the
external field is. The resulting electric field, corresponding to the adiabatic limit, is infinitely ex-
tended, homogeneous and constant in time. In other words, it is precisely the Schwinger field.
The completely different results come from different limiting procedures. Schwingers field can be
thought of as Klein-Sauter potentials added up ad infinitum whereas we started with an electro-
magnetic wave. However, it exemplifies that the “geometric characterisation” of the field under
investigation must be taken into account as Brezin and Itzykson already presumed. Furthermore,
our limit seems to be better suited in the context of ultra intense lasers which in turn means that
results for laser fields derived by use of Schwingers computations are highly questionable.
Furthermore, there is nothing which prevents us from going to ever higher orders in ¢ if the
external field is infinitely often differentiable. It is just a matter of handling the corresponding
estimates as we did in Chapter 6.3. From the way X,, and Y, are defined in eq. (6.7) and eq. (6.8)
we can already infer that X0 + Y., scale in leading order with
E(t,-)

¥ v n+3
HX’”ZH + HY’”ZH < EO
Ey

2

L...

In particular the L?-norm enters always linearly. Thus, the Hilbert-Schmidt norm is in leading
order of the peak field strength proportional to

[P U(s. 1) P |5 o< €25 C, (¢Eo)"

where n = 0 corresponds to the second order adiabatic perturbation which we have performed
above. We note that in our choice of units we have

eh ESI
E=— = >
m2cd ! E.,
with E = |E|, Eg; being the field strength in ST units and E,, being the critical field strength. Hence,
to have the estimate in a form independent of the unit system we have to write

E 6 E 2n
peer o< [P UG s s2(52) Coler)
ECT Ecr

in leading order of the peak field strength. This result is contrary to what can be found in the
literature so far (e.g. see [MP77], [AHR*01], [Pop01], [Rin01], [NBMP04], [BPR*06], [BET*10]).
There, the probability of creating electron-positron pairs is believed to be suppressed for

Ey
Peer X — K 1,
cr

which is obtained by using the Schwinger computation. However, we have already argued against
the validity of using Schwingers result in the context of electromagnetic waves. Our result now
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suggests that the adiabatic parameter has been missing in the computations so far and possible
transitions are suppressed if

E
e—2 «1.
cr
To demonstrate the drastic consequences we assume that

Eg
Ecr

~ 1.

This is the region where up to now it has been believed that pair creation should become observ-
able. For common lasers with A, =1 ym or A, = 1nm we have

A
~2-107° and 82=—C~2-10_3,
A

Ac
g =—

1
where A is the Compton wave length of the electron. Hence, the mean value and probability to
observe pair creation with intense lasers is at least a thousand to a million times lower than what
has been assumed.

Finally, we also feel the need to stress that the computations above establish only an upper
bound on the pair creation probability. All the estimates carried out in our derivations are most
likely not the best ones. Hence, it could well be that the actual probability to observe pair creation
with laser is well below our estimate. For example, note that if one could obtain a good grab on
the constants C,,, i.e. if it could be shown that {/C,, is bounded by some constant C uniformly for
all # then we have

(s\"/C_nEO)n < (eCEy)" foralln.

This in turn would show that pair creation probability and mean number of created pairs are
identical to zero if € < (CE,) " as the right hand side vanishes for n — co.
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